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� �= l�
(r�=���
 �
���=�	 � o �=�� ��� h =���+	 � 	�h 	� �	 ��(
�� �= h =��	g��h �+	 r���=�	 g	 �=� �=�� ��� ' �= l�
(r�=���
 �	 �����	
l	 . 
���	 ρref
� z	��	 �	�
�~�	 	��
��h =����	 �=� �	 g��h 	 �
(
�����h =� ' � ��
��=
� �
 ���=� dΩ0 � &
 =
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ρref = ρ0
ref + δρ,

�� ρ0
ref

����r
	 �= h =��	 g��h �+	 y�h �r�
����	 ' � ��
��=
� �
 ���=� . ���	
	 	
 �	
=
� l�h��	�	� h =��	� g��h �+	� � �+	�	��	 	� � C��	 �
o	 �	
�	� �	� l�
��=�
�	� σ . ' g=�	�� �=
� �q3,3 . 	�� ������ =(
 � �	w���h 	� � ��+�����	h �l=
�+	 � �+	�	��	 � } =
� �	 l=��	 �	 � �yk� ��y~�	 �	 p	��=ry� . �� �	 ��l�h� ��	 	
 �= ��hh 	� �
 �	
�	� �	� l�
��=�
�	� 	� 	l��g	� . σ′ . 	� � �
 �	
�	� �	 l�
��=�
�	� �	 ��	����
 . σp

. ��� �=���h 	
σ = σ′ + σp.

,e ��-
o	 �	
�	� �	� l�
��=�
�	� 	�	l��g	� σ′ �����	 
�+	h 	
� �	� �����h =���
� � �+	�	��	 � o	�	
�	� σp

�	
� l�h��	 � ��=g=�� �	� ���l	� �	 ��	����
 =��� l�� = ly=
r	h 	
� �	 g��h 	 �
����=� �	� ����=l	h 	
�� � �+	�	��	 � } =
� �= ���	 . �
 ��� ��	 +	 �	 �	
�	� � ��=g=�� �	� ���l	��	 ��	����
 	�� ��y���+	 	� � ��l��� ��� �= ���h 	 σpI3
. �� σp

	�� h =�
�	
=
� 
 �l=�=��	 	� I3����r
	 �	 �	
�	� ��	
���� �	 �q3,3 �
&
 
��	 v �= g ��	��	 � ��+��	 	� vs = ∂tu

l	��	 � �+	�	��	 �=
� 
 �����	
��	� (w	 	
�	h�� � &
 �
������ �= h =��	 g��h �+	 =��=�	
�	 �	 � �	= 
��h =����	 �=� �=�� ��� = g��h 	�=
� �= l�
(r�=���
 =l�	��	
ρ′ = ρϕ.

o	 Cw h =���+	 yk��=��+	 	�� ��(
� �=� M
Mlq = ρ′(v − vs).

,e ��-
z	 g	l�	� 	�� �	���
� ' l=�l�	� �	 ����� �	 h =��	 yk��=��+	 	� 	�� �r=�	h 	
� =�� 	�� g	l�	�l��=
� �	�=��� ,�=� �=�� ��� = �+	�	��	- �	 h =��	 �	 � �	= �

� �� �� �34,.+;96 *;96.+.4.+�56
= �=
� ��

� 
 �	h�� �	 ��h�=���
 T . �
 	�� h =�
�	
=
� 	
 h 	��	 �	 ���h�	� �	� �+=*���
� l�
������g	� � �����~h 	 h ��~�	 � &
 ����� 
 �����~h 	 � ��+�����	 h �l=
�+	 ,���=
 �	

+=
���� �	 h �g	h 	
� � �� �	 �+	�	��	 	� �	 C��	- 	� 
 �����~h 	 � ��g�����
 	
 yk��=��+	
,���=
 �	 h =��	 C��	- � &
 �=�� 	��	 +	 �	 ��=��	h 	
� �	 l	� �	w �����~h 	� 	�� l�h��~�	h 	
�l���� �=
� 8396:; 4561 � m=� �= ���	 . �
 �=�� 	��	 ' ����	 �
��l=��� 	� 	
��	 l��ly	�� �	� 
���� �	�r�=
�	�� �yk��+	� � s �=
h ��
� . l	�= 
	 ���L r	 �=� � ly��w � �
���� �=�� �=
� 8396:; 4561 �

o ��+�����	 h �l=
�+	 �	 ���h�	 l�=���+	h 	
� �	 �= h =
�~�	 ��g=
�	 �z�i	 �
∇·σ + ρrefF

m = 0 �=
� [0, T ] ×Ω, ,e �j-
�� Fm ����r
	 �= ���l	 �	 r�=g��� � &
 ���	�g	�= +	 ��� � �yk� ��y~�	 �	 �����h =���
� +=��*��=��+	� . �	� 	� 	�� � ��
	���	 �=
� �= ���l��	 . �	����	
��� �=� �	 �	�h 	 ρref∂ttu

. �
� ��� 
�r��r�� �}=
� �	 l=��	 �	 � ���=���l��� ��
�=��	 ������� 	 . �
 =
σ′ = λ1εV I3 + 2λ2ε,

�� λ1
	� λ2

��
� �	� l� 	� l�	
�� �	 o=h � � z	 ��
� �	� l�	� l�	
�� �y�
�h �
���r�+	� ��� 	
�=
�� h =����= ��
� 	�� l�
����� �	 �+	�	��	 �����	 �=
� �	 h ���	 � ��	w � o	 l� 	� l�	
� λ1
��l���
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�= l�h��	���� ����� � h =����= � } 	� g=�	�� ��~� r�=
�	� � �=�� ��� λ1/λ2
l���	�� �
�	
� ' 
h =����= ��=��+	h 	
� �
l�h��	���� �	 � z	 l=� 
	 �	
��	 �=� �=
� �	 l=��	 �	� ��=g=w l�*�	���� �m=� �= ���	 . �� �	�= l�hh��	 � �	w���h 	� �	 �	
�	� �	� l�
��=�
�	� 	�	l��g	� 	
 ��
l���
 �h���	 �	 x�
r E 	� � l� 	� l�	
� �	 m�����
 ν ��� �= ���h 	

σ′ =
E

1 + ν

[
ν

1 − 2ν
εV I3 + ε

]
.

o	� �	�=���
� 	
��	 h ���	 �	 x�
r . l� 	� l�	
� �	 m�����
 	� l� 	� l�	
�� �	 o=h � ��
� �	���g=
�	�
λ1 =

Eν

(1 + ν)(1 − 2ν)
, λ2 =

E

2(1 + ν)
,

E = λ2
3λ1 + 2λ2

λ1 + λ2
, ν =

1

2

λ1

λ1 + λ2
.

|��l	 = � ����=� �	 p	��=ry� . 	
 ��� ��	
��=
� �= �	�=���
 ,e ��- . �
 ����	
�
dσ′ = dσ − dσpI3.

,e �-
v
 �����=
� 
	 ���h�=���
 �	 {��y�� . �
 �l��� M

dσp = −bdp, ,e �	-
�� b 	�� �	 l�	� l�	
� �	 { ��� . ��� ��� l�
��=
� � �� �	
�	�r
	 �� �= l�
��=�
�	 h =l���l���+	h �������	 ����+ ��
 =rh 	
�	 �= ��	����
 �	 � ��	 	
 ���+=
� �= �����h =���
 g��h �+	 ,εV = 0

- �
o= �	�=���
 ,e �	- 	�� �l���	 ��� ���h 	 �����	
��	��	 l=� l �	�� ��� l	��	 ���h 	 + �	��	 	�� ������	�=
� �	 �ly�h = � ��
��r�=���
 	
 �	h�� �=
� 8396:; 4561 � o ��+�����	 h �l=
�+	 � ��l��� ��
l

∇·σ′(u) − b∇p+ ρrefF
m = 0.

&
 ���=���	 h =�
�	
=
� ���~g	h 	
� � ���=�����	h 	
� �	 � ��+=���
 �	 l�
�	�g=���
 �	 �= h =��	
C��	 �}{ie� � &
 l�
���~�	 
 �k��~h 	 h =����	� �	 h ���	 � ��	w �ll�=
� �	 g��h 	 �	 l�
��� �	���h 	
�=��	 V 0 �=
� �= l�
(r�=���
 �
���=�	 � t����=
� �	 � ��
� �	 g	 �=r�=
r�	
 �=� �=�� ���= �+	�	��	 . �
 ��� l	 �k��~h 	 �=
� �= ��=
����h =���
 � �+	�	��	 � �� � ll� 	 ' � ��
��=
� t �	g��h 	 �	 l�
��� �	 ���h 	
�=��	 V � m=� ��(
����
 . V 0 	� V l�
��	

	
� �	� h �h	� �=���l�	� �	�+	�	��	 	� ��
l �= h �h	 h =��	 �	 �����	 � v
 �	g=
ly	 . 	
 �=���
 � h�g	h 	
� �	�=��� � C��	�=� �=�� ��� = �+	�	��	 . �= h =��	 �	 C��	 l�
�	
	 �=
� V ��� ~�	 �	 l	��	 l�
�	
	 �=
� V 0 �
&
 ����r
	 �=� m �= h =��	 � �	= l�
�	
	 �=
� �	 g��h 	 �	 l�
��� �	 ���h 	
�=��	 V � &
 = M

m =

∫

V
ρϕdV =

∫

V 0

ρφdV 0.

�� g �	
� ��
l M
ds

tm =

∫

V 0

ds
t (ρφ) dV 0 =

∫

V

1

J
ds

t (ρφ) dV, ,e ��i-
�� �= ����g�	 ds

t = ∂t + vs·∇ �	
g��	 ' 
	 ����g�	 �=���l�=��	 ��g=
� �	� h �g	h 	
�� �	 �=�=���l�	 �	 �+	�	��	 � �
	 �	l�
�	 �=��
 �	 l=�l�	� �= g=��=���
 �	 m l�
����	 ' �l���	 + �	��		�� �	 = Cw �	�=��� �	 h =��	 C��	 ' ��=g	�� �= ���
��~�	 � �k��~h 	 � � |��l	 ' ,e ��- . �
 ����	
� M
1 � 4�� 18620 �>1 <1881�<5 /�68>1 12 �62<3562 =1 84 3.420�6.A 43562 => 0�>181331 + � �103 =62< 81 	>� .18435� =1 	>5=1
�4. .4��6.3 4> 0�>181331 �>5 5231.� 5123 =420 �: +**�
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ds
tm = −

∫

∂V
ρϕ (v − vs) ·ndΓ = −

∫

V
∇·MlqdV.

,e ���-
v
 �=����ly=
� ,e ��i- 	� ,e ���- . �
 ����	
� 
	 �+=���
 �l=�=��	 	w���h =
� �� l=�	h 	
� �= l�
�	�*g=���
 �	 �= h =��	 � �	= M

ds
t (δρ) + J∇·Mlq = 0.}=
� �= h 	��	 �� �
 �=�� � �yk� ��y~�	 +	 �= g=��=���
 �	h���	��	 � ����=l	h 	
� 	�� �=�� �	

,vs = 0
- . ds

t
� 	� �	 l�
��
��	 =g	l �= ����g�	 �=���	��	 �=� �=�� ��� = �	h�� ∂t

� &
 �=�� 	��	
+	 � �yk� ��y~�	 �	 ��=
����h =���
 �
(
�����h =�	 � �+	�	��	 =�����	 �r=�	h 	
� � �=����w �h =���

J ≈ 1

� o	 ���=
 �	 h =��	 C��	 � ��l��� ��
l �|	�jf� M
∂t(δρ) + ∇·Mlq = 0. ,e ��e-

m�� �	 l�h����	h 	
� � C��	 . �
 �����	 �= ��� �	 } =�lk
Mlq

ρ
= κ (−∇p+ ρFm) , ,e ��f-

�� κ ����r
	 �= l�
�l��g ��� yk��=��+	 � z	��	 �	�
�~�	 
 �	�� �=� ���	l�	h 	
� 
	 ��

�	 	� �=g=�	� 	�� l�

	 ' �=���� �	 �= ���h�	 ��g=
�	 M

κ =
K int(ϕ)

µ(T )
.

&
 = �
������ �	� +=
����� ��g=
�	� M
� K int �h2� 	�� �= � 	�h �=������ �
���
�~+	 l=�=l�������+	 � h ���	 � ��	w � z	��	 +=
����	�� ��
l���
 �	 �= � ������� �

� µ �m= ��� ����r
	 �= g��l����� �k
=h �+	 � ��+��	 � z	��	 +=
���� 	�� ��
l���
 �	 �=�	h� ��=��	 �
o ��+=���
 yk��=��+	 ,e ��e- �	 ���l��� 	
 �	
=
� l�h��	 �	 �= ��(
����
 �	 δρ 	� � �=�� +	 ρ	�� l�
��=
�	 .

∂tφ−∇· (κ∇p) = −ρ∇· (κFm) .v
 �����=
� �	� =�rh 	
�� �y	�h ��k
=h �+	� . �
 h �
��	 +	 � ��g�����
 �	 �= � ������� 	�� ��r�	�=
� �	 l=��	 ����y	�h 	 �=� � �	w��	����

dϕ = (b− ϕ)

(
dεV +

1

Ks
dp

)
. ,e ��	 -

z	��	 �+=���
 = ��� ��=���	 �=
� �	 l=��	 �	 �= �y	�h �*����*��=���l��� ��
�=��	 �z�i	 . zz}u 		� �} =
� l	��	 �+=���
 . �
 g��� =��=�=���	 � �
	 �=�� �	 l� 	� l�	
� �	 { ��� �
������ �=� � ��+=���

,e �	- 	� � �=��	 �=�� �	 h ���	 �	 l�h��	���� ����� �	� r�=�
� �����	� Ks [Pa] . ��� ��� l�
��=
� �
o �=��=�����
 � h �h	 l�	� l�	
� b �=
� �	� e �+=���
� �����	 �	 � ��r=���� �	� ����g�	� l�����	�� �
 � ��	
��	� �y	�h ��k
=h �+	 � m�� �= � ������� �=r�=
r�	

	 . 	
 �����=
� ,e �e- 	� ,e �f- . �
����	
� M

dφ = bd(∇·u) +
1

M
dp, ,e ���-

�� �
 = � ���
1

M
=
b− φ

Ks
.
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o	 h ���	 �	 { ��� M [
m=] �	
�	�r
	 �� �= g=��=���
 �	 g��h 	 �	� � ��	� �
���	 �=� 
	 ��*���h =���
 h =l���l���+	 	
 l�
�����
 ��=�
�	 (p = 0)

� �� 	�� ��� ��� l�
��=
� �l� � &
 �	h =�+	�=
� � ��+=���
 ,e ���- � �=��=�����
 � �
 �	�h 	 ��� = ����=l	h 	
� +� �
��� �	 l���=r	 	
��	 �	����=l	h 	
� 	� �= ��	����
 � ��+��	 �

� �� �
 �5 (<;A -�25 2 ;�� -5
} =
� l	 �=�=r�=�y	 . �
 ����	
�	 �	 �����~h 	 h ��~�	 . ��� �	� �+=���
� �	 �= � �����=���l�������	
��	� = �=�=r�=�y	 ���l��	
� . =+	� �
 � ��
���	��	 �=
� l	��	 �y~�	 � o	� �
l�

	� ������~h 	 l���� )� ��
� M
� �	 ly=h� �	 ����=l	h 	
� u ,f �
l�

	� �l=�=��	�- �

� �	 ly=h� �	 ��	����
 p ,� �
l�

	 �l=�=��	- ����� = ���=� 	 �
l�

	� �l=�=��	� � &
 ���� ��	 � �� �	� ���	�h �
	� �	� 	 �+=���
� ��g=
�	� M
� �	� �+=���
� � ��+�����	 ,f �+=���
� �l=�=��	�-

∇·σ′(u) − b∇p+ ρrefF
m = 0,

� � ��+=���
 �	 ������
 �	 �= h =��	 C��	 ,� �+=���
 �l=�=��	-
∂tφ−∇· (κ∇p) = −ρ∇· (κFm) ,

�� �	� �+=���
� � ���=� � �+	�	��	 ��
�





σ′(u) = λ1 (∇·u) I3 + λ2

(
∇u+ ∇ut

)
,

dφ = bd(∇·u) +
1

M
dp.v
 ���h �
=
� �= � ������� �=r�=
r�	

	 φ . �	 �����~h 	 h ��~�	 l�
����	 ��
l ' ���g	� 
 ly=h��	 ����=l	h 	
� u : [0, T ] ×Ω → �q3 	� 
 ly=h� �	 ��	����
 p : [0, T ] ×Ω → �q �	�� +	

−∇·σ′(u) + b∇p = f, �=
� [0, T ] ×Ω,

∂t(
1
M p+ b∇·u) −∇·(κ∇p) = g, �=
� [0, T ] ×Ω,

,e ���=-
,e ���� -

�� f = ρrefF
m 	� g = −ρ∇· (κFm) ��
� �	� ��

�	� � o	 �k��~h 	 ,e ���=-� ,e ���� - 	�� l�h������=� 
	 l�
�����
 �
���=�	 +	 
�� 
	 ���l��	��
� �=� �=
� �	 l=� r�
��=� ,g��� �Ky�ii . Ky�ie�- �

m�� �	� l�
�����
� =w ��h ��	� . �
 l�
���~�	 �=
� �	 l=� �	 ��� r�
��=� 
	 ����	 �=������
�	 �= ���
��~�	 ��� �= ���h 	
Γ = ΓM

D ∪ ΓM
N = ΓH

D ∪ ΓH
N .&
 �����	 +	 �	� ����=l	h 	
�� � h ���	 � ��	w ��
� �h� ���� �� �= �=���	 ΓM

D
	� +	 �	�l�
��=�
�	� h �l=
�+	� ��
� �h� ���	� �� �= �=���	 ΓM

N

� &
 ��� ��	 +	 �= ��	����
 �	 ��+��	 	���h����	 �� �= �=���	 ΓH
D

	� +	 �	 Cw yk��=��+	 	�� �h���� �� �= �=���	 ΓH
N

� o	� l�
�����
�=w ��h ��	� � �� �= �=���	 h �l=
�+	 � h��~�	 � ��l��g	
� ��
l M
{

u = uD,
�� ΓM

D ,
(
σ′(u) − bpχSI3

)
·n = σnor,

�� ΓM
N ,

,e ��j-
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�� �
 = 
��� ΓS = ΓM
N ∩ ΓH

N
. �	 ��
l���
 l=�=l�������+	 χS

. �= � �����
 �	 �= ���
��~�	 �� �	�l�
��=�
�	� 	� �	 Cw yk��=��+	 ��
� �h����� � m�� �= �=���	 yk��=��+	 . �
 =
{

p = pD,
�� ΓH

D ,

Mlq·n = Mlq,nor,
�� ΓH

N .

,e ��-

�
	 =
=�k�	 h =�y�h =��+	 � �k��~h 	 ,e ���=-� ,e ���� - . � ���=
� �� � �	w ���	
l	 	� � �
�l��� �	������
� ����	 	� �=�� �	 �=
� �	 l=��	 �	 �= �y����	 �	� �+=���
� � ��g�����
 ��
�=��	� ��r�
���	��=
� �	� 	��=l	� �	 ) ��� 	�� . = ��� 	�	l��	 �=� Ky�D=��	� �Ky�ii . Ky�ie� � { �	
 +	 �	 �����~h 	� ��g�����
 ,e ���=-� ,e ���� - ���� 	��	
��	��	h 	
� �	 �k� 	 �=�=� ���+	 ��� �	� yk� ��y~�	� h �
�*h =�	� �	 ��r�=���� �� �	� ��

�	� . �
 � �=�� 	��	 l�*=��~� �����~h 	 l���� 	������+	*�=�=� ���+	� �� ����r
	� �	 �=�� +	 � ��+=���
 ,e ���=- 	�� �	 �k� 	 	������+	 � �� �	 ����=l	h 	
� 	� � ��+=*���
 ,e ���� - 	�� �	 �k� 	 �=�=� ���+	 � �� �= ��	����
 � } 	 ��� . �=
� �	 l=��	 �	 l	��	 �y~�	 . �
 
	� ��
���	��	 + �' �	� ������
� ����	� � �����~h 	 ,e ���=-� ,e ���� - . l �	��*'*���	 =g	l �� �=hh 	
��	 ��r�=���� 	
 �	h�� � �� � �g��� l�
�����	� �	� g=�	�� �
��=
�=
�	� �	 l	� �+=���
� � ����� t ∈ [0, T ]
� } =
� l	� l�
�����
� . �= l�
�����
 �
���=�	 � 	� ���	 �� �l�(�	 �� �= ��	����
 . �	����=l	h 	
� �
���=� �����=
� �	 � ��+=���
 h �l=
�+	 ,e ���=- ' t = 0

�
&
 � ��
���	��	 �r=�	h 	
� ' �= g	����
 ��=���

=��	 � �����~h 	 h ��~�	 ���l��	
�

−∇·σ′(u) + b∇p = f, �=
� Ω,
−∇·(κ∇p) = g, �=
� Ω,

,e ��	=-
,e ��	� -

�� �	� ��� ��	
�� ly=h�� �	�l������� 
	 ��� 	
�	
� +	 �	 �= g=��=��	 � �	��=l	 � z	 �����~h 	 	��l�h����� �=� �	� l�
�����
� =w ��h ��	� ,e ��j-* ,e ��- �

� U� ����������������

o	 �����~h 	 h ��~�	 �=�� �
�	�g	
�� �	w �
l�

	� . �	� ����=l	h 	
�� 	� �= ��	����
 ���+��	 . ��
� �	� ����	� �	 r�=
�	� � 	g	
� ���	 ��~� ��� ��	
�� � &
 ���� ��	 ��
l �=
� l	 �=�=*r�=�y	 
	 h ��	 ' � ��ly	��	 �	� �+=���
� l�
����=
� �	 �����~h 	 h ��~�	 . +� �	�g��= �	 � ��
� �	���=�� ' � �=
=�k�	 h =�y�h =��+	 � &
 ���	�g	�= +	 l	��	 h ��	 ' � ��ly	��	 
 �	�� �=� ������	 �=
�� ���=� 	 �	 ��������
 
h ���+	 � o	� 	���h =���
� � �	��	� / 0345612312 �	��
� ��
l ���	
	� ���	 �����~h 	 =��h 	
���

� . ��� �	��h 	
���

�	� 	
 g	 �	 �	� �����=���
 �=
� 8396:; 4561 �
m�� ���	 g=��=��	 a . �
 
��	 a? �= g=��=��	 =��h 	
���

�	 l���	�� �
�=
�	 � m=� 	w	h��	 .��� �= ��	����
 yk��=��+	 p . �
 = �= �	�=���


p = Pp?,

�� P ����r
	 
	 ��	����
 l=�=l�������+	 � o	� g=��=��	� � �����~h 	 ��
�
u=��=��	 K�r
�(l=���
 �
��� |�=
�	� l=�=l�������+	

t �
��=
� � p
c

x g	l�	� � ������
 h o
u ����=l	h 	
� � �+	�	��	 h �

p ��	����
 yk��=��+	 m= m
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�� �= �	�
�~�	 l���

	 ��

	 �	� 
��=���
� � �� �	� r�=
�	�� l=�=l�������+	� � o	� �=�=h ~��	��y�
�h �
���r�+	� . ��� ���� l�
��=
�� �l� � �� ��h���(	� . ��
�
m=�=h ~��	 K�r
�(l=���
 �
���

E h���	 �	 x�
r m=
ν l� 	� l�	
� �	 m�����
 *
κ l�
�l��g ��� yk��=��+	 h 2 �m=−1 ��−1

M h���	 �	 { ��� m=
b l� 	� l�	
� �	 {��� *

&
 l�
���~�	 	
(
 �	� ��

�	�
}�

�	 K�r
�(l=���
 �
���
f �	�h 	 ���l	 h �l=
�+	 m= �h−1

g �	�h 	 ���l	 yk��=��+	 �−1

u0
����=l	h 	
� �
���=� h

p0
��	����
 �
���=�	 m=

σnor
l�
��=�
�	 h �l=
�+	 = ���� m=

φnor
Cw yk��=��+	 = ���� h ��−1

&
 �
������ �	� �� ��=�	�� �	 ����g=���
 ��=��=�	 	� �	h� ��	��	 �=� �=�� ��� =w g=��=��	�=��h 	
���

�	� � m�� ��� j ∈ ��1, d
�� ,�
 �=�� 	��	 +	 d ����r
	 �= ��h 	
���
 ��=��=�	 � ���*��~h 	- . �
 
��	 ∂?

j v
�= ����g�	 �=���	��	 �	 v �	��
 �= j*~h 	 l�h���=
�	 ��=��=�	 =��h 	
���

�		� ∂?

t
�= ����g�	 �=���	��	 �	 v �=� �=�� ��� ' �= l�h���=
�	 �	h� ��	��	 =��h 	
���

�	 � &
 =

∂tv =
1

Tc
∂?

t v,

∂jv =
1

L
∂?

j v,

∇·v =
1

L
∇?·v.

