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1

Intro duction

Cette thèse p orte sur la mo délisation et l'étude probabiliste de l'évolution géné-

tique de p opulations constituées d'individus diploïdes, qui se repro duisent de façon

sexuée, et sont en interaction (comp étition ou co op ération) les uns avec les autres.

Cette question est ab ordée du p oint de vue de la conservation des esp èces, c'est-à-dire

que nous nous intéressons à l'impact de la diploïdie, de l'hérédité mendélienne et des

interactions sur l'évolution de p opulations vouées à l'extinction. Nous considérons

une mo délisation à temps continu, individu-centrée, et dans laquelle les individus

sont caractérisés par leur génotyp e. Nos travaux s'appuient tous sur un même mo-

dèle de base, constitué d'un pro cessus de naissance et mort non-linéaire qui est étudié

sous di�érentes échelles de taille de p opulation, de temps, de taux de mutations, et

de taux de naissance et mort intrinsèque.

Cette intro duction s'organise en deux parties. Dans la première, nous présentons

et détaillons plusieurs notions biologiques essentielles p our bien comprendre notre

travail, et nous intro duisons le mo dèle de base considéré. Dans la deuxième, nous

expliquons la structure de la thèse et énonçons et expliquons les principaux résultats

obtenus dans chaque chapitre.

1 Contexte, notions biologiques, et mo délisation mathé-

matique

1.1 Motivations et p oint de vue adopté

Motivations

À l'origine de cette thèse se trouvent deux problématiques biologiques imp or-

tantes et auxquelles aucune rép onse satisfaisante n'avait été donnée.

Tout d'ab ord, les p opulations de p etite taille, c'est-à-dire constituées de p eu d'in-

dividus, sont soumises à certains phénomènes qui leur sont sp éci�ques et qui sont

observés et étudiés depuis longtemps par les biologistes. Par exemple, les p etites
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p opulations (qui font l'ob jet du livre Soulé ( 1986 )) présentent une plus grande varia-

bilité génétique temp orelle ( Crow & Kimura ( 1970 ), pp. 327� 339), de la consangui-

nité (i.e. des croisements entre individus apparentés, Wright ( 1921 )), ont une réaction

di�érente aux changements environnementaux ( Lande ( 1993 )), une dynamique démo-

graphique particulière ( Lande ( 1988 )), etc... En d'autres termes et plus généralement,

on sait qu'une p opulation constituée de p eu d'individus ne p eut pas simplement être

vue comme le mo dèle réduit d'une grande p opulation. Mais �nalement, p eut-on vrai-

ment rép ondre à la question "Qu'est-ce qu'une p etite p opulation ?" ? 10, 100, 10000
individus ? Comment dé�nir une taille seuil au-delà de laquelle une p opulation p our-

rait être considérée comme grande ? Est-ce seulement p ossible ? Pour rép ondre à ces

questions il faut connaître les phénomènes sp éci�ques à l'évolution d'une p etite p o-

pulation, puis déterminer à partir de combien d'individus ces phénomènes p ourront

être négligés.

Par ailleurs, une autre question essentielle, qui a préo ccup é notamment Darwin

1

,

Fisher ( Fisher ( 1930 )), et qui continue à intriguer les biologistes de la conservation,

est : "Comment la repro duction sexuée se maintient-elle ?" (voir Hart�eld & Keight-

ley ( 2012 ) et, p our une référence généraliste, les Chapitres 4 et 6 du livre Civard-

Racinais & Gouyon ( 2009 ) ( Giraud & Penet ( 2009 ) et Gouyon & Giraud ( 2009 ))).

Ce mo de de repro duction est en e�et très coûteux puisqu'il supp ose notamment la

pro duction d'un très grand nombre de gamètes, la rencontre et le choix d'un par-

tenaire compatible, et une fécondation qui donne lieu à un nouvel individu qui soit

lui-même fertile. La méiose (division cellulaire à l'origine des gamètes) implique en

outre la p erte de la moitié de l'information génétique lors de la repro duction. Cha-

cune de ces étap es n'existe pas dans la repro duction clonale et présente un coût.

Plusieurs explications au maintien de la repro duction sexuée ont alors été avancées

( Maynard Smith ( 1978 )), sans qu'aucune n'ait réellement été quanti�ée mathéma-

tiquement. L'une d'entre elles est que le brassage génétique dont est issu chaque

individu d'une p opulation à repro duction sexuée p ermet une élimination plus e�-

cace des mutations délétères (lutte contre le cliquet de Müller, phénomène au cours

duquel une p opulation à repro duction clonale sou�re de l'accumulation irréversible

de mutations délétères ( Muller ( 1932 ))).

Nous avons donc cherché à étudier l'impact de la repro duction mendélienne sur

la dynamique de la comp osition génétique d'une p etite p opulation. En particulier,

puisque la théorie de l'évolution de Charles Darwin ( Darwin & Royer ( 1862 )) re-

p ose sur des invasions successives de mutations, nous nous sommes intéressées à

1 . "We do not even in the least know the �nal cause of sexuality ; why new b eings should b e

pro duced by the union of the two sexual elements, instead of by a pro cess of parthenogenesis... The

whole sub ject is as yet hidden in darkness", Darwin ( 1862 )
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l'in�uence de la diploïdie sur la probabilité d'invasion ou de disparition d'un allèle

donné dans une p opulation de taille �nie. Nous étudions en outre le vortex d'extinc-

tion démo-génétique , un phénomène sp éci�que aux p opulations de p etite taille, qui

est caractérisé par des �xations de plus en plus fréquentes de mutations délétères, et

qui contribue à accélérer l'extinction des p opulations.

Point de vue adopté

Dans cette thèse nous nous intéressons donc à l'évolution génétique de p opula-

tions d'individus qui se repro duisent de façon mendélienne et sont en comp étition

les uns avec les autres. Nous nous intéressons en particulier (Chapitres 1 et 2 ) à

l'évolution des p opulations de p etite taille. La p opulation considérée est mo délisée

par un pro cessus de naissance et mort multi-typ e et non-linéaire, qui est étudié sous

di�érentes échelles de temps, de taille de p opulation, de taux de mutation, ou de pa-

ramètres démographiques. Plus précisément, nous faisons dép endre un ou plusieurs

paramètres de la p opulation (comme son taux individuel de mutation, sa taille ini-

tiale, etc...) d'un paramètre d'échelle K qui tendra vers l'in�ni. On s'intéresse donc

à la convergence (dans un sens large) d'une suite de pro cessus sto chastiques marko-

viens indicée par ce paramètre d'échelle K , lorsque K tend vers l'in�ni, ainsi qu'au

pro cessus limite obtenu.

En particulier, une notion imp ortante ab ordée dans cette thèse est celle d'échelle

lente-rapide. Dans la première partie (Chapitres 1 et 2 ), l'apparition d'une mutation

a lieu b eaucoup plus rarement que les événements démographiques de naissance et

mort. Dans la deuxième partie (Chapitres 3 et 4 ), la taille et la comp osition géné-

tique de la p opulation évoluent lentement tandis que la distance de la p opulation à

l'équilibre de Hardy-Weinb erg évolue rapidement. En�n, dans chacune des parties de

cette thèse, l'échelle de temps considérée joue un rôle très imp ortant : dans la pre-

mière partie, l'accélération du temps p ermet l'apparition de mutations rares, tandis

que dans la deuxième partie, l'accélération des événements de naissances et morts

naturelles p ermet une évolution aléatoire de la p opulation sous une hyp othèse de

grande taille de p opulation.

Notre démarche est originale par rapp ort aux études classiques de génétique des

p opulations (voir Crow & Kimura ( 1970 ) p our une intro duction complète), car nous

considérons des p opulations dont la taille est non constante et évolue aléatoirement

au cours du temps. Dans la première partie de cette thèse nous ne faisons pas non

plus d'hyp othèse de grande taille de p opulation comme il est fait en dynamique

adaptative (voir Metz et al. ( 1996 ), Champagnat ( 2006 ), Champagnat & Méléard

( 2007 ), Champagnat & Méléard ( 2007 ), ou Collet et al. ( 2013b ) et Metz & Redig
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( 2013 ) p our des p opulations diploïdes). Nous insistons en particulier sur le fait que

dans notre travail, comme la p opulation est p etite, les mutations désavantageuses

p euvent �nir par envahir la p opulation, ce qui n'est pas le cas dans les p opulations

de grande taille étudiées en dynamique adaptative. Sous une hyp othèse de mutations

rares, nous étudions en particulier le pro cessus de "Trait Substitution Sequence" in-

tro duit dans Metz et al. ( 1996 ), qui montre en temps long les �xations successives

de mutations rares dans la p opulation. Cette asymptotique est étudiée dans Cham-

pagnat & Lamb ert ( 2007 ) p our une p opulation haploïde, mais la diploïdie engendre

ici des di�cultés supplémentaires. Par ailleurs, les individus de la p opulation sont

en interaction (comp étition ou co op ération) les uns avec les autres ; les conditions de

sélection dans la p opulation évoluent donc au cours du temps puisqu'elles dép endent

du nombre d'individus présents voire de la comp osition génétique de la p opulation.

Cette thèse s'inscrit donc dans le cadre de l'étude de l'éco-évolution des p opulations,

c'est-à-dire l'étude de l'évolution simultanée d'une esp èce et de l'environnement dans

lequel elle se trouve ( Pelletier et al. ( 2009 )).

1.2 Quelques notions biologiques

Dans cette section nous rapp elons quelques notions basiques concernant la géné-

tique, la diploïdie et la repro duction sexuée.

Populations diploïdes, lois de Mendel et équilibre de Hardy-Weinb erg

Dans tous les chapitres de cette thèse, nous considérons une p opulation d'indivi-

dus diplophasiques (nous dirons aussi diploïdes), hermaphro dites, auto-incompatibles

et se repro duisant de façon mendélienne et panmictique. Ces termes sont maintenant

expliqués et discutés.

Chaque être vivant ou individu est constitué d'une ou plusieurs cellules dans

chacune desquelles se trouve une copie de son génome, présenté sous la forme d'une

ou plusieurs molécules d'ADN. Ce matériel génétique est le supp ort de l'hérédité,

qui est assurée par le biais de la repro duction. On distingue alors deux typ es de

repro duction : la multiplication asexuée donne naissance à un individu qui est un

clone de son unique parent, tandis que la repro duction sexuée donne lieu à un individu

dont le génome est issu d'un brassage génétique entre ses deux parents.

Par ailleurs, une cellule est caractérisée par son niveau de ploïdie, c'est-à-dire le

nombre d'exemplaires de ses chromosomes : on s'intéressera ici uniquement aux cel-

lules haploïdes et diploïdes qui p ossèdent resp ectivement une seule ou deux versions

de chaque chromosome. Les gènes sont des p ortions de chromosomes qui in�uencent

un caractère donné des individus. Une cellule diploïde p ossède donc deux versions de
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chaque gène, app elées allèles. Les cellules constituant un individu ont toutes le même

niveau de ploïdie. Un individu est alors dit diplophasique (resp. haplophasique) s'il

passe la ma jeure partie de son cycle de vie avec des cellules diploïdes (resp. ha-

ploïdes). Par exemple l'humain et la plupart des animaux sont diplophasiques : leur

phase haploïde corresp ond seulement à la p ério de de formation des gamètes. Il est

imp ortant de noter que la diplophasie n'est pas nécessairement liée à la repro duction

sexuée : la plupart des plantes se repro duisent de façon sexuée, mais certaines sont

diplophasiques tandis que d'autres sont haplophasiques.

Nous avons choisi de considérer des individus hermaphro dites, c'est-à-dire p os-

sédant à la fois les fonctions mâle et femelle ; cela p ermettra de nous concentrer

uniquement sur les e�ets du brassage génétique qui a lieu lors de la repro duction

sexuée, et d'éliminer ceux dus à la distinction des sexes ( Maynard Smith ( 1978 ),

chap. 6) : dans notre mo dèle, chaque individu p eut se repro duire avec chaque autre

individu. L'hyp othèse de panmixie assure que les individus, lors de leur repro duction,

choisissent leur partenaire uniformément au hasard. Cette hyp othèse est souvent p o-

sée en génétique et dynamique des p opulations.

Dans une p opulation d'individus diploïdes à repro duction sexuée, les règles de

transmission du matériel génétique d'un couple de parents à leur enfant sont app elées

�lois de Mendel� ( Mendel ( 1901 )). Ces règles p euvent se résumer de façon simple :

considérons un lo cus (emplacement) donné du génome, auquel se situe un gène. Les

lois de Mendel a�rment alors que chacun des deux parents d'un enfant transmet l'un

de ses deux allèles choisi uniformément au hasard, à cet enfant. Contrairement aux

p opulations se repro duisant de façon clonale, le nombre moyen d'individus naissant

avec un génotyp e donné n'est alors pas prop ortionnel au nombre d'individus dans la

p opulation p ortant ce même génotyp e, ce qui p ose des di�cultés mathématiques.

Une particularité imp ortante des p opulations diploïdes est la notion d'équilibre

de Hardy-Weinb erg, intro duite dans Hardy ( 1908 ) et Weinb erg ( 1908 ) et présentée

en détail dans Crow & Kimura ( 1970 ), pp. 34 � 40 et Ewens ( 2004 ), pp. 3 � 6. Cet

équilibre assure que dans une p opulation panmictique de taille in�nie et à géné-

rations non-chevauchantes, en l'absence de sélection, de mutation et de migration,

les fréquences alléliques restent constantes d'une génération à l'autre, à partir de la

deuxième génération. De plus, lorsqu'une p opulation satisfait cet équilibre, si l'on

considère un lo cus donné du génome, alors la prop ortion d'individus p ortant un gé-

notyp e donné est égale à la probabilité de tirer deux allèles formant ce génotyp e,

si l'on tire deux allèles uniformément, avec remise et indép endamment, parmi l'en-

semble des allèles présents dans la p opulation. Par exemple p our deux allèles A et a
de fréquences resp ectives pA et pa , la prop ortion d'individus ayant p our génotyp e AA
(resp. Aa ) est égale à (pA )2

(resp. 2pA pa ). Cette relation entre fréquences alléliques et
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génotypiques est app elée structure de Hardy-Weinb erg. Par abus de langage, on dira

dans cette thèse que la p opulation considérée est à l'équilibre de Hardy-Weinb erg

si elle satisfait la structure de Hardy-Weinb erg, même si les fréquences alléliques ne

restent pas constantes au cours du temps.

Petites p opulations, mutations et vortex d'extinction

Dans cette thèse, nous mo délisons, étudions et quanti�ons un phénomène app elé

"vortex d'extinction demo-génétique", dans une p opulation diploïde à repro duction

sexuée. Avant de dé�nir ce phénomène, nous avons b esoin à nouveau de quelques

notions biologiques. Tout d'ab ord, une mutation est une mo di�cation à un endroit

donné du génome d'une cellule d'un individu. Chaque nouvel allèle est donc issu d'une

mutation d'un allèle existant. Une mutation délétère est une mutation qui confère un

désavantage sélectif à son p orteur. On s'intéressera dans cette thèse aux mutations

qui ont lieu dans la lignée germinale (i.e. dans une cellule qui va donner un gamète),

qui seront donc transmises lors de la repro duction. Une notion imp ortante chez les

p opulations diploïdes est la notion de relation de dominance entre deux allèles : on

dit qu'un allèle a est récessif par rapp ort à un allèle A lorsqu'il ne s'exprime pas

chez l'individu de génotyp e hétérozygote Aa (i.e. les phénotyp es des individus de

génotyp es AA et Aa sont les mêmes). L'allèle A est alors dit dominant par rapp ort

à l'allèle a. Au contraire, on dit que les deux allèles sont co dominants lorsqu'ils

s'expriment tous les deux chez l'hétérozygote. En particulier, les e�ets d'un allèle a
sont dits additifs si le phénotyp e (quanti�able) d'un individu hétérozygote Aa est

égal à la moyenne des phénotyp es des homozygotes AA et aa. On s'intéressera aussi à

un cas app elé surdominance, dans lequel les individus de typ e Aa sont mieux adaptés

que les homozygotes AA et aa. Par ailleurs, on dit qu'un allèle (ou une mutation,

donc) à un gène donné se �xe lorsqu'il �nit par remplacer, dans une p opulation, le

ou les autres allèles présents à ce gène. Un allèle qui s'est �xé est donc p orté par

tous les individus, en double exemplaire p our une p opulation diploïde. On dira donc

par exemple qu'un allèle a présent à un lo cus donné se �xe si au b out d'un moment

tous les individus ont p our génotyp e aa à ce lo cus. Ici il est imp ortant de remarquer

que lorsqu'une p opulation d'individus haploïdes caractérisés par leur génotyp e à un

seul lo cus bi-allélique ne contient plus qu'un seul individu, alors elle ne contient plus

qu'un allèle p our ce lo cus. Il y a donc nécessairement �xation de l'un des deux allèles

avant l'extinction de la p opulation. Dans une p opulation diploïde il p eut ne jamais y

avoir �xation d'un des deux allèles, si le dernier individu restant dans la p opulation

avant son extinction est hétérozygote p our ce lo cus (i.e. de génotyp e Aa où A et a
sont les deux allèles p ossibles à ce lo cus).
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Un "vortex" (ou tourbillon) d'extinction est un phénomène observé par les bio-

logistes dans les p etites p opulations, qui consiste en une décroissance de plus en

plus rapide de la taille de p opulation, jusqu'à l'extinction. Cette accélération de la

décroissance de la taille de p opulation est due à une combinaison de plusieurs fac-

teurs qui se renforcent mutuellement ( Stephens & Sutherland ( 1999 )), et plusieurs

typ es de vortex sont dé�nis, en fonction des facteurs mis en jeu (voir Gilpin & Soulé

( 1986 ), pp. 25 � 34, p our plus de détail). Ici nous étudions le vortex d'extinction

démo-génétique ("mutational meltdown" en anglais), au cours duquel la taille de

p opulation diminue de plus en plus rapidement suite à des �xations de plus en plus

fréquentes de mutations délétères dans la p opulation. Ce vortex est intro duit dans

l'article Lynch et al. ( 1995 ) et son fonctionnement, tel qu'il est décrit par les bio-

logistes, est le suivant : plus une p opulation est p etite, plus les mutations délétères

se �xent fréquemment (du fait de la dérive génétique, Drake et al. ( 1998 ) ou Lynch

et al. ( 1999 )), et par ailleurs, à chaque fois qu'une mutation délétère se �xe, la taille

de p opulation diminue. La combinaison de ces deux faits crée donc une accélération

de la diminution de la taille de p opulation et en parallèle des �xations de plus en

plus rapides de mutations délétères.

1.3 Le mo dèle de base

Nous intro duisons maintenant le mo dèle mathématique qui est à la base de nos

travaux. Considérons une p opulation d'individus diploïdes caractérisés par leur gé-

notyp e à un lo cus p our lequel il existe deux allèles, A et a. Chaque individu a donc

un des trois génotyp es p ossibles,

AA; Aa ou aa:

On parlera aussi de typ es

1; 2 ou 3

p our plus de simplicité. La p opulation est alors mo délisée par un pro cessus de nais-

sance et mort à trois typ es

(Z t )t � 0 = ( kt ; mt ; nt )t � 0

qui donne à chaque temps t 2 R+ les nombres resp ectifs d'individus de chaque

génotyp e. On note

N t = kt + mt + nt

la taille de la p opulation au temps t et nous détaillons maintenant les taux de nais-

sance et mort du pro cessus (Z t )t � 0 . On supp ose que chaque individu essaie de se
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repro duire au taux r > 0. Lors de cette tentative, un individu choisit un partenaire

de repro duction uniformément au hasard parmi les autres individus de la p opulation

(rapp elons que les individus sont auto-incompatibles : ils ne p euvent pas se repro-

duire avec eux-même). En�n, p our i et j dans f 1; 2; 3g, on dé�nit la valeur sélective

asso ciée à un couple d'individus de typ es resp ectifs i et j comme la probabilité pi;j

que ce couple, lors d'une fécondation, pro duise un enfant. Cette probabilité p eut par

exemple dép endre du nombre moyen de gamètes pro duits par chaque génotyp e. En

e�et, si les individus de typ es 2 et 3 pro duisent deux fois moins de gamètes que ceux

de typ e 1, on p ourra supp oser qu'un couple d'individus de typ es resp ectifs 2 et 3
a quatre fois moins de chance de se repro duire lors d'une rencontre, qu'un couple

constitué de deux individus de typ e 1. Plus généralement, cette valeur sélective asso-

ciée à chaque couple p ossible de génotyp es traduit à la fois la capacité repro ductive

de chacun des deux génotyp es impliqués, et leur compatibilité. Posons bij = rp i;j

p our tous i , j . Alors si Z t = ( k; m; n) et N = k + m + n � 2, la rencontre et la

repro duction de deux individus de typ es 1 et 2 dans la p opulation au temps t , a lieu

au taux :

rNkm
2

N (N � 1)
p1;2 = r

2km
N � 1

p1;2 = b12
2km

N � 1
:

Pour un couple d'individus de même typ e, il faut de plus tenir compte du fait qu'un

individu ne p eut se repro duire avec lui-même. Par exemple, si Z t = ( k; m; n) et

N = k + m + n � 2, alors la rencontre et la repro duction de deux individus non-�xés

de typ e 1 dans la p opulation au temps t se pro duit au taux :

rN
k(k � 1)

N (N � 1)
p1;1 = b1;1

k(k � 1)
N � 1

:

Le génotyp e du nouveau-né est le résultat d'une ségrégation (ou brassage gé-

nétique) et, d'après les lois de Mendel, un couple d'individus de typ es 1 et 2 par

exemple (c'est-à-dire de génotyp es AA et Aa ), donne un individu de génotyp e AA
ou Aa avec probabilités 1=2 p our chacun. Inversement, un individu de typ e AA naît

de la rencontre de deux individus qui sont soit de génotyp e AA tous les deux (cette

rencontre donne un individu de typ e AA avec probabilité 1), soit de typ e Aa tous les

deux (cette rencontre donne un individu de typ e AA avec probabilité 1=4), soit de

typ es Aa et AA (cette rencontre donne un individu de typ e AA avec probabilité 1=2).

Nous dé�nissons en�n p our tout i 2 f 1; 2; 3g la probabilité qi p our qu'un individu

de typ e i soit viable. Ainsi, si Z t = ( k; m; n) et N = k + m + n � 2, alors p our tout

i 2 f 1; 2; 3g, le taux � i (k; m; n) auquel un individu de typ e i naît dans la p opulation
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au temps t , vaut :

� 1(k; m; n) = q1

�
b11

k(k � 1)
N � 1

+ b12
km

N � 1
+ b22

m(m � 1)
4(N � 1)

�
;

� 2(k; m; n) = q2

�
b12

km
N � 1

+ b22
m(m � 1)
2(N � 1)

+ b23
mn

N � 1
+ b13

2kn
N � 1

�
;

� 3(k; m; n) = q3

�
b33

n(n � 1)
N � 1

+ b23
mn

N � 1
+ b22

m(m � 1)
4(N � 1)

�
:

Les individus étant auto-incompatibles dans notre mo dèle, notons qu'il n'y a pas

de naissance lorsqu'il ne reste plus qu'un individu dans la p opulation. Celle-ci p eut

alors être considérée comme éteinte, ce qui n'est évidemment pas le cas p our une

p opulation à repro duction clonale. Ce phénomène en apparence ano din joue un rôle

très imp ortant lorsque l'on s'intéresse à la �xation d'un allèle dans une p opulation

diploïde. En e�et, comme nous l'avons mentionné dans la section précédente, si la

p opulation ne contient plus qu'un seul individu et que celui-ci est hétérozygote (i.e.

de génotyp e Aa ), alors aucun des deux allèles A et a ne se �xera. Dans le Chapitre

1 , le nombre d'individus dans la p opulation est arti�ciellement maintenu au-dessus

de 2 a�n d'éviter l'extinction de la p opulation et de forcer la �xation d'un des deux

allèles.

Nous intro duisons maintenant une dimension écologique au mo dèle. Plus pré-

cisément, les individus p euvent mourir soit de façon naturelle, soit du fait de la

comp étition avec les autres. Dans le Chapitre 3 , nous a joutons aussi une p ossibilité

de co op ération entre les individus. Plus précisément, chaque individu p eut soit aider

soit p énaliser chaque autre individu, et ce en fonction de leurs génotyp es resp ectifs.

Lorsqu'un individu est aidé par un autre individu, son taux de mort est diminué.

Pour tout i 2 f 1; 2; 3g, si Z t = ( k; m; n) , le taux � i (k; m; n) auquel la p opulation au

temps t p erd un individu de typ e i est plus précisément dé�ni par

� 1(k; m; n) = k(d1 + ( c11k + c21m + c31n))+ ;

� 2(k; m; n) = m(d2 + ( c12k + c22m + c32n))+ ;

� 3(k; m; n) = n(d3 + ( c13k + c23m + c33n))+ :

où les paramètres démographiques d'interaction (comp étition ou co op ération) cij

sont des nombres réels quelconques et (x)+ = max(x; 0) p our tout x 2 R . Si cij > 0,

alors les individus de typ e i ont un impact négatif sur les individus de typ e j alors

que si cij < 0, ils les aident. Les paramètres démographiques di � 0 sont les taux de

mort intrinsèque des individus de typ e i .

Cette forme très générale des taux de naissance et mort p ermet de considérer des

p opulations à repro duction sexuée p our lesquelles le niveau d'adaptation de chaque
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individu à l'environnement dép end de sa viabilité, de sa capacité repro ductrice et de

son esp érance de vie dans la p opulation qui l'entoure. On dit que le mo dèle est neutre

lorsque les paramètres démographiques ne dép endent pas du typ e des individus, i.e.

bij = b, qi = q, cij = c, di = d p our tous i et j dans f 1; 2; 3g.

2 Résumé des résultats de la thèse

Cette thèse est constituée de deux parties : dans la première, nous étudions le

vortex d'extinction démo-génétique, alors que dans la deuxième nous nous intéres-

sons à la convergence vers une dynamique di�usive lente-rapide d'une p opulation

diploïde sous une échelle de grande taille de p opulation et événements de naissance

et mort intrinsèque fréquents. Chacune de ces deux parties est divisée en deux cha-

pitres. Dans le premier chapitre, nous nous intéressons à la probabilité de �xation

d'un allèle légèrement délétère dans une p opulation de taille �nie et, sous une échelle

de mutations rares et après changement d'échelle de temps nous prouvons mathé-

matiquement l'existence d'un vortex d'extinction. Le deuxième chapitre présente

plusieurs résultats numériques asso ciés au mo dèle et aux résultats du Chapitre 1

et fournit une analyse biologique des résultats obtenus, dans le but de comprendre

comment quanti�er le vortex d'extinction et l'impact de ce phénomène sur la dy-

namique de la taille de p opulation. Dans le troisième chapitre, nous prouvons dans

un premier temps la convergence vers une dynamique di�usive lente-rapide d'une

p opulation diploïde mo délisée par un pro cessus de naissance et mort non-linéaire

à 3 typ es, sous une échelle de grande taille de p opulation. Nous étudions dans un

second temps le comp ortement quasi-stationnaire de cette p opulation et nous nous

intéressons en particulier à la p ossibilité de co existence en temps long de deux allèles

dans une p opulation conditionnée à ne pas être éteinte. En�n, dans le quatrième

chapitre, nous commençons par généraliser le résultat de convergence vers une dyna-

mique lente-rapide obtenu dans le Chapitre 3 , p our une p opulation dont les individus

sont caractérisés par leur génotyp e à un lo cus présentant un nombre �ni quelconque

L d'allèles. Nous prouvons ensuite la convergence de la p opulation lorsque L tend

vers l'in�ni, vers un pro cessus de Fleming-Viot généralisé avec taille de p opulation

non constante et sélection diploïde additive.

2.1 Chapitre 1 : étude probabiliste d'une p opulation diploïde et

densité-dép endante

Ce chapitre est constitué de l'article Coron ( 2013b ), intitulé "Sto chastic mo deling

of density-dep endent p opulations and extinction vortex" qui est à paraître dans
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Advances in Applied Probability , en Juin 2014.

Échelle de temps écologique

Dans ce chapitre nous commençons par étudier la probabilité de �xation de l'al-

lèle a dans la p opulation mo délisée par le pro cessus de naissance et mort (Z t =
(kt ; mt ; nt ); t � 0) intro duit dans la Section 1.3 dont nous rapp elons ici les taux de

naissance et mort si Z t = ( k; m; n) :

� 1(k; m; n) = q1

�
b11

k(k � 1)
N � 1

+ b12
km

N � 1
+ b22

m(m � 1)
4(N � 1)

�
;

� 2(k; m; n) = q2

�
b12

km
N � 1

+ b22
m(m � 1)
2(N � 1)

+ b23
mn

N � 1
+ b13

2kn
N � 1

�
;

� 3(k; m; n) = q3

�
b33

n(n � 1)
N � 1

+ b23
mn

N � 1
+ b22

m(m � 1)
4(N � 1)

�
; et

� 1(k; m; n) = k(d1 + ( c11k + c21m + c31n))+ ;

� 2(k; m; n) = m(d2 + ( c12k + c22m + c32n))+ ;

� 3(k; m; n) = n(d3 + ( c13k + c23m + c33n))+ :

Nous considérons plus précisément un cas particulier où les e�ets distincts de l'allèle

a par rapp ort à ceux de l'allèle A n'in�uent que sur les taux de mort naturelle, i.e.

bij = b > 0, qi = 1 , cij = c > 0, p our tous i , j , et d1 = d, d2 = d+ � et d3 = d+ � 0
. Les

taux de naissance et mort du pro cessus (Z t = ( kt ; mt ; nt ); t � 0) deviennent alors :

� 1(k; m; n) = b
�

k(k � 1)
N � 1

+
km

N � 1
+

m(m � 1)
4(N � 1)

�
;

� 2(k; m; n) = b
�

km
N � 1

+
m(m � 1)
2(N � 1)

+
mn

N � 1
+

2kn
N � 1

�
;

� 3(k; m; n) = b
�

n(n � 1)
N � 1

+
mn

N � 1
+

m(m � 1)
4(N � 1)

�
; et

� 1(k; m; n) = k(d + c(k + m + n)) ;

� 2(k; m; n) = m(d + � + c(k + m + n)) ;

� 3(k; m; n) = n(d + � 0+ c(k + m + n)) :

Notons que si � > 0 et � 0 > 0 (resp. � < 0 et � 0 < 0), alors l'allèle a est délétère

(resp. avantageux). Par ailleurs, si � = 0 , alors l'allèle a est récessif, et si � 0 = 2 � , il

est additif.

Comme nous l'avons précisé dans la Section 1.3 de cette intro duction, le pro cessus

(Z t ; t � 0) p eut s'éteindre avant même que l'un des deux allèles A ou a ne se soit
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�xé. Pour éviter ce phénomène, nous emp êchons donc arti�ciellement la p opulation

de mourir en imp osant, p our tout (k; m; n) 2 (Z+ )3
tel que k + m + n = 2 :

� 1(k; m; n) = � 2(k; m; n) = � 3(k; m; n) = 0 :

Pour tout t � 0, on a donc Z t 2 N3
�� = ( Z+ )3 n f (0; 0; 0); (1; 0; 0); (0; 1; 0); (0; 0; 1)g et

le pro cessus (Z t )t � 0 admet alors un espace d'états absorbants � = � a [ � A , avec :

� � a = f (0; 0; n); n � 2g est l'ensemble des états p our lesquels l'allèle a s'est �xé

et l'allèle A a disparu.

� � A = f (k; 0; 0); k � 2g est l'ensemble des états p our lesquels l'allèle A s'est �xé

et l'allèle a a disparu.

Nous prouvons alors que le temps d'atteinte de l'ensemble � par le pro cessus mar-

kovien de saut (Z t )t � 0 est �ni presque sûrement et nous obtenons même le résultat

suivant, p our le temps T� d'atteinte de � par la chaîne de Markov incluse asso ciée

au pro cessus (Z t )t � 0 :

Lemme 1 ( 1.4.8 ) . Pour tout (k; m; n) 2 N3
�� , il existe un réel strictement positif �

tel que Ek;m;n ((1 + � )T� ) < 1 :

Ce lemme joue un rôle imp ortant à plusieurs reprises dans notre travail et sa

preuve s'appuie sur un premier résultat obtenu à la Prop osition 1.2.1 : nous prouvons

que le temps Tf 2g de retour en f (k; m; n)jk + m + n = 2g de la chaîne incluse

asso ciée au pro cessus (Z t )t � 0 satisfait Ek;m;n ((1 + � )Tf 2g ) < 1 p our un � assez p etit

(Prop osition 1.2.1 ). Ce résultat est obtenu en utilisant des arguments d'existence de

distributions quasi-stationnaires développ és dans Collet et al. ( 2013a ).

Nous étudions donc la probabilité u((k; m; n); �; � 0) de �xation de l'allèle a sa-

chant que Z0 = ( k; m; n) , i.e. la probabilité p our que le pro cessus (Z t ; t � 0) avec

Z0 = ( k; m; n) soit absorb é en � a et non en � A (cette probabilité dép end aussi des pa-

ramètres démographiques b, d et c). Tout d'ab ord dans le cas neutre où � = � 0 = 0 , le

pro cessus sto chastique donnant la prop ortion d'allèles a est une martingale (Prop o-

sition 1.3.2 ). La probabilité u((k; m; n); 0; 0) de �xation de l'allèle a si la p opulation

part de l'état (k; m; n) est alors simplement égale à la prop ortion initiale d'allèle a :

u((k; m; n); 0; 0) =
m + 2n

2(k + m + n)
:

On supp ose ensuite que les paramètres � et � 0
sont pro ches de 0 (i.e. la mutation qui

change l'allèle A en allèle a est de p etite taille). Nous obtenons le résultat suivant :

Théorème 2 ( 1.3.4 ) . Pour tout (k; m; n) dans N3
�� , la fonction

(�; � 0) 7! u((k; m; n); �; � 0)
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est une fonction analytique de (�; � 0) au voisinage de (0; 0). De plus si nous posons

N = k + m + n , alors

u((k; m; n); �; � 0) =
2n + m

2(k + m + n)
� �v (k; m; n) � � 0w(k; m; n) + o(j� j + j� 0j);

avec

v(k; m; n) = ( k � n)
�

m
N

xN +
N 2 � (k � n)2

N 2 yN

�
;

w(k; m; n) =
n(2k + m)

N
xN + mx0

N + (2 k + m)(2n + m)
�

y0
N

N
�

2k + m
2N 2 yN

�
:

Les suites réel les (xN )N � 3 , (yN )N � 3 , (x0
N )N � 3 , et (y0

N )N � 3 sont dé�nies comme étant

les uniques solutions bornées d'équations de récurrences de degré 2 à coe�cients non-

constants (Propositions 1.3.6 et 1.3.7 ).

Ce théorème nous p ermet alors d'approximer numériquement les valeurs de la

probabilité de �xation u((k; m; n); �; � 0) p our tout (k; m; n) 2 N3
�� . On s'intéresse

en particulier aux états de la forme (k; m; n) = ( N � 1; 1; 0) p our N � 2, car on

considère classiquement que l'allèle a est apparu dans la p opulation par mutation

d'un seul brin d'ADN d'un seul individu. La p opulation est donc à ce moment (à

partir duquel on étudie la p opulation) passée d'un état homozygote (N; 0; 0) à l'état

(N � 1; 1; 0). On trace dans la Figure 1 la probabilité de �xation u((N � 1; 1; 0); �; � 0)
en fonction de N p our di�érents cas de dominance (récessivité et additivité).

Idées de la preuve : Tout d'ab ord, p our montrer l'analyticité de u , nous uti-

lisons le fait que u((k; m; n); �; � 0) se décomp ose comme la somme, sur l'ensemble

S(k;m;n )! � a de tous les chemins partant de (k; m; n) et arrivant en un p oint de �xa-

tion de l'allèle a, de la probabilité de ces chemins, en suivant une idée de Champagnat

& Lamb ert ( 2007 ) :

u((k; m; n); �; � 0) =
X

(i 1 ;::i l )2 S( k;m;n ) ! � a

� �;� 0

i 1 i 2
:::� �;� 0

i l � 1 i l
: (1)

Chacun des termes de la somme est une fonction analytique en (�; � 0) au voisinage

de (0; 0). Nous prolongeons la fonction (�; � 0) 7! u((k; m; n); �; � 0) sur un ouvert de

C2
approprié et grâce au Lemme 1 , nous montrons qu'elle est analytique sur cet

ouvert. Puis, nous notons L �;� 0
le générateur in�nitésimal du pro cessus (Z t ; t � 0).

Le pro cessus (u(Z t ; �; � 0)) t � 0 est une martingale, donc L �;� 0
u(:; �; � 0)(k; m; n) = 0 p our

tout (k; m; n) 2 N3
�� (Prop osition 1.3.3 ) ce qui nous donne que les dérivées partielles

(v(k; m; n)) (k;m;n )2 N3
��

sont solutions de l'équation
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Figure 1 � Probabilité de �xation u�;� 0

N � 1;1;0 d'une mutation délétère additive ( � =
� 0=2, losanges pleins), recessive ( � = 0 , losanges vides), ou neutre ( � = � 0 = 0 , carrés),

en fonction de la taille initiale de p opulation N . Les paramètres demographiques sont

b = 10 , d = 1 , c = 0 :1, et � 0 = 0 :2.

8
><

>:

(Lv )(k; m; n) = m(n� k)
2N (N � 1) 8(k; m; n)jk + m + n � 3

(Lv )(k; m; n) = 0 8(k; m; n)jk + m + n = 2
v(2; 0; 0) = v(0; 0; 2) = 0 ;

(2)

où L = L 0;0
. Cette équation est une équation de récurrence d'ordre 2 à 3 indices,

du fait que L est le générateur d'un pro cessus de naissance et mort à 3 typ es. Nous

prouvons (Prop osition 1.3.5 ) par un argument probabiliste et en utilisant la décom-

p osition ( 1 ) que v est en fait l'unique solution sous-linéaire (i.e. telle qu'il existe une

constante C > 0 telle que jv(k; m; n)j � C(k + m + n) p our tout (k; m; n) 2 N3
�� ) de

( 2 ) . La forme de v(k; m; n) en fonction de k , m et n est en�n intuitée. Nous montrons

en e�et que

v(k; m; n) = ( k � n)
�

m
N

xN +
N 2 � (k � n)2

N 2 yN

�

si et seulement si (zN )N � 3 =

 
xN

yN

!

N � 3

est l'unique solution b ornée d'une équation

de récurrence de degré 2 à un seul indice accompagnée d'une condition initiale, de

la forme :

BN zN +1 = CN zN + DN zN � 1 + f N for all N � 4

B3z4 = ~C3z3 + f 3;
(3)

où les matrices carrées de taille 2 BN , CN , DN , et

~C3 et les vecteurs de taille 2 f N

sont explicités. En�n, si b est assez p etit devant c, on montre en étudiant en détail
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l'équation de récurrence ( 3 ) qu'une telle solution existe. Le Théorème 2 est donc vrai

si b est assez p etit. Pour �nir, nous montrons comme au début de cette preuve, que

v est une fonction analytique de b ce qui nous p ermet d'étendre le résultat à toute

valeur strictement p ositive du paramètre de naissance b. Le même travail est fait

séparément p our w . �

Échelle de temps mutationnelle

A�n d'observer des �xations successives de mutations délétères et d'étudier le

vortex d'extinction, dans la dernière section de ce chapitre (Section 1.5 du Chapitre

1 ), nous a joutons des mutations rares au mo dèle considéré. Plus précisément, en plus

des événements de naissance et mort, chaque individu a maintenant la p ossibilité de

muter au cours de sa vie, au taux 2�=K où K est un paramètre d'échelle qui tend

vers l'in�ni. Quand K tend vers l'in�ni, on retrouve alors le pro cessus de naissance et

mort sans mutation étudié précédemment. Nous changeons donc d'échelle de temps

en considérant la p opulation au temps Kt avant de faire tendre K vers l'in�ni, ce

qui laisse aux mutations le temps d'apparaître : c'est ce que l'on app elle l'échelle

mutationnelle. Chaque individu est maintenant caractérisé par son génotyp e x 2
G := ffA ; C; G; T gGg2

, où G est la taille du génome et A , C, G et T sont les 4
nucléotides qui comp osent l'ADN. La p opulation au temps Kt est alors notée

(Z K
Kt )t> 0 :=

0

@
N K

KtX

i =1

� x i;K
Kt

1

A

t> 0

;

où � x est la mesure de Dirac au p oint x , N K
Kt est la taille de la p opulation au

temps Kt , et x i;K
Kt 2 G est le génotyp e du i -ème individu dans la p opulation Z K

Kt .

Les événements de naissance et mort ont alors lieu in�niment rapidement, et par

le Lemme 1 , chaque nouvelle mutation qui apparait est éliminée ou se �xe, et ce

de façon instantanée : la p opulation est donc monomorphe à chaque instant. En

particulier tous les individus ont les mêmes paramètres démographiques à chaque

instant. Lorsque les individus ont p our paramètres démographiques b > 0, d � 0 et

c > 0, on note l (:; b; d; c) la loi stationnaire de la taille de p opulation. Nous obtenons

alors (Théorème 1.5.1 ) un résultat de convergence qui est l'analogue diploïde du

Théorème 3:1 de Champagnat & Lamb ert ( 2007 ) :

� Pour tous temps 0 < t 1 < ::: < t n , le n -tuple (Z K
Kt 1

; :::; Z K
Kt n

) converge en

loi vers la variable aléatoire (N t1 � St 1
; :::; N tn � St n

) où (St )t> 0 est un pro cessus

markovien de saut qui saute d'un génotyp e homozygote x(1) = ( x1; x1) vers un

autre génotyp e homozygote x(2) = ( x2; x2) où x1 et x2 sont dans fA ; C; G; T gG
.
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� Conditionnellement à (St1 ; :::; Stn ) = ( x(1) ; :::; x(n) ) , les variables aléatoires N t1 ,

... , N tn sont indép endantes les unes des autres et p our tout i , N t i a p our

loi l (:; b(x(i ) ); d(x(i ) ); c(x(i ) )) , si b(x(i ) ) , d(x(i ) ) et c(x(i ) ) sont les paramètres

démographiques d'une p opulation constituée d'individus ayant p our génotyp e

x(i )
.

