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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualInverse problems in imaging
-

A damaged image g : Ω ⊂ R
N → R is represented as:
g = Ag0 + n.Our aim: restore the image!Khalid Jalalzai Regularization of inverse problems in image pro
essing 4 / 53



Introdu
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trum Restoration Primal-DualRestoring by minimizing an energyVarious approa
hes: Partial Di�erential Equations, Statisti
al estimators,Sparse representations, Variational methods.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualRestoring by minimizing an energyVarious approa
hes: Partial Di�erential Equations, Statisti
al estimators,Sparse representations, Variational methods.Often, one minimizes an energy of the form
E(u) =

1

2
‖Au − g‖

2
2 + λR(u).The �rst term behaves as a data �delity, whereas R(u) is aregularization term that re�e
ts an a priori distribution on images.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualPenalizing os
illationsThe idea: highly os
illating images are less probable.In 1963, Ty
honov suggested to minimize the following
min

u∈H1(Ω)

1

2
‖Au − g‖2

2 +
λ

2

∫

Ω

|∇u|2.In 1992, Rudin, Osher & Fatemi proposed the model
min

u∈BV (Ω)

1

2
‖Au − g‖2

2 + λTV (u), (ROF)where TV (u) =

∫

Ω

|Du|.Khalid Jalalzai Regularization of inverse problems in image pro
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualROF's modelFor simpli
ity we 
onsider the denoising problem
min

u∈BV (Ω)

1

2
‖u − g‖

2
2 + λ

∫

Ω

|Du|.

◮ The TV term regularizes images without smoothing the edges of theobje
ts.
◮ TV produ
es an undesirable artifa
t: the stair
asing phenomenon.

We are going to explore these properties further.Khalid Jalalzai Regularization of inverse problems in image pro
essing 9 / 53
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualDis
ontinuities
Re
ently Caselles, Chambolle & Novaga (2008) showed that whenever
g ∈ L∞(Ω) ∩ BV (Ω), the dis
ontinuity set satisfy

Ju ⊂ Jg.In a sense, no new obje
ts are 
reated.
Khalid Jalalzai Regularization of inverse problems in image pro
essing 10 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualAn Anisotropi
 EnergyWe generalized this result to energies of the form:
E(u) =

∫

Ω

Φ(x, Du(x))dx +

∫

Ω

Ψ(x, u(x))dxwhere essentially
◮ Φ C2 out of Ω × R

N \ {0}, positively 1-homogenenous and ellipti
in the se
ond variable,
◮ Ψ measurable in the �rst variable, stri
tly 
onvex and 
oer
ive in these
ond one.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-Dual
TheoremAssuming that for a 
ountable set D dense in R,

∂tΨ(·, t) ∈ BV (Ω) ∩ L∞(Ω), ∀t ∈ D,one has
Ju ⊂

⋃

t∈D

J∂tΨ(·,t)up to a set HN−1 negligible.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualOne 
an adapt the proof of CCN provided:
◮ One 
an understand how our problem relates to a minimal surfa
eproblem: denoting Es := {u > s}

∫

Ω

Φ(x, Du(x))dx+

∫

Ω

Ψ(x, u(x))dx

∼

∫

s

(

PΦ(Es, Ω) +

∫

Es

∂tΨ(x, t)dx

)

ds.Two minimal surfa
es:
◮ One 
an get the desired regularity for the level sets 
ombiningthe theory of regularity for quasi-minimal surfa
es,the Nirenberg's method,the regularity theory for ellipti
 PDEs in non-divergen
e form.Khalid Jalalzai Regularization of inverse problems in image pro
essing 13 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualRe�nement in the weighted 
aseProblem: What if the anisotropy is less regular?For instan
e
min

u∈BV (Ω)

∫

Ω

w|Du| +
1

2
‖u − g‖

2
2with w merely Lips
hitz 
ontinuous.
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Minimizer uCreation of jumps with w(x) =
√

xχ{x≤1} + xχ{x>1} + 0.2Khalid Jalalzai Regularization of inverse problems in image pro
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualTheoremLet w : Ω → R be positive, bounded, Lips
hitz 
ontinuous with
∇w ∈ BV (Ω, RN ) and g ∈ BV (Ω) ∩ L∞(Ω).Then the minimizer u ∈ BV (Ω) satis�es

