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Résumé

Ce travail doctoral étudie les propriétés théoriques et asymptotiques des processus et des champs
aléatoires stationnaires dont se déduisent des applications en statistique et en simulation. Une pre-
miére partie (Chapitres 2, 3 et 4) a pour objectif de construire des nouveaux modeles de champs
aléatoires de type autorégressifs, sous forme de schémas de Bernoulli, et de donner des résultats au
sujet de leur théorie limite. Des notions de dépendance faible sont utilisées, plus générale que les
notions bien connues de mélange fort ou d'association. Nous envisagerons un principe d'invariance,
faible et fort, pour les champs aléatoires considérés.

Dans un deuxiéme temps, nous nous intéressons a quelques problémes d'estimation dans deux contextes
de dépendance bien précis. Nous étudions au Chapitfeun probléme de simulation de textures dans

un contexte de rééchantillonnage pour des champs de Markov fortement mélangeants dans un cadre
non paramétrique. Le Chapitre6 est consacré a la construction et a I'estimation des parametres d'une
nouvelle série chronologique a valeurs entiéres de type ARCH. La construction est établie en utilisant
des arguments de contraction établis dans le cadre des champs aléatoires et le comportement asymp-
totique des estimateurs des parametres, obtenus par quasi-maximum de vraisemblance gaussien est
fondée sur des arguments de type di érence de martingales. En n nous présentons au Chapitie
une nouvelle méthode d'estimation des paramétres pour des modeéles ARCH de type markoviens, mé-
thode obtenue en lissant la quasi vraisemblance gaussienne et nous appliquons cette méthode a une
série hétéroscedastique de type LARCH pour laquelle les faibles valeurs de la variance conditionnelle
rendent di cile I'utilisation de la méthode classique du quasi maximum de vraisemblance.






Abstract

This PhD thesis studies theorical and asymptotic properties of processes and random elds with
some applications in statistics and simulation. A rst part (Chapter 2, 3 and 4) is devoted to the
construction of new models of random elds with a random error, expressed in term of Bernoulli
shifts and to give some results about their limit theory. Weak dependence conditions used are proved
to be more general than the well known notions such as strong mixing or association. We will study
in this part the weak and strong invariance principle, for the random elds of interest.

The second part of this thesis will be devoted to study estimation and simulation's problems with
two kinds of dependence contexts. In Chapter5, we rst consider the question of texture simula-
tions, with a non parametric resampling scheme for strong mixing random elds. The Chaptel6 is
devoted to the construction and the parametric estimation of a new integer valued ARCH time serie.
The existence result uses contraction arguments etablished in the rst part for random elds and
the asymptotic behaviour of parameters estimators, obtained using the (Gaussian) Quasi Maximum
Likelihood Estimator (QMLE), is etablished with martingal di erences type arguments. Finally, in
Chapter 7, we introduce a new estimation procedure for Markovian ARCH models. The principle of
this method is to smooth the Gaussian QML. We apply this method to the parametric estimation of
LARCH type processes, for which the small values of the conditional variance make di cult to apply
the usual QMLE technique.
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Chapitre 1

Synthese des travaux

1.1 Dépendance faible des champs aléatoires

Plusieurs mesures de dépendance ont été introduites pour modéliser les champs aléatoires. Il s'agit
bien souvent de méthodes d'abord introduites dans le cadre des séries temporelles puis adaptées au cas
des champs aléatoires. La mesure de dépendance la plus connue est le mélange forinjélangeant)

et a été introduite a l'origine par Rosenblatt (1956) [30]. Nous référons au livre de Doukhan (1994)
[1Q] pour la dé nition et les exemples d'autres types de mélange ainsi que de nombreux théorémes
limites tres utiles. Nous rappelons la dé nition des coe cients de  mélange. Soitr une distance
surRY, d2 N .

De nition 1.1  Si X est un champ aléatoire indexé paZz9, on dé nit pour a;b2 N [flg et
k2R :

x (k;a;b) = sup JP(A\ B) P(AP(B)j;A2 (Xg);B2 (Xg) ;
E;F 229;r(E;F )=k;jEj=ajjFj=b
ot pourA Z9 Xa= (Xj)jZA. Le champ aléatoireX est dit mélangeant si :
I(Ililm x(k;a;bp=0; a;b2 N:

Nous rappelons aussi la dé nition de l'association pour les champs aléatoires. Cette notion est intro-
duite par Esary, Proschan, et Walkup [L17]. Une référence récente pour les théorémes limites de ces
champs ainsi que de certaines de leurs fonctionnelles est le livre de Bulinski et Shaskin [7].

De nition 1.2  Un champ aléatoireX indexéZ9 & valeurs réelles est dit associé si pour toute partie
| nie de Z9 et pour toutes fonctionsf;g dé nies sur R', bornées et croissantes coordonnée par
coordonnée :

Cov(f (X1);9(X1)) O

ou Xy =(Xji)iz2i-



2 Synthese des travaux

Voici maintenant la dé nition de la dépendance faible au sens de Doukhan et Louhichi (1999) [11]
pour les champs aléatoires. Cette notion de dépendance a été essentiellement étudiée dans le cas d
séries temporelles et a fait I'oeuvre récemment d'un manuscrit [9]. Voici les dé nitions que nous allons
principalement utiliser dans la suite de ce travalil.

JCoV(f (Xsysi:i15Xs,) s 9(Xtysii15 X, )j 6 (u;v;Lip f; Lipg)'x (r);
ou les indicessy;:::;sy; t1;:::;ty 2 Z9 sont tels queksy, tk rpourl Kk uandl | v,
De plus, les fonctions a valeurs réelleg g dé nies sur RK “ et RK Y, satisfont kf ky ; kgk; 6 1 et
Lipf; Lipg < 1 ol une normek k est donnée suRK et,

Lipf = sup ;
(xiix)8(yiye) KX yik+ o+ kxu o yuk

Si (u;v;a;b)= au+ vb on parle de  dépendance et la suit€ x (r) sera notée x (r):

Si (u;v;a;b)= au+ bv+ abuyv, on parle  dépendance et la suitéx (r) sera notée x (r).

Si (u;v;a;b = au+ bv+ abuv+ u+ v, on parle de! dépendance et la suitéx (r) sera notée! x (r).

Un exemple de champs aléatoires faiblement dépendants est celui des schémas de Bernoulli spa-
tiaux, c'est-a-dire de la forme :

Xe=H (t|)jaze 5 22 (1.1)

ou est un champ i.i.d et H une fonction mesurable. Cette notion de dépendance apparait dans
l'article de Doukhan et Lang (2002) [10].

La notion de  dépendance a été introduite par Doukhan et Wintenberger (2007) [([14]) dans le
cadre des séries, et permet de considérer des schémas de Berndulli] (1.1) su samment régulier ave:
un champ associé.

La notionde! dépendance plus générale que la précédente permet de considérer en plus des schém
de Bernoulli ) lorsque est un champ fortement mélangeant sous réserve que(r;a;b) (a+bur,
a;b2 N etlasuiteu vérie limy; ur =0.

Les trois mesures de dépendance faibles que nous venons d'introduire sont stables si on considel
des fonctionnelles de type Lipschitz du champ. Ainsi si l'innovation est , ou! faiblement
dépendante alors on peut montrer qu'il en est de méme pour le champ (1.1). Il faut bien noter que
cette propriété de stabilité fait défaut dans le cadre de I'association ou du mélange fort. En e et par
exemple, il est bien connue que dans le cas d'une chaine de Markov,

Xi=F(Xt 15 1)
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les propriétés de mélange fort sont liées a I'existence d'une partie absolument continue pour l'inno-
vation. De plus il existe des exemples de telles chaines non mélangeantes, par exemple le modele AR
d'Andrews [1] et nous donnons dans le chapitr@ de cette thése un autre exemple qui concerne un
modéle ARCH. Cette pathologie n'a pas lieu dans le contexte plus général de la dépendance faible.

1.1.1 Champs aléatoires auto-régressifs

Le Chapitre 2 de cette thése est un travail joint avec Paul Doukhan. Nous montrons l'existence de
champs aléatoires strictement stationnaires & valeurs dang = RK de la forme [1.]) et solutions
d'équations autorégressives du type :

Xi=F (X j)jZZdnng; t - 1.2)

Le champ aléatoire est supposé stationnaire et & valeurs dans un espaké, le plus souventE %= RK’

et la fonction F dé nie sur E(#'nf09 g0 Lipshitz contractante ce qui permet d'appliquer le
théoreme de point xe de Picard pour prouver l'existence et l'unicité d'une solution de type [(1.]l) &
I'équation (fL.2).

Ce type de construction est nouveau et se diérencie des champs de Gibbs dont I'existence est
prouvée a l'aide de spéci cations conditionnelles et avec des arguments de relative compacité. Ici
notre construction utilise des conditions de contraction de type Lipshitz. Voici le résultat principal
de ce chapitre :

Théoréeme 1.1 On suppose que est un champ stationnaire et que :
(H1) kF(O; o)km < 1.
=]
(H2) Il existe des réelsa; > 0; pour j 2 29 et > O tels que j2zdnfog & = € < 1, veériant
pour tout z;z°2 E (Z°nfog)

X
kF(z; o) F(z°% o)k ajkz; zk as. (1.3)
j22zdnf0g

Alors il existe dansL™ une unique solution stationnaire a I'équation [(1.2). Cette solution s'écrit sous
la forme (1.1)).

Au sujet de la dépendance faible dans le cas d'innovations i.i.d., nous avons obtenu :

Théoréme 1.2 Supposons i.i.d. ainsi que (H1) et (H2) . Alors la solution de I'équation (1.3)

obtenue dans le Théorémg 1.1 est faiblement dépendante et il existe une constantg > 0 telle que
n X 0

x(r)6C inf e 2+ a - (1.4)
p2N .
kik>p

1SjV estun espace vectoriel etB un ensemble quelconque alors/ ) VB désigne I'ensemble des suites = (Vp)p2 s
pour lesquelles il existe un sous ensemble niB; B avecv, =0 pour b2B;.
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Nous montrons également I'hérédité de la; dépendance faible : Si le champ aléatoire est
;  faiblement dépendant alors le champX solution de I'équation (1.3) est aussi;  faiblement
dépendant lorsque on remplace I'hypothéséH2) par :

(H%') Il existe un sous-ensemble  E%avecP( 92 )=1 , des nombres positifg(a;); 2z tels que
a =e < lavec > O etune constanteb > 0 telle que
j224nf0g

X
kF(x;u) F(x®udk ajkx; x’k+bu u;
j2z9nf0g

pour x; x02 E(Z'nf09) gt y; u02

Proposition 1.1  SupposongH1) et (H2") .

1) Si le champ aléatoire est faiblement dépendant, avec des coe cients de dépendance(r),
alors X est faiblement dépendant et il existe un nombr€ > 0 tel que,
n x n 00
r inf i + inf "+ p" r 2pn
x () Cp2N g+t ai+pt ((r 2pn)_0)
kj k>p
2) Si le champ aléatoire est faiblement dépendant, avec des coe cients de dépendance notés
(r), alors X est faiblement dépendant et il existeC > 0 tel que,

8 9
< X n , 0=
r inf i+ inf "+ p" r 2pn :
x(r) Cinf. g+l ai+pm ((r 2pn)_0)
kj k>p
Dans le cas ol est un champ i.i.d., une notion de causalité dans I'équation[ (1]2) permet d'alléger
les conditions de moment sur l'innovation . En e et dans le cas général de I'équation[(1]2), il faut

supposer l'innovation bornée sauf lorsqu'elle est additive.

Denition 1.4 SiA Z9nf0g, soit c(A) le cone convexe d&Y engendré parA,
c(A) = riji o) 2A%(rg i) 2R k1
i=1
1) La partie A est dite causale sic(A) \ c(A) = f0g.
2) Si F est mesurable par rapport a la -algébreFo B (E9 pour une partie A causale, alors I'équation
X¢=F ((Xt j)j21; t) est dite A-causale.



1.1. DEPENDANCE FAIBLE DES CHAMPS ALEATOIRES 5

Pour une partie causaleA  Z9, on notera & = c¢(A)\ Z9. On retrouve alors la notion de demi-
plan asymétriques introduite par Helson et Lowdenslager (1959) [12] pour généraliser la théorie de
la prédiction sur Z2. Pour une équationA causale, un ordre de type lexicographique apparait alors
naturellement dans I'ordonnancement des variables du champ. Les modéles envisagés peuvent étre vus
comme des généralisations au cadre spatial des séries temporelles de type ARCH. Ce type de champ
n'avait été envisagé jusqu'alors que dans le cadre linéaire {[13][,[17]). Voici le résultat d'existence et
d'unicité pour les équationsA causales.

Theoreme 1.3 Soit Xt = F (Xt j)j2zdnfog: t UNE équationA-causale avec une innovation i.i.d.
. Nous supposongH1) ainsi que la condition suivante :
(H3) Il existe une suite de nombres positif¢a; ); ,zq telle que ;,, 8 =e < lavec > Oet

X
KF(x; o) F(x% o)km ajkx;  x7k; 8x;x02 E(Znf0g).
i2A
Alors il existe dansL™ une unique solution strictement stationnaireX a I'équation (1.2) telle que
pourt 2 Z9, X soit mesurable par rapport & la tribu i=j 2 & . Cette solution est faiblement
dépendante ; de plus la relation3) vaut pour une constant€ > 0.

Des calculs en terme d'espérance conditionnelle sont aisés pour les modeles solutions d'équations
A causales du fait de I'ordonnancement des variables. Toutefois I'existence d'une direction privilégiée
est contraire au comportement attendu d'un phénoméne spatial. Dans le cas général d'une équation
de type ) non causale, les calculs en terme d'espérance conditionnelle ou méme de moments croisés
semblent di ciles d'accés. Seul le cadre des modeéles linéaire SAR (Simultaneous AR) [16] avait été
envisagé par le passé mais dans le cadre linéaire il existe une factorisation de ces modeéles en un
modeéle CAR (Conditional AR) obtenue a l'aide de la densité spectrale, ce qui permet d'avoir une
interprétation du modéle en terme de prédiction linéaire et d'assurer I'estimation des paramétres.
Dans le cadre non linéaire d'une équation de typd (1]2), le probléme de I'estimation paramétrique ou
non parameétriqgue semble di cile pour le cas non causal.

Concernant la simulation de ces champs aléatoires, un algorithme de simulation approchée est donné,
conséquence directe de la méthode du point xe. Par exemple, dans le cas particulier &(x; u) =

suite de champs aléatoiregX "), dé nie par :
Xt1= f(0; ¢);t2 z¢: Xt’”l =f X", ':::;Xt”jk; t ] pourn> 0

converge presque slrement vers la solutiod . On peut remarquer que ce principe de simulation par
une telle méthode récursive a des similitudes avec I'échantillonneur de Gibbs pour la simulation des
champs markoviens. Nous reviendrons sur cette derniére méthode lors de la simulation de textures.
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1.1.2 La faible dépendance

Le Chapitre 3 de cette thése est un travail joint avec Paul Doukhan et Nathanaél Mayo. Dans ce

chapitre le cadre général de la dépendance faible est donnée aussi bien pour les séries chronologigu

gue pour les champs aléatoires. Nous rappelons les di érentes formes de dépendance ainsi que I

exemples associés. A travers I'exemple de I'estimation des coe cients d'une série ARCH non marko-

vienne, nous expliquons comment la dépendance faible peut étre utilisée pour montrer la normalité

asymptotique de l'estimateur des moindres carrés.

Des résultats relativement importants sont ensuite donnés au sujet de la théorie limite des champs

aléatoires et! faiblement dépendants. Tous les résultats seront énoncés dans un cadre plus généra

gue la stricte stationnarité puisque nous supposerons seulement :

(A1) Il existe m> 2 tel que sup ,za EjX;j™ < 1.

DaQs la sqection 4:1, nous montrons des inégalités de moments de type Marcinkiewicz-Zygmund,

E X; CjUj%2; ot U est un bloc dez® (i.e U = (a; b = ((a1; b] (ag;bg]) \ 29 avec
j2u

2. La preuve adapte les idées de Bulinski et Shashkinl[6] pour des inégalités de moments d'ordre
g=2+ , 2][0;1].
Nous prouvons ensuite un théoréme central limite pour l'une ou l'autre des types de dépendance
envisagée. A cet e et nous utilisons les hypothéses suivantes. P
Si X est un champ aléatoire centré e{D ), une suite de sous-ensembles nis d&9, S, = 200 Xj,
et 2 = Var (Sp), Nous Supposons :

(A2) Le champ aléatoireX est faiblement dépendant avec x(r)= O r , > 2d_ d(m
D=(m 2).

(A9) Le champ aléatoireX satisfait! x (r)= O(r '),!> 3d_dm=(m 2).

(A3) liminf 25iD,j > 0.

Théoréme 1.4 Si (A1), (A2) ou (A9) et (A3) sont véri ées alors |, s, N (0;1).

Les résultats précédents (inégalité de moments et tlce) sont en n utilisés pour déduire un principe
d'invariance faible. Nous notons pourt 2 Z9, Sp(t) = i2(0:nt] Xj avec la conventionSp(t) = 0 si
"1ei6d ti = 0.

Sous la! dépendance nous supposons :

AN Ix(r)=0O( '), !> 3d_dim2.

Le résultat suivant est obtenu :

Théoreme 1.5 Soit X est un champ aléatoire centré et stationnaire au second ordre (stationnarité
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faible). SupposongA1), (A2) ou (AYY, alors :
; D ([0:1)¢ X
n 92s,(t) ([! ) W (t); 2= EXoX| > :0;
j2zd
ou W est un mouvement Brownien ad parametres.
L'inégalité de moments prouvée dans ce chapitre sera utilisée dans le chapitre suivant en vue de
la construction d'une approximation forte pour les sommes partielles de schémas de Bernoulli a
innovations i.i.d.

1.1.3 Le principe d'invariance fort

Le Chapitre 4 étudie un Principe d'Invariance Fort (PIF) pour des schémas de Bernoulli spatiaux
dans le cas d'innovations i.i.d. Ce type d'approximations concerne lI'approximation presque s(re
des sommes partielles d'un champ aléatoire par une mouvement brownien multiparamétré.

Plus précisément, soitX indexé parZ9, de la forme ) et & valeurs danR¥ , K 1. For t 2 z4
and| 2 N, on dé nit les algebres

Fu= (¢ j:kjk1 <l);
ainsi que X1 = Eg, X. Sil est pair on poseXy=» = Xy +1)=2- Pour I = 0, on poseXy = Xi,

8t 2 zd.
La mesure de dépendance qui sera utilisé pour le chamf est donnée par les coe cients :

p(l)= kXo Xoiky; 12N (1.5)

Nous aurons besoin des hypothéses suivantes :

(A1) X =(Xt)i2z¢ €st un schéma de Bernoulli) a valeurs danBX , K 2 N ol ( {)¢p7d¢ €St Un
champ aléatoire i.i.d. De plus il existeh > 2 et € > 0 tel que EkXok" < 1 et pourr 2 N,
p(r) €r+1) ou > 2d11

P
(A2) = j2z¢ ( Xo;Xj) est une matrice dé nie positive.
La suite de coe cients (p(l));2n mesure la qualité d'approximation du schéma de BernoullX par

un champ aléatoirem dépendant. La convergence de cette suite vei® entraine automatiquement
la propriété de faible dépendance.

Le résultat d'approximation utilise les ensemblesG , 2 (0;1) dé nis par :

\d n % 0
G = i=(nia 2 NG s jso
s=1 s%6 s

Nous avons alors obtenu le :
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Théoreme 1.6 Sous les hypothesefAl) et (A2) et pour 2 (0;1), il existe " > 0 et X peut
étre redé ni sans changer sa distribution sur un espace de probabilité plus riche avec un mouvemen
Brownien & d parameétresW = fW;;t 2 [0;1 )9g tel que :

Sy Wy=0 [N¥2" ; N2G \ z% (1.6)
_ P

Le premier résultat d'approximation forte pour les champs aléatoires a été établi par Berkes et
Morrow (1981) [4] dans le cadre des champs fortement mélangeants. Ces auteurs montrent gu'une
approximation du type ( ne peut avoir lieu lorsqueN est trop proche des axes et ceci conduit a
I'introduction de parties "équilibrées" pour I'asymptotique (d'ou l'introduction des ensemblesG ). De

la méme maniere, d'autres PIF pour les champs aléatoires ont été récemment établie pour les champs
associés par Balan (2005)[3] et leurs extensions par Bulinski et Shaskin (2005) [6]. Contrairement a
ces deux derniers cas, notre preuve ne nécessitent que des décroissances de type polynomiale pour
covariances car nous tirons le béné ce d'une approximation par des champs aléatoines dépendants
pour pouvoir générer les variables gaussiennes. Récemment, cet avantage a été utilisé dans le cas d
séries de type ARCH dans les travaux de Aue et al. (2006)1[2] et Liu et Lin (2008)[18]. Ces derniers
auteurs obtiennent des résultats de vitesse optimaux dans le sens ou ils retrouvent les vitesses du ca
i.i.d. Nous n'avons pas investi le probléme de I'optimalité dans notre cas (ici déterminé par la valeur
de"); le contrble des moments utilisent les résultats généraux des champs faiblement dépendants
alors que dans le cas des séries, l'utilisation de décompositions en di érences de martingales ren
ce contrble plus e cace. |l serait alors intéressant d'investir une meilleure inégalité de moments que
celle que nous avons utilisée, pour le cas des schémas de Bernoulli & innovations i.i.d.

1.2 Quelques problemes d'estimation paramétriques et non parameé-
triques

1.2.1 Simulation de textures par champs de Markov

Dans le Chapitre 5, nous nous intéressons le probléeme du rééchantillonnage des champs aléatoires €
son utilisation dans le cadre de la synthése de textures par champs markoviens. On appelle texture un
motif graphique non trivial et la simulation de textures va consister en la construction d'une image
reproduisant la texture initiale mais sur une surface de taille supérieure. La Figurg 1.1 ci-dessous
donne un exemple d'une telle simulation.

Notre étude est guidée et motivée par la généralité statistique d'une méthode de simulation. A cet
e et nous étudions en particulier un algorithme non causal extension du bootstrap de Bickel et Le-
vina (2006) [5] énoncé dans le cadre des champs unilatéraux et dont le but était d'expliquer les bons
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Fig. 1.1: Synthése d'une texture a partie d'un échantillon.

résultats de l'algorithme de Efros et Leung[[156]. Il est d'usage pour les textures de considérer les
valeurs des pixels observées comme une réalisation d'un champ markovien stationnaire. L'objectif
est alors d'estimer ce champ et d'en simuler une trajectoire approchée pour reproduire une texture
similaire mais de taille plus importante. Les techniques qui ont eu le plus de succés comme l'algo-
rithme de Efros et Leung sont non paramétriques. Cependant ces types d'algorithmes n'ont le plus
souvent pas de réelles justi cations théoriques. Dans cette direction, Bickel et Levina proposent un

bootstrap formel consistant pour expliquer ces algorithmes. Nous rappelons tout d'abord le principe

de rééchantillonnage formulé par Bickel et Levina.

Pouro2 N ,t=(tg;t2) 2 N N ets2 N N , on dé nit les ensembles :

U = uét2N N ; max(1;t1 o up t;; max(L;t, 0 ux to
Ui(s) = U f tg+ fsg;
W, = f1;::0t0g9 f 100 tagnfto:

Bickel et Levina supposent que le champ aléatoire qui dé nit la texture véri e la condition suivante :

Denition 1.5 Un champ X = fXt 2 N N g est unilatéral si il existeo 2 N tel que pour
t2N N ,

P(Xt=Xw,) = P(X{=Xy,): .7)

Soit maintenant X le champ aléatoire qui modélise une texture, observé sti;:::;Tig f 1:::;Tog
ie.
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est connue. On considére ensuite un noyaw : R ! R. De plus pour une largeur de fenétrés > 0,
on dé nit :
Wy(y)= b W(y=b forally2 R:
Dans la suite, on noteX = fX,;;t2 N N gla texture générée a l'aide dgX;; t 2 1;:::;T19
f1:::;T,g). Voici l'algorithme :
1. OnchoisitfX; :1 t; o+1;1 t o+1guniformément dans I'ensemble de carrés de
taille (o+1) (o+1) de(Xy;t2f1;:::;Tig f 1:::;T20).

fug f 1;:::;v 1g, c'estadire,u 1lignes sont totalement remplies, et la ligneu est remplie
jusqu'a la colonnev. Pour générer la valeurX,; = X(u;v), soit N; une variable aléatoire discrete
de loi : .

P(Nt = s) = sz Xue Xus)
pour s 2 N N suchthat Uy(s) f 1;:::;Tig f 1:::;TogetouZ = P SWi(Yy  Yi(s)
est une constante de normalisation. La somme précédente est indexée par I'ensemble des site
s dont le voisinage considéré est inclus dans la texture observée.

3. On génereN et on poseX; = X .,y = Xn;.
La base de cette méthode est I'estimation non paramétrique de la fonction de distribution condition-

nelle ponctuelle du champ. En e et, siA est une partie nie de Z2 et Yy = Xisn, t 2 Z2, Bickel et
Levina estime la distribution Fy-y (Xx=y) = P(X x=Y = y) par:

p
2 Wh(y Ys) xs(dX)
21t Wb(y YS) 1

ou I est I'ensemble dess tel que (Xs; Ys) soit observé. L'étape2 de l'algorithme ci-dessus indique
que Fy -y (dx=y) = Fr(dx=y) pour A = U;.

Fr(dx=y) =

Les hypothéses introduites par Bickel et Levina seront aussi nos hypothéses de travail.

(Al) Le champ aléatoireX est strictement stationnaire et -mixing, i.e. si pourk;u;v 2 N ,

x (k;u;v) = sup jP(AB) P(A)P(B)i;A2 (Xg);B2 (Xg)
E;F 2Z2,d(E;F )= k;JEj=u;jFj=v
sont les coe cients de mélange tels que il existé > 0, > 2 qui satisfait pour tous les entiers
u;v  2,u+ Vv ¢ oucestle plus petit entier pair tel que c ,

(k+1)2(c u+l) 1 x(k;U;V)":(C+") <1:
k=1
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(A2) X a un support compactS R.

(A3) Fxy = P(Xt Yt ), Fxey et Fy = P(Yt ) ont des densités bornéees, continues et
strictement positives (notées respectivement x.y , fy=y et fy) par rapport & la mesure de
Lebesgue. De plus, il existd. > 0 tel que poury;y°2 SA, x 2 S,

z Z,
fxy @y)dz - fx (z;yddz Ly vy

X
0 .

(A4) Sil est la dimension deY;, le noyauW : R | (0;1 ) est borné, symétrique et Lipshitz. De

plus, Z Z
uW(u)du=0 and kukW (u)du< 1 :

On dé nit Wy, (u) = by'W (u=br), ot by = O(T] ), with > 0.

Bickel et Levina ont montré la convergence uniforme presque sire de l'estimatedrr vers Fy_v .
Nous donnons en plus une indication quant a la vitesse de convergence presque sdre. Notons que
cette convergence est indépendante d'une quelconque hypothése markovienne Xur

Théoréeme 1.7 Si X est un champ aléatoire qui satisfaif A1  4), alors pour toute partie A nie
de Z? :
sup  Fr(x=y) Fx=y (x=y) = O [T] a.s
(xy)2s sA
2 2

ou0< < 2(V+1)( +V+2) etb= b‘r=O([T] )aveC = m:

Bickel et Levina prouve ensuite la consistance de leur bootstrap; sous I'hypothése d'unilatéralité les
lois jointes sont reconstructibles a partir des lois conditionnelles.

Notre objectif a été ensuite de voir si les distributions conditionnelle$+ pouvaient étre utilisées dans
le but d'une simulation non causale. A partir de maintenant, nous posons

A= No=fj22%=0< kjik; og
Les champs unilatéraux [(5.1) sont des cas trés particuliers des champs de Markov qui véri ent :
P(X{=Xs;S 6 t) = P(X{=Xt+n,); t22Z% (1.8)

L'intérét de notre recherche est bien sir d'avoir un résultat de consistance pour un champ aléatoire
markovien stationnaire en général satisfaisant[(1]8), sans I'hypothése d'unilatéralité supposée par
Bickel et Levina. Les problemes mathématiques qui interviennent pour cette généralisation sont
plus diciles. En e et, dans le cas non causal, les lois jointes du champ ne sont pas directement
reconstructibles a partir des lois conditionnelles. De plus il n'existe pas en général de champ aléatoire
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admettant Fy(dx=y) pour distributions conditionnelles ponctuelles (c'est-a-dire les lois d'un site
sachant les autres). Nous référons a [16] pour une explication de ce probléme et pour la dé nition
de champ de Markov qui se fait a I'aide d'un potentiel d'interactions. La dé nition d'un champ

de Markov nécessite d'avoir toute une famille de lois conditionnelles sur toutes les parties nies de
I'espace sachant leur complémentaire.

Nous avons alors considéré une technique de rééchantillonnage a partir des méthodes usuelles ¢
simulation pour les champs aléatoires, comme I'échantillonneur de Gibbs dont nous rappelons le
principe. Soit Z est un champ de Markov surX, et R est un rectangle deZ? avec :

@R=(R+ Ng)nR:

Fixons pour i 2 @R des valeurs arbitrairesx; 2 S. Pour simuler a l'aide de I'échantillonneur de
Gibbs une réalisation approchée dé (Zr=Zgr= X@g, On initialise I'échantillonneur en choisissant
une valeur z(0) 2 SR. Une suite d'imagesz(i) 2 SR, i 2 N, est alors dé nie en visitant une in nité
de fois chaque sites 2 R et en remplacant a chaque fois la valeur du pixel au site par une réalisation
de la distribution conditionnelle P(Zs=Zs+n, = Y), OU Y représente les valeurs des pixels aux sites
voisins des dansR [ @R On peut alors montrer que :

I"lm z(i)= P(Zr=Z@r= X@rR e€n loi
1

Nous avons montré que si on utilise les distributiond=1, avec un schéma de visites de type lexico-
graphique dans I'échantillonneur de Gibbs, on obtient une mesure limitet sur SR et que :

TIlign T = P(Xp=X@r= X@R; as

la limite précédente étant la limite en loi. Il resterait en fait a étudier I'asymptotique véritable de ce
bootstrap, en supposant que pourT xé on fait tourner I'échantillonneur de Gibbs a l'aide des lois

Fr sur un rectangleR+ tel que Rt % Z?2, puisque une simulation de textures se fait sur un rectangle
plus gros que le rectangld + des observations. Nous n‘avons pu trouver de preuve dans ce cas.

Pour appliquer concretement ce bootstrap non causal a la synthese de texture, d'autres techniques
de simulations sont nécessaires. En e et les longs temps de relaxation stochastique et la nécessit
de prendre en compte les caractéristiques de la texture a di érentes résolutions demandent un algo-
rithme adapté emprunté a Paget et Longsta (1998) [19]. Ces auteurs avaient étudié une méthode
similaire a la notre mais dont la validation reposait uniqguement sur des simulations. Nous avons
donné des exemples convaincants de cette méthode pour la simulation de texture, en utilisant les
grilles multirésolutions et la fonction de température introduites par Paget et Longsta . En e et les
méthodes de type causales pixel par pixel marchent trés bien mais certaines simulations montrent
une tendance a "casser" lorsque I'on s'éloigne du germe associé a l'initialisation de ces algorithmes. |
faut tout de méme noter que les méthodes récentes de simulations de textures utilisent directement
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des blocs au lieu de générer les pixels un par un. Dans ce cas les problémes de type "cassure" des
méthodes causales peuvent étre éviter et les temps de calcul sont relativement courts. Cependant ces
méthodes présentent d'autres défauts.

1.2.2 Un modéle de type bilinéaire pour des séries a valeurs entieres

Au Chapitre 6, dans un travail joint avec Alain Latour, nous dé nissons un nouveau modéle auto-
régressif a valeurs entieres. Deux éléments nouveaux sont introduits pour prendre en compte deux
nouvelles contraintes pour ce type de modéle. Tout d'abord la nécessité d'avoir un modéle qui prend
des valeurs aussi bien positives que négatives. Une telle contrainte est naturelle si on est amené a sta-
tionnariser par di érences un processus a valeurs entieres positives. Ensuite I'observation de certaines
séries suggere le besoin d'une hétéroscédasticité plus forte pour pouvoir expliquer des instabilités dans
le comportement des données.

Le modeéle que nous avons étudié utilise une extension d'un opérateur connu dans la construction des
modeles a valeurs entiéres positives : I'opérateur d'amincissement (voir_[21]).

De nition 1.6 (Opérateur d'amincissement signé) Soit Y = (Yj)izn une suite i.i.d. de va-
riables aléatoires a valeurs entiéres d'espérance et indépendantes d'une variable a valeurs entiéres
X. L'opérateur est dé ni par :

8 P
_ Ssign(x) X1y, si X 60;

- 0; sinon.
Dans la dé nition précédente, la notation sign(x) pour un réel x vaut pour le signe dex (1 six> 0,
1 sinon). Le modéle que nous étudions dans ce chapitre est dé ni par :
b3 3
Xy = i Xe g+ i Xe g+ o (1.9)

j=1 j=1
On suppose la suiteE"; =0 et pourt 2 Z, soit :
t = (Yt;(il))(i;j )2N N ;(?t;(ij))(i;j 2N Nt
On suppose la suite( )2z i.i.d. et pour tout t 2 Z, "; indépendante de la suite ?t.(ij) VIV
G

On peut observer I'analogie avec les modéles de type ARCH introduits dans le cas d'un espace d'états
continu, spécialement avec le modéle bilinéaire introduit dans[22].
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Théoreme 1.8 Supposons que pour un entiem 1,

L0 (i) 0 )
a= Y, L A <% Y o+ Y 4 kook, <1 (1.10)
m m

m
j=1 j=1
alors il existe une unique solution stationnaire & I'équation[(1)9) telle que :
EkXok™ < 1.
Xt2 (¢ ¢ 1000, t22Z:

La méthode utilisée pour prouver le théorémé 1|8 utilise des résultats du Chapitre énoncés pour le
cadre général des champs aléatoires causaux. Nous avons aussi utilisé une inégalité de moments po
l'opérateur d'amincissement (Lemme3:1, point 4) déja utilisée par Drost et al. [12].

Soitp2 N xé. Le modele paramétrique que nous avons considéré est le suivant :

xXP xXP

Xt = i Xe g+ "t i Xt g+ ot (1.11)

j=1 j=1
Lorsque "t = 0, t 2 Z, on retrouve (modulo l'extension surZ de l'opérateur d'amincissement)
un modéle connu, le Ginarp) (voir [I5] et [26]), qui est en fait I'équivalent, & valeurs entiéres, du
modeéle AR du point de vue de la structure de covariance. Nous avons procédé a une estimation des
coe cients du modéle (1.11) a l'aide de I'estimateur du quasi-maximum de vraisemblance gaussien
(QMLE, abréviation issue de l'anglais). Voici le probléme d'estimation que nous avons envisagé et
les hypothéses que nous avons utilisé.
Pour (t;j)2 Z f 1;:::;pg, on dé nit les algebres :

Fo= (X w:k2N); Gj= (YW:i2N); and & = (B :i2N);

ainsi que les hypotheses suivantes :

2. Pourt 2 Z, les -algebres (1), (o) et(_1j pGj)_ (L1 p&;) sont mutuellement indé-
pendantes.

Remark Pour un entierd 1, soit a sous ensemble d&% et (2

Pour1 j p, onconsidere les fonctionsy;c;wj;; : ! Rtelles que:

) B(o)= jandg( o) = ;j.Pourassurer l'identication, on suppose qu'il existejo 2 f1;:::;pg
tel que j, > O et que la fonction ¢, est positive sur

i) wj( o)= Var(YO)+ 2 var(®0)), 2= var",.
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i) (o0)=Eooet (o0)= Var( o).
Nous utilisons aussi les hypotheses suivantes :

H1)  est un compact deRC.
H2) Condition ([L.10) est véri ée pour m = 2.