� Dans le cas particulier où les mutations ont toutes le même e�et qu'étudié

précédemment (i.e. si les individus de génotyp e x(1)
ont p our paramètres dé-

mographiques b, d et c alors les individus de génotyp e (x1; x2) (resp. x(2)
) ont

p our paramètres démographiques b, d + � (resp. d + � 0
) et c), alors le taux

� (b; d; c; �; � 0) auquel le pro cessus de saut (St ; t � 0) saute d'un génotyp e ayant

p our taux de mort intrinsèque d (vers un génotyp e ayant p our taux de mort

intrinsèque d + � 0
) vaut :

� (b; d; c; �; � 0) = 2 �
1X

N =2

Nu((N � 1; 1; 0); �; � 0)l (N; b; d; c);

où u a été étudiée précédemment (Théorème 2 ) et dép end aussi des paramètres

démographiques b, d et c.

Le pro cessus (N t � St )t � 0 est app elé "Trait Substitution Sequence" ( Metz et al.

( 1996 )) : à chaque �xation d'une nouvelle mutation, le pro cessus (St )t � 0 saute d'un

génotyp e à l'autre et la taille de p opulation N t change de loi. Dans le cas où toutes

les mutations sont délétères, l'esp érance de N t diminue légèrement à chaque �xation

(l'évolution de la loi de la taille de p opulation à chaque �xation d'une mutation

délétère est plus précisément illustrée dans la Figure 2 ).

Nous prouvons alors le résultat suivant qui prouve l'existence d'un vortex d'ex-

tinction.

Théorème 3 ( 1.5.2 ) . Fixons le paramètre de compétition c et supposons que E(N 2
0 ) <

1 . Si � > 0 et � 0 > � , et si b est assez petit, alors le temps moyen de saut de S ,

T(b; d; c; �; � 0) = 1 =� (b; d; c; �; � 0) est une fonction décroissante du taux de mort in-

trinsèque d des individus.

Pour la preuve de ce dernier résultat, nous soulignons la dép endance de la pro-

babilité de �xation u((k; m; n); �; � 0) en le taux de mort intrinsèque en la notant

u((k; m; n); d; �; � 0) , quand les individus ont p our taux de mort intrinsèque d. La

preuve consiste alors à montrer d'une part que la fonction

N 7! Nu((N � 1; 1; 0); d; �; � 0)
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Figure 2 � Distribution de la taille de p opulation p our di�érentes valeurs du taux

de mort intrinsèque d. Dans cette �gure, b = 10 et c = 0 :1.

est décroissante, et d'autre part que p our tout N � 2, la fonction

d0 7! u((N � 1; 1; 0); d0; �; � 0)

est croissante. Nous prouvons par ailleurs que si d0 > d , alors il existe N0 � 2 tel que

p our tout N � N0 , l (N; b; d0; c) � l (N; b; d; c) , et p our tout N > N 0 , l (N; b; d0; c) <
l(N; b; d; c); comme illustré dans la Figure 2 ( l (:; b; c; d) a été dé�nie précédemment

comme la loi de la taille de p opulation lorsque les individus ont p our paramètres

démographiques b, d et c).

À chaque fois qu'une mutation délétère se �xe, le taux de mort intrinsèque des

individus est augmenté et d'après le théorème précédent, le taux de �xation des

mutations délétères augmente (i.e. le temps moyen de �xation diminue), ce qui prouve

l'existence d'un vortex : on p eut observer des �xations de plus en plus fréquentes (en

moyenne) de mutations délétères.

2.2 Chapitre 2 : étude quantitative du vortex d'extinction démo-

génétique

Le deuxième chapitre est constitué de l'article Coron et al. ( 2013 ), e�ectué en

collab oration avec Sylvie Méléard, Emmanuelle Porcher et Alexandre Rob ert, intitulé

"Quantifying the mutational meltdown in diploid p opulations" et paru dans The

American Naturalist , en Mai 2013.

Dans ce chapitre, nous approfondissons les résultats mathématiques obtenus dans

le Chapitre 1 en fournissant un cadre biologique détaillé, des résultats numériques
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quantitatifs ainsi qu'une analyse écologique de ces résultats. Les calculs numériques

ont été e�ectués grâce au logiciel Maple et aux équations établies dans le Chapitre

1 . Plus précisément nous estimons numériquement les valeurs prises par la suite

(zN )N � 3 dé�nie par l'équation de récurrence ( 3 ) (le même travail est fait p our les

suites (x0
N )N � 3 et (y0

N )N � 3 intro duites au Théorème 2 ), ce qui nous p ermet d'estimer

toutes les grandeurs qui nous intéressent.

Nous illustrons tout d'ab ord le résultat établi au Théorème 3 et qui donne l'exis-

tence d'un vortex d'extinction. Nous traçons p our cela (Figure 3 ) le temps moyen de

�xation d'une mutation délétère en fonction du taux de mort intrinsèque des indivi-

dus qui constituent la p opulation, ce qui donne bien une fonction décroissante. Les

résultats numériques que nous obtenons suggèrent d'ailleurs que le Théorème 3 reste

vrai tant que � > � 0, � 0 � 0, et � + � 0 > 0, sans qu'il soit nécessaire en particulier

de supp oser que � 0 > � .

Figure 3 � Relation entre T , le temps moyen de �xation d'une mutation délétère et

le taux de mort intrinsèque des individus d, p our di�érentes valeurs des paramètres

démographiques et di�érents cas de dominance. Symb oles vides : mutation récessive

( � = 0 ) ; symb oles remplis : mutation additive ; ( � = � 0=2) ; cercles : � 0 = 0 :1 ;

losanges : � 0 = 0 :2.

Rapp elons que la justi�cation de l'existence du vortex d'extinction démo-génétique

s'appuie communément sur l'a�rmation "plus la taille d'une p opulation est p etite,

plus la fréquence de �xation des mutations délétères est élevée" ( Drake et al. ( 1998 )).

Nous traçons donc le temps moyen de �xation d'une mutation délétère en fonction

de la taille moyenne de p opulation (Figure 4 ), p our di�érentes valeurs du taux de

naissance b. En cohérence avec le résultat précédent, le temps moyen de �xation
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d'une mutation délétère croît bien avec la taille moyenne de p opulation, le para-

mètre de naissance b étant �xé. Cep endant, nous insistons fortement sur le fait que

cette taille moyenne, qui est souvent utilisée par les biologistes comme critère de via-

bilité d'une p opulation, n'est pas un paramètre su�sant p our déterminer le risque

d'extinction rapide d'une p opulation soumise à des �xations de mutations délétères.

Seule la connaissance des paramètres démographiques de la p opulation nous p ermet

d'estimer correctement ce risque. Pour illustrer ce p oint, nous montrons dans la �-

gure 4 que si l'on compare deux p opulations, la p opulation ayant la plus grande taille

moyenne p eut être soumise à des �xations plus fréquentes de mutations délétères.

Figure 4 � Relation entre T , le temps moyen de �xation d'une mutation délétère et

la taille moyenne de p opulation N . Chaque courb e corresp ond à une valeur �xée de

b. Les autres paramètres démographiques sont � = 0 :05, � 0 = 0 :1, c = 0 :1 et m = 1 .

Les p oints A et B donnent un exemple p our lequel une p opulation de plus grande

taille (p oint B ) subit des �xations plus fréquentes de mutations délétères.

Nous cherchons ensuite à visualiser l'impact de ce vortex d'extinction sur la dy-

namique de la taille moyenne de p opulation. Nous comparons cette dynamique à celle

d'une p opulation �ctive p our laquelle le vortex est négligé. Rapp elons que le vortex

d'extinction est dé�ni par des �xations de plus en plus fréquentes de mutations délé-

tères. Négliger le vortex d'extinction revient donc à négliger la décroissance à chaque

�xation du temps moyen de �xation de la pro chaine mutation délétère et donc à

supp oser que le temps moyen de �xation d'une mutation délétère est constant. Dans

la Figure 5 , nous traçons la dynamique moyenne de la taille moyenne de p opulation.

Plus précisément, si la p opulation a p our paramètres démographiques initiaux b, d
et c alors le temps moyen de �xation d'une mutation délétère de paramètres � et
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� 0
est T(b; d; c; �; � 0) et la taille moyenne de p opulation est N (b; d; c) . Au b out de

ce temps moyen, le taux de mort intrinsèque des individus devient donc d + � 0
et

la taille moyenne de p opulation devient N (b; d+ � 0; c) . On recommence l'op ération

avec ces nouvelles conditions initiales. Nous observons dans la Figure 5 un impact

particulièrement imp ortant du vortex d'extinction démo-génétique sur la dynamique

de p opulation, mais cet impact est très fortement dép endant des paramètres démo-

graphiques de la p opulation. C'est p ourquoi nous cherchons à quanti�er la force de

Figure 5 � Décroissance au cours du temps de la taille moyenne de p opulation.

Dans cette �gure, b = 10 , c = 0 :1, m = 1 , � 0 = 0 :2 et le taux de mort intrinsèque

initial des individus est D0 = 1 . Nous traçons un cas additif ( � = � 0=2) et un cas

complètement récessif ( � = 0 ). Dans chaque cas, nous traçons aussi la dynamique

moyenne au cours du temps de la taille moyenne de p opulation corresp ondant à un

mo dèle dans lequel le vortex est négligé (null mo del).

ce phénomène. Nous choisissons de quanti�er ce phénomène par la di�érence relative

entre le temps moyen de �xation de la première mutation et celui de la deuxième

mutation, soit la quantité

S(b; d; c; �; � 0) :=
T(b; d; c; �; � 0) � T(b; d+ � 0; c; �; � 0)

T(b; d; c; �; � 0)
;

où b, d et c sont les paramètres démographiques de la p opulation initiale. Nous ob-

servons alors en comparant des p opulations ayant un même temps moyen de �xation

de la première mutation délétère, que la force du vortex d'extinction démo-génétique

est une fonction décroissante de la taille moyenne de p opulation. Ceci p ermet de

dé�nir une taille minimum de p opulation p our que celle-ci soit viable et de dé�nir
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une notion de "p etite p opulation" : une grande p opulation est alors une p opulation

p our laquelle la force du vortex d'extinction est en-dessous d'un seuil donné.

2.3 Chapitre 3 : Mo dèle de di�usion diploïde et quasi-stationnarité

Dans ce chapitre et le suivant nous considérons le pro cessus de naissance et

mort (Z t ; t � 0) intro duit au début de cette intro duction (Section 1.3 ) sous une

asymptotique de taille in�nie de p opulation. Plus précisément, nous supp osons que les

nombres d'individus de chaque génotyp e dans la p opulation initiale Z0 sont de l'ordre

de K , où K est un paramètre d'échelle qui tend vers l'in�ni, et nous considérons la

suite de pro cessus renormalisés

Z K = ( Z 1;K ; Z 2;K ; Z 3;K ) =
Z
K

qui donne les nombres resp ectifs d'individus de chaque génotyp e, renormalisés par

1=K . Les paramètres démographiques de la p opulation dép endent de K et si l'on

note e1 = (1 ; 0; 0), e2 = (0 ; 1; 0) et e3 = (0 ; 0; 1), alors p our tous i 2 f 1; 2; 3g, le taux

� K
i (Z ) (resp. � K

i (z) ) auquel le pro cessus sto chastique Z K
saute de z = ( z1; z2; z3) 2

�
Z+
K

� 3
à z + ei =K (resp. z � ei =K ) satisfait, tant que z1 + z2 + z3 = n 6= 0 :

� K
1 (z) =

KbK
1

n

�
z1 +

z2

2

� 2
;

� K
2 (z) =

KbK
2

n
2

�
z1 +

z2

2

� �
z3 +

z2

2

�
;

� K
3 (z) =

KbK
3

n

�
z3 +

z2

2

� 2
; et

� K
1 (z) = Kz 1(dK

1 + K (cK
11z1 + cK

21z2 + cK
31z3))+ ;

� K
2 (z) = Kz 2(dK

2 + K (cK
12z1 + cK

22z2 + cK
32z3))+ ;

� K
3 (z) = Kz 3(dK

3 + K (cK
13z1 + cK

23z2 + cK
33z3))+ :

Notons que p our ce chapitre nous supp osons donc que tous les couples d'individus

qui se rencontrent ont la même probabilité de se repro duire (la Section 1.3 de cette

intro duction prop ose un mo dèle de base plus général).

Dans ce chapitre, nous intro duisons le pro cessus suivant :

Y K
t =

4Z 1;K
t Z 3;K

t � (Z 2;K
t )2

4N K
t

:

Nous notons alors que

Y K
t =

�
pAA;K

t � (pA;K
t )2

�
N K

t =
�

paa;K
t � (pa;K

t )2
�

N K
t =

�
2pA;K

t pa;K
t � pAa;K

t

�
N K

t
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si pA;K
t (resp. pa;K

t , resp. pAA;K
t , resp. pAa;K

t , resp. paa;K
t ) est la prop ortion d'allèles A

(resp. a, resp. génotyp e AA , resp. génotyp e Aa , resp. génotyp e aa) dans la p opulation

Z K
t . Donc Y K

t est app elée la déviation de la p opulation Z K
t par rapp ort à l'équilibre

de Hardy-Weinb erg (Section 1.2 de cette intro duction).

Le changement de variable bijectif suivant joue alors un rôle ma jeur :

(R+ )3 n f (0; 0; 0)g !f (n; x; y ) 2 R�
+ � [0; 1]� R : � n min(x2; (1 � x)2) � y � nx(1 � x)g

(Z 1;K
t ; Z 2;K

t ; Z 3;K
t ) 7! (N K

t ; X K
t ; Y K

t )

où

� N K
t = Z 1;K

t + Z 2;K
t + Z 3;K

t est la taille de p opulation au temps t divisée par

K ,

� X K
t = 2Z 1;K

t + Z 2;K
t

2N K
t

est la prop ortion d'allèle A au temps t ,

� Y K
t = 4Z 1;K

t Z 3;K
t � (Z 2;K

t )2

4N K
t

est la déviation de la p opulation par rapp ort à l'équi-

libre de Hardy-Weinb erg au temps t .

Dynamique lente-rapide

Nous considérons cette p opulation dans une échelle di�usive, dans laquelle nous

accélérons les événements de naissance et mort intrinsèque. Plus précisément les

paramètres démographiques du mo dèle satisfont désormais :

bi;K = 
K + � i 2 [0; 1 [

di;K = 
K + � i 2 [0; 1 [

cK
ij =

� ij

K
2 R

Cette renormalisation p eut être interprétée de la façon suivante : on considère un

système de grande taille, présentant une quantité de ressources limitée et constitué

de p etits individus qui se repro duisent et meurent très vite ( Champagnat et al.

( 2006 )). Des conditions sur les paramètres d'interaction � ij sont alors nécessaires

p our assurer une propriété de propagation des contrôles de moments de la taille

de p opulation. Ces conditions imp osent que la co op ération entre les individus ne

soit pas trop forte ou soit contrebalancée par de la comp étition. Lorsque la taille

de p opulation est contrôlée, nous obtenons la convergence de la suite de pro cessus

(Z K
t ; t 2 [0; T]) vers une dynamique lente-rapide. En e�et, la déviation (Y K

t ; t � 0)
de la p opulation par rapp ort à l'équilibre de Hardy-Weinb erg est une variable rapide

qui va tendre vers 0, tandis que la taille de p opulation (N K
t ; t � 0) et la prop ortion
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d'allèles A (X K
t ; t � 0) sont des variables lentes qui vont converger vers un pro cessus

de di�usion. Ce comp ortement est établi dans deux résultats. Tout d'ab ord nous

obtenons la

Prop osition 4 ( 3.3.2 ) . Sous des hypothèses appropriées permettant le contrôle des

moments de la tail le de population, pour tous temps s; t > 0, sup
t � u� t+ s

E((Y K
u )2) tend

vers 0 lorsque K tend vers l'in�ni.

Ce résultat justi�e donc l'hyp othèse d'équilibre de Hardy-Weinb erg qui est sou-

vent faite ( Depp erschmidt et al. ( 2012 ), Remarque 2:1), et ce même p our des p opula-

tions de taille variable. Cep endant, comme nous l'expliquerons plus tard, cet équilibre

n'induit pas nécessairement que la dynamique de la comp osition génétique d'une p o-

pulation diploïde puisse être réduite à celle des nombres resp ectifs d'o ccurrences de

chacun des allèles qu'elle contient.

La preuve de la Prop osition 4 s'appuie sur l'équation de Kolmogorov-forward. En

e�et, nous prouvons qu'il existe une constante C telle que p our tout temps t � 0,

dE
�
(Y K

t )2
�

dt
� � 2
K E

�
(Y K

t )2�
+ C:

Grâce à ce résultat nous prouvons la convergence de la suite de pro cessus (2Z 1;K
t +

Z 2;K
t ; 2Z 3;K

t + Z 2;K
t )t � 0 qui donne les nombres resp ectifs d'allèles A et a vers un

pro cessus de di�usion et nous en déduisons le résultat qui nous intéresse :

Théorème 5 ( Corollary 3.3.4 ) . Pour tout � > 0 et T > 0, posons TK
� = inf f t 2

[0; T] : N K
t � � g. Si la suite de variables aléatoires (N K

0 ; X K
0 ) 2 [�; + 1 [� [0; 1]

converge en loi vers une variable aléatoire (N0; X 0) 2 ]�; + 1 [� [0; 1] lorsque K tend

vers l'in�ni, alors la suite de processus stochastiques f (N K ; X K ):^ T K
�

gK � 1 converge

en loi dans D([0; T]; [�; 1 [� [0; 1]) lorsque K tend vers l'in�ni, vers le processus de

di�usion arrêté (N; X ):^ T� ( T� = inf f t 2 [0; T] : N t = � g), partant de (N0; X 0) et

satisfaisant l'équation de di�usion :
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dNt =
p

2
N t dB1
t

+ N t
�
X 2

t

�
� 1 � � 1 �

�
� 11N t X 2

t + � 212N t X t (1 � X t ) + � 31N t (1 � X t )2��

+ 2X t (1 � X t )
�
� 2 � � 2 �

�
� 12N tX 2

t + � 222N t X t (1 � X t ) + � 32N t (1 � X t )2��

+(1 � X t )2�
� 3 � � 3 �

�
� 13N t X 2

t + � 232N t X t (1 � X t ) + � 33N t (1 � X t )2���
dt

dX t =

s

X t (1 � X t )

N t
dB2

t

+ (1 � X t )X 2
t [(� 1 � � 1) � (� 2 � � 2)

� N t (( � 11 � � 12)X 2
t + ( � 21 � � 22)2X t (1 � X t ) + ( � 31 � � 32)(1 � X t )2)]dt

+ X t (1 � X t )2[(� 2 � � 2) � (� 3 � � 3)

� N t (( � 12 � � 13)X 2
t + ( � 22 � � 23)2X t (1 � X t ) + ( � 32 � � 33)(1 � X t )2)]dt;

(4)

où ((B 1
t ; B 2

t ); t � 0) est un mouvement brownien bi-dimensionnel.

La preuve de ce résultat suit d'ab ord un schéma assez classique, comme expliqué

dans Jo�e & Métivier ( 1986 ) : nous prouvons, grâce aux critères d'Aldous et Reb ol-

ledo, la tension dans D([0; T]; (R+ )2) de la suite de pro cessus (2Z 1;K + Z 2;K ; 2Z 3;K +
Z 2;K ) qui donne les nombres resp ectifs d'allèles A et a, et nous caractérisons la li-

mite de cette suite de pro cessus comme étant l'unique solution (N A
t ; N a

t )t2 [0;T ] à

tra jectoires presque sûrement continues d'un problème de martingale. Le pro ces-

sus (N A
t ; N a

t )t2 [0;T ] est un pro cessus de di�usion dont l'équation de di�usion est

explicitée. Nous prouvons ensuite la convergence de la suite de pro cessus arrêtés

(2Z 1;K + Z 2;K ; 2Z 3;K + Z 2;K ):^ T K
�

vers le pro cessus limite (N A ; N a):^ T� arrêté lorsque

N A
t + N a

t = 2N t = 2 � . En�n, la fonction (nA ; na) 7!
�

nA + na

2 ; nA

nA + na

�
étant lipschit-

zienne sur f (nA ; na) 2 (R+ )2 : nA + na � 2� g, nous en déduisons le résultat voulu.

Dans le cas neutre où � i = � , � i = � et � ij = � p our tous i , j , la di�usion limite

(N; X ) satisfait l'équation de di�usion :

dNt =
p

2
N t dB1
t + N t (� � � � �N t )dt

dX t =

s

X t (1 � X t )

N t
dB2

t :

Cette di�usion p eut-être dé�nie comme la généralisation d'une di�usion de Wright-

Fisher diploïde ( Ethier & Kurtz ( 1986 ) p. 411), p our laquelle la taille de p opulation

évolue aléatoirement au cours du temps, selon une di�usion logistique. Nous compa-

rons cette di�usion à celle obtenue p our une p opulation haploïde à partir des travaux

de Cattiaux & Méléard ( 2010 ), qui est :
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dN h
t =

q
2
N h

t dB1
t + N h

t (� � � � �N h
t )dt

dX h
t =

s
2
X h

t (1 � X h
t )

N h
t

dB2
t :

Dans le cas neutre, les di�érences entre p opulations diploïde et haploïde résident donc

simplement dans une variation de la prop ortion d'allèle A divisée par

p
2 dans la p o-

pulation diploïde. Cette di�érence en apparence ano dine implique que les évolutions

des nombres resp ectifs d'allèles A et a sont dirigées par des mouvements browniens

corrélés dans une p opulation diploïde, ce qui n'est pas le cas p our une p opulation

haploïde. Cette corrélation engendre des di�cultés imp ortantes dans le reste de notre

travail. Dans le cas non-neutre, la forme générale du drift de l'équation de di�usion

( 4 ) nous p ermet de considérer des cas très généraux de sélection diploïde. Dans tous

les cas, cette di�usion limite est très intéressante en terme d'étude de l'évolution

darwinienne et de la conservation des esp èces. En e�et la p opulation s'éteint presque

sûrement et nous prouvons même que le temps d'atteinte de 0 par le pro cessus limite

(N t ; t � 0) admet un moment exp onentiel.

Comp ortement quasi-stationnaire

Le comp ortement en temps long de cette di�usion (N t ; X t )t � 0 est donc tri-

vial et nous cherchons dans un deuxième temps à étudier le comp ortement quasi-

stationnaire de cette di�usion, c'est-à-dire à étudier la loi P((N t ; X t ) 2 :jN t > 0) et

plus précisément sa limite lorsque t tend vers l'in�ni. De telles études ont été menées

dans Cattiaux et al. ( 2009 ) et Cattiaux & Méléard ( 2010 ) p our des di�usions dites

de Kolmogorov, c'est-à-dire des di�usions dont l'équation de di�usion s'écrit sous la

forme dSt = dWt � r Q(St )dt: Nous utilisons alors le changement de variables bijectif

suivant :

S1
t =

s
2N t



cos

�
arccos(2X t � 1)

p
2

�

S2
t =

s
2N t



sin

�
arccos(2X t � 1)

p
2

�
:

Grâce à la formule d'Itô nous obtenons en e�et aisément que dans le cas d'interactions

symétriques où � ij = � j i p our tous i; j , le pro cessus de di�usion S = ( S1; S2) satisfait

l'équation :

dSt = dWt � r Q(St )dt;

où la fonction de deux variables et à valeurs réelles Q est explicitée. Pour tout temps

t , St appartient à un sous-espace D de R2
qui est délimité par deux demi-droites,
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comme représenté dans la Figure 6 . La demi-droite ouverte a (resp. A ) corresp ond

à l'ensemble des p oints p our lesquels l'allèle a (resp. A ) s'est �xé, et le p oint 0
corresp ond à l'extinction de la p opulation.

S1

S2

a0 A 0

M

a

A0
b

´

arccos(2X � 1)p
2

(S1; S2)

q

N
2

Figure 6 � Ensemble D des valeurs prises par St = ( S1
t ; S2

t ) , p our t � 0.

Le pro cessus de di�usion (St )t � 0 admet 4 ensemble absorbants : 0 , A [ 0 , a [ 0 ,

et A [ a [ 0 . Nous prouvons en utilisant une extension du Théorème de Girsanov

et un argument de martingale, que le pro cessus (St ; t � 0) atteint presque sûrement

A ou a avant 0 . Pour tout pro cessus sto chastique Y on note PY
y la loi de Y issu de

l'état y . En utilisant les résultats développ és dans Cattiaux & Méléard ( 2010 ), nous

obtenons le résultat suivant :

Théorème 6. Il existe une unique mesure de probabilité � 0 sur D n 0 tel le que pour

tout s 2 D n @D et pour tout E � D n 0 ,

lim
t !1

PS
s (St 2 EjT0 > t ) = � 0(E ); (5)

où T0 est le temps d'atteinte de 0 par le processus (St )t � 0 .

Nous nous intéressons alors à la distribution � 0 et en particulier nous nous deman-

dons si � 0(Dn@D) = 0 ou non. En e�et, si � 0(Dn@D) 6= 0 , nous p ouvons observer une

co existence en temps long des deux allèles dans la p opulation conditionnée à ne pas

être éteinte alors que si � 0(D n@D) = 0 , une telle co existence n'est pas p ossible. Pour

observer ce phénomène nous présentons plusieurs résultats numériques p ermettant

d'approximer la distribution � 0 dans di�érents cas biologiquement intéressants. Pour

cela nous utilisons l'algorithme fondé sur le mo dèle de Fleming-Viot intro duit dans
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Burdzy et al. ( 1996 ), présenté dans Méléard & Villemonais ( 2012 ), section 6, et jus-

ti�é rigoureusement dans Villemonais ( 2013 ). Cette appro che consiste à approximer

la distribution conditionnée PN;X
(n;x )((N t ; X t ) 2 :jT0 > t ) par la distribution empirique

d'un système de particules en interaction. Plus précisément, nous considérons un

grand nombre k de particules, qui partent toutes d'un p oint (n; x ) 2 R�
+ � ]0; 1[ et

évoluent indép endamment les unes des autres selon la loi de la di�usion (N; X ) , jus-

qu'à ce que l'une d'entre elles touche N = 0 . À ce moment-là, la particule absorb ée

saute à la p osition de l'une des k � 1 particules restantes, choisie uniformément au

hasard, et se met à évoluer suivant la loi de la di�usion (N; X ) indép endamment

des autres. On réitère la pro cédure. Le Théorème 1 de Villemonais ( 2013 ) donne la

convergence lorsque k tend vers l'in�ni de la distribution empirique de ces k parti-

cules au temps t vers la distribution conditionnée PN;X
(n;x )((N t ; X t ) 2 :jT0 > t ) . Grâce

à cet algorithme nous donnons donc une approximation de la loi limite � X qui nous

intéresse :

� X (:) = lim
t !1

PN;X
(n;x )(X t 2 :jT0 > t ): (6)

Notons que la mesure � X est bien dé�nie mathématiquement, puisque c'est la me-

sure image de � 0 par une transformation connue. Nous montrons une approximation

de cette distribution � X dans 3 cas biologiquement intéressants : un cas neutre où

les individus sont échangeables, un cas de surdominance où les hétérozygotes sont

favorisés par rapp ort aux homozygotes, et un cas où chaque individu n'est en com-

p étition qu'avec les individus ayant le même génotyp e que lui. Le comp ortement le

plus intéressant que nous présentons dans nos simulations est celui de la surdomi-

nance (Figure 7 ) : chaque individu est également en comp étition avec chaque autre

individu, mais les hétérozygotes sont favorisés car ils ont un taux de naissance plus

élevé que les autres. Dans ce cas, on constate que la distribution quasi-stationnaire

� X charge seulement ]0; 1[, c'est-à-dire que les allèles A et a co existent en temps long

avec probabilité 1, lorsque la p opulation est conditionnée à la non-extinction. Ce

phénomène est tout à fait sp éci�que à la repro duction mendélienne : en e�et dans

l'article Cattiaux & Méléard ( 2010 ), les auteurs prouvent que dans une p opulation à

repro duction clonale, deux allèles qui sont en comp étition ne p euvent pas co exister

en temps long lorsque la p opulation est conditionnée à ne pas s'éteindre. Ici la surdo-

minance p ermet à la p opulation de passer plus de temps dans la phase de co existence

des deux allèles que dans la phase où seulement un des allèles a survecu.
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Figure 7 � Approximation de la distribution quasi-stationnaire � X , de la prop ortion

X d'allèles A (Équation ( 6 )), dans un cas de surdominance. Dans cette �gure, � i = 1
p our tout i 6= 2 , � 2 = 5 , � i = 0 p our tout i , � ij = 0 :1 p our tout (i; j ) , et T = 100 .

2.4 Chapitre 4 : Mo dèle de p opulation avec un nombre �ni et une

in�nité d'allèles

Dans ce chapitre, qui est un travail en cours e�ectué en collab oration avec Sylvie

Méléard, nous généralisons d'ab ord les résultats obtenus dans le chapitre précédent à

une p opulation d'individus caractérisés par leur génotyp e à un lo cus qui présente un

nombre �ni quelconque L d'allèles. Nous mo délisons la p opulation par un pro cessus

à valeur mesures. En renormalisant l'espace des allèles, nous faisons tendre L vers

l'in�ni de façon à mo déliser la comp osition génétique de la p opulation sur un conti-

nuum d'allèles. La p opulation converge alors dans un cas de sélection additive vers

un sup erpro cessus de typ e Fleming-Viot diploïde, avec taille de p opulation variable.

Mo dèle et dynamique lente-rapide

La p opulation est maintenant mo délisée par un pro cessus de naissance et mort

avec L(L + 1) =2 typ es, où L est le nombre d'allèles p ossibles. Les individus p euvent

donc avoir p our génotyp e ij p our tous i , et j dans [[1; L ]]. Sous une hyp othèse de

grande taille de p opulation, la p opulation est donc représentée à tout temps t par

une matrice symétrique de taille L dont les co e�cients sont dans N :

X K (t) = ( xK
ij (t))1� i;j � L :

Pour tout i 2 [[1; L ]], xK
ii (t) 2 N est le nombre divisé par K d'individus de génotyp e

ii au temps t et p our tout i 6= j 2 [[1; L ]],

xK
ij (t) + xK

ji (t) = 2 xK
ij (t) 2 N
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est le nombre divisé par K d'individus ayant p our génotyp e ij au temps t . On supp ose

que la p opulation suit un pro cessus de naissance et mort non-linéaire dont les taux

de mort suivent un mo dèle avec comp étition logistique, et les taux de naissance

� K
ij (x) constituent p our 1 � i � j � L une généralisation des taux de naissance du

pro cessus Z intro duit dans la Section 1.3 , à un plus grand nombre d'allèles :

� K
ij (x) = KbK

ij 2

� P L
k=1 x ik

� � P L
l=1 x j l

�

P
i;j x ij

;

� K
ii (x) = KbK

ii

� P L
k=1 x ik

� 2

P
i;j x ij

;

avec bK
ij 2 R�

+ p our tous i � j 2 [[1; L ]].

Sous la même échelle de taux de naissance et mort intrinsèque des individus que

dans le Chapitre 3 , la p opulation X K
converge vers une dynamique sto chastique

lente-rapide lorsque le paramètre d'échelle K tend vers l'in�ni. On représente en

e�et la déviation de la p opulation par rapp ort à l'équilibre de Hardy-Weinb erg au

temps t par L(L � 1)=2 quantités (� K
ij (t))1� i<j � L qui véri�ent la propriété suivante :

Prop osition 7 ( 4.3.1 ) . Sous des hypothèses appropriées permettant le contrôle de

moments de la tail le de population, pour tous temps s; t > 0, et pour tous i; j 2 [[1; L ]],

sup
t � u� t+ s

E(( � K
ij (u))2) tend vers 0 quand K tend vers l'in�ni.

Alors nous prouvons la convergence lorsque K tend vers l'in�ni de la suite de

pro cessus sto chastiques f (N K (t); pK
2 (t); :::; pK

L (t)) t � 0gK � 1 donnant resp ectivement

la taille renormalisée de p opulation, et les prop ortions d'allèles 2, 3, ..., et L dans la

p opulation :

Théorème 2.1 (Corollaire 4.3.3 ) . Pour tout � > 0 et T > 0, dé�nissons TK
� =

inf f t 2 [0; T] : N K (t) � � g. Si la suite (N K (0); pK
2 (0); pK

3 (0); :::pK
L (0)) de variables

aléatoires à valeurs dans [�; + 1 [� [0; 1]L � 1
converge en loi vers un vecteur aléatoire

(N (0); p2(0); p3(0); :::pL (0)) 2 ]�; + 1 [� [0; 1]L � 1
quand K tend vers l'in�ni, alors la

suite de processus stochastiques f (N K (:); pK
2 (:); pK

3 (:); :::; pK
L (:)) :^ T K

�
gK � 1 converge

en loi dans D([0; T]; [�; 1 [� [0; 1]L � 1) quand K tend vers l'in�ni, vers un processus

de di�usion arrêté (N (:); p2(:); :::; pL (:)) :^ T� ( T� = inf f t 2 [0; T] : N t = � g), partant

de (N (0); p2(0); p3(0); :::pL (0)) et ayant pour générateur in�nitésimal L 1 dé�ni pour

toute fonction f 2 C2
b([�; 1 [� [0; 1]L � 1; R) par
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L 1f = n

0

@
X

1� i;j � L

0

@� ij � � ij �
X

1� k;l � L

� kl;ij npkpl

1

A pi pj

1

A @f
@n

+ 
n
@2f
@n2

+
LX

i =2

pi

2

4
LX

j =1

pj

0

@� ij � � ij �
X

1� k;l � L

� kl;ij npkpl

1

A

�
X

1� m;n � L

pmpn

0

@� mn � � mn �
X

1� k;l � L

� kl;mn npkpl

1

A

3

5 @f
@pi

+
LX

i =2



pi (1 � pi )

2n
@2f
@p2i

�
X

i 6= j 2 [[2;N ]]



pi pj

2n
@2f

@pi @pj

Cette di�usion p eut à nouveau être vue comme la généralisation d'une di�usion

de Wright-Fisher à L typ es ( Ethier & Kurtz ( 1986 ), pp. 435 et plus), p our une p o-

pulation diploïde dont la taille évolue aléatoirement au cours du temps et avec une

sélection diploïde de forme très générale (Remarque 4.3.4 ). Par ailleurs, nous notons

(Remarque 4.3.5 ) qu'en cas d'additivité des e�ets des allèles sur le phénotyp e des

individus, nous obtenons la généralisation d'une di�usion de Wright-Fisher haploïde

avec sélection et taille de p opulation variable. Cep endant, comme nous l'avons re-

marqué dans le chapitre 3, les nombres resp ectifs d'allèles d'une p opulation diploïde

sont dirigés par des mouvements browniens corrélés, ce qui n'est pas le cas p our une

p opulation haploïde à repro duction clonale. Par ailleurs, l'équation de di�usion que

nous obtenons p ermet de prendre en compte d'autres cas intéressants de dominance,

comme la récessivité et la surdominance.

Mo délisation par un pro cessus à valeurs mesures, et convergence vers un

sup erpro cessus de typ e Fleming-Viot à taille de p opulation variable

Nous souhaitons décrire la dynamique de la comp osition génétique d'une p opula-

tion diploïde sur un continuum d'allèles, donc nous faisons tendre le nombre p ossible

d'allèles vers l'in�ni tout en renormalisant convenablement l'espace des allèles. Nous

représentons plus précisément la p opulation à tout temps t par un couple constitué

d'une variable aléatoire p ositive donnant la taille de p opulation et d'un pro cessus à

valeurs mesures donnant la comp osition génétique de la p opulation :

� L
t =

 

N L
t ;

LX

i =1

pL
i (t)� i

L

!

;
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où � i
L

est la mesure de Dirac en

i
L . On considère deux fonctions G 2 Cb([0; 1]; R)

et f 2 C2
b(R+ � R; R) et l'on p ose

H (n; p) = f (n; hp; Gi )

p our tout n 2 R+ et p our toute mesure de probabilité p sur [0; 1]. On note par

ailleurs p our tous i; j 2 f 1; 2g, @i f (x1; x2) (resp. @2
ij f (x1; x2) ) la dérivée partielle

(resp. la dérivée partielle seconde) de la fonction f au p oint (x1; x2) , par rapp ort

à la i -ème co ordonnée (resp. par rapp ort aux co ordonnées i et j ). On note en�n

TL
� = inf f t : N L (t) � � g p our tout � > 0. Alors nous obtenons sous une hyp othèse

d'additivité des allèles et sous des hyp othèses de continuité des taux de naissance et

mort de la p opulation, le résultat suivant :

Théorème 2.2. Pour tout T > 0 et tout � > 0, si la suite de variables aléa-

toires � L
0 converge en loi vers une variable aléatoire � 0 2]�; 1 [�P ([0; 1]) lorsque L

tend vers l'in�ni, alors la suite de processus arrêtés (� L
t^ T L

�
; t � 0) converge en loi

dans D([0; T]; R+ � P ([0; 1])) vers l'unique (en loi) processus arrêté (� t^ T� ; t � 0) =
((N t^ T� ; pt^ T� ); t � 0) ( T� = inf f t � 0 : N t � � g) tel que

sup
t2 [0;T ]

E(N 3
t^ T�

) < + 1
(7)

et qui est solution du problème de martingale suivant

H (N t ; pt ) = H (N0; p0) + M H
t

+
Z t

0
Ns

� Z 1

0

Z 1

0
� xy � � xy

�
� Z 1

0

Z 1

0
� uv;xy Nsdps(u)dps(v)

�
dps(x)dps(y)

�
@1f (Ns; hps; Gi )ds

+
Z t

0

N s@2

11f (Ns; hps; Gi )ds

+
Z t

0

Z 1

0
G(x)

� Z 1

0

Z 1

0

�
(� xz � � yz) � (� xz � � yz)

�
Z 1

0

Z 1

0
(� uv;xz � � uv;yz )Ns

�
dps(u)dps(v)

�

� dps(y)dps(z)dps(x)@2f (Ns; hps; Gi )

+



Ns

�
hps; G2i � h ps; Gi 2�

@2
22f (Ns; hps; Gi );

(8)

où M H
est une martingale continue, pour toutes fonctions f 2 C2

b(R+ � R; R) et

G2 Cb([0; 1]; R) tel les que H (n; p) = f (n; hp; Gi ) .
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La principale di�culté de la preuve de ce théorème réside dans la preuve de

l'unicité (en loi) de la solution du problème de martingale donné par ( 8 ) , et satis-

faisant ( 7 ). Nous prouvons d'ab ord cette unicité dans le cas neutre où � xy = � � 0,

� xy = � � 0 et � xy;uv = � � 0 en considérant d'ab ord la loi de (N t ; t � 0) puis celle de

(hpt ; Gi ; t � 0) sachant (N t ; t � 0). Nous utilisons en particulier le Théorème 5:7:1 de

Dawson ( 1993 ) qui donne l'unicité de la solution du problème de martingale satisfait

par un pro cessus de Fleming-Viot dont l'intensité de mélange dép end du temps. La

preuve de l'unicité dans le cas général (sous l'hyp othèse d'additivité des allèles) fait

app el à une extension du théorème de Cameron-Martin-Girsanov ( Dawson ( 1993 ),

p. 122) analogue à celle présentée dans Evans & Perkins ( 1994 ).

Le pro cessus (� t )t � 0 p eut alors être dé�ni comme un sup erpro cessus de typ e

Fleming-Viot, p our une p opulation avec taille de p opulation variable, interaction,

et sélection diploïde additive. Le sup erpro cessus de Fleming-Viot, intro duit dans

Fleming & Viot ( 1979 ), mo délise l'évolution de la comp osition génétique d'une p o-

pulation haploïde, sans interaction, sans sélection et de taille constante. Ce pro cessus

et sa généralisation à un cas avec sélection haploïde est présenté et étudié de façon

complète dans Dawson ( 1993 ). L'article Dawson & Greven ( 1999 ) étudie des sup er-

pro cessus de typ e Fleming-Viot avec sélection haploïde, mutation et migration. La

mo délisation de p opulations haploïdes et sans interactions par des pro cessus à va-

leurs mesures et leur convergence vers des sup erpro cessus de typ e Fleming-Viot à

taille de p opulation variable sont étudiées en détail dans Donnelly & Kurtz ( 1999 ).

