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e = e(p, ρe, λ), r = r(p, ρe, λ)
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4 Ô³Õ�Ô ý e ý p ý ρe
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r
ý
λ
Ó=Õ�Ô	Ò�õ¢ÔDó�Þ�Ô�Ø³Ú<'2Ø�Ú¥Û1Ò�Ô�Õ�Û2Ó=Ù¢Ô³Û¢Ô�Õ�à ô	ý:Ò�õ¢Ô�Þ¢Õ�Ô�ó�ó�Ý�Õ�Ô ý1ÒAõ�Ô�Ü¢Ô�Û�ó�Ú¥Ò\ô ý1Ò�õ¢Ô�Õ�Ô�Ó=Ø³Ò�Ú�Ö�Û)Õ�Ó°Ò¡Ô

Ó=Û¢ÜQÒAõ¢ÔÎÞ¢Õ�Ö=à�Õ�Ô�ó�ó]ò°Ó=Õ�ÚvÓ ß Ù�ÔæÖ ö7ÒAõ¢ÔÉØ�õ¢Ô;÷EÚ�Ø�Ó=ÙYÕ�Ô�Ó=Ø³Ò�Ú�Ö�Û øtþ õ¢Ô�Û
λ = 0

Ò�õ¢ÔÎÔ���Þ¢Ù�Ö ó�Ú/ò=ÔÉÚ/ó�Ý�Û¢Õ�Ô�Ó=Ø³Ò�Ô�Ü�ÿ
λ = 1
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à�Ô�Û�Ô�Õ¡Ó%Ò¡Ú�Ö=ÛdÖ ö!Ò�õ¢Ô4Ü�Ô³Ò¡Ö=Û2Ó°Ò¡Ú¥Ö�ÛQà:Ó ó�Ô�ó¾Ö«Ø�Ø�Ý�Õ�ó²Ú¥Û�ó�Ò¡Ó=Û:Ò?Ó=Û�Ô�Ö�Ý�ó�Ù/ô(�

λ = 1
� Ó°Û¢ÜçÒAõ¢Ó°Ò�Ò�õ¢Ô;ó�Ô×à:Ó ó�Ô;ó²Ó=Õ�Ô

Ü¢Ô;ó�Ø�Õ�Ú ß Ô�Ü ß ô0ÒAõ¢Ô�Þ�Ö�Ù/ô1Ò¡Õ�Ö�Þ¢Ú¥Ø¾Ô3-1Ý2Ó°Ò�Ú�Ö�Û�Ö ö7ó�Ò¡Ó°Ò¡Ô
e(p, ρe) =

1

γ − 1

p

ρe
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 �½ë����Dê�ì*ë�� ë��Eê�æ]çèí����#ì¨ê����:ñ�ë����! �"$#
þ ÔÎØ�Ö=Û&%�Ú¥Ü¢Ô�Õ�Ò('¢ÔÎÜ*)«Û2Ó,+EÚ�Ø ß Ô-'2Ó/.«Ú�Ö�Ý¢Õ�Ö,0!Ø1)«Ù�Ú�Û�Ü¢Õ�Ú¥Ø¯Ó=Ù5Ó=Û�Ü2%�Þ*'¢Ô�Õ�Ú�Ø¯Ó°Ù7Ø�Ó3.«Ú�Ò4)dÚ¥ÛçÓ°ÛçÚ�ÛT'2Û¢Ú¥Ò�Ô5'�Ö6+ Ö87à�Ô�Û�Ô�Ö�Ý&%-9!Ú:%�Ö=Ò¡Õ�Ö�Þ¢Ú�ØEÓ=Û�ÜëÙ�Ú¥Û¢Ô¯Ó=Õ�Ô³ÙvÓ,%�Ò¡Ú�Ø;%�Ö=Ù�Ú�Ü�< ) '¢Ô0Ø-)«Ù�Ú¥Û¢Ü¢Õ�Ú¥Ø¯Ó=Ù!Ø�Ó/.�Ú�Ò4)>=�Ú¥Ù�Ù ß Ô Ò¡Õ�Ô¯Ó°Ò�Ô�Ü?=�Ú�Ò('éÒ@'¢ÔÓ,%@%�Ý&+EÞ�Ò¡Ú¥Ö�ÛTÖ,07Þ¢ÙvÓ=Ú¥ÛA%�Ò�Õ¡Ó=Ú¥ÛQØ³Ö�Û¢Ü¢Ú�Ò¡Ú¥Ö�ÛB<
5 Ô³Ò�Ý&%�Ø�Ö�Û&%�Ú�Ü¢Ô³Õ�Ò('¢ÔC%@+ Ó=Ù�Ù�Ü¢Ú:%�Þ¢ÙvÓ=Ø³ÔD+EÔ�Û:Ò(%�Ó,%�%�Ý&+EÞ�Ò�Ú�Ö�ÛB< ) '1Ý&%D9�Ò('�ÔÉÜ¢Ô10�Ö�Õ@+EÔ�ÜQØ�Ö=ÛZ'2à�Ý¢Õ�Ó°Ò¡Ú¥Ö�ÛA=�Ú�Ù¥Ùß Ô×Ò@'¢ÔE%¡Ó,+EÔÄÓ,%¾Ò@'¢ÔÄÕ�Ô-0�Ô³Õ�Ô³Û¢Ø�ÔEØ�Ö�ÛT'2à�Ý¢Õ�Ó°Ò¡Ú¥Ö�ÛB< Ð ÛêØ-)«Ù¥Ú�Û¢Ü¢Õ�Ú�Ø�Ó=Ù�Ø³Ö�Ö�Õ�Ü¢Ú�Û¢Ó°Ò¡Ô-%EF

r
9
θ
9
z G 9YÒ('¢ÔE%�Ò�Õ�Ô-%@%!7Ü¢Ú:%�Þ¢ÙvÓ°Ø�ÔD+EÔ�Û:Ò�Õ�Ô�ÙvÓ%Ò¡Ú�Ö=Û&%	Ø¯Ó°Û ß ÔH=�Õ�Ú�Ò�Ò¡Ô³ÛçÓ�%

σr = Ê

[

∂u

∂r
+ k(1 − `)

u

r

] F Ð�Ð�Ð <JI G

σθ = Ê

[

(1 − `)
∂u

∂r
+ (k(1 − `) + `)

u

r

] F Ð�Ð�Ð <LK G
=�Ú¥Ò@'

