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Proposed method
Iterative water!filling, E
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 !"# $% &'() *+ ,% $- % $% + . % / % $ 0. ,!1 % 2# 3 . 0$$!% $ 4 - 5$ 1 0$6!+ " 7508 4 R
 !"#$%

= 64 93 !,2:24 ; !";

+ 5!2% 7% 1 % 7

<% ,; 5 8 !2 <5$% % =. !% + , ,; 0+ !,% $0,!1 % > 0,% $? @ 77!+ " $% "0$8 !+ " 2# 3 . 0$$!% $ 2 . 5+ 2# </ ,!5+ ' *+ ?

8 % % 8 4 ,; % / $5/ 52% 8 <% ,; 5 8 8 % ,% $<!+ % 2 ,; % 2% , 5- ,0$"% , A *BC 2 !,% $0,!1 % 76 4 8 % / % + 8 !+ " 5+

,; % / % $ 2# 3 . 0$$!% $ !+ ,% $? . % 77 !+ ,% $- % $% + . % / 7# 2 + 5!2% - $5< ,; % / $% 1!5# 2 !,% $0,!5+ ' D; % $% - 5$% 4

; !"; % $ ,0$"% , A *BC 2 0$% 2% , !+ ,; % 7% 02, !+ ,% $- % $% 8 2# 3 . 0$$!% $ 2 4 >; % $% 02 ,; % <52, !+ ,% $- % $% 8

2# 3 . 0$$!% $ 2 0$% + 5, # 2% 8 ' D; % + 0, <% 8 !# < ,5 ; !"; 7508 4 !,% $0,!1 % > 0,% $? @ 77!+ " 7% 08 2 ,5 / 5 > % $

8 !1 % $"% + . % 2!,# 0,!5+ 2 ,; 0, $% 2# 7, !+ 0+ !+ . $% 02% 5- ,; % / % $. % + ,0"% 5- $% E % . ,% 8 # 2% $2 FD 03 7%

&'GH4 0+ 8 !+ 0 . 5+ 2% I# % + ,!07 8 % . $% 02% !+ ,; % / % $. % + ,0"% 5- 0. ,!1 % 2# 3 . 0$$!% $ 2 ' D; % / % $. % + ,0"%

5- $% E % . ,% 8 # 2% $2 !2 07<52, 8 !1!8 % 8 3 6 , > 5 >!,; ,; % / $5/ 52% 8 <% ,; 5 8 ' D; % 0 1 % $0" % !+ ,% $?

- % $% + . % / % $ 0. ,!1 % 2# 3 . 0$$!% $ !2 . 5</ # ,% 8 3 % - 5$% # 2% $2 0$% $% E % . ,% 8 3 6 08 <!22!5+ . 5+ ,$57' *,

9 % % / 2 !+ . $% 02!+ " >!,; ,; % 7508 F !"' &'(H >!,; !,% $0,!1 % > 0,% $? @ 77!+ "4 >; % $% 02 ,; % / $5/ 52% 8

<% ,; 5 8 7% 08 2 ,5 0+ 026</ ,5,% ' D; % J# < # 70,!1 % K% + 2!, 6  # + . ,!5+ 2 FJK H 5- ,; % !+ ,% $? . % 77

!+ ,% $- % $% + . % / % $ 0. ,!1 % 2# 3 . 0$$!% $ 0$% $% / $% 2% + ,% 8 5+  !"' &'L4 >!,; 128 0+ 8 224 # 2% $2 / % $

. % 77' D; % / $5/ 52% 8 <% ,; 5 8 + 5, 5+ 76 8 % . $% 02% 2 !+ ,% $? . % 77 !+ ,% $- % $% + . % 4 3 # , 0725 !</ $5 1 % 2 ,; %

- 0!$+ % 22 0<5+ " # 2% $24 . 5</ 0$% 8 ,5 !,% $0,!1 % > 0,% $? @ 77!+ "'

*, 2; 5# 78 3 % + 5,% 8 ,; 0, # 2!+ " ,; % E . $!,% $!5+ !+ 2,% 08 5- ,; % "0!+ . $!,% $!5+ - 5$ 2# 3 . 0$$!% $

0775 . 0,!5+ / $!5$ ,5 !,% $0,!1 % > 0,% $? @ 77!+ " 8 % . $% 02% 2 ,; % 0 1 % $0" % !+ ,% $? . % 77 !+ ,% $- % $% + . % 4 3 # ,

2,!77 7% 08 2 ,5 / 5 > % $ 8 !1 % $"% + . % 2!,# 0,!5+ 2' J$!,% $!5+ E 0725 !+ . $% 02% 2 - 0!$+ % 22 0<5+ " # 2% $24

% 2/ % . !0776 0, ; !"; 7508 '

*- � !2 2% , ,5 10 3
!+ 2,% 08 5- 04 ,; % $% E % . ,!5+ $0,% 27!"; ,76 !+ . $% 02% 2 3 6 # / ,5 2% 0, ; !";

7508 4 0+ 8 ,; % / % $. % + ,0"% 5- 0. ,!1 % 2# 3 . 0$$!% $ 2 !+ . $% 02% 2 0, 75 > 7508 ' *+ 8 % % 8 0, 75 > 7508 4 ,; %

/ $5/ 52% 8 <% ,; 5 8 !2 ,; % + % I# !1 07% + , ,5 !,% $0,!1 % > 0,% $? @ 77!+ " !+ <52, . 02% 24 0+ 8 ,; # 2 8 5 % 2

+ 5, 7% 08 ,5 0+ 6 $% 25# $. % . 5+ 2# </ ,!5+ "0!+ '



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 40( 5$ & ' " 03 ,& ($ +3 '/ . ,'(,

!125 !120 !115 !110 !105 !100 !95 !90
0

10

20

30

40

50

60

70

80

90

100

Inter!cell interference per active subcarrier (dBm)

C
D

F

Proposed method
Iterative WF, E
Iterative WF, G

!125 !120 !115 !110 !105 !100 !95 !90 !85 !80
0

10

20

30

40

50

60

70

80

90

100

Inter!cell interference per active subcarrier (dBm)

C
D

F

Proposed method
Iterative WF, E
Iterative WF, G

 !"# $% &'() *+ ,- !. /% $0 1 % 22 !. /% $- % $% . 1 % 3 % $ 41 /!5 % 6# 7 1 4$$!% $ 8 R
 !"#$%

= 64  ! "#$%$& 128
'() * #+ ,- . 224 '/"01 #+ 2 $) /$ 3 ) / 4 ) ((

 !  ! " # $ % &$'() *)+ )*

5- #1 "$ $) 4 #"6- & 6- (7 #1 ) #1 ) /8,( - 6"$) 9"#1 $3 ) 4 #/,( . ) - $"# 7 ) :2 ,( #6  174 . ;8%<= "$

4 6- $". ) /) . > ?(( 2 $) /$ /) :2 "/) , 8"- "8 2 8 . ,#, /,#) 6* 128  ! "#$%$> @$) /$ #1 ,# . 6 - 6# /) ,4 1

#1 ) "/ #,/0) # . ,#, /,#) ,/) /) A ) 4 #) . > B ) ) C ,(2 ,#) #1 ) "- D 2 ) - 4 ) 6* � 3 ,/,8) #) /& ! 7 #) $#"- 0

� 2
�

10 3; 5:10 3; 10 2
	

>

E ,! () F>GH I,$) $ 91 ) - E 4 /"#) /"6- "$ - 6# /) () C ,- # 'J+& R
 !"#$%

= 128  ! "#$%$& (6 9 - 6"$) () C ) (

N
& '$"'

96 128 160 192 224

%E - 6# 2 $) . & � = 10  3
KK>L KF>M LM>N ON>K ON>K

%E - 6# 2 $) . & � = 5 :10 3
PQQ KK>N NL>P FL>L FO>O

%E - 6# 2 $) . & � = 10  2
PQQ PQQ KM>Q FN>F FF>K

E1 ) 3 /6! ,! "("# 7 6* - 6# 2 $"- 0 4 /"#) /"6- E "$ $1 6 9- "- E ,! () F>G> I/"#) /"6- E "$ ,(86$#

- ) C ) / #/"00) /) . 91 ) - #1 ) (6,. "$ (6 9 ) / #1 ,- 96 2 $) /$ 3 ) / 4 ) ((> 5# "$ 2 $) . "- 51% 6* #1 )