Dans Depp erschmidt et al. ( 2012 ), est étudié un sup erpro cessus de typ e Fleming-

Viot avec sélection et mutation, p our une p opulation haploïde ou diploïde à taille

constante. Le sup erpro cessus que nous obtenons présente b eaucoup de nouveautés

par rapp ort aux sup erpro cessus de typ e Fleming-Viot classiquement étudiés. Tout

d'ab ord, la taille de p opulation évolue aléatoirement au cours du temps et la p opula-

tion �nit par s'éteindre, ce qui p ermet d'étudier et de prendre en compte l'extinction

des p opulations et le rôle de la démographie dans l'évolution darwinienne. Ensuite,

l'interaction entre les individus est prise en compte et joue aussi un rôle dans la dy-

namique de la p opulation, ce qui p ermet de considérer l'évolution démo-génétique,

ou l'éco-évolution d'une p opulation. Par ailleurs, nous étudions une p opulation d'in-

dividus diploïdes se repro duisant de façon sexuée telle que, même en l'absence de

comp étition, la p opulation considérée n'est pas un pro cessus de branchement. Nous

souhaitons généraliser le Théorème ( 2.2 ) à des formes plus générales de sélection

diploïde et comparer le résultat obtenu à celui que l'on p ourrait obtenir de façon

analogue p our une p opulation haploïde.
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2.5 Résultats numériques

Les trois premiers chapitres de cette thèse sont agrémentés de résultats numé-

riques et de simulations qui ont été obtenus grâce à Maple (Chapitres 1 et 2 ), Sci-

lab (Chapitre 3 ) et C++ (Chapitre 3 ). En app endice des chapitres concernés, on

p eut trouver le co de Maple grâce auquel nous avons établi les résultats numériques

du Chapitre 2 (Chapitre 2 , App endice B ), le co de Scilab p ermettant d'observer la

convergence de la suite de pro cessus donnant la déviation d'une p opulation par rap-

p ort à l'équilibre de Hardy-Weinb erg considérée dans le Chapitre 3 et présentée dans

la Section 2.3 de cette intro duction (Chapitre 3 , App endice B.1 ), ainsi qu'un pro-

gramme Maple p ermettant de tracer des histogrammes de variables aléatoires de

dimension 2, utilisé dans le Chapitre 3 (Chapitre 3 , App endice B.2 ).
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Mo délisation aléatoire et étude du

vortex d'extinction

démo-génétique

Dans cette partie, nous cherchons à comprendre l'impact de la diploïdie sur la

probabilité de �xation d'un allèle légèrement délétère. En particulier, nous nous in-

téressons au vortex d'extinction démo-génétique , qui est un phénomène observé par

les biologistes dans les p opulations de p etite taille. Ce phénomène se caractérise par

des �xations de plus en plus fréquentes de mutations délétères et, en parallèle, une

diminution de plus en plus rapide de la taille de p opulation. Nous étudions p our

cela un pro cessus de naissance et mort avec mutations rares, sous deux échelles de

temps: l'échelle écologique à laquelle les mutations n'ont pas le temps d'apparaître,

et l'échelle mutationnelle à laquelle les mutations ont le temps d'apparaître. Cette

partie est constituée de deux chapitres. Dans le premier nous donnons, à l'échelle

de temps écologique, une formule p our la probabilité de �xation d'un allèle délétère

en fonction de la comp osition génétique initiale de la p opulation, et nous prou-

vons mathématiquement l'existence d'un vortex d'extinction à l'échelle de temps

mutationnelle. Dans le deuxième chapitre nous présentons le contexte biologique et

donnons un certain nombre de résultats numériques destinés à mieux comprendre ce

phénomène. En particulier nous observons l'impact du vortex sur la dynamique de la

taille moyenne de p opulation, et nous expliquons comment quanti�er ce phénomène.
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1

Sto chastic mo deling of a

density-dep endent diploid

p opulation and extinction vortex

Ce chapitre est constitué de l'article Coron ( 2013b ), intitulé "Sto chastic mo deling

of density-dep endent p opulations and extinction vortex", à paraître dans le journal

Advances in applied probability en Juin 2014, auquel nous avons a jouté un paragraphe

de p ersp ectives.

ABSTRACT: We mo del and study the genetic evolution and conservation of

a p opulation of diploid hermaphro ditic organisms, evolving continuously in time

and sub ject to resource comp etition. In the absence of mutations, the p opulation

follows a 3-typ e nonlinear birth-and-death pro cess, in which birth rates are designed

to integrate Mendelian repro duction. We are interested in the long term genetic

b ehaviour of the p opulation (adaptive dynamics), and in particular we compute the

�xation probability of a slightly non-neutral allele in the absence of mutations, which

involves �nding the unique sub-p olynomial solution of a nonlinear 3-dimensional

recurrence relationship. This equation is simpli�ed to a 1-order relationship which is

proved to admit exactly one b ounded solution. Adding rare mutations and rescaling

time, we study the successive mutation �xations in the p opulation, which are given

by the jumps of a limiting Markov pro cess on the genotyp es space. At this time scale,

we prove that the �xation rate of deleterious mutations increases with the numb er of

already �xed mutations, which creates a vicious circle called the extinction vortex.

Keywords: Population genetics; diploid p opulation; nonlinear birth-and-death

pro cess; �xation probability; Dirichlet problem; multidimensional nonlinear recur-
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rence equations; extinction vortex; mutational meltdown; mildly deleterious muta-

tions.

1.1 Intro duction

Our goal is to mo del a �nite p opulation with diploid repro duction and comp eti-

tion. We sp ecially want to understand the role of diploidy and Mendelian repro duc-

tion on mutation �xation probabilities and on the genetic evolution of a p opulation.

We are interested in studying the progressive accumulation of small deleterious mu-

tations which generates an extinction vortex in small p opulations (see Gilpin & Soulé

( 1986 ); Lynch & Gabriel ( 1990 ) and Coron et al. ( 2013 ) for more biological context

and analyses).

The p opulation follows a birth-and-death pro cess in which each individual has a nat-

ural death rate that dep ends on its genotyp e (Section 1.2 ). Birth rates are designed

to mo del the Mendelian repro duction, and individuals are comp eting against each

other. First, in the absence of mutation, we fo cus on one gene and compute the �xa-

tion probability of an allele a comp eting against a resident allele A (Sections 1.3 and

1.4 ) as done in Champagnat & Lamb ert ( 2007 ) for the simpler haploid case. We �rst

consider the neutral case, where individuals all have same birth, natural death and

comp etition death rates (i.e. alleles A and a are exchangeable). Here a martingale

argument proves that the �xation probability of allele a is simply equal to the initial

prop ortion of this allele in the p opulation. We next consider the case where allele

a is slightly non-neutral, i.e. natural death rates slightly deviate from the neutral

case. Here we prove that the �xation probability of allele a is di�erentiable in the

parameters of deviation from the neutral case and that its partial derivatives are

the unique subp olynomial solutions of Dirichlet problems. These equations consist

in 3-dimensional nonlinear double recurrence relationships which we manage to sim-

plify to a 1-dimensional double recurrence admitting a unique b ounded solution. In

Section 1.5 , we add rare mutations and rescale time in order to observe mutation

apparitions. At this time scale, mutations get �xed or disapp ear instantaneously,

and the successive �xations of mutations are given by the jumps of a Markov pro cess

S on the genotyp es space, called the �Trait Substitution Sequence�, intro duced by

Metz et al. ( 1996 ) and studied notably in Champagnat ( 2006 ) and, in the diploid

case, in Collet et al. ( 2013b ). Here the p opulation size remains �nite, and we do not

use any deterministic approximation. We �nally get interested in the successive jump

rates of S in the particular case of deleterious mutations (Section 1.5.3 ). Indeed we

prove that when every mutation is deleterious and if the birth rate is small enough,

the Markov pro cess S jumps more and more rapidly. This means that the �xation
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rate of a deleterious mutation increases with the numb er of already �xed mutations,

which creates a vicious circle called the extinction vortex (see Coron et al. ( 2013 ) for

biological interpretations and numerical results).

1.2 Presentation of the mo del

We consider a p opulation of diploid hermaphro ditic self-incompatible organisms,

characterized by their genotyp es. Building on works of Champagnat et al. ( 2006 );

Champagnat ( 2006 ) and Collet et al. ( 2013b ), we consider a birth and death pro cess

with mutation, selection and comp etition under di�erent time scales and we add

diploidy. Each individual is characterized by its genotyp e x 2 G := ffA ; C; G; T gGg2

where G is the genome size and A , C, G, and T are the four nucleotides that comp ose

DNA. Genotyp e x = ( x1; x2) is in fact comp osed with two DNA strands x1 and x2

in fA ; C; G; T gG
. In Sections 1.2 to 1.4 , we consider the case without mutation and

assume that the p opulation is initially comp osed with individuals that only di�er

from each other on one gene. For this gene, there are two p ossible alleles, denoted

by A and a in fA ; C; G; T gG0
where G0 � G . The genotyp es of individuals are thus

denoted AA , Aa , and aa, and we represent the p opulation dynamics by the Markov

pro cess:

Z : t 7! Z t = ( kt ; mt ; nt );

that gives the resp ective numb ers of individuals with genotyp e AA , Aa , and aa at

time t . For more simplicity, we will also refer to these genotyp es as typ es 1, 2, and

3. We assume that the pro cess Z is a birth-and-death pro cess with comp etition on

(Z+ )3
, and we now detail the birth and death rates of individuals of each genotyp e.

The p opulation has maximum fecundity rate r . More precisely, if the p opulation

contains N individuals, rN is the rate at which two distinct individuals of the p op-

ulation encounter, and the maximum total birth rate. These two individuals are

chosen uniformly randomly in the p opulation, and their encounter gives rise to a

birth with a probability pij ( pij = pj i ) that dep ends on their two genotyp es i and

j . pij can b e de�ned biologically as the selective value asso ciated with the couple of

genotyp es i and j , and represents b oth the degree of adaptation with resp ect to re-

pro duction of typ es i and j and their compatibility. Finally the new-b orn individual

results from a segregation (genetic melting b etween the genotyp es of its parents),

satisfying Mendel's laws of heredity. Then in the p opulation Z = ( k; m; n) such that

k + m + n � 2, if we de�ne bij := rp ij , the rate bi (Z ) at which an individual of typ e

i 2 f 1; 2; 3g arises is:



40 1. Sto chastic mo deling of a density-dep endent diploid p opulation

b1(Z ) = b11
k(k � 1)
N � 1

+ b12
km

N � 1
+ b22

m(m � 1)
4(N � 1)

;

b2(Z ) = b12
km

N � 1
+ b22

m(m � 1)
2(N � 1)

+ b23
mn

N � 1
+ b13

2kn
N � 1

;

b3(Z ) = b33
n(n � 1)
N � 1

+ b23
mn

N � 1
+ b22

m(m � 1)
4(N � 1)

:

(1.1)

Note that if the p opulation Z has size N ,

b1(Z ) + b2(Z ) + b3(Z ) � rN: (1.2)

We assume self-incompatibility, which implies that when the p opulation size reaches

1, no birth can o ccur anymore and the p opulation can b e considered as extinct. Now

individuals can die either naturally or due to comp etition with others. We denote by

di the natural death rate of individuals with typ e i and cij the comp etition rate of i
against j , i.e. the rate at which a �xed individual of typ e i makes a �xed individual

of typ e j die. We assume

cij > 0 8i; j 2 f 1; 2; 3g; i.e. c = inf
i;j 2f 1;2;3g

cij > 0 (1.3)

and that when the p opulation size reaches 2, no death can o ccur, hence the p opu-

lation cannot get extinct. We then denote the state space of Z by N3
�� = ( Z+ )3 n

f (0; 0; 0); (1; 0; 0); (0; 1; 0); (0; 0; 1)g. In the p opulation Z = ( k; m; n) such that k +
m + n � 3, the rate d(i ) (Z ) at which the p opulation loses any individual of typ e i
then is:

d(1) (Z ) = ( d1 + c11(k � 1) + c21m + c31n)k;

d(2) (Z ) = ( d2 + c12k + c22(m � 1) + c32n)m;

d(3) (Z ) = ( d3 + c13k + c23m + c33(n � 1))n;

(1.4)

and if k + m + n = 2 ,

d(1) (Z ) = d(2) (Z ) = d(3) (Z ) = 0 : (1.5)

From ( 1.2 ) , ( 1.3 ) , and Theorem 2:7:1 in Norris ( 1997 ), the pro cess Z do es not explo de.

Then Z t is de�ned for all t > 0.

Notation: We denote by P(k;m;n ) the law of Z starting from state (k; m; n) ,

E(k;m;n ) the asso ciated exp ectation, (Z l ) l2 Z+ the emb edded Markov chain, and (F l ) l2 Z+

(resp. (F t )t2 R+ ) the �ltration generated by Z (resp. Z ). For every other pro cess

X , PX
X 0

is the law of X starting from X 0 , and EX
X 0

is the asso ciated exp ectation. If

X is a continuous-time (resp. discrete time) pro cess, we denote TX
x (resp. T X

x ) the

reaching time of x by X .
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In the following, the p opulation size pro cess will play a main role; we de�ne

N : t 7! N t = ( kt + mt + nt ) where Z t = ( kt ; mt ; nt ) , for every time t > 0 and

(N l ) l2 Z+ the emb edded Markov chain. N is sto chastically dominated by the logistic

birth-and-death pro cess Y with transition rates:

aij =

8
><

>:

rj if j = i + 1 ,

cj (j � 1) if j = i � 1 and i 6= 2 ,

0 otherwise

(1.6)

We de�ne Y the emb edded Markov chain of the birth-and-death pro cess Y .

Prop osition 1.2.1. For al l N 2 Z �
+ n f 1g, there exists � > 0 such that EN ((1 +

� )T Y
2 ) < 1 .

Proof. Let N0 b e such that b < (d + c(N0 � 1)) . We assume that N > N 0 , without

loss of generality since EN 0((1 + � )T Y
2 ) < EN ((1 + � )T Y

2 ) if N 0 < N . Note that it

su�ces to prove that for every integer n 2 [3; N ], there exists � n > 0 such that

En

�
(1 + � n )T Y

n � 1

�
< 1 : (1.7)

Indeed, by strong Markov prop erty, EN ((1 + � )T Y
2 ) =

Q N
j =3 Ej ((1 + � )T Y

j � 1 < 1 if

� � inf i � N � i . Now, from Seneta & Vere-Jones ( 1966 ) p. 428, ( 1.7 ) is true for n = N ,

since N > N 0 . Now, following the pro of of Lemma 5:11 of Collet et al. ( 2013a ), let us

prove by induction that if ( 1.7 ) is true for n + 1 then it is also true for n . We assume

that ( 1.7 ) is true for n + 1 and that Y0 = n , and we de�ne M the random numb er of

returns in n b efore going to n � 1. Since T Y
2 < 1 a.s., M follows a geometrical law

with parameter p = b=(b+ d + c(n � 1)) . Then

T Y
n� 1 = M + 1 +

MX

i =1

Tn;i

where the Tn;i are indep endent and distributed as T Y
n knowing that Y0 = n + 1 , for

all i . Then by strong Markov Prop erty in the stopping times Tn;i , we obtain

En((1 + � )T Y
n � 1 ) �

1X

m=0

�
En+1

�
(1 + � )T Y

n +2
�� m

(1 � p)pm :

Finally, since ( 1.7 ) is true for n + 1 , from the Dominated Convergence Theorem,

En+1

�
(1 + � )T Y

n +2
�

go es to 1 when � go es to 0, hence there exists � n� 1 such that

En+1

�
(1 + � n� 1)T Y

n +2
�

< 1=p which gives the result.
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Prop osition 1.2.2. For al l p � 1, if E(N p
0 ) < 1 then sup

t � 0
E(N p

t ) < 1 .

Proof. We set Y0 = N0 . It su�ces to prove that supt E(Y p
t ) < 1 . (Yt )t> 0 is a

recurrent, irreducible, and ergo dic Markov pro cess on N n f 1g, with stationary law

l (see Equation ( 1.40 ) for a more general case), and we can easily check that Ep :=
1X

j =2

l (j )j p < 1 if E(Y p
0 ) < 1 . Now let us de�ne the Markov pro cess (Yt ; Z t )t � 0

such that Y and Z have same transition rates, are indep endent, and Z0 has law l .

We de�ne (Yn ; Zn )n2 Z+ the asso ciated Markov chain, and T = inf f njYn = Zng.

Following the pro of of Theorem 6:6:4 in Durrett ( 2010 ) p. 308, we have

jE(Yp
n ) � Epj = jE(Yp

n ) � E(Z p
n )j �

X

z� 2

zpjP(Yn = z) � P(Zn = z)j

�
X

z� 2

zp(P(Yn = z;T > n ) + P(Zn = z;T > n ))

= E((Yp
n + Z p

n )1T >n )

� 2E(Yp
n1T >n 1Y0>Z 0 ) + 2 E(Z p

n 1T >n 1Z0>Y 0 )

� 2E(Yp
n1T Y

2 >n ) + 2 E(Z p
n1T Z

2 >n ):

Now

E(Yp
n1T Y

2 >n ) �
X

z� 2

(z + n)pP(T Y
2 > n ; Y0 = z)

� 2p

0

@
X

z� n

zpP(Y0 = z)

1

A + 2 p

0

@
X

2� z<n

npP(T Y
2 � n; Y0 = z)

1

A

� 2p

0

@
X

z� n

zpP(Y0 = z)

1

A + 2 pnpP(T Y
2 � n):

From Prop osition 1:2:1, and since E(Y p
0 ) < 1 , npP(T Y

2 � n) and

P
z� n zpP(Y0 = z)

converge to 0. Then E(Y p
n ) converges to Ep when n go es to in�nity. Since Y do es

not explo de and E(Y p
0 ) < 1 , we have sup

t
E(Y p

t ) < 1 .

1.3 Fixation probabilities

1.3.1 Absorbing states

The birth and death pro cess Z admits the following absorbing states sets:
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� � a = f (0; 0; n); n � 2g is the set of states for which allele a is �xed and allele

A has disapp eared.

� � A = f (k; 0; 0); k � 2g is the set of states for which allele A is �xed and allele

a has disapp eared.

� � := � a [ � A

We are interested in computing the probability that allele a go es to �xation (i.e. Z
reaches � a ), when Z starts from any state (k; m; n) . We now de�ne T
 the (discrete)

reaching time of set 
 by Z for all 
 � N3
�� . The following result is an adaptation

of Prop osition 6:1: in Champagnat & Lamb ert ( 2007 ) to the diploid case (for which

the set f (k; m; n) 2 N3jk + m + n = 2g 6� � .

Prop osition 1.3.1. There exists a constant C such that for any initial state (k; m; n)
in N3

�� , E(k;m;n )(T� ) � C(k + m + n) and E(k;m;n )(T 2
� ) � C(k + m + n)2

.

Proof. Let Tf 2g b e the �rst time where the Markov chain N reaches 2 (or returns to

2 if N0 = 2 ), and de�ne

T f 2g! � := sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )(T� ):

Then E(k;m;n )(T� ) � E(k;m;n )(Tf 2g)+ T f 2g! � ; and T f 2g! � is indep endent of (k; m; n) .

We prove �rst that T f 2g! � < 1 and second that there exists a constant C1 such

that E(k;m;n )(Tf 2g) < C 1(k + m + n) for all (k; m; n) in N3
�� . Now,

T f 2g! � = sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )

�
T� 1fT f 2g �T � g + T� 1fT f 2g < T� g

�

� sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )(Tf 2g) + sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )

�
(T� � T f 2g)1fT f 2g < T� g

�

� sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )(Tf 2g)

+ sup
(k;m;n )j

k+ m+ n=2

X

(k0;m0;n0)j
k0+ m0+ n0=2

E(k;m;n )

�
(T� � T f 2g)1fT f 2g < T� g1ZTf 2g

=( k0;m0;n0)

�

� sup
(k;m;n )j

k+ m+ n=2

E(k;m;n )(Tf 2g) + T f 2g! � sup
(k;m;n )j

k+ m+ n=2

P(k;m;n )(fT f 2g < T� g);

(1.8)

where the last inequality is obtained using the strong Markov prop erty in Tf 2g .

De�ning
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p = sup
(k;m;n )jk+ m+ n=2

P(k;m;n )(Tf 2g < T� ) and

T f 2g!f 2g = sup
(k;m;n )jk+ m+ n=2

E(k;m;n )(Tf 2g);

we have p < 1, since for every (k; m; n) such that k+ m+ n = 2 , there exists a path for

Z starting from (k; m; n) and reaching � b efore reaching the set f N = 2g. Besides,

T f 2g!f 2g is b ounded by the exp ectation of the mean time of coming back in f N = 2g
for the emb edded Markov chain Y de�ned by Equation ( 1.6 ) . So T f 2g!f 2g < 1 ,

from Theorem 3:3:3 of Norris ( 1997 ). Finally, from ( 1.8 ) , (1 � p)T f 2g! � � T f 2g!f 2g;
then T f 2g! � < 1 . Now, let us consider the Markov chain (Yn )n2 Z+ on N n f 1g,

asso ciated with Y . N b eing sto chastically dominated by Y , if N = k + m + n ,

E(k;m;n )(Tf 2g) � EY
N (inf f njYn = 2g): De�ne SN;i = EY

N (inf f njYn = ig) and let N0 �

2 b e a natural integer such that

b
b+ cN0

� 1
3 . If N � N0 then SN; 2 = SN;N 0 + SN0 ;2:

Moreover, since

b
b+ cN

� 1
3 for all N � N0 , SN;N 0 � E(UN;N 0 ) where UN;i is the

�rst reaching time of i , for the discrete time random walk on Z starting from N and

having probability 1=3 to jump one step on the right and 2=3 to jump one step on

the left, for every state. We know that E(UN;N 0 ) = 3( N � N0) Norris ( 1997 ), pp.

21 � 22. So if N � N0 , SN; 2 � SN0 ;2 + 3( N � N0) and SN0 ;2 < 1 from Prop osition

1.2.1 . Then there exists a constant C1 > 0 such that SN; 2 < C 1N for all N � 2.

Similarly, as E(U2
N;N 0

) = 3( N � N0)(3(N � N0) + 8) ( Norris ( 1997 ), pp. 21 � 22),

we prove that E(k;m;n )(T� ) � C(k + m + n)2
.

We now consider the �xation probabilities of allele a as a function of the initial

state of the p opulation. We de�ne Fa = f (Z t )t> 0 reaches � ag and u(Z ) = EZ (1Fa ) is

the �xation probability of allele a knowing that the p opulation starts from state Z . u
also dep ends on the demographic parameters of the p opulation, and this dep endence

will b e explicitely written down when necessary. Note that (u(Z t )) t> 0 is a martingale

since

u(Z t ) = u(kt ; mt ; nt ) = EZ t (1Fa ) = E(1Fa jF t ): (1.9)

In the neutral case (Section 1.3.2 ), a martingale argument gives us the value of u , and

in the non-neutral case with small mutation assumption (Section 1.3.3 ), we prove

that u admits a Taylor expansion in the parameters of deviation from the neutral

case.

1.3.2 Neutral case

We now consider the neutral case when ecological parameters do not dep end on

genotyp es, i.e. when bij = b, cij = c, and di = d for all i and j in f 1; 2; 3g. We �rst
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prove the

Prop osition 1.3.2. In the neutral case, for al l (k; m; n) in N3
�� and for al l ecological

parameters b, d and c,

u(k; m; n) =
m + 2n

2(k + m + n)
:

Proof. Let us de�ne the function p : (k; m; n) 7! (m+2n)=2(k+ m+ n) and denote by

Tl the l -th jump time of the p opulation (i.e. the time at which o ccurs the l -th event,

birth or death). The Markov chain (p(Z l )) l2 Z+ gives the successive prop ortions of

allele a in the p opulation. We now prove that (p(Z l )) l2 Z+ is a F l -b ounded martingale.

To this aim, we distinguish two typ es of states: those where the p opulation size is

greater or equal to 3 and those where it is equal to 2. For Z l = ( kl ; ml ; nl ) such that

N l � 3, one can compute E(p(Z l+1 )jZ l ) by decomp osing it according to the nature

of the l + 1 -th event:

E(p(Z l+1 )jZ l ) =
2N l p(Z l ) � 2

2N l � 2
P(death of aa) +

2N l p(Z l ) � 1
2N l � 2

P(death of Aa )

+
2N l p(Z l )
2N l � 2

P(death of AA ) +
2N l p(Z l ) + 2

2N l + 2
P(birth of aa )

+
2N l p(Z l ) + 1

2N l + 2
P(birth of Aa ) +

2N l p(Z l )
2N l + 2

P(birth of AA )

= p(Z l ):

The same result can b e easily proved for N l = 2 . From Do ob's stopping time theorem

applied to the b ounded martingale (p(Z l )) l and to the stopping time T� (a.s. �nite,

from Prop osition 1.3.1 ), we get:

Ek;m;n (p(ZT� )) =
2n + m

2(k + m + n)
:

Now

Ek;m;n (p(ZT� )) = Ek;m;n (p(ZT� )1T� a <T � A
) + Ek;m;n (p(ZT� )1T� a >T � A

)

= Pk;m;n (T� a < T � A ) = u(k; m; n)

since Ek;m;n (p(ZT� )jT� a < T � A ) = 1 and Ek;m;n (p(ZT� )jT� a > T � A ) = 0 .

When the mutation is not neutral, we do not obtain any closed formula for p(Z )
as previously. We instead consider the Dirichlet problem satis�ed by u .
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1.3.3 Deviation from the neutral case

1.3.3.1 A Dirichlet Problem

We now arbitrarily assume that allele a is slightly deleterious, i.e. the demo-

graphic parameters (bij ) i;j , (cij ) i;j , and (di ) i are less advantageous for genotyp es Aa
and aa than for genotyp e AA , and slightly deviate from the neutral case. This latter

assumption (small mutation sizes) is justi�ed in biology pap ers such as Orr ( 1998 ,

1999 ) which show that sp ecies evolution is partly due to the �xation of a large num-

b er of small mutations. Besides, we assume that carrying allele a only in�uences the

natural death rate of individuals. More precisely, we set

bij = b 8i; j;

cij = c; 8i; j; whereas

d1 = d; d2 = d + � and d3 = d + � 0;

(1.10)

where � and � 0
are close to 0. Note that if � 0

is p ositive and � is equal to 0, then

allele a is deleterious. The e�ect of � is more intricate b ecause it a�ects heterozygous

individuals, with the same apparent e�ect on b oth alleles. It simply represents a

more or less imp ortant adaptation of heterozygotes compared to AA homozygotes

and as we will see later (aim of Subsection 1.3.3.2 ), its role in the deleterious or

p ositive e�ect of allele a dep ends on the initial genetic repartition of the p opulation.

We denote by L �;� 0
the in�nitesimal generator of Z with assumptions ( 1.10 ) , and

by u((k; m; n); �; � 0) the �xation probability of allele a, knowing that Z starts from

(k; m; n) , for all (k; m; n) in N3
�� . We then have for all real b ounded function f on

N3
�� :

(L �;� 0
f )(k; m; n)= b1(Z )f (k + 1 ; m; n) + b2(Z )f (k; m + 1 ; n)

+ b3(Z )f (k; m; n + 1) + d(1) (Z )f (k � 1; m; n)

+ d(2) (Z )f (k; m � 1; n) + d(3) (Z )f (k; m; n � 1)

� (bN + ( d + c(N � 1))N + �m + � 0n)f (k; m; n):

We de�ne from ( 1.1 ), ( 1.4 ) , and ( 1.5 ), the in�nitesimal generator
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(Lv )(k; m; n) = ( L 0;0v)(k; m; n)

=
b

N � 1

��
k(k � 1) + km +

m(m � 1)
4

�
v(k + 1 ; m; n)

+
�

km +
m(m � 1)

2
+ mn + 2kn

�
v(k; m + 1 ; n)

+
�

n(n � 1) + mn +
m(m � 1)

4

�
v(k; m; n + 1)

�

+ ( d + c(N � 1))[kv(k � 1; m; n) + mv(k; m � 1; n)

+ nv(k; m; n � 1)]

� (bN + dN + cN(N � 1))v(k; m; n) if k + m + n � 3;

(Lv )(k; m; n) =
b

N � 1

��
k(k � 1) + km +

m(m � 1)
4

�
v(k + 1 ; m; n)

+
�

km +
m(m � 1)

2
+ mn + 2kn

�
v(k; m + 1 ; n)

+
�

n(n � 1) + mn +
m(m � 1)

4

�
v(k; m; n + 1)

�

� bNv(k; m; n) if k + m + n = N = 2 :

(1.11)

Using that (u(Z t ; �; � 0)) t � 0 is a b ounded martingale if Z has in�nitesimal generator

L �;� 0
(Equation ( 1.9 ) ), we obtain the

Prop osition 1.3.3. u(:; �; � 0) satis�es:

8
><

>:

(L �;� 0
u(:; �; � 0))( k; m; n) = 0 8(k; m; n)jN = k + m + n � 2

u((0; 0; n); �; � 0) = 1 8n � 2
u((k; 0; 0); �; � 0) = 0 8k � 2

(1.12)

Our main result in this section is the following theorem studying in detail the

deviation of u from the neutral case.

Theorem 1.3.4. For al l (k; m; n) in N3
�� , the function (�; � 0) 7! u((k; m; n); �; � 0)

is an analytic function of (�; � 0) in the neighborhood of (0; 0). Moreover, if we set

NA = 2k + m ,

u((k; m; n); �; � 0) = p(k; m; n) � �v (k; m; n) � � 0w(k; m; n) + o(j� j + j� 0j);

where

v(k; m; n) = ( k � n)
�

m
N

xN +
N 2 � (k � n)2

N 2 yN

�
; (1.13)

w(k; m; n) =
nN A

N
xN + mx0

N + NA (2N � NA )
�

y0
N

N
�

NA

2N 2 yN

�
: (1.14)
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The sequences xN , yN , x0
N , and y0

N are de�ned as the unique bounded solutions of

2-order recurrence equations (Propositions 1.3.6 and 1.3.7 ).

The pro of of this theorem is decomp osed in several parts: the existence and

formula of the two partial derivatives are obtained in Sections 1.3.3.2 and 1.3.3.3

and the analyticity of u is in Section 1.4.5 . In the following subsections, we consider

separately the cases where � = 0 and � 0 = 0 .

1.3.3.2 The dep endence of u in �

To simplify notations, we de�ne: u((k; m; n); � ) = u((k; m; n); �; 0). We will

show that the derivative of u at � = 0 is the unique sub-p olynomial (i.e. lower

than a p olynomial function in N = k + m + n ) solution of a nonlinear recurrence

equation in (k; m; n) . Such result has b een obtained in Champagnat & Lamb ert

( 2007 ) for the haploid case. Here, the nonlinearity due to b oth comp etition and

diploid segregation terms generates new mathematical di�culties. We will use some

arguments developp ed in Champagnat & Lamb ert ( 2007 ) and will here fo cus on the

di�culties brought by diploidy. We say that a function f on (Z+ )3
is sublinear if

there exists a constant C such that jf (k; m; n)j � C(k + m + n) for every (k; m; n) .

Prop osition 1.3.5. For al l (k; m; n) in N3
�� , u((k; m; n); :) is di�erentiable at 0. Its

derivative v(k; m; n) is the unique sublinear solution of the system of equations

8
><

>:

(Lv )(k; m; n) = m(n� k)
2N (N � 1) 8(k; m; n)jk + m + n � 3

(Lv )(k; m; n) = 0 8(k; m; n)jk + m + n = 2
v(2; 0; 0) = v(0; 0; 2) = 0

(1.15)

Proof. The di�erentiability is implied by the analiticity of u , claimed in Theorem

1.3.4 and proved in Subsection 1.4.5 . For the sublinearity of the derivative, as in the

simplest case of haploid p opulations, we intro duce paths of Z , i.e. the sequence of

states visited by this pro cess. Indeed the �xation probability of the mutant allele

a if the p opulation Z starts from state (k; m; n) can b e written as the sum of the

probabilities of every path starting from (k; m; n) and reaching a state (0; 0; n0) with

n0 � 2. We then denote by S(k;m;n )! 
 the set of paths linking (k; m; n) =2 � to 

without reaching � b efore 
 , and (i1; i2; :::; i l ) a path, i j b eing the j -th state of the

path. We �nally denote by � �
i j i j +1

the transition probability from state i j to state

i j +1 for Z . Then

u((k; m; n); � ) =
X

(i 1 ;:::;i l )2 S( k;m;n ) ! � a

� �
i 1 i 2

:::� �
i l � 1 i l

:
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Now � �
i j i j +1

is a di�erentiable function of � and the absolute value of its derivative

at � = 0 is b ounded indep endently of (k; m; n) by a constant denoted by C1 . To

prove this latter assertion, we consider separately the di�erent p ossible transitions

for the p opulation in state (k; m; n) . For instance the transition probability from

state (k; m; n) to state (k + 1 ; m; n) is

� �
(k;m;n );(k+1 ;m;n ) =

b(k(k � 1) + km + m(m � 1)=4)
(N � 1)(bN + dN + �m + cN(N � 1))

:

Then � �
(k;m;n );(k+1 ;m;n ) is di�erentiable with resp ect to � at 0, and:

�
�
�
�
�

@��(k;m;n )( k+1 ;m;n )

@�

�
�
�
�
�
� =0

�
�
�
�
�

=
mb(k(k � 1) + km + m(m � 1)=4)
(N � 1)(bN + dN + cN(N � 1))2

�
m

bN + dN + cN(N � 1)
�

2
b+ d + 2c

:

Similar computations are made for other p ossible transitions. Then u�
(k;m;n ) is dif-

ferentiable with resp ect to � at � = 0 (Theorem 1.3.4 ) and

�
�
�
�
@u((k; m; n); � )

@�

�
�
�
�
� =0

�
�
�
� =

X

(i 1 ;::i l )2
S( k;m;n ) ! � a

l � 1X

l0=1

� 0
i 1 i 2

:::� 0
i l 0� 1 i 0

l

@��i l 0i l 0+1

@�

�
�
�
�
�
� =0

� 0
i 10+1 i l 0+2

:::� 0
i l � 1 i l

� C1

X

l0� 1

X

(k0;m0;n0)2 N3
�� n�

X

(i 1 ;:::;i l 0)2
S( k;m;n ) ! ( k 0;m 0;n 0)

� 0
i 1 i 2

:::� 0
i l 0� 1 i 0

l

�
X

� 2 Z3 ;k� k=1

X

l00� 0;(j 1 ;:::;j l 00)2
S( k 0;m 0;n 0)+ � ! � a

� 0
j 1 j 2

:::� 0
j l 00� 1 j l 00:

Then,

jv(k; m; n)j � C1

X

l0� 1

X

(k0;m0;n0)2 N3
�� n�

X

(i 1 ;:::;i l 0)2 S( k;m;n ) ! ( k 0;m 0;n 0)

� 0
i 1 i 2

:::� 0
i l 0� 1 i 0

l

�
X

� 2 Z3 ;k� k=1

P(k0;m0;n0)+ � (T� a < T � A )

� 6C1

X

l0� 1

P(k;m;n )(T� > l 0) the latter sum b eing lower than 6.

= 6C1E(k;m;n )(T� � 1):

From Prop osition 1.3.1 , E(k;m;n )(T� ) < C 2(k + m + n) for a constant C2 , which gives

that u((k; m; n); :) is di�erentiable with resp ect to � and that its derivative at 0,

v(k; m; n) , is sublinear.
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Now, identifying the �rst order terms in � in ( 1.12 ) , we see that v satis�es for all

(k; m; n) 2 N3
�� :

8
><

>:

(Lv )(k; m; n) = m(n� k)
2N (N � 1) 8(k; m; n)jk + m + n � 3

(Lv )(k; m; n) = 0 8(k; m; n)jk + m + n = 2
v(2; 0; 0) = v(0; 0; 2) = 0

It remains to prove that the System of equations ( 1.15 ) admits a unique sub-

p olynomial solution. Let h b e a sub-p olynomial solution of the equation Lh = 0
such that h(2; 0; 0) = h(0; 0; 2) = 0 . Then (h(Z l )) l2 Z+ is a F l -martingale if Z is the

neutral Markov chain asso ciated to the birth-and-death pro cess with generator L .

On � A , the equation Lh (k; m; n) = 0 gives for all k � 3,

bk(h(k + 1 ; 0; 0) � h(k; 0; 0)) = ( dk + ck(k � 1))(h(k; 0; 0) � h(k � 1; 0; 0));

i:e: � k+1 =
dk + ck(k � 1)

bk
� k

if � k = h(k; 0; 0) � h(k � 1; 0; 0) for all k � 3. Since h is sub-p olynomial, necessarily

� 3 = 0 , and therefore, since h(2; 0; 0) = 0 , h � 0 on � A . Similarly, h � 0 on � a .

Besides, there exists a p ositive integer q such that

sup
t

Ek;m;n (jh(Z t )j2) � sup
t

Ek;m;n (Cjkt + mt + nt j2q):

Moreover, from Prop osition 1.2.2 , supt Ek;m;n (jkt + mt + nt j2q) < + 1 for all (k; m; n)
in N3

�� . Then the martingale (h(Z l )) l2 Z+ is uniformly integrable. From Do ob's stop-

ping time theorem applied in the stopping time T� , we then have 0= Ek;m;n (h(ZT� ))=
h(k; m; n):

Let us now state the following prop osition whose pro of will b e the aim of Section

1.4 .

Prop osition 1.3.6. For al l (k; m; n) such that k + m + n � 2,

v(k; m; n) = ( k � n)
�

m
N

xN +
N 2 � (k � n)2

N 2 yN

�
(1.16)

where the sequence of vectors (zN )N � 3 =

 
xN

yN

!

N � 3

is the unique subpolynomial

solution of the fol lowing system of equations:

BN zN +1 = CN zN + DN zN � 1 + f N for al l N � 4 (1.17)

B3z4 = ~C3z3 + f 3; (1.18)
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with

BN :=
b

2(N � 1)(N + 1)

 
1 2N 2+4 N � 3

N +1
2N 2 � 3 � 3

N +1

!

;

CN := ( b+ d + c(N � 1))

 
0 1

N
1 0

!

;

~C3 :=

 
0 b+ d+2 c

3
b+ d+2 c

3 � (d + 2c)

!

= C3 �

 
0 0

2
3(d + 2c) (d + 2c)

!

;

DN := �
d + c(N � 1)

N � 1

 
0 N � 3

N � 1
N � 2 3

N � 1

!

; and

f N :=

 
0

� 1
2N (N � 1)

!

:

(1.19)

Note here that v(k; m; n) = � v(n; m; k ) and that the comparison b etween the

prop ortions of genotyp es AA and aa play a particular role in the value and sign of

v .

1.3.3.3 The dep endence of u in � 0

For this section we set � = 0 , i.e. a is a recessive allele, and deleterious when � 0 >
0. As in the previous section (Prop osition 1.3.5 ) u0;:

k;m;n : � 0 7! u0;� 0
is di�erentiable

and ( @u0;� 0

@�0 ((k; m; n); 0; 0))f (k; m; n) 2 N3
�� g is the unique sublinear solution of the

system

8
><

>:

Lw (k; m; n) = � nN A
2N (N � 1) 8(k; m; n)jk + m + n � 3

Lw (k; m; n) = 0 8(k; m; n)jk + m + n = 2
w(2; 0; 0) = w(0; 0; 2) = 0

(1.20)

where NA = 2k + m is the numb er of A alleles in the p opulation (k; m; n) . The

following prop osition, proved in Subsection 1.4.4 , gives a formula for w(k; m; n) :

Prop osition 1.3.7.

w(k; m; n) :=
nN A

N
xN + mx0

N + NA (2N � NA )
�

y0
N

N
�

NA

2N 2 yN

�
(1.21)

where xN and yN are de�ned in Proposition 1.3.6 , and the sequence of vectors

z0
N =

 
x0

N

y0
N

!

is the unique subpolynomial solution of the fol lowing system of equa-
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tions:

B 0
N z0

N +1 = C0
N z0

N + D 0
N z0

N � 1 + f 0
N for al l N � 3 (1.22)

~B 0
2z0

3 = ~C0
2z0

2 + ~f 0
2; (1.23)

with

B 0
N :=

b
N � 1

 
2N 2 � 2N � 1 � 1

N +1
1
2

N 2+ N � 3=2
N +1

!

;

~B 0
2 :=

 
1 3
3 13

3

!

;

C0
N := ( bN + dN + cN(N � 1))

 
2 0
0 1

N

!

;

~C0
2 :=

 
0 2
2 3

!

;

D 0
N := � (d + c(N � 1))

 
2N � 2 2

N � 1
0 N � 2

N � 1

!

;

f 0
N :=

0

B
B
B
B
B
B
B
B
B
@

b
N � 1(2N � 1) yN +1

2(N +1) 2 � (d + c(N � 1))(4N + 2) yN � 1
2(N � 1)2

b
N � 1

�
2N 3 + 3N 2 � 4N �

3
2

�
yN +1

2(N + 1) 2

� (bN + dN + cN(N � 1))(2N � 1)
yN

2N 2

+ ( d + c(N � 1))(2N 2 � 7N + 8)
yN � 1

2(N � 1)2

1

C
C
C
C
C
C
C
C
C
A

;

~f 0
2 :=

 
x2 � y2 � x3 + 3

2y3
19
6 y3 � 9

4y2

!

:

We now prove Prop ositions 1.3.6 and 1.3.7 . In b oth cases, the pro of is shared in

two parts: we �rst prove the result when the fecundity b is small enough compared

to the comp etition parameter c, and then we generalize the result to all p ossible

demographic parameters b, d, and c.

1.4 Pro ofs of Prop ositions 1.3.6 and 1.3.7

1.4.1 Pro of of Prop osition 1.3.6 for small b

To b egin with, calculations give the following lemma:
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Lemma 1.4.1. (i ) If Equation ( 1.13 ) is true, then v satis�es ( 1.15 ) if and only if

(zN )N � 3 satis�es ( 1.17 ) , ( 1.18 ) and x2 + 3
2y2 = 4

3x3 + 2y3 .

