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n > 1
Xi

X1, · · · , Xn f
[x, x]n

i
Xi X

Vi = ui(X)

ui

f
f (k:n)

kth X1, · · · , Xn F (k:n)

f (k:n)
−i,θ kth

X1, · · · , Xi−1, Xi+1, · · · , Xn Xi = θ F (k:n)
−i,θ

−i

v : [x, x]2 → R w : [x, x]2 → R
v(x, y) = E[V1|X1 = x, Y1 = y] w(x, y) = E[V1|X1 =



x, Y1 ≤ y] Y1

E[V1|A] V1

A ui v w

v(x) := v(x, x) w(x) := w(x, x)
v(x) > w(x) x > x

Xi

[0, 1] ui(xi, x−i) =
α · xi + (1 − α)

∑
j "=i xj

n−1 α ∈ [ 1
n , 1)

n α

α = 1
n

α = 1
v w w(x) = 1+α

2 · x v(x) = (1+α
2 + 1−α

2·(n−1)) · x

v(x)−w(x) = 1−α
2·(n−1) ·x x

x



b(·) Xi

bi = b(Xi)

b : [x, x] → R+

G

b(·)
b

b′

g G

rshill rshill

rshill = max [x|G(x) = 0] rshill =
min [x|G(x) = 1] rshill



r

i Xi

r

r
x̃ r = w(x̃)

bSP (x) = v(x), if x ≥ x̃.

1 −
F (1:n)(x̃) x̃

x̃ > x
r = w(x̃) < v(x̃) = bSP (x̃)

v(x̃)
v(x̃)

v(x̃)



x
r = w(x) U com(x)

U com(x) = (F (2:n)(x)− F (1:n)(x)) · w(x) +
∫ ∞

x
v(u)f (2:n)(u)du.

x∗∗SP
r∗∗SP

[0, 1]
r = w(x)

(F (2:n)(x) − F (1:n)(x)) = n · xn−1 · (1 − x)
f (2:n)(x) = n(n − 1) · xn−2 · (1 − x)

U com(x) x∗∗SP = 2α
1+3α

r∗∗SP = 1+α
1+3α

α

w = v

x− 1−F (x)
f(x)

(v(x)−w(x)) · (n− 1) n



x → (F (2:n)(x)− F (1:n)(x)) · w(x) +
∫ ∞

x
w(u)f (2:n)(u)du,

x → (F (2:n)(x)− F (1:n)(x)) · v(x) +
∫ ∞

x
v(u)f (2:n)(u)du.

x∗ r∗ =
w(x∗)

x∗ r∗

x
U com(x)

∫∞
x (v(u)− w(u))f (2:n)(u)du

x
U com(x) (F (2:n)(x)−F (1:n)(x)) · (v(x)−w(x))

r∗ r∗

x∗

x

x∗ > x

n α x∗ = 1
2

r∗ = 1+α
4



rshill ≥ r∗ (b, G)

G b

b
G

G

b

rshill

rshill ≥ r∗



w(x)

xshill

xshill rshill = w(xshill)

xshill < x xshill

rshill

b(xshill) = w(xshill) = rshill.

b(·)
xshill

b(·)
[xshill, x]

rshill ≥ b(xshill)
rshill < b(x)

b(·) r ∈ [rshill, rshill]
x ∈ [xshill, x]

b(x) = r

b G∗ = G ◦ b

g∗

[xshill, xshill]
β(·)

g∗

x

max
y∈[x,x]

(∫ y

xshill

[
(w(x, u)− β(u)) · F

(1:n−1)
x (u) +

∫ y

u
(v(x, s)− β(s)) f

(1:n−1)
x (s)ds

]
g∗(u)du

)
.



b(x) = α(x) · w(x) + (1− α(x)) · v(x)

α(x) = g∗(x)·F (1:n−1)
x (x)

g∗(x)·F (1:n−1)
x (x)+G∗(x)·f (1:n−1)

x (x)

b(x) w(x) v(x) x
b(x)

w(x)
v(x)

xshill

b(x) = v(x)

b(x) = w(x)

w(x)
x

x

U b
S(x)

b
x

b(x)

U b
S(x) = (F (2:n)(x)− F (1:n)(x)) · b(x) +

∫ x

x
b(s)f (2:n)(s)ds.

g∗

b(x) g∗(x) > 0
x

g∗(x) > 0



(F (2:n)(x)− F (1:n)(x)) · b′(x)− f (1:n)(x) · b(x) = 0.

G∗

xshill

[xshill, xshill]

r∗

rshill < r∗

w
xshill

rshill rshill ≥ r∗

x → (F (2:n)(x)−F (1:n)(x)) ·w(x)+
∫∞
x w(u)f (2:n)(u)du

xshill

x > x∗

rshill ≥ r∗

w

(b, G)

• xshill ∈ [x∗, x)

b(x) = bb(x) x ∈
[xshill, xshill] b(x) = v(x) x > xshill bb xshill

• bb(xshill) = w(xshill)

• [xshill, x] (F (2:n)(x)−F (1:n)(x))·
bb′(x)− f (1:n)(x) · bb(x) = 0

• bb(xshill) = v(xshill)



G = G∗ ◦ b−1

• G∗(xshill) = 1 G∗(xshill) = 0

• [xshill, xshill] g∗(x)·F (1:n−1)
x (x)·

(b(x)− w(x)) + G∗(x) · f (1:n−1)
x (x) · (b(x)− v(x)) = 0

rshill

U b
S(x) ≤ U b

S(xshill) x < xshill

xshill ∈ [x∗, x)

xshill ∈ [x∗, w(x))

xshill = x∗

r = w(x̂)

xshill ∈ [x∗, x) xshill ∈ [max {x∗, x̂}, x)

[r, r]



r
x

r = w(x)
b b(x) < v(x) [r, r)

b(x) = v(x) r
v

F f

(F (2:n)(x)−F (1:n)(x))) = n(1−F (x)) ·Fn−1(x) f (1:n)(x) =
n·Fn−1(x)·f(x) x → (1−F (x))·w(x)

x∗

x → (1− F (x)) · v(x)
(1−F (x)) · b(x) xshill ≥ x∗ xshill

(1−F (xshill)) ·w(xshill) = (1−F (xshill)) ·v(xshill)
xshill > xshill

xshill =
1
2

+

√√√√1
4
−

1+α
2

1+α
2 + 1−α

2(n−1)

· xshill(1− xshill).

xshill

xshill α n

b xshill

b(x) =
1− F (xshill)

1− F (x)
· w(xshill), for xshill ≤ x ≤ xshill



b(x) = v(x), for x > xshill.

G∗(x) = exp

(
−

∫ xshill

x

v(u)− b(u)
b(u)− w(u)

· (n− 1)
f(u)
F (u)

· du

)
.

[xshill, xshill]

[xshill−opt, xshill−opt] xshill−opt =
x∗

[12 , 1
2 +√

1
4 −

1+α
8

1+α
2 + 1−α

2(n−1)

]

r∗

r∗

r∗

r∗∗SP

r∗∗SP < r∗.



r∗∗SP = r∗∗FP < r∗ = rshill−opt ≤ rshill,

r∗∗FP
rshill−opt

α n

α n

w = v



x∗∗

[xshill−opt, xshill−opt]

n = ∞ α = 1
x∗∗ < xshill−opt < xshill−opt

1 − F (1:n)(x∗∗)
1−x∗∗n

∫ xshill−opt

xshill−opt (1− F (1:n)(u))g∗(u)du

α
n

1, 2

g∗



α
n ∞
x∗∗

xshill−opt

xshill−opt

5 · 10−4

α n

(w1, v1) (w2, v2) w1 = w2 v1(x) >
v2(x) x > x

1 2

1
2

1
2

xshill
1 > xshill

2

w xshill

b1(x) b2(x)
mini vi(x) v2 < v1 v2

(1−F (x)) · v(x)
xshill

1
2



x

x vi(x) − wi(x) > 0

wi

wi

wi(x) = x wi(x) = gi(x)

x := g−1
i (x)

v1(g−1
1 (x)) > v2(g−1

2 (x)) x > x
w w F



S
u0(S, X1, · · · , Xn)

Vi = ui(S, X) S
b0 S

(b, G)
I = [xshill, xshill]

E[V1|X1 = x, b0 = b(x), Y1 ≤ x] ≤ E[V1|X1 = x, b0 ≤ b(x), Y1 = x]

x ∈ I I

E[V1|X1 = x, b0 ≤ b(x̃), Y1 ≤ x] ≤ E[V1|X1 = x, Y1 ≤ x]

x, x̃ ∈ I



S (X1, · · · , Xn) S

r > w(x)



b(x)
Y−1

shill(y−1) y−1

Y−1

b(x) shill(y−1)
b(x)

b(x) = E[V1|X1 = x, shill(y−1) = b(x)].

b(y2)



F (1:n)(x|Y−1 = y−1)

shill(y−1) = Arg max
s∈[b(y2),b(x)]

s · (1− F (1:n)(b−1(s)|Y−1 = y−1)).

F (1:n)(x|Y−1 = y−1) =
F (1:n)(x)

b
max {b, b(y2)}



r

r

xi xi

g(xi, x−i) < 0
i

w
w(x) = x v v(x) = x−g(x, x) > w(x)

|g1(x, x)| > |g2(x, x)| x

Rt

Rt

Rt+1 < Rt



X

X

X

X

X

ΠS

F (1:n)(x) ·ΠS U b
S(x)

ΠS

ΠS

w(x)





r = w(x) v(x)

τ
(1− τ) · p

(F (2:n)(x)− F (1:n)(x)) · (v(x)− w(x)) · (1− τ)− F (1:n)(x) · τ · w(x).

w(x) v(x)

v(x)
r

τ



b(xshill) > rshill

b(xshill)

xshill < x

x b(x−) < b(x+)
b(x−) b(x+) x

b(·)
x

x
b(x) v(x)

b(x−) = v(x) b(x)
[w(x), v(x)] b(x+) ≤ v(x)

b(x−) = b(x+) b(·)

x
b(x+)



b(x−)
x

xshill < x∗ x
b

x → (F (2:n)(x) − F (1:n)(x)) · w(x) +
∫∞
x w(u)f (2:n)(u)du

x < x∗ x = xshill

(F (2:n)(x) − F (1:n)(x)) · w′(x) − f (1:n)(x) · w(x) ≥ 0 = (F (2:n)(x) − F (1:n)(x) · b′(x) −
f (1:n)(x) · b(x) b(x) = w(x) b′(x) ≤ w′(x)

x b w
x

G∗ (xshill, xshill]
g∗(x) = 0 [xshill, xshill]

G∗ [xshill, xshill]