&
 �=�� 	��	 + ��
 ��� ��	 �	 l�h� ���	h 	
� h �l=
�+	 � �+	�	��	 ��=���+	 � o	 �	
�	� �	�l�
��=�
�	� 	� 	l��g	� σ′(u) � ��l��� ��
l
σ′(u) =

E

1 + ν

[
ν

1 − 2ν
(∇·u)I3 + ε(u)

]

=
E

1 + ν

[
ν

1 − 2ν

U

L
(∇?·u?)I3 +

U

L
ε?(u?)

]

=
EU

L

[
ν

(1 − 2ν)(1 + ν)
(∇?·u?)I3 +

1

1 + ν
ε?(u?)

]

=
EU

L
σ′,?(u?),

�� �
 = � ���
σ′,?(u?) =

ν

(1 − 2ν)(1 + ν)
(∇?·u?)I3 +

1

1 + ν
ε?(u?),

	� ��
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ε?(u?) =
1

2
(∇?u? + (∇?u?)t), ,e �ei-

����r
	 �	 �	
�	� �	� �����h =���
� =��h 	
���

� �
&
 �=�� 	��	 +	 ν ∈ ]0, 1/2[ 	� +	 �	� l=� ν → 1/2 	� ν → 0 ��
� 	wl�� �=� yk� ��y~�	 �

� �� �� �,6 +96.,.+;99,+<5
&
 � ��
���	��	 �l� ' �= g	����
 �
��=���

=��	 � �����~h 	 h ��~�	 � o	� �+=���
� ��l��g=
��	 l�h����	h 	
� � �k��~h 	 ��
�

{
−∇·σ′(u) + b∇p = f, �=
� [0, T ] ×Ω,

∂t

(
1
M p+ b∇·u

)
− κ∆p = g, �=
� [0, T ] ×Ω.

o ��+=���
 �	 h �l=
�+	 �	 ���l���
−EU
LP

∇?·σ′,? (u?) + b∇?p? =
L

P
f. ,e �e �-

&
 ���� ��	 �= ���=��r�	 �	 h ��	 ' � ��ly	��	 ��g=
�	 � o ������=�	� ly����� �	w +=
����� M � ��ly	��	�	 ��
r	� L 	� � ��ly	��	 �	 ��	����
 P � o ��ly	��	 �	 ��
r	� L 	�� ���	�h �
�	 �=� �= r��h ����	� h ��~�	 � o ��ly	��	 �	 ��	����
 P 	�� ���	�h �
�	 �=� �	� l�
�����
� ��h ��	� �	 } ���ly�	� �h����	��� �= ��	����
 � �g	
�	��	h 	
� �=� �	� l�
�����
� �
 ���=�	� � m�� �= �=���	 h �l=
�+	 . �
 �h���	
U =

LP

E
. ,e �ee-

t��	�
=��g	h 	
� . � ������=�	� � 	� ly����� � ��ly	��	 �	 ��
r	� L 	� � ��ly	��	 �	 ����=l	h 	
� U,�=� 	w	h��	 �=� �	 ��=�� � �
	 l�
�����
 =w ��h ��	�- 	� ����� �	 ,e �ee- � ��ly	��	 �	 ��	����
 P �m=� =���	�� . � ��+=���
 yk��=��+	 � ��l���
1

Tc
∂?

t

(
P

M
p? + b

U

L
∇?·u?

)
− κ

P

L2
∆?p? = g.

z�h��	 �	
 �	 �= �	�=���
 ,e �ee- . � ��r=���� ���l��	
�	 �	 ���l���

∂?
t

(
E

M
p? + b∇?·u?

)
− κTcE

L2
∆?p? =

TcE

P
g.

o	 �	h�� l=�=l�������+	 Tc
	�� ly���� �	� +	

Tc =
L2

κM
.

&
 ����	
� =�
�� �	 �k��~h 	 =��h 	
���

�
−∇?·σ′,?(u?) + b∇?p? = f?, �=
� [0, T ?] ×Ω?,

∂?
t

(
E

M
p? + b∇?·u?

)
− E

M
∆?p? = g?, �=
� [0, T ?] ×Ω?,

,e �ef=-
,e �ef� -

=g	l
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f? =
L

P
f, ,e �e	 -

g? =
E

M

L2

κP
g. ,e �e�-

}	 ��� . T ? = 1
Tc
T 	� Ω? 	�� � ��h =r	 �	 Ω �=� 
	 y�h ��y���	 �	 �=�� ��� 1

L

� o	 l=��	 � �=����*l=���
 �	 �= h ������=���
 )� 	�� 	
 r�
��=� l	� � �� E ∼M 	� T ? ∼ 1
�

� �� �� �,6 6.,.+;99,+<5
&
 � ��
���	��	 h =�
�	
=
� ' �= g	����
 ��=���

=��	 � �����~h 	 h ��~�	 � o	� �+=���
���l��g=
� �	 l�h� ���	h 	
� � �k��~h 	 ��
�

{
−∇·σ′(u) + b∇p = f, �=
� Ω,

−κ∆p = g, �=
� Ω,
l�h�����	� �=� �	� l�
�����
� =w ��h ��	� � &
 ��� l~�	 l�hh	 l�*�	��� M � ������=�	� ly����� L 	�
P ��� �g=�	 U �	��
 ,e �ee- ,� ly����� L 	� U 	� �g=�	 P �	��
 ,e �ee-- � o ��+=���
 h �l=
�+	 	����=���	 l�hh	 �=
� �	 �=�=r�=�y	 ���l��	
� � &
 ���� ��	 ��
l �	 � ��+=���
 ,e �ef=- � o ��+=���
yk��=��+	 � ��l���

−κ P
L2
∆?p? = g. ,e �e�-

&
 ����	
� =�
�� �	 �k��~h 	 =��h 	
���

�
−∇?·σ′,?(u?) + b∇?p? = f?, �=
� Ω?,

− E

M
∆?p? = g?, �=
� Ω?,

,e �ej=-
,e �ej� -

�� f? 	� g? ��
� ��(
�� �=� ,e �e	 -� ,e �e�- � o= h���� ��l=���
 �	 � ��+=���
 yk��=��+	 �=� �	�=l�	� E/M � 	� �	h��	� 
 � 	 =���(l�	��	 l=� �	 �=�=h ~��	 M 
 ��
�	�g�	
� �=� �=
� 
	h ������=���
 ��=���

=��	 � v ��	 	�� �
������	 =(
 +	 ,e �ej=-� ,e �ej� - ���
���	 ��	
 �= g	����
��=���

=��	 �	 ,e �ef=-� ,e �ef� - � } 	 ��� . Ω? 	�� ' 
�g	= � ��h =r	 �	 Ω �=� 
	 y�h ��y���	 �	�=�� ��� 1
L

�

� U� ���	� ����	���

}=
� l	��	 �	l���
 . �
 ����	
�	 
 l=��	 =����=�� � �� � ����	 �	� �����~h 	� h ��~�	�=��h 	
���

�� �
������� l�*�	��� . ' �=g��� �	� �����~h 	� ,e �ef=-* ,e �ef� - 	� ,e �ej=-* ,e �ej� - �
K��� Va

	� Vd
�	w 	��=l	� �	 ) ��� 	�� �	�� 	l��g	h 	
� �+�� �� �	 ���h 	� ����
�=��	� �kh �*���+	� . l�
��
	� 	� l� 	�l�g	� a 	� d � o	� 
��h 	� �
���	� �=� l	� ���h 	� ��
� �	�� 	l��g	h 	
�
���	�

‖·‖a
	� ‖·‖d.K��� V ′

a
	� V ′

d
�	� 	��=l	� �=w �	�� 	l��g	h 	
� �	 Va

	� Vd
h
�� �	� ������� �	 �=���� 
����

〈·, ·〉a 	� 〈·, ·〉d,



: +, �4=.1 4�03.453 ,,

	� �	� 
��h 	�
‖·‖′

a
= sup

06=v∈Va

|〈·, v〉a|
‖v‖a

	� ‖·‖′

d
= sup

06=q∈Vd

|〈·, q〉d|
‖q‖d

.

K��� La
	� Ld

�	� 	��=l	� �	 ) ��� 	�� �+�� �� �	�� 	l��g	h 	
� �	� ������� �l=�=��	�
(·, ·)La

	� (·, ·)Ld
,

=g	l �	� �
L 	l���
� l�
��
	� 	� �	
�	�
Va ↪→ La,

Vd ↪→ Ld.

v
 ��	
��(=
� La
	� Ld

=g	l �	� 	��=l	 �=� . �
 ���� ��	 �	� �
L 	l���
� ��g=
�	� M
Va ↪→ La ≡ L′

a ↪→ V ′
a,

Vd ↪→ Ld ≡ L′
d ↪→ V ′

d.

K��� c 
	 ���h 	 ����
�=��	 �kh ����+	 . l�
��
	 	� l�	�l�g	 �� Ld×Ld
�
���=
� 
	 
��h 	 ‖·‖c�	��	 + ��� 	w ���	 �	w l�
��=
�	� γ1 > 0 	� γ2 < +∞ �	��	� +	 � �� ��� q ∈ Vd

.
γ1‖q‖Ld

≤ ‖q‖c ≤ γ2‖q‖Ld
.

m=� =���	�� . �
 
��	 γ̃ �= l�
��=
�	 �	 l�
��
��� �	 � ��
L 	l���
 Vd ↪→ Ld
. l �	��*'*���	 +	 � ����� q ∈ Vd

.
‖q‖Ld

≤ γ̃‖q‖d.&
 = ��
l �= �	�=���
 . � �� ��� q ∈ Vd
.
‖q‖c ≤ γ‖q‖d,

=g	l γ = γ2γ̃
� ��
=�	h 	
� . ���� b 
	 ���h 	 ����
�=��	 l�
��
	 �� Va × Ld

=g	l 
	 l�
��=
�	�	 l�
��
��� β̃ . ' �=g��� . � �� ��� (v, q) ∈ Va × Ld
.

|b(v, q)| ≤ β̃‖v‖a‖q‖Ld
. ,e �e-

&
 = ��
l
|b(v, q)| ≤ β‖v‖a‖q‖c,

,e �e	-
=g	l β = β̃γ−1

1

� &
 �����	�= ����� �	� l�
��=
�	� β . β̃ . γ 	� γ̃ =w ly=����	� f 	� 	 �
m�� 
 	��=l	 �	 ) ��� 	�� Z �	 ��
l���
� ��(
�	� �� Ω �+�� � � �
	 
��h 	 ‖·‖Z

. L2
t (Z)����r
	 � �	��=l	 g	l����	� �	 ��
l���
� f �	 � �	��=l	 	� � �	h�� �	��	� +	 � �� ��� t ∈ [0, T ] .

f(t) := f(t, ·) 	�� �=
� Z 	� f(t) 	�� �	 l=��� �
��r�=��	 �� [0, T ] . ' �=g���
∫ T

0
‖f(s)‖2

Zds < +∞.

}	 h =
�~�	 ��h ��=��	 . H1
t (Z) ����r
	 �	 ���*	��=l	 �	 L2

t (Z) �	 ��
l���
� f ��
� �= ����g�	�	h���	��	 = �	
� �	� ����������
� . ∂tf
. 	�� �	 l=��� �
��r�=��	 �� [0, T ] . ' �=g���
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∫ T

0
‖∂tf(s)‖2

Zds < +∞.

&
 ���	�g	 +	 �	� ��
l���
� �	 H1
t (Z) =�h 	��	
� �	� g=�	�� � �
l�	��	� �=
� Z � �� ���

t ∈ [0, T ]
�

= �=
� ��

� f ∈ H1
t (V ′

a) . g ∈ H1
t (V ′

d) 	� p0 ∈ Vd
. �
 ly	�ly	 �= ������
 (u, p) ∈ H1

t (Va) ×
H1

t (Vd)
�	��	 +	 � �� ��	�+	 ��� t ∈ [0, T ] .

a(u, v) − b(v, p) = 〈f, v〉a, ∀v ∈ Va,

c(∂tp, q) + b(∂tu, q) + d(p, q) = 〈g, q〉d, ∀q ∈ Vd,

,e �fi=-
,e �fi� -

l�h�����	 �=� �= l�
�����
 �
���=�	
p(0) := p0.&
 �	h =�+	 +	 �=
� �	 l=��	 ����	
� . � ��+=���
 ,e �fi=- 	�� g=���	 L �+ �' t = 0 	� ���	�h �
	=�
�� �	 h =
�~�	 
�+	 �= g=�	� �
 ���=�	 �	 u 	
 ��
l���
 �	 p0

	� f(0)
� v
 � ��=
� u0 := u(0) ∈ Va

.� �	���h =���
 / 0 12312
‖u0‖a ≤ β‖p0‖c + ‖f(0)‖′

a
,�	 ����� =���h 	
� 	
 ��	
=
� v := u0

�=
� ,e �fi=- �
&
 l�
���~�	 �r=�	h 	
� �= g	����
 ��=���

=��	 � �����~h 	 ,e �fi=-* ,e �fi� - � = �=
� ��

�

f ∈ V ′
a

	� g ∈ V ′
d
. �
 ly	�ly	 �= ������
 (u, p) ∈ Va × Vd

�	��	 +	
a(u, v) − b(v, p) = 〈f , v〉a, ∀v ∈ Va,

d(p, q) = 〈g, q〉d, ∀q ∈ Vd.

,e �f �=-
,e �f �� -

&
 �
������ �	� �� ��=�	�� �����	
��	�� ,	
 	��=l	- =��� l��� =w ���h 	� ����
�=��	� a . b . c 	� d �m�� l	�= . �
 ��(
�� �	� �� ��=�	�� l�
��
� ��g=
�� M
A ∈ L(Va;V

′
a), B ∈ L(Va;Ld), B† ∈ L(Ld;V

′
a),

C ∈ L(Ld;Ld), D ∈ L(Vd;V
′
d),

�	�� +	 � �� ��� (v,w) ∈ Va × Va
. � �� ��� (q, r) ∈ Ld × Ld

	� � �� ��� (s, y) ∈ Vd × Vd
.

〈Av,w〉a = −a(v,w), (Bv, q)Ld
= b(v, q), 〈B†q, v〉a = b(v, q),

(Cq, r)Ld
= c(q, r), 〈Ds, y〉d = −d(s, y).

&
 ���	�g	 +	 C 	�� 	
 �=�� 
 �� ��=�	� � �����	 i � tg	l l	��	 
��=���
 . �	 �����~h 	 ,e �fi=-�,e �fi� - l�
����	 ' ly	�ly	� (u, p) ∈ H1
t (Va) ×H1

t (Vd)
�	� +	

−Au−B†p = f,

C∂tp+B∂tu−Dp = g,

,e �fe=-
,e �fe� -

l	� �r=����� ��=
� g=�=��	� � �� ��	�+	 ��� t ∈ [0, T ] �=
� V ′
a

	� V ′
d

�	�� 	l��g	h 	
� � } =
� �	 l=���=���

=��	 . �	 �����~h 	 h ��~�	 ,e �f �=-� ,e �f �� - l�
����	 ' ly	�ly	� (u, p) ∈ Va × Vd
�	� +	

−Au−B†p = f,

−Dp = g,

,e �ff=-
,e �ff� -

l	� �r=����� ��=
� g=�=��	� �=
� V ′
a

	� V ′
d

�	�� 	l��g	h 	
� �
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� U� ����������� � �� ������������ ���	��� ������
�

o	� �����~h 	� ,e �ef=-� ,e �ef� - 	� ,e �ej=-� ,e �ej� - �	
��	
� �=
� �	 l=��	 =����=�� �
������l�*�	��� � m�� �	� �=���
� �	 ��h���l��� . �
 l�
���~�	 �	� l�
�����
� =w ��h ��	� �	 } ���ly�	�y�h �r~
	� ' �= ���� � �� �	� ����=l	h 	
�� 	� �= ��	����
 �� ���	 �= ���
��~�	 Γ � v
 � ��=
�
Va = [H1

0 (Ω?)]3, La = [L2(Ω?)]3,

Vd = H1
0 (Ω?), Ld = L2(Ω?),

�
 ��(
�� �	� ���h 	� ����
�=��	�
a(u?, v?) =

∫

Ω?

σ′,?(u?):ε?(v?), b(v?, p?) =

∫

Ω?

bp?∇?·v?,

c(p?, q?) =

∫

Ω?

E
M p?q?, d(p?, q?) =

∫

Ω?

E
M∇?p?·∇?q?.

o= l� 	�l�g��� �	 a �� Va × Va
�����	 �	 �= ��	h �~�	 �
�r=���� �	 ���
 . �= l�	�l�g ��� �	 d ��

Vd × Vd
�����=
� �	 � ��
�r=���� �	 m��
l=�� � &
 �=�� 	��	 l�*�	���� l	� �	w �
�r=����� �

�52 25 � �� ��;+9*,<) � � � � 6� 2456 
� 6 �3�45/� 56 c?p > 0 56� �6 
 6
∀v? ∈ H1

0 (Ω?), c?p‖v?‖0,Ω? ≤ ‖∇?v?‖0,Ω? .

�52 25 � �� ��;<9 � � � � 6� 24 56 
� 6 �3�45/� 56 c?k > 0 56� �6 
6
∀v? ∈ H1

0 (Ω?)3, c?k‖v?‖1,Ω? ≤ ‖ε?(v?)‖0,Ω? .

m�� ��� v? ∈ Va
. �
 =

‖v?‖2
a =

∫

Ω?

σ′,?(v?):ε?(v?) =

∫

Ω?

(
1

1 + ν
ε?(v?)2 +

ν

(1 − 2ν)(1 + ν)
(∇?·v?)2

)
.

v
 �=���l��	� . �
 =
‖∇?·v?‖2

0,Ω? ≤ (1 − 2ν)(1 + ν)

ν
‖v?‖2

a.o= ���h 	 ����
�=��	 b 	�� l�=��	h 	
� l�
��
	 �� Va × Ld
=g	l

β = b

(
M

E

)1/2((1 − 2ν)(1 + ν)

ν

)1/2

.

m=� =���	�� . γ = (c?p)−1 	� γ̃ = (M/E)1/2(c?p)−1 � &
 ����	
� 	
(
 �	� �� ��=�	�� A . B . B† . C 	�
D ��� �= ���h 	

Au? = ∇?·σ′,?(u?) =
L

P
∇·σ′(u),

Bu? = b∇?·u? =
E

P
b∇·u,

B†p? = −b∇?p? = −L

P
b∇p,

Cp? =
E

M
p? =

E

MP
p,

Dp? =
E

M
∆?p? =

E

M

L2

P
∆p.
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� �L 
��
������  
 ���	
������ �������	���G�� � � � � � � � � � � � � � � � � � � � � � � � L �
, +J +* I��.100562 =10 1035A 431>.0 = �1..1>. � �!&'#(�!(� + + + + + + + + + + + + + + + + + + + + + + + + + + J:
, +J +: D 501 12 �>�.1 =420  !"#$% &'#( + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + J,

� �) �	��
��� ���	��G��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � L�

}=
� l	 ly=����	 . �
 � ��
���	��	 ' � �=
=�k�	 h =�y�h =��+	 � �����~h 	 h ��~�	 ,e �f �=-*
,e �f �� - 	� ' ��
 =����w�h =���
 �=� ���h 	
�� (
�� l�
���h 	� � &
 �=�� 	��	 +	 �	 �����~h 	 l�
��
l�
����	 ' ly	�ly	� (u, p) ∈ Va × Vd

�	� +	
a(u, v) − b(v, p) = 〈f , v〉a, ∀v ∈ Va,

d(p, q) = 〈g, q〉d, ∀q ∈ Vd,

,f ��=-
,f ��� -

=g	l �	� ��

�	� f ∈ V ′
a

	� g ∈ V ′
d

� &
 �	
g��	 ' �= �	l���
 e �f � �� �	� yk� ��y~�	� h =�y�h =��+	��� �	� ���h 	� ����
�=��	� a . b . c 	� d 	� �	� 	��=l	� ��
l���

	�� Va
	� Vd

�
&
 ����	 �	 l=�=l�~�	 ��	
 � ��� � �����~h 	 l�
��
 	� �	 ��
 =����w �h =���
 �=� ���h 	
��

(
�� � &
 ���� ��	 	
���	 
	 =
=�k�	 � �	��	� / 0 12312 	� / 0 345612312 � �����~h 	 ���l�	� 	� 
	������=���
 
h ���+	 �	� �����=�� �y����+	� ���	
� r��l	 ' 8396:; 4561 �

� UT �� �	�� ���� ������


&
 (w	 �	 �����~h 	 r�
���+	 ��g=
�
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{ p��g	� x ∈ V �	� +	

∀y ∈ V, a (x, y) = f (y) ,
,f �e-

�� V 	�� 
 	��=l	 �	 ) ��� 	�� h
� � �
	 
��h 	 ‖·‖V
	�

f ∈ V ′ � m�� ���	�h �
	� �	� l�
�����
���� �	�+	��	� �	 �����~h 	 ,f �e- 	�� ��	
 � ��� . �
 �=�� 	��	 �	� �	w ���
l��=w �����=�� +	 ��
��	 �y���~h 	 �	 o=w *���r�=h +� ��

	 
	 l�
�����
 �� �=
�	 	� �	 �y���~h 	 �	 {=
=ly *s	�=�*{=� �n= +� ��

	 �	� l�
�����
� 
�l	��=��	� 	� �� �=
�	� � m�� �= ��	g	 �	 l	� �y���~h 	� . �
����= l�
���	� �=� 	w	h��	 �v|i	 � �
�1);<�2 5 
 �� ��,�<0 +-�<,2 � � � 2 �/ � 31� 6 �2�2��/216

a
645 �361�2�6� 2 �6�� 4 �2� 6� 2456 
� 6

�3�45/� 56 α > 0 56� �6 
6
∀x ∈ V, a(x, x) ≥ α‖x‖2

V ,

�6 0 13���� 6 ,f �e- 645 �26� 034� � �� 0/152�
�261� 3� / � �6452� /523�

∀f ∈ V ′, ‖x‖V ≤ 1

α
‖f‖V ′ .

