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Résumé

Ce travail doctoral étudie les propriétés théoriques et asymptotiques des processus et des champs
aléatoires stationnaires dont se déduisent des applications en statistique et en simulation. Une pre-
miére partie (Chapitres 2, 3 et 4) a pour objectif de construire des nouveaux modeéles de champs
aléatoires de type autorégressifs, sous forme de schémas de Bernoulli, et de donner des résultats au
sujet de leur théorie limite. Des notions de dépendance faible sont utilisées, plus générale que les
notions bien connues de mélange fort ou d’association. Nous envisagerons un principe d’invariance,
faible et fort, pour les champs aléatoires considérés.

Dans un deuxiéme temps, nous nous intéressons & quelques problémes d’estimation dans deux contextes
de dépendance bien précis. Nous étudions au Chapitre 5 un probléme de simulation de textures dans
un contexte de rééchantillonnage pour des champs de Markov fortement mélangeants dans un cadre
non paramétrique. Le Chapitre 6 est consacré 4 la construction et  ’estimation des paramétres d’une
nouvelle série chronologique & valeurs entiéres de type ARCH. La construction est établie en utilisant
des arguments de contraction établis dans le cadre des champs aléatoires et le comportement asymp-
totique des estimateurs des parameétres, obtenus par quasi-maximum de vraisemblance gaussien est
fondée sur des arguments de type différence de martingales. Enfin nous présentons au Chapitre 7
une nouvelle méthode d’estimation des paramétres pour des modeéles ARCH de type markoviens, mé-
thode obtenue en lissant la quasi vraisemblance gaussienne et nous appliquons cette méthode & une
série hétéroscedastique de type LARCH pour laquelle les faibles valeurs de la variance conditionnelle

rendent difficile I'utilisation de la méthode classique du quasi maximum de vraisemblance.






Abstract

This PhD thesis studies theorical and asymptotic properties of processes and random fields with
some applications in statistics and simulation. A first part (Chapter 2, 3 and 4) is devoted to the
construction of new models of random fields with a random error, expressed in term of Bernoulli
shifts and to give some results about their limit theory. Weak dependence conditions used are proved
to be more general than the well known notions such as strong mixing or association. We will study
in this part the weak and strong invariance principle, for the random fields of interest.

The second part of this thesis will be devoted to study estimation and simulation’s problems with
two kinds of dependence contexts. In Chapter 5, we first consider the question of texture simula-
tions, with a non parametric resampling scheme for strong mixing random fields. The Chapter 6 is
devoted to the construction and the parametric estimation of a new integer valued ARCH time serie.
The existence result uses contraction arguments etablished in the first part for random fields and
the asymptotic behaviour of parameters estimators, obtained using the (Gaussian) Quasi Maximum
Likelihood Estimator (QMLE), is etablished with martingal differences type arguments. Finally, in
Chapter 7, we introduce a new estimation procedure for Markovian ARCH models. The principle of
this method is to smooth the Gaussian QML. We apply this method to the parametric estimation of
LARCH type processes, for which the small values of the conditional variance make difficult to apply
the usual QMLE technique.
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Chapitre 1

Synthése des travaux

1.1 Dépendance faible des champs aléatoires

Plusieurs mesures de dépendance ont été introduites pour modéliser les champs aléatoires. Il s’agit
bien souvent de méthodes d’abord introduites dans le cadre des séries temporelles puis adaptées au cas
des champs aléatoires. La mesure de dépendance la plus connue est le mélange fort (a«—meélangeant)
et a été introduite a l'origine par Rosenblatt (1956) [30]. Nous référons au livre de Doukhan (1994)
[10] pour la définition et les exemples d’autres types de mélange ainsi que de nombreux théorémes
limites trés utiles. Nous rappelons la définition des coefficients de a—mélange. Soit r une distance
sur R, d € N*,

Definition 1.1 Si X est un champ aléatoire indexé par Z¢, on définit pour a,b € N* U {oo} et
k S R+ N

ax(k,a,b) = sup {IP(ANB) — P(A)P(B)|, A€ o(Xg),B € 0(Xp)},
E,FeZer(E,F)=k,|E|=a,|F|=b

ow pour A CZ% X4 = (X;) Le champ aléatoire X est dit a—mélangeant si :

JEA”

lim ax(k,a,b) =0, a,beN".

k—o00
Nous rappelons aussi la définition de ’association pour les champs aléatoires. Cette notion est intro-
duite par Esary, Proschan, et Walkup [I7]. Une référence récente pour les théorémes limites de ces

champs ainsi que de certaines de leurs fonctionnelles est le livre de Bulinski et Shaskin [7].