G∗ x̃ > xshill b(x̃) =
w(x̃) x̃ > xshill (F (2:n)(x)−
F (1:n)(x)) ·w′(x)−f (1:n)(x) ·w(x) ≥ 0 x̃

b (F (2:n)(x) − F (1:n)(x)) ·
b′(x) − f (1:n)(x) · b(x) = 0 x̃
b(x) < w(x) x̃

g∗ (x̃1, x̃2) ⊂ (xshill, xshill)
x̃2

b(x̃2) = v(x̃2) b v x̃1 (F (2:n)(x) −
F (1:n)(x)) ·v′(x)−f (1:n)(x) ·v(x) ≤ 0 x̃1

(F (2:n)(x)−F (1:n)(x)) ·v′(x)−f (1:n)(x) ·v(x) ≥ 0
x̃2 b

(F (2:n)(x) − F (1:n)(x)) · b′(x) − f (1:n)(x) · b(x) = 0
x̃2 b(x) > v(x)

x̃2

bb G∗



bb
v(·) x v(·)

v(·) x′ > x bb v(·)
x

xshill = x xshill = x′

x̃ bb(x̃) = v(x̃) x̃ > xshill

bb′(x̃) ≥ v′(x̃)
x̃

(F (2:n)(x̃)−F (1:n)(x̃)) ·v′(x̃)−f (1:n)(x̃) ·v(x̃) ≤ 0
x > x̃ (F (2:n)(x)−F (1:n)(x)) · v′(x)− f (1:n)(x) ·

v(x) ≤ 0 x̃ bb v(·)
x̃

v(·)

b(·)

xshill

xshill

U b
S(x) ≤ U b

S(xshill) x < xshill

b(x) ≤ v(x)
xshill b(xshill) = v(xshill) b′(xshill) ≥ v′(xshill)

xshill

(F (2:n)(x)− F (1:n)(x)) · v′(x)− f (1:n)(x) · v(x) ≤ 0

x = xshill

x ≥ xshill

xshill

xshill

g

G∗(xshill) = 1

G∗(x) = exp

(
−

∫ xshill

x

v(u)− b(u)
b(u)− w(u)

· f (1:n−1)
u (u)

F (1:n−1)
u (u)

· du

)
, x > xshill



limx→xshillG∗(x) ∈ [0, 1)
f
(1:n−1)
u (u)

F
(1:n−1)
u (u)

= O(1) limx→xshillG∗(x) = 0

g > 0 x > xshill b
w v xshill ≥ x∗

b w xshill

b v
limx→xshillG∗(x) ∈ (0, 1)
xshill

xshill
1 xshill

2 xshill
1 <

xshill
2 xshill

1 < xshill
2 bb1 bb2

xshill
1 xshill

2

xshill
1

xshill = x∗

m m′ < m
x = w−1(r)

x r x →
(F (2:n)(x)−F (1:n)(x))·w(x)+

∫∞
x b(u)f (2:n)(u)du b(u) = v(u)∫∞

x (w(u)− b(u))f (2:n)(u)du
b(u) > w(u)

U com
i (x) W com

i (x)
i

x
r = w(x) U shill

i (x) W shill
i (x)

i
x r = w(x)



v1(x) > v2(x) x > x

U com
1 (x)− U com

2 (x)
∫ x

x
(v1(u)− v2(u))f (2:n)(u)du.

x (v1(u) −
v2(u)) > 0 U com

1

U com
2

1
2

1 2

W com
1 (x∗∗1 )−W com

2 (x∗∗2 ) =
∫ x∗∗2

x∗∗1

w(u)f (1:n)(u)du > 0.

1

i

∫ xshill−opt
i

xshill−opt
i

(1− F (1:n)
i (u))g∗i (u)du.

(1 − F (1:n)
i (u)) i u < x

1
2

G∗
1(x) ≤

G∗
2(x)

∫ xshill−opt
1

x

v1(u)− b(u)
b(u)− w(u)

· f (1:n−1)
u (u)

F (1:n−1)
u (u)

· du ≥
∫ xshill−opt

2

x

v2(u)− b(u)
b(u)− w(u)

· f (1:n−1)
u (u)

F (1:n−1)
u (u)

· du.

vi

1 2 xshill−opt
1 > xshill−opt

2

v2(xshill−opt
1 ) < v1(xshill−opt

1 ) = b(xshill−opt
1 ) b

b v2

xshill−opt
1



2 1
1 2

W shill
1 (xshill−opt)−W shill

2 (xshill−opt) =

∫ xshill−opt
1

xshill−opt
H(u) · (g∗1(u)− g∗2(u))du,

H(u)
∫ x
u w(s)f (1:n)(s)ds H

2 1

x ≥ x∗

U com
1 (x∗∗1 )− U shill

1 (x) > U com
2 (x∗∗2 )− U shill

2 (x),

x

U com
1 (x∗∗2 )− U shill

1 (x) > U com
2 (x∗∗2 )− U shill

2 (x̂),
x̂

2

1 x x̂ > x

• U com
1 (x∗∗2 ) < U com

1 (x∗∗1 ) x∗∗1

• x̂ > x x → U shill
2 (x) x x > x∗

U shill
2 (x)

[x∗, x] x → (F (2:n)(x) − F (1:n)(x)) · w(x) +∫∞
x w(u)f (2:n)(u)du

∫∞
x (v(u)− w(u))f (2:n)(u)du

v(u)− w(u) > 0

∫ x̂

x∗∗2

(v1(u)− v2(u))f (2:n)(u)du > 0

v1 > v2 x̂ > x∗∗2
x = x∗



rshill

r = rshill

xshill rshill = E[V1|X1 = x, b0 = rshill, Y1 ≤
x] xshill

com

rshill = E[V1|X1 = x, Y1 ≤ x] x =
x̃ = xshill x → E[V1|X1 = x, Y1 ≤ x]
xshill ≥ xshill

com

xshill

xshill b b(x)
E[V1|X1 = x, b0 = b(x), Y1 ≤ x]

E[V1|X1 = x, b0 ≤ b(x), Y1 = x]

E[V1|X1 = x, b0 ≤ b(x), Y1 = x]
E[V1|X1 = x, b0 ≤ b(x), Y1 = x] ≤

E[V1|X1 = x, Y1 = x] E[V1|X1 = x, Y1 = x]

rshill

rshill









[r, r]

r
r r

r
x

w(x) ≥ r v
r x w(x) ≥ r

v

U b
S(x)

[x, xshill] [xshill, x]
[xshill, xshill] U b

S(x)
[xshill, xshill] x x′ [xshill, xshill]

x < x′ U b
S(x) < U b

S(x′)
b(x′) b(x)

b



(F (2:n)(x)− F (1:n)(x) · b′(x)− f (1:n)(x) · b(x) ≤ 0.

U b
S(x)

b(x+) > b(x−) [xshill, xshill] b
b(x+) < b(x−)

r∗

rshill rshill ≥ r∗

xshill < x∗ x
b

x → (F (2:n)(x)−F (1:n)(x))·w(x)+
∫∞
x w(u)f (2:n)(u)du

x < x∗ x = xshill

(F (2:n)(x)−F (1:n)(x)) ·w′(x)−f (1:n)(x) ·w(x) ≥ 0 ≥ (F (2:n)(x)−F (1:n)(x) ·b′(x)−f (1:n)(x) ·b(x)

b(x) = w(x) b′(x) ≤ w′(x)
x b w
x

x∗

xshill

xshill

b U b
S(x) U b

S



w(xshill) B UB
S (x)

UB
S

w(xshill)
b(x) ≥ B(x) x ≥ xshill

x b(x) < B(x)
u = minx≥xshill {x|b(x) < B(x)} b B

b(u) = B(u) b B

B′(x) ≤ b′(x) u
u

U b
S(xshill) ≥ UB

S (xshill)
U b

S ≥ UB
S U b

S = U b
S(xshill) UB

S ≤ UB
S (xshill)

UB
S (·)



 
Figure 1 : Equilibrium with commitment not to use shill bids 
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Figure 2 : Equilibrium with shill bidding 
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                       Figure 3 : Geometrical Resolution of the set of equilibria 
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N N
l = 1, . . . , N

l = 0 S ⊂ N S∗

S ∪ {0} M
A =

(A0,A1, · · · ,AN ) Al ∈ M l
A

⋃
l∈N∗ Al = M

Al ∩Ak = ∅ l Πl = (Πl(A),A ∈ A)
Πl(A) ≥ 0 A l

Π := (Π1, . . . ,ΠN )



l ∈ N bl(A)
A Πl(A) − bl(A) Πl(A)

Al∑
l∈N bl(A)

N + 1 (A, (bl)l∈N ) A
bl l

(πl)l∈N∗

A
∑

l∈N∗ πl =
∑

l∈N∗ Πl(A)

{N, (Πl)l∈N}
A∗ A∗ ∈

Arg maxA∈A {
∑

l∈N Πl(A)}

(N∗, w) {N, (Πl)l∈N}
N∗ w

S ⊂ N w

w(S∗) = max
A∈A

∑

l∈S

Πl(A) ; w(S) = 0

Core(N∗, w)
w

Core(N∗, w) =

{
(πl)l∈N∗ | (a) :

∑

l∈N∗

πl = w(N∗); (b) : (∀S ⊂ N∗) w(S) ≤
∑

l∈S

πl

}

S

l
πl

0, l ∈ S
0 /∈ S πl ≥ 0



l /∈ S
π0 = w(N∗)

πl = 0 l = 1 . . . N

πV :=
(πV

l )l∈N∗ l πV
l w(N∗)−w(N∗ \ {l})

πV
0 = w(N∗) −

∑
l∈N πV

l

(πl)0≤l≤N∗ ∈ Core(N∗, w)
(π′l)0≤l≤N∗ ∈ Core(N∗, w) π′l ≥ πl

l = 1 . . . N
π′l > πl l = 1 . . . N

w
l ∈ N S S′

l ∈ S ⊂ S′ ⊂ N

w(S∗)− w(S∗ \ {l}) ≥ w(S′∗)− w(S′∗ \ {l})

w(S∗)−w(S∗ \ {l})
l S∗

ε ε > 0



ε → 0
l

ε

ε

ε → 0
ε

ε (Aε, bε)
Π A × RN

Initialization a := (∅, . . . , ∅); π̂l = maxA∈A Πl(A); y := 0
While y = 0 do

y := 1
for l = 1 to N do

if Πl(a) < π̂l

then π̂l := max {0, π̂l − ε} ; y := 0
bl(A) = max {0,Πl(A)− π̂l} (∀l ∈ N,∀A ∈ A)

a := Arg maxA∈A

(∑N
l=1 bl(A)

)

