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Résumé : Ce travail porte sur la modélisation, I’analyse et I’analyse numérique
de la dynamique des dislocations ainsi que sur les liens trés forts qui existent avec
les mouvements de type mouvement par courbure moyenne. Les dislocations sont
des défauts linéaires qui se déplacent dans les cristaux lorsque ceux-ci sont soumis
a des contraintes extérieures. D’une maniére générale, la dynamique d’une ligne de
dislocation est décrite par une équation eikonale ou la vitesse dépend de maniére
non locale de ’ensemble de la ligne. Il est également possible d’ajouter un terme de
courbure moyenne dans la modélisation.

La premiére partie de ce mémoire est consacrée aux propriétés qualitatives de la
dynamique d’une ligne de dislocation (existence, unicité, comportement asympto-
tique...). Cette étude repose en grande partie sur la théorie des solutions de viscosité.
On propose également plusieurs schémas numeériques pour cette dynamique et on
montre leur convergence ainsi que des estimations d’erreurs entre la solution et son
approximation numeérique.

Dans une seconde partie nous faisons le lien entre la dynamique d’un nombre fini
de dislocations et la dynamique de densité de dislocations en montrant des résultats
d’homogénéisation. Nous étudions également, de maniére théorique et numérique,
un modeéle pour la dynamique de densité de dislocations.

Abstract : This work deals with the modeling, the analysis and the numerical
analysis of the dislocation dynamics and with the very strong links which exists
with mean curvature type motion. Dislocations are linear defects which move in
crystals when those are subjected to exterior stress. More precisely, the dynamics of
a dislocation line is described by an eikonal equation where the speed depends in a
nonlocal way on the whole line. In the modeling, it is also possible to add a mean
curvature term.

The first part of this work is devoted to the study of the qualitative properties of
dynamics of a dislocation line (existence, uniqueness, asymptotic behaviour...). This
study relies essentially on the theory of viscosity solutions. We also propose several
numerical scheme for this dynamics and we show their convergence as well as error
estimates.

In a second part, we establish the link between the dynamics of a finite number
of dislocations and the dynamics of dislocation density by showing homogenization
results. We also study, in a theoretical and numerical way, a model for the dynamics
of dislocation density.
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Introduction générale

Cette thése porte sur la modélisation et I’étude mathématique de la dynamique
des dislocations ansi que sur les liens trés forts qui existent avec les mouvements de
type mouvement par courbure moyenne.

1 Motivations physiques

Une dislocation est un défaut linéaire qui correspond & une discontinuité dans
I’organisation de la structure cristalline. Les dislocations, dont 1’ordre de longueur
typique dans les matériaux est 107%m et ’épaisseur 10~2m, ont été introduites par
Orowan [150], Polanyi [155] et Taylor [176] dans les années 1930 comme 1'une des
principales explications & 1’échelle microscopique des déformations plastiques ma-
croscopiques des cristaux. Ce concept fut confirmé dans les années 1950 par les
premiéres observations directes de dislocations par Hirsh, Horne, Whean [105] et
Bollman [38] grace a la microscopie électronique (voir Figure 1 pour un exemple
d’observation de dislocations). Dans la structure a face cubique centrée, les dislo-
cations se déplacent, au moins & basse température par rapport a la température
de fusion, dans des plans cristallographiques bien définis (les plans de glissement)
a des vitesses de 'ordre de 10 ms™" (les vitesses peuvent étre variables suivant les
matériaux). Nous renvoyons a Hirth, Lothe [106] pour une description plus détaillée
des dislocations.

L’étude théorique des dislocations ainsi que le développement de moyens d’in-
vestigation comme la microscopie éléctronique ont permis de mieux comprendre les
mécanismes élémentaires a ’origine de la déformation plastique des matériaux cris-
tallins. Cependant, compte tenu de la complexité et du grand nombre de phénoménes
physiques mis en jeu, la relation entre les propriétés microscopiques des dislocations
et le comportement plastique des matériaux est encore & mieux comprendre.

Depuis le début des années 1990, la recherche dans le domaine des dislocations est
en plein essor, notamment grace a la puissance des ordinateurs qui permet désormais
de simuler un grand nombre de dislocations dans un domaine 3D. Plus récemment,
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F1G. 1 — Dislocations dans un matériau Al-Mg (issu de [182])

une nouvelle approche a été introduite : modéle de champs de phase pour les dislo-
cations (voir par exemple Rodney, Le Bouar, Finel [158]). Un des avantages de cette
méthode est qu’elle permet de gérer de maniére automatique les changements de
topologie durant le déplacement. Dans ce modeéle, la ligne de dislocation se déplace
dans son plan de glissement avec une vitesse normale qui est proportionnelle a la
force de Peach-Koeller résolue s’exercant sur la ligne. Dans le cas ou il n’y a pas
de contraintes extérieures, cette force est simplement la force créée par le champ
élastique généré par la ligne de dislocation elle-méme.

Dans [10], Alvarez, Hoch, Le Bouar et Monneau ont proposé de réécrire ce mo-
déle comme une équation de Hamilton-Jacobi. Cette équation est simplement une
équation eikonale ot la vitesse normale est non-locale et dépend de I’ensemble de la
ligne de dislocation. Nous rappelons cette équation ainsi que sa modélisation de ma-
niére succinte dans la section suivante et de maniére plus détaillée dans le chapitre
1.

2 Enoncés des résultats

Les hypothéses utilisées dans les théorémes qui suivent ne sont pas optimales.
Nous renvoyons aux chapitres correspondants pour des résultats plus généraux, en
particulier en dimension N quelconque et avec des hypotheses de régularité moins
restrictives.

2.1 Dynamique d’une ligne de dislocation
2.1.1 Modélisation succinte

Dans cette sous-section, nous expliquons de maniére trés simple la modélisation
de la dynamique d’une ligne de dislocation et nous donnons les équations que nous

2



2. Enoncés des résultats

allons étudier par la suite. Nous renvoyons a la Section 2 du chapitre 1 pour une
dérivation plus détaillée des équations présentées ici.

Une idéalisation d’une ligne de dislocation consiste a considérer que 1’épaisseur
de la ligne est nulle et, dans le cas d’une seule ligne, & supposer qu’elle est contenue
et qu’elle se déplace dans le plan (z1,x2). La dislocation peut alors étre représentée
par le bord d’'un domaine €, (ou I'indice ¢ représente le temps) que 1’on note I';. Le
déplacement de la ligne I'; est alors simplement donné par la vitesse normale c.

F1G. 2 — Evolution schématique d’une ligne de dislocation I'; a la vitesse normale ¢
entre les temps ¢ et ¢t + At avec la normale unitaire nr,.

La vitesse normale ¢ dépend du champ élastique généré par la ligne de disloca-
tion (plus précisemment, elle est proportionnelle & la force de Peach-Koeller résolue
calculée & partir du champ élastique). Autrement dit, I’équation du mouvement est

donnée par
ary

dt
ou ¢ = ¢(I") est la force de Peach-Koeller résolue. Dans le cas d’une seule ligne de
dislocation, Alvarez, Hoch, Le Bouar et Monneau ont montré dans [10] que la vitesse
¢ pouvait se réécrire comme une quantité non locale dépendant de la forme compléte
de la ligne de dislocation :

c(x,t) = (cox p(+,1)) (x) + e, 1) (1)

ol ¢o(z) est un noyau donné, symétrique et dépendant du matériau et p est la
fonction caractéristique de I'ouvert Q, C R? :

= Cnr,

B 1 st ze
p(x,t) = lg, == { 0 si zeRA\Q. ?

Ici, la convolution a lieu en espace uniquement. Dans I'expression (1), le terme de
convolution ¢y * p représente la force crée par le champ élastique généré par la ligne
de dislocation alors que la fonction ¢; représente les contraintes extérieures.
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On vérifie alors facilement (au moins formellement) que I’évolution sur l'inter-
valle de temps (0,7") de la ligne de dislocation I'; est décrite par ’équation de la
dynamique des dislocations :

9]
Sl (coxp+c1)|Dp| dans R* x (0,7)

ot (3)
p(-,0) = pO(_) = 1o, sur - R?

ou Dp représente le gradient de p en espace et () est un ensemble ouvert dont la
frontiére I'y = 0S)y représente la position de la ligne de dislocation au temps initial
t=0.

Le probléme (3) est associé formellement & 1'énergie

E(p) = / —5(wrpt e (4)

Il est également possible dans la modélisation d’ajouter un terme de tension de ligne
de la forme th v(nr,). Dans ce cas, la force de Peach-Koeller résolue est alors donnée
par

c=(coxp)+c1+ Xnr,)Hys (5)

ou H,; est la courbure moyenne et A = v+~". On peut alors reformuler le probléme
par une équation “level set” sur I’ensemble de niveau {u < 0} d’une fonction réguliére
u qui vérifie alors :

ou
5 (cox [u] + A(nr,)Hy t)| Dul (6)
avec
— ] = 1 si u>0
P10 st u<0
nr, = ‘g—z‘ (7)
Hao = div (8%

2.1.2 Reésultats d’existence et d’unicité en temps court

Les équations que nous considérons ((3) et (6)-(7)) sont des équations de Hamil-
ton-Jacobi non-locales. La premiére partie de ce travail est destinée a étudier ces
équations (existence, unicité, comportement asymptotique...). Le cadre le mieux
adapté pour les résoudre est la théorie des solutions de viscosité introduite par
Crandall et Lions [63] (pour une bonne introduction & cette théorie, nous renvoyons
a Barles [18], [19], Bardi, Capuzzo-Dolcetta [17] et Crandall, Ishii, Lions [61] et pour
une introduction aux solutions de viscosité pour I’évolution de fronts, nous renvoyons

4
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a Ambrosio [13], Barles, Soner, Souganidis [27], Chen, Giga, Goto [58], Evans [80],
Evans, Spruck [83] et Souganidis [174]).

Une remarque importante est que, d’un point de vue physique, s’il n’y a pas
de contraintes extérieures (i.e ¢; = 0), on s’attend a ce que les droites ne bougent
pas. Ceci implique en particulier que ¢y est & moyenne nulle et donc que ¢y change
de signe. A cause de cela, on peut montrer qu’il n’y a pas de principe d’inclusion,
c’est & dire que si 'on considére deux ensembles inclus I'un dans ’autre au temps
initial, alors cette inclusion ne perdure pas durant 1’évolution. Or, le principe de
comparaison est un élément essentiel dans la théorie des solutions de viscosité. Ceci
explique en particulier la difficulté pour obtenir des résultats d’existence et d’unicité
en temps long.

Le premier résultat d’existence et d’unicité concernant les équations de la dy-
namique des dislocations a été obtenu par Alvarez et al. dans |9, 10]. Il s’agit d’un
résultat d’existence et d’unicité en temps court pour la solution de viscosité discon-
tinue de 'équation (3). Un résultat similaire dans le cas ol la donnée initiale est
un graphe a été obtenu par Alvarez, Carlini, Monneau et Rouy dans [8] pour la
formulation level set de (3).

Le premier résultat de ce travail est un résultat similaire pour I'équation (6)-(7) :

Théoréme 2.1. (Existence et unicité en temps court pour (6)-(7), [87,
Théoréme 3.1])
Soit ug : R? — R une fonction lipschitzienne continue sur R? telle que

|Dug| < By dans R? (8)
et 5
u
8_m(2) > by >0 dans R*. 9)

On suppose que ¢y € C°(R?) (infiniment différentiable et & support compact) et
que ¢1 = 0. Alors, il existe un temps T* > 0 tel qu’il existe une unique solution de
viscosité au probleme (6)-(7) dans R*x [0, T*). De plus, la solution est uniformément
continue en temps et vérifie également :

|Du(z,t)] < 2By sur R?*x[0,T%), (10)
au 2 *
a—%(m,t) >by/2 >0 sur R*x[0,T7). (11)

L’hypothése ¢; = 0 est utilisée seulement pour simplifier I’écriture des preuves
mais elle peut étre facilement remplacée par ¢; Lipsctictz uniformément en (x,t).
L’idée générale de la démonstration est de geler la vitesse non-locale dans 1’équation

5
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et d’utiliser un argument de type point fixe. La difficulté majeure est d’obtenir des
bonnes estimations sur le gradient en espace et sur le module de continuité en temps
de la solution du probléme local (celui ot la vitesse est gelée).

Dans le cas de la loi d’évolution (5), si on suppose que v est constant (7 = 1
pour simplifier), alors, en utilisant 1’effet régularisant de la courbure moyenne, on
peut en fait obtenir de meilleurs résultats. De maniére plus précise, si ’ensemble
initial est suffisament régulier, alors nous avons existence et unicité d’une évolution
réguliére en temps court. Avant d’énoncer ce résultat, nous avons besoin de quelques
notations et définitions.

Définition 2.2. (Evolution réguliére)
e On note P l’ensemble de tous les sous-ensembles bornés de R? ayant un périmétre

fini.

e Pour un sous-ensemble E de [0,T] x R? on pose E(t) = {z € R* (t,x) € E}.
A Dopposé, une application t € [0,T] — E(t) € P peut étre vue comme un sous-
ensemble de [0,T] x R? en identifiant E avec son graphe Uiepr{t} x E(t).

e On appelle tube un sous-ensemble E de [0, T] x R? tel que E(t) est borné pour tout
te0,7].

On appelle tube régulier un tube E dont le bord est C* dans (0,T) x R? tel que pour
tout (z,t) € OF, la normale extérieure (vy,v,) 4 E au point (t,x) satisfait v, # 0.

e Finalement, une application t € [0, T| — E.(t) est appelée une évolution réguliére
dont le bord est C*™* si E, est un tube régulier compact tel que E,.(t) a un bord C*T*
pour tout t € [0,T).

Théoréme 2.3. (Existence d’une solution réguliére, [91, Théoréme 1.6])
Soit Qo (dont le bord représente la ligne de dislocation au temps initial) un domaine
compact dont le bord est uniformément C3T. On suppose que ¢y € C>(R?) et
c1 € C®(R? x [0,00)). Alors, il existe un temps ty > 0 et une évolution réguliére
{Q,(t) Yo<i<t, dont le bord est C*T*, partant de y avec une vitesse normale

Ver = Hyy + cox 1o, () + c1(2, 1), (12)
o H,; est la courbure moyenne de 0Q,.(t) & x.

L’idée de la preuve est inspirée de Evans et Spruck [84] pour le mouvement par
courbure moyenne (voir aussi Giga [99], Lunardi [140], Maekawa [141]). Il s’agit de
supposer que 'on a une évolution réguliére et de considérer la fonction distance
signée au bord. On peut alors montrer que cette fonction vérifie une équation uni-
formément parabolique. Le but est ensuite de construire directement une solution
de cette équation et de vérifier & posteriori que la ligne de niveau zéro de la solution
trouvée définit bien une évolution réguliére avec la bonne vitesse normale.
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2.1.3 Résultats d’existence et d’unicité en temps long

Comme nous ’avons déja mentionné, les théorémes en temps long pour les équa-
tions de la dynamique d’une ligne de dislocation sont beaucoup plus difficiles a
obtenir. Jusqu’a présent, ’existence et I'unicité en temps long avec des hypothéses
générales est encore une question ouverte. Il existe cependant des résultats partiels.
Tout d’abord, sous certaines hypothéses de monotonie sur la vitesse, Alvarez, Carda-
liaguet, Monneau [6] puis Barles, Ley [25] ont montré, avec des méthodes différentes,
qu’il existait une unique solution de viscosité de (3) pour tout temps (nous renvoyons
également a Cardaliaguet, Marchi |52]). Barles, Cardaliaguet, Ley, Monneau |21] ont
également montré l’existence globale en temps d’une solution faible. Cette notion
de solution faible repose sur les solutions de visosité L! introduites par Ishii [113]
(voir aussi Nunziante [147, 148], Bourgoing [41, 42]) et sur le résultat de stabilité de
Barles [20].

Une autre hypothése qui sera souvent utilisée dans la suite est que ¢ = J >
0. Dans ce cas, pour que les droites ne bougent pas s’il n’y a pas de contrainte
extérieure, il faut choisir ¢; = —% [ J. Cela revient de maniére formelle a concentrer
la partie négative du noyau a l'origine. Pour ce type d’équation, Slepcev [169] a
montré que la formulation level set & utiliser est la suivante

1

ut(xat) = ((J* 1{u(,t)>u(x,t)})(x) - 5 /]R2 J) ]Du(x,t)\ dans R? x (O7T)>

u(+,0) = ug(-) sur RR?

(13)
Cette formulation est en fait beaucoup plus stable et permet d’obtenir un résultat
d’existence et d’unicité en temps long. Ici la ligne de dislocation est représentée par
n’importe quelle ligne de niveau de la fonction u. Avant d’énoncer notre théoréme
d’existence, nous rappelons la définition de solution de viscosité que nous utilisons
et qui n’est pas standard. Cette définition a été proposée par Slepcev [169] (voir
aussi Da Lio, Kim, Slep&ev [69]) :

Définition 2.4. (Sous/sur/solution de viscosité pour (13))

Une fonction u : R? x Rt — R semi-continue supérieurement (resp. semi-continue
inférieurement) est une sous-solution de viscosité (resp. sur-solution) de (13) si
u(0,7) < ug(x) dans R? (resp. u(0,x) > ug(x)) et pour tout (z,t) € R? x (0,00) et
pour toute fonction test ¢ € C*(R* x RT) telle que u — ¢ atteint un mazimum (resp.
un minimum) aw point (z,t), alors on a

1
uot) < (7 atagucen)@) = 5 [ 7) 10000
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<resp. gzﬁt(x,t) Z <(J* 1{u(.,t0)>u(x,t)})(x) - %/RQ J) |D¢(.T,t)|) .

Une fonction continue est une solution de viscosité de (13) si et seulement si c’est
une sous et une sur-solution de viscosité.

Théoréme 2.5. (Existence et unicité en temps long pour (13), [67, Théo-
réme 1.1])

On suppose que ug € Lip(R?) et que J € WVY(R?). Alors, il existe une unique
solution de viscosité de (13).

Dans le cas de 1’équation d’évolution (5) (sans condition de signe sur cp), il est
encore possible d’utiliser I’effet régularisant de la courbure moyenne pour construire
une solution faible en temps long. La construction de cette solution utilise les mouve-
ments minimisants introduits par Almgrem, Taylor et Wang dans |3] pour I’équation
par courbure moyenne (nous renvoyons également & Ambrosio [12| pour une présen-
tation simplifiée).

La notion de solution faible que nous utilisons est la méme que celle définie par
Barles, Cardaliaguet, Ley et Monneau [21| pour ’équation level set associée a (3).
Un concept similaire de solution apparait également dans Soravia, Souganidis [171]
pour des systemes de type Fitzhugh-Nagumo.

Une solution faible est définie de la maniére suivante :

Définition 2.6. On suppose que ¢y € C°(R?) et ¢; € C(R? x [0,T)). Soit Q :
0,T] — P(R?) une application telle que t — low appartient ¢ C°([0,T], L' (R?)).
Soit u ['unique solution de viscosité uniformément continue de

() = [dw (@gg;;g') +co(-, 1) * Lo () + ¢1(z,1)| | Du(a, 1)]
dans R? x (0,7) (14)
u(z,0) = up(z) sur R?

ol ug est une fonction uniformément continue vérifiant
ﬁ() = {UQ > O} et Qo= {UQ > O}

On dit que Q) est une solution faible de la loi d’évolution donnée par la vitesse

normale
Vm,t = Hx,t + co x 1Q(t) (fﬂ) +c (iL‘, t) (15)

si pour tout t € [0,T] et presque partout dans R?, on a

{u(-t) > 0} € Q) © {u(-t) > 0}.
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Comme nous I’avons indiqué précédemment, la construction d’une solution faible
repose sur la notion de mouvements minimisants. De maniére plus précise, nous mon-
trerons que tout mouvement minimisant est une solution faible. Nous commencons
par introduire de maniére détaillée la notion de mouvement minimisant. On fixe
T > 0 et pour h > 0 (le pas de temps), k € N tels que kh < T, E et F dans P, on
définit la fonctionnelle

F(h,k,E,F) = P(E)+%/EAF dor () dx—/E (%co*lE(x) —i—cl(x,kh)) dz, (16)

ou dc est la fonction distance a ’ensemble fermé C' et P(FE) est le périmétre de
I’ensemble E.

Etant donné un pas de temps h, le principe des mouvements minimisants est
de construire itérativement une suite 2,(k) en minimisant la fonctionnelle £ —
F(h,k, E,Qp(k)). Le but est ensuite de passer a la limite h — 0.

Nous donnons maintenant la définition rigoureuse de mouvement minimisant :

Définition 2.7. (Mouvement minimisant [3])
Soit T > 0 et Qo € P. On dit que Q2 : [0,T] — P est un mouvement minimisant
associé a la fonctionnelle F avec gy comme condition initiale s’il existe une suite
(hn), hn — 07 et des ensembles Oy, (k) € P pour tout k € N avec kh,, < T, tels
que :

1. Qp,(0) = Q,

2. Pour tout n,k € N avec (k + 1)h,, < T,
Qp, (k + 1) minimise la fonctionnelle E — F(h,, k, E,Qp,, (k)) (17)

parmi tous les ¥ € P,
3. Pour tout t € [0,T], Qu,([t/h,]) — Qt) dans L*(RY) quand n — +oo, c’est
a dire que lg, (4/n,)) — lo dans L'(R?).

ot [-| est la fonction partie entiére.

Le premier résultat concernant les mouvements minimisants est un résultat
d’existence :

Théoréme 2.8. (Existence de mouvements minimisants, [91, Théoréme
1.3])

Soit Qy € P tel que L2(0) = 0. On suppose que ¢y € C°(R?) et ¢; € C(R? x
[0,7)). Alors, il existe un mouvement minimisant 0 associé a Favec 0y comme
condition initiale.
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Le résultat suivant justifie le lien entre ces mouvements minimisants et 1’équation
d’évolution donnée par (5). Il montre que tout mouvement minimisant correspond
en fait a I’évolution réguliére donnée par le Théoréme 2.3 tant que cette derniére
existe.

Théoréme 2.9. (Correspondance avec le flot régulier, [91, Théoréme 1.5])
Soit Qy un domaine compact dont le bord est C3T. On suppose que cy est symétrique,
que cg € C°(R?) et que ¢; € C®(R? x [0,T)). Soit Q, le flot régulier donné par
le Théoréme 2.3. Alors, tout mouvement minimisant associé a F avec )y comme
condition initiale vérifie QU(t) = Q,(t) pour tout t € [0,ty) et presque partout dans
R2.

La preuve de ce théoréme repose sur les sous/sur paires de solutions introduites
par Cardaliaguet et Pasquignon [53].

Nous allons maintenant expliquer pourquoi les mouvements minimisants sont
des solutions faibles. Pour toute suite (h,), tendant vers 0 et telle que Qp,, ([-/hn])
converge vers un mouvement minimisant {2, on peut considérer les sous et sur limites
des Q,, (k) quand n — oo, €, et Q. Nous serons alors capables, grace a I’équation
d’Euler correspondante & la minimisation de la fonctionnelle F, de calculer la vitesse
(au sens de viscosité) de €2, et Q* en fonction de Q. Cela permet de comparer (2, et
* avec I’ensemble de niveau 0 de la solution de viscosité v utilisée dans la Définition
2.6. Comme €2, C Q2 C Q*, on pourra alors déduire que 2 est une solution faible de
(15) :

Théoréme 2.10. (Les mouvements minimisants sont des solutions faibles,
[91, Théoréme 1.4]))
Soit Qy € P tel que L2(0) = 0. Soit Q un mouvement minimisant associé a F avec
Qo comme condition initiale. On suppose que cy est symétrique, que cy € C°(R?) et
que ¢; € C®(R? x [0,7)).

Alors Q est une solution faible de (15). En particulier, s’il n’y a pas de fattening,
i.e. si {u(-,t) = 0} est de mesure de Lebesgue nulle, alors u est une solution de
viscosité de (6)-(7) avec uy comme condition initiale.

2.1.4 Comportement a grande échelle

Nous allons maintenant présenter un résultat important concernant la dynamique
d’une ligne de dislocation. Il s’agit de montrer la convergence a grande échelle de
cette dynamique vers des mouvements de type mouvement par courbure moyenne.
Ce résultat justifie de maniére rigoureuse les calculs et les approximations faits par
les physiciens.

Comme nous voulons regarder la dynamique & grande échelle, nous avons besoin
de regarder ce qui se passe en temps long. Nous allons donc utiliser 1’équation (13)

10
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dans laquelle le noyau J est positif et ’on considére les noyaux vérifiant également

1 x
J(x) = —% — ] si >1
= o () s>

J(—z)=J(x)>0 VzeR?

(18)

oil g € C*(S') est une fonction définie sur le cercle S' de R2.

On s’intéresse a la dynamique de lignes de dislocations de taille de 1'ordre 1/¢ et
a la limite quand € — 0. Pour ce faire, on définit pour € > 0 la fonction “rescallée”

suivante : )
x
€ t — -
w(z,t) u(5’52|1n5|)

qui satisfait I’équation

ou® 1
= (7 % Loy ony) (2) — = / J2) |Duf| dans R2 x (0,7)
ot 2 e

(19)
ut(+,0) = uf sur  R?
ol J° est le noyau “rescallé¢” définit par
1 x
F(@) = 5= (2) 20
(z) e3|lne|l \e (20)

Le scaling utilisé pour u® (et donc pour J¢) est presque le scaling parabolique.
Le terme |ln¢| est un facteur bien connu en physique (nous renvoyons par exemple
a Barnett, Gavazza [31]|, Brown [45] et Hirth, Lothe [106]). D’un point de vue ma-

thématique, il vient de la mauvaise décroissance a ’infini du noyau (en ——) qui ne
que, E

vérifie pas ’hypothése classique (voir Barles, Georgelin [22], Ishii, Pires, Souganidis
[120] ou Ishii [116])
co(r)|x]* < oo VpeSh
{(z,p)=0}
Nous renvoyons a la Section 4.1 du Chapitre 4 pour une discussion détaillée sur cette
condition.

Dans la limite ¢ — 0, cette dynamique est bien approchée par le mouvement par
courbure moyenne anisotrope suivant :

ou’ 2.0 0 2
— + F(D*u’, Du’) =0 dans R*x (0,7)

ot (21)

u®(+,0) = ug sur 2

11
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avec

F(M,p) = —g (Z’i) trace (M : ([d - Ly ﬂ)) (22)

p| lpl ~ Ip|

ol p est I'image du vecteur p par une rotation d’angle 7/2. En particulier, on voit
que I’équation (21) décrit le mouvement par courbure moyenne anisotrope avec la
vitesse

g9(T)r
ol k est la courbure de la ligne de niveau de u° et 7 est le vecteur unitaire tangent
a la ligne de niveau de u°.

Le résultat principal de cette sous-section est le suivant :

Théoréme 2.11. (Convergence de la dynamique des dislocations vers le
mouvement par courbure moyenne, [67, Théoréme 1.4] et [88, Théoréme
2.1)])

On suppose que ug € Lip(R?), et J € WHH(R?). Alors la solution u® de la dynamique
des dislocations (19) converge localement uniformément sur les compacts de R? x
[0,00) wers l'unique solution u° du mouvement par courbure moyenne anisotrope
(21). De plus, il existe une constante K, dépendant seulement de supg: J, |Dg|re(s)
et |DUO|LOO(R2) telle que la différence entre u® et u° est donnée par

T \ &
sup |u® —u’] < K, (—) + sup ug — uol
R2x(0,T) |Ine] R2

pour T' < 1.

Remarque 2.12. Des résultats similaires (sans estimation d’erreur) ont été prouvés
pour des noyaur généraux en relation avec l’algorithme de Merriman, Bence, Oscher
pour la courbure moyenne [148]. Nous renvoyons par exemple & Barles, Georgelin
[22], Evans [79], Ishii [116] et Ishii, Pires, Souganidis [120] pour de tels résultats.
Néanmoins, comme nous l’avons indiqué précédemment, notre noyau ne satisfait pas
les hypothéses de ces papiers.

A partir de I’équation (22), on ne voit pas si le mouvement par courbure moyenne
anisotrope (21) est de type variationnel ou non. Le Théoréme 2.14 ci-dessous va
répondre a cette question en montrant qu’il est effectivement de type variationnel.
Pour énoncer ce résultat de maniére précise, nous avons besoin de la définition
suivante :

9(p)
AP
R*\{0}. On associe alors & g une distribution tempérée L, définie par

Définition 2.13. Soit g € C*(R*\{0}) tel que g(\p) = VA € R\{0} and p €

(L) = [ do gla) (9(2) = ¢(0) =2 Dg(0) 1, 0(@)

12
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pour p € S(R?), ot S(R?) est l’espace des fonctions tests de Schwartz et By(0) est
la boule unité centrée en zéro.
On définit également la transformée de Fourier de p € S(R?) par

e = [ do ol

On a alors le théoréme suivant :

Théoréme 2.14. (Origine variationnelle du mouvement par courbure moy-
enne anisotrope, [67, Théoréme 1.7])

Soit g € C=(R*\ {0}) tel que g(\p) = 9(p) VA € R\{0}, Vp € R*. Soit

AP
G = ——F(L,) (23)
or g
ot F(L,) est la transformée de Fourier de L,. Alors G(\p) = |\|G(p), YA € R\ {0},
Vp € R?, et
LN L oL
Qpn)
pl /ol Ipl p|

En particulier, on voit que G est convexe si et seulement si g > 0. De plus, (24)
signifie que dans I’équation (21), on a

—F(D*u°, Du°) = di VGD—UO D’
( u-, u)_ v |Du0| ’ u‘:

c’est a dire que le mouvement par courbure moyenne anisotrope dérive d’une énergie
convexe [ G (DuP).

Remarque 2.15. Physiquement, la quantité F(L,) est naturellement donnée et
la fonction g peut alors étre calculée en utilisant (23)-(24) ou 'on peut également
vérifier si g est positive ou non.

Dans le cas le plus simple d’application pour la dynamique des dislocations, le
cristal est décrit par l’élasticité isotrope. Quand le vecteur de Burgers est paralléle
a l’axe x1, on a alors

2 1,2
p3 + 1—v p1 1
Gp) =———""— avec ve(—1,=
) =" (-1.3)
ot v est le coefficient de Poisson du matériau et
(27 = 1)(61)* + (2 — 7)(62)° 1 1
0) = >0 = —,2
9(0) e >0 avee 7= €(5,2)

13
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Notre Théoréme 2.14 peut également étre généralisé & des noyaux plus généraux.
Il a été démontré que I’on pouvait approcher des mouvements par courbure moyenne
généraux en utilisant le schéma de Merriman Bence Osher [143] avec des noyaux
généraux K satisfaisant Ky(—z) = Ky(z) et pour tout p € S*

/ Ko(z)]z]* < o0 (25)
{z, (z,p)=0}

x
et avec le “scaling parabolique” Kj = — Ko <—> Nous renvoyons par exemple a

Barles Georgelin [22]|, Evans [79], Ishii [116] etglshii, Pires, Souganidis [120] (Nous
renvoyons également a la Section 4.1 du Chapitre 4 pour une preuve formelle).

De maniére plus précise, sous I’hypothése supplémentaire que |, (2, (.0)=0} Ko(x) =
1 pour tout p € S', le mouvement limite trouvé dans [120], Section 3 avec le seuil
0 =1/2, est (21)-(22), avec g remplacé par

g(0) = /(0+ )dr 2 Ko(r0) (26)

A notre connaissance, dans ce cadre général, on ne savait pas si le mouvement par
courbure moyenne limite était de type variationnel ou non. Il s’avére que cela est
juste une conséquence de notre Théoréme 2.14.

2.1.5 Analyse numérique de la dynamique d’une ligne de dislocation

Dans cette sous-section, nous allons donner quelques schémas numériques pour
la dynamique d'une ligne de dislocation. Nous commencons par le cas ou le noyau
est positif, i.e. 'équation (13).

Schéma numérique pour (13)
Etant donné une taille de discrétisation Ax, At et une grille

Q2 = Q* x {0,...,(At)Ny}

ot Q® = {(i1Aw,isAx), I = (i1,iy) € Z*} et Ny est la partie entiére de T/At, on
note (z;,, T, tn) = (z1,t,) le noeud (i1 Ax,isAx,nAt) et v} la valeur de I’approxi-
mation numérique de la solution exacte u(xy,t,) de (13).

La solution discréte v est calculée de maniere itérative en résolvant le schéma
implicite suivant
—

= ARG, (27)

v} = to(zy),

14
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oll 7y est une approximation de ug et G(v™"*1); est une approximation appropriée du
gradient de v""! pris au point z;. La vitesse non-locale est donnée par convolution
discréte

AP = A (g, tgr) Z Jr_ K Lyntis iy (Az)* — = Z Jx(Az)?  (28)
Kez? K€Z2
avec .
Jy=—— [ J(x)dx (29)
|Q[’ Qr

ou (); est le cube unité centré en z;
Qr = vy, — Ax/2, 2y + Ax/2] X [x;, — Ax /2, x;, + Ax/2]. (30)

Pour finir, on définit

vy, ta) = Y v(@nta)xo, (v) (31)

1

ol X, est la fonction indicatrice de ;.

L’approximation du gradient est obtenue en utilisant le schéma d’Osher, Sethian
[154] (On peut également utiliser celui proposé par Rouy, Tourin [159]). Elle est
monotone, consistante et dépend du signe de la vitesse non-locale. Nous renvoyons
a la Section 5.1 du Chapitre 5 pour une définition précise.

Comme la vitesse ¢® est non-locale et méme non continue, on doit donner un
sens & l’égalité dans le schéma (27). En fait, nous allons utiliser I’analogue de le
formulation Slepéev [169] en utilisant la notion de sous et sur-solution discréte et
nous utiliserons une version discréte de la méthode de Perron pour construire une
solution discréte. Pour donner une définition précise des solutions discrétes, nous
avons besoin de la notation suivante :

AW =D Tkl (An)’ — 5 Z Jr(Ax)? (32)
K€Z2 K€Z2

ot J est défini par (29). On note également G Dapproximation du gradient qui
dépend du signe de la vitesse c.

Definition 2.16. (Sous/sur/solution discréte du schéma)
On dit que v est une sous-solution discréte (resp sur-solution) du schéma (27) si
pour tout I € Z*, n €N, on a

n+1 < UI + Ate [ ]n—HG( n+1)
(resp It >t At GA[U]’}HG(U”H)[) .

Finalement, on dit que v est une solution discréte si et seulement si c’est une sous
et une sur-solution.
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Introduction générale

Une des propriétés importantes de ce schéma est qu'’il n’est pas monotone (a
cause de la vitesse non-locale, voir Proposition 5.8 du Chapitre 5). Néanmoins, la
monotonie de "approximation du gradient G suffit pour montrer que pour toutes
les solutions du schéma, nous avons une estimation d’erreur de type Crandall-Lions

[63] :

Théoréme 2.17. (Estimation d’erreur discret-continue pour (13),

[88, Théoréme 2.2])

Soit T < 1. On suppose que ug, g € WH°(R?) et que J donné par (18) satisfait
J € WHH(R?). On suppose que Ax + At < 1. Alors, il eziste une constante Ky > 0
dépendant seulement de |J|w11(w2), |[Duo| (w2 €t |[Diig|r=(r2) telle que I’estimation
d’erreur entre la solution continue u de (18) et n’importe quelle solution discréte v
du schéma auz différences finies (27) est donnée par

sup  |u—wvy| < KoV'T (Az + AHY? + sup |ug — (o) 4]

RQX{O ..... tNT} R2

1
sous I’hypothése complémentaire Ax + At < i

3
Remarque 2.18. ] est également possible d’expliciter le calcul du gradient, c’est
a dire de remplacer le terme G(v"™); par G(v™); dans le schéma (27) et ainsi de
considérer la solution v de

0 _ ~ vy - vp A 1
v} = do(zy), 4L =PI GO)r. (33)
At
Dans ce cas, comme d’habitude, on doit rajouter une condition CFL, par exemple
de la forme
A
At< =2
2| J‘Ll (RQ)
pour la discrétisation du gradient proposée par Osher et Sethian. Sous cette hypothése
supplémentaire, le Théoréme 2.17 reste vrai avec v la solution du schéma (33).

Il est également possible d’expliciter le calcul de la vitesse dans le schéma (27)
et de considérer

. ot
U? = to(x1), IA—t] = CA[U]?G(UH)I- (34)

Dans ce cas, il est possible de montrer la convergence du schéma (voir le Théo-
réme 2.19 ci-dessous) sous la condition CFL suivante

Ax

At ———. 35
- 2|J|L1(R2) ( )
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2. Enoncés des résultats

Par contre, dans ce cas, nous ne sommes pas capables de montrer une estimation
d’erreur. La différence vient du fait que lorsque I'on implicite la vitesse, cela la
“gele” et on peut alors utiliser ’erreur de consistance du schéma ou la vitesse est
donnée. Au contraire, pour le schéma explicite, nous devons controler ’estimation
de consistance de la vitesse, ce qui n’est pas possible comme nous le montrons dans
la Proposition 5.6 du Chapitre 5.

Pour énoncer le théoréme de convergence du schéma (34), on définit
/Ué<x7t) = /U(xfatn> sl x€ QI, le [tn>tn+l)

ou § = (Az, At) et v est la solution du schéma (34)-(28)-(29). Le résultat de conver-
gence est alors le suivant :

Théoréme 2.19. (Convergence du schéma explicite (34), [88, Théoréme
2.7))

On suppose que la condition CFL (35) est vérifiée. Alors, sous les hypothéses du
Théoréme 2.17, la fonction v° converge localement uniformément sur les compacts
quand § — 0 vers la solution u de (13).

Remarque 2.20. Dans le schéma (34), il est également possible d’impliciter le
calcul du gradient et ainsi d’enlever la condition CFL (35) pour obtenir le méme
résultat de convergence que le Théoréeme 2.19.

Schéma numérique pour le mouvement par courbure moyenne

Le résultat de convergence de la dynamique des dislocations vers le mouvement par
courbure moyenne suggére en fait un algorithme pour approximer la solution du
mouvement par courbure moyenne anisotrope. Pour cela, il suffit de considérer la
solution v° du schéma numérique (27)-(28)-(29) avec J° a la place de J dans la
définition de J. En combinant 'estimation d’erreur du Théoréme 2.11 et celle du
Théoréme 2.17, on pourra alors montrer une estimation d’erreur entre la solution
du mouvement par courbure moyenne (21) et son approximation numérique.

Ce genre de résultat est important d’'un point de vue analyse numérique. En
effet, il y a un grand nombre d’applications pour les mouvements par courbure
moyenne, comme la propagation de fronts, le traitement d’image, la dynamique des
fluides (nous renvoyons a Sethian [163] et Osher, Paragios [153] pour des exemples
d’applications). D’un point de vue numérique, 'analyse de ce genre d’équation est
assez difficile. Il y a cependant plusieurs travaux sur cette question. Le premier est
celui d’Osher, Sethian [154]. Leur méthode numeérique est trés utilisée en pratique
mais il n’existe pas, & notre connaissance, de preuve de convergence. Un autre al-
gorithme est celui de Merriman, Bence, Osher [143] dans lequel le mouvement par
courbure moyenne est vu comme la limite singuliére d’une équation de diffusion. La
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Introduction générale

convergence de ce schéma a été montré par Barles, Georgelin [22| et Evans [79] (voir
aussi Ishii [116], Ishii, Pires, Souganidis [120] et Chambolle, Novaga [56]). Crandall
et Lions [65] ont également proposé une classe de schéma numérique convergent
pour des équations paraboliques non-linéaires incluant le mouvement par courbure
moyenne. Un autre algorithme convergent a été proposé par Oberman [149]. Dans
ces deux derniers travaux, les auteurs utilisent deux échelles différentes. La premiére
est bien sur le pas d’espace Az. La seconde est la taille du stencil sur lequel on va
faire des calculs. Comme Crandall et Lions 1’ont indiqué dans [65], ces deux échelles
sont trés importantes pour approximer des équations dégénérées comme 1’équation
par courbure moyenne.

Dans notre schéma, nous retrouvons ces deux échelles, £ étant ici lié a la taille
du stencil sur lequel on calcule la convolution. L’estimation d’erreur pour le mouve-
ment par courbure moyenne que nous allons énoncer n’est pas optimale (il est par
exemple possible de changer le noyau, voir Section 3.3 du Chapitre 5), mais & notre
connaissance, c¢’est la premiére estimation pour un schéma complétement discrétisé.

Théoréme 2.21. (Estimation d’erreur discret-continue pour le mouvement
par courbure moyenne, [88, Théoréme 2.4|)

Soit T < 1. On note v® la solution de (27)-(28)-(29) avec J¢ a la place de J. On
suppose que ug, iy € WH(R?), g € C®(S') et que J donnée par (18) satisfait
J € WHHR?). On suppose également que Ax+ At < 1. Alors il existe une constante
K3 > 0 dépendant seulement de supge J, |Dg|r~s), [Jlwiimey, |[Duo|r=m2) et
|Dig| 1o (r2y telle que Uestimation d’erreur entre la solution continue u® du mouve-
ment par courbure moyenne anisotrope (21) et son approximation numérique v° est
donnée par

T o\ /6
sup  [u’ — | < Ky (1—> + sup [ug — (Ug) ¢
R2x{0,..,tnp } |Inel R2

ot e > K3(Azx + VAL).

Remarque 2.22. Comme pour I’équation (13), il est également possible d’explici-
ter le schéma en ajoutant une condition CFL. Dans ce cas, nous sommes toujours
capables de montrer la convergence du schéma. Par contre l’estimation d’erreur est
encore un probléme ouvert.

Remarque 2.23. 1] est possible de tronquer le noyau J a l'infini et de considérer

ey = { J sl <R

0 sinon

K
Dans ce cas, nous faisons une erreur de [’ordre de / J < — et il est possible
R2\Bg(0)
de faire le calcul de la convolution sur un stencil de taille fini, méme si Ax tend

18



2. Enoncés des résultats

vers zéro. Cela est possible si on choisit € du méme ordre que Ax. La condition
e > K(Ax + \/E) dans le Théoréme 2.21 implique alors que I’on doit imposer une
condition CFL At < KAx? (ce qui est classique pour les équations du second ordre).

A linverse, si l’on impose aucune condition CFL, on peut choisir At beaucoup
plus grand que Az?, mais on doit choisir ¢ du méme ordre que /At et donc, on doit
faire la convolution sur des stencils de plus en plus grands quand Ax tend vers zéro.

Schéma numérique pour (3)

Nous considérons maintenant I’équation (3). Un schéma numérique pour ’équation
level set associé a cette équation a été proposé par Alvarez, Carlini, Monneau et
Rouy dans [8, 7]. Une estimation d’erreur a également été montrée en temps court
(tant que la solution de viscosité continue existe). Le probléme de cette approche est
que la dislocation est représentée par la ligne de niveau zéro d’une fonction continue
u. Numériquement, pour reconstruire cette ligne, il faut donc que le gradient de u
ne s’annule pas. Le probléme est que ce gradient décroit trés vite sur la ligne de
dislocation et numériquement, il faut donc relever le gradient trés souvent. On peut
alors se demander quel sens a vraiment la solution calculée et si on résoud toujours
bien I’équation considérée.

Pour éviter ce genre de difficultés, nous allons essayer d’utiliser une méthode de
type “Fast Marching Method” (FMM, voir Sethian [161] et Tsitsiklis [179]). L’avan-
tage de ce type de méthode est qu’elle suit vraiment le front et il n’y a donc pas
de probléme pour le localiser. Par contre, la FMM classique ne marche que pour
les vitesses données c(z) qui sont strictement positives. Une version plus récente
a été proposée par Vladimirsky [180] pour les vitesses positives mais dépendantes
également du temps. La premiére étape est donc de généraliser cette méthode pour
des vitesses données c(x,t) qui peuvent s’annuler et changer de signe. La seconde
étape (qui est encore un travail en cours) sera alors d’adapter cette méthode au cas
de la dynamique d’une ligne de dislocation.

Nous commencgons par rappeler la méthode Fast Marching proposée par Sethian
en 1996 [161] dans le cas classique, c’est a dire quand la vitesse ¢ est positive et ne
dépend pas du temps. Cette méthode repose sur I’équation level set pour 1’évolution
d’un front avec une vitesse normale c(z). Le front va alors étre représenté par la
ligne de niveau zéro d’une fonction continue u solution de I’équation

ou 2
{ E(x,t):c(x)]l?u(:c,t)\ dans R* x (0,7

u(+,t) = g sur  R?

La fonction ug est choisie de telle sorte que le front initial est représenté par la ligne de
niveau zéro de uy. On peut alors chercher des solutions de la forme u(z,t) =t —T(x)
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Introduction générale

ou 1" est solution de

DT (z)| = —. 36
IDT(@)] = o (36)
On se raméne donc a un probléme stationnaire qui est en fait un probléme de temps
minimal. Dans cette fromulation, le front a I'instant ¢ est représenté par la ligne de
niveau ¢t de 7. L’équation (36) peut étre discrétisée en utilisant le schéma de Rouy,
Tourin [159]. On obtient alors le schéma suivant pour 1’équation (36)

Az’
maX(Ti,j_E—l,jaTi,j_Ti—Q—l,ja0)2+max<ﬂ,j_E,j—bTi,j_Ti,j—i-la0)2 = (c- ) (37)
i,

ou Az est le pas d’espace, T;, est I'approximation de 7" au point du maillage
(i, xj) = (iAx, jAx) et ¢;; = c(iAx, jAx).

L’idée introduite par Sethian dans [161] est trés simple. Il s’agit de résoudre le
schéma (37) seulement dans un voisinage du front. Il définit alors trois zones (voir
Figure 3) :

1. Les points acceptés qui sont ceux sur lesquels le front est déja passé et pour
lesquels on connait la valeur de 7.

2. Les points de la Narrow Band (NB) qui sont ceux qui ont un voisin accepté.
Ce sont les prochains points potentiellement atteints par le front. Ce sont les
seuls points pour lesquels on va résoudre le schéma (37).

3. Les points Far Away qui sont les autres points. Ils représentent en fait les
points qui ne peuvent pas étre atteint par le front dans 'immédiat.

Far Away

gl
|

m
0
0
m
m
0
m
m
0

Narrow Band

Accepted Points

Fi1G. 3 — Schéma de la Narrow Band
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2. Enoncés des résultats

Parmi les points de la Narrow Band, afin de résoudre (37), I'idée est de prendre
pour les valeurs de 7" uniquement des points voisins qui sont déja acceptés. L’algo-
rithme est alors trés simple :

Instialisation :
T;; =0V(i,j) tels que (iAz, jAz) € Q.
Boucle :
1. Pour tous les points (7, j) de la Narrow Band, on calcule 7} ; en résolvant (37).

2. Le(s) point(s) (i,7) de la Narrow Band ayant la valeur minimale pour T; ;
est(sont) accepté(s).

3. La Narrow Band est redéfinie comme le bord de la nouvelle région acceptée.

En utilisant cette formulation, le temps est donné directement par ’algorithme.
A I'étape n de algorithme, on définit le temps ¢,, comme la valeur minimale pour
T ; des points de la Narrow Band.

Nous allons maintenant énoncer notre résultat de convergence pour le cas de la
Fast Marching classique. Pour cela, nous supposons que le front initial est le bord
d’un domaine ouvert {2y qui est représenté par la fonction caractéristique 1o, — loe
qui vaut 1 dans {5 et —1 dans son complémentaire. On considére alors la solution
de viscosité discontinue #(z,t) de ’équation

00
—(z,t) = c(x)|DO(x,t)| dans R? x (0,7

0(-,0) = 1g, — Lag sur 2

Ici le front est représenté par le support des discontinuités de la fonction 6.

On définit alors 67, qui vaut 1 si le point (7, j) est accepté au temps ¢,, et —1 sinon
et on étend cette fonction sur R? x (0,7') en une fonction continue par morceaux de
la maniére suivante :

0°(x,t) = 07, sit € [tn,tus1) et x € [z, 2 + Ax) X [15,2; + Aw),
ou ¢ = (Ax, At).

Notre résultat de convergence s’énonce alors sur les semi-limites relaxées de la
fonction 6° :
go(x,t) = limsup 6°(y,s), 0°wx,t)= liminf 6°(y,s). (39)
e—0,y—x,s—t e—0,y—x,s—1
Théoréme 2.24. (Résultat de convergence, [55, Théoréme 2.5])
On suppose que ¢ € C*(R?) et que Qq est un ensemble de classe C* avec un bord 9

borné. Alors 0 (resp. 0°) est une sous solution (resp. une sur solution) de viscosité
de (38).
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Remarque 2.25. Ce théoréme est en fait une preuve de convergence alternative @
celle proposée par Cristiani et Falcone [66] (qui utilise le lien avec les Level Set). Ici,
nous proposons une preuve directe qui utilise la théorie des solutions de viscosité et
qui pourra s’adapter au cas ot la vitesse change de signe et dépend du temps.

Nous allons expliquer maintenant les différences que nous avons di introduire
pour généraliser cet algorithme dans le cas de vitesses générales c(x,t). Il y a en fait
deux difficultés assez différentes.

La premiére est la dépendance en temps. Comme nous l’avons indiqué pour la
FMM, le temps est donné par la valeur de 7" du dernier point accepté. A 1’étape
n de Dalgorithme, il suffit donc de résoudre le schéma (37) en remplacant ¢;; par
cZ;l = ¢(x;, z;,t,—1). Il y a par contre quelques précautions a prendre. Tout d’abord,
le minimun des 7; ; calculés a ’étape n peut étre plus petit que le temps ¢,,_; (par
exemple si la vitesse croit en temps). Dans ce cas, pour garder une suite de temps
croissante, il ne faut pas définir ¢, comme le minimum des 7; ; mais poser ¢,, := t,_.

Ensuite, le minimum des T; ; calculés peut étre trés grand (par exemple si la vi-
tesse est trés petite). Dans ce cas, si on ne fait rien, algorithme avancerait beaucoup
trop vite et ne verrait pas les changements de la vitesse au cours du temps. Pour
cette raison, nous devons introduire un pas de temps At assez petit. Si le temps
candidat calculé (c’est & dire le minimun des 7; ;) est plus grand que ¢,y + At
alors il ne faut accepter aucun point et seulement faire évoluer le temps en posant
t, = t,_1 + At.

La deuxiéme difficulté vient du fait que la vitesse peut changer de signe en espace
temps. Le front peut donc avancer dans un sens ou dans ’autre et nous avons donc
besoin de connaitre le temps de chaque coté du front. La premiére chose & faire
est de régulariser la vitesse numérique en espace en ajoutant une bande de zéro
pour séparer les régions ol elle est positive de celles ot elle est négative. On définit
également un champ 6 qui vaudra 1 dans €2 et —1 dans son complémentaire. L’idée
est alors, a chaque étape, de résoudre deux Fast Marching différentes suivant le signe
de la vitesse et ensuite de prendre le minimum des 7T; ; sur les deux zones. Dans la
zone ol la vitesse est positive, c’est en fait ’ensemble {§ = 1} qui va grossir alors
que dans la zone ou la vitesse est négative c’est la zone {# = —1} qui va grossir.

Pour éviter de rendre cette introduction trop technique, nous ne donnons pas
I’algorithme en détail et nous renvoyons a la Section 2.1 du Chapitre 6 pour plus de
précisions.

Nous allons maintenant énoncer notre résultat de convergence. Tout d’abord, la
suite {t,,n € N}, définie par algorithme est seulement croissante. On peut alors
extraire une sous-suite {¢,,,k € N} strictement croissante telle que

tnk = tnk+1 =..= tnk+1—1 < tnk+1-
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2. Enoncés des résultats

c=0
c>0 c<0

o= |
e
Narrow Band

F1G. 4 — Schéma de la Fast Marching Gérnéralisée

On définit alors la fonction 6° par
0% (x,t) = 0 " si (2,t) € [24,, 4, + AT) X [0, Tiy + AT) X [tu, ta,y [ (40)
et on considére ses semi-limites relaxées définies par (39).

Théoréme 2.26. (Résultat de convergence, [55, Théoréme 2.5])

On suppose que ¢ € C*(R? x [0,T)) et que y est un ensemble de classe C? avec
un bord 0y borné. Alors 9 (resp. 0°) est une sous-solution de viscosité (resp. sur-
solution) de (38) (avec c(x,t) a la place de c(x)). En particulier, si (38) satisfait
un principe de comparaison, alors 7 = (QO)* et (50)* = 0" est l'unique solution de
viscosité discontinue de (38).

Remarque 2.27. Quand l'unicité a lieu, c’est aux enveloppes semi-continues pres.

Le but est ensuite d’adapter cet algorithme au cas des dislocations. L’idée est
juste de remplacer la vitesse c(zy,t,) par une approximation de la vitesse de la ligne
de dislocation donnée par convolution. La difficulté majeure vient du fait que la
vitesse non-locale dépend fortement de la géométrie de I’ensemble () et donc quand
on accepte un seul point, la géométrie locale change beaucoup et influe sur la vitesse.
Il faut donc introduire un pas de temps At et fixer la vitesse pendant un temps At.
Ce travail est en cours et nous présentons seulement quelques simulations réalisées
mais sans aucun résultat théorique.

Nous présentons une simulation concernant la propagation d’une ligne au travers
d’un obstacle. La vitesse est donnée par c(z,t) = ¢ x 1y(z,t) + c'(x,t) avec

—-0.5 iz]? <0.3
M, t) = { s Jz
2 sinon.
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Le calcul de la solution discréte est faite sur le domaine numérique [—3, 3] x [—3, 3],
avec 129 noeuds sur chaque face et la vitesse est remise a jour tous les At = 0.01.
Comme nous avons rajouté une contrainte extérieure, la ligne doit commencer a se
déplacer. La partie négative de la contrainte extérieure peut étre interprétée comme
un obstacle dans le domaine. Quand la ligne rencontre I'obstacle, une partie de la
ligne va étre capturée par l'obstacle. Il y a alors un changement de topologie et une
partie de la ligne continue son déplacement en ayant passé l'obstacle.

Dans la Figure 5 nous montrons I’évolution de la ligne en rouge et 'obstacle en bleu
aux itérations 0, 40, 90, 120, 160, 200.

O j @

F1G. 5 — Evolution d’une ligne de dislocation a travers un obstacle.
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2. Enoncés des résultats

2.2 Dynamique de jonctions entre dislocations

Dans la section précédente, nous avons étudié des modéles simplifiés ou ’on était
en présence d’'une seule ligne de dislocation. La réalité est bien siir beaucoup plus
compliquée. On observe par exemple dans les cristaux des structures auto-organisées,
comme des réseaux de Frank, c’est a dire des réseaux de dislocations reliées par des
jonctions (voir Hull, Bacon [109, p188-190] pour de telles observations). Dans cette
section, nous allons considérer un cas particulier ou le réseau est contenu dans un
seul plan de glissement, ou les dislocations peuvent bouger. Nous allons étudier
une version dynamique d’un modéle de champs de phase de Koslowski et Ortiz [127]
pour les réseaux de dislocations. On va s’intéresser en particulier au déplacement des
jonctions entre dislocations, qui reste un probléme assez ouvert, autant du point de
vue de la modélisation que de I’analyse mathématique (nous renvoyons a Garroni [92]
pour le cas stationnaire). Notre but est de proposer, dans un cas simple, un modéle
pour la dynamique de jonctions de dislocations et de I’étudier mathématiquement.

La question de I’étude mathématique des jonctions a beaucoup d’autres applica-
tions en physiques et il y a beaucoup de littérature sur ce sujet. Nous mentionnons,
par exemple, le probléme de croissance de cristal (voir Taylor [177, 178] et Bron-
sard, Reitich [44]). Nous renvoyons également & Bonnet [40] pour des problémes
concernant la minimisation de la fonctionnelle de Mumford-Shah.

2.2.1 Modélisation de la dynamique de jonctions entre dislocations

Nous allons considérer un modéle de champs de phase ot la dislocation est repré-
sentée par la transition de phase d’un paramétre de phase p(z) = pi(z)e! +py(x)e? €
R? défini pour x = x1e! + x9€* dans le plan R? avec (€', €?) une base orthonormale.
Koslowski et Ortiz [127] ont proposé un modéle on I'énergie élastique des dislo-
cations, en présence d’'une contrainte appliquée extérieure constante 0¥ € R2, est
donnée par

&)= [ =50 p=0" 0+ W)

Le noyau C(z) est une matrice symétrique 2 x 2 qui prend en compte les interactions
longue distance entre les dislocations et

(Cx p); = Z Cpy % pj, pour i=1,2

=12

ou * est la convolution usuelle.

Pour chaque transition de phase entre deux états A et B, la différence B — A doit
étre, physiquement, le vecteur de Burger de la dislocation, c’est & dire un vecteur
du réseau cristallin A = Za' + Za® que nous considérons, avec une base générale
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(a',a?). Cette information est contenue dans le potentiel W : R? — R, qui va étre
minimal sur A et qui va avoir la périodicité du réseau cristallin A :

Wi(p+a)=W(p) pourtout a € A. (41)

Dans ce modéle, une jonction entre trois dislocations de vecteur de Burger b*, b%, b €
A avec b' + b? 4+ b = 0 est possible, et peut étre représentée, par exemple, par les
transitions de phases entre les états 0,b', —b® (voir Figure 6).

F1G. 6 — Une jonction entre trois dislocations comme les transitions de phases de p.

La contrainte résolue o[p] créée par toutes les dislocations est donnée, de maniére
formelle, par 'opposé du gradient de 1’énergie —E&'(p) et peut étre exprimée par la
quantité non locale suivante :

olpl =0’ +C%x p—W(p).

Le paramétre de phase p(t, z) € R? est alors supposé satisfaire ’équation suivante
pour k=1,2

(pk)t = ‘Vprl Z Z (U[p])lvjplvjpk + &TApk, dans (O, T) X TQ,
i=1,2 j=1,2 (42)

p(0,2) = '(a) sur T2,

ou

Vol = > IVl

i=1,2 j=12

Le paramétre 0 < € < 1 est une petite viscosité introduite dans le modéle pour
régulariser ’équation mais n’a pas vraiment de sens physique. L’équation (42) est
uniquement posée sur le tore T? = R?\Z? pour simplifier I’analyse. Ce genre de
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conditions périodiques a également un sens physique si on veut décrire des réseaux
de dislocations périodiques.

Finalement, nous mentionnons également que notre modéle a quelques simili-
tudes avec le modéle d’Allen, Cahn [2] dans lequel ils considérent des flots de gra-
dients associés a une fonctionnelle d’énergie libre. Cela conduit a ’étude d’équation
de diffusion scalaire de type Ginzburg-Landau de la forme

= Au— W'(u).

2.2.2 Reésultat d’existence pour la dynamique de jonctions entre dislo-
cations

Nous allons présenter un résultat d’existence pour la dynamique de jonctions
entre dislocations. Pour cela, nous avons besoin de ’hypothése suivante sur le noyau
CO . T2 R2><2

: sym
(A) On suppose qu’il existe une constante m > 0, telle que pour tout k € R?, les
coefficients de Fourier du noyau C°(k) = [, dz e *™*C%(x) satisfassent C°(k) =
M k), pour tout & = (£1,&) € R? et pour tout p = (p1,ps) € R?

(

M e C=(RM\{0}:R), M(=§) = M), M(€)=|¢M (é—|)
(43)

|£| ’p|2 S 2 2 _ 2
=D pi- M) -py = mlé] [pff avee [pff =) Ipil

1=1,2 j=1,2 1=1,2

Cette hypothése est satisfaite naturellement par le noyau physique (voir Section
2 du Chapitre 7).

On a alors le théoréme d’existence suivant :

Théoréme 2.28. (Existence d’une solution pour la dynamique de jonctions
entre dislocations, [90, Théoréme 1.1])

On suppose que C° wvérifie l’hypothese (A 2) et que W € C?(T? R,) vérifie (41).
On suppose également que p° € (H?(T?))". Alors pour toute contrainte constante

o € R? et pour tout temps T > 0, zl existe une solution p of (42) avec p €

o <[0,T); (L;‘(T?))Q)
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L’unicité de la solution n’est pas connue, ni l’existence d’une solution quand
e = 0. Nous mentionnons également que 1’équation (42) est un systéme non local
d’équations scalaires et peut étre comparée a I’équation suivante

v = |[Vol* + Av (44)

En effet, cela vient de ’hypothése (A) qui implique que la convolution avec le noyau
C° se comporte comme un opérateur du premier ordre. Beaucoup de travaux ont été
faits sur des équations similaires & 1’équation (44). Nous renvoyons par exemple aux
travaux de Boccardo, Murat, Puel [35, 36, 37| dans lesquels ils ont montré I’existence
de solutions pour des équations générales incluant I’équation (44).

L’équation (44) est également similaire a I’équation de Navier-Stokes écrite pour
le potentiel A tel que la vitesse du fluide est donnée par u = curl A (voir Leray
[136]).

2.3 Homogénéisation de la dynamique de dislocations

Dans cette section, nous allons présenter des résultats d’homogénéisation pour
la dynamique de lignes de dislocations en interactions. L’objectif est de faire le lien
entre la dynamique d’un nombre fini de dislocations et la dynamique de densité de
dislocations.

Nous allons commencer par un résultat qui peut paraitre surprenant et qui est
I’homogénéisation d’un systéme dynamique de particules (représentant les lignes de
dislocations). De maniére plus précise, on veut décrire la dynamique effective pour
le mouvement collectif de lignes de dislocations ayant toutes le méme vecteur de
Burgers et toutes contenues dans le méme plan de glissement et se déplacant dans
un milieu périodique (voir Figure 7).

On suppose également que toutes les lignes de dislocations sont paralléles. On
est donc ramené a un probléme en dimension N = 1 ou les lignes de dislocations
sont représentées par des points. Il s’agit alors d’étudier le mouvement d’'un nombre
fini NV, de particules y;(7) (représentant la position de la dislocation i au temps 7)
qui satisfont I’équation différentielle ordinaire suivante :

vi=F —Vi(y;) — Z V'(yi —y;) pouri=1,..., N, (45)
JE{L,,NeJ\ {4}
ou I est une force constante donnée, V|, est un potentiel 1—périodique et
V(z) = —In|z|

représente les interactions par paires (voir Figure 8 pour une représentation sché-
matique des interactions; pour étre plus proche de la réalité, nous devrions ajouter
un ressort entre chaque paire de dislocations).
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2. Enoncés des résultats

F1G. 7 — Les dislocations dans un plan de glissement.

Motion

Potential \
/ Didlocations

@ 00 o—@ @

F1G. 8 — Représentation schématique d’'un modéle 1D pour des dislocations reliées
par des ressorts

Ce systéme d’EDO a des similitudes avec le modéle de Frenkel-Kontorova sur-
amorti [126], sauf que dans le modéle de Frenkel-Kontorova classique, seules les
interactions aux plus proches voisins sont considérées (voir Hu, Qin, Zheng [108|
et aussi les travaux reliés de Aubry [15], Aubry, Le Daeron [16] pour les solutions
stationnaires).

Pour énoncer notre résultat d’homogénéisation, nous avons besoin de définir la
fonction de répartition constante par morceaux p de la maniére suivante :

o) = =3 + 3 Hly — u(r) (40)
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ou H est la fonction de Heaviside définie par

1 si r>0,
H(r) = { 0 si r<DO.
On définit également
B ) 7')
= = —-). 47
p(y,7) gp<€,€ (47)

Le but est de montrer un résultat d’homogénéisation, c’est a dire de montrer
que la limite u° de p° quand ¢ — 0 existe et qu’elle est I'unique solution d’une
équation homogénéisée. A la limite, on s’attend a obtenir une équation satisfaite
par la “fonction de répartition de dislocations” u° dont le gradient représente la
densité de dislocations. Plus précisement, ’équation effective a la forme suivante :

0
Ou” = H(Z,[u"(-,1)], Dug) dans R x (0, 00)
ot (48)
u®(+,0) = ug sur R

oit H est une fonction continue qui sera définie plus loin (voir (53)), uy € W3>(R)
et Z; est un opérateur de Lévy d’ordre 1 défini pour une fonction U € CZ(R) par

T[U)(x) = /| UG5 U@ - V) ) L

|22

1
+/|zzr(U(x +2) —U(x)) Wdz,

pour tout r > 0 et o ’expression est indépendante de r.

Le résultat d’homogénéisation pour le systéme de particules est alors le suivant :

Théoréme 2.29. (Homogénéisation du systéme de particules, [89, Théo-
réme 2.14|)

On suppose que Vy est 1—périodique et que V est Lipschitz. On suppose égale-
ment que y1(0) < ... < yn.(0) sont données par les discontinuités d’une fonction

ps — ¢F UO(ZL‘)
5=

avec ug € W?>(R), ug croissante sur R et E une modification de

la partie entiére définie par
I
E(a)zk—I—i sik<a<k+1 (49)

Alors p° définie par (47) converge vers la solution u° de (48).
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Dans 1'équation (48), 'opérateur intégral garde en mémoire les intéractions
longue distance alors que la non-linéarité garde en mémoire les interactions a courte
distance. Nous renvoyons & Imbert, Monneau, Rouy [112] pour une interprétation
mécanique du probléme homogénéisé.

Nous avons également les propriétés qualitatives suivantes pour I’Hamiltonien
effectif H, avec les notations

cly)=Vy(y) — F et J =V"sur R\{0}. (50)

Théoréme 2.30. (Propriétés qualitatives de H, [89, Théoréme 2.6])
Sous ’hypothése f(O,l) c =0, la fonction FO(L,p) est continue et satisfait les pro-
Priétés sutvantes :

1. Sic=0, alors H(L,p) = L|p|.

2. (Borne) Il existe une constante C' telle que :

H(L,p)

7] —L‘gC pour (L,p) € R xR.
p

3. (Signe de I’Hamiltonien)

H(L,p)L >0 pour (L,p)€RxR.

4. (Module de continuité en L) Il existe une constante C' = |p|Cy avec C
dépendant seulement de ||Ve|w telle que

N | —

— — C
0§H(L+L,,p)—H(L,p)§m pOUI‘O<L/S

5. (Antisymétrie en L) S’il ezxiste a € R tel que —c(y) = c(y + a), alors :
6. (Symétrie en p) S’il existe a € R tel que c(—y) = c(y + a), alors :

F(L7 _p) = F(L,p)

\}

. (O-plateau) Si c # 0, alors il existe ro > 0 (dépendant seulement de ||c|| et
de Jir\[-1,1)) tel que :

H(L,p) =0 pour (L,p)€ B, (0)C R
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<

HO<O

F1G. 9 — Représentation schématique de I’Hamiltonien effectif
Dans la Figure 9, nous avons représenté le profil typique de H'. Nous renvoyons
également & Ghorbel [96] et Ghorbel, Hoch, Monneau [97] pour des simulations.

L’idée qui fait marcher ces deux résultats est que I’on peut injecter notre systéme
de particules dans une équation aux dérivées partielles. De maniére plus précise, on
peut montrer que p° est solution de

o (C <§> y {u(g t)} (x)) IDuf| dans (0, +00) x R,

ot € (51)
u®(+,0) = ug sur R
ou M? est un opérateur non local d’ordre 0 défini par
M [U] () = / dz J(2)E (U(x + £2) — U(x)) (52)
R

avec F définie par (49).

[’Hamiltonien effectif est alors déterminé par I'unique constante A telle que pour
L,p € R, il existe une solution 1—périodique v du probléme dans la cellule suivant

A+ 0yv = (C(T, y) + L+ My[v(r, )](y)) lp+ Vo| dans (0, +o00) x RN (53)

M, [U)(y) = / Az J(){E Uy +2) — Uy) +p-2) —p- 2}

De plus, on a le résultat de convergence suivant (ainsi que le Théoréme 2.30) :
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Théoréme 2.31. (Convergence, [89, Théoréme 2.5])

On suppose que c est Lipschitz et 1—périodique et que uy € W (R). Alors I'unique
solution de viscosité bornée u® de (51) converge quand € — 0 localement uniformé-
ment en (t,x) vers l'unique solution de viscosité bornée u® de (48).

Ce résultat suit les travaux de Imbert, Monneau [111] et Imbert, Monneau et
Rouy [112] (nous renvoyons également & Alvarez, Bardi [4, 5|, Evans [77, 78] et Lions,
Papanicolaou et Varadhan [138| pour une bonne introduction a I’homogénéisation
des équations de Hamilton-Jacobi). La différence majeure est qu’ici on propose un
modéle qui décrit mieux la dynamique d’un nombre fini de lignes de dislocations en
interactions. La difficulté technique est d’arriver & traiter la partie entiére £ qui est
discontinue. Dans [112], les auteurs ont considéré un modéle différent ou la partie
entiére a été en quelque sorte régularisée. Ici, au contraire, on veut garder le modéle
avec la partie entiére. Pour surmonter la difficulté créée par la discontinuité, il faut
utiliser la formulation level set proposée par Slepéev [169] pour les équations non-
locales. L’avantage de cette formulation est qu’elle permet d’avoir de la stabilité
dans la définition des solutions de viscosité, ce qui est crucial pour cette théorie.

2.4 Dynamique de densités de dislocations

Aprés avoir étudié la dynamique d’une ligne de dislocation et fait le lien entre la
dynamique de plusieurs lignes et la dynamique de densités de dislocations, nous nous
intéressons maintenant & un modéle de dynamique de densités de dislocations. Nous
présentons un modéle simplifié pour lequel nous allons montrer que le probléme est
bien posé. Nous étudierons également 'aspect numérique de ce probléme.

De maniére plus précise, nous nous intéressons a des dislocations coins, en par-
ticulier le vecteur de Burgers et les dislocations sont contenus dans le méme plan.
On considére deux types de dislocations bougeant respectivement avec le vecteur de
Burgers +b. Ce modéle a été introduit par Groma et Balogh dans [103] comme un
systéme couplé, a savoir un probléme de transport dans lequel la vitesse est donnée
par les équations de I’élasticité dans le cas 2-D.

En fait, dans un cas particulier, ce modéle peut étre simplifié. En effet, si I’on
suppose que le domaine 2-D est 1—périodique en z; et x5 (ce qui revient a considérer
un domaine infini et évite les problémes dus aux conditions aux bords) et si les
densités de dislocations dépendent seulement de la variable x = 1 + x5 (o (21, x2)
sont les coordonnées d’un point de R2) alors quand b = (1,0), le systéme 2-D de [103]
peut se réduire a un systéme couplé d’équations de Hamilton-Jacobi 1-D non-locales
(on renvoit & la Section 3 du Chapitre 9 pour une modélisation physique)
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dislocation de type + <o T b» L
T2
1 T
b . .
=L = dislocation de type —
1

F1G. 10 — Section transversale des lignes de dislocations.

(

== (pe =t [ (outeit) = -t o+ L)) 1052
dans R x (0,7)

b= (=t [ etet) = -0 o+ 20)) Dy

L dans R x (0,7)

(54)

ou L(t) représente le champ de contraintes de cisaillement, p, , p_ sont les inconnues
scalaires telles que (p; — p_) représente la déformation plastique et leurs dérivées

en espace Dpy := i sont les densités de dislocations de type + et —. Ce systéme

est complété par les conditions initiales suivantes :
ps(1,0) = pl(x) = PY(x) + Loz sur R (55)

ou P? sont périodiques de période 1 et Lipschitz et Ly est une constante donnée
qui représente la densité totale de dislocations de type =+, c’est a dire qu’a I'instant
initial, on suppose que I'on a la méme densité de type + et —.

Le premier résultat concernant ce systéme est un résultat d’existence et d’uni-
cité. Un cadre naturel pour cette étude est la théorie des solutions de viscosité.
Cette théorie a été formalisée pour les systémes par Ishii, Koike [117] et Ishii [115].
Nous renvoyons également a Engler, Lenhart [76], Ishii, Koike [118], Lenhart [133],
Lenhart, Belbas [134], Lenhart, Yamada [135] et Yamada [184] pour d’autres appli-
cations.

Théoréme 2.32. (Existence et unicité pour le systéme (54)-(55), [75, Théo-
réme 1.1])
Soit T > 0 et Ly € R. On suppose que pY. € Lip(R) et que L € WH>(R"). Alors

34



2. Enoncés des résultats

le systeme (54)-(55) admet une unique solution de viscosité p = (p*,p~). De plus,
cette solution est uniformément Lipschitz en espace-temps.

La difficulté principale pour montrer ce résultat vient du fait qu’il n’y a pas de
principe de comparaison. Ceci vient de la présence du terme non-local. Pour résoudre
cette difficulté, I'idée est d’utiliser, de maniére classique, un théoréme de point fixe.
Quand le terme non-local est gelé, le systéme devient quasi-monotone au sens de
[117] et nous avons donc existence et unicité de la solution. Il suffit ensuite d’utiliser
une estimation sur la norme du gradient en espace pour obtenir le résultat pour le
systéme non-local.

Un résultat similaire a été montré par El Hajj [74] pour des solutions faibles
dans Hj,. Nous renvoyons également a Canone, El Hajj, Monneau, Ribaud [49]

pour I’étude du cas général en 2D.

On s’intéresse maintenant a I’approximation numérique de la solution du systéme
(54)-(55). Etant donné une taille de discrétisation Ax, At et une grille Q% = Q> x
{0, ..., (At)Nr} out Q* = {iAx, i € Z} et Ny est la partie entiére de T'/At, on note
vg,; la valeur de 'approximation numérique de la solution exacte pj, au point (;,,).

Nous allons maintenant introduire le schéma numérique. La difficulté principale
vient du terme non-local qui nécessite la connaissance de la solution que 1’on est en
train de calculer. Pour résoudre ce probléme, on fixe la solution vj* = (v} ;,v" ;) sur
chaque intervalle de temps [t,,t,.1) et on applique le schéma monotone suivant :

vt — o,
v = p° (), sztz = i [W)PG(vp)i, Yk € {+, -} (56)
ou
el ==k, —v" 4 a®](tn))

et le terme non-local a®[v](t,) est donné par

N;—1

a*)(t) = Y Az (vy (@i ty) — v_(25,£n)) + L(t,)

1=0

ot N, est la partie entiére de 1/Ax. Comme dans la Section 2.1.5, le terme G(v}});
est une approximation appropriée du gradient de v} pris au point z;. Cette approxi-
mation est par exemple celle donnée par Osher et Sethian [154] et dépend du signe
de la vitesse.

Finalement, on suppose que la condition CFL suivante est vérifiée

1
<
At < QMAx (57)

35



Introduction générale

ou
M =2||P) — P°|| oo w) + 2.

On a alors 'estimation d’erreur suivante

Théoréme 2.33. (Estimation d’erreur numérique discret-continue, [75,
Théoréme 1.3])

Soit T > 0. On suppose que Ax + At < 1, L € WH([0,T)) et que la condition
CFL (57) est vérifiée.

Alors, il existe une constante Ky > 0 dépendant seulement de ||P) — P°|| (),
| Ll|wrooor) et maxyeqy —y | Dpplliew) telle que Uestimation d’erreur entre la so-
lution continue p du systéme (54) et son approrimation numérique v, solution du
schéma auz différences finies (56) est donnée par

max sup |pr — ve| < Ky [ (T4 VT) (Az+ At)? + max sup |p) — 0!
ke{+,—} Q4 ke{+,—} ga

sous I’hypothése complémentaire

K, ((T +VT)(Az + At)% + max sup(pp — v,?)) <1
ke{+,-} QA

Pour montrer ce théoréme, on utilise la méme méthode que pour le cas continu,
c’est a dire que 1’on considére la solution approximée du systéme (54) comme un
point fixe d’un systéme local. Cette preuve est inspirée de la preuve de Alvarez et
al. [7] pour montrer une estimation d’erreur de type Crandall-Lions [63] entre la
solution continue et son approximation numérique.