Definition 1.2 Un champ aléatoire X indexé Z¢ & valeurs réelles est dit associé si pour toute partie
I finie de 7% et pour toutes fonctions f,q définies sur R, bornées et croissantes coordonnée par

coordonnée :
Cov (f(X1),9(X1)) >0,

ot X1 = (Xi)ier.



2 Synthése des travaux

Voici maintenant la définition de la dépendance faible au sens de Doukhan et Louhichi (1999) [11]
pour les champs aléatoires. Cette notion de dépendance a été essentiellement étudiée dans le cas des
séries temporelles et a fait I’oeuvre récemment d’un manuscrit [9]. Voici les définitions que nous allons

principalement utiliser dans la suite de ce travail.

Definition 1.3 Soit [|(s1,...,5q)|| = max{|si|,...,|sal} pour si1,...,sq4 € Z. Un champ aléatoire
(Xt)eza @ valeurs dans E = R¥ est dit faiblement dépendant si pour une suite (ex(r))ren de limite
0

|Cov(f(X817 <o 7X8u) ) g(thv <o 7Xt1))‘ < w(U,U,L'pr, Lipg)&x(?“),

ot les indices s1,...,5y, t1,...,t, € Z sont tels que ||sp — ;|| > 7 pour 1 <k <wand1 <1 < w.
De plus, les fonctions a valeurs réelles f, g définies sur (]Rk)u et (Rk)v, satisfont || f|loos [|9lloo < 1 et
Lip f, Lip g < 0o ot une norme || - || est donnée sur RF et,

Lpr: sup ’f(xl""7x“)_f(ylw"ayu)“
(1'17---,l’u)7£(y1,-.-,yu) Hxl - ylH + -+ qu - yuH

Si Y(u,v,a,b) = au + vb, on parle de n—dépendance et la suite cx(r) sera notée nx(r).
Si Y(u,v,a,b) = au + bv + abuv, on parle A\—dépendance et la suite ex(r) sera notée Ax(r).

Sip(u,v,a,b) = au+bv+abuv+u+v, on parle de w—dépendance et la suite € x(r) sera notée wx (r).

Un exemple de champs aléatoires n—faiblement dépendants est celui des schémas de Bernoulli spa-

tiaux, c’est-a-dire de la forme :
Xy =H (b)) jeza), teZ (1.1)

ou & est un champ i.i.d et H une fonction mesurable. Cette notion de dépendance apparait dans
'article de Doukhan et Lang (2002) [10].

La notion de A—dépendance a été introduite par Doukhan et Wintenberger (2007) (|14]) dans le
cadre des séries, et permet de considérer des schémas de Bernoulli suffisamment régulier avec
un champ & associé.

La notion de w—dépendance plus générale que la précédente permet de considérer en plus des schémas
de Bernoulli lorsque & est un champ fortement mélangeant sous réserve que a¢(r, a,b) < (a+b)u,,
a,b € N* et la suite u vérifie lim, s u, = 0.

Les trois mesures de dépendance faibles que nous venons d’introduire sont stables si on considére
des fonctionnelles de type Lipschitz du champ. Ainsi si l'innovation £ est 1, A ou w—faiblement
dépendante alors on peut montrer qu’il en est de méme pour le champ . Il faut bien noter que
cette propriété de stabilité fait défaut dans le cadre de ’association ou du mélange fort. Fn effet par

exemple, il est bien connue que dans le cas d’une chaine de Markov,

X = F(thﬁét)
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les propriétés de mélange fort sont liées & I'existence d’une partie absolument continue pour I'inno-
vation. De plus il existe des exemples de telles chaines non mélangeantes, par exemple le modéle AR
d’Andrews [1] et nous donnons dans le chapitre 2 de cette thése un autre exemple qui concerne un

modéle ARCH. Cette pathologie n’a pas lieu dans le contexte plus général de la dépendance faible.

1.1.1 Champs aléatoires auto-régressifs

Le Chapitre 2 de cette thése est un travail joint avec Paul Doukhan. Nous montrons I’existence de
champs aléatoires strictement stationnaires a valeurs dans F = R* de la forme (1.1} et solutions

d’équations autorégressives du type :
X, =F ((Xt_j)jezd\{o}; ft) . (1.2)

Le champ aléatoire £ est supposé stationnaire et a valeurs dans un espace E’, le plus souvent £’ = R¥
et la fonction F définie sur EZ\MOD x g/ Lipshitz contractante ce qui permet d’appliquer le
théoréme de point fixe de Picard pour prouver I'existence et I'unicité d’une solution de type a
I'equation (1.2).

