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Riassunto

Questa tesi raccoglie parte dei risultati ottenuti duranteil mio dottorato di ricerca, che
ho svolto nell’ambito di un accordo di cotutela tra l’Università di Padova e l’École Na-
tionale Supérieure des Télécommunications (E.N.S.T.) di Parigi a partire dal mese di
gennaio 2001 fino a dicembre 2004. A Padova sono stato inserito nell’equipe del Prof.
Gianfranco Cariolaro del Dipartimento d’Ingegneria dell’Informazione (DEI), men-
tre a Parigi la ricerca è stata supervisionata dal Prof. Georges Rodriguez Guisantes
all’interno del Dipartemento Communications et Electronique (ComElec).

Gli enormi progressi delle tecnologie della comunicazionenegli ultimi quindici
anni hanno permesso lo sviluppo di nuovi modi di comunicare edi lavorare; pensiamo
ad Internet, agli enormi flussi di dati che transitano sulla rete ogni secondo, ai servizi
integrati multimediali sempre più accessibili, grazie anche all’affidabilità delle fibre
ottiche e ai progressi fatti nello sfruttamento del doppino(ADSL). Ultimamente, una
certa filosofia vorrebbe rendere tali servizi disponibili agli utenti là dove si trovano,
integrando la tecnologia necessaria nei computer portatili e nei telefoni cellulari. Per
far questo, bisogna abbandonare la “sicurezza” rappresentata dalle trasmissioni via
cavo, per passare alle trasmissioni via radio. Purtroppo, il canale radio è un mezzo
trasmissivo tra i meno affidabili, è soggetto ad interferenze e pone grossi problemi di
sicurezza.

Ci concentreremo su un aspetto: come fornire su un canale radio una velocità di
trasmissione sufficientemente elevata ed un tasso di erroreabbastanza basso da garan-
tire i flussi di dati e la qualità necessaria ai servizi multimediali? Una proposta tra le
tante fatte è quella di dotare il trasmettitore ed il ricevitore di una schiera di antenne,
cioè di aumentare la cosiddetta diversità spaziale del sistema di comunicazione. L’idea
è semplice: se si dispongono le antenne sufficientemente lontane le une dalle altre in
maniera tale che i diversi canali non siano correlati tra loro, la probabilità che tutti i
cammini radio siamo fortemente perturbati è via via più bassa man mano che il numero
delle antenne aumenta.

Alla fine degli anni novanta, i lavori di Telatar e, parallelamente, di Foschini e Gans
hanno dimostrato che con questa tecnica si possono teoricamente raggiungere velocità
di trasmissione elevate. Negli stessi anni Tarokh e altri ricercatori hanno fornito delle
strategie per organizzare in maniera conveniente i dati sulle diverse antenne in trasmis-
sione, riuscendo a sfruttare a pieno la diversità spaziale offerta dal canale e ottenendo
un guadagno di codifica. Nascevano dunque i cosiddetticodici spazio–tempo.

Da allora un numero crescente di ricercatori si è dedicato a questo promettente
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filone di ricerca, sviluppando le idee originali, proponendone altre e adattandole a
diversi scenari. Questa tesi sviluppa soprattutto uno di questi scenari, tutt’ora oggetto
di ricerca, in cui il ricevitore ed il trasmettitore non siano a conoscenza del canale,
al contrario di quanto accade nella maggior parte dei lavorisu questo tema, dove si
suppone una conoscenza perfetta del canale al ricevitore e/o al trasmettitore.

Il principale argomento di questo lavoro, trattato nei primi 4 capitoli, è dunque uno
studio della codifica e decodifica dei cosiddetti codici Spazio–Tempo a Blocco (STB)
non coerenti. Lo scenario è costituito da una comunicazionepunto–punto e singolo
utente in cui né il trasmettitore né il ricevitore abbiano una conoscenza dello sfasa-
mento e dell’attenuazione introdotta dal canale (sistemi non–coerenti). Quest’ultimo
viene simulato secondo delle ipotesi semplificate universalmente accettate nella let-
teratura e formulate ad–hoc per la progettazione degli algoritmi di codifica e decodi-
fica. Contemporaneamente, il modello di canale utilizzato inquesta tesi è sufficien-
temente generale da poter coprire le problematiche fondamentali di tali sistemi: il
canale a più ingressi e più uscite (Multiple Input Multiple Output – MIMO) può avere
delle attenuazioni profonde (Rayleigh fading channel), ma non sono presi in conto né
l’effetto Doppler (flat fading), né canali a cammini multipli (il canale si suppone a
banda stretta).

I sistemi non coerenti non sono molto diffusi nell’ambito della ricerca perché di
solito si preferisce cercare di stimare il canale al ricevitore per migliorare le prestazioni.
Comunque, quando il canale varia troppo rapidamente o quandoconsiderazioni di
costo lo impongano, la stima di canale può essere troppo onerosa o addirittura im-
possibile da implementare. Potrebbe essere il caso, per esempio, di canali con tempi di
coerenza di pochi periodi di simbolo, o di sistemi ad accessomultiplo in cui brevi inter-
valli temporali e/o frequenziali non contigui siano assegnati a diversi utenti. Il modello
utilizzato per rappresentare tali canali suppone i loro coefficienti costanti su un inter-
vallo di tempoT (chiamato “blocco”). Ad ogni blocco i coefficienti vengono rinnovati
secondo un processo stocastico tempo invariante a simboli indipendenti (block fading
channel). La durata del bloccoT in periodi di simbolo è dell’ordine del numero di an-
tenne in emissioneM . Per tali valori diT , stimare il canale attraverso delle sequenze
di simboli pilota può diventare sconveniente. In questi casi anche i metodi differenziali
sono poco efficienti spettralmente e l’alternativa dei codici spazio–tempo non coerenti
può diventare interessante.

Il Capitolo 2 introduce formalmente il modello di canale precedentemente descritto
e rivisita tutti i concetti necessari per la comprensione dei codici spazio–tempo non co-
erenti, sia da un punto di vista matematico che da un punto di vista più prettamente in-
gegneristico (capacità del sistema, probabilità di errore, diversità). Tali considerazioni
ci hanno permesso di giustificare la scelta dei parameteri fondameltali del sistema, cioè
la durata della parola di codice e la struttura geometrica del codice. In seguito sono ri-
portate le proposte più importanti della letterature specializzata, con un breve riassunto
dei loro vantaggi e svantaggi.

La tecnica proposta in questa tesi viene approfondita nel Capitolo 3: le parole di
codice sono delle matrici unitarieT ×M , doveT è il numero di periodi di simbolo
del blocco in cui il canale resta costante eM è il numero di antenne all’emissione.
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L’informazione viene in realtà codificata suisottospazi vettorialigenerati dalle colonne
delle parole di codice, si dimostra infatti che questa strategia è ottima nel caso ergodico
ed a rapporti segnale su rumore (SNR) elevati. Ora, l’insiemedei sottospazi vettori-
ali di C

T di dimensioneM è una varietà differenziale, detta GrassmannianaGT,M .
Il metodo di codifica proposto consiste nel localizzare le parole di codice (sottospazi)
sulla Grassmanniana a partire dallo spazio tangente ad un punto di riferimento diGT,M .
Dettagliando un po’ meglio, ogni parola di codice inGT,M è in corrispondenza biuni-
voca con un punto dello spazio tangente attraverso una mappanon lineare detta mappa
esponenziale. L’idea è di scegliere intelligentemente i punti sullo spazio tangente in
modo da mapparli poi sulla Grassmanniana e ottenere un buon codice spazio–tempo
non coerente. Il metodo proposto è di utilizzare nello spazio tangente un codice spazio–
tempo a blocco (STB)coerente, ossia progettato per sistemi di comunicazione coerenti.
Questa scelta nasce dal fatto che molto lavoro è stato sviluppato per i codici STB co-
erenti, di cui si conoscono molte proprietà. Vorremmo dunque sfruttare le conoscenze
accumulate per creare buoni codici non coerenti a partire dai codici coerenti. Nel Capi-
tolo 3 tutto ciò è spiegato in maggiore dettaglio, introducendo il formalismo matem-
atico minimo per descrivere e manipolare questi oggetti. Abbiamo approfondito le
relazioni tra i codici STB non coerenti e i correspondenti codici coerenti, un compito
non facile data la non linearità della mappa esponenziale. Dopo aver formulato oppor-
tunamente il problema, abbiamo ottenuto risultati originali sui legami tra la diversità
del codice STB non coerente e quella del suo codice coerente corrispondente. Infine,
abbiamo riportato diversi esempi di codici.

Nel Capitolo 4 abbiamo trattato del problema della decodificadi tali codici nel
caso in cui il ricevitore ed il trasmettitore abbiano solo un’antenna ciascuno (Sin-
gle Input Single Output – SISO). La regola di decisione adottata al ricevitore è il
GLRT (Generalized Likelihood Ratio Test). Calcolare tutte lemetriche richieste dal
GLRT per ogni segnale ricevuto può essere proibitivo soprattutto ad elevate efficienze
spettrali. È dunque necessario trovare degli algoritmi di decodifica semplificati che
abbiano possibilmente delle prestazioni comparabili a quelle del GLRT. Basandoci
sull’interpretazione geometrica della procedura di codifica decritta nel Capitolo 3, ab-
biamo proposto un nuovo algoritmo subottimo che permette diottenere performance
indistinguibili da quelle GLRT, per lo meno nei casi in cui è stato possibile simulare
le prestazioni GLRT. Questo metodo è poi stato adattato per ricevitori con più antenne
(Single Input Multiple Output – SIMO) grazie ad un semplice algoritmo di stima della
direzione di un sottospazio. Alla fine del capitolo sono riportati diverse curve di prob-
abilità d’errore e dei confronti con altre proposte.

Nel Capitolo 5 abbiamo affrontato il caso generale di sistemacon più antenne in
emissione ed in ricezione (MIMO). L’analisi del GLRT si è rivelata impraticabile ed
allora abbiamo tentato di semplificare il problema linearizzando localmente la Grass-
manniana. L’intento consisteva nell’approssimare la Grassmanniana con un suo spazio
tangente, per riportarsi al codice STB coerente in modo da poter sfruttare le tecniche di
decodifica già disponibili. Abbiamo verificato che linearizzare la Grassmanniana in-
torno al segnale ricevuto è equivalente ad operare una trasformanzione non lineare sulle
parole del codice STB coerente corrispondente, il che rendeimpossibile adottare gli
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algoritmi semplificati già disponibili. Per contro, é possile linearizzare la Grassmanni-
ana intorno allo sottospazio di riferimento utilizzato nelprocesso di codifica. Tuttavia,
questa semplificazione introduce una distorsione non lineare tanto più marcata quanto
più le parole di codice si allontanano dal sottospazio di riferimento. Un algoritmo di
decodifica semplificato è stato proposto in questo caso e attraverso simulazione abbi-
amo mostrato quali parametri controllano l’effetto della distorsione. Anche in questo
caso abbiamo simulato diverse curve di performance e paragonato la nostra proposta
con quelle più promettenti della letteratura.

Il Capitolo 6 tratta della modulazione a fase continua (CPM), un formato che
viene utilizzato in sistemi coerenti e non coerenti in cui cisiano vincoli stringenti
sulla banda e/o sulla potenza. La modulazione CPM è particolarmente indicata per
trasmettitori che utilizzino amplificatori non lineari, inquanto il segnale ha inviluppo
costante. Il modulatore, sebbene sia abbastanza semplice da implementare, introduce
un’operazione non lineare ed produce un segnale con memoria, ossia dipendente an-
che da dati forniti in istanti passati. Queste due caratteristiche fanno sí che il rice-
vitore ottimo possa essere molto complesso. Negli anni ottanta e novanta (e anche
recentemente) sono state proposte diverse scomposizioni del segnale CPM in implusi
PAM (Pulse Amplitude Modulation). Ciò equivale a dire che si può descrivere lin-
earmente il segnale CPM, la non linearità essendo stata spostata alla definizione dei
pseudo–simboli corrispondenti agli impulsi PAM. A partireda quel momento, la scom-
posizione PAM é stata sfruttata per semplificare il ricevitore CPM ottimo, per pro-
porre nuovi algoritmi di sincronizzazione, per progettarecodici spazio–tempo, ecc..
In questo capitolo proponiamo un’altra scomposizione PAM,valida per segnali cha
hanno una certa simmetria nella risposta di fase. Il metodo per ottenere la nuova scom-
posizione è originale e permette di dimostrare che essa ha cardinalità minima: per
questo tipo di segnali CPM non esistono scomposizioni PAM ottenute con meno im-
pulsi. Vari esempi numerici e analitici sono forniti.



Résumé

Cette thèse rassemble une partie des résultats obtenus au cours de mon doctorat de
recherche réalisé entre le mois de janvier 2001 et la fin du mois de décembre 2004.
Le travail s’est déroulé dans le cadre d’un accord de cotutelle entre l’Université de
Padoue et l’École Nationale Supérieur des Télécommunications (E.N.S.T.) de Paris. A
Padoue j’ai été intégré dans l’équipe du Prof. Gianfranco Cariolaro du Département
d’Ingénierie de l’Information (DEI), alors qu’à Paris la recherche a été supervisée par
le Prof. Georges Rodriguez Guisantes au sein du Département Communications et
Electronique (ComElec). Une partie de cette thèse, celle quitraite des codes espace-
temps, s’inscrit à la suite d’un sujet de recherche déjà existant à l’E.N.S.T., étudié
notamment par le Prof. Jean-Claude Belfiore et le Dr. Inès Kammoun.

Les importants progrès de la technologie de la communication lors des quinze
dernières années ont permis le développement de nouveaux modes de communication
et de travail; on peut penser à Internet, aux flux importants de données qui transitent
sur le réseau chaque seconde et aux services multimédias intégrés toujours plus acces-
sibles grâce à la fiabilité des fibres optiques et aux progrès réalisés dans l’exploitation
des paires cuivrées (ADSL). Dernièrement une certaine philosophie voudrait rendre ac-
cessibles ces services aux utilisateurs là où ils se trouvent, en intégrant la technologie
nécessaire dans les ordinateurs et téléphones portables. Pour ceci il faut abandonner la
« sécurité » que représente la transmission par câble, et passer à la transmission radio.
Malheureusement, le canal radio est un des moyens de transmission les moins fiables,
est propice aux interférences, et pose d’importants problèmes de sécurité.

Nous nous intéresserons à un aspect du problème: comment munir un canal ra-
dio d’une vitesse de transmission suffisamment élevée et d’un taux d’erreur assez bas
pour garantir les flux de données et la qualité nécessaire auxservices multimédias?
Une proposition parmi d’autres est de doter l’émetteur et lerécepteur d’un réseau
d’antennes, c’est-à-dire d’augmenter la diversité spatiale du système de communica-
tion. L’idée est simple: si l’on implante les antennes suffisamment éloignées les unes
des autres, de manière à ce que les différents canaux ne soient pas corrélés entre eux,
la probalité que tous les trajets du canal radio soient fortement perturbés est de plus en
plus réduite à mesure que le nombre d’antennes croît.

A la fin des années quatre-vingt-dix, les travaux de Telatar et, parallèlement ceux de
Foschini et Gans, ont démontré que cette technique permettait théoriquement d’atteindre
un débit de transmission élevé. Au cours de ces mêmes années Tarokh et d’autres
chercheurs ont fourni des stratégies pour organiser de manière convenable les données
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sur les différentes antennes en émission, réussissant ainsi à exploiter pleinement la di-
versité spatiale offerte par le canal et à obtenir un gain de codage. Naissaient donc les
codes espace-temps.

Depuis lors un nombre croissant de chercheurs s’est consacré à ce filon de recherche
prometteur, en développant l’idée de départ, en proposant d’autres et en l’adaptant à
divers cas. Cette thèse développe surtout un de ces cas , aujourd’hui objet de recherche,
dans lequel le récepteur et l’émetteur n’ont pas connaissance du canal, à la différence
de ce qui se passe dans la majorité des travaux sur ce sujet, ausein desquels l’on
suppose une connaissance parfaite du canal par l’émetteur et/ou le récepteur.

Le principal sujet de ce travail, traité dans les 4 premiers chapitres, est donc une
étude du codage et du décodage des codes Espace-Temps en Blocs(STB) non co-
hérents. Nous avons considéré une communication point à point dans laquelle ni
l’émetteur ni le récepteur ont connaissance du déphasage etde l’atténuation intro-
duite dans le canal (système non cohérent). Ce dernier est simulé selon des hypothèses
simplifiées acceptées unanimement dans la littérature et formulées pour réaliser plus
aisément les algorithmes de codage et de décodage. Conjointement, le modèle de canal
utilisé dans cette thèse est suffisamment général pour pouvoir couvrir la problématique
fondamentale de tels systèmes: le canal à plusieurs entréeset plusieurs sorties (Multi-
ple Input Multiple Output – MIMO) peut avoir des atténuations profondes (Rayleigh
fading channel), mais n’y sont pris en compte ni l’effet Doppler (flat fading), ni les
canaux à plusieurs rayons (le canal est supposé à bande étroite).

Les systèmes non cohérents sont peu diffusés dans le milieu de la recherche car l’on
essaie généralement d’évaluer le canal au récepteur pour améliorer les performances.
Quoi qu’il en soit, quand le canal varie trop rapidement ou quand des considérations
concernant le coût l’imposent, l’estimation peut être troponéreuse ou vraiment impos-
sible à mettre en oeuvre. Cela pourrait être le cas par exemplede canaux avec des temps
de cohérence égaux à un petit nombre de temps de symbole, ou des systèmes à accès
multiple dans lesquels de brefs intervalles temporels et/ou fréquentiels non contigus
sont alloués aux utilisateurs. Le modèle utilisé pour représenter ces canaux considère
les coefficients des canaux constants sur un intervalle de tempsT (appelé « bloc x»).
Les coefficients de chaque bloc sont générés selon un processus stochastique invariant
dans le temps et à symboles indépendants. La duréeT du bloc, en temps symbole,
est du même ordre de grandeur que le nombre d’antennes en émissionM . Pour ces
valeurs deT , l’estimation du canal par une séquence pilote peut être désavantageuse.
Même les méthodes différentielles ont une faible efficacitéspectrale, les méthodes non
cohérentes peuvent alors devenir une alternative intéressante.

Le chapitre 2 introduit formellement le modèle du canal décrit ci-dessus. Les con-
cepts de base de la théorie des codes espace-temps non cohérents sont rappelés par la
suite (capacité du système, taux d’erreur, diversité). Ces observations nous ont per-
mis de choisir les paramètres fondamentaux du système: la duréeT et la structure
géométrique du code. Sont ensuite rappelées les propositions les plus importantes de
la littérature, accompagnées d’un bref résumé de leurs avantages et inconvénients.

La technique que nous proposons est approfondie dans le chapitre 3: les mots de
code sont des matrices unitairesT × M , où T est le nombre de temps de symbole
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du bloc dans lequel le canal reste constant, etM est le nombre d’antennes en émis-
sion. L’information est en réalité codée sur lessous-espaces vectorielsgénérés par les
colonnes des mots de code. En effet, on peut démontrer que celle-ci est la stratégie op-
timale dans le cas ergodique avec un rapport signal à bruit (SNR) élevé. Or, l’ensemble
des sous-espaces vectoriels deC

T de dimensionT est une variété différentielle appelée
GrassmannienGT,M . La méthode de codage proposée consiste à localiser les motsde
code surGT,M en partant de l’espace tangent à un point de référence du Grassmannien-
même. En fait, chaque mot de code enGT,M est en correspondance biunivoque avec
un point de l’espace tangent à travers une fonction non-linéaire dite «exponentielle».
L’idée est de choisir judicieusement les points sur l’espace tangent de manière à obtenir
sur le Grassmannien un bon code espace-temps non cohérent à travers la fonction ex-
ponentielle. La méthode proposée est d’utiliser sur l’espace tangent un code espace-
temps à blocs (STB)cohérent, c’est-à-dire conçu pour les systèmes cohérents. Ce
choix naît du fait que les codes STB cohérents ont été très étudiés et que par con-
séquent on en connaît les propriétés. On souhaiterait exploiter ces connaissances dans
l’étude et la création des codes STB non cohérents. Dans le chapitre 3 tout cela est
plus amplement détaillé avec le formalisme mathématique approprié. Les relations
entre codes STB cohérents et non cohérents ont été approfondies par la suite, tâche
difficile du fait de la non linéarité de la fonction exponentielle. Après avoir formalisé
la théorie du problème, nous avons obtenu des résultats concernant la relation entre
la diversité des codes STB non cohérents et celle de leurs correspondants cohérents.
Enfin, nous avons présenté différents exemples de codes.

Le chapitre 4 traite du problème du décodage de ces codes dansle cas où le ré-
cepteur et l’émetteur ont seulement une antenne chacun (Single Input Single Output
– SISO). La règle de décision adoptée pour le récepteur est leGLRT (Generalized
Likelihood Ratio Test). Calculer toutes les métriques requises par le critère de dé-
tection pour chaque signal reçu peut être très coûteux surtout à efficacité spectrale
élevée. Il est donc nécessaire de trouver des algorithmes dedécodage simplifiés don-
nant des performances les plus proches possibles de celles du GLRT. En s’appuyant
sur l’interprétation géométrique de la procédure de codagedécrite dans le chapitre 3,
nous avons proposé un nouvel algorithme simplifié qui permetd’obtenir des perfor-
mances indistinguables de celles du GLRT, au moins dans les cas où il a été possible
de simuler les performances GLRT. Cette méthode a été ensuiteadaptée aux récepteurs
avec plusieurs antennes (Single Input Multiple Output – SIMO) grâce à un algorithme
simple d’estimation de la direction d’un sous-espace. En finde chapitre sont présen-
tées plusieurs courbes de probabilité d’erreur et différentes comparaisons avec d’autres
propositions.

Dans le chapitre 5 nous avons abordé le cas général du systèmeà plusieurs antennes
à l’émission et à la réception (MIMO). L’analyse du critère de détection GLRT s’est
avérée impraticable et nous avons tenté de simplifier le problème en linéarisant locale-
ment le Grassmanien. Le but est d’approximer le Grassmannien avec un de ses espaces
tangents afin de se reporter au code STB cohérent et d’ainsi exploiter une technique de
décodage déjà disponible. Malheureusement nous avons démontré que cette linéari-
sation autour du signal reçu revenait à appliquer une transformation non linéaire aux
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mots du code STB cohérent correspondant, ce qui rend impossible l’adoption des algo-
rithmes simplifiés déjà disponibles. Il est par contre possible de linéariser le Grassman-
ien autour du sous-espace de référence utilisé dans le processus de codage. Néanmoins
cette simplification introduit une distorsion non linéairede plus en plus importante à
mesure que l’on s’éloigne du sous-espace de référence. Un algorithme de décodage
simplifié a été proposé dans ce cas et à travers des simulations nous avons montré
quels sont les paramètres qui contrôlent l’effet de la distorsion. Nous avons également
dans ce cas simulé plusieurs courbes de performances, et comparé notre proposition
aux plus prometteuses de la littérature.

Le chapitre 6 traite de la modulation à phase continue (CPM), une technique qui
est utilisée dans les systèmes cohérents et non cohérents avec des contraintes sur la
bande et/ou la puissance. La modulation CPM est particulièrement indiquée pour les
émetteurs qui utilisent des amplificateurs non linéaires car le signal a une enveloppe
constante. Le modulateur, bien qu’il soit assez simple à implanter, introduit une opéra-
tion non linéaire et produit un signal avec mémoire, c’est-à-dire qu’il dépend aussi des
données fournies aux instants passés. Ces deux caractéristiques font que le récepteur
optimal puisse être extrêmement complexe. Dans les années quatre-vingts et quatre-
vingt-dix (et récemment) les chercheurs ont proposé plusieurs décompositions du sig-
nal CPM en impulsions PAM (Pulse Amplitude Modulation). Ceci équivaut à dire que
l’on peut décrire linéairement le signal CPM, la non linéarité étant alors reléguée à
la définition des pseudo-symboles correspondants aux impulsions PAM. Dès lors, les
décompositions PAM ont été exploitées pour simplifier le récepteur CPM optimal, pro-
poser des algorithmes de synchronisation, projeter des codes espace-temps, etc.. Dans
ce chapitre nous proposons une autre décomposition PAM valide pour les signaux
qui ont une certaine symétrie dans la réponse de phase. La méthode pour obtenir la
nouvelle décomposition est inédite et permet de démontrer que celle-ci a une cardi-
nalité minimale: pour ce type de signaux CPM il n’existe pas dedécomposition PAM
obtenue avec moins d’impulsions. Différents exemples numériques et analytiques sont
présentés.



Introduction

This thesis collects part of the results I obtained during myPh.D. program, period I
spent in Padova at the Information Engineer Department of the University of Padova
and in Paris at Communications and Electronics Department ofthe Ecole Nationale
Supérieure des Télécommunications (E.N.S.T. Paris). In the first months, I was in-
volved in the study of quantum communications with particular attention to quan-
tum cryptography. Encouraged by my tutor in Padova, prof. Gianfranco Cariolaro,
I have redirected my interest to space–time coding for Multiple Input Multiple Out-
put (MIMO) non–coherent wireless system, which constitutes the main body of this
work. For these channels, in fact, information is coded on subspaces, as in certain
error correcting codes for quantum systems. With prof. Cariolaro I also investigated
some signal processing topics on multidimensional multirate systems and CPM signal
analysis. We report here results on the latter topic only, since they can find valuable ap-
plication in narrow–band non–coherent system. Research about space–time codes has
been carried out at E.N.S.T. under the supervision of M. Georges Rodriguez Guisantes
and the collaboration of prof. Jean–Claude Belfiore.

General interest on space–time codes was generated by the information theoreti-
cal works of Telatar, Foschini and Gans and by the works of Tarokh and collaborators
at the end of the nineties. Multiple antenna wireless links finally seemed to assure
sufficient rate and reliability to the critical wireless channel, an important step toward
the deployment of wireless networks able to support advanced multimedia services.
Since then, the research community has spent a lot of resources on the promises pre-
conized by these pioneering investigations. Research mainly focused on systems in
which channel realizations are perfectly estimated at the receiver. Different space–
time trellis and block codes have been proposed for coherentwireless links.

In this thesis, we focused on space–time block coding and decoding for systems in
which no channel knowledge is available at the receiver and at the transmitter. Coding
for these non–coherent communications links received lessattention than their coher-
ent counterpart. In our opinion, two main reasons can be given: such non–coherent
systems are less common in practice and their coding and decoding design problems
are quite hard. These codes are commonly referred to as “non–coherent space–time
codes”, even if in a proper sense system can be “non–coherent” but not codes them-
selves. Anyway, we will use this widely spread notation, as well. Moreover, through-
out this whole work, the word “code” must not be understood inthe sense of classic
error correcting codes. Space–time codes we dealt with hereare space–time block
codes. They opportunely transform blocks of symbols comingfrom “standard” con-
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stellations, like PSK or QAM, and then distribute them on thedifferent active trasmit
antennas throughout the whole frame. This operation has a double aim: to fully ex-
ploit channel diversity and to increase the coding gain of the system, to allows power
saving, for instance. At the receiver side, an algorithm should be implemented able
to exploit the code advantages and at the same time to minimize the computational
burden. Codes make sense only in respect of the particular channel used to communi-
cate. The communication channel, in fact, can raise some communications problems
but also can offer some good qualities to be exploited. A goodcode is able to exploit
channel characteristics to assure a good link, according toa desired and previously
specified criterion. In this work a simplified MIMO channel model was adopted, in
order to focus on the coding design and decoding algorithm. The channel model is the
so called quasi–static block fading channel, which assuresspatial diversity since the
paths among trasmit and receive antennas are independent.

In Chapter 2 we introduce the channel model considered throughout the whole
work and we justify the choice of some basic system parameters. Basic mathemat-
ical tools to deal with non–coherent space–time codes are also provided. We recall
known results on error probability and diversity, as well asthe advantages and disad-
vantages of many propositions in the literature. In Chapter 3an in–depth investigation
of non–coherent space–time codes obtained via the exponential map is carried out.
Codes obtained with this method are called also EP codes and are the main object of
our work. We explain the geometrical interpretation of thiscoding procedure and we
solve some open problems on code design. In Chapter 4 we propose a new simplified
decoder for the case of one transmit antenna and many receiveantennas. To find this
decoder, the geometrical interpretation of the coding process is related to the decision
function. Discussion on the expected complexity and parameters of the decoder are
detailed, as well as simulations and comparisons with otherpropositions. In Chapter 5
we cope with the general MIMO case, we propose two simplified decoders, based on
once again on the geometrical interpretation of the coding process. As in the previ-
ous case, discussion about the expected complexity and about decoders parameters is
provided. Simulations and comparisons conclude this chapter. Chapter 6 deals with
CPM signal decompositions in PAM pulses. CPM is a non–linear modulation, while
signal decomposition as a linear combination of waveforms can simplify the code and
receiver design both for coherent and non–coherent systems. A final conclusion is
reported in the last chapter.



Chapitre 1

Algorithmes de décodage pour des
codes espace-temps non cohérents

1.1 Etat de l’art

En cette section on établira le modèle de canal utilisé dans ce travail, en suite on intro-
duira les propositions les plus importantes de la littérature.

1.1.1 Modèle de Canal
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Figure 1.1: Canal MIMO et un mot de code deNb super-symboles bruités par un canal
à évanouissement par blocs.
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16 Chapitre 1. Algorithmes de décodage pour des codes espace-temps non cohérents

Le modèle du canal sans fils utilisé dans cette thèse est le canal à évanouissement
par blocs (block fading channel) [1], [2], qui doit son nom aufait que les coefficients
du canal sont constant pendantT périodes de symboleTs (T est entier). On considère
des canaux à entrées et sorties multiples :M et N sont respectivement le nombre
d’antennes à l’émemission et à la réception (voir Fig. 1.1).

Sous l’hypothèse d’une modulation à bande étroite, sans interférence entre sym-
boles, le modèle équivalent en bande de base est

Yk = αXkHk + σWk , k = 1, 2, . . . . (1.1)

L’indice k indique le bloc (ou paquet),Yk est la matriceT × N du signal reçu,Xk

est la matriceT × M du signal envoyé,Hk est la matriceM × N qui collecte les
coefficients du canal etWk est la matriceT ×N du bruit additif gaussien et blanc. Les
nombre réels positifsα et σ sont utilisés pour normaliser la puissance du signal utile
et la variance du bruit.

Les coefficients deH et W sont des variables gaussiennes complexes, à symétrie
circulaire, indépendant et identiquement distribués (i.i.d.) avec une espérance nulle
et une variance égal à 1 (CN (0, 1)). Le signal complexe envoyé est indépendant des
coefficients du canal et du bruit additif. Lors de cette étude, les coefficients du canal
sont considérés inconnus à l’émetteur et au récepteur. Un tel système de communi-
cations est dit non cohérent et, en suivant une notation imprécise mais très répandue
en littérature, on nommera les codes utilisés pour ces systèmes codes (espace-temps)
non cohérents. L’étude est menée en considérantT du même ordre de grandeur que
M (en particulierT ≥ 2M ), de manière à rendre peu rentable l’utilisation de longues
séquences d’apprentissage pour l’estimation du canal.

Le modèle (1.1) peut être mis sous la forme

y = αXh + σw , X = IN ⊗ X (1.2)

où ⊗ indique le produit de Kronecker ety = vec(Y) est le vecteur colonne obtenu
en enchaînant les colonnes deY l’une après l’autre; de même pourw = vec(W) et
h = vec(H) (cf. annexe A).

Le rapport signal à bruit moyen (SNR)ρ par antenne en réception est donné par :

ρ =
1
N

tr(E [Y Y†]W=0)
1
N

tr(E [WW†])
=
α2 tr(E [XX†])

σ2T
. (1.3)

Pour plus de détails, nous renvoyons le lecteur à l’annexe B.

1.1.2 Introduction aux Représentations des Sous-espaces

Du point de vue de la théorie de l’information, il a été démontré que dans les sys-
tèmes non cohérent à haut SNR l’information est portée principalement par les sous-
espaces vectoriels générés par les colonnes des matrices représentantes les mot de
codes (cf. Sect. 2.2.2). En conséquence, nous introduironsla notation de base sur
les sous-espaces vectoriels.
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SoitΩX un sous-espace vectorielM -dimensionnel deCT , oùT > M . SoitX une
base deΩX, alors nous pouvons écrire

ΩX = span[x1 . . .xM ] = span(X) avec rang(X) = M . (1.4)

Nous introduisons l’ensemble des sous-espaces vectorielsdans la définition suiv-
ante :

Définition 1 L’ensemble des sous-espaces vectoriels deC
T ayant une dimensionM ,

avecT > M , est appelé Grassmannien ou variété de Grassmann et est notéparGT,M .

Le Grassmannien est une variété différentielle et sera rapidement introduit dans la
prochaine section. Pour plus de détails le lecteur est renvoyé à la Sect. 3.2.

Les concepts de bases bi-orthogonales et d’angles principaux sont très importants
pour caractériser la distance entre deux sous-espaces [3, pag. 603].

Définition 2 SoientΩX,ΩY ∈ GT,M deux sous-espaces. Leur basesX etY sont dites
bi-orthogonales si les vecteurs sont orthonormaux et

x†
mym′ = 0 pour tousm 6= m′ , x†

mym = cm avec0 < cm ≤ 1 (1.5)

c’est-à-dire pour tousm = 1, . . . ,M , lemèmevecteur de la première base est orthog-
onal à tous les vecteurs de l’autre base excepté lemème.

Les bases bi-orthogonales peuvent être obtenues à partir dedeux bases orthonormales
quelconques à travers la décomposition à valeurs principales (SVD). La procédure est
la suivante : une fois calculé

X†Y = UXCU
†
Y , UX ,UY ∈ UM , C = diag([c1, . . . , cM ]) (1.6)

où0 < cm ≤ 1 pour toutm, les bases orthonormals sont les suivantes :XUX etY UY .

Définition 3 A partir de deux bases bi-orthogonales des sous-espacesΩX,ΩY ∈
GT,M , les produits scalairescm ≥ 0 sont déterminés uniquement par :

cm = cos θm , θm ∈ [0, π/2] , m = 1, . . . ,M . (1.7)

Lesθ1, . . . , θM sont appelés angles principaux entreΩX etΩY.

Plusieurs distances sur le Grassmannien peuvent être définies grâce aux angles
principaux [4], [5]. Nous en introduirons une qui est utilisé pour définir le gain de
codage des codes espace-temps par bloc étudiés dans cette thèse :

Définition 4 SoientX et Y deux bases orthonormales et soitX†Y = UXCU
†
Y la

SVD définie dans (1.6) avecC = cosΘ. La pseudo-distance appelée distance produit
est définie :

dp(ΩX,ΩY) =

(
M∏

m=1

sin θm

)1/M

=

(
det

{[
X†

Y†

]
[X Y]

}) 1

2M

(1.8)

Pour la suite nous noterons la pseudo-distance appelée distance produitdp(ΩX,ΩY)
oudp(X,Y).



18 Chapitre 1. Algorithmes de décodage pour des codes espace-temps non cohérents

1.1.3 Critères de détection

Le critère de détection optimale, dans le cas où au récepteurl’unique information con-
nue sur le canal est sa statistique, est appelé maximum de vraisemblance non cohérent
(non-coherent Maximum Likelihood : nc-ML) et il s’écrit de la forme suivante :

X̂ML = arg max
X`∈C

p(Y|X`) = arg max
`=1,...,L

p(Y|X`) , (1.9)

oùp(Y|X`) est la densité de probabilité deY sous la condition d’avoir envoyé le mot
de codeX` ∈ C etL est la taille deC.

Sous les hypothèses du modèle de canal (2.2), l’expression (1.9) dévient :

X̂ML = arg min
`=1,...,L

[−y†F`y + c`] , (1.10)

où

F` =
1

σ2
X`(

σ2

α2
INM + X

†

`X`)
−1X

†

` , c` = ln

∣∣∣∣
σ2

α2
INM + X

†

`X`

∣∣∣∣ . (1.11)

plus de détails sont donnes dans l’annexe C du chapitre 2.
Dans le cas où le récepteur ne connait ni les coefficients du canal, ni leur statistique,

le critère de détection optimale est le Generalized Likelihood Ratio Test (GLRT) [6],
[7] qui s’écrit dans la forme suivante :

X̂GLRT = arg max
`=1,...,L

sup
H

p(Y|X`,H) . (1.12)

Dans le cas d’un bruit additif blanc gaussien (AWGN, comme dans (1.2)) le GLRT se
simplifie ainsi :

X̂GLRT = arg max
`=1,...,L

tr
[
Y†X`(X

†
`X`)

−1X
†
`Y
]
. (1.13)

Cette expression nous suggère que le GLRT sélectionne le mot de code qui a la norme
de sa projection sur le sous-espace généré par le signal reçuY la plus importante, ou,
également, le mot de code qui génère le sous-espace le plus proche à celui généré par
Y.

Dans le cas d’évanouissement i.i.d. et de code unitaire (dont les mots de code ont
des vecteurs colonne orthonormaux entre eux), les critèresnc-ML et GLRT coïncident

X̂ = arg max
`=1,...,L

tr(Y†X`X
†
`Y) = arg max

`=1,...,L
‖Y†X`‖2

F . (1.14)

Si le récepteur connaît la réalisation des coefficients du canal, alors il est possi-
ble d’utiliser le critère du maximum de vraisemblance cohérent (coherent Maximum
Likelihood : co-ML)

X̂co−ML = arg max
`=1,...,L

p(Y|X`,H) (1.15)
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y

a) b)

y

Figure 1.2: a) Le GLRT sélectionne le mot de code correspondant au sous-espace le
plus proche ày (dont la projection sury est la plus importante). b) Le ML cohérent
sélectionne le point le plus proche.

Selon les hypothèses du modèle (1.2), le critère devient

X̂co−ML = arg min
`=1,...,L

‖Y − X`H‖2
F = arg min

`=1,...,L
‖y − (Ht ⊗ IT )x`‖2 (1.16)

où x` = vec(X`). Le co-ML sélectionne le mot de code dont la distance (définiepar
le canal) est la plus faible. (cf. Fig. 1.2). Ce critère peut être utilisé même quand la
connaissance du canal n’est pas parfaite, et que seule une estimation des coefficients du
canal est disponible au récepteur. Dans ce cas le critère n’est plus appelé co-ML, mais
est nommé critère estimation-détection (E-D). Finalementnous notons que lorsque
les mots de code sont issus d’un réseau de points généré par lamatriceL, la solution
donnée par (1.16) revient à chercher le point du réseau de points modifié(Ht⊗IT )L le
plus proche ày. Cette recherche peut être conduite efficacement grâce à l’algorithme
nommé détecteur à sphère (sphere decoder).

1.1.4 Probabilités d’erreur

La borne de l’union sur la probabilité d’erreur de super-symbole est [8]

Pe ≤ PUB
e =

1

L

L∑

`=1

∑

j 6=`

P`j =
1

L

L−1∑

`=1

L∑

j=`+1

(P`j + Pj`) (1.17)

oùL est la taille du code etP`j est la probabilité d’erreur par paire (PEP)

P`j = P [X̂ = Xj|Xsent = X`] . (1.18)

Dans le cas de codes unitaires, la PEPP`j dépend des angle principaux entreΩX`

andΩXj
[9]. La borne de Chernoff de la PEP s’ècrit de la manière suivante (cf. [10],
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[9]) :

PCB
`j =

1

2

M∏

m=1

[
1 +

(ρT/M)2 sin2 θm,`j

4(1 + ρT/M)

]−N

'
ρ→∞

1

2

[
M

ρT

]Nmd,`j

[
md,`j∏

m=1

4

sin2 θm,`j

]N

(1.19)

oùθ1,`j, . . . , θmd,`j ,`,j sont les angles principaux différents de zéro entreΩX`
etΩXj

. Si
tous les angle principaux sont différents de zéro, la expression asymptotique suivante,
à haut SNR, de la PEP est valable [11] :

P∞
`j =

[
M

Tρ

]NM (
2MN − 1
MN

)
1

| sin2 Θj`|N

=

[
M

Tρ

]NM (
2MN − 1
MN

)
d−2NM

p (ΩX`
,ΩXj

) . (1.20)

Dans le cas de codes non-unitaires ou d’évanouissements corrélés, le critère ML et
le GLRT ne coïncident pas. Une expression asymptotique a ététrouvé également dans
le deux cas par Breheleret al. [11].

1.1.5 Diversité

La diversité est une mesure du nombre de coefficients statistiquement indépendants du
canal qui affectent le même signal. Nous allons donner la définition de la diversité qui
sera utilisée dans la suite de ce travail, et qui représente la définition classique, basée
sur la PEP (cela revient à la donner sur la probabilité d’erreur moyenne) :

Définition 5 (Définition basée sur la PEP)SoitP`j(ρ) La PEP entre les mots de code
X` etXj en fonction du SNRρ. X` etXj appartiennent au codeC de tailleL. Le code
C a un gain de diversitéd (ou plus brièvement diversitéd) si :

min
`,j: 6̀=j

lim
ρ→∞

lnP`j(ρ)

ln ρ
= −d . (1.21)

La diversité deC sera indiquée pard(C).

Nous soulignons que la diversité donnée dans la définition 5 dépend du code mais aussi
du critère de détection, puisque la PEP en dépend elle aussi.Dans le cas où le critère
ML cohérent est utilisé au récepteur, on parlera de « code cohérent » et dans le cas de
code par bloc sa diversité est donnée par la définition suivante (voir aussi [12]) :

Définition 6 (Diversité du code cohérent)SoitB un code espace-temps cohérent par
blocs et soit le ML cohérent le critère de détection utilisé (voir (1.15) et (1.16)). La
diversité basée sur la PEP est :

dco−ML(B) = min
k 6=`

rank(Bk − B`) . (1.22)
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Dans le cas des codes espace-temps unitairesC pour les systèmes non cohérents
avec GLRT au récepteur, la diversité basée sur la PEP est introduite par Hochwaldet
al. [9]. Nous la reportons ci-dessous :

Définition 7 (Diversité du code non-cohérent)SoitC un code espace-temps unitaire
par blocs, dont les mots de codeXk génèrent des sous-espaces de dimensionM con-
stante. Alors, la diversité basée sur la PEP du codeC, par rapport au GLRT, est :

dGLRT (C) = M − max
k 6=`

dim(ΩXk
∩ ΩX`

) . (1.23)

Il est facile de démontrer que :

dGLRT (C) = min
k 6=`

{
rank([Xk X`])

}
−M . (1.24)

La proposition suivante a été établie par Brehleret al. [11], elle est valide pour les
codes unitaires et pour ceux qui ne le sont pas :

Proposition 1 Sous les hypothèses du modèle (1.1), si pour toutes les couples de mots
de codeX` etXj appartenant àC, les matrices :

[
X

†
`

X
†
j

] [
X` Xj

]
=

[
R`` R`j

Rj` Rjj

]
(1.25)

ont rang plein, alorsC a diversité pleine selon le GLRT et le critère ML non cohérent

dGLRT (C) = dnc−ML(C) = M . (1.26)

Une condition nécessaire est queT ≥ 2M .

Brièvement, siT = 2M −m1 < 2M (ce qui revient à direm1 > 0), chaque couple
de sous-espacesM -dimensionnels deCT ont une intersection au moins de dimension
m1 > 0, et la PEP entre ces deux mots de code ne peut donc pas atteindre l’allure
descendante la plus rapide (ρ−NM ).

1.1.6 Propositions de la littérature

Des arguments de théorie de l’information à propos des canaux ergodiques et des
critères de minimisation de la probabilité d’erreur (cf. Sect. 2.5) démontrent qu’à SNR
élévé les signaux optimaux peuvent être représentés par desmatrices avec des colonnes
orthonormales. C’est pour cela que notre recherche s’est consacrée à des codes ayant
cette propriété. Néanmoins, différentes propositions, conçues avec divers critères, sont
présentées dans la littérature. Les plus importantes sont :

• Codes obtenus par minimisation d’une fonction coût donné : cette dernière peut
être liée aux distances définies sur le Grassmannien [9, 13, 14], à la borne de
l’union de la probabilité de super-symbole/bit [15, 16], ouencore à la distance
de Kullback-Leibler [17].
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• Codes obtenus par paramétrisation de l’ensemble des matrices unitaires via une
certaine fonction : par exemple la transformée de Cayley comme donnée dans
[18, 19, 20], ou par paramétrisation du Grassmannien à travers la fonction expo-
nentielle, comme dans cette thèse et les travaux précédentssur ce sujet [21, 22].