H3) Le support de la distribution de ¢ contient au moins 5 points distincts si Var (o) 6 0 et 3,
sinon.

H4) La fonction satisfait: h=inf , ()> 0.

H5) Lafonctionf : | RSP*2 dé nie par :

FOY= BOHgCrwi( )y o5 () ()
est injective et continue sur
Pour (t; )2 Z , Soit
xXP
m( )= ()+  B()Xe
j=1
et 0 1,
xXP xP . _
V()= 2@ ()X A+ wi()jXe i+ ()
j=1 j=1
On a alors :
E(Xt=Ft 1) = mi( 0); Var (X¢=Ft 1) = Vi( o):

On peut alors observer que la moyenne conditionnelle est la méme que pour le processus GINBR(
En revanche, la variance conditionnelle di ere du GINAR(p) par une partie polynomiale de degré.

Concernant l'estimation des parametres, nous utilisons le QMLE. Voici le principe :

Supposons queXg;:::; X p+1 Sont observees. On dé nit le contraste :
(Xe  me())?
= ———— = +In V,(); t2Z;
a() ) ()
1 X
Qr()= T a( );
=t I
(Xo  mo( ))?
=E +In V, ;
Q() o) o( )

"t =argmin Qr( ):

Nous avons alors prouvé le résultat de consistance suivant :
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Théoreme 1.9 Sous les hypothéseldl) a H5), on a : Mo o

Dans la suite, sig est une fonction,g: 7! R, on noter g son gradient etr 2g sa matrice hessienne.

Nous avons également prouvé la normalité asymptotique de notre estimateur, avec des hypothéses
supplémentaires :

H7) La condition (fL.10) est satisfaite pourm = 4.
H8) La fonction f est deux fois di érentiable sur et rankr f( o) = d. De plus,inf , w;( ) >
0,8 =1;:::;p.

H9) ¢ est un point intérieur a

Théoréme 1.10 Sous les hypothésed1), ..., H9) :
pT(AT 0! 11 N(O;F, 1GoF0 1 en loi;
ou
Fo = E r2%p( o)
= E Vo( 0) 2 Vo( o)r Vo( 0)° +2E Vo( 0) *r mo( o)r mo( o)°
et
Go = Var (r oo( o))

E Vo( 0) *(Xo mo( 0))*r Vo( o)r Vo( 0)°
E Vo( 0) %r Vo( o)r Vo( 0)° +4E Vo( 0) *r mo( o)r mo( 0)°

+E Vo( o) 3(Xo mo( 0))3 Vo( o)r mo( 0)°
+E Vol o) 3(Xo mo( )3 mo( o)r Vo( 0)°

Enn nous avons déduit de notre approche une généralisation dans l'utilisation parameétrique du
modele GINAR(p). En e et, l'estimation de ce modeéle dans [15] ou[]26] utilise les moindres carrés
conditionnels pour estimer le parametre des opérateurs d'amincissements (en fait les moyenngs
dans (1.1])). Grace au QMLE, on peut en fait estimer2 paramétres de ces opérateurs. Nous référons
a la section5 de ce Chapitre pour de plus amples détalils.

Une perspective pour ce travail sera de confronter ce modele avec des données réelles, comme p
exemple la série représentée dans l'introduction du Chapitré.
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1.2.3 QMLE lissé et estimation des modéeles LARCH

Dans le Chapitre 7, une nouvelle méthode d'estimation est considérée. Les modéles de type LARCH
possédent un probleme majeur en vue de leur identi cation, du fait que leur variance asymptotique ne
soit pas bornée inférieurement. Ces modéles ont été introduits dans le cadre de la longue portée (voir
[20], [21] et [22]). Dans un contexte de courte portée, le modéle autorégressif que nous envisageons
est du type

Yt

L1);6Yt 1+ + hb;th i+ Xt; (1.12)

X
t@ago+  agjX¢ jA;  t2Z (1.13)
j=1

Xt

avec une suite i.i.d. telle queE ¢ =0, E (2) = 1. L'existence d'une solution stationnaire au modéle

([1.12) a été étudié dans[[18].
Posons

Notre but ici est d'estimer ce paramétre o. Un travail récent de Francq et Zakoian [19] étudie ce
méme probleme a l'aide d'une méthode par méthode des moindres carrés pondérés. Ces auteurs
montrent également que le QMLE Gaussien déja présenté au Chapitrg est inconsistent en général
pour le modéle [1.1R). Nous avons proposé une méthode di érente a l'aide d'un contraste pénalisé,
qui a été aussi introduite récemment par Beran et Shiitznef[5] dans le cadre du modéle LARCH mais
pour I'estimation de paramétres dans le cadre de la longue portée.

Pour =(by;::i;bya0;:ii;a,) 2 RPY* ett 2 Z, on pose :

xa
me( ) = BYt j;
i=1
5 xP
Vi() = ()= a+ a (e me ()
j=1
SiFi= (Y: 1Y 2;::)onapourt2 Z:
mi(o0)=E Yy Fe 1 Vi(o)= Var Yy Fy 1 :
Par stationnarité, on peut toujours supposer que les donnéeg,; Yy 1;:::;Y (p+q)+1 Sont observées.

On dé nit alors pour un parameétre de lissageh O:

N .
hm=wg@an(x
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X 2
Qua()= =7 G2 R

n_ V()+h

+log (Vi( )+ h): (1.14)

Pour h = 0, on reconnait le QMLE qui ne semble pas applicable ici. Nous avons montré que pour
tout h > 0, sous certaines conditions, notre estimateur,,, était consistant et asymptotiquement
normal (Théorémesl et 2 de ce Chapitre).

Nous avons ensuite étudié le comportement de la variance asymptotique de notre estimateur en
fonction de h. Le Lemme 3 de ce chapitre discute les cas ou la plus petite variance est atteinte
lorsqueh! 0 (c'est en particulier le cas pour un modele LARCH [(1.1B)). Cette variance limite peut
étre dégénérée.

Des exemples de simulations dans ce chapitre suggérent la nécessité de trouver un équilibre pour I;
valeur deh. Si on diminue h, l'erreur quadratique semble moins importante sous réserve que la taille

de I'échantillon soit assez importante. Une méthode pour détermineh = h, serait alors intéressante

a étudier, ainsi gu'une asymptotique adaptée. La confrontation de ce modele avec des données réelle
est cependant envisageable B xée et serait intéressante a poursuivre.
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Chapitre 2

A xed point approach to model random
elds

Abstract
We introduce new models of stationary random elds, solutions of
Xe=F (Xt j)j2zintog t

the input random eld is stationary, e.g. is independent and identically distributed (iid). Such
models extend most of those used in statistics. The (nontrivial) existence of such models is based on
a contraction principle and Lipschitz conditions are needed ; those assumptions imply Doukhan and
Louhichi (1999)'s [11] weak dependence conditions. In contrast to the concurrent ones, our models are
not set in terms of conditional distributions. Various examples of such random elds are considered.
We also use a very weak notion of causality of independent interest : it allows to relax the boundedness
assumption of inputs for several new heteroscedastic models, solutions of a nonlinear equation.

Note

The content of this part is based on a paper, written in collaboration with Paul Doukhan.

2.1 Introduction

Description of random elds is a di cult task, a very deep reference is Georgii's (1988) book[[11];
a synthetic presentation is given by Foélimer (1985)[[11]. The usual way to describe interactions
makes use of conditional distributions with respect to large sets of indices. This presentation is
natural for discrete valued random elds as in Cometset alii (2002), [1]. The existence of conditional
densities is a more restrictive assumption for continuous state spaces. The existence of random elds

23
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is often based on conditional speci cations, see Follmer (1985)([11], pages 109-119) and Dobrushir
(1970) [4], through Feller continuity assumptions. The uniqueness of Gibbs measures is often based
on projective conditional arguments; it follows with a mixing type argument. Such conditions rely
on the regularity of conditional distributions; applications to resampling exclude such hypotheses.
Various applications to image, geography, agronomy, physic, astronomy or electromagnetism may for
instance be considered, see [11] aor [13].

We omit here any assumption relative to the conditional distributions. Our idea is to de ne random
elds through more algebraic and analytic arguments. We present here the new models of stationary
random elds subject to the relation :

Xt=F (Xt j)j2zdntogs t (2.1)

where =( t)i»za is an independent identically distributed (iid) random eld. The independence of
inputs may also be relaxed to a stationarity assumption.

For the models with in nite interactions (, the existence and uniqueness rely on the contrac-
tion principle. Lipschitz type conditions are thus needed, they are closely related to weak depen-
dence, seel[11]. Analogue weak dependence conditions are already proved in Shashkin (2005) f
spin systems, [[14]. A causal version of such models, random processes solutions of an equatic

this paper the results are proved in a completely di erent way tting to coupling arguments. Our
results state existence and uniqueness of a solution .4) as a Bernoulli shXt; = H(( t s)gp7d)

as well as the weak dependence properties of this solution.

Our models are not necessarily Markov, neither linear or homoskedastic. Moreover the inputs do not
need additional distributional assumptions (like for Gibbs random elds). They extend on ARMA
random elds which are special linear random elds (seel[[13] or [16]). A forthcoming paper will be
aimed at developing statistical issues of those models. Identi cation and estimation of random elds
with integer values will be considered in[[5].

The paper is organized as follows. We rst recall weak dependence from J11] in2.2. General re-
sults are then stated for stationary (non necessarily independent) inputs. Those results imply heavy
restrictions on the innovations in some cases : a convenient notion of causality is thus used. A last
subsection addresses the problem of simulating such models.

A following section details examples of such models. They are natural extensions of the standard
times series models. We shall especially consider LARCH() and doubly stochastic linear random
elds for which this causality allows to relax the boundedness assumptions. Proofs are postponed to
a last section of the paper.
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2.2 Main results

In order to state our dependence results, we rst introduce the concepts of weak dependence. Our
main results will be stated in the following subsection. After this, causality will be proved to imply
other powerful results. A last subsection is aimed at describing a way to simulate those very general
random elds.

2.2.1 Weak dependence

We recall here the weak dependence conditions introduced in Doukhan & Louhichi (1999). They may
replace heavy mixing assumptions.

De nition 2.1  Set k(s1;:::;Sq)k = maxfjsij;:::;jsqig for si;::::84 2 Z. One E = RK valued

where indicessy;:::;sy; t1:::::ty 2 Z%9 are such thatksy tk rforl k uandl | .
Moreover, the real valued functionsf;g de ned on R Y and RX V, satisfy kf k; ; kgk; 6 1 and
Lipf; Lipg <1 where a normk k is given onR¥ and,

Lipf = sup

(xuzx)8(yiya) KX yik+ *hxg o yuko

If (u;v;a;b) = au+ vb this is denoted as dependence and the sequentér) will be written (r):
If (u;v;a;b) = abuy, this is denoted as dependence and the sequentér) will be written (r):
If (u;v;a;b) = au+ vb+ abuy, this is denoted as dependence and the sequentér) will be written

(r):

2.2.2 Random elds with in nite interactions

Let =( {);p7¢ be a stationary random eld with values in E° (usually E°= RK’ for somek® 1 but
in some case€ °is a denumerable tensor product of such sets). We shall consider stationafy = RK
valued random elds driven by the implicit equation (. For a topological spaceS, B(S) denote
the Borel -algebra onS.

We denotel = Z9nf0g. In the sequel, F : E() EGB(E') B (EQ ! E;B(E) denotes a
measurable function de ned for each sequence with a nite number of non-vanishing argument@(.
In this paper k k will be arbitrary norms on E (or E°when needed). We will always use the suppremum

1if V denotes a vector space andB an arbitrary set then V() vB denotes the set ofv = (Vb)b2e such that there
is some nite subset By B with v, =0 for eachb2B;.
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norm on Z9 and this norm will be also denoted byk k. We prove that simple assumptions entail
existence of a unique solution as a Bernoulli shift

Xe=H (t )2z

Let denote 's distribution; this is a probability measure on the measurable space EOZd; B E¥
For somem > 1, we denotek kg the usual norm of L™ and the space of -measurableH
E®:B E® | (E:B(E)) with nite moments is denoted

LM( )= fH EKH( )K" < 1g :

We shall use the assumptions :
(H1) kF(O; o)km < 1.

(H2) There exist constantsa; > 0; j 2 Z9 such that 8z;2°2 E (Znf0g)

X
kF(z; o) F (% o)k ajkz; z%; as. (2.2)
X j2z9nfog
a = e < L
j22dnf0g

We now extend the function F to the trajectories of a stationary random eld :

Lemma 2.1 Assume(H1) and (H2) . Let X and X °be twoE valued stationnary random elds in
L™, then :

1) I0I|ilm F (Xjdo<kjk pliso: o existsinL™ and a.s., we denote itF (Xj)j2zdnfogs O -

X
2) F (X))j2zenfogs 0 F (XDj2zentogs 0 - g Xj X
j22dnf 0g

m-

Theorem 2.1 Assume that is stationary and (H1) and (H2) hold. Then there exists a unique
stationary solution of equation {6.4). This solution writesX = H (¢ j)joz¢ for someH 2 L™( ).

Lemma|2.8 below, will also provide us with an approximation of this solution with nitely many
interactions.
Weak dependence of the solution (iid inputs)

In the general case we shall restrict to independent inputs to derive weak dependence of the
previous solution.
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Theorem 2.2 Assume that is iid and (H1) and (H2) hold. Then the stationary solution of equa-
tion (b.4) obtained in theorem[4.2 is  weakly dependent and there exists a consta@t> 0 with
n X )

(N6cC it e % + a (2.3)
P kik>p

I
2p |

Remark. If aj =0 for kik>p then (r)6 C e

Sub-geometric rates are now derived from speci ¢ decays of the coe cients :

Lemma 2.2 (Geometric decays) If a 6 Ce KK there exists a constantC®> 0 with

p
) ctze 2

Lemma 2.3 (Riemanian decays) If a4 Ckik fora >d , there existsC®> 0 with

r d
c’l —
(r) Inr

Thus a large range of decay rates may be considered for such models of random elds.

Weak dependence of the solution (dependent inputs)

If iseither or dependentit may be proved in speci c examples that weak dependence is here-
ditary. Here follows a general result. The following assumption will be necessary :

X
(H2) There exist a subset E%with P( 02 ) =1 , nonnegative constants with a =

j2zd9nf0g
e < 1 and a constantb > 0 such that

X
kF(x;u) F(x®udk ajkx; xPk+bu u;
j2Z9nf0g

for all x:x°2 E@f09) and u; u®2

We quote that assumption (H2") is more restrictive than (H2)

Proposition 2.1  Assume(H1) and (H2') .

1) If the random eld is  weakly dependent, with weak dependence coe cients(r), then X is
weakly dependent with, for som€& > 0,

n x n 00

(r)y C |2n,5 g + r!r2n;\l a'+p" ((r 2pn)_0)
P kj k>p
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2) If the random eld is  weakly dependent, with dependence coe cients denoted (r), then X
is  weakly dependent with, for som&€ > 0,

8 9
< X n X 0=
H . H n n
(@) Cplzn’fl - aj + r!rznf\l a'+p ((r  2pn)_0) ;
kj k>p
Remark.  For models with nite interactions, i.e. F(x;u) = f (xj,;:::;Xj,;u) for X = (Xj)jeo, this

simply writes

(r) cinf fa"+ k" ((r 2n)_0)g;
n2N

(r) cinf a"+k®™ ((r 2n)_0) ;
n2N
here =maxfkjik;:::;kjxkg. If (r) or (r) have geometric or Riemannian decay the same holds
for the output random eld. More precisely seta= e andk = e under -dependence ank? = e
under -dependence, then decay rates of the outputeX) write
r

Geometric decays: e 2 + ; for dependence decays of the inputs with ordere ' ;
Riemannian decays : r E7; for dependence decays of the inputs with orderr °®:

2.2.3 Causality

For d = 1, the recurrence equationX; = ((a+ bX; 1) is given with F(x;u) = u(a+ bxy). There
exist a stationary solution with { and X; 1 independent. Here(H2) implies that innovations are
bounded, which seems unrealistic. In this example, instead dfl (( t)i2z)) 2 L™( ), this is enough

to exhibit solutions H (( {)t>0) 2 L™( ) (which is independent of ( s)s<o). This allows to replace
supremaby integrals in (H2) in order to derive a contraction principle. Causality of random elds
has been considered in Helson and Lowdenslager (1959)][12]; we adapt this idea in order to relax the
previous assumption.

De nition 2.2 (causality) If A Z9nf0g, we denotec(A) the convex cone oRY generated byA,

(o )
c(A) = nii Guiini 2 Aoy 2R k1
i=1
1) The setA is a causal subset o7 if c(A)\ c(A) = f0g.
2) If F is measurable with respect to the -algebraFa B (E9 for some causal sef, then the equation
X¢=F ((Xt j)j21; t) is A-causal.

For a causal setA  Z9, we denote by& the subsetc(A)\ Z¢.
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Examples. A singleton is causal, as well afi;j g if and only if j 2 i R*. The half plane
f(i;j)2 z%=i> 0g f(0;j);j> Og Z?2is also causal.

One consequence of this notion is the elementary lemma :
Lemma 2.4 If A is a causal subset oZ9, then 8(j;j 9 2 A & we havej + j°6 0.

For a linear basisb = (by;:::;hy) of RY, (x1;::::Xq) 7! Xx1by + + Xghy, de nes an isomorphism
f :RY1 RY. We denote by | the total order relation on RY de ned by :

u pv, f 1(U) lex f 1(V)
with e the lexicographic order onRY.

Proposition 2.2 (characterization of causal sets) If B is a convex cone ofRY such thatB \
( B) = f0g there exists a basid of RY such thatB f j 2 R9=0 , jg. Moreover if bis a basis of
RY, fj 2 29=0<,jgis a causal set ofz% witch will be called maximal causal subset.

Remarks.
The maximal causal subsets ofZ aref1;2;3;:::gandf 1; 2;:::9. An example of maximal causal
subset ofZ2 is f(i;j ) 2 Z?=i> Oor (i =0;j> 0)g.
Helson and Lowdenslager (1959)[[12] de ne symmetric half planes as subseSs Z2 such that S
is stable by addition andS[ ( S)= Z2, S\ ( S)= f0g. A nice review of this causality condition
is given in Loubaton (1989) [13], applications are essentially given in terms of linear random elds.
Note that Snf0g is a maximal causal subset oZ?2. This notion plays a prominent part in prediction
theory of 2-D stationary process (se€ [13]).
If D z9, we denote by s (respectively 9) the coordinate applications in EZ° (resp. in (E9Z"),
Fo= (ss2D)andF% = ( %s2 D). Hence we denote byL T ( ) the subspace of.™( ) of
functions -measurable with respect toF%, . The following result takes this de nition into account to
relax the assumptions in theorenj 4.2,

Theorem 2.3 Let Xt =F (Xt j)j2zdnfog; t b€ aA-causal equation with iid inputs . Besides the
assumption(H1) we assume the following Bondition :
(H3) there exist nonnegative constants with ;,, 8 = e < 1and

X
KF(x; o) F(% o)km ajkx;  x7k; 8x:x02 E#nfog).
j2A
Then there exists a unique strictly stationary solutionX of this equation in L™ if for each t 2 Z¢,
Xt is measurable wrt ¢ j=j 2 & .
This solution writes Xt = H (t j)j2z¢ whereH 2 Lg. and it is  weakly dependent; moreover

relation (R.3) still holds for a constant C > 0.
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Now the function F is extended as follows :
Lemma 2.5 Suppose(H1) and (H3) . If ¢ is independent of (X; ;on):j 2 A for two random
elds X and X%in L™ then,

1) limpr  F (Xjdo<kjk p)jso: o existsin L™ and it is denotedF (Xj)je0; o -

2) F (Xj)jeo; o F (X)je0; o a X; X2 .
j2A

m

2.2.4 Simulation of the model

Simulations of those models are deduced from the proof of the existence theorems based on the
d d

Picard xed point theorem. Consider the shift operators j : E° 1 E%? denedas (Xk)kozd 7!

(Xk+j)kozda. For H 2 L™( ) we note

p(H)=F (H Dk p ;5 o

It is shown in theorem's proof that the application : L™( )! L™( ) given by

(H)=F(H j)jeo; o)

is well de ned and has a xed point in L™( ).
The proof of theorem[2.3 shows that it is also the case for A causal equation if we replace.™( )

by L2( ).
Forn;p2 N, t2 Z% we denoteX{ = (M(0) (¢ j)jpz¢ andXpy = M) (+ P)j2zd -

Lemma 2.6 We assume that conditions in theorenj 4]2 or in theorerh 2|3 hold for sonma > 1. Let
n 2 N then :

1. For everyt 2 Z9, kX X{k, a"'kXokm; hencelimny; X{ = X; a.s.

n P 0
2.if p2 N we have, X; Xpy Kk Xokm a"+ T kiksp & - Thus if p = py is chosen
X X m
such that a <1 then
n>1 kk>pn

Iim Xp = Xy as. (2.4)

Remarks.
If the random eld has nitely many interactions, then 1. provides a simulation scheme.
For each nite pthe operator | can be calculated thus relation [2.4) provides an explicit simulation
scheme even for in nitely many interactions.



2.2. MAIN RESULTS 31

A.s. convergence rates may also be evaluated in the previous Iemrrlg)a. They writgs: (a"n") in the
rst point for each "> 1=m and 0as: (N ') for 0 <" < 1=m if 3 6 Cn for some
C > 0; > 1=min the point 2.

If T Zz9%is a nite set the random eld X may be analogously simulated ovelT and (X{)27 is
estimated by X

kj k>pn

n .
Pnit t2T °

Simulation scheme for nitely many interactions

Xi=f1(0; Ot 2 29 X{”l =f X, ':::;Xt”jk; t ] forn>0

We now simulate sample(X{#%; ¢,:t, 15 of LARCH models with d =2, k = k=1 andp=10 :

X
Xi= ¢ 1+ ant j
o<kjk p
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Fig. 2.1:Non causal LARCH eld Fig. 2.2: Causal LARCH eld
. 0:05 . .
1) In the gure we represent the non causal case withg; = 7+2 and o is uniformon[ 1;1]
1 2
) . _ 0:05 . . . .
2) Figure 5.7 deals with the causal case withg; = ﬁ if 0 ji;jo 10and & = 0 otherwise. In this
1 2

case, o is N (0; 1)-distributed.
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2.3 Examples

Theorems[2.2 and 2.3 are now applied to examples of random elds with in nite interactions. Cau-
sality will allow to weaken moment conditions. In fact, theorem[2.2 proves a contraction principle in
L™ for each value ofm while theorem[2.3 only works with one xed value ofm.

2.3.1 Finite interactions random elds
If +=( ¢ ()ywith 2RPand {ap qmatrix, and functions f()2 RPandg() 2 R

Xe=FfXe -5 Xe s )+ 10X 500 Xy 2 )+ (2.5)

Theorems[4.2[ 2.P[ 2]3 imply the following lemma,
Corollary 2.1  Supposek ok < 1 and

P
Kf (x1;:000%xKk)  F(yr i vk P :(:1 bkxi yik;
ka(x1;::05xk)  O(ys i vk }(:1 gkx; yk

Xk
1. If isiid and b+kokicg =e <1,then (r)6 C e 2z r for model ).
i=1

XK
If the equation ) is causal and b+ k ogkmg = e < 1, the same holds.

i=1
2. Ifnow is or -weakly dependentg bounded and bh+kokig =e <1 thenX is

i=1
or -weakly dependent. Decays are given according to propositipn P.1.

The remark following proposition[2.] states precise decays. The volatility coe cients ; need to be
bounded in the general case and they only have nite moments under causality. Functions and g

2.3.2 Linear elds

Let X be a solution of the equation

Xt = Xe i+ ¢ (2.6)
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innovations  are vectors ofE = RX and coe cients { arek Kk matrices, k k is a norm of algebra
on this set of matrices andX will be an E valued random eld. Let A Z9nf0g, we assume that
the iid random eld = ( {)jZA; t g takes now its values in(My k)A E ; here My  denotes
the set ofk k matrices.

P . .
Proposition 2.3 If b= A Kk ‘okl_ < 1, then theorem| 2.2 applies withg; = k bky
For a causal equation ifb= " |, k bkm < 1 theorem|2.3 applies withaj = Kk k.
In both cases the solution of equatior{ (6]8) writes a.s. and ih™,

X j X X i1 2 ji

Xi= t+ ttj*t t ot t ] i1t G+

j2A i=2 j1;unji2A
This means that the random coe cients are bounded in the general case and they need only to have
have nite moments under causality.

Examples. If the sequence( 1) is deterministic then those models extend on linear auto-regressive
models. If only a nite number of coe cients | do not vanish we obtain auto-regressive models with
random coe cients, see [15].

2.3.3 LARCH( 1) random elds

Stationary innovations  are nowk k%matrices andk k will denote a normk  k%ork® k matrices
while X 2 RK. For bounded innovations we rst recall

Theorem 2.4 (Doukhan, Teyssiere, Winant (2006)) Let j be ak® k matrix for j 2 Z9nf0g,
note A(x) = Kk x k jk and suppose that = A(1)k ok; < 1, then
0 1
R X
Xy = t@a+ jit i jk t jkaA (2.7)
k=1 jq1;::;) k60

0 1
X
Xi= @a+ iXe A 122z (2.8)
j 60
if moreover is iid, then
0 1

X
(r) 6 Ek ok @Ek ok K 1A Kt
k<r= 2
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If we use theoren]j 2.P we also obtain that eqn[ (6.10) admits a unique Bernoulli shift™ solution. Note
that this solution is bounded. Notice that for Riemannian decay the previousA(u) 6 Cu € relation
yields (r) = O(r ©) while theorem only provides us this bound up to a log-loss ; geometric decays
yield the same result for both cases.

Bounded innovations ; look unnatural hence we investigate below the causal case. L&t a causal

subset ofz¢ and |
X
t at asXt s (2.9)

S2A

Xt

P
Proposition 2.4 If bk okm < 1 with b=, , kask, theorem[2.3 applies witha; = k okmk jk to
the solution (2.7) of eqn. [2.9) (we set ; =0 for j 2 A).

2.3.4 Non linear ARCH( 1 ) random elds

M Is with
odels wi X

Xe= ta+  g(X¢j)
j 60
clearly extend on LARCH(1 ) models; bounded functionsy, provide robust models.
P

Corollary 2.2 If kgi(x) g (y)k jkx yk and k ok jeo i <1 theorem holds with
ai = k gky i (innovations are bounded here).
Assume now thatg, O for i 2 A, causal set then theore3 holds with; = k oky, i (and now the
innovations do not need anymore to be bounded).

This causality argument improves on [[7] by only assuming nite moments for innovations instead of
boundedness.

2.3.5 Mean eld type model
Consider innovations inRX’ and k  k matrices i

Xe=1 s tXs (2.10)

Corollary 2.3  Assume thatf : RK® RK! Rk satis es

sup kf (u;x) f(u;y)k bkx yk; 8x;y 2 R¥; b k ik<1
u2 Rk? i60
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then equation [2.10) admits a unique solution inL™ written as a Bernoulli shift and this solution is
weakly dependent withg; = bk K.
The same results hold if nows; = 0 for i 2 A with A is causal in Z9 and,

X
foox) f oy . bkx yk 8Gy2RS b kik<l
i60

LARCH( 1 ) models take this form.

2.4 Proofs

We begin with the proof of some lemmas which relate the assumptions to contraction conditions
in the space of Bernoulli shifts. Then we give separated proofs for existence and weak dependenc
properties. Those proofs always follow two steps since we rst consider models with a nite range.
For shortness we write herd = Z9nf0g.

2.4.1 Proof of lemma 2[1_]

Forp2 N, we setYy = F (XjJociek p)i; o and Y= F (XMock p)is o -

1. If g2 N from assumption (H2),

X

p<kik p+q

Since the serieP i21 & kXjk, is convergent the serieP i21 8 kXjk convergesa.s. Hence, we
deduce that a.s(Yp)pon is a Cauchy sequence irfE and then converges. We denote by’ =
F (Xj)jso; o this limit.

Moreover, forp2 N , we have :

X
kYp  F(0; o)k, g kXjk,
O<kjk p

This proves that Y, 2 L™. Hence the convergence in.™ is a simply consequence of the Fatou

lemma since : X
KY  Ypk, Iiminf KYg Yok, aj kX ok,
kj k>p
X
2. If p2 N, we have using(H2) @ Y, Y, a X; X2,
j60
hence the result follows withp ! 1
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2.4.2 Proof of the existence theorem 4.2

P
Assuming (H1) and (H2) we seta= j60 & - With the notations of paragraph 2.4.,
p(H)=F (H )k pj+ O ;8H 2L™( )

As a direct consequence of lemmla 2.imy1 p(H) exists in L™( ). Denote this limit by F((H
i)iso; o), the application : L™( )! L™( )is denedas

(H)=F((H {)jeo;: 0):

Let show that is a contraction of L™( ).If H, H®2 L™( ), then applying the Iemma to the
random elds X and X°dened asX; = H j()andX?=H? (), we obtain :

X
kK(H)()  (HY()km akH () H® j()km
5(30
ajkH() HY km
j60

Picard xed point theorem applies since the space.™( ) is complete. There exists a uniqueH 2
L™( )with (H)=H thusH()=F (H ( )j2z¢; 0, as SetXy = H((t i)i2ze) then with
stationarity of and sinceZ9 is denumerable we get

Xt =F (Xt j)jZZdnng; t 8t 2 Zd a.s.

Let Y be aPstationary solution of this equation, we denoteu; = kX; Yik; for eacht 2 Z9. We
obtain u; j6o0 & Ut j- Assup ur k Xoki+ kYoks < 1 we note that the previous relation implies
sup, Uy asup ug. Henceu; = 0 for eacht. Thus X; = Y; a.s for eacht.

2.4.3 Proof of theorem 2[2]

For an independent copy( 9ypz¢ 0f = ( t);2z¢ ands2 R*, we set & =( &), o with & = if
ktk <s and és) = else. For a Bernoulli shift de ned by H a straightforward extension of a result
in [L1] to random elds implies

(ry 2, where ;= H() H O . (2.11)

Weak dependence under nite interactions

We rst assume that F depends nitely many variables
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= maxfkjik;:::;kjkkg. Let H be the element ofL™( ) with X{ = H (( ¢ i)joz¢) and , =
EH() H(®) =E Xo X&' with X7 = H( )iz 20)-

Lemma 2.7 Assume that(H1) and (H2) hold, then 2kX0k1aL hence ;! ;11 O.

Proof of Iemma. Let r> 0. Since and () admit the same distribution, we have for eacht :

Xe= F(Xe 05 Xe g 0 X = B 5onx {5 )

If ktk <r then ("' = | and using(H2) , we have :

(r) X (r)
kX ¢ Xt ki a Xi i Xt i L (212)
1=1
Setnowi= [ f]ifr ythenifu i landly;::ily2fL:kg:kj, +j,+  +j,k<r.
We use inequality (2.12) to derive recursively the bounds
Xo X 3t X a X x )
0 0" a, a, & (g *ig+ +in) (ig*ingt +iy) 4
11=1 I,=1 li=1
2kX ok @
Fromi r= we getkXo XVk; 2kXokia thus ; 2kXokia .
k
frowrs . Xo X§Tlan X, X9

Thus , 2kXokia 2kXokia . The result follows with a < 1.

We now set a useful result(X+), 2« and (X :t)¢»z¢ Will denote for p > 0 the previous unique solution
of the equations ) andZi = F (Zt jlto<kjk pg)j2zinfogs t -

Lemma 2.8 Assume that the conditions in theore hold. TherXpt ! s1 Xt in L™, for each
t2 z9.

X P

kj k>p
which entails the rst result. We also quote that sup, kX p:okm < 1.

Weak dependence

Lemma 2.9 Assume that the conditions in theoreni 42 hold. Then the random eldX);yza is
-weakly dependent.
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Proof. Recall that sup, kX p.okm < 1 ; if m> 1, weak dependence follows from

EkX )Xok EkXS) X Ok+ EKX (] Xpok+ EkXpo  Xok
= 2EkXpo Xok+ Ekxgg X p:oK

X r
Forr p, from Iemma we deriveEkX gg, Xpok  2kX p.oka a °.Hence , = EkX((,r)
o P kik p
X r
Xok 2 7% ijiep & +2KXpokiar. np o

With sup, kXpoky < 1 there existsC > Owith C infp Kikop & T ar . Using (2.11) we
prove that (X;); is -weakly dependent and (r) =2

Decay rates

Using the representation of the solution as a Bernoulli shift and the inequality |(2.1]1) this will be
enough to bound the expression of,. Seth, = # fi 2 Z9=kik 6 pgand s, =# fi 2 Z9=kik = pg for

X X X X

Proof of lemma|2.2. a = e 96 Kp9t e d9=0 pdleP . Wethus nda
kj k>p a>p kjk=q aq>p

constant C; such that

. r . r
. Ciinf pdle P+e » =Cypinf e PHId DNpyL e 5 .
p p

p— . d
Assumep r= , thereis a constantC, suchthat: , Cor ‘e T

d

P -

Proof of Iemma. As before, . & Kpd—d. Hence ; 6 ¢ irgf e ™ + P . Choose
p W thus there exists some constanCsz with ,  Cz o+ d
2.4.4  Proof of proposition 2.1 ]
Models with nite interactions
We assume rst that there exist k > 1 andji;:::;jx 2 | suchF(x;u) only depends onx;j,;:::;Xj,
for eachx = (Xj)js0 2 E'. Hence writing & instead of a, forl i k, we have

X X

KF (x;u)  F(y;u%k akxj, y,k+bu uk a= a<1
i=1 i=1

Nowh : EX E°! E issuchthatF(x;u) = h(Xj.; 00X, u). We willdenote = maxfkj1k; :::; kjkkg.
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Lemma 2.10 1) If the random eld is weakly dependent (the weak dependence coe cients are
denoted (r)) then X is  weakly dependent with, forC > 0,

(r) Cniznll‘I a'+k" (r 2n)_0)

2) If the random eld is  weakly dependent (the weak dependence coe cients are denoted(r))
then X is  weakly dependent, foiC > O,

() C inf a"+ k> ((r 2n)_0)

Proof of lemma[2.1). We will use the lemma[2.6 and the following useful lemma 2.]1.

Lemma 2.11 1. For every x andy 2 CZ") we havek (0)( x) (0)( y)k bkxo Yok and if
n 2,

k MO)x) ™)k

aj, ai|lkajil+ +ji inl+ +ji|k+ bkx o yok

2. Fix x 2 CZ%. Then (0)( x) only depends onxo and (0) denes ab Lipschitz function on
C.We setK;=bandp; =1.
For n > 2 we setA, = I”:llfjil+ +ji,=1 ig;:in i kg[f 0g, pn = jAnj, the cardinal of
An andK, = bL-25. Then (M(0)(x) only depends orx; for j 2 A,. Moreover (M(0) de nes
a Lipschitz function on CP and Lip (M(0) K,.