Ce type de construction est nouveau et se différencie des champs de Gibbs dont D'existence est
prouvée a l'aide de spécifications conditionnelles et avec des arguments de relative compacité. Ici
notre construction utilise des conditions de contraction de type Lipshitz. Voici le résultat principal

de ce chapitre :

Théoréme 1.1 On suppose que & est un champ stationnaire et que :
(H1) [|F(0;0)|m < o0
(H2) 1l existe des réels aj > 0, pour j € Z% et a > 0 tels que ZjeZd\{o} aj =e % < 1, vérifiant
pour tout z, 7 € EZ"\M0})

IF(z;60) = F(Z56) < D ajllzi—#l,  as (1.3)
JEZN{0}

Alors il existe dans L™ une unique solution stationnaire & l’équation , Cette solution s’écrit sous
la forme .

Au sujet de la dépendance faible dans le cas d’innovations i.i.d., nous avons obtenu :

Théoréme 1.2 Supposons & i.i.d. ainsi que (H1) et (H2). Alors la solution de l’équation
obtenue dans le Théoréme est n—faiblement dépendante et il existe une constante C' > 0 telle que

<C-i % 19 :
nx(r) < C pléle* {e P + |z|>: al} (1.4)
il|>p

1Si V est un espace vectoriel et B un ensemble quelconque alors V&) ¢ VB désigne ’ensemble des suites v = (vp)ven

pour lesquelles il existe un sous ensemble fini B1 C B avec vy, = 0 pour b ¢ Bs.
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Nous montrons également 1’hérédité de la n, A—dépendance faible : Si le champ aléatoire £ est
n, A—faiblement dépendant alors le champ X solution de I'équation (1.2)) est aussi 7, A—faiblement
dépendant lorsque on remplace ’hypothése (H2) par :

(H2’) 1l existe un sous-ensemble = C £’ avec P (§ € Z) = 1, des nombres positifs (a;);cza tels que
Z a; =e “ <1avec o > 0 et une constante b > 0 telle que
JEZN{0}

1F(z5u) = Fa'sa)l < ) agllay — 2l +bflu o
JEZN{0}

)

pour z, 2 € EZ\OD et u, ' € E.

Proposition 1.1 Supposons (H1) et (H2’).

1) Sile champ aléatoire & est n—faiblement dépendant, avec des coefficients de dépendance ne(r),
alors X est n—faiblement dépendant et il existe un nombre C > 0 tel que,
<C inf { o+ inf {a" e ((r = 20m) v 0) |,
nx(r) < C inf { Y aj+ inf {a"+p"ng ((r —2pn) v 0)

PEN* 5
l5lI>p

2) Si le champ aléatoire & est A\—faiblement dépendant, avec des coefficients de dépendance notés
Ae(r), alors X est A—faiblement dépendant et il existe C' > 0 tel que,

< inf . inf n 2n -9
Ax(r) < CplenN* z; aj + nlélN* {a + 7" Xe ((r — 2pn) V 0) }
jill>p

Dans le cas o £ est un champ i.i.d., une notion de causalité dans I’équation (|1.2)) permet d’alléger
les conditions de moment sur l'innovation £. En effet dans le cas général de I'équation (|1.2]), il faut

supposer 'innovation £ bornée sauf lorsqu’elle est additive.

Definition 1.4 Si A C Z%\ {0}, soit c(A) le cone conveze de R? engendré par A,

k
c(A) = {ng/ (G1y-ordi) € AF (r1, ... k) €RE L k> 1}.
=1

1) La partie A est dite causale si c(A) N (—c(A)) = {0}.
2) Si F' est mesurable par rapport & la o-algébre FoQB(E') pour une partie A causale, alors l’équation
Xt = F ((Xi—j)jer; &) est dite A-causale.
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Pour une partie causale A C Z%, on notera, A= c(A) N Z%. On retrouve alors la notion de demi-
plan asymeétriques introduite par Helson et Lowdenslager (1959) [12] pour généraliser la théorie de
la prédiction sur Z2. Pour une équation A—causale, un ordre de type lexicographique apparait alors
naturellement dans 'ordonnancement des variables du champ. Les modéles envisagés peuvent étre vus
comme des généralisations au cadre spatial des séries temporelles de type ARCH. Ce type de champ
n’avait été envisagé jusqu’alors que dans le cadre linéaire ([13],[17]). Voici le résultat d’existence et

d’unicité pour les équations A—causales.

