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R&sum§

Deux thgmatiques di®%rentes des probabilitgs numgngs et de leurs applications -
nancigres sont abordges dans ma thgse : I'une traite deiproximation et de la simulation
d'®quations di®grentielles stochastiques rgtrograde(EDSR), I'autre est life aux options
amSricaines et les aborde du point de vue de l'optimisatiorde domaine et des perturba-
tions de frontigre.

La premigre partie de ma thpse revisite la question d'angke de convergence dans la
discrgtisation en temps d' EDSR markoviennes Y; Z) en une §quation de programmation
dynamique den pas de temps. Nous §tablissons un dgveloppement limit# lfordre 1 de
I'erreur sur (Y;Z) : preciskment, l'erreur trajectorielle sur X se transfgre intggralement
sur I'EDSR et montre ainsi que siX est approch® avec pr§cision ou simul§ exactement, de
meilleures vitesses sont possibles (en=h).

La seconde partie de ma thgse s'intgresse p la rgsolutides EDSR via le proc§d® de Picard
et les m§thodes de Monte Carlo sBquentielles. Nous avonsontr§ que la convergence de
notre algorithme a lieu p vitesse ggom®triqgue et avec ungrgcision indgpendante au ler
ordre du nombre de simulations.

La dernigre partie de ma thgse regroupe des premiers r§suis sur la valorisation d'options
americaines par optimisation de la frontigre d'exercicelLa cl§ de voate de ce type d'ap-
proche est la capacit§ p §valuer un gradient par rapportla frontigre. Le temps continu
a §tg traitg par Costantini et al (2006) et cette thpse cavre le cas discret des options
Bermuda.

Abstract

My thesis deals with two di®erent themes of numerical probabities and their nancial
applications : the rst one is the approximation and the simulation of backward stochastic
di®erential equations (BSDE). The second one concerns the Aenican options and tackle
their pricing using domain optimization and boundary perturbations.

The “rst part of my thesis analyzes the convergence of the timediscretization (via a n
steps dynamic programming equation) of markovian BSDE {; Z). We establish a Taylor
expansion for the error on (Y;Z) : it strongly depends on the error on X. Had we been
able to perfectly simulate X , we would have obtained an error on ¥; Z) of order 1=n.
The second part of my thesis is devoted to solving BSDE using Rard's procedure and
a sequential Monte Carlo method. We prove that our algorithm converges geometrically
fast. Moreover, the accuracy is independent (at the rst orde) of the number of Monte
Carlo simulations.

The last part of my thesis presents basic results on the prigcig of American options using
an optimization of the exercise region. The keystone of suclan approach is the ability of
computing a gradient w.r.t the boundary. In continuous time, this work has been done by
Costantini et al (2006). This thesis deals with the discretetime.
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Introduction

La thpse que je prsente se dgcompose en gquatre partiegpbu moins distinctes, mais qui
appartiennent toutes au vaste domaine des probabilitgs nmngriques et de leur utilisation en
‘nance. Les deux th®matiques principales sont les §quatis di®rentielles stochastiques
rétrogrades (notges EDSR par la suite) et les options amfgaines. La premigre partie
est consacrge au dgveloppement de l'erreur commise lore da discrgtisation d' EDSR.
Dans la seconde partie, nous rappelons et §tablissons deBsultats techniques ligs p la
densitg de transition d'un processus de di®usion et de sontdima d' Euler, rgsultats que
nous utiliserons dans la troisipme partie. Celle-ci prgsge un algorithme de rgsolution
numgrique des EDSR bas$ sur une m§thode de Monte Carloggfentielle. Dans la dernigre
partie, nous dgveloppons une technique de valorisation deoptions amgricaines via un
calcul de sensibilit® sur des domaines.

M@thodes num@riques pour les EDSR

Les EDSR ont §t§ introduites par J.M. Bismut en 1973 dans Hrticle Bismut [14]. Cet
article concernait le contréle stochastique optimal et laversion probabiliste du principe
du maximum de Pontryagin. Le premier rgsultat ggn§ral cacernant les EDSR date de
1990, il est d0 p E. Pardoux et S. Peng (voir Pardoux and Pend81]). C'est en 1997 que
N. El Karoui, S. Peng et M.C. Quenez ®crivent l'article fondateur de I'application des
EDSR p la nance (voir El Karoui et al. [27]), article que nous citerons maintes fois au
cours de ce manuscrit. Dans cette thgse, nous nous intgszsons plus particuligrement aux
m$thodes numgriques de simulation des EDSR, p la vitesske convergence des sch§mas
numgriques et nous prgsenterons un algorithme de r§soion des EDSR qui utilise une
technique de Monte Carlo sg§quentielle. Dans les parties 1), et Ill, nous considgrerons des
EDSR markoviennes du type

i dYr = (XY Zodti ZedWe; Y1 = O( X 1), (1)

oM le processuX satisfait I'gquation progressive
YA t YA t
Xi=x+ b(s; Xs)ds+ Y{s; Xs)dWs: 2)
0 0

Nous supposerons aussi qu¥ est p valeurs dansRY, Y p valeurs dansR et Z p valeurs
dans RY.

11
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D8@veloppement de I'erreur commise lors de la discr§tisat ion d' EDSR

Le but de cette premigre partie est d'®tudier I'approximaion en temps du triplet
(X;Y;Z), approximation que nous noterons X N:YN:zZN) Nous discrtisonsX grace
p un sch®ma d'Euler en temps continu gN pas de temps {(« = kh)o. k. n, OH h = % :
XN =xet

8t 2 [tistira s XY = Xg + bt X (i t) + Yt X (We i We,):
L'®quation (1) est approchg§e de manigre r§trograde paYt’;l =O( Xt’}'q) et

hz{ =E, (Y, ¢ WR); (3)

op E;, d®signe I'esp®rance conditionnelle par rapport ¢, , et ¢ Wy = Wy, ., i W, . Il est
bien connu que l'erreurX N j X en normelP est d'ordre 191W Les rgsultats de cette partie
concernent les erreurs YN j Y;ZN i Z), mesurges en normd.P et presque strement.
Les r@sultats en normelLP prgsent®s dans le thBorgme 2.3 sont une ggngralisatide ceux
obtenus par Zhang [94] poump = 2. Notre thgorgme §tablit, sous des hypothgses d'efiticitg
de ¥et de bornitude des fonctionsb, ¥ f et ©, que l'erreur
? A'Xi 1Z ti+1 ! °
ep(N) = 4 max Ej¥y i Y jP+E t jZ i Zijdt S
k=0

No
Tl

est d'ordre 191W
Les r@sultats donnant un d§veloppement presque sor desreurs (YN j Y;zN | 2),
®noncks dans les thgorpmes 2.4 et 2.5, nous assurent gaas des hypothgses plus fortes
de dgrivabilitg et de bornitude des fonctionsb, ¥ f et ©, nous avons
TR |
N . — A . N . 1
Yoo i Yoo =Aa(ti; X )(Xq, i X )+ O
M
Z8 i Zy = Roltic X )X i Xy )+ O

N T OUXE i X )
1 1
N + O(th'\: [ thjz)i
pour des fonctionsA; et A, explicites.
Bien sor, puisquertNk i XtJ estde l'ordre deislW en normeLP, nous retrouvons bien

que l'erreur forte e;(N) est d'ordre plﬁ Mais notre rgsultat montre surtout que les er-

reurs (YN j Y;ZN i Z) d&pendent principalement de I'erreur trajectorielle canmise lors
de la discrtisation deX . Cela apporte p notre avis un §clairage nouveau sur l'apjoxi-
mation des EDSR, car il §tait commun®ment admis que I'errar est d'ordre 191W du fait de
I'Bquation de programmation dynamique (3). Nous montronsainsi qu'il n' en n'est rien.
Notamment dans le cas opX se simule de manigre exacte aux instantgy), (comme dans
le cas du mouvement Brownien arithm§tique ou ggom®trige, ou des processus d'Ornstein
Uhlenbeck), les erreurs surY et Z sont d'ordre Ni Cela ravive l'intgrét pour des schmas
de discrgtisation deX d'ordre 1, comme le schgma de Milshtein.

La premigre partie s'articule donc comme suit : le chapitrel concerne l'introduction du
problgme et rappelle les prgcgdents travaux rgalis®sir ce sujet. Le chapitre 2 prgsente les
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rgsultats principaux brigvement expos®s ci-dessus, anque des exp®riences numgriques
corroborant les rgsultats th§oriques. Les chapitres 3, £t 5 contiennent respectivement
les preuves des th®orgmes 2.3, 2.4 and 2.5. Ces preuvesisdnt des techniques d'analyse
stochastique, combinant des proprigt§s sur les martindas et du calcul de Malliavin.

Algorithme num8rique pour la simulation des EDSR

La troisigme partie de cette thpse prsente un algorithen numgrique simulant une ap-
proximation de (Y; Z), solution de (1). Cet algorithme est bas® sur une mgthodee Monte
Carlo sgquentielle et le principe d'itgration de Picard.Plusieurs autres m§thodes ont d§ja
®t€ propos®es dans la littrature : Ma, Protter, and Yog [74], Bally and Pages [6], Dela-
rue and Menozzi [24], Bouchard and Touzi [15], Zhang [94], Gzet, Lemor, and Warin [45]
et Bender and Denk [11]. Nous reviendrons plus en d§tails sues di®§rents algorithmes
prgsent®s dans ces articles en introduction de la partielll Disons simplement qu'elles
s‘appuient principalement sur le principe de programmatian dynamique (3) alors que nous
exploitons plutét le principe de contraction de Picard.

Description de l'algorithme

L'algorithme num®rique que nous prgsentons ici ne rgsoypas p proprement parler
I'EDSR (1), mais il nous renvoie une solution approch§e de'§quation aux dgrivges par-
tielles (not§e EDP par la suite) semilingaire associge gette EDSR

@u(t;x)+ Lu(t;x)+ f(tx;u(t;x); (@Qu¥(t;x)) =0;

B u(T;x) = ©(x);

ouL est d® ni par
1 X X
Leou(tx)= 5 [ EX)@ utx)+  B(EX)@u(t x):
i i

Les rgsultats liant les EDP semilingaires et les EDSR senb rappel§s dans la section 9.4.
lls sont dis p Pardoux and Peng [82] entre autres. Nous powns aussi trouver certaines
preuves dans El Karoui et al. [27]. Plus recemment, Delaruand Menozzi [24] ont pr§sent®
un rgsultat liant les solutions d' EDSR aux solutions d' EDP quasilingaires. C'est de ce
rgsultat que nous dgduisons le th§orgme 9.14, page 98gbrgme que nous utiliserons tout
au long de cette partie : Sib; ¥et f sont des fonctions lipschitziennes et bornges, $hest
uniform®ment elliptique et si © est de classég"@ (® 2]0; 1]), alors la solution u de I'EDP
(E) est C;%. De plus, (Yi; Z)o. . T solution de (1) satisfait

8t 2 [0;T] (Yi;Ze) = (u(t; X¢); @Qu(t; X )3t X)) 4)

Nous noteronsug l'approximation de u fournie par notre algorithme g l'it§ration k. En
simulant X via un schma d'Euler, nous dgduisons de (4) une approxintian de Y, notge
YK, et d§ nie par YK = u(t; X V).
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Nous sommes jusqu'p prgsent restgs volontairement agseagues sur la manigre dont
nous construisons pratiguementuy. Le temps est venu de nous expliquer. A chaque gtape
k, nous calculonsuy sur une grille de points (Ti;Xi)1. i. n, puis nous utilisons un
op®rateur P, rgulier et facilement di®grentiable, de type estimater p noyaux, pour
construire ux en tout point d'un pavg de [0;T] £ RY. Comme P est rggulier, il nous
permet de calculer @Quy, et donc d'en dgduireZ{ grace p (4), i.e.Zf = (@QukAA(t X N).
Les estimateurs p noyaux, et plus ggng§ralement les teclyues de rggression lingaire et
non lingaire seront prgsent§s aux chapitres 10 et 11, gags les ouvrages GyAr, Kohler,
Krzy zak, and Walk [47] et HArdle [50].

Pour nir la description de notre algorithme, il nous faut expliquer le passage d' une
itBration p l'autre. Au lieu de d®crire directement I'algorithme que nous avons implgment§
et §tudi®, nous allons d'abord proposer un premier algotihme, plus simple, mais qui per-
mettra de comprendre le cheminement des id§es telles quet nous sont apparues. Une
premigre id§e consiste p utiliser le principe d'itgrabn de Picard, d§crit dans le corollaire
2:1 de El Karoui et al. [27]. L'idge est la suivante : nous pouvos $crire grace p (1)

Z -
Ye= E[O(X7)+  f(siXs; Ysi Zs)ds Ful:
t

En utilisant (4), I'Bquation prgcgdente devient
Zq
u(t;x) = Exx[O(X 1) + f(s; Xs; u(s; Xs); (@Qu¥j(s; Xs))ds];
t

op Eix signi e que I'on calcule une esp®rance sachant que le proses X part de x ent.
En supposant qu'p l'itgration ki 1 nous connaissonsiy; 1 et sa premigre dgrivge en temps,
un bon candidat pour ux serait
Z 1
Eex [O(XT) + t f(s; Xs;Uk; 1(s; Xs); (@Qui; 1%)(s; X)) ds]: ()

Bien entendu, le calcul numgrique de cette esp$rance setfpar une mgthode de Monte
Carlo, et le processusX est remplacg par son approximationX N. Nous constatons ici
gue le calcul direct de@Quy semble ditcile. L'idge préc®demment exposte de calculey
en une grille de points, de le rggulariser via l'opgrateul? semble donc &tre une bonne
idge. Ce premier algorithme sera §tudi§ et compar$ au sand algorithme, dgcrit quelques
lignes plus bas, dans le chapitre 15.

A n d'am®liorer drastiquement la performance de l'algorithme ci-dessus, nous avons
mis en oeuvre une m&thode de Monte Carlo s§quentielle (owdaptative). Cette technique
a Bt§ utiliske par Gobet and Maire [39] pour rgsoudre deEDP lingaires, liges par la
formule de Feynman-Kac p des espgrances de fonctionnellds processus de Markov. Plus
précisgment, cette technique peut étre vue comme une rtifode de variable de contréle
adaptative, car elle va nous permettre, en soustrayant et erajoutant un terme p (5), de
réduire la variance du terme de (5) dont on souhaite calculel'esp§rance. Puisqu'p I'gtape
ki 1 nous supposonslg; 1 connu, il sera p la base de notre variable de controle. G p
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la formule d'lt®6, nous pouvons §crire
Z
Ui 1(6X) = Egxfuig (T XT) i (@+ LY)uy 1(s;: X )ds];
t

ouLN est l'op®rateur associ® X N. En introduisant § uy; 1 dans (5), le nouveau candidat
pour ug est donc

1 X m;N m;N
U(tX) = Ui 21 (6X)+ = [OX77) i Ui o(Ti X777)
7 ; m=1
+ FEXIN U a(siXEN ) (@uig 1A(SIXTN ) + (@+ LM)uig a(s X TN )d):
t

Pour expliquer intuitivement en quoi la variance est grandement rgduite, il sutt de
remarquer que lorsqueuy; 1 est proche deu, dans la moyenne empirique les deux termes
(© uy; 1 etlintggrale) sont proches de 0 du fait de 'EDP satisfaite par u. C'est I'e®et
variable de contréle adaptative.

L'expression ci-dessus deuy n'est pas tout p fait exacte, dans la mesure oy est
calcul® via l'op®rateur P, c'est p dire que nous calculons la valeur du terme de droiten
(Ti; Xi)1- i- n points de la grille, puis nous utilisons lI'opgrateurP pour obtenir uy en tout
point de [0; T]£ RY. C'est dans un souci de clartg que tous les dgtails ne sontip présentgs
ici, ils le seront p la section 9.6.

Convergence de l'algorithme

La convergence de cet algorithme est §noncge dans le thfime 13.10. Sous des hy-
pothgses appropriges de dgrivabilitg et de bornitudeeas fonctionsb et % il est prouvg la
convergence R vitesse gBom@trique de l'erred® ; Y et ZK{ Z dans la norme suivante

Z+Z .
kVk’- = E eSjVs(x)j2e "Xdxds ;
’ 0 Rd
ou V designe un processus prévisiblg : - £ [0;T]£ RY! RY. Dans le cas deY et Z,
X reprgsente le point de dgpart du processuX . Cette norme n'est pas tout p fait banale,
voici plusieurs ®lments qui permettent de justi er I'utilisation de celle-ci. Le coexcient
provient de I‘espaceH%;—(Rq) utilis® dans El Karoui et al. [27] pour ®tablir des estimges a
priori sur la di®§rence entre les solutions de deux §quatns rgtrogrades (voir la proposition
2.1 de cet article), estim§es dont nous avons eu besoin auws de la preuve du th§orgme
13.10. Le coezxcient! provient de la combinaison de deux rgsultats di®§rents,aht est issue
la proposition 7.4, un des principaux rgsultats de la parte I, mais aussi outil indispensable
aux preuves de la partie Ill. Le premier rgsultat dont est isue la proposition 7.4 provient
de l'ouvrage Bensoussan and Lions [13]. Il s'agit plus prggment du th§oreme 6.12 page
130, et qui permet de majorer la solutionv d'une EDP du type (@+ L)v=f, u(T;§=0
de la manigre suivante

k@‘/kLp(o;T W 0ipit )+ kaLp(O;T;Wz;p;1 ) - C kf kLp(O;T;Wo;p;l ) .

Ce rgsultat sera prgsent§ au chapitre 7. Le second rgtatl est d0 g Bally and Matoussi
[5]. Leur proposition 1.6 §tablit le rgsultat d'§quivalence de normes suivant . sous des
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hypothgses fortes de dgrivabilitg et de bornitude deb et ¥ et pour toutes les fonctions
a 2 LY((0;T) £ RY;dt- e 'Xdx), on a
Z Z+ Z Z
c j3( s;x)jdse "Xdx - E(j3( s; X 5)j)dse "Xidx
Rd t Rd t z Z-
C j3( s;x)jdse "Xidx:
Rd t
Ce rgsultat sera prgsentg au chapitre 6.
Avant de poursuivre, nous voudrions faire remarquer que Intggration par rapport p
el "iXidx qui appara® dans kalz;— peut &tre interprtfe comme une int§gration par
rapport p la loi initiale de la di®usion X . Ce choix de norme nous semble assez crucial
pour mesurer la stabilit§ et la convergence de notre algatime.

Le plan de la partie Il est le suivant : le chapitre 9 prgsent le cadre de travail, rappelle
certains r§sultats connus sur les EDSR et leurs liens avees EDP, ainsi que les techniques
de variables de controle adaptatives. La n du chapitre est &dife p la prgsentation de notre
algorithme. Le chapitre 10 introduit brigvement les techriques de rggression, et le chapitre
11 prgsente plus prcisgment les estimateurs p noyauRans le chapitre 12, nous ®tudions
la convergence de l'estimateurP, inspirg des estimateurs p noyaux, c'est-p-dire que nous
nous intgressons @iP vetp@vi @(Pv), ouv est une fonction dgrivable et bornge. Nous
présentons les principaux rgsultats de convergence de tne algorithme dans le chapitre
13, tandis que les preuves de ces r§sultats sont §tabliesi @hapitre 14. Les vitesses de
convergence sont standards et cofncident avec celles de ia§rature. En revanche, les
ditcultgs dans notre cas tiennent au choix d' une norme p pais k¢k- et au fait que nous
travaillons en domaine in ni. Pour nir, le chapitre 15 prsente des exp®riences num®riques
dans lesquelles nous avons appliqug notre algorithme p slexemples nanciers, comme la
valorisation et la couverture d'options sous contraintes €as d'un investisseur qui emprunte
de l'argent p un taux d'intgrét sup®rieur au taux de placement sans risque, valorisation
d'options am®ricaines,..)

Options bermuda - Valorisation par m@thode de sensibilitq e
sur les domaines

La partie IV de cette thgse concerne la valorisation des ojpons bermuda par mgthode de
sensibilit§ sur les domaines. A n de mieux comprendre la prolmatique, nous allons tout
d'abord prgsenter I'application de la m§thode g la valoisation des options amricaines.

Cas des options am@ricaines

Une option am®ricaine d'achat ou de vente est un instrumentnancier qui donne le droit
mais non l'obligation d'acheter ou de vendre une certaine gantitg§ d'actifs nanciers dits
risques (actions, obligations, devises) g n'importe quie date avant I'Gchg§anceT et p un
prix convenu R l'avance (prix d'exercice). Pour obtenir cedroit, I'acheteur de I'option paie
au vendeur une prime (valeur de I'option). Une question impatante est la dgtermination
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de cette prime p chaque instantt prgcgdant I'ech§ancd . La th§orie moderne des options
amgricaines due p Bensoussan [12] et Karatzas [55] relaéevaleur d'une option am§ricaine
g la thgorie de l'arrét optimal. Dans un march§ complet,la valeur p l'instant t d'une option
am@ricaine d'§ch®ancd d® nie par un prot g(X:), ou X est une di®usion de type (2),
est donn§e parP (t; X ) on
h R, ox i
P(tx)= sup E e «TXsdg(s;xP) (6)
¢2[tT]

le supremum ®tant pris sur I'ensemble des temps d'arrétsawaleurs dans {;T]. La
compl®tude du march® est assurge dgs lors que la matrigeest inversible. D'autre part,
comme nous le rappellerons dans le chapitre 16, on sait carficiser la valeur d'une option
americaine comme la solution d'une ingquation variatiomelle parabolique du second ordre
(voir Bensoussan and Lions [13] et Jaillet et al. [54]). Ces eux approches font apparadtre
la rgion d'exercice de I'option

E:= f(t;x);t<T; x 2 RY:P(t;x) = g(t;x)g:

Dans I'§tude des options amricaines, le problgme de lagtermination de la rggion
d'exercice suscite un grand int§rét, car il fait partie intBgrante du problgme d'®valuation
et permet de dgterminer une stratggie optimale pour l'acleteur de I'option, car celui-ci a
tout intgrét p exercer son droit au premier instant oy ;X ;) appartient p E. Lorsque
I'ensemble E est vide, le problgme se rgsume p I'§valuation d'une ojph europ®enne.
L'gtude de la rggion d'exercice en dimension 1 a §t§ meafdans les articles suivants :
Van Moerbeke [91], Kim [57], Jacka [52], Barles et al. [10], teplus rEcemment dans
Lamberton and Villeneuve [66]. Le cas multidimensionnel aefg trait§ dans les articles
Broadie and Detemple [18] et Villeneuve [93]. Les di®%restrgsultats apportgs par ces
articles seront discut®s dans la section 16.2.

Comme nous le verrons dans la proposition 16.8, le prife (t; x) donn® par (6) peut aussi
s'§crire
n #
. Régx oy BX t t
P(tx)= sup E @ t [(SXS)dsg bty
D%t T [£ R o

op ¢S designe le premier instant op §; X£*);. s. T sort du domaineD, ouD est un ouvert.

L'optimisation du terme de droite peut &tre faite via un alg orithme de gradient qui utilise la

sensibilit§ par rapport au domaineD. En termes math§matiques, cela veut dire qu'il nous
tx 5

Rep X ) :
faut calculer la dgrive, par rapport au domaineD, de E @it~ (X" )dsg(bx )ty
&
Cela a %t® ®tudi® rgécemment par Costantini et al. [22]_es auteurs introduisent la pertur-
bation spatiale d'un domaine temps-espacd® de la manigre suivante

D* = f(t;x): (t;x + 2u(t;x)) 2Dg; 22 R;

ou U eat une  fonction Cé;z([ﬁ;T] £ RY). lls  dg nissent aussi

. . . Rat;x v X . . .
(LX) = E g(: X )e & rsXsds oy fX est le premier temps de sortie de
[
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(s; X&) du domaine D*. Ils montrent alors

A !

X

_ R " ] ]
@U(EX) .o = E @ «° TOXr yir gl X)) @)
D

Cas des options bermuda

C'est le cadre de nos contributions. Comme pratiquement le aurs d'une action n'est
connu gu'en un nombre ni de dates, calculer le prix d'une optbn am®ricaine revient en
fait p calculer le prix d'une option bermuda, c'est-p-dire que le supremum de la formule
(6) est pris sur I'ensemble des temps d'arrets p valeurs ds TN = [t; TI\T N opTN =
fto;¢Cety :0=top<ti1< ¢CC&ty = Tg. C'est pourquoi nous avons dgmontr§, dans le
thorgme 17.15, une formule de sensibilitg pour les optis bermuda, analogue p (7). Pour
cela, nous avons introduit

. N
D™ = (t;Dy);
j=1
qui reprsente l'union des perturbations appliquges ﬂﬁaque sectionDy; du domaine P.
tx '

Ref, N o
Comme prcBdemment, nous dg nissong’ (tx) = E e t r(sXs )dsg((;,t\;’fz;X:;'gXz ,

ou qt\f‘z d®signe le premier instants 2 TN op (s;Xs*) sort du domaine DN*. Nous

dgmontrons le th§oreme 17.15 qui §nonce dans le cas= 0 la formule de sensibilitg
suivante

@uy (t:X) ,p =
yo 1 R 7 | !
Eox 1oy, P(tj; Xy s v m)(g uN)(t,—+1;m)u3t'n (tj+1;m)d¥m

j=0 it >t tj+1

oMU d%, reprgsente l'intggrale de surface ep dgsigne la densit§ de transition du processus
X.

Ce calcul de sensibilit§ peut a priori €tre un point de dgpart pour dgvelopper une mgthode
de valorisation d'options bermuda via une optimisation surles domaines par un algorithme
de type gradient. De nombreuses questions se posent alorgmme par exemple le calcul
num®rique de cette sensibilit$ : comment ®valuer l'intfjrale de surface et la valeur dgj uyn
au bord? Comment reprgsenter les domaines de manigre ex@@our une modi cation
aisge de ceux-ci au T des di®grentes Btapes de I'optimisamn (construction de D” p partir
de D) ? Plusieurs pistes d'§tudes ont &t abord§es pendarda thgse, en collaboration avec
Cristina Costantini ( Universitg \Gabriele d'Annunzio” d e Chieti et Pescara, Italie). Ces
travaux sont en cours de r§alisation et ne sont pas présefs dans ce manuscrit.

Mentionnons toutefois que pour le calcul de la sensibilitgil semble plus pertinent de
discrgtiser I'espgrance de l'intggrale de surface pamg somme pondgrge de valeurs de la
fonction gj uy g la frontigre, fonction §valuge elle-méme excacementgp une m§thode
de Monte Carlo s§quentielle.
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Ce que nous prgsentons dans cette partie permet d'axzner noad comprghension de la
sensibilitg @u','\l (t;x) jr=0 Vis-p-vis deN, le nombre de dates d'exercice. En e®et, il n'est
pas rare que les mgthodes num®riques de valorisation d'tipns bermuda aient des com-
portements ind§sirables par rapport gN : explosion de la variance dans I'approche de type
calcul de Malliavin (Lions and Rggnier [70]); cumul des ereurs de rggression dans I'ap-
proche de Longsta® and Schwartz [71]. Notre but est donc de miix §tudier la robustesse
@uy, (t;x) jr=o lorsqueN est grand (asymptotiquement le cas am®ricain). Nous ®tdtssons
des rg§sultats de convergence lorsqué i 1, montrant que nous retrouvons la sensibilit§
du cas continu, ce qui est loin d'etre trivial a priori. En fait, la preuve est incomplgte et re-
pose sur un rgsultat technique sur les overshoots de di®usioNous am§liorons au passage
certains r§sultats sur les overshoots, rgcemment §tuls dans Gobet and Menozzi [43]. En
dehors de sa convergence, nous montrons que la sensibilitfiste bornge uniform§ment en
N lorsqueg est de classeH 1+ @ ou dans le cas du put. Ces rgsultats eux non plus ne sont
pas ®vidents p la vue de la formule (3) puisque que la sendit s'§crit comme une somme
de N termes impliquant des densitgs de transition explosant lssque N tend vers l'in ni.