• Codes issus des constructions algébriques ad-hoc pour des cas particulaires [23,
24, 25].

• Codes conçus en s’inspirant de systèmes avec séquence d’apprentissage : la
première partie du mot de code contient la séquence d’apprentissage, tandis que
la deuxième contient l’information codée (ou modulée) selon un code espace-
temps pour des systèmes cohérents. Au récepteur la premièrepartie du signal
reçu sert à avoir une estimation du canal qui est ensuite utilisée pour décoder
l’information [16, 26, 27, 28, 29].

Dans le tableau 1.1 sont résumées les principales caractéristiques des propositions
mentionnées.

1.2 Les codes EP : codes unitaires obtenus via la fonc-
tion exponentielle

Dans cette section nous introduirons rapidement le Grassmannien, en décrivant sa
structure mathématique. Nous décrirons ensuite la méthodeutilisée pour construire
les codes unitaires qui sont l’objet de cette étude : leurs mots de code peuvent être vus
comme des points du Grassmannien. Nous appellerons ces codes « codes EP » parce
qu’ils sont obtenus à partir des codes espace-temps cohérents à travers une fonction
non linéaire : la fonction exponentielle. Nous décrirons les propriétés des codes EP et
la relation qui existe avec les codes cohérents qui les génèrent. Nous terminerons par
quelques exemples.

1.2.1 Le GrassmannienGT,M

Nous utilisons ici la définition de Grassmannien donné par [4] :

Définition 8 SoitUn le groupe unitaire. SoientT,M ∈ N etT > M , le Grassmannien
GT,M = UT/(UM × UT−M).

Un point du Grassmannien, c’est-à-dire un sous-espaceΩ, est décrit par la classe
d’équivalence :

Ω =

{
Q

[
QM 0

0 QT−M

]
: Q ∈ UT , QM ∈ UM , QT−M ∈ QT−M

}
. (1.27)

En séparant les premièresM colonnes, on obtient :

Q = [X X⊥] , X†X = IM , (X⊥)†X⊥ = IT−M , X†X⊥ = 0 . (1.28)
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Référence typea méthode de conception code co.b diversité dec. simplifiéc complexité dec.

[13] U min. num.d2
c(C) non pas de controle non O(2RT )

[14] U min. num.d2
cF (C) non pas de contrôle S GLRT locale

[15]/[16] U min. num.Pe/Pe,bit non pleine non O(2RT )

[17] N/U min. num. non pas de contrôle none O(2RT )

[18] U rotations successives non pas de contrôle non O(2RT )

[19, 20] U parametrisation de Cayley non pas de contrôle S dec. à sphère

[22] U parametrisation exponentielle oui pleine S GLRT locale

[23] U algébrique/apprentissage ouid pleine O O(MN)/O(M2N)

[24] U algébrique/apprentissage oui pleine O O(2TR/2)

[25] N/U algébrique non pleine non O(2TR)

[16, 26, 27,
28]

N/U apprentissage oui pleine S dec . à sphère

a Type de code non cohérent: U = unitaire, N/U = non unitaire et unitaire.
b Est-ce que le code non cohérent est obtenu à partir d’un code cohérent ?
c S = décodage simplifié sous-optimal, O = décodage simplifié optimal

(par rapport aux performances ML).
d Une proposition qui n’est pas construite sur un code cohérent est également présentée.
e Des constellations unitaires qui ont un algorithme de décodage simplifié peuvent être utilisées, mais ce n’est pas le casgénéral.

Tableau 1.1: Résumé des proposition les plus citées dans la littérature.
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G
×
T,M

Xref

X

exp exp−1

∆X

Bπ/2

Figure 1.3: La fonction exponentielle envoie des points de l’espace tangent sur le
Grassmannien. Un ensemble de points sur l’espace tangent génère donc un ensemble
de points sur le Grassmannien, qui est ainsi un code seulement si la fonction exponen-
tielle est inversible.

Le sous-espaceΩ en (1.27) coïncide avec le sous-espace généré par les colonnes deX.
L’opération de quotient surUM × UT−M décrit le fait que des rotations arbitraires

des bases deX et séparément deX⊥, ne changent pas le sous-espace. Au contraire, une
rotation enC

T , représentée par une multiplication à gauche par une matrice unitaire,
génère un sous-espace différent.

PuisqueUT etUM×UT−M sont des groupes de Lie fermés, le Grassmannien est une
variété différentielleC∞ homogène. Le Grassmannien peut être vu comme une surface
de dimension (réelle)2M(T −M) plongée dans un espace vectoriel de dimension plus
grande (par exempleCTM ) [30].

Il est possible d’associer un espace tangent à chaque point du Grassmannien [4].
Par convention, nous considérerons l’espace tangenttπref à un sous-espace fixé par
référence (dit « sous-espace de référence ») qui s’exprime de la manière suivante :

Qref = [Xref X⊥
ref ] = IT , Xref =

[
IM

0T−M,M

]
= IT,M . (1.29)

Ce choix nous aidera à simplifier la notation et les calculs. Chaque point detπref est
représenté par :

∆X =

[
0 −B

†
X

BX 0

]
, BX ∈ C

(T−M)×M . (1.30)

La dimension (réelle) detπref est2M(T −M). Elle est identique à celle du Grass-
mannien.
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La fonction exponentielle est utilisée afin d’obtenir des points du Grassmannien à
partir des points de l’espace tangent (cf. Fig. 1.3) :

X = exp

[
0M −B

†
X

BX 0T−M

] [
IM

0T−M,M

]
= exp(∆X)IT,M . (1.31)

La formule précédente peut être mise sous une forme particulière appelée forme Cosinus-
Sinus (CS) obtenue à partir de la décomposition à valeurs singulières de la matriceBX

(Thin Singular Value Decomposition - TSVD [3, pag. 72]) :

BX = VΘU† , V ∈ UT,M , U ∈ UM , Θ = diag([θ1 . . . θM]) (1.32)

où nous ordonnons les valeurs singulières par ordre croissant : 0 ≤ θ1 ≤ θ2 ≤ . . . ≤
θM . La forme CS de la formule (1.31) est alors donnée par :

Y =

[
UC

VS

]
U† , C = cosΘ , S = sinΘ (1.33)

Les valeurs singulières deBX , rassemblées enΘ, sont les angles principaux entreΩX

et le sous-espace de référenceΩref .

1.2.2 Structure des codes EP

S/P

bits symboles

snck

Tbit Tq

s b

b = vec(B)

exp

super–symboles
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x

mod
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b
u
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Figure 1.4: Schéma de la chaîne de transmission.

L’idée que nous suivrons dans cette étude est d’obtenir des codes espace-temps
unitaires à partir des codes espace-temps par blocs utilisés dans les systèmes cohérents.
Le code cohérent, que nous noteronsB, est disposé sur l’espace tangenttπref et le code
unitaireC est obtenu à travers la fonction exponentielle, il est appelé plus simplement
« code EP ». Le schéma par bloc du codeur est dessiné sur la Fig.1.4. Le codeB
n’est pas construit ad-hoc mais il est choisi parmi les codesespace-temps cohérents
par blocs, parce que les propriétés des ces codes sont déjà assez bien connues et qu’il
est donc possible d’exploiter leur structure afin d’obtenirune procédure efficace de
décodage.

Or, comme la fonction exponentielle est non-linéaire, ellen’est pas toujours in-
versible. Il faut d’abord trouver sous quelles conditions il est possible de réobtenir le
codeB à partir du codeC (indiqué aussi avecCB), pour avoir une définition bien formée
de code EP. La réponse à cette question est donnée par la proposition suivante :



26 Chapitre 1. Algorithmes de décodage pour des codes espace-temps non cohérents

Proposition 2 SoitBπ/2 le sous-ensemble ouvert detπref défini par (cf. aussi Fig. 1.3) :

Bπ/2 =

{
∆ =

[
0 −B†

B 0

]
∈ tπref : max

m=1,...,M
(θm) <

π

2

}
(1.34)

où θm sont les valeurs singulières deB. SoitG×
T,M le sous-ensemble ouvert du Grass-

mannien défini comme

G×
T,M = {ΩX ∈ GT,M : ΩX ∩ Ω⊥

ref = {0}} . (1.35)

Alors
exp : Bπ/2 ⊂ tπref −→ G×

T,M ⊂ GT,M (1.36)

est une fonction bijective.

En cette démonstration est donnée la méthode pour inverser la fonction exponentielle à
partir d’une base orthonormale quelconque d’un point deG×

T,M . Soit doncX̃ une base
(pas nécessairement en forme CS)ΩX ∈ G×

T,M :

X̃ =

[
X̃1

X̃2

]
, X̃1 ∈ C

M×M , X̃2 ∈ C
(T−M)×M . (1.37)

Le pointBX correspondant sur l’espace tangent est obtenu en appliquant l’algorithme
suivant :

1. Calculer la SVD dẽX1: X̃1 = UCŨ†

2. CalculerX = X̃ŨU† qui est maintenant en forme CS.

3. DiviserX en deux sous-blocs comme en (1.37):X† = [X†
1 X

†
2] et calculer la

TSVD deX2 : X2 = VSU†.

4. CalculerΘ = sin−1(S).

5. Construire la matriceB = VΘU†.

Un fois choisi un code cohérentB′, pour satisfaire la condition d’inversibilité (1.34)
on fixera un nombre réel positifα, appelé facteur homothétique, qui multiplie tous les
mots de code en obtenant un autre code :

B = αB′ = {B = αB′, ∀B′ ∈ B′}

dont les mots de codes appartiennent àBπ/2. Le facteur homothétique influence linéaire-
ment les valeurs principales des matricesB′, et n’influence pas les matrices de rotation
de la SVD.

Une fois choisi le bon facteur homothétique et obtenu le codeB, on peut se deman-
der s’il existe un lien entre les propriétés du codeB et du codeCB, en particulier pour
ce qui est de la diversité en transmission assurée par ce typede code. Une réponse est
donnée par le théorème suivant :
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Théorème 1 SoitCB le code EP obtenu par le code cohérentB = αB′. Soitdco−ML(B′) =
d la diversité deB′. Alors

dGLRT (CB) ≥ dco−ML(B) = dco−ML(B′) . (1.38)

sous la condition que le facteur homothétique appartienne àl’intervalle

0 < α < ᾱ , ᾱ = min

{
π

2 θ′max

, α̂d

}
, α̂d = min

k 6=l
αd(k, l) (1.39)

où θ′max = maxk ‖B′
k‖2 = maxk θ

′
k,1 et

αd(k, l) est solution detan(αθ′k,1) + tan(αθ′l,1) − α(θ′k,1 + θ′l,1) = ασ′
d(k, l) (1.40)

oùσd(k, l) est ledèmevaleur singulière (en ordre décroissant) deB′
k − B′

l aveck 6= l.

Ce théorème, bien qu’il assure la pleine diversité du code EP si le code de départ a
pleine diversité aussi, donne des valeurs très petites du facteur homothétique. Siα
est très petit, les performances du code seront mauvaises parce que les mots du code
B sont toutes près du sous-espace de référence. Néanmoins il est possible de trouver
des facteurs homothétiques, hors de l’intervalle fixé par lethéorème, qui gardent la
diversité du code EP. Ceci a été vérifié par simulation.

1.2.3 Exemples de codes EP

Codes EP Codes avec séquence d’apprentissage

Codes PSK généralisés

Codes de Givens
Alamouti + PSK

Figure 1.5: Les codes PSK généralisés et les codes de Givens sont des codes EP.
Aussi, certains codes avec des séquence d’apprentissage (notamment ceux présentés
dans [23]) peuvent être vus comme des codes EP.

Il existe une famille de codes EP pour laquelle nous peuvons étudier plus en détail
la relation entre les mots du code cohérent et du code EP. Cettefamille est formée par
les codes qui satisfont la propriété suivante :

{
B

†
kB` = B

†
`Bk

BkB
†
` = B`B

†
k

, pour chaquek 6= ` . (1.41)



28 Chapitre 1. Algorithmes de décodage pour des codes espace-temps non cohérents

Sous cette condition très stricte, toutes les pairs de matrices∆k et ∆` dans l’espace
tangent commutent. Dans ce cas, grâce aux propriétés de l’exponentiel, on peut facile-
ment démontrer que siXk,X` ∈ C

X
†
`Xk = I

†
T,M exp

{[
0M −(Bk − B`)

†

(Bk − B`) 0T−M

]}
IT,M . (1.42)

Grâce à cette relation nous pouvons finalement démontrer la proposition suivante :

Proposition 3 SoitB un code dont les matrices satisfont (1.41). AlorsB et le code
EP correspondantCB ont la même diversité (selon le critère de réception associé). De
plus, la distance produit peut être bornée comme il suit :

2

π
|(Bk − B`)

†(Bk − B`)|
1

2M ≤ dp(Xk,X`) ≤ |(Bk − B`)
†(Bk − B`)|

1

2M (1.43)

Les codes PSK généralisés sont en effet des codes EP qui satisfont les conditions
(3.58). Toutefois, ces conditions contraignantes n’ont pas permi de trouver d’autres
codes qui les satisfont. De plus, les codes PSK généralisés n’utilisent pas tous les dé-
grés de liberté disponibles, à cause de leur structure qui emploie plusieurs dégrées de
liberté.

La Fig. 1.5 montre d’autres propositions déjà existantes dans la littérature, qui peu-
vent être vues comme des codes EP.

1.3 Décodage Simplifié des Codes EP enGT,1

Dans cette section nous introduirons les codes EP pour les systèmes à une antenne
en transmission (M = 1), définis sur le GrassmannienGT,1. Ensuite nous décrirons
un algorithme sous optimal pour le décodage de ces codes, quiarrive à suivre les
performances GLRT.

1.3.1 Forme et propriétés des codes EP enGT,1

Le GrassmannienGT,1 peut être vu comme l’ensemble des lignes complexes dans
l’espaceCT . Le sous-espace de référence est fixé ainsi :

xref =
[
1 0 . . . 0

]†
= e1 (1.44)

et la forme CS du mot de code EP est :

x =




cos ‖b‖
sin ‖b‖
‖b‖ b



 =




cos ρb

sin ρb

ρb

b



 , ρb = ‖b‖ , (1.45)

où ρb est l’angle principal entre le sous-espace de référence et le sous-espace généré
parx. La condition pour inverser la fonction exponentielle est

b ∈ Bπ/2 + {b ∈ C
T−1 : ρb = ‖b‖ < π/2} . (1.46)
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Sous cette condition l’image de la fonction exponentielle est

G×
T,1 = {x ∈ U

T : x1 > 0} where xt =
[
x1 x2 . . . xT

]
. (1.47)

où (·)t indique la transposition etUT indique (avec abus de notation) la sphère com-
plexe de dimensionT . On remarque que dans le cas oùM = 1, le représentant de la
classe d’équivalence en forme CS (1.45) est unique. Six ∈ G×

T,1 alors il est possible
d’inverser la fonction exponentielle à partir de la forme CS en (1.45). Nommé

x̂ = [x2 . . . xM ]t , (1.48)

le vecteurb ∈ Bπ/2 est calculé ainsi :

b = exp−1(x) =
ρb√

1 − x2
1

x̂ , ρb = arccosx1 . (1.49)

L’opération d’arccos est bien définie parce quex1 ∈ (0, 1].
La distance produit entre deux sous-espaces (lignes)xk,x` ∈ GT,1 est très simple :

dp(xk,x`) = sin θk,l =
√

1 − |x†
kx`|2. Il est possible de démontrer la proposition

suivante :

Proposition 4 Soientxk,x` ∈ C obtenus debk,b` ∈ B, avecρk = ‖bk‖. Alors la
borne inférieure suivante vaut :

dp(xk,x`) = sin θk,l ≥
{

sin(2ρb)
2ρb

‖bk − b`‖ , si ‖bk‖ = ‖b`‖ = ρb

2
π
|‖bk‖ − ‖b`‖| , si ‖bk‖ 6= ‖b`‖

(1.50)

A partir de la proposition précédente il est possible de calculer de bons facteurs
homothétiques. Soit la constellationQ-QAM :

Q-QAM = {q1d+iq2d, q1 = ±1, . . .±(Q1−1), q2 = ±1, . . .±(Q2−1), Q = Q1Q2}
(1.51)

pour des constellations carrées les entiersQ1 etQ2 sont égauxQ = Q2
1. Il est possible

de prouver que, dans les cas de constellations carrées, un bon facteur homothétique est
donné par :

α = (π/2)[1 +
√

2(T − 1)(
√
Q− 1)]−1 (1.52)

et pour des constellations rectangulaires il est donné par :

α = (π/2){1 +
√

(T − 1)[(Q1 − 1)2 + (Q2 − 1)2]}−1 . (1.53)

1.3.2 Géométrie du GLRT

L’idée du décodeur est la suivante : puisqu’aucune méthode efficace pour le calcul du
GLRT n’est connue, on veut localiser un sous-ensemble de mots de code sur lesquels
calculer et comparer les métriques GLRT. On appellera cetteapproche « GLRT lo-
cale ».
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Pour ce faire, nous avons tout d’abord étudié la forme des ensembles de points sur
le Grassmannien qui ont le même valeur de la métrique GLRT parrapport au point
reçu. Le GLRT dans ce cas est :

ψ(x) = |y†x| en supposant quex,y ∈ U
T , (1.54)

et on cherche la forme des ensemblesSc = {x ∈ GT,1 : ψ(x) = c}, où c peut
être écrit comme un cosinusc = cos θr, puisquec ∈ (0, 1] . Naturellement, siθr

est bien choisi, un certain nombre de mots du code EPC se situera à l’intérieur de
l’ensembleSc = Scos θr

. Celui-ci est le sous-ensemble sur lequel nous voulons cal-
culer les métriques GLRT. Il existe un autre problème : il n’existe pas une méthode
efficace pour énumérer les mots de code dansScos θr

. La solution que nous proposons
est la suivante : en utilisant la fonction inverse de l’exponentielle (cf. (1.49)), nous
obtenons l’image réciproqueS−1

cos θr
= exp−1(Scos θr

) dans l’espace tangent. Puisque
l’espace tangent n’est pas courbe, et que nous supposons quele codeB est tiré d’un
réseau de points, des méthodes de recherche efficaces existent, sous la condition que
cette recherche soit effectuée à l’intérieur d’une sphère (ou d’un hyper-cube). Or,
comme la fonction exponentielle est non linéaire, les images réciproques dans l’espace
tangent ne ressemblent pas à des sphères (voir la Fig. 1.6). Néanmoins on a réussi à
couvrir l’image réciproque avec trois sphères. Ceci nous permet d’utiliser des algo-
rithmes efficaces pour chercher les mots du codeB dans l’espace tangent à l’intérieur
deS−1

cos θr
. Ces mots de codes sont ensuite donnés en entrée à la fonction exponentielle

pour obtenir la liste cherchée de mots du code EPC sur laquelle calculer les métriques
GLRT.

Un autre effet dû à la définition même de Grassmannien et à la représentation que
nous avons choisi pour chaque sous-espace (le vecteur en forme CS) est le suivant.
Supposons qu’un mot du code EPC quasi-orthogonal au sous-espace de référence soit
envoyé (pointx1 en Fig. 1.7). Supposons aussi que le bruit du canal perturbe le mot
de code d’une façon telle que le signal reçu représente un sous-espace de l’autre coté
du Grassmannien par rapport au sous-espace vectoriel orthogonal au sous-espace de
référence (pointx3 en Fig. 1.7). Alors le vecteur en forme CS qui représente le même
sous-espace peut être très loin, même opposé, du premier (point x2 en Fig. 1.7). On a
appelé cet effet, effet moduloU, parce que il est dû au quotient parU dans la définition
du Grassmannien.

Dans une représentation du type de la Fig. 1.6, l’effet modulo U donne des courbes
comme celles sur la Fig. 1.8. Dans ce cas la, il est impossiblede couvrir efficacement
l’image réciproque avec un faible nombre de sphères. Pour limiter la complexité du
décodeur nous proposons d’utiliser toujours trois sphères, placées différemment, et de
choisir le paramètreθr d’une façon telle que l’effet moduloU soit le moins significatif
possible par rapport à son influence sur les performances du code.

1.3.3 Proposition de décodeur

Nous rappellons un décodeur simplifié déjà proposé par Kammoun et Belfiore [31] et
que nous appellerons ici décodeur ML cohérent sur l’espace tangent (co-ML-tg), sim-
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Figure 1.6: Représentation en coordonnées polaires deρ = ‖b‖ et de la phase com-
muneδ des vecteursb ∈ S−1

cos θr
dans l’espace tangent, oùθr assume différentes valeurs.

Sur ce plan des sphères devraient donner des circonférences. Donc Nous pouvons re-
marquer la déformation due à la non linéarité de la fonction exponentielle.

plement parce que sa métrique est définie sur l’espace tangent et sur le code cohérent
B. Le décodeur peut être implementé selon les points suivants:

1. Mettre le signal reçuy en forme CS et calculer à l’aide de la formule (1.49) le
point correspondantby dans l’espace tangent.

2. Calculer
bco−ML−tg = min

b∈B
‖by − b‖ . (1.55)

Naturellement cette métrique n’est pas optimale, elle ne correspond à la métrique
GLRT sur le Grassmannien que pour les mots de code très proches du sous-espace
de référence. Si le codeB est simplement une constellation QAM multidimension-
nelle, le calcul de (1.55) est simple. SiB est un sous-ensemble d’un réseau de points
plus complexe, il faut utiliser un décodeur à sphère. Dans cecas une approximation de
la complexité du décodeur est :

O(8(T − 1)3) + 10T (mult. réelles)+ 3T (add. réelles)+ 2(sqrt)+ 2(look-up table)
(1.56)
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xref

x1

x2

x3

Figure 1.7: Le Grassmannien réel pourT = 3 peut être représenté par une hémisphère.
Chaque point de l’hémisphère « nord » est en forme CS. Le point opposé dans l’autre
hémisphère représente naturellement le même sous-espace,mais il n’est pas dans la
forme CS.

Le décodeur que l’on propose ici pour la première fois est le GLRT locale. Puisqu’il
utilise trois recherches dans des sphères, ce décodeur utilise certains paramètres qui
servent à placer les sphères, décider du rayon ou s’apercevoir quand l’effet moduloU
dévient très probable. L’algorithme est le suivant :

1. Choisir le paramètreθnl qui mesure l’angle par rapport du sous-espace de référence
à partir duquel l’effet de la non linéarité devient important. Habituellement
θnl = π/5, π/6.

2. Choisir le paramètreθr, qui est lié à la taille du sous-ensemble du Grassmannien
autour du point correspondant au signal reçu, là où il faut chercher les mots de
code.

3. Soit y le vecteur en forme CS qui correspond au signal reçu. Calculerθ1 =
arccos(y1), qui est l’angle principal entrey etxref = e1.

4. Siθ1 ≤ θnl, utiliser le décodeur co-ML-tg (1.55) (non linéarité négligeable).

5. Siθnl < θ1 ≤ π/2 − θr, calculerby, le correspondant dans l’espace tangent de
y. Ensuite, effectuer trois recherches dans l’espace tangent avec un rayon :

rmax = (θ1 + θr) sin θr/ sin(θ1 + θr) (1.57)

et des centres :

o1,2,3 = o eiδ1,2,3ûy ; o =
ρ0

sin ρ0

cos θr sin θ1 ; ρ0 = arccos(cos θr cos θ1)

(1.58)
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Figure 1.8: Représentation en coordonnées polaires deρ = ‖b‖ et de la phase com-
muneδ des vecteurb ∈ S−1

cos θr
dans l’espace tangent, oùθr assume différentes valeurs.

A partir d’une certaine valeur deθr les courbes ont des points aussi dans la partie
gauche du plan, ce qu signifie que des petites perturbations des sous-espaces peuvent
donner des très grandes perturbations des représentants enforme CS.

où
δ1 = 0 , δ2,3 = ± arcsin(tan θr tan θ1)/δF (1.59)

et le facteurδF > 1 est optimisé pour minimiser la performance. On obtient
une liste de mots du codeB. Cette liste est dite « liste de mots candidats »
LB = {bl1 , . . . , blL}. A partir de cette liste on calcule la liste correspondant au
code EP:LC = {xl1 , . . . , xlL}. Le mot de code choisi est celui qui satisfait la
condition suivante :

x̂ = min
x∈LC

|y†x| (1.60)

6. Siθ1 > π/2− θr, l’effet modulo-U est présent. On utilise les mêmes paramètres
que dans le cas suivant, mais on adapte la position des sphères en choisissantδ2,3

différemment

δ2,3 = arccos

[
1 − 1

2

(
krmax

o

)2
]

(1.61)

oùk est choisi entre 1 et 2.



34 Chapitre 1. Algorithmes de décodage pour des codes espace-temps non cohérents

Le choix numérique des paramètres est justifié dans la Sect. 4.4.4. La complexité du
décodeur GLRT locale est bien sûr plus grande que celle du décodeur co-ML-tg, cela
est dû au fait qu’il faut calculer les mots du code EP et les métriques GLRT. De plus,
ces calcules donnent un terme de complexité linéaire enT et en la longueur de la liste
des mots candidatsL. SiL devient trop grand, ce terme peut gagner sur la complexité
de la recherche à l’intérieur des sphères.

1.3.4 Simulations

Des simulations on été effectuées dans un canal AWGN et dans uncanal de Rayleigh
qui démontrent que le décodeur local atteint les performances GLRT.
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Figure 1.9: Performances des codes EP générés à partir du code cohérent (64-QAM)2

(T = 3), pourN = 1, 2, 3, 4. Les paramètres du décodeur sont :cos θr = 0.97, δF =
2, θnl = π/6. La simulation est arrêtée avec au moins 500 erreurs sur les super-
symboles.

Les performances du code EP obtenues à partir du codeB =(64-QAM)2 (T = 3)
sont montrées en Fig. 1.9, avec plusieurs antennes en réception. Le décodeur GLRT
local donne des performances pratiquement indiscernablesde celles du décodeur qui
calcule toutes les métriques GLRT. A taux d’erreur fixé, le décodeur co-ML-tg montre
une perte croissante de SNR par rapport au GLRT local, lorsque le nombre d’antennes
en réception augmente.

Des comparaisons avec des propositions de la littérature [26], [16], [23] sont pro-
posées en Fig. 1.10. La comparaison se porte sur l’efficacitéspectraleη des différents
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Figure 1.10: Efficacité spectrale à10−3 de taux d’erreur par bit (BER) pour des codes
proposés dans la littérature, avecT = 2 etN = 1.

codes en fonction duEb/N0 à un niveau de taux d’erreur sur bit fixé à10−3, avecT = 2
etN = 1. Pourη = 1.5 bits/s/Hz, le code EP n’a pas une bonne performance à cause
de la forme rectangulaire de la constellation8-QAM. Le problème peut être dépassé
en choisissant une constellation avec une forme différente, ayant un meilleur facteur
de forme. Les codes EP proposés sont très proches des codes optimaux, dessinés par
optimisation numérique en minimisant la probabilité d’erreur sur le bit. Naturelle-
ment, l’opération de codage des codes EP et de décodage est bien plus simple que
pour les codes optimaux. Par rapport aux codes avec séquenced’apprentissage, les
performances sont meilleures dans le cas des codes EP au moins pour certains niveaux
d’efficacité spectrale. Par contre la complexité de calcul est à la faveur des codes avec
séquence d’apprentissage.

1.4 Décodage Simplifié des Codes EP dans le cas de
GT,M

Dans cette section nous étudierons les codes EP pour les systèmes avecM > 1 an-
tennes en transmission etN ≥ M antennes en réception, définis sur le Grassmannien
GT,M . Ensuite, nous décrirons un algorithme sous optimal pour ledécodage basé sur
l’approche GLRT locale.
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1.4.1 Propriétés des codes EP enGT,M

La forme de la fonction de codage est celle déjà décrite dans la formule (1.31) et
illustrée par la Fig. 1.4. Pour ce qui est des propriétés du code, nous n’avons pas réussi
à trouver un lien analytique précis entre le gain de codage ducode cohérentB, défini
commeΛ(B) = mink 6=` Λ(Bk,B`) où

Λ(Bk,B`) = det[(B` − Bk)
†(B` − Bk)] = | det(B` − Bk)|2 (1.62)

et la distance produit minimale du code EPdp(C) = mink 6=` dp(Xk,X`). Dans deux
cas particuliers, nous avons trouvé un lien entre ce deux quantités

Proposition 5 Considérons un code EPCB obtenu à partir du code cohérentB. Si le
facteur homothétique tend à zéro,α→ 0, etT = 2M , en définissant

β =
(
1 − 2

π
min
B∈B

{‖B‖2}
)2

< 1 ,

alors
β Λ(B) ≤ dp(CB) ≤ Λ(B)

Un autre résultat dérive directement de la proposition 3

Proposition 6 SoitB un code dont les matrices satisfont (1.41). AlorsB et le code EP
correspondantCB satisfont

2

π
Λ(B) ≤ dp(Xk,X`) ≤ Λ(B) .

Néanmoins des résultats plus généraux qui pourraient nous aider à choisir un bon fac-
teur homothétique (bon dans le sens de la performance) sont très difficiles à trouver par
calcul analytique, donc un tel facteur sera fixé par simulation, en minimisant le taux
d’erreur par trame (Frame Error Rate – FER).

1.4.2 Proposition de décodeur

Pour ce cas général l’analyse mathématique de la métrique GLRT s’est avérée très
difficile, mais, pour trouver un algorithme de décodage simplifié, nous avons toujours
besoin de ramener le problème au code cohérentB. L’idée, dans ce cas, est de linéariser
la métrique GLRT en considérant la région du Grassmannien près du sous-espace de
référence (α → 0). Sous cette hypothèse, et si le bruit additif est assez faible, le mot
du code EP et le signal reçu peuvent être approximes de la manière suivante :

X '
[
IM

B

]
, Y '

[
IM

BY

]
He

où le facteurα est caché dansB etBY . En insérant ces expressions approximées dans
la métrique GLRT (1.14), on s’aperçoit que le termetr(H†

eHe) est constant et qu’il
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n’a pas d’influence dans la maximisation. De plus, le termetr(H†
eB

†
Y BB†BY He)

dépend deα4 et il peut être négligé par rapport aux autres termes qui dépendent
de α2. Finalement, maximiser le GLRT est équivalent à résoudremax`=1,...,L 2Re
[tr(H†

eB
†BY He)]. Par conséquent, nous peuvons démontrer que :

max
`=1,...,L

tr(Y†X`X
†
`Y) ' min

`=1,...,L
‖(B − BY )He‖2

F . (1.63)

La métrique précédente est quadratique en fonction des motsdu codeB et peut être
réalisée efficacement si le codeB est tiré d’un réseau de points. Bien sûr, la métrique
(1.63) est valide seulement pourα très petit ou pour les mots du code EP très proches
du sous-espace de référence, ce qui la rend sous optimale quand elle est utilisée pour
décoder tout signal reçu.

Un récepteur qui utilise (1.63) pour décoder un code EP avecM > 1 ne récupère
pas la diversité en transmission. Pour compenser les effetsde la non linéarité, nous
proposons un décodeur GLRT local, que l’on décrit dans le casN = M .

1. Calculer la forme CSYc du signal reçuY et la matriceHe = Y†
cY.

2. CalculerBY = exp−1(Yc).

3. Calculer une listeLB de mots du codeB candidats, en utilisant la métrique‖(B−
BY )He‖2

F jusqu’à avoir au moinsLmin mots de code dans la liste.

4. Calculer, via la fonction exponentielle, la liste correspondanteLC des mots du
code EP

5. Calculer les métriques GLRT surLC et choisir le mot de code qui atteint le
maximum.

Dans la Sect. 5.3 une analyse rapide de la complexité est reportée. Comme dans
le cas SISO, il y a principalement deux termes, le premier dû au décodeur à sphère est
cubique dans la dimension du réseau de pointsO([2T (T −M)]3) et l’autre dépend de
la longueur moyennêL de la liste des mots de code candidatsO(L̂TMN).

1.4.3 Simulations

Le codes cohérents utilisés dans les simulations sont reportés dans la Sect. 5.4.1. Le
codeB′

1, appelé aussi code 1 dans les figures, est introduit par Damenet al. [32], le
codeB′

2 appelé aussi code 2 ou «golden code» a été introduit par Belfiore et al. [33].
En fin le codeB′

3, pour le casG6,3, a été présenté dans [27, pag. 1109].
Au contraire du cas SISO, nous ne disposons pas toujours de bornes sur la distance

produit minimale en fonction de la distance euclidienne minimale du code cohérent.
Donc nous ne pouvons pas choisir un bon facteur homothétiquepour les performances
par voie analytique. Pour cette raison, nous avons décidé dechoisir leα en minimisant
la probabilité d’erreur par trame pour un certain niveau de SNR moyen à la réception.
Naturellement la valeur optimale du facteur homothétique change en fonction du ré-
cepteur (GLRT ou GLRT locale) et aussi en fonction du SNR et des paramètres du
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Figure 1.11: Probabilité d’erreur moyenne par trame (FER) dudécodeur GLRT locale
en fonction du facteur homothétiqueα pour des différents SNR. Les listes des mots de
code candidats ont une longueur entre10 et30. L’efficacité spectrale est de2 bits/s/Hz.

décodeur (par exemple, la longueur de la liste des mot candidats). Sur la Fig. 1.11
nous pouvons remarquer que, pour une valeur de SNR fixée, il existe une valeur op-
timale du facteur homothétique : siα est trop grand, la distance produit minimale du
code augmente mais l’effet de la non linéarité est très important et les performances
dégradent. Siα est trop petit, la non linéarité est moins importante mais, au delà d’un
certainniveau, la distance produit minimale devient trop petite et la probabilité d’erreur
augmente à cause du bruit additif. Nous pouvons aussi remarquer que le facteur ho-
mothétique optimal diminue lorsque le SNR augmente. Ceci signifie que pour faire
face à la non linéarité il faut dégrader au fur et à mesure les performances (nous rap-
pelons qu’en diminuantα la distance produit minimale diminue). Cet effet se produit
puisque, à SNR élévé, l’influence de la non linéarité sur la probabilité d’erreur dévient
de plus en plus importante et donc il faut agir surtout sur elle plutôt que sur la distance
produit minimale du code.

Pour ce qui est de la longueur de la liste des mots de code candidats, nous avons
vérifié par simulation que sa moyenne et son écart-type restent constants pour un grand
intervalle de SNR (surtout à haut SNR) en choisissant comme rayon 1.1 fois le coef-
ficient le plus petit sur la diagonale de la décomposition de Cholesky de la base du
réseau de points (cette quantité correspond en gros à la pluspetite norme des vecteurs
de la base du réseau de points).

Sur la Fig. 1.12, nous pouvons voir des résultats de simulation dans le casT = 4,
M = 2. En choisissant bien le facteur homothétique pour les différents codes nous
pouvons contrôler l’effet de la non linéarité et le décodeurGLRT locale arrive à suivre
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Figure 1.12: Des courbes de FER des codes EPC1 etC2 sont comparées aux codes avec
des séquence d’apprentissage obtenus à partir du golden codeB′

2 et à la proposition de
Zhaoet al. [24]. La longueur de la liste de mots de code candidats du GLRTlocale est
comprise entre10 et30. Tous les codes ont une efficacité spectraleη = 2 bits/s/Hz.

le décodeur GLRT à moins de 1 dB de perte. Il faut aussi dire queà plus haut SNR,
la courbe de FER du GLRT locale s’éloigne de celle du GLRT (perte de diversité).
En effet, le facteur homothétique choisi pour les codes EP deFig. 1.12 minimise le
FER autour de 20 dB de SNR. Sur la même figure, nous peuvons aussiapprécier le
fait que les codes EP ont des performances comparable à celles du code avec une
séquence d’apprentissage (et bien meilleur que l’autre proposition avec récepteur sim-
plifié). Néanmoins la complexité des codes avec une séquenced’apprentissage reste
plus basse que la complexité de décodage du GLRT locale.

Nous terminons la section en disant que des résultats similaires sont obtenus quand
T etM augmentent, mais l’effet de la non linéarité devient de plusen plus difficile à
compenser, ce qui rend l’utilisation du décodeur GLRT localplus intéressante lorsque
le nombre d’antennes à l’émission estM = 2, 3. (Cette dernière considération vaut
pour le décodeur GLRT locale tel qu’il est formulé dans cettethèse. D’autres récep-
teurs simplifiés peuvent donner des conclusions différentes).

1.5 Décomposition Minimale des Signaux CPM en im-
pulsions PAM

Cette section traite d’un sujet différent par rapport au reste de ce travail. Ici nous
avons étudié une description mathématique des signaux issus d’une modulation à phase
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continue (CPM). Cette modulation est particulièrement indiquée pour les émetteurs
qui utilisent des amplificateurs non linéaires car le signala une enveloppe constante.
Le modulateur, bien qu’il soit assez simple à implanter, introduit une opération non
linéaire et produit un signal avec une mémoireL (en périodes de symbole). Ces deux
caractéristiques font que le récepteur optimal peut être extrêmement complexe. A
cause de cela nombreux chercheurs se sont penchés sur le problème de décrire linéaire-
ment ces signaux, c’est-à-dire comme en somme d’un certain nombre d’impulsions.
Plusieurs décompositions PAM des signaux CPM ont été proposées [34, 35, 36] et elles
ont ensuite été appliquées pour proposer des récepteurs simplifiés [37, 38, 39, 40].

Ici, nous proposons une autre décomposition PAM valide pourles signaux qui ont
une certaine symétrie dans la réponse de phase. La méthode pour obtenir la nouvelle
décomposition est inédite et permet de démontrer que celle-ci a une cardinalité mini-
male : pour ce type de signaux CPM il n’existe pas de décomposition PAM obtenue
avec moins d’impulsions.

1.5.1 Signaux CPM Séparables

L’enveloppe complexe d’un signal CPM générique peut s’écrire ainsi :

v(t) = exp

[
j2πh

(1

2
θn−L+1 +

L−1∑

i=0

an−i ϕ(t− nT + iT )
)]

, (1.64)

oùh estl’indice de modulation, ϕ(t) estréponse de phase, L est la mémoire du signal,
an est lan-ème donnée en entrée etθn−L+1 est l’état de la phasedans la période de
symbolen − L + 1. les donnéesan appartiennent à un alphabet équilibré de tailleM
: AM = {±1,±3, . . . ,±(M − 1)} siM est pair ouAM = {0,±2, . . . ,±(M − 1)} si
M est impair.

La réponse de phaseϕ(t) est une fonction croissante ent ∈ [0, LT ] et elle est égale
à0 pourt ≤ 0 et àϕ(LT ) = 1/2 pourt > LT . Nous étudierons des signaux CPM dont
la réponse de phase satisfait une propriété appelée « séparabilité » qui est la suivante:

ϕ(t+ iT ) = ϕ0(t) +
i

2L
, i = 0, 1, . . . , L− 1, t ∈ [0, T ) . (1.65)

Nous appélerons les signaux qui satisfont la proprieté (1.65) « signaux CPM sépara-
bles ». La fonctionϕ0(t) est appelée phase élémentaire et elle est croissante en[0, T ].
Il vaut ϕ0(t) = 0 pour t ≤ 0 et ϕ0(t) = 1/(2L) pour t ≥ T . Cette classe de
signaux comprend les signauxL-REC (réponse de phase linéaire), donc aussi les si-
gnaux CPFSK et MSK et les signaux àréponse pleine(des signaux CPM avec une
mémoireL = 1 et une réponse de phase arbitraire).

En introduisant la condition (1.65) dans l’expression du signal CPM on obtient :

v(t) = exp

[
j2πh

( 1

2L
Θn + An ϕ0(t− nT )

)]
, t ∈ In . (1.66)



1.5. Décomposition Minimale des Signaux CPM en impulsions PAM 41

où

An =
L−1∑

i=0

an−i (1.67)

représentent les symboles « compacts », obtenus à partir deL symboles consécutifs
an−L+1, . . . , an et Θn = Lθn−L+1 +

∑L−1
i=0 i an−i est l’état de phase « compacte ».

L’alphabet deAn estAM même pourL = 1, AM + AM = {an−1 + an | an−1 ∈
AM , an ∈ AM} = A2M−1 pourL = 2, en généralAN oùN = L(M − 1) + 1. Il est
possible de démontrer le principe d’équivalence suivant :

Proposition 7 SoitµL(M) un modulateur CPM séparable défini par les paramètres
M , L, h etϕ(t), oùϕ(t) est généré par une phase élémentaire arbitraireϕ0(t). Alors,
µL(M) est équivalent à un modulateur CPMµ1(N) défini par les paramètres :M1 =
N = L(M − 1) + 1, L1 = 1, h1 = h/L, etϕ1(t) = Lϕ0(t). Les donnéesAn ∈ AN

en entré deµ1(N) sont obtenues à partir desan ∈ AM de µL(M) par l’opération
(1.67).�

En utilisant la proposition 7 il est possible de démontrer que l’espace du signal
CPM séparableV dans une période de symbole générique (par exemple[0, T )) peut
être décrit par la base suivante :

{
fγ(t) = ej 2π hγ ϕ0(t) |γ ∈ AN

}
. Puisque les fonc-

tions{fγ(t) |γ ∈ AN } forment une base, la dimension de l’espaceV coïncide avec le
nombre de ces fonctions :dim(V ) = N = L(M − 1) + 1.

1.5.2 Formulation des Nouvelles Décompositions PAM

Un signal CPM séparable peut être exprimé linéairement en fonction d’une base de
l’espace du signal. Nous re-écrivons (1.66) ainsi :v(t) = Sn e

j 2π h Anϕ0(t), t ∈ In où
An ∈ AN sont définis dans la formule (1.67) et l’étatSn est renouvelé selon la loi
suivante :

Sn+1 = Sn Z
An with Z = ej π

h
L . (1.68)

Alors, soitγ ∈ AN = {γ1, . . . , γN} et

en(γ) = Sn δAn,γ , fγ(t) = η(t) ej 2π h γ ϕ0(t) (1.69)

où

δAn,γ =

{
1 , An = γ
0 ,autrement

, η(t) =

{
1 , t ∈ [0, T )
0 ,autrement

.

Nous obtenons ainsi une décomposition que nous appelons la décomposition compacte
(CD) du signal CPM :

v(t) =
∑

n

e′
n f(t− nT ) , (1.70)

en et f(t) sont des vecteurs colonne de tailleN , dont les éléments sont respectivement
lesen(γ) et les fonctions de la basefγ(t). L’apostrophe «′ » désigne la transposition.
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La CD a cardinalité minimale deN = L(M − 1) + 1, puisque les impulsions PAM
coïncident avec les fonctions de la base du signal en[0, T ).

La décomposition minimale (MD) peut être obtenue à partir dela CD comme suit :
1) nous générons une autre base deV à travers une transformation linéaire inversible
(matriceN × N ) P = [pγ,k], γ ∈ AN , k ∈ KN = {0, 1, . . . , N − 1}; 2) nous choi-
sissons une matriceP qui permet d’établir des récurrences parmi les symboles et fi-
nalement de regrouper ensemble des impulsions PAM en réduisant la cardinalité de la
décomposition.

Soit R = P−1 = [rk,γ ]. En insérantIN = PR en (1.70) on obtientv(t) =∑
n e′

n PRf(t− nT ) =
∑

n c′n g(t− nT ) et par la (1.69), les symboles modifiés sont
dérivés ainsi :

cn(k) = Sn pAn,k , k ∈ KN . (1.71)

Naturellement toutes ces décompositions sont équivalentes à la CD et ont la même
cardinalitéN .

Nous illustrons au moyen d’un exemple l’idée des récurrences. FixonsN = 4, le
signal CPM estv(t) = v0(t) + v1(t) + v2(t) + v3(t), où vk(t) =

∑
n cn(k) gk(t −

nT ). Or, si la récursioncn(3) = cn−1(0) est valide pour tousn, les impulsionsv0(t)
et v3(t) peuvent être combinées ensemblev0(t) + v3(t) =

∑
n cn(0)h0(t − nT ) et

exprimées par une unique impulsionh0(t) = g0(t)+g3(t−T ) de durée double. Donc,
la cardinalité de la décomposition passe deN = 4 àNc = 3.

