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R¶esum¶e

Deux th¶ematiques di®¶erentes des probabilit¶es num¶eriques et de leurs applications ¯-
nanciµeres sont abord¶ees dans ma thµese : l'une traite de l'approximation et de la simulation
d'¶equations di®¶erentielles stochastiques r¶etrogrades (EDSR), l'autre est li¶ee aux options
am¶ericaines et les aborde du point de vue de l'optimisationde domaine et des perturba-
tions de frontiµere.
La premiµere partie de ma thµese revisite la question d'analyse de convergence dans la
discr¶etisation en temps d' EDSR markoviennes (Y; Z) en une ¶equation de programmation
dynamique de n pas de temps. Nous ¶etablissons un d¶eveloppement limit¶e µa l'ordre 1 de
l'erreur sur (Y; Z) : pr¶ecis¶ement, l'erreur trajectorielle sur X se transfµere int¶egralement
sur l'EDSR et montre ainsi que siX est approch¶e avec pr¶ecision ou simul¶e exactement, de
meilleures vitesses sont possibles (en 1=n).
La seconde partie de ma thµese s'int¶eresse µa la r¶esolution des EDSR via le proc¶ed¶e de Picard
et les m¶ethodes de Monte Carlo s¶equentielles. Nous avons montr¶e que la convergence de
notre algorithme a lieu µa vitesse g¶eom¶etrique et avec unepr¶ecision ind¶ependante au 1er
ordre du nombre de simulations.
La derniµere partie de ma thµese regroupe des premiers r¶esultats sur la valorisation d'options
am¶ericaines par optimisation de la frontiµere d'exercice. La cl¶e de voûte de ce type d'ap-
proche est la capacit¶e µa ¶evaluer un gradient par rapport µa la frontiµere. Le temps continu
a ¶et¶e trait¶e par Costantini et al (2006) et cette thµese couvre le cas discret des options
Bermuda.

Abstract

My thesis deals with two di®erent themes of numerical probabilities and their ¯nancial
applications : the ¯rst one is the approximation and the simulation of backward stochastic
di®erential equations (BSDE). The second one concerns the American options and tackle
their pricing using domain optimization and boundary pertu rbations.
The ¯rst part of my thesis analyzes the convergence of the timediscretization (via a n
steps dynamic programming equation) of markovian BSDE (Y; Z). We establish a Taylor
expansion for the error on (Y; Z) : it strongly depends on the error on X . Had we been
able to perfectly simulate X , we would have obtained an error on (Y; Z) of order 1=n.
The second part of my thesis is devoted to solving BSDE using Picard's procedure and
a sequential Monte Carlo method. We prove that our algorithm converges geometrically
fast. Moreover, the accuracy is independent (at the ¯rst order) of the number of Monte
Carlo simulations.
The last part of my thesis presents basic results on the pricing of American options using
an optimization of the exercise region. The keystone of suchan approach is the ability of
computing a gradient w.r.t the boundary. In continuous time, this work has been done by
Costantini et al (2006). This thesis deals with the discretetime.
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Introduction

La thµese que je pr¶esente se d¶ecompose en quatre parties plus ou moins distinctes, mais qui
appartiennent toutes au vaste domaine des probabilit¶es num¶eriques et de leur utilisation en
¯nance. Les deux th¶ematiques principales sont les ¶equations di®¶erentielles stochastiques
r¶etrogrades (not¶ees EDSR par la suite) et les options am¶ericaines. La premiµere partie
est consacr¶ee au d¶eveloppement de l'erreur commise lors de la discr¶etisation d' EDSR.
Dans la seconde partie, nous rappelons et ¶etablissons des r¶esultats techniques li¶es µa la
densit¶e de transition d'un processus de di®usion et de son sch¶ema d' Euler, r¶esultats que
nous utiliserons dans la troisiµeme partie. Celle-ci pr¶esente un algorithme de r¶esolution
num¶erique des EDSR bas¶e sur une m¶ethode de Monte Carlo s¶equentielle. Dans la derniµere
partie, nous d¶eveloppons une technique de valorisation des options am¶ericaines via un
calcul de sensibilit¶e sur des domaines.

M¶ethodes num¶eriques pour les EDSR

Les EDSR ont ¶et¶e introduites par J.M. Bismut en 1973 dans l'article Bismut [14]. Cet
article concernait le contrôle stochastique optimal et la version probabiliste du principe
du maximum de Pontryagin. Le premier r¶esultat g¶en¶eral concernant les EDSR date de
1990, il est dû µa E. Pardoux et S. Peng (voir Pardoux and Peng[81]). C'est en 1997 que
N. El Karoui, S. Peng et M.C. Quenez ¶ecrivent l'article fondateur de l'application des
EDSR µa la ¯nance (voir El Karoui et al. [27]), article que nous citerons maintes fois au
cours de ce manuscrit. Dans cette thµese, nous nous int¶eresserons plus particuliµerement aux
m¶ethodes num¶eriques de simulation des EDSR, µa la vitessede convergence des sch¶emas
num¶eriques et nous pr¶esenterons un algorithme de r¶esolution des EDSR qui utilise une
technique de Monte Carlo s¶equentielle. Dans les parties I,II, et III, nous consid¶ererons des
EDSR markoviennes du type

¡ dYt = f (t; X t ; Yt ; Z t )dt ¡ Z t dWt ; YT = ©( X T ); (1)

oµu le processusX satisfait l'¶equation progressive

X t = x +
Z t

0
b(s; X s)ds +

Z t

0
¾(s; X s)dWs: (2)

Nous supposerons aussi queX est µa valeurs dansRd, Y µa valeurs dansR et Z µa valeurs
dans Rq.

11
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D¶eveloppement de l'erreur commise lors de la discr¶etisat ion d' EDSR

Le but de cette premiµere partie est d'¶etudier l'approximation en temps du triplet
(X; Y; Z ), approximation que nous noterons (X N ; Y N ; Z N ). Nous discr¶etisonsX grâce
µa un sch¶ema d'Euler en temps continu µaN pas de temps (tk = kh)0· k· N , oµu h = T

N :
X N

0 = x et

8t 2 [tk ; tk+1 ]; X N
t = X N

tk
+ b(tk ; X N

tk
)( t ¡ tk ) + ¾(tk ; X N

tk
)(Wt ¡ Wtk ):

L'¶equation (1) est approch¶ee de maniµere r¶etrograde parY N
tN

= ©( X N
tN

) et

Y N
tk

= Etk (Y N
tk +1

) + hEtk f (tk ; X N
tk

; Y N
tk +1

; Z N
tk

);

hZ N
tk

= Etk (Y N
tk +1

¢ W ¤
k ); (3)

oµu Etk d¶esigne l'esp¶erance conditionnelle par rapport µaF tk , et ¢ Wk = Wtk +1 ¡ Wtk . Il est
bien connu que l'erreurX N ¡ X en normeLp est d'ordre 1p

N
. Les r¶esultats de cette partie

concernent les erreurs (Y N ¡ Y; ZN ¡ Z ), mesur¶ees en normeLp et presque sûrement.
Les r¶esultats en normeLp pr¶esent¶es dans le th¶eorµeme 2.3 sont une g¶en¶eralisation de ceux
obtenus par Zhang [94] pourp = 2. Notre th¶eorµeme ¶etablit, sous des hypothµeses d'ellipticit¶e
de ¾et de bornitude des fonctionsb, ¾, f et ©, que l'erreur

ep(N ) =

2

4 max
0· k· N

EjYtk ¡ Y N
tk

jp + E

Ã
N ¡ 1X

k=0

Z tk +1

tk

jZ N
tk

¡ Z t j2dt

! p
2
3

5

1
p

;

est d'ordre 1p
N

.

Les r¶esultats donnant un d¶eveloppement presque sûr des erreurs (Y N ¡ Y; ZN ¡ Z ),
¶enonc¶es dans les th¶eorµemes 2.4 et 2.5, nous assurent quesous des hypothµeses plus fortes
de d¶erivabilit¶e et de bornitude des fonctionsb, ¾, f et ©, nous avons

Y N
tk

¡ Ytk = Ã1(tk ; X tk )(X N
tk

¡ X tk ) + O
µ

1
N

¶
+ O(jX N

tk
¡ X tk j2);

Z N
tk

¡ Z tk = Ã2(tk ; X tk )(X N
tk

¡ X tk ) + O
µ

1
N

¶
+ O(jX N

tk
¡ X tk j2);

pour des fonctionsÃ1 et Ã2 explicites.
Bien sûr, puisque jX N

tk
¡ X tk j est de l'ordre de 1p

N
en normeLp, nous retrouvons bien

que l'erreur forte ep(N ) est d'ordre 1p
N

. Mais notre r¶esultat montre surtout que les er-

reurs (Y N ¡ Y; ZN ¡ Z ) d¶ependent principalement de l'erreur trajectorielle commise lors
de la discr¶etisation deX . Cela apporte µa notre avis un ¶eclairage nouveau sur l'approxi-
mation des EDSR, car il ¶etait commun¶ement admis que l'erreur est d'ordre 1p

N
du fait de

l'¶equation de programmation dynamique (3). Nous montronsainsi qu'il n' en n'est rien.
Notamment dans le cas oµuX se simule de maniµere exacte aux instants (tk )k (comme dans
le cas du mouvement Brownien arithm¶etique ou g¶eom¶etrique, ou des processus d'Ornstein
Uhlenbeck), les erreurs surY et Z sont d'ordre 1

N . Cela ravive l'int¶erêt pour des sch¶emas
de discr¶etisation deX d'ordre 1, comme le sch¶ema de Milshtein.

La premiµere partie s'articule donc comme suit : le chapitre1 concerne l'introduction du
problµeme et rappelle les pr¶ec¶edents travaux r¶ealis¶essur ce sujet. Le chapitre 2 pr¶esente les
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r¶esultats principaux briµevement expos¶es ci-dessus, ainsi que des exp¶eriences num¶eriques
corroborant les r¶esultats th¶eoriques. Les chapitres 3, 4et 5 contiennent respectivement
les preuves des th¶eorµemes 2.3, 2.4 and 2.5. Ces preuves utilisent des techniques d'analyse
stochastique, combinant des propri¶et¶es sur les martingales et du calcul de Malliavin.

Algorithme num¶erique pour la simulation des EDSR

La troisiµeme partie de cette thµese pr¶esente un algorithme num¶erique simulant une ap-
proximation de (Y; Z), solution de (1). Cet algorithme est bas¶e sur une m¶ethodede Monte
Carlo s¶equentielle et le principe d'it¶eration de Picard.Plusieurs autres m¶ethodes ont d¶ejµa
¶et¶e propos¶ees dans la litt¶erature : Ma, Protter, and Yong [74], Bally and Pagµes [6], Dela-
rue and Menozzi [24], Bouchard and Touzi [15], Zhang [94], Gobet, Lemor, and Warin [45]
et Bender and Denk [11]. Nous reviendrons plus en d¶etails sur les di®¶erents algorithmes
pr¶esent¶es dans ces articles en introduction de la partie III. Disons simplement qu'elles
s'appuient principalement sur le principe de programmation dynamique (3) alors que nous
exploitons plutôt le principe de contraction de Picard.

Description de l'algorithme

L'algorithme num¶erique que nous pr¶esentons ici ne r¶esout pas µa proprement parler
l'EDSR (1), mais il nous renvoie une solution approch¶ee de l'¶equation aux d¶eriv¶ees par-
tielles (not¶ee EDP par la suite) semilin¶eaire associ¶ee µa cette EDSR

(E)

(
@t u(t; x ) + Lu(t; x ) + f (t; x; u (t; x ); (@xu¾)( t; x )) = 0 ;
u(T; x) = ©( x);

oµu L est d¶e¯ni par

L (t;x )u(t; x ) =
1
2

X

i;j

[¾¾¤]ij (t; x )@2
x i x j

u(t; x ) +
X

i

bi (t; x )@x i u(t; x ):

Les r¶esultats liant les EDP semilin¶eaires et les EDSR seront rappel¶es dans la section 9.4.
Ils sont dûs µa Pardoux and Peng [82] entre autres. Nous pouvons aussi trouver certaines
preuves dans El Karoui et al. [27]. Plus r¶ecemment, Delarueand Menozzi [24] ont pr¶esent¶e
un r¶esultat liant les solutions d' EDSR aux solutions d' EDP quasilin¶eaires. C'est de ce
r¶esultat que nous d¶eduisons le th¶eorµeme 9.14, page 99, th¶eorµeme que nous utiliserons tout
au long de cette partie : Sib; ¾et f sont des fonctions lipschitziennes et born¶ees, si¾est
uniform¶ement elliptique et si © est de classeC2+ ®

b (® 2]0; 1]), alors la solution u de l'EDP
(E) est C1;2

b . De plus, (Yt ; Z t )0· t · T solution de (1) satisfait

8t 2 [0; T]; (Yt ; Z t ) = ( u(t; X t ); @xu(t; X t )¾(t; X t )) : (4)

Nous noteronsuk l'approximation de u fournie par notre algorithme µa l'it¶eration k. En
simulant X via un sch¶ema d'Euler, nous d¶eduisons de (4) une approximation de Y , not¶ee
Y k , et d¶e¯nie par Y k

t = uk (t; X N
t ).
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Nous sommes jusqu'µa pr¶esent rest¶es volontairement assez vagues sur la maniµere dont
nous construisons pratiquementuk . Le temps est venu de nous expliquer. A chaque ¶etape
k, nous calculons uk sur une grille de points (Ti ; X i )1· i · n , puis nous utilisons un
op¶erateur P, r¶egulier et facilement di®¶erentiable, de type estimateur µa noyaux, pour
construire uk en tout point d'un pav¶e de [0; T] £ Rd. Comme P est r¶egulier, il nous
permet de calculer@xuk , et donc d'en d¶eduireZ k

t grâce µa (4), i.e.Z k
t = ( @xuk¾)( t; X N

t ).
Les estimateurs µa noyaux, et plus g¶en¶eralement les techniques de r¶egression lin¶eaire et
non lin¶eaire seront pr¶esent¶es aux chapitres 10 et 11, d'aprµes les ouvrages GyÄor¯, Kohler,
Krzy_zak, and Walk [47] et HÄardle [50].

Pour ¯nir la description de notre algorithme, il nous faut exp liquer le passage d' une
it¶eration µa l'autre. Au lieu de d¶ecrire directement l'algorithme que nous avons impl¶ement¶e
et ¶etudi¶e, nous allons d'abord proposer un premier algorithme, plus simple, mais qui per-
mettra de comprendre le cheminement des id¶ees telles qu'elles nous sont apparues. Une
premiµere id¶ee consiste µa utiliser le principe d'it¶eration de Picard, d¶ecrit dans le corollaire
2:1 de El Karoui et al. [27]. L'id¶ee est la suivante : nous pouvons ¶ecrire grâce µa (1)

Yt = E[©(X T ) +
Z T

t
f (s; X s; Ys; Zs)ds

¯
¯F t ]:

En utilisant (4), l'¶equation pr¶ec¶edente devient

u(t; x ) = Et;x [©(X T ) +
Z T

t
f (s; X s; u(s; X s); (@xu¾)(s; X s))ds];

oµu Et;x signi¯e que l'on calcule une esp¶erance sachant que le processusX part de x en t.
En supposant qu'µa l'it¶eration k ¡ 1 nous connaissonsuk¡ 1 et sa premiµere d¶eriv¶ee en temps,
un bon candidat pour uk serait

Et;x [©(X T ) +
Z T

t
f (s; X s; uk¡ 1(s; X s); (@xuk¡ 1¾)(s; X s))ds]: (5)

Bien entendu, le calcul num¶erique de cette esp¶erance se fait par une m¶ethode de Monte
Carlo, et le processusX est remplac¶e par son approximationX N . Nous constatons ici
que le calcul direct de@xuk semble di±cile. L'id¶ee pr¶ec¶edemment expos¶ee de calculer uk

en une grille de points, de le r¶egulariser via l'op¶erateurP semble donc être une bonne
id¶ee. Ce premier algorithme sera ¶etudi¶e et compar¶e au second algorithme, d¶ecrit quelques
lignes plus bas, dans le chapitre 15.

A¯n d'am¶eliorer drastiquement la performance de l'algorithme ci-dessus, nous avons
mis en oeuvre une m¶ethode de Monte Carlo s¶equentielle (ou adaptative). Cette technique
a ¶et¶e utilis¶ee par Gobet and Maire [39] pour r¶esoudre desEDP lin¶eaires, li¶ees par la
formule de Feynman-Kac µa des esp¶erances de fonctionnellesde processus de Markov. Plus
pr¶ecis¶ement, cette technique peut être vue comme une m¶ethode de variable de contrôle
adaptative, car elle va nous permettre, en soustrayant et enajoutant un terme µa (5), de
r¶eduire la variance du terme de (5) dont on souhaite calculer l'esp¶erance. Puisqu'µa l'¶etape
k ¡ 1 nous supposonsuk¡ 1 connu, il sera µa la base de notre variable de contrôle. Grâce µa
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la formule d'Itô, nous pouvons ¶ecrire

uk¡ 1(t; x ) = Et;x [uk¡ 1(T; X N
T ) ¡

Z T

t
(@t + L N )uk¡ 1(s; X N

s )ds];

oµu L N est l'op¶erateur associ¶e µaX N . En introduisant § uk¡ 1 dans (5), le nouveau candidat
pour uk est donc

uk (t; x ) = uk¡ 1(t; x ) +
1

M

MX

m=1

[©(X m;N
T ) ¡ uk¡ 1(T; X m;N

T )

+
Z T

t
f (s; X m;N

s ; uk¡ 1(s; X m;N
s ); (@xuk¡ 1¾)(s; X m;N

s )) + ( @t + L N )uk¡ 1(s; X m;N
s )ds]:

Pour expliquer intuitivement en quoi la variance est grandement r¶eduite, il su±t de
remarquer que lorsqueuk¡ 1 est proche deu, dans la moyenne empirique les deux termes
(© ¡ uk¡ 1 et l'int¶egrale) sont proches de 0 du fait de l'EDP satisfaite par u. C'est l'e®et
variable de contrôle adaptative.

L'expression ci-dessus deuk n'est pas tout µa fait exacte, dans la mesure oµuuk est
calcul¶e via l'op¶erateur P, c'est µa dire que nous calculons la valeur du terme de droiteen
(Ti ; X i )1· i · n points de la grille, puis nous utilisons l'op¶erateurP pour obtenir uk en tout
point de [0; T]£ Rd. C'est dans un souci de clart¶e que tous les d¶etails ne sont pas pr¶esent¶es
ici, ils le seront µa la section 9.6.

Convergence de l'algorithme

La convergence de cet algorithme est ¶enonc¶ee dans le th¶eorµeme 13.10. Sous des hy-
pothµeses appropri¶ees de d¶erivabilit¶e et de bornitude des fonctionsb et ¾, il est prouv¶e la
convergence µa vitesse g¶eom¶etrique de l'erreurY k ¡ Y et Z k ¡ Z dans la norme suivante

kV k2
¹;¯ := E

· Z T

0

Z

Rd
ē s jVs(x)j2e¡ ¹ jx jdxds

¸
;

oµu V d¶esigne un processus pr¶evisibleV : ­ £ [0; T] £ Rd ! Rq. Dans le cas deY et Z ,
x repr¶esente le point de d¶epart du processusX . Cette norme n'est pas tout µa fait banale,
voici plusieurs ¶el¶ements qui permettent de justi¯er l'uti lisation de celle-ci. Le coe±cient¯
provient de l'espaceH2

T;¯ (Rq) utilis¶e dans El Karoui et al. [27] pour ¶etablir des estim¶ees a
priori sur la di®¶erence entre les solutions de deux ¶equations r¶etrogrades (voir la proposition
2.1 de cet article), estim¶ees dont nous avons eu besoin au cours de la preuve du th¶eorµeme
13.10. Le coe±cient¹ provient de la combinaison de deux r¶esultats di®¶erents, dont est issue
la proposition 7.4, un des principaux r¶esultats de la partie II, mais aussi outil indispensable
aux preuves de la partie III. Le premier r¶esultat dont est issue la proposition 7.4 provient
de l'ouvrage Bensoussan and Lions [13]. Il s'agit plus pr¶ecis¶ement du th¶eorµeme 6.12 page
130, et qui permet de majorer la solutionv d'une EDP du type (@t + L)v = f , u(T; ¢) = 0
de la maniµere suivante

k@t vkLp (0;T ;W 0;p;¹ ) + kvkLp (0;T ;W 2;p;¹ ) · C kf kLp (0;T ;W 0;p;¹ ) :

Ce r¶esultat sera pr¶esent¶e au chapitre 7. Le second r¶esultat est dû µa Bally and Matoussi
[5]. Leur proposition 1.6 ¶etablit le r¶esultat d'¶equivalence de normes suivant : sous des
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hypothµeses fortes de d¶erivabilit¶e et de bornitude deb et ¾ et pour toutes les fonctions
ª 2 L 1((0; T) £ Rd; dt ­ e¡ ¹ jx jdx), on a

c
Z

Rd

Z T

t
jª( s; x)jdse¡ ¹ jx jdx ·

Z

Rd

Z T

t
E(jª( s; X t;x

s )j)dse¡ ¹ jx jdx

· C
Z

Rd

Z T

t
jª( s; x)jdse¡ ¹ jx jdx:

Ce r¶esultat sera pr¶esent¶e au chapitre 6.
Avant de poursuivre, nous voudrions faire remarquer que l'int¶egration par rapport µa
e¡ ¹ jx jdx qui apparâ³t dans kVk2

¹;¯ peut être interpr¶et¶ee comme une int¶egration par
rapport µa la loi initiale de la di®usion X . Ce choix de norme nous semble assez crucial
pour mesurer la stabilit¶e et la convergence de notre algorithme.

Le plan de la partie III est le suivant : le chapitre 9 pr¶esente le cadre de travail, rappelle
certains r¶esultats connus sur les EDSR et leurs liens avec les EDP, ainsi que les techniques
de variables de contrôle adaptatives. La ¯n du chapitre est d¶edi¶ee µa la pr¶esentation de notre
algorithme. Le chapitre 10 introduit briµevement les techniques de r¶egression, et le chapitre
11 pr¶esente plus pr¶ecis¶ement les estimateurs µa noyaux.Dans le chapitre 12, nous ¶etudions
la convergence de l'estimateurP, inspir¶e des estimateurs µa noyaux, c'est-µa-dire que nous
nous int¶eressons µav¡P v et µa @xv¡ @x (Pv), oµu v est une fonction d¶erivable et born¶ee. Nous
pr¶esentons les principaux r¶esultats de convergence de notre algorithme dans le chapitre
13, tandis que les preuves de ces r¶esultats sont ¶etablies au chapitre 14. Les vitesses de
convergence sont standards et coÄ³ncident avec celles de la litt¶erature. En revanche, les
di±cult¶es dans notre cas tiennent au choix d' une norme µa poids k¢k¹;¯ et au fait que nous
travaillons en domaine in¯ni. Pour ¯nir, le chapitre 15 pr¶esente des exp¶eriences num¶eriques
dans lesquelles nous avons appliqu¶e notre algorithme µa des exemples ¯nanciers, comme la
valorisation et la couverture d'options sous contraintes (cas d'un investisseur qui emprunte
de l'argent µa un taux d'int¶erêt sup¶erieur au taux de placement sans risque, valorisation
d'options am¶ericaines,..)

Options bermuda - Valorisation par m¶ethode de sensibilit¶ e
sur les domaines

La partie IV de cette thµese concerne la valorisation des options bermuda par m¶ethode de
sensibilit¶e sur les domaines. A¯n de mieux comprendre la probl¶ematique, nous allons tout
d'abord pr¶esenter l'application de la m¶ethode µa la valorisation des options am¶ericaines.

Cas des options am¶ericaines

Une option am¶ericaine d'achat ou de vente est un instrument̄nancier qui donne le droit
mais non l'obligation d'acheter ou de vendre une certaine quantit¶e d'actifs ¯nanciers dits
risqu¶es (actions, obligations, devises) µa n'importe quelle date avant l'¶ech¶eanceT et µa un
prix convenu µa l'avance (prix d'exercice). Pour obtenir cedroit, l'acheteur de l'option paie
au vendeur une prime (valeur de l'option). Une question importante est la d¶etermination
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de cette prime µa chaque instantt pr¶ec¶edant l'¶ech¶eanceT. La th¶eorie moderne des options
am¶ericaines due µa Bensoussan [12] et Karatzas [55] relie la valeur d'une option am¶ericaine
µa la th¶eorie de l'arrêt optimal. Dans un march¶e complet,la valeur µa l'instant t d'une option
am¶ericaine d'¶ech¶eanceT d¶e¯nie par un pro¯t g(X t ), oµu X est une di®usion de type (2),
est donn¶ee parP(t; X t ) oµu

P(t; x ) = sup
¿2 [t;T ]

E
h
e¡

R¿
t r (s;X t;x

s )dsg(¿; X t;x
¿ )

i
; (6)

le supremum ¶etant pris sur l'ensemble des temps d'arrêts µa valeurs dans [t; T ]. La
compl¶etude du march¶e est assur¶ee dµes lors que la matrice¾ est inversible. D'autre part,
comme nous le rappellerons dans le chapitre 16, on sait caract¶eriser la valeur d'une option
am¶ericaine comme la solution d'une in¶equation variationnelle parabolique du second ordre
(voir Bensoussan and Lions [13] et Jaillet et al. [54]). Ces deux approches font apparâ³tre
la r¶egion d'exercice de l'option

E := f (t; x ); t < T; x 2 Rd : P(t; x ) = g(t; x )g:

Dans l'¶etude des options am¶ericaines, le problµeme de la d¶etermination de la r¶egion
d'exercice suscite un grand int¶erêt, car il fait partie int¶egrante du problµeme d'¶evaluation
et permet de d¶eterminer une strat¶egie optimale pour l'acheteur de l'option, car celui-ci a
tout int¶erêt µa exercer son droit au premier instant oµu (t; X t ) appartient µa E. Lorsque
l'ensemble E est vide, le problµeme se r¶esume µa l'¶evaluation d'une option europ¶eenne.
L'¶etude de la r¶egion d'exercice en dimension 1 a ¶et¶e men¶ee dans les articles suivants :
Van Moerbeke [91], Kim [57], Jacka [52], Barles et al. [10], et plus r¶ecemment dans
Lamberton and Villeneuve [66]. Le cas multidimensionnel a ¶et¶e trait¶e dans les articles
Broadie and Detemple [18] et Villeneuve [93]. Les di®¶erents r¶esultats apport¶es par ces
articles seront discut¶es dans la section 16.2.

Comme nous le verrons dans la proposition 16.8, le prixP(t; x ) donn¶e par (6) peut aussi
s'¶ecrire

P(t; x ) = sup
D½]t;T [£ Rd

E

"

e¡
R¿t;x

D
t r (s;X t;x

s )dsg(¿t;x
D ; X t;x

¿t;x
D

)

#

;

oµu ¿t;x
D d¶esigne le premier instant oµu (s; X t;x

s )t · s· T sort du domaineD, oµu D est un ouvert.
L'optimisation du terme de droite peut être faite via un algorithme de gradient qui utilise la
sensibilit¶e par rapport au domaineD. En termes math¶ematiques, cela veut dire qu'il nous

faut calculer la d¶eriv¶ee, par rapport au domaineD, de E
·
e¡

R¿t;x
D

t r (s;X t;x
s )dsg(¿t;x

D ; X t;x
¿t;x

D
)
¸
.

Cela a ¶et¶e ¶etudi¶e r¶ecemment par Costantini et al. [22].Les auteurs introduisent la pertur-
bation spatiale d'un domaine temps-espaceD de la maniµere suivante

D ² = f (t; x ) : ( t; x + ²µ(t; x )) 2 Dg; ² 2 R;

oµu µ est une fonction C1;2
b ([0; T] £ Rd). Ils d¶e¯nissent aussi

u² (t; x ) = E
µ

g(¿t;x
² ; X t;x

¿t;x
²

)e¡
R¿t;x

²
t r (s;X t;x

s )ds
¶

, oµu ¿t;x
² est le premier temps de sortie de
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(s; X t;x
s ) du domaine D ² . Ils montrent alors

@²u² (t; x )
¯
¯
²=0 = E

Ã

e¡
R¿t;x

D
t r (s;X t;x

s )ds[(r u ¡ r g)µ](¿t;x
D ; X t;x

¿t;x
D

)

!

: (7)

Cas des options bermuda

C'est le cadre de nos contributions. Comme pratiquement le cours d'une action n'est
connu qu'en un nombre ¯ni de dates, calculer le prix d'une option am¶ericaine revient en
fait µa calculer le prix d'une option bermuda, c'est-µa-dire que le supremum de la formule
(6) est pris sur l'ensemble des temps d'arrêts µa valeurs dans T N

t;T := [ t; T ] \ T N oµu T N =
f t0; ¢ ¢ ¢; tN : 0 = t0 < t 1 < ¢ ¢ ¢< t N = Tg. C'est pourquoi nous avons d¶emontr¶e, dans le
th¶eorµeme 17.15, une formule de sensibilit¶e pour les options bermuda, analogue µa (7). Pour
cela, nous avons introduit

DN;² =
N[

j =1

(t j ; D ²
t j

);

qui repr¶esente l'union des perturbations appliqu¶ees µa chaque sectionDt j du domaine D.

Comme pr¶ec¶edemment, nous d¶e¯nissonsu²
N (t; x ) = E

Ã

e¡
R¿t;x

N;²
t r (s;X t;x

s )dsg(¿t;x
N;² ; X t;x

¿t;x
N;²

)

!

,

oµu ¿t;x
N;² d¶esigne le premier instant s 2 T N

t;T oµu (s; X t;x
s ) sort du domaine DN;² . Nous

d¶emontrons le th¶eorµeme 17.15 qui ¶enonce dans le casr = 0 la formule de sensibilit¶e
suivante

@²u²
N (t; x )

¯
¯
²=0 =

N ¡ 1X

j =0 ;t j >t

Et;x

Ã

1¿t;x
N >t j

Z

@D t j +1

p(t j ; X t j ; t j +1 ; m)(g ¡ uN )( t j +1 ; m)µ ¢¡! n (t j +1 ; m)d¾m

!

;

oµu d¾m repr¶esente l'int¶egrale de surface etp d¶esigne la densit¶e de transition du processus
X .

Ce calcul de sensibilit¶e peut a priori être un point de d¶epart pour d¶evelopper une m¶ethode
de valorisation d'options bermuda via une optimisation surles domaines par un algorithme
de type gradient. De nombreuses questions se posent alors, comme par exemple le calcul
num¶erique de cette sensibilit¶e : comment ¶evaluer l'int¶egrale de surface et la valeur deg¡ uN

au bord ? Comment repr¶esenter les domaines de maniµere e±cace pour une modi¯cation
ais¶ee de ceux-ci au ¯l des di®¶erentes ¶etapes de l'optimisation (construction de D" µa partir
de D) ? Plusieurs pistes d'¶etudes ont ¶et¶e abord¶ees pendant la thµese, en collaboration avec
Cristina Costantini ( Universit¶e \Gabriele d'Annunzio" d e Chieti et Pescara, Italie). Ces
travaux sont en cours de r¶ealisation et ne sont pas pr¶esent¶es dans ce manuscrit.

Mentionnons toutefois que pour le calcul de la sensibilit¶e, il semble plus pertinent de
discr¶etiser l'esp¶erance de l'int¶egrale de surface par une somme pond¶er¶ee de valeurs de la
fonction g ¡ uN µa la frontiµere, fonction ¶evalu¶ee elle-même e±cacement par une m¶ethode
de Monte Carlo s¶equentielle.
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Ce que nous pr¶esentons dans cette partie permet d'a±ner notre compr¶ehension de la
sensibilit¶e @" u"

N (t; x ) j"=0 vis-µa-vis deN , le nombre de dates d'exercice. En e®et, il n'est
pas rare que les m¶ethodes num¶eriques de valorisation d'options bermuda aient des com-
portements ind¶esirables par rapport µaN : explosion de la variance dans l'approche de type
calcul de Malliavin (Lions and R¶egnier [70]) ; cumul des erreurs de r¶egression dans l'ap-
proche de Longsta® and Schwartz [71]. Notre but est donc de mieux ¶etudier la robustesse
@" u"

N (t; x ) j"=0 lorsqueN est grand (asymptotiquement le cas am¶ericain). Nous ¶etablissons
des r¶esultats de convergence lorsqueN ¡! 1 , montrant que nous retrouvons la sensibilit¶e
du cas continu, ce qui est loin d'être trivial a priori. En fa it, la preuve est incomplµete et re-
pose sur un r¶esultat technique sur les overshoots de di®usion. Nous am¶eliorons au passage
certains r¶esultats sur les overshoots, r¶ecemment ¶etudi¶es dans Gobet and Menozzi [43]. En
dehors de sa convergence, nous montrons que la sensibilit¶ereste born¶ee uniform¶ement en
N lorsque g est de classeH1+ ® ou dans le cas du put. Ces r¶esultats eux non plus ne sont
pas ¶evidents µa la vue de la formule (3) puisque que la sensibilit¶e s'¶ecrit comme une somme
de N termes impliquant des densit¶es de transition explosant lorsque N tend vers l'in¯ni.

Cette partie doit être vue comme un programme de recherche en cours sur la
valorisation des options bermuda/am¶ericaines par des optimisations de domaine, avec un
certain nombre de r¶esultats prometteurs.

Les di®¶erentes parties de cette thµese ont fait ou feront l'objet de publications :

La premiµere partie correspond µa un article intitul¶e \Error expansion for the
discretization of Backward Stochastic Di®erential Equations". Il a ¶et¶e publi¶e dans
Stochastic Processes and their Applications, Volume 117, Issue 7, July 2007 pages 803 -
829. Cet article a ¶et¶e r¶ealis¶e avec mon directeur de thµese Emmanuel Gobet.