4 ,$) $ ,# 86$#& ,# 1 "01 (6,. > E1 ) 3 ) /4 ) - #,0) 6* /) A ) 4 #) . 2 $) /$ "$ /) 3 /) $) - #) . 6- R"0> F>F>

B "#1 "#) /,#"C ) 9 ,#) /S T (("- 0& "# "- 4 /) ,$) $ C ) /7 /,3 ". (7 91 ) - #1 ) (6,. ) U4 ) ) . $ 160 2 $) /$ 3 ) /

4 ) ((& 9"#1 , 8,U"8 2 8 6* 69% 6* /) A ) 4 #) . 2 $) /$ 91 ) - $2 ! 4 ,//") / ,((6 4 ,#"6- "$ 3 ) /* 6/8) . 9"#1

4 /"#) /"6- G > E1 ) 3 ) /* 6/8,- 4 ) /) $2 (#$ 6* #1 ) 3 /63 6$) . 8) #1 6 . . ) 3 ) - . 6- � > 5* � "$ $) # #6

10 3
& 4 /"#) /"6- E "$ #/"00) /) . ,# 8) . "2 8 (6,. ! ) * 6/) 3 6 9 ) / . "C ) /0) - 4 ) ! ) 4 68) $ ,- "$$2 ) &

() ,. "- 0 #6 , /) A ) 4 #"6- /,#) 6* 6:5% * 6/ 160 2 $) /$ 3 ) / 4 ) ((> ? # #1 "$ (6,. 1 6 9 ) C ) /& 2 $) /$ ,/)

- 6# /) A ) 4 #) . 7 ) # ! 7 "#) /,#"C ) 9 ,#) /S T (("- 0& "* 4 /"#) /"6- E "$ 2 $) . * 6/ $2 ! 4 ,//") / ,((6 4 ,#"6- >

I6- $) :2 ) - #(7 � = 10  3
"$ #6 6 /) $#/"4 #"C ) "- #1 ,# 4 ,$) & ,- . () ,. $ #6 2 $) () $$ 2 $) /$V /) A ) 4 #"6- $>

W- #1 ) 4 6- #/,/7 & "* � "$ $) # #6 10 2
& 4 /"#) /"6- E "$ - 6# #/"00) /) . 6* #) - ) - 62 01 & ,- . #1 )

/) A ) 4 #"6- /,#) ,# 1 "01 (6,. /) ,4 1 ) $ 34:3%> � = 5 :10 3
"$ , 06 6 . #/,. ) S 6X& #1 ,# , C 6". $ 2 $) () $$

/) A ) 4 #"6- $ ,# 8) . "2 8 (6,. & ,$ 9 ) (( ,$ 3 6 9 ) / . "C ) /0) - 4 ) $"#2 ,#"6- $ ,# 1 "01 (6,. > B "#1 #1 "$

C ,(2 ) & #1 ) /) A ) 4 #"6- /,#) "$ () $$ #1 ,- 25% ,# ,- 7 (6,. > 5# $1 62 (. ! ) - 6#) . #1 ,# 9 ) 6- (7 - ) ) .

#6 4 6- $". ) / 4 /"#) /"6- E "- 45:5% 6* #1 ) 4 ,$) $& ,- . 7 ) # , 0,"- 6* 44% "- /) A ) 4 #"6- /,#) "$



 !  "# $%&'() * &%+# *, + -.

32 64 96 128 160 192 224
0

10

20

30

40

50

60

70

Number of users per cell

P
er

ce
nt

ag
e 

of
 r

ej
ec

te
d 

us
er

s 
(%

)
Proposed method, delta = 0.001
Proposed method, delta = 0.005
Proposed method, delta = 0.01
Iterative water!filling, E
Iterative water!filling, G

 !"# $% &'&( ) % $* % + ,-"% ./ $% 0 % * ,% 1 # 2% $23 / .$ 4 -$5!+ " 6.-1 3 R
 !"#$%

= 128 78 !,2923 6. : + .!2%

6% 4 % 6

32 64 96 128 160 192 224
20

30

40

50

60

70

80

90

100

Number of users per cell

P
er

ce
nt

ag
e 

of
 a

ct
iv

e 
su

bc
ar

rie
rs

 (
%

)

Proposed method, delta= 0.001
Proposed method, delta= 0.005
Proposed method, delta= 0.01
Iterative water!filling, E
Iterative water!filling, G

 !"# $% &';( ) % $* % + ,-"% ./ -* ,!4 % 2# 8 * -$$!% $ 2 3 / .$ 4 -$5!+ " 6.-1 3 R
 !"#$%

= 128 78 !,2923 6. :

+ .!2% 6% 4 % 6



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 40( 5$ & ' " 03 ,& ($ +3 '/ . ,'(,

32 64 96 128 160 192 224
!135

!130

!125

!120

!115

!110

!105

!100

!95

!90

Number of users per cell

A
ve

ra
ge

 in
te

r!
ce

ll 
in

te
rf

er
en

ce
 p

er
 a

ct
iv

e 
su

bc
ar

rie
r 

(d
B

m
)

Proposed method, delta = 0.001
Proposed method, delta = 0.005
Proposed method, delta = 0.01
Iterative water!filling, E
Iterative water!filling, G

 !"# $% &'() *+ ,% $- % $% + . % / % $ 0. ,!1 % 2# 3 . 0$$!% $ 4 - 5$ 1 0$6!+ " 7508 4 R
 !"#$%

= 128 93 !,2:24 75 ;

+ 5!2% 7% 1 % 7

53 ,0!+ % 8 ' <= !2 2= 5 ;2 ,= 0, ,= % >0!+ !22# % !2 ,5 0 1 5!8 ,= 0, ,= % / 5 ; % $ 5- 25>% # 2% $2 8 !1 % $"% 24

;= !. = $% 2# 7,2 !+ >0+ 6 5,= % $ # 2% $2 3 % !+ " 0?% . ,% 8 @ 0+ 8 !+ ,# $+ !+ . $% 02!+ " ,= % !$ / 5 ; % $ 7% 1 % 72

;!,= 5# , 3 5# + 8 ' <= % "0!+ 3 $5# "= , 3 6 5# $ / $5/ 52% 8 >% ,= 5 8 !2 = !"= % $ = % $% ,= 0+ !+ ,= % = !"=

+ 5!2% 2. % + 0$!54 ;= % $% ,= % + 5!2% 7% 1 % 7 >!,!"0,% 2 / 5 ; % $ 8 !1 % $"% + . % A2 !+ B # % + . % ' <= % / % $. % + ,0"%

5- 0. ,!1 % 2# 3 . 0$$!% $ 2 !2 $% / $% 2% + ,% 8 5+  !"' &'C' D , 75 ; 7508 4 ,= % / $5/ 52% 8 >% ,= 5 8 !2

% E# !1 07% + , ,5 !,% $0,!1 % ; 0,% $@ F 77!+ " ;!,= . $!,% $!5+ E - 5$ 2# 3 . 0$$!% $ 0775 . 0,!5+ ' G !,= !,% $0,!1 %

; 0,% $@ F 77!+ "4 ,= % / % $. % + ,0"% 5- 0. ,!1 % 2# 3 . 0$$!% $ 2 $0/ !8 76 8 % . $% 02% 24 - 5775 ;!+ " ,= % !+ ,% $@ . % 77

!+ ,% $- % $% + . % !+ . $% 02% ,= 0, 7% 08 2 ,5 # 2% $2A $% H % . ,!5+ I2% %  !"' &'(J'

 !+ 0776 4 ; % . 0+ + 5,!. % ,= 0, ,= % !+ B # % + . % 5- ,= % . $!,% $!5+ . = 52% + - 5$ 2# 3 . 0$$!% $ 0775 . 0,!5+

$% >0!+ 2 E# !,% !>/ 5$,0+ ,' K 0L!>!M !+ " E !+ 2,% 08 5- ,= % 8 !$% . , . = 0+ + % 7 "0!+ G !+ 2# 3 . 0$$!% $

0775 . 0,!5+ 8 % . $% 02% 2 ,= % $% H % . ,!5+ $0,% 0+ 8 ,= % !+ ,% $@ . % 77 !+ ,% $- % $% + . % 7% 1 % 7 0, 0+ 6 7508 '

 ! " #$% & '( ) *$%

*+ ,= !2 . = 0/ ,% $4 ; % = 0 1 % 2,# 8 !% 8 $% 25# $. % 0775 . 0,!5+ - 5$ N O # 2% $2 !+ P *P Q > # 7,!@ . % 77 Q RK D

+ % , ; 5$92' D 8 !2,$!3 # ,% 8 . 5+ 1 % $"% + . % . $!,% $!5+ - 5$ / 5 ; % $ . 5+ ,$57 5+ ,= % !+ ,% $- % $% + . % . = 0+ + % 7

= 02 3 % % + 53 ,0!+ % 8 ' S02% 8 5+ ,= !2 . $!,% $!5+ 4 ; % = 0 1 % / $5/ 52% 8 0 >% ,= 5 8 ,= 0, 8 % ,% $>!+ % 2

,= % ,0$"% , P *TN / % $ # 2% $ 0+ 8 / % $ 2# 3 . 0$$!% $ 4 ;= !. = % + 2# $% 2 ,= 0, ,= % 8 !2,$!3 # ,% 8 / 5 ; % $

. 5+ ,$57 5 1 % $ % 0. = 2# 3 . 0$$!% $ !2 - % 02!3 7% 0+ 8 . 5+ 1 % $"% 2 ,5 ; 0$8 ,= % "753 07 5/ ,!> # >4 ;= !7%

