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▲❡s r❡♠❡r❝✐❡♠❡♥ts ❝♦♥st✐t✉❡♥t t♦✉❥♦✉rs ✉♥ ♣❛ss❛❣❡ ❞é❧✐❝❛t✱ ❝❛r ❝✬❡st à tr❛✈❡rs
❝❡s q✉❡❧q✉❡s ❧✐❣♥❡s q✉❡ ❧✬♦♥ t❡♥t❡ ❞✬❡①♣r✐♠❡r t♦✉t❡ ♥♦tr❡ ❣r❛t✐t✉❞❡ ❛✉① ♣❡r✲
s♦♥♥❡s q✉✐ ♥♦✉s ♦♥t ❡♥t♦✉rés✱ ❛✈❡❝ q✉✐ ♦♥ ❛ été ❡♥ ❝♦♥t❛❝t✱ q✉✐ ♥♦✉s ♦♥t
s♦✉t❡♥✉s✱ ♣❛r❢♦✐s ♠ê♠❡ s✉♣♣♦rtés✱ ❞✉r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s ❞❡ t❤ès❡✳ ❉é❧✐❝❛t
❛✉ss✐ ♣❛r❝❡ q✉❡ ❧✬♦♥ ❛ ❝♦♥st❛♠♠❡♥t ❧✬❛♥❣♦✐ss❡ ❞✬♦✉❜❧✐❡r q✉❡❧q✉✬✉♥ ❡♥ é❝r✐✈❛♥t
❝❡s ❧✐❣♥❡s✳

❚♦✉t ❞✬❛❜♦r❞✱ ❥❡ r❡♠❡r❝✐❡ ❝❤❛q✉❡ ♠❡♠❜r❡ ❞✉ ❥✉r② ❞✬❛✈♦✐r ❜✐❡♥ ❛❝❝❡♣té
❞✬❡♥ ❢❛✐r❡ ♣❛rt✐❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s r❛♣♣♦rt❡✉rs ✿ ❏❛r✐❦✱ ◆❛❞✐❛ ❡t ❱í❝t♦r✳ ❏❡
r❡❣r❡tt❡ ♣r♦❢♦♥❞é♠❡♥t q✉✬❆r♥❛✉❞ ♥✬❡st ♣❛s été r❡t❡♥✉ ❝♦♠♠❡ r❛♣♣♦rt❡✉r
❞❡ ♠♦♥ ♠é♠♦✐r❡✱ ❡t ♠✬❡①❝✉s❡ ❛✉♣rès ❞❡ ❧✉✐ ♣♦✉r ❧❡ q✉✐♣r♦q✉♦ q✉❡ ❝❡❧❛ ❛
❡♥tr❛î♥é✳ ❉❡ ♠ê♠❡✱ ❥❡ r❡♠❡r❝✐❡ ❋r❛♥❦ ◆✐❡❧s❡♥ q✉✐ ét❛✐t ❞✬❛❝❝♦r❞ ♣♦✉r ❢❛✐r❡
♣❛rt✐ ❞✉ ❥✉r② ♠❛✐s q✉✐ ❛ ❡✉ ♠❛❧❤❡✉r❡✉s❡♠❡♥t ✉♥ ❝♦♥tr❡✲t❡♠♣s ❞❡ ❞❡r♥✐èr❡
♠✐♥✉t❡✳ ❆✐♥s✐✱ ❥❡ s✉✐s r❡❞❡✈❛❜❧❡ à ●✐❧❧❡s q✉✐ ❛ ❜✐❡♥ ✈♦✉❧✉ ❧❡ r❡♠♣❧❛❝❡r✱ ❜✐❡♥
q✉❡ ❝❡tt❡ t❤ès❡ s✬✐♥s❝r✐t ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❞✐✛ér❡♥t ❞✉ s✐❡♥✳

▼❡r❝✐ à ♠❡s ❝♦❧❧è❣✉❡s ❡t ❛♠✐s q✉❡ ❥✬❛✐ ❢réq✉❡♥tés t♦✉s ❧❡s ❥♦✉rs✱ ♦✉
♣r❡sq✉❡✱ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❞✬✐♥❢♦r♠❛t✐q✉❡ ❞❡ P♦❧②t❡❝❤♥✐q✉❡✱ ❡t q✉✐ ❞♦♥♥❡ à ❝❡
❧❛❜♦r❛t♦✐r❡ s♦♥ ❝ôté ✈✐✈❛♥t ❡t ❝♦♥✈✐✈✐❛❧✳ ❏❡ ♥✬❛✐ ♣❛s ❝♦♥♥✉ ❞✬❛✉tr❡ ❧❛❜♦ ♦ù
❧✬❛♠❜✐❛♥❝❡ ét❛✐t ❛✉ss✐ s②♠♣❛t❤✐q✉❡ ❡t ❛❣ré❛❜❧❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥❡ ♣❡♥s❡ à
♠❡s ❝♦❧❧è❣✉❡s ❞♦❝t♦r❛♥ts ♦✉ ❛♥❝✐❡♥s ❞♦❝t♦r❛♥ts ✿ ❆❧❡①✐s✱ ❆♥t♦✐♥❡✱ ❈❛r❧♦s✱
❉❛✈✐❞✱ ■✈❛♥✱ ▲✉❝❛✱ ◆✐❝♦❧❛s✱ ❖❧✐✈✐❡r✱ ❘♦♠❛✐♥✱ ❙②❧✈❛✐♥✱ ❚❤❛♥❣✱ ❯❧✐✱ ❱✐♥❝❡♥t
❡t ❱✐✈❡❦ ♣♦✉r ❧❡ t❡♠♣s ♣❛ssé ❡♥s❡♠❜❧❡✱ ❞❛♥s ❧❡ ♠ê♠❡ ❜✉r❡❛✉✱ ❛✉t♦✉r ❞✬✉♥
❝❛❢é✱ ❞✬✉♥❡ ❜✐èr❡✱ ❞✬✉♥ ❥❡✉ ❞❡ ❝❛rt❡✱ à ❞✐s❝✉t❡r s❝✐❡♥❝❡✱ ♣♦❧✐t✐q✉❡✱ ❡t t♦✉t ❛✉tr❡
s✉❥❡t ♥♦✉s ♣❡r♠❡tt❛♥t ❞❡ r❡❢❛✐r❡ ❧❡ ♠♦♥❞❡✳ ❆✉① ♠❡♠❜r❡s ❞❡ ♠♦♥ éq✉✐♣❡✱ ❆❧✲
❣♦♣t ✿ ❈❤r✐st♦♣❤✱ ❉❛✈✐❞✱ P❤✐❧✐♣♣❡✱ ❱✐♥❝❡♥t ❡t ❨❛♥♥✱ ♣♦✉r ❧❡s ❜❧❛❣✉❡s ♥✉❧❧❡s
♠❛✐s q✉✐ ♠❡ ❢♦♥t r✐r❡ q✉❛♥❞ ♠ê♠❡✱ ♣♦✉r ❧✬❛r❣❡♥t ❛♠❛ssé ❧♦rs ❞❡s s♦✐ré❡s
♣♦❦❡r q✉✐ ♠✬❛ ♣❡r♠✐s ❞✬❛❧❧❡r ❢❛✐r❡ ❧❡s ❝♦✉rs❡s ❧❡ ❧❡♥❞❡♠❛✐♥✱ ❡t ❜✐❡♥ sûr ♣♦✉r
❧❡s ❞✐s❝✉t✐♦♥s s❝✐❡♥t✐✜q✉❡s ♣❛r❢♦✐s ❜✐❡♥ ❛♥✐♠é❡s ❡t ❧❡✉r ❛✐❞❡ ✐♥❞✐s❝✉t❛❜❧❡ ❞✉✲
r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s ❞❡ t❤ès❡✳ ▼❡r❝✐ ❛✉① ■❚❆ ✿ ❈♦r✐♥♥❡✱ ❏❛♠❡s ❡t ▼❛tt❤✐❡✉
♣♦✉r ❛✈♦✐r été t♦✉❥♦✉rs ❧à ♣♦✉r ♠✬❛✐❞❡r✱ ♠❡ r❡♥s❡✐❣♥❡r ❡t ♣❛r❢♦✐s ♠ê♠❡ ❢❛✐r❡
t♦✉t ❝❡❝✐ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❝♦♥tr❛✐♥t❡s ♣❛s t♦✉❥♦✉rs é✈✐❞❡♥t❡s q✉❡
❥❡ ❧❡✉r ❞♦♥♥❛✐s✳ ▼❡r❝✐ ❛✉ ❝♦r♣s ❡♥s❡✐❣♥❛♥t ❛✈❡❝ ❧❡q✉❡❧ ❥✬❛✐ tr❛✈❛✐❧❧é✱ ♥♦t❛♠✲
♠❡♥t ❋❛❜r✐❝❡✱ ●✐❧❧❡s✱ ❏❡❛♥✲❈❤r✐st♦♣❤❡✱ ❖❧✐✈✐❡r ❡t ❳❛✈✐❡r✱ ❡t ✉♥ ♠❡r❝✐ s♣é❝✐❛❧
♣♦✉r ❚❤♦♠❛s q✉✐ ♠✬❛ ❜❡❛✉❝♦✉♣ s♦✉t❡♥✉✱ ❡t ❜✐❡♥ ❛✉ ❞❡❧à ❞✉ s✐♠♣❧❡ ❝❛❞r❡ ❞❡
❧✬❡♥s❡✐❣♥❡♠❡♥t✳

❉✉r❛♥t ❝❡tt❡ t❤ès❡✱ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ❝❤❡r❝❤❡✉rs
❞♦♥t ❧❡s ❝♦♥♥❛✐ss❛♥❝❡s✱ ❧❛ r❛♣✐❞✐té ❞❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ❝❤♦s❡s ❡t ❧✬✐♥t✉✐t✐♦♥
♠❛t❤é♠❛t✐q✉❡ ❢♦r❝❡♥t ❧❡ r❡s♣❡❝t✱ ❡t ❥✬❛✐ ♣✉ ❛♣♣r❡♥❞r❡ ❜❡❛✉❝♦✉♣ ❛✉♣rès ❞✬❡✉①✳
❏❡ ♣❡♥s❡ ♥♦t❛♠♠❡♥t à ●✉st❛✈ ❡t ▼❛♥✉❡❧ ❛✈❡❝ q✉✐ ❥✬❛✐ tr❛✈❛✐❧❧é s✉r ❧❡s s✉✲
❥❡ts tr❛✐tés r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❧❡s ❝❤❛♣✐tr❡s ✹ ❡t ✸ ❞❡ ❝❡ ♠é♠♦✐r❡ ❞❡ t❤ès❡✳

✶



P❛rt✐❝✐♣❡r ❛✈❡❝ ❡✉① à ❝❡s ♣r♦❥❡ts ❞❡ r❡❝❤❡r❝❤❡ ❛ été ❡t ❝♦♥t✐♥✉❡ ❞✬êtr❡ ✉♥❡
❡①♣ér✐❡♥❝❡ ❛✉ss✐ ❡♥r✐❝❤✐ss❛♥t❡ q✉✬❡①❝✐t❛♥t❡✳ ❇✐❡♥ ❡♥t❡♥❞✉✱ ❥❡ ♣❡♥s❡ ❛✉ss✐ à
♠♦♥ ♣r✐♥❝✐♣❛❧ ❝♦❧❧è❣✉❡ ❡t ❞✐r❡❝t❡✉r ❞❡ t❤ès❡ ▼✐❦✐ ❞♦♥t ❧✬ét❡♥❞✉❡ ❞❡s ❝♦♥✲
♥❛✐ss❛♥❝❡s s❝✐❡♥t✐✜q✉❡s ♠✬ét♦♥♥❡r❛ t♦✉❥♦✉rs✱ ❡t q✉✐ ❛ s✉ ❞✉r❛♥t ❝❡tt❡ t❤ès❡
♠❡ ❣✉✐❞❡r ✈❡rs ❞❡s q✉❡st✐♦♥s ♣❛ss✐♦♥♥❛♥t❡s q✉✐ ❛❜♦✉t✐ss❡♥t ❛✉❥♦✉r❞✬❤✉✐ à ❧❛
❝♦♥st✐t✉t✐♦♥ ❞❡ ❝❡ ♠é♠♦✐r❡✳

▼❛✐s q✉✬❛✉r❛✐s✲❥❡ ♣✉ ♣r♦❞✉✐r❡ s❛♥s ❧✬❛tt❡♥t✐♦♥ ❡t ❧❡ s♦✉t✐❡♥ ❞❡ ♠♦♥ ❡♥✲
t♦✉r❛❣❡ ❄ ❆✐♥s✐✱ ❥❡ r❡♠❡r❝✐❡ ♠❡s ♣❛r❡♥ts✱ q✉✐ ♠✬♦♥t t♦✉❥♦✉rs s♦✉t❡♥✉ ❞❛♥s
♠❡s ❝❤♦✐①✱ q✉❡❧s q✉✬✐❧s s♦✐❡♥t✱ ❡t ♠✬♦♥t ❧❛✐ssé ✉♥❡ ❣r❛♥❞❡ ❧✐❜❡rté ♠❡ ♣❡r♠❡t✲
t❛♥t ❞❡ s❛t✐s❢❛✐r❡ ♠❛ ❝✉r✐♦s✐té ❡t ❞✬❛rr✐✈❡r ❧à ♦ù ❥❡ s✉✐s ❛✉❥♦✉r❞✬❤✉✐✳ ▼❡r❝✐
é❣❛❧❡♠❡♥t à ♠❡s s÷✉rs✱ ❙❛♥❞r❛ ❡t ❙♦♣❤✐❡✱ ♣♦✉r ❧❡✉r ❣❡♥t✐❧❧❡ss❡ ❡t ❧❡✉r ❛tt❡♥✲
t✐♦♥✱ ❝❤❛❝✉♥❡ à ❧❡✉r ♠❛♥✐èr❡✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ t♦✉t❡ ♠❛ ❢❛♠✐❧❧❡ ❞❡ ♥❡ ♣❛s
❛✈♦✐r été tr♦♣ ✐♥s✐st❛♥t ♣♦✉r q✉❡ ❥❡ ❧❡✉r ❡①♣❧✐q✉❡ ♠♦♥ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡✱
♣r♦❜❧è♠❡ ❛ss❡③ é♣✐♥❡✉① ❧♦rsq✉❡ ❧✬♦♥ ❡st ✐♥❢♦r♠❛t✐❝✐❡♥ t❤é♦r✐❝✐❡♥ ❡t q✉✐ ♥✬❡st
♣❛s t♦✉❥♦✉rs ❢❛❝✐❧❡ à ❝♦♥t♦✉r♥❡r✳

◆♦✉s s♦♠♠❡s t♦✉s é❣❛❧❡♠❡♥t ❡♥t♦✉rés ❞✬❛♠✐s✱ ♣✐❧✐❡rs ✐♥❞✐s♣❡♥s❛❜❧❡s ♣♦✉r
s♦✉t❡♥✐r ❧❡s é♣r❡✉✈❡s ❞❡ ❧❛ ✈✐❡✳ ❏❡ ♣❡♥s❡ à ♠❡s ❛♠✐s ❞✬❖r❧é❛♥s✱ ❝❡✉① ❞❡ ❧♦♥❣✉❡
❞❛t❡✱ ✈♦✐r❡ ❞❡ très ❧♦♥❣✉❡ ❞❛t❡ ❝♦♠♠❡ ❙é❜❛st✐❡♥ q✉❡ ❥❡ ❝♦♥♥❛✐s ❞❡♣✉✐s ❧✬â❣❡
❞❡. . . ❞❡✉① ❛♥s ✦ ❉❡s ❛♠✐s q✉✐ ✈✐❡♥♥❡♥t ❞✉ ❝♦❧❧è❣❡✱ ❞✉ ❧②❝é❡✱ ❞❡ ❧❛ ❢❛❝✱ ❞❡s ❛♠✐s
❝♦♠♠❡ ♦♥ ❡♥ ❛ ♣❛s ❜❡❛✉❝♦✉♣ ❡t s✉r q✉✐ ✈♦✉s ♣♦✉✈❡③ t♦✉❥♦✉rs ❝♦♠♣t❡r✳ ▲❡s
♣❧✉s ❛♥❝✐❡♥s ✿ ❆❧❡①❛♥❞r❡✱ ♠❛ ✧♣❡t✐t❡ s÷✉r✧ ❆❧✐❝❡✱ ❈❤❛r❧❡s✱ ➱♠✐❧✐❡✱ ❖❧✐✈✐❡r
❡t ❋❧♦r❛✱ ❧❡s ❙é❜❛st✐❡♥s✱ ❱✐r❣✐♥✐❡ ❡t ❡♥✜♥ ❨✈❡s✳ ▲❡s ❝❛♠❛r❛❞❡s ❞❡ ♣ré♣❛
✿ ❏❋✱ ❏♦❤♥ ❡t ▼❛♥✉✳ ▲❡s ❝❛♠❛r❛❞❡s ❞❡ ❢❛❝ ✿ ❆❞r✐❡♥ ❡t ▲❛❡t✐t✐❛✱ ▼❈ ❡t
❋❛❜✐❡♥✱ ❙❡❜ ❡t ❑❡tt②✳ ❙❤✐❢t② ❧✬✐♥❝❧❛ss❛❜❧❡ ✦ ▲❡s ❝❛♠❛r❛❞❡s ❞❡ ❧❛ ❈❡❧❧✉❧❡
❖r❧é❛♥❛✐s❡ ✿ ❆r♥❛✉❞✱ ❈❧é♠❡♥t ❡t ❋♦✉❛❞✳ ❚♦✉s ♦♥t été ❧à✱ à ♠❡s ❝ôtés✱ ❞❛♥s
❧❡s ♣ér✐♦❞❡s ❞✐✣❝✐❧❡s tr❛✈❡rsé❡s ♣❡♥❞❛♥t ❝❡tt❡ t❤ès❡✳ ❈✬❡st q✉❡❧q✉❡ ❝❤♦s❡ q✉❡
❥❡ ♥✬♦✉❜❧✐❡r❛✐ ❥❛♠❛✐s✳

❆✉ ❞❡❧à ❞✬❖r❧é❛♥s✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ♠❡s ❛♠✐s q✉❡ ❥✬❛✐ ❝♦♥♥✉s s✉r
▼❛rs❡✐❧❧❡ ❡t q✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ❝♦♥t✐♥✉❡r à ✈♦✐r s✉r P❛r✐s✳ ◆✐❝♦❧❛s ❡t
❙❛r❛✲❏❛♥❡ ❞♦♥t ❥✬❛♣♣ré❝✐❡r❛✐ t♦✉❥♦✉rs ❧❡ ✢❡❣♠❡ ❡t ❧❛ ✈✐✈❛❝✐té✱ ❱❛♥❡ss❛ q✉✐
❛ été ❡t r❡st❡r❛ q✉❡❧q✉✬✉♥ ❞✬✐♠♣♦rt❛♥t ♣♦✉r ♠♦✐✱ ❡t ❜✐❡♥ ❡♥t❡♥❞✉ ▲❛✉r❡♥t✱
♣❡rs♦♥♥❡ q✉❡ ❧✬♦♥ ❣❛❣♥❡ à ❝♦♥♥❛îtr❡ ❛✉t❛♥t s✉r ❧❡ ♣❧❛♥ s❝✐❡♥t✐✜q✉❡ q✉✬❛♠✐❝❛❧
❡t ❤✉♠❛✐♥✳ ▲✉✐ ❛✉ss✐ ❢✉t ♣rés❡♥t à ❞❡s ♠♦♠❡♥ts ❝r✉❝✐❛✉① ❞❡ ♠❛ t❤ès❡✱ ❡t ❥❡
❧✬❡♥ r❡♠❡r❝✐❡✳

▼❡r❝✐ à ♠❡s ❛♠✐s ♣❛r✐s✐❡♥s ✿ ●❛ë❧ ♣♦✉r ♥♦s ❝♦♥✈❡rs❛t✐♦♥s ♣r♦❢♦♥❞❡s ❡t
❡♥r✐❝❤✐ss❛♥t❡s s✉r ❞❡s s✉❥❡ts ❜✐❡♥ ❞✐✛ér❡♥ts✱ ♠ê♠❡ s✐ ❥✬❛✈❛✐s ♣❛r❢♦✐s ❞✉ ♠❛❧ à ❧❡
s✉✐✈r❡✱ ♠❡s ❛❞♦r❛❜❧❡s ✈♦✐s✐♥s ❆♠❜r❡ ❡t ▲♦ï❝ q✉❡ ❥✬❛✐ ❡✉ ❧❡ ♣❧❛✐s✐r ❞❡ ❝♦♥♥❛îtr❡
❡t ❢réq✉❡♥t❡r ❡♥ ❞é♣✐s ❞❡ ❧✬❛♥♦♥②♠❛t ❞❡ r✐❣✉❡✉r à P❛r✐s✱ ❧❡s ♠❡♠❜r❡s ❞❡ ♠♦♥
❝❧✉❜ ❞❡ ❦❛r❛t❡ à ❧✬❳ ❡t ❞❡ ❥✉✲❥✐ts✉ s✉r P❛r✐s✱ ♠❛❧❤❡✉r❡✉s❡♠❡♥t tr♦♣ ♥♦♠❜r❡✉①
♣♦✉r q✉❡ ❥❡ ❧❡s ♥♦♠♠❡ ✐❝✐✳

✷



▼❡r❝✐ à ♠❡s ❝❛♠❛r❛❞❡s ❞❡ ❳✬❉♦❝ ❛✉♣rès ❞❡ q✉✐ ❥✬❛✐ ♣❛ssé ❞❡✉① ❛♥♥é❡s
❢♦r♠✐❞❛❜❧❡s✱ ❡t ❞♦♥t ❧❡ ❞②♥❛♠✐s♠❡ ❡t ❧✬❡♥t❤♦✉s✐❛s♠❡ ét❛✐❡♥t ❝♦♠♠✉♥✐❝❛✲
t✐❢s✳ ▼❡r❝✐ ❡♥ ♣❛rt✐❝✉❧✐❡r à ❧✬éq✉✐♣❡ ✷✵✵✼ ✿ ❆♥❞r❡❡❛✱ ❈é❝✐❧❡✱ ❋r❛♥❝❦✱ ●❛ë❧❧❡✱
●✇❡♥❛ë❧✱ ▼✐❝❤❡❧✱ ▲✐ê♠✱ P✐❡rr❡ ❡t P✐❡rr✐❝❦✳ ❏✬❛✐ ♣❛ssé ❛✈❡❝ ❡✉① ❞❡s ♠♦♠❡♥ts
❡①❝❡♣t✐♦♥♥❡❧s ❡t ✐♥♦✉❜❧✐❛❜❧❡s✳ ▼❡r❝✐ é❣❛❧❡♠❡♥t à ❧✬éq✉✐♣❡ ✷✵✵✽ ✿ ❆♥✐r❜❛♥✱
❆♥t♦✐♥❡✱ ❉❛✈✐❞✱ ➱r✐❝✱ ▲❛r❜✐✱ ▼❛❤s❛ ❡t ❚❤♦♠❛s✱ ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛ssé ❝❡ ❣r❛♥❞
♠♦♠❡♥t q✉✬ét❛✐t ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ ✈❡♥✉❡ ❞❡ ❏♦r❣❡ ❈❤❛♠ à ❧✬é❝♦❧❡✳

▼❡r❝✐ é❣❛❧❡♠❡♥t à ❇❛r♥❡② ❙t✐♥s♦♥ ♣♦✉r êtr❡ ❛✉ss✐ ❛✇❡s♦♠❡✱ ❡t à ❏❛♠✐❡
❙t❡✈❡♥✱ ❝❤❡r❝❤❡✉r ❛str♦♣❤②s✐❝✐❡♥ à q✉✐ ❥❡ ❞♦✐s ❧❡ st②❧❡ ❞❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❝❡
♠é♠♦✐r❡✳

❊♥✜♥✱ ♠❡r❝✐ à ♠❛ ♣❡t✐t❡ ▼❛r✐ ♣♦✉r êtr❡ ❧à✱ t♦✉t s✐♠♣❧❡♠❡♥t✱ ❡t ♣♦✉r
t♦✉t ❝❡ q✉✬❡❧❧❡ ♠✬❛♣♣♦rt❡✳ ❊❧❧❡ ♠❡ r❛♣♣❡❧❧❡ q✉❡ ❧❛ s❝✐❡♥❝❡ ❡st ✉♥❡ ❝❤♦s❡ très
✐♠♣♦rt❛♥t❡ ❞❛♥s ♠❛ ✈✐❡✱ ♠❛✐s ♣❛s ✉♥ t♦✉t✳ ➚ ❡❧❧❡✱ ♠❡r❝✐✳

P♦✉r t❡r♠✐♥❡r✱ ❥✬❛✐♠❡r❛✐s t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t r❡♠❡r❝✐❡r ❧❡s ♣r♦❢❡ss❡✉rs
❙✐✈❛ ❆♥❛♥t❤❛r❛♠❛♥ ❡t ●ér❛r❞ ❋❡rr❛♥❞ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✬❖r❧é❛♥s q✉✐ ♠✬♦♥t
❢❛✐t ❞é❝♦✉✈r✐r ♣❛r ❤❛s❛r❞ ❝❡ ❞♦♠❛✐♥❡ q✉✬❡st ❧✬✐♥❢♦r♠❛t✐q✉❡ t❤é♦r✐q✉❡ ❡♥ ❧✐✲
❝❡♥❝❡✱ ❡t q✉✐ ❛ ❡♥tr❛î♥é ❝❡tt❡ ♣❛ss✐♦♥ ♣♦✉r ❝❡tt❡ s❝✐❡♥❝❡ q✉✐ ♥❡ ♠✬❛ ♣❧✉s ❧â❝❤é
♣❛r ❧❛ s✉✐t❡✱ ❡t ❧❛ ♣r♦❢❡ss❡✉r❡ ◆❛❞✐❛ ❈r❡✐❣♥♦✉ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❧❛ ▼é❞✐t❡r✲
r❛♥é❡✱ à q✉✐ ❥❡ ❞♦✐s ❜❡❛✉❝♦✉♣ ❡t s❛♥s q✉✐ ❝❡tt❡ t❤ès❡ à P♦❧②t❡❝❤♥✐q✉❡ ♥✬❛✉r❛✐t
♣❛s été ♣♦ss✐❜❧❡✳

✸



✹



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✼

✶✳✶ ❖✉t❧✐♥❡ ♦❢ t❤✐s t❤❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ Pr❡❧✐♠✐♥❛r✐❡s ✶✸

✷✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✷ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❯♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸ ▼♦♥♦t♦♥❡ ❝s♣ ✷✺

✸✳✶ ❋✐♥✐t❡ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✷ ■♥✜♥✐t❡ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✷✳✶ ❘❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷✳✷ Pr♦♦❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹ ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✸✾

✹✳✶ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✷ ●❡♥❡r❛❧✐t✐❡s ❛❜♦✉t s❡ts ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✷✳✶ P♦❧②♥♦♠✐❛❧✲t✐♠❡ r❡❞✉❝t✐♦♥s ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
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✺ ❝s♣(F •) ❛♥❞ ❦❡r♥❡❧ ✇✐❞t❤ ✺✾

✺✳✶ widthF = 1 ✐♠♣❧✐❡s tr❛❝t❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
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✺✳✷ ❚❡r♥❛r② ❞♦♠❛✐♥s✿ ❉✐❝❤♦t♦♠② ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ✳ ✳ ✻✺
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✺✳✷✳✹ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❛♥❞ ♠❡t❛✲♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✸ ❍♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣✱ NP✲❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❦❡r♥❡❧ ✇✐❞t❤ ✳ ✳ ✼✼
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❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✐s ♥♦ ♠♦r❡

❛❜♦✉t ❝♦♠♣✉t❡rs t❤❛♥ ❛str♦♥✲

♦♠② ✐s ❛❜♦✉t t❡❧❡s❝♦♣❡s✳

❊❞s❣❡r ❉✐❥❦str❛ ✭✶✾✸✵✕✷✵✵✷✮ 1
■♥tr♦❞✉❝t✐♦♥

■t ✐s ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡ ❜♦r❞❡rs ❜❡t✇❡❡♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡
✭❚❈❙✮ ❛♥❞ ▼❛t❤❡♠❛t✐❝s✳ ❙♦ ❢❛r ♥♦ ❝❧❡❛r s❡♣❛r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡✱ ❛♥❞
❡✈❡r②❜♦❞② ❤❛s ✐ts ♦✇♥ ✇❛② t♦ ❡①♣r❡ss ✇❤❛t ❚❈❙ ✐s✳ ❋r♦♠ ♠② ♣♦✐♥t ♦❢ ✈✐❡✇✱
t❤✐s s❝✐❡♥❝❡ ❜❡❧♦♥❣s t♦ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❝♦✉❧❞ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿ ❚❤❡♦r❡t✲
✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✐s t❤❡ s❝✐❡♥❝❡ ✇❤✐❝❤ st✉❞✐❡s ❛♥❞ tr❡❛ts ♠❛t❤❡♠❛t✐❝❛❧
♣r♦❜❧❡♠s ✐♥ ❛♥ ❛✉t♦♠❛t✐❝ ✇❛②✳ ▼② ♦♣✐♥✐♦♥ ✐s t❤❛t t❤✐s s❝✐❡♥❝❡ ✐s ❝♦♠♣❧❡t❡❧②
✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡s❡ ♠❛❝❤✐♥❡s t❤❛t ✇❡ ❝❛❧❧ ❝♦♠♣✉t❡rs✿ t❤❡② ❛r❡ ❝♦♥s❡✲
q✉❡♥❝❡s ♦❢ ❚❈❙ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ❝♦♠♣✉t❡r s❝✐❡♥t✐st ❊❞s❣❡r ❉✐❥❦str❛ s❛✐❞
✧❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✐s ♥♦ ♠♦r❡ ❛❜♦✉t ❝♦♠♣✉t❡rs t❤❛♥ ❛str♦♥♦♠② ✐s ❛❜♦✉t t❡❧❡✲
s❝♦♣❡s✧✳ ❚❤✐s s❡♥t❡♥❝❡ ✐s ❞❡❡♣❧② tr✉❡✿ ❝♦♠♣✉t❡rs ❛r❡ ❥✉st t♦♦❧s ❢♦r ❚❈❙✱ ❜✉t
♥♦t st✉❞✐❡❞ ♦❜❥❡❝ts✳

❈❛♥ ❚❈❙ r❡s✉❧ts ❜❡ ❛❧✇❛②s ❛♣♣❧✐❡❞ t♦ ❝♦♠♣✉t❡rs ♦r ♦t❤❡r ❝♦♥❝r❡t❡ ♣✉r✲
♣♦s❡s❄ ❍♦♣❡❢✉❧❧② ♥♦✳ ❚❤✐♥❣s ✇❤✐❝❤ ✐♥t❡r❡st ♠❡ t❤❡ ♠♦st ✐♥ ❚❈❙ ❛r❡ ♦❢ t❤❡♦✲
r❡t✐❝❛❧ ❛s♣❡❝t✳ ❆♥♦t❤❡r s❡♥t❡♥❝❡ ■ ❝♦♠♣❧❡t❡❧② ❛❣r❡❡ ❢r♦♠ ❛ ❢❛♠♦✉s s❝✐❡♥t✐st ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✱ ❢r♦♠ t❤❡ ♣❤②s✐❝✐st ❘✐❝❤❛r❞ ❋❡②♥♠❛♥✿ ✧P❤②s✐❝s ✐s ❧✐❦❡ s❡①✿
s✉r❡✱ ✐t ♠❛② ❣✐✈❡ s♦♠❡ ♣r❛❝t✐❝❛❧ r❡s✉❧ts✱ ❜✉t t❤❛t✬s ♥♦t ✇❤② ✇❡ ❞♦ ✐t✧✳ ❚❤✐s
✐s r✐❣❤t ❢♦r ❛❧❧ t❤❡♦r❡t✐❝❛❧ s❝✐❡♥❝❡s✱ ❧✐❦❡ ❚❈❙✳ ▼② ✈✐s✐♦♥ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞
t❤❡♦r② ✐♥ ❣❡♥❡r❛❧ ✐s ❝❧♦s❡ t♦ ❍❛r❞②✬s ♦♥❡✳ ■♥❞❡❡❞✱ t❤❡ ♠❛t❤❡♠❛t✐❝✐❛♥ ●♦❞✲
❢r❡② ❍❛r❞② ❢♦✉♥❞ t❤❛t ✇❤❛t ✐s ❜❡❛✉t✐❢✉❧ ✐♥ ▼❛t❤❡♠❛t✐❝s ✐s ✐ts ✧✉s❡❧❡ss♥❡ss✧✱
t❤❛t ✐s✱ ✇❤❡♥ t❤❡♦r✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ❞♦ ♥♦t ✜♥❞ ❝♦♥❝r❡t❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥
t❤❡ ♠❛t❡r✐❛❧ ✇♦r❧❞✱ ❜② ♦♣♣♦s✐t✐♦♥ ♦❢ t❤❡ ✧✐❞❡❛ ✇♦r❧❞✧ ❛s ❤❡ ❝❡rt❛✐♥❧② ✇♦✉❧❞
❝❛❧❧ ✐t ❤✐♠s❡❧❢✿ ✧❚❤❡ ♠❛t❤❡♠❛t✐❝✐❛♥✬s ♣❛tt❡r♥s✱ ❧✐❦❡ t❤❡ ♣❛✐♥t❡r✬s ♦r t❤❡ ♣♦❡t✬s
♠✉st ❜❡ ❜❡❛✉t✐❢✉❧❀ t❤❡ ✐❞❡❛s✱ ❧✐❦❡ t❤❡ ❝♦❧♦✉rs ♦r t❤❡ ✇♦r❞s ♠✉st ✜t t♦❣❡t❤❡r
✐♥ ❛ ❤❛r♠♦♥✐♦✉s ✇❛②✳ ❇❡❛✉t② ✐s t❤❡ ✜rst t❡st✿ t❤❡r❡ ✐s ♥♦ ♣❡r♠❛♥❡♥t ♣❧❛❝❡
✐♥ t❤❡ ✇♦r❧❞ ❢♦r ✉❣❧② ▼❛t❤❡♠❛t✐❝s✳ ❬. . .❪ ❆ s❝✐❡♥❝❡ ✐s s❛✐❞ t♦ ❜❡ ✉s❡❢✉❧ ✐❢ ✐ts
❞❡✈❡❧♦♣♠❡♥t t❡♥❞s t♦ ❛❝❝❡♥t✉❛t❡ t❤❡ ❡①✐st✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ ✇❡❛❧t❤✱ ♦r ♠♦r❡ ❞✐r❡❝t❧② ♣r♦♠♦t❡s t❤❡ ❞❡str✉❝t✐♦♥ ♦❢ ❤✉♠❛♥ ❧✐❢❡✳ ❬. . .❪ ■
❤❛✈❡ ♥❡✈❡r ❞♦♥❡ ❛♥②t❤✐♥❣ ✬✉s❡❢✉❧✬✳ ◆♦ ❞✐s❝♦✈❡r② ♦❢ ♠✐♥❡ ❤❛s ♠❛❞❡✱ ♦r ✐s
❧✐❦❡❧② t♦ ♠❛❦❡✱ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧②✱ ❢♦r ❣♦♦❞ ♦r ✐❧❧✱ t❤❡ ❧❡❛st ❞✐✛❡r❡♥❝❡ t♦

✼



❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

t❤❡ ❛♠❡♥✐t② ♦❢ t❤❡ ✇♦r❧❞✳✳✳ ❏✉❞❣❡❞ ❜② ❛❧❧ ♣r❛❝t✐❝❛❧ st❛♥❞❛r❞s✱ t❤❡ ✈❛❧✉❡ ♦❢
♠② ♠❛t❤❡♠❛t✐❝❛❧ ❧✐❢❡ ✐s ♥✐❧❀ ❛♥❞ ♦✉ts✐❞❡ ♠❛t❤❡♠❛t✐❝s ✐t ✐s tr✐✈✐❛❧ ❛♥②❤♦✇✳ ■
❤❛✈❡ ❥✉st ♦♥❡ ❝❤❛♥❝❡ ♦❢ ❡s❝❛♣✐♥❣ ❛ ✈❡r❞✐❝t ♦❢ ❝♦♠♣❧❡t❡ tr✐✈✐❛❧✐t②✱ t❤❛t ■ ♠❛②
❜❡ ❥✉❞❣❡❞ t♦ ❤❛✈❡ ❝r❡❛t❡❞ s♦♠❡t❤✐♥❣ ✇♦rt❤ ❝r❡❛t✐♥❣✳ ❆♥❞ t❤❛t ■ ❤❛✈❡ ❝r❡❛t❡❞
s♦♠❡t❤✐♥❣ ✐s ✉♥❞❡♥✐❛❜❧❡✿ t❤❡ q✉❡st✐♦♥ ✐s ❛❜♦✉t ✐ts ✈❛❧✉❡✧ ✐♥ ✧❆ ▼❛t❤❡♠❛t✐✲
❝✐❛♥✬s ❆♣♦❧♦❣②✧ ✭✶✾✹✵✮✳ ❍♦✇❡✈❡r✱ t❤❡♦r② ✐s ♦❢ ❝♦✉rs❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t
✐t ❛❧✇❛②s ✜♥❞s ❛♣♣❧✐❝❛t✐♦♥s s♦♠❡✇❤❡r❡✱ ❢♦r t❤❡♦r② ✐ts❡❧❢ ❢♦r ✐♥st❛♥❝❡✱ ❛♥❞
s♦♠❡t✐♠❡s ❢♦r s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❣❛✐♥✱ ❍❛r❞② s❛✐❞ ✧♣✉r❡ ▼❛t❤❡♠❛t✐❝s ✐s
♦♥ t❤❡ ✇❤♦❧❡ ❞✐st✐♥❝t❧② ♠♦r❡ ✉s❡❢✉❧ t❤❛♥ ❛♣♣❧✐❡❞✳ ❋♦r ✇❤❛t ✐s ✉s❡❢✉❧ ❛❜♦✈❡
❛❧❧ ✐s t❡❝❤♥✐q✉❡✱ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ t❡❝❤♥✐q✉❡ ✐s t❛✉❣❤t ♠❛✐♥❧② t❤r♦✉❣❤ ♣✉r❡
▼❛t❤❡♠❛t✐❝s✧✳ ■ t❤✐♥❦ t❤❛t✱ ✉♥❢♦rt✉♥❛t❡❧②✱ ❡✈❡r② t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ✜♥❞s ♦♥❡
❞❛② ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② ❛ ✇❛② t♦ ❜❡ ❛♣♣❧✐❡❞ ❝♦♥❝r❡t❡❧②✳

❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❝♦♥t❛✐♥s ♠❛♥② ❜r❛♥❝❤❡s s✉❝❤ ❛s ❛❧❣♦✲
r✐t❤♠s✱ ❝♦♠❜✐♥❛t♦r✐❝s✱ ❧♦❣✐❝✱ ♣r♦♦❢ t❤❡♦r②✱ . . . ❚❤❡ ✜❡❧❞ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛
s♣❡❝✐❛❧ ✐♥t❡r❡st ✐♥ t❤✐s t❤❡s✐s ✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ■♥t✉✐t✐✈❡❧②✱ ✇❤❛t
✐s ✐t❄ ■t ✐s t❤❡ ✜❡❧❞ ✇❤❡r❡ ✇❡ st✉❞② ✐♥tr✐♥s✐❝ ❞✐✣❝✉❧t② ♦❢ s♦❧✈✐♥❣ ♠❡❝❤❛♥✐✲
❝❛❧❧② ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❡❛s② ♣r♦❜❧❡♠s✱ ❛❧s♦
♥❛♠❡❞ tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✱ ❢r♦♠ ❤❛r❞ ♦♥❡s✱ ♥❛♠❡❞ ✐♥tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✳ ❋♦r
✐♥st❛♥❝❡✱ ✐♠❛❣✐♥❡ ❛ ♠❛③❡ ❢♦r ♠♦✉s❡s st❛rt✐♥❣ ❜② ❛ ✉♥✐q✉❡ ♣❛t❤ ✇❤✐❝❤ ♠❡❡t
❛♥ ✐♥t❡rs❡❝t✐♦♥ ❛t ❛ ❝❡rt❛✐♥ ♣♦✐♥t✿ t❤❡ ♣❛t❤ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ✇❛②s ✭t❤❡ ❧❡❢t
❛♥❞ r✐❣❤t ✇❛②✮✳ ❇♦t❤ ♣❛t❤s ✇✐❧❧ ❛❧s♦ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ✇❛②s✱ ❛♥❞ s♦ ♦♥✳ ❲❡
♦❜t❛✐♥ ❛ ♠❛③❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✇❤❛t ✇❡ ❝❛❧❧ ❛ ❜✐♥❛r② tr❡❡✳ ❊❛❝❤ ♣❛t❤ ❡♥❞s
❡✐t❤❡r ❜② ❛♥ ❡①✐t ♦r ❛ ❞❡❛❞✲❡♥❞✳ P❧❛❝❡ ❛ ♠♦✉s❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s✉❝❤ ❛
♠❛③❡✿ t❤❡ ♠♦✉s❡ ❤❛s ♥♦ s♠❛rt❡r ✇❛② t❤❛♥ t♦ tr② ❡❛❝❤ ♣❛t❤ ❜❡❢♦r❡ ✜♥❞✐♥❣
t❤❡ ❡①✐t ✭✐❢ ✐t ❡①✐sts✮✳ ❚❤✉s✱ t♦ ❦♥♦✇ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡①✐st ✐♥ ❛ ♠❛③❡ ✇✐t❤
n ✐♥t❡rs❡❝t✐♦♥s t❤❡ ♠♦✉s❡ ❤❛s t♦ r✉♥ ✐♥ 2n ❞✐✛❡r❡♥t ♣❛t❤s ✐♥ t❤❡ ✇♦rt❤ ❝❛s❡
✭t❤❛t ✐s✱ ✐❢ t❤❡ ♠♦✉s❡ ✐s ✉♥❧✉❝❦②✮✳ ❚❤✐s ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✐❢ ❛ ❣✐✈❡♥ ♠❛③❡
❝♦♥t❛✐♥s ❛♥ ❡①✐t ♦r ♥♦t ✐s ❝♦♥s✐❞❡r ❛s ❛ ❞✐✣❝✉❧t ♦♥❡ ✭❢♦r ❛ ♠♦✉s❡✮ s✐♥❝❡ t❤❡
♥✉♠❜❡r ♦❢ tr✐❡s ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛③❡✳ ❆ss✉♠❡ ♥♦✇ ✇❡ ❤❛✈❡
❛♥ ♦✈❡rtr❛✐♥❡❞ ♠♦✉s❡ ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ ✉♥❞❡rst❛♥❞ ❛♥❞ t♦ ❢♦❧❧♦✇ ✐♥str✉❝t✐♦♥s
❧✐❦❡ ✧❆t t❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ t❛❦❡ ❧❡❢t✱ t❤❡♥ ❧❡❢t✱ t❤❡♥ r✐❣❤t✱ t❤❡♥ ❧❡❢t✱ . . .✧✳
■❢ ✇❡ ♣✉t t❤✐s ♠♦✉s❡ ❛t t❤❡ st❛rt✐♥❣ ❧✐♥❡ ♦❢ t❤❡ ♠❛③❡ ✇✐t❤ ❛ ✈❛❧✐❞ s❡q✉❡♥❝❡
♦❢ ✐♥str✉❝t✐♦♥s ✭✈❛❧✐❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❣✐✈❡♥ ✐♥str✉❝t✐♦♥s ❝♦r✲
r❡s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s t❤❡ ♠♦✉s❡ ✇✐❧❧ ❝r♦ss✮✱ t❤✉s
t❤❡ ♠♦✉s❡ ✇✐❧❧ ❜❡ ❡❛s✐❧② ❛❜❧❡ t♦ ❞❡❝✐❞❡ ✐❢ t❤❡ ❣✐✈❡♥ ♣❛t❤ ❧❡❛❞s t♦ ❛♥ ❡①✐t ♦r
♥♦t✿ t❤❡ ♠♦✉s❡ ❤❛s ❥✉st t♦ ❝r♦ss log n ✐♥t❡rs❡❝t✐♦♥s ✭t❤❛t ✐s✱ t❤❡ ❤❡✐❣❤t ♦❢
t❤❡ ❜✐♥❛r② tr❡❡✮✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r ❛s ❛♥ ❡❛s② ♦♥❡ ✭❢♦r ❡✈❡r②❜♦❞②✮
s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ tr✐❡s ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛③❡ ✭❤❡r❡✱ ❡✈❡♥
❛ ❧♦❣❛r✐t❤♠✮✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ ❝♦♠♣❧❡①✐t② ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s ❝❛❧❧❡❞

✽



❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠s✱ ♦r ❝s♣ ❢♦r s❤♦rt✳ ❆❣❛✐♥✱ ✇❡ ✐❧❧✉str❛t❡ t❤✐s
♥♦t✐♦♥ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✳ ❆ ❝❧❛ss✐❝❛❧ ♦♥❡ ✐s t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ❝❧❛ss❡s ✐♥ ❛
❤✐❣❤ s❝❤♦♦❧✿ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ ❛❝❛❞❡♠✐❝ ②❡❛r✱ ♦♥❡ ❤❛s t♦ ❡st❛❜❧✐s❤
❛ s❝❤❡❞✉❧❡ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t s♦♠❡ ❝♦♥str❛✐♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❝❧❛ss
❝❛♥♥♦t ❤❛✈❡ t✇♦ ❧❡ss♦♥s ❛t t❤❡ s❛♠❡ ♠♦♠❡♥t✱ ❛s ✇❡❧❧ ❛s ❛ ♣r♦❢❡ss♦r ❝❛♥♥♦t
❜❡ ✐♥ t✇♦ ❝❧❛ssr♦♦♠s ❛t t❤❡ s❛♠❡ ♠♦♠❡♥t✱ ♦r t✇♦ ♣r♦❢❡ss♦rs ✐♥ t❤❡ s❛♠❡
❝❧❛ssr♦♦♠✱ ❡t❝✳ ❋✐♥❞✐♥❣ ❛ ❝♦❤❡r❡♥t s❝❤❡❞✉❧✐♥❣ ✇❤✐❝❤ ✈❡r✐✜❡s ❛❧❧ ❝♦♥str❛✐♥ts
♦❢ t❤✐s t②♣❡ ✐s ❛ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠✳ ❚❤✐s s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✱
❛s ✇❡❧❧ ❛s ❝s♣ ♣r♦❜❧❡♠s ✐♥ ❣❡♥❡r❛❧✱ ❛r❡ ✈❡r② ❞✐✣❝✉❧t ♣r♦❜❧❡♠s✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝s♣ ♣r♦❜❧❡♠✱
❞❡♥♦t❡❞ ❝s♣(S) ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r S ✐s ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ✇❤✐❝❤ r❡♣r❡s❡♥t
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦♥str❛✐♥ts ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ✉s❡ t♦ ❜✉✐❧t ❛♥ ✐♥st❛♥❝❡ ♦❢ ♦✉r
♣r♦❜❧❡♠✳ ❚❤❡r❡ ❡①✐st s♦♠❡ s❡ts ♦❢ r❡❧❛t✐♦♥s ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢
❝s♣(S)✱ s✉❝❤ ❛s s❡ts ♦❢ ❍♦r♥ r❡❧❛t✐♦♥s ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡
✇❤❛t ✇❡ ❝❛❧❧ ✧✐s❧❛♥❞s ♦❢ tr❛❝t❛❜✐❧✐t②✧✱ ❧♦st ✐♥ ❛♥ ♦❝❡❛♥ ♦❢ ✐♥tr❛❝t❛❜✐❧✐t②✳ ❖♥❡
❝❛♥ ✇♦♥❞❡r ✐❢ t❤❡r❡ ❡①✐sts ♣❛r❛♠❡t❡rs ❧❡❛❞✐♥❣ t♦ ✐♥t❡r♠❡❞✐❛t❡ s✐t✉❛t✐♦♥s ✐♥
❜❡t✇❡❡♥ tr❛❝t❛❜✐❧✐t② ❛♥❞ ✐♥tr❛❝t❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠✱ t❤❛t ✐s✱ ✐❢
t❤❡r❡ ❡①✐sts ❛ ♣❛r❛♠❡t❡r S s✉❝❤ t❤❛t ❝s♣(S) ✐s ♥❡✐t❤❡r ✐♥ P ♥♦r NP✲❝♦♠♣❧❡t❡✱
t❤❛t ✐s✱ tr❛❝t❛❜❧❡ ♦r ✐♥tr❛❝t❛❜❧❡✳ ■❢ t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ✧♥♦✧✱ t❤❡♥
♦♥❡ ❝❛♥ ✇♦♥❞❡r ✐❢ t❤❡r❡ ❡①✐sts ❛ ✇❛② t♦ s♣❧✐t t❤❡ s❡t ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥t♦
t✇♦ ♣❛rts✱ ♦♥❡ ❧❡❛❞✐♥❣ t♦ tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✱ t❤❡ ♦t❤❡r ♦♥❡ t♦ ✐♥tr❛❝t❛❜❧❡
♣r♦❜❧❡♠s✱ s✉❝❤ t❤❛t t❤❡ ❜♦r❞❡r❧✐♥❡ ✐s ❝❧❡❛r ❛♥❞ ❝♦♠♣✉t❛❜❧❡✳ ■♥ t❤❡ ✼✵✬s✱
❙❝❤❛❡❢❡r ❛♥s✇❡r❡❞ t❤❡s❡ q✉❡st✐♦♥s ✐♥ ❬❙❝❤✼✽❪✱ s❤♦✇✐♥❣ t❤❡ ❢✉❧❧ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(S) ♦✈❡r ❛ ❇♦♦❧❡❛♥ ❞♦♠❛✐♥ t❤❛♥❦s t♦ ❛ ❉✐❝❤♦t♦♠②
❚❤❡♦r❡♠✱ t❡❧❧✐♥❣ t❤❛t ❝s♣(S) ✐s ❡✐t❤❡r ✐♥ P ♦r NP✲❝♦♠♣❧❡t❡ ❞❡♣❡♥❞✐♥❣ ❛
s✐♠♣❧❡ ❞✐❝❤♦t♦♠② ❝r✐t❡r✐♦♥ ♦♥ S✳

❚❤❡ ❣♦❛❧ ♦❢ r❡s❡❛r❝❤ ✐♥ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ✐s t♦ ❡①t❡♥❞ ❙❝❤❛❡❢❡r✬s r❡s✉❧t t♦
♦t❤❡r ❝❛r❞✐♥❛❧✐t✐❡s ♦❢ ❛ ✜①❡❞ ❞♦♠❛✐♥✱ ♦r t♦ ♣r♦✈❡ t❤❛t s✉❝❤ ❜♦r❞❡r❧✐♥❡ ❞♦❡s
♥♦t ❡①✐st✳ ❙♦ ❢❛r✱ ❦♥♦✇♥ r❡s✉❧ts ✐♥ t❤✐s ✜❡❧❞ ❡①❤✐❜✐t ❛ ❜♦r❞❡r❧✐♥❡ ❜❡t✇❡❡♥
tr❛❝t❛❜❧❡ ❛♥❞ ✐♥tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦♥❥❡❝t✉r❡ t❤❛t s✉❝❤ ❛
❜♦r❞❡r❧✐♥❡ ❛❧✇❛②s ❡①✐sts✳ ■♥❞❡❡❞✱ ❋❡❞❡r ❛♥❞ ❱❛r❞✐ ❝♦♥❥❡❝t✉r❡❞ ✐♥ ❬❋❱✾✽❪ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ♣r♦❜❧❡♠ ❝s♣(S) ❢♦r ❡✈❡r② ✜♥✐t❡
❞♦♠❛✐♥s✱ t❤❛t ✐s✱ ❝♦♥s✐❞❡r❡❞ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D ❛♥❞ ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s ♦♥
D✱ t❤❡ ♣r♦❜❧❡♠ ❝s♣(S) ✐s ❡✐t❤❡r ✐♥ P ♦r ✐s NP✲❝♦♠♣❧❡t❡✳ ❲❡ ✇✐❧❧ ♥♦✇ t❡❧❧
✇❤② ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❙❝❤❛❡❢❡r✬s t❤❡♦r❡♠ ♦✈❡r ❤✐❣❤❡r ❝❛r❞✐♥❛❧✐t② ♦❢ ❞♦♠❛✐♥ ✐s
s✉❝❤ ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳

❙❝❤❛❡❢❡r ❞✐❞ ♥♦t r❡❛❧✐③❡ ❤❡ ❝♦✉❧❞ ✉s❡ ❛ ✈❡r② ♣♦✇❡r❢✉❧ t♦♦❧ t♦ ♣r♦✈❡ ❤✐s
t❤❡♦r❡♠✿ ✧❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s s✐♠✐❧❛r ✐♥ s♣✐r✐t t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥
❜② P♦st ❬✳✳✳❪ ❜✉t t❤❡ ❣❡♥❡r❛t✐♦♥ ♦♣❡r❛t✐♦♥s ❛r❡ q✉✐t❡ ❞✐✛❡r❡♥t✱ ❛♥❞ t♦ t❤❡ ❜❡st
♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦♥❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛rs ♦❢ P♦st✬s ♣r♦♦❢ ❝❛rr② ♦✈❡r t♦ t❤✐s