Ê =
E(1 − ν)

(1 + ν)(1 − 2ν)
, ` =

1 − 2ν

1 − ν

F Ð�Ð�Ð <NM G
=O'¢Ô�Õ�Ô

u
Ú:%�Ò('¢Ô�Õ�Ó=Ü¢ÚvÓ°Ù�Ü¢Ú:%�Þ¢ÙvÓ°Ø�ÔD+EÔ�Û:ÒD9

σr

Ó=Û�Ü
σθ

Ó=Õ�ÔÎÕ�Ô-%�Þ�Ô�Ø³Ò�ÚP.=Ô�ÙP)TÒ@'¢ÔÎÕ¡Ó=Ü¢Ú�Ó=ÙYÓ=Û�ÜQÒ@'¢ÔÎÒ¡Ó=Û¢à�Ô³Û:Ò¡ÚvÓ°Ù%�Ò�Õ�ÔD%�%�Ô-%D<
k
Ú:%ÉÓ=ÛëÚ�Û:Ò�Ô�à�Ô³Õ4Ü¢Ô1Q2Û¢Ú�Û�àdÒ('�ÔR%�Ò�Ý¢Ü¢Ú¥Ô�Ü Ø¯Ó�%�ÔSF

k = 1
0�Ö�ÕÎØ-)«Ù¥Ú�Û¢Ü¢Õ�Ú�Ø�Ó=Ù!Ø¯Ó/.«Ú¥Ò4),9

k = 2
0�Ö=Õ

î6T



%�Þ&'�Ô�Õ�Ú¥Ø¯Ó=Ù�Ø¯Ó/.«Ú¥Ò4) G <U '¢Ô�Ö�Û¢ÙV)åÛ¢Ö�Û:Ò�Õ�ÚP.«Ú�Ó=Ù�Ô-W«Ý�Ú�Ù�Ú ß Õ�Ú¥Ý&+8ÔDW1Ý2Ó°Ò�Ú�Ö�Û�Ú:%	Ò@'¢Ô�Õ¡Ó=Ü�ÚvÓ=Ù�Ö�Û¢Ô
∂σr

∂r
+ k

σr − σθ

r
= ρ

∂2u

∂t2
F Ð�Ð�Ð < ÿ G

=O'¢Ô�Õ�Ô
ρ
ÚP%¾Ò('¢ÔE%�Ö=Ù�Ú�ÜìÜ�Ô�Û&%�Ú¥Ò4)6<;XY%�Ú�Û�à[Z�W\< Ð�Ð�Ð <NI*9 Ð�Ð�Ð <LKQÓ=Û¢Ü Ð�Ð�Ð < ÿ 9YÖ�Û�ÔEØ�Ó=ÛêÖ ß Ò?Ó°Ú�Û�Ò('�ÔE0�Ö=Ù�Ù�Ö3=�Ú¥Û¢à=	Ó/.=ÔÉÔ-W«Ý¢Ó°Ò¡Ú¥Ö�Û

∂2u

∂r2
+
k

r

(

∂u

∂r
− u

r

)

− 1

c2
∂2u

∂t2
= Γ = 0

F Ð�Ð�Ð < î G
=O'¢Ô�Õ�Ô

c =
√

Ê/ρ
ÚP%×Ò('¢Ô�.=Ô�Ù¥Ö�Ø³Ú¥Ò4)ëÖ�0²Ù¥Ö�Û¢à�Ú�Ò¡Ý¢Ü¢Ú¥Û2Ó=Ù#Ô�Ù�Ó,%�Ò�Ú�ØR=�Ó/.�Ô-% Ú¥Û[Ó=Û[Ú�Û*Q2Û�Ú¥Ò¡ÔR+ Ô³Ü¢Ú�Ý&+]9#Ó=Û¢Ü

Γ
Ú:%ÉÓçÕ¡Ó=Ü�ÚvÓ=Ù�.�Ö=Ù�Ý&+EÔ³Ò�Õ�Ú�ØE=tÔ�Ú�à,'1ÒD<SZ�W\< Ð�Ð�Ð < î '¢Ó,%ÉÒ�Ö ß Ô^%�Ö�ÙV.�Ô³Ü_=�Ú¥Ò('üÒ('¢Ô;0�Ö�Ù�Ù¥Ö`=�Ú¥Û¢àQÚ�Û¢Ú�Ò¡ÚvÓ°Ù!Ó=Û¢Ü