ε
(εn)n∈N

ε → 0
εl εl = λl · ε

(λl)l=1,··· ,N ε → 0
λl = 1

(λl)l=1,··· ,N

λ1 λ2 = λ3 = λ4



Aε(Π) := a; bε
l (Π) := bl(a)

(a, (π̂l)l∈N ) ∈ A × R+N

T ε − mapping
π̂l l bl(A) =

Πl(A)− π̂l A
l

N + 1 (a, (π̂l)l∈N )
π̂

π

Πl

l

π̂l

π̂l

l

l

Πl(a) ≥ π̂l

Πl(a) < π̂l

ε

ε

y
y = 1

T ε −mapping



T ε

T ε

T ε −mapping

T ε −mapping

a
(π̂l)l∈N

π̂0 = max
a∈A

N∑

l=1

bl(a) = max
S⊂N

{
w(S∗)−

∑

l∈S

π̂l

}

S

S

w(S∗)

(a, (π̂l)l∈N ) T ε −mapping
bl(a) = Πl(a) − π̂l

a′

∑

l∈N

Πl(a)−
∑

l∈N

π̂l =
∑

l∈N

bl(a) ≥
∑

l∈N

bl(a′) ≥
∑

l∈N

Πl(a′)−
∑

l∈N

π̂l

a



a

π̂l = πl

T ε

(a, (π̂l)l∈N )∑
l∈N bl(a) = w(N∗)−

∑
l∈N π̂l

∑
l∈N bl(a) ≥ w(S∗)−

∑
l∈S π̂l

N

ε
T ε maxA Πl(A)

l ε

ε
ε

ε− approximates

(a, (πl)l∈N ) ε − approximate K
(a′, (π′l)l∈N ) K a = a′ |πl − π′l| ≤ ε

l ∈ N

ε
ε−approximates

(a, (πl)l∈N ) ε−

(a, (πl + ε)l∈N )

(a, (πl + ε)l∈N )
[(πl)l∈N∗ , (πl + ε)l∈N∗ ]

(a, (πl)l∈N ) ε−

(a, (πl + ε)l∈N )
{(a, (xl)l∈N )|πl ≤ xl ≤ πl + ε}

ε



4 2

1 100 0 2
3 60

4
100 0 4

4

{1, 2} {1, 3}
60 4

Core({1, 2, 3, 4}) =

{
(π̂l)0≤l≤N |

N∑

l=0

π̂l = 160; π1 ∈ [0, 40] ; π2 = π3 = π4 = 0

}

4

4

ε 1

w

w(N∗)−w(N∗ \ {i}) ≤
w(N∗ \ {j})−w(N∗ \ {i, j}) N∗ \ {i, j}

w({0}) = 0
w({i, j}∗) ≤ w({i}∗) + w({j}∗)

w
w



{1, 2} {1, 3} {2} {3} {4}

{1} {2, 3}

1 {1, 2} {1, 3} 2
3 4 {2} {3} {4}

1

80

2 3
{1, 2} {1, 3}

1

{4}

83 1
{1, 2} {1, 3} 2 3

{1, 2} {1, 3}

82
{4}

130
1

10



4

4
1

1
2 3

{1, 2} {1, 3} 130
1



2 3

1 60 60

60 1

{4}
{2, 3, 4}

+ +

l
minS⊂N w(S∗)− w(S∗ \ l) minS⊂N w(S∗)− w(S∗ \ l) ≥

πV
l

l
minS⊂N w(S∗)− w(S∗ \ l) =

w({1, 4})− w({4}) = 0 < πV
l = 40

ε



(A∗, (bl(A))1≤l≤N,A∈A A∗

(A∗, (bl(A∗))1≤l≤N

for l = 1 to N do
if A∗

l -= ∅
then do bl(A) := max {0, bl(A)− d}
where d is the largest number such that

A∗ ∈ Arg maxA∈A

(
max {0, bl(A)− d} +

∑N
k=1,k &=l bk(A)

)

d l
d l

w(N∗)−
∑

l∈N πl = maxS⊂N w(S∗)−
∑

l∈S πl

πMax

w
3

3



πMax πMax

πV πV

(πl)l∈N

l
π∗l > πl

l
l

π∗l πl

ε
ε

ε

A∗

A∗

l



π∗l

(πl)l∈N (π′l)l∈N

l
A∗

πl ≥ π′l

(π1, · · · , πl−1, π∗l , πl+1, · · · , πN )
A∗

w(N∗)−
∑

k∈N,k #=l πk − π∗l = maxS⊂N

{
w(S∗)−

∑
k∈S,k #=l πk − π∗l · I[l ∈ S]

}
.

πl ≥ π′l
maxS⊂N

{
w(S∗)−

∑
k∈S,k #=l πk − π∗l · I[l ∈ S]

}
+

∑
k∈N,k #=l πk ≥

maxS⊂N

{
w(S∗)−

∑
k∈S,k #=l π′k − π∗l · I[l ∈ S]

}
+

∑
k∈N,k #=l π′k.

w(N∗)−
∑

k∈N,k #=l π′k−π∗l ·I[l ∈ S] ≥ maxS⊂N

{
w(S∗)−

∑
k∈S,k #=l π′k − π∗l · I[l ∈ S]

}
.

(π′1, · · · , π′l−1, π
∗
l , π

′
l+1, · · · , π′N )

A∗

ε

ε−

ε → 0

ε

I[l ∈ S] 1 l ∈ S 0
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†

∗

†









N N
l = 1, . . . , N

l = 0 M > 1
A = {A1, · · · ,AM}

Ai ∈ N∪{0} i
M

A := ([1, N ] ∪ {0})M

A Al l #A
(l, m)

A A(l ! m)
A l m

l

l Al $= ∅ Πl(A)
A Πl l

Πl(A) < 0

l ≥ 1

A(l ! m) A(l ! m)k = Ak k != l, m
A(l ! m)l = ∅ A(l ! m)m = Am ∪ Al



A m $= 0, l

Πl(A) ≤ Πl(A(m ! 0)).

Π := (Π0,Π1, . . . ,ΠN )
Π

l bl(A)
A Πl(A)−

bl(A)
∑

l∈N bl(A)
Π0(A)

A0

Π

(A, p) : Π → A × RN

Π A(Π)
pl(Π) l

Π A(Π)
Π

∑

l∈{0}∪N

Πl(A(Π)) ≥
∑

l∈{0}∪N

Πl(A), for all A ∈ A

N = 10
M = 6

∑M−1
i=0

(
N−1

i

)
= 382



A∗(Π)
A∗

Π Πdev

l S S = {k ∈ N |Πdev
k $=

Πk} l
A∗(Π)l = ∅ S

∃l ∈ S Πl(A∗(Πdev)) < pl(Πdev).

S∑
l∈S Πl(A(Πdev)) <

∑
l∈S pl(Πdev)

(N ∪{0}, w)
{A, (Πj)j∈N∪{0}} w

S ⊂ N ∪ {0} w

w(S) = max
A∈A

∑

l∈S

Πl(A), if 0 ∈ S



w(S) = 0, if 0 /∈ S

ul l
Core(N,w) w

Core(N,w) =

{
(ul)0≤l≤N | (a) :

N∑

l=0

ul = w(N); (b) : (∀S ⊂ N ∪ {0}) w(S) ≤
∑

l∈S

ul

}

S

(ul)0≤l≤N ∈ Core(N,w) (u′l)0≤l≤N ∈
Core(N,w) u′l ≥ ul l = 1 . . . N

w
l ∈ N S S′

0, l ∈ S ⊂ S′

w(S)− w(S \ {l}) ≥ w(S′)− w(S′ \ {l})

w(S) − w(S \ {l})
l S



w

pV
l (Π) = max

A∈A





∑

k #=l

Πk(A)




−
∑

k #=l

Πk(A∗(Π)), for all l ∈ N

Π l pV
l (Π) ≥ 0

l pV
l (Π) = 0

max
A∈A





∑

k &=l

Πk(A)




 ≥
∑

k &=l

Πk(A∗(Π)(l ! 0)) ≥
∑

k &=l

Πk(A∗(Π))

Πk, k $= l l
A∗(Π)



Π

N ∪{0} \ {l}



N
S ⊂ N

S
w

2
2

∆b
∆bopt

(0, πV
2 ) πMax

π1

π2

πV
2

πV

πV
1

πMax

∆
b

∆
bo

p
t



Π (A, p)

Π

A∗

A′ S PS PS +∑
i/∈S Πi(A′) ≥

∑N
i=1 Πi(A∗) N ∪ {0} \ S

w(N ∪ {0} \ S) =
∑N

i=1 Πi(A∗) S
A∗ A

∑
i∈N Πi(A)

PS >
∑

i∈S Πi(A′)



Π

Π

Π

π0 = w(N), πl = 0, for l ≥ 1

3

x → πl(x) x

πl(1) = 11, πl(2) = 7, π(3)l = 6
l

x → πl(x)



πl

{1, 2, 3}

w
w(N) − w(N \ {l}) = 4 > 3 = w(N \

{m})−w(N \ {l, m}) l, m ∈ 1, 2, 3

(ul)l=0,··· ,3

u0 + u1 + u2 + u3 = 18 Feasibility Constraint

u0 + ul + um ≥ 14 , l,m ∈ {1, 2, 3} {0, l, m} do not block

u0 + ul ≥ 11 , l ∈ {1, 2, 3} {0, l} do not block

ul ≥ 0 , l ∈ {0, 1, 2, 3} Rationality Constraint {l} do not block

π(1) = 7, π(2) = 3, π(3) = 2
4

(pl)l=1,2,3

pl ≥ 2 2

pl + pm ≥ 5 pl ≤ 6
π2 + π3 = 4 < 5

π(x) = 2.25 x



π(·)

N {Gj}g
j=1⋃g

j=1 Gj = N Gj
⋂

Gk = ∅ Gj , Gk Gj

l G(l) g(l)
Gg(l) = G(l) nA

l
l A

G(l) ∩ A

{Gj}g
j=1 N

N {Bj}b
j=1 j = 1 . . . b

Gk Bj ⊂ Gk Bj ⊂ Gk

Gk





Π0(A) = 0 A ∈ A

{A, (Πj)j∈N∪{0}}

({Gj}g
j=1, π1, · · · , πN ) {Gj}g

j=1
N πl l ∈ N

[1, N ] l ∈ N
A

Πl(A) = πl(nA
l ), if Al $= ∅

Πl(A) = 0, if Al = ∅.



({Gj}g
j=1, π1, · · · , πN )

πl l πl

G i, j ∈ G i < j

πi(x) > πj(x)

({Gj}g
j=1, {Bj}g

j=1, π1, · · · , πN ) ({Gj}g
j=1, π1, · · · , πN )

{Bj}g
j=1

{Gj}g
j=1

B

B



Bj := {j1, . . . jBj}
Bj A

j
j nA

g(j)

π̃Bj (x, y) x
y ≥ x

(πk)k∈N

π̃Bj (x, y) =
x∑

l=1

πjl(y).