- # 7F 77!+ " ,= % 8 0,0 $0,% $% E# !$% >% + , 5- % 0. = # 2% $' <= % . 5+ 1 % $"% + . % . $!,% $!5+ !2 # 2% 8 5+

,= % 2# 3 . 0$$!% $ 2 ;= % $% !+ ,% $@ . % 77 !+ ,% $- % $% + . % !2 ,= % 7!>!,!+ " - % 0,# $% 4 !+ 0+ 08 0/ ,!1 % ; 0 6 '

<= !2 >% ,= 5 8 $% E# !$% 2 0+ !,% $0,!1 % !>/ 7% >% + ,0,!5+ 0+ 8 >0 6 3 % / % $- 5$>% 8 ;!,= !+ % 0. = <<*4

022# >!+ " ,= 0, !,% $0,!5+ 2 - 5$ 0 F L% 8 . = 0+ + % 7 2,0,% $# + 5 1 % $ ,= % ,!>% 275,2' T# >% $!. 07 $% 2# 7,2

2= 5 ; ,= 0, ,= % / $5/ 52% 8 >% ,= 5 8 0 1 5!8 2 / 5 ; % $ 8 !1 % $"% + . % 2!,# 0,!5+ 2 0+ 8 !2 1 % $6 % U. !% + ,

;= % + . 5>/ 0$% 8 ,5 !,% $0,!1 % ; 0,% $@ F 77!+ "4 0, >% 8 !# > ,5 = !"= 7508 ' *, !2 0725 2= 5 ;+ ,= 0,



 ! " # $% &'( )*$% + 

 !"# #$ #% & '( ) * +% , ) -&) % * ) * + ) .* #) % ' E /#'( #% 01 2 * !--#) - !33+ * !'#+% #0 4 !-  +-) ) .* #) % '

'( !%  !"# #$ #% & '( ) * ( !% % ) 3 &!#% * + ) .* #) % '5 6#% !337 8 +1 - 9 -+9 +0) :  ) '( + : !* * 1 -!') 37

0* !3) 0 /#'( '( ) #% ') -; * ) 33 #% ') -4 ) -) % * ) 3) , ) 3 !% : #0 '( 1 0 , !3#: !' !% 7 3+!: 5 <' #0 * +% 0) =1 ) % '37

! -) 3) , !% ' !3') -% !'#, ) '+ #') -!'#, ) / !') -; > 33#% & #% : #0'-#2 1 ') : % ) ' / +-?05

@ ) ( ! , ) 0) ) % #% '( #0 * ( !9 ') - '( !' A B -) 0+1 -* ) !33+ * !'#+% #%  1 3'#; * ) 338  1 3'#; * !--#) - C <C D

* +  1 % #* !'#+% 070')  08 /( ) % 4 1 33 EC < #0 ! , !#3!2 3) !' '( ) '-!% 0 #'') -8 * !% 2 ) 0+3, ) : /#'( +1 '

 !?#% & !% 7 0# 9 3#4 7#% & !001  9 '#+% 5 F+ / ) , ) -8 '( #0 * +% * 31 0#+% #0 % + 3+% &) - , !3#: 4 +- A <A D

9 +#% '; '+; 9 +#% ' '-!% 0 #00#+% 05 <% : ) ) : 8 9 + / ) - !33+ * !'#+% 0( +1 3: '( ) % #% , +3, ) '( ) : #G) -) % '

A <A D 0'-) ! 08 2 1 ' '( ) 0'-) ! 0H : #!&+% !3#$ ! '#+ % 2 !0) 0 : #G) - 4 -+ +% ) #% ') -4 ) -#% & * ) 33 '+

'( ) +'( ) -5 I) 0#: ) 08 -) '-#) ,#% & !33 EC < !' '( ) '-!% 0 #'') - #% , +3, ) 0 4 !-  +-) 0#&% !3#% & '( !% #%

C <C D8 0+ / ) 0( +1 3: !30+ * +% 0#: ) - '( ) * !0) 0 /( ) -) 4 1 33 EC < #0 % +' ! , !#3!2 3) !' '( ) '-!% 0 #'') -5

@ ) /#33 #% , ) 0'#&!') '( ) 0) #001 ) 0 #% '( ) 4 +33+ /#% & * ( !9 ') -5



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 40( 5$ & ' " 03 ,& ($ +3 '/ . ,'(,

 !!"# $%&

'(  !)* *+ *+ , * - .) / *0 1)*2 / *0 3 .)4.0 / . / *0 5 1)670 1 *0 18 .

70 1.)+ .).0 / . / 8 60 0 .2

 ! " # $ % &' $() ! * ) ($"*(+ # "! ) , & - ! * % &' "*&. (' $# + % /**(! * l 0 -1 ! *! "1 ! "/*2! " 3 456 , ! * # $! * k 0


 l
k 0 ($ 7' & -' 8 91 ! : &..& -(' 2 , & - ! * ; /.# ! ($ $! " : &* # $! * k + < ("$ $! *;(' 2 =3 >

P l
k =


 l
k

Gl
k;k

0

@N0 +
N

 !X

f n =1 ;n 6= kg

P l
n Gl

n;k

1

A
?@8ABC

 ! " P l
(0) =

h
P l

1;(0) ; :::; P l
N

 !

;(0)

i 0
+ ! "1 ! ; ! % "&* &: (' ("(/. , & - ! * ; /.# ! $8 D " $"! , T 0 , & - ! *

($ # , ) /"! ) /% % &*) (' 2 "& "1 ! (' "! *E % ! .. (' "! *: ! *! ' % ! F! /$# *! ) (' "1 ! , *! ;(&# $ $"! , 0 T  18

91 ! *! : &*! 0 P l
(T ) =

h
P l

1;(T ) ; :::; P l
N

 !

;(T )

i 0
% /' + ! -*(""! ' /$>

P l
(T ) = ( D l F l )P l

(T  1) + v l
?@8GHC

-1 ! *! v l
/' ) D l F l

1 / ; ! + ! ! ' , *! ;(&# $.< ) ! I ' ! ) 8

4"! */"(' 2 & ; ! * P l
% &' $! J# ! ' ".< .! /) $ "&>

P l
(T ) = ( D l F l )T P l

(0) +

 
T  1X

t =0

(D l F l )t

!

v l
?@8GAC

K *&F LMGN0 "1 ($ 5! # F/' $! *(! $ % &' ; ! *2! $ "& - /*) (I N
 !

 D l F l ) 1v l
(: /' ) &' .< (: � (D l F l ) <

10 /' ) 0 : *&F "1 ! O ! **&' E K *& + ! ' (# $ "1 ! &*! F0 (: D l F l
($ ' &' ' ! 2/"(; ! /' ) (**! ) # % (+ .! 0 "1 ! '

(I N
 !

 D l F l ) 1v l > 08

D$ / % &' $! J# ! ' % ! 0 (: � (D l F l ) < 10 "1 ! ' P l
(k ) 1 /$ / $"*(% ".< , &$("(; ! .(F(">

.(F T ! + 1 P l
(T ) = ( I N

 !

 D l F l ) 1v l
?@8GGC

91 ! *! : &*! 0 "1 ! ("! */"(; ! 0 ) ($"*(+ # "! ) , & - ! * % &' "*&. .! /) $ "& "1 ! 2.&+ /..< &, "(F/. $&.# "(&' (:

/' ) &' .< (: "1 ! $<$"! F ($ : ! /$(+ .! 8

'( 9 !)* *+ *+ : .;;6 '( <( =

P# * /(F ($ "& &+ "/(' /' (' ) # % ! ) ' &*F -1 &$! &*(2(' /. ; ! % "&* ' &*F ($ ) ! I ' ! ) /$ kxk =
F/Q f 1� k � N

 !

gf (xk ) 0 -1 ! *! f ($ / R+ 7! R : # ' % "(&' 8 91 ! ; ! % "&* ' &*F $1 &# .) + ! , &$("(; !

) ! I ' ("! 8 R&' $! J# ! ' ".< f (0) = 0 0 /' ) f F # $" + ! /' (' % *! /$(' 2 : # ' % "(&' 8 91 ! , &$("(; ! 1 &E

F&2! ' ! (" < % *("! *(&' $"/"! $ "1 /" : &* /' < � (' R+ 0 /' ) /' < x 0 k� xk = � kxk 8 R&' $! J# ! ' ".<

f (�x k ) = �f (xk ) : &* /' < � /' ) xk (' (R+ ; R+ ) 8  ! " # $ /$$# F! "1 /" f ($ " -(% ! ) (S! *! ' E

"(/+ .! (' R+ 8 91 ($ /$$# F, "(&' ($ J# ("! *! /$&' / + .! /$ F&$" ' &*F : # ' % "(&' $ /*! , &.<' &F(/.$8

T! *(;(' 2 &' % ! -("1 *! 2/* ) "& xk /' ) "1 ! ' &' % ! -("1 *! 2/* ) "& � , *& ;() ! $> xk f
00
(�x k ) = 0

: &* /' < (�; x k ) 8 R&' $! J# ! ' ".< f
00
(xk ) = 0 ; 8xk 0 /' ) f ($ / .(' ! /* : # ' % "(&' 8 D$ f (0) = 0 0 f

($> f (xk ) = �x k -1 ! *! � 2 R+ 8

91 ! (' ) # % ! ) F/"*(Q ' &*F ($ ! J# /. "&>




 D l F l




 = F/Q

( 


 D l F l x






kxk
: x 2 RN

 !