36



Chapitre 1

Modélisation de la dynamiqe d’une
ligne de dislocation

1 Propriétés des dislocations

Nous commencons ce chapitre en rappelant les propriétés classiques des dislo-
cations. Cette présentation est largement inspirée de Xiang [183| et Hirth, Lothe
[106]. Pour plus de références sur les dislocations, nous renvoyons également & Na-
barro [146], Hull, Bacon [109], Weertman, Weertman [181], Lardner [132] et Landau,
Lifshitz [131].

Comme nous ’avons déja indiqué, les dislocations sont des défauts linéaires dans
les cristaux. Il existe deux types de dislocations droites : les dislocations coins et les
dislocations vis.

Une facon d’imaginer une dislocation coin dans une structure cubique simple est
d’insérer un demi-plan supplémentaire d’atomes dans un cristal parfait (voir Figure
1.1(b)). La dislocation coin est alors la frontiére du demi-plan supplémentaire, 1a ot
la structure cristalline est fortement déformée. La géométrie d’'une dislocation coin
est représenté dans la Figure 1.1(a), ou la distribution des atomes est uniforme dans
la direction perpendiculaire au papier.

Le second type de dislocation est la dislocation vis dont la géométrie est repré-
sentée pour un cristal cubique simple dans la Figure 1.2. Une maniére d’imaginer
une dislocation vis est de faire une coupure sur un demi-plan d’un cristal parfait
et de translater le quart d’espace supérieur dans une direction paralléle au bord
du demi-plan de coupure et le demi-espace inférieur dans la direction opposée. La
dislocation vis est alors représentée par le bord du demi-plan de coupure.
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extra half plane

—®

(a) (b)

FiGc. 1.1 — Géomeétrie d’une dislocation coin

Fia. 1.2 — Géomeétrie d’une dislocation vis

Nous allons maintenant expliquer comment le mouvement de dislocations peut
entrainer des déformations plastiques dans un cristal. Quand un cristal est soumis &
une contrainte extérieure suffisament forte, il peut subir des déformations plastiques.
Néanmoins, la contrainte critique dans un matériau réel est beaucoup moins élevée
que la contraintre théorique pour cisailler un cristal parfait. Ce sont Taylor [176],
Orowan [150] et Polanyi [155] les premiers & avoir mis en évidence que les dislocations
étaient responsables de cette faible contrainte critique. Pour mieux comprendre ce
fait, il suffit de regarder de plus prés le déplacement d’une dislocation coin dans un
cristal parfait, comme indiqué dans la Figure 1.3. Dans ce cas, la dislocation coin
est dans le plan perpendiculaire au papier et la distribution des atomes est uniforme
dans cette direction. Loin de la dislocation, la distribution des atomes est proche de
celle d’un cristal parfait alors que prés de la dislocation, la structure atomique est
fortement déformée. Le déplacement de la dislocation se fait alors de maniére trés
simple. La liaison atomique entre les points B et C' va se briser alors qu’une liaison va
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se créer entre A et C' (voir Figure 1.3(a)-(b)). La dislocation s’est alors déplacée vers
la droite d’une distance atomique. Sous ’application d’une contrainte, ce processus
va se répéter et la dislocation va continuer de se déplacer. Quand elle aura atteint
le bord du cristal, celui-ci aura subi une déformation plastique permanente (voir
Figure 1.3(c)). En fait, la contrainte de cisaillement nécessaire pour ce processus est
beaucoup plus faible que celle pour cisailler un cristal parfait.

-
- ——
- —
SN
. — 1
. 4
. — 4

(@ (b) (c)
F1G. 1.3 — Déplacement d’une dislocation coin

Il y a essentiellement deux invariants pour les dislocations. Le premier élément qui
caractérise une dislocation est le vecteur de Burgers [47]. Pour le définir, il faut choisir
I'orientation de la dislocation qui est donnée par la direction du vecteur unitaire
tangent a la dislocation. On considére alors un chemin fermé entourant la dislocation,
comme indiqué sur la Figure 1.4. Ce chemin, appelé circuit de Burgers, est orienté
dans le sens “right-hand”. Par exemple, si le vecteur tangent d’une dislocation coin
pointe en dehors du papier vers le lecteur, alors le circuit est orienté dans le sens
inverse des aiguilles d’'une montre. Dans l'autre cas, il est orienté dans le sens des
aiguilles d’une montre. Pour obtenir le vecteur de Burgers, il suffit alors de reproduire
le méme chemin dans un cristal parfait. Le point de départ (A) est alors différent
du point d’arrivée (B). Le vecteur de Burgers est alors le vecteur b = BA (voir
Figure 1.4(b)). On peut remarquer que si 'on change le signe de l'orientation de la
dislocation coin, cela change la direction du vecteur de Burgers.

Comme nous ’avons vu dans la Figure 1.4, pour une dislocation coin, le vecteur
de Burgers est perpendiculaire a la ligne de dislocation. Dans le cas des dislocations
vis, il est paralléle a la ligne de dislocation. Dans le cas général, la ligne de dislo-
cation forme un angle arbitraire avec le vecteur de Burgers et nous avons donc une
dislocation mixte. La Figure 1.5 montre une boucle de dislocation circulaire dans
un plan ainsi que son vecteur de Burgers. Aux points A et B, la dislocation est pu-
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F1G. 1.4 — Circuit de Burgers

rement coin, aux points C' et D la dislocation est purement vis et & tous les autres

points (E par exemple) elle est mixte.

D b
Fia. 1.5 — Boucle de dislocation circulaire

Le deuxiéme élément qui caractérise une dislocation est le vecteur normal a
son plan de glissement. En effet, au moins a faible température, une dislocation
se déplace dans des plans cristallins bien définis. Par exemple, dans le cas de la
dislocation coin, le plan de glissement est celui qui contient le vecteur de Burgers b
et le vecteur tangent a la dislocation. Sur la Figure 1.3, il est représenté par la ligne
en pointillé et est perpendiculaire au plan du papier.
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2. Modélisation de la dynamique d’une ligne de dislocation

2 Modélisation de la dynamique d’une ligne de dis-
location

Nous allons maintenant décrire la dynamique d’une ligne de dislocation. Cette
partie est inspirée de Alvarez et al. [10|, mais la présentation de la modélisation
est faite de maniére un peu différente. Le but de cette section est de modéliser la
dynamique d’une ligne de dislocation dans le cas ou les contraintes extérieures sont
nulles. Nous renvoyons a Alvarez et al. [10, Section 2.6 pour voir comment prendre
en compte les contraintes extérieures.

On se donne une base (e1, es, €3) de R3. Une idéalisation pour une ligne de disloca-
tion consiste a supposer que 1’épaisseur de la ligne est nulle et qu’elle est représentée
par le bord d’un domaine ouvert 2, contenu dans le plan (z1,25) (ou I'indice t re-
présente le temps) et on note I'; le bord de €2; (c’est a dire la ligne de dislocation).
De plus, au moins a faible température, les dislocations bougent dans des plans bien
définis (car c’est trés coliteux énergétiquement pour une dislocation de changer de
plan cristallin). On suppose alors, pour simplifier, que la ligne de dislocation est
contenue et se déplace dans le plan horizontal et on note n = e3 le vecteur normal
a ce plan. On définit également la matrice de cisaillement

1
60:§(b®n+n®b) (1.1)
ou b est le vecteur de Burgers de la dislocation.

La dynamique d’une ligne de dislocation la plus simple pour une courbe t — I
est de supposer que la vitesse normale a la courbe est proportionnelle & la force de
Peach-Koeller résolue c :

ar 1

— = —=c(I')n

g — penr
ou nr est la normale extérieure au domaine {2; et B est une constante, appelée “vis-
cous drag coefficient” (voir Hirth et Lothe [106, page208]). Cette constante dépend
des propriétés physiques du matériau mais, quitte a rescaler I’équation en temps, on
peut supposer que B = 1.

Nous allons maintenant définir ’énergie élastique associée a la ligne de dislo-
cation. Pour cela on considére un matériau représenté par ’espace tout entier,
soumis a ’élasticité linéaire et dont les coefficients d’élasticité sont donnés par
A = (Ayjr) € R¥33%3On suppose que ces coefficients satisfont la propriété de
symétrie suivante

Nijir = Njir = Nijie = Niij
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et I’hypothése de coercitivité suivante pour un m > 0

3 3
Z Nijrieijerr > m Z(%)Z

1,7,k,l=1 1,j=1

pour toutes les matrices constantes e = (e;;) € RZ%}, c’est a dire telles que ¢;; = ¢j;
pour 7,7 = 1,2, 3.

On note u : R? — R3 le déplacement et on définit la déformation par

L (2,0,
€ij(U) = 3 (%iuj 8%@1 :

L’énergie élastique est alors définie par

gel(eel) — lA eel eel
R3 2
ol e(u) = e + P! avec e la déformation élastique et e?! la déformation plastique
donnée par
Pl = % = %pdy(23)

ou € est défini par (1.1) et p(z) = p(x1, ) est la fonction caractéristisque de (2
qui vaut 1 dans € et 0 dans son complémentaire. Finallement, on note o;;(z) i, j =
1,2,3; = € R?, les contraintes élastiques qui sont données par

l E :
A ee 1 Afuklekl

D’aprés les équations de Euler-Lagrange, on a donc (par minimisation de ’énergie
élastique sur u) que
div(o) = 0. (1.2)

Nous allons maintenant calculer la force de Peach-Koeller résolue en calculant la
premiére variation de I’énergie. On note s 'abscisse curviligne de I" et I'(s) le point
courant sur I'. Soit np(s) le vecteur normal extérieur au domaine ouvert )y dans le
plan (e, e2). Pour une fonction donnée h(s), on définit alors la perturbation planaire
I'. de I par

I.(s) =T'(s) + eh(s)nr(s).

d
Le but est maintenant de calculer d—gé’(l})‘azo ot £(T) = &% (e?(T)). On mon-

trera alors que
d
L) em0 = /F ds h(s)e(T'(s))
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2. Modélisation de la dynamique d’une ligne de dislocation

ou la fonction c est la force de Peach-Koeller résolue. De maniére formelle, on a
de(T,) dur od
= =) —e’'—§6
de /Rga(e( de © e
d
0
= — —0,
/R3 (06 )d€ fire

:/F—(creo)h

ou I’on a utilisé le fait que div(c) = 0 pour la deuxiéme ligne. La force Peach-Koeller
est donc donnée par

c:aeoz(ab)-n

ol 0 = Ae(u) — Ae®pdy(x3) avec

{ div(Ae(u)) = div(Ae®pdo(zs))

e(u) = 3 (a%jui + a%iuj

En utilisant la transformée de Fourier et un calcul explicite de la fonction de
Green pour I’élasticité linéaire, on peut voir qu’il existe un tenseur d’ordre quatre
R tel que

o = (ARe®) x pdo(x3).

On peut donc réécrire la force ¢ de la maniére suivante :
C=Cy*xp

avec co(w1, 1) = Co(x1,T2,0) ot Cy dépend de A, R, ¢°. Nous renvoyons & Alvarez
et al. [10, Section 2.6] pour plus de détails sur le calcul du noyau Cj et sur ses
propriétés.

Remarque 2.1. Les calculs présentés ici sont faits de maniére formelle. En parti-
culier, sur le coeur de la dislocation, [’énergie élastique n’a pas de sens et est méme
infinie car la contrainte élastique se comporte en 1/r ot 1 est la distance a la dis-
location. Bien sir, cela n’a pas de sens physique mais vient du fait que la théorie
de [’élasticité linéaire n’est plus valide proche de la dislocation. Pour contourner
cette difficulté, il faut régulariser les contraintes en utilisant un tenseur de coeur
régularisant. Pour plus de détails, nous renvoyons & Alvarez et al. [10]

Dans [87], nous avons proposé de rajouter un terme de tension de ligne a ’énergie
élastique pour mieux modéliser ce qui se passe prés de la dislocation. Ce terme de
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tension ligne apparait en particulier dans les travaux de Brown [45] et Barnett,
Gavazza [31]. L’énergie est donc donnée par

1
gel(eel) :/ 5A eel eel"’_n/’Y(nF)
R3 r

ol 7 est une énergie de tension de ligne et 7 est un préfacteur. En calculant la pre-
miére variation de I’énergie, on obtient, comme précedemment, une vitesse normale
donnée par

c=coxp+ci+ ANnp,)Hyy

ou H,, est la courbure moyenne et A =y +~".
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Chapitre 2

Dynamique des dislocations avec
terme de courbure moyenne :
existence et unicité en temps court

Ce chapitre est une version rallongée de [87].
Dans ce travail, nous étudions un nouveau modéle pour la dynamique de lignes
de dislocations avec un terme de courbure moyenne. Le modéle est une équation
d’Hamilton-Jacobi non-locale. Nous montrons I’existence et 'unicité d’une solution
de viscosité en temps court pour cette équation. Nous obtenons également une es-
timation Lipschitz en espace et une estimation du module de continuité en temps
pour la solution.



Dynamique des dislocations avec terme de courbure moyenne

Dislocation dynamics with a mean
curvature term :
short time existence and uniqueness

N. Forcadel

Abstract In this paper, we study a new model for dislocation dyna-
mics with a mean curvature term. The model is a non-local Hamilton-
Jacobi equation. We prove a short time existence and uniqueness result
for this equation. We also prove a Lipschitz estimate in space and an
estimate of the the modulus of continuity in time for the solution.
AMS Classification : 35D05, 35D10, 35G25, 35Q99, 35G25, 49L.25.
Keywords : Dislocation dynamics, non-local equations, mean curvature
motion, viscosity solutions.

1 Introduction

Plastic deformation is mainly due to the movement of linear defects called dislo-
cations, whose typical length in metallic alloys is of the order of 107%m and thickness
of the order of 10~%m. Since the beginning of the 90’s, the research field of dislocation
is enjoying a new boom, in particular thanks to the power of computers which now
makes possible to simulate dislocations in a 3D domain. The concept of dislocations
in crystals was put forward in the XXth century as the main microscopic explana-
tion of the macroscopic behaviour of metallic crystals (see the physical monograph
Hirth and Lothe [106]).

More recently, a new approach has been introduced : phase field model of dislo-
cations (see for example Rodney, Le Bouar, Finel [158]). One of the advantage of
this method is that the possible topological changes during the dislocation move-
ment are automatically taken into account. In the face centered cubic structure, the
dislocation line in the crystal moves in it slip plane with a normal velocity which is
proportional to the Peach-Koeller force acting on the line. This force is the self force
created by the elastic field generated by the dislocation itself. In [10] and [9], using
a level set formulation, Alvarez, Hoch, Le Bouar and Monneau proposed a non-local
Hamilton Jacobi equation to model this approach. Having such an equation allows
in particular to study mathematically and numerically dislocations dynamics. Since
the equation is nonlinear, a natural framework to study this kind of equation is the
theory of viscosity solutions (see for instance the monographs of Barles [18] and
Bardi and Capuzzo-Dolcetta [17] for a presentation of first order equations and the
article of Crandall, Ishii and Lions [61] for the second order case). The theory of
viscosity solutions has been first introduced by Crandall and Lions [62]. The main
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1. Introduction

difficulty of this equations is that the comparison principle, which is a crucial argu-
ment in this theory, does not hold. Nevertheless, using the geometric property of the
equation (we refer to Barles, Soner, Souganidis [27] for a detailed presentation of this
theory) Alvarez et al. prove short time existence and uniqueness for this equation.
Then Alvarez, Cardaliaguet and Monneau [6] and Barles and Ley [25] prove a long
time existence and uniqueness result under certain assumptions on the monotoni-
city of the velocity. This model was also numerically studied by Alvarez, Carlini,
Monneau and Rouy [7, 8|.

Here, we consider a new model in which the energy also contains a line tension
term which approximates better what happen near the dislocation. That amounts
to adding a mean curvature term in the equation. This line tension term appears in
a lot of physical models (see for instance Gavazza, Barnett [31] and Brown [45]). We
also refer to Garroni, Miiller [93] for a mathematical reference. Non-local equation
with mean curvature term have also been studied by Chen, Hilhorst and Logak [57].

For this model we show a short time existence and uniqueness result. Since the
comparison principle does not hold, the strategy of the proof is the same as the
one used by Alvarez et al. in [10], i.e. is to use a fix point method by freezing the
nonlocal term. Here, the main difficulties come from the fact that the equation is a
second order one and so the regularity estimates are really more difficult to obtain.
Indeed, for the fix point to work, we need fines estimates on the Lipschitz constant
in space and on the modulus of continuity in time of the solution. To get round these
difficulties, we use a regularisation of the initial condition to obtain an estimate of
the modulus of continuity in time of the solution for a class of operators. Using the
geometric property of the equation, we also prove that the estimate we get is like
V/t. We also prove a Lipschitz estimate in space for the solution. The estimate we
obtain is the same as in the first order case (i.e., without the mean curvature term).

The long time existence and uniqueness result for this non-local equation is
really more difficult to obtain. Indeed, due to the non validity of the comparison
principle, defining a large time solution is rather difficult and this problem is still
open. Moreover, even in the the first order case, the problem is still open for general
velocities. We refer to Alvarez, Cardaliaguet and Monneau [6] and Barles and Ley
[25] for such results with monotonicity assumptions on the velocity.

Let us now explain how this paper is organised : in Section 2, we present the
model. The main result is state in Section 3. In Section 4, we give some preliminary
results on a local problem. First, in Subsection 4.1, we recall the definition of viscosity
solutions and we give an existence and uniqueness result for the local problem. Then,
in Subsection 4.2, we give some results on the regularity of the solution of the local
problem. In section 5, we prove Theorem 3.2 for the non-local problem. Finally, we
give, in Appendix, the proof of the parabolic version of Ishii’s Lemma used in section
4.
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2 Presentation of the model

We describe the model in an heuristic way. Let us consider an orthonormal basis
(€1, e, e3) of R? and denote by & = (x1, s, z3) the coordinates. The energy of the
dislocation along the line is singular. To solve this problem, Brown [45], [46] then
Barnett [30] and Gavazza, Barnett [31] propose to surround the dislocation I" by a
tube T, of size € and to consider the energy of the form :

1
g:/ _Aeclass.eclass_i_/ ’YO(ﬁ), (21)
R

s\T, 2 T.

where A represents the elastic coefficients, vy is an energy of tension line, 77 is the
outward normal to the curve and e“?** is a deformation and is solution of :

div(Aeess) = 0,
inc(e?***) = —inc(pdy(z3)e”) where e = 2 (b ® e3+ €3 @ b), (2.2)

els(z) — 0 when |z| — oo.

Here, I belongs to the plane (e, e5), the vector eg is the vector normal to the plane,
b € R? is a constant vector (called Burgers’ vector) associated with the dislocation
line and the operator of incompatibility "inc" is defined for a field e = (e;;) € S?,
the set of symmetric 3 x 3 matrix, by :

1nc E 5111225J31J28 18j1 Cizjor 4] = 1,2,3

i1,j1=1
where we note as usual

1 if  (ijk) is a positive permutation of (123),
gijk =19 —1 if  (ijk) is a negative permutation of (123),
0 if two indices are the same.

The solution e of (2.2) satisfies e“** ~ %, for r small, where r is the distance
to the dislocation (cf Alvarez et al. [10] for a description of the physical model).
Finally, the cutoff tube is represented by Figure 2.1. We consider an approximate
model of this one where the field e is given by e = x * e“%**, with x a regularising
core function (connected to €) to be adjusted, and the energy (2.1) is replaced by
the following one :

1
&= —Ae-e+n/’yo(ﬁ),
T

s 2

where 7 is to be adjusted and connected to e. We set () = (7). In order to
model the movement of a dislocation I in its crystallographic plane, we assume that
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2. Presentation of the model

Fi1G. 2.1 — The cutoff tube of radius e.

I" is the edge of a smooth bounded set 2 C R? and we compute the first variation
of the energy (see Alvarez et al. [10]). We define I's(s) = I'(s) + dh(s).7ir(s). Then,

the following holds
= [ c.h,
i

with ¢ = ¢ox p+ (1)K, where A(77) = (y(7) +~"(77)) the kernel ¢y = ¢o(z1, x2) only
depends on A and y, x denotes the convolution in space and p is defined as follows :

de(L's)

1 in €,
P= { 0 in R%/Q. (2:3)
Thus, the evolution is postulated to be % = ¢|Dp|. We can then reformulate the

problem by a “level set” equation on the set {u < 0} of a smooth function « which
then satisfies :

w = (co * [u] + A\(7)k)| Dul, (2.4)
with :
] 1 if >0

= u =

P 0 if u<o0' .
. 2.5
"= TDul’

/@:div<|g—g| .

Remark 2.1. (Explicit example for ¢y and )
If b = |bley, then, for the isotropic elasticity, one can give the value of ¢y :

ao:iﬁew@@<iié§>
’ NGE=

and the form of v :

1—v

A7) = C (n%+ ! n) |

where i = (n1,ny) is the normal vector to the curve, C' is a prefactor (which depends
on the Burgers vector and elasticity coefficients), ¢ > 0 is a physical parameter
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(depending on the material), v is the Poisson ratio and p is the Lamé coefficient.
We refer to Alvarez et al. [10, Section 6] for the expression of co and to Hirth, Lothe
[106, Chapter 6 and 7] for the form of .

Remark 2.2. Formally, we have :

dE )
I —2 <.
dt /F ¢ <0

3 Main result

The goal of the paper is to prove short time existence and uniqueness for the
problem (2.4). Here we consider more general second order term and we study the
n-dimensional case (see (2.6)). Since the Hamiltonian intervening in the equation
is not continuous and singular, a natural framework for the study is the theory of
viscosity solutions (for a good introduction to this theory, we refer to Barles [18],
[19], Crandall, Ishii, Lions [61], Crandall, Lions [63], |64], Ishii [114| and Ishii, Lions
[119] and for an introduction to viscosity solution for evolving fronts, we refer to
Ambrosio [13], Barles, Soner, Souganidis [27], Chen, Giga, Goto [58], Evans [80],
Evans, Spruck [83] and Souganidis [174]). We consider the following problem : find
u(z,t) solution of
uy = (co* [u])|Du| — F(Du, D*u) in R™ x (0, T), (2.6)

u(z,t =0) = ug(x) in R™, '

where [u] is the characteristic function of the set {u > 0} (see (2.5)). Moreover, we

assume that
co € L (R™) N BV(R™), (2.7)

int

where BV (R") is the space of bounded variations functions and
Ln(R™) = {f :R" > R || fllre ®n) < oo}

with
1f

L, (RP) = /R £z (@)

and Q(x) is the unit square centered at x :
/ n / 1
Q(z) = {x ER":|z; — )| < 5} (2.8)

The assumptions (H F') on the operator F' are the following ones :
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(i) The operator F' is elliptic, i.e., VX, Y € S, Vp € R",
if X <Y then F(p,X)> F(p,Y), (2.9)

where S™ (the set of symmetric n x n matrices) is equipped with its natural
partial order.

(ii) F is locally bounded on R™ x S™, continuous on R™"\{0} x S™ and
F*(0,0) = F.(0,0) = 0, (2.10)

where F* (resp. F.) is the upper-semicontinous (usc) envelope (resp. lower
semicontinuous (lsc) envelope) of F, i.e. the smallest usc function greater than
F (resp. the greatest Isc function smaller than F).

(iii) F is geometric, i.e.
F(vp,vA+ pup @ p) = vF(p, A), Yv>0,peR AecS". (2.11)

Let us recall the definition of viscosity solution for this problem :

Definition 3.1. (Viscosity subsolution, supersolution and solution)
An upper semi-continuous (resp. lower semi-continuous) function u : R" x [0,T) —
R is a viscosity sub-solution (resp. super-solution) of (2.6) if it satisfies :
(1) u(z,t =0) <ug(x) (resp. u(z,t =0) > up(z)) in R,
(ii) for every (xo,to) € R" x (0,T) and for every test function ® : (R" x (0,7")) —
R, C' in time and C? in space, that is tangent from above (resp. below) to u
at (xo,to), the following holds :

od
E(xoato) + G. (20,0, D®, D*®) <0

0P
(resp.a(:co,to) +G* (:z;o,to, Do, D2<I>) > O).

A function v € CO(R™ x [0,T)) is a viscosity solution of (2.6) if, and only if, it is a
sub and a super-solution of (2.6).

The main result is :

Theorem 3.2. (Short time existence and uniqueness)
Let ug : R™ — R be a Lipschitz continuous function on R™ such that

|Dug| < By in R" (2.12)
and P
aﬁ>%>omwﬁ (2.13)
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Let ¢y satisfying (2.7). Then, under assumptions (HF'), there erists a unique visco-
sity solution of the problem (2.6) in R™ x [0,T*) with

1 b b 1
T = inf —ln(l—i-—o), —0—7
|CO|BV(R") 230 BO 16||CO||Li°I‘l’t(R”)

b g b eolsve ) L
|CO‘BV(R") By SHCOHL;’;’t

Moreover, the solution satisfies

\Du(z,t)| < 2By on R x [0,T%), (2.14)
;7“@,@ S by/2>0 on R x[0,T%). (2.15)

and u is uniformly continuous in time and its modulus of continuity behaves like \/t.

Remark 3.3. This theorem gives, in particular, in the two dimensional case, and

D (B (() e

with A > 0 and smooth, short time existence and uniqueness for dislocation dynamics
with a mean curvature term.

Remark 3.4. Due to the non validity of the comparison principle, defining a large
time solution is rather difficult and this problem is still open. Even in the one order
case this problem s still open for general velocity.

4 Preliminary results for a local problem

Given T > 0, we consider the following problem :

(2.17)

us + G(x,t, Du, D*u) = 0 in (0,T) x R™,
u(z,t =0) = up(x) in R,

with the following assumptions (H) :
(i) G(z,t,p, X) = —c(x,t)|p| + F(p, X) and F satisfies the assumptions (HF),
(ii)) ¢: R"x(0,7) — R is bounded, Lipschitz continuous in space (we denote by L.
its Lipschitz constant) and uniformly continuous in time (we denote by w, its
modulus of continuity, defined by : Vo € R", Vs, t € [0,T), |c(z,t) —c(z, s)| <
we([t — s1)),

(iii) wuo is Lipschitz continuous (we denote by By its Lipschitz constant).
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4.1 Existence and uniqueness for the problem (2.17)

We define the following sets :
USC(R" x [0,T)) ={u:R" x [0,T) — R locally bounded, upper semicontinuous}

LSC(R" x [0,7)) = {u:R" x [0,7") — R locally bounded, lower semicontinuous}
We then define the solutions of (2.17) in the following way :

Definition 4.1. (Viscosity subsolution, supersolution and solution)
A function v € USC(R"™ x [0,T)) is a viscosity subsolution of (2.17) if it satisfies :

(i) u(z,t =0) < ug(x) in R",

(i1) for every (xo,to) € R x (0,T) and for every test function ® : (R" x (0,T)) —
R, C! in time and C? in space, that is tangent from above to u at (xg,to), the
following holds :

0P

E(wo, to) + G* (.%0, to, D(I), qu)) S 0.

A function v € LSC(R™ x [0,T)) is a viscosity supersolution of (2.17) if it satisfies :
(i) v(z,t =0) > ug(x) in R",
(i1) for every (xo,to) € R™ x (0,T) and for every test function ® : (R x [0,T)) —

R, C' in time and C? in space, that is tangent from below to v at (wg,to), the
following holds :

od

E(xo,to) + G* (20, to, DP, D*®) > 0.

A function u € C°(R" x [0,T)) is a viscosity solution of (2.17) if, and only if, it is
a sub and a supersolution of (2.17).

Remark 4.2. The condition ¢ is C' in time and C? in space means that ¢ is dif-
ferentiable in time, twice differentiable in space and ¢, ¢, D¢, D2¢ are continuous
i space and time.

We give another equivalent definition. In order to do that, we define parabolic
sub and superdifferentials of semi-continuous functions. If v : R” x (0,7) — R, then
P*u is defined by (a,p, X) € R x R" x S™ belongs to Ptu(z,t) if (z,t) € Rx (0,T)
and

u(y, ) < ule,) +als = 1)+ (py — ) + 5 (Xy =),y — ) + o (s — 1] + ly — 2P)
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as R x (0,7) 3 (y,s) — (z,t). Similarly, P~u = —P*(—u). We also define the two
following sets :

(a,p, X) € R x R* x 5",

I (Tp, tn, Qny Pry Xn) ER" X R X R x R™ x S”

such that (a,, pn, X)) € PTu(x,,t,)

and (Z,, ty, wW(Tn, tn), Gny P, Xn) — (2,8, u(z,t), a,p, X)

Pru(z,t) =

The set P~u(x,t) is defined in a similar way. We then have the following definition
for the solutions of (2.17), which is equivalent to Definition 4.1 (see Crandall et al.

[61]) :

Definition 4.3. (Equivalent definition for viscosity solutions)

A function v € USC(R"™ x [0,T)) is a viscosity subsolution of (2.17) if it satisfies :
(i) u(z,t =0) < wup(z) in R™,
(i1) for every (x,t) € R™ x (0,T) and for every (a,p, X) € PTu(x,t), we have :

a+ G, (x,t,p, X) <0.

A function v € LSC(R™ x [0,T)) is a viscosity supersolution of (2.17) if it satisfies :
(i) v(z,t =0) > uo(z) in R",
(ii) for every (x,t) € R™ x (0,T) and for every (a,p, X) € P~ v(x,t), we have :

a+ G, (x,t,p, X) > 0.

A function u € C°(R" x [0,T)) is a viscosity solution of (2.17) if, and only if, it is
a sub and a supersolution of (2.17).

Assumption (C) We say that a usc function w satisfies the compactness as-
sumption (C) if for every (z,s) € R™ x R}, there exists » > 0 such that, for every
M > 0, there exists C' such that,

|(Q?,t> - (le)‘ S r
(1,p,X) € Prw(x,t) =7r<C.
lw(z, )] + |p| + | X]| < M

We recall the parabolic version of Ishii’s lemma, proved in Appendix (Section 4) :

Lemma 4.4. (Parabolic version of Ishii’s lemma)

Let U and V' be open sets of R, u € USC(U x RT) and v € LSC(V x R*). Let
¢:UxV xRT — R of class C?. Assume that (x,y,t) — u(x,t) —v(y,t) — (z,y,1)
reaches a local mazimum in (Z,7y,t) € U x V x Rf. We set 7 = 0,¢(%,7,t), p1 =
D,¢(z,7,t), po = —Dy¢(Z,7,t) and A = D*¢(z,y,t). Assume also that u and —v
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satisfy assumption (C). Then, for every o > 0 such that aA < I, there exists Ty,
T ER and X, Y € S™ such that :

T =T — T2,

(TlaplaX) € 75+u<j7ﬂv (7-27p27y) € 757@(@7137
(10 X 0 3
?<0 < (Y ) <u-ana

Remark 4.5. The assumption (C) is satisfied by u and —v as soon as u is a sub-
solution and v 1s a supersolution of a parabolic equation.

We also recall the fundamental property of geometric equations :

Lemma 4.6. (Fundamental property of geometric equations)

Let 0 : R — R be a continuous, non decreasing scalar function and u be a subsolu-
tion (respectively a supersolution) of (2.17), then 0(u) is also a subsolution (resp. a
supersolution).

For the proof of this Lemma, we refer to Soner [170] (Theorem 1.11).
We have the following comparison principle :

Theorem 4.7. (Comparison principle)

Let u, a locally bounded usc function, be a subsolution and v, a locally bounded Isc
function, be a supersolution of (2.17). Assume that ug(x) = u(0,2) < v(0,2) = vo(z)
in R", then, under the assumptions (Hy), u < v in R" x [0, 7).

Proof of theorem 4.7
The proof of this theorem is rather classical when the functions u and v are bounded
(see for instance Chen, Giga, Goto [58]), but for the reader’s convenience, we give the
detailed proof. Let us consider for the moment that v and v are bounded. Moreover,
we remark that for v > 0, & = u — 7 is a subsolution of (2.17) and satisfies, in the
viscosity sense :

- -
T =T

Indeed, D = Du, D*t = D*u and @; = u;, — - So:

iy + G.(x,t, Da, D*) <

g
(T —1)?

-

ﬂt+G*($,t,Da,D2ﬁ) = — m

+uy + Gy(x,t, Du, D*u) <
This is written in a formal way but it is easy to show it by using test functions.
Since u < v follows from % < v in the limit v — 0, it will simply suffice to prove the
comparison principle under the additional assumptions :

i
w; + Gy(x,t, Du, D*u) < — < 0,
e+ Gl )< (2.18)
tlin%u(t,x) = —00.
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We set :
M = sup  {u(x,t) —v(x,t)}.
(x,t)€R™ x[0,T)
We want to show that M < 0. We argue by contradiction. Assume M > 0. So, there
exists (z*,t*) such that u(z*,t*) — v(z*,t*) > 0. Then, we duplicate the variables in
space by considering :
M = lz—yl' « 2 2

(z,y,t)ER™ xR™ X [0,T)

We remark that M > u(z*,t*) —v(z*,t*) — a|z*|?, and so M > 0 for a small enough.
Thanks to the term §(|z|* + |y[?), this supremum is reached (because u and v are
bounded). We then denote by (7,7, t) a point of maximum. We will use the following
lemma :

Lemma 4.8. (Passing to the limit in o and )
We set M' = lim sup (u(x,t) —v(y,t)). Then, the following holds :
h=0|y—z|<h, te[0,T)

1. lim ax = lim ay =0,

a—0 a—0

2. lim|z —g/* =0,

e—0

3. lim lim M = M’,

e—0 a—0

T S
4. lim lim =[z —g[* = 0,

5h%m%mmﬁ+m%:0

The proof of the lemma is postponed.
We then distinguish two cases :
1% case : Ve > 0,3 € (0,¢) such that ¢ = 0. Then, there exists sequences ¢, — 0
and «,, — 0 such that ¢,, = 0 and :

0< M S U(-fn’o) - U(gmo) S Uo(fn) - Uo(?jn) S BO(|J_;71 - gn’)a

where B, is the Lipschitz constant of ug. We then obtain a contradiction
because |Z,, — y,| — 0 (see Lemma 4.8).

27 case : Assume that there exists € > 0 such that for every a € (0, €), we have
t > 0. We can choose ¢ small enough (else, we apply the argument of the first
case), i.e., so that :

eyt v
€ — 27T7?L,

(2.19)

56



4. Preliminary results for a local problem

We set @(z,t) = u(z,t) — §|z|* and 0(x,t) = v(z,t) + $|z|*. Then, we have :

_ 4
M = sup {ﬁ(x,t) — oy, t) — u} ‘
(z,y,t) ER" xR % [0,T) 4e

Then, we consider the test function ¢ (x,y,t) = l2=v* and we set p=x—1.
We use the parabolic version of Ishii’s Lemma. Wlth the same notations, the
following holds :

9

pI°p _
P1 = c D2,

2 o Z -z I p®p
_E|p‘ (—Z 7 ) with Z = —+ |p‘2.

and for every [ such that SA < I, there exists X, Y € S™ and two reals 7
and 75 such that :

T1— T2 =0,

727

(71, p| p,X) c Pra(z, ),
€
_2_ _

( i p,Y) e Py,
€

(01)=(3 40

The last inequality implies that X <Y. We use the following lemma :
Lemma 4.9. (Matrix estimates)
We have the following estimates on the matriz A

7

—A < I,
2] A]

, then (I —0A) 1A < 2||A||I < —|p| I,

AC.
where ||Al| = sup M
<6R2n CC
The proof of the lemma is postponed.
Using Lemma 4.9 with § = 5im, we can rewrite the matrix inequality in the

2 Al
following form :

—120p* (T 0 (X 0 <12]p\2 I 0
€ 07)=-\0 =Y )~ ¢ 01 )"
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Thus X and Y are bounded independently of « (it is already the case for
p according to (2.19)). In particular, #WI <X < %I. So there exists
a,, — 0 such that t — ¢, p — poo and (X,Y) — (X, Ya ). Moreover, since u
is a subsolution and v is a supersolution, by using Condition (2.18), one finds :

— oy, Y — anI) > 0.

Then, by using the ellipticity of the equation and the matrix inequality X <Y,
we obtain :

— 27
T+ G* (gj,f, Pl any, X — ozn[) > 0.
€
Subtracting the two previous inequalities, yields :
% @B R s X ranD) <G E PP g X —and),
€ €

1.e. :

_2_
c(x,f)‘m—p+anx
€

_2_
~_|Ip*p _
—C(y,f)" L — any

o) ('p‘ p+ana:,X+an[) o (|p| p—any,X—an[) >
€

€ —TQ'

We send « to 0. By using item (i) of Lemma 4.8 and the fact that ¢ is bounded,
we obtain :

3 2 2
cto0) = g 0) 228 = (P ) g o (2P ) >
€

€ €

Moreover,

3 4
_ _ Poo L¢|pso
(c(‘raa_c(y75>> | €| S |€ | )

where L. is the Lipschitz constant of c. This implies :

LC 004 00200 00200
Pel” _ o IPH??XOO L \plp’Xoo >
€ € € T2

By using (2.19), we obtain :

¥ |Pool*Poo o [ 1Poo|*Poo v
L (el fe )y pr (Bl ey ) > L
g B (P )

We then distinguish two cases :
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1% case : po = 0. In this case, we have X, = 0 and F,(0,0) = F*(0,0) = 0.
So, we obtain :

This is absurd.
2" case : po # 0. In this case F, = F* = F. So, we have :

f)/
0> —.
- 277
This is absurd.
To achieve the proof in the case where the functions are not bounded, it suffices

to use the fundamental property of geometric equations. We then consider the trun-
cature functions 7T}, (see Figure 2.2). For every k, we then have T} (u) < Ty(v) and

|
— -k

Fi1a. 2.2 — A truncature function 7},.
by sending £ to infinity, we obtain the result. ([l

We now prove Lemma 4.8.

Proof of Lemma 4.8
The function (z,y) — u(x,t) — v(y,t) is bounded (because u and v are bounded).
Moreover, we have assumed that M > 0. We then have :

z -yl
de

@ _
+ 52 +19P) < C.
From which, we get
Q. _
% + 1) < €.
and
|'CE - g|4 < 067

and so lir% |z —y| =0 and hr% aZ = lim ay = 0.

a—
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We set
My, = sup (U(SL’, t) o U(yu t))

lz—y|<h, te[0,T)

Let (x4, t!) be such that u(z?, th) — v(yk, th) > M), — L with [z — y"| < h (af

n’’n

and y”" do not depend on «). We then have

h
Ln — Yn QO hp2 h|2
ho¢hy th P dnl 7 +

Su(jv t_> B U(ga Z)

Sending o — 0, we get

1 at
IR T N
M, T I _llgrgglf(u(x,f) v(y,t))
<limsup(u(z,t) — v(y,1))

a—0

(we have used the fact that 2" and " do not depend on o). We send h to 0 and we
obtain :

M/—l<11m1nf( (z,t) — v(g,1))

<limsup(u(z. 1) — v(7, D).

a—0

Sending € — 0, we get

1
M' — = <liminf lim inf(u(Z, t) — v(g,1t))

n e—0 a—0

<lim sup lim sup(u(z, t) — v(y, 1))

e—0 a—0

<lim sup lim sup sup (u(z,t) —v(y,t))

1
0 e ooyl <cet, tefo,1)

<lim sup sSup (U(l’? t) - U(y, t))
h—0  |z—y|<h, t€[0,T]

=M’
50 lim lim w(Z,y) — v(y,t) = M'. In the same way, we have lim lin%M = M’. There-
fore,

e—0 a—0 € e—0 a—0

ity (2 S0+ 19 ) =ty (a(2.) — o(3.) ~ 37) =0

60



4. Preliminary results for a local problem

So,
!
lim 1im == _
e—0 a—0 o €
2 =12\ __
lim lim (|2[* + [5°) = 0
what achieves the proof of Lemma 4.8. O

We now prove Lemma 4.9.
Proof of Lemma 4.9

By definition of the norm of A, we have CL | A|l, so TC I¢.¢, what gives the
first result of the [emma.

G 2
LetC:(C € R*". We then have :
2

ACC =P 2(G ~ &) - )
S%\23|2Z(C1-C1 + (2.2)

4
<~ IpPIZNGP

So, it suffices to show that || Z] < 2 :

2
®
Zee _&  PEOR
2 p[?
52
2 é-
3
< 25
For the last item, it suffices to notice that if B > 0 and q > 01 with B, C' € S"
such that BC' = CB, then CB > 0. Indeed, CB{.§ = CB2£.B2¢ > 0 (we have
used the fact that B is positive, then symmetric and finally that C' is positive). So,
if B> C and D > 0 with D(B—C) = (B—C)D, then DB > DC. So, it suffices to
show that A < 2||A|[(I —0A) = 2||A||I — A, i.e. A < ||A||I what is true by definition
of the norm of A.
This achieves the proof of Lemma 4.9. 0

We now give an existence result by using the classical Perron’s method (for the
proof, we refer to Crandall, Ishii, Lions [61]) :

Theorem 4.10. (Existence and uniqueness)

Assume that there exists a subsolution U~ € USC(R"™ x [0,T")) and a supersolution
Ut € LSC(R"x[0,7)) of (2.17) such that U~ (z,0) < up(z) < U™ (x,0), then, there
exists a unique continuous solution of (2.17).
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We now construct a sub and a supersolution which satisfy the initial condition.
We begin with studying the problem u; + F(Du, D*u) = 0. We have the following
Lemma :

Lemma 4.11. (Existence and uniqueness, case ¢ = ()
There exists a unique solution u of the problem

(2.20)

{ut + F(Du, D*u) = 0,
u(z,0) = up(x).

Moreover, u is uniformly continuous in time and its modulus of continuity, wr,
depends only on the Lipschitz constant of ug, By and behaves like \/t. So, u satisfies :

Vt,s €[0,T), Ve € R"  |u(z,t) — u(x,s)| <wp(|t — s]).

Proof of Lemma 4.11

We assume, in a first time, that uy € CZ = {u C*,3 C, ||Dul|p~, ||D?u||1~ < C}.
We set ut = uy + Cit with C; = inf epn{—F*(Dug, D*ug), F.(Dug, D*ug)} (Cy
depends only on the bounds of Duy and D?uy). It then easy to check that u™ is a
supersolution and u~ is a subsolution. Then, there exists a unique solution of (2.20)
(Theorem 4.10) and, by the comparison principle, the following holds :

vVt € [0,7), Ve € R", |u(z,t) —up(x)| < Cit. (2.21)

We then set v(z,t) = u(z,t + h). So v is solution of (2.20) and, by the comparison
principle, we obtain :

u(z,t + h) —u(x,t) < sup(u(-, h) —ug) < Cih.
Similarly, we have :
u(x,t) —u(x,t +h) <sup(u(-,h) —ug) < Cih,

and so :
”U(ﬂi‘,t—l— h) - U(:L‘,t)‘ < Sup(u('a h) - UO) < Clh

We now assume that ug is only Lipschitz continuous. We set u? = wug * p. where p,
is a regularising sequence, i.e. p. = - p(=) where p € C2°(R",R) and satisfies :

€

p=0. supp(p) € BOY), [ plapde =1
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4. Preliminary results for a local problem

Then u! € CF and || Dul| e (rny, |D*ul||poo@ny < 222, Indeed :

| Dug ()] =[Dug * pe()]

[ Duste = o)y

< A | Dug(z — )| pe(y)dy

<By / pe(y)dy
and

| D*u(x)| =|Dug * Dpe()|

= | |Duo(z — y)||Dpe(y)|dy
Rn
1 1
SBO—/ — |Dp <Q) ) dy
€ Jrn € €

1
=Bo_[1Dpll o @e)-

Moreover, |[ug — u || r®n) < Boe. Indeed, since [o, pc(z)dr =1

g — . (z)] < | Juo(@) = ol = )lpy)dy

<B, / yloe(y)dy

B(0,¢)
SEBO/_ pe(y)dy = €By.

B(0,¢)
We note u, the solution with initial condition u. Then, by the comparison principle,
e (-, ) — ue(-, 8)]| Loomn)y < |Jud — u?||Loorn), and so u, converge uniformly (since
u? converge uniformly) to u which is, by stability (see for instance Theorem 2.3 of
Barles [18]), the solution of (2.20) with initial condition u,. We then have, by the
comparison principle, [[uc(-,t) — u(-, )| poern) < ||ud — gl oo ®n). We then deduce :

Ju(-,t +h) = u(, )| @ny <2lluo — wdllLoe@ny + lJue(-t +h) = we(-, )| oo @)
B,C.
<2Bye + C4 (Bo, 0 2) h.
€

By taking the minimum on €, we obtain the modulus of continuity of u, wg, which
depends only on Bj. Moreover, using the geometric property of the equation, one
deduces that Cy (By, 222) ~ L and so wp(h) behaves like Vh. O
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Remark 4.12. In the case of dislocation dynamics, i.e. with the function F given
by (2.16), an alternative proof can be found in Chen, Giga, Goto [58], based on
self-similar solutions (Wulff Shape) of the mean curvature motion.

Lemma 4.13. (Existence of sub and supersolutions, general case)
There exists UT (respectively U~ ) supersolution (respectively subsolution) of (2.17)
such that :

ug(2) — wp(t) — ||cf| oo xjo,r)) Bot <U™ (1)

§U+(.Z',t) S Uo(l') + wF(t) + ||C||L°°(]R"><[O,T))Bot‘
for every (z,t) € R™ x (0,7T).
Proof of Lemma 4.13

First, we study the problem (2.20). According to Lemma 4.11, this problem has a
unique continuous solution u which satisfies :

up(z) — wr(t) < u(t,z) < ug(x) + wre(t).

We prove that || Dul| e wnx(0,7)) < |[Duol| Lo ®n). Indeed, let us consider the function
u"(z,t) = u(x+h,t)+||Dug|| Lo mny |h]. Then u™ is still solution of (2.20). Therefore,
u"(z,0) = ug(x + h) + || Dug|| Lo &) |h| > uo(x). So, by the comparison principle, we
have u" > u. We deduce that, for every h € R",

uw(x,t) —u(x + h,t) < [[Dug|| oo mny |1,

and so
| Dul| oo mr x0.7)) < | D] oo (rmy

We then set U™ (z,t) = u(x,t) + ||c||zoo@nxjo,r)) Bot. Then, || DU poomrx (o)) <
| D] Loo mrx (0,1)) < Bo and U™ is solution of :

vy — ||cl| Lo ®nx[0,1)) Bo + F(Dv, D*v) =0,
U([E, O) - UO,

and so U™ is supersolution of (2.17) and satisfies :

Ut (x,t) =u(z,t) + || c|| oo @nx[o.7)) Bot
<ug(r) + wp(t) + |

C||L00(Rn>< [O,T))B0t~

Similarly, we construct a subsolution U~ such that U~ (z,t) > wug(x) — wp(t) —
| ¢|| oo n xj0,7y) Bot by setting U~ (x,t) = u(x,t) — ||c|| Lo ®n x[o,r)) Bot- To achieve the
proof, it suffices to apply the comparison principle to U~ and U™. 0]

Finally, we proved the following Theorem :
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Theorem 4.14. (Existence and uniqueness for the local problem)

Let T > 0. Then, under the assumptions (Hy), there exists a unique viscosity solution
of the problem (2.17) in R"x [0, T). Moreover, the solution satisfies, for every (x,t) €
R™ x (0,T) :

uo(2) — wp (1) — el xiory Bot < u(e, ) < wolw) +wp(t) + [l = ooz Bot-

where wr is the modulus of continuity of the solution of (2.20) and behaves like \/t.

4.2 Regularity results for the local problem

Lemma 4.15. (Regularity results for the local problem)
Assume that || Dug|| pe@ny < Bo and 6"0 > by, with By > 0 and by > 0. Then, the
solution of (2.17) given by Theorem 4. 14 satisfies

ou
Du(- omrr) < B
[Du.O)llie(ae < Bt) and 5

> b(t),
with B(t) = Boet and b(t) = by— By(e*<t —1). Moreover, u is uniformly continuous
in time and its modulus of continuity in time w,, defined by :
Ve e R", Vs, t € [0,7), |u(z,t) —ul(z,s)| <w,(|t—s|),
satisfies :

wul8) < wr(8) + el = Bob + we() / B(s)ds,

where w, s the modulus of continuity in time of ¢, and wr s the modulus of continuity
in time of the solution of (2.20) and behaves like /1.

Proof of Lemma 4.15 For the proof of the Lipschitz estimate in space, we
assume in a first time that v is bounded. We set ¢¢(z,y,t) = B(t) (jz — y|? + €2)'/%.
We prove that u(x,t) —u(y,t) < ¢°. We set :

M = sup {u(z,t) —u(y,t) — ¢°(z,y,t)},

(z,y,t)ER™ xXR" x[0,T")

Assume that M > 0. Then we set :

V[ = su w(x,t) —u — o (x —ng Q—L‘
W= s ) () - o) - e+ ) - 7

(z,y,t)ER™ xR™ %[0, T t

For a > 0, v > 0 small enough, we have M > 0. Moreover v is bounded, so the
supremum is reached in (Z,7,t) (with T # g) and

«
S+l <C
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and so ar — 0 and aj — 0. We prove that ¢ > 0. Indeed, assume the contrary.
Then, we have

Uo(i‘) - Uo(g) - ¢€<j’g70) > 07
1.e. s
uo(Z) — uo(y) > Bo (|1Z — §]> + €°)* > Bolz — 9,

what is absurd since || Dug||po@®n)y < By. We set

p=D.0" = (|7 — g +¢%) 7% (7 — §)B(t) = —Dy¢* # 0 (because 7 # 7),

2=D2 = (2 =3P +&) "I (=9l +2) @ ) © (2 -1) B)

_ M2 €
_Dy¢ 9
z =7
— N2€e
weva( % F)
Then, by parabolic version of Ishii’s Lemma applied to @ = u(z,t) — §|z|?, 0(y,t) =

v(y,t) + $ly|* and ¢(z,y,t) = ¢°(z,y,t) + 7, for every 3 such that SA < I, there
exists 71, 7 € R and X, Y € S™ such that :

1
Tl—ngL—i-LcB(t) (|$—y|2+6)2

(T — 1)
(11,p + az, X—l—oz])€75 u(z,t),
(T27p Oéy,Y— CYI E U y 37

1710
<
F(07)=(0 5 )su-ona
So, the following holds

7 —c(Z,0)|p+ aZ| + F.(p+ az, X + ol) <0,

T —c(y,t)p—ayl+ F(p—ay,Y —al) > 0.

The matrix inequality implies in particular that X <Y, so by using the ellipticity
of F', we deduce :

T2 — C(gvalﬁ_ Oég’ +F*(ﬁ_ Ckg,X - Oé]) > 0.
From that, by subtracting :

v = = 3 N e
(T —1)? + LB(t) (\:c _Z/|2 +€2) —c(zZ,t)|p+ aZ| + c(y,1)|p — ay|
+FE.(p+az, X +al)— F*(p—ay, X —al) <0.
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We let « go to 0 (p and X are bounded so we can extract a converging subsequence
and we still note p and X their limit) :

g i (L0 (1 g+ &) 4 (=@, + (3.0 1)

Now, p # 0, therefore F,(p, X) = F*(p, X). Moreover,

1/2

LeB(t) (Jo =yl + €)' — c(x, 1) 1p] + c(y, 1)|p|

~ (= oP+ )" (L8O - LI, o) - et

> (jo -y + )" (LCB(t) Sl yPLCB(t))

|z —y[? + €
> (Jo — yl? + €)"* (LB(t) - LB(1))
>0,
SO 5 <0
(T—12 ="

what is absurd. So u(z,t) — u(y,t) < ¢°. By letting € go to 0, we obtain :
u(z,t) —u(y,t) < B(t)|x —yl.

Exchanging x and vy, yields
u(e, ) —uly,t)] < B(t)|z -y,

what gives the first result in the case where u is bounded. If u is not bounded, we
consider the truncature functions T, = max(min(x, k), —k). Then Ty (u) is bounded
and solution of the problem, and so :

[T (u(z, ) — Ti(uly, )] < B(t)|x —yl.
Letting k go to infinity, yields :
u(z, ) —u(y, )| < B(t)|x —yl,

and we obtain the first estimate.
For the second estimate, we set, for z = (2/, z,,), u*(x,t) = u(a’, 2, + X, 1) — \b(2).
We have

w2, 2, 0) =u(z’, z, + N) — Abg
>u(z', z,,0).
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Moreover,
u} + G* (2, zn, t, Du*, D*u?)
=uy — \'(t) — (2, z, t)|Du| + F* (Du, D*u)
=u; + ABoL.e"" — c(2/, ,, t)|Du| + F* (Du, D*u)
>uy + ABoLee™' — (c(2, 2, + A\, t) + AL.) |Du| + F* (Du, D*u)
>AByL.e"" — AByL.e™" 4+ uy + G* (¢, , + A, t, Du, D*u)
>0

Y

where u;, Du, D?u are taken at the point (z',z,,t). This is written in a formal
way and it can be justified by using a test function. So, we obtain that u* is a
supersolution. By the comparison principle, we deduce u* > u, and so

w(@' z, + A t) — w2, x, t) > Ab(1).

what proves the second estimate.

It thus remains to be shown that w« is uniformly continuous in time. We set § > 0.
For every (z,t) € R™ x (0,7T) such that ¢+ < T, we set v(z,t) = u(z,t+ ). Then,
v is a subsolution of

wy — we(6)B(t + 6) — c(z, t)|Dw| + F (Dw, D*w) =0
on R" x (0,7 — 0) in the sense of definition 4.1 (4i). Indeed, we have
vy — ¢ (z,t 4 0) |Dv| + F (Dv, D*v) =0,

and
—c(z,t+ ) |Dv| > —w.(0)B(t + 0) — c(x,t)| Dv,

what gives in a formal way :

v — we(6)B(t + 6) — c(z, t)|Dv| + F (Dv, D*v) < 0.

t+5
Moreover, u + w.(6) / B(s)ds is solution of the same problem. We then deduce
0
that @ = u + sup,cgn (u(2,0) — up(x)) " + we(0) Ot+6 B(s)ds is a supersolution and

v(x,0) < @(z,0). By Theorem 4.14 and the comparison principle, we then have :

t+6
u(z,t +0) — u(z,t) < sup (u(z,d) —ug(z))™ + wc(é)/o B(s)ds

z€eR™

T
<wp(8) + |||l L= Bod + wc(é)/ B(s)ds.
0
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Similarly, v is a supersolution of
w4+ we(6)B(t + 6) — c(z,t)|Dw| + F (Dw, D*w) =0

and @ = u — sUp,epn (W(x,0) —up(z))” — we(0) J+§B(s)ds is subsolution. So, by
the comparison principle, we have

t+5
u(x,t) —u(z,t +0) <wp(d) + ||c|| =B + wc(é)/o B(s)ds

T
<wp(9) + ||¢|| L Bod + wc((S)/ B(s)ds,
0
i.e.
T
lu(z,t) — u(z,t +0)| < wp(d) + ||c||peBod + wc(é)/ B(s)ds,
0

what achieves the proof of the lemma. O

5 The non local problem : proof of Theorem 3.2

For the proof of Theorem 3.2, we will need the three following lemmata and we
have to intoduce the following space :

Lyit(R™) = {f :R* = R: || fllz1 ny < 00}
where
Iy = 500 [l
z€R™ JQ(x)
and ( is defined in (2.8).

Lemma 5.1. (Estimate on the characteristic functions)
Let u' € C(R™) satisfying

ou' > b

or, —

o)

in the distributions sense for some b > 0 and u* € L3,

condition. Then, we have the following estimate :

(R™) satisfying the same

2

1] = [y <5 flw* —w (2.22)

unif

'l
Lee

For the proof of this Lemma, we refer to the proof of Alvarez et al. [8] in the case
n = 2, which adapts without difficulty to the case of any dimension.
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Lemma 5.2. (Convolution inequality)
For every f € L. +(R™) and g € LS5 (R™), the convolution product f x g is bounded
and satisfies

1 % gl ooy < s, mmllg

unif

L?:t (Rn ) .

For the proof, we refer to Alvarez et al. [10].

Lemma 5.3. (Stability of the solution with respect to the velocity)
Let T > 0. We consider for i = 1,2 two different equations :

{u;’ = ¢i(z,t)|Dul| — F (Dui, D*u) in R™ x (0,T), (2.23)

u'(x,0) = ug(x),

where ¢ satisfy the assumption (Hy)(i1), ug satisfies (Ho)(iii) and F satisfies the
assumptions (HF'). Then, for every t € [0,T), we have

¢
(-, t) — u2(.,t)||Loo(Rn) < et - C2||Loo(RnX(O7T))/ B(s)ds,
0

where u' are the solutions of (2.23) (see Theorem 4.14), B(t) = Boel<® with L. =
sup; Ly (L s the Lipeshitz constant of ¢*).

Proof of Lemma 5.3
We set K = ||¢' — ¢?|| e (rnx(0,7))- We remark that u' is subsolution of

u; — ¢*(z,t)|Dul + F (Du, D*u) — KB(t) = 0.
Indeed, we have :

u; — (z,t)|Du'| + F (Du', D*u') <c'(z,t)|Du'| — F (Du', D*u')
— (z,t)|Du'| + F (Du', D*u')
<|le" = || oo ®n x(0,1)) B(t)
<KB(t).
It is a routine exercise to check that the differential inequality actually holds in the

viscosity sense. Moreover, u? + K fot B(s)ds is solution of the same problem. By the
comparison principle (Theorem 4.7), we deduce

t
ut <u?+ K/ B(s)ds.
0
From what

t
||U1(7t) — u2(-’t)||Loo(Rn) S ||C1 — C2||Loo(RnX(O7T))/ B(S)dS
0
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O

We now prove Theorem 3.2.

Proof of Theorem 3.2
We set w(d) = wr(d) + ||col| 1 Bod, where wp is the modulus of continuity of (2.20)
and behaves like /. We define the space

|Du(x,t)| < 2B,,

¢ t>b°
E={dueci2® x[0,7),st. |z, "0275

loc
u is uniformly continuous in time

and w,(0) < 2w(d)

where w, is the modulus of continuity in time of w.

For u € E, we set c(z,t) = (co [u(-,t)]) (x). We see that ¢ is bounded, Lip-
schitz continuous in space (with L. = |cy|py as Lipschitz constant) and uniformly
continuous in time. Indeed,

[[ell oo @& xj0,7+)) < sup [|eol| 1| [u(-, )] oo &r)
teR
SHCOHLl(Rn).
Moreover, for every t

| De(-5 ) || oo wny =] Deg * [u(-, ) || oo rm)
<lco|Bv ||[u(-, )] Lo ®n)

<lco|pv-
Finally, for 0 < t,s <T* :

ez, 1) = e, s)] = [(co * [ul(-, D)]) () = (co x [ul-, 8)]) (2)]
=leo x ([u(-, )] = [u(-, s)]) (2)]

<llcoll g, ITu- O] = [l )]l @)
4HCO L
<l t) =l 8)ll e
0
4 C oo
Smwu(u —sl|)
bo
8 C oo
<ol e,
bo
8||le [ee]
so ¢ is uniformly continuous in time and w.(0) < %w(é)
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For u € E, we then define v = ®(u) as the unique viscosity solution (see Theorem
4.14) of

(2.24)

{vt = (co * [u])| Dv| — F(Dv, D*) in R™ x (0,T%),
v(z,t =0) =up(x) in R™

We show that ® : £ — FE is a contraction. First, we show that ® is well defined.
We have | Dv(-,t)|| < B(t) < Boel<?" < 2By, by definition of T* (see Lemma 4.15).
Moreover, % > b(t) = by — By(elt — 1) (see Lemma 4.15), and we want aaTUn > b
so it suffices to ensure that

S

0

Bo(eLCt — 1) < 5

b
Let < 0 4
e _230+

In (21’790 + 1>
1< ——,
L
which is true according to the choice of 7™. It thus remains to be shown that v is

uniformly continuous with w,(0) < 2w(d). Now, by the estimate of Lemma 4.15 on
the modulus of continuity in time of the solution, we have :

T*
wp(8) < wp(6) + ||¢|| e Bod + wc(é)/ B(s)ds.
0
-

Since ||¢|| oo ®nx[o.7+)) < |lcollz, it suffices to show that we(8) [, B(s)ds < w(d), i.e.

8]lcoll g

b ‘“‘w(é)/o B(s)ds < w(9)

T* b(]
B(s)ds < ————
0

~ 8|coll e,
1 . b
Lerr —yy<
Le 8Bol|col| g,
L.b
In (SBOCOOL?I?t + 1)
T <

L. ’

which is true according to the choice of 7" and so v € E.
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It thus remains to be shown that ® is a contraction. For v* = ®(u’), according
to the Lemmata 5.3, 5.2 and 5.1, we have

|02 = 0| Lo @nx0,7%)) S2BoT™ | * [u®] — o * [1']]] oo mnx0,7+))

<2BoT"[leoll gy sup N[u(8)] = [u' ¢ )]l mm
te(0,7)
8B T*
< b(; leol| g, @ lu” — [l Loe @ x0.7)

§§|’U2 — ulHLOO(R”X(QT*))‘

And so P is a contraction on E which is a closed set for the L*>° topology. So, there
exists a unique viscosity solution of (2.6) in E on (0,7*). O

Remark 5.4. To be rigourous, we should consider the intersection of E with a ball
of center uy and write the elements of ' as u = u + ug with u bounded. Then we
could make the same computations on u and we will obtain the same result.

6 Appendix : proof of the parabolic version of Ishii’s
Lemma

We are going to prove parabolic version of Ishii’s Lemma (see Crandall Ishii [60]).
The result is classic, but we give the proof for reader’s convenience. To do that, we
will use an elliptic Ishii Lemma. First, we give some definitions :

Definition 6.1. (Sub and superdifferential of order two)
If u : R" — R, then the superdifferential of order two of u, D*%u, is defined by
(p, X) € R™ x S™ belongs to D*>Tu(x,t) if v € R and

1

u(y) < u(@) + (py — ) + (X (y =),y —2) + o (ly — =)

as R 3 y — x. In a similar way, we defined the subdifferential of order two by
D*~u = —D*T(—u). We also defined the two following sets :

(p, X) € R" x S, I (zp,pn, Xn) € R" x R® x S™
D> u(z,t) = such that (pn, X,,) € D> u(x,)
and (Tn, w(Tn), pn, Xpn) — (z, u(x), p, X)
The set D>~ u(x,t) is defined in a similar way. Lastly, we defined

D*u(x) = D> u(x) N D> u(x).
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Lemma 6.2. (elliptic version of Ishii’s Lemma)

Let U and V' be two open sets of R", u : U — R wusc and v : V — R lsc. Let
¢:UxV — R be of class C*. Assume that (z,y) — u(z) — v(y) — ¢(x,y) reaches
a local mazimum in (Z,y) € U x V. We note p1 = D,¢(Z,9), p2 = —Dy¢(Z,y) and
A = D?*¢(z,y). Then, for every o > 0 such that aA < I, there exists X, Y € S"

such that : _ _
(p1, X) € D>Tu(z), (p2,Y) € D> 0(y),

ﬁ(é ?)g()o( _Oy)g(f—aA)—lA.

For the proof, we refer to Droniou, Imbert [73]. We now prove parabolic version
of Ishii’s Lemma :
Proof of Lemma 4.4
The principle of this proof is to duplicate the variables in time and then to pass to
the limit by using the compactness assumption (C'). The key point is to regularise
by sup-convolution using two different parameters for space and time.

We duplicate the variables by considering :

a2
U(I’,t) - U(yw S) - ¢($,y,t) - %

This function admits a local maximum in (x, y., t., s) with
(Te, Yes ey 56) — (2,9, 1, 1)
(because u and v are locally bounded). We note A, = D? <¢(x,y,t) + %) By

elliptic Ishii Lemma, we have : for every a and o’ such that :
I

«

1
1 v
A < “ o ,
(6%
1

(This assumption holds for « such that «A < I and o' small enough) there exists
X, Y eS" C,DeR"and \, o € R such that :

((pi,cbt + t_TS) : ( fé f )) € D* ufze to), (2.:25)

((pé,t_Ts) : ( 31/; ? )) € D> u(ye, 5¢), (2.26)

X C
tCA

and

IN

< B>, (2.27)

o o osll
o or|lo

oel|lo o
RlLo oo
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where p§ = D,¢(-), p5 = D,¢(-) and B&® is the regularised by sup-convolution in
the sense of quadratic form of parameters « and o' of :

D% U Dyyo 0

A — vy ut % "0y —%
€ 2 )

Dyo  vs D2 0

0 1 0 1

where 01 = Gy0() and vs = Gy(-). So, for &€ = (€, Eura), 7 = (7, 1usr) € B, we
have :

B e — s { A(¢ TG T) = L (€ = ¢+ = oP?) }

(¢,)eRn+1 xRn+1 _i (|&ns1 — Cn+1’2 + [T — 77n+1’2)

Moreover, we can see Bf"a' as the regularised by supconvolution of the regularised
by supconvolution of a quadratic form, so Bf’o‘/ is still a quadratic form (see the
proof of Elliptic Ishii in Droniou, Imbert [73])). Equations (2.25) and (2.26) imply
in particular :

te — Se € ~
(¢t(x€7 yﬂtE) + Tapla XE) € P+U($6, tE)a

te_ss € =—
(771)27)/6) € P U(yevse)7

We note p. = ¢y, ye, te) + == and 7. = === We remark that ¢;(z.,y.,t.) =

P .

Pe — Ve- Applying the vector (¢,0,7',0) to the matrix inequality (2.27), yields :

~1
o ( é ? > (& n).(€n) < < )ée _(;/6 ) & n).(€n)
<B>(£,0,1,0).(¢',0,7/,0). (2.28)

We show that the right hand go to A%(¢',n).(¢',n') as o’ — 0, where A“ is the
regularised by sup-convolution of A = D?¢. Indeed, B~ = (B*)®. So

B (€,0,1,0).(€',0,17,0) =B*(£",0,1,0).(€',0,7',0) when o/ — 0
and
B(¢',0,7,0).(¢",0,7',0)

= sup {Ae(C? 07 Fl) 0)(C,a Oa P/a O) - é (|§, - C/|2 + |77/ - F/|2)}

(¢',T")eR™ XR™

S {A@',F').(cxr’)— (I&’—C’I2+|n’—F’|2)}

1
(¢’ IT")eR? xR™ [0

=A (5/7 n,) . (6,7 77/)7
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what gives

_]- [ O Xe O a —1
?(O [>g( ‘ —K)SA — (I - ad)A,

We then have, for a subsequence, p{ — pi, p; — p2 and (X, Y.) — (X,Y) (be-
cause pj, p5, X. and Y. are bounded) . We choose ¢ small enough such that
|(z,t) — (ze,t.)| < r where r is defined in the assumption (C'). Then (p.,p{, X.) €
P2*ru(x,,t.). Moreover, u(z.,t.), p§ and X, are bounded (because u is locally boun-
ded and by the last matrix inequality for X.), so, by the compactness assumption
(C), pe is bounded from above. Similarly, by using the fact that (—v., —pS, —Y:) €
P+ (—v)(Ye, 5¢), Ve is bounded from below. So, p. = ¢; + 7. and ~. are bounded. So,
for a subsequence, we have : p. — p and 4. — . Passing to the limit, yields :

T=p=7

(p,p1,X) € Ptu(z, ),
(v, p2,Y) € P o(y, 1),

1/710 0 o .
(1) (X 0 Y ew—ania

what achieves the proof. O
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Chapitre 3

Mouvements minimisants pour la
dynamique des dislocations avec
terme de courbure moyenne

Ce chapitre est un travail en collaboration avec A. Monteillet [91].

Nous montrons l'existence de mouvements minimisants pour la loi d’évolution de
la dynamique des dislocations avec un terme de courbure moyenne. On montre
qu’un mouvement minimisant est une solution faible de cette loi d’évolution, dans
un sens relié a la solution de viscosité de 1’équation level-set correspondante. On
prouve également la consistance de ’approche, en montrant que tout mouvement
minimisant coincide avec I’évolution réguliére tant que cette derniére existe. En
relation avec cela, on montre finalement I’existence en temps court d’une évolution
réguliére, & condition que la forme initiale soit suffisament réguliére.



Mouvements minimisants pour la dynamique des dislocations

Minimizing movements for dislocation dynamics
with a mean curvature term

N. Forcadel, A. Monteillet

Abstract

We prove existence of minimizing movements for the dislocation dyna-
mics evolution law with a mean curvature term. We prove that any such
minimizing movement is a weak solution of this evolution law, in a sense
related to viscosity solutions of the corresponding level-set equation. We
also prove the consistency of this approach, by showing that any minimi-
zing movement coincides with the smooth evolution as long as the latter
exists. In relation with this, we finally prove short time existence of a
smooth front evolving according to our law, provided the initial shape is
smooth enough.

Key words and phrases : Front propagation, non-local equations,
minimizing movements, sets of finite perimeter, currents, viscosity
solutions, dislocation dynamics.

1 Introduction

In this paper, we investigate the existence of minimizing movements (see Alm-
grem, Taylor, Wang [3] and Ambrosio [12]) for a non-local geometric law governing
the movement of a family {K(¢)}o<;<r of compact subsets of R" :

Vx,t = Hz,t"'CO(';t)*lK(t)(m)+Cl(xat)a (31)

where V, ; denotes the normal velocity at time ¢ of a point x of 0K (t), H,; the mean
curvature of 0K (t) at x (with negative sign for convex sets), x is the convolution in
space, 1y is the indicator function of the set K (t) and co, ¢; : RY x [0,T] — R are
given functions.

The non-local dependence cy(-,t) * 1k in the expression of V,, is typical of
models for dislocation dynamics (see Alvarez, Hoch, Le Bouar and Monneau [10]).
Moreover we think of the term ¢, as a prescribed driving force. Equation (3.1) with
only these two terms (and without a mean curvature term) is currently also a center
of interest : in the context of viscosity solutions, its level-set formulation, namely

u(x,t) = [co(-, 1) * Lpug >0y (@) + c1(z, t)] | Du(z, t)], (3.2)

has been initially investigated by Alvarez, Hoch, Le Bouar and Monneau [10], who
proved short time existence and uniqueness of a viscosity solution of (3.2), and
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then by Alvarez, Cardaliaguet and Monneau [6], and by Barles and Ley [25], who
proved, by different methods, long time existence and uniqueness under suitable
monotonicity assumptions. In (3.2) and throughout the paper, u; denotes the time
derivative of u, Du denotes the space gradient of u, and |-| is the standard Euclidean
norm. The mean curvature term in (3.1) corresponds to an additional line tension
term in the elastic energy of the dislocation which better approximates what happens
near the dislocation (see the introduction of [87] for a discussion on the model). The
level-set formulation of the geometric law (3.1),

Du(z,t)

u(x,t) = [div (W) + co(+5 1) * Liucp>0y () + ci(z,t) | |Du(z,t)], (3.3)

has been studied by the first author in [87]. He proved short time existence and
uniqueness of a viscosity solution to (3.3).

In both cases, the source of major difficulties is the non-local dependence of the
velocity, co(-,t)* 1), which prevents comparison principle to hold. Indeed, ¢y is not
necessarily non-negative, a situation that can not be avoided, as shown by physical
models. The problem of existence and uniqueness of a viscosity solution to the level-
set equations (3.2) and (3.3) for general kernels ¢, is therefore still open. The long
time existence and uniqueness results mentioned above were obtained under the
assumption that c¢o(-,t) * 1g + ¢ (x,t) > 0 for any set E, which guarantees that the
dislocation is expanding, and a regularity assumption on the initial shape K (0). The
short time existence and uniqueness for (3.3) was obtained in the case where the
initial shape is a graph or a Lipschitz curve, without assumption on the sign of the
non-local term. It is worth mentioning however that this equation benefits from the
regularising effect of the mean curvature term.

To overcome this difficulty, Barles, Cardaliaguet, Ley and Monneau defined in
[21] a notion of weak solution for (3.2), and proved existence of such weak solutions
under general assumptions on ¢y and ¢;. A similar concept of solution already appears
in [171] for Fitzhugh-Nagumo systems. In this work, we wish to provide such weak
solutions for (3.1). We will work with set-valued mappings F : [0, 7] — P(RY) with
bounded images which are continuous in the L' topology, that is to say, ¢t — 1 E()
belongs to C°([0,T], L*(R"Y)). We assume that ¢, and c; satisfy some regularity
assumptions (to be precised later), which guarantee that (x,t) — co(-,t) * 1 g (z) +
¢1(x,t) is smooth enough for such a mapping E. Let us now explain what we call a
weak solution of (3.1) :

Definition 1.1. Let E : [0,T] — P(RY) be a set-valued mapping such that t — 1p
belongs to C°([0,T], L*(RYN)). Let u be the unique uniformly continuous viscosity
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solution of

ws(, ) = [dw (@ggg;g') + o) * 1 (@) + e, t)} \Duz, )|
for (z,t) € RN x (0,7) (3.4)
u(z,0) = ug(z) forxz e RY,

where uq is a uniformly continuous function such that Ey = {ug > 0}, Eo= {ug > 0}.

We say that E is a weak solution of (3.1) if we have, for allt € [0,T], and almost
everywhere in RY,
{u(-,t) > 0} C E(t) C {u(-,t) > 0}.

The goal of this paper is to construct a weak solution to the geometric law (3.1).
To do this, we wish to adapt the approach of Almgrem, Taylor and Wang [3] (also
discovered independently by Luckhaus and Sturzenhecker [139])- initially propo-
sed for the mean curvature motion - to the geometric law (3.1) with its additional
non-local term and driving force. The key point in this approach is that the mean
curvature term is the dominating term and the non-local term is just a perturbation
and so we can adapt the proof of Almgrem, Taylor, Wang [3]. The idea of mini-
mizing movements is, for a given initial set Fy, to select a sequence of sets Ej, (k)
associated with time-steps of size h by minimizing a suitable functional, so that the
corresponding Euler equation is a discretization of our evolution law. A compactness
result for sets of finite perimeter guarantees the existence of a subsequence (h,,) and
of a set-valued mapping F : [0, T] — P(RY) such that Ej,, ([t/h,]) converges to E(t)
in LY(RY) for all t. Such a E is called a minimizing movement associated to the
geometric law. Moreover, we prove a priori estimates for the discrete evolution E},
which imply the Hélder continuity of the limit E in the appropriate metric. This
guarantees that the sets E(t) cannot vary in a wildly discontinuous way.

Let us now explain the interest of this approach in the perspective of proving exis-
tence of weak solutions. For any sequence (h,,) going to 0 and such that Ej, ([-/h,])
converges to a minimizing movement F, we are able, thanks to the Euler equation
corresponding to our minimization procedure, to compute the velocity (in the vis-
cosity sense) of the upper and lower limit of the Ej, (k)’s as n — oo, E* and E,,
in function of E. This enables us to compare F, and E* with the 0 level set of the
viscosity solution u appearing in Definition 1.1. Since F, C E C E*, we will deduce
that F is a weak solution of (3.1). In case no fattening occurs for u, we remark that
u is a viscosity solution of (3.3).

We further show that if OF, is a smooth hypersurface, then there is a smooth
solution for small times of the evolution law (3.1) and that any minimizing movement
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E' coincides with the smooth evolution as long as the latter exists. This uses the
notions of lower /upper limits mentioned above and of sub/super pairs of solutions
of Cardaliaguet and Pasquignon [53].

To state our results in more details below, we first need to fix a few notation and
assumptions that will be used throughout the paper.

Notations

e In the sequel, B*(z) (resp. Ef (x)) denotes the open (resp. closed) ball of radius
r centred at + € R¥, and £ is the Lebesgue measure on R*, k € N. If k is not
specified, we mean that k = N. We set w;, = £*(B%(0)). The Hausdorff measure of
dimension k on R is denoted by H*.

e The notation Symy represents the set of real square symmetric matrices of size
N.

e We say that a sequence (E,,) of subsets of RY converges to F in L'(RY) if 15, — 1g
in L1(RY) as n — +o0.

e Let P be the set of all bounded subsets of RY having finite perimeter (see [82]
for the definition and properties of sets of finite perimeter). We denote by P(FE) the
perimeter of £ € P, by P(E,U) the perimeter of E in U subset of R, and we
endow P with the metric

§(E,F) =1 — 1p|p@my) = LY(EAF),

where EAF is the symmetric difference of £ and F, i.e., EAF = (EUF)\ (ENF).
Moreover 0* E denotes the reduced boundary of £ € P. We also define a notion of
boundary for £ € P that is invariant in the class of E formed by the sets differing
from E by a zero-measure set :

OF = {z ¢ RY; 0 < LY(E N B,(z)) < LY(B,(x)) for all r > 0}.
Then OF is closed, and in fact O0F = 0*E.