Les secondes et troisiµemes parties feront prochainement l'objet d'une publication sous
le titre \Solving BSDEs with adaptive control variates", et probablement soumise au
journal Annals of Applied Probability.

La derniµere partie fera aussi l'objet d'une publication sous le titre "Pricing Bermudan
options via boundary sensitivities". Elle sera probablement soumise au journal Finance
and Stochastics.

Deux articles concernant des travaux sur les options parisiennes ont aussi ¶et¶e r¶ealis¶es
au cours de ma thµese. Ils ne sont pas joints µa ce manuscrit, mais peuvent être trouv¶es µa
l'adressehttp://www.cmap.polytechnique.fr/ ~labart/ .

\Pricing double barrier Parisian Options using Laplace transforms", r¶ealis¶e avec J.
Lelong et soumis µa Mathematical Finance depuis novembre 2006.

\Pricing Parisian Options using Laplace transforms", r¶ealis¶e avec J. Lelong et soumis µa
Banque & March¶es depuis mai 2007.
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This part corresponds to an article published in the journal Stochastic Processes and
their Applications, Volume 117, Issue 7, July 2007 pages 803- 829. It's a joint work with
Emmanuel Gobet.





Chapter 1

Introduction

Let (­ ; F ; P) be a given probability space on which is de¯ned aq-dimensional standard
Brownian motion W , whose natural ¯ltration, augmented with P-null sets, is denoted by
(F t )0· t · T (T is a ¯xed terminal time). We consider the solution (X; Y; Z ) to a decoupled
forward-backward stochastic di®erential equation (FBSDE in short). Namely, X is the
Rd-valued process solution of

X t = x +
Z t

0
b(s; X s)ds +

Z t

0
¾(s; X s)dWs; (1.1)

and Y (resp. Z ) is a real-valued adapted (resp. predictableRq-valued) process solution of

¡ dYt = f (t; X t ; Yt ; Z t )dt ¡ Z t dWt ; YT = ©( X T ): (1.2)

We assume standard Lipschitz properties on the coe±cients, which ensure existence and
uniqueness in appropriateL 2-spaces (see Pardoux and Peng [81], or Ma and Yong [72] for
numerous references). During the last decade, more and moreattention has been paid to
these equations, because of their natural applications in Mathematical Finance or in the
probabilistic resolution of semi-linear partial di®erential equations (PDE in short): see El
Karoui et al. [27] or Pardoux [80].

Our aim is to study the most usual time approximation of (X; Y; Z ). For X , we use
the Euler schemeX N with N discretization times (tk = kh)0· k· N (h = T

N is the time
step). For convenience, set ¢Wk = Wtk +1 ¡ Wtk (¢ W l

k component-wise). X N is de¯ned
by X N

0 = x and

t 2 [tk ; tk+1 ]; X N
t = X N

tk
+ b(tk ; X N

tk
)( t ¡ tk ) + ¾(tk ; X N

tk
)(Wt ¡ Wtk ): (1.3)

The backward SDE (1.2) is approximated by (Y N ; Z N ) de¯ned in a backward manner by
Y N

tN
= ©( X N

tN
) and

Y N
tk

= Etk (Y N
tk +1

) + hEtk f (tk ; X N
tk

; Y N
tk +1

; Z N
tk

); (1.4)

hZ N
tk

= Etk (Y N
tk +1

¢ W ¤
k ); (1.5)

where Etk is the conditional expectation w.r.t. F tk and ¤ is the transpose operator. Ad-
ditional tools are needed to derive a fully implementable scheme, in particular for the

25
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computations of conditional expectations. We refer to Bouchard and Touzi [15] for Malli-
avin calculus techniques, or to Gobet et al. [45], Lemor et al. [67] for empirical regression
methods. In this work, we leave these further questions and we only address the error
analysis between (Y; Z) and (Y N ; Z N ).
On the one hand, Zhang [94] proves (in a slightly di®erent form) that the error
maxk· N kY N

tk
¡ Ytk kL 2 · CN ¡ 1=2. This is done under rather minimal Lipschitz assump-

tions on b; ¾; f;©. On the other hand, when f does not depend onz and the coe±cients
are smooth, one knows thatjY N

0 ¡ Y0j · CN ¡ 1 (see Chevance [21]). We aim at ¯lling the
gap regarding these two di®erent rates of convergence. In thefollowing, we prove that

² Chevance's results are extended to the case off depending also onz.

² the rate N ¡ 1 holds true also for the di®erencejZ N
0 ¡ Z0j.

² more generally, for the other discretization timestk , we expand the error as

¯
¯Y N

tk
¡ Ytk ¡ ®k ¢(X N

tk
¡ X tk )

¯
¯ · CN ¡ 1 _ j X N

tk
¡ X tk j2

(for an explicit and bounded random vector ®k ).

² an analogous expansion is available forZ .

Since jX N
tk

¡ X tk j2 has the same order inL p than N ¡ 1, the error on Y is mainly due
to the error X N

tk
¡ X tk . Thus, Zhang's results are a consequence of this expansion,and

Chevance's ones as well sinceX N
0 = X 0. The gap is ¯lled.

In addition, we learn from this expansion that if one could perfectly simulate X (as for
Brownian motion with constant drift, geometric Brownian mo tion or Ornstein-Uhlenbeck
process), the error on the BSDE would be of orderN ¡ 1 and not N ¡ 1=2 as stated by Zhang's
results. Also, if one could use a discretization scheme forX of order 1 for the strong error
(for instance Milshtein scheme whenever possible), the error on the BSDE would be of
order N ¡ 1 (we would need to extend our analysis to other discretization schemes, this is
straightforward for the Milshtein scheme).

The paper is organized as follows. In Section 2, we de¯ne the assumptions on the coef-
¯cients, recall the connection between BSDEs and semi-linearPDEs (which is important
for our analysis). Finally, we state our main results. Firstly in Theorem 2.3, we extend
Zhang's results toL p norm. Secondly in Theorem 2.4, we expand the error onY . Lastly in
Theorem 2.5, we deal with the error onZ . Naturally, stronger and stronger assumptions
are required for theses theorems. Proofs of the three results are postponed to Sections 3,
4 and 5: we combine BSDE techniques, martingale estimates and Malliavin calculus.

Notation.

² Di®erentiation. If g : Rd 7! Rq is a di®erentiable function, its gradient r xg(x) =
(@x1 g(x); :::; @xd g(x)) takes values in Rq ­ Rd. At many places, r xg(x) will simply
be denotedg0(x). If g : Rd 7! R is a twice di®erentiable function, its HessianHx (g)
takes values inRd ­ Rd: (Hx (g)) i;j = @2

x i x j
g. If g : Rd £ Rq 7! R, g

00

xy (x; y) takes

values in Rd ­ Rq: (g
00

xy ) ij = @2g
@xi @yj

; for 1 · i · d;1 · j · q.
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² Function spaces. For an integer k ¸ 1, we denote byCk=2;k;k;k
b the set of continu-

ously di®erentiable functionsÁ : (t; x; y; z ) 2 [0; T] £ Rd £ R £ Rq 7! Á(t; x; y; z ) such
that the partial derivatives @l0

t @l1
x @l2

y @l3
z Á(t; x; y; z ) exist for 2l0 + l1 + l2 + l2 · k and

are uniformly bounded. The analogous set of functions that not depend ony and z
is denoted by Ck=2;k

b . This set is denoted by C(k+ ®)=2;k+ ®
b (® 2]0; 1[) if in addition

the highest derivatives are HÄolder continuous with index® w.r.t. x and ®=2 w.r.t. t
(for a precise de¯nition, see Ladyzenskaja et al. [64]).

² Norm. For a d-dimensional vector U, we set jUj2 =
P d

i =1 U2
i . For a d £ q-

dimensional matrix A, A i denotes its i-th column, and A i its i-th row. Moreover,
jAj2 =

P d;q
i;j =1 A2

i;j .

² Constants. Let C denote a generic constant which may depend on the coe±cients
b; ¾; f;© and on the dimensionsd and q. We will keep the same notationK (T) for
all ¯nite, nonnegative, and nondecreasing functions w.r.t. T : they do not depend
on x and h. The generic notation K (T; x) stands for any function bounded by
K (T)(1 + jxjq), for some q ¸ 0.

² O(U ) and Ok (h). A random vector R is such that R = O(U) for a non-
negative random variable U if jRj · K (T; x)U (in particular, R = O(h) means
jRj · K (T; x)h). The notation R = Ok (hp) means jRj · ¸ N

k hp, where ¸ N
k is F tk -

measurable, supN E(supk j¸ N
k jq) · K (T; x), for q ¸ 1.

² Et k and Var t k . Etk is the conditional expectation w.r.t. F tk and Vartk (X ) =
Etk (X 2) ¡ (Etk (X ))2.

² Malliavin calculus . We use the notations of Nualart [78] for weak spacesDk;p.

² Discretization Let s 2 [tk ; tk+1 [. We de¯ne ´ (s) = tk .





Chapter 2

Main results

2.1 Hypotheses

The coe±cients b : [0; T]£ Rd ! Rd, ¾: [0; T]£ Rd ! Rd£ q, f : [0; T]£ Rd £ R£ Rq ! R
and © : Rd ! R satisfy one of the following set of assumptions.

Hypothesis 2.1 The functions b; ¾; f and © are bounded inx, are uniformly Lipschitz
continuous w.r.t. (x; y; z) and HÄolder continuous of parameter12 w.r.t. t. In addition, ©
is of classC2+ ®

b for some ® 2]0; 1[ and the matrix-valued function a = ¾¾¤ is uniformly
elliptic.

Hypothesis 2.2 Assume Hypothesis 2.1 and that the functionsb, ¾ are in C
3
2 ;3
b , f is in

C
3
2 ;3;3;3
b , © is in C3+ ®

b for some ® 2]0; 1[.

Hypothesis 2.3 Assume Hypothesis 2.1 and that the functionsb, ¾ are in C2;4
b , f is in

C2;4;4;4
b , © is in C4+ ®

b for some ® 2]0; 1[.

We do not assert that these smoothness and boundedness conditions are the weakest
ones for our error analysis, but they are su±cient. Investigations regarding minimal as-
sumptions would be certainly interesting but it is beyond the scope of the paper.

2.2 Connection between Markovian BSDE's and semi-linear
parabolic PDE's

We recall classical results connecting (Y; Z) and the solution and its gradient of the
following semi-linear PDE on [0; T] £ Rd:

(@t + L (t;x ) )u(t; x ) + f (t; x; u (t; x ); r xu(t; x )¾(t; x )) = 0 ; (2.1)

u(T; x) = ©( x);

where L (t;x ) is the second order di®erential operator

L (t;x ) =
1
2

X

i;j

[¾¾¤]ij (t; x )@2
x i x j

+
X

i

bi (t; x )@x i

29
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(see for instance Ma and Zhang [73] or Pardoux [80]).

Proposition 2.1. Under Hypothesis 2.1, one has

8t 2 [0; T]; Yt = u(t; X t ); Z t = r xu(t; X t )¾(t; X t ); (2.2)

where u is the unique classic solutionC1;2
b of the PDE (2.1).

In addition under Hypothesis 2.2, u 2 C
3
2 ;3
b , and under Hypothesis 2.3,u 2 C2;4

b .

The ¯rst result of this Proposition corresponds to Theorem 2:1 of Delarue and Menozzi
[24]. The two last regularity results can be proved in the same way. In fact for this,
we would only needb; ¾to be in C1+ ®=2;2+ ®

b ; the additional smoothness is used later for
Malliavin calculus computations.

2.3 Main results

We now turn to the statement of our results. Remind the following well-known upper
bound on the Euler Scheme, which is useful in the sequel.

Proposition 2.2. Let ¾and b be Lipschitz continuous. Then

8p ¸ 1; [E(sup
t · T

jX N
t ¡ X t jp)]

1
p · K (T; x)

1
p

N
:

In fact, for all p ¸ 1 one has

[Et i ( sup
t i · t · T

jX N
t ¡ X t jp)]

1
p · K (T; X t i )

1
p

N
+ jX N

t i
¡ X t i j: (2.3)

Our ¯rst result is an extension of the L 2 estimates in Zhang [94] toL q estimates (see also
Gobet et al. [45]).

Theorem 2.3. Let us assume Hypothesis 2.1. Letq > 0. We de¯ne the error

eq(N ) =
£

max
0· k· N

EjYtk ¡ Y N
tk

jq + E(
N ¡ 1X

k=0

Z tk +1

tk

jZ N
tk

¡ Z t j2dt)
q
2
¤1

q ;

where Y N and Z N are de¯ned by (1.4) and (1.5). Then jeq(N )j · K (T; x) 1p
N

.

By slightly strengthening the smoothness assumptions onb; ¾; f and ©, we are able to
expand the error on Y .

Theorem 2.4. Let us assume Hypothesis 2.2. Then, the following expansion holds

Y N
tk

¡ Ytk = r xu(tk ; X tk )(X N
tk

¡ X tk ) + Ok (
1
N

) + O(jX N
tk

¡ X tk j2):

In view of Proposition 2.2, jX N
tk

¡ X tk j2 and N ¡ 1 have the same order (inL p). Hence
it turns out that r xu(tk ; X tk )(X N

tk
¡ X tk ) is the ¯rst order term in the error Y N

tk
¡ Ytk .

Obviously, this estimate implies that of Theorem 2.3. As mentioned in the introduction,
the evaluation of Y0 by Y N

0 has still an accuracy of orderN ¡ 1 since initial conditions
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for X N and X coincide. Note that if there is no discretization error for the processX ,
Y N

tk
¡ Ytk = O( 1

N ), a fact which is not clear from equations (1.4) and (1.5). A nice
situation corresponds to ¾independent of x (this is a very speci¯c situation where Euler
and Milshtein schemes are equal): in that casekX N

tk
¡ X tk kL p = O(N ¡ 1) and one gets the

order of accuracyN ¡ 1 for Y .
For Z which plays the role of a gradient relatively to Y , we get an analogous result

about the error, up to increasing by 1 the degree of smoothness of the coe±cients.

Theorem 2.5. Let us assume Hypothesis 2.3. Then, the following expansion holds

Z N
tk

¡ Z tk =
¡
r x [r xu ¾]¤(tk ; X tk )(X N

tk
¡ X tk )

¢¤ + Ok (
1
N

) + O(jX N
tk

¡ X tk j2):

Remark 2.6. The above results are su±cient to derive the weak convergenceof the
renormalized error process [

p
N (Y N

t ¡ Yt )]0· t · T and [
p

N (Z N
t ¡ Z t )]0· t · T , except that

one has to de¯neY N and Z N between discretization times. Fort 2 [tk ; tk+1 [; analogously
to (1.4) and (1.5) we de¯ne

Y N
t = Et

¡
Y N

tk +1
+ ( tk+1 ¡ t)f (t; X N

t ; Y N
tk +1

; Z N
t )

¢
;

Z N
t =

1
tk+1 ¡ t

Et
¡
Y N

tk +1
(Wtk +1 ¡ Wt )¤¢

:

Theorems 2.4 and 2.5 can be extended to allt 2 [0; T]. We have

Y N
t ¡ Yt = r xu(t; X t )(X N

t ¡ X t ) + Ot (
1
N

) + O(jX N
t ¡ X t j2);

Z N
t ¡ Z t =

¡
r x [r xu ¾]¤(t; X t )(X N

t ¡ X t )
¢¤ + Ot (

1
N

) + O(jX N
t ¡ X t j2):

Theorem 3:5 of Kurtz and Protter [62] allows us to establish the weak convergence of the
processes

p
N (Y N ¡ Y ), and

p
N (Z N ¡ Z ). Indeed, the process [

p
N (X N

t ¡ X t )]0· t · T

weakly converges to the solution of

Ut =
qX

i =1

Z t

0
r x¾i (s; X s)UsdW i

s +
Z t

0
r xb(s; X s)Usds

+
1

p
2

qX

i;j =1

Z t

0

dX

k=1

@xk ¾i (s; X s)¾kj (s; X s)dV ij
s ;

where (V ij )1· i;j · q are independent standard Brownian motions and independent
of W . Furthermore, the convergence is stable (see Jacod and Protter [53]).
Hence, [

p
N (X N

t ¡ X t );
p

N (Y N
t ¡ Yt );

p
N (Z N

t ¡ Z t ); X t ]0· t · T weakly converges to
[Ut ; r xu(t; X t )Ut ; ([r x [r xu ¾]¤(t; X t )]Ut )¤; X t ]0· t · T .

2.4 Comments

2.4.1 Weak Error

From Theorems 2.4 and 2.5 we can derive estimates related to the weak errors onY and
Z .
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Theorem 2.7. Let Ã be a three times continuously di®erentiable function with bounded
derivatives. Let us assume Hypothesis 2.2. Then, one has

E(Ã(Y N
tk

) ¡ Ã(Ytk )) = O(
1
N

):

Under Hypothesis 2.3, the same result applies toZ .

Proof : A Taylor expansion of Ã yields

E(Ã(Y N
tk

) ¡ Ã(Ytk )) = E((Y N
tk

¡ Ytk )Ã0(Ytk ) + O((Y N
tk

¡ Ytk )2):

By using Theorem 2.4, we get

E((Y N
tk

¡ Ytk )Ã0(Ytk ))

= E[Ã0(Ytk )r xu(tk ; X tk )(X N
tk

¡ X tk ) + Ok (
1
N

) + O(jX N
tk

¡ X tk j2)];

= E(Ã0(u(tk ; X tk )) r xu(tk ; X tk )(X N
tk

¡ X tk )) + O(
1
N

):

Hypotheses on Ã and u enable us to apply Remark 4.4 (see later in section 4) to
E(Ã0(u(tk ; X tk )) r xu(tk ; X tk )(X N

tk
¡ X tk )). The result follows.

Analyzing weak errors onY and Z is admittedly useful, but studying pathwise estimates
can also be relevant. Actually, both estimates are complementary. For instance, practi-
tioners in ¯nance are interested in ¯nding hedging strategies. This corresponds to solving
BSDEs, whereY and Z respectively represent the value of the replicating portfolio and
the hedging strategy. On the one hand, Theorems 2.4 and 2.5 are suitable tools to study
theses quantities for computational issues. On the other hand, Theorem 2.7 enables us
to quantify the error on the distribution of the portfolio va lue, which is relevant in a risk
management perspective.

2.4.2 Global error of the numerical resolution of BSDE

As recalled in the introduction, there exist several techniques to numerically
solve BSDEs. The one we present here refers to Lemor et al. [67]; it turns to
be presumably the most e±cient procedure. The authors propose a numerical
scheme based on iterative regressions on function basesp0;k (¢); p1;k (¢); ¢ ¢ ¢; pq;k(¢)
(each being represented as a vector), which coe±cients are evaluated using
M extra independent simulations of (X N

tk
)0· k· N ¡ 1 and of the Brownian

increments (¢ Wk )0· k· N ¡ 1. Let (yN;M
k (X N

tk
); zN;M

1;k (X N
tk

); ¢ ¢ ¢; zN;M
q;k (X N

tk
))0· k· N ¡ 1

denote the approximation of the solution of the discretized BSDE
(Y N

tk
; Z N

1;t k
; ¢ ¢ ¢; Z N

q;tk )0· k· N ¡ 1 computed in a backward manner with the following
algorithm.

² Initialization : for k = N take yN;M
N (¢) = ©( ¢).

² Iteration : for k = N ¡ 1; ¢ ¢ ¢; 0, solve theq least-squares problems :

®M
l;k = arg inf

®

1
M

MX

m=1

jyN;M
k+1 (X N;m

tk +1
)
¢ W l;m

k

h
¡ ®¢pl;k (X N;m

tk
)j2:
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Then, compute ®M
0;k as the minimizer of

1
M

MX

m=1

jyN;M
k+1 (X N;m

tk +1
)+ hf (tk ; X N;m

tk
; yN;M

k+1 (X N;m
tk +1

); ®M
l;k ¢pl;k (X N;m

tk
)) ¡ ®¢p0;k (X N;m

tk
)j2:

Thus, de¯ne yN;M
k (¢) and zN;M

l;k (¢) by

yN;M
k (¢) = ®M

0;k ¢p0;k (¢); zN;M
l;k (¢) = ®M

l;k ¢pl;k (¢):

Actually, the true algorithm requires the use of additional truncation operators that we
have omitted for sake of simplicity, see Lemor et al. [67] fordetails. The following error
on the unknown regression functions (yN;M

k ; zN;M
l;k )1· l · q;0· k· N ¡ 1

max
0· k· N

EjY N
tk

¡ yN;M
k (X N

tk
)j2 + hE

N ¡ 1X

k=0

jZ N
tk

¡ Z N;M
k (X N

tk
)j2

is essentially bounded byNCM;p , where M and p respectively denote the number of
simulated paths and the set of functions. For suitable choices ofM and p, CM;p goes to
0 at a given rate. This result allows them to optimally tune th e parameters to ensure a
given accuracy. Hence, summing this numerical error and thediscretization's one given by
Theorems 2.4 and 2.5 leads to the global error. For example, assume thatkX N

tk
¡ X tk kL p =

O( 1
N ). Then, from Theorem 2.4, we getEjYtk ¡ yN;M

k (X N
tk

)j2 · C( 1
N 2 + NCM;p ).

2.5 Numerical Experiments

In this part, we draw some graphs to illustrate the results given by Theorems 2.3 and
2.4. To do so, one needs to explicitly knowX and Y . Let us consider a Call option
pricing problem. We assume that X follows the Black-Scholes model in dimensiond =
1; dX t

X t
= ¹dt + ¾dWt , with ¾ = 0 :2; ¹ = 0 :1 and X 0 = 100. The driver f is de¯ned by

f (t; x; y; z ) = ¡ ry ¡ µz, where µ = ¹ ¡ r
¾ and r = 0 :02. The terminal condition ©(x) is

given by (x ¡ K )+ , where K = 100. The maturity of the option is T = 1 : The continuous
backward equation can be solved,Yt is the price of a standard Call option (see El Karoui
et al. [27] for a detailed computation).

We compute X N and Y N by using (1.3) and (1.4) and get

X N
tk

= X 0¦ k¡ 1
j =0 (1 + ¹h + ¾¢ Wj );

Y N
tk

= Etk [©(X N
T )¦ N ¡ 1

j = k (1 ¡ rh ¡ µ¢ Wj )]:

Figure 2.1 refers to Theorem 2.3. We plot the evolution of thelogarithm of e2(N ); e3(N )
and e4(N ) w.r.t. log( N ).

We use 1000 simulations to approximate theL p-norm ep(N ) and to compute each
conditional expectation Y N

tk
, we use 1000 Monte Carlo simulations. We compute

log(ep(N ))p=2 ;3;4 for N = 2 j ; j = 1 ; ¢ ¢ ¢; 7. Looking at the graph, we see that the evo-
lutions of log(ep(N ))p=2 ;3;4 w.r.t. log( N ) are almost linear. In view of Theorem 2.3, the
slope should be of order¡ 1

2 . By using a linear regression method, we get the parameters
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Figure 2.1: Evolution of e2(N ); e3(N ); e4(N ) w.r.t. log( N )

a b std
L 2 error - 0.5179119 1.14106 0.0384534
L 3 error - 0.5321072 1.4078415 0.0367535
L 4 error - 0.5891505 1.858531 0.0662573

Table 2.1: Coe±cients of the linear regression of log(ep(N )), p = 2 ; 3; 4 w.r.t. log(N ).

a; b; std where log(ep(N )) = a ¤ log(N ) + b, and std represents the standard deviation of
the residuals. Table 2.1 sums up the values ofa; b; std for p = 2 ; 3; 4. Clearly a is of order
¡ 1

2 .
Figure 2.2 refers to Theorem 2.4. We plot the evolution of log(a(N )), where a(N ) =

(E[jY N
tk

¡ Ytk ¡ r xu(tk ; X tk )(X N
tk

¡ X tk )j2])
1
2 w.r.t. log( N ), at time tk = T

2 . We use
100 simulations to approximate the L 2-norm and to compute eachY N

tk
we use 106 Monte

Carlo simulations. N behaves as 2j ; j = 1 ; ¢ ¢ ¢; 7. We note that log(a(N )) actually evolves
almost linearly w.r.t log( N ). Regarding Theorem 2.4, the slope should be of order¡ 1. If
we still use a linear regression,we get the slopea = ¡ 0:9123248,b = ¡ 1:0172153 and the
standard deviation of the residuals equals 0:0940069.
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Figure 2.2: Evolution of log(a(N )) and log(e2(N )) w.r.t. log( N ).





Chapter 3

Proof of theorem 2.3

Extra notations for all the proofs. For any processU (except the Brownian incre-
ments ¢ Wk ), we de¯ne ¢ Uk = UN

tk
¡ Utk . Let µs denote (s; X s; Ys; Zs) and f N

tk
denote

f (tk ; X N
tk

; Y N
tk +1

; Z N
tk

).

Z tk is de¯ned ashZ tk := Etk

Rtk +1
tk

Zsds and we put ¢ Z k = Z N
tk

¡ Z tk .
If q = 2, the result has already been proved in Gobet et al. [45], under Lipschitz condi-

tions on b; ¾; f;©. Thanks to the inequality EjUjq · (EjUj2p)
q

2p for 2p ¸ q, we only need
to prove the theorem for q = 2p, where p 2 N¤.
First, we give some estimates which can be easily established. We have, under Hypothesis
2.1, 8s 2 [tk ; tk+1 ],

Etk (jX s ¡ X tk j2p + jYs ¡ Ytk j2p + jZs ¡ Z tk j2p) · Chp: (3.1)

In the following computations, these estimates are repeatedly used.

3.1 Proof of max0· k· N EjYtk ¡ Y N
tk

j2p = O(hp).

We prove the following result, which is a bit more general.

Proposition 3.1. maxi · k· N Et i jYtk ¡ Y N
tk

j2p = Oi (hp) + j¢ X i j2p.

By taking i = 0, we get max0· k· N EjYtk ¡ Y N
tk

j2p = O(hp).
Assume that we have

j¢ Yk j2 · (1 + Ch)Etk j¢ Yk+1 j2 + Chj¢ X k j2 + Ch2: (3.2)

Then, using the inequality (a + b)p · ap(1 + ²(2p¡ 1 ¡ 1)) + bp(1 + 2p¡ 1 ¡ 1
²p¡ 1 ) for 0 < ² < 1,

we deduce

j¢ Yk j2p · (1 + Ch)p+1 Etk j¢ Yk+1 j2p + Cphp(j¢ X k j2 + Ch)p(1 +
C

hp¡ 1 ):

Take the conditional expectation w.r.t. F t i to get Et i j¢ Yk j2p · (1 + Ch)Et i j¢ Yk+1 j2p +
h(hp+ Et i j¢ X k j2p): Using (2.3) for j¢ X k j and Gronwall's lemma yields maxi · k· N Et i jYtk ¡
Y N

tk
j2p = Oi (hp) + j¢ X i j2p:

Now we prove the inequality (3.2). From (1.2) and (1.4) we obtain

¢ Yk = Etk (¢ Yk+1 ) + Etk

Z tk +1

tk

(f N
tk

¡ f (µs))ds: (3.3)

37
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By applying Young's inequality, that is ( a + b)2 · (1 + °h )a2 + (1 + 1
°h )b2, where ° will

be ¯xed later, and using the Lipschitz property of f , we get

j¢ Yk j2 · (1 + °h )(Etk (¢ Yk+1 ))2 + C(h +
1
°

)[h2 + Etk

Z tk +1

tk

jX s ¡ X N
tk

j2ds]

+ C(h +
1
°

)[Etk

Z tk +1

tk

jYs ¡ Y N
tk +1

j2ds + Etk

Z tk +1

tk

jZs ¡ Z N
tk

j2ds]: (3.4)

Let us introduce Z tk (see extra notations at the beginning of Section 3):

Etk

Z tk +1

tk

jZs ¡ Z N
tk

j2ds = Etk

Z tk +1

tk

jZs ¡ Z tk j2ds + hEtk jZ tk ¡ Z N
tk

j2: (3.5)

Thanks to the Cauchy Schwarz inequality we have

jEtk (¢ Yk+1 ¢ W l
k )j2 · hf Etk (j¢ Yk+1 j2) ¡ j Etk (¢ Yk+1 )j2g:

Hence, ashZ tk = Etk (f Ytk +1 +
Rtk +1

tk
f (µs)dsg¢ W ¤

k ), with a bounded f , it follows that

h2jZ tk ¡ Z N
tk

j2 · d h
¡
Etk (j¢ Yk+1 j2) ¡ j Etk (¢ Yk+1 )j2

¢
+ Ch3: (3.6)

By plugging (3.5) and (3.6) into (3.4), we get

j¢ Yk j2 · (1 + °h )(Etk (¢ Yk+1 ))2

+ C(h +
1
°

)[h2 + Etk

Z tk +1

tk

jX s ¡ X N
tk

j2ds + Etk

Z tk +1

tk

jYs ¡ Y N
tk +1

j2ds]

+ C(h +
1
°

)[Etk

Z tk +1

tk

jZs ¡ Z tk j2ds + Etk (j¢ Yk+1 j2) ¡ j Etk (¢ Yk+1 )j2]:

We can write Etk jYs ¡ Y N
tk +1

j2 · 2Etk jYs ¡ Ytk +1 j2 + 2Etk j¢ Yk+1 j2. By doing the same for
X s ¡ X N

tk +1
, and taking ° = C, we obtain

j¢ Yk j2 · (1 + Ch)Etk j¢ Yk+1 j2 + Chj¢ X k j2 + ChEtk j¢ Yk+1 j2

+ C[h2 + Etk

Z tk +1

tk

jX s ¡ X tk j2ds + Etk

Z tk +1

tk

jYs ¡ Ytk +1 j2ds]

+ C[Etk

Z tk +1

tk

jZs ¡ Z tk j2ds]:

Using (3.1) yields j¢ Yk j2 · (1 + Ch)Etk j¢ Yk+1 j2 + Chj¢ X k j2 + Ch2:

3.2 Proof of E(
P N ¡ 1

k=0

Rtk+1

tk
jZ N

tk
¡ Z t j2dt)

p
2 = O(hp):

First of all, we can split this summation into two terms

E
¡ N ¡ 1X

k=0

Z tk +1

tk

jZ N
tk

¡ Z t j2dt
¢p · CE

¡ N ¡ 1X

k=0

Z tk +1

tk

jZ tk ¡ Z t j2dt
¢p + CE

¡
h

N ¡ 1X

k=0

j¢ Z k j2
¢p:

Thanks to (3.1), we have E
¡ P N ¡ 1

k=0

Rtk +1
tk

jZ tk ¡ Z t j2dt
¢p · Tp¡ 1 P N ¡ 1

k=0

Rtk +1
tk

EjZ tk ¡
Z t j2pdt = O(hp):



3.2. Proof of E(
P N ¡ 1

k=0

Rtk +1
tk

jZ N
tk

¡ Z t j2dt)
p
2 = O(hp): 39

Scheme of the proof ofE
¡
h

P N ¡ 1
k=0 j¢ Z k j2

¢p = O(hp). The ¯rst key point is to slice the
summation into small intervals and show that the result is true for small time intervals.
The second key point is to use Rosenthal's inequality, see Theorem 2:12 page 23 of Hall
and Heyde [48]. By using (3.6) and taking the expectation, wecan write :

E
¡
h

k1X

k=0

j¢ Z k j2
¢p · CE

¡ k1X

k=0

Var tk ¢ Yk+1
¢p + Chp: (3.7)

We use Rosenthal's inequality to upper bound

E
¡ k1X

k=0

Var tk ¢ Yk+1
¢p · CE

¡ k1X

k=0

¢ Yk+1 ¡ Etk ¢ Yk+1
¢2p;

· C32p¡ 1£
E¢ Y 2p

k1+1 + E¢ Y 2p
0 + E

¡ k1X

k=0

(¢ Yk ¡ Etk ¢ Yk+1 )
¢2p¤

:

By plugging this inequality into (3.7) and using the previous estimate onj¢ Yk j, we get

E
¡
h

k1X

k=0

j¢ Z k j2
¢p · O(hp) + CE

¡ k1X

k=0

(¢ Yk ¡ Etk ¢ Yk+1 )
¢2p: (3.8)

We now tackle the term ¢ Yk ¡ Etk ¢ Yk+1 . Using (3.3), we have
P k1

k=0 (¢ Yk ¡ Etk ¢ Yk+1 ) =
P k1

k=0

Rtk +1
tk

(Etk (f N
tk

¡ f (µs)))ds: By doing the same kind of proof as before, that is using
the fact that f is Lipschitz and the results on Ej¢ X k j2p and Ej¢ Yk j2p, we ¯nd

E
¡ k1X

k=0

(¢ Yk ¡ Etk ¢ Yk+1 )
¢2p · O(hp) + C(hk1)pE

¡
h

k1X

k=0

j¢ Z k j2
¢p:

By plugging this term back into (3.8), we can write
¡
1 ¡ C(hk1)p

¢
E

¡
h

P k1
k=0 j¢ Z k j2

¢p =
O(hp): Consequently, if we choosek1 · 1

(2C)
1
p h

we come up with E
¡
h

P k1
k=0 j¢ Z k j2

¢p =

O(hp): This result can be extended to any summation involving at most ¢ k terms, where
¢ k · 1

(2C)
1
p h

. We can cover the interval f 0; ¢ ¢ ¢; N ¡ 1g with a ¯nite number of elementary

intervals of size ¢k and we getE
¡
h

P N ¡ 1
k=0 j¢ Z k j2

¢p = O(hp), which completes our proof.

From this result and (3.1), we also deduce

E
¡
h

N ¡ 1X

k=0

j¢ Zk j2
¢p = O(hp); (3.9)

which is very useful in the following.





Chapter 4

Proof of Theorem 2.4.

To expand the error, we use usual techniques of stochastic analysis, combining martingale
estimates and Malliavin calculus tools.