Proof of lemma[2.1].
The rst point is easy to check. For n 2 we use induction. Forn = 2

X
k @O)x)  @O)y)k akF (0;x;) F(O;yi)k+ bkxo Yok
1

ajbkxj yik+ bkxo yok
i=1

Assuming that the inequality holds for an integern 2, we estimate nxy = k (n+1) (0)(x)
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(D (0)(y)k :

Xk
nixy ak MO)(;;x) ™) jy)k+ bkxo  yok
i=1
X1 X
a &, &KX e Yieg e K
i=1 I=1 1 i k

+ bkxj; Yk + bkxo  yok

= ai]_ a-i|u(xji1+iii+ji| inl+:::+ji|k+ U(XO yok

Hence inequality holds forn + 1.
The case n = 1 is easy to check. For the rst point we use induction. Forn = 2 the result is a
consequence of :

Suppose now the result true for an integen 2. Then the identity

M) =h MO ;%) ") jX);Xo

shows that ("D (0)(x) only depends of coordinategXx;,+j)1 i kjz2a, and X that is to say coor-
dinates (Xj)j2An.. -
For the second point, we use inequality in 1. We have :

X1 X
n;x;y aj, ai|u<inl+:::+jiI inl+:::+ji|k+ bkxo Yok
=1 1 i k
X 1 X 1 an X
b a+1 kxj yjk=b — kx; yjk
=1 JzAn JZAn

End of the proof of Iemm. We recall the notation X' = (M(0) ( , j)j forn2 N and

fo=1 X&;iiuXd o dd=g X2 XY
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For eacht 2 Z9, if n 2 Nnf0; 1g then Atn = ftg Ap.Ifkss tk rforl i wuvandl | v

jCov(fi;g1)j  j Cov(fr fRan)j+iCov(fian o)+ jCov(f?: gD
4Ejf; f9+4Ejg  of
+ (Upn;vpn; KnlLip (f); KnLip (9))" (din)
(4Lip (f )u + 4 Lip (g)v)a"kX ok1

+ (upn; vpn; KnLip (f); KnLip (9))" (drn)

Note that this result is still true for n=1.

1) Under weak dependence, (u;v;a;b = au+ by,
jCov(f1;q1)j  (uLipf + vLip g)(4a"kXoky + Knpn  (din)
Thus jCov(f1;01)] (uLipf + vLip g) (r) where
(r) niznlfl f4a"kX oky + Knpn  (drn)g
2) With weak dependence (u;v;a;b) = au+ bv+ abuy,
jCov(f1;a1)j (uLipf + vLip g+ uvLip f Lip g)(4a kX oky + Knpn  (drn)
Now jCov(f1;01)] (uLipf + vLip g+ uvLipfLipg) (r) with

(I’) I?lfl f4ankX0k1 + Knpﬁ (dr;n)g
n
P n .
As (K)n is bounded andpy [‘:11 k' = % forn 2, we obtain the proposed bounds.

We now prove that lim,;  (r) = 0. We suppose that the sequencé (r)), nonincreasing without
loss of generality. We use the bound

; n 2n
(I’) CN+2 nlr:‘fr;nZN atk (N)

If N 2 N, we chooseny =[log( (N))=(loga 2logk)]. Note that limyi;; ny =1 andlimy;;, @™+
k™ (N) =0.Forr ry=N+2ny,wehaveN+r ry+2ny =r,hence:

(r) a™+k® (N+r ry) a™+k®™ (N)! yn O

Hencelim;;;  (r) = 0. Analogously, lim;;  (r)=0.
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2.4.5 General case

Recall that we have denoted X p;t),z4 for s > Othe unique solution of the equationZ; = F Z; j1ocyjk pg g0 t

then

iCov(f1ig)i  J Cov(fy fligni+iCov(fia )i+ jCov(f gy
4kXo  Xsoki(uLip f + vLip g) + jCov(f {; gf)]
kX oky X
Recall that from the proof of lemma|2.8 we have kX .0 Xoky a; . Moreover, the eld
kj k>p

Xpt is k dependent with k = (2 p)¢.
Suppose rst that the random eld is  weakly dependent. From proposition[ 2.1D,

n 0
iCov(ffigj (ulipf +vLipg)C inf a"+p™ ((r 2pn)_0)
n

for a suitable positive constantC.

Hence we boundCov(f 1; g1)j by,
0 1

X n o]
(ulipf + vLipg)C@ g + inf a"+p" (r 2n)_0) A
n
kj k>p

for another positive constant denotedC. Then we obtain the proposed bound.
Suppose that the random eld is  weakly dependent. From proposition,jCov(f 29D is

bounded by

n 0
(uLip f + vLip g+ uvLip f Lip g) niglll:l a"+ p?  ((r 2pn)_0)

up a suitable positive constantC. Hence we boundCov(f 1; g1)j by,

(uLip f + vLip g+ uvLip f Lip g)
X n 0

a + inf a"+p¥" ((r 2pn)_0)
i k>p n2N

up to another positive constant C. Then we obtain the proposed bound.

2.4.6 Results on causality
Proof of proposition 2.2 ]

We will use here the Euclidean norm orRY. We proceed by induction ond.
For d=1, if there existsry;r» 2 B suchthatr; > Oandr, < OthenB\ ( B) 6 f0g. Then we can
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chooseby =1 ifB Ry orbp= 1ifB R .

Suppose the result true ford 1. We rst de ne by.

1) If B is empty, sinceB is convex and containO there existsb; 2 R9nfOgsuchthatB  H = fx 2
R9=x:b, = 0g( denotes the scalar product inRY).

2) Now if B is not empty, like B\ ( B) = fOgitis clear that 02 B . MoreoverB is still convex and
by application of the Hahn-Banach theorem ([2], theorem 3.3, page 108), there exists 2 R% nf0g
suchthat B f x 2 R9=x:by 0g. Like for a convexB = B, then the same inclusion holds forB.
We set hereH = fx 2 R9=x:b, = 0g.

We consider now the convex con€ = B\ H. If g denote an isomorphism betweerH and RY 1,
then g(C) is a convex cone oRY ! such that g(C) \ g(C) = f0g. Hence there exists a basis
c=(cp:::;¢q) such that g(C) f x 2 RY 1=0 . xg. Fori =2;:::;d we seth = g (). Then

points x; 0. Suppose thatx; =0, thenx 2 C andg(x) ¢0) (X2;:::;Xd) 1ex 0in RY 1. Hence
(X1;:11:Xq) lex 01in RY, in other word x 0.

Proof of lemma 2[5 ]

Proof of lemma 2[5 | Denote forp2 N, Yp = F (Xjdo<ijk plis o -

1) We rst prove that for p2 N, Y, 2 L™.

Recall that here F is measurable wrtFe B (E9. Let x 2 E', then using the independence between
oand Xj;j 2 A and the condition (H3) , we have :

EkYp FO ok" Xj=x3i2A = E F(XiJ<kk gii 0 F(O o) "
X m
@ aj ka kA
O<kjk p
Hence by integration :
X

kYp F(0; o)k, a; kXjk k Xokm

o<kik p m

As F(0; o) 2 L™, we obtain the result.
It is enough to prove that (Yp)p2n is @ Cauchy sequence ih™. Using the same method as in 1), we

obtainif g>0:
X

kj k>p
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This inegality imply the result.
2) Using the same method as in 1), we have fqo 2 N

X
Yo Yy o a Y, Y°
O<kjk p

Hence the result follows withp! 1

2.4.7 Proof of theorem 23]
Existence

If H 2 Lg( ), we denote byY the random eld dened as Y = H () forj 2 Z9.If j 2 A,
then H j is measurable wrt ( j°+j0:j°2 K) Foﬁ,. Hence ifp2 N, p(H) 2 Lg( ) and by the
Iemma, o is independant of (Yj=j 2 A). By application of the lemma|2.5, ,(H) converges to
an element ong( ) witchis F (H  j)jso; o -

Lets show that the application : Lg( ) 7! Lz( )denedas (H)=F (H j)jeo; o iscontrac-
tionin LR( ). If H;H 02 L% ( ) then the two random elds Y and YOdenedasYj=H () and
Y%= H® () forj 2 Z% verify the assumptions of lemmg 2.5. Indeed (Yj; Y,%j 2 A)  ( j+jo=j 2
A;j%2 &) and using the Iemm we deduce the independence betwegnand (Y; ;YJ-O:j 2 A).
Hence, we have :

X
(H)X)  (HY) , a H () H® jO) .,
12A
= g H() HO) ,
i2A

witch shows the result.

The construction of X comes from theore . The variabléd ( ) being measurablewrt  j;j 2 &
measurability of X; is simply deduced. Then unicity is a consequence of the application of the xed
point theorem.

Weak dependence

Weak dependence of the solution is as in [Y 2.4.3 whe(el2) replaces(H3') . The case of nite
range corresponds tok-Markov systems on a nite causal set. To prove lemma 2{7, we usgH3')
and independence of rvs Xy j,;:::; Xt jk;Xt(r)jl; T ;Xt(r)jk and ; to derive (2.12). In the general
case we note(Xp;): the solution of Zt = F (Zt j1fj2a,9)j; ¢+ With Ap=ft 2 A ktk 6 pg and we
conclude as in lemmd2J9.
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2.4.8 Proof of lemma 2[6_]

1) From the xed point theorem, we deduce that for each” > O

X X
P kX; (n)(o)( i) 2 Zd)k " } KX ¢ (n)(o)( Cii 2 Zd)kl
n 1 n o1

Hence by the Borel-Cantelli lemma, we deducéimn,y ~ (M(0)  j;j 229 = X as.
2) We use induction. Forn =1

kXt pO)( ¢ 3] 22Z%ka = KF (Xt j)js O F(O; ki

akX okq X
akX gky + kX okq a;
kj k>p
Suppose the result true for an integem 1, then
X X
kXi Xpitks ax Xtk Xpy kka+ kXoks ay
kkk p kkk>p
an X X
a ankXok1+ 1 a kX ok1 ax + kXoki ax
kkk>p kkk>p
1 at! X
= a”+1 kX oky + 17kX0k1 Ak
a kkk>p

2.4.9 Proofs for the section 2.83]

Proof of corollary 2.[ ]

the rst case,

X X
kF(z; o) F(Z°® o)km bkz, z%k+koky ckz, 2%k
i=1 i=1
For dependent inputs, we remark that (z;u) 7! F(z;u) is a Lipschitz function in order to apply

proposition [2.1.

Proof of proposition 2.3 |

Normal convergence inL™ will justify all the forthcoming manipulations of series. We only consider
the more complicated causal case. In order to prove thaK; 2 L™ we will prove the normal conver-
gence of the series.
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Xl X

SetS = k (k+ k jtl {i it i1t Gt +j;)Km, we notice from causality that indices

tand(t (j1+ + j+)) are distinctif 16 ~ 6 i hence the independence of inputs implies

j Ji — Ji
k tl tj1 ji o1t (a+ +ji)km =k tlkm k toj1 ji 1kmkt (ja+ +ji)km
X X j1 i
Sk ki Kottkm K kKo s gk
J2Aj1nji2A
= Kkoknm 1+ b <1:
ofm 1 b '
In order to prove that X is solution of the equation, we expand it :
X i1 A X i1 i
Xt = ¢+ t ot 7t t tljl it Gt +ii)
j12A =2 ji;ji2A
0 1
X i pS X , ! A
= it St t tir tir g1 tin e+ +i)
j>1<2A . =2 jo;unji2A
= ot Xty
j12A

=]
HereF (x; (u;v)) = i2a Uj Xj + Vv and we use notations in(H3) . As isiid, the variables (Z( ):29))

are ( j(,)jZA are independent and
X

kF (z; o) F z°% ¢ km k bkmkz  zk
i2A
. P -
Sinceb= " ;,, kapkm < 1, (H3) holds.
In the rst non-causal case the above inequalities are only changed by using the bound

k ¢ Jtijl jioa t (at +jpkm 6 K ke k Jtijl ji KKt e +jikm:

Proof of proposition 2.4 ]

Here (H1) holds and with the notation in (H3) :

X
kF(z; o) F(z% o)km k jkk okmkz;  z7k:

]
j2zZdnf0g

The proposed solution is inL™ from normal convergence of series

XX
KXtkm Kk tkm kak+ K j.kk ¢ jikm Kk jkk¢ g,  jkmkak
k=1 j1;5jk2A
= K okmkak 1+ - Kokm



48 A xed point approach to model random elds

Substitutions prove that this process is a solution of the equation.

p3 X
Xy = ¢ a+ j1t s ot g i@

k=1 j1;)k2A
X X1

= tat jiptjp at j2 toj1ojacr it o1 e ik
jle k=2
X

= t at i1 Xt s
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Chapitre 3

Weak Dependence, Models and Some
Applications

Abstract

The paper is devoted to recall weak dependence conditions from Dedecledral. (2007)'s monograph;;
the main basic results are recalled here and we go further in some new applications. We develop here
several models of weakly dependent processes and random elds. Among them an ARCH( model

is considered with statistical applications to ordinary least squares. A last part aims at proving new
asymptotic results for weakly dependent random elds. Such applications are indeed the main proof
of the interest of this theoretical notion which measures the asymptotic decorrelation of a process.

Note

The content of this part is based on a paper, written in collaboration with Paul Doukhan and
Nathanaél Mayo.

3.1 Introduction

The present work aims at answering the delicate questiornow to weaken independence p to really
useful statistical applications. A rst answer to this problem was the mixing assumption introduced
by Rosenblatt in 1956 (seel[13]), however a simple example of an AR(1) model with Bernoulli inno-
vation is proved in Andrews (1984) [1] to be nonmixing. Extending Andrews's ideas we provide here
a reader with a new and heteroskedastic ARCH(1) nonmixing model. The idea of weak dependence
developed in the recent monograph Dedeckeet al. (2007), [11] gives a reasonable answer to the
previous question.

Di erent conditions of weak dependence are thus introduced and compared here. Further, a large
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amount of models are detailed here and proved to be weakly dependent, among which gure the
previous counterexamples, see alsd [14k.g. some recent extensions of ARCH models are weakly
dependent, among them ARCH( ) models are considered and we develop a speci ¢ parametric es-
timation procedure, ordinary least squares(OLS). Our results are proved here for atoy model but
nonparametric procedures should avoid such question. A nal section is devoted to new asymptotic
results for random elds and mimicking Bulinskii & Shashkin (2006), [9], we obain a moment inequa-
lity, a central limit theorem and a functional central limit theorem for the partial sums process of a
weakly dependent random eld. For this, those authors make use of a nice Marcinkiewicz-Zygmund
inequality with order > 2. From this moment inequality we rst derive a Central Limit Theorem
through Stein's technique and also a tightness argument.

The paper is organized as follows. A rst section is devoted to state the problem and to recall the
mixing condition as well as to state some counterexamples in order to introduce weak dependence
conditions. We also recall some basic inequalities related to those weak dependence conditions. We
then list some examples of weakly dependent models. The third section details ordinary least squares
estimation procedure and its asymptotic properties for the special case of ARCH() models. A last
section proves a Donsker type result for the partial sums process of a weakly dependent random eld.

3.2 Weak dependence

3.2.1 Independence

Consider the  algebras, (P) and (F) generated by random variables? and F, independence of
such random variables only writes as

P(A\ B)= P(A)P(B); 8A2 (P); 8B2 (F):

Independence also writes Cdif (P);g(F)) = 0 for all f;g with kfk; ;kgk; 6 1. Later on, the
variables P and F will be denoted Past and Future for both the times series case and the random
eld setting. For a process X = ( X)i21 We set

Since no phenomena are really independent from each others, a rst question is here, how to weaken
those relations.

3.2.2 Mixing

Assume that T = Z and s; 6 6 s,;t1 6 6 ty; with r = t; s, large, a rst answer to our
guestion is to set

( (P); (F))= sup  jCov(f(P);9(F))j:
kf k1 ;kgki 61
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Rosenblatt (1956)'s mixing coe cient is

(r) =sup max ( (P); (F))
uv 5,6 6 sy

t1 6 6 ty

r=1t;1 sy
The processX is strong mixing if (r) #0asr " 1 . A nice theory was developed in this mixing
setting case ; see Bradley (2007)][6], Doukhan (1994)113], and Rio (2000)I[27], also for the references

herein. Andrews (1984)[[1]'s simple example is however not mixing

1 1 ..
_1 R L
Xt 2(Xt 1t 1), t b 5 iid

In his paper, Andrews (1984)[[1] gives a proof adapted here to the following LARCH model :
Xi= 1+ aX; 1) (3.1)

whereP( o =1)= P( o= 1)=1=2. Itis well know that a < 1is a su cient condition for existence
and uniqueness inL™, m X 1, of a stationary solution of equation ) (seelll7]), moreover the
solution writes : Xy = ¢+ & ¢ :
i1
p_ [
Proposition 3.1 We supposea 2 3—25; 1=2 . Then the stationary solution of equation ) is not
strongly mixing.

Proof. We use the decomposition :
Xe=Agpn+a™ ¢ oXy en)s Apn = t+taggatin+va o g (3.2)

forn 2 N . We prove as in Andrews (1984) thatP X2 A X; (n+1y 2B =1, (8n) P(Xy (n+1) 2
B) 6 0 and P(X{ 2 A) < 1, for some well chosen subset&;B of R. Set U; = (X; 2 A) and
Vi n 1= (Xt (n+yy 2 B) then P(Ut\ Vi 1) = P(M 1 1) and we derive from stationarity that
PVt n 1) = P(Vo) 6 0 and P(U;) = P(Up) < 1; thus

n> P(Ut\ Vi no1) P(U)P(Vt n 1) > P(Vo)(1 P(Up)) > O:

The proof follows from three steps.

1. The values of the random variableA.,, are spaced of at least2a". Indeed two distinct values
of At are always spaced by a numbed = 2 in=0 ".a where fori =0;:::;n,"; 2f 1;0;1g. As
| =minfi=06 i 6 n;"; 6 0gexistsand"; =1, we haved=2a" if = nandifl n 1standard
calculations yield

a_I 28.' +1 + an +1

2
1

2 n
—Z _a'@ 2a)+ a"l =2a"
1 a ( )

| n+1
a(l 2a)+ a
S d 29
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P .
2. We haveP(a < jX{j 2)> 0.Now X; 1+a i & >afora2 (0;1=2]if = ¢ 1=1.
Moreover asX; 1=1 a) 2for a2 (0;1=2] we conclude thatP(a< jX:j 2) 14
3. For B =( a;a) we haveP(X; % B) >,0 (by stationarity this expression does not depend ort).

For this, observe rst that a 2 3—%5; 1=2 implies1l a a®> a° <a;thusforng 2large
enough we getl a av+ gy af<a,
If { i=1forié1lwithO i ng;and { 1= 1, we have

0 X 1 a ano + ak<a

k no+1

Thus P(jX¢j<a) 2 "o 1 Now if wy;:::;wx denote the values ofAq,, we setA = Sikzl]wi
a"*?;w; + a"*?[. Using the decomposition ) we infer thatX; 2 A if jX; (nsy] < @ thus
P X{2A=X{ (n+1) 2B =1.

We prove here that P(X; 2 A) < L If a < jX;{ (n+1)] 2, then X writes as w; + ¢ with
2a"*1 j ¢ >a"*?. In this caseX; Z A. IndeedjX; w;j >a"*? and if, for examplec > 0, we use
point 1 and the fact that a 1=2to derive : X; <w;+2a"*! w+; a"*? provided w;.+; exists (else
we have obviouslyX; 2 A). And we obtain X; 2 A if ¢ > 0. It is also the case ifc < 0 with a similar
argument. The result follows fromP(X; 2 A) = P(Xy 2 A\] Xy (+y] @  P(Xo) @) < L
Moreover it is clear that P(jX; (n+1y] @) 60:

3.2.3 Denition
We aim at de ning weak dependence coe cients as sequences decaying to 0 and such that
jCov(f (P);9(F))j6 (u;v;Lipf; Lipg)"(r)

Let us thus consider a proces¢X¢)i2z with values in a Banach space(E;k k). Forh: EY! R
(u2 N ) we dene

Liph= su :
P (yl;:::;yu)e(xil);:::;xu)ZEu Kyp Xik+ + kyy Xk

De nition 3.1 [16] ] A processX = (X,)n2z With values inR% is ("; ) -weakly dependent process if,
for some classes of functionEY;EV! R, F,;G :

"(r) =sup sup sup ' O
Wog 6 6, |2Fuig2G ( f;9)
t]_ 6 6 tv
r= tl Su

Assume from now on that the classes of functions contain functions bounded by 1. Distinct functions
yield , , and weak dependence coe cients :
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( f;g) = wuLipf + vLipg; then denote "(ry= (r);
= vLipg; then denote "(r)y= (r);
= uvLipf Lipag; then denote "(ry= (r);
= uLipf + vLipg+ uvLipf Lipg; then denote "(ry=(r);
= uLipf + vLipg+ uvLipf Lipg+ u+v; then denote "(r)y="1(r):

Noncausal coe cients (symmetric , and F = G) t to non-causal processes. The! coe cients are
introduced here in order to cover strong mixing conditions and as well function of mixing coe cients
as introduced in Billingsley (1969). A simple extension of the previous de nitions concerns the case
of random elds. For generality, consider (Xt)y>7 with (T;d) a metric space, simple examples are
T=2%0rRY

De nition 3.2 [16] | A processX = ( X{)i27 with values inR% is ("; ) -weakly dependent process if :

"(r)= sup (flg) Cov f(Xi; it Xig);o(Xj; i Xg,) P G
uv>1
(i;0) 2 1 (u;v;r)
f2Fu;92Gy
herel (u;v;r) is the set of multiindices(i;j) = (i :ziuij1;:::jv) 2 TV VY such thatd(fiq;:::;iug; fje;i:i5jvg) =

inf d(ig;jp) > 1
16 a6 U;16 b6 v (ia;Jb)

In this setting the coecients ; , and! are de ned as above. For simplicity we shall not precise
each coe cient but de nitions are straightforward up to evident changes. In the sequelr > 0 will
denote an arbitrary integer.

Heredity results. The following results are useful for various statistical applications.

Lemma 3.1 For k> 1letY; = (Xt k;:::5;Xy) then y(r) k x(r k)ifr>Kk.

Proposition 3.1 [2]] Let (Xn)n2z be a sequence oRK-valued random variables. Letp > 1. We
assume that there exists some constai@ > 0 such thatmax; ; xkXijkp C. Let h be a function
from RK to R such thath(0) = 0 and for x;y 2 R, there exista in [1;p[ and ¢ > 0 such that
jh(x) h(y)j cx yi@@+jxj T+ jyi2 b
We de ne the sequencdY,)n2z by Y, = h(Xy), then,

if (Xn)n2z is -weakly dependent, ther{Y,)n2z too, y(r)= O (r)gial‘

if (Xn)n2z is -weakly dependent, so i§Yn)n2z and v (r)= O (r)gii

if (Xn)n2z is -weakly dependent(Yn)n2z also, v(r)= O (r)lDfaaz
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More causal coe cients. For causal coe cients F will be the set of bounded functions and
(usually) G will denote the set of Lipschitz functions.
coe cients correspond to ( f;g) = vkf k; Lip (g), we de ne
p(M ;X) = supfk E(g(X)iM )  Eg(X)k, Lipg6 1g;
and then if (X)i2z is an LP-sequence, andM )x2z are -algebras ( (Xj;j k).
1
pv(r)=max — sup  p(Mi;(Xj ;05 Xj)) s ()= 12 (r)
s6 v S|+r JZ is Z
n o]
coecients: p(M;X)= sup g(X)Px jm (dx) g(X)Px (dx) Lipg6 1 ;and p(M;X)
p
1
p(M;X), now py(r)=max —  sup  p(Mi;(Xj;i X))
s6v S|+r i1 is
-coe cients (projective measure) here, (M ;X) = KE(X]M ) E(X)kp( p(M ;X)) and,
p(r)=sup p(Mi;Xi+r):
i2Z

3.2.4 Basic examples

P P
A simple example writes Xy = = ., & ¢ with Ej of -, jaj < 1 and (i)izz iid. More
generally

Xe=H((tj)22); H:IR?! R

where, more preciselyH 2 L™( ) for somem > 0O, with  the distribution of ( {)i2z.

Proposition 3.2 [16] | The process(Xt)i2z is -weak dependent with (r) =2 [”r“:Az% if
EH 5j2Z H j1«:i2Z 6 (#0 (r"1)

If H (xj;j 2 Z) does not depend orxj, j < 0, itis -dependentand (r)= M"1,

Note. Even if this example looks general, it seems di cult to exhibit such functions H. We aim at
describing more natural examples below.

Proposition 3.3 [16] | Gaussian or associated_? processes are weakly dependent if
(r)=0 sup ,jCov(Xo;Xi)j ! ri1 O

3.2.5 Botanic of the models

We rst mention LARCH( 1 ) models from Doukhan, Teyssiére and Winant,[[7] :

s
Xt = ¢ at a1Xt j (33)
i=1
hereXyisd 1, tisd k,aisk 1,anda arek d matrices. Examples of such models follow.
b3 3
Bilinear (Giraitis, Surgailis, 2002, [24]) X =  a+ Xy j + b+ b Xt j
i=1 j=1
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xXP xd
GARCH( p;q) (Engle, 1982, [Z2)R; = "; 2= P2+ o+ iRZ |
j=1 j=1
ARCH( 1) (Surgalilis et al. 2000, [23])
" 2 X- 2
Re= "t = ot iRt (3.4)
i=1
!
E.g. to write the model as a LARCH(1 ) in this case, only set ; = " 1 ,a= 0 :
[ 10
3 = boowith 1= E("9), 2= var(")).
1 P
Note that = k okm ; kajk < 1, yields a solution of ) ;
X
Xi= ¢ a+ Q; t g Qj, t j jka (3.5)
k=1j1;5jk>1

If Yy 2 L™ is a solution of (3.3) for somem > 1, independent of s for s > t, then Y; = X; a:s: (8.5).
Moreover (r) 6 kX, X ki and m:1 (t) 6 kXt Xikm with A(s) = J->Skaj K,

X ) t t
kX: Xikm 6 k okm k okm j 1 A - +

Pty (3.6)

j<t
, . , p.
e.g.A(s) 6 Cs Por 6 Cqf, imply that this expression 6 C%t®, Cqq_ ) .

Various generalizations of such models may also be found in[11], among them one may replace
products by the Steutel & Van-Harn operator, a x = sign(x) <, Y; for context-free and iid r.v

Y; with mean a; which means that variablesY; are choosen stochastically independent of the other
random variables considered in the current problem and withEY; = a. The previous models thus
extend to a large class of integer valued random processes. Another extension is provided in the next
section.

Models with in nite memory. Let ( {)i2z beiid, and F : (RN RP 1 RY, we consider

Xe=FXt 15Xt 2; Xt 350005 1) (3.7)

Theorem 3.1 [21]! Assume, for somem > 1, that A = kF(0;0;0;:::; t)k,, < 1 and
KF (X1;:X2;X33:05 1) Fynyziysiiis oky 6 oy akx ke
Then existenceyof the model holds ih™, as well as its stationarity and its weak dependence with,
P . r=N ; — 1 .
(r)GC’\llrlf0 _>Naj+e fe = ;<1
j
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Random elds with in nite memory
Xt =F (Xt j)jazentog: t (3.8)

Existence is proved in [[19] through Lipschitz type conditions as well as type dependence with
analogue decays as before.
A causal set is a selC  Z9 such that the convex cone generated by does not contain the origin.
Singletons, half lines or an open half space with half of its boundary iiZ? are causal, this improves
on the usual quadrants condition.

Regression models are de ned by the equation

Xe=F(Xe 5 Xe )+ h()a(Xe mysii s Xe m)+ ot P
If K (xesrnixe)  F(yaiiiiye)k 6 iksl hkxi yikandkg(xy;::oixi)  glysiiivk }=1F9- kxj Yk
then (r)6 C e = ' if,eithere = ¥, b+khk; f,c<lore = X b+kh( ks <, G<1

LARCH( 1 ) random elds satisfy X; = ; a+ i2c X o (t2 z9); exister}g:e and weak dependence
holds for  and & matrices, k oky  ;,¢ kajk < 1for a norm of algebra;k okm ;,¢ kak < 1is enough
if C is causal.

Models with dependent innovations SetX; = H((  j)j2z for a stationary process and we assume
this process to be either or -weak dependent.

Proposition 3.4 [20]] If Ej ojmO < 1, and assume thatx; = y; for j 6 s implies jH ((xj)j2z)
H((Yj)j22)i 6 bs SUH@Sijj\_l jXs VYsi,then  _sbs < 1 ,implies existence inL™, if ‘'m+1 6 m®

mO0
If, moreover, by 6 Cs Pthen, (r)6 Cr ) (r)6 C% (T s 0)av—3 and (r) 6 Cr )
(r) 6 c% (1 %)1 m

3.3 Least squares estimation of ARCH( 1 ) processes

In this section, we focus on the ARCH( ) model (see Y 3.2]5). We observe a proceRs solution of
the equation[3.4. The least squares estimation method is studied and we use weak dependence ft
derive the asymptotic distribution of this estimate. Since we will only estimate a nite number of
parameters, we X the j forj>j o :these are known parameters in the section and we shall assume
that = O(k P) for some knownb > 0 then (t) 6 C&! P (see[7]). We will investigate how such
condition can be weakened at the end of the section. The goal is to estimate a nite dimensional
parameter =[ o;:::; j,] by using a generated sample of size.

Classical estimation procedures are least squares and maximum likelihood. The rst one relies on
the autoregressive representation of the square of the process but does not take heteroskedasticity
into account. The second uses the form of the heteroskedasticity since it is the GLS. WheR; is

p Markovian (that is ( i)i>o 2 RN admits only nitely many nonzero coe cients, leading to the
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ARCH (p) model), it is asymptotically e cient under strong hypothesis on the law chosen for the
residuals. Hence it is easier to give general hypothesis for OLS under which its properties are known.
The main advantage of OLS is its simplicity. For example when the number of parameters to be
estimated increases, MLE becomes very hard to obtain in practice while OLS is quite as easy to
compute. Another procedure is based on autocovariance of the square of the process, it is Whittle's
estimate discussed in[2].

3.3.1 De nition, identi ability, existence and consistency

The square of an ARCH process has the AR( ) representation RZ = o + P jlzl i Rf j T !, with
It = R? 2 Denotez = LR2? 1;:::;thjooandytz R? <jos1 iR? . Sincel, is the
strong innovation of RZ, we have the identi ability conditions Ez? { =0, E(z%z) = E(z®:) and
the regression model writesy; = z? + !¢. If Z, and Y, are the piled matrices in time, plugging the

empirical law in the previous equation leads to the OLS estimatoPo s = (Z0Z,) 1z0Y,.

Lemma 3.2 P("2=1) 6 1) EzY% is positive de nite, and hence so a.s. ist(29Z,) for large
enoughn, so that bOLS exists a.s.

Proposition 3.2  Under the hypothesisERf < 1, boLs ! a.s. whenn!1l

Proof. From the ergodic theorem and from heredity properties of ergodicity we obtain :%Z,?Zn !
Ezz and 1Z2Y, ! Ezdy.

3.3.2 Asymptotic normality

Asymptotic normality of the previous estimator requires both a CLT for the numerator p%z,?Yn
and the a.s. convergence of denominatom(Z9Z,j) ! to E(z%) . When ER® < 1, the second
condition is obtained via the ergodic theorem together with the continuity of the matrix inverse (since
the lemma|3.2 shows that the limit is a.s. de nite positive). The rst condition is now proved by

using weak dependence. We need to show asymptotic normality of the vector whokeh component

P P

(for k 2 [0;jo]) is (n ¥2Z2Yn)k) = n 2 (R? iR? ) (Ik=0 + Ieo RE ). We rst recall
t=1 j=j0+1

Donsker type results, stated here simply for application sake, they also imply CLTs.

Theorem 3.1 (Donsker invariance principles, [10], [20]) Let (Xj)i2n stationary 0-mean, with
(2+ )-order moments ( > 0). Assume that :

(Xi)i2n is a -weakly dependenct times series with(r) = O(r ), > 1+1=,

(Xi)i2n is  -weakly dependent with (r)= O(r ), > 2+1=,or

(Xi)ian is  -weakly dependent, (r) = O(r ), with > 4+2=,
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t] )4
1 X _ .
then p— X - ni W in D(0;1), Skorohod space, with 2= EXoXk > 0.
L k=1
. P P
Lemma 3.3 Let beinRo*' andu = R? ', ., jRZ, o+ & «R?,.IfERPIs
2p 2p 2(b 12

nite then uis -weakly dependent with ,(r)= O r 2 1» b

P 2
Proof. Let wt(M) = R? jM:j0+1 thZ j; ot thZ Koo W = Wt(l ), and for t4 ty <
k=1
M M M
Sy Sy we setwy = (Wi, il Wy, ), Ws = (Ws,;:11;Ws,), Wt( ) = (Wt(l );ZZZ;Wt(u )) and
wiM) = (W) wiM)) ; we assume thatr = s ty, f 1R ! Ris bounded, andg: R? | R is

Lipschitz then we write
Cov(f (We); g(ws)) = Cov(f (we)ig(ws)  g(wi™)) + Cov(f (wy); g(wi™)):
For the rst term, we use

jiCov(f (wy)  f (w™)); g(ws))j
vLip (g)kf kg

XV

Zens Wik 2EK wg  wik

\Y Vv - i

2 i X- 2 2 X- .

j=M+1 i=M+1

= OAM+1) =omM ® D)
For a processX , denote by x any numbera such that x (r) = O(r ). We know that g = b 1.
Applying Proposition B.1|leads to gz = 757 R. Becauseg(w") can be identi ed with a function
g(R%:::;R2 ;i 2's), we also have ifM T,

jCov(f (wp); g(wi™))j MvLip (@)iifji1 re(r M)
= OM(r M) r2)

. _ 2p 2b 1
In order to have the same rate in both terms, we seM = r r2™®=r2 1 5 . Then M = o(r) and the

resulting rate is w = %(b b1)2, Applying again Proposition (3.1 to the product of the component
of w, we ndthat = SiZ w= %%(bbl)z:

Finally, we nd the moment condition required to match with the theorem [3:1l In the next theorem,
the asymptotic normality of by, s is obtained only for b above a constant level. The required moment
on R tends to 0 asb grows, that is as the coe cients ; tends more quickly to O.

p_
Theorem 3.2 Assume thatb > 352 let > I B> 0.1f ER™ < 1, then pﬁ( bos )
is asymptotically Gaussian with mean 0.
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Proof. Let (b) = (bb—l)z =b 2+ % which grows from0to 1 with b > 1. We apply the previous

lemma with p = 4+ 2 . This leads to = (b) 4f1 :%) . To apply Theorem we check : y >
(+)=, ([d> 1+41, > 421( ( 1) ‘and (b> 1

Finally pl—n)@ Z2%) = pl—ﬁ u; is asymptotically Gaussian(8 2 Rio*1).
t=1 t=1
The last issue is the calculability. The estimator by s depends on the in nite past of the process
which is never observed in practice. The real world estimator has the same expression but replacing
yt by @ = R? J-t:joﬂ jR? ;, that is truncating the sum to the observed data. Finally €o.s =
(Z3Zn) 'zQVn with the matrices (Z)x) = IkeoR?  + Ik=0 and (Y)1) = %. The next theorem
shows that the di erence is negligible.

Theorem 3.3 Under the assumptions of Theorez!o n(€.s ) is asymptotically Gaussian
with mean O.