ß Ö=Ý¢Û¢Ü2Ó=Õ!)åØ³Ö�Û¢Ü¢Ú�Ò¡Ú�Ö=Û&%
u(r, 0) = 0 ∀ r ≥ a

F Ð�Ð�Ð < B G
lim

r→+∞
u(r, t) = 0 ∀ t ≥ 0

F Ð�Ð�Ð < G G
σr(a, t) = −p(t) ∀ t ≥ 0

F Ð�Ð�Ð <Pa/b G=O'¢Ô�Õ�Ô
a
ÚP%	Ò('¢ÔæÖ�Õ�Ú�à�Ú¥Û2Ó=Ù�Ø¯Ó/.«Ú¥Ò4)0Õ¡Ó=Ü¢Ú¥Ý&%�Ó=Û¢Ü

p(t)
Ú:%	Ò@'¢ÔæÞ¢Õ�ÔD%@%�Ý¢Õ�ÔÎÖ�ÛTÒ('�Ô ß Ö�Õ�ÔD'¢Ö�Ù¥Ô�=�Ó=Ù�Ùc< ã )TÝ&%�Ú�Û¢à

Ò('¢Ô�ÚP%�Ô�Û:Ò�Õ�Ö�Þ¢Ú¥Ø�Þ¢Õ�Ö«Ø�Ô-%@%�Ô1d�Þ2Ó=Û&%�Ú�Ö�ÛçÓ,%@%�Ý&+EÞ�Ò¡Ú¥Ö�ÛB9�Ò@'¢Ô ß Ö�Õ�ÔD'¢Ö�Ù¥ÔæÞ¢Õ�Ô-%@%�Ý¢Õ�ÔÉØ¯Ó=Û ß ÔÎÔ1d�Þ¢Õ�ÔD%�%�Ô�Ü�Ó,%�Ò@'¢Ô0�Ö�Ù�Ù¥Ö3=�Ú�Û¢à
p(t) = P0

(

ρe/ρ
0
e

)γ
= P0

(

1 +
u(a, t)

a

)−(k+1)γ F Ð�Ð�Ð <Pa,a G
=O'¢Ô�Õ�Ô

P0

Ú:%¾Ò('�Ô)Ú�Û¢Ú�Ò¡ÚvÓ°Ùe%�'¢Ö�ØgfìÞ�Õ�ÔD%�%�Ý¢Õ�Ô Ö=ÛûÒ@'¢Ô ß Ö=Õ�ÔD'�Ö�Ù�Ôh=�Ó=Ù¥Ù�95Ó=Û¢Ü
ρ0

e

Ú:%¾Ò@'¢ÔÄÚ�Û¢Ú�Ò¡ÚvÓ°Ù�Ü�Ô�Û&%�Ú¥Ò4)ûÖ,0
Ò('¢Ô�Ôid�Þ�Ù�Ö6%�ÚP.�Ô�<Z�Wj< Ð�Ð�Ð <Va6aæÚ:%�Ö ß Ò?Ó=Ú¥Û¢Ô�Ü�=�Ú�Ò('TÒ('¢ÔÎÓ,%�%�Ý&+EÞ�Ò�Ú�Ö�ÛåÒ@'2Ó°Ò�Ò('�ÔÎÜ�Ô�Û&%�Ú¥Ò4)TÖ,05Ò@'¢Ô�Ü¢Ô³Ò�Ö�Û2Ó°Ò�Ú�Ö�ÛTà:Ó�%�Ü¢Ô�Ø³Õ�Ô¯Ó�%�ÔD%
Ö�Û¢ÙV)åÜ¢Ý¢ÔæÒ�ÖÄÒ@'¢Ô�à:Ó,%�Ôid�Þ¢Ó=Û&%�Ú¥Ö�ÛB<�k�Ö3=l9�ÚP0�=tÔ4Ó�%@%�Ý*+ ÔæÒ('¢Ó°Ò

u(a, t)/a� 1
9	Z�W\< Ð�Ð�Ð <Va6a ß Ô³Ø�Ö6+EÔD%

p(t) = P0

(

1 − (k + 1)γ
u(a, t)

a

) F Ð�Ð�Ð <Pa T G
U ÖR%�Ö�ÙV.�Ô4Ò@'¢Ô×Ü¢Ô1Q2Û¢Ô�ÜûÚ¥Û¢Ú¥Ò�ÚvÓ=Ù ß Ö�Ý¢Û¢Ü¢Ó=Õ�)].°Ó=Ù�Ý¢ÔÉÞ¢Õ�Ö ß Ù�Ô-+[9\=�Ôm=�Ú¥Ù�Ù5Ý&%�Ô×Ò('¢Ôm%�Ö�Ù�Ý�Ò¡Ú�Ö=ÛçÜ¢Ô1.�Ô�Ù¥Ö�Þ�Ô�Ü ß )U Úon�Ó=Û�Ú�F!a G�G I G <�p�Ú�Õ�%�Ò¡ÙV)69�=�Ô�Ú�Û:Ò�Õ�Ö«Ü¢Ý¢Ø�ÔæÒ@'¢Ô�Ü¢Ú:+EÔ�Û&%�Ú�Ö�Û�Ù�ÔD%�%q.°Ó=Õ�Ú�Ó ß Ù¥ÔD%

ξ =
r

a

F Ð�Ð�Ð <Pa/I G
η = 1 +

ct− r

a

F Ð�Ð�Ð <PaDK G
ã )�Ó,%!)�+ Þ�Ò�Ö=Ò¡Ú¥Ø¾Ø�Ö=Û&%�Ú¥Ü¢Ô�Õ�Ó°Ò¡Ú¥Ö�Û&%D9 U Úon�Ó=Û¢Ú�%@'¢Ö3=O%�Ò('2Ó°Ò�Ò@'¢Ô�Õ¡Ó=Ü¢Ú�Ó=Ù�Ü�Ú:%�Þ�ÙvÓ=Ø³ÔD+EÔ�Û:Ò�Ø¯Ó=Û ß Ôl=�Õ�Ú¥Ò�Ò¡Ô�ÛQÓ,%

u(r, t) =
P0

Ê
a φ(ξ, η)

F Ð�Ð�Ð <Va`M G
=O'¢Ô�Õ�Ô

φ
ÚP%�à�ÚP.=Ô�Û ß )