✾
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✇♦r❦✧ ✐♥ ❬❙❝❤✼✽❪✳ ■♥❞❡❡❞✱ ✇❡ ❦♥♦✇ t♦❞❛② t❤❛t t❤❡ P♦st ❧❛tt✐❝❡ ✐s ❛ ✈❡r② ✉s❡❢✉❧
t♦♦❧ ❛♥❞ ❡❧❡❣❛♥t ✇❛② t♦ ♣r♦✈❡ t❤❡ ❙❝❤❛❡❢❡r✬s ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠✳ ❍♦✇❡✈❡r✱
❜❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ t❤❡ P♦st ❧❛tt✐❝❡✱ ✇❡ ♥❡❡❞ t♦ ♣r❡s❡♥t t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡✲
t✇❡❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ❛♥❞ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛✳

❖♥❡ ♦❢ t❤❡ ♠♦st ❡①♣❧♦✐t❡❞ ✇❛② t♦ st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ✐s t♦✇❛r❞
t♦♦❧s ❜r♦✉❣❤t ❜② ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣
❛♥❞ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❤❛s ❜❡❡♥ r❡✈❡❛❧❡❞ ❜② ❏❡❛✈♦♥s ❡t ❛❧✳ ✐♥ ♣❛♣❡rs ❬❏❈✾✺❪✱
❬❏❈●✾✼❪ ❛♥❞ ❬❏❡❛✾✽❪✳ ■♥ t❤❡✐r ♣❛♣❡rs✱ t❤❡② ❤❛✈❡ s❤♦✇♥ t❤❛t ✐❢ ❛ s❡t S ♦❢
r❡❧❛t✐♦♥s ✐s ❝❧♦s❡❞ ✉♥❞❡r ❢✉♥❝t✐♦♥s✱ ♥❛♠❡❞ ♣♦❧②♠♦r♣❤✐s♠s✱ ✐t ❛❧✇❛②s ❧❡❛❞s
t♦ t❤❡ tr❛❝t❛❜✐❧✐t② ♦r t❤❡ ✐♥tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(S)✱ ❛♥❞ t❤✐s✱ ❢♦r ❡✈❡r② ✜♥✐t❡
❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱ ❏❡❛✈♦♥s ❡t ❛❧✳ ♣r♦✈❡❞ t❤❛t✱ ❣✐✈❡♥ ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s✱ t❤❡
s❡t ♦❢ ♣♦❧②♠♦r♣❤✐s♠s ♦❢ S ❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ♥❛♠❡❞ ❝❧♦♥❡ ✭❡✈❡♥ ✐❢ ✐t
✐s ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱ ✇❡ ❝❛♥ ❞❡♥♦t❡❞ ✐t ❛s ✧t❤❡ ❝❧♦♥❡ ♦❢ S✧✮✳ ❚❤❡ s❡t
♦❢ ❝❧♦♥❡s ✐♥ ❛ ❇♦♦❧❡❛♥ ❞♦♠❛✐♥ ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥ ❣✐✈❡ ✉s t❤❡ P♦st ❧❛tt✐❝❡✱
✇❤✐❝❤ ✐s ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❧❛tt✐❝❡ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② P♦st ✐♥ ❬P♦s✹✶❪✳
❚❤❛♥❦s t♦ t❤✐s ❧❛tt✐❝❡✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ❙❝❤❛❡❢❡r✬s ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ✇✐t❤
❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ♣♦❧②♠♦r♣❤✐s♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡r S✳ ■♥✲
❞❡❡❞✱ ❡✈❡♥ ✐❢ t❤✐s ❧❛tt✐❝❡ ✐s ✭❝♦✉♥t❛❜❧❡✮ ✐♥✜♥✐t❡✱ r❡s✉❧ts ❢r♦♠ ❏❡❛✈♦♥s ❡t ❛❧✳
♣❡r♠✐t ✉s t♦ ❞❡❞✉❝❡✱ ❢♦r ❛ ❣✐✈❡♥ s❡t S ♦❢ r❡❧❛t✐♦♥s✱ ✐❢ ❝s♣(S) ✐s ✐♥ P✱ t❤❡♥
❢♦r ❛❧❧ s❡ts S′ ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t t❤❡ ❝❧♦♥❡ ♦❢ S′ ❝♦♥t❛✐♥s t❤❡ ❝❧♦♥❡ ♦❢ S
✇❡ ❤❛✈❡ ❝s♣(S′) ✐♥ P✱ ❛♥❞ ✐❢ ❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡✱ t❤❡♥ ❢♦r ❛❧❧ s❡ts S′ ♦❢
r❡❧❛t✐♦♥s s✉❝❤ t❤❛t t❤❡ ❝❧♦♥❡ ♦❢ S′ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝❧♦♥❡ ♦❢ S ✇❡ ❤❛✈❡
❝s♣(S′) NP✲❝♦♠♣❧❡t❡✳ ❆ s✉r✈❡② ♣r❡s❡♥t✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦✛❡r❡❞ ❜② t❤❡
P♦st ❧❛tt✐❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❈❱✵✽❪✳

◆♦✇❛❞❛②s✱ r❡s❡❛r❝❤ ✐♥ t❤✐s ✜❡❧❞ str♦♥❣❧② r❡❧② ♦♥ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ t♦ ❝❤❛r✲
❛❝t❡r✐③❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ♣r♦❜❧❡♠ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s ♦r ❧♦❣✐❝❛❧ ♣r♦❜❧❡♠s
✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉r✈❡② ❛rt✐❝❧❡s ❛❜♦✉t t❤❡ st✉❞②
♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s✉❝❤ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ✐♥
❬❈❑❱✵✽❪✳ ❆❧♠♦st t❤✐rt② ②❡❛rs ❛❢t❡r ❙❝❤❛❡❢❡r✬s ❚❤❡♦r❡♠✱ ❇✉❧❛t♦✈ ♣r♦✈❡❞ ✐♥
❬❇✉❧✵✻❛❪ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(S) ♦✈❡r ❛ t❡r♥❛r②
❞♦♠❛✐♥✳ ❖♥❡ ❝❛♥ ✇♦♥❞❡r ✇❤② ✐t t♦♦❦ s♦ ♠✉❝❤ t✐♠❡s t♦ ❡①t❡♥❞ ❙❝❤❛❡❢❡r✬s r❡✲
s✉❧ts✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ r❡❛s♦♥ ✐s t❤❛t ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❧✐❦❡s P♦st ❧❛tt✐❝❡ ❞♦❡s ♥♦t
❡①✐st ❛♥②♠♦r❡✳ ■♥❞❡❡❞✱ ❨❛♥♦✈ ❛♥❞ ▼✉❝❤♥✐❦ ♣r♦✈❡❞ ✐♥ ❬❨▼✺✾❪ t❤❛t t❤❡ ♥✉♠✲
❜❡r ♦❢ t❤❡s❡ ❝❧♦♥❡s ✐s ✉♥❝♦✉♥t❛❜❧❡ ❢♦r ❞♦♠❛✐♥s ♦❢ ❝❛r❞✐♥❛❧✐t② ❤✐❣❤❡r t❤❛♥ ♦r
❡q✉❛❧s t♦ t❤r❡❡✱ ❧❡❛❞✐♥❣ t❤✉s t♦ ❛♥ ✉♥❝♦✉♥t❛❜❧❡ ❧❛tt✐❝❡✳ ❚❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ ❛r❡ t❤❡♥ ♥♦ ♠♦r❡ ❛✈❛✐❧❛❜❧❡✳

❙✐♥❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(S) ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ✭♦❢ ❛r❜✐tr❛r② ❝❛r❞✐✲
♥❛❧✐t②✱ ♦r ❡✈❡♥ ♦❢ ❝❛r❞✐♥❛❧✐t② ❣r❡❛t❡r t❤❛♥ t❤r❡❡✮ ❛r❡ ✈❡r② ❞✐✣❝✉❧t ♣r♦❜❧❡♠s✱
♦♥❡ ❝❛♥ ❛✈♦✐❞ t❤❡ ❞✐✣❝✉❧t② ❞✉❡ t♦ t❤❡ ✉♥❝♦✉♥t❛❜✐❧✐t② ♦❢ t❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡
❜② ❝♦♥s✐❞❡r✐♥❣ s♦♠❡ r❡str✐❝t✐♦♥ ♦r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❍❡♥❝❡✱
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♦♥❡ ✇❛② t♦ ♠❛❦❡ ❡❛s✐❡r t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❝♦♥s✐❞❡r ❛ s✉❜✲♣r♦❜❧❡♠ ❛❧❧♦✇✐♥❣
❛ ❝♦✉♥t❛❜❧❡ ❧❛tt✐❝❡✳ ❋♦r t❤✐s✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❛♠♦♥❣ ♦t❤❡rs t♦ ❡♥r✐❝❤ t❤❡
❢♦r♠❛❧✐s♠ ♦❢ ❝s♣ ♣r♦❜❧❡♠s ❧✐❦❡ ✐♥ ❬▼❛r✵✻❪ ❛♥❞ ❬▼❛r✵✽❪✱ ♦r t♦ ❢♦r❝❡ ❛ ❝❡rt❛✐♥
str✉❝t✉r❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡r S ❧✐❦❡ ✐♥ ❬❈❈❍❙✵✽❪ ❛♥❞ ❬❈❍❑❙✵✽❪✱ ♦r t♦ ❢♦r❝❡ ❛
❝❡rt❛✐♥ str✉❝t✉r❡ ♦♥ t❤❡ ❞♦♠❛✐♥ D ❧✐❦❡ ✐♥ ❬❙❝❤✼✽❪✳ ❚❤❡s❡ t✇♦ ✜rst ✐❞❡❛s ❤❛✈❡
❜❡❡♥ ❝❤♦s❡♥ ❛s st❛rt✐♥❣ ✐❞❡❛s ♦❢ t❤✐s t❤❡s✐s✳

✶✳✶ ❖✉t❧✐♥❡ ♦❢ t❤✐s t❤❡s✐s

❈❤❛♣t❡r ✷ ✐s t❤❡ ❝❤❛♣t❡r ♦❢ ♣r❡❧✐♠✐♥❛r✐❡s ✇❤❡r❡ ✇❡ ❢♦r♠❛❧❧② ❞❡✜♥❡ ❡❛❝❤
♠❛t❤❡♠❛t✐❝❛❧ ♥♦t✐♦♥ st✉❞✐❡❞ ♦r ✉s❡❞ ✐♥ s❡✈❡r❛❧ ❝❤❛♣t❡r ♦❢ t❤✐s t❤❡s✐s✳ ◆♦t✐♦♥s
✇❤✐❝❤ ❛r❡ s♣❡❝✐✜❝ t♦ ❛ ❝❤❛♣t❡r ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❤❛♣t❡r✳
❈❤❛♣t❡r ✸ ✇✐❧❧ ♣r❡s❡♥t r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ▼♦♥♦t♦♥❡ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝✲
t✐♦♥ Pr♦❜❧❡♠s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ❡♥r✐❝❤ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢
❝s♣ ✇✐t❤ t❤❡ ❞✐s❥✉♥❝t✐♦♥✱ t❤❛t ✐s✱ ❝♦♥str❛✐♥ts ♦❢ ❛ ❢♦r♠✉❧❛ ❛r❡ ♥♦t ❛♥②♠♦r❡
❧♦❣✐❝❛❧❧② ❧✐♥❦❡❞ ❜② ❝♦♥❥✉♥❝t✐♦♥s ♦♥❧② ❜✉t ❜② ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦r ❛ ❞✐s❥✉♥❝t✐♦♥✳
❚❤✐s ❡①t❡♥s✐♦♥ ❛❧❧♦✇❡❞ ✉s t♦ ❤❛✈❡ ❛ ❝♦✉♥t❛❜❧❡ ❛♥❞ ❡✈❡♥ ✜♥✐t❡ ❝❧♦♥❡ ❧❛tt✐❝❡✱
✇❤✐❝❤ ✇❛s t❤❡ ♦r✐❣✐♥❛❧ ❛r❣✉♠❡♥t t♦ st✉❞② ▼♦♥♦t♦♥❡ ❝s♣✳ ❊✈❡♥ ✐❢ t❤❡ ❧❛tt✐❝❡
❞♦❡s ♥♦t ✜♥❛❧❧② ❤❡❧♣ ✉s✱ ✇❡ ♦❜t❛✐♥ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦♥♦t♦♥❡ ❝s♣ ♣r♦❜❧❡♠ ♦✈❡r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥s✳ ❚❤✐s
r❡s✉❧t ❤❛s ❛❧s♦ ❜❡❡♥ ♣r♦✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ▼❛rt✐♥ ✐♥ t❤❡ ❈♦❘❘ ♣❛♣❡r
❬▼❛r✵✻❪✳ ■t ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❍❘✵✾❪ ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ st✉❞② ♦❢
♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♦❢ ❢r❛❣♠❡♥ts ♦❢ t❤❡ ✜rst✲♦r❞❡r ❧♦❣✐❝ ✭s❡❡ ❬▼❛r✵✽❪✮✳ ❲❡ ❛❧s♦
♣r♦✈❡❞ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r ▼♦♥♦t♦♥❡ ❝s♣ ♦✈❡r ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦✲
♠❛✐♥s✳ ❚❤✐s st✉❞② ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❇❍❘✵✾❪ ❛♥❞ ✐s ✐♥ ❧✐♥❡ t❤❡ st✉❞②
♦❢ ❝♦♥str❛✐♥t ♣r♦❜❧❡♠s ♦✈❡r ✐♥✜♥✐t❡ ❞♦♠❛✐♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ s✉r✈❡②
❬❇♦❞✵✽❪✮✳
❈❤❛♣t❡r ✹ ✇✐❧❧ ♣r❡s❡♥t r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ❝♦✲❇♦♦❧❡❛♥ ❝s♣✳ ❲❡ ❝❤♦♦s❡
❤❡r❡ t♦ ❢♦r❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡ t♦ t❤❡ ♣❛r❛♠❡t❡r S✿ ▲❡t f ❜❡ ❛ ✉♥❛r②
❢✉♥❝t✐♦♥ ♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D ✇✐t❤ ❛ ❝♦✲❞♦♠❛✐♥ ♦❢ s✐③❡ t✇♦✳ ❚❤❡ ❣r❛♣❤ ♦❢
f ✱ ❞❡♥♦t❡❞ f•✱ ✐s t❤❡ r❡❧❛t✐♦♥ f• = {(x, f(x)) | x ∈ D}✳ ❲❡ ❢♦r❝❡ ✐♥ t❤✐s
❝❤❛♣t❡r t❤❡ ♣❛r❛♠❡t❡r S t♦ ❜❡ ❛ s❡t ♦❢ ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❚❤✉s✱ ❛♥
✐♥st❛♥❝❡ ♦❢ ❝s♣(S) ✐s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ f(x) = y✳ ❚❤✐s
r❡str✐❝t✐♦♥ ❧❡❛❞s ❛❧s♦ t♦ ❛ ❝♦✉♥t❛❜❧❡ ✭❛♥❞ ❛❣❛✐♥ ❡✈❡♥ ✜♥✐t❡✮ ❝❧♦♥❡ ❧❛tt✐❝❡✳
❍♦✇❡✈❡r✱ ❧✐❦❡ ❢♦r ❈❤❛♣t❡r ✸✱ t❤✐s ❧❛tt✐❝❡ ✇❛s ❛❣❛✐♥ t♦♦ ❝♦♠♣❧✐❝❛t❡❞ t♦ ❜❡
❡✣❝✐❡♥t❧② ✉s❡❞✳ ❚❤✐s ❞✐✣❝✉❧t② ❞♦❡s ♥♦t ❢♦r❜✐❞ ✉s t♦ ♣r♦✈❡ ❛ ❉✐❝❤♦t♦♠②
❚❤❡♦r❡♠ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✇❤❡r❡ ❛❧❧ ✉♥❛r②
❢✉♥❝t✐♦♥s ❝♦♠♣♦s✐♥❣ ♦✉r ❝♦♥str❛✐♥ts s❤❛r❡ t❤❡ s❛♠❡ ❇♦♦❧❡❛♥ ❝♦✲❞♦♠❛✐♥✳ ❚❤✐s
t❤❡♦r❡♠ ❤♦❧❞s ❢♦r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛
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♣r♦♦❢ ❢♦r ❛ ❝♦♥❥❡❝t✉r❡❞ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦✲❇♦♦❧❡❛♥
❝s♣ ✐♥ ❣❡♥❡r❛❧ ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥✳ ❚❤❡s❡ ✇♦r❦s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✇✐t❤ ▼✐❦✐
❍❡r♠❛♥♥ ❛♥❞ ●✉st❛✈ ◆♦r❞❤ ❛♥❞ s❤♦✉❧❞ ❜❡ s✉❜♠✐tt❡❞ s♦♦♥✳ ■t ✐s ✐♥ ❧✐♥❡ ✇✐t❤
t❤❡ st✉❞② ♦❢ ❝s♣ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ✇❤❡r❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s ❛
❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ f(x) = y ✇❤❡r❡ f ✐s ❛ ✉♥❛r② ❢✉♥❝t✐♦♥
✭✇✐t❤ ♥♦ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦✲❞♦♠❛✐♥✮✳ ❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❜②
❬❋▼❙✵✹❪ t♦ ❜❡ ❛s ❣❡♥❡r❛❧ ✭❛♥❞ t❤❡♥ ❛s ❞✐✣❝✉❧t✮ ❛s t❤❡ ❣❡♥❡r❛❧ ❝s♣ ♣r♦❜❧❡♠✱
t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝s♣ ♣r♦❜❧❡♠ ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❝s♣ ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r②
❢✉♥❝t✐♦♥s✳
❈❤❛♣t❡r ✺ ❝❡rt❛✐♥❧② ❝♦♥t❛✐♥s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤✐s t❤❡✲
s✐s✳ ■t ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ✇♦r❦s ♦❢ ❋❡❞❡r ❡t ❛❧✳ s✐♥❝❡ ✐t ❞❡❛❧s ✇✐t❤ t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ ❝s♣(S) ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts t❤❡ ♠❡t❤♦❞ ♦❢ ❦❡r♥❡❧
✇✐❞t❤✱ ❛♥ ✐♥♥♦✈❛t✐♥❣ ♠❡t❤♦❞ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡
t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s✉❝❤ ♣r♦❜❧❡♠ ♦r s♦♠❡ ♦❢ ✐ts s✉❜✲♣r♦❜❧❡♠s✳ ■t ❝♦♥t❛✐♥s t❤r❡❡
♠❛✐♥ r❡s✉❧ts ✭♥♦t ✇✐t❤ t❤❡ s❛♠❡ ✐♠♣❛❝t ❛♥❞ ✐♠♣♦rt❛♥❝❡✮✳ ❋✐rst✱ ✇❡ s❤♦✇
t❤❛t✱ ❢♦r t❤❡ ❝s♣(S) ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥✱
t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ ✇✐❞t❤ ✐♠♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(S)✳ ❚❤✐s ✐s t❤❡ ✜rst
r❡s✉❧t ❛✈❛✐❧❛❜❧❡ ♦♥ ❡✈❡r② ❝❛r❞✐♥❛❧✐t② ♦❢ ✜♥✐t❡ ❞♦♠❛✐♥ ✉s✐♥❣ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✳
▼♦r❡♦✈❡r✱ t❤✐s r❡s✉❧t ✇❛s ♥♦t ❦♥♦✇♥ s♦ ❢❛r✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t ❛ ❉✐❝❤♦t♦♠②
❚❤❡♦r❡♠ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝s♣(S) ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥
❛ t❡r♥❛r② ❞♦♠❛✐♥ ✈✐❛ ❛ ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✳ ❉❡s♣✐t❡ t❤❡
❢❛❝t t❤❛t t❤✐s r❡s✉❧t ✇❛s ❛❧r❡❛❞② ❝♦✈❡r ❜② ❇✉❧❛t♦✈✬s r❡s✉❧t✱ t❤✐s ✐s t❤❡ ✜rst
❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ♣r♦✈❡❞ ✈✐❛ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ♠❡t❤♦❞✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡
t❤❡ NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ ❛ s♣❡❝✐✜❝ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣(S) ♣r♦❜❧❡♠
♦✈❡r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥ D ✐❢ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ✐s ❤✐❣❤❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡
❝❛r❞✐♥❛❧✐t② ♦❢ D✳ ❆❣❛✐♥✱ t❤✐s r❡s✉❧t ✐s ❝♦✈❡r ❜② ♦✉r r❡s✉❧t ♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲
❇♦♦❧❡❛♥ ❝s♣ ✐♥ ❈❤❛♣t❡r ✹✱ ❜✉t ✐t ✐s t❤❡ ✜rst r❡s✉❧t ♦❢ NP✲❝♦♠♣❧❡t❡♥❡ss ✇✐t❤
❛ ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✳ ❚❤✐s r❡s✉❧t ❧❡❛❞s ✉s t♦ t❤❡ ❝♦♥❥❡❝t✉r❡
t❤❛t✱ ✐❢ t❤✐s ❝r✐t❡r✐♦♥ ✐s ✈❡r✐✜❡❞✱ t❤❡ ❝s♣(S) ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ✐s
✐♥tr❛❝t❛❜❧❡✳
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■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ♠♦st ❣❡♥❡r❛❧ ✉s❡❞ ❛♥❞ st✉❞✐❡❞ ♥♦t✐♦♥s
✐♥ t❤✐s t❤❡s✐s✳ ❙♣❡❝✐✜❝ ♥♦t✐♦♥s ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤
❝❤❛♣t❡rs✳

✷✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②

❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s t❤❡ st✉❞② ♦❢ ✐♥tr✐♥s✐❝ ❝♦♠♣❧❡①✐t②✱ ♦r ❞✐✣❝✉❧t②✱
♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ tr❡❛t ❛✉t♦♠❛t✐❝❛❧❧②✳ ❲❡ ♠❡❛s✉r❡
t❤✐s ❞✐✣❝✉❧t② r❡❣❛r❞✐♥❣ t♦ ♥❡❡❞❡❞ r❡s♦✉r❝❡s✳ ❚❤❡s❡ r❡s♦✉r❝❡s ❝❛♥ ❜❡ t✐♠❡
♦r s♣❛❝❡ ♥❡❡❞❡❞ ❜② ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧ t♦ s♦❧✈❡ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✳ ❇♦t❤
t✐♠❡ ❝♦♠♣❧❡①✐t② ❛♥❞ s♣❛❝❡ ❝♦♠♣❧❡①✐t② ❛r❡ ♠❡❛s✉r❡❞ r❡❣❛r❞✐♥❣ t♦ t❤❡ ✐♥♣✉t
s✐③❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❜❧❡♠✳ ❚✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛ ♣r♦❜❧❡♠ p ✐s ♠❡❛s✉r❡❞
✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❡❞❡❞ ♦♣❡r❛t✐♦♥s t♦ ❛♥s✇❡r p✳

❲❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✉s✉❛❧ ❝♦♠♣❧❡①✐t② ❝❧❛ss❡s ♦❢ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠s
✇❤✐❝❤ ❛r❡ L✱ P ❛♥❞ NP✳ ❆ ❝♦♠♣❧❡①✐t② ❝❧❛ss ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤
❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ t✐♠❡ ♦r s♣❛❝❡ ❝♦♠♣❧❡①✐t②✳ ❆ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠
✐s ❛ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ❛♥s✇❡r ✐s ❡✐t❤❡r ✧②❡s✧ ♦r ✧♥♦✧✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣❧❡①✐t② ❝❧❛ss❡s✱ ✇❡ ♥❡❡❞ t♦ ❢♦r♠❛❧✐③❡ t❤❡ ♥♦t✐♦♥s
♦❢ ❧❛♥❣✉❛❣❡ ❛♥❞ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡ ♥♦t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧✲
t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥✳

▲❡t p ❜❡ ❛ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ A t❤❡ s❡t ♦❢ ✐♥st❛♥❝❡s ♦❢ p✳ ❲❡ ❝❛❧❧
♣♦s✐t✐✈❡ ✐♥st❛♥❝❡ ♦❢ p✱ ♦r s♦❧✉t✐♦♥ ♦❢ p✱ ❛♥ ✐♥st❛♥❝❡ ♦❢ p ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡
❛♥s✇❡r ✧②❡s✧✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② A+ ⊆ A t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥st❛♥❝❡s ♦❢ p✳
❲❡ s❛② t❤❛t A+ ✐s t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ p✳ ❚❤✉s✱ ❛♥ ✐♥st❛♥❝❡ x ♦❢ p
✐s ❛ s♦❧✉t✐♦♥ ♦❢ p ✐❢ x ∈ A+✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❞❡❝✐❞❛❜❧❡ ❧❛♥❣✉❛❣❡s✳ ❆ ❧❛♥❣✉❛❣❡ ✐s ❞❡❝✐❞❛❜❧❡
✐❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ r❡❝♦❣♥✐③❡s ✐t✱ ❛♥❞ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✐s ❛ ♠♦❞❡❧ ♦❢ ❝♦♠♣✉✲
t❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡ ❛s ❛ ♠❛❝❤✐♥❡ ✇✐t❤ ♦♥❡ ♦r ♠♦r❡ ✐♥✜♥✐t❡ t❛♣❡s ✇❤❡r❡
♠♦✈❡s ❛ r❡❛❞✲✇r✐t❡ ❤❡❛❞ ✇❤✐❝❤ ❛❝ts r❡❣❛r❞✐♥❣ t♦ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡
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♠❛❝❤✐♥❡ ❛♥❞ t❤❡ ❝✉rr❡♥t r❡❛❞ s②♠❜♦❧ ♦♥ t❤❡ t❛♣❡✳ ❚❤❡ ❢❛❝t t❤❛t ❛ ❚✉r✐♥❣
♠❛❝❤✐♥❡ ❝♦♥t❛✐♥s ♦♥❡ ♦r ♠♦r❡ t❛♣❡s ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐ts ✇♦r❦✐♥❣ ♦r ♣r♦♣❡r✲
t✐❡s ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✇✐t❤ ♦♥❧② ♦♥❡ t❛♣❡ ✐s ❛s ♣♦✇❡r❢✉❧ ❛s
❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✇✐t❤ s❡✈❡r❛❧ ♦♥❡s✱ t❤❛t ✐s✱ ✐❢ ❛ ❧❛♥❣✉❛❣❡ L ✐s r❡❝♦❣♥✐③❡❞
❜② ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✇✐t❤ s❡✈❡r❛❧ t❛♣❡s✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡
✇✐t❤ ♦♥❡ t❛♣❡ ✇❤✐❝❤ ❛❧s♦ r❡❝♦❣♥✐③❡ L✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ ❆ ❚✉r✐♥❣ ▼❛❝❤✐♥❡ ✐s ❛ ✻✲t✉♣❧❡ (Q,Σ, δ, qs, qa, qr) ✇❤❡r❡

• Q ✐s t❤❡ ✜♥✐t❡ s❡t ♦❢ st❛t❡s ♦❢ t❤❡ ♠❛❝❤✐♥❡✱

• Σ ✐s ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ s♣❡❝✐❛❧ ❜❧❛♥❦ ❝❤❛r❛❝t❡r
⊔✱

• δ ✐s t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s

δ : Q× (Σ ∪ {⊔}) → Q× (Σ ∪ {⊔}) × {L,R},

• qs ∈ Q ✐s t❤❡ st❛rt st❛t❡✱

• qa ∈ Q ✐s t❤❡ ❛❝❝❡♣t st❛t❡✱

• qr ∈ Q ✐s t❤❡ r❡❥❡❝t st❛t❡✱ ✇✐t❤ qr 6= qa✳

▲❡t✬s ✉s ❡①♣❧❛✐♥ ❤♦✇ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✇♦r❦s✳ ▲❡tM ❜❡ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡
✇✐t❤ ♦♥❡ t❛♣❡✳ M r❡❝❡✐✈❡s ❛♥ ✐♥♣✉t x ✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ str✐♥❣ ❝♦♠♣♦s❡❞ ♦❢
❡❧❡♠❡♥ts ❢r♦♠ t❤❡ ❣✐✈❡♥ ❛❧♣❤❛❜❡t Σ✳ ❯s✉❛❧❧②✱ ✇❡ ✇r✐t❡ x := x0x1 . . . xn−1 ❢♦r
❛ n✲❧♦♥❣ str✐♥❣ ✇✐t❤ x0✱ x1✱ . . .✱ xn−1 ∈ Σ✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣✱ x ✐s ✇r✐tt❡♥ ♦♥
t❤❡ t❛♣❡ ♦❢ M ✱ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ M ✐s qs✱ ❛♥❞ t❤❡ r❡❛❞✲✇r✐t❡ ❤❡❛❞ ♦❢ M
✐s ♣❧❛❝❡❞ ♦♥ t❤❡ ❝❛s❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✜rst ❝❤❛r❛❝t❡r x0 ♦❢ x✳ ❆❧❧ ❝❛s❡s ♦❢ t❤❡
t❛♣❡ ✇❤✐❝❤ ❛r❡ ♥♦t ✜❧❧❡❞ ✉♣ ✇✐t❤ t❤❡ ✐♥♣✉t x ❝♦♥t❛✐♥ t❤❡ ❜❧❛♥❦ ❝❤❛r❛❝t❡r ⊔✳
▲❡t✬s ❛ttr✐❜✉t❡ ❛ ♥✉♠❜❡r t♦ ❡❛❝❤ ❝❛s❡ ♦❢ t❤❡ t❛♣❡ ❛s ❢♦❧❧♦✇✿ t❤❡ st❛rt ❝❛s❡
❝♦♥t❛✐♥✐♥❣ x0 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✇✐❧❧ ❜❡ ♥❛♠❡❞ c0✱ ❛♥❞ ♥❡①t ❝❛s❡s t♦ ✐ts r✐❣❤t
✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② c1 ✭❝♦♥t❛✐♥✐♥❣ x1✮✱ c2 ✭❝♦♥t❛✐♥✐♥❣ x2✮✱ ❛♥❞ s♦ ♦♥✳ ❈❛s❡s
t♦ t❤❡ ❧❡❢t ♦❢ c0 ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② c−1✱ c−2✱ ❛♥❞ s♦ ♦♥✳ ❚❤❡s❡ ❝❛s❡s ❝♦♥t❛✐♥
⊔ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳

◆♦✇ ✇❡ ❝❛♥ r✉♥ t❤❡ ♠❛❝❤✐♥❡ M ✳ ❆ r✉♥ ♦❢ M ✐s ❛ s✉❝❝❡ss✐♦♥ ♦❢ st❡♣s✱
✇❤✐❝❤ ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ δ t♦ t❤❡ ❝♦✉♣❧❡ (q, e) ✇❤❡r❡ q ✐s t❤❡
❝✉rr❡♥t st❛t❡ ❛♥❞ e t❤❡ ❝❤❛r❛❝t❡r r❡❛❞s ❜② t❤❡ ❤❡❛❞ ♦❢ M ✳ ❚❤❡ ❢✉♥❝t✐♦♥ δ
♦✉t♣✉t ❛ tr✐♣❧❡ (q′, e′, d) ✇❤❡r❡ q′ ✐s ❛ st❛t❡ ✐♥ Q✱ ♥♦t ♥❡❝❡ss❛r✐❧② ❞✐✛❡r❡♥t
❢r♦♠ q✱ e′ ❛ ❝❤❛r❛❝t❡r ✐♥ Σ ∪ {⊔} ✇r✐tt❡♥ ✐♥ t❤❡ ❝❛s❡ ci ✇❤❡r❡ t❤❡ ❤❡❛❞ ✐s
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♣♦s✐t✐♦♥❡❞✱ ❛♥❞ d t❤❡ ❞✐r❡❝t✐♦♥ t♦✇❛r❞ ✇❡ ♠♦✈❡ t❤❡ ❤❡❛❞✳ ■❢ d = L ❤♦❧❞s✱ ✇❡
♠♦✈❡ t❤❡ ❤❡❛❞ ♦♥❡ st❡♣ t♦ t❤❡ ❧❡❢t✱ s♦ t♦ t❤❡ ❝❛s❡ ci−1✱ ❛♥❞ ♦♥ t❤❡ ♦♣♣♦s✐t❡ ✐❢
✇❡ ❤❛✈❡ d = R ✇❡ ♠♦✈❡ ✐t ♦♥❡ st❡♣ t♦ t❤❡ r✐❣❤t✱ t❤❛t ✐s t♦ t❤❡ ❝❛s❡ ci+1✳ ❚❤❡
❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡ ✐s ♥♦✇ q′✱ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r r❡❛❞s ❜② t❤❡ ❤❡❛❞
✐s t❤❡ ♦♥❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝❛s❡ ci−1 ♦r ci+1✱ ❞❡♣❡♥❞✐♥❣ ✇❤❡r❡ ✇❡ ❤❛✈❡ ♠♦✈❡
t❤❡ ❤❡❛❞✳ ■❢ t❤❡ ❝✉rr❡♥t st❛t❡ ✐s qa✱ t❤❡♥ t❤❡ ♠❛❝❤✐♥❡ ✧❛❝❝❡♣ts✧✱ ✐✳❡✳ t❤❡
✐♥♣✉t ❜❡❧♦♥❣s t♦ t❤❡ ❧❛♥❣✉❛❣❡ r❡❝♦❣♥✐③❡❞ ❜② M ✱ ❛♥❞ ✐❢ t❤❡ ❝✉rr❡♥t st❛t❡ ✐s
qr✱ t❤❡♥ t❤❡ ♠❛❝❤✐♥❡ ✧r❡❥❡❝ts✧✱ s♦ t❤❡ ✐♥♣✉t ✐s ♥♦t ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ r❡❝♦❣♥✐③❡❞
❜② t❤❡ ♠❛❝❤✐♥❡✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❝❛♥ ❤❛✈❡ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛ r✉♥ ♥❡✈❡r
r❡❛❝❤❡s t❤❡ st❛t❡ qa ♥♦r qr✳ ❚❤❡♥ ✇❡ s❛② t❤❛t t❤❡ ♠❛❝❤✐♥❡ M ❧♦♦♣s✱ t❤❛t ✐s✱
✐t ♥❡✈❡r ❤❛❧ts✳ ❆ ❧❛♥❣✉❛❣❡ r❡❝♦❣♥✐③❡❞ ❜② ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✇❤✐❝❤ ❧♦♦♣s ♦♥
❝❡rt❛✐♥ ✐♥♣✉ts ✐s ❝❛❧❧❡❞ ❛ s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❧❛♥❣✉❛❣❡✱ s✐♥❝❡ ✇❤❡♥ t❤❡ ♠❛❝❤✐♥❡
❧♦♦♣s✱ ✇❡ ❛❝t✉❛❧❧② ♥❡✈❡r ❦♥♦✇ ✐❢ t❤❡ ♠❛❝❤✐♥❡ ❧♦♦♣s ♦r t❛❦❡ s♦♠❡ t✐♠❡s t♦
✜♥✐s❤ ✐ts ❝♦♠♣✉t❛t✐♦♥✳

❲❡ s❛② t❤❛t ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡M ✐s ❞❡t❡r♠✐♥✐st✐❝ ✐❢ ✐ts tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥
δ ✐s ❞❡t❡r♠✐♥✐st✐❝✱ t❤❛t ✐s✱ ❢♦r ❡✈❡r② ❝♦✉♣❧❡ (q, e) ✐♥ Q × (Σ ∪ {⊔})✱ δ(q, e)
♦✉t♣✉ts ❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t ✐♥ Q×(Σ∪{⊔})×{L,R}✳ ■❢ t❤❡r❡ ❡①✐st s♦♠❡ ❝♦✉♣❧❡
(q, e) ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡s ♦❢ δ(q, e) ❝♦♥st✐t✉t❡ ❛ s❡t V ⊆ Q×(Σ∪{⊔})×{L,R}
✇❤✐❝❤ ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ ✇❡ s❛② t❤❛t M ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳

❖♥❡ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥ ✐♥ ❚❈❙ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t❧② ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s
t❤❡ ♥♦t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥ ♦❢ ♣r♦❜❧❡♠s✳ ❲❡ ❡s♣❡❝✐❛❧❧② ✉s❡ t❤❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥ ✭❛❧s♦ ❦♥♦✇ ❛s ❑❛r♣ r❡❞✉❝t✐♦♥✮ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ❆ ❧❛♥❣✉❛❣❡ A ✐s ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝✐❜❧❡ t♦
❛ ❧❛♥❣✉❛❣❡ B ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥ f : A → B
s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② str✐♥❣ ω✱ ✇❡ ❤❛✈❡ ω ∈ A ✐❢ ❛♥❞ ♦♥❧② ✐❢ f(ω) ∈ B✳ ❚❤✐s
✐s ❞❡♥♦t❡❞ ❜② A ≤p B✱ ❛♥❞ ✇❡ s❛② t❤❛t f ✐s ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡
r❡❞✉❝t✐♦♥✳

❚❤✉s✱ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ❛ ♣r♦❜❧❡♠ p1 t♦ ❛
♣r♦❜❧❡♠ p2✱ ❞❡♥♦t❡❞ ❜② p1 ≤p p2✱ ✐s ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥
tr❛♥s❢♦r♠✐♥❣ ❛♥ ✐♥st❛♥❝❡ ♦❢ p1 ✐♥t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ p2 s✉❝❤ t❤❛t x ✐s ❛ ♣♦s✐t✐✈❡
✐♥st❛♥❝❡ ♦❢ p1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ f(x) ✐s ❛ ♣♦s✐t✐✈❡ ✐♥st❛♥❝❡ ♦❢ p2✳ ❘❡♠❛r❦ t❤❛t✱ ❢♦r
❡✈❡r② ✐♥st❛♥❝❡ x ♦❢ p1✱ ✇❡ ♠✉st ❤❛✈❡ t❤❡ s✐③❡ ♦❢ f(x) ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞
❜② t❤❡ s✐③❡ ♦❢ x✳

▼♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t t✇♦ ♣r♦❜❧❡♠s p1 ❛♥❞ p2 ❛r❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈✲
❛❧❡♥t ✭✐♥ t❤✐s t❤❡s✐s✱ ❡q✉✐✈❛❧❡♥t ❢♦r s❤♦rt✮✱ ❞❡♥♦t❡❞ ❜② p1 ≡p p2✱ ✐❢ ❜♦t❤
p1 ≤p p2 ❛♥❞ p2 ≤p p1 ❤♦❧❞✳

❆♥♦t❤❡r r❡❞✉❝t✐♦♥ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ❧♦❣s♣❛❝❡ r❡❞✉❝t✐♦♥✳ ❘❛t❤❡r
t❤❛♥ ❢♦r♠❛❧❧② ❞❡✜♥❡ ✐t✱ ✇❡ ❝❛♥ ♠♦❞✐❢② ❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ❛s ❢♦❧❧♦✇✿ t❤❡r❡ ✐s ❛
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❧♦❣s♣❛❝❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ❛ ❧❛♥❣✉❛❣❡ A t♦ ❛ ❧❛♥❣✉❛❣❡ B✱ ❞❡♥♦t❡❞ ❜② A ≤log B✱
✐❢ t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❧♦❣s♣❛❝❡ ❝♦♠♣✉t❛❜❧❡✱ t❤❛t ✐s✱ ✐❢ t❤❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡
✇❤✐❝❤ ❝♦♠♣✉t❡ f ♦♥❧② ✉s❡s ❛ ❧♦❣❛r✐t❤♠✐❝ ♥✉♠❜❡r ♦❢ ❝❛s❡s ♦♥ ✐ts ✇♦r❦✐♥❣
t❛♣❡ r❡❣❛r❞✐♥❣ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t✳ ❚✇♦ ♣r♦❜❧❡♠s p1 ❛♥❞ p2 ❛r❡ ❧♦❣s♣❛❝❡
❡q✉✐✈❛❧❡♥t✱ ❞❡♥♦t❡❞ ❜② p1 ≡log p2✱ ✐❢ ❜♦t❤ p1 ≤log p2 ❛♥❞ p2 ≤log p1 ❤♦❧❞✳

❚❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❛♥♦t❤❡r ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ❛♥❞
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥ ✐♥ ❬❙✐♣✾✼❪ ♦r ❬P❛♣✾✹❪✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣❧❡①✐t② ❝❧❛ss❡s ✉s❡❞ ✐♥ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ♥❡❡❞ t♦
❡①♣❧❛✐♥ t❤❡ ❜✐❣✲❖ ♥♦t❛t✐♦♥✱ ❛❧s♦ ♥❛♠❡❞ ❛s②♠♣t♦t✐❝ ♥♦t❛t✐♦♥✳

◆♦t❛t✐♦♥ ✷✳✶✳✸ ▲❡t f ❛♥❞ g ❜❡ t✇♦ ❢✉♥❝t✐♦♥s f, g : N→ N✳ ❲❡ ✇r✐t❡ f(n) =
O(g(n)) ✐❢ t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs c ❛♥❞ n0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
n ≥ n0✱ t❤❡ ❡q✉❛t✐♦♥ f(n) ≤ c.g(n) ❤♦❧❞s✳ ❚❤✉s✱ ✇❡ s❛② t❤❛t g(n) ✐s ❛♥
❛s②♠♣t♦t✐❝ ✉♣♣❡r ❜♦✉♥❞ ♦❢ f(n)✳

❈♦♥s✐❞❡r ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ✇❤✐❝❤ r❡❝♦❣♥✐③❡ ❛ ❧❛♥❣✉❛❣❡ L✳ ❘♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ t❤❡r❡ ❡①✐st t✇♦ ✇❛②s t♦ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ M ✿ t❤❡
❛✈❡r❛❣❡✲❝❛s❡ ❛♥❛❧②s✐s ✇❤❡r❡ ♦♥❡ ❝♦♥s✐❞❡r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ st❡♣s M
♥❡❡❞s t♦ r❡❝♦❣♥✐③❡ ❛♥ ❡❧❡♠❡♥t x ♦❢ L✱ ❛♥❞ t❤❡ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s ✇❤❡r❡ ♦♥❡
❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ st❡♣s M ♥❡❡❞s t♦ r❡❝♦❣♥✐③❡ ❛♥ ❡❧❡♠❡♥t x
♦❢ L✱ t❤❛t ✐s✱ x ✐s ❛♥ ✐♥♣✉t ❧❡❛❞✐♥❣ t♦ t❤❡ ❧♦♥❣❡st ✜♥✐t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M ✳
❚❤✉s✱ t❤❡ ❣♦❛❧ ♦❢ t❤❡ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s ✐s t♦ ❞❡t❡r♠✐♥❡ ❛♥ ❛s②♠♣t♦t✐❝ ✉♣♣❡r
❜♦✉♥❞ ✈❡r✐✜❡❞ ❢♦r ❡✈❡r② ✐♥♣✉t r❡❝♦❣♥✐③❡❞ ❜② t❤❡ ♠❛❝❤✐♥❡✳ ❚❤✐s t❤❡s✐s ♦♥❧②
❞❡❛❧s ✇✐t❤ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s✳ ❙✐♠✐❧❛r❧②✱ ✇❤❡♥ ✇❡ ✇✐❧❧ s♣❡❛❦ ❛❜♦✉t s♣❛❝❡
❝♦♠♣❧❡①✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s✳

❊①❛♠♣❧❡ ✷✳✶✳✹ ▲❡t f : N → N ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡ r✉♥♥✐♥❣ t✐♠❡
♦❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ✱ t❤❛t ✐s✱ f t❛❦❡s ❛s ✐ts ✐♥♣✉t t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t x
♦❢ M s✉❝❤ t❤❛t x ❧❡❛❞s t♦ t❤❡ ❧♦♥❣❡st ✜♥✐t❡ r✉♥ ♦❢ M ✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡
s✐③❡ ♦❢ x✱ ✐✳❡✳ ✇❡ ❤❛✈❡ n = |x|✳

❆ss✉♠❡ t❤❛t f(n) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

f(n) = 4n7 + 5n4 + 2n3 + n+ 2

❚❤❡♥✱ ✇❡ ❤❛✈❡ f(n) = O(n7)✳ ■♥❞❡❡❞✱ t❛❦✐♥❣ t❤❡ ❤✐❣❤❡st ♦r❞❡r t❡r♠ ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤♦✉t t❤❡ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t 4 ✐s s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ❛♥
❛s②♠♣t♦t✐❝ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤✉s✱ ✇❡ s❛② t❤❛t M r✉♥s ✐♥ O(n7)✳ �

❈❧❛ss P ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡ ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✐♥
♣♦❧②♥♦♠✐❛❧✲t✐♠❡✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ✇❤❡r❡
t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♥❡❡❞❡❞ st❡♣s t♦ s♦❧✈❡ ✐t ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ ✐♥♣✉t
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s✐③❡ n ✇❤❡r❡ nk ✐s t❤❡ ❤✐❣❤❡st t❡r♠✱ ❢♦r s♦♠❡ ✜①❡❞ k✳ ❙✉❝❤ ♣r♦❜❧❡♠s ❛r❡
❞❡❝✐❞❛❜❧❡ ✐♥ O(nk)✳ ❚❤✉s✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② TIME(x) t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s
❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❞❡❝✐❞❛❜❧❡ ✐♥ O(x)✱ P ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

P =
⋃

k

TIME(nk)

❱❡r② s✐♠✐❧❛r❧②✱ t❤❡ ❝❧❛ss NP ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞
♥♦♥✲❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡t❡r♠✐♥✐s✲
t✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ s♦❧✈✐♥❣ t❤❡ ❣✐✈❡♥ ♣r♦❜❧❡♠✳

❚❤❡♥✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② NTIME(x) t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ♥♦♥✲❞❡t❡r♠✐♥✐st✐✲
❝❛❧❧② ❞❡❝✐❞❛❜❧❡ ✐♥ O(x)✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝❧❛ss NP ❢r♦♠ t❤❡ s❛♠❡ ✇❛② ✇❡
❤❛✈❡ ❞❡✜♥❡❞ P✿

NP =
⋃

k

NTIME(nk)

❚♦ ❣✐✈❡ ❛♥ ✐♥t✉✐t✐♦♥✱ t❤❡ ❝❧❛ss NP ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❛r❡
❞✐✣❝✉❧t t♦ ❛♥s✇❡r✱ ❜✉t ❢♦r ✇❤✐❝❤ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② ✐❢ ❛ ♣r♦♣♦s❡❞ ❛♥s✇❡r ✐s
❛ s♦❧✉t✐♦♥ ♦r ♥♦t✳

■t ✐s ❝❧❡❛r t❤❛t✱ ❣✐✈❡♥ ❛ ♣r♦❜❧❡♠ p✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ s♦❧✈✐♥❣ p ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡✳
❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ P ⊆ NP✳ ❚❤❡ q✉❡st✐♦♥ t♦ ❦♥♦✇ ✐❢ NP ⊆ P ✐s ✉♥❦♥♦✇♥
❛♥❞ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ❞✐✣❝✉❧t ♣r♦❜❧❡♠s ✐♥ ❚❈❙✶✳

❆ ✈❡r② ✐♠♣♦rt❛♥t ♥♦t✐♦♥ ✐s t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ ❛ ❝♦♠♣❧❡①✐t② ❝❧❛ss✳ ❲❡
♦❢t❡♥ ✉s❡ t❤✐s ♥♦t✐♦♥ ❢♦r t❤❡ ❝❧❛ss NP✱ t❡❧❧✐♥❣ t❤❛t ❛ ♣r♦❜❧❡♠ ✐s NP✲❝♦♠♣❧❡t❡✳
■♥t✉✐t✐✈❡❧②✱ ❛♥ NP✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠ p ✐s ❛ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛♠♦♥❣
t❤❡ ♠♦st ❞✐✣❝✉❧t ♣r♦❜❧❡♠s ✐♥ NP s✐♥❝❡ ♦♥❡ ❝❛♥ r❡❞✉❝❡ ❡✈❡r② ♣r♦❜❧❡♠ ✐♥ NP
t♦ t❤❡ ♣r♦❜❧❡♠ p✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❛ ♣r♦❜❧❡♠ p ✐s NP✲❝♦♠♣❧❡t❡ ✐❢ p ∈ NP ❛♥❞
❢♦r ❡✈❡r② ♣r♦❜❧❡♠ p′ ∈ NP ✇❡ ❤❛✈❡ p′ ≤p p✳

❆s ❧❡❛st✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝❧❛ss L ✇❤✐❝❤ ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠ ✇❤❡r❡ ♥❡❡❞❡❞
s♣❛❝❡ t♦ ❝♦♠♣✉t❡ ❛ ♣r♦❜❧❡♠ ❢♦r ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✐s ✇✐t❤✐♥ log n
✇✐t❤ n ❜❡✐♥❣ t❤❡ ✐♥♣✉t s✐③❡✳ ❉❡♥♦t✐♥❣ ❜② SPACE(x) t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s
❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❞❡❝✐❞❛❜❧❡ ✐♥ s♣❛❝❡O(x)✱ t❤❡ ❝❧❛ss L ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

L = SPACE(logn)

❚❤❡r❡ ❡①✐sts ❛ ❧♦t ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❧❛ss❡s ✐♥ ❝♦♠♣❧❡①✐t② t❤❡♦r②✱ ❤♦✇❡✈❡r
❛❧❧ ❛❧♦♥❣ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡❞ t❤❡s❡ t❤r❡❡ ❝❧❛ss❡s✱ ❡s♣❡❝✐❛❧❧② ❝❧❛ss❡s
P ❛♥❞ NP✳

✶❚❤❡ ❈❧❛② ▼❛t❤❡♠❛t✐❝s ■♥st✐t✉t❡ ❤❛❞ ❝❤♦s❡♥ ✐♥ ✷✵✵✵ s❡✈❡♥ ♣r♦❜❧❡♠s✱ t❤❛t t❤❡② ❝❛❧❧❡❞
♠✐❧❧❡♥♥✐✉♠ ♣r♦❜❧❡♠s✱ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ♠♦st ❞✐✣❝✉❧t ♦♣❡♥ ♣r♦❜❧❡♠s ✐♥ ▼❛t❤❡♠❛✲
t✐❝s✱ ✇❤✐❝❤ ❛r❡✿ t❤❡ ❇✐r❝❤ ❛♥❞ ❙✇✐♥♥❡rt♦♥✲❉②❡r ❝♦♥❥❡❝t✉r❡✱ t❤❡ ❍♦❞❣❡ ❝♦♥❥❡❝t✉r❡✱ t❤❡
◆❛✈✐❡r✲❙t♦❦❡s ❝♦♥❥❡❝t✉r❡✱ t❤❡ P♦✐♥❝❛ré ❝♦♥❥❡❝t✉r❡ ✭s♦❧✈❡❞ ❜② ●r✐s❤❛ P❡r❡❧♠❛♥ ✐♥ ✷✵✵✻✮✱
t❤❡ ❘✐❡♠❛♥♥ ❤②♣♦t❤❡s✐s✱ t❤❡ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ❛♥❞ t❤❡ P ✈❡rs✉s NP ♣r♦❜❧❡♠✳
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✷✳✷ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠

❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠s ✭♦r ❝s♣ ❢♦r s❤♦rt✮ ❝♦♥st✐t✉t❡ ❛ ❝♦♠♠♦♥
❢♦r♠❛❧✐s♠ t♦ ❞❡s❝r✐❜❡ ♠❛♥② ❛❧❣♦r✐t❤♠✐❝ ♣r♦❜❧❡♠s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❝s ❛♥❞
❣r❛♣❤ t❤❡♦r②✱ ❛rt✐✜❝✐❛❧ ✐♥t❡❧❧✐❣❡♥❝❡✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❧❡❝✉❧❛r ❜✐♦❧♦❣②✱ ❡t❝✳
❝s♣ ♥♦t✐♦♥ ❛♣♣❡❛rs ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ ✶✾✼✹ ✐♥ ▼♦♥t❛♥❛r✐✬s ❛rt✐❝❧❡ ❬▼♦♥✼✹❪✱
❛♥❞ ✐s ♥♦✇ ♣r❡s❡♥t ✐♥ ♠❛♥② ❛r❡❛s ♦❢ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✿ ❝s♣s ❤❛✈❡ ❛ttr❛❝t❡❞
❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ❝♦♠❜✐♥❛t♦r✐❝s✱ ❛rt✐✜❝✐❛❧ ✐♥t❡❧❧✐❣❡♥❝❡✱ ❛♥❞
✜♥✐t❡ ♠♦❞❡❧ t❤❡♦r②❀ ✇❡ r❡❢❡r t♦ t❤❡ r❡❝❡♥t ♠♦♥♦❣r❛♣❤ ✇✐t❤ s✉r✈❡② ❛rt✐❝❧❡s
♦♥ t❤✐s s✉❜❥❡❝t ❬❈❑❱✵✽❪✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ✇❤❛t ✐s ❛ ❝s♣ ✐♥st❛♥❝❡✱ ✇❡ ♥❡❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥✲
str❛✐♥t✳ ❆ k✲❛r② ❝♦♥str❛✐♥t ✐s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ k ✈❛r✐❛❜❧❡s ✐♥ ✐♥♣✉t ❛♥❞
♦✉t♣✉ts ❡✐t❤❡r ✧tr✉❡✧ ♦❢ ✧❢❛❧s❡✧ ✇❤❡♥ ✇❡ ❛ss✐❣♥ ❛ ✈❛❧✉❡ t♦ ❡❛❝❤ ✈❛r✐❛❜❧❡✳ ■♥
❧♦❣✐❝✱ ❛ ❝♦♥str❛✐♥t ✐s ♥❛♠❡❞ ❛ ♣r❡❞✐❝❛t❡✳

❆ ❝s♣ ✐♥st❛♥❝❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✜rst✲♦r❞❡r ❢♦r♠✉❧❛ ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧②
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✭✶✮ tr✉❡ ❛♥❞ ❢❛❧s❡✱ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② ⊤ ❛♥❞ ⊥✱ ❛r❡ ❢♦r♠✉❧❛s❀