Definitions of tubes (see [50])

e For any subset E of [0,T] x RY, we set E(t) = {x € RY;(t,z) € E}. Conversely
a mapping t € [0,7] — E(t) € P(RY) can be seen as a subset of [0,7] x RY by
identifying F' with its graph U,cor{t} x E(?).

e We call tube a bounded subset E of [0,7] x RY.

We call regular tube a tube E with C' boundary except possibly at points of dF(0)

or OE(T') such that for any regular point (¢,2) € OF, the unit outer normal (v, )
to E at (t,z) satisfies v, # 0. In this case, the normal velocity of E at (t,z) is

— /| Vsl
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e Finally a mapping ¢ € [0, 7] — E,(t) is said to be a smooth evolution with C?**
boundary if E, is a compact regular tube such that E,(¢) has C*T® boundary for all
te 0,7

Assumptions on ¢y and ¢

Throughout the paper, ¢y and c; are assumed to satisfy the following regularity
assumption :

(A) o € Lip (10,T], INRY)), 1 € Lip ([0, T], L2(RY)).
In particular, we set Ko = Lip(co), and K7 = Lip(c1), so that for all ¢, s € [0, 7],

leo(2) = cot,8)lls < Kolt =] and [les (- 8) — 1, 8)[loo < Kt — .
We finally set
Lo = |[coll L (o,17,21 ®~))> L1 = [le1llpoo,1,L00mnvy) and L = Lo + L1. (3.5)

We will sometimes need additional regularity for ¢y and ¢;. When this happens,
we will specify which assumptions are made in each of the statements of theorems.
In particular we will sometimes need to require that ¢y be symmetric, so that the
gradient flow of our functional is, at least formally, a solution of (3.1) :

(Symmetry of ¢y) We say that ¢y is symmetric if c¢o(—(+),t) = co(+,t) for all
te[0,7].

Main results

For h > 0 (the time step), £ € N such that kh < T, E and F in P, we define,
following the original idea of Almgren, Taylor and Wang [3], the functional

]—“(h,k,E,F):P(E)—I—%/EAFdap(x)dx—/

: (%CO(-, kh) x 1p(x) + ¢ (z, kh)) dz,

(3.6)
where d. is the distance function to a closed set C.

Let us now define a minimizing movement :

Definition 1.2 (Minimizing movement [3]). Let T > 0 and Ey, € P. We say that
E [0, T] — P is a minimizing movement associated to F with initial condition Ej
if there exist a sequence (hy,), h, — 07 and sets E},, (k) € P for all k € N verifying
kh, <T, such that :

1. B, (0) = Ej.
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2. For any n,k € N with (k+ 1)h, <T,
Ey, (k + 1) minimizes the functional E — F(h,, k, E, E}, (k)) (3.7)

among all E's in P.
3. For any t € [0,T], By, ([t/h,]) — E(t) in L*RY) as n — +oc.

The first result of the paper is the existence of minimizing movements associated
to our functional F :

Theorem 1.3 (Existence of minimizing movements). Assume that co and c¢; satisfy
(A). Let Ey € P with LN (OEy) = 0. Then, there exists a minimizing movement E
associated to F with initial condition Eo such that for all t,s verifying t < T and
0<s<t<s+1, we have

1

0(E(t), E(s)) < (t —s)~, (3.8)
where v = ~v(N, T, Ey, Ko, K1, Lo, L) is a constant.
We then prove that any such minimizing movement is a weak solution of (3.1) :

Theorem 1.4 (Minimizing movements are weak solutions). Assume that ¢y is sym-
metric, that co and c; satisfy (A) and are Lipschitz continuous on RY x [0,T]. Let
Ey € P with LN(OFy) = 0. Let E be any minimizing movement associated to F
with initial condition Ey.

Then E is a weak solution of (3.1) in the sense of Definition 1.1. In particular
if no fattening occurs, i.e. if {u(-,t) = 0} has zero LN measure, then u is a viscosity
solution of (3.3) with initial data .

Our third result states that any minimizing movement E coincides with the
smooth evolution F,. as long as the latter exists :

Theorem 1.5 (Agreement with any smooth flow). Assume that co is symmetric,
that ¢y and ¢, satisfy (A) and are Lipschitz continuous on RY x [0,T]. Let Ey be
a compact domain with uniformly C**% boundary. If E, is a smooth evolution with
C?**® boundary defined on [0,T], starting from E, with normal velocity given by
(3.11), then any minimizing movement E associated to F with initial condition Ej
verifies E(t) = E,.(t) for all t € [0,T] and almost everywhere in RY .

In relation with this, we finally prove short time existence of a smooth solution
E, to (3.1), when Ej is sufficiently smooth. The regularity assumptions on ¢ and
c; are the following ones :

co € L([0, T]; W(RY)) nWh([0, T], L*(R™)) (3.9)
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and
e € WHE(RY x [0,T7), (3.10)

where f € WH([0, T], L*(RY)) means that f is Lipschitz continuous with respect
to t € [0,T], uniformly with respect to z € RY, and

Wt (R x (0.7)) = { e L=RYN x (0,1); fi, 2L € L*(RY x (0,7)) } |

N
fora e NV st > o, <n

Theorem 1.6 (Existence of a smooth solution). Assume the regularity (3.9)-(3.10).
Let E, be a compact domain with uniformly C3T boundary. Then there exists a small
time ty > 0 and a smooth evolution {E,(t) }o<i<t, with C*T® boundary, starting from
Ey with normal velocity

VVm,t = Hx,t—i_CO(';t)*lEr(t)(x) +Cl(x7t)7 (311)

where H,, is the mean curvature of OE,.(t) at x.

Let us now explain how this paper is organised. First, in Section 2, we prove the
existence of minimizing movements and the Holder estimate Theorem 1.3. Section
3 is devoted to proving a regularity result for F-minimizers that we use in Section 4
to prepare the proofs of Theorems 1.4 and 1.5, respectively given in Sections 5 and
6. Finally, in Section 7, we prove Theorem 1.6.

2 Existence of minimizing movements

This section is concerned with the existence of minimizing movements associated
to F (Theorem 1.3). Let us start with existence and basic properties of F-minimizers.

2.1 F-minimizers

The first point to check is the existence of F-minimizers :
Proposition 2.1 (Existence of F-minimizers). For all h > 0, k € N with kn < T,
and F € P, there exists a minimizer of E +— F(h,k, E,F) on P.
Moreover, if L is defined by (3.5), then
FC BR(O) = F C BR+Lh(O)

whenever E is a minimizer.
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Proof. Let F € P, FF C Bg(0), and B = Bgy1x(0). Let (F,) be a minimizing
sequence for F(h, k,-, F'). We want to prove that for all n € N,

F(h,k,E,NB,F) < F(h,k,E,, F). (3.12)
First, since B is open and convex, we know that

P(E,N B) < P(E,). (3.13)

Let us compare [, co(-,kh) x 1, (x)dz and [ o co(, kh) * 1g,np(x) d : for all
r € RY,

co(-,kh)*lEn(x):/ co(x —y,kh)dy

n

:CO(7kh)*1Ent($) +/ C()(;C—y? ]{,‘h) dy
E,\B

Therefore

/ co(-, kh) *1g, () dx:/ co(+, kh) * 1g,np(x) dz
En E,NB

[l tpeat e [ [ ey k) dyd.
E,\B n J En\B

Since |co(+, kh) * 14(z)| < Ly for all measurable set A, it follows that

/n (%co(., kh) % 1g, (z) + cl(x,kh)> dx

(3.14)
1
2/ (—co(-, kh) x 1g,~p(z) + a1 (x, k‘h)) dr — LLYN(E, \ B)
E.nB \2
thanks to the definition of L. Moreover, F' C B, so that
E,AF = (E,NB)AF U (E,\ B),
whence
1 1 1
—/ dop(z) dex = —/ dop(z)dx + — / dor(x) dx
h Jg,arF h J .nB)ar h Je\B (3.15)

1
> —/ dop(z)dx + LLY (E, \ B),
h J(g.nB)ar

since dyp(x) > Lh for all x € E, \ B by definition of B. Putting (3.13), (3.14)
and (3.15) together proves (3.12). Therefore we can replace (E,) by (E, N B) as a
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minimizing sequence, and in particular we can assume that F, C B for all n. Then

F(hk, By, F) > — / (%co(~,kh)*lEn(x)+cl(x,kh)> iz

1

> — (§L0 + L1> LN(B),

so that énffp]—"(h, k,E,F) > —oc. Besides, for n large enough,
S
F(h,k,E,, F) < inf F(h,k,E,F)+ 1.
BEeP
This implies that
1
<

and gives a uniform bound on the perimeter of the E,,’s. Since they are also uniformly
bounded, it follows from the compactness theorem for sets of finite perimeter [82,
section 5.2.3] that we can extract a converging subsequence (E,,, ) of (E,,) in the sense
that there exists F,, € P, Eo, C B, such that E, — E., in L*(RY). Therefore

F(h,k, Ex, F) < liminf F(h, k, E,,, F) = inf F(h.k, E, F), (3.16)
—00 S

because all terms in the expression of F are at least lower semi-continuous in the
E variable for the L' topology. Thus E., is a minimizer of E — F(h,k, E,F) on
P. Finally, if E is any other minimizer, then the previous comparisons show that
P(EN B) = P(E), whence E C B almost everywhere (see the comparison theorem
[12, p. 216]). 0

Remark 2.2. This lemma shows that the Ey(k)’s are uniformly bounded for all h
and k, if Ey € P : more precisely, if Ey C Bg(0), then since kh < T, we have
En(k) C Bryr7(0) independently of h, k. Therefore we can choose 0 = Bry7r41(0)
so that En(k) € Q for all k, h. We will always do so in the sequel, and set D =
R+ LT +1.

Remark 2.2 gives a uniform bound €2 for Ej,(k), independently of h, k, provided
that Ey is bounded. In order to have compactness in P, so as to construct our
minimizing movement, we also want a uniform bound on the perimeter of Fj (k).

Proposition 2.3 (Uniform bound on the perimeter). Let Ey € P with Eq C Bg(0).
Then, there exists a constant ¢ = c(Ey, 2, T, Ky, Ky, Lo, L1) > 0 independent of h
and k such that if E}, is defined by the procedure (3.7), we have

P(Ew(k)) <c¢ Yh,k such that kh <T.
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Proof. By definition of Ej,, we have for all j such that jhA < T,
F(h,j, En(d), En(j — 1)) < F(h,j, En(j — 1), En(j — 1)),

and in particular,

: 1 . .

P(Eh<.7)) - 560('7]]7’)*1Eh(j)($) +Cl<x7jh) dx
En(5)
. 1 . .
S P(Eh<] — 1)) — / (—CQ(',jh) * 1Eh(j_1)(x) + Cl(l’,]h)) dx
Ep(i-1) 2

Adding these inequalities for j = 1,..., k with kh < T, we find, with the notation

. 1 , ,
Jh(lhj) = / - (500(,]h) * 1Eh(l)(‘r) + Cl<x7jh)) d!E, (317)
B (i

P(Ey(k)) — P(Eo) <> Ju(4,4) = Ju(j — 1.5)

J=1

k
=3 [ atiting - at.aming-y (3.18)
j=17¢

k
1 , .
+3 > /Q(c(](~, Jh) * 15,()1E,G) — (co(+ Jh) * 1, (-1) 1B, (1)
j=1

Doing an Abel transformation on the first sum of the last member of (3.18) yields

k
Z/Cl('ajh)lEh(]') _Cl('vjh)lEh(jfl)
j=1"7%
:/  kh)1g, ) /61 1EO+Z/ ci(s gh) — (s, (G + D)R)]1g, )
Q Q

2L, LY(Q) + (k — 1) K1 h £Y(Q)

<
< 2L+ K1 T) LY ().

The same manipulation with the second sum gives

k
Z/Q(CO('Jh) *1p,))1e,) — (co(, 3h) * g, -1)) e, G-
j=1

<(2Lo + Ko T) LN ().
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This proves that for all £ such that kh < T,

k

1
D In(d) = I = 1) < 2L+ Lo+ 5 Ko T+ Ky T) £7(9) (3.19)
=1
and gives the result, with ¢ = P(Ey) + (2L1 + Lo + ;Ko T + K, T) LN (Q). O

2.2 Minimizing movements

We are now ready to address the problem of the existence of minimizing move-
ments. Proofs in this section closely follow the ideas of Almgren, Taylor and Wang
[3], and are adaptations of Ambrosio’s simplified presentation of these ideas (see
[12]).

The main result in the perspective of the proof of existence of minimizing mo-
vements is the following theorem on the behaviour of the solutions of procedure
(3.7) :

Theorem 2.4 (Discrete Holder estimate). Let Ey € P with Ey C Bgr(0). There
erists a constant v = y(N, D) > 0 (where D is defined in remark 2.2) and hy > 0
such that for all h € (0, hy), for allm,l € N verifyingmh < T and0 <l <m < l+%,
we have :

8(Ey(m), Ey(1)) < ye[h(m — )5, (3.20)

where ¢ is the uniform bound on P(Ey(k)) given by Proposition 2.3.

Theorem 1.3 is a corollary of this result, and the proof of this fact can be found
in [12, pp. 231-232|. However the arguments of [3, Theorem 4.4] or [12, Theorem
3.3| for the proof of Theorem 2.4 need a few adaptations due to the particular form
of F. This is what the rest of this section is devoted to. We begin by giving some
preliminary results which will be necessary in the proof of Theorem 2.4.

Lower density bound for F-minimizers

Theorem 2.5 (Density bound for F-minimizers). There ezist two constants « and (3
(depending only on N ) and ho > 0 such that if E € P is a minimizer of F(h,k, -, F)
with F € P, EUF C Bp_1(0), and h € (0, hy), then

Vo € OF, ¥p € (0, O%L), P(E, B,(z)) > Bp™ 1. (3.21)

Proof. The proof relies on the following lemma relating the perimeter of £ € P and
the perimeter of E replaced by a cone in a small ball :
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Lemma 2.6 (12|, Lemma 3.5). Let E € P, x € RY and f(p) = P(E, B,(z)). Set

E,=(EN@RY\ B,(z))) U {y € B,(x); x—l—pé:; € E}

Then for almost all p > 0 (all p such that f is differentiable at p), we have

P(E,, By(z)) < P]{[/(_ml-

Let us now prove Theorem 2.5. Fix x € 0*F and p > 0 such that f is differentiable
at p. By definition of £, we know that F(h,k, E, F') < F(h,k, E,, F), that is to say

P(E) <P(E,) + % {/EPAF dor(x) dx — /EAF dor(x) dx}
+/E (%co(~,kh) * 1p(x) + cl(q:,k’h)> dx (3.22)

_ /E (%co(~,kh)*lEp(x)+cl(x, kh)) da.

P

But since E coincides with E, in RY \ B, we have
P(E,RY\ By()) = P(E,, R \ By(x)).

Moreover f is continuous at p, which together with (3.22) implies that

_ — 2D
P(E,B,(v)) = P(E,B,(v)) < P(E,, B,(r)) + TwNpN + 2L wyp,

due to the fact that dyp(y) < 2D for all y € B,(z), provided p < 1. Now Lemma
2.6 implies that for almost all p € (0, 1),

Fo) < o2 (% n 2L) oo, (3.23)

Therefore, the function

g:pHZ]\(fp)l%-(%—i—ZL) (N—=1wyp

is nondecreasing on (0, 1). In particular if z € 0*F and p € (0, 1),

g(p) > liminf g(p) > wn-1 (3.24)

p—0t
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because of [82, corollary 1 (ii) page 203]. As a consequence, for all p € (0, 1),

2D
F) 2 oo = (32 2L) (= Do (3.25)
Let us set @ = gy~ and 3 = “%=. Then, provided h < min{, ¥} =: ho, we

deduce from (3.25) that for all p € (0, <2),
P(E, By(x)) = f(p) > Bp" .
Since 0*F is dense in OF, this also holds for all x € OF. O

Corollary 2.7 (|12|, Corollary 3.6). Let E € P be a minimizer of F(h,k,-, F) with
FeP, EUF C Bp_1(0), and h € (0, hg). Then

HN"YOE\ 0*E) = 0.
Distance-Volume comparison

We recall here a general result which makes it possible to compare £V (A \ C') and
[, dac under conditions of density of C' similar to (3.21). Such comparison will be
essential for proving Theorem 2.4.

Theorem 2.8 (Distance-Volume comparison, [12], p. 230). Let C be a compact
subset of RN such that there exists 3 > 0, 7 > 0 with

HYHC N B,(x)) > BpN"' VYo €dC, Vpe(0,7).

Then there exists a constant I' = T'(N') > 0 such that for all R > 7, for all Borel set
A C RV, we have

or (g)N_IHNl(C) % [ /A de () dxr +% /A do(z) dz. (3.26)

We are now able to prove Theorem 2.4.

LV(AN\C) <

Proof of Theorem 2.4
Let us fix h € (0, hy). By definition of E}, we have for all j such that jh < T,

f(haja Eh(])>Eh(j - 1)) < f(haja Eh(] - 1)7Eh(] - 1))7

that is to say,

/ d@Eh(j—l)(fE) d:L'
En(j)AER(j-1)

< h[P(Ey(j — 1)) = P(Ex(G)] + hJn(G,5) — Jn(G = 1,J)];
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where Jj, (i, j) is defined by (3.17). Let us set

N

In(j) ={[P(EW(j = 1)) = P(ExG)] + [Jn(d, ) — Ju(G — 1, 7)1}

We now use Theorem 2.8 with C' = 0E,(j —1), A = Ey(j)AE,(j—1), 7 = 22, which

is justified for j > 2 because of the density estimate (3.21). Thanks to Corollary 2.7,
we know that £V(C) =0, so that for all R > 22

LYE(j)AEL(j — 1)) <

or (£) e enG - 1) P hnG)+ LhaGy

(3.27)
Recall that Proposition 2.3 gives a uniform bound ¢ on the perimeter of F-minimi-
zers, so that HY 1 (0E,(j — 1)) < ¢

Letm,lENverifythTand0<l<m<l+%.Wetake

R =5 [hm = )71 > 5,

and add up inequalities (3.27) for j = [ + 1,...,m. Recall that (3.18) and (3.19)
show that

> L) < P(EW()) ZJhyy (i —1,9)
j=I+1 j=l+1
<P(Eo)+ Y (i d) = Jnli — 1,4) <,
j=1

Moreover, the Cauchy-Schwartz inequality shows that

Xm: I(j) < vVm —1 { zm: Ih(j)2} < vm -1/
j=l+1 j=l+1
Finally, we find that
LY (Ep(m)AEL(1))
< [2r[n(m 1 wc} VA D Vet - [hm — ] 75 he
_ (\/ﬁ+ g) ¢ [h(m — )] *
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3 Regularity for F-minimizers

One interest of the variational approach used in [3| is that it enables to use
the regularity theory for area-minimizing currents described for instance in |39, 86,
144, 168|]. This is the idea we follow in this section. We use the notations of [3].
In particular, the notation M and S stand respectively for the mass and size of an
integral current.

3.1 Existence of tangent cones
We begin by recalling the definition of a current :

Definition 3.1 (Currents). Let us denote by D™ the set of C* differential m-form
with compact support. Then, the dual space, D,,, is the space of m-dimensional
currents.

Definition 3.2. Let f,r : © — R(xz —p), for p € RY, R > 0. A locally integral
current [J] is called a tangent current to OF at p if there exists a sequence (R;) —
+00 such that if we set E(R) = f, r(E), then [E(R;)] — [J] as i — oo, in the sense
that LN ((JAE(R;)) N B,(z)) — 0 for each x € RY and r > 0.

Lemma 3.3 (Existence of tangent cones). Let F' € P and let E be a minimizer
for F(h,k,-, F) on P. For each p € OF, there exists a tangent current [J] to OF at
p. Each such tangent current [J] is a cone and locally minimises the perimeter P.
Moreover 0 € 0J.

Proof. The proof is inspired by that of [3, Theorem 3.9]. We easily check that for
all R > 0,

P(E(R)) = R*'P(E),

1
/ dor(r)(v) dv = RN+1_/ dor(z) dz,
E(R)AF(R) h

1co( kh) 1) (z) do = R*N 1 R(-), kh) * 1p(z) dx
E(R) 2 2
[

/ ci(z, kh)dx = RN
E(R)

so that F(R) minimises

SRS

—p), kh)dz

1 1 1
E—P(E)+ = /EAF )daF(R)(LE)dQZ— RN+1/E§C(I){<"kh)*1E(x)dx

— —/ c'(z, kh) dx, (3.28)
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where we have set cf(x,t) = co(z/R,t), cf(z,t) = ci1(p + /R, t). Let us therefore
compare E(R) and E(R) \ B(q,r) for fixed ¢ € RY and r > 0, with respect to
this last functional. It follows from manipulations similar to those of the proof of
Proposition 2.1 that for almost all » > 0,

PUB(R), Bla, ) < P(Bar) + ap [ dan(@) e+ 5 (Blam)

where L is defined by (3.5). But diam F(R) = Rdiam F, so that

1

— d d
R2h B(gq,r) 6F(R)(x) v

is bounded as a function of R (and even tends to 0 as R goes to infinity). This
provides the bound on the perimeter of F(R) in balls sufficient to infer the existence
of a tangent current [J] (using the compactness result [160, Theorem 1.1 p. 225|).

Let us prove that [J] locally minimises the perimeter. This means that for all
z € RY all r > 0, and all (N — 1) integral current X with X = 0 and having
support in C' = B,(z), then M(3[J]|¢) < M(9[J]|c+X). We first recall from [3,
Section 3.1.6] that there exists an N integral current () with compact support in C
such that 0Q = X and

S(Q) = M(Q) = xM(X).

Then according to [86, Section 4.5.17], we can write ) as

Q= Z[Qi] - Z[HL

where Q;, P, € P and (Q;), (P;) are nested families such that P, U Q1 C Supp(Q)
and PN Q, = 0. Let us set K = (E(R)\ P1) U@ and compare E(R) and K with
respect to the functional defined by (3.28) :

1 L
P(E(R)) < P(K)+ —= dorry(z) dz + LN (P U Q1)
Rh PUQ R
1

< MOUE(R) +0Q) + 77 | dorin (@) do + £S(Q)

Since () and Q) = X have compact support in C, and since
P(E(R),C) = M(O[E(R)]|c),
we deduce that

MIE(R))Le) < MOIE(R)o+X) + g [ doray(a) do -+ 5£7(C).
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Knowing this, we can adapt [168, Theorem 34.5] to show that [J] locally minimises
the perimeter and also that P(E(R;), B,(z)) — P(J, B,(x)) as ¢ — oo, for all x and
almost all p > 0, where R; is such that [E(R;)] — [J] as ¢ — oc.

Finally we check that [J] is a cone, i.e. that J is invariant under all homothetic
expansions x — Az for A > 0. To see this we recall from (3.23) and (3.24) that for
all x € OF, the function

P(E,B,(z
g:pr % +cp

is nondecreasing on (0, 1), where ¢ is a constant, and that for all p € (0, 1),

P(E,B
BB |
p
It follows that OF has a density 0(0F, x) at x with (OE,x) > 1. For all p > 0,

PE(R). B,(0)) _ P(E.Byn(p)
P (/R i

0(OF, p) wn—1.

Moreover for almost all p > 0,

P(E(Ri), B,(0))  P(J, B,(0))
pN-1 oo pN-l
This shows that the ratio p'~VP(J, B,(0)) is independent of p, which is known to
imply that J is a cone (see [100, proof of Theorem 9.3]). Moreover p' = P(.J, B,(0)) =
O(OF,p)wn_1 > 0, so that 0 € 9J. We finally observe that 6(0.J,0) = 0(OF,p). O

3.2 Regularity of F-minimizers

The existence of tangent cones enables to prove regularity results for F-minimi-
zers, as in [3, Section 3.5 and 3.7].

Theorem 3.4 (C'-regularity for F-minimizers). Let F € P, ' C Bp_1(0), and let
E C Bp_1(0) be a minimizer for F(h,k,-,F) on P. Then OF is a C*-hypersurface,
except for a set of Hausdorff dimension less than N — 8 (empty if N < 7).

Proof. We verify that E is an almost minimal current in the sense of Bombieri, that
is, for some 6 > 0, for all (N — 1) integral current X with 0X = 0 and having
compact support in C, diam(C) = r < ¢, then

M(@O[E][c) < (1 +w(r)) M(I[E][c+X) (3.29)
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for some function w such that w(r) — 0 as » — 07. To do so we proceed as in the
previous proof, write X = 0@) with

+oo

Q=>_[Q] = [Pl

i=0
set K = (F\ P)UQ; and compare F and K with respect to F :

P(E,C)SP(K)-Fl/ daF(x)d£C+L£N(P1UQ1),
h PLuQ:

which yields if Bp_1(0) N C # () (otherwise (3.29) is obvious), and 6 < 1 :

2D

MOIELc) < MEIE]L+00) + (% + 1) 5(@)

< M(O[E][c+X) + (% + L) M)

Shﬂﬂmb+Xﬂw?2+L)N

A (M([E][c+X) + M(I[E]|c))-

This easily implies the result with w(r) =3 (22 + L) + and 6 = & (22 + L)_l.

In addition, at any point p of OF there exists a tangent cone [J] that minimises
the perimeter (Lemma 3.3). Such a cone must be a hyper-plane for N < 7 (|168,
Appendix BJ), so that in particular 0(E,p) = 6(J,0) = 1. We then deduce the
result from the final remark in [39]. In case N > 8, we use the dimension reduction
argument of Federer ([100, Theorem 11.8]). O

Now, we prove that minimizers are smooth at contact points with smooth hy-
persurfaces :

Theorem 3.5. Let F € P, ' C Bp_1(0), and let E C Bp_1(0) be a minimizer for
F(h,k,-,F) on P. Assume that there ezists K C R closed such that 0K is a C!
hypersurface and OE N K = {p}. Then OF is a C' hypersurface near p.

Proof. Let [J] be any tangent cone to OF at p. The assumption that 0E N K = {p}
guarantees that 0. is contained in the open half-space orthogonal to the outer unit
normal n to K at p and containing n. Since 0 € 9.J, [100, Theorem 15.5 p. 174]
implies that 0.J is regular at 0, and therefore is a hyperplane. The result follows as
in the proof of Theorem 3.4. O]

Actually, we can deduce higher regularity for F-minimizers at each point where
they are C'! hypersurfaces :
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Theorem 3.6 (Higher regularity for F-minimizers). Assume that cq is symmetric,
that ¢y and c; satisfy (A) and are Lipschitz continuous in space. Let F € P, F C
Bp_1(0), and let E C Bp_1(0) be a minimizer of F(h,k,-, F) on P. Set g(p) =
+dyr(p), where we take the — sign if p € F', and the + sign otherwise.

Let p € OF such that OF is a C' hypersurface near p : there exist R > 0, M > 0
and a C' function f : By '(p) — (=M, M) such that up to rotating and relabelling,
we have

EN(BY Mp) x (=M, M)) = {(z,y); x € By (p),—M <y < f(z)}.

Then f is C%% in Bgfl(p) for some 0 < a < 1 and satisfies

%g((fﬂ, f(@))) = Af(x) + co(- kh) x 1p((x, f(2))) + (2, f(2)), kh).  (3.30)

Therefore the mean curvature H, of a point p of OE verifies

1

Proof. We begin by proving that f satisfies (3.30) in the sense of distributions. This
is simply the Euler-Lagrange equation for F, and the proof is the same as that of
Ambrosio ([12], after statement of Theorem 3.3), with the additional observation
that the first variation of

1
K~ —/ co(+, kh) x 1x(z) dx, K»—>/ c1(x, kh) dzx
2 Jk K
in the direction of a C? vector field ® is respectively

K~ . co(-, kh) * 1g(2) (®(z), vp) dHN 7 (z),

K | o2, kh) (®(z),v.) dHY ' (z),
oK
where v, is the outer unit normal to K at x € K. The symmetry of ¢ is used here,
along with the continuity of ¢; and cyx 1k in space. For the reader’s convenience, let
us make formally the computation for the non-local term. To do this, let us define
K := (Id+t®)(K) for t small enough such that z — (z+t®(x)) is a diffeomorphism

and let us denote .

G(K) = 5/}(00(~,kh)*1k(x) dx.
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Then, the following holds

G(K,) _/m (/K col — v, kh) dy) da

/Kt </K o(z =, kh) +1 (co(z = 2)dive(z) + {Deo(= — 2), 8(2)))

+ o(t) dz) da

/K t ( /K colz — o, kh) + t (div(co(z — 2)®(2)) + ot) dz) i

/m </Kco(z—x,kh)dz

+t /8K co(z — 2, kh){(®(2),v.) dHN 1 (2) + O(t)) dx

where we have used the fact that
|det(Id — t®'(2))| = 1 + tdiv®(z) + o(t)
and
co(z +tP(2) — x,kh) = co(z — ) + t{Deco(z — x), ®(2)) + o(t)

for the third line and the Stoke’s Theorem for the last line. With the same kind of
computation, we finally get

G(Ky) :/Kco(~,kh)*1K(x) dx—l—t/8 o, kh) * 1 (2) (®(z), v,) dHY " (2) + o(t)

K
which gives the result.

Knowing this, we apply [98, Theorem 1.2 page 219] to f and to each of the g—i, to

conclude that fis C%® in Bjy '(p). This last assertion uses the Lipschitz continuity
of ¢; and ¢y x 1x in space. Both conclusions immediately follow. [l

4 The upper and lower limits

In this section we are going to prepare the proofs of Theorems 1.4 and 1.5. Let
be a minimizing movement with initial condition Ej, and let (h,,) be a sequence such
that Ej, ([t/h,]) converges to E(t) in L*(RY) for all ¢ € [0,T] as n goes to infinity.
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We define the upper and lower limits of the sets Fj, (k) for n — oo and k € N as
follows :

E*(t) o T e RN; E|<hn’> C (hn>,kn/ — 400 and xz,y € Ehn/(kn’)
- with k, h,, — tand z,, — = !

N T € RN; El(hn/) C (hn), k,, — +oo and z,, ¢ Ehn/(kn’)
E.(t) =R\ { with k, h, — t and z,, — x '

By construction, E* is closed while E, is open, and E,(t) C E(t) C E*(t) for
all t € [0,7] and almost everywhere in RY. Indeed E,(t) and E*(t) were defined
respectively as the sets of cluster points of sets Ej, (k) and RY \ Ej, (k) for all
k — +oo such that kh,, — t, and, up to a subsequence and a set of 0 £V measure,
our minimizing movement E(t) was constructed as the pointwise limit of sets Ej, (k)
for some such k = [t/h,].

We will use the regularity result Theorem 3.6 to compute the normal velocity of
the evolutions ¢ — FE*(t) and t — F,(t). Then we will prove a regularity result for
E* and E,, and compare the initial sets F,(0), £*(0) and Ey.

In order that our minimizing procedure be consistent with the evolution law (3.1)
as ensured by Theorem 3.6, we will assume in particular throughout this section that
co 1s symmetric.

4.1 Velocity of E* and F,

Here we are going to prove a rigorous version of the heuristic fact that £* moves
with velocity

Vx,t < H:L",t + CO('7 t) * 1E(t)($) + Cl(.%', t)a

while E, moves with velocity
Vx,t Z Hw,t + Co(‘, t) * 1E(t)('r) -+ Cl(SL’, t)

Following Cardaliaguet [50], we formulate this statement in terms of test func-
tions : let us first define the classical mean curvature operator

(Xp,p)

h(p, X) = Trace(X) — e

Y

for X € Symy and p € RY, and let us define, for any subset A of R¥, A=RV \ A,
and for any subset B of RY x [0,7], B = (RN x [0,7T]) \ B.

Proposition 4.1. Assume that ¢y and ¢, are Lipschitz continuous on RY x [0, 7.
Then :
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1. For any t € (0,T), if a test function ¢ of class C* has a local mazimum on E* at
some point (x,t) € OE*, with Dé(z,t) # 0, then

Gz, t) > h(Do(x,t), D*¢(x,t)) — [co(-, t) * Lpw (x) + ci(x, t)] [ Do(z, 1))

2. For any t € (0,T), if a test function ¢ of class C* has a local minimum on E\* at

—

some point (x,t) € OF,, with Do(z,t) # 0, then

¢i(z,t) < h(Dp(z,t), D*¢(x,t)) — [CO(', t) * lgw (@) + cl(x,t)} |Do(z,t)].

Proof. We only prove the first point, the proof of the second being similar. Let
t € (0,T) and ¢ of class C* have a local maximum on E* at some point (z,t) € OE*,
with D¢(x,t) # 0. We can assume without loss of generality that it is a strict
maximum. By definition of E*, there exist sequences k, — oo and z, € JE,, (k,)
with k,h, — t and z,, — x, such that ¢ has a local maximum (that we can assume
to be strict) on Ej, = Uy, Ep, (kn) X {kohin} at (z,, knhy), with Do(z,, k,hy,) # 0.
It follows that Ty, (k,) = {z € RY; ¢(x, kphy) = ¢z, knhy)} is a smooth exterior
contact surface to Ej, (k,) at x,, and therefore Theorems 3.5 and 3.6 imply that
Ey,, (k,) is C** near x,. We now infer from the local relative position of I" and
OBy, (ky) that the curvature of 0E, (k) at x,, H , is less than the curvature of I
at x,, :

HE < -
" | DG, k)|

Now (3.31) implies, if k,, > 1, that
1
j:h_dBEhn(knfl) (mn) = Hal:n + CO<'7 knhn) * 1E'hn(kn)(xn) + Cl(xnv knhn)a
where we take the — sign if x,, € Ej,, (k, — 1), and the + sign otherwise. With this
convention,

1 1 th(xna knhn>

+—d _ n) > t—d - n) = — 1.
o 20 nm) (E0) 2 i, oo (00) = =R a0 G el

Putting together the last three equations yields
Ge(Tn, knln) + 0(1) > h(Dd(an, knhn), D* (20, knlin))
_ [Co(-, Enhn) x 1g, (k) (2n) + c1(@y, knhn)] | Do (20, knhy)|.

Thanks to the discrete Holder estimate Theorem 2.4, we know, since k,h,, — t, that
Ey, (k,) — E(t) in LY(RY). Up to a subsequence, we can assume that Ej_ (k,) —
E(t) almost everywhere. As a consequence, sending n to +oo, we get the result,
namely :

¢i(x,t) > h(Do(z,t), D*¢(x,t)) — [co(-,t) * Lgy () + er(x, )] |[Do(x, t)].

(DG, kphy), D*G(20, knhy)).

(3.32)
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4.2 Regularity of £* and FE,

Now we are going to prove a regularity result for the tubes E* and FE, which
allows in particular to treat the degenerate case D¢(x,t) = 0 in Proposition 4.1 :

Proposition 4.2. For all z in RY, the maps t — dp+@4(z) and t — dg: (@) are
left-continuous on (0, 7).

To prove this we first need to estimate in a finer way than what we have done
in Section 2 how Fj(k) can expand or shrink at most at each iteration. This is
the equivalent of |3, Theorem 5.4|. Let us first define for simplicity of forthcoming
estimates the scaled ball Wg = By, (0) = Bgy, (0), so that LN (Wg) = RV.
Then Wy minimises the perimeter among all sets £ € P such that LY (E) = RV.
This property will provide the necessary estimates.

Let us also define, for any subsets A and B of RN, A— B =RN\ (RY\ A) + B).

Lemma 4.3. Let F' € P and let E be a minimizer for F(h,k,-,F) on P. Let L be
defined as in (3.5). Let R(h) = 2Lw.h + 2+/L?w2h? + 2w, hP(Wy). Then

F — WR(h) CECF+ WR(h)-

Proof. We begin by proving the left-hand side inclusion, and we will see that the
other inclusion immediately follows. We adapt the proofs of [3, Section 5].

Step 1 : Let us first prove that if 0 < R < S, Wy C F and 0 < 2LV (Wi \ E) <
RN then

S—R N—1 2UN(N —1 LY(Wr\ E
R—2LR < P(Wl)+% (R—f;\).

We compare E and E U Wpg with respect to the functional F(h, k, -, F) :

P(Wh)

wih

P(E) + %/EAF dor () dx — /E (%CO(-, kh) * 1g(x) + c1(z, k;h)) dr

1
< P(EUWR) + —/ dor(x)dx
h J(owp)ar

1
—/ (§co(~, kh) * 1gow,(z) + a1 (x, kh)) dr.
EUuWg

Since Wi C F, we check that EAF = ((E U Wg)AF)U (Wg \ E). This, together
with manipulations similar to those of previous proofs, implies that

P(EUWR) — P(E) > % / dop(z)dx — 2LLY (Wg \ E)
Wr\E (3.33)

> (S50 o) £¥ W )
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since the inclusion Wg C F implies that dgp(z) > (S — R)/w, for each x € Wg. But
conclusion (4) of [3, Proposition 5.)] implies that

P(EUWg) — P(E)
N-1LYWe\ E) | 2/N(N —1) (LN(WR \ E))2}

SRETP Wl){ N RN N RN

and the result follows from the last two inequalities.

Step 2 : Now let us assume that the conclusion of the lemma does not hold,
i.e. that (F' — Wg)) \ I contains some point p. We can assume up to applying a
translation that p = 0. Therefore Wr(,) C F and LY (Wgp)2 \ E) > 0. Moreover

N
we also have 2L (Wggy 2 \ E) < (@) , otherwise we would obtain as in Step 1

with S = R(h) and R = R(h)/2 that

i‘if) - 2L> LY Wrmy2 \ E)

()3 ()

because 2 — 21, > 0. But P(E U Wrny2) < P(E) + P(Wgmy/2), whence

2w.h

(09 o) L (B) " < piwi = (P02) o,

or equivalently

P(E U WR(h)/Z) — P(E) > (

% (@) — LR(h) < 2P(W,),

which is contradictory with the choice of R(h), since equality should hold instead
of the last inequality. Then we can apply Step 1 with S = R(h) and R = R(h)/2 to
infer that

? — 1/N _ N
L (FOY Ly < X pwy 4 20 oy e )

or thanks to the choice of R(h) :

N—-1 2VN(N-1)1
2< + -,
N N2 2
which is false. This proves the left-hand side inclusion of Lemma 4.3.
Step 3 : Let us now explain why the left-hand side inclusion is sufficient to

deduce the right-hand side one. Let B = Bp(0) be a large ball. It is easy to check
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that if F' € P with ' C Bp_1(0), and if F € P with £ C Bp_1(0) is a minimizer of
F(h,k,-,F) on P, then B\ E is a minimizer of

B P(E) + % /E ol @2 /E (%CO(-, kR) % 1p(x) + iz, kh)) da

among all sets in P and included in B, where ¢ (z, kh) = —ci(x, kh)+co(-, kh)*1p(x).
Therefore, up to taking hA small enough so that R < 1, the arguments on E and F
in the previous steps transform into the same arguments for B\ F and B\ F, since
in particular the term 2L appearing in (3.33) was taken so large (with the a priori
useless factor 2) as to get the lower bound there also with ¢; in place of ¢;. The
conclusion F' — Wx C E transforms into (B \ F) — Wr C B\ E, that is exactly
ECF+ Wk ]

The last lemma provides a bound on the growth of F-minimizers at each iteration
equal to 2Lw.h + 21/ L2w2h? + 2w.h P(W}), and of the order of v/h. This is not fine

enough to conclude the left continuity, mainly because if kh — s, then kv/h — 400
and the bound is lost in the limit movement. The following lemma refines the bound
to the order h.

Lemma 4.4. Let us set 0 = 221w, P(W)) and
R(h) = 2Lw,h + 21/ L2w2h2 + 2w, hP(W)).

1. Assume that p + Wg C E),(k) for some p € RN and k, h such that kh < T. If h
and j are small enough so that R(h) < % and jh < min{ﬁ, T — kh}, then
2. Assume that p+Ws C RN\ E,(k) for some p € RN and k, h such that kh < T.
. S . . S2
If h and j are small enough so that R(h) < % and jh < mm{m,T— kh}, then
p + WS—(%-{-QL)jh C RN \ Eh(k —|—j)
Proof. Let us prove the first assertion. For simplicity we assume without loss of
generality that p = 0. We prove the result by induction on j. The result for j = 0 is

the assumption. Let us assume that the result holds for some j such that (j +1)h <
min{ﬁ, T — kh}. We know thanks to Lemma 4.3 that

Since the induction assumption states that Ws_(%+2L)jh C Ein(k+ j), and since the

assumptions on j and h imply that R(h) < £ — (£ + 2L)jh, we deduce from (3.34)
that Wgo C Ep(k+ 7+ 1). Let us set

Tmaz = sup{r; W, C Ep(k+j7+1)} >

S
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Step 1 of Lemma 4.3, by sending R to 7} . shows that

max?

1 co N -1 0
— J— ) — — < |/|/ =
) <{S (S + 2L) jh} rmax) Tmaz — 2L7maz < N P( 1) )

from which we infer that

{S (S + 2L) jh} Tmaz <2rmm + 2L) h <S + 2L> h,

and the result for E,(k + j + 1) follows, so that the proof by induction is complete.
The proof of the second point is entirely identical, according to the remark in Step
3 of the proof of Lemma 4.3. O

We are now ready to prove Proposition 4.2. This proof is inspired by the proof
of [51, Lemma 4.7|.

Proof of Proposition 4.2. Let us start with £*. Assume on the contrary of our claim
that there exist # € RY and t € (0, 7] such that s — dpg« () is not left continuous
at t. Since this map is lower semi-continuous thanks to the closedness of E*, we
deduce that there exist ¢ > 0 and a sequence ¢, — t~ such that for all p € N,

dE*(tp)(x) > dE*(t)(ZE) +e.

Let S = ew., so that Wy is the closed ball of radius ¢ centred at 0. Up to considering
a projection of z on E*(t), we can assume that = € E*(t) and for all p € N,

dE*(tp) (l’) > €.

Set for a fixed p, k, = [t,/hy], so that k,h, — t . By definition of E*(t,), there
exists ng large enough depending on p so that for all n > ny, dEhn(kn)(x) > ¢. Let us
set

M = (% +2L) Jw.

Then we can apply assertion 2 of Lemma 4.4 to deduce that for all n > ng such that
R(h,) < % and for all j such that jh, < min{ >, T — k,h,}

4(64+2LS)?
gy, (kn+5) (%) = € = Mjhp. (3.35)
Indeed we have st(ng)jhn(x) C RN\ Ej,, (k, + 7). Let us set

£ S? !
2M7 4(6 + 2LS)

7 = min{
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and fix s € (0,7) with s < T —t,. We set j,, = [s/h,] so that j,h, — s~ as n — +o0.
Then j,h, < min{ﬁ, T — kyh,} for n large enough, so that sending n to +oo
in (3.35) yields, by definition of E*(¢, + s),

dp+(t,+s) () > — Ms >

N ™

Taking s = ¢t — t, for p big enough so that 0 < s < 7, we get dg~«)(z) >
contradicts the fact that x € E*(t).
The proof for dz- is obtained in the same way by using assertion 1 of Lemma 4.4. [J

4.3 Comparison at initial time

We finish by giving a consequence of previous growth results on the comparison
of initial sets £,(0) and £*(0) with Ej. This result will be essential for comparison
at later times :

Lemma 4.5. We have E,C E,(0) C E*(0) C Ey.

Proof. We only prove that E*(0) C Ej, the left-hand side inclusion is obtained by
similar arguments. Suppose on the contrary that there exists # € E*(0) \ Ey. Then
we can find some ¢ > 0 such that B.(z) C RY \ E,. By definition of £*(0), there
exist sequences k, — +oo and x, — x with k,h, — 0 and x,, € E}, (k,). Thanks
to Lemma 4.4 and the facts that £, (0) = Ey and k,h, — 0, we know that there
exists M > 0 depending only on ¢, L and N such that if £ is large enough, then

But z,, — x and € — Mk, h,, — &, so that x,, € B._pg,n, () for n large enough. This
is a contradiction since x,, € Fj, (k,), and this proves the lemma. ]

5 Minimizing movements and weak solutions

We are now ready to prove Theorem 1.4. Since F,(t) C E(t) C E*(t) for all
t € [0,T] and almost everywhere in RY it suffices to prove that for all ¢ € [0, T],

{u(-t) > 0} C E.(t) and E*(t) C {u(-t) > 0}.

To this end, we will use a comparison principle for discontinuous viscosity solu-
tions. We therefore start by giving equations satisfied by 1z, and 1z« in the viscosity
sense, in relation with Theorem 4.1 :
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Theorem 5.1. Assume that ¢y and ¢, are Lipschitz continuous on RY x [0,T].
Then :

1. For any (z,t) € RN x (0,T), if a test function ¢ of class C? is such that 1p« — ¢
has a local mazimum at (z,t), then :

o if Dp(z,t) # 0, we have
61(.4) < (D (w.1), D)) + [col-+1) * Lot ) + ex . 0)] | Do, ).
o if DP(x,t) =0 and D*¢(x,t) =0, we have
¢i(z,1) < 0.

2. For any (z,t) € RY x (0,T), if a test function ¢ of class C? is such that 1p, — ¢
has a local minimum at (x,t), then :

o if Do(x,t) # 0, we have
Gi(z,t) > h(Do(z,t), D*¢(x,1)) + [co(-,t) * 1w (x) + c1(z, )] |Do(z, t)].
o if Dp(x,t) =0 and D*¢(x,t) =0, we have
di(z,1) > 0.

Proof. We only prove the first point, since the second point uses the same arguments.
We only need to consider the case where (x,t) € 0E*, since otherwise all derivatives
of ¢ at (x,t) vanish and the equation is trivially satisfied.

First case : D¢(x,t) # 0. In this case it is straightforward to check that —¢ has
a local maximum on E* at (z,t). Therefore, the first point of Proposition 4.1 gives
the result.

Second case : D¢(z,t) = 0 and D?*¢(z,t) = 0. We can always assume that our
maximum is equal to 0, i.e. ¢(z,t) = 1g«(z,t) = 1. Let us also assume that ¢;(x,t) >
0. Then a Taylor expansion of ¢ at (x,t) shows that there exist § > 0 and k£ > 0
such that for all (y, s) verifying s € (t — §,t) and |y — 2| < 2k(t — 8)'/3, 1p-(y, s) <
o(y,s) < ¢(z,t) =1, hence y ¢ E*(s). As a consequence for all s € (t — 4,1),

dE*(s)(iL‘) > k’(t — 8)1/3.
Now we can proceed as in the proof of Proposition 4.2, using the growth control
given by Lemma 4.4, to prove that there are positive constants k; and ko such that
for all s < t close enough to t,

k
dg~@y(x) > k(t — 5)1/3 — < 1)1/3 + k2> (t—s) >0,

(t—s
which contradicts the fact that x € E*(t). O
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Proof of Theorem 1.4. The previous theorem shows that 1z« is a subsolution of the
level-set equation (3.4), while 15, is a supersolution. Indeed, an argument of Barles
and Georgelin |22, Proposition 1| shows that under the conclusions of Theorem
5.1 there is no property to check when the test function satisfies D¢(z,t) = 0
and D?¢(x,t) # 0. To conclude we use a method initiated by Barles, Soner and
Souganidis [27, Theorem 2.1] : let ($,) be a sequence of smooth functions such
that &, =1 on [0,400), &/ > 0in R, &,(R) C [0, 1] and inf, ®,, = 0 on (—o0,0).
Thanks to Lemma 4.5, we know that 15+) < ®,(uo) in RY. Since (3.4) is a geometric
equation, ®, () is a uniformly continuous solution of this equation. The comparison
principle [27, Theorem 1.3| implies that for all ¢ € [0,7),

If x € {u(-,t) <0}, we therefore have

which means that x ¢ E*(t). As a consequence E*(t) C {u(-,t) > 0} forallt € [0,7),
which also holds for ¢t = T by continuity of « and thanks to Proposition 4.2. The
argument to prove that {u(-,t) > 0} C E,.(¢) is similar.

In case there is no fattening, we deduce that for all t € [0, T|, E(t) = {u(-,t) > 0}
almost everywhere, and we can replace {u(-,¢) > 0} by E(t) in (3.4) to deduce that
u is a viscosity solution of (3.4). O

6 Comparison with the smooth flow

We now turn to the proof of Theorem 1.5. Following Cardaliaguet and Pasqui-
gnon [53|, we define a sub/super pair of solutions for our non-local motion. Roughly
speaking, it is a pair (K1, K2) of tubes, where K; moves with velocity

‘/w<Hz+ inf '7t*]— + 7t7
S My Icl(t)cl%clcg(t){co( )* 1k ()} + ci(x,t)

while Ky moves with velocity

Vor = Hop+  sup  {co(- 1) * 1x(2)} + c(z, 7).
Ki(t)CKCKa(t)

As at the beginning of section 4.1, we formulate this in terms of test functions :

Definition 6.1 ([53]|, Definition 2.5). Let K; and K, be compact subsets of RY

such that Ky CKs. A sub/super pair of solutions with initial data (K1, Ks) is a pair
(K1, K2) of tubes such that
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1. K1 C Ks. . .

2. IC1<O> = K, and ’CQ(O) C K.

3. For any t € (0,T), if a test function ¢ of class C? has a local mazimum on K, at
some point (z,t) € 0Ky, then

oz, 1)

(DO, 0, D%, 0) = | int () L)} + cnont)| 1D, 0.

4. For any t € (0,T), if a test function ¢ of class C? has a local minimum on I/C\Q at

—~

some point (x,t) € OK,, then
¢t<x7 t)

Sh(ng(:L‘,t),DQQb(I,t)) - [ sup {CO('7t)*1K(x)}+Cl(xvt)] |D¢(:)§,t)|
K1(t)CKCKa(t)

Such sub /super pairs of solutions exist and we can define, following Cardaliaguet
and Pasquignon, eztremal sub/super pairs of solutions (K5, K5) with initial data
(Eo — €B1(0), Ey + €B1(0)). The extremality holds with respect to the inclusion.
Moreover, if Ej is compact with uniformly C?* boundary, and if E, is a smooth
evolution with C*™* boundary, starting from Ej, with normal velocity given by (3.11),
then Ki C E, C K5 and both Kf and Kf converge to £, in the Hausdorff distance
as € — 0, as proved by Cardaliaguet [50].

Now, owing to the respective velocities of Kf, F,, E* and K3, we want to compare
these sets. Going through the corresponding proofs in [53| and [50], we check that
the estimation on the velocities of E* and FE, (Proposition 4.1), their regularity
property (Proposition 4.2) and their initial position relatively to Fy (Lemma 4.5)
give the following result :

Theorem 6.2 ([53], Theorem 2.11). Under the assumptions of Theorem 1.5, let
(K5, K5) be an extremal sub/super pair of solutions with initial data

(Eo — €B1(0), Ey + £B1(0)).
If Ki(t) and K5(t) are non-empty for all t € [0,T], then
K5(t) C El(t) C E*(t) C K5(t) Vte|0,T).
We are finally ready to prove Theorem 1.5.

Proof of Theorem 1.5. Since Kj and K5 converge to the smooth evolution E, star-
ting from FEj in the Hausdorff distance if the latter exists, we deduce that for all
t € [0,7), Ei(t) = E*(t) = E.(t). This also holds for ¢t = T thanks to Proposi-
tion 4.2. Moreover we know that for all + € [0,7] and almost everywhere in RY,
E.(t) C E(t) C E*(t), so the result follows. O
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7 Existence of smooth solutions

To prove Theorem 1.6, we will use a fixed point method. We begin by constructing
a smooth solution for the local problem (with prescribed velocity).

7.1 Existence of smooth solutions for the local problem

Theorem 7.1 (Existence of a smooth solution for the local problem). Assume that
Ey is a compact domain with uniformly C3T® boundary and that ¢ € W>1°(RN x
[0,T]). Then there exist a small time to > 0 depending only on Ey and on an
upper bound on ||c|lw2ie®y o7y and a smooth evolution {E,(t)}o<i<y, with C***
boundary, starting from Eq with normal velocity

‘/;th = Hx,t + C(.I, t)7 (336)
where H,, is the mean curvature of I'(t) = OE,(t) at x.

The proof is an adaptation of the one proposed by Evans and Spruck [84] for
the classical mean curvature motion (see also Giga, Goto [99] and Maekawa [141]
for more general equations). For the reader’s convenience, we give the steps of the
proof to explain how to treat the dependence in the space variable of the velocity c.

Assume we are given the smooth hypersurface I'y = 0Fy, a time ¢, > 0 and a
smooth evolution {I'(¢) }o<i<s, = {OE(t) bo<i<t, of surfaces developing from I'y with
normal velocity V, ;. Heuristically, one can show (see [84]) that the signed distance
function d to I'(t) defined by

dist(z,T'(t)) xRN\ E(t)
d(z,t) = { —dist(z,T'(t)) x € E(t)

is a solution of

vy = F(D*v,v) + c(z — v(z,t)Dv(z, 1), t) (3.37)
with .
F(R,2) = f(M(R), .., M(R), 2) = %, (3.38)

i=1
where A\ (R) < A (R) < ... < A\, (R) are the eigenvalues of R. F' is a priori defined

and smooth for |R| and |z| small enough, but we extend it to be smooth on all of
Symy x R with |F|, |DF| and |D?F| bounded as in [84].

The idea is to study directly the PDE (3.37). For this, set I'g = 0E, and let

o) = { dist(z,Ty) =z € RV\E, (3.39)

—d18t<l’,rg> T e E()
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be the signed distance function to I'g. We fix g so small that g is smooth within
V={recRY, —§ < g(x) <}
and we set, for ¢y > 0 to be determined,
Q:VX(O,t(]), Y =0V x [O,to]
The plan is to consider a solution to the PDE
v = F(D*v,v) + ¢(x —vDv,t) in Q
|Dv|? =1 on X (3.40)
v=g on V x {t=0}
and to prove that the zero level sets of v(+,t) are smooth hypersurfaces evolving with
normal velocity given by (3.36).
First, we have the following existence result for this non-linear PDE (see Lunardi

|140, Theorem 8.5.4 and Proposition 8.5.6] :

Theorem 7.2 (Existence for the non-linear PDE).

There exist Oy, to > 0 depending only on Eqy and on an upper bound on

|| c|[ w2100 m x[0,77) SUcCh that there exists a unique solution v € CZH 5% (Q) of the
PDE (3.40). Moreover, if g € C3+*(V), then the first order space derivatives v,,,
for 1 <k < N, belong to C*r5%(QQ).

Evolution of the zero level set of v
The rest of the proof is devoted to proving that the sets
I'(t)={zeV, v(z,t) =0} (fort e 0,%)) (3.41)
are in fact smooth hypersurfaces evolving with normal velocity
Vit = Hypr + c(x,t),
where H,; is the mean curvature of I'(¢) at x.

Theorem 7.3 (Distance property of v).
Let v be the solution of (3.40) given by Theorem 7.2. Then we have

|Dv> =1 in Q. (3.42)
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Proof. We adapt the proof of Evans and Spruck [84, Theorem 3.1].
1. Let w = |Dv|> — 1. By the regularity assumption on Ejy, we have that w €

24«

C*t*757(Q). Moreover, using the PDE (3.40) and the definition of g given by (3.39),
we get that

w=0 onk, (3.43)
and
w=0 onV x{t=0}. (3.44)
2. Differentiating (3.40), we compute (the summations are implicit)
OF OF
x:_DQ TiT;T _DZ’ T a _D7t
Vtay, arij( v,v)v”k%—az( vv)vk+axkc(x vDwv,t)
Therefore
Wy =2y, Vgt
OF OF 0
:287“ij (D?v, V)V Vayiz; + 2§(D2U, v)|Dvl? + 28—3%(0(1: —vDwv,t))vy,
OF OF oF
o (D?*0,0)wg,z, — 2 o (D%0,0) 001,010, + 25— (D0, 0)| Do (3.45)
9,
+2—(c(x — vDv,t))vy,. (3.46)
ailﬁk

Now

N
Qaimk(c(x —vDuv,t))v,, =2 Z ;Z (x — vDv,t)(6i, — Vg Ve, — VVspa;) Vs

N
= —2(|Dvf* = 1) Z gﬂi (x —vDwv,t) vy,

=—wli(z,t) —wy, la(x,1),

where
Y oc
Li(t,x) =2 Z o (x —vDwv,t) vy,
i=1 "
and p
lyi(x,t) 8; (x —vDv) v
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Moreover
F(D?*v,v) = f(..., \i(D*0),...,v) inQ.

Thus

OF , , . Of ) N~ \i(DM)?

g(D v,v) = &(...,)\Z(D V), .y ) = Zzl =AD"
On the other hand

OF "L Of

—(D? Vg, = Y D? (D*v)?

arij ( U)Uﬁkxzv$kxj — a)\l ( ) Al( )7 ’ U)Al( U)

o M\i(D?v)? oF , _,
Z (1= X(D?>v)v)2 9z (D%,v)
As a consequence (3.45) becomes
wy = gf (D*v, 0)Wyya; + (ZZ—S(D%,U) — ll(x,t)> w —ly(x, 1) wy,.
ij

In view of the uniform ellipticity of F' (see [84, Lemma 2.1]), we get that this is a
uniformly parabolic equation. Using the fact that w = 0 on the parabolic boundary
of ), we deduce that w = 0 in (). This ends the proof of the theorem. n

Now, using (3.42), we get that

[={(z,t) €Q, v=0}

is a smooth hypersurface in R"™' N Q and each slice T'(t) = {z € V, v(x,t) =0} is a
smooth hypersurface in V. Moreover we have the equivalent of [84, Theorem 3.2] :

Theorem 7.4 (Existence of a classical evolution).
The surfaces {I'(t) }o<i<i, comprise a classical motion starting from Uy with nor-
mal velocity
Vit = Hypr + c(z,t).

7.2 Existence of smooth solution for the non-local problem

This subsection is devoted to proving Theorem 1.6. To this purpose, we will
use a fixed point method. We use the same notations as in the previous section, in
particular F', @), > and V, for some t; to be determined. Using the same method as
in Section 7.1, our goal is to construct a solution to the PDE

vy = F(D%*0,v) + (co(-, ) *v Lgu(p<oy) (@ — vDv,t) + é(x —vDv,t) in Q
|Dv|>=1 on X
v=g on V x{t=0}

(3.47)
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where x, denotes the convolution restricted to V', i.e.

Co('ﬂf) *v 1{v(-,t)go}($) = / 00(95 - Y, t)l{v(-,t)§0}<y) dy
%

and
(o.t) = [ ale =y 0y + (o)
Eo\V

We define the set
o= gll s 24 g < Ro
— 2 -
E={ye ot |Dv|* =1in Q
@) v=gonV x {t =0}
Vgeg = hoon V x {t =0}
where ¢ is defined by (3.39), Ry is a small constant which will be precised later and
ho = F(D?g,g) + cox 1g,(z — gDg,0) + c1(x — gDg,0).
For w € E, we set
Cw(xv t) = CO('7 t) % ]-{w(~,t)§0} (l’) + 6($a t)

Under the assumptions on ¢y and ¢; it is easy to check that c,, € W21°(RY x [0, T1])
(see the definition of W21°(RN x [0,T1]) after (3.10)). Indeed, the only difficulty is
to check that c,, is Lipschitz in time. To do this, let us state the following lemma :

Lemma 7.5 (Estimate on characteristic functions).
There exists a constant C' which does not depend on ty, such that if uy, us €
CY(V) satisfy Du; - Dg > 5 in V for i =1,2, then

11 <0y = Lpus<op |17y < Cllun — ual| oo 37y

The proof is an easy adaptation of [8, Lemma 42| (using local cards and a par-
tition of unity), so we skip it.

For any u € E, Du satisfies Du(-,0) = Dg and is Holder in time. As a conse-

quence, for ¢;, small enough depending only on an upper bound on ||u||02 ) <

Ry + |lgllgz+agry, Wwe have Du(-,t) - Dg > 5 in V for any u € E and t € [0, ).

Therefore, using the previous lemma, we can compute
lcw(,t) — cuw(x, s)| =|co(-, 1) *v Liwp<oy (@) = co(-, 8) *v Liw(,s)<0y (@)
+ é(x,t) — é(x, s)|
<lco (-, t) *v Liw( <oy (@) — o+, 1) *v Liw(.s)<o} ()]
+ leo(58) *v Ljw(o)<op () = col-, 8) *v Lu(. <0y (7)]
+ |é(x, t) — é(z, s)]
< Cylt — ¢,
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where

Cu :CHCOHLOO(RNx[o,T])HwHCzM,HTa@ + 2||CU||lem([O,T};LOO(RN))‘CN(EO)

+ ||Cl”W2,1;oo(RNX(O7T)).
The factor 2 appears if we assume that LY (V \ Ey) < LY(Ep), which is always

possible. We remark that this constant C',, can be chosen independently of w since

we have ||w||02+a’2ﬁ+ra@) < Ro + ||gllc2+a7)- This, together with similar estimates on

space derivatives, implies that for any w € F,
HCwHWQJ%OO(@) < C(1+ Ry),

where the constant C' does not depend on t,, R,.

As a consequence, for ¢, small enough (depending only on Ry), we can therefore
define for any w € E, v = ®(w) as the unique solution of

v = F(D*v,v) + ¢,(x —vDv,t) in Q
|Dv|? =1 on X
v=g on V x {t=0}.
Moreover the proof of Theorem 7.2 shows that provided ¢, is small enough (de-

pending only on Ry), then v € F for any w € E. Let us now prove that ® is a
contraction.

Let wy, wy € E, v = ®(wy), vy = P(ws) and v = vy — vy. Then v is a solution

of
Uy — UijVga; + fiVe, + €0 =04+ A(D*v, Dv,v,z,t) in Q
0
a—z = a(Dwv, x,t) on X
v=0 on V x {t =0},
where
oF oc or
tij = 75— (D*vy, 00)vig,  fi= ap. v €= Dew - Do — %(D%}lﬂ)l)v
ij %

0 = Cyy (T — V9 DUy, t) — Cy, (x — V2 Do, t),

A(R,p, z,x,t) =F(D?v; + R, v, + 2) — F(D*v1,v1)

OF OF

_ g(p%hul)z — o

+ Cyy (. — (01 + 2)(Dvy + p), t) — ¢y, (x — v1Dvy, t)

Oy, (x — vy Duy, t)
3951-

(D2U1, U1>Tij

+ (Dey, (x — vy Dy, t) - Duy)z + v1p;
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and

(2p- (Dvy — Dg) + [p|*)  on {g = do}

5 (20 (Dvy = Dg) + [pf*)  on {g = —do}.

where we have used the fact that Dg is normal to 0V. Using the same arguments as
those of Evans and Spruck [84, Lemma 5.3] (i.e. a Taylor expansion) and the fact

that ||v||02+a,2+7a@) < 2Rg, we get that

el

a(p,z,t) =

HAHC%%@)’ HGHCHa,“T‘*(E) < CROHUHCHOL,“TO‘(@V

where C' does not depend on ¢y, Ry. Using [84, Lemma 2.2], we then deduce that :

”Ul - U2||CQ+&,2+TQ(§) :||U||CQ+Q,HTQ(§)

<C (181l o5 gy + 1 Allgms gy + 0l s 5 )
from which we deduce that

[ e 255

for Ry small enough. We now use the following lemma, the proof of which is post-
poned :

Lemma 7.6 (Estimate on the velocities).
With the previous notation, we have for to small enough (depending only on Ry)

||5||W11,oo(§) S C||w||W1717oo(§)
where w = wy; — wy and C does not depend on ty.

This implies in particular, also using the Holder regularity of w and the fact that
Wyj,_y = 0 = Dw(-,0), that

1603 gy < Nllwraieay < Cllin = wallypreay < C1G leon = w3l o2

so that for ¢, small enough

1
”Ul - U2||C<2-¢-a,2+‘l _ < _le - ngCQ"'av%Ta(Q)

7 (Q)

This implies that ® is a contraction and so that, using the Banach fixed point
Theorem, we deduce that there exists a unique solution v of (3.47).
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Using Theorem 7.4, we deduce that E,.(t) = {z € V, v(z,t) < 0} defines a
smooth evolution with C?T® boundary starting from Ej, with normal velocity

Vi = Hyy + co(- 1) x 1, (%) + c1(, 1),
This ends the proof of Theorem 1.6.
We now prove Lemma, 7.6 :

Proof of Lemma 7.6. We begin by computing the derivative of § in time. We have,
using Hadamard’s formula :

00
E(l’ + v Dy, t) = / (co)e(x =y, t) (Lgwy (- 5)<0r () = Lqwe(y<oy) () dy — (3.48)
1%
[ et — v (3.49)
{w1(-,t)=0}

+/ (w2)s (9, Dol — g, H)dH™
{wa2(-,t)=0}

First, using Lemma 7.5, we have that

/V(CO)t(a: — Y, ) (Lpun () <0y — 1{W2(y,t)S0})dy‘ < Clleollwres o.13:L00 @y W] Lo () -

(3.50)
For the second term, we write
[ st - ga = [ (el - i
{w2(-,t)=0} {w: (-t)=0}
=1 +1
where
Il - / (U)Q)t(y; t)CO(I - Y, t)dHn_l - / (wl)t(y7 t)Co(l' - Y, t)dHn_l
{w2(-,t)=0} {wa(-t)=0}
and
I, = / (w1):(y, t)co(x —y, t)dH" ™ — / (w1)e(y, t)co(z —y, t)dH" "
{w2(-t)=0} {w1(-t)=0}
We remark that
71| < Clleoll poe @y llwill 1o @) (3.51)

where the constant C'is a bound on the perimeter of {u(-,t) = 0}, uniform for u € F
and t € [0, to]
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We now treat Z,, and to this aim we use a local parametrisation. We choose

0 3
local coordinates and r small enough such that 29 > — in B, C RY~!. Now, for
iy

to small enough, recalling that w;(-,0) = ¢g and \|wiﬁ02+&,2+Ta@) < Ro + |9l 2+ ),
ow; _ 1,
we get that ai > 5 in B,.. We fix t < ¢, and we assume that {w;(-,t) = 0} =
x
{(«', fi(«")), 2’ € B,}. Using a partition of unity, we will then recover the complete
estimate. We define e(2') = fo(2') — fi(2’). For ¢y small enough (depending only on
Ry and ¢) we can assume that
1

Ro + |lglloz+air)

le(2)] < o (3.52)

We then have

LI<C [ |VIFIDAP e —y. e — i).D

z'€B,

~V1+[Dfi+ De? co(a’ =y swn — fily') — (), 1)| dy’
<Cllellwre(s,)
where we have used the fact that co € L°°([0, T]; W1 (R")) and where the constant
C depends only on Ry, g and cg.

Our goal now is just to estimate |||y 1.00(5,) with respect to [[w]| oo (o 1] w100 (7)) -
For simplicity of notation, we forget the dependence in time of w, w; and wy. We
recall that

wi (2, f1(2")) =0 =wq (2, f1(2") + e(2")) (3.53)
=wi (2, f1(2') + e(2’)) —w(@’, fu(@) + £(2")).

Using a Taylor expansion, we get that

9,
wi(z’, f1(2') + &(a”)) =wi (2, f(2")) + 3201 (@, f(2')) - (@) + o(e).
Moreover,
1 82’101 2
ol <5 | 5| el
<7 lel
—lell 2o
<7 llelz
2w, .
where we have used (3.52) and the fact that 52 < Ro + ||gllc2+a 7). Injecting

this in (3.53), we get
lellzoe < 4wl g)- (3.54)
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where we have used that [2%t| > 1. Differentiating (3.53) with respect to z; and

Tn

using a Taylor expansion, we get as above

HwHLoo([Ot ,Whoo (V)
%% < Cllwl] poo jo,t0), w20 (7))

ezl < C

Combining the last inequality with (3.54), we get
Zo| < CHwHLOO((O,tO);leOO(V))‘ (3.55)

Using (3.50), (3.51) and (3.55), we get that

o)
15, l2@ = Cllwlw~q-
The estimates on ||| .« g and || Dd|| ;g are easier (they use the regularity of co),
so we skip their proofs. This ends the proof of the Lemma. O
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Chapitre 4

Convergence d’une équation eikonale
non-locale vers le mouvement par
courbure moyenne anisotrope.
Applications a la dynamique des
dislocations

Ce chapitre est un travail en collaboration avec F. Da Lio et R. Monneau [67].
Dans ce travail, on montre la convergence & grande échelle d’une équation du pre-
mier ordre non locale vers un mouvement par courbure moyenne anisotrope. Cette
équation du premier ordre, qui est une équation de type eikonale avec une vitesse dé-
pendant de fagon non locale de la solution elle-méme, intervient dans la théorie de la
dynamique des dislocations. On montre que si un mouvement par courbure moyenne
anisotrope est approximé par ce genre d’équation alors il est de type variationnel
alors que la réciproque est vraie seulement en dimension 2.



Convergence de la dynamique des dislocations & grande échelle

Convergence of a non-local eikonal equation
to anisotropic mean curvature motion.
Application to dislocations dynamics.

F. Da Lio , N. Forcadel, R. Monneau

Abstract

In this paper we prove the convergence at a large scale of a non-local
first order equation to an anisotropic mean curvature motion. This first
order equation is an eikonal-type equation with a velocity depending
in a non-local way on the solution itself, that arises in the theory of
dislocations dynamics. We show that if an anisotropic mean curvature
motion is approximated by this type of equations then it is always of
variational type, whereas the converse is true only in dimension two.

AMS Classification : 35F25, 35D05, 35Q99, 35B40, 35G25, 49L25.

Keywords : Dislocations dynamics, asymptotic behaviour, non-local
equations, eikonal equation, mean curvature motion, viscosity solutions.

1 Introduction

1.1 Physical motivation

In this paper, we study the asymptotic behaviour of an equation modelling dis-
locations dynamics. More precisely, we show that, on a large scale, dislocations
dynamics is given by a mean curvature motion (we refer to Subsection 1.3 for the
exact setting of the result). Dislocations are line defects in crystals whose typical
length in metallic alloys is of the order of 10~m and thickness of the order of 10~%m.
The concept of dislocations in crystals was put forward in the XXth century, as the
main microscopic explanation of the macroscopic plastic behaviour of metallic crys-
tals (see the physical monograph Hirth, Lothe [106]). Since the beginning of the
90’s, the research field of dislocations is enjoying a new development, in particular
thanks to the power of computers which allows simulations with a large number of
dislocations.

Recently Rodney, Le Bouar, Finel introduced in [158] a new model called the
phase field model of dislocation. In this model, the dislocation line in the crystal
moves in its slip plane with a normal velocity which is proportional to the Peach-
Koeller force acting on this line. In the case where there are no exterior stress, this
force is simply the self-force created by the elastic field generated by the dislocation
line itself. In [10], [9], Alvarez, Hoch, Le Bouar and Monneau proposed to rewrite
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this model as a non-local Hamilton-Jacobi equation. Using viscosity solutions (we
refer to the monographs of Barles [18] and Bardi and Capuzzo-Dolcetta [17] and to
the paper of Crandall, Ishii and Lions [61] for a good introduction to this theory),
Alvarez et al. [10], [9] proved a short time existence and uniqueness result. Then,
Alvarez, Cardaliaguet and Monneau [6] and Barles and Ley [25] proved a long time
result under certain assumptions. We also refer to Forcadel [87] for a uniqueness
and existence result for dislocations dynamics with a mean curvature term. This
equation was also numerically studied by Alvarez, Carlini, Monneau, Rouy [7], [8].

Mathematically, a dislocation line is represented by the boundary of a bounded
domain Q C R? which moves with normal speed given by

Vi, =¢o*p

where the kernel ¢g = ¢y(x) depends only on the space variables, x denotes the
convolution in space and p is the characteristic function of the set €2, i.e.

(z) = 1 if z€eQ
PREI= 0 if z¢Q.

In this paper, we consider a simplified model of the one proposed by Alvarez et
al. [10], [9]. Here, we assume that the negative part of the kernel ¢; is concentrated
on one point, &.e., ¢g = ¢y — ( fRQ co) 09 where ¢q is now a positive kernel. Because of

the formal half contribution of the Dirac mass to ¢y x p on the dislocation line 052,
we can rewrite (formally on the dislocation line)

1
Vn:CQ*p—E/ Co.
R2

For this model, we will be able to prove, in the framework of the Slepcev level set
formulation (see [169]), a long time existence and uniqueness result for the solution
of this equation (see Section 2).

Physically, the kernel ¢, is assumed to behave like # at infinity. We refer to
Section 4.1 for more details and note that the decay of our kernel misses the natu-
ral integrability condition (4.34). For this reason, we can rescale the characteristic

function p, defining
(2, 8) x t
rt)=pl|l— = |.
P Pz e2|In¢|

This is almost the parabolic scaling. Here the presence of the logarithm is a well-
known factor in physics (see for instance Barnet Gavazza [31|, Brown [45] or Hirth
and Lothe[106]). We then show that in a large scale (i.e. ¢ — 0), the normal speed of
the dislocation line associated to p° is given by anisotropic mean curvature of the line.
More precisely, we show that the solution of the non-local Hamilton-Jacobi equation
modelling dislocations dynamics converges, at a large scale, to the solution of a mean
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curvature motion. We also study the link between the energy of dislocations and the
energy associated to the mean curvature motion and we prove a formal convergence
of the energies. We show that the mean curvature motion we can approach with this
type of non-local eikonal equations is always of variational type. Finally, we show
that in the two dimensional case, essentially all mean curvature motion of variational
type can be approximated, which is not true in higher dimensions.

This result is very natural for dislocation dynamics. Indeed, in many references in
physics, the authors describes dislocations dynamics by line tension terms deriving
from an energy associated to the dislocation line. See for instance Brown [45] and
Barnet Gavazza [31] for physical references and Garroni, Miiller [93], [94] for a
variational approach. As far as we know, our result is the first rigorous proof for the
convergence of dislocation dynamics to mean curvature motion.

Similar results have already been proved for general kernels in relation with the
Merriman, Bence, Osher algorithm for computing mean curvature motion [143]. We
refer to Barles, Georgelin [22] Evans [79], Ishii [116] and Ishii, Pires, Souganidis
[120] for such kind of results. We also refer to Souganidis [172] for example where
the kernels are fractional laplacian. Nevertheless, our kernel does not satisfy the
assumptions of these papers. We refer to Subsection 4.1 for a comparison with other
related works. Moreover, we show in Section 7 that the limit mean curvature motion
obtained by convolution is of variational type.

1.2 Mathematical setting of the problem
Given a function g defined on the unit sphere S" !of R™ by

geC’(S™ ), g(—0)=g®) >0, VvHecS"! (4.1)

we consider kernels ¢y € L>°(R") satisfying

1 x
= — — if >1
) = o o () il 21 "

co(—x) =co(x) >0, VreR™

We want to look what happen for large dislocation, i.e., in a large scale. Up to a
change of variable, this is equivalent to concentrate the kernel. Since ¢y behaves
like |$\+“ at infinity (see (4.2)), the “natural scaling” is then the following one for
0<ex<l1

. 1 T
) = g @ (E) ' (4.3)

The presence of the logarithm comes out naturally in the proofs (see Subsection 4.1)
but is also expected from a physical point of view.
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We will use the level set formulation in the sense that the dislocation line (here
in any dimension n > 1) is represented by any level set of a continuous function u?,
solving the following equation (in the sense of Definition 2.1)

1

6.0 = (6 dpeomwan)@) = 5 [ &) IDn] i B x 0.7)

u(+,0) = ug(+) in R”

(4.4)
where Du® indicates the gradient of u® with respect to the space variables, the
convolution is done in space only and 1{,e(.4)>us(2,)} 1S the characteristic function of
the set {u(-,t) > u(z,t)}. Here, we consider the simultaneous evolutions of all the
level sets of the function w®. This approach has been introduced by Slepéev [169]
(see also Da Lio, Kim, Slep&ev [69]).