(ii ) (v(k; m; n)) (k;m;n )2 N3
��

is sublinear if and only if (zN )N � 3 is bounded.

Proof. (ii ) is easy to see from Equation ( 1.13 ) . For (i ) , if v satis�es ( 1.13 ) then from

the second equation of ( 1.15 ) we easily obtain that x2 + 3
2y2 = 4

3x3 + 2y3 . Now

to derive Equation ( 1.17 ) from the �rst equation of ( 1.15 ) , we have to write the

birth and death rates given in Equations ( 1.1 ) and ( 1.4 ) as functions of the variables

m , k � n and N . Then, we separate terms with xN , yN , xN +1 , yN +1 , xN � 1 and

yN � 1 . Each of these terms is in factor of the sum of two p olynomial functions, one

of the form m(k � n)P(N ) and one of the form (k � n)(N 2 � (k � n)2)Q(N ) where

P and Q are p olynomial functions. The total term that multiplies the p olynomial

function (k � n)(N 2 � (k � n)2) must b e equal to 0 while the one that multiplies the

p olynomial function m(k� n) must b e equal to � 1=2N (N � 1) from Equation ( 1.15 ) .

We deduce from this that Equation ( 1.17 ) is in fact true for all N � 3. Finally, the

initial condition ( 1.18 ) is obtained by combining Equation ( 1.17 ) for all N = 3 and

the relation x2 + 3
2y2 = 4

3x3 + 2y3 . Conversely, if (zN )N � 3 satis�es ( 1.17 ) , ( 1.18 ) and

x2 + 3
2y2 = 4

3x3 + 2y3 + 1
4b then v de�ned by Equation ( 1.13 ) satis�es ( 1.15 ) .

Notice that the equations of Prop osition 1.3.6 are not enough to characterize the

vector z2 ; the only equation relating x2 and y2 is v(1; 1; 0) = � v(0; 1; 1) = 1
2x2 + 3

4y2 .

We then only have to prove that there exists a b ounded solution (zN )N � 3 to the

System of equations ( 1.17 ) and ( 1.18 ) . Notice that if z3 is �xed then for all N , zN

is �xed, recursively. Finding a b ounded solution of this system of equations is then

equivalent to �nding an initial condition z (necessarily unique by Prop osition 1.3.5 )

such that if z3 = z then (zN )N � 3 is b ounded.

1.4.1.1 The one-order recurrence relationship satis�ed by (zN )N

We change the two-order recurrence system of Equations ( 1.17 ) and ( 1.18 ) into a

one-order recurrence relationship, so that we can express easily zN as a function of z3

and conversely. We easily �nd that zN satis�es the following recurrence relationship:

BN zN +1 = ( CN + K N )zN +
NX

k=3

(� 1)N � kE(k; N )f k for all N � 3. (1.24)

More precisely, ( 1.24 ) is satis�ed for N = 3 if K 3 = ~C3 � C3 and E(3; 3) = I 2 .

Moreover, if it is true for a given N � 3 then it is true for N + 1 as long as

K N +1 = DN +1 (CN + K N )� 1BN , E(N +1 ; N +1) = I 2 and E(k; N +1) = DN +1 (CN +
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K N )� 1E(k; N ) for all k 2 [3; N ] . Then the recurrence relationship ( 1.24 ) is satis-

�ed for every N as so on as we can de�ne two sequences of matrices (K N )N � 3 and

(E (k; N ))N � 3;2� k� N such that:

8
>>><

>>>:

K N = DN (CN � 1 + K N � 1)� 1BN � 1 8N � 4
K 3 = ~C3 � C3

E(k; N ) = DN (CN � 1 + K N � 1)� 1E(k; N � 1) 8k 2 [3; N � 1]
E(k; k) = I 2 8k � 3

We then have to prove recursively that FN := K N + CN is invertible for all N � 3.

We �rst prove it when c is large enough compared to b.

1.4.1.2 Pro of of the invertibility of K N + CN

Let us de�ne

VN :=

 
0 1

N
1 0

!

:

Then FN = ( b+ d+ c(N � 1))VN + K N : We now de�ne the matrix GN := VN + 1
bK N .

Then

FN = ( d + c(N � 1))VN + bGN

= ( d + c(N � 1))VN

�
I 2 +

b
d + c(N � 1)

V � 1
N GN

�
:

Using the matricial norm kM k = sup i 2f 1;2g(jM i; 1j + jM i; 2j) , note that kV � 1
N k = N .

Lemma 1.4.2. If b � c
24 , then FN is invertible and kGN k � 9 for al l N � 4.

This result will b e generalized in Subsection 1.4.2 to all p ossible parameters b, d,

and c.

Proof. (of Lemma 1.4.2 ) We prove it recursively. For N = 4 , we can compute the

norm of G4 . Indeed we have:

G4 = V4 +
1
b

D4 ~C � 1
4 B3;

which gives us:

G4 =

0

B
B
B
B
B
B
B
@

� d+3 c
48(b+ d+2 c)

1
4 � 9(d+3 c)

64(b+ d+2 c)

1 � d+3 c
16(b+ d+2 c) � 27

64
(d+3 c)( b+2( d+2 c)+ d+2 c

3 )

(b+ d+2 c)( b+ d+2 c
3 )

� 10(d+3 c)
16(b+ d+2 c

3 )
� (d+2 c)( d+3 c)

8(b+ d+2 c)( b+ d+2 c
3 )

+ d+3 c
32(b+ d+2 c

3 )

1

C
C
C
C
C
C
C
A

:
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So

kG4k � sup
�

d + 3c
d + 2c

�
1
48

+
1
4

+
9
64

�
;
d + 3c
d + 2c

�
1 +

1
16

+
30
16

+
3
8

+
1
64

��

=
d + 3c
d + 2c

212
64

�
212
64

3
2

� 9:

For all N , the invertibility of the matrix FN is a consequence of kGN k � 9. Indeed,

if kGN k � 9, then as long as b < c
12 ,












bV� 1
N GN

d + c(N � 1)












�
9bN

d + c(N � 1)
< 1:

In this case, I 2 + bV � 1
N GN

d+ c(N � 1) is invertible, and so is FN . Now let us assume that

kGN k � 9 for a given N � 4 and let us prove that kGN +1 k � 9. If kGN k � 9, then

FN is invertible and we can write GN +1 = VN +1 + 1
bDN +1 F � 1

N BN : Hence

GN +1 = VN +1 + DN +1

 

I 2 +
bV� 1

N GN

d + c(N � 1)

! � 1
V � 1

N

d + c(N � 1)
BN

b
:

Moreover, as long as b � c
24 ,














 

I 2 +
bV� 1

N GN

d + c(N � 1)

! � 1













�
1

1 �







bV � 1
N GN

d+ c(N � 1)








�
1

1 � 9bN
d+ c(N � 1)

� 2:

Finally, for all N � 4, kDN +1 k � d + cN and kV � 1
N BN k � 3b which implies

kGN +1 k � 1 + 6
�

1 +
c

d + 3c

�
� 9:

As long as b � c=24, Equation ( 1.24 ) is satis�ed, which allows us to express easily

zN as a function of z3 for all N � 3. We now prove that there exists a real numb er

z such that if z3 = z then (zN ) is b ounded.

1.4.1.3 Boundedness of z

Let us assume here that b < c=24, so that we can use the previous results. Setting
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M N := B � 1
N (CN + K N ); and gN :=

NX

k=3

(� 1)N � kB � 1
N E(k; N )f k ;

we get

zN +1 = M N M N � 1:::M 3(z3 +
NX

l=3

M � 1
3 ::M � 1

l gl ) = PN

 

z3 +
NX

l=3

P � 1
l gl

!

(1.25)

if PN = M N M N � 1:::M 3 . To obtain the b ehaviour of (zN ) , we then study PN and

gN .

Lemma 1.4.3. kM � 1
N k � 2b

cN if N is large enough.

Proof. (of Lemma 1.4.3 ) We previously proved (Lemma 1.4.2 ) that for all N � 3,

kGN k � 9, with GN = VN + K N
b . Then for all N � 3, kK N k � 10b. So if b < c

24 , we

have

kK N k < c=2 (1.26)

for all N � 3. Besides, the equation K N +1 = DN +1 (CN + K N )� 1BN can b e detailed,

and using Equation ( 1.26 ) , we obtain (App endix B ) that

K N +1 = � b

 
1

2N 2 + O
� 1

N 3

� 1
N + O

� 1
N 3

�

1 + O
� 1

N 2

� 3
N 2 + O

� 1
N 3

�

!

: (1.27)

Next,

D � 1
N +1 =

N 2

(d + cN)(N � 2)(N � 1)

 
3
N � N � 2

N
� (N � 1) 0

!

:

We deduce from this that

M � 1
N = D � 1

N +1 K N +1 =
b
c

 
1
N + O

� 1
N 2

�
O

� 1
N 3

�

1
2N 2 + O

� 1
N 3

� 1
N + O

� 1
N 2

�

!

: (1.28)

Notice that if N is large enough

kM � 1
N M � 1

N +1 k �
4b2

c2N 2 : (1.29)

Besides, we have the following lemma for (gN )N :

Lemma 1.4.4. g satis�es

gN = C +
C0

N
+ o

�
1
N

�
(1.30)
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Proof. (of Lemma 1.4.4 ) From gN :=
P N

k=3 (� 1)N � kB � 1
N E(k; N )f k we deduce

gN +1 = � B � 1
N +1 K N +1 gN + B � 1

N +1 f N +1 (1.31)

Moreover,

B � 1
N +1 =

1
b

2N (N + 2) 2

3 + (2N 2 + 8N + 3)(2 N 2 + 4N � 1)

 
3

N +2
2N 2+8 N +3

N +2
2N 2 + 4N � 1 � 1

!

(1.32)

and Equation ( 1.27 ) yields

� B � 1
N K N =

 
1 + O

� 1
N 2

� 3
N 2 + O

� 1
N 3

�

O
� 1

N 2

�
1 + O

� 1
N 2

�

!

: (1.33)

Equations ( 1.31 ) and ( 1.32 ) and ( 1.33 ) give us the result.

Finally, we get interested in

P
P � 1

l gl . Let us recall that Pl = M l M l � 1:::M 3 .

NX

l=3

kP � 1
l gl k �

NX

l=3

kP � 1
l kkgl k:

From ( 1.30 ) and Lemma 1.4.3 , (gl ) l � 3 is b ounded and there exists a constant C2

such that kM � 1
N k � C2

N when N is large enough. Then

P N
l=3 P � 1

l gl converges and

we de�ne its limit

z =
1X

l=3

P � 1
l gl : (1.34)

The quantity z will b e the initial condition, we need to obtain a b ounded solution

to ( 1.17 ) and ( 1.18 ) as is proved now:

Lemma 1.4.5. The sequence (zN )N � 3 satisfying ( 1.17 ) and ( 1.18 ) , and such that

z3 = � z (where z has been de�ned in ( 1.34 ) ), is bounded.

Proof. From ( 1.25 )

zN +1 = � PN �

 
1X

l= N +1

P � 1
l gl

!

= �
1X

l= N +1

M � 1
N +1 M � 1

N +2 :::M � 1
l gl

= � M � 1
N +1 gN +1 � M � 1

N +1 M � 1
N +2

1X

l= N +2

(M � 1
N +3 ::M � 1

l � 2)(M � 1
l � 1M � 1

l )gl :

(1.35)

By Lemmas 1.4.4 and 1.4.3 and Equation ( 1.29 ) , if N is large enough, there exists a

constant C indep endent from b such that
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kzN k � C
2b
cN

: (1.36)

Prop osition 1.3.6 is now proved for small b. In the next subsection we generalize

this result to any b.

1.4.2 Generalization to all p ossible values of b

Theorem 1.4.6. For al l (k; m; n) such that k + m + n � 2, v(k; m; n) is an analytic

function of b on R+ �
.

Corollary 1.4.7. For al l demographic parameters b > 0, d, and c > 0, Proposition

1.3.6 is true.

Proof. (of Corollary 1.4.7 .) From the end of Section 1.4.1.3 , there exists a constant

K > 0 such that if b < Kc , ( 1.13 ) is true, which gives

yN =
N 2

4(N � 2)(N � 1)
v(N � 1; 0; 1);

xN =
N

N � 1

�
v(N � 1; 1; 0) �

2N � 1
4(N � 2)

v(N � 1; 0; 1)
�

:
(1.37)

As long as b < Kc we then have

v(k; m; n) =
m(k � n)

N � 1

�
v(N � 1; 1; 0) �

2N � 1
4(N � 2)

v(N � 1; 0; 1)
�

+ ( k � n)
N 2 � (k � n)2

4(N � 2)(N � 1)
v(N � 1; 0; 1):

(1.38)

Now from Theorem 1.4.6 , for all (k; m; n) in N3
�� , v(k; m; n) is an analytic function

of b on R+ �
. The equality ( 1.38 ) of two analytic functions on ]0; Kc[ extends on R+ �

.

Then Equation ( 1.16 ) of Prop osition 1.3.6 is true for all (k; m; n) 2 N3
�� if xN and

yN are de�ned for all N � 3 and for all b > 0, by Equation ( 1.37 ) . From Lemma

1.4.1 (zN )N � 3 satis�es Equations ( 1.17 ) and ( 1.18 ) , so Prop osition 1.3.6 is true.

Before proving Theorem 1.4.6 , we prove

Lemma 1.4.8. For every (k; m; n) in N3
�� , there exists a strictly positive real number

� such that Ek;m;n ((1 + � )T� ) < 1 :
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Proof. We de�ne the random numb er L 2 Z+ of return of Z in f N = 2g b efore

reaching � , and T (i )
2 the i -th time of return of Z in f N = 2g ( T (0)

2 = 0 and T (1)
2 =

Tf 2g ).

Ek;m;n ((1 + � )T� ) �
1X

l=0

Ek;m;n

�
(1 + � )T ( l +1)

2 1L = l

�
as T� 1L = l � T (l+1)

2 1L = l

=
1X

l=0

X

(k0;m0;n0) =2 � j
k0+ m0+ n0=2 or

(k0;m0;n0)=( k;m;n )

Ek;m;n

�
(1 + � )T ( l +1)

2 1Z
T

( l )
2

=( k0;m0;n0)1L = l

�

� max
(k0;m0;n0) =2 � j

k0+ m0+ n0=2 or

(k0;m0;n0)=( k;m;n )

Ek0;m0;n0
�
(1 + � )Tf 2g

�
�

1X

l=0

Ek;m;n

�
(1 + � )T ( l )

2 1L � l

�
;

by strong Markov prop erty in T (l )
2 . We now de�ne

S = max
(k0;m0;n0)j

k0+ m0+ n0=2 or

(k0;m0;n0)=( k;m;n )

Ek0;m0;n0
�
(1 + � )Tf 2g 1L � 1

�

and prove that for every l ,

Ek;m;n

�
(1 + � )T ( l )

2 1L � l

�
� Sl :

The result is obviously true for l = 0 and is proved recursively for every l by using

strong Markov prop erty in T (l � 1)
2 as previously. Now from Prop osition 1.2.1 , for

every (k; m; n) there exists � > 0 such that Ek;m;n ((1 + � )Tf 2g ) < 1 . Then by the

Dominated Convergence Theorem, Ek;m;n ((1 + � )Tf 2g 1L � 1) �!
� ! 0

Pk;m;n (L � 1) < 1.

Hence there exists � 0 such that if � < � 0 , S < 1 and then Ek;m;n ((1+ � )T� ) < 1 .

Proof. (of Theorem 1.4.6 ) We need to study the dep endence of the probability u in

the fecundity parameter b, so we denote by u((k; m; n); �; b) the �xation probability

of allele a when Z0 = ( k; m; n) and v((k; m; n); b) its derivative with resp ect to � . If

u((k; m; n); :; :) is an analytic function of (b; �) on R+ � � R , then v((k; m; n); :) is an

analytic function of b on R+ �
. Now,

u((k; m; n); �; b) =
X

l � 1

X

(i 1 ;::i l )2 S( k;m;n ) ! � a

� �;b
i 1 i 2

:::� �;b
i l � 1 i l

;
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where � �;b
i k i k +1

is the transition probability from state i k to state i k+1 and an analytic

function of (b; �) on R+ � � R . u is then the simple limit of analytic functions on

R+ � � R . By (9:13:1) and (9:13:2) of Dieudonné ( 1969 ), a sequence of analytic

functions (f n )n2 N de�ned on an op en set S of C which converges simply towards a

function f on S , is proved to converge uniformly on every compact subset of S as

long as f f n ; n 2 Ng is relatively compact. We extend the functions � �;b
i k i k +1

on the

op en set E �
1 � E �

2 where � 2 R+ �
and

E �
1 = f z 2 CjRe(z) > 0; jIm (z)j < �Re (z)g;

E �
2 = f z 2 CjjRe(z)j < d=2; jIm (z)j < � (d � j Re(z)j + 2c)g:

We set b = br + ibi 2 E �
1 , � = � r + i� i 2 E �

2 and denote by Pb;�
(k;m;n )( k0;m0;n0) the

analytic extension of � b;�
(k;m;n )( k0;m0;n0) on E �

1 � E �
2 . For all (b; �) 2 E �

1 � E �
2 and for

all (k; m; n) and (k0; m0; n0) neighb ors in N3
�� :

�
�
�Pb;�

(k;m;n )( k0;m0;n0)

�
�
� �

p
1 + � 2 Pbr ;� r

(k;m;n )( k0;m0;n0) =
p

1 + � 2 � br ;� r
(k;m;n )( k0;m0;n0) :

Indeed, let us make the computation if (k0; m0; n0) = ( k; m � 1; n) ,

�
�
�Pb;�

(k;m;n )( k;m � 1;n)

�
�
� =

�
�
�
�

(d + � + c(N � 1))m
bN + dN + �m + cN(N � 1)

�
�
�
�

�
j(d + � + c(N � 1))mj

Re(bN + dN + �m + cN(N � 1))

=

q
(d + � r + c(N � 1))2m2 + � 2

i m2

br N + dN + � r m + cN(N � 1)

�

(d + � r + c(N � 1))m

 r

1 + � 2
i

(d+ � r + c(N � 1)) 2

!

br N + dN + � r m + cN(N � 1)

�
(d + � r + c(N � 1))m

p
1 + � 2

br N + dN + � r m + cN(N � 1)
since � 2 E �

2

=
p

1 + � 2 Pbr ;� r
(k;m;n )( k;m � 1;n)

Computations are similar for other p ossible transitions. Then since

p
1 + � 2 �

1 + � 2
,
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LX

l � 1

X

(i 1 ;::i l )2 S( k;m;n ) ! � a

jP �;b
i 1 i 2

:::P �;b
i l � 1 i l

j �
LX

l � 1

(1 + � 2) l
X

(i 1 ;::i l )2 S( k;m;n ) ! � a

� � r ;br
i 1 i 2

:::� � r ;br
i l � 1 i l

�
LX

l � 1

(1 + � 2) l Pk;m;n (T� a = l)

� Ek;m;n ((1 + � 2)T� a 1T� a < 1 )

� Ek;m;n ((1 + � 2)T� )

since, if T� a < 1 , T� a = T� . Lemma 1.4.8 allows to conclude.

In the following subsection, we establish some prop erties of the �rst-order deriva-

tive v(k; m; n) .

1.4.3 Boundedness and sign of v

Prop osition 1.4.9. (i ) For al l demographic parameters b, d and c, v is a bounded

function of (k; m; n) .

(ii ) Assume k � n , vk;m;n = E(k;m;n )

hRT
0 Lv (Z t )dt

i
� 0 where T = inf f t; k t =

nt or mt = nt = 0g:

(iii ) v(k; m; n) has the same sign than k � n .

Proof. (i ) is a consequence of Equation ( 1.36 ) and (iii ) is a consequence of (ii ) . For

(ii ) , by Prop osition 1.3.6 , it su�ces to prove the result when k > n . The function v
b eing b ounded in (k; m; n) (by (i ) ), Dynkin's formula stopp ed at the stopping time

T gives us that

Ek;m;n [v(ZT )] = v(k; m; n) � E(k;m;n )

� Z T

0
Lv (Z t )dt

�
:

Using that v(ZT ) = 0 (from Prop osition 1.3.6 ), we get the result.

Notice that the sign of � is not su�cient to know whether the allele a has a larger

�xation probability than a neutral allele, or not. This prop erty dep ends on the initial

genetic repartition of the p opulation: if there are more alleles A (resp. a) initially,

then allele a has a lower �xation probability than a neutral allele if and only if � > 0
(resp. � < 0). In Section 1.5 , we will get interested in the particular case where

the allele a is a mutant app earing in the p opulation. In this case, at mutation time,

there is only one individual with genotyp e Aa and no individual with genotyp e aa,
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then the p opulation starts from a state of the form (k; 1; 0). As the derivative of u
with resp ect to � is � v , the �xation probability of allele a is then:

u((k; 1; 0); � ) =
1

2(k + 1)
� �

�
k

k + 1
xk+1 +

k(2k + 1)
(k + 1) 2 yk+1

�
+ o(� )

1.4.4 Pro of of Prop osition 1.3.7

As in computations for v , Prop osition 1.3.7 is true if we can �nd a b ounded

sequence (z0
N )N � 2 which is solution of ( 1.22 ) and ( 1.23 ) . To prove this, we use a

similar pro of as for � 0 = 0 (Section 1.4.1 ). Setting

hk = f 0
k 8k � 4

h3 = f 0
3 � D 0

3
~C0� 1

2
~f 0
2;

we easily obtain that for all N � 3:

B 0
N z0

N +1 = ( C0
N + K 0

N )z0
N +

NX

k=3

(� 1)kE 0(N; k )hk (1.39)

with

K 0
3 = D 0

3
~C0� 1

2
~B 0

2

K 0
N = D 0

N (C0
N � 1 + K 0

N � 1)� 1B 0
N � 1 8N � 4

E 0(k; k) = I 2 8k � 3

E 0(N; k ) = D 0
N (C0

N � 1 + K 0
N � 1)� 1E 0(N � 1; k)

= K 0
N B 0� 1

N � 1E 0(N � 1; k) 8N � k + 1

Notice here that the detailed computation of h3 shows that h3 do es not dep end on x2

and y2 (which are not known) but only on x2 + 3
2y2 . The only di�culty in adapting

the pro of of Section 1.4.1 is when proving that there exists a constant C such that

for all N , kB 0� 1
N hN k � C

N 2 . Note that we have

B 0� 1
N =

N � 1
b

N + 1
(2N 2 � 2N � 1)(N 2 + N � 3=2) + 1=2

�

 
N 2+ N � 3=2

N +1
1

N +1
� 1

2 2N 2 � 2N � 1

!

:

From Equations ( 1.28 ) , ( 1.30 ) and ( 1.35 ) ,

yN =
C1

N
+

C2

N 2 + O
�

1
N 3

�
:



1.5. Mutational time scale 63

Then












 
N 2+ N � 3=2

N +1
1

N +1
� 1

2 2N 2 � 2N � 1

!

hN












= O(1) and kB 0� 1
N hN k = O

�
1

N 2

�
:

We now know that if the birth parameter b is small enough compared to c, then w
is e�ectively de�ned as in Formula ( 1.14 ) . To generalize this result to all p ossible

values of parameters b and c, we adapt the pro of of Theorem 1.4.6 and Corollary

1.4.7 to � 0
, without any di�culty. Note here that for all demographic parameters, w

is a p ositive b ounded function of (k; m; n) .

1.4.5 Pro of of the analyticity of u(k; m; n)

To conclude these results, we now prove that u((k; m; n); �; � 0) is an analytic

function of (�; � 0) in the neighb orho o d of (0; 0).

Proof. We use analytic extension arguments as in the pro of of Theorem 1.4.6 . Here

� and � 0
are complex numb ers, denoted by � = � r + i� i and � 0 = � 0

r + i� 0
i . We take

(�; � 0) 2 (E � )2
with E � = f z 2 CjjRe(z)j < d=2; jIm (z)j < � (d � j Re(z)j + 2c)g, and

denote by � �;� 0

(k;m;n )( k0;m0;n0) the transition probability for Z from (k; m; n) to one of its

neighb or (k0; m0; n0) and P �;� 0

(k;m;n )( k0;m0;n0) the analytic continuation of � �;� 0

(k;m;n )( k0;m0;n0)

on (E � )2
. Then,

�
�
�P �;� 0

(k;m;n )( k0;m0;n0)

�
�
� � (1 + � 2)P � r ;� 0

r
(k;m;n )( k0;m0;n0)

= (1 + � 2)� � r ;� 0
r

(k;m;n )( k0;m0;n0) :

Indeed, it is proved by making the computation for all p ossible transitions as in the

pro of of Theorem 1.4.6 and the conclusion follows similarly.

Theorem 1.3.4 is now proved.

1.5 Mutational time scale: convergence and extinction

vortex

Understanding and quantifying the extinction risk of a p opulation is a very im-

p ortant issue, in particular within the framework of sp ecies conservation Gilpin &

Soulé ( 1986 ). We now get interested in a phenomenon called �mutational meltdown�

Lynch et al. ( 1995 ): within small p opulations, inbreeding favors the �xation of dele-

terious alleles that would disapp ear in an in�nite size p opulation Crow & Kimura
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( 1970 ); Champagnat & Méléard ( 2007 ); Metz et al. ( 1996 ). This phenomenon is

then characterized by more and more frequent �xations of deleterious alleles, which

creates an extinction vortex and leads to a rapid extinction of the p opulation ( Lande

( 1994 ); Gilpin & Soulé ( 1986 )). We wish now to observe this acceleration of mutation

�xations. To this end, we intro duce mutations in our mo del, and consider a di�erent

time scale.

1.5.1 General mo del

As intro duced in Section 1.2 , each individual is now characterized by its geno-

typ e x 2 G := ffA ; C; G; T gGg2
. Now every DNA strand can mutate during the

individual lifetime, at rate � K := �=K . K is a scaling parameter that will go to

in�nity, following a rare mutation hyp othesis, which is usual in evolutionary genetics

Lande ( 1994 ); Champagnat ( 2006 ). For every a; a0 2 fA ; C; G; T gG
, we de�ne the

probability M (a; a0) that a DNA strand a mutates to a0
knowing that a mutates.

The p opulation can then b e represented at time t by

Z K : t 7!
N K

tX

i =1

� x i;K
t

;

where N K
t is the size of p opulation Z K

at time t and x i;K
t is the genotyp e of the i -th

individual in p opulation Z K
at time t . Z K

t b elongs to the discrete space:

E =

(
NX

i =1

� (x i
1 ;x i

2) ; N 2 Z+ ; (x i
1; x i

2) 2 G 8i

)

;

where E is equipp ed with the norm r (� 1; � 2) =
P

x2 G j� 1(x) � � 2(x)j and its dis-

crete top ology. We denote by D([0; 1 ); E) the Skhoroho d space of left limited right

continuous functions from R+
to E , endowed with the Skhoroho d top ology. We

denote by b(x; Z ) the birth rate of an individual with genotyp e x in the p opula-

tion Z , and assume that there exists a constant C such that for every Z with size

N ,

X

x2 G

b(x; Z ) � CN: As in Section 1.2 , individuals can die either naturally, or

due to comp etition with other individuals, and when the p opulation size reaches

2 we assume that no death can o ccur. We denote by d(x; Z ) the death rate of a

given individual with genotyp e x in the p opulation Z and assume that for every x ,

d(x; Z ) is b ounded from b elow by some p ositive p ower of the p opulation size. For

all K > 0 and for all real b ounded mesurable function f on E , if Z =
P N

i =1 � x i with

x i = ( x i
1; x i

2) , the generator of the Markov pro cess Z K
is:
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L K f (Z ) =
X

x2 G

b(x; Z )( f (Z + � x ) � f (Z ))

+
NX

i =1

d(x i ; Z )( f (Z � � x i ) � f (Z ))

+
NX

i =1

�
K

X

y2fA ;C;G;T gG

M (x i
1; y)( f (Z � � x i + � (y;x i

2 ) ) � f (Z ))

+
NX

i =1

�
K

X

y2fA ;C;G;T gG

M (x i
2; y)( f (Z � � x i + � (x i

1 ;y) ) � f (Z )) :

Notations: When the p opulation is monomorphic, i.e. every individual has same

genotyp e x , we assume that the p opulation follows a neutral logistic birth-and-death

pro cess as presented in Section 1.3.2 , and we denote by b(x) , d(x) and c(x) the birth,

and natural and comp etition death rates (denoted b, d, and c in Section 1.3.2 ). For

all demographic parameters b, d, and c, we also de�ne the stationary law l (:; b; d; c)
of the p opulation size of this neutral logistic birth-and-death pro cess. l satis�es the

stationary equations system:

8
>>>>><

>>>>>:

b(N � 1)l(N � 1; b; d; c) + ( d + cN)(N + 1) l(N + 1 ; b; d; c)

= N (b+ d + c(N � 1))l (N; b; d; c) 8N � 3

2bl(2; b; d; c) = 3( d + 2c)l(3; b; d; c):

Then for all N � 2,

l (N; b; d; c) :=

1
N

N � 1Y

k=2

b
d + kc

1X

i =2

1
i

i � 1Y

j =2

b
d + jc

: (1.40)

We now rescale time when K go es to in�nity, in order to observe mutation appari-

tions. More precisely, the mean time of apparition of a mutation b eing equal to

1=� K � K , we accelerate time by multiplying t by K .

1.5.2 Convergence and limiting pro cess in the adaptive dynamics

asymptotics

Theorem 1.5.1. For al l 0 < t 1 < ::: < t n , the n -tuple (Z K
Kt 1

; :::; Z K
Kt n

) converges in

law towards the process (N t1 � St 1
; :::; N tn � St n

) where
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(i) (St )t> 0 is a Markov jump process that jumps from a homozygous genotype x(1) =
(x1; x1) to another homozygous genotype x(2) = ( x2; x2) where x1 and x2 are

in fA ; C; G; T gG
, at rate � (x(1) ; x(2) ) .

(ii)

� (x(1) ; x(2) ) = 2 �M (x1; x2)

�
1X

N =2

Nf ((N � 1; 1; 0); x(1) ; x(2) )l (N; b(x(1) ); d(x(1) ); c(x(1) )) ;

(1.41)

where f ((k; m; n); x(1) ; x(2) ) is the probability that, starting from k individuals

with genotype x(1)
, m with genotype (x1; x2) , and n with genotype x(2)

, the

population gets �nal ly monomorphic with genotype x(2)
. In the particular case

where only the natural death rate di�ers between individuals with genotypes x(1)

and x(2)
, as in Equation ( 1.10 ) ,

f ((N � 1; 1; 0); x(1) ; x(2) ) = u((N � 1; 1; 0); d(x1; x2) � d(x(1) ); d(x(2) )d(x(1) ))

where d(x(1) ) , d((x1; x2)) , and d(x(2) ) are the respective natural death rates of

individuals with genotype x(1)
, (x1; x2) and x(2)

(the generalization of genotypes

AA , Aa , and aa in Section 1.3.2 ), and u has been studied in Section 1.3 .

(iii) Conditional ly to (St1 ; :::; Stn ) = ( x(1) ; :::; x(n) ) , the random variables N t1 , ...,

N tn are mutual ly independent and N t i has law l (:; b(x(i ) ); d(x(i ) ); c(x(i ) )) for al l

i .

At this mutational time scale, at every time t , the p opulation is therefore almost

surely monomorphic and the pro cess (N t � St )t � 0 describ es the successive �xations of

mutations. Indeed, a jump of the limiting pro cess S corresp onds to a change in

the genotyp e of every individual of the p opulation, i.e. a mutation �xation. This

previous theorem is directly obtained from Champagnat & Lamb ert ( 2007 ), except

from a few details in the pro of, which are given in App endix A .

1.5.3 The extinction vortex

In this section we fo cus on the jump pro cess S and assume that all mutations

have the same e�ect than describ ed in Equation ( 1.10 ) , i.e. when x1 mutates to

x2 , individuals with genotyp es x(1)
, (x1; x2) and x(2)

all have same fecundity b and

comp etition parameter c, but

d(x1; x2) = d(x(1) ) + �; and d(x(2) ) = d(x(1) ) + � 0:
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What is more, we exclude overdominance cases by assuming that � < � 0
. The jump

rate � of the limiting pro cess S of Theorem 1.5.1 (Equation ( 1.41 ) ) when individuals

have birth rate b, natural death rate d, and comp etition rate c is now denoted by

� (d; �; � 0) =
1X

N =2

Nu((N � 1; 1; 0); d; �; � 0)l (N; d) (1.42)

(the dep endence in parameters b and c is hidden and, to simplify notations, we

assumed � = 1=2). This rate is also the rate of �xation of a deleterious mutation

with size (�; � 0) . Let us recall that the extinction vortex is due to more and more

rapid �xations of deleterious mutations in the p opulation. We then wish to prove

that the mean time to �xation of a deleterious mutation decreases when the numb er

of already �xed mutations increases. Now when a deleterious mutation gets �xed, the

natural death rate of all individuals is increased by � 0
. The vortex is then due to the

fact that the mean time to �xation of a deleterious mutation is a decreasing function

of the natural death rate d of individuals, which is proved in the next theorem.

Theorem 1.5.2. Let us �x the demographic parameter c and assume that E(N 2
0 ) <

1 . If � > 0 and � 0 > � , and if b is smal l enough, the mean time to a jump of process

S , T(d; �; � 0) = 1 =� (d; �; � 0) is a decreasing function of d, the natural death rate of

individuals.

Here we underline the dep endence of all quantities in d, by denoting resp ectively

by u((k; m; n); d; �; � 0) , v((k; m; n); d) , and w((k; m; n); d) the �xation probability

de�ned in Section 1.3 and its derivatives, when individuals have natural death rate

d. We also denote by l (:; d) the stationary law of the p opulation size (Equation

( 1.40 ) ). We �rst need to prove the following lemma:

Lemma 1.5.3. If d and d0
are two non negative real numbers such that d0 > d , then

there exists an integer N0 such that for al l N � N0 , l (N; d0) � l (N; d) , and for al l

N > N 0 , l (N; d0) < l (N; d) .

Proof. Let us de�ne q(N ) = l (N;d 0)
l (N;d ) . Equation ( 1.40 ) gives us that q(N + 1) =

d+ cN
d0+ cN q(N ) , then if d0 > d , q(N ) is a strictly decreasing function of N . Next,

q(2) =
1
2

P 1
i =2

1
i

Q 1
j =2

b
d+ jc

1
2

P 1
i =2

1
i

Q 1
j =2

b
d0+ jc

;

hence q(2) > 1. Finally, if q(N ) > 1 for all N then l (N; d0) > l (N; d) for all N which

is absurd as l (:; d) and l (:; d0) are probability measures. Then there exists an integer

N0 such that for all N > N 0 , q(N ) < 1 and for all N � N0 , q(N ) � 1.
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Proof. (Theorem 1.5.2 ) From Theorem 1.3.4 , the mean time to �xation of a mutation

is T(d; �; � 0) = 1 =� (d; �; � 0) with

� (d; �; � 0) =
1
2

�

"
1X

N =2

N (�v ((N � 1; 1; 0); d) + � 0w((N � 1; 1; 0); d)) l (N; d)

#

+ o(j� j + j� 0j)

(1.43)

where the di�erentiability of the in�nite sum in ( 1.42 ) is obtained as in the pro of of

Prop osition 1.3.5 . Then if d0 > d ,

� (d0; �; � 0) � � (d; �; � 0)=
1X

N =2

N (�v ((N � 1; 1; 0); d) + � 0w((N � 1; 1; 0); d)) l (N; d)

�
1X

N =2

N (�v ((N � 1; 1; 0); d0) + � 0w((N � 1; 1; 0); d0)) l (N; d0)

+ o(j� j + j� 0j)

= �
1X

N =2

Nl (N; d)(v((N � 1; 1; 0); d) � v((N � 1; 1; 0); d0))

� �
1X

N =2

Nv((N � 1; 1; 0); d0)( l (N; d0) � l (N; d))

+ � 0
1X

N =2

Nl (N; d)(w((N � 1; 1; 0); d) � w((N � 1; 1; 0); d0))

� � 0
1X

N =2

Nw((N � 1; 1; 0); d0)( l (N; d0) � l (N; d))

+ o(j� j + j� 0j):

De�ning N0 as in Lemma 1.5.3 , we obtain:
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� (d0; �; � 0) � � (d; �; � 0) = �
1X

N =2

Nl (N; d)(v((N � 1; 1; 0); d) � v((N � 1; 1; 0); d0))

+ � 0
1X

N =2

Nl (N; d)(w((N � 1; 1; 0); d) � w((N � 1; 1; 0); d0))

� �
1X

N =2

(Nv((N � 1; 1; 0); d0) � N0v((N0 � 1; 1; 0); d0))( l (N; d0) � l (N; d))

� � 0
1X

N =2

(Nw((N � 1; 1; 0); d0) � N0w((N0 � 1; 1; 0); d0))( l (N; d0) � l (N; d))

+ o(j� j + j� 0j) the added terms b eing equal to 0;
(1.44)

which gives, if w((k; m; n); d) = �v ((k; m; n); d) + � 0w((k; m; n); d) ,

� (d0; �; � 0) � � (d; �; � 0) =
1X

N =2

Nl (N; d)(w((N � 1; 1; 0); d) � w((N � 1; 1; 0); d0))

�
1X

N =2

(Nw((N � 1; 1; 0); d0) � N0w((N0 � 1; 1; 0); d0))( l (N; d0) � l (N; d))

+ o(j� j + j� 0j)
(1.45)

Let us now prove �rst that N 7! Nw((N � 1; 1; 0); d0) is increasing and next that

d 7! (w((N � 1; 1; 0); d) is decreasing. These two results imply Theorem 1.5.2 and will

b e consequences of two following lemmas. We �rst prove as in the pro of of Theorem

1.4.6 that u((k; m; n); �; � 0) is an analytic function of (d; �; � 0) on R+ � R2
, therefore

we can de�ne the partial derivative @w((k; m; n); d)=@dfor all (k; m; n) 2 N3
�� . Next,

using Prop osition 1.3.1 , we prove as in the pro of of Prop osition 1.3.5 and the pro of

of Theorem 4:1 of Champagnat & Lamb ert ( 2007 ) that there exists a constant C
such that for all (k; m; n) such that k + m + n = N ,

�
�
�
�
@w
@d

(k; m; n)

�
�
�
� � CN 2: (1.46)

Notice that the in�nitesimal generator L (Equation ( 1.11 ) ) is the sum of two gener-

ators

(Lf )(k; m; n) = ( L bf )(k; m; n) + ( L df )(k; m; n)

where
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L bf (Z ) =
3X

i =1

bi (Z )( f (Z + ei ) � f (Z )) ; and

L df (Z ) = ( d + c(N � 1))

� [kf (k � 1; m; n) + mf (k; m � 1; n) + nf (k; m; n � 1) � Nf (k; m; n)]:

Since @Lw=@d= 0 (from ( 1.15 ) and ( 1.20 ) ),

�
L

@w(:; d)
@d

�
(k; m; n) =

� (L dw(:; d))( k; m; n)
d + c(N � 1)

: (1.47)

Notice also that

(L dw(:; d))( N � 1; 1; 0) = ( d + c(N � 1))[(N � 1)w(N � 2; 1; 0; d)

� Nw(N � 1; 1; 0; d)];
(1.48)

so if we prove that (L dw(:; d0))( N � 1; 1; 0) � 0 for all N � 2, then N 7! Nw((N �
1; 1; 0); d0) is increasing. In fact we prove the

Lemma 1.5.4. If b is smal l enough and � 0 > � , then for al l (k; m; n) in N3
�� ,

�
L

@w(:; d)
@d

�
(k; m; n) � 0:

Proof. (Lemma 1.5.4 ) There exists a constant C > 0 indep endent from b, d, and c,

such that for all (k; m; n) in N3
�� ,

(Lw (:; d))( k; m; n) = ( L dw(:; d))( k; m; n)
�

1 +
b

d + c(N � 1)

�

+
�

(L bw(:; d))( k; m; n) �
b

d + c(N � 1)
(L dw(:; d))( k; m; n)

�

= �
�m (k � n) + � 0nN A

2N (N � 1)
= �

(� 0 � � )nm + k(�m + 2 � 0n)
2N (N � 1)

�
� C(km + mn + kn)

2N (N � 1)
:

Next, detailed computations give us that there exists a constant C0
indep endent from

b such that
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�
�
�
�(L bw(:; d))( k; m; n) �

b
d + c(N � 1)

(L dw(:; d))( k; m; n)
�
�
�
�

� �b
�
jk � nj

�
mjxN +1 � xN � 1j +

N 2 � (k � n)2

N
jyN +1 � yN � 1j

��

+ � 0b[NA njxN +1 � xN � 1j + mN jx0
N +1 � x0

N � 1j + (2 N � NA )NA jyN +1 � yN � 1j

+ (2 N � NA )NA jy0
N +1 � y0

N � 1j)]

+ bC0km + mn + kn
N

(jxN +1 j + jxN � 1j + jx0
N +1 j + jx0

N � 1j

+ jyN +1 j + jyN � 1j + jy0
N +1 j + jy0

N � 1j)

Now, from Equations ( 1.28 ) , ( 1.30 ) and ( 1.35 ) , we obtain that kzN +1 � zN � 1k �
C00=N2

for all N � 2, for a constant C00
. Finally from Equations ( 1.35 ) and ( 1.36 ) ,

when b is small enough, there exists a constant C000
indep endent from b such that

kzN +1 k < C000

N for all N � 2. The same results are similarly proved for z0
, then if b

is small enough, for all (k; m; n) 2 N3
�� ,

�
�
�
�L bw(k; m; n) �

b
d + c(N � 1)

L dw(k; m; n)
�
�
�
� <

C(km + mn + kn)
2N (N � 1)

which gives that L dw(k; m; n) � 0 for all (k; m; n) and the result by ( 1.47 ) .