Il est possible de démontrer qu’en général avec la méthode des récurrences on peut
au maximum diminuer la cardinalité de la décomposition de 1,comme dans l’exemple
précédent. La matriceP qui permet cette opération doit avoir la structure suivante:

P =





Z−N+1 p0,1 · · · p0,N−2 1
Z−N+3 p1,1 · · · p1,N−2 1

...
...

.. .
...

...
ZN−1 pN−1,1 · · · pN−1,N−2 1




(1.72)

où les colonnes à l’intérieur de la matrice peuvent être choisies arbitrairement sous la
contrainte d’inversibilité de la matrice. La MD prend donc la forme suivante :

v(t) =
∑

n

d′
n h(t− nT ) (1.73)

oùd′
n est obtenu decn en laissant tomber le dernier symbolecn(N − 1) et

hk(t) =

{
g0(t) + gN−1(t− T ), k = 0
gk(t), k = 1, . . . , N − 2

(1.74)

Le support deh0(t) est[0, 2T ) alors que celui des autres impulsionshk(t) reste[0, T ).
Pour toute matriceP inversible, il est possible de vérifier que les impulsions dela
MD sont des fonctions continues det. Finalement il est aussi possible de démontrer
que la MD est la décomposition PAM des signaux CPM séparables avec la cardinalité
minimale.
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M = 4, réponse de phase séparable
cardinalité LMMD CD, mCD MD
de la décomp. ML − ML−1 L(M − 1) + 1 L(M − 1)
L = 1 3 4 3
L = 2 12 7 6
L = 3 48 9 8
L = 4 208 13 12
L = 5 768 16 15

Tableau 1.2: Cardinalité de différentes décompositions dessignaux CPM séparables
en fonction de la mémoireL du signal, pourM = 4.

L = 1, réponse de phase arbitraire
cardinalité LMMD CD, mCD MD
de la décomp. 2dlog2

Me − 1 M M − 1
M = 2 1 2 1
M = 4 3 4 3
M = 6 7 6 5
M = 8 7 8 7
M = 10 15 10 9

Tableau 1.3: Cardinalité de différentes décompositions dessignaux CPM à réponse
pleine (L = 1, aucune contrainte sur la réponse de phase) en fonction de latailleM de
l’alphabet.

Dans le Tableau 1.2, les cardinalités des nouvelles décompositions PAM des si-
gnaux CPM séparables sont comparées avec la cardinalité de ladécomposition de
Laurent-Mengali-Morelli (LMMD) [34, 35] en fonction de la mémoireL du signal.
Dans le cas de la CD et MD, la cardinalité augmente seulement linéairement en fonc-
tion deL, alors que pour la LMMD l’augmentation est exponentielle. Dans le cas de
signaux à réponse pleine (L = 1), avec réponse de phase arbitraire, les décompositions
ici proposées sont encore capables d’achever une réductionde la cardinalité, comme
il est montré dans le Tableau 1.3. Cette réduction dans le nombre d’impulsions néces-
saires pour décrire las signaux CPM peuvent ouvrir la route à des nouveaux récepteurs
simplifiés.

1.6 Conclusion

Cette thèse à été consacré à deux sujets distingués, le premier concernant les codes
espace-temps pour des systèmes sans fils sans estimation du canal ni à l’émetteur ni
au récepteur, le deuxième concernant la décomposition linéaire des signaux à phase
continue (CPM).

Les contributions originales vont de l’analyse des codes espace-temps obtenus
par paramétrisation exponentielle à la proposition des décodeurs simplifiés pour cette
classe de codes et à la caractérisation de leur performances. Pour ce qui est des signaux
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CPM, des nouvelles décompositions ont été dérivées avec une démarche innovante du
point de vue de la formulation du problème.

La recherche peut se poursuivre sur les codes espace-temps d’un coté en cherchant
à approfondir encore plus la thématique du décodage simplifié, d’autre part en essayant
d’optimiser les critères de construction pour différents type de canaux plus proches de
cas pratiques, tout en comprenant les avantages des autres propositions de la littéra-
ture et leur éventuels liens avec les codes EP. Pour la partiesur les signaux CPM, la
recherche peut se poursuivre en appliquant les nouvelles décompositions à la recherche
de récepteurs simplifiés pour voir si effectivement ces nouvelles descriptions du signal
CPM peuvent donner une valeur ajoutée par rapport aux récepteurs déjà présents dans
la littérature.



Chapter 2

Non–Coherent Space–Time Codes:
State of the Art

In this chapter we introduce the fundamental frame of this work (channel assumptions,
basic code parameters and definitions, mathematical basics) and the state of the art of
current non–coherent space–time codes propositions.

In the first section channel models are introduced which willbe used throughout
all this work. In the second subsection, results on information theory are reported to
justify the choice of some fundametal system parameters, like the duration of the fad-
ing block and its relation to the number of transmit and receive antennas. Besides,
this information theory summary helps us understand under which channel assump-
tions the proposed non–coherent codes are optimal. The importance of letting infor-
mation be on subspaces spanned by codewords columns emergesfrom the previous
discussion. Hence, in the third section, basics on subspaces, sets of subspaces and
distances between subspaces are introduced. In the fourth section detection rules, both
for coherent and non–coherent Multiple Input Multiple Output (MIMO) systems, are
recalled. The fifth section contains a summary of the known expression of Pairwise
Error Probability (PEP) and its bounds for different kinds of non–coherent space–time
codes, under different criteria. The following section deals with diversity, another fun-
damental parameter of space–time codes, strictly linked with error performance and
the geometrical structure of the non–coherent codes. The seventh section collects most
of current propositions on this topic and briefly describes code design criterion as well
as code characteristics, advantages and disadvantages. The eigth section is dedicated
to one particular proposition called “training–based approach”, since in our opinion it
is one of the best competitors. In the final section, an example drawn from previous
propositions of the literature illustrates some previously introduced concepts.

2.1 The channel model

The channel model we use throughout this thesis is the so–calledblock fadingchannel
model [1], [2]. In this model the channel coefficients are constant during a block ofT
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Figure 2.1: The MIMO channel and a codeword ofNb supersymbols affected by a
block fading channel.

symbol periodsTs (we considerT integer). For each block the channel coefficients are
generated independently from the previous blocks, according to a certain probability
distribution. The block fading channel model is applicablewhen the channel is sub-
stantially time-invariant for a durationT Ts and then it changes abruptly. This occurs,
for example, when the blocks are separated in time or frequency or both, e.g. in system
where the access to time and band resources are managed dynamically.

We generally consider a multiple–input multiple output (MIMO) channel where
M andN are the number of antennas respectively at the transmitter and receiver as in
Fig. 2.1. Under the assumption of a ideal band-limited modulation scheme, without
inter-symbol interference, the discrete–time baseband equivalent channel model is

Yk = αXkHk + σWk with k = 1, 2, . . . (2.1)

where the subscriptk refers to thek–th block,Yk is theT × N complex matrix of
the received signal,Xk is T ×M sent signal,Hk is M × N andWk is theT × N
additive noise matrix. The real scalarsα andσ are used to normalize transmit power
and noise variance. If not otherwise stated, the entries ofH andW are i.i.d. mean–
zero, unit-variance, circularly symmetric, complex Gaussian variablesCN (0, 1) and
the complex–valued signal at the transmitter is independent of the channel and the
Gaussian noise. In the following we do not explicitly write the block indexk because
coding among different blocks is not considered and, since all the random variables
are independent from one block to another, all blocks are statistically equivalent (there
is no memory in the system).
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In this work we assume that the channel realizationH is unknownto the receiver.
This assumption is usually justified by the fact that in future generation MIMO wireless
systems with high mobility requirements, the coherence time of the channel [8] is very
short. For example, at a vehicle speed of 100 km/h a mobile operating at 1.9 GHz
has a fading coherence interval of about 5.7 ms, which corresponds to an uncorrelated
fading each 200-300 symbols at a symbol transmission rate of50 kbaud. At the same
symbol rate and vehicle speed, but for an operating frequency of 30 GHz, the fading is
uncorrelated after only 10-20 symbols. Hence, to estimate the channel can be a more
and more computationally demanding task as the number of theantennas grows up, or
it can unacceptably decrease the throughput of the system, especially if only short data
or control packets must be sent.

We prevent the reader that the above rough argumentations donot necessarily jus-
tify the use of space–time codes designed for non-coherent detection. Another impor-
tant practical problem is the existence of simple and efficient decoding algorithms for
such codes and the analysis of the trade-off between performance benefits and com-
plexity costs. However, the previous short reasoning indicates that such codes can
become interesting when the duration of the blockT is comparable with the number
of transmit and receive antennas, otherwise a good estimation can be performed at the
receiver. Hence, in the following we will make the assumption thatT is comparable
max(M,N).

2.1.1 Other forms and power normalization

This model can be reformulated in vector form

y = αXh + σw , X = IN ⊗ X (2.2)

where⊗ is the Kronecker product andy = vec(Y) is the column vector obtained con-
catenating the columns of the matrixY, analogouslyw = vec(W) andh = vec(H)
(see Appendix A).y andw are column vectors of lengthTN , h has lengthNM while
X is a(TM) × (NM) block–diagonal matrix.

The average received Signal to Noise Ratio (SNR)ρ per receiver antenna is (see
Appendix B)

ρ =
1
N

tr(E [Y Y†]W=0)
1
N

tr(E [WW†])
=
α2 tr(E [XX†])

σ2T
. (2.3)

In literature we can find many different ways to normalize thetransmit power. We will
mostly deal with codebooks whose codewords have orthonormal columns, being called
unitary space–time codebooks, for which it holdsX†X = IM . Under this assumption,
supposing i.i.d. sent supersymbolsX, we set the power constraint as

α2 tr(E [XX†]) = M =⇒ α = 1 (2.4)

which means in fact that the total power for a supersymbol (a frame) must beM (for
everyT ). Then,σ2 = M/(Tρ). We generally leaveα andσ explicitly expressed when
we want to switch from different normalizations. For example, normalization in [41]
is obtained by lettingα =

√
T .
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2.2 Results from Information Theory

We recall here some fundamental results about the capacity of MIMO block fading
channels when the channel is unknown both to the receiver andto the transmitter.
We are focusing on the ergodic capacity, which makes sense when the transmission
duration is much longer that the coherence time of the channel [1]. Each codeword is
formed byNb supersymbols and the capacity study is asymptotically valid asNb goes
to infinity. In this case the classic Shannon formulation holds [42]

C = max
pX(·)

I(X;Y) (2.5)

wherepX(·) is the probability distribution of the input signal. Usually there is some
constraint on the power ofX.

It is well–known that when it is not possible to code among different blocks or
when a delay constraint is imposed, then the ergodic capacity cannot be applied and
the concept ofoutage capacityor outage probabilityis more appropriate [43], [44],
[2]. The outage capacity is a well–defined concept when a perfect Channel State In-
formation (CSI) is available to the receiver. However, in thecase of no CSI there are
some difficulties arise to define it. As far as we know, the onlyproposal for an outage
capacity definition is in [45]. Since some results for the optimal signal structure are
the same that in the ergodic case, we prefer to investigate this latter case only.

2.2.1 General Results

The power–constrained ergodic capacity in the Single InputSingle Output (SISO) case
(M = N = 1) and fast fadingT = 1 was studied by [46], [47] (see also references
therein). The first investigations of the general MIMO case is due to [41], [9] and [48].
We report the following fundamental results.

1. The power constraint. Constraining the average power of the single antenna
symbol E [xtm] = 1, of the symbols emitted in one symbol period from all
theM antennas

∑M
m=1 E [|xtm|2] = M , of the symbols emitted from each an-

tenna during all the block
∑T

t=1 E [|xtm|2] = T or of the whole supersymbols
tr(E [XX†]) = TM does not affect capacity, provided that the supersymbol
total average power is the same. If not, only a simple scalingof the SNRρ is
required.

2. Capacity Dependence onT . For any block lengthT , any number of receiver
antennasN and any SNRρ, the capacity obtained withM > T andM = T
are equal. This is substantially different from the coherent case (perfect CSI
available to the receiver) where the capacity is independent of T [44].
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3. Optimal signal structure. For every SNRρ, the capacity–achieving signal ma-
trix can be written as

X = ΦΛ , Φ ∈ UT,M i.e. Φ†Φ = IM , Λ =





λ1 0 · · · 0
0 λ2 · · · 0
...

. ..
...

0 0 · · · λM





(2.6)
whereΦ is a T × M isotropically distributed unitary matrix1 andΛ is an in-
dependentM × M real, nonnegative, diagonal matrix. In other words, the
optimal signal is formed byM orthogonal vectors whose norms areλm ≥ 0,
m = 1, . . . ,M . The general analytical form of the joint density of[λ1, . . . , λM ]
is still unknown.

4. Asymptotic capacity for T → ∞. WhenT → ∞ the capacity approaches the
capacity of the coherent case with perfect CSI available to the receiver. More-
over, all the density distributionsp(λm) converge to a Dirac delta centered in√
T , showing thatthe information is carried by the direction of the vectorsand

not by their norms (see also [6]).

2.2.2 Asymptotic Results at high SNR

An investigation about the ergodic capacity in the high SNR regime can be found in
[30], where the following results are proved.

1. Optimal signal structure. For high SNRρ, the random variablesλm converge
to the deterministic constant

√
T , as in the case ofT � 1. Once again the

optimal signal structure is a matrix whose columns are isotropically distributed
orthogonal vectors

X = [x1 . . . xM ] =
√
T Φ , Φ ∈ UT,M . (2.7)

2. The information is carried by subspaces. Indeed, (2.7) states that a good
codebook should put information in the directions of the vectors xm, m =
1, . . . ,M . However, [30] shows that the information is not in the single di-
rections span(x1), . . . , span(xM), but in thesubspace

ΩX = span(x1, . . . ,xM) = span(X) . (2.8)

In other words, at high SNR and forH,W with i.i.d. circularly symmetric
Gaussian variables, the mutual information in the capacitydefinition (2.5) is
I(X;Y) = I(ΩX;Y). An intuitive explication is that, at high SNR, we can
write

Y = αXH + σW ' αXH (2.9)

1An isotropically distributed unitary matrix has a probability density function which is invariant
under left–multiplication of deterministic unitary matrices.
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and we see that the channel stretches and rotates the basisX of ΩX. Since the
channel is unknown, the receiver cannot recover the particular basisX, but the
subspaceΩX is unchanged.

3. Capacity and degrees of freedom.The asymptotic capacity (in bit/s/Hz) is

C = Knc log2 ρ+ cM,N + o(1) (2.10)

whereo(1) is a quantity which goes to zero at high SNR andcM,N is a constant
which depends onM,N andT (for more details see [30]).

Knc = M∗(1 −M∗/T ) with M∗ = min(M,N, bT/2c) (2.11)

is called the number ofdegrees of freedomor multiplexing gainof the noncoher-
ent MIMO channel [45]. Sincelog2(ρ) is the high SNR behavior of a classical
AWGN SISO channel,Knc can be interpreted as the number of parallel spatial
channels that can be used at the same time [49].M∗ is the optimal number of
transmit antennas that should be used to communicate. Usingmore thatM∗

transmit antennas does not yield any benefit (in terms of capacity!).

We notice that, as recalled in the previous section, the capacity depends onT ,
while for coherent systems the degrees of freedom areKco = min(M,N), inde-
pendent fromT [44], [49],[50].

We can draw some useful conclusions from the previous observations. SinceKnc

is the leading coefficient and a 3 dB SNR increase means an increase ofKnc bit/s/Hz
in the capacity, the number of degrees of freedom should be maximized. This means
thatM∗ should beT/2 or as close to this value as possible. Moreover, it should be

T ≥ 2M, 2N (2.12)

otherwise the additional antennas will be not useful (from acapacity perspective).

2.2.3 Asymptotic results for low SNR

In the low SNR regime, results are quite different. In fact, generally, ifρ → 0, the
coherent and noncoherent capacities are asymptotically equal and their limit is [30]

lim
ρ→0

C(ρ)/ρ = N log2 e , bit/s/Hz , (2.13)

so that the relationship with the number of degrees of freedom disappears. Only an
augmentation of the number of receive antennas can be profitable to collect the small
signal power. Moreover, even ifT andM are greater than one, the optimal strategy
consists in allocating all the transmit power to only one antenna during one symbol
period.
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2.3 Introduction to Subspace Representations

As we said in Sect. 2.2.2, the information is principally carried by subspaces in systems
with unknown channel and high SNR. We will recall here some basic definitions on
subspaces.

2.3.1 Basics on Subspaces

Let ΩX be anM–dimensional (vector) subspace ofC
T , with T > M . Given one of its

basesX, we recall (2.8)

ΩX = span[x1 . . .xM ] = span(X) with rank(X) = M . (2.14)

The basisX is not unique, in fact given any invertibleM × M complex matrixA,
another valid basis of the same subspace isXA. The Thin Singular Value Decom-
position2 (TSVD) [3, pag. 72] gives interesting insights into the structure of a generic
basis

X = VΛU† , V ∈ UT,M , U ∈ UM , Λ = diag([λ1 . . . λM]) (2.15)

whereUT,M is the set of theT ×M complex matrices with orthonormal columns,UM

is the group of unitaryM ×M matrices andΛ is a diagonal matrix whose entries are
positive and ordered in decreasing order. Resuming

V†V = IM , U†U = IM , λ1 ≥ λ2 ≥ . . . ≥ λM . (2.16)

The TSVD (2.15) has an interesting geometrical interpretation: V is an orthonormal
basis of the same subspaceΩX. The basisX is obtained fromV by means ofΛU†

which first stretches the basis vectorvm according to the positive constantλm and then
rotates it accordingU†.

While the basis of a subspace is not unique, its projector, i.e. the linear operator
which projects a vector on the subspace, is unique. Given a generic basisX of ΩX, the
projectorPΩX

is defined as

PΩX
= X(X†X)−1X† (2.17)

while if X ∈ UM,T , the previous definition trivially simplifies in

PΩX
= XX† . (2.18)

The projector has the following properties

PΩX
= P

†
ΩX

, P2
ΩX

= PΩX
, PΩX

X = X . (2.19)

2WhenT = M , the thin Singular Value Decomposition becomes the common Singular Value De-
composition, where all matrices in (2.15) are square.
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2.3.2 Basics on the Grassmann Manifold

We give the following basic definitions:

Definition 1 The set of theM–dimensional complex (real) vector subspacesΩX of CT

(RT ), withT > M is called Grassmann manifold or Grassmannian, denoted byGT,M .

The concept of differentiable manifold will be recalled in Sect. 3.2.
The concept of biorthogonal bases and of principal angles isvery important to

characterize a couple of subspaces [3, pag. 603].

Definition 2 Given two subspacesΩX,ΩY ∈ GT,M , two corresponding basesX and
Y are said to be biorthogonal if they are orthonormal and

x†
mym′ = 0 for all m 6= m′ , x†

mym = cm with 0 < cm ≤ 1 (2.20)

i.e. for all m = 1, . . . ,M , them–th vector of the first basis is orthogonal to all the
vectors of the other basis except of them–th one.

A pair of biorthogonal bases can be obtained by any twoorthonormalbases by means
of the SVD decomposition. LetX,Y be two orthonormal but not necessarily biorthog-
onal bases ofΩX,ΩY and let

X†Y = UXCU
†
Y , UX ,UY ∈ UM , C = diag([c1, . . . , cM ]) (2.21)

where0 < cm ≤ 1 for all m. Then two biorthogonal basis areXUX andY UY .
From (2.21) we can also see that the squared cosines of the principal angles are the
eigenvalues of the matrixX†YY†X or equivalently ofY†XX†Y.

Definition 3 Given two biorthogonal bases of the subspacesΩX,ΩY ∈ GT,M , the real
positive inner productscm can be uniquely written in the following form

cm = cos θm , θm ∈ [0, π/2) , m = 1, . . . ,M . (2.22)

θ1, . . . , θM are called the principal angles between subspacesΩX andΩY.

From (2.21) we see that given two orthonormal bases, their principal angles are the in-
verse cosine of singular values of the matrixX†Y. Equivalently, lettingθ = [θ1 . . . θM ]t

be the principal angles ordered in decreasing order, from (2.21) and (2.22) we can write

C = cosΘ , Θ = diag(θ) . (2.23)

The principal angles are unique, while the biorthogonal bases are not (for example a
common permutation of two biorthogonal bases gives again two valid biorthogonal
bases).

Definition 4 Two subspacesΩX,ΩY ∈ GT,M are called intersecting subspaces if the
dimension of their intersection is greater than zero, i.e.dim(ΩX∩ΩY) > 0. Otherwise
they are called non–intersecting.
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When twoM–dimensional subspaces are intersecting the dimension of their intersec-
tion coincides with the number of principal angles equal to zero (and vice versa). In
this case some vectors of the two biorthogonal bases coincide: they span the intersec-
tion [3, pag. 604].

Several distances between subspaces can be defined over the Grassmannian [4],
[5]. We recall here the mostly used ones.

Definition 5 Let X andY two orthonormal bases of two different subspaces and let
X†Y = UXCU

†
Y the SVD as in (2.21) withC = cosΘ. Then we can define the

following distances

1. The geodesic distance

darc(ΩX,ΩY) = ‖θ‖ =

(
M∑

m=1

θ2
m

)1/2

(2.24)

2. The chordal distance

dc(ΩX,ΩY) =
1√
2
‖PΩX

− PΩY
‖F = ‖ sin θ‖ =

(
M∑

m=1

sin2 θm

)1/2

(2.25)

wherePΩX
andPΩY

are the projectors defined as in (2.18) and‖A‖F is matrix
Frobenius norm (see Appendix A).

Another pseudo–distance called product distance -which actually is not a true distance
but it is often used in literature- is

dp(ΩX,ΩY) =

(
M∏

m=1

sin θm

) 1

M

=

(
det

{[
X†

Y†

]
[X Y]

}) 1

2M

(2.26)

In the following we will use sometimes the notationd(X,Y) meaningd(ΩX,ΩY).

2.4 Detection Criteria

2.4.1 The Non–Coherent Maximum Likelihood Criterion

When the channel statistics of the fading and noise are known to the receiver (not its
realization), the Maximum–Likelihood (ML) criterion can be used for non–coherent
detection [8]. The ML rule is

X̂ML = arg max
X`∈C

p(Y|X`) = arg max
`=1,...,L

p(Y|X`) , (2.27)

wherep(Y|X`) is the conditional probability distribution ofY knowing thatX` has
been sent andX` is the`–th codeword of the codebookC, whose cardinality is|C| = L.
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In the hypotheses of channel model (2.2) (i.i.d. Gaussian fading and noise), the re-
ceived signaly is a complex Gaussian vector with zero mean and covarianceKy|X`

=

α2 X`X
†

` + σ2INT , X` as in (2.2). Hence

p(Y|X`) =
exp{−tr([σ2IT + α2X`X

†
`]
−1Y Y†)}

πTN detN [σ2IT + α2X`X
†
`]

(2.28)

In this hypothesis the ML is a quadratic receiver and can be stated as

X̂ML = arg min
`=1,...,L

[−y†F`y + c`] , (2.29)

where the dependence on the signal is inF`:

F` =
1

σ2
X`(

σ2

α2
INM + X

†

`X`)
−1X

†

` , c` = ln

∣∣∣∣
σ2

α2
INM + X

†

`X`

∣∣∣∣ . (2.30)

See Appendix C for the derivation of the non–coherent ML criterion.

2.4.2 The Generalized Likelihood Ratio Test

The Generalized Likelihood Ratio Test (GLRT) does not require the knowledge of
the fading and noise statistics, nor the knowledge of its realization (see [6], [7] and
references therein). It is defined as

X̂GLRT = arg max
`=1,...,L

sup
H

p(Y|X`,H) (2.31)

wherey givenX`,H is a complex Gaussian variabley ∼ CN (αX`h, INT ) in the case
AWGN noise (as in model (2.2)). The criterion simplifies in

X̂GLRT = arg max
`=1,...,L

y†X`(X
†

`X`)
−1X

†

`y . (2.32)

or equivalently

X̂GLRT = arg max
`=1,...,L

tr
[
Y†X`(X

†
`X`)

−1X
†
`Y
]
. (2.33)

From (2.32) or (2.33) we see that the GLRT applies a projection operation of the re-
ceived signalY on the different subspacesΩX`

(see (2.17) and then calculates their
norms and chooses the “closest” subspace.

From the perspective of the average supersymbol error probability minimization,
the GLRT generally supplies a suboptimal estimation with respect to the ML crite-
rion. However, the GLRT independence of every kind of fadinginformation makes it
an excellent candidate–detection rule when the receiver cannot estimate the channel
correlations or when the channel has variable statistics.

In the case of i.i.d. fading and unitary codebook, the ML and the GLRT criteria are
equivalent (it trivially comes from (2.30)). In this case the decision is made according

X̂ = arg max
`=1,...,L

tr(Y†X`X
†
`Y) = arg max

`=1,...,L
‖Y†X`‖2

F (2.34)
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regarding which the remarks of (2.34) are valid too.

The equivalence of the GLRT and non–coherent ML criterion holds under slightly
looser assumptions of i.i.d. circularly complex Gaussian fadings and correlated addi-
tive noisew ∼ CN (0,Kw), where the covariance matrix is separable in space and
time, and uncorrelated in space i.e.Kw = IN ⊗Kwt [10]. See Appendix C for general
calculations and proofs.

y

a) b)

y

Figure 2.2: a) The GLRT chooses the subspace with greatest projection. b) the coherent
ML chooses the closest point.

2.4.3 The Coherent ML Criterion

When the receiver exactly knows the channel realization the ML criterion is

X̂co−ML = arg max
`=1,...,L

p(Y|X`,H) (2.35)

Sincey givenX` andH is a Gaussian random variable as in the GLRT case, (2.35) is
equivalent to minimize the exponent of its probability distribution, which in the AWGN
case is

X̂co−ML = arg min
`=1,...,L

‖Y − X`H‖2
F = arg min

`=1,...,L
‖y − (Ht ⊗ IT )x`‖2 (2.36)

wherex` = vec(X`). The ML choice is the vectorxco−ML that minimize the distance
between the vectory and the vectors(Ht ⊗ IT )x`. While the GLRT maximizes a
projection onto different subspaces, the coherent ML criterion searches for the closest
point (see Fig. 2.2). When the codewords come from a lattice with generator matrixL,
the solution of (2.36) comes to find the closest point in the modified lattice(Ht⊗IT )L.
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2.5 Error Probability Bounds

The average error probability of the received supersymbol can be upper bounded by
the classical union bound [8]

Pe ≤ PUB
e =

1

L

L∑

`=1

∑

j 6=`

P`j =
1

L

L−1∑

`=1

L∑

j=`+1

(P`j + Pji) (2.37)

whereL is the size of the codebook.P`j is the Pairwise Error Probability (PEP) be-
tweenX` andXj, with ` 6= j and`, j = 1, . . . , L, which is the probability of deciding
Xj whenX` is sent and the codebook is formed by just these two supersymbols, i.e.

P`j = P [X̂ = Xj|Xsent = X`] . (2.38)

2.5.1 Unitary Codebooks

In the case of unitary codebooks under the assumptions of channel model (2.1), (for
which the ML criterion and GLRT are equivalent) an exact closed–form analytical
expression of the PEPP`j was found in [9]. The PEPP`j depends only on the principal
angles betweenΩX`

andΩXj
. However, we do not report it since it is based on the

evaluation of the residue of an analytical complex function, which gives not particular
insights. The Chernoff Bound on the PEP (see [10] or [9] for a definition) is reported
too in [9]

PCB
`j =

1

2

M∏

m=1

[
1 +

(ρT/M)2 sin2 θm,`j

4(1 + ρT/M)

]−N

'
ρ→∞

1

2

[
M

ρT

]Nmd,`j

[
md,`j∏

m=1

4

sin2 θm,`j

]N

(2.39)

whereθ1,`j, . . . , θmd,`j ,`,j are the non–zero principal angles betweenΩX`
andΩXj

(they
correspond to the singular values ofR`j = X

†
`Xj different from 1). As it can be

appreciated from (2.39), the choice that minimizes the Chernoff bound isθm = π/2
for all m, which geometrically states the orthogonality of the two subspaces.

An asymptotic expression (at high SNR) of the PEP was found in [11], which is
tighter than the Chernoff bound (2.39). This asymptotic expression is valid only for
the case of non–intersecting subspaces (see Definition 4), i.e. θm,`j 6= 0, ∀m

P∞
`j =

[
M

Tρ

]NM (
2MN − 1
MN

)
1

| sin2 Θj`|N

=

[
M

Tρ

]NM (
2MN − 1
MN

)
d−2NM

p (ΩX`
,ΩXj

) . (2.40)
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2.5.2 Non–Unitary Codebooks

In the case of non–unitary codebooks or correlated fading the non–coherent ML crite-
rion and the GLRT do not coincide.

In the case of theML detection, from (2.38), the PEP is defined as

P`j,ML = P [y†F`jy < c`j]

whereF`j = F` −Fj andc`j = c` − cj (see (2.30)). The pairwise error probability can
be expressed in analytical form as a function of the eigenvalues ofKy|X`

F`j. Many
works reported this fundamental expression, usually with the help of residue theory
(see for example [51], [11] and references therein). Since the expressions are usually
complicated and never insightful nor suitable for numerical evaluation, we report the
asymptotic expression at high SNR as in [11]. Assuming

[
X

†
`

X
†
j

] [
X` Xj

]
=

[
R`` R`j

Rj` Rjj

]
, ĉ`j = N ln

|R``|
|Rjj|

(2.41)

and supposing that the matrix in (2.41) has full rank, hence (T ≥ 2M ), the asymptotic
expression is

P∞
`j,ML + P∞

j`,ML =

[
M

Tρ

]NM

MN−1∑

k=0

(
2MN − k
MN

)
ĉk`j
k!

|R`` − R`jR
−1
jj Rj`|N

(2.42)

for ĉ`j ≥ 0, signals can always be renumbered to satisfy this condition.
In the case of i.i.d. Gaussian additive noise, the asymptotic PEP for theGLRT can

be written [11]

P∞
`j,GLRT + P∞

j`,GLRT =

[
M

Tρ

]NM (
2MN − 1
MN

)
(
1 + |R``|

|Rjj |

)

|R`` − R`jR
−1
jj Rj`|N

(2.43)

[11] showed that if the fadings are correlatedh ∼ CN (0,Kh), expressions (2.42) and
(2.43) must be multiplied by a scalar factor of1/|Kh|. Hence, even in the case of
correlated fadings, for unitary codebooks the two asymptotic PEPs (2.42) and (2.43)
coincide, even if the GLRT and non–coherent ML do not!

The deduction of the asymptotic PEP (in the ML and GLRT case) of [11] can be
easily generalized in the case of correlated additive zero–mean Gaussian noise, when
its covariance matrix takes the formKw = IN ⊗ Kwt. The proofs of the propositions
in [11] are the same, provided thatR`j is replaced byX†

`K
−1
wsXj.

Under the assumption of equal–energy codewords (tr(X†
`X`) = P, ∀ ` = 1, . . . , L),

the codewords which minimize the ML asymptotic PEP (and hence the asymptotic
union bound) have orthogonal columns [11]. In other words, if the equal–energy con-
straint is imposed, unitary codebooks are optimal from an asymptotic PEP minimiza-
tion perspective. Henceat high SNR the same signal structure is optimal from the
perspective of capacity and performance.
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2.6 Diversity

Diversity roughly measures the number of independent channel paths through which
the signal passes. Using the statistical independence of these paths, it is more probable
to recover the correct information as long as one path is strong enough [52], [53].
There are many kinds of diversity: temporal diversity (codes exploit channel temporal
uncorrelation), frequency diversity (codes exploit for instance the uncorrelation among
channel frequency responses at different frequencies), and so on. MIMO channels offer
spatial diversity thanks to the presence of multiple antennas, which of course must be
correctly spaced far apart to assure the statistical independence of the fadings. The
physical environment around the antennas is very importantas well [54], [53]. When
the correlation among antennas can be controlled, beam-forming systems and smart
antennas can be used (see [55] and references therein).

There are three different definitions of diversity for non–coherent MIMO block–
fading systems in literature. The most widespread and classical definition of diversity
is based on the asymptotic Pairwise Error Probability (PEP)or on its Chernoff Bound
or on the average error probability. This diversity denotedby PEP–based diversity (or
simply diversity) is used for coherent system too [12]. Another definition relates diver-
sity (as a mesure of the average error probability) to multiplexing gain (an information
theoretical concept, see Sect. 2.2.2) [49], [45]. This definition is given for families of
codes whose rate scales logarithmically with the SNR and it enables clear diversity–
multiplexing gain trade–off analysis. This is not the central topic of our investigation,
so we just report the reference and recall that it contains Definition 6 as a special case.
Eventually, algebraic diversity is another definition based only on codewords algebraic
properties [28].

2.6.1 Pairwise Error Probability–based Diversity

Definition 6 (PEP–based Definition)Let P`k(ρ) be the Pairwise Error Probability
(PCB

`k (ρ) be the Chernoff Bound) between the codewordsX` and Xk, as a function
of the SNRρ. LetX` andXk belong to a codebookC of sizeL. The codebookC is said
to achieve the diversity gaind (or briefly to have diversityd) if

min
`,k: 6̀=k

lim
ρ→∞

lnP`k(ρ)

ln ρ
= −d ,

(
min

`,k: 6̀=k
lim
ρ→∞

lnPCB
`k (ρ)

ln ρ
= −d

)
. (2.44)

The diversity of the codebookC will be denoted byd(C).

In other words,C has diversityd if the minimum slope among all the PEP curves (in a
log-log scale) at high SNR is−d. Another equivalent explication is that, at high SNR
we can writeP`k(ρ) ∝ ρ−n with n ≥ d for all `, k, ` 6= k. To underline the importance
of diversity in increasing the performance of a code, we notice that to divide the PEP
by 10 an increase[∆ρ]dB = 10/d in SNR is required (see Table 2.1)
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diversityd 1 2 3 4 5 6
[∆ρ]dB [dB] 10 5 3.4 2.5 2 1.7

Table 2.1: SNR increase[∆ρ] to lower of a factor 10 the asymptotic PEP of codebooks
with diversityd, at high SNR.

For unitary codebooks, the Chernoff Bound is given in (2.39). Since the exponent
of the SNR isNmd,`k we can state that

N ≤ d = N md ≤MN , md = min
`,k: 6̀=k

md,`k (2.45)

wheremd,`k is the number of zero principal angles between subspacesΩX`
andΩXk

.
When the subspaces are not intersecting thend reaches its maximumNM and the
codebook is calledfull–diversitycode. The worst case is when only receiver diversity
is provided. This happens when there are two subspaces whoseintersection has di-
mensionM − 1. Obviously, the diversity cannot be zero; in fact in that case the two
subspaces would coincide and the codebook is not correctly designed, because the map
between information bits and codewords would not be bijective.

Theaverage error probabilityslope at high SNR is related to diversity, but do not
necessarily coincide with−d. In fact, the average error probabilityPe is upper bounded
by the union bound (2.37), while we can write the following lower bound [56]

1

L
P`k ≤ 1

L

L∑

`=1

P`k ≤ Pe ≤ PUB
e , k 6= `, ∀ ` (2.46)

where the PEPP`k can be chosen arbitrarily. For example, if a codebook do not achieve
full–diversity and hasL1 couples of non–intersecting subspaces, and the othersL2

couples have an intersection with dimension 1, then the asymptotic slope ofPe will be
between−NM and−N(M − 1) depending on the statistics of the codewords. On the
contrary, if the intersections of all the couples of subspaces have the same dimension,
then the asymptotic slope ofPe really coincides with−d, as directly comes from (2.46).

We stress thatthe PEP–based diversity of Definition 6 does not depend only on the
codebook, but also on the detection criterion. In fact, the PEP depends on the detection
criterion. We formulate therefore For instance, two devinition of diversities which are
more precise and which we will use in the following. First of all, we introduce the
compact expression “coherent code” to refer to a code designed for coherent systems.
For this kind of codes, the following difinition of diversitywas formulated in [12]

Definition 7 (Coherent Code Diversity) LetB a coherent code, being detected with
the coherent ML criterion (see (2.35) and (2.36)). The PEP–based diversity gain is

dco−ML(B) = min
k 6=`

rank(Bk − B`) . (2.47)
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In the following, when we write “coherent code diversity”, if not otherwise stated, we
refer to the code PEP–based diversity corresponding to the coherent ML criterion as
defined in (2.47). Definition 7 is not a real definition becauseit was in fact proved in
[12]. But this result is so widely known that we prefer to stateit in form of definition.

In the case of aunitarycodebookC for non–coherent systems with GLRT detection,
the PEP–based diversity from (2.39) (see also [9]) is definedas follows

Definition 8 (Non–Coherent Code Diversity) Let C be a unitary codebook, whose
codewordsXk span subspaces of constant dimensionM . Then the PEP–based diver-
sity of codeC, with respoct to the GLRT criterion, is

dGLRT (C) = M − max
k 6=`

dim(ΩXk
∩ ΩX`

) . (2.48)

In the following when we refer toC as a “non–coherent code”, we mean that the
GLRT is the detection criterion which defines its PEP–based diversity. We can rewrite
dim(ΩXk

∩ ΩX`
) = dim[null([Xk X`])], where null(A) is the vector space of the

vectorsx satisfying the conditionAx = 0. Besides, letA be a linear transformation
A : C

m −→ C
n, withm ≤ n, it is well–known thatdim[span(A)] + dim[null(A)] =

m. Combining these facts anddim[span(A)] = rank(A), we have the equivalent
expressions of (2.48)

dGLRT (C) = M − max
k 6=`

dim[null([Xk X`])]

= M − max
k 6=`

{
2M − rank([Xk X`])

}

= min
k 6=`

{
rank([Xk X`])

}
−M . (2.49)

WhenC is a unitary codebook and the fadings are i.i.d. we have:

dGLRT (C) = dnc−ML(C) , (2.50)

since the two detection criteria coincide.
The following proposition is valid both for unitary and non–unitary codebooks

[11].

Proposition 1 Under the hypotheses of channel model (2.1), if for all the couples of
codewordsX` andXk belonging toC, the matrices

[
X

†
`

X
†
k

] [
X` Xk

]
=

[
R`` R`k

Rk` Rkk

]
(2.51)

have full rank, then the codebookC achieves full PEP–based diversity, both for the
GLRT and the non–coherent ML criterion, i.e.

dGLRT (C) = dnc−ML(C) = M . (2.52)

Moreover it is necessary thatT ≥ 2M .

Intuitively, the conditionT ≥ 2M is necessary for, in unitary codebooks whenT =
2M − m1 < 2M (m1 ∈ N), every twoM -dimensional subspaces ofC

T have an
intersection of dimensionm1 > 0, so the Chernoff Bound cannot have a slope of
−NM . In fact condition (2.51) exactly states that all subspacesare not intersecting.
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2.6.2 Algebraic Diversity

A definition based on some algebraic properties of the codebooks is introduced in [28].
We state it in the particular case of no coding between different fading blocks and we
give a slightly different but equivalent definition. Let’s suppose that the receiver has
one antenna (whenN > 1 just multiply each diversity byN ) and that no additive noise
is present on the channel. Let’s define the subspace of channel realizationsHnc(`, k)
which makes the GLRT unable to differentiate between two possible transmitted sym-
bolsX` andXk as

Hnc(`, k) = {h ∈ C
M : ∃h1 ∈ C

M , X`h = Xkh1} (2.53)

= {h ∈ C
M : ∃ h̃ ∈ ΩX`

∩ ΩXk
, whereh̃ = X`h} (2.54)

Definition 9 (Algebraic Diversity Gain) The codebookC is said to achieve the alge-
braic diversity gaind if

d = N [M − max
`,k: 6̀=k

dim Hnc(`, k)] = N min
`,k: 6̀=k

[dim(ΩX`
+ ΩXk

)− dim ΩXk
] (2.55)

The algebraic diversity ifC will be denote bydalg(C).

What is important here is that, since Definition 9 is not based on the PEP, but only on
algebraic properties of the codewords,the algebraic diversity is independent from the
detection criterion.

There is no formal proof of the equivalence of the classical PEP–based diversity
and the algebraic diversity, for generic codebooks. However, it has been proved in [29]
the following

Proposition 2 If the codebookC is unitary, it holds

dalg(C) = dGLRT (C) (2.56)

that is, the algebraic diversity and the PEP–based diversity (with GLRT detection) are
equivalent.

It is also clear that when codebook has full algebraic diversity, then it has also full
PEP–based diversity, because in this hypothesis the matrices in (2.51) have full rank
and Proposition 1 can be applied.

2.7 Code Design Criteria and Propositions

Both information theoretical criteria (see (2.7)) and errorprobability criteria (Sect. 2.5)
show that, at high SNR, the optimal signals are matrices with orthonormal columns,
most research concentrated on codes of this kind. However many propositions are ac-
tually present in literature, both for unitary and non–unitary codebooks. These propo-
sitions differ in code design methods and criteria and hencein decoding methods. The
principal propositions are
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• Codebooks designed by numerical minimization of a cost function related to
the distances defined in Definition 5 [9, 13, 14] or by numerical minimization
of the union bound on the supersymbol/bit error probability[15, 16] or on the
Kullback–Leibler distance [17].

• Codebooks obtained by some parameterization of unitary matrices [18, 19, 20]
or of the Grassmannian (it is also the case of this thesis) [21, 22].

• Codebooks obtained by algebraic construction for some particular cases [23, 24,
25].

• Codebooks which follow the so–called training–based format, i.e. which esti-
mate the channels in the first part of the supersymbols and usethe second part to
send information by means of a space–time code designed for coherent detection
[16, 26, 27, 28, 29].

In the following we will report briefly the various propositions with advantages and
disadvantages. Some characteristics of these codes are resumed in Tab. 2.2.

2.7.1 Numerical Optimization Designs

These propositions differ in cost functions and in (often suboptimal) minimization
methods. They suffer from common shortcomings:

1. only low size constellations can be constructed, becauseof the increasing com-
plexity in the design process;

2. the codebook of sizeL = 2RT has to be stored in the transmitter and receiver
equipment and so the memory required is exponential inRT . (R is the transmit
rate in bit per symbol period);

3. in general no simplified decoding algorithm is available,so that the GLRT or
ML rule must be evaluated for all codewords. Hence, the decoding complexity
is in general exponential inRT .

Small (L ≤ 64) unitary space–time constellations were designed in [9]. In [13] the
minimum chordal distance is used as cost function

d2
c(C) = min

1≤l<l′≤L
d2

c(ΩXl
,ΩXl′

) = min
1≤l<l′≤L

M∑

m=1

sin2 θm,ll′ (2.57)

whereθm,ll′ are theM principal angles between the two subspaces generated byXl

andXl′ belonging toC (see (2.25)). The minimum chordal distance can be related to
the worst case upper bound of the Chernoff Bound on the PEP, a quite loose approx-
imation of the PEP. Moreover,d2

c(C) is a good approximation of the product distance
(2.26) only when all the subspaces are quasi–orthogonal [18], assumption which is not
true even for small–size codebook, whenT is comparable toM . The optimization
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Reference code typea design method co. codeb diversity simplified dec.c dec. compl.

[13] U num. min.d2
c(C) no no control no O(2RT )

[14] U num. min.d2
cF (C) no no control S local GLRT

[15]/[16] U num. min.Pe/Pe,bit no full no O(2RT )

[17] N/U num. min. no no control noe O(2RT )

[18] U successive rotations no no control no O(2RT )

[19, 20] U Cayley map no no control S sphere dec.

[22] U exponential map yes full S local GLRT

[23] U algebraic/training yesd full O O(MN)/O(M2N)

[24] U algebraic/training yes full O O(2TR/2)

[25] N/U algebraic no full no O(2TR)

[16, 26, 27,
28]

N/U training yes full S sphere dec.

a Non–Coherent code type: U = unitary codebooks, N/U = all kindof codebooks.
b Is the non–coherent code built from a coherent code?
c There exists a simplified decoding? S = yes, but is it sub–optimal, O = yes and it is optimal

(it matches non–coherent ML performances).
d A proposition not based on coherent codes is presented as well.
e Unitary constellations with simplified decoding can be used, however its not the general case.

Table 2.2: Resume of the most quoted propositions in the literature.
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technique used in [13] is called relaxation method and it generalized from [57] where
it was used for real Grassmannians.