+ ; x 6= 0

)



 ! " # $%& ' ($ ) $* + $ , -. / %%$ 0/ ' ( $ ) 1  ! 234 56

 ! " #$ !%&$ % � &' ' ( &)! *$ + #%, $ - .( )&%#) &$ / / ( $ #.*$ &%#)0 %, ( *$ / - " ( / .&%)*1 $ #). *!2




 D l F l




 = .&1 f 1� k � N

 !

g

N
 !X

n =1

(D l F l )(k;n )

3, *! $ #). *! / ( 4 $ ( / &! %, ( *$ 4 $ *% 5 $ #). 6 #) .&%)*" ( ! *$ RN
 !

+ 7

 ! " # $%& '($) $* + $ , -. /%%$ 0 /'($) 1 ! 234

3, ( 8 &9)& $ 9 *& $ #6 ' )#+ :( . ;<7=>? *!2

L(
 k ; �; � ; � ) =
X

l 2 � k


 l
k

 
I l

k

Gl
k;k

!

+
� log(2)

B
 !

 

Rk; "#$%&"

 
X

l 2 � k

log2(1 + 
 l
k )

!

 
X

l 2 � k

� l 
 l
k +

X

l 2 � k

� l (� l
k )+ "


 l
k  E l

k + �
�

;<7@A?

B , ( )( �; � ; � &)( 8 &9)& $ 9 ( . - :%*' :*( )!0 &$ / � *! & !.&:: C &:- ( %, &% *! - !( / %# & C #*/ E l
k = 
 l

k

*$ &:: " &!( !7

� l (� l
k )+

*! !( % %# 0 *6 E l
k � l

k < � 0 &$ / *! & ' #!*%*C ( C &:- ( *6 E l
k � l

k � � 7

@L(
 k ; �; � ; � )
@
lk

=
I l

k

Gl
k;k

 
�

(1 + 
 l
k )

 � l + � l (� l
k )+

;<7@D?

3, ( EE3 " #$ / *%*#$ ! *.' #!( %, &%

@L(
 k ;�; � ;� )
@
lk

= 0 7 � l
*! & !:&" F C &)*&+ :( %, &% " &$ + ( !( % %#

G ( )# H@DI7 J )#. %, ( EE3 " #$ / *%*#$ � l (� l
k )+ � 0 &$ / ( K- &%*#$ ;<7@D?0 L ( 9( % 2

� �
(1 + 
 l

k )I l
k

Gl
k;k

;<7@<?

 $ #%, ( ) EE3 " #$ / *%*#$ *! � l (� l
k )+

"

 l

k  E l
k + �

�
= 0 7 M6 � l (� l

k )+ > 00 %, ( $

"

 l

k  E l
k + �

�
=

07 M$ %, &% " &!( 0 %, ( !#:- %*#$ *! 
 l
k = E l

k  � 7

M6 � l (� l
k )+ = 0 0 %, ( $ � = (1+ 
 l

k ) I l
k

G l
k;k

0 &$ / %, ( !#:- %*#$ *! 
 l
k =

�
�

�
G l

k;k

I l
k

�
 1

� +

0 L, ( )( %, (

' #!*%*C*% 5 " #$ !%)&*$ % " #.( ! 6 )#. ( K- &%*#$ ;<7@<?7

N#$ !( K- ( $ %:5 0 %, ( !#:- %*#$ *!2

� M6 E l
k � l

k � � 2


 l
k = .*$

8
<

:

#

�

 
Gl

k;k

I l
k

!

 1

$+

; E l
k  �

9
=

;
;<7@>?

� M6 E l
k � l

k < � 2


 l
k =

#

�

 
Gl

k;k

I l
k

!

 1

$+

;<7@O?

B , ( )( � *! / ( 4 $ ( / !# &! %# 6 - :4 :: %, ( / &%& )&%( " #$ / *%*#$

P
l 2 � k

B
 !

log2(1+ 
 l
k ) = Rk; "#$%&"

7



  ! " # $ % &' ( )*+% '*, - % &. '&+/- '0& # 11/ 0# % * / 2 3/' 4# % & ! /2 +% '# *2 &. - +&'+



 !" #$%& '

 !" #$!%&#'( $'" )&$*' +,,) *+#!)- !-

. / . 0 -'# 1 )$2"

 ! " #$ %&' ( ) * %+'$

 ! "# $ ! %& '( ) ( *'( + , # '! ( )( #- .'# / )01 2! %& '( ) 3 0+ , "#')"4 - '( , 5 6 )( #0- )$ ( %..0 $ %'"0+ / 0)

7 2 - #( )# '0 '! ( 8 ( )09 1( %+ "+ , ( & ( + , ( + ' %+ , ", ( + '"$ %..: , "#')"4 - '( , ;"<"<, <= 5 >5 ? $ ! %+ + ( .<

@%$ ! ')%+ #1"''( ) "# ( A- "& & ( , B"'! nt ')%+ #1"' %+ '( + + %#C %+ , ( %$ ! )( $ ( "D ( ) "# ( A- "& & ( , B"'!

nr )( $ ( "D ( %+ '( + + %#< 5 >5 ? ')%+ #1"##"0+ "+ $ )( %#( # '! ( & 0"+ '9 '09 & 0"+ ' , %'% )%'( '! %+ E# '0

'! ( %, , "'"0+ %. , ( F)( ( # 0/ / )( ( , 01 0/ '! ( $ ! %+ + ( .C $ 01& %)( , '0 G >G ? ')%+ #1"##"0+ <  ! (

'%)F( ' , %'% )%'( 0/ 7 2 - #( )# $ %+ $ 0+ #( A- ( + '.: 4 ( )( %$ ! ( , B"'! / ( B ( ) & 0 B ( ) $ 0+ #- 1& '"0+ <

2! %& '( ) 3 ! %# #! 0 B+ '! %' "+ '( )9 $ ( .. "+ '( )/ ( )( + $ ( $ %+ ( H$ "( + '.: 4 ( 1"'"F%'( , / 0) 7 2 - #( )# "+

, "#')"4 - '( , + ( ' B 0)E#C 4 : $ 0+ #", ( )"+ F % & 0 B ( ) $ 0+ ')0. $ 0+ D ( )F( + $ ( $ 0+ #')%"+ '<

7 ( #0- )$ ( %..0 $ %'"0+ "+ 5 >5 ? ?IJ5 6 , ( & ( + , # 0+ B! ( '! ( ) 2G > "# % D %".%4 .( %' '! ( ')%+ #9

1"''( ) ;2G > =<  ! ( ')%+ #1"''( ) ! %# / - .. 2G > "/ "' E+ 0 B# %.. / %#' / %, "+ F $ 0 ( H$ "( + '# / )01 ( %$ !

')%+ #1"' %+ '( + + % '0 ( %$ ! )( $ ( "D ( %+ '( + + %C 0+ '0& 0/ '! ( #'%'"#'"$ %. $ ! %+ + ( . "+ / 0)1%'"0+ C & %'!

.0## %+ , #! %, 0 B"+ F< >+ '! %' $ %#( C "' "# + ( $ ( ##%): '0 , ( '( )1"+ ( '! ( ' :& ( 0/ & )( $ 0 , "+ F %+ ,

, ( '( $ '"0+ )( A- ")( , '0 1%E ( '! ( 4 ( #' - #( 0/ '! ( $ ! %+ + ( .C B! ".( 1%+ %F"+ F "+ '( )9 $ ( .. "+ '( )/ ( )9

( + $ ( C %+ , ."1"'"+ F '! ( $ 01& .( *"' : 0/ '! ( ')( %'1( + '#< I 0) '! %' & - )& 0#( C B ( 0+ .: $ 0+ #", ( )

."+ ( %) & )0 $ ( ##"+ FC %' ')%+ #1"''( ) %+ , )( $ ( "D ( )<  ! ( ."+ ( %) ')%+ #1"''( ) #! 0- ., )( #- .' / )01 %+

0& '"1"8 %'"0+ 0/ & 0 B ( ) %..0 $ %'"0+ 0+ 4 0'! #- 4 $ %))"( ) # %+ , #')( %1#<

>/ 0+ .: '! ( #'%'"#'"$ %. & )0& ( )'"( # 0/ '! ( $ ! %+ + ( . %)( E+ 0 B+ %' ')%+ #1"''( )C '! ( 0- '%F( & )04 %9

4 "."' : %+ , '! ( $ 0))( #& 0 + , "+ F 0- '%F( $ %& %$ "' : %)( - #( , "+ '! ( 5 6 )( #0- )$ ( %..0 $ %'"0+ & )04 .( 1<

 ! ( 1%"+ "##- ( "# '! ( + '0 04 '%"+ %+ %& & )0 *"1%'( %+ %.:'"$ %. ( *& )( ##"0+ 0/ '! ( 0- '%F( $ %& %$ "' : <

 ! "# %& & )0 *"1%'"0+ #! 0- ., ( + %4 .( - # '0 #0.D ( & 0 B ( ) %..0 $ %'"0+ ( H$ "( + '.: "+ ( %$ ! "'( )%'"0+ <

K ( '! ( )( / 0)( %"1 %' 04 '%"+ "+ F '! ( 0- '%F( $ %& %$ "' : %# % $ 0+ $ % D ( / - + $ '"0+ 0/ '! ( LG & 0 B ( )C

"+ 0), ( ) '0 #0.D ( '! ( & 0 B ( ) %..0 $ %'"0+ & )04 .( 1 B"'! $ 0+ D ( * 0& '"1"8 %'"0+ '( $ ! + "A- ( #<

MN



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 +3 4546 3 '& 7 0(8,

 ! " # ! $% &" ' ( ')& * " &$+,) &! " )&$&" -. &! " $'& -/ 0 -&! &-% +# )1 2 % " # +( # $,,3 4 5 " '" 6+" 5 &! "