(x, y) → π̃Bj (x, y) x y l → πl(y)
y

(x, y) → π̃Bj (x, y) x
y (x, y) → π̃Bj (x, y)− π̃Bj (x− 1, y) y

∀l, πjl(y) = π̃Bj (l, y)− π̃Bj (l − 1, y)

({Gj}g
j=1, π1, · · · , πN )

w
{Bj}g

j=1 {Gj}g
j=1

({Gj}g
j=1, {Bj}g

j=1, π1, · · · , πN )
w

Bi, Bj N Bj = {j1, · · · , jBj}

w(N)− w(N \ Bi) ≤ w(N \ {j1})− w(N \ {Bi, j1}) ≤ · · ·
· · · ≤ w(N\{j1, · · · , jk−1})−w(N\{Bi, j1, · · · , jBj−1}) ≤ w(N\Bj)−w(N\{Bi, Bj})



{Gj}g
j=1

x > 0 π1(x) − π1(x + 1) > π1(x + 1) − π1(x + 2)
π1(x)− π1(x + 2) > 2 · (π1(x + 1)− π1(x + 2))

x x+2
x x+1

π1(x+1)−π1(x+2)
2 · (π1(x+1)−π1(x+2))

π1(x) − π1(x + 2)

πi

x → πl(x) l Al $= ∅

x → πl(x)



1 2 100 3
4 99 10

1 2
99

3 4
{G1 = {1, 2, 3}, G2 = {4}}

π3(1) = 200, π3(x) = 0, x > 1 π4(x) = 100, x > 0
1 2

3 4
4 3 100



1 2 10 3 4
1 {1, 2} 3

4
3 4 {1, 2}

0 30 3
4

3 4

3 4
1 2

x → πl(x)

w

i, j ∈ N G(i) = G(j) πi(x)−πi(x+1) = πj(x)−πj(x+1)
x > 0

x > 0 i < j
i j

πi(x)− πi(x + 1) ≤ πj(x)− πj(x + 1)

πi(x)− πi(x + 1) ≥ πj(x)− πj(x + 1)



i
i

i l1, l2, l1 < l2
i l2

l1
l2 l1

l2 i
l1

i

i
i

1, 2, 3, 4, 5
πi(x) = 7 i = 1, 2 x = 1, 2 πi(x) = 3

w w(N) −
w(N \ {1})(= w(N) − w(N \ {2})) = 4 > 1 = w(N \ {2}) − w(N \ {1, 2})

2

1, 2, 3
πi(1) = 10 i π1(2) = π2(2) = 8 π3(2) = 0

w w(N)−w(N \
{1}) = 6 > 0 = w(N \ {2})−w(N \ {1, 2})

6

w

x → πi(x)



i, j ∈ N πi(x) − πi(x + 1) =
πj(x)− πj(x + 1) x > 0 w

i
i

i

w(N)−w(N \{i}) ≤ w(N \{j})−w(N \{i, j})

i j {i, j}

πj(x)−πj(x+1) j

D(p)

q
q → 0



K KT ∈ [0,K]

i K
{ci

l(K
T )}l∈[1,K] l

i πi
l(K

T ) = D−1(KT )×1−ci
l(K

T )
i xi D−1(KT )×

xi −
∑xi

l=1 ci
l(K

T )

Ci(xi,KT )
xi ∑xi

l=1 ci
l(K

T )
{πi

l}l∈[1,K],i∈N

•

• πi
l(K

T ) KT

• πi
l(K

T ) − πi
l(K

T + 1) = πj
k(K

T ) − πj
k(K

T + 1)
i, j, l, k
(l, i) (k, j) πi

l(K
T )

KT (l, i)

i KT

Ci(xi,KT ) = C1(KT ) · xi + Ci
2(xi) C1(·) Ci

2(·)

C1(·) i

i Ci(xi)
∂Ci(xi)

∂xi
≥ 0 ∂2Ci(xi)

∂2xi
≥ 0 KT

Ci(0) > 0

w Ci(0) = 0



Ci(xi,KT ) KT

(x, y) → π(x, y) y

Π0(A) = 0

Π0

c : N →
R+

Π0(A) = −c(#A), for all A ∈ A

Ci(xi, K
T ) = C1(K

T ) ·
∑xi

l=1 λi
l + Ci

2(xi) λi
l

l i C1(K
T )



2
2

3

1
1

M w∗

N + 1, . . . , N + 1 + M M
Gg+1

Πj = c(N + M + 1− j)− c(N + M − j), ∀N + 1 ≤ j ≤ N + M, .

w(S) = w∗(S ∪ {N + 1, . . . , N + 1 + M}), for all S ⊂ N and 0 ∈ S

w∗ w







gs

gs

g NV
g Ng

nV
g ng

l πV
l pV

l πl pl

l

AV Adev

g l
k l ∈ Ng \ NV

g k ∈ NV
g \ Ng

l
k

pi ≥ πk(ng) > πl(ng)



k l k

g g′

NV
g " Ng Ng′ " NV

g′ l ∈ Ng \ NV
g

k ∈ NV
g′ \Ng′ l /∈ AV k ∈ AV

AV (k ! l)
AV

∑

s∈NV
g

πV
s (nV

g )+
∑

s∈NV
g′

πV
s (nV

g′) ≥
∑

s∈NV
g

πV
s (nV

g + 1)+
∑

s∈NV
g′\{k}

πV
s (nV

g′ − 1)+πV
l (nV

g +1)

πs s

πV
l (nV

g +1) < πV
k (nV

g′)+
∑

s∈NV
g

(
πV

s (nV
g )− πV

s (nV
g + 1)

)
−

∑

s∈NV
g′\{k}

(
πV

s (nV
g′ − 1)− πV

s (nV
g′)

)

i ∈ Adev j /∈
Adev

pl ≥ πk(ng′+1)+
∑

s∈Ng\{l}

(πs(ng − 1)− πs(ng))−
∑

s∈Ng′

(πs(ng′)− πs(ng′ + 1))

pl l

πV
s = πs s = j s ∈ NV

g s ∈ NV
g′

• πk(ng′ +1) ≥ πk(nV
g′) ng′ < nV

g′

x → πk(x)

•
∑

s∈Ng\{l}

(
πV

s (ng − 1)− πV
s (ng)

)
≥

∑

s∈NV
g

(
πV

s (nV
g )− πV

s (nV
g + 1)

)

Ng\{l} ⊂ NV
g πV

s (ng−1)−πV
s (ng) ≥ πV

s (nV
g )−πV

s (nV
g +1)

s ∈ NV
g

πV
s (ng − 1) − πV

s (ng) ≥ 0

•
∑

s∈Ng′

(πs(ng′)− πs(ng′ + 1)) ≥
∑

s∈NV
g′\{k}

(
πV

s (nV
g′ − 1)− πV

s (nV
g′)

)
.

pl > πl(nV
g + 1) ≥ πl(ng)

l



Bi := {l1, · · · , lBi} m
Bi m′ > m

Bi

Bi

{gb}b=1...Bi Ngb " NV
gb

m
Bi m′

m−m′

gb Bi

gb

w(S\{l})−w(S\{l, k}) ≥ w(S)−w(S\{k}), ∀l, k, S such that l, k ∈ S ⊂ N

{N, (Πl)l∈N}
S ⊂ N

{S, (Πl)l∈S}

w(N \ {l})− w(N \ {l, k}) ≥ w(N)− w(N \ {k}), ∀l, k ∈ N

{S, (Πl)l∈S} S∗

l /∈ N∗ k /∈ N∗

s /∈ S∗, w(S \{s}) = w(S) w

l, k ∈ N∗



l k

N \ {i} N \ {j} N \ {i, j}

x → πi(x)
πi(x) − πi(x + 1) = πj(x) − πj(x + 1) x > 0

i, j ∈ N G(i) = G(j) i (N \ {i})∗ ⊃ N∗ \ {i}

(xs)s=1,...,g

xs g
xs

g
s = 1, . . . , g Hs l ∈ N H−l

s

xs

s
s l

Γs(x) Γ−l
s (x) x

s s l
Hs(x) =

∑
j∈Γs(x) πj(x) H−l

s (x) =
∑

j∈Γ−l
s (x) πj(x)

Hs H−l
s l s

Hs N

2 · Hs(1) ≥ Hs(2)
x > 0 Hs(x + 2) − Hs(x + 1) = πΓs(x+2)\Γs(x+1)(x + 2) +∑

i∈Γs(x+1) (πi(x + 2)− πi(x + 1)) Hs(x+1)−Hs(x) = πΓs(x+1)\Γs(x)(x)+∑
i∈Γs(x+1) (πi(x + 1)− πi(x)) πi

πΓs(x+1)\Γs(x)(x) ≥ πΓs(x+2)\Γs(x+1)(x) ≥ πΓs(x+2)\Γs(x+1)(x+
2)

(xs)s=1,...,g ∈ Arg max∑g
s=1 ys=M

g∑

s=1

Hs(ys)



l (N \{l})∗ ⊃ N∗\{l}
n(N\{l})∗

g(l) = nN∗

g(l) n(N\{l})∗
g(l) = nN∗

g(l) − 1

n(N\{l})∗
g(l) > nN∗

g(l) n(N\{l})∗
g(l) < nN∗

g(l) − 1
πi(x) − πi(x + 1) =

πj(x)− πj(x + 1)
gl

l nN∗

g(l) − 1 l

(N \ {l})∗ ⊃ N∗ \ {l}
s, s′ $= gl nN∗

s > n(N\{l})∗
s

nN∗
s′ < n(N\{l})∗

s′






Hs(n
(N\{i})∗
s )−Hs(n

(N\{i})∗
s + 1) ≤ Hs(nN∗

s − 1)−Hs(nN∗
s ) <

< Hs′(nN∗
s′ )−Hs′(nN∗

s′ + 1) ≤ Hs′(n
(N\{i})∗
s′ − 1)−Hs′(n

(N\{i})∗
s′ )

Hs

Hs′ nN∗
s > n(N\{i})∗

s nN∗
s′ < n(N\{l})∗

s′

xs = nN∗
s , xs′ = nN∗

s′

xs = nN∗
s − 1, xs′ = nN∗

s′ + 1

H−l
s (n(N\{l})∗

s )−H−l
s (n(N\{l})∗

s + 1) < H−l
s′ (n(N\{l})∗

s′ − 1)−H−l
s′ (n(N\{l})∗

s′ )