Proof. We show that n ¥2Z%€, and n 2Z0Y, have the same limit in law.
Let = zy: w),we have

E] tJ j COV(Yt ?t, Zt)j + Eth ‘?t] EthJ
O( r2(t) + A(t +1))
ot © 984

P 2p 2
It implies Ejn 2" M. j=0O(n ¥2(n 1) ® D21*1) 50 that

1 2p 2

P>1+36 3 2 1

1 X
(b 1)>1=2) E FFﬁ t = 0o(1):
t=1

Another result of importance for statistical applications is the following empirical CLT.

Theorem 3.4 (Empirical CLT [11]) Assume that X, is stationary with uniform marginal dis-

. 1 X R .
tributions, then % (1(Xx 6 X))  F(X) ?[R]ml Z(x) where the centered Gaussian process
k=1
(Z(X))x2r admits the covariance

(xy)= X Cov(1(Xo0 6 x);1(Xk 6 y));
k=1
if one of the following weak dependence condition holds,
(i)=0( & fora>2+2 2 48
(i)=0O( @) for a> 5,
(i)= O(i @) for a> 15=2.
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Note that coupling arguments also yield ECLT for classes of functions with polynomial bracketing
entropy decay conditions, see[[12] and [11]. Besides evident applications to empirical statistical tech-
niques and to functional estimation questions (also discussed in_[11]), this yields a tool to derive
asymptotics of MLE estimates.

3.3.3 E ective estimation procedures

Knowing the parameters with index larger than jo is of course an unrealistic hypothesis excepted
for p Markov ARCH( p) processes. In the general setting, if the are unknown, we cannot remove
the exact impact of their lags in y;. We can only regressR? on a truncated past of jo lags, with
x¢ = R? instead of y;. This lack of explanatory variables biases the OLS estimator as long ajsp

. : . o . (b 1322 .
remains xed. Using the same counting as above, the error i$ j = O(jo( )2 ). So we will
need to setjg = jo(n) ' 1 . The real problem is not non-parametricity but the fact that matrices
dimensions should increase. For example in a parametric setting = (), the matrices still have

growing dimension. For this asymptotics, not much is given by the classical OLS theory.

Hence it does not seem harder to estimate than just its rst components. This estimation problem

is straightaway a nonparametric one. It is much like the density estimation problem : when one wants
to estimate f (xo) with kernels, the variance has a non parametric n=jo(n) while bias isO(j o ()
under -regularity conditions if we set 1=jo(n) ! 0 for the corresponding window width. The idea is
thus to achieve analogues nonparametric rates for our OLS procedures, but how can we derive rates
of convergence for matrices with growing size ?

First we may use weak dependence to obtaih? rates of convergence for coordinates of the numerator
by using the following ideas. We considej > 0 because of notations, but the cas¢ = 0 is in fact
easier; for the component, A = $(ZX)(,, we have,Var(A) 7 1o1un JCOV(XtXt |5 XsXs j)]

, and we use similar notations forX, = [X1;:::;Xn]. We divide this sum respectively for indices
belonging to and to © with = fi;j=ji jj tog. On , each covariance is bounded by a
moment :

JCoV(Xext jiXsXs )] Var(xexe j)  Varx?+ (Ex?)? + (Ex? + Varxy);
while on € we will sum bounds proved from weak dependence :

JCOV(XeXt jiXsXs )i xuxe ; (U S e 0t SP T x (t sj )P

We thus obtain

# 1 X . 2
Var(A) w2tz x(jt sf j)r1?
t;s2 ¢
to+1 1 X b2
= 0 2=+ 5 (Tt j)o



3.4. RANDOM FIELDS 63

Then, we need to sum ovejf to derive the rate of convergence for the whole numerator. We can only
sum over the rst values of j to obtain rate for the rst components of

The same approach can be used for the denominator, but because we need to invert and multiply it, we
need to link the rate obtained in the L' norm to a multiplicative one (e.g.kjM jk1 i max; jMi;j |

kM ki i jIMij; ). For the inversion we use

(29z2n) ' (EZz) ‘= (Z3Zn) NZ9Zn EZz)E(zz)

however there is still a lot of technical points to adress here. The balance ¢§ and j as functions of
n leading to the optimal rate is reported to a future paper. Analogously to kernel density estimations
a marginal CLT with normalization =~ n=jo(n) will be exhibited.

3.4 Random elds

We now consider a real-valued, centered and, or! weakly dependent random eld X such that
M =supi,za EjX{j™ < 1 for a real numberm > 2. We use here weak dependence in order to derive
moments inequalities and a central limit theorem as well as a Donsker type invariance principle for
partial sums of a stationary random eld.

The following result provides covariances inequalities used in the proof of forthcoming moments
inequalities and of a central limit theorem.

Lemma 3.1 Let X be areal valued and centered weakly dependent random eld. IM = sup;,7¢ EjXj™ <
1 for some real numberm > 2, then

1. If X is Wea%Iy dependent jCov(X; X;)] 10M A D x (Ji jj)%:
Moreover sup  jCov(Xi;Xj)j< 1 if x(r)=O r  with >d 1.
1229 574
2. If X is! Wea%ly dependent jCov(Xi; Xj)] 14M m%! x (ji jj)mTZ:
Moreover sup  jCoM(Xi;Xj)j< 1 if Ix(r)= O(r ') with!>d ™.
1229 574
3. SupposesupkXik; <1 andX is  weakly dependent (resp. weakly dependent). If x (r) =
t2zd
X
Or with >d (resp.!x(r)= O(r ') with ! >d ) then sup JCOUXi; Xj)j< 1

iozd
i2z2 jZZd

Proof. We use a truncation technique. LetT 1. We denote fori 2 29, X1 =( T)_X;~ T and

Xi=X7i EXt
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Leta2 [2;m], asjX; Xr;j® j Xij*djx,j>7 ., weobtain X; X; _, 2M aTL % Write jCov(Xi; Xj)j
Cov(X; Xi;Xj) + Cov(Xj Xj;Xj) + Cov(Xi;Xj) :If I=a+1=m=1, then

Cov(X; Yi;Xj) + COV(Xj Yj;Yi)
Xi Yi akakm+kXT§ikm Xj Yj a
ZIV

1. Under  dependencejCov(Xi;Xj)j 3T x(ji jj). As we may always assume that (r) 6
1
2M =M we get the result by setting T = 2F IM mn D x (i D) o

2. For! dependencejCov(Xi; Xj)j AMT 2 ™ +5T21 y (ji jj). The result follows now with
1
T=2mM m2! x (Ji jj)?l. The last point 3. is obvious.

3.4.1 Moment inequalities for partial sums

X q
This section is aimed at deriving moment inequalities of the Marcinkiewicz-Zygmund typek X

j2u
CjUj%?; where U is a block set ofZ9 (i.e U = (a;H = ((as; bi] (ag:bg]) \ Z9 with a;b 2
RY:a; < bq;:::;aq < bg), jUj stands for the cardinality of a nite set U and q is a real number 2.
The proof algapts ideas in[[9] for moments inequality with ordergq=2+ , 2 [0;1]. For a block U,
let S(U) = j2u Xj. Fora real numbers 2, we will say that X verifes condition C(s) if

C(s) : 9Cs > 0 such that for each blockU ~ Z9, kS(U)k,  CsjUj*™.

In this section, we suppose thatX is either  weakly dependent or! weakly dependent with

x(r) K(+1) ; >d m 2 (3.9)
I L. I _m
Ix(r) K(r+1) °; I>d 2_m 5 (3.10)
X
Now ) (resp. (3.10)) assertC(2) with C, = sup jCov(Xi; X;)j with Lemma 3.1.
1225 74

The general case

We rst prove a technical lemma in order to derive C(q) ) C(g+ ).

Lemma 3.2 Letg2 N,qg 2, 2 (0;1]suchthat = g+ < m . We suppose thatX veries
condition C(q) .
Under dependence, if 9 M™@®2 )3  condition C( ) holds.

m
In the case of! dependence! ~ 4M@e )5 _implies the condition C( ).




3.4. RANDOM FIELDS 65

Proof. We follow the proof of [9]. Leth(n) = minfk 2 N=2¢ ng and for a block U  Z9 having

edges with lengthslq;:::;lgq, we seth(U) = h(l1) + :::h(lg). We prove the result by induction on

h(U). The result is obvious ifh(U) =0 ,j Uj = 1. We suppose the result true for a blockU such
that h(U) hg and let U a block such thath(U) = hg+ 1. Let L be any of the widest edges oU.

Denote its lenght by [(U). As pointed in Lemma 1 in [9], if we draw two hyperplanes orthogonal to
L dividing U into two blocks U; and U, of thickness[l(U)=2] and I(U) [lI(U)=2] respectively, then
there exists avalue = () < 1lindependent ofU such that :

Ui Pl F Uy

P

(here [ ] stands for the integer part of a number). Let 2 (0;1=2] such that1  1© > 0. We

divide U into blocks in the following way :
i) If jUled 1, we draw two hyperplanes orthogonal toL, dividing U into three blocks, a central
block V admits the thickness| jUjlzd] and the two other blocks Q and R have thickness 1(U)=2.
In some caseQ or R may be empty.
i) If  jUj¥™® < 1, we draw one hyperplane dividingU into two blocks Q and R of thickness[I(U)=2]
and I(U) [I(U)=2] respectively. We setV = ;.
We have always :

QI Z+iRj T juj (3.11)

Moreover h(Q); h(R); h(V) hg and we may use induction. We setr = d(R; Q). Then

kS(Q)+ S(V)+ S(R)k  k S(Q)+ S(R)k + kS(V)k

>From induction, kS(V)k  C jvj*? C pijjlzz for some constantC > 0. Using Lemma

[65.17 yields :

EjiS(Q+ S(R)i  EjS(Q) + EjS(R)]
+(2%3) EjS(Q)S(R)i + EiS(R)*iS(Q)]

1) We now use the induction for the rst two terms :
EiS(Qi +EjS(R)i C jQ P+jRj ® C juj =
2) For the third term set S(R)=( T)_ S(R)~ T for a truncation T j Uj and use the inequality :

EiS(Q)i%iS(R)j EiS(Q)i* S(R) + EjS(Q)i* S(R) S(R)
29 1E S(Q) S(Q) ? S(R)
+29E 5(Q) * S(R)
+ EjS(Q)j* S(R) S(R)
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We rst obtain
E S(Q S(@Q °S(R) T EiS(Q)i%5s0)j Tg
T T4 "EjS(Q)"
MT ™juj™
For the second term write a covariance :
E S(Q) " S(R) ESQ® @+iS(R)) ~ T
= Cov S(Q“; @+jS(R)j) ~ T
+E SQ) 'E @+jS(R)) AT

P .
Observe thatf @ (X1;:::;Xjg) 70 ( T) _ A %A T %isqTe 1 Lipschitz and bounded by T4,

P .o
andg: (x1;::ixr) 7! 1+  JRlx; AT is  Lipschitz and it is bounded by T .

Under dependence this implies, ifT j Uj,
Cov S(Q *; 1+ S(R) (@T™ Qi+ TYjRj+qT9 HjUj?) x(r)
29+ 1) TUj x(r)
Under! dependence, ifT j Uj, then
Cov S(Q)"; 1+ S(R) n(qTq+ L TY)IQ]
+ (T39+ T )Rj+qTH 1J'UJ'ZO! x (1)
(29+3) T jUj! x (r)
Moreover
E S(Q) “E 1+ S(R) CIjQi"? (1 + EjS(R)j
CJiQi™ (1 + kS(R)ky)
As kS(R)k, C2jUj*™, we have
E S(Q) "E 1+ S(R) 2(C,_ 1)cdjuj
For the last term, with g=m+ 1=m’'=1, we get:
EiS(Q)i? S(R) S(R) EiS(Qi*iS(R)i sy Tg
k S(Q)ka, iS(R)j 1fsry Tg o
j QITM T kS(R)KT™
M jUj* mo T wo
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Asm=m’=m q:
EiS(Qi? S(R) S(R) Mjuj"T T
Under dependence we have proved

EjS(Q)j?jS(R)j I+M U T ™ +292q+ 1) TIjUj x (1)
+ 29 (C, _1cdjuj 7

Observe that from ) and from the de nition of r : x (r) K jUj =0 ChooseT =
jujMm DM ) This leads to

.m(g+1) m

EjS(Q)i?iS(R)j @+ 1M +292q+ 1)K juj-m am
+ 2%(C,_1Cdjvj
By assumption 9 M@2 ) 2 angso:
EiS(QjYS(R)j  (9+1)M +292q+1)K  +2%1(C,_1)Cd juj 7
Under ! dependence,

EiS(Q)i%jS(R)j @i+1MjujmT M
+29(2q+3) TT jUj ! x (r) + 292 (C, _ 1)Cdjuj 7

Here from (3.10) and from the de nition of r : ! x(r) K U] =d ChooseT = juj™ *g=(m+1 )

Note that the assumption! > 2d implies % 1. This yields

m (g+2) I m

E]S(Q)quS(R)] (2q+1)M +2q(2q+3)K JUJ m+1 d m+1
+2%1(C, _1Cdjuj

By assumption! ¢ M@ )3  4hys:

EiS(QiYS(R)]  (%+1)M +292q+3)K  +2%1(C,_1)Cd juj 7
3) Using the same ideas for the IastHerm,Fl;rE)m inequality [(3.1j1) we derive
kS(U)k C + 4L jujt?
with respectively, in the  dependent case and thé dependent case :
L = 2% 3) 29+1)M +292q+1)K  +2%1(C,_1)Cd ;
L = 2% 3) 9+1)M +292q+3)K ' +2%1(C_1C§

The choiceC  L¥ =1 © ") yields the result.
h [
Corollary 3.1 1. Under weak dependenceC(q) holds withqg= 2+(2m$1)d .
Suppose, moreover that %(m2 m+2) if m2 N or %% if m 2 N, then

P
condition C(q + ) holds withO <1*"(m " %24“ wherea = 2 dm+2 Q)
andb=(m 2)qd+2dm 2(m q) .
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2m(! d) !

2. If X is! weakly dependent, conditionC(q) holds withq=2 _ T m 2d
If moreover ! %(m2 +3) ifm2 IBI or ! %W if m 2 N, then condition C(q+ )
holds for0 < 1~ (m @)~ 22 4d wherea=2! d(m+3 ¢) andb=(m 3)qd+

4dm 2(m q)!.

. From Lemma, conditionC(q+ ) holds for ~ 4m@2 )2  Thjs relation is rewritten

| O
d2+a +b 0. Ifwe prove thatb 0, the result will follow (because 2+~ 4d ) Butb 0,
q Zdez)d. fm2N,wehaveq m landm 1 Zdez)d, dm2 m+2).

d[ml(m 2)+2m
2

Ifnowm 2N, thenq [m]and[m] 2my— =l ]

proof of 2. is omitted.

which proves the result. The

The case of bounded random variables

Lemma 3.3 We supposeN =sup;,zs kXtk; <1 and (resp.!>d ). Then condition C(s) holds
with s=[2 =d] (resp.s=2 _ [2'=d  2)).

P
Proof. The result is obvious fors = 2 since >d (resp.! >d )implies the relation sup;za ;74 jCOV(Xi;
1 :Assumetheresultifs=q 2whereq2N,q s land2=3 2 3. We derive condition
C(g+1) as in the proof of Lemm. With the same notations, this is su cient to modify only the
step 2) :

EjS(Q)j%jS(R)j*™ Cov (jS(Q)i?; (1 + jS(R)}) + EjS(Q)*E(L + jS(R)j)
Inthe  dependence and thé dependence setting, we have respectively :

Cov (jS(Q)j"; (1 + jS(R)))) B+ (N _ 14jUjT™ x(r)
Cov (jS(Q)i*: (1 + jS(R)))) (Bg+5)(N _ )% jUj¥2 1 (r)

Moreover EjS(Q)j"E(1 + jS(R)j) CgJ2(1_ C») jujln=2.
From d(g+1)=2and! %(q + 3) =2 we derive respectively :

EjS(Q)j?jS(R)j (29+3)K (N _1)9+2(1 _CpCd juj@d=2
(2q+5)K (N _ 1% +201 _ Cz)Cg jUj(q+1) =2

HenceX satis es condition C(qg+ 1), if respectively

1 a1 P -
Cor Lot =1 (q+1)as )
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for 2 (0;1=2] such that1  =a*1) hp > 0and _
i
L=22% 3) 2q+3)K (N _1)9+2(1 _C)CJ
and if
1 a1 P
Corr > Lat 51 (q+1) 0+ )
for 2 (0;1=2] such that 1 ar P 0 and

L=2Q2% 3) 2q+5K '(N_1¥ +2(1 _CyC{ :

3.4.2 A central limit theorem for weakly dependent random elds

We now prove a central limit theorem for  weakly dependent random elds. The proof is based on

the Stein method used in Bolthausen[]5] to derive the CLT for the partial sums of a stationary strong

mixing random eld. This proof is adapted from Guyon [25] in order to relax stationarity condition

with the moment assumption sup,, 7« kXtk,, < 1 for > 0. We will follow this proof to show that

the same holds under or ! weakly dependence. The Lemm& 3|1 will be extensively used. L&t

be a real centered random eld and(D,), a sequence of nite subsets o9, S, = 200 X and
2 = Var (Sp). The following assumptions will be used :

(A1) There existsm > 2 such that sup ,z¢ EjX;j™ < 1.

(A2) The random eld X satises x(r)=O r , > 2d_dim 21)=(m 2).
(A9) The random eld X satises! x(r)= O(r '),!> 3d_dm=(m 2).
(A3) liminf 25iD,j > 0.

Theorem 3.2 If (A1), (A2) or (A9) and (A3) hold, then n1Sh N (0; 1).
Proof. We follow here [25] (pages 111-115), quoting that assumptiofA 3) implies
n2 CjDgj * (3.12)

for a constant C > 0 and for large enoughn. In the proof K will denote a generic strictly positive
constant which only depends on the random eldX.
1) First we show that this is enough to prove the result for bounded random variablesXWe use a
truncation technique. For T > Olet Xjr =( T)_X;~T E( T)_X;"Tifj 2 z49,S,7 = XiT s
j2Dn
2
and 2; = VarS,r.WehaveE 'S, | 1Sur 2,2 EiSy Snti®+ 2 2; .Werst
bound
n" n AT n (1Cov(Xi Xyt Xj)j+ jCov(Xir i Xj  Xjr)i)
] 2>|2n
Csup  (jCov(Xi Xir:Xj)j+ jCov(Xit;Xj Xj1)i)
1225 74
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Note that if in the random eld X we replace some variableX; by Xt or X; Xj7, the new random
random eld denoted Y is allways  weakly dependent or! weakly dependent and y(r) 6 x(r)
(resp.! y(r) 6 ! x (r)). Moreover for a givenj 2 Z¢

KXprk _kXj  Xjrk. o 2kXjk

This allows to use the covariance inequality in Lemml. I{A ) holds then for a giveni 2 Z9 we
have :
ICov(Xi  Xjr: Xj)i+ jCov(Xir; Xj  Xyr)j K x (i jjm 1 (3.13)

The same holds if we suppos€A 9) by replacing the last bound by K!  (ji jj)mTz.
Moreover if 1I=m+ 1=a=1 we use Hdlder inequality :

jCov(Xi  Xir:Xj)j MY™ Xilypr . MTZ2™
We bound jCov(Xi1;X; X7 )j in the same way. We obtain

JCoV(Xi  XiT X))+ jCov(XiT;X; Xjr)i KT2 ™M (3.14)

Using (3.13) and (3.14), in the -dependent case, we obta;g for a givek 2 N
WA 2 2 K (Kk+D)OTZ M 4 et

r>k
The choice ofk = T with 2 (0; %) gives
lim limsup ,2 2 2; =0 (3.15)
™™ ni '

Under ! -dependence the same conclusion holds. Foy, 2E|S, Sn;sz we derive the same result and

nally TI!i{n IimlsupE 1Sh n;% SnT ‘2 0. With (8.15) and (A 3), we remark that for a given
suciently large T > O, liminf 11 nTSDnj > 0: Thus this will be enough to consider the case of
bounded variables.
2) We now proceed for bounded random variables. LeT = sup;,,4 kX(k; . Let (mp) a sequence of
positive real numbers such thatlimp; mp =1, jDpj 1=2 mﬂ I nn Oand
iDnj x(mn) ! nu  Oif (A2) holds (this is possible if we setm, = jDnj with 2 (1; ) since
> 2d).
iDnj!'x(mn) ! m1  Oif (A9) holds (this is possible if we seim, = jDnj with 2 (%; 2—1d) since
1> 3d).

X X

Forj 2 z4, dene Sy, = Xi:ap = EXjSin, Sn = @ 1=2g - and Sin = an 1:28“, .
i2Dn;d(ij) mn j2Dn
If (A2) holds we have
2 2 2 N A : . : N d 1
n° A an jCov(Xi;Xj)j 2TC k x (K)

2D d(i )>m k>m n
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Hence

QD
1N

nI!llm =1 (3.16)
We obtain the same result if(Ag) holds. Thenlimny E 'S, S 2= 0 and it is enough to show

that S, N (0;1). For this we use the following lemma. .

Lemma 3.4 (Stein, [21])] Let ( )n>1 be probability measures oveR with (i) sup x? (dx) < 1,
7z n
and (ii) Iinm (i x)e* ,(dx)=0 forall 2R,then j, N (0; 1):

Here(i) is obvious. First observe that from(A 3) and (3.18), there is a constantC®> Osuch thata, *
CODpj 1 forn large enou%h. To prove(ii ) use the decompasition(i Sp)e S = A Ay Ag,
with Ay=ie’ S 1 al 5 X;Sin ,Az=an €S 0 X; 1 i S, e!Sn and

P R
Az= a7 j2D, Xj€ (S Sin):
Term A;. If (A2) holds then
X
EjA1j2 = 2a,®Var X Sin
j2D
Y
= 23,2 Cov(XiXj; XjoX ;o)

Jij ©2Dn;d(iij );d(i% 9 mny
If d(;j 9= k 3mpn, we have Cov X;iX;;X;joXjo K x(k 2mp).
If d(j;j 9~ d(j;i) " d(j:i 9= k< 3mp, we obtain
Cov XiXj;XjoXjo Cov Xj; XjXjoXjo
+ jCov (Xi; Xj)j Cov Xjo; Xjo K x (K)
thus,

n b
EjAj2 Ka,2jDnjm2d x (K)k? 1+ k1 x(k 2mp)
k=0 k=3mn
KjDnj 'm2d1 1y 0O

The same holds if we replace assumptio(A ;) by (A9).

Term Aos.
. . = X . .=2
EjA2j Ka, 1 EjX;jS;n
igDn
X X
Ka, 3?2 JEXoXij

12Dn d(i;j ):d(i%) mn
Ka,32jD,jmd

6 KijDnj ¥md 1 n O
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Term Az. We use weak dependence. We obtain respectively
JEAs] a, ™2 X EX;j€ (S0 Sin)
i2Dn
2, ?jDnj 1+ J(T+1)a,"?jDnj x(mn)
KijDnj x(Mp)! n1 O
JEAs] a, 12 EX;€ (S0 Sin)
j2Dn
8,7 2jDnj 1+] j(T+1)a,*?jDnj+ T(L+ jDnj) ! x (Mn)
KjDnj*?!x (Mn) ! ny O

Then the result follows from Lemmal3.4.
The following inequality precises the one proved on page 4 afl[9].

Lemma 3.5 (x+ y)% X® +yI 4+ 2071 3 x4y +yI% forx;y 0,g2N;gq 2and
0< 1 |

X1 '
Proof. We write (x + y)9 = x9+ y9+

j=1
We rst note that (x9+ y9)(x + y) xqi +yo* + x ya9+ xby |
Forx yetl j q 1 thenxlyd@i(x+y) 2xI xydi* 2xyd
If y x, then analogouslyxiyd i(x+y) 2y x9 Finally : |

P
(x+ y)* Xa 4y o+ 142 0 AL ? (x% +x y9)

Xyt l (x4 y)

XA 4y o+ 1+2 120 1 1) (x% + x y9):

3.4.3 Donsker invariance principle for random elds

We now apply the results of the last subsections to derive a weak invariance principle for or !
dependent random elds. We will say that B is a block of [0; 1]% if B = ('s1;t1] P (Sq; tq] with
0 si<t; 1lforeachi2fl;:::;dg.If X isarandom eld, we denoteS,(B) = ;.5\ z¢ Xj and
Sn(t) = Sn((0;t]) with the notation Sp(t) =0 if M16igqti =0.

Under ! dependence, the following assumption will be useful :

(A9Y X isa! weakly dependent random eld,! x (r)= O(r *),!> 3d_d4™2,

We now give the following result :

Theorem 3.3 Let X be a centered and weakly stationary random eld. Assume that, eithdfA 1),
(A2) or (A9 hold then, for aW a Brownian sheet :

D ([0;1]¢ X
Ry (1): 2= EXoX;j > :0

j2zd

n 925,(t)
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Proof. We need to prove both the tightness and the convergence of the nite dimensional distributions
of the sequence of processéS,)n.
We rst prove the convergence of the nite dimensional distributions. Note that it is enough to prove

For simplicity, we prove the result for k = 2. Let B; C two disjoint blocks and ; 2 R. We prove
that
n 92(sn(B)+ Sa(C)IN 0 % 2 (B)+ 2(C) (3.17)

P
Let Sp = Snp(B)+ Sn(C). We can write Sy = {5 g.nge Ynj With Ynj = X j if j 2 nB,
Ynj = X if j 2 nC and Ynj =0 elsewhere. Let 2 = Var (Sp). We have
2 = Var Sp(B) + Var S,(C) +2 Cov (S (B); Sn(C))

We prove that n 9Cov(Sn(B):Sn(C)) ! ni1 0. Indeed asB\ C = ; we obtain forO< < 1:
X

n 9jCov(Sn(B);Sa(C))j  n ¢ JEXiXj]
i2nB;j 2nC;d(i;nC) n
X
+ nd JEXiXj
i2nB;j 2nC;d(i;nC )>n
X X
n b JEXoXj+ JEX X ]
jz2zd jii>n
The result follows from Lemma[3.] (note that in the! dependence setting! >d 42  d-";
and one can apply Lemma@l)).
Recall the notation S(V) = |,y Xj. As limjyjy Vajrvsj(V) = 2
Uyl d(Var S,(B)+ VarS,(C))= 2( (B)+ (C))
The two previous points imply

2
_n

lim 5= 2( (B)+ (C)) 60 (3.18)

the same dependence condition a% , we can prove in the same lines as in the proof of Theorem 3.2

that: limpy 1S, PN (0;1). With (8.18) we derive (3.17).
We now prove the tightness of the sequence of proceSg. Using (A 2) or (A9Y and Lemma with
q=2, there exists > 0and C > 0 such that for a block B of [0; 1]¢,

kSh(B)k,, C B\ z¢°

If the corner points of B are amongf %:i =0;:::;ng, we havekS,(B)k,, C (B) and the condition
(1+ =2;1+ =2) of Bickel and Wichura [4] holds. Then from Theorem3 in [4] and the remark below
it, we derive the tightness of the sequencéSy ).
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Chapitre 4

Strong invariance principle for a new
class of weakly dependent random elds

Abstract

We prove a strong invariance principle for some (non-causal) spatial Bernoulli shifts with independent
and identically distributed (i.i.d.) inputs. Several examples of such random elds are given in Doukhan
and Truquet [13], where the authors use a xed point theorem to solve autoregressive equations of
the form

Xe=F (Xt j)j2zdnfogs t : (4.1)

where is an i.i.d. random eld. Classical mixing conditions are hard or impossible to obtain for
such models but weak dependence conditions of Doukhan and Louhichi (1999) are satis ed. The
main tools to derive the strong approximation are the Berkes and Morrow (1981) blocking technique,
moment inequalities for weakly dependent random elds and an approximation bym dependent
random elds. Moreover, only a Riemanian rate for the covariances is required to establish a strong
invariance principle which notably extends previous results even for causal elds.

4.1 Introduction

Bernoulli shifts often refer to time series such as ARMA models or ARCH processes. Their extension to
the multiparameter case is well known only for the ARMA random elds which have been extensively
studied (seel[16]). In a recent paper of Doukhan and Truquef[13], a new class of random elds has
been introduced, extending linear random elds. Their construction is based on the resolution of
autoregressive equations of the form

Xi=F (Xt j)j2zintogs t (4.2)

7
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Under contraction assumptions on the functionF, it is proved that there exists a unique solution
written as a spatial Bernoulli shift of the form :

Xt=H (¢ )2z 5 t229 (4.3)

whereH is a measurable function. The random eld can be supposed only stationary. The construc-
tion of such spatial processes is done through moments conditions, using a xed point theorem. An
approximate simulation of the solution of equation [4.2) can be done using a recursive procedure (see
section 2:4 in [13]).

Classical cross moments and others statistics are di cult to obtain for a model de ned by a general
equation of the form ) except in the case of linear elds or with the use of a convenient notion
of causality, which also relaxes the moment conditions on the inputs. In this last case, one obtain a
generalization of the classical autoregressive time series such as the classical ARCH models, and
non linear extension of the quarter plane AR (se€ [17]).

For X = (X¢; t 2 29 a spatial Bernoulli shift satisfying @) denote the partial sum

where fori;j 2 Z9, we use the notationsi j ifis jsforalls=1;:::;dandi<j ifis<jg for

G = j=(5ja) 2N% s Jt
s=1 t6s
The goal of this paper is to establish a strong approximation forSy in the particular case of spatial
Bernoulli shifts with i.i.d. inputs, that is an approximation of the form,

Sy Wy =0 [N} "  as: (4.4)

whenN 2 G !'1 (thatmeansN;!1 foralll i d)where

[N]= g=1 Ns;

W is a multi-parameter Wiener process;

"> 0is not depending onN .
The rst result of strong approximation for random elds has been given in Berkes and Morrow (1981)
[4] in the case of strong mixing where the authors have used the reconstruction method of Berkes
and Philipp (1979) [5] to construct an approximation in the multivariate case. More recently, Balan
(2005) [3] have proved a strong invariance principle for associated random elds using the quantile
transform of Csorgo and Révész [8]. A generalization to a more general weak dependence conditior
is given in Bulinski and Shashkin (2005)[[6], with the same method.
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Relating to the limit theory of random elds de ned by (4.3)] classical mixing conditions for models

de ned by equation (4.2) are very di cult to be obtained in practice. Moreover there are some simple
examples of causal sequences which are not strong mixing : the AR model proposed by Andrews [1]
or a ARCH model provided in [12]. On the other hand, the weak dependence introduced by Dou-
khan and Louhichi [11] is an appropriate property to study the limit theory of non causal Bernoulli
shifts, with independent inputs [10] as well as for dependent ones [14]. General limit theorems such
as moments inequalities and weak invariance principle have also been proved nl[12] for more general
models than (4.3).

Nevertheless, in the time series case, powerful methods have been recently used for the strong approxi-
mation of partial sums of Bernoulli shifts with i.i.d inputs. Wu (2007) [20] have used a martingale
approximation for general causal Bernoulli shifts. Approximation bym dependent sequences is used
by Aue and al. (2006) [2] for augmented GARCH sequences. Liu and Lin (2008)]18] have taken
advantage of an approximation by m dependent sequences in the general case, the result of Wu
(2007) is improved and some optimal rates have been obtained.

In this paper, we will use an approximation by m dependent random elds to construct the Brow-
nian sheet. In the time series case, moment inequalities for Bernoulli shifts used inJ20] ar[18] are
derived from martingale di erence decompositions and the Burkholder inequality. Since we have not
found a similar decomposition in the case of random elds, we will use a general moment inequality
given in [12] for weakly dependent random elds which is in fact an adaptation from that of Bulinski
and Shashkin [6].

In contrast with time series, there is a technical di culty with the random elds because as it has
been pointed in [4] the strong approximation cannot hold near the coordinate axes due to the irre-
gular behaviour of the variance in this case. This leads to the introduction of an "equilibrate” subset
(such asG ) for the convergence of the partial sums.

The paper is organized as follows. Some bounds for the covariances of spatial Bernoulli shifts that
will be useful for the approximation of the random eld by m dependent elds are provided in next
Section[4.2. Then, we recall the notion of weak dependence of Doukhan and Louhichi for random
elds and establish some required moment inequalities in Section 4.3. Finally, Sectidn 4.4 is devoted
to the strong invariance principle and examples. The proof of this result is postponed to the last
section of the paper, Sectiof 4]5.

4.2 Covariances estimates for Bernoulli shifts

Let K be a positive integer. We denote byk k the Euclidian norm on RK and the same notation will
be used for the associated norm oM .k the space ofK K real square matrices. Moreoverk k;
will denote the suppremum norm onZz¢.
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If X, Y are two random vectors with values inRX , we denote by x:y the covariance operator with
values inM k. :
(X;Y)= E (Y EY)(X EX)°:

Now for h 1, we denote h

Ta=n
KXk, = EKXkK

Note that we have the following Cauchy-Shwarz inequality :

K(X;Y)k k X EXkKY EYk,: (4.5)

Let X be a centered random eld with values inRK . We suppose thatX is a Bernoulli shift i.e
Xe=H (tj)j2zantog (4.6)

where is an i.i.d random eld with value in a measurable spaceE® and H : E® | RK isa
measurable function. In this section, we suppose thakE kX0k2 <1.Fort2z%andl 2 N, we
denote the  algebra

Foo= (tj=kiky <I):

We also de ne the following| dependent random eld Xy = Ef,, X for eacht 2 Z9.1f | is an odd
integer, we setX =, = Xy (+1) =2 In the casel = 0, we setXy = X, 8t 2 z4.

The following proposition provides inequalities satis ed by the covariances of a Bernoulli shift and
will be useful to derive bounds for the approximation ofX by the | dependent random eld X ;.

We also denote byY; = X¢ X and

p(l) = kY0;|k2:
Remark that by usual properties of the conditional expectation,(p(l)); is non increasing.

Proposition 4.1 Leti;j 2 Zz9andl 2 N .We setf= %
1.k ( Xi; X))k 2kXoky p(B 1, + Var (Xo)ls, ;
2. k (i Yk 2p()p(P_ 1)1 + P()? g
3.k (Xii X)) (Xis Xk 2kXok, p(P_ 1) +2pBp(l) Ty, + kX ok, p(1) Lo, -

Proof of Proposition 4.D We will use the following fact : if £6 0, then the two  algebrasF, ¢

and Fj_ﬁ are independent. In this case, we have X,.g XJ._13 =0.
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. The result is obvious iff= 0. If £6 0, with the Cauchy-Schwarz inequality

k ( Xi; X))k VieX; o+ X Ve
p(g kX0k2+ p(g Xo;ﬁ 2
2kX ok p():

Note that the last inequality follows from Jensen inequality.

. We apply the rst point to the special Bernoulli shift (Y )i27q. If £6 0, we obtain

kK (Vi Yi )k 2kYork, You o Erj(Yor)
From properties of the conditionnal expectation Yy, EFO.F(YOﬂ) = Y, , and the result follows.
If now =0, we remark that k ( Yi;;Yii)k p()2.