Cette partie doit étre vue comme un programme de recherche re cours sur la
valorisation des options bermuda/am$ricaines par des ojmisations de domaine, avec un
certain nombre de r@sultats prometteurs.

Les di®%rentes parties de cette thgse ont fait ou ferontdbjet de publications :

La premigre partie correspond g un article intitulg \Error expansion for the
discretization of Backward Stochastic Di®erential Equatins”. Il a ®t® publi® dans
Stochastic Processes and their Applications, Volume 117,skue 7, July 2007 pages 803 -
829. Cet article a §t§ rgalis avec mon directeur de tg Emmanuel Gobet.

Les secondes et troisigmes parties feront prochainemenrbbjet d'une publication sous
le titre \Solving BSDEs with adaptive control variates"”, et probablement soumise au
journal Annals of Applied Probability.

La dernigre partie fera aussi I'objet d'une publication sas le titre "Pricing Bermudan
options via boundary sensitivities". Elle sera probablemat soumise au journal Finance
and Stochastics.

Deux articles concernant des travaux sur les options pariginnes ont aussi §t§ rgalisgs
au cours de ma thgse. lls ne sont pas joints p ce manuscrit,ais peuvent étre trouvgs p
I'adressehttp://www.cmap.polytechnique.fr/ ~labart/

\Pricing double barrier Parisian Options using Laplace transforms”, rgalisg§ avec J.
Lelong et soumis g Mathematical Finance depuis novembre 2.

\Pricing Parisian Options using Laplace transforms", rgalisg avec J. Lelong et soumis p
Banque & March$s depuis mai 2007.
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This part corresponds to an article published in the journal Stochastic Processes and
their Applications, Volume 117, Issue 7, July 2007 pages 803829. It's a joint work with
Emmanuel Gobet.






Chapter 1

Introduction

Let (- ;F;P) be a given probability space on which is de ned ag-dimensional standard
Brownian motion W, whose natural tration, augmented with P-null sets, is denoted by
(Ft)o. t. T (T is a xed terminal time). We consider the solution (X;Y;Z) to a decoupled
forward-backward stochastic di®erential equation (FBSDE inshort). Namely, X is the
RY-valued process solution of

YA t YA t
Xi=x+ b(s; Xs)ds + Y{s; Xs)dWs; (1.2)
0 0

and Y (resp. Z) is a real-valued adapted (resp. predictableR9-valued) process solution of
i dYe = (XY, Zodti ZedWe; Yo =©(Xr1): (1.2)

We assume standard Lipschitz properties on the coezcients, Wwich ensure existence and
uniqueness in appropriatel »-spaces (see Pardoux and Peng [81], or Ma and Yong [72] for
numerous references). During the last decade, more and mowdtention has been paid to
these equations, because of their natural applications in Mthematical Finance or in the
probabilistic resolution of semi-linear partial di®erential equations (PDE in short): see El
Karoui et al. [27] or Pardoux [80].

Our aim is to study the most usual time approximation of (X;Y;Z). For X, we use
the Euler schemeX N with N discretization times (tx = kh)g. . n (h = % is the time
step). For convenience, set 0V, = Wy, i Wy, (€ Wll component-wise). X N is de ned
by X' = x and

2 [tioten s X = X{ + Bta XED(tT ) + g XED(We i Wy ): (1.3)

The backward SDE (1.2) is approximated by (YN;ZN) de'ned in a backward manner by
YN =©(X{}) and

Yo =B (Y, )+ hEL f (i XY, 5 Z0)); (1.4)
hzZ{ =Eq, (Y, ¢ WR); (1.5)

where E;, is the conditional expectation w.r.t. Ft, and = is the transpose operator. Ad-
ditional tools are needed to derive a fully implementable sheme, in particular for the

25
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computations of conditional expectations. We refer to Boutard and Touzi [15] for Malli-
avin calculus techniques, or to Gobet et al. [45], Lemor et al[67] for empirical regression
methods. In this work, we leave these further questions and & only address the error
analysis between ¥;Z) and (YN;zN).

On the one hand, Zhang [94] proves (in a slightly di®erent form that the error
maxi. n KY{Y i Yy ke, - CNi 2. This is done under rather minimal Lipschitz assump-
tions on b; ¥; f;©. On the other hand, whenf does not depend orz and the coeztcients
are smooth, one knows thatY\ | Yoj - CNi 1 (see Chevance [21]). We aim at TTling the
gap regarding these two di®erent rates of convergence. In thiellowing, we prove that

2 Chevance's results are extended to the case 6f depending also onz.
2 the rate Ni 1 holds true also for the di®erencgz) i Zoj.

2 more generally, for the other discretization timesty, we expand the error as

Yo' i Yooi @O(X{ i Xg) o CNTT_X{E i Xy, j?
(for an explicit and bounded random vector ®).
2 an analogous expansion is available foZ .

Since jX{! i X¢j? has the same order inL, than Ni 1, the error on Y is mainly due

to the error Xt’\: i Xt.. Thus, Zhang's results are a consequence of this expansioand

Chevance's ones as well sinck ! = Xo. The gap is Tled.

In addition, we learn from this expansion that if one could pefectly simulate X (as for

Brownian motion with constant drift, geometric Brownian mo tion or Ornstein-Uhlenbeck

process), the error on the BSDE would be of ordeN i 1 and not Ni 172 as stated by Zhang's
results. Also, if one could use a discretization scheme foX of order 1 for the strong error
(for instance Milshtein scheme whenever possible), the eor on the BSDE would be of
order Ni ! (we would need to extend our analysis to other discretizatio schemes, this is
straightforward for the Milshtein scheme).

The paper is organized as follows. In Section 2, we de ne the aamptions on the coef-
“cients, recall the connection between BSDEs and semi-lineaPDEs (which is important
for our analysis). Finally, we state our main results. Firstly in Theorem 2.3, we extend
Zhang's results toL, norm. Secondly in Theorem 2.4, we expand the error ofY . Lastly in
Theorem 2.5, we deal with the error onZ. Naturally, stronger and stronger assumptions
are required for theses theorems. Proofs of the three resudltare postponed to Sections 3,
4 and 5. we combine BSDE techniques, martingale estimates a@nMalliavin calculus.

Notation.

2 Di®erentiation. If g: RY 7! RYis a di®erentiable function, its gradientr yg(x) =
(@,9(x); 15 @,9(x)) takes values in RY - RY. At many places, r xg(x) will simply
be denotedg{x). If g: RY 7! R is a twice di®erentiable function, its HessianH ()
takes values inR? - R%: (Hx(9)ij = @y 9 If g: RIERIT!I R, giz,(x;y) takes

. 00 . .
values inRY- R% (g, )jj = %@%y; forl- i- di1-j- q
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Function spaces. For an integer k , 1, we denote byC/~>*** the set of continu-

ously di®erentiable functionsA: (t;x;y;z) 2 [0; T]£ RY£ R£ RY 7! A(t;x;y;z) such
that the partial derivatives @ @ @ @ A(t; x;y; z) exist for 2lg+ I3+ 12+ 1 - k and
are uniformly bounded. The analogous set of functions that ot depend ony and z
is denoted by C/**. This set is denoted by C{** ®***® (® 2]0; 1|) if in addition
the highest derivatives are HAlder continuous with index® w.r.t. x and ®=2 w.r.t. t

(for a precise de nition, see Ladyzenskaja et al. [64]).

P
Norm.  For a d-dimensional vector U, we setjuj2 = %, U2 For a d£ g
dimensl'g)nal matrix A, A; denotes itsi-th column, and A' its i-th row. Moreover,
TNt Y
J J | =1 (N

Constants. Let C denote a generic constant which may depend on the coezcients
b; %; f;© and on the dimensionsd and g. We will keep the same notationK (T) for
all "nite, nonnegative, and nondecreasing functions w.r.t. T: they do not depend
on x and h. The generic notation K (T;x) stands for any function bounded by
K(T)@ + jxj9), for someq, O.

O(U) and Og(h). A random vector R is such that R = O(U) for a non-
negative random variable U if jRj - K(T;x)U (in particular, R = O(h) means
jRj - K(T;x)h). The notation R = Ok(hP) meansjRj - , NhP, where } is Fy,-
measurable, sup E(supyj, ’lz'jq) - K(T;x), for g, 1.

Ei, and Var , . E; is the conditional expectation w.rt. Fi and Var, (X) =
Ei (X?) i (Ey (X))2

Malliavin calculus . We use the notations of Nualart [78] for weak space®P.

Discretization  Let s 2 [tk;tk+1[. We de ne " (s) = tk.






Chapter 2

Main results

2.1 Hypotheses

The coexcientsb: [0;TJERY! RY %: [0;TIERY! R4 f :[0;TIERIERERI! R
and © :RY! R satisfy one of the following set of assumptions.
Hypothesis 2.1 The functions b; ¥%;f and © are bounded inx, are uniformly Lipschitz
continuous w.r.t. (x;y;z) and HAlder continuous of parameter% w.r.t. t. In addition, ©
is of class C§+® for some ® 2]0; 1[ and the matrix-valued function a = 3% is uniformly
elliptic.

3.
Hypothesis 2.2 Assume Hypothesis 2.1 and that the function®, %are in Cb2’3, f isin
3.q.9.
c2®%° ©isin C*® for some ®2]0; 1[

Hypothesis 2.3 Assume Hypothesis 2.1 and that the function®, %are in C§;4, f isin
C** ©is in CH*® for some ®2]0; 1.

We do not assert that these smoothness and boundedness cotidihs are the weakest
ones for our error analysis, but they are suzcient. Investigdions regarding minimal as-
sumptions would be certainly interesting but it is beyond the scope of the paper.

2.2 Connection between Markovian BSDE's and semi-linear
parabolic PDE's

We recall classical results connecting Y;Z) and the solution and its gradient of the
following semi-linear PDE on [Q T] £ RY:

(@+ Lgx)u(tx)+ f (Exutx);r xu(tx)¥t;x))=0; (2.1)
u(T;x) =©(x);

where L (;.y) is the second order di®erential operator

1 X X
Lo =3 Bl 0@y + BE0@

iij i

29
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(see for instance Ma and Zhang [73] or Pardoux [80]).

Proposition 2.1.  Under Hypothesis 2.1, one has
8t 2 [0;T]; Yi= u(t; X¢); Ze = r xu(t; X ¢)¥t; X t); (2.2)
where u is the unique classic solutionC,”* of the PDE (2.1).
In addition under Hypothesis 2.2,u 2 Cbg;s, and under Hypothesis 2.3,u 2 C§;4.
The rst result of this Proposition corresponds to Theorem 21 of Delarue and Menozzi

[24]. The two last regularity results can be proved in the sane way. In fact for this,

we would only needb; %to be in C&J' ®=22+ ®; the additional smoothness is used later for

Malliavin calculus computations.

2.3 Main results

We now turn to the statement of our results. Remind the following well-known upper
bound on the Euler Scheme, which is useful in the sequel.

Proposition 2.2.  Let %and b be Lipschitz continuous. Then
. oy L 1
8P, LIEGUPIX{ i XM - K(Ti)pc:
In fact, for all p, 1 one has
N . Py . 1 N . .
[Eti(tSLtlpTJXt i Xed")Ie - K(T’Xti)pﬁ+JXti i Xy (2.3)
Our rst result is an extension of the L estimates in Zhang [94] toL 4 estimates (see also

Gobet et al. [45]).

Theorem 2.3. Let us assume Hypothesis 2.1. Let| > 0. We de ne the error

£ i N 'Xi 1Z e+ N .5 ggl
e(N) = max EjYy i Yy J®+ E( iZi i Zigodn2 <

k=0 Ik
where YN and ZN are de'hed by (1.4) and (1.5). Then jeg(N)j - K(T;x)ps-.

By slightly strengthening the smoothness assumptions orb; ¥%; f and ©, we are able to
expand the error onY.

Theorem 2.4. Let us assume Hypothesis 2.2. Then, the following expansiorokls
1 : .
Yo i Yoo =1 UG X JOXE T X ) + Ok(ﬁ)"‘ O(X{ i X jd):

In view of Proposition 2.2, jX{! i X¢j% and Ni  have the same order (inL,). Hence
it turns out that r xu(tk;th)(Xt’\k' i Xt.) is the rst order term in the error Yt’k\I i Yi.
Obviously, this estimate implies that of Theorem 2.3. As mertioned in the introduction,
the evaluation of Yo by YJ' has still an accuracy of orderNi? since initial conditions
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for XN and X coincide. Note that if there is no discretization error for the processX,
Yt’;‘ i Yy = O(Ni), a fact which is not clear from equations (1.4) and (1.5). A rice
situation corresponds to ¥%iindependent ofx (this is a very speci ¢ situation where Euler
and Milshtein schemes are equal): in that cas&X{ j Xy k., = O(N' 1) and one gets the
order of accuracyNi ! for Y.

For Z which plays the role of a gradient relatively to Y, we get an analogous result
about the error, up to increasing by 1 the degree of smoothnesof the coexcients.

Theorem 2.5. Let us assume Hypothesis 2.3. Then, the following expansiorokls
i o ¢, 1 : :
ZN 1 Zy = 1l U A X)X | Xe) T+ O+ 06X i X J):

Remark 2.6. The above results are suzcient to delgive the weak convergencef the
renormalized error process [W(YtN i YOlo-t. T and [ W(ZtN i Zo)lo- t. T, except that
one has to de neYN and ZN between discretization times. Fort 2 [ty;tk+1 [; analogously
to (1.4) and (1.5) we de ne

i ¢
Y = E Yt':lﬂ +(teer i Of (t?XtN?Yt':lﬂ ZN)
1 i <¢
zN = Et Yo, Wi, 0 W)™

teer j t

Theorems 2.4 and 2.5 can be extended to atl2 [0; T]. We have
1 . .
Y Ye=r U XX T X+ O+ OGXE i X4j):
i a ¢, 1 . .
ZN 0 Ze=radr xu PEX O T X)) T+ O+ 00X i Xj?):

Theorem 85 of Kurtz and ProBer [62] allows us to establish the weak cowergence of the
processes N(YN ; Y), and  N(ZN i Z). Indeed, the process [ N(XN i Xi)lo t. T
weakly converges to the solution of

xd Z ) Z,
U = r x%(s; Xs)UsdW, + r xb(s; Xs)Usds
. 0

1 xda Z t Xd i
+ p= @, %(s; Xs) ¥ (S Xs)dVy' ;
2i;j =1 0 k=1

where (V). ij . q are independent standard Brownian motions and independent
of W. Eurthermore, 6h§ convergengei is stable (see Jacod and Prar [53]).
Hence, FN(XtN i X0 NOYN G YO N@N i Z);Xio . 1 weakly converges to
[Ue;r xu(t; X )Ue ([r «[r xu ¥2°(6 X )]Up) " Xilo- ¢ -

2.4 Comments

2.4.1 Weak Error

From Theorems 2.4 and 2.5 we can derive estimates related tdhe weak errors onY and
Z.
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Theorem 2.7. Let A be a three times continuously di®erentiable function with handed
derivatives. Let us assume Hypothesis 2.2. Then, one has

~ ~ 1
EACYS) i A(Yy)) = O():
Under Hypothesis 2.3, the same result applies td .

Proof : A Taylor expansion of A yields
EAY,) i A ) = E(Yy i Ye)AYY) + O((Yy i Ye)?):
By using Theorem 2.4, we get
E((Yy i Ye)ATY,))
= EIAYY )" Ut X )J(XE | Xe )+ Ok()+ OGX{ i X2

= E(AYu(ti; X ) xU(ti; X J(X{ i X)) + O(Ni);

Hypotheses onA and u enable us to apply Remark 4.4 (see later in section 4) to
E(AYu(tic; X1 )T xU(ti; Xy )XY i Xy,)). The result follows. O

Analyzing weak errors onY and Z is admittedly useful, but studying pathwise estimates
can also be relevant. Actually, both estimates are complemaary. For instance, practi-
tioners in nance are interested in nding hedging strategies This corresponds to solving
BSDEs, whereY and Z respectively represent the value of the replicating portfdio and
the hedging strategy. On the one hand, Theorems 2.4 and 2.5 arsuitable tools to study
theses quantities for computational issues. On the other had, Theorem 2.7 enables us
to quantify the error on the distribution of the portfolio va lue, which is relevant in a risk
management perspective.

2.4.2 Global error of the numerical resolution of BSDE

As recalled in the introduction, there exist several techngues to numerically
solve BSDEs. The one we present here refers to Lemor et al. [B7it turns to
be presumably the most excient procedure. The authors propos a numerical
scheme based on iterative regressions on function basegok(9;p1k(9;¢ ¢ ¢pgk(9
(each being represented as a vector), which coezxcients are alated using
M extra independent simulations of (Xt’\k')o. k. Nj1 and of the Brownian
increments (¢ Wi)o. k. N 1- Let (y™ (XN)izpe" (XR)see ezl (XN)o k. w1
denote the approximation of the solution of the discretized BSDE
(YN ZP, ¢ ¢¢Z Jo. k- n; 1 computed in a backward manner with the following
algorithm.

2 nitialization : for k = N take yy™ (9 = ©( 9.

2 Jteration : for k= N j 1;¢¢¢0, solve theq least-squares problems :

U R S o CWm .
&l =arginf = iyl (X)) i @ (X )i
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Then, compute @c\)’;'k as the minimizer of

iy (XM )+ B (t X O™ s yeey X ); @ @ (X)) i ®dpoy (X M)

m=1

Thus, dene yp'V (¢ and zl';\'k;'vI (9 by
Ve (9= @b tpox(9; 2z (9= @l i (9:

Actually, the true algorithm requires the use of additional truncation operators that we
have omitted for sake of simplicity, see Lemor et al. [67] fordetails. The following error
on the unknown regression functions Y3 ;Z8™ )1. 1. qo. k. N 1

i 1
Jmax EjYy' iy M (XDIE+hE jzi i 2™ (X P

k=0
is essentially bounded byNCyw.,,, where M and p respectively denote the number of
simulated paths and the set of functions. For suitable choies ofM and p, Cu;, goes to
0 at a given rate. This result allows them to optimally tune th e parameters to ensure a
given accuracy. Hence, summing this numerical error and theliscretization's one given by
Theorems 2.4 and 2.5 leads to the global error. For example,saume thatht’\k‘ i Xyke, =
O(#). Then, from Theorem 2.4, we getEjY;, i yp (X% - C(gz + NCyp).

2.5 Numerical Experiments

In this part, we draw some graphs to illustrate the results given by Theorems 2.3 and
2.4. To do so, one needs to explicitly knowX and Y. Let us consider a Call option
pricing problem. We assume that X follows the Black-Scholes model in dimensiord =
1; %‘ = 1dt + %dW, with 3= 0:2;1 = 0:1 and Xo = 100. The driver f is de ned by
f(t;x;y;z) = iry i Uz, whereu = 1‘3/: and r = 0:02. The terminal condition ©(x) is
given by (xj K)+, whereK =100. The maturity of the option is T = 1: The continuous
backward equation can be solvedy; is the price of a standard Call option (see El Karoui
et al. [27] for a detailed computation).

We compute XN and YN by using (1.3) and (1.4) and get

X{ = Xo) J!<i:01(1+ th + ¥ W;);
Yo =Eq [OXP UM rhi pe W)

Figure 2.1 refers to Theorem 2.3. We plot the evolution of thelogarithm of e>(N); e3(N)
and e;(N) w.r.t. log(N).

We use 1000 simulations to approximate thelLp-norm e,(N) and to compute each
conditional expectation Y, we use 1000 Monte Carlo simulations. We compute
log(ep(N))p=2:3.4 for N = 2);j = 1;¢¢¢7. Looking at the graph, we see that the evo-
lutions of log(ep(N))p=2:3.4 W.r.t. log(N) are almost linear. In view of Theorem 2.3, the
slope should be of order % By using a linear regression method, we get the parameters
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15

‘\ —— log(e2)
S ———-log(e3)
N —-— log(e4)

1.0{
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0405
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Figure 2.1: Evolution of ex(N);e3(N);es(N) w.r.t. log(N)

a b std

Lo error | - 0.5179119| 1.14106 | 0.0384534
L error | - 0.5321072| 1.4078415| 0.0367535
L4 error | - 0.5891505| 1.858531 | 0.0662573

Table 2.1: Coezcients of the linear regression of log&,(N)), p=2;3;4 w.r.t. log(N).

a; b; std where logep(N)) = arlog(N) + b, and std represents the standard deviation of
the residuals. Table 2.1 sums up the values od; b; std for p = 2; 3;4. Clearly a is of order
C1
i -

Figure 2.2 refers to Theorem 2.4. We plot the evolution of loga(N)), where a(N) =
EGYS i Yoo ir Ut Xe)(X{) i X1)j2)z w.rt. log(N), at time t, = Z. We use
100 simulations to approximate the L ,-norm and to compute eachYt'k\' we use 16 Monte
Carlo simulations. N behaves as2j = 1;¢ ¢ ¢7. We note that log(a(N)) actually evolves
almost linearly w.r.t log(N). Regarding Theorem 2.4, the slope should be of order 1. If
we still use a linear regression,we get the slopa= j 0:9123248,b= | 1:0172153 and the
standard deviation of the residuals equals M940069.
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Figure 2.2: Evolution of log(a(N)) and log(e>(N)) w.r.t. log( N).
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Chapter 3

Proof of theorem 2.3

Extra notations for all the proofs. For any processU (except the Brownian incre-
ments ¢ W), we dene ¢ U, = Ul i Uy . Let s denote (5;Xs; Ys; Zs) and f{) denote
f (ti; xtNk ;Yttlﬂ ;ZtNk ).

Zy, is dened ashZ;, := Ey, ttkk*l Zsdsand we put ¢ Zy = Z{! | Zy,.

If g=2, the result has already been proved in Gobet et al. [45], uder Lipschitz condi-
tions on b; %; f;©. Thanks to the inequality EjUj9 - (EjszP)Zip for 2p, g, we only need
to prove the theorem for q=2p, wherep 2 N°.

First, we give some estimates which can be easily establistie We have, under Hypothesis
2.1,8s 2 [tk;tk+1],

Et (iXsi XeJ®+iYsi Yo%+ jZsi Zy,j?P) - ChP: (3.1)

In the following computations, these estimates are repeatdy used.

3.1 Proof of maxo k. n EjYy i Yij? = O(hP).
We prove the following result, which is a bit more general.
Proposition 3.1.  max;. k. n E¢,jYy, i Y{Yj% = Oi(hP) + j¢ X;j?P.

By taking i = 0, we get maxo. k. n EjYy i Y{Yj% = O(hP).
Assume that we have

j¢ Yij? - (1+ Ch)Egj¢ Yks1j2+ Chj¢ Xj? + Ch?: (3.2)

Then, using the inequality (a+ bP - aP(1+ 2(2Pi 1 1))+ PP(1 + %1@) for0<2< 1,
we deduce

C
hpi l)'

j€ Yij?® - (1+ Ch)P™ By j¢ Yis1j% + CPhP(j¢ Xij2 + Ch)P(1 +

Take the conditional expectation w.r.t. Fy to get Eyj¢ Yij?? - (1 + Ch)E,j¢ Yis1j?P +
h(hP+ Ey, j¢ Xj2P): Using (2.3) for j¢ Xj and Gronwall's lemma yields max. k. n Et;j Y, i

Yl i%® = Oi(hP) + j& X;j?P: o
Now we prove the inequality (3.2). From 9.2) and (1.4) we obtain
t+1
¢ Yk = Ey (¢ Yis1) + Ey, (f i f()ds: (3.3)

tk

37



38 3. Proof of theorem 2.3

By applying Young's inequality, that is (a+ b)? - (1 + °h)a?+(1+ <)%, where® will
be xed later, and using the Lipschitz property of f, we get

. . 1 et .
J¢ Yj2 - (1 + °h)(Eg (¢ Ys1))2+ C(h+ D)[h? + Ey, iXsi X{j%ds]
tk
1 terr N 2 z teer N2
+ C(h+ J)E, iYsi Yo jPds+ Eg, iZsi Z{j%ds]: (3.4)
tk tk

Let us introduce Z;, (see extra notations at the beginning of Section 3):

Z
tk+1 Ly = . = .
Et, jZsi Z{)j°ds= Ey, jZsi Zyj%ds+ hEyjZy, i Zp) % (3.5)

tk 9%

Thanks to the Cauchy Schwarz inequality we have
JE (¢ Yieer ¢ WR)J? - fEy, (i€ Yis1i®) i) En, (¢ Yiu1)i%g:
Hence, ashZ;, = E, (f Yy, + Rttk“l f (bs)dsge W), with a bounded f, it follows that
MZ, 1 Z052 - 40 Ey (6 Yie ?) 1] B, (@ Yiea )2 + Ch® (3.6)
By plugging (3.5) and (3.6) into (3.4), we get

j¢ Yij% - (L+ °h)(Eg, (¢ Yien))?

Z
l tk+1 i . tkn . .
+ C(h+ S)[h*+ Ey, Xsi X{\jds+ Ey, iYsi Yy, j%ds]
tk tk
1 T+t . = .2 ) .2 . -2
+ C(h+ 2)[Ey, Zsi Zyjds+ Eq (J¢ Yi1]%) i) Et (¢ Yie1)jL:
tk

We can write Eq jYsi YN 2+ 2EqjYsi Yi.., )% +2Ej¢ Yes1j?. By doing the same for
Xsi X{!. ,andtaking ° = C, we obtain

j¢ Ykj? - (L+ Ch)Ey,j¢ Yys1j% + Chj¢ Xj2+ ChEy, j¢ Yis1 j?

t+1 ti+1
+ C[h? + Ey, iXsi Xy j%ds+ Ey, iYsi Yi,, j2ds]
tk Tk
tk+r . = .2
+ C[E, JZsi Zy j°ds]:
tk
Using (3.1) yieldsj¢ Yyj2 - (1+ Ch)Ey, j¢ Yys1j% + Chj¢ Xj2+ Ch?: O

P,y R
3.2 Proof of E( " iz i Zj2dt)? = O(hP):

First of all, we can split this summation into two terms

12 g, ¢ D ¢ P X1 ¢
E' iz) i zyj?dt® - CE' iZy i Zg%dt P+ CE'N jeZ,j2 "
k=0 k=0 'k k=0
iP.. R _ ¢ Py R _
Thanks to (3.1), we have E' Mt ttkk*l iZy i ZyjRdt P . TR NIl t‘kk“ EiZt, i
Z,j%dt = O(hP):
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Scheme of the proof oE' h P rtie Zk12¢p = O(hP). The st key point is to slice the
summation into small intervals and show that the result is true for small time intervals.
The second key point is to use Rosenthal's inequality, see Téorem 212 page 23 of Hall
and Heyde [48]. By using (3.6) and taking the expectation, wecan write :

i X1 N (¥ i X1 ¢
Eh jeZk?P- CE  Var,¢ Y '+ ChP: (3.7)
k=0 k=0

We use Rosenthal's inequality to upper bound
i X1 ¢p i X1 ¢2p
E Var, ¢ Ye+1 - CE ¢ Yeer i Bt € Yker
k=0 k=0

s - K1 ¢, o
C3¥ TEe Yy + B¢ YoP+ E (¢ Yii Eq ¢ Vi)
k=0

By plugging this inequality into (3.7) and using the previous estimate onj¢ Yj, we get

X e j X ¢,
Eh j¢Zki?P?. OhP)+ CE (¢ Yxi E ¢ Yiur) (3.8)
k=0 k=0

P
}g/e now tackle the term ¢ Yy i E; ¢ Yi+1. Using (3.3), we have tio (¢ Yki Et, ¢ Yks1) =
k 0 ttkk*l (Etk(ftk i f(Ws)))ds: By doing the same kind of proof as before, that is using
the fact that f is Lipschitz and the results onEj¢ Xj?? and Ej¢ Y,j%°, we nd

. 1 . 1

e e v By € Vi) - O(hP)+ ctriyen” je 7,
k=0 k=0

¢ . P, .. = .6

By plugging this term back into (3.8), we can write 1. C(hky)P E h L ijzq:p

O(hP): Consequently, if we choosek; - we come up with E'h kl L Zij2"?