Hk H−l
k k = s, s′ l

s s′

xs = n(N\{l})∗
s , xs′ = n(N\{l})∗

s′ xs = n(N\{l})∗
s + 1, xs′ = n(N\{l})∗

s′ − 1
(N \ {i})∗

n(N\{l})∗
g(l) > nN∗

g(l)

s nN∗
s > n(N\{l})∗

s gl s′

Hs(n(N\{l})∗
s )−Hs(n(N\{l})∗

s + 1) < Hs′(n
(N\{l})∗
s′ − 1)−Hs′(n

(N\{l})∗
s′ )

Hs = H−l
s l s′

Hs′(x)−Hs′(x+1) ≤ H−l
s′ (x)−H−l

s′ (x+1)

n(N\{l})∗
g(l) < nN∗

g(l)− 1



ki kj (N \ {i})∗ = N∗ ∪
{ki} \ {i} (N \ {j})∗ = N∗ ∪ {kj} \ {j} N \ {i, j} =
(N \ {i}) \ {j} ki kj

(N \ {i, j})∗ ki $= kj (N \ {i, j})∗ = N∗ ∪ {ki, kj} \ {i, j}
ki = kj = k∗ kij

(N \ {i, j})∗ = N∗ ∪ {k∗, kij} \ {i, j}

G(i) = G(j) = G∗ ki $= kj

ki ∈ G∗ kj /∈ G∗ kj ∈ G∗ ki /∈ G∗

ki ∈ G∗ kj /∈ G∗

w(N)−w(N \{i}) = πi(nN∗
G )−πki(nN∗

G ) w(N \{j})−w(N \{i, j}) =
πi(nN∗

G − 1) − πki(nN∗
G − 1) πj j

nN∗
G > 1

ki = kj = k∗
k∗ ∈ G∗ k∗ /∈ G∗ kij ∈ G∗ kij /∈ G∗

k∗, kij ∈ G∗

w(N)− w(N \ {i}) = πi(nN∗
G )− πk∗(nN∗

G )
w(N \ {j})− w(N \ {i, j}) = πi(nN∗

G − 1)− πkij (nN∗
G − 1)

i < k∗ < kij G(i) =
G(j) πi(x)− πi(x + 1) = πj(x)− πj(x + 1)

k∗, kij /∈ G∗






w(N)− w(N \ {i}) = πi(nN∗
G∗ )− πk∗(nN∗

G(k∗)
+ 1)

+
∑

h∈ΓG∗ (nN∗
G∗ )\{i}

{
πh(nN∗

G∗ )− πh(nN∗
G∗ − 1)

}

+
∑

h∈ΓG(k∗)(n
N∗
G(k∗))

{
πh(nN∗

G(k∗)
)− πh(nN∗

G(k∗)
+ 1)

}

w(N \{j})−w(N \{i, j}) G(k∗) =

l
ki kj kij



G(kij) G(k∗) = G(kij)





w(N \ {j})− w(N \ {i, j}) = πi(nN∗
G∗ − 1)− πkij (nN∗

G(k∗)
+ 2)+

∑
h∈ΓG∗ (nN∗

G∗ )\{i,j}
{
πh(nN∗

G∗ − 1)− πh(nN∗
G∗ − 2)

}
+

∑
h∈ΓG(kij)(n

N∗
G(kij))∪{k∗}

{
πh(nN∗

G(kij)
+ 1)− πh(nN∗

G(kij)
+ 2)

}

πh

(w(N \ {j})− w(N \ {i, j}))−
(w(N)− w(N \ {i}))






πi(nN∗
G∗ − 1)− πi(nN∗

G∗ ) ≥ 0

+πk∗(nN∗

G(k∗)
+ 1)− πk∗(nN∗

G(k∗)
+ 2) ≥ 0

+πk∗(nN∗

G(k∗)
+ 1)− πkij (nN∗

G(kij)
+ 2) ≥ 0

+πj(nN∗
G∗ − 1)− πj(nN∗

G∗ ) ≥ 0

G(k∗) $= G(kij)






w(N \ {j})− w(N \ {i, j}) = πi(nN∗
G∗ − 1)− πkij (nN∗

G(k∗)
+ 1)+

∑
h∈ΓG∗ (nN∗

G∗ )\{i,j}
{
πh(nN∗

G∗ − 1)− πh(nN∗
G∗ − 2)

}
+

∑
h∈ΓG(kij)(n

N∗
G(kij))

{
πh(nN∗

G(kij)
)− πh(nN∗

G(kij)
+ 1)

}

w(N \ {i}, k∗ ! kij)
(N \ {i})∗ ∪ {kij} \ {k∗}

w(N)−w(N\{i}) = (w(N)− w(N \ {i}, k∗ ! kij))+(w(N \ {i}, k∗ ! kij)− w(N \ {i}))

w(N \ {j})− w(N \ {i, j})








w(N)− w(N \ {i}, k∗ ! kij) = πi(nN∗
G∗ )− πkij (nN∗

G(k∗)
+ 1)+

∑
h∈ΓG∗ (nN∗

G∗ )\{i}
{
πh(nN∗

G∗ )− πh(nN∗
G∗ − 1)

}
+

∑
h∈ΓG(kij)(n

N∗
G(kij))

{
πh(nN∗

G(kij)
)− πh(nN∗

G(kij)
+ 1)

}

k∗ ∈ G∗ kij /∈ G∗

k∗ /∈ G∗ kij ∈ G∗

G(i) $= G(j)
ki

G(i) k1

G(j) k2

G′ k3 kj

(ki, kj) (kh, kh′), h, h′ ∈ {1, 2, 3}
(k2, k1) (k3, k1) (k2, k3)
(k1, k2) (k1, k3) (k3, k2)

w(N \ {j})−w(N \ {i, j}) = w(N)−w(N \ {i})
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i

S ⊂ N
S N \ S



N = {1, 2, . . . , n} A = {a1, a2, . . . , aK}
Σ(N)

N σ : N → N T σ
i

{σ(1), σ(2), . . . , σ(i− 1)} i− 1
σ

0

i a ∈ A ti

Ui(a, ti) = V a
i − ti.

(a, t)
a(S) t(S)

S ⊂ N



S ⊂ N

• S A(S)
A

S

• i
ti(S) ≤ 0 i ∈ N \ S

•
∑n

i=0 ti(S) = 0 S ⊂ N

A

{A(S)}S⊂N

A(S) ⊂ A(T ) S ⊂ T

S
a

S
A(N) = A



i S ⊂ N \{i} a∗i (S)
i

S a∗i (S) ∈ Arg mina∈A(S) V a
i

V ∗
i (S) = V

a∗i (S)
i

a∗i (N \{i})

a∗i (S)
(N,A, {V a

i }i∈N,a∈A, {A(S)}S⊂N )

•
i a → V a

i A(N \ {i})

•
V ∗

i (S) i S ⊂
N \ {i} V ∗

i (S) = V ∗
i (∅) i



n = 3 A = {0, 1, 2, 3} i
i

A(S) = {i|i ∈ S ∪ {0}}
V i

i V v i ∈ {1, 2} i = 3 i = 0
V j

i i )= j −α i, j ∈ {1, 2}
V > v > V − α > 0

V +α α

V > v

a∗i (N \{i}) i
v+2 ·α

v > V



α

v + α

(a, t) S

(a(S), t(S))
i

S ∪ {i}



l1 l2 l3 lm

g1 g2 g3 gm

gi

(a(S), t(S))

(a, t)

G(a, t, S, β)
S

β = {βi}i∈N\S
S = N

(a(N), t(N)) S ! N
g = ((a, t), S, {li}i=1,...,m, {gi}i=1,...,m, {βi}i∈N\S) (a, t)

S
{li}1,...,m m = #N \S

N \S gi G(a, t, S ∪{li}, {βi}i∈N\S∪{li})

g ∈ G(a, t, S, β)

Scurrent Scurrent

(a, t)

(li, S) S ⊂ N
li ∈ N \ S

gi gi

G(a, t, S ∪ {li}, β)

(a, t, S) S
(a, t)

gi

gi (a, t, N)
(a, t, S)

(a(S), t(S))
(li, S)



(li+1, S) i < m li
li+1

(a, t, S) i = m li

gi li
gi

Scurrent Scurrent

{li}i=1,...,m m = ∞
N \ S

S
(a(S), t(S))

G =
⋃

S⊂N G(a, t, S, β)
GPI ! G

Ω
ΩPI



• (a, t)

(a(N), t(N))

g ∈ G(a, t, S, β)

•

• (a, t)

ג PIג simג

(a(N), t(N))

(a, t)
S ⊂ N



max
i∈N\S

{V a(N)
i − ti(N)− V a(S)

i } ≥ 0

(a, t)
S V a(N)

i −ti(N)−V a(S)
i < 0

i ∈ N \S g ∈ G(a, t, N, β)
β S

N \ S S
G(a, t, S, β)

N \ S
S

(a, t)
S

g
N \ S

n

S ! N maxi∈N\S {V
a(N)
i − ti(N)− V a(S)

i } ≥
0

{gi}i=1,...,m

g ∈ G(a, t, S, β)
g ∈ G(a, t, S, β)

{li}i=1,...,m

i V a(N)
i − ti(N) − V a(S)

i ≥ 0

lk = i

S = N \ {i}
i

V a(N)
i + ti(N) ≥ V a(N\{i})

i

V a(N)
i + ti(N)− V a(S)

i ≥ 0 S i ∈ N \ S



(a, t)

m
mσ σ ∈ Σ(N)

1
n!