4.1 Preliminary estimates

Sections 4 and 5 contain proofs with similar calculations, which are quite technical. In
order to be as clear as possible, we state two results really useful in the sequel, which are
related to Malliavin calculus (see Nualart [78]). The results give su±cient conditions for
expectations and conditional expectations to be small w.r.t. the time step h. They are
based on ideas from Kohatsu-Higa and Pettersson [59] and Gobet and Munos [44].

Proposition 4.1. Let F 2 ¢ 1;2 with Etk jF j2 + sup tk · s· T Etk jDsF j2 < 1 and let U
be an Itô process of the formUt = U0 +

Rt
0 ®sds +

Rt
0 ¯ sdWs, with suptk · s· T Etk j®sj2 +

suptk · s· T Etk j¯ sj2 < 1 . Then, 8(t; t 0) such that tk · t · t0 · tk+1 ,

jEtk [F (Ut ¡ Ut0)]j · (t0¡ t)
£
(Etk jF j2)

1
2 ( sup

t · s· t0
Etk j®sj2)

1
2

+ ( sup
t · s· t0

Etk jDsF j2)
1
2 ( sup

t · s· t0
Etk j¯ sj2)

1
2
¤
:

This proposition can be easily proved. Assume without loss of generality that F and U
are one-dimensional. From the duality formula, we haveEtk [F (

Rt0

t ®sds +
Rt0

t ¯ sdWs)] =

Etk [
Rt0

t (F®s + DsF ¢¯ s)ds]. Thanks to Cauchy Schwarz inequality and hypotheses on®
and ¯ , we get the result.

De¯nition 4.2. F satis¯es the condition Rk if F 2 Dk;1 and if Ck;p(F ) := kF kL p +
P

j · k sup0· s1 ;:::;s j · T kDs1 ;::;s j F kL p < 1 .

Proposition 4.3. Let F satisfy the condition R2. For simplicity we set dW0
s = ds.

Assume thatUt 2 Rd satis¯es the following stochastic expansion property

Ut =
qX

i;j =0

cU;0
i;j (t)

Z t

0
cU;1

i;j (s)
¡ Z s

´ (s)
cU;2

i;j (r )dW i
r

¢
dW j

s ; (P)

where f (cU;i 1
i;j (t)) t ¸ 0 : 0 · i; j · q;0 · i 1 · 2g are adapted processes satisfying

41
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² 8 (i; j ); 1 · i; j · q, 8t 2 [0; T], cU;0
i;j (t) satis¯es R2, and

CU
2;p := sup0· t · T sup1· i;j · q C2;p(cU;0

i;j (t)) < 1 , p ¸ 1.

² 8 (i; j ); 1 · i; j · q, 8t 2 [0; T], cU;1
i;j (t); cU;0

0;j (t); cU;0
i; 0 (t); cU;1

i; 0 (t) satisfy R1, and

CU
1;p := sup0· t · T sup1· i;j · qfC1;p(cU;1

i;j (t)) + C1;p(cU;0
0;j (t)) + C1;p(cU;0

i; 0 (t)) + C1;p(cU;1
i; 0 (t))g

< 1 , p ¸ 1.

² 8 (i; j ); 0 · i; j · q, 8t 2 [0; T], cU;2
i;j (t); cU;1

0;j (t); cU;0
0;0 (t) satisfy R0, and CU

0;p :=

sup0· t · T sup0· i;j · qfC0;p(cU;2
i;j (t)) + C0;p(cU;1

0;j (t)) + C0;p(cU;0
0;0 (t))g < 1 , p ¸ 1.

Thus, there is a constantK (T) which depends polynomially onC2;p(F ); CU
2;p; CU

1;p; CU
0;p (for

somep ¸ 1) such that jE[FUt ]j · K (T)h:

Indeed, we have

E(FUt ) =
qX

i;j =0

E
¡
FcU;0

i;j (t)
Z t

0
cU;1

i;j (s)(
Z s

´ (s)
cU;2

i;j (r )dW i
r )dW j

s

¢

=
qX

i;j =1

Z t

0

Z s

´ (s)
E

¡
D i

r

£
D j

sf FcU;0
i;j (t)gcU;1

i;j (s)
¤
cU;2

i;j (r )
¢
dr ds

+
qX

j =1

Z t

0

Z s

´ (s)
E

£
D j

sf FcU;0
0;j (t)gcU;1

0;j (s)cU;2
0;j (r )

¤
dr ds

+
qX

i =1

Z t

0

Z s

´ (s)
E

£
D i

r f FcU;0
i; 0 (t)cU;1

i; 0 (s)gcU;2
i; 0 (r )

¤
dr ds

+
Z t

0

Z s

´ (s)
E

¡
FcU;0

0;0 (t)cU;1
0;0 (s)cU;2

0;0 (r )
¢
dr ds:

Then, the result readily follows.

Remark 4.4. Under Hypothesis 2.2, we can show (see later the proof of (5.9)) that for
eacht, X N

t ¡ X t satis¯es the expansionP. Hence, if F satis¯es R2, Proposition 4.3 yields

jE[F (X N
t ¡ X t )]j = O(h)

uniformly in t 2 [0; T], which is a very useful result for the sequel.

4.2 Expansion of Y N
tk

¡ Ytk

In the following, we assume that Hypothesis 2.2 is in force. This implies in particular
that u is bounded, of classC3=2;3

b (see Theorem 2.1). We also easily prove that8p ¸



4.2. Expansion of Y N
tk

¡ Ytk 43

1; 8k 2 f 0; ¢ ¢ ¢; N ¡ 1g (see Nualart [78] e.g.)

² Etk ( sup
tk · t · T

jX t j2p) < K (T)(1 + jX tk j2p); sup
tk · s· T

Etk ( sup
tk · t · T

jDsX t jp) · C;

sup
tk · s;r · T

Etk ( sup
tk · t · T

jD r DsX t jp) + sup
tk · s;r;v · T

Etk ( sup
tk · t · T

jDvD r DsX t jp) · C; (4.1)

² Etk ( sup
tk · t · T

jX N
t j2p) < K (T)(1 + jX N

tk
j2p); sup

N;t k · s· T
Etk ( sup

tk · t · T
jDsX N

t jp) · C;

sup
N;t k · s;r · T

Etk ( sup
tk · t · T

jD r DsX N
t jp) + sup

N;t k · s;r;v · T
Etk ( sup

tk · t · T
jDvD r DsX N

t jp) · C: (4.2)

Due to the Markov property of ( X N
tk

)k , one hasY N
tk

= uN (tk ; X N
tk

) for some Lipschitz
function uN (tk ; ¢) (see Gobet et al. [45]) with an obvious de¯nition of uN . Actually, under
our assumptions, this function is even three times di®erentiable w.r.t. x. Thus, the
di®erence ¢Yk can be written as follows:

¢ Yk = ( uN (tk ; X N
tk

) ¡ u(tk ; X N
tk

)) + ( u(tk ; X N
tk

) ¡ u(tk ; X tk )) :

Sinceu is of classC3=2;3
b , the last term of the previous inequality becomes

u(tk ; X N
tk

) ¡ u(tk ; X tk ) = r xu(tk ; X tk )¢ X k + O(j¢ X k j2): (4.3)

To complete the proof, we apply the following lemma

Lemma 4.5. Under Hypothesis 2.2,juN (tk ; x) ¡ u(tk ; x)j · K (T; x)h.

The result above is new but not so surprising. Indeed, iff is identically zero, the
di®erence is only related to the weak approximation of ©(X T ) by ©(X N

T ): from Bally and
Talay [7], one knows that this is of order h.

The rest of this section is devoted to the proof of the lemma. We only give the proof for
tk = 0. We want to ¯nd an upper bound for juN (0; x) ¡ u(0; x)j = j¢ Y0j.

For the sake of clarity, we split the proof into several steps.
Step 1 : linearization of the error. We show that

¢ Yk = Etk (¢ Yk+1 »k + hf 0
x (µtk )¢ X k + hÂk ); (4.4)

with

»k = (1 + hf 0
y(µtk ) + f 0

z(µtk )¢ Wk ); (4.5)

Âk =
Z tk +1

tk

(G0(s; X s) + f 0
y(µtk )Gy(s; X s) + f 0

z(µtk )Gz(s; X s))ds (4.6)

+
Z 1

0
(1 ¡ ¸ )

£
¢ X ¤

k f
00

xx (µ¸
tk

)¢ X k + f
00

yy (µ¸
tk

)(Y N
tk +1

¡ Ytk )2 + ¢ Zk f
00

zz(µ¸
tk

)¢ Z ¤
k

+ 2¢ X ¤
k f

00

xy (µ¸
tk

)(Y N
tk +1

¡ Ytk ) + 2¢ X ¤
k f

00

xz (µ¸
tk

)¢ Z ¤
k + 2( Y N

tk +1
¡ Ytk )f

00

yz(µ¸
tk

)¢ Z ¤
k

¤
d¸;

whereµ¸
tk

= ¸ (tk ; X N
tk

; Y N
tk +1

; Z N
tk

)+(1 ¡ ¸ )µtk and G0; Gy ; Gz are bounded functions. >From
(3.3) and by introducing f (µtk ), we have

¢ Yk = Etk

¡
¢ Yk+1 + h(f N

tk
¡ f (µtk )) +

Z tk +1

tk

(f (µtk ) ¡ f (µs))ds
¢
: (4.7)
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By applying Itô's formula to f (µu) between tk and s we show that, under Hypothesis 2.2,Rtk +1
tk

Etk (f (µtk ) ¡ f (µs))ds = h
Rtk +1

tk
E tk (G0(s; X s))ds, where G0 is a bounded function.

In the second term, perform a second order expansion off around µtk to get

f N
tk

¡ f (µtk ) = f 0
x (µtk )¢ X k + f 0

y(µtk )¢ Yk+1 + f 0
z(µtk )¢ Z ¤

k + f 0
y(µtk )(Ytk +1 ¡ Ytk )

+
Z 1

0
(1 ¡ ¸ )

£
¢ X ¤

k f
00

xx (µ¸
tk

)¢ X k + f
00

yy (µ¸
tk

)(Y N
tk +1

¡ Ytk )2 + ¢ Zk f
00

zz(µ¸
tk

)¢ Z ¤
k (4.8)

+ 2¢ X ¤
k f

00

xy (µ¸
tk

)(Y N
tk +1

¡ Ytk ) + 2¢ X ¤
k f

00

xz (µ¸
tk

)¢ Z ¤
k + 2( Y N

tk +1
¡ Ytk )f

00

yz(µ¸
tk

)¢ Z ¤
k

¤
d¸:

Note that Etk (Ytk +1 ¡ Ytk ) = Etk

Rtk +1
tk

Gy(s; X s)ds. If we closely look at (4.8), we can see
that we need to develop ¢Zk . By using (1.5), we can write

Z N
tk

=
1
h

Etk (¢ Yk+1 ¢ W ¤
k ) +

1
h

Etk (u(tk+1 ; X tk +1 )¢ W ¤
k ):

Introducing the weak derivative of X tk +1 (see Nualart [78] p.109), the second term
of this summation equals 1

h Etk

Rtk +1
tk

r xu(tk+1 ; X tk +1 )D t X tk +1 dt, where D t X tk +1 =
r xX tk +1 (r xX t )¡ 1¾(t; X t ). Since Z tk = r xu(tk ; X tk )¾(tk ; X tk ), one gets

¢ Zk =
1
h

Etk (¢ Yk+1 ¢ W ¤
k )

+
1
h

Z tk +1

tk

Etk

¡
r xu(tk+1 ; X tk +1 )r xX tk +1 (r xX t )¡ 1¾(t; X t ) ¡ r xu(tk ; X tk )¾(tk ; X tk )

¢
dt :

The term in the second conditional expectation is equal to r xu(tk+1 ; X tk +1 )
r xX tk +1 (r xX t )¡ 1¾(t; X t ) § r xu(t; X t )¾(t; X t ) ¡ r xu(tk ; X tk )¾(tk ; X tk ): hence, two ap-
plications of Itô's formula (for the ¯rst contribution betw een t and tk+1 , for the second
one betweentk and t) prove that

¢ Z ¤
k =

Z tk +1

tk

Etk (Gz(s; X s))ds +
1
h

Etk (¢ Yk+1 ¢ Wk ); (4.9)

for a bounded function Gz. Plugging this equality and (4.8) into (4.7) yields (4.4).
Step 2 : another formula of ¢ Y0. First of all, we replace Y N

tk +1
¡ Ytk by ¢ Yk+1 +

Ytk +1 ¡ Ytk in the expression ofÂk . Then, easy computations combining Proposition 3.1
and estimates (3.1) show that

~Âk = Etk (Âk ) = Ok (h) + O(j¢ X k j2 + j¢ Zk j2): (4.10)

From (4.4), we deduce the following equality

¢ Y0 = E(¢ YN »0 ¢ ¢ ¢»N ¡ 1 + h
N ¡ 1X

i =0

(f 0
x (µt i )¢ X i + ~Âi )»0 ¢ ¢ ¢»i ¡ 1): (4.11)

Now it is enough to show that all terms of this summation are O(h). In the following,
´ 0 = 1 and ´ i = »0 ¢ ¢ ¢»i ¡ 1 for i · N .

Step 3 : some results on ´ N = »0 ¢ ¢ ¢»N ¡ 1.
We establish the following results on´ N :

´ k satis¯es the condition R2 uniformly in k; i.e. 8k; ´ k 2 D2;1

and max
k· N

C2;p(´ k ) < 1 ; 8p ¸ 1; (4.12)

E( max
0· k· N

j´ k jp) + sup
r · T

E( max
0· k· N

jD r ´ k jp) + sup
r;s · T

E( max
0· k· N

jD r Ds´ k jp) < 1 : (4.13)
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Proof of (4.12). We have ´ 0 = 1, and for i ¸ 1

´ i = ´ i ¡ 1(1 + hf 0
y(µt i ¡ 1 ) + f 0

z(µt i ¡ 1 )¢ Wi ¡ 1): (4.14)

We begin to show that maxk· N k´ kkL p = O(1) for p ¸ 1. Sincef 0
y and f 0

z are bounded, we
easily prove that Et i ¡ 1 (1 + hf 0

y(µt i ¡ 1 ) + f 0
z(µt i ¡ 1 )¢ Wi ¡ 1)2p · (1 + Ch), whence Ej´ i j2p ·

(1 + Ch)Ej´ i ¡ 1j2p: We deduce that maxk· N k´ kkL p = O(1).
Now, let us show that maxk· N EjD r ´ k jp = O(1), uniformly in r . Let r be such that

tk¡ 1 < r · tk . 8i · k ¡ 1; D r ´ i = 0. We note that D r ´ k = ´ k¡ 1f 0
z(µtk ¡ 1 ). For i ¸ k + 1,

we have

D r ´ i = D r ´ i ¡ 1 + hD r (´ i ¡ 1f 0
y(µt i ¡ 1 )) +

qX

l=1

D r (´ i ¡ 1f 0
zl

(µt i ¡ 1 ))¢ W l
i ¡ 1;

= ´ k¡ 1f 0
z(µtk ¡ 1 ) + h

i ¡ 1X

j = k

D r (´ j f 0
y(µt j )) +

qX

l=1

i ¡ 1X

j = k

D r (´ j f 0
zl

(µt j ))¢ W l
j : (4.15)

Applying Burkholder-Davis-Gundy's inequality to the martin gale
P i ¡ 1

j = k D r (´ j f 0
zl

(µt j ))¢ W l
j yields

EjD r ´ i jp · CEj´ k¡ 1jp + Cph
i ¡ 1X

j = k

EjD r (´ j f 0
y(µt j )) jp + C

qX

l=1

Ejh
i ¡ 1X

j = k

jD r (´ j f 0
zl

(µt j )) j2j
p
2

· CEj´ k¡ 1jp + Ch
i ¡ 1X

j = k

EjD r (´ j f 0
y(µt j )) jp + C

qX

l=1

h
i ¡ 1X

j = k

EjD r (´ j f 0
zl

(µt j )) jp

· C(1 + Ej´ k¡ 1jp) + Ch
i ¡ 1X

j = k+1

EjD r ´ j jp;

using the boundedness of the derivatives off , maxj · N k´ j kq = O(1), identity (2.2), u; ¾2
C1;2

b , and estimates (4.1). By applying Gronwall's lemma, we get maxk· i · N EjD r ´ i jp ·
C(1 + Ej´ k¡ 1jp); tk¡ 1 < r · tk .
Then, maxk· N EjD r ´ k jp = O(1), uniformly in r 2 [0; T]. The proof concerning the deriva-
tive of order 2 can be done following the same scheme.

Proof of (4.13). We begin to show that E(maxk· N j´ k jp) < 1 . The idea is to use a
martingale property in order to apply Doob's inequality. Si nce´ i = ´ i ¡ 1 + h´ i ¡ 1f 0

y(µt i ¡ 1 )+
´ i ¡ 1f 0

z(µt i ¡ 1 )¢ Wi ¡ 1, one has´ k = 1 +
P k

i =1 (h´ i ¡ 1f 0
y(µt i ¡ 1 ) + ´ i ¡ 1f 0

z(µt i ¡ 1 )¢ Wi ¡ 1). Thus,

E(max
k· N

j´ k jp) · C
¡
1 + E(

NX

i =1

hj´ i ¡ 1jj f 0
y(µt i ¡ 1 )j)p + E(max

k· N
j

kX

i =1

´ i ¡ 1f 0
z(µt i ¡ 1 )¢ Wi ¡ 1jp)

¢
:

The last term is upper bounded by CE(h
P N

i =1 j´ i ¡ 1f 0
z(µt i ¡ 1 )j2)

p
2 · Ch

P N
i =1 Ej´ i ¡ 1f 0

z(µt i ¡ 1 )jp. Using the estimate (4.12), we getE(maxk· N j´ k jp) < 1 .
To prove that supr · T E(maxk· N jD r ´ k jp) < 1 , we proceed in the same way, by starting
from (4.15). For the second derivative, this is analogous.

Step 4 : we prove that E(¢ YN ´ N ) = O(h).
If ´ N were equal to 1, the results of Bally and Talay [7] would directly apply. Here



46 4. Proof of Theorem 2.4.

the approach has to be di®erent and we use techniques of Malliavin calculus. We have
E(¢ YN ´ N ) = E(´ N ©(X N

T ) ¡ ´ N ©(X T )). Let us introduce X N;¸
t = (1 ¡ ¸ )X t + ¸X N

t . Thus,
we have

E(¢ YN ´ N ) =
Z 1

0
E

¡
´ N ©0

x (X N;¸
T )(X N

T ¡ X T )
¢
d¸:

As © 2 C3+ ®, by using (4.12), (4.1) and (4.2), we note that ´ N ©0
x (X N;¸

T ) satis¯es R2. By
applying Remark 4.4, we deduce thatE(¢ YN ´ N ) = O(h):

Step 5 : we prove that E(f 0
x (µt i )¢ X i ´ i ) = O(h). This is a very similar proof to Step

4, in a case where ©(x) = x.
Conclusion. We now work on hE(

P N ¡ 1
i =0 ~Âi ´ i ), where j ~Âk j · ¸ N

k h + K (T; x)j¢ X k j2 +
K (T; x)j¢ Zk j2. Hence,

jh
N ¡ 1X

i =0

E(~Âi ´ i )j · C
N ¡ 1X

i =0

E(¸ N
i j´ i j)h2 + K (T; x)

N ¡ 1X

i =0

hE
¡
j´ i j(j¢ X i j2 + j¢ Z i j2)

¢

· K (T; x)h + K (T; x)
N ¡ 1X

i =0

hE(j´ i jj¢ Z i j2)

· K (T; x)h + K (T; x)
¡
E( max

0· i · N ¡ 1
j´ i j)2¢1

2
¡
E(h

N ¡ 1X

i =0

j¢ Z i j2)2¢1
2 :

By using (4.13) on (́ i ) i and the upper bound (3.9) we get that jhE(
P N ¡ 1

i =0 ~Âi ´ i )j ·
K (T; x)h: By combining this result and the results of Step 4 and Step 5, (4.11) shows
that j¢ Y0j · K (T; x)h: Lemma 4.5 is proved.



Chapter 5

Proof of Theorem 2.5.

As it could be expected, its proof is more di±cult. The main extra ingredient is the
convergence of the weak derivative of the discrete BSDE (Y N ; Z N ), with the rate of con-
vergenceN ¡ 1=2. The next paragraph is aimed at proving this result. In the following,
Hypothesis 2.3 is in force.

5.1 Proof of an intermediate result

Proposition 5.1. Let r 2]0; t1[. Under Hypothesis 2.3, we havemax1· i · N EjD r ¢ Yi j2 +
hE

¡ P N ¡ 1
i =1 jD r ¢ Z ¤

i j2
¢

= O(h), uniformly in r .

This proposition is analogous to Theorem 2.3, whereq = 2, and the scheme of its proof as
well. However, there is a signi¯cative di®erence: the BSDE solved by the weak derivatives
(see (5.1-5.2-5.3)) has a non Lipschitz driver, which requires extra technicalities that we
detail. In what follows, we ¯x r 2]0; t1[ and introduce some speci¯c notations. cX t stands
for D r X t . In the case ofZ t , which is a row vector, cZ t is a matrix whose the i -th column is
D i

r Z ¤
t . It is well-known (Proposition 5 :3 of El Karoui et al. [27]) that ( bYt ; cZ t )r · t · T solves

bYt = © 0
x (X T ) cX T +

Z T

t
(f 0

x (µs) cX s + f 0
y(µs) bYs + f 0

z(µs)cZs)ds ¡ (
Z T

t

cZs
¤
dWs)¤: (5.1)

Regarding (dY N ; dZ N ), one obtains

dY N
tk

= Etk [ [Y N
tk +1

+ hr x f N
tk

dX N
tk

+ hr y f N
tk

[Y N
tk +1

+ hr zf N
tk

dZ N
tk

]; (5.2)

dZ N
tk

=
1
h

Etk [¢ Wk
[Y N

tk +1
]; (5.3)

where we setr x f N
tk

= r x f (tk ; X N
tk

; Y N
tk +1

; Z N
tk

) and analogously for r y f N
tk

and r zf N
tk

.
Indeed, we can start from (1.4-1.5) and interchange conditional expectations and weak
derivatives (see Proposition 1.2.4 in Nualart [78]). Another way to get (5.2-5.3) is to
take advantage of the Markov structure of (X N

tk
)k to write Y N

tk
= yN (tk ; X N

tk
), where the

function yN is the solution of a dynamic programming equation, and then apply the chain
rule. We omit further details.

From (2.2), we also have

bYt = r xu(t; X t ) cX t ; cZ t = r x (r xu¾)¤(t; X t ) cX t : (5.4)

47
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For the sake of clarity, let us write, for any processV , d¢ Vk = D r V N
tk

¡ D r Vtk . In particular,

we have[¢ Z k = D r (Z N
tk

¤ ¡ Z
¤
tk

) = dZ N
tk

¡ dZ tk ; where dZ tk is de¯ned ashdZ tk = Etk

Rtk +1
tk

cZsds
(see the beginning of Section 3).

5.1.1 Preparatory estimates

In this part we give someL p-estimates (p ¸ 1), which are repeatedly used in the following
calculations.

² sup
i · j · N

(Et i j
dX N

t j
j2p) · Cj dX N

i j2p; (5.5)

² E( max
0· j · N

j dX N
t j

j2p) = O(1); (5.6)

² 8 j 2 0::N ¡ 1; jdY N
t j

j2 · Cj dX N
t j

j2; E( max
0· j · N

jdY N
t j

j2p) = O(1); (5.7)

² E( sup
0· t · T

j cX t j2p + sup
0· t · T

j bYt j2p + sup
0· t · T

jcZ t j2p) = O(1); (5.8)

² Let F satisfy R3: Then, jE(F ( dX N
t ¡ cX t )) j = O(h): Furthermore,

sup
0· k· N

Ej [¢ X k j2p = O(hp): (5.9)

² Analogously to (3.1), 8s 2 [tk ; tk+1 ], we have

Etk

¡
j cX s ¡ dX tk j2p + j bYs ¡ cYtk j2p + jcZs ¡ dZ tk j2p¢

= Ok (hp): (5.10)

Note that dX N
t1

= ¾(0; x), and \X N
tk +1

= (1 + hb0
x (tk ; X N

tk
) +

P q
i =1 (¾i )0

x (tk ; X N
tk

)¢ W i
k ) dX N

tk
for

1 · k · N . Thus, we easily getEt i j
dX N

t j
j2p · (1 + Ch)Et i j

\X N
t j ¡ 1

j2p, and (5.5) follows. The
proof of (5.6) can be done as the proof of (4.13).

Proof of (5.7). From (5.2), we use Young's inequality and boundedness ofr f to get

jdY N
t i

j2 · (1 + °h )jEt i
[Y N

t i +1
j2 + Ch(h +

1
°

)
¡
j dX N

t i
j2 + Et i j

[Y N
t i +1

j2 + jdZ N
t i

j2
¢
: (5.11)

From (5.3) and the Cauchy Schwarz inequality, we obtain hjdZ N
t i

j2 · C(Et i j
[Y N

t i +1
j2 ¡

jEt i
[Y N

t i +1
j2). Hence, with an appropriate choice of ° , (5.11) is reduced to jdY N

t i
j2 ·

(1 + Ch)Et i j
[Y N

t i +1
j2 + Chj dX N

t i
j2, and thus Gronwall's lemma yields

jdY N
t i

j2 · CEt i (j
dY N

tN
j2 + h

N ¡ 1X

j = i

j dX N
t j

j2) · C sup
i · j · N ¡ 1

Et i j
dX N

t j
j2:

Finally, estimates (5.5) and (5.6) complete the proof.
Proof of (5.8) . E(sup0· t · T j cX t j2p) = O(1) follows from (4.1). The other estimates come

from this result and (5.4).

Proof of (5.9) . Let us introduce X 0
t = r xX t (r xX r )¡ 1¾(0; x) and write dX N

t ¡ cX t =
dX N

t ¡ X 0
t + X 0

t ¡ cX t .
Since cX t = r xX t (r xX r )¡ 1¾(r; X r ), a direct application of Proposition 4.1 with Ut =

¾(t; X t ) gives E(F (X 0
t ¡ cX t )) = O(h) for F satisfying R2. Moreover, simple increment

estimates yield supt · T EjX 0
t ¡ cX t j2p = O(hp).
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It remains to study the impact of the di®erence dX N
t ¡ X 0

t . ( dX N
t )t ¸ r and (X 0

t )t ¸ r are
solutions of

dX N
t = ¾(0; x) +

Z t

r
b0

x (´ (s); X N
´ (s) )

[X N
´ (s)ds +

qX

i =1

Z t

r
(¾i )0

x (´ (s); X N
´ (s) )

[X N
´ (s)dW i

s ;

X 0
t = ¾(0; x) +

Z t

r
b0

x (s; X s)X 0
sds +

qX

i =1

Z t

r
(¾i )0

x (s; X s)X 0
sdW i

s: (5.12)

For the sake of simplicity, we take b ´ 0 and d = q = 1. If we set ¾0(s) =
R1

0 ¾0
x (s; X s +

¸ (X N
s ¡ X s))d¸ , we observe that ¢X t solves the linear equation ¢X t =

Rt
0 [¾(´ (s); X N

´ (s) ) ¡

¾(s; X N
s )]dWs +

Rt
0 ¾0(s)¢ X sdWs; which solution is given by (see Theorem 56 p. 271 in

Protter [87])

¢ X t = ² t

Z t

0
²¡ 1
s [¾(´ (s); X N

´ (s) ) ¡ ¾(s; X N
s )](dWs ¡ ¾0(s)ds)

= ¡ ² t

Z t

0
²¡ 1
s

£Z s

´ (s)
¾0

x (v; X N
v )¾(´ (v); X N

´ (v) )dWv

+ ( ¾0
t (v; X N

v ) +
1
2

¾00
xx (v; X N

v )¾2(´ (v); X N
´ (v) ))dv

¤
(dWs ¡ ¾0(s)ds)

where² t = 1+
Rt

0 ¾0(s)²sdWs. This proves that ¢ X t satis¯es the property P. Analogously,
if we de¯ne ¾00(s) =

R1
0 ¾00

xx (s; X s + ¸ (X N
s ¡ X s))d¸ and ²N

t = 1 +
Rt

r ¾0
x (s; X N

s )²N
s dWs,

simple computations lead to

dX N
t ¡ X 0

t = ²N
t

Z t

r
(²N

s )¡ 1([¾0
x (´ (s); X N

´ (s) )
[X N

´ (s) ¡ ¾0
x (s; X N

s ) dX N
s ] + ¾00(s)X 0

s¢ X s)

(dWs ¡ ¾0
x (s; X N

s )ds):

From the above representation, it is straightforward to conclude supt · T Ej d¢ X t j2p = O(hp).

Now, let us upper bound E(F ( dX N
t ¡ X 0

t )) which can be decomposed into several terms.

² The contribution associated to
²N
t

Rt
r (²N

s )¡ 1[¾0
x (´ (s); X N

´ (s) )
[X N

´ (s) ¡ ¾0
x (s; X N

s ) dX N
s ](dWs ¡ ¾0

x (s; X N
s )ds) satis¯es

property P, thus Proposition 4.3 yields the expected result.

² The contribution E(F ²N
t

Rt
r (²N

s )¡ 1¾00(s)X 0
s¢ X s¾0

x (s; X N
s )ds) is equal toRt

r E(F ²N
t (²N

s )¡ 1¾00(s)X 0
s¢ X s¾0

x (s; X N
s ))ds = O(h) in view of Remark 4.4.

² In the same way, the duality relationship ensures that the last contribution
E(F ²N

t
Rt

r (²N
s )¡ 1¾00(s)X 0

s¢ X sdWs) =
Rt

r E(Ds(F ²N
t )( ²N

s )¡ 1¾00(s)X 0
s¢ X s)ds is a O(h)

(using here that F satis¯es R3).

Proof of (5.10). In view of cX t = D r X t = r xX t (r xX r )¡ 1¾(r; X r ), the estimate on the
increments of cX t becomes clear. The other ones easily follow.
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5.1.2 Proof of max1· i · N Ej d¢ Yi j2 = O(h):

Assume that for some non negative random variable ¤k = Ok (h) + j¢ X k j2 + j¢ Zk j2,
one has

j d¢ Yk j2 · (1 + Ch)Etk j \¢ Yk+1 j2 + hj [¢ X k j2 + h¤ kOk (1): (5.13)

Take the expectation on both sides, use estimates (5.9) and those of Proposition 2.2 to get

Ej d¢ Yk j2 · CEj [¢ YN j2 + O(h) + Ch
N ¡ 1X

k=0

E(j¢ Zk j2Ok (1)) :

On the one hand, as [¢ YN = © 0(X N
tN

) dX N
tN

¡ ©0(X tN ) dX tN , clearly Ej [¢ YN j2 = O(h). On
the other hand, in view of (3.9) with p = 2, the summation above is aO(h). This proves
max1· k· N Ej d¢ Yk j2 = O(h):

Proof of (5.13). >From (5.1) and (5.2), we obtain

d¢ Yk = Etk ( \¢ Yk+1 ) + Etk

¡ Z tk +1

tk

[r x f N
tk

dX N
tk

¡ f 0
x (µs) cX s

+ r y f N
tk

[Y N
tk +1

¡ f 0
y(µs) bYs + r zf N

tk
dZ N

tk
¡ f 0

z(µs)cZs]ds
¢
:

Sincef 2 C2;4;4;4
b , it follows that for any ° > 0 (to be ¯xed later)

j d¢ Yk j2 · (1 + °h )jEtk ( \¢ Yk+1 )j2 + C(h +
1
°

)Etk

¡ Z tk +1

tk

[jr x f N
tk

dX N
tk

¡ f 0
x (µs) cX sj2

+ jr y f N
tk

[Y N
tk +1

¡ f 0
y(µs) bYsj2 + jr zf N

tk
dZ N

tk
¡ f 0

z(µs)cZsj2]ds
¢

(5.14)

· (1 + °h )jEtk ( \¢ Yk+1 )j2 + C(h +
1
°

)(T1
k + T2

k ); (5.15)

where we putT1
k = Etk (

Rtk +1
tk

[j dX N
tk

¡ cX sj2+ j [Y N
tk +1

¡ bYsj2+ jdZ N
tk

¡ cZsj2]ds), T2
k = Etk

Rtk +1
tk

(h+

jX s ¡ X N
tk

j2 + jYs ¡ Y N
tk +1

j2 + jZs ¡ Z N
tk

j2)( j cX sj2 + j bYsj2 + jcZsj2)ds. To get (5.13), we need
to simplify (5.15), by estimating T1

k and T2
k .

Term T1
k . Firstly, we write Etk j [Y N

tk +1
¡ bYsj2 · 2Etk j [Ytk +1 ¡ bYsj2 + 2Etk j \¢ Yk+1 j2. We do

the same for dX N
tk

¡ cX s. Then, the usual increment estimates yield

Etk j [Y N
tk +1

¡ bYsj2 + Etk j dX N
tk

¡ cX sj2 · Ok (h) + 2 j [¢ X k j2 + 2Etk j \¢ Yk+1 j2:

Secondly, analogously to (3.5), we have

Etk

Z tk +1

tk

jdZ N
tk

¡ cZsj2ds = Etk

Z tk +1

tk

jdZ tk ¡ cZsj2ds + hEtk jdZ N
tk

¡ dZ tk j2:

Finally, we obtain T1
k · Ch(Ok (h) + j [¢ X k j2 + Etk j \¢ Yk+1 j2 + j [¢ Z k j2):

Term T2
k . Easy calculations combining (3.1), Proposition 3.1 and (5.8) give T2

k ·
(Ok (h2) + hj¢ X k j2 + hj¢ Zk j2)Ok (1) = h¤ kOk (1):
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Conclusion. Plugging the estimates onT1
k and T2

k into (5.15), we get

j d¢ Yk j2 · (1 + °h )jEtk ( \¢ Yk+1 )j2 + Ch(h +
1
°

)j [¢ Z k j2

+ Ch(h +
1
°

)( j [¢ X k j2 + Etk j \¢ Yk+1 j2 + ¤ kOk (1)) : (5.16)

Note that hdZ tk = Etk (¢ Wk ( [Ytk +1 +
Rtk +1

tk
[f 0

x (µs) cX s + f 0
y(µs) bYs + f 0

z(µs)cZs]ds)), whence

h [¢ Z tk = Etk (¢ Wk ( \¢ Yk+1 +
Rtk +1

tk
[f 0

x (µs) cX s + f 0
y(µs) bYs + f 0

z(µs)cZs]ds)). By proceeding as
before, we easily prove

hj [¢ Z tk j2 · C(Etk j \¢ Yk+1 j2 ¡ j Etk
\¢ Yk+1 j2) + Ok (h2): (5.17)

Combining this upper bound with (5.16) for a good choice of° gives (5.13).