[14] uses another metric, the so–called chordal Frobenius distance [4]

d2
cF (ΩXl

,ΩXl′
) = 4

M∑

m=1

sin2(θm,ll′/2) < d2
c(ΩXl

,ΩXl′
)

looser than the chordal distance. A simplified decoding method is proposed which,
from some reference point on the Grassmannian, locates a list of candidate points over
which the GLRT is calculated (local GLRT). This procedure allow not to calculate the
GLRT metric for all the codewords, however tables with the coordinates of all code-
words must be saved in the memory as well as the codebook, which has no algebraic
structure.

Codebooks created with these methods sometimes cannot achieve full diversity. In
fact, even ifdc,min is maximized, one or more terms in the sum can be zero (θm,ll′ = 0
for somem), decreasing the diversity order. As an example, in [14, Fig. 1], the code
is designed forM = N = 2 antennas and so its maximal diversity gain is 4, while the
slope of the error probability at high SNR reveals an averagediversity gain of about 2.

In [15] and [16] constellations are obtained through numerical search minimizing
the asymptotic union bound on the supersymbol error rate (also called FER – Frame
Error Rate) and the asymptotic union bound on the bit error rate (BER). While the
common disadvantages persist the advantage of this method is that, being based on the
PEP, it guarantees full order diversity of the constellations, whenT ≥ 2M .

Motivated by the fact that unitary codebooks are not optimalat low SNR or forT
comparable toM , in [17] non–unitary codebooks designed with the Kullback–Leibler
distance3 are proposed. This method has been proposed due to the intractability of the
PEP–based design criterion, when the assumption of being unitary (constant power)
is loosened. The proposed codewords have orthogonal columns but they have not
the same norm, so they are not unitary. The proposed criterion is equivalent to the
maximization ofdc(C) when the codewords are constrained to be unitary and it is
equivalent to the minimization of the maximum PEP of the ML criterion in the case
T = 1,M = 1. In the other cases it is related to the ML criterion when the number of
receiving antennas is high or when a quite redundant outer code is used. In any case a
sub-optimal optimization algorithm is proposed to find multilevel unitary codebooks.
The decoding algorithm can be simplified choosing the unitary matrices of each level to
belong to codes with simple decoding algorithms. However, the optimal code does not
scale linearly with the SNR. This means that for each value of SNR the transmitter and

3The Kullback–Leibler distance between two distributionsp1(x) andp2(x) is defined as [58]

D(p1‖p2) =

∫

x

p1(x)(ln p1(x) − ln p2(x))dx .
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receiver must store a different constellation. This could be a problem in environment
with variable SNR and the performance degradation of an incorrect estimation of the
SNR are not yet evaluated. Only small size codes are proposed.

2.7.2 Parameterization Designs

The coding method we study in this thesis belongs to this class. In fact, these methods
are quite heterogeneous. The first one uses random method. The second one is not ran-
dom and uses a non–linear transformation called Cayley map, to obtain non–coherent
codes from codes which are opportunely and more simply designed. The third one is
investigated in more detail in this thesis. This coding method too is not random and
it uses a non–linear transformation, called exponential map, to obtain non–coherent
codes from coherent codes (space–time codes used for receivers which known channel
realization).

A more structured approach was used in [18], where an initialmatrix generates the
whole code by successive rotations4. The parameters of the codebookC are chosen by
a random search to maximize the minimal chordal distancedc(C) as in (2.57). However
no simplified decoding algorithm is reported.

In [19], a method to build unitary codebooks is described. The codewordX is
obtained via the Cayley Transform

X = (IT + jA)−1(IT − jA)

[
IM

0

]
(2.58)

where the Hermitian matrixA is obtained from a set of fixed Hermitian matrices as
A =

∑Q
q=1 αqAq. To assure the orthogonality ofX, the coefficientsαq are real scalars

belonging to a discrete setA whose cardinality isr. Even if (2.58) is invertible (for
all Hermitian matricesA with no eigenvalue equal to−1), the Cayley Transform is
non–linear. The authors constrain some entries of the set ofmatrices{Aq}, the scalar
Q (related to the rate of the systemR = Q log2(r)/T and make an approximation of
the ML rule to resort to a simplified suboptimal decoding criteria which can be solved
via the sphere decoder algorithm [60]. Many variables involved in the design of the
code are found by numerical optimization, for example the set of matrices{Aq}. One
open issue is that the maximization criterion of{Aq} does not a priori guarantees full
diversity of Cayley unitary codebooks for non–coherent systems, even if it has been
shown in [61] that the same criterion guarantees the diversity of differentially encoded
unitary codebooks. Successively, in [20] other optimization methods to find the codes
are proposed in order to ameliorate performances.

In this thesis we further investigate a method based on the exponential param-
eterization, proposed in [22], [21]. The unitary code is obtained via theexponential
map from a subset of skew-Hermitian matrices (A = −A†).

X = exp(A)IT,M = exp

{[
0M −B†

B 0T−M

]}[
IM

0

]
(2.59)

4In [59] codes with better statistical properties and spectral efficiencies are constructed. However,
the current absence of a simplified decoder prevents researchers from verifying their performances.
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where the matricesB must satisfy some conditions which we investigate in the next
chapter. In fact matricesB are codewords of a code for coherent systems, and are
linearly scaled by a positive real factorα also calledhomothetic factor. The homoth-
etic factor is the only parameter to optimize for fixed codebook. The diversity of the
unitary codebook is not simple to link with the diversity of the coherent code, a con-
jecture about this relationship is proposed in [21]. We managed to give, under some
assumptions, a positive responses to this conjecture (see Chapter 3). These codes can
reach high spectral efficiencies just choosing the appropriate coherent code, only the
homothetic factor must be optimized and not an increasing number of parameter as in
[19] or [15]. In this thesis we will also provide some simplified decoding algorithms.

2.7.3 Algebraic Designs

These codes are quite different and could be also classified under other categories
(which we will notice in case). They share a common quality: it is possible to control
code parameters thanks to a quite constraining and powerfulalgebraic structure.

In [23] two code constructions are presented. The first code is calledgeneralized
PSK constellationand it can be constructed forT = 2M :

Xl =

[
cos(φl)IM

sin(φl)IM

]
, φl = lπ/L, l = 0, 1, . . . , L− 1 . (2.60)

whereL is the size of the code. An ML decoder exists whose complexityis only
O(MN), independent from the durationT of the frame and the rateR = log2(L)/T .
However, this is achieved by imposing a strong structure (2.60), which only exploits
M real degrees of freedom out of2M(T − M). The principal angles between two
given codewordsXk andXl are all the same and equal toπ(k − l)/2TR. Even if
the constellation has full diversity, the minimal product distance (2.26) isdp,min =
sin(π/L) = sin(π/2TR) and exponentially decreases according to the rate or the du-
ration so that this method is efficient for low spectral efficiencies. A generalization
called complex Givens codes was proposed in [26] which exploits 2M degrees of free-
dom out of2M(T −M) and only doubles the decoding complexity of the generalized
PSK codes. These codes can also be obtained through the exponential parameteriza-
tion. The second proposition in [23] is based on the coherentspace–time orthogonal
designs [62] and can be described in the framework of the training–based codes [26].
The generic constellation matrix isX†

k = [IM C
†
k], whereM = 1, 2, 4, 8. Since the

authors want to build a unitary code, some constraints are imposed on the constellation
choice (e.g. only forM = 2 a PSK constellation can be used inCk and BPSK in the
other cases). As in the previous case, not all the degrees of freedom are exploited but
the ML detection can be implemented by an algorithm with low complexityO(M2N),
independent from the rate.

Some unitary codes derived from the orthogonal designs werepresented in [24];
these codes can be described as training–based codes. A simplified decoder is pre-
sented to perform the ML detection with complexityO(2RT/2), instead ofO(2RT ). We
are detailing one of these codes in Sect. 2.9.
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Eventually in [25] we can find an investigation about the maximum number of
non intersecting subspaces, on condition that the codewords entries belong to fixed
small constellations. The problem is solved when these constellations coincide with
Galois FieldGF (q), whereq is a power of a prime integer; in this case the maximum
number of non–intersecting subspaces is(qT −1)/(qM−1). An upper and lower bound
are given in the case of PSK constellations, when the number of transmit antenna is
M = 2. A simplified decoding has not been proposed yet.

2.8 Training Based Schemes

Recently research community growing interest is going to theso–called training based
schemes [16], [26], [27], [28]. This section is entirely dedicated to these schemes,
since it is actually one of the best available propositions.

In this approach each block fading is divided into two parts,respectively ofTt and
Td symbol periods (channel uses) (Tt + Td = T ). In the firstTt symbol periods, a
pilot signal, known to the transmitter and to the receiver, is sent to obtain a rough
estimation of the channel (training phase). The followingTd symbols periods are used
to send information, usually encoded via some coherent space–time codeB. Codeword
typically assume this form

X =

[ √
τT√

1 − τB

]
, T is the pilotTt ×M matrix,B ∈ B is Td ×M (2.61)

whereτ ∈ (0, 1) is scalar to assign different ratios of the transmit power tothe train-
ing. The codeword can extend to several blocks of the fading channel (see for example
[28]). We will write TB in order to indicate that the training codeT exploits the coher-
ent codeB.

The channel estimation performed in the training phase is quite unusual in esti-
mation practice. As a matter of fact, in this kind of non–coherent systems, channel
estimation is performed without having different estimates of the channel coefficients,
but one. This is due to statistical independence of channel coefficients from one block
to another. Moreover, the block length is so short that to repeate the estimation within
the same block would cause an unacceptable decrease of the spectral efficiency. In the
specialized literature, training for these systems has been ignored for some years (as
remarked by [26]), probably because of the previous reasons.

However, since their introduction, training based codes seem to be one of the best
competitors. The advantages of this approach are:

• the theoretical and design knowledge on space–time codes for the coherent chan-
nel (called also coherent ST codes) can be re–used;

• simplified decoding techniques of coherent space–time codes can be used to
decode training based codes (whenever these algorithm exist);
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• training based codes as in (2.61) achieve the diversity (in the PEP sense) of the
underlying coherent space codeB, whenT is full–rank and the fadings are i.i.d.
Gaussian random variables [26].

In the next subsections results on information theory are reported to justify the
choice of the optimal training phase duration. Then, a suboptimal decoding rule is
introduced which gives another PEP–diversity definition. In Appendix B SNR nor-
malizations used in simulations are calculated.

2.8.1 Information Theoretical Considerations

In case of ergodic capacity, [63] showed that the optimal number of symbol periodTt

dedicated to the training is equal toM , the number of the transmit antennas, when it is
possible to control the training power. Similar conclusions are presented also in [30].
So that in our examples we will always set

Tt = M (2.62)

(if Tt < M no meaningful channel estimation is possible because the number of un-
known variables is greater than the number of equations). Moreover, when a linear
MMSE estimation is performed, the optimal training symbol is a unitary matrix (it
minimizes the total expected estimation error) [63]

T†T = IM/M . (2.63)

In low SNR regime or when the coherence intervalT is slightly larger thanM and all
the transmit antennas are used, the training based approachseems to be suboptimal,
from an (ergodic) capacity perspective [63]. Athigh SNR, activatingM∗ transmit
antennas (as in (2.11)), the training based system can be optimal (see [30] and [63] for
other details). Anyway, if the codeword length is limited toa finite number of blocks,
the optimal choice of the active transmit antennas can differ fromM∗, also according
to the SNR value [27].

2.8.2 Simplified Decoding

Let the channel model be

Y =

[
Yt

Yd

]
=

[ √
τT√

1 − τB

]
H +

[
Wt

Wd

]
. (2.64)

where the channel coefficients are i.i.d.CN (0, 1) and each complex component of the
additive noise isCN (0, σ2).

The simplified receiver for training based symbols performstwo operations

1. the receiver estimates the channel coefficients via an MMSE (Minimum Mean
Square Error) estimator [63] from signal received during the firstM symbol
periods

Ĥ =
√
τ(σ2IM + τT†T)−1T†Yt . (2.65)
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2. the receiver treats channel estimate as if it was perfect and decodes the signal
received in the followingT −M symbol periods through the coherent ML rule
(2.36)

B̂ = arg min
l=1,...,L

‖Yd − BlĤ‖2
F (2.66)

The rule (2.66) corresponds to finding the closest point to a given point vec(Yd) of
C

M(T−M). This problem can be efficiently solved via the so–called sphere decoder
algorithm [64]. There are different search strategies (see[60] and references therein).
The Pohst strategy scans the points inside an hypersphere offixed radius and decreases
the radius as soon as it finds a point. The Schnorr–Euchner strategy searches in an
hypersphere too but scans the points in a different order (i.e. it searches first for points
in the nearest hyperplanes inside the sphere).

The complexity of the sphere decoding algorithm is a currentresearch topic and we
do not investigate it in this thesis (see for example [60], [65], [66], [67]). Complexity
depends on a host of parameters: the lattice itself, the particular lattice basis, the choice
of the radius, the visiting strategy, etc.. Resuming, given an n–dimensional lattice (in
real dimension, e.g. in (2.66) we haven = 2M(T −M)), the worst case complexity
is exponential inn [64], [60]. In communications problems with AWGN, it makes
more sense the notion of expected complexity, because the worst case has very low
probability [67]. Extensive search has shown that for a large range of the parameters,
the expected complexity is polynomial inn, in particular isO(n3) [65].

2.8.3 Diversity

The PEP–based diversity for a training code is generally calculated with respect to the
new detector (2.66). We denote this diversity bydE−D(TB) and when we talk about the
diversity of a training code, we implicitly refer to the PEP found by detector (2.66), if
not stated otherwise. A recent interesting result of [26], which relates the diversity of
the training codeT with the diversity of the correspondent coherent codeB, is

Proposition 3 Let T be a training code of the form (2.61), obtained from a coherent
codeB, whereT†T = IM/M and with i.i.d, Gaussian fadings and AWGN. Then,

dE−D(TB) = dco−ML(B) . (2.67)

In [29] it is shown that

Proposition 4 Let T be a training code of the form (2.61), obtained from a coherent
codeB. If the range of the training matrixT contains the range of all the codewords
of B, then the algebraic diversityT coincides with the diversity ofB, i.e.

dalg(TB) = dco−ML(B) . (2.68)

If T†T = IM/M , rank(T) = M is maximum. Hence, from Proposition 3 and
Proposition 4, we have thatdalg(TB) = dE−D(TB), i.e. for training codes of the kind
(2.61), the algebraic and PEP–based diversities coincide (under the detection criterion
(2.66)).
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2.9 Example

In this section we describe a particular example, to better understand code parameters.
Let’s take the code forM = 2 transmit antennas andT = 4 symbol periods

described in [24]. This is a unitary code, built according tothe training based approach
from the2×2 Alamouti code [54]. It is one of the the rare codes that allowsto calculate
the different distances among subspaces, which is not possible for a generic training
based code. This codeCz has codewords

Xk,l =

[
Tz

Bk,l

]
, Tz =

[
1 1
−1 1

]
, Bk,l =

[
sk sl

−s∗l s∗k

]
(2.69)

where the symbolssk, sl belong to aQ–PSK constellation to assure the orthogonality
of Xk,l

sk = ej 2π
Q

k , k = 0, . . . , Q− 1 . (2.70)

and then the codebookCz has sizeL = Q2. Since the Alamouti code is an orthogonal
design, i.e. B

†
k,lBk,l = 2I2, we haveX†

k,lXk,l = 4I2. To calculate the principal
angles between all the subspacesΩXk,l

we need their orthonormal bases, e.g.1
2
Xk,l,

as described in Sect. 2.3.2. The squared cosine of the principal angles between two
subspaces represented byXk,l andXk′,l′ are given by the eigenvalues of the matrix
(see (2.21)) [24]

Rkl,k′l′R
†
kl,k′l′ , Rkl,k′l′ =

1

4
Xk,lX

†
k′,l′

and following calculations in [24] we have that the two principal angles are equal to a
valueθkl,k′l′ and its cosine is

cos2(θkl,k′l′) =
1

4

[
2 + cos(2π(k − k′)/Q) + cos(2π(l − l′)/Q)

]
.

which show that if two codewords are different (i.e. at leastone of the two inequality
holds: k 6= k′, l 6= l′) the subspaces are non–intersecting and hence the code has full
diversity. The minimal product distance can be calculated

dp(Cz) = sin(π/Q)/
√

2 .

In literature we can find another independent proposition based on the Alamouti
code [23]. In this code, denoted byCt, the structure is like in (2.69), but this case the
training matrix isTt = I2. As pointed out by [26], the two codes are equivalent. As
before in fact, we can calculate the squared cosine of the principal angles of the code
Ct. We have

Rkl,k′l′R
†
kl,k′l′ =

5

9
+

2

9

[
2 + cos(2π(k − k′)/Q) + cos(2π(l − l′)/Q)

]
I2

hence the principal angle are equal and from the expression of their squared cosines
(above) we can calculate the minimum product distance whichis dp(Ct) = sin(π/Q)√

2/3, that is2/
√

3 times greater thandp(Cz).
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Figure 2.3: The two codes proposed by Zhao et al. [24] and Tarokh, Kim [23] have in
the end the same structure, but a non–optimal allocation of the energy in [23] causes a
loss of about 0.5 dB (in the figure the case of spectral efficienciesη = 1.5, 2 bps/Hz).

This difference in the product distance is not due to training matrixT, but to power
distribution between the training and the data. While in codeCz equal power is allo-
cated to the two phases (this strategy has proved to be optimal in our working hypothe-
ses [26]), in the case ofCt the ratio between the training and the data power is1/2.
This results in a performance degradation, as shown in Fig. 2.3. On the contrary, if
the power in codeCt is well distributed, for example by fixingTt =

√
2I2, the two

codes become equivalent in the sense that the distribution of product distances of the
two codes coincides.

Codes being equivalent, the decoding algorithm proposed in [23] has lower com-
plexity than the one proposed in [24]. Eventually, the two codes does not exploit all
the available complex degrees of freedom (4 in this case).
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A Summary of Some Matrix Properties

We recall that(·)t, (·)∗ and(·)† respectively denote the transpose, conjugate and trans-
pose conjugate matrix. We consider complex matrices.
Kronecker product. If A is aM ×N complex matrix andB is aK × L matrix, the
Kronocker matrix productC = A ⊗ B is defied as

C =




a1,1B . . . a1,NB

...
. ..

...
aM,1B . . . aM,NB



 .

The following identity holds

vec(ABC) = (Ct ⊗ A)vec(B) (2.71)

where vec(B) is the vector formed by the columns ofB and all the matrices can be
rectangular with proper dimensions. From (2.71) comes

vec(AB) = (I ⊗ A)vec(B) . (2.72)

Other properties

1. (A ⊗ B)† = A† ⊗ B†;

2. (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD);

3. (A ⊗ B)−1 = A−1 ⊗ B−1.

Trace properties. Matrices can be rectangular

1. tr(AB) = tr(BA), when the two products make sense;

2. tr(U†AU) = tr(A), if at least one of the following conditions holdsU†U = I

or UU† = I;

3. tr(A†) = tr(A∗) = [tr(A)]∗ = [tr(AT)]∗ , from 1);

4. tr(A†B†) = [tr(AB)]∗, in facttr(A†B†) = [tr(BA)]∗ = [tr(AB)]∗.

Matrix norms. The matrix Frobenius norm is defined for a genericT ×M complex
matrix as

‖X‖F =
√

tr(X†X) =
√

tr(XX†) = (
∑

m,t|xtm|2)1/2

and the spectral norm is defined as [68, pag. 295]

‖X‖2 = max{
√
λ, λ is eigenvalue ofX†X} . (2.73)

SupposeT ≥M , letX = VΣU† be the Thin Singular Value Decomposition (TSVD),
whereσ1 ≥ σ2 ≥ . . . ≥ σ1 ≥ 0, [3, pag. 72], then we have

‖X‖F =
√
σ2

1 + . . .+ σ2
M , ‖X‖2 = σ1 (2.74)
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Determinantal formula . We reporte the useful determinantal formula in [68, pag. 22].
Let A be a square complex matrix, partitioned as

A =

[
A11 A12

A21 A22

]
(2.75)

then
detA = detA11 det(A22 − A21A

−1
11 A12) . (2.76)

B Signal Normalization Calculation

With respect to the channel model (2.1), the transmit supersymbol isαX. Its statistical
power averaged over theM transmit antennas is

α2 1

M

M∑

m=1

E [||xm||2] = α2 1

M
E [tr(X†X)] =

Ess

M
(2.77)

Suppose equally probable (correlated) supersymbolsX and impose the following nor-
malization [11]5

E [tr(X†X)] =
1

L

L∑

i=1

tr(X†
iXi) = M (2.78)

whereL is the size of the codebook. Normalization (2.78) states that the statistical
power of the supersymbolX is globallyM .

The signal model (2.1) column–wise reads

yn = αXhn + σwn , n = 1, . . . , N (2.79)

If the noise sampleszt,n ∼ CN (0, σ2
z) are i.i.d., the noise average statistical power per

receive antenna is

1

N

N∑

n=1

σ2E [||wn||2] = σ2TN/N = σ2T . (2.80)

The useful (no noise) average statistical signal power per receive antenna is

1

N

N∑

n=1

E [||yn||2] =
α2

N
E
[
h†

nX
†Xhn

]
=
α2

N
E
[
tr(X†Xhnh

†
n)
]

(2.81)

Now, the expectation must be considered in the supersymbol and channel. If the su-
persymbols are independent of the channel and the fadings are spatially uncorrelated
hn ∼ CN (0,Kh) for all n, we have

1

N

N∑

n=1

E [||yn||2] =
α2

N

N∑

n=1

tr
(
E
[
X†X

]
Kh

)
= α2 tr

(
KhE

[
X†X

])

5With notation of [11], the SNR per receive antenna isγ̄/T .
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If Kh = IM (temporal uncorrelation of the channel), we obtain (2.3). For a more
general treatment, when the channel has spatial and temporal correlation see [11].

It is interesting to express results as a function of the energy per information bit over
the noise spectral density varianceEb/N0. Let Nbit/ss be the number of information
bits per supersymbol, and let the complex baseband noise have a variance ofσ2/2 =
N0/2 per real dimension [69, pp. 549, 613]. From (2.77) we have that Ess = EbNbit/ss

and from (2.3) we obtain

Eb

N0

=
ρ T

Nbit/ss

,

(
Eb

N0

)

dB

= (ρ)dB + 10 log10(T ) − 10 log10(Nbit/ss) . (2.82)

B.1 SNR Normalization of Training–Based Codes

LetX ∈ TB be a training code as in (2.61), we normalize the codeword in the following
way

tr(E [X†X]) = 1 =⇒ τ tr(E [T†T]) + (1 − τ)tr(E [B†B]) (2.83)

supposing (2.62) and (2.63), the energy spent in training isEt = τ and the energy
spent for data transmission must beEd = (1 − τ) in order to satisfy condition (2.83).
Hence,

tr(E [B†B]) = E [‖B‖2
F ] = 1 . (2.84)

Let (T−M)M×1 vectorb = vec(B) be calculated asb = Φs whereΦ is unitary and
s belongs to a constellationAM(T−M) (e.g. QAM, PSK). Denote byEs,av the average
statistical power of the constellationA, then (2.84) becomes

E [‖B‖2
F ] = M(T −M)Es,av = 1 =⇒ Es,av =

1

M(T −M)
. (2.85)

Under these condition the (global, for training and data) SNR per receiver antenna is
ρ = 1/(Tσ2), whereσ2 is the additive noise variance and fading are considered i.i.d.
as usual.

C Derivation of the ML and GLRT

Let introduce in channel model (2.2) spatial and temporal correlation in the fading and
noise:h ∼ CN (0,Kh) andσw ∼ CN (0,Kw), then the received signaly = vec(Y),
having been sentX, is a complex Gaussian vector with zero mean and covariance
Ky|X = α2 XKhX

†
+ Kw. We follow the proofs in [11], and we prove a slightly

general results.
The non–coherentML criterion for Gaussian vectorsy ∼ CN (0,Ky), where the

covariance matrix depends on the sent symbolX and assumes the form

Ky = α2(XKhX
†
) + Kw (2.86)
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can be simplified.

max
X

p(y|X) = miny†Ky
−1y + ln |Ky|

(a)
= min

[
−y†K

−1

w X(
1

α2
Kh

−1 + X
†
K

−1

w X)−1X
†
K

−1

w y + ln |Ky|
]

(b)
= min [−y†Fy + ln |Kh

−1/α2 + X
†
X|]

where (a) follows from the identity (when matrices are non–singular)B = A +
XRY ⇒ B−1 = A−1 − A−1X(R−1 + Y A−1X)−1YA−1 [68, pag. 19] applied
to (2.86) and being ignored the constant termy†K

−1

w y. the logarithmic part in(b)
follows by applying twice the determinantal formula in (2.76) to the composite matrix

A =

[
1

α2Kh
−1 + X

†
K

−1

w X X
†
K

−1

w

K
−1

w X K
−1

w

]

so that we have

|A| =

∣∣∣∣
1

α2
Kh

−1 + X
†
K

−1

w X

∣∣∣∣ |Ky
−1| =

∣∣∣K−1

w

∣∣∣
∣∣∣∣

1

α2
Kh

−1

∣∣∣∣

and it immediately follows

ln |Ky| = ln

∣∣∣∣
1

α2
Kh

−1 + X
†
K

−1

w X

∣∣∣∣+ ln
(∣∣Kw

∣∣ ∣∣α2Kh

∣∣)

where the second part can be ignored in minimization since itgives a constant contri-
bution. Thus, the ML criterion is

max
X∈C

p(y|X) = min
X∈C

[−y†Fy + c ] (2.87)

where

F = K
−1

w X(
1

α2
Kh

−1 + X
†
K

−1

w X)−1X
†
K

−1

w , c = ln

∣∣∣∣
1

α2
Kh

−1 + X
†
K

−1

w X

∣∣∣∣ .

(2.88)
The GLRT requires the maximization ofp(Y|X,H), i.e. of p(y|X,h) (2.31).

For correlated noise and fadings,y givenX,H is a complex Gaussian variabley ∼
CN (αXh,Kw), hence (2.31) can be written as

X̂GLRT = arg min
X∈C

inf
h

(y − αXh)†K
−1

w (y − αXh)

The matrixK
−1

w is definite positive (since it is the inverse of a covariance matrix,
which we assume of full rank), from the eigenvalue decomposition we have:K

−1

w =
U†ΛU = B†B, whereB =

√
ΛU.LettingyB = By, XB = BX, we have

(y − αXh)†K
−1

w (y − αXh) = ‖yB − αXBh‖2 . (2.89)
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we must search for the channelh ∈ C
NM which minimizes the above distance. We can

describe the vector asyB = yB,‖ + yB,⊥, whereyB,‖ is the component ofyB which
lies on span(XB) while yB,⊥ is the component orthogonal to the same subspace. The
minimum of the distance (2.89) is obtained by annihilating the parallel component
yB,‖. This is obtained when

hinf =
1

α
(X

†

BXB)−1X
†

ByB =
1

α
(X

†
K

−1

w X)−1X
†
K

−1

w y

Through a substitution we obtain the result

X̂GLRT = max
X∈C

y
†
BXB(X

†

BXB)−1X
†

ByB = max
X∈C

y†K
−1

w X(X
†
K

−1

w X)−1X
†
K

−1

w y .

We can see that the original noise covariance matrix acts as asort of distance. When
the additive noise in only temporally correlated, so thatKw = Kw = IN ⊗ Kwt, then
we can write

X̂GLRT = max
X∈C

tr
[
Y†Kw

−1
t X(X†Kw

−1
t X)−1X†Kw

−1
t Y

]
.

The GLRT and ML criteria are equivalent whenKh = INM andX
†
K

−1

w X = INT ,
i.e. whenX has orthogonal columns with respect to the metric given byK

−1

w . Given
the particular structure ofX, the new orthogonality condition can be satisfied only if
Kw = IN ⊗ Kwt, so that the orthogonality condition is separable and we must only
satisfyX†Kw

−1
t X = IM .



Chapter 3

Unitary Codes Obtained via the
Exponential Map

In this chapter we propose codes for non–coherent MIMO systems. We introduce some
basic mathematical tools on differential manifolds and LieGroups. We explain that the
GrassmannianGT,M , i.e. the set ofM–dimensional subspaces ofC

T , is a differential
manifold. We introduce the concept of tangent space at a fixedpoint of the Grassman-
nian. The exponential map, which sends tangent space pointsto the Grassmannian, is
presented too. We propose to build codesC overGT,M via the exponential map: the
codewords ofC are obtained from the codewords of another codeB, which is imbed-
ded into the tangent space. CodeB -usually designed forcoherentMIMO systems-
will be called coherent code, with a slight abuse of notation. CodesC will be called
EP codes, since they are obtained via exponential parameterization.

We explain conditions under which the exponential map is invertible so that the
described procedure makes sense. Some open problems about diversity of the EP
codes are fixed, in particular we determined the relationship between the diversity of
C, calculated through GLRT, to the diversity ofB, calculated through the coherent
ML detector. Relationships with training–based codes are examined. At the end of
the chapter, some examples shows that certain non–coherentspace–time codes can be
seen as EP codes.

3.1 Differentiable Manifolds and Lie Groups

The GrassmannianGT,M , i.e. the set of theM–dimensional complex vector subspaces,
has a rich mathematical structure. Many algebraic and mathematical concepts are
needed for a deep understanding of all its properties, namely the theory of Lie groups
and algebras, the theory of manifolds and topology. For our purpose, we don’t need
to use and dominate all these mathematical concepts nor it would be possible to recall
here the whole of their basic definitions. So we invite the interested reader to refer to
some corner stone manuals as [70], [71], for instance. Anyway, we are sketching, when
possible, in the most rapid and rigorous way, the framework of the main mathematical
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concepts, in the hope that this can be helpfull to cope with the specialized literature.

3.1.1 Review ofC∞ Differentiable Manifolds

manifold

ϕ2

ϕ3

ϕ1

A1

A2

A3

C
d

Figure 3.1: The coordinate mapsϕk associate connected open subsets of the manifold
to open subsets ofCd.

A C∞ differentiable manifold (in our caseGT,M ) is a topological space in which,
for each connected open setAk of GT,M there exists an homeomorphism1 ϕk fromAk

to an open subset ofCd (see Fig. 3.1). These homeomorphisms are infinitely differen-
tiable functions (i.e.C∞ functions)and are called coordinate maps. They enable the
construction of local coordinate systems [71, pag. 576].d is the complex dimension2

of open setAk [71, pag. 573].
When it is possible to cover the whole manifold with suchAk, all local charts

grouped together form aC∞ differentiable structure for the manifold [70, pag. 5]. A
C∞ differentiable manifold is said to be homogeneous when all the covering open
sets have the same dimensiond, which coincides with the manifold dimension [70,
pag. 120].

A manifold can be imagined as a surface imbedded in a higher dimensional space
[70]. For each pointΩ of an infinitely differentiable manifold it is possible to associate

1A one–to–one continuous transformation between topological spaces, with continuous inverse map.
2One complex dimension corresponds to two real dimensions.
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manifold

tangent space at Ω

smooth curve

normal space at Ω

Ω

Figure 3.2: The geometrical interpretation of the tangent space and normal space in
a 2–dimensional real manifold imbedded inR

3. The direction of each smooth curve
passing throughΩ belongs to the tangent plane.

a tangent space, which is the tangent hyperplane to the manifold at that point [4] and
which will be denoted bytπΩ (here the notation differs from common use in order to
be precise). The tangent space has the same dimension as the manifold [70, pag. 12].
Its orthogonal complement is called the normal space (at that point).

A smooth curve on the manifold, passing throughΩ, has a tangent vector belonging
to tangent spacetπΩ (see Fig. 3.2). Hence,tπΩ can be seen as the collection of all
directions or velocities that a point can take when it smoothly passes throughΩ (see
also [72] at the voice Tangent Space or Chart Tangent Space).

The tangent space is a vector space, and it can be seen as a special case of manifold.

3.1.2 Review of Lie Groups and Lie Algebras

Lie groups are a particular kind of differentiable manifolds obeying group properties
and satisfying the additional condition that group operations are differentiable, see [70,
pag. 82], [72].

Examples of Lie groups are the unitary groupUT , the orthogonal group of real
matrices (i.e. real matrices whose inverse coincides with the transpose), the general
linear groupGl(C, T ) of all T × T complex non–singular matrices, etc..

If a differentiable manifold is a Lie groupG, then its tangent space is a Lie algebra3

3A Lie algebra is a vector space with a bilinear operator, called bracket[·, ·], satisfying two proper-
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g. There always exists a map from a Lie algebra to its Lie group called exponential
map[71, pag. 608].

Example. The complex unit circleU = {c ∈ C : |c| = 1} ⊂ R
2 with the classical

complex multiplication is a Lie group of dimension 1 (it is a curve). The tangent space
at any point ofU is a 1–dimensional real vector space, i.e.R with the common sum.
Once fixed1 to be the identity ofU, the exponential mapping fromR to U is the
classicalejθ, θ ∈ R.

Example. The unitary groupUT is a Lie group, its associated Lie algebra is denoted
by uT and it is the set of the skew–Hermitian complex matrices

uT = {A ∈ C
T×T : A† = −A} (3.1)

whereC
T×T is the set of the genericT × T complex matrices. Sum inuT is common

matrix sum, while bracket operation is:[A1,A2] = A1A2 − A2A1 The exponential
map is equal to the classical matrix exponential, defined as

eA = expA =
∞∑

n=0

An

n!
, valid for all A ∈ C

T×T (3.2)

and whose most important properties are

exp(−A) = (expA)−1 (3.3)

exp(A†) = (expA)† (3.4)

exp(A1 + A2) = exp(A1) exp(A2) ⇐⇒ A1A2 = A2A1 (3.5)

From definition (3.1) and properties (3.3), (3.4) it comes that matrix exponential maps
a skew–Hermitian matrix into a unitary matrix

exp : uT −→ UT . (3.6)

Finally, we recall that ifG is a Lie group andH a closed subgroup ofG, thenG/H
has a unique manifold structure and is called homogeneous manifold [70, pag. 120].

3.2 The Grassmann ManifoldGT,M

3.2.1 The Grassmannian as a Quotient Group

There are many equivalent ways to describe a Grassmannian, one is [4]

Definition 10 LetUn be the unitary group , i.e. the group of then×n unitary complex
matrices under common matrix multiplication. LetT > M integers, the Grassmannian
GT,M = UT/(UM × UT−M), i.e. GT,M is the quotient group ofUT on its subgroup
UM × UT−M and with the operation inherited fromUT .

ties: the anticommutativity ([g1, g2] = −[g2, g1], ∀ g1, g2 ∈ g) and the Jacobi identity ([[g1, g2], g3] +
[[g2, g3], g1] + [[g3, g1], g2] = 0, ∀ g1, g2, g3 ∈ g)[70, pag. 84]. Notice that the tangent space of a
manifold is a vector space so that when the manifold is a Lie group its tangent space has two more
properties.
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The previous definition means that a point of the Grassmannian, i.e. a subspaceΩ, can
be seen as the equivalence class

Ω =

{
Q

[
QM 0

0 QT−M

]
: Q ∈ UT , QM ∈ UM , QT−M ∈ QT−M

}
. (3.7)

Write Q in block form, separating the firstM columns

Q = [X X⊥] , X†X = IM , (X⊥)†X⊥ = IT−M , X†X⊥ = 0 . (3.8)

The subspaceΩ in (3.7) coincides with the subspace spanned by the columns of X. The
columns ofX⊥ spansΩ⊥, the orthogonal complement ofΩ, i.e. theuniquesubspace
orthogonal toΩ completing vector spaceCT : Ω ⊕ Ω⊥ = C

T (⊕ is subspace direct
sum) [72]. Because of this fact it is totally equivalent to represent a pointΩ ∈ GT,M

with Q, the subspace spanned byX or its orthogonal complementX⊥, if (3.8) is valid.
The quotient operation onUM × UT−M means that arbitrary rotations, internal to

basisX and, separatetly, toX⊥, do not change the subspace and its orthogonal com-
plement (see also the explication given in Sect. 2.3.1). These rotations are completely
different from rotations inCT . Rotations inCT , represented by left unitary matrices,
map a subspace to another and hence they obtain a different point of the Grassmannian.

3.2.2 The Grassmannian as a Differentiable Manifold

SinceUT andUM ×UT−M are closed Lie groups, the Grassmannian is ahomogeneous
C∞ differentiable manifold. The GrassmannianGT,M can be imagined as a closed sur-
face imbedded in a higher dimensional space, for exampleC

T×M , the vector space of
T ×M complex matrices, which is isomorphic toC

TM and has2TM real dimensions.
The Grassmannian is a compact manifold and has a finite volume[30].

The dimension of the GrassmannianGT,M is [30]

dimGT,M = M(T −M) complex dimensions⇐⇒ 2M(T −M) real dimensions.
(3.9)

This can be easily calculated by noticing that aT ×M complex matrixX with orthog-
onal columns has2TM −M2 real degrees of freedom (because conditionX†X = IM

setsM2 real constraints). Moreover, the quotient operation imposes a constraint over
otherM2 real degrees of freeedom, so that (3.9) is obtained.

3.2.3 Tangent Spaces ofGT,M

We follow here the derivation in [4]. To define a tangent space, we need to consider
the Grassmannian embedded in a higher dimensional space. WechooseCTM with its
classical metric, even if other choices are possible [4], [14]. A point in GT,M is de-
fined as an equivalence class (3.7) so that its representation through a unitary matrix
is not unique.The representation in the tangent space is likewise not unique: there are
many skew–Hermitian matrices which correspond to the same point in the Grassman-
nian. Skew–Hermitian matrices vector spaceuT can be split into two components, the
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vertical space and the horizontal space (as called in [4]), respectively assuming the
form
[
A11 0

0 A22

]
, A11 ∈ uM , A22 ∈ uT−M ,

[
0M −B†

B 0T−M

]
, B ∈ C

(T−M)×M .

Points in the vertical space correspond to different representatives of the same equiv-
alence class on the Grassmannian, while points in the horizontal space correspond to
different points on the Grassmannian. Hence, we will only consider the horizontal
space and we will refer to it as the tangent space, in order to simplify the notation.

Fixed a pointΩX ∈ GT,M , represented by a unitary matrixQX , as in (3.8), a point
on the tangent space atQX , denoted bytπQX

or tπΩX
, can be represented as [4]

∆Y = QX

[
0 −B

†
Y

BY 0

]
, BY ∈ C

(T−M)×M . (3.10)

We observe that the real dimension of (3.10) is2M(T −M), which coincides with the
dimension of the Grassmannian, as it is supposed to be.

Fixed the tangent space atΩX, thecanonical metriccan be introduced [4]. Accord-
ing to this metric, the inner product of two points, defined asin (3.10), is

〈∆1,∆2〉 =
1

2
tr{∆†

1∆2} =
1

2
tr

{[
B1B

†
2 0

0 B
†
1B2

]}
= Re (tr{B†

1B2}) (3.11)

which induces a norm proportional to the Frobenius norm ofB

〈∆,∆〉 =
1

2
‖∆‖2

F = ‖B‖2
F . (3.12)

3.2.4 The Exponential Map

The exponential mapexp : tπΩX
→ GT,M maps one point of the tangent spacetπΩX

to a subspace in the following way [4]

QY = [Y Y⊥] = QX exp

[
0M −B

†
Y

BY 0T−M

]
, BY ∈ C

(T−M)×M (3.13)

which is a representative ofΩY = span(Y). We notice that ifBY = 0 in (3.13), then
QY = QX , i.e. the null matrix in the tangent space corresponds to thetangent point
onGT,M . This also corresponds to the physical intuition accordingto which a point
passing throughΩX with a null velocity cannot leave the point. Moreover, the geodesic
which starts fromQX with velocity∆Y is the curve [4]

QY (t) = QX exp

{
t

[
0 −B†

B 0

]}
. (3.14)

Hence, the subspaceΩY (3.13) can also be interpreted as the point ofGT,M along the
geodesic starting fromΩX reached at timet = 1 and having velocity∆Y atΩX.
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Representation (3.13) is redundant, we will also use matrixY, being given by the
firstM columns of (3.13)

Y = QX exp

[
0M −B

†
Y

BY 0T−M

] [
IM

0T−M,M

]
= QX exp(∆Y )IT,M . (3.15)

This representation is also used in our proposed codes.
In the following, we will fix a reference point ofGT,M , calledreference subspace

and we will consider the tangent space at that point. Our choice is

Qref = [Xref X⊥
ref ] = IT , Xref =

[
IM

0T−M,M

]
= IT,M . (3.16)

This choice is fully arbitrary and does not influence code properties, but the notation in
many expression is simplified. The tangent space at the reference point will be called
sometimes simply tangent space when no confusion can be madeand will be denoted
by tπref .

3.2.5 The Cosine–Sine (CS) Decomposition

In this subsection we present a particular decomposition which is very useful to un-
derstand the geometry of the exponential parametrization and to link parameters of the
points on the tangent space to the parameters of the unitary matrices, which represent
subspaces on the Grassmannian. Moreover, this decomposition supplies an efficient
way to calculate the unitary matrices so that it is extremelyuseful for the practical
implementation of the code.

Let us suppose thatT ≥ 2M . If this is not the case, i.e. ifM < T < 2M , the
following development can be done on the GrassmannianGT,T−M . Take the TSVD of
B as in (2.15), [3, pag. 72] which we restate for clearity

B = VΘU† , V ∈ UT,M , U ∈ UM , Θ = diag([θ1 . . . θM]) (3.17)

with 0 ≤ θ1 ≤ θ2 ≤ . . . ≤ θM and letV1 an arbitraryT × (T − 2M) matrix with
orthonormal columns so that[V V1] ∈ UT . Then we can write

∆Y = QX

[
0 −B†

B 0

]
= QX

[
U 0 0

0 V V1

]


0 −Θ 0

Θ 0 0

0 0 0








U† 0

0 V†

0 V
†
1



 (3.18)

where some matrices can have zero size ifT = 2M . Hence, by applying (3.2) we
obtain

QY = [Y Y⊥] = QX exp

[
0 −B†

B 0

]

= QX

[
U 0 0

0 V V1

]


C −S 0

S C 0

0 0 IT−2M








U† 0

0 V†

0 V
†
1



 (3.19)
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The above expression is the Cosine–Sine (CS) form of matrixQY , which represents a
subspace with tangent vector∆Y in tangent spacetπΩX

at pointQY .
By taking the firstM columns of (3.19), we obtain the CS form of (3.15)

Y = QX

[
UC

VS

]
U† , C = cosΘ , S = sinΘ (3.20)

The singular values ofB, collected inΘ, are the principal angles betweenΩY and
ΩX. This can be easily verified by calculatingX†Y from (3.20) and by applying
considerations of Sect. 2.3.2, namely (2.21).

3.3 Code Structure

In this section we investigate the structure of the coder we propose to build unitary
non–coherent space–time (ST) codes forT ≥ 2M [22], [21].

The main idea is to obtain a non–coherent unitary (ST) codeC from a coherent
space–time block (STB) codeB. Let’s imbeedB into the tangent space (of the refer-
ence point) and then map it to the GrassmannianGT,M via the exponential map (see
Fig. 3.4). CodesC obtained via exponential parameterization are called EP codes in
this work. An EP codeC obtained from coherent codeB is denoted byCB. A block
diagram of the coding and transmit chain si shown in Fig. 3.3.This approach has one
point in common with the training–based approach [27], [26]: in both cases a coherent
STB code is used to obtain a non–coherent code.

We hope that by choosing a good coherent STB code we can generate a good
non–coherent STB code. Besides, if the parameters of the coherent STB code can
be controlled (see for example [27], [32]), we hope to control the parameters of the
non–coherent STB code, at least partially. Another important point is the decoding
algorithm: the the coherent STB has sufficient algebric structure to have a simplified
decoding algorithm, we would like to exploit the knowledge.However, before coping
with this problem, many questions on the coding process mustbe answered: under
what conditions the exponential mapping is well–defined andmaps a coherent code-
book to a non–coherent codebook? Is there a relationship among codeword distances
of coherent and non–coherent codes? Is diversity maintained by the exponential map?
and what kind of diversity?

In this section we use the reference subspace defined in (3.16).

3.3.1 Exponential Map Inverse

Generally the exponential map is not a bijective function, some constraints must be
imposed to make it invertible. It is possible in fact to find a neighborhood4 of 0 in tπref ,
and a corresponding neighborhood ofΩref over the Grassmannian between which the
exponential map is invertible.

4An open set containing0 in tπref .
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Figure 3.3: Block scheme of the transmit chain.