We �nally prove that

Lemma 1.5.5. If b is smal l enough and � 0 > � , then for al l (k; m; n) in N3
�� ,

@w((k; m; n); d)
@d

= � E(k;m;n )

Z T�

0

�
L

@w(:; d)
@d

�
(Z t )dt: (1.49)

Proof. (Lemma 1.5.5 ) We use Dynkin's formula starting from (k; m; n) = Z0 and

stopp ed at time TN = inf f t > 0; N t � N g for N � N0 :

E
�

@w(ZT� ^ TN ; d)
@d

�
=

@w(Z0; d)
@d

+ E
� Z T� ^ TN

0

�
L

@w(:; d)
@d

�
(Zs)ds

�
:

Since (L@w=@d(:; d))( Z ) � 0 for all Z 2 N3
�� (Lemma 1.5.4 ), then

� Z T� ^ TN

0

�
L

@w(:; d)
@d

�
(Zs)ds

�

N � N0

is an increasing sequence of p ositive random variables since TN � TN +1 when N �
N0 = k + m + n . From the monotone convergence theorem, since T� ^ TN �!

N !1
T�

p.s. (Prop osition 1.2.2 ),
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E(k;m;n )

� Z T� ^ TN

0

�
L

@w(:; d)
@d

�
(Zs)ds

�
�!

N !1
E(k;m;n )

� Z T�

0

�
L

@w(:; d)
@d

�
(Zs)ds

�
:

Now, from Equation ( 1.46 ) , the pro cess

�
@w(Z t ;d)

@d

�

t � 0
is uniformly integrable as

long as E(N 2
0 ) < 1 from Prop osition 1.2.2 . As it is also a lo cal submartingale, it

converges in L 1
when t go es to + 1 , which gives that

E(k;m;n )

�
@w(ZT� ^ TN ; d)

@d

�
�!

N !1
E(k;m;n )

�
@w(ZT� ; d)

@d

�
:

Using that @w(ZT� ; d)=@d= 0 , we get the result.

Finally, ( 1.47 ) , ( 1.48 ) and Lemma 1.5.4 imply that N 7! Nw((N � 1; 1; 0); d) is

an increasing function of N , and Lemmas 1.5.4 and 1.5.5 give that w((N � 1; 1; 0); d)
is a decreasing function of d.

1.5.4 Numerical results

Equation ( 1.35 ) allows us to approximate the sequences (zN )N � 2 numerically,

and we do the same for (z0
N )N � 2 and then for � (Equation ( 1.43 ) ). In App endix B of

Chapter 2 we give the Maple co de that leads to this numeral approximation. Figure

1.1 shows the mean time T to �xation of a deleterious mutation as a decreasing

function of d (Theorem 1.5.2 ), for various values of b, � , and � 0
. For more biological

analysis and numerical results, we refer to Coron et al. ( 2013 ), presented in the next

chapter.

Persp ectives

Dans ce chapitre, nous intuitons la forme de l'unique solution sous-linéaire d'un

problème de Dirichlet:

8
><

>:

(Lv )(k; m; n) = m(n� k)
2N (N � 1) 8(k; m; n)jk + m + n � 3

(Lv )(k; m; n) = 0 8(k; m; n)jk + m + n = 2
v(2; 0; 0) = v(0; 0; 2) = 0 :

(1.50)

Le même travail a été fait p our w , solution du problème suivant:

8
><

>:

(Lw )(k; m; n) = � n(2k+ m)
2N (N � 1) 8(k; m; n)jk + m + n � 3

(Lw )(k; m; n) = 0 8(k; m; n)jk + m + n = 2 ;
w(2; 0; 0) = w(0; 0; 2) = 0 :

(1.51)
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(A) (B)

Figure 1.1: (A) : Relationship b etween T , the mean time to �xation of a deleterious

mutation, and the p opulation intrinsic death rate d as a function of selection and

dominance. Op en symb ols: recessive mutation ( � = 0 ); closed symb ols: additive

mutation ( � = � 0=2); circles: � 0 = 0 :1; diamonds: � 0 = 0 :2. Other demographic

parameters are b = 10 , c = 0 :1, and m = 1 . (B) : Relationship b etween the mean

time to �xation of a deleterious mutation T and parameters b and d. Each curve

corresp onds to a �xed value of b. Other parameters are � = 0 :05, � 0 = 0 :1, c = 0 :1
and m = 1 .

Trouver une telle solution corresp ond à chercher l'unique solution sous-linéaire

d'une équation de récurrence linéaire de degré 2 à 3 indices et co e�cients non-

constants. Dans les deux cas nous avons donc cherché la solution d'une équation

de la forme Lv = P où P est un p olynôme connu en les variables k , m et n et

nous avons exprimé v sous la forme v =
P d

i =1 Pi (k; m; n)x i (k + m + n) où les Pi sont

explicités, p our nous ramener à une équation de récurrence à une seule dimension (sur

la taille de p opulation k + m + n ). Ce problème est une extension en dimension 3 du

problème étudié dans Champagnat et al. ( 2012 ) p our une p opulation haploïde, donc

en dimension 2. Pour intuiter la forme de ces deux solutions, nous avons appliqué

l'algorithme suivant:

� On p ose v = P(k; m; n)x1(k + m + n) p our une fonction x1 quelconque. Si

Lv (k; m; n) = P(k; m; n)y1(k + m + n) p our une fonction y1 quelconque, alors

on arrête.

� Sinon, Lv (k; m; n) = P(k; m; n)y1(k+ m+ n)+ P2(k; m; n)y2(k; m; n) . On p ose

alors v(k; m; n) = P(k; m; n)x1(k + m + n) + P2(k; m; n)x2(k; m; n) p our des

fonctions x1 et x2 quelconques.

� On recommence.
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Cet algorithme consiste donc à mettre en évidence des espaces de p olynômes propres

p our l'op érateur L . Les questions sont alors les suivantes: cet algorithme s'applique-

t-il p our tout p olynôme P comme dans Champagnat et al. ( 2012 )? Peut-on donner

tous les espaces propres de L ? Quelles sont les dimensions de ces espaces propres?

Peut-on justi�er que v est bien de la forme v(k; m; n) =
P l

i =1 Pl (k; m; n)yl (k+ m+ n)
où les Pl sont des p olynômes?

A Pro of of Theorem 1.5.1

In this article we consider a diploid p opulation and, as seen in Theorem 1.3.4 , the

diploidy generates interesting formulas for the �xation probability of a non neutral

allele. More precisely, this �xation probability is a function of the initial genetic

repartition in the p opulation (parameters k , m , and n ) and cannot b e reduced to a

function of the initial numb ers of allele A and a in the p opulation, as for a haploid

p opulation. At the mutational time scale (Section 1.5 ), this leads to mutation �xation

rates that are di�erent than those obtained in Champagnat & Lamb ert ( 2007 ) for

the haploid case.

However, the pro of of Theorem 1.5.1 can b e seen as an extension of the pro of

of Theorem 3:1 of Champagnat & Lamb ert ( 2007 ), to the cases where mutations

o ccur during life and not at birth, and where no death can o ccur when there are two

individuals in the p opulation. We now explain why those di�erences do not hamp er

the pro of of Theorem 3:1 of Champagnat & Lamb ert ( 2007 ), which is constituted of

three lemmas.

Proof. First lemma: Lemma 6:2 of Champagnat & Lamb ert ( 2007 ) proves that

there are no mutation accumulations when parameter K go es to in�nity. Using

Prop osition 1.2.2 , the lemma and its pro of remain true in our mo del.

Second lemma: The �rst part of Lemma 6:3 of Champagnat & Lamb ert ( 2007 )

gives the limiting law of K� 1 and of the p opulation size at time � 1 when K go es to

in�nity, where � 1 is the �rst mutation apparition time for the p opulation Z K
. Here

the pro of is similar but uses di�erent rates: as long as t < � 1 , if the p opulation

is initially monomorphic with genotyp e x , the p opulation size (N K
t )0<t<� 1 follows

a birth and death pro cess with birth rate b(x; i� x )i and death rate d(x; i� x )i when

N K
t = i , and � 1 is the �rst p oint of an inhomogeneous Poisson p oint pro cess with

intensity (2�=K )N K
t . Then for any b ounded function f : N n f 1g ! R ,



B. Asymptotic b ehavior of (K N )N � 3 75

E(f (N K
� �

1
)1f t � � 1 =K g) = 2 �

Z t

0
E(f (N K

Ks )N K
Ks e� 2�=K

RKs
0 N K

u duds)

= 2 �
Z t

0
E(f (N 0

Ks )N 0
Ks e� 2�=K

RKs
0 N 0

u duds)

since the law of N K
t do es not dep end on K . The ergo dic theorem �nally gives us

that

lim
K !1

EK (f (N K
� �

1
)1f t � � 1 =K g) =

E(Nf (N ))
E(N )

Z t

0
2� E(N )e� 2� E(N )sds

where N is a random variable with law l de�ned by ( 1.40 ) . The second part of

Lemma 6:3 of Champagnat & Lamb ert ( 2007 ) gives us that supK> 1EK
n� x

(N p
� 1 ) < 1 .

Here the pro of needs to b e slightly changed as the p opulation size do es not reach 1
in our mo del. We then de�ne L t =

Rt
0 1f N 0

u =2 gdu and have

EK
n� x

(N p
� 1

) � 2�
Z 1

0
E

�
N p+1

Ks exp
�

�
2�
K

L Ks

�
ds

�
:

We �nally prove that there exist � , � 0
, C > 0 such that P(L t � �t ) � Ce� � 0t

as

in Champagnat & Lamb ert ( 2007 ), by de�ning si := inf f s � t i � 1 : N 0
s = 2g and

t i = inf f t � si : N 0
s = 3g.

Third lemma: The third lemma gives the b ehavior of � 1 , the �rst time where

the p opulation b ecomes monomorphic, and V1 , the genotyp e of individuals at time

� 1 , if the p opulation initially contains 2 genotyp es x and y . This lemma and the end

of the pro of of Theorem 1.5.1 are easily generalized to our mo del.

B Asymptotic b ehavior of (K N )N � 3

The asymptotic b ehavior of (K N )N � 3 is obtained by several b o otstrapping steps

whose initial and central hyp othesis is given by Equation ( 1.26 ) : kK N k < c=2 for all

N � 3. Since K N +1 = DN +1 (CN + K N )� 1BN � 1 for all N � 4, we get
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K N +1 =
� b

2(N + 1)( N � 1)
d + cN

N

�
1

�
b+ d+ c(N � 1)

N + K N
12

� �
b+ d + c(N � 1) + K N

21

�
� K N

11K N
22

0

B
B
B
B
B
B
B
B
@

N � 2
N [b+ d+ c(N� 1)+K N

21 � K N
11 (2N 2 � 3)] N � 2

N

"
3K N

11 + (b+ d+ c( N � 1)+ K N
21 )(2 N 2 +4 N � 3)

N +1

#

(N � 1)
h
(2N 2� 3)

�
b+ d+ c( N � 1)

N + K N
12

�
� K N

22

i
3
N

"
3K N

11 + (b+ d+ c( N � 1)+ K N
21 )(2 N 2+4 N � 3)

N +1

#

+ 3
N [b+ d+ c(N� 1)+ K N

21 � K N
11 (2N 2 � 3)] � N� 1

N +1

h
K N

22 (2N 2 +4 N� 3)+3
�
K N

12 + b+ d+ c( N � 1)
N

�i

1

C
C
C
C
C
C
C
C
A

Now from Equation ( 1.26 ) , we know that c + K N
12 do es not get close to 0 when

N is large enough. We then obtain easily that

K N �
N !1

 
� (c� 2NK N

11 )b
2N 2c

� b
N

� b � (6c� 2NK N
22 )b

2N 2c

!

; (1.52)

which gives that

K N =
N !1

 
O

� 1
N

� � b
N + o

� 1
N

�

� b+ o(1) O
� 1

N

�
;

!

and then from Equation ( 1.52 ) again that

K N =
N !1

 
O

� 1
N 2

� � b
N + o

� 1
N

�

� b+ o(1) O
� 1

N 2

�
:

!

After some calculations, we �nally obtain that:

� b
2(N + 1)( N � 1)

d + cN
N

�
1

�
b+ d+ c(N � 1)

N + K N
12

� �
b+ d + c(N � 1) + K N

21

�
� K N

11K N
22

= �
b
2c

�
1

N 3 +
2c � d
cN 4

�
+ O

�
1

N 5

�

and that:
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0

B
B
B
B
B
B
B
B
@

N � 2
N [b+ d+ c(N� 1)+K N

21 � K N
11 (2N 2 � 3)] N � 2

N

"
3K N

11 + (b+ d+ c( N � 1)+ K N
21 )(2 N 2 +4 N � 3)

N +1

#

(N � 1)
h
(2N 2� 3)

�
b+ d+ c( N � 1)

N + K N
12

�
� K N

22

i
3
N

"
3K N

11 + (b+ d+ c( N � 1)+ K N
21 )(2 N 2+4 N � 3)

N +1

#

+ 3
N [b+ d+ c(N� 1)+ K N

21 � K N
11 (2N 2 � 3)] � N� 1

N +1

h
K N

22 (2N 2+4 N� 3)+3
�
K N

12 + b+ d+ c( N � 1)
N

�i

1

C
C
C
C
C
C
C
C
A

=

 
cN + O(1) 2cN 2+2 N (d� 2c)+ O(1)

2N 3c� 2N 2(2c� d)+ O(N ) 6cN + O(1)

!

:

which gives the result.
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2

Quantifying the mutational

meltdown in diploid p opulations

Ce chapitre est constitué de l'article Coron et al. ( 2013 ), intitulé "Quantifying the

mutational meltdown in diploid p opulations", écrit avec Sylvie Méléard, Emmanuelle

Porcher et Alexandre Rob ert, et paru dans The American Naturalist en Mai 2013.

Nous avons a jouté un paragraphe de p ersp ectives à la �n, ainsi que le co de Maple

dont sont issues les simulations numériques (App endice B ).

ABSTRACT: The mutational meltdown, in which demographic and genetic

pro cesses mutually reinforce each other to accelerate the extinction of small p opu-

lations, has b een p o orly quanti�ed despite its p otential imp ortance in conservation

biology. Here, we present a mo del-based framework to study and quantify the mu-

tational meltdown in a �nite diploid p opulation evolving continuously in time and

sub ject to resource comp etition. We mo del slightly deleterious mutations a�ecting

the p opulation demographic parameters and we study how the rate of mutation �x-

ation increases as the genetic load increases, a pro cess that we investigate at two

time scales: an ecological and a mutational scale. Unlike most previous studies we

treat p opulation size as a random pro cess in continuous time. We show that, as

deleterious mutations accumulate, the decrease in mean p opulation size accelerates

with time, relative to a null mo del with a constant mean �xation time. We quantify

this mutational meltdown via the change in the mean �xation time after each new

mutation �xation, and we show that the meltdown app ears less severe than predicted

by earlier theoretical work. We also emphasize that mean p opulation size alone can

b e a misleading index of the risk of p opulation extinction; the latter could b e b etter

evaluated with additional information on demographic parameters.
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Keywords: Population genetics, mutational meltdown, diploid p opulation, lo-

gistic birth-and-death pro cess, �xation probability, mildly deleterious mutations.

2.1 Intro duction

Many evolutionary and ecological pro cesses op erating in natural p opulations in-

�uence, and are in�uenced by, p opulation abundance or density (e.g. intrasp eci�c

and intersp eci�c comp etition ( Volterra ( 1931 ); Lotka ( 1932 ); Verhulst ( 1845 )), re-

pro duction ( Clay & Shaw ( 1981 )), trait evolution ( Lande ( 1976 ); Cherry ( 1998 )), or

�xation of deleterious mutations ( Crow & Kimura ( 1970 ), pp. 418� 430). These abun-

dance or density-dep endent pro cesses commonly a�ect p opulation growth, leading

to p ositive (as in the case of co op eration) or negative (as in the case of intrasp eci�c

comp etition) correlations b etween p opulation growth and abundance/density. Allee

e�ects refer to a p ositive relationship b etween p opulation size and the p opulation

p er capita deterministic growth rate ( Stephens & Sutherland ( 1999 )), at low den-

sity. They limit p opulation viability b ecause the growth rate of p opulations with

an Allee e�ect b ecomes negative b elow a threshold abundance. This phenomenon

alone can lead to extinction, but it may also b e asso ciated with gradual genetic

deterioration, which reinforces the decline in p opulation abundance and results in

an extinction vortex ( Gilpin & Soulé ( 1986 )). The mutational meltdown ( Lynch &

Gabriel ( 1990 )) is a particular form of extinction vortex in which demographic and

genetic pro cesses mutually reinforce each other. Sp ontaneous mildly deleterious mu-

tations ( Drake et al. ( 1998 ); Lynch et al. ( 1999 ); Haag-Liautard et al. ( 2007 )) can go

to �xation and accumulate in small p opulations, leading to reduced growth rate and

reduced p opulation size, which in turn sp eeds up mutation accumulation ( Lynch &

Gabriel ( 1990 )) and can precipitate p opulation extinction.

Besides environmental and demographic threats, genetic considerations are gen-

erally addressed in quantitative assessments of endangered sp ecies or p opulation vi-

ability ( Traill et al. ( 2007 )), minimum viable p opulation sizes ( Sha�er ( 1981 ); Gilpin

& Soulé ( 1986 )) and conservation status ( Mace & Purvis ( 2008 )). However, the

role of genetic deterioration in the extinction pro cess has long b een controversial

(e.g. Caughley ( 1994 ); Caro & Laurenson ( 1994 )). In spite of several lines of ev-

idence that endangered sp ecies are impacted by genetic factors ( Spielman et al.

( 2004 )), which may signi�cantly contribute to the risk of extinction in some cases

( Saccheri et al. ( 1998 ); Blomqvist et al. ( 2010 )), the weight of genetic deterioration

mechanisms in limiting p opulation viability remains di�cult to evaluate and may

b e strongly variable among and within sp ecies ( Rob ert ( 2011 )). There is thus a

need for more quantitative frameworks allowing to quantify the actual contribution
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of genetic factors and their interaction with demography, to the risk of extinction.

In this pap er, we extend existing qualitative treatments of the mutational meltdown

( Lynch et al. ( 1995 ); Theo dorou et al. ( 2009 )) to (i ) gauge the net e�ect of the actual

acceleration of mutation accumulation on p opulation size, by comparing our mo del

with a null mo del assuming no e�ect of the current genetic load on the rate of future

mutation accumulation, and (ii ) examine how demographic parameters a�ect the

strength of the mutational meltdown. To this end, we intro duce a new quantitative

approach to analyzing mutational meltdown by computing the probability of �xation

of slightly deleterious mutations in diploid p opulations with sto chastic p opulation

dynamics. We are sp eci�cally interested in the recipro cal interaction b etween p opu-

lation size and �xation of small-e�ect deleterious mutations ( Lande ( 1994 )) in small

p opulations. Unlike most previous studies (e.g. Lynch & Gabriel ( 1990 ); Lande

( 1994 )), we do not regard p opulation size as a constant parameter, but instead build

on the pioneering work of Champagnat et al. ( 2006 ) and treat p opulation size as a

random pro cess in continuous time. The probability distribution of p opulation size

dep ends on individual demographic parameters, which are themselves determined by

the genotyp es of individuals at a large numb er of lo ci sub ject to recurrent deleterious

mutation. Using this mo del of mutation accumulation in diploid p opulations with

sto chastic p opulation dynamics, we assess how the demography-genetics (hereafter

demo-genetic) feedback accelerates mutation accumulation. Using a null mo del, we

sp eci�cally seek to disentangle the relative contribution of two distinct phenomena

to extinction risk: �rst, accumulation of deleterious mutations if the mutational

meltdown is neglected, and second the progressive increase in the �xation rate of

deleterious mutations through time caused by mutation accumulation and reduced

p opulation size, i.e. the mutational meltdown p er se. We �nally highlight that

average p opulation size can sometimes b e a misleading indicator of the extinction

risk and that demographic parameters (birth and death rates) may provide useful

complementary information. For example, the sensitivity of the rate of �xation of

mutations to changes in demographic parameters (which themselves dep end on the

current �xation load) can b e used to quantify the extent to which the overall demo-

genetic feedback increases the risk of extinction. This allows us to identify situations

where the demographic prop erties of p opulations might b e asso ciated with strong

mutational meltdown.
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2.2 General mo del and ecological time scale

2.2.1 General mo del

We consider a p opulation of hermaphro ditic, randomly mating diploid organisms,

following a logistic birth-and-death pro cess. Mutation to slightly deleterious alleles

follows an in�nite site mo del, so that each new mutation o ccurs at a new lo cus at

genomic rate mK = 2m=K , where 2m is the unscaled allelic mutation rate and K is a

scale parameter that go es to in�nity to mo del rare mutations, a classical assumption

in evolutionary genetic studies (e.g. Lande ( 1994 )). We are interested in how the

rate of �xation of deleterious mutations changes as mutations accumulate, and in

the resulting change in demographic parameters, which we mo del at two time scales:

an ecological and a mutational time scales. At the ecological time scale (i.e. in the

limit when K go es to in�nity without rescaling of time), a given mutation is lost or

�xed b efore the next o ccurs. Individuals are hence characterized by their genotyp e

at the mutant lo cus, with two alleles (wild-typ e and deleterious mutant), and we

examine the fate of a single deleterious allele evolving in a genetically homogeneous

background (Section 2:2:2). In contrast, at the longer mutational time scale, new

mutations are instantly �xed or lost and we examine the pro cess of mutation accu-

mulation and subsequent mutational meltdown in a p opulation that is monomorphic

at all times (Section 2:3).

2.2.2 Evolution of a single biallelic lo cus at the ecological time scale

At the ecological time scale, we consider a single biallelic lo cus with a wild-typ e

allele A and a mutant deleterious allele a. At this time scale, in the limit when K
go es to in�nity, as the mutation rate mK = 2m=K go es to 0, no other mutation

o ccurs b efore the current mutation is �xed or lost. The p opulation Z t := ( i t ; j t ; kt )
is then de�ned at each time t by i t , j t , and kt , the numb er of individuals with

genotyp es AA , Aa , and aa resp ectively. The pro cess (Z t )t> 0 jumps from a p oint

of (Z+ )3 n f (0; 0; 0); (1; 0; 0); (0; 1; 0); (0; 0; 1)g to one of its neighb ors at a rate given

by the birth and death rates of each genotyp e. Individuals are hermaphro ditic and

self-incompatible, all genotyp es have identical density-indep endent fecundity b and

we assume Mendelian repro duction, so that the total birth rates of genotyp es AA ,

Aa and aa are:
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bAA (Z ) := b
�

i (i � 1)
N � 1

+
ij

N � 1
+

j (j � 1)
4(N � 1)

�
;

bAa (Z ) := b
�

ij
N � 1

+
j (j � 1)
2(N � 1)

+
jk

N � 1
+

2ik
N � 1

�
;

baa(Z ) := b
�

k(k � 1)
N � 1

+
jk

N � 1
+

j (j � 1)
4(N � 1)

�
:

(2.1)

In contrast, p er capita death rates are density-dep endent and combine intrinsic mor-

tality ( d) with mortality caused by intrasp eci�c comp etition (rate c for any pair of

individuals). In the absence of comp etition ( c = 0 ), mean individual lifetime is thus

1=d and is decreased for c > 0. We assume that the deleterious allele a a�ects in-

trinsic death rates only, such that d is increased by � and � 0
in the heterozygote and

homozygote genotyp es, resp ectively. For Z = ( i; j; k ) such that N := i + j + k > 3,

the rates at which the p opulation loses an individual with genotyp e AA , Aa , or aa
are thus resp ectively:

dAA (Z ) := i (d + c(N � 1));

d�
Aa (Z ) := j (d + � + c(N � 1));

d� 0

aa(Z ) := k(d + � 0+ c(N � 1));

(2.2)

and when N = 2 , dAA (Z ) = d�
Aa (Z ) = d� 0

aa(Z ) = 0 . In principle, the selection

parameters � and � 0
can b e of either sign, but here we consider deleterious mutations

only (i.e. � 0 > 0; the e�ect of � on mutation �tness is discussed later). A key

assumption of our mo del is that no death o ccurs when only two individuals are

left in the p opulation. This prevents extinction, but do es not hamp er our study

of the accumulation of deleterious mutations and of the resulting decrease in mean

p opulation size. Without extinction, one of the two alleles eventually go es to �xation;

we are interested in the probability u�;� 0

i; 1;0 (which also dep ends on the demographic

parameters b, d, and c) that the mutant allele a go es to �xation given an initial

p opulation (i; 1; 0), i.e. a p opulation of i + 1 AA individuals in which a single

mutation a o ccurred. More generally we denote by u�;� 0

i;j;k the probability that allele a
go es to �xation given an initial p opulation (i; j; k ) . In the neutral case ( � = � 0 = 0 ),

probability theory tells us that u0;0
i;j;k is the initial frequency of allele a (see also for

example p. 425 of Crow & Kimura ( 1970 ), or p. 21 of Ewens ( 2004 )): u0;0
i;j;k =

(j + 2k)=2N; with N = i + j + k . In particular, u0;0
i; 1;0 = 1=2N = 1=2(i + 1) : Note

that this result do es not hold if the p opulation is allowed to go extinct: in this

case, there is a non-zero probability that no allele go es to �xation. Assuming weak

selection (slightly deleterious e�ects � and � 0
), we can approximate u�;� 0

i;j;k by its Taylor
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expansion, i.e. we approximate the di�erence in the probability of �xation b etween

slightly deleterious alleles and neutral alleles by a linear function of � and � 0
. We

prove elsewhere that (�; � 0) 7! u�;� 0

i;j;k is di�erentiable in (0; 0) ( Coron ( 2013b )) so that

we can write:

u�;� 0

i;j;k =
j + 2k

2N
� �v i;j;k � � 0wi;j;k + o(j� j + j� 0j); (2.3)

where v and w are also functions of demographic parameters b, d, and c. Note that

the �xation probability, starting from state (i; 1; 0), is then:

u�;� 0

i; 1;0 =
1

2(i + 1)
� �v i; 1;0 � � 0wi; 1;0 + o(j� j + j� 0j):

To quantify the strength of selection, we intro duce the ratio

�
�
�
�
�

u0;0
i; 1;0 � u�;� 0

i; 1;0

u0;0
i; 1;0

�
�
�
�
�

= 2( i + 1)
�
� �v i; 1;0 + � 0wi; 1;0

�
� + o(j� j + j� 0j); (2.4)

i.e. the relative di�erence in the �xation probability of neutral vs. deleterious alleles

characterized by ( 2.2 ) . We compute vi;j;k and wi;j;k and study their dep endence

on the initial p opulation (i; j; k ) and on the p opulation demographic parameters

(b; d; c) by solving a Dirichlet problem (see App endix A and Coron ( 2013b )). Using

sto chastic calculus we obtain that wi;j;k > 0 for every (i; j; k ) and that vi;j;k is of

the sign of i � k . The biological interpretation of the e�ect of � 0
is straightforward

since aa individuals only are a�ected by � 0
: � b eing �xed, the larger � 0

is, the lower

is the probability of �xation of a. The e�ect of � is more intricate b ecause it a�ects

heterozygous individuals, with the same apparent e�ect on b oth alleles. In fact

when A is initially the most frequent allele ( i > k ), allele a is more deleterious when

� is larger, all else b eing equal (i.e. vi;j;k > 0); the opp osite is true when a is the

most frequent allele initially ( k > i ). In the biologically most relevant cases (i.e.,

0 < � < � 0
and i > k ), we exp ect stronger selection as the dominance of a increases.

In the particular case of underdominance, starting from a p opulation (i; 1; 0), allele

a is deleterious if � > 0 and � 0 = 0 . These results are consistent with Fisher ( 1990 ).

2.2.3 Numerical results

Numerical computations are obtained using Equation ( 1.25 ) of the previous chap-

ter, as explained in App endix B . They show that the �xation probability u�;� 0

N � 1;1;0

decreases as the initial p opulation size N increases (Figure 2:1A ), which is consistent

with classical results in evolutionary genetics (see Ohta ( 1973 ) for example). The

same �gure with a log-log scale can b e found in App endix C (Figure 2.12 ), showing
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that the relation b etween the �xation probability u�;� 0

N � 1;1;0 and the initial p opulation

size N can b e approximated by a p ower-law that dep ends on � and � 0
. Figure 2:1B

shows that the strength of selection is an increasing function of N ; this pattern p oints

to the existence of a mutational meltdown, with weaker elimination of deleterious

mutations in small p opulations (see next section).

(A) (B)

Figure 2.1: Fixation probability u�;� 0

N � 1;1;0 (A) of an additive deleterious ( � = � 0=2,

closed diamonds), recessive deleterious ( � = 0 , op en diamonds), or neutral ( � = � 0 =
0, squares) allele, as a function of the initial p opulation size N . The strength of

selection (B) is measured as the relative di�erence in �xation probability b etween a

deleterious and a neutral mutation (Equation ( 2.4 ) ). In b oth �gures, demographic

parameters are b = 10 , d = 1 , c = 0 :1, and � 0 = 0 :2.

2.3 The mutational time scale

2.3.1 Accumulation of deleterious mutations and the temp oral dy-

namics of p opulation size

We move to the evolution of a p opulation sub ject to recurrent deleterious mu-

tations at multiple lo ci, which, under the assumption of rare mutations, requires a

broader time scale. At the mutational scale, we thus scale time t by K , the parameter

we used to mo del rare mutation (rate mK = 2m=K ). This allows emergence of new

mutations and we prove, as in the haploid case ( Champagnat & Lamb ert ( 2007 )),

that when K go es to in�nity, new alleles go to �xation or disapp ear instantaneously,

due to faster invasion than emergence of mutations ( Coron ( 2013b )). Hence in the
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limit, an initially monomorphic p opulation stays monomorphic at every time t , but

with an increasing genetic load. We assume that all mutations have the same e�ect

on intrinsic death rate as describ ed earlier and that individual birth and comp etition

rates b and c remain constant. Individuals therefore share a common intrinsic death

rate D t that changes each time a new mutation gets �xed, and we can therefore

track consecutive �xations of deleterious mutations via the change in D t . At each

time t , the p opulation size N t is a random variable following the stationary law of

a one-typ e logistic birth-and-death pro cess with parameters b, D t , and c, and with

no death when N = 2 . By solving a stationary system (App endix D ), we �nd the

probability p(N; b; d; c) := P(N t = N ) that the p opulation size at time t is equal to

N given that D t = d:

p(N; b; d; c) :=

1
N

N � 1Y

k=2

b
d + kc

1X

i =2

1
i

i � 1Y

j =2

b
d + jc

: (2.5)

Hence the probability distribution of the p opulation size is directly controlled by

its demographic parameters, which contrasts with previous approaches regarding

p opulation size as a constant or deterministic parameter (e.g. Crow & Kimura ( 1970 ),

pp. 5, 7, 419). Small p opulation size may therefore result from low birth rate or high

death rates. An imp ortant feature of our mo del is that the pattern and magnitude of

sto chastic �uctuations of the size of p opulations can in�uence b oth their long-term

e�ective size and the rate of �xation of deleterious mutations ( Wright ( 1938 ); Lande

( 1994 )).

At the mutational time scale, each new mutation gets either lost, with no e�ect on

the death rate, or �xed instantaneously. In the latter case, the p opulation death rate

is increased by � 0
, since the p opulation changes directly from b eing monomorphic

with typ e AA to b eing monomorphic of typ e aa. (D t )t> 0 is thus a jump pro cess

that jumps from a value d to d + � 0
at rate � (b; d; c; �; � 0) i.e. the rate of �xation of a

deleterious mutation, which we compute later on. When a new deleterious mutation

go es to �xation, the stationary law of the p opulation size changes, due to an increase

in the death rate of all individuals (from d to d + � 0
) that causes a decrease in the

mean p opulation size. We can de�ne and compute numerically the exp ected size of

a p opulation with demographic parameters b, d, and c:

N (b; d; c) :=
1X

N =2

Np(N; b; d; c):
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As the death rate D t increases, the mean p opulation size decreases gradually and

approaches the minimum value of 2 (Figure 2:2 and Table 2:1 of App endix D ). Note

that when all parameters are multiplied by a constant, the frequency of birth-and-

death events is mo di�ed, but the distribution of the p opulation size is una�ected

(Equation ( 2.5 )). In the following, we therefore keep the comp etition parameter

constant and study the in�uence of other demographic parameters.

Finally we examine the temp oral dynamics of the mean p opulation size by iterat-

ing the e�ect of mutation �xation on p opulation size. More precisely, in a p opulation

with initial demographic parameters b, d, and c, the mean time to �xation of a dele-

terious mutation is T(b; d; c; �; � 0) := 1 =� (b; d; c; �; � 0) ; at time t = T(b; d; c; �; � 0) , we

therefore change the intrinsic death rate from d to d + � 0
and the mean p opulation

size from N (b; d; c) to N (b; d+ � 0; c) . This is rep eated through time to obtain the

temp oral dynamics of p opulation size (Subsection 2:3:3). We use these temp oral

dynamics to evaluate the risk of extinction of a p opulation, as the rate of decrease

in the mean p opulation size. Here we fo cused on the arithmetic p opulation mean

size, although the harmonic mean is known to b e a more accurate index of e�ective

p opulation size in a �uctuating p opulation ( Wright ( 1938 )). However, the choice of

the arithmetic vs. harmonic mean did not a�ect our main results (Subsection 2.3.3 )

and we chose to fo cus on the simpler arithmetic mean.

Figure 2.2: Distribution of the p opulation size under di�erent intrinsic death rates

d. In this �gure, b = 10 and c = 0 :1.
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2.3.2 The genetic load accelerates the rate of �xation of deleterious

mutations

Our eventual goals are �rst to prove the existence of a mutational meltdown

and second to study how demographic parameters in�uence the strength of this

meltdown. In a p opulation of N individuals, the rate of �xation is 2mNu �;� 0

N � 1;1;0 ,

which can b e averaged over all p opulation sizes N to obtain an overall rate of �xation

of deleterious mutations � (b; d; c; �; � 0) , when the demographic parameters are b, d,

and c:

� (b; d; c; �; � 0) : = 2 m
+ 1X

N =2

N u �;� 0

N � 1;1;0 p(N; b; d; c)

= m � 2m
+ 1X

N =2

N p(N; b; d; c) � (� v N � 1;1;0 + � 0wN � 1;1;0)

+ o(j� j + j� 0j)

(2.6)

Note here that this �xation rate � incorp orates b oth the �xation probability which

is a decreasing function of p opulation size (Figure 2.1A ) and the rate of mutation

( 2mN ) which increases with p opulation size. In the particular case of a neutral

mutation ( � = � 0 = 0 ), these two quantities comp ensate each other so that the �x-

ation rate � do es not dep end on p opulation size or on the demographic parameters

b, d, c. This is consistent with classical results in evolutionary genetics (see Crow

& Kimura ( 1970 ) for example). For deleterious mutations, we use Formula ( 2.6 )

to examine how the mean time to �xation T dep ends on demographic parameters

and dominance relationship among alleles, and evolves simultaneously with the mean

p opulation size, which yields three imp ortant results. First, the mean time to �xation

is a decreasing function of the death rate d (Figures 2:3 and 2:4A ), which suggests

an increase in the rate of �xation of deleterious mutations, i.e. a mutational melt-

down: �xation of deleterious mutations increases the intrinsic death rate, thereby

causing smaller p opulation size and faster �xation of new deleterious alleles, and so

on. When the intrinsic death rate d b ecomes large (e�ectively in�nite), the mean �x-

ation time T(b; d; c; �; � 0) converges to the mean �xation time of a neutral mutation,

( 1=m, where m is the unscaled mutation rate), due to a small average p opulation

size and dominant e�ects of drift over selection (see Ohta ( 1973 ) and Kimura ( 1979 )

for analogous results in other mo dels). As exp ected, the birth rate b has an opp osite

e�ect on the mean �xation time T(b; d; c; �; � 0) (Figure 2:4A and Online App endix

E ), which is an increasing function of b due to higher p opulation sizes, thus b etter

elimination of deleterious alleles, at higher birth rates. Second, for small values of

� and � 0
, the time to �xation of a b ene�cial mutation with parameters � � and � � 0
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is the symmetrical, with resp ect to the neutral value 1=m, of the time to �xation of

a deleterious mutation with parameters � and � 0
. Hence, the mean time to �xation

of a b ene�cial mutation is an increasing function of d, implying that the mutational

meltdown may also b e caused by lower �xation probabilities of b ene�cial mutations

at higher intrinsic death rates. Third, and most imp ortantly, the mean p opulation

size provides an incomplete picture of the risk of extinction. More precisely, the

mean time to �xation is a generally increasing function of the mean p opulation size

N , as is commonly accepted, but there is no one-to-one corresp ondence, so that two

p opulations with identical mean p opulation sizes can have di�erent extinction risks.

Figure 2:4B provides a symptomatic example, where p opulation A has larger mean

time to �xation but smaller p opulation size than p opulation B . This phenomenon

can b e explained by the fact that p opulation size is a random variable, and that two

p opulations with identical mean size can have di�erent probability distributions of

p opulation size dep ending on their demographic parameters. The absence of one-to-

one corresp ondence b etween mean p opulation size and extinction risk is still valid

when using the harmonic mean (Section 2:3:3 and App endix F ). Unlike existing

results from other mo dels ( Crow & Kimura ( 1970 ), pp. 345 � 365), we therefore

emphasize the imp ortance of considering not only (arithmetic or harmonic) mean

p opulation size, but also demographic parameters when studying p opulation extinc-

tion risks.

Figure 2.3: Relationship b etween T , the mean time to �xation of a deleterious muta-

tion, and the p opulation intrinsic death rate d, for di�erent selection parameters and

dominance cases. Op en symb ols: recessive mutation ( � = 0 ); closed symb ols: addi-

tive mutation ( � = � 0=2); circles: � 0 = 0 :1; diamonds: � 0 = 0 :2. Other demographic

parameters are b = 10 , c = 0 :1, and m = 1 .
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(A) (B)

Figure 2.4: (A) : Relationship b etween the mean time to �xation of a deleterious mu-

tation T and parameters b and d. Each curve corresp onds to a �xed value of b. Other

parameters are � = 0 :05, � 0 = 0 :1, c = 0 :1 and m = 1 . (B) : Relationship b etween

T , the mean time to �xation of a deleterious mutation, and the mean p opulation

size N . Each curve corresp onds to a �xed value of b and is obtained by computing

the mean p opulation size and mean time to �xation for several values of the natural

death parameter d. Other parameters are � = 0 :05, � 0 = 0 :1, c = 0 :1 and m = 1 .

Parameter combinations A and B provide an example in which a larger p opulation

size ( B ) is asso ciated with faster �xation of deleterious mutations.

2.3.3 Quanti�cation of the mutational meltdown: relative increase

in the rate of �xation of deleterious mutations as compared

to a null mo del

De�nition of a null mo del - We de�ne the mutational meltdown as the ac-

celeration of �xation of deleterious mutations in the p opulation due to previously

accumulated mutations ( Lynch et al. ( 1995 )). Neglecting the mutational meltdown

is thus equivalent to assuming a constant time to (or rate of ) �xation of deleterious

mutations. In this case, the extinction risk of a p opulation is simply measured as

the decrease in the mean p opulation size caused by this constant rate of �xation.

There is an additional net e�ect of the mutational meltdown on extinction, which

is directly asso ciated with the acceleration of mutation accumulation. Hence the

extinction risk of a p opulation sub ject to �xations of deleterious mutations can b e

divided into two parts: (1) the time to �xation of the �rst mutation, which provides

a go o d proxy for the extinction risk in the absence of mutational meltdown (constant
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time to �xation), and (2) the acceleration of �xation b etween the �rst and the sec-

ond mutations, which quanti�es the contribution of the mutational meltdown to the

extinction risk. We are mainly interested in the strength of the mutational meltdown

p er se, which we measure in two ways. We �rst compare our mo del to a null mo del in

which the mutational meltdown is omitted. This null mo del is the same as our initial

mo del but assumes a constant mean time to �xation, which is equal to the time to

�xation of the �rst mutation. In this null mo del we therefore assume that deleterious

mutations get �xed at times nT (b; D0; c; �; � 0) , with n 2 N , and the p opulation size

therefore decreases at these times. For each set of demographic parameters b, d, and

c, the contribution of the mutational meltdown to the extinction risk is illustrated

by the di�erence in the temp oral dynamics of p opulation size in our initial mo del vs.

the null mo del. Second, to eliminate the e�ect of di�erences in the time to �xation of

the �rst mutation, we also consider in our mo del the relative di�erence b etween the

time to �xation of the �rst mutation and the time to �xation of the second mutation,

i.e. the acceleration of �xation:

S(b; d; c; �; � 0) :=
T(b; d; c; �; � 0) � T(b; d+ � 0; c; �; � 0)

T(b; d; c; �; � 0)
;

Population dynamics under a mutational meltdown - As deleterious muta-

tions accumulate, the mean p opulation size decreases more and more rapidly relative

to the null mo del with a constant mean �xation time T(b; D0; c; �; � 0) (Figure 2:5),

which is caused by the acceleration of mutation �xations. Note that we obtain simi-

lar results when examining the temp oral dynamics of the harmonic mean p opulation

size (Figure 2:14 in App endix F ), for which the meltdown is slightly stronger than

with the arithmetic mean ( Wright ( 1938 ); Motro & Thompson ( 1982 )). As exp ected,

the overall decrease in p opulation size with additive mutations is slower than with

recessive mutations, which go to �xation more rapidly (Figure 2.3 ). However, with

Figure 2:5 only we cannot compare the in�uence of the mutational meltdown itself

(i.e. the acceleration of mutation �xations) in p opulations submitted to additive vs.

recessive deleterious mutations, b ecause these p opulations have di�erent initial mean

�xation times in addition to di�erent strengths of the mutational meltdown. Simi-

larly, although the acceleration in p opulation decline may seem stronger for higher

selection co e�cient � 0
(Figure 2:5B ), this di�erence is also due to (1) di�erences in

the accelerations of mutation �xations, (2) di�erences in the initial mean �xation

times and (3) larger in�uence of mutation �xations on the mean p opulation size for

larger � 0
. From a conservation p ersp ective, it is crucial to quantify the part of the

extinction risk that is due to the acceleration of mutation �xations, in order to de�ne

whether the meltdown can b e neglected or not.
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(A) (B)

Figure 2.5: Temp oral decrease in the mean p opulation size. In this �gure, b = 10 ,

c = 0 :1, m = 1 , and the initial intrinsic death rate is D0 = 1 . For (A) , � 0 = 0 :1
whereas for (B) , � 0 = 0 :2. We plot additive ( � = � 0=2) and recessive ( � = 0 ) cases.