Théoréme 1.3 Soit X; = F ((Xt_j)jezd\{o};ft) une équation A-causale avec une innovation i.i.d.
€. Nous supposons (H1) ainsi que la condition suivante :

H3) I existe une suite de nombres positifs (a;).cza telle que a; =e %<1 avec a >0 et
1) JEL J

jeEA
|F(x:60) = F(2';&0)lm < D ajllay —afll,  Va,a' € EENOD.
jeA
ors il existe dans une unique solution strictement stationnaire a ’équation (1. elle que
Al il existe d L™ ; luti trict t stati ire X o 'équati 1.2) tell
pour t € Z%, X, soit mesurable par rapport d la tribu o (&"t,j/j € g) Cette solution est n—faiblement
dépendante ; de plus la relation vaut pour une constante C' > 0.

Des calculs en terme d’espérance conditionnelle sont aisés pour les modéles solutions d’équations
A—causales du fait de 'ordonnancement des variables. Toutefois I'existence d’une direction privilégiée
est contraire au comportement attendu d’'un phénomeéne spatial. Dans le cas général d’une équation
de type non causale, les calculs en terme d’espérance conditionnelle ou méme de moments croisés
semblent difficiles d’accés. Seul le cadre des modeéles linéaire SAR (Simultaneous AR) [16] avait été
envisagé par le passé mais dans le cadre linéaire il existe une factorisation de ces modéles en un
modele CAR (Conditional AR) obtenue a 'aide de la densité spectrale, ce qui permet d’avoir une
interprétation du modéle en terme de prédiction linéaire et d’assurer ’estimation des paramétres.
Dans le cadre non linéaire d’une équation de type , le probléme de 'estimation paramétrique ou
non paramétrique semble difficile pour le cas non causal.

Concernant la simulation de ces champs aléatoires, un algorithme de simulation approchée est donné,
conséquence directe de la méthode du point fixe. Par exemple, dans le cas particulier o F'(z;u) =
f(xj,,...,xj,;u) pour une fonction f satisfaisant (H1) et (H2) , alors pour un champ & donné, la
suite de champs aléatoires (X™),, définie par :

X! = f(0:&),tezd, XM = F(XP . X)), pour n >0

converge presque stirement vers la solution X. On peut remarquer que ce principe de simulation par
une telle méthode récursive a des similitudes avec I’échantillonneur de Gibbs pour la simulation des

champs markoviens. Nous reviendrons sur cette derniére méthode lors de la simulation de textures.
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1.1.2 La faible dépendance

Le Chapitre 3 de cette thése est un travail joint avec Paul Doukhan et Nathanaél Mayo. Dans ce

chapitre le cadre général de la dépendance faible est donnée aussi bien pour les séries chronologiques

que pour les champs aléatoires. Nous rappelons les différentes formes de dépendance ainsi que les

exemples associés. A travers I'exemple de 'estimation des coefficients d’une série ARCH non marko-

vienne, nous expliquons comment la dépendance faible peut étre utilisée pour montrer la normalité

asymptotique de 'estimateur des moindres carrés.

Des résultats relativement importants sont ensuite donnés au sujet de la théorie limite des champs

aléatoires A et w—faiblement dépendants. Tous les résultats seront énoncés dans un cadre plus général

que la stricte stationnarité puisque nous supposerons seulement :

(A1) Tl existe m > 2 tel que sup;cza E|X;|™ < oo.

Dans la section 4.1, nous montrons des inégalités de moments de type Marcinkiewicz-Zygmund,

E’ ZXj‘q < C|U|%?, on U est un bloc de Z¢ (i.e U = (a,b] = ((a1,b1] X - -+ X (ag,bg)) N Z% avec
JjeuU

a,b € R a1 < by,...,aq < by), |U| désigne le cardinal d’un ensemble fini U et ¢ est un nombre réel

> 2. La preuve adapte les idées de Bulinski et Shashkin [6] pour des inégalités de moments d’ordre

gq=2+46,0€][0,1].

Nous prouvons ensuite un théoréme central limite pour 'une ou 'autre des types de dépendance

envisagée. A cet effet nous utilisons les hypothéses suivantes.