✭✷✮ ❛ ❝♦♥str❛✐♥t C(x1, . . . , xk) ✐s ❛ ❢♦r♠✉❧❛❀

✭✸✮ ✐❢ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❢♦r♠✉❧❛s✱ t❤❡♥ ϕ1 ∧ ϕ2 ✐s ❛ ❢♦r♠✉❧❛❀

✭✹✮ ✜♥❛❧❧② ✐❢ ϕ ✐s ❛ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥✐♥❣ ❛ ❢r❡❡ ✈❛r✐❛❜❧❡ x t❤❡♥ ∃xϕ ✐s ❛ ❢♦r♠✉❧❛✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✜rst✲♦r❞❡r ❢♦r♠✉❧❛s ❛❧❧♦✇✐♥❣ ❝♦♥❥✉♥❝t✐♦♥s
❛♥❞ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥❧② ❛r❡ ❝❛❧❧❡❞ ♣r✐♠✐t✐✈❡ ♣♦s✐t✐✈❡ ❢♦r♠✉❧❛s✳

❲❡ ❝♦♥s✐❞❡r ❛ ❝s♣ ♣r♦❜❧❡♠ ♦♥ ❛ ✜①❡❞ ❞♦♠❛✐♥ D✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ✈❛r✐✲
❛❜❧❡s ✐s ❛ ❢✉♥❝t✐♦♥ I ♥❛♠❡❞ ✐♥t❡r♣r❡t❛t✐♦♥ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ I : V → D✱ ✇✐t❤
V t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤✉s✱ t❤❡ ❢♦r♠✉❧❛ ϕ(x1, . . . , xk) ✐s s❛t✐s✜❛❜❧❡ ✐❢ t❤❡r❡
❡①✐sts ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ I s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ xj ∈ {x1, . . . , xk}✱ r❡♣❧❛❝✐♥❣ xj

❜② I(xj) ✐♥ ϕ ❣✐✈❡ ✉s ❛ tr✉❡ s❡♥t❡♥❝❡✳ ❲❡ s❛② t❤❛t I ✐s ❛ ✈❛❧✐❞ ✐♥t❡r♣r❡t❛t✐♦♥
❢♦r ϕ ❛♥❞ ✇r✐t❡ I(x1), . . . , I(xk) |= ϕ(x1, . . . , xk)✳

❚❤✉s✱ ✇❡ ❝❛♥ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠ ❛s
❢♦❧❧♦✇✿

Pr♦❜❧❡♠✿ ❝s♣
■♥♣✉t✿ ❆ ❢♦r♠✉❧❛ ϕ(~x)✳
◗✉❡st✐♦♥✿ ■s t❤❡ ❢♦r♠✉❧❛ ϕ(~x) s❛t✐s✜❛❜❧❡❄

❝s♣s ❛r❡ ✇❡❧❧✲❦♥♦✇♥ t♦ ❜❡ NP✲❝♦♠♣❧❡t❡ ✐♥ ❣❡♥❡r❛❧✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥
✜♥❞ s♦♠❡ s✉❜✲♣r♦❜❧❡♠s ✇❤✐❝❤ ❛r❡ tr❛❝t❛❜❧❡✱ t❤❛t ✐s✱ ✐♥ P✳ ❚❤❡s❡ ✧✐s❧❛♥❞s

✶✽
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♦❢ tr❛❝t❛❜✐❧✐t②✧ ❛♣♣❡❛r ✇❤❡♥ ✇❡ r❡str✐❝t t❤❡ t②♣❡ ♦❢ ❛❧❧♦✇❡❞ ❝♦♥str❛✐♥ts t♦
❜✉✐❧❞ ❛ ❝s♣ ✐♥st❛♥❝❡✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t s✉❝❤ ✐s❧❛♥❞s ♦❢ tr❛❝t❛❜✐❧✐t②
❛❧s♦ ❛♣♣❡❛r ✇✐t❤ s♦♠❡ str✉❝t✉r❛❧ r❡str✐❝t✐♦♥s✱ ❧✐❦❡ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ✇❡ ❢♦r❝❡
❛ str✉❝t✉r❡ ♦♥ t❤❡ ❞♦♠❛✐♥✿ t❤✐s ❧❡❛❞s ❛♠♦♥❣ ♦t❤❡rs t♦ t❤❡ ❉✐❝❤♦t♦♠② ❚❤❡♦✲
r❡♠s ♦❢ ❙❝❤❛❡❢❡r ♦♥ ❇♦♦❧❡❛♥ ❞♦♠❛✐♥s ❛♥❞ ❇✉❧❛t♦✈ ♦♥ t❡r♥❛r② ❞♦♠❛✐♥s✳ ❚❤❡
r❡str✐❝t✐♦♥ ♦❢ ❛❧❧♦✇❡❞ ❝♦♥str❛✐♥ts ❧❡❛❞s ✉s t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ❝s♣s✳
❇❡❢♦r❡ ❢♦r♠❛❧❧② ❞❡✜♥✐♥❣ ♣❛r❛♠❡tr✐❝ ❝s♣s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥
♦❢ r❡❧❛t✐♦♥✳

❆ n✲❛r② r❡❧❛t✐♦♥ R ♦♥ ❞♦♠❛✐♥ D ✐s ❛ s✉❜s❡t ♦❢ Dn✳ ❖♥❡ ❝❛♥ ❜✉✐❧t ❛
❝♦♥str❛✐♥t R(x1, . . . , xn) ❜✉✐❧t ✉♣♦♥ t❤❡ r❡❧❛t✐♦♥ R✱ s✉❝❤ t❤❛t R ✐s t❤❡ s❡t ♦❢
✈❛❧✐❞ ✐♥t❡r♣r❡t❛t✐♦♥s ❢♦r R(x1, . . . , xn) ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✶✮✳ ❆ t✉♣❧❡ t ♦❢ ❛♥
n✲❛r② r❡❧❛t✐♦♥ R ✐s t❤❡♥ ❛♥ ❡❧❡♠❡♥t ♦❢ Dn✳ ❲❡ ❞❡♥♦t❡ t❤❡ i✲t❤ ❝♦♦r❞✐♥❛t❡✱
♦r ♣♦s✐t✐♦♥✱ ✐♥ t ❜② t[i]✳

❊①❛♠♣❧❡ ✷✳✷✳✶ ❖♥ t❤❡ ❇♦♦❧❡❛♥ ❞♦♠❛✐♥ D = {0, 1}✳
❚❛❦❡ ❢♦r ❡①❛♠♣❧❡ t❤❡s❡ t❤r❡❡ r❡❧❛t✐♦♥s✿

• R1 = {(0, 0); (1, 1)}

• R2 = {(0, 1); (1, 0)}

• R3 = {0, 1}3 r {(0, 0, 0); (1, 1, 1)}

❘❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• = (x, y)✱ ✉s✉❛❧❧② ✇r✐tt❡♥ ✧x = y✧✱

• 6= (x, y)✱ ✉s✉❛❧❧② ✇r✐tt❡♥ ✧x 6= y✧✱

• ❛♥❞ ♥❛❡(x, y, z) ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t❡r♥❛r② ❝♦♥str❛✐♥t ✧♥♦t✲❛❧❧✲
❡q✉❛❧✧✳

▼♦r❡♦✈❡r✱ ❧❡t t❤❡ t✉♣❧❡ t ∈ R2 s✉❝❤ t❤❛t t = (1, 0)✳ ❲❡ ❤❛✈❡ t❤❡♥ t[0] = 1
❛♥❞ t[1] = 0✳ �

❚❤✉s✱ t❤❡ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ❝s♣ ✐s t❤❡ ♣r♦❜❧❡♠ t♦ ❞❡❝✐❞❡ ✐❢ t❤❡r❡
❡①✐sts ❛ ✈❛❧✐❞ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❝s♣ ✐♥st❛♥❝❡ ❜✉✐❧t ♦✈❡r ❛ s❡t S ♦❢
r❡❧❛t✐♦♥s✱ t❤❛t ✐s✱ ✇❤❡r❡ s♦❧✉t✐♦♥s ♦❢ ❝♦♥str❛✐♥ts ❝♦rr❡s♣♦♥❞ t♦ ❛ r❡❧❛t✐♦♥ ✐♥ S✳
❲❡ s❛② t❤❛t S ✐s ❛ t❡♠♣❧❛t❡ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② ❝s♣(S) t❤❡ ♣❛r❛♠❡tr✐❝ ✈❡rs✐♦♥
♦❢ ❝s♣ ♦✈❡r S✳

Pr♦❜❧❡♠✿ ❝s♣(S)
■♥♣✉t✿ ❆ ❢♦r♠✉❧❛ ϕ(~x) ❜✉✐❧t ♦✈❡r r❡❧❛t✐♦♥s ✐♥ S✳
◗✉❡st✐♦♥✿ ■s t❤❡ ❢♦r♠✉❧❛ ϕ(~x) s❛t✐s✜❛❜❧❡❄
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❊①❛♠♣❧❡ ✷✳✷✳✷ ▲❡t D ❜❡ t❤❡ ❞♦♠❛✐♥ {0, 1, 2, 3}✱ ❛♥❞ ❧❡t S ❜❡ t❤❡ s❡t ♦❢
r❡❧❛t✐♦♥s {=, 6=,≤}✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ❤❛✈❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥st❛♥❝❡
♦❢ ❝s♣(S)✿

ϕ(a, b, c, d) := (a = c) ∧ (a 6= b) ∧ (a ≤ d) ∧ (b ≤ d) ∧ (c 6= b)

❆♥ ❡①❛♠♣❧❡ ♦❢ ✈❛❧✐❞ ✐♥t❡r♣r❡t❛t✐♦♥ I ❢♦r ϕ(a, b) ❝❛♥ ❜❡ I(a) = 1✱ I(b) = 2✱
I(c) = 1 ❛♥❞ I(d) = 3✳ �

❲❡ ❝❛❧❧ S✲❢♦r♠✉❧❛ ❛ ❢♦r♠✉❧❛ ✇❤❡r❡ ❝♦♥str❛✐♥ts ❛r❡ ❜✉✐❧t ✉♣♦♥ r❡❧❛t✐♦♥s
✐♥ S✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ❡①❝❧✉s✐✈❡❧② ♦♥ t❤❡ st✉❞② ♦❢ ♣❛r❛♠❡tr✐❝ ❝s♣(S)
♣r♦❜❧❡♠s✱ ❞❡♥♦t❡❞ ❛s ❝s♣ ❢♦r s❤♦rt ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❖✉r ❣♦❛❧ ✐s✱ ❣✐✈❡♥ ❛
❢r❛♠❡✇♦r❦✱ t♦ ❞❡t❡❝t ✇❤✐❝❤ t❡♠♣❧❛t❡s ✐♠♣❧② tr❛❝t❛❜✐❧✐t② ❛♥❞ t♦ ♣r♦✈❡✱ ✐❢
♣♦ss✐❜❧❡✱ t❤❛t ❛❧❧ ♦t❤❡r t❡♠♣❧❛t❡s ✐♠♣❧② ✐♥tr❛❝t❛❜✐❧✐t②✳

✷✳✸ ❯♥✐✈❡rs❛❧ ❛❧❣❡❜r❛

❖♥❡ ♣♦✇❡r❢✉❧ ✇❛② t♦ st✉❞② ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ❣♦❡s t❤r♦✉❣❤ ❛❧❣❡❜r❛✐❝ ♠❡t❤✲
♦❞s✳ ▲✐♥❦s ❜❡t✇❡❡♥ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ❛♥❞ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❛r❡ ✈❡r② ✇❡❧❧ ♣r❡✲
s❡♥t❡❞ ✐♥ ♠❛♥② ♣❛♣❡rs s✉❝❤ ❛s ✐♥ ❬❇❈❘❱✵✸❪ ❛♥❞ ❬❇❈❘❱✵✹❪✱ ❛♥❞ ✐♥ ❬❏❈P✾✽❪✱
❬❇❑❏✵✵❪ ❛♥❞ ❬❇❏❑✵✺❪✳ ❆❞✈❛♥t❛❣❡s ♦❢ ✉s✐♥❣ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❢♦r ♦✉r st✉❞②
❛r❡ ♠✉❧t✐♣❧❡✿ ❛♠♦♥❣ ♦t❤❡rs✱ ✐t ❣✐✈❡s ✉s ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❜❛s❡❞ ♦♥ ❛ r✐❝❤
❛❧❣❡❜r❛✐❝ t❤❡♦r② t♦ ❝❤❛r❛❝t❡r✐③❡ s❡ts ♦❢ str✉❝t✉r❡s ❛♥❞ ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s✱
❧✐♥❦s ❡❛❝❤ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ t♦ ❛ str✉❝t✉r❛❧ ♣r♦♣❡rt② s✉❝❤ ❛s t❤❡ ❝❧♦s✉r❡
✉♥❞❡r ❝❡rt❛✐♥ ♣♦❧②♠♦r♣❤✐s♠s ❛♥❞ ❛❧❧♦✇ ✉s t♦ ❣✐✈❡ ❤❛r❞♥❡ss ♣r♦♦❢ ✇✐t❤♦✉t
r❡❞✉❝t✐♦♥✳

▲❡t✬s ❞❡♥♦t❡ t❤❡ ❛r✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ f ❜② ar f ❛♥❞ t❤❡ ❛r✐t② ♦❢ ❛ r❡❧❛t✐♦♥
R ❜② arR✳

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❝♦♥st✐t✉t❡ ❢✉♥❞❛♠❡♥t❛❧
♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts ✐♥ t❤✐s t❤❡s✐s✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛r✐t② k ♦♥ ❛ ✜①❡❞
s✐③❡ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ f : Dk → D✳ ❚❤❡ r❛♥❣❡ ♦❢ f ✱ ❞❡♥♦t❡❞ ❜②
ran f ✱ ✐s t❤❡ s❡t {f(x) | x ∈ D}✳ ❲❡ ✇r✐t❡ f(A) ❢♦r ❛ s✉❜s❡t A ⊆ D t♦
❞❡♥♦t❡ t❤❡ s❡t {f(a) | a ∈ A}✳

▲❡t R ❜❡ ❛♥ n✲❛r② r❡❧❛t✐♦♥ ♦♥ ❛ ❞♦♠❛✐♥ D✳ ❲❡ s❛② t❤❛t ❛ k✲❛r② ❢✉♥❝t✐♦♥
f : Dk → D ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ R ✐❢ f ❛♣♣❧✐❡❞ ❝♦♠♣♦♥❡♥t✲✇✐s❡ t♦ k t✉♣❧❡s
✐♥ R ♦✉t♣✉ts ❛ t✉♣❧❡ ✐♥ R✳ ❋♦r♠❛❧❧②✱ ❧❡t R ❜❡ ❛ n✲❛r② r❡❧❛t✐♦♥ ❛♥❞ ❧❡t
t1, . . . , tk ❜❡ k t✉♣❧❡s ✐♥ R✳ ▲❡t f ❜❡ ❛ k✲❛r② ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱ ❛♣♣❧✐❡❞
❝♦♠♣♦♥❡♥t✲✇✐s❡ t♦ t✉♣❧❡s t1, . . . , tk✱ ✐t ♦✉t♣✉ts ❛ t✉♣❧❡ t✳
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t1 t2 . . . tk t
q q q q

❢✭ a1
1 a2

1 . . . ak
1 ✮ ❂ a1

❢✭ a1
2 a2

2 . . . ak
2 ✮ ❂ a2

✳✳✳
✳✳✳

✳✳✳
✳✳✳

❢✭ a1
n a2

n . . . ak
n ✮ ❂ an

■❢✱ ❢♦r ❡✈❡r② k t✉♣❧❡s t1, . . . , tk ✐♥ R✱ f ♦✉t♣✉ts ❛ t✉♣❧❡ t ✇❤✐❝❤ ❜❡❧♦♥❣s
t♦ R✱ t❤❡♥ ✇❡ s❛② t❤❛t f ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ R✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧
♦❢t❡♥ ✇r✐t❡ f(t1, . . . , tk) ❛s ❛ s❤♦rt❝✉t t♦ ❡①♣r❡ss t❤❡ ❢❛❝t t❤❛t ✇❡ ❛♣♣❧②
f ❝♦♠♣♦♥❡♥t✲✇✐s❡ t♦ t✉♣❧❡s t1, . . . , tk✳ ❘❡❝✐♣r♦❝❛❧❧②✱ ✇❡ s❛② t❤❛t R ✐s ❛♥
✐♥✈❛r✐❛♥t ♦❢ f ✳ ❇② ❡①t❡♥s✐♦♥✱ ✇❡ s❛② t❤❛t p ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ ❛ s❡t S
♦❢ r❡❧❛t✐♦♥s ✐❢ p ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ ❡❛❝❤ r❡❧❛t✐♦♥ R ✐♥ S✳ ❘❡❝✐♣r♦❝❛❧❧②✱ ✇❡
s❛② t❤❛t R ✐s ❛♥ ✐♥✈❛r✐❛♥t ♦❢ ❛ s❡t F ♦❢ ❢✉♥❝t✐♦♥s ✐❢ R ✐s ❛♥ ✐♥✈❛r✐❛♥t ♦❢ ❡❛❝❤
❢✉♥❝t✐♦♥s f ✐♥ F ✳ ❆❧❧ ❛❧♦♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ s❛② t❤❛t ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s
✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ❢✉♥❝t✐♦♥ f ✐❢ f ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ S✳

❚❤❡ st✉❞② ♦❢ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ♦❢t❡♥ ✉s❡s t❤❡ ♥♦t✐♦♥ ♦❢
❝❧♦♥❡s ❛♥❞ ❝♦✲❝❧♦♥❡s✳ ❆ ❝❧♦♥❡✱ ♦r ❛ ❢✉♥❝t✐♦♥❛❧ ❝❧♦♥❡✱ ✐s ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s
❝♦♥t❛✐♥✐♥❣ t❤❡ ✐❞❡♥t✐t② ❛♥❞ ❝❧♦s❡❞ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ s♠❛❧❧❡st ❝❧♦♥❡
❝♦♥t❛✐♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s F ✐s ❞❡♥♦t❡❞ ❜② [F ]✳ ❙✐♠✐❧❛r❧②✱ ❛ ❝♦✲❝❧♦♥❡✱ ♦r ❛ r❡❧❛✲
t✐♦♥❛❧ ❝❧♦♥❡✱ ✐s ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ t❤❡ ❡q✉❛❧✐t② eq = {(d, d) | d ∈ D}
❛♥❞ ❝❧♦s❡❞ ✉♥❞❡r ❝♦♥❥✉♥❝t✐♦♥✱ ✈❛r✐❛❜❧❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❡①✐st❡♥t✐❛❧ q✉❛♥✲
t✐✜❝❛t✐♦♥✳ ❚❤❡ s♠❛❧❧❡st ❝♦✲❝❧♦♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡t ♦❢ r❡❧❛t✐♦♥s S ✐s ❞❡♥♦t❡❞
❜② 〈S〉✳

❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t❧② ✉s❡❞ t♦
❝❤❛r❛❝t❡r✐③❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣✳ ▲❡t X,Y ❜❡ t✇♦ ❛r❜✐tr❛r② s❡ts✱ ❛♥❞ ❧❡t
m1 : X → Y ❛♥❞ m2 : Y → X ❜❡ t✇♦ ♠❛♣♣✐♥❣s s✉❝❤ t❤❛t ✇❡ ❤❛✈❡✿

• ❋♦r ❛❧❧ x, y ∈ X s✉❝❤ t❤❛t x ≤ y✱ m1(y) ≤ m1(x) ❤♦❧❞s✱

• ❋♦r ❛❧❧ x, y ∈ Y s✉❝❤ t❤❛t x ≤ y✱ m2(y) ≤ m2(x) ❤♦❧❞s✱

• ❋♦r ❛❧❧ x ∈ X ❛♥❞ y ∈ Y ✱ x ≤ m2(m1(x)) ❛♥❞ y ≤ m1(m2(y)) ❤♦❧❞✳

❲❡ s❛② t❤❛t m1 ❛♥❞ m2 ♣r❡s❡♥t ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦r❞❡r❡❞
str✉❝t✉r❡s (X,≤) ❛♥❞ (Y,≤)✳

◆♦✇❀ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f ✳ ❲❡ ❞❡♥♦t❡ ❜② Inv f t❤❡ s❡t ♦❢ ✐♥✈❛r✐❛♥ts ❜②
f ✳ ❚❤✉s✱ ♦❜s❡r✈❡ t❤❛t Inv f ✐s ❛ s❡t ♦❢ r❡❧❛t✐♦♥✳ ❋♦r F ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s✱ ✇❡
✇r✐t❡ InvF t❤❡ s❡t ♦❢ ✐♥✈❛r✐❛♥ts ❜② ❡❛❝❤ ❢✉♥❝t✐♦♥ ✐♥ F s✉❝❤ t❤❛t InvF =
⋂

f∈F Inv f ✳ ❙✐♠✐❧❛r❧②✱ ❣✐✈❡♥ ❛ r❡❧❛t✐♦♥ R✱ ✇❡ ❞❡♥♦t❡ ❜② PolR t❤❡ s❡t ♦❢
♣♦❧②♠♦r♣❤✐s♠s ♦❢ R✳ ❚❤❡♥✱ PolR ✐s ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s✳ ❋♦r ❛ s❡t S ♦❢
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r❡❧❛t✐♦♥s✱ ✇❡ ❞❡♥♦t❡ ❜② PolS t❤❡ s❡t ♦❢ ♣♦❧②♠♦r♣❤✐s♠s ♦❢ ❡✈❡r② r❡❧❛t✐♦♥
✐♥ S✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ PolS =

⋂

R∈S PolR✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥ ✉♥✐✈❡rs❛❧
❛❧❣❡❜r❛ t❤❛t ❢♦r ❡✈❡r② s❡t S ♦❢ r❡❧❛t✐♦♥s ❛♥❞ s❡t F ♦❢ ❢✉♥❝t✐♦♥s✱ s❡ts PolS
❛♥❞ InvF ❢♦r♠ r❡s♣❡❝t✐✈❡❧② ❛ ❝❧♦♥❡ ❛♥❞ ❛ ❝♦✲❝❧♦♥❡✳ ▼♦r❡♦✈❡r✱ Pol ❛♥❞ Inv
♣r❡s❡♥t t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s t♦ ❢♦r♠ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✿ ❝♦♥s✐❞❡r F ❛♥❞ S
r❡s♣❡❝t✐✈❡❧② t❤❡ s❡t ♦❢ s❡ts ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ s❡t ♦❢ s❡ts ♦❢ r❡❧❛t✐♦♥s ♦✈❡r
❛ ❞♦♠❛✐♥ D✳ ❚❤✉s✱ Pol : S → F ❛♥❞ Inv : F → S ❢♦r♠ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥
❜❡t✇❡❡♥ str✉❝t✉r❡s (F ,⊆) ❛♥❞ (S,⊆)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ t❤❡ ❜✐❣❣❡r t❤❡ s❡t
S ✐s✱ t❤❡ s♠❛❧❧❡r PolS ✐s✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤✉s✱ ✐❢ ❛ s❡t S ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛
♣♦❧②♠♦r♣❤✐s♠ p✱ t❤❡♥ ❡✈❡r② s✉❜s❡t S′ ♦❢ S ✐s ❛❧s♦ ❝❧♦s❡❞ ✉♥❞❡r p✳ ■♥ ❛❞❞✐t✐♦♥✱
❢♦❧❧♦✇✐♥❣ ❬●❡✐✻✽❪ ❛♥❞ ❬❇❑❑❘✻✾❪ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡r② F ❛♥❞ S t❤❡ ❡q✉❛t✐♦♥s
[F ] = Pol InvF ❛♥❞ 〈S〉 = Inv PolS✳

❋♦r ❛ ✜①❡❞ ✜♥✐t❡ ❞♦♠❛✐♥ D ♦❢ ❝❛r❞✐♥❛❧✐t② n✱ t❤❡ s❡t ♦❢ ❝❧♦♥❡s ❛♥❞ t❤❡
s❡t ♦❢ ❝♦✲❝❧♦♥❡s ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥✱ r❡s♣❡❝t✐✈❡❧② (F ,⊆) ❛♥❞ (S,⊆)✱ ❢♦r♠
t✇♦ ❧❛tt✐❝❡s✳ ❖♥ ❛ ❇♦♦❧❡❛♥ ❞♦♠❛✐♥✱ t❤❡ ❧❛tt✐❝❡ ♦❢ ❝❧♦♥❡s ✐s ❝❛❧❧❡❞ P♦st ❧❛tt✐❝❡
s✐♥❝❡ ❊♠✐❧ P♦st ❞❡s❝r✐❜❡❞ ✐♥ ❤✐s ♣❛♣❡r ❬P♦s✹✶❪ t❤❡ ❢✉❧❧ ✭✐♥✜♥✐t❡✮ ❧✐st ♦❢ ❇♦♦❧❡❛♥
❝❧♦♥❡s ❛♥❞ t❤❡✐r ✐♥❝❧✉s✐♦♥s✳ ❚❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❛ ♠♦❞❡r♥ st✉❞② ♦❢ P♦st✬s
r❡s✉❧ts ✐♥ ❬▲❛✉✵✻❪✳ ❲❡ ❝❛♥ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❤❡❧♣s t♦
❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣✳

❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ✐s ❞✉❡ t♦ ❏❡❛✈✲
♦♥s ❡t ❛❧✳ ✐♥ t❤❡ ✾✵✬s ✭s❡❡ ❬❏❈✾✺❪✱ ❬❏❈●✾✼❪✱ ❬❏❡❛✾✽❪✱ ❬❏❈P✾✽❪ ❛♥❞ ❬❏❈●✾✾❪✮✳
■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(S) ✈✐❛ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s
t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶ ▲❡t S1 ❛♥❞ S2 ❜❡ t✇♦ ✜♥✐t❡ s❡ts ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t t❤❡
✐♥❝❧✉s✐♦♥ S1 ⊆ 〈S2〉 ❤♦❧❞s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ r❡❞✉❝t✐♦♥ ❝s♣(S1) ≤p ❝s♣(S2)✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t✱ ✐❢ ❝s♣(S2) ✐s ✐♥ P t❤❡♥ ❡✈❡r②
✜♥✐t❡ s✉❜s❡t S1 ♦❢ 〈S2〉 ❣✐✈❡s ❛ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ♣♦❧②♥♦♠✐❛❧✐t②
♦❢ ❝s♣(S1)✳ ❖♥ t❤❡ ♦♣♣♦s✐t❡✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s✉❜s❡t S1 ♦❢ 〈S2〉 s✉❝❤
t❤❛t ❝s♣(S1) ✐s NP✲❝♦♠♣❧❡t❡ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❝s♣(S2) ✐s ❛❧s♦ NP✲
❝♦♠♣❧❡t❡✳ ❋r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✷✳✸✳✷ ▲❡t S1 ❛♥❞ S2 ❜❡ t✇♦ ✜♥✐t❡ s❡ts ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t
〈S1〉 = 〈S2〉 ❤♦❧❞s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❝s♣(S1) ≡p ❝s♣(S2)✱ t❤❛t ✐s✱ ❝s♣(S1)
❛♥❞ ❝s♣(S2) ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❚❤✉s✱ t❤✐s ❝♦r♦❧❧❛r② ❛❧❧♦✇s ✉s t♦ ❢♦❝✉s ♦♥ ❝♦✲❝❧♦♥❡s t♦ st✉❞② t❤❡ ❝♦♠♣❧❡①✲
✐t② ♦❢ ❝s♣✱ s✐♥❝❡ t❤✐s ❝♦♠♣❧❡①✐t② ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s✱ ❜✉t
♦♥ t❤❡ ❝♦✲❝❧♦♥❡ ✐t ❣❡♥❡r❛t❡s✳

✷✷
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❚❤❛♥❦s t♦ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝❧♦♥❡s ❛♥❞ ❝♦✲❝❧♦♥❡s✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❝♦r♦❧❧❛r② ✇❤✐❝❤ ❛❧❧♦✇ ✉s t♦ ✇♦r❦ ♥♦t ♦♥ ❝♦✲
❝❧♦♥❡s✱ ❜✉t ♦♥ ❝❧♦♥❡s t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✸ ▲❡t S1 ❛♥❞ S2 ❜❡ t✇♦ ✜♥✐t❡ s❡ts ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t
t❤❡ ✐♥❝❧✉s✐♦♥ PolS2 ⊆ PolS1 ❤♦❧❞s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ r❡❞✉❝t✐♦♥ ❝s♣(S1) ≤p

❝s♣(S2)✳

❘❡♠❛r❦ t❤❛t t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s PolS2 ⊆ PolS1✳ ❚❤✐s ✐s
❡❛s✐❧② ❝♦♠♣r❡❤❡♥s✐✈❡ s✐♥❝❡✱ ❞✉❡ t♦ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✱ t❤❡ ❜✐❣❣❡r ❛ s❡t S
♦❢ r❡❧❛t✐♦♥s ✐s✱ t❤❡ s♠❛❧❧❡r ✐ts s❡t ♦❢ ♣♦❧②♠♦r♣❤✐s♠s PolS ✐s✳

❈♦r♦❧❧❛r② ✷✳✸✳✹ ▲❡t S1 ❛♥❞ S2 ❜❡ t✇♦ ✜♥✐t❡ s❡ts ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t
PolS1 = PolS2 ❤♦❧❞s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❝s♣(S1) ≡p ❝s♣(S2)✳

❚❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡ ✐s t❤❡♥ ❤❡❧♣❢✉❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ✐❢ ✇❡ ❦♥♦✇ t❤❡ ✐♥❝❧✉s✐♦♥
str✉❝t✉r❡ ❜❡t✇❡❡♥ ❝❧♦♥❡s ❛♥❞ ✐❢ ✇❡ ❦♥♦✇ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(S) ❢♦r ❛ ❣✐✈❡♥
S✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✿

• ✐❢ ❝s♣(S) ✐s ✐♥ P t❤❡♥✱ ❢♦r ❡❛❝❤ ✜♥✐t❡ s❡t S′ ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t t❤❡
❝❧♦♥❡ PolS′ ❝♦♥t❛✐♥s PolS✱ ✇❡ ❤❛✈❡ ❝s♣(S′) ✐♥ P✱

• ❛♥❞ ✐❢ ❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡ t❤❡♥✱ ❢♦r ❡❛❝❤ ✜♥✐t❡ s❡t S′ ♦❢ r❡❧❛t✐♦♥s
s✉❝❤ t❤❛t t❤❡ ❝❧♦♥❡ PolS′ ✐s ✐♥❝❧✉❞❡❞ ✐♥ PolS✱ ✇❡ ❤❛✈❡ ❝s♣(S′) NP✲
❝♦♠♣❧❡t❡✳

✷✸





■ ❛s❦ t❤❡ r❡❛❞❡r t♦ r❡♠❡♠✲

❜❡r t❤❛t ✇❤❛t ✐s ♠♦st ♦❜✈✐♦✉s

♠❛② ❜❡ ♠♦st ✇♦rt❤② ♦❢ ❛♥❛✲

❧②s✐s✳ ❋❡rt✐❧❡ ✈✐st❛s ♠❛② ♦♣❡♥

♦✉t ✇❤❡♥ ❝♦♠♠♦♥♣❧❛❝❡ ❢❛❝ts

❛r❡ ❡①❛♠✐♥❡❞ ❢r♦♠ ❛ ❢r❡s❤ ♣♦✐♥t

♦❢ ✈✐❡✇✳

▲❛♥❝❡❧♦t ❲❤②t❡ ✭✶✽✾✻✕✶✾✼✷✮

3
▼♦♥♦t♦♥❡ ❝s♣

❚❤❡ st❛rt✐♥❣ ✐❞❡❛ ♦❢ t❤✐s t❤❡s✐s ✇❛s t♦ st✉❞② s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ ❝s♣ ♣r♦❜❧❡♠s
✇❤✐❝❤ ❛✈♦✐❞ t❤❡ ✉♥❝♦✉♥t❛❜❧❡ ❝❧♦♥❡ ❧❛tt✐❝❡ ♣r♦❜❧❡♠✳ ❍❡♥❝❡✱ t❤❡ ✈❡r② ✜rst
✐❞❡❛ ✇❛s t♦ ❡♥r✐❝❤ t❤❡ ❝s♣ ❢♦r♠❛❧✐s♠ ✇✐t❤ t❤❡ ❞✐s❥✉♥❝t✐♦♥✱ t❤❛t ✐s✱ ✐♥ ❛❞❞✐✲
t✐♦♥ ♦❢ t❤❡ ❝♦♥❥✉♥❝t✐♦♥✱ ✇❡ ❛❧❧♦✇ t❤❡ ❞✐s❥✉♥❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥str❛✐♥ts✳ ❚❤✐s
❣✐✈❡s ✉s ♣r♦❜❧❡♠s ♥❛♠❡❞ ▼♦♥♦t♦♥❡ ❝s♣s✱ ♦r ♠❝s♣ ❢♦r s❤♦rt✳ ❈♦♥s✐❞❡r✐♥❣
t❤❡ ♣r♦❜❧❡♠ ♠❝s♣(S) ♦✈❡r ❛ t❡♠♣❧❛t❡ S ♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✱ ✇❡ ❦♥♦✇♥ ❜②
Pös❝❤❡❧ ❬Pös✽✵❪ ❛♥❞ ❬Pös✵✹❪ ❛♥❞ ❑r❛s♥❡r ❬❑r❛✸✽❪ t❤❛t s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ✐♠✲
♣❧✐❡s t❤❡ ❢❛❝t t❤❛t ❡✈❡r② ♣♦❧②♠♦r♣❤✐s♠ ♦❢ S ✐s ❛♥ ❡♥❞♦♠♦r♣❤✐s♠✱ t❤❛t ✐s✱ ❛♥
✉♥❛r② ❢✉♥❝t✐♦♥✱ ❛❧❧♦✇✐♥❣ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡ ✐s ♥♦✇ ❝♦✉♥t✲
❛❜❧❡✱ ❛♥❞ ❡✈❡♥ ✜♥✐t❡✱ ❢♦r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥✳ ❝s♣s ✇✐t❤ ❞✐s❥✉♥❝t✐♦♥ ❤❛✈❡
❜❡❡♥ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❢r♦♠ ❛ ❞✐✛❡r❡♥t ✈✐❡✇♣♦✐♥t ✉s✐♥❣ ❞✐s❥✉♥❝t✐✈❡ ❝♦♥str❛✐♥ts
❜② ❈♦❤❡♥✱ ❏❡❛✈♦♥s✱ ❏♦♥ss♦♥ ❛♥❞ ❑♦✉❜❛r❛❦✐s ✐♥ ❬❈❏❏❑✵✵❪✱ ✇❤❡r❡ ❞✐s❥✉♥❝t✐✈❡
❝♦♥str❛✐♥ts ❤❛✈❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❞✐s❥✉♥❝t✐♦♥ ♦❢ t✇♦ ❝♦♥str❛✐♥ts✳

❊✈❡♥ ✐❢ t❤❡ st✉❞② ♦❢ t❤❡ ❧❛tt✐❝❡ r❡✈❡❛❧❡❞ ✐ts❡❧❢ t♦ ❜❡ t♦♦ ❝♦♠♣❧✐❝❛t❡❞✱
♦✉r st✉❞② ♦❢ ♠❝s♣ ♣r♦❜❧❡♠s ❧❡❛❞s ✉s t♦ t✇♦ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠s✳ ❚❤❡
✜rst ♦♥❡ ✐s ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥ ❝❛r❞✐♥❛❧✐t② s❤♦✇♥
✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❛♥❞ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❍❘✵✾❪✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ❉✐❝❤♦t♦♠②
❚❤❡♦r❡♠ ❢♦r ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥s✱ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ♣✉❜❧✐s❤❡❞
✐♥ ❬❇❍❘✵✾❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ■♥❞❡❡❞✱
t❤❡s❡ ✐♥st❛♥❝❡s ♦❢ ♠❝s♣ ♦♥ ❛ t❡♠♣❧❛t❡ S ❛r❡ ❜♦t❤ NP✲❤❛r❞ ❛♥❞ ❝♦♠♣❧❡t❡ ✉♥✲
❞❡r ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥ ❢♦r t❤❡ ❝❧❛ss ♦❢ r❡❞✉❝✐❜❧❡ ♣r♦❜❧❡♠s
t♦ ❝s♣(S) ✉♥❞❡r ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥✳

❚❤❡ ❞✐❝❤♦t♦♠② t❤❡♦r❡♠ ❢♦r ✜♥✐t❡ ❞♦♠❛✐♥ ❝❛♥♥♦t r❡❛❧❧② ❜❡ ❝♦♥s✐❞❡r❡❞
❛s s♦♠❡t❤✐♥❣ ♥❡✇ s✐♥❝❡ t❤❡ r❡s✉❧t ✇❛s ✐♠♣❧✐❝✐t❧② ❦♥♦✇♥ ❜② t❤❡ ❝♦♠♣❧❡①✐t②
♣❛rt ♦❢ t❤❡ ❝s♣ ❝♦♠♠✉♥✐t②✳ ■♥❞❡❡❞✱ ♣r♦♦❢ ♦❢ t❤✐s ❞✐❝❤♦t♦♠② ❤❛s ❜❡❡♥ ♠❛❞❡
✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❬❍❘✵✾❪ ❛♥❞ ✐♥ ❬▼❛r✵✻❪✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤✐s st✉❞② ❝♦♠❡
✉♣ s♦♠❡ ♥❡✇ ✐❞❡❛s ❛r♦✉♥❞ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ♥♦t✐♦♥ ✇❤✐❝❤ ♠❛② ❜❡ ❤❡❧♣❢✉❧ t♦
❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s♦♠❡ ❝s♣ ♣r♦❜❧❡♠s✱ ♦r t♦ ❣✐✈❡ ❛ s✉✣❝✐❡♥t
♣r♦♣❡rt② ✐♠♣❧②✐♥❣ NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ ❝s♣ ♣r♦❜❧❡♠s ✭s❡❡ ❈♦♥❥❡❝t✉r❡ ✺✳✸✳✻✮
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✸✳✶ ❋✐♥✐t❡ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛r❛♠❡tr✐❝ ▼♦♥♦t♦♥❡ ❈♦♥str❛✐♥t
❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠s ♠❝s♣(S) ✇❤❡r❡ ♠❝s♣ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❝s♣ ❞❡✲
✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❝♦♥str❛✐♥ts ❛r❡ ❜✉✐❧t ✉♣♦♥ r❡❧❛t✐♦♥s ✐♥ S✱ ❛♥❞ ✇❡ ❝♦♥♥❡❝t
❝♦♥str❛✐♥ts ❡❛❝❤ ♦t❤❡rs ❜② ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦r ❛ ❞✐s❥✉♥❝t✐♦♥✳ ❲❡ ♣r❡s❡♥t ❛ ❞✐✲
❝❤♦t♦♠② ✇✐t❤ s✐♠♣❧❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❜❧❡♠ ♠❝s♣(S) ✇✐t❤
S ❜❡✐♥❣ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✳

❆ ❢♦r♠✉❧❛ ✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✭✶✮ tr✉❡ ❛♥❞ ❢❛❧s❡✱ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② ⊤ ❛♥❞ ⊥✱ ❛r❡ ❢♦r♠✉❧❛s❀

✭✷✮ ❛ ❝♦♥str❛✐♥t C(x1, . . . , xk) ❜✉✐❧t ✉♣♦♥ ❛ k✲❛r② r❡❧❛t✐♦♥ R ✐♥ S ✐s ❛ ❢♦r♠✉❧❛❀

✭✸✮ ✐❢ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❢♦r♠✉❧❛s✱ t❤❡♥ ϕ1 ∨ ϕ2 ❛♥❞ ϕ1 ∧ ϕ2 ❛r❡ ❢♦r♠✉❧❛s❀

✭✹✮ ✜♥❛❧❧② ✐❢ ϕ ✐s ❛ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥✐♥❣ ❛ ❢r❡❡ ✈❛r✐❛❜❧❡ x t❤❡♥ ∃xϕ ✐s ❛ ❢♦r♠✉❧❛✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛♥ S✲❢♦r♠✉❧❛ ✇✐❧❧ ❜❡ ❛ ❢♦r♠✉❧❛ ♦❜t❛✐♥ ❛s
❛❜♦✈❡ ❛♥❞ ✇❤❡r❡ ❝♦♥str❛✐♥ts ❛r❡ ❜✉✐❧t ✉♣♦♥ r❡❧❛t✐♦♥s ✐♥ S✳

❘❡♠❛r❦ ✸✳✶✳✶ ❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ♥❡❣❛t✐♦♥ ✐♥ ♦✉r ❢♦r♠✉❧❛s ❜❡❝❛✉s❡ ✐t
❜r✐♥❣s ✉s t♦ ❛♥ ♦❜✈✐♦✉s ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝s♣(S)✳ ■♥❞❡❡❞✱ Pös❝❤❡❧
s❤♦✇s ✐♥ ❤✐s s✉r✈❡② ❬Pös✵✹❪ t❤❛t✱ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❝s♣ ❛❧❧♦✇✐♥❣ ❧♦❣✐❝❛❧
❝♦♥♥❡❝t♦rs {∨✱ ∧✱ ∃✱ 6=} ❛♥❞ ❢♦r ❡✈❡r② s❡t S ♦❢ r❡❧❛t✐♦♥s ❝♦♥s✐❞❡r ❛s t❤❡
t❡♠♣❧❛t❡ ♦❢ t❤✐s ❡①t❡♥❞❡❞ ♣r♦❜❧❡♠✱ PolS ✐s ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ♣❡r✲
♠✉t❛t✐♦♥s ♦♥❧② ✭❚❤❡♦r❡♠ ✷✳✸ ✐♥ ❬Pös✵✹❪ ❝♦♠❜✐♥❡❞ ✇✐t❤ r❡s✉❧ts ✐♥ ❬Pös✽✵❪✮✳
❚❤✉s✱ t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ❧❡❛❞s t♦ NP✲❝♦♠♣❧❡t❡ ❝❛s❡s ♦✈❡r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥
♦❢ ❝❛r❞✐♥❛❧✐t② ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤r❡❡✱ ❢♦r ❡✈❡r② t❡♠♣❧❛t❡ S✳

❲❡ ❞❡s❝r✐❜❡ ✇❤❛t ✐s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ ♦✉r ❝♦♥t❡①t✳ ▲❡t S ❜❡ ❛ s❡t ♦❢
r❡❧❛t✐♦♥s ✉♣♦♥ ✇❤✐❝❤ ✇❡ ❜✉✐❧❞ ♦✉r ❝♦♥str❛✐♥ts✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I : V → D
s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t C(x1, . . . , xk) ❜✉✐❧t ✉♣♦♥ R ∈ S✱ ❞❡♥♦t❡❞ ❜② I �

C(x1, . . . , xk)✱ ✐❢ (I(x1), . . . , I(xk)) ∈ R✳ ■t ✐s ❡①t❡♥❞❡❞ t♦ ❢♦r♠✉❧❛s ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿

✭❛✮ I � C1(~x) ∨ C2(~y) ✐❢ I � C1(~x) ♦r I � C2(~y)✱

✭❜✮ I � C1(~x) ∧ C2(~y) ✐❢ I � C1(~x) ❛♥❞ I � C2(~y)✳

❲❡ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ ❢♦r♠✉❧❛s ϕ✱ ✇❡ ❤❛✈❡ ⊤ � ϕ ❛♥❞ ⊥ 2 ϕ✳ ❚❤❛♥❦s t♦
t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ❛♥ ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥✱ ♥♦✇ ✇❡ ❝❛♥ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡
▼♦♥♦t♦♥❡ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠✳
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Pr♦❜❧❡♠✿ ♠❝s♣(S)
■♥♣✉t✿ ❆ ❢♦r♠✉❧❛ ϕ(~x) ❜✉✐❧t ✉♣♦♥ r❡❧❛t✐♦♥s ✐♥ S✳
◗✉❡st✐♦♥✿ ■s t❤❡ ❢♦r♠✉❧❛ ϕ(~x) s❛t✐s✜❛❜❧❡❄

❖✉r st✉❞② ♦❢ ▼♦♥♦t♦♥❡ ❈♦♥str❛✐♥t ❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠s ✐s ♠❛❞❡ ❡❛s✐❡r
❜② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛♠♦♥❣ ❝❧♦♥❡s ❛♥❞ ❝♦✲❝❧♦♥❡s✳ Pös❝❤❡❧
s❤♦✇❡❞ ✐♥ ❬Pös✵✹❪ t❤❛t ❛♣♣❧②✐♥❣ ❞✐s❥✉♥❝t✐♦♥ ♦♥ ❝♦♥str❛✐♥ts ✐♠♣❧✐❡s t❤❛t r❡✲
❧❛t✐♦♥s s❛t✐s❢②✐♥❣ ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛ ♠❝s♣ ♣r♦❜❧❡♠ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r ✉♥❛r②
❢✉♥❝t✐♦♥s ♦♥❧②✳ P♦❧②♠♦r♣❤✐s♠s ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ t❤✉s ❡♥❞♦♠♦r♣❤✐s♠s
❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡♠ ❜② End ✐♥st❡❛❞ ♦❢ Pol✳ ▲❡t ✉s ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❜②
S ❛♥❞ F t❤❡ s❡ts ♦❢ s❡ts ♦❢ r❡❧❛t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥s✳ Pös❝❤❡❧ ❬Pös✵✹❪ s♣❡❝✲
✐✜❡s t❤❛t t❤❡ ♠❛♣♣✐♥❣s End: S → F ❛♥❞ Inv : F → S ♣r❡s❡♥t ❛ ●❛❧♦✐s
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦r❞❡r❡❞ str✉❝t✉r❡s (S,⊆) ❛♥❞ (F ,⊆)✳ ▼♦r❡♦✈❡r✱ ❢♦r
❛❧❧ s❡ts ♦❢ r❡❧❛t✐♦♥s S ❛♥❞ ❢✉♥❝t✐♦♥s F ✱ t❤❡ ✐❞❡♥t✐t✐❡s Inv EndS = 〈S〉 ❛♥❞
End InvF = [F ] ❤♦❧❞✳ Pös❝❤❡❧ ♣♦✐♥ts ♦✉t t❤❛t t❤❡ s❡ts 〈S〉 ❛♥❞ [F ] ❛r❡
r❡s♣❡❝t✐✈❡❧② ❛ ✇❡❛❦ ❑r❛s♥❡r ❛❧❣❡❜r❛ ❛♥❞ ❛♥ ❡♥❞♦♠♦r♣❤✐s♠s ♠♦♥♦✐❞ ❀ ❤♦✇✲
❡✈❡r ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ♥❛♠❡ t❤❡s❡ str✉❝t✉r❡s ❝♦✲❝❧♦♥❡ ❛♥❞
❝❧♦♥❡✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s s❝♦♣❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥str❛✐♥t
s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ❛s ❝s♣ ❞❡✜♥❡❞ ✉♣♦♥ ✇❡❛❦ ❑r❛s♥❡r ❛❧❣❡❜r❛s✳ ❚❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❡❛s✐❧② ❞❡❝✐❞❡ t❤❡
❝♦♠♣❧❡①✐t② ♦❢ ♠♦♥♦t♦♥❡ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤❡ ❝♦♠♣❧❡①✐t②
❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ▲❡t S1 ❛♥❞ S2 ❜❡ t✇♦ ✜♥✐t❡ ♥♦♥✲❡♠♣t② s❡ts ♦❢ r❡❧❛t✐♦♥s
♦✈❡r t❤❡ ❞♦♠❛✐♥ D✱ s✉❝❤ t❤❛t eq ∈ S1 ✇✐t❤ eq t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥✳ ❚❤❡
✐♥❝❧✉s✐♦♥ EndS1 ⊆ EndS2 ✐♠♣❧✐❡s ♠❝s♣(S2) ≤p ♠❝s♣(S1)✳

Pr♦♦❢✿ ❋r♦♠ EndS1 ⊆ EndS2 ❢♦❧❧♦✇s 〈S1〉 = Inv EndS1 ⊇ Inv EndS2 =
〈S2〉✳ ❚❤✉s✱ ❡✈❡r② r❡❧❛t✐♦♥ ✐♥ 〈S2〉 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ r❡❧❛t✐♦♥s ✐♥ S1✱
t❤❛t ✐s✱ ❡✈❡r② S2✲❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛ S1✲❢♦r♠✉❧❛✳ ❙✐♥❝❡ ❡✈❡r② ❝♦✲
❝❧♦♥❡ ✭❡q✉✐✈❛❧❡♥t t♦ ❛ ✇❡❛❦ ❑r❛s♥❡r ❛❧❣❡❜r❛✮ ❝♦♥t❛✐♥s t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ eq
❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r ❝♦♥❥✉♥❝t✐♦♥✱ ❞✐s❥✉♥❝t✐♦♥✱ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ❛♥❞
✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡r✐✈❡ r❡❞✉❝t✐♦♥s

♠❝s♣(S2) ≤p ♠❝s♣(S2 ∪ {eq}) ≤p ♠❝s♣(S1 ∪ {eq})

❙✐♥❝❡ eq ∈ S1✱ ✇❡ ❤❛✈❡ ♠❝s♣(S1 ∪ {eq}) = ♠❝s♣(S1) ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳
✷

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✱ ❛ ❝♦♠♣❧❡①✐t② r❡s✉❧t ♣r♦✈❡❞ ❢♦r ❛ s❡t ♦❢
r❡❧❛t✐♦♥s S ✐♠♠❡❞✐❛t❡❧② ❡①t❡♥❞s t♦ ❛❧❧ r❡❧❛t✐♦♥s ✐♥ t❤❡ ❝♦✲❝❧♦♥❡ 〈S〉✱ ♣r♦✈✐❞❡❞

✷✼
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t❤❛t S ❝♦♥t❛✐♥s t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ eq✳ ❚❤❡r❡❢♦r❡ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ❛❧✇❛②s
❛ss✉♠❡ t❤❛t t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ eq ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❡✈❡r② s❡t S✳ ▼♦r❡♦✈❡r✱
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ q✉❛t❡r♥❛r② r❡❧❛t✐♦♥

J = {(x, y, z, w) ∈ D4 | (x = y) ∨ (z = w)}

✐♥ t❤❡ t❡♠♣❧❛t❡ S ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠ ❝s♣(S) tr❛♥s✲
❢♦r♠s ✐t t♦ ❛ ♠♦♥♦t♦♥❡ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠ ♠❝s♣(S)✱ t❤❛t ✐s ✐❢
J ∈ S t❤❡♥ ❝s♣(S) ≡p ♠❝s♣(S)✳ ❲❡ ♣r♦✈❡ t❤✐s t❤r♦✉❣❤ t❤❡ ♥❡①t ♣r♦♣♦s✐✲
t✐♦♥✳

◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ✇❡ ❝❛♥ ❣❡t r✐❞ ♦❢ t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ ✐♥ S✱ ❛s
❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ D ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ r❡❧❛t✐♦♥ J = {(x, y, z, w) ∈ D4 | (x = y) ∨ (z = w)}✳ ■❢ J ∈ S t❤❡♥
PolS = EndS✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜✐♥❛r② ❢✉♥❝t✐♦♥ g ∈ PolS ❞❡♣❡♥❞✐♥❣ ♦♥
❜♦t❤ ❛r❣✉♠❡♥ts✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐st ✈❛❧✉❡s a0, a1, a2, b0, b1, b2 ∈ D s✉❝❤ t❤❛t
a0 6= a1✱ b1 6= b2✱ g(a0, a2) 6= g(a1, a2) ❛♥❞ g(b0, b1) 6= g(b0, b2)✳ ❈❧❡❛r❧②✱
t❤❡ ✈❡❝t♦rs j1 = (a0, a1, b0, b0) ❛♥❞ j2 = (a2, a2, b1, b2) ❜❡❧♦♥❣ t♦ J ✱ ❜✉t t❤❡
✈❡❝t♦r (g(a0, a2), g(a1, a2), g(b0, b1), g(b0, b2)) ✐s ❛❜s❡♥t ❢r♦♠ J ✳ ❚❤❡r❡❢♦r❡
t❤❡ ❢✉♥❝t✐♦♥ g ❝❛♥♥♦t ❜❡ ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ J ✳
❋r♦♠ ❛♥② ❢✉♥❝t✐♦♥ f ♦❢ ❛r✐t② ar(f) > 2 ✇❡ ❝❛♥ ❛❧✇❛②s ♣r♦❞✉❝❡ ❛ ❜✐♥❛r②
❢✉♥❝t✐♦♥ ❜② ✈❛r✐❛❜❧❡ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ✷

❋r♦♠ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ✇❡❛❦ ❑r❛s♥❡r
❛❧❣❡❜r❛s ❛♥❞ ❡♥❞♦♠♦r♣❤✐s♠s ♠♦♥♦✐❞s ❣✐✈❡♥ ❛❜♦✈❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ s❡t S
♦❢ r❡❧❛t✐♦♥s ✇❤❡r❡ ✇❡ ❤❛✈❡ PolS = EndS ❧❡❛❞s t♦ ❛ ❝♦✲❝❧♦♥❡ 〈S〉 ❝❧♦s❡❞
✉♥❞❡r ❝♦♥❥✉♥❝t✐♦♥✱ ❞✐s❥✉♥❝t✐♦♥✱ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ❛♥❞ ✐❞❡♥t✐✜❝❛t✐♦♥
♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤✉s ✇❡ ❞❡❞✉❝❡ ❢♦r t❤✐s r❡s✉❧t ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ t❤❛t
❝s♣(S) ≡p ♠❝s♣(S) ❤♦❧❞s ✐❢ ✇❡ ❤❛✈❡ J ∈ S✳

❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ✐s ❛❧✇❛②s ✜♥✐t❡✱
✇❡ ❛r❡ ❡♥s✉r❡❞ t♦ ♦❜t❛✐♥ ❛ ✜♥✐t❡ ❝♦♠♣❧❡①✐t② ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ♠❝s♣✳

❲❡ ✇✐❧❧ ❡①❤✐❜✐t ❛ ❞✐❝❤♦t♦♠② ♦❢ ♠❝s♣(S) ❝♦♠♣❧❡①✐t② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛
s✐♠♣❧❡ ❝r✐t❡r✐♦♥✳ ■t ✐s ❡❛s✐❡r t♦ ♣r♦✈❡ t❤✐s ❞✐❝❤♦t♦♠② ❢♦r ♠❝s♣(f(S)) ✇❤❡r❡ f
✐s ❛ ♣❡r♠✉t❛t✐♦♥ ❦❡❡♣✐♥❣ ✐♥✈❛r✐❛♥t t❤❡ s❡t S✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐✲
t✐♦♥ ❛❞❛♣t❡❞ ❢r♦♠ ❏❡❛✈♦♥s ❬❏❡❛✾✽❪ s❤♦✇✐♥❣ t❤❛t t❤❡ ♣r♦❜❧❡♠s ♠❝s♣(S) ❛♥❞
♠❝s♣(f(S)) ❛r❡ ❧♦❣s♣❛❝❡✲❡q✉✐✈❛❧❡♥t✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ ✭❏❡❛✈♦♥s ❬❏❡❛✾✽❪✮ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦♥ D
❛♥❞ f ❜❡ ❛♥ ✉♥❛r② ❢✉♥❝t✐♦♥ ♦♥ D✳ ▲❡t f(S) = {f(R) | R ∈ S}✳ ■❢ ❡❛❝❤
r❡❧❛t✐♦♥ R ∈ S ✐s ❝❧♦s❡❞ ✉♥❞❡r f t❤❡♥ ♠❝s♣(f(S)) ✐s ❧♦❣s♣❛❝❡✲❡q✉✐✈❛❧❡♥t t♦
♠❝s♣(S)✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❛t ❡❛❝❤ r❡❧❛t✐♦♥ R ∈ S ✐s ❝❧♦s❡❞ ✉♥❞❡r f ✳ ▲❡t ϕ(~x) ❜❡
❛♥ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(f(S))✳ ❲❡ ❤❛✈❡ ❛ ❢♦r♠✉❧❛ ϕ(~x) ✇❤❡r❡ ❝♦♥str❛✐♥ts
C(x1, . . . , xk) ❛r❡ ❝♦♥str✉❝t❡❞ ✉♣♦♥ r❡❧❛t✐♦♥s R ∈ f(S)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❤②✲
♣♦t❤❡s✐s✱ ❛❧❧ r❡❧❛t✐♦♥s R ∈ S ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r f ✱ ✐✳❡✳ t❤❡ ✐♥❝❧✉s✐♦♥ f(R) ⊆ R
❤♦❧❞s ❢♦r ❛❧❧ R ∈ S✳ ❲❡ ❞❡❞✉❝❡ t❤❛t ϕ(~x) ✐s ❛❧s♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)✳

❚❛❦❡ ❛ ❢♦r♠✉❧❛ ϕ(~x) ❜❡✐♥❣ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)✳ ■t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞
❜② ❛ ❧♦❣s♣❛❝❡ r❡❞✉❝t✐♦♥ t♦ ❛♥ ✐♥st❛♥❝❡ ϕ′(~x) ♦❢ ♠❝s♣(f(S)) ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤
❝♦♥str❛✐♥t ❝♦♥str✉❝t❡❞ ✉♣♦♥ ❛ r❡❧❛t✐♦♥ R ❜② ❛ ❝♦♥str❛✐♥t ❝♦♥str✉❝t❡❞ ✉♣♦♥
f(R)✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ R ✐s ❝❧♦s❡❞ ✉♥❞❡r f ✱ ✇❡ ❤❛✈❡ f(R) ⊆ R ❛♥❞ ✇❡
❞❡r✐✈❡ t❤❛t ❛❧❧ s♦❧✉t✐♦♥s ♦❢ ϕ′(~x) ❛r❡ ❛❧s♦ s♦❧✉t✐♦♥s ♦❢ ϕ(~x)✳ ❈♦♥✈❡rs❡❧②✱ ✐❢
h ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ϕ(~x) t❤❡♥ f(h) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ϕ′(~x)✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛
❧♦❣s♣❛❝❡✲❡q✉✐✈❛❧❡♥❝❡ ❛♠♦♥❣ ♠❝s♣(f(S)) ❛♥❞ ♠❝s♣(S)✳ ✷

❲❡ ✇✐❧❧ st✉❞② ♠♦♥♦t♦♥❡ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s♠❝s♣(S) t❤r♦✉❣❤
s❡ts ♦❢ ❢✉♥❝t✐♦♥s F s❛t✐s❢②✐♥❣ InvF = S✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s ♣r♦✈❡
t❤❛t ♠❝s♣(S) ✐s ♣♦❧②♥♦♠✐❛❧ ✐❢ [F ] ❝♦♥t❛✐♥s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✱ ❛♥❞ ✐t ✐s
NP✲❝♦♠♣❧❡t❡ ♦t❤❡r✇✐s❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t EndS = [F ]
❢♦r ❛ s❡t ♦❢ r❡❧❛t✐♦♥s S✳ ■❢ [F ] ❝♦♥t❛✐♥s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ t❤❡♥ ♠❝s♣(S) ✐s
♣♦❧②♥♦♠✐❛❧✳

Pr♦♦❢✿ ■❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ S ❝♦♥t❛✐♥ ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ fd(x) = d ❢♦r
❛❧❧ x ∈ D✱ t❤❡♥ ❢♦r t❤❡ s❡t ♦❢ r❡❧❛t✐♦♥s 〈S〉 ✐♥✈❛r✐❛♥t ✉♥❞❡r [F ]✱ ❡❛❝❤ r❡❧❛t✐♦♥
R ∈ 〈S〉 ❝♦♥t❛✐♥s ❛ d✲✈❡❝t♦r✱ ✐✳❡✳ ❛ ♠❛♣♣✐♥❣ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ t♦ t❤❡ ✈❛❧✉❡ d✳
❚❤❡r❡❢♦r❡ ❡❛❝❤ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S) ✐s s❛t✐s✜❛❜❧❡ ❜② ❛ d✲✈❡❝t♦r✳ ✷

▲❡♠♠❛ ✸✳✶✳✻ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t EndS = [F ] ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳ ▲❡t f ∈ [F ]
❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡st ❝❛r❞✐♥❛❧✐t② ♦❢ ran f ✳ ❚❤❡♥ End f(S) ❝♦♥t❛✐♥s
♦♥❧② ♣❡r♠✉t❛t✐♦♥s✳

Pr♦♦❢✿ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ g ∈ End f(S) ♥♦t ❜❡✐♥❣ ❛ ♣❡r♠✉t❛t✐♦♥✳
◆❡❝❡ss❛r✐❧② g ✐s ♥♦t ✐♥❥❡❝t✐✈❡✱ ✐✳❡✳ t❤❡ ✐♥❝❧✉s✐♦♥ ran g ( ran f ❤♦❧❞s✳ ❚❤✐s
✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ran f ✐s t❤❡ s♠❛❧❧❡st
❛♠♦♥❣ ❛❧❧ ❢✉♥❝t✐♦♥s ✐♥ [F ]✳ ✷

✷✾
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❆❝t✉❛❧❧②✱ ✐❢ f ∈ EndS s✉❝❤ t❤❛t ran f ✐s ♦♥❡ ♦❢ t❤❡ s♠❛❧❧❡st ❝❛r❞✐♥❛❧✐t②
❛♠♦♥❣ ❢✉♥❝t✐♦♥s ✐♥ EndS ✭✧♦♥❡✧ ♦❢ t❤❡ s♠❛❧❧❡st ❜❡❝❛✉s❡ ♦♥❡ ❝❛♥ ❤❛✈❡ s❡✈❡r❛❧
❞✐✛❡r❡♥t s♠❛❧❧❡st r❛♥❣❡s✮✱ f(S) ✐s ❝❛❧❧❡❞ t❤❡ ❝♦r❡ ♦❢ S✱ ❛♥❞ ▲❡♠♠❛ ✸✳✶✳✻ ✐s ❛♥
❛❧r❡❛❞② ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ✉s❡ ❛ ❧♦t t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦r❡
✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❛t ✐s ✇❤② ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ✐t ❤❡r❡ ❜✉t ✐♥ ❈❤❛♣t❡r ✹✱
✇❤❡r❡ ✐t r❡✈❡❛❧s t♦ ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✼ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡ ❝❧♦♥❡
[F ]✱ ❡q✉✐✈❛❧❡♥t t♦ EndS ❢♦r ❛ s❡t ♦❢ r❡❧❛t✐♦♥s S✱ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❝♦♥st❛♥t
❢✉♥❝t✐♦♥s✳ ❚❤❡♥ ♠❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❲❡ ❛❞❛♣t t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✻ ❢r♦♠ ❬❏❡❛✾✽❪✳ ▲❡t [F ] ❜❡ ✇✐t❤✲
♦✉t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳ ▲❡t f ∈ [F ] ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ♠✐♥✐♠❛❧ ❝❛r❞✐♥❛❧✐t②
♦❢ ✐ts r❛♥❣❡ ran f ✳ ❇② ▲❡♠♠❛ ✸✳✶✳✻✱ ✇❡ ❦♥♦✇ t❤❛t End f(S) ❝♦♥t❛✐♥s ♦♥❧②
♣❡r♠✉t❛t✐♦♥s✳ ❙✐♥❝❡ [F ] ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✱ ✇❡ ❛❧s♦ ❦♥♦✇
t❤❛t ❝❛r❞✐♥❛❧✐t② ♦❢ ran f s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ |ran f | ≥ 2✳ ❲❡ ❤❛✈❡ t♦
s❡♣❛r❛t❡ t✇♦ ❝❛s❡s✳

■❢ |ran f | = 2✱ t❤❡♥ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ran f =
{0, 1}✳ ❚❤❡ s❡t End f(S) ❝♦♥t❛✐♥s ♦♥❧② ♣❡r♠✉t❛t✐♦♥s ♦♥ {0, 1}✳ ▲❡t R♥❛❡

❜❡ t❤❡ r❡❧❛t✐♦♥ {0, 1}3 r {(0, 0, 0); (1, 1, 1)}✳ ■t ✐s ❝❧❡❛r t❤❛t r❡❧❛t✐♦♥ R♥❛❡

✐s ❝❧♦s❡❞ ✉♥❞❡r ❡✈❡r② ♣❡r♠✉t❛t✐♦♥s ♦♥ {0, 1}✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥
End f(S) ⊆ EndR♥❛❡✳ ❚❤❡ r❡❧❛t✐♦♥ R♥❛❡ ❣✐✈❡s r✐s❡ t♦ t❤❡ ♥♦t✲❛❧❧✲❡q✉❛❧✲
✸s❛t ♣r♦❜❧❡♠✱ ❦♥♦✇♥ t♦ ❜❡ NP✲❝♦♠♣❧❡t❡✳ ■♥❞❡❡❞✱ ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t
❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡ ✐❢ R♥❛❡ ∈ S ✭s❡❡ ❬❇❈❘❱✵✹❪ ❢♦r ✐♥st❛♥❝❡✮✳ ❙✐♥❝❡ ❡✈❡r②
✐♥st❛♥❝❡ ♦❢ ❝s♣(S) ✐s ♦❜✈✐♦✉s❧② ❛❧s♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)✱ ✇❡ ❞❡❞✉❝❡
t❤❛t ♠❝s♣(S) ✐s ❛❧s♦ NP✲❝♦♠♣❧❡t❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
♠❝s♣(f(S)) ✐s NP✲❝♦♠♣❧❡t❡✳

▲❡t ♥♦✇ |ran f | ≥ 3✳ ❚❤❡ s❡t ♦❢ r❡❧❛t✐♦♥s Inv End(f(S)) ✐s ❝❧♦s❡❞ ✉♥❞❡r
♣❡r♠✉t❛t✐♦♥s ♦♥ ran f ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❝♦♥t❛✐♥s t❤❡ r❡❧❛t✐♦♥ Q ⊆ D2 ✇❤❡r❡
Q = {a1, a2, . . . , ak}

2 r {(a1, a1); (a2, a2); . . . ; (ak, ak)}✱ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡
ran f = {a1, a2, . . . , ak}✳ ❚❤❡ r❡❧❛t✐♦♥ Q ❝♦rr❡s♣♦♥❞s t♦ ✈❛❧✐❞ ✈❛❧✉❛t✐♦♥s
❢♦r ❛❧❧ ✐♥st❛♥❝❡s ♦❢ t❤❡ |ran f |✲❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ t♦
❜❡ NP✲❝♦♠♣❧❡t❡ s✐♥❝❡ |ran f | ≥ 3✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♠❝s♣(f(S)) ✐s ❛❧s♦
NP✲❝♦♠♣❧❡t❡ ✐♥ t❤✐s ❝❛s❡✳

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹ t❤❛t t❤❡ ♣r♦❜❧❡♠ ♠❝s♣(f(S)) ✐s ❧♦❣✲
s♣❛❝❡✲❡q✉✐✈❛❧❡♥t t♦ ♠❝s♣(S)✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♦♥❡ r❡❧❛t✐♦♥ ✐♥ Inv End(f(S))
❧❡❛❞✐♥❣ t♦ ❛ NP✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t♠❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡✳

✷

❋r♦♠ Pr♦♣♦s✐t✐♦♥s ✸✳✶✳✺ ❛♥❞ ✸✳✶✳✼ ✇❡ ❞❡r✐✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s
s❡❝t✐♦♥✳

✸✵
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❚❤❡♦r❡♠ ✸✳✶✳✽ ❚❤❡ ♠♦♥♦t♦♥❡ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠ ♠❝s♣(S) ✐s
♣♦❧②♥♦♠✐❛❧ ✐❢ t❤❡ s❡t EndS ❝♦♥t❛✐♥s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s
NP✲❝♦♠♣❧❡t❡✳

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ✈❡r② s✐♠♣❧❡ ❞✐❝❤♦t♦♠② ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠♠❝s♣(S)
♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✳ ❚♦ ❞❡❝✐❞❡ t❤✐s ❝♦♥❞✐t✐♦♥✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤❡❝❦ ✐❢ t❤❡
❡♥❞♦♠♦r♣❤✐s♠s s❡t EndS✱ ✇❤✐❝❤ ♠✉st ❜❡ ✜♥✐t❡✱ ❝♦♥t❛✐♥s ❛ ❝♦♥st❛♥t ❢✉♥❝✲
t✐♦♥✳ ❚❤❡ ❡♥❞♦♠♦r♣❤✐s♠ s❡t EndS ✐s ❛❧✇❛②s ❡q✉❛❧ t♦ t❤❡ ❝❧♦♥❡ [F ] ❢♦r s♦♠❡
s❡t ♦❢ ❢✉♥❝t✐♦♥s F ✳

✸✳✷ ■♥✜♥✐t❡ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ♠❝s♣(S) ♦✈❡r
❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥s✳

❚❤❡ ❝❧❛ss ♦❢ ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ♦✈❡r ✐♥✜♥✐t❡ ❞♦♠❛✐♥s ✐s ❛
r✐❝❤ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s❀ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r ❡✈❡r② ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠
p t❤❡r❡ ❡①✐sts ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s ♦✈❡r ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥ s✉❝❤
t❤❛t ❝s♣(S) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ p ✉♥❞❡r ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❚✉r✐♥❣
r❡❞✉❝t✐♦♥s ❬❇●✵✽❪✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ♣r♦❜❧❡♠s
♠❝s♣(S) ♦✈❡r ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❝♦♠♣❧❡①✐t②
❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❝♦♥str❛✐♥t s❛t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ❝s♣(S)✳

❆s ✇❡ s❤♦✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❢♦r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✱ t❤❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
s♦❧✈❛❜❧❡ ❝❛s❡s ♦❢ ♠❝s♣(S) ❛r❡ ♣r❡❝✐s❡❧② t❤♦s❡ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡s S ✇❤❡r❡
❛❧❧ r❡❧❛t✐♦♥s ✐♥ S ❝♦♥t❛✐♥ t❤❡ t✉♣❧❡ (a, . . . , a) ❝♦♠♣♦s❡❞ ♦♥❧② ❢r♦♠ t❤❡ ❡❧❡♠❡♥t
a ∈ D❀ ✐♥ t❤✐s ❝❛s❡✱ ♠❝s♣(S) ✐s ❝❛❧❧❡❞ a✲✈❛❧✐❞✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r
tr✉❡ ❢♦r ✐♥✜♥✐t❡ ❞♦♠❛✐♥s✳

❈♦♥s✐❞❡r ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥ D ❛♥❞ t❤❡ r❡❧❛t✐♦♥ R 6= ♦♥ D s✉❝❤
t❤❛t R 6= := D2 r {(d, d) | d ∈ D}✳ R 6= ✐s ❝❧❡❛r❧② ♥♦t a✲✈❛❧✐❞✳ ❍♦✇❡✈❡r✱
♠❝s♣({R 6=}) ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ❡✈❛❧✉❛t✐♦♥ ♣r♦❜❧❡♠
✭✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ✐♥ t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss L✮ ❛s ❢♦❧❧♦✇s✿ ❧❡t Φ ❜❡ ❛♥
✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)✳ ❈♦♥str❛✐♥ts ✐♥ Φ ♦❢ t❤❡ ❢♦r♠ x 6= y ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t
✈❛r✐❛❜❧❡s x ❛♥❞ y ❛r❡ r❡♣❧❛❝❡❞ ❜② tr✉❡✱ ❛♥❞ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ x 6= x ❛r❡
r❡♣❧❛❝❡❞ ❜② ❢❛❧s❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ✐s ❡q✉✐✈❛❧❡♥t t♦ tr✉❡ ✐❢ ❛♥❞
♦♥❧② ✐❢ Φ ✐s s❛t✐s✜❛❜❧❡✳

❚❤❡ ♠❝s♣(S) ♣r♦❜❧❡♠ ♦✈❡r ❛ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ ❞♦♠❛✐♥ ❝❛♥ ❛❧s♦ ❜❡ ✈✐❡✇
❛s ❛ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❡①✐st❡♥t✐❛❧ ♣♦s✐t✐✈❡ ✜rst✲♦r❞❡r ❧♦❣✐❝✳ ❆
✉♥✐✈❡rs❛❧✲❛❧❣❡❜r❛✐❝ st✉❞② ♦❢ t❤❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ✜♥✐t❡ str✉❝t✉r❡s
S ❛♥❞ ✈❛r✐♦✉s ♦t❤❡r s②♥t❛❝t✐❝ r❡str✐❝t✐♦♥s ♦❢ ✜rst✲♦r❞❡r ❧♦❣✐❝ ✭❢♦r ✐♥st❛♥❝❡
♣♦s✐t✐✈❡ ✜rst✲♦r❞❡r ❧♦❣✐❝✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▼❛r✵✽❪✳
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✸✳✷✳✶ ❘❡s✉❧t

❲❡ ✇r✐t❡ L ≤m L′ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡
r❡❞✉❝t✐♦♥ ❢r♦♠ L t♦ L′✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶ ✭❢r♦♠ ❬▲▲❙✼✺❪✮ ❆ ♣r♦❜❧❡♠ A ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②✲
♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝✐❜❧❡ t♦ ❛ ♣r♦❜❧❡♠ B ✭A ≤NP B✮ ✐❢ t❤❡r❡ ✐s ❛
♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M s✉❝❤ t❤❛t x ∈ A ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts y ∈ B ❝♦♠♣✉t❡❞ ❜② M ♦♥ ✐♥♣✉t x✳ ❲❡ ❞❡♥♦t❡ ❜②
ANP t❤❡ s♠❛❧❧❡st ❝❧❛ss t❤❛t ❝♦♥t❛✐♥s A ❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r ≤NP✳

❖❜s❡r✈❡ t❤❛t ≤NP ✐s tr❛♥s✐t✐✈❡ ❬▲▲❙✼✺❪✳ ❚♦ st❛t❡ t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss✐✲
✜❝❛t✐♦♥ ❢♦r ♠❝s♣(S)✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣ts✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ t❤❡
♥♦t✐♦♥ ♦❢ ✉♥s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✷ ❆ ❝♦♥str❛✐♥t C(x1, . . . , xk) ❜✉✐❧t ✉♣♦♥ ❛ r❡❧❛t✐♦♥ R ✐s ✉♥✲
s❛t✐s✜❛❜❧❡ ✐❢✱ ❢♦r ❡✈❡r② ✐♥t❡r♣r❡t❛t✐♦♥ I ♦❢ t❤❡ ✈❛r✐❛❜❧❡s x1, . . . , xk✱ ✇❡ ❤❛✈❡
(I(x1), . . . , I(xk)) /∈ R✳

❊①❛♠♣❧❡ ✸✳✷✳✸ ▲❡t R ❜❡ t❤❡ r❡❧❛t✐♦♥ s✉❝❤ t❤❛t R = D2 r {(a, a) | a ∈ D}✳
❚❤❡♥ t❤❡ ❝♦♥str❛✐♥t C(x, x) ❜✉✐❧t ✉♣♦♥ R ✐s ✉♥s❛t✐s✜❛❜❧❡✳ �

▲❡t Φ ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)✳ ❲❡ ❝♦♥str✉❝t ❛ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ FS(Φ)
❛s ❢♦❧❧♦✇s✳ ❲❡ ✜rst r❡♠♦✈❡ ❛❧❧ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡rs ❢r♦♠ Φ✳ ❚❤❡♥ ✇❡ r❡♣❧❛❝❡
❡❛❝❤ ✉♥s❛t✐s✜❛❜❧❡ ❝♦♥str❛✐♥t ✐♥ Φ ♦❢ t❤❡ ❢♦r♠ C(x1, . . . , xk) ❜✉✐❧t ✉♣♦♥ t❤❡
k✲❛r② ❡♠♣t② r❡❧❛t✐♦♥ ❜② ❢❛❧s❡✳ ❆❧❧ ♦t❤❡r ❝♦♥str❛✐♥ts ✐♥ Φ ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜②
tr✉❡✳ ❲❡ ✇r✐t❡ FS(Φ) ❢♦r t❤❡ r❡s✉❧t✐♥❣ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛✳ ◆♦t❡ t❤❛t ✐❢ Φ ✐s
s❛t✐s✜❛❜❧❡ t❤❡♥ FS(Φ) ♠✉st ❜❡ ❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ tr✉❡✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✹ ❲❡ ❝❛❧❧ ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ ✐❢ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❤♦❧❞s✿ ❡✈❡r② ✐♥st❛♥❝❡ Φ ♦❢ ♠❝s♣(S) ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ FS(Φ) ✭❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✮ ✐s ❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ tr✉❡✳

■♥ ❙❡❝t✐♦♥ ✸✳✷✳✷✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳✺ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦♥ ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥✳
■❢ S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ♠❝s♣(S) ✐s ✐♥ t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss L✳
❖t❤❡r✇✐s❡✱ ♠❝s♣(S) ✐s ❝♦♠♣❧❡t❡ ❢♦r t❤❡ ❝❧❛ss ❝s♣(S)NP ✉♥❞❡r ♣♦❧②♥♦♠✐❛❧✲
t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥s✳
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■♥ ♣❛rt✐❝✉❧❛r✱ ♠❝s♣(S) ✐s ✐♥ P ♦r ✐s NP✲❤❛r❞ ✭✉♥❞❡r ❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦✲
♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥s✮✳ ■❢ S ✐s ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥✱
t❤❡♥ ♠❝s♣(S) ✐s ✐♥ P ♦r NP✲❝♦♠♣❧❡t❡✱ ❜❡❝❛✉s❡ ✜♥✐t❡ ❞♦♠❛✐♥ ❝♦♥str❛✐♥t s❛t✲
✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ❝❧❡❛r❧② ✐♥ NP✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ♠❝s♣(S) ✐s ✐♥
P ♦r NP✲❝♦♠♣❧❡t❡ ❤❛s ♣r❡✈✐♦✉s❧② ❜❡❡♥ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❍♦✇❡✈❡r✱ ♦✉r
♣r♦♦❢ r❡♠❛✐♥s t❤❡ s❛♠❡ ❢♦r ✜♥✐t❡ ❞♦♠❛✐♥s ❛♥❞ ✐s s✐♠♣❧❡r t❤❛♥ t❤❡ ♣r♦♦❢ ♦❢
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

✸✳✷✳✷ Pr♦♦❢

❇❡❢♦r❡ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✷✳✺✱ ✇❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡r r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳✻ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦♥ ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥✳ ■❢
S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ♠❝s♣(S) ✐s ✐♥ L✳ ❖t❤❡r✇✐s❡✱ ♠❝s♣(S)
✐s NP✲❤❛r❞ ✭✉♥❞❡r ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡ r❡❞✉❝t✐♦♥s✮✳

❚♦ s❤♦✇ ❚❤❡♦r❡♠ ✸✳✷✳✻✱ ✇❡ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳✼ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦♥ ❛ ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥✳
■❢ S ✐s ♥♦t ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ t❤❡♥ t❤❡r❡ ❛r❡ S✲❢♦r♠✉❧❛s ψ0 ❛♥❞ ψ1 ✇✐t❤ t❤❡
♣r♦♣❡rt② t❤❛t

• ψ0 ❛♥❞ ψ1 ❛r❡ ❜♦t❤ s❛t✐s✜❛❜❧❡❀

• ψ0 ∧ ψ1 ✐s ♥♦t s❛t✐s✜❛❜❧❡✳

Pr♦♦❢✿ ❇❡❝❛✉s❡ S ✐s ♥♦t ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ t❤❡r❡ ✐s ❛♥ ✉♥s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ Φ
♦❢ ♠❝s♣(S) s✉❝❤ t❤❛t t❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ FS(Φ) ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❧♦❣✐❝❛❧❧②
❡q✉✐✈❛❧❡♥t t♦ tr✉❡✳ ❆♠♦♥❣ ❛❧❧ ❢♦r♠✉❧❛s ✇✐t❤ t❤✐s ♣r♦♣❡rt②✱ ❧❡t Φ ❜❡ t❤❡ ♦♥❡
t❤❛t ✐s ♦❢ ♠✐♥✐♠❛❧ ❧❡♥❣t❤✳

■❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ Φ1∨Φ2 t❤❡♥ ❜♦t❤ Φ1 ❛♥❞ Φ2 ♠✉st ❜❡ ✉♥s❛t✐s✜❛❜❧❡✱ ❛♥❞
♦♥❡ ♦❢ t❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛s FS(Φ1) ♦r FS(Φ2) ♠✉st ❜❡ tr✉❡❀ t❤✐s ❝♦♥tr❛❞✐❝ts
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t Φ ✐s ♠✐♥✐♠❛❧✳

■❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ Φ1∧Φ2✱ t❤❡♥ ❜♦t❤ FS(Φ1) ❛♥❞ FS(Φ2) ♠✉st ❜❡ tr✉❡✳ ■❢
❜♦t❤ Φ1 ❛♥❞ Φ2 ❛r❡ s❛t✐s✜❛❜❧❡✱ t❤❡♥ ✇❡ ❛r❡ ❞♦♥❡✱ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t✇♦
s❛t✐s✜❛❜❧❡ S✲❢♦r♠✉❧❛s s✉❝❤ t❤❛t t❤❡✐r ❝♦♥❥✉♥❝t✐♦♥ ✐s ✉♥s❛t✐s✜❛❜❧❡✳ ■❢ Φ1 ♦r
Φ2 ✐s ✉♥s❛t✐s✜❛❜❧❡✱ s❛② Φi ✐s ✉♥s❛t✐s✜❛❜❧❡ ❢♦r i ∈ {1, 2}✱ t❤❡♥ t❤✐s ❝♦♥tr❛❞✐❝ts
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t Φ ✐s ♠✐♥✐♠❛❧✱ ❜❡❝❛✉s❡ Φi ✐s s♠❛❧❧❡r t❤❛♥ Φ✱ ✉♥s❛t✐s✜❛❜❧❡
❛♥❞ FS(Φi) ✐s tr✉❡✳ ■❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ ∃x.Φ′ t❤❡♥ t❤✐s ❝♦♥tr❛❞✐❝ts ♦❜✈✐♦✉s❧②
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t Φ ✐s ♠✐♥✐♠❛❧✳ ◆♦t❡ t❤❛t Φ ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡
❝♦♥str❛✐♥t✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ Φ ✐s ❡✐t❤❡r ✉♥s❛t✐s✜❛❜❧❡ ♦r FS(Φ) ✐s tr✉❡ ✭❜✉t
♥♦t ❜♦t❤✮✳ ✷
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✻✿ ■❢ S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ t❤❡♥ ♠❝s♣(S) ❝❛♥ ❜❡
r❡❞✉❝❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ❡✈❛❧✉❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥
t♦ ❜❡ ✐♥ L✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥str✉❝t ❢r♦♠ ❛♥ ✐♥st❛♥❝❡ Φ ♦❢ ♠❝s♣(S) ❛
❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ F := FS(Φ) ❛s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✹✳ ❈❧❡❛r❧②✱
t❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ✇♦r❦s♣❛❝❡✳ ❲❡ ❡✈❛❧✉❛t❡
F ✱ ❛♥❞ r❡❥❡❝t ✐❢ F ✐s ❢❛❧s❡✱ ❛♥❞ ❛❝❝❡♣t ♦t❤❡r✇✐s❡✳

■❢ S ✐s ♥♦t ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ ✇❡ s❤♦✇ NP✲❤❛r❞♥❡ss ♦❢ ♠❝s♣(S) ❜② r❡❞✉❝✲
t✐♦♥ ❢r♦♠ ✸✲❙❆❚✳ ▲❡t I ❜❡ ❛ ✸✲❙❆❚ ✐♥st❛♥❝❡✳ ❲❡ ❝♦♥str✉❝t ❛♥ ✐♥st❛♥❝❡ Φ
♦❢ ♠❝s♣(S) ❛s ❢♦❧❧♦✇s✳ ▲❡t ψ0 ❛♥❞ ψ1 ❜❡ t❤❡ S✲❢♦r♠✉❧❛s ❢r♦♠ ▲❡♠♠❛ ✸✳✷✳✼
❛♥❞ ❛ss✉♠❡ t❤❡② ❛r❡ d✲❛r②✳ ▲❡t v1, . . . , vn ❜❡ t❤❡ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s ✐♥ I✳ ❋♦r
❡❛❝❤ vi ✇❡ ✐♥tr♦❞✉❝❡ d ♥❡✇ ✈❛r✐❛❜❧❡s ~xi = x1

i , . . . , x
d
i ✳ ▲❡t Φ ❜❡ t❤❡ ✐♥st❛♥❝❡

♦❢ ♠❝s♣(S) t❤❛t ❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥✉♥❝ts✿

• ❋♦r ❡❛❝❤ 1 ≤ i ≤ n✱ t❤❡ ❢♦r♠✉❧❛ ψ0(~xi) ∨ ψ1(~xi)

• ❋♦r ❡❛❝❤ ❝❧❛✉s❡ l1∨ l2∨ l3 ✐♥ I✱ t❤❡ ❢♦r♠✉❧❛ ψi1(~xj1)∨ψi2(~xj2)∨ψi3(~xj3)
✇❤❡r❡ ip = 0 ✐❢ lp ❡q✉❛❧s ¬xjp

❛♥❞ ip = 1 ✐❢ lp ❡q✉❛❧s xjp
✱ ❢♦r ❛❧❧

p ∈ {1, 2, 3}✳

■t ✐s ❝❧❡❛r t❤❛t Φ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❢r♦♠ I✱
❛♥❞ t❤❛t Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ I ✐s s❛t✐s✜❛❜❧❡✳ ✷

◆♦t❡ t❤❛t✱ ❛♣♣❧✐❡❞ t♦ ✜♥✐t❡ ❞♦♠❛✐♥✱ ✇❡ ♦❜t❛✐♥ ❛❣❛✐♥ t❤❡ ❞✐❝❤♦t♦♠②
❢r♦♠ ❬❍❘✵✾❪ ❛♥❞ ❬▼❛r✵✻❪✱ t❤❛t ✐s✱ ♠❝s♣(S) ✐s ✐♥ P ✐❢ S ✐s a✲✈❛❧✐❞ ❢♦r ❛♥
❡❧❡♠❡♥t a ∈ D ❛♥❞ NP✲❝♦♠♣❧❡t❡ ♦t❤❡r✇✐s❡✳ ❲❡ ♣r♦✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ t❤❛t✱ ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥✱ S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐t ✐s a✲✈❛❧✐❞ ❢♦r ❛♥ ❡❧❡♠❡♥t a ♦❢ t❤❡ ❞♦♠❛✐♥ D✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✽ ▲❡t D ❜❡ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ❛♥❞ S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ♦✈❡r
D✳ S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s a✲✈❛❧✐❞ ❢♦r s♦♠❡ ❡❧❡♠❡♥t a ∈ D✳

Pr♦♦❢✿ ▲❡t S ❜❡ a✲✈❛❧✐❞ ❢♦r ❛♥ ❡❧❡♠❡♥t a ∈ D✳ ❚❤❡♥ S ✐s ♦❜✈✐♦✉s❧② ❧♦❝❛❧❧②
r❡❢✉t❛❜❧❡✳ ■♥❞❡❡❞✱ ❡❛❝❤ r❡❧❛t✐♦♥ Ri ✐♥ S ✐s a✲✈❛❧✐❞✱ t❤✉s FS(Ci(~x)) ♠✉st ❜❡
tr✉❡✱ ✇✐t❤ Ci(~x) ❜❡✐♥❣ t❤❡ ❝♦♥str❛✐♥t ❜✉✐❧t ✉♣♦♥ Ri✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ FS(Φ)
tr✉❡ ❢♦r ❡✈❡r② ❢♦r♠✉❧❛ Φ ✇❡ ❝❛♥ ❜✉✐❧❞ ❢r♦♠ S✳

▲❡t S ❜❡ ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ ❛♥❞ ❛ss✉♠❡ t❤❛t ✐t ✐s ♥♦t a✲✈❛❧✐❞ ❢♦r ❛♥② a ∈ D✳
❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ ♣❛rts✳

❆ss✉♠❡ ✜rst t❤❛t t❤❡r❡ ❡①✐st t✇♦ r❡❧❛t✐♦♥s R1 ❛♥❞ R2 ✐♥ S✱ R1 ❜❡✲
✐♥❣ a1✲✈❛❧✐❞ ❛♥❞ R2 ❜❡✐♥❣ a2✲✈❛❧✐❞✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❡❧❡♠❡♥ts a ✐♥ D ✇❡
❤❛✈❡ (a, a, . . . , a) /∈ R1 ∩ R2✳ ❈❧❡❛r❧②✱ t❤❡ t✇♦ ❡❧❡♠❡♥ts a1 ❛♥❞ a2 ❢r♦♠ D
♠✉st s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ a1 6= a2✳ ▲❡t Ci(x, x, . . . , x) ❜❡ ❛ ❝♦♥str❛✐♥t ❜✉✐❧t
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✉♣♦♥ t❤❡ r❡❧❛t✐♦♥ Ri✱ ❢♦r i = 1, 2✳ ❙✐♥❝❡ ❡❛❝❤ ❢♦r♠✉❧❛ Ci(x, x, . . . , x) ✐s ai✲
✈❛❧✐❞✱ ✐t ✐s t❤❡r❡❢♦r❡ ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦r♠✉❧❛ C1(x, x, . . . , x)∧
C2(x, x, . . . , x) ❝❛♥♥♦t ❜❡ ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✱ s✐♥❝❡ ✐t ✐s ♥♦t a✲✈❛❧✐❞ ❢♦r ❛♥②
a ∈ D✱ ❧❡❛❞✐♥❣ t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ r❡❧❛t✐♦♥ R ✐♥ S✱ ✇❤✐❝❤ ✐s ♥♦t a✲✈❛❧✐❞ ❢♦r
❛♥② a ∈ D✱ ✐✳❡✳ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❡❧❡♠❡♥ts a ∈ D ✇❡ ❤❛✈❡ (a, a, . . . , a) /∈ R✳ ▲❡t
C(x1, . . . , xk) ❜❡ ❛ ❝♦♥str❛✐♥t ❜✉✐❧t ✉♣♦♥ t❤❡ k✲❛r② r❡❧❛t✐♦♥ R✳ ❈♦♥s✐❞❡r D
t♦ ❜❡ ❛ ❞♦♠❛✐♥ ♦❢ ❝❛r❞✐♥❛❧✐t② n✱ ✐✳❡✳ |D| = n✳ ▲❡t x1✱ ✳ ✳ ✳ ✱ xkn ❜❡ k.d ❞✐st✐♥❝t
✈❛r✐❛❜❧❡s✱ ❛♥❞ ❧❡t✬s ❝♦♥str✉❝t t❤❡ ❢♦r♠✉❧❛ ϕ s✉❝❤ t❤❛t ϕ ✐s t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢
t❤❡ ❝♦♥str❛✐♥t C ♦✈❡r ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ k ✈❛r✐❛❜❧❡s ❜❡t✇❡❡♥ {x1, . . . , xkd}✳
❇② t❤❡ ♣✐❣❡♦♥❤♦❧❡ ♣r✐♥❝✐♣❧❡✱ ❢♦r ❡❛❝❤ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ϕ✱ ✇❡ ♠✉st ❤❛✈❡ ❛t
❧❡❛st k ✈❛r✐❛❜❧❡s ✐♥t❡r♣r❡t❡❞ t♦ t❤❡ s❛♠❡ ✈❛❧✉❡ ✐♥ D✳ ❚❤✉s✱ t❤❡ ❝♦♥str❛✐♥t
C ♦✈❡r t❤❡s❡ k ✈❛r✐❛❜❧❡s ♠✉st ❜❡ ❢❛❧s❡✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡
❤②♣♦t❤❡s✐s t❤❛t S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ s❡t ♦❢ r❡❧❛t✐♦♥s S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
✐s a✲✈❛❧✐❞ ❢♦r s♦♠❡ ❡❧❡♠❡♥t a ∈ D✳

✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✺✿ ■❢ S ✐s ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡ t❤❡♥ t❤❡ st❛t❡♠❡♥t ❤❛s ❜❡❡♥
s❤♦✇♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✻✳ ❙✉♣♣♦s❡ t❤❛t S ✐s ♥♦t ❧♦❝❛❧❧② r❡❢✉t❛❜❧❡✳ ❚♦ s❤♦✇
t❤❛t ♠❝s♣(S) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❝s♣(S)NP✱ ✇❡ ❝♦♥str✉❝t ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
❚✉r✐♥❣ ♠❛❝❤✐♥❡ T ✇❤✐❝❤ t❛❦❡s ❛s ✐♥♣✉t ❛♥ ✐♥st❛♥❝❡ Φ ♦❢ ♠❝s♣(S)✱ ❛♥❞
✇❤✐❝❤ ♦✉t♣✉ts ❛♥ ✐♥st❛♥❝❡ T (Φ) ♦❢ ❝s♣(S) ❛s ❢♦❧❧♦✇s✳

❖♥ ✐♥♣✉t Φ t❤❡ ♠❛❝❤✐♥❡ T ♣r♦❝❡❡❞s r❡❝✉rs✐✈❡❧② ❛s ❢♦❧❧♦✇s✿

• ✐❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ ∃x.ϕ t❤❡♥ r❡t✉r♥ ∃x.T (ϕ)❀

• ✐❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ ϕ1 ∧ ϕ2 t❤❡♥ r❡t✉r♥ T (ϕ1) ∧ T (ϕ2)❀

• ✐❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ ϕ1 ∨ ϕ2 t❤❡♥ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝❛❧❧② r❡t✉r♥ ❡✐t❤❡r
T (ϕ1) ♦r T (ϕ2)❀

• ✐❢ Φ ✐s ♦❢ t❤❡ ❢♦r♠ C(x1, . . . , xk) t❤❡♥ r❡t✉r♥ C(x1, . . . , xk)✳

❚❤❡ ♦✉t♣✉t ♦❢ T ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❝s♣(S)✳ ■t ✐s ❝❧❡❛r t❤❛t T ❤❛s ♣♦❧②♥♦✲
♠✐❛❧ r✉♥♥✐♥❣ t✐♠❡✱ ❛♥❞ t❤❛t Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛
❝♦♠♣✉t❛t✐♦♥ ♦❢ T ♦♥ Φ t❤❛t ❝♦♠♣✉t❡s ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ ♦❢ ❝s♣(S)✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t ♠❝s♣(S) ✐s ❤❛r❞ ❢♦r ❝s♣(S)NP ✉♥❞❡r ≤m✲r❡❞✉❝t✐♦♥s✳
▲❡t L ❜❡ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♠❛♥②✲♦♥❡
r❡❞✉❝t✐♦♥ t♦ ❝s♣(S)✱ ❛♥❞ ❧❡t M ❜❡ t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣ ♠❛❝❤✐♥❡
t❤❛t ❝♦♠♣✉t❡s t❤❡ r❡❞✉❝t✐♦♥✳ ❲❡ ❤❛✈❡ t♦ ❝♦♥str✉❝t ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣
♠❛❝❤✐♥❡ M ′ t❤❛t ❝♦♠♣✉t❡s ❢♦r ❛♥② ✐♥♣✉t str✐♥❣ s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✐♥ |s|

✸✺
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❛♥ ✐♥st❛♥❝❡ Φ ♦❢ ♠❝s♣(S) s✉❝❤ t❤❛t Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts
❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M ♦♥ s t❤❛t ❝♦♠♣✉t❡s ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ ♦❢ ❝s♣(S)✳

❙❛② t❤❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢M ♦♥ s ✐s ✐♥ O(|s|e) ❢♦r ❛ ❝♦♥st❛♥t e✳ ❍❡♥❝❡✱
t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts s0 ❛♥❞ c s✉❝❤ t❤❛t ❢♦r |s| > s0 t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ M
❛♥❞ ❤❡♥❝❡ ❛❧s♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ✐♥♣✉t ✐♥st❛♥❝❡ ♦❢ ❝s♣(S)
♣r♦❞✉❝❡❞ ❜② t❤❡ r❡❞✉❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜② t := c |s|e✳ ❚❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
❝♦♠♣✉t❛t✐♦♥ ♦❢M ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❛❝❝❡ss
t♦ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❛❞✈✐❝❡ ❜✐ts ❛s s❤♦✇♥ ✐♥ ❬●❏✼✾❪✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t ❢♦r
|s| > s0✱ t❤❡ ♠❛❝❤✐♥❡ M ❝❛♥ ❛❝❝❡ss ❛t ♠♦st t ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❜✐ts✳ ■❢ w
✐s ❛ s✉✣❝✐❡♥t❧② ❧♦♥❣ ❜✐t✲str✐♥❣✱ ✇❡ ✇r✐t❡ Mw ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣
♠❛❝❤✐♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ M ❜② ✉s✐♥❣ t❤❡ ❜✐ts ✐♥ w ❛s t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
❜✐ts✱ ❛♥❞ Mw(s) ❢♦r t❤❡ ✐♥st❛♥❝❡ ♦❢ ❝s♣(S) ❝♦♠♣✉t❡❞ ❜② Mw ♦♥ ✐♥♣✉t s✳

■❢ |s| ≤ s0✱ t❤❡♥M ′ r❡t✉r♥s ∃x.(x = x) ✐❢ t❤❡r❡ ✐s ❛♥ w ∈ {0, 1}∗ s✉❝❤ t❤❛t
Mw(s) ✐s ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ ♦❢ ❝s♣(S)✱ ❛♥❞ M ′ r❡t✉r♥s ∃~x.ψ0(~x) ∧ ψ1(~x)
♦t❤❡r✇✐s❡ ✭✐✳❡✳✱ ✐t r❡t✉r♥s ❛ ❢❛❧s❡ ✐♥st❛♥❝❡ ♦❢ ♠❝s♣(S)❀ ψ0 ❛♥❞ ψ1 ❛r❡ ❞❡✜♥❡❞
✐♥ ▲❡♠♠❛ ✸✳✷✳✼✮✳ ❙✐♥❝❡ s0 ✐s ❛ ✜①❡❞ ✜♥✐t❡ ✈❛❧✉❡✱ M ′ ❝❛♥ ♣❡r❢♦r♠ t❤❡s❡
❝♦♠♣✉t❛t✐♦♥s ✐♥ ❝♦♥st❛♥t t✐♠❡✳

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❛ss✉♠❡ t❤❛t S ❤❛s ❥✉st ❛ s✐♥❣❧❡ r❡❧❛t✐♦♥ R✳ ■♥❞❡❡❞✱
r❡♠❛r❦ ✇❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ ❝s♣ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
❡q✉✐✈❛❧❡♥t ❛♥❞ ✇❤❡r❡ t❤❡ t❡♠♣❧❛t❡ ✐s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿ ✐❢ S ❝♦rr❡s♣♦♥❞s
t♦ {R1, . . . , Rn} ✇❤❡r❡ Ri ❤❛s ❛r✐t② ri ❛♥❞ ✐s ♥♦t ❡♠♣t②✱ t❤❡♥ ❝s♣(S) ✐s
❡q✉✐✈❛❧❡♥t t♦ ❝s♣({R1 × · · · × Rn}) ✇❤❡r❡ R1 × · · · × Rn ✐s t❤❡

∑n
i=1 ri✲

❛r② r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ❛s t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡ r❡❧❛t✐♦♥s R1, . . . , Rn✳
❙✐♠✐❧❛r❧②✱ ♠❝s♣(S) ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❝s♣({R1×· · ·×Rn})✳ ▲❡t l ❜❡ t❤❡ ❛r✐t②
♦❢ R✳ ❚❤❡♥ ✐♥st❛♥❝❡s ♦❢ ❝s♣(S) ✇✐t❤ ✈❛r✐❛❜❧❡s x1, . . . , xn ❝❛♥ ❜❡ ❡♥❝♦❞❡❞
❛s s❡q✉❡♥❝❡s ♦❢ ♥✉♠❜❡rs t❤❛t ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❜✐♥❛r② str✐♥❣s ♦❢ ❧❡♥❣t❤
⌈log t⌉ ❛s ❢♦❧❧♦✇s✿ ❚❤❡ i✲t❤ ♥✉♠❜❡r m ✐♥ t❤✐s s❡q✉❡♥❝❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡
(((i−1) mod l)+1)✲st ✈❛r✐❛❜❧❡ ✐♥ t❤❡ (((i−1)div l)+1)✲st ❝♦♥str❛✐♥t ✐s xm✳

❋♦r |s| > s0✱ t❤❡ s❡♥t❡♥❝❡ Φ ❝♦♠♣✉t❡❞ ❜② M ′ ❤❛s t❤❡ ❢♦r♠

∃x1
1, . . . , x

t
l . (

t
∧

i=1

C(xi
1, . . . , x

i
l) ∧ Ψ) .