�1);<�2 5 
 �� ��,9,*1<� 5�,6<�,A4	�, � � 
6 0 13���� 6 ,f �e- 645 �26� 0 34� 42 65 46
�6� 6� 5 42
�� 2� 6� 2456 
� 6 �3�45/� 56 α > 0 56� �6 
6

∀x ∈ V, sup
y∈V

a (x, y)

‖y‖V
≥ α‖x‖V ,

� � 3� /
∀y ∈ V,

(
∀x ∈ V, a (x, y) = 0

)
⇒ (y = 0) .

 /�4 �64 �3�92523�4� 3� / � �6452� /523�

∀f ∈ V ′, ‖x‖V ≤ 1

α
‖f‖V ′ .

m�� � ����	 � �����~h 	 ,f ��=-* ,f ��� - . �
 �����	 �	 �y���~h 	 �	 {=
=ly *s	�=�*{=� �n= � &
���	
V = Va × Vd,h
� �	 �= 
��h 	 
=��	��	

‖·‖2
V = ‖·‖2

a + ‖·‖2
d.&
 ��(
�� �= ���h 	 ����
�=��	 l�
��
	

a
. � �� ��� (x, y) = ((u, p) , (v, q)) ∈ V × V . �=�

a(x, y) = a(u, v) − b(v, p) + d(p, q), ,f �f-
	� �= ���h 	 ��
�=��	 l�
��
	

f
��� ��� y = (v, q) ∈ V �=�

f(y) = 〈f , v〉a + 〈g, q〉d.
K�� l	��	 ���h 	 . �	� �����~h 	� ,f ��=-* ,f ��� - 	� ,f �e- ��
� l�=��	h 	
� �+�g=�	
�� �
�1);<�2 5 
 �
 � 
6 0 13���� 6 ,f ��=- S,f ��� - 645 �26� 034��



, +* @1 �.6� 8�A1 <62352> ,?

� 16
�6 � m�� h �
��	� �= ��	h �~�	 l�
�����
 � �y���~h 	 f �e . �� �� � �	 h �
��	� + ��� 	w ���	
c1, c2 > 0 �	�� +	 � �� ��� x = (u, p) ∈ V . �� 	w ���	 ỹ = (ṽ, q̃) ∈ V �	� +	

{
‖ỹ‖V ≤ c1‖x‖V ,

a (x, ỹ) ≥ c2‖x‖2
V .

,f �	 -
v
 	�	� . �� �	� 	�� �	 l=� . �
 =

sup
y∈V

a(x, y)

‖y‖V
≥ a(x, ỹ)

‖ỹ‖V
≥ c2‖x‖2

V

c1‖x‖V
≥
(
c2
c1

)
‖x‖V .

K��� x = (u, p) ∈ V
� z�hh	 d 	�� l�
��
	 �kh ����+	 	� l�	�l�g	 �� Vd × Vd

	� +	 b 	��l�
��
	 �� Va × Ld
. �	 �����~h 	 =w ���=��	

{ p��g	� ψ ∈ Vd
�	� +	

∀q ∈ Vd, d(ψ, q) = b(u, q)

=�h 	� 
	 
�+	 ������
 . � �=��~� �	 �y���~h 	 �	 o=w *���r�=h � z	��	*l� �=����=�� � �	���h =���
 /
0 12312 ‖ψ‖d ≤ βγ‖u‖a

l=�
‖ψ‖2

d = b(u, ψ) ≤ β‖u‖a‖ψ‖c

≤ βγ‖u‖a‖ψ‖d.

&
 = r��l	 ' �= �kh ����	 �	 d .
a ((u, p) , (u, ψ + p)) =a(u, u) − b(u, p) + d(p, ψ + p)

=‖u‖2
a + ‖p‖2

d

=‖x‖2
V .

&
 = �	 ���
‖ (u, ψ + p) ‖V ≤ ‖u‖a + ‖ψ‖d + ‖p‖d

≤ (1 + βγ) (‖u‖a + ‖p‖d)

≤
√

2(1 + βγ)‖x‖V .

&
 h�
��	 h =�
�	
=
� �= �	l�
�	 l�
�����
 � �y���~h 	 f �e � K��� y := (v, q) ∈ V
� K�� ���
�

+ ��
 =�� � �� ��� x := (u, p) ∈ V .
a ((u, p) , (v, q)) = 0.

v
 ��	
=
� p = 0 	� u = v �=
� ,f �f- . �
 ����	
� v = 0 r��l	 ' �= l�	�l�g ��� �	 a � v
 ��	
=
�	
���	 p = q . �
 ����	
� q = 0
�

o	 �y���~h 	 f �e =���	 ��
l +	 �	 �����~h 	 ,f ��=-* ,f ��� - 	�� ��	
 � ��� � ut

&
 � 	� ��=���� �	 l=�=l�~�	 ��	
 � ��� � �����~h 	 ,f ��=-* ,f ��� - �=
� �=��	� �=� �	 �y���~h 	 f �e	
 �����=
� �= ���l��	 ��� l � v
 	�	� . �= l�	�l�g ��� �	� ���h 	� ����
�=��	� a 	� d �h���+	 +	 �	�
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�� ��=�	�� A ∈ L(Va;V
′
a) 	� D ∈ L(Vd;V

′
d) ��(
�� �=
� �= �	l���
 e �f ��
� �	� ���h ���y��h 	� �m��+	 �	 �����~h 	 ,f ��=-* ,f ��� - l�
����	 ' ly	�ly	� (u, p) ∈ Va × Vd

�	� +	
−Au−B†p = f,

−Dp = g,

�
 	
 ����� +	 ��
 
�+	 ������
 	�� ��

�	 �=�
u = −A−1(f −B†D−1g),

p = −D−1g.

� U� �� �	�� ���� ����	��

}=
� l	��	 �	l���
 . �
 �
������ �= g	����
 ���l������	 � �����~h 	 ,f ��=-* ,f ��� - �=� 
	h ��y��	 � ����h 	
�� (
�� �	 o=r�=
r	 l�
���h 	� � K��� {Vah}h>0
	� {Vdh}h>0

�	w �=h ���	� �	���*	��=l	� �	�� 	l��g	h 	
� �	 Va
	� Vd

�	 ��h 	
���
 (
�	 � o	 �=�=h ~��	
h = max

T∈Th

hT ,

�=�� �����	
l	 ' �= �=���	 �	� h =���=r	� {Th}h>0
� m�� ���	 h =���	 T ∈ Th

. �
 ��(
�� ��
 ��=h ~��	
hT = ��=h T = max

x1,x2∈T
‖x1 − x2‖,

�� ‖·‖ ����r
	 �= 
��h 	 	l����	

	 �	 �q3 � o	 �����~h 	 ���l�	� l�
����	 ' ly	�ly	� uh ∈ Vah
	�

ph ∈ Vdh
�	�� +	

a(uh, vh) − b(vh, ph) = 〈f , vh〉a, ∀vh ∈ Vah,

d(ph, qh) = 〈g, qh〉d, ∀qh ∈ Vdh.

,f ��=-
,f ��� -

|��l	 ' �= l� 	�l�g��� �	� ���h 	� ����
�=��	� a 	� d . �
 h �
��	 �=l��	h 	
� �	 �����=� ��g=
� �
�1);<�2 5 
 �� � 
6 0 13���� 6 /00 13�� � ,f ��=- S,f ��� - 645 �26� 034��
o	 �����~h 	 ���l�	� ,f ��=-* ,f ��� - � 	� ���	 �	���h�� 	
 �����=
� 
 �� ��=�	� �	 ���L 	l���
 �	q�	��

Rh : Va × Vd → Vah × Vdh,�	� +	 � �� ��� (v, q) ∈ Va × Vd
. �= ��
l���


Rh(v, q) := (Rah(v, q),Rdh(q)) 	�� ��(
�	 �=�
a(v − Rah(v, q), vh) − b(vh, q − Rdh(q)) = 0, ∀vh ∈ Vah,

,f ��-
d(q − Rdh(q), qh) = 0, ∀qh ∈ Vdh.

,f �j-
�� 	�� l�=�� +	 (uh, ph) �=����=�� ,f ��=-� ,f ��� - �� 	� �	�	h 	
� ��

uh = Rah(u, p) 	� ph = Rdh(p).

o	� ���������� � �=����w�h =���
 �	 � ��� ��=�	�
Rh

��
� �	� ��g=
�	� � �
 �����=� =
=��r	 	����=��� �=
� �� o	e� �
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 5 (v, q) ∈ Va × Vd
� 3� /

‖v − Rah(v, q)‖a ≤ inf
vh∈Vah

‖v − vh‖a + β̃‖q − Rdh(q)‖Ld
, ,f �-

‖q − Rdh(q)‖d = inf
qh∈Vdh

‖q − qh‖d.
,f �	-

� 16
�6 � &
 ��h �
��	 � �=� ��� �= ��������� ,f �	- � m�� ��� q ∈ Vd
. l�hh	

Rdh(q) ∈ Vdh
. �
 =

‖q − Rdh(q)‖d ≥ inf
qh∈Vdh

‖q − qh‖d.

} �=��	 �=�� . � �� ��� qh ∈ Vdh
. l�hh	 q−Rdh(q) 	�� �=
� � �	��=l	 g	l����	� ���y�r�
=� ' Vdh	� qh − Rdh(q) ∈ Vdh

. �	 �y���~h 	 �	 mk�y=r��	 =���	 +	
‖q − qh‖2

d = ‖q − Rdh(q)‖2
d + ‖Rdh(q) − qh‖2

d ≥ ‖q − Rdh(q)‖2
d.

v
 �=���l��	� . �
 =
inf

qh∈Vdh

‖q − qh‖2
d ≥ ‖q − Rdh(q)‖2

d,

l	 +� ���
�� ,f �	- � m�� ��=���� ,f �- . �
 l�
���~�	 � ��� ��=�	�
R

�

ah : Va → Vah
��(
� �	 �	��	����	 +	 � �� ��� v ∈ Va

.
a(v − R

�

ah(v), vh) = 0, ∀vh ∈ Vah.

}	 �= h �h	 h =
�~�	 +	 l�*�	��� . �
 h �
��	 +	
‖v − R

�

ah(v)‖a = inf
vh∈Vah

‖v − vh‖a.

&
 ���	�g	 	
���	 +	 . ���+	
R

�

ah(v) 	�
Rah(v, q) ��
� �=
� Vah

.
‖Rah(v, q) − R

�

ah(v)‖2
a =a(Rah(v, q) − R

�

ah(v),Rah(v, q) − R

�

ah(v))

=a(Rah(v, q) − v,Rah(v, q) − R

�

ah(v))

+ a(v − R

�

ah(v),Rah(v, q) − R

�

ah(v))

= − b(Rah(v, q) − R

�

ah(v), q − Rdh(q))

≤β̃‖Rah(v, q) − R

�

ah(v)‖a‖q − Rdh(q)‖Ld
.

t�
�� . ‖Rah(v, q) − R

�

ah(v)‖a ≤ β̃‖q − Rdh(q)‖Ld

l	 +� ��

	 . �=� �
�r=���� ���=
r�=��	 .
‖v − Rah(v, q)‖a ≤ ‖v − R

�

ah(v)‖a + ‖Rah(v, q) − R

�

ah(v)‖a

≤ ‖v − R

�

ah(v)‖a + β̃‖q − Rdh(q)‖Ld
,

h	
=
� ���	l�	h 	
� ' ,f �- � ut

o �	���h =���
 ,f �- 	�� ����h =�	 � �� �	 ��	h �	� �	�h 	 � h 	h��	 �	 �����	 �=
� �	 �	
� �� l	�	�
�	� h �
��	 �r=�	h 	
� �	 h 	h��	 �	 r=ly	 � o �����h =���� � �	l�
� �	�h 	 �	�= . +=
� ' 	��	 .� ���L 	� �	 �= �	l���
 ��g=
�	 �
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� U� ������� � ��		�
	 � � ����

m�� �����	 � �	hh 	 f �� �	� �=w =�kh�����+	� �	 l�
g	�r	
l	 � �� � �	��	� � �=�*���w �h =���
 	
 ��
l���
 � �=�=h ~��	 h +=
� �= ������
 	w=l�	 	�� �� �=hh 	
� ��r��~�	 . �
�
������ �	� yk� ��y~�	� ��g=
�	� �
��(;.1�65 
 �� � �� 	w ���	 �	� l�
��=
�	� c1 	� c2 . �	� ��	�� ����l�	h 	
� � ������� sa

	� sd
. 	� �	����*	��=l	� Wa ⊂ Va

	� Wd ⊂ Vd
�	�� 	l��g	h 	
� �+�� �� �	� 
��h 	� ‖·‖Wa

	� ‖·‖Wd

. �	�� +	�
��� 	
�=hh	
� �	 h .
∀v ∈Wa, inf

vh∈Vah

‖v − vh‖a ≤ c1h
sa‖v‖Wa ,

,f ��i-
∀q ∈Wd, inf

qh∈Vdh

‖q − qh‖d ≤ c2h
sd‖q‖Wd

. ,f ���-

��(;.1�65 
 �� � �� 	w ���	 
	 l�
��=
�	 c3 	� 
 ��	� ����l�	h 	
� � ������ δ �	�� +	 � �� ���
r ∈ Ld

. �= ������
 
�+	 φ ∈ Vd
� �����~h 	 �=� d(q, φ) = (r, q)Ld

� �� ��� q ∈ Vd
. 	�� �	��	

+ ��� 	w ���	 φh ∈ Vdh
�=����=��=
�

‖φ− φh‖d ≤ c3h
δ‖r‖Ld

. ,f ��e-
o �yk� ��y~�	 f �� 	�� l�=���+	 �=
� �	 l�
�	w�	 �	� =����w �h =���
� �=� ���h 	
�� (
�� � o �yk� �*�y~�	 f �e 	�� 
	 ��������� �	 ��r�=���� 	������+	 =��� l��	 ' �= ���h 	 ����
�=��	 d �� Vd

� z	��	yk� ��y~�	 	�� 	w���h �	 �l� ��� ���h 	 =���r�	 . � �	w��	����
 �	��	 l�
����=
� ' ��� ��	� +	 �=������
 �=�	 φ 	�� �=
� 
 ���*	��=l	 Yd
�	 Vd

�� � �	���h =���
 � ��
�	�� ��=���
 ,f ��e- 	�� g=���	��� �= ���h 	
‖φ− φh‖d ≤ c3h

δ‖φ‖Yd
.

o �yk� ��y~�	 f �e �	�= �r=�	h 	
� ������	 �=
� �	� =
=�k�	� � �	��	� / 0 12312 	� / 0345612312 ������~h 	 �
��=���

=��	 = ly=����	 	 � m�� � �=
=�k�	 � �	��	� / 0345612312 ,��=���

=��	 	� �
�*�=���

=��	- . 
	 	w��	����
 ��� (
	 ��l=����	 �� �	� ���h 	
�� � h =���=r	 �	�= �
������	 =�=�=r�=�y	 f �	 �	 ,g��� yk� ��y~�	 f �	 - �
&
 �����	 � ���	� 	� ��L ' �= l�
��+	
l	 �h� ���=
�	 ��g=
�	 �	 � �yk� ��y~�	 f �e

‖q − Rdh(q)‖Ld
≤ c3h

δ‖q − Rdh(q)‖d.
,f ��f-

v
 	�	� . 	
 ���l��=
� l�hh	 �=
� �	 �	hh 	 �	 t��
*s���ly	 . �
 ��(
�� φ l�hh	 �= ������
�=�	 =��� l��	 ' r := q − Rdh(q) 	� 	
 ���	�g=
� +	 d(r, φh) = 0 � �� φh ∈ Vdh
. �
 ����	
�

‖q − Rdh(q)‖2
Ld

= (r, r)Ld
= d(r, φ) = d(r, φ − φh) ≤ ‖r‖d‖φ− φh‖d,

� ��� ,f ��f- � �	
��� =���h 	
� � �
	 l�
��+	
l	 �h� ���=
�	 �	 ,f �- . ,f ��i- 	� ,f ��f- 	�� +	 � ����� (v, q) ∈Wa ×Wd
.
‖v − Rah(v, q)‖a ≤ c1h

sa‖v‖Wa + β̃c2c3h
sd+δ‖q‖Wd

.

�� 	�� �=���

=��	 � ��+�����	� �	� �	w ���l	� � �	��	� �=
� ‖v − Rah(v, q)‖a
� z	l� h ���g	 � �yk*���y~�	 ��g=
�	 �



, +H �248�01 = �1..1>. � �!&'#(�!(� H,
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 �
 �

sa = sd + δ =: s
�

} =
� �	 l=��	 �	� yk� ��y~�	� f ���f �f . �	 �	hh 	 f �� ���
�� � �� ��� (v, q) ∈Wa ×Wd
.

‖v − Rah(v, q)‖a ≤ hs(c1‖v‖Wa + β̃c2c3‖q‖Wd
),

‖q − Rdh(q)‖Ld
≤ hsc2c3‖q‖Wd

,

‖q − Rdh(q)‖d ≤ hs−δc2‖q‖Wd
.

,f ��	=-
,f ��	� -
,f ��	l-

v
 l�
��+	
l	 . �~� +	 �= ������
 	w=l�	 � �����~h 	 ��=���

=��	 ,f ��=-� ,f ��� - 	�� �� �=h *h	
� ��r��~�	 . ' �=g���
(u, p) ∈Wa ×Wd,� �	��	� ‖p−ph‖d

l�
g	�r	 =�kh�����+	h 	
� 	
 hs−δ �=
��� +	 � �	��	� ‖u−uh‖a +‖p−ph‖Ldl�
g	�r	 =�kh�����+	h 	
� 	
 hs � m��+	 δ 	�� ����l�	h 	
� � ������ . l	l� ��r
�(	 +	 � �	��	�
‖u− uh‖a + ‖p− ph‖Ld

l�
g	�r	 ��� �=���	h 	
� +	 ‖p− ph‖d
�

� U� ������� � ��		�
	 � � �������
}=
� l	��	 �	l���
 . �
 ����	
�	 � �=
=�k�	 � �	��	� / 0 345612312 � �����~h 	 ���l�	� ,f ��=-*

,f ��� - �=� �= h ��y��	 �	� ������ � &
 ��h �
��	 
��=hh	
� �	w ���������� �h� ���=
�	� �	�=��g	�=w 	���h =���
� � �	��	� / 0345612312 M �= (=������ 	� � �����h =���� � z�hh	 �� 	�� �	� �=
� � �=
=�k�	� �	��	� / 0345612312 . �
 �����	 �=
� l	��	 �	l���
 +	 �	� ��

�	� (f, g) ��
� �� �=hh 	
�
��r��~�	� . ' �=g��� �=
� La ×Ld

� &
 �
������ �	� �� ��=�	�� Ael
. B†

el
	� Del

. +� ��
� 	
 �=�� �	�g	����
� �� l=����	� =w h =���	� �	� �� ��=�	�� A . B† 	� D �
������� ' �= �	l���
 e �f � &
 �����	
+	 �	� ���h 	� ����
�=��	� � 	g	
� ���	 �� l=����	� l�hh	 ��� M � �� ��� (v, q) ∈ Va × Vd

	� � ����� (ξ, ζ) ∈ Va × Vd
�	� +	 Aelξ ∈ La

	� Delζ ∈ Ld
.

a(ξ, v) =
∑

T∈Th

[−(Aelξ, v)La(T ) + (Jaξ, v)La(∂T )],
,f ���-

d(ζ, q) =
∑

T∈Th

[−(Delζ, q)Ld(T ) + (Jdζ, q)Ld(∂T )].
,f ���-

�l� . � �� 
	 h =���	 T ∈ Th
. La(T ) 	� Ld(T ) ��
� �	� g	����
� �� l=�	� �	� 	��=l	� La

	� Ld�	�� 	l��g	h 	
� . (·, ·)La(∂T )
	� (·, ·)Ld(∂T )

��
� �	� ������� �l=�=��	� � �� �	� ��
l���
� ��(
�	��� �= ���
��~�	 ∂T �	 T 	� Ja
	� Jd

��
� �	� �� ��=�	�� �	 �=� �	�� +	 Jaξ = 0 �� Aξ ∈ La	� Jdζ = 0 �� Dζ ∈ Ld
� } 	 ��� . �
 �����	 +	 � �� ��� v ∈ Va

	� � �� ��� ζ ∈ Ld
�	� +	

B†
elζ ∈ La

.
b(v, ζ) =

∑

T∈Th

[(v,B†
elζ)La(T ) + (Jbζ, v)La(∂T )],

,f ��j-
=g	l Jbζ = 0 �� B†ζ ∈ La

� &
 ��� ��	 	
(
 + ��� 	w ���	 �	w �� ��=�	�� � ��
�	�� ��=���
 �	 �k� 	z��h 	
� iah : Va → Vah
	� idh : Vd → Vdh

�	�� +	 � �� ��� (v, q) ∈ Va × Vd
.

∑

T∈Th

[h−2
T ‖v − iah(v)‖2

La(T ) + h−1
T ‖v − iah(v)‖2

La(∂T )] ≤ c4‖v‖2
a,

,f ��-
∑

T∈Th

[h−2
T ‖q − idh(q)‖2

Ld(T ) + h−1
T ‖q − idh(q)‖2

Ld(∂T )] ≤ c5‖q‖2
d.

,f ��	-
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z	��	 yk� ��y~�	 =����=��	 	�� l�=���+	 �=
� �	 l�
�	w�	 �	 � �	���h =���
 � �	��	� / 0345612312 �g��� . �=� 	w	h��	 �u	�	� . v|i	 � �


 �� �� �5 <)6+�4
&
 �	��	
� �	� 
��=���
� �	�=��g	� = �����~h 	 r�
���+	 ,f �e- �

� )�9+.+;9 
 �� � �325 y ∈ V := Va×Vd
� �� 9�� � 25 �6 1�429
 96 �/ 43 �
 523� /00 13�� �6 xh = (uh, ph)6� y 0/1

ρ (xh; y) = f(y) − a (xh, y) .
,f �ei-

&
 ���	�g	 +	 �	 ����� 	�� ��� ' � �	��	� � �=����w �h =���
 �=� �= �	�=���

ρ (xh; y) = a(x− xh, y).

o= �	�=���
 � ����y�r�
=���� �	 |=�	�n�
 � ��l��� ��� �= ���h 	
∀yh ∈ Vh := Vah × Vdh, ρ (xh; yh) = 0. ,f �e �-

&
 ��(
�� �	� ������ 	� �	� �=�� �=� ���h 	
� ��g=
��
Ruh = f +Aeluh +B†

elph, Juh = Jauh − Jbph,

Rph = g +Delph, Jph = Jdph.

�52 25 
 �� � � 3
1 53
 5 y = (v, q) ∈ V � 3� /
ρ(xh; y) =

∑

T∈Th

[
(Ruh, v)La(T ) − (Juh, v)La(∂T )

]
+
∑

T∈Th

[
(Rph, q)Ld(T ) − (Jph, q)Ld(∂T )

]
.