We will prove that the unique viscosity solution of (4.4) converges to the unique
solution of a mean curvature-type equation.

1.3 Main results

We denote by C’;:tl/ (R x [0,T]) the set of continuous functions satisfying a
Lipschitz condition in 2 and a Holder condition in ¢ of exponent 1/2 and by Lip(R")
the set of Lipschitz continuous functions.

Theorem 1.1. (Existence, uniqueness and regularity for the c-problem)
Let n > 1. Assume that the initial data ug € Lip(R™) and that co € WH(R™). Then
for all ¢ € (0,1), there exists a unique viscosity solution u® of (4.4) in the sense
of Definition 2.1. Moreover, u® is C’;jtl/z(R" x [0,T]) uniformly in € for e € (0, %)
Namely, we have the following estimates for € € (0, %) :

| Du (-, t)| oo mny < [Duo|poo@ny, V£ >0
and
W (x,t + h) — w2, t)| < C|Dug|pe@nVh, YoeR" Vt>0, helo1],
®")

where the constant C' depends only on n and sup cy.
R
We are interested in the limit problem satisfied by the limit u° of u® as € goes to
zero. To this purpose, we consider the following problem

uf (v, t) + F(D*u, Du’) =0 in R™ x (0,7)

(4.5)
u?(+,0) = ug(+) in R”
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" F(M,p) = —trace <M A (“%)) (4.6)
with

A (I%I) _ /@ IR (%g(@)@@ 9) d (4.7)

Hereafter M - A and (-, ) denote respectively the product between the two matrices
and the usual scalar product.

Remark 1.2. In particular F is geometric (see Barles, Soner, Souganidis [27])
because M +— F (M, p) is linear and

F(M,p)zF(<Id—%®%> -M,“%)

Sn—?
Remark 1.3. In the particular case where g = 1, we get A = | |

L Tdiy cppen
2n—1) o <mp>=0}

where |S"72| is the Lebesque measure of S, and then

F(M,p) = 2_(7’18—??) trace ((]d - ‘% ® ‘%) - M)

We recover the classical mean curvature motion up to the factor |S"72|/2(n — 1).
We prove the following result

Theorem 1.4. (Convergence of dislocations dynamics to mean curvature
motion)

Let n > 1. Given uy € Lip(R™) and ¢y € WHHR™), we consider the solution u® of
problem (4.4) with the kernel ¢ defined in (4.1)-(4.2)-(4.3). Then the solution u®
converges locally uniformly on compact sets of R™ x [0,400) to the unique viscosity

solution u° of (4.5)-(4.6)-(4.7).

Remark 1.5. This result also suggests a natural scheme to compute numerically
mean curvature motion. This is the subject of a paper in preparation [68].

From expression (4.6)-(4.7) it is not clear if the anisotropic mean curvature mo-
tion (4.5) is of a variational type or not. Theorem 1.7 below will show that this
mean curvature motion is indeed of variational type. Before to state Theorem 1.7,
we need the following definition :
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Definition 1.6. Let g € C°(R™"\{0}) satisfy g(\p) = |§|(521, VA € R\{0} and p €

R™\{0}. We then associate to g a temperate distribution L, defined by

(Lo} = [ dogla) (o(a) = 9(0) = - Dp(0) 11,0 (=)

for ¢ € S(R™), where S(R™) is the Schwartz space of test functions, and B(0)
denotes the unit ball centered in zero.
We define the Fourier transform of ¢ € S(R™) as

F@)O = [ do plajee

We have the following theorem :
Theorem 1.7. (Variational origin of the anisotropic mean curvature mo-
tion)
Let n > 2. Let g € CO(R™{0}) satisfy g(\p) = | i‘(ﬁl, VA € R\{0}, Vp € R™\{0}.
We have

/ 19(9)9 ® 0df = D*G (ﬂ) with G = —if(Lg) (4.8)
sr-1n{ (e, z)=0} 2 Pl 2m

where F(Lg) is the Fourier transform of L,. Moreover G(\p) = |NG(p), VA €
R\{0}, Vp € R"™ and, with A defined in (4.7), if u® € C*(R") with |Du®| # 0, then
the following holds :

0 0
ﬁtmce (A (%) -D2u0) = div (VG (%)) : (4.9)
which means that the mean curvature motion derives from the following energy :
[ G(Du°).
Moreover, if g > 0, then G is conver.
The converse is true in the two dimensional case, namely, if G € C°(R?) N
C%*(R?\{0}) is convexr and satisfies G(A\p) = |MG(p) VA € R\{0}, p € R?, then

there exists a non-negative function g such that L, := =21 F(G).

A different non-local equation for a mean field model describing a spin flip dy-
namics has been studied in De Masi, Orlandi, Presutti, Triolo [71]|, Katsoulakis,
Souganidis [124] and Barles, Souganidis [29]. In [32], Bellettini, Butta and Presutti
have proved that the limit dynamics is related to the Hessian of an energy.
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Proposition 1.8. (Counter-example)
The converse of Theorem 1.7 is false in dimension n > 3, i.e., there exists g which
changes its sign such that A(p) = D*G(p) > 0.

Remark 1.9. If g is a positive measure, we can formally approximate crystalline
curvature by our non-local eikonal equation.

Remark 1.10. Physically, only F(L,) is known. We see that formula (4.8) allows
easily to compute g in dimension n = 2 and then to check that g > 0 or not. See
Hirth and Lothe [106] Chapter 13-8 for an example where g is not non-negative, and
Head [104] for examples in cubic elasticity.

In the simplest case of applications for dislocations dynamics, the crystal is des-
cribed by isotropic elasticity (see [106]). When the Burgers vector is along the x;
direction, we have

IRt

1
G(p with v e (-1, =
) ] (=1.3)
where v is the Poisson ratio of the material, and
(27 = 1)(61)° + (2 — 7)(02)* . 1 1
= > =—€(3,2).
9(0) Tk >0 with ~ T 6(2, )

It is well-known that we can approach generalized mean curvature motion with
Merriman Bence Osher [143| construction with a general kernel K satisfying

Ko(—x) = Ko(x)

and for every p € S"~!
/l Ko(z)|z|* < oo (4.10)
P

where pt = {x, (x, %) = 0} and with the "parabolic scaling" Kj = %Kg <£>
£ £
We refer, for instance to Barles Georgelin [22], Evans [79], Ishii [116] and Ishii, Pires,
Souganidis [120] (we also refer to Subsection 4.1 for a formal proof).
More precisely, under the additional assumption that fp . Ko(z) = 1 for any
p € S"71 the limit motion found in [120], Section 3 with the threshold § = 1/2, is

(4.5)-(4.6), with (4.7) replaced by

Il

Up to our knowledge, it was not known in this general setting if the limit mean
curvature motion associated to (4.11) is of variational type (cf (4.9)). It turns out
that this is a simple consequence of our Theorem 1.7 :
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Theorem 1.11. (Variational property of the limit motion)
FEvery mean curvature motion of the form of (4.5)-(4.6) with A defined in (4.11) is
of variational type.

The problem we consider is formally associated to the following energy :

E(uf) = /}\?()\)d)\ (4.12)

where

— 1
E0 = [ 5@ )6

Py = Lussay, G = — (/ CS) do-

We will show formally in Section 8 that this energy is non increasing in time and
that there is a convex function G such that £(u) — [ G(Du°) which is the energy
associated to a mean curvature motion of the limit solution u°.

with

1.4 Organisation of the paper

Let us now explain how this paper is organised : Section 2 is devoted to the study
of the e-problem. In Section 3, we recall some known results on the limit problem.
Then, we give, in Section 4, a result on the convergence of the velocity for a test
function. The regularity result of Theorem 1.1 is proved in Section 5 (see Corollary
5.3) as well as estimates at initial time. The convergence result Theorem 1.4 is proved
in Section 6. The variational property of the limit motion Theorem 1.7 and Theorem
1.11 and the counter-example Proposition 1.8 are proved in Section 7. In Section 8,
we study very formally the link between energy and mean curvature motion. Finally,
in an appendix, we give some technical lemmata on Fourier transform.

2 Existence and uniqueness for the s-problem

In the sequel we will denote by B, .USC(R"™ x [0,T]) and By, LSC(R™ x [0,T1)
respectively the set of locally bounded upper semicontinuous and lower semiconti-
nuous functions in R" x [0,77].

Definition 2.1. (Viscosity sub/super/solution for the non-local eikonal
equation)
A function u® € B, USC(R"x[0,T]) is a viscosity subsolution of (4.4) if it satisfies :

(i) u(2,0) < uo(x) in R",
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(i1) for every (xg,to) € R"x(0,T) and for every test function & € C* (R™ x [0,T"))
such that u* — ® has a mazimum at (zo,1g), the following holds :

1
e o) < (6 dptaetaon)an) — 5 [ &) IOl (413

A function u® € B LSC(R™ x [0,T]) is a viscosity supersolution of (4.4) if it
satisfies :

(i) u(2,0) > uo(x) in R",

(ii) for every (xg,to) € R"x(0,T) and for every test function & € C* (R™ x [0,T"))
such that u* — ® has a minimum at (xo,to), the following holds :

1
e to) = (6 dtaetuon)an) — 5 [ 6) IOl (410

A continuous function u® is a viscosity solution of (4.4) if, and only if, it is a sub
and a supersolution of (4.4).

This definition comes from the definition of viscosity solution for nonlocal equa-
tion given by Slepcéev [169] (see also Da Lio, Kim, Slepéev [69]) and it permits to
extend to non-local equations all properties enjoyed by viscosity solutions of local
equations.

Note the difference in the choice of the set in the indicatrice function in the
definition of a subsolution and a supersolution. This is crucial to extend all the pro-
perties of viscosity solutions to nonlocal, geometric parabolic equations (see Slepéev
[169]), in particular for the stability of the solution, i.e., the limsup of subsolution
is a subsolution (and so the existence by Perron’s method).

Next we prove a comparison result between locally bounded semicontinuous vis-
cosity sub and supersolutions to the equation (4.4).

Theorem 2.2. (Comparison principle for the e-problem)

Assume cg € WH(R™). Let u € B, USC(R" X [0,T]), v € Bioe LSC(R™ x [0,T]) be
respectively viscosity sub and supersolution of (4.4). If u(x,0) < ug(x) < v(z,0) for
all x € R™ then u(x,t) < wv(z,t) for all (z,t) € R x [0,T].

To prove this result, we need the analogous of the Ishii’s Lemma for non-local
equations. We first recall the definition of the limit sub and super-differentials :

) (p,a) € R" x R, 3 (2, tn, Pn,an) € R X R X R” x R
Ptu(z,t) = such that (p,,a,) € PTu(x,,t,)
and (o, t, W(Tn, tn), Pn,y an) — (2, u(z, 1), p, a)
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where P is the classical super-differentials. The set P~u(x,t) is defined in a similar
way. It is well known that we have an equivalent definition for viscosity solution by
using sub and super-differentials (cf Crandall, Ishii, Lions [61]). We claim that the
definition remains equivalent if we replace the classical sub and super-differentials
by the limit ones. Indeed, let u € Bj,.USC(R™ x [0,7]) be a viscosity subsolution
of (4.4). We will show that

1
(p,a) € Pu(z,t) = a < (cé *Lutozu@oy () = 5 /CE) pl. (4.15)

Let (@, tn, Doy an) € R™ x R x R™ x R such that (p,,a,) € Ptu(x,,t,) and such
that (zp, tn, u(zn, tn), Pn, an) — (x,t,u(x,t), p,a). We then have, by definition,

1
ap, S (C(E) * 1{u(~,tn)2u(mn,tn)}(xn) - 5 /Cg) |pn’

() 1 ()
< (Co* L{ut )2 utan tapofu02u(e0} (Tn) = 5 / Co> [Pl
We just have to show that

€0 * Liu(tn) >u(@n tn) }ofu( 0> u(@n} (Tn) = €6 * Ll n>u(@n} (2)-
To do this, we use the following decomposition :
€5 % L{u( ) >uen tn) Yotu(- ) >u(z.0} (Tn) = €5 * Liu ) >u(n} (%)
=5 % Liu( ) >ulen tn)Jofu(t)>u(@)} (Tn) = €0 % Liu(tn)>u(@n tn)}Ulu(- ) >u(a)} (T)
+ €0 % L tn)>un b)) Jo{u () >ue,t) P\ {u(-t) >u(z,)} (T)-

The first part clearly goes to zero as n goes to infinity. For the second part, we need
the following lemma :

Lemma 2.3. Let f, be a sequence of measurable functions on R" and
f > limsup *f,(x) := sup {limsup fuly) 1y — x} .
n—0
Let a,, be a sequence converging to zero. Then
L{fn>a\{f>0}) =0 asn— oc.

where, for any measurable set A, L(A) denotes the Lebesgue measure of A.

For the proof of this lemma, we refer to Slepcev [169).

Applying this lemma with f, = u(-,t,) — u(x,t), a, = u(x,,t,) — u(x,t) and
f =u(-,t) — u(x,t) yields the result. The proof for supersolution is analogous.

Using (4.15), we can rewrite the Ishii’s Lemma (see Crandall, Ishii, Lions [61]
Lemma 8.3) for non-local equations :
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Lemma 2.4. (Ishii’s Lemma for non-local equations)

Let U and V' be open sets of R", and for T > 0, u € B,,.USC(U x (0,7)) and
v € Bl LSC(V x (0,T)) be respectively subsolution and supersolution of (4.4). Let
¢:UxV x(0,T)— (0,00) of class C*. Assume that (z,y,t) — u(x,t) —v(y,t) —
é(x,y,t) reaches a local mazimum in (Z,y,t) € UxV x(0,T). We set 7 = 0y0(Z, 7, t),
p1 = D,¢(z,9y,t), and ps = —Dy¢(Z,y,t) Then, there exists Ty, T» € R such that :

T =T — T2, B
(plaTl) S PJru(fvE)a (anTQ) € va(g’E%

and then

_ 1
71 < <CE * Liu( >u@n} (T) — 5/03) |p1

and
_ 1
o e KL

Proof of Theorem 2.2

The proof of this theorem is inspired by Barles, Cardaliaguet, Ley and Monneau
[21].

Let u € Bio.USC(R™" % [0,T1]), v € Bioc LSC(R™ x [0, T]) be respectively viscosity sub
and supersolution of (4.4). Since the equation is geometric we may assume without
loss of generality that u and v are bounded (see Slepcev [169], property (P1)).
Suppose by contradiction that M = supga o r)(u(z,t) — v(z,t)) > 0. Then for n €
(0,1) small enough we have M, = sup,c( 7 limsup,_,_o(u(z,t) —v(y,t) —nt) >0
as well.

For all v > 0 and @ > 0 with @ < 7, we introduce the auxiliary function
D, R x R" x [0, 7] — R defined by

2
r—y
Dy alz,y,t) = ulz,t) —v(y,t)—nt—’ - | —a(lz]* + [yl*). (4.16)

We observe that limsupj, ,— e ®1.a(?,y,t) = —00, thus @, ,(z,y,t) reaches its
maximum at a point (.a,Yy.a,tya) € R" x R x [0,T]. Standard arguments show
that

2 2 |x’Y7Oé - y'y,a|2
a(|$%a| + |y%oz| )7 T S CO, (4.17)

with Cy > 0 depending on ||u||s, ||v||e - In particular we get that

lim lim sup |21,4 — Yy,al =0.

7—0  a—0
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Then, the following estimate holds

lim sup im sup @, (24,0, Yvy,as ty,a)
v—0 a—0

< lim sup im sup(u(zy.a, ty.a) = V(rartra) = Nhya)
y— o—

<M, . (4.18)

We also have
liminf iminf @ o (24,0, Yy.as ty,a) = M, . (4.19)

v—0 a—0

Indeed, by definition, we have for all (z,y,t) € R" x R™ x [0, T]

[z =yl
UJ(q‘” t) - ’U(y7 t) - 77t - 72 - O‘(|x|2 + ’y|2) Sq)w,a(x%aa Yry,a; tw,a)
Su(w’y,on t’y,a) - U(y'y,aa t'y,oz) - nt'y,a-
We first take lim i(I]lf. We get

2

x —
u(a,t) — oy, t) -t — L2 <tim inf @ (2.0 Y o)
v a—
S lim lglf(u(x'ych’ t’Y)a) - /U<y77a7 t%a) - nt%a)'

(4.20)

We then take lim sup and get
|z—y|—0

sup limsup (u(z,t) —v(y,t) — nt) < HUminf O, o (24,6, Yy.as tya),
t€[0,7] |z—y|—0 a—0

and finally take lim iglf and get (4.19).
'Y*)
By combining (4.19) and (4.18) we get

M, <liminf liminf ., a(x7 as Yy,o0 by )

v—0 a—0

<limsup limsup @, o (T4, Yy.as ty.a)

~v—0 a—0
<M,.
Therefore
lim liminf @, o (2.0, Yy,a) tye) = Im limsup @, o (21 0, Yy.0: tr.a) = M.

—0 a—0 —0 4—0
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In a analogous way, we can deduce that (using (4.18) and (4.20))
M, =lim liminf (u(2y.q,ty.0) — V(Yy.as tya) — Tya)

v—0 «a—0

= lim lim sup (u(Z+,0s ty.a) — V(Uy.as tr.a) — Mya) -

70 a—0
We then get
|90 = Yral® 2 2y ) _
hr%hmsup - + a(|zyal” + yyal?) | =0. (4.21)
= a—0

Let us fix 79 > 0 such that for all v < 7y, and for all @ small enough we have

M,
M’Y)a = ®77a(x7aa7 y’)/:O” t’Yva) > 777
and
1‘ D € 2 ’x'YvO‘ B y’}/va‘2 2 _ _ 4 22
1m S(l)lp 1Dl " + Y0l [Ty 0 = Yral + AlTy0 = Yyl (4.22)

OJIG

+ a2+ fa ol + ))

We claim that there is v <~y such that for all a small enough ¢, , > 0. Indeed if,
for all v < 79, there is a € (0,7) such that t,, = 0, then the following estimate
holds

M
717 < M’y,a Su(x'y,aa O) - U(:g'y,aa O)

§U0($~y,a) - uO(y'y,a)
§||Du0|||x%a - y%a|
<C| Duyll,

where we have use (4.17). Thus we get a contradiction if + is small enough and we
prove the claim. Hence, by Lemma 2.4 (if t,, = T, we use the fact that u (resp.
v) is subsolution (resp. supersolution) in (0, 7], see Lemma 2.8 of Barles [18]), there
are (a,p) € D u(xya,ty4) and (b,q) € D™0(Yy.a,ty.q) such that

a—b=n;
(fc’ya — Yy, a)
= 2—2 + 20 4 ;
2 ('T'Ya y’Y Ot) o 2Oéy77a ’

1 £
(€6 * Lu(ty.a)>u(@saits.a)}) (Ty,a) — B /Rn CO> Ip| <0; (4.23)

N | =

( CO * ]‘{'U (sty,0)>0(Yy,a5ty,a)} y')’a - CS) |q| Z 0. (424)
R
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2. Existence and uniqueness for the c-problem

By subtracting (4.24) to (4.23) we get

1
n+ ((CS*1{v(~,t7,a>>v<yw,a,ty,a)})(y%a) ~3 / ) CE) lq]
1
- <(68* Liu(ty0)>u(e,aty,a)}) (Tra) = 5 / CE) Ip| <0. (4.25)

From the fact that ®, o(y.a,Yy.a,ty.a) = Pyal(T, 2,t,4) it follows that

U(l‘, t”/,a) - U(y%ou tw,cx) > U(xa t'y,a) - u(x%a, t’y,a) - 20[|:L’|2

|x%a - y%a|2

+ - +a(|zyal* + yral®) -

In particular from the above inequality we deduce that
{u('vt%a) > U($7,a>t77a)} NA{v(, tya) < U(y%wt%a)} - {|x|2 > Ri,w}’

1 <|x%a - y%a|2

where 2 — 2ok ol ).

" 2a
Thus

{U('at%a) > u(xmmt%a)} - {U('at%a) > U(y%mt%a)} U {|a?|2 > Ri,'y}‘ (4.26)

Given 7 < 7 the following two cases may occur.
Case 1. For all a small and for some C,, > 0 we have

|50 _2y%a|2 > Cg _
Y
In this case we have
{lz = zan| = Rap} C{lz] = Rayt, (4.27)
where Raﬁ = —|Zq| + Ra, satisfies the following lemma which proof is postponed
Lemma 2.5. We have the following estimate on Row
12

Ra'y = Rapy = [Taqy] 2

8i
’ ~ 8VCh/a

Now let us choose 6 > 0 such that 6C, < g, C, > 0 being an upper bound of

Ip|, |q| depending on ~y and independent of « small enough. Since ¢ € WHH(R™), we
have for o small
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and

(€0 % Lot ,0) >0 aoty,a)}) (Tra) = (€6 % Lot ty.a)>0 (s arty.a)}) (Ur,a)]
§||DC(8)H1|$%04 - y%a|-

By using the inclusions (4.26) and (4.27) from (4.25) we get

0 > 0+ 1l * Loty 50wt} Ura) = PICG* Lu( ty,0) 2u(ey by} (Tr.a)

- 5 [ @@ds(ial - o)

> 119165 * Lot ty0) >0 antra)} Ura) = [PICG* Loty ,0) >0 anty.a)} (Tra)
1
= PIeo * Lpe(o,Ra ) (T4.0) = Slleglli(lp —al) (4.28)
e |I a Y ,a‘

> 0 —||Degl|Ty.a — y%a’@% +ta+ O“y%a‘z)

3
— el 1 {20 + a(|z0l* + Y1)} — Ip| il de

2 BC(O7R04;’Y)
> 5 — D _ 2|x%a — Yol 2
> 1= ||Dc§l[1|2y.a = Yr.al( — +a+ alyyql?)

3
— Slleolli {20+ alzyal® + |p.al)} = 9C, .

By taking in (4.28) the limsup and using (4.22) we get a contradiction and we can
a—0

conclude.
Case 2. There is a subsequence «,, > 0 which we still denote by « such that

_ 2
—|x%a 2‘%’@| — 0, asa—0.

Y
In this case we have lim, .o |p| = 0 and lim, .o |¢g| = 0. On the other hand, from
(4.25) we have the following estimate

1 )
02> n = 5llegllz (Il + lal). (4.29)
By letting in (4.29) a@ — 0, we get a contradiction and we can conclude.

Proof of Lemma 2.5

By assumptions, we have

[Ty.0 = Yr.a ?

72

>

2
v
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2. Existence and uniqueness for the c-problem

We then deduce

c? o1
R'Qy,a - |=’E%oc|2 22_; - §(|$%a|2 - |y%a|2>

c? o

>0 L (s tral (il + )
& _1G

“2a Lo
2
%

>—if o is small enough

where we have used (4.17) for the third line. Moreover, using (4.17), we deduce

Co
Roa<y/=
SO
R, — oo 21 02

R’Y =Ry — ’x%a| =

,

Rm/a+’x'ya| 40[ 2\/70

This ends the proof of the lemma.

Theorem 2.6. (Existence and uniqueness for the s-problem)
Let ug € Lip(R™) such that

then there is a unique solution of (4.4).

Proof of Theorem 2.6

The uniqueness comes from the comparison principle and the existence is a straight-
forward consequence of Perron’s method (see Da Lio, Kim, Slepéev [69] Theorem
1.2). Indeed, it suffices to remark that u®(z,t) = ug(x) & ||c5||1 Bot are respectively
super and subsolution of (4.4).

Proposition 2.7. (Lipschitz estimates in space)
The unique solution of (4.4) is Lipschitz continuous :

| Duf (-, )| Loo(mny < |[Dus(+, 0)|poo®my (4.31)

Proof of Proposition 2.7

The estimate (4.31) follows from the fact that the equation is invariant by space
translation. Indeed, if we set v(x,t) = u®(x +h,t) + | Dug| Lo ®n|h|, then it is easy to
check that v is still a supersolution to the problem (4.4). Moreover, v(x,0) > u(z,0),
so, by comparison principle, v(x,t) > u(x,t) for all t € [0,00) i.e. u(z,t) — u(x +
h,t) < |Dug|peowny|h|. Using similarly a subsolution, we deduce the result.
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3 The limit problem

Definition 3.1. (Viscosity sub/super/solution for mean curvature type
motions)
A function u° € B, USC(R" x [0,T]) is a viscosity subsolution of (4.5)-(4-6)-(4.7)
if it satisfies :
(i) u’(z,0) < up(z) in R",
(i1) for every (xq,to) € R™ x (0,00) and for every function ® € C* (R™ x [0,00))
such that u° — ® has a mazimum at (zg,1,), the following holds :

aa—(f(xo,to) + F, (D®, D*®) < 0. (4.32)
A function u® € B, LSC(R™x [0, T)) is a viscosity supersolution of (4.5)-(4-6)-(4.7)
if it satisfies :
(1) u’(z,0) > ug(x) in R",
(i1) for every (xq,to) € R™ x (0,00) and for every function ® € C> (R™ x [0, 00))
such that u® — ® has a minimum at (zo,t,), the following holds :

0P
E(xg,to) + F* (D®, D*®) > 0. (4.33)
A continuous function u® is a viscosity solution of (4.5)-(4.6)-(4.7) if, and only if,

it is a sub and a supersolution of (4.5)-(4.6)-(4.7).

This definition comes from the general definition of viscosity solution for discon-
tinuous Hamiltonians first given by Ishii [113] (see also Crandall, Ishii, Lions [61]).
We need an equivalent definition which eliminates, at least partially, the difficulty
related to the fact that D® may be equal to zero.

Theorem 3.2. (Equivalent definition for mean curvature type motions)
We can replace in Definition 3.1 Condition (4.32) by

aa—(f(l'o,to) + F (DCI), DQ(I)) <0 lf D@(l’o, to) 7é 0
or o
E(xo,t(ﬂ < 0 Zf D(I)(Jfg,to) =0 and D2<I>(:1:0,t0) =0
and Condition (4.33) by
%—f(aﬁo,to) + F (D®, D*®) > 0. if D®(x0, to) # 0
or o
E(xo,t(ﬁ < 0 Zf D(I)(Jfg,to) =0 and Dz(I)(l’o,to) =0

and the definition remains equivalent.

136



4. Convergence of the velocity for a test function

The equivalence between these two definitions was first proved by Barles, George-
lin [22] for the isotropic mean curvature motion and their proof adapts here without
any difficulty.

It is well known that this problem admits a unique viscosity solution. See for
instance Bellettini, Novaga [33] [34], Chen, Giga, Goto |58] and Evans, Spruck [83].
Moreover, we have the following comparison principle :

Theorem 3.3. (Comparison principle for the limit problem)

If u € Bio USC(R™ x [0,T1]) is a subsolution of (4.5) and v € B, LSC(R™ x [0,T7)
is a supersolution of (4.5) satisfying u(x,0) < v(z,0) Vo € R", then u(z,t) <
v(x,t) Y(z,t) € R" x (0,T).

In this Theorem, we do not need any assumption on the behaviour of the solution
at infinity, since the equation is geometric.

4 Convergence of the velocity for a test function

4.1 Link with other works

In this subsection, we show in an heuristic way the links and the differences
between our result and previous strongly related works such as Barles, Georgelin
[22], Chambolle, Novaga [56], Evans [79], Ishii [116] and Ishii, Pires, Souganidis [120].
In particular, we explain the term 1/|In €| in our scaling. We make the computation
formally for a general kernel K, with the parabolic scaling, i.e.

1 T

Ki(x) = i Ko (-) .

€

We assume that K, is symmetric, i.e., Ko(—z) = Ko(z) and admits a moment of
order two for every section, i.e., for every p € S"~!

/ Ko(z)|z|* < oo (4.34)
pi
We want to show formally that for every regular function ¢, the velocity

1
& = K§* 1p>03(0) — §/K§

converges to anisotropic mean curvature. To simplify the computation, we finally
assume that the zero level set of ¢ is the graph of a function A, 7.e., more precisely
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Convergence de la dynamique des dislocations & grande échelle

that p(a/, z,) = h(z') — z,, where z = (2/,z,), 2’ € R"! and D,h(0) = 0. We have

A
{zn<h(z)} {zn<0}

1
:—/ Ko(x)dx
€ J{o<a, <hezl)y

1 £D?h(0)(z' ,z')
2/ —/ Ko(2', x,) dxy, | da!
az'eRn—1 \ € Jo

1
~ / S Kol 0)D*h(0) (', ) da’
z/eRn—1

=trace (A(p)(Id — p @ p)(D*p))  with |Dep(0)| =1,

D
where p = ’D—z\ and A(p) = fprLﬁR"71 1Ko(z) 2@z dz. So, formally, if (4.34) holds,

then the velocity ¢ converges to anisotropic mean curvature. Barles, Georgelin [22]
and Evans [79] used this result to prove the convergence of the Merriman, Bence,
Osher scheme [143]. For the proof, they used the kernel

»

I a2
KO(:E) = (47T)n/2€ !

which satisfied the assumptions. This result was then generalised for a threshold
dynamics by Ishii [116] and Ishii, Pires, Souganidis [120] to more general kernels
assuming also the symmetry of the kernel and (4.34). A by-product of our work
shows that for general kernels, our limit mean curvature motion is of variational
type (see Theorem 1.11).

1
The main difference in our case is that ¢y behaves like ||—+1 and so (4.34) does
T n

not hold. This explain the presence of the small term in our scaling which

|Ine|
will compensate the bad decay of our kernel. Indeed to make a renormalization

1

of the integral / §K0(x’,O)D2h(O)(x’,x’) dz' finite, we have to multiply by
z/eRn—1

a term going to zero faster. We denote by J(¢) this term (i.e., we use the scaling

cg(x) = E{L(i)l ¢ (%)). Using the same computation as above, we obtain :

/ e co(z)dx + J(e)Ty
€ J{o<an<MEEn{|2r|<6/c}

1
~J(e) / L (@, 0)D2h(0) (2!, o) da’ + J ()T,
{lz’|<8/}
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4. Convergence of the velocity for a test function

where
1

1
7, = _/ co(x)dr < —/ co(x)dzx
€ J{o<on <M {025/} € J(Bs-(0))°

Using the particular form of ¢ for |z| > 1, we deduce that

1 />~ 1
7, < —/ dr—z/ df g(0)
€ Jsre T7 Joesn—1

and so Z; is finite. This implies that the last term J(g)Z; goes to zero as ¢ — 0. We
then decompose the first integral in two terms :

1

J(E)/ —co(2’,0)D*h(0) (2, 2") da’

{la’|<6/<}

1
—J(a)/ —co(',0)D*h(0) (2, 2") da’
|lz'[<1
1
+ J(e)/ —co(2’,0)D*R(0) (2", 2) da’.
'€ (1,6/¢)

Since c( is bounded, we remark that the first term goes to zero as € goes to zero.
Then, the only interesting term is the second one. Using again the particular form
of ¢y for |z| > 1, we deduce that

1
J() / L (@, 0)D2h(0) (' 2/ da’
'€ (1,6/¢)
1 o 1
—J(e) / d0=Dh(0)(8,6)g(0) / dr
pesn—2 2 I
J 1
—J(e)(n2) / L 4(0)D*n(0) (0. 0)d0
€ Joesn-2 2
J
:J(s)(lng) trace (A(p)D%p) .
So the correct scaling is to take J(¢) = |lne| and we finally obtain

¢ — trace (A(p)D*p)  when |Dp(0)] = 1.

4.2 Proof of convergence

In this section, we prove rigorously the convergence result for test functions.

Let us define (for M = D%p, p = Do)

G(M,p) = ﬁF(M,p)-
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For a n x n matrix M we set the norm

M| = sup |M -¢|. (4.35)
€eB1(0)
We define the modulus of continuity of the function g by
wy(r) = sup 19(6") — g(0)].
|o/—6|<r, 6,0/cSn—1
Then we have the following fundamental estimate for test function independent
on time :

Proposition 4.1. (Error estimate on the velocity for a test function)
1 :
Let us assume that p € C*(R") and that Do(zg) # 0. For ¢j(-) = ———— (—),
£

entl]Ine| 0
let us define

& £ 1 £
¢ = (g * Lip()>p(z0)}) (T0) — 5 / Co-

Let us call b = |Dy(xo)|, and for any a > |D*¢|1e(B,(zy)), let us introduce the
relative modulus of continuity of D?*p at xq, defined for 0 <r <1 by
D? - D?
sup | D*¢(x) (o) if a0

W(T’) _ 2€Byr(x0) a

0 if a=0.
We fix 01 < 1 such that
W(dl) < 1.

b
We define 6y = min(1, 30 01). There ezists a constant C' = C(n, Supg. co) > 0 such
a
that for 0 < e <0 with 0 < § < 60/2, we have
| — G(D*¢(w0), Dp(0))| < C e (e, do)
with

1 1 1 1 ) 5
e(g,9,00) = m (5 + 6—0|1n(5‘) + % (wg (5—()) + w(26) + 5_())

Before to prove proposition 4.1, let us give a corollary.
Corollary 4.2. (Convergence of the velocity for a test function)

Let us assume that ¢ € C*(R™ x (0,+00)) and that Dy(zg,to) # 0. If (z.,t.) —
(o, t0), then

1
¢ = <(CS * 1{@(',ts)><ﬂ(xa,t5)}>($sa te) — ) / CE) - G(D290<x07 to), De(xo, to))
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4. Convergence of the velocity for a test function

Proof of Corollary 4.2

This is a straightforward consequence of the fact that we can choose the relative
modulus of continuity w uniformly in a neighbourhood of (xg, ;) and then estimate
&c—G(D?*p(z.,t.), Do(x., t.)) using Proposition 4.1. We conclude choosing a suitable

sequence § = 6(g) = \/‘11_|

Proof of Proposition 4.1
Up to change the coordinates, we can assume that xy = 0, ¢(x¢) = 0, Dy(zo) = be,
with b > 0. We denote 2/ = (x1,...,7, 1) a point of R"! and » = (2/,x,) €
R"™. Then using the implicit function Theorem, we can assume that there exists a
neighbourhood

Qs; = By ' x (=4,0) CR"

of the origin such that the level set {¢p = 0} can be written
{o=0}NQs ={(2',2n) € Qs, = h(a")}
for a suitable function h € C2(B} ™% (—4,0)).
Then we have the following result which will be proved later :
Lemma 4.3. Let 6y as defined in Proposition 4.1. For 0 < § < /2, we have
va' € By~ (2 k(7)) € Qs

and )
M DOV ooy g
272 =3\ 5 )
Moreover
0?h 1 0%

——(0) = — 0 L j=1,....n—1

8x¢8xj( ) |Dp(0)] 812-8:03-( ) R
and a

|h(2")] < 63|I/|2 for 2’ € By~
We have

€ 1 £
c :(00*1{¢(~)>0})(0)_§ / “

= (5 * Lip()>0y)(0) — (g * 1z, 01)(0)
= —(c5 * Lip(y<o3nfen>01)(0) + (5 * Lip()>0)n{en<0})(0)

= _{(I>6+ (II>6}
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where

(D)e = (5 * Losnip()<0pn{za>01)(0) — (§ * 1gsn{e()>03n{zn<0y) (0)

and

(I1)e = (cg * Lm\@s)n{e()<03n{zn>0})(0) = (c§ * Lmm\Qs)n{o(-)>0)n{zn<0}) (0)-

We have for § > ¢

(7). < / cz
R™\Qs

1

6‘1115‘ R"\Qé
£

C
< .
~ O|lneg|

Let us now compute the term (7).. We have for § < /2

h(z") T
da’ o (2).
/Bn 4 / €”+1|ln5| 5)

Let us define (with x = (2/, x,,) = |x|0)

h(z") 1 0
(1), = / d’ / dz, 90)
Br—h\pr-! 0 |Ine| (|22 + |z ]2)

Then

|h(z T
o o ()
D) /B” & / 5"+1|ln5| 5
[l 1

< d de, ————
- / ‘) (SEP )
< 6a SUPRn Co
~ bllne| n+1

where we have used the fact that |h(2')] < 6%[a/|* for 2] < 0 < dp/2. We now
compute (1)’
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4. Convergence of the velocity for a test function

, (' Ja’|2¢) )

h(z") ——
(1. = / da' / g ot ! (w’|2+<w'2<>2
: By~\pBr—! 0

n+l
el (122 4+ (ar20)?) ™

h(z) g M
_ / 1 / i AVEERE
B 0

n1ypr-t | Inel [2/|* (1+ |x/|2<2)nT+1

Let us define

/

12 (= =2l
0t = [ ([ a0 ()
pr-h\pr-t | Inel 2] 0 ||

_In(d/e) 1 2 '
B |ln€| </GES"2C{xn0} & 2 gw) b h(O) (979)) .

We define

D= [ (300 D%(0)- 0.0))

i7.e. we have from Lemma 4.3

/i _ 1 . 1 2 .
~s ‘/{} & (2”9) BEURAAR W))

= oo (2704 (jp5a))

= G(D*¢(0), Dp(0))

where A is defined in (4.7).
Then we have

| In 4| / 1,
" — (1 < Z\D
(D) =)l < el U @) 5009 5| D"1(0)]

) o (4.36)
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We now want to estimate the difference between (I). and (7)”. To this end, we
first set v = (%Jw’](), 0 = (Ii_j\’())' Then using only the fact that |§| = 1 and
the identity (v — 6,6) = 0 for the scalar product, we get 0 < |v| — 1 < |v — 6|, and

Ty
|v]

< 2|v — 6|. We then estimate

o~ 90)| < ’9 (ﬁ) - g(e)‘ +g(0) (o™ = 1)

Swg<

< wy(2v —0]) + (sup g) (n+1)(1+]v—=60)"|v—14

Sn—1

=]+ (sum) 0o ol (ol - 1)

< (2o =)+ (sup ) (n + 120 )
Sn—l

where for the last line, we have moreover used the fact that |[v—6| < 1 when |z/| <,
1
¢ < 5|D%h(0) - (6,0)] < 2% and § < 6,/2.

oa
Using |v — 0] < —, we bound the last term by the quantity

2b
J J
er = Wy (;) + (SER g) (n+ 1)2”_1?a.

Using Lemma 4.3 with

ey = % (w(25) + 8£)

we then estimate

1 dz’ a
[ " __ ]’ / < R . -
(D2 = ()] < /Bg_l\Bg_l Tne] [/ {62 (sy_gg) + o 61}

_In(o/2) (/ de) {62,(Supg)+g'el}
’ In 5’ fcSn—2 gn—1 2b

<(n-1)|BY { (sup g) +i-e1}.
Sn—l 2b
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4. Convergence of the velocity for a test function

3
Finally we get (using ?a <—,060< =<

|+ (Dl < [(ID)e| +[(D)e = (D] + [(Dz = (D] + (D2 = (I

c /11 1 5 5
< -+ —11 — — 2 —
-—|mg|(5*&%’“50'+C$0(“9(%)'%”<®‘%%)

where the constant C' only depends on the dimension n and ¢y. More precisely we
have ¢' = C (n, fR”\Bl Cp, SUPRn Cp, SUPgn—1 g) = C(n, Supgn ¢p). This ends the
proof of Proposition 4.1.

Proof of Lemma 4.3 )

0
Using the notations ¢; = a—;’j, and @;; = EISE T and taking the derivatives of the
7 ? J

relation (2, h(2')) = 0, we get

n

1
hij = p (01 + @inhj + Qinhi + @unhihy), 4,5 =1,.,n— 1.

Now, by definition of a, we have |D?*p(x)| < a for z € By. Therefore for 0 < § < 1,
we get
|Dp(z) — Dp(0)| < ad for z € By.

1
Let us define ) € (0, +oc] such that ady = §]D<p(())] and 0y = min(1,J{). Then for
b=|Dp(0)] = ¢,(0) and 0 < 6 < §, we get

b
ady < ady < 3 < on(x) < |Dep(x)| for x € Bs.

Using the elementary estimate : Vx € By,

r)  g(0) ﬁ@@ﬁ;@“ﬂ@—f@MND+U®Mﬂ@—g®m

(4.37)
and using the fact that ¢;(0) =0fori=1,...,n — 1, we get

Dh(0) =0 and |Dh(z")] < for (2',h(z")) € Bs.

S| =
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Still using (4.37), we get for (2, h(2’)) € Bs and 0 < § < &

I G )
= 2%1 (w<5) +4%)

where we have used the fact tha

|D2h(2') — D*h(0)] <

—~
o
SN—

Il

S o
Il

>
—~

o
:_/

=

@

(o))

@

[l

Using the Taylor formula with h

‘h(m’) - lDQh(O) (22

1 ¢
5 < / dt / ds |D*h(sz’) — D*h(0)] - [2'|?
0 0

and then for (2/,h(z')) € Bs

'h(x’) — 1D2h(0) - (2, 2')

|22

a )
< — 0)+4— ) =:J(0).
= (w( )+ 60> J(9)
Let us now assume that 0 < 26 < dy. Then Qs = B} ' x (=§,8) C Bas, and for
2’ € B}~! we have (using |D?h(0)| < a/b)

1
h(z')| < &2 <§% + J(25)> <
. 6ad
while w(26) < 1 and > < 1. Therefore for 0 < 2§ < §y, we get that (2/, h(z')) €

Qs C Bas if 2/ € BY™', and then

‘h(x’) — 3D?1(0) - (2, 2")

|22

We then deduce

) 1 a
/ < /29 . - < - 112
|h(z")] < |2 3 (w(25)+850+2> _6b|x| ,

which ends the proof of Lemma 4.3.
Finally, we give the following corollary which will be usefull to get a prior:
estimate at initial time :

Corollary 4.4. (Error estimate for a particular test function)
For B,n > 0, we consider the function

p(z) = By/n? + |z

146



4. Convergence of the velocity for a test function

Then, there ezists a constant C' = C'(n,supgn ¢o) > 0 such that for
1
¢ () = (6 * Lip(r>ew}) () — 5 / &
we have pointwise, for |xo| > 6v2¢e and3>n>6V2¢ :

(¢ (@0)|Depla)| + F (Do), Dp(o))| < C'- §

Proof of Corollary 4.4
Let us first remark that we do not change the result if we divide ¢ by B (because

F' is geometric), so we can assume that B = 1.

For all x, we have

Do) =~ Dp(z) = ——— (Id - p(z) ® p(z))

IRV EarT VIE+ [z

where p(z) = Do(z), [p(z)| <1, Vz.
We have, for all z, x; :

D*(x) — D*p(xo)

1 1
B - Id — p(z) @ p(z
<W2+!x\2 \/772+|:c0\2>( p(z) @ p(z))

- ﬁ (p(x) @ (p(x) — p(xo)) + (p(z) — p(0)) ® p(0)).

Moreover, the following holds

VT =\ ol
772
o — fzo P
7 (VP + 2P + /2 + o)
] = Loll (2] + fol)
Pl + Jzol)

|z — x|

S 2
n

1 1 ‘
<
‘\/772+|$|2 VP + [zl

A

and, using the bound |D?p| < %, we get
|z — x|

Ip(z) — p(0)| = |Dp(z) — Dp(x0)| < ;
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We set a = % > | D?%p|. We then get, with the notation of Proposition 4.1 :
2 _ 2 _
Dole) = Diplan)] _ 8wz 08
a n n
o . 1
Then we can apply Proposition 4.1 with a = —, b = |Dp(x¢)| > 0, 0, = 7,
n
b b
20 = 09 = min (5, 51> =3 (because b < 1).

We deduce that there exists a constant C' = C’(n,supgn ¢g) > 0 such that for
0>e>0:

) D) + F(D (o), Dt < € (34— ) < €

Moreover, the condition § > ¢ is equivalent to b > 6—6 We then deduce conditions
on |zo| and 7 : !
|o]
V21

1
2. If |xg| > m, then b > — and it suffices to take n > 6/2¢.

V2

1. If |zo| < m, then b > and it suffices to take || > 6v/2¢.

5 A priori estimate at initial time

Proposition 5.1. (Modulus of continuity in time)
There is a constant C" = C"(n, supg. co) > 0 such that for every zo € R" andt > 0
we have, for n > 6v/2¢, and ¢ € (0,1/2)

C//
|U€($0,t) — U,O(Io)| S |Du0|Loo(Rn) . {7’] —I— t- 7} .

Remark 5.2. Since |Du(-,t)|porny < [Dug|rmn) (see Proposition 2.7), we also
have, for e € (0,1/2) and Vn > 6y/2¢

1!
|u® (20, t + 5) — u (20, 5)| < |Dug|poo(mny - {n +t- T} .

Proof of Proposition 5.1
We consider the following function

o(x,t) = Bon/n? + |z|? + ug(xo) — Bolxo| + L - t
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5. A prior: estimate at initial time

with By = |Dug|r=®r) and L that will be precised later. To prove the result, it
suffices to show that for L = C” % and C” large enough, then ¢ is a supersolution
of (4.4). Indeed, by comparison principle (Theorem 2.2), we will then have

"

u(zo,t) < p(z0,t) < By (77 +t- ?) + up (o).

Let (z,t) € R™ x (0,00). To prove that ¢ is a supersolution of (4.4) at (z,t), since ¢
is C*(R" x (0,00)), it suffices to show that ¢ satisfies the equation pointwise, i.e.

‘;Ot(l" t) Z C€|D90(x> t)l

The proof is now decomposed into two cases :
1. Jz| < 6v/2 . In this case, we have

llcollr Bolz| < 6v/2]|col| 21 Bo
ellne] n — |Ineln

E|Do(x,t)| <

6v/2([collr Bo

So it suffices to take L > T
|

2. |z| > 64/2 . In this case we will show that ¢ is a supersolution of

@i+ F(D*p, Do) > L — Ly (4.38)

B
for Ly = —2 sup trace (A (ﬁ)) and then we will use Corollary 4.4.
1 qesn—1 q

We set M = D?p. We can choose a basis such that

(@)-(92)

where the last vector of the basis is £, with p = Dy. We set

[p|”
o Mn—l Mn
M_BO< ‘M, M)
1 772

where M, = Id, M, is a vector and M, =

(n? + |2?)2

VA |z)?

then deduce that

trace | M.A | — = ———— trace(A,_1) < — trace [ A [ — .
( (|p|)> T e £ 5 v
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We then deduce that

pi(x,t) + F(D*p, D) =L — trace <M A <|%|))

B
> — 22 sup trace (A (ﬁ))
U Pl
=L — Ly.
We now prove that ¢ is a supersolution of (4.4), i.e.
pi(w,t) 2 | Dp(x, 1)),
where & = (¢§ * Liy(.t)>p(@t)}) (T, 1) — 3 Jon ¢5. We have pointwise

¢t > — F(D*p, Dp) + L — Ly
> f|Dyp| + L — Lo — F(D*p, Dp) — ¢*| Dy
B
> F|Dp| + L —Ly—C" - =2,
n

where we have used Corollary 4.4. It is sufficient to take

1
I ByC
n
with 5
62 1
C" = sup trace | A € +C'+¢. (4.39)
qesn—1 Iq! ln§

Moreover, trace(A) is bounded by |g|r~ which is controlled by |co|r= (since
co(x) = g(z) if |z| = 1). So, by Corollary 4.4, C" = C"(n, supgn ¢o).
Using similarly a subsolution, we deduce the result. This ends the proof of the
proposition.

Corollary 5.3. There exists a constant C' > 0 such that for any ¢ < 1/2, the
solution u® of (4.4) satisfies :

uf (2, t + h) — u(z,1)| < O|Dug|pe@nyVh, Vo €R™, ¥t >0, h€[0,h,
with hg = ho(n, supgn Cy) > 0.
Proof of Corollary 5.3
We can optimise the estimate of Remark 5.2 to obtain, if n = VtC" < 3 :
6v/2

| (20, t + 8) — u¥ (20, 8)| < 2| Dug|poe(gny - VO"VE if Vi >

150



6. Proof of the convergence Theorem

Moreover, for all €, we have :

t
¢ t —uf < — D oo (R1)-
|u(xg,t + s) — u(xg, 8)| < olnz] |col 1| Duo| L, (R™)

But, for v/t < (f/\/% and € < 1, the following holds (using (4.39))

t 6\/§ |CO|L1
5|1n5||CO|L1| ol (R™) < [Duyly, (R )\/_m“n%’ < [Duglp, (R )\/_V )
so, Vt < ok s, we have

|u®(zo,t 4+ s) — u (g, s)| < 2|DUO|L00(R7L)\/CH\/%.

Iterating the estimate on time intervals of length T satisfying vVT'C" < 3, we get
the result. This ends the proof of the corollary.

6 Proof of the convergence Theorem

Proof of Theorem 1.4
We use the half-relaxed limits introduced by Barles, Perthame [26|, and defined by :

u(x,t) = limsup u(y,s)
e—0, y—x, s—t
and

u(z,t) = liminf u(y,s).
e—0, y—x, s—t

We will show that @ (resp. u) is a viscosity subsolution (resp. supersolution) of
(4.5)-(4.6)-(4.7).

We argue by contradiction. Assume that there exists ¢ € C? such that ©w — ¢
reaches a global strict maximum at (xg,?y) and such that

by(z0,to) + F.(D*¢, Do) = 0 > 0. (4.40)

Two cases may occur :
L. |Dé(xo, to)| # 0.
We then deduce that there exists (x.,t.) — (o, o) such that u® — ¢ reaches a
maximum at (z.,t.). Using the fact that «° has linear growth, we can assume
(by adding a term like |z — zo|* + |t — to|® to ¢ if necessary) that this maximum
is global. Since u® is a solution of (4.4), the following holds :

(> 1 (>
o t) = (@5 loapwteen)@) = 3 [ 6 ) Dot
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Moreover, YV # ., we have u®(x,t.) — ¢(x,t.) < u(xe,te) — ¢(xe,t). So
{uf (- to) > uf(we, t.)} CH{A(t) > p(e, to)} U {x:}. We then deduce :

(> 1 (>
ot = (@5 Totarmoen)@) — 5 [ 6 ) Dot
We can use Corollary 4.2 and pass to the limit in €. The following holds :
de(z0, to) <G(D?*¢(z0, o), DP(xo, to))| D (o, to)|
= - F(DQ(b(:EO? to), D¢(x07 tO))v

what contradicts (4.40) (since F(M,p) = F.(M,p) for p # 0).

2. |D¢(z0,t0)] = 0 and |D?*@(xg,t0)] = 0. As in the first case, there exist
(xe,te) — (xg,to) such that u® — ¢ reaches a global maximum at (x.,t.) (up
to add a term like |x — zo|* + |t — to|? to ¢ if necessary). We set

€ £ 1 £
9] (e, te) = ((Co*1{¢(-,te)>¢(wg,t6)})(ws) - 5/ Co) :
By assumptions, for all n > 0, there exists » > 0 such that
|D2gb($,t)| < n if (Ji,t) € QQT($07t0)

where Q,(xg,t0) = B,(xg) X (to —r,to + 7).
Subcase A : |Do(z.,t.)| > 12enr.
We set
I(x,t) = ¢[¢](x,1)| Dg| + F(D*, Do)

and |
¢ (x,t) = ﬁ@b(l’[} + 1z, to+1t).

€ n tE
Straightforward computations give with z. = x—, t. = —
r r
_ 27 r | In 7§"| r|E/T[ AT (= F
Zae,te) =F(D*, Do) + D167 2, )

B |In7|

=F.(D*¢", D¢") + (1 ) | D" |/ [¢7) (%, T.)

1
(-4
|Ine|

|Ine|

where

| In 7|

2 4r T

T, = F.(D*¢", D¢")+|D¢" |/ [¢")(Ze, B.)  and T =
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6. Proof of the convergence Theorem

We can then apply Proposition 4.1 to Z; with

_ b
a=2n>|D*¢"|, b=|D¢"(z.,t.)] =0, 20=0 = &
n
and get (with an abuse of notation for a generic constant C)
1 1 |Ind| 1
7| <Cbq — + —
Tl = {50 TS, el 50|1n5|}

SC’{?H—?H—L}

|Ine|
<Chn

for € small enough to get b small enough. We then deduce that for € small
enough we have

Z(x.,t.)| < Cn

and so

Gr(e,te) + F*(D2¢7 Do) =¢i(ze,te) — o] (2e, te) + F*(D2(b, D¢) + fl¢](z., t.)
<|Z(z.,t.)|
<Ch.

Subcase B : |Do(z.,t.)| < 12enr.
Then we have

[o)(., t:)[ Do <

colrt 12nr

el ln ~ |Ing|

and using F,(D?¢, D¢) = 0 in (xg,t), we also deduce that for ¢ small
enough we have
(bt(xsats) + F*<D2¢, D(b) S C/I?

Sending ¢ — 0, we get
d(z0,to) + F.(D*¢, Dg) < Cn

and so
0 <Cn

which is a contradiction for n small enough.
Finally, we have shown that w is a subsolution. The proof to show that u is a
supersolution is exactly the same.
Moreover, by corollary 5.3, we have :

() —uo(-)| < CJt|2, for0<t<1
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where C' is a constant which depends only on n, supg. ¢y and |Dug|r~. So @(-,0) =
u(+,0) = up(+). Since @ is a subsolution and w is a supersolution, we deduce by the
comparison principle (Theorem 3.3) that

u(x,t) <ulx,t) V(x,t)

and so U = u = u°, i.e. u® converges locally uniformly on compact sets of R™ x [0, o0)

to u® which is the unique solution of (4.5)-(4.6)-(4.7). This ends the proof of the
Theorem.

7 Proof of Theorem 1.7

We now prove Theorem 1.7. We need the following proposition :

Proposition 7.1. (The matrix A is an hessian)

Let n > 2. Let g € C°'(R™\{0}) such that g(\p) = |§|(521 We set
p 1
A <—) _ / (59(9)6®e) d
P ¢ S"*2:S”*10{(z,|%‘>:0}
with A(\p) = ‘%lA(p) for X # 0. Then, the function G := —%}"(Lg) (where Ly, and

the Fourier transform are given in Definition 1.6) is such that G(Ap) = |\|G(p) and
satisfies
A(p) = D*G(p).

For the proof of this proposition, we will need the following lemma

Lemma 7.2. (The Curl of the matrix A)

Under the assumptions of Proposition 7.1, the Curl of A, defined by
is zero, and there exists a distribution ® such that A(p) = D?*®(p). Moreover, ® €
CO(R™) N C*(R™\{0}), and ® is unique if we assume ®(—p) = ®(p) and ®(0) = 0.
We then have ®(\p) = |A\|®(p), VA € R\{0}, Vp € R™.

Proof of Lemma 7.2

In this proof, we denote by e - f the scalar product between e and f.

First, we compute 0 A;;(p) for p # 0 and where g € C'(R"\{0}) and 9}, indicates
the derivation in the direction e,. Because we will compute the Curl of the row
vectors of the matrix, it is sufficient to choose an orthonormal basis (e, ..., e,) such
that e; is parallel to p. Two cases may occur :
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7. Proof of Theorem 1.7

1. ey is parallell to p (e || p). Then,

e
akAij (p) = —uAij (p)

p|?

2. e, is perpendicular to p (e L p). In this case (see Figure 4.1), we have to
consider variations at the first order of the integral defining A(p) for 6§ €
ptNS" 1 tof € (p+eep)t NS" ! for e arbitrarily small. Let us consider a
unit vector § € p~ N S"~! that we write

6 = (cosa)e’ + (sina)ey,

with sinae =0 - ¢, and €' L p, € L e,. At the first order, this vector becomes
(by infinitesimal rotation)

(cosa)e’ + (sina)(ex +eq) € (p+eep)™NS™ L,

where we define

I (N
4= g(0) = g(0)0 @ 0.

Then the following holds

1

O Aij(p) do 1C] -V g(0)(0 - ex)(ei, e;5)-

N ‘p’Z Snflmpj_ 2

F1G. 4.1 — Computation at the first order of 0y A;;(p), case |p| = 1.
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Moreover,

We are now able to compute the Curl of A. To do this we separate in several

q-Vg(0)(0-ex)(eie;))

=(q-Vg(0))(0-ex)(0-€:)(0-e;) +g(0)(0-ex) (q-ei(0-e;5)+(0-ei)q-e5)
=q-Vg(0)(0-ex)(0-e:)(0-e;) + (q-€)g(0)(ex, €;) + (q-€;)7(0)(ex, e:).

cases :

1.

A

ek, €i, €; || p. Then, A;;(p) = Ai;(p) = 0 and so Oy A;; — 0;Ai; = 0.

ek, € || p, e; L p. In the same way, 0y A;; — 0;Ax; =0

ek, €; || p, e; L p. Then 9yA;; =0 and 0;Ay; =0 (since 6 -e; =0 - ¢, =0).

er L p, e, e; || p. It is the same case as 3.

ex || p, €, e; L p. Then 0pA;; = —ﬁAij (if e = %)and

1 1
= df =q-epg(0)(e;, e;
FE S 2‘1 erg(0)(ei, e;)
1 1
=—— do —g(0)(ei, e;
’p|2 Sn—1npt 2 ( )< ])
1
=— —A;(p).

0; Akj

We have used the fact that ¢ - e, = —1. So 0y A;; — 0;Ax; = 0.

PP
Il [pl
er, €5 L p, e; || p. It is the same case as 4.

e, € L p, € || p. Then

1

B |p‘2 Sn—1lnpL

Ok Aij(p) dd (q-e;)g(0)(ex, ei) = 9;Ar;(p).

ek, €, €; L p. Then

1

B |p|2 Sn—1npl

944 (p) 40 5 {a- Vo) 0 )0 )0 ¢;) = 0.k (p).

We have used the fact that g-e¢;, =¢g-¢; =q-e,=0.
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7. Proof of Theorem 1.7

We then deduce that Curl(A) = 0 on R™\{0}. We now remark that
(—(CurlA)sjx, ¢) :/ AijOkp — AgjOip

e—0 Rn\35

=0 \Jrn\ B, 9B

_ { 2(0) [ (Aij ()0 — Ay (0)0:)d6 if n =2
10 if n+#£2

In particular, we have used the fact that for n = 1, A = 0. Now, using the symmetry
of g, we deduce that A(—6) = A(0) and then by antisymmetry the last integral on
S! vanishes. Therefore

Curl(A) =0 onR".

By a passage to the limit, this is still true if g € C° (and not only g € C1).
To deduce that there exists ® such that A = D?®, we use the following lemma :

Lemma 7.3. (Vectors fields with zero Curl are gradients)
Let f = (fi,..., fu)(x) € D'(R") be such that Curl(f) = (Oxfi — Oifr);) = 0, then
there is h € D'(R™) such that f; = O;h.

For the proof of this lemma, we refer to Schwartz [166] Chapter II, Paragraph 6,
Theorem VI p59.

We denote by f; = (fi1, .-, fin) = (Aj1, ..., Ajn). Using the fact that Curl(A) = 0,
we deduce that for all j € {1,..,n}, Curl(f;) = 0. Then, by Lemma 7.3 there
are h; such that f; = Vh;. Using the fact that A is symmetric, we deduce that
0;h; — 0;h; = 0. Applying again Lemma 7.3, we deduce that there is ® such that
h = V® and so A = D?®. Let us remark that ® is unique up to a polynomial of
degree 1. Let ®*(p) = (®(p) + ®(—p)). Then A = D?®* and then ®° is unique up

to a constant. Moreover, D?>®(p) behaves like ﬁ for small p and then D?® € L"¢

for every € > 0. Therefore ® € W'~ and by Sobolev injections ® € C°(R"™). We
deduce that there is a unique ® such that

O(—p) =P(p) and P(0)=0. (4.41)

Finally, we remark that

D (52) = WD*8)0w) = N AL = Ap) = D20
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Therefore ®(Ap) = |\|®(p) if O satisfies (4.41).

Proof of Proposition 7.1

1

We show that & = —Z—F(Lg) (where @ is defined in Lemma 7.2). Let ¢ € S. The
T

following holds :

(—DgeF(Lg)(6): 0)(C. )

(F(—iz @ixLy(z)), )¢, C)
(Lg, (z @ 2) F(£))(¢, )
(Lg, (z - Q) F(o)(x))

- [ @ T(,”) (@ OPF()

~(F g|(|_') @02 |0

We then have the following lemma

Lemma 7.4. Let n > 2. Let g € C°(R™\{0}) such that g(\p) = |i|(£21 Then, the
following holds

(@) L\
Fl gt @O | (9 = 20400

We just give here a formal proof. The complete proof is given in Appendix.

By definition of Fourier transform, we have formally for ¢ # 0, with § =
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7. Proof of Theorem 1.7

g 2€7i§-x

/n |$|n+1 dx

g 0C27Z§I

n |x|n 1

1
/S ) (6 - C)2e 0 dodr

1x(0, oo)

B ‘ ) [es) ei§~9r + 6—i§~07‘)
—Aﬁwwmwcyédrﬁ—jy——

00 eiﬁ-@r
=L%¢@wwcffwm2

2 1
=— do —q(0)(6 - )?
a0

=21 A(§)(C, €),

g

dx

where we have used the fact that F(1) = 27y in 1D, that formally gives

+Ood €0 5, 0 5, ¢
i&or _ o L0 = 25
/m ret =2mol8 - 0) mﬁ(m )

This achieves the formal proof of Lemma 7.4.
We then get
—D*F(L,)(&) = 2 A(€) = 2n D*®.

Moreover F(L,)(—¢) = F(L,y)(§) and F(L,)(0) = 0. Therefore, by Lemma 7.2 we
deduce that

1
= ——F(L,)

and ®(Ap) = |A|®(p). This achieves the proof of the proposition.

We now prove Theorem 1.7 :
Proof of Theorem 1.7
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Let us first compute divV{E (I Do |> We set p = Du. The following holds :

divVG (!DU|) Z Oz <8x1 <\p!))
72 92G (£> 0 (Dju)
— 9x,0w; \[p| ) Ox; \[Dul
1 0%G (p>< 2 D?i“'p@)pj)
1 D} — —t——
|p’ — 0z;0z; \ |p| 2

e (76 (55) (=5 7).

Moreover, for A > 0, we have G(Ap) = AG(p). Then by derivation we get
p-VG(Ap) = G(p).

Taking the gradient, we get
VG(p) = VG(Ap) +p- D*G(A\p)A

which implies for A =1
p- D*G(P) =0.

This implies that D?*G (|p|> (I — ]&;p) = D*G (| |) We then deduce :
b p p

divVG ( Du > 1 —trace (A ( ) D?u )
| Dul p| Ip

This show the first part of the Theorem.
In the two dimensional case, we simply remark that we have

g(0)0 ® 0 = D*G(67)
which implies the result. This ends the proof of Theorem 1.7

Proof of Theorem 1.11
We can then rewrite A(p) as

1
A(p):/ LQKO( r)r®xdr

1
:/ df ~ (/ dr T"KO(TG)) 00
fepltnsn—1 2 (0,400)

_ / 0 g0) 020
feplnsn—1 2
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7. Proof of Theorem 1.7

with g(0) = f(o ooy AT r"Ko(rf). So, by applying Theorem 1.7, we see that the mean
curvature motion defined by (4.5)-(4.6) using the matrix A(p), is of variational type.

Proof of Proposition 1.8
The idea to build a function g which changes its sign, such that

1
/ 0 ~g(0) 026 >0
Snflmpj_ 2

for all p € R™\{0} is simple. First, we consider the set
S = UL, (8" ' n{x; = 0})

and we remark that any hyperplane IT which contains the origine intersect S with
an angle o > o with oy > 0 independant of II. We then define g on S™ ! as a
mollification of dg — 1 for n small enough where dg is a Dirac mass on S"! with
support the set S.

We now make the rigorous construction. We denote by (e;);—1._, a orthonormal

basis of R". We use the following lemma

.....

Lemma 7.5. For ¢ € (0,1], there exist g € C°(S"™Y), for i = 1,....n, such that
for all W& € C=(S™ 1), Vp. € S" 1, if p. — po, |9 — V|| poe(gn-1) — 0

1
Sn—1npl~Sn—2

Sin(po, ei) Sn—1npg-Net~Sn—3

—

provided py is not parallel to e; and where (po, e;) € [0, 7] denotes the angle between
po and e;. Moreover,
g (0) =0 if |(0,e;)| > e. (4.42)

The proof is postponed.
We set

=) g -n
=1

with 7 a small parameter to be precised. We remark that by (4.42) for ¢ small
enough, ¢g° is not nonnegative. We want to show that there exists ¢y such that for
all 0 < e < g, for all p, £ € S*!

/ 46 °(6) (6,)? > 0. (4.43)
S7z—1mpL§Sn—2

We will prove (4.43) by contradiction, using the following lemma :
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Lemma 7.6. There exists Cy > 0 such that Vp € S™ !, V¢ € S" I npt, iy €
{1,...,n} such that
[ weesa
S”—lﬂplﬂqbzsn—3

—

(p7 61'0) Z C10

where (p,e;,) € [0,5] denotes the angle between p and e, .

and

The proof is postponed.

We now prove (4.43) by contradiction assuming that there exists a subsequence
ex — 0 such that there exists p, € S"7!, & € S"~1 N pi such that

/ d8 g7 (6) (6, £4)* < 0.
Sn—1pk ~gn—2

Up to extract a subsequence, we can assume that p, — po and & — &, with
Poo, Eso € S™1. We then have with the index iy given by Lemma 7.6 for p =

Pooy § = &0

0> / 40 g7 (6) (6, 6)? > / a8 g+ (6) (6, £0)* — 1 / a9
S"*10pkL S"*10pkL

Sn—1npit
> [ d0g) (0.6 S
Sn—1npt

By passing to the limit, using Lemma 7.5, we then obtain
1 e Co e
0z—— [ N R
Snflmpolonefo

sin (p007 €ig ) sin C(O

where () is given in Lemma 7.6. This is a contradiction for 1 small enough.
We now prove Lemma 7.6

Proof of Lemma 7.6
We perform the proof by contradiction. If the result is false, then 3 Cy, — 0, A py €
S"1 3¢ € S" ' Np; such that for all i € {1,...,n}

—

0 < (pr.es) < Cy (4.44)

or
/ d0 (&, -0)> < Cy if (pro ) # 0. (4.45)
S"—lﬁpﬁﬁeiL

We distinguish two cases :
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Case 1. There exist two indices ¢ such that (4.44) holds. Up to reorganise the indices,
we can assume that (4.44) holds for ¢ = 1,2. We deduce by extracting a
subsequence and passing to the limit that there exists p,, = lim p; such that

—

(Poo, €;) = 0 for i = 1,2, which is a contradiction.

Case 2. There exists two indices i such that (4.45) holds. Up to reorganise the indices,
we can assume that (4.45) holds for ¢ = 1,2. In this case, by passing to the
limit, up to extract a subsequence, we obtain

‘/ do (- 0)> =0 Vi=1,2.
Sn—lnpLnet

We then deduce that £, € S"~! N pL is parallel to e;, for i = 1,2 which is a
contradiction.

Finally, in dimension n > 3, we are either in case 1 or case 2, so we obtained a
contradiction.

Proof of Lemma 7.5
We set g5 (z) = Lp (£) where p € C°(R,R) and satisfies :

£

p =0, wm@ﬂﬂﬁﬂL(émwﬂzl

We then set .
GO = [0 dr
0

with f € C°((0,00),R) satisfying [ f(r)r"~2 dr = 1. For all U= € C*>°(S""!) and
p. € S"71, let us define

f:/ d g (6)%(0).
Sn-1rpLtgn-2

To simplify the notations, let us set ¥ = W¢ and p = p.. We then have, if p is not
parallel to e;

f:/ MW@/dw”ﬁWﬁm
Sn-1plogn-2 0

where
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Using the definition of g, we then have, by denoting a; = (p, ¢;) the angle between
p and e; and using the change of coordinates z = (v/,,) with ¢/ € p* and ¥, € R,

that
1 e\ ~
Isz/ dx—p(x 6)\11(36)
pL g £
1 sin oy 'el ~
=/ dy' — ( )p Ly, 0)
oL sin oy € ( . ) sin o
1 (v
lesl \ &/ 0
= dy — = Uy, 0
sin oy /pi 4 &?"0 e’ (v',0)
€
where &' = — 7 and e} is the orthogonal projection of e; onto the hyperplane
S 0;
p*. In particular, e/ satisfies |e}| = sincq;. Passing to the limit in ¢, with p. —

—

po, U = 00, a; = af = (p,e;) — ¥ = (po, ;) and ¥° = f(|z|) (i

]

|z —

0 = f(ja])0’ (ﬂ) 2], vields
T
1 ~
T — / dy' Oy, 0)
i Jpltnet

1 .
= dy ¥y, 0
sin o? /pme% v Y, 0)

1 o0 r
= de d n—3 \IJO 9
sin o! /S"%SnlmmeeiL (/0 rr f(T)r) (0)
1

= / do v°(0).
S1n O[Z- Sn—3:Sn—1mmee7%

This ends the proof of the lemma.

8 Heuristical convergence and some properties of
the energies

8.1 Monotonicity of the energy

We begin this section by showing that the energy associated to (4.4) is nonin-
creasing in time. We recall that (4.4) is formally associated to the following energy :

£°(uf) = /A £ (\)d) (4.46)
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where

with
Py = Ljussay, G =y — (/ CE) .

d€=(\) .

= [ )
which is defined only on the support of |Dp5| (since (4.4) formally implies (p5): =
(co=*p5) | Dps])- Moreover, co°xp5 = cixp5— ([ ¢§) doxp5. If we set 1, a regularisation
of the Dirac mass, we then have 7, x p§ = 1 on the support of | Dp5| (see Figure 4.2).

Formally, we have :

Tn

FI1G. 4.2 — The convolution of p5 with the Dirac.

So, we can assume that ¢o° x p5 = ¢ * p5 — 5 Jgn €5 on the support of |Dp5|. We

then deduce that
dﬁ(A) (> & 1 () 2 £
dt = /n— (CO*P,\ - §/nco) |Dp5|.
This implies :

dé‘E ) 1 2
/d)‘/ <CO*P,\ 5/ 8) [Dp3| < 0.

So the energy is nonincreasing in time.

8.2 Formal convergence of the energy

We set £(u’) = [ G(Du®), the energy associated to the mean curvature motion.
We have formally

= v (i) - oot = [ - (v (i) ) 1o
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Moreover, still formally we have
see) = [ (e} 2
—  [dX [ — (trace ( (IDZ"\> D2u0>) D

(
= Jar[ - (aiv (VG
(aiv (

So, formally,

dt
The work of Garroni, Miiller [94], suggests that we should have [ /\% g * p5)P5 —
Jar [, G ( =k 0|) where Ty is the X level set of u°. We deduce that (using formally

the coarea formula for BV functions)

uO
Jor3(@ ) — [dA[,G gg—ol) DA

= [ G(\Du0| | Du®|
= [G(Du")

and so, formally
E(uf) — E(u0).
9 Appendix : some lemmata on Fourier transform

Lemma 9.1. The distribution L, associated to g (see definition 1.6) satisfies the
following properties :

L) = 1 L1, W, (4.47)
F(L)(M) = AF(L,) YA >0, (4.48)

where F(L,) is the Fourier transform of L, defined by

Vo €S, (F(Ly), ) = (Lg, F(#))-

Proof of Lemma 9.1

Equation (4.47) results from the definition of L, which by construction is of homo-
geneity of degree —(n+1). This can be rigorously shown using the general definition
for a distribution v € D'(R")

Vp € CERY),  (ulh) = srlwe (). (4.49)
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We now prove (4.48). A straightforward computation for ¢ € S gives

Flo)(A)=F (%90 (X>) (+)- (4.50)

Using the definition (4.49), one can show that (4.50) is still true for element of S'.
Hence, we have

AL =F (554 (5)) 0

_F ()\;1%(')) ()
=AF(Ly(-))(")

where we have use (4.47). This ends the proof of the lemma.

Proof of Lemma 7.4
Let Ry > ro > 0 and ¢ € C*°(R"™) with Supp ¢ C Bg,(0)\B,,(0). Let ¥, (y) = ¥ (\y)
for y € R with ¥ € C2°(R) such that
11
Supp ¥ C [-1,1], ¥ =1on [—5, 5}, 0<U <1, VY(—y) =Y(y).
Let us consider f € C2°([0,+00)) with Supp f C [rg, Ro] and such that

/ f(F)rdr = 1.

Let us assume first that g € C*°(S"!). Let us compute for ¢ € S(R")

S <>2,f<w>>

:/n dx iﬁi? (z- ) (/n d¢ e—iéuo(f)) </0°° f(?’)?’”df)

Since ’\I/,\ ('“)‘ <1land ¥, (%) — 1 as A — 0, we deduce by Dominated Conver-
gence Theorem that

9\l .
Tt [ dsdedr WSTL?WOZ\PA () e roma
:}\IL% Sn—IxR”xR4 xRy @ dg drdr g< )<9 C) <7“> o erf( ) (5)
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where 0 = % = |z|. We set r =Ts, T = 0F, 5 =|{|s and we get
T
7 =lim do d¢ dr 7ds  g(0)(0 - )2y (s) e 0 f(F)F"p(€)
A=0 Jgn—1xRn xR, xRy
x o
= lim dz d¢ ds T (T s)e"S 0 (€)
A=0 JRn xR xR, flahsg |Z|
— lim dz de ds (7)) g (@ Ua(s) e s 20
A—0 JRn xRr xR, |Z| €] [3

“tny [ a0 [ avote) [ sy h

where ®(7) = f(|z|)g %) (z-¢)* € C(R) and Supp ® C Bg,(0)\B,,(0). Using

the fact that ®(—z) = ®(z), we deduce

(5) _ _ B - 6_il%'$s+ei
1= ;1_4)/ s = €] / dz (I)(x)/R+d3 \I’%(S) 5
Ly GO [ e
_Alﬂ%/ d§ =+ 2] / dz fI)(x)/Rds \IJ%(s)e €]

We set = = &' + yee with 7’ Geg,yERandeg

. —1Y5
T=p [ G 6 L [ e [aw e

I= lim/ ¢ —== #le) dz’ J (Z')

A—0 2|&| Jgn €]

where

We claim the following whose proof is postponed

Lemma 9.2. We have
F(¥,) — 21

in S'(R) as p — 0.
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Using this result and the fact that ’J A

I:27T/Rd§ 2%) /Rn_ldj/q)(j/70)
=on [Lae S [ seo () -0
/df 2|(§;) /smw do g(6)(6 - ¢)° /R+ dr (7

=or [ e 584 () €0

o /R de p(E)A()(C, )

=2m(A(§)(C, ), )
We then have shown that

| Lo ) =2m(A(€)(C,0), @)

By a passage to the limit, this is still true if g € C° (and not only C*) and for all
© € C°(R™\{0}). We then deduce that

d (gx<i? <x'<>2) —2rA€)(C,O) =T

with Supp 7' C {0}, and then the distribution 7 is a finite sum of derivatives
of Dirac mass : T = Zaa ). Using the fact that 5 ()\5) = /\nﬂa‘é(a)(ﬁ) with
la] = a1 + ... + ay, and the homogenelty of degree —1 of D*F(L,), we deduce that

forn>2,T =0 and
g <|§\> 2| _
F\ 97 | = 2m A0 0.

This ends the proof of the lemma.

(O(, ))|L1(R), we deduce that

Proof of Lemma 9.2
Let ¢; € S(R). The following holds

<}—(‘I’u) - 27?507901> :<]:(‘I’u) — F(1),¢1)
<\Iju» - 1’F(901)>'
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So, it just remains to show that ¥, — 1 in S'(R) as p — 0. Let ¢ € S(R). The
following holds

(W= 1p) = [ do (Vu(z) — 1) ()

—

dr (¥(px) — 1)p(z)

/ d (U (i) — 1)pla)

|z|> 5,
< / da | ()
|z|> 5

<CN () / da

2
o>k Lt

—0 aspu—0

dPo(x)

-5 | and the fact

where we have used the definition of Ny, (¢) = supyy 5<,
that

||

(1+27)[p(x)| < ONa(p).
This ends the proof of the lemma.
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Chapitre 5

Une estimation d’erreur pour un
nouveau schéma pour le mouvement
par courbure moyenne

Ce chapitre est issu de [88].