✞

✝

☎

✆✸✳✶

✇❤❡r❡ C(xi
1, . . . , x

i
l) ✐s t❤❡ ❝♦♥str❛✐♥t ❜✉✐❧t ✉♣♦♥ R ❛♥❞ Ψ ✐s ❛♥ S✲❢♦r♠✉❧❛

❞❡✜♥❡❞ ❜❡❧♦✇✳
❚❤❡ ✐❞❡❛ ✐s t❤❛t ❛♥② ✐♥st❛♥❝❡ ♦❢ ❝s♣(S) ❝♦♠♣✉t❡❞ ❜② t❤❡ ♠❛❝❤✐♥❡ M

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥tr❛❝t✐♥❣ ✈❛r✐❛❜❧❡s ✐♥
∧

i≤tC(xi
1, . . . , x

i
l)✳ ❚❤❡ ✇❛②

t❤✐s ✐s ❞♦♥❡ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠
t❤❡ ✐♥♣✉t s ♦❢ M ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ❛❧s♦ ❝♦♥t❛✐♥s
❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s ❢♦r t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❛❞✈✐❝❡ ❜✐ts ♦❢ M ✳ ❊❛❝❤ ❇♦♦❧❡❛♥
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✈❛r✐❛❜❧❡ v ✐♥ t❤❡ ❢♦r♠✉❧❛ ✐s s✐♠✉❧❛t❡❞ ❜② ❛ d✲t✉♣❧❡ ~xv ♦❢ ✈❛r✐❛❜❧❡s ✐♥ Ψ t❤❛t
✐s ❢♦r❝❡❞ t♦ s❛t✐s❢② ψ0(~xv)∨ψ1(~xv) ✭ψ0 ❛♥❞ ψ1 ❛r❡ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷✳✼✮✱
s✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✻✱ s✉❝❤ t❤❛t v = 0 ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♦❢ ψ0(~xv)✱ ❛♥❞ v = 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢
ψ1(~xv)✳ ❚❤❡ ❢♦r♠✉❧❛ Φ ✇✐❧❧ ❜❡ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M
t❤❛t ♣r♦❞✉❝❡s ❛ s❛t✐s✜❛❜❧❡ ✐♥st❛♥❝❡ I ♦❢ ❝s♣(S) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛♥
❛ss✐❣♥♠❡♥t t♦ x1

1, . . . , x
t
l t❤❛t s❛t✐s✜❡s Ψ ❛♥❞ s✉❝❤ t❤❛t

∧

i≤tC(xi
1, . . . , x

i
l) ✐s

❡q✉✐✈❛❧❡♥t t♦ I✳
❲❡ ♥♦✇ ♣r♦✈✐❞❡ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛❝❤✐♥❡ M ′ t❤❛t

❝♦♠♣✉t❡s Φ✳ ❲❡ ✉s❡ ❛ ❝♦♥str✉❝t✐♦♥ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❈♦♦❦✬s t❤❡♦r❡♠ ❣✐✈❡♥
✐♥ ❬●❏✼✾❪✳ ■♥ t❤✐s ♣r♦♦❢✱ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❚✉r✐♥❣ ♠❛✲
❝❤✐♥❡ T ❛❝❝❡♣t✐♥❣ ❛ ❧❛♥❣✉❛❣❡ L ✐s ❡♥❝♦❞❡❞ ❜② ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s t❤❛t r❡♣r❡✲
s❡♥t t❤❡ st❛t❡ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❛❞✲✇r✐t❡ ❤❡❛❞ ♦❢ T ❛t t✐♠❡ r✱ ❛♥❞
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❛♣❡ ❛t ♣♦s✐t✐♦♥ j ❛t t✐♠❡ r✳ ❚❤❡ t❛♣❡ ❝♦♥t❡♥t ❛t t✐♠❡
0 ❝♦♥s✐sts ♦❢ t❤❡ ✐♥♣✉t x✱ ✇r✐tt❡♥ ❛t ♣♦s✐t✐♦♥s 1 t❤r♦✉❣❤ n✱ ❛♥❞ t❤❡ ♥♦♥✲
❞❡t❡r♠✐♥✐st✐❝ ❛❞✈✐❝❡ ❜✐t str✐♥❣ w✱ ✇r✐tt❡♥ ❛t ♣♦s✐t✐♦♥s −1 t❤r♦✉❣❤ − |w|✳
❚❤❡ ♣r♦♦❢ ✐♥ ❬●❏✼✾❪ s♣❡❝✐✜❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❝♦♠♣✉t❛❜❧❡
tr❛♥s❢♦r♠❛t✐♦♥ fL t❤❛t ❝♦♠♣✉t❡s ❢♦r ❛ ❣✐✈❡♥ str✐♥❣ s ❛ ❙❆❚ ✐♥st❛♥❝❡ fL(s)
s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛♥ ❛❝❝❡♣t✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦❢ T ♦♥ s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s
❛ s❛t✐s❢②✐♥❣ tr✉t❤ ❛ss✐❣♥♠❡♥t ❢♦r fL(s)✳

■♥ ♦✉r ❝❛s❡✱ t❤❡ ♠❛❝❤✐♥❡ M ❝♦♠♣✉t❡s ❛ r❡❞✉❝t✐♦♥ ❛♥❞ t❤✉s ❝♦♠♣✉t❡s
❛♥ ♦✉t♣✉t str✐♥❣✳ ❘❡❝❛❧❧ ♦✉r ❜✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❝s♣✿
M ✇r✐t❡s ♦♥ t❤❡ ♦✉t♣✉t t❛♣❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♥✉♠❜❡rs r❡♣r❡s❡♥t❡❞ ❜② ❜✐♥❛r②
str✐♥❣s ♦❢ ❧❡♥❣t❤ ⌈log t⌉✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♠♦❞✐❢② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
fL ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✐♥ ❬●❏✼✾❪ t♦ ♦❜t❛✐♥ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡
✐♥t❡❣❡rs a, a′, b, b′, c, c′ ✇❤❡r❡ a, a′ ≤ t✱ b, b′ ≤ l✱ c, c′ ≤ ⌈log t⌉ ❛ ❞❡t❡r♠✐♥✐st✐❝
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ tr❛♥s❢♦r♠❛t✐♦♥ ga,a′,b,b′,c,c′ t❤❛t ❝♦♠♣✉t❡s ❢♦r ❛ ❣✐✈❡♥ str✐♥❣
s ❛ ❙❆❚ ✐♥st❛♥❝❡ ga,a′,b,b′,c,c′(s) ✇✐t❤ ❞✐st✐♥❣✉✐s❤❡❞ ✈❛r✐❛❜❧❡s z1, . . . , zt ✭❢♦r
t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❜✐ts ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M✮ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
❛r❡ ❡q✉✐✈❛❧❡♥t✿

• ga,a′,b,b′,c,c′(s) ❤❛s ❛ s❛t✐s❢②✐♥❣ ❛ss✐❣♥♠❡♥t ✇❤❡r❡ zi ✐s s❡t t♦ wi ∈ {0, 1}
❢♦r 1 ≤ i ≤ t❀

• t❤❡ c✲t❤ ❜✐t ✐♥ t❤❡ b✲t❤ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ a✲t❤ ❝♦♥str❛✐♥t ✐♥ Mw(s) ❡q✉❛❧s
t❤❡ c′✲t❤ ❜✐t ✐♥ t❤❡ b′✲t❤ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ a′✲t❤ ❝♦♥str❛✐♥t ✐♥ Mw(s)✳

❲❡ ✉s❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ga,a′,b,b′,c,c′ t♦ ❞❡✜♥❡ M ′ ❛s ❢♦❧❧♦✇s✳ ❚❤❡
♠❛❝❤✐♥❡ M ′ ✜rst ❝♦♠♣✉t❡s t❤❡ ❢♦r♠✉❧❛s ga,a′,b,b′,c,c′(s)✳ ❋♦r ❡✈❡r② ❇♦♦❧❡❛♥
✈❛r✐❛❜❧❡ v ✐♥ t❤❡s❡ ❢♦r♠✉❧❛s ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❝♦♥❥✉♥❝t ϕ0(xv) ∨ ϕ1(xv)
✇❤❡r❡ xv ✐s ❛ d✲t✉♣❧❡ ♦❢ ❢r❡s❤ ✈❛r✐❛❜❧❡s✳ ❚❤❡♥✱ ❡✈❡r② ♣♦s✐t✐✈❡ ❧✐t❡r❛❧ l = xj
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✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥❥✉♥❝ts ♦❢ t❤❡ ❢♦r♠✉❧❛ ✐s r❡♣❧❛❝❡❞ ❜② ϕ1(xj)✱ ❛♥❞ ❡✈❡r②
♥❡❣❛t✐✈❡ ❧✐t❡r❛❧ l = ¬xj ❜② ϕ0(xj)✳ ❲❡ t❤❡♥ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐❢② ♦✈❡r
❛❧❧ ✈❛r✐❛❜❧❡s ❡①❝❡♣t ❢♦r xz1

, . . . , xzt
✳ ▲❡t ψa,a′,b,b′,c,c′(s) ❞❡♥♦t❡ t❤❡ r❡s✉❧t✐♥❣

❡①✐st❡♥t✐❛❧ ♣♦s✐t✐✈❡ ❢♦r♠✉❧❛✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢♦r♠✉❧❛

∃xz1
, . . . , xzt

.
∧

a,a′,b,b′





(

∧

c,c′

ψa,a′,b,b′,c,c′
)

→ xa
b = xa′

b′





❝❛♥ ❜❡ r❡✲✇r✐tt❡♥ ✐♥ ❡①✐st❡♥t✐❛❧ ♣♦s✐t✐✈❡ ❢♦r♠ Ψ ✇✐t❤♦✉t ❜❧♦✇✲✉♣ ✭✇❡ ❝❛♥
r❡♣❧❛❝❡ ✐♠♣❧✐❝❛t✐♦♥s α → β ❜② ¬α ∨ β✱ ❛♥❞ t❤❡♥ ♠♦✈❡ t❤❡ ♥❡❣❛t✐♦♥ t♦ t❤❡
❛t♦♠✐❝ ❧❡✈❡❧✱ ✇❤❡r❡ ✇❡ ❝❛♥ r❡♠♦✈❡ ✐t ❜② ❡①❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡ ♦❢ ϕ0 ❛♥❞ ϕ1✮✱
❛♥❞ ❤❡♥❝❡ Ψ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② M ′ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡ ❢♦r♠✉❧❛ Ψ
✐♥❞❡❡❞ ❤❛s t❤❡ ♣r♦♣❡rt✐❡s r❡q✉✐r❡❞ ❢♦r t❤❡ ❢♦r♠✉❧❛ Ψ ♠❡♥t✐♦♥❡❞ ✐♥ ❊q✉❛✲
t✐♦♥ ✸✳✶✳ ✷

✸✳✸ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t r❡s✉❧t ♦❜t❛✐♥❡❞ ❢♦r ▼♦♥♦t♦♥❡ ❈♦♥str❛✐♥t
❙❛t✐s❢❛❝t✐♦♥ Pr♦❜❧❡♠s✳ ❚❤❡ ♦r✐❣✐♥❛❧ ✐❞❡❛ ✇❛s t♦ ❡♥r✐❝❤ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❝s♣
✇✐t❤ t❤❡ ❞✐s❥✉♥❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❛ ❝♦✉♥t❛❜❧❡ ❛♥❞ ❡✈❡♥ ✜♥✐t❡ ❝❧♦♥❡ ❧❛t✲
t✐❝❡✳ ❚❤❡ ❧❛tt✐❝❡ r❡✈❡❛❧s ✐ts❡❧❢ t♦ ❜❡ ✐♥ ❞❡✜♥✐t✐✈❡ ♥♦t ❡①♣❧♦✐t❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✇❡
♦❜t❛✐♥❡❞ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦♥♦✲
t♦♥❡ ❝s♣ ♣r♦❜❧❡♠ ♦✈❡r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥s✳ ❲❡ ❛❧s♦ ♣r♦✈❡❞ ❛ ❉✐❝❤♦t♦♠②
❚❤❡♦r❡♠ ❢♦r ▼♦♥♦t♦♥❡ ❝s♣ ♦✈❡r ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t❡ ❞♦♠❛✐♥s✳
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❚❤✐s ❝❤❛♣t❡rs ❛♥❞ t❤❡ ♥❡①t ♦♥❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ✇❤❡r❡ t❤❡
t❡♠♣❧❛t❡ ✐s ❛ s❡t ♦❢ ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❈♦♥s✐❞❡r f t♦ ❜❡ ❛ ✉♥❛r②
❢✉♥❝t✐♦♥✳ ❲❡ ❝❛❧❧ ❣r❛♣❤ ♦❢ f t❤❡ r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✹✳✵✳✶ ❚❤❡ ❣r❛♣❤ f• ♦❢ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ f ✐s t❤❡ ❜✐♥❛r② r❡❧❛t✐♦♥
✇❤❡r❡ ❡❛❝❤ t✉♣❧❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥♣✉t ❛♥❞ t❤❡ ♦✉t♣✉t ♦❢ f ✳ ❋♦r♠❛❧❧②✱ ✇❡
❤❛✈❡

f• = {(x, f(x)) | x ∈ D}

❇② ❡①t❡♥s✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② F • t❤❡ s❡t ♦❢ ❣r❛♣❤s ♦❢ ❢✉♥❝t✐♦♥s ✐♥ F ✱ t❤❛t
✐s F • = {f• | f ∈ F}✳ ■♥ t❤✐s ❝❤❛♣t❡rs ❛♥❞ t❤❡ ♥❡①t ♦♥❡✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②
F ✲❢♦r♠✉❧❛ ❛ ❢♦r♠✉❧❛ ✇❤❡r❡ ❝♦♥str❛✐♥ts ❛r❡ ❜✉✐❧t ✉♣♦♥ F •✳

❚❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ❝♦✲❇♦♦❧❡❛♥ ❝s♣✳ ❆ ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✐s ❛ ♣r♦❜❧❡♠
❝s♣(F •) ✇❤❡r❡ F ✐s ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ❝♦✲❞♦♠❛✐♥ ♦❢ s✐③❡ ❛t ♠♦st
t✇♦✳ ❲❡ ❤❛✈❡ ♠❛❞❡ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣

✭❙❡❝t✐♦♥ ✹✳✸✮ ✇❤❡r❡ ❛❧❧ ❢✉♥❝t✐♦♥s ✐♥ F s❤❛r❡ t❤❡ s❛♠❡ ❝♦✲❞♦♠❛✐♥✱ ❛♥❞ t❤❡
❣❡♥❡r❛❧ ❝❛s❡ ✭❙❡❝t✐♦♥ ✹✳✹✮ ✇❤❡r❡ ❢✉♥❝t✐♦♥s ✐♥ F ❞♦❡s ♥♦t ♥❡❝❡ss❛r② s❤❛r❡ t❤❡
s❛♠❡ ❝♦✲❞♦♠❛✐♥✳

❆s ✇❡❧❧ ❛s ❈❤❛♣t❡r ✸✱ t❤❡ st❛rt✐♥❣ ✐❞❡❛ ❤❡r❡ ✇❛s t♦ ❛✈♦✐❞ t❤❡ ✉♥❝♦✉♥t❛❜❧❡
❝❧♦♥❡ ❧❛tt✐❝❡ ♣r♦❜❧❡♠✱ ❛♥❞ ❛s ✇❡❧❧ ❛s ❈❤❛♣t❡r ✸✱ ✇❡ ❞✐❞ ♥♦t s✉❝❝❡❡❞ t♦ st✉❞②
❡✣❝✐❡♥t❧② t❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡ ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❝s♣s✳

❚❤✐s ❝❧♦♥❡ ❧❛tt✐❝❡ s❡❡♠❡❞ ❤♦✇❡✈❡r ✈❡r② ❝♦♥✈❡♥✐❡♥t ❛t t❤❡ ✜rst ❧♦♦❦✳ ❇✉rr✐s
❛♥❞ ❲✐❧❧❛r❞ ♣r♦✈❡❞ ✐♥ t❤❡✐r ♣❛♣❡r ❬❇❲✽✼❪ t❤❛t t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
❝❧♦♥❡s ♦❢ ♣♦❧②♠♦r♣❤✐s♠s ♦✈❡r ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❯♥❢♦rt✉♥❛t❡❧②✱
❡✈❡♥ ✜♥✐t❡✱ t❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② r❡❣❛r❞✐♥❣ t♦ t❤❡ ❞♦♠❛✐♥
❝❛r❞✐♥❛❧✐t② ❛♥❞ ✐s ✈❡r② ❤❛r❞ t♦ ✉♥❞❡rst❛♥❞✳

◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❝s♣

♣r♦❜❧❡♠s ✇✐t❤♦✉t t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❝❧♦♥❡ ❧❛tt✐❝❡✳ ❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s ❛ ❉✐✲
❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ♣r♦❜❧❡♠✱ ❛♥❞ ❛♥ ✜rst
❛♣♣r♦❛❝❤ ❢♦r ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣

✸✾
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✈❡r✐❢②✐♥❣ ❛ ♣r♦♣❡rt② ♦❢ ♥♦♥✲❞✉♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ r❡❧❛t✐♦♥s✳ ❆
❞✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✐♥ ❣❡♥❡r❛❧ r❡♠❛✐♥s
❛♥ ♦♣❡♥ q✉❡st✐♦♥✱ ❜✉t ✇❡ ❤❛✈❡ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t t❤❡ ❞✐❝❤♦t♦♠② ❝r✐t❡r✐♦♥ ✐s
t❤❡ s❛♠❡ ❛s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

■t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t t❤❡ st✉❞② ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✐s ❛ ✜rst st❡♣ ❢♦r
t❤❡ st✉❞② ♦❢ ❝s♣ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s✱ t❤❛t ✐s✱ ❝s♣s ✇❤❡r❡ ❡❛❝❤ ❝♦♥str❛✐♥t ✐s
♦♥ t❤❡ ❢♦r♠ f(x) = y ✇✐t❤ f ❛♥ ✉♥❛r② ❢✉♥❝t✐♦♥✳ ❆ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ❢r♦♠
❋❡❞❡r✱ ▼❛❞❡❧❛✐♥❡ ❛♥❞ ❙t❡✇❛rt ❬❋▼❙✵✹❪ s❤♦✇s t❤❛t ❢♦r ❡✈❡r② t❡♠♣❧❛t❡ S✱
t❤❡r❡ ❡①✐sts ❛ s❡t F ♦❢ t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t ♣r♦❜❧❡♠s ❝s♣(S) ❛♥❞
❝s♣(F •) ❛r❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈❛❧❡♥t✱ t❤❛t ✐s✱ ❝s♣ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s
❛r❡ ❛s ♣♦✇❡r❢✉❧ ❛s ❣❡♥❡r❛❧ ❝s♣ ♣❛r❛♠❡tr✐❝ ♣r♦❜❧❡♠s✳ ●r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝✲
t✐♦♥s ❣✐✈❡ ✉s ❛ ✈❡r② str✉❝t✉r❛❧ t❡♠♣❧❛t❡ ✇❤✐❝❤ ✐s r❡❛❧❧② ❝♦♥✈❡♥✐❡♥t t♦ ✇♦r❦
✇✐t❤✳

✹✳✶ ❉❡✜♥✐t✐♦♥s

❲❤❡♥ st✉❞②✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •) ❢♦r ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s F ✐t ✐s
❝♦♥✈❡♥✐❡♥t t♦ r❡♣r❡s❡♥t F • ✐♥ ❛ ♥♦r♠❛❧ ❢♦r♠✳ ❲❡ ❞❡✜♥❡ ❜❡❧♦✇ t❤❡ ❍✲♥♦r♠❛❧
❢♦r♠✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ❚❤❡ ❍✲♥♦r♠❛❧ ❢♦r♠ ♦❢ t❤❡ ❣r❛♣❤s ♦❢ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝✲
t✐♦♥s F = {f1, . . . , fk} ✐s t❤❡ ✭k + 1✮✲❛r② r❡❧❛t✐♦♥ FH ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥
♦❢ ❢♦r♠✉❧❛ ϕ(x, y1, . . . , yk) ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇✿

ϕ(x, y1, . . . , yk) :=
∧

i∈{1,...,k}

fi(x) = yi

■t ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t t♦ ♣r❡s❡♥t t❤❡ r❡❧❛t✐♦♥ FH ❛s ❛ ♠❛tr✐①✱ ✇❤❡r❡ r♦✇s
❛r❡ t✉♣❧❡s ✐♥ FH ✳ ❯♥❞❡r t❤✐s ❢♦r♠✱ ✇❡ ✐♥t✉✐t✐✈❡❧② s❡❡ t❤❛t t❤❡ ✜rst ❝♦❧✉♠♥
❞❡s❝r✐❜❡s ❡✈❡r② ❡❧❡♠❡♥t ♦❢ t❤❡ ❞♦♠❛✐♥ D ❛♥❞ ❡❛❝❤ ♦t❤❡r ❝♦❧✉♠♥ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ F ✳ ❙♣❡❛❦✐♥❣ ❛❜♦✉t FH ✇❡ ❝❛❧❧ t❤❡ ✜rst
❝♦❧✉♠♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛♥❞ t❤❡ ❣r♦✉♣ ♦❢ ❛❧❧ ♦t❤❡r ❝♦❧✉♠♥s t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡✳

❊①❛♠♣❧❡ ✹✳✶✳✷ ▲❡t F = {f1, f2}✱ ✇✐t❤ f1 ❛♥❞ f2 t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ D
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

x f1(x) f2(x)

0 0 0
1 1 0
2 0 1
3 1 1

✹✵
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❚❤✉s✱ ✇❡ ❤❛✈❡

FH = {(0, 0, 0); (1, 1, 0); (2, 0, 1); (3, 1, 1)} =









0 0 0
1 1 0
2 0 1
3 1 1









❛♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ FH ✱ ❞❡♥♦t❡❞ FH
rhs

FH
rhs =









0 0
1 0
0 1
1 1









�

▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D✱ ❛♥❞ p ❜❡ ❛ ♣♦❧②♠♦r✲
♣❤✐s♠ ♦❢ FH

rhs✳ ▲❡t✬s ❞❡♥♦t❡ ❜② Drhs ⊆ D t❤❡ ❞♦♠❛✐♥ ♦❢ FH
rhs✱ t❤❛t ✐s✱ t❤❡

s❡t ♦❢ ❡❧❡♠❡♥ts ♣r❡s❡♥t ✐♥ FH
rhs✳ ❲❡ s❛② t❤❛t p′ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ p t♦ FH ✐❢✿

• p′ ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH ✱

• p ❛♥❞ p′ ❤❛✈❡ t❤❡ s❛♠❡ ❛r✐t② k✱ ❛♥❞ ❢♦r ❡✈❡r② k✲✈❡❝t♦r ~x ∈ Dk
rhs✱ t❤❡

❡q✉❛t✐♦♥ p′(~x) = p(~x) ❤♦❧❞s✱

• p′ ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s p✳ ❇② ♣r♦♣❡rt② ✇❡ ♠❡❛♥ t❤❡ ❛ss♦❝✐❛t✐✈✐t②✱
t❤❡ ❝♦♠♠✉t❛t✐✈✐t②✱ t❤❡ ❝♦♥s❡r✈❛t✐✈✐t② ❛♥❞ t❤❡ ✐❞❡♠♣♦t❡♥❝②✱ ♦r t❤❡ ❢❛❝t
t♦ ❜❡ ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱ ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✱ ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✱
❛ s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✱ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✱ ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ ♦r
❛♥ ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ✐s ❛ss♦❝✐❛t✐✈❡ t❤❡♥
p′ ✐s ❛❧s♦ ❛ss♦❝✐❛t✐✈❡❀ ✐❢ p ✐s ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ t❤❡♥ p′ ✐s ❛❧s♦ ❛ s❡♠✐✲
♣r♦❥❡❝t✐♦♥✳

■❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ p′ ❡①✐sts✱ ✇❡ s❛② t❤❛t p ✐s ❡①t❡♥❞❡❞ t♦ FH ✳
❆♥♦t❤❡r ♥♦t✐♦♥ ✇❡ ✇✐❧❧ ✉s❡ ❛❧❧ ❛❧♦♥❣ t❤✐s ❝❤❛♣t❡rs ❛♥❞ t❤❡ ♥❡①t ♦♥❡ ✐s

t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦r❡ ♦❢ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✸ ❚❤❡ ❝♦r❡ ♦❢ ❛ s❡t S ♦❢ r❡❧❛t✐♦♥s✱ ❞❡♥♦t❡❞ Sc✱ ✐s t❤❡ s✉❜s❡t
♦❢ S s✉❝❤ t❤❛t ❡✈❡r② ❡♥❞♦♠♦r♣❤✐s♠ ♦♥ Sc ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳

◆♦t✐❝❡ t❤❛t ✐❢ ❛ s❡t S ✐s ❛ ❝♦r❡✱ ❡✈❡r② ✉♥❛r② ♣♦❧②♠♦r♣❤✐s♠ f ♦❢ S ✐s
❜✐❥❡❝t✐✈❡✱ t❤❛t ✐s✱ f ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦♥ t❤❡ ❞♦♠❛✐♥ D✳ ❖❜s❡r✈❡ t❤❛t t♦
❝♦♠♣✉t❡ ❛ ❝♦r❡ ♦❢ ❛ s❡t S✱ ②♦✉ ♠✉st t❛❦❡ f ∈ PolS t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ✉♥❛r②

✹✶
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♣♦❧②♠♦r♣❤✐s♠s ♦❢ S ✇✐t❤ t❤❡ s♠❛❧❧❡st r❛♥❣❡ ❛♥❞ ❛♣♣❧② ✐t ♦♥ ❡❛❝❤ r❡❧❛t✐♦♥ ✐♥
S✳ ❚❤✉s✱ t❤❡ s❡t f(S) ✐s ❛ ❝♦r❡ ♦❢ S✳

◆♦✇✱ ✇❡ ❞❡✜♥❡ s♦♠❡ ♦♣❡r❛t✐♦♥s ✇❡ ✇✐❧❧ ✉s❡ ✈❡r② ♦❢t❡♥ ✐♥ t❤✐s ❝❤❛♣t❡r
❛♥❞ ✐♥ ❈❤❛♣t❡r ✺✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✹ ❲❡ s❛② t❤❛t ❛ n✲❛r② ♦♣❡r❛t✐♦♥ f ✐s ✐❞❡♠♣♦t❡♥t ✐❢ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❤♦❧❞s✿

∀d ∈ D, f(d, d, . . . , d) = d

❉❡✜♥✐t✐♦♥ ✹✳✶✳✺ ❆ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ f ✐s ❝♦♠♠✉t❛t✐✈❡ ✐❢ ✇❡ ❤❛✈❡✿

∀a, b ∈ D, f(a, b) = f(b, a)

❉❡✜♥✐t✐♦♥ ✹✳✶✳✻ ❆ n✲❛r② ♦♣❡r❛t✐♦♥ f ✐s s❛✐❞ t♦ ❜❡ ❝♦♥s❡r✈❛t✐✈❡ ✐❢ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

∀a1, a2, . . . , an ∈ D, f(a1, a2, . . . , an) ∈ {a1, a2, . . . , an}

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝❛❧❧ ❜❝❝ ❛ ❜✐♥❛r② ❝♦♠♠✉t❛t✐✈❡ ❝♦♥s❡r✈❛t✐✈❡ ♦♣❡r❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✼ ❆ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ f ✐s ❛ss♦❝✐❛t✐✈❡ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

∀a, b, c ∈ D, f(a, f(b, c)) = f(f(a, b), c)

❆ ❜✐♥❛r② ❛ss♦❝✐❛t✐✈❡ ❝♦♠♠✉t❛t✐✈❡ ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ s❡♠✐✲
❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ❙♦♠❡t✐♠❡s✱ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛♥ ❆❈■ ♦♣❡r❛t✐♦♥
✭❆❈■ ❢♦r ❆ss♦❝✐❛t✐✈❡ ❈♦♠♠✉t❛t✐✈❡ ■❞❡♠♣♦t❡♥t✮✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✽ ❆ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ✐s ❛ ❜✐♥❛r② ❝♦♠♠✉t❛t✐✈❡ ✐❞❡♠✲
♣♦t❡♥t ♦♣❡r❛t✐♦♥ s ♦♥ ❛ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ s(a, s(a, b)) = s(a, b)
❢♦r ❛❧❧ a, b ∈ D✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✾ ❆ n✲❛r② ♦♣❡r❛t✐♦♥ p ♦♥ ❛ ❞♦♠❛✐♥ D ✐s ❛ ♣r♦❥❡❝t✐♦♥ ✐❢
t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① i ∈ [1, n] s✉❝❤ t❤❛t p(a1, . . . , ai, . . . , an) = ai✱ ❢♦r ❛❧❧
a1, ldots, an ✐♥ D✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✵ ❆ s❡♠✐✲♣r♦❥❡❝t✐♦♥ s ✐s ❛ n✲❛r② ♦♣❡r❛t✐♦♥✱ ✇✐t❤ n ≥ 3✱
s✉❝❤ t❤❛t s ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

∃i ∈ {1, . . . , n}, ∀a1, . . . , an ∈ D, s(a1, . . . , an) = ai if |{a1, . . . , an}| < n

✹✷
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❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✶ ❆♥ ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥ e ✐s ❛ n✲❛r② ♦♣❡r❛t✐♦♥
s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✉♥❛r② ♦♣❡r❛t✐♦♥ f ❛♥❞ ❛♥ ✐♥❞❡① i ∈ {1, . . . , n}
✈❡r✐❢②✐♥❣

∀a1, . . . , an ∈ D, e(a1, . . . , an) = f(ai)

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✷ ❆ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ majo ❛♥❞ ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥
mino ❛r❡ t✇♦ t❡r♥❛r② ♦♣❡r❛t✐♦♥s s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

∀a, b ∈ D, majo(a, a, b) = majo(a, b, a) = majo(b, a, a) = a

❛♥❞
∀a, b ∈ D, mino(a, a, b) = mino(a, b, a) = mino(b, a, a) = b

❖♥ t❤r❡❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ❛♥❞ ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥ ❝❛♥
♦✉t♣✉t ❛♥② ✈❛❧✉❡ ✐♥ D✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♦r❞❡r✱ t❤❛t ✐s ❛ t♦t❛❧ ♦r❞❡r✱ ♦♥ t❤❡
❞♦♠❛✐♥ D✳ ❆ ♠❛①✐♠✉♠ ♦♣❡r❛t✐♦♥ max ❛♥❞ ❛ ♠✐♥✐♠✉♠ ♦♣❡r❛t✐♦♥ min ❛r❡
t✇♦ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

∀a, b ∈ D, if a < b then max(a, b) = b. Otherwise max(a, b) = a

❛♥❞

∀a, b ∈ D, if a < b then min(a, b) = a. Otherwise min(a, b) = b

■♥ ♦r❞❡r t♦ ❤❛✈❡ s❤♦rt❡r ♥♦t❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ♠❛❥♦r✐t② ❛ ♠❛❥♦r✐t② ♦♣✲
❡r❛t✐♦♥✱ ♠✐♥♦r✐t② ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✱ ♠❛① ❛ ♠❛①✐♠✉♠ ♦♣❡r❛t✐♦♥ ❛♥❞ ♠✐♥
❛ ♠✐♥✐♠✉♠ ♦♣❡r❛t✐♦♥✳

✹✳✷ ●❡♥❡r❛❧✐t✐❡s ❛❜♦✉t s❡ts ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ r❡s✉❧ts ✇❤✐❝❤ ❤♦❧❞ ❢♦r ❡✈❡r② s❡t F ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s✳ ❋✐rst✱ ❧❡t✬s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧
r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✷✳✶ ▲❡t S ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s✳ ■❢ S ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t②✱
♦r ❛ ♠✐♥♦r✐t②✱ ♦r ❛ ♠❛①✱ ♦r ❛ ♠✐♥✱ ♦r ❛ s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ t❤❡♥ ❝s♣(S)
✐s ✐♥ P✳ ■❢ S ✐s ❝❧♦s❡❞ ✉♥❞❡r ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✱ t❤❡♥ ❝s♣(S)
✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❏❈●✾✼❪✱ ❬❏❡❛✾✽❪ ❛♥❞ ❬❇❈❘❱✵✹❪✳ ✷
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✹✳✷✳✶ P♦❧②♥♦♠✐❛❧✲t✐♠❡ r❡❞✉❝t✐♦♥s ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡s

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ✈❡r② ✉s❡❢✉❧ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ r❡❞✉❝t✐♦♥s ❛♥❞ ❡q✉✐✈❛✲
❧❡♥❝❡s ❜❡t✇❡❡♥ ♦✉r st✉❞✐❡❞ ♣r♦❜❧❡♠s✳

▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ❛♥❞ ❧❡t RelF ❞❡♥♦t❡ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s
♦❢ ❡✈❡r② F ✲❢♦r♠✉❧❛✱ t❤❛t ✐s✱ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ♦❢ ❡✈❡r② ❢♦r♠✉❧❛ ✇❤✐❝❤ ❝❛♥
❜❡ ❜✉✐❧t ✉♣♦♥ F •✳

▲❡♠♠❛ ✹✳✷✳✷ ▲❡t F ❛♥❞ G ❜❡ t✇♦ s❡ts ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡
✐♥❝❧✉s✐♦♥ [F ] ⊆ [G] ❤♦❧❞s✳ ❚❤❡♥✱ ❝s♣(F •) ≤p ❝s♣(G•)✳

Pr♦♦❢✿ ▲❡t F ❛♥❞ G ❜❡ t✇♦ s❡ts ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t [F ] ⊆ [G] ❤♦❧❞s✳
❍❡♥❝❡✱ ❡✈❡r② ❢✉♥❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❜✉✐❧t ❜② ❝♦♠♣♦s✐t✐♦♥s ✇✐t❤ ❢✉♥❝t✐♦♥s ❢r♦♠
F ❝❛♥ ❛❧s♦ ❜❡ ❜✉✐❧t ✇✐t❤ ❢✉♥❝t✐♦♥s ❢r♦♠ G✳ ■t ♠❡❛♥s t❤❛t ❡✈❡r② F ✲❢♦r♠✉❧❛
✐s ❛❧s♦ ❛ G✲❢♦r♠✉❧❛✱ s♦ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ RelF ⊆ RelG✳

❇② ❬❍❡r✵✽❪✱ ✇❡ ❦♥♦✇ t❤❛t RelF = Inv PolF •✱ ❢♦r ❡✈❡r② s❡t ♦❢ ❢✉♥❝t✐♦♥s F ✳
❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ Inv PolF • ⊆ Inv PolG•✳ ❙✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
Pol r❡✈❡rs❡s t❤❡ ✐♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ Pol Inv PolF • ⊇ Pol Inv PolG•✳ ❍♦✇❡✈❡r
✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡✈❡r② s❡t ♦❢ r❡❧❛t✐♦♥s S✱ t❤❡ ❡q✉❛t✐♦♥ Inv PolS = 〈S〉 ❤♦❧❞s✳
❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥ Pol Inv PolS = Pol〈S〉✱ t❤❛t ✐s✱ Pol Inv PolS =
PolS✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ PolF • ⊇ PolG•✳

❇② ❬❏❡❛✾✽❪ ✭❈♦r✳ ✹✳✶✶✮✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❝♦♥❝❧✉❞❡ t❤❛t ❝s♣(F •) ≤p

❝s♣(G•) ✷

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ Pr♦❜❧❡♠s ❝s♣(F •)
❛♥❞ ❝s♣(FH) ❛r❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✿ ❇② ❞❡✜♥✐t✐♦♥ FH ∈ 〈F •〉✳ ❚♦ r❡❝♦✈❡r f•i ❢r♦♠ FH ✱ ❡①✐st❡♥t✐❛❧❧②
q✉❛♥t✐❢② ❛❧❧ ❝♦❧✉♠♥s ♦❢ FH ❡①❝❡♣t ❢♦r t❤❡ ✜rst ❛♥❞ t❤❡ i + 1✬t❤ ❝♦❧✉♠♥s✳
❍❡♥❝❡✱ ✐t ✐s ❝❧❡❛r t❤❛t 〈FH〉 = 〈F •〉 ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ ✷

▲❡♠♠❛ ✹✳✷✳✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ■❢ ❝s♣(FH
rhs) ✐s NP✲

❝♦♠♣❧❡t❡ t❤❡♥ ❝s♣(FH) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❚❤✐s ✐s ♦❜✈✐♦✉s✿ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ FH
rhs ∈ 〈FH〉✱ t❤✉s t❤❡ ✐♥✲

❝❧✉s✐♦♥ PolFH ⊆ PolFH
rhs ❤♦❧❞s✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ❬❏❡❛✾✽❪✱ ✇❡ ❦♥♦✇ t❤❛t

❝s♣(FH
rhs) ≤p ❝s♣(FH) ❤♦❧❞s✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐♠♠❡❞✐❛t❡❧②✳ ✷

✹✳✷✳✷ ❈♦r❡s

❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ t♦ ❝❧❛ss✐❢② t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ ❝s♣(F •✮ ❢♦r ❛♥② ✜♥✐t❡ s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❧❛ss✐❢② t❤❡

✹✹
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❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •) ❢♦r ✜♥✐t❡ s❡ts ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ✉♥❛r②
❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳

●✐✈❡♥ ❛ ❣r❛♣❤ ♦❢ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ f• ♦♥ ❛ ❞♦♠❛✐♥ D ❛♥❞ ❛♥♦t❤❡r
✉♥❛r② ❢✉♥❝t✐♦♥ π : D → D✱ ✇❡ ❞❡♥♦t❡ ❜② π(f•) t❤❡ r❡❧❛t✐♦♥ {(π(di), π(dj)) |
(di, dj) ∈ f•}✳ ❙✐♠✐❧❛r❧②✱ ❣✐✈❡♥ t❤❡ ❣r❛♣❤s ♦❢ ❛ s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ✇❡
❞❡♥♦t❡ ❜② π(F •) t❤❡ s❡t ♦❢ r❡❧❛t✐♦♥s {π(f•) | f• ∈ F •}✳ ▲❡t F •

c ❞❡♥♦t❡ t❤❡
❝♦r❡ ♦❢ F •✳ ❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❛t✱ ❣✐✈❡♥ ❛ s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✱ t❤❡
❝♦r❡ ♦❢ t❤❡ ❣r❛♣❤s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ F ✐s t❤❡ ❣r❛♣❤s ♦❢ ❛ s❡t G ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡ G• = F •

c ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❣r❛♣❤s ♦❢
✉♥❛r② ❢✉♥❝t✐♦♥s r❡♠❛✐♥s ❛ s❡t ♦❢ ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳

▲❡♠♠❛ ✹✳✷✳✺ ●✐✈❡♥ ❛ s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡t G
♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ F •

c = G•✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦r❡ ♦❢ ❛
s❡t ♦❢ ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s r❡♠❛✐♥s ❛ s❡t ♦❢ ❣r❛♣❤s ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s q✉✐t❡ ❞✐r❡❝t✿ ❛ss✉♠❡ F • ✐s ♥♦t ❛ ❝♦r❡ ✭♦t❤❡r✇✐s❡ ✇❡ ❛r❡
❞♦♥❡✮✳ ❚❛❦✐♥❣ p ∈ PolF • s✉❝❤ t❤❛t p ❤❛s ♦♥❡ ♦❢ t❤❡ s♠❛❧❧❡st r❛♥❣❡ ❛♠♦♥❣
♣♦❧②♠♦r♣❤✐s♠s ♦❢ PolF •✱ ✇❡ ♦❜t❛✐♥ p(F •) ❛ ❝♦r❡ ♦❢ F •✱ t❤❛t ✐s✱ ✇❡ ❤❛✈❡
F •

c = p(F •)✳ ❚❤✉s✱ ✇❡ ♠✉st ❤❛✈❡ F •
c ⊆ F •✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡✳

✷

▲❡t ConD ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ✉♥❛r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ♦✈❡r ❛ ❞♦♠❛✐♥D✳

▲❡♠♠❛ ✹✳✷✳✻ ❋♦r ❡✈❡r② s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D t❤❡r❡
✐s ❛ s❡t G ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❞♦♠❛✐♥ Dc ⊆ D s✉❝❤ t❤❛t ❝s♣(F •✮ ✐s
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈❛❧❡♥t t♦ ❝s♣(G• ∪Con•Dc

)✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ G ❝❛♥ ❜❡
❝❤♦s❡♥ s✉❝❤ t❤❛t G• ✐s t❤❡ ❝♦r❡ ♦❢ F • ❛♥❞ Dc t❤❡ ❞♦♠❛✐♥ ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡
❝♦r❡ ♦❢ F •✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s ❞✐r❡❝t t❤❛♥❦s t♦ ❚❤❡♦r❡♠s ✹✳✹ ❛♥❞ ✹✳✼ ❢r♦♠ ❬❇❏❑✵✺❪✳
❚❤❡♦r❡♠ ✹✳✹ s❤♦✇s t❤❛t ❝s♣(F •) ❛♥❞ ❝s♣(F •

c ) ❛r❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈✲
❛❧❡♥t✱ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✼ s❤♦✇s t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♣r♦❜❧❡♠s ❝s♣(F •

c ) ❛♥❞
❝s♣(F •

c ∪ Con•Dc
) ❛r❡ ❛❧s♦ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡q✉✐✈❛❧❡♥t✳

✷

◆♦t✐❝❡ t❤✐s ✐♠♣♦rt❛♥t ❢❛❝t✿ ✐❢ F ✐s ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡r❡
❡①✐sts d ∈ D s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ f ∈ F ✇❡ ❤❛✈❡ f(d) = d✱ t❤❡♥ t❤❡
❞♦♠❛✐♥ ♦❢ t❤❡ ❝♦r❡ ♦❢ F ❝♦❧❧❛♣s❡ t♦ ❜❡❝♦♠❡ t❤❡ s✐♥❣❧❡t♦♥ {d}✳ ❚❤✉s✱ ✐t ✐s
❝❧❡❛r t❤❛t t❤✐s ❝❛s❡ ✐s ♥♦t ✐♥t❡r❡st✐♥❣ t♦ st✉❞② s✐♥❝❡ ✐t ❧❡❛❞s ✐♠♠❡❞✐❛t❡❧② t♦
t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(F •)✳ ❚❤✐s ❝❛s❡ ✐s ✐♥ ❢❛❝t ✈❡r✐✜❡❞ ✐❢ F • ✐s ❝❧♦s❡❞ ✉♥❞❡r
❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱ ❛ ✇❡❧❧✲❦♥♦✇♥ ❝❛s❡ ✐♠♣❧②✐♥❣ ♦❜✈✐♦✉s❧② t❤❡ tr❛❝t❛❜✐❧✐t②✳

✹✺



❈❍❆P❚❊❘ ✹✳ ❈❖✲❇❖❖▲❊❆◆ ❈❙P

❚❤✉s✱ ✐♥ t❤❡ ❙❡❝t✐♦♥s ✹✳✸ ❛♥❞ ✹✳✹✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❛t F • ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r
❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱ ❛♥❞ t❤❡♥ t❤❡ ❝♦r❡ ♦❢ F • ✇✐❧❧ ♥♦t ❜❡ s✐♠♣❧② r❡❞✉❝❡❞ t♦ ❛
d✲✈❡❝t♦r ♦♥ ❛ ✉♥❛r② ❞♦♠❛✐♥✳ ❚❤✐s ✐s ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✳

❘❡♠❛r❦ ✹✳✷✳✼ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t
F ❝♦♥t❛✐♥s ❛t ❧❡❛st t✇♦ ❞✐✛❡r❡♥t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f1 ❛♥❞ f2 ♦♥ D✱ s✉❝❤
t❤❛t f1 ❛❧✇❛②s ♦✉t♣✉ts a ❛♥❞ f2 ❛❧✇❛②s ♦✉t♣✉ts b✱ ✇✐t❤ a, b ∈ D✱ a 6= b✳ ❚❤❡♥
FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ✉♥❛r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ♦♥ D✳ ■♥❞❡❡❞✱ FH
rhs

❝♦♥t❛✐♥s t✇♦ ❝♦❧✉♠♥s c1 ❛♥❞ c2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f1 ❛♥❞ f2 ✇❤✐❝❤ ❛r❡ ♦♥❧②
❝♦♠♣♦s❡❞ ♦❢ a ❛♥❞ b✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ t♦ ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ❝♦♥st❛♥t
❢✉♥❝t✐♦♥✱ FH

rhs ♥❡❡❞s t♦ ❝♦♥t❛✐♥ ❛ d✲t✉♣❧❡✱ t❤❛t ✐s ❛ t✉♣❧❡ (d, d, . . . , d)✳ ❚❤✐s ✐s
✐♠♣♦ss✐❜❧❡ s✐♥❝❡ ❡❛❝❤ t✉♣❧❡ ✐♥ FH

rhs ❝♦♥t❛✐♥s a ❛♥❞ b r❡s♣❡❝t✐✈❡❧② ❛t t❤❡ c1✲t❤
❛♥❞ c2✲t❤ ♣♦s✐t✐♦♥s✳

✹✳✸ ❍♦♠♦❣❡♥❡♦✉s ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ F ✐s ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✱
✐✳❡✳✱ ❛❧❧ ❢✉♥❝t✐♦♥s ✐♥ F ❛r❡ ✉♥❛r② ❢✉♥❝t✐♦♥s ❛♥❞ s❤❛r❡ t❤❡ s❛♠❡ ❝♦✲❞♦♠❛✐♥ ♦❢
s✐③❡ t✇♦✱ s❛② {0, 1}✱ ✐❢ t❤❡② ❛r❡ ♥♦t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳ ❲❡ r❡❝❛❧❧ t❤❛t ✇❡
❝♦♥s✐❞❡r F • ♥♦t t♦ ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ s✐♥❝❡ ✐t ✐s ❛ tr✐✈✐❛❧
❝❛s❡ ♦❢ tr❛❝t❛❜✐❧✐t②✳ ❚❤✉s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r F • t♦ ❜❡ ❛ ❝♦r❡ ♦♥ ❛ ❞♦♠❛✐♥ D✱ t❤✐s
❞♦♠❛✐♥ ❝❛♥♥♦t ❜❡ t❤❡ tr✐✈✐❛❧ ✉♥❛r② ❞♦♠❛✐♥✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✷✳✻✱ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t F • ✐s ❛ ❝♦r❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣r❛♣❤ ♦❢ ❡✈❡r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥
D✳

▲❡♠♠❛ ✹✳✸✳✶ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t
F • ✐s ❛ ❝♦r❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣r❛♣❤s ♦❢ ❡✈❡r② ✉♥❛r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ t❤❡
❞♦♠❛✐♥ D✳ ■❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ FH

rhs ♦❢ FH ✱ ✈✐❡✇❡❞ ❛s ❛ r❡❧❛t✐♦♥✱ ✐s ♥❡✐t❤❡r
❝❧♦s❡❞ ✉♥❞❡r ♠❛❥♦r✐t②✱ ♥♦r ♠✐♥♦r✐t②✱ ♥♦r ♠❛①✱ ♥♦r ♠✐♥✱ t❤❡♥ ❝s♣(F •✮ ✐s
NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ▲❡t ϕ(x, ~y) ❜❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r ✇❤✐❝❤ FH ❞❡s❝r✐❜❡❞ t❤❡ s❡t ♦❢ s♦❧✉✲
t✐♦♥s✳ ❘❡❝❛❧❧ t❤❛t FH

rhs ✐s ❥✉st t❤❡ s♦❧✉t✐♦♥s ♦❢ ∃xϕ(x, ~y)✳ ❙✐♥❝❡ F • ✐s ❛ ❝♦r❡
❝♦♥t❛✐♥✐♥❣ t❤❡ ❣r❛♣❤s ♦❢ ❡✈❡r② ✉♥❛r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❞♦♠❛✐♥ D✱
FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ✉♥❛r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✼✮✳
◆♦✇✱ ✐❢ FH

rhs ✐s ♥❡✐t❤❡r ❝❧♦s❡❞ ✉♥❞❡r ♠❛❥♦r✐t②✱ ♠✐♥♦r✐t②✱ ♠❛①✱ ♥♦r ♠✐♥✱ t❤❡♥ ❜②
❙❝❤❛❡❢❡r✬s r❡s✉❧t ✐♥ ❬❙❝❤✼✽❪✱ ❝s♣(FH

rhs) ✐s NP✲❝♦♠♣❧❡t❡✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛♥❦s
t♦ ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✳ ✷

❙♦ t❤❡ ❝❛s❡s ✇❤✐❝❤ ❤❛✈❡ t♦ ❜❡ ❛♥❛❧②③❡❞ ❛r❡ ✇❤❡♥ FH
rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r

♠❛❥♦r✐t②✱ ♠✐♥♦r✐t②✱ ♠❛①✱ ♦r ♠✐♥✳

✹✻
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▲❡♠♠❛ ✹✳✸✳✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ FH
rhs

✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦r ❛ ♠✐♥♦r✐t②✱ t❤❡♥ ❝s♣(F •) ✐s ✐♥ P✳

Pr♦♦❢✿ ❲❡ ♦♥❧② ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r ♠❛❥♦r✐t② s✐♥❝❡ t❤❡ ♠✐♥♦r✐t② ❝❛s❡ ✐s ❝♦♠✲
♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s✳ ▲❡t FH

rhs ❜❡ ♦❢ ❛r✐t② k✱ ❛♥❞ ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t②
maj✱ t❤❛t ✐s✱ ❢♦r ❡✈❡r② t✉♣❧❡s t1, t2, t3 ∈ FH

rhs✱ maj(t1, t2, t3) ♦✉t♣✉ts ❛ t✉♣❧❡
t4 ∈ FH

rhs✳ ❘❡❝❛❧❧ t❤❛t maj ❛♣♣❧✐❡❞ ♦♥ a, b, c ∈ D ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ❝❛♥
♦✉t♣✉t ❡✈❡r②t❤✐♥❣✱ ❡✈❡♥ ❛♥ ❡❧❡♠❡♥t d ❛❣❛✐♥ ❞✐✛❡r❡♥t ❢r♦♠ a, b ❛♥❞ c✳

▲❡t✬s t′1, t
′
2 ❛♥❞ t′3 ❝♦rr❡s♣♦♥❞s t♦ ❡❧❡♠❡♥ts ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ✐♥ FH

r❡s♣❡❝t✐✈❡❧② ❛t t❤❡ s❛♠❡ r♦✇s ❛s t1, t2 ❛♥❞ t3✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❝❤❡♠❡ ✇❤❡r❡ ❛ ❜❛r s❡♣❛r❛t❡s t❤❡ ✜rst ❝♦❧✉♠♥ t♦ FH

rhs✳

FH =





























✳✳✳
✳✳✳

t′1 tuple t1
✳✳✳

✳✳✳
t′2 tuple t2
✳✳✳

✳✳✳
t′3 tuple t3
✳✳✳

✳✳✳





























❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ♠❛❥♦r✐t② maj′ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❡❧❡♠❡♥ts a, b, c ✐♥ ❛
s❛♠❡ ❝♦❧✉♠♥ ♦❢ FH

rhs✱ ✇❡ ❤❛✈❡ maj′(a, b, c) = maj(a, b, c)✱ ❛♥❞ ❢♦r t′1, t
′
2, t

′
3

✇❡ ❤❛✈❡ maj′(t′1, t
′
2, t

′
3) = t′4 ✇✐t❤ t′4 t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ FH

❛t t❤❡ s❛♠❡ r♦✇ ❛s t4✳ ❙♦✱ FH ✐s ❝❧♦s❡❞ ✉♥❞❡r maj′✳
■❢ FH ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦r ❛ ♠✐♥♦r✐t② ✇❡ ❦♥♦✇ ❜② ❚❤❡♦r❡♠ ✹✳✷✳✶

t❤❛t ❝s♣(FH) ✐s ✐♥ P✳ ❇② ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ❝s♣(F •) ✐s ✐♥ P✳ ✷

❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❛r❡ ✇❤❡♥ FH
rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♦r ♠✐♥✳ ❋✐rst✱ ✇❡

✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡✜♥❡ t♦ ✇❤❛t ❝♦rr❡s♣♦♥❞s t❤❡ ♣♦✐♥t✲✇✐s❡ ♦r❞❡r ♦♥ t✇♦ t✉♣❧❡s✳
▲❡t a, b t✇♦ k✲t✉♣❧❡s ♦♥ ❛ ❜✐♥❛r② ❞♦♠❛✐♥✳ ❲❡ ❤❛✈❡ a ≤l b ✇✐t❤ ≤l t❤❡ ♣♦✐♥t✲
✇✐s❡ ♦r❞❡r ✐❢ ❢♦r ❛❧❧ i ∈ [0, (k− 1)] ✇❡ ❤❛✈❡ a[i] ≤ b[i]✳ ■♥ ♦t❤❡r ✇♦r❞s✱ a ≤l b
❤♦❧❞s ✐❢ t❤❡r❡ ✐s ♥♦ i ∈ [0, (k − 1)] s✉❝❤ t❤❛t a[i] = 1 ❛♥❞ b[i] = 0✳

▲❡♠♠❛ ✹✳✸✳✸ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ FH
rhs

✐s ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♦r ♠✐♥ ❛♥❞ t❤❡ ✜rst t✇♦ t✉♣❧❡s (0, a) ❛♥❞ (1, b) ♦❢ FH

s❛t✐s❢② a ≤l b ✇❤❡r❡ ≤l ✐s t❤❡ ♣♦✐♥t✲✇✐s❡ ♦r❞❡r✱ t❤❡♥ ❝s♣(F •✮ ✐s ✐♥ P✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✷✱ ✐✳❡✳✱ ✇❡ ❡①t❡♥❞
t❤❡ ♦♣❡r❛t✐♦♥ ♦♥ FH

rhs t♦✇❛r❞ FH ✱ ♦✉t♣✉tt✐♥❣ t❤❡ ❝♦♥✈❡♥✐❡♥t ❡❧❡♠❡♥t ✐♥ t❤❡

✹✼
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✜rst ❝♦❧✉♠♥✳ ■t ❣✐✈❡s ✉s ❛ ♠❛① ♦r ♠✐♥ ♦♥ ❛ ❝❡rt❛✐♥ ❧✐♥❡❛r ♦r❞❡r ♦♥ D ✭♥♦t
♥❡❝❡ss❛r② t❤❡ ❝❛♥♦♥✐❝❛❧ ♦r❞❡r✮✳

❇② ❚❤❡♦r❡♠ ✹✳✷✳✶✱ ✇❡ ❛❧s♦ ❦♥♦✇♥ t❤❛t FH ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♦r ♠✐♥
✐♠♣❧✐❡s t❤❛t ❝s♣(FH) ✐s ✐♥ P✳ ❇② ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱ ✇❡
❤❛✈❡ ❝s♣(F •) ✐s ✐♥ P✳ ✷

❋✐♥❛❧❧② ✇❡ ♣r♦✈❡ t❤❛t ♦t❤❡r ❝❛s❡s ❛r❡ NP✲❝♦♠♣❧❡t❡✳

▲❡♠♠❛ ✹✳✸✳✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ FH
rhs

✐s ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♦r ♠✐♥ ❜✉t ♥❡✐t❤❡r ❝❧♦s❡❞ ✉♥❞❡r ♠❛❥♦r✐t② ♥♦r ♠✐♥♦r✐t②✱
❛♥❞ t❤❡r❡ ✐s ♥♦ ♣♦✐♥t✲✇✐s❡ ♦r❞❡r ≤l s❛t✐s❢②✐♥❣ a ≤l b ❢♦r t❤❡ ✜rst t✇♦ t✉♣❧❡s
(0, a) ❛♥❞ (1, b)✱ t❤❡♥ ❝s♣(F •✮ ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ◆♦t❡ t❤❛t FH
rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❜♦t❤ ♠✐♥ ❛♥❞ ♠❛① s✐♥❝❡ t❤✐s ✇♦✉❧❞

✐♠♣❧② t❤❡ ❝❧♦s✉r❡ ♦❢ FH
rhs ✉♥❞❡r ❛ ♠❛❥♦r✐t②✳ ◆♦t❡ ❛❧s♦ t❤❛t ✐❢ ✇❡ ❞♦ ♥♦t ❤❛✈❡

a ≤l b t❤❡♥ t❤❡r❡ ♠✉st ❡①✐st ❛ ❝♦❧✉♠♥ ✐♥ FH
rhs r❡♣r❡s❡♥t✐♥❣ ❛ ❢✉♥❝t✐♦♥ fi s✉❝❤

t❤❛t ✐t ❝♦♥t❛✐♥s 1 ❛♥❞ 0 r❡s♣❡❝t✐✈❡❧② ❛t t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ r♦✇✳ ❚❤✉s✱ ✐❢
✇❡ ♣r♦❥❡❝t FH ♦♥ t❤❡ ✜rst ❛♥❞ t❤❡ (i+ 1)✲t❤ ❝♦❧✉♠♥ ✭(i+ 1)✲t❤ ❜❡❝❛✉s❡ t❤❡
✜rst ❝♦❧✉♠♥ ✐s ❝♦❧✉♠♥ ③❡r♦✮✱ ✇❡ ♦❜t❛✐♥ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ❝♦♥t❛✐♥✐♥❣ t❤❡ t✇♦
t✉♣❧❡s (0, 1) ❛♥❞ (1, 0)✳ ❚❤✐s r❡❧❛t✐♦♥ ✐s ❛❝t✉❛❧❧② t❤❡ ❣r❛♣❤ ♦❢ fi✱ s♦ ✐t ❝❛♥♥♦t
❝♦♥t❛✐♥ ♥❡✐t❤❡r t❤❡ t✉♣❧❡ (0, 0) ♥♦r t❤❡ t✉♣❧❡ (1, 1)✳ ❚❤❡♥✱ t❤✐s r❡❧❛t✐♦♥ ✐s
♥❡✐t❤❡r ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♥♦r ♠✐♥✳ FH

rhs ✐s ❜② ❛ss✉♠♣t✐♦♥ ♥❡✐t❤❡r ❝❧♦s❡❞ ✉♥❞❡r
♠❛❥♦r✐t② ♥♦r ♠✐♥♦r✐t②✳ ❍❡♥❝❡✱ ❧❡t F ′ ❜❡ t❤❡ s❡t F ′ = {FH

rhs, f
•
i }✳ ■t ✐s ❝❧❡❛r

t❤❛t ✇❡ ❤❛✈❡ F ′ ⊆ 〈FH〉✳ ▼♦r❡♦✈❡r✱ ❜② ❙❝❤❛❡❢❡r✬s t❤❡♦r❡♠ ✇❡ ❦♥♦✇ t❤❛t
❝s♣(F ′) ✐s NP✲❝♦♠♣❧❡t❡✱ t❤❡♥ ✇❡ ❞❡❞✉❝❡ ❜② ❚❤❡♦r❡♠ ✹✳✷✳✶✱ ▲❡♠♠❛ ✹✳✷✳✹
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ t❤❛t ❝s♣(FH)✱ ❛♥❞ s♦ ❝s♣(F •)✱ ❛r❡ ❛❧s♦ NP✲❝♦♠♣❧❡t❡✳

✷

❚❤❡♦r❡♠ ✹✳✸✳✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ F •

✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ t❤❡♥ ❝s♣(F •) ✐s ♦❜✈✐♦✉s❧② ✐♥ P✳ ■❢ ♥♦t✱
t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✐s ✐♥ P ✐❢ FH

rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✱ ♦r
❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✱ ♦r ❡✐t❤❡r ❛ ♠❛① ♦r ♠✐♥ ♦♣❡r❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ✜rst
t✇♦ t✉♣❧❡s (0, a) ❛♥❞ (1, b) ♦❢ FH s❛t✐s❢② a ≤l b ✇❤❡r❡ ≤l ✐s t❤❡ ♣♦✐♥t✲✇✐s❡
♦r❞❡r✳ ❖t❤❡r✇✐s❡✱ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s ❞✐r❡❝t ❜② ▲❡♠♠❛t❛ ✹✳✸✳✶✱ ✹✳✸✳✷✱ ✹✳✸✳✸ ❛♥❞ ✹✳✸✳✹✳ ✷