Proposition 5 LetBπ/2 the open set oftπref defined as

Bπ/2 =

{
∆ =

[
0 −B†

B 0

]
∈ tπref : max

m=1,...,M
(θm) <

π

2

}
(3.21)

whereθm are the singular values ofB. LetG×
T,M be the open set defined as

G×
T,M = {ΩX ∈ GT,M : X†

refX is full rank} . (3.22)

which is equivalent to state that there is no vectors ofΩX ∈ G×
T,M orthogonal toΩref .

Then
exp : Bπ/2 ⊂ tπref −→ G×

T,M ⊂ GT,M (3.23)

is a bijective map.

Proof. This proof is important because it is constructive, we can understand how to
invert the map.

We show that the exponential map isinjective. We want to prove that if∆1,∆2 ∈
Bπ/2 andexp∆1 = exp∆2, then∆1 = ∆2, which is equivalent toB1 = B2. Let’s
write the TSVDsB1 = V1Θ1U

†
1 andB2 = V2Θ2U

†
2, with the singular values ordered

from the smallest to the largest. From the CS decomposition (3.20) we have

X1 =

[
U1C1

V1S1

]
U

†
1 =

[
U2C2

V2S2

]
U

†
2 = X2 . (3.24)

Let’s take the firstM rows of (3.24)

C1 = UC2U
† , U = U

†
1U2 .

This expression states thatC1 andC2 are similar and hence they have the same eigen-
values. HenceC1 = C2 = C, i.e.

cos θ1,m = cos θ2,m = cos θm ∈ (0, 1] ⇐⇒ θ1,m = θ2,m = θm ∈ [0, π/2)

for m = 1, . . . , M , i.e. Θ1 = Θ2 = Θ. The above correspondence is one–to–one
only if the cosine is constrained to the interval[0, π/2), where the cosine is a bijective
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G
×
T,M

Xref

X

exp exp−1

∆X

Bπ/2

Figure 3.4: The concept of exponential parameterization: acode for coherent systems
is imbedded into an open set of the tangent space, so that the exponential map is in-
vertible.

function. For the same reason we can writeS1 = S2 = S. From (3.24), we can write
U1ΘU

†
1 = U2ΘU

†
2, which donot state thatU1 is equal toU2. In fact, as explained

in [68, Lemma 7.3.1],U1 = U2D whereD is an block diagonal unitary matrix in
which, if the singular valueθm has multiplicity 1, then the corresponding block inD is
an arbitrary phase factoreiδm , while if θm = . . . = θm+r−1 has multiplicityr, then the
corresponding block inD is an arbitraryr × r unitary matrix. To resume,D assumes
the most generic block diagonal form satisfying

D†ΘD = Θ . (3.25)

If we take care of these remarks, from the lastT −M rows of matrix identity (3.24)
we haveV1SU

†
1 = V2SDU

†
1. By applying (3.25) and ifS has full rank, we have

V1 = V2D. If S has not full rank, for instance, the lastr singular values are zero, then
the lastr columns ofV1 andV2 can be chosen arbitrarily since they will be annihilated,
so that we can setV1 = V2D in every case. Then, by building the original matrices
through the TSVD

B1 = V1Θ1U
†
1 = V2DΘ2D

†U
†
2 = B2

and we have proved the thesis.
We show that the exponential map issurjective. We must proveexp(Bπ/2) =

G×
T,M . Let ΩX belong toG×

T,M and let

X̃ =

[
X̃1

X̃2

]
, X̃1 ∈ C

M×M , X̃2 ∈ C
(T−M)×M (3.26)
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be one of its orthonormal bases. Let’s apply the following algorithm

1. Calculate the SVD of̃X1: X̃1 = UCŨ†

2. CalculateX = X̃ŨU†.

SinceŨU† is a unitary matrix,X is another basis forΩX. MoreoverX is a CS decom-
position like in (3.20), becauseXref = IT,M andC has full rank sinceXrefX̃ = X̃1 is
full rank by hypothesis. A point∆ ∈ Bπ/2, in particular the associated matrixB, can
be built following next algorithm

1. Consider basisX† = [X†
1 X

†
2], whereX1 is the upperM ×M block andX2 is

the lower(T −M) ×M block.

2. Calculate the TSVD ofX2, sayX2 = VSU†, the diagonal entries of the diagonal
matrixS are non–negative (by definition of TSVD) and less than one (due to the
factX†X = IM ).

3. CalculateΘ = sin−1(S), the diagonal matrixΘ has entriesθm ∈ [0, π/2), for
all m = 1, . . . ,M .

4. Build the matrixB = VΘU†.

The matrix∆ built with thisB satisfies (3.21) and it gives the basisX inG×
T,M . Hence,

we have the thesis.�
Proposition 5 clearly sets a condition to assure an invertible exponential map (this

condition was already present in [21], here we gave a formal proof). The inverse
exponential map, denoted byexp−1, (see Fig. 3.4) can be operationally calculated with
the algorithm presented in the proof of Proposition 5 and which can be summarized as
the reduction into CS form of a generic orthonormal basis followed by the calculation
of a TSVD on the lower part of this reduced matrix.

3.3.2 Relationships between Coherent Codes and their Correspond-
ing EP Codes

Let B′ a coherent code we use to build a non–coherent EP codeC, as in Fig. 3.4.
Codewords ofB′ can generally generate directions∆ lying outside the setBπ/2, in
which the exponential map is invertible. To assure that the whole coherent code is
contained insideBπ/2, we follow the approach of [22], where a positive homothetic
factorα is used to scale the coherent codeB′ in order to obtain another coherent code

B = αB′ = {B = αB′, ∀B′ ∈ B′} (3.27)

whose codewords belong toBπ/2. We recall that if a matrix is multiplicated by a
positive scalar, then the singular values of the product aresimply scaled by the same
factor: θm = αθ′m, whereθm andθ′m are the singular values of respectivelyB andB′
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(see [68, pag. 418]). Moreover a multiplication by a positive scalar does not change
the range of the matrices, so that the diversity order of a coherent code is maintained

dco−ML(B) = dco−ML(B′) . (3.28)

In the following, if not otherwise stated, we suppose that the codeB andC are
well–defined, that is, the exponential map is invertible.

Let’s consider a generic codewordB ∈ B and the correspondingX ∈ C ob-
tained via exponential parameterization (3.20). IfB = VΘU†, then, as recalled
in Sect. 3.2.5 and [21], its singular valuesθm are the principal angles between the ref-
erence spaceXref and the subspace generated byX. To scale the codewords byα
multiplies by the same factorα all the principal angles. Summarizing

dp(X,Xref ) = | sin(Θ)| 1

M = | sin(B†B)| 1

2M (3.29)

and the relationship with the singular values of the codewords inB′ is

dp(X,Xref ) = α| sin(Θ′)| 1

M = α| sin(B′†B′)| 1

2M . (3.30)

The dimension of the intersection between the reference space andX is given byM −
rank(B), i.e. by the number of null principal angles. Eventually, wehave a rich
geometrical characterization of the non–coherent code with respect to the reference
space.

Unfortunately, the above considerations do not completelycharacterize the non–
coherent codeC with respect to the codeB. What we are really interested in is, for
example:

• The distribution of the principal angles between differentcodewords ofC and
the way to control them via the coherent codeB.

• The relationship between the diversity ofB and the diversity ofC.

These points were not cleared up in [21], where a conjecture was formulated, which
we restate in a more explicit form:

Conjecture 1 If a coherent codeB has fully diversity, then the corresponding non–
coherent codeC obtained via exponential parameterization, achieves the same diver-
sity gain.

We managed to find general assumptions under which this conjecture is true. We
also get interesting insights into the relationship between training–based codes and EP
codes obtained from the same coherent codeB. Further details can be found in the
following subsection.

A first asymptotic argument (on small principal angles with respect toΩref ) let the
reader understand the hidden relationship between training–based codes and EP codes.

Let homothetic factorα run to zero. Then, ifB = V(αΘ′)U†, we have

C = cos(αΘ′) ' IM , S = sin(αΘ′) ' αΘ′
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and hence the CS form (3.20) of the codewordsX is

X '
[

IM

αB′

]
, (3.31)

which looks like a training–based code! Transmit power is almost completely allocated
to the training phase. Anyway, through Proposition 3 we can see that EP code diversity
is equal toB′ diversity, if the detection is made as in(2.65), (2.66) (not with the non–
coherent ML criterion or the GLRT) [26].

3.3.3 EP Code Diversity

We state the following

Theorem 1 LetCB be an EP code obtained from the coherent codeB = αB′. Suppose
that the diversity ofB′ is dco−ML(B′) = d. Denote byθ′k,1 ≥ . . . ≥ θ′k,M ≥ 0 the
singular values ofB′

k and defineθ′max = maxk ‖B′‖2 = maxk θ
′
k,1. Denote also by

σd(k, l) thed–th singular values (in decreasing order) ofB′
k − B′

l with k 6= l. Under
the condition

0 < α < ᾱ , ᾱ = min

{
π

2 θ′max

, α̂d

}
, α̂d = min

k 6=l
αd(k, l) (3.32)

where

αd(k, l) is the solution oftan(αθ′k,1)+tan(αθ′l,1)−α(θ′k,1 +θ′l,1) = ασ′
d(k, l) (3.33)

we have
dGLRT (CB) ≥ dco−ML(B) = dco−ML(B′) . (3.34)

Proof. Let us suppose that the codewords ofB = αB′ andB′ have TSVD

Bk = VkΘkU
†
k , B′

k = VkΘ
′
kU

†
k , Θk = αΘ′

k (3.35)

whereθk,1 ≥ θk,2 ≥ . . . ≥ θk,M ≥ 0. Let Xk, Xl ∈ CB ⊂ G×
T,M be in the CS form

(3.20). From the definition of diversity with GLRT detection(2.49)

dGLRT (CB) = min
k 6=l

{
rank([Xk Xl])

}
−M

= min
k 6=l

{
rank

(
[Xk Xl]

[
UkC

−1
k U

†
k 0M

0M UlC
−1
l U

†
l

])}
−M (3.36)

= min
k 6=l

{
rank

[
IM IM

VkTkU
†
k VlTlU

†
l

]}
−M , (3.37)

where (3.36) holds because the(2M) × (2M) right rotation in (3.36) is always full
rank (even whenBk is not, provided thatB ⊂ Bπ/2 and (3.37) follows from trivial
calculations letting

Tk = tan(Θk) = tan(αΘ′
k) , Tl = tan(Θl) = tan(αΘ′

l) . (3.38)
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Let us define two new coherent codesB̃ andB̃′, whose codewords are defined as

B̃k = VkTkU
†
k , B̃′

k = Vk tan(Theta′
k)U

†
k . (3.39)

We rewrite (3.37) introducing the new codewords

dGLRT (CB) = min
k 6=l

{
rank

[
IM IM

B̃k B̃l

]}
−M

= min
k 6=l

{
rank(IM) + rank(B̃k − B̃l)

}
−M (3.40)

= min
k 6=l

rank(B̃k − B̃l) = dco−ML(B̃) , (3.41)

where (3.40) follows by basic rank identities (see for example [29]) and (3.41) by
Definition 7.

To conclude our proof, we have to understand the relationship between the diversity
of coherent codesB and B̃. Let σ1(k, l) ≥ σ2(k, l) ≥ . . . ≥ σM(k, l) ≥ 0 be the
singular values of matrix(Bk − Bl) and letτ1(k, l) ≥ τ2(k, l) ≥ . . . ≥ τM(k, l) ≥ 0
be the singular values of matrix(B̃k − B̃l). Also recall thatσm(k, l) = ασ′

m(k, l),
whereσ′

m(k, l) is the generic singular value of(B′
k−B′

l). From Corollary 7.3.8 in [68,
pag. 419] about the perturbation of the singular values of a matrix, we have

|τm(k, l) − σm(k, l)| ≤ ‖(B̃k − B̃l) − (Bk − Bl)‖2 , m = 1, . . . , M (3.42)

Codewords ofB̃ have the same unitary matrices in the TSVD, therefore the spectral
norm in (3.42) can be written as

‖Vk(tanΘk − Θk)U
†
k − Vl(tanΘl − Θl)U

†
l‖2 . (3.43)

Since functionf(x) = tanx−x is non–negative and increasing in the range of interest
x ∈ [0, π/2), two TSVD are defined in (3.43). Hence

‖Vkf(Θk)U
†
k − Vlf(Θl)U

†
l‖2 ≤

≤ ‖Vkf(Θk)U
†
k‖2 + ‖Vlf(Θl)U

†
l‖2 = f(θk,1) + f(θl,1) , (3.44)

where the last passage comes from definition of spectral norm‖ · ‖2 in (2.74). Restate
the inequality, by using (3.35) and writing the dependence of σm(k, l) onα, we have

|τm(k, l) − ασ′
m(k, l)| ≤ f(θk,1) + f(θl,1) = f(αθ′k,1) + f(αθ′l,1) . (3.45)

To assure that the perturbation satisfies (3.45) we must impose (see Fig. 3.5)

ασ′
m(k, l) > f(αθ′k,1) + f(αθ′l,1) (3.46)

which is satisfied for allα

α ∈ (0, α̂m(k, l)) , α̂m(k, l) : f(αθ′k,1) + f(αθ′l,1) − ασ′
m(k, l) = 0 (3.47)
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f(αθ′k,1) + f(αθ′l,1)

ασ′
m(k, l)0

τm(k, l)

Figure 3.5: Graphical interpretation of condition (3.45).

α σ′
m(k, l)

f(αθk,1) + f(αθl,1)

f(αθ) = tan(αθ) − αθ

α

αm(k, l)

Figure 3.6: Graphical interpretation of equation (3.47).

We notice that the solution of equation in (3.47) always exists, is unique and different
from 0 whenσ′

m(k, l) 6= 0. This is becausef(αθ′k,1) + f(αθ′l,1) is an increasing mono-
tonic function with an asymptote atπ/(2 max{θ′k,1, θ

′
l,1}) and a null derivate at zero

(see Fig. 3.6).
Now, suppose that codeB′ has diversityd. This means that for all couples of

codewordsσ′
1(k, l) ≥ . . . ≥ σ′

k,l > 0. If α is chosen to satisfy

0 < α < ᾱd , αd = min
k 6=l

αd(k, l) (3.48)

we are sure thatτ1(k, l) ≥ . . . ≥ τd(k, l) > 0, for all k 6= l. Therefore diversity of̃B
is equal to the diversity ofB′ at least, which coincides with the one ofB. α must be
chosen also in order to satisfyB ⊂ Bπ/2, therefore conditions (3.32), (3.33) are found.
This concludes the proof.�

From the previous theorem it immediately follows
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Corollary 1 With the same notation and hypotheses of Theorem 1 ifT ≥ 2M andB
has full diversity,dco−ML(B) = M , then EP codeCB has full diversity.

This proves Conjecture 1.

Remark 1. During the proof of Theorem 1, we showed thatdco−ML(B̃) ≥ dco−ML(B).
Hence, training codeTB̃, built from B̃, has at least equal diversity of training codeTB,
built fromB (see Proposition 3).

dco−ML(B̃) ≥ dco−ML(B) =⇒ dE−D(TB̃) ≥ dE−D(TB) .

Moreover, from (3.41) and Proposition 3 we can argue the following

Corollary 2 Under the same hypothesis of Theorem 1

dGLRT (CB) = dE−D(TB̃) ≥ dE−D(TB) = dE−D(TB′) (3.49)

This does not necessarily mean that EP codes have better performances than training–
based codes, since code gain and distance distribution are not determined here.

Remark 2. About the fact: dco−ML(B̃) ≥ dco−ML(B), under hypotheses of Theo-
rem 1. Suppose for instance thatσM(k, l) = 0 = σ′

M(k, l). (3.45) claims simply that
|τM(k, l)| ≤ f(θk,1) + f(θl,1) = f(αθ′k,1) + f(αθ′l,1), i.e. τM(k, l) is not forced to
zero. On the contrary, since the perturbation depends in a complicate way on code-
word entries, it is highly probable thatτM(k, l) 6= 0, for a fixedα. We have verified
this phenomenon through simulations: from coherent codes without full diversity we
obtained EP codes with full diversity, even if they have small minimum product dis-
tance.

Remark 3. From (3.36) and (2.43), the PEP of codeTB̃ can be obtained (with GLRT).
By callingRT andRC the matrices (2.51) corresponding to codesTB̃ andCB, we have
|RC| = |RT |||Ck|2|Cl|2. Therefore, by using determinantal formula (2.76)

|Rll,T | |Rkk,T − Rkl,T R−1
ll,T Rlk,T | |Ck|2|Cl|2 = |Rll,C| |Rkk,C − Rkl,CR

−1
ll,CRlk,C| ,

the identity|Rll,T | = |IM + UlT
2
l U

†
l | = |Cl|−2 and the property ofC (unitary code-

words), we conclude

|Rkk,T − Rkl,T R−1
ll,T Rlk,T | =

d2M
p (Xk,Xl)

|Ck|2
.

Therefore we can for example express the GLRT asymptotic PEP(2.43) ofTB̃ as a
function of principal angles between the two codewords (rare thing for a training code!)

P∞
ij,GLRT + P∞

ji,GLRT =

[
M

Tρ

]NM (
2MN − 1
MN

)
|Ck|2N

(
1 +

∏M
m=1

tan2(θk,m)

tan2(θl,m)

)

d2MN
p (Xk,Xl)

where|Tk| ≥ |Tl|.
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Remark 4. The above proof gives insights on the behaviour of EP codes and the expo-
nential map non–linearity. However, the bigger the code size is, the more demanding
the calculation ofαd(k, l) in (3.33) is5. Moreover, homothetic factor in (3.32) may
be very small and may unnecessarily reduce product distances among codewords, and
degrade EP code performance. Hence, since codeword dependence on singular values
τm(k, l) is continuous but complicated, we conjecture that it is quite difficult to choose
an homothetic factor annihilating someτm(k, l). Anyway, in numerical simulation a
diversity gain decrease has never been reported. Thereforein the following we allow
condition (3.32) not to be satisfied. We consider the proof ofConjecture 1 as a sort
of existence proof and not as a mean to choose a practical value of homothetic factor
α, which will be chosen (for big codebooks) via a numerical minimization of the error
probability.

3.4 Examples of EP codes

We present in this section some particular cases of EP codes with a strong algebraic
structure. Their rich structure always implies the loss of degrees of freedom so that
these codes are never optimal from a capacity perspective. We also show that the
generalized PSK codes [23] and the complex Givens code [26],which do not fit in the
training based description, are EP codes.

3.4.1 EP Codes from Scaled Unitary Coherent Codes

Let the codewords of the coherent codeB be scaled unitary matrices, i.e.

B
†
kBk = β2

k IM , βk > 0 . (3.50)

for all k = 1, . . . , L and where the coefficientsβk can be different. One valid TSVD
of Bk is

Bk = Vk(βk IM) (3.51)

whereVk is implicitly defined. Then the corresponding EP codewords are

Xk =

[
cos(βk) IM

sin(βk)Vk

]
=




cos(βk) IM

sin βk

βk

Bk



 (3.52)

which is similar to a training–based code but it is not!
In fact, if we let

Bk = βkIM , βk =
π k

Q
, k = 0, 1, . . . , Q− 1 (3.53)

5Actually, it would be nice to use coherent codesB designed to maximize the minimum singular
value of the difference of two arbitrary codewords. Unfortunately, current research on coherent codes
deals with the optimization of|(Bk − Bl)

†(Bk − Bl)|, i.e. the product of the singular values.
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we obtain the generalized PSK codes of Tarokh–Kim [23] (see also (2.60) and that
section for a discussion)

Xk =

[
cos(βk) IM

sin(βk) IM

]
. (3.54)

It is possible to find the complex Givens codes [26] by definingthe codewords of
B as

Bk,l = βke
jδ` IM =⇒ Xk,l =

[
cos(βk) IM

sin(βk)e
jδ` IM

]

where the alphabets ofβk andδ` are specified in [26].
EP codes of type (3.50) can also give some particular training–based codes. Let us

assume that all theβk in (3.50) are equal

B
†
kBk = β2 IM , ∀Bk ∈ B . (3.55)

In this case the EP codeC is

X =




cos(β) IM

sin β

β
Bk



 . (3.56)

The factorβ is in common to all codewords, it plays therefore the role of an homothetic
factor. For example, if we chooseB′ as the Alamouti coherent code with unitary energy
PSK symbols forM = 2 (as in (2.69), (2.70) for propositions [24] and [23]), we have
β′ =

√
2. Letting B = αB′ we haveβ = α

√
2. Code (3.56) is a genuine training–

based code. From Sect. 2.9, the correct choice for optimal performances is an equal
distribution of power between the training and data phase, i.e.

2 cos2(α
√

2) = 2 sin2(α
√

2) =⇒ α = π/(4
√

2)

which is a valid choice of the homothetic factor.
There exist training codes which do not directly fit into the EP codes, even if every

training code can be associated to an EP code, as in the proof of Conjecture 1. Given
the training matrixT (with T†T = IM ) and the respective coherent codeBtrain with
TSVDsBk,train = VkΛkU

†
k, the coherent codeBEP over the tangent space producing

an equivalent EP code over the Grassmannian is

Bk,EP = Vk tan−1(Λk)U
†
kT

† . (3.57)

In Fig. 3.7 we resume the considerations of this subsection in a graphical way.

3.4.2 EP Codes from Codes with Commuting Matrices

Let us suppose that codewords of coherent codeB satisfy

{
B

†
kB` = B

†
`Bk

BkB
†
` = B`B

†
k

, for everyk 6= l . (3.58)
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EP codes Training–based codes

Generalized PSK codes

Complex Givens codes
Alamouti + PSK

Figure 3.7: The generalized PSK and complex Givens codes fit in the EP code descrip-
tion, as well as the training codes described in [23].

Under this very strong condition, all couples of matrices∆k and∆` (3.21) in the
tangent space commute, as well as∆

†
` and∆k, for example. In this case, property (3.5)

can be applied and the calculations performed over codewords ofC can be reported to
codewords ofB on the tangent space. For eachXk,X` ∈ C, using (3.4) we have, for
example

X
†
`Xk = I

†
T,M exp

{[
0M −(Bk − B`)

†

(Bk − B`) 0T−M

]}
IT,M . (3.59)

Let the TSVD ofBk − B` beBk − B` = Vk,lΣk,lU
†
k,l, apply the CS decomposition

as in (3.19), then (3.59) becomes

X
†
`Xk = Uk,l cos(Σk,l)U

†
k,l . (3.60)

Hence, when the matrices∆k on tπref commute, principal angles between two sub-
spaces spanned byXk andX` are the singular values of the difference of the respective
codewords ofB, i.e. Bk − B`. We have proved the following

Proposition 6 LetB be such a coherent code that all the matrices∆k mutually com-
mute. ThenB and the corresponding EP codeC have equal diversity. The product
distance can be bounded

2

π
|(Bk − B`)

†(Bk − B`)|
1

2M ≤ dp(Xk,X`) ≤ |(Bk − B`)
†(Bk − B`)|

1

2M (3.61)

We notice that generalised PSK codes (3.54) satisfy conditions (3.58) and therefore
have full diversity (because rank[cos(βk)IM − cos(β`)IM ] = M sincek 6= l).

Unfortunately, condition (3.58) is so strong that we were not able to find interesting
codes with this property.

3.5 Conclusion

In this chapter we have discussed conditions under which theexponential parame-
terization can be used to create a non–coherent unitary code. We also discussed the
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relationships between the coherent codeB and the non–coherent codeC obtained via
exponential map (EP code).

In Fig. 3.3, the transmit chain of an EP code is shown. The exponential map can be
efficiently implemented according to the CS decomposition, starting from an TSVD of
the codewordsBk.



Chapter 4

Suboptimal Decoding of EP Codes
overGT,1

We investigate in this chapter EP code properties and decoding strategies when the
transmitter has one antenna (M = 1). This case has been studied in [21], [31], where
a partial characterization of EP code properties and a simplified decoding algorithm
were proposed. We describe here another simplified suboptimal decoder, which has
performances almost coincident to GLRT ones, but whose complexity is higher than
the one of simplified decoder presented in [31]. We have investigated both the Single
Input Single Output (SISO) case (M = N = 1) and the Single Input Multiple Output
(SIMO) case (M = 1, N > 1), in order to understand how the different decoders
behave.

In the first section we study the GLRT in the SISO case. Statistics of an important
GLRT parameter are found and numerically evaluated. They gave some indications
to choose the parameters of the simplified decoder we propose. In the SIMO case,
a simple subspace estimation algorithm is briefly introduced, which gives a subspace
estimation from the observations ofN received signals. This allows to apply the sim-
plified decoder introduced for the SISO case to SIMO systems .

In the second section, we detailed the properties of EP code for SISO channels.
The particular structure of codes overGT,1 permits to find close form relationships
between the codewords distances of coherent codeB and the codewords distances of
the corresponding EP codeC. We then used this comprehension to determine a good
choice of the homothetic factor, which maximizes the minimal Euclidean distance of
the codewords ofC and at the same time approximatively maximizes their minimal
chordal distance.

A long geometrical study is presented in the third section. Its aim is to investigate
the geometrical structure of the GLRT level sets over the GrassmannianGT,1. In other
words, we wanted to understand to which points ofGT,1 a certain valuec of the GLRT
corresponds, given the value of the received signaly. This comprehension helps us to
locate the region of the Grassmannian in which it is highly probable to find the correct
sent codeword, so that the decoding process can be limited tothis zone. However, we
did not (and do not) know how to perform efficient numerical search in the Grassman-
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nian, even inside bounded regions. On the other hand, mathematical tools to perform
these searches are available for coherent STB codes. The idea is therefore to move the
decoding problem to the tangent space, i.e. to the coherent codeB corresponding to
the EP codeC. To this end, we also studied the behaviour of GLRT level setspreim-
ages in the tangent space. Their shape is warped by the exponential map non–linearity,
nevertheless we succeeded in bounding these regions (whereit is highly probable to
find the coherent codewords corresponding to the sent non–coherent codeword).

In the fourth section, a new simplified decoder on the tangentspace is proposed,
thanks to the insights gained by previous geometrical investigations. The decoder com-
plexity is roughly investigated. The choice of decoder parameters is discussed via
simulations.

The final section is dedicated to simulations for both AWGN andRayleigh channels
in the SISO and SIMO case. Comparisons with other propositions are also presented.

4.1 Channel Model

AWGN channel with unknown channel phase is considered in the case of one receive
antenna. We made this choice to better discriminate betweenperformances of differ-
ent decoders. However, also the Rayleigh channel is investigated in the single–input
multiple–output (SIMO) case.

4.1.1 AWGN Channel with Unknown Phase

Suppose that the receiver has one antenna:N = 1. Let the codewordsx be column
vectors of lengthT with unit norm‖x‖ = 1. The channel introduces an unknown
phase and an additive white Gaussian noise

y = xeiϕh + w (4.1)

wherewt ∼ CN (0, σ2) andϕh is a uniform random variable in[0, 2π). The GLRT is,
in this case

x̂ = max
x∈C

|x†y|2 (4.2)

In this particular case we notice that the GLRT is independent on the norm of the
received codeword. The rule (4.2) is equivalent to maximize

c =
|x†y|
‖y‖ . (4.3)

which is the cosine of the principal angle between the subspaces spanned byx andy.
If x = y, the value of GLRT metricc achieves its maximum. Its minimum value

correspond to points orthogonal toy, i.e. to the farthest points from the normalized
received signaly/‖y‖. It is clear that the greatest is the channel additive noise,the less
probable is to find the sent codeword close to the received signal (in the principal angle
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Figure 4.1: Probability distribution function ofc, the cosine of the principal angle
between the subspaces spanned by the received signal and thesent codeword.

sense). We are therefore interested in function (4.3) statistics, fixed sent codewordx
and given channel phaseϕh, in order to relate the value ofc to the noise variance.

We observe that the application of a unitary transformationU ∈ UT to all vectors
does not change the value of (4.3) nor the statistics ofw (Uw ∼ CN (0, σ2)). Hence,
in order to simplify the study of the statistics ofc, sincex andϕh are fixed, we choose
a rotation so that after renaming terms and rewriting (4.1) we have

y = e1 + w , e
†
1 = [1 0 . . . 0] . (4.4)

From (4.3)

c2 =
|1 + z1|2

1 + 2<(z1) + ‖z‖2
=

(1 + z1,R)2 + z2
1,I

(1 + z1,R)2 + z2
1,I +

∑T
t=2(z

2
t,R + z2

t,I)
. (4.5)

Random variableszt,R, zt,I are i.i.d. real Gaussian random variablesN (0, σ2/2). c2 is
a non-central beta random variable [73, pag. 944] (see also Appendix A.3). Since the
probability distribution function of the cosinec in (4.3) cannot be obtained in a simple
closed form, we used a Montecarlo method to obtain its statistics. Briefly we generate
the random variabley in (4.4) by means of106 realizations of noise vectorw.

In Fig. 4.1, probability distribution functionFc of c is plotted for different values of
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Figure 4.2: Mean and variance, as a function of the block length T , of the cosine of
the principal angle between the subspaces spanned by the received signal and the sent
codeword.

block lengthT and of noise variance1 σ2 (both real and complex parts). We can notice
that, for a fixed noise variance, the smaller is the block length, the smaller is the support
where the probability density functionFc assumes values significantly different from
0. Obviously, if the noise variance becomes smaller and smaller, the cosine in (4.3)
converges to 1. In fact, if noise was absent the received vector would span the same
subspace spanned by the sent codeword, channel phase factorhaving no influence.
The curves are less regular around10−5, due to the number of realization used in the
simulations (i.e.106 as previously stated). In Fig. 4.2 we plot the mean and variance
of c. For fixed noise varianceσ2, these parameters remain almost constant for a large
interval of values of the block lengthT , especially at high SNR (small noise variance).
For small values ofT , the variance ofc becomes smaller, as noticed above in Fig. 4.1.

These results indicates that the sent codeword has a negligible probability to have a
principal angle less that0.97 with respect to the received signal, at high SNR. So that,
if we design a non–coherent system without outer code to havethe acceptable error
probability of10−3 at 20 dB SNR per receive antenna, it does not make sense to search
for the sent codeword farther thanπ/13 (in principal angle radians) from the received
signal.

1In the figures we chose to represent the noise variance by the unusual notation in dB(σ2)dB =
10 log10(σ

2). We adopted this notation because it is simple to calculate the corresponding average SNR
per receive antenna in dB as(ρ)dB = −(σ2)dB − 10 log10 T .
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4.1.2 Rayleigh SIMO Channel

We consider a single–input multiple–output (SIMO) channel(M = 1, N ≥ 1) with
Gaussian fadings and additive white Gaussian noise

Y = xH + W (4.6)

where the noise entries are i.i.d.CN (0, σ2) and the fading entries are i.i.d.CN (0, 1).
MatricesY andW areT × N , H is 1 × N (a row vector), whilex ∈ C is a column
vectorT × 1 with unit norm, as in the previous subsection. The GLRT in this case is

x̂ = max
x∈C

‖x†Y‖2 . (4.7)

WhenN = M = 1, replacingy with y/‖y‖ does not change the GLRT estimation.
WhenM = 1, N > 1, this is no longer possible andY cannot be replaced in (4.7)
by a matrixYu = YA with Y†

uYu = IM . In fact, even ifY andYu span the same
subspace the values of the metrics‖x†Y‖2 and‖x†Yu‖2 are not scaled by the same
constant!

In the following, we propose to apply the decoder forM = N = 1 to the SIMO
case. To this end, we use the columns of the received matrixY as independent noisy
realizations ofx, from which we estimate the subspace directionxe as the eigenvector
corresponding to the maximum eigenvalue of the correlationmatrix

xe eigenvector of max. eigenvalue ofRY =
1

N

N∑

n=1

yny
†
n =

1

N
Y Y† (4.8)

This estimation is unbiased. In fact, since

RY =
1

N
[xHH†x† + xHW† + WH†x† + WW†]

once fixed the sent codewordx and being the fading and noise process independent,
we have

E [RY ] = xx† + σ2IT . (4.9)

Reducing noise variance makes the estimationxe converge in mean to the sent code-
wordx.

Thanks to this estimation the SIMO system can be reduced to a SISO system, since
we can use the estimated directionxe as the received signal. This is equivalent to
decode according to the suboptimal rule

x̂sub = max
x∈C

(‖x†xe‖/‖xe‖)2 , (4.10)

where|x†xe‖/‖xe‖ is the cosine of the principal angle between the subspaces spanned
by a generic codewordx and the estimated directionxe. This suboptimal criterion is
well motivated, as a matter of fact the maximization term in (4.7) can be rewritten as

‖x†Y‖2 = x†Y Y†x = Nx†RY x , (4.11)

which coincides with‖x†xe‖2 for vanishing noise variance.
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4.2 EP codes forGT,1

In this section we specialize the results for the EP codes of Chapter 3 to the case
M = 1. We introduce some properties of the EP codes and use them to determine a
good choice of the homothetic factor.

4.2.1 The Exponential Map in the caseGT,1

Let us briefly recall the quotient geometry ofGT,1. From Definition 10 we haveGT,1 =
UT/(U1 × UT−1), whereU1 = {ejϕ}. An equivalent and economical description is

GT,1 = U
T/U , U

n = {v ∈ C
n : ‖v‖ = 1} . (4.12)

In other words, the Grassmann manifold can be described as a point in the complex
sphereUT modulo a common phase, i.e. an arbitrary complex number withunit ab-
solute value. We notice that the complex hypersphereU

n is isomorphic to the real
hypersphereS2n = {a ∈ R

2n : ‖a‖ = 1}, which has2n − 1 real dimensions. Hence,
GT,1 has dimension2T − 1 − 1 = 2(T − 1), as claimed in (3.9).

Let b ∈ C
T−1, the matrices on the tangent space to the reference subspace(3.16)

xref =
[
1 0 . . . 0

]†
= e1 (4.13)

are

∆ =

[
0 −b†

b 0T−1

]

and therefore the exponential map in its CS form (3.20) can be written as

x =




cos ‖b‖
sin ‖b‖
‖b‖ b



 =




cos ρb

sin ρb

ρb

b



 , ρb = ‖b‖ . (4.14)

whereρb is the principal angle between the reference subspace and the subspace spanned
by x. The condition to invert the exponential map is

b ∈ Bπ/2 + {b ∈ C
T−1 : ρb = ‖b‖ < π/2} . (4.15)

Under condition (4.15), the image of the exponential map is

G×
T,1 = {x ∈ U

T : x1 > 0} where xt =
[
x1 x2 . . . xT

]
. (4.16)

where(·)t denotes transposition.
We notice that a vectorx belonging toG×

T,1 is the representative of the equivalence
class given by the vectors{x ejϕ, ϕ ∈ R}. Indeed,x is theuniquerepresentative with
the first elementx1 > 0. As a matter of fact, if another representativex̄ of the same
subspace exists so thatx̄1 > 0 andx̄ 6= x, we have that∃ ϕ̄ ∈ [0, 2π) so that̄x = xeiϕ̄.
But, sincex̄1 > 0 andx1 > 0 by construction, it must beejϕ̄ = 1. Representation
(4.14) is calledCS representation. We can easily extend these considerations to the
case wherex1 = . . . = xm = 0 considering the point as a representative of a subspace
overGT−m,1. We do not consider this case, since the set of points orthogonal to the
reference space has zero measure with respect to the whole Grassmannian.
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4.2.2 Properties of EP Codes overGT,1

Let us consider two codewordsxk,x` ∈ C and let use denote byθk,l the principal angle
betweenΩxk

andΩx`
(which are two lines inCT ), where

|x†
kx`| = cos θk,l , x

†
kx` = cos θk,le

jϕk,l . (4.17)

In [21], the following result for the case ofreal codebooks is reported

(2/π)2‖bk − b`‖2 ≤ 4 sin2(θk,l/2) , ∀ k 6= l . (4.18)

This is no longer true where complex vectors are used. Let’s consider for instance
two codewords in the caseT = 3 belonging to an EP code obtained from the pa-
rameterization of a (64–QAM)2 constellation in which each64–QAM constellation
{d(q1 + jq2), q1, q2 = ±1, ±3, . . . ,±7} has statistical power ofEav ' 0.46, so that
d = dmin/2 = 0.105. Let’s take

b1 = d

[
7 + 7j
7 + 7j

]
, b2 = d

[
7 − 7j
7 + 7j

]
=⇒

x1 =




0.105

0.497(1 + j)
0.497(1 + j)



 , x2 =




0.105

0.497(1 − j)
0.497(1 + j)





then

x†x2 = cos(π/4)e−jπ/4.06 =⇒ (2/π)2‖b1−b2‖2 = 0.871 > 0.586 = 4 sin2(π/8) .

The following proposition can be shown for complex vectors

Proposition 7 Letxk,x` ∈ C obtained from the correspondingbk,b` ∈ B, with ρk =
‖bk‖. Then the following lower bounds on the product distancedp(xk,x`) = sin θk,l

hold

dp(xk,x`) = sin θk,l ≥
{

sin(2ρb)
2ρb

‖bk − b`‖ , if ‖bk‖ = ‖b`‖ = ρb

2
π
|‖bk‖ − ‖b`‖| , if ‖bk‖ 6= ‖b`‖

(4.19)

Proof. From (4.14)

cos2 θk,l = |x†
kx`|2 = | cos ρk cos ρ` + sin ρk sin ρ`b

†
kb`/(ρkρ`)|2 (4.20)

wherebk/ρk andb`/ρ` are two unit vectors. This fact implies thatb
†
kb`/(ρkρ`) =

aejϕ, where0 ≤ a ≤ 1. Sincecos ρk cos ρ` > 0, it is easy to verify that (4.20) is upper
bounded by

cos2 θk,l ≤ | cos ρk cos ρ` + sin ρk sin ρ`|2 = cos2(ρk − ρ`) ≤ cos(ρk − ρ`) . (4.21)

Now, thanks to the inequalitycos ρk ≤ 1 − (2/π)2ρ2
k if ρk ∈ [0, π/2], we have

cos2 θk,l ≤ 1 − 4

π2
(‖bk‖ − ‖b`‖)2 (4.22)
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and the second inequality in (4.19) is easily obtained. Forρk = ρ` the bound (4.22)
gives no information, while forρk 6= ρ` it always holds(ρk − ρ`) < π/2.

Let us supposeρk = ρ` = ρb, by developing (4.20) we obtain

cos2 θk,l ≤ cos4 ρb + sin4 ρb + 2 cos2 ρb sin2 ρb Re(b†
kb`)/ρ

2
b

= 1 − cos2 ρb sin2 ρb

ρ2
b

[2ρ2
b − 2Re(b†

kb`)]

= 1 − cos2 ρb sin2 ρb

ρ2
b

‖bk − b`‖2

where the first inequality follows from|b†
kb`/ρ

2
b | ≤ 1. And the first inequality in (4.19)

immediately follows.�
To further simplify the dependence onρb in (4.19), we simply observe that

sin(2ρb)/(2ρb) ≥ 1 − (2/π)ρb for ρb ∈ [0, π/2] .

The exponential map fromBπ/2 toG×
T,1 is invertible. Letx belong toG×

T,1 and let
x̂ be the vector of lengthT − 1 obtained erasing the first entry ofx:

x̂ = [x2 . . . xM ]t . (4.23)

If x is in CS representation (4.14), the correspondingb ∈ Bπ/2 is derived as [31]

b = exp−1(x) =
ρb√

1 − x2
1

x̂ , ρb = arccosx1 . (4.24)

We notice that the arccos is uniquely defined becausex1 ∈ (0, 1].
This latter expression will be useful to state the simplifieddecoders we will study

in the follwing sections, while Proposition 7 is useful to choose the correct homothetic
factor,i.e. to design a good EP code.

4.2.3 Choice of the Homothetic Factor

No outer code is considered in this work; codebooks are of typeB = (Q–QAM)T−1.
In this subsection we show how to use previous results to choose a good homothetic
factor, i.e. an homothetic factor which minimizes the distances of codewords inGT,1.

Let a genericQ–QAM constellation be

Q–QAM = {q1d+iq2d, q1 = ±1, . . .±(Q1−1), q2 = ±1, . . .±(Q2−1), Q = Q1Q2}
(4.25)

for square constellations, the integersQ1 andQ2 are equalQ = Q2
1. For square con-

stellations, the average energy and minimal distance are [69]

Eav =
2

3
(Q− 1)d2 , d2

min = (2d)2 = Eav
6

Q− 1
.
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In [31] the expression of optimal homothetic factorα was found for real codes by
maximizing the minimal Euclidean distance. Even if the correct distance criterion is
the distance product, this is of no importance for real codes, since the Euclidean dis-
tance and the product distance substantially coincide. In the complex case these two
distances are no longer equivalent and the product distanceshould be chosen as the
optimization criterion. Nevertheless, the Euclidean distance and the product distance
give the same result, which coincide with the one for real codes. We first derive the op-
timal homothetic factor for complex codes with Euclidean distance, since the argument
is simple. Then, we sketch the proof for the product distance.

If the Euclideand distance is used, the minimal distance of (Q–QAM)T−1 coin-
cides with the minimal distance of the singleQ–QAM constellation. However, for
codewords close to the boundary ofBπ/2, we must also consider the distance with re-
spect to their opposite, due to the modulo–U effect. Letb1,b2 be such two codewords
so thatb2 = −b1 and‖b1‖ = ‖b2‖ = ρmax = maxb∈B ‖b‖. Their distance, keep-
ing in mind the worst case modulo–U effect is,2(π/2 − ρmax). Suppose thatd = 1
in (4.25) and that all the codewords are multiplied by a common homothetic factor
α. Since the minimal distance of(Q–QAM)T−1 increases by increasingα but the dis-
tance2(π/2 − ρmax) decreases, the optimal tradeoff is obtained by equating thetwo
distances. For square constellations this condition yields:

π/2−α = α
√

2(T − 1)(
√
Q− 1) =⇒ α = (π/2)[1 +

√
2(T − 1)(

√
Q− 1)]−1

(4.26)
while for rectangular constellations the homothetic factor is

α = (π/2){1 +
√

(T − 1)[(Q1 − 1)2 + (Q2 − 1)2]}−1 . (4.27)

The correct distance overGT,1 is the product distance. Hence, to find the optimal
homothetic factor, bounds in Proposition 7 must be used, andthey lead to basically
equal results, only their derivation is more complicated. Briefly, the second bound
of (4.19) simply suggests that the homothetic factor must bechosen as high as pos-
sible, in order to maximize the minimal distance between groups of codewords with
a constant norm. The first bound of (4.19) simplifies in‖b1 − b2‖, for codewords
close to the origin (ρb → 0 implies sin(2ρb)/(2ρb) → 1). In this case, the mini-
mal product distance is lower bounded by‖b1 − b2‖ = 2α. Moreover, coefficient
sin(2‖b‖)/(2‖b‖) annihilates at2‖b‖ = π. Then for opposite codewords with max-
imal norm ρmax (worst case for modulo–U effect) the first bound in (4.19) can be
simplified in sin(2ρmax) = sin(2α

√
2(T − 1)(

√
Q − 1)) (square constellations). If

ρmax is close toπ/2, which is the case for EP codes which try to exploit the whole
Grassmannian surface,2ρmax is greater thanπ/2. Hencesin(2ρmax) decreases whenα
increase. Therefore, for these codewordsα must be minimized. The optimal tradeoff
can be found by equating the two expressions of minimal distances (for codewords
close to the origin and the ones close to the boundary)

2α = sin(2α
√

2(T − 1)(
√
Q− 1)) ' π − 2α

√
2(T − 1)(

√
Q− 1) .

In the previous expression we used the linearizationsin x ' π − x, valid for x suf-
ficiently close toπ, which holds true in our case ifρmax is sufficiently close toπ/2.
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Homothetic factor (4.26) is then derived. We stress that previous considerations are
not a complete formal proof: for instance, we also need to consider more carefully the
second bound in (4.19) in order to draw general conclusions.

4.3 GLRT Geometry

At this point, as explained in the introduction of this chapter, it is very important to
study some geometrical properties of the curves on the Grassmannian which have con-
stant GLRT value, since they give insights about where to search for the sent codeword.
These curves are calledlevel setsof GLRT function. Since there exists no efficient
method to maximize the GLRT even on a bounded subset of the Grassmannian, we re-
state the problem to the tangent space, which is not a manifold but just a linear vector
space. In the tangent space, in fact, is located the coherentcode corresponding to the
EP code on the Grassmannian, and there exist mathematical tools to deal efficiently
with codewords search. Anyway the shape of the level set inGT,1 is not preserved be-
cause the inverse exponential map is non–linear! Hence, we studied the preimages of
the level sets in the tangent space. The understanding of their shape allowed us to pro-
pose a suboptimal decoder in the tangent space. In this section we assumeM = N = 1
(SISO system).