Dans ce travail, nous proposons un nouveau schéma numeérique pour le mouvement
par courbure moyenne anisotrope. La solution du schéma n’est pas unique mais pour
toutes les solutions numériques, nous donnons une estimation d’erreur entre la solu-
tion continue et son approximation numérique. Cette estimation d’erreur n’est pas
optimale mais, a notre connaissance, c’est la premiére estimation pour des équations
de type mouvement par courbure moyenne. Le schéma est également utilisable pour
calculer la solution de I’équation de la dynamique des dislocations.



Estimation d’erreur pour le mouvement par courbure moyenne

An error estimate for a new scheme
for mean curvature motion

N. Forcadel

Abstract
In this work, we propose a new numerical scheme for the anisotropic mean
curvature equation. The solution of the scheme is not unique, but for all
numerical solutions, we provide an error estimate between the continuous
solution and the numerical approximation. This error estimate is not
optimal, but as far as we know, this is the first one for mean curvature
type equation. Our scheme is also applicable to compute the solution to
dislocations dynamics equation.
AMS Classification : 66M06, 65M12, 66M15, 491.25, 53C44.
Keywords : Mean curvature motion, error estimate, numerical scheme,
dislocations dynamics.

1 Introduction

Mean curvature motion has been largely studied in terms of both theory and
computation, in particular due to the large number of applications like front propa-
gation, image processing, fluid dynamics...(see for instance Sethian [163] and Osher,
Paragios [153]).

The level set framework has been used in both theoretical and numerical pro-
blems. Theoretically, the mean curvature equation has been well understood using
the framework of viscosity solutions by Chen, Giga, Goto [58] and Evans, Spruck
[83]. However, this equation has serious problems for the question of numerical ap-
proximations. Nevertheless, there are several works on this question. First, let us
mention the numerical method of Osher, Sethian [154]. This method is very used in
practice but, as far as we know, there is no convergence result. Another algorithm
is the Merriman, Bence, Osher scheme [143] in which motion by mean curvature
is viewed as singular limit of a diffusion equation with threshold. The convergence
of this scheme has been proved by Barles, Georgelin [22] and Evans [79] (see also
Ishii [116], Ishii, Pires, Souganidis [120], and Chambolle, Novaga [56]). A class of
convergent schemes for nonlinear parabolic equations including mean curvature mo-
tion have been proposed by Crandall, Lions [65]. Let us mention also the recent work
of Oberman [149]. In these last two works, two different scales are used. The first
one is the space step Ax and the second one is the size of the stencil . As it was
pointed out in [65], these two scales are very important to approximate degenerate
equations like mean curvature equation.
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1. Introduction

The goal of our work is to propose a new scheme for mean curvature motion
and to prove an error estimate between the continuous solution and its numerical
approximation. This error estimate is not optimal, but as far as we know, this is the
first one for complete discretized scheme for mean curvature type motion.

The idea is to use a recent work of Da Lio, Monneau and the author [67] concer-
ning the convergence of dislocations dynamics to mean curvature motion. Disloca-
tions are linear defects which move in crystals. Their dynamics can be represented
by a non-local first order Hamilton-Jacobi equation (see Alvarez, Hoch, Le Bouar
and Monneau [10]). The first goal of this work is to prove an error estimate between
the solution of dislocations dynamics and the solution of mean curvature motion.
To do this, we will use in a more quantitative way the definition of viscosity solu-
tions for mean curvature motion proposed by Barles, Georgelin [22] by considering
a regularization with quartics.

The second goal of this work is to propose a numerical scheme for dislocations
dynamics. The main properties of this scheme is that it is implicit (so there is no
CFL condition) and uses two different scales. Moreover, this scheme is not monotone
and does not admit a unique solution. It is only “almost monotone” (see Lemma 5.2).
Nevertheless, the fact that it is implicit and the monotonicity of the velocity, allows
us to “freeze” the velocity and to prove a Crandall Lions type [63| error estimate
for any solutions (we refer to Alvarez, Carlini, Monneau and Rouy [7, 8] for error
estimate for dislocations dynamics in the non monotone case). It is also possible to
explicit the scheme. In this case, we are able to prove the convergence of the scheme
under a CFL condition, but error estimates in this case are still open. This comes
from the fact that there is no consistency error for the scheme (see Proposition 5.6).

Finally, let us mention some works on error estimate for numerical scheme for
Hamilton-Jacobi equations. For the first order case, we refer to Souganidis [173|. For
the second order case, when the Hamiltonian is convex, we refer to Krylov [128, 129]
and Barles, Jakobsen [23, 24]. When the Hamiltonian is uniformly elliptic, we refer
to Caffarelli, Souganidis [48].

Let us now explain how this paper is organized. In Section 2, we state the main
results of this work. In Section 3, we prove the main result concerning mean curvature
type motion. Section 4 is devoted to prove the error estimate between the solution
of dislocations dynamics and the one of mean curvature motion. In Section 5, we
study the numerical scheme for dislocations dynamics and we prove an error estimate
between the continuous solution and its numerical approximation. Some numerical
simulations are provided in Section 6.
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2 Main Results

2.1 Error estimate for Mean Curvature Motion

In order to propose a numerical scheme for anisotropic mean curvature motion,
we will use the work of Da Lio et al. [67] that we briefly recall here. Given a function
g defined on the unit sphere SV ~!of RY by

g € Lip(S™1), g(—0)=g(0) >0, voecSN! (5.1)

we consider kernels ¢y € L®(RY) N WLL(RY) satisfying

1 x
o) =—— ¢ <—> if |z| > 1,
o\l 5.2
co(—z) = co(x) >0, VoeRY
and we use the following scaling for 0 < & < e}
- 1 T
W) = g @ (E) ' (5-3)

The term | In | comes from the bad decay at infinity of the kernel ¢ (see [67, Section
4.1]).
We then consider the following auxiliary problem

1

(.0 = (6 dpeoann)@) = 3 [ 6) 1Dl i RY < (0.7),

ut(+,0) = uf in RY
(5.4)
where u; denotes the derivative with respect to the time variable, Du® indicates the
gradient of u® with respect to the space variables, the convolution is done in space
only and 1yue(.s)>us(s,)} i the characteristic function of the set {u°(-,t) > u®(z,t)}
(which is equal to 1 on the set and 0 outside). This equation arises in the theory of
dislocations dynamics (see Alvarez, Hoch, Le Bouar and Monneau [10]) and uses the
Slep¢ev formulation [169] to consider the simultaneous evolutions of all the level sets
of the function u°. We refer to Da Lio et al. [67] for the study of this model and in
particular to [67, Definition 2.1| for the definition of viscosity solutions for Problem
(5.4). In particular, we recall that we take the indicatrice of {u®(-,t) > u®(z,t)} for
sub-solution and the indicatrice of {u®(-,t) > u®(z,t)} for super-solution.
The main result of [67] is that, if uf = wug, then the unique solution u® of (5.4)
converges locally uniformly on compact sets to the solution u° of the following limit
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equation

0 2,0 Du’ : N
u, — trace ( D*u” - A D] =0 in RY x(0,7)

u®(+,0) = ug in RY

(5.5)

with

A (%) _ /9 IR (%g(@) b 0) d (5.6)

and where M - A and (-, -) denote respectively the product between the two matrices
and the usual scalar product. Our first main result is an error estimate between u°
and u° :

Theorem 2.1. (Error estimate for Mean Curvature Motion)

Let N > 1 and T < 1. Assume that ug,u§ € Lip(RY), g € Lip(SV~1) and that c,
given in (5.2) satisfies co € WHH(RYN). Then, there ezists a constant K, depending
on N, supgn o, |Dg|pesn-1y and |Dug|pwny such that the difference between the
solution u® of (5.4) and the solution u° of (5.5) is given by

T 6
sup  |uf —u'| < K, ( ) + sup |ug — o). (5.7)
RN x(0,T) HH €| RN

2.2 Discrete-continuous error estimate for dislocations dyna-
mics

To approximate the solution u° of (5.5), we then have to approximate the solution
u® of (5.4). Up to a change of variable (see Corollary 3.1), it suffices to approximate
the solution u of

1

() = ((Co*1{u<~7t>>u<x7t>})(x) - 5/%) [Du(z,t)]  in RY % (0,7),

U(', O) = Uy in RN.

(5.8)

Given a mesh size Axy, ..., Azy, At and a lattice Q3 = Q> x {0,..., (At)Np}

where Q* = {(i1Axy,...,iyAzy), I = (i1,...,in) € ZN} and Ny is the integer

part of T'/At, we will denote by (z1,...,zn,t,) = (x7,t,) the node of the lattice

(11Axq, ..., iyAxy,nAt) and by v} the value of a numerical approximation of the

exact solution u(xy,t,). We set Az = \/Aaz? + ... + Az% the space mesh size. We
shall assume throughout that Ax + At < 1.
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The discrete solution v is computed iteratively by solving the implicit scheme

vp = dio(xr), = APl G )y (5.9)

where 1 is an approximation of @y and G(v"™!); is a suitable approximation of the
gradient of v"*! taken at point x;. The non-local velocity is the discrete convolution

1
CA[U]?'H = CA[U]([L’[,tn_H) = Z C?_Jl{v"]”lZU;L*l}Axl---AxN — 5 Z CJ}Al‘lA[EN
JezN JezZN
(5.10)

with
1

Q1] Jo,
where (); is the square cell centred in x;

Qr = [z, — Ax1 /2,2 + Axq /2] X oo X |2, — Ay /2,25 + Axn /2], (5.12)

&

(x) dz (5.11)

Finally, let us define

vy, tn) = > v(@nta)xo, (v) (5.13)
I
where x(, is the indicator function of Q);.

The approximation of the gradient is obtained using the Osher, Sethian scheme
[154] (we can also use the one proposed by Rouy, Tourin [159]). It is monotone,
consistent and depends on the sign of the non-local velocity. Its precised definition
is recalled in Section 5.

Since the velocity ¢® is non-local and not continuous, we have to give a sense
to the equality in the scheme (5.9). In fact, we will use the analogue of the Slepcev
formulation [169] for discrete sub and super-solution (see Definition 5.1) and we will
use a discrete version of the Perron’s method to construct a discrete solution. The
solution of the scheme is not unique but, for any solutions, we have the following
Crandall-Lions type [63] error estimate :

Theorem 2.2. (Discrete-continuous error estimate for (5.8))

Let N > 1 and T < 1. Assume that g, iy € WH(R"Y) and that co given in (5.2)
satisfies co € WHHRY). Assume that Ax + At < 1. Then there ezists a constant
K3 > 0 depending only on N, |colwr1myy, | Dtg| pee®yy and | Dig| o @yy such that the
error estimate between the continuous solution u of (5.8) and any discrete solution
v of the finite difference scheme (5.9) is given by

sup lu— vy < KoV'T (A + At)? + sup |iag — (o) 4|
RN x{0,....t N1 } RN

1
provided Ar + At < —.
K;
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Remark 2.3. It is possible to explicit the computation of the gradient, i.e., to replace
the term G(v"*1); by G(v™); in the scheme (5.9) and to consider the solution v of

,Un-‘rl _ 'U? A )
VY = dig(y), IT = > FT G (™). (5.14)
t
In this case, as usual, we have to satisfy a CFL condition like for instance
At < _Ar
2|CO|L1 RN)

for the Osher Sethian discretisation of the gradient. Under this additional assump-
tion, Theorem 2.2 remains true with v solution of the scheme (5.14).

2.3 Discrete continuous error estimate for Mean Curvature
Motion

Using the above results, we will prove in Section 3 the following theorem :

Theorem 2.4. (Discrete-continuous error estimate for the mean curvature
motion)

Let N > 1 and T < 1. Let us denote by v° a solution of (5.9)-(5.10)-(5.11) with
initial condition uf (which is an approzimation of ug) and with c¢§ in the place of
co. Assume that ug, iy € WH*(RY), g € Lip(SV™!) and that ¢y given in (5.2)
satisfies co € WHL(RY). Assume also that Ax+ At < 1. Then there exists a constant
K3 > 0 depending only on N, supgw co, |Dg|resn-1), |colwrimny, [Dug|peo@mny and
| DU§| oo (rivy such that the error estimate between the continuous solution u® of (5.5)
and its numerical approrimation v° is given by

1/6
sup |u0 —vy| < K3 L / + sup |ug — (4g) |
# |Ine

RN x{0,..,tnp } RN

where € > K3(Ax + VAt).

Remark 2.5. If T > 1, since | Du|poe®n y0.7)) < |Dtio]poo®ny and " Dvf|poo gy "<
| Dg| 0 mvy (see Proposition 5.4 for the ezact setting), we can iterate the process
and get a linear estimate in T, i.e

sup  |u’

K3
— vy < T—i—sup\uo (ag)4]-
RNX{O,..,tNT} # | 1 |1/6 0

Remark 2.6. We can truncate the kernel ¢y at infinity and consider

co(x) if |x] < R,
Go () = { 00< ) els|e.’ -
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K
In this case, we make an error of order / co < — and we can make the
RN\BR(0)
computation on a finite stencil, even if Ax goes to zero. This is possible, if we

choose € of the same order of Ax. The condition ¢ > K(Ax + V/At) in Theorem 2.4
then implies that we need to impose a CFL condition At < KAxz? (which is classical
for second order equation).

At the opposite, if we do not impose any CFL condition, we can choose At larger
than Az?, but we have to choose € of the same order of /At and so to make the
convolution on larger and larger stencils as Ax goes to zero.

As we mention in the introduction, it is also possible to explicit the computation
of the velocity in the scheme (5.9) and to consider

UnJrl —
V) = dg(z7), ITI = A PTG (W), (5.15)
t
with ¢ in the place of ¢y in the definition of ¢2.
We can prove the convergence of the scheme (see Theorem 2.7) under the CFL
condition
At < el A, (5.16)
2 ’CO|L1 (RN)
But, in this case, we are not able to prove an error estimate. The reason is that when
we implicit the velocity, it “freezes” it, and then we can use the consistency error on
the scheme with given velocity. At the opposite, for the explicit scheme, we have to
control the consistency error of the velocity which is not possible as we point out in
Proposition 5.6.
We define
v (x,t) = v (xp,t,) if € Qr, t € [taytns)
where § = (Az, At) and v° is the solution of the scheme (5.15)-(5.10)-(5.11) with
the kernel ¢ in the place of ¢y. Then we have the following convergence result :

Theorem 2.7. (Convergence of the explicit scheme)
Assume (5.16). Under the assumptions of Theorem 2.4, the function v°° converges
locally uniformly on compact sets as 6 — 0 to u® solution of (5.4).

Remark 2.8. In Theorem 2.7, if we take the limit 0 — 0 and ¢ — 0 with 0 < €, we
will approach the solution of (5.5). The condition § < e implies that, in practice,
we have to make the convolution in larger and larger stencil as 6 — 0.

Remark 2.9. In the scheme (5.15), it is possible to implicit the computation of the
gradient and thus to withdraw the CFL condition (5.16) to get the same result as
Theorem 2.7.

Notation In what follows, we will denote by K a generic constant, which will then
satisfy K + K = K, K - K = K, and so on.
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3 Numerical scheme for mean curvature motion

3.1 Proof of Theorem 2.4

Using a rescaling argument, we will prove the following corollary of Theorem
2.2

Corollary 3.1. (Discrete-continuous error estimate for (5.4))

Let us denote by v° a solution of (5.9)-(5.10)-(5.11) with initial condition @§ (which
is an approzimation of uf) and with ¢ in the place of cy. Under the assumptions
of Theorem 2.2, there erists a constant K > 0 depending only on |colw11rny,
| Dug| oo mnvy and |Dug|p-mny such that the error estimate between the continuous
solution u® of (5.4) and its numerical approximation v° is given by

sup |u® — v} |<K +sup|u (Tg) 4|
RN X {0t} # |1ns| |1 s| oo

At g2
< —.
|lne| = K?

provided eAx +

Proof of Corollary 3.1
First we remark that a simple change of variable gives (for v and v solutions respec-
tively of (5.8) and (5.9))

e =au(Loro) ) ==m(Y)

=0 (L) i) =< (2).

Y T Ay AT r
Let us denote b =2 t=—=—  Ao=" At=——— T=———,
e e Y=g e2|Ine| € e?|In¢| e?|Ine|

s, = nAt and by Nr the integer part of I'/A7. Then, the following inequality
holds :

sup [u —vy| =¢  sup |u — vy
RN x{0,....snp. } RN x{0,.. ,tNT}

o esup o — (o)

\/Hne
+su us :
\/HT&' |1 €| p’ 0 ( 0)#’
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provided that
Ay AT < 1

e &|lne| — K¥

i.e. )
AT €

< .
|Ine| = K2

eAy +
This ends the proof of the corollary.

Proof of Theorem 2.4
The proof of Theorem 2.4 is now very easy. Indeed, using Theorem 2.1 and Corollary
3.1, we deduce that

[u® — v°| <Ju® — uf| + |uf — v°|

T \© K
<K ( ) + VTVeAr + At
|Inel £4/|Ing|

+ sup |ug — (4g)4| + sup |ug — uol.
RN RN

Taking ¢ > K(Ax++/At) implies the prevalence of the first term with respect to the
second one and so this implies the desired estimate for the choice of initial condition
ug = Ug.

3.2 Proof of Theorem 2.7

The idea of the proof is borrowed from Barles, Souganidis [28|. Let us set

* Us,é 5,5.

v° = lim sup ., v° =liminf , v
6—0 6—0

We now prove that 7° and v° are respectively sub and super-solution of (5.4). Let
¢ € C(RN x [0,T)) such that v° — ¢ reaches a strict maximum at the point (g, o)
with to € (0,T). Then, there exists & — 0, (2,#°) — (x¢,ty) such that v° — ¢
reaches a maximum at (2°,#°). We denote by (29,%2) € Q% the node such that
vE0 (20, 1%) = v=9(x9,¢°). This implies that, for all (z,) :

v (1) S 00 (ag, 1) — @(2°, 1) + o(x, ).

Using the monotony of the scheme for given velocity and the fact that v is solution
of the scheme, we get
@(‘réat(s) — (p(x67t6 _ At)
At

GH(DF (2,1 — At), D~ (a0, 1% — At))
if c[vo] (29,1 — At) >0
G (DT (2,1 — At), D~ (2%, 1% — At))
if clv=0)(29,t° — At) <0

<) (ag, 10 — At)
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with ]
lul(w,t) = g * Liupzu@ny () — 5 / o
RN

and where we have used Lemma 5.5 to obtain the velocity. Sending 6 — 0, using
Slepéev Lemma [169, equation (5)] and the consistency of the scheme for given
velocity, we get

1
Sot(xO’tO) < (CS * 1{5‘5('%)256(960,750)}(3:0) - 5 /]RN C(a)) ‘DSO(LEOJO)"

This proves that 7° is a sub-solution of (5.4). The proof for v® is the same and we
skip it. Moreover, using a barrier argument (using the equivalent of Proposition 5.4)
we get that 7°(-,0) = v°(+,0) = uf. Then we have that v* = ¥° = v° is solution of
(5.4). This ends the proof of the theorem.

Remark 3.2. In the scheme (5.15), we have made the choice to take the velocity
cAv]r. An another possibility is to take

1
6A[U]7Il+1 = Z (_3?7J1{U?+1>v?+1}ASE1...A£IZ'N - 5 Z EgAxlAa:N

JezN JezN

This construct two discrete solution v and v. So, we can take any discrete function
comprised between U and v. In fact, this is equivalent to define a discrete solution
as a sub and a super-solution as in Definition 5.1. With this definition, v will be the
greater sub-solution and v will be the lower super-solution and Theorem 2.7 will be
true for every solutions.

3.3 What happens if we change the kernel ?

A natural question is what happens if we change the kernel and if we take a kernel
which decrease more quickly at infinity. For this kind of kernel K, the natural scaling
is the following one (see [67, Section 4.1|)

. 1 x
Kiw) = =Ko (5).

In fact, using the same arguments as the one we use for the proof of Theorem
1

|$|n+p

2.1, we can prove the same kind of error estimate. For example for Ky(z) =
for |x| > 1, with p > 3, we get
jut —u®| < K\/eTY4.

This is the best estimate for £ small that we can obtain for general kernel, as we can
see in Step 3, Case 1 of the proof of Theorem 2.1.
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The main difference is that the estimate of Corollary 3.1 is replaced by

82

T
sup [u® —vg| < K£\/6Ax + At +sup |ug — (ug) | for eAx + At < ek
9 RN

Finally, we obtain for the choice uf = uy

sup [u® — (v°) 4| < K\/ET% + sup |up — g
RN

A
ite > K (\/ Az + (At)%). This implies that 20 L 0as Az — 0. So, when Az goes

to zero, we have to make the convolution on allgthe space which can be very expensive
in practice. This approach can also be used for Gaussian kernel and should give the
same estimates. In particular, this could give an error estimate for the equivalent
version of the classical Bence, Merriman, Osher [143] algorithm.

4 Proof of Theorem 2.1

Before to prove Theorem 2.1, we need some notation. Let us define

F(M, p) = trace (M A (%)) and  G(M,p) = ﬁF(M,p)

where we recall that A(p)-p=0Vp e SNL
Then we have the following fundamental estimate for balls :

Lemma 4.1. (Error estimate for a ball)
Let p € C*(R™) with Dy(z0) # 0, be such that the set {p(x) > p(xo)} is a ball of

radius R. For cj(-) = <—>, let us define

entlIne| “\z

& & 1 £
¢ = (g * Lp()>p(z0)}) (T0) — 5 / Co-

Then, there exists a constant K = K(N,supga co, |Dg|pegn-1)) > 0 such that for
0<e<owith0<d<R/2, we have

| + G(D?*p(0), Do(20))| < K -€(e,6, R)

1 1 1 )
6(8,(5,R> = m <g+§|1n5|) -+ ﬁ

with
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This is a straightforward consequence of Da Lio et al. [67, Proposition 4.1 where
their Lemma 4.3 is replaced by a direct estimate for an explicit function h(z') =
R? — |2/|? with 2’ € RN"! and |2/| < R.

Proof of Theorem 2.1

Let u° be the solution of the mean curvature motion (5.5). The idea of the proof is to
regularise the function «° by a kind of sup-convolution but using quartic penalization
and then to plug the regularised function u®® into (5.4). This regularisation allows
us to control quantitatively the first and the second derivatives in space of ©%®. This
is a quantitative version of the definition of Barles and Georgelin |22] for viscosity
solutions of mean curvature motion where they used this kind of regularisation to
prove that one can take test functions such that Dy # 0 or Dy = 0 and D?p = 0 in
the definition of viscosity solutions. This kind of arguments is also used to obtained
the comparison principle for mean curvature type equations.

The proof is decomposed into five steps :
Step 1. Regularisation of u°
By classical estimates for mean curvature type equations, we have

|1 DU’ ooy x(0.7)) < || Dto]] oo vy (5.17)

We regularise u° by considering a spatial sup-convolution by quartics

1
(o) = sup { e = 9.0) = oo} (5.19
yeRn 406
1
0 4
- ST 1
SSRB {u (2,t) 4@]2 x| } (5.19)

Since 1 is Lipschitz continuous, the supremum is reached.

Step 2. Estimate between u° and u®
For + € RY and t € (0,T), we denote by ¥ = Z(x,t) a point where the
maximum is reached in (5.19). Then

1
u”(z,t) = u’(Z,t) — 4—|§: —z|* > u’(z, ). (5.20)
a
Therefore ]
4—|E —z|* <z, t) — u(2,t) < K|T — 7 (5.21)
a
and so
7 — x| < Kal/3. (5.22)

Moreover, by (5.20), we get

0 <u”(x,t) —u’(z,t) <u'(7,t) —u'(z,t) < K|z — 2. (5.23)
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Using (5.22) and (5.23), we then deduce for x € RY and ¢ € (0,7
[u®(2,t) — u®(x,t)| < Kal/? (5.24)

Before to continue the proof, we need some notation. We now want to compare u°
. 1

and u®*. To do that, we will prove that u®* + (f(e, a)t + Ka3 + supgn |u§ — uol)

are respectively super and sub-solutions of Problem (5.4) for

fe0) = K 1 N In|Ine| n 1 1 L
) TERCEEREEE Mozl .

Let ¢ € C°(R" x (0,T)) such that u®* — v reaches a global strict maximum at
(wg,to) € RN x (0,T). Since u®® is semi-convex in the space variable, the functions
u®* is differentiable with respect to z at the point (xq, o).

Let us denote by

1
@z<x> = UO(Z,tO> - E‘Z - .73"4.

Then
u*(z, 1) = sup @.(z).

2€RN

We denote by Z, a point where the maximum is reached for x = x and by ¢ = ¢z,.
We then deduce that
V(@ to) > u’ (2, t0) > () (5.25)

with equality for © = z(. This implies that

D(p(l'o) = Duo’a(l’o, to) = Dw(ZEo, to) (526)
and
DZQO(I(]) S D21/1<l’0, to) (527)
Moreover, with h = |Zg — x|, we have (by (5.22))
h< Kas, (5.28)
h3
[ Do) = — (5.29)

and the set {¢©(x) > ¢(x0)} is a ball of radius R = h. Let us define the error

e(¢) = |c[¢](z0)| Dy (wo)| = F(D*o(xo), Dip(0))|

where )
Flelwo) = (5 Ligrzo) (0) = 5 / c5-
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Step 3. e(¢) < f(e, @)
We distinguish three cases :

Case 1. h < 2¢. In this case, we directly have the estimate (using (5.29))
h3 h2|CO|L1(R") h

K ¢
e D < |kl pimmy — < — <=5
< [el(o) Do)l < leluren < o < o

where we have also used (5.28). Using moreover the fact that
) K h?
[F(D (o), Dp(wo))| < +-[Dp(wo)| < K-,

we then deduce that
K
e(p) < 2° < fle, ).

2

V| Ine|

deduce that

Case 2. 2e < h < . Using (5.29) and Lemma 4.1, with § = h/2, we then

()<Kh3 1 1+1|15|+1 <Kh<K 1
e — —+ —|ln —
LS |Ine| \h A h) = a*3 = a2 /line
<f(e,q)
Case 3. h > We set § = . We then have ¢ < § < h/2. So by
|Inel |Inel

( )<Kh3 1 +1ln|ln5|+ 1 1
6 J— e —
= Sne] k(e B2 ne|

<K 1 n 1 In|lne| n 1 1
— \/[lneg] a'? |Ine|  a?3 /e
<f(e,q).

Step 4. Estimate between u® and u

By construction, we have, since u®® is a sub-solution of (5.5) (but does not
satisfy the initial condition)

U0, to) <F(D*(x0,t0), Dip(o, to))
<[] (20)| DY (o, to)| + F(D*@(x0), Dip(0)) — @] (20)| Dep ()|
<E (-, 1)) (o) | D (w0, to)| + f (e, )
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where we have used (5.25) for the last line. On the other hand, we have

u®(-,0) — Ka'/* — sup [uj — uo| < u5
RN

where we have used (5.24) at the limit ¢ = 0. We then deduce that a%*(z,t) =
u(x,t) — f(e,a)t — Ka'/? — supgw |u§ — uo| is sub-solution of (5.4). This
implies that 4% < u® and so

u®® —uf < fle, )t + Ka’® + sup [u§ — ug). (5.30)
RN

Step 5. Estimate between u° and u
Using (5.24) and (5.30), we then get

u® — uf =u® — w4+ % —uf < fe, a)t + Ka/? 4 sup |ug — ug).
RN
But

1 In |1 1 1
fle, )t + Ka'/? _K< - b|Inc] +t s ( +e)> t+ Kal/?

Ve o'ne] VIne]
1

< (i)

and t < T < 1. We then get

for v =

ﬁs

ne

T 3
uo—u6§K< ) + sup |ug — ug).
V| ng| RN
A lower bound is proved similarly (using the same result as Lemma 4.1 where
the set {¢(x) > p(x0)} is replaced by {¢(z) > ¢(x¢)}). This implies (5.7) for
T < 1. This ends the proof of the theorem.

5 Numerical scheme for dislocations dynamics

5.1 Definitions and preliminary results

We recall here the notation used in the scheme. The discrete solution v is com-
puted iteratively by solving the implicit scheme

0_ ~ vt —of Ap) 1+ v, ntl
v} = to(xy), Ry = ¢ ]G, (5.31)
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where the non-local velocity is defined in (5.10). The approximation of the gradient
of v"*1 at the point x; is given by

Gy, = GH(DToP™ Doty if At >0,
UOTT Go(DR Dol i At <0
where G* is a suitable approximation of the Euclidean norm and D*v"(z;) =

(DEv™(xy), ..., DE v"(x5)) are the discrete gradients. The terms DFv™(z;) are the
standard forward and backward first order differences, i.e. for a general function

f(xr)
D;if(xl) _ f(xfwA); f(Il)7
D;,f(xl) _ f(fl) ;j(xli,—)’
where
M = (i, i1, i £ 1 g1y o ). (5.32)

The approximations of the Euclidean norm G are those proposed by Osher and
Sethian [154] (we can also use the ones proposed by Rouy, Tourin [159]) :

GT(P,Q) = ( > max(P, 07+ Y min(Qi,0)2> , (5.33)

i=1,.,N i=1,.,N

N

N

G~ (P,Q) = ( > min(P,0%+ Y maX(Qi,0)2>

i=1,.,N i=1,.,N

We recall that the functions G* are Lipschitz continuous with respect to the discrete
gradients, i.e.

G=(P1, Py) = GE(P{, )| < (|Py — Pl| + | P2 — P)). (5.34)
They are consistent with the Euclidean norm
G*(P,P) = |P|, (5.35)

and G* = GE(P, ..., Py, P, ..., Py) enjoy suitable monotonicity with respect to
each variable

oG™ oG* oG~ oG~
—F >0, — <0, —— <0, —2>0. (5.36)
8pi api api 8])2'
To define discrete solutions, we need the following notation
1
it = Z Crglpmtisyrny Az Ary — B Z AT . Ay, (5.37)
JezN JezN
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0 GH(Dtortt, Dot if At >0,
G = G~ (D™ Doty if ) <0

where ¢ is defined in (5.11). Finally, for simplicity of presentation, let us denote by

sl]y ™ = Sign(c*[v]; ™), S[]7T = Sign(e?[v]7 ).

Definition 5.1. (Numerical sub, super and solution of the scheme)
We say that v is a discrete sub-solution (resp super-solution) of the scheme (5.9) if
for all I € ZV, n € N, we have

n+1 < v[ +Atc [ ]n—l—lG( TH-I)

(resp ot > ol b At E ]G (oY) ) .
We say that v is a discrete solution if and only if it is a sub and a super-solution.

Lemma 5.2. (Almost monotonicity of the scheme)
The scheme (5.9) is almost monotone in the following sense. Let v, w be two discrete
functions and assume that there is I such that wy = v; and wy > vy for J # I.
Then

A A

) G)r < S w]G(w),

and
5A [U][G(U)[ S EA [w]lG(w)I

Proof of Lemma 5.2
First, we remark that ¢[v]; < ¢®[w];. Then, there is three cases :

1. A[v]; <0 < c®[w];. In this case, the result is trivial.

2. 0 < ]y < c®w];. Using the monotonicity of G, we get that G(v); < G(w);.
This implies the result.

3. A[v]; < ®[w]; < 0. Using the monotonicity of G, we get that G(v); > G(w);.
This implies the result.

The proof for é* is the same and we skip it. This ends the proof of the lemma.

The existence of a solution for the scheme is not trivial (since it is implicit and
non-local). This is the subject of the following proposition :

Proposition 5.3. (Existence of solution for the scheme (5.9))
There exists, at least, one discrete solution v of the scheme (5.9) in the sense of
Definition 5.1.
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Proof of Proposition 5.3

We assume that there exists a solution v" at step n and we will construct a solution
v"T! at step n + 1. First, we remark that if (v"*1%); is a family indexed by i of
discrete sub-solution at step n + 1, then v™*! nt1i is still a sub-solution
(it suffices to use Lemma 5.2). Moreover, w™ = supga [v"| and w™ = —supga [v"|
are respectively discrete super and sub-solutions to the scheme (5.9). Then, let us
define

= Imax v

v" ! = max{w subsolution at step n + 1 s.t w < w"}.

Then v"*! is a discrete sub-solution at step n + 1. Now let us prove that v"*! is a
super-solution. By contradiction, assume that there is / such that
Vit —p

T < E[U]?+1G§[v}?(D+U}L+1’DfU?Jrl)_

This implies in particular that v?“ < w*. Now, let us consider, the solution w; (in
a sense similar to Definition 5.1) of

w;—v?_cA ] GT(D}wr, Dwy) i S fw]r >0
At et G_(D;“le],D;nHw[) if cfn+1[w]1<0 ’

where

1
cfnﬂ [w]; = Z E?_Jl{USLHZwI}Axl...AxN ~3 Z E?,Axl...AxN

JezN JezN

+ + + .
and D2, w; = (wa,&lw], ey D:vN,v"‘HwI) with

n+1
D+ Wi — U]i,Jr — Wy
Z‘Z’,U"+1 I — sz 9
- o — wy — v;f[l
xi,v”‘*'l I — A.Iz 9

where I"% is defined in (5.32). The existence of such a solution comes from the
fact that the left hand side is non-decreasing in w; and the right hand side is non-
increasing. Then, it is easy to prove (using Lemma 5.2) that w; > v}*! and that w

defined by
77 o otherwise

is a discrete sub-solution of (5.9) at step n + 1. This contradicts the definition of
v™*! and ends the proof of the proposition.
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Proposition 5.4. (Properties of the discrete solutions)
Assume that g € WH*(RN). Let us denote by L = |Dig| 0 ®x~) and

v = sup{v subsolution of (5.9) with initial condition v° = g, v < |Go| o @n)}-
(5.38)
For k € ZN\{0}, we denote by kAX = (kiAzy,...,kyAzy). Then, the following

estimates hold
E(l‘]v tn) _ E(.ﬁlf[ + kAXa tn)

<L .
kAX] =5 (5:39)
v(xr, t,) —v(xr + EAX, t,)
> —L 5.40
|EAX| - (5.40)
ot | VN
! Al L < 9 ‘C(]’Ll(RN) L. (541)

The same estimates hold for

v = inf{v supersolution of (5.9) with initial condition v° = g, v > —|ug| oo @n)}.
(5.42)

Proof of Proposition 5.4
For k € ZN\{0}, let us denote by

fbo’k(.ﬂjj) = ’110(.1’[ -+ kAX) + L|]€AX‘ 2 ﬂ()(l'])
and by 7}, the greater sub-solution, with initial condition gk, i.e.
), = sup{v; subsolution of (5.9) with initial condition v} = g, vx < o] 00 (VY }-

First, since the equation does not see the constants, we remark that v — L|kAX|
is a sub-solution of (5.9) with initial condition ° — L|kAX| < @g . So, by definition
of 7, we have

U — LIEAX| < 5.

Moreover, using the fact that the scheme is invariant by translation in space, we
deduce that v(z;+kAX, t,) is the greater sub-solution with initial condition v(z; +
kAX,0) = 1o (xr). We then deduce that

Uk(aj[atn) = E(ZL'[ + kAXa tn)

This implies that
E(xla tn) _ 6(1'1' + kAKX, tn) <[
|kAX| -

The proof of (5.40) is similar and we skip it.
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To prove (5.41), we use the fact that U is a solution and the two previous esti-
mates. This implies

which is the desired result.

Before to prove Theorem 2.2, we need the following lemma :

Lemma 5.5. (Equivalent formulation for the discrete velocity)
The discrete velocity ¢ [v] can be rewritten as

. 1
APl7 = (o * g tzonrny) @) = 5lcolnr@n)

where vy is defined in (5.13).

Proof of Lemma 5.5
The idea of the proof is borrowed from Alvarez et al. [8]. Using the definition of the
discrete velocity and ¢, we get

1
CA[U]? = Z CJ}_J].{UTJLE,U?}A$1...A$N — 5 Z @AJI1A$N

JezN JezN
1
= Z co(y) dy Livn>opy — B Z / co(y) dy
JegN Y Qu-1 JezN Y Qi
1
= Z / CO(.Z'] — y) 1{1)3121,?} dy — §|C0’L1(RN)
JGZN J
1
= Z co(1 —Y) Vuu(ytn)>vg(artn)) Y — §|CO|L1(RN)
JezN QJ
1

= (0% Lop(t)zvpartan}) (21) = S leolrn)-
This ends the proof of the lemma.

We now prove Theorem 2.2 :
Proof of Theorem 2.2
The proof is an adaptation of the one of Crandall Lions 63|, revisited by Alvarez et
al. |7]. Nevertheless, for the reader’s convenience, we give the main steps in order to
show the new difficulties due to the non-local term. The main idea of the proof is the
same as the one of comparison principles, i.e. to consider the maximum of u — vy,
to duplicate the variable and to use the viscosity inequalities to get the result.
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The proof splits into four steps.
We first assume that

to(zr) > (tg(x1))y, forall I € ZY. (5.43)
and we set
pd = sulg(ﬂo — (To)g) > 0. (5.44)
R

We denote throughout by K various constant depending only on N, [co|y11rny,
| Ditg| oo mny, | Diio| poo mry and pi.

Step 1 : Estimate on v
We have the following estimate for the discrete solution

—Kt, < ug(x) —vg(w,t,) < Kt + 1. (5.45)

To show this, it suffices to use the estimate (5.41) of Proposition 5.4. This
implies that, for x € Q; (with the notation ¥ and v defined in Proposition 5.4)

() () = Kty = 0] — Kty < 0} <of = vg(x,t,)
<ot < Kt, + v} = Kt,, + (o) 4 ().

This implies the desired estimate.
Before continuing the proof, we need a few notations. We put

p= sup (u—uvy).
RN x[0,T

We want to bound from above ;. by u® plus a constant. For every 0 < o < 1, 0 <
vy<land 0 <n<1, we set

My = sup Vo (z,y,t,tn)
RN RN % (0,T) x{0,....t N, }

with

I et 2

—nt — 2 2'
S =t =t = alaf + [yl

\I,g,'y(x’ Y, ta tn) - U([E, t) - U#(?J, tn)

We shall drop the super and subscripts on W when no ambiguity arises as concerning
the value of the parameter.

The main difference with the classical Crandall Lions proof, is to consider the
function vy in the place of v in the separation of variables. This allows us to treat
the non-local velocity.
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Since u is Lipschitz continuous and 7' < 1, we have
fu(w, £)] < K (1 +|a]). (5.46)
Moreover by Step 1, we have

[v(2i, tn)| <|v(Ti,tn) — To(w;)| + |0 (z3)]
<Kt, + K1+ |z;])
<K(1+ |z]).

We then deduce that W achieves its maximum at some point that we denote by
(x*’ y*7 t*7 t;)'
Step 2 : Estimates for the maximum point of ¥
The maximum point of ¥ enjoys the following estimates

alr”|+aly’| < K (5.47)

and
2" =y < Ky, [t =t < (K +2n)y. (5.48)

Indeed, by inequality W(z*, y* t* ¢*) > ¥(0,0,0,0) > 0, we obtain

alz* P 4+ aly*|? <u(a,t°) —va(y* ;) < K(1+ |2 + y*])
K? « «
<K - _ *2 _ *2'
<K+— +2\l’| +2|y|

This implies (5.47), since a < 1.

The first bound of (5.48) follows from the Lipschitz regularity in space of u,
from the inequality W(x*,y* t*,t%) > W(y*, y*, t*,t5) and from (5.47). The
second bound of (5.48) is obtained in the same way, using the inequality
W™, y* 5, t) > W(a*, y*, 15, ).

Step 3 : A better estimate for the maximum point of ¥
Inequality (5.47) can be strengthened to

alr*|? + aly*]? < K. (5.49)

Indeed, using the Lipschitz regularity of u, the inequality W(x*, y* t*,t%) >
v(0,0,0,0), Step 1 and equation (5.48), yields

alz* ] + alz]* <u(e®,t) —ve(y", ) + uo(y™) — uo(y”)
<K(|lz* —y*|+t) + Kt; + 1° < K.
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Step 4 : Upper bound of p
We have the bound 1 < KvVT (Ax + At)2 + 0 if Az + At < 5.

First, we claim that for n large enough, we have either * = 0 or t;, = 0. We
argue by contradiction. Then the function (z,t) — W(z,y*, t,t:) achieves its
maximum at a point of R™ x (0, T"). Then, using the fact that u is a sub-solution
of (5.8), we deduce that

n+p; < clul(x* t)|pk + 20| (5.50)
where .
clu](x,t) = co* Liu(p)y>u(@y(T) — 5/ Co
RN
and
pt = ) pz = .
Y v

Since t > 0, we also have W(z*, y* t* ) > V(z*,y,t*, t,) for t, > t: — At.
This implies

vy 1) — v (Y, tn) < (Y7 1) — @y, tn) forty >, — At (5.51)

fOI- _ \x*—y|2 ‘t*—tn‘z 2 %
oy, t,) = TR + aly|? ). We denote by z} the node such

that y* € Q« (the unit cube centred in z7%). We then deduce

plys ) —ely' 6 — A vg(y' 1) — vg(y", £ — At)
At = At
U(LU?, tZ) — U(l‘?, t:L — At)
At
>e* (2, 1) G (D u (e, 1), Do (e, 1))

> o) (a7, )G (D oy 1), D™ (Y 1)

*
n

where we have use the monotonicity of G* and (5.51) with ¢, = ¢ for the
last line. We denote by s* = s[v](z7},t%). Straightforward computations of the
discrete derivative of ¢ yield

. A
p [
t 27
A A
> o) (a3, £1)G (p;; - 5T —al + ) g+ 5T — a2y - m) |

(5.52)
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Subtracting the above inequality to (5.50) yields

At
n <— + clu](x", t")|p; + 20"

_27
st * gk s* % AZE N . AQZ .
- CA[U](IDtn)G (px B g N a(2y + AZL’),pm + g - a(?y - A[E))
At * gk ~A * gk % N
SZ + (c[u](z*, %) — &[] (%, £)) |pt| + oK |2*]

+ (1)

. A A
G?* (p:: _ 2—3 — Oé(2y* + A$),p; + 2—5 — a(2y* _ Aﬂf))

— G* (p%, )

A
< (clu)(a*, t*) — ™ ](2}, ) |ph| + aK|2z*| + K (% + 2a|y*| + QQAx) :

We now have to bound the term

T =(clu](z*, t*) — &[] (7, 7)) |p]

=(co* L{u(eyzute e} (T7) = €0 Ly (n)>0p ()3 (27))P3]-

We have to distinguish two cases :

* 0% |2
Case 1. Assume that for v > 0 fixed, x—y| > C’g for some constant C, > 0

and for all o small.
By inequality W(z*, y*, t*,t%) > V(z, x,t*,t}), we deduce that
w(z, t*) — u(z*, t*)

|z — y*|?
— —«

* |2 *|2 9 2.
L e ) + 20l

Svg(z,t,) — gy’ 1) —
We then get the inclusion

{u(, 1) 2 ule”, )} N {vp( 1) Svely™ 6)} C {l=f = R}
where R? = ;- (% + a(|z*]* + \y*P)) We also have

2«

{lo = 2" = Ray} € {la] = Ray}
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Case 2.

where R, = Ra~ — |7*| — 00 as @ — 0 (see Da Lio et al. [67, Lemma
2.5]). We then obtain

T <(co* Livy(tz) >0t} () — €0 * L (tm)>vs i3 (T7) + €0 * 1pe(o,ra ) (7)) D3]

<K (]DCO|L1(RN)|:L'* — a7 —|—/ ~ co(:c)da:>
B¢(0,Ra,y)
<K(v+ Az) + 0,(1)

where we have used (5.48) to bound |p%| in the second line.

Assume that there exists a subsequence «,, > 0 which we still denote by
a such that
2" —y*|?
Y
We then get that p; — 0 as a — 0. Since the velocities are bounded, we

get that Z = o,(1).

—0 asa—0.

To sum up, we have shown that

T < K(v+ Az) + 0a(1).

We then get that

A At
n< K (% —|—’y> + 04(1).

Ax + At
Putting n* = K (—x il + ’y) + 04(1), we then conclude that either ¢* =0
f)/

or t¥ =0 for n > n*.
Whenever t* = 0, we get for n* <n <1

M :\I/('r*7y*707t2) < UO('I*) - U#(y*,t;)
<Kla" —y'| + Kt;, + p°
<Ky + pt°

The same result holds whenever ¢7 = 0. We then deduce that for n = n* and

(@, tn

) S RY x {0, ...,tNT}
u(z,ty,) — vu(x,t,) — 0T — 2alx|> < M < Ky + u°.

Sending o — 0, taking the supremum over (z,t,) and choosing v = TV/?(Az +
At)Y2, we get

1< K(Az+ A)Y2VT + 10

1
provided Az + At < y7eh Using the same arguments of Alvarez et al.|7, Theo-

rem 2|, we easily deduce the result in the general case. This ends the proof of
Theorem 2.2.
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We now point out that there is no consistency error for the scheme (5.15). If
there is a consistency error, then there will be a consistency error for the velocities,
i.e. for all ¢ € C*(RY x (0,7)) with ||¢||c1®y«(07)) < C then

Alpgalt — el tn) < f(Az, At) (5.53)
with f(Az, At) — 0 as (Az, At) — 0.

Proposition 5.6. (No consistency error)
There is no consistency error for the scheme (5.15), i.e. equation (5.53) does not
hold.

Proof of Proposition 5.6
We have to prove that there exists a constant Cy > 0 such that for all Az, At > 0
there exists a function ¢ such that

Alpigalt — clel(@rta) > Co and |p|or@y o) < C.

To see this, it suffices to take a function ¢ which oscillates as shown in Figure 5.1.

-

Az

F1G. 5.1 — Graph of the function ¢ defined in R.

Remark 5.7. There is no consistency error, but the scheme is consistent. Indeed, if
we fiz the function ¢ in the previous proof, then using Slepéev Lemma [169, equation

(5)], we get
lim ¢®[

Ax—0 S0|Q%]? - C[SD]("L‘D tn) = 0.

We now point out that the two scheme (5.9) and (5.15) are not monotone :

Proposition 5.8. (Non monotonicity of the scheme)
The two scheme (5.9) and (5.15) are not monotone for general c°.

Proof of Proposition 5.8
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1. The implicit scheme (5.9)
We give a simple counter-example in the one dimensional case. We take ] =

v = tAz. The goal is to construct a sub-solution u"*! and a super-solution

v" "1 such that
u'tt = iAx + ¢

v = iAx + c.
A simple computation gives

1 :AtZEg and c¢s :AtZEg.

520 >0

We then deduce that ¢; — co = Ate) > 0 (if @ > 0). This implies that
we can construct two different solutions (the supremum of sub-solutions and
the infimum of super-solutions). This implies that the scheme (5.9) is not
monotone.

2. The explicit scheme (5.15)
We also give a counter-example in the one dimensional case. We take

—0 ifi=0 ) ifi=0
uf =< 1—0 ifi=-1 and o!=<¢ 1-0 ifi=-1
0 otherwise 0 otherwise

We then have u?? < o? for all i € Z. We then prove that u{™ > vj*! for

§ small enough. First we remark that c*[v"]y < 0 (if Z ¢} >+, so

i£0,—1

vyt < 8. Moreover,

At 1
n+l __ -0 -0
Uy ——(5+—$<% cj——QE cj>\/1+52

At (1
§<m §’CO‘L1(R) .

This contradicts the monotonicity of the scheme.

This ends the proof of the Proposition.
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6 Numerical Simulations

In this section, we provide some numerical simulations. In a first subsection, we
explain a method to solve numerically the implicit scheme (5.9)-(5.10)-(5.11). Then
we provide a simple simulation concerning a collapsing circle, with the implicit
scheme and an another one, to highlight the fattening phenomena, with the explicit
scheme.

6.1 How to solve the implicit scheme ?

To solve (5.9)-(5.10)-(5.11), we will use an iterative process. Assume that we have
a solution v™ at step n. We now want to compute a solution v"*! at step n + 1. To
do this, for @ € R?", we denote by w = ®(w) the solution of the following auxiliary
scheme :

Wy —v; A GH(Diwy, Dywyr) if c3[w]r >0
A G [w]f{ G- (Drwy, Dowy) it Aw]y < 0 (5.54)
where .
aw); = Z &l swn Ary.Axy — 5 Z AT Axy
JezN JezN
and Dyw; = (D, gwr, ..., Dy gw;) with

Writ+ — wr
Dt w, = Lo 7T

e Az,
_ Wy — Wri-
Wy = ——

2@ T Az,

where I** is defined in (5.32). Since the left hand side of (5.54) is non-decreasing
in w; and the right hand side is non-increasing, there exists a unique solution (in a
sense similar of Definition 5.1) which can be computed using a dichotomy process.

The important point is that if @ is a sub-solution (resp. super-solution) then
w = (wy); is still a sub-solution (resp. super-solution) and satisfies w; > w; (resp.
wy < wy) (see the proof of Proposition 5.3).

The idea is then to define w® = v™ — C where the constant C' is such that w°
is a sub-solution of (5.9) and then to construct iteratively w*™! = ®(wk). Setting
" = limy,_, o, w*, we have that v"*! is a solution of (5.9).

6.2 A collapsing circle

In this subsection, we provide a simple test with the implicit scheme concerning
the evolution of a circle. The goal of this simple simulation is just to check that the
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circle will disappear with the good time. We take a circle of radius 1. The parameters
are Ax = 0,05, At = 0,01 and € = 0, 3. Moreover, we take the kernel

1 it || <0,05
=4 mdes if 0,05 < |7 <2
0 if |z|>2

The initial condition is the distance to the circle. The result is shown in Figure 5.2.

1 1 1 1 1 0

g 5 4 3 2 1 0
F1G. 5.2 — Evolution of a circle of radius 1 at time 0,0.1,0.2,0.3,0.4 and 0.49

Numerically, the disappearing time is comprise between 0.49 and 0.50 which
correspond to what we expect theoretically (the real time is 0.50).

6.3 Fattening phenomena

The second test is concerning with the evolution of the 8 to point out the fat-
tening phenomena. This test has been made with the explicit scheme. We take two
circles of radius 0,58 such that they are tangent in one point and we look at the
evolution of the level set 0 and —0,06. The parameters are Ax; = Axy = 0,01,
At = 0,0001 and € = 0, 1. Moreover, we take the kernel

0 if |2/ <0,3
5(x) =< mapp i 0,05 <z < P
0 if |z] > 2
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The results are provided in Figure 5.3.

O

5 5

44 4

Ril L 5

o 0h 1 1.5 2 25 3 35 4 4.5 0 65 1 1.5 2 25 3 325 4 4.5
0 T 0

.5 4.5

11 1

Oob o

3 3
.5 5
N 5 44
.5 . . . . . . . . 5
oS 1015 2025 30 35 4 4.4 o oo0s 1 18 2 25 3 O3E 4 4.5

F1G. 5.3 — Evolution of the 8 at time 0, 0.05, 0.1 and 0.15.
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Chapitre 6

Convergence d’'une méthode Fast
Marching généralisée pour une
équation eikonale non convexe

Ce chapitre est issu d’un travail en collaboration avec E. Carlini, M. Falcone et
R. Monneau [55].
Dans ce travail, nous présentons un nouvel algorithme de type Fast Marching pour
une équation eikonale non-convexe modélisant 1’évolution d’un front dans sa direc-
tion normale. L’algorithme est une extension de la Fast Marching Method (proposée
par Sethian) dans le sens ou le nouveau schéma peut également prendre en compte
des vitesses dépendantes du temps, sans aucune restriction de signe. Nous analysons
les propriétés de ’algorithme et nous montrons sa convergence dans la classe des so-
lutions de viscosités discontinues. Nous présentons également quelques simulations
numériques pour des fronts se propageant dans R2.



Méthode Fast Marching Généralisée

Convergence of a Generalized Fast Marching Method
for a non-convex eikonal equation

E. Carlini , M. Falcone, N. Forcadel, R. Monneau

Abstract
We present a new Fast Marching algorithm for a non-convex eikonal
equation modeling front evolutions in the normal direction. The algo-
rithm is an extension of the Fast Marching Method since the new scheme
can deal with a time-dependent velocity without any restriction on its
sign. We analyze the properties of the algorithm and we prove its conver-
gence in the class of discontinuous viscosity solutions. Finally, we present
some numerical simulations of fronts propagating in R2.
AMS Classification : 66M06, 65M12, 491.25.
Keywords : Hamilton Jacobi equations, fast marching scheme, conver-
gence, viscosity solutions.

1 Introduction

The goal of this paper is to propose and analyze a numerical scheme to compute
the evolution of a front driven by its normal velocity c(x,t) under very general
assumptions on c. In particular, we will remove the usual assumption which assigns
to c a constant sign during the evolution. This means that the front can oscillate and
pass several times over the same points. The initial front is the boundary of an open
set {19, which is represented by a characteristic function 1g, — lgg, defined equal to
1 on ¢ and —1 on its complementary set. Mathematically, we are interested in the
discontinuous viscosity solution (z,t) of the following equation

{ 0;(z,t) = c(x,t)|DO(z,t)] on RN x (0,7) (6.1)
0(-,0) = 1o, — Lae. '
Here the support of the discontinuities of the function 6 localizes the front we are
interested in. This work is motivated by the numerical computation of dislocations
dynamics where the velocity of the front can change sign (see Rodney, Le Bouar,
Finel [158]).

A very popular method to describe the evolution of a front is the Level Sets me-
thod (see the seminal paper by Osher and Sethian [154] as well as the monographies
[162, 163], [152]), where the discontinuous solution 6 is replaced by a continuous
function, and the equation is discretized using finite difference method with a CFL
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condition of the type At||c||o < Az for explicit schemes, where Ax is the space step
and At is the time step.

Another well-known method is the Fast Marching Method (FMM) (see Sethian
[161, 163]), where the unknown of the problem is the time ¢(z) the front reaches the
point z. This method works for non negative (non positive) velocities and provides a
very efficient scheme which concentrates the computational effort on a neighborhood
of the front. To be more precise, keeping in mind the viewpoint of discontinuous so-
lutions, in the usual FMM we define the Accepted region (A-+) as the discretization
of the region {# = 1} and the Narrow Band (NB-) as the discretization of the boun-
dary 0 {6 = 1}, which is at the discrete level contained in the region {# = —1}. The
algorithm computes the new values only at the nodes belonging to the narrow band
and accepts just one of them, the one corresponding to the minimum value (see Kim
[125] for a faster implementation). In the case when ¢ cannot change sign we have
a monotone (increasing or decreasing) evolution and the front passes just one time
on every point of the computational domain. The corresponding arrival time of the
front is univalued so that the evolutive problem reduces to a stationary problem (the
eikonal equation). Note that in this method, there is no time step, because the time
is itself the unknown of the problem so that the original evolutive problem (6.1)
reduces to a stationary problem as remarked in [85] and [151].

To set this paper into perspective, let us recall that the FMM was initially
developed for (6.1) with time independent velocities c(x) > 0 (see Sethian [163] and
Tsitsiklis [179] for the method previously developed on graphs). This FMM scheme
has been proved to be convergent, using a relation between the FMM solution and
the numerical solution to finite difference schemes for the Level Sets formulation,
for which it is known that these schemes are convergent (see Cristiani and Falcone
[66]). More recently, the method has been extended to more general Hamilton-Jacobi
equation by Sethian and Vladimirsky [164, 165] and it has been also adapted to the
case of time-dependent non-negative velocities c(x,t) > 0 by Vladimirsky [180].
However, up to our knowledge, no proof of convergence has been given for the
variable sign velocity case.

The goal of this paper is to propose a new Generalized Fast Marching Method
(GFMM) which works for general velocities c(x,t) without sign restrictions. This
implies that the evolution is not necessarily monotone and that the time of arrival
of the front can be multivalued. Then, in our GFMM it is natural to introduce two
Accepted regions (A, ) and (A_), and two Narrow bands (F,) and (F_) in order to
be able to take into account the changes of sign of the velocity. The typical picture
is Fig. 6.1. In some sense we track two fronts : one moving with positive velocity
and one moving with negative velocity. A preliminary version of this new scheme
has been proposed in [54], however in that first version no proof was given and some
small but very important details, which make the scheme work in the general case,
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were missing.

/

F1G. 6.1 — The narrow bands F, and F_.

Our GFMM has a great potential for several future developments. Let us only
mention the application to dislocations dynamics that we will study in a future work.

We introduce in Section 2 the GFMM scheme. Let us observe that there are
several subtilities, that do not appear in the usual FMM for ¢(z) > 0. These new
features seem necessary to make the scheme work for general c(x,t). Let us list a
few of them. First, where the velocity changes sign in space, we need somehow to
regularize it to avoid instabilities (in time) of the front. Second, because the time
step is somehow the difference At,, = t,,1 — t, between two computed times, we
need our algorithm to ensure that this time step remains bounded from above by a
given time step At. In fact, this is necessary since the convergence result shows that
to improve our approximation of the solution the discretization parameters At and
Az must go to 0 and when the velocity is very close to zero, if that bound is not
respected, the algorithm may generate a sequence of time steps At,, non convergent
to zero. Third, we may get computed times fn+1 which satisfy fn+1 < t,, if for
instance the velocity is always equal to zero except at time ¢,. In this case, it is
necessary to update the time with the value ¢, and not ¢,. Fourth, when the front
is close to a given point we have to choose carefully if we update or not the value
of the time at this given point. This really depends on the position of the discrete
front at time ¢,, and at time ¢,,.; and on the definition of the new accepted points.

The main result of this paper is Theorem 2.5 which shows the convergence of our
GFMM algorithm. When the discontinuous solution is unique, this result states that
the numerical solution converges to the discontinuous viscosity solution as Az, At go
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to zero. In the case where the discontinuous viscosity solution is not unique, the result
only claims that the upper semicontinuous envelope (obtained by a limsup*, see (6.8)
for a definition) of the numerical solution is a discontinuous viscosity subsolution
and, conversely, that the lower semicontinuous envelope (obtained by the liminf,)
is a supersolution.

Another novelty is the proof of convergence of this GFMM algorithm. In fact,
we can not use the relation with the usual schemes for the eikonal equation as in the
case of non-negative velocities c(x) > 0 and we need a direct proof. It is interesting
to remark that, even in the case of non-negative velocity, our proof is new. However,
the idea of our proof is inspired by the paper by Barles and Georgelin [22]| on
fronts driven by Mean Curvature where they prove convergence for a scheme in the
framework of discontinuous viscosity solutions (we also refer to Barles, Souganidis
[28] for convergence in the framework of continuous viscosity solutions). Basically, it
is sufficient to consider a test function touching the upper semicontinuous envelope of
the numerical solution (obtained as Az, At go to zero) which violates the subsolution
property and to derive from this some properties of the discrete solution for non-zero
Ax, At. This corresponds to consider test functions touching the discrete analogue of
the discontinuous function 6 in order to get a contradiction with the basic properties
of the algorithm.

The paper is organized as follows. In Section 2 we introduce our notation, present
our GFMM algorithm and the main result of this paper, i.e. the convergence of the
algorithm (Theorem 2.5). Several comments and the explanation of the subtleties of
the algorithm are discussed in Section 3. Section 4 is devoted to prove comparison
principles and symmetry for GFMM. In Section 5, several preliminary results are
presented, focusing on properties of discrete times and on the geometry of the level
sets of test functions. In Section 6, we use the results of Section 5 to prove the
subsolution property of the limsup* envelope of the numerical solution, while the
comparison principle of Section 4 is used to prove this subsolution property at the
initial time. The main result of Section 6 is the proof of our main Theorem (Theorem
2.5). Finally, in Section 7 we present some numerical simulations and comment these
results in connection with our theoretical results.

2 The GFMM algorithm and the main result

In this section we give details for our GFMM algorithm for unsigned velocity.
Let us start introducing our definitions and notation.

Let us consider a lattice Q = {z; = (z;,..,2iy) = (L1Az,.,iyAz), [ =
(i1, ..,in) € ZN} with space step Az > 0. We will also use a time step At > 0.

The following definitions will be useful in the following.
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Definition 2.1. The neighborhood of the node I € Z" is the set
Vih={JezZ" :|J-1 <1},

Definition 2.2. Given the speed ¢} = c(xy,t,) we define the function

1 " otherwise.

- { 0 if there exists J € V(I) such that (c}c’y < 0and |c}| < |c}]),
T

Definition 2.3. The numerical boundary OF of a set E C Z" is
OE =V(E)\FE

with
V(Ey={JezZ", 3IeE JeV()}

Definition 2.4. Given a field 07 with values +1 and —1, we define the two phases
oL ={I: 0} =+1},
and the fronts
Fl=00%, F'=F!UF"
In the description of the algorithm we will use the following notations :

+g >0 for I € Fy (6.2)

means
+9g>0for /€ F, and —g>0for [ € F_. (6.3)

Moreover,

miin{O, g+} = min{0,¢,,9-} and miaX{O, g+} = max{0,9.,9-}. (6.4)

2.1 The algorithm step-by-step

We describe now our GFMM algorithm for unsigned velocity. As one can see,
to track correctly the evolution we need to introduce a discrete function u} € R*
defined for I € F™ to represents the approximated physical time for the front propa-
gation at the nodes I = (i1, .., 7y) of the fronts at the n-th iteration of the algorithm.

Initialization
1. Set n=1

2. Initialize the field 0° as
00 _ 1 for x; € Qg
' 1 =1 elsewhere
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2. The GFMM algorithm and the main result

3. Initialize the time on F°

10.

11.

12.

© *®» N o

uy =0 for all I € F°
Main cycle

-1

Initialize U™ everywhere on the grid

an-1_ uyt for J € FY!
+,J 00 elsewhere.

Compute a"~' on F" ! as
Let I € F{', then

(a) if £ >0, 4} = oo,

(b) if £¢71 < 0, we compute @}~ ' as the solution of the following second
order equation :

N 2

A 2
> (max (o, =t — uﬁ}i,i) — &nfl)Q if [ € FP71,
k= * ’ G
=1

(6.5)

N 2

Ax)?
Z <max (0, iyt — aﬁj@)) = (Ani)2 if I € Fj:_l,
k=1 + ’ ’CI |

where

kAt s . . . .
I _(Zlv"azk‘—lazki172k‘+17"72N)-

)

o =min{a}!, I € Fr1},

t, = min{t,, t,_1 + At}.

t, = max(tn,l,%\n)

if t, =t,_1 + At and t, < t,, go to 4 with n :==n + 1.

Initialize the new accepted point
NAL ={I € F{™', ap ™' =4,}, NA" = NA? UNA"

Reinitialize 0™

)

—1 for RS NAZ‘r
0y =< 1 for I e NA™
0’]_1 elsewhere
Reinitialize u™ on F™
(a) If I € F"\V(NA"), then u} = u} .
(b) If I € NA™ then u} = t,.
(¢) f I € (F"'NV(NA™)\NA", then u} = u} "
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13.

(d) If I € V(NA")\F"~! then u} =t,
Set n:=n+1 and go to 4

Let us describe a few features of this new algorithm :

1.

We know, at each time step, the time on the fronts, ¢.e. on both side of the
front. This is necessary to allow the changes of the velocity sign in time.

. In step 5, we use the regularized velocity ¢ and not c¢ in order to stabilize the

front.

step 7 avoids large jumps in time and guarantees that ¢, —t, | < At with At
small enough.

step 9 allows to increase the time. For example, if at time step n, we have
5’}’1 = 0 VI € F™ !, then there will not be new accepted points and the time
will not change and the algorithm will be blocked without steps 7 and 9.

step 8 guarantees that the physical time ¢,, does not decrease.

In step 12, for the reinitialization of u}, we change its value only if a point
of the neighborhood of the point I has been accepted. Moreover when u} is
updated, we use the physical time ¢,, and not ¢, or %,.

These choices, which can appear strange with respect to the classical FMM
scheme, will be motivated in Section 3, giving also some examples which justify the
new definition.

2.2

The main result

The scheme approximates the evolution of the fronts by a double Narrow band
and the physical time by the sequence {t;, k € N}, defined at the step 8 in the algo-
rithm. Such sequence is nondecreasing and we can extract a subsequence {t;,,n € N}
strictly increasing such that

tkn = tkn+1 =..= tknJrl,l < tknJrl.

We denote by S} the square cell S} = [z, xr + Ax[x[tg,, tk, [ with

lxr, 21 + Azx|= Hfj:l[xia, z;, + Ax|

and by ¢ the couple

e = (Ax, At).

Let us define the following functions :

sup{07 : k, <m < kyp1 — 1} if (z,t) € S} and c(zy,tx,) > 0

0°(z,t) = ¢ inf{07 : k, <m <k, —1} if (z,t) € S} and c(x,tg,) <0

ovm ky, <m < kp—1 if (z,t) € S} and c(x, tg,) = 0.
(6.6)
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This definition is equivalent to the following
0° (x,t) = 05 it (x,t) € ST (6.7)

We define the half-relaxed limits

go(x,t): limsup 6°(y,s), 6%z, t)= liminf 6°(y,s). (6.8)

e—0,y—z,s—t e—0,y—z,5—t
We make the following assumption

(A) The velocity ¢ € W1°(RY x [0, T1]), for some constant L > 0 we have |c(z/,t') —
c(z,t)| < L]z’ — x|+ |t —t]), and Qq is a C? open set, with bounded boundary 9.

Theorem 2.5. (Convergence Result)

Under assumption (A), 9 (resp. 0°) is a viscosity sub-solution (resp. super-solution)
of (6.1). In particular, if (6.1) satisfies a comparison principle, then 9 = (0°)* and
(50)* = 0° is the unique viscosity solution of (6.1).

Remark 2.6. When the uniqueness holds, this is up to the upper and lower semi-
continuous envelopes.

Remark 2.7. Note that when ¢ > 0, our GFMM algorithm is a modified FMM
algorithm where the time on the narrow band is computed using only the accepted
points. In this monotone case the viscosity solution of (6.1) is unique and our result
provides a convergence resull (see also Test 3 in the last section).

Remark 2.8. The Lipschitz-continuity in time of the velocity could be relaxed to
continuity, but is assumed here to simplify the presentation of the proofs, which are
already quite complicated.

3  Justifications and examples

In this section we will show that in the variable sign scheme it is necessary to
introduce new variables to track correctly the evolution of the front.

3.1 Introduction of the numerical speed ¢/}

Let us show by an example in dimension N = 1 what would happen choosing c}
instead than 7.
Consider the speed

-0 ifx<x1
c(r) = . :
) ifx>uxr
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tn
c=c"y
ts
1)
t1
5 —_
I S e e e e
- x
T Az
F1G. 6.3 — Evolution with the velocity
F1G. 6.2 — The velocity c". c".

as plotted in Fig.6.2.

Suppose 5% = At, and ¢ = 1 for J < I, 65 = —1 for J > I. Then the nodes I,
I + 1 will be accepted at the iteration 1, with ¢; = At and the front will duplicate,
see Fig. 6.3.

Let us now consider the same example but with the numerical speed ¢}, as plotted
in Fig.6.4. In this case the nodes on the front have always speed zero, and the front
does not move as one would expect.

t
¢=e"y
6 —_
— % —f—
- &€
—0 Ax
F1G. 6.5 — Evolution with the velocity
F1G. 6.4 — The velocity ¢". c".

212



3. Justifications and examples

3.2 Introduction of the time step

In the case of monotone evolution with speed depending only on the space va-
riables, the FMM algorithm approximates the corresponding stationary equation of
(6.1) and then no time step At is required. In our more general case, the dependence
of the speed in time makes necessary to introduce a time step At in the algorithm.
We show its need by an example. We provide for simplicity the example in dimension
N =1.

Let us take as speed a linear function in time : ¢(t) = T — ¢, where T is a fixed
positive constant. In this case the sequence of the discrete time {¢, },cn is given by :

Az
le(ta)|

Let us define the sequence 7,, = T'—t,,. Such a sequence verifies : 7, = f(7,,_1) where
f(r)=71— %. Since f is invertible for any 7 > 0, we then define 7,, = Az and we
evaluate 7, by 7, = f~!(7%41) for any k < n, then 7, < 75_;.

Then we have defined

lny1 =tn +

{tm:T—Tm, m=mn,n—1,...ng

no = min{m, ¢, > 0}.

It results t, =T — Ax and then t,,, =T + 1 — Ax, i.e. t,.1 — t, = 1. We want to
avoid this situations, since a big increment in the sequence of the discrete time step
can bring a loss of informations and in general the algorithm would not converge
to the correct evolution of the fronts. We show such a distribution of discrete time
together with the linear speed in Fig.6.6 and we show the wrong evolution of a front
in this case in Fig.6.7.

If instead we introduce a threshold At as in the GFMM algorithm step 7, then it
results t,11 = t, + At, and we get the correct evolution for At¢ small enough (see
Fig. 6.8).

3.3 Why we update the front using ¢ instead of t

We explain by an example in dimension N = 1, why it is correct to assign the
value t,, instead of £, on the front F" in the Step 12 of the algorithm.
Fixed p € N, we define As = pAt and § = % and we consider a piecewise constant
speed for t > 0 :

o(t) = J if te€[(2k —1)As,2kAs) for some k € N\{0},
o otherwise
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—+ ct)=T—t
N tn+1

D

F1G. 6.6 — Jump in the discrete time without threshold At in the case of a linear in
time velocity

[

3

tnio

v Lns1
t,=T—Ax_|_ ta=T-Ax

1 - ()

t - - y -

T T

Fi1G. 6.7 — Front evolution without the F1G. 6.8 — Front evolution with the
threshold At threshold At

as in Fig.6.9 on the left.

If we update the front using t instead of ¢, the corresponding evolution will be
the one plotted on the right of Fig.6.9. In fact the front will start to move using

. . . . : g _ Azx _ Az __
the velocity given at time #, = pAt and since t,1, = 0+ 55 = 5 = At, then

tyr1 = min{t,1,t, + At} = min{At,As + At} = At and t,,; = max(t,, tps1) =
max(As, At) = As = t,. So the front will propagate on the right at the iteration
P, ...,2p — 1 but at constant time ¢ = ¢, (Fig.6.9).

On the contrary, if we update the front using ¢, the front will start to move using
the Veloc1ty given at tlme t, = pAt and the iteration 1 p+ 1 will be as before. But
since o = ty1 + S5 = AS + =5 A:” — As+ At, then t,, 5 = min{l, 0, tpyy1 + At} =
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As :7

FIG. 6.9 — Wrong evolution when the time is updated with .

min{At + As, At +As} and t,,5 = max(ty,1,tps1) = max(As+ At, At) = As+ At.
So the front will propagate on the right at the iteration p,....,2p — 1 but at linear
times t,, = mAt (Fig.6.10).

t t

F1G. 6.10 — Correct evolution when the time is updated with ¢.

4 Comparison principles for the GFMM algorithm

As we said in the introduction, our convergence result will be proved in the
framework of discontinuous viscosity solutions. To this end the role of comparison
principles is crucial.

In this Section, we first present a property of symmetry of the algorithm, then
present some comparison principles in some special cases and finally a counter-
example to a general comparison principle.

This Section shows in particular that statements on our GFMM algorithm are
highly non-trivial in general.
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4.1 Symmetry of the algorithm

The following lemma claims that if we change the sign of the velocity and the
sign of the two phases at the initial time, then the GFMM algorithm computes the
same front.

Lemma 4.1. (Symmetry of the GFMM algorithm)

We denote by 9 [0°,c] and 6°[6°, ] the functions constructed by the GFMM algorithm
with initial condition 0° and velocity c. Then we have

0°[6°, ] = —0°[—6°, —c].

Proof of Lemma 4.1
With the same kind of notation, we remark that

07—0°, —c] = —07[6°, .
We then have, for z € [z, 27 + Az|, t € [ty,, tk,,. [ and c(zr,t,) >0

0°16°, c](z,t) =sup{O5[0°, c], kn < k < kpy1 — 1}
= —inf{—050°, ], k, <k < kpyy — 1}
= —inf{0%[—0°, =], kp, < k < kpyy — 1}
= —0°[-0°, —(].

The result is similar for c¢(x;,t,) < 0. Therefore

0°[6°, c] = —6°[—6°, —c|.

4.2 Comparison principles

Proposition 4.2. (Comparison principle for the time)

We denote by u} (resp. v} ) the numerical solution at the point (xy,t,) of the GFMM
algorithm with velocity c, (resp. ¢,). We assume that there exists T > 0 such that
for all (z,t) € RN x [0,T]

inf > S +
Se[t*iltlvﬂ, 5>0 CU(CE, S) B sE[t—Alz-,Itg]v szo(cu(x’ 8))

where (f)T is the positive part of f. We assume that

{0 =1} c{? =1} and "=u"=0.
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We define m and k such that

b <T <tmp
S < T < Spqa

where (ty,)m and (S,)m are respectively the sequence of time constructed by the
GFMM algorithm with velocity ¢, and c,. We then consider

vy =14 o if 1€ NAF  for some k<k+1

Then, VI < m, VI € NA., we have
vy < ulI

Remark 4.3. Here the notation for 0,,0,, NA. and further notation in the sequel
are obvious and are not explained. Moreover we also remark that the front for v
passes at most one time at a given point because c, > 0.

Proof of Proposition 4.2
We argue by contradiction. We denote by m(u) the first index such that there exists

I € NA™™ such that
W <y, (6.9)

We define
k(v) such that I e NAHY

v

with the convention that k(v) = k + 1 if 9’571 = —1. This implies that
— ) —
Lin(u) = U < V1 = Sk(v)

The proof distinguishes two cases.
1.IeNAY cF O,
We claim that for all J € V(I)\ {I}, we have

apt > gt (6.10)

Indeed assume that ﬂTﬁ(})_l < oo (if @™ = o0, then (6.10) holds), then

+J
J e Fﬁ(u)fl and we have

u
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It just remains to show that v; = ﬁ( ¥

that vfﬁ,)*l =00, t.e J € {Gv —1}. Then v; > si(. This contradicts
the fact that vy < t,) < Skw) and proves (6.10).

. We argue by contradiction. Assume

We define
E* = sup{k, sp <t} < k(v).

In particular, we have t,,(,) — At < Sp« <t (). Since for all J € V([)ﬂFfffL“)*l

~m(u)—1 ~k(v)—1
tm(u) > Uy g >

we deduce that

spe > 0N (6.11)

Indeed, +00 > v +( J) > s+ would imply that there exists &’ > k* such that

bn(u) =V Jr( J) = s which contradicts the definition of £*.
Then we claim that for all J € V(I) N F}" ™

oy =t (6.12)

We now prove the claim (6.12). First, because we have ﬁi{l})_l < +o00, we

deduce that 95}) )™' = 1 and then there exists k < k(v) — 1 such that if k > 1,

then J € NAF and ﬁi(q} = vf = s, and if & = 0, then 69, = 1 and
~k(v)—1
vy = 0% = 0.

Assume by contradiction that & > k*. Then

~k(v)-1 _ ok =
[Nyt V) = Sj 2> Spry1 > Spx

Contradiction with (6.11). Therefore k¥ < k*. Now we have 957(}}) = 1 and
0, = —1 for m < k(v) — 1. Therefore J € Ff, and

~k(v)-1 K L
Ve TUp=U45

which ends the proof of the claim (6.12). We deduce that

~k(v)—1

o o /\k;* < ~m(u)—1

+,J Vpg S Up g

where we have used (6.10). We define the following function

N 2
62m<t) = Z (miax (Oat - u/\q”_t'_z’[k,:t>) .

k=1
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We then have, using the fact that 17’1“* > Spry1 > Spr

L Al' A.Z' ~m(u)—1 ~m(u)—1
fore (se41) < forr (0F ) = 5 | S 1| Famto (@7 < foe (@7
I CI,u
We then deduce that
Sk*41 < ﬁ;n(u)il < UT(U) = tm(u)

This is absurd.