Ju ⊂ Jg ∪ J∇wup to a HN−1-negligible set.If in addition we assume that w is of 
lass C1 we get that at thedis
ontinuity
(u+ − u−) ≤ (g+ − g−) HN−1-a.e. on Ju.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualThis is quite surprising if one thinks of
g : [0, 2π)2 −→ R

(x, y) 7−→

{

2 + cos(x) if y > 0,

0 otherwise.
Level lines {u = t} for some Graph of u on one period.values of t ∈ (1, 2). Some level lines are represented in red.Khalid Jalalzai Regularization of inverse problems in image pro
essing 17 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualStair
asing and dis
ontinuities depend on λNot mu
h 
an be said in general.In 1D, Ring (2000) and Briani, Chambolle, Novaga, Orlandi (2011) showthat the solutions u(t) of
min

u∈BV (Ω)
t

∫

Ω

|Du| +
1

2
‖u − g‖

2
2.form a semi-group.TheoremLet Ω = B(0, R) ⊂ R

N , g ∈ L2(Ω) radial. Then (u(t))t form asemi-group.CorollaryIf λ ≤ µ, Jµ ⊂ Jλ and Sλ ⊂ Sµ.Dis
ontinuities vanish, stair
asing in
reases.Khalid Jalalzai Regularization of inverse problems in image pro
essing 18 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualStair
asing
Level lines of a TV -minimizerBy looking at the level sets we prove that stair
asing o

urs

◮ at global extrema of g.
◮ at all extrema of u.Khalid Jalalzai Regularization of inverse problems in image pro
essing 19 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualSome perspe
tives
Our work paved the way for future resear
hes:

◮ Stair
asing o

urs a.e. for a noisy image.
◮ For a general g, do we have Jµ ⊂ Jλ?
◮ Study the regularity of the minimizers in the anisotropi
 setting.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-Dual
An Alternative for the TotalVariation
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualA variant of TVThe idea: repla
e TV by
J(u, Ω) = inf

Pϕ=Du

∫

Ω

|ϕ|,where P is the �proje
tion on gradients�.Remark that
J(u) ≤ TV (u).Motivates the use of J in image pro
essing.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualDual formulationUsing Riesz's duality and some 
onvex analysis:PropositionIf Ω ⊂ R
N is a 
onvex open set then for any u ∈ BV (Ω),

J(u, Ω) = sup
w∈C1

c (Ω)
‖∇w‖

∞
≤1

∫

Ω

∇w · Du.Se
ond order approa
h to redu
e stair
asing.
Khalid Jalalzai Regularization of inverse problems in image pro
essing 23 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualTheoremLet Ω ⊂ R
N open and u = χE the 
hara
teristi
 fun
tion of a set of�nite perimeter E in Ω, or more generally u ∈ BV (Ω) with Du
on
entrated on the jump set Ju. Then,

J(u, Ω) =

∫

Ω

|Du|.

J 
oin
ides with TV on �
artoon� images.The idea:
◮ If u = χE with ∂E a C1,1 manifold.Consider the signed distan
e w = d(x, Ω \ E) − d(x, E).A 
lassi
al result asserts that:

w is C1,1 near supp(Du) = ∂E and ∇w = ν.Thus,
J(u) ≥

∫

Ω

∇w · Du =

∫

∂E

ν · Du =

∫

Ω

|Du|.Khalid Jalalzai Regularization of inverse problems in image pro
essing 24 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-Dual
◮ In the general 
ase, we use some tools of geometri
 measuretheory to:lo
alize the problem,build w from s
rat
h using the re
ti�ability of Ju.