φ(ξ, η) = ξ−kϕ(η) + ξ−k/2ψ(η)
F Ð�Ð�Ð <Va ÿ G

ϕ(η)
Ó=Û¢Ü

ψ(η)
Ó=Õ�Ô²Ü¢ÔªÒ¡Ô³Õ@+EÚ�Û¢Ô³Ü ß )^+EÚ�Û¢ÚP+ Ú¥Ï¯Ó°Ò�Ú�Ö�Û)Ö,0YÒ@'¢Ô�.=Ö�Ù�Ý&+EÔ³Ò�Õ�Ú¥ØY=tÔ�Ú¥à6':Ò

Γ
=�Ú¥Ò('0Õ�ÔD%�Þ�Ô³Ø³Ò�Ò�Ö)Ó

Ü¢Ô-Q¢Û¢Ô�Ü[+ ÔªÒ¡Õ�Ú¥Ø,<
Γ = 0

Ø�Ö�Õ�Õ�Ô-%�Þ�Ö�Û¢Ü&%�Ò¡ÖÄÒ('�ÔÎÔid�Ó=Ø³ÒY%�Ö=Ù�Ý�Ò�Ú�Ö�ÛB< Ð Û].«Ú�Ô1=mÖ,0rZ�W\< Ð�Ð�Ð <Va`M)Ó=Û¢Ü Ð�Ð�Ð <Pa ÿ 9
ΓÒ?Ó,f°ÔD%�Ò('�Ôl0�Õ�Ö6+

Γ =
P0

a

[

kϕ′ξ(−k−1) −
(

k2

4
+
k

2

)

ψξ(−2−k/2)

] F Ð�Ð�Ð <Pa î G
=O'¢Ô�Õ�Ô

f ′(x) = df/dx
<sp�Ö=Õ	Ò('¢Ôl%�Þ*'¢Ô�Õ�Ú�Ø¯Ó°ÙYØ¯Ó/.«Ú¥Ò4)692Ú�Ò�Ú:%�Þ�Ö6%@%�Ú ß Ù¥Ô²Ò¡ÖEÛ1Ý¢Ù�Ù¥ÚP0t)

Γ
ß )A%�Ú:+EÞ¢ÙP)EÒ?Ó,f1Ú¥Û¢à

ψ(η) = ϕ′(η) ∀ η ∈ [0, + ∞[
F Ð�Ð�Ð <Va B G

î I



Ð ÛTÒ('¢ÚP%�Ø¯Ó,%�Ô,9¢Ò('�ÔÎÖ ß Ò?Ó=Ú¥Û¢Ô�Üu%�Ö�Ù�Ý�Ò�Ú�Ö�Û�=�Ú¥Ù�Ù�Ø�Ö�Õ�Õ�ÔD%�Þ�Ö=Û¢ÜQÒ�Ö)Ò('¢ÔæÔid¢Ó°Ø³Ò�Ö�Û¢Ô�<wv�Ö3=�Ô1.�Ô�Õ-9x%�Ú�Û¢Ø³Ô,9&=tÔ�Ø¯Ó=Û
Û¢Ö=Ò�Ö ß Ò?Ó=Ú¥Û�Ó=ÛdÔid�Ó=Ø³ÒY%�Ö=Ù�Ý�Ò�Ú�Ö�Û�0�Ö�Õ	Ò@'¢Ô�Ø-)«Ù�Ú¥Û¢Ü¢Õ�Ú�Ø¯Ó°Ù�Ø¯Ó/.«Ú¥Ò4),9 U Úon�Ó=Û�ÚB%�Ý¢à=à�ÔD%�Ò(%�Ò('2Ó°Ò

ψ(η) = Aϕ′(η) ∀ η ∈ [0, + ∞[
F Ð�Ð�Ð <Va G G

=O'¢Ô�Õ�Ô
A
ÚP%	ÓÎØ�Ö�Û&%�Ò?Ó=Û:Ò�Ü�Ô³Ò¡Ô³Õ@+EÚ�Û¢Ô³Ü ß ) Ò@'¢Ôy+EÚ�Û¢ÚP+ Ú¥Ï¯Ó°Ò�Ú�Ö�Û4Ö,0

Γ
< U Ö×Ü¢Ö4Ò@'2Ó°Ò/9«Ö�Û¢Ôz=	Ó/) Ø�Ö�Û&%�Ú:%�Ò(%	Ö,0

Ò('¢Ôl+EÚ�Û¢ÚP+ Ú¥Ï¯Ó°Ò�Ú�Ö�ÛÄÖ,0�Ò('�ÔÎÜ�Ú:%�Ò¡Ó=Û¢Ø³Ô ß Ô³Ò4=tÔ�Ô³Û
f(ξ) = 3

4
Aξ−5/2

Ó=Û¢Ü
g(ξ) = ξ−2

Ü¢Ô1Q2Û¢Ô�ÜçÓ,%

d(f, g) =
[∫ ∞

1
(f(ξ) − g(ξ))2 ξdξ

]1/2 F Ð�Ð�Ð < T b G
U '¢Ú:%�Ù¥Ô¯Ó=Ü*%�Ò�Ö

A = 8/5
<

p�Ú�Û¢Ó=Ù�ÙV)69:Ò('¢Ô�à�Ô³Û¢Ô�Õ�Ó=Ù{%�Ö=Ù�Ý�Ò�Ú�Ö�ÛTØ�Ó=Û ß ÔH=�Õ�Ú�Ò�Ò¡Ô³ÛQÓ,%

u(r, t) =
P0

Ê
a φ(ξ, η) =

P0

Ê
a
[

ξ−kϕ(η) + Aξ−k/2ϕ′(η)
] F Ð�Ð�Ð < T a G

=�Ú¥Ò@'