2. 1e NA,Y) cF, O,
We consider the following subcases
(a) I € {6 =1}. Then v; = v9 = 0 = u? < u™. This is absurd.
(b) I €{6) =—1}. Then ) ; = —1 and so there exists n < m(u) such that
ort=—1 and 07, =1.

This implies that
uy > vy > u}n(“) > uj.
This is absurd. [

Remark 4.4. If we implicit the computation of the gradient, i.e. the computation
of i in step 5, the situation seems better and one could expect to prove a general
comparison principle without restriction on the velocity.

We now rephrase this comparison principle for the functions #° and prove it.

Corollary 4.5. (Comparison principle with a nonnegative velocity)
Under the assumptions of Proposition 4.2, we have for all (z,t) € RY x [0,T]

0 (x,t) < 65 (z,t).

Proof of Corollary 4.5
By contradiction, assume that there exist x; and ¢ such that

0 (xr,t) =1 and 6 (zr,t) =—1. (6.13)
We denote by ¢ the first time such that (6.13) holds. We then have, since ¢, > 0,
0 (xr,s) =—1 if s<t.

We then deduce that there exists m(u) such that ¢ = ¢, I € NA™ and uT(u) =
tm(u) = t. Moreover, since the index I has not been already accepted for v, we have

v >t =™ This is absurd. O
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Corollary 4.6. (Comparison principle for a nonpositive velocity)

We denote by u} (resp. v}) the numerical solution at the point (xy,t,) of the GFMM
algorithm with velocity c, (resp. c,). We assume that there exists T > 0 such that
for all (z,t) € RY x [0,T]

sup cu(z,8) < inf —(cy(z,8))™

sE[t—ALt], s>0 s€[t—Att], s>0
where (f)~ > 0 is the negative part of f. We assume that
{0°= -1} c{° = -1} and °=u"=0.
Then, for all (x,t) € RY x [0,T], we have
0 (x,t) < 65 (z,t).

Proof of Corollary 4.6
This is a straightforward consequence of Corollary 4.5 and the fact that 0°[—6°, —c] =
—6°[0°, ¢] (with the notation of Lemma 4.1). O

4.2.1 Counter-example for the comparison principle in general

We now give a counter-example for a more general comparison principle for which
the two velocities can change their signs.

Proposition 4.7. (Counter-example)
Let N = 1. We assume that the velocity ¢, and c, are null everywhere except on a
node I for which c,(xr,-) > c,(xy,-) are given in Figure 6.11 and 6.12 respectively

A
with Tx = kAt. We also suppose that

927J:1ifand only if J <1 and 927J:1 iof and only of J < I.

Then
005 =—1 and 0% =1.

Proof of Proposition 4.7

1. For the GFMM associated to .
The node I will be accepted with a time u} = t, = kAt and we will affect the
value t, = kAt to u¥. Then the velocity will change of sign and the node [
will be accepted again with a time 2kAt (see Figure 6.11).
2. For the GFMM associated to v.
Since the velocity is nonpositive, nothing will move. The current time ¢, will
continue to increase and we will have ¢, = (k 4+ 2)At and then the velocity
will become positive. The node [ will then be accepted with a time v}”?’ =
trio = (k + 2)At (see Figure 6.12).
We then conclude that the node I will be accepted for v before to be accepted for
u and so no comparison principle can hold in general.
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functions

2k At

Al (k+2)At (k +2)A%
Afh sz _ gy kA 4 AT = kAt kAH
-4 0 671<17Is') -5 ) 6,,(1[,‘)
F1G. 6.11 — Velocity and evolution of F1G. 6.12 — Velocity and evolution of
the front for w. the front for v.

5 Preliminary results on the discrete time and on
the level sets of test functions

The GFMM algorithm described in Section 2 has several properties which fit the
physics of the problem we want to solve. We present in this Section several results
that will be used in the proof of Proposition 6.1 which is crucial for the proof of our
main result of convergence.

In a first subsection, we present some properties of the various times @, ¢, ap-
pearing in our algorithm, and in a second subsection we give some geometrical

consequences of the existence of test functions tangent from above to our function
0°.

5.1 Preliminary results on the discrete time

Lemma 5.1. (Time character of the u)

Assume there exists & > 0 and (I,n) € Z" x N such that c(zr,t,) > § > 0,

071 = —1 and 07 =1 (resp. c(w;,t,) < —6 <0, 071 =1 and 07 = —1), then for
2

)
any J € V()N FY™ (resp. J € V(I)NF" '), we have for Az < ToL

4A\x

Wy =sup{tm < o1, 077 =105 =1, form <p<n—1}>t, - S

with the convention that ﬂ’f} =046 =1for0<p<n-—1

. 4A
(resp. Ur:,l = sup{t;, <t,_1, 9?’1 =1,05=—-1, form<p<n-1} >t, — Ta:

with the convention that u”jr_} =040 =—1for0<p<n-—1).
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This lemma, claims in fact that the W}:} is defined as the last time at which the
front passed through J. Intuitively, this comes from the fact that, since the velocity
is locally non-negative and since the front has crossed the node x; at time ¢,,, it has
crossed the node x; at a time closed to t,,.

Proof of Lemma 5.1

We only do the proof in the case ¢ > 0 (the case ¢ < 0 is similar). By assumptions,
¢ is Lipschitz-continuous with constant L, and there exists dyp < 0/(4L) such that
for all (z,t,,) € Bs,(x1) X [tp, — do,tn + o], we have

oy >

D | >

This implies that
07" = —1 for all m such that ¢, —dy <t,, <t,1. (6.14)
Let J € V(I)N F!~'. We define
my=sup{m <n-—1, 07" =107 =1}.

We claim that for all J € V(I)N F?™', we have t,,, > t, — & for Az small enough.
Indeed, by contradiction, assume that there exists J € V(1) N F}! such that t,,, <
t, — dg. Let us define p > 0 such that

t= o =tny >t 1.

1

We then have '} [~ <t, —dy and u; "~ V>, . Using the fact that

N 2 2
Ax
~n—p—1  ~n—p—1 o
z; (miax (0 +[ki>) = (NnCI—p 1)

we then deduce that

2A
0o =tnp— (tn — 0) < @) P =0 P < —533.
- ) 4Ax )
This is absurd for the choice g = —— < — which is valid for Ax small enough.

Moreover, using (6.14), we deduce that J € F™ for all m; < m < n— 1. This implies
thatu+J—uJ1—u’}”:mJ. O

The following lemma is concerned with the fact that we can control the decay of
the time ¢,, given by the GFMM algorithm, by the variations in time of the velocity.
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functions

Lemma 5.2. (Error estimate between ¢, and %,)
Assume that there exists I € NA™ such that |c7~'| > § > 0. Then, the following

estimate holds ol 5
(t, —1,)" < TArAL i At< o7
Proof of Lemma 5.2 )
We only treat the case ¢} ' > § > 0 (the other case is similar). Assume that #,, < t,,

then necessarily t, = t,_1. We define p > 0 such that
bnpt <tn_p= .. =tn_1 =tn.
In particular, we have
tnp <tpp<ay Pt VJe P!

and
t,=ay ' <ayt vJe Pl

We claim that 7 € F" "', Indeed, assume that I ¢ F" P, Using the fact that

0771 = —1 (since EI > 0), we deduce that for all J € V(I) N F?', we have
97}7%1 = —1 and so u + J = t,, this means that also the node J has been accepted

at the physical time ¢,, . This implies that @} 1> ¢, and this is absurd.

J
Moreover, because t,_, — t,_,1 < At, we have ¢} 77! > ¢ for At < T We

then have
N 2 Az \2
Z (max (0 UI B Ai I]?“il>) = (/%——p—l) (615)
=1 Cr
and v
2 2
el Ax
Z (miax (O,ul 1 u+’]1,€,i>) = (»n 1) . (6.16)
k=1 ‘r

Let us compare @} } and @ 7' for J € V(I) N FI"'If J ¢ F{77', then uy
changes values during the 1terat10ns n—p<m<n-—1, and for such m we have
W}:} =u} =1, =t,. Since t, < tn, then this node J € V(I) does not contribute
to the evaluation of (6.16) and

N

Z <miax (O t AZ [ i1>>2 = ﬁ: (miax (O,fn — Uflh_llk,i>>2 ) (6.17)

k=1

Let us denote by

0= {3 (e 0r-72.0.)) |
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The function f, verifies for any ¢ € N such that [ € F? :

- Az
fou}) = =, fi(v) > 1.
¢l
Then
tn - 7Z@ S a?ipil - 7Z@ S fn—p—l(ﬁ?ipil) - fn—p—l(gn)
- 1 1
~n—p—1
= fnfpﬂ(ul P ) = fno1(tn) = Az < ~—p—1; _ -1 >
Cr e
~n—p—1 ~n—
< AI,|CI i B CI p’
I

< AI’l@tC|Loo |tn—p — tn—p—1|

- |
< 2Am|8tc\po At
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5.2 Preliminary results on the level sets of test functions

;
J t="V.(z)
I
b L | =1 e e
i 7 F- 0=-1
=1 t=V.(x) 0=1
| |

F1Ga. 6.13 — Test function from below FIG. 6.14 — Test function from above

Lemma 5.3. (Separation of the phases of 6° by the level set of a test
function)

Let ¢ € C? in a neighborhood V' of (g, to) such that i(zo,to) > 0 (resp. pi(xo,to) <
0). There exist 69 > 0, » > 0, 7 > 0 such that if m‘E}X((GE)* — ) is reached at

some point (z.,t.) € Bs,(xo,to) C V with (6°)*(z.,t.) = 1, then there exists V. €
C*(B,(x0), (to — 7, to + 7)) such that
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functions

(i) For all (x;,t,) € Qrr(x0,t0) = Br(x0) X (tog — T, to + 7)
O (g tn) =1 =t >V(xy) (resp. t,, < Ve(xy)).
(i) There exists (I,n) € ZN x N such that
(e,te) € QF = [wy, @7 + Az] X [ty by, () (xr,te,) =1, t, = V()

and

where
n=inf{k, k,<k<k,—1, 0f=1 (resp. 0f=-1)}
and my = inf{m, t,, >ty — 7}.
(i1i) The following Taylor expansion holds
. DSO(:E()? tO)
©t(x0,t0)
(i) If oi(wo,t0) <0, then for all (x1,tx,) € Qrr (7o, to) = Br(wo) X (to — 7,10 +7)
98(1’{],151%71) =1 and 9€($J7tkn) = -1 — tkn S \Ilg(ZL’J).

U (xy) =V (x)) (xy—zr)+(Az) O (Ax + |z — zo| + |, — to]) -

Proof of Lemma 5.3
We consider the case ¢y(xo,ty) > 0. The other case can be treated in a similar
way. We define ¢. = ¢ + ((6°)" — ¢)(z., t.). In particular, we have (6°)* < ¢, and
(0°)*(xe,te) = @o(we,t) = 1. We start by proving (i) and (ii). The proof is decom-
posed in several steps.
Step 1. We havet =1t .
Indeed, assume that t. € (tx,,x,,,). Using the fact that (6°)*(z.,t.) = 1, we
deduce that (6°)"(x.,t) =1 for t,, <t <t ,, and so ¢, (x.,t.) = 0. This is
absurd for ¢y small enough since ¢;(zo,ty) > 0.
Step 2. We have (§ ) = —1 on all Q ' =]z ,x + Ax[x]t , ,t [ such
that (z ,t )eQ ".
Indeed, since ¢.(x.,t;,) = 1 and (p.); > 0, we deduce that o (z.,t) < 1 if
t < ty,. Using the fact that (6°)* — ¢. reaches a maximum in (z., t, ), yields

(0°) (2o, 1) < pe(ze,t) <1 if t <y,

and so
(0°) (xeyt) = =1 if t < ty,,.

Using the semi-continuity of (6°)*, one deduce that

(0°)* = —1 onall Q" such that (z.,t,) € Q.

225



Méthode Fast Marching Généralisée

Step 3. There exists I € Z , such that (x ,¢ )€ Q and (§ ) =1on Q .
By contradiction, assume that on all cubes Q" such that (z., t;,) € Q", we have
(0%)* = —1. Then, using Step 2, we deduce that (§°)* = —1 in a neighborhood
of (z.,t,). This is absurd since (6°)*(z., tg,) = 1.

Before continuing the proof, we need a few notation. We set
n=inf{k, k, <k <kn —1, 0F =1}

In particular, we have §7 = 1 and 49?_1 = —1.
Since (. ):(ze,tx,) > 0 for € small enough, by Implicit Function Theorem, there
exists a neighborhood V; of (z.,t.) and a function W, such that

{oe(z,t) <1} & {t < V.(2)}
in V.. Using the fact that (6°)" < ¢, yields
{(0) =1} C {t > V. (n)}. (6.18)

Moreover, for ¢y small enough, i.e. for (z., t.) closed enough to (zo, ty), we can assume
that V. D Q.. (o, t0) = B,(z0) x (to — 7,t0 + 7). We define v = z. — x; € [0, Ax)V

and V. (z) = V.(z + v). In particular, we have V_(z ) = t,.
Step 4. For all (x ,t )€ Q (xo,to) = B (xo) X (to — Tyto + 7)

0 (x,t )=1 = t >V (z).
To prove this, we consider the collection of nodes
C = {(2,t1,) € Qrr(woste) N {67 = 1}}.

By inclusion (6.18), we then have t,, > W.(z,), V(z,,t,) € C. We deduce
V(.Tj,tk ) eC

Q? - [xbe + A'ﬂ X [tkm7tkm+1] - {t > \Ija(x)}
This implies that
(xy+ (xe —2p),th,) € {t > V. (1)}

and so
(ZEJ?tknL) 6 {t Z \Ijg(l‘)}

which implies i) because any t,,, can be written t;_ for a suitable m.
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functions

Step 5. We have 8 = —1 for mg < m < 7n — 1 where
mo = inf{m, t >t,— 7}.
By contradiction, suppose that there exists mo < m < 7 —1 such that 67" = 1.
We then define m; as

my =sup{m <m—1, 07" = 1}.

In particular, we have 67" "' = —1 (since #7 ' = —1). Two cases may occur :
(@) t, =t = tr. ) )
In this case, we have ¢]"' =¢7 ' > 0 (since 7' = —1 and 67 = 1). This

contradicts the fact that 7" =1 and 6}”1“ =—1.

(b) tm, < t, = tn.
In this case, we have 0°(x;,t,,,) = 1 and t,, < t
contradicts Step 4.

= W_(zy). This

n

We now prove (ii). )
By Implicit Functions Theorem, we have ¢.(x, V. (x)) = 1. Deriving yields

Qot(‘% \IIE(‘T))D\I%(CU) + DQO(:L‘, \11(17» =0.

Taking x = x. yields

D\If€<£1> _ _Dgp(x@_\lj&(wé)) _ _D(p(wfvtkn) + O(Al’)

oi(e, Ve(e)) oi(r, ty,)

and so
~ De(o, o)

1o, to)

Moreover, by Taylor expansion, we get, if |p(z.,t.) — 1] is small enough, for all
JeV({)

qug(lfj) = +O(|l’1—l‘0|+|tkn —t0|+AZE).

U, (z5) =V (x7) + (v; — 21) - DY (27) + O(|Ax[*)
. D@(xl%to)

:\IJS(I'[) (pt([EO,tO)

(xy—xr) + (Az) O (Az + |z — 20| + |tk — to]) -

where “the O is uniform in £”. This ends the proof of (7iz).
It just remains to show that if (o, to) < 0, then for all (z;,tx,) € @y (20, t0) =
By (xo) X (to — T, t0 + 7)

QS(xJ,tkn_l) =1 and HS(xJ,tkn) =—-1 — tkn < \IIE(ZL'J).
In this case, inclusion (6.18) is replaced by

{(09)" =1} c {t < Ve(2)}.
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By definition of ¢, for all y € [z;,2; + Az], we have (6°)*(y,t,) = 1. Taking
y = xj + v, we then deduce that

tr, < \Ils(y) = \TJE(:L'J +v) =V ().
L]

Lemma 5.4. (Approximate horizontal level set in the i-direction for ne-
gative velocity)

Under the notation and assumptions of Lemma 5.8 with ¢i(xq,to) < 0, let us sup-
pose that there exists g > 0 such that ¢ < —§ < 0 on Bs,(xo, to).

Let us assume moreover that (v;,ty) € Bs,(wo,t0), 07" = 1 and 07 = —1. If for
some fized i € {1,..., N} we have

apt—-u" i, <0 and a; ' —-a", <0
then 5
t
’M el <o(1).
oo, to)
Proof

We first prove that if a] ' — 4"} < 0 for some J € V(I)\ {I}, then
U () — V(zy) < o(Ax).
There are two cases : 4"} = oo or u"_; < o0.
If @} < oo then J € F7~'. By Lemma 5.1 it results
u' ) = sup{ty <tmy, 07 =100 =—-1, for m<p<m-—1}
and by Lemma 5.3 (iv) we have "} < U (z,).
We then deduce that
0> 127_1 - ﬂ?‘} >tn— V(1)) = VU (x;) — Vo (2)) — (t — ).
We apply Lemma 5.2 and we obtain
U () — VU (xy) < o(Ax).

If ﬂ?’} = oo then necessarily 9?’1 = 1, now either 0" = 1, respectively either ¢} =
—1. Then we can apply Lemma 5.3 (i), respectively (iv), and we get t5 < ¥ (z,).
We deduce then

\Ilg(I[) — \IJS(ZEJ) S tﬁ— tﬁ S 0.

Using Lemma 5.3 (iii) for J = I**, we deduce that

De(o, to)

+Azx
wi(zo, o)

ce; < o(Ax).
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functions

Lemma 5.5. (Decay of ¢° in the gradient direction of a test function)

Let ¢ be C? in a neighborhood V of (xo,ty) and let us suppose there exist j; > 0

such that max((6°)" — @) = (6°)*(xe, t.) — p(x.,t.) with (z.,t.) € Bs,(wo,t0) C V
%

and (0°)*(z.,t.) = 1. Then, there ezists a node (I,n) € ZN xN such that 05"+ =1
with (xe,t.) € 0Q} = 0(Jxr, v + Az[X]ty,, th,,.[) such that if Fe; - Dp(x,t9) > 0
then

0°(x,t) = =1 in Qs =|ops, xpx + Ax[X|ty,, t, ., [-
Proof of Lemma 5.5
Since (6°)*(z.,t.) = 1, there exists a node (I,n) € ZY x N such that §/"*'"" =1
with (z.,t.) € 0Q% = 9(|xr, x1 + Ax[X]ty,, th, . )-
Assume for example that

e; - Dp(xg,t0) <0

and let us suppose by contradiction that 6 =1 in
Qv =lxpis, vpie + Ax[x]ty,  ty, ., |-
We define . = ¢ + ((6°)" — ¢)(z., t.). In particular, we have

09) <. and (60°)"(x.,t.) = pe(ze,te) = 1.
Since (6°)* < ¢, the following inclusion holds

{(0°) =1} C {p = 1}.
We define 2% = x. + \e; with 0 < A < Ax such that (6°)*(z%*,t.) = 1. Then
o (22 t.) > 1 and
(22 te) = pe(e, te)
A
Taking the limit for A — 0, we obtain

€ - D@(xaats) =€ D@E(xavtf) 2 0.

> 0.

This ends the proof, since it contradicts the assumption. [l

Lemma 5.6. (Bound on |[t. — t5,| for negative velocity)
Under the notation and assumptions of Lemma 5.5, if we suppose there exists 6 > 0
and 69 > 0 such that c(x,t) < =5 < 0 in (x,t) € Bas,(x0,t0) C V then the following

estimate holds
Azx
‘ts - mo| < T

with
by = sup{t, <tp, : 07 =1, 07, = =1} if —e; - Dp(x0,t0) > 0
(resp. tm, = sup{ty,, < ty, : 0;’},_1 =1, 07i- = =1} if +e;- Dp(zo,to) > 0)

where I 1s defined in Lemma 5.5.
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Proof of Lemma 5.6
Let us define

o = sup{ m < kpp1 — 1, 075 = 1,67 = —1}.

For Az, At small enough, we can assume that (zg,t,,) € Bas, (2o, t) for K = I, I**
and My < m < k1. Since ¢ < 0 in Bas, (0, to), 9’;"“_1 = 1 implies 07" = 1 for all
my <m < k,11 — 1, and by definition of my, 07;. = —1 for all mg < m <k, — 1.

This means that I+ € F™ for all mp < m < k,4; — 1 and so
/'II,TL’I@"i = tmo for m(] S m S kn+1 — 1. (619)

. ki1 —1
it results @,""™" " >

In particular, ﬁﬁ"ﬁ; 1 — tm, and by the definition of the 1
%\knJrl with %\kn+1

By the equation

n+1

=1 since ty, ., > tg,.

n+17

N 2 2
g max (0, @ — g ! _ (8
g » YT _’[k,:i: ,C\kn+l_1 )

k=1

we conclude that

~kpa1—1 k1 —1 (A:E) Ax
te = tmy < tkn+1 — tmy < Uy - u—,plvi = |Ekn+1—1| = T
I

6 Proof of Theorem 2.5

This section is dedicated to the proof of the main theorem, which is preceded by
two important propositions.

The first proposition will show that the limit function 9" is a sub-solution in all
the domain excepted for the initial time, whereas the second proposition will show
that the limit function @ is a sub-solution at the initial time. The reason why we need
to treat a part the initial condition is that the proof of the first proposition is based on
the definition of discontinuous viscosity sub-solution (see Barles [18] and Crandall,
Ishii, Lions [61]) consisting in testing the equation by smooth functions, but this
definition does not hold at the initial time. Then we treat the initial condition using
the technique of barriers.

At the end of this section, we give the main proof using both results.

230



6. Proof of Theorem 2.5

Proposition 6.1. (Sub-solution property of the limit)

The function 0" is a sub-solution of the equation
0t('r7 t) = C(‘Tv t>|D9($, t>|
on RY x (0,7).

Proof of Proposition 6.1
By contradiction, assume that there are (x,to) and ¢ € C? such that [/ © reaches
a strict maximum at (xg,to) with @0(950, to) = p(wo, tp) and

©i(xo, tg) = a+ c(xg, to)| Dp(xg, to)| (6.20)

with a > 0. Since the maximum of 8 —  is strict, there exists (x.,t.) — (zo,to) as
Ax — 0 such that

max((6°)" — @) = ((6°)" — ¢)(z, Lc).

In particular, we have (6°)*(z.,t.) = 1 for Az, At small enough. Indeed, by contra-
diction, suppose that (6°)*(z.,t.) = —1. Using the fact that (6°)* is upper semi-
continuous, we obtain (6°)* = —1 a neighborhood of (x.,t.). We then deduce that
oi(e,te) = Dp(we,t.) = 0 and so

0 - (;Ot(xé‘?ta) - C(Isut6)|D¢(x€7t€>| — gpt('r()ut()) - C(IU)tO)|D¢(x07tO)| =«

This is absurd.
If |Dp(z,to)| # 0, we note that we can rewrite inequality (6.20) as

©i(xo,to) = ¢|Dp(xg,to)]  with ¢ > ¢(xg, to) (6.21)
We denote by
D
iy = 2P0 t0) (6.22)
[ Do, to)]

To continue the proof, we have to distinguish several cases :

1. C(wo,t()) > 0.
In this case, we have in particular, y;(xg,t;) > 0. Then we can apply Lemma
5.3 and we deduce that there exist ¥, € C? and (I,n) € Z" x N such that
(xr,tg,) — (z0,10) as € = (Ax, At) — 0,

(96)*(x1atkn) = 1a tkn - \IJE(ZL'])

and
07 =1, 671 =-1,
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where 7 is defined in Lemma 5.3. Using Lemma 5.1 and Lemma 5.3 (i), we
deduce also that for all J € V(I)\ {I} such that 7' = 1, we have

T > W (xy).

This implies for all J € V(I)N F7~', using also the (general) fact that @7 ' <
tn =tk
Tt =l <tm -l = V(xg) — Ul < V(xg) — V(xy). (6.23)

By the GFMM algorithm (Step 5), @7 ' is solution of the equation

Az R ~m-1 _ ~h-l ’
<m) = ZZI (miax (O,UI — u+71i7i>>
If |Dp(xg,t0)| # 0, by adding (6.23) for J = I** on all direction i € C C
{1,.., N} such that
W= U e >0 or day P =a >0
and by using Lemma 5.3 (%), we can estimate

(%)2 =y (miax (ﬂ?_l — Aﬁflli,i>)2 < Zmiax (Ue(ar) = Ve(zpis))’

rrta icC

A 2
<O S - )2 + (A0)2O(Ax + s — w0l + i, — to])

T C
1€C

+ (AQ?)2O<A.1’ + ’1’] — $0| + ‘tkn — t(]’)

where ¢ and 7, are defined in (6.21) and (6.22) respectively.
It follows that

1

1
— — = <0(A — tr, — tol)-
S~ @ S OB+l ol + b, o)

Taking the limit ¢ = (Axz, At) — 0, we obtain a contradiction.
If Dy(xo,to) = 0, we get in the same way

1

- < O(A — tr. — tol).
Pt = (Az + |zr — 20| + [tr, — tol)

Taking the limit ¢ — 0, since we have assumed c(xg,ty) > 0, we obtain a
contradiction.
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2. C(ZBQ, to) < 0.
In this case, we have no informations on the sign of y;, so we have to distinguish
several cases :

(a) ¢ (wo,t0) < O.
Note that, in this case, |Dy(xo,t)| # 0 and (6.21) holds with 0 > ¢ >

c(xo, to).
Then we can apply Lemma 5.3 and we deduce that there exist ¥, € C?
and (I,n) € Z" x N such that

0°) (xr,th,) =1, tg, = Ve (zg)

and
07 = -1, 07 1=1,

where 7 is defined in Lemma 5.3. Using Lemma 5.1 and Lemma 5.3 (iv),
we deduce also that for all J € V(I)\ {I} such that 87" = —1, we have

ﬁ_} S \Ils(xJ)'

This implies that for all J € V/(I) N F"*

ay ="} >ty — V()

L U (27) + (Fr — tn) = U (1) — V() + (Fr — t2)

Since c(xg,t9) # 0, there exists §, dp > 0 such that |¢|] > 6 > 0 on
Bs, (0, t9) and we can apply Lemma 5.2 to get

ﬁ?_l — ﬁ":‘:} 2 \I’E(.Q?]) — \Ila(xj) + O(A.T)

By adding the previous equation for J = I** on all direction i € C C
{1,.., N} such that
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we obtain, since | Dp(xg,t9)| # 0

Ax 2 N B B 2
(C(J?],tn_l)) :Z (miax <0,1~L?_1 N anj[ii))

O(Ax + |x; — xo| + |tg, — to]) + O(Aat)2
(6.24)

Ifi ¢ C (ie. @] ' —u" i, <Oand @} ' — 4", <0), then by Lemma
5.4, we deduce that

)

1
'ij no - ;| = o(Ax). (6.25)
¢

By combining (6.24) and (6.25), we get

(10 - €¢)2

WE

((A f)) =

+ (Ax
(Az)®

52

1
O(Ax + |1 — x0| + [tr, — to]) + o(Az?)

N— .
|

+ (Az)? O(Az + |zr — 20| + |t, — to|) + o(Ax?)

This implies
LS 0+ e — ol + [t — tol) + o(1).
A(rrtay) "

Taking the limit ¢ = (Az,At) — 0, we get the contradiction since

le(xo, to)| > |-

@ (xg,to) > 0. N

Since ¢(xo,ty) < 0, we have by the algorithm that a(a—t) < 0. We define

v =@+ ((6°)" — v)(z., t:). In particular, we have (6°)* < ¢. and

(0°)" (2o te) = @ele,te) = 1.,

We have t. = t;,. Indeed, assume that t. € (t,,t,,,). Using the fact that
(6°)*(we,t.) = 1, we deduce that (6°)*(z.,t) =1 for t;,, <t <t,,, and
s0 ¢y(x.,t.) = 0. This is absurd for € small enough since ¢;(xq,ty) > 0.

Using the fact that (), > 0, we deduce that (6°)*(x.,t) < pe(ze,t) < 1
8(95)*

<0.
ot =0

for t < t,. This is absurd since
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(c) ¢ (zo,t0) = O.
Since the equation (6.20) holds with « > 0, we have, in particular,
|Dp(x,t0)| # 0. Then, there exists a direction +e; such that Fe; -
Dy(xg,t9) > 0. Using Lemma 5.5, we deduce that there exists (I,n) €
Z" x N such that Qk”“_l = land 6° = —1 on Q%+ =l x5z +
Ax[X|ty, We deﬁne tm, such that

n+1[
mo = sup{m : t,, <tg, 9[1:!: =1, 07l. =—1}.

In particular, (6°)*(z, tm,) = 1 for all x € [x i+, xpi+ + Azl
We define ¢. = ¢ + ((6°)" — ¢)(z., t.). In particular, we have (6°)* < ¢,
and

(0°) (2e, te) = pe(ae,te) = 1.

Since the following inclusion {(6°)* = 1} C {p. > 1} holds, p.(x,tm,) > 1
for all x € [zji+, x5+ + Axl.
Let v € [0, Az]" be such that z. = z; + v and let us define y = z+ + v
and @(-,+) = @(- + v,-). Then it yields p(zy,t.) = pe(xe,t.) = 1, and
SO(ZEI’i tmo) = Pe (yvtmo) > 1

To obtain the contradiction, we consider the expansion of p up to the
first order

0 S@(xli’i’ tmo) - @(xfa ta)

<(zps — 1) DP(r,te) + (tm, — t)0P(wr, ) + O((A2)* + [te — timg ).
Now by Lemma 5.6 and using the fact that 0,¢(x,ty) = 0 we obtain
+e; - DP(xr,t.) Az + o(Az) > 0,

that is absurd, since by assumption +e; - Dp(xg, o) < 0.

3. C(wo,to) = 0.
In this case, we have
pr=a>0

and we can apply Lemma 5.3. Hence, there exists , 7 > 0, a function ¥, €
C?*(B,(zo), (to — 7,0 + 7)) and a node (I,n) € Z" x N such that

(66)*(x17tkn) = ]-7 tkn - ‘1/5(1’[)
and for all J € V(I), t,, € (to — 7,to + 7), we have

0 (g, tm) =1 => L > V() (6.26)
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We define mg such that

tmo—l <tg—7< tmo-

For all J € (V(I)\{I})N{6™" ! = 1} (with i defined in Lemma 5.3), we define

my = sup{k <7, 9?‘1 =—1}

We distinguish two cases :

(a)

There exists J € (V(I)\{I}) N {0"! = 1} such that m; < my.

Using the fact that 6 = —1 for my < k <7m— 1 (see Lemma 5.3 (i), we
have that J € F¥, Vmo < k <n — 1 and we deduce that

ﬂi‘} = u?‘l <tm, and O (zj,tm,) =1

By (6.26), we then have t,,, > U (x,).

We now assume that |[Dep| # 0 (the case |Dy| = 0 can be treated in a
similar way). Using Lemma 5.3, we deduce that

-
tmo 2 \Pg(l’]) = tkn—g ng'(l’]—l’])—i—(Al') O(A$+’$[—$o‘+’tkn —tol),

and so

1

tk - tmo SE ﬁo . (I‘J - J?[) + (AZL‘) O(AZE + |I’[ - $0| + |tkn - t0|)

A
g%" + (Az) O(Az + |z1 — mo| + [t — to]).
Sending Ax, At to 0, yields
to-(to-T)ITSO.

This is absurd.

For all J € (V(I)\{I}) n{6"' =1}, m; > my.

We then have 6°(z;,t,,,) = 1 and so by (6.26) we have 0/ | = t,,
‘IJ(CL’J)

We now assume that |[Dp| # 0 (the case |Dy| = 0 can be treated in a
similar way). Using Lemma 5.3, we deduce that

>

J

_ 1.
uA”JrJl > U(xy) = tg, —Eno-(xJ—xl)—i—(Aac) O(Ax+ |x; — 0|+ |tr, —Tol),
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R A ao1 1
ap Uy Stk -0 <-fio - (v = 21) + (Az) O(Az + s = 2o + [tr, — tol)

By adding for J = I** on all directions i € C C {1,.., N} such that

we deduce that
Az 2 ~ 1 2
() - (-
I ieC

A 2
< (_x) + (A)? O(Az + |zr — 20| + |t, — tol)-

c

i.e.
1 1
TEs 2 + O(Az + |zg — wo| + [tk, — tol)
1
Sending Ax, At to 0, yields a contradiction since ¢ > ¢(xo, tg) = 0. O

We construct a barrier sub-solution and we prove that 0’ defined by (6.8) satisfies
the initial condition of (6.1) :

Proposition 6.2. (Initial condition)
We have the following inequality :

-0

0(-,0) < (g, — lag) . (6.27)

Proof of Proposition 6.2
For v > 0 which will be precised later, we consider the following function

v(z) = a dist(z, Qo). (6.28)

and we define, for all 1 € ZV
vr = v(zy).

We then define for z; € €)f a velocity co > ¢, ; > 0 by solving

S om0,y 50 = (22

C
=1 v, I

where

oy = Vj if 'UJS'U[
7 oo if vy > vy
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This define a GFMM with velocity ¢, ; and whose solution is v;. On the one hand,
using the fact that |v; — v;| < aAz, yields for J € V(1)

1
av/'N

Co,I Z (629)

On the other hand, the C? regularity of 9 implies that c, ; is uniformly bounded
as Az — 0 in a neighborhood of 0€.
Moreover, we can define 6 in the following way

0 (5.1) = 1 if z€lr,zr+Az[and t > vy
S B T x € [z, xr + Ax[ and t < v;.

We denote by u the solution of the GFMM algorithm with velocity ¢(x,t). We then
have

O, =1=x€Q=>v=0=0,=1

and so
{60 =1} c {69 =1}.

Moreover, using (6.29), we deduce that for o small enough, we have, for all t > 0
cor > (clzr, t)".

Using the comparison principle Corollary 4.5, we deduce that
0 (z,t) > 0°(x,t).

We denote by v*(z) = sup v(y) and 0 (2,1) = Lpe@)>e — Live(x)<t}- It is easy

yElr—Ax,z]
to check that

(6e)" (2, 8) > (67)" (2, 1) = (6°) (2, 1).

Passing to the limit ¢ — 0, we then obtain for ¢ > 0

—0
Liv@)>ty — Liv(@)<ty = Ou(z,t) > 0 (2,1)

and so L

This implies that 0’ satisfies the initial condition (6.27). O
Proof of Theorem 2.5 The proof of Theorem 2.5 is now quite simple. Indeed,

using Theorem 6.1 and Proposition 6.2, we get that 7 is a viscosity sub-solution of
(6.1).
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7. Numerical tests

For the super-solution property of §°, it suffices to use the symmetry of 9" and
6° (see Lemma 4.1). Indeed, by contradiction, assume that there are (z,t,) and
¢ € C? such that §° — ¢ reaches a strict minimum at (g, t,) with

i(zo,t0) = —a + (o, to) | D (0, to)|

with @ > 0 and ¢y > 0. Let us define ¢; = —¢, 91 = —¢ and 5(1) = 50[—90, —c|. Then,
using Lemma 4.1, we get that 5(1) — (1 reaches a strict maximum at (zg, %) with
—0

6, (zo,t0) = ¢1(xo, ) and

(1)e(x0, t0) = a + c1(xo, to) | Dep(wo, to)]-

This contradicts the sub-solution property of 5(1) For the initial condition, we use
the same arguments of those of Proposition 6.2.

Moreover, if (6.1) satisfies a comparison principle, then 9’ < (6°)* and (@0)* < 6.
Since, by definition, 9 > 6°, we get that 9 = (6°)* and (50)* — 0" is a solution of
(6.1). This exactly means that 0° and 6° are solutions, which is then unique (when
the comparison principle holds for a special choice of the initial data), up to the
upper and the lower semi-continuous envelopes. O

7 Numerical tests

We are going to verify our algorithm by some numerical tests in dimension N = 2.
First we will give in two cases the representation formula of the solution so that we
will be able to obtain numerical errors comparing it with the numerical solution
obtained by the GFMM algorithm.

Representation formulas for hyperplanes and spheres propagating with
linear speed

We verify that hyperplanes and spheres in R", that propagate with a linear speed
along the normal direction, keep their shapes during the evolution remaining res-
pectively hyperplanes and spheres.

These manifolds can be characterized by the level set of a polynomial P(z) : RY — R
of degree 1 and 2. We denote by P(z,t) the polynomials with coefficients depending
on t.

Each point z s.t. P(x,t) = 0 verifies the following dynamics :

) DP )
{y@ — —c(y(t), t) AR,
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since they propagate with speed c along the unit normal to the manifold. These tra-
jectories are known as characteristics. Then we just need to check that the evolution
of each point of the manifold verifies the equation P(y(t),t) = 0, i.e. deriving with
respect to ¢

Fi(y(t),t) — [DP(y(t),t)]e(y(t), t) = 0, (6.30)

for any linear speed ¢(x,t) = a(t)z+0b(t) and for any P(x,t) representing hyperplanes
or spheres.

Hyperplanes : P(z,t) = a(t)z + (1)
It results Py(z,t) = &(t)x+(t) and |[DP(z(t),t)| = |a(t)| then P(z,t) verifies (6.30)
with coefficients such that :

Spheres : P(x,t) = R(t)* — |z —xo(t)]*
It results Pi(z,t) = 2(z — xo(t))2o(t) + 2R(t)R(t) and |DP(x(t),t)| = 2|x — zo(t)]
then P(x,t) verifies (6.30) with coefficients such that :

{ (1) = a(t)R()
R(®) = ao(t)a(t) + (1)

Test 1 : a rotating line
We choose as initial data a line P(z,0) = x5 + 1.5x; and then as representing

function :
1 if 1.521 >0
0(z,0) = e Lom (6.31)
—1 otherwise.

We choose as velocity c(z,t) = x;. We have proved that a line propagating with
linear speed stays a line. Applying the result of the previous section, we obtain that
P(z,t) = a(t)x + B(t) has coefficients solving the following o.d.e.

a1 (t) = /1 + as(t)? as(t) =0
011(0) = ]_5, 042(0) =1.
Solving, we obtain P(x,t) = sinh(¢ + arcsinh(ay(0)))z; + z2.

We compute the discrete solution in the numerical domain D = [—1, 1] x [-1, 1] and
we evaluate the error at final time T=0.5. We use the discrete L'-norm

16, T) =071 = > [0er, T) - 0717,

{I:z;eD}
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7. Numerical tests

with m the number of iterations corresponding to reach the final time 7". The table
6.1 shows the error for the tests run with 26,51, 101,201 number of nodes for each
side of the square domain. The convergence is approximately of order 1.

Fig.6.15 shows the 0-level set of the discrete solution at each time interval 0.1. The
line is rotating clockwise and it will reach in infinity time the x5 axe. The last line
is plotted with the exact solution in thicker line.

Az | L'-error
0.08 | 0.102
0.04 | 0.0576
0.02 | 0.0304
0.01 | 0.0160

TAB. 6.1 — Numerical errors for test 1

0.8

0.6

0.4

0.2

F1G. 6.15 — A rotating line

Test 2 : propagation of a circle
We choose as initial data a circle P(z,0) = 22 + 25 — 1 and then as representing

function :
1 2 2-1<0
0(z,0) = T (6.32)
—1 otherwise.
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We choose as velocity c¢(z,t) = 0.1t — 1. We have proved that a circle propagating
with linear speed stays a circle. Applying the result of the previous section, we obtain
that P(x,t) = (z1 — 201(t))? + (z2 — o2(t))? — R(t)* has coefficients solving the
following o.d.e.

.j3071<t) = —R(t) 1‘3072(15) =0 R(t) = —$071(t) + 0.1t
1'071(0) =0 1‘02(0) =0 R(O) =1
Solving, we obtain x1(t) = 1/20(2¢t+11(exp(—t)—exp(t)) and R(t) = 1/20(—2+

11(exp(t) + exp(—t))).
We compute the discrete solution in the numerical domain D = [—2, 2] x [—2, 2] and
we evaluate the error at final time T=0.5.
We use the discrete L'-norm, defined in the previous test.
The table 6.2 shows the error for the tests run with 51, 101, 201, 401 number of nodes
for each side of the square domain. The convergence is approximately of order 1.

Fig.6.16 shows the 0-level set of the discrete solution and at each time interval 0.1,
the circle is expanding ad its centre is propagating on the left.

Az | L'-error
0.08 | 0.4992
0.04 | 0.2784
0.02 | 0.1288
0.01 | 0.0582

TAB. 6.2 — Numerical errors for test 2

Test 3 : comparison between the FMM and GFMM algorithm
When the evolution is monotone, i.e. ¢(z) > 0, there exists a link between the
evolutive and the stationary equation(see [85] and [151]) :

c(x)|DT(x)| =1 x €,
T(x)=0 x € 0N

In this case the discrete function u7, computed by the GFMM algorithm, approxi-
mates the solution 7'(z) outside the set ().

The two schemes, the FMM and the GFMM, are run in the case the speed is
c(x,t) = 1 with initial set  a circle centred in the origin with radius 0.5.

For this choice of speed, the solution 7T'(x) corresponds at the distance function of
the point x from the set ().

We compare the two schemes computing the errors in the || - || discrete norm :

T (zr) —urll = sup |T(x1) — ugl.
{I:x;€D}
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7. Numerical tests

I I I I I I I
-2 -15 -1 -0.5 0 0.5 1 15 2

F1G. 6.16 — A propagating circle

Az | FMM | GFMM
0.08 | 0.065 | 0.078
0.04 | 0.033 | 0.039
0.02 | 0.020 | 0.018

TAB. 6.3 — Numerical errors for test 3

F1G. 6.17 — The discrete time u of a propagating circle with positive constant speed

As one can see, the GFMM scheme produces in this particular case almost the
same results of the FMM scheme (as implemented in the HJpack library [107]). The
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results are slightly different in particular because the time computed in the narrow
band in the classical FMM uses not only the accepted points but also the points of
the narrow band.

Test 4 : two collapsing circles
We choose as initial data two circles and as velocity c¢(x,t) = 1 — t. The two circles
grow as far as the speed is positive. At ¢ = 1, when the velocity changes sign, they
start to decrease. Fig.6.18 on the left shows the 0-level set of the discrete solution
at each time interval 0.2 until ¢ = 1 and Fig.6.18 on the right shows the 0-level set
of the discrete solution at each time interval 0.2 for the time interval [1.2,2.4].

F1G. 6.18 — Two propagating circles
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Chapitre 7

Existence de solution pour un
modeéle décrivant la dynamique de
jonctions entre dislocations

Ce chapitre est issu d’un travail en cours avec R. Monneau [90].

On étudie une version dynamique d’un modéle de champ de phase de Koslowski
et Ortiz pour des réseaux de dislocations planaires. On considére un champ de vec-
teurs bi-dimensionnel qui décrit les transitions de phases entre des phases constantes.
Chaque transition de phases correspond a une ligne de dislocation et cette descrip-
tion permet la formation de jonctions entre les dislocations. Ce champ de vecteur
est supposé satisfaire une équation de Hamilton-Jacobi non locale avec une viscosité
non nulle. Pour ce modéle, nous montrons I’existence d’une solution faible globale
en temps.



Dynamique de jonctions de dislocations

Existence of solutions for a model describing
the dynamics of junctions between dislocations

N. Forcadel, R. Monneau

Abstract We study a dynamical version of a multi-phase field mo-
del of Koslowski and Ortiz for planar dislocation networks. We consider
a two-dimensional vector field which describes phase transitions between
constant phases. Each phase transition corresponds to a dislocation line,
and the vectorial field description allows the formation of junctions bet-
ween dislocations. This vector field is assumed to satisfy a non-local vec-
torial Hamilton-Jacobi equation with non-zero viscosity. For this model,
we prove the existence for all time of a weak solution.

AMS Classification : 35K15, 74K30.

Keywords : Dislocation dynamics, non-local equations, junctions,
Hamilton-Jacobi.

1 Introduction

1.1 Physical motivation

Dislocations are line defects in crystal, and their motion is at the origin of plastic
properties of metals. In these crystals, we can observe self-organised structures, like
Frank networks, i.e. networks of dislocations related by junctions. See for instance
page 190 in Hull, Bacon [109] for such networks in BCC iron, or page 188 for hexa-
gonal networks in FCC crystals. In the present paper, we consider a special case of
a network contained in a single slip plane, where the dislocations can move. We are
interested in particular in the motion of the junctions between dislocations, which
remains a quite open question, both from the modelling point of view, and from the
mathematical analysis point of view (see for instance the work of Rodney, Le Bouar,
Finel [158]). Let us mention, for the stationary case, the work of Garroni [92]|. The
goal of the present paper is to propose and to study a model for the dynamics of
junctions of dislocations.

The question of junctions has several other physical applications and there is
various literature on this subject. Let us mention for instance the problem of crystal
growth or grain growth (see Taylor [177, 178] and Bronsard, Reitich [44]). We also
refer to Bonnet [40] for problems concerning the minimisation of the Mumford-Shah
functional.
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1. Introduction

1.2 A phase field model for the dynamics of junctions

In a phase field model, the dislocation can be represented as the phase transition
of a phase parameter p(z) = pi(z)e' + pa(z)e? € R? defined for x = zie! + xoe?
in the plane R? with (e!,e?) an orthonormal basis. The energy of the dislocations,
in the presence of a constant exterior applied stress c° € R?, is then given (see the
model of Koslowski and Ortiz [127]) by

1

E(p) = /RQ—§<c°*p> =% pt W), (7.1)

where the precise meaning of this expression will be given later.

For any phase transition between two states A and B, the difference B — A needs
physically to be the Burgers vector of the dislocation, i.e. a vector of the lattice
A = Za' + Za® of the crystal we are considering, with general basis (a',a?). This
information is encoded in the potential 1 : R? — R which is is assumed to be
minimal on A and to have the periodicity of the lattice A :

Wi(p+a)=W(p) forany acA. (7.2)

In this model, junctions of three dislocations of Burgers vectors b', % 0® € A with
bt + b? + 1® = 0 is expected, like for instance as the phase transitions between the
states 0,b', —b3 (see Figure 7.1).

F1G. 7.1 — The junction of three dislocations as phase transitions of p.

When the material is submitted to an exterior shear stress, it makes the disloca-
tions move. The dynamics of a given dislocation line is physically given by its normal
velocity, which is called the resolved Peach-Koehler force. This force is the sum of
the resolved exterior shear stress and the stress created by all the dislocations lines,
including the line itself.

In the expression giving the energy (7.1), the kernel C°(z) is a 2 x 2 symmetric ma-
trix which takes into account the long range elastic interactions between dislocations

247
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and

Z L% pj, i=1,2

7=1,2

where x denotes the usual convolution. In (7.1) and throughout the paper, we denote
by A - B the scalar product between two vectors A, B € R2.

The resolved stress o[p| created by all the dislocations is then formally given by the
opposite of the gradient of the energy —&’(p), and can be expressed as the following
non-local quantity

alp] = 0® + C%% p—W,(p). (7.3)
The phase parameter p(t, ) € R? is then assumed to satisfy the following equation
(on)e = [Vl ™ DD (alp)iVipiVipx +elpy, for k=1,2 in (0,T) x T,
i=1,2 j=1,2
p(0,7) = p°(x) on T2,
(7.4)
L : dp dp ,
where ¢ is given in (7.3), p, = = and V,;p = — for j = 1,2, and
ot a.ij
Vol =2 2 Vinil.
i=1,2 j=1,2

Here the parameter 1 > ¢ > 0 is a small viscosity introduced in the model, in
order to regularise the equation, but which has no real physical meaning. Given
any time 7" > 0, we will study this equation, not on the the whole plane, but on
the particular torus T? = R?*\Z?) in order to simplify the analysis. This kind of
periodic conditions is also meaningful physically, if we want to describe periodic
networks of dislocations. This means in particular that o[p] is given by (7.3) where
the convolution is done on the torus.

Finally, let us mention that our model (7.4) has some similarities with the model
of Allen, Cahn [2] on the motion of curved anti-phase boundaries in which they
consider gradient flow associated with a free-energy functional. This led to the study
of scalar Ginzburg-Landau type diffusion equation like

= Au— W'(u).

1.3 Main result

We make the following assumption on the kernel C* : T? — R2x>

(A) We assume that there exists a constant m > 0, such that for any k € R?, the
Fourier coefficients of the kernel C°(k) = [1, dx e”*™*C°(z) satisty C°(k) = M(k),
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where for any ¢ = (£1,&;) € R? and any p = (p1, p2) € R?

(

M e CRRA (0 RED, M- =M. (6 =l )

(7.5)
2
€l Ipl° o SN b My(€) -py = mle] [P with [pP = |pif?

m : A
i=1,2 j=1,2 i—1,2

We also make the following assumption on the potential W : T? — R
(B) We assume that W € C* and W satisfies (7.2).

Then we have the following result for the model of dynamics of junctions between
dislocations :

Theorem 1.1. (Existence of a solution)
Under assumptions (A) and (B), if p° € (H2(T?))*, then for any constant applied
stress o € R? and for any time T > 0, there exists a solution p of (7.4) with

pe ([O,T); (Lé(ﬁr?))Q).

The uniqueness of the solution is not known, neither the existence of a solution
when ¢ = 0. Let us mention that equation (7.4) is a non-local system of scalar
equations, and can be sketched as the following equation

v = |Vol* + Av (7.6)

Indeed, this comes from our assumption (A) that the convolution with the kernel
behaves like a first order operator. A lot of work has been done on equations (or
systems) like equation (7.6). Let us mention for instance the works of Boccardo,
Murat, Puel [35, 36, 37| in which they study general equations including equation
(7.6) and prove existence results.

Equation (7.6) is also similar to the Navier-Stokes equations written for the
potential A such that the velocity of the fluid is given by u = curl A (see for
instance Leray [136]).

1.4 Organisation of the paper

In Section 2, we give some remarks on the modelling. In Section 3, we study an
approximate problem of equation (7.4) where the right hand side is approached by
some term at most linear in the solution. The main result is proved in Section 4. In a
first subsection, we give some a priori estimates for the solution of the approximate
problem and then in a second subsection we pass to the limit in the approximate
problem.
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1.5 Notation

In what follows, we will denote by C' a generic constant, which will then satisfy
C+C=C,C-C=CC,and so on. We also use the following set :

2

8@, an

WA (Qr) = {u € LP(Qr); w € LP(Qr) and € LP(Qr) for i, j =1, 2}

where Qr = (0,7) x T=.

2 Preliminary remarks on the modelling

2.1 Dynamics of a single dislocation

In this section, we consider a special case where a dislocation of Burgers vector
b! € A is described by the phase transition of a scalar parameter p such that

p=pb
Then the resolved shear stress that makes the dislocation move, is given by
alpl =b' - olp b']

and the dislocation line (described by the phase parameter p) moves with normal ve-
locity proportional to this shear stress. More precisely, p solves the following eikonal
equation where a term with small viscosity € > 0 has been added

pe= V""" alp]|Vpl +eAp

N ),
—and Vp = — —
3t an p 8951 et 8[L’1
the analysis and get an existence result, we only consider the case with additional
velocity € > 0. Then, we easily check that p = p b satisfies (7.4).

with viscosity € = 0, where p;, = 2. In order to simplify

2.2 Explicit expression of C° for isotropic materials
Given a particular Burgers vector b!, let us consider
& =mH"- o0

In the special case of isotropic linear elasticity with constant coefficients, we recall
(see for instance a limit case of the Peierls-Nabarro model in Alvarez et al. [10]) that
we have for k = (ki, k2)

b2 [ (k-e)?+ (k'-e)? pl
Aéo(lf):_u| | (1_V( o ) with e = —

2 [kl
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where kt = (—ky, k;) is the vector obtained by a rotation of k of angle 7/2. Here
p > 0 is a Lamé coefficient and v € (—1,1/2) is the Poisson ratio.
We deduce that |
A H 1 i
Cok)= - | —kRk+kT®k
© =g (Tprors it or)

which satisfies assumption (A).

3 An approximate problem

We first start to approximate the right hand side of equation (7.4) by some term
at most linear in the solution. To this end, we introduce a function A" defined by

R™(r) = h°(r — n)

with
1 if <0
RO(ry=< 1—r if 0<r<1
0 if r>1

We then look at the following approximate problem :
pr—eAp=f"lp] on Qr:=(0,T)x T
p(0,-) = p° on T2
where

frlpl = R™(IVpl) [Vp| ™ (Vp)" - Vp-olp]

and o[p] is given in (7.3), and is at most linear in p.

The natural idea to find a solution to equation (7.7), is to define the map ®
which associates to any function u, the solution p = ®(u) of

pr —€Ap= f"lu] on Qr:=(0,T) x T?
(7.8)
p(0,-) = p° on T?
and to prove that ® has a fixed point in a suitable space. This way, we will prove

the following result

Theorem 3.1. (Existence of a solution for the approximate problem)
If p° € (HY(T?))", then for any n > 1 and any T > 0, there ezists a solution p" of
(7.7) with p" € L*((0,T); (H*(T*))*) N C°([0, T); (L*(T?))").
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In this section, we will make the proof of this theorem. In a first subsection, we
will collect some preliminary results, and in a second subsection we will prove that

® has a fixed point.

3.1 Preliminary results

The following estimate on the stress will be important.

Lemma 3.2. (Estimate on op])

For any p € (1,4+00), there exists a constant C (depending on p, on the constant
a°, on the potential W and on the constant m defined in assumption (A)), such that

Jor any p € (Wl’p(TQ))Q, we have
HO-[p]H(LP('JI‘Q))2 <C (1 + ||Vp||(Lp(T2))2x2) .

Partial proof of Lemma 3.2
Let us make the proof for p = 2. We have with o = o[p]

o =% + W (p) Erameye = D I(COx p) (k)P

keZ?

= > 1C°k) - plk)I?

keZ2

1 .
< 3 AP

keZ?

1 > 2
< Gz 2 Vo0

kez?

1 2
= W’vp‘(L2(T2))2x2
Therefore
1
|0-[p]|(L2('H‘2))2 < |0-0| + |W/|(Loo(11‘2))2 + %|VPI(L2(T2))2><2
which provides the result in the case p = 2.
The proof for the general case p € (1,400) is given in Appendix.

We will also need the following result.

Lemma 3.3. (Estimate on f"[u])

If u e (HY(T?))?, then f"[u] € (L?(T?))? with the following estimate :

||fn[u]||(L2(T2))2 < C(n + 1) (1 + HVUHLQ('H‘2)2X2)

where the constant C depends on o°

defined in assumption (A).

(7.9)

, on the potential W and on the constant m
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Proof of Lemma 3.3
Since supp(h™) C [0,n + 1], the following holds

[/ ] < (n+ 1D)lolu]], (7.10)

where we have used the fact that |BT - B - p| < |B|*|p| for B € R**? and p € R%
Then

1™ [l |2 reyye <(n+ Do fu]l|z2(r2)e

<
SC(H + 1) (1 + HVUHL2(T2)2><2)

where we have used Lemma 3.2 O

We now recall some classical results. We start with the following classical para-
bolic estimates for the following equation

g—€eAg=f on Qp:=(0,T)xT?
(7.11)
9(0,-) = ¢° on T?

Proposition 3.4. (Parabolic estimates for the heat equation)
Let ¢° € HY(T?) and f € L*(Qr). Then there exists a unique solution g to (7.11)
with

g € L*((0,7); H*(T*)) N L=((0,T); H(T?)), g: € L*(Qr). (7.12)
We have the following estimate
sup (lg(@) || (r2) + |9l 2oz cr2) + N9ell L2 0,1)i22r2)
0<t<T
<Cr (Iflz2@r) + 19° lzr2r2)) (7.13)

where the constant Cr only depends on T and ¢.
Moreover we have

T T
sup / g2(t)+4€/ Vg|* < 2/ (go)2+4T/ f? (7.14)
0<t<T J12 o Jr2 T2 o Jr

Proof of Proposition 3.4

For the proof of (7.12)-(7.13), we refer to Evans [81, Theorem 5 page 360|.

To prove (7.14), we simply multiply equation (7.11) by ¢ and integrate over (0, ¢) in
time, taking the supremum for 0 <t < 7. We get

2 T 0\2 T

g-(1 g
sup/—()+€/ !Vg|2§/—( ) +//|gf|
o<t<rJr2 2 o Jr2 T2 2 o Jr2
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We now use the fact that

T T 3
[Lon = ([ L) ([ L)
0o Jr2 T2 o Jr2
3 T 3
< (raw [ o) ([ [r)
0<t<T 0o Jr2
1 T
< - sup/ (t)+T/ f?
4 o<i<r J12 0o Jr2
which implies the result. 0]

We also recall the

Theorem 3.5. (Schaefer’s fixed point theorem)
Let X be a real Banach space. Suppose that

P: X - X
is a continuous and compact mapping. Assume further that the set
{ue X, u=A0(u) forsome Xe€][0,1]}
s bounded. Then ® has a fized point.
For the proof of this theorem, we refer to Evans [81, Theorem 4 page 504].

Finally, we will need some compactness argument and a weak continuity property
contained in the following two classical results :

Proposition 3.6. (Compactness)
We recall that

W25(Qr) = {9 € L*((0,7); H(T?), g € L2(QT)} .
Then the injection
W2E(Qp) — L*((0,T); H(T?)) s compact.
For the proof of this result, we refer to Lions [137, Theorem 5.1 page 58|.
Proposition 3.7. (Continuity)
With the notation of Proposition 3.6, let us consider a sequence (g™), such that
g™ — g weakly in W>»"(Qr)
We assume also that Yo = p°. Then
Gi—o = p’.

This result is classical but for the reader’s convenience we give the proof in
Appendix.
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3.2 Proof of Theorem 3.1

We are now ready to make the proof of Theorem 3.1. To this end, for any 7" > 0,
we set
Xy = L2((0,T); H'(T%)).

In all what follows the index n is assumed fixed. We first remark that if u € X%,
then f"[u] € (L?*(Q7))?, and then we can consider the solution p of

pr —€Ap= f"lu] on Qr:=(0,T)x T?
(7.15)
p(0,-) = p° on T?

which satisfies p € X2 because of the parabolic estimates Proposition 3.4. Then we
set ®(u) = p, and see that ® maps X2 into X%. We will prove that ® admits a fixed
point using Schaefer’s fixed point theorem. We do the proof in four steps.

Step 1 : weak continuity of ¢
Let us consider sequences (u™),,, (p™ )., such that

u™ e X2, pm = d(u™)
u™ — u in X2

From Lemma 3.3, we deduce that

||fn[um]‘|(L2(QT))2 <C(n+1) (1 + ||Um||X%> (7.16)

From the parabolic estimates (Proposition 3.4), we deduce that p™ is bounded in
(W2L2(Qr))?, i.e. there exists a constant C' > 0 such that

p™ | w2a2(gpy2 < C (7.17)
Therefore, up to a subsequence, we have
pr—=p in (WH(Qr))’
and from Proposition 3.7, we deduce that
pi=o = p° on T?

We now claim that
fru™ — fu] in o LYQr) (7.18)

Indeed, we can write

f"u) = ¢"(Vu) - olu] with  ¢"(Vu) := h"(|Vu|) |Vu|™" (Vu)' - Vu
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From the proof of Lemma 3.2, for p = 2, we already deduce that
olu™ — o[u] in L*(Qr) (7.19)

From the convergence of u™ to u in X2, we deduce that up to a subsequence we
have Vu™ — Vu a.e. in Q7. Now from the fact that ¢” is continuous and bounded,
we deduce in particular that

g"(Vu™) — ¢"(Vu) in L*Qr) (7.20)

Then the convergence (7.18) follows from (7.19) and (7.20).

Therefore we conclude that p solves (7.15). Finally, by uniqueness of the solutions of
(7.15), we deduce that the limit p does not depend on the choice of the subsequence,
and then that the full sequence converges :

p" — p weakly in (WQ’M(QT))Q, with p = ®(u)

Step 2 : compactness of ¢
The compactness (and the usual continuity) of ® follows from the compactness of
the injection (W212(Qr))> — X2 (see Proposition 3.6).

Step 3 : a priori bounds on the solutions of v = A®(u) for 7" small
Let us consider a solution w of

u = AP(u) for some e |0,1] (7.21)

Then from the parabolic estimates (7.14), we have

T
sup ]u(t)|2+48/ / |Vul?
0<t<T JT2 o Jr2

T

2 [ 1 ar / Al
T2 0 T2

T
< o f |PR+8TC(n+1) (T+/ / |vuy2)
T2 0 T2

where in the third line we have used Lemma 3.3 and the fact that |A\| < 1. Therefore
for

IN

T<T:=(4C*(n+1)?) "¢ (7.22)

T
sup |u(t)]2—|—25/ / Vul? < 2/ 1p°)? + 2eT
0<t<T JT2 0o Jr2 T2

we have
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4. A priori estimates and proof of Theorem 1.1

which proves that there exists a constant C' > 0 such that any solution of (7.21)
satisfies

lullxz < C

We can then apply the Schaefer’s fixed point Theorem (Theorem 3.5), to deduce
that @ has a fixed point on X%, and therefore there is a solution p of (7.7) on the
time interval (0,7") if T satisfies (7.22), i.e. if T' is small enough independently on
the initial data p°.

Step 4 : solution for any time

Let us call p (p°, ) the function p(t, ) obtained at Step 3 as a solution of (7.7) on the
time interval [0, T*) with initial data p°. From the parabolic estimates (Proposition
3.4), we also know that p(t,-) € (H'(T?))? for any ¢t € [0,7*). Then we can define
with 7 = T /2

u(0) = p° and u(t) =p(u(kr),t) if kr<t<(k+1)7 with k&N,

Using the fact that u, € L2 ((0,+00); (L*(T?)?), and the fact that the problem is
invariant by translation in time, we can easily check that u solves (7.7) for any 7" > 0
and provides the desired solution p" = u of Theorem 3.1.

This ends the proof of Theorem 3.1.

4 A priori estimates and proof of Theorem 1.1

4.1 A priori estimates

We have the following a priori estimates :

Lemma 4.1. (A priori estimates)
There exists a constant C > 0 such that for all T > 0,n >1and 0 < e < 1, any
solution p" of (7.7) given by Theorem 3.1, satisfies

2 cr
R (7.23)
C or

2 < Ze= )

L e (7.24)
and

[ (v iwer 9 - ol < o (7.25)

0 e = . .

P P P P (L2(Qr)?
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Proof of Lemma 4.1
Step 1 : Preliminaries on the energy
We first recall the expression of the energy for a general Z2-periodic smooth function

pla) = (pr(x), o)
&)= [ <5 p=a p 4 W)

For future use, we start to evaluate from below the first term in the energy, using
Fourier series

[~ Re<2 —<0/0?p><k>-ﬁ*<k))

keZ?

= Re <Z —(C°(k) - (k) - ﬁ"‘(@)

keZ?
> m Y [k [p(k)?
keZ?

where we have used in the first line the fact that p and C° are real, and in the last
line we have used assumption (A). Then we define

1012, gy = 3 K] U

keZ?2

Similarly, we compute

/T (€% (Vp)") : Vp=(27)Re (Z —(C(k) - Blk) ® (k) : (k)" © mk:))

kezZ?

=(27)"Re (Z —[K*(C°(k) - k) - ﬁ*(@)

kez?

>(2m)*m Yy |k* |p(k)?

kez?

where we have used assumption (A) in the last line. Then we define

2 sy = O K B

kezZ?

ol
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4. A priori estimates and proof of Theorem 1.1

Step 2 : Estimate on the time-derivative of the energy

Let us fix 7" > 0. We know that any solution p™ given by Theorem 3.1 belongs
to the space W12(Qr). In particular, using the following general fact (because of
assumption (A))

/w —(C"%p)-p=Re (Z —|k|(C° <%) - o(k)) - ﬁ*(k:))

kez?

we deduce that the energy E(p"(t)) is well-defined for almost every ¢ € [0,7), and
that for almost every time t € [0,T"), we have

%5@”@) :/Tz —alp"] - pi

N /’]I‘z —hr (V" )V "7t V- alp" P = ealp"] - Ap"
= [ DI 9 ol
= W) (T 90 = (OO (V1)) : V)
Therefore

GEG @)+ [ (VDI 9 ol

<Ce {/ |Vp"|? + C%% (Vp™)T) : vp"} (7.26)
T2
But now (up to change the constant line to line)

IVo [Eaqreyere < C Y KPR (R

kez?
3~ 1
< C Y [K2|p (k)| - [K]2[p" (k)]
kez?
1 «
< c (Z SRR (k)2 + §Ik||ﬁ”<k)l2>
kezZ?

< o[ -aeemni vt [ aepg),

(67

where p"(k) are the Fourier coefficients of p" and « is a constant which will be
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precised later. We then deduce finally that :

—E(p"(1) + /Tz ORI v e e

< —Ce <1 — l) /1r2 —(C"% (V")) : Vp™ + C’soz/ —(C%p™) - p" (7.27)

T2

/TQ p"(t)D :

for o chosen large enough, with C' a suitable positive constant.

< ~Cel O3 g + O (14 E6°(0) + 107

H? (T2

Step 3 : Estimate on the time-derivative of the mean-value of the solution
Integrating in space equation (7.7), we get

d - n n n
G Lo = [ aesnee (9o ol
T2 T2
and then
d 1 n n ni—1y1 n 7
o p"<t>\ < [ Ve b vt - (Ve DIVE Y ol
T2 T2

< [ 1DV
ooy MUV DIV [TV - oo
(7.28)

Step 4 : Estimate on the energy
Setting

F*(t) =1+E("t) + (1 +10°))

[ow[+asin @)
T2
we deduce from (7.27) and (7.28) that

GEO+ 5 [ ees Ve ol
< = CEl O 3 g+ C (146700 + 10| [ 570 )

R RG]
Now we remark that

(41 [ B9 DIve] <1+ o] / v
1 0
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4. A priori estimates and proof of Theorem 1.1

Using the fact that (since the domain is bounded)

Lvee <ol

(F3(T2))2’

we get

d 3 Ce

iy Al e n n n|—1 n n]|2 n 2'3 )

SEO+T [ VDIV ol + Oy, (730
1+ ]0%)*

< n 0 n (

<ce (e +1el| [ o))« Sor

C
< —F"(1).
< ZF(0)

This implies, using Gronwall Lemma,

C

F™(t) < F*(0)e<". (7.31)

Step 5 : Estimate on p”
Let us first remark that

E(p"(1)) > / —5(C %) " 1o

/ p”(t)‘ | (7.32)
T2
Using (7.31), (7.32) and the definition of F™(t), yields
1 0 n n n Cy
—5(C7xp") - p" | [ p(t)| < Cest.
TQ 2 ’]1‘2
Using Step 1, we then get

[Pl . < CesT and
L= ((0,T);(H2(T?))2)

/ p”(t)‘ < Ce=T.
T2

This implies (7.23). Taking the integral fOT in (7.30) and using the fact that V¢ < T,
F™(t) > 0, we get

n ni—1 n n 2 ni2 cr
157" DIV 15190 010N s + 2CUO I ey < C°

which implies (7.24) and (7.25).
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4.2 Proof of Theorem 1.1

We are now able to prove Theorem 1.1. In this section, we denote by C' a generic
constant which can depend on p°, ¢ and T but which do not depend on n.

Proof of Theorem 1.1

Let 7' > 0. The idea of the proof is to pass to the limit in Equation (7.7). The only
difficulty is to prove that the non-linear term f"[p"] converges in a certain sense to
V|~ (Vp)T-Vp-olp], where p is the limit of p" in an appropriate norm. The proof
is decomposed into five steps :

Step 1 : a priori bound on f"[p"]
We have the following estimate on f"[p"] :

1f"[p ]”( 4o ) <C. (7.33)
To prove this, let us write
11" = (1917 ()T) - (190712 ) (Bl 190" DIV "2V 0" - 0[]

Using (7.25), we have that the last term is bounded in (L*(Qr))* by C. Moreover,
the first term is bounded by 1 in (L>(Q7))**?, then we just have to bound the term
IVp"|2 in L*(Qr). Using (7.24), we have

1
- _ / - 2) Bk <C. 7.34
116" 2 125r) (QT| ) = eyt ey 730

This implies (7.33).

Step 2 : Strong convergence of V" in L2((0,T): (L3 (T2))22)
Using the parabolic estimates for the heat equation (see [130, ch 4.3 p 80 and ch 4.9
p 341|) and Step 1, we get

V"] <C (7.35)

WS (0T)(L3 (12)22) =

where for a Banach space B

T
W22((0,T); B) = { g € LP((0, T); / / lo®) = 9G)s 4y g4 < o0
t — S|2p+l

Moreover, using (7.24) we get

HV'OnHL?((o,T);(H%(TQ))2X2) = (7.36)

We then use the following lemma :
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4. A priori estimates and proof of Theorem 1.1

Lemma 4.2. (Compactness result)
Let (gn)n be a sequence uniformly bounded in

L2 ((O,T);H%(T2)> NWzs ((O,T);L%(T2)> ;

then, for a subsequence, g, — g strongly in L*((0,T); L%(Tz)).

Formally, the proof uses the fact that H 2 C L3 with compact injection in space
while the compactness in time comes from (7.35). We refer to Simon [167, Corollary
5, p.86] for a more general result and for the proof of this lemma.

Using (7.35), (7.36) and Lemma 4.2, we then deduce that, for a subsequence,
2
Vp" — Vp strongly in L? <(0, T); (L%(T2)> ) and almost everywhere.

Step 3 : Weak convergence of o[p"] in L? ((O,T); (L4(’]I‘2))2>

We have Hz2(T?) C L*(T?) with continuous injection (see Adams [1, Theorem 7.57
p217]). So L2((0,T); Hz(T2)) c L*((0,T): L*(T?)) with continuous injection. We
then deduce from (7.24) that

van||L2((0,T);(L4(T2))2X2) S C. (737)
Using Lemma 3.2, we then get
”CO *anL2((0,T);(L4(T2))2) < C. (738)

4
Using the fact that the application Wj”tl’g’(QT) — L%(QT) is compact and the
converse of Lebesgue Theorem, we deduce that W'(p") — W'(p) almost everywhere.
This implies that o[p"] — o[p] in L*((0,T); (L*(T?))2.

Step 4 : Passing to the limit
Using Step 2 and Step 3 and the fact that |Vp"|~1Vp" is bounded by 1, we deduce
that

fulp™] — Vo Y (Vp)T - Vp-o[p] in the distributions sense.

By passing to the limit in (7.7), we obtain
pr—eDp=|Vp| " (Vp)T - Vp-olp] in D'((0,T) x T?). (7.39)

Step 5 : Initial Condition

. . . 4 . .
Using the fact that p}" are bounded uniformly in L3 (Q7) (by parabolic estimates for
the heat equation and Step 1), we deduce that (uniformly in n)

n (0 1 3
||p (t + h) - p (t)H(L%(']IQ))Q S Oh4 Hpt ||L%((07T);(L%(T2))2)

and then p € CO((0,T); (L3 (T?))?) and py— = p°.
This achieves the proof of Theorem 1.1. O
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5 Appendix

Full proof of Lemma 3.2

Here we do the proof for any p € (1,+00). Under assumption (A), there exists a
constant C' > 0 only depending on p, such that the following result holds for any
p € WH(R?)

~ 5 C B
’CO *RQ p|(Lp(R2))2 S E|Vp|(Lp(R2))2X2

~0
where the Fourier transform of C° satisfies C = M with M as in (7.5).
This result can be found in the scalar case on R™ in Stein [175], see proposition 5 page
251, or Coifman, Meyer [59], Theorem 9 page 39 and Proposition 2 page 41. See also
Calderon-Zygmund inequalities Theorem 2.7.2 in Morrey [145]. Here the convolution
by C° is a multiplier operator in the class S* of pseudo-differential operators. We
then get the result in the vectorial case, summing the scalar components. See also
the book of Garroni, Menaldi [95] for complements on integro-differential operators.
The fact that the result holds on the torus T? is then classical. We prove it for the
convenience of the reader. To this end, we consider a smooth function ¢ such that

o(z)=1 on [-1/3,1/3]*, and supp ¢ C [-2/3,2/3]*, and 0<¢p <1

such that

ng(m—k)zl.

kez2

For any smooth function p : R? — R? which is Z?-periodic, we then set for K > 0

(Sercp)(x) = > plz—k)p(x).

|k|<2K, keZ?

Therefore we get for K > 0 large enough

’BK’ {‘C’O *R2 p‘Lp((_1/271/2)2) -+ 0(1/K>}

< |C% e plirsy)
< ’éo *R2 (SQKp)’LP(]RQ) + ‘éo * (IO - <S2Kp))|LP(BK)
C 50
< ElV(SQKﬂ)’LP(RQ) + ‘|’|C * (/O - (S2Kp))’LP(BK)
C ~0
< B {IVolwr(-1/21/2252 + O(1/K) } + |pl (1< (m2))2 | Bi | [C°(2)]-

|2[>K -1
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Using the fact that [, |C%(2)] = O(1/K), dividing by |Bg| and taking the

limit as K — 400, we get

~ C|B
|CO *R2 p’(Lp(’]I‘Q))Q S E%|Vp’(Lp(T2))2x2

i.e. %

|CO *T2 p’(Lp(TQ))Q S E‘Vp’(Lp(TQ))QXQ
with i

C(z) = > C%z—k).
kez?

We then get the final result by density of smooth functions in (TW1F(T?))2. O

Proof of Lemma 3.7
For simplicity of notation, we denote by g(¢) the function = — g(¢, ). We have

t
197 (8) — P ll oy < / ds (197" () | z2(mo:
0
<V 9™ (2202

Using the fact that ¢™ is bounded uniformly in W242(Qr) (since g™ — g in
W2E(Qr)), we get
g™ () = 2|l r2qreyye < CV/'t. (7.40)

Now let ¢ € C2°([0, +00),R) be such that ¢ > 0. Using (7.40), we get that

t t
/0 ds lg™(5) — P*|aqamyeols) < C / ds s o(s).

Using Fatou’s Lemma, we deduce that

t
| (1906 = R = C5) ols) <0
Using that ¢ > 0 is arbitrary, we deduce that for almost every ¢, we have
lg(t) — POH%L2(T2))2 < V(i

This implies the result. 0]
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Chapitre 8

Homogénéisation de la dynamique
des dislocations et de certains
systémes de particules avec
interactions par paires

Ce chapitre est issu d'un travail en collaboration avec C. Imbert et R. Monneau
[89].

Ce travail concerne I'homogénéisation d’une équation de Hamilton-Jacobi non
locale du premier ordre décrivant la dynamique de plusieurs lignes de dislocations et
I’homogénéisation de certains systémes de particules avec des interactions par paires.
Le premier objectif est d’établir une connexion entre la dynamique rescalée d’un
nombre croissant de lignes de dislocations et la dynamique de densité de dislocations,
passant d’un modéle discret (lignes de dislocation) a un modéle continu (densité de
dislocations). Une premiére réponse a ce probléme a été donnée dans un papier
de Imbert, Monneau et Rouy mais la définition géométrique des fronts n’était pas
complétement satisfaisante. Ce probléme est complétement résolu ici. L’équation
limite est une équation de diffusion non linéaire mettant en jeu un opérateur de
Lévy du premier ordre. Cet opérateur intégral garde en mémoire les interactions
a longue distance alors que la non linéarité garde en mémoire les interactions a
courte distance. Les techniques que nous utilisons s’avérent étre les bonnes pour
obtenir des résultats d’homogénéisation pour la dynamique de particules avec des
interactions par paires. Les systémes d’ODE que nous considérons sont trés proches
des modéles de Frenkel-Kontorova. On montre que la fonction de répartition rescalée
des particules converge vers la solution continue d’une équation de diffusion non
linéaire.