∑
σ∈Σ(N) mσ

a(S) = 1 t1(S) = V
ti(S) = 0 i )= 1 1 ∈ S 2 /∈ S a(S) = 0
ti(S) = 0 i ∈ N 1 /∈ S a(S) = 3 t1(S) = 0
t2(S) = α t3(S) = v S = {1, 2, 3} a(S) = 0 t1(S) = 0
ti(S) = α i ∈ N S = {1, 2}

N \S
S = {1, 3} (a, t)
(a′, t′)

(a, t) (a′, t′)

S = {3}

−α
2 (a, t)

(a, t) (a′, t′) λ ∈ [0, 1] λ · (a, t)+
(1 − λ) · (a′, t′) (a, t)
(a′, t′) λ (1− λ)



max
(a,t)

V a(N)
0 +

n∑

i=1

ti(N)

∀S ⊂ N, max
i∈N\S

{V a(N)
i − ti(N)− V a(S)

i } ≥ 0,

(a, t)

(α, σ) ∈ A × Σ(N)
S ⊂ N σ ∈ Σ(N) j(S, σ)

σ S
j(S, σ) = max {j ∈ N |T σ

j ⊂ S}
S

j(S, σ)

(α, σ) ∈ A × σ(N) (α, σ)
(a, t)

• a(N) = α

• a(S) = a∗j(S,σ)(S) S ! N

• ti(N) = V α
i − V ∗

i (T σ
σ−1(i))

• ti(S) = 0 S ! N

σ(1)

A(∅) σ(2)
σ(1)

N \{σ(1)}
A({σ(1)}) σ(N)

σ A(N \ {σ(N)})



(α, σ)

a∗j(S,σ)(S)
j(S, σ) S

S ⊂ N j(S, σ) S

V a(N)
j(S,σ) − tj(S,σ)(N)− V a(S)

j(S,σ) = V ∗
j(S,σ)(T

σ
σ−1(j(S,σ)))− V ∗

j(S,σ)(S) ≥ 0

tj(S,σ)(N) a(S) =
a∗j(S,σ)(S) T σ

σ−1(j(S,σ)) = {σ(1), . . . , σ(j(S, σ)−
1)} ⊂ S j(S, σ)

S ⊂ N

(α, σ)

(a, t)
(α, σ)

max
(α,σ)∈A×σ(N)

{
n∑

i=0

V α
i −

n∑

i=1

V ∗
i ({σ(1), . . . , σ(σ−1(i)− 1)})

}

(a, t) (α, σ)
α = a(N) σ

σ(1) = Arg maxi∈N {V a(N)
i − ti(N)− V a(∅)

i }
σ(i) = Arg maxi∈N\{σ(1),...,σ(i−1)} {V

a(N)
i − ti(N)− V a({σ(1),...,σ(i−1)})

i }
σ

(α, σ)

(a, t)
t(α,σ)
i (N)

i (α, σ)

t(α,σ)
i (N) = V a(N)

i − V ∗
i (T σ

σ−1(i)) ≥ V a(N)
i − V

a(T σ
σ−1(i)

)

i ≥ ti(N)

t(α,σ)
i (N) α = a(N)

V ∗
i (.)

a(T σ
σ−1(i)) ∈ A(T σ

σ−1(i))
σ T σ

σ−1(i)



maxj∈N\{σ(1),...,σ(σ−1(i)−1)} {V
a(N)
j − tj(N)− V a({σ(1),...,σ(σ−1(i)−1)})

j } ≥
0 (a, t) σ(i)

j = σ(i) V a(N)
σ(i) − V

a(T σ
σ−1(i)

)

σ(i) ≥
tσ(i)(N) α = a(N) t(α,σ)

i (N) ≥ ti(N)
(α, σ)

(a, t)

α

α

max
α∈A

{
n∑

i=0

V α
i

}
−

n∑

i=1

V ∗
i (N \ {i})

V ∗
i (S)

S (α, σ)

V ∗
σ(i)({σ(1), . . . , σ(i − 1)}) σ(i)

V ∗
i (N \{i}) i

a
a ∈ A(∅) V ∗

i ({σ(1), . . . , σ(σ−1(i)−
1)})



(a(N), t(N))

ti(S) S
N

ti(S) > ti(N)−V a(N)
i +V a(S)

i S ! N

sup
(a,t):Ω∗→A×RN

(a,t)

inf
µ∈M(Ω∗)

Eω[V a(ω)
0 +

n∑

i=1

ti(ω)] = sup
(a,t)∈ג

V a(N
0 ) +

n∑

i=1

ti(N),

M(Ω∗) Ω∗

Ω ג Ω∗PI PIג

S



N \ S
S

N \ S

qmax = 0.5
P = 1−Q Q

1/4 Πnc = 3/16
Q = 1/2

Πcol = 1/4



1/16
Πcol−Πnc = 1/16

q = 0.5

1/36
q = 0.5
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(FB∗i
)i=1,··· ,N (FBp)p=1,··· ,N

N (FB∗i
)i=1,··· ,N

N
(FBp)p=1,··· ,N



n ≥ 2

B = (B1, · · · , Bp, · · · , Bn) Bp

p B
B∗ = (B∗

1 , · · · , B∗
i , · · · , B∗

n) B∗
i

i i, j



p, r
i = 1, · · · , n

xi

i xi − p p
p Bn Bn−1

FXi(.) FX(.)
Xi X = (X1, · · · , Xn)

fXi(.) fX(.)
[x, x] [x, x]n

xi FX(.)

X

S E
FS|E(.|e) fS|E(.|e) S

e E

FX(x) =
∏n

i=1 FXi(xi)
∂2 log fX
∂xi∂xj

> 0 i $= j

fX

[x, x]n

(β1(.), · · · , βn(.)) βi(.)
i

xi = bi ≡ ξnd
i (bi, FB)

i
i



xi = bi +
FB∗−i|B∗i (bi|bi)
fB∗−i|B∗i (bi|bi)

≡ ξrst
i (bi, FB),

i B∗
−i

i

FX(.)
F ′

X(.) FB∗(.)
FX(.) F ′

X(.)

FX(.) F ′
X(.)

FB(.) FX(.) F ′
X(.)

π : [1, n] → [1, n] FX(x1, · · · , xn) = F ′
X(xπ(1), · · · , xπ(n))

X

FX(.) FB(.)



B

X
B x

βi(xi) = βj(xj) i $= j

n ≥ 2

•
FX(.)

FX(.)
FX(.)

•

•

X = (x1, · · · , xm) ∈ Rm

X = (x1, · · · , xm) X ′ = (xπ(1), · · · , xπ(m)) π



FBp

p = 1, · · · , n

F (r:m)
B (u) r ≤ m r

m

m− r

m
F (r:m)

B (u)+
r

m
F (r+1:m)

B (u) = F (r:m−1)
B (u), ∀u, r, m, r ≤ m−1,m ≤ n.

F (p:n)
B = FBp F (r:r)

B

r ∈ [1, n] F (r:r)
B

FBp p = 1, · · · , n

F (r:r)
B (b) FB∗i

(b), i =
1, · · · , n

F (1:1)
B (b) =

1
n
·

n∑

i=1

FB∗i
(b)

F (2:2)
B (b) =

1
n(n− 1)

·
∑

i1,i2,i1 $=i2

FB∗i1
(b) · FB∗i2

(b)

.. .

.. .

F (r:r)
B (b) =

1
n(n− 1) · · · (n− r + 1)

·
∑

i1,·,ir,ik $=ik′

∏

ik∈{i1,·,in}

FB∗ik
(b)

.. .

.. .

F (n:n)
B (b) =

1
n!
·

∑

i1,·,in,ik $=ik′

∏

ik∈{i1,·,in}

FB∗ik
(b)

(FB∗i
(b))i=1,··· ,n

n n u →
∑n

i=0 ai(b) · (−1)n−i · ui

an(b) = 1 ai(b) = n(n−1)···(i+1)
(n−i)! · F (n−i:n−i)

B (b) i < n
b

b

b → (P1(b), · · · , Pn(b))



FB∗i
(b)

i = 1, · · · , n n
b

(b, b) FB∗(.)
(FB∗1

(.), · · · , FB∗n(.)) = (P1(.), · · · , Pn(.))
Pi(b)
(P1(.), · · · , Pn(.))

n = 2

0
bbb1 b∗ b2b

1
(P1(.), P2(.))

P2(b1)

P1(b1)

P1(b2)

P2(b2)

n = 2

FB∗1
= P1

FB∗2
= P2

FB∗1

FB∗2

F (p:m)
B p, m

p ≤ m ≤ n
FB

n = 2
b∗ P1(.) P2(.)
b2 b1

b P ′
2(b2)

P ′
1(b1)

P ′
1(b2) P ′

2(b1)
b∗



fB(b1, b2) = fB∗1
(b1) · fB∗2

(b2) + fB∗1
(b2) · fB∗2

(b1)
fB(b1, b2)

(P ′
2(b2)−P ′

1(b2)) · (P ′
2(b1)−P ′

1(b1)) $= 0

I I

nI

FB∗−i|bi
(.|.)/fB∗−i|bi

(.|.)

FB∗−i|bi
(.|.)/fB∗−i|bi

(.|.)

b = (b1, · · · , bp, · · · , bn)
i b∗i bp k ∈ [1, n]

n
FXi(.|Z)

R d
Z

(L/ log L)R/(2R+d+3)



(L/ log L)R/(2R+d+1)

ΣI nI!

π : I → [1, nI] π(i) = p p
i b∗i = bp

σI ⊂ ΣI σI = ΣI

σI

σI

Zl l
Il l

(Zl, Il)

(Zl, Il) FXi|Z,I(.|Zl, Il) i
Xil l

Xil = B∗
il +

FB∗−i|B∗i ,Z,I(B∗
il|B∗

il, Zl, Il)
fB∗−i|B∗i Z,I(B∗

il|B∗
il, Zl, Il)

,

Xil = B∗
il.

(Xil, Zl, Il) i ∈ Il

(d+1) (Zl, Il), l = 1, 2, · · · ,
FZ,I(., .)

fZ,I(., .)

l Xil, i ∈ Il
(Zl, Il) FXi|Z,I(.|., .) fXi|Z,I(.|., .)

i ∈ Il



(Z, I)

I Z S(∗) So(∗) ∗
I ⊂ I Il

I

i ∈ I ⊂ I

S(FXi,Z,I) = {(x, z, I) : z ∈ [z, z], x ∈ [x, x], I ⊂ I} z < z

(x, z, I) ∈ S(FXi,Z,I) fXi|Z,I(x|z, I) ≥ cf > 0 (z, I) ∈
S(FZ,I) fZ,I(z, I) ≥ cf > 0

I ⊂ I FXi|Z,I(.|., I) fZ,I(., I) R+1
S(FXi,Z,I) S(FZ,I) R ≥ 1

b
Z

FB∗i |Z,I(.|z, I)

FB∗i |Z,I(b|z, I) > FB∗i+1|Z,I(b|z, I), if b ∈ S0(fB∗i |Z,I)

i ∈ I z, I

Z



B∗

B
fBp|Z,I(.|., I) p ∈ I

fB∗i |Z,I(.|., .)