(zcwh
O(hP): This result can be extended to any summation involving at mos$ ¢ k terms, where

Ck- . We can cover the intervaIfO; ¢ ¢ ¢N j 1gwith a nite number of elementary
(ZC) p h ¢

intervals of size ¢k and we getE h N' it Zj2 P = O(hP), which completes our proof.
O

From this result and (3.1), we also deduce

i Xt ¢
Eh j¢Zj? "= O(hP); (3.9)
k=0

which is very useful in the following.






Chapter 4

Proof of Theorem 2.4.

To expand the error, we use usual techniques of stochastic alysis, combining martingale
estimates and Malliavin calculus tools.

4.1 Preliminary estimates

Sections 4 and 5 contain proofs with similar calculations, vinich are quite technical. In
order to be as clear as possible, we state two results reallyseful in the sequel, which are
related to Malliavin calculus (see Nualart [78]). The resuts give suxcient conditions for
expectations and conditional expectations to be small w.it. the time step h. They are
based on ideas from Kohatsu-Higa and Pettersson [59] and Goband Munos [44].

Proposition 4.1. Let F 2 ¢ 52 with E‘Qij2 +SUDy. s T Et jDsFj?2 < 1 and let U
be an It6 process of the formU; = Ug + C§®5ds+ Ot_SdWS, with sup, . s 1 Etkj®sj2 +
sup,. s. T EtJ si®< 1. Then, 8(t;t9 such thatt - t- %ty

Eu[F (Ui Ulli- (% 0 (EJFi)2( sup Eqj@j%)?
t- s t
. 7D
+(sup EyjDsFi?)z( sup Eyj sjd)? :
t- s t0 t- s t0

This proposition can be easily proved. Assume without loss quOnerality g]?t F and U
are grge-dimensional. From the duality formula, we haveE;, [F ( tt ®sds + tt “sdWg)] =
Et, [ tt (F® + DsF ¢ 5)ds]. Thanks to Cauchy Schwarz inequality and hypotheses or®
and , we get the result.

Be_nition 4.2. F satis es the condition Ry if F 2 D% and if Gp(F) = kF ke, +
-k SUPo. ;s T KD sy Pk, < 1.

Proposition 4.3. Let F satisfy the condition R,. For simplicity we set dwW? = ds.
Assume thatU; 2 RY satis es the following stochastic expansion property
xa o fe g fs ¢
U= 0 &%) aArdw] dwi; (P)
ij =0 0 )

wheref(ct’jjl(t))t‘ 0:0-1;j - g;0- i1 - 2g are adapted processes satisfying

41
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28(@jx1 - &kj - g 8 2 [0T], g% satises Ry and
Clp i=SUPg. 1. T SUPy. i . qCZJP(Ct};O(t)) <1,p, L

28(ij )il - B - g 8t 2 [0T] cyi(t);c ();icp(t)icp (1) satisfy Ry, and
Cp 1= SUPG. 1. 7 SUPL. i . fC1p(Ci () + Cup(Coi (D) + Gup(Gi (D) + Gup(Cii (1) g
<1l,p, L

28()):0 - & - q 8 2 [0;T], (1) e (1);cop(t) satisfy Ro, and Y, =
SUP. 1. 1 SUP. i . ofCop(Cij (1) + Cop(coj (1) + Cop(cp(t)g< 1. p, 1.

Thus, there is a constantK (T) which depends polynomially orGy(F); G,y; G Gl (for
somep, 1) such thatjE[FU]j- K (T)h:

Indeed, we have

X _ Z _ Zs _ . ¢
E(FU,) = EF%(t) ' qiA(r)aw;)dwl
ij =0 0 (s)
xa £ils g _ DR - TR
= E'D! DLEFc(t)gei (s) cj?(r) dr ds
ij=1 0 (s
Z.Z

X4 “t=s g , , . &
+ E DLfFcy, (t)gco; (s)co, (r) dr ds

=1 0 (9 ’ ’ ’

xa ZZs _ , _ . @
+ E DIfFcy (1)as (S)act i (r) dr ds

=1 _0 (9

tZ S

i ) ) . ¢
v '()E F oo (1)Coio (S)Chp(r) dr ds:
S

Then, the result readily follows.

Remark 4.4. Under Hypothesis 2.2, we can show (see later the proof of (5pthat for
eacht, XN | X satis es the expansionP. Hence, ifF satis es R,, Proposition 4.3 yields

JE[F(X{ i Xy)li = O(h)

uniformly in t 2 [0; T], which is a very useful result for the sequel.

4.2 Expansion of Y Y,

In the following, we assume that Hypothesis 2.2 is in force. Tis implies in particular
that u is bounded, of classcg’:z;3 (see Theorem 2.1). We also easily prove thaBp ,
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1,8k2f0;¢¢¢N | 1g (see Nualart [78] e.g.)

? Bl Sup_ X4j%) <K (TR + X4, j%); sup_Ey ( Sup_ jDsX¢jP) - C
tk

sup  Eg( sup jDiDsXtjP)+  sup  Eg( sup iDyDDsXijP) - (4.1)
tg- s;r- T tg- t- tg- s;rv- T tg- t-
2 Eq ( sup jX{] 2p) <K (T)A+ jX{j%®); sup B Sup_ jDsX{NjP) -
te- t- T Nty s T
sup  Ey( sup jD/DsX{NP)+  sup Ei ( sup jDyD;DsX{NjP) - C: (4.2)
Nitg- s;r- T t- - T Nitx- sinv- T k-t T

Due to the Markov property of (X{!)i, one hasYN = uN(t,;X{) for some Lipschitz
function uN (tx; 9 (see Gobet et al. [45]) with an obvious de nition of uN . Actually, under
our assumptions, this function is even three times di®erensible w.rt. x. Thus, the
di®erence €¢Yy can be written as follows:

¢ Vi = (UM (LX) i ultio XED) + (utic XD i ulti; X))

3=2;3

Sinceu is of classC, """, the last term of the previous inequality becomes

u(tic X)) i u(tic X)) = 1 xU(ti; X )& Xi + O(j¢ Xij?): (4.3)
To complete the proof, we apply the following lemma
Lemma 4.5. Under Hypothesis 2.2,juN (t;x) i u(tk;x)j- K(T;x)h.

The result above is new but not so surprising. Indeed, iff is identically zero, the
di®erence is only related to the weak approximation of ©X ) by ©(X$l ). from Bally and
Talay [7], one knows that this is of orderh.

The rest of this section is devoted to the proof of the lemma. V& only give the proof for
t, = 0. We want to 'nd an upper bound for juN(0;x) i u(0;x)j = j¢ Yoj.

For the sake of clarity, we split the proof into several steps

Step 1 : linearization of the error. We show that
¢ Y = Eq (¢ Yiss + hf Q1 )¢ Xy + hAy); (4.4)
with
= (L+ hf Q)+ f A, )E Wi); (4.5)
A = ttm (Go(s: Xs) + T, )Gy(s; Xs) + A1k, )Gz(s; Xs))ds (4.6)
z,"

£ % X o () Xk + Fon (O i Y )2+ € Zif (1%, )¢ Z§
+2¢ meXy(“t )(Ytk+1 i Yi)t2¢ anxz(pt )¢ Zk +2(Ytk+1 i Ytk)fyz(ut )¢ Zk N

wherepy, = , (t; XYY Z8)+( i, )k, and Go; Gy; G, are bounded functions. >From
(3.3) and by introducing f (, ), we have

i Z tk+1 ¢
¢ Yy = Etkl¢ Yier + h(EQ i f () + (f (ke ) i T (ps))ds (4.7)

tk
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Ey applying It6's formula to f (Hf{) betweenty, and s we show that, under Hypothesis 2.2,
G B (F () i f(l))ds = h' ** Ey, (Go(s; Xs))ds, where Go is a bounded function.
In the second term, perform a second order expansion df around p, to get

ft'\k'zi f () = Fl ) Xic+ T )E Yirr + f )¢ Zg + F 00 ) (Vo i Vi)
1 £ ag 00 00 00 o]
+ 0 (l i, ) ¢ kaxx (P{k)q: Xk + fyy(“fk)(Yt':lﬂ [ Ytk)z +¢ Zkfzz(“fk)q: Zk (4-8)

5

g 00 g 00 a ) 00 .
+2¢ kaxy(wk)(YtTﬂ i Ytk)+2¢ kaxz(pt’k)q: Zy +2(Yt,|:l+1 I Ytk)fyz(wk)q: Zy d,:

R
Note that E; (Yi,,, i Yi) = Ei, ttkk*l Gy(s; Xs)ds. If we closely look at (4.8), we can see
that we need to develop ¢Zy. By using (1.5), we can write
1 ay, 1 o

Zi = ﬁEtk(Gﬁ Y1 ¢ W) + HEtk(u(tk+1 Xt )E W)
Introducing the weak derivative ﬂf Xt.,, (see Nualart [78] p.109), the second term
of this summation equals %Etk ttkk*l r xU(tker s Xy, )DtXy,,, dt, where DXy, .,
r X, (r xXo)1 134t X ). Since Zy, = r xu(ty; Xy, )¥tk; Xt ), one gets

1 a
¢ Zg = EEtk (¢ Yie1 € W)

1 Z ty+1

i . ¢
g Ete 1 xU(tiet s Xr )0 xXtewy (M xXO)T TG X ) i1 xu(tic; X )%t Xy, ) dt:
tk

The term in the second conditional expectation is equal to r yu(ti+r; Xt )
M )Xt (1 xX ) 2 X ) 81 xu(t X )¥EX ) ir xu(ti; Xe )%t Xy, ): hence, two ap-
plications of Itd's formula (for the rst contribution betw eent and ty.1, for the second
one betweenty and t) prove that

tk+1 1
¢Zzy= Et, (Gz(si Xs))ds + T (¢ Yicrs ¢ Wi (4.9)

tk
for a bounded function G,. Plugging this equality and (4.8) into (4.7) yields (4.4).
Step 2 : another formula of ¢ Yp. First of all, we replace Yt’k\'+l i Yt by ¢ Yy +
Yt.., i Yt In the expression ofAc. Then, easy computations combining Proposition 3.1
and estimates (3.1) show that

A« = By, (A) = Ok(h) + O(j¢ Xij* + j€ Zyj?): (4.10)
From (4.4), we deduce the following equality
Xi 1
¢Yo=E(¢ Ynm ¢, 1+h  (F()E Xi+ A)nCes; 1) (4.11)
i=0

Now it is enough to show that all terms of this summation are O(h). In the following,
“o=land i = »¢eH; 1 fori- N.

Step 3 : some results on "N = » CCy; 1.
We establish the following results on” y :

" satis’es the condition R, uniformly in k; i.e. 8k; 2 D*!

and Lnell\lxcz;p(’k) <1;8p, 1 (4.12)

i kiP) + iD: " iP) + ' WM <1
E(Omka_thJ k") S,‘_”:T’ E(OmkaxNJDr k") fsu.pT E(max jDrDs’wj") < 1: (4.13)
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Proof of (4.12). We have g=1,andfor i, 1
=i b )+ 2 )E Wi a): (4.14)

We begin to show that max.. n k' kkr, = O(1) for p, 1. Sincef and f? are bounded, we
easily prove that Ey;, , (1 + hf X, ,) + f X, ,)¢ Wi; 1) - (1+ Ch), whenceEj;j% -
(1+ Ch)Ej"i; 1j%°: We deduce that max. n k' kk, = O(1).

Now, Iet us show that max.. n EjD; kj? = O(1), unlformly in r. Let r be such that

tgj1<r - .8 - ki 1,D;"i =0. We note that D" = "; 1fz(ptki ). Fori, k+1,
we have
- -, -, 0 X
Dr i = Dr ii 1+ hDr( i 1fy(p{ii 1))+ D ( i 1fZ|(“t|| 1))¢ WI| 1;
I=1
) 0 X1 0 Xa X1 .
= ki if by, )+ h De(ifylg)) + De ("2 (1 )E W (4.15)
ji=k =1 j=k
pplying Burkholder-Davis-Gundy's inequality to the martin gale
" KD (9 (1 )¢ W yields
. ;. ., . X ! . , 0 . )@ . X 1. , 0 .2.P
EjD:"ij? - CEj’«; 1P+ Cph  ED(("jfy (i NP+ C  Ejh  jDc("jf5 (1 ))i%i?
i=k I=1 j=k
.-, . Xl . , O . )@ Xl . , 0 .
- CEj k1 + Ch  ED((jf (i, )iP+ C  h  ED:("jf; (k)P
i=k =1 j=k
N 1
- C(1+ Ejk; 1j)+ Ch EiD: 1"
j=k+1

using the boundedness of the derivatives of , max;. N kK" jkq = O(1), identity (2.2), u; %2
C;;z, and estimates (4.1). By applying Gronwall's lemma, we get naxy. ij. n EjD P -
CA+Ej k1Pt 1<r - tk.

Then, maxx. Ny EjD; " «jP = O(2), uniformly in r 2 [0; T]. The proof concerning the deriva-

tive of order 2 can be done following the same scheme. O
Proof of (4.13). We begin to show that E(maxk. n ] «jP) < 1 . The idea is to use a
martlngale property in order to apply Dlgobs inequality. Since”; = "j; 1+ h"y; 1fy(ut,| Ot

i 1f Ay, )¢ Wij 1, 0one has’ =1+ 1(h i 1f°(p¢, D+ iy af Ak, )¢ Wi 1). Thus,

; X Xk
E(max ®) - C'1+ EC i, i e, DD+ Emaxi i f e, )6 Wi 1f7)
i=1 i=1
he last term is upper bounded by CE(h P N af Ak, DYz - cCh
N Ei%i; 1f A, 1)iP- Using the estimate (4.12), we getE(maxk. n | kjP) < 1 .
To prove that sup,. + E(maxk. Ny jDr kjP) < 1, we proceed in the same way, by starting
from (4.15). For the second derivative, this is analogous.
Step 4 : we prove that E(¢ Yy "n) = O(h).
If "N were equal to 1, the results of Bally and Talay [7] would diretly apply. Here
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the approach has to be di®erent and we use techniques of Malien calculus. We have
E(¢ Yn'n) = ECNOXN)i “N©O(XT)). Letusintroduce X = (1 , )X+ X N. Thus,
we have z, . ¢
, i, :
E(¢ Yn'N)= B NORXPP )XY i Xr)d,:
0

As © 2 C3*®, by using (4.12), (4.1) and (4.2), we note that y ©J(X 1 ) satis'es Ry. By
applying Remark 4.4, we deduce thatE(¢ YN “n) = O(h):
Step 5 : we prove that E(f ()¢ X;"i) = O(h). This is a very similar proof to Step
4, in a case where ©) = Xx.
Conclusion. We now work on hE(
K (T;x)j¢ Zj?. Hence,

Py.oqa N
Nz(')lﬁq'i), where jAj - Nh+ K(T;x)j¢ij2+

il Xi 1 Xt ¢
ih EAWI-C o BCRTDh+ K(Tix)  hEje Xij® + j¢ Zij?)
i=0 i=0 i=0
i L
K (T:x)h+ K(T;x)  hE(iji¢ Zij?)
i=0
i ¢j_ X
- K(Tooh+ K (T;x) E( max ji))* % E(h
! i=0

1
¢1
j¢ zij?)* =

Pun:qs
By using (4.13) on (;); and the upper bound (3.9) we get that jhE(" LL1A"))j -
K (T;x)h: By combining this result and the results of Step 4 and Step 5, 4.11) shows
that j¢ Yoj - K (T;x)h: Lemma 4.5 is proved. O



Chapter 5

Proof of Theorem 2.5.

As it could be expected, its proof is more ditcult. The main extra ingredient is the
convergence of the weak derivative of the discrete BSDEY(N; ZN), with the rate of con-
vergenceN i 172, The next paragraph is aimed at proving this result. In the following,
Hypothesis 2.3 is in force.

5.1 Proof of an intermediate result

Pro_qgsition 5.1. L%t r 2]0;t1[. Under Hypothesis 2.3, we havemaxy. ;. v EjD,¢ Y;j® +
he' " NiliD,¢ z°2 = O(h), uniformly in .

This proposition is analogous to Theorem 2.3, where = 2, and the scheme of its proof as
well. However, there is a signi cative di®erence: the BSDE swkd by the weak derivatives
(see (5.1-5.2-5.3)) has a non Lipschitz driver, which requirg extra technicalities that we
detail. In what follows, we "x r 2]0;t41[ and introduce some speci ¢ notations. X stands
for D, Xt. In the case ofZ;, which is a row vector, ; is a matrix whose thei-th column is
Dlzg. It is well-known (Proposition 5:3 of El Karoui et al. [27]) that (V{;Zt)r. t. T solves

Z Z
¥ =0d(Xr)kr + @ () Rs+ f AR+ FA)B)ds (s dWs)*:  (5.1)

t

Regarding (ﬁj’N -GN ), one obtains

N =B [N+ hr (f VRN + hr  f NN

tk+1

+hr fNENY, (5.2)

o = e fe Wik, ) (5.3)

k+1

where we setr xf{! = r,f (ti;X{; Y ;Z{) and analogously forr (ff and r ,f{.
Indeed, we can start from (1.4-1.5) and interchange conditioal expectations and weak
derivatives (see Proposition 1.2.4 in Nualart [78]). Another way to get (5.2-5.3) is to
take advantage of the Markov structure of (X{ ), to write Y, = yN (t,;X{!), where the
function yN is the solution of a dynamic programming equation, and then g@ply the chain
rule. We omit further details.

From (2.2), we also have

Vo= ru(t X )R 8= (r xUH(EX )R (5.4)

a7
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For the sake of clarity, let us write, for any processV, (sivk = Dth’;‘ i DrVt.. In [I):earticular,
we havet Z, = Di(zN%i Zy) = gt’\k‘ i ?Ltk; where?Ltk is de ned ash?Ltk = E, ttkk” 2.ds

(see the beginning of Section 3).
5.1.1 Preparatory estimates

In this part we give someL p-estimates (o, 1), which are repeatedly used in the following
calculations.

: isjupN(Etijﬁit?jzf’)- CiAN?; (5.5)

2 £ max &)%) = 0(1); (5.6)

28) 2 0:N i 1 9N CIRY E(max j9%) = 0(); (5.7)

2 E( sup j&j®+ sup jRj®+ sup j2j%)= O(1); (5.8)
0t T ot T 0t T

2 Let F satisfy R3: Then, jE(F(fétN i X¢))j = O(h): Furthermore,
sup Ej¢ Xj% = O(hP): (5.9)
0- k- N

2 Analogously to (3.1), 8s 2 [tk;tk+1], we have

. . . . . onC
Ey'iRsi R i+ R %P+ 080 F1j% = Oc(hP): (5.10)

P )
Note that ﬂt'\i = ¥0;x), and XN = 1L+ Rt XN+ L ()3t X )e Wll)ﬂt': for

fi+1
1- k- N. Thus, we easily getEtijﬂt’}‘ij -1+ Ch)Etijs(t’J?‘i |J?, and (5.5) follows. The
proof of (5.6) can be done as the proof of (4.13).
Proof of (5.7). From (5.2), we use Young's inequality and boundedness af f to get

i ¢
92 @ oh)E WY 2+ cngh+ DIRNZ EGRY 2+ BN 5

From (5.3) and the Cauchy Schwarz inequality, we obtain hjgt’?'j2 : C(Etij{(t[\‘ﬂj2 i

jEti{(t'i\iljZ). Hence, with an appropriate choice of°, (5.11) is reduced '[oj¢t’i\‘j2 -

(1+ Ch)Ey il

tiv1

2+ Chjfét’?‘ i?, and thus Gronwall's lemma yields

Xi
N2 . CE, (FN}2+ h
j:

1

AN - c osup E RN
i i-j-Nj1l
Finally, estimates (5.5) and (5.6) complete the proof.

Proof of (5.8). E(supy. (. 1 jXj?°) = O(1) follows from (4.1). The other estimates come
from this result and (5.4).

Proof of (5.9). Let us introduce X2 = r «X(r xX,)i 13(0;x) and write ﬂt'\‘ i Xy
ﬁtN i X2+ X0 R,

Since Ry = r yX¢(r «X;)i 1%r; X ), a direct application of Proposition 4.1 with U; =
¥(t; X ) gives E(F(XQi Ky)) = O(h) for F satisfying R,. Moreover, simple increment
estimates yield sup. 1 EjX?2j Xj% = O(hP).
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It remains to study the impact of the di®erenceﬂtN i x2 (ﬂt’\‘)t, rand (XD r are
solutions of

Z, xa £t .
AN =900+ BCEXNYKNgds+ @ X (K Ngawe;
i=1
Z, xa Z _
X0=3%0;x)+  BP(s; Xs)X s+ (#)2(s; X)X ddW: (5.12)
r i=1 r

For the sake of simplicity, we takeb” 0 andd = q=1. If we set %’(% = Rol H(s; Xs +

, (XY Xg))d, , we observe that ¢ X solves the linear equation ¢X = 3[3/{’ (s); X,N(S))i
¥(s; X N)ldws + S%’(S)Q: X sdWs; which solution is given by (see Theorem 56 p. 271 in
Protter [87])

Zt
¢Xe=2  APA(S)iXNg) i HSi X (dWs i ¥s)ds)
07 ¢ 1£Z s Nar N
=it nt (v XA (V) X)) AWy

F (R XI) * S RC (W)X v (@Ws | HLs)d)

R
where?; = 1+ é%’(s)&sdws. This proves that ¢ X satis es the propﬂty P. Analogously,
. — — "M300(c. N . N — t .y Ny2N
if we dene #¢s) = S HAs; Xs+ , (XY i Xe)d, and 2} =1+  9(s; X)) dws,
simple computations lead to
z

AN xP=a @) EAC (9 XNk 1 s xRN+ BR9X % X)

(dWs i ¥4 (s; X N)ds):

From the above representation, it is straightforward to conclude sup. t Ejtﬁlxtj2p = O(hP).
Now, let us upper bound E(F(ﬁtN i X)) which can be decomposed into several terms.

2 Th contribution associated to
2NN IR () X NIk Ny | s XMRN)(dWs i 3(s;XN)ds) satises
property P, thus Proposition 4.3 yields the expected result.

R
2 The contribution E(F2N '(2))i 138s)X % X ¥ (s; XN )ds) is equal to
FE(F2N (2N)i 188s)X 2 X s34(s; XN))ds = O(h) in view of Remark 4.4.

2 In the .same way, the duality reIaIQonship ensures that the last contribution
E(F2) 1Y) 1980s)X %6 XsdWs) = TE(Ds(F2)(2])i 19885)X 3¢ X 5)ds is aO(h)
(using here that F satis es R3).

Proof of (5.10). In view of Xy = D Xt = 1 xX¢(r xX;)i 1%r; X ), the estimate on the
increments of X; becomes clear. The other ones easily follow. O
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5.1.2 Proof of max. ;. n Ej€Y;j2= O(h):

Assume that for some non negative random variable g = Oy(h) + j¢ Xj? + j¢ Zj?,
one has

jBYij? - (1+ Ch)Eyj8 Yieaj? + hj€ Xyj2 + hay O (1): (5.13)

Take the expectation on both sides, use estimates (5.9) andchbse of Proposition 2.2 to get

i 1
Ejfly,j>- CEj¢ Ynj2+ O(h)+ Ch  E(j¢ Zyj?0Ok(2)):
k=0

On the one hand, as¢ Yy = ©°(Xt’\:l)53t'\,i i Xy, )Ry, , clearly Ej¢ Yyj2 = O(h). On
the other hand, in view of (3.9) with p = 2, the summation above is aO(h). This proves
maxy. k. N Ej#Y4j2 = O(h):

Proof of (5.13). >From (5.1) and (5.2), we obtain

i tk+1
6k = Eq, (8 Yira) + Ey, [r RN ()R
tk
¢
ey NN )R T NN () Blds

tk

Sincef 2 CZ*%**, it follows that for any ° > 0 (to be xed later)

Z
. . . . 1 i ke .
JEY2 - (1+ °h)iEy, (8 Yir1 )2+ C(h+ )Ey, t fir f VRN O) R o2
k
] ) ) ) ¢
i f NN F ) RiZ+ jr ANEN G ) 24i%ds (5.14)
L@+ °h)Ey (8 Yier )P + C(h+ S)(TE + TP, (5.15)

where we putT.}! = Etk(Rttkk*1 [jﬁt’\'k i )(sj2+j{(t’;1+1 i \{asj2+j§tr\kl i 26j21ds), T2 = Ey, Rttkk+1 (h+

Xsi XtNka +)Ys i Yt’,il 2+ iZsi Zt'\:jz)(jgst + j\bsjz + j25j9)ds. To get (5.13), we need
to simplify (5.15), by estimating T,} and TZ.

Term TZ. Firstly, we write Etkj{(t'k\‘+1 i Bj2- 2%, i Bj2+2Ej0 Yes1j2. We do

the same forﬁt’\kl i Xs. Then, the usual increment estimates yield

E VN i B2+ Ej&N i Re2 - Oc(h) +2j€ Xyj? + 2E4,j8 Vi %

Secondly, analogously to (3.5), we have

Z t+r
E,  i2)Ni Bsj%ds=E,

tk tk

ti+1

j?Ltk i 2sjlds+ hEtkjgt'}'( i ?Ltka:

Finally, we obtain T} - Ch(Ok(h)+ j& Xyj2+ Et,j® Yes1j? + it Z,j?):
Term Tkz. Easy calculations combining (3.1), Proposition 3.1 and (53) give Tk2 .
(Ok(h?) + hj¢ Xkj® + hj¢ Zyj?)Ox(1) = hakOx(1):
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Conclusion. Plugging the estimates onTk1 and Tk2 into (5.15), we get

o . . 1.0
J6Yij2 - (1+ °h)jEq, (8 Yis1)i2 + Ch(h + 2)jk Z,(j?