Si X est un champ aléatoire centré et (D,,), une suite de sous-ensembles finis de Zd, Sn=>_

jEDy, Xj7

eto? = Var (S,,), nous supposons :

(A2) Le champ aléatoire X est A— faiblement dépendant avec Ax(r) = O (r=), A > 2d V d(m —
1)/(m —2).

(A%) Le champ aléatoire X satisfait wx(r) = O (r=%), w > 3dV dm/(m — 2).

(Ag) linnliorolfog/|Dn| > 0.

Théoréme 1.4 Si (A1), (As) ou (Ah) et (Ag) sont vérifices alors o, 'S, 2 N(0,1).

Les résultats précédents (inégalité de moments et tlc) sont enfin utilisés pour déduire un principe
d’invariance faible. Nous notons pour ¢ € Z%, S,(t) = > je(ont Xj avec la convention Sy (t) = 0 si
Nigigd ti = 0.

Sous la w—dépendance nous supposons :

(A) wx(r)=0(r %), w>3dV d—4;nn:25.

Le résultat suivant est obtenu :

Théoréme 1.5 Soit X est un champ aléatoire centré et stationnaire au second ordre (stationnarité
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Jaible). Supposons (A1), (Az) ou (AY), alors :

D([0,1]¢
n—d/ZSn(t) ([_>] ) o

W(t), o®=> EXoX; >0,
jezd
ot W est un mouvement Brownien o d paramétres.
L’inégalité de moments prouvée dans ce chapitre sera utilisée dans le chapitre suivant en vue de
la construction d’une approximation forte pour les sommes partielles de schémas de Bernoulli a

innovations i.i.d.

1.1.3 Le principe d’invariance fort

Le Chapitre 4 étudie un Principe d’Invariance Fort (PIF) pour des schémas de Bernoulli spatiaux
dans le cas d’innovations i.i.d. Ce type d’approximations concerne ’approximation presque stire
des sommes partielles d’un champ aléatoire par une mouvement brownien multiparamétré.

Plus précisément, soit X indexé par Z¢, de la forme et & valeurs dans R, K > 1. For t € Z¢
and [ € N*, on définit les o—algébres

Fig=0 &5/ il <1),

ainsi que Xy = Eg, , X;. Sil est pair on pose Xy;/9 = Xy (41)/2- Pour [ = 0, on pose Xy; = Xy,
vt € Z4.

La mesure de dépendance qui sera utilisé pour le champ X est donnée par les coefficients :
p(l) = [[Xo — Xoull,, €N (1.5)

Nous aurons besoin des hypothéses suivantes :
(A1) X = (X})4eza est un schéma de Bernoulli a valeurs dans RX| K € N* ot (&),cz4 est un
champ aléatoire ii.d. De plus il existe & > 2 et C > 0 tel que E || Xg|" < oo et pour r € N,
p(r) < C(r+1)""onn > 2d hol.

(A2) T'= " 74T (Xo, X;) est une matrice définie positive.
La suite de coefficients (p(l));en+ mesure la qualité d’approximation du schéma de Bernoulli X par
un champ aléatoire m—dépendant. La convergence de cette suite vers 0 entraine automatiquement

la propriété de n—faible dépendance.

Le résultat d’approximation utilise les ensembles G, 7 € (0, 1) définis par :

d

Gr = ({7 = Groood) €N o= (T30}

s=1 s'#s

Nous avons alors obtenu le :
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Théoréme 1.6 Sous les hypothéses (A1) et (A2) et pour 7 € (0,1), il existe € > 0 et X peut
étre redéfini sans changer sa distribution sur un espace de probabilité plus riche avec un mouvement
Brownien a d paramétres W = {W;,t € [0,00)?} tel que :

Sy — Wy =0 ([N]UH) , NeG,nz (1.6)
Ici Sy =3 eo,n Xj €t [N] = Ni--- Ng.