. if #6 0, we have :

k(Xi;Xj) (Xi;|;Xj;|)k k (Yi;|;Xj)k+k(Xi;|;Yj;|)kZ
But
K (Yi i Xj)k Yii EFi;f-‘Yi;I Kj EFi;?Yi;I ;Yj;P
As Er Y , p() and Yiy  Er_(Yir) , = Yie , p(f_ 1), the Cauchy-Schwarz
inequality provides
Yo Xj K Xok,p(P_1)+ p®p(l):
Moreover,

k (X5 Yk Xig  Br oK) Kk + Yo Br (Vi) Brp X
Xip Br (X)) p()+ kX ok, p(F_1):
2
As Xii  Er (Xi) , p(B? by Jensen Inequality, we obtain

k ( Xig; Y )k k Xok,p(B_ 1)+ p(®p(l)
and the result follows.
For the casef= 0 we observe that

K (Xi;X5) (X Xk k Xok,p(l) k Xoky,p(l):

We deduce the following corollary.

Colrzgallary 4.1 Suppose thatp(l) = O(I ) with >d .

1)
2)
3)

j2z¢ K (Yo Yy )k =0 192
j2za K (X0 Xj)  ( Xou; X )k= 0O |d
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4.3 Moment inequalities for weakly dependent elds

The goal of this section is to establish a general moment inequality for weakly dependent random elds
that can be applied to Bernoulli shifts. A general notion of weak dependence has been introduced by
Doukhan and Louhichi (1999). We recall here the de nition of the  weak dependence for random
elds. First, for a function h: RK "Y1 R with K:w 2 N , de ne

Liph = su ;
p (Xl ..... XW)QF()yl ..... yW) le y1k+ + kXW ka

..........

where a normk k is given onRK . Then,

Denition 41 A E = RKX valued random eld (X{);,7¢ is weakly dependent if there exists a
sequence( x (r))ran With limy; x(r) = 0 such that for allu 2 N, v 2 N and functions
f: RCYI Randg: RX V1 Rsatisfyingkfk; 6 1, kgky 6 1, Lipf< 1 and Lipg<1,

where indicessy; i sy t1;::::ty 2 Z9 are such thatksy,  t/kyg rforl m wuandl | .

A special case of weakly dependent random elds are the Bernoulli shifts. This is proved in
[10] (see paragraph2:2:3 of that paper). Moreover, inspection of the proof given in[[10] shows that
x (r)=2 (r=2) where

(M= HC ;) H o gy <y
A straightforward modi cation of that proof shows that one can take :

x (r) = 2p(r=2): (4.7)

In the sequel a setU  Z9 is called a block if it can be written angzl (as; bs] for ag;bs 2 Z with

as < bg and denotejUj = gzl(bS as). For arandom eld X, let:
X
S(U) = Xj and M(U)= sup fjS(W)jg:
j2u W block U

We will use the following assumption :

(A1) X = (Xi)oze is a spatial Bernoulli shift with values in R¥, K 2 N, satisfying (4.3) where
( t)i2z¢ are i.i.d. random vectors, and there existh > 2 and € > 0 such that EkXok" < 1 and for
alr2N,p(r) €(r+1) where > 2d1.

The following theorem provides a moment inequality and a maximal inequality for  weakly de-
pendent random elds.
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Theorem 4.1 Suppose that the random eldX satis es (Al) . Then there exists 2 (0;1) and a
constant C > 0 such that for all blockU ~ Z9 :

kS(U)k,,  CjUj"™®; kM (U)k,,  ACjUj*™?; (4.8)

WhereA=52+L(1 2=(@+2 )y d

Proof of Theorem 78 | Since the random eld X is a square integrable Bernoulli shift, then it
is  weakly dependent with dependence coe cients x satisfying inequality (4.7). By assumption
(A1) , we have x(r) 2 €(r+1) .One can observe that each coordinat€X(y)),z2 is also a
weakly dependent random eld with
x (y) (1) 2 €(r+1) , > Zd%. Then, using the point 1 of Lemma, it is possible to apply
the moment inequality of Lemma 2 in [12] to each coordinate ofX . One can deduce that there exists
> 0and C > 0 such that for all block U~ Z9 :

kS(U)k,,  Cjuj*2:

Lemma 2 in [12] shows that is chosen such tha2 + <h and satis es :

dh(4 )+( 2)2+ ).
2 h 2 '

The rst inequality of Theorem 1 follows and the second inequality is a consequence of the rst one
and the Moéricz theorem [19].

P
Remark  The constant C can be chosen such thaC 5:1 Cy where constantsCy are given at
the end of the proof of lemma2 in [12] and are such that :
1 1

Cy= B50EjXo(y)]"+210K , +80(Cpy_1)C3, © 1 Z ;72 % (4.9)

where ; and > are positive constants which do not depend of the random eldX and Cyy =

P . =2 .
1220 1COV(Xo(y): X ()i with X = (X;(1); ;X (K)) forall j 2 Z¢.

In the next proposition we derive a moment inequality with the same and C as in Lemma[7.8
for all the random elds of interest X..,, n 2 N [flg

Corollary 4.2 Under assumptions(Al) , there exist 2 (0;1) and C > 0 such that for alln 2
N [flg and all blockU Zz¢:

- =l = P
kSn(U)ky, — CjUj*™?; whereS,(U)= |,y Xjn -
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Proof of corollary 4.E] Note that for all n 2 N [flg , the random eld X., is  weakly
dependent since it ism dependent. We want to show that Theorem[ 7.8 applies to all the random
elds X.,, n 2 N with the same numbers and C. In particular, we need a bound, independent of
the integer n, for the constant C of the previous remark using [(4.9). For this, it is enough to prove
the following three points :

SUPnan f1g KXok, < 1 ;

SUPn2N [f1g j2zd JCov(Xon; Xjn)i< 1 ;

SUPnan g X (1) 2 €(1+T)
By Jensen inequality, supnon g KXonk, K Xok, and this proves the rst point.
The second point is a straightforward consequence of Propositidn 4.1. Indeed, there ex{3f > 0 and
C, > 0 not depending onn such that

C1p(kj kl =2):|lj g0 + Co ]lj =0 -
Hence the result follows.

To show the last point, consideru 2 N, v2 N and functionsf : R “1 Randg: RK V! R
satisfying kf k; 6 1, kgk; 6 1,Lipf< 1 andLipg< 1. Dene also,

Xenr = Ery Xn; 8t2 2Z°

We have
jCov(fn;on)i Cov fn fprign + Cov furign  Ont
R X
2Lip f Xigmt  Xign 2+2Llpg Xignt  Xjgn )
s=1 s=1

2(uLip f + vLip g) XO;n;rE Xon )
2 (uLip f + vLip g) p(r=2):

Since by Assumption(Al) , 2p(r=2) 2 €(1+r) ,we have proved the third point and this leads
to the result.
4.4 The strong invariance principle for spatial Bernoulli shifts

Now we give the main result of this paper : a strong approximation of partial sums of spatial Bernoulli
shifts satisfying Assumption (A1) by a Wiener process. However, another (weak and only technical)
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assumption has to be added :

P
(A2) = ,7¢ (Xo;Xj) is a positive de nite matrix.

Theorem 4.2 Under Assumptions(Al) and (A2) and for any 2 (0;1), there exists" > 0 and
X can be rede ned without changing its distribution on a richer probability space together with a
d parameter Wiener processwW = fW;;t 2 [0;1 )9g such that ) holds.

Examples : General examples are provided by models de ned iri [13] and satisfying the equation
@). Let =( {);p7¢ be ani.i.d. random eld with values in E°(usually E®= RX° for someK 22 N
but E? can also be a denumerable tensor product of such sets). L& = RK with K 2 N and
F . E@nf0 gOpEZMOS) B (EQ | E;B(E) be a measurable function (here, iV is a
vector space andB an arbitrary set then V(B) VB denotes the set ofv = (vp),pg Such that there
exists a nite subsetB; B such that v, = 0 for eachb2=B1). De ne also both these assumptions :

(H1) There existsh > 2 such that KF (0; o)k, < 1 .
P
(H2) There exists (& )j2zantog SUCh that g > O for all j 2 Z9nfog and a = j2z0nfog & < L,
satisfying for all 8z;2z02 E Znf0g)

X
kF(z; o) F(Z°% o)k akz z%k; as. (4.10)

]
j2z4nf0g
Then,

Proposition 4.2  Assume that(H1) and (H2) hold. Then there exists a unique stationary solution
X = (Xt)i2z¢ of equation [4.3) such thatEkX ok" < 1 which can be writtenX; = H (¢ j)jpza for
all t 2 29, whereH is a measurable function.

This proposition follows from Theorem3in [13]. A similar existence theorem with a convenient notion
of causality is also provided in[[13], where the assumptiofH2) is weakened.

Under (H1) and (H2) , it is possible to check the Assumption(Al) in particular cases. Indeed, for
p2 N andt 2 Z9, consider the sequence of random eld§X pt(N)) o de ned by :

Xpt(0)=0; and Xpi(n+1)= F (Xpt j(N)dockjk, p)js ¢ for n2 N:

From Lemma 6 in [13], we have the following bound :

kX o Xp;o(n)kh k Xokn a"+ 1 a g
Kjky >p
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Now since the random variableX p.o(n) is measurable with respect toF g;np+1 , We haveEr , Xp:0(n) =
Xpo(n) forl  np+1.Forp2 N, we setn = E('Tl). Then, np+1 | and we obtain

X
p() 2kXg Xp;o(n)kz 2kX okp a"+ a;
k] k1 >p
Sincen = E('Tl) '5 2, we nally obtain :
1 n X o]
p(l) 2kXok,max a 2 inf  a™ + a - (4.11)
1 a p2N .
kjki >p
An interesting case is obtained wher0 g kiky fori2 z9with >d andO < 1. Then,

the proof of Lemma3 in [13] shows that there existsC®> 0 such that
| d
p() C° log!
Consequently, Assumption(Al) is satis ed as soon as
3h 4

>d 1

45 Proof of Theorem 4:2

In order to prove theorem , we introduce the Berkes and Morrow [4] multiparameter blocking
technique. We use the approach and the notations of [3] (see alsd [6]).

4.5.1 The blocking technique

Let > > 1 be integers to be specied later. Introduce
XI
ng=0; n = (i +i); 12N:
i=1

| +

Note that n, +i whenl 11 . For k 2 N9, put Ny = (N iitng). Set

vd
Bk =(Nk 1;Nkl; Hk= (N, 1Nk 1+ Ksl; 1 = Be=Hy:
s=1
Let = =8, L be the set of all indicesi corresponding to the "good" blocksB; G , and H be

NS = Ng; s%68's; NS = min Ns:
s S S n2H;n ;0=Ng0;s% s S
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We consider also the setd y = fi : B; Rkg L\fi kg and Ry = (My;N] where

Now fori 2 Ly, let S (H;) = i2m; Xl where |; = E(('lA—;'dl)) where E(z) stands for the

integer part of a real numberz.
ForN 2 G andNg <N Ng+1,

SN
Wy

(Sn Sny)+ S(Rk)+ S((0; N¢]=R);
(Wn Wy, )+ W(Rk) + W((0; Nk]=Ry);

and we use the following decomposition 08(Ry) :

X X X
S(Rg) = (S(Hi) S (Hi)+ S (Hj)+ S(15)
2L 20, 2L,

The introduction of the vectors S (H;) for i 2 L is the key point of our strong approximation since
their independence properties will be used to construct an approximation of their partial sums by a
sum of Gaussian random vectors.

Lemma 4.1 (S (Hi));,_ is a family of independent random vectors.

Proof of lemma 4 Let i;®# 2 L such that B; and Be are two successive blocks, with for

example®; = i1 +1,% = isforall 2 s d We havel; + I E((ilz b)) + E(; ) i;. Since
d(Hi; He) i;, we deduce thatHiIi \ H;"’ = :, where forA Z2 and" > 0, we use the notation
A" = fj 2 Z2=kj Ak, < "g. In the general case, it is obvious thatH/' \ Hq'; = ; fori 6 ¢
SinceS (H;) is measurable with respectto j; j 2 HiIi for all i 2 L, the result follows from the

independence properties of the random eld .

The following lemma provides an important property satis ed by the set G and will be extensi-
vely used in the sequel.

Lemma 42 1)If M =(Mq;:::;Mq)2G ,thenMg [M]* forl s d.
2) There existsC > O such that foralli 2L and1 s dthenis CJ[i]* .

In the sequel, we will denote byC a positive constant which can only depend ord; ; h; €, and
on the covariance function of the eld X .

4.5.2 Approximation of  S(Rk) by W(Ry)

We start by approximating S(H;) by S (Hj).
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Lemma 4.3 Suppose > 2((21+ g). Then there exists"1 > 0 such that
X o
kS(Hi) S (Hi)k=0 [Ny
2L
e 1,.d2 .4 i
Proof Let qbe a real number satisfyingg > landq2 -5+ S5=~—;—- 1. Note that this

is possible from the assumptions satis ed by . For i 2 Ly, observe thatl; CJ[i]* . Then we have
from Bienaymé-Tchebichev Inequality and Corollary[4.] :

P(kS(Hi) S (Hik> [i]% [i] ZquSg('h) S (Hi)k?
[i1 *jHij  E Yg Yi,
j2zd
C[i] 2q+ Iid 2
C[i] 2g+ +(d 2 )l+—:

The choice ofq implies that 29+ +(d 2 );— < 1. One can apply the Borel-Cantelli Lemma
and we obtain :

kS(Hi) S (H)k C[i]" as

Hence : «
kS(Hi) S (H))k C [i19 Clk]t C[Nk]%:
2L 2L

Therefore Lemm is satis ed with"; = % % and "1 > 0 from the de nition of q.

Now, we derive the following approximation result :

Lemma 4.4 |If > 2% ) and > 2§1+ dg, then without changing its distribution, we can rede ne
the random eld X on a rich enough probability space together with d parameter Wiener processes

W= W;;t2[0;1)% such that there exists's > 0 satisfying for all k 2 Z9 with L 6 ;,
X

X .
S(H) ¥ W(Bj)=0 [NJ*? ™
i2Lg i2Ly

Proof Fori 2 Ly, wedeneV, = Var (S(H;)) andV; = Var (S (H;)). We rstbound the di erence
i1 vV . Hence :

(i1 Vv (1 Vi [ Vi :+ [i] M
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With Corollary 4.1]:

X
(1 Vi [l V k(X0 Xj)  ( Xou: Xji;)k
j2zd
C(ir™ 1M ig) @)
cli] @ =
Moreover, from Lemma[4.10 :
[i] M =0 [i] =
This nally leads to :
il Vv, =o [ = ™ C D (4.12)

Now, fori 2 L, de ne S°%H;) = V, 1S (H;) whereV, = Var (S (H;)). Note that from ( and
assumption (A3) , i can be supposed large enough such that 122 exists. De ne also S%H;) =

Vi 12 Bij'? 12 S%H)) and S(Hi) = [Bij' 'S%Hi). Then S (Hi) = S™%H;) + S(H)).
Now, ,., S%Hi)and ,  S(H) can be bounded as follows :

Concerning S°®™H;), let > 1 such that :

1 + 1 +1
— 9>5-F—=%t5 Q>
2 20+ ) 2 2 21+ )

q< ( d):

Note that is possible from assumptions on and . SinceE kS°H;)k?> = K, from Bienaymé-
Tchebichev Inequality :
P J SOO(Hi) > [I]q [I] 2q V| 1=2 J Bij1:2 1=2 2
Cli] *V, j Bij
Cli] ® V; jHij + jHij | Bjj

We have the following bound :

- . - . Yj . Yj
jHij j Bij = (is *+1ig) Is
s=1 s=1
xd Y
C i is
s0=1 s6 s0
Clil™ :

We now use [(4.1P) and we obtain a second bound :

Vi ] Hij Cli] jHij 1Vi Cli] w—min(; ().
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Then, assumptions ong imply that there exists < 1 such that :
P s™Hi) >[1° cCli:
Therefore we deduce from Borel Cantelli Lemma that :
SO%) C[i]" as

This leads to :
g+l

SO%H,)  CLK]"'  C[Nk] = : (4.13)
2Ly

Now, de ne "> 0 such that &t = 3 ".Then"> Osinceq< —=.

We now deal with the term ~ ;,, S(H;). For this, we use Lemm, ordering_x with the
lexicographic order for example. Remark that Var §(H;) = jBjj . Moreover letp=2+ , with
> 0 given in Corollary. If a = [i] foralli2 Ly, where 5+ »2- < < 1% then:

aPE SH) P [l @) B2 "y, 22 E g (H) ¥
i2Lg
Cil @ )jBij* =2 jHj'? 2y =22
Cli] @ )jByj*" =2
C[i]( 2)(1+ =2).

The fact that jHij1=2 122y, 122 is bounded follows from ). By the choice of , we have
( 2 )1+ =2) < 1and the previous sum is nite. Then by Lemma[4.1], we can rede ne
the sequence(SO(Hi))iZL on a rich enough probability space together with a sequencg j)ij>, of
independentN (0;jBij ) random variables such that :

0

X
S(Hi) i=O0(Kl )= 0 [NJ*¥ " ; (4.14)
i2Lg i2Lg

where"®= 7 . Note that "°> 0 from the de nition of

Finally, let ", = "~ "9 and we obtain from (4.13) and [4.14) :
X X .
S(Hi) 1= 0 [N 2

i2L 2L

Now since j = % Ofori 2 L, where © N (0;jBijlk), a straightforward d parameter generali-
zation of Lemma 4 of Csérgo and Révész [8] ensures that we can rede ne the sequemcgm on a
richer probability space together with ad parameter Wiener processV such that 2= W (B;), for

all i 2 L. The proof is now complete.

Now to complete the approximation of S(Ry) by W (R), we prove the following lemma :
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Lemma 4.5 Suppose that > M, then there exists"3 > 0 such that :

X )
S(1i)= O [NgJ*=2 s
20,

Proof of Lemma 4[5 | The proof is similar to the proof of Lemma3:9 of [3]. Fori 2 Ly we have

- - . Y .
jli(s)j Cig [
s% s

Let > 1 be areal number such thatq 2 El +( )T Tl

tions satised by and . Denoting Si(s) = ;) (s Xj, We have :

. This is possible from assump-

Y
P(kSi(s)k [i1% C[i] i i

s0

s%s
Cli] 2" iy
C[i] 2+ +( )T;
Since 2+ +( )= < 1, the Borel Cantelli lemma and similar calculus as above lead to :
X

KSi(s)k= O [Ny
i2Ly

1 g+l

The choice of"3 = 5 =3 > Oleads to the result.

4.5.3 The remaining terms

We show that the terms S((0; Nkl nRy), W((O;Nk] nRk), Sy Sn,, Wn Wy, are su ciently
small for N 2 G . Since all the terms involving the Wiener process are sums of Gaussian i.i.d.r.v.
and therefore are  weakly dependent random elds, we will only proceed with the partial sums
generated byX . We follow [3] and write :

xd
kS((0; Nk] nR)k 24 SDg(N)
s=1

where Dg(Ng) = max = kSnhk. Moreover we have :
k

X ()
ma ;
N <N )rslk+1 kSN SNkk Mk ;
6EJf 1;:dg
whereMlﬁJ) = sup S(IlﬁJ)) with |§~” = Qszj(nkS;Ns] ngj (0; nk.] and the supremum is taken

over all N such thatn,, <N ng.+ forall s2J.

Both the following lemmas are now required :
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Lemma 4.6 There exists > 0 such that for anyx > 0 and any blockV,

p—
P M(V) x jVj Cx?

Proof of Lemma 4[6 | It follows from Theorem[7.§ and the Markov Inequality.

Lemma 4.7 There exists 1 > 0 such that for any blockV = (m;m + n] withn 2 G
P M(V) j Vi (njvi*t  Cjvj *;

where C > 0 does not depend omm and n.

Proof of Lemma 4[7 | The proof is the same as the one of Lemm@ in [4] using Theorem[7.8 and
Proposition [4.3 given in the Annex.

The two following lemmas are proved analogously to Lemma$ and 9 established in [4], using the
maximal inequalities given by Lemma[4.6 and Lemma 4]7. Another complete proof with the same
notations is given in [7] (see Lemm&:19 and Lemma 2:20).

Lemma 4.8 Suppose that > 3§ 1. Then there exists"4 > 0 such that for allNx 2 G ,

max Ds(N)= O [N¥2 ¢ as
s=1;::d

.....

Lemma 4.9 If > 2 where ;2 R s given by Lemm, then there existss > 0 such that for
al N 2 G
mJaleﬁ‘]) =0 [NJ¥? s  as

4.5.4 End of the proof of Theorem 4.7 ]
We choose and satisfying :
21+ ). S 2(1+ ). S 8 2

( a’ ; 3 1 > —

1
Set" = ii?i;?:;s"i. Then Theoremm follows from Lemmaﬂﬂﬂ.mﬁ avm.Q.

4.6 Annex

Proposition 4.3 There exists ¢ > 0, such that forallN 2 G andt 2 RK,

Eet'Sn ek 82 ¢ kik® _ktk® [N] °:
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Proof Fori=1;:::;d, letp = E(N?),qg=E NP andk = E pi'\'+iqi with 0<a<b< 1. For
j 2[0;k 1], set:

vd
Bi = ((p+a&)ii;(pi+ )i +pil:
i=1
1. With n = Ny~ :::~ Ng and | = E(nP)=2, we rst approximate the random eld X by the
random eld X.;. Fort 2 RK, letf : RK I Csuchthatf (x)= &t If for a block U, we write

S(U)= oy Xji and Sy = 50N X1 then with the point 2 of Corollary @ ;
Ef [N] ¥2Sy  Ef [N] 28, k tk’[N] 1E Sy & °
X
k tk? E Y& Y
j2zd
Cktk*1? 2 :

2. We now approximate Sy by the sum of the independent random vectors $(B;) 200k 1] -

X X 2
Ef [N] 28y Ef [N] ¥2 $(Bj) k tk’[N] E Sy S(Bj)
j2[0k 1] j2[0k Xl]
k tk®[N] *(IN]  [K][pD) E X{%Xi;

j2zd
C ktk’n(b a_(a 1),

3. We then use the Lindeberg Theorem. Le(Y;); 20 be a nite family of i.i.d. N (0; %) random
variables where¥, = Var (§(B;j)). Then, for 2 (0;1) :

X X
Ef [N] ' §B;) Ef [N] P Y]
j2[0k 1] j2[0k 1]
X 3
£ ktk
) 2
j2[0k 1]

[N] 32 &B;) ° ~ 2ktk’[N] ! §(B;) °

X
Cktk®* [N] 1 =2 E §B;) *':
j2[0k 1]

Therefore if is small enough, from Propositior 4.2,

X X
Ef [N] 7 §(Bj) Ef [N] ' Y,  Ct¥ [N]@ b=Z
j2[0k 1] j2[0k 1]

P
4. Finally if V, = Var (S(Bj)) and Z is a N (0; Ik ) random variable, then i2i0k 1 Yi has the
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same distribution than ¥, [k]**2Z and
Ef [N] 297Kz Ef 7z Cktk? [N] Y@,[k]
Cktk*[N] k] % Vp

Now,
Using Corollary 4.1] we have

[K][p] X

IN] 'Kl %V INT

kK (Xo;Xj) ( XpoiXij)k=0 19
j2zd

] vk * (xaxk Mo e ae
j2zd

As a consequence of Lemma@ 4.10, we have
[p] 1Vp =0 n( a_ad ) = O n a .
We have nally shown thatif =(b a)_(a 1);_bd ):

Ef [N] %Sy Ef(Z) Cktk®" _ktk?n :

SinceN 2 G =) n [N]# , the result follows by setting o= 7+ .

IN] Yvar (Sy) =01 1;
wherel = min Ns.
s=1;::;d
Proof of lemma 4[10 ]
First, X
= ( Xo;Xi)+ A;

ji1j<N 1;:5jigj<N g

and using the point 1 of Proposition[4.], we have for a suitable constanK > 0:

X

KAk ( Xo;Xi)
i >
c k¢ L

k|

ThereforeA = O |4
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Moreover, X
Var (Sy) = (N1 j 1)) (Ng j ig)) ( Xo; Xi);

jizj<N 1;:5jigj<N g

and one can deduce that :

X X
IN] var (Sy) (Xo; X)) @ DY k(X Xik:
jizJ<N 15:5jigj<N ¢ i2zd
under assumption(Al) d > 1, and hence the result of the lemma follows from the two last points.

Lemma 4.11 (see [15]) Let(Z,),, be a sequence of independei®¥ valued random vectors with
zero means and Co{Z,) = ,2 for | 2 N . Assume that there existg 2 (2;4) and a sequencéa))|>n
such thatay '1  (I!'1 ), satisfying

2 Ekz Kk

3y

<1

I=1
Then on a richer probability space we can construct a sequence of independent normal random vectors
()jpy WithE =0 and Co |)= 2 for|2 N, such that

X X
Z | = o(an) as:
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Chapitre 5

A nonparametric resampling for non
causal random elds and its application
to the texture synthesis

Abstract

We study an extension to non causal Markov random elds of the resampling scheme given in Bickel
et Levina (2006)[5] for texture synthesis with Markov mesh models. This extension is similar to a

nonparametric method proposed by Paget and Longsta (1998)[19] for texture synthesis and we also
use their multiscale synthesis algorithm incorporating local annealing. We discuss some statistical
properties and theoretical points for the convergence of the procedure and provide several convincing
simulation examples.

5.1 Introduction

Over the two last decades, there was a particular attention to study the problem of texture synthesis.
The goal of texture synthesis can be stated as follows : Given a texture sample, synthesize a new tex-
ture that appears similar to a human observer. Texture mapping or image compression are frequent
applications for such algorithms. The stochastic nature of texture variations makes it a particularly
natural area for applying statistical methods. The pioneer work of Cross and Jain (1983)[6] have
shown the ability of Markov random elds to model a homogeneous texture. Such parametric models
have been used for texture synthesis (as in]21]), but they require the estimation of a high number of
parameters for capturing the complexity of real textures, which leads to computational di culties.

On the other hand, some algorithms model textures as a set of features, and generate new images
by matching the features in an example texture ([7],[[15],[123]). Those methods work very well for
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stochastic textures but have sometimes di culties with highly structured ones.

Signi cant advances have been done in the area of texture synthesis using nonparametric algorithms
with Markov random elds. A popular algorithm has been introduced by Efros and Leung (1999)
[10]. Many variations of their method have been published that speed up and optimize the original
algorithm in di erent ways in Wei et Levoy (2000) [24], Efros and Freeman (2001)[[9] and Liang et al.
(2001)[16] among others. The main statistical idea behind those algorithms is to consider the observed
texture as a realization of a strictly stationary MRF. The data are used to construct an estimate of a
local conditional distribution function of the eld and a new texture is synthetized with a simulation
procedure. Typically, the synthesis starts using a seed and pixels are synthetized in a given order by
a recursive simulation of the random eld as for time series. Intrinsically, those simulation procedures
suppose the causality nature of the observed stochastic process. At a rst sight this dependence form
seems unnatural but the above algorithms work well on a wide variety of textures which seem well
approximated by such random elds.

On the other hand, some noncausal procedures have been investigated. The FRAME model intro-
duced by Zhu, Wu and Mumford [25] combine noncausal MRF models and feature matching. This
last model has a mathematical justi cation : maximum entropy with empirical histograms of a nite
number of Iter responses are used to derive a parametric MRF for the whole distribution of the
texture. Despite its solid statistical modeling, FRAME models does not work always very well on
real textures.

Paget and Longsta (1998)[19] have considered another algorithm, with a nonparametric noncausal
MRF. Contrarily to [25], the random eld is speci ed through the conditional distribution and the
empirical histogram is smoothed with a kernel which allows a simulation procedure with the Gibbs
sampler. To avoid long relaxation time and phase discontinuities, Paget and Longsta have used
multiscale grids and have incorporated a temperature parameter for the pixels and the resulting al-
gorithm is shown to be able to synthetize stochastic textures but also highly structured ones.

Except the work of Zhu et al.[25], not many theoretical works have been developed to study the
consistency of such procedures. To our knowledge, the only contribution is the work of Bickel et
Levina |[5] who de ne a formal bootstrap scheme for resampling stationary (causal) random elds
which gives a theoretical justi cation to the algorithm of Efros and Leung [10].

The goal of this paper is to extend the method of Bickel and Levina to noncausal random elds for
modeling textures as in [[19]. Of course, the use of the Gibbs sampler leads to long computational
times and this gives a clear advantage to causal algorithms. However, from a theoretical point of
view, the class of noncausal Markov random elds is known to be wider than the class of causal elds
and in fact only a noncausal eld has a real physical sense. In][5], the authors study a nonparametric
estimation of the local conditional distribution function associated to the random eld which is used
to simulate an approximate causal eld. This method is an extension to random elds of gp order



5.2. THE MARKOV MESH MODELS ALGORITHM 101

Markov bootstrap algorithm for time series [20]. We will use the same nonparametric estimation of

a conditional law and we will use the multiscale synthesis algorithm given in[19] to give simulation
examples.

The paper is organized as follows. In the following Sectidn 5.2, we recall the results of Bickel et Levina
and provide the natural extension of their method to the noncausal case. Some considerations on the
convergence and the convergence rate of such algorithm are also provided. Section| 5.3 is devoted
to recall the multiscale algorithm used by Paget and Longsta and we incorporate our bootstrap
method to provide several simulation examples. Theoretical investigations are postponed to the two
last sections of the paper.

5.2 The Markov Mesh Models algorithm

5.2.1 Principle

We rst recall the Markov Mesh Models (MMM in sequel) algorithm introduced by Bickel and Levina
[5]. This algorithm is di erent of the original algorithm of Efros and Leung [L0] by the order in which
pixels are lled in the synthesized texture (raster instead of spiral), and the weights with which the
pixels are resampled. One can note that the raster order is used in some variations of the original
algorithm (see [24] and[[15]).

In all the sequel we considerf X;t 2 N N g a real-valued random eld and a positive integer
02 N . We will use the following notations :

for A N N , X denote the family (X)i2a ;

for AAB N N,A+B="fta+tg;(ta;tg)2 A BgandA B =fty tg; (ta;tg)2 A Bg.
Fort=(tg;t2) 2 N N ands2 N N , de ne the index sets

Ut(o) = u=(ug;up) 2N N ; max(1;t1 o u; t;;max(L;t, o) up toandu6t ;
ul%s) = Ul f tg+ fsg;

The set Ut(o) is always included in the square of siz§o+1) (o+ 1) with t as the bottom right
corner, t itself excluded, but there are(o+1)? 1 possible shapes oh‘Jt(o). Then,

Denition 5.1 Arandom eld X = fX;t2 N N gis a Markov mesh model if there existe 2 N
such that for allt 2 N N |,

P(Xt:XWt)z P Xt:XUt(o) . (51)
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Now, the MMM resampling algorithm of Bickel and Levina [5] can be presented. First assume that

is known. Then consider a family of kernels(W())-,\ that are Borelian functions W() : R |
[0; 1 ) satisfying some general smoothness assumptions (see Assumpt{@d) below). Moreover, for
a resampling widthb>0and all " 2 N , de ne

w(y)= b WO(y=hy forally2 R:

In the sequel, for simplicity, we will omit the exponento and ~ for respectiverUt(O), Ut(o)(s) and Wé‘).

The MMM resampling algorithm

In the sequel we will denoteX = fX,;t2 N N gthe generated texture from(X; t 2f1;:::;T10
f1:::;Tog). There are 3 main steps in this algorithm :

1. Select a starting value forf X, :1 t; o+1;1 t, o+1g,thetopleft (o+1) (o+1)
square. Typically the starting value will be a(o+1) (o+1) square random chosen from the

g f 1;:::;vg[fug f 1;:::;v 1g, thatis, u 1rows are lled in completely, and the row
u is lled up for the column v. To generate the next valueX; = X let N; be a discrete
random variable with probability distribution

(uv)’

1
P(Nt = s)= sz Xu Xugs)

P
foralls2 N N suchthatUg(s) f 1;:::;Tigf 1:::;TogandwhereZ = (Wp(Y;  Yi(S))
is a normalizing constant. Note that the set of all possibles is such that all locations where the
conditioning neighborhood ts within the observed texture eld.

3. GenerateN; and setX; = X vy = XN

In Figure [7.2, we show two steps in the progress of the MMM algorithm, just after the choice of
the seed (stepl above) and when the neighborhood of the pixel is full (see the center of the picture
in Figure ). In Figure , we illustrate the di erence with the original algorithm of Efros and
Leung. Here, the seed is put in the center of the new texture and the synthesis is done with a spiral
ordering. To synthesize a pixel at a sitet, one considers only the value of pixels already synthesized
in a given square window centered at. Another di erence with the MMM algorithm is the choice
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Fig. 5.1: MMM algorithm, o=2 Fig. 5.2: Efros and Leung algorithm, 0 =2

of uniform weights for the synthesis (seel]5] for details). The MMM algorithm is formulated for a
particular class of random elds, the Markov Mesh Models (also known as Picard random elds)
which were introduced by Abend, Harley and Kanal[1]. These models have been developed for image
applications and can be simulated recursively an quickly. The resampling scheme described above is
an adaption of a method proposed for bootstrapping Markovian time series[([22],[20]).

5.2.2 Consistency results for causal models

First, let us introduce new notations :

for A Z?, jAj is the cardinal of A.

for x = (X1;X2) 2 Z?, kxky = max(jx1j; jX2j).

for A;B  Z2 d(A;B) =inf xoay2sfkX yki g

for y2 R with ~ 2 N, kyk is the usual Euclidian norm.

for T=(Ty;T2) 2N N,let[T]=Ti:T,andT!1 meansT;"Ty!1
Let A 2 Z? such that jAj < 1 . Fort 2 Z2, de ne

Yi = (Xt+j)j2A:

Moreover we de ne the following subsets oN N

n

lr= t2f1;:::;T1g f 1:::;Teg; ftg A f 1;:::;Tg f 1503,
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To show the consistency of their algorithm, Bickel et Levina have proved a general lemma about the
estimation of the local conditional distribution function

Fx=y (x=y) = P(Xy Xx=Yy=Y)

(see Theorem2 in [5])). We rst recall this theorem and its assumptions.

Assumptions of Theorem 2 in [5]
(Al) The random eld X is strictly stationary and -mixing, i.e. if for k;u;v 2 N ,
x (k;u;v) = sup jP(AB) P(A)P(B)j;A2 (Xg);B2 (Xg)
E;F 2Z2;d(E;F )= k;jEj=u;jFj=v
are the strong mixing coe cients such that there exist " > 0, > 2 satisfying for all integers
u;v  2,u+v ¢ wherecis the smallest even integer such that :

(k+1) 2(c u+l) 1 X(k;u;v)":(c+") <1:
k=1

(A2) X has a compact supportS R.
(A3) Fxy = P(Xt ;Yt ),Fx=y andFy = P(Yt ) have bounded continuous strictly positive
densities (denotedf x.y , fx=y andfy respectively) with respect to Lebesgue measure. Moreover,

there existsL > 0 such that for any y;y°2 S, anyx 2 S,
Z Z,

X
fxy (z:y)dz fxy (zyddz Ly yo:
1

1

(A4) The family of kernels (W ())., is suchthatW() : R | (0;1 ) are bounded, symmetric and

rst-order Lipshitz continuous functions such that forall 2 N ,
Z Z

uWO)d ~(uy=0 and  kukWO(u)d ~(u) < 1:

Moreover, the width of W\ is supposed to be such thab= br = O(T] ), with > O,

To show the consistency of the MMM resampling algorithm, Bickel and Levina have established
the convergence of the following sample cumulative conditional distribution function, that is, for
(x;y)2S SPandT2N N suchthatlt 6 ; :

1 X
Fr(x=y) = 2 I, xWh (Y Ys); (5.2)

s2lt

P
whereZr = o Wi (y Ys).
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Theorem 5.1 (Theorem 2 [5]) If X is a MMM satisfying assumptions(A1l) (A4), then for all
A 2 Z? such thatjAj < 1,
sup Fr(x=y) Fx=y(x=y) ! T O

(x;y)2S SA
Theorem[5.1 shows the uniform convergence of the conditional distribution of a pixel given its neigh-
borhood. Using this general result with neighborhood#\ of causal nature (e.g.A = U; f tg), Bickel
and Levina show the consistency of their MMM algorithm and also of the original spiral resampling
algorithm of Efros and Leung. Their proof use the conditional independence properties of the MMM
which allow a recursive computation of the joint laws (we refer to Theoreml in [5] for details). This
resampling scheme uses the kernel regression estimation and requires some regularity assumptions
(see Assumptions(Al-4) ). As it is pointed in [B], those assumptions are perfectly plausible for most
real textures : the mixing property is natural for stochastic textures, the compactness assumption is
always satis ed since the number of gray levels is nite, and this number is su ciently high in most
of real textures to make the smoothness assumptions plausible.
However causal MMM are not really an appropriated for modeling texture : indeed, Why to choose
a certain direction as for the dependence of the eld? It is more natural to consider a spatial model
for which there are no privileged direction for the dependence,e. a noncausal random eld.