� 16
�6 � K��� y = (v, q) ∈ V
� &
 =

ρ(xh; y) =a (u− uh, v) − b (v, p− ph) + d (p− ph, q)

=
∑

T∈Th

[
(f +Aeluh +B†

elph, v)La(T ) − (Jauh, v)La(∂T ) + (Jbph, v)La(∂T )

]

+
∑

T∈Th

[
(g +Delph, q)Ld(T ) − (Jdph, q)Ld(∂T )

]
,

l	 +� ���
�� � ��r=���� g��	 � ut


 �� �� � +,A +-+.)
&
 ��(
�� �	� 	���h =�	�� � �	��	�

Eu =
∑

T∈Th

[
h2

T ‖Ruh‖2
La(T ) + hT ‖Juh‖2

La(∂T )

]
, ,f �ee-

Ep,r =
∑

T∈Th

h2r
T

[
h2

T ‖Rph‖2
Ld(T ) + hT ‖Jph‖2

Ld(∂T )

]
, ,f �ef-

�� r ≥ 0 	�� 
 �=�=h ~��	 ��	� �
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 �� �� +,A +-+.) � � �� /

‖u− uh‖2
a + ‖p− ph‖2

d ≤ 2α−2c4Eu + 2α−2c5Ep,0.
,f �e	 -

� 16
�6 � }	 �= ��	h �~�	 l�
�����
 � �y���~h 	 f �e . �
 �����
α‖x− xh‖V ≤ sup

y∈V

a (x− xh, y)

‖y‖V
.

v
 �����=
� �= ��(
����
 ,f �ei- � ����� 	� 	
 =����+=
� �= �	�=���
 � ����y�r�
=���� ,f �e �- . �
����	
� � �� ��� yh = (vh, qh) ∈ Vh
,yh

�	�= ly���� 	
 ��
l���
 �	 y l�*�	����- .
α‖x− xh‖V ≤ sup

y=(v,q)∈V

a(x− xh, y − yh)

‖y‖V

= sup
y∈V

ρ (xh; y − yh)

‖y‖V

≤ sup
y∈V

∑
T∈Th

[
‖Ruh‖La(T )‖v − vh‖La(T ) + ‖Juh‖La(∂T )‖v − vh‖La(∂T )

]

‖y‖V

+ sup
y∈V

∑
T∈Th

[
‖Rph‖Ld(T )‖q − qh‖Ld(T ) + ‖Jph‖Ld(∂T )‖q − qh‖Ld(∂T )

]

‖y‖V

≤




∑

T∈Th

[
h2

T ‖Ruh‖2
La(T ) + hT ‖Juh‖2

La(∂T )

]



1/2

× sup
y∈V

(∑
T∈Th

h−2
T ‖v − vh‖2

La(T ) + h−1
T ‖v − vh‖2

La(∂T )

)1/2

‖y‖V

+




∑

T∈Th

[
h2

T ‖Rph‖2
Ld(T ) + hT ‖Jph‖2

Ld(∂T )

]



1/2

× sup
y∈V

(∑
T∈Th

h−2
T ‖q − qh‖2

Ld(T ) + h−1
T ‖q − qh‖2

Ld(∂T )

)1/2

‖y‖V
.

m�� ly=+	 y ∈ V . �
 � 	� ly����� yh
�����=
� �	� ���������� � ��
�	�� ��=���
 ,f ��-* ,f ��	- ������	
��

α‖x− xh‖V ≤ c
1/2
4 E1/2

u + c
1/2
5 E1/2

p,0 ,l	 +� l�h��~�	 �= ��	g	 � ut

}	 �=� � ��
�r=���� ‖q‖c ≤ γ‖q‖d
. �
 ����� �	 ,f �e	 - 
	 	���h =���
 / 0345612312 ��� � �	��	� 	
��	����
 	
 
��h 	 ‖·‖c

.
‖p− ph‖2

c ≤ 2γ2α−2c4Eu + 2γ2α−2c5Ep,0.

% 52,<345 
 �� �  /�4 ,f �ee- 65 ,f �ef- � �/ �3� 512�
 523� 964 561� 64 96 4/
 5 64 5 1645162� 56 /
� � /�64
2� 5�126
164 96 T 65 /
� � /�64 96 �/ � 13� 52�16 4
1 �64
 6� �64 �64 � 3� �523�4 96 Va

3
 Vd
� 6 43� 5 0 /4
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�
� �64 �0/1�6 
 �3� � 2�0346 
� 6 �3�92523� 96 5�0 6 	 6
� /��� � � 3
1 / � ��� 61 � ���125
16� �6 032� 5 � �/
0/4 �5� 6�0 �2�25�� � � �6 461/ /
 0/1/� 1/0 � 6 � �� �� �314
 �3� 93�� 61/ �64 6�0 164423�4 964 6452� /56
14
03
1 �/ � 39��24/523� �� �


 �� �
 �(.+2,-+.)
&
 � ��
���	��	 h =�
�	
=
� ' � �����h =���� �	� 	���h =�	�� � �	��	� ,f �ee-� ,f �ef- . ' �=g���

+ ��
 ��=���� 
	 ��������� �	 h �
��=���
 �� l=�	 �	 � �	��	� �=� l	� 	���h =�	�� � &
 �����	 � ��l	�= �= �	ly
�+	 �	� ��
l���
� ���	� �
������	 �=� u	�����y �u	�		 . u	�	�� � &
 �
������ =���=�=��	 +	�+	� 
��=���
� � &
 ����r
	 �=� F i
h

� �	
�	h��	 �	� �=l	� �
����	�	� � h =���=r	 	��=� F∂
h

� �	
�	h��	 �	� �=l	� ����	� �� �	 � ��� � ��h =�
	 � m�� 
	 h =���	 T ∈ Th
��

�	 . �

��	 FT

� �	
�	h��	 �	� �=l	� �	 T 	� �
 � ��	
F i

T = F i
h ∩ FT , F∂

T = F∂
h ∩ FT .

&
 �
������ �	� g	����
� �� l=�	� Eu,T
	� Ep,r,T

. � �� 
 ��	� r ≥ 0 . �	� 	���h =�	�� ,f �ee-* ,f �ef- .
Eu =

∑

T∈Th

Eu,T , Ep,r =
∑

T∈Th

Ep,r,T ,
,f �e�-

=g	l
Eu,T = h2

T ‖Ruh‖2
La(T ) + hT ‖Juh‖2

La(∂T ),
,f �e�-

Ep,r,T = h2r
T

[
h2

T ‖Rph‖2
Ld(T ) + hT ‖Jph‖2

Ld(∂T )

]
. ,f �ej-

&
 �����	 +	 �	� ���h 	� ����
�=��	� a . b . c 	� d � 	g	
� ���	 �� l=����	� �=� ���h 	
� ��� �= ���h 	
a(v,w) =

∑

T∈Th

aT (v,w), b(v, q)=
∑

T∈Th

bT (v, q),

c(q, r) =
∑

T∈Th

cT (q, r), d(s, t) =
∑

T∈Th

dT (s, t).

z	l� �
��� 
	 �� l=���=���
 �	� 
��h 	� ‖·‖a
. ‖·‖c

	� ‖·‖d
��� �= ���h 	

‖v‖2
a =

∑

T∈Th

‖v‖2
a,T ,

‖q‖2
c =

∑

T∈Th

‖q‖2
c,T ,

‖s‖2
d =

∑

T∈Th

‖s‖2
d,T ,

=g	l
‖v‖2

a,T = aT (v, v),

‖q‖2
c,T = cT (q, q),

‖s‖2
d,T = dT (s, s).
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m�� ��� T ∈ Th
. ����+	 �	� ��

�	� f 	� g ��
� � ��k
�h �=�	� . �	� ������ �=� ���h 	
� Ruh	� Rph

��
� �=� l�
���l���
 �=
� �	� 	��=l	� �	 ��h 	
���
 (
�	 
���� �	�� 	l��g	h 	
� Pa(T ) 	�
Pd(T )

� �l� . Pa
	� Pd

��
� �	� 	��=l	� � ��k
�h �=w =g	l �	�+	�� �	� 	��=l	� � �=����w �h =���
 Vah	� Vdh
�
� ��� l�
������ � m�� 
	 �=l	 F �=
� �	 h =���=r	 . �	� �	����l���
� �	� ������ �	 �=�

Juh
	� Jph

' F ��
� �=
� �	� 	��=l	� � ��k
�h �=w 
���� �	�� 	l��g	h 	
� Pa(F ) 	� Pd(F )
� } =
�l	 ly=����	 . �
 ����r
	 �����h =�� �=� x . y � ��
�r=���� x ≤ cy =g	l 
	 l�
��=
�	 c ����l�	h 	
�� �����g	 	� �
��� 	
�=
�	 � h =���=r	 � m�� ��� T ∈ Th

. �
 ��� ��	 + ��� 	w ���	 �	w ��
l���
����	� νa,T ∈ Va
	� νd,T ∈ Vd

=g	l �	� ��� ���� �� l=����� �� T �	��	� +	 � �� ��� v ∈ Pa(T ) 	�� �� ��� q ∈ Pd(T ) .
‖v‖2

La(T ) . (νa,T v, v)La(T ),

‖νa,T v‖La(T ) + hT ‖νa,T v‖a,T . ‖v‖La(T ),

‖q‖2
Ld(T ) . (νd,T q, q)Ld(T ),

‖νd,T q‖Ld(T ) + hT ‖νd,T q‖d,T . ‖q‖Ld(T ).}	 ��� . � �� 
	 �=l	 F ⊂ ∂T . �
 ��� ��	 + ��� 	w ���	 �	w ��
l���
� ���	� νa,F ∈ Va
	�

νd,F ∈ Vd
=w ��� ���� �� l=����� �� F 	� �	w �� ��=�	�� �	 �����
r	h 	
� πa,F

	� πd,F
�	��
l���
� ��(
�	� �� F �� � �	
�	h��	 �	� ��
l���
� ��(
�	� �� ∆F

���h � �	 
 � �	w ���h 	
���	 Th
=w+	�� F =��=���	
� . �	�� +	 � �� ��� v ∈ Pa(F ) 	� � �� ��� q ∈ Pd(F ) .

‖v‖2
La(F ) . (νa,F v, v)La(F ),

h
−1/2
T ‖πa,F (νa,F v)‖La(∆F ) + h

1/2
T ‖πa,F (νa,F v)‖a,∆F

. ‖v‖La(F ),

‖q‖2
Ld(F ) . (νd,F q, q)Ld(F ),

h
−1/2
T ‖πd,F (νd,F q)‖Ld(∆F ) + h

1/2
T ‖πd,F (νd,F q)‖d,∆F

. ‖q‖Ld(F ).m�� r ≥ 0 . �
 �
������ �r=�	h 	
� � �	��=l	 �	� ��
l���
� ���=�	h 	
� ���l�
��
	�
P r

td,h = {vh ∈ L2(Th)/∀T ∈ Th, vh|T ∈ �m
r(T )}.

&
 
��	 Πr
h

�	 ���L 	l�	� L2*���y�r�
=� �� P r
td,h

,�
 �����	�= �	� h �h	� 
��=���
� ����+ ��
=����+	 �= ���L 	l���
 l�h� ��=
�	 �=� l�h� ��=
�	 � �� �	� ��
l���
� ' g=�	�� g	l����	��	�- �
�1);<�2 5 
 �� ��(.+2,-+.) � � �325 r1 ≥ 0 65 r2 ≥ 0 � � 3
1 53
 5 T ∈ Th

� 3� /
Eu,T .

∑

T ′∈∆T

(
h2

T ‖f − fh‖2
La(T ′) + ‖u− uh‖2

a,T ′ + ‖p− ph‖2
c,T ′

)
, ,f �e-

Ep,0,T .
∑

T ′∈∆T

(
h2

T ‖g − gh‖2
Ld(T ′) + ‖p− ph‖2

d,T ′

)
, ,f �e	-

3� fh = Πr1

h f
65 gh = Πr2

h g
65 3� ∆T

9�42�� 6 � �6�4 6� ��6 964 � /2� �64 
 2 0 /15/� 6� 5 /
 � 32�4 
� 6
� /�6 /�6� T �

� 16
�6 � K��� T ∈ Th
� &
 h =L ��	 � �=� ��� ‖f +Aeluh +B†

elph‖2
La(T )

� m=� ��h��	 �
�r=���� ���=
r*�=��	 . �
 =
‖f +Aeluh +B†

elph‖2
La(T ) . ‖fh +Aeluh +B†

elph‖2
La(T ) + ‖f − fh‖2

La(T ).
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&
 � ��	 ωh = fh + Aeluh + B†

elph

� �� � �=r�� h =�
�	
=
� �	 l�
��� �	� ‖ωh‖2
La(T )

� m��+	 ωh
	��
 � ��k
�h	 . �
 =

‖ωh‖2
La(T ) .

(
νa,Tωh, fh +Aeluh +B†

elph

)

La(T )

. ‖f − fh‖La(T )‖ωh‖La(T ) +
(
νa,Tωh, f +Aeluh +B†

elph

)

La(T )

. ‖f − fh‖La(T )‖ωh‖La(T ) +
(
νa,Tωh, Ael (uh − u) +B†

el (ph − p)
)

La(T )

. ‖f − fh‖La(T )‖ωh‖La(T ) + aT (u− uh, νa,Tωh) − bT (νa,Tωh, p− ph).

} ���
‖ωh‖2

La(T ) . ‖f − fh‖La(T )‖ωh‖La(T ) + h−1
T ‖ωh‖La(T ) (‖u− uh‖a,T + ‖p− ph‖c,T ) .

��
=�	h 	
� . �
 ����	
�
‖f +Aeluh +B†

elph‖2
La(T ) . ‖f − fh‖2

La(T ) + h−2
T

(
‖u− uh‖2

a,T + ‖p− ph‖2
c,T

)
. ,f �fi-

K��� F 
	 �=l	 �	 �= h =���	 T � &
 h =L ��	 h =�
�	
=
� �= +=
���� ‖Juh‖La(F )
� &
 � ��	 ψF =

νa,FJuh
� &
 ���	�g	 +	 Juh

	�� 
 � ��k
�h	 � v
 �	h =�+=
� +	 Jau−Jbp = 0 �� F 	� +	 �=��
l���
 πa,FψF
	�� 
��	 �� �	 � ��� �	 ∆F

	� 	�� l�
��
	 �� F . �
 � 	� �
��r�	� �=� �=���	�l�hh 	 ��� M
‖Juh‖2

La(F ) . (νa,FJuh, Juh)La(F ) = (ψF , Juh)La(F ) = (πa,FψF , Juh)La(F )

.
∑

T ′∈∆F

[
aT ′(uh − u, πa,FψF ) − bT ′(πa,FψF , ph − p)

+ (Ael(uh − u), πa,FψF )La(T ′) + (πa,FψF , B
†
el(ph − p))La(T ′)

]

.
∑

T ′∈∆F

[(
‖u− uh‖a,T ′ + ‖p − ph‖c,T ′

)
h
−1/2
T ‖Juh‖La(F )

+‖Ruh‖La(T ′)h
1/2
T ‖Juh‖La(F )

]
.

&
 ����	
� ��
l
h

1/2
T ‖Juh‖La(F ) .

∑

T ′∈∆F

[
‖u− uh‖a,T ′ + ‖p − ph‖c,T ′ + ‖Ruh‖La(T ′)hT

]
,

l	 +� � 	�h 	� �	 l�
l��	 �
o= �	l�
�	 	���h =���
 � �y���~h 	 �	 h �
��	 �	 h =
�~�	 �	h��=��	 � m=� ��h��	 �
�r=�������=
r�=��	 . �
 =

‖Rph‖2
Ld(T ) = ‖g +Delph‖2

Ld(T ) . ‖gh +Delph‖2
Ld(T ) + ‖g − gh‖2

Ld(T ).

&
 � ��	 ωh = gh +Delph

� �� � �=r�� h =�
�	
=
� �	 l�
��� �	� ‖ωh‖2
Ld(T )

� m��+	 ωh
	�� 
 � ��k*
�h	 . �
 =
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‖ωh‖2
Ld(T ) . (νd,Tωh, gh +Delph)Ld(T )

. ‖g − gh‖Ld(T )‖ωh‖Ld(T ) + (νd,Tωh, g +Delph)Ld(T )

. ‖g − gh‖Ld(T )‖ωh‖Ld(T ) + (νd,Tωh,−Del(p− ph))Ld(T )

. ‖g − gh‖Ld(T )‖ωh‖Ld(T ) + dT (p− ph, νd,Tωh).

&
 ����	
� =����
‖ωh‖2

Ld(T ) ≤ ‖g − gh‖2
Ld(T ) + h−2

T ‖p − ph‖2
d,T .K��� F 
	 �=l	 �	 �= h =���	 T � &
 h =L ��	 h =�
�	
=
� �= +=
���� ‖Jph‖Ld(F )

� &
 � ��	 ψF =
νd,FJph

� &
 ���	�g	 +	 Jph
	�� 
 � ��k
�h	 � v
 �	h =�+=
� +	 Jdp = 0 �� F 	� +	 �=��
l���
 πd,FψF

	�� 
��	 �� �	 � ��� �	 ∆F
	� 	�� l�
��
	 �� F . �
 � 	� �
��r�	� �=� �=���	�l�hh 	 ��� M

‖Jph‖2
Ld(F ) ≤ (νd,FJph, Jph)Ld(F )

≤
∑

T ′∈∆F

[
dT ′(ph − p, πd,FψF ) + (Del(ph − p), πd,FψF )Ld(T ′)

]

≤
∑

T ′∈∆F

[‖p − ph‖d,T ′h
−1/2
T ‖Jph‖Ld(F ) + ‖Rph‖Ld(T ′)h

1/2
T ‖Jph‖Ld(F )].

&
 = ��
l
h

1/2
T ‖Jph‖Ld(F ) ≤

∑

T ′∈∆F

[‖p − ph‖d,T ′ + ‖Rph‖Ld(T ′)hT ],

l	 +� ���
�� �	 �����=� ��y=��� � ut

% 52,<345 
 �� � �� �3� �2�/� 5 �64 1�4
�5/54 96 � �/�/ ��4 6 9 �6116
1 / 0 12312 ,f ��	=- � ,f ��	� - 65
,f ��	l- /�6� �64 1�4
�5/54 9 �30 52� / �25� 9
 5� �31�� 6 � ��� 3� 3�461�6 
6 �/ �3��61� 6� �6 96 �/ �31� 6
4
0 �126
16 96 � �2��� / �25� ,f �e	 - 645 30 52� / �6 03
1 ‖p − ph‖2

d
� 43
4 964 �3�92523�4 0 315/� 5 4
1

� �/00 13� 2� /523� 964 93���64 f 65 g 6� /� 2��64 �2S96443
4� � /24 645 43
4S30 52� / �6 03
1 ‖u−uh‖2
a�65 03
1 ‖p− ph‖2

c
� � 86�2 � 352�6 
� 6 /� ��231/523� 96 � �/�/ ��4 6 9 �6116
1 / 0345612312 6� 6�5
�6 /


0/1/� 1/0 � 6 4
 2�/� 5�
&
 �����	 +	 f ∈ Hs−1(Ω?) 	� �
 ��	
� r1 = s − 1 ,�
 �=�� 	��	 +	 s 	�� ��(
� �=
�� �yk� ��y~�	 f �f- � } =
� l	 l=� . �	 �	�h 	 h2

T ‖f − fh‖2
La(T )

�=
� ,f �e- 	�� � h �h	 ����	 +	
‖u−uh‖2

a,T + ‖p− ph‖2
c,T

� } 	 h �h	 . �
 �����	 +	 g ∈ Hs−δ−1(Ω?) 	� �
 ��	
� r2 ≥ s− δ− 1
�

} =
� l	 l=� . �	 �	�h 	 h2
T ‖g − gh‖2

Ld(T )
	�� �� ���	� � �r=� ' ‖p − ph‖2

d,T

� m=� 	w	h��	 . ���
k = 2 	� l = 1 . �
 ����	
� s = 2 	� δ = 1 � ��
l f ∈ H1(Ω?) 	� g ∈ L2(Ω?)

�


 �� �� @2 )-+;<,.+;9 �5 - �56.+2 ,.+;9 � �5<<54< / 0 345612312
}=
� l	 �=�=r�=�y	 . �
 ���� ��	 
	 =
=�k�	 � �	��	� / 0 345612312 � 	�h 	��=
� � ����	
��� �����h =���� �	 �= l�
g	�r	
l	 �	� 	���h =�	�� � �	��	� � �� � �	���h =���
 / 0345612312 �	 � �	�*�	� ‖u − uh‖a

� o �=
=�k�	 �	+�	�� 
 �=� 
	h 	
� �	 � �yk� ��y~�	 f �e 	
 �� l=���=
� �= ���������� �=����w �h =���
 �� �	� ���h 	
�� � h =���=r	 �
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 �� � �� 	w ���	 
	 l�
��=
�	 c6 	� 
 ��	� ����l�	h 	
� � ������ δ �	�� +	 � �� ���
r ∈ Ld

. � �
�+	 ������
 φ ∈ Vd
� �����~h 	 �=� d(q, φ) = (r, q)Ld

� �� ��� q ∈ Vd
. 	�� �	��	

+ ��� 	w ���	 φh ∈ Vdh
�=����=��=
�

∑

T∈Th

h−2δ
T [h−2

T ‖φ− φh‖2
Ld(T ) + h−1

T ‖φ− φh‖2
Ld(∂T )] ≤ c6‖r‖2

Ld
. ,f �f �-

&
 ���� ��	 =���� � �����=� ��g=
� M
�1);<�2 5 
 �� � �� /

‖u− uh‖2
a ≤ 2c4Eu + 2β̃2c6Ep,δ.

,f �fe-
� 16
�6 � &
 	���h 	 �=
� 
 ��	h �	� �	h�� �= +=
���� ‖p−ph‖Ld

� K��� φ �= ������
 �=�	 =��� l��	
' �= ��

�	 r := p− ph

�=
� � �yk� ��y~�	 f �	 � t ����
‖r‖2

Ld
= (r, r)Ld

= d(r, φ) = d(r, φ − φh),

��� ��� φh ∈ Vdh
� v
 �����=
� ,f ���- 	� ,f �f �- . �
 ����	
�

d(r, φ − φh) =
∑

T∈Th

(−Delr, φ− φh)Ld(T ) + (Jdr, φ− φh)Ld(∂T )

≤ E1/2
p,δ c

1/2
6 ‖r‖Ld

.} ���
‖p − ph‖2

Ld
= ‖r‖2

Ld
≤ c6Ep,δ.m=� =���	�� . �
 ���	�g	 +	

‖u− uh‖a = sup
06=v∈Va

a(u− uh, v)

‖v‖a

= sup
06=v∈Va

(
a(u− uh, v) − b(v, p − ph)

‖v‖a

)
+ β̃‖p− ph‖Ld

= sup
06=v∈Va

(
a(u− uh, v − iah(v)) − b(v − iah(v), p − ph)

‖v‖a

)
+ β̃‖p − ph‖Ld

,

l=� iah(v) ∈ Vah
� v
 �����=
� ,f ���- . ,f ��j- 	� ,f ��- . �
 ����	
�

‖u− uh‖2
a ≤2c4

∑

T∈Th

[
h2

T ‖Ael(u− uh) +B†
el(p − ph)‖2

La(T ) + hT ‖Ja(u− uh) − Jb(p− ph)‖2
La(∂T )

]

+ 2β̃2‖p− ph‖2
Ld

≤2c4Eu + 2β̃2c6Ep,δ.l	 +� ���
�� �	 �����=� ��y=��� � ut
v
 � ��
����=
� �	 �= ��	g	 � �y���~h 	 f �� . �
 h �
��	 =���h 	
� �	 �����=� � �����h =���� ��g=
�

Ep,δ,T .
∑

T ′∈∆T

(
h2+2δ

T ‖g − gh‖2
Ld(T ′) + h2δ

T ‖p − ph‖2
d,T ′

)
. ,f �ff-

v
 l�h��
=
� �	� �����=�� �	 � �=
=�k�	 � �	��	� / 0 12312 ,f ��	=- . ,f ��	� - 	� ,f ��	l- =g	l �	������=�� � �����h =���� ,f �e- 	� ,f �ff- . �
 ���	�g	 +	 �= l�
g	�r	
l	 �	 �= � ��
	 �� ���	�	 �	� ��
�r=���� ,f �fe- 	�� ����h =�	 . ��� �	� l�
�����
� � ���=
� �� � �=����w�h =���
 �	� ��

�	� f	� g �
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� U� ����������� � �� ������������ ���	��� ������
�

}=
� l	��	 �	l���
 . �
 ����	
�	 � �=����l=���
 �	 �= �y����	 ��g	���� �	 ���l��	hh	
� �=
��	 l=� �� � ��
 � ��
���	��	 = �k��~h 	 �	 �= � ��� ��=���l��� ,e ��	=-* ,e ��	� - �
&
 l�
���~�	 �	 �����~h 	 ���l�	� ,f ��=-� ,f ��� - =g	l �	 ����=l	h 	
� ,�	�� � �= ��	����
 -=����ly� 	
 	��=l	 �=� �	� ���h 	
�� (
�� l�
��
� �	 o=r�=
r	 �	 �	r�� k ≥ 1 ,�	�� �

l ≥ 1
- �t ���� . � �yk� ��y~�	 f �� 	�� g=�=��	 � ��

sa = k, sd = l,

Wa = [H1
0 (Ω?) ∩Hk+1(Th)]3, Wd = H1

0 (Ω?) ∩H l+1(Th),

�� � �� m ≥ 0 . Hm(Th) ����r
	 � �	��=l	 �	 K�� ��	g ����� � �����	 m � o �yk� ��y~�	 f �e ��r
�(	
+	 � �� ��� r ∈ L2(Ω?) . � �
�+	 ������
 φ? ∈ H1

0 (Ω?) � �����~h 	 �=�
∫

Ω?