1. . . . .
+ Ch(h+ 2)(j€ Xj?+ Eg,j® Yie1j2 + 2 Ok (2)): (5.16)

R
Note that h?Ltk = Eg (¢ Wi(V,,, + t‘kkﬂ [F 2pe) R + f 1) ¥ + T A1) 8s]ds)), whence

hEZ, = Ev (€ Wi(® Yier + 50 [F Q)R e + £ A1) + £ 9(0)]dS). B di
te = Et (€ Wie(® Yier + (7 [FX(Hs)Xs + (1) ¥s + F7(1s)¥5]ds)). By proceeding as
before, we easily prove

hid Z,,j2 - C(Eq,id Yir1i® i) Er, 8 Yiwrjd) + Oi(h?): (5.17)

Combining this upper bound with (5.16) for a good choice of° gives (5.13). O

PP ¢
51.3 Proof of hE' MNi'j#lz,j2 = O(h):

i Py, _ ¢
In view of (5.10), this is equivalent to prove hE' = Ni'j& Z,j2 = O(h): To establish
this estimate, we start from (5.17) to get

) R i 1
h™ EbZy2 C (EjYij2i EjEy 0 Yke1j?) + CEjE Ynj2 + O(h): (5.18)
k=1 k=1

Now, we work onj#Y,j2 ij E, 8 Yxs1j2. The choice® =2C?2 in (5.16) leads to

, 2. , , , 1 I =
V% Er (8 Yiea )P - *NJEw (8 Vi) + (55 + Cjé Zi?

1. . . .
+ h(Ch+ f)(]é Xkj2+ E j® Yis1j? + 2 (Ok(1)):

From (5.9) and the result from Section 5.1.2, we have max . v E(j& Xj2 + j#Y,j?) =
O(h). We also have E(m Ok (1)) = O(h) + E(j¢ Zxj?Ox(1)). Consequently, for h small
enough, one hasEj@Y,j2 i EjE;, (8 Yir1)j? - %Ej{t Zyj? + O(h?) + ChE(j¢ Zj?0k(1)):
Putting this estimate into (5.18) yields

1 Xt Xi 1
3h Ej€ Zyj2- O(h)+ Ch  E(j¢ Z4j20k(1):
k=1 k=1
Inequality (3.9) with p = 2 directly shows that the sum above is aO(h). O

5.2 Expansion of Z['i Zi

We recall that u 2 C§;4 owing to Hypothesis 2.3. From (4.9), we have &Zy = O(h) +
REq (UM (tie s XY ) 0 U(tiss X gyn ))E WL Let (X)) s denote the solution of the

SDE (1.1) starting at time s from X. We write X, for X ®*: Note that Xy,,, = X" . In

tk+1
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the same way, the Euler scheme starting at timety at X is denoted by (Xt';';tk;Y)L k- With
this notation we can rewrite ¢ Zy

Nt X N a
TN T Uties s X ))E WET+ O(h);

tk+1

1
¢Z = ﬁEtk[(uN (ties ;X

1 tk;xt,\:( o
= ﬁEtk [(u(tk+l , thJrl ) i u(tk+1 ; th+1 ))¢ Wk]
1 Nt X N X N o
BN (e i X, ) | Ut X, )6 WETH O(h): (5.19)
We work on the rst two terms separately by proving
ti ;X N o . .
Lemma 5.2. EE [(U(tker; Xy, *) i U(tkes; Xt D WE = O(j¢ Xij?) + O(h)

+[r x(r xu %)n(t_kixtk)q: Xk]™:

1 N N;tk;Xt’\:< tk;xt’\:( _—
Lemma 5.3. 7 Eg, [(U” (tker; Xy, )i U(tker; Xy, “)E W] = O(h):

The combination of these Lemmas completes the proof of Theem 2.5.

5.2.1 Proof of Lemma 5.2.

tie X N . . .
For the sake of simplicity, let ¢ y Xk+1 denote thk+l g Xt., (Which is di®erent from

Nity ;X N .
¢ Xys1 = thﬂk ey Xt ). From a Taylor-Lagrange formula, we obtain
oy X . 0 .
U(t§+1 Ktar )T U1 s Xy ) = Uy (tiern s Xy )& N Xiera

1 , ¢
i
+ (@7 L)€ N Xke1) Hy(U) tren s Xy, + L ENXker ¢ N Xper dy
0

Thus, using the duality relationship, one has

t X N o
Er, [(U(tis1 s Xepry ©) i UCtir s Xty )€ Wi
tk+1 tk+1 Z 1
= Rit(t)dt + RZ(tydt+ (1§ ,)RE(,)d,;
0

tk 9%

with Rig(t) = Eg, [(¢ N Xke1) " Hx(U)(tirt s Xty )DtX 1y I

RE(1) = Er, [U(tkea s X ey )Dt(€ N Xaa )];

R3(.) = E [(¢ N Xke1) Hx(U)(tke1 s Xy + 2 € N Xkr1 )€ N Xia1 € WE:
Expansion of Rﬁ(t). Clearly ¢ N Xy+1 = ¢ Xg+ Ui, i Ui, whereU is an It6 process
with drift term @ = b(S:X;k;XtNk) i b(s;Xs) and di®usion term ~g = 3/(s;xék;xtNk) i
¥Y{s; Xs), both being bounded. Thus, we can apply Proposition 4.1, ldging F =
Hy (u)(tk+1; Xt,,, )DtX¢,,, - Becauseu 2 Cé;"' and in view of (4.1), we get

Ri(t) = O(h) + (¢ Xk)"Eg [Hx (U)(tke1 ; Xtyy )DtX 0 ]

We expand the latter factor. As D¢Xy,,, = I xXt,, (I xXt) L3t; X 1), we have

Hax (U)(tke1 s Xty )Dt Xt = (Hx(U) (ke s Xy )G X 1) i Hy(U)(E X 1) 34t X 1))
+ (Hx (U)(6X )% X 1) i Ha(u)(tic; Xy ) ¥t X, )
+ (Hyx (U)(tist s Xt T x X (1 xXO)T T T34 X))
+ Hy (u)(ti; Xy, )¥tk; X, ):
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The Trst three contributions in the r.h.s. above can be handled in the same way and
we give a detailed proof only for the rst one. It is enough to aply Proposition 4.1 with
F = 3t; X) and Us = Hy(u)(s; Xs). Then, E, [F(U,,, i Ut)]is of order h with a constant
involving b; %; uand its derivatives up to order 4. Finally, this gives

RiE(t) = O(h) + (¢ X ) Hyx (u)(ti; X, ) ¥tk X, );

uniformly in t 2 [tg; tk+1 ]
Expansion of RZ2(t). For tx - t- ty1, we have

X[,\L N

XNty XNt
De(¢ N Xker) =T x X K7 (r X)L G X )
i [0 x Xt (P X0 H i TIHEX) | (AEX) T At X))
3/(t- xt’\L;tk . 3 .y N 3 .ywNy. 3 . .
+ X )0 At X )+ At Xy )i At Xy, )

As before, apply Proposition 4.1 to each of these terms but tb last one, with F =
U(tke1; Xtny ), USINg u;b;% 2 CZ* and (4.1). It follows that RZ(t) = O(h) +
Eg [UR(tien 5 X (Hti; XN ) i #ti; X1, )): An application of 1t6's formula yields

xd _ .
RE(t) = O(h) + uSi (tk:th)(%(tk:Xt'\k')i Ya(ti; Xy,)
i=1

xd _
= O(h+je XjD+  udr x([FAI)(te; X1, )¢ X
i=1

uniformly in t 2 [tk; tk+1]. Finally, simple matrix computations lead to
Rk(t) + Ri(t) = O(h+ j€ Xyj?) + [1 x(r xUu¥)°(ti; X, )¢ X"

Upper bound for Rﬁ’(, ). To complete the proof of Lemma 5.2, note that it remains
to justify that RE(, )= hO(h + j¢ Xj?) uniformly in , . The duality formula gives

5

Z tk+1
RR(,) = Eql D[(¢ N X1 ) " Hx(U)(tke1 s Xty +, € N Xke1)E N X kg ]t
tk
. . Py
The term in the integral equals ij =1 [2D¢(¢ N Xk+1;i)C N XK1 @i;xj U(tker s Xty +
L O NXke1) + & N Xk € N Xkt D@ Ultiss s X+, € N Xke1))]. Thanks to (4.1)
and (4.2) and successive applications of Proposition 4.1, ev nally prove our assertion.
We omit further details. O

5.2.2 Proof of Lemma 5.3

As for Lemma 4.5, we only do the proof forty = O, i.,e. we have to show
PEG [N (X %) 1 ut XPNE WET - K (T;x)h? We have E[(uN (tg; XV %)
u(tl;Xtol;X))d: W{T = E[¢ Y1¢ W§]: By using (4.4), we come up with

Xi 1

E[¢ Y16 W] = E[ion; 16 YWE WS+ E[h (F 2, )¢ Xi + A)»pio, 16 WS
i=1
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where A; = E, (A)) (» and A are dened in (4.5) and (4.6)). In the following ~ denotes
mu; 1 and ‘¢ = 1. We easily prove that (~)1.i. n has the analogous properties to
("i)o. i- n. Estimates (4.12) and (4.13) remain valid for '~and under Hypothesis 2.3, the
estimate (4.12) becomes

"% satis es Rz uniformly in k: (5.20)

Step 1 : Proof of E[»:»y; 1¢ YnC W5]= E[n¢ YNC W] = o(h?).
As before, we use the duality formula:

Z,
E[n¢ YNC WG] =E (Dt[w]¢ Yn + wDi[¢ Yn]dt:
0

Since " satises (5.20), we proceed as inStep 4 of Lemma 4.5 and we get
E(D{[~w]¢ Yn) = O(h): Furthermore, we have

Di[¢ Yn1=(©UXY) i OAX7)DXY +©AXT)(DXY i DiX7):

On the one hand, analogously to previous computations, we ¢ablish E("'x (©°(X$‘) i

©X1))DiX{) = O(h).

On the other hand, we proveE(' ©0(XT)(DtXTN i D¢Xt))= O(h). Thanks to (4.1) and

(4.12), n©YX7) satis es condition R3. Then, by applying (5.9), we get the result.
Step 2 : Proof of E[h i 1fO(w,)¢ Ximpiom, 16 WE] = O(h?).

This is a similar proof to the one done atStep 1, with ©(x) = X.

Step 3 : Proof of E[hP NiTASE WS = O(hd):
A careful inspection of the de nition of Go; Gy and G, appearing in (4.6) shows that under
Hypothesis 2.3, these functions are continuously di@erer&ble w.r.t. the variable x (with
a bounded derivative). Hence, if we writeA; = AL+ (1 ,)AZ(,)d, with (see (4.6))

ti+1
A= ) (Go(s; Xs) + f(l;)Gy(s: Xs) + f (1) G2 (s X)) ds;

RC)=6 XPTo () Xi + Fyy ()Y, 1 Ye)®+ 6 Zif (1, )6 27
o 00 ag 00 o 00 o
+2¢ X fxy(pt’i)(Yt:\il [ Yti) +2¢ X, fxz(pt’i)q: Zi + 2(Yt:\il [ Yti)fyz(l-in)q: VAR

we note that the random variablﬁ A is in DY . Thus and becauseA~= E;, (A), one has
E[A~¢ W5l = E[A~¢ WG] = E[ '(AD¢~ + % DiA)dt]

The uppgr bound A = Ey (A) = Oi(h) + O(j¢ X;j? + j¢ Z;j?) (see (4.10)) is suxcient
to show E[ [Li *A;Dy~]= O(1) uniformly in t (follow the arguments of the conclusion of
the proof of Lemma 4.5 and use (4.13) with"

Now, it remains to establish E[ Li'5D{A] = O(1). On the one hand, clearly
E,[D:A] = Oi(h) and we conclude E[ Ni'=~D{Al] = O(1) uniformly in t. On
the other hand, A? can be decomposed into several contributions, which can bena
alyzed wijth the same arguments. Let us detail how to handle oa of them, for in-
stance E[ i1~ D¢(¢ X (1, )¢ ZP)] which has to be aO(1). We do the proof for

d=q=1. Write D¢(¢ Xify ()¢ Zi) = ¢ Xif oo (1, )De(¢ Zi) + De(¢ Xi)f o (1, )¢ Zi +
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¢ XiDe(f 5 (1 ))¢ Zi. As f*'is bounded, we have

— X 1, 00 — £Xi l., . ... 00 . a
E[  ~¢Xify, ({)Du(¢ Z)] - E I ¢ Xijif 5z ()i D (€ Zi)j
i=1 i=1
i i 1 C1j i 1
- CE(C  (HjT9¢ Xij9) 2 E(
i=1 i=1

1
2

; 2,01
iD(¢ Zj)j°) 2:

Thanks to Proposition 5.1, (5.20) and Proposition 2.2, we gé that
E[ {“zill'wlgxiffg(%)(Dtcrzi)] = O(l). Analogously, using (5.20-3.9-5.9), we
obtgin E[ NIt (D¢ Xi)f ()¢ Zi1 = O(1): It remains to demonstrate that
E[ i"4¢ XiDi(fy, (1,))¢ Zi] = O(1): We have

Di(frg (14,)) = Fron (4 )(.D XN +(L i ,)DeXy,)
000 000

+ fxzy(pt’i)(,D th!\il +(1 i ,)Dthi)"' fxzz(uii)(,D tZt'Tl +(1 i >)thti):

The most dixcult term to bound among these three ones is the onewhich contains D;Z{Y .
If we write \D +Z{! +(1 i ,)DiZy = ,D (¢ Z;j) + DZy,, we obtain

— i 1, 000 —
E[ 7¢Xifxzz(ufi),Dt(¢ Zj)¢ Zj]
i=1
it L6 Xl
jDe(¢ Z1)j%) 2 (E(
i=1 i=1
R L6 X
- CE( D¢ Zi)i%) * E(
i=1 i=1

i . s o S L
. C E( (it Xij%~j%j¢ Zij?) 2;

1

Bl

Ciij ¢
J€ Zij9)" * B(max j5j" max j¢ Xij")

qulying Proposition 5.1, (3.9), Proposition 2.2 and (4.13 (with <) lead to
El N6 Xif oo (1,).D (¢ Zi)¢ Zi] = O(1l): Propositon 2.2,  (3.9),
(5I§), (5.7), (5.8) and (5.20) enable us to prove that the otlers terms of

E[ {4146 XiDi(f, (1, )¢ Zi] are O(2). O
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In this part, we state some technical results concerning thdransition density function
of a di®usion processX, the regularity of the solution of a linear PDE, and the
convergence rate for the transition density function of the Euler scheme. These results
will be useful in Parts 11l and IV.

In the rst chapter, we are interested in bou&ding both the transition density function of
X (denoted p(t;x;s;y)) and °!(s;y) := re 7ZAX)p(t;x;s;y)dx, where Y2is a weight
function speci ed later. p(t;x;s;y) is the fundamental solution of a linear parabolic
PDE. Several results on bounds for the fundamental solutionof a linear parabolic PDE
and for its derivatives can be found in the literature (See Amnson [2], Ladyzenskaja
et al. [64] and Friedman [28]). We use these bounds to prove aanm equivalence result
(see Proposition 6.12). This Proposition is quite similar © Bally and Matoussi [5],
Proposition 5:1 (recalled in Proposition 6.10), except for the assumptios on %2
(Proposition 6.12 is proved for %x) = ei "X, whereas Bally and Matoussi [5],
Proposition 5:1 is true for a more general function’} and on the coezxcients of the
di®usion process. Beside that, Corollary 6.13 and Proposith 6.14 give an upper bound

for Oott((t?;’)’()), when (to; x) and (s;y) are in the same neighbourhood.

The second chapter deals with the regularity ofu, the solution of the parabolic PDE
(@+ L)u(t;x) + f(t;x) = 0, with a null terminal condition. In particular, we recal |
Bensoussan and Lions [13], Theporem :62, page 130 (see Theorem 7.1), which asserts
that k@uk+ kuk+ k@uk+ °@u° is bounded by kfk in LP(O;T;W%) (see
below the denition @f LB(O;T;W%P")). Then, we state in Proposition 7.4 that
k@uk + kuk+ k@uk+ °@u’ is bounded by kfk in H>, (see below the denition of
Hi;X ). We also prove in Proposition 7.3, that @u(t;x) is HAIder continuous w.r.t. t of
order 1.

The last chapter of this part is devoted to the study of the corvergence rate of the
density of the Euler scheme. We approximate the procesX by its Euler schemeX N and
we study the di®erence betweem(t;x;s;y) and pN (t;x;s;y), where pN is the transition
density of X N. Various expansions w.r.t. N for p(t;x;s;y) i p"(t;x;s;y) can be found
in the literature. (See Bally and Talay [8], Konakov and Mammen [60] or Guyon [46]).
Guyon [46] makes precise the way the expansion gi(t;x;s;y) i pN(t;x;s;y) explodes
when s goes tot. Theorem 8.1 states an upper bound fop(t;x;s;y) i p\ (t;x;s;y), and
Corollary 8.2 proves that p(t;x; T;x) » pY (t;x;T;x) when T ! t.






Chapter 6

Linear parabolic PDE and
di®usion process

This chapter deals with linear parabolic PDEs and the transition density function of a
di®usion process. It is organised as follows. First, we studyhe properties of the
fundamental solution of a linear parabolic PDE. We recall sane results on the bounds for
the fundamental solution and for its derivatives w.r.t. tim e and space. These results
come from Ladyzenskaja et al. [64], Friedman [28], and Aroren [2]. Secondly, we deal
with the transition density of a di®usion process. This transtion density function is the
fundamental solution of a linear PDE. Then, we state some prperties of the bounds for
the transition density function and for its derivatives.

6.1 Introduction

Let us introduce some notations commonly used in the sequel.

2 For anyFmatrllg M in RY- R arig any vector V in RY, we dene jMj?2 and jVj%:
Mpz= L Mg 2 vz = L v

2 Let Cl{(RP; Rq) be the set of C* functions from RP to RY with continuous and
uniformly bounded derivatives up to order k. The functions themselves don't need
to be bounded.

2 Let C'g;' be the set of continuously di®erentiable functionsA : (t;x) 2 [0;T] £ RY
with continuous and uniformly bounded derivatives w.r.t. t (resp. w.r.t. x) up to
order k (resp. up to orderl).

2 For any function v:RY9! R and any x in RY, we de'ne @v; @v(x) in the following
way: @Qv(x) = (@, Vv(x);¢¢@®,; v(x)), and @v(x) is a d£ d matrix whose components
are (@v(x))ij = @ v(x); 1+ ij - o

2 Let (F; k¢k ) be a Banach space. We dend2(0; T;F) the space of functionsA from

[0;T]into F s.t Z

kAkEp(O;T;F) = . KA(t)KR dt < 1 :

61
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2 Let W™P* 'm . 2 dene the space of functionsv : R9! R s.t.
OX Z 13
kvkymp: = @ e "Mjd@v(x)jPdxA < 1 :
k- m Rd
We setH™" = W™2" Form=0, we setH' = H%":
In particular, we get for A: [0;T]£ RY! R
z: Z
dt  dxel AL x)jP:
0 Rd

< p _
kAkLp(o;T wopt )y T
2 Foranym - 2, > Oand!> 0, let H™ dene the space of functionsu :
[0;T]£ RY! R such that
. zZ, Z

_ _ X
KukZ m: = es ku(s; OkZ . ds= e @'  jdu(s;x)j%dxds< 1 :
0

d
O R k.m

2 Foranym - 2; > 0;1> 0 and any di®usion procesXs; 0- s- T starting from
X at time 0, let Hl‘;“;(l de ne the space of functionsu : [0; T]£ RY! R such that
Z; Z

X
kukgme = e® &' Ej@u(s;Xg)j%dxds < 1

d
0 R K- m

Let us consider the following linear parabolic PDE on [0T] £ RY:
(i @+ Lex))u(t;x)=0; (6.1)
where the second order di®erential operatoL (.. is de ned by

X X
Lexyu(t;x) = ajj (t;x)@in u(t;x) + b (t;x)@, u(t; x) + c(t; x)u(t; x); (6.2)
i i

and aj (t;x) = %[?/4%]ij (t;x):

De nition 6.1  (Fundamental solution). [Friedman [29] p. 141]
A fundamental solution of the parabolic operator Lix | @ on [0;T]£ RY is a function
i(t;x:¢;» dened for all (t;x) 2 [0;T]£ RY and (¢;» 2 [0; T]£ RY, with t > ¢, which
satis es that for any continuous function f (x) with compact support, the function
z
u(t;x) = di(t;x;(;;>3f(»)d»
R

satis es
2 (j @+ Lx)u(tx)=0;if x 2 R% ¢ <t T,

2 utx)! f(x)ift& ¢.
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De nition 6.2  (Ellipticity condition) . We say that the operator L, de ned by (6.2), is
uniformly elliptic  on [0; T] £ RY if there exist two positive constants ¥%; % s.t., for any
vector » and any (t;x) 2 [0; T] £ R¢

X
Vo2 [%Fly (GX)or - Vi
ihj =1

Remark 6.3. To be rigorous in the previous de nition, we should say thatL is uniformly
parabolic (and not uniformly elliptic ). By misnomer, researchers in probability com-
monly use the word \elliptic", whereas the right term \parab olic" is used in the literature
on PDEs.

6.2 Properties of the fundamental solution of a linear
parabolic PDE

We recall some classical results on the regularity of the fudamental solution of (6.1),
denoted j(t;x;¢;%, and of its derivatives.

6.2.1 Bounds for the fundamental solution of (6.1)

This result, coming from Aronson [2], gives both upper and lever bounds for j. These
bounds are proportional to a Gaussian kernel. We have the fédwing proposition

Proposition 6.4 (Aronson [2]). Assume that the coezxcientsa; b; care bounded measurable
functions of (t;x) 2 [0; T]£ RY and that ¥ satises ellipticity condition (De nition 6.2).
There exist positive constants®;; ®;K s.t.

Kitegxi »ti &) i(tx:e:) Keaxi »ti ¢); (6.3)
for all (t;x);(¢;» 2 [0;T]£ RY with t > ¢, where °i(t; x) is the fundamental solution of
%d: uji @ =0, fori=1;2 We have®(t;x) = me' 28t The constant K depends

only on ¥%; %;d; T and the suprema of the coetcientsa; b;c The constants®;; ® depend
on ¥; % and d.

6.2.2 Bounds for the derivatives of i(tx;»;¢) wrt. tx;».

The rst result given here states a bound for @@i( t;X;¢;» when 2r + s - 2, with
HAlder type assumptions on the coexcients. We refer to Ladyenskaja et al. [64] pages
376-377. The second result has been established in Friedmagg], page 261. It gives a
bound for @*2@i( t;x;¢;"; @ @i( t;x + » ¢;» when jaj + jb - r, r a positive integer
and m = 0;1. Some regularity on the derivatives of the coexcients up to oder r are
needed.

Proposition 6.5 (Ladyzenskaja et al. [64], pages 376-377)Assume thatL is uniformly
elliptic (see De nition 6.2) and that the coexcients a;b;care HAlder continuous of order
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® in x and % in t. There exist two positive constantsc (depending on%g;%) and C
(depending on%y; %1 ;d; ®), s.t.

(d+2r+s) .

.Xi».z
I@Qi(tx; ;M- Clti ¢)i 7 € i ; where2r +s- 2, t>¢:

Proposition 6.6  (Friedman [28]). Assume that @a(t;x), @h(t;x), @c(t;x) (0 - j kj -
rrr 2 N, exist and are bounded continuous functions of(t;x) in [0;T] £ RY. We
also assume thatL is uniformly elliptic. Then, for all 0 - j aj+ jo - rnm = 0;1,
@*2@i( t;x; ¢;» exist and are continuous functions. Moreover, there exist; C two pos-
itive constants depending on¥; %a;d and on the bounds ofda; @b; @c (k - 2) s.t.

oo A
. . C Xi )
ARty .
i@ @il tx; e (i o) imrarprag= P 1
(|

. . . s i C i JXJ ;
@A tx+ e g O G

6.3 Properties of the transition density of a di®usion process

Let us introduce the d-dimensional di®usion procesX of generatorlL. X&:s2 [t;T]
is the solution of the following SDE

dX & = b(s; XP)ds+ ¥s; XE)dWs; X = x: (6.4)
Let p(t; x; s; A) denote the transition probability function
p(t;X;S;A) = Pex (Xs 2 A) = P(XE* 2 A)

of the Markov process solution of (6.4). The following theoem, from Friedman [29], gives
us assumptions under which the transition probability function has density.

Theorem 6.7 (Friedman [29], page 149) Assume that¥isatis es the ellipticity condition,
and that

Hypothesis 6.1 The functions aj ; b are bounded on[0; T]£ R® and uniformly Lipschitz
continuous on compact subsets dfo; T] £ RY.
The functions a; are HAlder continuous w.r.t. x, uniformly in (t;x) 2 [0; T] £ RA.

Then, the transition probability function of the solution of the stochastic di®erential
equation (6.4) has a density, i.e.,
z
P(X§2A)=  p(tx;s;y)dy; (t<s)
A

for any Borel set A, and p(t; x; s;y) is the fundamental solution ofLx + @, which means
that for any continuous function f (x) with compact support, the function
Z

u(t;x) = N p(t; x; s; y)f (y)dy

satis es
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2 (@+ Lax)u(tx)=0;if x2RY; t<s - T,
2 u(t;x)! f(x)ift% s.

The density function of the transition probability functio n is called thetransition density
function. It satis es backward and forward equations.

6.3.1 Backward and forward parabolic equations for the tran sition den-
sity function

We refer to Friedman [29], Chapter 6.5 and to Bensoussan and ibns [13], page 133
for more details. We deduce, from the above de nition of the fundamental solution, that
p(t; X;s;y) satis es in (t;x) the backward parabolic equation
1P 4 . P . ey — (-
@ptx;siy)+ 3 G e (x)@ ptxisiy)+ Ly b(Ex)@p(tx;s;y)=0:

p(s;X;s;y) = HX i y):
(6.5)

Under stronger hypotheses,p(t;x;s;y) satis es in (s;y) a forward parabolic equation
(See Bensoussan and Lions [13], page 134 for a proof.)

Hypothesis 6.2
1. %is elliptic,

2. The functions a;j ; @, aj ;@i x; & ;b are bounded on[0; T] £ RY and are HAlder con-
tinuous (of order ®) w.r.t. x uniformly in (t;x) 2 [0;T]£ RY.

Then, p(t; x; s;y) satis es in (s;y) the forward equation

P P
i @p(t;x;s;y)+ 3 ij-’:l Ly, (@ (S;Y)P(t X5 s y)] L @lb(s;yptx;s;y)]=0:
p(tx;ty) = Hx i y):

(6.6)

6.3.2 Bounds for the transition density function

Sincep(t; x;s;y); s >t is the fundamental solution of the operatorLx + @, we get that
io(tX; Y= p(Ti tX;Ti &3y ¢ <t, satises

xd 1 xd
i @o(txiei+  B(Ti Ex)@iotxieN+ 5 & (T 6X)@x, i o(t;X;¢:) =0
i=1 iij =1

R
and paio(tx;esf(y)dy ! f(x) when t & ¢. Hence, ijo(t;x;é;)); ¢ < tis
the fundamental solution of | @+ Lt; tx. Applying Propositions 6.4, 6.5 and 6.6 to
io(Ti ttx;Ti ¢;y) enables us to state results similar to Propositions 6.4, & and 6.6 for
p.
By using Proposition 6.4 and the formula of °;, we can rewrite the inequality (6.3). We
get
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Proposition 6.8. Assume that the coexcientsa; b are bounded measurable functions of
(t;x) 2 [0; T]1£ RY and that %is elliptic. There exist positive constantsK; ®g; ®; s.t.