5.2.3 An extension to the noncausal case and a convergence rate of Theorem 5.1 [ |

To extend the previous results of [[5] to noncausal elds, consider the following neighborhool
whereo2 N
No=fj 22°=0< kjik;, og:

Thus ftg+ Ny is the natural extension of the setUt(O) in the noncausal case. Denote

v=jNg=(o+1)? 1

The MMM is a very particular case of Markov random elds. If X = fXy;t 2 Z?g is a R-valued
random eld, then :

Denition 5.2 X = fXy; t 2 Z2g is a Markov random eld if there existso 2 N such that for all
t2 z2,

P Xt=Xzzpitg = P(Xt=Xt+nN,) ! (5.3)

now :

Yi = (Xt+j)jan, = Xt+No!
First, a convergence rate for the Theorem 2 of [5] can be established and it is also satis ed in the
noncausal case :
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Theorem 5.2 If X is a is a noncausal Markov random eld satisfying assumption§Al 4), then
for all A 2 Z? such thatjAj< 1,

sup Fr(xzy) Fx=y (x=y) = O [T] a.s
(xy)2s sNo
2 ) 2
where0< < andb= br = O([T] ) with =

2V+1)( +v+2) T 2v+D( +v+2)
Since MMM is a particular case of Markov random eld, this result is also satis ed by MMM. It
is interesting to see in both the causal or noncausal cases that the convergence rate of the MMM
resampling algorithm is depending on a power law offT] (even if the choice of the optimal bandwidth
br is depending on unknown parameters and v). Moreover the maximal exponent of convergence
rate that we can obtain in Theorem isz(li}rv) (that requires !1 for the mixing assumption).
Remark that if o =0 (corresponding to a independent random eld) thenv = 0 and the convergence
rate is arbitrary close to T2,

A partial consistency result for the MMM resampling algorithm in the noncausal
case

In order to extend to the noncausal case the consistency proof of Bickel et Levina for the MMM
resampling algorithm, we de ne the following one point conditional distribution de ned by :

Fr(dey) = o " Woy Yo (60 (5.4)
s2lt

where  is the usual Dirac mass measure. Note that[(5]4) is equal td (6.5) in the cask = No.
However and contrary to the causal case, the one point distribution[(5}4) cannot be in general the
one point conditional distribution of a noncausal Markov random eld (nevertheless, we will use)
to run a Gibbs sampler). A statistical problem with texture modeling by a noncausal Markov random
eld is to de ne a consistent nonparametric estimate of the one point conditional distributions which
is also compatible with the existence of a conditional speci cation. This would allow to de ne an
approximate Markov random eld. We did not found a such estimate. Some tools are given in the
Annex about the link between the convergence of a sequence of one point conditional distributions
and the behavior of their joint laws provided they are well de ned (see Theorenj 5|3 and Theorem
[5.4). Here we only provide a restrictive result of consistency of a simulation procedure directly with
the Markov chain linked to the Gibbs sampler.

Suppose that we use the conditional distributions [(5.4) and the Gibbs sampler to synthetize a new

Theorem([5.1 hold. Though the conditional distributions Fr de ned in (5.4) are not compatible with
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a Markov random eld, we can use those distributions to simulate a Markov chain. We denote by

the lexicographic order relation onR. Let z is an arbitrary element of S?* not depending onT. If
x;y 2 SR and s 2 R, we de ne the vectorsyx(s) 2 SNe such that yx(s); = ys+j if s+j s and
yX(s) = Xs+j otherwise, completed with the boundary conditionsxs.j = Zs+j O Ys+j = Zs+j if site
(s;5j])2 R N gissuchthats+ | 2 R.

Now for T 2 N N such that T;;T, 20+ 1 (this ensures that I is not empty), we de ne
the following transition on X SR :

Pr(x;dy) = sorF1 (dys=yx(s)) :

Note that Pt corresponds to the transition of the homogeneous Markov chain associated to the
conditional distributions Ft when we implement the Gibbs sampler with a raster ordering for the
visiting scheme (se€ [14] Theorer:2:1). Now as for the classical Gibbs sampler, we simulate a Markov
chain on ITR, with initial value w 2 ITR and transition Pt. SincePr is a positive transition, the law
of this Markov chain with nite state space converges to its unique invariant probability denoted by
t. Then we have the following equality :
z
T(A)=  Pr(xA) 1(dx);  A2B(SF);

whereB(SR) denote the Borel  algebra onSR. One can mention that T is not in general a measure
that admits Ft as conditional distributions.

Since SR is a compact metric space, the tightness of the sequender)t implies the existence of a
cluster point denoted by . We are going to show that = g, where r denotes the conditional law
Xr=X@Rr= Z@r Where @R= (R + Ny) nR. Then by uniqueness of the cluster point, we will deduce
the following consistency result :

Almost surely:TIIi{n T = R indistribution : (5.5)

To show that = R, we rst observe that g is an invariant probability of the transition P on SR
de ned by

P(x;dy) = sorFxzy (dys=yx(s)); x 2 SR:

Then P de ne a positive Markov chain and g is the unique invariant probability. In fact P is

the transition of the homogeneous Markov chain de ned in the Gibbs sampler for the simula-

tion of %realization of R (still in the case of a periodic visiting scheme). Then if we prove that
(A)=  P(x;A) (dx), 8A 2B SR , we we can conclude that = g.
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Suppose that (Tp)n2n IS Sequence inN N such that limys 1, = . Then if g be a conti-
. R .
nu%us and boundedzfunctlon onS"™. We have : 7 2
a(y) T,(dy) g(y)P(x;dy) (dx) = a(y)Pr, (x;dy) T, (dx) g(y)P(x;dy) (dx)
4 Z
sup  g(y)Pr,(x;dy) a(y)P(x;dy)
xisR
+ ay)P(x;dy)( 1,  )(dx)
= A+ B:

Since the function x ! Rg(y)P(x;dy) is still bounded and continuous from assumption(A2) , the
weak convergence of the sequenger,)n impliesthat B! O(n!1 ).
Now we show thatA! 0(n!1 ). First we observe that if h is a continuous and bounded function
onSR SRands2R, tgen ;
sup h(x;y) Fr,(dys=yx(s)) Fx=v (dys=yx(s) ! nu 0O; as (5.6)
(xy)2SR SR
The proof of ) is omitted since the proof is very similar to the assertiomA ! 0 in the proof of

Theorem([5.3, using Theorenj 5J1. 11 2 R is such thatu s, 8s2 R nfug, we have :
z z

a(y) P, (x;dy) a(y)P (x; dy)

Z Z
9(Y)Fx=y (dyu=yx(u))  s2rnfugFTa (dYs=YX(S))  s2rnfugFx=v (dYs=yX(s))
Z
+ sup g(y) Fr,(dyu=yx(u)) Fx=y (dyu=yx(u)) : (5.7)
ys2S;s6u

Then if we iterate the bound ), using a non increasing enumeration of the sites &, the conver-
genceA ! 0 follows from a repeatelg use of (5]6). Then, by the uniqueness of the limit of the sequence
( T1,)n, we conclude that (dy) = P(x;dy) (dx) and the convergence5) follows from the pre-
vious remarks.

However, for obtaining the consistency the natural asymptotic requires thatRt increases toZ?2.
Unfortunately, we did not nd a proof in this case.

5.3 The approach of Paget and Longsta and simulation examples

5.3.1 Paget and Longsta method

In their paper, Paget and Longsta [19] have proposed a noncausal estimate of the local conditional
distribution similar than ours, using also a kernel which smooths the multidimensional histogram.
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Our approach is more linked to the idea of a resampling scheme and appears in a natural way from
the nonparametric estimation of the conditional expectation(x;y) 7! P X; x Y; =y . The Gibbs
sampler (see[[12]) is a classical stochastic relaxation (SR) algorithm which is used for the simulation
of Markov random elds. But as pointed in [19], a problem with the single-scale relaxation process
is that global image characteristics evolve indirectly in the relaxation process. Global image charac-
teristics are typically only propagated across the image lattice by local interactions and therefore
evolve slowly, requiring long relaxation times to obtain equilibrium. Moreover the conditional dis-
tribution given in ($.4) requires the comparaison of a neighborhood in the output texture with all
the neighborhoods of the same shape in the output texture. This leads to a very high computational
load especially ifp, the neighborhood size, must be very large to capture the global characteristics
of the texture. This is why Paget and Longsta used a multiscale relaxation, where the information
obtained from SR at one resolution is used to constrain the SR at the next highest resolution. By this
method, global image characteristics that have been resolved at a low resolution are infused into the
relaxation process at the higher resolutions. This helps to reduce the number of iterations required
to obtain equilibrium with the Gibbs sampler.

The multigrid representation of an image is shown in Figurg 5.3 which is taken from [19]. I8y =
[0;M1] [0; M] represents the pixel's sites of an imagg&g, the lower resolutions, or higher grid levels
| > 0, are decimated versions of the image at level= 0. For a grid level | > 0, the imagex is de ned
on the lattice S, S, where

S=fs=2';2])=0 i M;=2;0 j My=2g

The set of sitesS; at level | represents a decimation of the previous set of siteS; ; at the lower grid
levell 1. The neighborhood system is rede ned for each grid levdl> O :

N/ =fs2 S=kt sk, og:

For level grid I, SR is not applied to the sitess 2 S'*1.

We refer to [17] for multiscale representations of Markov random elds. To better incorporate the
multiscale relaxation described above, Paget and Longsta have introduced a pixel temperature func-
tion used to determine when to terminate the SR process al one level and start it at the next level.
Let | be a grid level. A pixel temperature is incorporated in equation ) by modifying the form of
the di erence

d=vy Vs (5.8)

In fact at the beginning of the SR at a levell, they de ne for a site j 2 S, of the output texture the
pixel temperature ¢; as follows :¢; =0 if j 2 s"*1 and ¢ =1 otherwise. The di erenced is replaced
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Fig. 5.3: Grid organisation via decimation.

by d°such that :

djO:(]_ Ct+j)(Xt+j Xs+j); ] 2No:
When a pixel x; has been relaxed in the SR process, we set :
P
. Ci+i
£ = maxfo; 2N,
INoj

where < 0is xed by the user.

Here, the idea is to provide a total con dence to pixels coming from the preceding resolution and
to progressively increase the con dence level of a pixel synthesized in the present resolution. When
¢ =0 8j 2 S, the SR process is considered as having reached an equilibrium state indicating that
the image can be propagated to the next lower grid level. This notion of temperature is related to
the global temperature used in stochastic annealing (seé [12]). Although we have incorporated this
pixel temperature function for texture synthesis, we will not study in this paper statistical properties

of a such approximation.

5.3.2 Texture synthesis examples

We have incorporated our noncausal bootstrap into the multiscale algorithm with the pixel tempe-
rature function described above. Concerning the choice of the parameters :
For the neighborhood size, we choos®=3 oro=4.
As in [5], we have not estimate the bandwidth parameter using theoretical results of kernel regres-
sion. We have empirically observed thatb=0:01 (neighborhood siz'™2 provides good results.
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As in [18], we set = 1 and generally we have used or 5 grid levels for the synthesis.
Another possibility for the simulation is to use a Conditional Iterative Mode (see [4]). The principle
of this deterministic algorithm is to replace each step in the Gibbs sampler by choosing the value
Xs such that Fr dx; Xi+n, IS maximal or equivalently such that kxi+n, Ysk is minimal in (.
Usually this algorithm converges toward a local extremum of the law of the random eld onSRT.
This local extremum depends on the initial values put for the pixels on the output texture. We have
used the Conditional Iterative Mode for texture synthesis although its de nition is not very clear in
our case, since the joint laws are not de ned.

To illustrate the principle of the multiscale algorithm, Figure 5.4]shows a step of the synthesis in the
highest resolution. The Gibbs sampler runs in the raster ordering and Figure 5/4 shows the rst sweep.
One can see that the lower resolutions give the shape of the texture. Moreover the pixel temperature
function helps for a good initialization of the sampler.

This multiscale algorithm does not correctly work only for stochastic textures as in Figurd 5/8 but
also for highly structured ones as Figuré 5]5 shows, even if small discontinuities appear in the last
case.

In fact, we have observed that the ICM works as well as the non deterministic algorithm and in some
cases better as in Figur¢ 516.

Figure exhibits a comparison with Efros and Leung's algorithm in a failure case. Texture (b) is
taken from Efros and Leung's paper[[I0] and shows that this causal approach can create garbage
when the algorithm slips into a wrong part of the search space. Although the noncausal algorithm
does not have the same problem, a gray dark area is often reproduced in texture (c).

Figure shows a comparison with two some populars pixel by pixel algorithms. Texture (b)
synthesized using Wei et Levoy algorithm[[24] and texture (c) using the Ashikhmin method are taken
from [2]. The noncausal algorithm used for texture (d) avoids excessive blurring as in (b) and rough
images as in (c).
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Fig. 5.4: The Gibbs sampler and the highest resolution.

@) (b)

Fig. 5.5: (a) Original texture 160 160 pixels, (b) Synthesis with the multiresolution algorithm 200 200
pixels.
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(@) (b) ()

Fig. 5.6: (a) sample75 75 pixels, (b) multiresolution algorithm 150 150, (c) ICM 150 150

Fig. 5.7: Original texture (128 128 and synthesis 00 200
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Fig. 5.8: Original texture (128 128 and synthesis 00 200

Fig. 5.9: (a) Sample 128 128 pixels, (b) Efros and Leung's result, (c) Our method with 0 =3 (250 250
pixels in each case).

(@) (b) (©) (d)

Fig. 5.10:Comparison with causal methods : (a) samplel28 128, (b) Wei et Levoy algorithm, (c) Ashikhmin
method, (d) ICM. All the synthesized textures are 200 200 pixels.
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5.4 Annex

We will use the convenient notation : fors;t 2 N N dene:

Y: = XUt(O) and Yt(S) = XUt(O)(S):

Proof of Theorem 5.2

We follow the proof of theorem 2 of Bickel et Levina in order to compute convergence rate. We rst
recall the following lemma which proof can be found in[]8].

Lemma 5.1 (Moment inequality). Let F; be a real-valued random eld indexed by 79 satisfying
conditions (A1) . If EF;=0, F;2 L *" and 2, then there exists a constantC depending only on
and mixing coe cients of F; such that
X —_—
E F Cmax L(;");L(2;")7? ;
t21

where X

L(;")= EjFg ©
t21

=(+),

It is easy to see that ifsup, kFtk; M, then we obtain :

X
E F CM jlj7? (5.9)
t21
For (x;y)2S SA, we set:
X Z
rrOGY)=ITT Y I X)Wy Ys); r(xy) = 11 wq(@)fxy (z;y)dz;
s21t
X
fr(y)=[T1 1 Wy Ye:
s2lt
We have : 1 0y) fxy)
Fr(xay) = ;T('yi: Fxoy (x2Y) = ng): (5.10)

Following the proof of lemma A2 in [5], we prove the following result

Lemma 5.2 Under assumptions(Al) (A4), forany x 2 R

sup  jrr(xy)  r(xy)j= O(T] )
(xy)2s sA

2
for 0< < sy
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Proof of Lemma 5[2 | In this proof, we will denote by C > 0 a generic constant which does not
depend onT.

Let > Osuchthatbr = O [T] , then the proof of lemma A2 in [5] leads to

sup  JErt(x;y) r(x;y)j= O [T] X (5.11)
(xy)2s sA
Then we need to boundsupy.y)s sa irt(x;y)  Err(xy)j.
As in [5], we de ne

Zer(y) = L1 5 g(X)We (v Yy)  E(dx, xWp (Y Y1)
P
and we need to boundsup.yy2s sa % 217 ZeT (XY)
AsS S* is compact, we can coveS S” with Nt cubesl it with centers (x;;y;) and sidesLt for

the supremum norm. Without loss of generality, we supposa; XN, and we setxp = X1 Lt
and Xxn; = XNy + L1. Then

X X
sup [T11 Zgr(xy) max [T] 1 Zer (Xiryi)
(xy)2S SA 21+ L Nr t217
1X
+  max sup [T] (ZeT (Xy)  ZeT (Xisy1))
LUNT (xy)2(S AN Iir 217
= |+ 1l

First let deal with term Il. Using assumption (A4) for the kernel, we have fort 2 I+ and x 2
(Xi 1:xi] -
iZer(6y) Zer Oydi € b U™ ky yikt b I e x t POG <X X)

C b Y VLr+bY Iy jex, x + P 1<X ¢ Xi)

We chooseLt = [T] and we setUix = Iy, ,»x)(Xt) P(Xj 1 < X Xi+1). Remark that
assumption (A2) about the existence of densities allows to derive the bound :

P(xi 1<Xgo Xj) CLt:

We have :
X

sup M1 Y (Zer(xy)  ZeT (Xic Vi)
(xy)2(S SAN Iyt 211
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0 1
X
COTIM™  +[T] 4 Upi+[T] P(xi 1<Xo x)A
t211
0 1
X
COTI™  + max [T 7 UyjA:
1 i Ny t2|-|-
Now we consider a real number < —2-2__ 2 ginceNy = 0 L M =0 [T] D |
we obtain using (A1) and lemma[5.1
0 1
X Nt X
P@ max [T]Y * U > [T] A ric+ YE Uit
1i N ' '
T 211 i=1 211

C[T] (vi)+( +v 1) +5

By the choice of , we have (v+1)+( + vV 1) + 5 < 1and we deduce from the Borel
Cantelli lemma that

X 2 2 2 (v+1
max [T]V ! Ut =0 [T] as < v v+1).
1 i Nt 21 2

Now using the previous inequalities, we deduce that :

2 v 2 (v+1)
> :

2 v ; 2 (1) e have using (A1) and

o [rv +[T ;< (5.12)

Now we turn on the term |. For a real number e<
lemmal5.] :

¥t oo X
P(I> [T] ©) [T1® DE  Zyr (xisyi)
i=1 t
CNT[T](e 1) +§bTV
C[T] (v+1)+( e 1) + 5+ vV

By the choice ofe, we have
(v+D)+(e 1) + §+ v < 1
and by the Borel Cantelli lemma, we have

=0 T © as e< 2 2v 2 (v+1)
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Now we choose the number such that :

2 2 2 (v+1)

+1) =
(v+1) >
This leads to = ﬁ and to the following rate :
sl =om < 2 2WveDErv)

2(v+ +1)
Finally, we choose for an equilibrium with the bound (b.11), solving the equation :

2 2((v+1)2+v).
2(v+ +1) '

This leads to :
2

= >0,
2(v+1)( +v+2)

which gives the rate given by the Lemmg 52.

Proof of Theorem 52 ] We write :

Frxay) Fyy (xzy) = thy) rrGY) rOGY)+ F(Y)  Frey (2y)f1(Y)
thy) jre(y)  r(Wi+ Fx=y x=y)jfr(y) fvy(y)

By Iemma, we havesup,., jrr(X;y) r(xy)j;sup, jfr(y) f(y)i=O(T )as
with 0< < Since by (A2), infy,sa fy(y) > 0 and sup.y)2s sa Fx=y (x=y) 1, we
get the result.

2
2(v+1)( +v+2) *

5.5 Some tools for the consistency : Continuity results

In this section, we give two results which describe the behavior of random elds in relation to their
one point conditional distributions. If it is possible to construct a nonparametric estimate of the one
point conditional distribution which is also compatible with the one point conditional distribution

of a Markov random eld, the following results will be useful to describe the statistical properties of
the joint laws of the model.

We rst give a lemma which states the behavior of the joint laws of a sequence of random elds when
their one-point conditional distributions are convergent. In the sequel, letS be a compact set ofR
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endowed with its Borelian algebraB(S). Lst X = S! wherel is a denumerable set. For any sequence
(uj)i2) of positive real numbers satisfying ;,, ui < 1 , we consider the distanced on X de ned by :

d(z; 2% = uz z°; z:292 X :
i21

Then (X; d) is a compact metric space. FOA |,letpa: X! S; z7!zp.Fort2 1, we will write
pt instead of pr;g. Moreover, fort 2 I, we set :

Fi = (p= |j61):

We denote by P(X) the set of probability measures onX. If 1; > are two elements ofP(X), the
Prohorov distancedp between 1 and , is de ned by :

de( 1; 2)=inff"> 0; 1(A)  2(A")+ ";8A 2 B(X)g;

whereA" = fz2 X =d(z;A) "g. The distancedp de nes the weak convergence o (X) which is a
compact space topology.

Now for 2 P (X) and any bounded measurable functiorf on X, we set :
Z

E(f)= fd:
Fort 2 |, we denote  the kernel onP (X) such that :
t(A=z) = E 1a=F, (2);
whereE ( =F) denotes the conditional expectation with respect to a algebraF B (X).
Finally let = ( {)t2) be a sequence of probability kernels such that fot 2 |, { is a kernel from
F, to B(X) satisfying the property :
t(A\ B=)= (A=) 1g; (A;B)2 (p) F :

If h is a bounded measurable function orX, we denote {(h) the measurable function onX such
that : Z
t(h)(z) = f(w) ((dw=2); z2X:

We de ne the following subset of P(X) :
G()=f 2P(X)= 8t21; t= 0;

where forall(t; )21 P (X),  denotes the element o (X) such that :
z

t(A)=  «(A=2)d (2):
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We will say that satis es the condition (C) if :
(C©) 8t21; h2C(X)) (h)2C(X);

where C(X) is the space of continuous and bounded functions oKX .

The following result gives the behavior of a sequence of random elds in the case of uniform conver-
gence of their one point conditional distribution. A general treatment of topological properties of
random elds is given in [13]. For completeness of this work, we state and prove the following result :

Theorem 5.3 Fort 2 I, let { be a probability kernel onX F , . Suppose that the sequence =
( t)t21 satis es condition (C) . Then for a sequencg (M), of P(X) such that

sup t(n)(pt x=z) «(p x=2) ! an O
(x;2)2S X

we havedp ( (n);G( D! aa O

Proof of Lemma 5 Suppose that there exists" > 0 and a subsequencs = ( (")), such
that dp ( n,;G( )) >", 8k 2 N. Since this sequence is relatively compact with respect to the weak
topology, then there exists a subsequence ("),0 of sand 2 P (X) such that :

lim (o) =

koI
We are going to show that 2 G( ), which is a contradiction with dp ( ", G( )) >", k°2 N.
Let h2 C(X).Fort21, we have :

z z
hd (M) hd( 1)
z z z
= M)y () d M@+ (hyd (0 t(h)d
= A+ B:

Let " > 0. Since h is uniformly continuous on X, there exists > 0 such that d(z;z% < )
jn(z) h(z%j <" .We choose a subdivisioras;:::;ay of the interval [a;l] S with step smaller then
=u;. Let hy the function de ned on [a; i by hy(z) = :<=11 h(z(1)) Y4 :a,,, 1(2z0) where forl =1;:::;k
1, z(l) is the element ofX such that z(l); = a and z(l)s = zs if s 6 t. We havesup,,x jh(z) hg(z)j <

We deduce :

MOh)z)  W(h)(2)  2'+2(k 1khk, sup (o x=2)  (p x=2)
(x;2)2S X
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One can conclude that :
sup ("V(h)(2)  (h)(2) ! kon O
22X

HenceA! 0.

Moreover since ¢(h) 2 C(X) by condition (C) , the weak convergence of the sequence ("«0) KON
impliesB ! 0.

Then we conclude that fort 2 I, we have = , and the result follows from this contradiction.
Now we investigate the following problem. Suppose for simplicity thatS = [a; . Assume that for
;2 P(X), the distance between the conditional distribution functions ((pr =)and (pr =)
is known, then is it possible to obtain the distance between and over some cylinders sets of the
form

- k . Infty;:; t
Cth """ Xt = i:]_[a,Xti] S ! k97

In other words, can we obtain the distance between the distribution functions of the joint laws ? This
problem is linked to the phase transition phenomenon and to the Dobrushin's contraction formula.
In order to apply this formula, the following assumption will be needed :

(H) We assume that there exist two families of non negative real number§L; =t;j 2 1g and
fMg =t;j 2 19, with L =supy;; gLy < 1andM =supyp; g My < 1, such that 8z;202
X :

X
sup (pr x=2) pp x=2° My 7 2P
x2S .
j6t
z X
(e x=2) pp x=z° dx Ly z Z0:
S i6t

Theorem 5.4 Let ; 2P (X) with S =[a;h]. Suppose that the random eld satis es assumption

sup Coxiyiiixe, Coxiyrmixey Csup _Sup (e x=2) (v Xx=2)j;
(th;I::;th)ZSk t21 (x;z)2S X

whereC =1+ M(b a) k 1+ &% .

We rst recall the following inequality due to Dobrushin (see [11] remark 2:17). This inequality
allows to bound the distance between two random elds and with the distance between their
local conditional speci cation. Of course, a such inequality implies that there is no phase transition.
Some contraction conditions on the local conditional speci cations are needed to get this inequality.
Before giving this inequality in our case, we introduce some notations. Let be a metric onS =[a;h.
If and are two probability on S, the Warsserstein metric is de ned as
Rfd Rfd
R(; )=sup
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where the supremum is taken over all Lipshitz functionsf on S with

sy OO O
=S e

For our result, we will only consider the metricr(x;x9 = jx x§. One can mention that in this case,
R has the following expression :
VA
R(; )= (Ixx)  (axhidx; ;2P (S): (5.13)

We de ne also L(X) the space of real functiond such that :

X X
f(z) f(29 z 20 i(f); if)<1
222 222

where t2) f( %_
iz Z7))
i(f)=su — 7

(") 2680 1Zi Zﬂ

Let ; 2P (X). We suppose that the following continuity condition holds :

=z = 20;8) 6 i

f2L(X))8 t22Z% ((f)2L(X): (5.14)

For 2 P (X), the contraction coe cients are de ned by

R( (p 2 =2); (p2 =29)

Cik =sup iz 29
i 7

=z = ;8] 6 i
and z
b= R( (k2 =2; (2 =2) (d2)

Note that with the expression (5.13), we have the bound :

b (b a sup j (e x=2) (P X=2)j: (5.15)
(x;z)2S X

P
LetD = , ,C" whereC" denotes the nth power of the matrixC. D is well de ned for example if

X
C= sup Cik < L (5.16)
k222522
In this case, the following inequality holds :
Z Z X
fd fd (bD); i(f); f 2 L(X): (5.17)

i2z2
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Proof of Theorem 5§ | First, from the point 1 of lemma[5.3, condition [5.14) is satis ed for .
Moreover fori;k 2 Z2, we haveCix = Ly and the condition ) is satis ed with ¢ = L. Then,

inequality (b.17)) holds for

\%
fi(z) = 1 xim 1(Ztm)
m=1
and
g = n(f1); =y t. (F1):
We have :
Z Z Z Z
fkd fkd = gkd hkd
Z Z Z Z
okd od +  gd hid
Z Z
gkd wd + i

where | = kg hk; ,12f1;:::;ko.
First by lemma 5.4, one can apply inequality [5.17) to the functiongy. We obtain :
z z X
Okd Ok d (bD);i i (gk):
i21

P
Using fori 2 I, the inequality  ;,, Cfi ¢ = L" and the bound given in [5.1%), we have :

a ) .
3 sup sup j (pr Xx=2) (pr  x=2)j; (5.18)
t21 (x;z)2S X

X
(bD); Dji suph
j21 j21

Then using lemma[5.4, we conclude that :

Z Z b a
gd  gd  MICsup sup | x2) (XD
t21 (x;z)2S X

If we use the bound for y in Lemmal5.5, we conclude that :
4 4
fid fyd Csup sup j (pr x=2) (Pt x=2)j;
t21 (x;z)2S X

with C=1+ M(b a) k 1+ i . The proof of theorem is now complete.

Lemma 5.3 Letg2 L(X) andt2 1. Then
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1. i(g) 2 L(X) and : X
i(t(9) i(9):

i21 i21
2.k (9) gk, (b a9 sup j (e x=2) (e X=2)j.
(x;z)2S X

Proof of lemma 5[3_]
1. For(x;z;t)2 S X
Let g;+ : S! R, x!
with ¢ satisfying @y ,
have : 7
A

Z?, with (xz); the elementr of X such thatry = x andrs= zsif S6 t.
g((xz)y) is a Lipshitz function and then is derivable almost everywhere
t(9). Let z;e 2 X . With an integration by parts formula, we

%t (X)( (Pt 2 dx=2) (Pt 2 dx=))

z
( (p<dx=z)  (p <x=PB)) ggy(X)dx

X - .
(@ Lujz Bj:

i6t
Now this leads to :
Z Z
%it(X) (P 2 dx=2) Oe;t(X) (Pt 2 dx=g)
X
i(Q)jzi Bj+ A
)i(ét
. . X . .
i@z Bj+ «(9) Lz Bj
i6t i6t
From this bound, it is obvious that (g) 2 L(X) if g2 L(X) since :
X X
i(1(9) i(@+L(g)<1:
i21 i6t
2. For z 2 X, with another integrationzby parts formula : .
j1(@(2) W92 = %it(X) (P 2 dx=2) %;t(X) (pr 2 dx=2)
z

( (pe<x=z) (P <x=2)) gy (x)dx

(b a9 sup j(p x=2) (P Xx=2)j
(x;2)2S X
Lemma 5.4 Forl2 N, we haveg 2 L(X) and :

X
i(g) M
i21
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Proof of Lemma 5[4 | First using assumption (A5) , g1 2 L(X) and we have :

X X
i(01) My M:
i2i 61,

Using the point 1 of lemma[5.3, a straightforward nite induction shows that g 2 L(X), | k. Now,
if I 2, with the point 1 in lemmal5.3 and the de nition of g,

X X
i(a) i(9 1);
i21 i21

and Lemmal5.4 follows.
Lemma 5.5 For |12 N, we have :

k (L+(k (b aM) max sup j (pr x=2) (pr x=2)j:
t2f tyinnteg (x;z)2S X

Proof of Lemma 5[5 | We have by denition 1 Supyzjesx | (P X=2) (P X=2)j:

[+1 = t+1 (g|) t+1 (h|) 1
t1+1 (g|) tie1 (h|) 1 + ti+1 (g|) te1 (g|) 1

|+ ( b a) 141 (g|) sup (pt|+1 X:Z) (pt|+1 X:Z)
(x;z)2S X

rnt(b aM sup (o, x72) (P, X=2)
(x;2)2S X

One can easily deduce the result.
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Chapitre 6

An integer-valued bilinear type model

Abstract

A integer-valued bilinear type model is proposed. It can take positive as well as negative values.
The existence of the process is established in™. In fact, this process is the unique causal solution
to an equation that is similar to a classical bilinear type model equation. For the estimation of the
parameters, we suggest a quasi-maximum likelihood approach. The estimator is strongly consistent
and asymptotically normal.

Note

The content of this part is based on a paper, written in collaboration with Alain Latour.

6.1 Introduction

As pointed in [19], integer-valued times series are common in practice. In epidemiology, we often
consider the number of cases of a given disease over a 28-day period. In this context, the data are
collected to make sure that the population is not threatened by an epidemic. As well as in intensive
care monitoring, where vital parameters have to be analyzed online, good modeling is required. As
soon as three consecutive values seem to be too high, governmental actions are planed to avoid the
widespread of the disease, since there may be serious consequences for the population otherwise. See
[12] where regression methods are used to perform intensive care monitoring.

Concerning integer-valued time series, we may refer the reader t0/[9,116,117,1 19]. For a review of
various models and their statistical properties, we do recommend ][9] where some extensions of inte-
ger autoregressive and moving average models are also presented. Many models encountered in the
literature are based on thinning operators as de ned in[[22]. In this paper, we use a more general
de nition.

129
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Denition 6.1  LetY =(Y;)i2n be a sequence of independent and identically distributed (independent
and identically distributed) integer-valued random variables with mean independent of an integer-
valued variableX . The thinning operator, is de ned by :

P ...
_ Ssign(x) v if X 80;

C 0 otherwise.

The sequence(Y;)i2n is referred to as a counting sequence. This de nition is more general than

the usual one whereY is a sequence of Bernoulli random variables with expected value. (See,

for example, [6].) Here, it is a sequence of i.i.d non-negative integer-valued variables, for example,

a sequence of Poisson distributed variable¥; with parameter . In fact, any non-negative integer-

valued random sequence can be used as a counting series. Mofecan take negative values.

To avoid any confusion, if necessary, we can denote the operator by(Y) or () instead of

to clearly indicate that it is based on the sequenceY or that it depends on the parametric vector
of the distribution of the variables involved in the operator. Nevertheless, we prefer the simplest

notation.

The reader should bear in mind that in De nition the mean of the summandsY; associated with

the operator  is . Suppose~ is another thinning operator based on a counting sequence¥

i2N
The operators and ~ are said to be independent if, and only if, the counting sequencg®;)ion
and % N are mutually independent.
|
Example 6.1 (Branching process with immigration) The Bienaymé-Galton-Watson (BGW) pro-

cess with immigration can be written using a thinning operator. With this notation, if the o spring
of an individual is distributed asY, and if ; is the immigration contribution to the population at the
t! generation, then the classical BGW process satis es

th X'[ 1+ ¢ (61)

For each generationt, we need a counting sequencd, so (Y;)t2z is an i.i.d process of i.i.d sequences
(Y )ij- In the case of a BGW processX; is never negative. The links between branching processes
with immigration and INARMA (p; g) is clearly identi ed and explained in [Z]. 2

Example 6.2 (Inventory monitoring) SupposeX represents the number of widgets remaining
in a distributor inventory at the end of a month. Also suppose if the distributor runs out of stock,
he registers the customer order to send it as soon as the widget becomes available. In that case tl
number of items left at the end of the month could be negative. 2

Example 6.3 Given two counting processes(X): and (Y;)t, in some situations we may be interested
in the di erence between the two processesZ; = X; Vi, t 2 Z, is the excess o over Y;. Clearly,
Z; can be negative.



6.1. INTRODUCTION 131

It is clear that in many situations, standard univariate models are not appropriate in the context

of integer-valued time series analysis. Using classical real-valued models is even more critical when
we cope with a low frequency count data. This has been pinpointed by [21] and many more authors
(see [11/°20]). It could explain why integer-valued processes are an important topic and why there
have been so many papers on the subject for more than twenty- ve years. Many authors use thinning
operators to de ne integer-valued process similar to classical econometric models. See, for examples,
[2,13,6,[8,13].