For each case, we also plot the temp oral dynamics of the mean p opulation size in the

corresp onding null mo del. See text (Subsection 2.3.1 ) for details on how temp oral

dynamics were obtained.

Quantifying the extinction risk and the acceleration of �xations - As

explained ab ove, we quantify the mutational meltdown using the p ositive real num-

b er:

S(b; d; c; �; � 0) :=
T(b; d; c; �; � 0) � T(b; d+ � 0; c; �; � 0)

T(b; d; c; �; � 0)
;

which is the relative decrease of the mean �xation time b etween the �rst and the

second mutation. S is a function of birth and death rates (Figure 2:6) that can

b e used to de�ne threshold values of the demographic parameters b and D0 (ini-

tial intrinsic death rate) ab ove or b elow which the mutational meltdown is small

enough to b e neglected (Figure 2:6A ). When fecundity b is �xed, the strength of

the mutational meltdown decreases with increasing intrinsic death rate d and go es

to 0 as d go es to in�nity (Figure 2:6B ): as mutations get �xed, the mean time to

�xation of deleterious mutations decreases (i.e. the extinction risk increases), but the

p opulation tends to b e less sub ject to mutational meltdown. Note that the right-

hand side of curves on Figure 2:6B (dashed lines, sharp decrease in the strength

of the mutational meltdown ab ove a threshold death rate) can b e explained by a

b oundary-e�ect due to the convergence of the mean p opulation size towards 2 when
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the intrinsic death rate d increases. These thresholds in d coincide with d values at

which a p opulation size of 2 is more probable than a p opulation size of 3 (Figure 2:2).

These b oundary e�ects are most likely an artefact caused by our assumption of no

death when two individuals only are left in the p opulation, and should b e ignored.

However, the general tendency of a decreasing strength of the mutational meltdown

with increasing death rates can b e observed regardless of b oundary e�ects. As a

consequence, the strength of the mutational meltdown under constant fecundity b is

an increasing function of the mean p opulation size (Figure 2:7A ) which may app ear

counter-intuitive and inconsistent with previous �ndings ( Lande ( 1994 )). However,

when comparing p opulations with the same initial �xation time (same extinction

risk in the null mo del i.e. in the absence of mutational meltdown, see Figure 2:4A ),

we show that the strength of the mutational meltdown is a decreasing function of

the mean p opulation size (Figure 2:7B ), so that a threshold mean p opulation size,

ab ove which the mutational meltdown is small enough, can still b e de�ned, as in

Lande ( 1994 ). Imp ortantly, however, this threshold dep ends on the initial �xation

time.

(A) (B)

Figure 2.6: Strength of the mutational meltdown as a function of the demographic

parameters b and d. (A) : Solid lines show constant values of the mutational meltdown

strength. (B) : Each curve corresp onds to a �xed value of b and is dashed ab ove the

threshold corresp onding to b oundary e�ects (see text). In b oth �gures, demographic

parameters are c = 0 :1, � = 0 :05, � 0 = 0 :1, and m = 1 .
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(A) (B)

Figure 2.7: (A) : Relationship b etween the strength of the mutational meltdown and

the mean p opulation size. Each curve corresp onds to a �xed value of b and is dashed

ab ove the threshold corresp onding to b oundary e�ects (see text). (B) : Relationship

b etween the strength of the mutational meltdown and the mean p opulation size,

for p opulations with the same initial �xation time T , arbitrarily �xed to 1:4, 1:6,

1:8, or 2. For instance we to ok (b; d) 2 f (10; 4:2); (8; 3:3); (6; 2:4); (4; 1:6); (2; 0:8)g to

obtain the curve with T = 1 :4 (Figure 2:4A ). In b oth �gures, other demographic

parameters are c = 0 :1, � = 0 :05, � 0 = 0 :1, and m = 1 .

2.4 Comparisons with other mo dels of the mutational

meltdown

Our approach is novel in that we combine for the �rst time in an analytical mo del

two traditions: p opulation genetics approaches, which frequently assume in�nite (or

at b est �nite, but constant) p opulation sizes, with demographic approaches, which

are often based on simpli�ed genetic pro cesses. Our results therefore reconcile these

two approaches to generate novel results. Below we illustrate this by comparing our

results to those obtained with two mo dels that are based on di�erent assumptions

regarding p opulation dynamics and genetic architecture and that therefore gener-

ate di�erent predictions for the strength of the mutational meltdown: the classical

Wright-Fisher p opulation genetics mo del and a demo-genetic mo del of haploid p op-

ulations.
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2.4.1 Comparison with the Wright-Fisher mo del

Crow and Kimura ( Crow & Kimura ( 1970 ), p. 345) proved that the probability

of �xation of a deleterious additive mutation in a p opulation with large, constant

size N is:

~u(s; Ne; N ) :=
e2sNe=N � 1
e4sNe � 1

; (2.7)

where s > 0 is the selection co e�cient of a deleterious mutation and Ne is the

e�ective p opulation size, which is here a parameter of the mo del. Using the same

time scaling as in our mo del (Section 2.3 ), the �xation rate of a deleterious mutation

with size s is then equal to 2�N ~u(s; N; N ) if the individual mutation rate is 2�
and Ne = N . We can use this formula to compare the temp oral dynamics of the

mean p opulation size in the Wright-Fisher ( Ne = N ) vs. our mo del, which requires

a mo di�ed version of the Wright-Fisher mo del allowing variable p opulation size.

To this aim, we use Equation (4) of Clarke ( 1973 ) describing the change � N in

the p opulation size N by � N = � 2sN at each new �xation. The p opulation size

remains constant b etween two �xations and we denote by N0 the initial p opulation

size. To compare the two mo dels, we �rst set identical initial mean p opulation sizes

(i.e. N0 = N (b; D0; c) where b, D0 and c are the initial demographic parameters in

our mo del). Next, we rescale time and �tness in the Wright-Fisher mo del so that the

�rst mutation that go es to �xation has same mean �xation time and same impact on

the mean p opulation size as in our mo del, i.e. 2�N 0~u(s; N0; N0) = � (b; D0; c; �; � 0) ,

and 2sN0 = N (b; D0; c) � N (b; D0 + � 0; c) , the latter equality giving a relationship

b etween s and � 0
. We show that the mutational meltdown is stronger in the Wright-

Fisher mo del (Figure 2:8), i.e. the mean p opulation size collapses more rapidly. This

can b e understo o d examining the Taylor expansion of ( 2.7 ) when Ne = N :

1
2N

�
1 � sN

�
2 �

1
N

��
+ o(s)

which yields a strength of selection of Ns[2 � 1=N], to b e compared with Equation

( 2.4 ) and Figure 2:1B of our mo del: for large p opulation sizes, the strength of se-

lection is equivalent to 2Ns in the Wright-Fisher mo del whereas it is b ounded in

our mo del. As a result, the strength of selection and the time to �xation decrease

more rapidly in the Wright-Fisher mo del as the p opulation size decreases. This sug-

gests that the mutational meltdown is overestimated with the Wright-Fisher mo del,

compared to our mo del.
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(A) (B)

Figure 2.8: Temp oral dynamics of the mean p opulation size, in our additive diploid

mo del (D) and the Wright-Fisher mo del (WF). In these �gures, b = 10 , c = 0 :1,

m = 1 , the initial intrinsic death rate D0 = 1 (mo del D), and N0 = N (10; 1; 0:1)
(mo del WF). For (A) , � 0 = 0 :01, whereas for (B) , � 0 = 0 :02; in b oth cases � = � 0=2.

2.4.2 Comparison with the haploid mo del of Champagnat & Lam-

b ert ( 2007 )

In a more realistic demographic mo del, Champagnat & Lamb ert ( 2007 ) studied

the �xation of small mutations in a haploid p opulation. Their mo del is a birth-and-

death pro cess with comp etition similar to ours but in which birth rates are derived

from haploid repro duction rules (i.e. the birth rate of an individual with a given

genotyp e is prop ortional to the numb er of individuals with this genotyp e in the p op-

ulation). Comparing haploid vs. diploid p opulations is however not straightforward,

particularly b ecause the latter pro duce twice as many alleles in one birth and con-

tain twice as much genetic material for the same p opulation size. We can nonetheless

rely on the exp ectation that, under Hardy-Weinb erg equilibrium and large p opula-

tion sizes, a diploid p opulation under additive selection can b e approximated by a

haploid p opulation. We cho ose to compare haploid vs. diploid mo dels by considering

p opulations with identical rates of �xation of neutral mutations, identical e�ects of

mutations, and identical initial demographic parameters. Under these conditions,

the temp oral decrease in mean p opulation sizes is in fact comparable in b oth mo dels

when deleterious mutations have additive e�ects in diploid organisms (Figure 2:9A ).

The only di�erences app ear for really small p opulations, which is at least partly due

to the fact that the minimum diploid p opulation size is 2 whereas the minimum
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haploid p opulation size is 1. Our mo del however allows us to examine non additive

mutations, which cannot b e studied in haploid mo dels. This is particularly rele-

vant in diploid organisms, in which most deleterious mutations have partly to fully

recessive e�ects ( García-Dorado et al. ( 2004 )). We show that the mutational melt-

down is stronger with additive mutations than with recessive ones (Figure 2:9B ): its

strength increases with the e�ect of mutations in heterozygotes � , when � 0
, the e�ect

of mutations in homozygotes, is kept constant.

(A) (B)

Figure 2.9: Figure (A) : Temp oral dynamics of the mean p opulation size, in haploid

vs. diploid p opulations. The lower curve ( DR ) is repro duced from the curve 2b of

Fig. 2:5B , i.e. the temp oral dynamics of the mean p opulation size in the recessive

case, when � = 0 . The upp er curves are the change in the mean p opulation size with

time in a haploid p opulation, derived from Champagnat & Lamb ert ( 2007 ) ( H ), and

in a diploid p opulation with additive mutations ( DA , repro duced from the curve 1b
of Fig. 2:5B ). Parameter values are b = 10 , c = 0 :1, m = 1 , � 0 = 0 :2 and the initial

intrinsic death rate is d = 1 . Figure (B) : Strength of the mutational meltdown as

a function of the e�ect of deleterious mutations in the heterozygote ( � ) and in the

homozygote ( � 0
). The white dashed line corresp onds to the additive case ( � = � 0=2).

In this �gure, b = 10 , d = 1 , c = 0 :1, and m = 1 .

2.5 Discussion

In this pap er, we provided a more quantitative framework for the study of mu-

tational meltdown than previous theoretical treatments, and mo deled the sto chastic
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dynamics of p opulation size in diploid organisms. As in several previous mo dels, we

demonstrated the existence of a mutational meltdown by showing that, as delete-

rious mutations accumulate, the p opulation size decreases more and more rapidly

relative to a null mo del with constant mean �xation time of deleterious mutations.

We showed that this �xation time is a decreasing function of the intrinsic death rate,

an increasing function of the fecundity, and converges towards the mean �xation time

of neutral mutations as the intrinsic death rate go es to in�nity. Our approach takes

the study of mutational meltdown a step further by demonstrating that mean p opu-

lation size is not always the b est indicator of extinction risk for p opulations sub ject

to �xation of deleterious mutations. We also used our results to suggest a new quan-

ti�cation of the mutational meltdown (i.e. the acceleration of mutation �xations)

and to de�ne combinations of demographic parameters for which the mutational

meltdown can b e neglected or not. Our results �nally suggest that the mutational

meltdown p er se may not b e as severe as predicted by earlier p opulation genetics

mo dels assuming constant p opulation size, or haploid mo dels. In the following, we

discuss the implications of our results for conservation and the limitations of our

approach.

2.5.1 Quantifying the mutational meltdown

While the ultimate causes of most sp ecies extinctions are environmental ( Bro oks

et al. ( 2002 )), various environmental constraints can have a variety of secondary

consequences on ecological and genetic pro cesses. This implies that, dep ending on

the situation faced by p opulations, the relative weights of non-genetic (e.g., ecologi-

cal factors asso ciated with highly variable and/or low average growth rate), genetic

(e.g., inbreeding depression, accumulation of deleterious mutations) comp onents and

of their interaction (e.g., the mutational meltdown in the strict sense) may strongly

vary. Here, we develop ed a framework that allows accounting for all three com-

p onents. Although we fo cused on quantifying the interaction comp onent (i.e., the

demographically mediated e�ect of the load of �xed mutations on the rate of fu-

ture mutation �xations), we also provided results on the �pure� genetic comp onent

(i.e., the rate of mutation �xation, indep endent from the load of �xed mutations)

and revealed that the extinction risk for p opulations sub ject to recurrent deleteri-

ous mutation �xations can b e quanti�ed b oth with the initial mean �xation time

of a deleterious mutation, and with the acceleration of mutation �xations, which

quanti�es the strength of the mutational meltdown. We also highlighted that the

quanti�cation of the extinction risk in terms of demographic parameters rather than

p opulation size could provide a more accurate picture of the p opulation temp oral



2.5. Discussion 99

dynamics. Indeed, p opulations of similar sizes can have di�erent initial times to

�xation of deleterious mutations, therefore di�erent risks of extinction, and can also

su�er di�erent strengths of the mutational meltdown. Figure 2.6A provides values of

the demographic parameters for which the mutational meltdown can b e neglected, or

is b elow a �xed value. However, the mean p opulation size is a more intrinsic demo-

graphic characteristic of a p opulation and to link with previous works on minimum

viable size ( Sha�er ( 1981 )), we observe that in p opulations with same extinction

risk when neglecting the mutational meltdown (i.e. same initial mean �xation time),

the strength of the mutational meltdown is a decreasing function of the initial mean

p opulation size (Figure 2.7B ). This gives a theoretical de�nition of a minimum viable

p opulation size, regarding deleterious mutations accumulation. Finally, our results

demonstrate that the magnitude of the mutational meltdown is highly dep endent

on the underlying demo-genetic mo del, but also on demographic and mutational pa-

rameters (e.g., level of dominance). Numerical applications indicate for instance that

genetic mo dels di�erent than ours may strongly overestimate the magnitude of the

mutational meltdown (see e.g. the Wright-Fisher mo del, Figure 2:8). On the other

hand, neglecting the mutational meltdown might lead to strong underestimation of

the �nal/overall sp eed of mutation accumulation, and subsequently to overestimate

the time to extinction (Figure 2:5B ).

2.5.2 Limitations

One ma jor limitation of our mo del is that a p opulation cannot get extinct. This

creates obvious b oundary-e�ects (see e.g. Figure 2:6) which preclude an accurate

analysis of very small p opulations ( < 10 individuals). Our results remain valid if we

assume very rare extinction, but even then b oundary-e�ects are present. Nonetheless,

we are con�dent that our main results regarding the quanti�cation of the strength

of the mutational meltdown are not a�ected by this assumption, b ecause the e�ects

of mutation accumulation are detectable after the �xation of a few deleterious mu-

tations, i.e. a long time b efore extinction for most p opulations. In the case where

extinction probability is relatively high, �xation probabilities (including that of neu-

tral alleles) are mo di�ed, b ecause the p opulation can go extinct b efore any allele

go es to �xation. This could b e accounted for by computing the exp ected numb er of

mutations that get �xed b efore the p opulation go es extinct, but this would require

another time scale b ecause the p opulation would instantaneously go extinct at the

mutational time scale presented here.

We also assumed no epistasis and free recombination of all lo ci (no linkage). Pop-

ulation genetic theory ( Hill & Rob ertson ( 1966 ); Felsenstein ( 1974 )) and empirical
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results ( Betancourt & Presgraves ( 2002 )) suggest that the e�cacy of natural selec-

tion is generally limited by linkage. The consideration of linkage is not exp ected to

qualitatively mo dify our results regarding the o ccurrence of the mutational meltdown

and the e�ects of demographic parameters on its magnitude, but it may generate a

more detrimental e�ect of mutation accumulation in all cases. Similarly, synergistic

or antagonistic epistasis is likely to in�uence the strength of selection. In particular,

if deleterious mutations interact synergistically, they may b e more e�ciently removed

by selection, which may result in a reduced load ( Charlesworth ( 1990 )). However,

no clear pattern of epistasis (synergistic or antagonistic) is apparent from empirical

studies ( Elena & Lenski ( 1997 )).

2.5.3 Implications and forthcoming works

Our results have critical implications in the �eld of conservation biology, in which

the pro jected viability of endangered p opulations is generally derived from demo-

graphic mo dels (based on sp eci�c demographic comp onents, Beissinger & McCul-

lough ( 2002 )) and/or genetic mo dels (based on p opulation size, Franklin & Frankham

( 1998 )). While mere juxtap ositions of these two kinds of estimates might provide rea-

sonable estimates of the extinction risk in some cases ( Rob ert ( 2011 )), our and other

works ( Lynch et al. ( 1995 )) indicate that the demo-genetic interaction may strongly

a�ect b oth the dynamics of mutations (i.e., �xation rate) and p opulation viabil-

ity. However, prop er consideration of this interaction requires the use of advanced

concepts and sophisticated to ols, which challenges its use as a standard/op erational

metho d in conservation. In this context, we hop e that our framework will b e useful

in outlining a conceptual basis to di�erentiate situations in which the mutational

meltdown has minor e�ects on the risk of extinction from those in which it cannot

b e neglected. Our choice of considering �nite diploid p opulations of variable sizes

and evolving continuously in time was motivated by the urgent need for theoretical

mo dels with strong practical implications in the �eld of bio diversity conservation.

Most sp ecies of conservation concerns are diploid, iteroparous organisms ( Seddon

et al. ( 2005 )) and endangered p opulations generally exhibit high year-to-year vari-

ance in p opulation size, either due to sampling or to pro cess variation ( Lande et al.

( 2003 )). Our overlapping generations framework allows not only to assume varying

p opulation sizes over long time scales but also to relax the assumption of constant

p opulation size within generations (as, e.g., in the mo di�ed Wright-Fisher mo del pre-

sented ab ove). This is of particular interest to assess the viability of small p opulations

of long-lived sp ecies (typically, bird and mammal sp ecies), in which p opulation sizes

may vary by orders of magnitude within a single generation, for b oth intrinsic (e.g.
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the mutational meltdown itself ) or environmental reasons. Further, by incorp orating

explicit descriptions of birth and death pro cesses, our framework can also incorp orate

deterministic or sto chastic variation in demographic parameters, which would allow

us to mo del environmental sto chasticity. An interesting p ersp ective is to compare

the weights of environmental sto chasticity and deleterious mutation accumulation

on the extinction risk of p opulations ( Lande ( 1993 ); Spielman et al. ( 2004 )).

Persp ectives

Nous avons considéré dans toute la première partie de cette thèse que les indi-

vidus étaient auto-incompatibles (on dit aussi que les individus font uniquement de

l'allofécondation). Nous p ourrions a jouter à ce mo dèle une p ossibilité d'autofécon-

dation. Les individus p ourraient par exemple, à chaque repro duction, choisir de se

repro duire avec eux-mêmes avec une certaine probabilité p, ou avec un autre indi-

vidu, avec probabilité 1 � p). On s'attend à ce que l'autofécondation augmente la

consanguinité et donc en particulier accentue le phénomène de vortex d'extinction

(l'article Abu Awad et al. ( 2013 ) prouve ce résultat sous une asymptotique de grande

taille de p opulation). L'étude du choix et de l'évolution des mo des de repro duction

est actuellement une question imp ortante en biologie évolutive (voir Billiard ( 2012 )

p our une ré�exion générale), en particulier p our l'étude de l'évolution des plantes,

qui présentent souvent plusieurs p ossibilités de mo de repro duction ( Porcher & Lande

( 2005a , b )).

A Matrices

Extended and rigorous results for this app endix are in Coron ( 2013b ) or in Chap-

ter 1 of this thesis.

(Z t )t> 0 is a pure jump Markov pro cess with in�nitisemal generator L �;� 0
describ ed

with demographic parameters given in ( 2.2 ) and ( 2.1 ) . It is well-known that the

�xation probability u�;� 0
satis�es the Dirichlet problem:

(L �;� 0
u�;� 0

) i;j;k = 0 :

We deduce from this that v de�ned by ( 2.3 ) satis�es the following second-order

recurrence equation (with three indices, i , j , and k ) and four initial conditions:
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8
>>>>>>>>><

>>>>>>>>>:

(� v) i;j;k =
j (i � k)

2N (N � 1)
8(i; j; k )jN = i + j + k > 3

v0;0;2 = v2;0;0 = 0
v1;1;0 = 1

2v2;1;0 + 1
2v1;2;0

v0;1;1 = 1
2v0;1;2 + 1

2v0;2;1

v0;2;0 = 1
4v1;2;0 + 1

4v0;2;1 + 1
2v0;3;0

v1;0;1 = v1;1;1

(2.8)

where

(� v) i;j;k =
3X

i =1

(bN + dN + cN(N � 1))vi;j;k

� [bAA (Z )vi +1 ;m;k + bAa (Z )vi;j +1 ;k + baa(Z )vi;j;k +1

+ ( d + c(N � 1))[iv i � 1;j;k + jv i;j � 1;k + kvi;j;k � 1]]

with Z = ( i; j; k ) . We �nd that w satis�es similar equations, although the right-

hand side term

j (i � k)
2N (N � 1) is replaced by

k(2i + j )
2N (N � 1) . After some computations to �nd

a sublinear solution ( Champagnat & Lamb ert ( 2007 ) and Coron ( 2013b )) for this

system of equations, we establish that v and w can b e written as follows:

(i)

vi;j;k =
j (i � k)

N
xN + ( i � k)

N 2 � (i � k)2

N 2 yN ;

where N = i + j + k and the sequence of vectors (zN )N > 2 :=

 
xN

yN

!

N > 2

is the

unique b ounded solution of the following system of equations comp osed of a

second-order recurrence equation and an initial condition:

(
BN zN +1 = CN zN + DN zN � 1 + f N 8N > 4;
B3z4 = ~C3z3 + f 3

where the matrices BN , CN ,

~C3 , DN and the vectors f N can b e computed by

replacing v by Formula ( A ) in Equation ( 2.8 ) and are given further.

(ii)

wi;j;k =
kNA

N
xN + jx 0

N + NA (2N � NA )
�

y0
N

N
�

NA

2N 2 yN

�
;

where NA = 2 i + j is the numb er of A alleles, the sequences (xN ) and (yN ) are

given in the �rst p oint and the sequence of vectors (z0
N )N > 2 :=

 
x0

N

y0
N

!

N > 2

is
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the unique b ounded solution of the following system of equations comp osed of

a second-order recurrence equation and an initial condition:

(
B 0

N z0
N +1 = C0

N z0
N + D 0

N z0
N � 1 + f 0

N 8N > 3;
~B 0

2z0
3 = ~C0

2z0
2 + ~f 0

2:

The matrices B 0
N , C0

N ,

~C0
2 , D 0

N and the vectors f 0
N are given further.

We �nd:
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BN :=
b

2(N � 1)(N + 1)

 
1 2N 2+4 N � 3

N +1
2N 2 � 3 � 3

N +1

!

;

CN := ( b+ d + c(N � 1))

 
0 1

N
1 0

!

;

~C3 :=

 
0 b+ d+2 c

3
b+ d+2 c

3 � (d + 2c)

!

;

DN := �
d + c(N � 1)

N � 1

 
0 N � 3

N � 1
N � 2 3

N � 1

!

;

f N :=

 
0

� 1
2N (N � 1)

!

;

B 0
N :=

b
N � 1

 
2N 2 � 2N � 1 � 1

N +1
1
2

N 2+ N � 3=2
N +1

!

; ~B 0
2 :=

 
1 3
3 13

3

!

;

C0
N := ( bN + dN + cN(N � 1))

 
2 0
0 1

N

!

;

~C0
2 :=

 
0 2
2 3

!

;

D 0
N := � (d + c(N � 1))

 
2N � 2 2

N � 1
0 N � 2

N � 1

!

;

f 0
N :=

0

B
B
B
B
B
B
B
B
B
B
B
@

b
N � 1

(2N � 1)
yN +1

2(N + 1) 2

� (d + c(N � 1))(4N + 2)
yN � 1

2(N � 1)2

b
N � 1

�
2N 3 + 3N 2 � 4N �

3
2

�
yN +1

2(N + 1) 2

� (bN + dN + cN(N � 1))(2N � 1)
yN

2N 2

+ ( d + c(N � 1))(2N 2 � 7N + 8)
yN � 1

2(N � 1)2

1

C
C
C
C
C
C
C
C
C
C
C
A

;

~f 0
2 :=

 
x2 � y2 � x3 + 3

2y3
19
6 y3 � 9

4y2

!

:

To sum up, we obtain that the �xation probability of a deleterious mutation, starting

from (N � 1; 1; 0) is:
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u�;� 0

N � 1;1;0 =
1

2N

� �
�

N � 1
N

xN + ( N � 1)
2N � 1

N 2 yN

�

� � 0
�

x0
N + (2 N � 1)

�
y0

N

N
�

2N � 1
2N 2 yN

��

+ o(j� j + j� 0j);

(2.9)

where xN , yN , x0
N , y0

N (and then vN � 1;1;0 and wN � 1;1;0 ) can b e computed numerically

(Figure 2:10).

(A) (B)

Figure 2.10: vN � 1;1;0 (A) and wN � 1;1;0 (B) as functions of the initial p opulation size

N . The demographic parameters are b = 10 , d = 1 , c = 0 :1.

B Numerical calculations of Chapters 1 and 2

In this section we give an idea of the Maple program that we made in order to

obtain the numerical results presented in this chapter. All the program relies on

several results obtained in Chapter 1 : our aim is to approximate the 2-dimensional

vector sequences (zN )N � 3 and (z0
N )N � 3 (Equations ( 1.13 ) and ( 1.14 ) ). Recall that

the sequence (zN )N � 3 is de�ned as the unique b ounded solution of a 2� order recur-

rence relationship (the matrices BN , CN , DN , and the vectors f N are known and

are given in Equation ( 1.19 ) ):

BN zN +1 = CN zN + DN zN � 1 + f N for all N � 4

B3z4 = ~C3z3 + f 3;
(2.10)
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which is hard to approximate numerically.

But now as proved in Chapter 1 (Equation ( 1.25 ) ), setting

M N := B � 1
N (CN + K N ); and gN :=

NX

k=3

(� 1)N � kB � 1
N E(k; N )f k ;

we get

zN +1 = M N M N � 1:::M 3(z3 +
NX

l=3

M � 1
3 ::M � 1

l gl ) = PN

 

z3 +
NX

l=3

P � 1
l gl

!

(2.11)

if PN = M N M N � 1:::M 3 . Moreover, we obtained that

P N
l=3 P � 1

l gl converges and we

de�ned its limit (Equation ( 1.34 ) ):

z :=
1X

l=3

P � 1
l gl : (2.12)

We �nally stated in Lemma 1.4.5 that the sequence (zN )N � 3 satisfying ( 1.17 ) and

( 1.18 ) , and such that z3 = � z (where z has b een de�ned in ( 1.34 ) ), is b ounded.

Therefore, our program computes the initial condition z of Equation ( 2.12 ) and then

uses the recurrence equation ( 2.10 ) to approximate the value of zN for any N � 3.

In the following �gure, we give the values of the sequences (xN )N � 3 and (yN )N � 3

(recall that zN =

 
xN

yN

!

) for given values of the demographics parameters b,

d and c. The same work is done separately for (z0
N )N � 3 . Figure 2.11 gives the

approximation obtained for the sequences (xN )N � 3 and (yN )N � 3 for given values

of the demographic parameters b, d and c. The Maple co de for these numerical

calculations is given next.

restart; with(linalg); with(plots);

dB:= proc(j, a, d, c) option remember; matrix(2,2,[a/((2*j-2)*(j+1)),

a*(2*j^2+4*j-3)/((2*j-2)*(j+1)^2), a*(2*j^2-3)/((2*j-2)*(j+1)),

-3*a/((2*j-2)*(j+1)^2)]) end proc;

dC:= proc(j, a, d, c) option remember; matrix(2, 2,

[0, (a+d+c*(j-1))/j, a+d+c*(j-1), 0]) end proc;

dD:= proc(j, a, d, c) option remember; matrix(2, 2, [0,

-(d+c*(j-1))*(j-3)/(j-1)^2, -(d+c*(j-1))*(j-2)/(j-1),

-(3*d+3*c*(j-1))/(j-1)^2]) end proc;

dK:= proc(N, a, d, c) local K, i; option remember;

K := matrix(2, 2, [0, 0, -(2/3)*d-(4/3)*c, -d-2*c]);
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(A) (B)

Figure 2.11: (xN )3� N � 100 (A) and (yN )3� N � 100 (B) as functions of the p opulation

size N . The demographic parameters are b = 10 , d = 0 , c = 0 :1.

for i from 3 to N-1 do K := evalm(`&*`(`&*`(dD(i+1, a, d, c),

inverse(dC(i, a, d, c)+K(i))), dA(i, a, d, c))) end do; end proc;

dL:= proc(N, a, d, c) option remember; evalm(`&*`(inverse(dK(N+1,

a, d, c)), dD(N+1, a, d, c))) end proc;

dP:= proc(N, a, d, c) local P, i; option remember; P :=

evalm(matrix(2, 2, [1, 0, 0, 1])); for i from 3 to N do P :=

evalm(`&*`(dL(i, a, d, c), P)) end do; P end proc;

dG:= proc(N, a, d, c) option remember;

evalm(`&*`(inverse(dB(N, a, d, c)), dK(N, a, d, c))) end proc;

df:= proc(N) option remember; matrix(2, 1, [0, -(1/2)/(N*(N-1))])

end proc;

dg:= proc(l, a, d, c) local i, g; option remember;

g := evalm(`&*`(inverse(dB(3, a, d, c)), df(3)));

for i from 3 to l-1 do g := evalm(-`&*`(dG(i+1, a, d, c), g)

+`&*`(inverse(dB(i+1, a, d, c)), df(i+1))) end do; g end proc;

dz:= proc(N, l, a, d, c) option remember;

evalm(-add(`&*`(`&*`(dP(N-1, a, d, c), inverse(dP(i, a, d, c))),

dg(i, a, d, c)), i = N .. l)) end proc;

C Fixation probability

Figure 2.12 is the log log version of Figure 2.1A .
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Figure 2.12: Fixation probability of a neutral, additive ( � = � 0=2, closed diamonds)

or recessive ( � = 0 , op en diamonds) deleterious allele, as a function of the initial

p opulation size N . Demographic parameters are b = 10 , d = 1 , c = 0 :1, and

� 0 = 0 :2.

D The p opulation size

It is well known (see Grimmett & Stirzaker ( 2001 ), p. 261) that if we denote by

� (N ) the stationary distribution of the p opulation size having in�nitesimal generator

L , � satis�es: �L = 0 : We deduce from this that p(N; b; d; c) satis�es:

8
><

>:

b(N � 1)p(N � 1; b; d; c) + ( d + cN)(N + 1) p(N + 1 ; b; d; c)
= N (b+ d + c(N � 1))p(N; b; d; c) 8N > 3

2bp(2; b; d; c) = 3( d + 2c)p(3; b; d; c)

We obtain Table 2:1 for the decrease in the mean p opulation size N when d increases.

E T as a function of b

We obtain Figure 2:13 for the mean �xation time T as a function of b.

F Harmonic mean p opulation size

We obtain Figure 2:14 for the temp oral dynamics of the harmonic mean p opula-

tion size.
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d N (b; d; c)
0 100
2 80
4 59
6 38
8 16
10 6

Table 2.1: Corresp ondence b etween the death rate and the mean p opulation size, for

b = 10 and c = 0 :1.

Figure 2.13: Relationship b etween the mean time to �xation of a deleterious mutation

T and the fecundity b. In this �gure, d = 1 , c = 0 :1, � = 0 :05, � 0 = 0 :1, and m = 1 .
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Figure 2.14: Temp oral dynamics of the arithmetic (curve 1) and harmonic (curve 2)

mean p opulation size. In this �gure, b = 10 , c = 0 :1, � = 0 :05, � 0 = 0 :1, and m = 1 .
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Dynamiques sto chastiques

lentes-rapides et

quasi-stationnarité des p opulations

diploïdes

Dans cette partie, nous considérons la limite grande p opulation d'un pro cessus

de naissance et mort qui mo délise la dynamique d'une p opulation diploïde à repro-

duction mendélienne. Cette partie est constituée de deux chapitres. Dans le premier

chapitre, les individus sont caractérisés par leur génotyp e à un lo cus bi-allélique,

ayant p our allèles A et a. La p opulation est mo délisée par un pro cessus de naissance

et mort à 3 typ es. Ce pro cessus sto chastique est indicé par un paramètre d'échelle K
qui tend vers l'in�ni, suivant une hyp othèse de grande taille de p opulation. Lorsque

les taux de naissance et mort intrinsèque sont de l'ordre de K , la suite de pro cessus

de naissance et mort indicée par K converge vers une dynamique lente-rapide. La

taille de p opulation et la prop ortion d'allèles A convergent en particulier vers une

di�usion dont on étudie le comp ortement quasi-stationnaire. Nous étudions notam-

ment la p ossibilité de co existence en temps long des deux allèles dans la p opulation

conditionnée à ne pas être éteinte. Dans le deuxième chapitre, les individus sont car-

actérisés par leur génotyp e à un lo cus comprenant un nombre quelconque d'allèles.

Dans un premier temps, nous généralisons les résultats de convergence vers une dy-

namique lente-rapide obtenus dans le chapitre précédent. Nous représentons dans un

deuxième temps la p opulation par un pro cessus à valeurs mesure dont nous prouvons

la convergence vers un sup erpro cessus de typ e Fleming-Viot avec taille de p opulation

variable et sélection diploïde, lorsque le nombre d'allèle tend vers l'in�ni.
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3

Slow-fast sto chastic di�usion

dynamics and quasi-stationary

distributions for diploid

p opulations

Ce chapitre est constitué de la prépublication Coron ( 2013a ), intitulée "Slow-fast

sto chastic di�usion dynamics and quasi-stationary distributions for diploid p opula-

tions".

ABSTRACT: We are interested in the long-time b ehavior of a diploid p opu-

lation with sexual repro duction, characterized by its genotyp e comp osition at one

bi-allelic lo cus. The p opulation is mo deled by a 3-dimensional birth-and-death pro-

cess with comp etition, co op eration and Mendelian repro duction. This sto chastic

pro cess is indexed by a scaling parameter K that go es to in�nity, following a large

p opulation assumption. When the birth and natural death parameters are of order

K , the sequence of sto chastic pro cesses indexed by K converges toward a slow-fast

dynamics. We indeed prove the convergence toward 0 of a fast variable giving the

deviation of the p opulation from Hardy-Weinb erg equilibrium, while the sequence of

slow variables giving the resp ective numb ers of o ccurrences of each allele converges

toward a 2-dimensional di�usion pro cess that reaches (0; 0) almost surely in �nite

time. We obtain that the p opulation size and the prop ortion of a given allele con-

verge toward a generalized Wright-Fisher di�usion with varying p opulation size and

diploid selection. Using a non trivial change of variables, we next study the absorp-

tion of this di�usion and its long time b ehavior conditioned on non-extinction. In
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particular we prove that this di�usion starting from any non-trivial state and condi-

tioned on not hitting (0; 0) admits a unique quasi-stationary distribution. We �nally

give numerical approximations of this quasi-stationary b ehavior in three biologically

relevant cases: neutrality, overdominance, and separate niches.

Keywords: Diploid p opulations; Generalized Wright-Fisher di�usion pro cesses;

Sto chastic slow-fast dynamical systems; Quasi-stationary distributions; Allele co ex-

istence.

3.1 Intro duction

We study the di�usion limit and quasi-stationary b ehavior of a p opulation of

diploid individuals mo deled by a non-linear 3-typ e birth-and-death pro cess with

comp etition, co op eration and Mendelian repro duction. Individuals are character-

ized by their genotyp e at one lo cus for which there exist 2 alleles, A and a. We study

the genetic evolution of the p opulation, i.e. the dynamics of the resp ective numb ers

of individuals with genotyp e AA , Aa , and aa. Following an in�nite p opulation size

approximation (see also Fournier & Méléard ( 2004 ) and Champagnat ( 2006 ) for in-

stance) we assume that the initial numb er of individuals is of order K where K is a

scale parameter that will go to in�nity. The p opulation is then mo deled by a 3-typ e

birth-and-death pro cess denoted by � K = ( � K
t ; t � 0) and we consider the sequence

of sto chastic pro cesses Z K = � K =K . At each time t and for all K , we de�ne the

deviation Y K
t of the p opulation Z K

t from a so-called Hardy-Weinb erg equilibrium.

We are interested in the convergence of the sequence of sto chastic pro cesses Z K
when

the individual birth and natural death rates are assumed to b e b oth equivalent to


K , with 
 > 0 (see Section 3.3 and Champagnat et al. ( 2006 ) for a biological inter-

pretation). In Section 3.3 we �rst establish some conditions on the comp etition and

co op eration parameters so that the sequence of p opulation sizes satis�es a moment

propagation prop erty. Next, we prove the convergence of the sequence of sto chas-

tic pro cesses Z K
toward a slow-fast dynamics (see Méléard & Tran ( 2012 ) or Ball

et al. ( 2006 ) for other examples of such dynamics and Kurtz ( 1992 ) and Berglund

& Gentz ( 2006 ) for treatments of slow-fast scales in di�usion pro cesses). More pre-

cisely, we prove that for all t > 0, the sequence of random variables (Y K
t )K 2 N�

go es

to 0 when K go es to in�nity, while the sequence of pro cesses (N K
t ; X K

t )t � 0 giving re-

sp ectively the p opulation size and the prop ortion of allele A converges in law toward

a "slow" 2-dimensional di�usion pro cess (N t ; X t )t � 0 . This limiting di�usion (N; X )
can b e seen as a generalized Wright-Fisher di�usion with varying p opulation size

and diploid selection. In Section 3.4 , we �rst �nd an appropriate change of variables

S = ( f 1(N; X ); f 2(N; X )) such that S is a Kolmogorov di�usion pro cess evolving in
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a subset D of R2
. We prove that the sto chastic pro cess S is absorb ed in the set

A [ a [ 0 almost surely in �nite time, where A , a and 0 corresp ond resp ectively to

the sets where X = 1 (�xation of allele A ), X = 0 (�xation of allele a), and N = 0
(extinction of the p opulation). Next, following Cattiaux et al. ( 2009 ) and Cattiaux

& Méléard ( 2010 ), we study the quasi-stationary b ehavior of the di�usion pro cess

(St )t � 0 conditioned on the non extinction of the p opulation, i.e. on not reaching 0 .

First, the di�usion pro cess (St )t � 0 conditioned on not reaching A [ a [ 0 admits a

Yaglom limit. Second, if S0 =2 A [ a [ 0 then the law of St conditioned on f St =2 0g
converges when t go es to in�nity toward a distribution which is indep endent from

S0 . Finally in Section 3.5 , we present numerical applications and study the long-time

co existence of the two alleles, in three biologically relevant cases: a pure comp etition

neutral case, a case in which each genotyp e has its own ecological niche, and an

overdominance case. In particular, we show that a long-term co existence of alleles is

p ossible even in some full comp etition cases, which is not true for haploid clonal re-

pro duction ( Cattiaux & Méléard ( 2010 )). Note that for the sake of simplicity, most

pro ofs of this article are given in the main text for the neutral case where demo-

graphic parameters do not dep end on the typ es of individuals, and the calculations

for the non-neutral case are given in App endix A .

3.2 Mo del and deterministic limit

3.2.1 Mo del

We consider a p opulation of diploid hermaphro ditic individuals characterized

by their genotyp e at one bi-allelic lo cus, whose alleles are denoted by A and a.

Individuals can then have one of the three p ossible genotyp es AA , Aa , and aa,

(also called typ es 1, 2, and 3). The p opulation at any time t is represented by a

3-dimensional birth-and-death pro cess giving the resp ective numb ers of individuals

with each genotyp e. As in Fournier & Méléard ( 2004 ), Champagnat & Méléard

( 2007 ) or Collet et al. ( 2013b ), we consider an in�nite p opulation size approximation.