5.1.3 Proof of hE
¡ P N ¡ 1

k=1 j d¢ Zk j2
¢

= O(h):

In view of (5.10), this is equivalent to prove hE
¡ P N ¡ 1

k=1 j [¢ Z k j2
¢

= O(h): To establish
this estimate, we start from (5.17) to get

h
N ¡ 1X

k=1

Ej [¢ Z k j2 · C
N ¡ 1X

k=1

(Ej d¢ Yk j2 ¡ EjEtk
\¢ Yk+1 j2) + CEj [¢ YN j2 + O(h): (5.18)

Now, we work on j d¢ Yk j2 ¡ j Etk
\¢ Yk+1 j2. The choice° = 2C2 in (5.16) leads to

j d¢ Yk j2¡j Etk ( \¢ Yk+1 )j2 · °h jEtk ( \¢ Yk+1 )j2 + h(
1

2C
+ Ch)j [¢ Z k j2

+ h(Ch +
1

2C
)( j [¢ X k j2 + Etk j \¢ Yk+1 j2 + ¤ kOk (1)) :

From (5.9) and the result from Section 5.1.2, we have max1· k· N E(j [¢ X k j2 + j d¢ Yk j2) =
O(h). We also have E(¤ kOk (1)) = O(h) + E(j¢ Zk j2Ok (1)). Consequently, for h small

enough, one hasEj d¢ Yk j2 ¡ EjEtk ( \¢ Yk+1 )j2 · 2h
3C Ej [¢ Z k j2 + O(h2) + ChE(j¢ Zk j2Ok (1)) :

Putting this estimate into (5.18) yields

1
3

h
N ¡ 1X

k=1

Ej [¢ Z k j2 · O(h) + Ch
N ¡ 1X

k=1

E(j¢ Zk j2Ok (1)) :

Inequality (3.9) with p = 2 directly shows that the sum above is aO(h).

5.2 Expansion of Z N
tk

¡ Z tk

We recall that u 2 C2;4
b owing to Hypothesis 2.3. From (4.9), we have ¢Zk = O(h) +

1
h Etk [(uN (tk+1 ; X N

tk +1
) ¡ u(tk+1 ; X tk +1 ))¢ W ¤

k ]. Let (X s;x
t )t ¸ s denote the solution of the

SDE (1.1) starting at time s from x. We write X t for X 0;x
t : Note that X tk +1 = X

tk ;X t k
tk +1

. In
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the same way, the Euler scheme starting at timetk at x is denoted by (X N;t k ;x
t j

) j ¸ k . With
this notation we can rewrite ¢ Zk

¢ Zk =
1
h

Etk [(uN (tk+1 ; X
N;t k ;X N

t k
tk +1

) ¡ u(tk+1 ; X tk +1 ))¢ W ¤
k ] + O(h);

=
1
h

Etk [(u(tk+1 ; X
tk ;X N

t k
tk +1

) ¡ u(tk+1 ; X tk +1 ))¢ W ¤
k ]

+
1
h

Etk [(uN (tk+1 ; X
N;t k ;X N

t k
tk +1

) ¡ u(tk+1 ; X
tk ;X N

t k
tk +1

))¢ W ¤
k ] + O(h): (5.19)

We work on the ¯rst two terms separately by proving

Lemma 5.2. 1
h Etk [(u(tk+1 ; X

tk ;X N
t k

tk +1
) ¡ u(tk+1 ; X tk +1 ))¢ W ¤

k ] = O(j¢ X k j2) + O(h)
+ [ r x (r xu ¾)¤(tk ; X tk )¢ X k ]¤:

Lemma 5.3. 1
h

¯
¯Etk [(uN (tk+1 ; X

N;t k ;X N
t k

tk +1
) ¡ u(tk+1 ; X

tk ;X N
t k

tk +1
))¢ W ¤

k ]
¯
¯ = Ok (h):

The combination of these Lemmas completes the proof of Theorem 2.5.

5.2.1 Proof of Lemma 5.2.

For the sake of simplicity, let ¢ N X k+1 denote X
tk ;X N

t k
tk +1

¡ X tk +1 (which is di®erent from

¢ X k+1 = X
N;t k ;X N

t k
tk +1

¡ X tk +1 ). From a Taylor-Lagrange formula, we obtain

u(tk+1 ; X
tk ;X N

t k
tk +1

) ¡ u(tk+1 ; X tk +1 ) = u0
x (tk+1 ; X tk +1 )¢ N X k+1

+
Z 1

0
(1 ¡ ¸ )(¢ N X k+1 )¤H x (u)

¡
tk+1 ; X tk +1 + ¸ ¢ N X k+1

¢
¢ N X k+1 d¸:

Thus, using the duality relationship, one has

Etk [(u(tk+1 ; X
tk ;X N

t k
tk +1

) ¡ u(tk+1 ; X tk +1 ))¢ W ¤
k ]

=
Z tk +1

tk

R1
k (t)dt +

Z tk +1

tk

R2
k (t)dt +

Z 1

0
(1 ¡ ¸ )R3

k (¸ )d¸;

with R1
k (t) = Etk [(¢ N X k+1 )¤H x (u)( tk+1 ; X tk +1 )D t X tk +1 ];

R2
k (t) = Etk [u0

x (tk+1 ; X tk +1 )D t (¢ N X k+1 )];

R3
k (¸ ) = Etk [(¢ N X k+1 )¤Hx (u)( tk+1 ; X tk +1 + ¸ ¢ N X k+1 )¢ N X k+1 ¢ W ¤

k ]:

Expansion of R1
k (t). Clearly ¢ N X k+1 = ¢ X k + Utk +1 ¡ Utk , where U is an Itô process

with drift term ®s = b(s; X
tk ;X N

t k
s ) ¡ b(s; X s) and di®usion term ¯ s = ¾(s; X

tk ;X N
t k

s ) ¡
¾(s; X s), both being bounded. Thus, we can apply Proposition 4.1, letting F =
Hx (u)( tk+1 ; X tk +1 )D t X tk +1 . Becauseu 2 C2;4

b and in view of (4.1), we get

R1
k (t) = O(h) + (¢ X k )¤Etk [H x (u)( tk+1 ; X tk +1 )D t X tk +1 ]:

We expand the latter factor. As D t X tk +1 = r xX tk +1 (r xX t )¡ 1¾(t; X t ), we have

Hx (u)( tk+1 ; X tk +1 )D t X tk +1 = ( Hx (u)( tk+1 ; X tk +1 )¾(t; X t ) ¡ H x (u)( t; X t )¾(t; X t ))

+ ( H x (u)( t; X t )¾(t; X t ) ¡ H x (u)( tk ; X tk )¾(tk ; X tk ))

+ ( H x (u)( tk+1 ; X tk +1 )[r xX tk +1 (r xX t )¡ 1 ¡ I ]¾(t; X t ))

+ H x (u)( tk ; X tk )¾(tk ; X tk ):
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The ¯rst three contributions in the r.h.s. above can be handled in the same way and
we give a detailed proof only for the ¯rst one. It is enough to apply Proposition 4.1 with
F = ¾(t; X t ) and Us = H x (u)(s; X s). Then, Etk [F (Utk +1 ¡ Ut )] is of order h with a constant
involving b; ¾; uand its derivatives up to order 4. Finally, this gives

R1
k (t) = O(h) + (¢ X k )¤Hx (u)( tk ; X tk )¾(tk ; X tk );

uniformly in t 2 [tk ; tk+1 ].
Expansion of R2

k (t). For tk · t · tk+1 , we have

D t (¢ N X k+1 ) =[ r xX
X N

t k
;t k

tk +1
(r xX

X N
t k

;t k

t )¡ 1 ¡ I ]¾(t; X
X N

t k
;t k

t )

¡ [r xX tk +1 (r xX t )¡ 1 ¡ I ]¾(t; X t ) ¡ (¾(t; X t ) ¡ ¾(tk ; X tk ))

+ ¾(t; X
X N

t k
;t k

t ) ¡ ¾(tk ; X N
tk

) + ¾(tk ; X N
tk

) ¡ ¾(tk ; X tk ):

As before, apply Proposition 4.1 to each of these terms but the last one, with F =
u0

x (tk+1 ; X tk +1 ), using u; b; ¾ 2 C2;4
b and (4.1). It follows that R2

k (t) = O(h) +
Etk [u0

x (tk+1 ; X tk +1 )](¾(tk ; X N
tk

) ¡ ¾(tk ; X tk )) : An application of Itô's formula yields

R2
k (t) = O(h) +

dX

i =1

u0
x i

(tk ; X tk )(¾i (tk ; X N
tk

) ¡ ¾i (tk ; X tk ))

= O(h + j¢ X k j2) +
dX

i =1

u0
x i

r x ([¾i ]¤)( tk ; X tk )¢ X k ;

uniformly in t 2 [tk ; tk+1 ]. Finally, simple matrix computations lead to

R1
k (t) + R2

k (t) = O(h + j¢ X k j2) + [ r x (r xu¾)¤(tk ; X tk )¢ X k ]¤:

Upper bound for R3
k (¸ ). To complete the proof of Lemma 5.2, note that it remains

to justify that R3
k (¸ ) = hO(h + j¢ X k j2) uniformly in ¸ . The duality formula gives

R3
k (¸ ) = Etk [

Z tk +1

tk

D t [(¢ N X k+1 )¤Hx (u)( tk+1 ; X tk +1 + ¸ ¢ N X k+1 )¢ N X k+1 ]dt :

The term in the integral equals
P d

i;j =1 [2D t (¢ N X k+1 ;i )¢ N X k+1 ;j @2
x i ;x j

u(tk+1 ; X tk +1 +
¸ ¢ N X k+1 ) + ¢ N X k+1 ;i ¢ N X k+1 ;j D t (@2

x i ;x j
u(tk+1 ; X tk +1 + ¸ ¢ N X k+1 ))]. Thanks to (4.1)

and (4.2) and successive applications of Proposition 4.1, we ¯nally prove our assertion.
We omit further details.

5.2.2 Proof of Lemma 5.3

As for Lemma 4.5, we only do the proof for tk = 0, i.e. we have to show
jEtk [(uN (t1; X N;0;x

t1
) ¡ u(t1; X 0;x

t1
))¢ W ¤

0 ]j · K (T; x)h2: We have E[(uN (t1; X N;0;x
t1

) ¡
u(t1; X 0;x

t1
))¢ W ¤

0 ] = E[¢ Y1¢ W ¤
0 ]: By using (4.4), we come up with

E[¢ Y1¢ W ¤
0 ] = E[»1:::»N ¡ 1¢ YN ¢ W ¤

0 ] + E[h
N ¡ 1X

i =1

(f 0
x (µt i )¢ X i + ~Âi )»1:::»i ¡ 1¢ W ¤

0 ];



54 5. Proof of Theorem 2.5.

where ~Âi = Et i (Âi ) (»i and Âi are de¯ned in (4.5) and (4.6)). In the following ~́i denotes
»1:::»i ¡ 1 and ~´ 1 = 1. We easily prove that (~́i )1· i · N has the analogous properties to
(´ i )0· i · N . Estimates (4.12) and (4.13) remain valid for ~´ and under Hypothesis 2.3, the
estimate (4.12) becomes

~́k satis¯es R3 uniformly in k: (5.20)

Step 1 : Proof of E[»1:::»N ¡ 1¢ YN ¢ W ¤
0 ] = E[ ~´ N ¢ YN ¢ W ¤

0 ] = O(h2).
As before, we use the duality formula:

E[ ~´ N ¢ YN ¢ W ¤
0 ] = E

Z t1

0
(D t [ ~´ N ]¢ YN + ~́N D t [¢ YN ])dt :

Since ~´ N satis¯es (5.20), we proceed as inStep 4 of Lemma 4.5 and we get
E(D t [ ~´ N ]¢ YN ) = O(h): Furthermore, we have

D t [¢ YN ] = (© 0(X N
T ) ¡ ©0(X T ))D t X N

T + © 0(X T )(D t X N
T ¡ D t X T ):

On the one hand, analogously to previous computations, we establish E( ~´ N (©0(X N
T ) ¡

©0(X T ))D t X N
T ) = O(h).

On the other hand, we proveE( ~´ N ©0(X T )(D t X N
T ¡ D t X T )) = O(h). Thanks to (4.1) and

(4.12), ~´ N ©0(X T ) satis¯es condition R3. Then, by applying (5.9), we get the result.

Step 2 : Proof of E[h
P N ¡ 1

i =1 f 0
x (µt i )¢ X i »1:::»i ¡ 1¢ W ¤

0 ] = O(h2).
This is a similar proof to the one done atStep 1 , with ©( x) = x.

Step 3 : Proof of E[h
P N ¡ 1

i =1 ~Âi ~́i ¢ W ¤
0 ] = O(h2):

A careful inspection of the de¯nition of G0; Gy and Gz appearing in (4.6) shows that under
Hypothesis 2.3, these functions are continuously di®erentiable w.r.t. the variable x (with
a bounded derivative). Hence, if we writeÂi = Â1

i +
R1

0 (1 ¡ ¸ )Â2
i (¸ )d¸ with (see (4.6))

Â1
i =

Z t i +1

t i

(G0(s; X s) + f 0
y(µt i )Gy(s; X s) + f 0

z(µt i )Gz(s; X s))ds;

Â2
i (¸ ) = ¢ X ¤

i f
00

xx (µ¸
t i

)¢ X i + f
00

yy (µ¸
t i

)(Y N
t i +1

¡ Yt i )
2 + ¢ Z i f

00

zz(µ¸
t i

)¢ Z ¤
i

+ 2¢ X ¤
i f

00

xy (µ¸
t i

)(Y N
t i +1

¡ Yt i ) + 2¢ X ¤
i f

00

xz (µ¸
t i

)¢ Z ¤
i + 2( Y N

t i +1
¡ Yt i )f

00

yz(µ¸
t i

)¢ Z ¤
i ;

we note that the random variable Âi is in D1;1 . Thus and because ~Âi = Et i (Âi ), one has
E[ ~Âi ~́i ¢ W ¤

0 ] = E[Âi ~́i ¢ W ¤
0 ] = E[

Rt1
0 (Âi D t ~́i + ~́i D t Âi )dt].

The upper bound ~Âi = Et i (Âi ) = Oi (h) + O(j¢ X i j2 + j¢ Z i j2) (see (4.10)) is su±cient
to show E[

P N ¡ 1
i =1 Âi D t ~́i ] = O(1) uniformly in t (follow the arguments of the conclusion of

the proof of Lemma 4.5 and use (4.13) with ~´ ).

Now, it remains to establish E[
P N ¡ 1

i =1 ~́i D t Âi ] = O(1). On the one hand, clearly
Et i [D t Â1

i ] = Oi (h) and we conclude E[
P N ¡ 1

i =1 ~́i D t Â1
i ] = O(1) uniformly in t. On

the other hand, Â2
i can be decomposed into several contributions, which can be an-

alyzed with the same arguments. Let us detail how to handle one of them, for in-
stance E[

P N ¡ 1
i =1 ~́i D t (¢ X ¤

i f
00

xz (µ¸
t i

)¢ Z ¤
i )] which has to be a O(1). We do the proof for

d = q = 1. Write D t (¢ X i f
00

xz (µ¸
t i

)¢ Z i ) = ¢ X i f
00

xz (µ¸
t i

)D t (¢ Z i ) + D t (¢ X i )f
00

xz (µ¸
t i

)¢ Z i +
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¢ X i D t (f
00

xz (µ¸
t i

))¢ Z i . As f
00

is bounded, we have

¯
¯E[

N ¡ 1X

i =1

~́i ¢ X i f
00

xz (µ¸
t i

)D t (¢ Z i )]
¯
¯ · E

£N ¡ 1X

i =1

j ~́i jj¢ X i jj f
00

xz (µ¸
t i

)jjD t (¢ Z i )j
¤

· C
¡
E(

N ¡ 1X

i =1

(j ~́i j2j¢ X i j2))
¢1

2
¡
E(

N ¡ 1X

i =1

jD t (¢ Z i )j2)
¢1

2 :

Thanks to Proposition 5.1, (5.20) and Proposition 2.2, we get that
E[

P N ¡ 1
i =1 ~́i ¢ X i f

00

xz (µ¸
t i

)(D t ¢ Z i )] = O(1). Analogously, using (5.20-3.9-5.9), we
obtain E[

P N ¡ 1
i =1 ~́i (D t ¢ X i )f

00

xz (µ¸
t i

)¢ Z i ] = O(1): It remains to demonstrate that¯
¯E[

P N ¡ 1
i =1 ~́i ¢ X i D t (f

00

xz (µ¸
t i

))¢ Z i ]
¯
¯ = O(1): We have

D t (f
00

xz (µ¸
t i

)) = f
000

xzx (µ¸
t i

)( ¸D t X N
t i

+ (1 ¡ ¸ )D t X t i )

+ f
000

xzy (µ¸
t i

)( ¸D t Y N
t i +1

+ (1 ¡ ¸ )D t Yt i ) + f
000

xzz (µ¸
t i

)( ¸D t Z N
t i

+ (1 ¡ ¸ )D t Z t i ):

The most di±cult term to bound among these three ones is the onewhich contains D t Z N
t i

.
If we write ¸D t Z N

t i
+ (1 ¡ ¸ )D t Z t i = ¸D t (¢ Z i ) + D t Z t i , we obtain

¯
¯E[

N ¡ 1X

i =1

~́i ¢ X i f
000

xzz (µ¸
t i

)¸D t (¢ Z i )¢ Z i ]
¯
¯

· C
¡
E(

N ¡ 1X

i =1

jD t (¢ Z i )j2)
¢1

2 (E(
N ¡ 1X

i =1

(j¢ X i j2j ~́i j2j¢ Z i j2))
¢1

2 ;

· C
¡
E(

N ¡ 1X

i =1

jD t (¢ Z i )j2)
¢1

2
¡
E(

N ¡ 1X

i =1

j¢ Z i j2)2¢1
4
¡
E( max

0· i · N
j ~́i j4 max

0· i · N
j¢ X i j4)

¢1
4 ;

Applying Proposition 5.1, (3.9), Proposition 2.2 and (4.13) (with ~́ ) lead to
E[

P N ¡ 1
i =1 ~́i ¢ X i f

000

xz (µ¸
t i

)¸D t (¢ Z i )¢ Z i ] = O(1): Proposition 2.2, (3.9),
(5.6), (5.7), (5.8) and (5.20) enable us to prove that the others terms of
E[

P N ¡ 1
i =1 ~́i ¢ X i D t (f

00

xz (µ¸
t i

))¢ Z i ] are O(1).
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In this part, we state some technical results concerning thetransition density function
of a di®usion processX , the regularity of the solution of a linear PDE, and the
convergence rate for the transition density function of the Euler scheme. These results
will be useful in Parts III and IV.
In the ¯rst chapter, we are interested in bounding both the tra nsition density function of
X (denoted p(t; x ; s; y)) and º t (s; y) :=

R
Rd ½(x)p(t; x ; s; y)dx, where ½ is a weight

function speci¯ed later. p(t; x ; s; y) is the fundamental solution of a linear parabolic
PDE. Several results on bounds for the fundamental solutionof a linear parabolic PDE
and for its derivatives can be found in the literature (See Aronson [2], Ladyzenskaja
et al. [64] and Friedman [28]). We use these bounds to prove a norm equivalence result
(see Proposition 6.12). This Proposition is quite similar to Bally and Matoussi [5],
Proposition 5:1 (recalled in Proposition 6.10), except for the assumptions on ½
(Proposition 6.12 is proved for ½(x) = e¡ ¹ jx j , whereas Bally and Matoussi [5],
Proposition 5:1 is true for a more general function ½) and on the coe±cients of the
di®usion process. Beside that, Corollary 6.13 and Proposition 6.14 give an upper bound
for º t (s;y)

º t (t0 ;x ) , when (t0; x) and (s; y) are in the same neighbourhood.

The second chapter deals with the regularity ofu, the solution of the parabolic PDE
(@t + L)u(t; x ) + f (t; x ) = 0, with a null terminal condition. In particular, we recal l
Bensoussan and Lions [13], Theorem 6:12, page 130 (see Theorem 7.1), which asserts
that k@t uk + kuk + k@xuk +

°
° @2

x u
°
° is bounded by kf k in Lp(0; T; W 0;p;¹ ) (see

below the de¯nition of Lp(0; T; W 0;p;¹ )). Then, we state in Proposition 7.4 that
k@t uk + kuk + k@xuk +

°
° @2

x u
°
° is bounded by kf k in H ¹

¯;X (see below the de¯nition of
H ¹

¯;X ). We also prove in Proposition 7.3, that @xu(t; x ) is HÄolder continuous w.r.t. t of
order 1

2 .

The last chapter of this part is devoted to the study of the convergence rate of the
density of the Euler scheme. We approximate the processX by its Euler schemeX N and
we study the di®erence betweenp(t; x ; s; y) and pN (t; x ; s; y), where pN is the transition
density of X N . Various expansions w.r.t. N for p(t; x ; s; y) ¡ pN (t; x ; s; y) can be found
in the literature. (See Bally and Talay [8], Konakov and Mammen [60] or Guyon [46]).
Guyon [46] makes precise the way the expansion ofp(t; x ; s; y) ¡ pN (t; x ; s; y) explodes
when s goes tot. Theorem 8.1 states an upper bound forp(t; x ; s; y) ¡ pN (t; x ; s; y), and
Corollary 8.2 proves that p(t; x ; T; x) » pN (t; x ; T; x) when T ! t.





Chapter 6

Linear parabolic PDE and
di®usion process

This chapter deals with linear parabolic PDEs and the transition density function of a
di®usion process. It is organised as follows. First, we studythe properties of the
fundamental solution of a linear parabolic PDE. We recall some results on the bounds for
the fundamental solution and for its derivatives w.r.t. tim e and space. These results
come from Ladyzenskaja et al. [64], Friedman [28], and Aronson [2]. Secondly, we deal
with the transition density of a di®usion process. This transition density function is the
fundamental solution of a linear PDE. Then, we state some properties of the bounds for
the transition density function and for its derivatives.

6.1 Introduction

Let us introduce some notations commonly used in the sequel.

² For any matrix M in Rd ­ Rq and any vector V in Rd, we de¯ne jM j2 and jV j2:
jM j2 =

P d
i =1

P q
j =1 jM ij j2, jV j2 =

P d
i =1 jVi j2:

² Let Ck
l;b(Rp; Rq) be the set of Ck functions from Rp to Rq with continuous and

uniformly bounded derivatives up to order k. The functions themselves don't need
to be bounded.

² Let Ck;l
b be the set of continuously di®erentiable functionsÁ : (t; x ) 2 [0; T] £ Rd

with continuous and uniformly bounded derivatives w.r.t. t (resp. w.r.t. x) up to
order k (resp. up to order l).

² For any function v : Rd ! R and any x in Rd, we de¯ne @xv; @2
x v(x) in the following

way: @xv(x) = ( @x1 v(x); ¢ ¢ ¢@xd ; v(x)), and @2
x v(x) is a d£ d matrix whose components

are (@2
x v(x)) i;j = @2

x i ;x j
v(x); 1 · i; j · d:

² Let (F; k¢kF ) be a Banach space. We de¯neL2(0; T; F ) the space of functionsÁ from
[0; T] into F s.t

kÁkp
Lp (0;T ;F ) =

Z T

0
kÁ(t)kp

F dt < 1 :
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² Let W m;p;¹ , m · 2 de¯ne the space of functionsv : Rd ! R s.t.

kvkW m;p;¹ =

0

@
X

k· m

Z

Rd
e¡ ¹ jx j j@kv(x)jpdx

1

A

1
p

< 1 :

We set H m;¹ = W m;2;¹ . For m = 0, we set H ¹ = H 0;¹ :
In particular, we get for Á : [0; T] £ Rd ! R

kÁkp
Lp (0;T ;W 0;p;¹ ) =

Z T

0
dt

Z

Rd
dxe¡ ¹ jx j jÁ(t; x )jp:

² For any m · 2; ¯ > 0 and ¹ > 0, let H m;¹
¯ de¯ne the space of functionsu :

[0; T] £ Rd ! R such that

kuk2
H m;¹

¯
=

Z T

0
ē s ku(s;¢)k2

H m;¹ ds =
Z T

0
ē s

Z

Rd
e¡ ¹ jx j

X

k· m

j@k
x u(s; x)j2dxds < 1 :

² For any m · 2; ¯ > 0; ¹ > 0 and any di®usion processX s; 0 · s · T starting from
x at time 0, let H m;¹

¯;X de¯ne the space of functionsu : [0; T] £ Rd ! R such that

kuk2
H m;¹

¯;X
=

Z T

0
ē s

Z

Rd
e¡ ¹ jx j

X

k· m

Ej@k
x u(s; X x

s )j2dxds < 1 :

Let us consider the following linear parabolic PDE on [0; T] £ Rd:

(¡ @t + L (t;x ) )u(t; x ) = 0 ; (6.1)

where the second order di®erential operatorL (t;x ) is de¯ned by

L (t;x )u(t; x ) =
X

i;j

aij (t; x )@2
x i x j

u(t; x ) +
X

i

bi (t; x )@x i u(t; x ) + c(t; x )u(t; x ); (6.2)

and aij (t; x ) = 1
2 [¾¾¤]ij (t; x ):

De¯nition 6.1 (Fundamental solution). [Friedman [29] p. 141]
A fundamental solution of the parabolic operator L t;x ¡ @t on [0; T] £ Rd is a function
¡( t; x ; ¿; ») de¯ned for all ( t; x ) 2 [0; T] £ Rd and (¿; ») 2 [0; T] £ Rd, with t > ¿ , which
satis¯es that for any continuous function f (x) with compact support, the function

u(t; x ) =
Z

Rd
¡( t; x ; ¿; »)f (»)d»

satis¯es

² (¡ @t + L (t;x ) )u(t; x ) = 0 ; if x 2 Rd; ¿ < t · T,

² u(t; x ) ! f (x) if t & ¿.
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De¯nition 6.2 (Ellipticity condition) . We say that the operator L , de¯ned by (6.2), is
uniformly elliptic on [0; T] £ Rd if there exist two positive constants ¾0; ¾1 s.t., for any
vector » and any (t; x ) 2 [0; T] £ Rd

¾0j»j2 ·
dX

i;j =1

[¾¾¤]i;j (t; x )»i »j · ¾1j»j2:

Remark 6.3. To be rigorous in the previous de¯nition, we should say thatL is uniformly
parabolic (and not uniformly elliptic ). By misnomer, researchers in probability com-
monly use the word \elliptic", whereas the right term \parab olic" is used in the literature
on PDEs.

6.2 Properties of the fundamental solution of a linear
parabolic PDE

We recall some classical results on the regularity of the fundamental solution of (6.1),
denoted ¡( t; x ; ¿; »), and of its derivatives.

6.2.1 Bounds for the fundamental solution of (6.1)

This result, coming from Aronson [2], gives both upper and lower bounds for ¡. These
bounds are proportional to a Gaussian kernel. We have the following proposition

Proposition 6.4 (Aronson [2]). Assume that the coe±cientsa; b; care bounded measurable
functions of (t; x ) 2 [0; T] £ Rd and that ¾ satis¯es ellipticity condition (De¯nition 6.2).
There exist positive constants®1; ®2; K s.t.

K ¡ 1°1(x ¡ »; t ¡ ¿) · ¡( t; x ; ¿; ») · K° 2(x ¡ »; t ¡ ¿); (6.3)

for all (t; x ); (¿; ») 2 [0; T] £ Rd with t > ¿ , where ° i (t; x ) is the fundamental solution of
®i
2 ¢ u ¡ @t u = 0 , for i = 1 ; 2. We have ° i (t; x ) = 1

(2¼®i t )
d
2

e¡ j x j 2

2®i t .The constant K depends

only on ¾0; ¾1; d; T and the suprema of the coe±cientsa; b; c. The constants®1; ®2 depend
on ¾0; ¾1 and d.

6.2.2 Bounds for the derivatives of ¡( t; x ; »; ¿) w.r.t. t; x; ».

The ¯rst result given here states a bound for @r
t @s

x ¡( t; x ; ¿; ») when 2r + s · 2, with
HÄolder type assumptions on the coe±cients. We refer to Ladyzenskaja et al. [64] pages
376-377. The second result has been established in Friedman [28], page 261. It gives a
bound for @m+ a

x @b
»¡( t; x ; ¿; »); @m

x @b
»¡( t; x + »; ¿; ») when jaj + jbj · r , r a positive integer

and m = 0 ; 1. Some regularity on the derivatives of the coe±cients up to order r are
needed.

Proposition 6.5 (Ladyzenskaja et al. [64], pages 376-377). Assume that L is uniformly
elliptic (see De¯nition 6.2) and that the coe±cients a; b; care HÄolder continuous of order
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® in x and ®
2 in t. There exist two positive constantsc (depending on ¾0; ¾1) and C

(depending on¾0; ¾1; d; ®), s.t.

j@r
t @s

x ¡( t; x ; ¿; »)j · C(t ¡ ¿)¡ ( d+2 r + s)
2 e¡ c j x ¡ »j 2

t ¡ ¿ ; where 2r + s · 2; t > ¿:

Proposition 6.6 (Friedman [28]). Assume that @k
x a(t; x ), @k

x b(t; x ), @k
x c(t; x ) (0 · j kj ·

r; r 2 N¤), exist and are bounded continuous functions of(t; x ) in [0; T] £ Rd. We
also assume thatL is uniformly elliptic. Then, for all 0 · j aj + jbj · r; m = 0 ; 1,
@m+ a

x @b
»¡( t; x ; ¿; ») exist and are continuous functions. Moreover, there existc; C two pos-

itive constants depending on¾0; ¾1; d and on the bounds of@k
x a; @k

x b; @k
x c (k · 2) s.t.

j@m+ a
x @b

»¡( t; x ; ¿; »)j ·
C

(t ¡ ¿)(jmj+ jaj+ jbj+ d)=2
exp

µ
¡ c

jx ¡ »j2

t ¡ ¿

¶
;

j@m
x @b

»¡( t; x + »; ¿; »)j ·
C

(t ¡ ¿)(jmj+ d)=2
exp

µ
¡ c

jxj2

t ¡ ¿

¶
;

6.3 Properties of the transition density of a di®usion process

Let us introduce the d-dimensional di®usion processX of generator L . X t;x
s ; s 2 [t; T ]

is the solution of the following SDE

dX t;x
s = b(s; X t;x

s )ds + ¾(s; X t;x
s )dWs; X t;x

t = x: (6.4)

Let p(t; x; s; A ) denote the transition probability function

p(t; x; s; A ) = Pt;x (X s 2 A) = P(X t;x
s 2 A)

of the Markov process solution of (6.4). The following theorem, from Friedman [29], gives
us assumptions under which the transition probability function has density.

Theorem 6.7 (Friedman [29], page 149). Assume that¾satis¯es the ellipticity condition,
and that

Hypothesis 6.1 The functions aij ; bi are bounded on[0; T] £ Rd and uniformly Lipschitz
continuous on compact subsets of[0; T] £ Rd.
The functions aij are HÄolder continuous w.r.t. x, uniformly in (t; x ) 2 [0; T] £ Rd.

Then, the transition probability function of the solution of the stochastic di®erential
equation (6.4) has a density, i.e.,

P(X t;x
s 2 A) =

Z

A
p(t; x ; s; y)dy; (t < s )

for any Borel set A, and p(t; x ; s; y) is the fundamental solution ofL t;x + @t , which means
that for any continuous function f (x) with compact support, the function

u(t; x ) =
Z

Rd
p(t; x ; s; y)f (y)dy

satis¯es



6.3. transition density 65

² (@t + L (t;x ) )u(t; x ) = 0 ; if x 2 Rd; t < s · T,

² u(t; x ) ! f (x) if t % s.

The density function of the transition probability functio n is called thetransition density
function. It satis¯es backward and forward equations.

6.3.1 Backward and forward parabolic equations for the tran sition den-
sity function

We refer to Friedman [29], Chapter 6.5 and to Bensoussan and Lions [13], page 133
for more details. We deduce, from the above de¯nition of the fundamental solution, that
p(t; x ; s; y) satis¯es in (t; x ) the backward parabolic equation

(
@t p(t; x ; s; y) + 1

2

P d
i;j =1 aij (t; x )@2

x i x j
p(t; x ; s; y) +

P d
i =1 bi (t; x )@x i p(t; x ; s; y) = 0 :

p(s; x; s; y) = ±(x ¡ y):
(6.5)

Under stronger hypotheses,p(t; x ; s; y) satis¯es in (s; y) a forward parabolic equation.
(See Bensoussan and Lions [13], page 134 for a proof.)

Hypothesis 6.2

1. ¾ is elliptic,

2. The functions aij ; @x i aij ; @2
x i x j

aij ; bi are bounded on[0; T] £ Rd and are HÄolder con-
tinuous (of order ®) w.r.t. x uniformly in (t; x ) 2 [0; T] £ Rd.