In [21], a worthy discussion is made on integer-valued ARMAp; g processes. In the latter paper, an

e cient MCMC algorithm is presented for a wide class of integer-valued autoregressive moving-av-
erage processes. In many paperp, and g are assumed to be known. In[]7], e cient order selection
algorithms are studied for these integer-valued ARMA processes.

It is clear that integer-valued ARMA processes cannot satisfy all practitioner expectations. A com-
mon working hypothesis is that the observed time series comes from a stationary process. In some
situations, there are good reasons to doubt about this hypothesis.

For example, in Figure, we giveX, the number of campylobacteriosi cases in the Northern
Québec, starting in January 1990, with an observation every 28 days.

One may believe thatEX; increases witht. Also, perhaps that there is a structural change happening

in the neighborhood of the100" observation. In [10], problems with this series are clearly identi ed.
For reasons that are similar to the ones we met when we tackle the problem of modeling real valued
time series, we have to develop well-adapted tools for practitioner needs. A Dickey-Fuller unit-root
type test has been studied by[[14]. For a GARCH type model[]8] suggested a process with Poisson
conditional distribution with mean and variance ;. In [3], the authors tackled the problem of an
integer-valued bilinear process. They restricted their works to the following model :

Xe=a Xy 1+b ("t Xy )+ "t

where ("t)t2z is an i.i.d: sequence of non-negative integer-valued random variables. They proved the
existence of this stochastic process, suggested appropriate estimators under a Poissonian hypothesis
and applied it to a social medicine series. Recently, [5] cleverly proved the existence of a more general
version of this process and inspired in this paper our existence proof of another process (Jee](6.8)).
The paper has the following structure. In Sectior| 6., we recall a result froni[4] giving conditions
for the existence of a solution to a quite general model equation in whiclX is expressed in terms

of its own past values and the present and past values of a sequence of independent and identically
distributed random variables (cf: ). A quite simple approximation Xt(”) to (X¢); is also given.

For this approximation we have : t

XM Xy inLt™ and X1 X, as:

Infection with a Campylobacter species is one of the most common causes of human bacterial gastroenteritis.
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Fig. 6.1: Number of campylobacteriosis cases in the Northern Québec, starting in January 1990, 13
regular observations per year. To the top, is the graphic of the original series, to the bottom, is the
sample simple correlogram.

In Section[6.3, we give some basic properties of De nitiofi 6]1 thinning operators. Then, two models
are presented : the INLARCH model and an integer-valued bilinear type model. Simple conditions
for the existence of these processes are given.

Section[6.4 is devoted to estimation of the parameters. The problem is tackled using a quasi-maximum
likelihood estimator for the bilinear model parameters. Before announcing the properties of the esti-
mator, working assumptions and hypotheses are enunciated. Theoren $.4 claims the strong consis-:
tency of the estimators and Theoren] 6.]L gives its asymptotic distribution.

In Section [6.5, we comment consequences of the results when we consider #imost classical
GINAR (p) process. Proofs are postponed to Sectign 6.6.
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6.2 The model

From now on, the sequence );2z is i.i.d and takes values in a spac&® (in many casesECis just
R1). Let (E; k k) be a Banach space. For a random variabl& 2 E and a real numberm > 1, the
expressionkZk,,, stands for (EkZ km)1=m and E(N)| a subset ofEN, denotes the set of sequences in
EN with a nite number of non-null terms. Let F : EN)  E®1 E be a measurable function and
assume there exists a sequence of functioigj );2n such that for all (x;)j2n and (yj)j2n in EM,

kKF(0;0;:::; o)k, < +1; (6.2a)
b3
KF(x1;x2;::05 o) Fynyziiss o)k 6 ajkxj  yk; (6.2b)
j=1
with
bS
g =a<l (6.3)

j=1
Let us recall a general result of([4] about existence and approximation ib™ of a stationary process

(Xt)t2z, solution of (6.4) :
Xe=F Xe 1;X¢ 250005 1) (6.4)

The following theorem is a consequence of Theorem 3 and Lemma 6 [of [4].

Theorem 6.1 Assume properties [(6.2a) and|(6.2b) hold for somen > 1, then there exists a unique
stationary solution of such that

Xt 2 6ot o100 t2 Z: (6.5)
Moreover, the sequence of stationasry processes de nét 2 Z as

SF(©O; o); = 0;

XM =
: F(Xt(nll);xt(”zl);:::; J; n>1;
satis es

XM X¢ inL™ and X1 X; as:
Remark 6.1 A solution of which satis es is always ergodic. Indeed from[(6.5), we have :
\ \
(Xt 1, Xt 2:00) (t 15t 2:) (6.6)
122 t22
As isi.i.d, any eventin the -eld of the right-hand side of (6.6) has probabilityO or 1 from which

we conclude that any event in the - eld of the left-hand side is also of probability0 or 1. This shows
that the process(X)t2z is ergodic. The argument comes from[[6].

In the sequel, a solution [(6.4) satisfying [(6.5) will be called a causal solution ih™. Note that a such
solution implies the independence of the -algebras (X, :u s)and (,:v t)whent>s.
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6.3 Construction of integer-valued models

6.3.1 Basic properties of signed thinning operators

Lemma 6.1 Lets X, Z two random variables andY, ¥ two counting sequences associated with the
operators  and ~ , respectively. Suppose the variance of the counting sequence variables am@nd
~, respectively. Assume that(X;Z ), Y, ¥ are independent. Letm 2 N = NnfOg. Then :

1.E X = EX andE( X)?= EjXj+ 2EX2
2.E( X)(~ Z2)= ~EXZ andCov( X;~ Z)= ~CovX;Z):
3.k X Zk, k Yk, kX Zk.
4. For | 2, we have
k Xk j jkXk+aky kkXk3

where the constantc, > 0 only depends onl.
Remark 6.2 Consider the simple model :
Xi=  X¢ 1+ "¢ (6.7)
Fort2 Z, let = (Ygi),n "t - FOr x2 Z, we de ne :
FOG 0= Xat "o
Suppos€ 1) is an i.i.d sequence and lem = 2. From the result 3. of Lemma, one has :
KF(x; 0) F(y; ok, kK Ykyjx yj:

Moreover if F(0; o) = "o 2 L?, we can apply Theore ifkYk, < 1. But this is not optimal.
Indeed, it is well known that the condition < 1 is su cient for the existence and uniqueness inL™

of a stationary solution of ) (see [18]).

This is the reason why the construction of the model is in two steps. Firstly, we apply Theordm 6.1
with m = 1 and get a solution inL. Then we use a contraction condition on the means of the
counting sequences. Secondly, we show that this solution is still uniquelifif, m being an integer.

6.3.2 Bilinear model

Let (Xt)t2z be a solution to the equation :

0 1
X s
Xe= ) Xej+"@ X A+ g (6.8)
j=1 j=1
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where  and "; are integer valued random variables inE = Z, ; and ; being signed thinning
operators associated with counting sequencest) and 2 () respectively. Theoren 6.2 gives conditions
for the existence of a solution to [(6.B).
SupposeE"; =0 and for eacht 2 Z, let :

=y el

t = i , i ot
5 ()N N Gl

(j)2N N
The random variable ; takes values inzN N zN N 7 7 We suppose the procesé {)i»7 is
ii.d
Theorem 6.2 Suppose for an integem 1,
s . . R _ .
a= YO 4k, 0 <1 YO o+ el 4k gk, <1 (6.9)
. 1 1 . m m
j=1 j=1
then there exists a unique causal solution td (6.8) in.™.

6.3.3 INLARCH( 1) time series model

An INLARCH( 1 ) time series model satis es

Xi= "+ * P (" Xy ) t22Z: (6.10)
j=1
Forj 2 N , we will denote by Y ) (resp. Y) the counting sequences associated with the operator,
(resp. ).
As for the bilinear model, we supposq )2z is an i.i.d sequence. Theoren@}3 states a su cient
condition for the existence of this process.

Theorem 6.3 Suppose for an integem 1,

. X .
a= k'k, Yy <1 YO 4 kYk, < 1;
2N ! 2N m

then equation [6.10) admits a unique causal solution ™.

6.4 Quasi-maximum likelihood estimator in bilinear model

This section aims at giving a quasi-maximum likelihood estimators (QMLE) for the parameters of the
bilinear model ) with a nite number of terms in the two summations. Without lost of generality,
we may assume that there arep terms in each summation; otherwise some; or ; are0 . The
equation satis ed by the process is :

xXP xP
Xt = j Xt j + "t j Xt j + (611)
i=1 i=1
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Example Let p=2 and consider
Xe= 1 Xeat+t 2 X1+t 1 Xeat+ o

where ;. 1 is based on a Bernoulli counting series witthp=1=2; , and ; , on Poisson counting
series with meansl1=8 and 1=2, respectively;( {)t2z is a sequence of i.i.d Poisson random variables
with parameter = 1=2; ("t)i2z iS a sequence of dierences between two independent Poisson
variables with parameter = 2=3. A simulated trajectory is presented in Figure. Note that there

is period, just after t = 80 with quite high values compared to the other ones.

Fig. 6.2: Simulated trajectory generated by modeX; = 1 X{ 1+ 2 X; 1+"¢ 1 X¢ 1+ ¢, where:

1 is based on a Bernoulli counting series withp = 1=2; , and ; , on Poisson counting series
with means 1=8 and 1=2, respectively;( t)i2z IS a sequence of i.i.d Poisson random variables with
parameter = 1=2; ("{)t2z is a sequence of di erences between two independent Poisson variables
with parameter =2=3.

For (t;j)2 Z f 1;:::;pg, we de ne the following  algebras :
Fe= (Xew:k2N) Gj= (YW:i2N); and & = (8):i2N);
From now on, we suppose the following working assumptions are satis ed :
1. ( t)t2z is an i.i.d sequence of random variables.
2. Forallt2 Z, the -algebrasG;i;:::;G;p (resp. & 1;:::;&;) are independent.

3. Forallt2 Z, the -algebras ("¢), () and (_1j pG;j)_(_1; p&;j) are mutually inde-
pendent.

Remark 6.1 Assumptions with respect to the -algebras allow dependence between the set of opera:
tors f | gisjep and the set of operatord | gi6j6p-
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For an integer d 1, let be a subset ofRY and ¢ 2 . For1l | p, consider functions
b;g;wj;; : ! Rsuchthat:
D B(o)= jandg(o)= j.
G, Is positive on .
i) wj(o)= VarYW + 2 varel) 2= var",.
III) (0): annd (0):Var 0-
The following hypotheses will also be required.

H1)  is a compact subset oRY.

H2) Condition (§.9) holds with m = 2.

H3) The distribution support of ; contains at least 5 di erent points if Var " 6 0 and 3, otherwise.
H4) The following condition is satised : h=inf , ()> 0.

H5) The function f : | R3P*2 de ned by

FO)= BCHgClw( )y o5 () ()

is injective and continuous on .

For(t; )22z , let

m()= )+ BOXi

and 0 1,

X NG o
V()= 2@ ()X A+ wi()jXe i+ ()
j:]_ ]=1

Observe that under assumption H4, we have :

ir;f Vi() h; a.s. (6.12)
Lemma 6.2 Let (X{)i2z given by [6.11). We have :
E(Xt=Ft 1) = mi( 0); Var (X¢=Ft 1) = V( 0):

Remark 6.2 On the one hand, the conditional expectation is the same as the one of a GINAR(
process. On the other hand, a second-degree polynomial appears in the conditional variance.
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6.4.1 Estimators de nition

For the estimation of the parameters, no distribution assumptions are made and a quasi-maximum
likelihood approach turns out to be well suited to this setup. The maximum is found assuming a
conditional Gaussian density forX, given the past until time t 1. In [23] this method is used in
ARCH modeling.

2
a)= T B v e
1 X
QT( ): T q[( )l
t=1 |
2 |
Q=& T vy

"t =argmin Qr( ):
So, "y is the QMLE for and the actual value of is o.

Consistency of the estimator.

Theorem 6.4 Under hypotheses H1 to H5, the estimatofy is a strongly consistent estimator of
o:limtnp AT = pa.s.

Asymptotic normality of QMLE.

In the following, if g is a function, g: 7! R, r gis its gradient and r 2g is its Hessian matrix.

Other hypotheses are needed.
H7) Condition (6.9) holds with m = 4.

H8) The f function is twice di erentiable on  and rankr f ( o) = d. More, igf wi()> 08 =

L::op.
H9) o, the actual value of , is an interior point of , o, thatis 2
Theorem 6.1 Under hypotheses H1, ..., H9, the estimator'\T is asymptotically normal :

p_— e
Tt 0! Tn N(O;F, 'GoFy 1) in distribution ;

where
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Er 20( o)
E Vo( o) 2r Vo( 0)r Vo( 0)° +2E Vo( o) *r mo( o)r mo( 0)°

T
o
1

and

Go = Varr oo o)
= E Vo( 0) *(Xo mo( 0))*r Vo( o)r Vo( 0)°
E Vo( 0) ?r Vo( o)r Vo( 0)° +4E Vo( 0) *r mo( o)r mo( o)°
+E Vo( 0) *(Xo mo( )% Vo( o)r mo( 0)°
+E Vo( o) *(Xo mo( 0))® mo( o)r Vo( 0)°

6.5 QOMLE for GINAR( p) processes

When 2=0, (6.11) leads to a GINAR(p) process :

xXP
Xt = j Xt j + ¢

j=1
Estimation for this process has been tackled by least squares (sée[[6] 18]).
The conditional least squares estimator is given by :

X

r=argmin = (X¢ me( )2
2 T
t=1

But this approach cannot be applied to obtain estimators for all the parameters if the probability
distribution of the counting sequences depends on two parameters or more.
In particular, suppose the operators ; ,16 | p, are counting series with variables for which the
support is a 3-point setf a; b; @ and we want to estimate :

(hjs®hi)= P Yoo =a ;P Y5g =
1 j p,aswellas(E o;Var o). Let
0= (0a1; Ot * 0 G Qs E 03 Var ) 2 R#*2:

Forl j p,let
B()=(a ¢ g 1+(b ¢z +cC
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wi()=(a?2 &) g 1+(BF A 5+ b()?

()= 2p+1; ()= o2pe2
A least squares approach is not tractable because, is not identi able by just considering m¢( ) =
JP:l b ()Xt j, t 2 Z, the conditional means of the proces{X)i2z. In fact, the function 7!

is injective and we can use Sectiop 6.4.1 results to estimate parametes.

Example 6.4 Let us return to Example[6.4. It is quite easy to proceed to the estimation of the
parameters using a widespread and simple tool like Microsoft Excel. We use the Excel's Solver macre
to nd the optimum. The estimated model is :

n A -
Xe="1 Xy 1+ Xe1+"t 1 Xe 1+ g

where : *; is based on a Bernoulli counting series withh = 0:65; #, and “; , on Poisson counting
series with means0:12 and 0:58 respectively ;( ); a sequence of i.i.d Poisson random variables with
parameter =0:47; ("¢); is a sequence of di erences between two independent Poisson variables witl
parameter = 0:49. So, " = (0:645; 0120 0:503;0669; 0469)°. Recall that the actual value of the
parameter is : = (0:5;0:125;Q5; 0:667; 0:500)°

6.6 Extended proofs of the results

6.6.1 Proof of Lemma 6[1_]

P.
1.E( X=X =x)= E sign(x) 12, Y, = x and the rst result follows from expectation
with respect to X .

For the second point, note that :
o 1
i
E( X)=X=x =E@ YA = jxjEY?+ jxj(jxj 1) %
i=1
and again the result follows from expectation with respect toX .

2. Since the variables(  X;Z) and ¥ are independent, from resultﬂ, we get the following
equality :
E(C X) (e Z))=eE(( X) Z):
As Y is independent of(X;Z ), we obtain eE(( X) Z)= eEXZ. The second assertion is
obvious.
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3. We use the rst point of item f[Jand if x,z2 Z :

k x zk,, k Yk, jx zj:

m

Independence betweery and (X;Z ) yields the result after expectation with repesct toX and
Z.

4. Seel]b, Theorem 2.2], for a proof of this inequality.

6.6.2 Proof of Theorem 6[2_]

The demonstration proceeds in two steps. Firstly, we show that under Theoremy 6.2 hypotheses,
equation ) has a unique causal solution i, Then, we show that this solution has moments of
order m.

To show the existence inL%, we use Theoren] 6]1. LeF : Z(N) 71 Z be:
0 1

R %
F((Xj)jan 5 0) = X+ @ 5 xA+ g
i=1 j=1

We have :kF (0; o)k, = k ok, < 1 . More, by the result 3: of Lemma[6.1, we get :

o o
KF ((Xj)j2n 5 o) F((Y)ian 5 0)ky y® t k"ok, #0) L XYl

y® + Kok ¢ () ARk
j=1

P . .
Becausea = jlzl Y+ Kok, €0) L < 1, we can apply Theorem and conclude that

there exists inL! a unique causal stationary proces$X)i»z, solution to (, such that kX¢k; < 1 .

Let us show that X; 2 L™. To this end, let us introduce the stationary process de ned by :
8

SF(O; o); n=0;
Xnt = . t2 Z:
“F(Xn 1t jg9 1 t); n> 1,

By Theorem|[6.2, we have :
Xnt! nn Xy asand Xpt! iz X¢ inLh:

Next, we show that sup,,n kXn:0k,, < 1 . From this last inequality, using Fatou's Lemma, we will
conclude that
kX ok, Iirr]plinf kXn:ok,, < 1:
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we havesup,,y kX 0k < 1 . We want to show that sup,,y kKX n:0k,; < 1 .Letn2 N. We have :

R R
kX n+1:0K141 Kij Xy Ky + Kok K X jkig + Kook
j=1 j=1
To simplify the equations writing, let :
dp = YO Kok, e i forj landh2f1:::img
Using result 4: of Lemmal6.1, we get :
KX n+1:0K * ik
n+1;0K 41 Ge1 Oier KX K7+ K oKy
j=1
X‘ . . . .
+ Jogit i jikioky KXn Ky

j=1

12P
whereB = ¢+1 sup kX .ok =1 dij+1 + K oKjyq -
As X0 = o, this leads tokXns+1.0k,; @™tk ok, +B [, a.
Observe that
12X
B 1 SupkXy;ok dim + K ok, -
k i=1
Then by condition (6.9) and the induction hypothesis, B is nite and we get :
B

KXn+1:0K,; K oKyq + 1 a

1 . Finally, by the remark made previously, kX ok, < 1 . Uniqueness inL™ follows from uniqueness
in LL.

6.6.3 Proof of Lemma 6[2_]

The conditional expectation of X; given the past until time t 1is:

0 1
xP xP
E(XX¢=Ft )= E o+ E(j X{j=Ft )=E@+ i Xt A = me( o):
j=1 j=1
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For the conditional variance, we get :
0 1 0 1

XP XP
Var (X¢=F¢ 1)= Var @ | X j=F 1A+ 2E@ | X =F{ 1A+ Var o
j=1 j=1

Simple computations lead to

i kXt j Xt K j 6k;

B Xe )k Xe=Fe)=. ° ° . o
. thj+VarY(J)JXt iy i=k

Similar formulas can be found if ; is substituted for ; . Using these expressions in Va(X{=F; 1)
expansion leads to the nal expression :
0 1,
xXP X _ _
Var (Xi=F¢ 1)= 2@  X{ jA +  w( 0)jX; jj+ Var;
j=1 j=1

wherew; ( o) = Var Y@ + 2var ®U). This is exactly Vi( o).

6.6.4 Proof of Theorem 631

The proof is very similar to proof given to Theorem[6.2 and is omitted.

6.6.5 Proof of Theorem 641

Before giving the demonstration, some intermediate results are required. Let us recall Theorem §.5
from [23].

Theorem 6.5 Let a compact set ofRY and ()27 a stationary ergodic sequence of random ele-
ments with values inC( ;R). Then the uniform strong law of large numbers is implied by

Esupjvo( )j<1:
2

Lemmal6.3 follows from Theoreni 6.5.

Lemma 6.3
SZLJPJQT( ) Q()k! tn O

Proof. Let us verify that Theorem [6.5 hypotheses are satis ed. Firstly, we prove that8 2
fa( )o-1 is an ergodic stationary sequence. From Remark 6.1X )2z is a stationary ergodic pro-
cess. More, for(t; )2 Z , by de nition of q( ), there exists a measurable functiorf de ned on
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144
and ergodic.
Secondly, we have :
Xo m O .
Do Mol jincve( )i

oo )] i

Then, from H1, H2, H4 and H5, we get :

xP
Xo mo()j j Xoj+k Kk + Kok, jX jj2 L
j=1
and 0 1,
xP xXP
h Vo() 2@ kgk, jX jjA +  kwik, jX jj+kk 2L%:
j=1

j=1
This shows that Esup , jgo( )j < 1 : Moreover, from assumption H5, the function 7! qo( ) is

continuous and Theorem_ 6.5 leads to the result.
i Xy p)t2 Z.

Lemma 6.4 Lett 2 Z. Then for any realization z; of Z;, the distribution support of the random
variable Xjz,-, has at least ve points if 60 and at least three, if =0.
The distribution of Xyjz,-,, is the same as the distribution ofC;, +  with

Proof.

By H3 and using the fact that ; are C,, independent, the result follows.
Lemmal6.5 will also be required for Theorenj 6]4 demonstration.

Lemma 6.5 Lett2 Z. We have :
P
1.1f P, Xy;= then = ;=0;8 2f1;:::;
xXP xXP
2. If we suppose 60 and @ gX; jA@ yuX; A+ i JXt ji = ; then eithers; =
j=1 j=1 j=1
i= =0;8 2fL::i;pgoru; = ;= =08 2f1;:::;pg
xP
3. If we suppose =0 and jiX¢ jj= ; then j = =0,j=1;:::;p
j=1
Proof.
1. supposem = minfj 2f1;:::;pg: ; 6 0g exists. Then, X; n is measurable with respect to
Ft m 1. This is in contradiction of Lemma[6.4. Hence, we deduce thatj; =0, 8 2f 1;:::;pg

from which it follows that =0.
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exist, the result is obviously true.
Suppose rstthat m p 1. Let

F(Zt m)= (UmsSj + SmUj)X¢ j
j=m+1
and 0 10 1
xP xP xXe _ _
G(Zt m)= @ sXt jA@ up X jA i iXt ]
j=m+1 j=m+1 j=m+1

We have
Smumxt2 m*t F(Zt m)Xt m*+ miXt mj= G(Zt m):

Using Lemma[6.4, we see that for any realizatioz; n of Z; m, there exist ve solutions to the
equation with unknown x :

SmUmX? + F(zt m)X+ miXj= G(z m):

Consequently,spum =0, G(zt m)=0 andjF(z; m)i =] mj- 5
Without loss of generality, supposesy,, = 0. Then, the random variableF (Z; ) = Jpzmﬂ UmSj Xt j
can take only two values almost surely : . If un, =0, then ,, =0 and this is in contradiction
of the assumption that m exists. Hence,un, 6 0. supposer = minfj :m+1 j p;5 60g
exists. As
SiXt j 2f m=Um; m=UmQ

j=r

we conclude that for any realizationz; , of the random vector Z; ., the distribution support

of the conditional law X rz, has two points. This is in contradiction of Lemma@.

r=2Zt r

xXP _ _
jJXt il= a.s
j=m+1

Xt gz, =7 q contains only two values. This is in contradiction of Lemm@. So,; =0;8j

1. Finally =0 and the result follows.

In the case wherem = p, we haves,upX{ ,+ pjXt pj = . By Lemmal6.4, we conclude that
necessarilyspup = p,= =0.

Fi m 1.Hence for eacte; n, the distribution support of the conditional law of X; m=Zi m = Z n
contains at most two points. This is in contradiction of Lemma (6.4) and the result follows.
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Lemma 6.6 If, mg( ) = mg( o) and Vo( ) = Vo( o) are satis ed, then = .
Proof. Let us supposemo( ) = mo( o). Applying the rst point of Lemma 6.5 with j = b( )
B(o0),1 j pand = (o) (), weobtainb()=b(o),j=1;:::;pand ()= (o).

More, supposeVp( ) = Vo( o). Two cases need to be considered.

Firstly, assume that 2= Var"; 6 0. We apply result 2: of Lemma setting forj 2f 1;:::;pg:

si= (g() g(o); uy= (g()+qg(o): j=w() w(o)

and = (o) (). Then, it is easily seen thatw;( )= wj( o0),] =1;::5;pand ()= ( o).
Moreover, we have eitherci( )= ¢ ( 0);8) 2f 1 :::;pg, eitherc( )= ¢ (o); 8 2f1:::;pg.
From the fact that there exists jo 2 f 1;:::; pg such that the function ¢, is positive andcj,( o) > 0,

Secondly, assume that = 0. By the third point of Lemma applied with = (o) ()and
i=w() w(o1 j pweget ()= (o)andwj()=w( o) j=1;:::;p.
The nal conclusion, = g, follows from H5. Now we can give Theorerh 6]4 demonstration. In fact,

it is done in a very classical way. By Lemmd 63, we have :
SzllijT( ) Q()j! tn O as
Lemmal6.6 can be used to show that

Q(0)<Q() 8 2 nfog

(see for example the proof of proposition 2.1 in[15]).
From these last two properties, a classical compactness argument leads to the strong consistency o
" (see for example[[23, Theorem 2.2.1, p. 19]).

6.6.6 Proof of Theorem 611

Let t 2 Z. In Section[6.4.],¢( ) has been de ned as :

(Xe  me( ))?

a( )= Vi)

+1In Vi( ):
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So the rst and second derivatives are :

_ rvi() (X¢  me())? Xt me()r me()

OO Y MO f 0 613

1 X 2
F2a()= g O W) 2 s tvtr(‘:t)( L

§
erave) 1 SO o0 Oy mOr v )°
t( )
+2Vi(O)r me()r me()% 2V()(Xe  me())r Zmy( )
+2(Xe me( ) Ve()r me()° (6.14)

Lemmas|[6.7 to[6.9 give important properties ofr ¢( ) and r 2q( ). They are required to prove
Theorem[6.1

Lemma 6.7 Forall 2 ,the sequencedr o( )g andfr 2q( )g: are ergodic and stationary.

Proof. We use the same argument than the one we gave in Lemnja $.3 proof to show that the
sequencd g ( )); is stationary and ergodic.
From now on, k k is the Euclidean norm onRY or the matrix norm associated with, as required.

Lemma 6.8 We have :

Ekr qo( o)k?< 1 andEsup r 2q( ) < 1:
2

Proof. Recall that if P is a polynomial of degreeq de ned on RP, then there exist non-negative

xXP
JPX 1;::0X p)i do+ d jX ;j% as.
=1

Proof of the rst assertion : Erog(o? <1.

We rst observe that the ratio :
(Xo  mo( 0))r mo( o)

Vo( o)
is square integrable. Indeed, as
1
e (Xo mo( o)?kr mo( ok* . _ kr mo( o)k kr mo( o)k’
Vo( 0)? Vo( o) h
there exist positive constantsdo; :::; dp such that

(Xo_ mo( 0))2Kr mo( o)k*_

= Vo( 0)?

xP
F 1 do + dsz
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and the integrability follows from EX§ < 1 .

r Vo( o) 1 (Xo mo( o))?
Vo( o) Vo( o)
r Vo( o)

AsVo( o) has.andEX§ < 1, itis easily seen that the ratio Vol o) is square integrable. Then
it is enough to show that the variable Vo( ¢) 2r Vo( 0)(Xo mo( 0))? is square integrable. Let

Now, we show that

is square integrable.

Co( 0) =(Xo mo( o))%:

As 1 Vo( o) is square integrable and measurable with respect t& 1, it is su cient to show that
the random variable V, 4( ¢)E C( o)=F 1 is bounded.
We notice that :

p Py Py T 4
= juB(o0) xj+ o j21G(o) X =W)X i+ o, ,
i
Po Vi) iy Po o o+ .Pop W 4
j=1 Yoo ST Koky  j=1 Zop St = Wi (o)X ji+ K ok

We deduce that there exist constantsd; : : :; dp such that
2 X ; 4
E Co(0)=F 1 do+ di jX jj*:

j=1

SinceVo( 0) Wj( 0)jX jj™ hforj =1;:::;p, it follows that :

d X 4

Vo( o) “E Co( 0)*=F St :
o( o) o( o) 1 e - W ( 0)?

We have shown thatVo( o) “E Co( 0)?=F 1 is bounded.

Proof of the second assertion : Esup, r2g() < 1: We start the demonstration by
showing that
ESZUD kr Vo( )K*Vo( ) 3[Xo mo( )* <1: (6.15)
For this, we have :
0 1
2

XP
E@XxZ+( khk, X j+k k )%=F ;A

E supV, 3( )[Xo mo( )]?=F 1
2 j=1

hinf 2 VZ()

2 P 2
2 mo( o)+ Vo( o) +( Joq Kiyky X j+k k)2
hinf » VZ() :



6.6. EXTENDED PROOFS OF THE RESULTS 149

Hence, there exist non-negative constantsl; :::; d, such that 0 L
E supVp °( )Xo mo( )]*=F 1 g+ X dx2A:
’ 0 inf » VOZ( ) - J it
2
As — 2X \1/12( ) T lwf( 1 according to hypothesis H8, we conclude that there exists a constant
M > 0 such that
E supV, 3( )Xo mo( )?=F 1 <M: (6.16)
2
We note that using H8 only fori =1;:::;d, 10 1
XP XxP
GY  22@ gk ix A@ ZF x A
@i 1 j=1 j=1 i1
+ X jj+k k
1 @ 7 '

Whence, we conclude that ifEX$ < 1 thenEsup, r Vo( )? < 1:

From (6.16) follows (7.20).

We notice that the other terms of ) are uniformly bounded by polynomials of the fourth degree

Lemma 6.9 The entries of the column vectors of the di erential of the function 7! (mg( );Vo( ))
evaluated at o are linearly independent random variables.

Proof. The proof is done in three steps.

Step 1. Suppose there exist constants 1;:::; 4 such that
xd xd
if@m( 00=0 as or i@( =0 as
- @ - @
P
Sincemg( g)= ( o)+ JP=1 b( 0)X j,the partial derivatives at ¢ are :
xXP
@r_n( 0) = @_( 0) + @( o)X j; i=1;d
@I | j=1 |
Then we have :
xd xd X xd
icg_e( 0) = ig( o)+ igj_b X j=0 as
i=1 ! i=1 ! j=1 i=1 :
By the rst result of Lemma we get :
SEC) X @p

i@ 0): i—.(o)zo a.§ j=1;153§p3
' i=1 !

i=1
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Step 2. SinceVy( o) = P jp:1 G( o)X j ’ + P JP:1 W ( 0)jX jj+ ( o), the partial derivatives
at o are:
0 10 1
@y s @ X @p
9. (0=2 2@ g(ogx jA@ ZE()X ;A
@i i=1 J . i=1 @i )
xP
7 B X i+ oo
j=l | |
fori =1;:::;d. So, we have :
v 0 10 v 1
xXP xXP
i%y( =2 2@ (X A@ ig:( o)X jA
i=1 ! i=1 j=1i=1 !
X xd @
W, @ _
+ i—(0)JX jj+ i—(0)=0
j=1 s @ Y@
The last equation can be written as :
0 10 v 1
xP xP
22@ g(ox AQ@ O x A
j=1 j=1 i=1 i
XP xd @ xd
W, . @ )
+ i—(0)JX jj= i—( 0):
j=1 i=1 @i : i=1 @i

Using the second result of Lemm5 and the assumption that,( o) = j, > 0, we get

xd xd xd
22 (o= (THo=" 200 j=1p
i=1 : i=1 : i=1 :
Step 3. By the last two steps and hypothesis H8, we deduce that 1 = = 4 = 0 which shows

that the entries of the vectors of the di erential of the bifold function (mg( );Vo( )) evaluated at o
are linearly independent random variables.

We are now ready to prove Theorenj 6]1.

Proof of Theorem 6L | The technique for the proof of this theorem is very classical, we follow the
proof given in [23, Theorem 2.2.1, p. 19]. Since2 , using a Taylor expansion, we get :

0=rQr(")=rQr(o+ My "+ o
whereMT is the matrix of the second order derivatives, that is :

@Qr
@i @

fr(i;j) = (i):; 161 6 d:
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with v Y o ; i=1:::::d: Hence,

PTor( = "Thr (v o)

By Lemma , r 2q( o) 12z IS an ergodic stationary sequence. By hypothesis H8, its values are
in ¢ ;RY RY). According to Lemma, sup, r 2mp() is integrable. Then, we can apply
Theorem and since’\T ' 11 o a.s, we conclude thatMT I 11 Fo= Er 2q( o) a.s. More,Fq

is non-singular. Indeed :

Fo=E Vo( 0) 2 1 Vo( o)r Vo( 0)°+2Vo( o)r mo( o)r mo( 0)° ;

and by Lemma[6.9, this matrix is positive-de nite. More :

P 1 X
TQr( o) = P=  f (o) and E(r &( o)=F 1)=0:
t=1
Since hy Lemma,Ekr 0o( o)k2 < 1, the sequence(r ¢( o)); is an ergodic stationary Fi-
martingale di erence sequence of nite variance. Then by [[1, Theorem 23.1, p20§, we have :
TQr( o) ! 11 N(0;Gp) in distribution ; with Gg = E(r qo( o)r oo( 0)9: Consequently, we
get :

p—
T(T o)! 1n N(FplGoFyb):

The expression ofGg follows from straightforward computations using the expression[(6.13).
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Chapitre 7

A new smoothed QMLE for AR processes
with LARCH errors

Abstract

We introduce a smoothed version of the quasi maximum likelihood estimator (QMLE) in order to t
heteroschedastic time series with possibly vanishing conditional variance. We apply this procedure
to a nite-order autoregressive process with linear ARCH errors. We prove both the almost sure
consistency and the asymptotic normality of our estimator. This estimator is more robust that QMLE
with the same type of assumptions. A numerical study con rms the qualities of our procedure.