Kil [ ixiyi? 1 o ixiyi?
—de 2@ (si t) . p(t’ X;S; y) . K —de 2@5(si 1) (67)
(2va@(s i 1))2 (2va®(si 1))2

The constant K depends only on¥y; %;d; T and the suprema of the coexcientsa; b. The
constants ®; ®; depend on¥; ¥ and d.

6.3.3 Bounds for the derivatives of the transition density f unction w.r.t.
X y.
As the “rst two results (6.8) and (6.9) of the following proposition are exactly the same
as for i, we only brie°y recall them. The third one (6.10) gives an upper bound for

@@p(t; x;s;y).
Proposition 6.9.

1. Assume thatL is uniformly elliptic and that the coexcients a;b are HAlder contin-
uous of order® in x and % in t. There exist two positive constantsc (depending on
Y, ¥a) and C (depending on¥y; %1;d; ®), s.t.

(d+2r+s) . AjXi

Loyl
j@@p(t; x;s;y)j- C(sit)yi 2z €° st where2r +s. 2 s>t (6.8)

2. Assume that @a(t;x), @h(t;x), (0 - j kj - 2), exist and are bounded continu-
ous functions on[0; T] £ RY. We also assume thatL is uniformly elliptic. Then,
@‘*a@p(t;x;s;y) exist and are continuous functions for all0 -j aj + jbj - 2;m =
0; 1. Moreover, there existc; C two positive constants depending 0i¥; % ;d and on
the bounds ofda; @b; @c (k - 2) s.t.

el

o _ C iyi ]
a v i ;
1@1 @p(t,X,S,y)J . t)(]mJ+JaJ+Jb]+ d):2 eXp | C

(si sjt (6.9)

and
- ixi yj?

i@ ptx;s;y)i- C(si t) Z e St (6.10)

Proof of (6.10). We can di®erentiate (6.5) w.r.t. Xx, for k =1;¢ ¢ ¢d. Then,

1 X 1 X
@@(tx;sY) =i 5 @& EX)@pEX;siy)i 5 & (EX)@x x,PEX:S:Y)
i =1 i =1
xd xd
i @btx)@ptx;s;y) i btEX)@, ptX;s;y):

i=1 i=1

P
Sincej@ p(tx;s;y)i - k= i@, P(tX;S;y)j and @a(t;x), @b(t;x), (0 -j kj- 2) exist
and are bounded continuous functions, we combine the previgs equality with (6.9) (with
jB=0;m=1and jaj =0;1;2) to get (6.10). O
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6.4 A norm equivalence result

Before giving a norm equivalence result which will be usefuln the sequel, we recall a
norm equivalence result which has been proved by Bally and Mmussi [5]. The authors
introduce ¥x) := exp( F (x)), a weight function, where F : RY! R is a continuous function
s.t. there exists a constantR > 0 s.t. the restriction of F to fixj >R gis Cﬁb. (The case
%=1 had already been treated by Barles and Lesigne [9], and thease£x) = (1 + jxj9)
had been handed by Kunita [61].)

Proposition 6.10  (Bally and Matoussi [5]). Assume b 2 CZ(R%RY) and % 2
C3(R%R¥9). Let %2be a weight function which satis'es the above properties. The
exist two constantsc > 0 and C > 0 s.t. for every2 2 L((0;T) £ RY; %x)dx - dt)

Z Z+ z z,
c ja( s;x)jds¥ex)dx - E(ja( s; X &)j)ds¥ex)dx
Rd t R% tZ
T
C j2( s; x)jds%x)dx:
Rd t

The constantsc and C depend onT, % the suprema of the rst derivative of b and the
suprema of the rst and second derivatives ofa

The inequality we establish now in Proposition 6.12 is weakethan the one of Proposition
6.10, since we are in the particular casé4x) = e 'Xi:1 > 0. We also assume di®erent
hypotheses onb; % Before stating this Proposition, for the sake of clearnesswe introduce
the following notation

Denition 6.11. For any s;t 2 [0;T] and any x;y 2 RY such that t<s we de ne
Z

ol(s;y):= e Mptx;s;y)dx;
Rd

where! is a positive constant.
In the following, * is a positive constant.

Proposition 6.12  (Norm equivalence) Assume that the coextcients¥s; bare bounded mea-
surable functions of (t;x) 2 [0; T]£ RY and that ¥ satis es the ellipticity condition (De-
nition 6.2). We also assume that (6.4) has a unique weak solign (X *%;W). There exist
two constantsc > 0 and C > 0 depending onT;d;%; K;® 1;®, (see Proposition 6.4 for the
denitions of K;®1;®,), and two constantsc;;i = 1;2 depending on?;d; ®; s.t. 8y 2 RY

1

2d|<'ei Wiga(si 0L ol(s;y) . 29Ke (i Vel : (6.11)
Moreover, for every? 2 L1((0;T) £ RY; el "Xdx - dt)
Z 7, z Z,
c j( s;x)jdse "Xidx - E(j3( s;X¥)j)dse '¥dx
Rd ¢ Rd t 7 7
C j3( s;x)jdse Mdx: (6.12)

Rd t
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The following Corollary and the following Proposition give an upper bound for %
when (s;y) belongs to a neighbourhood of {p; x). Corollary 6.13 ensues from Proposition
6.12. Under stronger hypotheses than in Corollary 6.13, Prposition 6.14 states a more

accurate bound for oott((fo;?)'()) :

Corollary 6.13. Under the assumptions of Proposition 6.12. For anys;to belonging to
[t; T], for any x;y belonging toRY and for any hy; hy satisfyingjsj toj - h; andjx; yj - hy,
there exists a constantC > 0 depending ond;%; T;K;® 1;®, and a constantc, depending
on ;d; ®, such that

plfei neot(siy) - O(six) - | CEMO (i)
Proposition 6.14. Assume that ¥ satis es the ellipticity condition, a;b are respectively
Cg2; C2 functions in space, anda; @a; @a; b; @b are C} function in time. For any s;to
belonging to[t; T ], for any x;y belonging toR? and for any h;; hy satisfyingjsj toj - h and
iXi Vyj- hyg, there exists a constantC > 0 depending onT;%;d; K® 1; ® (see Proposition
6.4 for the de nition of K;®1;®y) and on the bounds ofa; b and of the rst derivatives of

a; @a; @a; b; @b in time and space such that
3

.
ol(s;y) - (1+ Chy) 1+ C h¢ °Y(tg;x):

Before proving Proposition 6.12, let us state the fgllowingLemma.

R o o
Lemma 6.15. Let | denote 4 dxel ”XJ( 1)d exp i c’xs'iytJ2 , wherec > 0. For any
sjt)2
s;t2 [0;T] and any x;y 2 RY such thatt < s, the following assertion holds
3 i 3 .
1 %d= el ¢ 2 (si Deitiyi. | . od Ya 922 ed;:(Si Degi 1y
24 ¢ c

Proof of Lemma 6.15. First, we prove the r.h.s. of the previous inequality. Usinga change
of variables in | yields

3 Z 3
1 d=2 D1 . jzjz 1 d=2 a1 .
e 1 _ @ PRt asingz = Ya Efe 1PEWe oY (6.13)
c 2%sj t)z Rd C

Furthermore, E[€ HipggWs, UYL e tVIEE PsiWs; 4]

1l o H 1ol gl
dependent, thenEfe """ U] 'E[e "= ). 2(ELch( plwd )¢ - 2%
The last term being bounded, we get the upper bound forl .

. The components ofWg; ; are in-
d 2(si 1)
4c

. P liploWe, i
Concerning the lower bound, we use (6.13).  Moreover, E[¢' 'z s "]
. . . . 1 . . . 1 .
e "WEge 1= U] and g PEYeYp o 1 1 ¢,
Ele il owg, ) Ele iplwl )

1 2(si .
z%ei e t). The last term being bounded from below, we get the lower boud for |. O

Proof of Proposition 6.12. We easily deduce (6.12) from (6.11) by multiplying (6.11) by
j2( s;y)j and integrating w.r.t. y and s.
Upper bound for  °!(s;y). Using the right hand side inequality of (6.7), we get
z
K

Lo
B gt ey
(2%@(si 1) R

°l(s;y) -
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2 2 Si N
Then, using Lemma 6.15 withc = - leads to°'(s;y) - K 2062 gi tiyi.

Lower bound for °!(s;y). Using the left hand side inequality of (6.7), we get
z

Caiyi i X yi2
el JXJe' 2®1(si t)dx:

°l(s1y) , T
K(@2¥%@&(si t))z Rd

o d2ey(si )
2

Then, using Lemma 6.15 withc = 51~ leads to°'(s;y) - 5r€ el ', O

Proof of Corollary 6.13 . This result ensues from (6.11). From the r.h.s. of (6.11), weget
ol(s;y) - K2dghxe2(si Vei "IXi From the l.h.s., we haveel "X . K 2dgi ci(si Dot(g: ),
Then,

ot(s;y) - (K 2d)2€(02i c)(si )gth xot(s;x):

A similar computation leads to °(s;x) - (K 29)2e(c2i c)Telhot(tyx) and the result
follows. 0

Proof of Proposition 6.14. Let C denote a generic constant depending ofi;1; d; K; ® 1; ®;.
The proof is done in the following way

2 We “rst show that °!(s;y) can be written as an expectation of a function of the path
up to time s of a processY starting in y at time t. This way of writing °!(s;y) is
essential to carry on the proof.

2 Then, using this¢ expression of °!(s;y) enables us to bound °!(s;y) by
°l(to;y) '1+C" By and

2 to conclude the proof by showing thatt(s;y) - °'(s;x)(1+ Chy).

We write °!(s;y) as an expectation
We prove that °'(s;y) = Egy[el "Ylexp( “c(t + si u;Y,)du)], where c is a bounded
function depending on @aij ; @b. To do so, we rst use the forward equation (6.6) satis ed
by p(t;x;s;y) to get that °!(s;y) satis'es the following forward equation. 8s 2 [t;T], we
have

P Py _
it@Ot(S;Y)*' 3 fma @y Cisy+ L@ (siy) + dsiy)Ci(sy) =0;
o (t,y) = @ 1JYJ:

ey = P W . vy - 1Pd o
where h(s;y) = i-1 @aj(s;y) i b(syy), csiy) = 3 o1 @y ai(sy) i

L @h(sy).
Then, we introduce "'(r;y) := °Y(t+ sj ryy), with r 2 [t+ sj T;s]. “!(r;y) follows the
backward equation

8 -t 1Pd “t F)d h -t
2 @'(ny)+ 3 joa(t+siny)@, '(ny)+ L bt+siny)@ '(ty)
S *te(t+siony) (ny)=0;

“Ysyy) = el i

We also introduce the di®usion proces¥ satisfying

8u2rs] dYy=Db(t+sj uY,)du+ ¥t+sj u;Y)dWy; Y, = y:
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Finally, to write “!(r;y) (and then °!(s;y)) as an expectation, we apply the Feynman-
Kac formula (see Appendix A.2.1) to the previous PDE satis ed by “'(r;y). We can use
Theorem A.6 sincea;bandy 7{ ei ' satisfy the following conditions (which correspond
to the required assumptions to use the Feynman-Kac formula)

2 y 7] e "V satises the polynomial growth condition (Remark A.8).
2 a; @a; bare Lipschitz continuous functions in x, uniformly in time (Hypothesis A.3).

2 a; @a; @a; b; @b are bounded functions (Hypothesis A.2 and Remark A.8) and uit
formly HAlder continuous in [0 T]£ RY (Remark A.8).

2 ¥, satis es the uniform eIIipticity condition (Remark A.8).

Hence, '(r;y) = Epy[el ') 1Ys] exp( Sc(t+ sj u;Yy)du)], wherer 2 [t+ s T;s]. Since
t+si T <t, we can choosag =t in the previous equality. Furthermore, the de nition of
" gives” Y(t;y) = °(s;y). Thus,

: uZ T,
°ol(s;y) = Ery € 1Ylexp c(t+si uYydu (6.14)
t

, on_ 1P 4 . P .
with ¢(s;y) = 5 j=1 @y @i (SiY)i iz @ bi(sy).

i _¢
Proof of °!(s;y) - "1+ CIO hy °Y(to;y), when jsj toj- ht
We separately deal with the two casess >ty and s <tg. Let us begin with s >tq. Since
@a; @b are bounded, (6.14) enables us to bound!(s;y)

R
°t(s;y) . o (si IO)Et;y [e‘ 1ijje t‘o c(t+sj u;Yu)du]: (6.15)

Moreover, @a; @b are Cg intime, soc(t+sj u;Yy) - c(t+tgj u;Yy)+ K(sj tg), and
el 1iYsl . @i "Yiolg'iYsi Yool Then, (6.15) becomes

R
ot(s y) - eCt (si to)E [ thOje[tO c(t+toj u;Yu)dueleSi Ytoj]: (6.16)

VA 2NV o
By conditioning w.r.t. Fy, in the previous inequality, the term E[e ivsY i YtoyJJFtO] appears.
We compute it in the following way
v by

Livty . vty 1 0:Yy Sty .
Bl 1 Yo jF ] = Bl T Yo iR ] = e(YY);

where ©() = E[elesto;xi Xi]. To bound ©(x) from above, we use Proposition A.10, with
g(x) = €. We get
. Z,
E[e =" iX]=1+  PEjYloX; xj>2)ed (6.17)
0
Since @a; @b are uniformly bounded, using Lemma A.14 yieldsP(jYs°™ | xj > 2) -
K(T)exp(j ¢ ) Hence, (6.17) leads to

Zl
1; X, . 2 t
Ee%""i4]. 1+K(T) &€ ez 1+ K(T)%S' 06”2
0]

Sj t

1+ CK(T)psi to: (6.18)
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Combining the previous inequality with (6.16) gives
p___
°l(s;y) - (1+ C(si to))(1+ CK(T) si to)°'(to;y):

Assj to- h¢, we get the result.
We deal with the cases < tg, whose proof is similar to the previous one. We bound
ot(tg;y) from below.
o Z to
°!(to;y) = Eryle! Molexp( ot + toi u;Yy)du)]
t
Ety [e YiYsigi *iYoi YsjeRts c(t+toj u;Yu)dueRsto c(t+toi u;Yu)du]

gcr (toi S)ot(s;y)a( Yst;y);

L1y SX L . L1 X R .2 . .
where 3( x) = E[¢l ‘1Yo | XI]. As before, we can writeE[el “1¥s"" i XI] = 1 01 e CPGYL T

Xj ., +)d2. By doing a similar computation to (6.18), we obtain

oUtory) . (17 C(si to)Li CK(T)' ST T)l(s:y);

and the result follows.
Proof of ©°i(s;y) - (1+ Chy)°i(s;x), when jyi Xxj- hy
To do so, we apply a Taylor expansion formula to each componerof the following sum

Usiy)i s = CNsiXija) i °N(siXi);
i=1
whereX; = (X1;X2; ¢ ¢ ¢X;;Vie1;CCEyy); 8 2 1;¢ ¢ ¢dg, and Xg = y. For the i-th compo-
nent, we get
z 1
oUsiXij1) i °UsiX)=(Yii xi)  @°(six;)d,;
0

whereX; = (X1;¢¢¢Xi; 1;Xi +, (Yii Xi);Yi+1;¢ ¢ ¢yq). To conclude, it remains to prove
that for each i 2 f 1;¢ ¢ ¢dg, @,°'(s;X;) - COY(s;X).

2 Assume that j@,°'(s;y)j - Ce "Wi. Then, @°!(s;x;) - Ce 'IXil. Since for each
i 2 fL¢eedgjyi i xij - hx, @°4s;x;) - Cexel "X, The Lh.s. of (6.11) (see
Proposition 6.12) ensures that@,°'(s;X;) - C°'(s;x).

2 We prove j@,°'(s;y)j - Cel "W, By using (6.14), we get the following formula for
@iOt(S;Y)
f N RS . . y
@°'(s;y) = E[i '@, Ys”sgn(Ys¥)e ”Yst'yl%t ot si wYy? )dup
+ E[él Y g ¢ olte st U ) s@i ct+si u;Y )@, Y,V dul:
t
Applying Cauchy-Schwarz inequality to the previous equatian yields
3 t; R t; ‘ i
j@°Y(s;y)j- E[ei 21Ys"ig2 (oltsi uYy?)duy 2 (6.1
H 1 z S 1ﬂ
£ (E[(@, YY) D2 +(E[( @c(t+si u;YY)@ Y du)’])2
t

9)
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Since a; b are respectively C3;C2, j@,cj - C. Moreover, since @a; @a; @b are
continuous and bounded, sup. . s Ej@, Ys”j? - C (see Gihman and Skorohod [35],
page 59). Hence, (6.19) becomes

i@ (siy)j - Ce i Ve[ 21z

Writing E[ei 21" 1] = E[ei 2i¥” i ¥*¥i] and applying (6.18) imply i@°t(s;y)i -
Cel lej.

O



Chapter 7

Properties of the solution of a
linear parabolic PDE

This chapter deals with the regularity of u, the solution of the parabolic PDE

(@+ Lex)u(t;x)+ f(t;x)=0;

u(T;x)=0: (7:1)

In particular, we recall Theorem @12, ,page 130 of Bensoussan and Lions [13], which
asserts that k@uk + kuk+ k@uk+ °@u’ is bounded by kfk in LP(0; T; WP*). Then,
we state in Proposition 7.4 that k@uk + kuk+ k@Quk+ ° @u° is bounded bykf k in H’y .
We also prove in Proposition 7.3, that Qu(t; x) is HAlder continuous w.r.t. t of order %
We assume
Hypothesis 7.1 (Hypotheses onf)
1. f satis es the following polynomial growth condition: 9K > 0; 1s.t.

T s

jif (bx)j- K@+ jxj>); 80- t- T;8x2R%:
2. f is HAlder continuous on[0; T] £ RY.

We also assume that the coexcients oL satisfy the following hypothesis
Hypothesis 7.2 (Hypotheses on%s; b

1. %is uniformly elliptic,

2. aj ;b are bounded functions, and uniformly HAlder continuous off0; T] £ RY,

3. ajj ;b are continuous Lipschitz functions in space, uniformly in ime.

As recalled in Appendix A.2.1 (see Theorem A.6 and Remark A.B We can use the
Feynman-Kac formula under Hypotheses 7.1, 7.2 to writeu(t;X) = Egx| tT f (s; Xs)ds],
where X is the solution of the following d-dimensional stochastic di®erential equation
(SDE) dXs = b(s; Xs)ds+ ¥{(s; Xs)dWs:

73
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7.1 Regularity result in  LP(0; T; W)

We recall Theorem 612 page 130 of Bensoussan and Lions [13], with a null terminal
condition. Consider the following PDE

(@+ Lix)Vv(t;x)+ c(t;x)v(t;x)+ f(t;x)=0;

v(T;x)=0: (7.2)

which is a bit more general than (7.1), since the termc(t; x)v(t; x) has been added.
Theorem 7.1 ( Bensoussan and Lions [13]) Assume

2 a:b;c2 CI(JO; T[ERY)\ LI (JO; T[ERY);

2 c(t;x), Co> 0

2 34is uniformly elliptic,

2 (@ A=y ¢ap: @Yaare bounded.

Assumef 2 LP(O; T;WOP*)\ L2(0;T;H"). Then, 8p, 2, the solution v of (7.2) is in
LP(O; T;W?2P") and @v 2 LP(0; T; WOP"). Furthermore, we have

K@VK oo worr ) + KVK porwaer ) - CKEK por.wope ! (7.3)

Remark 7.2. The second assumption concerningx(t;x) is not restrictive. Assume v
satis es (7.2) and the coezxcientsa; b follow the preceding assumptions. We also assume
c(t;x) , Co, without any assumption on Cqg. We get a result similar to Theorem 7.1 for
u, solution of (7.1. By studying u(t;x) = v(t;x)e ©1t, we show that u solves the following
PDE

(@+ Lx)u(tx) + (ot x) + Cr)u(t;x) + e ' (t;x) = 0;

u(T;x)=0:

By choosing C; st. Ci; > | Cy we can apply Theorem 7.1 tou and get
K@UK_ po.1.wome )t KUK por.waer ) - CukfKip..wope ). From this inequality, we de-
duce that v satis es (7.3), whereC = C,e“1 7.

7.2  HAlder continuity of  @u(t;x) w.r.t. t of order %

The following proposition states a regularity result w.r.t t of the derivative @Qu(t; x),
where u is the solution of (7.1).

Proposition 7.3.  Let u be the solution of (7.1). Assume Hypotheses 7.1, 7.2, th&sand
b are in CZ in space and thatf is bounded. Then, for allt;t°2 [0; T], we have

j@u(t’x)i Qu(tx)j- Ckfk P it% tj;

where C depends ond; %; ¥ and on the bounds forda; @b, for k - 2.
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groof. Assume without loss of generality that t < t% Sincej@u(t®x) i @Qu(t;x)j =
: id:l j@u(t®x) i @ u(t;x)j2; we give an upper bound fori@, u(t® x)i @, u(t;x)j; 8i -
d. From the Feynman-Kac formula (see Theorem A.6), we deduceu(t;x) =
E[ tT f (s; Xs)ds], where (Xs)s, ¢ satis es (6.4). IJ\,et p(hx s;y) be the transition density
function of Xs. Then, we can write @Q u(t;x) = s dy f(s y)@, p(t; x; s; y)ds.

z  Z,
@Qu(t®x)i @u(tx)= N dy f(s;yI@ p(t°x;s;y) i @, p(t;x;s;y)lds
Zto !

i f(s;y)@ p(t;x;s;y)ds:= Ari Az
t

Then, we establish upper bounds forA; and A».

Upper bound for  A,. Using (6.8) yields
Z Z o Z o

iXi .2
jAj- Ckik, dy ds(si t)i “z e st . Ckfk, p 35 .
Rd t t Sit
) R ixi yi? p
since pqdy(sj t) 2 el Ot =(Z %5 Hence, we gefA,j - Ckfk, = t0 t.

Upper bound for  A;. First, we apply a Taylor formula to the di®erence

@ p(t%x;s;y) i @ p(tx;s;y).
z 1

@ p(t%x;s;y)i @ ptx;s;y)=(t% t) . d.@p(t°+ @i ,)tx;sy):

Using this formula and (6.10) yield
z Z; Z,

o C . ixj yi
jAlj- Ckfk, (% t) dy ds d, T o ST B T )
Rd to 0 (si (to+(@j ) =
- Ckik, (t% 1) ds d (si (t%+ (i ,)b) 2
t0 0
Since t O+ (1§ )t 2 [t;t9, we can write
. 1
si (tO+(Li )iz S
(si (t7+(1i ,)v) 51 (%@ TS
It remains to prove that Ry ds ‘d I _» : C_ {0 get jA4
p P © %0 S Ema ntse 0 P 1© 98I
Ckik, =10 ©
z . ZPrp .
ds D =2 u
o (s (tO+(@i )Y si 0 T o wrH(li ,)(t% 1)
29— —
2 @i %Y 1
=P 1 t0: '[) 1+ V2dv
(L )9 0 4s !
. 2 Tito
ST A )%y aean @
|
Rt R, 1 v, Ry g o p 0T
Thus, ,ds ;d, & oea nPs T Po p+ and we getjAqj - Ckfk; i t.

O]
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7.3 Bound for kukgz: .

Proposition 7.4. Assume %is uniformly elliptic, %2 Cé;l, bis CL1 and bounded, and
f 2 L%0;T; Hi;X ). We also assume thatu satis es the PDE (7.1). Then,

2 2 2, .
kung;; +k@ukH1;X - Ckf kHi;x ; (7.4)

Proof of Proposition 7.4. We do the proof in three steps, combining Theorem 7.1, page
74, and Proposition 6.12, page 67. Let us give the sketch of thproof.

2 We begin by showing that kuk . + k@Jka;x - C(Kuk?2: + k@ukj:).
X ; -
2 Then, we provekuk? 2: + k@ukg: - Ckfkg: :

2 To conclude, we showkf kij: - Ckfkg: .

The rst and third points can be proved using respectively the second and "rst inequality of
(6.12). Concerning the rst point, we apply the second inequdity of (6.12) with t =0 and
3( s;x) = eSA(s; x), where A(s; x) = ju(s; x)j?; j@u(s; X)i% jQu(s; x)j?; and j@u(s; x)j>.
For the third point, we use the st inequality of (6.12), with 2( s;x) = eSf?2(s;x) and
t = 0. To prove the second point, we apply Theorem 7.1 tov(t;x) = e7 u(t;x) and p = 2.
Sinceu(t; x) satis es (7.1), we get that v(t; x) satis es

| @UEX) L @oV(tX)+ SVt x) = erf (tx);

v(T;x)=0:
According to the hypotheses of Proposition 7.4, we can applyfheorem 7.1 to get
o 1 o o o ° 1 °
c@ez u(t; x))° + °ez u(t;x)° - Ceezf(t;x)° X
@z u(tx) L2(0;T;HY) Fultx) L2(0;T;H2) P L2(0;T;HY)

which implies kuk?2: - + k@ukZ: - Ckf k4:, and Proposition 7.4 is proved. O



Chapter 8

Convergence rate for the density
of the Euler scheme

The last chapter of this part is devoted to the study of the corvergence rate of the density
of the Euler scheme. This part is devoted to the study of the d®erencep(t;x;s;y) i
pN (t; x:s;y), where p (resp. pV) denotes the transition density function of the processX
(resp. XN). We aim at proving Theorem 8.1, which makes precise the way he upper
bound of jp(t;x;s;y) i PN (t;x;s;y)j depends onN and (s t). We also recall di®erent
expansions forp(t;x;s;y) i pN(t;x;s;y) which can be found in the literature.

8.1 Introduction

Let us consider ad-dimensional di®usion processXs):. s. 7 and a g-dimensional Brow-
nian motion (Ws)t. s. 7. X satis es the following SDE

. xa . . .
dX{ = b(s; Xs)ds+ ¥ (s; Xs)dW); X{ = x';8i 2f1;¢¢¢dg: (8.1)
j=1

We approximate X by its Euler scheme of orderN , 1, say XN dened as follows.
We consider the subdivisionft = tp <t; < ¢¢& ty = Tg of the interval [t;T], i.e.
te = t+ kT we put XN = x and, forall k 2f0; ¢ ¢ ¢N | 1gand u 2 [t; tksa ],

. ; X _ _
Xot = XET+ bt X)) (Ui )+ % e X)W W );8i2f L eegdg: (8.2)
j=1

Note that the continuous Euler scheme is an It6 process vefying
Z u Z u
XN = x+ t b(" (5); X Ng)ds+ t Y (9); X Ng))dWs
where' (u) :=supfty : tx - ug.
If %4is uniformly elliptic, the Markov process X (resp. the processx N) admits a transition
probability density, denoted p(t; x;s;y) (resp. pN(t;x;s;y)). Let us state the main result

of this chapter, whose proof is postponed to Section 8.4.

77
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Theorem 8.1. Assume%is uniformly elliptic, b2 C}? and %2 CL*°, @%2 C{ in space.
Then, 8(s;x;y) 2 [t; T]£ RY£ RY, there exist a constantc > 0 and a function K (T) non
decreasing in T and depending on the dimensiord and on the upper bounds of4; band
their derivatives s.t.

K(M(Ti b gxi yj?