2riε

2riε

ν(xi)

wi,ε(y) = ν(xi) · y

xi

ri
wi,ε = 0

wi,ε = 0

wi,ε(y) = −ν(xi) · y
∂∗E

Bi
εKhalid Jalalzai Regularization of inverse problems in image pro
essing 25 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualROF revisitedGiven Ω open and g ∈ L2(Ω), 
onsider the problem
min

u∈L2(Ω)
F(u) =

1

2
‖u − g‖2

2 + λJ(u).Proposition
F has a unique minimizer uλ ∈ L2(Ω).Proposition (An expli
it solution)Let g = CχB(0,1) and λ ≥ 0. Then, if C ≥ λN , the minimizer of F is

uλ = (C − λN)χB(0,1).Khalid Jalalzai Regularization of inverse problems in image pro
essing 26 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: a noisy image
σ = 20 TV -minimizer, λ = 25 J̃-minimizer, λ = 25

PSNR=22.1 PSNR=29.4 PSNR=29.3
Khalid Jalalzai Regularization of inverse problems in image pro
essing 27 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: absen
e of stair
asing
Initial g TV -minimizer, λ = 100 J-minimizer, λ = 100
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualMotivations and perspe
tives
◮ J behaves mostly like TV without 
reating homogeneous regions.
◮ Some open issues: Poin
aré inequality, 
anoni
al spa
e?
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-Dual
Adapted Basis for Non-Lo
alRe
onstru
tion of Spe
trum
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNon-Lo
ality in imagesImages have non-lo
al features:
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNon-Lo
ality in imagesRe
ently developed models take into a

ount this stru
ture:
◮ Denoising proposed by Buades, Coll, Morel (2005):

NLMeans(g)(x) =
1

C(x)

Z

Ω

g(y)w(x, y)dy

◮ Other inverse problems:
min

u

1

2
‖Au − g‖2

2 + λ

Z

Ω×Ω

‖pu(x) − pu(y)‖w(x, y)dxdyA key step is the 
omputation of the similarity measure:
w(x, y) = exp

(

−
‖pg(x) − pg(y)‖2

h

)

.Khalid Jalalzai Regularization of inverse problems in image pro
essing 32 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualSpe
trum re
onstru
tionThe problem:
g = F−1(χMF(g0))Di�erent masks M for various appli
ations:Inverse A
ousti
Spatial imaging Zoom S
attering Tomography

The aim: restore the spe
trum.Khalid Jalalzai Regularization of inverse problems in image pro
essing 33 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNLMeans Similarity MeasureIn general, δ(x, y) = ‖pg(x) − pg(y)‖2:
Can we do better?The aim: design a similarity measure δ(x, y) that is adapted to theproblem of spe
trum re
onstru
tion.Khalid Jalalzai Regularization of inverse problems in image pro
essing 34 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualAdapted AtomsThe idea: design test fun
tions (φα)α su
h that
g ∗ φα = g0 ∗ φα, ∀α.One 
an 
ompute an orthogonal basis iteratively

φα = argmin


Z

Ω

|φ(x)|2|x|p
2
dx, supp(Fφ) ⊂ M, ‖φ‖

2
≥ 1, φ ⊥ Span{φα′ , α

′
< α}

ff

Khalid Jalalzai Regularization of inverse problems in image pro
essing 35 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualSimilarity measure 
omparisonWe de�ne the following similarity measure:
δ(x, y) =





∑

α≤α0

|g ∗ φα(x) − g ∗ φα(y)|2





1
2

.Here α0 sets how lo
alized the 
onsidered atoms are.Performan
e of this new similarity measureAtom distan
e NLM distan
e
The 13 best mat
hes (in red) for a �xed pat
h (in green).Khalid Jalalzai Regularization of inverse problems in image pro
essing 36 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: a toy exampleOriginal g0 Corrupted g NLMeans NL-Atom TV restored
PSNR=8.5 PSNR=9.2 PSNR=10.6 PSNR=8.4

Khalid Jalalzai Regularization of inverse problems in image pro
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: a
ousti
 inverse s
atteringThanks to the Born approximation
u∞(x̂, d) ≈

∫

RN

χD(y)e−ik(x̂−d)·ydy,we 
an use the data that 
omes out of the dire
t problem.In a sense, we add noise.Original g0 Corrupted g NLMeans NL-Atom TV restored
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: 
losely lo
ated obje
tsOriginal g0 Corrupted g NLMeans NL-Atom TV restored
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: Weight re
omputation
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNumeri
al simulations: Tomography problemOriginal g0 Spe
trum of g0 Corrupted g Spe
trum of g

PSNR=22.4NL-Atom thenNLMeans NL-Atom 1× NLMeans 20× NLMeans TV restored
PSNR= 23.8 PSNR=24.9 PSNR=25.8 PSNR=24.8 PSNR=23.6Khalid Jalalzai Regularization of inverse problems in image pro
essing 41 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualAdvantages
◮ Performs mu
h better in some 
ases.
◮ The weight 
omputation is faster.
◮ The weight re
omputation is not mandatory.