Then, p(t; x ; s; y) satis¯es in (s; y) the forward equation

(
¡ @sp(t; x ; s; y) + 1

2

P d
ij =1 @2

yi yj
[aij (s; y)p(t; x ; s; y)] ¡

P d
i =1 @yi [bi (s; y)p(t; x ; s; y)] = 0 :

p(t; x ; t; y) = ±(x ¡ y):
(6.6)

6.3.2 Bounds for the transition density function

Sincep(t; x ; s; y); s > t is the fundamental solution of the operator L t;x + @t , we get that
¡ 0(t; x ; ¿; y) := p(T ¡ t; x ; T ¡ ¿; y); ¿ < t , satis¯es

¡ @t ¡ 0(t; x ; ¿; y) +
dX

i =1

bi (T ¡ t; x )@x i ¡ 0(t; x ; ¿; y) +
1
2

dX

i;j =1

aij (T ¡ t; x )@2
x i x j

¡ 0(t; x ; ¿; y) = 0

and
R

Rd ¡ 0(t; x ; ¿; y)f (y)dy ! f (x) when t & ¿. Hence, ¡0(t; x ; ¿; y); ¿ < t is
the fundamental solution of ¡ @t + L T ¡ t;x . Applying Propositions 6.4, 6.5 and 6.6 to
¡ 0(T ¡ t; x ; T ¡ ¿; y) enables us to state results similar to Propositions 6.4, 6.5 and 6.6 for
p.

By using Proposition 6.4 and the formula of ° i , we can rewrite the inequality (6.3). We
get
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Proposition 6.8. Assume that the coe±cientsa; b are bounded measurable functions of
(t; x ) 2 [0; T] £ Rd and that ¾ is elliptic. There exist positive constantsK; ®0; ®1 s.t.

K ¡ 1

(2¼®1(s ¡ t))
d
2

e¡ j x ¡ y j 2

2®1 ( s¡ t ) · p(t; x ; s; y) · K
1

(2¼®2(s ¡ t))
d
2

e¡ j x ¡ y j 2

2®2 ( s¡ t ) : (6.7)

The constant K depends only on¾0; ¾1; d; T and the suprema of the coe±cientsa; b. The
constants ®0; ®1 depend on¾0; ¾1 and d.

6.3.3 Bounds for the derivatives of the transition density f unction w.r.t.
t; x; y .

As the ¯rst two results (6.8) and (6.9) of the following proposition are exactly the same
as for ¡, we only brie°y recall them. The third one (6.10) gives an upper bound for
@t @xp(t; x ; s; y).

Proposition 6.9.

1. Assume that L is uniformly elliptic and that the coe±cients a; b are HÄolder contin-
uous of order ® in x and ®

2 in t. There exist two positive constantsc (depending on
¾0; ¾1) and C (depending on¾0; ¾1; d; ®), s.t.

j@r
t @s

xp(t; x ; s; y)j · C(s ¡ t)¡ ( d+2 r + s)
2 e¡ c j x ¡ y j 2

s¡ t ; where 2r + s · 2; s > t: (6.8)

2. Assume that @k
x a(t; x ), @k

x b(t; x ), (0 · j kj · 2), exist and are bounded continu-
ous functions on [0; T] £ Rd. We also assume thatL is uniformly elliptic. Then,
@m+ a

x @b
yp(t; x ; s; y) exist and are continuous functions for all 0 · j aj + jbj · 2; m =

0; 1. Moreover, there exist c; C two positive constants depending on¾0; ¾1; d and on
the bounds of@k

x a; @k
x b; @k

x c (k · 2) s.t.

j@m+ a
x @b

yp(t; x ; s; y)j ·
C

(s ¡ t)(jmj+ jaj+ jbj+ d)=2
exp

µ
¡ c

jy ¡ xj2

s ¡ t

¶
: (6.9)

and

j@2
tx p(t; x ; s; y)j · C(s ¡ t)¡ d+3

2 e¡ c j x ¡ y j 2

s¡ t : (6.10)

Proof of (6.10). We can di®erentiate (6.5) w.r.t. xk , for k = 1 ; ¢ ¢ ¢; d. Then,

@xk @t p(t; x ; s; y) = ¡
1
2

dX

i;j =1

@xk aij (t; x )@2
x i x j

p(t; x ; s; y) ¡
1
2

dX

i;j =1

aij (t; x )@3
x i x j xk

p(t; x ; s; y)

¡
dX

i =1

@xk bi (t; x )@x i p(t; x ; s; y) ¡
dX

i =1

bi (t; x )@2
x i xk

p(t; x ; s; y):

Since j@2
tx p(t; x ; s; y)j ·

P d
k=1 j@2

tx k
p(t; x ; s; y)j and @k

x a(t; x ), @k
x b(t; x ), (0 · j kj · 2) exist

and are bounded continuous functions, we combine the previous equality with (6.9) (with
jbj = 0 ; m = 1 and jaj = 0 ; 1; 2) to get (6.10).
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6.4 A norm equivalence result

Before giving a norm equivalence result which will be usefulin the sequel, we recall a
norm equivalence result which has been proved by Bally and Matoussi [5]. The authors
introduce ½(x) := exp( F (x)), a weight function, where F : Rd ! R is a continuous function
s.t. there exists a constantR > 0 s.t. the restriction of F to fj xj > R g is C2

l;b. (The case
½= 1 had already been treated by Barles and Lesigne [9], and thecase½(x) = (1 + jxjq)
had been handed by Kunita [61].)

Proposition 6.10 (Bally and Matoussi [5]). Assume b 2 C2
l;b(Rd; Rd) and ¾ 2

C3
l;b(Rd; Rd£ d). Let ½ be a weight function which satis¯es the above properties. There

exist two constantsc > 0 and C > 0 s.t. for every ª 2 L 1((0; T) £ Rd; ½(x)dx ­ dt)

c
Z

Rd

Z T

t
jª( s; x)jds½(x)dx ·

Z

Rd

Z T

t
E(jª( s; X t;x

s )j)ds½(x)dx

· C
Z

Rd

Z T

t
jª( s; x)jds½(x)dx:

The constants c and C depend onT, ½, the suprema of the ¯rst derivative of b and the
suprema of the ¯rst and second derivatives of¾.

The inequality we establish now in Proposition 6.12 is weaker than the one of Proposition
6.10, since we are in the particular case½(x) = e¡ ¹ jx j ; ¹ > 0. We also assume di®erent
hypotheses onb; ¾. Before stating this Proposition, for the sake of clearness, we introduce
the following notation

De¯nition 6.11. For any s; t 2 [0; T] and any x; y 2 Rd such that t < s we de¯ne

º t (s; y) :=
Z

Rd
e¡ ¹ jx jp(t; x ; s; y)dx;

where ¹ is a positive constant.

In the following, ¹ is a positive constant.

Proposition 6.12 (Norm equivalence). Assume that the coe±cients¾; bare bounded mea-
surable functions of(t; x ) 2 [0; T] £ Rd and that ¾satis¯es the ellipticity condition (De¯-
nition 6.2). We also assume that (6.4) has a unique weak solution (X t;x ; W ). There exist
two constantsc > 0 and C > 0 depending onT; d; ¹; K; ® 1; ®2 (see Proposition 6.4 for the
de¯nitions of K; ®1; ®2), and two constantsci ; i = 1 ; 2 depending on¹; d; ® i s.t. 8y 2 Rd

1
2dK

e¡ ¹ jyjec1 (s¡ t ) · º t (s; y) · 2dKec2 (s¡ t )e¡ ¹ jyj : (6.11)

Moreover, for every ª 2 L 1((0; T) £ Rd; e¡ ¹ jx jdx ­ dt)

c
Z

Rd

Z T

t
jª( s; x)jdse¡ ¹ jx jdx ·

Z

Rd

Z T

t
E(jª( s; X t;x

s )j)dse¡ ¹ jx jdx

· C
Z

Rd

Z T

t
jª( s; x)jdse¡ ¹ jx jdx: (6.12)
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The following Corollary and the following Proposition give an upper bound for º t (s;y)
º t (t0 ;x ) ,

when (s; y) belongs to a neighbourhood of (t0; x). Corollary 6.13 ensues from Proposition
6.12. Under stronger hypotheses than in Corollary 6.13, Proposition 6.14 states a more
accurate bound for º t (s;y)

º t (t0 ;x ) .

Corollary 6.13. Under the assumptions of Proposition 6.12. For anys; t0 belonging to
[t; T ], for any x; y belonging toRd and for any ht ; hx satisfying js¡ t0j · ht and jx¡ yj · hx ,
there exists a constantC > 0 depending ond; ¹; T; K; ® 1; ®2 and a constant c2 depending
on ¹; d; ® 2 such that

1
p

C
e¡ ¹h x º t (s; y) · º t (s; x) ·

p
Cec2ht º t (t0; x):

Proposition 6.14. Assume that ¾ satis¯es the ellipticity condition, a; b are respectively
C3

b ; C2
b functions in space, anda; @xa; @2

x a; b; @xb are C1
b function in time. For any s; t0

belonging to[t; T ], for any x; y belonging toRd and for any ht ; hx satisfying js¡ t0j · ht and
jx ¡ yj · hx , there exists a constantC > 0 depending onT; ¹; d; K® 1; ®2 (see Proposition
6.4 for the de¯nition of K; ®1; ®2) and on the bounds ofa; b and of the ¯rst derivatives of
a; @xa; @2

x a; b; @xb in time and space such that

º t (s; y) · (1 + Chx )
³

1 + C
p

ht

´
º t (t0; x):

Before proving Proposition 6.12, let us state the followingLemma.

Lemma 6.15. Let I denote
R

Rd dxe¡ ¹ jx j 1

(s¡ t )
d
2

exp
³

¡ cjx¡ yj2

s¡ t

´
, where c > 0. For any

s; t 2 [0; T] and any x; y 2 Rd such that t < s , the following assertion holds

1
2d

³ ¼
c

´ d=2
e¡ d¹ 2

4c (s¡ t )e¡ ¹ jyj · I · 2d
³ ¼

c

´ d=2
e

d¹ 2

4c (s¡ t )e¡ ¹ jyj :

Proof of Lemma 6.15. First, we prove the r.h.s. of the previous inequality. Usinga change
of variables in I yields

I =
³ ¼

c

´ d=2 1

2¼(s ¡ t)
d
2

Z

Rd
e¡ ¹ j 1p

2c
z+ yje¡ j z j 2

2( s¡ t ) dz =
³ ¼

c

´ d=2
E[e¡ ¹ j 1p

2c
Ws¡ t + yj ]: (6.13)

Furthermore, E[e¡ ¹ j 1p
2c

Ws¡ t + yj ] · e¡ ¹ jyjE[e¹ 1p
2c

jWs¡ t j ]. The components ofWs¡ t are in-

dependent, thenE[e¹ 1p
2c

jWs¡ t j ] ·
¡
E[e¹ 1p

2c
jW 1

s¡ t j ]
¢d · 2d(E[ch(¹ 1p

2c
W 1

s¡ t )])
d · 2de

d¹ 2 ( s¡ t )
4c .

The last term being bounded, we get the upper bound forI .

Concerning the lower bound, we use (6.13). Moreover, E[e¡ ¹ j 1p
2c

Ws¡ t + yj ] ¸

e¡ ¹ jyjE[e¡ ¹ j 1p
2c

Ws¡ t j ] and E[e¡ ¹ j 1p
2c

Ws¡ t j ] ¸ 1

E [e
¹ j 1p

2c
W s¡ t j

]
¸ 1¡

E [e
¹ j 1p

2c
W 1

s¡ t j
]
¢d ¸

1
2d e¡ d¹ 2 ( s¡ t )

4c . The last term being bounded from below, we get the lower bound for I .

Proof of Proposition 6.12. We easily deduce (6.12) from (6.11) by multiplying (6.11) by
jª( s; y)j and integrating w.r.t. y and s.
Upper bound for º t (s; y). Using the right hand side inequality of (6.7), we get

º t (s; y) ·
K

(2¼®2(s ¡ t))
d
2

Z

Rd
e¡ ¹ jx je¡ j x ¡ y j 2

2®2 ( s¡ t ) dx:
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Then, using Lemma 6.15 withc = 1
2®2

leads to º t (s; y) · K 2de
d¹ 2®2 ( s¡ t )

2 e¡ ¹ jyj .
Lower bound for º t (s; y). Using the left hand side inequality of (6.7), we get

º t (s; y) ¸
1

K (2¼®1(s ¡ t))
d
2

Z

Rd
e¡ ¹ jx je¡ j x ¡ y j 2

2®1 ( s¡ t ) dx:

Then, using Lemma 6.15 withc = 1
2®1

leads to º t (s; y) · K
2d e¡ d¹ 2 ®1 ( s¡ t )

2 e¡ ¹ jyj .

Proof of Corollary 6.13 . This result ensues from (6.11). From the r.h.s. of (6.11), weget
º t (s; y) · K 2de¹h x ec2 (s¡ t )e¡ ¹ jx j . From the l.h.s., we have e¡ ¹ jx j · K 2de¡ c1 (s¡ t )º t (s; x).
Then,

º t (s; y) · (K 2d)2e(c2 ¡ c1 )( s¡ t )e¹h x º t (s; x):

A similar computation leads to º t (s; x) · (K 2d)2e(c2 ¡ c1 )T ec2ht º t (t0; x), and the result
follows.

Proof of Proposition 6.14. Let C denote a generic constant depending onT; ¹; d; K; ® 1; ®2.
The proof is done in the following way

² We ¯rst show that º t (s; y) can be written as an expectation of a function of the path
up to time s of a processY starting in y at time t. This way of writing º t (s; y) is
essential to carry on the proof.

² Then, using this expression of º t (s; y) enables us to bound º t (s; y) by
º t (t0; y)

¡
1 + C

p
ht

¢
and

² to conclude the proof by showing that º t (s; y) · º t (s; x)(1 + Chx ).

We write º t (s; y) as an expectation
We prove that º t (s; y) = Et;y [e¡ ¹ jYs j exp(

Rs
t c(t + s ¡ u; Yu)du)], where c is a bounded

function depending on@2
x aij ; @xb. To do so, we ¯rst use the forward equation (6.6) satis¯ed

by p(t; x ; s; y) to get that º t (s; y) satis¯es the following forward equation. 8s 2 [t; T ], we
have
(

¡ @sº t (s; y) + 1
2

P d
ij =1 aij (s; y)@2

yi yj
º t (s; y) +

P d
i =1 bi (s; y)@yi º

t (s; y) + c(s; y)º t (s; y) = 0 ;
º t (t; y) = e¡ ¹ jyj :

where bi (s; y) =
P d

j =1 @yj aij (s; y) ¡ bi (s; y), c(s; y) = 1
2

P d
ij =1 @2

yi yj
aij (s; y) ¡

P d
i =1 @yi bi (s; y).

Then, we introduce ´ t (r; y ) := º t (t + s ¡ r; y ), with r 2 [t + s ¡ T; s]. ´ t (r; y ) follows the
backward equation

8
><

>:

@r ´ t (r; y ) + 1
2

P d
ij =1 aij (t + s ¡ r; y )@2

yi yj
´ t (r; y ) +

P d
i =1 bi (t + s ¡ r; y )@yi ´

t (t; y)
+ c(t + s ¡ r; y )´ t (r; y ) = 0 ;
´ t (s; y) = e¡ ¹ jyj :

We also introduce the di®usion processY satisfying

8u 2 [r; s] dYu = b(t + s ¡ u; Yu)du + ¾(t + s ¡ u; Yu)dWu ; Yr = y:
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Finally, to write ´ t (r; y ) (and then º t (s; y)) as an expectation, we apply the Feynman-
Kac formula (see Appendix A.2.1) to the previous PDE satis¯ed by ´ t (r; y ). We can use
Theorem A.6 sincea; band y 7¡! e¡ ¹ jyj satisfy the following conditions (which correspond
to the required assumptions to use the Feynman-Kac formula)

² y 7¡! e¡ ¹ jyj satis¯es the polynomial growth condition (Remark A.8).

² a; @xa; bare Lipschitz continuous functions in x, uniformly in time (Hypothesis A.3).

² a; @xa; @2
x a; b; @xb are bounded functions (Hypothesis A.2 and Remark A.8) and uni-

formly HÄolder continuous in [0; T] £ Rd (Remark A.8).

² ¾satis¯es the uniform ellipticity condition (Remark A.8).

Hence, ´ t (r; y ) = Er;y [e¡ ¹ jYs j exp(
Rs

r c(t + s ¡ u; Yu)du)], where r 2 [t + s ¡ T; s]. Since
t + s ¡ T < t , we can chooser = t in the previous equality. Furthermore, the de¯nition of
´ gives ´ t (t; y) = º t (s; y). Thus,

º t (s; y) = Et;y

·
e¡ ¹ jYs j exp

µ Z s

t
c(t + s ¡ u; Yu)du

¶¸
; (6.14)

with c(s; y) = 1
2

P d
ij =1 @2

yi yj
aij (s; y) ¡

P d
i =1 @yi bi (s; y).

Proof of º t (s; y) ·
¡
1 + C

p
ht

¢
º t (t0; y), when js ¡ t0j · ht

We separately deal with the two casess > t 0 and s < t 0. Let us begin with s > t 0. Since
@2

x a; @xb are bounded, (6.14) enables us to boundº t (s; y)

º t (s; y) · ec1 (s¡ t0 )Et;y [e¡ ¹ jYs je
Rt 0

t c(t+ s¡ u;Yu )du]: (6.15)

Moreover, @2
x a; @xb are C1

b in time, so c(t + s ¡ u; Yu) · c(t + t0 ¡ u; Yu) + K (s ¡ t0), and
e¡ ¹ jYs j · e¡ ¹ jYt 0 je¹ jYs ¡ Yt 0 j . Then, (6.15) becomes

º t (s; y) · ec1 (s¡ t0 )Et;y [e¡ ¹ jYt 0 je
Rt 0

t c(t+ t0 ¡ u;Yu )due¹ jYs ¡ Yt 0 j ]: (6.16)

By conditioning w.r.t. F t0 in the previous inequality, the term E[e¹ jY t;y
s ¡ Y t;y

t 0
j jF t0 ] appears.

We compute it in the following way

E[e¹ jY t;y
s ¡ Y t;y

t 0
j jF t0 ] = E[e¹ jY

t 0 ;Y t;y
t 0

s ¡ Y t;y
t 0

j jF t0 ] = ©( Y t;y
t0

);

where ©(x) = E[e¹ jY t 0 ;x
s ¡ x j ]. To bound ©(x) from above, we use Proposition A.10, with

g(x) = ex . We get

E[e¹ jY t 0 ;x
s ¡ x j ] = 1 +

Z 1

0
P(¹ jY t0 ;x

s ¡ xj > ² )e²d²: (6.17)

Since @2
x a; @xb are uniformly bounded, using Lemma A.14 yieldsP(jY t0 ;x

s ¡ xj > ²
¹ ) ·

K (T) exp(¡ c ²2

s¡ t0
). Hence, (6.17) leads to

E[e¹ jY t 0 ;x
s ¡ x j ] · 1 + K (T)

Z 1

0
e²e¡ c ² 2

s¡ t 0 d² = 1 + K (T)
p

s ¡ t0

2
p

2c
e

s¡ t 0
4c ;

· 1 + CK (T)
p

s ¡ t0: (6.18)
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Combining the previous inequality with (6.16) gives

º t (s; y) · (1 + C(s ¡ t0))(1 + CK (T)
p

s ¡ t0)º t (t0; y):

As s ¡ t0 · ht , we get the result.
We deal with the case s < t 0, whose proof is similar to the previous one. We bound
º t (t0; y) from below.

º t (t0; y) = Et;y [e¡ ¹ jYt 0 j exp(
Z t0

t
c(t + t0 ¡ u; Yu)du)]

¸ Et;y [e¡ ¹ jYs je¡ ¹ jYt 0 ¡ Ys je
Rs

t c(t+ t0 ¡ u;Yu )due
Rt 0

s c(t+ t0 ¡ u;Yu )du]

¸ ec1 (t0 ¡ s)º t (s; y)ª( Y t;y
s );

where ª( x) = E[e¡ ¹ jY s;x
t 0

¡ x j ]. As before, we can writeE[e¡ ¹ jY t 0 ;x
s ¡ x j ] = 1 ¡

R1
0 e¡ ²P(jY s;x

t0
¡

xj ¸ ²
¹ )d². By doing a similar computation to (6.18), we obtain

º t (t0; y) ¸ (1 ¡ C(s ¡ t0))(1 ¡ CK (T)
p

s ¡ t0)º t (s; y);

and the result follows.
Proof of º t (s; y) · (1 + Chx )º t (s; x), when jy ¡ xj · hx

To do so, we apply a Taylor expansion formula to each component of the following sum

º t (s; y) ¡ º t (s; x) =
dX

i =1

º t (s; x i ¡ 1) ¡ º t (s; x i );

where x i = ( x1; x2; ¢ ¢ ¢; x i ; yi +1 ; ¢ ¢ ¢; yd); 8i 2 f 1; ¢ ¢ ¢; dg, and x0 = y. For the i -th compo-
nent, we get

º t (s; x i ¡ 1) ¡ º t (s; x i ) = ( yi ¡ x i )
Z 1

0
@x i º

t (s; x¸
i )d¸;

where x¸
i = ( x1; ¢ ¢ ¢; x i ¡ 1; x i + ¸ (yi ¡ x i ); yi +1 ; ¢ ¢ ¢; yd). To conclude, it remains to prove

that for each i 2 f 1; ¢ ¢ ¢; dg, @x i º
t (s; x¸

i ) · Cº t (s; x).

² Assume that j@yi º
t (s; y)j · Ce¡ ¹ jyj . Then, @x i º

t (s; x¸
i ) · Ce¡ ¹ jx ¸

i j . Since for each
i 2 f 1; ¢ ¢ ¢; dg; jyi ¡ x i j · hx , @x i º

t (s; x¸
i ) · Cehx e¡ ¹ jx j . The l.h.s. of (6.11) (see

Proposition 6.12) ensures that@x i º
t (s; x¸

i ) · Cº t (s; x).

² We prove j@yi º
t (s; y)j · Ce¡ ¹ jyj . By using (6.14), we get the following formula for

@yi º
t (s; y)

@yi º
t (s; y) = E [¡ ¹@yi Y

t;y
s sgn(Y t;y

s )e¡ ¹ jY t;y
s je

Rs
t c(t+ s¡ u;Y t;y

u )du]

+ E[e¡ ¹ jY t;y
s je

Rs
t c(t+ s¡ u;Y t;y

u )du
Z s

t
@yi c(t + s ¡ u; Y t;y

u )@yi Y
t;y

u du]:

Applying Cauchy-Schwarz inequality to the previous equation yields

j@yi º
t (s; y)j ·

³
E[e¡ 2¹ jY t;y

s je2
Rs

t c(t+ s¡ u;Y t;y
u )du]

´ 1
2 (6.19)

£
µ

(E[(¹@yi Y
t;y

s )2])
1
2 + ( E[(

Z s

t
@yi c(t + s ¡ u; Y t;y

u )@yi Y
t;y

u du)2])
1
2

¶
:
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Since a; b are respectively C3
b ; C2

b , j@yi cj · C. Moreover, since @xa; @2
x a; @xb are

continuous and bounded, supt · u· s Ej@yi Y
t;y

s j2 · C (see Gihman and Skorohod [35],
page 59). Hence, (6.19) becomes

j@yi º
t (s; y)j · Cec1 (s¡ t )E[e¡ 2¹ jY t;y

s j ]
1
2 :

Writing E[e¡ 2¹ jY t;y
s j ] = E[e¡ 2¹ jY t;y

s ¡ y+ yj ] and applying (6.18) imply j@yi º
t (s; y)j ·

Ce¡ ¹ jyj .



Chapter 7

Properties of the solution of a
linear parabolic PDE

This chapter deals with the regularity of u, the solution of the parabolic PDE
(

(@t + L t;x )u(t; x ) + f (t; x ) = 0 ;
u(T; x) = 0 :

(7.1)

In particular, we recall Theorem 6:12, page 130 of Bensoussan and Lions [13], which
asserts that k@t uk + kuk + k@xuk +

°
° @2

x u
°
° is bounded by kf k in Lp(0; T; W 0;p;¹ ). Then,

we state in Proposition 7.4 that k@t uk + kuk + k@xuk +
°
° @2

x u
°
° is bounded bykf k in H ¹

¯;X .
We also prove in Proposition 7.3, that @xu(t; x ) is HÄolder continuous w.r.t. t of order 1

2 .

We assume

Hypothesis 7.1 (Hypotheses onf )

1. f satis¯es the following polynomial growth condition: 9K > 0; ¸ ¸ 1 s.t.

jf (t; x )j · K (1 + jxj2¸ ); 80 · t · T; 8x 2 Rd:

2. f is HÄolder continuous on[0; T] £ Rd.

We also assume that the coe±cients ofL satisfy the following hypothesis

Hypothesis 7.2 (Hypotheses on¾; b)

1. ¾ is uniformly elliptic,

2. aij ; bi are bounded functions, and uniformly HÄolder continuous on[0; T] £ Rd,

3. aij ; bi are continuous Lipschitz functions in space, uniformly in time.

As recalled in Appendix A.2.1 (see Theorem A.6 and Remark A.8), we can use the
Feynman-Kac formula under Hypotheses 7.1, 7.2 to writeu(t; x ) = Et;x [

RT
t f (s; X s)ds],

where X is the solution of the following d-dimensional stochastic di®erential equation
(SDE) dX s = b(s; X s)ds + ¾(s; X s)dWs:

73
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7.1 Regularity result in Lp(0; T; W 0;p;¹ )

We recall Theorem 6:12 page 130 of Bensoussan and Lions [13], with a null terminal
condition. Consider the following PDE

(
(@t + L t;x )v(t; x ) + c(t; x )v(t; x ) + f (t; x ) = 0 ;
v(T; x) = 0 :

(7.2)

which is a bit more general than (7.1), since the termc(t; x )v(t; x ) has been added.

Theorem 7.1 ( Bensoussan and Lions [13]). Assume

² a; b; c2 C1(]0; T[£ Rd) \ L1 (]0; T[£ Rd);

² c(t; x ) ¸ C0 > 0;

² ¾ is uniformly elliptic,

² (@xk ¾)k=1 ¢¢¢d ; @t ¾are bounded.

Assume f 2 Lp(0; T; W 0;p;¹ ) \ L2(0; T; H ¹ ). Then, 8p ¸ 2, the solution v of (7.2) is in
Lp(0; T; W 2;p;¹ ) and @t v 2 Lp(0; T; W 0;p;¹ ). Furthermore, we have

k@t vkLp (0;T ;W 0;p;¹ ) + kvkLp (0;T ;W 2;p;¹ ) · C kf kLp (0;T ;W 0;p;¹ ) : (7.3)

Remark 7.2. The second assumption concerningc(t; x ) is not restrictive. Assume v
satis¯es (7.2) and the coe±cientsa; b follow the preceding assumptions. We also assume
c(t; x ) ¸ C0, without any assumption on C0. We get a result similar to Theorem 7.1 for
u, solution of (7.1. By studying u(t; x ) = v(t; x )e¡ C1 t , we show that u solves the following
PDE (

(@t + L t;x )u(t; x ) + ( c(t; x ) + C1)u(t; x ) + e¡ C1 t f (t; x ) = 0 ;
u(T; x) = 0 :

By choosing C1 s.t. C1 > ¡ C0, we can apply Theorem 7.1 to u and get
k@t ukLp (0;T ;W 0;p;¹ ) + kukLp (0;T ;W 2;p;¹ ) · Cu kf kLp (0;T ;W 0;p;¹ ) . From this inequality, we de-
duce that v satis¯es (7.3), whereC = CueC1T .

7.2 HÄolder continuity of @xu(t; x ) w.r.t. t of order 1
2.

The following proposition states a regularity result w.r.t t of the derivative @xu(t; x ),
where u is the solution of (7.1).

Proposition 7.3. Let u be the solution of (7.1). Assume Hypotheses 7.1, 7.2, that¾and
b are in C2

b in space and thatf is bounded. Then, for all t; t 0 2 [0; T], we have

j@xu(t0; x) ¡ @xu(t; x )j · C kf k1

p
jt0¡ t j;

where C depends ond; ¾0; ¾1 and on the bounds for@k
x a; @k

x b, for k · 2.
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Proof. Assume without loss of generality that t < t 0. Since j@xu(t0; x) ¡ @xu(t; x )j =q P d
i =1 j@x i u(t0; x) ¡ @x i u(t; x )j2; we give an upper bound forj@x i u(t0; x) ¡ @x i u(t; x )j; 8i ·

d. From the Feynman-Kac formula (see Theorem A.6), we deduceu(t; x ) =
E[

RT
t f (s; X s)ds], where (X s)s¸ t satis¯es (6.4). Let p(t; x ; s; y) be the transition density

function of X s. Then, we can write @x i u(t; x ) =
R

Rd dy
RT

t f (s; y)@x i p(t; x ; s; y)ds.

@x i u(t0; x) ¡ @x i u(t; x ) =
Z

Rd
dy

Z T

t0
f (s; y)[@x i p(t0; x; s; y) ¡ @x i p(t; x ; s; y)]ds

¡
Z t0

t
f (s; y)@x i p(t; x ; s; y)ds := A1 ¡ A2:

Then, we establish upper bounds forA1 and A2.

Upper bound for A2. Using (6.8) yields

jA2j · C kf k1

Z

Rd
dy

Z t0

t
ds(s ¡ t)¡ ( d+1)

2 e¡ c j x ¡ y j 2

s¡ t · C kf k1

Z t0

t

ds
p

s ¡ t
;

since
R

Rd dy(s ¡ t)¡ d
2 e¡ c j x ¡ y j 2

s¡ t = ( ¼
c )

d
2 . Hence, we getjA2j · C kf k1

p
t0¡ t.

Upper bound for A1. First, we apply a Taylor formula to the di®erence
@x i p(t0; x; s; y) ¡ @x i p(t; x ; s; y).

@x i p(t0; x; s; y) ¡ @x i p(t; x ; s; y) = ( t0¡ t)
Z 1

0
d¸@2

tx p(¸t 0+ (1 ¡ ¸ )t; x ; s; y):

Using this formula and (6.10) yield

jA1j · C kf k1 (t0¡ t)
Z

Rd
dy

Z T

t0
ds

Z 1

0
d¸

C

(s ¡ (¸t 0+ (1 ¡ ¸ )t))
d+3

2

e¡ c j x ¡ y j 2

( s¡ ( ¸t 0+(1 ¡ ¸ ) t ))

· C kf k1 (t0¡ t)
Z T

t0
ds

Z 1

0
d¸ (s ¡ (¸t 0+ (1 ¡ ¸ )t)) ¡ 3

2 :

Since¸t 0+ (1 ¡ ¸ )t 2 [t; t 0], we can write

(s ¡ (¸t 0+ (1 ¡ ¸ )t)) ¡ 3
2 ·

1

(s ¡ (¸t 0+ (1 ¡ ¸ )t))
p

s ¡ t0
:

It remains to prove that
RT

t0 ds
R1

0 d¸ 1
(s¡ (¸t 0+(1 ¡ ¸ )t ))

p
s¡ t0 · Cp

t0¡ t
to get jA1j ·

C kf k1

p
t0¡ t:

Z T

t0
ds

1

(s ¡ (¸t 0+ (1 ¡ ¸ )t))
p

s ¡ t0
= 2

Z p
T ¡ t0

0

1
u2 + (1 ¡ ¸ )( t0¡ t)

du

=
2

p
(1 ¡ ¸ )( t0¡ t)

Z q
T ¡ t 0

(1 ¡ ¸ )( t 0¡ t )

0

1
1 + v2 dv

=
2

p
(1 ¡ ¸ )( t0¡ t)

arctan

Ãs
T ¡ t0

(1 ¡ ¸ )( t0¡ t)

!

:

Thus,
RT

t0 ds
R1

0 d¸ 1
(s¡ (¸t 0+(1 ¡ ¸ )t ))

p
s¡ t0 · ¼p

t0¡ t

R1
0

d¸p
1¡ ¸

, and we getjA1j · C kf k1

p
t0¡ t.
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7.3 Bound for kuk2
H 2;¹

¯;X
.

Proposition 7.4. Assume ¾ is uniformly elliptic, ¾2 C1;1
b , b is C1;1 and bounded, and

f 2 L 2(0; T; H ¹
¯;X ). We also assume thatu satis¯es the PDE (7.1). Then,

kuk2
H 2;¹

¯;X
+ k@t uk2

H ¹
¯;X

· C kf k2
H ¹

¯;X
: (7.4)

Proof of Proposition 7.4. We do the proof in three steps, combining Theorem 7.1, page
74, and Proposition 6.12, page 67. Let us give the sketch of the proof.

² We begin by showing that kuk2
H 2;¹

¯;X
+ k@t uk2

H ¹
¯;X

· C(kuk2
H 2;¹

¯
+ k@t uk2

H ¹
¯

).

² Then, we prove kuk2
H 2;¹

¯
+ k@t uk2

H ¹
¯

· C kf k2
H ¹

¯
:

² To conclude, we showkf k2
H ¹

¯
· C kf k2

H ¹
¯;X

.

The ¯rst and third points can be proved using respectively thesecond and ¯rst inequality of
(6.12). Concerning the ¯rst point, we apply the second inequality of (6.12) with t = 0 and
ª( s; x) = ē s Ã(s; x), where Ã(s; x) = ju(s; x)j2; j@su(s; x)j2; j@xu(s; x)j2; and j@2

x u(s; x)j2.
For the third point, we use the ¯rst inequality of (6.12), with ª( s; x) = ē s f 2(s; x) and
t = 0. To prove the second point, we apply Theorem 7.1 tov(t; x ) = e

¯t
2 u(t; x ) and p = 2.