− k = 1
Ó=Û�Ü

A = 8/5
0�Ö�Õ�Ø1)«Ù�Ú�Û�Ü¢Õ�Ú¥Ø¯Ó=Ù�Ø¯Ó/.«Ú¥Ò4)|F�Ó=Þ¢Þ¢Õ�Ö3d�ÚP+0Ó°Ò�Ôy%�Ö=Ù�Ý�Ò�Ú�Ö�Û G

− k = 2
Ó=Û�Ü

A = 1
0�Ö�Õ}%�Þ&'�Ô�Õ�Ú¥Ø¯Ó=ÙYØ�Ó/.�Ú�Ò4)|F�Ôid�Ó=Ø³Òz%�Ö�Ù¥Ý�Ò¡Ú¥Ö�Û G

− ϕ(0) = ϕ′(0) = 0
F Ð Û¢Ú�Ò¡ÚvÓ°Ù�Ø³Ö�Û¢Ü¢Ú�Ò¡Ú�Ö=Û&% G

− σr(1, η) = P0

[

∂φ
∂ξ (1, η) + k(1 − `)φ(1, η) − ∂φ

η (1, η)
]

= −p(η) F ã Ö�Ý�Û¢Ü2Ó=Õ!)äØ�Ö=Û¢Ü¢ÚV7
Ò�Ú�Ö�Û G

U '¢Ô�Õ�Ô-0�Ö�Õ�Ô,91Ò('¢Ô�Ö�Û�ÙP))Ý¢Û*f«Û�Ö`=�Û^0�Ý¢Û¢Ø³Ò�Ú�Ö�ÛEÚ:%
ϕ(η)

=O'¢Ú�Øg' Ø¯Ó=Û ß Ô�Ô�Ó,%�Ú¥ÙP))Ü¢ÔªÒ¡Ô³Õ@+EÚ�Û¢Ô³Ü ß )ÄØ�Ö=Û&%�Ú¥Ü¢Ô�Õ�Ú�Û¢à
Ò('¢Ô ß Ö�Ý¢Û¢Ü2Ó°Õ�)êØ�Ö�Û�Ü¢Ú¥Ò�Ú�Ö�ÛüÓ°ÒÎÒ('¢Ô Ø¯Ó/.«Ú¥Ò4)~=	Ó°Ù�ÙzF

ξ = 1 G < U '1Ý&%-9s=�Ô Ö ß Ò¡Ó=Ú�ÛûÒ('¢Ô;0�Ö�Ù�Ù¥Ö3=�Ú�Û¢àu%�Ô³Ø�Ö�Û�ÜÖ�Õ�Ü�Ô�Õ�Ù�Ú¥Û¢Ô¯Ó°Õ	Ü¢ÚP��Ô�Õ�Ô�Û:Ò¡Ú�Ó=Ù�Ô-W«Ý¢Ó°Ò¡Ú¥Ö�Û
ϕ′′ +mϕ′ + ωϕ = 1/A

F Ð�Ð�Ð < T6T G
=O'¢Ô�Õ�Ô







m = 1
A
− k

2
+ k` + γ(k + 1)P0

Ê

ω = 1
A

(

k`+ γ(k + 1)P0

Ê

)

F Ð�Ð�Ð < T I G
� Ô³Ò

∆ = m2 − 4ω
< U ÖE%�Ö=ÙP.�ÔCZ�W\< Ð�Ð�Ð < T6T 9*=tÔH=�Ú�Ù¥Ù�Ü¢Ú:%�Ò¡Ú¥Û¢à�Ý¢ÚP%@'åÒ('�Ôl0�Ö=Ù�Ù�Ö3=�Ú¥Û¢àÉÒ@'¢Õ�Ô³ÔÉØ�Ó,%�Ô-%

− �	Ó�%�Ô;a6�
∆ > 0

ϕ(η) = F exp
(

−(m−
√

∆) η/2
)

+G exp
(

−(m +
√

∆) η/2
)

+
1

ωA

F Ð�Ð�Ð < T K G
− �	Ó�%�Ô T �

∆ = 0

ϕ(η) = (F +G η) exp (−m η/2) +
1

ωA

F Ð�Ð�Ð < T M G
− �	Ó�%�Ô5I*�

∆ < 0

ϕ(η) =
[

F cos
(√

−∆ η/2
)

+G sin
(√

−∆ η/2
)]

exp (−m η/2) +
1

ωA

F Ð�Ð�Ð < T ÿ G

î K



=O'¢Ô�Õ�Ô
F
Ó=Û¢Ü

G
Ó=Õ�Ô!Ú¥Û:Ò¡Ô�à=Õ¡Ó°Ò�Ú�Ö�Û¾Ø³Ö�Û&%�Ò?Ó=Û:Ò(%5Ô1.=Ó°Ù�Ý2Ó°Ò�Ô�Ü ß )æÝ&%�Ú�Û¢à	Ò@'¢Ô!Ú�Û�Ú¥Ò¡Ú�Ó=Ù+Ø�Ö�Û�Ü¢Ú¥Ò�Ú�Ö�Û&%

(ϕ(0) = ϕ′(0) = 0)
<

�5�`���/�/���`�6�@�`���?�]���c�-�/�j�3���j���`�����e���	�1�`���j���]�h�	���
U '¢ÔçÜ�Ô-.�Ô³Ù�Ö�Þ�Ô�ÜäÓ=Û2Ó=ÙV)«Ò�Ú�Ø�Ó=Ù�Ó=Þ¢Þ¢Õ�Ö:Ó=Øg'�=�Ú¥Ù�ÙO'¢Ô³Ù�Þ'Ý*% Ò¡Ö>'2Ó/.�ÔìÓ°ÛäÓ=Þ¢Þ�Õ�Ô�Ø³ÚvÓ°Ò�Ú�Ö�ÛíÖ�Û'Ò@'¢ÔçÜ�)�Û¢Ó,+ Ú¥Ø%�Ò�Õ�ÔD%�%�Ô-%�Ö�ÛTÒ@'¢ÔH=	Ó=Ù¥Ù�Ö,0�Ò('¢Ô ß ÙvÓ,%�Ò('¢Ö�Ù¥Ô¾Þ¢Õ�Ö�Ü¢Ý�Ø�Ô�Ü ß )åÒ('¢ÔæÕ�Ó=Þ¢Ú¥ÜQÔid�Þ2Ó=Û&%�Ú�Ö�Û�Ü¢ÔªÒ¡Ö�Û2Ó%Ò¡Ú�Ö=ÛQà�Ó,%�Ô-%D<�p2Ö�Õ
ÓEà=ÚP.�Ô³Û