Le premier résultat d’approximation forte pour les champs aléatoires a été établi par Berkes et
Morrow (1981) [4] dans le cadre des champs fortement mélangeants. Ces auteurs montrent qu’une
approximation du type ne peut avoir lieu lorsque N est trop proche des axes et ceci conduit &
I'introduction de parties "équilibrées" pour 'asymptotique (d’ou I'introduction des ensembles G ). De
la méme maniére, d’autres PIF pour les champs aléatoires ont été récemment établie pour les champs
associés par Balan (2005) [3] et leurs extensions par Bulinski et Shaskin (2005) [6]. Contrairement a
ces deux derniers cas, notre preuve ne nécessitent que des décroissances de type polynomiale pour les
covariances car nous tirons le bénéfice d’une approximation par des champs aléatoires m—dépendants
pour pouvoir générer les variables gaussiennes. Récemment, cet avantage a été utilisé dans le cas des
séries de type ARCH dans les travaux de Aue et al. (2006) [2] et Liu et Lin (2008)[I8]. Ces derniers
auteurs obtiennent des résultats de vitesse optimaux dans le sens ou ils retrouvent les vitesses du cas
i.i.d. Nous n’avons pas investi le probléme de optimalité dans notre cas (ici déterminé par la valeur
de €); le contrdle des moments utilisent les résultats généraux des champs n—faiblement dépendants
alors que dans le cas des séries, l'utilisation de décompositions en différences de martingales rend
ce controle plus efficace. Il serait alors intéressant d’investir une meilleure inégalité de moments que

celle que nous avons utilisée, pour le cas des schémas de Bernoulli & innovations i.i.d.

1.2 Quelques problémes d’estimation paramétriques et non paramé-

triques

1.2.1 Simulation de textures par champs de Markov

Dans le Chapitre 5, nous nous intéressons le probléme du rééchantillonnage des champs aléatoires et
son utilisation dans le cadre de la synthése de textures par champs markoviens. On appelle texture un
motif graphique non trivial et la simulation de textures va consister en la construction d’une image
reproduisant la texture initiale mais sur une surface de taille supérieure. La Figure [L.I] ci-dessous
donne un exemple d’une telle simulation.

Notre étude est guidée et motivée par la généralité statistique d’'une méthode de simulation. A cet
effet nous étudions en particulier un algorithme non causal extension du bootstrap de Bickel et Le-

vina (2006) [5] énoncé dans le cadre des champs unilatéraux et dont le but était d’expliquer les bons



1.2. QUELQUES PROBLEMES D’ESTIMATION PARAMETRIQUES ET NON PARAMETRIQUES9

FiGg. 1.1: Synthése d’une texture a partie d’un échantillon.

résultats de algorithme de Efros et Leung [16]. Il est d’usage pour les textures de considérer les
valeurs des pixels observées comme une réalisation d’un champ markovien stationnaire. L’objectif
est alors d’estimer ce champ et d’en simuler une trajectoire approchée pour reproduire une texture
similaire mais de taille plus importante. Les techniques qui ont eu le plus de succés comme 1’algo-
rithme de Efros et Leung sont non paramétriques. Cependant ces types d’algorithmes n’ont le plus
souvent pas de réelles justifications théoriques. Dans cette direction, Bickel et Levina proposent un
bootstrap formel consistant pour expliquer ces algorithmes. Nous rappelons tout d’abord le principe
de rééchantillonnage formulé par Bickel et Levina.

Pour 0 € N*, t = (t1,t2) € N* x N* et s € N* x N*, on définit les ensembles :

Uy = {u#teN xN% max(l,t; —0) < uy < ¢y, max(1,tp —0) Suz < to
U(s) = U —{t}+{s}
Wt = {1,,t1}x{1aat2}\{t}

Bickel et Levina supposent que le champ aléatoire qui définit la texture vérifie la condition suivante :

Definition 1.5 Un champ X = {X;, t € N* x N*} est unilatéral si il existe o € N* tel que pour

t € N* x N¥,

P(X:/Xw,) =P (X¢/Xv,) . (1.7)
Soit maintenant X le champ aléatoire qui modélise une texture, observé sur {1,..., 71} x {1...,T»}
i.€.

(X, te{l,....,Ti} x {1...,T»})
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est connue. On considére ensuite un noyau W : R® — R. De plus pour une largeur de fenétre b > 0,
on définit :
Wy(y) = b~ “W(y/b) for all y € RL.

Dans la suite, on note X* = { X/, t € N* x N*} la texture générée a l'aide de (X¢, t € {1,...,T1} X
{1...,T%}). Voici I'algorithme :

1. On choisit {X; : 1 <t; <o+ 1,1 <ty < o0+ 1} uniformément dans ’ensemble de carrés de
taille (0 + 1) x (o+1) de (X, t € {1,...,T1} x{1...,T5}).

2. Supposons que pour (u,v) € N* x N* X} a été généré pour t € {1,...,u—1} x{1,...,0} U
{u} x{1,...,v—1}, c’est a dire, u — 1 lignes sont totalement remplies, et la ligne u est remplie
jusqu’a la colonne v. Pour générer la valeur X; = X Fu,v)’ soit N; une variable aléatoire discréte
de loi : .