7.1 Introduction

In order to study the behaviour of nancial time series such as asset returns or exchange rates,
a considerable work has been done to study ARCH models introduced by Engle (1982) [8]. From
empirical observations of time series, Black (1976) 3] called the leverage e ect a tendency for the
conditional variance to be negatively correlated with the past returns. Another property is a slow
decay of the autocorrelations of the squares called long memory, see Doukhanal. [6]. LARCH(1 )
(Linear ARCH( 1 )) models introduced in Giraitis et al. (2000) [14] and (2004)[115] take in account
these two properties; they are de ned from an equation :

X

Xt= t ag+ Xt (7.1)

i1
for an independent and identically distributed (i.i.d) sequence( ) with E ¢ =0 and E 2= 1. Long
memory properties of the model are addressed by Giraitiet al. (2000) [14] whereas the leverage
property is studied in Giraitis et al. (2004) [15]. The model ) specializes to the asymmetric
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156 A new smoothed QMLE for AR processes with LARCH errors

ARCH model of Engle (1990)[9]. The conditional variance of modelq (7]1) writes as the square of a
linear combination of the past values :

X 2
Vi= ag+ Xy j
i1
A short memory version of ) is LARCH(p), herea; =0 for j >p hence :
xXP
Xt= t ag+ Xt j (7.2)
j=1

Then the model ) is a special case of a more general model introduced in Sentena (1995) [20]
here the conditional variance writes as a quadratic form :

xXP XX

Vi=at+  gXij+ Bk Xt j Xt « (7.3)

j=1 j=1 k=1
If this quadratic form is nonnegative this is possible to exhibit assumptions ensuriny; > 0; a solution
(Xt) with this conditional variance writes X; = tthzz for iid inputs : Giraitis et al. (2000) [14]
prove a necessary and su cient condition for the existence and the uniqueness of a square integrable
and strictly stationary solution of the equation (. Su cient conditions for the existence of higher
moments is also provided, moreover Giraitiset al. (2004) [15] explicit su cient conditions for the
leverage property.
The model (7.1) is generalized in Giraitis and Surgailis (2002) [16] to a bilinear model which exhibits
long memory both in conditional mean and in conditional variance :

X X

Xe= + Xt j* tat X (7.4)

i1 i1
In the short memory case, Francqet al. (2008) [11] study existence and uniqueness of a strictly
stationary solution of equation (7.7) (not necessarily square integrable).
A main statistical problem is to estimate the parameter = (ap;:::;ap) of the model ). In a
recent work, Beran and Schitzner (2008)]2] consider the estimation of the paramete@ and d when
the coe cients in equation ( have the form a; = Cj d both in the short and long memory cases.
They use a modi ed conditional maximum likelihood estimator and the same approach will be used in
this paper. On the other hand another recent work by Francq and Zakoian [12] shows the consistency
and asymptotic normality of a Weighted Least Squares estimation for model2). The principle of
their method is to apply the least square prodedure to the square of the process.
A classical estimation procedure is the Gaussian Quasi Maximum Likelihood Estimation (QMLE).
Under conditions, the QMLE is shown to be consistent and asymptotically normal. But a crucial
condition in its application is the existence of a real numberh > 0 such that Vo( ) h a.s. For
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the model (7.3), the conditional variance\j is, in general, not bounded away from0 and the quasi
likelihood becomes numerically intractable. Because the QMLE cannot be used for the modé¢l (7.2),
we propose a smoothed version of the QMLE which is more robust then the classical QMLE and
applies with the same kind of assumptions. We apply this procedure to an AR process with LARCH
errors.

The paper is organized as follows. SectioB recalls the properties of the model[(7 ). The next Section
3 introduces our model and mand motivates the introduction of our smoothed QMLE. Section 4
addresses its asymptotic properties for our model. In Sectiod, we discuss the behaviour of its
asymptotic variance when the smoothing parameter tends to 0. Sectiofi is dedicated to a numerical
illustration. The proofs are postponed to the last section of the paper.

7.2 Some general results about LARCH models.

The rst results_about existence of LARCH models were given in the general case of equatiop (7.1).
The condition j1:1 aj2 < 1is necessary and su cient for the existence of a square integrable and
nonanticipative solution (see Theorem 2.1 in Giraitiset al. (2004) [15]). Those authors prove that

the unique solution of equation ) is de ned from the Volterra expansion :
X X
Xi=at 1+ aj, &, t j1 t (1% +jk) (7.5)

Those authors also give a su cient condition for the existence of the fourth moments in the general

case of model[(7]1) :

R ps 3 R
4 al+4j g jaj°+6  af<1 (7.6)
j=1 j=1 j=1
where ;= E {)for 16 i6 4 (here ,=1). Mention that
xR
1=4 P
2 jgj<1 (7.7)

=1
ensures the existence of the fourth moment for the solutior] (7]5) (see Doukhagt al. (2006) [7]), hence

the condition (7.6)) is perhaps not sharp. Although condition [7.6) is less restrictive with respect to
the decay of the sequenceéa;); 1, condition ( can obviously be better,e.g.if & =0,] 2

From now on we x an integer p 1 and we only consider eqn.[(7]2). Then, existence and uniqueness
of a strictly stationary solution of ( holds under the less restrictive condition jpzl aj2 <1 is
pointed in Francq et al. (2008) [11]. Denote
!
Aip 1t apt

A = X where arp 1=(an @ 1)
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and Il isthek k identity matrix. If p=1thenA; = a; . Let A=(A¢);and (A) the top-Lyapunov
exponent of the sequence\ :

1
(A) = {l!rln fIogkAt A1k

Theorem 3.1 in Francqet al. (2008) [11] asserts that equation [(7]2) admits a strictly stationary
solution if and only if

(A)< O (7.8)

Under this condition, the strictly stationary solution is unique, nonanticipative and ergodic.

If p=1 condition (7.8) writes explicitly ja;j <e E'°9 o, As pointed in [11],if ¢ N (0;1) this writes
jaaj < 1:88736 In comparison the condition for the existence of a second moment writgsyj < 1 and
the one for the fourth momentjas;j < 0:7598  (see sectiorj 73).

7.3 Model speci cation and smoothed QMLE

We consider forp;q2 N the model

Yi

tb;éYt 1+ + tb;th i+ Xt, (79)

X
{@ago+  agj X (A t2Z (7.10)
=1

Xt

with an i.i.d sequence such thak ¢ =0, E 3 = 1. By convention, g =0 means that the processy

is a pure LARCH model given by ); note that forp = 0 the model is an AR(q) process.

In the sequel, when we consider a solution of equatiof (7.9) of (7.]L0), it is always assumed that this
solution is stationary, ergodic and non anticipative. We denote

Vi() = )= ao+ a(Yej mej())
j=1

Setting Ft = (Y; 1;Y; 2;:::) fort 2 Z, we have :

mi( o)=E Yy Fy 1 ; Vi(o)= Var Yy F¢ 1 :
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the QMLE is de ned by :
" =argmin Qn( );

X 2
on(y= L O m()

n_, V()

Although we will not prove any result about the consistency or the inconsistency of the QMLE for
the model ), it seems very di cult to compute this estimator because of the intractable form of
the function 7! Qn( ) (see gure[7.] for whichq=0, p=1, ag = 1 ; the data are generated with
a;=0:5and o N (0;1)). The roughness of the function 7! Qn( ) is due to the small values of
the function 7! V;( ); this gives in nite values for Q.

+1n Vi( ): (7.11)

Flg 7.1:a; 7! Qso00( ).

In some cases, even the conditional varianc®y( o) is not bounded away from zero as shows the
following Lemma :

Lemma 7.1 Suppose that for the model[(7.10) the inputy admits a density with supportR and
ag0 6 0. If jo =minfj=ap; 6 0g exists, then the conditional varianceVp( o) is unbounded away from
zero.
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One also can note that even if the conditonal variance may be unbounded away from zero, it does
not vanish if ¢ is atomless :

Lemma 7.2 Suppose that for modeIO), the law ofy is atomless, then
P(o(0)=0)=0.

We de ne here a new contrast working also will small values of the conditional variance. Suppose
just for a moment (even this is not true) that (;) is a ARCH process with a conditional variance
bounded away from zero; if ¢ N (0;1) then 1=2(Q, +In2 ) is well de ned and is the exact

true anymore but the function

(Yo mo())?

Q: 7ME Vol o)

+In( Vo( )) (7.12)
is still a good contrast since g is the unique minimum of Q, provided the following identi cation
condition holds :

(mo( );Vo( ))=(mo( 0);Vo( 0))) = o

In fact, Q can be used as a contrast for the estimation of a parameter of the mean and/or the
variance of a conditional lawWg=Uy, for some stationary ergodic proces$(U;; Wi)=t 2 Zg; in our
caseUr = Yi 1,115 Y (prg and Wi = Yi.

SetnowU = Yy 15005 Y (prg and Wy = Y+ ¢, fort 2 Z, where( ); denotes an i.i.d sequence,
independent of the procesgY;), with E ¢ =0 and Var( o) = h for some real numberh > 0. Then
we have

E(Wi=U) = m( o), Var (Wi=U;) = Vi( o) + h;
and the contrast Q becomes

(Wo  mo( ))?

Qn()=E Vo( )+ h

+In(Vo( )+ h)

We obtain from independence,

(Yo mo( ))*+h

Qn()=E Vo( )+ h

+In(Vo( )+ h)

The number h > 0 avoids the problem of small possible values for the variance irf (7.[L2) : it will

following estimator :
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AN

nh = argmzin Qnin( ); (7.13)
1 X
Qnn() = o Gh () (7.14)
t=1
(Yp m())2+h .
Gh () Vi( )=+ h +In(Vi( )+ h): (7.15)

Observe that An;O is the classical QMLE. Forh > Oandn 2 N , Q,., has a more tractable expression
that Qn.o. The asymptotic properties of the estimator ", called smoothed QMLE will be derived
below.

7.4  Asymptotics of smoothed QMLE for AR-LARCH models

QMLE is very popular for conditionally heteroscedastic time series. Its asymptotic properties were
rst established by Weiss (1986) [22] for ARCH models. General results for the consistency of this
method are proved in Jeantheau (1998)[13]. Both its consistency and its asymptotic normality are
precised by Mikosch and Straumann (2006)[19] who set a nice theoretical framework for the univariate
case. For multivariate time series we defer the reader to Bardet and Wintenberger (2007)I[1]. For
GARCH models, mention among others the works of Lee and Hansen (1994) [17], Lumsdaine (1996)
[18], Berkes, Horvath and Kokoszka (2003)J4] and Francq and Zakoian (2004)]10]. As we will see,
asymptotics properties of the smoothed QMLE can be obtained using the same arguments as for the
classical QMLE.

Let us introduce some assumptions :

(A1) : (A(o) <O

(A2) : The roots of the polynomial P de ned by P(z) =1 P jqzl bo;j Z are outside the unit disk.
(A3) : 02 ,acompactsetsuchasforall 2 ,the rstcomponent ag of is strictly positive.
(A4) : The support of the law of { admits more than 2 points.

(A5) : o belongs to the interior  of

(A6) : EXg<1.

The top-Lyapounov exponent (A( o)) is de ned for the LARCH part only, as in (. Assumptions
(A1) and(A2) ensure existence and uniqueness of the AR-LARCH procegs ([7.9). The two following
results are devoted respectively t@.s. consistency and to the central limit behaviour of the smoothed
QMLE.
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Theorem 7.1 Under assumptions(Al1) (A4) the smoothed QMLE is consistent for each value of
h>0:

. N
n||'1m nh = o a.s.

Theorem 7.2 If (Al) -(A6) hold true, the smoothed QMLE is asymptotically normal for each value
ofh>0:

PR % o Pan N OGN, IMpN, !
where
Nn = NP+NP Mp=MP +MP +m;
o _ r mo( o)r mo( 0)° . @ _ r Vo( o)r Vo( 0)°
N = 2E o N7 = E ;
h Vo( o)+ h h (Vo( o) + h)2
N Vo( 0)r mo( o)r Mo( 0)°
M = 4E ;
h (Vo( o) + h)?
@ _ Vo( 0)2r Vo( o)r Vo( 0)°
M = 1E ;
T e ) (Vo( o)+ h)?
V,
MP = 2 E ol 0) ol o) Mo( o)r Vo( o)+ 1 Vo( o)r mo( 0)°

(Vo( o) + h)3

Remark. If q=0 then Y is a pure LARCH model (7.10) and we obtain the consistency and the
asymptotic normality of the smoothed QMLE as above. Its asymptotic variance writes asN r(]2) M r(12) N

7.5 Choice of the smoothing parameter h

We aim here at precising the asymptotic variance of the smoothed QMLE wheih ! 0. We denote
by k k the Euclidean norm for a vector or a matrix. For simplicity we write m (resp. V) instead of
mo( o) (resp. Vo( o)) and r m;r V for the gradient vectors.

Using the notations in Theorem we denotev, = N, *MpN, ! the asymptotic variance of the
smoothed QMLE (see Theorenj 7]2).

Unexpected results appear by plotting the asymptotic variance of the smoothed QMLE for small
values ofh. Suppose that we want to estimate the parametera of the model : X; = ((1+ aX; 1)
where ¢ N (0;1). Then the asymptotic variance of the smoothed QMLE denoted by, (a) seems
to verify limp, ovh(a) = 0 for a large subset of parameters (see gurp 7.2).

To study the behaviour of the asymptotic variance we setA B, the relation of order between
symmetric positive de nite matrices such that xX°Ax ~ x®Bx if for each x 2 RY, here A and B 2

M 4(R).

In the following Lemma we discuss the qualitative behaviour oh 7! v;,. Even if we were not able to
check monotonicity of this function (with the order ), we shall precise in some cases the behaviour
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of the asymptotic variance at the origin : herev = lim , o+ Vy = inf p> oV}, IS either degenerated or
has the same form that the asymptotic variance of the classical QMLE.
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Fig. 7.2:(h;a) 7! vh(a).
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The behaviour of the asymptotic variance nearh = 0 is related to the condition :
! !

kr mk? kr Vk?
v Iy mvyso:0) * E V2 Iveo < 1:

C: E

Of course ifg= 0 then the condition C reduces to

kr VK2

E V2

]lvgo <1:

One can remark that when o N (0;1), by lemma[7.2 we haveV 6 0 a.s and condition C ensures
the existence of the conditional Fisher information which is%,rVar (r qo:0( 0))-

Lemma 7.3 Let the assumptions of Theorenj 712 hold.
1. If condition C does not hold, thenimy, ¢ =0, where § is the smallest eigenvalue of},.

2. We suppose that eitherg = 0, or 6 0 but ( 3; 4) = (0;3) (i.e o has the same four rst
moments that a standard Gaussian). Then v =lim j,, o+ v, exists, andv vy, for h> 0.
Moreover v is non degenerate if and only if conditionC holds. In this case,v =( 4 1)N 1!
where :

r mr m° rvrve

N =2E Tll(r mv)so:0 +E Tlvso

Remarks. a. Condition C holds if there existsm > 0 with :

Vo(o) m>0 a.s. (7.16)

This is the case for example if o has a uniform distribution on [ P 3; P

Indeed we haveVo( o) = a3 (1 + eo)” where

X X
eo( o) = Aoj;, Aoj, 1 (1++ik)"

5 Po . .
3landa= " P jagjj < s

P P. 2
Note that jeo( 0)] {*.Fs< landm=aj, 1 2P- isa convenient value for|(7.16) to hold.
Condition (/.16) is a classical assumption to get the asymptotic properties of the classical QMLE,
but for model (7.9), this kind of restriction seems unrealistic.

b. From point 1 in Lemma|[7.3, if the condition C does not hold, then no asymptotically e cient
estimator with P n-rate can be exhibited. This is the case if :

EVo( 0) * Tyy(ge0 = 1: (7.17)
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Condition ([.17) is related to the behaviour of Vo( o) around 0. The following (arti cial) example
shows that this condition may hold.

Suppose thathy;; = :::= bpg=0andp=1,ap0=1,a01 =05 P(o=1)= P(o= 1)= and
P(o=0)=1 2 for 2 [1=4;1=2).

Then E o = 0 and from (7.7), EX$ < 1 and we may assumeE 3 = 1, for this we write X; =
t:p E3 E3+0:5 E(3)Xt 1 .From (@) the chaotic expansion of the solution writes :

Letn2 N and suppose that { = 1, { 1= = tn=21and ; (h+1) =0, then:
Xi= 2@ 2 ()

and thus Vi+1 ( 9) =2 ©@"*2  We now deduce :

E]llllm( 0)60 22N+2 p Vi ( o) =2 (2n+2)
t+1( 0) 1
2"2p = L, i1= = (n=1; 4 (e =0
n 1
— (1 2 ) n+122n+2
n 1

=1

This example shows that the condition [7.1}) may happen to hold. Now gure 7.2 seems to prove
that the model LARCH(1) also exhibits this condition for o N (0;1) but no formal proof is given
here.

c. It is clear that both the QMLE and the smoothed QMLE will apply for classical ARCH models
for which the conditional variance is bounded away from zero. In general the asymptotic variance
will write as vp;h 0 wherem;V denote the two rst conditional moments of the process. Then the
proof of the point 2 of lemma[7.3 shows that the QMLE is more e cient then the smoothed QMLE.

7.6  Numerical illustration

We illustrate the behaviour of the smoothed QMLE with an example. Our goal hereisto seeli! 0
gives best estimators as suggested by the Lemnja [.3. We get q =1 and we consider Gaussian
errors. We recall that asymptotic normality of the smoothed QMLE requiresEYg < 1 (Theorem
[7.9); moreoverEXg < 1) EYg < 1. The following Lemma gives a necessary and su cient
condition for the existence of the fourth moment of the solution of

Xt = t(ago+ ag1Xt 1) (7.18)
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if E3=0.

Lemma 7.4 Suppose thatE § = 0 then there exists a stationary solution of equation8) with
EX§ < 1 if and only if afE § < 1. In this case this solution is the unique stationary solution of

equation (7.18).

Remarks.
If o N (0;1) is a standard normal random variable the conditionag,E § < 1 writes jag;1j <
3 ¥ 07598
If ¢ follows the uniform distribution law _on the interval [ P 3; P 3] this condition writes jag.1j <
(5=9)%** 0:8633 . Thus if jagj > 1=p 3 05774 |, the processX is not bounded.
For the simulation study we have computed 500 smoothed QML estimators for sample sizes= 100
and n = 1000 and for the smoothing parametersh = 0:5;0:1 and 0:001 The value of the parameter
is 0=(0:5;1.6;, 0:7).
An expected problem is the irregularity of the function Q,., when h is small. This holds even for
very large values ofn. As an example we plota; 7! Qn:n(a1) in gure for the model :

Xt= t(1+0:5Xy 1); o N (0;1):

Then, to avoid optimization problems, we rst compute the estimators for h = 0:5; after this, using
those values to initialize the procedure, we start with an optimization procedure forh = 0:1; 0:001
We see from gure[7.4 that the mean square errors decrease as soonhadecreases. However ffi is
small, tting to a Gaussian distribution is not very good for n = 100 ( gure 7.5]and gure but a
large sample sizen = 1000 corrects this problem (gure and gure ). Hence the choice of the
value of h = h, (depending on the sample siz&) seems crucial. This problem is beyond the scope of
this paper because we did not exhibit a balance of terms explaining this phenomenon as this is usual
e.g. for non-parametric estimation.
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Fig. 7.3: Qnnh, n =20000, h=0:50r h =0:001

Estimators | Sample size S. QML
h=0:5]| 0:1 | 0:001
B n =100 1.9 1.1 | 0.9
Ao n =100 16.3 | 14.7| 13.9
a n =100 8 58 | 5.1
By n = 1000 01 [01]| O
Ao n = 1000 1.7 15| 1.4
a n = 1000 06 | 04| 03

Fig. 7.4: Mean square errors for the three estimators (10 3).
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Fig. 7.5: Normal Q-Q plots for the errors By bo:1.
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Fig. 7.6: Normal Q-Q plots for the errors By bo:1.
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Fig. 7.7:Normal Q-Q plots for the errors &; agp..
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Fig. 7.8:Normal Q-Q plots for the errors &; ag.1.
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7.7 Proofs
7.7.1 Proof of Lemma 7[1_]

jp=jo+1 =0 if jo = p. Then sinceago 6 0, X; 0 is not a solution of the equation ) thus

P(Z¢ 2 A) > 0. Moreover for z 2 A the support of the conditional law L(X ;,=Z j, = z) is the
whole setR which is in contradiction with the existence of a numberm > 0 such that

0 1,
xXP
Vo( 0) = @ago+ aj X j,+ aX (A m as,
i=jotl
7.7.2  Proof of Lemma 7[2_]
For simplicity, we denote . instead of (( o). The result is obvious ifag; =0, =1;:::;p since in

this case o= ap,060.
Now let jo 1 be the rst index such that agj, 6 0. Let = P( o = 0). We prove by induction
that :

8n2N; P(A,)= (7.19)
\n
where forn 2 N, A, = f . = 0g. This will conclude the proof. Indeed settingn ! 1, we
‘ =0 |
deduce thatP f ,=0g = andfrom the ergodicity of the procesy jj,)i2n We derive that

2 f0;19. HovJé?/er = 1 implies by de nition ¢ = X = 0 a.s which is impossible ifago 6 0 :
hence =0.
We now prove ). The de nition of implies the result for n = 0. Suppose thatP(A,) = and
let us prove that P(An+1) = . Then it is enough to proveP Ap\f  (441)j,60g =0 or:

P no=0, (n+1)j,860 =P(0=0; j,60)=0: (7.20)
, P _
Now o =0, X jio = jo jo = M, with M = Jp:jo"'l ag;j X i =a0;, (by convention
JP: ptl = 0). If is the law of the vector( j,; M), we get using independence :
Z

P(o0=0;, j,60)= P(a j, = b;a60) (da;db:

SinceP( o = x) =0, 8x 2 R, we have etablished|(7.20), and[(7.19) follows by induction.
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7.7.3 Proof of Theorem 711

We rst prove the following Lemma, useful to show that the parameter ¢ is identi able in the model

7.9.

HereY is a model satisfying [7.9) and note thatF; = (X{ j=j 2 N)= (Y; j=5j 2 N) fort 2 Z.

Lemma 7.5 We suppose that{A3) holds. Let U; and U, be two random variables measurable w.r.t
F 1and( j)oj pand( j)o j p be real numbers such thato 6 0. Then

1. (Xo U1) U, = 0 a.s) Us 0( 0) =0 a.s and U U= 0 a.s.

2. P(Xo U1) (Xo U2)=0) <1

PP
3. P 0( 0) + j=1 ij =0 <1

Po Py N ,
4. ot o X ot jo jX j =0;asimplies j=0;forallj=0;:::;p.

Proof.

1. Here(Xgo Up)U, =0 a.s) Uz o( 0) 0 = UiUo. Since ¢ is not a constant and it is inde-
pendent of (U2 o( o); U1U2) we haveU, o( o) =0 a.s., thus obviously U;U, =0 a.s.

2. If (Xo Ul)(Xo U2) =0 a.sthen
5(0) 6+ o(0)( U1 Uy o= Uy as

Sinceago 6 0, we haveX 6 0 a.s. Then there exists a realization ofX 1;X »;::: such that

o( 0) 6 0. For such a realization the support of the conditional law ¢=X 1;X 2;::: (by
independence this is also the law ofg) contains only two values. This yields a contradiction
with (A3) and the result follows.

3. We suppose
ol o) ot X j =0; as (7.21)
i=1
We set j =0 for | p+ 1. Suppose thatl = inffi  1=ay; 6 0g exists. We will show by
induction that for all i 2 N :

X
(o) ot iX j =0; a.s
il

From (7.21), the result holds fori = 0. Suppose that fori 2 N :

X
i(o) ot i X j =0 as:
j i+l
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Then successive applications of point 1) lead to

X
i(o) ot iX j =0, as.
i i+1)1

Nowas (o) = ago+t P JP:I ag; X i j andag; 6 0 we deduce from point 2) that (j.q); =0.
Moreover a new application of point 1) leads to  (j+1)1( 0) + i G+ X j =0 as
Hence the result follows by induction.
Now if i is large enough :

i(o) 0o=0 as.

Since o 6 0 this implies ( o) = 0 a.s. We have obtained a contradiction sinceX cannot
equalsO whenag.o 6 0. b

If now | does not exist, we haveX = ap.o and equation (7.21) becomesgy o+ j 1 j@0 j =
0 (a.s). Taking expectations this equality leads to o =0 and we thus exhibit a contradiction.

We have shown that relation ) is not possible and the result follows.

4, SettinqD i= j=0Iif] p+|% we suppose
ot 1 i X ] ot 1 X j =0 (a.s.) An application of point 2) implies 3
1 = 0. Moreover an application of point 1) gives

X X

0 + | X J 0 + j X i = 0
i 2 i 2

Then by an induction argument, it is obvious that for i 1, we will obtain ; =0 and
X X
ot iX ot iX j =0 as. (7.22)

joi ji
With i '1  we thus derive ¢ ¢ =0, hence ¢ = 0. Suppose that there exists somé 2 N
such that ; 6 0. Then ;=0 and applying point 1) to equality (.22) we get

X

i( 0) ot jX j a.s.

joi+l
We obtain a contradiction using the stationarity and the point 3) considered with ;.; instead
of j,] 1. Hence = ¢=0;foralli 1and the result follows.

From the previous Lemma we deduce the identi cation condition :

Lemma 7.6 If (A3) holds then

(mo( );Vo( ))=(mo( 0);Vo(0)) as) = o
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Proof. The equality mo( ) = mg( o) writes as :

xi
(Q tb;j)Yt j =0 as

=1

t j tj(o)2F¢j 1.Usingthe same argument as in the proof of point 1. in Lemm5, we obtain
t j( 0)=0 a.s. ThenX =0 a.s and this is a contradiction with ap,o 6 0. We deduce thathy = ly;,

Assume that equality Vo( ) = Vo( o) a.s holds, then as
mo( )= mo( o) as) m;()=m (o) j=1;:::;p as

we obtain using equation [(7.9) :

xXP xXP
a+agot+t (y+tag)X j a agpt+ (g ag)Xj =0 as

j=1 j=1
As ag + agpo > 0 we obtain ag = ap,0 by using point 4) in Lemma ), and g = ag; for all
j=1;::0p. Thus = .
Now we prove theore. The proof follows the proof of theorem 2.1 in Jeantheau [13] who proved
the consistency of the QMLE for general multivariate ARCH maodels (see theorem 2.1 of that paper).
As in [13] we use the following Theorem which is a staightforward generalisation of Theorem 1.12 in
Pfanzagl (1969) for i.i.d data.

Theorem 7.3 Let (Y;)i2z be a strictly stationary and ergodic process, a parameter in  a compact
of R4, and forn 2 N Qn be a contrast such that

1 X
Qn()= o f (YooY o)
t=1

wheref is a measurable function with real values and continuous in. Suppose that

2) TV Ef (Yo;:::;Y p; ) has a unique nite minimum at o,
The minimum contrast estimator An associated toQ, is thus strongly consistent :limpiq ’\n = 9
a.s.

Since inf o f (Yo;:::5;Y p; ) In h, assumption 1) of Theorem holds for the AR-LARCH
processY.
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We next prove that assumption 2) holds. We rst prove that Qn( o) = Eqon( 0) 2 R (from the
last point we know that Qn( o) is well de ned and 2 R[flg . From (Al) , Francq and Zakoian
[11] prove that EjXoj° < 1 for somes 2 (0; 1] (see the proof of Theorem 4.2 in[11]). hence :

S
Qn(o)=1+ %EM(VO( o)+ h)s 1+hs+ EVo( 0)5< 1:
Now we prove that for 2, Qn( ) Qn( o) and the equality holds only when = o.

For 2 , we have:

(Yo mo( ))*+h

& %)+ h

=E (Ao+B)’+C ;

where A = (Vo( )+ h) 2 o( 0), B =(Vo( )+ h) ¥(mo( o) mo( )) and C =(Vo( )+ h) *h.
If is the law of the vector (A;B; C), then we obtain using independence properties :
z
E(Aog+B)>+C = E (apg+hb?+c (da;db;dg= E A2+ B?+ C ;

and we have proved that

(mo( ) mo( )2+ h

Qn()=E Vo) + h

+In(Vo( )+ h)

We obtain :
Vo( o)+ h Vo( o)+ h

Vo()+h " Vo()+h

Since x Inx 1;,8>0 and x Inx=1, x=1 wederiveQn( 0) Qn() and:

Qn() Qn(o)=E 1

Qn( )= Qn(0)) mo( )= mo(0); Vo()= Vo(o) as
From Lemmal7.6, we get = ¢ which proves that assumption 2) of Theorenj 7.3 holds.
Then the consistency of the smoothed QMLE follows from Theorerp 7}3.
7.7.4 Proof of Theorem 72_]

We use very classical arguments, the approach of Straumann|21] allows to derive an uniform law of
the large numbers namely we will use :

Theorem 7.4 (Straumann (2006), Theorem 2.2.1, [21]) Let (v;)t2z be a stationary ergodic se-
quence with values irC K; R | the space of real continuous functions on a compa¢t  RY. Assume
Esup ,k kvo( )k< 1 then:

: X
lim sup = vi() Evo() =0; a.s
n!l 2 n t=1
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Before we prove Theorenj 7]2 we need the two following lemmas :

Lemma 7.7 Suppose thatA3 holds and letc 2 RP*9*1 such thatc% mo( o) = ¢t Vo( o) =0 a.s.
Then c=0.

Proof. We compute @rg=@jl{ o) = Y j forj =1;:::;p, @¥=@&( 0) =2 o o) and @¥=-@g& o) =
2X j o( o) for j =1;:::;p. Suppose that there existsc = ( 1;:::; ¢ o0;:::; p) 2 RPF4* such
that,

St mo( )= c% Vo( 0)=0; as

Then we obtain :

X
jY i = 0; a.s
j=1
As for the proof of Lemma[7.6 we obtain ;= :::= 4=0.
Hence equalityct Vo( o) =0 rewrites :
xd
oo ot i X j =0 as.

that c=0.
For the proof of theorem[7.2, the following moment conditions will be used :

Lemma 7.8 If EX§ < 1 then Ekr qon( k< 1 ;Esup r2gqn() <1:
2

Proof. We rst notice that

2(Yo  mo( ))r mo(1) T Vo( ) Vo() (Yo mo())?
Vo( )+ h (Vo( ) + h)?

r Qon( )= (7.23)

2n() = gy MO ma()?

20 mo( )
Vo( )+ h
o A T moC)r Vo( )% 1 V6( )r mo( )
Vo( ) (Yo mo())?
(Vo() + )2
h Vo()+2(Yo mo())?

(Vo( )+ h)3

r 2mo( )

r 2vo( )

r Vo( )r Vo( )°
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As is bounded since it is compact, the expressions of, and mg for model[7.9 entails the existence
of arealK > 0 such that :

Sup jmo( )j + kr mo( )k+j of )i+ kr o )k+ 1% o() U; (7.24)
i - Porgiy D) r 2mn =
with U=K 1+ j=11Y ji . Moreover for model ),r mo =0.
For r gon, we have :

2Xor Mo( 0) , I Vo( 0)( §)2Vo( o) |
Vo( o)+ h (Vo( 0) + h)2 '

r don( o) =

Then,
aXgU? | Vo( 0*U2(1  §)?

2
L (VA P S CA (Y G P T

This leads to : 3+
Ekr qon( ok® =

AsEX$<1) EY{f<1) EU2<1,weobtain Ekr gun( o)k?®< 1 .
For the second assertion, using the de nition of U and the inequality W % we see that
the fourth rst term in the expression of r 2gqun( ) can be bounded uniformly with respect to

EUZ:

the case since :

h Vo()+2(Yo mo( ))?

2
(Vo )+ )2 r Yok
h+ U%+2(jYoj + U)? 2
ANp( U
o)+ e 0
2 AV 2
h+ U2+ 2(jYo) + U)?, o
h2
The result follows thus from EYgt < 1 .
We now turn to the proof of Theorem([7.2. Since 2 , a Taylor expansion yields :
0O=r Qn;h(/\n;h) =1 Qnn( o)+ It/ln (An;h 0);
with M,(i;j) = @Qnn( )=@i@;; and "pn "wh o sfori=1;:ip+ g+l
Hence, 0 0
nr Qun(0)="nky ("un o) (7.25)
For each (;t) 2 Z, r °qun( ) is a measurable function ofYy;:::;Y, (p+q)» thus we infer that

r 2qen . Is a stationary ergodic andC( ; RP* a1 RP*a*1).valued sequence. According to Lemma
, sup r 2qo;h( ) is an integrable random variable, hence from Theore.4 :
2

Szup r 2Qn;h( ) FEr 2Cb;h( ) ! an O
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From "wn ! m1 o (a.s.) we thus conclude

fMo! nn Np=Er2gn( 0); as. (7.26)
Moreover Ny, is non-singular ; indeed using expressioB), we have

r mo( o)r mMo( 0)0+ ef Vo( o)r Vo( 0)°.

= 2E TN+ Vol o)+ h)2

and from Lemma[7.7 this matrix is positive-de nite. Now,

p_ 1 X _
NrQun(o)=P= 1 Gin( o) with Er, o1 Gp( 0)=0:
t=1
Since from Lemma,E Kr go:n( o)k2 < 1, (rgn( o), is an ergodic stationary Fi-martingale
di erence sequence with nite variance and from Theorem 23.1, page 206 inl[5],
X

1 .
p—ﬁ r oh( o) !DN (0;My); with My, = Varr gon( o):
t=1
Thus we infer

p—
n(An;h 0! N(O;NthhNhl)

Then the result follows from the expression oMy which is easy to derive from the expression of

r oon ([7.29) .

7.7.5 Proof of Lemma 7[3_]

1) We use the expression ofi, given in Theorem[7.2. Then, using the expression af o ( o) in (7.23)
and the triangular inequality, we have
Mn  (( 4 1)_ 2)Ny. This leads to the following inequality :

vi (4 1)_2)N,? (7.27)

Then 1 is smaller then(( 4 1)_2) n, where y is the smallest eigenvalue oN, 1 Thenitis
su cientto show that limp o h =0.As  =1= (Ny) where (Ny) denotes the spectral radius of the
matrix Ny, we need to show thatlimy,, o+ (Np)= 1 or equivalently that limp, o P5%* Np(isi) =

1 .But
Al
Nn(i;i) = 2 Ekr mk?(V + h) 1+ Ekr VK3(V + h) 2
i=1
and with monotone convergence :

. kr mk? kr VK? kr mk?® kr VK?
A BV By ez T 2E v demvison * BT

]lvg(): 1:
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Hence we conclude thatimy, g h =0.

181

2) We will only prove this pointif q6 0 and ( 3; 4) = (0;3). The caseq = 0 is omitted since its

proof follows from straightforward modi cations.
If (3 4)=(0;3) we rstremark that by (7.27), we have :

vh 2N, *
If y;:z2 RY and h;k > 0 we have :

Payn®z = PPl M) (rm=2)

V + kK
2p§E1=2 (r m=y)?(V + h) g1=2 @
(V + k)2 V+h
With analogous arguments we also have :
P @, Psiim (P VWAV + h)? N (AVEY:
2yN 7z T 2E VETL E Ve

Now using from the inequality (ac+ bd? (a?+ ) (?+ d?) :
2 YNz 2 yMeny  zZNnz;

_ rmr moV+h) rvVr VYV+h)2
whereMy.p =4E k)2 +2E wrRT

Now if z= N, *x andy = N, x, we get :

2XNpx  xN, *MnN, x:
Sincelimp; oMih = My, we obtain using {7.28) :
limsupx%hx  2limsupxN, *x  x%x:
ht 0 ht o+

We deduce that

limsupx%nx  liminf x%:
hi 0* ki 0*

(7.28)

(7.29)

The last inequality is obviously an equality and we conclude that forx 2 RP* 9*1 [imp,, ox%ux exists
and belongs toR* . By polarization limp, ¢x%y exists for all x;y 2 RP*9*1  Then one can de ne

v=limyp, o+ Vh. From (7.29), we deducev vy if k > 0.

Suppose now thatC holds. Then from the dominated convergence theorem we prove that

lim Mp =21lim Ny =2N:
h! 0 h! 0

From Lemma|[7.7 this limit is non degenerated. The expression of in this case follows now from the

continuity of the application A 7! A 1.
Now if condition C does not hold, then the point1 shows thatv is degenerated.
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7.7.6 Proof of Lemma 7[4_]

If aj,E § < 1then a3, < 1 and from Theorem 2.1 in [14] there exists a unique stationary solution
of equation (7.18). The fourth moment of this solution exists from [7.7).
If now there exists a stationary solution of equation [7.1B) such thatEX$ < 1 . As

Exg =E SE aé;o + aé;lxg + 6ag;oag;1xg "‘430:0"7‘8;1)(03 + 488;030;1)(0 ;
sinceE § =0 implies EX§ =0 we get :
EXé =E gE aé;o"‘ ag;lxg"'Ga(%;Oa%;ng :

Hence 1 aj.E § EX§= E § afo+6a50a5,EX§ andaf,E §< 1.
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