P0

Ó=Û¢Ü
γ
9�p7Ú�à&< Ð�Ð�Ð < T Ú�Ù�Ù¥Ý&%�Ò�Õ¡Ó°Ò�ÔD%�ÓÄÒ4)�Þ�Ú�Ø¯Ó°Ù�Õ�ÔD%�Ý¢Ù¥ÒY0�Ö�Õ�Ò('¢ÔÎÕ¡Ó°Ü¢ÚvÓ=Ù{%�Ò¡Õ�ÔD%@%�Ö�ÛdÒ@'¢Ô ß ÙvÓ,%�Ò('¢Ö=Ù�Ô=	Ó°Ù�ÙYÓ,%�Óm0�Ý¢Û¢ØªÒ¡Ú�Ö=ÛdÖ,07Ò¡ÚP+ Ô�0�Ö=Õ�Ò@'¢Ôl%�Þ&'�Ô�Õ�Ú¥Ø¯Ó=Ù�Ó=Û�ÜQÒ@'¢ÔÉØ1)«Ù�Ú�Û�Ü¢Õ�Ú¥Ø¯Ó=Ù�Ø¯Ó/.«Ú¥Ò4)�Ú�Û�Ù¥Ú:+EÔD%�Ò�Ö�Û¢ÔH+ Ó°Ò¡Ô³Õ�Ú�Ó=Ù�<p�Ú�Õ�%�Ò�ÙP)691Ò('�ÔæÕ¡Ó=Ü¢Ú�Ó=Ù�%�Ò¡Õ�ÔD%@%-9	%�Ò¡Ó=Õ�Ò�Ú�Û¢àm0�Õ�Ö6+ −P0

Ó°Ò
t = 0

9�=�Ú�Ù�Ù�Ú�Û¢Ø³Õ�Ô�Ó,%�ÔæÚ¥Û�Óh0�Ô-=�+EÚ�Ø³Õ�Öm%�Ô�Ø³Ö�Û¢Ü&%�Ò¡Ö
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(a)   Young modulus [GPa]
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(b)   Explosive density [Kg/m3]
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(c)   Detonation velocity [m/s]
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(d)   Polytropic gas constant

Initial shock pressure 
Initial particle velocity
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σr(a, z, t) = −p(z, t) ∀ (z, t) ∈ [0, h] × [0, T ]
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σr(a, z, t) = −p(t) ∀ t ∈ [0, T ]
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$,+)2�4 - +�2�$8d�2N$ * 4�(6+EÞ6+ & %@%�2P. & % - + & 7¢à - '#(,0 - ' & +�(�4gf\<U ' & 7M=*+ & +�2�4�$ * + & %�= *O- % - '
$ - =A2 *�* ß & 9 & %�4�+�2 ß & 9^=A2 *�* 45(8764 & +�7 - '6+ &�& 4-) * 2@7696+�2@4L$ * %,$,+EÞ *�& %O� - ' & Q
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+;+T$	769H$CQ*d & 9H(8= - %�2�9 & %�=�+�0�$	4 & <�kU=*+ & +�2�4�$ * %�( * = - 2�(87&%�= & + &
( ß - $	2�7 & 9 ß )V=&%�2�7¢àR=6762V0�+�(6+W962:%�4�+ &�- 2P%,$ - 2�(87&%�=A2 - '^´R76(M9 & 9RW>=
$	96+�2 * $ -,& +,$ *6&5*�& + & 7 - %D< ² b6b*9�I6b6bR$	769I6b6b &5*�& + & 7 - %y= & + & =&% & 9~0�(8+D9X+ & %�Þ & 4 - 2P. &�* ),9{%,$,+EÞ *@& F A G 9�F B G $	769�F C G < U ' &E- 2:+ & % -,& ÞY=&% & 9~0�(8+4�(6+EÞ6= - $ - 2@(87&%-9�=O'62@4g']= & + & 96(	7 & =A2 - ' * $	+�à & % - +�$	2�7A0�(8+�+E= * $ - 2@(87B9�=Z$,%