E
M ∇?φ?·∇?q? =

∫

Ω?

r?q?, ∀q? ∈ H1
0 (Ω?),

	�� �=
� H1+δ(Ω?)
� t �
�� . �=
� �	 l=� �� Ω? 	�� l�
g	w	 . ,f ��e- 	�� g=�=��	 =g	l δ = 1 ,�=
� �	l=� r�
��=� . �
 = ��L ��� δ ≥ 1/2

- � v
 l�
��+	
l	 . � �yk� ��y~�	 f �f �h���+	
k = l + 1,

l �	��*'*���	 +	 � ��
�	�� ��=���
 � ��k
�h �=�	 � �� �	 ����=l	h 	
� 	�� � �
 �	r�� �� ���	�	 'l	��	 �	 �= ��	����
 � o	 ly��w �	 ��� l��=
� 	
 ��=��+	 	�� k = 2 	� l = 1 . l �	��*'*���	 +	�	� � ��k
�h	� l�
��
� �	 �	r�� e �=� h ��l	=w ��
� ������� � �� =���� ly	� �	 ly=h� �	����=l	h 	
� 	� �	� � ��k
�h	� l�
��
� =� 
	� �=� h ��l	=w ��
� ������� � �� =����ly	� �	ly=h� �	 ��	����
 � }=
� l	 l=� . ‖u−uh‖1,Ω
	� ‖p−ph‖0,Ω

l�
g	�r	
� = �	l�
� ����	 	
 	��=l	�=
��� +	 ‖p − ph‖1,Ω
l�
g	�r	 = ��	h �	� ����	 	
 	��=l	 � z	� �����=�� �	��
� ��������� ' �=�	l���
 f �� � o	� �� ��=�	�� Ael

	� Del
��
� �	�� +	 � �� ��� ξ ∈ [H1

0 (Ω?)∩H1(Th)]3 . � �� ���
ζ ∈ H1

0 (Ω?) ∩H1(Th) . � �� ��� T ∈ Th
.

Aelξ|T = ∇?·(σ′,?(ξ|T )) 	� Delζ|T =
E

M
∆?(ζ|T ),

�� �
 = ��(
� H1(Th) = {v ∈ L2(Ω?)/∀T ∈ Th, v|T ∈ H1(T )} � o ��� ��=�	� B†
el

	�� �	� +	 � ����� ζ ∈ L2(T ?) . ��� ��� T ∈ Th
.
B†

elζ|T = −b∇?(ζ|T ).

}=
� �	 l�
�	w�	 �	 �= h ������=���
 )� �� Va = [H1
0 (Ω?)]3 	� Vd = H1

0 (Ω?) . � ��� ��=�	� � ��
*�	�� ��=���
 �	� �	 z��h 	
� �z��j� . {	�	� ,h���(� � �� ��	
��	 	
 l�h��	 �	� l�
�����
� �	}���ly�	� y�h �r~
	� = � ��� - � � ��� ��=�	� � ��
�	�� ��=���
 �	 Kl�����y=
r �K�	i� � 	g	
� ���	������� � �� �=����=��	 �	� ���������� � ��
�	�� ��=���
 ,f ��-* ,f ��	- � m�� 
 ��h =�
	 Ω? l�
g	w	 .� �yk� ��y~�	 f �	 	�� �r=�	h 	
� g���(�	 =g	l δ = 1 . �� �� � � �� l	�= �	 ��	
��	 � �� φh
� ��
�	�*���� �	 o=r�=
r	 �	 φ � v
(
 . �	� ��
l���
� ���	� ������	� �=
� �	� ��	g	� �	 � �����h =���� �	�	���h =�	�� � 	g	
� ���	 l�
�����	� l�hh 	 ��l��� �=� u	�����y �u	�		 � �
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 �� �� ��(<566+;9 �56 56.+2 ,.54<6 � �5<<54< / 0345612312
&
 ��

	 �l� � �	w��	����
 �	� 	���h =�	�� � �	��	� / 0345612312 ,f �e�-� ,f �ej- . �	�� + ���� �
���� �h��=
��� �=
� 8396:; 4561 � o �=
=�k�	 � �	��	� / 0 345612312 	�� 	�	l��	 �� �	 �k��~h 	 =��*h	
���

� ,e �ej=-� ,e �ej� - � �=�=r�=�y	 e �e �e � o	� ���h�	� ,f �e�-� ,f �ej- ��
� ��
l =����+�	�=w +=
����� =��h 	
���

�	� ��� ���l���	� 	
 g�=�	 ��h 	
���
 . l=� l	 ��
� l	��	�*l� +� ��
����� �
���	� �=
� 8396:; 4561 � &
 ���=���	 � �	w��	���
 	
 g=��=��	� ��h 	
���

�	� �	� 	���h =�	��

,f �e�-� ,f �ej- � o	 ��	h �	� �	�h 	 �	 ,f �e�- 	��
h2

T ?‖R?
uh‖2

0,T ? = h2
T ?‖f?

+Aelu
?
h +B†

elp
?
h‖2

0,T ?

=
h2

T

L2
‖L
P

(f + ∇·σ′(uh) − b∇ph)‖2
0,T

1

Ld

= h2
T

1

P 2Ld
‖f + ∇·σ′(uh) − b∇ph‖2

0,T .

o	 �	l�
� �	�h 	 	�� . ��� ���	 �=l	 �
����	�	 F ? ⊂ ∂T ? .
hT ?‖Juh‖2

0,F ? = hT ?‖ ��σ′,?(u?
h)·n��‖2

0,F ?

=
hT

L
‖ �� 1
P

(σ′(uh)·n)
��‖2

0,F

1

Ld−1

= hT
1

P 2Ld
‖ ��σ′(uh)·n��‖2

0,F .

&
 �=�� 	��	 +	 � ��� ��=�	� �	 �=� ��·�� 	�� ��(
� �=� � ��r=���� ,� �	 - � o	 ��	h �	� �	�h 	 �	 ,f �ej-	�� 
� l=� . �=
� 8396:; 4561. gh
	�� ���� �����

	� ' �= ��g	�r	
l	 �	 �= r�=g��� 	� ph

	�� =� 
	 �z�hh	 ph
	�� =� 
	 . �
 ���	�g	 �r=�	h 	
� +	 Jbph = 0

� o	 �	l�
� �	�h 	 	��
hT ?‖Jph‖2

0,F ? = hT ?‖ �� E
M

∇?p?
h·n

��‖2
0,F ?

=
hT

L

E2

M2

L2

P 2
‖ ��∇ph·n

��‖2
0,F

1

Ld−1

= hT
E2

P 2Ld−2M2κ2ρ2
‖ ��Mlq,h·n

��‖2
0,F .

&
 �=�� 	��	 +	 Mlq
����r
	 �	 Cw yk��=��+	 �=
� 8396:; 4561. ��

� �=�

Mlq = κρ(−∇p + ρFm).

&
 �����	 �	 Cw yk��=��+	 �=
� �	� 	���h =�	�� ���l��	
�� ����� +	 �	 r�=��	
� �	 ��	����
l=� l	��	 +=
���� 	�� ��� =���h 	
� =ll	���� �	 �=
� �	� ����
	� ���h 	
�=��	� �	 8396:; 4561 �
m�� ��� T ∈ Th

. �
 �=�� 	��	 +	 F i
T
,�	�� � F∂

T

- ����r
	 � �	
�	h��	 �	� �=l	� �	 T ����	�
' � ��
����	� ,�	�� � �� �= ���
��~�	- � h =���=r	 � &
 ��(
��
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Eu,T =h2
T

1

P 2Ld
‖f + ∇·σ′(uh) − b∇ph‖2

0,T + hT
1

P 2Ld

∑

F∈F i

T

∥∥ ��σ′(uh)·n��
∥∥2

0,F
,f �f	 -

+ hT
1

P 2Ld

∑

F∈F∂
T ∩ΓM

N

‖σnor − (σ′(uh)·n− bphn)‖2
0,F ,

Ep,0,T =hT
E2

P 2Ld−2M2κ2ρ2

∑

F∈F i

T

‖ ��Mlq,h·n
��‖2

0,F
,f �f�-

+ hT
E2

P 2Ld−2M2κ2ρ2

∑

F∈F∂
T ∩ΓH

N

‖Mlq,nor −Mlq,h·n‖2
0,F ,

Ep,1,T =h3
T

E2

P 2LdM2κ2ρ2

∑

F∈F i

T

‖ ��Mlq,h·n
��‖2

0,F
,f �f�-

+ h3
T

E2

P 2LdM2κ2ρ2

∑

F∈F∂
T ∩ΓH

N

‖Mlq,nor −Mlq,h·n‖2
0,F .

&
 = 	
 �=�� l�
������ 
	 ���h�=���
 �	� 	���h =�	�� � �	��	� / 0345612312 �=
� 
 l=��	 
 � 	��� r�
��=� +	 l	� � � �����~h 	 ,f ��=-* ,f ��� - �� �	� l�
�����
� =w ��h ��	� �	 } ���ly�	� y�*h�r~
	� 	
 ����=l	h 	
�� 	� 	
 ��	����
 ��
� �h� ���	� �� ���	 �= ���
��~�	 Γ � o �	w��	����
 �	�	���h =�	�� � �	��	� / 0 345612312 ��

�	 l�*�	��� � 	�h 	� . ���	 �	� l�
�����
� �	 } ���ly�	� y�h �*r~
	� . �	 ��	
��	 �r=�	h 	
� 	
 l�h��	 �	� l�
�����
� =w ��h ��	� �	 s	h =

 
�
*y�h �r~
	� .�	��	� + �	��	� ��
� ��(
�	� �=� �	� ���h�	� ,e ��j- 	� ,e ��- �
&
 ��

	 	
(
 � �	w��	����
 =��h 	
���

�	 �	 �= 
��h 	 ‖·‖V

. +� 	�� ������	 �=
� �= �	l*���
 f �� � �� �	 l=�l� �	� �
��l	� � �	� l=l��� �	� 	���h =�	�� � �	��	� � m�� ��� (v, q) ∈ Va×Vd
.�
 ���	

‖v‖2
a =

E2

P 2Ld

(∫

Ω
λ1(∇·v)2 + 2

∫

Ω
λ2ε(v)

2

)
,

‖q‖2
d =

1

P 2Ld−2

E

M

∫

Ω
(∇q)2.
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�
	 
�g	��	 h ������=���
 )� ��=���

=��	 l���	�� �
�=
� = �����~h 	 ,e ��	=-* ,e ��	� -= � �=� ��� �� ���	 �h��=
��	 �=
� 8396:; 4561 l=� �= h ������=���
 e} ��=���

=��	 
 ���=�� �=����� �
���	 ,	
 	�	� . �� 
 �k = r~�	 � �=����l=���
� �
�����	��	� �	�	g=
� �	 l	 l=��	- � o= h �����*�=���
 	�� 	� 	l��g	 � �� �	� h =���	� e} ���=
r�=��	� 	� +=��=
r�=��	� � o �	w�	
���
 =w h =���	�f} ,����=~��	� . � 	
�=~��	� . y	w=~��	�- 	� =w h ������=���
� =w��kh ����+	� 
	 � ��	�=�� =l
	��� l��� �����h 	
�=��	 �
�
 
�g	= l=�=��r	 � ����h 	
�� (
�� = ��� ��(
� � �� l�h����	 �	� ���h 	
�� ���=
r�=��	�	� +=��=
r�=��	� � o ��
��r�=���
 	�� �=��	 �	 h =
�~�	 ��/442
 6. = �	
� ��(
� �=
� � ��
����l���
= �=�=r�=�y	 � �f �f � &
 �=�� 	��	 + ��� � �=r�� � �
	 �
��r�=���
 �	 |=� � �� 
	 ���l�����=���
��=��=�	 	
 +=��=
r�	� . � �	 |=�*) =hh	� � �� 
	 ���l�����=���
 ��=��=�	 	
 ���=
r�	� � m���	� +=��=
r�	� ,�	�� � �	� ���=
r�	�- . � ��
��r�=���
 g��h �+	 �	 �=�� ' � �=��	 � �
	 �=h ���	 ' 	 ,�	�� �
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�- ���
�� �	 |=� � o ��
��r�=���
 ���=l�+	 	�� ��=����	 �=� 
	 �
��r�=���
 l�h� ���=
� 	 � ��
���	 |=� � o	� �����
� �	 � ����h 	
� (
� ,�=���l��~�	h 	
� l	��	� �	 ��������
 - ��
� ��	
��+	� 'l	��	� � l=�=��r	 � �� �	� ���h 	
�� (
�� �	 �= h ������=���
 e} �
��=���

=��	 � l��	 �

� U� � ��
����� �
��	��
��

&
 l�
���~�	 �� �	 ��h =�
	 [0, 1] × [0, 1] �= ������
 =
=�k��+	 ��g=
�	 � �����~h 	
,e ��	=-* ,e ��	� - =g	l �	� l�
�����
� =w ��h ��	� �	 }���ly�	� l���	�� �
�=
�	� .

u(x, y) = −
[

cos(πx) sin(πy)
sin(πx) cos(πy)

]
, p(x, y) = sin(πx) sin(πy),

=g	l κ = b = 1
� &
 ����	
�

f = 0,

g = π(cos(πx) sin(πy), sin(πx) cos(πy))t.

o	� l� 	� l�	
�� �	 o=h � ��
� λ1 = 1/(4π) 	� λ2 = 1/(8π) . l	 +� ��

	 
 l� 	� l�	
� �	 m�����

ν = 1/3 	� 
 h ���	 �	 x�
r E = 1/(3π)

� &
 ly����� �	 h ���	 �	 { ��� M = 1/(3π) 	� �=h =��	 g��h �+	 ρ = 1
�

o	� �=w �	 l�
g	�r	
l	 	
 	��=l	 ��
� �g=��� �� �	� ����	� �	 ���=
r�=���
� ���l���	��=� 
�	� 
����h �h 	
� 	� �=��	� �� 
 �=� �	 h =���=r	 �	 �= ���
��~�	 h0
� &
 
��	

η1 = (Eu)1/2, η2 = (Ep)
1/2 	� η3 = (Ep,1)

1/2.

o	� l�
��=
�	� ci ��
� ����	� �r=�	� ' � ,	��	� � ���=�	
� ���	 ���	�h �
�	� �	 �=��
 ��� ���l��	- �m=� =���	�� . �
 
 �= �=� ���� 	
 l�h��	 �=
� �	� �	��� 
h ���+	� �= l�
�������
 ' � �	���h =�	�� �	��	� �	 � �	��	� � ��
�	�� ��=���
 �� �	� l�
�����
� �	 } ���ly�	� 	
 ����=l	h 	
� � � �	���h =���
�	 l	��	 	��	� 
	 � ��	 �=� �	 �����~h 	 �=���l��	� � &
 ��(
�� �	� �
��l	� � �	� l=l���
Ieff =

η1 + η2

‖x− xh‖V
, Jeff =

η1 + η3

‖u− uh‖a
,

I∗
eff =

η1 + η2

‖u− uh‖a
, J ∗

eff =
η1 + η3

‖u− uh‖a + ‖p− ph‖c
.

o	 �=��	= f �� ����	
�	 �	� �����=�� �	 l�
g	�r	
l	 ��� �=� 
	h 	
� ��=��=� � �� � �	��	�� �=����w �h =���
 h 	���	 �=
� �����	
�	� 
��h 	� � p�� �	� �=w �	 l�
g	�r	
l	 	w� ���h 	
�=w
l�
l���	
� =g	l l	w ������� �=� � �=
=�k�	 � �	��	� / 0 12312� �
	 ���	�g=���
 �h����=
�	 	��
+	 � �	��	� ���=�	 	�� ��h �
�	 �=� � �	��	� 	
 
��h 	 H1 �� �= ��	����
 � m=� =���	�� . �	� �=w
�	 l�
g	�r	
l	 ���	�g�� �=
� �	 �=��	= f �e � �� �	� 	���h =�	�� � �	��	� l�
l���	
� =g	l �	������l���
� �y����+	� � o ��
��l	 � �	� l=l��� Ieff

��	
� �	� g=�	�� l�h����	� 	
��	 f 	� � . l	 +���r
�(	 +	 � �	���h =�	� η1 + η2
�	 l�h� ���	 �	 h =
�~�	 �=����=��=
�	 � �� 	���h 	� � �	��	� �� �=��	����
 �=
� �= 
��h 	 H1 � z�hh	 ���g . �= ���=���
 	�� ��� ��	
�	 �� � ��
 ly	�ly	� ' l�
��� �	�� �	��	� �� �	� ����=l	h 	
�� 	
 
��h 	 H1 � z�hh	 l	�= 	�� �	C��� �=� � ��
��l	 � �	� l=l��� I∗

eff
+�=rh 	
�	 ����+	 �	 h =���=r	 	�� �=� 
� . l	��	 �	�
�~�	 	��	� l�
g	�r	 ��� g��	 g	�� i +	 �	�
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h−1

0
‖u − uh‖a ‖p − ph‖d ‖x − xh‖V ‖p − ph‖c

H *+K�1�: � � +9,1�* � � +�,1�* � J +:�1�: �

� , +: *1�, *+9H , +�*1�* K +?K , +�J1�* K +? * *+JH1�: *+99
*� � +H91�H *+?: *+�J1�* K +?9 *+��1�* K +?9 H +KJ1�, *+?,
,: : +*J1�H *+?� ? +:?1�: K +?? ? +, *1�: K +?? *+K,1�, *+?�
�H J +,?1�J *+?? H +�J1�: *+KK H +��1�: *+KK : +J�1�H *+??
*:� *+,J1�J : +KK : +,,1�: *+KK : +,,1�: *+KK � +HJ1�J : +KK

�N
�� � ��� I..1>.0 13 34>� =1 <62�1.712<1 06>0 .4� 21A 123 0�43548 +

h−1

0
η1 η2 η3 Ieff I∗

eff Jeff J ∗

eff

H 9 +�91�: � : +:9 � 9 +:91�* � , +H, :*9 +�? 9H +�? *: +�H
� : +9�1�: *+H� *+HH K +�� : +:�1�* *+�? H +K: HJ� +?, 9? +KK *, +J?
*� � +,?1�, *+9, 9 +?:1�* K +�� � +*H1�: *+�� H +, * ?HH +�, �: +,J *H +:H
,: : +:�1�, *+�? H +*:1�* K +?H *+J?1�: *+?J H +HJ *?:9 +J? �H +,H *H +J?
�H J +�:1�H *+?� : +*K1�* K +?� H +K:1�, *+?� H +J* ,�?� +:� �J +H: *H +9�
*:� *+H91�H *+?? *+K�1�* K +?? *+K *1�, *+?? H +JH 9�H: +*? �J +?� *H +�9

�N
�� � �� � I035A 435620 = �1..1>. � �!&'#(�!(�� 34>� =1 <62�1.712<1 13 52=5<10 = �1� <4<53/ 06>0 .4� 21A 123 0�43548 +

	���h =�	�� ������ �=� � �=����ly	 ���	l�	 � &
 �	h =�+	 +	 �	� �
��l	� � �	� l=l��� Jeff
	� J ∗

eff��� � �=���� ly	 �=� �=���� ��	

	
� �	� g=�	�� =��	� r�=
�	� . h =�� =�h 	��	
� 
 l�h����	*h	
� =�kh�����+	 �=���

=��	 l=� ��� ��
� ��=��+	h 	
� �
��� 	
�=
�� � h =���=r	 � o	 �=�� +	
J ∗

eff
���� �	
��� �	h 	
� �
����	� ' Jeff

h�
��	 +	 � �	��	� ‖p− ph‖c
��h �
	 � �	��	� ‖u− uh‖a

�





�

�E@ ��AD �� ���? ��� D CEAB@BC�EE@C�D

� �� E� ���N
P�� ������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � L�
� �� E� ���N
P�� ������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � L�
� �� 
�
��� � F������ � � (�!(� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � )�
� �� 
�
��� � F������ � �!&'#(�!(� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � )�

H +H +* ���.6<�1 =5.1<31 + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + �H
H +H +: �A/856.43562 =10 1035A 435620 12 >35850423 84 .1<6203.><3562 1885�35�>1 + + + + + + + + 9K

� �L 
��
������  
 ���	
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� �) �	��
��� ���	��G��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� �� ��������� �� ���	
������� ��� 
��	���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �Q
H +9 +* @1 <40 3103 + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + � *
H +9 +: � /0>83430 2>A /.5�>10 + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + �:

}=
� l	 ly=����	 . �
 � ��
���	��	 ' � �=
=�k�	 h =�y�h =��+	 � �����~h 	 h ��~�	 ,e �fi=-*
,e �fi� - 	� ' ��
 =����w�h =���
 �=� 
	 h ��y��	 � �v�	�*|=�	�n�
 � q=�� 	��
� +	 �	 �����~h 	l�
��
 l�
����	 ' ly	�ly	� 
	 ������
 ����	 (u, p) ∈ H1

t (Va) ×H1
t (Vd)

�	��	 +	 � �� ��	�+	��� t ∈ [0, T ] .
a(u, v) − b(v, p) = 〈f, v〉a, ∀v ∈ Va,

c(∂tp, q) + b(∂tu, q) + d(p, q) = 〈g, q〉d, ∀q ∈ Vd,

,	 ��=-
,	 ��� -

=g	l �= ��

�	 p0 ∈ Vd
	� �	� h 	h��	� �	 �����	 f ∈ H1

t (V ′
a) 	� g ∈ H1

t (V ′
d)

� &
 ���	�g	�= +	� ��+=���
 ,	 ��=- 	�� 	
 �=�� �=����=��	 � �� ��� t ∈ [0, T ] �	 �=� �	� yk� ��y~�	� �	 ��r�=����
+� ��
� �=��	� � &
 �	
g��	 ' �= �	l���
 e �f � �� �= ��(
����
 �	� �� ��=�	�� 	� �	� 	��=l	� l�*�	��� � } =
� �	 l=� �	 �= � ��� ��=���l��� . 
	 =
=�k�	 h =�y�h =��+	 � �
	 g	����
 ��� r�
��=�	� �k��~h 	 ,	 ��=-� ,	 ��� - �=��	 �� �= �y����	 �	� �+=���
� � ��g�����
 ��
�=��	� ��r�
���	� �=
��	� 	��=l	� �	 ) ��� 	�� = ��� 	� 	l��	 �=� Ky�D=��	� �Ky�ii . Ky�ie� �

o �=����w �h =���
 � �v�	�*|=�	�n�
 l�
����	 	
 
	 h ��y��	 � ����h 	
�� (
�� l�
���h 	� 	
	��=l	 	� 
 �ly�h = � �v�	� �h���l��	 	
 �	h�� � &
 ����	
�	 � �=� ��� � �=
=�k�	 � �	��	� / 0 12312�m�� . �	w =
=�k�	� � �	��	� / 0345612312 ��
� ��=����	� . ���
���=
� �	� h =L ��=���
� �	 � �	��	�� �=����w �h =���
 �� ���	� �	� l�
��=
�	� ��
� 	w���l���	� � o= ��	h �~�	 =
=�k�	 �	� ��	 ���	l�	h 	
�
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�� �= ��=������ � �����~h 	 l�
��
 	� � 	� ���	 ������	 � �� 	���h 	� �	 �	�h 	 ��h �
=
� =��� l��
' �= l�h���=
�	 p �=
� �= 
��h 	 	
 �
	�r�	 � z	��	*l� �	�= ��	
��(�	 l�*�	���� l�hh	 ��=
�

1

2
‖u(t)‖2

a +
1

2
‖p(t)‖2

c +
1

2

∫ t

0
‖p(s)‖2

dds.

o= �	l�
�	 =
=�k�	 	�� 
	 	w�	
���
 �	 �= �	ly
�+	 �	 �	l�
���l���
 	������+	 �
������	 �=�� =n���=n�� 	� s�ly	��� �� sif� � �� �	� �����~h 	� ��
�=��	� �=�=� ���+	� � v ��	 	�� ������	 �l�� �� ���	
�� 
	 	���h =���
 � �	��	� / 0345612312 ��� �= l�h� ��=
�	 u �=
� �= 
��h 	 	
 �
	�r�	
+� =�� 
 �=w �	 l�
g	�r	
l	 ����h =� �=� �=�� ��� = �=� � h =���=r	 � }	� �����=�� 
h ���+	���
� ����	
��� � �� ������	� �= � 	����h =
l	 �	� ��� ��	
�� 	���h =�	�� �

� UT �� �	�� ���� ������


o	 ��	h �	� �����=� 	�� 
	 	���h =���
 / 0 12312 � �� �= ������
 ����	 � z	l� 
�� � 	�h 	�� ���	
��(	� �= 
��h 	 �	 ��=������ 
=��	��	 ,� 
��h 	 	
 �
	�r�	- ��� �	 �����~h 	 ,	 ��=-* ,	 ��� - �
� <;(;6+.+;9 � �� � � 3
1 53
 5 t ∈ [0, T ]� 3� /

1
2‖u(t)‖

2
a + 1

2‖p(t)‖
2
c + 1

2

∫ t

0
‖p(s)‖2

dds

≤ 2

(
2 sup

s∈[0,T ]
‖f(s)‖′

a
+

∫ T

0
‖∂tf(s)‖′

a
ds

)2

+

∫ T

0
‖g(s)‖2

′

d
ds+ ‖u0‖2

a + ‖p0‖2
c .