7" &! - * ) % '-% -)" * . -' '" )-8 '# " $,,- # $&+-/ +/ &! " . 8 ,, 92 : # $)" 5+&! ,+/ " $' % '- # " ))+/ ;4 $/ *

* " &$+, &! " $/ $,3&+# $, " <% '" ))+-/ ) -. &! " -8 &$;" # $% $# +& 3 4 5! " &! " ' " <$# & -' $% % '- <+7$&" 4 &! $&

! $ 6 " 0 " " / -0 &$+/ " * +/ &! " ,+&" '$&8 '" 8 % &- / - 51  ! " ;" / " '$, . '$7" 5 -'= . -' > ? '" )-8 '# "

$,,- # $&+-/ +) * " )# '+0 " * +/ 2 " # &+-/ @1A1  ! " )$7" * " # -7% -)+&+-/ 7" &! - * -. &! " -'+;+/ $, > ?

% '-0 ," 7 +) 8 )" * $) +/ &! " % '" 6+-8 ) # ! $% &" ')4 / $7" ,3 4 )" % $'$&+-/ -. )8 0 # $''+" ' $/ * % - 5 " ' $,,-B

# $&+-/ )4 $/ * * " # -7% -)+&+-/ -. '" )-8 '# " $,,- # $&+-/ % " ' C2 4 5+&! +&" '$&+6 " % - 5 " ' # -/ &'-, - 6 " '

C2 )1  ! " $* $% &" * 7" &! - * . -' % - 5 " ' $,,- # $&+-/ 4 * " % " / * +/ ; -/ &! " $ 6 $+,$0 +,+& 3 -. 92 : 4 +)

&! " / * " '+6 " * 1 :/ 2 " # &+-/ @1D4 &! " > ? '" )-8 '# " $,,- # $&+-/ % '-0 ," 7 5+&! . 8 ,, 92 : +) &'" $&" * 1

E - 5 " ' -% &+7+F $&+-/ +) % " '. -'7" * -/ $,, )8 0 # $''+" ' ) $/ * )&'" $7)1 2 +7+,$',3 &- &! " 2 :2 G # $)" 4

$ * +)&'+0 8 &" * # -/ 6 " ';" / # " # '+&" '+-/ E +) * " &" '7+/ " * % " ' 8 )" ' $/ * )8 0 # $''+" ' 1 :& +) $/ $% B

% '- <+7$&" 8 % % " ' 0 -8 / * 4 $) +& +) / -& % -))+0 ," &- * +$;-/ $,+F " $,, +/ &" '. " '+/ ; # ! $/ / " ,) +/ &! "

)$7" 0 $)+)1 9'+&" '+-/ E +) +/ # ,8 * " * +/ % - 5 " ' # -/ &'-,4 $) $/ 8 % % " ' 0 -8 / * -/ &! " $# ! +" 6 $0 ,"

* $&$ '$&" % " ' )8 0 # $''+" ' 1

:/ 2 " # &+-/ @1H4 &! " > ? '" )-8 '# " $,,- # $&+-/ % '-0 ," 7 +) )&8 * +" * 4 5! " / -/ ,3 &! " )&$&+)&+# $,

% '-% " '&+" ) -. &! " # ! $/ / " , $'" =/ - 5/ $& &'$/ )7+))+-/ 1 ?/ $% % '- <+7$&" $/ $,3&+# $, " <% '" )B

)+-/ -. &! " -8 &$;" # $% $# +& 3 +) * " '+6 " * 1 :& +) &" )&" * 5+&! )" 6 " '$, $/ &" / / $ # -/ ( ;8 '$&+-/ ) 4 $/ *

+) )! - 5/ &- 0 " 6 " '3 # ,-)" &- &! " -8 &$;" # $% $# +& 3 -0 &$+/ " * 5+&! > -/ &" B 9$',- )+7 8 ,$&+-/ )4

$& % '$# &+# $, -8 &$;" $/ * 2 IJ 6 $,8 " )1 :& " <% '" ))" ) &! " -8 &$;" # $% $# +& 3 . -' $ ( <" * -8 &$;"

% '-0 $0 +,+& 3 $) $ # -/ # $ 6 " . 8 / # &+-/ -. &! " 2 IJ 4 &! $& # $/ 0 " 8 )" * &- )-,6 " &! " > ? % '-0 ," 7

$) $ # -/ 6 " < -% &+7+F $&+-/ % '-0 ," 71 ? # -/ 6 " ';" / # " # '+&" '+-/ E +) * " '+6 " * . -' &! $& % '-0 ," 74

$/ * +/ # ,8 * " * +/ &- +&" '$&+6 " % - 5 " ' # -/ &'-,1  ! " % '-% -)" * '" )-8 '# " $,,- # $&+-/ 7" &! - * ) $'"

$))" ))" * 6+$ / 8 7" '+# $, '" )8 ,&) $/ * # -7% $'" * 5+&! +&" '$&+6 " 5 $&" 'B ( ,,+/ ; +/ 2 " # &+-/ @1@1

 ! " 7$+/ # -/ &'+0 8 &+-/ ) -. &! +) # ! $% &" ' $'" K

� ? # -7% ," &" '" )-8 '# " $,,- # $&+-/ 7" &! - * . -' &! " > ? % '-0 ," 7 5+&! > :> G . 8 ,, 92 : 

+) * " &" '7+/ " * 1 E - 5 " ' $,,- # $&+-/ % " '. -'7) +&" '$&+6 " 5 $&" 'B ( ,,+/ ; - 6 " ' &! " )&'" $7) -.

&! " " L8 +6 $," / & > :> G # ! $/ / " , 5+&! $ % " 'B )8 0 # $'' +" ' # -/ 6 " ';" / # " # -/ )&'$+/ & E 1  ! "

* +)&'+0 8 &" * # -/ 6 " ';" / # " # -/ )&'$+/ & +/ 6 -,6 " ) &! " ! +;! " )& )+/ ;8 ,$' 6 $,8 " -. &! " * +'" # &

# ! $/ / " ,4 $/ * +) $* $% &+6 " ,3 &'+;;" '" * 4 * " % " / * +/ ; -/ &! " +/ &" 'B # " ,, +/ &" '. " '" / # " ," 6 " ,1

� ?/ $% % '- <+7$&" $/ $,3&+# $, " <% '" ))+-/ -. &! " -8 &$;" # $% $# +& 3 4 $) $ . 8 / # &+-/ -. &! "

-8 &$;" % '-0 $0 +,+& 3 $/ * -. &! " 2 IJ 4 +) % '- 6+* " * 1  ! " $'+&! 7" &+# 7" $/ -. $/ 8 % % " '

0 -8 / * $/ * -. $ ,- 5 " ' 0 -8 / * -/ &! " -8 &$;" # $% $# +& 3 % '- 6 " ) &- 0 " 6 " '3 # ,-)" &- &! "

-8 &$;" # $% $# +& 3 -0 &$+/ " * 6+$ > -/ &" B 9$',- )+7 8 ,$&+-/ )4 . -' 6 $'+-8 ) 6 $,8 " ) -. &! " -8 &$;"

% '-0 $0 +,+& 3 4 $/ * 6 $'+-8 ) $/ &" / / $ # -/ ( ;8 '$&+-/ ) 1  ! " $/ $,3&+# $, " <% '" ))+-/ +) # -/ # $ 6 "

+/ &! " 2 IJ . -' $ ( <" * -8 &$;" % '-0 $0 +,+& 3 4 &! 8 ) &8 '/ +/ ; &! " > ? % '-0 ," 7 5+&! > :> G

)&$&+)&+# $, 92 : +/ &- $ # -/ 6 " < -% &+7+F $&+-/ % '-0 ," 71 ? '" )-8 '# " $,,- # $&+-/ 7" &! - *

. -' &! " > ? % '-0 ," 7 5+&! > :> G )&$&+)&+# $, 92 : +) * " '+6 " * 4 0 $)" * -/ &! " $/ $,3&+# $,

-8 &$;" # $% $# +& 3 " <% '" ))+-/ 1 ? * +)&'+0 8 &" * # -/ 6 " ';" / # " # '+&" '+-/ E +) * " &" '7+/ " * . -'