P(N: = 5) = — Wy (X{, = Xu(s)

pour s € N* x N* such that U(s) C {1,...,T1} x {1...,Th} et ou Z = > Wy(Y" — Yi(s))
est une constante de normalisation. La somme précédente est indexée par ’ensemble des sites
s dont le voisinage considéré est inclus dans la texture observée.
3. On génére N; et on pose X} = X(*u,v) = Xn,-
La base de cette méthode est I'estimation non paramétrique de la fonction de distribution condition-
nelle ponctuelle du champ. En effet, si A est une partie finie de Z2, et Y; = Xy 4, t € Z2, Bickel et
Levina estime la distribution Fx/y(v/y) = P(X < z/Y = y) par :

ZSEIT Wb(y - Yg)(sXs (dl‘)
ZSGIT Wb(y - }/5) ’

ou I est 'ensemble des s tel que (Xg,Y;) soit observé. L’étape 2 de l'algorithme ci-dessus indique
que Fy:/y=(dz/y) = Fr(dz/y) pour A= Us.

Fr(dz/y) =

Les hypothéses introduites par Bickel et Levina seront aussi nos hypothéses de travail.

(A1) Le champ aléatoire X est strictement stationnaire et a-mixing, i.e. si pour k,u,v € N*,

ax(k,u,v) = sup {|P(AB) — P(A)P(B)|, A€ 0(Xg),B € o(Xr)}
E,FEZ2,d(E,F)=k,| E|=u,|F|=v

sont les coefficients de mélange tels que il existe € > 0, 7 > 2 qui satisfait pour tous les entiers

u,v > 2, u+v < ¢, ol ¢ est le plus petit entier pair tel que ¢ > 7,

Z(k + 1)2(cfu+1)flaX(k7uvv)e/(chE) < 0.
k=1
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(A2) X; a un support compact S C R.
(A3) Fxy = P(X; <Y, <), Fxy et Fy = P(Y; <) ont des densités bornées, continues et

strictement positives (notées respectivement fxy, fx/y et fy) par rapport a la mesure de

Lebesgue. De plus, il existe L > 0 tel que pour y,y' € S4, z € S,

‘/ fX,Y(Zay)dZ_/ fxy(zy)dz| < Ly -]

(A4) Si [ est la dimension de Y;, le noyau W : R — (0, 00) est borné, symétrique et Lipshitz. De
plus,
/uW(u)du =0 and / |lul] W(u)du < oo.

On définit W, (u) = b' W (u/br), ot by = O([T]~?), with § > 0.

Bickel et Levina ont montré la convergence uniforme presque sire de l'estimateur Fr vers F,y.
Nous donnons en plus une indication quant a la vitesse de convergence presque stire. Notons que

cette convergence est indépendante d’une quelconque hypothése markovienne sur X

Théoréme 1.7 Si X est un champ aléatoire qui satisfait (A1l — 4), alors pour toute partie A finie
de 72 :
sup  |Pr(z/y) — Fxyy(z/y)| = O (1177)  as

(z,y)€SXSA
2 0 T2 th=bpr= O] §= - 12
S S D rur2 VTS ([T]7) avee 0 = sy roray-

Bickel et Levina prouve ensuite la consistance de leur bootstrap ; sous I’hypothése d’unilatéralité les
lois jointes sont reconstructibles & partir des lois conditionnelles.
Notre objectif a été ensuite de voir si les distributions conditionnelles Frr pouvaient étre utilisées dans

le but d’une simulation non causale. A partir de maintenant, nous posons
A=N,={j€Z%/0< ||, <o}
Les champs unilatéraux sont des cas trés particuliers des champs de Markov qui vérifient :
P(X:i/Xs,8 # 1) = P(Xe/Xeyw,), t€Z2 (1.8)

L’intérét de notre recherche est bien siir d’avoir un résultat de consistance pour un champ aléatoire
markovien stationnaire en général satisfaisant , sans 'hypothése d’unilatéralité supposée par
Bickel et Levina. Les problémes mathématiques qui interviennent pour cette généralisation sont
plus difficiles. En effet, dans le cas non causal, les lois jointes du champ ne sont pas directement

reconstructibles & partir des lois conditionnelles. De plus il n’existe pas en général de champ aléatoire
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admettant Fr(dz/y) pour distributions conditionnelles ponctuelles (c’est-a-dire les lois d’un site
sachant les autres). Nous référons a [16] pour une explication de ce probléme et pour la définition
de champ de Markov qui se fait & 'aide d’un potentiel d’interactions. La définition d’un champ
de Markov nécessite d’avoir toute une famille de lois conditionnelles sur toutes les parties finies de
I’espace sachant leur complémentaire.