,	 �e-

� 16
�6 � m��+	 (u, p) 	�� 
	 ������
 ����	 . ��� ��	�+	 ��� t ∈ [0, T ] . v = ∂tu
=��=���	
� '

Va
	� q = p =��=���	
� ' Vd

� v
 �����=
� l	� ��
l���
� �	��� �=
� ,	 ��=-� ,	 ��� - . �
 ����	
�
1
2dt‖u‖2

a + 1
2dt‖p‖2

c + ‖p‖2
d = 〈f, ∂tu〉a + 〈g, p〉d.

&
 	
 �����
1
2dt‖u‖2

a + 1
2dt‖p‖2

c + 1
2‖p‖

2
d ≤ 〈f, ∂tu〉a + 1

2‖g‖
2
′

d
.

K��� t ∈ [0, T ]
� v
 �
��r�=
� � ��
�r=���� ���l��	
�	 �� [0, t] 	� 	
 �
��r�=
� �=� �=���	� 	
 �	h���	 �	�h 	 〈f, ∂tu〉a . �
 ����	
�

1
2‖u(t)‖

2
a + 1

2‖p(t)‖
2
c + 1

2

∫ t

0
‖p(s)‖2

dds

≤ 〈f(t), u(t)〉a − 〈f(0), u(0)〉a −
∫ t

0
〈∂tf(s), u(s)〉ads+ 1

2

∫ t

0
‖g(s)‖2

′

d
ds+ 1

2‖u0‖2
a + 1

2‖p0‖2
c .

&
 	
 ����� +	 � �� ��	�+	 ��� t ∈ [0, T ] .

1
2‖u(t)‖

2
a + 1

2‖p(t)‖
2
c + 1

2

∫ t

0
‖p(s)‖2

dds ≤ AσT (u) +B2,

=g	l σT (u) = sups∈[0,T ] ‖u(s)‖a
.
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A = 2 sup
s∈[0,T ]

‖f(s)‖′

a
+

∫ T

0
‖∂tf(s)‖′

a
ds 	� B2 = 1

2

∫ T

0
‖g(s)‖2

′

d
ds + 1

2‖u0‖2
a + 1

2‖p0‖2
c .

} ��� . 1
2σT (u)2 ≤ AσT (u) +B2 �	 �	��	 ����	 +	 σT (u)2 ≤ 4(A2 +B2)

� &
 =� ���� '
1
2‖u(t)‖

2
a + 1

2‖p(t)‖
2
c + 1

2

∫ t

0
‖p(s)‖2

dds ≤ A2 + 1
4σT (u)2 +B2 ≤ 2(A2 +B2),

l	 +� h ~
	 ' ,	 �e- � ut
% 52,<345 � �� � 
/ 0 130342523� 	 �� 16456 �/ �/��6 9/�4 
� �/916 ��� �16� 6� 5 0 �
4 � ���1/ � 3� g ∈
L2

t (V
′
d)� p0 ∈ Ld

65 p ∈ L2
t (Vd) ∩H1

t (Ld)
�

% 52,<345 � �� � 
/ 0 130342523� � �� 42�� 2� 6 
 6 �/ �31� 6 �/5
16� �6 96 45/�2�25� �3� 51� �6 �6 9�0 �/S
�6� 6� 5 9/�4 �/ �31� 6 L∞

t (H1
x) 65 �/ 0 164423� 9/�4 �64 �31� 64 L∞

t (L2
x) 65 L2

t (H
1
x) � 86 1�4
�5/5 9645/�2�25� 160346 4
1 �6 � /25 
 6 � ��
/523� 96 �/ �3�461�/523� 96 �/ 
/� 525� 96 � 3
�6� 6� 5 0 6
 5 �516

5645�6 0/1 �/ 9�12��6 56�0316� �6 9
 9�0 �/�6� 6� 5� �� 16� /1
 6 
 �
� /
 516 ��32� 96 � 3��523�4 5645
0 3
1 �6 0 13���� 6 ,	 ��=-�,	 ��� - 645 0 3442��6 � �� 6� 65� 6� 9�12�/� 5 � ��
/523� ,	 ��=- 0 /1 1/00315
/
 56�0 4 65 6� ��324244/� 5 �3�� 6 � 3� �523�4 5645 v = ∂tu

65 q = ∂tp
� �/ �31� 6 96 45/�2�25� 
 2 46

9�� /� 6 645 0 3
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 5 t ∈ [0, T ]�

‖p(t)‖2
d +

∫ t

0
‖∂tu(s)‖2

a +

∫ t

0
‖∂tp(s)‖2

c .

�1/�/2� �61 /�6� �6556 �31� 6 96� /�96 9/�/� 5/� 6 96 1��
�/125� 4
1 �/ 43 �
 523� 65 �64 93���64 9

0 13���� 6 �

� U� �� �	�� ���� ����	��

o	 �����~h 	 ,	 ��=-� ,	 ��� - 	�� =���� ly� �=� 
 �ly�h = � �v�	�*|=�	�n�
 . ' �=g��� �=� �	����h 	
�� (
�� l�
���h 	� 	
 	��=l	 	� 
 �ly�h = � �v�	� �h���l��	 	
 �	h�� � K��� {Vah}h>0
	�

{Vdh}h>0
�	w �=h ���	� �	 ���*	��=l	� �	�� 	l��g	h 	
� �	 Va

	� Vd
�	 ��h 	
���
� (
�	� � o	�=�=h ~��	 h �=�� �����	
l	 ' �= �=���	 �	� h =���=r	� {Th}h>0

� K���
0 = t0 < t1 < . . . < tN = T,


	 ���	 � ��
��=
�� ���l�	�� 	� � �� ��� n ∈ {1, . . . , N} . �
 � ��	
τn = tn − tn−1

	� In = [tn−1, tn].

m�� 
	 ��
l���
 �	 � �	��=l	 	� � �	h�� . � ��
��l	 �� ���	� n �
��+	 �= g=�	� ����	 �=� l	��	��
l���
 ' � ��
��=
� tn � m=� 	w	h��	 . un := u(tn, ·) ∈ Va
�

o	 �����~h 	 ���l�	� l�
����	 ' ly	�ly	� {un
h}N

n=1 ∈ [Vah]N 	� {pn
h}N

n=1 ∈ [Vdh]N �	�� +	� �� ��� n ∈ {1, . . . , N} .

a(un
h, vh) − b(vh, p

n
h) = (fn

h , vh)La , ∀vh ∈ Vah,

c(δtp
n
h, qh) + b(δtu

n
h, qh) + d(pn

h, qh) = (gn
h , qh)Ld

, ∀qh ∈ Vdh,

,	 �f=-
,	 �f� -
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��
δtu

n
h = τ−1

n (un
h − un−1

h ),

δtp
n
h = τ−1

n (pn
h − pn−1

h ).

= �=
� ��

� (u0h, p0h) ∈ Vah × Vdh
. �= l�
�����
 �
���=�	 	�� (u0

h, p
0
h) := (u0h, p0h)

� o	� ��

�	�
{fn

h }N
n=1 ∈ [La]

N ⊂ [V ′
a]

N ,

{gn
h}N

n=1 ∈ [Ld]
N ⊂ [V ′

d]
N .

��
� �	�� 	l��g	h 	
� �	� =����w�h =���
� �	 {fn}N
n=1

	� {gn}N
n=1

�
�52 25 � �� � 
6 0 13���� 6 924�165 645 �26� 034� �
� 16
�6 � m�� ��� n ∈ {1, . . . , N} . �	� �+=���
� ,	 �f=-� ,	 �f� - l�
����	
� 
 �k��~h 	 ��
�=��	l=��� � �� �	� l�h���=
�	� �	 (un

h, p
n
h) 
	 ���� �	� �=�	� �	 Vah

	� Vdh
ly����	� . �	 �	��	 ����	 + ����� � �	 ���g	� � �
�l��� �	 �= ������
 ���l�~�	 � v
 �	��=
� =g	l vh = un

h − un−1
h

	� qh = τnp
n
h	� 	
 �����=
� �	 �=�� +	

a(x, x− y) = 1
2a(x, x) + 1

2a(x− y, x− y) − 1
2a(y, y),

r��l	 ' �= �kh ����	 �	 �= ���h 	 ����
�=��	 a ,=g	l 
	 ��������� ��h ��=��	 � �� �= ���h 	 ����
�=��	 c- .�
 ����	
�
1
2‖u

n
h‖2

a + 1
2‖u

n
h − un−1

h ‖2
a + 1

2‖p
n
h‖2

c + 1
2‖p

n
h − pn−1

h ‖2
c + τn‖pn

h‖2
d

= 1
2‖u

n−1
h ‖2

a + (fn
h , u

n
h − un−1

h )La + 1
2‖p

n−1
h ‖2

c + τn(gn
h , p

n
h)Ld

.} ��� .
1
2‖u

n
h‖2

a + 1
2‖p

n
h‖2

c + 1
2τn‖p

n
h‖2

d ≤ 1
2‖u

n−1
h ‖2

a + 1
2‖f

n
h ‖2

La
+ 1

2‖p
n−1
h ‖2

c + 1
2τn‖g

n
h‖2

Ld
.

z	l� ���g	 � �
�l��� �	 �= ������
 � �k��~h 	 ��
�=��	 l=��� � ut

o= ��	g	 � �	hh 	 	 �� �rr~�	 l�hh	
� �	 �ly�h = ���l�	� ,	 �f=-� ,	 �f� - � ���=�� ���	h ���(� �� �	� h =���=r	� ��� 	
�=
�� � �	h�� ��=�	
� ������� � } =
� l	 l=� . �
 ��=g=���	 =g	l �	w
�=h ���	� {V n

ah}N
n=0

	� {V n
dh}N

n=0
�	 ���*	��=l	� �	 ��h 	
���
 (
�	 �	 �	��	 ����	 +	 � �� ���

n ∈ {0, . . . , N} . V n
ah ⊂ Va

	� V n
dh ⊂ Vd

� o	 �ly�h = ���l�	� ��	
� �= ���h 	 ,	 �f=-� ,	 �f� - =g	l �	���
l���
� �	��� vh ∈ V n
ah

	� qh ∈ V n
dh

� � =�y	�	�	h 	
� . � �=�rh 	
�=���
 �����k�	 �=
� �= ��	g	l�*�	��� ���� ���	 �	g	 l=� �� 
 �	�� ��� � ����� �	 � ������	� vh = un
h − un−1

h
l�hh	 ��
l���
 �	�����+ �	
 r�
��=� vh 6∈ V n

ah
,�=� �� � �yk� ��y~�	 �	����l��g	 V n−1

ah ⊂ V n
ah

	�� g���(�	 � �� ���
n ∈ {1, . . . , N}- � m�� l�
���
	� l	��	 ��� l��� . �
 l�
���~�	 � ��� ��=�	� �	 ���L 	l���
 �	 q�	��
R

n
�

ah : Va → V n
ah

��(
� �	 �	��	 ����	 +	 � �� ��� v ∈ Va
.

a(v − R
n
�

ah (v), vh) = 0, ∀vh ∈ V n
ah,

,	 �	 -
	� �
 ��(
��

δtu
n
h = τ−1

n (un
h − R

n
�

ah (un−1
h )).t���� . 	
 ���l��=
� l�hh	 �=
� �= ��	g	 � �	hh 	 	 �� =g	l �	� ��
l���
� �	���
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vh = un
h − R

n
�

ah (un−1
h ) ∈ V n

ah,

qh = τnp
n
h ∈ V n

dh,

	� 	
 ���	�g=
� +	 a(un
h, vh) = a(un

h, u
n
h − un−1

h ) ���+	 un
h ∈ V n

ah
. �= h �h	 	���h =���
 �	��=������ 	�� �	���g�	 �

&
 �=�� 	��	 �	� �� ��=�	�� ��� ��	
��	�� ,	
 	��=l	- =��� l��� =w ���h 	� ����
�=��	� a . b . c	� d �
������� �=
� �= �	l���
 e �f .
A ∈ L(Va;V

′
a), B ∈ L(Va;Ld), B† ∈ L(Ld;V

′
a)

C ∈ L(Ld;Ld), D ∈ L(Vd;V
′
d),

�	�� +	 � �� ��� (v,w) ∈ Va × Va
. � �� ��� (q, r) ∈ Ld × Ld

	� � �� ��� (s, y) ∈ Vd × Vd
.

〈Av,w〉a = −a(v,w), (Bv, q)Ld
= b(v, q), 〈B†q, v〉a = b(v, q),

(Cq, r)Ld
= c(q, r), 〈Ds, y〉d = −d(s, y),

�� � ��� ��=�	� B† 	�� � �=�L ��
� �	 B � &
 ���	�g	 +	 C 	�� 	
 �=�� 
 �� ��=�	� � �����	 ���� �tg	l l	� 
��=���
� . �	 �����~h 	 ,	 ��=-� ,	 ��� - � 	� ���	 ���l��� ��� �= ���h 	
−Au−B†p = f,

C∂tp+B∂tu−Dp = g,

l	� �r=����� �	��=
� g=�=��	� � �� ��	�+	 ��� t ∈ [0, T ] �=
� V ′
a

	� V ′
d

�	�� 	l��g	h 	
� � o= g	����
���l�~�	 �	� �� ��=�	�� l�*�	��� �	�= �r=�	h 	
� ������	 M
Ah ∈ L(Vah;Vah), Bh ∈ L(Vah;Vdh),

B†
h ∈ L(Vdh;Vah), Dh ∈ L(Vdh;Vdh),

�	�� +	 � �� ��� (vh, wh) ∈ Vah × Vah
. � �� ��� (qh, yh) ∈ Vdh × Vdh

.
(Ahvh, wh)La = −a(vh, wh), (Bhvh, qh)Ld

= b(vh, qh),

(B†
hqh, vh)La = b(vh, qh), (Dhqh, yh)Ld

= −d(qh, yh).

z�hh	 �
 ��=g=���	 	
 ��h 	
���
 (
�	 . �	� l��ly	�� �	 �=���� �
� ��� �	h��=l�� �=� �	� ��������l=�=��	� �=
� La
	� Ld

� o	 �����~h 	 ���l�	� ,	 �f=-� ,	 �f� - � 	� ���	 ���l��� ��� �= ���h 	
−Ahu

n
h −B†

hp
n
h = fn

h ,
,	 ��-

Cδtp
n
h +Bhδtu

n
h −Dhp

n
h = gn

h ,
,	 ��-

l	� �r=����� ��=
� g=�=��	� � �� ��� n ∈ {1, . . . , N} �=
� Vah
	� Vdh

�	�� 	l��g	h 	
� � m�� 
�=r	 �����	� . �
 � ��	
f0

h := −Ahu0h −B†
hp0h,

,	 �j-
�	 �	��	 ����	 +	 ,	 ��- �	��	 g=�=��	 � �� n = 0

�
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� U� ������� � ��		�
	 � � ����

z�hh	 �� 	�� � ��=r	 . � �=
=�k�	 � �	��	� / 0 12312 	�� ��=����	 ��� � �yk� ��y~�	 +	 �= ������
	w=l�	 	�� �� �=hh 	
� ��r��~�	 . ' �=g���
u ∈ C1

t (Wa) ∩ C2
t (Va), p ∈ C1

t (Wd) ∩ C2
t (Ld).

m�� ��� n ∈ {1, . . . , N} . �
 ��(
��
Cn

1 (u, p) = 2γ2γ4
2c

2
2c

2
3 sup

s∈In

‖∂tp(s)‖2
Wd

+ 2β2γ2(c1 sup
s∈In

‖∂tu(s)‖Wa + β̃c2c3 sup
s∈In

‖∂tp(s)‖Wd
)2,

Cn
2 (u, p) = 1

2γ
2 sup

s∈In

‖∂2
ttp(s)‖2

c + 1
2β

2γ2 sup
s∈In

‖∂2
ttu(s)‖2

a,

Cn(f, g) = 1
2‖f

n − fn
h ‖2

′

a
+ τn‖gn − gn

h‖2
′

d
.

}	 ��� . �
 ��� ��	 +	 �	� ��

�	� �
 ���=�	� u0h
	� p0h

��
� ly����	� �	��	� +	
‖u0 − u0h‖a ≤ c7h

s‖u0‖Wa
	� ‖p0 − p0h‖c ≤ c8h

s‖p0‖Wd
, ,	 �-

	� �
 ��(
��
C(u0, p0) = (c1 + c7)

2‖u0‖2
Wa

+ (β̃2c22c
2
3 + 1

2(γ2c2c3 + c8)
2)‖p0‖2

Wd
.

�
 ly��w � ����� �	 	�� �	 � ��	� u0h = Rah(u0, p0)
	� p0h = Rdh(p0)

. =+	� l=� �
 � 	� ��	
��	
C(u0, p0) = 0

�
�1);<�2 5 � �� �  /�4 �6 �/916 0 1���96� 5� 3� / 03
1 53
 5 n ∈ {1, . . . , N}�

1
4‖un − un

h‖2
a + 1

4‖pn − pn
h‖2

c

≤h2sC(u0, p0) +
n∑

m=1

Cm(f, g) +
n∑

m=1

[τmh
2sCm

1 (u, p) + τ3
mC

m
2 (u, p)]

+ h2s(c21‖un‖2
Wa

+ (β̃2 + 1
2γ

2
2)c22c

2
3‖pn‖2

Wd
),

,	 �	-

65
n∑

m=1

1
8τm‖pm − pm

h ‖2
d ≤ h2sC(u0, p0) +

n∑

m=1

Cm(f, g) +

n∑

m=1

[τmh
2sCm

1 (u, p) + τ3
mC

m
2 (u, p)]

+

n∑

m=1

1
4τmh

2(s−δ)c22‖pm‖2
Wd
.

,	 ��i-
� 16
�6 � ,�- m�� ��� n ∈ {1, . . . , N} . �
 	���h 	 �=
� 
 ��	h �	� �	h�� �	� +=
�����

ηn
ah = Rah(un, pn) − un

h
	� ηn

dh = Rdh(pn) − pn
h.

&
 ���	�g	 +	 � �� ��� vh ∈ Vah
.
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a(ηn
ah, vh) − b(vh, η

n
dh) = 〈fn − fn

h , vh〉a,
	� +	 � �� ��� qh ∈ Vdh

.
c(ηn

dh − ηn−1
dh , qh) + b(ηn

ah − ηn−1
ah , qh) + τnd(η

n
dh, qh)

= τn〈gn − gn
h , qh〉d + c(θn

dh, qh) + b(θn
ah, qh),

��
θn
dh = Rdh(pn) − Rdh(pn−1) − τn∂tp

n,

θn
ah = Rah(un, pn) − Rah(un−1, pn−1) − τn∂tu

n.

v
 �	��=
� =g	l vh := ηn
ah − ηn−1

ah ∈ Vah
,���+ ��
 ��=g=���	 =g	l �	� h =���=r	� �
��� 	
�=
�� ��	h��- 	� qh := ηn

dh ∈ Vdh
. �
 ����	
� =��~� +	�+	� h =
���=���
� =�r����+	� ���h 	
�=��	�

1
2‖η

n
ah‖2

a + 1
2‖η

n
ah − ηn−1

ah ‖2
a + 1

2‖η
n
dh‖2

c + 1
2‖η

n
dh − ηn−1

dh ‖2
c + τn‖ηn

dh‖2
d

=1
2‖η

n−1
ah ‖2

a + 1
2‖η

n−1
dh ‖2

c + 〈fn − fn
h , η

n
ah − ηn−1

ah 〉a + τn〈gn − gn
h , η

n
dh〉d + c(θn

dh, η
n
dh)

+ b(θn
ah, η

n
dh).

} ���
1
2‖η

n
ah‖2

a+ 1
2‖η

n
dh‖2

c+
1
4τn‖η

n
dh‖2

d ≤ 1
2‖η

n−1
ah ‖2

a+ 1
2‖η

n−1
dh ‖2

c+C
n(f, g)+τ−1

n γ2‖θn
dh‖2

c+τ
−1
n β2γ2‖θn

ah‖2
a.

,��- &
 	���h 	 h =�
�	
=
� �	� +=
����� θn
dh

	� θn
ah

� &
 ���	�g	 +	

θn
dh = −

∫

In

[∂tp(s) − Rdh(∂tp(s))]ds −
∫

In

(s− tn−1)∂
2
ttp(s)ds.

t�
�� . r��l	 =w yk� ��y~�	� �	 ��r�=���� �� �= ������
 	w=l�	 	� ' � �	���h =���
 ,f ��	� - .
‖θn

dh‖c ≤ γ2τnh
sc2c3 sup

s∈In

‖∂tp(s)‖Wd
+ 1

2τ
2
n sup

s∈In

‖∂2
ttp(s)‖c.