FBp|Z,I(.|., I) p ∈
I I ⊂ I

S(FBp|Z,I) S(FBp|Z,I) = {(b, z, I) : z ∈ [z, z], b ∈
[b(z, I, p), b(z, I, p)], I ⊂ I} b(z, I, p) > b(z, I, p) I, p

(b(., I, p), b(., I, p)) R + 1
[z, z] I ⊂ I p = 1, · · · , nI

b(z, I, p) = x b(z, I, p) = x
b(z, I, nI) = b(z, I, nI − 1)

(b, z, I) ∈ C(Bn) fBp|Z,I(b, z, I) ≥ cBp|Z,I > 0 C(Bn)
S0(FBn|Z,I)

(I, p) p = 1, · · · , nI FBp|Z,I(.|., I) R+1
S(FBp|Z,I) \ ({b(z, I, p)}p=1,··· ,nI−1)

(I, p) p = 1, · · · , nI C(Bp)
So(FBp|Z,I) \ ({b(z, I, p)}p=1,··· ,nI ) fBp|Z,I(.|., I)

R + 1 C(Bp)

(I, p) p = 1, · · · , nI fBp|Z,I(.|., I)
R S(FBp|Z,I) \

({b(z, I, p)}p=1,··· ,nI−1)

fBp|Z,I(.|., I)
(L/ log L)R+1/(2R+d+3)

(L/ log L)R/(2R+d+1)

nI − 2 b(z, I, p) < b(z, I, n)



b(z, I, p) p

b(z, I, p)

b(z, I, p) p

fX|Z,I(.|., .)

f
||f ||r ||f ||r,C f

r S(F ) C

||fX,Z,I(x, z, I)||R < M C(X)
S(fo

X|Z,I)
κ > 0

lim
ε→0

lim
L→+∞

inf
f̂L

sup
f∈Uε(fo

X|Z,I
)
Probf

[
(

L

log L
)

R
(2R+d+3) sup

(x,z,I)∈C(X)
||f̂X|Z,I(x|z, I)− fX|Z,I(x|z, I)||0 > κ

]
> 0

lim
ε→0

lim
L→+∞

inf
f̂L

sup
f∈Uε(fo

X|Z,I
)
Probf

[
(

L

log L
)

R
(2R+d+1) sup

(x,z,I)∈C(X)
||f̂X|Z,I(x|z, I)− fX|Z,I(x|z, I)||0 > κ

]
> 0

f̂L fX|Z,I(.|., .) (Bpl, Zl, Il) p = 1, · · · , nIl

l = 1, · · · , L Uε(fo
X|Z,I) fo

X|Z,I

Uε(fo
X|Z,I) ≡

{
f ; sup

(x,z,i)∈S(F o
X|Z,I

)
||f(x, z, I)− fo

X|Z,I(x, z, I)||0 < ε, ||f(., ., .)||R < M

}
,

M > 0

(B∗
il, Zl, Il) i ∈ Il l =



1, · · · , L

n n

Xil = B∗
il + ψi(B∗

il, Zl, Il),

ψi(., ., .)

ψi(b, z, I) =






[∑
j∈Il,j #=i

FB∗j |Z,I(B
∗
il|Zl,Il)

fB∗j |Z,I(B
∗
il|Zl,Il)

]−1

,

0,

ψi(., ., .)
B∗

il
Bpl

Bpl

B∗
il

{(Bpl, Zl, Il); p ∈ Il, l = 1, · · · , L}
p

pin[1, nI ]

F̂Bp,Z,I(b, z, I) = min

{
1

Lhd
FBp|Z

L∑

l=1

1(Bpl ≤ b)KFBp|Z

(
z − Zl

hFBp|Z

)
1(Il = I), 1

}

f̂Bp,Z,I(b, z, I) =
1

Lhd
fBp|Z

L∑

l=1

1(Bpl ≤ b)KfBp|Z

(
b−Bpl

hfBp|Z

,
z − Zl

hfBp|Z

)
1(Il = I)



hFBp|Z , hfBp|Z KFBp|Z(.) KFBp|Z(., .)

F̂ (r:r)
B,Z,I(b, z, I) f̂ (r:r)

B,Z,I(b, z, I)
r = 1, · · · , n

{FB∗i ,Z,I}1≤i≤n

r ≤ m ≤ n F̂ (r:m)
B,Z,I(b, z, I) f̂ (r:m)

B,Z,I(b, z, I)

m− r

m
F̂ (r:m)

B,Z,I (b, z, I)+
r

m
F̂ (r+1:m)

B,Z,I (b, z, I) = F̂ (r:m−1)
B,Z,I (b, z, I),∀b, z, r ≤ m− 1

m− r

m
f̂ (r:m)
B,Z,I(b, z, I) +

r

m
f̂ (r+1:m)
B,Z,I (b, z, I) = f̂ (r:m−1)

B,Z,I (b, z, I),∀b, z, r ≤ m− 1

F̂Bp,Z,I

[0, 1] F̂ (r:m)
B,Z,I(b, z, I) [0, 1]

Υ : [0, 1]n → Zn (ω1, · · · , ωn) = Υ(a0, · · · , an−1)
ω1 ≥ · · · ≥ ωn

Q(u) = un +
∑n−1

i=0 ai · (−1)n−iui Q(u) =
∏n

i=1 (u− ωi)
Υ

[0, 1]n

F̂B∗i ,Z,I(., .), i ∈ I

(F̂B∗j1
,Z,I(b, z, I), · · · , F̂B∗jnI

,Z,I(b, z, I)) = R[Υ(F̂ (n:n)
B,Z,I(b, z, I), · · · , F̂ (1:1)

B,Z,I(b, z, I))],

R[z] z I =
(j1, · · · , jnI ) j1 < · · · < jnI

b

∂Q(u)
∂b

=
nI−1∑

i=0

f (n−i:n−i)
B,Z,I (b, z, I) · (−1)n−i · ui

= −
∑

i∈I

∏

j∈I, j #=i

(
u− FB∗j ,Z,I(b, z, I)

)
· fB∗i ,Z,I(b, z, I),∀u, b, z, I

f̂B∗i ,Z,I(b, z, I) =

∑nI−1
k=0 f̂ (n−k:n−k)

B,Z,I (b, z, I) · (−1)nI−k+1 ·
[
F̂B∗i ,Z,I(b, z, I)

]k

∏
j∈I, j #=i

(
F̂B∗i ,Z,I(b, z, I)− F̂B∗j ,Z,I(b, z, I)

)



fB∗i ,Z,I So(FB∗i ,Z,I)
ψi(., ., .)

p = 1, · · · , nI

i ∈ Il

X̃ipl = B∗
pl + ψ̃i(B∗

pl, Zl, Il),

ψi(., ., .)

(B,Z, I) (Z, I)

[b(z, I), b(z, I)] B (Z, I)
b(z, I) (z, I)

b(z, I)
hδ > 0 Rd

hδ

ϑk1,··· ,kd = [k1hδ, (k1 + 1)hδ)× · · · × [kdhδ, (kd + 1)hδ),

k1, · · · , kd Zd [z, z]
I z b(z, I)

Il = I
Xl ϑk1,··· ,kd

(z) z

b̂(z, I) = sup {BnI l, l = 1, · · · , L;Xl ∈ ϑk1,··· ,kd(z), Il = I}

b̂ = inf {B1l, l = 1, · · · , L}

S(FBp,Z,I) Ŝ(FBp,Z,I) = {(b, z, I) : b ∈ [̂b, b̂(z, I)], z ∈
[z, z], I ∈ I}

b ≤ b̂ ≤ b̂(z, I) ≤ b f̂Bp,Z,I(Bpl, Zl, I)(., ., .) f̂B∗j ,Z,I(., ., .)

[̂b +
ρfBp|Z ·hfBp|Z

2 , b̂(z, I) −
ρfBp|Z ·hfBp|Z

2 ]
{X̂ipl, i ∈ Il; p =

FB∗j ,Z,I k > 1

u→ ∂kQ(u)
∂b(∂u)k−1 u = FB∗j ,Z,I(b, z, I)



1, · · · , n; l = 1, · · · , L} X̂ipl

i p Bl

X̂ipl =






Bpl+

[
∑

j $=i

f̂B∗j
(Bpl,Zl)

F̂B∗j
(Bpl,Zl)

,

]−1

b̂ + hfBp|Z ≤ Bpl ≤ b̂(Zl, Il)
+∞,

X̂ipl =

{
Bpl b̂ + hfBp|Z ≤ Bpl ≤ b̂(Zl, Il)
+∞,

fXi,Z,I(x, z, I)

Bp i

nI !
(B1l, · · · , BnI l)

π̃ ∈ ΣI

(B1l, · · · , BnI l) (B∗
1l, · · · , B∗

nl)

Prob(π̃ = π|(b1, · · · , bnI , z, I))
π

Prob(π̃ = π|(b1, · · · , bnI , z, I)) =
∏

i∈I fB∗i ,Z,I(bπ(i)|z, I)
∑

π′∈σI

∏
i∈I fB∗i ,Z,I(bπ′(i)|z, I)

·1{π ∈ σI}.

σI π̃
Pip p

i
i p

Pip =
∑

π∈σI s.t. π(i)=p

Prob(π̃ = π|(b1, · · · , bn, z, I)).

P̂l(π) P̂ipl

S0(FBp,Z,I)



P̂l(π) = π|(Bl, Zl, Il)) =
∏

i∈Il
f̂B∗i ,Z,I(Bπ(i)l|Zl, Il)

∑
π′∈σIl

∏
i∈Il

f̂B∗i ,Z,I(Bπ′(i)l|Zl, Il)
· 1{π ∈ σIl}

P̂ipl =
∑

π∈σIl
s.t. π(i)=p

P̂ rob(π̃ = π|(Bl, Zl, Il))

{(X̂ipl, P̂ipl, Zl), i = 1, · · · , n, p =
1, · · · , n, l = 1, · · · , L} fXi|Z,I(x|z, I)

f̂Xi|Z,I(x|z, I) = f̂Xi|Z,I(x, z, I)/f̂Z,I(z, I)

f̂Xi,Z,I(x, z, I) =
1

Lhd+1
fXi,Z

L∑

l=1

∑

p∈Il

P̂ipl · KfXi,Z
(
x− X̂ipl

hfXi,Z

,
z − Zl

hfXi,Z

) · 1(Il = I),

f̂Z,I(z, I) =
1

Lhd
Z

L∑

l=1

n∑

p=1

KfZ(
z − Zl

hfZ

) · 1(Il = I),

hfXi,Z
hfZ KfXi,Z

KfZ

•

KFBp|Z(.) KfBp|Z(., .) KfXi,Z
(., .) KfZ(.)