N (i

N(sj t)z sit )

iptx;sy) i PN (xS )
Corollary 8.2. Assume the same hypotheses as in the above theorem. From thetla
inequality and Aronson's inequality (6.7), page 66, we dedce

PEXGT) 0 PN X T = K(T)P——
p(t: X T:X) N TS @)

This inequality yields p(t;x; T;x) » pN(t;x;T;x) whenT ! t.

Remark 8.3. In the rest of this section, K (T) denotes a non decreasing function inl
and C denotes a strictly positive constant depending on the dimesion d and on the upper
bounds of%; band their derivatives up to order 1 in time, order 2 in space fo b, and order
3 in space for¥a

Before giving a proof of Theorem 8.1, we rst recall some otheresults on the upper
bound of p(t; x;s;y)i p\ (t;X;s;Yy), obtained by Bally and Talay [8], Konakov and Mammen
[60], and Guyon [46]. Then, we give basic results on Malliavi calculus for elliptic It®
processes, which will be useful for the proof of Theorem 8.1.

8.2 Previous results

The di®erencep(t;x;s;y) i pN(t;x;s;y) has been studied a lot. We can found several
results in the literature on expansions of this di®erence. Fst, we mention a result from
Bally and Talay [8] (Corollary 2:7). Let us assume¥ais elliptic (see De nition 6.2) (with
Ys0nly depending onx) and

Hypothesis 8.1 b;%are C! (RY) functions whose derivatives of any order greater or
equal to1 are bounded.

Using Malliavin calculus, Bally and Talay [8] have shown tha

1 1
pLX;Tiy) i Y (EX;Tiy) = ¥ (6y) + 5RY (6 Y); (8.4)
with v 0 y)ji + JRY (G y)j - 20 exp(i X% where e, , 0, ¢, > 0, q a positive

constant, and K (§ a non decreasing function. We point out that q is unknown, which
doesn't enable us to deduce the behaviour opj pN whent % T.

Beside that, to bound from abovep(0; x; 1;y)i p" (0;x; 1;y), Konakov and Mammen [60]
have proposed an analytical approach based on the so-callechgametric method. Assume
Yis elliptic (see De nition 6.2), and
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Hypothesis 8.2 b;%are C (RY) functions whose derivatives of any order are bounded.

For each pair (x;y) they get an expansion of arbitrary order j of pN(0;x;1;y). The

coexcients of the expansion depend o\

\ Xt 1
POX;Ly)i P OxiLy)= i (0x Ly) + O(S7): (8.5)
i=1

The coezcients have Gaussian tails : for each they nd constants ¢; , 0,c, > 0 s.t. for
al N , 1andallx;y 2 RY, Y (0;x;Ly) - crexp(i c2jx i yj?). To do so, they use
upper bounds for the partial derivatives of p (coming from Friedman [28]) and prove
analogous results on the derivatives ofpN. As strong as is this result, nothing is said
about replacing 1 byt, for t 2 [0;1]. That's why we present now the work of Guyon [46].

Guyon [46] improves (8.4) and (8.5) in the following way. Assime %is elliptic (see
De nition 6.2) and Hypothesis 8.2

Denition 8.4. Let G(RY):I 2 Z be the set of all measurable functions/s: R £ (0; 1] £
RI!I Rsit.

2 for all t 2 (0;1]; (¢ t; § is in nitely di®erentiable,

2 for all ®;~ 2 N9, there exist two constantsc; , 0 andc, > 0 s.t. for all t 2 (0;1]
and x;y 2 RY,

i@QYixty)i- ot 19T D2 exp( cjx i yj=t):

The author has proved the following expansions

Ve Yn

N. o 74 .

Mip= ot T ﬂ (8.6)
Mly, X H i 100

N op= i tp MO g il ; (8.7)
. N! . N ' N!
i=1 i=2

where %42 G1(RY), (¥a;N , 1) is a bounded sequence ir(RY). For eachi | 1,

(Y;i;N , 1) is a bounded family in Gy; 2(RY), and (4R,;;N , 1);(R%;N , 1) are two
bounded families in G; (RY). These expansions can be seen as improvements of (8.4) and
(8.5) : it allows in nite di®erentiation w.r.t. X andy and also makes precise the way the
coexcients explode whent tends to 0.

Remark 8.5. Using the notations of Guyon [46], we can rewrite Theorem 8.las
iptx;sy) i pVEx;s;y)i - STy, where a2 Gi(RY). If we look at (8.7) with j = 1,

1/00
we getpN | p= % where YR, 2 Gy(RY). Then, Theorem 8.1 gives a better accuracy

for jp(t; X;s;y) i pN (t;x;s;y)) when s tends to t.
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Before giving the proof of Theorem 8.1, we recall a result on pper bounds for the partial
derivatives w.r.t. x andy of p(t;x;s;y) and on the upper bound for pN (t; x;s;y), which
will be useful in the sequel. It is stated in Guyon [46], Theoem 6, but it has essentially
been proved by Konakov and Mammen [60].

Theorem 8.6 (Guyon [46]). Assume ¥is uniformly elliptic and Hypothesis 8.2. Then,
8t 2 (0;1] and x 2 RY, N 1, XN has a densitypy (0; x;t;y) and py is a bounded
sequence inGy(RY).

5

Remark 8.7. The assumptions of Theorem 8.6 are stronger than the one we nda in
Theorem 8.1. However, the proof of Theorem 8.1 only requirethe following inequality

TR 1
CK (T) exp i X yj?

9c> 0s.t 8(s;xy) 2 (ET1E RYERY py(tx;s;y) - : _
(si t)2 it

which can be proved under the assumptions of Theorem 8.1.

The next section is devoted to recalling basic results on Mdiavin calculus for elliptic
It6 processes. These results will be useful for the proof ofheorem 8.1.

8.3 Basic results on Malliavin calculus for elliptic I1t® pro-
cesses

We refer the reader to Nualart [78], section 2.2, for more detils of this section. Fix
a Tltered probability space (- ;F;(F¢);P) and let (W;) o be aq-dimensionﬁl Brownian
motion. For h(§ 2 H = L2([0; T];RY), W (h) is the Wiener stochastic integral OTh(t)th.
Let S denote the class of random variables of the forr = f (W (hy); ¢ ¢ ¢W (h,)) where
f isaC?! function with derivatives having a polynomial growth, (hy;¢¢¢h,) 2 H" and
n, 1. For F 2 S, we dene its derivative DF = ( D{F := ( D{F; ¢¢¢th|:))t2[O;T] as the
H valued random variable given by

X
DiF = @ f(W(h);¢¢gW (hy))hi(t):
i=1

The operator D is closable as an operator fronLP(-) to LP(-; H), for p, 1. Its domain
is denoted by ¢!P w.rt. the norm kFk,, = [EjFjP + E(kDFk},)]*=P: We can dene the
iteration of the operator D, in such a way that for a smooth random variable F, the
derivative DKF is a random variable with values onH- K. As in the casek = 1, the
operator D¥ is closable fromS ¥%LP(-) into LP(-; H-K);p, 1. If we de'ne the norm

D S
kFke, = [EjFjP+  ECD/F",. 1"
j=1

we denote its domain by ¢<P. Finally, set ¢ ¥ =\, 1¢&P and ¢1 =\, 1¢ 5P, One
has the following chain rule property
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Proposition 88. Fix p, 1. Forf 2 Cg(Rd;R), and F = (F;¢¢¢F4)" a random
vector whose components belong t0 2P, f (F) 2 ¢ 1P and for t , 0, one hasD(f (F)) =
f {F)D¢F; with the notation

0 1
DiF,

DF=0 X 2 RY. R
DiFq

We now introduce %, the Skorokhod integral, de ned as the adjoint operator ofD.
Proposition 8.9. *is a linear operator on L2([0; T] £ - ; RY) with values in L?(-) s.t.

2 the dorﬂain of + (denoted byDom(2)) is the set of processesi 2 L2([0; T] £ - ; RY)
s.t. jE( OTDtF ¢udt)j - c(u) kFk . forany F 2 ¢ 12,

2 |f u belongs toDom(z), then +(u) is the one element ofL?(-) characterised by the
integration-by-parts formula
HZ ¢ T
8F 2 ¢ %2 E(F+u)) = E D(F ¢u.dt
0

Remark 8.10. If uis an adapted process belonlging ta2([0; T]£ - ; RY), then the Skorohod
integral and the It6 integral coincide : +(u) = OTutth, and the preceding integration-
by-parts formula becomes
HZg )l HZ ¢ 1
8F2¢Y E F  udw, = E D{F ¢udt : (8.8)
0 0

In the following, this equality is called the duality formul a.

We recall some standard results related to the integration-ly-parts forrﬂula. The Malli-
avin covariance matrix of a smooth random variableF is de ned by °F = OT DF [D{F]°dt.
The following proposition corresponds to the rst part of Proposition 2.4 of Gobet and
Munos [44], or to Proposition 3.2.1 page 160 of Nualart [79].

Proposition 8.11 (Gobet and Munos [44]) Let ® be a multi-index, F be a random
variable in ¢ k11 s.t. det(°F) is almost surely positive with1=det(°F) 2\ , ;LP and G
belongs to¢ X2:1 | Then, for any smooth function g with polynomial growth, provided that
k1 and k, are large enough (depending o®), there exists a random variableHg(F; G) in
any LP s.t.

E[@9(F)G] = E[g(F)Hae(F; G)]:

Now, we intend to apply such a result with F = Y;, whereY is some It6 process. (For
example we can takeF = X or F = XN). We only consider a speci ¢ class of elliptic 1to
processes de ned in the following Proposition. The proposibn we state is quite similar
to Proposition 4.2 of Gobet [37]. The di®erence is based on thiact that in Gobet [37]
the coexcients b; %are assumed to beC' and bounded. In our casep and ¥are in Cé;z.
The following result is derived from Kusuoka and Stroock [63.
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Proposition 8.12. We assume¥zis uniformly elliptic (see De nition 6.2), b2 Cé;z and
Y42 Ct};z. Consider ©, a map from R* into R*, satisfying the non-anticipative condition
0- ©°(s)- sforanys. Let (Yt°)t, o be thed-dimensional It6 process de ned by
Z, Z,
YWExr BO(S) Yg)dst O (S); Yoy )dWs:

Then, fort> 0,Y, 2 ¢%1  andfork - 2;p> 1, there is a function K (T) (not depending
on°), s.t.

sup kY, (XK, - K(T)(+ jxj):
t2[0;T]

The Malliavin covariance matrix of Y, is a.s. invertible and its inverse, denoted ; belongs
to \ p>1LP. Moreover, we haveki f(x)kLp . % uniformly in x and°.

Integration by parts formula : for all p > 1, for all multi-index ® s.t. j® - 2, for all

s2 [0;T] and t 2 (O;T] and for any functions f and g in CL®‘(Rd;R), there exist a
random variable He(g(Ys ); Yy ) 2 LP and a function K (T) (uniform in 9 x;s;t;f and g)

S.t.

Ex[@f (Y)a(Ys )] = ExIf (Y; )He(9(Ys ) YOI, (8.9)
with
[ExiHa(9(Ys ) YOI Kt(T) KOy (8.10)

All these results are given in the article of Kusuoka and Stramck [63]. The rst one,
concerning the estimates of Sobolev normk¢k, is stated in Theorem 219. The inequality
on the Malliavin covariance matrix is stated in Theorem 3.5. (8.10) is owed to Theorem
1:20 and Corollary 37.

8.4 Proof of Theorem 8.1

To prove Theorem 8.1, we combine Theorem 8.6 and Propositio®.12. The scheme of
the proof is the following

2 Use a PDE and It0's calculus to write the di®erencepN (t;x;s;y) i p(t;x;s;y)

I
n
S

(B (XN i bEX )@ X Y;s:y)

t P
i=1 3

xd
5 (@ (XN i@ (nX )@ p(nX N isy)Sdri= Ex+ Bz (8.11)
ijj =1

2 Prove the intermediate result 8(r;x;y) 2 [t;s] £ RY £ RY

oo N poo e oo LT
CJYi X7 sir o dXi oyt
Eix exp jcC sir K(T) st exp lCiSi T (8.12)

wherec; > 0.
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2 Use Malliavin calculus, Theorem 8.6 and the intermediate reult, to show that
each term E; and E, of the sum of the r.h.s. of (8.11) is bounded by

K(T)T; . Xi iRy,
(T)(Tit) . 1d+1 exp(i CstuiytJ ):
(sity 2

De nition 8.13.  We say that a term E (t;x;s;y) satis es the property P if 8(t;x;s;y) 2
[0;T]E RYE [t; T]£ RY

[T |
Exsy). “MTiH 1 X yj®
1 ) Hl N (Si t)d-;l l Si t

(P)

8.4.1 Proof of equality (8.11)

Let us consider the following PDE, wheres 2 [t; T ].

(@+ Lx))u(;x)=0; 8r 2 [t;s];8x 2 RY
u(s;x) = f(x);

where L.y is de ned by (6.2). We also assume thatf is continuous and satis es a
polynomial growth condition. Applying Feynman-Kac formula (see Appendix A.2.1) gives
u(t;x) = Eex[f (Xs)]. By using the terminal condition of the PDE, we also haveu(s; X)) =

f (XN). Then,

Eex[f (X&) i f(Xs)] = Eux[u(s; X&) i utx)l: (8.13)
On the other hand, E¢x [f (X)) f (Xs)] can also be written using the transition density
p(t; x;s;y) of X, and the density pN (t;x;s;y) of XN . We get

Z
Eex [F (X2) i f(Xs)]= Rdf(y)[loN (tx5sy) i p(tx;s;y)ldy: (8.14)

Besides that, using It6's formula yields

.7 4 #
s s s Xd
Erx [u(s; X)) i u(t;x)] = Eex @u(r; X N)dr + Ex B (r); X )@ u(r X N )dr
t, - 3
TUERS
+ SEix 4 t ai (" (N X))@ x u(r X M)drd
ij =1

From PDE we have @u(r; X N) = iL u(r; X N), then the above equality becomes

2 y
Ex[u(siX$') i u(t;x)] = Egx (B¢ (r): X)) i X M@ u(n X N)dr
' g 3
1 Zs
+ 5B 4 (8 ( (1) XN i@y (5X M) @y un X N)drS

=1
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R R
Sinceu(t;x) = zaf(Y)p(t;x;s;y)dy we get @ u(t;x) = raf (Y)@, p(t; x;s;y)dy, and
hence

Ecfu(si X2 i u(t )] =
z Z oy #
B dyf(y) (B () XNy i BEX )@ p(nX Y5 s;y)dr
RZZ t oo 2
PR 0 @ (Ot e X )@ peX sy
i =1
(8.15)

Combining (8.13), (8.14) and (8.15) yields the following egality, which is true for all
continuous functions f continuous with polynomial growth

y
Rdf(y)[loN (tx;siy) i ptx;s;y)ldy = (8.16)

'z Z ¢y #

Etx y dyf (y) t (B () XNy) i X E)N@pr X ;s y)dr
i=1

1 2, 7 e 3

+ B 4 LEm (@i ( (XN i & (EX N )@y (X N5 siy)drd
ihj =1

To get (8.11), we put the rigsb of (8 16) on the left one al&d wechoosef (y) =
PN (6X;S;Y) i PEX;SiY) i Eox 4 e &0 XN(r))u b(rX M) @ p(rX ;s y)dri

L N d d i
3B ¢ = a.J( (r): XS i ag (n Xy )@IXJ p(r; X N;s;y)dr. We can do so since

2 pN(t:x:;s;9is C! (RY) with polynomial growth (see the Examples page 305, point 2)
of Kusuoka and Stroock [63]). This result also ensues from # fact that pN (t;x;s; 9
can be written as a convolution product of Gaussian random vaables,

2 @p(t;x;s;9; 0- k- 3 are continuous with polynomial growth (see Proposition
6.9),

. RsP 4
2 thefunctlloona Y71 Egx 1 h( (n); XN(r)). b(rXN) @p(r X N:s;yydrj

1Eix ldj 1 a.J( (r); XN(r))| aj (nXN) @.x, p(r; X N s;y)dr is continuous. We
check it by looking at the rest of the proof In the foIIowmg of the demonstration, we
split thlﬁmte&ral into four terms E11; E12; E21; E2y. Each of these terms can be writ-
tenas Sdr ' 0 Eex [@p(r; X N;s;y)a( (r); XN(r),u X NY]du, wherek 2 f 0;1; 2; 3g
and g is bounded continuous (see (8.19) for example). Thus writig the expectation
as an integral and using the two preceding points lead to the ontinuity of 2,

2 since each termEj1; E12; E21; E2, satis es property (P) (see de nition 8.13, page
83), the function 3( y) has polynomial growth.

Consequently, the chosen function f is continuous with polynomial growth.
Ra f 2(y)dy = 0 leads to f(y) = 0 a.e. As f is continuous, f is null everywhere and
(8.11) follows.
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8.4.2 Proof of the intermediate result

R —
We prove inequality (8.12). Ex[exp( ij. L "%y = ra €xp(i PPN (tx; 1, 2)dz,
Using Remark 8.7, we get

H P z % I * P |
Eee exp G i XN K(T)d exp i AT ey AXIET g,
sjr (ri t)2 R Sir rit
Z 1 " i ai? QoXii 7
. KA(T R AL L
MiL PP o g &P ic
2 1 jyii zij? dXii zj?
and G———=exp(i c—— ) 4 — exp(i cit)dzi is the convolution
R 21/(s|2€r) S| r 21/(rz.c'[) ri
product of the density of two Gaussian random variablesN (i X;; %atf) and N (y;; &)
computed at O (ﬂae Lemma."A.lG, page 265). The integral is equato
2
—exp i % . Then, we get
22Ut + Sit ™t
z . L1 . L1 [ . L1
o L exp”. Jvii zi? exp“. L C“Si r zexp“. odXi i il
R Tt s ' rit ! sj t ' sj t
and (8.12) follows.
8.4.3 Upper bound for hEl _
R P !
We recall that E1 = “Erx 1oy (BC (1) XN,)) i B(sX N)@p(sX Nisyy) dr. For
eachi, we apply Ito's formula to b (u; X V) betweenu ="' (r) and u = r. We get
Z, _ Z, xa
b () XNy i XM= @du+ AW (8.17)
" (r) (1) k=1
where ®, depends on@b; @o; @b; ¥sand ~|, = r xb(u; X)L (r); X! (r)) Since b; %

belong to Cb ,ng‘, ® and (k) . q are uniformly bounded. Using (8.17) and the
duality formula (8.8) yield

WZs Z z,

r . )
Ei= fExx [ ()@i p(r X ;s Y) @ du+ Epx[ ()Du(@i p(r X 1';s;y)) ¢ dulgdr
i=1 t " (r " (r

= Ennt+ Eqg (8.18)

where 7, is a row vector of g components. We upper boundEq; and Ej.

P, Re_ R " .
Boqu for Enn= o (Euxl. ) @, p(r; X [¥; s;y)®,duldr.
Since’ &, @p(r;X N;s;y)®, -j ®jj@p(r;X N;s;y)j and &, is uniformly bounded in u,
we have Z
N Tjt S
jEuaj- C

Eex[@p(r; X V5 s; y)jldr:

t
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i N2
Beside that, from Proposition 6.9, j@p(r; X N;s;y)j - ﬁexpI i c’y'sf# . Then,
sir)y z

z - VI |
o Tt 3 1 i XNj2Z©
jE1gj- C— 71 Etx exp icjiy'. r | dr:
t (sir)?2 Sif
Using the intermediate result (8.12) yields
z (VO S
N Tit ° 1 1 Xi yj?
jE11j - K(T) I\II p—— _exp j Y gy
t  Sif(sjt)z sjt
Tit 1 iXi yj?
- K(T) ,\II a1 EXP i CJ l. Y]
(si )z Sit
and thus E;; satis es property P (see De nition 8.13).
— P d RS Rr .y N. . —i .
Bound for Ei»= ; [ Euxl[. i Du(@, p(r; X ¥;s;y)) ¢ |, duldr:

To rewrite Eip, we use the expression of |, and Proposition 8.8, which gives
Du(@ p(r; X ;i) = 1 x(@py; X5 siyD ¥ (r); X N,y). Then,
Z S Z r

Ep= dr Eux [@ x, P(: X s Siy) (TP (1) X Np)(r xbi(u; X)) *ldu:
k=1

(8.19)
Using the integration-by-parts formula (8.9), we get that
Eix [@ x, PO X N sinI(FFAC () XN xb(u X N ) 7]
= Eex[@ (X 5 8iY)He (T (r)s XNy )(r xbi(us X ) T X I

where g is a vector whosek-th component is 1 and other components are 0. LeH iek (r;u)
denote He, ([(%¥)(" (r); XNpy)(r «bi(u; X))l X[, we write

Z z

s rooxd xd _
Eio = dr Exx[ @p(rXN ;s;y)Hgk(r; u)]du:
t (D k=1 i=1
From (8.10), we deduce Et;x[jH‘ek(r;u)jlo]lzp : C(fgl):z, where C only de-

pends on j%: , j@%1 ., j@W1., j@b1. Since Ex[ L @p(nXNisiy)HE]
Eux [@p(r; X rN 1S Y)ijHe J], we apply HAlder's inequality to get
Z S Z r
1 : cw N ao )i 158 -
Eio- CK(T) dr ——Ex[[@p(r X ;s;y)j ¢ ]# du:
t cy (i B

Using Proposition 6.9 leads toj@p(r; X N;s;y)j - - r(;dﬁ? exp(j c"y‘;i(#), and com-
bining this inequality with the intermediate result yields

T_a2
u S | r 2(d+1)

[T |
CK(T) exp i oY Xj?

Ee [i@p(r: X N s y)j a0+ . 4
ox [@P(EX 75 s1y)j @ ] i) sit st

(8.20)
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Hence,E 1, is bounded by

. S1Z
CK(T) Tit H ivi XJ2ﬂ s 1 1
Eqio- v exp j c—— — ) dr:
(S i t)m N Sj t t (r | t) (S i r) 2 i 2(d+1)

RS 1 1
t (rj t)1=2 d+l . _ d2
(rin) (sir) 2 ' 2d"D

It remains to compute dr. To do so, we split the interval [t; s]

into [t;t + SLY; [t + SLt;s]. Thus,

£s g 1 1 funt g 1 “s dr
ri t)l=2 e s ty2ad r't1:2+ si ty: si
G N . N C Ok G BRI GO LIS S GOk
An easy computation leads toE 1, ((S:thdT)z Titexp( c‘y' X‘ ); and E 1 satis es property
P.
8.4.4 Upper bound for E,
Z 1 xd
We recall E; = Etx [f (@i ( () XN) i@ (BX )@ ply; X[ 5s;y)ldr. As
t I] =1
we did for E1, we apply It6's forrﬁula to  aj (th ) between ' (r) and r. We
get aj (" (r); X. (r)) i a(nxN) = (r)°H du + r() +) dw,, where °! depends on

Y @ @ b; @% and 4] is a row vector of sizeq, whose I-th component is (] ) =
ko1 @, (U XY )% (" (r);XN,)). Then, using the duality formula (8.8) leads to

z, z, z,

E>= f Eex[ ()@ix,.p(r;er;s;y)°Hdu+Et;x[ ()Du(@ixjp(r;er;s;y)) ¢ dulgdr
|,J =1 t "(r "(r

= Eo1 + Epa

P R R .
Bound for Ez= §. Exl iy @ x, P X N s y)°d duldr.
We can treat this term as we did for E1p. As ¥;b; @4 @ @sare Cl in space, °I has

the same properties as the term [{.3%)(' (r),X.N(r))(r «b (u; X 1)) "1k appearing in (8.19).
Thus, E»; satis es property P.

P R R y
Bound for Ez = fio; Eux[. ) Du(@y p(:XN;s;y)) ¢l duldr:
To rewrite E»p, we use the expression ofiH and Proposition 8.8, which asserts
Du(@ x, P(; X Nisiy)) = 1 x (@, (s X N5 siy) A (r); XNyy). Thus,
Z, Z,
Ex = dr  Eex @y x PO X 5 SiITI( (r); XNpy)(r xa (u; X () ldu:

k=1 t H(r)

To complete this proof, we split Ep; in two terms : E3, (resp E3,) corresponds to the
integral in r from t to t + 5Lt (resp. fromt + St to s).
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8. Convergence rate for the density of the Euler scheme

2 On [t;t + 5511, EL, is bounded by

Titzt+512t

t

JE5j- C

Et;X [I@, Xj Xk p(r, X rN N Y)J]dr

Using Proposition 6.9 and the intermediate result gives

t

. SNZ sit
K(T(Tit) 1 exp“_ JX yj2' Tt e 1
N (sj t)d=2 st ¢ (sj r)s=2

JE3j- C
Hence, E,, satis es P.

On[t+ §2Lt s], we use the integration by part formula (8.9) of Proposition 8.12, with
i® = 2.
xd Zs Z, _
E% = dr Eex [@ p(r X 5 5:y)H, 1du;
k=1 ()

where ngk = He, ((%%)( (r);X.N(r))(r @i (U; X))l X N), and ey is a vector
full of zeros except thej -th and the k-th components. Using HAlder's inequality and
(8.10) (remember that %:2 C.®), we obtain

Z
Tjt S 1

N trsit rjt

2

EZ, - CK(T) Eex [[@p(r; X N  5;y)j " e dr: (8.21)

By applying (8.20), we get

Tit 1 Moyt s 1

: i o 2d+L
N o(si Sit et (s ryae

E3, - CK(T) dr;

and the result follows.
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This part is devoted to the study of a numerical algorithm solving backward stochastic
di®erential equations (BSDEs for short) of the following type

i dYy = fﬁ;xtth?Zt)dt iRthWt; Yr =O(XT1);

8.22
Xt =X+ Sb(s;xs)ds+ 53/(s;Xs)dWS: ( )

(E)

Several algorithms for solving BSDEs can be found in the liteature. Let us list them
chronologically.
In 1994, Ma, Protter, and Yong [74] present an algorithm, caled the four step scheme,
which solves a class of more general BSDEs, general in the senthat b and 3 the
coexcients of the di®usion, may depend ory and z. In fact, they solve the associated
quasilinear PDE through a nite di®erence approximation. However, such an algorithm
cannot run well in high dimensions. Moreover, they assume &rictive hypotheses on the
coezcients.
In 1997, Chevance [21] suggests a method based on random qtiaation techniques. The
author gives an upper bound forY under strong regularity hypotheses forf and ©. The
error on Z is not presented.
In 2001, Briand, Delyon, and Mgmin [17] provide a numericalscheme for BSDEs based
on the approximation of the Brownian motion using a summation of Bernoulli random
variables. This numerical scheme can easily be implementedThe authors have proved
the convergence of their scheme, but no rate of convergence given.
In 2003, Bally and Pages [6] present an algorithm for solvig re°ected BSDEs by using
guantization techniques. The authors replace the procesX by a Markov chain with
“nite state space, which are the points of an optimal quantizaion grid. Once they have
computed the transition probabilities on this grid, they easily implement a dynamic
programming equation to solve the re°ected BSDE.
In 2004, Delarue and Menozzi [24] provide a method for solvip FBSDEs
(Forward-Backward SDESs), based on quantization techniquesand deterministic grids.
In 2004, Bouchard and Touzi [15] discretize the above BSDE w.t. the time and get a
dynamic programming equation. They compute the conditiond expectations appearing
in the dynamic programming equation by using Malliavin calculus techniques. The
authors analyse the error onY but not on Z. Besides, the numerical scheme seems to be
hard to implement and computationally demanding.
In 2005, Gobet, Lemor, and Warin [45] propose a scheme basedh dgterative regression
functions which are approximated by projections on vector paces of functions, with
coexcients evaluated with Monte Carlo simulations.
In 2007, Bender and Denk [11] propose a forward scheme whichv@ds nesting of
conditional expectations backwards through the time steps Instead, it mimics the
Picard type iteration for BSDEs and, consequently, has neshgs of conditional
expectations along the iterations. This work has some conriions with our approach
but it does not handle the issue of error analysis for conditbnal expectations. The
authors use the regression based on least squares Monte Gannethod to approximate
the conditional expectation, as it was suggested in Gobet etl. [45].