To this end we intro duce a scaling parameter K 2 N�
that will go to in�nity, and we

denote by � K = (( � 1;K
t ; � 2;K

t ; � 3;K
t ); t � 0) the p opulation indexed by K . The initial

numb ers of individuals of each typ e � 1;K
0 , � 2;K

0 and � 3;K
0 will b e of order K and we

then consider the sequence of rescaled sto chastic pro cesses

�
Z K

t

�
t � 0 =

�
Z 1;K

t ; Z 2;K
t ; Z 3;K

t

�

t � 0
=

�
� K

t

K

�

t � 0

that gives at each time t the resp ective numb ers of individuals weighted by 1=K , and

with genotyp es AA , Aa , and aa. The rescaled p opulation size at time t is denoted
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by

N K
t = Z 1;K

t + Z 2;K
t + Z 3;K

t 2
Z+

K
; (3.1)

and the prop ortion of allele A at time t is denoted by

X K
t =

2Z 1;K
t + Z 2;K

t

2(Z 1;K
t + Z 2;K

t + Z 3;K
t )

: (3.2)

As in Coron ( 2013b ) or Collet et al. ( 2013b ), the jump rates of Z mo del Mendelian

panmictic repro duction. More precisely, if we set e1 = (1 ; 0; 0), e2 = (0 ; 1; 0) and

e3 = (0 ; 0; 1), then for all i 2 f 1; 2; 3g, the rates � K
i (Z ) at which the sto chastic pro cess

Z K
jumps from z = ( z1; z2; z3) 2

�
Z+
K

� 3
to z+ ei =K , as long as z1 + z2 + z3 = n 6= 0 ,

are given by:

� K
1 (z) =

KbK
1

n

�
z1 +

z2

2

� 2
;

� K
2 (z) =

KbK
2

n
2

�
z1 +

z2

2

� �
z3 +

z2

2

�
;

� K
3 (z) =

KbK
3

n

�
z3 +

z2

2

� 2
:

(3.3)

These birth rates are naturally set to 0 if n = 0 and the demographic parameters

bK
i 2 R+ are called birth demographic parameters. Now individuals can die naturally

and either comp ete or co op erate with other individuals, dep ending on the genotyp e

of each individual. More precisely, for all i 2 f 1; 2; 3g, the rates � K
i (z) at which

the sto chastic pro cess Z K
jumps from z = ( z1; z2; z3) 2 (Z+ )3=K to z � ei =K for

i 2 f 1; 2; 3g are given by:

� K
1 (z) = Kz 1(dK

1 + K (cK
11z1 + cK

21z2 + cK
31z3))+ ;

� K
2 (z) = Kz 2(dK

2 + K (cK
12z1 + cK

22z2 + cK
32z3))+ ;

� K
3 (z) = Kz 3(dK

3 + K (cK
13z1 + cK

23z2 + cK
33z3))+ :

(3.4)

where the interaction (comp etition or co op eration) demographic parameters cK
ij are

arbitrary real numb ers and (x)+ = max(x; 0) for any x 2 R . If cK
ij > 0 (resp.

cK
ij < 0), then individuals with typ e i have a negative (resp. p ositive) in�uence on

individuals of typ e j . The demographic parameter dK
i 2 R+ is called the intrinsic

death rate of individuals of typ e i . From now on, we say that the sto chastic pro cess

Z K
is neutral for a given K 2 N�

if its demographic parameters do not dep end on

the typ es of individuals, i.e.

bK
i = bK ; dK

i = dK
and cK

ij = cK 8i; j 2 f 1; 2; 3g: (3.5)



3.2. Mo del and deterministic limit 117

Note that for any �xed K 2 N�
, the pure jump pro cess Z K

is well de�ned for all

t 2 R+ . Indeed, N K
is sto chastically dominated by a rescaled pure birth pro cess N

K

that jumps from n 2 Z+ =K to n + 1=K at rate (max
i

bK
i )Kn and, from Theorem 10

in Méléard & Villemonais ( 2012 ), N
K

do es not explo de almost surely. The sto chastic

pro cess Z K
is then a

(Z+ )3

K -valued pure jump Markov pro cess absorb ed at (0; 0; 0),

de�ned for all t � 0 by

Z K
t = Z K

0 +
X

i 2f 1;2;3g

� Z t

0

ei

K
1f � � � K

i (Z K
s� )g� i

1(ds; d� ) �
Z t

0

ei

K
1f � � � K

i (Z K
s� )g� i

2(ds; d� )
�

where the measures � i
j for i 2 f 1; 2; 3g and j 2 f 1; 2g are indep endent Poisson p oint

measures on (R+ )2
with intensity dsd� . For any K , the law of Z K

is therefore a

probability measure on the tra jectory space D(R+ ; (Z+ )3=K ) which is the space of

left-limited and right-continuous functions from R+ to (Z+ )3=K , endowed with the

Skoroho d top ology. Finally, the extended generator L K
of Z K

satis�es for every

b ounded measurable function f from (Z+ )3=K to R and for every z 2 (Z+ )3

K :

L K f (z) =
X

i 2f 1;2;3g

h
� K

i (z)
�

f
�

z +
ei

K

�
� f (z)

�
+ � K

i (z)
�

f
�

z �
ei

K

�
� f (z)

�i
:

(3.6)

To end with the mo del description, let us intro duce for all K 2 N�
the sto chastic

pro cesses Y K
such that for every t � 0, as long as N K

t > 0,

Y K
t =

4Z 1;K
t Z 3;K

t � (Z 2;K
t )2

4N K
t

: (3.7)

If N K
t = 0 , we set Y K

t = 0 as jY K
t j � N K

t for all t � 0. This sto chastic pro cess will

play a main role in the article and note �rst that:

Y K
t = Z 1;K

t �
(2Z 1;K

t + Z 2;K
t )2

4N K
t

=
�

pAA;K
t � (pA;K

t )2
�

N K
t

if pA;K
t (resp. pAA;K

t ) is the prop ortion of allele A (resp. genotyp e AA ) in the

p opulation at time t . Similarly,

Y K
t =

�
paa;K

t � (pa;K
t )2

�
N K

t =
�

2pA;K
t pa;K

t � pAa;K
t

�
N K

t :

Then if Y K
t = 0 , the prop ortion of each genotyp e in the p opulation Z K

t is equal to

the prop ortion of pairs of alleles forming this genotyp e. By an abuse of language,

if Y K
t = 0 we say that the p opulation Z K

t is at Hardy-Weinb erg equilibrium ( Crow
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& Kimura ( 1970 ), p. 34). In the rest of the article, we will see that the quantities

of interest in this mo del are the p opulation size N K
, the deviation from Hardy-

Weinb erg equilibrium Y K
and the prop ortion X K

of allele A . More precisely, the

following lemma gives the change of variable:

Lemma 3.2.1. Let us set for al l z = ( z1; z2; z3) 2 (R+ )3 n f (0; 0; 0)g,

� 1(z) = z1 + z2 + z3; � 2(z) =
2z1 + z2

2(z1 + z2 + z3)
and � 3(z) =

4z1z3 � (z2)2

4(z1 + z2 + z3)
:

Then the function

� : (R+ )3 n f (0; 0; 0)g ! E

z 7! � (z) = ( � 1(z); � 2(z); � 3(z))

where E = f (n; x; y )jn 2 R�
+ ; x 2 [0; 1]; � n min(x2; (1 � x)2) � y � nx(1 � x)g is a

bijection.

Note that � (Z K ) = ( N K ; X K ; Y K ); where N K
, X K

, and Y K
have b een resp ec-

tively de�ned in Equations ( 3.1 ) , ( 3.2 ) and ( 3.7 ) .

Proof. We easily obtain that (n; x; y ) = � (z1; z2; z3) if and only if

z1 = nx2 + y; z2 = 2nx(1 � x) � 2y and z3 = n(1 � x)2 + y; (3.8)

which gives the injectivity. Next, for any (n; x; y ) such that n 2 R�
+ , x 2 [0; 1] and

� n min(x2; (1 � x)2) � y � nx(1 � x) , z = ( z1; z2; z3) de�ned by Equation ( 3.8 ) is

in (R+ )3 n f (0; 0; 0)g which gives the surjectivity.

3.2.2 Convergence toward a deterministic system

This section aims at understanding the b ehavior of the p opulation when the

birth and natural death parameters do not dep end on K . The results obtained at

this scaling will indeed give an intuition of the b ehavior of the p opulation when bi;K

and di;K
are of order K , which is studied in Section 3.3 . In particular, we prove

in this section a long-time convergence of the p opulation toward Hardy-Weinb erg

equilibrium.

We consider a particular case of the scaling considered in Section 3 of Collet et al.

( 2013b ). More precisely, we set:

bK
i = � 2 R�

+

dK
i = � 2 R+

KcK
ij = � 2 R+

Z K
0 �!

K !1
Z0 in law,
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where Z0 is a deterministic vector of (R+ )3
. Note that the pro cess Z K

is neutral for

all K 2 N�
. For all i 2 f 1; 2; 3g and z = ( z1; z2; z3) 2 (R+ )3

we now denote by � 1
i (z)

(resp. � 1
i (z) ) the limit of the rescaled birth (resp. death) rate (see Equations ( 3.3 )

and ( 3.4 ) ):

� 1
i (z) = lim

K !1

� K
i (z)
K

and � 1
i (z) = lim

K !1

� K
i (z)
K

:

For instance, if we set (n; x; y ) = � (z) where � has b een de�ned in Lemma 3.2.1 , we

get

� 1
1 (z) = �nx 2

and � 1
1 (z) = ( � + �n )z1:

Here, Prop osition 3:2 in Collet et al. ( 2013b ) (see also Theorem 5:3 of Fournier

& Méléard ( 2004 )) gives that for all T > 0, the sequence of sto chastic pro cesses

(Z K
t ; t 2 [0; T])K 2 Z�

+
converges in law in D([0; T]; (R+ )3) toward a deterministic

limit Z = ( Z 1; Z 2; Z 3) , which is the unique continuous solution of the di�erential

system:

8
><

>:

dZ 1
t

dt = � 1
1 (Z t ) � � 1

1 (Z t )
dZ 2

t
dt = � 1

2 (Z t ) � � 1
2 (Z t )

dZ 3
t

dt = � 1
3 (Z t ) � � 1

3 (Z t ):

(3.9)

A solution of this system do es not app ear immediately, but using the change of

variables � intro duced in Lemma 3.2.1 , we obtain that � (Z ) = ( N ; X ; Y) satis�es

the

Prop osition 3.2.2. (i ) If � = � then

N t =
N0

� N0t + 1
; 8t � 0: (3.10)

Else

N t =
(� � � )N0e(� � � )t

(� � � ) + � N0(e(� � � )t � 1)
8t � 0: (3.11)

(ii ) For al l t � 0, Xt = X0 .

(iii ) If � = 0 then Yt = Y0e� �t
for al l t � 0:

If � 6= 0 and � = � then Yt = ( Y0 � ln (1 + � N0t)) e� �t
for al l t � 0.

If � 6= 0 , � 6= � and N0 = � � �
� , then Yt = Y0e� �t

for al l t � 0:

Final ly if � 6= 0 , � 6= � and N0 6= � � �
� then for al l t � 0 and if C = Y0

1� � N 0
� � �

,

Yt = Ce� �t
�

1 � � N 0e( � � � ) t

(� � � )+ � N 0 (e( � � � ) t � 1)

�
for al l t � 0
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Proof. N is solution of the logistic equation dN t =dt = ( � � � � � N t )N t whose unique

solution is given for � 6= � and � 6= 0 in Verhulst ( 1845 ). We then have Equation

( 3.11 ) that remains true if � = 0 and � 6= � . If � = � we easily �nd that the unique

solution of the equation dN t =dt = � � N 2
t is given by Equation ( 3.10 ) . Therefore,

N t > 0 for all t � 0. Then, using the System of equations ( 3.9 ), we �nd that

dXt =dt = 0 for all t � 0 which gives (ii ) . Finally for (iii ) , Y is solution of the

di�erential equation dYt =dt = � (� + � N t )Yt . If � = 0 the solution is clear. If � 6= 0
and � = � we �nd the result by lo oking for a solution of the form C(t)e� �t

and from

Equation ( 3.10 ) . If � 6= 0 , � 6= � and N0 = � � �
� , then from Equation ( 3.11 ) , N t = N0

for all t and the solution follows. Finally if � 6= 0 , � 6= � and N0 6= � � �
� , lo oking for

a solution of the form Yt = Ce� �t + B (t)e( � � � ) t

(� � � )+ � N 0 (e( � � � ) t � 1)
with B (t) = De� �t

we �nd

the result.

Note that, in this scaling, the p opulation do es no get extinct in �nite time and

the prop ortion of allele A remains constant. Besides, Yt go es to 0 when t go es

to in�nity, which gives a long-time convergence of the p opulation toward Hardy-

Weinb erg equilibrium (in App endix B.1 , we provide a Scilab co de and a �gure (Figure

3.5 ), to illustrate this result). We therefore observe bio diversity conservation but can

not study the Darwinian evolution of the p opulation, since none of the two alleles

will eventually disapp ear. These p oints are due to the fact that the p opulation is

neutral and to the large p opulation size assumption ( Crow & Kimura ( 1970 ), p. 34).

3.3 Convergence toward a slow-fast sto chastic dynamics

In this section, we investigate a new scaling under which the p opulation size and

prop ortion of allele a evolve sto chastically with time (in particular the p opulation

can get extinct and one of the two alleles can eventually get �xed), while the p op-

ulation still converges rapidly toward Hardy-Weinb erg equilibrium. The results we

obtain then provide a rigorous justi�cation of the assumption of Hardy-Weinb erg

equilibrium which is often made when studying large p opulations. However we will

explain that this result do es not mean that the genetic comp osition of a diploid

p opulation can always b e reduced to a set of alleles.

We assume that birth and natural death parameters are of order K , while Z K
0

converges in law toward a random vector Z0 . More precisely, we set for 
 > 0:
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bK
i = 
K + � i 2 [0; 1 [

dK
i = 
K + � i 2 [0; 1 [

cK
ij =

� ij

K
2 R

Z K
0 !

K !1
Z0 in law,

where Z0 is a (R+ )3
-valued random variable. This means that the birth and natural

death events are now happ ening faster, which will intro duce some sto chasticity in

the limiting pro cess. The results presented in Prop osition 3.2.2 suggest that under

these conditions, Y K
will b e a "fast" variable that converges directly toward the

long time equilibrium of Y (equal to 0), while X K
and N K

will b e "slow" variables,

converging toward a non deterministic pro cess. First, we need a moment propaga-

tion prop erty. It is not true for all values of the interaction parameters � ij and in

particular when � ii � 0 for any i 2 f 1; 2; 3g, i.e. when individuals with a same

given genotyp e co op erate or do not comp ete. For any z = ( z1; z2; z3) 2 (R+ )3
, let

g(z) =
P

i;j 2f 1;2;3g
� ij zi zj : We establish the following:

Prop osition 3.3.1. If g(z) > 0 for al l z 2 (R+ )3 nf (0; 0; 0)g and if, for any k 2 Z+ ,

there exists a constant C0 such that for al l K 2 N�
, E((N K

0 )k ) � C0 , then

(i) There exists a constant C such that sup
K

sup
t � 0

E((N K
t )k )) � C:

(ii) For al l T < + 1 , there exists a constant CT such that sup
K

E

 

sup
t � T

(N K
t )k

!

�

CT :

Proof. Note that g writes

g(z) = � 1(z)2
X

i;j 2f 1;2;3g

� ij pi pj := � 1(z)2f (p1; p2; p3)

where � 1 has b een de�ned in Lemma 3.2.1 and pi = zi =� 1(z) for all i 2 f 1; 2; 3g.

If g(z) > 0 for all z 2 (R+ )3 n f (0; 0; 0)g, the function f is then non-negative and

continuous on f (p1; p2; p3) 2 [0; 1]3jp1 + p2 + p3 = 1g which is a compact set. Then f
reaches its minimum m � 0. Now if there exists (p1; p2; p3) such that f (p1; p2; p3) = 0
then for any n > 0, g(np1; np2; np3) = 0 and (np1; np2; np3) 2 (R+ )3 n f (0; 0; 0)g
which is imp ossible. Then m > 0, g(z) � m� 1(z)2

, and � K
1 (z) + � K

2 (z) + � K
3 (z) �

(
K +inf
i

� i + m� 1(z))K� 1(z) for all z 2 (R+ )3
. Then, for all K , N K

is sto chastically

dominated by the logistic birth-and-death pro cess N
K

jumping from n 2 Z+ =K to

n+1=K at rate (
K + sup
i 2f 1;2;3g

� i )Kn and from n to n� 1=K at rate (
K + inf
i 2f 1;2;3g

� i +
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mn)Kn . Finally, the sequence of sto chastic pro cesses N
K

satis�es (i) and (ii) , which

gives the result (see resp ectively Lemma 1 of Champagnat ( 2006 ) and the pro of of

Theorem 5:3 of Fournier & Méléard ( 2004 )).

From now we assume the following hyp otheses:

g(z) > 0 for all z 2 (R+ )3 n f (0; 0; 0)g; (H1)

and a 3-rd-order moment condition:

there exists C < 1 such that sup
K

E((N K
0 )3)) � C: (H2)

In Section 3.4 we will consider only the symmetrical case where � ij = � j i for all i; j
and give some explicit su�cient conditions on the parameters � ij so that ( H1 ) is

true.

The following prop osition gives that (Y K
t ; t � 0) is a fast variable that converges

toward the deterministic value 0 when K go es to in�nity.

Prop osition 3.3.2. Under ( H1 ) and ( H2 ) , for al l s; t > 0, sup
t � u� t+ s

E((Y K
u )2) ! 0

when K goes to in�nity.

Proof. Let us �x z = ( z1; z2; z3) 2 (R+ )3
and set (n; x; y ) = � (z) where � is de�ned

in Lemma 3.2.1 . The extended generator L K
of the jump pro cess Z K

applied to a

measurable real-valued function f (see Equation ( 3.6 ) ) is decomp osed as follows in

z :
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L K f (z) = 
K 2y
h
f

�
z �

e1

K

�
� 2f

�
z �

e2

K

�
+ f

�
z �

e3

K

�i

+ 
K 2n (x)2
h
f

�
z +

e1

K

�
+ f

�
z �

e1

K

�
� 2f (z)

i

+ 
K 22nx(1 � x)
h
f

�
z +

e2

K

�
+ f

�
z �

e2

K

�
� 2f (z)

i

+ 
K 2n (1 � x)2
h
f

�
z +

e3

K

�
+ f

�
z �

e3

K

�
� 2f (z)

i

+ � 1Kn (x)2
h
f

�
z +

e1

K

�
� f (z)

i
+ � 2K 2nx(1 � x)

h
f

�
z +

e2

K

�
� f (z)

i

+ � 3Kn (1 � x)2
h
f

�
z +

e3

K

�
� f (z)

i

+ K
X

i 2f 1;2;3g

0

@� i +
X

j 2f 1;2;3g

� j i zj

1

A zi

h
f

�
z �

ei

K

�
� f (z)

i

+ K
X

i 2f 1;2;3g

0

@
K + � i +
X

j 2f 1;2;3g

� j i zj

1

A

�

zi

h
f

�
z �

ei

K

�
� f (z)

i

(3.12)

where (x)� = max( � x; 0). Now if f = ( � 3)2
, then there exist functions gK

1 , gK
2 , and

gK
3 and a constant C1 such that for all z 2 (R+ )3

,

f
�

z +
e1

K

�
� f (z) = �

2f (z)
Kn

+
2z3y
Kn

+ gK
1 (z)

f
�

z +
e2

K

�
� f (z) = �

2f (z)
Kn

�
z2y
Kn

+ gK
2 (z)

f
�

z +
e3

K

�
� f (z) = �

2f (z)
Kn

+
2z1y
Kn

+ gK
3 (z)

with jgK
i (z)j � C1

K 2 for all i 2 f 1; 2; 3g. Finally, note that since 
 > 0, there exists a

p ositive constant C2 such that for all i 2 f 1; 2; 3g and all z 2 (R+ )3
,

18
<

:

 


K + � i +
P

j 2f 1;2;3g
� ji zj

! �

6=0

9
=

;

= 1(
P

j 2f 1;2;3g
� ji zj �� 
K � � i

)

� 1n
9j 2f 1;2;3g : � ji < 0 ; � ji zj �� 


3 K � � i
3

o � 1f � 1 (z)� C2K g:

Therefore, there exists a p ositive constant C3 such that

L K (� 3)2 (z) � � 2
K (� 3)2 (z) + C3
�
(� 1(z))2(� 1(z) + K 1f � 1 (z)� C2K g) + 1

�
:

Now from Prop osition 3.3.1 and Markov inequality, under ( H1 ) and ( H2 ) , there exists

a constant C such that sup
K

sup
t � 0

E
�

C3

h
(N K

t )2(N K
t + K 1f N K

t � C2K g) + 1
i�

� C:
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Therefore from the Kolmogorov forward equation, since 0 � (Y K
t )2 � (N K

t )2
for all

t and from Prop osition 3.3.1 ,

dE
�
(Y K

t )2
�

dt
� � 2
K E

�
(Y K

t )2�
+ C:

This gives for all t � 0,

d
dt

�
e2
Kt E

�
(Y K

t )2
��

� Ce2
Kt : Then by integration,

E
�
(Y K

t )2�
� E

� �
Y K

0

� 2
�

e� 2
Kt +
C

2
K
�

C
2
K

e� 2
Kt

� E
�
(N K

0 )2�
e� 2
Kt +

C
2
K

�
C

2
K
e� 2
Kt ; which gives the result.

In particular, under ( H1 ) and ( H2 ) and for all t > 0, Y K
t converges in L 2

to 0.

Figure 3.6 in App endix B.1 illustrates this result. We say that Y K
is a fast variable

compared to the vector (N K ; X K ) whose b ehavior is now studied. Let us intro duce

the following notation for all z = ( z1; z2; z3) 2 (R+ )3
:

 1(z) = 2 z1 + z2 and  2(z) = 2 z3 + z2:

Note that  1(Z K
t ) = 2 N K

t X K
t (resp.  2(Z K

t ) = 2 N K
t (1 � X K

t ) ) is the rescaled

numb er of allele A (resp. a) in the rescaled p opulation Z K
at time t . For any

K 2 N�
, ( 1(Z K );  2(Z K )) is a pure jump Markov pro cess with tra jectories in

D(R+ ; (Z+ )2=K ) and for all i 2 f 1; 2g, the pro cess  i (Z K ) admits the following

semi-martingale decomp osition: for all t � 0,

 i (Z K
t ) =  i (Z K

0 ) + M i;K
t +

Z t

0
L K  i (Z K

s )ds

where M K = ( M 1;K ; M 2;K ) is, under ( H1 ) and ( H2 ), a square integrable R2
-valued

càd-làg martingale (from Prop osition 3.3.1 ) and is such that for all i; j 2 f 1; 2g, the

predictable quadratic variation is given for all t � 0 by:

hM i;K ; M j;K i t =
Z t

0
L K  i  j (Z K

s ) �  i (Z K
s )L K  j (Z K

s ) �  j (Z K
s )L K  i (Z K

s )ds:

Using this decomp osition we prove the

Theorem 3.3.3. Under ( H1 ) and ( H2 ) , if the sequence f ( 1(Z K
0 );  2(Z K

0 ))gK 2 N�
of

random variables converges in law toward a random variable (N A
0 ; N a

0 ) when K goes

to in�nity, then for al l T > 0, the sequence of stochastic processes ( 1(Z K );  2(Z K ))
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converges in law in D([0; T]; (R+ )2) when K goes to in�nity, toward the di�usion pro-

cess (N A ; N a) starting from (N A
0 ; N a

0 ) and satisfying the fol lowing di�usion equation,

where B = ( B 1; B 2) is a 2-dimensional Brownian motion:

dN A
t =

N A
t

N A
t + N a

t

��
� 1 � � 1 �

� 11(N A
t )2 + � 212N A

t N a
t + � 31(N a

t )2

2(N A
t + N a

t )

�
N A

t

+
�
� 2 � � 2 �

� 12(N A
t )2 + � 222N A

t N a
t + � 32(N a

t )2

2(N A
t + N a

t )

�
N a

t

�
dt

+

s
4


N A
t + N a

t
N A

t dB1
t +

s

2

N A

t N a
t

N A
t + N a

t
dB2

t

dN a
t =

N a
t

N A
t + N a

t

��
� 3 � � 3 �

� 33(N a
t )2 + � 232N A

t N a
t + � 13(N A

t )2

2(N A
t + N a

t )

�
N a

t

+
�
� 2 � � 2 �

� 32(N a
t )2 + � 222N A

t N a
t + � 12(N A

t )2

2(N A
t + N a

t )

�
N A

t

�
dt

+

s
4


N A
t + N a

t
N a

t dB1
t �

s

2

N A

t N a
t

N A
t + N a

t
dB2

t

(3.13)

Note that the di�usion co e�cients of the di�usion pro cess ((N A
t ; N a

t ); t � 0) do

not explo de when N A
t + N a

t go es to 0 since

N A
tp

N A
t + N a

t

�
p

N A
t + N a

t ,

N a
tp

N A
t + N a

t

�
p

N A
t + N a

t and

N A
t N a

t
N A

t + N a
t

� N A
t + N a

t . However, Itô's formula rapidly shows that the

di�usion co e�cients of the di�usion pro cess ((N t ; X t ); t � 0) are not b ounded when

N t go es to 0. From the previous theorem we deduce the convergence of the sequence

of pro cesses

(N K ; X K ) =
�

 1(Z K ) +  2(Z K )
2

;
 1(Z K )

 1(Z K ) +  2(Z K )

�

stopp ed when N K � � for any � > 0.

Corollary 3.3.4. For any � > 0 and T > 0, let us de�ne TK
� = inf f t 2 [0; T] : N K

t �
� g. If the sequence of random variables (N K

0 ; X K
0 ) 2 [�; + 1 [� [0; 1] converges in law

toward a random variable (N0; X 0) 2 ]�; + 1 [� [0; 1] when K goes to in�nity, then the

sequence of stopped stochastic processes f (N K ; X K ):^ T K
�

gK � 1 converges in law in

D([0; T]; [�; 1 [� [0; 1]) when K goes to in�nity, toward the stopped di�usion process

(N; X ):^ T� ( T� = inf f t 2 [0; T] : N t = � g), starting from (N0; X 0) and satisfying the

fol lowing di�usion equation:
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dNt =
p

2
N t dB1
t

+ N t
�
X 2

t

�
� 1 � � 1 �

�
� 11N tX 2

t + � 212N t X t (1 � X t ) + � 31N t (1 � X t )2��

+ 2X t (1 � X t )
�
� 2 � � 2 �

�
� 12N t X 2

t + � 222N t X t (1 � X t ) + � 32N t (1 � X t )2��

+(1 � X t )2 �
� 3 � � 3 �

�
� 13N t X 2

t + � 232N t X t (1 � X t ) + � 33N t (1 � X t )2���
dt

dX t =

s

X t (1 � X t )

N t
dB2

t

+ (1 � X t )X 2
t [(� 1 � � 1) � (� 2 � � 2)

� N t (( � 11 � � 12)X 2
t + ( � 21 � � 22)2X t (1 � X t ) + ( � 31 � � 32)(1 � X t )2)]dt

+ X t (1 � X t )2[(� 2 � � 2) � (� 3 � � 3)

� N t (( � 12 � � 13)X 2
t + ( � 22 � � 23)2X t (1 � X t ) + ( � 32 � � 33)(1 � X t )2)]dt:

(3.14)

The p opulation size and the prop ortion of allele A are therefore directed by two

indep endent Brownian motions. The di�usion equation ( 3.14 ) can b e simpli�ed in

the neutral case:

Corollary 3.3.5. In the neutral case where � i = � , � i = � and � ij = � for al l i , j ,

the limiting di�usion (N; X ) introduced in Equation ( 3.14 ) satis�es:

dNt =
p

2
N t dB1
t + N t (� � � � �N t )dt

dX t =

s

X t (1 � X t )

N t
dB2

t :
(3.15)

X is then a bounded martingale and this di�usion can be seen as a generalized Wright-

Fisher di�usion (see for instance Ethier & Kurtz ( 1986 ) p. 411) with a population

size evolving stochastical ly with time.

We denote by Ck
b (E; R) the set of functions from E to R p ossessing b ounded

continuous derivatives of order up to k and Ck
c (E; R) the set of functions of Ck

b (E; R)
with compact supp ort.

Proof of Theorem 3.3.3 . Using the Reb olledo and Aldous criteria ( Jo�e & Métivier

( 1986 )), we prove the tightness of the sequence of pro cesses ( 1(Z K );  2(Z K )) and

its convergence toward the unique continuous solution of a martingale problem. The

pro of is divided in several steps.

STEP 1. Let us denote by L the generator of the di�usion pro cess de�ned in

Equation ( 3.13 ) . We �rst prove the uniqueness of a solution ((N A
t ; N a

t ); t 2 [0; T])
to the martingale problem: for any function f 2 C2

b((R+ )2; R) ,
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M f
t = f (N A

t ; N a
t ) � f (N A

0 ; N a
0 ) �

Z t

0
Lf (N A

s ; N a
s )ds (3.16)

is a continuous martingale. From Stro o ck & Varadhan ( 1979 ), for any � > 0, there

exists a unique (in law) solution ((N A;�
t ; N a;�

t ); t 2 [0; T]) such that for all f 2 C2
b(R2)

the pro cess (M f;�
t ; t 2 [0; T]) such that for all t � 0,

M f;�
t = f (N A;�

t ; N a;�
t ) � f (N A;�

0 ; N a;�
0 ) �

Z t

0
Lf (N A;�

s ; N a;�
s )1f �<N A;�

s + N a;�
s < 1=�gds

is a continuous martingale. The uniqueness of a solution of ( 3.16 ) therefore fol-

lows from Theorem 6:2 of Ethier & Kurtz ( 1986 ) ab out lo calization of martingale

problems.

STEP 2. As in the pro of of Prop osition 3.3.2 , we obtain easily that there exist

two p ositive constants C1 and C2 such that for all z 2 (R+ )3
, the generator L K

of

Z K
, decomp osed in Equation ( 3.12 ) , satis�es:

jL K  1(z)j + jL K  2(z)j � C2
�
� 1(z)2 + 1 + K� 1(z)1� 1 (z)� C1K

�
;

and similarly

jL K  2
1(z) � 2 1(z)L K  1(z) + L K  2

2(z) � 2 2(z)L K  2(z)j � C2(� 1(z)2 + 1) :

Therefore from Prop osition 3.3.1 , under ( H1 ) and ( H2 ), for all sequences of stopping

times � K � T and for all � > 0:

sup
K � K 0

sup
� � �

P
� �

�
�
�

Z � K + �

� K

L K  1(N K
s ; X K

s )ds

�
�
�
� +

�
�
�
�

Z � K + �

� K

L K  2(N K
s ; X K

s )ds

�
�
�
� > �

�

� sup
K � K 0

P

 

� sup
0� s� T + �

C2((N K
s )2 + 1) > �

!

+ sup
K � K 0

P

 

sup
0� s� T + �

N K
s � C1K

!

� � if K 0 is large enough and � is small enough.

(3.17)

Similarly,

sup
K � K 0

sup
� � �

P
� �

�
�
�

Z � K + �

� K

(L K  2
1(Z K

s ) � 2 1(Z K
s )L K  1(Z K

s )

+ L K  2
2(Z K

s ) � 2 2(Z K
s )L K  2(Z K

s ))ds

�
�
�
� > �

�

� � if K 0 is large enough and � is small enough.

(3.18)
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The sequence of pro cesses ( 1(Z K );  2(Z K )) is then tight from Reb olledo and Aldous

criteria (Theorem 2:3:2 of Jo�e & Métivier ( 1986 )).

STEP 3. Now let us consider a subsequence of ( 1(Z K );  2(Z K )) that con-

verges in law in D([0; T]; R2) toward a pro cess (N A ; N a) . Since for all K > 0,

sup
t2 [0;T ]

k(N A
t ; N a

t ) � (N A
t � ; N a

t � )k � 2=K by construction, almost all tra jectories of the

limiting pro cess (N A ; N a) b elong to C([0; T]; R2) .

STEP 4. Finally we prove that the sequence f ( 1(Z K );  2(Z K ))gK 2 N�
of sto chas-

tic pro cesses converges toward the unique continuous solution of the martingale prob-

lem given by Equation ( 3.16 ) . Indeed for every function f 2 C3
c (R2) , from Equation

( 3.12 ) and the inequalities following this equation, there exists a constant C4 such

that

�
�L K f ( 1(z);  2(z)) � Lf ( 1(z);  2(z))

�
�

� C4

�
� 1(z)2

K
+ j� 3(z)j(1 + � 1(z)) + 
K� 1(z)1� 1 (z)� C2K +( � 1(z)2 + 1) 1� 1 (z)� C2K

�

(3.19)

Note here that the fast-scale prop erty shown in Prop osition 3.3.2 , combined to Prop o-

sition 3.3.1 , will insure that sup
t � u� t+ s

E(j� 3(Z K
t )j� 1(Z K

t )) converges to 0 when K go es

to in�nity. Then for all 0 � t1 < t 2 < ::: < t k � t < t + s, for all b ounded continuous

measurable functions h1; :::; hk on (R+ )2
and every f 2 C3

c (R2) :

E
��

f ( 1(Z K
t+ s);  2(Z K

t+ s)) � f ( 1(Z K
t );  2(Z K

t )) �
Z t+ s

t
Lf ( 1(Z K

u );  2(Z K
u ))du

�

�
kY

i =1

hi ( 1(Z K
t i

);  2(Z K
t i

))

#

=

E
� Z t+ s

t

�
L K f ( 1(Z K

u );  2(Z K
u )) � Lf ( 1(Z K

u );  2(Z K
u ))

�
du

�
kY

i =1

hi ( 1(Z K
t i

);  2(Z K
t i

))

#

� sup
i

khi k1 E
� Z t+ s

t

�
�L K f ( 1(Z K

u );  2(Z K
u )) � Lf ( 1(Z K

u );  2(Z K
u ))

�
� du

�

� sup
i

khi k1 s sup
t � u� t+ s

E
� �
�L K f ( 1(Z K

u );  2(Z K
u )) � Lf ( 1(Z K

u );  2(Z K
u ))

�
� �

!
K !1

0;

under ( H1 ) and ( H2 ), from Equation ( 3.19 ) and Prop ositions 3.3.1 and 3.3.2 . The

extension of this result to any f 2 C2
b((R+ )2; R) is easy to obtain by approximating
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uniformly f by a sequence of functions f n 2 C3
c ((R+ )2; R) . Then from Theorem

8:10 (p. 234) of Ethier & Kurtz ( 1986 ), ( 1(Z K );  2(Z K )) converges in law in

D([0; T]; R2) toward the unique (in law) solution of the martingale problem given

in Equation ( 3.16 ) , which is equal to the di�usion pro cess (N A ; N a) of Equation

( 3.13 ) .

The pro of of Corollary 3.3.4 relies on the following analytic lemma:

Lemma 3.3.6. For any x = ( x1
t ; x2

t )0� t � T 2 D([0; T]; (R+ )2) and any � > 0, let us

de�ne

� � (x) = inf f t 2 [0; T] : x1
t + x2

t � 2� g:

Let x = ( x1
t ; x2

t )0� t � T 2 C([0; T]; (R+ )2) such that x1
0 + x2

0 > 2� and � 0 7! � � 0(x)
is continuous in � . Consider a sequence of functions (xn )n2 Z+ such that for any

n 2 Z+ , xn = ( x1;n
t ; x2;n

t )0� t � T 2 D([0; T]; (R+ )2) and xn converges to x for the

Skorohod topology. Then the sequence ((x1;n
t^ � � (xn ) ; x2;n

t^ � � (xn )); t 2 [0; T]) converges to

((x1
t^ � � (x) ; x2

t^ � � (x) ); t 2 [0; T]) when n goes to in�nity.

Proof. We �rst prove that � � (xn ) converges to � � (x) when n go es to in�nity. For

any � > 0, since � 0 7! � � (x) is continuous in � , there exists n0 2 Z �
+ such that

� � � 1=n0(x) � � < � � (x) < � � +1 =n0(x) + � . Now let us assume that � � (xn ) do es not

converge to � � (x) when n go es to in�nity. Then there exists � such that for all n
there exists kn > n such that j� � (xkn ) � � � (x)j > � . Then there exists m such that

lim
n! + 1

sup
0� t � � � � 1=m (x)

jx1
n (t) + x2

n (t) � (x1(t) + x2(t)) j � 1=m

which is imp ossible if x is continuous. Now we prove that (xn ):^ � � (xn ) converges to

x :^ � � (x) when n go es to in�nity. Let us denote by r (v; w) the Euclidean distance

b etween two p oints v and w of R2
. Since xn converges to x in D([0; T]; (R+ )2) , there

exists a sequence of strictly increasing functions � n mapping [0; 1 ) onto [0; 1 ) such

that


 (� n ) �!
n! + 1

0 and lim
n! + 1

sup
0� t � T

r (xn (t); x(� n (t)) = 0 (3.20)

where 
 (� ) = sup
0� t<s

�
�
� log � (s)� � (t )

s� t

�
�
� ( Ethier & Kurtz ( 1986 ), p. 117). Now for all t � 0,

r (xn (t ^ � � (xn )) ; x(� n (t) ^ � � (x)) � r (xn (t ^ � � (xn )) ; x(� n (t ^ � � (xn ))))

+ r (x(� n (t ^ � � (xn ))) ; x(� n (t) ^ � � (x)) ; and
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r (x(� n (t ^ � � (xn ))) ; x(� n (t)^ � � (x)))= r (x(� n (� � (xn ))) ; x(� � (x))) 1f t>� � (xn );� n (t )>� � (x)g

+ r (x(� � (x)) ; x(� n (t))) 1f t � � � (xn );� n (t )>� � (x)g

+ r (x(� n (� � (xn ))) ; x(� n (t))) 1f t>� � (xn );� n (t )� � � (x)g:

Therefore, using that x is continuous, that � � (xn ) ! � � (x) and that sup
0� t � T

j� n (t)� t j !

0 when n go es to in�nity, and from Equation ( 3.20 ) , we obtain that lim
n! + 1

sup
0� t � T

r (xn (t^

� � (xn )) ; x(� n (t) ^ � � (x)) = 0 which gives the result.

Proof of Corol lary 3.3.4 . Note that the function � � de�ned in Lemma 3.3.6 satis�es

TK
� = � � ( 1(Z K );  2(Z K )) = inf f t 2 [0; T] : N K

t � � g, and T� = � � (N A ; N a) =
inf f t 2 [0; T] : N t � � g. From the Theorem 3:3 of Pinsky ( 1995 ), we know that the

function � 0 7! � � (N A ; N a) is almost surely continuous in � . Therefore from Lemma

3.3.6 , the function f such that for all x 2 D([0; T]; (R+ )2) , f (x) = ( x t^ � � (x) ; t 2
[0; T]) is continuous in almost all tra jectories of the di�usion pro cess (N A ; N a) .

Therefore from Corollary 1:9 p. 103 of Ethier & Kurtz ( 1986 ) and Theorem 3.3.3 , if

the sequence of random variables ( 1(Z K
0 );  (Z K

0 )) 2 (R+ )2
converges in law toward

a random variable (N A
0 ; N a

0 ) when K go es to in�nity, then for all T > 0,the sequence

of sto chastic pro cesses ( 1(Z K
:^ T K

�
);  (Z K

:^ T K
�

)) converges in law in D([0; T]; (R+ )2)

toward (N A
:^ T�

; N a
:^ T�

) . Since the function (nA ; na) 7!
�

nA + na

2 ; nA

nA + na

�
is lipschitz

continuous on f (nA ; na) 2 (R+ )2 : nA + na � 2� g, we get the result.

Remark 3.3.7. The di�usion process (N t ; X t )t � 0 of Corol lary 3.3.5 can be compared

to the haploid neutral population (stochastic Lotka-Volterra process) studied in detail

in Cattiaux & Méléard ( 2010 ) and de�ned by:

dH 1
t =

q
2
H 1

t dB1;h
t + ( � � � � � (H 1

t + H 2
t ))H 1

t dt

dH 2
t =

q
2
H 2

t dB2;h
t + ( � � � � � (H 1

t + H 2
t ))H 2

t dt
(3.21)

where B 1;h
and B 2;h

are independent Brownian motions. Here, H 1
is the number

of al leles A while H 2
is the number of al leles a. N h = H 1 + H 2

is then the total

number of individuals while X h = H 1=(H 1 + H 2) is the proportion of al leles A
in the haploid population. We easily see that the total population size satis�es the

same di�usion equation in the haploid and diploid populations. We therefore compare

the stochastic processes (N; X ) and (N h ; X h) . Now by Itô's formula, the stochastic

process (N h ; X h) satis�es a di�usion equation that can be written using a new 2-

dimensional brownian motion ( ~B 1; ~B 2) as:
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dN h
t = ( � � � � �N h

t )N h
t dt +

q
2
N h

t d ~B 1
t

dX h
t =

s
2
X h

t (1 � X h
t )

N h
t

d ~B 2
t

(3.22)

Then the di�erences between the haploid and the diploid neutral models only reside in

a variation of the proportion of al lele A divided by

p
2 in the diploid population (see

Equations ( 3.13 ) and ( 3.22 ) ). However note from Equations ( 3.14 ) and ( 3.21 ) that

this apparently insigni�cant di�erence induce that the respective numbers of al leles

A and a are directed by correlated Brownian motions in a diploid population which

is not the case in a haploid population.