4.3.1 GLRT Level Sets onUT

As we saw in (4.2) and (4.3) the GLRT rule is equivalent to the cosine of the principal
angle between the subspaces (lines!) spanned by the codeword x and the received
signaly, that is we let

ψ(x) = |y†x| where we aussumex,y ∈ U
T . (4.28)

We assume‖y‖ = 1 and we letx belong toU
T without forgetting that differentx can

represent the same point over the Grassmannian.
Obviouslyψ(x) takes its maximum value on the pointsxmax = yejϕ, with ϕ ∈

[−π, π), for whichψ(xmax) = 1. The minimum value of the GLRT rule is zero.
Consideringψ : U

T −→ R, the level set ofψ corresponding to a real valuec
is defined as the subset of the domainSc = {x ∈ U

T : ψ(x) = c} [72]. Sincec
is a cosine, the level setSc is not empty whenc ∈ [0, 1]. We setc = cos θr where
θr ∈ [0, π/2] is actually the principal angle betweenx andy. The level setsScos θr

are

Scos θr
=
{
x ∈ U

T : x = cos θre
jξry + sin θrv, ∀v ⊥ y, ‖v‖ = 1, ξr ∈ [0, 2π)

}
.

(4.29)
Expression (4.29) can be verified by substituting points ofScos θr

in (4.28). We notice
from (4.88) that the level set are hyperspheres with one fixedparameterθr, and they
have therefore dimension2T −2 (see Appendix B.1 for more details and explications).
Now, our codes are over the Grassmannian so that we must understand which vectors of
Scos θr

represent the same subspace, before inverting the map and trying to understand
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how things work in the tangent space. To this end, we assume that the received signal
is in CS representation (4.14)

yt = [cos θ1 cos θ2e
jϕ2 . . . cos θT e

jϕT ] , θ1 ∈ [0, π/2) (4.30)

whereθ1 is the principal angle betweenΩy andΩref , represented as in (4.13) bye1.
Since the level set (4.29) is an hypersphere, we apply the parameterization (4.94) given
in Appendix B.1

Scos θr
: x = ejξr(cos θry + sin θrv) . (4.31)

θr

θ1

cos θ1

xref = e1

y

u2

c =
co

s θr

r
=

sin
θ

r

Figure 4.3: Basis vector for the parameterization of the level setsScos θr
.

Since we want to express the points ofScos θr
in CS representation, we choose basis

vectors such as to simplify our calculation: the first one isy and the second oneu2

defined as follows (see Fig. 4.3)

u2 ∈ span(e1,y) , u2 ⊥ y . (4.32)

These conditions leave a degree in the choice ofu2, which is fixed to haveu2 in CS
representation:

u2 =
1

sin θ1

(e1 − cos θ1uy) , θ1 6= 0, π/2 . (4.33)

where we supposeθ1 6= 0, π/2, which is always verified with probability one wheny
is a received vector in a communication system.u2 is in CS representation because its
first entry is(1 − cos2 θ1)/ sin θ1 = sin θ1 > 0. We rewrite the parameterization of the
level set (4.31) according to (4.94)

Scos θr
: x = eiξr [cos θry + eiξa sin θr(sin θau2 + cos θav2)]

wherev2 ∈ U
T−2
T , v2 ⊥ span(y,u2) , θa ∈ [0, π/2], ξr, ξa ∈ [0, 2π) .

(4.34)
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Orthogonality condition (4.34) eventually imposes a particular form to pointsv2

{
y†v2 = 0

u
†
2v2 = 0

(4.33)
=⇒ e

†
1v2 = 0 =⇒ v2,1 = 0 , (4.35)

Let’s use convention (4.23):

vt = [v1 v̂t] , v̂t = [v2 . . . vt] , (4.36)

thenv2 in (4.34) takes the form

vt
2 = [0 v̂t

2] with ‖v2‖ = ‖v̂2‖ = 1 . (4.37)

Injecting in (4.35), through convention (4.36) we have

ŷ†v̂2 = 0 ⇐⇒ ŷ ⊥ v̂2 . (4.38)

We have then obtained the parametric formula (with their corresponding condi-
tions) which express the GLRT level sets onU

T . We are ready for the next step, to
translate this level sets on the Grassmannian by removing all the points which repre-
sent the same codeword.

4.3.2 GLRT Level Sets onG×
T,1

From parameterization (4.34), we can reduce the level sets fromU
T on the Grassman-

nian, by imposing the CS representation (3.20) to their points. This is equivalent to
let x1, the first component ofx ∈ Scos θr

, be a positive real number (from (4.34), from
definitions (4.30), (4.32) and from (4.37)):

x1 = eiξr(cos θr cos θ1 + eiξa sin θr sin θ1 sin θa) > 0 (4.39)

This can be obtained in the following way: let

a = cos θr cos θ1

bmax = sin θr sin θ1

b = bmax sin θa

(4.40)

and

ρ = ρ(θa, ξa) = arccos(|a+ eiξab|) = arccos(|x1|) , δ = δ(θa, ξa) = ∠(a+ eiξab)
(4.41)

we have to impose

ξr = −δ(θa, ξa) = ∠(cos θr cos θ1 + eiξa sin θr sin θ1 sin θa) . (4.42)

Condition (4.42) fixes a degree of freedom and the dimension ofthe level setScos θr

overG×
T,1 is 2T − 3. To resume, the level set over the Grassmannian is

Scos θr
= {x = eiξr [cos θry + eiξa sin θr(sin θau2 + cos θav2)] : (4.42) is satisfied} ,

(4.43)
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with θa ∈ [0, π/2], ξa ∈ [0, 2π).
Expression (4.43) eventually gives the level set corresponding toc = cos θr in the

GrassmannianGT,1. If we makeθr run between0 and a valueθr,max, we obtain a
region of the Grassmannian. For example, ifT = 6, the receive SNR is about20 dB
andθr,max = π/13, there is a probability of about10−5 that the sent codeword is out
of this region (see Fig 4.1). Once we have the shape of the level sets onGT,1 we must
find their shape in the tangent space by mapping them back via the inverse exponential
mapping. This is the successive step we described in the nextsubsection.

4.3.3 Preimage of the Level Sets in the Tangent Space

Operating a slight abuse, we decide here to call tangent space not imbedding space of
the matrices∆, but of vectorsb. These vectors are obtained by inverting the exponen-
tial map as in (4.24).

The vectorb which corresponds tox ∈ Scos θr
via the exponential mapping is

b =
ρ e−iδ

sin ρ
x̂ =

ρ e−iδ

sin ρ

[(
cos θr − sin θr sin θae

iξa
cos θ1

sin θ1

)
ŷ + sin θr cos θae

iξav̂2

]

where we use convention (4.36) and definitions (4.41). Since‖ŷ‖ = sin θ1, we define
the unit vectorûy = ŷ/ sin θ1, and including the phase factoreiξa inside the hyper-
sphere whose generic vector isv̂2, we have

b =
ρe−iδ

sin ρ

[
(cos θr sin θ1 − sin θr cos θ1 sin θae

iξa)ûy + sin θr cos θa v̂2

]
(4.44)

where v̂2 ⊥ ûy because of (4.38). Vectors like (4.44) are points of the preimage
S−1

cos θr
on the tangent–space. We notice that vectorsb have lengthT − 1 and, being

S−1
cos θr

⊂ Bπ/2, they must have norm inferior toπ/2 (see (4.15)). The dimension of
the preimage of the level set is equal to that of the level set,that is2T − 3. The free
parameters in (4.44) arêv2 ∈ U

T−2
T−1 ⊥ ûy andθa, ξa. θr is a fixed parameter which

depends on the level set, whileθ1 is fixed byy. Expression (4.44) needs some more
comment

• Effect of the non–linearity of the exponential map.Vectorsv̂2 run over a(2T −
5)–dimensional hypersphere inCT−1, which translates along the direction̂uy.
Even if (4.44) looks like the parameterization of an hypersphere, the surface
S−1

cos θr
is not an hypersphere, since its origin and radius depend on all the param-

eters. The warping of the surface is due to the non–linearityof the exponential
map.

• Effect of the modulo operation in the definition of Grassmannian. This is a more
subtle effect, due to the fact that the Grassmannian is defined asU

T/U, i.e. by
means of a modulo operation (the quotient onU). As previously recalled, the
modulo–U operation means that several points on the hypersphere correspond to
one point on the Grassmannian. This operation introduces discontinuity on the
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representatives at the “equator” of the hypersphere, wherex ⊥ xref = e1. This
fact can be better visualized in the case of a real Grassmannian, whose points
in CS representation all lie on the upper part of the hypersphere. For example,
in Fig. 4.4, a real Grassmannian is represented forT = 3. Pointsx2 andx3

represent the same line, which indeed is close to the line represented byx1.
But x3 is not in CS representation, whilex2 is the correct representative, which
is very far fromx1 on the sphere. This situation is reproduced on the tangent
space, where the corresponding vectorb2 andb1 are opposite. The effect of the
modulo–U operation on the complex GrassmannianGT,M is similar but it cannot
be represented.

xref

x1

x2

x3

Figure 4.4: A real Grassmannian forT = 3 can be represented by an hemisphere. Each
point of the “north” hemisphere is in CS representation and its opposite (in the other
hemisphere) represents the same subspace.

The modulo–U effect is present only for those level setsScos θr
crossing the “equa-

torial plane” ofGT,M , i.e. the set of subspaces orthogonal toxref . This happens if and
only if

π/2 − θr ≤ θ1 < π/2 . (4.45)

We can better understand what happens in the complex case by plotting the behaviour
of ρ = ‖b‖ and δ (common phase) as a function ofξa in polar coordinates. The
parameterθa is fixed toπ/2, to maximize the component ofx ∈ Scos θr

which lies on
span(y,u2). This component affectsx1 (the first entry ofx), which is responsible of
the modulo–U effect.

Fig. 4.5 illustrates a case in which there is no modulo–U effect. In fact, the largest
closed curve is given byθr,max = π/10 andθ1 = 0.9π/2 − 0.8 θr,max, which is less
thanπ/2 − θr,max so that (4.45) is not satisfied. The other closed curves are given
varyingθr toward 0 and keeping constantθ1, so that points corresponding to a family
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Figure 4.5: Representation of (normalized)ρ = ‖b‖ and the common phaseδ as
a function ofξa in polar coordinates. Different curves are obtained for differentθr,
decreasing its value fromθr,max = π/10. We setθ1 = 0.9π/2 − 0.8 θr,max. In this
example there is no modulo–U effect, since for allθr it holdsθ1 < π/2 − θr.

of level sets are plotted. The maximal phaseδ is (see Appendix B.2)

δ̄ = arcsin(tan θr tan θ1) at ξa = ±(π/2 + δ̄) . (4.46)

Whenθ1 goes toπ/2 − θr the maximal phasēδ goes toπ/2 and the curves become
more and more warped. The effect of the non–linearity is the greater the farthery is
from the reference pointxref (or equivalently, the closerθ1 is toπ/2).

In Fig. 4.6 we plot an example were the modulo–U effect is present. In fact, this
timeθr,max = π/10 andθ1 = π/2−0.7 θr,max so that there are someθr for whichθ1 >
π/2 − θr (condition (4.45) satisfied). As in the case of Fig. 4.5, curves become more
and more warped at growingθr. Whenθr becomes greater than0.7 θr,max the curves
suddenly pass to the right side of the plane too. On the Grassmannian this corresponds
to level sets passing over the “equatorial plane” of the subspaces orthogonal toxref .

We observe on Fig. 4.5 that subspaces inside the portion of Grassmannian delimited
by a level setScos θr

correspond to preimage pointsinsidethe(ρ, δ) curve given by that
θr. On the contrary consider the situation of Fig 4.6, in particular the curve given by
θr,max. Then, the modulo–U effect is present and the subspaces on the Grassmannian
inside the level setScos θr,max

correspond to preimage points arein betweenthe (ρ, δ)
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Figure 4.6: Representation of (normalized)ρ = ‖b‖ and the common phaseδ as
a function ofξa in polar coordinates. Different curves are obtained for differentθr,
decreasing its value fromθr,max = π/10. We setθ1 = π/2−0.7θr,max. The modulo–U
effect is present forθr ∈ (0.7 θr,max, θr,max].

curve given byθr,max and the boundary of the domainBπ/2 (represented by a circle of
radiusπ/2 in Fig. 4.5 and Fig. 4.6).

We eventually notice that whenθa = π/2 (4.44) reduces to

b =
ρe−iδ

sin ρ
(cos θr sin θ1 − sin θr cos θ1e

iξa)ûy (4.47)

therefore the common phase factor ofb should take into account the phase of the term
cos θr sin θ1−sin θr cos θ1e

iξa. It can be shown (see Appendix B.3) that this factor does
not change substantially the behaviour of the pointb in the tangent space, for example
the condition to have the modulo–U effect is the same. So that here we preferred to
avoid mathematical complication.

4.4 Decoders for EP codes overGT,1

If y is the received signal and the parameterθr is properly chosen, the level setScos θr

of ψ(x) = ‖y†x‖ delimits a region of the Grassmannian where it is highly probable to
find the sent codeword. However, a GLRT maximization algorithm for sets of discrete
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point over the Grassmannian is not available, even if the search region is limited. Now,
if the region ofGT,M delimited by a level set contains the good sent codewordX

(of the EP codeCB), the preimage of this region in the tangent space will contain the
corresponding codewordB (of the coherent codeB), by continuity of the exponential
map. Then, the idea is to perform the search on the tangent space (a linear vector
space) where more standard tools are available to efficiently decode.

We therefore studied the preimage of GLRT level sets of the Grassmannian in the
tangent space in order to understand their shape. We saw in the previous section that
the preimagesS−1

c are warped by the non–linearity of the exponential map. Our idea is
to approximatively cover these warped regions with a finite number of hyperspheres.
The sphere decoder algorithm can then be used to search codewords ofB inside these
hyperspheres, under the hypothesis thatB is carved from a lattice. We point out that we
do not want to use the sphere decoding algorithm to decode thereceived codewords,
since the sphere decoder solves a coherent ML maximization (2.36). We just exploit
the geometrical meaning of a sphere decoder search to find a list of candidate code-
words, for which the true GLRT metric will be calculated and compared. We call this
procedurelocal GLRT, because we want to restrict exhaustive calculation of GLRT
metrics to a subset of codebookCB, i.e. the list of candidate codewords close to the
received signal.

In this section, we show that our idea makes sense first, then we propose our de-
coder.

4.4.1 Covering the Preimages of the Level Sets with Hyperspheres

In this subsection we suppose that the modulo–U effect is not present

θ1 < π/2 − θr . (4.48)

This condition can never be satisfied with probability one during a communication.
However, it is possible to control the probability of{θ1 > π/2−θr} through a reduction
of θr and/or of the maximum‖b‖, b ∈ B via the homothetic factor (see Sect. 4.4.4).

Points close to the Reference Subspace

Let us suppose that the sent subspace is near to the referencesubspace, i.e.θ1 → 0,
so thatsin θ1 ' θ1 andcos θ1 ' 1. Thenδ ' θ1 tan θr sin θa and it goes to zero (null
phase). In the same hypothesisρ ' θr. The preimage (4.44) becomes

b ' θr θ1

tan θr

ûy + θr(e
i(ξa+π) sin θaûy + cos θav̂2) , v̂2 ⊥ ûy , ‖v̂2‖ = 1 . (4.49)

Expression (4.49) describes a complex hypersphere of radiusθr centered atθr θ1/ tan θr

ûy, which is close to the origin of the tangent space. If alsoθr is small, we can approx-
imateθr/ tan θr ' 1, so that the hypersphere in centered atθ1ûy = by = exp−1(y).
We also remark that forθ1 = 0, the exact expression of preimagesS−1

cos θr
is S−1

cos θr
=

{b = θr(e
i(ξa+π) sin θaûy + cos θav̂2)}, i.e. hyperspheres for every valid value ofθr.
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The conclusion is that,for received points close to the reference space, the preim-
ages are very well approximated by hyperspheres. Since curves with constant GLRT
metric onGT,1 have the same shape on the tangent space,coherent ML detection on the
tangent space is reasonably a good approximation of GLRT detection on the Grass-
mannian.

Points far from the Reference Subspace

Let’s define

r =
ρ

sin ρ
sin θr , o =

ρe−iδ

sin ρ
cos θr sin θ1 ûy . (4.50)

We rewrite (4.44) in the following way

b = o + re−iδ(− cos θ1 sin θae
iξaûy + cos θa v̂2) . (4.51)

The absolute value of the second addend of (4.51) is

‖re−iδ(− cos θ1 sin θae
iξaûy + cos θa v̂2)‖2 = r2(1 − sin2 θ1 sin2 θa) ≤ r2 .

Hence,S−1
cos θr

is contained inside the volume delimited by

b = o + r(sin θae
iξaûy + cos θa v̂2) (4.52)

under the condition thatthe modulo–U effect is not present. The set spanned by (4.52)
is a family of hyperspheres with centero and radiusr continuously depending on
θa ∈ [0, π/2] andξa ∈ [0, 2π).

We upper bound the variable radiusr in order to reduce and simplify the depen-
dence on the different parameters. Maximizingr is equivalent to maximizeρ, because
r is a monotonic increasing function forρ ∈ [0, π/2). However,ρ is an arc-cosine so
that it reaches its maximum when its argument|a + eiξab| is minimum. Since there is
no modulo–U effect, the minimum is achieved forξa = π andθa = π/2, which gives
|a− bmax| = cos(θ1 + θr) and finally

r ≤ rmax = (θ1 + θr) sin θr/ sin(θ1 + θr) (4.53)

whereθ1 + θr < π/2 in our hypothesis. When the maximum is reachedδ = 0.
Then, setS−1

cos θr
is contained inside the volume delimited by

S = {b ∈ Bπ/2 : b ∈ {o(θa, ξa) + rmaxU
T−1, θa ∈ [0, π/2], ξa ∈ [0, 2π) } . (4.54)

Now, only the center of the spheres depends on free parameters.
The centero always belongs to the subspace generated byûy, but it has a changing

absolute value and common phase. These two quantities have maximal excursion when
θa = π/2, i.e. when the component in the subspace ofv̂2 is absent

|θ1 − θr| cos θr sin θ1/ sin(|θ1 − θr|) ≤ o = ‖o‖ ≤ θ1 + θr cos θr sin θ1/ sin(θ1 + θr)
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if θr ≤ θ1 < π/2− θr. In these extremal values, since the component orthogonal to uy

is null, the volume contained by the set of points obtained for θa = 0 is null in C
T−1.

Hence, in the following we fix the center atθa = 0 where the component orthogonal
to ûy is maximized obtaining maximum volume and from (4.51) and (4.54)

b = o+rmaxv̂2 , o = ‖o‖ =
ρ0

sin ρ0

cos θr sin θ1 , ρ0 = arccos(cos θr cos θ1) .

(4.55)
To conclude, when the received point is far from the reference space, the preimages

of the level sets are not hyperspheres, therefore GLRT and coherent ML criterion on
the tangent space do not coincide. However, since the preimages of the level sets are
contained inside a family of hyperspheres (4.54) with fixed radius and varying center,
covering these sets with a finite number of hypersphere makessense.

4.4.2 Decoder Proposal

The previous discussion leads us to a deep understanding of the effect of non–linearity
and modulo–U operation on the level sets of the GLRT rule. However, we do not try
to show how many hyperspheres are necessary to cover exactly(4.54) in the tangent
space. We preferred to limit complexity by fixing the number of sphere search. Then
we optimize sphere parameters to obtain a good covering, which means good perfor-
mance.

The local GLRT decoderfor M = N = 1 can be implementd by the following
proposed algorithm

1. Choose a parameterθnl which measures when the non–linearity of the exponen-
tial map becomes negligible.

2. Choose a parameterθr which decides the maximal distance (as principal angle)
between the received signal subspace and the codewords subspaces. The small-
estθr, the fewer number of points in the list to be controlled during local GLRT.
Values ofθr and ofθnl make sense if satisfyθnl ≤ π/2 − θr.

3. Lety be the unit vector in CS representation which spans the subspace generated
by the received signal. Letθ1 = arccos(y1) be the principal angle betweeny and
xref = e1.

4. If θ1 ≤ θnl, we use the approximation for codewords close to the reference space.
Let by = exp−1(y) = θ1ûy, use a sphere decoder to find the closest point toby,
i.e. the estimatedb is

bchosen = xco−ML−tg = min
b∈B

‖by − b‖ . (4.56)

5. If θnl < θ1 ≤ π/2 − θr, we substitute the search inside the preimageS−1
cos θr

with
three sphere searches, with radius (4.53)

rmax = (θ1 + θr) sin θr/ sin(θ1 + θr) (4.57)
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and centers

o1,2,3 = o eiδ1,2,3ûy , o =
ρ0

sin ρ0

cos θr sin θ1 , ρ0 = arccos(cos θr cos θ1)

(4.58)
where

δ1 = 0 , δ2,3 = ± arcsin(tan θr tan θ1)/δF (4.59)

and scaling factorδF > 1 can be optimized to minimize performance. The three
searches give a list of candidate pointsLB = {bl1 , . . . , blL}, from which the
corresponding list ofC is constructedLC = {xl1 , . . . , xlL}. The decoded point
is

xchosen = min
x∈LC

|y†x| (4.60)

6. If θ1 > π/2 − θr, the modulo–U effect is present and the search should be
performed in all the region close to the boundary ofBπ/2. We prefer not increase
the number of sphere searches, but to perform again three searches, with the
same radiusrmax, the same centers (4.58) but with differentδ2,3 i.e.

δ2,3 = arccos

[
1 − 1

2

(
krmax

o

)2
]

(4.61)

wherek is chosen by optimization. To understand the choice (4.61) see Ap-
pendix B.4.

We rapidly explain the role of each parameter

• θnl divides the Grassmannian into two zones, the first one contains the referene
space and the other does not. Points of the first zone have principal angle with
xref less thanθnl. Point of the second zone have principal angle withxref greater
thanθnl. For points in the first zone, we consider that non–linearityis negligible.
This parameter influences the complexity of the decoder, since only one sphere
search is needed (no local GLRT).

• θr fixes the “size” of the level set: the smallerθr, the closer the level set preim-
ages are toby. We also have that the smallerθr, the less probable the modulo–U

effect is (because the received pointy must be closer to the “equatorial plane”
so that the level set crosses it).θr must not be chosen too small because, is noise
is too strong, no point can be found inside the preimage (thisis not a problem
with big codebooks).

• δF . The sphere centers of the familyS in (4.54) lie on the same directiono,
whose norm is reported in (4.58). The common phase ofo is variable and its
maximum value isarcsin(tan θr tan θ1). We approximate familyS with three
hyperspheres: the first one has zero phaseδ, the other two have opposite phases
and their absolute value is in between zero and the maximum. ParameterδF
permits to choose a particularδ in that interval (δF = 1 corresponds to the
maximum,δF = ∞ corresponds to0, see (4.59)).
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• k in (4.61) controls the common phase of the hyperspheres withnon–zero com-
mon phase, but in this case we have not a limit because of the modulo–U effect.

4.4.3 Complexity

We investigate the order of magnitude of the complexity of our decoder.
First of all, suppose to fix the parameterθnl = π/2: the suboptimal coherent ML

criterion on the tangent space (4.56) is used to decode all received signals. This corre-
spond to the simplified decoder proposed in [31]. We denote this kind of decoder by
coherent ML on the tangent space(co–ML–tg). The computational complexity of this
decoder is

• to bringy in the CS representation we need: 1)4T real multiplications,T−1 real
additions and a square root operation (to normalizey) 2) one phase estimation
andT complex multiplications (to have the CS form) (one complex multiplica-
tion correspond to 4 real multiplications and 2 real additions).

• to invert the map and obtainby: 1) one arc-cosine computation, 2 real multi-
plications, one real addition, and a square root computation (calculation of the
scalar factor in (4.24)); 2)2(T − 1) real multiplications, (to finally calculateby)

• to calculate the ML estimation (4.56) through a sphere decoder we have an ex-
pected complexity ofO([2(T − 1)]3) as explained in Sect. 2.8.

If we suppose to perform the nonlinear operation with a look–up table, the total com-
plexity is

co–ML-tg complexity: O(8(T − 1)3) + 10T (real mult.)+ 3T (real add.)

+ 2(sqrt)+ 2(look–up table) (4.62)

Notice that the expected complexity of the sphere search is pessimistic, because the
lattice is known in (4.56) (no channel influence). Hence, low–complexity algorithms
can be implemented for the particular lattice. For example,when the codebook is a
Q–QAMT−1 a threshold detector can be implemented and multiplications are the most
complex operation.

For the local GLRT decoder, the complexity analysis is not simple, so that we
provide a raugh study. The derivation is the same as the co–ML–tg decoder, until the
calculation ofθ1. Then

• choose the decoder to be applied in the following way:

- if θ1 ≤ θnl the co–ML–tg decoder is chosen. This happens only during
a part of the total transmission duration. The duration percentage can be
roughly estimated (at high SNR) by the ratio between the number Lnl of
codewords for which‖b‖ ≤ θnl and the code cardinalityL.
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- if θ1 > θnl, three sphere searches are performed: 1) 6 real multiplications
and 4 non–linear operations are performed (calculations ofo andrmax; 2)
3 real multiplications, 1 non–linear operation and one comparison,θ1 ≤
π−θr (calculation ofδ2,3 in both cases of modulo–U effect or not); 3) nearly
6T real multiplication (calculation of the centers); 4) expected complexity
3O(8(T−1)3) (three sphere searches), and2(T−1)Lav memory cell (Lav is
the average length of the candidate codewords list, which must be stocked).

• estimation of the sent codeword through (4.60): 1)Lav(10T − 3) real multipli-
cations (to calculate metrics) andLav memory cells (stock them) (calculation of
the GLRT metrics); 2)Lav comparisons (to find the maximum).

The leading term of local GLRT complexity is clearly given bythe sphere searches and
by the calculation of GLRT metrics for candidate codewords.Summarizing

local GLRT complexity: 3O(8(T − 1)3) + (Lav(10T − 3) + 18T + 9)(real mult.)

+ (Lav + 2)(comparisons)+ 5(look–up table) (4.63)

Since the lengthLav of candidate lists is not a deterministic parameter, complexity
(4.63) must be understood as a random variable. We will discuss later the average and
standard deviation ofLav, through simulations. Real implementations of this algorithm
must also cope with the memory size, which is variable too. The fact that the lattice is
known can help to better controlLav, but it does not simplify the decoder complexity.

4.4.4 Choice of Decoder Parameters
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Figure 4.7: Effect of non–linearity in the decoding with thecoherent ML decoder on
the tangent space.Left plot: the codebook has 256 codewords. Right plot: the codebook
has 4096 codewords.

The optimal choice of parameters presented in the previous subsection depends on
codebookC (therefore onB and on homothetic factorα), onT and on the SNR. It also
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depends on the optimization criterion: performance or complexity. In the following,
we present some general guidelines for the choice of these parameters. In this section
homothetic factorα was chosen as explained in Sect. 4.2.3.

The parameterθnl selects the zone of the Grassmannian around the reference sub-
space where we neglect the non–linearity on the exponentialmap. Each point of curves
in Fig. 4.7 represents the ratio between errors made by the co–ML–tg decoder and the
GLRT decoder, forθ1 less than the abscissa of the curve, which represents a given
θnl conveniently normalized. The examples reported in Fig. 4.7come from two code-
books: (16–QAM)2 and (16–QAM)3 (see next section for details). The non–linearity
effect is very important forθnl > π/4. It is stressed increasing the received average
SNR, because for low SNR the main source of error is the additive noise: only when
the noise power is negligible the effect of non–linearity isrecognizable. Simulations
curves are not smooth due to the small number of error events for θnl < π/4, because
only a small fraction of codewords are located in that region. In the followingθnl is
fixed betweenπ/6 andπ/4, assuring best performance. The impact on complexity is
negligible, because, for these values ofθnl, the co–ML–tg decoder is used only during
a small faction of the total communication duration.

The angleθr was chosenθr ≤ π/13, according to the particular communication
system, so thatcos θr ≤ 0.97. In Fig. 4.1 we can see that this choice assures to find the
sent codewords inside the level setScos θr

with a probability inferior to10−5, at high
SNR (where non–linearity is the main source of errors). The exact choice ofθr also
depends on the code size. For large codebooks a too bigθr gives bigLav and hence a
complexity augmentation.
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Figure 4.8: Left plot: the effect ofδF for codebooks (16–QAM)T−1 with growing
cardinality forcos θr = 0.97. Right plot: the effect ofδF in the case of (16–QAM)5

with differentθr.

The parameterδF was usually chosen equal to 2. We are reporting here some sim-
ulations for the codes (16–QAM)T−1, with T = 3, 4, 5, 6. Simulations are performed
with θnl = π/5, k = 1.5 at average receive SNR equal to18 dB. The number of super-
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symbols error are superior to 200 for each curve point. In Fig. 4.8 supersymbol average
error probability is plotted with respect toδF for different codebooks (16–QAM)T−1,
with growing cardinality. The second plot of Fig. 4.8 clearly shows that there is an
interval of values ofδF , approximatively from 2 to 5, which minimizes the error prob-
ability. The bigger the codebook size is, the larger this interval becomes. This can be
explained by the fact that the denser the code is, the closer must be the solution to the
received point, if a correct detection is performed (we recall that greaterδF correspond
to sphere closer to the received point in the tangent space).In Table 4.1 we report pa-
rameters and simulation results for communication system of Fig. 4.8. σ2 is the noise
complex variance as in Fig. 4.1 andLav is the mean length of candidate codewords
lists calculated forδF = 10. The variation ofLav is in fact not significant in the range
of variation ofδF . We can see thatLav of lists used in local GLRT is multiplied only
by 10 when the code size is respectively multiplied by 103. We point out that theθr

used in this case is not optimized for big codebooks.

T L σ2 [dB] Lav Lav/L

3 28 22.8 4.0 0.15 10−1

4 212 24.0 6.4 0.16 10−2

5 216 25.0 12.5 0.2 10−3

6 220 25.8 25.0 0.2 10−4

Table 4.1: Evolution of some decoder parameters for different (16–QAM)T−1 codes.

The second plot of Fig. 4.8 is obtained for fixedT = 6 and code (16–QAM)5 at
18 dB SNR. The curve forθr = π/13 is in common with the firs plot. Parameter
θr is decreased and supersymbol error probability (or FER) increases atδF > 5, and
its behaviour is similar to that of the curve forT = 3 in the first plot of Fig. 4.8.
Hence,cos θr = 0.97 is a good choice for codes with lowT , but introduces redundant
complexity for codes with greaterT . This can also be argued from Table 4.2, where
the standard deviationσav of the length of candidate codeword lists is reported. From
the second plot of Fig. 4.8 and Table 4.2, we can see that for code (16–QAM)5, θr

can be decreased without loosing in performance by reducingthe average length of the
lists to some unities, like in the case ofT = 3 in Table 4.2. This fact let us guess that,
when an optimalθr is chosen for each codebook andδF is in between 2 and 5,Lav is
basically constant over a large range of codebook sizesand lower than 10. Under this
hypothesis, the leading term of expected complexity (4.63)is theO(T 3) term ifT > 4,
while if T = 2, 3 the term withLav becomes the most important. These considerations,
which hold for these simulations, need more extensive simulations to be generalized.

Finally, let’s consider the last parameterk, when modulo–U effect can be present.
In Fig. 4.8 the average supersymbol error probability is plotted for code (16–QAM)T−1

with T = 3, 6, δF = 3 and cos θr = 0.97 at 18 dB SNR. A proper choice ofk is
necessary not to degrade the performance, but the parameteris more sensible for small
size codebooks. This behaviour can be explained by the choice of homothetic factor
α. In fact, due toα, the maximum‖b‖ of the code withT = 3 is about1.35, while
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θr Lav Lav/L σav σav/L

π/13 25.0 0.24 10−4 8.5 0.81 10−5

π/14 13.8 0.13 10−4 6.4 0.60 10−5

π/15 9.0 0.09 10−4 5.5 0.53 10−5

π/16 6.6 0.06 10−4 5.1 0.48 10−5

π/17 5.2 0.05 10−4 3.3 0.32 10−5

π/18 4.7 0.04 10−4 3.3 0.32 10−5

Table 4.2: Evolution of some decoder parameters for different θr fixed code (16–
QAM)5, (T = 6, L = 220), at 18 dB average (on supersymbols) receive SNR.
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Figure 4.9: The effect ofk for codebooks (16–QAM)T−1 with T = 3, 6, with δF = 3
andcos θr = 0.97 at 18 dB SNR.

for the code withT = 6 is 1.42. Generally, the modulo–U effect affects codewords
of (16–QAM)5 with higher probability than codewords (16–QAM)2. In other words,
whenT increases, the correct codeword has higher probability to be located far from
the received point (k > 2).

4.5 Simulations

We report in this section some simulations for the caseM = 1 andN = 1 on AWGN
channel with unknown phase, and forM = 1, N ≥ 1 on the Rayleigh channel.
No outer code is considered in these simulations. Codebooks are of typeB = (Q–
QAM)T−1. We recall that the co–ML–tg decoder is a simple threshold detector for this
codebooks. Comparisons are performed with other propositions.
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4.5.1 Simulations for AWGN with Unknown Channel Phase

5 10 15 20 25
10

−4

10
−3

10
−2

10
−1

10
0

SNR [dB]

P
e s

up
er

sy
m

bo
l

EP code, GLRT
EP code, co−ML−tg
EP code, local GLRT
Sweldens, GLRT
4−QAM
8−QAM
16−QAM
64−QAM

8 10 12 14 16 18 20
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR [dB]

E
rr

or
 p

ro
ba

bi
lit

y

T = 3, FER
T = 3, BER
T = 6, FER
T = 6, BER
T = 10, FER
T = 10, BER

Figure 4.10: Left plot: performances of EP codes from coherent codes (Q–QAM)T−1

with T = 3 andQ = 4, 8, 16, 64. We setcos θr = 0.97 and δF = 3, θnl = π/6.
Comparisons are also performed with proposal of Sweldens [74]. Right plot: Perfor-
mances (average supersymbol error probability or FER and BER)of EP codes from
(16–QAM)T−1 with T = 3, 6, 10.

The left plot of Fig. 4.10 represents performances (averagesupersymbol error
or FER) of EP codes coming from coherent codes (Q–QAM)2 (T = 3), for Q =
4, 8, 16, 64. We used different decoding criteria: the GLRT (implemented by exhaus-
tive search), the proposed local GLRT and the coherent ML criterion on tangent space
(co–ML–tg). The channel model used is the AWGN with unknown phase, while sim-
ulation is stopped after 500 supersymbol errors at least. The proposed local GLRT
follows closely the GLRT performances, while the co–ML–tg is close to the GLRT
performances only when the size of the codebook is not large.Code (8–QAM)2 has
very bad performance due to bad constellation shaping. In Fig. 4.10 a comparison
with [74] is made. Sweldens proposed an efficient decoding algorithm of complexity
O(T log T ) for codes based on theQ–PSK constellation

xt = [1 ej2πk1/Q . . . ej2πkT−1/Q] , k1, . . . , kT−1 ∈ {0, 1, . . . , Q− 1} . (4.64)

ForQ = 4, EP codes and codes of the kind (4.64) have equivalent performance. When
Q ≥ 16, EP codes outperform codes (4.64) because the minimal distance between
codewords ofQ–PSK is smaller than the one ofQ–QAM (currently the simplified
decoding exists only for codes (4.64) based onQ–PSK).

In the right plot of Fig. 4.10, we can see the performance of EPcodes from (16–
QAM)T−1 with T = 3, 6, 10 and AWGN noise with unknown channel phase. Decoding
is done via local GLRT with the same parameters of previous case (except forT = 10,
whereθr = π/19 is chosen to have small lists).
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4.5.2 Simulations for Rayleigh SIMO Block Fading Channels

As mentioned in the first section of this chapter, we propose to use the same detector, in
SIMO case. To this end, received signalY provides an estimated direction via signal
processing described in (4.8). Once the estimated direction is obtained, suboptimal
criterion (4.10) is used instead of true GLRT (4.7), and the maximization problem is
solved via local GLRT or co–ML–tg decoder. Nevertheless, our simulations show that
GLRT performances are always matched.
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Figure 4.11: Left plot: performances of EP codes coming from(64–QAM)2 (T = 3),
for N = 1, 2, 3, 4. Decoder parameters:cos θr = 0.97, δF = 2, θnl = π/6. Simulation
stopped with more than 500 supersymbol errors. Right plot: behaviour of the mean and
standard deviation of candidate lists length for local GLRTfor the case (64–QAM)2

with one receive antenna (N = 1).

In the left plot of Fig. 4.11, performances of EP code from (64–QAM)2 (T = 3)
are plotted in the case of different receive antennas. We notice that the local GLRT
matches with the GLRT performances. We notice also that bothsimplified decoders
(local GLRT and co–ML–tg) maintain full (receive) diversity. Nevertheless, the co–
ML–tg decoder exhibits a growing SNR loss (for fixed error probability) as the number
of receive antennas grows. In the right plot of Fig. 4.11, we show the behaviour of the
mean and standard deviation of lengths of the candidate lists for local GLRT. We used
the same code, withN = 1 in two different cases: one with parameters chosen in a
conservative way and the other with better optimized parameters. We can see that in
both cases, the mean and standard deviations substantiallyremain constant over a large
interval of average received SNR.

At the left of Fig. 4.12 we see that the performances on Rayleigh channels con-
verge to the ones on AWGN for growingN . This happens when the received SNR
is normalized so that the total received power (from all receive antennas) is equal
to transmit power (in our case channel complex fading have variance1/N ). The
right plot of Fig. 4.12 show performances for different codes Q = 4, 8, 16, 64, 256
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Figure 4.12: Left plot: performances of EP code from (16–QAM)2 (T = 3) on a
Rayleigh block fading channel converge to performance on AWGNchannel with un-
known phase (if the SNR is properly normalized). Right plot: performances of differ-
ent codes forT = 4 andN = 4.

andN = 4, with local GLRT and co–ML–tg. Spectral efficiencies are respectively
η = (log2Q)(T − 1)/T = 3/2, 9/4, 3, 9/2, 4. EP code from8–QAM works better
than in AWGN case, due to the Rayleigh channel. We see that the local GLRT gain
with respect to the co–ML–tg decoder goes from 1 to 2 dB at10−2 FER (or super-
symbol error probability), which is practically constant with respect to the SNR. The
loss is greater for8–QAM, 16–QAM and it decreases for lower or higher cardinality
constellations.

In the left plot of Fig. 4.13, we measured SNR loss at10−3 BER, due to decoding
with co–ML–tg in stead of local GLRT. For fixedT , the loss increasess at a growing
number of receive antennas. For fixedN , the loss decreases at growingN . As in the
right plot of Fig. 4.12, loss is slightly greater in “medium size” constellations (8 and
16–QAM).

In the right plot of Fig. 4.13 comparisons with different propositions in the lit-
erature are performed [26], [16], [23]. We plot spectral efficiency versusEb/N0 at
10−3 BER, for T = 2, in order to compare with codebooks obtained by numerical
optimization [16] (for greaterT this benchmark is not available due to the numerical
impossibility to perform such optimizations). For spectral efficiency1.5 bits/s/Hz, EP
codes are drawn from8–QAM and have bad performance due to the rectangular shape
of the constellation, as previously explained. This problem can be mitigated using
constellations with different shapes. We can see that our proposition works better than
every other one in certain cases (16 and 64 –QAM). However, for low and high spectral
efficiencies, training based schemes work better. In this figure, training is performed
sending a known first symbol (equal to 1) to extract the channel estimation. Data sym-
bols, drawn from QAM constellations, follow. As a matter of fact, the advantage of
training systems consists in their low decoding complexity: the estimation of the chan-
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Figure 4.13: Left plot: spectral efficiency versusEb/N0 at 10−3 BER for T = 2, 4
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plot: spectral efficiency versusEb/N0 at10−3 BER for different code propositions are
presented, forT = 2 andN = 1.

nel is immediate, since it is just the first received complex symbol. The decoder is
just a simple threshold detector (complexity linear inT ), which means that no sphere
search must be performed.

4.6 Conclusions

After a presentation of the distance properties of EP codes for systems with one trans-
mit antennas, we investigated the geometrical relationship of GLRT level sets on the
Grassmannian and on the tangent space. This allowed us to finda decoding algo-
rithm which closely follows GLRT performances under the assumption that decoder
parameters are properly set. A rough complexity study was performed. Performance
comparisons between EP codes and current best propositions(in particular training
based codes) indicate that EP codes perform better than training based codes for in-
termediate spectral efficiencies. However, the performance–complexity trade–off is
better optimized by training codes, which have very low decoding complexity.
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A Class of Random Variables

A.1 Central and non–central Chi-Squared

The sum ofν squared i.i.d. gaussian variablesXn ∼ N (0, σ2) is a chi–squared random
variable [8]

Y =
ν∑

n=1

X2
i , Y ∼ χ2

ν(σ
2) (4.65)

whose probability density function (pdf) is

pY (y) =
1

2ν/2Γ(ν/2)σν
yν/2−1e−y/(2σ2)1(y) , (4.66)

where1(y) = 1 for y ≥ 0 and zero otherwise.
When the random variablesXn have non–zero mean and equal variance,Xn ∼

N (mn, σ
2), the sum of their squares is a non–central chi–squared with non centrality

parameter

λ =
ν∑

n=1

m2
n (4.67)

and it is denoted byY ∼ χ′2
ν (σ2, λ). Its pdf is given by [8]

pY (y) =
1

2σ2

(y
λ

) ν−2

4

e(λ+y)/(2σ2)I ν
2
−1

(√
λ y

σ2

)
1(y) (4.68)

whereIα(u) is the modified Bessel funciton of the first kind of orderα

Iα(u) =
∞∑

k=0

(u/2)2k+α

k! Γ(α+ k + 1)
. (4.69)

A.2 Central and non–centralF

The (central)F random variable can be described as the ratio of two independent
central chi–squared

Y =
X1/ν1

X2/ν2

, with X1 ∼ χ2
ν1

(σ2) , X2 ∼ χ2
ν2

(σ2) (4.70)

thenY ∼ Fν1,ν2
. Indeed, the parameterσ2 does not influence the pdf of anF rv, as it

can be easily seen by multiplying at the numerator and denominator by the definition
(4.70) (see also [75]). The pdf is given by

pY (y) =
(ν1/ν2)

ν1/2

B(ν1/2, ν2/2)

y
ν1
2
−1

(
1 + ν1

ν2
y
) ν1+ν2

2

1(y) (4.71)
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whereB(u, v) is the Beta function defined as

B(u, v) =
Γ(u)Γ(v)

Γ(u+ v)
. (4.72)

Observe that ifX2 ∼ χ2
ν2

(σ2), thenX2/ν2 → 1 if ν2 → ∞. Hence ifY ∼ Fν1,ν2
,

Y → X1/ν1 ∼ χ2
ν1

(σ2/ν1) if ν2 → ∞ (see [76, pag. 28]).
The non–centralF random variable can be described as the ratio of a non-central

chi–squaredX1 ∼ χ′2
ν1

(1, λ) and a central chi–squaredX2 ∈ χ2
ν2

(1)

Y =
X1/ν1

X2/ν2

, Y ∼ Fν1,ν2
(λ) (4.73)

As a matter of fact, the non–centralF depends on the parameterσ2 of the chi–squared
component. IfX1 ∼ χ′2

ν1
(σ2, λ) andX2 ∼ χ2

ν2
(σ2), thenY ∼ Fν1,ν2

(λ/σ2) (the control
is made developpingy as a ratio of sums of squared Gaussian rvsZn ∼ N (mn, σ

2)
and noticing thatZn/σ ∼ N (mn/σ, 1)). The pdf of aFν1,ν2

(λ) is

pY (y) = e−
λ
2

∞∑

k=0

(
λ
2

)k

k!
pFν1+2k,ν2

(y) (4.74)

wherepFν1+2k,ν2
(y) is the pdf of aFν1+2k,ν2

given in (4.71). We observe thatFν1,ν2
(λ =

0) = Fν1,ν2
and that ifY ∼ Fν1,ν2

(λ) thenY → X1/ν1 with X1 ∼ χ′2
ν1

(1, λ) if
ν2 → ∞.