Sinceu(t; x ) satis¯es (7.1), we get that v(t; x ) satis¯es
(

¡ @t v(t; x ) ¡ L (t;x )v(t; x ) + ¯
2 v(t; x ) = e

¯t
2 f (t; x );

v(T; x) = 0 :

According to the hypotheses of Proposition 7.4, we can applyTheorem 7.1 to get
°
°
° @t (e

¯t
2 u(t; x ))

°
°
°

L2 (0;T ;H ¹ )
+

°
°
° e

¯t
2 u(t; x )

°
°
°

L2 (0;T ;H 2;¹ )
· C

°
°
° e

¯t
2 f (t; x )

°
°
°

L2 (0;T ;H ¹ )
;

which implies kuk2
H 2;¹ ¯ + k@t uk2

H ¹
¯

· C kf k2
H ¹

¯
, and Proposition 7.4 is proved.



Chapter 8

Convergence rate for the density
of the Euler scheme

The last chapter of this part is devoted to the study of the convergence rate of the density
of the Euler scheme. This part is devoted to the study of the di®erencep(t; x ; s; y) ¡
pN (t; x ; s; y), where p (resp. pN ) denotes the transition density function of the processX
(resp. X N ). We aim at proving Theorem 8.1, which makes precise the way the upper
bound of jp(t; x ; s; y) ¡ pN (t; x ; s; y)j depends onN and (s ¡ t). We also recall di®erent
expansions forp(t; x ; s; y) ¡ pN (t; x ; s; y) which can be found in the literature.

8.1 Introduction

Let us consider ad-dimensional di®usion process (X s)t · s· T and a q-dimensional Brow-
nian motion (Ws)t · s· T . X satis¯es the following SDE

dX i
s = bi (s; X s)ds +

qX

j =1

¾ij (s; X s)dW j
s ; X i

t = x i ; 8i 2 f 1; ¢ ¢ ¢; dg: (8.1)

We approximate X by its Euler scheme of orderN ¸ 1, say X N de¯ned as follows.
We consider the subdivision f t = t0 < t 1 < ¢ ¢ ¢< t N = Tg of the interval [ t; T ], i.e.
tk = t + k (T ¡ t )

N . We put X N
t = x and, for all k 2 f 0; ¢ ¢ ¢; N ¡ 1g and u 2 [tk ; tk+1 ],

X N;i
u = X N;i

tk
+ bi (tk ; X N

tk
)(u ¡ tN

k ) +
qX

j =1

¾ij (tk ; X N
tk

)(W j
u ¡ W j

tk
); 8i 2 f 1; ¢ ¢ ¢; dg: (8.2)

Note that the continuous Euler scheme is an Itô process verifying

X N
u = x +

Z u

t
b(' (s); X N

' (s) )ds +
Z u

t
¾(' (s); X N

' (s) )dWs

where ' (u) := sup f tk : tk · ug.
If ¾is uniformly elliptic, the Markov process X (resp. the processX N ) admits a transition
probability density, denoted p(t; x ; s; y) (resp. pN (t; x ; s; y)). Let us state the main result
of this chapter, whose proof is postponed to Section 8.4.

77
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Theorem 8.1. Assume¾is uniformly elliptic, b 2 C1;2
b and ¾2 C1;3

b , @t ¾2 C1
b in space.

Then, 8(s; x; y) 2 [t; T ] £ Rd £ Rd, there exist a constantc > 0 and a function K (T) non
decreasing in T and depending on the dimensiond and on the upper bounds of¾; band
their derivatives s.t.

jp(t; x ; s; y) ¡ pN (t; x ; s; y)j ·
K (T)(T ¡ t)

N (s ¡ t)
d+1

2

exp(¡
cjx ¡ yj2

s ¡ t
):

Corollary 8.2. Assume the same hypotheses as in the above theorem. From the last
inequality and Aronson's inequality (6.7), page 66, we deduce

¯
¯
¯
¯
p(t; x ; T; x) ¡ pN (t; x ; T; x)

p(t; x ; T; x)

¯
¯
¯
¯ ·

K (T)
N

p
T ¡ t: (8.3)

This inequality yields p(t; x ; T; x) » pN (t; x ; T; x) when T ! t.

Remark 8.3. In the rest of this section, K (T) denotes a non decreasing function inT
and C denotes a strictly positive constant depending on the dimension d and on the upper
bounds of¾; band their derivatives up to order 1 in time, order 2 in space for b, and order
3 in space for¾.

Before giving a proof of Theorem 8.1, we ¯rst recall some otherresults on the upper
bound of p(t; x ; s; y)¡ pN (t; x ; s; y), obtained by Bally and Talay [8], Konakov and Mammen
[60], and Guyon [46]. Then, we give basic results on Malliavin calculus for elliptic Itô
processes, which will be useful for the proof of Theorem 8.1.

8.2 Previous results

The di®erencep(t; x ; s; y) ¡ pN (t; x ; s; y) has been studied a lot. We can found several
results in the literature on expansions of this di®erence. First, we mention a result from
Bally and Talay [8] (Corollary 2 :7). Let us assume¾is elliptic (see De¯nition 6.2) (with
¾only depending onx) and

Hypothesis 8.1 b; ¾are C1 (Rd) functions whose derivatives of any order greater or
equal to 1 are bounded.

Using Malliavin calculus, Bally and Talay [8] have shown that

p(t; x ; T; y) ¡ pN (t; x ; T; y) =
1
N

¼T (x; y) +
1

N 2 RN
T (x; y); (8.4)

with j¼T (x; y)j + jRN
T (x; y)j · c1K (T )

T q exp(¡ c2
jx¡ yj2

T ), where c1 ¸ 0, c2 > 0, q a positive
constant, and K (¢) a non decreasing function. We point out that q is unknown, which
doesn't enable us to deduce the behaviour ofp ¡ pN when t % T.

Beside that, to bound from abovep(0; x; 1; y) ¡ pN (0; x; 1; y), Konakov and Mammen [60]
have proposed an analytical approach based on the so-called parametric method. Assume
¾is elliptic (see De¯nition 6.2), and
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Hypothesis 8.2 b; ¾are C1 (Rd) functions whose derivatives of any order are bounded.

For each pair (x; y) they get an expansion of arbitrary order j of pN (0; x; 1; y). The
coe±cients of the expansion depend onN

p(0; x; 1; y) ¡ pN (0; x; 1; y) =
j ¡ 1X

i =1

1
N i ¼N;i (0; x; 1; y) + O(

1
N j ): (8.5)

The coe±cients have Gaussian tails : for eachi they ¯nd constants c1 ¸ 0, c2 > 0 s.t. for
all N ¸ 1 and all x; y 2 Rd, ¼N;i (0; x; 1; y) · c1 exp(¡ c2jx ¡ yj2). To do so, they use
upper bounds for the partial derivatives of p (coming from Friedman [28]) and prove
analogous results on the derivatives ofpN . As strong as is this result, nothing is said
about replacing 1 by t, for t 2 [0; 1]. That's why we present now the work of Guyon [46].

Guyon [46] improves (8.4) and (8.5) in the following way. Assume ¾ is elliptic (see
De¯nition 6.2) and Hypothesis 8.2

De¯nition 8.4. Let Gl (Rd); l 2 Z be the set of all measurable functions¼: Rd £ (0; 1] £
Rd ! R s.t.

² for all t 2 (0; 1]; ¼(¢; t; ¢) is in¯nitely di®erentiable,

² for all ®; ¯ 2 Nd, there exist two constants c1 ¸ 0 and c2 > 0 s.t. for all t 2 (0; 1]
and x; y 2 Rd,

j@®
x @̄y ¼(x; t; y)j · c1t ¡ (j®j+ j¯ j+ d+ l )=2 exp(¡ c2jx ¡ yj2=t):

The author has proved the following expansions

pN ¡ p =
¼
N

+
¼N

N 2 ; (8.6)

pN ¡ p =
j ¡ 1X

i =1

¼N;i

N i +
jX

i =2

µ
t ¡

bntc
N

¶ i

¼0
N;i +

¼00
N;j

N j ; (8.7)

where ¼ 2 G1(Rd), (¼N ; N ¸ 1) is a bounded sequence inG4(Rd). For each i ¸ 1,
(¼N;i ; N ¸ 1) is a bounded family in G2i ¡ 2(Rd), and (¼0

N;i ; N ¸ 1); (¼00
N;i ; N ¸ 1) are two

bounded families in G2i (Rd). These expansions can be seen as improvements of (8.4) and
(8.5) : it allows in¯nite di®erentiation w.r.t. x and y and also makes precise the way the
coe±cients explode whent tends to 0.

Remark 8.5. Using the notations of Guyon [46], we can rewrite Theorem 8.1as
jp(t; x ; s; y) ¡ pN (t; x ; s; y)j · K (T )T

N ¼, where ¼2 G1(Rd). If we look at (8.7) with j = 1,

we get pN ¡ p =
¼00

N; 1
N , where ¼00

N;1 2 G2(Rd). Then, Theorem 8.1 gives a better accuracy
for jp(t; x ; s; y) ¡ pN (t; x ; s; y)j when s tends to t.
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Before giving the proof of Theorem 8.1, we recall a result on upper bounds for the partial
derivatives w.r.t. x and y of p(t; x ; s; y) and on the upper bound for pN (t; x ; s; y), which
will be useful in the sequel. It is stated in Guyon [46], Theorem 6, but it has essentially
been proved by Konakov and Mammen [60].

Theorem 8.6 (Guyon [46]). Assume ¾ is uniformly elliptic and Hypothesis 8.2. Then,
8t 2 (0; 1] and x 2 Rd, N ¸ 1, X N

t has a density pN (0; x; t; y) and pN is a bounded
sequence inG0(Rd).

Remark 8.7. The assumptions of Theorem 8.6 are stronger than the one we made in
Theorem 8.1. However, the proof of Theorem 8.1 only requiresthe following inequality

9c > 0 s.t. 8(s; x; y) 2 (t; T ] £ Rd £ Rd pN (t; x ; s; y) ·
CK (T)

(s ¡ t)
d
2

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶
;

which can be proved under the assumptions of Theorem 8.1.

The next section is devoted to recalling basic results on Malliavin calculus for elliptic
Itô processes. These results will be useful for the proof ofTheorem 8.1.

8.3 Basic results on Malliavin calculus for elliptic Itô pro-
cesses

We refer the reader to Nualart [78], section 2.2, for more details of this section. Fix
a ¯ltered probability space (­ ; F ; (F t ); P) and let (Wt )t ¸ 0 be a q-dimensional Brownian
motion. For h(¢) 2 H = L2([0; T]; Rq), W (h) is the Wiener stochastic integral

RT
0 h(t)dWt .

Let S denote the class of random variables of the formF = f (W (h1); ¢ ¢ ¢; W (hn )) where
f is a C1 function with derivatives having a polynomial growth, ( h1; ¢ ¢ ¢; hn ) 2 H n and
n ¸ 1. For F 2 S, we de¯ne its derivative DF = ( Dt F := ( D1

t F; ¢ ¢ ¢; Dq
t F )) t2 [0;T ] as the

H valued random variable given by

Dt F =
nX

i =1

@x i f (W (h1); ¢ ¢ ¢; W (hn ))hi (t):

The operator D is closable as an operator fromLp(­) to Lp(­; H ), for p ¸ 1. Its domain
is denoted by ¢1;p w.r.t. the norm kF k1;p = [ EjF jp + E(kDF kp

H )]1=p: We can de¯ne the
iteration of the operator D, in such a way that for a smooth random variable F , the
derivative DkF is a random variable with values on H ­ k . As in the case k = 1, the
operator Dk is closable fromS ½ Lp(­) into Lp(­; H ­ k ); p ¸ 1. If we de¯ne the norm

kF kk;p = [ EjF jp +
kX

j =1

E(
°
° D j F

°
° p

H ­ j )]1=p;

we denote its domain by ¢k;p. Finally, set ¢ k;1 = \ p¸ 1¢ k;p, and ¢ 1 = \ k;p¸ 1¢ k;p. One
has the following chain rule property
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Proposition 8.8. Fix p ¸ 1. For f 2 C1
b(Rd; R), and F = ( F1; ¢ ¢ ¢; Fd)¤ a random

vector whose components belong to¢ 1;p, f (F ) 2 ¢ 1;p and for t ¸ 0, one hasDt (f (F )) =
f 0(F )Dt F; with the notation

Dt F =

0

B
@

Dt F1
...

Dt Fd

1

C
A 2 Rd ­ Rq:

We now introduce ±, the Skorokhod integral, de¯ned as the adjoint operator ofD.

Proposition 8.9. ± is a linear operator on L2([0; T] £ ­ ; Rq) with values in L2(­) s.t.

² the domain of ± (denoted byDom(±)) is the set of processesu 2 L2([0; T] £ ­ ; Rq)
s.t. jE(

RT
0 Dt F ¢ut dt)j · c(u) kF kL2 for any F 2 ¢ 1;2.

² If u belongs toDom(±), then ±(u) is the one element ofL2(­) characterised by the
integration-by-parts formula

8F 2 ¢ 1;2; E(F±(u)) = E
µ Z T

0
Dt F ¢ut dt

¶
:

Remark 8.10. If u is an adapted process belonging toL2([0; T]£ ­ ; Rq), then the Skorohod
integral and the Itô integral coincide : ±(u) =

RT
0 ut dWt , and the preceding integration-

by-parts formula becomes

8F 2 ¢ 1;2; E
µ

F
Z T

0
ut dWt

¶
= E

µ Z T

0
Dt F ¢ut dt

¶
: (8.8)

In the following, this equality is called the duality formul a.

We recall some standard results related to the integration-by-parts formula. The Malli-
avin covariance matrix of a smooth random variableF is de¯ned by ° F =

RT
0 Dt F [Dt F ]¤dt.

The following proposition corresponds to the ¯rst part of Proposition 2.4 of Gobet and
Munos [44], or to Proposition 3.2.1 page 160 of Nualart [79].

Proposition 8.11 (Gobet and Munos [44]). Let ® be a multi-index, F be a random
variable in ¢ k1 ;1 s.t. det(° F ) is almost surely positive with1=det(° F ) 2 \ p¸ 1Lp and G
belongs to¢ k2 ;1 . Then, for any smooth function g with polynomial growth, provided that
k1 and k2 are large enough (depending on®), there exists a random variableH®(F; G) in
any Lp s.t.

E[@®g(F )G] = E[g(F )H®(F; G)]:

Now, we intend to apply such a result with F = Yt , where Y is some Itô process. (For
example we can takeF = X t or F = X N

t ). We only consider a speci¯c class of elliptic Itô
processes de¯ned in the following Proposition. The proposition we state is quite similar
to Proposition 4.2 of Gobet [37]. The di®erence is based on thefact that in Gobet [37]
the coe±cients b; ¾are assumed to beC1 and bounded. In our case,b and ¾are in C1;2

b .
The following result is derived from Kusuoka and Stroock [63].
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Proposition 8.12. We assume¾ is uniformly elliptic (see De¯nition 6.2), b 2 C1;2
b and

¾2 C1;2
b . Consider º , a map from R+ into R+ , satisfying the non-anticipative condition

0 · º (s) · s for any s. Let (Y º
t )t ¸ 0 be thed-dimensional Itô process de¯ned by

Y º
t = x +

Z t

0
b(º (s); Y º

º (s) )ds +
Z t

0
¾(º (s); Y º

º (s) )dWs:

Then, for t > 0, Y º
t 2 ¢ 2;1 , and for k · 2; p > 1, there is a function K (T) (not depending

on º ), s.t.

sup
t2 [0;T ]

kY º
t (x)kk;p · K (T)(1 + jxj):

The Malliavin covariance matrix of Y º
t is a.s. invertible and its inverse, denoted¡ º

t belongs
to \ p> 1Lp. Moreover, we havek¡ º

t (x)kLp · K (T )
td , uniformly in x and º .

Integration by parts formula : for all p > 1, for all multi-index ® s.t. j®j · 2, for all
s 2 [0; T] and t 2 (0; T] and for any functions f and g in C j®j

b (Rd; R), there exist a
random variable H®(g(Y º

s ); Y º
t ) 2 Lp and a function K (T) (uniform in º; x; s; t; f and g)

s.t.

Ex [@®
x f (Y º

t )g(Y º
s )] = Ex [f (Y º

t )H®(g(Y º
s ); Y º

t )]; (8.9)

with

[Ex jH®(g(Y º
s ); Y º

t )jp]1=p ·
K (T)

t
j ®j
2

kgk
C j ®j

b
: (8.10)

All these results are given in the article of Kusuoka and Stroock [63]. The ¯rst one,
concerning the estimates of Sobolev normsk¢kk;p, is stated in Theorem 2:19. The inequality
on the Malliavin covariance matrix is stated in Theorem 3.5. (8.10) is owed to Theorem
1:20 and Corollary 3:7.

8.4 Proof of Theorem 8.1

To prove Theorem 8.1, we combine Theorem 8.6 and Proposition8.12. The scheme of
the proof is the following

² Use a PDE and Itô's calculus to write the di®erencepN (t; x ; s; y) ¡ p(t; x ; s; y)

=
Z s

t
Et;x

"
dX

i =1

(bi (' (r ); X N
' (r ) ) ¡ bi (r; X N

r ))@x i p(r; X N
r ; s; y)

+
1
2

dX

i;j =1

(aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ))@2
x i x j

p(r; X N
r ; s; y)

3

5 dr := E1 + E2: (8.11)

² Prove the intermediate result 8(r; x; y ) 2 [t; s] £ Rd £ Rd

Et;x

·
exp

µ
¡ c

jy ¡ X N
r j2

s ¡ r

¶¸
· K (T)

µ
s ¡ r
s ¡ t

¶ d
2

exp
µ

¡ c0jx ¡ yj2

s ¡ t

¶
; (8.12)

where c; c0 > 0.
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² Use Malliavin calculus, Theorem 8.6 and the intermediate result, to show that
each term E1 and E2 of the sum of the r.h.s. of (8.11) is bounded by
K (T )( T ¡ t )

N
1

(s¡ t )
d+1

2
exp(¡ cjx¡ yj2

s¡ t ):

De¯nition 8.13. We say that a term E(t; x; s; y ) satis¯es the property P if 8(t; x; s; y ) 2
[0; T] £ Rd £ [t; T ] £ Rd

E(t; x; s; y ) ·
K (T)(T ¡ t)

N
1

(s ¡ t)
d+1

2

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶
: (P)

8.4.1 Proof of equality (8.11)

Let us consider the following PDE, wheres 2 [t; T ].

(
(@r + L (r;x ) )u(r; x ) = 0 ; 8r 2 [t; s]; 8x 2 Rd

u(s; x) = f (x);

where L (r;x ) is de¯ned by (6.2). We also assume thatf is continuous and satis¯es a
polynomial growth condition. Applying Feynman-Kac formula (see Appendix A.2.1) gives
u(t; x ) = Et;x [f (X s)]. By using the terminal condition of the PDE, we also haveu(s; X N

s ) =
f (X N

s ). Then,

Et;x [f (X N
s ) ¡ f (X s)] = Et;x [u(s; X N

s ) ¡ u(t; x )]: (8.13)

On the other hand, E t;x [f (X N
s ) ¡ f (X s)] can also be written using the transition density

p(t; x ; s; y) of X , and the density pN (t; x ; s; y) of X N . We get

E t;x [f (X N
s ) ¡ f (X s)] =

Z

Rd
f (y)[pN (t; x ; s; y) ¡ p(t; x ; s; y)]dy: (8.14)

Besides that, using Itô's formula yields

Et;x [u(s; X N
s ) ¡ u(t; x )] = Et;x

· Z s

t
@t u(r; X N

r )dr
¸

+ Et;x

" Z s

t

dX

i =1

bi (' (r ); X N
' (r ) )@x i u(r; X N

r )dr

#

+
1
2

Et;x

2

4
Z s

t

dX

i;j =1

aij (' (r ); X N
' (r ) )@

2
x i x j

u(r; X N
r )dr

3

5 :

From PDE we have @t u(r; X N
r ) = ¡L u(r; X N

r ), then the above equality becomes

Et;x [u(s; X N
s ) ¡ u(t; x )] = Et;x

" Z s

t

dX

i =1

(bi (' (r ); X N
' (r ) ) ¡ bi (r; X N

r )@x i u(r; X N
r )dr

#

+
1
2

Et;x

2

4
Z s

t

dX

i;j =1

(aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ))@2
x i x j

u(r; X N
r )dr

3

5 :
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Since u(t; x ) =
R

Rd f (y)p(t; x ; s; y)dy we get @x i u(t; x ) =
R

Rd f (y)@x i p(t; x ; s; y)dy, and
hence

Et;x [u(s; X N
s ) ¡ u(t; x )] =

Et;x

" Z

Rd
dyf (y)

Z s

t

dX

i =1

(bi (' (r ); X N
' (r ) ) ¡ bi (r; X N

r ))@x i p(r; X N
r ; s; y)dr

#

+
1
2

Et;x

2

4
Z

Rd
dyf (y)

Z s

t

dX

i;j =1

(aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ))@2
x i x j

p(r; X N
r ; s; y)dr

3

5 :

(8.15)

Combining (8.13), (8.14) and (8.15) yields the following equality, which is true for all
continuous functions f continuous with polynomial growth

Z

Rd
f (y)[pN (t; x ; s; y) ¡ p(t; x ; s; y)]dy = (8.16)

Et;x

" Z

Rd
dyf (y)

Z s

t

dX

i =1

(bi (' (r ); X N
' (r ) ) ¡ bi (r; X N

r ))@x i p(r; X N
r ; s; y)dr

#

+
1
2

Et;x

2

4
Z

Rd
dyf (y)

Z s

t

dX

i;j =1

(aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ))@2
x i x j

p(r; X N
r ; s; y)dr

3

5 :

To get (8.11), we put the r.h.s. of (8.16) on the left one and wechoose f (y) =
pN (t; x ; s; y) ¡ p(t; x ; s; y) ¡ Et;x

Rs
t

P d
i =1

¡
bi (' (r ); X N

' (r ) ) ¡ bi (r; X N
r )

¢
@x i p(r; X N

r ; s; y)dr ¡
1
2Et;x

Rs
t

P d
i;j =1

¡
aij (' (r ); X N

' (r ) ) ¡ aij (r; X N
r )

¢
@2

x i x j
p(r; X N

r ; s; y)dr . We can do so since

² pN (t; x ; s;¢) is C1 (Rd) with polynomial growth (see the Examples page 305, point 2)
of Kusuoka and Stroock [63]). This result also ensues from the fact that pN (t; x ; s;¢)
can be written as a convolution product of Gaussian random variables,

² @k
x p(t; x ; s;¢); 0 · k · 3 are continuous with polynomial growth (see Proposition

6.9),

² the function ª : y 7¡! Et;x
Rs

t

P d
i =1

¡
bi (' (r ); X N

' (r ) ) ¡ bi (r; X N
r )

¢
@x i p(r; X N

r ; s; y)dr ¡
1
2Et;x

Rs
t

P d
i;j =1

¡
aij (' (r ); X N

' (r ) ) ¡ aij (r; X N
r )

¢
@2

x i x j
p(r; X N

r ; s; y)dr is continuous. We
check it by looking at the rest of the proof. In the following of the demonstration, we
split this integral into four terms E11; E12; E21; E22. Each of these terms can be writ-
ten as

Rs
t dr

Rr
' (r ) Et;x [@k

x p(r; X N
r ; s; y)g(' (r ); X N

' (r ) ; u; X N
u )]du, where k 2 f 0; 1; 2; 3g

and g is bounded continuous (see (8.19) for example). Thus, writing the expectation
as an integral and using the two preceding points lead to the continuity of ª,

² since each termE11; E12; E21; E22 satis¯es property (P) (see de¯nition 8.13, page
83), the function ª( y) has polynomial growth.

Consequently, the chosen function f is continuous with polynomial growth.R
Rd f 2(y)dy = 0 leads to f (y) = 0 a.e. As f is continuous, f is null everywhere and

(8.11) follows.
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8.4.2 Proof of the intermediate result

We prove inequality (8.12). Et;x [exp(¡ cjy¡ X N
r j2

s¡ r )] =
R

Rd exp(¡ cjy¡ zj2

s¡ r )pN (t; x ; r; z )dz.
Using Remark 8.7, we get

Et;x

·
exp

µ
¡ c

jy ¡ X N
r j2

s ¡ r

¶¸
·

K (T)

(r ¡ t)
d
2

Z

Rd
exp

µ
¡ c

jy ¡ zj2

s ¡ r

¶
exp

µ
¡ c0jx ¡ zj2

r ¡ t

¶
dz

· K (T)¦ d
i =1

Z

R

1
p

r ¡ t
exp

µ
¡ c

jyi ¡ zi j2

s ¡ r

¶
exp

µ
¡ c0jx i ¡ zi j2

r ¡ t

¶
dzi ;

and
Z

R

1
q

2¼(s¡ r )
2c

exp(¡ c
jyi ¡ zi j2

s ¡ r
)

1
q

2¼(r ¡ t )
2c0

exp(¡ c0jx i ¡ zi j2

r ¡ t
)dzi is the convolution

product of the density of two Gaussian random variablesN (¡ x i ; r ¡ t
2c0 ) and N (yi ; s¡ r

2c )
computed at 0 (see Lemma A.16, page 265). The integral is equal to

1
q

2¼( r ¡ t
2c0 + s¡ r

2c )
exp

µ
¡

jx i ¡ yi j2
r ¡ t
c0 + s¡ r

c

¶
. Then, we get

Z

R

1
p

r ¡ t
exp

µ
¡ c

jyi ¡ zi j2

s ¡ r

¶
exp

µ
¡ c0jx i ¡ zi j2

r ¡ t

¶
dzi · C

µ
s ¡ r
s ¡ t

¶ 1
2

exp
µ

¡ c00jx i ¡ yi j2

s ¡ t

¶
;

and (8.12) follows.

8.4.3 Upper bound for E1

We recall that E1 =
Rs

t Et;x

hP d
i =1 (bi (' (r ); X N

' (r ) ) ¡ bi (r; X N
r ))@x i p(r; X N

r ; s; y)
i

dr . For

eachi , we apply Itô's formula to bi (u; X N
u ) between u = ' (r ) and u = r . We get

bi (' (r ); X N
' (r ) ) ¡ bi (r; X N

r ) =
Z r

' (r )
®i

udu +
Z r

' (r )

qX

k=1

¯ i;k
u dWk

u ; (8.17)

where ®i
u depends on@t b; @xb; @2

x b; ¾;and ¯ i
u = r xbi (u; X N

u )¾(' (r ); X N
' (r ) ). Since b; ¾

belong to C1;2
b ; C1;3

b , ®i and (¯ i;k )1· k· q are uniformly bounded. Using (8.17) and the
duality formula (8.8) yield

E1 =
dX

i =1

Z s

t
f Et;x [

Z r

' (r )
@x i p(r; X N

r ; s; y)®i
udu + Et;x [

Z r

' (r )
Du(@x i p(r; X N

r ; s; y)) ¢¯ i
udu]gdr

:= E11 + E12; (8.18)

where ¯ i
u is a row vector of q components. We upper boundE11 and E12.

Bound for E11 =
P d

i =1

Rs
t Et;x [

Rr
' (r ) @x i p(r; X N

r ; s; y)®i
udu]dr .

Since
P d

i =1 @x i p(r; X N
r ; s; y)®i

u · j ®u jj@xp(r; X N
r ; s; y)j and ®u is uniformly bounded in u,

we have

jE11j · C
T ¡ t

N

Z s

t
Et;x [j@xp(r; X N

r ; s; y)j]dr:
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Beside that, from Proposition 6.9, j@xp(r; X N
r ; s; y)j · c

(s¡ r )
d+1

2
exp

¡
¡ cjy¡ X N

r j2

s¡ r

¢
. Then,

jE11j · C
T ¡ t

N

Z s

t

1

(s ¡ r )
d+1

2

Et;x

·
exp

µ
¡ c

jy ¡ X N
r j2

s ¡ r

¶¸
dr:

Using the intermediate result (8.12) yields

jE11j · K (T)
T ¡ t

N

Z s

t

1
p

s ¡ r
1

(s ¡ t)
d
2

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶
dr

· K (T)
T ¡ t

N
1

(s ¡ t)
d¡ 1

2

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶
;

and thus E11 satis¯es property P (see De¯nition 8.13).

Bound for E12 =
P d

i =1

Rs
t Et;x [

Rr
' (r ) Du(@x i p(r; X N

r ; s; y)) ¢¯ i
udu]dr:

To rewrite E12, we use the expression of¯ i
u and Proposition 8.8, which gives

Du(@x i p(r; X N
r ; s; y)) = r x (@x i p(y; X N

r ; s; y))¾(' (r ); X N
' (r ) ). Then,

E12 =
Z s

t
dr

Z r

' (r )

dX

i;k =1

Et;x [@2
x i xk

p(r; X N
r ; s; y)[(¾¾¤)( ' (r ); X N

' (r ) )( r xbi (u; X N
u ))¤]k ]du:

(8.19)

Using the integration-by-parts formula (8.9), we get that

Et;x [@2
x i xk

p(r; X N
r ; s; y)[(¾¾¤)( ' (r ); X N

' (r ) )( r xbi (u; X N
u ))¤]k ]

= Et;x [@x i p(r; X N
r ; s; y)Hek ([(¾¾¤)( ' (r ); X N

' (r ) )( r xbi (u; X N
u ))¤]k ; X N

r )];

whereek is a vector whosek-th component is 1 and other components are 0. LetH i
ek

(r; u )
denote Hek ([(¾¾¤)( ' (r ); X N

' (r ) )( r xbi (u; X N
u ))¤]k ; X N

r ), we write

E12 =
Z s

t
dr

Z r

' (r )

dX

k=1

Et;x [
dX

i =1

@x i p(r; X N
r ; s; y)H i

ek
(r; u )]du:

From (8.10), we deduce Et;x [jH i
ek

(r; u )jp]1=p · C K (T )
(r ¡ t )1=2 , where C only de-

pends on j¾j1 , j@x¾j1 , j@xbj1 , j@2
xx bj1 . Since E t;x [

P d
i =1 @x i p(r; X N

r ; s; y)H i
ek

] ·
Et;x [j@xp(r; X N

r ; s; y)jjHek j], we apply HÄolder's inequality to get

E12 · CK (T)
Z s

t
dr

Z r

' (r )

1
(r ¡ t)1=2

Et;x [j@xp(r; X N
r ; s; y)j

d+1
d ]

d
d+1 du:

Using Proposition 6.9 leads toj@xp(r; X N
r ; s; y)j · C

(s¡ r )
d+1

2
exp(¡ cjy¡ X N

r j2

s¡ r ), and com-

bining this inequality with the intermediate result yields

Et;x [j@xp(r; X N
r ; s; y)j

d+1
d ]d=(d+1) ·

CK (T)

(s ¡ r )
d+1

2

µ
s ¡ r
s ¡ t

¶ d2

2( d+1)

exp
µ

¡ c
jy ¡ xj2

s ¡ t

¶
: (8.20)
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Hence,E12 is bounded by

E12 ·
CK (T)

(s ¡ t)
d2

2( d+1)

T ¡ t
N

exp
µ

¡ c
jy ¡ xj2

s ¡ t

¶ Z s

t

1
(r ¡ t)1=2

1

(s ¡ r )
d+1

2 ¡ d2
2( d+1)

dr:

It remains to compute
Rs

t
1

(r ¡ t )1=2
1

(s¡ r )
d+1

2 ¡ d2
2( d+1)

dr . To do so, we split the interval [t; s]

into [ t; t + s¡ t
2 ]; [t + s¡ t

2 ; s]. Thus,

Z s

t

1
(r ¡ t)1=2

1

(s ¡ r )
d+1

2 ¡ d2
2( d+1)

dr ·
1

( s¡ t
2 )

2d+1
2d+2

Z t+ s¡ t
2

t

dr
(r ¡ t)1=2

+
1

( s¡ t
2 )

1
2

Z s

t+ s¡ t
2

dr

(s ¡ r )
2d+1
2d+2

An easy computation leads toE12 · CK (T )
(s¡ t )d= 2

T ¡ t
N exp(¡ cjy¡ x j2

s¡ t ); and E12 satis¯es property
P.

8.4.4 Upper bound for E2

We recall E2 =
Z s

t
Et;x [

1
2

dX

i;j =1

(aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ))@2
x i x j

p(y; X N
r ; s; y)]dr . As

we did for E1, we apply Itô's formula to aij (u; X N
u ) between ' (r ) and r . We

get aij (' (r ); X N
' (r ) ) ¡ aij (r; X N

r ) =
Rr

' (r ) ° ij
u du +

Rr
' (r ) ±ij

u dWu , where ° ij
u depends on

¾; @t ¾; @x¾; b; @2xx ¾ and ±ij
u is a row vector of sizeq, whose l-th component is (±ij

u ) l =
P d

k=1 @xk aij (u; X N
u )¾kl (' (r ); X N

' (r ) ). Then, using the duality formula (8.8) leads to

E2 =
dX

i;j =1

Z s

t
f Et;x [

Z r

' (r )
@2

x i x j
p(r; X N

r ; s; y)° ij
u du + Et;x [

Z r

' (r )
Du(@2

x i x j
p(r; X N

r ; s; y)) ¢±ij
u du]gdr

:= E21 + E22:

Bound for E21 =
P d

ij =1

Rs
t Et;x [

Rr
' (r ) @2

x i x j
p(r; X N

r ; s; y)° ij
u du]dr .

We can treat this term as we did for E12. As ¾; b; @t ¾; @x¾; @2
x ¾ are C1

b in space,° ij
u has

the same properties as the term [(¾¾¤)( ' (r ); X N
' (r ) )( r xbi (u; X N

u ))¤]k appearing in (8.19).
Thus, E21 satis¯es property P.