∆t = 10−6 ms
<
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$�+H$=à &\-,& 7*%�(8+I4�(,+ Þ^(87 & 7 - =O'62@4g' =_$,%
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ß & % &�& 7 - '
$ - $ - Q6+@% -R- ' &V- $	7¢à & 7 - 2N$ * % - + & %�% 2P% -�& 7&%�2 *@& < þ ' & 7 - ' &V-,& 7&%�2 *�& 45+�2 -�& +�2�(87Y2:%�+ & $	4g' & 9B9- $	7�à & 7 - 2�$ * 9
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$ - 9�0�(8+ - ' & %�$,+ &_* (8$	962�7�à396=6+�$ - 2@(87B9 ß (8=�769
$	+!)
4�(87�962 - 2�(87&%S4�$	7P2�7�`6= & 764 &U- ' & % - + & %@%�% - $ -�& (,0 - ' & %�$,+ & +H$ -,& +�2N$ * =A2 - ' - ' & %�$,+ & à & (6+ &�- +!)6< pG2�à&<
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$�+H$=à & $	769 - ' & %�(,0 -�& 762@7¢à�.?$	+�2�$ ß *@& $,%�$R0�=67�4 - 2@(87
(,0 - 2:+ & $ -b- ' & 2�767 & +}%�=�+�0�$	4 & (,0e%,$�+ Þ *@& F A G
�����g<Pa3b�9������g<Pa,a�$	769I�����g<Pa T %�'6(3= - $	7¢à & 7 - 2N$ * % - + & %�%<$ -b- ' & + & 9�2�=&+e(,0 & $	4g']%,$�+ Þ *@& <�k & à * 2�à82 ß *�& 2@7�7
4�+ & $,% & (�0 - $	7¢à & 7 - 2N$ * 9
$,+'$=à & 2P%�%@'6(3=A7)2�7EpG2¥à&<G�����g<Va T =O'62@4g''2@76962�4�$ -,& % - ' & $ ß % & 764 & (,0X$	7¯)m0�$	2 * =6+ &+ & 4g'
$	762P%@+]<sv<(`= & +!. & +D9&p%2�à&<%�����g<Va3bR$	769^pG2�à*<G�����g<Pa,aY%�'6(3= - =_(f962P� & + & 7 - 0�$	2 * =6+ & + & 4g'6$	762:%�+[<rp
(8+%,$,+EÞ *@& F A G 9x0�$	2 * =6+ & 2P%�96= & - (P962�+ & 4 -�-,& 7&%�2 *�& % - + & %@%-9%$�%�0�(8+y%�$,+ Þ *�& F B G 9B0�$	2 * =6+ & 2:% - ' & + & %�= *@- (,0- ' & + & ` & 4 -,& 9 - $	7¢à & 7 - 2N$ * % - + & %�%D<pG2�à*<)�����g<Va3I*9g�����g<Pa/KB$	769a�����g<Pa`MA%@'�(`= - $	7¢à & 7 - 2N$ * % - + & %�%C$ -�- ' & (8= - %�2@9 & %�=6+!0�$	4 & (,0 & $	4g'?%�$,+EÞ *�& <�_(87 - +�$	+�) - ( - ' & 4�$,% & %E(,0O%,$�+ Þ *@& F A G $	769?%,$,+EÞ *�& F B G 9 - ' &H- $	7�à & 7 - 2�$ * % - + & %�%V$ - - ' & (8= - %�2@9 &%�=6+!0�$	4 & (�0�%�$,+ Þ *�& F C G 2P%C4�(6+EÞ6+ & %@%�2P. & <¥p
=6+ - ' & +�+'(8+ & 9 - '�2:%C4�(,+ Þ6+ & %�%�2P. & % - $ -,& 2:% - (�( * 2 -�-,*�&V- (4L$	=*% & 0�$	2 * =6+ & <pG2�à*<g�����g<Va3´*9/�����g<Va î $	769C�����g<Va ± %@'6(3= - $	7¢à & 7 - 2�$ * 9
$�+H$=à & $	769 - ' & %�(,0 -�& 762@7¢ày.?$	+�2�$ ß *@& $,%h$y0�=67�4 - 2@(87
(,0Q+,$	962@=&%R$ - 962P� & + & 7 -�- 2P+ & %D<;°�%�4L$	7 ß & % &�& 7�9 - =Q(#4�(,+ Þ *@& + & 7 - $?+�)\+ & à82@(87i$	+ & 4 *@& $	+ * )#962:% - 2�7�7
à8=62P%@' & 9B< U ' & Q
+�% - + & à82@(87B9�2�7 - ' & 4 * (6% & .M2�4�2@762 - )�(,0 - ' &Q& WM=�2P.?$ *�& 7 - '6( *�& 9�2:%g4L$?=&% & 9 ß )5%�' & $?+e0�$	2 * =6+ &+ & 4g'
$	762P%@+]< U '62P%�+ & à82�(	7B9j(,0 * 2:+)2 -�& 9 & d -,& 7 - 9k2:%�Þ6+,$	4 - 2@4L$ *@* ) - ' & %,$�+ & 0�(	+ - ' & - '6+ &�& 45(87&%�2�9 & + & 9%,$,+EÞ *@& %D<;°�%R+ & à/$	+�9&% - ' & % & 45(8769a+ & à	2�(87B9c45(6+^+)(87 * )�f>76(3=A7l$,% - ' & 0�+�$	4 - =6+ & ��(	7 & 9 - ' & 0�$	2 * =6+ &+ & 4g'
$	762P%@+m2:%U96= & - ( - $	7¢à & 7 - 2�$ * % - + & %@%-<hp
(8+z%,$,+EÞ *@& F C G 9 - '62P%3+ & à82�(	7\2:%3$ ß % & 7 - %�2�7�4 & + & ` & 4 -,& 9- $	7�à & 7 - 2�$ * % - + & %@% & %3$	+ & 4�(,+ Þ6+ & %�%�2P. & <

ï5ï�ï�ð:n o^Ò�ô�ú4ø ùApCqÁÙkr�s	ùutPr-ÙDq{ÒGr�v;wPqcr�xfp ×AÒ7ùAtIr³÷Qqcr�x p

�:7 - ' &<y + & .�2@(8=&%�% & 4 - 2�(87B9 - ' & 0�+�$	4 - =6+ &<y +�(�4 & %@% *�& $	962@76z - (l+H$ -,& +�2N$ * 0�$	2 * =6+ & =_$,%�9 & %�4�+�2�{ & 9B<�|�2@764 & 9
2 - 2P%P76( - 0 & $,%�2@{ *�& 0�(	+ - ' & 45(87 - 2�7>=6=*+ 9 & %�4�+�2 y�- 2�(87 - (}$	454�(8=�7 - 0�(8+ - ' & 0�(8+�+H$ - 2�(87~(,0 9�2:%�45+ &�-,&0�+,$	z,+ & 7 - %D9 - ' & (	{ - $	2@7 & 9P+ & %�= *@- 962�7 -�& +�+^%Z(�0 - ' &�- ' & +@+)(M9*)M7
$,+)2�4Y% - $ -,& 9�(,0 - ' &3- 2:+ & 9 &5yX& 769 & 7 -0�+,$	4 - =6+ &Jy +�(M4 & %@%U$	+ &�y (6% -�y +�(M4 & %@% & 9 - ( y +�(M96=64 &�- ' & 0�+,$	z,+ & 7 - %�2�� & 9�2:% - +�2@{6= - 2@(87B<U ' & 4�=*+E= * $ - 2P. & +'$,%@%_(,0�0�+,$	z6+ & 7 - %q'
$/.M2�76zV$m%�2�� &�*�& %@% - '6$	7P(8+ & WM=6$ *j- (