A.3 Central and non–central beta

A beta variable of parametersν1/2 andν2/2, βν1/2,ν2/2 can be generated as follows
[73, pag. 944]

Y =
X1

X1 +X2

, X1 ∼ χ2
ν1

(σ2) , X2 ∼ χ2
ν2

(σ2) (4.75)

wherex1 andx2 are independent. We can write

Y =
X1

X2

1 + X1

X2

=
W

1 +W
⇐⇒ W =

Y

1 − Y
with Y ∈ [0, 1] , W ∈ [0,∞) .

In the given range the two functions are monotonic and one theinverse of the other,
which implies that the cumulative distribution function (or probability distribution
function) cdf of the two random variables is related by

PY (y) = P

[
Y ≤ w

1 + w

]
= P

[
W ≤ y

1 − y

]
= PW

(
y

y − 1

)
= PFν1,ν2

(
y

1 − y

ν2

ν1

)

(4.76)
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becauseW = (ν1/ν2)Z, whereZ ∈ Fν1,ν2
. By derivation we obtain

pY (y) =
y

ν1
2
−1(1 − y)

ν2
2
−1

B(ν1/2, ν2/2)
1(y)1(y − 1) . (4.77)

Another way to obtain the cdf is to directly integrate (4.77)

PY (y) =

∫ y

0

pY (y)dy = Iy

(ν1

2
,
ν2

2

)

whereIy(u, v) is the incomplete Beta function [73, pag. 944]. SinceY is a function of
a centralF rv Z, it does not depend on the parameterσ2.

In general, for a beta rvY ∼ βp,q, the raw moments are

µ′
n(p, q) = E [Y n] =

Γ(p+ n)Γ(p+ q)

Γ(p)Γ(p+ q + n)
' Γ(p+ n)

Γ(p)

1

(q + p+ n)n
for q → +∞ .

(4.78)
In particular, for a beta rvY ∼ βp,q, we have

E [Y ] = mY =
p

p+ q
, E [|Y −mY |2] = σ2

Y =
pq

(p+ q)2(p+ q + 1)
(4.79)

asymptotically forq → +∞

lim
q→+∞

E [Y ] = 0 , lim
q→+∞

E [|Y −mY |2] = 0 . (4.80)

Hence, whenq goes to infinity,Y converge to the pseudo-random variable 0 (since the
series of rv converges in 2–mean as q goes to infinity). It is likewise possible to prove
that whenp goes to infinityY converge to the pseudo-random variable 1.

The non–central beta random variable of parametersν1/2, ν2/2 and non–centrality
parameterλ/σ2, Y ∼ βν1/2,ν2/2(λ/σ

2) is obtained as

Y =
X1

X1 +X2

, X1 ∼ χ′2
ν1

(σ2, λ) , X2 ∼ χ2
ν2

(σ2) (4.81)

If we proceed as before, withW = (ν1/ν2)Z andZ ∈ Fν1,ν2
(λ) this time we obtain

the cdf

PY (y) = PFν1,ν2
(λ/σ2)

(
y

1 − y

ν2

ν1

)
= e−

λ

2σ2

∞∑

k=0

(
λ/σ2

2

)k

k!
Iy

(ν1

2
+ k,

ν2

2

)
(4.82)

and pdf

pY (y) = e−
λ

2σ2

∞∑

k=0

(
λ

2σ2

)k

k!
pβ ν1

2
+k,

ν2
2

(y) . (4.83)
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The pdf (4.83) can be generalized by replacingν1/2 andν2/2 with two real positive
parametersp andq andλ/σ2 woth λ′ ≥ 0, in order to obtain the general pdf of a rv
Y ∼ βp,q(λ

′)

pY (y) = e−
λ′

2

∞∑

k=0

(
λ′

2

)k

k!
pβp+k,q

(y) , µ′
n(p, q, λ′) = E [Y n] . (4.84)

From (4.84) the raw moments of a non–central beta rv can be derived from the ones of
the correspoding central beta rv

µ′
n(p, q, λ′) = e−

λ′

2

∞∑

k=0

(
λ′

2

)k

k!
µ′

n (p+ k, q) (4.85)

If p+ q ∈ N then a simple expression for the mean exists

mY = 1 − q
[∑p+q−1

k=0 (−1)k (p+q−1)!
(p+q−1−k)!

(
2
λ′

)k+1

+(−1)p+q−1(p+ q − 1)!e−
λ′

2

(
2
λ′

)p+q
]

= 1 − q(p+ q − 1)!
∑∞

k=0
(−1)k

(p+q+k)!

(
λ′

2

)k
(4.86)

Whenλ′ = 0 we obtain a central beta with the same parameters, of course.For large
λ′ it holds

mY ' 1 − 2q

λ′
(4.87)

B Circles

B.1 Parameterization of Complex Hyperspheres

We describe a particular parameterization of the complex hypersphereUT with real
parameters, which will be useful later on. Letv belong toU

T . Once fixed an arbitrary
unit vectoru1, which takes the role of reference direction, then a vectorv ∈ U

T can
be expressed as

v = eiξ1 cos θ1u1 + sin θ1v1 , v1 ⊥ u , ‖v1‖ = 1 (4.88)

whereθ1 ∈ [0, π/2] (it is the amplitude of a complex number) andξ1 ∈ [0, 2π) (phase
degree of freedom).θ1 = 0 = ξ1 locateu1, the reference vector of the parameteri-
zation. Equation (4.88) means thatU

T ' S
2T , the (2T − 1)–dimensional2 complex

hypersphere, can be parameterized by a(2T − 3)–dimensional complex hypersphere
and two free real parametersθ1 andξ1, which are written in the previous form to sat-
isfy the constraint of the sphere equation. The roles of sineand cosine are equivalent

2In real dimensions.
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(we can change them and obtain the same surface, even if the reference points do not
coincide). Through a slight abuse of notation, for every fixed u1, we have

U
T = eiξ1 cos θ1u1 + sin θ1U

T−1
T (u1) , (4.89)

whereU
T−1
T is a (T − 1)–dimensional hypersphere3 in C

T , orthogonal tou1, i.e.
U

T−1
T (u1) = {v ∈ C

T : ‖v‖ = 1,v†u1 = 0}. The process can be repeated, i.e.
fix u2 orthogonal tou1 and letv2 run over the(2T − 5)–dimensional complex hyper-
sphereUT−2

T (u1,u2), orthogonal to the subspace spanned byu1 andu2, then

v = eiξ1 cos θ1u1 + sin θ1(e
iξ2 cos θ2u2 + sin θ2v2) . (4.90)

Generally, if we consider an hypersphereU
T−n
T (u1, . . . ,un) with real dimensions2T−

1 − 2n orthogonal to a2n–dimensional subspace generated by the orthonormal basis
{u1, . . . ,un}, we have

v = eiξ1 cos θ1u1 + sin θ1{eiξ2 cos θ2u2 + sin θ2[. . .

. . .+ sin θn−1(e
iξn cos θnun + sin θnvn) . . .]} (4.91)

with θ1, . . . , θm ∈ [0, π/2], ξ1, . . . , ξn ∈ [0, 2π) andvn ∈ U
T−n
T (u1, . . . ,un). When

n = T − 1 parameterization (4.91) becomes

v = eiξ1 cos θ1u1 + sin θ1[. . . sin θT−2(e
iξT−1 cos θT−1uT−1 + eiξT sin θT−1uT ) . . .] .

(4.92)
wherevT−1 = eiξT uT is the one–dimensional hypershere, i.e. a fixed unit vectoruT

(orthogonal tout, t = 1, . . . , T − 1) with a free phase factor. We need2T − 1 real
parameters, as required.

Parameterization (4.92) is not unique, it depends for instance on the choice of or-
thonormal basis{u1, . . . ,uT}. Another parameterization is obtained by defining the
phase parameters of each couple in relation to the previous one. If we collect the factor
inside each parenthesis in (4.92) and rename it, we obtain

v = eiξ1{cos θ1u1+e
iξ2 sin θ1[. . . e

iξT−1 sin θT−2(cos θT−1uT−1+e
iξT sin θT−1uT ) . . .]}.

(4.93)
The previous parameterization can be restated in form (4.91)

v = eiξ1{cos θ1u1 + eiξ2 sin θ1[. . . e
iξn sin θn−1(cos θnun + sin θnvn) . . .]} . (4.94)

wherevn ∈ U
T−n
T (u1, . . . ,un).
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a < b

x

a

b

ξξ

a

b

x
a > b

ϕ

0 0

ϕ

Figure 4.14: Graphical interpretation of the expressionx = a + beiξ for a > b and
a < b.

B.2 Absolute Value and Phase of Points over a Circle

Let a andb be two real and positive numbers. We want to calculate, module and phase
of x = a+ b eiξ, ξ ∈ (−π, π]

|x| = [a2 +b2 +2ab cos ξ]1/2 , ϕ = ∠x =





arccos

(
a+b cos ξ

|x|

)
, ξ ∈ [0, π]

− arccos
(

a+b cos ξ
|x|

)
, ξ ∈ (−π, 0)

(4.95)

a < b a = b a > b

maxξ{|x|} a+ b, ξ = 0 2a, ξ = 0 a+ b, ξ = 0
minξ{|x|} b− a, ξ = π 0, ξ = π a− b, ξ = π
maxξ{ϕ} π, ξ = π π/2, ξ = π ϕ̄ = arcsin(b/a), ξ = π/2 + ϕ̄

Notice that, while the absolute value ofx is a continuous function ofa and b, its
maximum phase has a discontinuity ata = b, where it jumps fromπ/2 to π.

B.3 On the common phase of points in the preimage of level sets
when θa = π/2.

We can distinguish three case according to the relationshipbetweenθ1 andθr.

1. 0 ≤ θ1 ≤ θr. In this case the point0 ∈ Bπ/2 is contained in the preimage of the
level set. Moreover, the following inequalities hold

sin θ1 sin θr ≤ sin θ1 cos θr ≤ sin θr cos θ1 ≤ cos θ1 cos θr

The first termδ (defined in (4.41)) is bounded sincea ≥ bmax (defined in (4.40)):
δ ∈ [−δ̄, δ̄] with δ̄ as in (4.46). We note that, beingθ1 ≤ θr < π/4, then

3The subscriptT in U
T−1
T means thatUT−1

T vectors’ length isT and notT − 1, because the hyper-
sphere are imbedded inCT .
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tan θ1 ≤ tan θr < 1. On the other hand the phase

γ = ∠(cos θr sin θ1 − sin θr cos θ1 e
iξa) (4.96)

can span the whole interval[0, 2π) becausecos θr sin θ1 ≤ sin θr cos θ1 in this
case. This means that the global common phase factor spans[0, 2π) but this is
not a modulo–U effect, it is simply due to the fact that the origin of the tangent
space is inside the preimage of the level set.

2. θr < θ1 < π/2 − θr. In this case the level set is between the origin and the
equator.We have

sin θ1 sin θr

sin θr cos θ1

}
≤ sin θ1 cos θr , sin θ1 sin θr < cos θ1 cos θr .

In this caseδ is limited with the same expression in (4.46), wheretan θ1 <
tan(π/2 − θr) = 1/ tan θr, assures a real solution. This timeγ in (4.96) is
limited too

γ ∈ [−γ̄, γ̄] , γ̄ = arcsin(tan θr/ tan θ1) at ξa = ±(π/2 − γ̄) .

hence we do not have modulo–U effect.

3. π/2 − θr ≤ θ1 < π/2. The modulo–U effect is present. In this caseθ + r <
π/4 < π/2 − θr ≤ θ1, we have

sin θr cos θ1 ≤ cos θ1 cos θr ≤ sin θ1 sin θr ≤ sin θ1 cos θr

and soγ is bounded as in the previous case, whileδπ/2 can assume all values in
[0, 2π).

B.4 Choice of the Spheres for the Case with Modulo Effect

For the case of modulo–U effect, the common phase phaseδ of the origin can be
everywhere in[0, 2π). However, we chose to use three sphere searches. The first
search takes place inside a sphere with centero1 = o as in (4.58) and radiusrmax

(4.57).
What is the common phasêδ which bringoeiδ̂ on the surface of this first sphere?

The solution is‖oiδ̂ − o‖ = rmax, i.e. ‖o‖|1 − eiδ̂| = rmax, i.e. ||1 − eiδ̂| ≤ rmax/o.
Solving the latter equation yields

δ̂ = arccos

[
1

2α

(
2 −R2

)]
, R =

rmax

o
(4.97)

which is valid forR < 2 and which holds true for the values ofθr we use. Expression
(4.97) exactly corresponds to expression (4.61), in which the parameterk artificially
scales the radius of the first sphere. Hence ifk = 1, the common phasesδ2,3 are such
thato2,3 are located on the surface of the first sphere. Ifk < 1, o2,3 are contained in the
first sphere, while ifk > 1 they are out of the first sphere. In other words,k controls
the position of the two spheres with respect to the first one (given byδ = 0).



Chapter 5

Suboptimal Decoding of EP Codes
overGT,M

We present two simplified decoders for space–time EP codes. We suppose that the
receiver has a number of antennas equal or greater than than the number of antennas
at the transmiter (N ≥ M ). We will also suppose that the duration of the frame is
T = 2M , since it is the only case for which we can say something aboutEP code
properties. As a matter of fact, whenM > 1 analytical investigation of the GLRT rule
has proved to be a tough task. This was already proved by Theorem 1: the complex
non–linear relationship betweenB andC prevented us to find an analytical relationship
between the product distance (forC) and the classical Euclidean distance (forB). Only
a local description of EP codes properties around the reference subspace has been
found. Even if this description gives some insights in code design, EP codes parameters
must be eventually optimized by simulation.

Section 5.1 recalls the GLRT detection rule and introduces asimple subspace esti-
mation whenN > M . In Section 5.2, some results on product distances are reported
under the assumption of small principal angles (between codeword subspaces and the
reference subspace). In Section 5.3, we discuss linear approximations of the Grass-
mannian. We introduce a decoder coming from the geometricalinterpretation of the
coding procedure and another simplified decoder based on thesmall principal angle as-
sumption, called local GLRT. A first investigation about thelatter decoder is presented
as well as a rough complexity study. In Section 5.4 some particular EP codes are
presented. The choice of the homothetic factor and of other parameters is discussed
under different decoding strategies. Performances are reported and comparisons are
performed in particular with training–based codes. The last section contains conclu-
sions.
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5.1 Detection Criteria for EP Codes onGT,M

We recall the channel model (2.1) with normalization (2.4)

Y = XH + σW , σ2 =
M

Tρ
(5.1)

whereρ is the SNR per receive antenna averaged over supersymbols and channel fad-
ings. GLRT rule is

X̂ = max
X∈C

‖X†Y‖2
F . (5.2)

Channel and noise affect sent unitary codewords so that received signals are no longer
unitary. As in SIMO case, we also consider the suboptimal criterion

X̂sub = max
X∈C

‖X†Yu‖2 , Y†
uYu = IM , span(Yu) = span(Y) (5.3)

replacingY with a unitary basisYu spanning the same subspace. The suboptimal
criterion (5.3) is not equivalent to GLRT (5.2), of course. This approximation enables
to express the decision criterion as a function of the pointsover the Grassmannian.
Nevertheless, the increased complexity of suboptimal GLRT(5.3) geometrical analy-
sis prevented us to lead an in–depth study as in SISO channel case (see Chapter 4).
Moreover(5.3) proved to be far less accurate than in SISO/SIMO cases, so we do not
report results here.

WhenN > M , received signalY can be reduced toGT,M as in SIMO case. From
the same correlation matrix reported in expression (4.8), we reduceT × N received
signal matrixY to aT ×M matrixYu:

Yu : eigenvectors of firstM greatest eigenvalues ofRY =
1

N
Y Y† . (5.4)

As a matter of fact, using channel model (5.1)

Y Y† = XHH†X† + σWH†X† + XHσW† + σ2WW†

we obtain
E [RY ] = XX† + σ2IT , (5.5)

which is similar to (4.9) (expectation conditioned on sent codewordX). We notice
that, ifN were strictly smaller thanM , RY would have rankN < M . Hence,M −N
dimensions of the subspace spanned byX would be lost and conclusion (5.5) is no
longer true. In fact,Yu is no longer onGT,M but onGT,N and we do not know how
this reduction affects the coherent code on the tangent space. In other words, as in
coherent systems, our system is under-determined (more variables than observations),
and decoding complexity is exponential inT (M−N). One possible strategy to recover
the whole sent codeword is to use a channel with greater diversity. For instance, the
same codewordX could be sent overdM/Ne independent block fading realizations,
so that codeword duration isT dM/Ne. This case will not be considered here.
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5.2 Properties of EP Codes overGT,M

EP codes over a GrassmannianGT,M have a far less exploitable structure than codes
overGT,1. However we succeeded in relating product distance of EP code CB to fun-
damental parameters of coherent codeB̃. The latter is defined fromB as in the proof
of Theorem 1: singular value matrixΘk of Bk ∈ B is replaced bytanΘk (see (3.39)).
Under the assumption of full diversity (in the coherent sense) ofB, we define

Λ(Bk,B`) = det[(B` − Bk)
†(B` − Bk)] = | det(B` − Bk)|2 (5.6)

where the second passage is valid only for square matrices. The minimum of these
quantities

Λ(B) = min
k 6=`

Λ(Bk,B`) (5.7)

is closely related to the coding gain of STB codeB, in the case of flat quasi–static
block–fading channel whit no outer code [12].

Given these definitions, we prove

Proposition 8 Suppose thatT = 2M . Let CB be an EP code derived from coherent
codeB, and consider also codẽB. Suppose that all the codes enjoy full diversity. Let
Xk,X` ∈ CB, Bk,B` ∈ B the corresponding matrices inB and letΘk be the singular
values ofBk ∈ B. Then

dp(Xk,X`) = | cosΘk|
1

M | cosΘ`|
1

M [Λ(B̃k, B̃`)]
1

2M (5.8)

Proof. SinceT = 2M , matrices inB andB̃ are squareM×M . Under this hypothesis,
determinantal formula (2.76) gives

det[(B̃` − B̃k)
†(B̃` − B̃k)] = det

{[
IM 0M

B̃k B̃` − B̃k

]† [
IM 0M

B̃k B̃` − B̃k

]}
(5.9)

where, from (3.40) and (3.41)

[
IM 0M

B̃k B̃` − B̃k

]
=

[
IM IM

B̃k B̃`

] [
IM −IM

0M IM

]

= [Xk X`]

[
UkC

−1
k U

†
k 0M

0M U`C
−1
` U

†
`

] [
IM −IM

0M IM

]

whereCk = cos(Θk). By insertion of the previous identity in (5.9) we obtain

det[(B̃` − B̃k)
†(B̃` − B̃k)] = det

{[
X

†
k

X
†
`

]
[Xk X`]

}
detC−2

k detC−2
`

and we conclude the proof thanks to product distance definition (2.26).�
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Expression (5.8) is nice but not very useful, because a simple link between det[(B̃`−
B̃k)

†(B̃` − B̃k)] and det[(B` −Bk)
†(B` −Bk)] does not exist. Even ifB has a strong

algebraic structure (e.g. it is carved from a lattice), codeB̃ normally looses this struc-
ture because of the non–linear operation which produces it fromB. This prevented us
finding a good homothetic factor via mathematical analysis on distance bounds, as in
the caseGT,1.

However,B̃k ' Bk is valid if singular valuesΘk are sufficiently small so that
tan(Θk) is acceptably approximated byΘk itself. In this case, identity (5.8) becomes

dp(Xk,X`) ' | cosΘk|
1

M | cosΘ`|
1

M [Λ(Bk,B`)]
1

2M , tan(Θk), tan(Θ`) ' Θk,Θ` .
(5.10)

From inequalities1 − (2/π)x ≤ cos x ≤ 1, in x ∈ [0, π/2], and1 − θk,mπ/2 ≥
1 − θk,1π/2, whereθk,1 = ‖Bk‖2 (spectral norm as in (2.74)), we have

1 − (2/π)‖Bk‖2 ≤
[ M∏

m=1

(1 − (2/π)θk,m)
] 1

M ≤ | cosΘk|
1

M ≤ 1 .

By combining the previous expression with (5.10), the following bounds are obtained
for codewords sufficiently close to the reference space

(1 − (2/π)‖Bk‖2)(1 − (2/π)‖B`‖2)[Λ(Bk,B`)]
1

2M / dp(Xk,X`) / [Λ(Bk,B`)]
1

2M

(5.11)
Suppose now that the homothetic factor is chosen so that all codewords are close to the
reference space. We can then minimize the three terms of (5.11) and by defining

dp,min(CB) = min
Xk 6=X`∈C

dp(Xk,X`) , (5.12)

we have

(1 − (2/π) min
Bk∈B

‖Bk‖2)
2 [Λ(B)]

1

2M / dp,min(CB) / [Λ(B)]
1

2M . (5.13)

We notice that the minimum is not necessarily reached by the same couple, for all
terms. For the approximation to be valid,‖Bk‖2 must be small. Under this assumption
we eventually obtaindp,min(CB) ' [Λ(B)]

1

2M . Expression (5.13) was obtained suppos-
ing small homothetic factors, condition under which performances degrade (as we will
see). Therefore, expression (5.13) cannot be used to find homothetic factors for codes
which have part of their codewords far away from the reference space.

5.3 Decoder Proposals

5.3.1 AboutGT,M Linearization around the Received Signal

We have seen in Chapter 4 that the Grassmannian can be linearized around reference
spaceΩref : its tangent spacetπref is a good approximation (around the reference
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space). Now, we suppose that received signalY has already been orthonormalized and
reduced to CS form (3.20). IfM = N , at high SNR the sent codeword must be close
to the received signal. Our idea is to linearizeGT,M around the received signal (not
the reference space!), to extract a list of candidate codewords and to perform a local
GLRT on that list, with the true GLRT criterion (5.2) (as in the previous chapter). In
other words, we would like to map codebookCB back to the tangent space atY and
then to use it as a linear approximation of the Grassmannian aroundY.

To this end, we consider a codebook whose codewords give matrices imbedded
on the tangent space that satisfy the commutative property (∆k∆l = ∆l∆k for each
couplek 6= l). As seen in Chapter 4, codes satisfying this property are quite rare.
Nevertheless, these strong structured codes allow us to understand linearization issues.

A generic codewordX ∈ CB is obtained asX = exp(∆X,ref )IT,M (see (3.15)),
where subscriptsX, ref mean that matrix∆X,ref is in tπref and corresponds toX. To
deduce which matrix corresponds toX in the tangent space atY, we should rewriteX
as (see (3.15))

X = QY exp

([
0 −B

†
X,Y

BX,Y 0

])
IT,Y (5.14)

whereQY = [Y Y⊥] ∈ UT . To this end consider

X = exp(∆X,ref )IT,M = QY Q
†
Y exp(∆X,ref )IT,M

= (using (3.13) and (3.4))= QY exp(∆†
Y,ref ) exp(∆X,ref )IT,M

= (commuting skew–Hermitian matrices)= QY exp(∆X,ref − ∆Y,ref )IT,M ,

and we obtain (5.14), where
[

0 −B
†
X,Y

BX,Y 0

]
= ∆X,ref − ∆Y,ref =⇒ ∆X,Y = QY (∆X,ref − ∆Y,ref ) .

(5.15)
It is easy to verify that the block form of∆X,ref − ∆Y,ref is correct. Notice that new
matrices in the tangent space atY are obtained by a linear transformation, which is
unique for all matrices and determined byY.

Unfortunately, when matrices ontπref do not commute, it is impossible to draw
similar conclusions. Proceeding as before, the step in which commutativity is used
must be replaced by explicit calculations. To simplify calculations let us takeT =
2M . By writing exponential matrices in CS form (see (3.19) and (3.20) for matrix
definitions) we have

X = QY exp(∆†
Y,ref ) exp(∆X,ref )IT,M

= QY

[
UY CY U

†
Y UY SY V

†
Y

−VY SY U
†
Y VY CY V

†
Y

] [
UXCXU

†
X −UXSXV

†
X

VXSXU
†
X VXCXV

†
X

]
IT,M ,

where matrix subscriptsX or Y denote correspondence withX or Y represented with
respect totπref . For example, consider left top block of the matrix exponential product

UY CY U
†
Y UXCXU

†
X + UY SY V

†
Y VXSXU

†
X . (5.16)
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The correct sent codeword is close to the received signal at high SNR. Let us use ap-
proximations:UX ' UY , VX ' UY andΘX = ΘY + Ξ, whereΞ is a diagonal
matrix which contains the perturbation of singular valuesΘY . If we inject these ap-
proximations inside (5.16) we findUY cos(Ξ)U†

Y , which has the correct form, but is
useless. In fact, the directional information ofX with respect toY is lost, since it is
contained in TSVD unitary matrices.

However, ifΘX ' ΘY andUX , VX are not approximate, we have

UY CY U
†
Y UXCY U

†
X + UY SY V

†
Y VXSY U

†
X . (5.17)

Matrix (5.17) is not in CS form (it should be Hermitian) so thatwe must find a right
unitary transformation to set (5.17) in Hermitian form (seepolar decomposition [68]).
We do not succeeded in finding such a rotation in close form. Moreover such a rotation
generally depends on the TSVD matrices of each codeword∆X in a non–linear way,
while we would like to find a linear expression in∆X as in (5.15). We explain this fact
as a structure loss of codeB when mapped back to the tangent space at a point different
from the reference subspace. Once fixedCB, the algebraic structure ofB changes if the
tangent space changes.

We conclude that Grassmannian linearization is not feasible around the received
signal, in the sense that the coherent code has no apparent structure to be exploited.

5.3.2 Simplified Decoding based on Tangent Space Directions

In the previous subsection we did not succeeded in linearizing the Grassmannian and
in maintaining a sufficient code structure to decode efficiently at the same time. We
propose here a simplified decoder which exploits the geometrical interpretation of ma-
trices∆ on tπref .

We have seen that the singular values ofBk are the principal angles betweenΩref

andΩXk
, while matrix∆k ∈ tπref (built fromBk) is the direction of the Grassmannian

geodesic passing throughΩref andΩXk
(see (3.14)).

Our idea is to choose the codeword whose direction intπref is closest to direction
∆Y , corresponding toYu in (5.4). Hence, we maximize the cosine between direction
couples, using canonical matrix (3.11) (which is defined in the tangent space)

min
B∈B

〈∆Y ,∆〉/(||∆Y ||F ||∆||F ) (5.18)

(the relationship betweenB and∆ can be found in formula (3.10)). We do not know
how to solve efficiently problem (5.18). But, under assumption

‖B‖F = constant, ∀ B ∈ B (5.19)

from (3.11), it is simple to show that (5.18) is equivalent tothe minimization problem

min
B∈B

‖BY − B‖2
F

‖BY ‖F‖B‖F

= min
B∈B

‖BY − B‖2
F . (5.20)
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Matrix BY can be calculated as explained in the proof of Proposition 5,we quickly
recall the algorithm. LetY be the received signal (not necessarily with orthonormal
columns)

1. FindYu from the eigenvector problem (5.4).Yu is calculated to have orthonor-
mal columns.

2. PutYu = [Y†
u,1Y

†
u,2]

† in CS formYc (calculate the SVD ofM × M square

upper matrixYu,1 = UY CY Ũ†, then calculateYc = YuŨU
†
Y ).

3. CalculateBY by inverting the exponential map (fromYc = [Y†
c,1Y

†
c,2]

†, calcu-

late TSVDYc,2 = VY SY U
†
Y , and formBY = VY arcsin(SY )U†

Y ).

Once obtainedBY , an efficient method to implement (5.20) is the Schnorr–Euchner
algorithm for closest point search, as long as codeB has an adequate algebraic struc-
ture [60]. Unfortunately this algorithm is not able to recover diversity, as shown by
simulations. This is not a surprise, because the channel effect is disappeared inside
decoding rule (5.20). To improve performance, the GLRT metric can be computed on
a list of codewords (local GLRT), as in the case of one transmit antenna. This leads to
a SNR gain, but simulations show that diversity is not recovered. We do not report this
case in simulations.

5.3.3 Decoding on the Tangent Space

We propose another decoder, performing better than the previous one. Our idea is to
find an approximated decoding rule for codewords close to thereference subspace.
This approximate decoding rule will be applied to all received signals, as it was the
case with the coherent ML decoder on the tangent space (4.56). This is naturally
a suboptimal strategy because exponential map non–linearity is very important for
sent codewords far from the reference subspace. However, wesucceeded in obtaining
acceptable performances in certain cases.

After calculatingYu from (5.4) we reduce it to CS formYc = YuŨU
†
Y , as de-

scribed in the previous subsection. By exploiting codeword orthogonality, a rough
channel coefficients estimation can be easily extracted1

He = Y†
cY (5.21)

which is aM ×N complex matrix. If no additive noise is on the channel,Yc is equal
to X and channel estimation (5.21) coincides with channel realizationH.

We use a suboptimal metric coming from a training interpretation of our scheme,
for codewords close to the reference subspace. As seen in (3.31), under the latter
condition, EP codewords look like training–based codewords X ' [IM B†]†. We
propose to use the decoder (2.66)

B̂ = arg min
B∈B

‖Y2 − BHe‖F

1Our proposition has a common point with training–based schemes, even if in our case no training
data is sent.
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whereY = [Y†
1 Y

†
2]

†. SinceY2 = Yc,2He ' BY He for Yc close toΩref , we deduce

B̂ = arg min
B∈B

‖(BY − B)He‖F . (5.22)

We assume that coherent codes are carved from a lattice, in order to exploit efficient
closest point search algorithms (sphere decoder). Decoding rule (5.22) preserves di-
versity of coherent codeB, as we have seen in Sect. 2.8 and Proposition 3. However,
in our case diversity is no longer assured, since we considercodes with codewords far
away from the reference space. As simulations indicate, a performance degradation
and a diversity loss is possible if exponential map non–linearity is not mitigated. As
a matter of fact, this decoder is similar to the co–ML–tg decoder in SIMO case and
exploits similar ideas. We use the same name co–ML–tg (coherent ML decoder of the
tangent space) for the generic MIMO case too. We briefly recall the decoding steps

1. FindYu from the received signalY (see (5.4)) and reduce it in CS formYc.
Calculate channel estimationHe (see (5.21)).

2. Invert the exponential map to obtainBY .

3. Estimate the sent codeword̂B by solving problem (5.22) via a closest point
search (e.g. by a Schnorr-Euchner strategy).

5.3.4 Local GLRT Decoder

Coherent ML decoders on the tangent space for MIMO and SIMO systems share com-
mon problems. In MIMO channels problems are more severe, since diversity is lost
(as simulations show). For this reason, we propose to adopt alocal GLRT strategy, as
in SISO case.

Starting from pointBY in the tangent space, a list of candidate codewords is cal-
culated via the Pohst algorithm of closest point search [77]applied to mismatched
metric‖(BY −B)He‖F . SinceHe is present in the metric, it is not possible to control
list length as in the previous chapter. Anyway, we would liketo control list lengths
as much as possible, since this parameter principally determines decoder complexity.
A similar problem is investigated is [77]. Through a discussion with the authors of
the previous paper and after simulation validation, a practical choice of the radius for
the Pohst search was found. We cannot explicate here the sphere decoding algorithm,
nevertheless we quickly explain our radius choice using standard notation. For better
comprehension see references [60], [65], [77].

The first step of a generic sphere decoding algorithm is to findan upper (or lower)
triangular basis of the global lattice. Usually, given a lattice basisG which depends on
channel estimation and codeB, a QR factorization is performedG = QR [3] (other
algorithm can be used, e.g. a Cholesky factorization). Matrix Q is unitary and can be
seen as a rotation. MatrixR is the searched basis. We chose as the initial radiusr of
sphere searches the minimal diagonal entry ofR multiplied by a factor 1.1

r = 1.1( min
t=1,...,2T

Rt,t) , (5.23)
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where we suppose to representT × T complex matrices with their2t× 2T real repre-
sentation. If no point is found by the first search,r is increased of 20%:rnew = r+r/5.
This heuristic management ofr provided small candidate lists lengths.

We summarize the steps of the local GLRT decoder

1. Process the received signalY to obtain a basis of span(Y) in CS form, called
Yc and a channel estimationHe.

2. Inverse the exponential map to obtainBY .

3. Search for a list of candidate codewords ofB obtained with the distance defini-
tion ‖(BY −B)He‖F via a Pohst search in an hypersphere of radiusr chosen as
in (5.23). It is possible to iterate the search until a minimum list lengthL̂min is
reached, increasing the radius of 20% at each iteration.

4. Calculate the candidate codewords listLC ⊂ C from the candidate codewords
list LB ⊂ B just found.

5. Solve the local GLRT problem by exhaustive computation ofGLRT metrics on
the candidate listLC.

This decoder is far much complicated than the co–ML–tg. Moreover, lists have vari-
able length since hypersphere radius depends on channel coefficients. To cope with
this uncertainty, we fix also the maximum list lengthL̂max. Simulations show that the
local GLRT decoder permits to follow GLRT performance at least to a certain extent.

5.3.5 Local GLRT Decoder Complexity

We are giving here a first order investigation about local GLRT decoder complexity.

• Calculation of matrixRY = Y Y†: NT (T + 1)/2 complex multiplications and
additions. IfN = M this step can be avoided.

• Calculation of firstM greatest eigenvectorsYu: about12T 2 real multiplications
and addition (total) [3, pag. 229]. IfN = M this step can be replaced by a
Gram–Schmidt orthogonalization algorithm: about8TM2 real multiplications
and additions (total) [3, pag. 232].

• Calculation of CS formYc: 1) about88M3 real multiplications and additions
(total) [3, pag. 254] for the SVDYu,1 = UY CY Ũ†, 2) 2M3 + TM2 complex
multiplications and additions to calculateYc = YuŨU

†
Y ).

• Calculation ofBY : 1) about4(14(T − M)M2 + 8M3) real multiplications
and additions (total) for TSVDYc,2 = VY SY U

†
Y , 2) M3 + NM2 complex

multiplications and additions andM non–linear operations to calculateBY =
VY arcsin(SY )U†

Y .

• Calculation ofHe = Y†
cY: MNT complex multiplications and additions.
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• Determine candidate codeword listLB = {B`1 , . . . , B`
L̂
} via a Pohst search:

O(8[(T −M)M ]3). This step requires also4L̂(T −M)M memory cells.

• Calculate candidate codewords listLC = {Xi`1 , . . . , X`
L̂
}: this requireŝL SVD

and2L̂matrix multiplications for an approximate total of about70L̂(T −M)M2

real multiplications and addition (total) and4L̂TM memory cells.

• Calculate GLRT metrics on the candidate list:6L̂TNM real multiplications and
additions (total)

The lengthL̂ of candidate codewords lists is a random variable. In order to roughly
understand expected complexity, the average of lengthL̂ should be evaluated via sim-
ulation. Anyway, without explicitly computing expected complexity, it is easily found
that expected complexity of a training based scheme is far less important. We refer
to training model in Sect. 2.8, then the Estimation–Detection decoder complexity of a
training based code is

• Extract channel estimation from firstM rows of the received matrix: no compu-
tations.

• Perform a closest point search (2.66) using the followingT − M rows of the
received matrix as received data: the expected average complexity isO(8[(T −
M)M ]3)

With training based system a list of candidate codewords is not needed: decoding is
achieved by a unique closest point search and no extra memoryis required. It is clear
that the whole local GLRT decoder preprocessing due to exponential non–linearity is
avoided in training based systems. The local GLRT decoder also recalculates code-
words inLC from codewords inLB, for each received signal. This step needs the
calculation of the non–linear exponential map again. It is clear that training–based
systems are far better than EP codes from a decoding complexity perspective.

5.4 Simulations

In this section coherent space–time block codes are briefly introduced. We also dis-
cuss the choice of good homothetic factorα. Simulations results and comparisons are
reported.

5.4.1 Coherent Codes for EP codes

We cannot give a complete introduction about the theory of coherent STB codes. We
will simply apply to our aims some already built coherent STBcodes. Some interesting
references are [55, 27, 78]. Coherent STB codes considered here are carved from
lattices [27, 78, 32].
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Some examples of EP codes are shown forT = 2M , whereM = 2, 3. In this
subsection we introduce the coherent codes we will use to generate our EP codes. We
recall that a coherent space–time block code of size(T−M)×M is needed to generate
an EP code of sizeT ×M . In our examples,(T −M)×M coherent codes are obtained
from points of a (Q–QAM)(T−M)M constellation which are rotated by an appropriate
unitary matrix and opportunely combined. To better understand the principal issues of
coherent codes design, please refer to previous (and following) references.

In Sect. 3.3.3 we proved that a coherent codeB′ with high minimal singular value
should be used to assure diversity control. This kind of codes are not available yet. In
our examples coherent codes with non–vanishing determinant are sometimes used [79,
33, 80]. These codes satisfy the very special property that their minimum determinant
Λ(B) (see (5.7)) does not vanish to zero if the constellation sizeincreases. Moreover
they are the current best2 × 2 coherent codes. We also considered coherent codes of
other propositions [32], [27, pag. 1109]. As a general rule,we chose the best coherent
codes available when our research was carried out. Simulations normally confirm that
the better the coherent code is, the better the EP code is.

Coherent codes for EP codes onG4,2

If T = 4 andM = 2, we considered two codes. Let us set

s = [s1 s2 s3 s4]
t , si ∈ 4–QAM, 8–QAM

where the average statistical power of the constellation isnormalized to 1. The spectral
efficiency is 2 bits/s/Hz or 3 bits/s/Hz, if respectively4–QAM or 8–QAM is used.

CodeB′
1 presented in [32] was already applied to build a non–coherent codeC1 in

[22]. CodeB′
1 will be also called code 1 in the following. Its generic codeword is

B′ =
1√
2

[
s1 + φs2 ϑ(s3 + φs4)

ϑ(s3 − φs4) s1 − φs2

]
, ϑ2 = φ = eiπ/4 . (5.24)

Expression (5.24) can be written in the following equivalent form

b′ = vec(B′) = Φ1s , Φ1 =
1√
2





1 φ 0 0
0 0 ϑ −ϑφ
0 0 ϑ ϑφ
1 −φ 0 0



 (5.25)

whereΦ1 is unitary.
If si ∈ 4–QAM, for all constellation points‖s‖ = 2 is constant. The suboptimal

decoding method (5.20) can be applied (this is no longer trueif si belongs to8–QAM).
In this simple case, the singular values ofB′ can be derived. From (5.25),‖B′‖2

F =
‖b′‖2 = ‖s‖2 = 4. Identity δ =

√
det(B′†B′) = | det(B′)| = |s2

1 − φ2s2
2 − φs2

3 +

φ3s2
4|/2 [32] takes only two values:δ1,2 = (1 ± 1/

√
2)1/2. Hence, there are only two

couples of singular values

λ1,2 = (
√

4 + 2δ1 ±
√

4 + 2δ1)/2 , λ3,4 = (
√

4 + 2δ2 ±
√

4 + 2δ2)/2
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This is indicative of codeC1 geometrical structure around the reference spaceI4,2 and
it is useful to fix the maximum valid homothetic factorαmax = (π/2)/max{λi} '
0.793.

CodeC2, which will be also called code 2, comes from the coherent codeB′
2 called

golden code, see [33]. Its generic codeword is

B′ =
1√
5

[
φr(s1 + rs2) φr(s3 + rs4)
iφ̄r(s3 − r̄s4) φ̄r(s1 + r̄s2)

]
(5.26)

with

r =
1 +

√
5

2
, r̄ =

1 −
√

5

2
, φr = 1 + i(1 − r), φ̄r = 1 + i(1 − r̄)

Expression (5.26) can be written in the following equivalent form

b′ = vec(B′) = Φ2s , Φ2 =
1√
5





φr rφr 0 0
0 0 iφ̄r −iφ̄rr̄
0 0 φr rφr

φ̄r r̄φ̄r 0 0



 (5.27)

whereΦ2 is unitary and hence, if symbolssi are drawn from4–QAM, decoding
method (5.20) can be applied.δ takes 5 valuesδ ∈ {

√
2/5, 2/

√
5,
√

8/5,
√

2,
√

18/5},
and there are 5 classes of singular values. The maximum homothetic factor in this case
is αmax = 0.796.

If 8–QAM constellations are used to build the EP code, maximal homothetic factor
are obtained via numerical search.

Both codes have full diversity (in the coherent sense) ans also Λ(B′
1) andΛ(B′

2)
can be calculated, but we will see that they are of no use for the practical choice of the
homothetic factor.

Coherent code for EP codes onG6,3

If M = N = 3 and T = 6), the Threaded Algebraic Space–Time (TAST) code
B′

3 presented in [27, pag. 1109] was applied. Symbolssi are drawn from a 4–QAM
constellation so thatη = 3 bit/s/Hz. The generic codeword is

B′ =




u1 φ2/3u8 φ1/3u6

φ1/3u4 u2 φ2/3u9

φ2/3u7 φ1/3u5 u3



 , u = (I3 ⊗ M)s

whereφ = eiπ/5 and the3 × 3 optimal real rotationM is obtained by the so–called
“cyclotomic construction” given in [81, Sect. IV]. The maximal homothetic factor can
be obtained via numerical search on the singular values of all codewords.B′

3 has full
diversity.
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Figure 5.1: Left plot: minimal product distance of code 1 (C1(α)) and code 2 (C2(α)),
η = 2 bits/s/Hz), as a function of homothetic factorα. Right plot: for the same codes,
average supersymbol error probability (FER) at 15 dB with respect to GLRT detection
solved by exhaustive search.

5.4.2 The Homothetic Factor Choice

In this subsection we discuss different criteria to choose agood homothetic factor. We
see that numerical optimization method must be adopted. In any case the numerical
algorithm is very simple (e.g. minimizing error probabilities via transmission simula-
tion). Details are provided for the case ofC1 andC2 with spectral efficiency2 bits/s/Hz
(4–QAM).

Theorem 1 states conditions under which the diversity of codesC1, C2 is greater or
equal to the diversity ofB1 = αB′

1,B2 = αB′
2. In the case of coherent codesB′

1 and
B′

2 coming from4–QAM, by extensive computer search we found that the maximal
homothetic factors to get full diversity according to Theorem 1 areα = 0.0950 for
C1 andα = 0.2125 for C2 (step of0.0025 in the numerical search). We notice that
the homothetic factor ofC2 (coming from golden code) is more than the double of the
homothetic factor ofC1. This is due to the code structure.

However, the homothetic factors above are unnecessarily small. Hence, we choose
α not satisfying assumptions of Theorem 1. Then, diversity isno longer guaranteed
but can be verified by measuring performance curve slope.

What is the best criterion to chooseα? This question has not an immediate an-
swer. A similar problem in literature is codebook design vianumerical methods [9],
[13], [15]. These papers tell us that minimizing codeword distances (e.g. the product
distance or the chordal distance) often gives worse resultsthan directly minimizing
the BER (Bit Error Rate) or the FER (Frame Error Rate, or also supersymbol error
probability). The same conclusion can be drawn for our two codes.

The minimal product distance (2.26) is plotted in Fig. 5.1 atthe left. For each value
of α we generated the corresponding codesC1(α), C2(α), and calculateddp,min(C1(α))
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Figure 5.2: Left Plot. Local GLRT average supersymbol errorprobability (FER) as
a function of the homothetic factorα, at different SNR; candidate lists have length
between10 and30 and spectral efficiencyη = 2 bits/s/Hz. Right plot. FER of EP
codes generated byB′

2 (golden code,η = 2 bits/s/Hz). The EP codeC2 combined with
GLRT detection (exhaustive search) was generated forα = 0.6. The other EP codes
C2(α) are decoded by a local GLRT decoder with candidate codewordslists of length
between 10 and 30.

anddp,min(C2(α)) with definition (5.12). For codeB′
1 (4–QAM), maxα dp,min(C1(α)) =

0.172 reached atα1,max = 0.595. For codeB′
2 (4–QAM), maxα dp,min(C2(α)) =

0.2530 reached atα2,max = 0.395. Step of0.0025 on α are used in calculations. In
Fig. 5.1 at the right, for each codeC1(α), C2(α), average supersymbol error probability
(FER) was calculated via simulation. Simulation parametersare: 15 dB SNR, GLRT
detection, implemented with exhaustive search, minimum number of supersymbol er-
rors 500. There exists an interval of good values, approximatively α ∈ (0.5, 0.7). We
notice that the homothetic factorα1,max, which maximizes the product distance ofC1,
falls inside this interval, butα2,max of C2 does not belong to this interval. Nevertheless,
C2(α) performs better thanC1(α) for all values ofα! This can be explained by a better
distribution of codeword distances. In the following, we chose the homothetic factor
according to the minimum FER criterion.