Bound for E22 =
P d

i;j =1

Rs
t Et;x [

Rr
' (r ) Du(@2

x i x j
p(r; X N

r ; s; y)) ¢±ij
u du]dr:

To rewrite E22, we use the expression of±ij
u and Proposition 8.8, which asserts

Du(@2
x i x j

p(r; X N
r ; s; y)) = r x (@2

x i x j
p(r; X N

r ; s; y))¾(' (r ); X N
' (r ) ). Thus,

E22 =
dX

i;j;k =1

Z s

t
dr

Z r

' (r )
Et;x [@3

x i x j xk
p(r; X N

r ; s; y)[(¾¾¤)( ' (r ); X N
' (r ) )( r xaij (u; X N

u ))¤]k ]du:

To complete this proof, we split E22 in two terms : E 1
22 (resp E 2

22) corresponds to the
integral in r from t to t + s¡ t

2 (resp. from t + s¡ t
2 to s).
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² On [t; t + s¡ t
2 ], E 1

22 is bounded by

jE 1
22j · C

T ¡ t
N

Z t+ s¡ t
2

t
Et;x [j@3

x i x j xk
p(r; X N

r ; s; y)j]dr:

Using Proposition 6.9 and the intermediate result gives

jE 1
22j · C

K (T)(T ¡ t)
N

1
(s ¡ t)d=2

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶ Z t+ s¡ t
2

t

1
(s ¡ r )3=2

dr:

Hence,E22 satis¯es P.

² On [t + s¡ t
2 ; s], we use the integration by part formula (8.9) of Proposition 8.12, with

j®j = 2.

E 2
22 =

dX

i;j;k =1

Z s

t+ s¡ t
2

dr
Z r

' (r )
Et;x [@x i p(r; X N

r ; s; y)H i
ejk

]du;

where H i
ejk

= Hejk ([(¾¾¤)( ' (r ); X N
' (r ) )( r xaij (u; X N

u ))¤]k ; X N
r ), and ejk is a vector

full of zeros except thej -th and the k-th components. Using HÄolder's inequality and
(8.10) (remember that ¾2 C1;3

b ), we obtain

E 2
22 · CK (T)

T ¡ t
N

Z s

t+ s¡ t
2

1
r ¡ t

Et;x [j@xp(r; X N
r ; s; y)j

d+1
d ]

d
d+1 dr: (8.21)

By applying (8.20), we get

E 2
22 · CK (T)

T ¡ t
N

1

(s ¡ t)1+ d2
2( d+1)

exp
µ

¡ c
jx ¡ yj2

s ¡ t

¶ Z s

t+ s¡ t
2

1

(s ¡ r )
2d+1
2d+2

dr;

and the result follows.
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This part is devoted to the study of a numerical algorithm solving backward stochastic
di®erential equations (BSDEs for short) of the following type

(E)

(
¡ dYt = f (t; X t ; Yt ; Z t )dt ¡ Z t dWt ; YT = ©( X T );
X t = x +

Rt
0 b(s; X s)ds +

Rt
0 ¾(s; X s)dWs:

(8.22)

Several algorithms for solving BSDEs can be found in the literature. Let us list them
chronologically.
In 1994, Ma, Protter, and Yong [74] present an algorithm, called the four step scheme,
which solves a class of more general BSDEs, general in the sense that b and ¾, the
coe±cients of the di®usion, may depend ony and z. In fact, they solve the associated
quasilinear PDE through a ¯nite di®erence approximation. However, such an algorithm
cannot run well in high dimensions. Moreover, they assume restrictive hypotheses on the
coe±cients.
In 1997, Chevance [21] suggests a method based on random quantization techniques. The
author gives an upper bound forY under strong regularity hypotheses forf and ©. The
error on Z is not presented.
In 2001, Briand, Delyon, and M¶emin [17] provide a numericalscheme for BSDEs based
on the approximation of the Brownian motion using a summation of Bernoulli random
variables. This numerical scheme can easily be implemented. The authors have proved
the convergence of their scheme, but no rate of convergence is given.
In 2003, Bally and Pagµes [6] present an algorithm for solving re°ected BSDEs by using
quantization techniques. The authors replace the processX by a Markov chain with
¯nite state space, which are the points of an optimal quantization grid. Once they have
computed the transition probabilities on this grid, they easily implement a dynamic
programming equation to solve the re°ected BSDE.
In 2004, Delarue and Menozzi [24] provide a method for solving FBSDEs
(Forward-Backward SDEs), based on quantization techniquesand deterministic grids.
In 2004, Bouchard and Touzi [15] discretize the above BSDE w.r.t. the time and get a
dynamic programming equation. They compute the conditional expectations appearing
in the dynamic programming equation by using Malliavin calculus techniques. The
authors analyse the error onY but not on Z . Besides, the numerical scheme seems to be
hard to implement and computationally demanding.
In 2005, Gobet, Lemor, and Warin [45] propose a scheme based on iterative regression
functions which are approximated by projections on vector spaces of functions, with
coe±cients evaluated with Monte Carlo simulations.
In 2007, Bender and Denk [11] propose a forward scheme which avoids nesting of
conditional expectations backwards through the time steps. Instead, it mimics the
Picard type iteration for BSDEs and, consequently, has nestings of conditional
expectations along the iterations. This work has some connections with our approach
but it does not handle the issue of error analysis for conditional expectations. The
authors use the regression based on least squares Monte Carlo method to approximate
the conditional expectation, as it was suggested in Gobet etal. [45].

This part is organised as follows. In Chapter 9, we set up the framework and recall
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standard results on BSDEs. We also describe our algorithm based on a sequential Monte
Carlo technique and on a Picard's iterations method. The algorithm also requires an
estimator which computes pointwise the value of a function from its values at some points
of a ¯xed grid. After having introduced the regression analysis in Chapter 10, based on
the books of GyÄor¯ et al. [47] and HÄardle [50], we present inChapter 11 a non parametric
regression technique : the kernel estimate, which enables to build the estimator Pn (see
Section 11.3). In Chapter 12, we state some properties on theconvergence of the estimator
Pn . Section 12.3 and Section 12.4 deal with the convergence rate ofPnv¡ v and @x (Pnv) ¡
@xv, where v is a C1;2 function. In Chapter 13, we state the main convergence result of
our algorithm. Chapter 14 is devoted to establish technicalresults needed to prove the
result on the convergence of our algorithm announced in Chapter 13. Finally, we present
in Chapter 15 numerical experiments based on ¯nancial issues.



Chapter 9

Framework and Hypotheses

9.1 Statement of the problem

Let (­ ; F ; P) be a given probability space on which is de¯ned aq-dimensional standard
Brownian motion W , whose natural ¯ltration, augmented with P-null sets, is denoted
(F t )0· t · T (T is a ¯xed terminal time). We aim at numerically approximating the solution
(Y; Z) of the following forward backward stochastic di®erential equation (FBSDE) with
¯xed terminal time T

¡ dYt = f (t; X t ; Yt ; Z t )dt ¡ Z t dWt ; YT = ©( X T ); (9.1)

where f : [0; T] £ Rd £ R £ Rq ! R, X is the Rd-valued process solution of

X t = x +
Z t

0
b(s; X s)ds +

Z t

0
¾(s; X s)dWs; (9.2)

b : [0; T] £ Rd ! Rd and ¾ : [0; T] £ Rd ! Rd£ q: The main focus of this work is to
provide and analyse an algorithm, based on a Monte Carlo method, which approximates
the solution (Y; Z) of (9.1). Section 9.3 page 95 presents some results on BSDEsstated by
Pardoux and Peng [81] and El Karoui et al. [27]. In Section 9.4, page 96, we recall several
results linking FBSDEs and partial di®erential equations (PDEs in short) and stated by
Pardoux and Peng [82], Ma et al. [74] and Delarue and Menozzi [24]. More precisely, we
link ( Y; Z) the solution of the above BSDE to u, the solution of the following PDE :

(E)

(
@t u(t; x ) + Lu(t; x ) + f (t; x; u (t; x ); (@xu¾)( t; x )) = 0 ;
u(T; x) = ©( x);

where L is de¯ned by

L (t;x )u(t; x ) =
1
2

X

i;j

[¾¾¤]ij (t; x )@2
x i x j

u(t; x ) +
X

i

bi (t; x )@x i u(t; x ):

According to these results, we getu 2 C1;2
b and

8t 2 [0; T]; (Yt ; Z t ) = ( u(t; X t ); @xu(t; X t )¾(t; X t )) :

93
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In Section 9.5, we brie°y recall a variance reduction technique useful in the description
of our algorithm: the adaptive control variate method. In Section 9.6, page 103, we
describe our algorithm, which builds uk , an approximation of u, and deduces (Y k ; Z k ),
the approximation of (Y; Z) by using the following formula

8t 2 [0; T]; Y k
t = uk (t; X N

t ); Z k
t = @xuk (t; X N

t )¾(t; X N
t );

where X N is an approximation of X . More precisely, we build uk recursively in the
following way

uk (t; x ) = P k
n (uk¡ 1 + wk )( t; x );

wherewk (t; x ) is given by (9.13), page 104 andP k
n is a kernel estimator described in Section

11.3, page 119.

9.2 Notations

² Elements of Rd are encoded as row vectors andj ¢ j is the Euclidean norm onRd.

² Ck
p denotes the set ofCk¡ 1 functions whosek-th derivative is piecewise continuous.

² Let Ck
l;b(Rp; Rq) be the set of Ck functions from Rp to Rq with continuous and

uniformly bounded derivatives up to order k. The functions themselves don't need
to be bounded.

² Let Ck;l
b be the set of continuously di®erentiable functionsÁ : (t; x ) 2 [0; T] £ Rd

with continuous and uniformly bounded derivatives w.r.t. t (resp. w.r.t. x) up to
order k (resp. up to order l).

² L2
t (Rq) denotes the set of theq-dimensional random variables which areF t measur-

able and square integrable. Forq = 1, we also use the notationL2
t .

² H2
T (Rq) denotes the set of the predictable processesÁ : ­ £ [0; T] ! Rq (as row

vectors) such that E
RT

0 jÁt j2dt is ¯nite. For q = 1, we also use the notationH2
T .

² Let ¯ > 0 and © 2 H2
T (Rq), kÁk2

¯ denotesE
RT

0 ē t jÁt j2dt. H2
T;¯ (Rq) = f Á 2 H2

T (Rq) :

kÁk2
¯ < 1g .

² Let X be a solution of (9.2), g1 : [0; T] £ Rd ! R, and g2 : Rd ! R. We introduce
ª( t; g1(s;¢); g2(¢); X (x)) = g2(X t;x

T ) +
RT

t g1(s; X t;x
s )ds.

² K (T) denotes a generic function non decreasing inT.

² If f is a Lipschitz function, L f denotes its Lipschitz constant.
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9.3 Results on general BSDEs

This part is devoted to recall some standard results on general BSDE of the following
type

¡ dYs = f (s; Ys; Zs)ds ¡ ZsdWs; YT = » (9.3)

where» is an FT measurable random variable andf : ­ £ R+ £ R £ Rq ! R is P ­ B ­ B q

measurable.f is called the driver of the BSDE. We say that (f; » ) are standard parameters
if » belongs to L2

T , if f (¢; 0; 0) belongs to H2
T and if f is uniformly Lipschitz in the sense

of there existsC > 0 s.t.

8(y1; y2; z1; z2); jf (!; t; y 1; z1) ¡ f (!; t; y 2; z2)j · C(jy1 ¡ y2j + jz1 ¡ z2j); dP £ dt a:e:

From Pardoux and Peng [81] and El Karoui et al. [27], we have

Theorem 9.1. Let (f; » ) be standard parameters, there exists a unique couple of processes
(Y; Z) 2 H2

T £ H2
T (Rq) which solves (9.3).

A proof can be found in the paper of Pardoux and Peng [81]. A shorter proof using a
priori estimates has been done by El Karoui et al. [27], page 20.

Proposition 9.2 (A Priori Estimates, El Karoui et al. [27], Proposition 2.1) . Let
(( f i ; »i ); i = 1 ; 2) be two standard parameters of the BSDE and((Y i ; Z i ); i = 1 ; 2) be two
square integrable solutions. LetL f be a Lipschitz constant forf 1, and put ±Yt = Y 1

t ¡ Y 2
t

and ±2f t = f 1(t; Y 2
t ; Z 2

t ) ¡ f 2(t; Y 2
t ; Z 2

t ). For any (¸; ¹; ¯ ) such that ¹ > 0; ¸ 2 > L f , and
¯ ¸ L f (2 + ¸ 2) + ¹ 2, it follows that

k±Yk2
¯ · T

·
ē T E(j±YT j2) +

1
¹ 2 k±2f k2

¯

¸
;

k±Zk2
¯ ·

¸ 2

¸ 2 ¡ L f

·
ē T E(j±YT j2) +

1
¹ 2 k±2f k2

¯

¸
:

For a proof of this Proposition, see El Karoui et al. [27], page 18. From this proof, we
derive that the Picard iterative sequence converges almostsurely to the solution of the
BSDE.

Corollary 9.3 (Corollary 2.1, El Karoui et al. [27]) . Let ¯ be such that2(1 + T)L f <
¯ , where L f de¯nes the Lipschitz constant of f . Let (Ŷ k ; Ẑ k ) be the sequence de¯ned
recursively by (Ŷ0 = 0 ; Ẑ0 = 0) and

¡ dŶ k+1
t = f (t; Ŷ k

t ; Ẑ k
t )dt ¡ (Ẑ k+1

t )¤dWt ; Ŷ k+1
T = »:

Then, the sequence(Ŷ k ; Ẑ k ) converges to(Y; Z), dP£ dt a.s. (and in H2
T;¯ (R) £ H2

T;¯ (Rq))
as k goes to+ 1 .

We refer to El Karoui et al. [27], page 21 for a proof of the previous Corollary.

Remark 9.4. FBSDEs introduced before are in a quite complex way examplesof BSDEs
parametrised by the initial condition x of the forward SDE (9.2). The parametrised gener-
ator is given here byf (t; X x

t (! ); y; z) and the terminal condition by »(! ) = ©( X x
T (! )). We

refer to El Karoui et al. [27], Section2.4, for a study of BSDEs depending on parameters.
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9.4 Connection between FBSDEs and Partial Di®erential
Equations

In this section, we study the relation between forward backward equations and partial
di®erential equations (PDEs). First, we give a generalisation of the Feynman-Kac formula
to semilinear parabolic PDEs, as stated by Pardoux and Peng [82]. Then, we recall that
under smoothness conditions the functionu(t; x ) := Y t;x

t is in some sense a solution of a
PDE (see also Pardoux and Peng [82]). Finally, we deal with some more general FBSDEs,
in which the coe±cients of the di®usionb and ¾may depend onY and Z . These FBSDEs,
introduced by Antonelli [1] and then by Ma et al. [74], provide an extension of the Feynman-
Kac representation to a certain class of quasilinear parabolic PDEs. We remind a result
stated by Delarue and Menozzi [24].

9.4.1 FBSDEs ans semilinear parabolic di®erential equation s

We aim at explaining the link between the following semilinear parabolic di®erential
equation :

(E0)

(
@t u(t; x ) + Lu(t; x ) + f (t; x; u (t; x ); (@xu¾)( t; x )) = 0 ;
u(T; x) = ©( x);

where u : R+ £ Rd ! R and

L (t;x )u(t; x ) =
1
2

X

i;j

[¾¾¤]ij (t; x )@2
x i x j

u(t; x ) +
X

i

bi (t; x )@x i u(t; x );

and the decoupled FBSDE

(E0)

(
8 s 2 [t; T ]; X t;x

s = x +
Rs

t b(u; X t;x
u )du +

Rs
t ¾(u; X t;x

u )dWu ;
Y t;x

s = ©( X t;x
T ) +

RT
s f (u; X t;x

u ; Y t;x
u ; Z t;x

u )du ¡
RT

s Z t;x
u dWu :

The following result has been stated by Peng [84] (see also Pardoux and Peng [82],
Theorem 3.1, or El Karoui et al. [27], Proposition 4.3). This is a generalisation of the
Feynman-Kac formula to semi-linear parabolic PDEs.

Theorem 9.5 (Pardoux and Peng [82], Theorem 3.1). If u 2 C1;2([0; T]£ Rd) solves (E0),
then 8(t; x ) 2 [0; T] £ Rd, u(t; x ) = Y t;x

t , where f (Y t;x
s ; Z t;x

s ); t · s · Tgt ¸ 0;x2 Rd is the
unique solution of the FBSDE (E0). Furthermore, we have

8s 2 [t; T ]; (Y t;x
s ; Z t;x

s ) = ( u(s; X t;x
s ); @xu(s; X t;x

s )¾(s; X t;x
s )) : (9.4)

Conversely, Pardoux and Peng [82] have proved that whenb; ¾; f and © are globally
Lipschitz continuous w.r.t. ( x; y; z) and uniformly in t (for f ), the FBSDE (E0) provides
the unique viscosity solution of the semilinear parabolic PDE (E0). We also refer to El
Karoui et al. [27], Theorem 4.2 for a proof of this result. First, let us remind the de¯nition
of a viscosity solution.
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De¯nition 9.6 (Viscosity solution) . Let v 2 C([0; T] £ Rd) satisfying 8x 2 Rd, v(T; x) =
©(x). v is said to be a viscosity sub-solution (resp. super-solution)of equation (E0)
if for any ( t; x ) 2 [0; T] £ Rd and ' 2 C1;2([0; T] £ Rd) such that ' (t; x ) = v(t; x ) on
f (t; x ) : ( t; x ) is a minimum (resp. maximum) of (' ¡ v)g,

@t ' (t; x ) + L ' (t; x ) + f (t; x; ' (t; x ); (@x '¾ )( t; x )) ¸ 0

(resp. @t ' (t; x ) + L ' (t; x ) + f (t; x; ' (t; x ); (@x '¾ )( t; x )) · 0):

v is said to be a viscosity solution of (E0) if it is both a viscosity sub- and super-solution
of (E0).

Theorem 9.7 (Pardoux and Peng [82], Theorem 4.3). Assumeb; ¾; f and © are globally
Lipschitz continuous w.r.t. (x; y; z) uniformly in t (for f ). The function u(t; x ) := Y t;x

t is
the unique viscosity solution of the backward parabolic PDE(E0).

Under stronger hypotheses onb; ¾; f and ©, we can show thatu(t; x ) := Y t;x
t solves PDE

(E0) in the classic sense. We recall the following result, stated by Pardoux and Peng [82]
(see also El Karoui et al. [27], Proposition 4.4).

Theorem 9.8 (Pardoux and Peng [82], Theorem 3.2). Assume b; ¾; f and © are C3
l;b.

Then, u(t; x ) := Y t;x
t belongs toC1;2([0; T] £ Rd) and solves the PDE (E0).

Remark 9.9. From the beginning of this Chapter, we have assumed thatY is a one
dimensional process. The previous theorem is true even ifY is a p-dimensional process,
p ¸ 1, whereas Theorem 9.7 holds true whenp = 1.

9.4.2 FBSDEs and quasilinear parabolic di®erential equatio ns

Here, we consider more general FBSDEs, in which the coe±cients b and ¾, appearing
in (9.2), may depend on Y and Z . For a given d 2 N¤, we consider the functionsb :
[0; T] £ Rd £ R £ Rd ! Rd, f : [0; T] £ Rd £ R £ Rd ! Rd, ¾: [0; T] £ Rd £ R ! Rd£ d,
© : Rd ! R. Analogously to (E0) and (E0), we de¯ne

(E0
0)

8
>>><

>>>:

@t u(t; x ) + hb(t; x; u (t; x ); @xu(t; x )¾(t; x; u (t; x ))) ; @xu(t; x )i
+ 1

2 tr( a(t; x; u (t; x ))@2
x;x u(t; x ))

+ f (t; x; u (t; x ); (@xu(t; x )¾)( t; x; u (t; x ))) = 0 ;
u(T; x) = ©( x);

with a(t; x; y ) = ( ¾¾¤)( t; x; y ); (x; y) 2 Rd £ R, and the FBSDE

(E 0
0)

(
8 s 2 [t; T ]; X t;x

s = x +
Rs

t b(u; X t;x
u ; Y t;x

u ; Z t;x
u )du +

Rs
t ¾(u; X t;x

u ; Y t;x
u )dWu ;

Y t;x
s = ©( X t;x

T ) +
RT

s f (u; X t;x
u ; Y t;x

u ; Z t;x
u )du ¡

RT
s Z t;x

u dWu :

Ma et al. [74], Pardoux and Tang [83] and Delarue [23] have investigated in detail the link
between (E0

0) and (E 0
0). We recall some results coming from Ma et al. [74] and Delarue

and Menozzi [24].

Hypothesis 9.1
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1. The functions b; ¾; f and © are C2 functions with ¯rst order derivatives in x; y; z
being bounded by some constantL > 0.

2. The function ¾satis¯es

¾(t; x; y )¾¤(t; x; y ) ¸ º (jyj)I; 8 (t; x; y ) 2 [0; T] £ Rd £ R;

for some positive continuous functionº (¢).

3. There exist a function ¸ and two constantsC > 0 and ® 2 (0; 1), such that © is
bounded inC2+ ®(Rd), and for all (t; x; y; z ) 2 [0; T] £ Rd £ R £ Rd,

j¾(t; x; y ) + f (t; x; 0; z)j · C;

jb(t; x; y; 0)j · ¸ (y):

Proposition 9.10 (Ma et al. [74], Proposition 3:1). Assume Hypothesis 9.1. Then,
the PDE (E0

0) admits a unique classical solution u(t; x ), which is bounded and
@t u(t; x ); @xu(t; x ) and @2

xx u(t; x ) are bounded as well.

Theorem 9.11 (Ma et al. [74], Theorem 4:1). Assume Hypothesis 9.1. Then, the forward
backward SDE (E 0

0) admits a unique adapted solution(X; Y; Z ) where

Y t;x
s = u(s; X t;x

s ); Z t;x
s = @xu(s; X t;x

s )¾(s; X t;x
s ; u(s; X t;x

s )) ; (9.5)

with u(t; x ) being the solution of PDE (E0
0).

Remark 9.12. Ma et al. [74] have studied a more general FBSDE, in the sense that the
backward equation of (E 0

0) they consider is Y t;x
s = ©( X t;x

T ) +
RT

s f (u; X t;x
u ; Y t;x

u ; Z t;x
u )du ¡

RT
s ¾̂(u; X t;x

u ; Y t;x
u ; Z t;x

u )dWu , where ¾̂satis¯es Ma et al. [74], HypothesisA:3. Proposition
9.10 and Theorem 9.11 are also valid when the backward equation of (E 0

0) is Y t;x
s =

©(X t;x
T ) +

RT
s f (u; X t;x

u ; Y t;x
u ; Z t;x

u )du ¡
RT

s ¾̂(u; X t;x
u ; Y t;x

u ; Z t;x
u )dWu .

Under Hypothesis 9.2 below, Delarue and Menozzi [24] state in Theorem 2:1 that the
PDE (E0

0) admits a unique strong solution, whose partial derivatives of order one int and
one and two in x are bounded on the whole domain by known parameters.

Hypothesis 9.2 b; ¾; f and © are bounded in space and have at most linear growth in the
other variables, are uniformly Lipschitz continuous w.r.t. all the variables. ¾is uniformly
elliptic and © is bounded inC2+ ®(Rd).

Theorem 9.13 (Delarue and Menozzi [24]). Assume Hypothesis 9.2. Then, (E0
0) admits

a solution u 2 C1;2([0; T] £ Rd; R) and there exists a constantC, only depending onT and
on known parameters deriving from Hypothesis 9.2, such that8 (t; x ) 2 [0; T] £ Rd,

ju(t; x )j + j@xu(t; x )j + j@2
xx u(t; x )j+ j@t u(t; x )j

+ sup
t02 [0;T ];t6= t0

[jt ¡ t0j¡
1
2 j@xu(t; x ) ¡ @xu(t0; x)j] · C:

Moreover, u is unique in the class of functions~u 2 C([0; T] £ Rd; R) \ C1;2([0; T[£ Rd; R)
which satisfy sup(t;x )2 [0;T [£ Rd (j~u(t; x )j + j@x ~u(t; x )j) < + 1 .

From Ma et al. [74], Pardoux and Tang [83] and Delarue [23], Delarue and Menozzi [24]
deduce that the relationship between (E0

0) and (E 0
0) can be summed up as in (9.5).
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9.4.3 Application to our problem

We recall that our goal is to provide an algorithm to approximate (Y; Z), the solution
of the FBSDE

(E)

8
><

>:

¡ dYt = f (t; X t ; Yt ; Z t )dt ¡ Z t dWt ;
YT = ©( X T );
X t = x +

Rt
0 b(s; X s)ds +

Rt
0 ¾(s; X s)dWs;

We introduce the following semi-linear PDE

(E)

(
@t u(t; x ) + Lu(t; x ) + f (t; x; u (t; x ); (@xu¾)( t; x )) = 0 ;
u(T; x) = ©( x);

First, we state some hypotheses.

Hypothesis 9.3 The driver f satis¯es for all t 2 [0; T] and for all (x1; y1; z1); (x2; y2; z2) 2
Rd £ R £ Rd£ q;

jf (t; x 1; y1; z1) ¡ f (t; x 2; y2; z2)j · L f (jx1 ¡ x2j + jy1 ¡ y2j + jz1 ¡ z2j):

Hypothesis 9.4 ¾and b satisfy the following conditions

8t 2 [0; T] and 8x; y 2 Rd; j¾(t; x ) ¡ ¾(t; y)j + jb(t; x ) ¡ b(t; y)j · C(jx ¡ yj):

Hypothesis 9.5 The functions b; ¾; f and © are bounded inx, f satis¯es Hypothesis 9.3
and ¾and b satisfy Hypothesis 9.4.© is of classC2+ ®

b , ® 2]0; 1] and ¾is uniformly elliptic.

The following Theorem is an easy consequence of Theorem 9.13

Theorem 9.14. Assume b; ¾ and f are Lipschitz functions in all their variables and
bounded. We also assume¾is uniformly elliptic and © is of classC2+ ®

b , ® 2]0; 1]. Then,
the solution u of PDE (E) belongs to C1;2

b . Furthermore, (Yt ; Z t )0· t · T solution of (E )
satis¯es

8t 2 [0; T]; (Yt ; Z t ) = ( u(t; X t ); @xu(t; X t )¾(t; X t )) : (9.6)

9.5 Sequential Monte Carlo and Variance Reduction Tech-
niques

We are often interested in computing¹ = E(X ), where X is a random variable. In many
cases we are not able to compute¹ exactly. To overcome this problem we can use Monte
Carlo methods. The ¯rst idea to approximate ¹ consists of computingX n = 1

n

P n
i =1 X i .

The Strong Law of Large Numbers and the Central Limit Theoremstate that X n converges
almost surely to ¹ with the rate of convergence ¾p

n , where¾2 denotes the relative variance.

One way to improve the rate of convergence is to reduce the value of ¾2. To do so, we can
use variance reduction techniques like control variate or importance sampling. We refer to
Halton [49] for a survey of the principal techniques used in implementing the Monte Carlo
method and its applications.
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Before introducing adaptive control variate, we recall the control variate technique. The
basic idea of control variate is to write E(X ) as

E(X ) = E(X ¡ Y ) + E(Y );

where E(Y ) can be explicitly computed and Var(X ¡ Y ) is smaller than Var(X ). In the
following part we give the example of a linear adaptive control variate coming from Kim
and Henderson [58] or Glynn and Szechtman [36].

9.5.1 Adaptive control Variate

Let us consider the control variate family (Y (µ); µ 2 £), where £ is an open set of Rp.
We also assumeE(Y(µ)) = 0 for all µ 2 £. Then, E(X ¡ Y (µ)) = ¹ . We aim at ¯nding µ?

which minimises the variance of (X ¡ Y (µ)). We restrict the problem by dealing with the
linear case, e.g.

Y =
pX

i =1

µi Ci = µT C;

where C is a random variable ofRp such that E(C) = 0 and µ is a deterministic vector of
Rp. We approximate ¹ by

¹ n =
1
n

nX

i =1

(X i ¡ µT C i );

where (X 1; ¢ ¢ ¢; X n ) (resp. (C1; ¢ ¢ ¢; Cn )) is a sample of sizen following the law of X (resp.
C). The strong law of large numbers gives¹ n

p:s:
¡! ¹ and the Central Limit Theorem states

p
n(¹ n ¡ ¹ ) law¡! N (0; Var( X ¡ µT C)) ;

and Var(X ¡ µT C) = E(X ¡ µT C)2 ¡ (E(X ))2. Since we want to minimise the variance,
we are looking forµ? which cancels the gradient

r µVar( X ¡ µT C) = ¡ 2E(XC ¡ CCT µ): (9.7)

If the covariance matrix ¤ = Cov( C; C) is invertible, we get

µ? = ¤ ¡ 1¯; (9.8)

where ¯ = Cov( X; C ) is de¯ned by ¯ i = Cov( X; C i ), for i = 1 ; ¢ ¢ ¢; p. Since Cov(X; C )
and Cov(C; C) are usually unknown, we can estimateµ? with

µn = ¤ ¡ 1
n ¯ n (9.9)

with

¯ n =
1
n

nX

j =1

(X j C j ¡ X nCn ) and ¤ n =
1
n

nX

j =1

(C j (C j )T ¡ CnC
T
n );
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whereCn = 1
n

P n
j =1 C j is a vector in Rp. From this value of µn , we deduce two estimators

of ¹

~¹ n =
1
n

nX

i =1

(X i ¡ µT
n C i ); ¹ n =

1
n

nX

i =1

(X i ¡ µT
i ¡ 1C i );

where µi ¡ 1 is computed using (X 1; ¢ ¢ ¢; X i ¡ 1) and (C1; ¢ ¢ ¢; C i ¡ 1). ¹ n is an adaptive
estimator of ¹ , whereas ~¹ n is not. One can show that ~¹ n satis¯es a Central Limit Theorem,
e.g.

p
n(~¹ n ¡ ¹ ) law¡!

n!1
N (0; ~¾2); (9.10)

where ~¾2 = Var( X ¡ Y (µ?)). Concerning ¹ n , we can state the following Theorem

Theorem 9.15. AssumeX 2 L4(R) and C 2 L4(Rp). Then, ¹ n converges almost surely
to ¹ and

p
n(¹ n ¡ ¹ ) law¡!

n!1
N (0; ~¾2):

The proof of the previous Theorem is based on the Law of Large Numbers and the
Central Limit Theorem for martingales. We refer to Du°o [25], Chapter 2 or to Hall and
Heyde [48] for more details on martingales theory.
Instead of approximating µ? de¯ned in (9.8) by µn de¯ned in (9.9), we can use the Robbins-
Monro algorithm to build µn

µn+1 = µn ¡ °nF (µn ; X n+1 ; Cn+1 ); (9.11)

where

F (µn ; X n+1 ; Cn+1 ) = 2( X n+1 Cn+1 ¡ Cn+1 (Cn+1 )T µn );

and °n satis¯es
P

n °n = 1 and
P

n ° 2
n < 1 . This choice for F corresponds to the value

of the gradient we want to cancel in (9.7). Theorem Du°o [25], Theorem 1.4.26 enables
to prove that µn constructed with (9.11) converges almost surely toµ?. By plugging this
value of µn in ~¹ n and ¹ n de¯ned above, we also get (9.10) and Theorem 9.15.
More generally, we can use an adaptive control variate algorithm to compute E(f (X )),
where f is a multivariate smooth function. We refer to Maire [75]. The author studies
regular functions f using a Fourier basis on periodised functions, Legendre andTchebitchev
polynomial bases. He reduces the dimensional e®ect by computing these approximations
on Korobov-like spaces.
This part has been devoted to adaptive control variate, but we can also make use of
adaptive importance sampling. In Baggerly et al. [4], the authors apply an adaptive
importance sampling for a Markov chain with scoring. They establish conditions for
exponential convergence of learning algorithms for Markovchains with scoring.
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9.5.2 Application to the valuation of E(ª( X s; s ¸ t)jX t = x)

We would like to apply an adaptive control variate method to t he numerical valuation
of

E(ª( X s; s ¸ t)jX t = x);

where (X t )t is solution of an Itô stochastic di®erential equation and ª belongs to a class
of functionals related to Feynman Kac representations.
The Monte Carlo method for SDEs o®ers a mean of calculating solutions to certain types
of parabolic partial di®erential equation and so has applications in various ¯elds including
stochastic control, particle physics and econometrics. They are usually used for high di-
mensional problems or when the functionals are complex. Before speaking about an adap-
tive control variate method applied to compute the above expectation, we refer to Newton
[77], where the author develops methods of control variatesand importance sampling for
the valuation of expectations of the above type. In both cases, a perfect variate (e.g.
one which is unbiased and has zero variance) is ¯rst constructed by means of the Funke-
Shevlyakov-Haussmann integral representation theorem forfunctionals of Itô processes.
These involve terms which cannot be computed exactly but which can be approximated
to yield unbiased estimators of the desired integrals with reduced variances.
Typically, to evaluate u(0; x) by Monte Carlo means, whereu(t; x ) = Et;x [g(X T )], the cen-
tred perfect control variate is the stochastic integral Y =

RT
0 r xu(s; X s)¾(s; X s)dWs. In

practice, one uses an approximation ofr xu and a discretization of the stochastic integral.
An alternative centred control variate is v(0; x)+

RT
0 (@t + L)v(s; X s)ds¡ v(T; X T ), where v

approximates u. This has been introduced by Gobet and Maire [40] in an alternative way
(adaptive control variate) to solve the Poisson equation with Dirichlet boundary condi-
tions over square domains. By using the Feynman Kac formula,we can write the solution
of the Poisson equation as an expectation of the above type. Thus, this method is based
on Feynman Kac computations of pointwise solutions combined with a global approxima-
tion on Chebyshev polynomials. Pointwise solutions were computed using walk-on-spheres
(WOS) simulations of stopped Brownian motion, which induces a simulation error due to
the absorption layer thickness. The authors have observed ageometric reduction of both
the simulation error and the variance with the number of steps of the algorithm. The
global error is comparable to standard deterministic spectral methods while avoiding the
resolution of a linear system.
In Gobet and Maire [39], the authors generalise their previous work to the computation
of the above expectation whereX is a linear Markov process with or without absorb-
ing/re°ecting boundary or a jump process. They use an adaptive control variate algorithm
to compute Monte Carlo approximations of solutions of linear partial di®erential equations,
which are connected through the Feynman Kac formula to linear Markov processes (with
or without absorbing/re°ecting boundary) and jump processes. They prove that the bias
and the variance decrease geometrically with the number of steps of their algorithm.
Concerning an adaptive importance sampling method to compute such an expectation, we
refer to Arouna [3]. The author presents an importance sampling scheme based on a para-
metric change of drift which is adaptively selected througha Monte Carlo computation by
using a suitable sequence of approximation (namely, a Robbins Monro type algorithm).
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More precisely, the author aims at computing option prices via Monte Carlo simulations.
By the Girsanov theorem, he introduces a drift term into the expectation de¯ning the
option price. Then, he uses a truncated version of the Robbins Monro algorithm to ¯nd
the drift which optimally reduces the variance. The author proves that for a large class
of payo® functions, this version of the Robbins Monro algorithm converges a.s. to the
optimal drift.