This part is organised as follows. In Chapter 9, we set up theramework and recall
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standard results on BSDEs. We also describe our algorithm bsed on a sequential Monte
Carlo techniqgue and on a Picard's iterations method. The al@rithm also requires an
estimator which computes pointwise the value of a function fom its values at some points
of a xed grid. After having introduced the regression analyss in Chapter 10, based on
the books of GyAr et al. [47] and HArdle [50], we present i€hapter 11 a non parametric
regression technique : the kernel estimate, which enable®tbuild the estimator P, (see
Section 11.3). In Chapter 12, we state some properties on theonvergence of the estimator
Pn. Section 12.3 and Section 12.4 deal with the convergence mbfP,vi v and @Q(PnV) i
@v, wherev is a C12 function. In Chapter 13, we state the main convergence restlof
our algorithm. Chapter 14 is devoted to establish technicalresults needed to prove the
result on the convergence of our algorithm announced in Chager 13. Finally, we present
in Chapter 15 numerical experiments based on "nancial issues



Chapter 9

Framework and Hypotheses

9.1 Statement of the problem

Let (- ;F;P) be a given probability space on which is de ned ag-dimensional standard
Brownian motion W, whose natural TItration, augmented with P-null sets, is denoted
(Ft)o. t. 7 (T is a xed terminal time). We aim at numerically approximating the solution
(Y;Z) of the following forward backward stochastic di®erential euation (FBSDE) with
xed terminal time T

i dYr = (XY, Zodt§ ZedWe; Y7 = O(X71); (9.1)

wheref :[0;T]£ RY£ RE£ RI! R, X is the RY-valued process solution of
Z t z t
Xiy=x+ b(s; Xs)ds + Y{s; Xs)dWs; (9.2)
0 0

b:[0;TIERY! RYand %: [0;T]£ RY ! RY9: The main focus of this work is to
provide and analyse an algorithm, based on a Monte Carlo metbd, which approximates
the solution (Y; Z) of (9.1). Section 9.3 page 95 presents some results on BSDEsited by
Pardoux and Peng [81] and EIl Karoui et al. [27]. In Section 9.4page 96, we recall several
results linking FBSDEs and partial di®erential equations (PDEs in short) and stated by
Pardoux and Peng [82], Ma et al. [74] and Delarue and MenozzR@]. More precisely, we
link (Y; Z) the solution of the above BSDE to u, the solution of the following PDE :

@u(t;x)+ Lu(t;x)+ f(tx;u(t;x); (@Qu¥(t;x))=0;

® u(T; x) = ©( x);

where L is de ned by

1 X X
L exyu(t;x) = > [3%]; (t;x)@’ixju(t;x)+ b (t;x)@, u(t; x):
i i
According to these results, we getu 2 Cé;z and

8t 2 [0;T]; (Yi;Zt) = (u(t; X¢); Qu(t; X ¢)¥t; X))

93
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In Section 9.5, we brie°y recall a variance reduction technigie useful in the description
of our algorithm: the adaptive control variate method. In Section 9.6, page 103, we
describe our algorithm, which builds ux, an approximation of u, and deduces ({k;Zk),

the approximation of (Y; Z) by using the following formula

8t2 [0, T] Y& = u(tXN); ZK = @ue(t X M)HE X N);

where XN is an approximation of X. More precisely, we build uy recursively in the
following way

u(t;x) = P (U 1+ Wi)(t X);

wherew, (t; x) is given by (9.13), page 104 andP K is a kernel estimator described in Section
11.3, page 119.
9.2 Notations

2 Elements of RY are encoded as row vectors angi¢ jis the Euclidean norm onR9Y.

2 CF'§ denotes the set ofC*i 1 functions whosek-th derivative is piecewise continuous.

2 Let Cf,(RP;RY) be the set of Ck functions from RP to R% with continuous and

uniformly bounded derivatives up to order k. The functions themselves don't need

to be bounded.

2 Let C' be the set of continuously di®erentiable functionsA : (t;x) 2 [0;T] £ R
with continuous and uniformly bounded derivatives w.r.t. t (resp. w.r.t. x) up to
order k (resp. up to order ).

2 L2(RY) denotes the set of theg-dimensional random variables which areF; measur-
able and square integrable. Forg= 1, we also use the notationL?.

2 H%(Rq) denotes the_set of the predictable processe8 : - £ [0;T] ! RY (as row
vectors) such that E OTjAtjzdt is nite. For =1, we also use the notationH2.

2 - 2(RY A2 Ry tiA 2 2 (PO = fA 2 (pA) -
Let > Oand ©2 H$(R"), kAk= denotesk ; e’ jAj<dt. Hf-(RY) = fA2 H$(RM) :
kAK? < 1g .

2 Let X be a solution of (9.2),91 : [0; T} £ RII R,andg :RY! R. We introduce
2 601(5:9; 2(9; X () = G(XT)+ || gu(s; X$¥)ds.

2 K (T) denotes a generic function non decreasing it .

2 |If f is a Lipschitz function, Ls denotes its Lipschitz constant.
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9.3 Results on general BSDEs

This part is devoted to recall some standard results on geneil BSDE of the following
type

where » is an F1 measurable random variable and :- £ R" £ RERI! RisP-B-B ¢
measurable.f is called the driver of the BSDE. We say that (f; ») are standard parameters
if » belongs toL2, if f (¢0;0) belongs to H% and if f is uniformly Lipschitz in the sense
of there existsC > 0 s.t.

8(y1;Y2;21;22); JE(hty 1;21) 0 F(hty 2;22)f - C(yri Yol +jz1i z2j);dPE dtae:
From Pardoux and Peng [81] and El Karoui et al. [27], we have

Theorem 9.1. Let (f;») be standard parameters, there exists a unique couple of pexses
(Y;Z) 2 H2 £ H2(RY) which solves (9.3).

A proof can be found in the paper of Pardoux and Peng [81]. A shaer proof using a
priori estimates has been done by El Karoui et al. [27], page @

Proposition 9.2 (A Priori Estimates, El Karoui et al. [27], Proposition 2.1). Let
((f':»);i = 1;2) be two standard parameters of the BSDE anq(Y';Z');i = 1;2) be two
square integrable solutions. LetlLs be a Lipschitz constant forf !, and put+¥Y, = Y, Y?
and Hf, = f1(t; Y222 i f2(tY227). Forany (,;% ) such that> 0;,2>L¢, and
T, Li(2+ ,2)+ 12, it follows that

ktYKZ - T e! E(jxYj2) + %kizf K2

2

1 :
ktZK2 - T el E(jx%j?) + S kif k2 :

For a proof of this Proposition, see El Karoui et al. [27], pag 18. From this proof, we
derive that the Picard iterative sequence converges almossurely to the solution of the
BSDE.

Corollary 9.3 (Corollary 2.1, El Karoui et al. [27]). Let ~ be such that2(1 + T)L; <
~, where L; denes the Lipschitz constant off. Let (Y¥;Z2¥%) be the sequence dened
recursively by (Yo = 0;Z,=0) and

i A9 = (9K 20)dt (26) W P =

Then, the sequence(?k;fk) converges to(Y;Z), dP£ dt a.s. (and in H%;—(R)£ H$;—(Rq))
ask goes to+1 .

We refer to El Karoui et al. [27], page 21 for a proof of the preious Corollary.

Remark 9.4. FBSDEs introduced before are in a quite complex way examplesf BSDEs
parametrised by the initial condition x of the forward SDE (9.2). The parametrised gener-
ator is given here byf (t; X (! );y; z) and the terminal condition by »(! ) = ©( X5 (! )). We

refer to El Karoui et al. [27], Section2.4, for a study of BSDE depending on parameters.
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9.4 Connection between FBSDEs and Partial Di®erential
Equations

In this section, we study the relation between forward backvard equations and partial
di®erential equations (PDEs). First, we give a generalisatin of the Feynman-Kac formula
to semilinear parabolic PDEs, as stated by Pardoux and Peng§2]. Then, we recall that
under smoothness conditions the functionu(t;x) := Yt“X is in some sense a solution of a
PDE (see also Pardoux and Peng [82]). Finally, we deal with sme more general FBSDEs,
in which the coezcients of the di®usionb and %may depend onY and Z. These FBSDEs,
introduced by Antonelli [1] and then by Ma et al. [74], provid e an extension of the Feynman-
Kac representation to a certain class of quasilinear parablec PDEs. We remind a result
stated by Delarue and Menozzi [24].

9.4.1 FBSDEs ans semilinear parabolic di®erential equation S

We aim at explaining the link between the following semilinear parabolic di®erential
eqguation :

@u(t;x)+ Lu(t;x)+ f(t;x;u(t;x); (@Qu¥g(t;x))=0;
(Eo) u(T;x) = ©(x);

whereu:R: £ R9!1 R and

1 X X
Lpou(tx) = 5 [l (6X)@x utx)+  B(tX)@ u(tX);
i i

and the decoupled FBSDE

: R . R :
(E, B8S2ITI X 2 x+ Ph(ui X )du+ S X0 ) AWy
07 ydx = O(X)+ STf(u;XEX;YJ;X;ZﬁX)dui ST ZXdwy:
The following result has been stated by Peng [84] (see also Rioux and Peng [82],
Theorem 3.1, or El Karoui et al. [27], Proposition 4.3). This is a generalisation of the
Feynman-Kac formula to semi-linear parabolic PDEs.

Theorem 9.5 (Pardoux and Peng [82], Theorem 3.1) If u 2 C12([0; T]£ RY) solves &),
then 8(t;x) 2 [0;T1£ RY, u(t;x) = Y™, where f(Ys™*;Z&*)it - s+ Tg gyore is the
unique solution of the FBSDE (). Furthermore, we have

852 [;T] (Y&;Z) = (u(s;X¥); @u(s; XE)%(s; X)) (9.4)

Conversely, Pardoux and Peng [82] have proved that wherb; ¥%;f and © are globally
Lipschitz continuous w.r.t. (x;y;z) and uniformly in t (for f), the FBSDE (E) provides
the unique viscosity solution of the semilinear parabolic DE (E). We also refer to El
Karoui et al. [27], Theorem 4.2 for a proof of this result. First, let us remind the de nition
of a viscosity solution.
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De nition 9.6  (Viscosity solution). Let v 2 C([0; T]£ RY) satisfying 8x 2 RY, v(T;x) =
©(x). v is said to be a viscosity sub-solution (resp. super-solution)of equation (Ep)
if for any (t;x) 2 [0;T]£ RY and' 2 CY2([0; T] £ RY) such that ' (t;x) = v(t;x) on
f(t;x) : (t;x) is @ minimum (resp. maximum) of (" j v)g,

@ (Ex)+ L' (tx)+ f(tx" (x);(@%)(tx)), O
(resp. @ (tx)+ L' (tx)+ f(tx" (4X);(@%)(t;x)) - 0):

v is said to be a viscosity solution of &) if it is both a viscosity sub- and super-solution

of (Eo).

Theorem 9.7 (Pardoux and Peng [82], Theorem 4.3) Assumeb; %; f and © are globally
Lipschitz continuous w.r.t. (x;y;z) uniformly in t (for f). The function u(t;x) := Ytt;x is
the unique viscosity solution of the backward parabolic PDEE).

Under stronger hypotheses orb; %; fand ©, we can show thatu(t; x) := Yt“X solves PDE
(Eo) in the classic sense. We recall the following result, staté by Pardoux and Peng [82]
(see also El Karoui et al. [27], Proposition 4.4).

Theorem 9.8 (Pardoux and Peng [82], Theorem 3.2) Assume b;%;f and © are Cl?b.
Then, u(t;x) := Y, belongs toCL2([0; T]1£ RY) and solves the PDE o).

Remark 9.9. From the beginning of this Chapter, we have assumed thatY is a one
dimensional process. The previous theorem is true even ¥ is a p-dimensional process,
p, 1, whereas Theorem 9.7 holds true whemp = 1.

9.4.2 FBSDEs and quasilinear parabolic di®erential equatio ns

Here, we consider more general FBSDEs, in which the coezcientb and ¥; appearing
in (9.2), may depend onY and Z. For a given d 2 N, we consider the functionsb :
[O;TIERVERERI! RIF:[O;TIERIERERI!I RY 3%:[0;T]IE RIER! ROEC
©:RY! R. Analogously to (E) and (Eg), we de ne
g @u(t; x) + ot x; u (8 x); @Qu(t; X ) ¥t x; u (X)) ; @Qu(t; x)i

+ Ztr(a(t; x; u (t;x)) @, u(t; x))

3 +f(txu(tx); (@utx)A)(txu(tx))=0;
©u(T;x) =0©(x);

(E9)

with a(t;x;y) = (%¥)(t;x;y); (x;y) 2 RY£ R, and the FBSDE

( . R ot R -
8s2 [t T]; X&* = x + tsb(u;X&X;YJ’X;Zf,’X)gQu+ S YU XY ) dW;
( 8) tx _ tx IZQT Ly BX v tX L 5 tX . T 5 t;x .
Y =O(X{)+ o F(uXy™ YW Ze)dui o ZygT dWy:
Ma et al. [74], Pardoux and Tang [83] and Delarue [23] have inestigated in detail the link

between €9 and (EJ). We recall some results coming from Ma et al. [74] and Delare
and Menozzi [24].

Hypothesis 9.1
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1. The functions b; %;f and © are C?2 functions with rst order derivatives in X;VY;Z
being bounded by some constart > 0.

2. The function ¥satis es
ULxy)ZExyY), oGyl 8(txy) 2[0TIE RUER;
for some positive continuous function® (4.
3. There exist a function ;, and two constantsC > 0 and ® 2 (0;1), such that © is
bounded inC2?*®(RY), and for all (t;x;y;z) 2 [0;T]£ R£ R£ RY,
AL xy) + f (6% 0,2)j - C;
bt x;y; 0) -, (y):
Proposition 9.10 (Ma et al. [74], Proposition 3:1). Assume Hypothesis 9.1. Then,

the PDE (EJ) admits a unique classical solution u(t;x), which is bounded and
@u(t;x); Qu(t;x) and @, u(t;x) are bounded as well.

Theorem 9.11 (Ma et al. [74], Theorem 41). Assume Hypothesis 9.1. Then, the forward
backward SDE Eg) admits a unique adapted solution(X;Y;Z) where

Vo™ = u(siX§): 29K = @u(si XS Hs X u(s X$)); (9.5)
with u(t; x) being the solution of PDE E9).

Remark 9.12. Ma et al. [74] have studied a more general EBSDE, in the senséat the
hackward equation of EJ they consider is Ya* = ©(X¥)+ 1 (u; X ;Y™ 25 )du |

ST Bu; X & Y8 25 ) dWy, where #satis es Ma et al. [74], HypothesisA: 3. Proposition
9.10 and 'IFiheorem 9.11 are also valilg when the backward equath of (EJ) is Y& =
OX ¥+ T (U XE Y ZE)du i U XY 25 ) dw.

Under Hypothesis 9.2 below, Delarue and Menozzi [24] stateniTheorem 21 that the

PDE (EJ) admits a unique strong solution, whose partial derivatives of order one int and
one and two in X are bounded on the whole domain by known parameters.

Hypothesis 9.2 b; %;fand © are bounded in space and have at most linear growth in the
other variables, are uniformly Lipschitz continuous w.r.t. all the variables. %is uniformly
elliptic and © is bounded inC2* ®(RY).

Theorem 9.13 (Delarue and Menozzi [24]) Assume Hypothesis 9.2. Then, E9) admits
a solution u 2 CY2([0; T]£ RY: R) and there exists a constantC, only depending onT and
on known parameters deriving from Hypothesis 9.2, such tha8 (t;x) 2 [0; T] £ RY,

jut;x)j + j@u(t; x)j + j@ u(t; x)j+j@u(t; x)j

+ sup  [iti t9 zj@u(tx)i Qu(t®x)j]- C:
t02[0;T];t6t0

Moreover, u is unique in the class of functionst 2 C([0; T]£ RY: R)\ CL2([0; T[ERY: R)
which satisfy sup(x )27 (e re (16H(E X)j + j@(E;X)]) < +1 .

From Ma et al. [74], Pardoux and Tang [83] and Delarue [23], Diarue and Menozzi [24]
deduce that the relationship between €3) and (EJ) can be summed up as in (9.5).
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9.4.3 Application to our problem

We recall that our goal is to provide an algorithm to approximate (Y;Z), the solution
of the FBSDE 8
2 jdYy=f(t XY Zy)dt ZidWy,
(E), Yr=0(Xg): R
" Xp=x+ g b(s;Xs)ds+ g ¥s; Xs)dWs;

We introduce the following semi-linear PDE

@u(t;x) + Lu(t;x)+ f(t;xu(tx); (Qu¥j(t;x))=0;

B u(T;x) = ©( x);

First, we state some hypotheses.

Hypothesis 9.3 The driver f satis es for all t 2 [0; T] and for all (X1;y1;21); (X2;Y2; Z2) 2
RIE RE RUEQ,

XYz i F(Ex2y2522)] - Le(iXai Xoj +jyni Yo +jz1i z2)):
Hypothesis 9.4 3and b satisfy the following conditions

8t 2 [0;T] and 8x;y 2 R jt;x) | ¥ty)ji+ jb(t;x)i bty)i- CGxi yi):

Hypothesis 9.5 The functions b; 3%; f and © are bounded inx, f satis es Hypothesis 9.3
and ¥»and b satisfy Hypothesis 9.4.© is of classC2*®, ® 2]0; 1] and %is uniformly elliptic.

The following Theorem is an easy consequence of Theorem 9.13

Theorem 9.14. Assume b;%and f are Lipschitz functions in all their variables and
bounded. We also assuméis uniformly elliptic and © is of classCZ*®, ® 2]0; 1]. Then,
the solution u of PDE (E) belongs toC.”%. Furthermore, (Yi;Zi)o. ¢t 7 solution of (E)
satis es

8t 2 [0;T]; (Yi;Zt) = (u(t; X¢); Qu(t; X ) ¥t; X)) (9.6)

9.5 Sequential Monte Carlo and Variance Reduction Tech-
niques

We are often interested in computing® = E(X), where X is a random variable. In many
cases we are not able to computé exactly. To overcome this problem we can Bse Monte
Carlo methods. The “rst idea to approximate * consists of computingX ,, = ﬁ =1 X1,
The Strong Law of Large Numbers and the Central Limit Theorem state that X, converges
almost surely to! with the rate of convergencepa%, where %% denotes the relative variance.
One way to improve the rate of convergence is to reduce the vak of %£. To do so, we can
use variance reduction techniques like control variate ormportance sampling. We refer to
Halton [49] for a survey of the principal techniques used inmplementing the Monte Carlo
method and its applications.
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Before introducing adaptive control variate, we recall the control variate technique. The
basic idea of control variate is to write E(X) as

E(X)= E(X i Y)+ E(Y);

where E(Y) can be explicitly computed and Var(X j Y) is smaller than Var(X). In the
following part we give the example of a linear adaptive contol variate coming from Kim
and Henderson [58] or Glynn and Szechtman [36].

9.5.1 Adaptive control Variate

Let us consider the control variate family (Y (W); u 2 £), where £ is an open set of RP.
We also assumeE(Y (W) =0 forall p2 £. Then, E(X i Y(W)= *. We aim at nding P’
which minimises the variance of X j Y (W)). We restrict the problem by dealing with the
linear case, e.g.

xP
Y= uCi=yc
i=1

where C is a random variable of RP such that E(C) =0 and pis a deterministic vector of
RP. We approximate * by

(X' w'ch;

where (X 1; ¢ ¢ ¢X ") (resp. (C*; ¢ ¢ ¢C")) is a sample of sizen following the law of X (resp.

C). The strong law of large numbers gives , £ 1 and the Central Limit Theorem states
PR PN ©@var(x i Wo));

and Var(X | u"C)= E(X j u'C)?; (E(X))2. Since we want to minimise the variance,
we are looking forp? which cancels the gradient

ryVar(X j u'C)= i 2E(XC j CC™): (9.7)
If the covariance matrix & = Cov( C; C) is invertible, we get
W=oils (9.8)

where = Cov(X;C) is dened by ; = Cov(X;Cj), fori =1;¢¢¢p. Since Cov(X;C)
and Cov(C; C) are usually unknown, we can estimateu’ with

b= hi (9.9)
with

_ 1 X S 11X S —
n= o (XICHi XaCn) andmy= - (CI(C)Ti CaCp);
i=1 j=1
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_ P .
whereC, = % jr‘:l C! is a vector in RP. From this value of u,, we deduce two estimators
of 1
I o O S S
n= 3 X0 C); n= g (X0 W 1C);
i=1 i=1

where I, 1 is computed using X1;¢¢¢X'i 1) and (CL;¢¢¢Clil). T is an adaptive
estimator of 1 , whereast+ is not. One can show thatl+, satis es a Central Limit Theorem,
e.g.

PRt ) BN, (9.10)

where 3% = Var( X j Y (u’)). Concerning *,,, we can state the following Theorem

Theorem 9.15. AssumeX 2 L4(R) and C 2 L#(RP). Then, T, converges almost surely
to! and

pﬁ(‘fni 1) nliiw N (0;34):

The proof of the previous Theorem is based on the Law of Large dNmbers and the
Central Limit Theorem for martingales. We refer to Du®o [25], Chapter 2 or to Hall and
Heyde [48] for more details on martingales theory.

Instead of approximating pu’ de ned in (9.8) by p, de ned in (9.9), we can use the Robbins-
Monro algorithm to build py,

bt = bni °nF (0 X" M), (9.11)

where
E (Unix n+1 : Cn+1) — 2( X n+1 Cn+1 i Cn+l (Cn+l )TUn);
. _ P P . .

and °, satises ,°,=1 and °r2] < 1 . This choice for F corresponds to the value
of the gradient we want to cancel in (9.7). Theorem Du°o [25], Theorem 1.4.26 enables
to prove that W, constructed with (9.11) converges almost surely toy’. By plugging this
value of i, in , and T, de ned above, we also get (9.10) and Theorem 9.15.
More generally, we can use an adaptive control variate algdthm to compute E(f (X)),
where f is a multivariate smooth function. We refer to Maire [75]. The author studies
regular functionsf using a Fourier basis on periodised functions, Legendre antichebitchev
polynomial bases. He reduces the dimensional e®ect by comjng these approximations
on Korobov-like spaces.
This part has been devoted to adaptive control variate, but we can also make use of
adaptive importance sampling. In Baggerly et al. [4], the adhors apply an adaptive

importance sampling for a Markov chain with scoring. They esablish conditions for
exponential convergence of learning algorithms for Markowhains with scoring.
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9.5.2 Application to the valuation of E@( Xs;s, 1)jXi=X)

We would like to apply an adaptive control variate method to the numerical valuation
of

E@G( Xs;s, 1)jXt = X);

5

where (X;); is solution of an It6 stochastic di®erential equation and 2 belongs to a class
of functionals related to Feynman Kac representations.

The Monte Carlo method for SDEs o®ers a mean of calculating safions to certain types
of parabolic partial di®erential equation and so has appliciions in various elds including
stochastic control, particle physics and econometrics. Tky are usually used for high di-
mensional problems or when the functionals are complex. Befe speaking about an adap-
tive control variate method applied to compute the above expectation, we refer to Newton
[77], where the author develops methods of control variatesind importance sampling for
the valuation of expectations of the above type. In both case, a perfect variate (e.g.
one which is unbiased and has zero variance) is rst construetd by means of the Funke-
Shevlyakov-Haussmann integral representation theorem foifunctionals of It6 processes.
These involve terms which cannot be computed exactly but whih can be approximated
to yield unbiased estimators of the desired integrals with educed variances.

Typically, to evaluate u(0;x) by Monte Carlo means, wherﬁj(t; X) = Eux[9(XT)], the cen-
tred perfect control variate is the stochastic integral Y = OT r xu(s; Xs)¥s; Xs)dWs. In
practice, one uses an approximation of yu and @ discretization of the stochastic integral.
An alternative centred control variate is v(0; x)+ OT(@+ L)v(s; Xg)dsj v(T;X7), wherev
approximates u. This has been introduced by Gobet and Maire [40] in an alterative way
(adaptive control variate) to solve the Poisson equation wth Dirichlet boundary condi-
tions over square domains. By using the Feynman Kac formulaywe can write the solution
of the Poisson equation as an expectation of the above type. Aus, this method is based
on Feynman Kac computations of pointwise solutions combind with a global approxima-
tion on Chebyshev polynomials. Pointwise solutions were amputed using walk-on-spheres
(WOS) simulations of stopped Brownian motion, which induces a simulation error due to
the absorption layer thickness. The authors have observed geometric reduction of both
the simulation error and the variance with the number of steps of the algorithm. The
global error is comparable to standard deterministic speatal methods while avoiding the
resolution of a linear system.

In Gobet and Maire [39], the authors generalise their previas work to the computation
of the above expectation whereX is a linear Markov process with or without absorb-
ing/re°ecting boundary or a jump process. They use an adaptie control variate algorithm
to compute Monte Carlo approximations of solutions of linea partial di®erential equations,
which are connected through the Feynman Kac formula to linea Markov processes (with
or without absorbing/re°ecting boundary) and jump processes. They prove that the bias
and the variance decrease geometrically with the number ofteps of their algorithm.
Concerning an adaptive importance sampling method to compte such an expectation, we
refer to Arouna [3]. The author presents an importance samphg scheme based on a para-
metric change of drift which is adaptively selected througha Monte Carlo computation by
using a suitable sequence of approximation (namely, a Robhs Monro type algorithm).
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More precisely, the author aims at computing option prices va Monte Carlo simulations.
By the Girsanov theorem, he introduces a drift term into the expectation de ning the
option price. Then, he uses a truncated version of the Robbia Monro algorithm to nd
the drift which optimally reduces the variance. The author proves that for a large class
of payo® functions, this version of the Robbins Monro algothm converges a.s. to the
optimal drift.