Khalid Jalalzai Regularization of inverse problems in image pro
essing 42 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-Dual
Convex Optimization: ThePrimal-Dual framework

Khalid Jalalzai Regularization of inverse problems in image pro
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualNon-smooth minimizationUsually minimization is 
arried out by using gradient algorithms.As far as we are 
on
erned, we are interested in the minimization ofnon-smooth energies of the form
min
x∈X

F (Ax) + G(x).

◮ F ls
 
onvex.
◮ G ls
 uniformly 
onvex with parameter γ0.New algorithms should be designed for su
h problems.

Khalid Jalalzai Regularization of inverse problems in image pro
essing 44 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualThe Primal-Dual frameworkThe idea: 
onsider a dual variable y.A re
ently developed algorithm aims to �nd a saddle point (x̂, ŷ) of theproblem
min
x∈X

max
y∈Y

〈Ax, y〉 + G(x) − F ∗(y)and is inspired by the followingAlgorithm 1 Arrow-Hurwi
z's s
heme
◮ Iterations: For n ≥ 1 update as follows:

xn+1 = (I + τ∂G)−1(xn − τA∗yn),

yn+1 = (I + σ∂F ∗)−1(yn + σAxn+1).Khalid Jalalzai Regularization of inverse problems in image pro
essing 45 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualAdaptive stepsizeChambolle, Po
k (2010) propose the following modi�
ation:Algorithm 2 Primal Dual with adaptive stepsize
◮ Initialization: σ0τ0‖A‖2 ≤ 1, γ ≤ γ0.
◮ Iterations: For n ≥ 1, 
onsider the updates:

yn+1 = (I + σn∂F ∗)−1(yn + σnAx̄n),

xn+1 = (I + τn∂G)−1(xn − τnA∗yn+1),

θn =1/
√

1 + 2γτn, τn+1 = θnτn, σn+1 = σn/θn,

x̄n+1 = xn+1 + θn(xn+1 − xn).Converges as O
(

1
n2

).Khalid Jalalzai Regularization of inverse problems in image pro
essing 46 / 53



Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualSurprisingly the 
omplexity depends on γ:
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualA �rst explanationAlgorithm 3 Primal Dual with adaptive stepsize
◮ Initialization: σ0τ0‖A‖2 ≤ 1, γ ≤ γ0.
◮ Iterations: For n ≥ 1, 
onsider the following updates:

yn+1 = (I + σn∂F ∗)−1(yn + σnAx̄n),

xn+1 = (I + τn∂G)−1(xn − τnA∗yn+1),

θn =1/
√

1 + 2γτn, τn+1 = θnτn, σn+1 = σn/θn,

x̄n+1 = xn+1 + θn(xn+1 − xn).

Khalid Jalalzai Regularization of inverse problems in image pro
essing 48 / 53
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualOne provedTheoremLet τ0, σ0 > 0 su
h that σ0τ0‖A‖2 ≤ 1 then the sequen
e (xn)n∈N
onverges to x̂ and
∑

n

n‖x̂ − xn‖2 < +∞.

Complexity beyond O
(

1
n2

): best theoreti
al rate of 
onvergen
e forthis 
lass of problems.
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Introdu
tion TV Minimization: �ne properties An Alternative for TV NL Spe
trum Restoration Primal-DualSome perspe
tives
◮ Prove that the dual variable 
onverges for the adaptive Primal-Dualalgorithm.
◮ Devise the optimal uniform 
onvexity parameter γ that gives thebest rate and prove that it is beyond o

(

1
n2

).
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Mer
i !
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