% - 5 " ' # -/ &'-,1

� C-&! 7" &! - * ) $'" )! - 5/ &- 0 " . $' 7-'" " M# +" / & &! $/ +&" '$&+6 " 5 $&" 'B ( ,,+/ ; &- )-,6 " &! "

> ? % '-0 ," 7 $& 7" * +8 7 &- ! +;! ,-$* 1 E - 5 " ' * +6 " ';" / # " )+&8 $&+-/ ) $'" $ 6 -+* " * &! $/ =)

&- &! " * " ( / " * E # -/ 6 " ';" / # " # '+&" '+-/ 1  ! " )" '" )8 ,&) # -7% ," &" &! " -/ " ) -0 &$+/ " * +/

9! $% &" ' H . -' 2 :2 G4 &! 8 ) $))" ))+/ ; &! " . " $)+0 +,+& 3 -. * +)&'+0 8 &" * '" )-8 '# " $,,- # $&+-/ . -'

J 9 8 )" ') +/ $,, )&8 * +" * # $)" )1



 ! " # $ % $ & '( $ ) & % *$ +,

 ! " # $%$& '( $) & %*$

 ! "! # $%&'() *% +,,' *+-. '/ 0.-1 2 (,, 3456 +/7 ,./%+) 8) ' *%&&./9

 ! "# $ %&! '($ ) * # +! ! $ ( * +%$ , - &%".&/ 0 "$ - 1 2&! " 3 2 4 $ . * 2! ".2( +! - (&! $ +. 3 .2 * $ %%&! ' &! 5  5 6

# +% / $ $ ! %"0 - &$ - 4&"# 7 +.&20 % 23 "&8&9 +"&2! 2/ 1 $ * "&7 $ % +! - %:%"$ 8 +%%0 83 "&2! %;  ! 8+! :

3 +3 $ .%, +! &"$ .+"&7 $ 8$ "# 2 - , "# +" &% / 0 &(" 2! ! $ " 4 2.< - 0 +(&" : , &% 0 %$ - ; =$ " 4 2.< - 0 +(&" : >?@A

&% / +%$ - 2! "# $ B +* " "# +" B 2. $ +* # * # +! ! $ (, "# $ .$ $ C&%"% + .$ * &3 .2 * + ( * # +! ! $ (, 4# $ .$ "# $ .2($ %

2B "# $ ".+! %8&""$ .% +! - .$ * $ &7 $ .% +.$ %4&"* # $ - ; D# $ .$ * &3 .2 * + ( * # +! ! $ ( 8+".&C &% $ E0 +( "2

"# $ F$ .8&"&+! 2B "# $ 2.&'&! +( * # +! ! $ ( 8+".&C; G&%".&/ 0 "$ - .$ %20 .* $ +((2 * +"&2! "# 0 % H .%" 23 )

"&8&9 $ % "# $ - &.$ * " * # +! ! $ ( 3 +.+8$ "$ .% 4&"# H C$ - .$ * &3 .2 * + ( * # +! ! $ ( 3 +.+8$ "$ .%, +! - "# $ !

23 "&8&9 $ % "# $ .$ * &3 .2 * + ( * # +! ! $ ( 3 +.+8$ "$ .% 4&"# H C$ - - &.$ * " * # +! ! $ ( 3 +.+8$ "$ .%; I " $ +* #

%"+'$ , "# $ 23 "&8+( .$ * $ &7 $ 8+".&C &% - $ "$ .8&! $ - B 2. + H C$ - 3 2 4 $ . +((2 * +"&2! , +! - "# $ ! "# $

23 "&8+( 3 2 4 $ . +((2 * +"&2! &% 0 3 - +"$ - , - $ 3 $ ! - &! ' 2! "# $ .$ * $ &7 $ 8+".&C;  ! "# $ B 2((2 4&! ', 4 $

.$ 7&$ 4 "# $ 82%" .$ ($ 7 +! " 3 +3 $ .% - $ +(&! ' 4&"# .$ %20 .* $ +((2 * +"&2! &! 5  5 6;  " %# 20 (- / $

! 2"$ - "# +" "# $ : +(( * 2! * $ .! %&! '($ ) * # +! ! $ ( ".+! %8&%%&2! ;

D# $ %&! '($ ) * $ (( * +%$ 4&"# &! "$ .) %".$ +8 &! "$ .B $ .$ ! * $ &% %"0 - &$ - &! >?JA >?KA; D# $ +0 "# 2.% * 2! )

%&- $ . "# $ B 2((2 4&! ' 3 .2/ ($ 8%L M I +! - 5 I &! >?JA, 8+C&8&9 +"&2! 2B "# $ 4 $ &'# "$ - .+"$ ,

%0 88$ - 2 7 $ . +(( %".$ +8%, 0 ! - $ . + "2"+( 3 2 4 $ . * 2! %".+&! ", +! - &"% - 0 +(, 8&! &8&9 +"&2! 2B "# $

"2"+( 3 2 4 $ . 0 ! - $ . + 4 $ &'# "$ - %0 8 .+"$ .$ E0 &.$ 8$ ! ", &! >?KA;  ! / 2"# 3 +3 $ .%, &" &% %# 2 4!

"# +" "# $ N  =M 3 $ . %".$ +8 &% 8+C&8&9 $ - / : 0 %&! ' + 5 5 N O .$ * $ &7 $ .; D# $ ! "# $ 5 &! &8 0 8

5 $ +! N E0 +.$ O..2. &% $ E0 +( "2 "# $ &! 7 $ .%$ 2B (1 + N  =M ) ;  ! %$ ."&! ' "# $ 5 5 N O &! %"$ +- 2B

"# $ N  =M &! "# $ .+"$ $ C3 .$ %%&2! , B 2. H C$ - 5 5 N O H ("$ .%, "0 .! % "# $ 3 2 4 $ . +((2 * +"&2! 3 .2/ ($ 8

&! "2 + '$ 28$ ".&* 3 .2'.+ 88&! ' 3 .2/ ($ 8, "# +" # +% + 0 ! &E0 $ '(2/ +( 23 "&8 0 8; I! &"$ .+"&7 $

3 .2 * $ %% 0 3 - +"&! ' 3 2 4 $ . ($ 7 $ (% +! - "# $ 5 5 N O H ("$ .% &% 0 %$ - , +" .$ * $ &7 $ .P% %&- $ , +! - "# $ ! +"

".+! %8&""$ .P% %&- $ ; D# $ &"$ .+"&7 $ 3 .2 * $ %% &% %# 2 4! "2 * 2! 7 $ .'$ "2 + (2 * +( 23 "&8 0 8 4&"# "# $

B 20 . 23 "&8&9 +"&2! 2/ 1 $ * "&7 $ %;

5 0 ("&) * $ (( ! $ " 4 2.<% 4&"# / $ +8B 2.8&! ' +.$ %"0 - &$ - B 2. "# $ 0 3 (&! < ".+! %8&%%&2! 4&"# 20 " 0 %$ .

8 0 ("&3 ($ C&! ' &! >??A; D# $ %&'! +( 2/ "+&! $ - +" "# $ .$ * $ &7 $ . &% + 4 $ &'# "$ - %0 8 2B "# $ .$ * $ &7 $ -

%&'! +(% +" $ +* # +! "$ ! ! +, +! - "# $ 2/ 1 $ * "&7 $ &% "2 - $ "$ .8&! $ "# $ 23 "&8 0 8 4 $ &'# "% "2 %2(7 $

"# $ M I +! - 5 I 3 .2/ ($ 8%; Q 2. / 2"# 3 .2/ ($ 8%, "# $ +0 "# 2.% 3 .23 2%$ +! &"$ .+"&7 $ , ! $ " 4 2.<

- 0 +(&" :) / +%$ - 8$ "# 2 - ; D# $ &"$ .+"&7 $ 3 .2 * $ %% B 2. "# $ 5 I 3 .2/ ($ 8 - 2 $ % ! 2" * 2! 7 $ .'$ &B "# $

%$ " 2B "+.'$ " N  =M % &% ! 2" B $ +%&/ ($ ; D# $ %$ +3 3 .2+* # $ % +.$ $ C"$ ! - $ - "2 "# $ 8 0 ("&) * $ ((, 8 0 ("&)

%".$ +8 * +%$ &! >?RA;

G&%".&/ 0 "$ - &! "$ .B $ .$ ! * $ +(&'! 8$ ! " B 2. 5  5 6 &% 3 .$ %$ ! "$ - &! >?SA;  " * 2! %&%"% &! / 0 &(- &! '

&! "$ .B $ .$ ! * $ ) B .$ $ %3 +"&+( * # +! ! $ (% B 2. - &.$ * " ".+! %8&%%&2! 7&+ &"$ .+"&7 $ (&! $ +. 3 .2 * $ %%&! ' +"

".+! %8&""$ . +! - .$ * $ &7 $ .; I " $ +* # &"$ .+"&7 $ %"$ 3 , "# $ .$ * $ &7 $ 7 $ * "2. "# +" +(&'! % "# $ &! "$ .B $ .)