Homogénéisation de la dynamique des dislocations

Homogenization of the dislocation dynamics
and of some particle systems with two-body interactions

N. Forcadel, C. Imbert, R. Monneau

Abstract
This paper is concerned with the homogenization of a non-local first order
Hamilton-Jacobi equation describing the dynamics of several dislocation
lines and the homogenization of some particle systems with two-body
interactions. The first objective is to establish a connection between the
rescaled dynamics of a increasing number of dislocation lines and the
dislocation dynamics density, passing from a discrete model (dislocation
lines) to a continuous one (dislocation density). A first answer to this
problem was presented in a paper by Rouy and the two last authors
[112] but the geometric definition of the fronts was not completely satis-
factory. This problem is completely solved here. The limit equation is a
nonlinear diffusion equation involving a first order Lévy operator. This
integral operator keeps memory of the long range interactions, while the
nonlinearity keeps memory of short ones. The techniques and tools we
introduce turn out to be the right ones to get homogenization results for
the dynamics of particles in two-body interaction. The systems of ODEs
we consider are very close to overdamped Frenkel-Kontorova models. We
prove that the rescaled “cumulative distribution function” of the par-
ticles converges towards the continuous solution of a nonlinear diffusion
equation.
AMS Classification : 35B10, 35B27, 35F20, 45K05, 47G20, 49L25..
Keywords : periodic homogenization, Hamilton-Jacobi equations, mo-
ving fronts, two-body interactions, integro-differential operators, Lévy
operator, dislocation dynamics, Slepcev formulation, Frenkel-Kontorova
model.

1 Introduction

In this paper, we study a non-local Hamilton-Jacobi equation describing the
dynamics of dislocation lines in interaction and we apply these results to get ho-
mogenization for both the dislocation dynamics and some one dimensional particle
systems.

A model for the dynamics of a single dislocation is proposed in Alvarez et al.
[10] by using the so-called level set approach. We adapt here this model to describe
the motion of several dislocation lines moving in two-body interaction. The level
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1. Introduction

set approach permits to describe such geometric motions by considering a function
u : RT x RY such that, for any (but fixed) o € [0, 1), the dislocation line I'? at time
t coincides with

{z:u(t,z) =a+k}

for £ = 1,..., N. After rescaling the problem, we therefore obtain the following
equation

Opus = (c (L,2) + M [“(;)] (:c)) |Vuf| in (0,400) x RY, (8.1)
u (0, ) = up(x) on RY '
where M* is a 0 order non-local operator defined by
Me U] (x) = / dz J(2)E(U(x +ez) —U(x)) (8.2)
RN
where FE is a modification of the integer part :
1
E(a):k+§ if kF<a<k+1 (8.3)

The non-local operator M¢ describes the interactions between dislocation lines. Their
interactions are thus completely characterized by a kernel J. We assume that J €
WHL(RY) is an even nonnegative function with the following behaviour at infinity

JRy>0and 3 g€ C'SV ), g >0s.t. J(z):#g(

|Z’N+1

z

) for |z| > Ry.
(8.4)

Let us mention that such an assumption is natural for dislocations and can be

(slightly) generalized. In the special case where J has a bounded support (choose

g =0), we also assume

2]

in /]R e min(J(2), J(z ) >0 EN22 (8.5)

e€l0,1)N

As far as the forcing term ¢ and the initial datum are concerned, we assume

c(t,y) is Lipschitz continuous and Z™*!-periodic w.r.t. (7,7);
(8.6)

Uy € W2ee (RN) .

Our first aim is to say what happens to the solution u® of (8.1) as ¢ — 0.

This paper follows [111] and [112]. The main difference lies in the fact that the
model we propose here describes better the geometric motion of the dislocation lines
(see Section 3). Let us explain this briefly. In the level set approach for the motion
of a single front, the initial front is described as the 0-level set of a function wg
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that is used as the initial datum of a Cauchy problem. The front at time ¢t > 0 is
then defined as the O-level set of the solution u of the Cauchy problem. If now one
considers two functions uy and vy with the same 0-level set, the geometric motion is
well defined if the corresponding 0-level sets of the solutions of the Cauchy problem
coincide. Considering now the motion of a finite number of fronts, the model in [112]
did not satisfy such a property. But it does with the new model we consider in this
paper (see Theorem 4.7). We will refer to this property as the consistency of the
definition of the fronts.

The technical difficulty when trying to solve (8.1) is : how to deal with the integer
part E, since it is discontinuous ? Our first try in [112] was to regularize £, make a
change of unkown function and perform the homogenization in this framework (see
also [111] for similar techniques for local equations). Here, on the contrary, we want
to keep the model with the integer part in order to get consistency of the definition of
the fronts. We use a notion of viscosity solutions for non-local equations introduced
by Slepéev [169]. It consists in considering the simultaneous evolution of all the level
sets of the function u® (see Definition 4.1). Such a definition ensures the stability of
solutions, a key property in the viscosity solution approach.

The first aim of this work is to pass from a discrete and microscopic model
involving the evolution of a finite number of dislocation lines to a continuous and
macroscopic one describing the evolution of a dislocation density. To do so, we prove
a homogenization result, i.e. we prove that the limit u° of u® as ¢ — 0 exists and
is the (unique) solution of a homogenized (or effective) equation. The function u° is
understood as a “cumulative distribution function” associated with dislocations and
its gradient represents the dislocation density. As in [112], the effective equation is

{ O = H' (T[u'(t, )], V) in (0, 400) x RY, (8.7)

u®(0,x) = up(x) on RY

where H' is a continuous function and 7, is an anisotropic Lévy operator of order
1 associated with the function g appearing in (8.4). It is defined for any function
U € C}RN) for r > 0 by

BUI) = [y (e +2) =~ U() = VaU() -2) rerg () @2

U+ 2) = U@)) g () d2 (8.8)

(notice that the latter expression is independent of r since J is even). As explained
in [112], this Lévy operator Z; only keeps the memory of the long range interactions
between dislocations, as the effective Hamiltonian " will keep the memory of the
short range interactions (see the proof of Lemma 6.1 below). As usual in periodic ho-
mogenization, our aim is two-fold : to determine the so-called effective Hamiltonian
770 € 0

H and to prove the convergence of u® towards u".
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The second aim of this work is to apply these techniques to get homogenization
results for the following system of ODEs

je{lv"'vNE}\{i}

where F' is a constant given force, V| is a 1-periodic potential and V' is a potential
taking into account two-body interactions. One can think of y; as the “position” of
dislocation straight lines. The key fact for applying the results about the solution
of (8.1) is that, under proper assumptions on V; and V, the function

prlta) = < (—% +> H- eyxt/a»)

(where H is the Heaviside function — see below for a definition) satisfies (8.1) for
some ¢ and J well chosen and suitable initial data. Hence, the rescaled “cumula-
tive distribution function” p°® of particles is proved to converge towards the unique
solution of the corresponding nonlinear diffusion equation (8.7). See in particular
[142] for interesting results concerning homogenization of some gradient systems
with wiggly energies.

We would like to conclude this introduction by mentioning that our work is
focused on a particular equation with a particular scaling in ¢, directly inspired from
the dislocation dynamics. It would be interesting to consider several extensions of
this model. A first extension could take into account the presence of Franck-Read
sources or of mean curvature motion terms. The study of different scalings in ¢ and
different decays at infinity for the kernel J is another interesting question. We also
want to point out that getting some error estimates, both for the homogenization
process and for the numerical computation of the effective Hamiltonian, would be
also very interesting. To finish with, let us mention that we will study in a future
work the homogenization of classical Frenkel-Kontorova models which are systems
of ODEs.

Organization of the article. The paper is organized as follows. In Section 2, we
present our main results. In Section 3, we give a physical derivation of equation (8.1).
In Section 4, we recall the definition of viscosity solutions for equations like (8.1)
and (8.12), we give a stability result, a comparison principle and existence results.
The proof of the ergodicity of the problem (Theorem 2.1) is presented in Section 5.
Section 6 is devoted to the proof of the convergence (Theorem 2.5). In Section 7,
we establish the qualitative properties of the effective Hamiltonian described in
Theorem 2.6. Finally, in Section 8, we apply our approach to the case of systems of
particles (Theorem 8.1 and 2.11).
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Homogénéisation de la dynamique des dislocations

Notation. The open ball of radius r centered at x is classically denoted B,(x).
When x is the origin, B,.(0) is simply denoted B, and the unit ball By is denoted
B. The cylinder (¢t — 7,t + 7) x B,(z) is denoted Q. (¢, z). The indicator function
of a subset A C C'is denoted by 14 : it equals 1 on A and 0 on C'\ A.

The quantity |z] denotes the floor integer parts of a real number z. Let H(z)
denote the Heaviside function :

1 ifr >0,
H(”_{ 0 ifr<o.

It is convenient to introduce the unbounded measure on RY defined on R" \ {0}
by :

p(dz) = M%g ( & > dz (8.10)

E

and such that p({0}) = 0. For the reader’s convenience, we recall here the five
integro-differential operators appearing in this work :

M U] (z) = /RN EU(x+ez)—U(x))J(2)dz

My U] (z) = RN{E(U(x+z)—U(m)+p~z+oz)—p~z}J(z)dz,
M (0] @) = [ (B +2) = UG@)+p-2) = -2} () d,
M U] (x) = o {EU(z +2) - U(x))} J(2) dz,
1 z
T[U)(z) = /RN(U(:L'~I— 2)=U(x) — 1p,(2)V,U(x) - 2) ]z]T“g <g> dz.

To each operator M, we associate M which is defined in the same way but where
E is replaced with F, defined as follows

1
E*(a):k+§ if k<a<k+1.

See Section 4 for further details.

2 Main results

2.1 General homogenization results

We explained in the introduction that our first aim is to get homogenization
results for (8.1). In other words, we want to say what happens to the solution u® of
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(8.1) as ¢ — 0. We classically try to prove that u° converges to the solution wug of an
effective equation. In order to both determine the effective equation and prove the
convergence, it is also classical to perform a formal expansion, that is to write u® as
up+ev. One must next find an equation (E) solved by v. The function v is classically
called a corrector and the equation it satisfies is referred to as the cell equation or
cell problem. In our case, such a problem is associated with any constant L. € R and
any p € RV :

A+ 00 = <c(7, y) + L + My[v(r, )](y)) lp+Volin  (0,400) x RY  (8.11)

where

W) = [ dzJEHE W +2) - V) +p-2) -2}

The construction of correctors v satisfying (8.11) is one of the important problem
we have to solve. It is done by considering the solution w of

Oyw = (C(T, y) + L+ My[w(r, )](y)) Ip+Vw| in (0,4+00) x RY,
w(0,y) =0 on RN,

(8.12)

and by looking for some A € R such that w — A7 is bounded. Here is the precise
result.

Théoréme 2.1 (Ergodicity). Under the assumptions (8.4)-(8.5)-(8.6), for any L €
R and p € RY, there erists a unique X € R such that the continuous viscosity
solution of (8.12) (in the sense of Definition 4.1) satisfies : @ converges towards
A as T — +oo, locally uniformly in y. The real number \ is denoted by ﬁO(L,p).
Moreover, the function " satisfies

H' is continuous in (L,p) and nondecreasing in L. (8.13)

Remark 2.2. Condition (8.5) is related to the periodicity assumption on the ve-
locity. Indeed, assumption (8.5) is crucial in our analysis and we do not know if
ergodicity holds or not if this assumption is not fullfilled in dimension N > 2.

Remark 2.3. Condition (8.13) ensures the ezistence of solutions for the homoge-
nized equation (8.7) (see Theorem 4.6).

Remark 2.4. A superscript 0 appears in the effective Hamiltonian. The reason is the
same as in [112] : we will have to study the ergodicity of a family of Hamiltonians in

order to prove the convergence. With the notation of Section 5, we have ﬁO(L,p) =
H(L,p,0).
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With correctors in hand, we can now prove the convergence of the sequence u°.
The second main result of this paper is the following convergence result.

Théoréme 2.5 (Convergence). Under the assumptions (8.4)-(8.5)-(8.6), the boun-
ded continuous viscosity solution u® of (8.1) (in the sense of Definition 4.1) with
initial data uy € W2 (RY), converges as e — 0 locally uniformly in (t,z) towards
the unique bounded viscosity solution u° of (8.7).

Recall that the first homogenization problem we are trying to solve comes from
dislocation theory. We thus would like to be able to get an interpretation of the
homogenization result we obtain in terms of dislocation theory. This is the reason

why we look for qualitative properties of " Considering the one dimensional special
case and a driving force independent of time, we obtain the following

Théoréme 2.6 (Qualitative properties of FO). Under the assumptions N = 1,
¢ = c(y) and f(o,1)c = 0, the function FO(L,p) is continuous and satisfies the
following properties :

1. If c =0 then FO(L,p) = L|p|.

2. (Bound) If C denotes ||c||ls + 3|12, we have

—L

—0
‘—H L) _pl<c jor (Lp)eRxR

p|

3. (Sign of the Hamiltonian)
H(L,p)L>0 for (L,p)eRxR.

4. (Monotonicity in L) The function FO(L,p) satisfies for C' = ||c||o + (|p| +

%)HJ“Ll :
0

A _oH _ |H
(L] —c)" = oL ~ |L|+C"

5. (Modulus of continuity in L) There ezists a constant Cy only depending
on ||Ve|le such that

—0 —0 Cip| 1
O<H(L+L.,p)—H (Lp < for0 < L' < =.

6. (Antisymmetry in L) If there exists a € R such that —c(y) = c(y + a),

then : ., .
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7. (Symmetry in p) If there ezists a € R such that ¢(—y) = c(y + a), then :
=0 =0

8. (0-plateau property) If ¢ # 0, then there ezists o > 0 (only depending on
|clloe and Jigy\(-1,1)) such that :

EO(L,p) =0 for (L,p)€ B,,(0) C R

9. (Non-zero Hamiltonian for large p) Let us assume that c € W?>=(R), J €
Wh(R) and :
ho, by € L*(R)

where

ho(z)=  sup [J(z+a)], h(z)= sup [|[J'(z+a)l
a€[-1/2,1/2] a€[-1/2,1/2]

Then there ezists a constant C' > 0 (depending on ||c||w2e, [|hollrr, [[P1]lrt)
such that :

LHL,p)>0 for |L|>C/lp| and |p|>C.

Remark 2.7. Notice that assuming f c =0 1s not a restriction at all.

Remark 2.8. The qualitative properties 8 and 9 of the homogenized Hamiltonian
shows that there is a cooperative collective behaviour. More precisely, increasing the
dislocation density allows to mowve the dislocations that were locked for small densities
(and small enough L ).

The 0-plateau property for small p is related to the work of Aubry [15] on the breaking
of analyticity of the hull function. In particular, from De La Llave [70], it is possible
to see that for any Diophantine number p and for any ¢ small enough (depending on
p), with ¢ and V' analytic, we have

LHO(L,p) >0 for L #0.

The threshold % for large p is related to the well-known pile-up effect for dislocations
in front of an obstacle. Indeed, it is know that for an applied stress L, and a pile-up
of p dislocations stuck on the obstacle, the internal stress field created by the the
obstacle is F = pL, (see [106] page 766 for further details). Therefore to make the
dislocations to move, we need to apply a stress of the order F'/p, which is exactly the
result we get.
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<

HO<O

F1G. 8.1 — Schematic representation of the effective Hamiltonian

Remark 2.9. In the case ¢ = 0, self-similar solutions of (8.7) were obtained by
Head (see for instance [72, 104]).

The typical profile of " is represented in Figure 8.1. We also refer to Ghorbel
[96] and Ghorbel, Hoch, Monneau [97] for simulations.

Remark 2.10. The boundary of the set {EO(L,p) = 0} is given by two graphs
h=(p) < L < h*(p), but it is not known if h™ and h™ are continuous.

2.2 Application to the homogenization of particle systems
with two-body interactions
As explained in the Introduction, we are able to apply the homogenization results

of (8.1) to the system of ODEs (8.9) because under appropriate assumptions the
function p of (7,y) defined by

pr) = —5 + D Hy— () (8.19

(where H is the Heaviside function — see the Introduction for a definition) is a
solution of (8.1) with ¢ = 1 and ¢ independent on time where

cly)=Vy(y) — F and J=V"on R\{0}. (8.15)

See Theorem 8.1 for a precise statement.

Before presenting the results for (8.9), let us make precise the assumptions on F,
Vo and V and make some comments on them. We recall that F' is a constant given
force and V; is a 1-periodic potential. As far as V' is concerned, we assume
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Assumption (H)
(HO) V € W22°(R) and V" € WHLH(R\{0}),
) V is symmetric, i.e. V(—y) = V(y),
2) V is nonincreasing and convex on (0, +00),
) V'(y) — 0 as |y| — +oc,
)

In (H4), V" will play the role of the function J appearing in (8.2) and condition
(H4) is equivalent to (8.4). It is possible to slightly generalize Assumption (H4) by
only assuming an asymptotic behaviour of V" instead of assuming that it coincides
with go/y? outside a fixed ball. The system of ODEs (8.9) has some similarities with

V(y)

F1G. 8.2 — Typical profile for a potential V' satisfying assumptions (H).

the overdamped Frenkel-Kontorova model [126], except that in the classical Frenkel-
Kontorova model only interactions between nearest neighboors are considered (see
Hu, Qin, Zheng [108]; see also Aubry [15], Aubry, Le Daeron [16] as far as station-
nary solutions are concerned). We plan to study the homogenization of the classical
Frenkel-Kontorova model in a future work.

Then we have the following homogenization result for our particle system.
Théoréme 2.11 (Homogenization of the particle system). Assume that Vj is 1-
periodic, Vj is Lipschitz continuous and V satisfies (H). Assume that y,(0) < ... <
yn.(0) are given by the discontinuities of the function pf(x) = eF (“(’T(x)) with E
defined by (8.3), for some given nondecreasing function uy € W**(R). Define p as

in (8.14) and consider
(¢, ) t x
r)=¢ep|—— ).
P L, P PR

Then p° converges towards the solution u°(t,x) of (8.7) where the operator I, is

defined by (8.8) with g (z/|z|) = go and H' is given in Theorem 2.1 with ¢ and J
defined in (8.15).
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Remark 2.12. In the case of short range interactions, i.e., go = 0 in (H4), the
homogenized equation (8.7) is a local Hamilton-Jacobi equation and the dislocation
density %on satisfies formally a hyperbolic equation.

Remark 2.13. Theorem 2.11 is still true (with other constants depending possi-
bly on these quantities) with a potential Vy(t,x) periodic in x and t (see Theorem
2.5). Moreover, the regularity of the initial data ug can be considerably weakened if
necessary.

Since our first goal was to study dislocation dynamics, the following generaliza-
tion is of special interest.

Théoréme 2.14 (The dislocation case). Theorems 2.11 and 2.6 (excepted point 4.
and point 9.) are still true with V(x) = —In|z| and ¢ and J defined by (8.15).

Remark 2.15. Here the annihilation of particles is not included in (8.9), but our
approach with equation (8.1) could be developed in this case.

3 Physical derivation of the model for dislocation
dynamics

Dislocations are line defects in crystals. Their typical length is of the order of
10~%m and their thickness of the order of 10~%m. When the material is submitted to
shear stress, these lines can move in the crystallographic planes and their complicated
dynamics is one of the main explanation of the plastic behaviour of metals.

In the present paper we are interested in describing the effective dynamics for
the collective motion of dislocation lines with the same Burgers’s vector and all
contained in a single slip plane {z3 = 0} of coordinates x = (x1, z3), and moving in
a periodic medium. At the end of this derivation, we will see that the dynamics of
dislocations is described by equation (8.1) in dimension N = 2.

Several obstacles to the motion of dislocation lines can exist in real life : preci-
pitates, inclusions, other pinned dislocations or other moving dislocations, etc. We
will describe all these obstacles by a given field

c(t, z) (8.16)

that we assume to be periodic in space and time. Another natural force exists : this
is the Peach-Koehler force acting on a dislocation j. This force is the sum of the
interactions with the other dislocations k for k£ # j, and of the self-force created by
the dislocation j itself.
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The level set approach for describing dislocation dynamics at this scale consists
in considering a function v such that the dislocation k£ € 7Z is basically described by
the level set {v = k}. Let us first assume that v is smooth.

As explained in [10], the Peach-Koehler force at the point x created by a dislo-
cation j is well-described by the expression

o * Liv>j}

where 1,>;, is the characteristic function of the set {v > j} which is equal to 1
or 0. In a general setting, the kernel ¢y, can change sign. In the special case where
the dislocations have the same Burgers vector and move in the same slip plane,
a monotone formulation (see Alvarez et al. [10], Da Lio et al. [67]) is physically
acceptable. Indeed, the kernel can be chosen as

COZJ—50

where J is nonnegative and Jp denotes the Dirac mass. The negative part of the
kernel is somehow concentrated at the origin. Moreover, we assume that .J satisfies
the symmetry condition : J(—z) = J(z) and [,,J = 1 so that we have (at least
formally) fRQ co = 0. The kernel J can be computed from physical quantities (like
the elastic coefficients of the crystal, the Burgers vector of the dislocation line, the
slip plane of the dislocation, the Peierls-Nabarro parameter, etc.). We set formally

1 if o(z) >y
(do* Lppsjy) (@) =14 3 if wv(z)=
0 if w(z)<ij

We remark in particular that the Peach-Koehler force is discontinuous on the dislo-
cation line in this modeling (see Figure 8.3).

Let us now assume that for integers Ni, Ny > 0, we have —N; — 1/2 < v <
Ny + 1/2. Then the Peach-Koehler force at the point = on the dislocation j (i.e.
v(z) = j) created by dislocations for k = —Ny, ..., Ny is given by the sum

((J —00) % 22 1{v2k}> () = (J x E(v —v(2))) (x) (8.17)

with E defined in (8.3). Defining the normal velocity to dislocation lines as the
sum of the periodic field (8.16) and the Peach-Koehler force (8.17), we see that the
dislocation line {v = j} for integer j, is formally a solution of the following level set
(or eikonal) equation :

vy = (c+ Jx E(v—ouv(z))) V| (8.18)
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A(J - 60) * 1{:1:€R2, x1>0}

F1G. 8.3 — Typical profile for the Peach-Koeller force created by a dislocation straight
line.

which is exactly (8.1) with ¢ = 1.

We refer in particular to [112] for a mechanical interpretation of the homogenized
equation and the references therein for other studies of models with dislocation
densities. See in particular [156] for the homogenization of one-dimensional models
giving some rate-independent plasticity macroscopic models.

4 Viscosity solutions for non-local equations (8.1)
and (8.12)

In this paper, we have to deal with Hamilton-Jacobi equations involving integro-
differential operators. For Equations (8.1) and (8.12), we will use a definition of
viscosity solutions first introduced by Sleplev [169]. As far as Equation (8.7) is
concerned, the reader is referred to [112| for a definition for viscosity solution and
for the proof of a comparison principle in the class of bounded functions.

Let us first recall the definition of relaxed lower semi-continuous (Isc for short)
and upper semi-continuous (usc for short) limits of a family of functions u® which is
locally bounded uniformly w.r.t. ¢ :
limsup*u®(t,z) = limsup «°(s,y) and liminf,u®(t,2) = loim itnf u(s,y).

e—0,s—t,y—x e—0,s—t,y—x
If the family contains only one element, we recognize the usc envelope and the lsc
envelope of a locally bounded function w :
u*(t,x) =limsupu(s,y) and w.(t,x) = liminf u(s,y).

s—t,y—x s—t,y—x
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4.1 Definition of viscosity solutions
In this subsection, we will give the definition of viscosity solution for the following

problem

{ Oru = (c(t,z) + My[u(t,)](x)) [p+ Vu| in (0,+00) x RY, (8.19)

u(0,z) = ug(x) on RY

where M} is defined by
MUl = [z JE{BU+2) = Ule) +p-2+0) =p-2).
It will be convenient to define the following associated operator
U@ = [ 42 B +2) = U@ +p-2+a) = p-3}.
where we recall that
1
E*(a):k+§ it k<a<k+1.

We now recall the definition of viscosity solutions introduced by Slep&ev in [169)] :

Definition 4.1 (Viscosity solutions for (8.19)). A upper semi-continuous (resp.
lower semi-continuous) function u : RT x RY — R is a viscosity subsolution (resp.
supersolution) of (8.19) if u(0,z) < uj(x) in RY (resp. u(0,7) > (ug).(x)) and for
any (t,z) € (0,00) x RY and any test function ¢ € C*(R* x RY) such that u — ¢
attains a maximum (resp. a minimum) at the point (t,z) € (0,+00) x RN, then we
have

rp(t, x) < (et x) + MZ[ult, ))(x)) |p + Vol
(resp. Dro(t,2) > (elt, ) + Melu(t,)()) Ip + Vo).

A function u is a viscosity solution of (8.19) if u* is a viscosity subsolution and u,
1S a viscosity supersolution.

4.2 Stability results for (8.19)

In this subsection, we will prove a general stability result for the non-local term.
The following proposition permits to show all the classical stability results for vis-
cosity solutions we need.
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Proposition 4.2 (Stability of the solutions of (8.19)). Let (u,), be a sequence of
uniformly bounded usc functions (resp. lsc functions) and let T denote lim sup*u”
(resp. u = liminf*u™). Let (t,, Tn, P, n) — (to, 2o, p, ) in R x RY x RY x R be
such that u, (t,, r,) — U(te, xo) (resp. un(tn, r,) — u(to, x0)). Then

lim sup M [un (t, -)}(2n) < M [u(to, )] (o) (8.20)

n—oo

n—oo

(resp. lim inf Mg‘n" [tn (tn, )] (xn) > Mg[g(to, )](x0)> :

This result is a consequence of the stability of the Slepcev definition and in
particular of the following lemma (whose proof is given in [169]) :

Lemma 4.3. Let (f,), be a sequence of measurable functions on RY, and consider

f = limsup*f,
and

f =liminf* f,.

Let (ay,), be a sequence of R converging to zero. Then
L{fn2and\{f>0}) =0 as n— oo

and
LH{f>0\{fn>an}) =0 as n—o0

where L(A) denotes the Lebesgue measure of measurable set A.

Proof of Proposition 4.2. We just prove the result for u. Let ¢ > 0. Using the strong
decay at infinity of J and the fact that |[E(r) — r| < 1, we know that there exists R
such that for any n € N

/||>R JE(un(tn, T+ 2) — Un(tp, Tn) + P 2+ Q) — Dn - 2}

£
<_a
4

[ JEH B30+ 2) =) - 5-4-0) =2}

£
< —. 21
<SG

Moreover, using the uniform bound on the sequence (u,),, we deduce that for |z| <
R, there exists Ny € N, Ny > 1, such that

[t (tn, T 4+ 2) — wp(tn, Tp) + o - 2+ an] < N

and
[a(to, xo + 2) — U(to, z0) +p- 2 + a| < Ny.
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We notice that X
B(B) =) lip=iy = Y Lisany + 5 (8.22)

k>1 k<0

We then get that
/ J{E(un(tn, Tn + 2) — Up(tn, xn) + Dn - 2+ ) — P - 2}
|z|I<R

_ /|<R J(2){E(u(to, xo + z) — ulto,xo) +p- 2z + ) —p- 2}

No
S /| R J<Z){ Z (1{un(tn,SCn+Z)_un(tn7xn)+pn'Z+Oén2k?} - 1{ﬂ(t0,x0+z)—ﬂ(t07x0)+p.z+a2k})
2s k=1

0
B Z (1{un(tn7wn+z)_un(tnyxn)+pn‘Z+an<k} - 1{ﬂ(t0,$0+z)—ﬂ(to,1‘0)+p~2’—‘,—a<k}) }
k=—Np

(8.23)

Since the two sums are finite, we get, using Lemma 4.3, that for n big enough
No

Z/ dZ J(Z> (1{un(tnymn"l‘z)_un(tnyxn)“!‘pn'Z+an2k;} - ]'{ﬂ(to7ZO+Z)_H(tO7$O)+p'Z+OCZk})
k=1 7 12ISR

<

=] M

0

/ dz J(Z) (1{E(to,onrz)fﬂ(to,x0)+p-z+a<k} - ]-{un(tn,:anrz)fun(tn,xn)+pn-z+an<k})
No |2|I<R

k=—
£
< -.
!
(8.24)
Using (8.21), (8.23) and (8.24) we deduce that
My un(tn, <) (2n) < My [u(to, -))(20) + €
for n big enough. This implies (8.20). O

4.3 Comparison principles

In this subsection, we will prove a comparison principle for (8.19).
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Théoréme 4.4 (Comparison Principle). Let T > 0 and assume that J € WHH(RY),
Consider an initial datum ug € W2*°(RY) and a forcing term ¢ € WH>([0, 400) x
RYN). Let u be a bounded upper semi-continuous subsolution of (8.19) and v be a

bounded lower semi-continuous supersolution. Then u(t,x) < v(t,z) for all (t,x) €
0, 7] x RY.

Proof. Suppose by contradiction that My = sup ryxgy (u(t, ) — v(t,z)) > 0. For
all0 <v <1, >0, 8>0, we define
|z —yI”

2 6P + b))

@Zﬁ(t,l’, y) =u(t,z) —v(t,y) —nt+p- (r —y) — Kot (
where K is a constant which will be chosen latter. We observe that

lim sup 7 ,(t,7,y) = —c0

|2,y =00

so @ ; reaches its maximum at a point (#,7,7) € [0,7] x RV x RY. Moreover, the

constant K, being fixed, we have M, = sup (ID,zﬂ > % for n and 3 small enough.
Standard arguments show that

1z —g]> < Covy, B(z|* +5*) < Cy (8.25)

with Cy depending on ||u||s, [|v]|c, p and K.

We claim that there exists 0 < v < 1 such that for all 3 small enough, we have
t > 0. Indeed, if for all 0 < v < 1 there exists § > 0 (small) such that ¢ = 0, then
the following estimates holds :

My ~— _ _ o
2 < Wo <u(0,7) - 0(0,5) + lpllz — 51

<(|[Duollss + Ip)|Z — 7.
Using (8.25), we get a contradiction if v is small enough and we prove the claim.
Using Ishii’s Lemma yields that there are a,b € R and p, ¢;, ¢, € R" such that

M — 7|2
o= b=+ s (00 a1 ).

_E 9 _ _
p= el Y G =285z, g, = 2B,

a— (c(t,z) + M u(t,))(2)) [p+ @ <0

and
b— (el 5) + Mo(E,)]@)) 15— | = 0.
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4. Viscosity solutions for non-local equations (8.1) and (8.12)

Subtracting the two last inequalities, we get

o+ e (TR e+ ) )
< (c(f, 2) + MeTu@,)](@) b+ @l — (e(F.5) + MW@ ))@) - @l (826)
We define

A= {22 B(ulh, ») —ulf, 1) +p- (:—3) +0) < Bu(u(f,2) —o(E.5) +p- (- —5) + @)}
(8.27)
The inequality @7 ;(t,7,7) > 7 4(¢,z, ) yields

u(t,z) —u(t,z)+p-(2—7)+a

_ = _ 512
<o69) = old.5) 9 (o= )+ e (2 a4 ) - 20128

This implies that
A° CH{lz] = Ryp},

where

1 T _ ]2
(Rl = 5 (% T 80l + |y|2>) .

We now distinguish two cases.
CASE 1. There exists a constant C’V > 0 such that for any § small enough we have

|z — 9
2y

> C,.
In this case, we have
{lz =2l =2 Ry 5} C{lz] = Ry} (8.28)

where R, 3 = —|Z|+ R, 3 — +o00 as 3 — 0 (see Da Lio et al. [67, Lemma 2.5]). This
implies that

MyTu(t, -)](z)
:/RNdz J(@ = ) {E(,2) —u(l,) +p- (= 2) +a) —p- (2 — )}

< [ 4@ = B0l 2) = o00) + - (=) + ) = p- (= )} + 03(1).

285



Homogénéisation de la dynamique des dislocations

Using (8.26) we then get
Nz — 7l?
R I )

<(c(t,z) = c(t,9)) [P+ G| + c(t,7) (Ip+ G| — [P — @l)
+ My [u(t, )](f)(!pwxl—lp—qyl)

+ (M [l (@) = Mgl @) 16— 4]
S B B 1
<Iellalt = g+ @l + el + )+ (2l + a4 5 ) W lsgeo s+ a0
# ([ @2 9= DB ~ o)+ 9 (=9 + @) = (- )+
R
[ a9 @-g)
RN
—/Ndz J(y—z){E*(v(t,z)—v(t,y)+p-(z—y)+0z)—p-(z—y)}) 1D — Gyl
R
+05(1)’ﬁ_%‘
K()E’f_gP 1
<e oy 2|IVelloo + 2[[ VI Ly | 2]|0]00 + s te + 2[| L1 @yy ) +0s(1)
where we have used the definition of p and that |g,|, |g,| = 0s(1). Taking
1
Ko = 2| Delloe + 2 DT llp1m(@lolle + 5 + @) + 20 ll11am),

we get a contradiction for 5 small enough.
CASE 2. there exists a subsequence 3, such that
el

—0 as n — +oo.
2y

In this case, we have |p+ ;| — 0 and |p — ¢,| — 0 as n — +o00. Sending n — +00
n (8.26), we get a contradiction.
This ends the proof of the theorem. [l

4.4 Existence results

Théoréme 4.5. Consider ug € W»*(RY), ¢ € Wh*([0,+00) x RY) and J €
WLHRN). For e > 0, there exists a (unique) bounded continous viscosity solution
u® of (8.1). Moreover, there exists a constant C' independent on € > 0 such that,

|u(t,x) — up(z)| < Ct. (8.29)
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4. Viscosity solutions for non-local equations (8.1) and (8.12)

Proof. As is explained in [112, Proof of Theorem 6] (see also Alvarez, Tourin [11]
or Imbert [110, Theorem 3|), to apply the Perron’s method for non-local equations,
it suffices to prove that there exists a constant C' > 0 (independent of ¢) such that

ug = Ct are respectively a super and a subsolution. The only difficulty is to bound,
for every C, the term ‘Ms [ua(~)+0t]

£

To do this, it suffices to remark that

]

by a constant C independent of C' and «.

g

up(z +ez) Uoiﬂﬁ) — Vaug(z) - 513(2)

1
STUPES e
2 .

and to use [112, Proof of Theorem 6| to get a constant Cy = Cy(Ro, N, ||uo]|w2)

such that
/ dz J(z)
]RN

(with Ry appearing in (8.4)). Then taking C; = 3||J||r: + Cy and C = (||¢|o +
C1)||Vugl|, we get that ug & Ct are respectively a super and a subsolution. This
achieves the proof of the theorem. [l

uo(;z;;r £z) _ uoix) — Vug(z) - §1B(z)

< Cy

We recall the existence and uniqueness result for (8.7).

Théoréme 4.6 ([112, Proposition 3]). Assume that ug € W< (RY), g >0, g €

CO(SN1) and H® is continuous in (L,p) and nondecreasing in L, then the homoge-

nized equation (8.7) has a unique bounded continuous viscosity solution u°.

4.5 Consistency of the definition of the geometric motion

As explained in Sections 1 and 3, Eq. (8.1) is the rescaled level set equation
corresponding to the motion of N fronts submitted to monotone two-body inter-
actions. The classical level set approach is well adapted for describing the motion
of fronts since it can be proved (at least for local equations) that if (8.1) is solved
for two initial data uy and vy that have the same 0-level set, then so have the two
corresponding solutions. It turns out that the classical proof of [27] can be adapted
to our framework. Before explaining it, let us state precisely the result.

Théoréme 4.7. Consider two bounded uniformly continuous functions ug, vy and
two corresponding solutions u and v of (8.1) with ¢ = 1. Fiz any o € [0,1), and
assume that uy and vy satisfy for any k € Z

{ug < k+a}={vy<k+a} & {up > k+ a} = {vy > k + a}.
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Homogénéisation de la dynamique des dislocations

Then the solutions v and v satisfy
{u(t,") <k+a} ={v(t,") < k+a} & {u(t,") > k+a} ={v(t,") > k+a}.

The proof of this theorem relies on the invariance of the set of sub/super solutions
of a level set equation under the action of monotone semicontinuous functions. Such
a result is classical in the level set approach literature.

Proposition 4.8. Assume that 0 : R — R is nondecreasing and upper semiconti-
nuous (resp. lower semicontinuous). Assume also that

O(v) — v is 1 — periodic in v. (8.30)

Assume that € = 1 in (8.1). Consider also a subsolution (resp. supersolution) u of
(8.1). Then 0(u) is also a subsolution (resp. supersolution) of (8.1).

The proof of this proposition is postoned and we now explain how to use it to
prove Theorem 4.7.

Proof of Theorem 4.7. We only do the proof for bounded fronts since the general
case imply further technicalities we want to avoid, see for instance [121]. This is the
reason why we assume that for any k € Z (case o = 0)

{up = k} = {vo = k} is bounded.

We now follow the lines of the original proof of [27]. Hence, we introduce two non-
decreasing functions ¢ and

inf{vo(y) : up(y) >r} ifr <M
o(r) :{ ¢(M) v if r > M

o) = sup{vo(y) : uo(y) <r} ifr>m
(m) ifr<m
where M = supug and m = inf ug. It is clear that ¢ is upper semicontinuous and

1 is lower semicontinuous. We now consider increasing extension ¢, ¢ of ¢ and v
that satisfy ¢ (k) = k = ¢(k) for k € Z and define

3(v) = I {30+ F) — k)
U(v) = sup{Y(v + k) — k}
kEZ
(in fact the infimum or supremum are only on finite values of k because 1y and vy
are bounded). By noticing that ¢(ug) < vo < ¥(ug) (because vy < W(ug +¢) for any
e > 0) and using Proposition 4.8, we conclude that ¢(u) < v < ¥ (u). It is now easy
to conclude. 0
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5. Ergodicity

It remains to prove Proposition 4.8.

Proof of Proposition 4.8. We just need to check that the non-local term can be
handled in the classical proof. We only treat the case of subsolutions. Consider
first § € C'(R) such that ¢ > 0. Consider ¢ a test function from above satisfying
0(u) < ¢ with equality at (to, z¢). Then u < 67'(¢) and

007 (9)) < clu]| V.07 ()]
with
clu] = c(to, o) + Mu(to, -)](zo).
Because from (8.22)
E(u(to, zo + 2) — u(to, z0)) < E(O(u(to, zo + 2)) — 0(u(ty, x0)))
we deduce that
Op < c|0(u)]|Vael,

i.e. O(u) is a subsolution in the sense of Definition 4.1.
In the general case, use the following lemma whose proof is left to the reader.

Lemma 4.9. For a usc nondecreasing function 0, there exists 05 € C' such that
(6°) >0, 6 > 0 and limsup” 6° = 0.

On one hand, one can prove that such an approximation satisfies lim sup™ 6°(u) =
f(u). On the other hand, 6° still satisfies (8.30). Hence 6°(u) is a subsolution of (8.1)
by the previous case and we conclude that so is #(u) by the stability result. [l

5 Ergodicity

As explained in the Introduction, we will need in the proof of convergence to add
a parameter o > 0 in the cell problem. For the solution w of

{ Orw = (c(r,y) + L+ M2 w(r,))(y)) [p+ Vyw| in (0, +00) x RY

w(0,9) =0 on RV, (8.31)

we prove a result that is stronger than Theorem 2.1.

Théoréme 5.1 (Estimates for the initial value problem). There exists a unique
A = ML, p,«) such that the (unique) bounded continuous viscosity solution w €
C([0,+00) x RY) of (8.31) satisfies :

lw(,y) — At| < Cs, (8.32)

lw(r,y) —w(r,2)| < Cy, forally, z€ RY (8.33)
1

A= (L +al[J|z)lpll < (el + §||J||L1)|p\ =: Cy (8.34)
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where
2l¢ll oo g
¢, — C*” ) 6, — 50, 4 200,
0
_ing dz min (J(z —8), J(z+6)) > 0. 8.35
co 56[(},111/2)1\7/1[{;1\’ z min (J(z ), J(z +0)) ( )

In the case N =1, we can choose :
Cr = |pl. (8.36)

Theorem 2.1 is a consequence of (8.32). The existence of bounded solutions
v(1,y) = w(r,y) — A1 of

A+ 00 = (c(r,y) + L+ MZv(r,)](¥) [p+ Vyv| on (0,+00) x RY  (8.37)
is a straighforward consequence of the previous theorem :

Corollary 5.2 (Existence of bounded correctors). There exists a solution v of (8.37)
that satifies :

(T, y)| < Cs,
|U(T7 y) - U(T7 Z)l < Cl'

Remark 5.3. To construct periodic sub and supersolution of (8.11) we can also
classically consider

00 + 12 = (ar(r,y) + L+ Mp[° (7, )] () Ip + Vo'
and take the limit 6 — 0 to obtain exact correctors.

In order to solve the homogenized equation and to prove the convergence theo-
rem, further properties of the number A given by Theorem 5.1 are needed.

Corollary 5.4 (Proper_ties of the effective Hamiltonian). The real number \ defines
a continuous function H : R x RV x R — R that satisfies :

H(L,p,a) — +00 as L — +oo, (8.38)
H(L,p,a) — 00 as «a — Foo. (8.39)

Moreover, H(L,p, «) is nonincreasing in L and o.

In a first subsection, we successively prove Theorem 5.1 in dimension N > 2 and
Corollary 5.4. Theorem 5.1 in the case N = 1 will be proved in a second subsection.
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5. Ergodicity

5.1 Proof of Theorem 5.1 and Corollary 5.4

Proof of Theorem 5.1 in the case N > 2. We proceed in several steps.

STEP 1 : BARRRIERS AND EXISTENCE OF A SOLUTION. We proceed as in the proof
of Theorem 4.5. We remark that w®(7,y) = C*7 with C* = (L + «||J||11)|p| & Cs
(with Cy defined in (8.34)) are respectively a super- and a subsolution of (8.31).
Hence, there exists a unique bounded continuous viscosity solution of (8.31) that
satisfies :

1
w(r,y) = (L +af Jl)lplr] < (llelloe + S0Pl (8.40)

Remark that by uniqueness, w is Z"-periodic with respect to y.

STEP 2 : CONTROL OF THE OSCILLATIONS W.R.T. SPACE, UNIFORMLY IN TIME.
We proceed as in [112] by considering the functions M (1), m(7) and ¢(7) defined
by :

M(r) = Selﬂlgl?V w(r,y), m(r)= yierﬂlkaw(T, y) and ¢(17)= M(7)—m(r) > 0.

The supremum and infimum are attained since w is 1-periodic with respect to y. In
particular, we can assume that :

M(t) =w(r,Y;) and m(r)=w(r,y,) and Y, —y,€[0,1)".
Now m, M and ¢ satisfy in the viscosity sense :

) = (cln ¥ + L M () )
<(lelo + 3171 + L+ all 7)o

+ / dz J(Z)(U)(T, Y, + 2) - w(T, YT))|p|7
) 2 (el + Lt Mgl o) )
>(~lelloe = 31112 + L+ ol Tl

+ / dz J(z)(w(T,yr + 2) —w(T, y-))|p|s

dq
7 (1) =2lelloe + 171 z)lpl + L£(7)[p]

where

L(T) = /dz J2)(w(r, Y, +2) —w(r,Y;)) — /dz J2)(w(T,y, + 2) —w(T,y,)).
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Let us estimate £(7) from above by using the definition of y, and Y,. To do so, let
us introduce &, = X2¥= € [0,2)" and ¢, = =¥ and write :

ﬂﬂ:/wJ@ﬂmmh@+@—w@K»
—/dz J(z+ 6;)(w(r, er + 2) —w(T,y,))

< min [ e mingJ(z ~ 8),J(: + )} w(r.p) — wlr,Y2) = ~caalr)
5€(0,1)
We conclude that ¢ satisfies in the viscosity sense :
dq
dr

with ¢(0) = 0 from which we obtain ¢(7) < C} for any 7 > 0 which can be rewritten
under the following form :

(1) < Cllello + 11l z0)lpl = colpla(T)

lw(r,y) —w(r,2)| < C; forany 7 >0, y,z€RY. (8.41)

STEP 3 : CONTROL OF THE OSCILLATIONS W.R.T. TIME. We keep following the
construction of the correctors of [112] by introducing, in order to estimate oscillations
w.r.t. time, the two quantities :

w(t+T,0) —w(r,0)

AT (T) = sup w(r +7,0) = w(r,0) and A (7) = inf
>0 T >0

and proving that they have a common limit as 7' — +oco. In order to do so, we
first estimate A* from above. This is a consequence of the comparison principle for
(8.31) on the time interval [, T + 7] for every 75 > 0 : since w(7,0) + C} + w*(t) is
a supersolution, we get for ¢ € [0, 7] :

w(t +t,y) <w(r,0)+ C; + CHt (8.42)
where C* = (L + «||J||1)|p| £ Ca. Similarly, we get

w(r,0) —C1 +Ct < w(T +t,y). (8.43)
We then obtain for iy =t =1

C C
(L+allJll)lpl = G — 2 < A7(T) S X(T) < (L+allJll)lpl + Gy +

By definition of A\*(T'), for any & > 0, there exists 7% > 0 such that

w(tt +T,0) —w(r%,0)
T

NE(T) — <.

292



5. Ergodicity

Let us consider 3 € [0,1) such that 77 — 7= — 3 = k is an integer. Next, consider
A =w(r",0) —w(r™ + 3,0). From (8.41), we get :

w(tty) <w(t™ + B,y) + 201 + A =w(rt — k,y) + 2C; + A.

The comparison principle for (8.31) on the time interval [77, 7" + T (using the fact
that ¢(,y) is Z-periodic in 7) therefore implies that :

wirt+T,y) < wiErt—k+T,y)+2C, +A
= wt +B+T,y)+ 20 +w(r™,0) —w(t™ + 5,0).

Choosing y = 0 in the previous inequality yields :
w(tt +T,0) —w(rh,0) <w(t™ + B+ T,0) —w(t™ + 3,0) +2C,
and settingt = f <1land 7 =7+ T in (8.42) and 7 = 7~ in (8.43) finally yields :
TAH(T) < TA™(T) + 26 + 2(Cy + Cy) + 20

Since this is true for any 6 > 0, we conclude that :

4C, + 2C
XH(T) = A (1) < 2
T
Now arguing as in [111, 112], we conclude that limp_., ., A*(7T) exist and are equal
to A and :
< 4C, + 205

INE(T) — )| < T (8.44)

STEP 4 : CONCLUSION. Estimate (8.40) implies (8.34). From (8.44), we conclude

that :
w(r +71,0) —w(r,0) )| < 4C + 20,

T - T

which implies that :
|w(T,0) — \T'| < 4C; 4 205

and finally (8.32) derives from this inequality and (8.41). The uniqueness of X follows
from (8.32) for instance. O

Proof of Corollary 5.4. The only point to be proved is the continuity of H since
(8.34) implies the other properties. Let us consider a sequence (L, p,, a;,) such that
(L, pny ) — (Lo, po, o) and set A, = ALy, pn, ). We remark that by (8.32), we
have for any 7 > 0

An —

wn(77 0) ‘ < %

T T
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for some constant C3 that we can choose independent on n. Stability of viscosity
solutions for (8.31) implies that w, — wy locally uniformly w.r.t. (7,y). This im-
plies that limsup, . [\, — Ao| < %2 for any 7 > 0. Hence, we conclude that
lim,, 400 A = Ao-
Finally the monotonicity in L and a of H(L,p,a) comes from the comparison
priniciple.
O

5.2 Proof of Theorem 5.1 in the case N =1

Before proving Theorem 5.1 in the one dimensional case, we need the following
lemma :

Lemma 5.5. Let w be the solution of (8.31) in dimension N = 1. Then the function
y— p(p-y+w(r,y)) is nondecreasing for any T > 0, i.e.,
p(p +wy(7,y)) = 0.

Proof. We only do the proof in the case p > 0, since the case p < 0 is similar and
the case p = 0 is trivial. We want to prove that

My = int {u(r2) = w(r,y) +p- (o= 1)} 2 0

where Qr = {(1,2,y), 0 < 7 < T, y < x}. By contradiction, assume that M, <
—0 < 0. For n > 0, we consider

n
T—71

O)(1,2,y) = w(r,2) —w(r,y) +p-(r —y) +

and 5
M, =inf ®,(1,2,y) < —= (8.45)
Qr 2

for 1 small enough.

By the space periodicity of w, we remark that

S, (ryx+ 1,y +1) =, (r,2,9)
Q) (r,x —1,y) =Py(r,2,y) —p fzx-1>y

so the minimum is reached at a point (7,Z,y) with 0 < 2 —gy < land 7 < T
(because w is bounded by the barrier functions). Moreover > 7 and ¢ > 0; indeed,
otherwise we can check easily that the minimum would be nonnegative. Using Ishii’s
Lemma (see Crandall, Ishii, Lions [61, Lemma 8.3]), we then get that there exist
(a,—p) € D w(7,7) and (b, —p) € D w(F,z) with

n

Ty
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6. The proof of convergence

such that (see equation (8.31))
a<0 and b>0.

Subtracting the two above inequalities yields a contradiction.
O

Proof of Theorem 5.1 in the case N = 1. Let us assume that p > 0 since the case
p < 0 is proved similarly and the case p = 0 is trivial.
Consider the solution w of (8.31). Lemma 5.5 ensures that u(7,y) = w(7,y)+p-y
is nondecreasing :
Vyu > 0.

To simplify the notation, let us drop the time dependence. We also know that w
is 1-periodic in y, so for all 0 < y < z < 1, we have

py +w(y) <pz+w(z) <ply+1)+w(y).

This implies that
lw(y) —w(z)| < p.
The rest of the proof in the same as in the case N > 2. O

6 The proof of convergence

This Section is devoted to the proof of Theorem 2.5.
Proof of Theorem 2.5. We consider the upper semicontinuous function
u = lim sup *u°.

By Theorem 4.5, it is bounded for bounded times and @(0,x) = ug(x). As usual,
we are going to prove that it is a subsolution of (8.7). Similarly, we can prove
that v = liminf ,u® is a bounded supersolution of (8.7) such that u(0,z) = ug(x).
Theorem 4.6 thus yield the result.

Let us prove that @ is a subsolution of (8.7). We argue (classically) by contra-
diction by assuming that there exists a point (o, xg), to > 0, and a test function
¢ € C? such that u — ¢ attains a global zero strict maximum at (¢, ) and :

8t<;5(t0, Ig) = HO(Lo,p) + 0= H(Lo,p, 0) + 0
with

Ly = {o(to, z0 + 2) — @(to, 20) — Vo(to, x0) - 2}p(dz)

z[<2

+ {a(to, zo + z) — u(toy, xo) }p(dz) (8.46)

|2]>2
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and p = Vo(ty,x0) and 6 > 0. By Corollary 5.4, there exists a > 0 and 5 > 0 such
that :

Oip(to, x0) = H(Lo + B,p, @) + g (8.47)

In the following, A denotes H (Lo + 3,p, @).

We now construct a supersolution ¢° of (8.1) on a small ball centered at (to, xo)
by using the perturbed test function method (see |77, 78|). Precisely, we consider :

- (il e

where 7, is chosen later and the corrector v is a bounded solution of (8.37) associated
with (L,p,a) = (Lo + ,p, ) given by Corollary 5.2. We will prove that ¢° is a
supersolution of (8.1) on B,(tg, zo) (for r and ¢ small enough — this is made precise
later) and that ¢° > u° outside. In particular, r is chosen small enough so that
Br(to,ili'g) C (t0/2,2t0) X Bl(ﬂfo).

Let us first focus on “boundary conditions”. For ¢ small enough (i.e. 0 < ¢ <
go(r) < ), since u — ¢ attains a strict maximum at (¢, o), we can ensure that :

ut(t,x) < o(t,x) + ev (z, E) —mn, for (t,z) € (to/3,3ty) x Bs(xg) \ By (to, o)

e e
(8.48)
for some 7, = 0,(1) > 0. Hence, we conclude that ¢° > u® outside of B, (to, xo)-

We now turn to the equation. Consider a test function v such that ¢*—1) attains a
local minimum at (¢, %) € B, (ty, zo). This implies that v —I" attains a local minimum
at (7,7) where 7= £, 7 = Z and

1
F(T7 y) = g(w - ¢)(€T, {;‘y)
Since v is a viscosity solution of (8.37), we conclude that :
A+OT() 2 (m3) + L+ (@) )+ IO )
from which we deduce :

(3@@0, To) — g) + 0pp(t,T) — 019(t,T)

> (cﬁ 5) 4 L+ 3ol ~>J<y>) V() — (VO(E.7) — Volte0))|.
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6. The proof of convergence

Hence, we get :

o(t,T) > (c G g) +L0+ﬁ+M§ {v G )1 (g) )\V¢(Z,T)+0r(1)]+g—|—0r(1)

where 0, (1) only depends on local bounds of ¢ and its derivatives. Since ¢ is bounded
and :

- 1 1
N o7 @) < (osc o)+ al ) + 5l < (vt 3 ) 10,

where (' is given in Theorem 5.1, we conclude that :

O0(,T) > <c (; g) + Lo+ B+ M2 [v (é )} @) >|v¢<z,z)|. (8.49)

Now recall that Ly is defined by (8.46) and use the following lemma :
Lemma 6.1. There exists ¢g > 0 such that for any ¢ < g9, r < 19 and (t,z) €
Br<t0, l’o) J

- E(t. - ~ t

VG [@} (¢) < Lo+ B+ M lv (E’ )1 (g) . (8.50)

The proof of this lemma is postponed. Combining (8.49) and (8.50), we conclude
that for any ¢ < ¢eg and r < rg :

0@ 2 (o (L) +r [ 22D Ywum).

We conclude that ¢° is a supersolution of (8.1) on B, (ty, o) and ¢° > u® out-
side. Using the comparison principle, this implies ¢°(t,x) > u®(t, x). Passing to the
supremum limit at the point (¢o, zo), we obtain : ¢(to, zo) > u(to, o) + 1, which is
a contradiction. The proof of Theorem 2.5 is now complete. O]

It remains to prove Lemma 6.1.

Proof of Lemma 6.1. Tt is convenient to use the notation : 7 = t/c and y = x/e. We
simply divide the domain of integration in two parts : short range interaction and
long range interaction. Precisely :

e [FO) [y g, (e =)

9 9

= / dz{...}—i—/ dz{...} =T + T
|2|<re elz|>ere
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Homogénéisation de la dynamique des dislocations

and we choose r, such that r. — +o0o and er, — 0 as ¢ — 0. Let us estimate from
above each term. For (¢,x) € B,(ty,zo) and |z| < r., we are sure that ({,x +ez) €
(to/2,2tg) X By(zg) for & small enough, and :

T - /| IR (‘WWW) - ¢E<t,x>)

€

_ /|S dz J(2) E, (W’ ) kL) S S S y))

= /|< dzJ(z){E* Vo(t,z) - z+v(r,y + 2) —v(T,y)

Ll +e2) — o(t,a) — <Vo(ta) > Vol n) } |

3

To get the last line of the previous inequality, we used that J is even. Choose next
¢ small enough and r. big enough so that

o(t,x +ez) — p(t,x) —eVo(t,z) - 2

< Ce(rf)? < %

/z|er dz J(z) {E* (v <-’§+Z> - ( ,g) + 5 +z-V¢(t,x)> —z ng(t,x)}
<7
Hence we obtain
T < M3 [” (ﬁ )] (3)+ g' (8.51)

We now claim that :

N [v (é )} (%) < M40 [v <£ )} <§) L B/4 (852)

for r small enough. To see this, consider Rg > 0 such that :

/| 2 IEE(TO0) = 4 vl 4 2) = v(ry) = Vo) -2} < 58

/ dz J(z{E(Vo(to, 7o) - 2+ v(T,y + 2) — v(7,y)) = Vo(to, 7o) - 2} < 5/8.
|2|> R
Now for |z| < Rg and r small enough :

[(Vo(t,z) - 2 = V(to, 20)) - 2| < /2
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6. The proof of convergence

and we get (8.52). Combining this inequality with (8.51), we obtain :
~ o t x
T < N [v (E’ )] (;) +B/2. (8.53)

We now turn to 75. We can choose r. > R, where R, appears in (8.4) so that
J(2) = g(z/|2])|z|"N~" for 2] >r.. Hence

o ¢€(t,$ + 52) _ ¢€(t,$)
T, = /€|Z>m dz J(z) E, < B )

:/|> pldg) EZ(6°(t, x4 q) — 6°(L, @)

with ¢ defined by (8.10) and where EZ(a) = ¢E, (2). Remark that |ES(a) — | < £
and use (8.48) to get :

T [ ) @) () + B\ B
< / u(dg) {6(t, = + q) — O(t, 3) + £ oscv(r, )}
er:<|q|<2
C
b utda) et a) = olt)) +
lg|>2 Te
Now use that p is even and get

15

IN

/ <2 p(dq) {o(t,x +q) — o(t,x) — Vo(t,x) - q}
S(t x - - , i
o[ u) eat0) = oth ) +.C (Lieen)
Now remark that :
/ s w(dg) {6(t, z + q) — (t, 2) — Vo(t,z) - ¢}
: /||<2 p(dq) {o(to, o + q) — é(to, x0) — Vd(to, 7o) - ¢} + Cere + 0r(1)

and keeping in mind that ¢(tg, z¢) = u(to, ), we also have

/2<| ) (2 +0) = 0,2} < / u(dq) {(to, z0 + q) — T(to, 70)} + 0, (1),

2<q|
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Indeed, it is equivalent to

lim sup /2<|q pu(dg) {u(t,y +q) — ¢(t,y)} < / pu(dq) {T(to, wo + q) — U(to, zo)}

y—0,e—0 2<|q|

and such an inequality is a consequence of Fatou’s lemma.
Combining all the estimates yields :

T, < / ) 6ta,20-+-0) = 9l 20) = Vi, 0) -a)

£

+ /2< | pu(dq) {u(to, xo + q) — ulto, zo)} + Cere + C" (i + s> +or(1) + /4
<Lg +_ﬂ/2. (8.54)

Combining (8.53) and (8.54) yields (8.50). O

7 Qualitative properties of the effective Hamilto-
nian

In this section, we consider the special case of the one-dimensional space and of

a driving force independent of time : ¢(7,y) = c(y). Before proving Theorem 2.6 in

Subsection 7.3, we establish gradient estimates in Subsection 7.1 and then construct
sub/super/correctors independent on time in Subsection 7.2.

7.1 Gradient estimates

We recall that w denotes the solution of the following Cauchy problem

0w = (ea) 4 L+ Mfule. o) )lp + Tul in (0. 400) x B
w(0,2) =0 on RV

(8.55)

Lemma 7.1 (Lipschitz estimates on the solution). The solution w of (8.55) is
Lipschitz continuous w.r.t. x and satisfies :
lp+ Vaw(t, ) < [ple¥el. (8.56)

Proof. The function u(t,z) = p -z + w(t, x) is a solution of

O = (c(z) + L+ Mu(t,)](x)) |[Vu| on (0,+00) x R, (8.57)
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7. Qualitative properties of the effective Hamiltonian

Consider the sup-convolution of w :

2 2
8 _ K17 — Y| } Kl — gl
u’(t,x) = sup < u(t,y) —e =u(t,rg) — e ——. 8.58
(t,x) ye]RI?V{ (t.y) 23 (t,zg) 25 ( )

We claim that u” is a subsolution of the equation (8.57) for K large enough. Indeed,
for any (n,q) € DV uP(t, x), it is classical that <77 + Kekt %, ) € DV u(t, xp),
q= Ktx "2 and |r — x5 < Cv/B where C depends on ||w]|«, so that :

n+KeKt% < (elzs) + Myfw(t, (zs)) la

< (o) ML ](0) o] + [Vl e L

where we used that
w(t,rs+2) —w(t,zg) <w’(t, o+ 2) —w’(t,x) with w(t,x) =u(t,x) —p-x

(this comes from (8.58) and the fact that u(t, x5 + z) — Ktm < WPtz + 2)).
Choosing now K = 2||Vc||s permits to get that v’ is a subsolutlon. Next, remark
that :

2

uWO,:z:)ﬁu(O,x)%—sup{H Vu0||oor—;—} u(0,x) + f———
r>0 6

Hence, the comparison principle (see Theorem 4.4 applied to u”(t,x) — p - x and
w(t, z)) implies that

IIV%toH2

\V4 2
u’ <u+ 16} %.
Rewrite this inequality as follows

v UOH2 Kt ‘x_?/‘Q
t < u(t _
u(t,y) <ult,z)+ f——m— 5 +e %

Optimizing with respect to 3 permits to conclude.

7.2 Sub- and supercorrectors

We give an alternative characterization of the ergodicity of (8.55) that comple-
ments Theorem 2.1 in the special case ¢(7,y) = ¢(y). We will use it repeatedly in the
proof of Theorem 2.6. More precisely, we are interested in the following stationnary
equation :

A= (c(y) + L+ My[v](y)) |p+ V,o| onRY. (8.59)
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Lemma 7.2. The function " satisfies :

ﬁo(p, L) = max{\: there exists a 1-periodic subsolution of (8.59)}
= min{\ : there exists a 1-periodic supersolution of (8.59)}.(8.60)

Remark 7.3. Such a characterization is classical in the context of homogenization
of Hamilton-Jacobi equation. See for instance [138] for such a characterization for
local Hamilton-Jacobi equations.

Proof. We first remark that we can construct A~ and A" such that v = 0 is respec-
tively a sub- and a supersolution of (8.59) so that the sets at stake in (8.60) are
not empty. Let A™* and A\™** denote respectively the maximum and the minimum
defined in (8.60). The fact that the infimum and the supremum defining A™" and
A™M?% are attained is a consequence of the stability of viscosity solutions and L*> a
priori bounds (that are easy to obtain).

Let w be the solution of (8.55) and consider the upper relaxed limit 7, as n
goes to infinity (resp. the lower relaxed limit v ) of v,(7,y) = v(7 + n,y) with
v(T,y) = w(r,y) — Fo(p, L)7. Then consider the suppremum in time of T, (resp.
the infimum in time of v ). This allows us to construct a subsolution (resp. a
supersolution) of (8.59). This implies that H'(p, L) < Amin (resp. A\™* < Ho(p, L)).

Now let v~ be a periodic subsolution of (8.59) for A™™. Since (8.59) does not see
the constants, we can assume that v~ < 0. We have that v~ + A™"7 is a subsolution
of (8.55). By comparison principle, we deduce that

w > v 4 ARy

where w is the solution of (8.55). Dividing by 7 and sending 7 — oo, we get that

Ho(p, L) > \min. The proof that A™ax > Ho(p, L) is similar. This ends the proof of
the lemma. H

The second technical lemma we need in the proof of Theorem 2.6 is the construc-
tion of sub- and supercorrectors of (8.59) with some monotonicity properties and
with precise estimates on their oscillations.

Lemma 7.4. (Existence of sub and supercorrectors) For any p € R and
L € R, there exists A € R, a subcorrector v(y) and a supercorrector v(y) which are
1-periodic in y and satisfy

A< (c+ L+ Mu)|p+ V|, with p(p+V,w)>0 on R,
A> <c+L—|—]\;fp[ﬁ]> lp+V,o|, with p(p+V,7) >0 on R

such that
maxv —minv < |p| and maxT— minv < |p|. (8.61)
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7. Qualitative properties of the effective Hamiltonian

There exists a discontinuous corrector v which satisfies
A= (c+ L+ M) |p+V,o| on R, (8.62)

maxv —minv < 2|p| and |v|w < |p].

The unique solution w of (8.55) satisfies for all T > 0

Proof. When p = 0, we observe that (8.59) is satisfied with A = 0 and v = 0. Hence
(8.61) is clearly satisfied. Let us now assume that p > 0 since the case p < 0 is
similar.

STEP 1. Consider the solution w of (8.55), i.e., the solution w of (8.31) with a = 0.
The proof of Theorem 5.1 in the case N = 1 implies that o(7,y) = w(7r,y) — AT
satisfies

[o(T,y) —0(7,2)] < |p| and p(p+ V,0) >0

and so
max ¢ — min? < |p|.
Y y
STEP 2. Consider the upper relaxed limit U, as n goes to infinity (resp. the lower
relaxed limit v ) of v,(7,y) = (7 + n,y) Then consider the supremum in time of
Uso (resp. the infimum in time of v_ ). This allows us to build a subsolution v (resp.
a supersolution v) of (8.62) that satisfies the expected properties.

STEP 3. Finally, we have v+osc v > 7 and v+ osc v is still a supersolution of (8.62).
Then the Perron’s method allows us to build a discontinuous periodic corrector v
which satisfy osc v < 2p. Moreover, since the equation does not see constants, we
have that v(y) — K is solution of (8.62) and so we can assume that |v|, < |p| for a
good choice of the constant K.

To prove that the solution w of (8.55) satisfies |w — AT|w < 2|p|, it suffices to
remark that v+ osc v+ A7 (resp. U+ osc T+ A7) is supersolution (resp. subsolution)
of (8.55) and to use the comparison principle for equation (8.55). This ends the
proof of the lemma. O

7.3 Proof of Theorem 2.6

We now turn to the proof itself.

Proof of Theorem 2.6.
1. When ¢ = 0, notice that A = L|p| and v = 0 do satisfy (8.59).

2. This is a consequence of (8.34).
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3. Using the monotonicity of ﬁO(L, p) in L (see Corollary 5.4) we only need to prove

that ﬁO(O,p) = 0. Thanks to Lemma 7.2, it is enough to construct a sub- and a
supersolution of :

0= c+ Mpy[v].
Let us consider the solution v of :
Orv =c(y) + Mys[v(r,-)](y) in Rt xR
v(0,y) =0 in R
with

M, slvl(y) = /dzJ J{E°(v(y+2)—v(y)+p-2) —p- 2}

where E° is a smooth approximation of E, such that E°(z) — z is l-periodic,
E°(—z) = —E°(z) and E° is increasing. From the 1-periodicity of ¢;, we deduce
the 1-periodicity of v. It is also easy to prove (by adapting the proof of Lemma 7.1)
that v is Lipschitz continuous in space and time for all finite time. Let us consider
p = P/Q with P € Z, @ € N\ {0} and dropping for a while the dependence on T,
we set u(y) = v(y) + p - y. Assuming temporarily that J decays to zero at infinity
sufficiently quickly, recalling that J is even and using the fact that v(y) is 1-periodic
in y, we compute :

/ dy/dzJ J{E (v(y +2) —o(y) +p-2) —p- 2}
(-Q/2.Q/2) IR

:/ dy Z/ dz J(=) LB (uly + 2) — u(y))}

(-Q/2Q/2) ez (k-1/2)Q.(k+1/2)Q)

:K+/ dy Z/ dz J(z + kQ) {E° (u(y + z) — u(y))}
(-Q/2.Q/2) (-Q/2,Q/2)

keZ
where

K = 2 Y kQJ(z+ kQ)

dy /
(—Q/2.Q/2) (-Q/2Q/2)  ton

</<Q/2,Q/2> ’ %(z 7t ) /<Q/2,Q/2> ’ Q(z)>
=P [ dzzJ(z

/R z z2J(2)
=0.
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7. Qualitative properties of the effective Hamiltonian

Hence, with the notation

= " J(z+kQ) = Jo(—2),

keZ

we get

/ dy/dzJ J{E (v(y+2)—v(y) +p-z)—p- 2}
(-Q/2,Q/2) R

— [y [ s o) (B (uly + ) ulu)}
(-Q/2,Q/2) (-Q/2,Q/2)
/ dz JQ(z)/ dr {E° (u(z) —u(z — 2))}
(-Q/2,Q/2) (2—Q/2,2+Q/2)
/ MJM@/‘ dr {E (u(a) - ulz + 2))}
(-Q/2,Q/2) (—2—-Q/2,—2+Q/2)

dz Jo(z) / dz {E° (u(z + z) — u(z))}
(—Q/2,Q/2) (—2—Q/2,—2+Q/2)

= —/ dz JQ(Z)/ dz {E° (u(z + z) — u(z))}
(-Q/2,Q/2) (-Q/2,Q/2)

(the last line is obtained by using the 1-periodicity of u(z + z) — u(z) in ). Finally
comparing the second line and the last one of the previous equality, we deduce that :

/ dy/dzJ J{E° (v(y+2)—v(y)+p-z)—p- 2z} =0.
(=Q/2,Q/2) R

By taking a limit, we deduce that this is still true without assuming that J has
strong decay at infinity.

Using now the fact that the equation is satisfied almost everywhere (because the
solution is Lipschitz continuous) we get by integration of the equation and the fact

that [, c=0:
0- </ dy v(T, y)) = 0.
(-Q/2,Q/2)

We deduce (by periodicity of v) that

/ dy v(t,y) =0 forany 7 >0
(0,1)

for any rational p. We conclude that this is true for any p € R (just by taking a
limit). On the other hand, we deduce as in the proof of Theorem 5.1 in the case
N =1 that

max (7, y) — minv(r,y) < |pl.
Yy Yy
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and similarly that

lv(r,y)| < C(p).
Considering the semi-relaxed limits of v(7, y) with the supremum (resp. the infimum)
in time, we build a subsolution v (resp. a supersolution v) of the following equation

0= c+ M,;[v].

Taking now the limit as § goes to zero, we build a subsolution v (resp. a supersolution
¥) of the limit equation
0=c+ M,v|

and the proof of FO(O,p) = 0 is complete.

4. The monotonicity of HO(L, p) in L is a straightforward consequence of the com-
parison principle.

We next consider Ly > L; > 0 with \; = ﬁO(Li,p) fori = 1,2 and \; > 0
and p # 0. The other cases can be treated similarly. From Lemma 7.4, we get a
subcorrector v, satisfying

0< X <|p+ Vyu|(c+ Ly + Myv,])

such that (8.61) holds true. Therefore

Mylu] < [ s B +p-2) — -2l < (114 ) 11

and we get :
0<c+ L+ Myv,] and 0<6<|p+ V]

for some constant § > A/(L; + C;,) > 0 with C, = ||c|lo + (|p| + 3) [|/]/z:. And
then
A +0(Ly — Ln) < [p+ Vo | (e + Lz + My[v)])

which implies by Lemma 7.2 that Ay > Ay + §(Ly — L), i.e.

=Moo A
Ly—L, ~ Li+C,

More generally, we have for LyL, > 0, |Ly| > |L1| and for some universal constant
C>0 ., ., .,
H (L27p)_H <L17p) > ’H (Llap)’
Ly, — L, T |+ Cy

Similarly, let us consider a supercorrector v; given by Lemma 7.4 which satisfies :
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As soon as Ly > C),, we get again that
¢+ Ly + My[5,] > 0

from which we deduce \
1

> 1. 8.65
T = Y (5.05
Next, using (8.64) and (8.65), write :
A
M+ (Ly — Ly) L > M+ (Lo — Ly)|p+ V14|
L, —C,

> |p + Vy61| (01 + L2 + Mp[ﬁl])

and deduce from Lemma 7.2 that :
A1

A2§A1+(L2—L1)L o
17— Yp

This implies the result.

5. Let T > 0. The function w denotes the solution of (8.12) and w’ denotes the
solution of

{ Orw' = (c(y) + L+ L'+ Mp[w'(7,)](y))[p + Vw'[ in (0, +00) x R

w(0,y) =0 on R (8.66)

We set A = ﬁO(L,p) and \ = HO(L+L’,p). Since [p+ V,w(T, )|e < |pleT Vel
for 7 € [0,T) (Lemma 7.1), we get that w(r,y) + 7L/|p|e”!Vel> is a supersolution of
(8.66) on (0,7 x R. Hence, the comparison principle implies

w'(1,y) < w(r,y) + L'p|Te"1Ve= " on (0,T) x R.

Using the fact that |w(r,y) — 7|, |w'(7,y) — N'7| < 2|p| and that FO(L,p) is
nondecreasing in L, we get that

0< (N =NT < |p| (L'Te"Vel> + 4)
and so

4
IN = Al < |p| (L’eTW"X’ + T) .

Taking T = thg—f”lo, we get the result for 0 < L' < %
6. The following arguments must be adapted by using sub and supercorrectors in
order to use Lemma 7.2. However, we assume for the sake of clarity that there exist
correctors for any (L, p). Hence, we have with \ = HO(L,p) :

A=p+ Vy[(c+ L+ Mp]).
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Therefore T(y) = —v(y + a) satisfies :
A= =p+ Vo)l (~ely +a) = L+ M, [7](y))
and —c(y + a) = ¢(y) by assumption. Hence FO(—L, —p)=—\
7. We have with A\ = H (L, p) :
A=|p+ V| (c+ L+ M,v]).
Therefore 0(y) = v(—y + a) satisfies (because J(—z) = J(z)) :
A=[=p+ Vi)l (c(—=y+a) + L+ M_[0)(y)).

By assumption, ¢(—y + a) = c(y), hence : H (L, —p) = H (L, p).

8. ANALYSIS FOR SMALL p. From the construction of sub/super /correctors satisfying
p(p+ V4v) > 0 (see Lemma 7.4), we know that on one period we have for p > 0
(the analysis is similar for p < 0)

0<p-z4+v(z+y)—v(y) <p for ze€][0,1].

Therefore max v(z)—minv(z) < pin general. We will now estimate M, [v] for small p.
If 0 <p < 1and for |z| < |1/p] — 1, using the periodicity of v and the monotonicity
of v(y) + py, we deduce that [p-z+v(z+y) —v(y)| < p(|1/p] —1) <1 and then

M,[v](y) :/||>u/ JilJ(z){E(v(y+z) () pe2)—p 2}
:/||>u/ -1 JEHE (v(y +2) —o(y) +p-2) = (v(y +2) —vly) +p-2)}
J(z){v ) — v
+/Z|>L1/pj—1 ( ){ <y+ ) (y)}

which implies that

1
|M,v]| < (/ J(z)) (—+maxv—minv> —0 as p—0.
21> 11/p) -1 2

Therefore for L and p small enough we see that L+ c(y)+ M,[v](y) changes sign if ¢
changes sign. This gives a contradiction for the existence of sub and supercorrectors
with non-zero \.

9. ANALYSIS FOR LARGE p. We first consider the periodic solution v (with zero
mean value) of

0= c(y) + Meo[v](y)
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with
M) = [ d= J:)0ly+2) — o)
which satisfies
Vloe € Clelos,  [V]oo € Cldloo,  [V"]o0 < Clc”| o
To get this result, it is sufficient to study the periodic solutions of
av® = ¢+ My [v?]

that can be obtained by the usual Perron’s method. The comparison principle (toge-
ther with the properties of J) gives the bounds on the oscillations of v®, independent
on «. This implies similar bounds on the derivatives of v, which gives enough com-
pactness to pass to the limit as o — 0.

For clarity, we assume that y = 0 and v(y) = 0. The other cases can be treated
similarly. Let us set

u(z) =v(z)+p-2

and let us estimate for p > 0 large
M, = / dzJ(z) (E(u(z)) —u(z)).
R

Because u/(z) = v'(z) + p > 0 for p > 0 large enough, we can define u™* by
u ! (u(z)) = u(u'(z)) = 2. We can then rewrite with u = u(2)

We set 5 _1(_ )

B u

A= wuiw)

and write

k+1/2

My=Y" / di G() (E(@) — @)
kez Y k—1/2

and set

Iy =[u(k—1/2),u " (k+1/2)].
We get for v € [k — 1/2,k + 1/2]

G(u) = G(k) + gr(u)

with

)| < _ . “N(u -1/2.
ol <sp |7 - TEEE) )y
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By definition of u, we also have

kE+1/2
71(/{;:‘:1/2)_ / ‘S |U|oo.
p p
Therefore for p large enough
— hl(k/p) " ho(k/p)
gr(u)] <1/2- (— o ——
Ol < 12 G oy T = ol

and then, since [, +1/22 du(E(u) —u) = 0 and |E(a) — u| < 3, we get

M| < 1/25 ey i du ge(w)
< 1/4 (Gt (Suen sak/p)) + G235ty (Siea bholk/p) ) )

This implies that

|Mo| < C/p for p large enough

with C' depending on ||c||w2., ||ho||z1 and ||hy||z:. More generally, we get the same
estimate for

M(y) = / dz J(2) (B(o(y + 2) — o(y) +p-2) — (vly +2) — v(y) +p- 2)).