9.6 An algorithm for BSDEs

In the previous section we have seen that, under Hypothesis.9, solving the FBSDE (E)
boils down to solving PDE (E). Let u denote the solution of the PDE (E) and (Y;Z) the
solution of the FBSDE (E). The algorithm provides an approximation of u (denoted uy)
and of its gradient Qu (denoted @uy). To get (YK;ZK), the approximation of (Y;Z), we
use the relation (9.6), where the proces¥ has been replaced byx N, the approximation
of X, and u and @Qu have been replaced by, and @Qug

8t2[0;T]; YK = u(t; X N); ZF = @ue(t; X M)¥E X N): (9.12)
We approximate the processX by using Euler's scheme XN is de ned by X} = x and
852 [0;T]; dXg' = b(" (8); X Ng)ds+ ¥ (); XNg))dWs;

where ' (s) = supfty : tx - sgand fO = tg <t; < ¢¢& ty = Tg is a regular
subdivision of the interval [0;T]. The time step is denoted h = % Now, we
describe our algorithm to compute iterative approximations (ux)k o of the global
solution u. These approximations rely on the computations of E[3(g1; a; X (X))],
where or;g depend on Qf and the approximations of uy; 1 and their
derivatives, at some points ([ik:X!l‘Ql-i-n = (tF;x:‘;l;¢¢>¢!‘;d)1.i.n, and where
3 £,01(S5;9; G2(9; X (X)) = G(X¥)+ T gu(s;X&¥)ds, for some functionsg; and go. We
point out that the choice of these points depends on the iteréion. At the end of the

description of the algorithm, we will be able to precise how b choose these points.
Initialisation.  We begin with up = 0.

lteration k, Step 1. Assume that an approximated solution uy; ; of class C1?2
is built at stage k j 1, and that we are able to compute @Quy; 1;@uki 1, @uy; 1
at any point (t;x). Applying 1t6's f(&rmula to  uy 1 yields uyg 1(t;x) =
ER 't (@+ LN)ug 1(5i9; Ui 1(T;9;X N (x) 1, where

X X
Nusix) = 37w ¢ XN @ usiXM)+ B (9 XNg)@ u(si XD
i;j i

We would like to compute a correctionwy = Ui Ug; 1 on this approximation. Using Itd's
formula and the PDE (E) vyield u(t;x) = E[R( t;f (s;¢u(s;d; (@Qu3ia(s;9);©(h; X (x))]:
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Then, we get

h
W (tx) =E ©(XF) i ug o(T:XT)

Z1 i . . L. ¢ " ’

S XEGUEIXE) (@UASXE) +(@+ LMuy (s X )dsiGe 1
t

Remark 9.16. As we will see in De nition 9.20, G, 1 is the tration generated by the
set of all random variables used to buildug; 1. In the above equation, we compute the
expectation w.r.t. the law of X and XN and not to the law of Uk; 1, Which is G 1
measurable.

However, sinceu is unknown, we are not able to computewy,. We introduce a new
correction term Wy, which corresponds towy after having replacedu by uy; 1 in f.

h
A0 = E OO | b (TiXN)
Z+ |

i i . ¢ » —
+ f s XUk (S X)) (@Qui 1A(SiXEK) +(@+ LV )u 1(s; X )ds G 1
t

We intend to compute a Monte Carlo approximation of wWy(ti;X;). Consequently, we
have

h
W(tx)= o O i ug o(Ti XN (9.13)

Z; 3 .

o SXIN Tu (s XN ) (@ui 1A XN )+ (@+ LY )ugg (s XN )ds
t

using M independent simulations of the pathsX ™KN (x). They are also generated inde-
pendently of everything else. To be as clear as possible, wee removed the superscripts
(t;x) from XN in the above expectation, but we still deal with processeX N starting from
x at time t. XN is the approximation of X when using Euler scheme, i.eX}' = x and
for t 2 [tk ty+1]

X = X+ (G X t) + Hta X (Wi We): (9.14)

The above relation enables to easily simulateXN. The computation of the integral in
(9.13) can be done in several ways

2 we can approximate the integral with a Riemann summation,
2 or with a trapeze integration method,

R
2 we can also use that for any functionf o, tT fo(u)du = “F_{i t)E(fo(U)), where U fol-
lows a uniform law on [t; T], i.e. we can approximateE[ tT Ysds] by % mzl Y.

The rst two methods are quite long, because we need to computéhe value of uy; 1 and
its derivatives in several points for eachm in f1;¢¢¢Mg. Since we are interested in
approximating an expectation, the last method is more ezxciern:. for each m, we pick at
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random only one sp in [t; T], and we compute the value ofuy; 1 and its derivatives in
(so; X kN Since we compute an average fom = 1;¢¢¢M, this method doesn't
generate any bias error. However, its variance is bigger tha the one we would have
obtained if we had used one of the rst two methods.

Iteration k, Step 2. In order to build a global approximation wy based on the values

Wi (t¥;xK)i, we use kernel functions. We denote byP, the estimator build from kernel

functions. We admit here that P,, is C1 in time and Cg in space. We refer to Section 11.3,
page 119, for a detailed explanation of the construction ofP,,. The approximation of a

function v(t; x), denoted P,v(t;x) can be written

Pov(tX) = " 2T, (B)fn(t X)) (9.15)
where
P (6= gy T Ke(KCRZVCT X)),
S ()= ik T K (K (K,

2 the points (Ti; Xi)1. i. n are uniformly distributed on [0; T] £ [i a;a]",
2 ,(B)=(a),
2 and g is such that (see Figure 9.1)

8

> 0 ify<o;
aly) = S 1 ify> 1 (9.16)
i yt+2y? ify 2 [0;1];

graph of g

Figure 9.1: graph ofg

for some positive andC& kernel functions K ; K¢. The functions K; K; can be chosen
among several kernel functions (see HArdle [50]) like quige, triweight, or Gaussian kernels.
The study of these kernels is postponed to Chapter 11. Sinceewant to solve the PDE
on [0; T] £ RY, we have to choose the interval { a; a] large enough.
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Remark 9.17. (tx) 7i# P nv(tx) is a Cy? function, i.e. P,v is a C11 function and
@ PnV is piecewise continuous. Then, we can apply Ité's formula® functions de ned by
(9.15).

The proof of the convergence of the algorithm has been done g random points
(Ti; Xi)1. i- n changing at each iteration. This means that in fact P, should be written
PX, wherek denotes the rank of the iteration. To be precise, at iteration k, we have

ra(tx)

Kifee v — K /4o Y-
Pav(t;x) = frI]((t;)()g(2T>(B)fn(t,x)), (9.17)
where
M T T

. 1 X tj T¥ Xi Xf K.y Ky.

Mt x) = mizl t hy Kx hy V(T X);

= 1" K " TikﬂK i xtt

" nhehg Yy X "Thy

and the points (Tik;Xik)l. i.n are chosen iid. and independent from the points
(Tiko;Xiko)l. i. n,for k%6 k. We compute u(t; x) using the following formula

Ui (t;X) = Pr(uig 1+ Wi)(tx): (9.18)

This formula enables us to get@u(t; x); @u(t;x), and @u(t;x) by computing the
derivative w.r.t. x;t of Pr'ﬁ(uki 1+ Wi)(t; x). We are now able to precise a little the choice
of the points (TX; X K); at which wy is to be computed. Looking at (9.18) and (9.17), we
can see that we need the value ofi; 1 and W at (TX;XX);. Thus, (t¥;xk); should be
equal to (T; X K);.

At this stage, we can proceed to the next iteration. We compue (YX;ZK) with the
following relation

8t2 [0;T] Y= u(t X)) ZK=(@uH(LXN):

Remark 9.18. We need to build an estimator which isC? in time and Cg in space since
we apply Ité's formula to the functions uy;k , O (see Iteration k, Step 1), and uy is built
by using PX (see (9.18)).

Remark 9.19. Sinceuy is computed using (9.18),ui is a random variable depending on
the points f(TX; X )1. i. ng used by PX, the random variables needed to computeuy; 1,
and the processeX ™kN (xk), 1. m. M; 1. i - n appearing in the computation of y,.

De nition 9.20 (De nition of the Ttration G,). Let G, de ne the tration generated
by the set of all random variables used to builduk. Using (9.18), we can write

G = G 1_ WA SK);

where Ay = f(TX;XK)1. i. ng, the set of random points used at stepk to build the
estimator PK, S := fX™kN (xk);1 . m . M;1 . i - ng, the set of independent
simulations of the paths X ™kN (x!‘), and G; 1 is the "Ttration generated by the set of all
random variables used to builduy; 1.
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9.7 Pros and cons of our algorithm - Comparison with the
other techniques

As we said in the introduction of Part Ill, there exist several techniques for numerically
solving BSDEs. We can list them into three categories

1. the ones which solve the associated PDE with a nite di®erereapproximation (e.g.
Ma et al. [74]) ,

2. the ones which solve the dynamic programming equation wh Monte Carlo methods
YN =©(X{)) and

Yol =B (Y, )+ hE f (Lo XY, 5 Z0);
th': = Eq, (Yt:‘ﬂ ¢ Wy);

where E;, is the conditional expectation w.rt. Fy, and XN satises (9.14).
Bouchard and Touzi [15] simulates these equations using Mhaavin calculus tech-
niques, while Gobet et al. [45] use empirical regression thaiques in the spirit of
Longsta®-Schwartz algorithm for American options.

3. the ones which use a quantization technique (e.g. Chevaec[21], Bally and Paggs
[6], Delarue and Menozzi [24]) to implement the dynamic progamming equation.

Let us present the advantages and drawbacks of the three metids listed above. The

method consisting of solving the associated PDE through a niie di®erence approximation
doesn't perform well in high dimension. The quantization technique presented in Delarue
and Menozzi [24] can be used for solving high dimensional pbtems. However the algo-
rithm provides piecewise constant solutions on cells. The Igorithms using Monte Carlo
tools and the above dynamic programming equation provide rgular solutions in space for
each time steptx. However, the variance of the solutions are not robust inN, i.e. their
values blow up whenN tends to 1 . Bouchard and Touzi [15] compute the conditional
expectations appearing in the dynamic programming equatia by using Malliavin calculus
integration by parts. The weights computed with Malliavin ¢ alculus require a lot of com-
putational time. These algorithms based on the dynamic progamming equation do not
take advantage of the time regularity of the solution, and this is a major di®erence with
ours.
Our algorithm provides a regular solution in space AND in time. Moreover, we use Monte
Carlo methods which still run well in high dimensions and which are quite accurate here
since we use adaptive control variates. However, the operat P depends on the dimension,
which will probably a®ects the speed of the algorithm.

9.8 Glimpse of the ingredients for the proof of the conver-
gence

For proving the convergence of the algorithm, we need to boud Pvi v and @(PnV)
@v in a weighted Sobolev normk¢lﬁ;x , which depends on , appearing in the de nition
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of the spaceH%;— introduced in Section 9. Thek¢k norm, associated to this space, enables
to state a priori estimates for BSDEs:

Z,Z

ka|2_|i_X = el "MeSEjv(s; XX)j%dxds:
~ 0 Rd

This choice of norm is crucial. This norm also depends oh, a parameter which appears in
the technical PDE results of Part Il. Since the building of P, is based on a kernel estimator,
the error kP,V j vkﬁ;x will be bounded by terms of orderh?; h% and #, = ﬁ This

;:gi; i v(t;x)]?, Where;:ﬁéig corresponds to a standard

kernel estimator (see the beginning of Chapter 11). To bouncE[][:EEig i v(t;x)]?, we split

it in two terms: the bias error (E[]f’n‘ﬁf’;; i v(t;x)])? and the variance error Var(;:%_ig).
The bias error is bounded by terms of orderh? and h{. The variance error provides an
error of order #, = m Since Ppv(t; ) corresponds to;:géigg(ﬂ, (B)fn(t;x)), which
is not an estimator studied in the literature, we detail the computations of kP,V j ka'i_x
in Chapter 11. '

Moreover, the kd:l{fii_X norm involves the trajectory of the processX which take values in

result comes from the study ofE[

RY. Since we numerically choose the pointsT;; Xi)1. i. n in [0; T]1£ [ a;a]%, some errors
linked to the truncation induced by the kernel function appear. They are of orderh; and

hx. They also depend ona;* and . We refer to Theorem 12.42 for an overview of the
upper bound for kP,V j vkﬁ;X .

The study of K@Q(PnV) i @kaﬁ'X leads to error terms of orderh)z(, + = 1 coming

nh¢h$*2’
from E[(‘?;'zt(.%) i @v(t;x)]%. The truncation error terms are of order {]‘—i and %




Chapter 10

Regression Analysis

We refer the reader to GyAr et al. [47], Chapter 1 to get a moe detailed introduction
on regression analysis, and to GyAr™ et al. [47], Chapter 2rad HArdle [50] for more details
on non parametric regression.

10.1 Introduction

In regression analysis, one considers a random vectoK(Y ), where X is R9-valued and
Y is R-valued, and one is interested in how the value of the so-calledesponse variableY
depends on the value of the observation vectoX . This means that one wants to nd a
measurable functionf : R4 ! R, such that f (X) is a \good approximation of Y", that
is, f (X)) should be close toY in some sense, which is equivalent to makingf (X) i Y]
\small". Since X and Y are random vectors,jf (X) i Yj is random as well, therefore we
introduce the so-calledL? risk or mean squared errorof f ,

Eif (X)i Yi%

and we try to make it as small as possible. So, we are interesfein nding a (measurable)
function m? : R4! R such that

Eim’(X)i Yj?= min Ejf (X)i Yj*&
f:Rdl R
We can easily check that
m(x) = E(YjX = x)

minimises the L2 risk. m is called the regression function.

Practically, the distribution of ( X;Y ) (and hence the regression function) is usually
unknown. Therefore it is impossible to predict Y using m(X). But it is often possible
to observe data according to the distribution of (X;Y ) and to estimate the regression
function from these data. More precisely, let K1;Y1);¢¢¢(Xn;Y,) be ii.d. random
variables following the law of (X;Y ) with EY? < 1 . Let D, be the set of data de ned
by Dy = f(X1;Y1);¢¢¢(Xn; Yn)g. In the regression function estimation one uses the data

109
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D, to construct an estimate m, : R4! R of the regression functionm.
In general, estimates won't be equal to the regression funan. To compare di®erent
estimates, we need an error criterion to measure the di®ereacbetween the regression
function and an arbitrary estimate my. In the literature, several distinct error criteria are
used, like the pointwise error, the supremum norm error, andthe LP error
Z
CJ'mn(X) i m(x)jPdx;

where the integration is performed w.r.t. the Lebesgue mease, C is a "xed subset ofR¢,
andp, 1is arbitrary (often p=2is used). Recall that the main goal is to nd a function
f such that the L2 risk Ejf (X)j Yj?is small. The minimal value of this L? risk-is reached
by the regression functionm. One can show that the L2 risk E[jmn(X)i Yj2 D,] of an
estimate m,, satis es
- z
Efimn(X)i Yj*Dn]= y ima(x) i mE)j? (dx) + Eim(X) i Yj%

where! denotes the distribution of X . Thus, the L2 risk of an estimate my is close to the
optimal value if and only if the L2 error
Z

y ima(x) i m(x)j* (dx) (10.1)

is close to zero. Therefore, we will use th&? error (10.1) in order to measure the quality
of an estimate.

10.2 Consistency

Now, we de ne the modes of convergence of the regression esttaes usually used. The
‘rst and weakest property an estimate should satisfy is the fdlowing: as the sample
size grows, the estimator should converge to the estimateduantity, i.e., the error of the
estimate should converge to zero for a sample size tending tm nity. Such estimates
are called consistent. To measure the error of a regressiorstamate, we use thelL? error
de ned in (10.1).

The estimate m,, depends on the dataD,,, so theL? error (10.1) is a random variable. We
are interested in the convergence in mean of this random vaable to zero as well as in the
almost sure convergence of this random variable to zero.

De nition 10.1. A sequence of regression function estimatebm,g is called strongly

consistent for a certain distribution of (X;Y), if
Z
nIli{n (Mn(x) i m(x))2t (dx) =0; with probability one.

A regression function estimate may be consistent for a ceria class of distributions
of (X;Y ), but not consistent for others. It is clearly desirable to have estimates that
are consistent for a large class of distributions. We are irgrested in distribution-free or
universal properties of m,. The concept of universal consistency is important in non
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parametric regression because the mere use of a non parametrestimate is normally a
consequence of a partial or total lack of information about he distribution of (X;Y).
Since in many situations we do not have any prior information about the distribution,
it is essential to have estimates that perform well for all ditributions. This very strong
requirement of universal goodness is formulated as follows

De nition 10.2. A sequence of regression function estimatebm,g is called weakly
universally consistent  (resp. strongly universally consistent ) if it is weakly (resp.
strongly) consistent for all distributions of (X;Y ) with E(Y?) < 1 .

10.3 Rate of convergence

If an estimate is universally consistent, then theL? error of the estimate converges to
zero for a sample size tending to in nity, regardless of the tue underlying distribution of
(X;Y ). But this says nothing about how fast this happens. Clearly it is desirable to have
estimates for which the L2 error converges to zero as fast as possible.

To study the rate of convergence of an estimaten,, we look at the expectation of the L2

error
z

E jmn(x)i m(x)j% (dx): (10.2)

A natural question to ask is whether there exist estimates fo which (10.2) converges to zero
at some xed, nontrivial rate for all distributions of ( X;Y ). Unfortunately, such estimates
do not exist, i.e., for any estimate the rate of convergence @y be arbitrarily slow. In
order to get nontrivial rates of convergence, one has to resict the class of distributions,
e.g., by imposing some smoothness assumptions on the regsam function.

10.4 Parametric Estimation

The classical approach for estimating a regression functio is the so-called parametric
regression function. Here, one assumes that the structurefahe regression function is
known and depends only on nitely many parameters, and one usethe data to estimate
the (unknown) values of these parameters.

The linear regression estimate is an example of such an estate. In linear regression,
one assumes that the regression function is a linear combitian of the components of
x = (x1; ¢ ¢¢xd), ie.

xd .
mxheeexd) = ag+  ax ((x};¢¢gx?) 2 RY)
i=1
for some unknownag; ¢ ¢ ¢ag 2 R. Then, one uses the data to estimate these parameters,
e.g., by applying the least square principle, where one ch@es the coezxcientsag; ¢ ¢ ¢ay
of the linear function such that it best ts the given data:
8 - -9
<X oo ==
(q;¢¢¢ag) = argmin = —  Xjj aoj axj—.
a0;¢e@a2Re - My i=1 ’
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Here in denotes thei-th component of X;. Finally, one de nes the estimate by

M, (X) = “8g + X ax' ((x%;¢¢exd) 2 RY):
i=1

Parametric estimates usually depend on few parameters, thefore they are suitable even
for small sample sizes, if the parametric model is appropriately chosen. Furthermore,
they are often easy to interpret. For instance, in a linear malel, the absolute value of the
coezcient 4; indicates how much thei-th component of X a®ects the value ofY, and the
sign of & describes the nature of the in°uence (increases or decreast® value of Y).
However, parametric estimates have a big drawback. Regardks of the data, a parametric
estimate cannot approximate the regression function bette than the best function which
has the assumed parametric structure. For example, a linearegression estimate will
produce a large error for every sample size, if the true unddying regression function is
not linear and cannot be well approximated by linear functions.
For univariate X, one can often use a plot of the data to choose a proper parammt
estimate. For multivariate X, there is no easy way to visualise the data. Thus, especially
for multivariate X, it is not clear how to choose a proper form of a parametric esinate,
and a wrong form will undoubtedly lead to a bad estimate. This in°exibility concerning
the structure of the regression function is avoided by so-céd non parametric regression
estimates.

10.5 Non parametric Regression

In this section, we describe four paradigms of nonparametd regression :local averag-
ing, local modelling , global modelling (or least square estimation ) and penalised
modelling . Recall that the data can be written as

Yi = fD(Xi)"‘ 2. i=1;¢c¢c¢n:

where?; = Yjj m(X;) satis es E(Zi_Xi) = 0. Thus, Y; can be considered as the sum of the
value of the regression function atX; and some error?; where the expected value of the
error is zero. This motivates the construction of the estimdes by local averaging , i.e.
estimation of m(x) by the average of thoseY; where X; is \close" to x. Such an estimate
can be written as

X
mn(X) = Whii (X) €Y,

i=1
where the weightsWyj (X) = Wh:i (X; X 1; ¢ ¢ ¢X ) 2 R depend onX1; ¢ ¢ ¢X . Usually the
weights are nonnegative andWp;; (x) is \small" if X; is \far" from x.
An example of such an estimate is thepartitioning estimate. Here, one chooses a nite or
countably in nite partition Pp = fAp.1;Anp2; ¢ ¢ ¢of RY consisting of Boole setdAn; U Rd
and de nes, forx 2 Ap;, the estimate by averagingY;'s when the correspondingX;'s is
in Apj, i.e.

P

N odx oa Y
mn(X) — Pl—l X|2An,1 |

T for x 2 Ap;:
i=1 +Xi2An;
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. e . 1
where 1, is the indicator function of the A set, SOWy; (X) = &n% for x 2 Apj .

21 Ixj2a
We use the convention$ =
The second example of a local averaging estimate is thdadaraya-Watson estimate Let
K : R91 R, be a so-called kernel function, and leth > 0 be a given bandwidth. The
kernel estimate is de ned by

Mn(X) = p'n s (10.3)

3 .
Xi X

SO0 Wp;i (x) = p% If one uses the naive kerneK (x) = 1;y;. 1, then
j=1 h

n
i=1 Lixi Xij- hYi
mn(x) - Pl—nl JXi i]

; (10.4)
=1 lei Xij- h

i.e. one estimatesm(x) by averaging Y;'s such that the distance betweenX; and x is not
greater than h. Fore more generalK : R9! R, one uses a weighted average of th¥,
where the weight ofY; depends on the distance betweeiX; and x.
The kernel estimate (10.3) can be considered as locally ttig a constant to the data. In
fact, it is easy to see ( GyAr et al. [47], Problem 2.2, page @ that one has

x H Xi Xij 1

1
mp(x) = argmin — K
c2r N,

A generalisation of this leads to thelocal modelling paradigm: instead of locally tting
a constant to the data, one locally ts a more general functionwhich depends on several
parameters. Let g((l;fakg}(:l) : RY 1 R be a function depending on the parameters
fakngl. For eachx 2 RY, choose the values of these parameters by a local least sqear
criterion
Mo 1
f&y (X)gk=1 = argmin 1)@ K X 'hxi

fakg:(:l n i=1

(Yii o(Xi;fakgier )%

Evaluate the function g for these parameters at the pointx and use this as an estimate of
m(x):

Mn(X) = 9(X; fA(X) Gy ):

The most popular example of a local modelling estimate is thdocal polynomial kernel
estimate. Here, one locally ts a plglynomlal to the data. For example, ord =1, X is
real-valued and g(x; fax(X)gh_y ) = g axXi L.

A generalisation of the partitioning estimate leads to global modelling or least square
estimates . Let P, = fAn.1;An2;¢¢ ¢ e a partition of RY and let G, be the set of all

piecewise constant functions with respect to the partition i.e.,
8 9
< X =
G = . ajla,, ‘4 2R : (10.5)
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Then, it is easy to see (GyAr et al. [47], Problem 2.3 page 29that the partitioning
estimate (10.4) satis es
(s )
ma(@=argmin =t (Xi) i Y2 (10.6)

f 2Gn n._,
Hence, it minimises the empiricalL? risk

1 X oy 2

U GORIRD (10.7)

i=1

over G,. Least square estimates are de ned by minimising the empirial L? risk over a
general set of functionsG, (instead of (10.5)). Observe that it doesn't make sense to
minimise (10.7) over all (measurable) functionsf, because this may lead to a function
which interpolates the data and hence is not a reasonable estate. Thus, one has to
restrict the set of functions over which one minimises the erpirical L? risk. Examples of
possible choices for the se(, are sets of piecewise polynomials w.r.t. a partitionP,, or
sets of smooth piecewise polynomials (splines). The use gbplfne spaces ensures that the
estimate is a smooth function.
Instead of restricting the set of functions over which one mmimises, one can also add a
penalty term to the functional to be minimised. Let J,(f) , O be a term penalising the
\roughness" of a function f. The penalised modelling or penalised least square
estimate m, is de ned by

( )
_oaAX i’
m, =argmin o IFOG) G Yijc+ In(f) (10.8)
f i=1
where one minimises over all measurable functiong. A popular choice for J,(f) in the

cased=11is
Z

In(f)=.n if RO)i%dt;

where , , is some positive constant.

10.6 Bias-Variance Tradeo®

Let m, be an arbitrary estimate. For any x 2 RY, we can write the expected error of
mp at x as

E[ma(x) i m(x)j’]= E[ma(x) i E[Ma(x)]i?]+ JEMMa ()] i m(x)j?
= Var( mp(x)) + jBias(mn(x))j*:

This also leads to a similar decomposition of the followingL? norm
z Z

E[ imn(x)i m(x)j** (dx)=  Elimn(x) i m(x)j’* (dx)
z z
= Var(mg(x))* (dx)+  jBias(mn(x))j* (dx):
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The importance of these decompositions is that the integrag¢d variance and the integrated
squared bias depend in opposite ways on the wiggliness of astanate. If one increases the
wiggliness of an estimate, then usually the integrated biasvill decrease, but the integrated
variance will increase (so-callecbias-variance tradeo® ). For the naive kernel (10.4) and
under regularity conditions on the underlying distributio n, one has

Z ¥l i Z

Var(mp(x))* (dx) = G+ 0 g jBias(mn(x))j?t (dx) = ch? + o(h?):

Here, h denotes the bandwidth of the kernel estimate which controlsthe wiggliness of
the estimate, ¢, is some constant depending on the conditional variance VafX = x),
the regression function is assumed to be Lipschitz continugs and c, is some constant
depending on the Lipschitz constant. The valueh? of the bandwidth for which the sum of
the integrated variance and the squared bias is minimal depeds onc; and ¢,. Since the
underlying distribution, and hence c; and c,, are unknown, in applications it is important
to have methods which choose the bandwidth automatically usg only the data D,,. Such
methods are described in GyAr et al. [47], Part 2.4 page 26.






Chapter 11

Kernel Estimates

The preceding chapter was devoted to introducing the regresion method, and particu-
larly the nonparametric regression. We have presented fouparadigms of nonparametric
regression. In this chapter, we focus on a local averaging timate : the Nadaraya-Watson
estimate. The chapter is organised as follows : rst, we pres# di®erent kernel functions.
Then, we state a result on the consistency of kernel estimateand on the rate of conver-
gence for a naive kernel. Finally, we build the estimatorP,, required by our algorithm
(see 9.15), from the regression functiorm, described in the preceding section and give
some properties onPy,.

11.1 Introduction

The kernel estimate of a regression function takes the formfor x 2 RY
5 ,

P .
in:1 K X'h:<i Yi X
mh(X) = —p 3 — = Whii (X)Yi: (11.1)
n oK XX ) '
i=1 hn i=1

The second equality shows that the Nadaraya-WatsonIgstimatocan be seen as a weighted
(local) average of the response variable®; (note % ", Whi(x) = 1). In fact, the
Nadaraya-Watson estimator shares this weighted local averge property with several other
smoothing techniques, e.g. k-nearest neighbour and spline smoothing (see HArdle [50],
Sections 3.2 and 3.4). Here, the bandwidthh, > 0 depends only on the sample siza,

and the function K : R9! R is called a kernel. See Table 11.1 for some examples.

2 Note that the bandwidth h,, determines the degree of smoothness afi,. To see this,

let h, go to either extreme. Ifh, ! 0, then Wy ! nif x = X; and is not de ned
elsewhere. Hence, at an observatioiX;, m,(X;) ! Y;j, i.e. we get an interpolation
of the data. On the other hand, if h, !'1 , then Wy; ! 1 for all values ofx, and

mn(Xi) ! Y, i.e. the estimator is a constant function that assigns the ample mean
of Y to eachx. Choosingh, such that a good compromise between over and under
smoothing is achieved, is a burning issue.

2 |If the denominator is equal to zero, the numerator is also eqal to zero, and the
estimate is set to zero.
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