$ ! * $ &! "# $ ! 0 (( %3 +* $ &% - $ "$ .8&! $ - ; D# $ 0 %$ B 0 ( %&'! +( &% "# $ ! .$ * $ &7 $ - "# .20 '# + B 0 (( .+! <

8+".&C, 4# &($ &! "$ .B $ .$ ! * $ &% * 283 ($ "$ (: %0 3 3 .$ %%$ - ; D# $ .+! < 2B "# $ 8+".&C * 2..$ %3 2 ! - &! '

"2 "# $ 0 %$ B 0 ( %&'! +( &% $ E0 +( "2 "# $ '$ ! $ .+(&9 $ - - $ '.$ $ % 2B B .$ $ - 28 B 2. "# $ 0 %$ .P% - +"+; D# &%

3 .2 * $ %% &% 3 $ .B 2.8$ - +" .$ * $ &7 $ ., +! - "# $ ! +" ".+! %8&""$ . 0 %&! ' ! $ " 4 2.< - 0 +(&" : ;  " &% %# 2 4!

"2 * 2! 7 $ .'$ , 3 2%%&/ (: "2 + (2 * +( 8&! &8 0 8 2B "# $ &! "$ .B $ .$ ! * $ , - 0 $ "2 "# $ ! 2! ) * 2! 7 $ C&" : 2B

"# $ 3 .2/ ($ 8;  ! "$ .B $ .$ ! * $ +(&'! 8$ ! " 8+ : / $ 3 $ .B 2.8$ - &! %3 +* $ , B .$ E0 $ ! * : >RTA 2. "&8$ >RUA;

 "% 8+&! (&8&"+"&2! &% "# +", &! 2.- $ . "2 2V$ . + 8&! &8 0 8 '$ ! $ .+(&9 $ - - $ '.$ $ 2B B .$ $ - 28 "2

$ +* # 0 %$ ., "# $ .$ E0 &.$ - / +! - 4&- "# 8 0 %" '.2 4 4&"# "# $ ! 0 8 / $ . 2B 0 %$ .%; 60 . 4 2.< * +! ! 2"



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 +3 4546 3 '& 7 0(8,

 !"# $ %&' ( # )# # * + *  # " %, # )$ -. # -/ !* %# "/ # "# * $ # 0&!1* 2# * %3 4- 5 # 6 # "7 %, # . "-. -)#  . - 5 # "

0&&- $ 0%!-* 2# %, -  ) -. . -"%+ * !)%!$ 0&&' 208 # + )# -/ %, # &# 0)% !* %# "/ # "#  )%"# 02) 0*  )+ ( $ 0""!9

# ")7 0*  . "# 6 # * % %"0* )2!))!-* 5!%, !* , !1, &' !* %# "/ # "#  )+ ( $ 0""!# " ) 3

:# )! # )7 5 #  - * -% + )# !%# "0%!6 #  !)%"!( + %#  &!* # 0" . "- $ # ))!* 1 ( 0)#  -* * # % 5 -"8  + 0&!% ' / -"

$ -2. &# ;!% ' . + ". -)# )3 <, # "# $ # !6 # = &%# " !) > > ? @7 0*  %, # -. %!2!A 0%!-* 6 0"!0( &# ) -/ %, #

"# )-+ "$ # 0&&- $ 0%!-* . "-( &# 2 0"# %, # %"0* )2!% . - 5 # " 0*  %, # . "# $ -  # " 20%"!;3

 ! "! " # $%&'()* %& +,-. +//)0$/ 01 (2+ 03(%4+ *%-%*)( '

B/ -* &' %, # )%0%!)%!$ 0& . "-. # "%!# ) -/ %, # $ , 0* * # & 0"# 8* - 5* 0% %"0* )2!%%# "7 "# )-+ "$ # 0&&- $ 0%!-*

!) . # "/ -"2#  -* %, # -+ %01# $ 0. 0$ !% ' 3 C+ 2# "!$ 0& # 6 0&+ 0%!-* ) -/ %, # -+ %01# $ 0. 0$ !% ' 0*  

. "-( 0( !&!% ' 0"# / # 0)!( &# / -" 0 = ;#  ? CD 7 # !%, # " 6!0 > -* %# 9 E0"&- )* 0. ), -%)7 -" 6!0 * + 2# "!$ 0&

0. . "- ;!20%!-* ) 3 B% !) / 0" 2-"# $ -2. &!$ 0%#  %- # ;%"0$ % 0* 0* 0&'%!$ 0& # ;. "# ))!-* 7 # 6 # * ( 0)#  

-* 0* 0. . "- ;!20%!-* 7 -/ %, # ? CD "# F+ !"#  %- "# 0$ , 0 %0"1# % -+ %01# $ 0. 0$ !% ' 5!%, 0 %0"1# %

-+ %01# . "-( 0( !&!% ' 3 4- 5 # 6 # "7 %, !) . "-( &# 2 , 0) %- ( # )-&6 #  !* -" # " %- . # "/ -"2 "# )-+ "$ #

0&&- $ 0%!-* 3

G -" %, # A # "-9 2# 0* !3!3 3 > B> H $ , 0* * # &7 %, !) . "-( &# 2 , 0) -* &' ( # # * %"# 0%#  + *  # " , !1,

? CD 0))+ 2. %!-* 7 0*  / -" ). # $ != $ $ 0)# )I 5, # * %, # 2!* !2 + 2 * + 2 ( # " -/ %"0* )2!% 0*  "# $ # !6 #

0* %# * * 0) !) # F+ 0& %- 1 JKLM7 0*  / -" %, # . # " )%"# 02 -+ %01# . "-( 0( !&!% ' JKNM3 <, #  !)%"!( + %!-*

-/ %, # 2 + %+ 0& !* / -"20%!-* 5 0) ), - 5* %- ( # O0+ ))!0* !* 0)'2. %-%!$ $ 0)# )7 5, # * %, # * + 2 ( # "

-/ 0* %# * * 0) ( # $ -2# &0"1# JKPM3 <, # O0+ ))!0* 0. . "- ;!20%!-* !) # 6 # * F+ !%# $ &-)# %- %, # 2 + %+ 0&

!* / -"20%!-* Q)  !)%"!( + %!-* !* %, # 1# * # "0& $ 0)# JKRM3 4- 5 # 6 # "7 %, # 2# 0* 0*  6 0"!0* $ # -/ %, #

O0+ ))!0*  !)%"!( + %!-* 0"# !* %# 1"0&) !* %, # ? CD 7 0*  %, # !" / -"2 + &0) $ 0* * -% ( # 0* 0&'%!$ 0&&'

!* 6 # "%#  3 <, #  # %0!&) -* %, # 0. . "- ;!20%!-* ) %, 0% , 0 6 # ( # # * . "-. -)#  !* %, # &!%# "0%+ "# 0"#

. "- 6! #  !* S. . # *  !; T3S3

 ! " # $% $&'( ) &'*$+ ,&- ) ,& .'&/0% 1 2 '3 405 $ &$6 ,7 &8 $ '(9

(, 8 '40,%

U # % N ( # 0 * # % 5 -"8 $ -2. -)#  -/ N
 !

( 0)# )%0%!-* ) # F+ !. . #  5!%, nt 0* %# * * 0)7 0*  K N

+ )# ") # F+ !. . #  5!%, nr 0* %# * * 0)3 n
" # $

= 2!* (nt ; nr ) !) %, # 2!* !2 + 2 -/ %, # * + 2 ( # " -/

%"0* )2!% 0*  "# $ # !6 # 0* %# * * 0)3 @0$ , :? %"0* )2!%) - 6 # " L
! %

-"%, -1- * 0 & )+ ( $ 0""!# " ) 3 � k !)

%, # )# % -/ )+ ( $ 0""!# " ) 0))!1* #  %- + )# " k ( ' !%) :? 3 U # % Rk; &'()*&

( # %, # %0"1# %  0%0 "0%# -/

+ )# " k 7 Rl
k %, #  0%0 "0%# -/ + )# " k !* )+ ( $ 0""!# " l 7 0*  P l

k %, # . - 5 # " %"0* )2!%%#  %- + )# " k
( ' !%) )# "6!* 1 :? !* )+ ( $ 0""!# " l 3 V # $ -* )! # " %, # / -&&- 5!* 1 > S -. %!2!A 0%!-* . "-( &# 2 !*



 ! " #$% $&' ( )&' *$+ ,&- ),& .' &/0% 1 2 ' 3 4 05 $ &$6,7 &8$ ' ((, 8' 4 0 , % 9"

 ! "#$% & ' "" ()*+ , -

 $. f P ;� g

K NX

k=1

X

l 2 � k

P l
k

/0 #0

X

l 2 � k

Rl
k � Rk;  !"#$ 

; 8k 2 f 1; :::; K N g

/0 #0

L
 !X

l =1

P l
n

" 

� P
% !&

; 8n
' (

2 f 1; :::; N
' (

g

/0 #0

L
 !X

l =1

P l
n

" 

� 0; 8(n
' (

; l ) 2 f 1; :::; N
' (

g � f 1; :::; L
( )

g

/0#0 � k \ � k 0 = ; ; 8(k; k0) /' 12 ' 3 4 5 #6 ' /7 ' 89 ; k 6= k0
:;0<=

>1?4 "'  :;0<= $/ /$ $"71 #? #6 ' 9 @9 ( + , 1' /?! 1& ' 7""? & 7#$?. A 1?4 "'  :B0<=C D6 ' . #6 '