9.6 An algorithm for BSDEs

In the previous section we have seen that, under Hypothesis 9.5, solving the FBSDE (E)
boils down to solving PDE (E). Let u denote the solution of the PDE (E) and (Y; Z) the
solution of the FBSDE (E). The algorithm provides an approximation of u (denoted uk )
and of its gradient @xu (denoted @xuk ). To get (Y k ; Z k ), the approximation of ( Y; Z), we
use the relation (9.6), where the processX has been replaced byX N , the approximation
of X , and u and @xu have been replaced byuk and @xuk

8t 2 [0; T]; Y k
t = uk (t; X N

t ); Z k
t = @xuk (t; X N

t )¾(t; X N
t ): (9.12)

We approximate the processX by using Euler's scheme.X N is de¯ned by X N
0 = x and

8s 2 [0; T]; dX N
s = b(' (s); X N

' (s) )ds + ¾(' (s); X N
' (s) )dWs;

where ' (s) := sup f tk : tk · sg and f 0 = t0 < t 1 < ¢ ¢ ¢< t N = Tg is a regular
subdivision of the interval [0; T]. The time step is denoted h = T

N . Now, we
describe our algorithm to compute iterative approximations (uk )k¸ 0 of the global
solution u. These approximations rely on the computations of E[ª( ~g1; ~g2; X (x))],
where ~g1; ~g2 depend on ©; f and the approximations of uk¡ 1 and their
derivatives, at some points (tk

i ; xk
i )1· i · n = ( tk

i ; xk;1
i ; ¢ ¢ ¢xk;d

i )1· i · n , and where
ª( t; g1(s;¢); g2(¢); X (x)) = g2(X t;x

T ) +
RT

t g1(s; X t;x
s )ds, for some functionsg1 and g2. We

point out that the choice of these points depends on the iteration. At the end of the
description of the algorithm, we will be able to precise how to choose these points.

Initialisation. We begin with u0 ´ 0.

Iteration k, Step 1. Assume that an approximated solution uk¡ 1 of class C1;2

is built at stage k ¡ 1, and that we are able to compute @xuk¡ 1; @2
x uk¡ 1; @t uk¡ 1

at any point ( t; x ). Applying Itô's formula to uk¡ 1 yields uk¡ 1(t; x ) =
E[ª

¡
t; ¡ (@t + L N )uk¡ 1(s;¢); uk¡ 1(T; ¢); X N (x)

¢
], where

L N u(s; X N
s ) =

1
2

X

i;j

[¾¾¤]ij (' (s); X N
' (s) )@

2
x i x j

u(s; X N
s ) +

X

i

bi (' (s); X N
' (s) )@x i u(s; X N

s );

We would like to compute a correction wk = u ¡ uk¡ 1 on this approximation. Using Itô's
formula and the PDE (E) yield u(t; x ) = E[ª ( t; f (s; ¢; u(s;¢); (@xu¾)(s;¢)) ; ©(¢); X (x))] :



104 9. Framework and Hypotheses

Then, we get

wk (t; x ) = E
h
©(X t;x

T ) ¡ uk¡ 1(T; X N;t;x
T )

+
Z T

t
f

¡
s; X t;x

s ; u(s; X t;x
s ); (@xu¾)(s; X t;x

s )
¢

+ ( @t + L N )uk¡ 1(s; X N;t;x
s )dsjGk¡ 1

¸
:

Remark 9.16. As we will see in De¯nition 9.20, Gk¡ 1 is the ¯ltration generated by the
set of all random variables used to builduk¡ 1. In the above equation, we compute the
expectation w.r.t. the law of X and X N and not to the law of uk¡ 1, which is Gk¡ 1

measurable.

However, sinceu is unknown, we are not able to computewk . We introduce a new
correction term ŵk , which corresponds towk after having replacedu by uk¡ 1 in f .

ŵk (t; x ) = E
h
©(X t;x

T ) ¡ uk¡ 1(T; X N;t;x
T )

+
Z T

t
f

¡
s; X t;x

s ; uk¡ 1(s; X t;x
s ); (@xuk¡ 1¾)(s; X t;x

s )
¢

+ ( @t + L N )uk¡ 1(s; X N;t;x
s )ds

¯
¯Gk¡ 1

¸
:

We intend to compute a Monte Carlo approximation of ŵk (t i ; x i ). Consequently, we
have

wk (t; x ) =
1

M

MX

m=1

h
©(X m;k;N

T ) ¡ uk¡ 1(T; X m;k;N
T ) (9.13)

+
Z T

t
f

³
s; X m;k;N

s ; uk¡ 1(s; X m;k;N
s ); (@xuk¡ 1¾)(s; X m;k;N

s )
´

+ ( @t + L N )uk¡ 1(s; X m;k;N
s )ds

¸
;

using M independent simulations of the pathsX m;k;N (x). They are also generated inde-
pendently of everything else. To be as clear as possible, we have removed the superscripts
(t; x ) from X N in the above expectation, but we still deal with processesX N starting from
x at time t. X N is the approximation of X when using Euler scheme, i.e.X N

0 = x and
for t 2 [tk ; tk+1 ]

X N
t = X N

tk
+ b(tk ; X N

tk
)( t ¡ tk ) + ¾(tk ; X N

tk
)(Wt ¡ Wtk ): (9.14)

The above relation enables to easily simulateX N . The computation of the integral in
(9.13) can be done in several ways

² we can approximate the integral with a Riemann summation,

² or with a trapeze integration method,

² we can also use that for any functionf 0,
RT

t f 0(u)du = ( T ¡ t)E(f 0(U)), where U fol-

lows a uniform law on [t; T ], i.e. we can approximateE[
RT

t Ysds] by T ¡ t
M

P M
m=1 Y m

Um .

The ¯rst two methods are quite long, because we need to computethe value of uk¡ 1 and
its derivatives in several points for eachm in f 1; ¢ ¢ ¢; M g. Since we are interested in
approximating an expectation, the last method is more e±cient: for each m, we pick at
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random only one s0 in [t; T ], and we compute the value ofuk¡ 1 and its derivatives in
(s0; X m;k;N

s0 ). Since we compute an average form = 1 ; ¢ ¢ ¢; M , this method doesn't
generate any bias error. However, its variance is bigger than the one we would have
obtained if we had used one of the ¯rst two methods.

Iteration k, Step 2. In order to build a global approximation wk based on the values
wk (tk

i ; xk
i ) i , we use kernel functions. We denote byPn the estimator build from kernel

functions. We admit here that Pn is C1 in time and C2
p in space. We refer to Section 11.3,

page 119, for a detailed explanation of the construction ofPn . The approximation of a
function v(t; x ), denoted Pnv(t; x ) can be written

Pnv(t; x ) =
rn (t; x )
f n (t; x )

g(2T ¸ (B )f n (t; x )) ; (9.15)

where

² rn (t; x ) = 1
nh t hd

x

P n
i =1 K t ( t ¡ Ti

ht
)K x ( x¡ X i

hx
)v(Ti ; X i ),

² f n (t; x ) = 1
nh t hd

x

P n
i =1 K t ( t ¡ Ti

ht
)K x ( x¡ X i

hx
),

² the points (Ti ; X i )1· i · n are uniformly distributed on [0 ; T] £ [¡ a; a]d,

² ¸ (B ) = (2 a)d,

² and g is such that (see Figure 9.1)

g(y) =

8
><

>:

0 if y < 0;
1 if y > 1;

¡ y4 + 2y2 if y 2 [0; 1];
(9.16)
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Figure 9.1: graph ofg

for some positive andC2
p kernel functions K x ; K t . The functions K x ; K t can be chosen

among several kernel functions (see HÄardle [50]) like quartic, triweight, or Gaussian kernels.
The study of these kernels is postponed to Chapter 11. Since we want to solve the PDE
on [0; T] £ Rd, we have to choose the interval [¡ a; a] large enough.
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Remark 9.17. (t; x ) 7¡! P nv(t; x ) is a C1;2
p function, i.e. Pnv is a C1;1 function and

@xx Pnv is piecewise continuous. Then, we can apply Itô's formula to functions de¯ned by
(9.15).

The proof of the convergence of the algorithm has been done using random points
(Ti ; X i )1· i · n changing at each iteration. This means that in fact Pn should be written
P k

n , where k denotes the rank of the iteration. To be precise, at iteration k, we have

P k
n v(t; x ) =

r k
n (t; x )

f k
n (t; x )

g(2T ¸ (B )f k
n (t; x )) ; (9.17)

where

rn (t; x ) =
1

nh t hd
x

nX

i =1

K t

µ
t ¡ T k

i

ht

¶
K x

µ
x ¡ X k

i

hx

¶
v(T k

i ; X k
i );

f k
n (t; x ) =

1
nh t hd

x

nX

i =1

K t

µ
t ¡ T k

i

ht

¶
K x

µ
x ¡ X k

i

hx

¶
;

and the points (T k
i ; X k

i )1· i · n are chosen i.i.d. and independent from the points
(T k0

i ; X k0

i )1· i · n ,for k0 6= k. We compute uk (t; x ) using the following formula

uk (t; x ) = P k
n (uk¡ 1 + wk )( t; x ): (9.18)

This formula enables us to get@xuk (t; x ); @2
x uk (t; x ), and @t uk (t; x ) by computing the

derivative w.r.t. x; t of P k
n (uk¡ 1 + wk )( t; x ). We are now able to precise a little the choice

of the points (T k
i ; X k

i ) i at which wk is to be computed. Looking at (9.18) and (9.17), we
can see that we need the value ofuk¡ 1 and wk at (T k

i ; X k
i ) i . Thus, (tk

i ; xk
i ) i should be

equal to (T k
i ; X k

i ) i .
At this stage, we can proceed to the next iteration. We compute (Y k ; Z k ) with the

following relation

8t 2 [0; T]; Y k
t = uk (t; X N

t ); Z k
t = ( @xuk¾)( t; X N

t ):

Remark 9.18. We need to build an estimator which isC1 in time and C2
p in space since

we apply Itô's formula to the functions uk ; k ¸ 0 (see Iteration k, Step 1), and uk is built
by using P k

n (see (9.18)).

Remark 9.19. Sinceuk is computed using (9.18),uk is a random variable depending on
the points f (T k

i ; X k
i )1· i · ng used by P k

n , the random variables needed to computeuk¡ 1,
and the processesX m;k;N (xk

i ), 1 · m · M; 1 · i · n appearing in the computation of yk .

De¯nition 9.20 (De¯nition of the ¯ltration Gk ). Let Gk de¯ne the ¯ltration generated
by the set of all random variables used to builduk . Using (9.18), we can write

Gk = Gk¡ 1 _ ¾(A k ; Sk );

where A k := f (T k
i ; X k

i )1· i · ng, the set of random points used at stepk to build the
estimator P k

n , Sk := f X m;k;N (xk
i ); 1 · m · M; 1 · i · ng, the set of independent

simulations of the paths X m;k;N (xk
i ), and Gk¡ 1 is the ¯ltration generated by the set of all

random variables used to builduk¡ 1.



9.7. Pros and cons of our algorithm - Comparison with the other techniques 107

9.7 Pros and cons of our algorithm - Comparison with the
other techniques

As we said in the introduction of Part III, there exist several techniques for numerically
solving BSDEs. We can list them into three categories

1. the ones which solve the associated PDE with a ¯nite di®erence approximation (e.g.
Ma et al. [74]) ,

2. the ones which solve the dynamic programming equation with Monte Carlo methods
Y N

tN
= ©( X N

tN
) and

Y N
tk

= Etk (Y N
tk +1

) + hEtk f (tk ; X N
tk

; Y N
tk +1

; Z N
tk

);

hZ N
tk

= Etk (Y N
tk +1

¢ W ¤
k );

where Etk is the conditional expectation w.r.t. F tk , and X N satis¯es (9.14).
Bouchard and Touzi [15] simulates these equations using Malliavin calculus tech-
niques, while Gobet et al. [45] use empirical regression techniques in the spirit of
Longsta®-Schwartz algorithm for American options.

3. the ones which use a quantization technique (e.g. Chevance [21], Bally and Pagµes
[6], Delarue and Menozzi [24]) to implement the dynamic programming equation.

Let us present the advantages and drawbacks of the three methods listed above. The
method consisting of solving the associated PDE through a ¯nite di®erence approximation
doesn't perform well in high dimension. The quantization technique presented in Delarue
and Menozzi [24] can be used for solving high dimensional problems. However the algo-
rithm provides piecewise constant solutions on cells. The algorithms using Monte Carlo
tools and the above dynamic programming equation provide regular solutions in space for
each time steptk . However, the variance of the solutions are not robust inN , i.e. their
values blow up whenN tends to 1 . Bouchard and Touzi [15] compute the conditional
expectations appearing in the dynamic programming equation by using Malliavin calculus
integration by parts. The weights computed with Malliavin c alculus require a lot of com-
putational time. These algorithms based on the dynamic programming equation do not
take advantage of the time regularity of the solution, and this is a major di®erence with
ours.
Our algorithm provides a regular solution in space AND in time. Moreover, we use Monte
Carlo methods which still run well in high dimensions and which are quite accurate here
since we use adaptive control variates. However, the operator P depends on the dimension,
which will probably a®ects the speed of the algorithm.

9.8 Glimpse of the ingredients for the proof of the conver-
gence

For proving the convergence of the algorithm, we need to bound Pnv ¡ v and @x (Pnv) ¡
@xv in a weighted Sobolev normk¢k2H ¹

¯;X
, which depends on¯ , appearing in the de¯nition
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of the spaceH2
T;¯ introduced in Section 9. Thek¢k̄ norm, associated to this space, enables

to state a priori estimates for BSDEs:

kvk2
H ¹

¯;X
=

Z T

0

Z

Rd
e¡ ¹ jx j ē s Ejv(s; X x

s )j2dxds:

This choice of norm is crucial. This norm also depends on¹ , a parameter which appears in
the technical PDE results of Part II. Since the building of Pn is based on a kernel estimator,
the error kPnv ¡ vk2

H ¹
¯;X

will be bounded by terms of order h2
t ; h4

x and ±n = 1
nh t hd

x
. This

result comes from the study ofE[ r n (t;x )
f n (t;x ) ¡ v(t; x )]2, where r n (t;x )

f n (t;x ) corresponds to a standard

kernel estimator (see the beginning of Chapter 11). To boundE[ r n (t;x )
f n (t;x ) ¡ v(t; x )]2, we split

it in two terms: the bias error ( E[ r n (t;x )
f n (t;x ) ¡ v(t; x )])2 and the variance error Var( r n (t;x )

f n (t;x ) ).

The bias error is bounded by terms of orderh2
t and h4

x . The variance error provides an
error of order ±n = 1

nh t hd
x
. SincePnv(t; x ) corresponds to r n (t;x )

f n (t;x ) g(2T ¸ (B )f n (t; x )), which

is not an estimator studied in the literature, we detail the computations of kPnv ¡ vk2
H ¹

¯;X

in Chapter 11.
Moreover, the k¢k2H ¹

¯;X
norm involves the trajectory of the processX which take values in

Rd. Since we numerically choose the points (Ti ; X i )1· i · n in [0; T] £ [¡ a; a]d, some errors
linked to the truncation induced by the kernel function appear. They are of order ht and
hx . They also depend ona; ¹ and ¯ . We refer to Theorem 12.42 for an overview of the
upper bound for kPnv ¡ vk2

H ¹
¯;X

.

The study of k@x (Pnv) ¡ @xvk2
H ¹

¯;X
leads to error terms of orderh2

x , ±n = 1
nh t hd+2

x
, coming

from E[@x r n (t;x )
f n (t;x ) ¡ @xv(t; x )]2. The truncation error terms are of order ht

hx
and 1

hx
.



Chapter 10

Regression Analysis

We refer the reader to GyÄor¯ et al. [47], Chapter 1 to get a more detailed introduction
on regression analysis, and to GyÄor¯ et al. [47], Chapter 2 and HÄardle [50] for more details
on non parametric regression.

10.1 Introduction

In regression analysis, one considers a random vector (X; Y ), where X is Rd-valued and
Y is R-valued, and one is interested in how the value of the so-calledresponse variableY
depends on the value of the observation vectorX . This means that one wants to ¯nd a
measurable function f : Rd ! R, such that f (X ) is a \good approximation of Y ", that
is, f (X ) should be close toY in some sense, which is equivalent to makingjf (X ) ¡ Y j
\small". Since X and Y are random vectors,jf (X ) ¡ Y j is random as well, therefore we
introduce the so-calledL2 risk or mean squared errorof f ,

Ejf (X ) ¡ Y j2;

and we try to make it as small as possible. So, we are interested in ¯nding a (measurable)
function m? : Rd ! R such that

Ejm?(X ) ¡ Y j2 = min
f :Rd ! R

Ejf (X ) ¡ Y j2:

We can easily check that

m(x) = E(Y jX = x)

minimises the L2 risk. m is called the regression function.

Practically, the distribution of ( X; Y ) (and hence the regression function) is usually
unknown. Therefore it is impossible to predict Y using m(X ). But it is often possible
to observe data according to the distribution of (X; Y ) and to estimate the regression
function from these data. More precisely, let (X 1; Y1); ¢ ¢ ¢; (X n ; Yn ) be i.i.d. random
variables following the law of (X; Y ) with EY 2 < 1 . Let Dn be the set of data de¯ned
by Dn = f (X 1; Y1); ¢ ¢ ¢; (X n ; Yn )g. In the regression function estimation one uses the data

109
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Dn to construct an estimate mn : Rd ! R of the regression functionm.
In general, estimates won't be equal to the regression function. To compare di®erent
estimates, we need an error criterion to measure the di®erence between the regression
function and an arbitrary estimate mn . In the literature, several distinct error criteria are
used, like the pointwise error, the supremum norm error, andthe Lp error

Z

C
jmn (x) ¡ m(x)jpdx;

where the integration is performed w.r.t. the Lebesgue measure, C is a ¯xed subset ofRd,
and p ¸ 1 is arbitrary (often p = 2 is used). Recall that the main goal is to ¯nd a function
f such that the L2 risk Ejf (X ) ¡ Y j2 is small. The minimal value of this L2 risk is reached
by the regression functionm. One can show that the L2 risk E[jmn (X ) ¡ Y j2

¯
¯Dn ] of an

estimate mn satis¯es

E[jmn (X ) ¡ Y j2
¯
¯Dn ] =

Z

Rd
jmn (x) ¡ m(x)j2¹ (dx) + Ejm(X ) ¡ Y j2;

where ¹ denotes the distribution of X . Thus, the L2 risk of an estimate mn is close to the
optimal value if and only if the L2 error

Z

Rd
jmn (x) ¡ m(x)j2¹ (dx) (10.1)

is close to zero. Therefore, we will use theL2 error (10.1) in order to measure the quality
of an estimate.

10.2 Consistency

Now, we de¯ne the modes of convergence of the regression estimates usually used. The
¯rst and weakest property an estimate should satisfy is the following: as the sample
size grows, the estimator should converge to the estimated quantity, i.e., the error of the
estimate should converge to zero for a sample size tending toin¯nity. Such estimates
are called consistent. To measure the error of a regression estimate, we use theL2 error
de¯ned in (10.1).
The estimate mn depends on the dataDn , so theL2 error (10.1) is a random variable. We
are interested in the convergence in mean of this random variable to zero as well as in the
almost sure convergence of this random variable to zero.

De¯nition 10.1. A sequence of regression function estimatesf mng is called strongly
consistent for a certain distribution of (X; Y ), if

lim
n!1

Z
(mn (x) ¡ m(x))2¹ (dx) = 0 ; with probability one.

A regression function estimate may be consistent for a certain class of distributions
of (X; Y ), but not consistent for others. It is clearly desirable to have estimates that
are consistent for a large class of distributions. We are interested in distribution-free or
universal properties of mn . The concept of universal consistency is important in non
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parametric regression because the mere use of a non parametric estimate is normally a
consequence of a partial or total lack of information about the distribution of ( X; Y ).
Since in many situations we do not have any prior information about the distribution,
it is essential to have estimates that perform well for all distributions. This very strong
requirement of universal goodness is formulated as follows

De¯nition 10.2. A sequence of regression function estimatesf mng is called weakly
universally consistent (resp. strongly universally consistent ) if it is weakly (resp.
strongly) consistent for all distributions of ( X; Y ) with E(Y 2) < 1 .

10.3 Rate of convergence

If an estimate is universally consistent, then theL2 error of the estimate converges to
zero for a sample size tending to in¯nity, regardless of the true underlying distribution of
(X; Y ). But this says nothing about how fast this happens. Clearly, it is desirable to have
estimates for which the L2 error converges to zero as fast as possible.
To study the rate of convergence of an estimatemn , we look at the expectation of theL2

error

E
Z

jmn (x) ¡ m(x)j2¹ (dx): (10.2)

A natural question to ask is whether there exist estimates for which (10.2) converges to zero
at some ¯xed, nontrivial rate for all distributions of ( X; Y ). Unfortunately, such estimates
do not exist, i.e., for any estimate the rate of convergence may be arbitrarily slow. In
order to get nontrivial rates of convergence, one has to restrict the class of distributions,
e.g., by imposing some smoothness assumptions on the regression function.

10.4 Parametric Estimation

The classical approach for estimating a regression function is the so-called parametric
regression function. Here, one assumes that the structure of the regression function is
known and depends only on ¯nitely many parameters, and one uses the data to estimate
the (unknown) values of these parameters.
The linear regression estimate is an example of such an estimate. In linear regression,
one assumes that the regression function is a linear combination of the components of
x = ( x1; ¢ ¢ ¢; xd), i.e.

m(x1; ¢ ¢ ¢; xd) = a0 +
dX

i =1

ai x i ((x1; ¢ ¢ ¢; xd) 2 Rd)

for some unknowna0; ¢ ¢ ¢; ad 2 R. Then, one uses the data to estimate these parameters,
e.g., by applying the least square principle, where one chooses the coe±cientsa0; ¢ ¢ ¢; ad

of the linear function such that it best ¯ts the given data:

(â0; ¢ ¢ ¢; âd) = arg min
a0 ;¢¢¢;ad 2 Rd

8
<

:
1
n

nX

j =1

¯
¯
¯
¯
¯
Yj ¡ a0 ¡

dX

i =1

ai X i
j

¯
¯
¯
¯
¯

2
9
=

;
:
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Here X i
j denotes thei -th component of X j . Finally, one de¯nes the estimate by

m̂n (x) = â0 +
dX

i =1

âi x i ((x1; ¢ ¢ ¢; xd) 2 Rd):

Parametric estimates usually depend on few parameters, therefore they are suitable even
for small sample sizesn, if the parametric model is appropriately chosen. Furthermore,
they are often easy to interpret. For instance, in a linear model, the absolute value of the
coe±cient âi indicates how much thei -th component of X a®ects the value ofY , and the
sign of âi describes the nature of the in°uence (increases or decreasesthe value of Y ).
However, parametric estimates have a big drawback. Regardless of the data, a parametric
estimate cannot approximate the regression function better than the best function which
has the assumed parametric structure. For example, a linearregression estimate will
produce a large error for every sample size, if the true underlying regression function is
not linear and cannot be well approximated by linear functions.
For univariate X , one can often use a plot of the data to choose a proper parametric
estimate. For multivariate X , there is no easy way to visualise the data. Thus, especially
for multivariate X , it is not clear how to choose a proper form of a parametric estimate,
and a wrong form will undoubtedly lead to a bad estimate. This in°exibility concerning
the structure of the regression function is avoided by so-called non parametric regression
estimates.

10.5 Non parametric Regression

In this section, we describe four paradigms of nonparametric regression :local averag-
ing , local modelling , global modelling (or least square estimation ) and penalised
modelling . Recall that the data can be written as

Yi = m(X i ) + ² i ; i = 1 ; ¢ ¢ ¢; n:

where² i = Yi ¡ m(X i ) satis¯es E(² i
¯
¯X i ) = 0. Thus, Yi can be considered as the sum of the

value of the regression function atX i and some error² i where the expected value of the
error is zero. This motivates the construction of the estimates by local averaging , i.e.
estimation of m(x) by the average of thoseYi where X i is \close" to x. Such an estimate
can be written as

mn (x) =
nX

i =1

Wn;i (x) ¢Yi ;

where the weightsWn;i (x) = Wn;i (x; X 1; ¢ ¢ ¢; X n ) 2 R depend onX 1; ¢ ¢ ¢; X n . Usually the
weights are nonnegative andWn;i (x) is \small" if X i is \far" from x.
An example of such an estimate is thepartitioning estimate. Here, one chooses a ¯nite or
countably in¯nite partition Pn = f An;1; An;2; ¢ ¢ ¢ gof Rd consisting of Boole setsAn;j µ Rd

and de¯nes, for x 2 An;j , the estimate by averagingYi 's when the correspondingX i 's is
in An;j , i.e.

mn (x) =

P n
i =1 1X i 2 A n;j YiP n

i =1 1X i 2 A n;j

for x 2 An;j :
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where 1A is the indicator function of the A set, soWn;i (x) =
1X i 2 A n;jP n

i =1 1X i 2 A n;j
, for x 2 An;j .

We use the convention0
0 = 0.

The second example of a local averaging estimate is theNadaraya-Watson estimate. Let
K : Rd ! R+ be a so-called kernel function, and leth > 0 be a given bandwidth. The
kernel estimate is de¯ned by

mn (x) =

P n
i =1 K

³
x¡ X i

h

´
Yi

P n
i =1 K

³
x¡ X i

h

´ ; (10.3)

so Wn;i (x) =
K

³
x ¡ X i

h

´

P n
j =1 K

³ x ¡ X j
h

´ : If one uses the naive kernelK (x) = 1jx j· 1, then

mn (x) =

P n
i =1 1jx¡ X i j· hYiP n

i =1 1jx¡ X i j· h
; (10.4)

i.e. one estimatesm(x) by averaging Yi 's such that the distance betweenX i and x is not
greater than h. Fore more generalK : Rd ! R+ one uses a weighted average of theYi ,
where the weight ofYi depends on the distance betweenX i and x.
The kernel estimate (10.3) can be considered as locally ¯tting a constant to the data. In
fact, it is easy to see ( GyÄor¯ et al. [47], Problem 2.2, page 29) that one has

mn (x) = arg min
c2 R

1
n

nX

i =1

K
µ

x ¡ X i

h

¶
(Yi ¡ c)2:

A generalisation of this leads to thelocal modelling paradigm: instead of locally ¯tting
a constant to the data, one locally ¯ts a more general functionwhich depends on several
parameters. Let g(¢; f akgl

k=1 ) : Rd ! R be a function depending on the parameters
f akgl

k=1 . For each x 2 Rd, choose the values of these parameters by a local least square
criterion

f âk (x)gl
k=1 = arg min

f ak gl
k =1

1
n

nX

i =1

K
µ

x ¡ X i

h

¶
(Yi ¡ g(X i ; f akgl

k=1 ))2:

Evaluate the function g for these parameters at the pointx and use this as an estimate of
m(x):

mn (x) = g(x; f âk (x)gl
k=1 ):

The most popular example of a local modelling estimate is thelocal polynomial kernel
estimate. Here, one locally ¯ts a polynomial to the data. For example, for d = 1, X is
real-valued and g(x; f ak (x)gl

k=1 ) =
P l

k=1 akxk¡ 1.
A generalisation of the partitioning estimate leads to global modelling or least square
estimates . Let Pn = f An;1; An;2; ¢ ¢ ¢ gbe a partition of Rd and let Gn be the set of all
piecewise constant functions with respect to the partition, i.e.,

Gn =

8
<

:

X

j

aj 1A n;j : aj 2 R

9
=

;
: (10.5)
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Then, it is easy to see (GyÄor¯ et al. [47], Problem 2.3 page 29) that the partitioning
estimate (10.4) satis¯es

mn (¢) = arg min
f 2Gn

(
1
n

nX

i =1

jf (X i ) ¡ Yi j2
)

: (10.6)

Hence, it minimises the empiricalL 2 risk

1
n

nX

i =1

jf (X i ) ¡ Yi j2 (10.7)

over Gn . Least square estimates are de¯ned by minimising the empirical L2 risk over a
general set of functionsGn (instead of (10.5)). Observe that it doesn't make sense to
minimise (10.7) over all (measurable) functionsf , because this may lead to a function
which interpolates the data and hence is not a reasonable estimate. Thus, one has to
restrict the set of functions over which one minimises the empirical L2 risk. Examples of
possible choices for the setGn are sets of piecewise polynomials w.r.t. a partitionPn or
sets of smooth piecewise polynomials (splines). The use of spline spaces ensures that the
estimate is a smooth function.
Instead of restricting the set of functions over which one minimises, one can also add a
penalty term to the functional to be minimised. Let Jn (f ) ¸ 0 be a term penalising the
\roughness" of a function f . The penalised modelling or penalised least square
estimate mn is de¯ned by

mn = arg min
f

(
1
n

nX

i =1

jf (X i ) ¡ Yi j2 + Jn (f )

)

; (10.8)

where one minimises over all measurable functionsf . A popular choice for Jn (f ) in the
cased = 1 is

Jn (f ) = ¸ n

Z
jf 00(t)j2dt;

where ¸ n is some positive constant.

10.6 Bias-Variance Tradeo®

Let mn be an arbitrary estimate. For any x 2 Rd, we can write the expected error of
mn at x as

E[jmn (x) ¡ m(x)j2] = E[jmn (x) ¡ E[mn (x)]j2] + jE[mn (x)] ¡ m(x)j2

= Var( mn (x)) + jBias(mn (x)) j2:

This also leads to a similar decomposition of the followingL2 norm

E[
Z

jmn (x) ¡ m(x)j2¹ (dx) =
Z

E[jmn (x) ¡ m(x)j2]¹ (dx)

=
Z

Var( mn (x)) ¹ (dx) +
Z

jBias(mn (x)) j2¹ (dx):
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The importance of these decompositions is that the integrated variance and the integrated
squared bias depend in opposite ways on the wiggliness of an estimate. If one increases the
wiggliness of an estimate, then usually the integrated biaswill decrease, but the integrated
variance will increase (so-calledbias-variance tradeo® ). For the naive kernel (10.4) and
under regularity conditions on the underlying distributio n, one has

Z
Var( mn (x)) ¹ (dx) = c1

1
nhd + o

µ
1

nhd

¶
;

Z
jBias(mn (x)) j2¹ (dx) = c2h2 + o(h2):

Here, h denotes the bandwidth of the kernel estimate which controlsthe wiggliness of
the estimate, c1 is some constant depending on the conditional variance Var(¢

¯
¯X = x),

the regression function is assumed to be Lipschitz continuous and c2 is some constant
depending on the Lipschitz constant. The valueh? of the bandwidth for which the sum of
the integrated variance and the squared bias is minimal depends on c1 and c2. Since the
underlying distribution, and hence c1 and c2, are unknown, in applications it is important
to have methods which choose the bandwidth automatically using only the data Dn . Such
methods are described in GyÄor¯ et al. [47], Part 2.4 page 26.





Chapter 11

Kernel Estimates

The preceding chapter was devoted to introducing the regression method, and particu-
larly the nonparametric regression. We have presented fourparadigms of nonparametric
regression. In this chapter, we focus on a local averaging estimate : the Nadaraya-Watson
estimate. The chapter is organised as follows : ¯rst, we present di®erent kernel functions.
Then, we state a result on the consistency of kernel estimates and on the rate of conver-
gence for a naive kernel. Finally, we build the estimatorPn , required by our algorithm
(see 9.15), from the regression functionmn described in the preceding section and give
some properties onPn .

11.1 Introduction

The kernel estimate of a regression function takes the form,for x 2 Rd

mn (x) =

P n
i =1 K

³
x¡ X i

hn

´
Yi

P n
i =1 K

³
x¡ X i

hn

´ =
nX

i =1

Wn;i (x)Yi : (11.1)

The second equality shows that the Nadaraya-Watson estimator can be seen as a weighted
(local) average of the response variablesYi (note 1

n

P n
i =1 Wn;i (x) = 1). In fact, the

Nadaraya-Watson estimator shares this weighted local average property with several other
smoothing techniques, e.g. k-nearest neighbour and spline smoothing (see HÄardle [50],
Sections 3.2 and 3.4). Here, the bandwidthhn > 0 depends only on the sample sizen,
and the function K : Rd ! R+ is called a kernel. See Table 11.1 for some examples.

² Note that the bandwidth hn determines the degree of smoothness ofmn . To see this,
let hn go to either extreme. If hn ! 0, then Wn;i ! n if x = X i and is not de¯ned
elsewhere. Hence, at an observationX i , mn (X i ) ! Yi , i.e. we get an interpolation
of the data. On the other hand, if hn ! 1 , then Wn;i ! 1 for all values of x, and
mn (X i ) ! Y , i.e. the estimator is a constant function that assigns the sample mean
of Y to each x. Choosinghn such that a good compromise between over and under
smoothing is achieved, is a burning issue.

² If the denominator is equal to zero, the numerator is also equal to zero, and the
estimate is set to zero.
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