✹✳✹ ●❡♥❡r❛❧ ❝❛s❡

❲❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛rt t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✇❤❡r❡ F ✐s ❛ s❡t ♦❢ ♥♦♥✲
❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✱ t❤❛t ✐s✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s ✐♥ F ❞♦ ♥♦t

✹✽
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♥❡❝❡ss❛r② s❤❛r❡ t❤❡ s❛♠❡ ❝♦✲❞♦♠❛✐♥✳ ❘❡♠❡♠❜❡r t❤❛t ✇❡ ❝♦♥s✐❞❡r F • ♥♦t t♦
❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ s✐♥❝❡ ✐t ✐s ❛ tr✐✈✐❛❧ ❝❛s❡ ♦❢ tr❛❝t❛❜✐❧✐t②✳
❚❤✉s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r F • t♦ ❜❡ ❛ ❝♦r❡ ♦♥ ❛ ❞♦♠❛✐♥ D✱ t❤✐s ❞♦♠❛✐♥ ❝❛♥♥♦t
❜❡ t❤❡ tr✐✈✐❛❧ ✉♥❛r② ❞♦♠❛✐♥✳ ❇❡❢♦r❡ ❝❛❧❧✐♥❣ t❤❡s❡ ❢✉♥❝t✐♦♥ ✧❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝✲
t✐♦♥s✧✱ ✇❡ ❞❡♥♦t❡❞ t❤❡♠ ✧♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥s✧ s✐♥❝❡ ❡❛❝❤ ❢✉♥❝t✐♦♥ ❛❝ts ❧✐❦❡ ❛
♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ ❞♦♠❛✐♥ D✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡♥♦♠✐♥❛t✐♦♥ ✧♣❛rt✐t✐♦♥ ❢✉♥❝✲
t✐♦♥s✧ ✐s ❛❧r❡❛❞② ✉s❡❞ ❜② ❇✉❧❛t♦✈ ❛♥❞ ●r♦❤❡ ❢♦r ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♥♦t✐♦♥
✭s❡❡ ❬❇●✵✺❪✮✳

◆❡✈❡rt❤❡❧❡ss✱ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦✈❡r D ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✇❛②
t♦ ❝♦♥s✐❞❡r s❡✈❡r❛❧ ♣❛rt✐t✐♦♥s ♦❢ D✱ ❧✐❦❡ ✐t ✐s s❤♦✇♥ ✐♥ ❊①❛♠♣❧❡ ✹✳✹✳✶✳ ❚❤✉s✱
✇❤❡♥ st✉❞②✐♥❣ ❞✐✛❡r❡♥t ♣❛rt✐t✐♦♥s ♦❢ D ❛t t❤❡ s❛♠❡ t✐♠❡✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r
✉s❡❧❡ss t♦ ❤❛✈❡ t✇♦ ❡❧❡♠❡♥ts a ❛♥❞ b ✐♥ D s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♣❛rt✐t✐♦♥✐♥❣
✐♥❞✉❝❡❞ ❜② ❛ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥ ✐♥ F ✱ a ❛♥❞ b ❛r❡ ✐♥ t❤❡ s❛♠❡ ♣❛rt✐t✐♦♥✳
■❢ ✇❡ ❤❛✈❡ t❤✐s ❝❛s❡✱ ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r t❤❛t a ❛♥❞ b ❛r❡ s✐♠✐❧❛r ❡❧❡♠❡♥ts
✐♥ D✳ ❚❤✐s ❝❛s❡ ❛♣♣❡❛rs ✐❢✱ t❤❡r❡ ❛r❡ t✇♦ ❡❧❡♠❡♥ts a ❛♥❞ b ✐♥ D s✉❝❤ t❤❛t
❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ f ✐♥ F ✱ t❤❡ ❡q✉❛t✐♦♥ f(a) = f(b) ❤♦❧❞s✳ ❚♦ ❤❛✈❡ ❛ ❜❡tt❡r
r❡♣r❡s❡♥t❛t✐♦♥✱ t❤✐s ✐s ✈❡r✐✜❡❞ ✇❤❡♥ t✇♦ r♦✇s ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ FH

rhs❀ ✐♥ t❤❡
s❡q✉❡❧✱ ✇❡ ✇✐❧❧ s❛② t❤❛t t❤❡s❡ r♦✇s ❛r❡ ❞✉♣❧✐❝❛t❡❞✳

❊①❛♠♣❧❡ ✹✳✹✳✶ ▲❡t t❤❡ ❞♦♠❛✐♥ D = {0, 1, 2, 3}✱ ❛♥❞ f ❛♥❞ g t✇♦ ❝♦✲
❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

x f(x) g(x)

0 0 3
1 1 3
2 0 1
3 1 3

❚❤❡♥ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r❡❞ t❤❛t f ❛♥❞ g ♠❛❦❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ D✿ ❢✉♥❝t✐♦♥ f
s♣❧✐ts D ✐♥t♦ ❛ 0✲ ❛♥❞ ❛ 1✲♣❛rt✱ r❡s♣❡❝t✐✈❡❧② {x | f(x) = 0} = {0, 2}
❛♥❞ {x | f(x) = 1} = {1, 3}✱ ❛♥❞ g ✐♥t♦ ❛ 1✲ ❛♥❞ ❛ 3✲♣❛rt✱ r❡s♣❡❝t✐✈❡❧②
{x | g(x) = 1} = {2} ❛♥❞ {x | g(x) = 3} = {0, 1, 3}✳ �

❚❤❡ st✉❞② ♦❢ s✉❝❤ str✉❝t✉r❡ ✇✐t❤ ♥♦ ❞✉♣❧✐❝❛t❡❞ r♦✇s ✐s ♥♦t ✇✐t❤♦✉t ✐♥✲
t❡r❡st s✐♥❝❡ ✐t r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ❞✐✛❡r❡♥t ♣❛rt✐t✐♦♥s ♦❢ D s✉❝❤ t❤❛t t❤❡r❡
❛r❡ ♥♦ s✐♠✐❧❛r ❡❧❡♠❡♥ts ❡❛❝❤ t✐♠❡ ✐♥ t❤❡ s❛♠❡ ♣❛rt✐t✐♦♥✳ ❚❤✉s✱ ✇❡ ❢♦❝✉s ✐♥
t❤✐s ♣❛rt ♦❢ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •) s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦
❞✉♣❧✐❝❛t❡❞ r♦✇s ✐♥ FH

rhs✳
❙♦ ❢❛r ❤♦✇❡✈❡r✱ ✇❡ ❞✐❞ ♥♦t ❛❝❤✐❡✈❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡✱

✇❤❛t❡✈❡r t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✐s s✉❝❤ t❤❛t t❤❡r❡ ✐s s♦♠❡ ❞✉♣❧✐❝❛t❡❞ r♦✇s ✐♥
FH

rhs ♦r ♥♦t✳

✹✾
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❈♦♥❥❡❝t✉r❡ ✹✳✹✳✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ F • ✐s ❝❧♦s❡❞
✉♥❞❡r ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ t❤❡♥ t❤✐s ♦❜✈✐♦✉s❧② ❧❡❛❞s t♦ t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢
❝s♣(F •)✳ ■❢ ♥♦t✱ t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✐s ✐♥ P ✐❢ FH

rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛
❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥ ♦r ✉♥❞❡r ❛ ♠❛❥♦r✐t②
♦r ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✳ ❖t❤❡r✇✐s❡ ✐t ✐s NP✲❝♦♠♣❧❡t❡✳

❲❡ ❝❛♥ ❛❧s♦ ♣r❡s❡♥t t❤✐s ❝♦♥❥❡❝t✉r❡ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ✧tr❛❝t❛❜❧❡
❛❧❣❡❜r❛s ❝♦♥❥❡❝t✉r❡✧ ✭❈♦♥❥❡❝t✉r❡ ✼✳✺ ✐♥ ❬❇❏❑✵✺❪✮✱ t❤❛t ✐s✱ ♦✉r ♣r♦❜❧❡♠ ✐s
NP✲❝♦♠♣❧❡t❡ ✐❢ PolF • ❝♦♥t❛✐♥s ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✱ ♦t❤❡r✇✐s❡
✐t ✐s ♣♦❧②♥♦♠✐❛❧✳

❚♦ ❣✐✈❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♣r♦♦❢ ♦❢ t❤✐s ❝♦♥❥❡❝t✉r❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❘♦s❡♥✲
❜❡r❣✬s ❧✐st ✭❘♦s❡♥❜❡r❣✬s ♣❛♣❡r ❬❘♦s✽✻❪ ✐s ❞✐✣❝✉❧t t♦ ✜♥❞✱ ❜✉t t❤✐s ❧✐st ✐s ♣r❡✲
s❡♥t❡❞ ✐♥ ❬❏❡❛✾✽❪ ❢♦r ✐♥st❛♥❝❡✮✳

❚❤❡♦r❡♠ ✹✳✹✳✸ ✭❘♦s❡♥❜❡r❣✬s ❧✐st✱ ❬❘♦s✽✻❪✮ ▲❡t S ❜❡ ❛♥ ❛r❜✐tr❛r② s❡t ♦❢
r❡❧❛t✐♦♥s ♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✳ ❆t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ♠✉st ❤♦❧❞✿

• PolS ❝♦♥t❛✐♥s ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱

• PolS ❝♦♥t❛✐♥s ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✱

• PolS ❝♦♥t❛✐♥s ❛ ♠❛❥♦r✐t②✱

• PolS ❝♦♥t❛✐♥s ❛ ♠✐♥♦r✐t②✱

• PolS ❝♦♥t❛✐♥s ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥✱

• ♦r ❡❧s❡ PolS ✐s ❝♦♠♣♦s❡❞ ♦❢ ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✳

❚❤✉s✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ st❡♣ ❜② st❡♣ t❤✐s ❧✐st ❛♥❞ st❛rt t♦ s❤♦✇ ✇❤❛t ❛r❡ t❤❡
♣♦ss✐❜❧❡ ♣♦❧②♠♦r♣❤✐s♠s ♦❢ FH

rhs✳
❋✐rst✱ ♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ❡❛s✐❧② ❧✐❣❤t❡♥ t❤✐s ❧✐st ❜② ❣❡tt✐♥❣ r✐❞ ♦❢ ❝♦♥✲

st❛♥t ♦♣❡r❛t✐♦♥s✳ ❈♦♥s✐❞❡r ❛ s❡t F ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❲❡ ❦♥♦✇ ❜②
▲❡♠♠❛ ✹✳✷✳✻ t❤❛t ❛❞❞✐♥❣ ❡✈❡r② ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦✈❡r D ✐♥ F ❞♦❡s ♥♦t
❝❤❛♥❣❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ♣r♦❜❧❡♠ ❝s♣(F •)✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ s❡t F ❝♦♥✲
t❛✐♥✐♥❣ ❛t ❧❡❛st t✇♦ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥s✱ t❤❡ r❡❧❛t✐♦♥ FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞
✉♥❞❡r ❛♥② ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✼✮✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ❛ s❡t F ♦❢ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❛❧✇❛②s ❝♦♥t❛✐♥
❡✈❡r② ♣♦ss✐❜❧❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞♦♠❛✐♥ D✳ ❍♦✇❡✈❡r ✐♥
♦r❞❡r t♦ ❦❡❡♣ ❛ ❧✐❣❤t ♥♦t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♦♠✐t t♦ ❡①♣❧✐❝✐t❧② ✇r✐t❡ ❝♦❧✉♠♥s ♦❢
FH ✇❤✐❝❤ r❡♣r❡s❡♥t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ✐♥ F ✳

✺✵
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Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t FH
rhs ✐s

❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ✭r❡s♣❡❝t✐✈❡❧② ❛ ♠✐♥♦r✐t②✮✳ ❚❤❡♥ FH ✐s ❛❧s♦ ❝❧♦s❡❞
✉♥❞❡r ❛ ♠❛❥♦r✐t② ✭r❡s♣❡❝t✐✈❡❧② ❛ ♠✐♥♦r✐t②✮✳

Pr♦♦❢✿ ▲❡t FH
rhs ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t②m✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t FH ✐s ❛❧s♦

❝❧♦s❡❞ ✉♥❞❡r m s✐♥❝❡ t❤❡ ✜rst ❝♦❧✉♠♥ ✐♥ FH ✐s ❝♦♠♣♦s❡❞ ♦❢ ❡✈❡r② ❡❧❡♠❡♥t ♦❢
t❤❡ ❞♦♠❛✐♥ D ❛♥❞ ❛r❡ ♣r❡s❡♥t ✐♥ t❤✐s ❝♦❧✉♠♥ ❡①❛❝t❧② ♦♥❝❡✳ ❚❛❦❡ ❛♥② t❤r❡❡
r♦✇s r1✱ r2 ❛♥❞ r3 ✐♥ FH

rhs✱ ❛♥❞ ❛ss✉♠❡ t❤❛t m ❛♣♣❧✐❡❞ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ♦♥
t❤❡s❡ t❤r❡❡ r♦✇s ♦✉t♣✉ts t❤❡ r♦✇ r4✳ ◆♦✇✱ ❡①t❡♥❞ m ♦♥ r♦✇s (a, r1)✱ (b, r2)
❛♥❞ (c, r3) ✐♥ FH ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r t❤r❡❡ ♣r❡✈✐♦✉s r♦✇s✱ ❛♥❞ ❛ss✉♠❡ t❤❛t
m ❛♣♣❧✐❡❞ ♦♥ ✐t ♦✉t♣✉ts (d, r4)✳ ❙✐♥❝❡ a, b, c ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✱ m(a, b, c)
❝❛♥ ♦✉t♣✉t ❛♥② ❡❧❡♠❡♥ts ✐♥ D✳ ❚❤❡♥✱ ✇❡ ❝❤♦♦s❡ m(a, b, c) = d✳

❚❤❡ ♣r♦♦❢ r❡♠❛✐♥s t❤❡ s❛♠❡ ❢♦r ♠✐♥♦r✐t②✳ ✷

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ t❤❡r❡ ❡①✐sts
❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛
❜✐♥❛r② ❝♦♠♠✉t❛t✐✈❡ ❝♦♥s❡r✈❛t✐✈❡ ✭❜❝❝✮ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs✳

Pr♦♦❢✿ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ❛♥❞ q ❜❡ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t
❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ s✉❝❤ t❤❛t q ∈ PolFH

rhs✳ ❖❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② ❢✉♥❝✲
t✐♦♥ f ✐♥ F ✱ ✇✐t❤ ran f = {a, b}✱ ✇❡ ♠✉st ❤❛✈❡ q(a, a) = a ❛♥❞ q(b, b) = b
s✐♥❝❡ q ✐s ✐❞❡♠♣♦t❡♥t ❛♥❞ q(a, b) = q(b, a) ∈ {a, b} s✐♥❝❡ q ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠
♦❢ FH

rhs✳ ❚❤❡♥✱ ❧❡t q′ ❜❡ t❤❡ ❜❝❝ ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿ ❢♦r ❛❧❧ f ∈ F ✱
✇❡ ❤❛✈❡ q′(xf , yf ) = q(xf , yf ) ✇✐t❤ xf , yf ∈ ran f ✱ ❛♥❞ q′(x, y) ∈ {x, y} ❢♦r
❛❧❧ s❡ts {x, y} ✇❤✐❝❤ ❛r❡ ♥♦t t❤❡ r❛♥❣❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✐♥ F ✳ ❲❡ ❝❛♥ s❡❡ t❤❛t
q′ ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs✳ ✷

❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ s❤♦✇s ✇❡ ❤❛✈❡ ❛ ❜❝❝ ✐♥ PolFH
rhs ✇❤❡♥ ✇❡ ❦♥♦✇

t❤❛t t❤❡r❡ ✐s ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ✐♥ PolFH
rhs✳ ❚❤✐s

❛❧❧♦✇ ✉s t♦ ❢♦❝✉s ♦♥ ❜❝❝ ♦♣❡r❛t✐♦♥ ❢r♦♠ ♥♦✇✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ♣r♦✈❡s
t❤❛t ❛ ❜❝❝ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs ✐s ❛❝t✉❛❧❧② ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✻ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❊✈❡r② ❜❝❝ ✇❤✐❝❤
✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs ♠✉st ❜❡ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ❘❡♠❡♠❜❡r t❤❛t ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ✐s ❛ ❜✐♥❛r② ❝♦♠♠✉t❛t✐✈❡
✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ s ♦♥ t❤❡ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ s(a, s(a, b)) =
s(a, b) ❢♦r ❛❧❧ a, b ∈ D✳

▲❡t q ❜❡ ❛ ❜❝❝✳ ❆ss✉♠❡ ✇❡ ❤❛✈❡ q(a, b) = a ❢♦r s♦♠❡ a, b ∈ D✳ ❚❤✉s✱ ✇❡
❤❛✈❡ q(a, q(a, b)) = q(a, a) = a = q(a, b)✳ ❆ss✉♠❡ ♥♦✇ t❤❛t q(a, b) = b ❤♦❧❞s
❢♦r s♦♠❡ a, b ∈ D✳ ❲❡ ❤❛✈❡ q(a, q(a, b)) = q(a, b)✳ ❙✐♥❝❡ q ✐s ❝♦♠♠✉t❛t✐✈❡✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t q ✐s ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ✷
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■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❞♦♠❛✐♥ ♦r❞❡r❡❞ r❡❣❛r❞✐♥❣
t♦ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✼ ▲❡t a, b ❜❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ ❛ ❞♦♠❛✐♥ D ❛♥❞ s ❜❡ ❛ ✷✲
s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ♦♥ D✳ ❲❡ ✇r✐t❡ a ≤s b ✐❢ ✇❡ ❤❛✈❡ s(a, b) = b✳ ◆♦t✐❝❡
t❤❛t✱ s✐♥❝❡ s ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ s(b, a) = b✳ ❲❡ s❛② t❤❛t t❤❡
❞♦♠❛✐♥ D ✐s ♦r❞❡r❡❞ r❡❣❛r❞✐♥❣ t♦ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ s ❜② ❝♦♥s✐❞❡r✐♥❣
t❤❡ ♦r❞❡r ≤s✱ ❧✐♥❡❛r ♦r ♣❛rt✐❛❧✱ ♦✈❡r ❡❧❡♠❡♥ts ♦❢ D✳ ❲❡ ❛❧s♦ s❛② t❤❛t ≤s ✐s
t❤❡ ♦r❞❡r ♦♥ D ✐♥❞✉❝❡❞ ❜② s✳

❊①❛♠♣❧❡ ✹✳✹✳✽ ▲❡t D ❜❡ t❤❡ ❞♦♠❛✐♥ D = {0, 1, 2, 3} ❛♥❞ s1, s2 ❜❡ t✇♦ ✷✲
s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥s ♦♥ D ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

s1 0 1 2 3

0 0 1 0 1
1 1 1 1 1
2 0 1 2 1
3 1 1 1 3

s2 0 1 2 3

0 0 0 0 3
1 0 1 1 3
2 0 1 2 3
3 3 3 3 3

❚❤✉s D ✐s ♦r❞❡r❡❞ r❡❣❛r❞✐♥❣ t♦ s1 ❜② t❤❡ ♣❛rt✐❛❧ ♦r❞❡r (2 ≤s1
0 ≤s1

1❀ 3 ≤s1
1)

❛♥❞ ♦r❞❡r❡❞ r❡❣❛r❞✐♥❣ t♦ s2 ❜② t❤❡ ❧✐♥❡❛r ♦r❞❡r 2 ≤s2
1 ≤s2

0 ≤s2
3✳ �

❆ss✉♠❡ ♥♦✇ t❤❛t FH
rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦r ❛ ♠✐♥♦r✐t②✱ ❜✉t

✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ❧✐♥❡❛r ♦r ♣❛rt✐❛❧
♦r❞❡r ♦♥ ❞♦♠❛✐♥ D✳

❲❡ ♠❛❦❡ ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥s ✐♥❞✉❝✐♥❣ ❛ ❧✐♥❡❛r
♦r ♣❛rt✐❛❧ ♦r❞❡r ♦♥ ❞♦♠❛✐♥ D ✇❤✐❝❤ ✈❡r✐❢② t❤❡ ♣r♦♣❡rt② ♦❢ ✷✲s❡♠✐❧❛tt✐❝❡
✐s♦♠♦r♣❤✐s♠ ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✹✳✶✶✮ ❛♥❞ t❤♦s❡ ✇❤✐❝❤ ❞♦ ♥♦t ✈❡r✐❢②
✐t✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✾ ❲❡ ❝❛❧❧ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ♦❢ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥
s t❤❡ s❡♠✐❧❛tt✐❝❡ ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞♦♠❛✐♥ D r❡❣❛r❞✐♥❣ t♦ t❤❡ ♦r❞❡r ✐♥❞✉❝❡❞
❜② s✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✶✵ ▲❡t FH ❜❡ t❤❡ ❍✲♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ s❡t F ♦❢ ❝♦✲❇♦♦❧❡❛♥
❢✉♥❝t✐♦♥s✳ ❲❡ ❝❛❧❧ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ♦❢ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ s ♦♥
FH

rhs t❤❡ s❡♠✐❧❛tt✐❝❡ ❢♦r ✇❤✐❝❤ ❡❧❡♠❡♥ts ❛r❡ t✉♣❧❡s ✐♥ FH
rhs ♦r❞❡r❡❞ r❡❣❛r❞✐♥❣

t♦ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ s✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✶✶ ▲❡t FH ❜❡ t❤❡ ❍✲♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ s❡t F ♦❢ ❝♦✲❇♦♦❧❡❛♥
❢✉♥❝t✐♦♥s ❛♥❞ s ❜❡ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ▲❡t ❛❧s♦ h ❜❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

✺✷
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❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ FS ♦❢ s ❛♥❞ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ RS
♦❢ s ♦♥ FH

rhs✳ ❲❡ s❛② t❤❛t h ✐s ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ FS ❛♥❞
RS ✐❢ h ✐s s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② d ∈ D✱ ✇❡ ❤❛✈❡ (d, h(d)) ∈ FH ✳

❚❤❡♥✱ ✇❡ ❝❛♥ st✉❞② t❤❡s❡ ❢✉♥❝t✐♦♥❛❧ ❛♥❞ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡s ❛♥❞ ❞❡✲
t❡r♠✐♥❡ ✐❢ t❤❡r❡ ❡①✐st s✉❝❤ ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡♠✳

❊①❛♠♣❧❡ ✹✳✹✳✶✷ ▲❡t F ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦♥ D =
{0, 1, 2, 3}✿

x f g h

0 0 1 0
1 1 1 0
2 0 2 2
3 1 1 2

▲❡t s1, s2 ❜❡ t✇♦ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥s ♦♥ D ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

s1 0 1 2 3

0 0 1 0 1
1 1 1 1 1
2 0 1 2 1
3 1 1 1 3

s2 0 1 2 3

0 0 1 0 1
1 1 1 1 1
2 0 1 2 3
3 1 1 3 3

❚❤✉s✱ ♣❛rt✐❛❧ ♦r❞❡rs ♦♥ D ✐♥❞✉❝❡ r❡s♣❡❝t✐✈❡❧② ❜② s1 ❛♥❞ s2 ❛r❡ (2 < 0 < 1❀ 3 <
1) ❛♥❞ (2 < 0, 3 < 1)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡s ♦❢
s1 ❛♥❞ s2✱ r❡s♣❡❝t✐✈❡❧②✿

0

2

1

3

1

3

2

0

◆♦✇✱ ✐❢ ✇❡ ❛♣♣❧② ❝♦♠♣♦♥❡♥t✲✇✐s❡ s1 ♦♥ ❡❛❝❤ ❝♦✉♣❧❡ ♦❢ t✉♣❧❡s ✐♥ FH
rhs✱ ❡①❝❡♣t

tr✐✈✐❛❧ ❝♦✉♣❧❡s (t, t) ❢♦r t ∈ FH
rhs✱ ✇❡ ♦❜t❛✐♥

s1(010, 110) = 110
s1(010, 022) = 010
s1(010, 112) = 110
s1(110, 022) = 110
s1(110, 112) = 110
s1(022, 112) = 112

❖❜s❡r✈❡ t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧ts ❜② ❛♣♣❧②✐♥❣ s2 ✐♥st❡❛❞ ♦❢ s1✳ ❲❡
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ s1 ✭♦r s2✮ ♦♥ FH

rhs✿

✺✸
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010

110

112

022

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤✐s
r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ♦❢ s2✱ ❜✉t ♥♦t ✇✐t❤ t❤❡
❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ♦❢ s1✳ ❆❝t✉❛❧❧②✱ ♦♥❡ ❝❛♥ s❡❡ t❤❡r❡ ✐s ❡✈❡♥ ♥♦ ✐s♦♠♦r✲
♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ❛❜♦✈❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡
♦❢ s1✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✸ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ▲❡t FH
rhs ❜❡

❝❧♦s❡❞ ✉♥❞❡r ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ s ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ❧✐♥❡❛r ♦❢ ♣❛rt✐❛❧ ♦r❞❡r
♦♥ ❞♦♠❛✐♥ D✳ ❚❤❡ ♦♣❡r❛t✐♦♥ s ✐s ❛❧s♦ ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH ✐❢ ❛♥❞ ♦♥❧②
✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ h ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡
FS ♦❢ s ❛♥❞ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ RS ♦❢ s ♦♥ FH

rhs✳

Pr♦♦❢✿
⇐ ✿ RS ❞❡s❝r✐❜❡s ✇❤✐❝❤ r♦✇ c ✐♥ FH

rhs ✐s ♦✉t♣✉t ✇❤❡♥ ✇❡ ❛♣♣❧② s ♦♥ r♦✇s
a ❛♥❞ b✳ FS ❞❡s❝r✐❜❡s t❤❡ s❛♠❡ str✉❝t✉r❡ ❜✉t ✇✐t❤ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✜rst
❝♦❧✉♠♥ ✐♥ FH ✳ ▲❡t✬s a′, b′, c′ ❜❡ ❡❧❡♠❡♥ts ✐♥ D ❛♥❞ a, b, c ❜❡ t✉♣❧❡s ✐♥ FH

rhs✳
❆ss✉♠❡ ✇❡ ❤❛✈❡ s(a, b) = c ❛♥❞ s(a′, b′) = c′ ✇✐t❤ (a′, a), (b′, b) ∈ FH ✳ ■❢
t❤❡r❡ ❡①✐sts ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ h ❜❡t✇❡❡♥ FS ❛♥❞ RS✱ t❤❡♥ ✇❡ ♠✉st
❤❛✈❡ (c′, c) ∈ FH ✳ ❚❤✉s✱ s ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH ✳

⇒ ✿ ▲❡t s ❜❡ ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH ✳ ❋✐rst✱ ❛ss✉♠❡ t❤❡r❡ ❡①✐st ♦♥❧② ✐s♦✲
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ FS ❛♥❞ RS ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♥❣✳ ▲❡t h ❜❡ s✉❝❤
❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✉s t❤❡r❡ ♠✉st ❡①✐sts a′, b′, c′, d′ ∈ D ❛♥❞ a, b, c, d ∈ FH

rhs✱
❛❧❧ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✱ ✇✐t❤ (a′, a), (b′, b), (c′, c), (d′, d) ∈ FH s✉❝❤ t❤❛t ✇❡
❤❛✈❡ s(a′, b′) = c′ ❛♥❞ s(a, b) = d✳ ❙♦ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥
s((a′, a), (b′, b)) = (c′, d)✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t
FH ✐s ❛♥ H✲♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ s❡t F ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s s✐♥❝❡ ❛ ❞✐✛❡r❡♥t
t✉♣❧❡ st❛rt✐♥❣ ❜② c′ ❛❧r❡❛❞② ❡①✐sts ✐♥ FH ✳

❘❡♠❛r❦ t❤❛t t❤❡ ♣r♦♦❢ r❡♠❛✐♥s ❡①❛❝t❧② t❤❡ s❛♠❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡r❡
❡①✐st ♥♦ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ FS ❛♥❞ RS✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❡①t❡♥❞ s t♦ FH ✱ t❤❛t ✐s✱ ✐❢ FH
rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r s ❛♥❞ t❤❡r❡

❡①✐sts ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ FS ❛♥❞ RS✱ t❤❡♥ FH ✐s ❛❧s♦ ❝❧♦s❡❞
✉♥❞❡r s✳ ✷

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❆ s❡♠✐✲♣r♦❥❡❝t✐♦♥
✇❤✐❝❤ ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ FH

rhs ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ FH ✳
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Pr♦♦❢✿ ❲❡ r❡❝❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t FH
rhs ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❞✉♣❧✐❝❛t❡❞

r♦✇s✳ ▲❡t FH
rhs ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ s✳ ❇② ❞❡✜♥✐t✐♦♥✱ s s❤♦✉❧❞

❤❛✈❡ ❛♥ ❛r✐t② ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧s t♦ ✸✱ ❛♥❞ s(i, j, k) ❛❝ts ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥
✐❢ ❛♥❞ ♦♥❧② ✐❢ |{i, j, k}| < 3✱ ✇✐t❤ i, j, k ∈ D✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ FH

rhs ✐s ❝♦♠♣♦s❡❞
❜② ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦♥❧②✱ ❢♦r ❡❛❝❤ tr✐♣❧❡ (i, j, k) ✐♥ ❛ ❝♦❧✉♠♥ ✇❡ ♠✉st
✈❡r✐❢② t❤❡ ✐♥❡q✉❛❧✐t② |{i, j, k}| < 3✳ ❚❤❡♥✱ s ✐s ❛❧✇❛②s ❛❝t✐♥❣ ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥
♦♥ FH

rhs✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ ✇❡ ❤❛✈❡ s(i, j, k) = i ✇❤❡♥
|{i, j, k}| < 3 ❤♦❧❞s✳

❚r② t♦ ❡①t❡♥❞ s t♦ FH ✳ ❚❛❦❡ t❤r❡❡ t✉♣❧❡s a, b ❛♥❞ c ✐♥ FH
rhs✱ ❛♥❞ ❡❧❡♠❡♥ts

a′, b′ ❛♥❞ c′ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ FH s✉❝❤ t❤❛t (a′, a), (b′, b)
❛♥❞ (c′, c) ❛r❡ t✉♣❧❡s ✐♥ FH ✳ ❙✐♥❝❡ s(a, b, c) ♠✉st ♦✉t♣✉t t❤❡ ✜rst t✉♣❧❡ a✱ t♦
❡①t❡♥❞ s t♦ FH ✇❡ ♠✉st ❤❛✈❡ s(a′, b′, c′) = a′✳ ❍♦✇❡✈❡r✱ r❡♠❛r❦ t❤❛t s ✐s ♥♦
❧♦♥❣❡r ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ s✐♥❝❡ ✐t ✐s ♥♦✇ ❛❧✇❛②s ❛❝t✐♥❣ ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥✳ ✷

■t ✐s ♥♦✇ t✐♠❡ t♦ ❡①♣♦s❡ ❤♦✇ r❡s✉❧ts ❛❜♦✈❡ ❤❡❧♣ ✉s t♦ st❛rt ❛ ❝❤❛r❛❝t❡r✐✲
③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❝s♣✳ ❆s ❛❧✇❛②s ✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤✐s
❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ❞✐❝❤♦t♦♠② ❝r✐t❡r✐❛ ❞♦❡s ♥♦t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ F • ✐s
❝❧♦s❡❞ ✉♥❞❡r ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ s✐♥❝❡ ✐t ❧❡❛❞s ♦❜✈✐♦✉s❧② t♦ t❤❡ tr❛❝t❛❜✐❧✐t②
♦❢ ❝s♣(F •)✳

❚❤❡♦r❡♠ ✹✳✹✳✶✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■❢ t❤❡ ❢❛❝t t❤❛t
PolFH

rhs ❝♦♥t❛✐♥✐♥❣ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ♦r ❛ ❜✐✲
♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥
✐♠♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(FH)✱ t❤❡♥ ❈♦♥❥❡❝t✉r❡ ✹✳✹✳✷ ❤♦❧❞s✳

Pr♦♦❢✿ ❲❡ tr② t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •) ✈✐❛ s♦♠❡ ❝r✐t❡r✐❛
❛r♦✉♥❞ FH

rhs ♦♥❧②✳ ❘❡♠❡♠❜❡r t❤❡ ❘♦s❡♥❜❡r❣✬s ❧✐st ✭❚❤❡♦r❡♠ ✹✳✹✳✸✮✳ ▲❡t✬s
❛♥❛❧②③❡ ♣♦✐♥t ❜② ♣♦✐♥t t❤✐s ❧✐st✳

▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t t❤❡
♠❛tr✐① FH

rhs ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❞✉♣❧✐❝❛t❡❞ r♦✇s✳ ❋♦❧❧♦✇✐♥❣ ❘♦s❡♥❜❡r❣✬s
❧✐st✱ ✇❡ ❦♥♦✇ t❤❛t PolFH

rhs ♠✉st ❝♦♥t❛✐♥ ❛t ❧❡❛st ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱ ♦r ❛
♠❛❥♦r✐t②✱ ♦r ❛ ♠✐♥♦r✐t②✱ ♦r ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥✱ ♦r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r✲
❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✱ ♦r ❡❧s❡ PolFH

rhs ✐s ❝♦♠♣♦s❡❞ ♦❢ ❡ss❡♥t✐❛❧❧②
✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✳

❍♦✇❡✈❡r✱ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❛t F ❝♦♥t❛✐♥s ❡❛❝❤ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ♦♥ D
✭▲❡♠♠❛ ✹✳✷✳✻✮✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥ ✐♥ PolFH

rhs ✭r❡♠❡♠❜❡r
❘❡♠❛r❦ ✹✳✷✳✼✮✳

■❢ PolFH
rhs ❝♦♥t❛✐♥s ❛ ♠❛❥♦r✐t② ♦r ❛ ♠✐♥♦r✐t②✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✹

✇❡ ❦♥♦✇ t❤❛t PolFH ❝♦♥t❛✐♥s ❛❧s♦ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ♠❛❥♦r✐t② ♦r ♠✐♥♦r✐t②✳
❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ t❤❛t ❝s♣(F •) ✐s ✐♥
P✳

✺✺
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■❢ PolFH
rhs ❝♦♥t❛✐♥s ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✹

t❤❛t s✉❝❤ ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ FH ✱ t❤❛t ✐s✱ PolFH ❝❛♥✲
♥♦t ❝♦♥t❛✐♥ ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥✳ ❚❤✉s✱ ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ♥♦t ❝♦♥s✐❞❡r t❤✐s ❝❛s❡
s✐♥❝❡ ❜② t❤❡ ❘♦s❡♥❜❡r❣✬s ❧✐st✱ PolFH

rhs ♠✉st ❝♦♥t❛✐♥ ❛♥♦t❤❡r ♦♣❡r❛t✐♦♥ ✇❤✐❝❤
✐s ♥♦t ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥✳

■❢ PolFH
rhs ❝♦♥t❛✐♥s ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✱ t❤❡♥ ✐t ✐s ✇❡❧❧✲

❦♥♦✇♥ ✭s❡❡ ❬❏❈●✾✼❪ ❢♦r ✐♥st❛♥❝❡✮ t❤❛t ❝s♣(FH
rhs) ✐s NP✲❝♦♠♣❧❡t❡✳ ❲❡ ❞❡❞✉❝❡

t❤❡♥ ❜② ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ t❤❛t ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳
❍❡♥❝❡✱ t❤❡ ❧❛st ❝❛s❡ t♦ ❝♦♥s✐❞❡r ✐s ✇❤❡♥ PolFH

rhs ❝♦♥t❛✐♥s ❛ ❜✐♥❛r② ✐❞❡♠✲
♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ✜rst t❤❛t t❤✐s ♦♣❡r✲
❛t✐♦♥ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ■❢ ✐t ✐s✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✺ t❤❡r❡ ❡①✐sts ❛ ❜✐♥❛r②
❝♦♠♠✉t❛t✐✈❡ ❝♦♥s❡r✈❛t✐✈❡ ♦♣❡r❛t✐♦♥ ✭❜❝❝ ❢♦r s❤♦rt✮ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠
♦❢ FH

rhs✳ ▼♦r❡♦✈❡r ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✻✱ ❛ ❜❝❝ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢
FH

rhs ♠✉st ❜❡ ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ▲❡t✬s ♥❛♠❡ t❤✐s ♦♣❡r❛t✐♦♥ s✳ ■❢ s
✈❡r✐✜❡s t❤❡ ✐s♦♠♦r♣❤✐s♠ ♣r♦♣❡rt②✱ t❤❛t ✐s✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥♥❡❝t✐♥❣ ✐s♦♠♦r✲
♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡ ♦❢ s ❛♥❞ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠✐❧❛tt✐❝❡
♦❢ s ♦♥ FH

rhs✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✸✱ t❤❡r❡ ❡①✐sts ❛ ✇❛② t♦ ❡①t❡♥❞ s t♦
FH ✱ t❤❛t ✐s✱ PolFH ❛❧s♦ ❝♦♥t❛✐♥s ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s
✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t ❝s♣(F •) ✐s ✐♥ P✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐✲
t✐♦♥ ✹✳✷✳✸✱ ❛♥❞ t♦ ❬❇✉❧✵✻❜❪ s❤♦✇✐♥❣ t❤❛t ❛ ♣r♦❜❧❡♠ ❝s♣(S) ✐s ✐♥ P ✐❢ t❤❡ s❡t S
♦❢ r❡❧❛t✐♦♥s ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳ ■❢ s ❞♦❡s ♥♦t ✈❡r✐❢② t❤❡
✐s♦♠♦r♣❤✐s♠ ♣r♦♣❡rt②✱ t❤❡♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✸ s❤♦✇s t❤❛t t❤❡r❡ ✐s ♥♦ ✇❛②
t♦ ❡①t❡♥❞ s t♦ FH ✳ ❚❤✉s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝❛s❡ ❢♦r s❡♠✐✲♣r♦❥❡❝t✐♦♥✱ PolFH

rhs

♠✉st ❝♦♥t❛✐♥s ❛♥♦t❤❡r ❦✐♥❞ ♦❢ ♦♣❡r❛t✐♦♥✳ ❘❡♠❛r❦ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ❝❛♥
❜❡ ❢♦r ✐♥st❛♥❝❡ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ f ✇❤✐❝❤ ✐s ♥♦t
❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥✳

❋✐♥❛❧❧②✱ ✐❢ t❤❡ ❢❛❝t t❤❛t PolFH
rhs ❝♦♥t❛✐♥✐♥❣ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♥♦♥✲

❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ♦r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ✇❤✐❝❤
✐s ♥♦t ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ✐♠♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(FH)✱ t❤❡♥ t❤❡
♣r♦❜❧❡♠ ❝s♣(F •) ✐s ✐♥ P ✐❢ FH

rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥
✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✱ ♦r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✱ ♦r ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✳
❖t❤❡r✇✐s❡✱ FH

rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r ❡ss❡♥t✐❛❧❧② ✉♥❛r② ♦♣❡r❛t✐♦♥s ♦♥❧②✱ ❛♥❞ t❤❡♥
❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳ ✷

❲❡ ♠❛② ❤❛✈❡ ❢♦✉♥❞ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ s♦❧✈✐♥❣ ❝s♣(F •) ✐❢ FH
rhs

✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥✱ ❜✉t ✉♥❢♦r✲
t✉♥❛t❡❧② t❤✐s r❡s✉❧t ✐s t♦♦ r❡❝❡♥t t♦ ❜❡ ✇r✐tt❡♥ ✐♥ t❤✐s t❤❡s✐s s✐♥❝❡ ✇❡ ❛r❡ ♥♦t
❝♦♠♣❧❡t❡❧② s✉r❡ ♦❢ ✐t✳ ❚❤✉s✱ ♥♦t✐❝❡ t❤❛t t❤❡ ❝❧♦s✉r❡ ✉♥❞❡r ❛ ❜✐♥❛r② ✐❞❡♠♣♦✲
t❡♥t ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ♦♥❧② ✐s t❤❡ ❧❛st ✉♥❦♥♦✇♥ ❝❛s❡ ❢♦r❜✐❞❞✐♥❣ ✉s
t♦ ❝♦♥❝❧✉❞❡ t❤✐s ❝❤❛♣t❡r ❜② ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠✳

✺✻



✹✳✺✳ ❈❖◆❈▲❯❙■❖◆

✹✳✺ ❈♦♥❝❧✉s✐♦♥

❘❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ✜rst st❡♣s t♦✇❛r❞ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♠✲
♣❧❡①✐t② ♦❢ ❝s♣ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠
❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ❢♦r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥✳
❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❤❛♣t❡r✱ t❤❡ ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ♣r♦❜✲
❧❡♠ ✐s ♥♦t ❞❡✜♥✐t❡❧② ❝❧♦s❡❞ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❢♦r
♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣ ✇✐t❤ ♦r ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡❞ r♦✇s ✐♥ FH

rhs✳
■♥❞❡❡❞✱ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ t❡♠♣❧❛t❡ ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t
♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ♦r ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥
✇❤✐❝❤ ✐s ♥♦t ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥ ♦♥❧② ✐s ♥♦t ❝❧❡❛r✳

✺✼





❲❤❡♥ ②♦✉ ❞♦♥✬t ❦♥♦✇ ✇❤❡r❡ ❛

r♦❛❞ ❧❡❛❞s✱ ✐t s✉r❡ ❛s ❤❡❧❧ ✇✐❧❧

t❛❦❡ ②♦✉ t❤❡r❡✳

▲❡♦ ❘♦st❡♥ ✭✶✾✵✽✕✶✾✾✼✮ 5
❝s♣(F •) ❛♥❞ ❦❡r♥❡❧ ✇✐❞t❤

❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s t❤❡ ✈❡r② ❧❛st r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t✐♠❡
✇❛s r✉♥♥✐♥❣ ♦✉t t♦ ❞❡❡♣❡♥ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ❤♦✇✲
❡✈❡r ❛ ✜rst st❡♣ ❤❛s ❜❡❡♥ ♠❛❞❡ t♦✇❛r❞ t❤❡ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ ♠❡❝❤❛♥✐s♠s ♦❢
❦❡r♥❡❧ ✇✐❞t❤✱ ❛♥❞ t❤✐s t♦♦❧ ❝♦✉❧❞ ❜❡ ❣r❡❛t❧② ✉s❡❢✉❧ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♠✲
♣❧❡①✐t② ♦❢ s♦♠❡ s✉❜✲♣r♦❜❧❡♠s ♦❢ t❤❡ ❝s♣ ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s✱ ❛♥❞
❜② ❡①t❡♥s✐♦♥ t❤❛♥❦s t♦ ❋❡❞❡r✱ ▼❛❞❡❧❛✐♥❡ ❛♥❞ ❙t❡✇❛rt✬s r❡s✉❧t ✐♥ ❬❋▼❙✵✹❪✱ t♦
s✉❜✲♣r♦❜❧❡♠s ♦❢ t❤❡ ❝s♣(S) ♣r♦❜❧❡♠s✳

❯♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ♦❢t❡♥ ✉s❡s t❤❡ ❝♦♥❝❡♣t ♦❢ ❦❡r♥❡❧✳ ❲❡ ❞❡✜♥❡ t❤✐s ♥♦t✐♦♥
✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ▲❡t f : D → D ❜❡ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ ✇✐t❤
r❛♥❣❡ ran f ✳ ❆ d✲❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ ❢♦r d ∈ ran f ❛♥❞ ❞❡♥♦t❡❞ ❜② [d]f ✱ ✐s t❤❡
s❡t ♦❢ ❡❧❡♠❡♥ts [d]f = {x ∈ D | f(x) = d}✳ ❚❤❡ ❦❡r♥❡❧ ker f ♦❢ ❛ ❢✉♥❝t✐♦♥
f ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✇✐t❤ ❝❛r❞✐♥❛❧✐t② str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ✶
❢♦r ❛❧❧ d ∈ ran f ✱ ✐✳❡✳ ker f = {[d]f | d ∈ ran f ❛♥❞ |[d]f | ≥ 2}✳

❊①❛♠♣❧❡ ✺✳✵✳✶ ▲❡t f ✱ g ❛♥❞ h ❜❡ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ D =
{0, 1, 2, 3} s✉❝❤ t❤❛t

x f(x) g(x) h(x)

0 0 0 1
1 1 1 1
2 2 0 1
3 3 1 1

❚❤❡♥ ker f = ∅✱ ker g = {{0, 2}; {1, 3}} ❛♥❞ kerh = {{0, 1, 2, 3}}✳ �

❋r♦♠ ♥♦✇ ♦♥✱ ✐♥ ♦r❞❡r t♦ ❧✐❣❤t❡♥ ♥♦t❛t✐♦♥s ✇❡ ✇✐❧❧ ✇r✐t❡

ker f = {(a, b); (c, d, e)}

✐♥st❡❛❞ ♦❢ ker f = {{a, b}; {c, d, e}}✳
◆♦t✐❝❡ ✇❡ ❤❛✈❡ ♦♥❧② ❞❡✜♥❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❦❡r♥❡❧ ❢♦r ✉♥❛r② ❢✉♥❝t✐♦♥s✳

■♥❞❡❡❞✱ t❤✐s ♥♦t✐♦♥ ✐s q✉✐t❡ ♥❛t✉r❛❧ ❢♦r ✉♥❛r② ❢✉♥❝t✐♦♥s✱ ❜✉t ❜❡❝♦♠❡s ✐♠♠❡✲
❞✐❛t❡❧② ❝♦♠♣❧✐❝❛t❡❞ t♦ ❡①t❡♥❞ t❤✐s ♥♦t✐♦♥ t♦ k✲❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ❤❛✈❡ ♥♦t

✺✾



❈❍❆P❚❊❘ ✺✳ ❈❙P(F •) ❆◆❉ ❑❊❘◆❊▲ ❲■❉❚❍

❞❡✈❡❧♦♣❡❞ s♦ ❢❛r ❛ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ❡①♣❧♦✐t ❦❡r♥❡❧s ♦❢ k✲❛r② ❢✉♥❝t✐♦♥s ❜❡✲
❝❛✉s❡ ♦❢ t❤✐s ❞✐✣❝✉❧t②✱ ❜✉t ❛❧s♦ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ♥♦t ❝♦♥✈✐♥❝❡❞ ❜② t❤❡ ❜❡♥❡✜t
t❤❛t s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ❝♦✉❧❞ ❣✐✈❡ ✉s✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❦❡r♥❡❧ ✇✐❞t❤✳ ❲❡ s❛② t❤❛t ❛ ❦❡r♥❡❧ ker f
✐s ❛ s✉❜s❡t ♦❢ ❛ ❦❡r♥❡❧ ker g✱ ❞❡♥♦t❡❞ ❜② ker f ⊆ ker g✱ ✐❢ ❢♦r ❛❧❧ a ∈ ran f
t❤❡r❡ ❡①✐sts b ∈ ran g s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ [a]f ⊆ [b]g✱ t❤❛t ✐s✱ ❡✈❡r② ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss ✐♥ ker f ✐s ❛ s✉❜s❡t ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ker g✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡
t❛❦❡ ❊①❛♠♣❧❡ ✺✳✵✳✶✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥s ker f ⊆ ker g ❛♥❞ ker g ⊆ kerh
✭❛♥❞ t❤❡♥ ker f ⊆ kerh s✐♥❝❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❦❡r♥❡❧s ✐s tr❛♥s✐t✐✈❡✮✳ ❚❤✉s✱
t✇♦ ❦❡r♥❡❧s ker f ❛♥❞ ker g ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❢ ker f * ker g ❛♥❞ ker g * ker f
❤♦❧❞✳

❋r♦♠ t❤✐s ♥♦t✐♦♥ ♦❢ ✐♥❝❧✉s✐♦♥✱ ✇❡ ❞❡r✐✈❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❦❡r♥❡❧ ✇✐❞t❤✱ ♦r
✇✐❞t❤ ❢♦r s❤♦rt✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ ❜② widthF
t❤❡ ✇✐❞t❤ ♦❢ t❤✐s s❡t✱ s✉❝❤ t❤❛t widthF ✐s t❤❡ ♠❛①✐♠❛❧ ❛♥t✐✲❝❤❛✐♥ ✐♥ t❤❡
s❡t ♦❢ ♥♦♥✲❡♠♣t② ❦❡r♥❡❧s ✐♥ [F ] ♦r❞❡r❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱
widthF ✐s t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♥♦♥✲❡♠♣t② ♣❛✐r✇✐s❡ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧s
♦❢ ❢✉♥❝t✐♦♥s ✐♥ [F ]✳ ❲❡ t❤✐♥❦ t❤❛t t❤✐s ♥♦t✐♦♥ ♦❢ ❦❡r♥❡❧ ✇✐❞t❤ ♠❛② ❤❛✈❡ ❛
❣r❡❛t ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣✱ ✐♥ ❣❡♥❡r❛❧
♦r ❛t ❧❡❛st ❢♦r s♦♠❡ s✉❜✲♣r♦❜❧❡♠s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst ♣r♦✈❡ t❤❛t ❛ ❧✐♥❡❛r ❦❡r♥❡❧ ✇✐❞t❤✱ t❤❛t ✐s ❛ ❦❡r✲
♥❡❧ ✇✐❞t❤ ❡q✉❛❧s t♦ 1✱ ✐♠♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(F •)✱ ✇✐t❤ F ❛ s❡t ♦❢
❛r❜✐tr❛r② ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ ✜①❡❞ ❞♦♠❛✐♥ D✳ ❚❤✐s r❡s✉❧t ❤♦❧❞s ❢♦r ❡✈✲
❡r② ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❞♦♠❛✐♥ D✳ ❚❤❡♥✱ t❤❡ ♥❡①t s❡❝t✐♦♥ ❝♦♥t❛✐♥s t❤❡ ❢✉❧❧
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •)✱ ✇❤❡r❡ F ✐s ❛ s❡t ♦❢ ❛r❜✐tr❛r②
✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ t❡r♥❛r② ❞♦♠❛✐♥✱ ✇✐t❤ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ✉s✐♥❣ t❤❡
❦❡r♥❡❧ ✇✐❞t❤ ♠❡t❤♦❞✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤
t❤❡ NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✇✐t❤ F ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s
❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦✈❡r ❛ ✜①❡❞ ❞♦♠❛✐♥ D ✐❢ t❤❡ ✐♥❡q✉❛❧✐t② widthF ≥ |D|
❤♦❧❞s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st r❡s✉❧ts ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ✇❡r❡ ❛❧✲
r❡❛❞② ❦♥♦✇♥ s✐♥❝❡ t❤❡② ❛r❡ ❝♦✈❡r❡❞ r❡s♣❡❝t✐✈❡❧② ❜② t❤❡ ❇✉❧❛t♦✈✬s t❤❡♦r❡♠
✐♥ ❬❇✉❧✵✻❛❪ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✺ ✐♥ ❈❤❛♣t❡r ✹✳ ❆❝t✉❛❧❧②✱ t❤✐s ✜rst r❡s✉❧t ♦❢
t❤✐s ❝❤❛♣t❡r ✭t❤❛t ✐s✱ t❤❡ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠✮ ❤❛s ❜❡❡♥ ❛❧r❡❛❞② ❢♦✉♥❞ ❜②
❇r♦♥✐❡❦ ❛♥❞ ♣✉❜❧✐s❤❡❞ ❬❇r♦✵✺❪✱ ❜✉t ♦✉r ♣r♦♦❢ ✐s s✐♠♣❧❡r t❤❛♥ ❇r♦♥✐❡❦✬s ♦♥❡✱
✉s✐♥❣ ❦♥♦✇♥ r❡s✉❧ts ✐♥ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛✱ ❛♥❞ ❧❡❛❞s ✉s t♦ ❛ ❜❡tt❡r ❝♦♠♣r❡✲
❤❡♥s✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❦❡r♥❡❧ ✇✐❞t❤ ❛♥❞ ❝♦♠♣❧❡①✐t②✳ ▼♦r❡♦✈❡r✱ ✇❡
✇♦✉❧❞ ❧✐❦❡ t♦ str❡ss t❤❛t t❤♦s❡ r❡s✉❧ts ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✜rst ❞✐❝❤♦t♦♠②
t❤❡♦r❡♠ ❛♥❞ t❤❡ ✜rst ♣r♦♦❢ ♦❢ NP✲❝♦♠♣❧❡t❡♥❡ss ♦✈❡r ❡✈❡r② ❝❛r❞✐♥❛❧✐t② ♦❢ ❞♦✲
♠❛✐♥ ✈✐❛ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ♠❡t❤♦❞✳ ❇❡s✐❞❡s✱ t❤❡ r❡s✉❧t ♦❢ tr❛❝t❛❜✐❧✐t② ✐♥ t❤❡
s❡❝♦♥❞ s❡❝t✐♦♥ ✇❛s ♥♦t ❦♥♦✇♥ s♦ ❢❛r✳
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✺✳✶✳ WIDTHF = 1 ■▼P▲■❊❙ ❚❘❆❈❚❆❇■▲■❚❨

✺✳✶ width F = 1 ✐♠♣❧✐❡s tr❛❝t❛❜✐❧✐t②

✺✳✶✳✶ ■♥t❡r♠❡❞✐❛r② r❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s
♦♥ ❛ ✜①❡❞ s✐③❡ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t widthF = 1 ❤♦❧❞s✳ ❲❡ s❤♦✇ t❤❛t ❢♦r ❛❧❧
f, g ∈ F ✱ ✇❡ ❤❛✈❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ker f ◦g ⊆ ker f ⇒ ker f ◦g = ker f ✳ ❋✐rst✱
✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✶✳✶ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✱
❛♥❞ ❧❡t f, g ∈ F ✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿ ran(f ◦ g) ⊆ ran f ❛♥❞ ker g ⊆
ker(f ◦ g)✳