3.4 New change of variable and quasi-stationarity

In this section we study the long-time b ehavior of the di�usion pro cess (N A ; N a)
intro duced in Theorem 3.3.3 . For any pro cess U , we denote by PU

x the distribution

law of U starting from a p oint x , and EU
x the asso ciated exp ectation. First, the

pro cess N = N A + N a
de�ned in Corollary 3.3.4 reaches 0 almost surely in �nite

time:

Prop osition 3.4.1. Let T0 = inf f t � 0 : N t = 0g. Under ( H1 ) , PN
x (T0 < + 1 ) = 1

for al l x 2 R+ , and there exists � > 0 such that sup
x

Ex (e�T 0 ) < + 1 .

Proof. Under ( H1 ), as in the pro of of Prop osition 3.3.1 , there exists a p ositive con-

stant m such that N is sto chastically dominated by a di�usion pro cess N satisfying

dN t =
p

2
 N tdB1
t + N t (sup

i
� i � inf

i
� i � mN t )dt . Theorem 5:2 of Cattiaux et al.

( 2009 ) gives the result for N and therefore for N .

The long-time b ehavior of the di�usion (N a; N A ) is therefore trivial and we now

study the long-time b ehavior of this di�usion pro cess conditioned on non-extinction,

i.e. conditioned on not reaching the absorbing state (0; 0). In particular, we are

interested in studying the p ossibility of a long-time co existence of the two alleles A
and a in the p opulation conditioned on non-extinction.

3.4.1 New change of variables

To study the quasi-stationary b ehavior of the di�usion (N; X ) conditioned on

non-extinction, we need to change variables in order to obtain a 2-dimensional Kol-

mogorov di�usion (i.e. a di�usion pro cess with a di�usion co e�cient equal to 1 and
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a gradient-typ e drift co e�cient) whose quasi-stationary b ehavior can b e most easily

derived. Such ideas have b een develop ed in Cattiaux et al. ( 2009 ) and Cattiaux &

Méléard ( 2010 ). Let us de�ne, as long as N t > 0:

S1
t =

s
2N t



cos

�
arccos(2X t � 1)

p
2

�

S2
t =

s
2N t



sin

�
arccos(2X t � 1)

p
2

�
:

(3.23)

If N t = 0 , we obviously set St = ( S1
t ; S2

t ) = (0 ; 0). To b egin with, simple calculations

give the following Prop osition, illustrated in Figure 3.1 .

Prop osition 3.4.2. For al l t � 0, S2
t � 0 and S2

t � uS1
t with u = tan

�
�p
2

�
< 0.

Proof. For all t � 0, 2X t � 1 2 [� 1; 1], therefore

arccos(2X t � 1)p
2

2 [0; �=
p

2] and

sin
�

arccos(2X t � 1)p
2

�
> 0. Then S2

t � 0 for all t � 0. Now if

arccos(2X t � 1)p
2

2 [0; �= 2],

then S1
t � 0 and S2

t � 0, so S2
t � uS1

t . Finally, if

arccos(2X t � 1)p
2

2]�= 2; �=
p

2], then

S1
t < 0, S2

t � 0, and

S2
t

S1
t

= tan
�

arccos(2X t � 1)p
2

�
2 ] � 1 ; u]. Then S2

t � uS1
t .

Remark 3.4.3. Let us de�ne for al l (s1; s2) 2 R2
, the sets A = f s2 = 0 ; s1 > 0g,

a = f s2 = us1; s2 > 0g and 0 = f s1 = s2 = 0g. The sets f St 2 A g, f St 2 ag, and

f St 2 0g are respectively equal to the sets f X t = 1g (�xation of al lele A ), f X t = 0g
(�xation of al lele a) and f N t = 0g (extinction of the population).

We denote by D = R � R + \ f (S1; S2) : S2 � uS1g the set of values taken by

St for t � 0, @D = A [ a [ 0 its b oundary in R2
, and TD the hitting time of D for

any D � D . 0 , A [ 0 and a [ 0 are therefore absorbing sets and from Prop osition

3.4.1 , starting from any p oint s 2 D , S reaches any of these sets almost surely in

�nite time.

Finally,

Prop osition 3.4.4. The transformation

 :R�
+ � [0; 1]! D n 0

(n; x ) 7! (s1; s2) =
� r

2n



cos
�

arccos(2x � 1)
p

2

�
;

r
2n



sin
�

arccos(2x � 1)
p

2

��

introduced in Equation ( 3.23 ) is a bijection.
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S1

S2

a0 A 0

M

a
=

f s
2 =

us
1 g

A = f s2 = 0g0 = f s1 = s2 = 0g
b

´

arccos(2X � 1)p
2

(s1; s2) =  (n; x )

q

N
2

Figure 3.1: Set D of the values taken by St , for t � 0.

Proof. For any (s1; s2) 2 D n 0 , we easily get the following inverse transformation:

x =

8
><

>:

1+cos
� p

2 arctan
�

s2
s1

��

2 if s1 � 0,

1+cos
� p

2 arctan
�

s2
s1

+ �
��

2 if s1 � 0,

and n = ((s1)2+( s2 )2)

2 ;

for which we obviously have n 2 R�
+ and x 2 [0; 1].

Now from Itô's formula, S satis�es the following di�usion equation:

dS1
t = dW1

t � q1(St )dt

dS2
t = dW2

t � q2(St )dt;
(3.24)

where, in the neutral case (Equation ( 3.5 ) ), q(s) = ( q1(s); q2(s)) is de�ned for all

s = ( s1; s2) 2 D such that s1 � 0 by

q(s) =

0

B
B
B
B
B
B
B
B
B
@

� s2
(s1 )2+( s2)2

1
p

2 tan
� p

2 arctan
�

s2
s1

��

� s1

h�
� � � � �


2 ((s1)2 + ( s2)2)
� 1

2 � 1
(s1 )2+( s2)2

i

s1
(s1 )2+( s2)2

1
p

2 tan
� p

2 arctan
�

s2
s1

��

� s2

h�
� � � � �


2 ((s1)2 + ( s2)2)
� 1

2 � 1
(s1 )2+( s2)2

i

1

C
C
C
C
C
C
C
C
C
A

(3.25)

and when s1 � 0 by
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q(s) =

0

B
B
B
B
B
B
B
B
B
@

� s2
(s1)2+( s2 )2

1
p

2 tan
� p

2
�

arctan
�

s2
s1

�
+ �

��

� s1

h�
� � � � �


2 ((s1)2 + ( s2)2)
� 1

2 � 1
(s1)2+( s2 )2

i

s1
(s1 )2+( s2)2

1
p

2 tan
� p

2
�

arctan
�

s2
s1

�
+ �

��

� s2

h�
� � � � �


2 ((s1)2 + ( s2)2)
� 1

2 � 1
(s1)2+( s2 )2

i

1

C
C
C
C
C
C
C
C
C
A

:

The formula for q in the general case and if s1 � 0 is given in App endix A.2 .

We now give conditions on the demographic parameters so that S satis�es dSt =
dWt � r Q(St )dt , i.e. q = ( q1; q2) = r Q for a real-valued function Q of two variables.

This requires at least that

@q2
@s1

(s) = @q1
@s2

(s) for all s 2 D . We state the following

Prop osition 3.4.5. (i ) @q2(s)
@s1

= @q2(s)
@s2

for al l s = ( s1; s2) 2 D if and only � is

symmetric, i.e. � 12 = � 21 , � 31 = � 13 , � 23 = � 32 .

(ii ) In this case we have

dSt = dWt � r Q(St )dt; (3.26)

with, in the neutral case and for al l s = ( s1; s2) 2 D ,

Q(s) =

8
>>>>>>><

>>>>>>>:

ln(( s1 )2+( s2)2 )
2 + 1

2 ln
�

sin
� p

2 arctan
�

s2
s1

���

� (� � � � �

4 ((s1)2 + ( s2)2)) (s1 )2+( s2 )2

4 if s1 � 0

ln(( s1 )2+( s2)2 )
2 + 1

2 ln
�

sin
� p

2
�

arctan
�

s2
s1

�
+ �

���

� (� � � � �

4 ((s1)2 + ( s2)2)) (s1 )2+( s2 )2 )

4 if s1 � 0:
(3.27)

This function Q in the non-neutral case is given in Appendix A.1 .

Proof. For (i ) , we can decomp ose the functions q1 and q2 as:

q1(s) =


2n

s1 +



p
2n

s2
2x � 1

4
p

x(1 � x)

�
s1

2
[x2U + 2x(1 � x)V + (1 � x)2W ]

�
s2p

2

p
x(1 � x)[x(U � V ) + (1 � x)(V � W )]

(3.28)

and

q2(s) =


2n

s2 �



p
2n

s1
2x � 1

4
p

x(1 � x)

�
s2

2
[x2U + 2x(1 � x)V + (1 � x)2W ]

+
s1p

2

p
x(1 � x)[x(U � V ) + (1 � x)(V � W )]

(3.29)
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where

x =

8
<

:

1+cos
� p

2 arctan
�

s2
s1

��

2 if s1 � 0,

1+cos(
p

2 arctan ( s2
s1 + � ))

2 if s1 � 0,

n = ((s1 )2+( s2)2) 

2 ;

U = � 1 � � 1 � n
�
� 11x2 + � 212x(1 � x) + � 31(1 � x)2�

V = � 2 � � 2 � n
�
� 12x2 + � 222x(1 � x) + � 32(1 � x)2�

; and

W = � 3 � � 3 � n
�
� 13x2 + � 232x(1 � x) + � 33(1 � x)2�

:

(3.30)

From Equation ( 3.30 ) , we easily obtain that:

@n(s1; s2)
@s1

=
s1

s2

@n(s1; s2)
@s2

and

@x(s1; s2)
@s1

= �
s2

s1

@x(s1; s2)
@s2

:

Finally, after some calculations and using that

@n
@s1

= 
s 1 and

@x
@s1

�
�

(s1)2 + ( s2)2

s2

�
=

p
2x(1 � x);

we obtain that

@q1 (s)
@s2

= @q2(s)
@s1

if and only if for all x 2 [0; 1],

x2[� 21� � 31� � 12+ � 13 + � 32 � � 23] + x[� 31� � 13+ 2 � 23� 2� 32] + [ � 32� � 23] = 0

which happ ens if and only if � is symmetric. For (ii ) , the result comes from straight-

forward calculations that are given in the general case in App endix A.1 .

Assuming now that � is symmetric, we can establish some su�cient conditions on

the parameters � ij so that the function g intro duced in Prop osition 3.3.1 is p ositive,

i.e. Hyp othesis ( H1 ) is satis�ed.

Prop osition 3.4.6. Let us now assume that � ij = � j i for al l i; j 2 f 1; 2; 3g. If

� ii > 0 for al l i 2 f 1; 2; 3g and one of the fol lowing conditions is satis�ed:

(i ) � ij > 0 for al l i; j .

(ii ) There exists i 2 f 1; 2; 3g such that � ik > 0 for al l k , and � 2
jl < � j j � ll if i , j and

l are al l distinct.

(iii ) There exists i 2 f 1; 2; 3g such that � ii � j l > � ij � il , � 2
ij < � ii � j j , and � 2

il <
� ii � ll where i , j and l are al l distinct.

(iv ) There exists i 2 f 1; 2; 3g such that � 2
ij < � ii � j j , � 2

il < � ii � ll , and (� ii � j l �
� ij � il )2 < (� ii � ll � � 2

il )( � ii � j j � � 2
ij ) where i , j and l are al l distinct.

then Hypothesis ( H1 ) is satis�ed.
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Proof. Since � is symmetric, we have for all z = ( z1; z2; z3) 2 (R+ )3
:

g(z) = � 11(z1)2 + 2 � 12z1z2 + � 22(z2)2 + 2 � 23z2z3 + 2 � 13z1z3 + � 33(z3)2:

Considering g as a p olynomial function of z1 , we easily obtain that g is p ositive if

(1) : the discriminant � 1(z2; z3) = (2 � 12z2 + 2 � 13z3)2 � 4� 11(� 22(z2)2 + � 33(z3)2 +
2� 23z2z3) is negative or if (2) : (2� 12z2+2 � 13z3) >

p
� 1(z2; z3) . If � 12 > 0, � 13 > 0,

and � 23 > 0 or � 2
23 < � 22� 33 (case (i ) or (ii ) ), then (2) is true for all z 2 (R+ )3

.

If � 11� 22 > � 2
12 , � 11� 33 > � 2

13 , and � 11� 23 > � 12� 13 or (� 11� 23 � � 12� 13)2 <
(� 11� 33 � � 2

13)( � 11� 22 � � 2
12) (case (iii ) or (iv ) ), then (1) is true for all z 2 (R+ )3

,

which gives the result, allowing in the end for p ermutations of indices 1, 2, and 3.

Note that these conditions mean that for Hyp othesis ( H1 ) to b e true, we need

that co op eration is not to o strong or is comp ensated in some way by comp etition.

3.4.2 Absorption of the di�usion pro cess S

In this section, we establish more precise results concerning the absorption of the

pro cess S in the absorbing sets 0 , A [ 0 , a [ 0 and A [ a [ 0 .

Theorem 3.4.7. (i ) For al l s 2 D n 0 , PS
s (TA ^ Ta < T 0) = 1 .

(ii ) Let M = f (s1; s2) 2 D : s2 = tan( �
2
p

2
g (see Figure 3.1 ). For al l s 2 M ,

PS
s (Ta < T 0) > 0 and PS

s (TA < T 0) > 0.

(iii ) For al l s 2 D n @D , PS
s (TA < T 0) > 0, and PS

s (Ta < T 0) > 0.

The following corollary gives the corresp onding results using the more intuitive

variables N and X and comes directly, using the change of variable  presented in

Prop osition 3.4.4 .

Corollary 3.4.8. (i ) For al l (n; x ) 2 R�
+ � [0; 1], PN;X

n;x (TX
0 ^ TX

1 < T N
0 ) = 1 .

(ii ) For al l n 2 R , PN;X
(n;1=2)(T

X
0 < T X

1 ) > 0 and PN;X
(n;1=2)(T

X
0 < T X

1 ) > 0.

(iii ) For al l (n; x ) 2 R�
+ � ]0; 1[, PN;X

(n;x )(T
X
0 < T X

1 ) > 0, and PN;X
(n;x )(T

X
0 > T X

1 ) > 0.

Proof of Theorem 3.4.7 . We �rst consider the neutral case. To prove (i ) , we start

with extending Girsanov approach as presented in Cattiaux & Méléard ( 2010 ) (pro of

of Prop osition 2:3), on two di�erent subsets of D . Let us indeed de�ne (see Figure

3.1 )
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D1 = f (s1; s2) 2 D ; s1 � 0g = ( R+ )2;

D2 = f (s1; s2) 2 D ; us2 � s1 � 0g;

A 0 = f (s1; s2) 2 D ; s1 = � us2; s1 < 0g; and

a0 = f (s1; s2) 2 D ; s1 = 0 ; s2 > 0g:

Note that @D1 = A [ a0 [ 0 and that @D2 = a [ A 0 [ 0 ). Let us �rst assume that S
starts in D1 . We consider the di�usion pro cess H which is solution of the following

sto chastic di�erential equation:

dH 1
t = dB1

t

dH 2
t = dB2

t �
1

2H 1
t

:

Then H 1
and H 2

are indep endent di�usion pro cesses de�ned up to their resp ective

hitting time of origin TH 1

0 and TH 2

0 . Let us de�ne for all x 2 R�
+ , Q1(x) = 0 and

Q2(x) = ln( x)
2 . Then from Girsanov Theorem extension, for i 2 f 1; 2g, for all t > 0,

for all b ounded Borel function f on C([0; t]; R+ ) and for all x 2 R�
+ ,

EH i

x

�
f (w)1t<T 0 (w)

�
= EW

x

�
f (w)1t<T 0 (w)e

G i (t )
�

; (3.31)

where W is a 1� dimensional brownian motion and

Gi (t) = Qi (x) � Qi (wt ) �
1
2

Z t

0

�
(Q0

i (wu))2 � Q00
i (wu)

�
du:

Therefore the law of the couple of stopping times (TH 1

0 ; TH 2

0 ) is equivalent to the

Leb esgue measure on ]0; 1 [
 ]0; 1 [ and P(TH 1

0 = TH 2

0 ) = 0 . We now consider the

di�usion pro cesses S and H starting from s 2 D 1 and stopp ed when they reach

@D1 = A [ a0 [ 0 and de�ne for all (x1; x2) 2 (R+ )2
,

~Q(x1; x2) = Q2(x2) � Q(x1; x2)
(where Q is given in the neutral case in Equation ( 3.27 ) and in the general case in

Equation ( 3.38 ) ). Then from the extended Girsanov theory again, we have for all

b ounded Borel function f on C([0; t]; (R+ )2) and for all s 2 D 1 n 0 ,

ES
s

�
f (w)1t<T @D 1 (w)

�
= EH

s

�
f (w)1t<T @D 1 (w)e

R t

�

where Rt = Q2(s) � Q2(wt ) � 1
2

Rt
0

�
jr Q2(wu)j2 � � Q2(wu)

�
du: Now remark that

Rt^ TA ^ Ta0
) is well de�ned if t < T 0 , which gives for all s 2 D 1 :

ES
s [f (w)1t<T 0 (w) ] = EH

s

�
f (w)1t<T 0 (w) exp(Rt^ TA ^ Ta0

)
�

: (3.32)

Therefore, the law of (TA ; Ta0 ) is equivalent to the Leb esgue measure on R2
+ , so for

any s 2 D 1 ,
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PS
s (TA ^ Ta0 < T 0) = 1 : (3.33)

Now, in the neutral case, the prop ortion 1 � X of allele a is a b ounded martingale,

from Corollary 3.3.4 , which gives that starting from any s 2 A 0 � D 1 ,

ES
s

�
1 � X TA ^ Ta0

�
= PS

s (TA > T a0 ) �
1 � cos( �p

2
)

2
= ES

s (1 � X 0) =
1 + cos( �p

2
)

2
:

Finally, the same work can b e done on D2 by symmetry, which gives that for all

s 2 D 2 ,

PS
s (Ta ^ TA 0 < T 0) = 1 ; (3.34)

and for all s 2 a0 � D 2 ,

PS
s (Ta > T A 0 ) =

1 + cos( �p
2
)

1 � cos( �p
2
)
:

Then the numb er of back and forths of S b etween A 0 and a0 follows a geometrical

law with parameter

1+cos( �p
2

)

1� cos( �p
2

) and is therefore almost surely �nite. What is more,

from Equations ( 3.33 ) and ( 3.34 ) , each time the di�usion S reaches A 0 (resp. a0 ),

it go es to a0 or A (resp. A 0 or a ) b efore 0 almost surely, which gives the result for

the neutral case. Now note from Equation ( 3.23 ) that St 2 M if and only X t = 1=2.

Therefore (ii ) is obvious in the neutral case since by symmetry, for all s 2 M ,

PS
s (Ta < T A ) = 1 =2 which gives that PS

s (Ta < T 0) = PS
s (TA < T 0) = 1 =2 > 0 from

(i ) . Finally for (iii ) , using Girsanov theory as in the pro of of (i ) , for all s 2 D n @D ,

PS
s (TM < T 0) = PS

s (TM < 1 ) > 0. Now by Markov's Prop erty, for all s 2 D n @D ,

we get

PS
s (Ta < T 0) � PS

s (Ta < T 0 ; TM < 1 ) =
PS

s (TM < 1 )
2

from (i ):

Similarly, for all s 2 D n @D , PS
s (TA < T 0) > 0.

In the non-neutral case, by Girsanov theory again, the law of the pro cess (S1; S2)
starting from (s1; s2) 2 D is equivalent on C([0; t]; D) to the law of a pro cess ( ~S1; ~S2)
starting from (s1; s2) and that is neutral, which gives all the results.

3.4.3 Quasi-stationary b ehavior of S

In Cattiaux & Méléard ( 2010 ), the study of quasi-stationary distributions has

b een developp ed for di�usion pro cesses of the form ( 3.26 ) . In particular, existence

and uniqueness is given under some conditions on the di�usion co e�cient Q . Let us

prove that these conditions are satis�ed in our case.
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Prop osition 3.4.9. (i ) There exists a constant C such that for al l s = ( s1; s2) 2 D ,

jr Q(s)j2 � � Q(s) � C:

(ii ) inf fjr Q(s)j2 � � Q(s); jsj � R; s 2 Dg ! + 1 when R ! 1 .

Proof. Let us de�ne F (s) = jr Q(s)j2 � � Q(s) for all s 2 D . In the neutral case, we

�nd:

F (s) =
1

2((s1)2 + ( s2)2) tan 2
� p

2 arctan s2
s1

�

+ (( s1)2 + ( s2)2)
�

(� � � � �

2 ((s1)2 + ( s2)2)2

4
+

1
((s1)2 + ( s2)2)2

�

� ((s1)2 + ( s2)2)
�

2

+
1

(s1)2 + ( s2)2

1 + tan 2
� p

2 arctan s2
s1

�

tan2
� p

2 arctan s2
s1

�

� C clearly :

We also have

F (s) � ((s1)2 + ( s2)2)
�

(� � � � �

2 ((s1)2 + ( s2)2)2

4
+

1
(s1)2 + ( s2)2 �

�

2

�

which gives (ii ) . The pro of of the two p oints in the non-neutral case is given in

App endix A.3 .

As in Cattiaux & Méléard ( 2010 ), the quasi-stationary b ehavior of S is �rst

studied resp ectively to the absorbing set @D and then for the absorbing set 0 that

corresp onds to the extinction of the p opulation.

Theorem 3.4.10. (i ) There exists a unique distribution � on D n @D such that for

al l E � D n @D and al l t � 0,

PS
� (St 2 EjT@D > t ) = � (E):

What is more, this distribution is a Yaglom limit for S , i.e. for al l s 2 D n @D ,

lim
t !1

PS
s (St 2 EjT@D > t ) = � (E):

(ii ) There exists a unique probability measure � 0 on Dn0 such that for al l s 2 Dn @D
and for al l E � D n 0 ,

lim
t !1

PS
s (St 2 EjT0 > t ) = � 0(E ): (3.35)
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Proof. The set of assumptions (H ) of Cattiaux & Méléard ( 2010 ) (p. 816� 818) is

satis�ed from Prop ositions 3.4.1 and 3.4.9 , which gives (i ) from Prop osition B:12 of

Cattiaux & Méléard ( 2010 ). (ii ) is obtained as in Cattiaux & Méléard ( 2010 ) by

using Theorem 3.4.7 and decomp osing:

Ps(St 2 EjT0 > t ) =
Ps(St 2 E)
Ps(T@D > t )

Ps(T@D > t )
Ps(T0 > t )

: (3.36)

Note that the quasi-stationary b ehavior of the di�usion pro cess ((N t ; X t ); t � 0)
conditioned on non extinction is obtained easily since

PN;X
(n;x )((N t ; X t ) 2 F jN t > 0) = PS

s (St 2 EjT0 > t )

and

PN;X
(n;x )((N t ; X t ) 2 F jN t > 0; 0 < X t < 1) = PS

s (St 2 EjT@D > t );

if s =  (n; x) and E =  (F ) where  is de�ned in Prop osition 3.4.4 . The results of

the previous theorem are expressed in the following corollary using the variables N
and X instead of S :

Corollary 3.4.11. (i ) There exists a unique distribution � N;X
on R�

+ � ]0; 1[ such

that for al l F � R�
+ � ]0; 1[ and al l t � 0,

P(N;X )
� N;X ((N t ; X t ) 2 F jTN

0 ^ TX
0 ^ TX

1 > t ) = � N;X (F ):

What is more, this distribution is a Yaglom limit for the di�usion process

(N; X ) , i.e. for al l (n; x ) 2 R�
+ � ]0; 1[,

lim
t !1

PN;X
(n;x )((N t ; X t ) 2 F jTN

0 ^ TX
0 ^ TX

1 > t ) = � N;X (F ):

(ii ) There exists a unique probability measure � N;X
0 on R�

+ � [0; 1] such that for al l

(n; x ) 2 R�
+ � ]0; 1[ and for al l F � R�

+ � [0; 1],

lim
t !1

PN;X
n;x ((N t ; X t ) 2 F jTN

0 > t ) = � N;X
0 (F ):

Let us remind that we are interested in studying the p ossibility of a long-time co-

existence of the two alleles A and a in the p opulation conditioned on non-extinction.

This means that we would like to approximate the quasi-stationary distribution � X

such that

� X (:) := lim
t !1

PN;X
(n;x )(X t 2 :jN t > 0) (3.37)
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and we are interested in knowing whether � X (]0; 1[) = 0 or not. Indeed, if � X (]0; 1[) 6=
0 we can observe a long-time co existence of the two alleles in the p opulation condi-

tioned on non-extinction whereas if � X (]0; 1[) = 0 , no such co existence is p ossible.

Note that � X (]0; 1[) = � 0(D n @D) . For a haploid p opulation with clonal repro duc-

tion, Cattiaux & Méléard ( 2010 ) proved that in a pure comp etition case, i.e. when

every individual comp etes with every other one, no co existence of alleles is p ossible.

However, in our diploid p opulation, this result should not b e true anymore. Indeed,

from Equation ( 3.36 ) ,

Ps(St 2 D n @D) =
Ps(T@D > t )
Ps(T0 > t )

;

therefore the p ossibility of co existence of the two alleles relies on the fact that the time

sp ent by the p opulation in Dn@D is not negligible compared to the time sp ent in Dn0 .

In a diploid p opulation, if the heterozygotes are favored compared to homozygous

individuals (this situation is called overdominance), they can make the co existence

p erio d last longer than the remaining lifetime of the p opulation once one of the alleles

has disapp eared. Similarly, as in Cattiaux & Méléard ( 2010 ), co op eration can favor

the long-time co existence of alleles in the p opulation conditioned on non-extinction.

These biological and mathematical intuitions are now sustained by numerical results.

3.5 Numerical results

Numerical simulations of � X are obtained following the Fleming-Viot algorithm

intro duced by Burdzy et al. ( 1996 ) and which has b een extensively studied by Ville-

monais ( 2011 ) and Villemonais ( 2013 ). This approach consists in approximating the

conditioned distribution PN;X
(n;x )((N t ; X t ) 2 :jT0 > t ) by the empirical distribution

of an interacting particle system. More precisely, we consider a large numb er k of

particles, that all start from a given (n; x ) 2 R�
+ � ]0; 1[ and evolve indep endently

from (n; x ) and from each other according to the law of the di�usion pro cess (N; X )
de�ned by the di�usion equation ( 3.14 ) , until one of them hits N = 0 . At that time,

the absorb ed particle jumps to the p osition of one of the remaining k � 1 particles,

chosen uniformly at random among them. Then the particles evolve indep endently

according to the law of the di�usion pro cess (N; X ) until one of them reaches N = 0 ,

and so on. Theorem 1 of Villemonais ( 2013 ) gives the convergence when k go es to in-

�nity of the empirical distribution of the k particles at time t toward the conditioned

distribution PN;X
(n;x )((N t ; X t ) 2 :jT0 > t ) . Here we present three biologically relevant

examples. For each case, we set k = 2000 and plot the empirical distribution at

a large enough time T of the 2000 prop ortions of allele A given by the resp ective
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p ositions of the 2000 particles, starting from (n; x ) = (10 ; 1=2). First, we consider a

neutral comp etitive case, in which each individual is in comp etition with every other

one, indep endently from their genotyp es. Here, the quasi-stationary distribution � X

of the prop ortion X is a sum of two Dirac functions in 0 and 1 (Figure 3.2 ), i.e.

alleles A and a do not co exist in a long time limit.

Figure 3.2: Approximation of the quasi-stationary distribution � X of the prop ortion

X of allele A (Equation ( 3.37 ) ), in a neutral comp etitive case. In this �gure, � i = 1 ,

� i = 0 , and � ij = 0 :1 for all i , j , and T = 40 .

Second (Figure 3.3 ), we show an overdominance case: every individual comp etes

equally with every other ones but heterozygous individuals are favored compared to

homozygotes, as their repro duction rate is higher. In this case, the quasi-stationary

distribution � X charges only p oints of ]0; 1[, i.e. alleles A and a seem to co exist with

probability 1. This b ehavior is sp eci�c to the Mendelian repro duction: in Cattiaux

& Méléard ( 2010 ), the authors proved that no co existence of alleles is p ossible in

a haploid p opulation with clonal repro duction, if every individual is in comp etition

with every other one.

Third (Figure 3.4 ), we show a case in which individuals only comp ete with indi-

viduals with same genotyp e; this can happ en if di�erent genotyp es feed di�erently

and have di�erent predators. In this case, we can observe either a co existence of the

two alleles A and a or an elimination of one of the alleles, since the distribution � X

charges b oth f 0g [ f 1g and ]0; 1[.

Note that in App endix B.2 , we provide a Scilab co de to plot histograms of two-

dimensional variables, and we give an approximation of the quasi-stationary distri-

bution of the 2-dimensional di�usion pro cess (N t ; X t )t � 0 :

lim
t ! + 1

PN;X
(n;x )((N t ; X t ) 2 :jT0 > t );

in each of the biological cases studied previously.
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Figure 3.3: Approximation of the quasi-stationary distribution � X of the prop ortion

X of allele A (Equation ( 3.37 ) ), in an overdominance case. In this �gure, � i = 1 for

all i 6= 2 , � 2 = 5 , � i = 0 for all i , � ij = 0 :1 for all (i; j ) , and T = 100 .

Persp ectives

Dans ce chapitre, nous montrons des résultats de simulations numériques p our

di�érents cas biologiques intéressants (voir par exemple Figure 3.3 ). Dans un cas

aucune co existence en temps long des deux allèles n'est p ossible dans la p opulation

conditionnée à ne pas être éteinte, dans le deuxième cette co existence a lieu avec

probabilité 1, tandis que dans le troisième elle a lieu avec probabilité p 2]0; 1[ (voir

resp ectivement les Figures 3.2 , 3.3 et 3.4 ). Il serait intéressant de donner des con-

ditions sur les paramètres démographiques de la p opulation qui p ermettent de dire

dans quel cas la p opulation se trouve. Ce problème revient à comparer le temps passé

par une di�usion dans deux espaces donnés, en fonction des paramètres qui régissent

son équation. Pour une p opulation haploïde, le problème n'a pas non plus été ré-

solu. Dans ce dernier cas la question est plus simple car il y a moins de paramètres

démographiques. On p ourrait donc commencer par résoudre cette question p our une

p opulation haploïde.

A Calculations in the general case

A.1 Form of the function Q

If � is symmetric, we use Equations ( 3.28 ) , ( 3.29 ) and ( 3.30 ) and search a func-

tion Q such that

@Q(s)
@s1

= q1(S) and

@Q(s)
@s2

= q2(S) . After calculating the partial
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Figure 3.4: Approximation of the quasi-stationary distribution � X of the prop ortion

X of allele A (Equation ( 3.37 ) ), in a case where individuals with di�erent genotyp es

do not comp ete or co op erate with each other. In this �gure, � i = 1 , � i = 0 , � ii = 0 :1
for all i , � ij = 0 for all i 6= j , and T = 2500.

derivatives of functions of the form:

(s1; s2) 7!

8
<

:

((s1)2 + ( s2)2)k cosl
� p

2 arctan
�

s2
s1

��
if s1 � 0

((s1)2 + ( s2)2)k cosl
� p

2 arctan
�

s2
s1

+ �
��

if s1 � 0

for k 2 f 1; 2g and l 2 f 1; 2; 3; 4g, we �nd that
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Q(s) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ln(( s1 )2+( s2)2 )
2 + 1

2 ln
�

sin
� p

2 arctan
�

s2
s1

���

� (s1)2+( s2 )2

4

h
� 1 � � 1+2( � 2 � � 2)+ � 3 � � 3

4

� (s1)2+( s2 )2

4 
 � 11 +4 � 12 +2 � 13 +4 � 23 +4 � 22 + � 33
16

i

� ((s1)2 + ( s2)2)
h
h(s) � 1 � � 1 � (� 3 � � 3 )

8 + h(s)2 � 1 � � 1 � 2(� 2 � � 2 )+ � 3 � � 3
16

i

+ (( s1 )2+( s2)2 )2

16 
h (s)
� � 11 +2 � 12 � 2� 23 � � 33

4 + h(s) 3� 11 � 2� 13 � 4� 22 +3 � 33
8

+ h(s)2 � 11 � 2� 12 +2 � 23 � � 33
4 + h(s)3 � 11 � 4� 12 +2 � 13 � 4� 23 +4 � 22 + � 33

16

�

if s1 � 0

ln(( s1 )2+( s2)2 )
2 + 1

2 ln
�

sin
� p

2
�

arctan
�

s2
s1

�
+ �

���

� (s1)2+( s2 )2

4

h
� 1 � � 1+2( � 2 � � 2)+ � 3 � � 3

4

� (s1)2+( s2 )2

4 
 � 11 +4 � 12 +2 � 13 +4 � 23 +4 � 22 + � 33
16

i

� ((s1)2 + ( s2)2)
h
h(s) � 1 � � 1 � (� 3 � � 3 )

8 + h(s)2 � 1 � � 1 � 2(� 2 � � 2 )+ � 3 � � 3
16

i

+ (( s1 )2+( s2)2 )2

16 
h (s)
� � 11 +2 � 12 � 2� 23 � � 33

4 + h(s) 3� 11 � 2� 13 � 4� 22 +3 � 33
8

+ h(s)2 � 11 � 2� 12 +2 � 23 � � 33
4 + h(s)3 � 11 � 4� 12 +2 � 13 � 4� 23 +4 � 22 + � 33

16

�

if s1 � 0
(3.38)

where

h(s) =

8
<

:

cos
� p

2 arctan
�

s2
s1

��
when s1 � 0

cos
� p

2
�

arctan
�

s2
s1

�
+ �

��
when s1 � 0.

A.2 Form of the function q

Therefore if s1 � 0:
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q1(s) =
s1

(s1)2 + ( s2)2 �
s2

(s1)2 + ( s2)2

1
p

2 tan
� p

2 arctan
�

s2
s1

��

� s1

�
� 1 � � 1 + 2( � 2 � � 2) + � 3 � � 3

8

�
(s1)2 + ( s2)2

4



� 11 + 4 � 12 + 2 � 13 + 4 � 23 + 4 � 22 + � 33

16

�

� 2s1

�
h(s)

� 1 � � 1 � (� 3 � � 3)
8

+ h(s)2 � 1 � � 1 � 2(� 2 � � 2) + � 3 � � 3

16

�

+ s1
((s1)2 + ( s2)2)

4

h (s)

�
� 11 + 2 � 12 � 2� 23 � � 33

4

+ h(s)
3� 11 � 2� 13 � 4� 22 + 3 � 33

8

+ h(s)2 � 11 � 2� 12 + 2 � 23 � � 33

4
+ h(s)3 � 11� 4� 12 +2 � 13 � 4� 23 +4 � 22� 33

16

�

�
p

2s2 sin
� p

2 arctan
�

s2

s1

�� �
� 1 � � 1 � (� 3 � � 3)

8

+ h(s)
� 1 � � 1 � 2(� 2 � � 2) + � 3 � � 3

8

�

+
(s1)2 + ( s2)2

16



p
2s2 sin

� p
2 arctan

�
s2

s1

�� �
� 11 + 2 � 12 � 2� 23 � � 33

4

+ h(s)
3� 11 � 2� 13 � 4� 22 + 3 � 33

4

+ h(s)2 3(� 11 � 2� 12 + � 23� � 33)
4

+ h(s)3 � 11 � 4� 12 + 2 � 13 � 4� 23 + 4 � 22 + � 33

4

�
:

(3.39)

We have similar formulas for q2 and when s1 � 0.

A.3 Pro of of Prop osition 3.4.9

Now F (s) = jr Q(s)j2 � � Q(s) = ( q1(s))2 + ( q2(s))2 � @q1
@s1

(s) � @q2
@s2

(s): Besides,

note that under ( H1 ),

� 11 +4 � 12 +2 � 13 +4 � 23 +4 � 22 + � 33
16 > 0. Therefore using Equations

( 3.28 ) and ( 3.29 ) we easily obtain that there exists a p ositive constant C1 such

that (q1(s))2 + ( q2(s))2 � C1((s1)2 + ( s2)2)3
. Finally, from Equation ( 3.39 ) , we

obtain after some calculations that there exists a p ositive constant C2 such that

@q1
@s1

(s) + @q2
@s2

(s) � C2((s1)2 + ( s2)2)2
. Therefore Prop osition 3.4.9 is true if s1 � 0. If

s1 � 0, the result is true as well by symmetry.
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B Numerical simulations: convergence of a sequence of

sto chastic pro cesses and histogram of a 2 dimensional

random variable

B.1 Convergence of a sequence of sto chastic pro cesses

The following Scilab co de help ed us to anticipate the convergence results we

obtained in Chapter 3 . The co de includes b oth for the convergence toward the

deterministic function presented in Section 3.2 and the convergence toward the slow-

fast dynamics presented in Section 3.3 .

clear;

stacksize(100000000);

function C=fonctionY(n)//n is the scale parameter

//X(i,:)=[nb AA at time i, nb Aa at time i, nb aa at time i]

X(1,:)=[20 20 10];//Initial state

//Hardy-Weinberg deviation

Y(1)=(4*X(1,1)*X(1,3)-X(1,2)*X(1,2))/(4*(X(1,1)+X(1,2)+X(1,3)));

//T(i,1)= time of the i-th event.

T(1)=0;//Initial time

t=T(1);

//For the convergence toward a deterministic function:

b=10;//Individual reproduction rate

d=20;//Individual natural death rate

c=0.1/(n);//Competition death rate

i=2;//Event index

//For the convergence toward a diffusion process

//(this paragraph has to be uncommented if necessary):

//b=n+10;//Individual reproduction rate

//d=n+20;//Individual natural death rate

//c=0.1/(n);//Competition death rate

//i=2;//Event index
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while (t<0.07)

if (X(i-1,1)+X(i-1,2)+X(i-1,3)<=1/n) then

X(i,:)=X(i-1,:);

T(i)=T(i-1)+1;

t=T(i);

Y(i)=(4*X(i,1)*X(i,3)-X(i,2)*X(i,2))

/(4*(X(i,1)+X(i,2)+X(i,3)));

i=i+1;

else

//total event rate.

B=(X(i-1,1)+X(i-1,2)+X(i-1,3))*n

*(b+d+n*c*(X(i-1,1)+X(i-1,2)+X(i-1,3)));

y=grand(1,1,'exp',1/B);

U=grand(1,1,'def');

if (U<(n*b*X(i-1,1)-b*n*(4*X(i-1,1)*X(i-1,3)-

X(i-1,2)*X(i-1,2))/(4*(X(i-1,1)+X(i-1,2)+X(i-1,3))))/B)

then X(i,:)=X(i-1,:)+[1/n 0 0]; T(i)=T(i-1)+y;t=T(i);

elseif (U<(n*b*(X(i-1,1)+X(i-1,2))+b*n*(4*X(i-1,1)*X(i-1,3)-

X(i-1,2)*X(i-1,2))/(4*(X(i-1,1)+X(i-1,2)+X(i-1,3))))/B)

then X(i,:)=X(i-1,:)+[0 1/n 0]; T(i)=T(i-1)+y;t=T(i);

elseif (U<(X(i-1,1)+X(i-1,2)+X(i-1,3))*n*b/B) then

X(i,:)=X(i-1,:)+[0 0 1/n]; T(i)=T(i-1)+y;t=T(i);

elseif (U<((X(i-1,1)+X(i-1,2)+X(i-1,3))*n*b

+(d+n*c*(X(i-1,1)+X(i-1,2)+X(i-1,3)))*n*X(i-1,1))/B) then

X(i,:)=X(i-1,:)-[1/n 0 0]; T(i)=T(i-1)+y;t=T(i);

elseif (U<((X(i-1,1)+X(i-1,2)+X(i-1,3))*n*b

+(d+n*c*(X(i-1,1)+X(i-1,2)+X(i-1,3)))*n*(X(i-1,1)+X(i-1,2)))/B)

then

X(i,:)=X(i-1,:)-[0 1/n 0]; T(i)=T(i-1)+y;t=T(i);

else

X(i,:)=X(i-1,:)-[0 0 1/n]; T(i)=T(i-1)+y; t=T(i);

end

Y(i)=(4*X(i,1)*X(i,3)-X(i,2)*X(i,2))/(4*(X(i,1)+X(i,2)+X(i,3)));

i=i+1;

end

end

C=[T Y];

endfunction
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//To clear graphic windows:

clf(0);

//For the convergence toward a deterministic function:

x=linspace(0,0.07,1000);

Y1=fonctionY(1);

Y2=fonctionY(10);

Y3=fonctionY(100);

Y4=fonctionY(1000);

//For the convergence toward a diffusion process

//(the paragraph has to be uncommented if necessary):

//Y1=fonctionY(1);

//Y2=fonctionY(10);

//Y4=fonctionY(100);

//Hardy-Weinberg deviation

a = gca();

a.font_size = 5;

a.x_label.text = "Time t" ;

a.x_label.font_size = 6;

a.y_label.text = "Hardy-Weinberg deviation Y^K_t";

a.Y_label.font_size = 6;

//For the convergence toward a deterministic function:

plot2d2([Y1(:,1)],[Y1(:,2)], [2]);

plot2d2([Y2(:,1)],[Y2(:,2)], [3]);

plot2d2([Y3(:,1)],[Y3(:,2)], [4]);

plot2d2(x,4*exp(-20*x).*(1-5*exp(-10*x)./(-15+5*exp(-10*x)))/3,[1]);

plot2d2([Y4(:,1)],[Y4(:,2)], [5]);

legends(['K=1';'K=10';'K=100'; 'K=1000'; 'Y_t']

,[2,3,4,5,1],opt="ur", font_size=5)

//For the convergence toward 0

//(the paragraph has to be uncommented if necessary):
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