Minimum FER criterion depends on the implemented decoder. For instance, when
a local GLRT strategy is adopted, the optimal homothetic factor does not necessarily
coincide with the value found for GLRT detection. For the local GLRT decoder, opti-
malα depends on the SNR level and on decoder parameters, i.e. candidate list length.
In Fig. 5.2 at the left, we plotted the FER as a function of the homothetic factor at dif-
ferent SNR, where the candidate lists can have length between10 and30 codewords.
The optimalα depends on the SNR. The higher the SNR is, the lower the homothetic
factor is. In fact, for low–power noise, the exponential mapnon–linearity is important.
If we decreaseα, the non–linearity effect is reduced for constant SNR. Besides, given
a constant homothetic factor, the non–linearity effect is much more important at high
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Figure 5.3: Left plot. Local GLRT average supersymbol errorprobability (FER) as
a function of the homothetic factorα, at different SNR; candidate lists have length
between10 and30 and spectral efficiencyη = 3 bits/s/Hz. Right plot. FER of EP
codes generated byB′

2 (golden code,η = 3 bits/s/Hz). The EP codeC2 combined with
GLRT detection (exhaustive search) was generated forα = 0.5. The other EP codes
C2(α) were decoded by a local GLRT decoder with candidate codewords lists of length
between 10 and 30.

SNR, where the channel estimation is good and the noise can be neglected. This is why
the optimal homothetic factor moves to the left when the SNR increases. However, if
α decreases, codewords distances decrease too. Whenα goes out of the interval of
optimal values(0.5, 0.7) found in the GLRT case, important performance degradation
is expected (with respect to the GLRT performances).

This trade–off can be straightforwardly appreciated in theright plot of Fig. 5.2.
The local GLRT performances of codesC2(α) are closer to the GLRT performance at
low SNR, if α is close to0.6 (i.e. the homothetic factor which we adopted to trace
the curve of GLRT performance). At high SNR, the local GLRT performances and the
GLRT ones diverge: the decoder is not able to recover diversity! This effect can be
mitigated setting a lowerα, as previously discussed. The price to pay is a performance
loss at low SNR.

Denser codes was obtained from codesB′
1 andB′

2 by using(8–QAM)4 symbols
(spectral efficiencyη = 3 bits/s/Hz). Results are similar to the previous case withη = 2
bits/s/Hz. In Fig. 5.3 at the left, the same trend of optimalα can be appreciated: for
growing SNR, the optimum homothetic factor decreases. At theright, the performance
loss with respect to the best GLRT performance (obtained forα = 0.5) is greater than
in the case of Fig. 5.2. We notice that codeC2(0.35) (η = 3 bits/s/Hz) looses about 2 dB
at10−3 FER, while codeC2(0.39) (η = 2 bits/s/Hz) looses 1 dB. However, for the latter
code the maximal relative length of candidate lists with respect to the code cardinality
L is L̂max/L = 30/256 = 11%, while for the code at higher spectral efficiency the
maximal relative length iŝLmax/L = 30/4096 = 0.73%. For the same relative length
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performance loss is naturally smaller. Anyway, we deduce that when the dimension of
the Grassmannian grows the non–linearity effect increases.

Following previous considerations, the homothetic factoris chosen by a numerical
optimization, usually minimizing FER and it can be made “off–line”. This process
must be iterated for each different code and it is better optimized if the SNR working
level of the system is known.

5.4.3 Decoders Parameters and Performances

In this subsection we compare the different decoders we proposed and we illustrate the
behaviour of the candidate list lengths of the local GLRT decoder.

4 6 8 10 12 14 16 18 20 22 24
10

−3

10
−2

10
−1

10
0

SNR per rx antenna [dB]

P e s
up

er
sy

m
bo

l

code 1, tπ
ref

 directions
code 2, tπ

ref
 directions

code 1, local GLRT, α = 0.40
code 2, local GLRT, α = 0.40
code 1, GLRT, α = 0.57
code 2, GLRT, α = 0.60

4 6 8 10 12 14 16 18 20 22 24
10

−3

10
−2

10
−1

10
0

SNR per rx antenna [dB]

P e s
up

er
sy

m
bo

l

GLRT
co−ML−tg
local GLRT, list: 1−10
local GLRT, list: 10−30
local GLRT, list: 20−50

Figure 5.4: Left plot. GLRT, local GLRT and simplified decoder (5.20) FER perfor-
mance atη = 2 bits/s/Hz. EP codes are obtained from codeB′

1 and golden codeB′
2,

with parameters in the legend. For the local GLRT decoder, candidate lists lengths
are between10 and30. Right plot. GLRT, local GLRT and co–ML–tg decoder FER
performance atη = 2 bits/s/Hz. For GLRT decoder, codeC2 was obtained from golden
codeB′

2 andα = 0.6; for the other decoders EP codes haveα = 0.4.

When codesB′
1 andB′

2 are obtained from (4–QAM)4, codesC1 andC2 satisfy con-
dition (5.19), and decoding rule (5.20) can be used. Moreover rule (5.20) can be simpli-
fied because‖BY −B‖F = ‖vec(BY )−vec(B)‖ and, if we letsy,1,2 = Φ

†
1,2 vec(BY ),

then ‖BY − B‖F = ‖sy,1,2 − s‖. Hence, (5.20) can be implemented by a simple
threshold detector. In Fig. 5.4 at the left, the performanceof this simplified decoder
(named “tπref directions” in the legend) is very deceiving, due to the factthat channel
influence is neglected.

At the right of Fig. 5.4, performances of different decodersfor EP codes coming
from golden codeB′

2 are shown. GLRT performances are calculated by exhaustive
search for an EP code obtained withα = 0.6. Local GLRT performances and co–
ML–tg performances are calculated for an EP codesC2 obtained forα = 0.4. We
have chosen such homothetic factor to assure acceptable performances at10−3, which



5.4. Simulations 149

is a good FER for transmission system without outer code. Theco–ML–tg decoder
does not recover code diversity, as it can be guessed. As seenin the previous subsec-
tion, local GLRT decoder approaches to GLRT performance. Increasing minimal and
maximal length of candidate lists above respectively10 and30 does not recover the
performance loss (to approach GLRT performanceα must be changed).
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Figure 5.5: Left plot. Mean and standard deviation of candidate lists length as a func-
tion of the SNR, for EP codeC2 obtained forα = 0.4 at η = 2 bits/s/Hz. Right plot.
Mean and standard deviation of candidate lists length as a function of the SNR, for EP
codeC2 obtained forα = 0.35 atη = 3 bits/s/Hz.

In Fig. 5.5, mean and standard deviation of candidate lists are reported, for EP
codesC2 andη = 2, 3 bits/s/Hz. Concerning local GLRT decoding, the Pohst search
was stopped when lists length were greater thanL̂min. Even if lists longer than̂Lmax

were truncated to calculate the GLRT metrics, length statistics were calculated without
top truncation. As it can be appreciated, list mean is stableall over the SNR interval
and just a little bit higher than̂Lmin. Hence, the initial hypersphere radius choice and
its increase policy are correct, both for a relatively smallcodebook (η = 2 bits/s/Hz
corresponds to code cardinalityL = 256) and a relatively big code (η = 3 bits/s/Hz
corresponds to code cardinalityL = 4096). Lists standard deviations hold almost
constant with increasing SNR too.

When the dimension of the Grassmannian grows, the exponential map non–linearity
becomes more severe. FER performances of EP codeC3 obtained fromB′

3 are reported
in Fig. 5.6. The homothetic factor is chosen equal to0.41 in order to optimize ap-
proximatively code GLRT performance. Once set the homothetic factor, we tried the
local GLRT decoder with different interval of candidate lists lengths. Results are not
good because the optimal homothetic factor for local GLRT decoders is surely not
0.41. Anyway, we can appreciate that the sensitivity to non–linearity grows with the
manifold dimension. We have also verified that the initial value of the Pohst search
radius gives list of about 8000 codewords. Then, search–radius initial value should be
optimized again when increasing manifold dimensions, if wewant to obtain short list



150 Chapter 5. Suboptimal Decoding of EP Codes overGT,M

lengths.
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Figure 5.6: FER performance of EP codeC3 obtained fromB′
3 with α = 0.41. GLRT

decoding is performed by exhaustive search. For local GLRT decoders, lists length
intervals are reported.

5.4.4 Comparisons

Comparisons are mainly performed with respect to training–based codes for two rea-
sons. The first one is that they are currently one of the best propositions in term
of performance–complexity trade-off. The latter is that many other propositions are
not simple to implement since they are obtained by numericaloptimization. For all
training–based codes we considered optimal power allocation (in our particular cases,
the training and data phase must have equal power).

FER performances of EP codesC1 andC2 with respect to GLRT detection are com-
pared to the training–based code obtained from the golden codeB′

2 in the left plot of
Fig. 5.7. GLRT performance of the training code is almost identical to the one of the
EP code coming from the same coherent code. The same situation can be appreci-
ated in the right plot of Fig. 5.7: the EP code and training code coming fromB′

1 have
equivalent performance.

Training codes suboptimally decoded with the estimation–detection (E–D) rule
(2.66) maintain diversity as claimed by Proposition 3. Theyalso exhibit small SNR
loss (less than 1 dB) with respect to GLRT performance. The proposed local GLRT
decoder managed to follow the GLRT performance, however they experience greater
SNR loss with respect to the corresponding GLRT performance. They loose at least 1
dB with respect to the simplified E–D decoder of training–based codes and they have
greater complexity.
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Figure 5.7: Left plot. FER performances for EP codesC1 andC2 are compared to
training-based code obtained from the same golden codeB′

2 and proposition of Zhao
et al. [24]. Candidate lists length belong to the interval(10, 30). All codes have
spectral efficiencyη = 2 bits/s/Hz. Right plot. FER performances for EP codesC1

andC2 are compared to training-based code obtained from the same golden codeB′
1.

Candidate lists length belong to the interval(20, 50). All codes have spectral efficiency
η = 3 bits/s/Hz.

In the caseG6,3 the behaviour is similar to the caseG4,2, as shown in Fig. 5.8.
In fact, it is possible to find homothetic factors for which the EP codes decoded with
local GLRT follow the GLRT performance and the training–based code performance.
About 1 dB loss with respect to the training–based code is reported for FER above
10−3 with relatively small candidate list relative lengtĥLmax/L = 300/49 ' 1.1%.
However, the expected complexity of the local GLRT is higherthan the one of the
estimation–detection process.

5.5 Conclusions

We presented two simplified decoding techniques for noncoherent space–time EP codes
overGT,M . The most promising one is the so–called local GLRT decoder.The receiver
reduces the received signal ontoGT,M , if the number of receive antennas is greater or
equal to the number of transmit antennas. Then, a linearization of the Grassman-
nian around the reference space permitted to decode throughthe closest point search
algorithms developed for algebraic coherent space–time block codes. Anyway, the ne-
glected non–linearity deteriorated performances. We coped with this degradation by
opportunely setting the homothetic factorα of the code and by increasing the receiver
complexity. Final comparisons showed that the training-based codes and EP codes
obtained from the same coherent code perform in a similar way, as long as they are
opportunely designed according to their corresponding criteria.Training–based codes
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eventually achieve the same performance with lower expected complexity and with
less decoder tuning operations.



Chapter 6

Minimal PAM Decompositions of
CPM Signals

Continuous Phase Modulation (CPM) is often used in both power and bandwidth lim-
ited communication links [82, 83, 84]. It has recently been combined with space–time
codes [85]. CPM is particularly attractive for radio transmitters employing non–linear
amplifiers since it produces a constant envelope signal [86]. However, CPM is a non–
linear format with memory and the ML receiver can be quite complex. In 1986, Lau-
rent [34] has shown that binary CPM signals can be decomposed into a finite number
of PAM signals. This result was extended by Mengali and Morelli [35] to a generic
M -ary CPM signal. More recently, a PAM decomposition for binary CPM signals with
integer modulation index has been proposed [36].

These decompositions allow to describe CPM signals as linearcombination of
pulses and permit to reduce receiver complexity at the same times. For instance, in
the case of coherent receivers, PAM decompositions have a beneficial effect both on
suboptimal ML receivers (reduction of the number of matchedfilters and trellis states)
[37, 39] and on synchronization issues (see [37, 40] and references therein).

CPM is also considered for non–coherent systems [87]. PAM decompositions al-
low to propose simplified receivers [88, 36], and permit to re–use knowledge about
receivers for linear modulations [38, 37].

In this chapter, we deal with PAM decompositions of a certainclass of CPM sig-
nals, being aware of the fact that improvements on this topiccan lead to improvements
in receiver realizations or in system and code analysis (forexample PAM decomposi-
tions are used to derive design criteria of space–times codes for CPM signals in [85]).

For this class, which includes theL–REC signals and several other CPM formats,
we pointed out a procedure to generate a decomposition with cardinality given by

Nc = L(M − 1) , (6.1)

whereM is the alphabet size.Nc in (6.1) only grows linearly with respect to the
signal memory lengthL. This is to be compared to the cardinality of the Laurent–
Mengali–Morelli decomposition (LMMD) given byNd = ML −ML−1, which grows
exponentially with respect toL. For separable–phase CPM signals we shall prove that
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the cardinality given by (6.1) represents theminimal cardinality, which means that it
is not possible to decompose a separable–phase CPM signal with less thanNc PAM
waveforms. CPM signals withL = 1 are also called full response signals. In this
case, the separability condition is always satisfied, thus full response CPM signals
with arbitrary phase response fall into this framework.

This chapter is organized as follows. In Section 1, a brief recall of the CPM for-
mat is reported as well as the definition and some properties of the CPM signal class
investigated in this study. In Section 2, a preliminary decomposition, called Compact
Decomposition (CD), is presented. The CD is modified by an arbitrary linear trans-
formation, thus obtaining infinitely many decompositions of the same CPM signal.
In Section 3, the decomposition with minimum cardinality isderived. Evetually, in
Section 4 the pulses are obtained as closed form expressionsfor small cardinalities.

We recall that notation used in previous chapters is not valid in this part, symbols
will be redefined here!

6.1 CPM Signal Model

The complex envelope of a CPM signal has the form

v(t) = exp

[
j2πh

+∞∑

n=−∞

an ϕ(t− nT )

]
(6.2)

whereh is the modulation index, ϕ(t) is the normalizedphase responseand an is
the n–th input data. The dataan belong to anM -ary balanced alphabetAM =
{±1,±3, . . . ,±(M − 1)} for M even andAM = {0,±2, . . . ,±(M − 1)} for M
odd. The phase responseϕ(t) is an increasing function oft ∈ [0, LT ] and is equal to0
for t ≤ 0 and equal toϕ(LT ) = 1/2 for t > LT . With these properties the expression
of v(t) in then–th time slotIn = [nT, (n+ 1)T ) becomes

v(t) = exp

[
j2πh

(1

2
θn−L+1 +

L−1∑

i=0

an−i ϕ(t− nT + iT )
)]

, (6.3)

whereθn−L+1 is thephase stateof the modulator at timen−L+ 1 given byθn−L+1 =∑n−L
m=−∞ am. Hence, inIn the “past” data{am, m ≤ n − L} are no more “active”

since they are incorporated into the phase stateθn−L+1 and only the “present” data
(an, an−1, . . . , an−L+1) are active. The phase state is renewed at each timemT accord-
ing to the state equationθm+1 = θm + am.
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Figure 6.1: Construction of a separable phase response, forL = 3.

6.2 Separable CPM Signals

6.2.1 The Separability Condition and the Equivalence Principle

This work does not deal with general CPM signal but focusses ona class ofM–ary
CPM signals whose phase responseϕ(t) satisfies the followingseparabilityproperty

ϕ(t+ iT ) = ϕ0(t) +
i

2L
, i = 0, 1, . . . , L− 1, t ∈ [0, T ) (6.4)

whereϕ0(t) is monotonic in[0, T ] with ϕ0(t) = 0 for t ≤ 0 andϕ0(t) = 1/(2L) for
t ≥ T . L is the memory length of the CPM signal. An example of construction of a
separable phaseϕ(t) starting from theelementaryphaseϕ0(t) is illustrated in Fig. 6.1
for L = 3. This class includesL–REC signals and several other CPM formats, but it
does not containL–RC signals or GMSK signals.

Let’s consider a CPM signal with a separable phase responseϕ(t) as in (6.4). Then,
the normalized phase in (6.3) becomes

αn(t) =
1

2
θn−L+1 +

L−1∑

i=0

an−i ϕ(t+ iT − nT )

=
1

2L
Θn + An ϕ0(t− nT )

where

An =
L−1∑

i=0

an−i (6.5)

represents the “compact” symbols andΘn = Lθn−L+1 +
∑L−1

i=0 (i/2L) an−i is the
“compact” phase state. In terms of “compact” parameters, the CPM signal becomes

v(t) = exp

[
j2πh

( 1

2L
Θn + An ϕ0(t− nT )

)]
, t ∈ In . (6.6)

Note thatL consecutive input dataan−L+1, . . . , an are “compacted” into a single sym-
bolAn. The alphabet ofAn is equal toAM itself forL = 1, toAM + AM = {an−1 +
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an, an−1 ∈ AM | an ∈ AM} = A2M−1 for L = 2, toAM + AM + AM = A3M−2 for
L = 3, and toAN with N = L(M − 1) + 1 for genericL. Sinceθm+1 = θm + am, we
find that the compact phase stateΘn is renewed according toΘm+1 = Θm + Am.

Let us compare the original expressions governing a CPM modulator with memory
L = 1 with respect to the “compact” expressions obtained with a separable phase
response

original expressions “compact” expressions
v(t) = ej2πh[ 1

2
θn+anϕ(t−nT )] v(t) = ej2π h

L
[ 1
2
Θn+AnLϕ0(t−nT )]

an ∈ AM An ∈ AN , N = L(M − 1) + 1
θm+1 = θm + am Θm+1 = Θm + Am

Considering thatϕ1(t) = Lϕ0(t) is a valid phase response and settingh1 = h/L, we
obtain the following Equivalence Principle [89]

Proposition 9 Let µL(M) be a separable CPM modulator with parametersM , L,
h andϕ(t), whereϕ(t) is generated by an arbitrary elementary phaseϕ0(t). Then,
µL(M) is equivalent to a CPM modulatorµ1(N) with parameters:M1 = N = L(M−
1) + 1, L1 = 1, h1 = h/L, andϕ1(t) = Lϕ0(t). The input dataAn ∈ AN of µ1(N) is
obtained from the input dataan ∈ AM of µL(M) by (6.5).�

The relevant consequence of the Equivalence Principle is that every CPM mod-
ulator µL(M) with arbitraryL andM , but with a separable phase response, can be
implemented by a CPM modulatorµ1(N) with a unitary memory but with a bigger
alphabetAN . In other words, there is an equivalence between separable CPM signals
and full response CPM signals (i.e. signals withL = 1) as long as the alphabet, mod-
ulation index and phase response of the full response signalare properly derived from
the corresponding parameters of the separable signal.

Observe that several modulatorsµL(M) with differentL andM may be related
to a same modulatorµ1(N) with the adjustment of the modulation index. Table 6.1
collects this equivalence for the first ordersN . For instance, a binary modulator with
L = 4 (µ4(2)) and a ternary modulator withL = 2 (µ2(3)) are both equivalent to a
five–symbol modulator withL = 1, that isµ1(5), provided that each one is preceded
by the appropriate compactor. Vice versa, a CPM signal with a large alphabet (for
exampleM = 9) can be obtained by a CPM signal with smaller alphabet (M = 2).
This idea can be generalized by relatingµL1

(N1) to someµL2
(N2), where bothL1 and

L2 are not unitary. For instance,µ8(2) can be implemented throughµ4(3), preceded
by an appropriate block converting symbols in the correct alphabet.

6.2.2 Dimension of the CPM signal space

Let us fix the CPM parametersM , L, h andϕ(t) and let us consider the equivalent
full response CPM signalv(t) of Proposition 9 withN , h/L andLϕ0(t). Let T be
the set of all the trajectories ofv(t) in the time periodIn = [nT, (n + 1)T ), i.e. the
eye diagram. Equation (6.6) impliesT =

{
Sn e

j 2π hγ ϕ0(t) | γ ∈ AN

}
, where the state
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N M = 2 M = 3 M = 4 M = 5 M = 6 M = 7 M = 8

2 L = 1
3 L = 2 L = 1
4 L = 3 L = 1
5 L = 4 L = 2 L = 1
6 L = 5 L = 1
7 L = 6 L = 3 L = 2 L = 1
8 L = 7 L = 1
9 L = 8 L = 4 L = 2
10 L = 9 L = 3
11 L = 10 L = 5 L = 2
12 L = 11
13 L = 12 L = 6 L = 4 L = 3 L = 2
14 L = 13
15 L = 14 L = 7 L = 2
16 L = 15 L = 5 L = 3

Table 6.1: Equivalence Table.

Sn = ejπ h
L

Θn depends on the data but not ont. We search for the minimum number
of waveforms whose linear combination generates all trajectories inT , i.e. for a basis
of the vector spaceV = span T . To this end, we consider the set ofexpurgated–state
trajectories

QP = {fγ(t) |γ ∈ AN } =
{
ej 2π hγ ϕ0(t) | γ ∈ AN

}
. (6.7)

Since the state dependenceSn−L+1 is a scalar factor,V = span T = spanQP .
We showed in Appendix A that functions belonging toQP are linearly independent.
Hence, the dimension ofspan T is just the cardinality ofQP , which is

dim(V ) = N = L(M − 1) + 1 . (6.8)

6.3 Two PAM Decompositions

6.3.1 The Compact Decomposition (CD)

We are now formulating a CPM decomposition with cardinality given by (6.8) that is

N = L(M − 1) + 1 . (6.9)

Our mind is to associate the appropriate coefficients to the expurgated trajectories, in
order to obtain a decomposition with the same number of PAM signals. Note that (6.6)
can be rewritten as

v(t) = Sn e
j 2π h Anϕ0(t) , t ∈ In (6.10)
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whereAn ∈ AN are the compact symbols defined in (6.5) andSn is the “compact”
stateSn = ejπ h

L
Θn, which is renewed according to

Sn+1 = Sn Z
An with Z = ej π

h
L . (6.11)

Expression (6.10) can be rewritten as a sum of PAM pulses. In fact, letγ ∈ AN =
{γ1, . . . , γN} and

en(γ) = Sn δAn,γ , fγ(t) = η(t) ej 2π h γ ϕ0(t) (6.12)

whereδAn,γ = 1 whenAn = γ and zero otherwise andη(t) = 1 whent ∈ [0, T ) and
zero otherwise. So that we obtain

v(t) =
∑

n

et
n f(t− nT ) , (6.13)

whereen is the column vector with entriesen(γ), f(t) is the column vector of thefγ(t),
both of them have sizeN . (·)t denotes transposition. (6.13) represents the Compact
Decomposition (CD).

We have shown that a separable CPM signal can be decomposed using onlyN
PAM waveforms, whose duration isT , by construction, as stated in (6.12). Therefore,
considerations in Sect. 6.2.2 prove thatN is the minimal cardinality within the class of
decompositions with pulses of durationT .

6.3.2 The Modified Compact Decomposition (mCD)

We are now modifying the CD by means of a linear transformation, in order to obtain
a modified Compact Decomposition (mCD). This linear transformation can be seen as
a change of basis in the vector spaceV and permits to further reduce the cardinality of
the PAM decomposition (see next section).

Let P = [pγ,k], γ ∈ AN , k ∈ KN = {0, 1, . . . , N − 1} be an invertibleN × N
matrix and letR = P−1 = [rk,γ ] be its inverse. Then, inserting the productPR in
(6.13) gives

v(t) =
∑

n

ct
n g(t− nT ) (6.14)

where
ct

n = et
n P , g(t) = R f(t) (6.15)

are themodified wordsand themodified pulses, respectively, and they form a modified
Compact Decomposition (mCD) of the CPM signal. The transformation matrixP is
arbitrary so that infinitely many mCDs can be found for the sameCPM signal. As
long asP is invertible, a basis ofV is transformed into another basis ofV , with the
same cardinalityN given by (6.9). Therefore, all the mCDs share the same property
of minimality and the same pulse durationT as the CDs.
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If we replace (6.12) in (6.15), we obtain the modified symbols

cn(k) = Sn pAn,k , k ∈ KN , (6.16)

that is, thek–th symbol is given by the(An; k) entry of the matrixP multiplied by the
current stateSn. Thek–th pulse assumes the explicit form

gk(t) = η(t)
∑

γ∈AN

rk,γ e
j2π h γ ϕ0(t) , k ∈ KN . (6.17)

whererk,γ are the entries ofR. Hence, the compact pulses are linear combinations of
complex exponentials truncated to the interval[0, T ).

If we choose an appropriate matrixP or R = P−1, it is possible to impose some
properties, in particular:

Proposition 10 The mCD pulsesgk(t) are real if and only ifP = [pγ,k] is column
Hermitian, namelyp−γ,k = p∗γ,k or, equivalently,P−1 = R = [rk,γ] is row Hermitian,
namelyrk,−γ = r∗k,γ. �

Proof. It is trivial to show that ifR is row Hermitian then the pulses are real. This
is due to the fact that the alphabetAN is balanced and naturally ordered (from the
smallest to the greatest element). The contrary is simple. Pulsesg(t) are real if and
only if g(t) = g∗(t) for all t ∈ [0, T ), where(·)∗ denotes the complex conjugate
matrix. Sinceg(t) = Rf(t), we haveg∗(t) = R∗ f∗(t). SinceAN is balanced and
the basic pulsesf(t) are complex exponentials,f∗(t) = Πf(t) holds, whereΠ is the
anti–diagonal matrix which turns upside downf(t). Now

g(t) − Πg(t) = 0 ⇐⇒ (R − R∗ Π) f(t) = 0 , t ∈ [0, T )

Sincef(t) are linearly independent signals, as shown in Appendix A, nolinear combi-
nation annihilates them all over the support. ThusR = R∗ Π, i.e.R is row Hermitian.
It is easy to prove [90] that, ifP is column Hermitian, then the inverseR = P−1 is
row Hermitian and vice versa. The same holds for Anti–Hermitian matrices.�

6.3.3 A Useful Class of Transformation Matrices

Any invertibleN × N complex matrixP gives a valid mCD. We are now focussing
on the particular subclassMH(N) of column Hermitian matrices and on the subclass
MP(N) whose entries are integer powers ofZ = ejπ h/L and, in particular, on the
subclassMHP(N) = MH(N) ∩ MP(N). Although restricted, the classMHP(N)
is still broad and has some interesting properties. In the following, we shall further
restrict the investigation to transformation matrices which lead to recursion formula
between pulses and permit building the Minimal Decomposition.

The classMP(N) imposes the following properties: 1) the modified wordscn are
polynomial inZ; 2) the determinant ofP is a polynomial inZ; 3) the entries of the
inverse matrixR = P−1 are rational functions ofZ. The poles of the determinant ofP
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Figure 6.2: All 10 mCD pulsesgk(t) with M = 4, L = 3 and transformation matrix
specified by (6.18) forh = 0.3.

determine theforbidden valuesof the modulation indexh, values at whichP becomes
singular and the mCD can not be carried out. For the subclassMHP(N), the determi-
nant ofP is a rational function∆(Z), which satisfies also∆(Z) = ∆(Z−1).

Example 1. The Vandermonde matrix (for arbitraryM andL) can be taken as
a transformation matrix with the first column equal to[Zγ ], γ ∈ AN . We assume
Zγ1 6= Zγ2 for all γ1 6= γ2, so thatP is invertible. Therefore, the forbidden values
of h are{Lk/n, n = 1, 2, . . . , N − 1, k ∈ N}. For instance, ifM = 4 andL = 3
(N = 10) the first column of the Vandermonde matrix is given by

[
Z−9 Z−7 Z−5 Z−3 Z Z1 Z3 Z5 Z7 Z9

]t
. (6.18)

and the corresponding pulses are shown in Fig. 6.2. IfZ = ejπ h/3, in the interval(0, 1)
we find five forbidden values forh, namely

{
3
8
, 3

7
, 1

2
, 3

4
, 3

5

}
.

6.4 The Minimal Decomposition (MD)

We saw that every mCD has cardinalityN = L(M − 1) + 1. A further reduction is
possible if we choose such transformation matrices that provide recursive updates for
the modified symbolscn(k). For example, forN = 4 the mCD isv(t) = v0(t)+v1(t)+
v2(t)+ v3(t), wherevk(t) =

∑
n cn(k) gk(t−nT ). If the recursioncn(3) = cn−1(0) is

valid for all n, we can combinev0(t) andv3(t) into a single PAM waveform, namely
v0(t)+ v3(t) =

∑
n cn(0)h0(t−nT ), with h0(t) = g0(t)+ g3(t−T ). The cardinality

decreases from4 to 3, and the pulseh0(t) has support[0, 2T ).
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This method can only reduce the cardinality by one. In fact, Proposition 9 states
that the separable CPM signals are equivalent to full response CPM signals. Mengali
and Morelli [35] showed that, in general, only one pulse of length(L+1)T exists, due
to the memory of the signal. From this argument and the fact that the CD has the same
cardinality of the CPM signal space in[0, T ), we conclude that the MD has minimal
cardinality.

6.4.1 Conditions for recursions

We are now establishing the conditions onP which produce the following recursion

cn(k1) = cn−1(k0) , k1 6= k0 . (6.19)

WhenZ 6= 0, combination of (6.16) and (6.11) implies

pAn,k1
= Z−An−1pAn−1,k0

, k1 6= k0 (6.20)

where the selection of the entriespAn,k1
andpAn−1,k0

of the same fixed matrixP de-
pends on two distinct compact symbolsAn−1 andAn. Recursion (6.20), which has to
hold true for all input data sequences, imposes the following form on the columnsk0

andk1 of P (see Appendix B for a proof)

pγ,k0
= π0 Z

γ , pγ,k1
= π0 , ∀ γ (6.21)

whereπ0 6= 0 is an arbitrary constant.
Without loss of generality, we may setk0 = 0, k1 = N − 1 andπ0 = 1. Then, the

matrixP, if compatible with condition (6.19), takes the form

P =





Z−N+1 p0,1 · · · p0,N−2 1
Z−N+3 p1,1 · · · p1,N−2 1

...
...

. ..
...

...
ZN−1 pN−1,1 · · · pN−1,N−2 1




(6.22)

where inner columns can be chosen arbitrarily, as long asP is invertible. A trans-
formation matrix of the above form will be called a standard transformation matrix.
Moreover, it is clear that only one recursion of the form (6.21) can be imposed, oth-
erwise two columns inP would be proportional to another one andP would be no
longer invertible.

6.4.2 Formulation of the MD

If we apply condition (6.19) to the mCD we obtain the MD, namely

v(t) =
∑

n

dt
n h(t− nT ) (6.23)
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Figure 6.3: MD pulseshk(t) with M = 4, L = 3 andh = 0.3.

wheredn is obtained fromcn by dropping the last symbolcn(N − 1) and

hk(t) =

{
g0(t) + gN−1(t− T ), k = 0
gk(t), k = 1, . . . , N − 2

(6.24)

We notice that the support ofh0(t) is equal to[0, 2T ) while the support is[0, T ) for
the othershk(t). For all valid matricesP, the pulses created with this procedure are
continuous functions oft, as can be easily seen considering the limits at the points
0, T, 2T and using definitions (6.12), (6.15), (6.17) and (6.24). In Example 1 (where
M = 4, L = 3 andNc = 9), the corresponding MD pulses are shown in Fig. 6.3.

It is clear that the MD cardinality isNc = N −1, as claimed in (6.1). ThereforeNc

represents the true minimal cardinality of all possible decompositions of a separable–
phase CPM signal. In Table 6.2, the cardinality of the new PAM decompositions of
separable phase CPM signals are compared to the cardinality of the Mengali–Morelli
decomposition [35]. We see that the cardinality of the proposed decompositions in-
creases only linearly with the memory of the original CPM signal. If the constraint on
separable phase is relaxed, our decomposition is still valid for full response CPM sig-
nals withL = 1. In Table 6.3 a comparison with the Mengali–Morelli decomposition
is presented.

6.4.3 Step–by–step procedure to evaluate an MD

The complete procedure for obtaining a MD is presented hereafter. Let us consider a
CPM signal with separable phase, parametersL, h, M and elementary phaseϕ0(t).
The procedure to obtain the MD is as follows

1. setN = L(M − 1) + 1;
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M = 4, separable phase
decomp. LMMD CD, mCD MD
cardinality ML − ML−1 L(M − 1) + 1 L(M − 1)
L = 1 3 4 3
L = 2 12 7 6
L = 3 48 9 8
L = 4 208 13 12
L = 5 768 16 15

Table 6.2: Cardinality of different decompositions with separable phase, forM = 4
and someL.

L = 1, no phase constraint
decomp. LMMD CD, mCD MD
cardinality 2dlog2

Me − 1 M M − 1
M = 2 1 2 1
M = 4 3 4 3
M = 6 7 6 5
M = 8 7 8 7
M = 10 15 10 9

Table 6.3: Cardinality of different decompositions with no phase constraint, forL = 1
and someM .

2. choose anN ×N standard transformation matrixP according to (6.22);

3. compute its inverseR = [rγ,k] and check that it is regular for the given value of
h;

4. evaluate the mCD symbolscn(k) from (6.16) and the mCD pulsesgk(t) from
(6.15);

5. the MD symbols coincide with the firstN−1 mCD symbols, i.e.dn(k) = cn(k),
for k = 0, 1, . . . , N − 2;

6. evaluate the MD pulses using (6.24).

When real pulses are required, in step 2)P must be chosen column Hermitian.

6.5 Explicit pulse expressions

Pulse evaluation of mCD and MD requires the inversion of standard transformation
matrixP. This can be done in exact (non numerical) form for small values ofN . We
found the CD pulses forN = 2, 3, 4.

In order to get the general formulas, we seth1 = h/L,ϕ1(t) = Lϕ0(t). ForN = 2,
the only possibility isM = 2,L = 1, and we obtain the well-known MSK modulation.
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The standard transformation matrix is unique, for the two columns ofP are determined
by condition (6.21),

P =

[
Z−1 1
Z 1

]
, R =

1

∆

[
1 −1

−Z Z−1

]
, (6.25)

whereZ = ejπh1 and∆ = detP = Z−1 − Z = −2j sin(π h1). The mCD pulses can
be written in the form

g0(t) =η(t) sin[2π h1ϕ1(t)]/ sin(π h1)

g1(t) =η(t) sin[2π h1(1/2 − ϕ1(t))]/ sin(π h1)

If N = 3 the standard transformation matrix is no longer unique. We choose

P =




Z−2 Z−1 1
1 1 1
Z2 Z 1



 , R =
1

∆




1 − Z Z − Z−1 Z−1 − 1
Z2 − 1 Z2 − Z−2 1 − Z−2

Z − Z2 Z − Z−1 Z−2 − Z−1





where∆ = 4j sin(πh1)[1 − cos(πh1)]. If we setc(x) = cos(2π h1x), we obtain the
following mCD pulses

g0(t) =η(t)
c(1/4) − c(2ϕ1(t) − 1/4)

2 c(1/4) [1 − c(1/2)]

g1(t) =η(t)
c(1/2) + c(2ϕ1(t) − 1/2)

1 − c(1/2)

g2(t) =η(t)
c(1/4) − c(2ϕ1(t) − 3/4)

2 c(1/4) [1 − c(1/2)]

ForN = 4 we choose

P =





Z−3 Z−1 Z−2 1
Z−1 Z−1 1 1
Z Z 1 1
Z3 Z Z2 1



 , R =
1

∆





Z −Z −Z−1 Z−1

−Z Z−1 Z −Z−1

−Z2 Z2 Z−2 −Z−2

Z2 −1 −1 Z−2





where∆ = (Z−1 − Z)2 = −4 sin2(π h1). The mCD pulses are

g0(t) = η(t){−c[ϕ1(t) − 1/2] + c[3ϕ1(t) − 1/2]} /∆
g1(t) = η(t){c[ϕ1(t) + 1/2] − c[3ϕ1(t) − 1/2]} /∆
g2(t) = η(t){c[ϕ1(t) − 1] − c[3ϕ1(t) − 1]} /∆
g3(t) = η(t){−c[ϕ1(t)] + c[3ϕ1(t) − 1]} /∆
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6.6 Conclusions

This work analyzies the problem of PAM decomposition of CPM signals. In partic-
ular, the attention is focused on CPM signals with a separablephase. This property
allows us to find the exact signal space dimension and to derive PAM decompositions
with minimal cardinality. The procedure to obtain such decompositions is new and
original compared to previous works [34], [35], [36] and gives insight on the rela-
tionship between the signal space bases and the final PAM waveforms. Further work
needs to be performed to understand the consequences of these decompositions on the
implementation of simplified receivers.
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A Appendix: the dimension of spanQP

We want to show that the functions inQP are linearly independent,in order to conclude
that the dimension ofspan T is the cardinality ofQP . More precisely we have the
following

Theorem 2 Let QP be the class of the expurgated–state trajectories generated by a
separable phase response and letS = spanQP . Then, a base forS is given by
the pulsesfγ(t) = ej2πh γ ϕ0(t) , γ ∈ AN , t ∈ [0, T ) and its dimension isN =
L(M − 1) + 1.

Proof. We show that the functionsfγ(t) are linearly independent. Sinceϕ0(t) is con-
tinuous and monotonic in[0, T ) from 0 to 1/(2L), it is always possible to findN
instantsti so thatϕ0(ti) = i/N1 , i = 0, 1, . . . , N − 1 = L(M − 1), provided that
N1 > 2L2(M − 1). Let’s samplefγ(t) over{ti} and store the samples in aN × N
matrixF. This is a Vandermonde matrix

[F]i,γ = fγ(ti) = e
j2π h γ

i
N1 = Qi

γ , Qγ = e
j2πh

γ
N1 ,

and it is non–singular if and only if theN complex numbersQγ are pairwise distinct
and non-zero [68]. This is achieved by settingN1 > 2hL(M − 1) so that the phases
of eachQγ are all distinct and contained in the interval[−π, π). Therefore, choosing

N1 > max{ 2L2(M − 1), 2hL(M − 1) }

we can always find anN–tuple(t1, . . . , tn) such that theN vectorsfγ = [fγ(t1), . . . ,
fγ(tN)], γ ∈ AN are linearly independent. Note that this choice is always possible
sinceM , L andh are finite.

Since the sampled vectors{fγ} are linearly independent, the continuous functions
{fγ(t)}, t ∈ [0, T ), γ ∈ AN are also linearly independent. As a matter of fact, if
we could find a non–null linear combination

∑
γ cγfγ(t) = 0 for all t ∈ [0, T ), then∑

γ cγfγ(ti) = 0, which is not possible.�

B Appendix: Recurrence Solution

We want to prove that equation (6.20) has solutions of the form (6.21).
Considering thatAn − An−1 = an − an−L, from (6.20) we obtain

pAn−1+an−an−L,k1
= Z−An−1pAn−1,k0

, (6.26)

which has to be satisfied for all input sequences{an}. Now, given a genericγ ∈ AN ,
γ < N − 1, there exists a fixed sequenceãn−1 = (ãn−L, . . . , ãn−1) so thatAn−1 =∑L

i=1 ãn−i = γ andãn−L < M−1. The sequencẽan−1 fixes the second term of (6.26).
Now, if the input dataan = ãn−L, thenAn = An−1 = γ; if an = ãn−L + 2 we have



An = An−1 + 2 = γ + 2. Hence, in the first casepγ,k1
= Z−γpγ,k0

, while in the latter
pγ+2,k1

= Z−γpγ,k0
. Therefore

pγ+2,k1
= pγ,k1

, ∀ γ ∈ AN , γ < N − 1 . (6.27)

TheN − 1 equalities (6.27) state that all the entriespγ,k1
, for all γ ∈ AN , are equal to

a constant, sayπ0. From the latter statement and from (6.26) we have,π0 = Z−γpγ,k0
,

which is satisfied for allγ ∈ AN , finally obtainingpγ,k0
= π0Z

γ. This completes the
proof.�





Conclusions

This thesis mainly investigated coding and decoding problems of noncoherent space–
time codes. Our attention focused on unitary codes obtainedvia the exponential map.
This specific topic requires an important mathematical background: space–time code
theory, matrix theory and differential manifold basics.

One important contribution of this thesis is the collectionand organization of the
basic mathematical tools we need to understand EP codes. In particular, we hope to
have provided a sufficiently clear description of the geometrical interpretation of the
coding procedure in Chapter 3. In that chapter, one original and important contribution
is Theorem 1, which relates the non–coherent code diversityto the diversity of the cor-
responding coherent code. This was a particularly hard taskfor two reasons: the first
one is the non–linearity of the exponential map, the latter is the fact the the diversity
is defined with respect to different detection criteria. Besides, the proof of Theorem 1
suggested relationships between training codes and EP codes. The example with com-
muting matrices at the end of Chapter 3 is original and the remark about generalized
PSK codes and Givens codes too.

We believe that, in SISO case, the derivation of the new simplified decoder based on
geometrical investigation in Chapter 4 is original. The application of the new simplified
decoder to a SIMO systems is original too. Detailed discussions about the difficulties
which prevented us from finding performing decoders for MIMOEP codes were never
reported before (see Chapter 5). We hope that they can be helpful to other researchers
who want to pursue this goal. The simplified decoders described in Chapter 5 are worth
of attention as well as the discussion of the parameters choice, since they can be source
of inspiration to ameliorate decoder performance.

Simulations show that GLRT performances of EP codes are substantially equiva-
lent or slightly better than training–based codes performances, specially in SISO case
for intermediate spectral efficiencies. When suboptimal andsimplified decoding is ap-
plied, training–based codes seem to perform slightly better and to have smaller com-
putational complexity. One of the possible research directions is to further develop EP
code design and decoding, to reduce decoder complexity and to maintain diversity at
the same time. We believe that the remarks about the relationship between EP codes
and training–based codes quoted above can constitute a promising tool to cope with
the search for new suboptimal efficient decoders or to understand in deep the reasons
why one proposition eventually works better than the other.

Another topic which would be interesting to investigate is the theoretical upper and
lower bound of error rate performances with respect to the local GLRT decoder here

169
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proposed. For instance, such a study concerning the local GLRT could clarify if this
suboptimal decoder have some floor and how much diversity is lost. Our simulations
in fact show only performance behaviours in some particularcases, but they are not a
proof. It would be interesting also to simulate performances in the general MIMO case
when the number of receive antennas is greater that the number of transmit antennas
(N > M ), by applying the subspace basis estimation algorithm reported in this thesis.
Another important point is to propose strategies to use moretransmit antennas than
receive ones (M > N ), issue which is not treated in this thesis. The optimal number of
active antennaM∗ was chosen according to results of the ergodic channel.M∗ should
actually be revisited under the perspective of quasi–static or generic block fading chan-
nel, a more realistic channel model, which can lead to different strategies. This is a
short list of issues which in my opinion should be addressed first. The solution to these
problems can lead to the proposition of more flexible EP codes, and is an inevitable
step toward practical implementations.

The original contributions of Chapter 6 are the equivalence principle for separa-
ble CPM signals and the new method to obtain PAM decompositions. This method
also shows that these decompositions have minimal cardinality: it is not possible to
find PAM decompositions with fewer pulses. Many topics can befurther investigated.
For instance, PAM decompositions have been recently applied to space–time coding,
so that our decomposition can be a useful tool to design space–time codes for CPM
system with linear phase response. Our decomposition can beapplied to “classic” in-
vestigations: the simplification of the optimal CPM receiver, synchronization issues,
etc.. The method to create PAM decompositions we propose canbe generalized to
CPM with general phase response. In this case the equivalenceprinciple is no longer
valid so that the decompositions cardinality is not linear with respect to the CPM signal
memory. Therefore, for generic CPM signals our method does not produce decomposi-
tions more compact than the other ones proposed in literature. Anyway, the generation
method itself is interesting and gives insights in the CPM signal structure. This under-
standing can be eventually a useful tool to deal with the above quoted problems.
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