}	 h =
�~�	 ��h ��=��	 . 	
 �����=
� ,f ��	=- .
‖θn

ah‖a ≤ τnh
s(c1 sup

s∈In

‖∂tu(s)‖Wa + β̃c2c3 sup
s∈In

‖∂tp(s)‖Wd
) + 1

2τ
2
n sup

s∈In

‖∂2
ttu(s)‖a.

m=� l�
��+	
� .
τ−1
n γ2‖θn

dh‖2
c + τ−1

n β2γ2‖θn
ah‖2

a ≤ τnh
2sCn

1 (u, p) + τ3
nC

n
2 (u, p).

v
 ��hh =
� �	� 	���h =���
� ���l��	
�	� . �
 ����	
�
1
2‖η

n
ah‖2

a + 1
2‖η

n
dh‖2

c +

n∑

m=1

1
4τm‖ηm

dh‖2
d

≤ 1
2‖η

0
ah‖2

a + 1
2‖η

0
dh‖2

c +
n∑

m=1

[Cm(f, g) + τmh
2sCm

1 (u, p) + τ3
mC

m
2 (u, p)].
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,���- &
 	���h 	 h =�
�	
=
� �	� 	��	�� �
 ���=�	� η0
ah

	� η0
dh

� } =
� �	 l=� �� u0h = Rah(u0, p0)
	�

p0h = Rdh(p0)
. �� 	�� l�=�� +	 η0

ah = 0 	� η0
dh = 0

� } =
� �	 l=� r�
��=� . �
 �����	 � ��
�r=�������=
r�=��	 � �� �����	
‖η0

dh‖c = ‖Rdh(p0) − p0h‖c ≤ ‖Rdh(p0) − p0‖c + ‖p0 − p0h‖c ≤ hs(γ2c2c3 + c8)‖p0‖Wd
.

}	 h =
�~�	 ��h ��=��	 .
‖η0

ah‖a ≤ ‖Rah(u0, p0) − u0‖a + ‖u0 − u0h‖a ≤ hs((c1 + c7)‖u0‖Wa + β̃c2c3‖p0‖Wd
).

}�
l
1
2‖η

n
ah‖2

a + 1
2‖η

n
dh‖2

c +

n∑

m=1

1
4τm‖ηm

dh‖2
d

≤ h2sC(u0, p0) +
n∑

m=1

[Cm(f, g) + τmh
2sCm

1 (u, p) + τ3
mC

m
2 (u, p)].

,�g - &
 ����� =���h 	
� �	 �����=� ��y=��� �	 � ��
�r=���� ���=
r�=��	 	� �	� 	���h =���
� ,f ��	=-�,f ��	� -� ,f ��	l- � ut

o	 �y���~h 	 	 �� h�
��	 +	 �~� +	 �= ������
 	w=l�	 	�� �� �=hh 	
� ��r��~�	 	� h �����	� 	��	�� � �=����w �h =���
 �	� ��

�	� . ‖un − un
h‖a + ‖pn − pn

h‖c
l�
g	�r	 ' � �����	 s 	
 	��=l		� = ��	h �	� ����	 	
 �	h�� . �=
��� +	 (

∑n
m=1 τm‖pm − pm

h ‖2
d)

1/2 l�
g	�r	 ' � �����	 (s− δ) 	
	��=l	 	� = ��	h �	� ����	 	
 �	h�� �

� U� ������� � ��		�
	 � � �������

z	��	 �	l���
 	�� l�
�=l��	 ' � �=
=�k�	 � �	��	� / 0345612312 � �� �	 �ly�h = ���l�	� ,	 �f=-�,	 �f� - � }	w 	���h =���
� ��
� ��h �
���	� � o= ��	h �~�	 �	� ��	 ���	l�	h 	
� �� �= ��=������ ������~h 	 l�
��
 	� ���
�� 
	 	���h =���
 � �	��	� =�=���	 � �� �= h 	��	 �	 � �	��	� �� p�=
� �= 
��h 	 L2
t (Vd)

� o= �	l�
�	 	�� �=��	 �� 
	 =�=��=���
 �	 �= �	ly
�+	 �	 �	l�
���l���
	������+	 �	 � =n���=n�� 	� s�ly	��� 	� ���
�� 
	 	���h =���
 � �	��	� =�=���	 ' �= h 	��	 �	� �	��	� 	
 u �=
� �= 
��h 	 L∞
t (Va)

	� � �	��	� 	
 p �=
� �= 
��h 	 L∞
t (Ld)

� &
 ��� ��	 �=
�l	��	 �	l���
 +	 �= ��

�	 (f, g) 	�� �=
� L2
t (La) × L2

t (Ld)
�

� �� �� @((<;*15 � +<5*.5
o �=
=�k�	 � �	��	� / 0345612312 �	� ��	 �� �= ��=������ � �����~h 	 l�
��
 � m=� l�
��+	
� .�
 ���l��� �	 �ly�h = ���l�	� l�hh	 �	� �+=���
� g=�=��	� ��	�+	 �=���� �=
� [0, T ] �����

+ �=w �
��=
�� ���l�	�� {tn}N
n=1

� } =
� l	 �� . ���� uhτ
,�	�� �. phτ

- �= ��
l���
 l�
��
	 	� =� 
	�=� h ��l	=w 	
 �	h�� �	��	 +	 � �� ��� n ∈ {0, . . . , N} . uhτ (tn) = un
h
,�	�� �. phτ (tn) = pn

h

- �
&
 ���	�g	 +	 ∂tuhτ

	� ∂tphτ
��
� ��(
�� ��	�+	 �=���� �=
� [0, T ] 	� ��
� l�
��=
�� ��ly=+	 �
�	�g=��	 	
 �	h�� In � } 	 h =
�~�	 ��h ��=��	 . ���� fhτ

�= ��
l���
 l�
��
	 	� =� 
	 �=�h ��l	=w 	
 �	h�� �	��	 +	 � �� ��� n ∈ {0, . . . , N} . fhτ (tn) = fn
h

� &
 = �r=�	h 	
� � 	���
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�	 l�
�����	� �	� ��
l���
� l�
��=
�	� �=� h ��l	=w 	
 �	h�� . ' �=g��� π0phτ
,�	�� �. π0ghτ

-
�r=�	� ' pn

h
,�	�� �. gn

h

- �� In ��� ��� n ∈ {1, . . . , N} � tg	l �	� 
��=���
� l�*�	��� . �	 �ly�h =���l�	� ,	 �f=-� ,	 �f� - ���
�� ��	�+	 �=���� �=
� [0, T ] .
a(uhτ , vh) − b(vh, phτ ) = (fhτ , vh)La , ∀vh ∈ Vah,

,	 ���-
c(∂tphτ , qh) + b(∂tuhτ , qh) + d(π0phτ , qh) = (π0ghτ , qh)Ld

, ∀qh ∈ Vdh.
,	 ��e-

m�� ���h�	� � �	���h =���
 � �	��	� / 0345612312. �� 	�� l�hh��	 � ��
������	 �	 ����� �	 |=�	�n�

Ga

,�	�� �.
Gd

- +� 	�� 
	 ��
l���
 l�
��
	 	� =� 
	 �=� h ��l	=w 	
 �	h�� ' g=�	�� �=
� V ′
a,�	�� �. 
	 ��
l���
 l�
��=
�	 �=� h ��l	=w 	
 �	h�� ' g=�	�� �=
� V ′

d

- �	��	 +	 ��	�+	 �=�����=
� [0, T ] .
〈Ga, v〉a = (fhτ , v)La − a(uhτ , v) + b(v, phτ ), ∀v ∈ Va,

,	 ��f-
〈Gd, q〉d = (π0ghτ , q)Ld

− c(∂tphτ , q) − b(∂tuhτ , q) − d(π0phτ , q), ∀q ∈ Vd.
,	 ��	 -

&
 ��(
�� �	� 	���h =�	�� � �	��	� �� �	� ��

�	� . � �	��	� 	
 	��=l	 	� � �	��	� 	
 �	h�� �=�

E(f, g) =

∫ T

0
‖(g − π0ghτ )(s)‖2

′

d
ds+

(

2 sup
s∈[0,T ]

‖(f − fhτ )(s)‖′

a
+

∫ T

0
‖∂t(f − fhτ )(s)‖′

a
ds

)2

,

Edat = ‖u0 − u0h‖2
a + ‖p0 − p0h‖2

c + 4E(f, g), ,	 ���-

Espc =

N∑

m=1

4τm‖Gm
d ‖2

′

d
+ 4

(

2 sup
0≤m≤N

‖Gm
a ‖′

a
+

N∑

m=1

‖Gm
a − G

m−1
a ‖′

a

)2

, ,	 ���-

Etim =

N∑

m=1

1
3τm‖pm

h − pm−1
h ‖2

d.
,	 ��j-

&
 �=�� 	��	 +	
G

m
a = Ga(tm) . 	�l �

�1);<�2 5 � �� � � 3
1 53
 5 n ∈ {1, . . . , N}�

1
2‖u

n−un
h‖2

a+ 1
2‖p

n−pn
h‖2

c+

∫ tn

0

1
4‖(p−phτ )(s)‖2

dds+

∫ tn

0

1
2‖(p−π

0phτ )(s)‖2
dds ≤ Edat+Espc+Etim.

,	 ��-
% 52,<345 � �
 � �� / �3�461�� �6 561� 6 ∫ tn

0
1
2‖(p−π0phτ )(s)‖2

dds
9/�4 � �6452� /523� 9 �6116
1 �/1

2� 4 61/ 
 52�6 /� � 9 ��5/��21 � �30 52� / �25� 96 � �6452� /56
1 9 �6116
1 6� 56�0 4 Etim
�

� 16
�6 � &
 � ��	 ξ = u − uhτ
. ζ = p − phτ

	� ζ̃ = p − π0phτ
� &
 ���	�g	 +	 ��	�+	 �=�����=
� [0, T ] .

a(ξ, v) − b(v, ζ) = 〈f − fhτ + Ga, v〉a, ∀v ∈ Va,

c(∂tζ, q) + b(∂tξ, q) + d(ζ̃ , q) = 〈g − π0ghτ + Gd, q〉d, ∀q ∈ Vd.

v
 �	��=
� � �� ��	�+	 ��� t ∈ [0, T ] =g	l v := ∂tξ
	� q = ζ . �
 ����	
�

1
2dt‖ξ‖2

a+ 1
2dt‖ζ‖2

c + 1
2‖ζ‖

2
d+ 1

2‖ζ̃‖
2
d = 〈f−fhτ +Ga, ∂tξ〉a+〈g−π0ghτ +Gd, ζ〉d+ 1

2‖phτ −π0phτ‖2
d,
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�� �
 = ������ �	 �=�� +	 r��l	 ' �= �kh ����	 �	 d .
d(ζ, ζ̃) = 1

2d(ζ, ζ) + 1
2d(ζ̃ , ζ̃) − 1

2d(ζ − ζ̃, ζ − ζ̃).

m��+	 f − fhτ + Ga ∈ H1
t (V ′

a) 	� g − π0ghτ + Gd ∈ L2
t (V

′
d) . �
 � 	� ��� l��	� l�hh	 �=
� �=��	g	 �	 �= ���� ������
 	 �� 	� 	
 �����	 � �� ��� n ∈ {1, . . . , N} �= h =L ��=���


1
2‖u

n − un
h‖2

a + 1
2‖p

n − pn
h‖2

c +

∫ tn

0

1
4‖(p − phτ )(s)‖2

dds+

∫ tn

0

1
2‖(p − π0phτ )(s)‖2

dds

≤Edat +

∫ T

0
4‖Gd(s)‖2

′

d
ds+ 4

(

2 sup
s∈[0,T ]

‖Ga(s)‖′

a
+

∫ T

0
‖∂tGa(s)‖′

a
ds

)2

+

∫ T

0
‖(phτ − π0phτ )(s)‖2

dds.

o	� �	l�
� 	� ������~h 	 �	�h 	� ' �����	 ���
���	
� Espc
	� �	 �	�
�	� �	�h 	 ���
�� Etim

� o=h =L ��=���
 (
=�	 ,	 ��- �����	 � �=�� +	
Ga

	�� =� 
	 �=� h ��l	=w 	
 �	h�� .
Gd

	�� l�
��=
��=� h ��l	=w 	
 �	h�� . 	� +	 � �� ��� s ∈ Im
.

(phτ − π0phτ )(s) = τ−1
m (s− tm)(pm

h − pm−1
h ).ut

% 52,<345 � �� � 
6 5/
� 96 �3��61� 6��6 6� 640 /�6 96 �/ �31� 6 4
0 �126
16 9/�4 ,	 ��- 645 30 52� / �
03
1 ∫ tn

0
1
2‖(p− phτ )(s)‖2

dds
� � /24 � 6 � �645 0 /4 03
1 1

2‖un − un
h‖2

a + 1
2‖pn − pn

h‖2
c
�

t(
 �	 ��l=���	� � �	���h =�	� � �	��	� ��=��=�	 Espc
. �
 �� l=���	 �	� ���h 	� ����
�=��	� a . b 	�

d ' � �=��	 �	� �� ��=�	�� Ael
. B†

el
	� Del

	� �
 l�
���~�	 �	� �	�h 	� �	 �=� Ja
. Jb

	� Jd
l�hh	�=
� �= �	l���
 f �	 � m�� ��� m ∈ {1, . . . , N} . �
 ��(
�� �	� ������ Rm

uh
. Rm

ph
	� �	� �=�� Jm

uh
.

Jm
ph

�=�
Rm

uh = fm
h +Aelu

m
h +B†

elp
m
h , Jm

uh = Jau
m
h − Jbp

m
h ,

,	 ��	-
Rm

ph = gm
h − Cδtp

m
h −Belδtu

m
h +Delp

m
h , Jm

ph = Jdp
m
h ,

,	 �ei-
�� �
 = �r=�	h 	
� �
������ �= g	����
 �� l=����	 Bel

�	 � ��� ��=�	� B . Ael
. B†

el
	� Del

��=
� ��L '��(
�� ' �= �	l���
 f �	 � m�� m = 0 . R0
uh

	� J0
uh

��
� ��(
�� �	 h =
�~�	 ��h ��=��	 � &
 ��(
���r=�	h 	
� � �� ��� m ∈ {0, . . . , N} . �	� 	���h =�	�� � �	��	� 	
 	��=l	
Em

u =
∑

T∈Th

[h2
T ‖Rm

uh‖2
La(T ) + hT ‖Jm

uh‖2
La(∂T )],

,	 �e �-

Em
p,r =

∑

T∈Th

h2r
T [h2

T ‖Rm
ph‖2

Ld(T ) + hT ‖Jm
ph‖2

Ld(∂T )],
,	 �ee-

�� r ≥ 0 	�� 
 �=�=h ~��	 ��	� � &
 �����	 �r=�	h 	
� �= g	����
 �
l��h 	
�=�	 	
 �	h�� �	 l	�	���h =�	�� . ' �=g��� � �� ��� m ∈ {1, . . . , N} .
Em

u (δt) =
∑

T∈Th

τ2
m[h2

T ‖δtRm
uh‖2

La(T ) + hT ‖δtJm
uh‖2

La(∂T )],

Em
p,r(δt) =

∑

T∈Th

h2r
T τ

2
m[h2

T ‖δtRm
ph‖2

Ld(T ) + hT ‖δtJm
ph‖2

Ld(∂T )],
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��
δtR

m
uh = τ−1

m (Rm
uh −Rm−1

uh ), δtJ
m
uh = τ−1

m (Jm
uh − Jm−1

uh ),

δtR
m
ph = τ−1

m (Rm
ph −Rm−1

ph ), δtJ
m
ph = τ−1

m (Jm
ph − Jm−1

ph ).

v
(
 . l�hh	 �=
� �= �	l���
 f �	 . �
 ��� ��	 + ��� 	w ���	 �	w �� ��=�	�� � ��
�	�� ��=���
 �	 �k� 	z��h 	
� iah : Va → Vah
	� idh : Vd → Vdh

�	�� +	 � �� ��� (v, q) ∈ Va × Vd
.

∑

T∈Th

[h−2
T ‖v − iah(v)‖2

La(T ) + h−1
T ‖v − iah(v)‖2

La(∂T )] ≤ c4‖v‖2
a,

,	 �ef-
∑

T∈Th

[h−2
T ‖q − idh(q)‖2

Ld(T ) + h−1
T ‖q − idh(q)‖2

Ld(∂T )] ≤ c5‖q‖2
d.

,	 �e	 -

� <;(;6+.+;9 � �� �  /�4 �6 �/916 �2S9644
4� 03
1 53
 5 m ∈ {0, . . . , N}�

‖Gm
a ‖2

′

a
≤ c4Em

u ,
,	 �e�-

65 0 3
1 53
 5 m ∈ {1, . . . , N}�

‖Gm
a − G

m−1
a ‖2

′

a
≤ c4Em

u (δt),
,	 �e�-

‖Gm
d ‖2

′

d
≤ c5Em

p,0.
,	 �ej-

 3� ��
Espc ≤

N∑

m=1

4c5τmEm
p,0 + 16c4 sup

0≤m≤N
Em

u + 8c4

(
N∑

m=1

(Em
u (δt))

1/2

)2

. ,	 �e-

� 16
�6 � &
 ���	�g	 +	

‖Gm
a ‖′

a
= sup

06=v∈Va

〈Gm
a , v〉a
‖v‖a

= sup
06=v∈Va

〈Gm
a , v − iah(v)〉a

‖v‖a
,

���+	 ,	 ���- 	� ,	 ��f- �h���+	
� +	 〈Gm
a , vh〉a = 0 � �� ��� vh ∈ Vah

� &
 = �=� =���	��
〈Gm

a , v − iah(v)〉a
= (fm

h , v − iah(v))La − a(um
h , v − iah(v)) + b(v − iah(v), pm

h )

=
∑

T∈Th

(fm
h , v − iah(v))La(T ) −

∑

T∈Th

[
−(Aelu

m
h , v − iah(v))La(T ) + (Jau

m
h , v − iah(v))La(∂T )

]

+
∑

T∈Th

[
(v − iah(v), B†

elp
m
h )La(T ) + (Jbp

m
h , v − iah(v))La(∂T )

]
.

&
 ����� =����
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〈Gm
a , v − iah(v)〉a

≤
∑

T∈Th

[
‖fm

h +Aelu
m
h +B†

elp
m
h ‖La(T )‖v − iah(v)‖La(T ) + ‖Jm

uh‖La(∂T )‖v − iah(v)‖La(T )

]

≤




∑

T∈Th

[
h2

T ‖fm
h +Aelu

m
h +B†

elp
m
h ‖2

La(T ) + hT ‖Jm
uh‖2

La(∂T )

]



1/2

×




∑

T∈Th

[
h−2

T ‖v − iah(v)‖2
La(T ) + h−1

T ‖v − iah(v)‖2
La(∂T )

]



1/2

.

&
 = ��
l . 	
 �����=
� � �	���h =���
 ,	 �ef- .
〈Gm

a , v − iah(v)〉a
‖v‖a

≤ (Em
u )1/2c

1/2
4 ,

l	 +� h ~
	 ' � �	���h =���
 ,	 �e�- � o	� 	���h =���
� ,	 �e�- 	� ,	 �ej- �	 h �
��	
� �	 h =
�~�	 �	h *��=��	 � � �
=�	h 	
� . ,	 �e- �����	 �	 �= ��(
����
 �	 Espc
� ut

&
 � ��
���	��	 h =�
�	
=
� ' � �����h =���� �	� 	���h =�	�� � �	��	� 	
 	��=l	 	� 	
 �	h�������� l�*�	��� . ' �=g��� �� l	� +=
����� ���
���	
� �	� � ��
	� �
����	�	� � �� �	� 	��	��	���h �	� �=
� � ��+=���
 ,	 ��- � &
 l�hh	
l	 �=� � �����h =���� �	 � �	���h =�	� � �	��	� 	
 �	h�� �
� <;(;6+.+;9 � �
 � �� / � �6452� /523� 4
 2�/� 56

Etim ≤ 2

∫ T

0
‖(p − phτ )(s)‖2

dds+ 2

∫ T

0
‖(p − π0phτ )(s)‖2

dds.

� 16
�6 � &
 ���	�g	 +	
Etim =

∫ T

0
‖(phτ − π0phτ )(s)‖2

dds,

	� �
 �����	 � ��
�r=���� ���=
r�=��	 � ut

m�� ����	� � �����h =���� �	 � �	���h =�	� � �	��	� ��=��=�	 . �
 l�
���~�	 �	� ����� �	�h 	� �h 	h��	 �	 �����	 �	 ,	 �e- � zy=l
 � 	� ���	 h =L ��� 	
 �����=
� �= �	ly
�+	 �	� ��
l���
� ���	��
������	 �=� u	�����y �u	�		 . u	�	�� � &
 �	��	
� �	� 
��=���
� 	� �	� yk� ��y~�	� �
������	��=
� �	 �=�=r�=�y	 f �	 �f � &
 �
������ �= g	����
 �� l=����	 �	� 	���h =�	�� Em
u
. Em

u (δt)
. Em

p,r
	�

Em
p,r(δt)

��� �= ���h 	
Em

u =
∑

T∈Th

Em
u,T , Em

u (δt) =
∑

T∈Th

Em
u,T (δt),

Em
p,r =

∑

T∈Th

Em
p,r,T ,

=g	l
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Em
u,T = h2

T ‖Rm
uh‖2

La(T ) + hT ‖Jm
uh‖2

La(∂T ), m ≥ 0, ,	 �e	-
Em

u,T (δt) = τ2
m[h2

T ‖δtRm
uh‖2

La(T ) + hT ‖δtJm
uh‖2

La(∂T )], m ≥ 1, ,	 �fi-
Em

p,r,T = h2r
T [h2

T ‖Rm
ph‖2

Ld(T ) + hT ‖Jm
ph‖2

Ld(∂T )], m ≥ 1. ,	 �f �-
&
 ����r
	 �=� x . y � ��
�r=���� x ≤ cy =g	l 
	 l�
��=
�	 ����l�	h 	
� � �����g	 �
��� 	
�=
�	 �	�= �	�l������
 	
 	��=l	 	� 	
 �	h�� �
� <;(;6+.+;9 � �� � � 3
1 53
 5 T ∈ Th

� 4325 ∆T
� �6�46� ��6 964 ���� 6� 54 9
 � /2� �/� 6 
 2 0 /15/� 6� 5

/
 � 32�4 
� 6 � /�6 /�6� T � ; �314� 3� /
Em

u,T .
∑

T ′∈∆T

[h2
T ‖fm − fm

h ‖2
La(T ′) + ‖um − um

h ‖2
a,T ′ + ‖pm − pm

h ‖2
c,T ′ ], ,	 �fe-

Em
u,T (δt) .

∑

T ′∈∆T

τ2
m[h2

T ‖δtfm − δtf
m
h ‖2

La(T ′) + ‖δtum − δtu
m
h ‖2

a,T ′ + ‖δtpm − δpm
h ‖2

c,T ′ ], ,	 �ff-

τmEm
p,0,T .

∑

T ′∈∆T

h2
T

∫

Im

[
‖(g − π0ghτ )(s)‖2

Ld(T ′)ds+ τ2
m‖δtum − δtu

m
h ‖2

a,T ′

,	 �f	 -

+ τ2
m‖δtpm − δtp

m
h ‖2

c,T ′ + h−2
T ‖(p − π0phτ )(s)‖2

d,T ′

]
ds.