s
2:%Qz82P. & 7P{¯)uZ�W\<h�g<JK ² <U ' & + & $	7�0�+�$	z6+ & 7 - %�2�� & 2:%_+ &�* $ -,& 9 - ( - ' & + & 4g'
$?762�4�$ * W>=
$?7 - 2 - )'{¯)AZ�W\<��g<LK�M�<G�:7 - '62P%�% - =69*)69�= &

$,%@%�=&+ &�- '
$ -b- ' & + & 4g'
$	762@4L$ * W>=
$?7 - 2 - )P2P%bz82P. & 7;{¯)
G(−→x ) = max

t∈[0, T ]

〈

σ(−→x , t)
〉

:
〈

ε̇(−→x , t)
〉 F������g<JK6´ G

± a
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pG2�z	=6+ & �����g< ± � U $	7�z & 7 - 2�$ * % - + & %@%-9 - $	76z & 7 - 2�$ * 9
$�+H$	z & $	769 - ' & %�(,0 -�& 762@76z�.?$	+�2�$	{ *@& $,%�$R0�=67�4 - 2@(87
(,0 - 2:+ & $ -b- ' & 2�767 & +}%�=�+�0�$	4 & (,0e%,$�+ y6*@& F B G
�:7F(8+�9 & + - (h%�'6(3= - ' & 4L$ y $?{62 * 2 - )C(,0 - ' &3y +�( y (6% & 9P$ y6y +�(/$	4g' - ( y + & 962@4 -Q- ' & 0�+,$	z6+ & 7 - %�2@� & 9�2:% - +�2�7
{6= - 2�(87B9�= & 45(87&%�2�9 & +b$	z/$	2@7 - ' &3- '6+ &�& %�$,+ y�*�& %_9 & %�4�+�2@{ & 9I2�7F4g'
$ y�-,& +b�g< U ' & 2�7 - +�2�7*%�2�4Y0�=6764 - 2�(	7

ψ2:%b2@9 & 7 - 2VQ & 9I{¯)P45=6+�. & Q -�- 2@76z&< U ' & 0�( *@* (3=A2�76z & + y 2�+�2�4L$ * + &5* $ - 2�(87*%@'62 y 2:%b=&% & 9

sm(−→x ) = ψ (G(−→x )) =















κ
(

G(
−→x )

Gd

)−n1

+ smin

0�(8+
G(−→x ) ∈ [Gc, Gd[

κ
(

G(
−→x )

Gd

)−n2

+ smin

0�(8+
G(−→x ) ∈ [Gd, + ∞[

F������g<JK î G

(κ, n1, n2, smin, Gd) ∈ � á 5
+

$	+ &��?�*�3���8���	�YÊ��&�`�	�?�¯�3���8� <
smin

$	769
Gc

$	+ & + & % yX& 4 - 2V. &5* ) - ' &+'2@762:+ =&+Ú0�+,$?z6+ & 7 - %�2@� & $	769 - ' & 4�+�2 - 2@4L$ * + & 4g'
$?762�4�$ * W>=
$?7 - 2 - )H2�7 - +�(�96=�4 & 9H2�7 - ' & Q
+�% - 4g'
$ y�-,& +D<U ' & Q -�- 2�76zV+ & %�= *@- 0�(8+ - ' & 4�(87&%�2�9 & + & 9[%�$,+ y�*�& %b2P%






























κ = 1.832
+^+

n1 = 1.764
n2 = 6.601
smin = 0.023

+;+
Gd = 1.278 � �%$ . %

F������g<JK ± G

kU(3=l9e0�+�(6+�7>=&+ & +�2�4L$ * %�2:+E= * $ - 2�(87&%3(,0 - ' & 0�+�$	4 - =6+ &)y +�(M4 & %@%C= & 4L$	7a4L$ * 4�= * $ -,&C- ' & 962P% - +�2�{�= - 2@(87
(,0 - ' & + & 4g'
$	762@4L$ * W>=
$?7 - 2 - )

G
$�%H$S0�=6764 - 2�(	7}(�0�+,$?962�=&%[F�pG2�z&<������g<Va ² G <d�J76(3=A2�76z - ' & 2@7 - +�2@7�7%�2@4E0�=�764 - 2�(87

ψ
9�= & 4�$	7 & $,%�2 * )\4L$ * 4�= * $ -,&E- ' & + & $	7|0�+�$	z6+ & 7 - %�2@� & $	769 - ' & + & 0�(8+ &C- ' & 0�+�$	z6+ & 7 -%�2@� & 962:% - +�2�{6= - 2�(87#(,0 & $	4g'>%�$,+ y6*�& <^p%2�z&<C�����g< T bA%@'6(3=O% - '
$ - 7>=&+ & +�2�4L$ *�y + & 962�4 - 2@(87&%�$	+ & 2@7Yz8(�(M9

$	z8+ &�& + & 7 - =A2 - ' & d y^& +�2P+ & 7 - $ * + & %�= *@- %-<

±¯T
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