2

∫
KFBp|Z(z)dz = 1

∫
KfBp|Z(b, z)dbdz = 1 p = 1, · · · , n∫

KfXi,Z
(x, z)dxdz = 1 i = 1, · · · , n

∫
KfZ(z)dz = 1

KFBp|Z(.) KfBp|Z(., .) KfXi,Z
(., .) KfZ(.) R+1

R + 1 R R + 1

•

hFBp|Z , hfBp|Z p =
1, · · · , n hfXi,Z

i = 1, · · · , n hfZ

hFBp|Z = λFBp|Z(
log L

L
)

1
(2R+d+2) , hfBp|Z = λfBp|Z(

log L

L
)

1
(2R+d+3) ,



hfXi,Z
= λfXi,Z

(
log L

L
)

1
(2R+d+3) , hfZ = λfZ(

log L

L
)

1
(2R+d+2) ,

λ

hFBp|Z , hfBp|Z
p = 1, · · · , n hfXi,Z

i = 1, · · · , n hfZ

hFBp|Z = λFBp|Z(
log L

L
)

1
(2R+d) , hfBp|Z = λfBp|Z(

log L

L
)

1
(2R+d+1) ,

hfXi,Z
= λfXi,Z

(
log L

L
)

1
(2R+d+1) , hfZ = λfZ(

log L

L
)

1
(2R+d+2) ,

hδ = λδ( log L
L )

1
d+1

d > 0
λ

b(z, I) b X̂ipl

P̂ipl

C So(FX,Z,I)

sup
(z,I)∈[z,z]×I

|̂b(z, I)− b(z, I)| = O(
log L

L
)

1
d+1 ,

|̂b− b| = O(
log L

L
)

1
d+1

sup
i,p,l

1C(Xipl, Zl, Il)|X̂ipl −Xipl| = O

(
(
log L

L
)

R+1
(2R+d+3)

)



sup
i,p,l

1C(Xipl, Zl, Il)|P̂ipl − Pipl| = O

(
(
log L

L
)

R+1
(2R+d+3)

)

sup
i,p,l

1C(Xipl, Zl, Il)|X̂ipl −Xipl| = O

(
(
log L

L
)

R
(2R+d+1)

)

sup
i,p,l

1C(Xipl, Zl, Il)|P̂ipl − Pipl| = O

(
(
log L

L
)

R
(2R+d+1)

)

(f̂X1|Z,I(.|., .), · · · , f̂Xn|Z,I(.|., .))
L →∞ (L/ log L)R/(2R+d+3)

(fX1|Z,I(.|., .), · · · , fXn|Z,I(.|., .))
(L/ log L)R/(2R+d+1)

FX|Z,I(.|., .)

FB∗|Z,I(.|., .)

f̂Xi|Z,I(x|z, I) = f̂Xi,Z,I(x, z, I)/f̂Z,I(z, I)
hfZ f̂Z,I(z, I)



fZ,I(z, I) (L/ log L)(R+1)/(2R+d+1)

fZ,I(z, I)
f̂Xi,Z,I(x, z, I)

( log L
L )R/(2R+d+3) ( log L

L )R/(2R+d+1)

f̂Xi,Z,I(x, z, I) − fXi,Z,I(x|z, I)

f̂Xi,Z,I(x, z, I)− fXi,Z,I(x, z, I)

=
1

Lhd+1
fXi,Z

L∑

l=1

∑

p∈Il

(P̂ipl − Pipl) · KfXi,Z
(
x−Xipl

hfXi,Z

,
z − Zl

hfXi,Z

) · 1(Il = I)

+
1

Lhd+1
fXi,Z

L∑

l=1

∑

p∈Il

P̂ipl · 1(Il = I)

×
(

KfXi,Z
(
x− X̂ipl

hfXi,Z

,
z − Zl

hfXi,Z

)−KfXi,Z
(
x−Xipl

hfXi,Z

,
z − Zl

hfXi,Z

)

)

+f̃Xi,Z,I(x, z, I)− fXi,Z,I(x, z, I),

f̃Xi,Z,I

(Xi, Z, I) Xipl

Pipl

f̃Xi,Z,I(x, z, I) =
1

Lhd+1
fXi,Z

L∑

l=1

∑

p∈Il

Pipl · KfXi,Z
(
x−Xipl

hfXi,Z

,
z − Zl

hfXi,Z

) · 1(Il = I).

hfXi,Z

f̃Xi,Z,I(x, z, I) fXi,Z,I(x, z, I)
(L/ log L)R/(2R+d+1)

(L/ log L)R/(2R+d+3)

X̂ipl = Xipl

sup
p,l

1C(Xipl, Zl, Il)|P̂ipl−Pipl|·



 1
Lhd+1

fXi,Z

L∑

l=1

∑

p∈Il

KfXi,Z
(
x−Xipl

hfXi,Z

,
z − Zl

hfXi,Z

) · 1(Il = I)







C

∑

p∈I

fXip,Z,I(x, z, I) ·
∫

fXi,Z,I(x, z, I)dxdz

f̂Xi,Z,I(x, z, I)−
fXi,Z,I(x, z, I) = O(log L/L)R/2R+d+1

O(log L/L)R/2R+d+3

O(log L/L)R+1/2R+d+3

n n







i xi

bi GB−i|bi
(.|.) gB−i|bi

(.|.)

X GB−i|bi
(y|x)

1
n ·

∑n
i=1 GB−i|bi

(y|x)

GB−i|bi
(y|x) = 1

n ·
∑n

i=1 GB−i|bi
(y|x)

FB

FX FB



F ′
X FX

FB b b b > b

ε < b−b
2 [b− ε, b + ε]

[b− ε, b + ε] i x−ε
i xi x+ε

i

b− ε =βi(x−ε
i )

b =βi(xi)
b + ε =βi(x+ε

i ).

x−ε
i xi x+ε

i (i, j)

c(x1, · · · , xn; ε, i, j) ≡
∏

k $=i,j

(1{xk ∈ [x, xk]}) · 1{xi ∈ [x−ε
i , xi]}

·
(
1{xj ∈ [xj , x

+ε
j ]} − 1{xj ∈ [x−ε

j , xj ]}
)

−
∏

k $=i,j

(1{xk ∈ [x, xk]}) · 1{xi ∈ [xi, x
+ε
i ]}

·
(
1{xj ∈ [xj , x

+ε
j ]} − 1{xj ∈ [x−ε

j , xj ]}
)

γ > 0 f ′X(.) ≡ fX(.) + γ · (c(.; ε, i, j) − c(.; ε, j, i))
c

c(.; ε, i, j)
fX(.)

GB−s|bs
(x|x) gB−s|bs

(x|x) s $= j

1{xk ≤ xk,∀k $= i, j} · 1{xi ∈ [x−ε
i , xi]} ·(

1{xj ∈ [xj , x
+ε
j ]} − 1{xj ∈ [x−ε

j , xj ]}
)

GB−s|bs
(x|x)

gB−s|bs
(x|x)

GB−s|bs
(x|x) gB−s|bs

(x|x)
s = j γ γ < γ1

γ · c(.; ε, i, j)

[b − ε, b] [b − ε, b]
[b, b + ε] [b, b + ε]

[b− ε, b] [b, b + ε] [b, b + ε]
[b − ε, b] γ · c(.; ε, j, i)



f ′X(.) fX(.)
γ π

f ′X(x1, · · · , xn) = fX(xπ(1), · · · , xπ(n))
γ γ

γ < γ1 πγ

f ′γ,X(x1, · · · , xn) = fX(xπγ(1), · · · , xπγ(n)) γa γb

πγa = πγb (c(.; ε, i, j)− c(.; ε, j, i))

φ(.)
[0, 1] φ(x) > 0 x ∈ [0, 1]

∫
φ = 1

1{a ∈ [a, a]}
φ(a−a

a−a)
γ

γ

∂2log(1 +
γ · (c(x1, · · · , xn; ε, i, j)− c(x1, · · · , xn; ε, j, i))

fX(x1, · · · , xn)
)/∂xi∂xj ,

(i, j) i $= j
γ

FB∗i |Z,I FBp|Z,I

FBp|Z,I(b, z, I)
FB∗i |Z,I(b, z, I)

FB∗i |Z,I FB∗i |Z,I

S0(FBn|Z,I)\{b(z, I, i)} S0(FBi|Z,I)
FB∗i |Z,I b(z, I, i) C∞

FB∗i |Z,I FBp|Z,I

{b(z, I, i)}

FBp|Z,I

So(FBp|Z,I)
fBp|Z,I(b, z, I) FB∗i |Z,I(b, z, I)



fB∗i |Z,I(b, z, I)

fBp|Z,I(b, z, I) =
1

(p− 1)!(NI − p− 1)!

·
∑

π∈ΣI




p−1∏

i=1

FB∗
π(i)|Z,I(b, z, I) · fB∗

π(p)|Z,I(b, z, I) ·
nI∏

i=p+1

(1− FB∗
π(i)|Z,I(b, z, I))





fBp|Z,I(b, z, I) So(FBn|Z,I)
fBp|Z,I(b, z, I) b = b(z, I, p) p > 1

b = b(z, I, p) p < n

nI = 2
{1, 2} I2

fX|Z,I fX,Z,I Uε(fo
X,Z,I)

U ⊂ Uε(fo
X,Z,I)

U {fX,Z,I,mk(., ., .), k = 1, · · · ,md+1} m
L fo

X,Z,I

C∞ φ [−1, 1]d+1

∫

[−1,0]
φ(b, z)db = 0, φ(0, 0) = 0, φ′(0, 0) $= 0,

φ′ φ
CI2(B∗) C(X)

I = I2

S(fo
B∗,Z,I) (bk, zk), k = 1, · · · ,md+1

CI2(B∗) (bk, zk) (bj , zj)
j $= k (bk, zk) CI2(B∗)

λ1/m λ2 > 1/λ1

md+1



φmk(b, z) =
1

mR+1
φ(mλ2(b− bk),mλ2(z − zk)) (k = 1, · · · ,md+1)

C3

k = 1, · · · ,md+1

fB∗i ,Z,I,mk(b, z, I2) ≡
{

fo
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fo
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fB∗,Z,I,mk(b, z, I) ≡ fo
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fB∗,Z,I,mk fo
B∗,Z,I I = I2

(bk, zk) fB∗,Z,I,mk(b, z, I) C3

fo
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FB∗
3−i

,Z,I,mk(b,z,I2)

fB∗
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i = 1, 2 C3 ξi,mk(b, z), i = 1, 2
b ξ−1

i,mk(x, z)
I = I2 i = 1, 2

fXi,Z,I,mk(x, z, I2) = fB∗i ,Z,I,mk(ξ−1
i,mk(x, z), z, I2)/ξ′i,mk(ξ−1

i,mk(x, z), z)

=
fB∗i ,Z,I,mk(ξ−1

i,mk(x, z), z, I2) · (fB∗3−i,Z,I,mk(ξ−1
3−i,mk(x, z), z, I2))2

2(fB∗3−i,Z,I,mk(ξ−1
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S(fo

X,Z,I(., ., .)) S(fo
B∗,Z,I(., ., .))

C4 φ fo
B∗,Z,I(., ., .)
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||fX,Z,I,mk − fX,Z,I,mj ||0,C(X) ≥ C4 ·
C3λ2

mR
.

k = 1, · · · ,md+1

||fX,Z,I,mk − f0
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r+1
2 O(

1
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), r = 0 · · ·R− 1
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O(.) φ f0
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log L
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