We now compute

(p+ Vyu)(L+c+ M) >+ V)L +c+ My[v] —C/p)
> (p—[V']e)(L = C/p).

This implies that
—0
H(L,p) > (p— [V'[e)(L = C/p) >0

for p > 0 large enough, if L > C/p. The case L < 0 can be treated similarly.
The proof of Theorem 2.6 is now complete. O]

8 Application : homogenization of a particle system

8.1 The general case

This section is devoted to the proof of Theorem 2.11. It is a consequence of
Theorem 2.5 and of the following result :
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8. Application : homogenization of a particle system

Théoréme 8.1 (Link between the system of ODEs and the PDE). Assume that Vj
is 1-periodic, that V{ is Lipschitz continuous and that V satisfies (H). If we have
y1(0) < ... < yn.(0) at the initial time, then the cumulative distribution function
p defined in (8.14) is a discontinuous viscosity solution (in the sense of Definition

4.1) of
drp=(c(y)+Mlp(r,)] (y) IVp| in (0,+00) x R, (8.67)

with
c(y) =Vy(y) — F and J =V"on R\{0}. (8.68)
Conversely, if u is a bounded and continuous viscosity solution of (8.67) satisfying
for some time T > 0 and for all T € (0,7T)
u(T,y) s increasing in y,

then the points y;(7), defined by u(r,y;(7)) = i— 3 fori € Z, satisfy the system (8.9)
on (0,7).

Before presenting the proof of this theorem, let us explain how to derive Theo-

rem 2.11.

Proof of Theorem 2.11. By construction, we have

(p5)" (v) = pi(y) < uoly) < (pg)«(y) + e

Using the fact that p° is a discontinuous viscosity solution of (8.1) (except for the
initial condition) and the comparison principle (see Theorem 4.4), we deduce that
(with u° the continuous solution of (8.1))

po(1y) S ui (T y) < (p°)(T,y) + €
and so

u(1y) — e < pi(my) S u(T,y). (8.69)
Sending ¢ — 0, we get that p° — u” which gives the result. O]

We now turn to the proof of Theorem 8.1.

Remark that under Assumption (H), V' is not differentiable at 0 and in order
to be sure that the solution of (8.9) exists and is unique, we need to prove that the
distance between two particles is bounded from below. Precisely, we prove :

Lemma 8.2 (Lower bound on the distance between particles). Assume that the
potential V| is Lipschitz continuous and V' satisfies (H). Let y;, i = 1,.., N. be the
solution of (8.9). Then, the distance d(7) between two particles is bounded from
below by

d(7) == minf|yi(r) — y;(7)|,i # j} > doe "0,

where dy is the minimal distance between two particles at initial time : dg = d(0).
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Homogénéisation de la dynamique des dislocations

Proof of Lemma 8.2. Let d; be the distance between y; and ;11 : di(7) = y;1(7) —
yi(T). At 7 = 0, d(0) > 0. Hence consider the first time 7* for which d(7*) = 0
and choose ¢ such that d(7) = d;(7) in a neighbourhood of 7*. Let us denote by
d;—; = d; — d; > 0. We then have

d=— (Vi(yis1) = Vo) — ( Y Vi —y) =) V(i — yﬂ)

jFi+1 J#i
= (Vi) = V5 ()

1 Ne—i—2
{Z (L+k)d+do+ .. +dy) — V(L +k)d+dy + .. + dyy1)
k=0 k=0
i—2 B B Ne—i—1 B B
- V((A+k)d+d+..+d )+ V((1+k)d+dy+..+ dk)}.
k=0 k=0

We set
a, =1 +k)d+dy+.+d >0, af =1 +k)d+dy+ ..+ d.
We then get (since dy = 0)
- (Ve (y2+1) Vo (i)

—{ (Vi) — Vi(or 4 d)) 4+ S (Viat) = Vi(at + der)

+V'(a;_y) + V/(aﬁaiﬁ}'
Since V' < 0 and V' is nondecreasing, we deduce that
which gives the result. [

It remains to prove Theorem 8.1.

Proof of Theorem 8.1. Theorem 8.1 is a consequence of the following lemma.

Lemma 8.3 (Link between the velocities). Assume that V{ is Lipschitz continuous
and V satisfies (H). Assume that (y;(7))i=1..n. solves the system of ODEs (8.9)

~~~~~ €

with y1 < ... < yn. at the initial time. Then for alli =1, ..., N., we have

i = c(yi) + Mu(r,-)](yi) (8.70)
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8. Application : homogenization of a particle system

where ¢ and J are defined by (8.15) and u(7,y) is a continuous function such that :

w(r,y) =p*(r,y)  for y=y;(7), j=1,.,N:
0<u< N; (8.71)
U 1S tncreasing in y

where p is defined by (8.14).

Proof of Lemma 8.3. To simplify the notation, let us drop the time dependence.

M) = [ d=I Bl +2) = uls)

S (/ dzJ(z)) (o — 1) + /dzJ(Z)p(yio +z)

= —(2V'(0-))(io — 1) + J % p(ys,).

We now compute J x p.

Tepm) = =3 | e+ [ 1@, ~ = -y
_ ;/ B dz+§/y+0: J(2)dz
= (o= DV(0-) = V/(0+) = Y V(s — o)
= 2(ip — )V'(0-) - ; V' (y: —Z)

This finally gives
MTul(yig) = = > V' (4 = io)-
i#io
The proof is now complete. O]
The fact that p is a discontinuous solution of (8.67) is a straighforward conse-
quence of Lemma 8.3 and of Definition 4.1.

We prove the converse. Use Proposition 4.8 and conclude that p = E,(u) (resp.
p* = E(u)) is a viscosity supersolution (resp. subsolution) of

Orp = &1,y) 8yp with &(r,y) = e(y) + Mlu(r, ))(y) = e(y) + M[u(r,)}(y)

where ¢ is in fact a prescribed velocity for p. Using the fact that u is increasing in
y, we define y;(7) = inf{y, u(r,y) >1i—1/2} = (u(r,-))"*(i — 1/2) and we consider
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the functions 7 — y;(7). They are continuous because u is increasing in y and is
continuous in (7, 7).

We next show that y; are viscosity solutions of (8.9). To do so, consider a test
function ¢ such that ¢(7) < y;(7) and ¢(79) = yi(70). Define next o(7,y) = i —
1/2+ (y — ¢(7)). It satisfies :

¢(10,9i(10)) = p" (10, %i(70)) and  @(7,y) = p"(1,y) fory(r) —1 <y.
This implies, with ¢; = é(+, y;), that
or(10) > —ei(0) = F = Vi(wi) = Y V' (yi — uj)-
J#i

This proves that y; are viscosity supersolutions of (8.9). The proof for subsolutions
is similar and we skip it. Moreover, since ¢; is continuous, we deduce that 1; is C!
and it is therefore a classical solution of

§i(r) = —ai(r) = F — Vg(ui) — Z V' (yi — vj)-
J#i
This ends the proof of the theorem. O]

Remark 8.4. In the case of particles, we have formally the microscopic energy for

p=0p

micro 1 micro micro
E =/§W *py)py + V5 py
R

with V™ere =V gnd V™o = Vo — F - y. After a rescaling, we get at the limit a
formal macroscopic energy for p = p™m°

0 1 macro macro
Emacro _ / §(V A Pz
R

where V™ = —gq1n|z| only keeps the memory of the dislocation part of V™o
(the long range interactions), and VJ"*° = —F - x + fR/Z dyVo(y).

8.2 Extension to the dislocation case V(z) = —In ||
This subsection is devoted to the proof of Theorem 2.14.

Proof of Theorem 2.14.
STEP 1 : APPROXIMATION OF V. For § > 0, let the regularization Vj of the potential
V(x) = —In|z| be such that Vz € C°(R) N C'(R\{0}) and defined by

Ve —In|z| if x| >4
® 7 linear if z € (—6,0)\{0}
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8. Application : homogenization of a particle system

We can easily check that Vj satisfies assumptions (H) with gy = 1. Using the fact
that the distance between two particles is bounded from below, we deduce that p
defined in (8.14) satisfies

O = (e(x) + L+ Mlu(t,)](x)) |[Vu| on (0,T) x R. (8.72)
with
c(y) =Vy(y) — F and J=V{ on R\{0} (8.73)

as soon as 6 < §(T) := dye” Vo'~ Indeed, Since Lemma 8.2 implies that for all
t € [0,T], we have d(t) > doe”"0'l=T we can replace the potential V' with Vj for
§ < dpe~Vo'l=T and the ODEs system remains equivalent.

In the sequel, we use the following functions

J5(z) = { V(@) for e B\(0)

M, s[U](x) = /Rdz Js({EU(xz+2)—U(x)+p-2)—p-z}

and F‘; denotes the effective Hamiltonian associated with Js.

STEP 2 : ESTIMATE FOR THE APPROXIMATE EFFECTIVE HAMILTONIAN.

Lemma 8.5 (Lipschitz continuous sub/supercorrectors). Let v denote the solution
of
Hy = (c(x) + L+ Myslol) [p+ Vol in R

and consider

o) = sup (o0 = ) o) =t (ot + L.

y 2e y 2e

There then exists a constant C(p) depending only on |p| such that for 6, n €
(0,C(p)ve), we have

Hy(L,p) < (c(x) + L+ C(o)VE||Ve| + My, [v7]) |p + Vo, (8.74)

_O ~
HAL,p) > (c(ac) 4 L— C(p)Ve|Ve|w + MM[USD p+ V. (8.75)
Proof. We just make the proof for v* and we assume that

|z — z.|?

V(@) = vlad) —
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It is classical that v° is Lipschitz continuous and

C
oo < —4 8.76
Vol < 2 (8.76)

where the constant C' depends only on ||v||« < 2|p|. Hence C' = C(p). Moreover, for
any ¢ € D" o%(x), it is classical that ¢ € D" o(z.), ¢ = £=2= and |[z—z.| < C(p)V/e,
where the constant C' depends on ||v||o.. We thus deduce that

Hy(L,p) < (c(z) + L+ Mys[v)(x2)) [p + g
< (e(x) + L+ Cp)Ve|| Vel + My5[0°)(2)) [p + 4
where we have used that
v(xe + 2) —v(z:) < V(2 + 2) — v (2).

Now using (8.76), we can replace M, s;[v°](x) with M, ,[v°](x) for n, § € (0,C(p)v/e).
Indeed, for |z| < ¢ or |z] <7, we have

— v (x) = p- 2| < (Clp)e " + [p[) max(d,n) < 1
~(p)+/z and we obtain

v (x + 2

)
as soon as max(d,n) <

/ dz Js(2)Ei(ve(x + 2) —v.(x) —p - 2)
|z|<max(4,n)

:/ dz Jy(2)E(ve(x + 2) —ve(x) —p - 2) = 0.
|z|<max(d,n)
This implies (8.74). O

. . —0 —0
We derive from the previous lemma the convergence of H; towards H,. We even
get an error estimate :

Lemma 8.6 (Limit of ﬁg) There ezists Fg(L,p) such that

Hy(L,p) - Hy(L.p)| < ) (8.77)

for & small enough.

Proof. We deduce from Lemma 8.5 that ﬁg(L,p) < ﬁ?)(L + L',p) for n, § €
(0,C(p)y/2) and with L' = C/2||V¢||«. Since the constants are independent on
L, L', we deduce that

Hy(L —L',p) <H,(L,p) < Hy(L+L',p) forall n, &€ (0,C(p)Ve).

Setting ﬁg(L,p) = limsup, _,, ﬁg(L,p) and using Theorem 2.6, point 5, we then get
(8.77). O
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8. Application : homogenization of a particle system

One can now check that HS satisfies Theorem 2.6 excepted the point 4 and point
9. We now turn to the proof of convergence itself.

STEP 3 : THE PROOF OF CONVERGENCE. Let us consider 7" > 0 and try to prove
that p° converges towards u0 on (0,7") x R. In order to do so, choose for any ¢ > 0
a d = 0(e) such that p° is a (discontinuous) solution of (8.1) with J replaced with
Js(e)- We still have (8.69) but now v° is associated with Jj.) instead of a fixed J. We
need to check that the convergence proof of Theorem 2.5 can be adapted. This is
possible thanks to (8.77), that permits to pass from the exact effective Hamiltonian

H® to the approximate one Fg@, and thanks to Lemma 8.5 that permits to prove
that Lemma 6.1 is still satisfied by using a regularized supercorrector v.. Let us
give more details. We first prove that the initial condition is satisfied. Since w is
Lipschitz continuous, we get that

Iy [uo(.); Ct} :/Z|>

is independent of § if § < =~—, and so (8.29) remains true with a constant C

: Wuolles
independent of € and .

& B(DE (uo(x + 5z€) - uo(x))

1
Vuglloo

We now turn to the equation. The idea is to use Lipschitz continuous sub/super-
correctors to control the distance between particles. Using notation of Section 6 we
now prove by contradiction that u is a subsolution of (8.7). Hence we assume that

at¢(t07 Z'()) = Fg(L(]Jp) + 9/ = Fg(meu O) + 0

for ¢ small enough and where we have used (8.77). Moreover, we can replace (8.47)
with p
—0
0r9(to, wo) = Hs(Lo + 28, p, @) + 3

We now replace the bounded corrector of Section 6 with a Lipschitz continuous
supercorrector. More precisely, we consider the solution v of

A= (cly) + L+ M5](y) [p+ Vyol

and we set

—_ 2 o 2
ve(x) = ir;f (v(y) + |2 2;/‘ ) = v(x) + %

where L = Ly + 23 and A = Hs(Lg,p,0). By Lemma 8.5, we deduce that v, is a
supersolution of

A2 (ely) + L = CVE|Vello + Mgs[0:)(2)) Ip + Ve
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for 6 < C(p)y/e. We now consider ¢ such that C/2||Vc||o < § and we get that v,
is a supersolution of

A > (c(y) + Lo+ B+ Mgg[vs]@)) p+ V..

Using the fact that v, is Lipschitz continuous, we get that Mﬁf(s [v] is independent
of § for & < C(p)+/e and so the rest of the proof is exactly the same as the one of
Theorem 2.5 with J replaced with Jj. [l
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Chapitre 9

Convergence d’'un schéma pour un
systéme couplé non-local modélisant
la dynamique de densité de
dislocations

Ce chapitre est une version rallongée d’un travail en collaboration avec A. El
Hajj [75].
Dans ce papier, nous étudions un systéme couplé non local qui intervient dans la
théorie de la dynamique de densité de dislocations. Dans le cadre des solutions de
viscosité, nous prouvons un résultat d’existence et d’unicité en temps long pour la
solution du modéle. Nous proposons également un schéma numeérique et nous mon-
trons une estimation d’erreur de type Crandall-Lions entre la solution continue et
son approximation numérique. A notre connaissance, il s’agit de la premiére estima-
tion de type Crandall-Lions pour un systéme d’Hamilton-Jacobi. Nous présentons
également, quelques simulations numériques.



Dynamique de densité de dislocations

A convergent scheme for a non-local coupled system
modelling dislocations densities dynamics

A. El Hajj, N. Forcadel

Abstract
In this paper, we study a non-local coupled system that arises in the
theory of dislocations densities dynamics. Within the framework of vis-
cosity solutions, we prove a long time existence and uniqueness result
for the solution of this model. We also propose a convergent numerical
scheme and we prove a Crandall-Lions type error estimate between the
continuous solution and the numerical one. As far as we know, this is the
first error estimate of Crandall-Lions type for Hamilton-Jacobi systems.
We also provide some numerical simulations.
AMS Classification : 35Q72, 491.25, 35F25, 35140, 65M06, 656M12,
65M15, 74H20, 74H25.
Keywords : Hamilton Jacobi equations, viscosity solutions, dislocations
densities dynamics, numerical scheme, error estimate, system.

1 Introduction

1.1 Presentation and physical motivations

A dislocation is a crystal defect which corresponds to a discontinuity in the
crystalline structure organisation. This concept has been introduced by Polanyi,
Taylor and Orowan in 1934 as the main explanation at the microscopic scale of
plastic deformation. A dislocation creates around it a perturbation that can be
seen as an elastic field. Under an exterior strain, a dislocation moves according to
its Burgers vector which caracterize the intensity and the direction of the defect
displacement (see Hirth and Lothe [106] for an introduction to dislocations).

Here, we are interested in dislocations densities dynamics. More precisely, we
consider edge dislocations, i.e the Burgers vectors and dislocations are in the same
plane. These dislocations are moving with the Burgers vectors +b (see figure 9.1).
This model has been introduced by Groma, Balogh as a coupled system, namely a
transport problem where the velocity is given by the elasticity equations in the 2-D
case (see [103]).

If the 2-D domain is 1-periodic in x; and w9, and if the dislocations densities
depend only on the variable x = x; + 25 (where (x1,25) are the coordinates of a
point in R?), when b= (1,0), the 2-D model of [103] reduces to the system of coupled
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dislocation of type + <a---------ocfeen T i L

T2 )

L = dislocation of type —

F1G. 9.1 — The cross-section of the dislocations lines.

1-D non local Hamilton-Jacobi equations (see Section 3)

(

== (pe =+ [ ore.t) = p-e.0)r+ 11 ) 1Dy

on R x(0,7)
(9.1
1
= (o =0+ [ el = p-e0) s+ 20 ) D
0
\ on R x(0,7)
where p.,p_ are the unknown scalars such that (p, — p_) represents the plastic
deformation, their space derivatives Dpy := % are the dislocations densities and

L(t) represents the exterior shear stress field. From a physical viewpoint, Dpy >
0, however, here we do not make this assumption to remain on a more general
framework. The initial conditions for the system (9.1) are defined as follows :

pi(z,0) = p(x) = P)(x) + Loz on R (9.2)

where P are periodic of period 1 and Lipschitz continuous. In particular, p% — p°
is a 1-periodic function. Ly is a given constant which is the total densities of type
=+, 7.e. we suppose that initially, we have the same total density of type 4+ and —.

1.2 Main Results

The first goal of our paper is to prove the existence and uniqueness for the
solution of the non-local system (9.1)-(9.2). A natural framework for our study is
the viscosity solution theory. We refer to Barles [18|, Bardi, Capuzzo-dolcetta [17]
and Crandall, Ishii, Lions [61] for a good introduction to this theory in the scalar
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case. We also refer to Ishii, Koike [117] and Ishii [115] for the vectorial case and
to Engler, Lenhart [76|, Ishii, Koike [118], Lenhart [133], Lenhart, Belbas [134],
Lenhart, Yamada [135] and Yamada [184] for some applications.

We have the following existence and uniqueness result for the non local system :

Theorem 1.1. (Existence and uniqueness for the non-local problem) For all
T >0, for all Ly € R, suppose that p. € Lip(R) satisfy (9.2) and L € W (R").
Then, the system (9.1)-(9.2) admits a unique viscosity solution p = (p, p—). Mo-
reover, this solution is uniformly Lipschitz continuous in space and time.

Remark 1.2. If at initial time, we have DpY. > 0, then this remains true for t > 0,
i.e., Dpy(x,t) > 0 for all (x,t) € R x [0,T]. This allows to treat the physical case
where Dpy > 0.

The main difficulty comes from the fact that the comparison principle does not
hold because of the non-local term. In order to overcome this problem, we classically
use a fixed point method by freezing the non-local term. In a first time, we give an
existence and uniqueness result for the local problem (this is a simple adaptation
of [117]). Then, we use Lipschitz estimates on the solution to prove the short time
existence and uniqueness for the non-local system. In the third step, we obtained
the result for all time by iterating the process.

Here, we are interested in the dislocations densities dynamics. Some others mo-
dels have been proposed to describe the dynamics of dislocations lines. We recall
some recent results. A non-local Hamilton-Jacobi equation have been proposed by
Alvarez, Hoch, Le Bouar and Monneau [10] [9] for modelling dislocation dynamics.
They also proved a short time existence and uniqueness result for this model. We
also refer to Alvarez, Cardaliaguet, Monneau [6] and Barles, Ley |25] for a long time
result under certain monotony assumptions and to Forcadel [87] for a short time
result for dislocations dynamics with a mean curvature term.

The second result is a numerical analysis of the non-local system (9.1). We pro-
pose a numerical scheme for our non-local system. Then, we give an error estimate
between the continuous solution and the numerical one.

We want to approximate the solution of (9.1)-(9.2). Given a mesh size Az, At,
we define

E={iAx, 1 €Z} Zr==x/{0,...,(At)Nr}

where Ny is the integer part of T'/At. We refer generically to the lattice by A in
the sequel. The discrete running point is (z;,t,) with x; = i(Ax), t, = n(At).
We assume that Ax + At < 1. The approximation of the solution p; at the node
(x;,t,) is written indifferently as vy(x;,t,) or vy, according to whether we view it
as a function defined on the lattice or as a sequence.

Now, we will introduce the numerical scheme. The main difficulty is due to the
non-local term, which requires the availability of the solution we are intending to
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approximate. To solves this problem, we fix the solution v]' = ('1)171-,1)

n

= ") at each
time step on the interval [¢,,,.1] and we apply the following monotone scheme,

£ = 0,00 = (e = (37, 9
where p9.(x;) is an approximation of p% (z;); and Vk € {+, —}
ET (DYop,, D7op,) if CR (x4, t,) > 0
n+l __ ,n A ) ki ki k 1) 'n
b = o+ sCRet) { g (pek ok T (9.4
where

CRv)(wista) = —k (v = 0" ; + 0 [v](1n))
and the non-local term a®[v|(t,) is given by

a®[v](t,) = Z_ Ax (vy(zi,tn) — v_(x;,t,)) + L(ty) (9.5)

where N, is the integer part of 1/Ax. E* are the approximation of the Euclidean
norm proposed by Osher and Sethian [154] :

ET(P,Q) = (maX(P, 0)? + min(Q, 0)2)

NI

, (9.6)
E~(P,Q) = (min(P, 0)? + max(Q, 0)2)%

and D*v,, D~vj, are the discrete gradient for all n € {0,.., Nz}, i € Z and
ke{+,—}:

vy vy
4+ n kyi+1 ki
DTy , (9.7)
Az
n n
—n Vki = Ukji—1
D vy, =
ki —

Finally, we assume the following uniform CFL condition (see the beginning of
Section 5.2 for more details)

1
At < —A .
<L x (9.8)
where

We then have the following error estimate :
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Theorem 1.3. (Discrete-continuous error estimate) Let T' > 0. Assume that
Az + At <1, L € W(R x [0,T)) and that the CFL condition (9.8) holds. Then
there ezists a constant K > 0 depending only on || P — P°|| ), ||L|wi.=omr and
maxye(+,—1 || DY Lo r) such that the error estimate between the continuous solution
p of the system (9.1)-(9.2) and the discrete solution v of the finite difference scheme

(9.8)-(9.4) is given by

max sup |py — vi| < K ((T +VT) (Az+ AH)Y? + max sup|p) — v2|)
k€{+)_} ET k€{+7_} =

provided K ((T +VT)(Az + At)z + krr{lax}sup(pg - v2)> < 1.
e{+-} =

Remark 1.4. In the condition K ((T +VT)(Az + At)z + kn{lax}sup(pg — v,?)) <
€1t~ =
1, we can replace the right hand side by any positive constant.

In fact in the proof of this theorem, we mimic the continuous problem by consi-
dering the approximate solution of (9.1) as a fixed point of a local system. We are
inspired by [8] to prove a Crandall-Lions rate of convergence [63], between the conti-
nuous solution of (9.1) and the numerical one. As far as we know, this is the first
error estimate of Crandall-Lions type for Hamilton-Jacobi systems. We also refer to
Jakobsen, Karlsen [122] and Jakobsen, Karlsen, Risebro [123] where they proved an
error estimate for a weakly coupled system of the form

(uy)e + Hi(t, z,u;, Duy) = Gi(t, z,u) in RN x (0,7) (9.9)

for i = 1,..., M. Their error estimate is in O(At) for a semi-discrete splitting algo-
rithm that they propose to approach the solution of (9.9). However, we obtain an
error estimate in O(v/At + Ax) because we also discretize in space.

In the dynamics of dislocations lines case, the model have also been numerically

studied by Alvarez, Carlini, Monneau and Rouy |7, 8|. In their paper, they proposed
a numerical scheme for the non-local Hamilton-Jacobi equation and they proved a
Crandall-Lions type rate of convergence.
Let us now explain how the paper is organised. In Section 2, we fix some notations.
We present the formal derivation of the model in Section 3. Then, in Section 4,
we study the continuous problem. First in Subsection 4.1, we give an existence and
uniqueness result for a local system. Then, in Subsection 4.2, we prove Theorem
1.1 by using a fixed point method. In Section 5, we prove a Crandall-Lions type
error estimate for the local problem and then we prove Theorem 1.3 on the non-
local problem. Some numerical examples are displayed in Section 6 where we show
some tests illustrating our error estimate and then an evolution approximation of
dislocation densities.
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2. Notation

2 Notation

For simplicity of presentation, we fix some notations :

1. Order relation : for r = (ry, 72), s = (s1, s2) € R?, we say that r < s if
TL S Sk for k € {1,2}

2. Addition vector-scalar : for r = (ry, 73) € R?, X € R, we denote by 7 + A the
vector (r; + A, o+ A).

3. P-periodic plus Lo-linear function : we say that p is P—periodic plus Ly—linear
if there exists a vectorial periodic in space function P? = (P?, P”) of period
P and a constant Lg such that

p(z,t) = PP(z,t) + Lox = (P} (x,t) + Loz, P?(x,t) + Lox).

3 Modelling

We denote by X the vector X = (z1,2). We consider a crystal with per-
iodic deformation, namely the case where the total displacement of the crystal
U= (U,U;) : Rx Rt — R? can be decomposed in a 1-periodic displacement
u = (uy,us) and a linear displacement A(¢)'X with A(t) a given 2 X 2 matrix which
represents the shear stress

_{ Aul(t) An(t)
Alt) = ( Axn(t) Asn(t) ) .

The displacement U is then given by
UX,t) =u(X,t)+ At)'X

and we define the total strain by

(Vu+"Vu+ A(t) + A1) .

1 1
e(U) = 5(VU+ 'VU) = 3

ou;
where the coefficients of Vu are (Vu);; = %, i,7 €{1,2}.
J

This total strain is decomposed in the form
e(U)=¢e*(U) + &P,

where £¢(U) is the elastic deformation and P the plastic deformation which is
connected to the densities of dislocations by

e’ =% (py —p-), (9.10)
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where py represent the edge dislocation of type =+, such that I;.Vpi > 0 is the
density of dislocation of type +, b = (b;, by) is the Burgers vector and

(5®5L+5¢®5> (9.11)

| —

e =

where b is a vector orthogonal to b and (5 ® Z;L> = bibjL.
ij

The stress is then given by
o=A:e(U), (9.12)
i.e. the coefficients of the matrix o are :

o= Y Aguey(U) ije€{1,2}
k,le{1,2}

with A = (Aijra)yp0 3, k51 = 1,2, Aijiy are the elastic constant coefficients of the
material, satisfying for m > 0 :

Z Aijklgijgkl Z m Z 6?]- (913)

ijkl=1,2 ij=1,2

for all symmetric matrix € = (¢;;),. i.e. such that ¢;; = ¢j;.

ij

The functions py and u are then solutions of the coupled system (see Groma,
Balogh [103], [102] and Groma [101]) :

dive =0 in R? x (0 T),

o =A:(e(U) —eP) in R x (0 T),

e(U) =1 (Vu+'Vut A(t) +'At) inR2x (0 T), 014

e =ps —p) in B2 x (0 7), (9.14)
[ (p)e = %(0: 9.V in R? x (0 T),

i.e. in the coordinates
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3. Modelling

% ~0 in R? x (0 T),
o102 9T
Tij = > Ayu(en(U) — ) in R* x (0 T),

k,le{1,2}
5(U) =5 ((u)y + (Va)y, + Ay() + A1) inR2x (0 T), (g5
€5 =& (p+ — p-) in R? x (0 T),
(ps): =+ | Y oyl | 0.Vpe inR2x (0 T),
{ ije{1,2}

where the unknowns of the system are p, and the displacement u = (uy,us) and
with €% defined by (9.11). The sign + comes from =+ in +b.

To simplify, we consider the homogeneous case. The coefficients A;;i; are such
that

o =2uc(U) + Atr(e*(U)) 14, (9.16)

where p > 0 and A+ p > 0 (consequence of (9.13)) are the Lamé coefficients and I,
the identity matrix. Then, the following lemma holds :

Lemma 3.1. (Equivalence between 2-D and 1-D models) If we assume that
the Burgers vector is b = (1,0), and that the densities of dislocations and u only
depend on one variable © = x1 + o (as shown in Figure 9.2), the 2-D problem
(9.14), with A defined by (9.16) is equivalent to the 1-D problem

(1) =—Cy ((P+ —p-)+ 02/0 (p+ —p-) + L(t)) Dp, inRx (0 T)

(p-)e =Ch ((p+ —p-)+ 02/0 (p+ —p-) + L(t)) Dp_ inRx (0 T)

(9.17)
where L(t) )\+2'LL (Alg( ) + Agl(t)), Ol = ()\l and CQ

A2

>\+u)

Proof of lemma 3.1
We can rewrite the first equation of (9.14) and (9.16) as

div (2ue(U) 4+ Atr(e(U))14) = div (2ue? + Mr(eP)1,) .
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X2

15

F1G. 9.2 — 1D sub-model for invariance by translation in the direction (-1,1)

This implies by (9.10)

p+ — p-)
(9362
pAu+ (A + p)V(divu) = p
Ip+ — p-)
8371
Using the fact that x = x; + 9, yields
0y 0% (ur + up) d(p+ — p-)
Ox? Ox? ox
21 + A+ n) =1
9%ug 9% (uy + ug) d(p+ — p-)
0x? Ox? ox

Now, by adding the two above equations, we obtain

Plur+u) (3(p+ - P)) '

ox? N+ 2 ox

Integrating the above equation yields, since u is 1-periodic :

8(1“8; ) _ _& <(p+ —p-) - /Ol(m - p—)) - (9.18)

AN+ 2

Using the fact that

(02%) = o = 2ue ()i = p (PG o)+ Ault) s - ) )

and (9.18) yields

(5:c9) = L2t ((ﬂ+—p)+ﬁ/ol(p+—p)+L(t))

A+ 2u A
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4. The continuous problem

where L(t) = —%

system (9.14) can be rewritten as (9.17). As the constant Cy, C, are positive, to
simplify the notations, we can put them to 1 in the following without lost of gene-
rality on the system (9.1).

(A1a(t) + Agi(t)). We then deduce, if b = (1,0), that the

4 The continuous problem

To prove the existence and uniqueness result for the non-local problem, we use a
fixed point method. In order to do that we freeze the non-local term and we study
the following local problem

(p+)e = = (p+ — p~ +a(t)) |Dpy| on R x(0,7),

(02 = (ps— p-+a(®)|Dp| on Rx(0.T) 019
p+(-,0) = pf on R, '
p—(-,0) = p° on R.

The assumptions are the following :

(H1) a € Whe(R1),

(H2) p° = (p%,p") is 1—periodic plus Lo—linear, i.e., p%(z) = PY(z) + Loz where
P? are periodic of period 1 and Ly is a constant.

(H3) P € Lip(R).

4.1 The local problem

In this subsection, we will show some existence and uniqueness results for the
local Hamilton-Jacobi system (9.19) within the framework of viscosity solution. We
denote by USC(R x (0,T)) (resp. LSC(R x (0,7))) the set of locally bounded upper
(resp. lower) semi-continuous functions. For & € {+,—}, we define the following
Hamiltonian

Hi(t, p,p) = k(p+ — p— + a(t))|pl-

We recall the definition of viscosity solution for Problem (9.19), proposed by Ishii,
Koike [117].

Definition 4.1. (Subsolutions, supersolutions, solutions) : A function p €
USC(Rx]0,TY) is a viscosity subsolution of (9.19), if
~pt=0) < pg
— for all k € {+,—} and for any test-function ¢ € C'(Rx]0,T|) such that py — ¢
reaches a local mazimum at a point (xg,te) € Rx]0,T[, we have

Ge(zo,to) + Hi(to, p(wo,t0), Do(x0,10)) < 0
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In a similar way, a function p € LSC(Rx]0,T) is a viscosity supersolution of (9.19)
if
= p(t=0) = po
— for all k € {+,—} and for any test-function ¢ € C'(Rx]0,T|) such that py — ¢
reaches a local minimmum at a point (xo,tg) € Rx]0,T[, we have

¢e(zo,to) + Hi(to, p(wo,t0), Do(x0,t0)) > 0

Finally, p is a viscosity solution of (9.19) if and only if p is sub- and supersolution

of (9.19).

The key point is that our system is quasi monotone in the sense of Ishii, Koike
[117, (A.1)], (see Lemma 4.2 below) and so we can extend their results to our system
in unbounded domain and with unbounded initial condition using the well-known
arguments of the scalar case.

Lemma 4.2. (Quasi-monotony of the Hamiltonian)
The Hamiltonian H is quasi-monotone, i.e., for all vectors r and s such that

e — _ >0
75 =8 ké?ff}(rk Sk) =
then
1 1
Proof of Lemma 4.2 :
Let r and s be two vectors such that r; — s; = kn{lax}(rk — s;) > 0. We have
e{+—

H;(t,r,p) — Hj(t,s,p) = jlre —r—+a(t))lp| = j(s4+ — s— +a(t))lp|
= jlpl((ry = s4) = (r- —s-))
= Iplsign((ry — s4) = (r— —s-))((r+ — s4) = (r- —5-))
= pll(re —s4) = (r- —s-)[ > 0.

This ends the proof.

Proposition 4.3. (Comparison principle)
Let p € USC(2x]0,T[) and v € LSC(2x]0,T[) be respectively sub and supersolu-
tions of (9.1). We assume that there exists C' > 0 such that

po(z) — Ct < p,v < po(x) + Ct. (9.21)

Then if p(-,0) < v(-,0) in R then p < v in Rx]0,T].
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4. The continuous problem

Proof of Proposition 4.3

Let us denote by M., = max sup (pr —vg). It is sufficient to prove that this maxi-
Rx[0,T]

mum is non positive. Let us suppose by contradiction the positivity of Mj,,. We

duplicate the variables by considering, for all ¢, 3, n and « positive

I A

. 2 2

W%yﬂf, S, k) = pk(xat) - vk(y7 8)

We note that ¢ (x,y,t,s, k) is USC in (R x [0, T'[)?, because of the term % +%.

We can think that the maximum of ¢) noted M (e, 5,,n) = sup ¥(z,y,t,s,k), is

w7y7t7s7k
similar with My.

This idea is justify by the following lemma
Lemma 4.4. : Let (7,7,t,5,k) be a mazimum of 1. If we define M' = ;ILH% My,
where M, = sup (p(x,t) —v(y,s)) Then the following properties hold

lz—y|<h

lt—s|<h
1. lim a|z| = lim a|y| =0
a—0 a—0

2. limsup M(e,B3,a,n) =M’

(e,8,0,m)—0
3. limsup (@ 1) — uy(7.5) = M’
g, ,OL,T] —
4. % —_— O and % — O wh@’fl (57/67a777> - O

5. t,5 are positive if €, 3, o and n are sufficiently small.

The proof is postponed.
We take ¢, 3, a and 1 small enough such that ¢ > 0 and 5 > 0 (see Lemma 4.4).
Using the fact that p and v are sublinear, we deduce that

liminf ¢(z,y,t,s) = —0

|2l,lyl—o0

and so the function 1 reaches a maximum at a point (z,7,1,5, k). We then deduce
that the function

r—g*  |t—3]
(z,t) — pp(z,t) — vg(g,§)+| vl +| |+ Ui

2 —12
S+ g g +ollel + )

reaches a maximum at (Z,?). By using the test-function

r—yl* |t -5
oo.t) = (g 5) + I AT

2 —12
3oy ey allel 1ol
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and the fact that p is a subsolution of (9.19), we deduce

(E; ) - T ﬁ 2 + Hj, (t,u(az,f), (@ ; v - Qom:) <0. (9.22)
In the same way, we have
<t; 5) + H; (s,v(y, 5), @ - 2ay> > 0. (9.23)

By subtracting (9.23) to (9.22), we deduce

s+ e (1000, T2 202 i (5.00.9), T2~ 20g) <0

(9.24)
By using Lemma 4.4, we have, up to extraction of a subsequence
limz =2, limy=y,
B—0 B—0
limt=1lims=r.
B—0 B—0
Sending 3 to 0 in (9.24), we deduce
ﬁ + ch <T7p(*%a7—)7 (:B ; y) + 205‘/%) - ch <T7U<g77)7 (SB ; y) - 205:&) S O
3 B (9.25)
with k£ = limk.

B—0
Moreover, we have

p;;(i’,’f) - 'U];(Z],T) 2 pk(i'ﬂ_) - Uk(:lj,T) 2 0.

(7 —9)
9

By adding and by subtracting the term Hj (7’, p(Z, 1), — 2a37) in the in-

equality (9.25) and by using Lemma 4.2, we deduce that

ﬁ + Hj, (T,p(:E,T), ( ; 9 + Zai) — H; (T,p(fﬁﬂ-)’ (z ; y) 2ag) <0
and so
ﬁw%(m(:i,r) —p (Z,7) +a(r)) ( (x%y) 20| — ‘@ 2aj > <0,

Using the fact that k((p* (2, 7)—p~ (2, 7)+a(7)) is bounded (see (9.21)), and sending
a — 0, we obtain using Lemma 4.4

n
— <0
(T—71)2 7
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this contradiction ends the proof of the proposition.
Proof of lemma 4.4
Thanks to the positivity of Mg,,, we have

M(e, 3,a,n) >0

for n and « small enough. We then deduce

<K+ (K + [z —gP) - ——

< K,
for ¢ < 1, where we have used (9.21) for the second line. Multiplying the previous
inequality by «, yields

lir% alz| = liII(lJ algl = 0. (9.26)
In the same way, we have

iz —gl* | |t—sP

” + 2 < K; (9.27)
and so
lim |z — = élir(l) [t —5]*=0. (9.28)
We recall that M, = sup (p(z,t) —v(y,s)). Let (2", y" " s") be such that
e
el 1) = (5l ) > My —

with |2 —y"| < h and [t — s"| < h. We then have

My === =z o (Janl* + lyal?)

B . h(2 th_ gh|2
<ot th) — oty o) — 2B I ZSE g atp s
<M(e, B, a,m)

Sp(i’, f) - U(gv E),
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We send 3 — 0 and then @ — 0 and we obtain

M, L_n_ < lim inf lim inf p(Z, t) (y,3)
- — = — 1m 1nf l1m in T — v S
h n % 298 = Ta—0 30 P T, Y,

<limsup limsup p(z, t) — v(7, 5).

a—0 B—0

Passing to the limit in A, yields
1
M’ — = < liminf liminf p(Z, ) — v(7, 5
o, < liminfliminf o(z, ) —v(7, )

<limsup limsup p(Z,t) — v(7, 5).
a—0 B8—0

We then take hH(l) and get
e—

1
M' — = <liminf lim inf lim glf p(z,t) — v(g, )

n e—0 a—0 B—

<lim sup lim sup lim sup p(Z,t) — v(7, 5)
e—0 a—0 £—0

<lim sup lim sup sup  plx,t) —o(y,s)
e—0 a—0
oyl <K
lt—s| <K VB

§]llirr(1) sup p(z,t) —v(y,s)
- |z—y|<h

[t—s|<h
<M.
We then deduce that

lim inf lim inf lim 'élf p(Z,t) — v(g, §) = limsup lim sup lim sup p(z,t) — v(g, §) = M.

e—0 a—0 B— e—0 a—0 B—0
In the same way, we get
!

lim inf lim inf lim inf M (¢, 8, a, ) = lim sup lim sup limsup M (e, 5, a,n) = M

e—0 a—0 £—0 e—0 a—0 B—0

and we deduce that

F— a2 |F— 32
lim sup lim sup lim sup (\x Yl + kil ) =0
e—0 a—0 B—0 28 26
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Finally, let us suppose, for example, that ¢ = 0, then, because of ug < vy, we
have
UE(ZZ‘, O) - Ulé(g’ §) < UE([E, O) - UE(ja 0) + UE(E7 0) - Ul}(ga §)

< vg(Z,0) — v(y, 5).

However M’ > 0 and when ¢, (3, a and 7 are sufficiently small, we get a contra-
diction. When § = 0, a similar proof could be given which ends the proof of the
Lemma 4.4.

We now prove existence for the problem (9.19). We use the Perron’s method for
systems proved by Ishii and Koike in [117]. We then have the following theorem

Theorem 4.5. (Existence for the local problem)
Assume (H1)-(H2)-(H3), then there exists a unique viscosity solution p of problem
(9.19). Moreover, the solution satisfies

px0(x) = (M + [lal[<) Bot < p=(x,t) < pro(@) + (M + lafl ) Bot,  (9.29)
where M = ||Py o — P_ ||~ and By = || Dpo|| -

Proof of Theorem 4.5

By Perron’s method, it suffices to construct viscosity sub and supersolution of (9.19).
We claim that p = po+(M+||al| 1) Bot and p = pg— (M +||a|| .= ) Bot are respectively
super and subsolution. Indeed, formally

—k (s = P_ +a(t)) IDpy| <|PY = P2+ a(t)] | Dol
< (I1PY = P2z + llallz=) [ Dpol| o
<(M + [[a[[r=)Bo = (P ):-

The proof for the subsolution is exactly the same and we skip it. To achieve the
proof, it suffices to use the comparison principle to obtain the uniqueness.

Proposition 4.6. (Regularity of the solution)
The solution p of (9.19) is Lipschitz continuous in space and time. More precisely,
p satisfies :

| Dp|r < By (9.30)

and
[(p)ellzoe < (LT + M + ||al| ) Bo, (9.31)

where L, is the Lipschitz constant of a, By = ||Dpol|r~ and M = ||p+0— p—ollLe-
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Proof of Proposition 4.6
We set p"(z,t) = ps(x + h,t). Since Problem (9.19) is invariant in space, p" and
"+ |l p+0() = p+o(- + h)||~ are still solutions . Using comparison principle, yields

o = P[ <llpro(-) = pro(- + A1
<Boh.

So, p is Lipschitz continuous in space.

For the estimate in time, we consider v(z,t) = p(x,t + h). It is easy to check
that v is a supersolution of

{ (vi)e = — (v+ —v- +a(t)) [Dvi| — LaBoh

(v_)e = (vy —v_ +a(t)) |Dv_| — Ly Boh. (9.32)

Indeed, formally

(
(pi (.t ) = p_ (2, + 1) + alt + ) [ Dpele, 4 1)
(vi(z,1) —v_(2, 1) + a(t)) | Dvg(x, )] + k(a(t) — alt + h)|[ Dvy|
(vy(z,t) —v_(x,t) + a(t)) |Dvg(z, t)| — L.hBo.
Moreover, p = p — L, Boht — (M + ||a|| =) Boh is a solution of the same equation

and satisfies v(-,0) > p(-,0) (see Theorem 4.5). So, by comparison principle for
(9.32), we deduce that

plx,t) — plz,t + h) < (Lot + M + ||a|| <) Boh < (LT + M + ||a|| =) Boh.

2_

Using the same arguments with p(z,t — h), we deduce that p is Lipshitz continuous
in time.

Proposition 4.7. (Caracterization of the solution)
The solution p is (1, Ly)—periodic plus linear, i.e.

P=\ P+ Lyz )
where the linear part Lo is the same of the one of py and the period of PY is 1.

Proof of Poposition 4.7
We set P{ = py — Lox. It suffices to show that P/ are periodic of period 1. The
vector function P” satisfies

(P7)e=—(P{ — P’ +a(t)) [DP{ + Lol
(P?)y = (P — P” +a(t) |DP? + Lo|
P2(-,0) = P?

P(-,0) = P°.
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We then set v(x,t) = P?(x+1,t). By the periodicity of P, we obtain that v satisfies
the same problem as P” and so, by uniqueness, v = P?. This achieves the proof of
the proposition.

Finally, we proved the following theorem :

Theorem 4.8. (The local problem) Let T > 0. Assume (H1)-(H2)-(H3). We set
M =||P) — P°|| 1=~ and By = kII{l&X}HngHLOO(R). Then, the following holds :
e{+,-

(i) Comparison principle. Let p € USC(Rx(0,T)) andv € LSC(Rx(0,T)) be
respectively sub and super-solution of (9.1)-(9.2). We assume that there exists
a constant C' > 0 such that (9.21) holds. If p(-,0) < v(-,0) in R then p < v in
R x [0, T].

(i1) Existence. There ezists a unique viscosity solution p of problem (9.19) satis-
fying (9.29). Moreover, the solution is 1—periodic plus Ly—linear.

(i1i) Regularity. The solution p of (9.19) is Lipschitz continuous in space and time
and satisfies

a D 0 < B
pnax 1D pie|| oo ®x 0,1)) < Bo,

max

o0 < Bo(M + ||a|| = .
ke{_,'_’_}H(pk)tHL (Rx(0,1)) = 0( || ||L (O,T))

(iv) Estimate on the solution. The solution p satisfies
o+ — p-|le@x o)) < 1% — P2 || Loow)-

Proof of Theorem 4.8

The comparison principle is just an extension of the one of Ishii, Koike [117, Th
4.7] for quasi-monotone Hamiltonians. For the existence, it suffices to use Perron’s
method by remarking that p=4= (M + ||a|| L (0,r)) Bot are resp. super and sub-solution
of (9.19). The fact that p is 1—periodic plus Lo—linear comes from the fact that
p(x +1,t) + Ly is also solution of (iv).

The Lipschitz estimate in space comes from the fact that Problem (9.19) is
invariant by space translation. To obtain the Lipschitz estimate in time, it is sufficient
to bound the velocity using (9.29).

We now prove (iv). We set

my(t) = sup py(x,t) and m_(t) = inf p_(x,t).
z€(0,1) z€(0,1)

It is easy to chech that m, (resp. m_) is subsolution (resp. supersolution) of u; = 0
which implies the upper bound of (iv). The lower bound is proved similarly. This
ends the proof of the theorem.
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4.2 The non-local problem
Before to prove Theorem 1.1, we need the following lemma :

Lemma 4.9. (Stability of the solution with respect to the velocity) Let
T > 0. We consider for i = 1,2 two different equations

(pi)e = =k (0. — p- +ai(t)) |Dp| for ke {+ -}
{ pi(0) = for ke {+,-} (9:33)

where the coefficients a; satisfy (H1) and the initial conditions p° = (p., p°) satisfy
(H2)-(H3). Then, we have

kI?aX ok — pllgHLOO(RX(O,T)) < BoT||ay — a1 zo(0,1);

where p' for i = 1,2 are the solutions of (9.33) given by Theorem J.8.

Proof of Lemma 4.9
We set K = ||az — a1]|=(0,). We remark that p? is a sub-solution of

(p0): + k(1 — p— -+ an()) | Dp| — KBy = 0.

Moreover p' + K Byt is solution of the same problem. By comparison principle, we
then deduce

Lnax, 107 = Pill Lo @x 0y < KBoT.

This is the estimate we want.

We have the following lemma whose proof is trivial :
Lemma 4.10. (Stability of the velocity a) Let p', p* be 1-periodic plus Ly-
1
linear. We set a[p'](t) = / p' (@, t) — p’(x,t)dx + L(t). Then the following holds
0

2 1 2 1
a —a oo < 2 ma — oo .
lalp”] = alp ]l L1 < I 1ok = prll 2o @x0.19)

We now prove Theorem 1.1.

Proof of Theorem 1.1
We define the set :

o+ = p-llLe < M
p is 1—periodic plus Ly—linear
Ur=<p= Pr) e (L2 )%, s.t.| max ||Dpk||Loo < By ,
p— ke{+,—
pnax, ||(pk) [z < Bo(2M + || L[ <(0.1))
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where L is defined in (H2), By = kr?ax}HDszLoo(R) and M = ||P{ — P%|| =)
e{+—
For p € Ur, we set

) = [ prtant) = p- (.00 + L) (9.34)

We see that for any p € Ur, a[p] satisfies (H1) with ||a[p]||ze0,r) < M + ||L|| o 0,1)-
For p € Ur, we then define v = G(p) = (G4 (p),G-(p)) as the unique viscosity
solution for & = 1,2 (see Theorem 4.8) of

{ (vg) = —k (v —v_ +alp|(t)) |[Dvk] on (0,T) x R,
vg(+,0) = pf) on R.

We will show that G : Ur — Ur is a strict contraction for 7" small enough. First, we
will prove that G is well defined. By Theorem 4.8, we know that v is 1— periodic
plus Ly—linear. Moreover, we have

(9.35)

max || Dvg||pe < By,
ke{+—} || k>||L (Rx(0,T)) = Do

max

I | (v )el| oo (0,7)) SBo(M =+ ||al| 0,1)) < Bo(2M + || L|| Lo 0,1))

and

vy = v_|| L@ (o)) < M

and so v € Ur.
It thus remains to show that G is a contraction. For v’ = G(p’), according to
Lemma 4.9 and Lemma 4.10, we have

[o? = v e @niory = sup of = vblli= < BoTllalo?) = alp']l =0
{ke{+,—1}

1
<2BoT|p" = p*|lLo@x (o) < =llp" — £° | Loe @ 0y)

1
for T <T* = 1B And so G is a contraction on Uy which is a closed set. So, there
0

1
exists a unique viscosity solution of (9.1)-(9.2) in Uz on (0,7*) where 7% = R By
0
iterating this process, one can construct a solution for all 7" > 0. Indeed, 7™ depends

only on By which does not change with time.
Proposition 4.11. (Estimate for the non-local solution) Let T" > 0. The
solution p of (9.1)-(9.2) satisfies
o+ — p=llze@®x01)) < M
where M = || P — P°|| po(w).-

The proof is the same of the one of the local case, see Theorem 4.8 (iv).
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5 Numerical scheme

5.1 Approximation of the local system

In this subsection, we propose a finite difference scheme for the local system
(9.19). Given a discrete velocity a®, we consider the discrete solution v that ap-
proximates the solution of (9.19), given by the following explicit scheme for all
ke{+, -}

vhs = Ppls), (9.36)

= gy ALoc E* (Do, Do) 3 Gt o] (s, ) = 0
o = o+ e (G2 lulmt) { (Do ik SOt
- (9.37)

where °(z;) are defined in (9.3), E* are the approximation of the Euclidean norm
proposed by Osher and Sethian [154| defined in (9.6) (we also can use the one
proposed by Rouy, Tourin [159]), Dto}!, D~ v} are the discrete gradient defined in
(9.7) and

CoM o w(wiy 1) = —k(w (2, ) — w_ (i, t,) + a® (L)) (9.38)
where a® is an approximation of a satisfying
a®(ty,) = a(t,). (9.39)

In particular, the functions E* are Lipschitz continuous with respect to the discrete
gradients, i.e.

|[E*(P,Q) — EX(P,Q)| < (IP = P|+]|Q-Q']). (9.40)
They are consistent with the Euclidean norm
EX(P,P) = |P| (9.41)
and enjoy suitable monotonicity with respect to each variable
%20, gggo, 2%20, g%go. (9.42)
Denoting by S* the operator on the right-hand side of (9.37), we can rewrite the
scheme more compactly as

vis = pr(x),  upth =St
Finally, we also assume that the mesh satisfies the following CFL condition (cf
Remark 5.2)

1
At < —A A
t < oL, x (9.43)
where

L1 = ”aHLOC(O,T) + M + 2.
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Theorem 5.1. (Crandall-Lions rate of convergence) Let T' < 1. Assume
that Az + At < 1. Assume that a € WH(R x [0,T)) and that the CFL condi-
tion (9.43) holds. Then there ezists a constant K > 0 depending only on ||P? —
POl ey, llallwieor) and maxgeqy —y [|Dph| o) such that the error estimate bet-
ween the continuous solution p of the system (9.19) and the discrete solution v of
the finite difference scheme (9.36)-(9.37) is given by

max _sup |px(x;, t,) — vp,| < K\/T(Aa; + At)1/2 + max sup |p2($z) — Ugi\
k€{+7—} Er ’ k-e{_i_’_} = ’

provided K (Az + At)2 + krr{lax}sup(pg(xi) —up ) < L.
e{+-1 = '

Remark 5.2. (Monotony of the scheme) Under the assumptions of Theorem
5.1, we have

0 3 =" | <P = pi )|+ [ (@1, 1) — p— (i) | 4 o (i, 1) — 0,
<2+ M

where we have used Theorem 4.8 (iv) for the second term. We then deduce that the
discrete velocity is uniformly bounded :

CM ) < |lallz=or) + M +2 = L.

Then, one can show that the scheme is monotone in the following sense : let v and
w be two discrete functions such that v} < w} ; then

S* (™) () < S*(w™)(x;), for k€ {+,—}.
For the proof of Theorem 5.1, we need the following lemma :
Lemma 5.3. If v} is the numerical solution of (9.36)-(9.37), then

—Kt, — p° < p%(z) — v(xi, t,) < Kty + pt (9.44)
where K = 2(||P_?_ — PEHLOO(R) —+ ||a,||Loo(07T)) mane{_h_} ||Dp2||Loo(R) and
p’ = max sup|ph(x;) — vy, > 0. (9.45)
ke{+,-} = ’

Proof of Lemma 5.3
To prove this, we set wi(z;,t,) = p(z;) — Kt, — u° and we show that for K large
enough w is a discrete sub-solution. Indeed, we have

wijgl — (SFw™);

ocC sgn AsLoc x; -
= — KAt — AtCE[p0) (s, ) EP9(C [P°)( s)(DF Y (23), D™ P (24))

CA,LOC

= — At (K F (0 ws) = o (1) + @ () BV (D 8 (@), Dl (1))

<= 8 (K = 2P~ Plmgey + lalhmon) o, [10A~co
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where C2""°[w](z;,1,) is defined in (9.38) and sgn(f) is the sign of f.
So, for every K > 2(||PY — P2l o) + [lall oo (o,r) maxpe(s,—y |1 DpR || ey, w s
a discrete sub-solution. Moreover
wi;(w5) = pl(z:) — 1 < vl ().
Using the monotony of the scheme, we deduce w]' < v and so
P (z;) — vl < Kty + po.

The lower bound is proved similarly.

We now give the proof of Theorem 5.1
Proof of Theorem 5.1
The proof is an adaptation for systems of the one of Crandall Lions [63], revisited
by Alvarez et al. [7]. The proof splits into three steps. We denote throughout by K
various constant depending only on [|P? — P°|| ), maxe(s+ —y || Dpllrm®) and

||a||W1,oo(0,T).
We first assume that
Plar) = of (9.46)
and we set
0= max sup |pd(x;) — vl,] = 0. (9.47)

k€{+7_ =

We set a few notations. We put

= max su Titn) — Uy ,)-
p= Dax, ETp(pk( ) = UK)

Forevery 0 < a <1, 0 <e<1and o >0, we set

Mo = sup Wos (0, t, x4, by, k),
Rx[0,T]xEr x{+,—}

with

B |z — a4 B [t —t,]? B
2e 2e

VS (zt, i b, k) = pre(a,t) — vp(y, t) ’2_

ot —alz]* — alz;

We shall drop the super and subscripts on W when no ambiguity arises as concerning
the value of the parameter.

Since p° is Lipschitz continuous and 7' < 1, we have by (9.29)

pa ()] < K(1+ Ja]). (9.48)
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5. Numerical scheme

Moreover by Lemma 5.3 we have

oz (i, t)| <lvx(zi,tn) — p3(2:)] + [0 (4))]
<Kt, + K(1+ |x;])
<KL+ |zi)).

We then deduce that W achieves its maximum at some point that we denote by
(x*, t* af, th k™).

Step 1 : Estimates for the maximum point of ¥
The maximum point of ¥ enjoys the following estimates

alz*| + alz| < K, (9.49)
and
|z* —xf| < Ke, |t"—t| < (K+20)e. (9.50)
Indeed, by inequality W(x*, t* o}, ¢}, k*) > 0(0,0,0,0,k) > 0, we obtain

alz*|? + alzi]? <pr- (2, 17) — v (2F,18) < K(1 4 |2*] + |2F])

K? « o
<K+ — + —|x*]? + = |z
< +a+2|x\+2\xll

This implies (9.49), since a < 1.
The first bound of (9.50) follows from the Lipschitz in space regularity of p (see
Theorem 4.8 (ii7)), from the inequality W (z*, t*, x}, t5, k*) > U(af, t*, xf, t5, k*)
and from (9.49). Indeed, this implies

* * ’2

2% — ]

%% Spk’*(x*?t*) _pk*(l‘:at*) _a"%*‘Q—i_@‘xﬂz

<Ko = zi| + ale” = 27[([27] + [27]) < Kla" — 7],

The second bound of (9.50) is obtained in the same way, using the inequality
U (™, 5, af, th k") > W(z*, ¢, 2, ), k*) and Theorem 4.8 (ii7).

Step 2 : A better estimate for the maximum point of ¥
Inequality (9.49) can be strengthened to

alr*|? + alzi]? < K. (9.51)

Indeed, using the Lipschitz regularity of p, the inequality W(x*, t*, z7, 5, k*) >
v(0,0,0,0,k*) and equations (9.29), (9.44) and (9.50), yields
alg* P+ alz|? <pp (2, 1) — v (27, 1,) + p(],0) — p(a7, 0)

1) 'n

<K(|lz* -z +t)+ Kt + 1i° < K.
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Step 3 :

Upper bound of p

We have the bound ;1 < KT (Az + At)? + u® if Az + At < .

First, we claim that for o large enough, we have either t* = 0 or ¢; = 0.
Suppose the contrary. Then the function (z,t) — V(z,t, x},t}, k*) achieves its

maximum at a point of R x (0, 7. Using the fact that p is a sub-solution of
the continuous problem, we obtain the inequality

o+p; < —k(ps — p- +a(t”))|p; + 202" (9.52)

: * « _ xF—x7
with p; = —=, p; = —

Since t! > 0, we also have W (z*, t*, xf, t5 k*) > U(a* t* x;,t — At, k*). This
implies

_ et

Vg (-, B — At) > (-, 1 — Ab) + v (2], 1) — (2], t5)

17 °n 177N
for p(x;,t,) = —|$*gfi|2 — |t*;z"|2 — a|z;]?. Using the fact that the scheme is
monotone and commutes with the addition of constants, yields
Vg (‘rr7 t:;)

=S" (v (-, 1, = A1) (7)
>p(af th — At) + v (25, 88) — (5, 1)

127 °n 17°n 1r'n

+ At (CkA*’LOC[v](x;‘, t;)) E" (DT p(xt, t: — At), D™ p(x},t5 — At))

177N 1r'n

i 'n

where I* = sgn (ckA*’LOC [v](zF t*)) We set

co] = = )@ 1), clpl = K (pa (a7, 7) — p- (2", %) + alt?)).

We then obtain the super-solution inequality :

) — p(xrth — At .
PULE) Z 8L 280 5 o) (Dl 1 — Af), D pla 1 — AN).

1N R )
Straightforward computations of the discrete derivative of ¢ yield

At . A A
it oz —lB (- 58 —aeei + 05 + 5 - alerf - A0))

Subtracting the above inequality to (9.52), we deduce

At x A A
o §2—6 — clp]lpt + 20" | + c[v] E (p;i - 2—: — a2z + Az),p, + 2—: — of2z] — AJ:))

At X *
<28 (clp] ~ elo]) I3 + @Kl
. A A .
Fllell[ 7 (52— 52 - aeet + a0y g+ 5 - at2af - A0)) — B k)
At A
§2—€ — (c[p] = c[v]) |p}] + Kalz™| + K; + 20K |z} | + 20K Ax
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5. Numerical scheme

where we have used, for the second line, the fact that
C[,O] S M + QB()(M + ||a||Loo(0,T))T S K
with M = ||PY — P°|| =~®) and By = (e | DY L(ry (see Theorem 4.8).
_l’_
Now, since pi- (", ) = 0 (af,£7) = max (pu(a”,#") = vi(ei, ) = 0, by
e{+
Lemma 4.2, we obtain
—(clp] = cl)lpz| = = K" (p1 (2", 1) — p— (2", ") + a(t")) [p;]
+ k" (04 (2 f ty) —v-(x7, 1) +a(t")) [py|
+k* (a®(t) — a(t")) v}
<la®(t) = at)] |p;] < K|t;, = *]|p}]

where we have used (9.39). This implies

At A
0 <5+ Kt = tillpi| + Kala'| + K== + 20Kz} + 20K Aa
€ 3
Ax+ At
<k2ET2 L Kol 4 ke,
9
Putting

A At
o = U*<AI+At,€,Oé) — K%—FK(alm—kg),

we therefore conclude that we must have t* = 0 or ¢} = 0 provided o > 0.
Whenever t* = 0, we deduce from Lemma 5.3 and from (9.50) that
M =V (2, 0,27, t5, k%) < ppe (@) — vp= (2], 15)
<pp-(27) — pe () + Kt} + 1
<K (Jo" — 2| +£5) + 10 < K(1+0)e + i,

Similarly, whenever ¢* = 0, we deduce from the Lipschitz regularity of p and
from (9.50) that

Me =W (z*, t*, 27,0, k%) < pp= (27, 17) — v (2, 0)
<K (lz* —zi| +t) + '’ < K(1 +o)e + p.
To sum up, we have shown that
M < K(1+o0)e+pu’ < Ke+p°
provided o* = K248 4 [(a'/? +¢) < 0 < 1.We then deduce that, for every
(x;,t,) and for every k, we have

Az + At
Pr(i, tn) — v, 1) — (K—

+ K(a? + 6)) T — 2a|z)* < M*
5
<Ke+ /.
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Sending o« — 0, taking the supremum over (x;,t,), the maximum over k and
choosing € = T2 (Axz + At)"/?, we conclude that

max su Tiytn) — 0 )=
helioy Ef(ﬂkz( ) k) u

<K (Az+ A2 VT + (e sup(p(ei) — vi),
(9.53)

provided that Az, At are small enough 7" <1, yy < 1 and (9.46) is assumed.
In the general case, we consider p = p + p' with p' = krr{lax}sup(vgi — ().
e{+-} = ’

We remark that p is solution of (9.19) and satisfies p°(z;) > v?. Then (9.53) is true
with p in place of p, i.e.

max Sup(pk(xi,tn)—i—ul—vgi) < K (Az + At)1/2 VT4 max sup(pg(xi)+u1—v2i),
]{:E{-‘r,—} ET ’ k€{+7_} = 3

which still implies (9.53) with kn{lax}sup |p%(5) — vl .
e{+-} = ’

The lower bound for the error estimate is obtained by exchanging p and v. As
the proof is similar to the above, we omit it.

5.2 Approximation of the non-local system

To solve numerically the non-local system (9.1)-(9.2), we use the finite difference
scheme (9.3)-(9.4)-(9.5). We also assume the CFL condition (9.8). In particular,
using Proposition 4.11, we deduce that the CFL condition (9.43) is satisfied uni-
formly for all a defined by (9.5) because

lalpl|l <o) < M + || L|| oo o)

and so Ly < Ls.

Let 7 > 0 which will be chosen later. To prove our convergence result, we mimic
the continuous case and we rewrite the scheme (9.3)-(9.4)-(9.5) as a fixed point.
Before proving Theorem 1.3 we need to introduce some notations and lemmata.
Defining X3 = R{%-N1} and X22 = (R2)2x10-N7} | the set of discrete functions

defined on {0, ..., Ny} and on the mesh Z; respectively, we denote by G2 : X%’A —
X;’A the operator that gives the discrete solution v of the local Problem (9.37) for

: . LA
a given velocity a® € X775 d.e.

(G2(a®), G2 (a) = G*(a®) = v.
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5. Numerical scheme

In particular, the scheme (9.3)-(9.4)-(9.5) can be rewritten as a fixed point of
G2 (a®[]), i.e.
v=G(a™[v])
with a®[] defined in (9.5). We set, for all T < T :
sup | D w| < Bo,
Er
UA = {we x| sup |Dfwe| <2By(2M + || Lz or) +4),
sup lwy —w_| < M +2
Er
and

VA = {aA e XA sup  |a®] < M+ ||L][p~ + 2 }

) ‘ {0,...,Np At}

where M = ||PY — P°|| ). One can easily check that
{(>pecUr} cUF

and
{(a)® : | lallz=@r) < M +||Ll|z~omr) } CVF

where (f)2 is the restriction to =7 of the continuous function f. We have the follo-
wing Lemma :

Lemma 5.4. Assume that (9.8) holds. Then for all T < T, the following inclusion
holds
(i) a®[Up] C V7,
(it) GA(VE) C Up.
Proof of Lemma 5.4
The proof of (i) is just a simple computation. We prove (ii).

Let a® € V2 and v = G2(a®). We set w(x;,t,) = v(xi41,t,) — AxBy. Then w is
still solution of the discrete scheme (9.37) and satisfies w® < v°. Using the monotony
of the scheme yields

U:I:(xi—&—h tn) — U:I:(Ii; tn)
Ax

< By.
Using Theorem 4.8, we deduce
lop —v_| < M +2. (9.54)

For the estimate in time, we have, using (9.54),
i

| S2Bo|CR o] i )|

<2By(M +2+ sup |a®))

<2Bo(2M + || L|| o (o,7) +4)-
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So GA (V) C U#. This ends the proof of the lemma.

We now have to prove some consistency and stability results for the velocity a®
and for the operator G*.

Lemma 5.5. (Consistency for the discrete velocity a”[-]) There is a constant
K = 2By + M such that, for every mesh A, for every 0 < T < T and for p € Ur,
we have

sup | (alp)® - a®[(p)]| < KAz

where (p)® is the restriction to Z¢ of the continuous function p and al-] is defined
in (9.34).

Proof of Lemma 5.5
We set p(z,t) = py(x,t) — p_(z,t). The following holds :

1 Ny—1
lalpl(ta) — a[(0)2](t0)] = / pa t)de — 3 Awp(an ta)
=0
Ne—1] r(i+1)Az
<S|[ dlet)de - Aa(ot)

i=0 Az

1
+/ plx,t,)dx

Ny Ax

Nz—1

<Az Y sup|pota) = plai )] + MAa
i—0 [iAz,(i+1)Ax]

<Az(2By+ M).
We have the following lemma which proof is just a simple computation

Lemma 5.6. (Stability property of the velocity a®[]) For every mesh A, for
every 0 < T <T and every vi,v, € Ui,é, the following holds

sup  [a®[va] — a®[o]] <2 max sup |vp — vy ].
ke{+,-} =

Lemma 5.7. (Stability property of the operator G2) There is a constant
K = 2By so that, for every mesh A satisfying the uniform CFL condition (9.8), for
dlO<T LT andallalA, (LQAEVTA

max_sup |Gy (ay) — Gi(ar)| < KT sup |ay —afl.
ke{+,—} =7 {0,...,Np At}
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Proof of Lemma 5.7
We set v; = G* (af*). Using the fact that

CIESQW(CI) — C2Esgn(02) < |Cl — CQ‘ maX(EJr? Ei)
yields
v;zl — vy + kAL (U;L+ _+ap(t )) B, +_U3’*+a?(t"))(D+v2 , D73)

<Atlay (tn) — at(t )|maX(E+(D+Uz,D 3), E7 (D" vy, D703))
<2ByAt sup |af —ad).

Moreover @y (z,t,) = vi(zi,t,) + 2By sup  |a2 — a5'|t, is solution of the same
{0,....Np At}
discrete equation. Since the scheme is monotone, one deduces that

max sup|GA(a2) G2(ad)| < 2B, T sup |ag — af|.
ke{+,-} = {0,...,Np At}

This achieves the proof.
We now prove Theorem 1.3.

Proof of Theorem 1.3
We use the main idea of Alvarez et al. [7].
We first assume that 7" > T and we set, for every [ > 1:

QP = AxZ x {AtNy, ..., AtN 1}

T . : .
where V) is the integer part of —. As in the continuous case, on each interval

_ _ At B
(IT, (I + 1)T), we can iterate the process (since 7' depends only on By which does

not change with time) and construct, using a fix point method (denoting by G and
G?), p and v respectively solution of (9.1)-(9.2) and (9.3)-(9.4)-(9.5). We then have
the inequality

max_sup |pr — vg| < n?ax}sup|le( alp]) —GkA’l(aA[vm

ket =} @a +-} @b
<kggx}supyakl (alp]) — Gy ((alp)™))]
QA
+ kér{lfx}sup G2y ((alp)®) = G,ﬁl (a®[))],

where the function Gi* ((alp])®) = (G2, ((alp])®), G2, ((alp])?)) (resp. Gi(alp]))
is simply the discrete solution of (9.36) (resp. the continuous solution of (9.1)) with
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the velocity a[p] and initial condition v™ (resp. p(-, N;At)). From Theorem 5.1, we
then deduce

max_sup |Gya(a[p]) — Gy ((alp])?))| SKVTAz + max  sup  |pp — vy
ke{t—} @a ke{+,—} Azzx N At

<IKVTAz + kr?ax}sup Ipy — vp|. (9.55)
Eit—5 E

For the second term, we use Lemmata 5.5, 5.6 and 5.7 to obtain

max_sup |G ((alp])*) — G (a®[0]) |
Qr

ke{+,—} pa

<KT  suwp|(alp)® — (o]

{N|At,...,Ni41 At}

<KT  swp ([(alp)® = a* [(0)2] |+ a* [(0)*] = a*[0]])

{NIAt,...;Niy1at}

<KT (AI + max sup lpr — vk|> :

e{+,-} QA

This implies, for TAz < 1 and KT < 1,

K = o o0 1
B o=l < TV TBa + e sw b =) T
We now take [ > 1 such that
IT<T<(+1)T
Then the following holds :
B e = ol Sy /Tae + (s b bl 7

<KTVAx+ K <kn{1ax}sup|p2 —vg\) L if T >T.
E1t+,—y =

where we have used the fact that T depends only on By.
Notice that, in the case where T' < T, from Theorem 5.1, (9.55) is replaced by

max sup|Gy(alp]) - G ((alp)*))| < KVT Az + max sup |} — il

ke{+,~} =,
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and so we obtain

max_sup |px — vg| < K\/TAZL‘-FK( max_sup |p —v,2|) Vif T <T.
k€{+,*} ET k€{+ 7} =

)

This ends the proof of the theorem.

6 Numerical results

In this Section, we present some numerical simulations of the 1-D Groma-Balogh
problem (9.1)-(9.2) discretized by the numerical scheme (9.3)-(9.4)-(9.5).

6.1 Numerical error estimate

Here, we show a numerical test in order to confirm our error estimate for local
system. Let us fix L(t) = 0 even if it is not physicaly relevant, let us choose the
following initial conditions : p9 (z) = —|z — 1/2| 4+ 1/2, and p° (z) = —|2z — 1| + 1
on [0, 1] (and extend it by periodicity on R).

log(L“~error

14 15 16 17 18 19 2
log(N,)

F1G. 9.3 — log(L> — error) of |un, — un,—1| versus log(N,) at T'= 1

Figure (9.3) show the behaviour of the L>-error versus the discretization para-
meter Ax. The regression slope is close to 0.7 and the ideal regression is % Hence,
the behaviour of this errors confirms that our error seems optimal.

6.2 Dislocation density dynamics

In this paragraph, we are interested by the evolution of dislocations densities for
the 1-D Groma-Balogh model (9.1)-(9.2) under the uniformly applied shear stress
L(t) = 3t.
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In this simulations, we choose an example of concentrated dislocations densities,
i.e. where dislocations densities are initially periodic, and equal to zero on some
sub-intervals of [0, 1] (see Figure 9.4).

This initial condition means that there exists some regions without dislocations,
and others with concentrated dislocations.

Intuitively, dislocations are intended to be uniformly distributed in the whole
crystal as shown in (Figure 9.6) where finally a uniform distribution in all the crystal
is observed, i.e. the density of dislocations becomes a constant.

We remark that when L(t¢) is non-stationary, our system behaves as a diffusion
equation (see |43] for further details). But evidently when L(¢) = 0, with the same
initial condition, the system does not evolve.

F1G. 9.4 — dislocations density (Dp.(.) = Dp°(.))

Fic. 9.5 — On the left : density (Dp.(.,3)); on the right : dislocations density
(Dp-(-+3))
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6. Numerical results

F1G. 9.6 — dislocations density (Dp.(.,3) = Dp_(.,3))
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Conclusion et Perspectives

Les différents travaux de cette thése ont permis de répondre a plusieurs questions
importantes pour la dynamique de lignes de dislocations aussi bien du point de
vue de ’analyse mathématique que de ’analyse numérique. Plusieurs travaux ont
également ouvert des pistes de recherches que je voudrais détailler ici :

Méthode Fast Marching

La généralisation que nous avons proposée dans [55| de la méthode Fast Marching
a de nombreuses applications potentielles. L’objectif pourrait étre, pour la propa-
gation de fronts, de proposer une alternative aux méthodes basées sur les level-set
qui ne permettent pas une bonne localisation des fronts quand le gradient de la
fonction est trop faible. Un exemple, comme nous 1’avons indiqué dans I’introduc-
tion, est d’utiliser cette méthode pour résoudre numériquement la dynamique des
dislocations.

Une autre application est le traitement d’images numériques. Avec C. Gout et C.
Le Guyader, nous sommes en train de développer une nouvelle méthode de segmen-
tation utilisant I’algorithme proposé dans [55]. Cette méthode utilise une fonction
edge-detector qui va localiser les contours de I'image et donc donner une direction
de propagation. Cette méthode semble trés robuste et nous a déja permis d’obtenir
des résultats encourageants. Nous présentons dans la Figure 9.8 un premier résultat
pour la segmentation d’une arthére du coeur.

Dans un groupe de travail ayant lieu au CERMICS, nous essayons également
de développer une méthode de type Fast Marching pour des équations de transport
linéaire. L’objectif est de réussir & montrer un résultat de convergence pour cette
méthode. Cette étude a lieu dans le cadre d’un contrat entre le CEA et TENPC avec
des applications industrielles.

Il y a également beaucoup d’autres choses a explorer autour de cette méthode,
comme la généralisation a des maillages non structurés, a des équations plus géné-
rales (autre que ’équation eikonale), ou encore au mouvement par courbure moyenne
(en utilisant par exemple les travaux [67] et [88]). En effet, ces deux travaux donnent
une fagon d’obtenir une approximation de la courbure moyenne de maniére localisée.
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F1G. 9.7 — Condition initiale. F1G. 9.8 — Résultat final.

J’aimerais utiliser cela pour proposer une méthode de type Fast Marching pour le
mouvement par courbure moyenne.

Homogénéisation

Dans la théorie de la dynamique des dislocations, le réseau cristallin va influencer
la dynamique des lignes de dislocations. En utilisant des outils d’homogénéisation,
j’essaie de comprendre I'influence de ces réseaux sur la dynamique. Cela revient a
ajouter a la vitesse normale un potentiel périodique W (x/e) (représentant les vallées
de Peierls) et de passer a la limite quand ¢ tend vers zéro. A la limite on s’attend
a récupérer une équation non-locale anisotrope ot I’anisotropie vient de l'influence
du réseau.

Les méthodes utilisées dans [89] permettent d’obtenir des résultats d’homogé-
néisation pour certains systémes de particules. En utilisant ces méthodes, on peut
espérer obtenir des résultats similaires pour d’autres modéles et en particulier pour
des systémes avec interactions aux plus proches voisins comme le modéle de Frenkel-
Kontorova.

Un autre aspect intéressant est ’analyse numérique des problémes d’homogénéi-
sation et en particulier le calcul de 'Hamiltonien effectif.

Unicité en temps long pour la dynamique des dislocations

Une question importante qui reste ouverte pour la dynamique des dislocations
est la question de l'unicité en temps long. Dans [91], nous avons montré I’existence
d’une solution faible en temps long pour la dynamique des dislocations avec un terme
de courbure moyenne. Un challenge intéressant (et trés difficile) est de comprendre
la question de l'unicité (ou de la non-unicité) pour cette équation.
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