� 16
�6 � v
 � ��=
� ψT = νa,TR
m
uh
. �
 ����	
�

‖Rm
uh‖2

La(T ) . (Rm
uh, ψT )La(T ) = (fm

h − fm, ψT )La(T ) + (Ael(u
m
h − um) +B†

el(p
m
h − pm), ψT )La(T )

= (fm
h − fm, ψT )La(T ) + aT (um − um

h , ψT ) − bT (ψT , p
m − pm

h ),

�	 �	��	 ����	 +	
hT ‖Rm

uh‖La(T ) . hT ‖fm
h − fm‖La(T ) + ‖um − um

h ‖a,T + ‖pm − pm
h ‖c,T .

}	 h =
�~�	 ��h ��=��	 . 	
 �����=
� ψF = νa,FJ
m
uh
. �
 ����	
�

(Jm
uh, ψF )La(F ) =

∑

T ′∈∆F

[aT ′(um
h − um, πa,FψF ) − bT ′(πa,FψF , p

m
h − pm) + (Rm

uh, πa,FψF )La(T ′)

+ (fm − fm
h , πa,FψF )La(T ′)],

� ��� ,	 �fe- � �	
 ����� =���h 	
� � o �	���h =���
 ,	 �ff- �	 ��h �
��	 �	 h =
�~�	 �	h��=��	 � &
��h �
��	 h =�
�	
=
� � �	���h =���
 ,	 �f	 - � &
 =
τmh

2
T ‖Rm

ph‖2
Ld(T ) =

∫

Im

h2
T ‖Rm

ph‖2
Ld(T )ds.

v
 � ��=
� ψT = νd,TR
m
ph
. �
 ����	
� . � �� ��� s ∈ Im

.

‖Rm
ph‖2

Ld(T ). (Rm
ph, ψT )Ld(T )

. (gm
h − Cδtp

m
h −Belδtu

m
h +Delp

m
h , ψT )Ld(T )

− (g(s) − C∂tp(s) −Bel∂tu(s) +Delp(s), ψT )Ld(T ).
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&
 = ��
l

τmh
2
T ‖Rm

ph‖2
Ld(T ).h

2
T

∫

Im

[
(gm

h − g(s), ψT )Ld(T ) − (C(pm
h − pm − pm−1

h + pm−1), ψT )Ld(T )

− (Bel(u
m
h − um − um−1

h + um−1), ψT )Ld(T ) + d(p(s) − pm
h , ψT )

]
ds.

v
 �����=
� � ��
�r=���� �	 x�
r . �
 ����	
�
τmh

2
T ‖Rm

ph‖2
Ld(T ) .h2

T

∫

Im

[
‖(g − π0ghτ )(s)‖2

Ld(T )ds+ ‖um − um
h − um−1 + um−1

h ‖2
a,T

+ ‖pm − pm
h − pm−1 + pm−1

h ‖2
c,T + h−2

T ‖(p− π0phτ )(s)‖2
d,T

]
ds.

}	 h =
�~�	 ��h ��=��	 . 	
 �����=
� ψF = νd,FJ
m
ph
. �
 ����	
� . � �� ��� s ∈ Im .

(Jm
ph, ψF )Ld(F ) =

∑

T ′∈∆F

[cT ′(δt(p
m − pm

h ), πd,FψF ) + bT ′(δt(u
m − um

h ), πd,FψF )

+ dT ′(p(s) − pm
h , πd,FψF ) − (Rm

ph, πd,FψF )Ld(T ′)

+ (gm
h − g(s), πd,FψF )Ld(T ′)],

� ��� ,	 �f	 - � �	
 ����� =���h 	
� � ut

o	� 	���h =���
� ,	 �fe-� ,	 �ff-� ,	 �f	 - h�
��	
� +	 �	� �����	
�� �	�h 	� h =L ��=
� Espc�=
� ,	 �e- ���
���	
� �	� h �
��=���
� +=��*�� l=�	� 	
 	��=l	 � �� � �	��	� � �=����w �h =���

' ly=+	 �
��=
� ���l�	� 	� ' � ��
��=
� ���l��	
� � z	��	 ��� l��� 	�� ���	l�	h 	
� ���	 = �=��
+	 � �=
=�k�	 �	� ��	 �� �= 
��h 	 
=��	��	 �	 ��=������ � �� �	 �����~h 	 l�
��
 +� ���
�� 
l�
��� �	 �� �= l�h� ��=
�	 u �	�	h 	
� �=
� �= 
��h 	 L∞

t (Va)
� �
 ��=g=�� �y����+	 ��� =����*��
�� 	�� �	+�� � �� ��=��	� l	��	 +	����
 � } =
� �	 l=��	 �	 l	��	 �y~�	 . �
 g���(	�= 
�+	h 	
��=
� �	� 	w� ���h 	
�=���
� 
h ���+	� ����	
��	� �=
� �= �	l���
 	 �� +	 �� �= ������
 	w=l�	 =
 l�h����	h 	
� ��r��	� 	
 �	h�� . Espc

l�
g	�r	 �r=�	h 	
� �	 h =
�~�	 ����h =�	 �

� �� �� @2 )-+;<,.+;9 �56 56.+2,.+;96 59 4.+-+6,9. -, <5*;96.<4*.+;9 5--+(.+345
m�� ��� n ∈ {0, . . . , N} . �
 ��(
�� �= �	l�
���l���
 	������+	 �	 (un

h, p
n
h) ∈ Vah × Vdhl�hh	 �	� ��
l���
� (Un, Pn) ∈ Va × Vd

�	��	� +	
a(Un, v) − b(v, Pn) = a(un

h, Pahv) − b(Pahv, p
n
h), ∀v ∈ Va,

,	 �f�-
d(Pn, q) = d(pn

h, Pdhq) − b(δtu
n
h, q − Pdhq), ∀q ∈ Vd,

,	 �f�-
�� Pah

,�	�� �. Pdh
- ����r
	 �= ���L 	l���
 La

*���y�r�
=�	 �	 Va
�� Vah

,�	�� �. �= ���L 	l���
 Ld
*���y�r�
=�	 �	 Vd

�� Vdh
- � m�� n = 0 . �
 �����	 �= l�
g	
���
 +	 δtu0

h = 0 	� δtp0
h = 0

� &
���	�g	 +	
AUn +B†Pn = Ahu

n
h +B†

hp
n
h,

,	 �fj-
DPn = Dhp

n
h + (B −Bh)δtu

n
h.

,	 �f-
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v
 	�	� . ��� ��� q ∈ Vd
.

〈DPn, q〉d = −d(Pn, q) = −d(pn
h, Pdhq) + b(δtu

n
h, q − Pdhq)

= (Dhp
n
h, Pdhq)Ld

+ ((B −Bh)δtu
n
h, q)Ld

= (Dhp
n
h + (B −Bh)δtu

n
h, q)Ld

,

���+	 Dhp
n
h ∈ Vdh

� o = ��	g	 �	 � ��+=���
 ,	 �fj- 	�� ��h ��=��	 � v
 	�	� . ��� ��� v ∈ Va
. �
=

〈AUn +B†Pn, v〉a = −a(Un, v) + b(v, Pn)

= −a(un
h, Pahv) + b(Pahv, p

n
h)

= (Ahu
n
h, Pahv)La + (B†

hp
n
h, Pahv)La

= (Ahu
n
h, v)La + (B†

hp
n
h, v)La .

o ����	 l�� � �� 	���h 	� �	� 	��	�� ‖un − un
h‖a

	� ‖pn − pn
h‖c

	�� �	 l�
�����	� �	� ��l�h� ������
�
un − un

h = ωn
u − ρn

u, ωn
u = Un − un

h, ρn
u = Un − un,

pn − pn
h = ωn

p − ρn
p , ωn

p = Pn − pn
h, ρn

p = Pn − pn.

o	� +=
����� ωn
u

	� ωn
p

� 	g	
� ���	 � ��
�	� �=� �	� 	���h =���
� � �	��	� / 0345612312 � �� �	�����~h 	 ��=���

=��	 . �=
��� +	 �	� +=
����� ρn
u

	� ρn
p

� 	g	
� ���	 	���h �	� r��l	 ' �= ��=������� �����~h 	 l�
��
 	
 ��
l���
 �	 ωn
u

	� ωn
p

	� � �=��	� +=
����� l=�l�=��	� � z�hh	 �=
� �	�=�=r�=�y	 f �	 �	 . �
 �=�� =�� 	� ' � �yk� ��y~�	 �	 ��r�=���� f �	 + ��
 �=�� 	��	 l�*�	���� �
��(;.1�65 � �� � �� 	w ���	 
	 l�
��=
�	 c6 	� 
 ��	� ����l�	h 	
� � ������ δ �	�� +	 � �� ���
r ∈ Ld

. � �
�+	 ������
 φ ∈ Vd
� �����~h 	 �=� d(q, φ) = (r, q)Ld

� �� ��� q ∈ Vd
. 	�� �	��	

+ ��� 	w ���	 φh ∈ Vdh
�=����=��=
�

∑

T∈Th

h−2δ
T [h−2

T ‖φ− φh‖2
Ld(T ) + h−1

T ‖φ− φh‖2
Ld(∂T )] ≤ c6‖r‖2

Ld
. ,	 �f	-

&
 	���h 	 � �=� ��� �	� +=
����� ωn
u

	� ωn
p

	
 ��
l���
 �	� 	���h =�	�� � �	��	� 	
 	��=l	 Em
u

	�
Em

p,r
��(
�� �=� ,	 �e �- 	� ,	 �ee- �	�� 	l��g	h 	
� � z	� �+=���
� ��(
���	
� Em

u
��� m ≥ 0 	� Em

p,r��� m ≥ 1
� m�� m = 0 . �
 � ��	

R0
ph = (Del −Dh)p0h

	� J0
ph = Jdp

0
h.

,	 �	i-
�52 25 � �� �  /�4 �6 �/916 �2S9644
4� 3� / 0 3
1 53
 5 n ∈ {0, . . . , N}�

‖ωn
u‖2

a ≤ 2c4En
u + 2β̃2c6En

p,δ,
,	 �	 �-

‖ωn
p ‖2

c ≤ γ2
2c6En

p,δ.
,	 �	e-

� 16
�6 � ,�- v���h =���
 �	 ‖ωn
p ‖Ld

� K��� φ �= ������
 �=�	 =��� l��	 ' �= ��

�	 r := ωn
p

�=
�� �yk� ��y~�	 	 �� � t ���� .
‖ωn

p ‖2
Ld

= (r, r)Ld
= d(r, φ) = d(r, φ − φh),
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���+	 r��l	 ' ,	 �f�- . d(r, φh) = d(Pn−pn
h, φh) = 0 � �� φh ∈ Vdh

� v
 �����=
� ,f ���- 	� ,	 �f	- .�
 =���g	 '
‖ωn

p ‖2
Ld

≤ c6
∑

T∈Th

h2δ
T [h2

T ‖Delω
n
p ‖2

Ld(T ) + hT ‖Jdω
n
p ‖2

Ld(∂T )].

v
 �����=
� ,	 ��- 	� ,	 �f- . �
 ����	
� � �� n ≥ 1 . 	� �� ly=+	 T ∈ Th
.

Delω
n
p = DelP

n −Delp
n
h = Dhp

n
h + (Bel −Bh)δtu

n
h −Delp

n
h = −Rn

ph,	� l	��	 �	�=���
 	�� �r=�	h 	
� g=�=��	 � �� n = 0 �=� ��(
����
 �	 R0
ph

� } 	 ��� . ��� ���
n ≥ 0 . JdP

n = 0 ���+	 DPn ∈ Vdh ⊂ Ld
� v
 l�
��+	
l	 .

‖ωn
p ‖2

Ld
≤ c6En

p,δ,�� � �	
 +	
‖ωn

p ‖2
c ≤ γ2

2c6En
p,δ.,��- v���h =���
 �	 ‖ωn

u‖a
� &
 ���	�g	 +	

‖ωn
u‖a = sup

06=v∈Va

a(ωn
u , v)

‖v‖a
≤ sup

06=v∈Va

(
a(ωn

u , v) − b(v, ωn
p )

‖v‖a

)
+ β̃‖ωn

p ‖Ld

≤ sup
06=v∈Va

(
a(ωn

u , v − iah(v)) − b(v − iah(v), ωn
p )

‖v‖a

)
+ β̃‖ωn

p ‖Ld
.

r��l	 ' ,	 �f�- ���+	 iah(v) ∈ Vah
� v
 �����=
� ,f ���- . ,f ��j- 	� ,f ��- . �
 ����	
�

‖ωn
u‖2

a ≤ 2c4
∑

T∈Th

[h2
T ‖Aelω

n
u +B†

elω
n
p ‖2

La(T ) + hT ‖Jaω
n
u − Jbω

n
p‖2

La(∂T )] + 2β̃2‖ωn
p ‖2

Ld
.

|��l	 ' ,	 ��- 	� ,	 �fj- . AUn+B†Pn = Ahu
n
h +B†

hp
n
h = −fn

h
�	 �	��	 ����	 +	 �� ly=+	 T ∈ Th

.
Aelω

n
u +B†

elω
n
p = AUn +B†Pn −Aelu

n
h −B†

elp
n
h = −Rn

uh.}	 ��� . Jaω
n
u − Jbω

n
p = −Jn

uh
���+	 AUn +B†Pn ∈ La

� z	l� ���
�� ,	 �	 �- � ut
&
 � ��
���	��	 h =�
�	
=
� =w +=
����� ρn

u
	� ρn

p

� &
 ��(
�� �	� 	���h =�	�� � �	��	� ���	� ��

�	� . � �	��	� 	
 	��=l	 	� � �	��	� 	
 �	h�� �=�
Êdat = ‖U0 − u0‖2

a + ‖P 0 − p0‖2
c + 2E(f, g), ,	 �	f-

Êspc =

N∑

m=1

τ−1
m [2γ2c6(γ

2
2 + 2β2β̃2)Em

p,δ(δt) + 4β2γ2c4Em
u (δt)],

,	 �		 -

Êtim = 2
3 γ̃

2τ1‖Cδtp1
h +Belδtu

1
h −Dhp0h − g1

h‖2
Ld

+

N∑

m=2

2
3 γ̃

2τ3
m‖δt(Cδtpm

h +Belδtu
m
h − gm

h )‖2
Ld
,

,	 �	�-
�� �
 = �
������ . � �� ��� m ≥ 1 .

Em
p,δ(δt) =

∑

T∈Th

Em
p,δ,T (δt)

=
∑

T∈Th

h2δ
T τ

2
m[h2

T ‖δtRm
ph‖2

Ld(T ) + hT ‖δtJm
ph‖2

Ld(∂T )].
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 5 n ∈ {1, . . . , N}�

1
2‖ρ

n
u‖2

a + 1
2‖ρ

n
p‖2

c ≤ Êdat + Êspc + Êtim.
,	 �	�-

� 16
�6 � o	� 	���h =���
� � �� ρn
u

	� ρn
p

�����	
� �	� ���������� �	 ��=������ � �����~h 	 l�
��
 �t �
�� . �� 	�� 
	 
�g	��	 ���� l�hh��	 �	 ��=��	� �	� �+=���
� g=���	� ��	�+	 �=���� �=
�
[0, T ] ����� + �=w �
��=
�� ���l�	�� {tn}N

n=0

� K��� Uτ
,�	�� �. Pτ

- �= ��
l���
 l�
��
	 	� =� 
	�=� h ��l	=w 	
 �	h�� �	��	 +	 � �� ��� n ∈ {0, . . . , N} . Un
τ = Un ,�	�� �. Pn

τ = Pn- � K��� ωuτ	� ωpτ
l�
������ � �
	 h =
�~�	 ��h ��=��	 ' �=���� �	 {ωn

u}N
n=0

	� {ωn
p }N

n=0

� &
 ��(
��
ρuτ = Uτ − u 	� ρpτ = Pτ − p.

&
 ���	�g	 +	 � �� ��	�+	 ��� t ∈ [0, T ] 	� � �� ��� v ∈ Va
.

a(ρuτ , v) − b(v, ρpτ ) = a(Uτ , v) − b(v, Pτ ) − (f, v)La

= a(uhτ , Pahv) − b(Pahv, phτ ) − (f, v)La

= (fhτ , Pahv)La − (f, v)La = (fhτ − f, v)La ,�=
��� +	 � �� ��� q ∈ Vd
.

c(∂tρpτ , q) + b(∂tρuτ , q) + d(ρpτ , q)

= c(∂tPτ , q) + b(∂tUτ , q) + d(Pτ , q) − (g, q)Ld

= c(∂tωpτ , q) + b(∂tωuτ , q) + (Dπ0Pτ , q)Ld
+ d(Pτ , q) + (π0ghτ − g, q)Ld

= c(∂tωpτ , q) + b(∂tωuτ , q) + (D(π0Pτ − Pτ ), q)Ld
+ (π0ghτ − g, q)Ld

,

�� π0Pτ
	�� 
	 ��
l���
 l�
��=
�	 �=� h ��l	=w 	
 �	h�� �r=�	 ' Pn �� In � �� ��� n ∈

{1, . . . , N} � v
 	�	� . �� ly=+	 �
�	�g=��	 �	 �	h�� In .
c(∂tphτ , q) + b(∂tuhτ , q) = (Cδtp

n
h +Bδtu

n
h, q)Ld

= (gn
h +Dhp

n
h −Bhδtu

n
h +Bδtu

n
h, q)Ld

= (gn
h +DPn, q)Ld

.v
 �	��=
� �	� �+=���
� l�*�	��� =g	l v := ∂tρuτ
	� q := ρpτ

. �
 ����	
�
1
2dt‖ρuτ‖2

a + 1
2dt‖ρpτ‖2

c + ‖ρpτ‖2
d

=(fhτ − f, ∂tρuτ )La + c(∂tωpτ , ρpτ ) + b(∂tωuτ , ρpτ )

+ (D(π0Pτ − Pτ ), ρpτ )Ld
+ (π0ghτ − g, ρpτ )Ld

,

�	 �	��	 ����	 +	
1
2dt‖ρuτ‖2

a + 1
2dt‖ρpτ‖2

c

≤ (fhτ − f, ∂tρuτ )La + γ2‖∂tωpτ‖2
c + β2γ2‖∂tωuτ‖2

a + γ̃2γ−2
1 ‖D(π0Pτ − Pτ )‖2

c + ‖π0ghτ − g‖2
′

d
.

v
 ��� l��=
� l�hh	 �=
� �= ��	g	 �	 �= ���� ������
 	 �� . �
 ����	
� � �� ��� n ∈ {1, . . . , N}�= h =L ��=���

1
2‖ρ

n
u‖2

a + 1
2‖ρ

n
p‖2

c

≤Êdat +

∫ T

0
2γ2‖∂tωpτ (s)‖2

cds+

∫ T

0
2β2γ2‖∂tωuτ (s)‖2

ads

+

∫ T

0
2γ̃2γ−2

1 ‖D(π0Pτ − Pτ )(s)‖2
cds.
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o	� �	l�
� 	� ������~h 	 �	�h 	� �=
� �= � ��
	 �� ���	�	 ���
���	
� � �	���h =�	� � �	��	� 	
	��=l	 Êspc
r��l	 = �=�� +	 ωpτ

	� ωuτ
��
� =� 
	� �=� h ��l	=w 	
 �	h�� �	 �	��	 ����	 +	

∫ T

0
‖∂tωpτ (s)‖2

cds =
N∑

m=1

τ−1
m ‖ωm

p − ωm−1
p ‖2

c ,

∫ T

0
‖∂tωuτ (s)‖2

ads =

N∑

m=1

τ−1
m ‖ωm

u − ωm−1
u ‖2

a.

m=� ��
�=���� 	� 	
 ��� l��=
� l�hh	 �=
� �= ��	g	 � �	hh 	 	 �e . �
 ����	
�
‖ωm

u − ωm−1
u ‖2

a ≤ 2c4Em
u (δt) + 2β̃2c6Em

p,δ(δt),

‖ωm
p − ωm−1

p ‖2
c ≤ γ2

2c6Em
p,δ(δt).

��
=�	h 	
� . �	 �	�
�	� �	�h 	 �=
� �= � ��
	 �� ���	�	 ���
�� � �	���h =�	� � �	��	� 	
 �	h�� Êtim���+	
∫ T

0
‖D(π0Pτ − Pτ )(s)‖2

cds =

N∑

m=1

1
3τm‖D(Pm − Pm−1)‖2

c ,

	� � �� ��� m ≥ 0 . DPm = Delp
m
h −Rm

ph

� ut

�1);<�2 5 � �
 � � 3
1 53
 5 n ∈ {1, . . . , N}�

1
4‖u

n − un
h‖2

a + 1
4‖p

n − pn
h‖2

c ≤ Êdat + Êspc + Êtim + c4En
u + c6(

1
2γ

2
2 + β̃2)En

p,δ.
,	 �	j-

� 16
�6 � z�
��+	
l	 � �	hh 	 	 �e . � �	hh 	 	 �f 	� �	 � ��
�r=���� ���=
r�=��	 � ut

� U� ����������� � �� ������������ ���	��� ������
�

}=
� l	��	 �	l���
 . �
 ����	
�	 � �=����l=���
 �	 �= �y����	 ��g	���� �	 ���l��	hh	
� �=
� �	l=� �� �
 � ��
���	��	 = �k��~h 	 �	 �= � �����=���l��� ,e ���=-* ,e ���� - � o���+	 �	� ���h 	
�� (
�� �	o=r�=
r	 �	 �	r�� k ≥ 2 ��
� ������� � �� =���� ly	� �	 ����=l	h 	
� 	� �	� ���h 	
�� (
�� l�
��
��	 �	r�� k−1 ��
� ������� � �� =����ly	� �= ��	����
 . ‖un−un
h‖1,Ω

	� ‖pn−pn
h‖0,Ω

l�
g	�r	
� '� �����	 k 	
 	��=l	 	� = ��	h �	� ����	 	
 �	h�� . �=
��� +	 (
∑n

m=1 τm‖pm−pm
h ‖2

1,Ω)1/2 l�
g	�r	
' � �����	 (k − 1) 	
 	��=l	 	� = ��	h �	� ����	 	
 �	h�� �

� �� �� ��(<566+;9 �56 56.+2 ,.+;96 � �5<<54< / 0345612312
o �=
=�k�	 � �	��	� / 0345612312 	�� 	� 	l��	 �� �	 �k��~h 	 =��h 	
���

� ,e �ef=-� ,e �ef� - ��=�=r�=�y	 e �e �� � z�hh	 �=
� �	 l=� ��=���

=��	 . �
 = �h��=
�� 
	 ���h�=���
 �	� 	���h =�	��� �	��	� / 0 345612312 �=
� 
 l=��	 
 � 	 ��� r�
��=� +	 l	� � � �����~h 	 ,e �fi=-* ,e �fi� - ���	� l�
�����
� =w ��h ��	� �	 } ���ly�	� y�h �r~
	� 	
 ����=l	h 	
�� 	� 	
 ��	����
 ��
� �h����	��� ���	 �= ���
��~�	 Γ � o �	w��	����
 �	� 	���h =�	�� � �	��	� / 0345612312 ��

�	 l�*�	���� � 	�*h	� . ���	 �	� l�
�����
� �	 } ���ly�	� y�h �r~
	� . �	 ��	
��	 �r=�	h 	
� 	
 l�h��	 �	� l�
�����
�



H +J ��� 85<43562 � 84 A 6=/85043562 C�=.6�D/<425�>1 9J

=w ��h ��	� �	 s	h =

 
�
*y�h �r~
	� . �	��	� + �	��	� ��
� ��(
�	� �=� �	� ���h�	� ,e ��j- 	�
,e ��- � &
 ��

	 �r=�	h 	
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�l	��=��	 � �� �	 l=�l� �	��
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T∩ΓM
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h

����=�=�� �r=�	h 	
� l=� �� 	������ �����

	� ' �= ��g	�r	
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