' EA 1' //$?. ?F #6 ' 3 7#7 17#' $/ . ?# & "71$G ' 3 0 H6 ' 3 ' #7$"' 3 + , A ? D ' 1 7""? & 7#$?. A 1?4 "'  /

$. + @+ (C $. #6 ' F ! "" I9 @H 7. 3 $. #6 ' /#7#$/#$& 7" I9 @H & 7/' /C 71' 3 ' 1$2 ' 3 $. #6 ' F ?""? D$. J

/' & #$?. /0

9 $ $"71"5 #? #6 ' 9 @9 ( & 7/' C 1' /?! 1& ' 7""? & 7#$?. & ?. /$/#/ ?F #6 1' ' /' A 717#' /#' A / :/' ' )$J0

B0<=- /! 4 & 711$' 1 7""? & 7#$?. C A ? D ' 1 & ?. #1?" 7. 3 73  $//$?. & ?. #1?"0 9 ! 4 & 711$' 1 7""? & 7#$?. $/

& 711$' 3 ?! # 4 ' F ?1' A ? D ' 1 & ?. #1?"C $. 3 ' A ' . 3 ' . #"5 $. ' 7& 6 89 0 @#/ 7$ $/ #? ! /' #6 ' "' 7/# A ? D ' 1C

7//!  $. J ' K! 7" A ? D ' 1 7""? & 7#$?. 7. 3 ' K! 7" $. #' 1F ' 1' . & ' "' 2 ' " ?. 7"" /#1' 7 / 7. 3 /! 4 & 711$' 1 / C

7. 3 7"/? #?  7E$ $L ' 7 J$2 ' . & 1$#' 1$?. A ' 1 /! 4 & 711$' 1 C 3 ' . ?#' 3 7/ E l
k 0 @# $/ /$ $"71 #?

#6 '  ' #6 ? 3 3 ' /& 1$4 ' 3 $. 9 ' & #$?. B0M0<0 @. 7. $. $#$7"$L 7#$?. /#' A C ' 7& 6 ! /' 1 $/ 7//$J. ' 3 #6 '

/! 4 & 711$' 1 #6 7#  7E$ $L ' / E l
k 0 @# $/ F ?""? D ' 3 4 5 7. $#' 17#$2 ' A 6 7/' C #6 7# /#?A / D6 ' . 7""

! /' 1/ 6 7 2 ' 1' 7& 6 ' 3 #6 ' $1 #71J' # 3 7#7 17#' C ?1 D6 ' . #6 ' 1' 71' . ? /! 4 & 711$' 1 / "' F #0 , # ' 7& 6

$#' 17#$?. C #6 ' ! /' 1 D$#6 "? D ' /# 7A A 1? E$ 7#' 3 3 7#7 17#' C k�
C $/ $3 ' . #$G ' 3 C 7. 3 $/ 7//$J. ' 3 #6 '

F 1' ' /! 4 & 711$' 1 #6 7#  7E$ $L ' / E l
k � 0 N 6 ' . ' 2 ' 1 7 . ' D /! 4 & 711$' 1 $/ 7""? & 7#' 3 #? 7 ! /' 1C $#/

7A A 1? E$ 7#' 3 3 7#7 17#' $/ ! A 3 7#' 3 C ! . 3 ' 1 #6 ' 7F ?1'  ' . #$?. ' 3 7//!  A #$?. / ?. A ? D ' 1 7. 3

$. #' 1F ' 1' . & ' 0 @. #6 ' F ! "" I9 @H 7/ D ' "" 7/ $. #6 ' /#7#$/#$& 7" I9 @H & 7/' C #6 ' & 6 ?/' . & 1$#' 1$?. $/

#6 ' & ?. 2 ' 1J' . & ' & 1$#' 1$?. E C D6 $& 6 $/ J$2 ' . 4 5 ' K! 7#$?. / :;0<O= 7. 3 :;0OP=0

)$. 7""5 C 7 /$ A "' 73  $//$?. & ?. #1?"  ' #6 ? 3 $/ ! /' 3 7F #' 1 A ? D ' 1 & ?. #1?"0 @F #6 ' /!  A ? D ' 1

' E& ' ' 3 / #6 '  7E$ !  P
% !&

?. 7 89 C #6 ' ! /' 1/ /' 12 ' 3 4 5 #6 $/ 89 71' ?13 ' 1' 3 4 5 3 ' /& ' . 3 $. J

/!  #17. / $# A ? D ' 1 2 7"! ' 0 H6 ' . #6 ' ! /' 1/ D$#6 6 $J6 ' /# /!  A ? D ' 1 71' 1' Q ' & #' 3 F 1? #6 '

& ' ""C ! . #$" #6 ' /!  A ? D ' 1 4 ' & ? ' / "' // #6 7. P
% !&

0 ,  7E$ !  A ? D ' 1 & ?. /#17$. # P l
k < P

% !&

A ' 1 ! /' 1 k 7. 3 /! 4 & 711$' 1 l $/ 7"/? 73 3 ' 3 $. ' 7& 6 $#' 17#$?. C $. ?13 ' 1 #? 7 2 ?$3 #? ? $ A ?1#7. #

A ? D ' 1 3 $2 ' 1J' . & ' /0

@. #6 ' F ?""? D$. JC D ' 3 ' #7$" #6 ' & ?. 2 ' 1J' . & ' & 1$#' 1$?. 7. 3 #6 ' 7//? & $7 #' 3 A ? D ' 1 & ?. #1?" $.

+ @+ ( $. # D ? & 7/' /C & ?11' /A ? . 3 $. J #? # D ? "' 2 ' "/ ?F R. ? D"' 3 J' ?F #6 ' I9 @ 7# #17. / $##' 10



 ! " # $ % & '( ) *+,& (+- . & '/ (',0. (1' $ 220 1$ & + 0 3 +3 4546 3 '& 7 0(8,

 ! " #$%&'( ) * $+ ,'- . /0 1 .2 ,'- .3 4 5 66 78 9:

 ! "! # $ %&'() *) + ,'--%&. +& '(, / -01 ,() ) %')

 ! " # $ % &$" ' ( ) # $ (* $# + ) ,&&-! & l . /0 ! &! ) ! -1 ! 2 1 ! ) "(& ' (& # $! & k $! &1 ! 2 + 3 45 k 6 y l
k 2 Cn r � 1

6

-$

y l
k =

q
� l

k H l
k;k x l

k +
N

 !X

f n =1 ;n 6= kg

q
� l

n;k H l
n;k x l

n + n l
78.9:

;0 ! &! x l
n 2 Cn t � 1

-$ "0 ! 1 ! ) "(& "&,* $<-""! 2 + 3 45 n 6 H l
n;k 2 Cn r � n t

-$ "0 ! * (&<,=-> ! 2 > ! &(?

<! ,* -.-.2 . ) 0 ,* * ! = <,"&-@ ' (& "0 ! "&,* $<-$$-(* + ! " ; ! ! * 45 n ,* 2 # $! & k 6 ,* 2 n l 2 Cn r � 1

-$ "0 ! * (&<,=-> ! 2 A B CD * (-$! 1 ! ) "(&.

� l
k = gk;k P l

k
N 0

-$ "0 ! 5 DE (' # $! & k 6 ,* 2 � n;k = gn;k P l
n

N 0
-$ "0 ! FDE ) (&&! $G ( * 2 -* H "( "0 !

-* "! &' ! &! * ) ! &! ) ! -1 ! 2 + 3 # $! & k ' &(< 45 n -* $# + ) ,&&-! & l . gn;k -$ "0 ! ) 0 ,* * ! = H,-* + ! " ; ! ! *

45 n ,* 2 # $! & k 6 -* ) =# 2 -* H G ,"0 =($$ ,* 2 $0 ,2 ( ;-* H. A== ) 0 ,* * ! = <,"&-) ! $ ,&! -* 2 ! G ! * 2 ! * "

(' ! ,) 0 ("0 ! & ,* 2 (' "0 ! * (-$! .

A =-* ! ,& G &! ) ( 2 ! & V l
k 2 Cn t � M

-$ # $! 2 ," "&,* $<-$$-(* . /0 ! "&,* $<-""! 2 1 ! ) "(& -$ ! I# ,=

"( x l
k = V l

k sl
k 6 ;0 ! &! sl

k 2 CM � 1
-$ ,* -$("&(G -) ) (<G =! @ C,# $$-,* 1 ! ) "(& "0 ," ) (* ",-* $

"0 ! M $3< + (=$ "( + ! "&,* $<-""! 2 . /0 ! G &! ) ( 2 ! &J$ ) ( 1 ,&-, * ) ! <,"&-@ ;-"0 # * -",&3 "&,) ! -$

� l
k = V l

k (V l
k )

H
.

A " "0 ! &! ) ! -1 ! &6 "0 ! ! $"-<,"! 2 $3< + (=$ 1 ! ) "(& -$ ŝ l
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