Pr♦♦❢✿ ❊✈❡r② ✉♥❛r② ❢✉♥❝t✐♦♥ f ∈ F ✐s ♠♦♥♦t♦♥❡✱ ✐✳❡✳✱ ✐❢ A ⊆ B t❤❡♥ f(A) ⊆
f(B) ❤♦❧❞s ❢♦r ❛❧❧ s✉❜s❡ts A,B ♦❢ D✳ ❙✐♥❝❡ ran g ⊆ D ❛♥❞ f ✐s ♠♦♥♦t♦♥❡✱ ✇❡
❤❛✈❡ f(ran g) ⊆ f(D)✳ ▼♦r❡♦✈❡r✱ f(ran g) ✐s ran(f ◦ g) ❛♥❞ f(D) ✐s ran f ✳
❚❤❡r❡❢♦r❡ t❤❡ ✐♥❝❧✉s✐♦♥ ran(f ◦ g) ⊆ ran f ❤♦❧❞s✳ ▲❡t x, y ∈ ker g✳ ❲❡ ❤❛✈❡
g(x) = g(y)✱ t❤❡r❡❢♦r❡ (f ◦ g)(x) = (f ◦ g)(y)✱ ✐✳❡✳ x, y ∈ ker(f ◦ g)✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D✳ ❋♦r
❛❧❧ f, g ∈ F ✱ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ker f ◦ g ⊆ ker f ⇒ ker f ◦ g = ker f ❤♦❧❞s✳

Pr♦♦❢✿ ▲❡t f ❛♥❞ g ❜❡ t✇♦ ❢✉♥❝t✐♦♥s ✐♥ F s✉❝❤ t❤❛t ker f◦g ⊆ ker f ✳ ❚❤❡♥✱ ❢♦r
❛❧❧ x, y ∈ D s✉❝❤ t❤❛t f ◦ g(x) = f ◦ g(y)✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥ f(x) = f(y)✳

❋✐rst✱ ♥♦t✐❝❡ t❤❛t f(x) 6= f(y) ⇒ f ◦ g(x) 6= f ◦ g(y) ⇒ g(x) 6= g(y) ❤♦❧❞
❢♦r ❛❧❧ x, y s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ✇❡ ❤❛✈❡ ker g ⊆ ker f ◦ g ❜② ▲❡♠♠❛ ✺✳✶✳✶✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ker f◦g  ker f ✳ ❚❤✉s✱ ❧❡t x1, y1 ∈ D✱ x1 6= y1✱ s✉❝❤
t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② (f ◦ g)(x1) 6= (f ◦ g)(y1) ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ f(x1) = f(y1)
❤♦❧❞✳

▲❡t x2, y2 ∈ D ❜❡ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ g(x1) = x2 ❛♥❞ g(y1) = y2 ✳
◆❡❝❡ss❛r✐❧②✱ ✇❡ ❤❛✈❡ x2 6= y2 ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ❢r♦♠ ▲❡♠♠❛ ✺✳✶✳✶
(f ◦ g)(x) 6= (f ◦ g)(y) ⇒ g(x) 6= g(y)✳ ❚❤❡♥ ✇❡ ❤❛✈❡ f(x2) 6= f(y2)✱ ❛♥❞ ✇❡
❞❡❞✉❝❡ ❢r♦♠ ker f ◦ g ⊆ ker f t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② f ◦ g(x2) 6= f ◦ g(y2) ❤♦❧❞s✳
❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡❞ x3 ❛♥❞ y3 s✉❝❤ t❤❛t g(x2) = x3 ❛♥❞ g(y2) = y3✱ ❛♥❞ s♦
♦♥✳ ✭✐✮

◆♦t✐❝❡ t❤❛t ❡✈❡r② xi, yi ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢✉♥❝t✐♦♥ g✳
◆❡❝❡ss❛r✐❧②✱ t❤❡r❡ ❡①✐st n0 ∈ N ❛♥❞ k ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② n ≥ n0 ✇❡

❤❛✈❡ gk(xn) = xn ❛♥❞ gk(yn) = yn✱ ✇✐t❤ xn ❛♥❞ yn ♦❜t❛✐♥❡❞ ❛s ♣r❡✈✐♦✉s❧②✳
❲❡ ❤❛✈❡ t❤❡♥ gk−1(xn) = xn+k−1 ❛♥❞ gk−1(yn) = yn+k−1✳

▲❡t j ❜❡ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥ ♦❢ g s✉❝❤ t❤❛t gj(x1) = xn0
❛♥❞

gj(y1) = yn0
✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥s gj(x1) = gk′

(xn0
) ❛♥❞ gj(y1) = gk′

(yn0
)
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❤♦❧❞✱ ✇✐t❤ k′ > j ❛ ♠✉❧t✐♣❧❡ ♦❢ k✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♦❜✈✐♦✉s❧② f ◦ gj(x1) =
f ◦ gk′

(xn0
) ❛♥❞ f ◦ gj(y1) = f ◦ gk′

(yn0
)✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥

ker f ◦ g ⊆ ker f ✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥s f ◦ gj−1(x1) = f ◦ gk′−1(xn0
)

❛♥❞ f ◦ gj−1(y1) = f ◦ gk′−1(yn0
)✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ k′ > j✳ ❚❤❡♥✱ ❜②

✐t❡r❛t✐♦♥ t❤❡ ❡q✉❛t✐♦♥s f(x1) = f◦gk′−j(xn0
) ❛♥❞ f(y1) = f◦gk′−j(yn0

) ❤♦❧❞✳
▲❡t x′, y′ ∈ D ❜❡ t✇♦ ✈❛❧✉❡s s✉❝❤ t❤❛t x′ = gk′−j(xn0

) ❛♥❞ y′ = gk′−j(yn0
)✳

◆♦t✐❝❡ t❤❛t x′ ❛♥❞ y′ ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ s♦♠❡ ✐t❡r❛t✐♦♥ ♦❢ g✱ ❛♥❞ ❜② ♦✉r
♥♦t❛t✐♦♥ ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t x′ = xn0+((k′−j)[k]) ❛♥❞ y′ = yn0+((k′−j)[k])✳ ❇②
❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t f(x1) = f(y1)✱ t❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥
f(x′) = f(y′) ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ (i)✱ s✐♥❝❡ x′ ❛♥❞ y′ ❛r❡ ❜✉✐❧t
t❤r♦✉❣❤ t❤❡ ❢✉♥❝t✐♦♥ g st❛rt✐♥❣ ❢r♦♠ x1 ❛♥❞ y1✳ ❚❤✉s ✇❡ ❝❛♥♥♦t ❤❛✈❡ t❤❡
str✐❝t ✐♥❝❧✉s✐♦♥ ker(f ◦ g)  ker f ✱ s♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ker(f ◦ g) = ker f
❤♦❧❞s ✐❢ ker(f ◦ g) ✐s ✐♥❝❧✉❞❡❞ ✐♥ ker f ✳ ✷

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ s♣❡❝✐✜❝❛❧❧② ✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

◆♦t❛t✐♦♥ ✺✳✶✳✸ ❲❡ ✇r✐t❡ x1, . . . , xk ⊲ ker f ✐❢ x1, . . . , xk ❛r❡ ❡❧❡♠❡♥ts ❝♦♥✲
t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ker f ✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❞❡♥♦t❡ ❜②
x1, . . . , xk ⋫ ker f ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st t✇♦ ❡❧❡♠❡♥ts xi ❛♥❞ xj ❛♠♦♥❣ x1, . . . , xk

✇❤✐❝❤ ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ker f ✳

❲❡ r❡❝❛❧❧ t❤❡ ❊①❛♠♣❧❡ ✺✳✵✳✶ ❣✐✈❡♥ ✐♥ ♣r❡❧✐♠✐♥❛r✐❡s✳

❊①❛♠♣❧❡ ✺✳✶✳✹ ▲❡t f ✱ g ❛♥❞ h ❜❡ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ D = {0, 1, 2, 3}
s✉❝❤ t❤❛t

x f(x) g(x) h(x)

0 0 0 1
1 1 1 1
2 2 0 1
3 3 1 1

❚❤❡♥ ker f = ∅✱ ker g = {(0, 2); (1, 3)} ❛♥❞ kerh = {(0, 1, 2, 3)}✳ �

❚❤✉s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ 0, 2 ⊲ ker g✱ 1, 3 ⊲ ker g ❜✉t
❛❧s♦ 0, 1 ⋫ ker g ❢♦r ✐♥st❛♥❝❡✳

▲❡♠♠❛ ✺✳✶✳✺ ▲❡t D ❜❡ ❛ ❞♦♠❛✐♥ ♦❢ s✐③❡ n ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s
♦♥ D s✉❝❤ t❤❛t widthF = 1✳ ▲❡t h ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ [F ]✱ t❤❡♥ ❢♦r ❡✈❡r②
x1, x2 ∈ D t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ✇❡ ❤❛✈❡ h(x1) = y1 ❛♥❞ h(x2) = y2✱ ❛♥❞
t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ [F ] s✉❝❤ t❤❛t x1, x2 ⊲ ker f ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ∈ [F ] s✉❝❤ t❤❛t y1, y2 ⊲ ker g✳

✻✷
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Pr♦♦❢✿
⇐ ✿ ▲❡t y1, y2 ❜❡ s✉❝❤ t❤❛t y1, y2 ⊲ ker g✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ g ∈ [F ]✳ ❚❤❡♥
x1, x2 ⊲ ker g ◦ h ❤♦❧❞s✳

⇒ ✿ ▲❡t x1, x2 ❜❡ s✉❝❤ t❤❛t x1, x2 ⊲ ker f ✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ f ∈ [F ]✳ ❙✉♣♣♦s❡
t❤❛t y1, y2 ⋫ ker g ❢♦r ❡✈❡r② g ∈ [F ]✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t② g(y1) 6=
g(y2)✱ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② g ◦ h(x1) 6= g ◦ h(x2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡
f ◦ h(x1) 6= f ◦ h(x2)✳ ❙✐♥❝❡ widthF = 1✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r ker f ⊆ ker f ◦ h
♦r ker f ◦ h ⊆ ker f ✳ ■♥ t❤❡ ✜rst ❝❛s❡ ✇❡ ❛r❡ ❞♦♥❡✱ ❜❡❝❛✉s❡ t❤✐s ✐♠♣❧✐❡s t❤❡
❝♦♥tr❛❞✐❝t✐♦♥ f ◦ h(x1) = f ◦ h(x2)✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ t❤❛t ker(f ◦ h) = ker f ❛♥❞ ❞❡r✐✈❡ t❤❡ s❛♠❡ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ ✐♠♠❡❞✐❛t❡❧②✳ ✷

✺✳✶✳✷ ▼❛✐♥ r❡s✉❧t

▲❡t D ❜❡ ❛ ❞♦♠❛✐♥ ♦❢ s✐③❡ n ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ D s✉❝❤
t❤❛t widthF = 1✱ t❤❛t ✐s✱ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥s f ❛♥❞ g ✐♥ [F ]✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r
ker f ⊆ ker g ♦r ker g ⊆ ker f ✳ ❚❤✉s✱ ✇❤❡♥ ✇❡ s♣❡❛❦ ❛❜♦✉t s♠❛❧❧❡st ♦r
❧❛r❣❡st ❦❡r♥❡❧s✱ t❤✐s ✐s r❡❣❛r❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r ♦r❞❡r ❜② ✐♥❝❧✉s✐♦♥✳ ▼♦r❡♦✈❡r✱
✇❡ ❝❛❧❧ ❛ ♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧ ❛ ❦❡r♥❡❧ ✇❤✐❝❤ ✐s ♥❡✐t❤❡r t❤❡ ❡♠♣t② ❦❡r♥❡❧ ♥♦r
t❤❡ ❦❡r♥❡❧ ❝♦♥t❛✐♥✐♥❣ ❡✈❡r② ❡❧❡♠❡♥ts ✐♥ D ✐♥ ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳ ▼♦r❡
❢♦r♠❛❧❧②✱ ❛ ❦❡r♥❡❧ ker f ✐s ♥♦♥✲tr✐✈✐❛❧ ✐❢ t❤❡r❡ ❡①✐sts d1, . . . , dk ∈ D s✉❝❤ t❤❛t
d1, . . . , dk ⊲ ker f ❛♥❞ |d1, . . . , dk| < |D| ❤♦❧❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❡❡
t❤❛t widthF = 1 ✐♠♣❧✐❡s t❤❡ ❢❛❝t t❤❛t ❝s♣(F •) ✐s ✐♥ P✳

▲❡t M ❜❡ t❤❡ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿ ❝♦♥s✐❞❡r M(x, y, z)✱
✇✐t❤ x, y ❛♥❞ z ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ [F ] s✉❝❤
t❤❛t ker f ✐s t❤❡ s♠❛❧❧❡st ♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧ ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st t✇♦ ❡❧❡♠❡♥ts
❢r♦♠ {x, y, z} ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ✭❢♦r ❡①❛♠♣❧❡✱ x, z ⊲ ker f✮✱
t❤❡♥ M(x, y, z) r❡t✉r♥s t❤❡ ✜rst ❡❧❡♠❡♥t ✐♥ t❤❡ ✐♥♣✉t t❤❛t ❜❡❧♦♥❣s t♦ ker f ✳
■❢ t❤✐s ❧❛st ♣r♦♣❡rt② ❞♦❡s ♥♦t ❤♦❧❞✱ ✇❡ ❛r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡r❡ ✐s
♥♦ ♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧s ❝♦♥t❛✐♥✐♥❣ t✇♦ ❡❧❡♠❡♥ts ❢r♦♠ {x, y, z} ✐♥ t❤❡ s❛♠❡
❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ✭t❤❛t ✐s✱ ❡✈❡♥ t❤❡ ❧❛r❣❡st ♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧ ❞♦❡s ♥♦t ❝♦♥t❛✐♥
t✇♦ ❡❧❡♠❡♥ts ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✮✳ ❚❤❡♥ M(x, y, z)
r❡t✉r♥s t❤❡ ✜rst ❡❧❡♠❡♥t ✐♥ t❤❡ ✐♥♣✉t❀ ✐♥ t❤✐s ❝❛s❡ M ❛❝ts ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥
♦♥ t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ t❤❡ ✐♥♣✉t✳

❊①❛♠♣❧❡ ✺✳✶✳✻ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❝♦♠♣♦s❡❞ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ ❛
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s❡t F = {f, g, h, i}✿

x f(x) g(x) h(x) i(x)

0 0 0 1 3
1 1 0 1 3
2 2 2 1 3
3 3 3 2 3
4 4 4 3 3

❋✐rst✱ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❝❧♦s✉r❡ [F ] ❞♦❡s ♥♦t ❝r❡❛t❡ ♦t❤❡r
❦❡r♥❡❧s t❤❛♥ ker f ✱ ker g✱ kerh ❛♥❞ ker i✳

❚❤❡ ♠❛❥♦r✐t② M(2, 1, 0) ♠✉st ♦✉t♣✉t 1 s✐♥❝❡ ker g ✐s t❤❡ s♠❛❧❧❡st ❦❡r♥❡❧
❝♦♥t❛✐♥✐♥❣ t✇♦ ❡❧❡♠❡♥ts ❛♠♦♥❣ 0✱ 1 ❛♥❞ 2 ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱
✐✳❡✳ 0 ❛♥❞ 1✱ ❛♥❞ 1 ✐s t❤❡ ✜rst ❡❧❡♠❡♥t ✐♥ t❤❡ ✐♥♣✉t (2, 1, 0) ❛♠♦♥❣ t❤❡s❡ t✇♦
❡❧❡♠❡♥ts✳

❙✐♠✐❧❛r❧②✱ M(2, 3, 0) ♠✉st ♦✉t♣✉t 2✱ ✇✐t❤ t❤✐s t✐♠❡ kerh t❤❡ s♠❛❧❧❡st ❦❡r✲
♥❡❧ ✈❡r✐❢②✐♥❣ ♦✉r ♣r♦♣❡rt②✳

▲❛st ❡①❛♠♣❧❡✱ M(2, 3, 4) ♠✉st ♦✉t♣✉t 2✱ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❦❡r✲
♥❡❧s ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st t✇♦ ❡❧❡♠❡♥ts ❛♠♦♥❣ 2✱ 3 ❛♥❞ 4 ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛✲
❧❡♥❝❡ ❝❧❛ss✳ �

❚❤❡♦r❡♠ ✺✳✶✳✼ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t
widthF = 1✳ ❚❤❡♥ ❡✈❡r② r❡❧❛t✐♦♥ ✐♥ F • ✐s ✐♥✈❛r✐❛♥t ❜② t❤❡ ♣r❡✈✐♦✉s ♠❛❥♦r✐t②
♦♣❡r❛t✐♦♥ M ✳

Pr♦♦❢✿ ❋♦r ❡❛❝❤ r❡❧❛t✐♦♥ R ✐♥ F •✱ ✇❡ ❛♣♣❧② t❤❡ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ M ♦♥
t❤r❡❡ t✉♣❧❡s (x1, y1)✱ (x2, y2) ❛♥❞ (x3, y3) ∈ R✱ ❛♥❞ ✇❡ ✇✐❧❧ ♣r♦♦❢ t❤❛t t❤❡
t✉♣❧❡ (M(x1, x2, x3),M(y1, y2, y3)) ❜❡❧♦♥❣s t♦ R✳

❲❡ ❝❛♥ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ❝❛s❡s✿ ❋✐rst✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st
i ❛♥❞ j✱ i 6= j s✉❝❤ t❤❛t xi = xj ✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ r❡❧❛t✐♦♥ R ✐s t❤❡ ❣r❛♣❤
♦❢ ❛ ❢✉♥❝t✐♦♥✱ t❤❡♥ ❢♦r ❡❛❝❤ x ∈ D✱ t❤❡r❡ ❡①✐sts ♦♥❧② ♦♥❡ y ∈ D s✉❝❤ t❤❛t
(x, y) ∈ R✳ ❚❤❡♥✱ t❤❡ ❡q✉❛t✐♦♥ xi = xj ✐♠♣❧✐❡s t❤❡ ❢❛❝t t❤❛t ✇❡ ♠✉st ❤❛✈❡
yi = yj ✳ ❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ t❤❛t (M(xi, xi, xk),M(yi, yi, yk)) = (xi, yi) s✐♥❝❡
M ✐s ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ✭♥♦t❡ t❤❛t t❤✐s ✐s tr✉❡ ❢♦r ❡✈❡r② ♣❡r♠✉t❛t✐♦♥s ♦❢
t❤❡s❡ t✉♣❧❡s✮✳

❆ss✉♠❡ ♥♦✇ t❤❛t x1, x2 ❛♥❞ x3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ❲❡ ❤❛✈❡ t❤❡♥ t✇♦
s✉❜✲❝❛s❡s✿ y1, y2 ❛♥❞ y3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ♦r ♥♦t✳

❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st i ❛♥❞ j✱ i 6= j s✉❝❤ t❤❛t yi = yj ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡
xi, xj ⊲ kerh✱ ✇✐t❤ h t❤❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t R = h•✳ ❙✐♥❝❡ M ✐s ❛ ♠❛❥♦r✐t②
♦♣❡r❛t✐♦♥✱ ✇❡ ❤❛✈❡ M(yi, yi, yk) = yi✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ M ✱ ✇❡
♠✉st ❤❛✈❡ M(xi, xj , xk) = xi s✐♥❝❡ M ♦✉t♣✉ts t❤❡ ✜rst ❡❧❡♠❡♥t ❜❡❧♦♥❣✐♥❣

✻✹
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❚❍❊ ❑❊❘◆❊▲ ❲■❉❚❍

t♦ ❛ ❦❡r♥❡❧✳ ◆♦t❡ t❤❛t ❛❣❛✐♥✱ t❤✐s ❢❛❝t ✐s tr✉❡ ❢♦r ❡✈❡r② ♣❡r♠✉t❛t✐♦♥s ♦❢
(xi, xj , xk) ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ t✉♣❧❡ (yi, yj , yk)✳

❆ss✉♠❡ ✜♥❛❧❧② t❤❛t y1, y2 ❛♥❞ y3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ❇② ▲❡♠♠❛ ✺✳✶✳✺✱
✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts f ∈ [F ] s✉❝❤ t❤❛t xi, xj ⊲ ker f ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts g ∈ [F ] s✉❝❤ t❤❛t yi, yj ⊲ ker g✱ ❢♦r ❡✈❡r② i, j ∈ {1, 2, 3}✳

❍❡♥❝❡✱ ✐❢ ❛t ❧❡❛st t✇♦ ❡❧❡♠❡♥ts ❜❡t✇❡❡♥ xi, xj ❛♥❞ xk ❜❡❧♦♥❣ t♦ ❛♥ ❡q✉✐✈✲
❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❛ ♠✐♥✐♠❛❧ ❦❡r♥❡❧ ker f ✱ s❛② xj ❛♥❞ xk✱ ✇❡ ♦✉t♣✉t t❤❡ ✜rst
♦♥❡ ✐♥ t❤❡ ✐♥♣✉t✱ ✐✳❡✳ xj ✳ ❲❡ ❤❛✈❡ t❤❡♥ xj , xk ⊲ ker f ✳ ❇② ▲❡♠♠❛ ✺✳✶✳✺✱
t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ∈ [F ] s✉❝❤ t❤❛t yj , yk ⊲ ker g ❤♦❧❞s✱ ❛♥❞ ✇❡ ❦♥♦✇
t❤❛t xi ❝❛♥♥♦t ❜❡❧♦♥❣s t♦ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss t❤❛♥ xj ❛♥❞ xk ❢♦r ❛♥②
♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧✳ ❚❤❡♥ ❜② t❤❡ s❛♠❡ ❧❡♠♠❛✱ yj ♠✉st ❜❡ t❤❡ ✜rst ❡❧❡♠❡♥t
❛♠♦♥❣ yi, yj ❛♥❞ yk ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❛ ❦❡r♥❡❧✱ ❛♥❞M
♠✉st ♦✉t♣✉t ✐t✳ ❲❡ ❤❛✈❡ t❤❡♥ (M(xi, xj , xk),M(yi, yj , yk)) = (xj , yj)✳ ◆♦✇✱
s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ t✇♦ ❡❧❡♠❡♥ts ❛♠♦♥❣ xi, xj ❛♥❞ xk ✇❤✐❝❤ ❜❡❧♦♥❣ t♦
❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❛ ❦❡r♥❡❧✱ t❤❛t ✐s✱ ✇❡ ❤❛✈❡ xi, xj ⋫ kerh✱ xi, xk ⋫ kerh
❛♥❞ xj , xk ⋫ kerh✱ ❢♦r kerh ❛ ♠❛①✐♠❛❧ ♥♦♥✲tr✐✈✐❛❧ ❦❡r♥❡❧✳ ❲❡ ❦♥♦✇ t❤❛t
✐t ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r yi, yj ❛♥❞ yk ❜② ▲❡♠♠❛ ✺✳✶✳✺✳ ❚❤✉s✱ ❢♦❧❧♦✇✐♥❣ ♦✉r
❞❡✜♥✐t✐♦♥✱ M ♠✉st ❛❝ts ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ✜rst ❡❧❡♠❡♥t✳ ❲❡ ❤❛✈❡ t❤❡♥
(M(xi, xj , xk),M(yi, yj , yk)) = (xi, yi)✱ s♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ M t♦ F • ❧❡❛❞s
❛❣❛✐♥ t♦ ❛ t✉♣❧❡ ✐♥ F •✿ M ✐s t❤❡♥ ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✳ ✷

■t ✐s ❛ ✇❡❧❧✲❦♥♦✇ r❡s✉❧t ✭❚❤❡♦r❡♠ ✹✳✷✳✶✮ t❤❛t ❝s♣(S) ✐s ✐♥ P ✐❢ t❤❡ s❡t
S ♦❢ r❡❧❛t✐♦♥s ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t②✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❢♦r ❛ s❡t F ♦❢
✉♥❛r② r❡❧❛t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ ❞♦♠❛✐♥ D✱ t❤❡ ❧✐♥❡❛r ✇✐❞t❤ widthF = 1 ✐♠♣❧✐❡s
t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(F •)✳

✺✳✷ ❚❡r♥❛r② ❞♦♠❛✐♥s✿ ❉✐❝❤♦t♦♠② ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥

t❤❡ ❦❡r♥❡❧ ✇✐❞t❤

■♥ t❤✐s s❡❝t✐♦♥✱ F ✇✐❧❧ ❜❡ ❛ s❡t ♦❢ ❛r❜✐tr❛r② ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ t❡r♥❛r②
❞♦♠❛✐♥✳ ❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ♦✉r ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝s♣(F •)
t❤r♦✉❣❤ t❤❡ st✉❞② ♦❢ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ s♦♠❡ ✐♥t❡r♠❡❞✐❛r②
r❡s✉❧ts✳ ■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ❞❡❛❧ ✇✐t❤ tr❛❝t❛❜❧❡ ❛♥❞ ✐♥tr❛❝t❛❜❧❡ ❝❛s❡s✱ ❛♥❞
t❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❛♥❞ t❤❡ ♠❡t❛✲
♣r♦❜❧❡♠ st✉❞②✳ ◆♦t✐❝❡ t❤❛t t❤✐s ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ✐s ❛❧r❡❛❞② ❝♦✈❡r ❜②
❇✉❧❛t♦✈✬s r❡s✉❧t ✐♥ ❬❇✉❧✵✻❛❪✳ ❍♦✇❡✈❡r t❤✐s ✐s t❤❡ ✜rst ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠
♣r♦✈❡❞ ✈✐❛ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ♠❡t❤♦❞✳

❲❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ s❡q✉❡❧ t❤❛t F • ✐s ❛ ❝♦r❡✱ ♦t❤❡r✇✐s❡ t❤❡ ♣r♦❜❧❡♠ ❜❡✲
❝♦♠❡s ❛ ♣r♦❜❧❡♠ ♦✈❡r ❛ ❞♦♠❛✐♥ ♦❢ s✐③❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧s t♦ 2✱ ✇❤✐❝❤ ✐s

✻✺
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❛ ✇❡❧❧✲❦♥♦✇ ♣r♦❜❧❡♠ ❝♦✈❡r❡❞ ❜② ❙❝❤❛❡❢❡r✬s r❡s✉❧ts ✐♥ ❬❙❝❤✼✽❪✳ ❚❤✉s r❡♠❛r❦
t❤❛t F • ✇❤✐❝❤ ✐s ❛ ❝♦r❡ ♦✈❡r ❛ t❡r♥❛r② ❞♦♠❛✐♥ ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥②
❝♦♥st❛♥t ♦♣❡r❛t✐♦♥s✳

✺✳✷✳✶ ■♥t❡r♠❡❞✐❛r② r❡s✉❧ts

❋✐rst✱ ✇❡ ♥❡❡❞ t❤❡ ♥♦t✐♦♥s ♦❢ ❝✐r❝✉❧❛r ❛♥❞ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ♦♥ ❛ t❡r♥❛r②
❞♦♠❛✐♥✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶ ❆ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥ c ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ D = {0, 1, 2}
✐s ❛ ♣❡r♠✉t❛t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ c(x) = (x+k) mod |D| ✇✐t❤ k ∈ D✱
❢♦r ❛❧❧ x ∈ D✳ ❆ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s ♦♥ D = {0, 1, 2} ✐s ❛ ♣❡r♠✉t❛t✐♦♥ s❛t✐s✲
❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s s(x) = y✱ s(y) = x ❛♥❞ s(z) = z✱ ❢♦r ❞✐st✐♥❝t x, y, z ∈ D✳
❚❤❡ s❡t {x, y} ✐s ❝❛❧❧❡❞ swap s✳

❘❡♠❛r❦ t❤❛t s✐♥❝❡ ✇❡ ✇♦r❦ ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥✱ ❛ ♥♦♥✲❡♠♣t② ❦❡r♥❡❧
ker f ♠✉st ❤❛✈❡ ❡①❛❝t❧② ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳ ❚❤✉s✱ t♦ ❧✐❣❤t❡♥ t❤❡ ♥♦t❛t✐♦♥
✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❦❡r♥❡❧s ❛s s❡ts ♦❢ t✇♦ ♦r t❤r❡❡ ❡❧❡♠❡♥ts✳ ❋♦r
✐♥st❛♥❝❡✱ ker f = {0, 2} ❛♥❞ ker g = {0, 1, 2} = D✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ❦❡r♥❡❧s
♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ ❛r❡ ❧✐♠✐t❡❞ t♦ ♦♥❧② ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss✳ ❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ✈❡r✐✜❡❞ ❜② t❤❡ ♣✐❣❡♦♥❤♦❧❡ ♣r✐♥❝✐♣❧❡✳ ▼♦r❡♦✈❡r✱
t❤❡ s✐③❡ ♦❢ t❤❡s❡ ✉♥✐q✉❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ❝❛♥ ♦♥❧② ❜❡ ❡q✉❛❧ t♦ ✵✱ ✷ ♦r ✸✳
❚❤❡r❡❢♦r❡ ✇❡ ✐❞❡♥t✐❢② ✐♥ t❤❡ s❡q✉❡❧ t❤❡ ❦❡r♥❡❧ ♦❢ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ ♦✈❡r ❛
t❡r♥❛r② ❞♦♠❛✐♥ ✇✐t❤ ✐ts s✐♥❣❧❡t♦♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳

❲❡ ♥❡❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥✱ s✇❛♣ ♣❡r♠✉✲
t❛t✐♦♥ ❛♥❞ s✇❛♣ s❡t✳ ❚❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❛❧❧ ♦t❤❡r ♦♣❡r❛t✐♦♥s
✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❧✐❦❡ ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ♦r ❛ ✷✲s❡♠✐❧❛tt✐❝❡ ♦♣❡r❛t✐♦♥
❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❉❡✜♥✐t✐♦♥ s❡❝t✐♦♥ ♦❢ ❈❤❛♣t❡r ✹✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ♦✉r r❡s✉❧ts✱ ✇❡ ✜rst ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✷✳✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ t❡r♥❛r② ❞♦♠❛✐♥ D✱
❛♥❞ ❧❡t f, g ∈ F ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿
✭✐✮ ✐❢ ran g * ker f ❛♥❞ |ker f | = 2 t❤❡♥ ran(f ◦ g) = ran f ❀
✭✐✐✮ ✐❢ ran g * ker f ❛♥❞ |ker g| = 2 t❤❡♥ ker g = ker(f ◦ g)✳

Pr♦♦❢✿ ▲❡t ran g * ker f ❛♥❞ |ker f | = 2✳ ❋✐rst✱ r❡♠❛r❦ t❤❛t |ker f | = 2
✐♠♣❧✐❡s |ran f | = 2✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ran f ⊆ ran(f ◦ g)✳ ▲❡t y ∈ ran f ✳
❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ x ∈ ran g✱ t❤❡ ✐♥❡q✉❛❧✐t② f(x) 6= y ❤♦❧❞s✳ ▲❡t z ∈ ran f ✱
✇✐t❤ z 6= y✳ ❙♦ ❢♦r ❛❧❧ x ∈ ran g✱ ✇❡ ❤❛✈❡ f(x) = z s✐♥❝❡ |ran f | = 2✱ ✇❤✐❝❤
✐♠♣❧✐❡s ran g ⊆ ker f ✿ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥✳

▲❡t ran g * ker f ✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ker(f ◦g) ⊆ ker g✳ ❙✉♣♣♦s❡ t❤❛t
t❤❡r❡ ❡①✐st x, y ∈ ker(f ◦g) s✉❝❤ t❤❛t g(x) 6= g(y)✳ ❙✐♥❝❡ |ran g| = 2✱ ✇❡ ❤❛✈❡

✻✻
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{g(x), g(y)} = ran g✳ ❍♦✇❡✈❡r t❤❡ ❡q✉❛❧✐t② (f ◦ g)(x) = (f ◦ g)(y) ❤♦❧❞s✱ s♦
✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ ran g ⊆ ker f ✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ ❢♦r ❛❧❧
x, y ∈ ker(f ◦ g)✱ ✇❡ ❤❛✈❡ x, y ∈ ker g✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸ ▲❡t D ❜❡ ❛ t❡r♥❛r② ❞♦♠❛✐♥ ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s ♦♥ D✳ ■❢ F ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣❡r♠✉t❛t✐♦♥s✱ t❤❡♥ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧s ✐♥ F ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇✐❞t❤ ♦❢ F ✳

Pr♦♦❢✿ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ D s✉❝❤ t❤❛t
F ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣❡r♠✉t❛t✐♦♥s✳ ❍❡♥❝❡✱ ❡❛❝❤ ❢✉♥❝t✐♦♥ f ∈ F ❤❛s ❛
❦❡r♥❡❧ s✉❝❤ t❤❛t |ker f | = 2✱ ♦r |ker f | = 3 ✐❢ f ✐s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳ ❚❤❡♥
✇❡ s❤♦✇ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧s ✐♥ F t♦ ❝♦♠♣✉t❡
t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ widthF ✱ t❤❛t ✐s✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♠♣✉t❡ [F ] t♦ ❦♥♦✇
t❤❡ ✇✐❞t❤ ♦❢ F ✳

❲❡ ❦♥♦✇ ❜② ▲❡♠♠❛ ✺✳✶✳✶ t❤❛t ❢♦r ❛❧❧ f, g ∈ F ✱ ker g ⊆ ker f ◦ g ❤♦❧❞s✳
▼♦r❡♦✈❡r✱ ✐❢ |ker g| = 3 t❤❡♥ |ker f ◦ g| = 3✱ s♦ f◦g ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ✇✐❞t❤
♦❢ F ✳ ■❢ |ker g| = 2✱ s♦ |ker f ◦ g| ❝❛♥ ♦♥❧② ❜❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥ |ker g|✳
■❢ |ker g| = |ker f ◦ g|✱ t❤❡♥ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r② t❤❡ ❡q✉❛❧✐t② ker g = ker f ◦ g✱
s♦ f ◦ g ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ✇✐❞t❤ ♦❢ F ✳ ■❢ |ker f ◦ g| ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥
|ker g|✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s |ker f ◦ g| = 3 ❛♥❞ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t f ◦ g ✐s ❛
❝♦♥st❛♥t ❢✉♥❝t✐♦♥✱ s♦ ✐t ❝❛♥ ♥♦t ❝❤❛♥❣❡ t❤❡ ✇✐❞t❤ ♦❢ F ✳

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡r❡ ✐s ♥♦ ❢✉♥❝t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥s ✇❤✐❝❤ ✐♠♣❧✐❡s ❛
❧♦♥❣❡r ❛♥t✐✲❝❤❛✐♥ ♦❢ ❦❡r♥❡❧s ♦❢ ❢✉♥❝t✐♦♥s ✐♥ [F ] ✐❢ F ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥②
♣❡r♠✉t❛t✐♦♥s✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹ ▲❡t f ❜❡ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ D s✉❝❤
t❤❛t |ker f | = 2 ❛♥❞ s ❜❡ ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ♦♥ D✳ ❈♦♠❜✐♥❛t✐♦♥s ♦❢ f
❛♥❞ s ❝❛♥ ♦♥❧② ♣r♦❞✉❝❡ ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❦❡r♥❡❧ ❛s f ✐❢ ❛♥❞ ♦♥❧② ✐❢
swap s = ker f ✳

Pr♦♦❢✿ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦♥ D s✉❝❤ t❤❛t |ker f | = 2 ❛♥❞ s ❜❡ ❛ s✇❛♣
♣❡r♠✉t❛t✐♦♥ ♦♥ D s✉❝❤ t❤❛t swap s = ker f ✳ ▲❡t a, b ∈ D s✉❝❤ t❤❛t ker f =
{a, b} = swap s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ f ◦ s = f s✐♥❝❡ (f ◦ s)(a) = f(b) ❛♥❞
(f ◦ s)(b) = f(a)✱ ❛♥❞ ❢♦r c ∈ D s✉❝❤ t❤❛t a 6= c 6= b✱ ✇❡ ❤❛✈❡ s(c) = c✳

❇② ▲❡♠♠❛ ✺✳✶✳✶✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ker f ⊆ ker(s ◦ f) ❤♦❧❞s✳
◆♦✇ ❛✐♠✐♥❣ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t ker(s ◦ f) * ker f ✳ ❙♦ t❤❡r❡
❡①✐sts c ∈ D s✉❝❤ t❤❛t c ∈ ker(s ◦ f) ❛♥❞ c /∈ ker f ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r②
|ker(s ◦ f)| = 3 s✐♥❝❡ |ker(s ◦ f)| > |ker f |✳ ❚❤❡♥✱ s◦f ✐s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳
❙✐♥❝❡ s ✐s ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥✱ s♦ ❛ ♣❡r♠✉t❛t✐♦♥✱ f ♠✉st ❜❡ ❛ ❝♦♥st❛♥t
❢✉♥❝t✐♦♥✳ ❈♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ |ker f | = 2✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠✉st ❤❛✈❡ ker f =
ker(s ◦ f)✳

✻✼
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◆♦✇✱ ❧❡t f ❛♥❞ s ❜❡ s✉❝❤ t❤❛t swap s 6= ker f ✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
❧❡t a, b ∈ D s✉❝❤ t❤❛t swap s = {a, b} ❛♥❞ b, c ∈ D s✉❝❤ t❤❛t ker f = {b, c}✱
✇✐t❤ a 6= c✳ ❆ss✉♠❡ t❤❛t f(a) = x ❛♥❞ f(b) = f(c) = y✱ ✇✐t❤ x, y ∈ D✳ ❙♦
f(s(a)) = f(b) = x✱ f(s(b)) = f(a) = y ❛♥❞ f(s(c)) = f(c) = x✳ ❚❤❡♥✱ ✇❡
❤❛✈❡ ker(f ◦ s) = {a, c}✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❝❛♥ ♦♥❧② ♣r♦❞✉❝❡ ❜② ❝♦♠❜✐♥❛t✐♦♥s ♦❢ f ❛♥❞ s ❢✉♥❝✲
t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❦❡r♥❡❧ ❛s f ✐❢ ❛♥❞ ♦♥❧② ✐❢ swap s = ker f ✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺ ▲❡t f ❛♥❞ g ❜❡ t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s ❛♥❞ s ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s✉❝❤ t❤❛t ker f ∩
ker g /∈ swap s✳ ❚❤❡♥ ker(f ◦ s) = ker g ❛♥❞ ker(g ◦ s) = ker f ✳

Pr♦♦❢✿ ▲❡t f ✱ g ❛♥❞ s ❜❡ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❆ss✉♠❡ t❤❛t ker f ∩ ker g = a✱ ❢♦r
a ∈ D✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ swap s = {b, c}✱ ✇✐t❤ b, c ∈ D ❛♥❞ a, b, c ♣❛✐r✇✐s❡
❞✐✛❡r❡♥t✳ ▼♦r❡♦✈❡r✱ ✇❡ ♠✉st ❤❛✈❡ ker f = {a, b} ❛♥❞ ker g = {a, c} s✐♥❝❡ ✇❡
❤❛✈❡ ker f ∩ ker g = a ❛♥❞ ❦❡r♥❡❧s ker f ❛♥❞ ker g ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳

❍❡♥❝❡✱ t❤❡ ❡q✉❛t✐♦♥s f(a) = f(b) ❛♥❞ g(a) = g(c) ❤♦❧❞✳ ❚❤❡♥ ✇❡ ❝❛♥
❞❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥s (f ◦ s)(a) = (f ◦ s)(c) ❛♥❞ (g ◦ s)(a) = (g ◦ s)(b) s✐♥❝❡
s(a) = a✱ s(b) = c ❛♥❞ s(c) = b✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ker f ◦ s = ker g ❛♥❞
ker g ◦ s = ker f ✳ ✷

❈♦r♦❧❧❛r② ✺✳✷✳✻ ▲❡t f ❛♥❞ g ❜❡ t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ t❡r♥❛r② ❞♦♠❛✐♥ D
✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s ❛♥❞ s ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s✉❝❤ t❤❛t ker f ∩ker g /∈
swap s✳ ▲❡t F ❜❡ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥✐♥❣ f ✱ g ❛♥❞ s ♦♥❧②✳ ❚❤❡♥
widthF = 2✳

Pr♦♦❢✿ ■♠♠❡❞✐❛t❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺ ❛♥❞ ▲❡♠♠❛t❛ ✺✳✶✳✶ ❛♥❞ ✺✳✷✳✷✳ ✷

❈♦r♦❧❧❛r② ✺✳✷✳✼ ▲❡t f ❜❡ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ D s✉❝❤
t❤❛t |ker f | = 2 ❛♥❞ s ❜❡ ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ♦♥ D s✉❝❤ t❤❛t ker f 6= swap s✳
▲❡t F ❜❡ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥✐♥❣ f ❛♥❞ s ♦♥❧②✳ ❚❤❡♥ widthF = 2✳

Pr♦♦❢✿ ■♠♠❡❞✐❛t❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹ ❛♥❞ ❜② ❈♦r♦❧❧❛r② ✺✳✷✳✻✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✽ ▲❡t f ❛♥❞ g ❜❡ t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s ❛♥❞ s ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s✉❝❤ t❤❛t ker f ∩
ker g ∈ swap s✳ ❚❤❡♥ ✇❡ ❝❛♥ ♣r♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ h s✉❝❤ t❤❛t f ✱ g ❛♥❞ h ❤❛✈❡
♣❛✐r✇✐s❡ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s✳

Pr♦♦❢✿ ▲❡t f ✱ g ❛♥❞ s ❜❡ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❆ss✉♠❡ t❤❛t ker f ∩ ker g = a✱
❢♦r a ∈ D✳ ❇② t❤❡ ♣✐❣❡♦♥❤♦❧❡ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐❧② ker f = swap s

✻✽
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♦r ker g = swap s✳ ❆ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ✇❡ ❤❛✈❡ ker f =
swap s = {a, b}✱ ✇✐t❤ b ∈ D s✉❝❤ t❤❛t a 6= b✳ ❍❡♥❝❡✱ ✇❡ ♠✉st ❤❛✈❡ ker g =
{a, c}✱ ✇✐t❤ a, b, c ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳

❚❤❡ ❡q✉❛t✐♦♥ g(a) = g(c) ❤♦❧❞s✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ (g ◦ s)(b) = (g ◦ s)(c)
s✐♥❝❡ s(a) = b✱ s(b) = a ❛♥❞ s(c) = c✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ♥❡✇ ❢✉♥❝t✐♦♥ h = g ◦s
✇✐t❤ ❛♥ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧ ❝♦♠♣❛r❡❞ t♦ ker f ❛♥❞ ker g✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✾ ▲❡t f ❜❡ ❛ ✉♥❛r② ❢✉♥❝t✐♦♥ ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥ D s✉❝❤
t❤❛t |ker f | = 2 ❛♥❞ p ❛ ♣❡r♠✉t❛t✐♦♥ ♦♥ D t❤❛t ✐s ♥❡✐t❤❡r ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥
♥♦r t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡♥ ✇❡ ❝❛♥ ♣r♦❞✉❝❡ ❜② ❝♦♠♣♦s✐t✐♦♥ t✇♦ ❢✉♥❝t✐♦♥s g ❛♥❞
h s✉❝❤ t❤❛t ❦❡r♥❡❧ ♦❢ f ✱ g ❛♥❞ h ❛r❡ ♣❛✐r✇✐s❡ ✐♥❝♦♠♣❛r❛❜❧❡✳

Pr♦♦❢✿ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦♥ D s✉❝❤ t❤❛t |ker f | = 2 ❛♥❞ p ❛ ♣❡r♠✉t❛t✐♦♥
♦♥ D t❤❛t ✐s ♥♦t ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ♥♦r t❤❡ ✐❞❡♥t✐t②✱ t❤❛t ✐s✱ p ✐s ❛ ❝✐r❝✉❧❛r
♣❡r♠✉t❛t✐♦♥✳ ▲❡t a, b ∈ D ❜❡ s✉❝❤ t❤❛t ker f = {a, b}✳ ❆ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss
♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t p ✐s t❤❡ ♣❡r♠✉t❛t✐♦♥ (abc)✳ ❚❤❡♥ ker(f ◦ p) = {a, c} ❛♥❞
ker(f ◦ p ◦ p) = {b, c}✳ ✷

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r ❛ s❡t F ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱
♦❜s❡r✈❡ t❤❛t ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ t❡r♥❛r② ❞♦♠❛✐♥ ✇❤✐❝❤ ❞♦❡s ♥♦t
❝♦♥t❛✐♥ ❛♥② ♣❡r♠✉t❛t✐♦♥ ✐s ❛❧s♦ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❚❤✉s t❤✐s
❧❡♠♠❛ ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤✐s ❝❤❛♣t❡r ✐❢ t❤❡r❡ ✐s ♥♦ ♣❡r♠✉t❛t✐♦♥s ✐♥ F ✳

▲❡♠♠❛ ✺✳✷✳✶✵ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡ r❡❧❛t✐♦♥ FH
rhs ✐s

♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ✭r❡s♣❡❝t✐✈❡❧② ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ ✇❡ ❤❛✈❡ ❛ s✉❜✲♠❛tr✐① ♦❢ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ FH

rhs ♣r❡s❡♥t✐♥❣
t❤❡ s❤❛♣❡

f1 f2 f3

b1 a2 a3

a1 b2 a3

a1 a2 b3

❛♥❞ ✐❢ t❤❡r❡ ✐s ♥♦ r♦✇ r s✉❝❤ t❤❛t r[f1]r[f2]r[f3] = a1a2a3 ✭r❡s♣❡❝t✐✈❡❧②
r[f1]r[f2]r[f3] = b1b2b3✮ ✐♥ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ FH

rhs✳

Pr♦♦❢✿ ❚❤❡ ✧✐❢✧ ❞✐r❡❝t✐♦♥ ✐s ♦❜✈✐♦✉s❀ ❝♦♥s✐❞❡r t❤❡ ♦t❤❡r ♦♥❡✳ ❚❛❦❡✿

f1 f2 f3

a1 a2 a3

b1 b2 b3
c1 c2 c3

✻✾
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✇✐t❤ |{ai, bi, ci}| = 2 ❢♦r 1 ≤ i ≤ 3✳ ❆ss✉♠❡ t❤❛t t❤✐s s✉❜✲♠❛tr✐① ✐s ♥♦t
❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡
a1 = b1✱ t❤❡♥ ✇❡ ❝❛♥ r❡✇r✐t❡ ♦✉r s✉❜✲♠❛tr✐① ❧✐❦❡ t❤✐s✿

f1 f2 f3

a1 a2 a3

a1 b2 b3
c1 c2 c3

❘❡♠❛r❦ t❤❛t ✇❡ ♠✉st ♥♦t ❤❛✈❡ a2 = b2 ♦r a3 = b3 ♦t❤❡r✇✐s❡ ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡ s✉❜✲♠❛tr✐① ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡
(a2 = c2 ❛♥❞ b3 = c3) ♦r (b2 = c2 ❛♥❞ a3 = c3)✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥✿

f1 f2 f3

a1 a2 a3

a1 b2 b3
c1 a2 b3

♦r
f1 f2 f3

a1 a2 a3

a1 b2 b3
c1 b2 a3

t❤❛t ✐s✱ t❤❡ ❡①♣❡❝t❡❞ s❤❛♣❡✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ FH
rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❛

♠❛❥♦r✐t②✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ ❛ r♦✇ r ✐♥ FH s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ r[f1]r[f2]r[f3] =
a1a2b3 ♦r r[f1]r[f2]r[f3] = a1b2a3 ✭❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ s✉❜✲♠❛tr✐① ✇❡ ❤❛✈❡✮✳
Pr♦♦❢ ❢♦r t❤❡ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥ ❢♦❧❧♦✇s ❡①❛❝t❧② t❤❡ s❛♠❡ ♣❛tt❡r♥✳ ✷

▲❡t✬s ❝❛❧❧ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♠❛tr✐① ✐♥ ▲❡♠♠❛ ✺✳✷✳✶✵ ❛♥ A✲s❤❛♣❡✱ t❤❛t ✐s✱
✇❡ ✇✐❧❧ s❛② t❤❛t FH ❝♦♥t❛✐♥s ❛♥ A✲s❤❛♣❡ ✐❢ ✇❡ ❤❛✈❡ ❛ s✉❜✲♠❛tr✐① ♦❢ t❤❡
♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ FH

rhs ♦❢ t❤❡ ❢♦r♠

f1 f2 f3

b1 a2 a3

a1 b2 a3

a1 a2 b3

❛♥❞ ✐❢ t❤❡r❡ ✐s ♥♦ r♦✇ r s✉❝❤ t❤❛t r[f1]r[f2]r[f3] = a1a2a3 ✭r❡s♣❡❝t✐✈❡❧②
r[f1]r[f2]r[f3] = b1b2b3✮ ✐♥ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ FH

rhs✳

✼✵
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✺✳✷✳✷ ❚r❛❝t❛❜❧❡ ❝❛s❡

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ ❦♥♦✇♥ ❢❛❝ts✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ❛♥❞ f, g ∈ F
❜❡ t✇♦ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ s❛② t❤❛t ker f ❛♥❞ ker g ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s
✐❢ ker f * ker g ❛♥❞ ker g * ker f ❤♦❧❞✳ ❘❡❝❛❧❧ ❛❧s♦ t❤❛t widthF ✐s t❤❡
♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✐♥❝♦♠♣❛r❛❜❧❡ ♥♦♥✲❡♠♣t② ❦❡r♥❡❧s ✐♥ [F ]✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✶ ●✐✈❡♥ ❛ s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦✈❡r ❛ t❡r♥❛r② ❞♦✲
♠❛✐♥ D ✇✐t❤ widthF ≤ 2✱ ✇❡ ♠✉st ❤❛✈❡ F • ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛✲
t✐♦♥✳

Pr♦♦❢✿ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t ✐❢ ✇❡ ❤❛✈❡ widthF = 1✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜②
❚❤❡♦r❡♠ ✺✳✶✳✼✳

❚❤✉s✱ ❛ss✉♠❡ ✇❡ ❤❛✈❡ widthF = 2✳ ❲❡ ♣r♦✈❡ t❤❛t F • ✐s ❝❧♦s❡❞ ✉♥❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡r✈❛t✐✈❡ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✿ M(x, y, z) = t✱ ✇✐t❤ x✱ y ❛♥❞
z ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ❛♥❞ t s✉❝❤ t❤❛t t = ker f1 ∩ker f2 ❤♦❧❞s ✇✐t❤ f1, f2 ∈ [F ]
t✇♦ ❢✉♥❝t✐♦♥s ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s✳

▲❡t f ∈ [F ] s✉❝❤ t❤❛t f• = {(a1, a2); (b1, b2); (c1, c2)}✳ ❆ss✉♠❡ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ker f1 = {0, 1} ❛♥❞ ker f2 = {1, 2} ✇✐t❤ f1, f2 ∈
[F ] ❜❡✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s✳ ❍❡♥❝❡ ✇❡ ♠✉st ❤❛✈❡
M(π(0), π(1), π(2)) = 1 ❢♦r ❡✈❡r② ♣❡r♠✉t❛t✐♦♥ π✳

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥ M(a1, b1, c1) = 1✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦
t✇♦ s✉❜✲❝❛s❡s✳ ❋✐st✱ ❛ss✉♠❡ t❤❛t a2, b2 ❛♥❞ c2 ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ❚❤❡♥
✇❡ ♠✉st ❤❛✈❡ M(a2, b2, c2) = 1✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f ✐s t❤❡
✐❞❡♥t✐t② ♦♣❡r❛t✐♦♥ ♦r ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s✉❝❤ t❤❛t swap f = {0, 2}✳ ❚❤❡
✐❞❡♥t✐t② ♦♣❡r❛t✐♦♥ ✐s ❛❧✇❛②s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝❧♦s✉r❡ ♦❢ ❡✈❡r② s❡t ♦❢ ❢✉♥❝t✐♦♥s✱
❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ widthF = 2 ✇✐t❤ ker f1 ❛♥❞ ker f2 ✐♥❝♦♠♣❛r❛❜❧❡✱ ❜②
❈♦r♦❧❧❛r② ✺✳✷✳✻✱ ✇❡ ❦♥♦✇ t❤❛t s✉❝❤ ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ✇✐❧❧ ♥♦t ✐♥❝r❡❛s❡ t❤❡
✇✐❞t❤ ♦❢ F ✳ ❚❤❡♥ t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t✐♦♥ ❛♥❞ s✉❝❤ ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ❛r❡
❛❧❧♦✇❡❞✳

❙❡❝♦♥❞✱ ❛ss✉♠❡ t❤❛t ❛t ❧❡❛st t✇♦ ❡❧❡♠❡♥ts ❛♠♦♥❣ a2✱ b2 ❛♥❞ c2 ❛r❡ ❡q✉❛❧✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ t❤❛t a2 = b2✳ ❚❤✐s ✐♠♣❧✐❡s f(a1) = f(b1)
❛♥❞M(a2, a2, c2) = a2✳ ❙✐♥❝❡ 1 ❜❡❧♦♥❣s t♦ t❤❡ ❦❡r♥❡❧ ♦❢ ❛♥② ❢✉♥❝t✐♦♥ f ∈ [F ]✱
✇❡ ❝❛♥ ❜❡ s✉r❡ t❤❛t t❤❡ t✉♣❧❡ (1, a2) ❜❡❧♦♥❣s t♦ f•✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t M ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✳ ✷

✺✳✷✳✸ ■♥tr❛❝t❛❜❧❡ ❝❛s❡

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ r❡s✉❧t ♦❢ NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ ❝s♣(F •) ✇❤❡r❡ ✇❡
❤❛✈❡ widthF = 3 ♦♥ ❛ ✸✲❡❧❡♠❡♥t ❞♦♠❛✐♥✳ ❘❡❝❛❧❧ t❤❛t✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✷✳✻✱
♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t F • ✐s ❛ ❝♦r❡✳

✼✶
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❲❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ❢♦r ❡✈❡r② s❡t F ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
s✉❝❤ t❤❛t widthF = 3✱ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥s✱
❛♥② ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥s✱ ❛♥② ❛✣♥❡ ♦♣❡r❛t✐♦♥s✱ ❛♥② ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣✲
❡r❛t✐♦♥s t❤❛t ❛r❡ ♥♦t ♣r♦❥❡❝t✐♦♥s ❛♥❞ ❛♥② s❡♠✐✲♣r♦❥❡❝t✐♦♥s✳ ❚❤❡♥ ✇❡ ❞❡❞✉❝❡
❜② ❘♦s❡♥❜❡r❣✬s ❧✐st ❬❘♦s✽✻❪ t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D s✉❝❤ t❤❛t widthF = 3✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❝♦♥st❛♥t
♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ❲❡ r❡❝❛❧❧ ✇❡ ❝♦♥s✐❞❡r F • t♦ ❜❡ ❛ ❝♦r❡ ♦✈❡r ❛ t❡r♥❛r② ❞♦♠❛✐♥✱ ❛♥❞ ❜②
▲❡♠♠❛ ✹✳✷✳✻✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t F • ❝♦♥t❛✐♥s t❤❡ ❣r❛♣❤ ♦❢ ❡✈❡r② ❝♦♥st❛♥t
❢✉♥❝t✐♦♥s✳ ■t ✐s ❝❧❡❛r t❤❛t ❛ s❡t ♦❢ r❡❧❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st t❤❡ ❣r❛♣❤ ♦❢ t✇♦
❞✐✛❡r❡♥t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✳

✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✸ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D s✉❝❤ t❤❛t widthF = 3✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ♠❛❥♦r✐t②
♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ▲❡t f, g, h ∈ F ❜❡ t❤r❡❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡✐r ❦❡r♥❡❧ ❛r❡ ♣❛✐r✇✐s❡
✐♥❝♦♠♣❛r❛❜❧❡✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❞❡✜♥❡ f ✱ g ❛♥❞ h ❛s ❢♦❧❧♦✇s✿

x f(x) g(x) h(x)

0 af bg bh
1 bf ag bh
2 bf bg ah

✇✐t❤ af , bf , ag, bg, ah, bh ∈ D✳
❘❡♠❛r❦ t❤❛t FH

rhs ✐s ❛♥ A✲s❤❛♣❡ ❧✐❦❡ ♣r❡s❡♥t❡❞ ✐♥ ▲❡♠♠❛ ✺✳✷✳✶✵✳ ❚❤✉s✱
t❤✐s ❧❡♠♠❛ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ♠❛❥♦r✐t② ♦♣❡r✲
❛t✐♦♥✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D s✉❝❤ t❤❛t widthF = 2✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ♠✐♥♦r✐t②
♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ▲❡t f, g ∈ F ❜❡ t✇♦ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡✐r ❦❡r♥❡❧ ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❞❡✜♥❡ f ❛♥❞ g ❛s ❢♦❧❧♦✇✿

x f(x) h(x)

0 af bh
1 bf bh
2 bf ah

✼✷
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✇✐t❤ af , bf , ah, bh ∈ D✳
▲❡t m ❜❡ ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥

m(af , bf , bf ) = af ✱ ❛♥❞ t❤❛t ✐♠♣❧✐❡s t❤❡ ❡q✉❛t✐♦♥ m(0, 1, 2) = 0✳ ❚❤✉s✱
✇❡ ♠✉st ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥ m(bh, bh, ah) = bh✱ ❜✉t t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥
✇✐t❤ t❤❡ ❢❛❝t t❤❛t m ✐s ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦✲
♠❛✐♥ D s✉❝❤ t❤❛t widthF = 3✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② s❡♠✐✲
♣r♦❥❡❝t✐♦♥✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✉s❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✹✳ ▲❡t f, g, h ∈ F ❜❡
t❤r❡❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡✐r ❦❡r♥❡❧ ❛r❡ ♣❛✐r✇✐s❡ ✐♥❝♦♠♣❛r❛❜❧❡✳ ❲✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❞❡✜♥❡ f ✱ g ❛♥❞ h ❛s ❢♦❧❧♦✇✿

x f(x) g(x) h(x)

0 af bg bh
1 bf ag bh
2 bf bg ah

✇✐t❤ af , bf , ag, bg, ah, bh ∈ D✳
▲❡t s ❜❡ ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥ t❤❛t ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✳ ▲❡t x, y, z ∈ D

❜❡ ✈❛❧✉❡s s✉❝❤ t❤❛t |{x, y, z}| < 3 ❤♦❧❞s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡
❝♦♥s✐❞❡r t❤❛t s(x, y, z) ✇✐❧❧ ♣r♦❥❡❝t ♦♥ t❤❡ ❧❛st ❡❧❡♠❡♥t ✭❤❡r❡ z✮✳ ❙✐♥❝❡ s
✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✱ ✇❡ ❤❛✈❡ s(bf , bf , af ) = af ✱ s(bg, bg, ag) = ag

❛♥❞ s(bh, bh, ah) = ah✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡ s(1, 2, 0) = s(2, 1, 0) = 0✱
s(2, 0, 1) = s(0, 2, 1) = 1 ❛♥❞ s(1, 0, 2) = s(0, 1, 2) = 2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t s ✐s
❛ ♣r♦❥❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ❜② ❞❡✜♥✐t✐♦♥✱ ❛ s❡♠✐✲♣r♦❥❡❝t✐♦♥
✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✻ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r② ❞♦♠❛✐♥
D s✉❝❤ t❤❛t widthF = 3✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❜✐♥❛r②
✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✳

Pr♦♦❢✿ ▲❡t f, g, h ∈ F ❜❡ t❤r❡❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t t❤❡✐r ❦❡r♥❡❧ ❛r❡ ♣❛✐r✇✐s❡
✐♥❝♦♠♣❛r❛❜❧❡✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❞❡✜♥❡ f ✱ g ❛♥❞ h ❛s ❢♦❧❧♦✇✿

x f(x) g(x) h(x)

0 af bg bh
1 bf ag bh
2 bf bg ah

✇✐t❤ af , bf , ag, bg, ah, bh ∈ D✳

✼✸
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▲❡t q ❜❡ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✳ ❆✐♠✐♥❣
❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t q ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✳ ❙✐♥❝❡ q ✐s ✐❞❡♠✲
♣♦t❡♥t✱ ✇❡ ♠✉st ❤❛✈❡ q(bf , bf ) = bf ✱ q(bg, bg) = bg ❛♥❞ q(bh, bh) = bh✳ ❲❡
❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ♠✉st ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥s q(1, 2) ⊆ {1, 2}✱ q(0, 2) ⊆ {0, 2}
❛♥❞ q(0, 1) ⊆ {0, 1}✳ ■♥ ♦t❤❡r ✇♦r❞s✱ q ♠✉st ❜❡ ❝♦♥s❡r✈❛t✐✈❡✳

▼♦r❡♦✈❡r✱ q ♠✉st ♥♦t ❜❡ ❝♦♠♠✉t❛t✐✈❡ ♦♥ t✉♣❧❡s (a, b) ∈ D2✱ t❤❛t ✐s t♦
s❛②✱ ❢♦r ❡✈❡r② t✉♣❧❡ (a, b) ∈ D2✱ ✇❡ ❤❛✈❡ q(a, b) = c ❛♥❞ q(b, a) = c s✉❝❤
t❤❛t c = a ✐❢ ❛♥❞ ♦♥❧② ✐❢ c = b ❛♥❞ c = b ✐❢ ❛♥❞ ♦♥❧② ✐❢ c = a✳ ■♥ ♦r❞❡r
t♦ ♣r♦✈❡ ✐t ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❡r❡ ❡①✐sts ❛ t✉♣❧❡ (ag, bg) ∈ D2 s✉❝❤
t❤❛t q(ag, bg) = q(bg, ag) = d ✇✐t❤ d ∈ D✱ t❤❡♥ ✇❡ ♠✉st ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✿

0 af 2 bf 0 bg 1 ag 1 bh 2 ah

1 bf 0 af 1 ag 2 bg 2 ah 0 bh
q ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

k c k′ c k d k′′ d k′′ e k′ e

❙✉♣♣♦s❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥ k = 0 ❤♦❧❞s✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡ c = af ✱
c = bf ✱ k′ = 2✱ d = bg✱ k′′ = 2✱ e = ah ❛♥❞ e = bh✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ k′ = 2
❛♥❞ e = bh ❜✉t (2, bh) /∈ h•✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❡q✉❛t✐♦♥ k = 1 ❤♦❧❞s✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡ c = bf ✱
c = af ✱ k′ = 0✱ d = ag✱ k′′ = 1✱ e = bh ❛♥❞ e = ah✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ k′ = 0
❛♥❞ e = ah ❜✉t (0, ah) /∈ h•✳

❘❡♠❛r❦ ❛❧s♦ t❤❛t q ♠✉st ♥♦t ❜❡ ❝♦♠♠✉t❛t✐✈❡ ♦♥ ❛ t✉♣❧❡ (a, b) ∈ D2 s✉❝❤
t❤❛t t❤❡ s❡t {a, b} ✐s ❞✐✛❡r❡♥t t♦ t❤❡ r❛♥❣❡ ♦❢ f ✱ g ❛♥❞ h✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ ✇❡
❤❛✈❡ af = bg = 0✱ bf = ag = ah = 1 ❛♥❞ bh = 2✱ t❤✉s ran f = ran g = {0, 1}
❛♥❞ ranh = {1, 2}✱ ❛♥❞ ❛ss✉♠❡ ✇❡ ❤❛✈❡ {a, b} = {0, 2}✱ t❤✉s q(0, 2) = q(2, 0)
❤♦❧❞s✳ ❙✐♥❝❡ q ✐s ❛ ♣♦❧②♠♦r♣❤✐s♠ ♦❢ F •✱ ✇❡ ♠✉st ❤❛✈❡ q(af , bf ) = q(bf , af )✱
t❤❛t ✐s t♦ s❛②✱ q(0, 1) = q(1, 0)✳ ❇✉t t❤❡♥✱ ✇❡ ✇✐❧❧ ✜♥❞ t❤❡ s❛♠❡ ❝♦♥tr❛❞✐❝t✐♦♥
❛s ❛❜♦✈❡ ✇❤❡♥ ✇❡ ❛ss✉♠❡❞ t❤❛t q(ag, bg) = q(bg, ag) ❤♦❧❞s✳

❲❡ s❡❡ t❤❛t q ♠✉st ❜❡ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ❝♦♥s❡r✈❛t✐✈❡ ♦♣❡r❛t✐♦♥ ❛♥❞
♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♥ ❛❧❧ t✉♣❧❡s (a, b) ∈ D2✳ ❍❡♥❝❡ ✇❡ ♠✉st ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✿

1 bf 2 bf 1 ag 1 ag 1 bh 2 ah

0 af 0 af 0 bg 2 bg 2 ah 0 bh
q ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

k c k′ c k d k′′ d k′′ e k′ e

❙✉♣♣♦s❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥ k = 0 ❤♦❧❞s✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡ c = af ✱
k′ = 0✱ d = bg✱ k′′ = 2✱ e = ah ❛♥❞ e = bh✳ ❙✐♥❝❡ ❢♦r ❡✈❡r② t✉♣❧❡ (a, b) ∈ D2✱

✼✹
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❚❍❊ ❑❊❘◆❊▲ ❲■❉❚❍

✇❡ ❤❛✈❡ q(a, b) = c ❛♥❞ q(b, a) = c s✉❝❤ t❤❛t c = a ✐✛ c = b ❛♥❞ c = b ✐✛
c = a✱ ✇❡ s❡❡ ❤❡r❡ t❤❛t q ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s❡❝♦♥❞ ❡❧❡♠❡♥t✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❡q✉❛t✐♦♥ k = 1 ❤♦❧❞s✳ ❚❤❡♥✱ ✇❡ ♠✉st ❤❛✈❡ c = bf ✱
k′ = 2✱ d = ag✱ k′′ = 1✱ e = bh ❛♥❞ e = ah✳ ❙✐♥❝❡ ❢♦r ❡✈❡r② t✉♣❧❡ (a, b) ∈ D2✱
✇❡ ❤❛✈❡ q(a, b) = c ❛♥❞ q(b, a) = c s✉❝❤ t❤❛t c = a ✐✛ c = b ❛♥❞ c = b ✐✛
c = a✱ ✇❡ s❡❡ ❤❡r❡ t❤❛t q ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ✜rst ❡❧❡♠❡♥t✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ q ✐s ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ❛ ♣♦❧②✲
♠♦r♣❤✐s♠ ♦❢ F •✱ t❤❡♥ q ♠✉st ❜❡ ❛ ❝♦♥s❡r✈❛t✐✈❡ ♥♦♥ ❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t✐♦♥✱
❛♥❞ ♠♦r❡♦✈❡r ❛ ♣r♦❥❡❝t✐♦♥✳ ❚❤❡♥ F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❜✐♥❛r②
✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r♦❥❡❝t✐♦♥✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✼ ▲❡t D ❜❡ ❛ t❡r♥❛r② ❞♦♠❛✐♥✱ ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s ♦♥ D s✉❝❤ t❤❛t widthF = 3✳ ❚❤❡♥ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❲❡ ❦♥♦✇ ❜② ❬❏❈●✾✼❪ t❤❛t✱ ❢♦r ❡✈❡r② s❡t ♦❢ r❡❧❛t✐♦♥s S✱ ✐❢ t❤❡ s❡t
♦❢ ♣♦❧②♠♦r♣❤✐s♠s PolS ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✱ ❛ ♠❛❥♦r✐t②
♦♣❡r❛t✐♦♥✱ ❛ ❜✐♥❛r② ✐❞❡♠♣♦t❡♥t ♦♣❡r❛t✐♦♥✱ ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥ ♦r ❛ s❡♠✐✲
♣r♦❥❡❝t✐♦♥✱ t❤❡♥ ❝s♣(S) ✐s NP✲❝♦♠♣❧❡t❡✳

▲❡t F ❜❡ s✉❝❤ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s✳ ❇② Pr♦♣♦s✐t✐♦♥s ✺✳✷✳✶✷✱ ✺✳✷✳✶✸✱ ✺✳✷✳✶✹✱
✺✳✷✳✶✺ ❛♥❞ ✺✳✷✳✶✻✱ ✇❡ ❦♥♦✇ t❤❛t PolF • ❞♦❡s ♥♦t ❝♦♥t❛✐♥ s✉❝❤ ♦♣❡r❛t✐♦♥s✳
■♥❞❡❡❞✱ ♥♦t✐❝❡ t❤❛t ✇❡ ❦♥♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹ t❤❛t PolF • ❞♦❡s ♥♦t
❝♦♥t❛✐♥ ❛♥② ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥s ✐❢ ✇❡ ❤❛✈❡ widthF = 2✱ s♦ t❤✐s ♦❜✈✐♦✉s❧②
❤♦❧❞s ❛❧s♦ ❢♦r widthF = 3✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ widthF = 3 ❤♦❧❞s t❤❡♥ ✇❡
❤❛✈❡ ❝s♣(F •) NP✲❝♦♠♣❧❡t❡✳ ✷

✺✳✷✳✹ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ❛♥❞ ♠❡t❛✲♣r♦❜❧❡♠

❲❡ ❝❛♥ ♣r❡s❡♥t ♥♦✇ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✷✳✶✽ ▲❡t D ❜❡ ❛ t❡r♥❛r② ❞♦♠❛✐♥✱ ❛♥❞ F ❜❡ ❛ s❡t ♦❢ ✉♥❛r② ❢✉♥❝✲
t✐♦♥s ♦♥ D✳ ❚❤❡ ♣r♦❜❧❡♠ ❝s♣(F •) ✐s ✐♥ P ✐❢ widthF ≤ 2 ❤♦❧❞s✳ ❖t❤❡r✇✐s❡✱
✐t ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s ❞✐r❡❝t t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥s ✺✳✷✳✶✶ ❛♥❞ ✺✳✷✳✶✼✳ ✷

▲❡t✬s ❢♦❝✉s ♥♦✇ ♦♥ t❤❡ ♠❡t❛✲♣r♦❜❧❡♠✱ t❤❛t ✐s✱ t❤❡ ❞❡❝✐s✐♦♥ ✐❢ t❤❡ ❞✐✲
❝❤♦t♦♠② ❝r✐t❡r✐❛ ✐s ✈❡r✐✜❡❞ ♦r ♥♦t✳ ❘❡♠❛r❦ ✇❡ ❝❛♥ ❣♦ ❢✉rt❤❡r t❤❛♥ Pr♦♣♦s✐✲
t✐♦♥ ✺✳✷✳✸✿ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝❧♦♥❡ [F ] t♦ ❦♥♦✇ t❤❡ ✇✐❞t❤ ♦❢ F ✱
✇❤❛t❡✈❡r t❤❡ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥❡❞ ✐♥ F ✳ ❚❤✉s✱ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s
t♦ ❞❡t❡r♠✐♥❡ ✇❤❡♥ t❤❡ ❉✐❝❤♦t♦♠② ❈r✐t❡r✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✶✽ ✐s ✈❡r✐✜❡❞ ❜②
❥✉st ❛♥❛❧②③✐♥❣ t❤❡ ❦✐♥❞ ♦❢ ❢✉♥❝t✐♦♥s ❝♦♠♣♦s✐♥❣ t❤❡ s❡t F ✳

✼✺
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Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✾ ▲❡t D ❜❡ ❛ t❡r♥❛r② ❞♦♠❛✐♥✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s ♦♥ D✳ ❚❤❡♥ ✇❡ ❤❛✈❡ widthF = 3 ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s
❤♦❧❞s✿

✭✐✮ F ❝♦♥t❛✐♥s ❛t ❧❡❛st t❤r❡❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s✱

✭✐✐✮ F ❝♦♥t❛✐♥s t✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ✇✐t❤ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s ❛♥❞ ❛ s✇❛♣
♣❡r♠✉t❛t✐♦♥ s s✉❝❤ t❤❛t ker f ∩ ker g ∈ swap s✱

✭✐✐✐✮ ❢♦r ❡✈❡r② f, g ∈ F ✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r ker f ⊆ ker g ♦r ker g ⊆ ker f ❛♥❞ F
❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t |ker f | = 2 ❛♥❞ ❛ ♣❡r♠✉t❛t✐♦♥
p t❤❛t ✐s ♥❡✐t❤❡r ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ ♥♦r t❤❡ ✐❞❡♥t✐t②✱ ♦r t✇♦ ❞✐✛❡r❡♥t
s✇❛♣ ♣❡r♠✉t❛t✐♦♥s s1 ❛♥❞ s2✳

■❢ ♥♦♥❡ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✱ t❤❡♥ ✇❡ ❤❛✈❡ widthF ≤ 2✳

Pr♦♦❢✿
✭✐✮ ✐s ♦❜✈✐♦✉s✳
✭✐✐✮ ✐s ✐♠♠❡❞✐❛t❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✽✳
❋♦r ✭✐✐✐✮✱ ✐❢ p ✐s ❛ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥ ✇✐t❤♦✉t ❜❡✐♥❣ t❤❡ ✐❞❡♥t✐t②✱ t❤❡♥

✇❡ ✐♠♠❡❞✐❛t❡❧② ❝♦♥❝❧✉❞❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✾✳ ■❢ F ❝♦♥t❛✐♥s t✇♦ ❞✐✛❡r❡♥t
s✇❛♣ ♣❡r♠✉t❛t✐♦♥s s1 ❛♥❞ s2✱ t❤❡♥ swap s1 6= swap s2 ❤♦❧❞s✱ ❛♥❞ t❤❡ ❝♦♠✲
❜✐♥❛t✐♦♥ s1 ◦ s2 ❧❡❛❞s t♦ ❛ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥✳ ❚❤✉s✱ ✇❡ ❛❧s♦ ❝♦♥❝❧✉❞❡ ❜✉
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✾✳

■❢ ♥♦♥❡ ♦❢ t❤❡s❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✱ t❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡ ✐s
✈❡r✐✜❡❞✿

✭✶✮ widthF = 2 ❛♥❞ F ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣❡r♠✉t❛t✐♦♥✱

✭✷✮ widthF = 2 ❛♥❞ F ❝♦♥t❛✐♥s ❛ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s s✉❝❤ t❤❛t kerF ∩
ker g /∈ swap s✱ ❢♦r ❛♥② ker f ❛♥❞ ker g ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s✱

✭✸✮ widthF = 2 ❛♥❞ t❤❡r❡ ❡①✐sts f ∈ F s✉❝❤ t❤❛t | ker f | = 2✱ ❛♥❞ F ❝♦♥t❛✐♥s
❡①❛❝t❧② ♦♥❡ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s s✉❝❤ t❤❛t swap s 6= ker f ❤♦❧❞s✱ ❜✉t ❞♦❡s
♥♦t ❝♦♥t❛✐♥ ❛♥② ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥s✳

✭✹✮ widthF = 1 ❛♥❞ t❤❡r❡ ♥♦ ❢✉♥❝t✐♦♥s f ∈ F s✉❝❤ t❤❛t | ker f | = 2✱

✭✺✮ widthF = 1 ❛♥❞ t❤❡r❡ ❡①✐sts f ∈ F s✉❝❤ t❤❛t | ker f | = 2✱ ❜✉t F ❞♦❡s
♥♦t ❝♦♥t❛✐♥ ❛♥② ♣❡r♠✉t❛t✐♦♥ ♦t❤❡r t❤❛♥ t❤❡ ✐❞❡♥t✐t②✱

✭✻✮ widthF = 1 ❛♥❞ t❤❡r❡ ❡①✐sts f ∈ F s✉❝❤ t❤❛t | ker f | = 2✱ ❛♥❞ F ❝♦♥t❛✐♥s
❡①❛❝t❧② ♦♥❡ s✇❛♣ ♣❡r♠✉t❛t✐♦♥ s s✉❝❤ t❤❛t swap s = ker f ❤♦❧❞s✱ ❜✉t ❞♦❡s
♥♦t ❝♦♥t❛✐♥ ❛♥② ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥s✳

✼✻



✺✳✸✳ ❍❖▼❖●❊◆❊❖❯❙ ❈❖✲❇❖❖▲❊❆◆ ❈❙P✱ NP✲❈❖▼P▲❊❚❊◆❊❙❙
❆◆❉ ❑❊❘◆❊▲ ❲■❉❚❍

❋♦r ✭✶✮✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸✳
❋♦r ✭✷✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛♥❦s t♦ ❈♦r♦❧❧❛r② ✺✳✷✳✻✳
❋♦r ✭✸✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❈♦r♦❧❧❛r② ✺✳✷✳✼✳ ■♥❞❡❡❞✱ s✐♥❝❡ widthF = 1

t❤❡♥ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥s f1, f2 ∈ F s✉❝❤ t❤❛t | ker fi| = 2✱ ✇❡ ♠✉st ❤❛✈❡
ker f1 = ker f2✳

❋♦r ✭✹✮✱ r❡♠❛r❦ t❤❛t ❡✈❡r② ❦❡r♥❡❧ ♠✉st ❜❡ ❛ tr✐✈✐❛❧ ❦❡r♥❡❧✱ t❤❛t ✐s ❡✐t❤❡r
❡♠♣t② ❛ ❦❡r♥❡❧ ♦r ❦❡r♥❡❧ ✇✐t❤ ♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ❡❧❡♠❡♥ts
✐♥ D✳ ❚❤✉s✱ F ❝♦♥t❛✐♥s ♣❡r♠✉t❛t✐♦♥s ❛♥❞ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ♦♥❧②✳ ■t ✐s ❝❧❡❛r
t❤❛t ✇❡ ❝❛♥♥♦t ✐♥❝r❡❛s❡ t❤❡ ✇✐❞t❤ ❜② ❝♦♠❜✐♥✐♥❣ s✉❝❤ ❢✉♥❝t✐♦♥s✳

❋♦r ✭✺✮✱ t❤✐s ✐s ❛❣❛✐♥ ❞✐r❡❝t ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸✳
❋♦r ✭✻✮✱ s✐♥❝❡ swap s = ker f ❤♦❧❞s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛♥❦s t♦ Pr♦♣♦s✐✲

t✐♦♥ ✺✳✷✳✹✳ ✷

✺✳✸ ❍♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣✱ NP✲❝♦♠♣❧❡t❡♥❡ss

❛♥❞ ❦❡r♥❡❧ ✇✐❞t❤

■♥ t❤✐s s❡❝t✐♦♥✱ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s F ✐s ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥
❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ✇❡ ❤❛✈❡ f(0) = 0 ❛♥❞ f(1) = 1✱ ❡①❝❡♣t
❢♦r t✇♦ ❢✉♥❝t✐♦♥s f0 ❛♥❞ f1 ✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s
♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1 ❛♥❞ ✇❤✐❝❤ ✇✐❧❧ ❛❧✇❛②s ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ F ✳ ❚❤✉s✱ ❢♦r ❡✈❡r②
❢✉♥❝t✐♦♥ f ✐♥ F ✇❡ ❤❛✈❡ ran f ⊆ {0, 1}✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s s♣❡❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ F • ♠✉st ❜❡ ❛ ❝♦r❡✳ ■t ✐s ❡❛s②
t♦ s❡❡ t❤❛t [F ] = F ❜❡❝❛✉s❡ ❢♦r ❡✈❡r② fi, fj ∈ F ✇✐t❤ fi /∈ {f0, f1}✱ t❤❡
❡q✉❛t✐♦♥ fi ◦ fj = fj ❤♦❧❞s ✭t❤✉s ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✐❢ n ✐s t❤❡ ❜✐❣❣❡st ♥✉♠❜❡r
♦❢ ✐♥❝♦♠♣❛r❛❜❧❡ ❦❡r♥❡❧s ✐♥ F ✱ t❤❡♥ widthF = n✮✳ ❘❡♠❛r❦ ❛❧s♦ t❤❛t ✐♥ t❤✐s
s♣❡❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♠❛tr✐① FH

rhs ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ❞✉♣❧✐❝❛t❡❞ r♦✇s✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t F • ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥② ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥s s✐♥❝❡ F
❝♦♥t❛✐♥s ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0 ❛♥❞ f1✳

❚❤❡ ♣r✐♥❝✐♣❛❧ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳ ▲❡t F ❜❡ ❛ s❡t ♦❢
❢✉♥❝t✐♦♥s ❛s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ❛♥❞ ❧❡t D ❜❡ ❛ ✜①❡❞ ❞♦♠❛✐♥✳ ■❢ widthF ≥ |D|✱
t❤❡♥ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳ ◆♦t✐❝❡ t❤❛t t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❜r✐♥❣ ✉s ❛
♥❡✇ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s✉❝❤ ❝s♣ ❜❡❝❛✉s❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❡
❞✐❝❤♦t♦♠② ♦♥ ❣r❛♣❤s ♦❢ ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✹✳✸✳✺✮✳ ❍♦✇❡✈❡r✱
✐t ✐s t❤❡ ✜rst ❦♥♦✇♥ r❡s✉❧t ❛❜♦✉t ✇✐❞t❤ ❛♥❞ NP✲❝♦♠♣❧❡t❡♥❡ss ♦✈❡r ❡✈❡r②
❝❛r❞✐♥❛❧✐t② ♦❢ ✜♥✐t❡ ❞♦♠❛✐♥✱ ❛♥❞ ✇❡ ❝❛♥ ❤♦♣❡ t♦ ❡①t❡♥❞ t❤✐s t♦ ❡✈❡r② ❝s♣

♦✈❡r ❣r❛♣❤ ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳
❇② ▲❡♠♠❛ ✹✳✸✳✶✱ ✇❡ ❦♥♦✇ t❤❛t ✐❢ FH

rhs ✐s ♥❡✐t❤❡r ❝❧♦s❡❞ ✉♥❞❡r ♠❛❥♦r✐t②✱
♥♦r ♠✐♥♦r✐t②✱ ♥♦r ♠❛①✱ ♥♦r ♠✐♥✱ t❤❡♥ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳ ■♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ t✇♦ s✉❜s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ t❤❛t ✐❢ widthF ≥ |D| t❤❡♥ FH

rhs

✼✼
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✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ♠❛❥♦r✐t②✱ ♥♦r ♠✐♥♦r✐t②✱ ♥♦r ♠❛① ❛♥❞ ❛♥❞ ♠✐♥✱ ❛❧❧♦✇✐♥❣
✉s t♦ ❝♦♥❝❧✉❞❡ ✐♠♠❡❞✐❛t❡❧② ❛❜♦✉t t❤❡ NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ ❝s♣(F •)✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛ ❧♦t t♦ ❱✐♥❝❡♥t ❏♦st ❛♥❞ ❉❛✈✐❞ ❙❛✈♦✉r❡② ❢♦r t❤❡
♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✺✳✸✳✶ ❛♥❞ ✺✳✸✳✸✳

✺✳✸✳✶ ◆♦♥✲st❛❜✐❧✐t② ✉♥❞❡r ▼❛① ❛♥❞ ▼✐♥

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ t❤❛t ✐❢ widthF ≥ |D|✱ t❤❡♥ FH
rhs ✐s ♥♦t ❝❧♦s❡❞

✉♥❞❡r ♠❛① ❛♥❞ ♠✐♥ ♦♣❡r❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ❡q✉❛t✐♦♥s f(0) = 0 ❛♥❞ f(1) = 1 ❤♦❧❞✱ ❡①❝❡♣t ❢♦r
t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1✳ ■❢ widthF ≥ |D|✱
t❤❡♥ FH

rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ♠❛① ♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ❲❡ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❢♦r widthF = |D| = n s✉❝❤ t❤❛t t❤❡
❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ❢♦r widthF ≥ |D| ✇✐❧❧ ❜❡ tr✐✈✐❛❧✳ ❚❤✉s✱ ❛ss✉♠❡ t❤❛t
✇❡ ❤❛✈❡ widthF = |D| = n✳

❋✐rst✱ ♦❜s❡r✈❡ t❤❛t FH
rhs ✐s ❛ n2✲❇♦♦❧❡❛♥ ♠❛tr✐① s✉❝❤ t❤❛t t❤❡ ✜rst r♦✇

✐s ❝♦♠♣♦s❡❞ ♦♥❧② ✇✐t❤ 0s✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ♦♥❧② ✇✐t❤ 1s✱ ❛❧❧ r♦✇ ❛r❡ ♣❛✐r✇✐s❡
❞✐✛❡r❡♥t ✭♦t❤❡r✇✐s❡✱ F • ✐s ♥♦t ❛ ❝♦r❡✮ ❛♥❞ ❛❧❧ ❝♦❧✉♠♥s ❛r❡ ❞✐✛❡r❡♥t ✭❜❡❝❛✉s❡
❛❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✮✳ ❆❝t✉❛❧❧②✱ FH

rhs ❝❛♥ ❤❛✈❡ ♠♦r❡ t❤❛♥ n ❝♦❧✉♠♥s✱
❜✉t t❤✐s ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ♣r♦♦❢✳

❚♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❜✉✐❧t s✉❝❤
❛ ♠❛tr✐① t❤❛t ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛① ♦♣❡r❛t✐♦♥ ✭✐✳❡✳✱ r♦✇s ❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r
❛ ♠❛① ♦♣❡r❛t✐♦♥✮✳

▲❡t FH
rhs ❛ ❇♦♦❧❡❛♥ ♠❛tr✐① ✇✐t❤ n ❝♦❧✉♠♥ s✉❝❤ t❤❛t FH

rhs ✐s ❝❧♦s❡❞ ✉♥❞❡r
♠❛①✱ ❛♥❞ s✉❝❤ t❤❛t ✇❡ ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ✜rst r♦✇ ✭✐✳❡✳ t❤❡ 0✲✈❡❝t♦r✮ ❜✉t
✇❡ ❤❛✈❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✭t❤❡ 1✲✈❡❝t♦r✮✳ ❈♦♥s✐❞❡r t❤❡ r♦✇ r ✇✐t❤ t❤❡ ❧❛r❣❡st
♥✉♠❜❡r ♦❢ 1✬s✱ ❡①❝❧✉❞✐♥❣ t❤❡ 1✲✈❡❝t♦r✳ ▲❡t k t❤❡ ♥✉♠❜❡r ♦❢ 1✬s ✐♥ r✳ ❲❡
s❤♦✇ t❤❛t k s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ n− 1✳

❆ss✉♠❡ t❤❛t k ≤ n− 2✱ t❤❡♥ t❤❡r❡ ❡①✐st ❛t ❧❡❛st t✇♦ 0 ✐♥ r✳ ▲❡t c1 ❛♥❞
c2 t✇♦ ❝♦❧✉♠♥s ✇❡r❡ t❤❡r❡ ✐s ❛ 0 ✐♥ r✳ ❲❡ ❦♥♦✇ t❤❛t c1 ❛♥❞ c2 s❤♦✉❧❞ ❜❡
❞✐✛❡r❡♥t✱ t❤❡♥ t❤❡r❡ ♠✉st ❡①✐sts ❛ r♦✇ r0 t❤❛t ♠❛❦❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡s❡ t✇♦ ❝♦❧✉♠♥s ♣✉tt✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ ❛ 0 ❢♦r c1 ❛♥❞ ❛ 1 ❢♦r c2✳ ❍❡♥❝❡✱
max(r0, r) ❣✐✈❡s ✉s ❛ r♦✇ ✐♥ t❤❡ ♠❛tr✐① ✇✐t❤ k + 1 ✈❛❧✉❡s 1 ✐♥s✐❞❡✱ t❤❛t ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ r t❤❡ r♦✇ ✇✐t❤ t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ♦❢ 1✳

❚❤✉s ✇❡ ♠✉st ❤❛✈❡ k = n − 1✱ t❤❛t ✐s t♦ s❛② ❛ r♦✇ r ✇✐t❤ n − 1 ✈❛❧✉❡s
1 ❛♥❞ ♦♥❧② ♦♥❡ 0 ✐♥ ❛ ❝♦❧✉♠♥ c✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ✇❡ r❡♠♦✈❡ r ❛♥❞ c ❢r♦♠
t❤❡ ♠❛tr✐①✱ ✇❡ ♦❜t❛✐♥ ❛♥ (n − 1)2✲♠❛tr✐① ✈❡r✐❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
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✐♥✐t✐❛❧ ♠❛tr✐①✱ ✐✳❡✳ t❤❡ st❛❜✐❧✐t② ✉♥❞❡r ♠❛①✱ t❤❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
❝♦❧✉♠♥s✱ ❛♥❞ ❜❡t✇❡❡♥ r♦✇s✱ ✇❤❡r❡ t❤❡ r♦✇ ✇✐t❤ t❤❡ ❜✐❣❣❡st ♥✉♠❜❡r ♦❢ ✈❛❧✉❡
1 ❝♦♥t❛✐♥s t❤✐s t✐♠❡ n− 2 ✈❛❧✉❡s 1✱ ❛♥❞ s♦ ♦♥✳

❍❡♥❝❡✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ♥❡❡❞ ❛t ❧❡❛st n r♦✇s t♦ ❜✉✐❧t s✉❝❤ ❛ ♠❛tr✐①✱ ❜✉t
✇✐t❤♦✉t t❤❡ 0✲✈❡❝t♦r r♦✇✳ ❚❤❡♥ ✇❡ ❝❛♥♥♦t ❜✉✐❧t s✉❝❤ ❛ ♠❛tr✐①✱ ✐♥❝❧✉❞✐♥❣ t❤❡
0✲✈❡❝t♦r✱ ✐♥ ♦♥❧② n r♦✇s✳

■t ✐s ❝❧❡❛r t❤❛t ❤❛✈✐♥❣ m > n ❝♦❧✉♠♥s ✐♠♣❧✐❡s t❤❡ ❢❛❝t t❤❛t ✇❡ ♥❡❡❞ m+1
r♦✇s✳ ❚❤❡♥✱ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥ st✐❧❧ ❤♦❧❞s✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ❡q✉❛t✐♦♥s f(0) = 0 ❛♥❞ f(1) = 1 ❤♦❧❞✱ ❡①❝❡♣t ❢♦r
t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1✳ ■❢ widthF ≥ |D|✱
t❤❡♥ FH

rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ♠✐♥ ♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✱ ✇✐t❤ t❤❡
❞✐✛❡r❡♥❝❡ t❤❛t ✇❡ ❞♦ ♥♦t t❛❦❡ t❤❡ 1✲✈❡❝t♦r t♦ ❜✉✐❧❞ ❛ ♠❛tr✐① ❝❧♦s❡❞ ✉♥❞❡r
♠✐♥✱ ❛♥❞ t❤❡♥ ✇❡ s❡❡ t❤❛t ✇❡ ♥❡❡❞ ❛t ❧❡❛st n+1 r♦✇s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ 1✲✈❡❝t♦r✱
t♦ ❤❛✈❡ s✉❝❤ ❛ ♠❛tr✐①✳ ✷

✺✳✸✳✷ ◆♦♥✲st❛❜✐❧✐t② ✉♥❞❡r ▼❛❥♦r✐t② ❛♥❞ ▼✐♥♦r✐t②

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ t❤❛t ✐❢ widthF ≥ |D|✱ t❤❡♥ FH
rhs ✐s ♥♦t ❝❧♦s❡❞

✉♥❞❡r ♠❛❥♦r✐t② ❛♥❞ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥s✳ ❆❣❛✐♥✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡
widthF = |D| = n✱ ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ❢♦r widthF ≥ |D| ✐s
tr✐✈✐❛❧✳

❘❡❝❛❧❧ t❤❛t t❤❡ ①♦r ♦♣❡r❛t✐♦♥ ⊕ ✐s t❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ♦♥ t❤❡ ❇♦♦❧❡❛♥
❞♦♠❛✐♥ s✉❝❤ t❤❛t x ⊕ y ✐s tr✉❡ ✭♦r ♦✉t♣✉ts 1 ✐❢ ②♦✉ ♣r❡❢❡r✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x
❛♥❞ y ❛r❡ ❡✈❛❧✉❛t❡ t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ t❤❛t ✐s✱ ♦♥❡ ✐s ❡✈❛❧✉❛t❡ t♦ 1 ❛♥❞ t❤❡
♦t❤❡r t♦ 0✳

❋✐rst✱ r❡♠❛r❦ t❤❛t ✐s ❛ ♠❛tr✐① ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥✱ t❤❡♥✱
❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ 0✲✈❡❝t♦r✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t t❤❡ ♠❛tr✐① ✐s ❝❧♦s❡❞
✉♥❞❡r ♠✐♥ ♦♣❡r❛t✐♦♥✱ ❛♥❞ ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ 1✲✈❡❝t♦r✱ t♦ t❤❡ ♠❛① ♦♣❡r❛✲
t✐♦♥✳ ❚❤❡♥ t❤❡ ♥♦♥✲st❛❜✐❧✐t② ♦❢ FH

rhs✱ s✉❝❤ t❤❛t widthF = |D| = n✱ ✉♥❞❡r ❛
♠❛❥♦r✐t② ♦♣❡r❛t✐♦♥ ✐s ❞♦♥❡ ❜② Pr♦♣♦s✐t✐♦♥s ✺✳✸✳✶ ❛♥❞ ✺✳✸✳✷✳

■❢ ❛ ♠❛tr✐① ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠✐♥♦r✐t② ♦♣❡r❛t✐♦♥✱ t❤❡♥✱ ❝♦♠♣♦s❡❞ ✇✐t❤
t❤❡ 0✲✈❡❝t♦r✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t t❤❡ ♠❛tr✐① ✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ①♦r
♦♣❡r❛t✐♦♥✱ ❛♥❞ ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ 1✲✈❡❝t♦r✱ t♦ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ①♦r✳ ❲❡ ✇✐❧❧
♣r♦✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❤❛t FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ①♦r ❛♥❞
t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ①♦r ✐❢ ✇❡ ❤❛✈❡ widthF = |D| = n✳
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Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✸ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ❡q✉❛t✐♦♥s f(0) = 0 ❛♥❞ f(1) = 1 ❤♦❧❞✱ ❡①❝❡♣t ❢♦r
t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1✳ ■❢ widthF ≥ |D|✱
t❤❡♥ FH

rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ①♦r ♦♣❡r❛t✐♦♥✳

Pr♦♦❢✿ ❚♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❜✉✐❧t
s✉❝❤ ❛ ♠❛tr✐① t❤❛t ✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ①♦r ♦♣❡r❛t✐♦♥✳

▲❡t FH
rhs ❜❡ ❛ ❇♦♦❧❡❛♥ ♠❛tr✐① ✇✐t❤ n ❝♦❧✉♠♥s s✉❝❤ t❤❛t FH

rhs ✐s ❝❧♦s❡❞
✉♥❞❡r ①♦r✱ ❛♥❞ s✉❝❤ t❤❛t ✇❡ ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ 1✲✈❡❝t♦r r♦✇✱ ❜✉t ✇❡ ❤❛✈❡ t❤❡
0✲✈❡❝t♦r r♦✇✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ s❡t ♦❢ r♦✇s ❛♥❞ t❤❡ ①♦r ♦♣❡r❛t✐♦♥ ❢♦r♠
❛ ❣r♦✉♣ G s✐♥❝❡ ①♦r ✐s ❛ss♦❝✐❛t✐✈❡✱ t❤❡ 0✲✈❡❝t♦r ✐s t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t✱ ❛♥❞
❡❛❝❤ ❡❧❡♠❡♥t ✐s ✐ts ♦✇♥ ✐♥✈❡rs❡ ❡❧❡♠❡♥t✱ ✐✳❡✳ ❢♦r ❡✈❡r② r♦✇ r✱ xor(r, r) ❣✐✈❡s
✉s t❤❡ 0✲✈❡❝t♦r✳

❈♦♥s✐❞❡r t❤❡ s❡t S = (r1, . . . , rk) t❤❡ ♠✐♥✐♠❛❧ ❜❛s✐s ♦❢ G✱ t❤❛t ✐s✱ ❡✈❡r②
❡❧❡♠❡♥t ✐♥ G ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ✐♥ S✱
❛♥❞ ♥♦♥❡ ♦❢ ❡❧❡♠❡♥ts ✐♥ S ❝❛♥ ❜❡ ♦❜t❛✐♥ t❤r♦✉❣❤ s✉❝❤ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥✳
❘❡♠❛r❦ t❤❛t S ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ 0✲✈❡❝t♦r✳

❘❡❝❛❧❧ t❤❛t r♦✇s ✐♥ FH
rhs ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✱ ♦t❤❡r✇✐s❡ F • ✐s ♥♦t ❛

❝♦r❡✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♣r♦❞✉❝❡ ❛ r♦✇ ✐♥ G ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥

r = λ1r1 ⊕ λ2r2 ⊕ . . .⊕ λkrk

✇✐t❤ ⊕ t❤❡ ①♦r ♦♣❡r❛t✐♦♥✳ ❚❤❡♥✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡ ❡①❛❝t❧② 2k ❡❧❡♠❡♥ts
✐♥ G s✐♥❝❡ ❡❛❝❤ r♦✇s ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳

❘❡♠❛r❦ t❤❛t ✐❢ t❤❡r❡ ❡①✐st t✇♦ ❝♦❧✉♠♥s c1 ❛♥❞ c2 ✐♥ t❤❡ ❜❛s❡ S ✇❤✐❝❤
❛r❡ t❤❡ s❛♠❡✱ t❤❡♥ ♦♥❡ ❝❛♥ ♦♥❧② ♣r♦❞✉❝❡ r♦✇s ✐♥ G s✉❝❤ t❤❛t c1 ❛♥❞ c2
r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❍♦✇❡✈❡r✱ t❤✐s ✇♦✉❧❞ ❜❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t
t❤❛t ❝♦❧✉♠♥s ✐♥ G ❛r❡ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ❚❤❡♥✱ ❝♦❧✉♠♥s ✐♥ S ♠✉st ❛❧s♦ ❜❡
♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳

■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t ✇❡ ♥❡❡❞ ❛t ❧❡❛st log(n) r♦✇s t♦ ♠❛❦❡ t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ n ❝♦❧✉♠♥s✳ ❚❤❡♥✱ t❤❡ ❜❛s✐s S ❝♦♥t❛✐♥s ❛t ❧❡❛st log(n) r♦✇s✱ ❛♥❞
G✱ t❤❛t ✐s t♦ s❛② t❤❡ ♠❛tr✐① FH

rhs ✐ts❡❧❢✱ ♠✉st ❛t ❧❡❛st ❝♦♥t❛✐♥s 2log(n) r♦✇s✱
✐✳❡✳ n r♦✇s✳ ❚❤❡♥✱ ✐❢ ✇❡ ✐♥❝❧✉❞❡ t❤❡ 1✲✈❡❝t♦r✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ s✉❝❤ ❛ ♠❛tr✐①
❝❧♦s❡❞ ✉♥❞❡r ①♦r ✇✐t❤ n ❝♦❧✉♠♥s ❛♥❞ ♦♥❧② n r♦✇s ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t✳ ✷

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✹ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ❡q✉❛t✐♦♥s f(0) = 0 ❛♥❞ f(1) = 1 ❤♦❧❞✱ ❡①❝❡♣t ❢♦r
t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1✳ ■❢ widthF ≥ |D|✱
t❤❡♥ FH

rhs ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ①♦r ♦♣❡r❛t✐♦♥✳

✽✵



✺✳✹✳ ❈❖◆❈▲❯❙■❖◆

Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✸✱ ✇✐t❤ t❤❡
❞✐✛❡r❡♥❝❡ t❤❛t ✇❡ ❞♦ ♥♦t t❛❦❡ t❤❡ 0✲✈❡❝t♦r t♦ ❜✉✐❧❞ ❛ ♠❛tr✐① ❝❧♦s❡❞ ✉♥❞❡r
t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ①♦r✱ ❛♥❞ t❤❡♥ ✇❡ s❡❡ t❤❛t ✇❡ ♥❡❡❞ ❛t ❧❡❛st n+1 r♦✇s ✭❛❝t✉❛❧❧②✱
❡✈❡♥ ♠♦r❡✮✱ ✐♥❝❧✉❞✐♥❣ t❤❡ 0✲✈❡❝t♦r✱ t♦ ❤❛✈❡ s✉❝❤ ❛ ♠❛tr✐①✳ ✷

◆♦✇✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r❡♠ ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✸✳✺ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ♦✈❡r ❛
✜♥✐t❡ ❞♦♠❛✐♥ D s✉❝❤ t❤❛t ❢♦r ❡✈❡r② f ∈ F ✱ ❡q✉❛t✐♦♥s f(0) = 0 ❛♥❞ f(1) = 1
❤♦❧❞✱ ❡①❝❡♣t ❢♦r t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ 0 ❛♥❞ 1✳ ■❢
t❤❡ ✐♥❡q✉❛❧✐t② widthF ≥ |D| ❤♦❧❞s✱ t❤❡♥ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✿ ❙✐♥❝❡ F ✐s ❛ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✱ ❜② ❙❝❤❛❡❢❡r✬s
t❤❡♦r❡♠ ✇❡ ❦♥♦✇ t❤❛t ❝s♣(FH

rhs) ✐s NP✲❝♦♠♣❧❡t❡ ✐❢ FH
rhs ✐s ♥❡✐t❤❡r ❝❧♦s❡❞

✉♥❞❡r ❝♦♥st❛♥t ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ♦✉t♣✉t 0 ♦r 1✱ ♥♦r ♠❛❥♦r✐t②✱ ♠✐♥♦r✐t②✱ ♠❛①✲
✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ♦♣❡r❛t✐♦♥s✳ ▲❡♠♠❛ ✹✳✷✳✻ ❛❧❧♦✇s ✉s t♦ ❞✐r❡❝t❧② ✇♦r❦
✇✐t❤ ❝♦r❡s✳ ❚❤✉s✱ ❛ss✉♠✐♥❣ F ✐s ❛ ❝♦r❡✱ FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛♥②
❝♦♥st❛♥t ♦♣❡r❛t✐♦♥✳ Pr♦♣♦s✐t✐♦♥s ✺✳✸✳✶ ❛♥❞ ✺✳✸✳✷ s❤♦✇ t❤❛t✱ s✐♥❝❡ ✇❡ ❤❛✈❡
widthF ≥ |D|✱ FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛①✐♠✉♠ ♦r ♠✐♥✐♠✉♠ ♦♣❡r✲
❛t✐♦♥✳ ❋✐♥❛❧❧②✱ Pr♦♣♦s✐t✐♦♥s ✺✳✸✳✸ ❛♥❞ ✺✳✸✳✹ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
widthF ≥ |D|✱ FH

rhs ❝❛♥♥♦t ❜❡ ❝❧♦s❡❞ ✉♥❞❡r ❛ ♠❛❥♦r✐t② ♦r ♠✐♥♦r✐t② ♦♣❡r❛✲
t✐♦♥✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝s♣(FH

rhs) ✐s NP✲❝♦♠♣❧❡t❡✱ ❛♥❞ t❤❡♥✱ ❜② ▲❡♠♠❛ ✹✳✷✳✹
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱ t❤❛t ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳ ✷

✺✳✸✳✸ ❈♦♥❥❡❝t✉r❡

❈♦♥❥❡❝t✉r❡ ✺✳✸✳✻ ▲❡t F ❜❡ ❛♥② s❡t ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ■❢ widthF ≥ |D|✱
t❤❡♥ ❝s♣(F •) ✐s NP✲❝♦♠♣❧❡t❡✳

✺✳✹ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ✈❡r② ✜rst r❡s✉❧ts ♦♥ ❝♦♠♣❧❡①✐t② ♦❢ ❝s♣ ♦✈❡r
✉♥❛r② ❢✉♥❝t✐♦♥s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ st✉❞② ♦❢ ❦❡r♥❡❧ ✇✐❞t❤✳ ❚❤✐s ❝❤❛♣✲
t❡r ❝♦♥t❛✐♥❡❞ t❤r❡❡ ♠❛✐♥ r❡s✉❧ts✿ ✇❡ ♣r♦✈❡❞ t❤❛t✱ ❢♦r t❤❡ ❝s♣(F •) ♣r♦❜❧❡♠
♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥✱ t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ ✇✐❞t❤ ✐♠✲
♣❧✐❡s t❤❡ tr❛❝t❛❜✐❧✐t② ♦❢ ❝s♣(F •)✳ ❚❤❡♥✱ ✇❡ s❤♦✇♥ ❛ ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠ ♦❢
t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝s♣(F •) ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ♦♥ ❛ t❡r♥❛r②
❞♦♠❛✐♥ ✈✐❛ ❛ ❝r✐t❡r✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡❞ t❤❡
NP✲❝♦♠♣❧❡t❡♥❡ss ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❝s♣(F •) ♣r♦❜❧❡♠ ✇❤❡r❡ ❡✈❡r②
✉♥❛r② ❢✉♥❝t✐♦♥ f ∈ F ✐s s✉❝❤ t❤❛t f(0) = 0 ❛♥❞ f(1) = 1 ❤♦❧❞✱ ❡①❝❡♣t

✽✶



❈❍❆P❚❊❘ ✺✳ ❈❙P(F •) ❆◆❉ ❑❊❘◆❊▲ ❲■❉❚❍

❢♦r t❤❡ t✇♦ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s f0, f1 ∈ F ♦✉t♣✉tt✐♥❣ r❡s♣❡❝t✐✈❡❧② 0 ❛♥❞ 1✳
❚❤✐s r❡s✉❧t ❤♦❧❞s ❢♦r ❡✈❡r② ✜♥✐t❡ ❞♦♠❛✐♥ D ✐❢ t❤❡ ❦❡r♥❡❧ ✇✐❞t❤ ✐s ❤✐❣❤❡r t❤❛♥
♦r ❡q✉❛❧s t♦ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ D✳ ■t ❧❡❛❞s ✉s t♦ t❤❡ ❝♦♥❥❡❝t✉r❡ t❤❛t✱ ✐s t❤✐s
❝r✐t❡r✐♦♥ ✐s ✈❡r✐✜❡❞✱ t❤❡ ❝s♣(F •) ♣r♦❜❧❡♠ ♦✈❡r ✉♥❛r② ❢✉♥❝t✐♦♥s ✐s ✐♥tr❛❝t❛❜❧❡✳

❇② ❛ ❧❛❝❦ ♦❢ t✐♠❡✱ ✇❡ ❤❛✈❡ ♥♦t ②❡t r❡♣r♦✈❡❞ ♦✉r ❉✐❝❤♦t♦♠② ❚❤❡♦r❡♠
♦❢ ❝s♣(F •) ✇✐t❤ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❝♦✲❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✱ ❛s ✇❡❧❧ ❛s ✇❡ ❤❛✈❡
♥♦t ②❡t st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦t❤❡r ♣r♦❜❧❡♠s ♦♥ ❞✐✛❡r❡♥t ❢❛♠✐❧② ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥s✱ ❜✉t ✇❡ ♣❧❛❝❡ ❣r❡❛t ❤♦♣❡s ✐♥ t❤✐s ♣♦✇❡r❢✉❧ ♠❡t❤♦❞ t♦ ❞❡✈❡❧♦♣ ♥❡✇
r❡s✉❧ts ♦♥ t❤❡ tr❛❝t❛❜✐❧✐t② ❛♥❞ ✐♥tr❛❝t❛❜✐❧✐t② ♦❢ s♦♠❡ ❝s♣ ♣r♦❜❧❡♠s ♦♥ ✉♥❛r②
❢✉♥❝t✐♦♥s✳
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