Nous avons alors considéré une technique de rééchantillonnage a partir des méthodes usuelles de
simulation pour les champs aléatoires, comme |’échantillonneur de Gibbs dont nous rappelons le

principe. Soit Z est un champ de Markov sur X, et R est un rectangle de Z? avec :
IR = (R+N,) \ R.

Fixons pour i € OR, des valeurs arbitraires x; € S. Pour simuler & I'aide de 1’échantillonneur de
Gibbs une réalisation approchée de P(Zr/Zsr = xor), on initialise I’échantillonneur en choisissant
une valeur 2(0) € S*. Une suite d'images (i) € S¥, i € N*, est alors définie en visitant une infinité
de fois chaque site s € R et en remplacant & chaque fois la valeur du pixel au site s par une réalisation
de la distribution conditionnelle P (Zs/Zs1 a7, = y), oil y représente les valeurs des pixels aux sites
voisins de s dans R U OR. On peut alors montrer que :

lim z2(i) =P (Zr/Zor = zor) en loi.

1—00
Nous avons montré que si on utilise les distributions Fr, avec un schéma de visites de type lexico-
graphique dans I’échantillonneur de Gibbs, on obtient une mesure limite v sur S¥ et que :

lim vr = P(XR/X(')R = xaR) , o a.S,

T—o00

la limite précédente étant la limite en loi. Il resterait en fait & étudier 'asymptotique véritable de ce
bootstrap, en supposant que pour 7' fixé on fait tourner I’échantillonneur de Gibbs & 'aide des lois
Fr sur un rectangle Ry tel que Ry /' 7?2, puisque une simulation de textures se fait sur un rectangle
plus gros que le rectangle I des observations. Nous n’avons pu trouver de preuve dans ce cas.

Pour appliquer concrétement ce bootstrap non causal & la synthése de texture, d’autres techniques
de simulations sont nécessaires. En effet les longs temps de relaxation stochastique et la nécessité
de prendre en compte les caractéristiques de la texture & différentes résolutions demandent un algo-
rithme adapté emprunté a Paget et Longstaff (1998) [19]. Ces auteurs avaient étudié une méthode
similaire & la notre mais dont la validation reposait uniquement sur des simulations. Nous avons
donné des exemples convaincants de cette méthode pour la simulation de texture, en utilisant les
grilles multirésolutions et la fonction de température introduites par Paget et Longstaff. En effet les
méthodes de type causales pixel par pixel marchent trés bien mais certaines simulations montrent
une tendance & "casser" lorsque 1’on s’éloigne du germe associé a U'initialisation de ces algorithmes. Il

faut tout de méme noter que les méthodes récentes de simulations de textures utilisent directement



1.2. QUELQUES PROBLEMES D’ESTIMATION PARAMETRIQUES ET NON PARAMETRIQUES13

des blocs au lieu de générer les pixels un par un. Dans ce cas les problémes de type "cassure" des
méthodes causales peuvent étre éviter et les temps de calcul sont relativement courts. Cependant ces

méthodes présentent d’autres défauts.

1.2.2 Un modéle de type bilinéaire pour des séries a valeurs entiéres

Au Chapitre 6, dans un travail joint avec Alain Latour, nous définissons un nouveau modéle auto-
régressif a valeurs entiéres. Deux éléments nouveaux sont introduits pour prendre en compte deux
nouvelles contraintes pour ce type de modéle. Tout d’abord la nécessité d’avoir un modéle qui prend
des valeurs aussi bien positives que négatives. Une telle contrainte est naturelle si on est amené a sta-
tionnariser par différences un processus & valeurs entiéres positives. Ensuite ’observation de certaines
séries suggére le besoin d’une hétéroscédasticité plus forte pour pouvoir expliquer des instabilités dans
le comportement des données.

Le modéle que nous avons étudié utilise une extension d’un opérateur connu dans la construction des

modeles & valeurs entiéres positives : Popérateur d’amincissement (voir [21]).

Definition 1.6 (Opérateur d’amincissement signé) Soit Y = (Y;)ieny une suite i.i.d. de va-
riables aléatoires a valeurs entiéres d’espérance o et indépendantes d’une variable & valeurs entiéres

X. Lopérateur ao est défini par :

sign(X) Z‘Z):ql Y, si X #0;
aoX =
0, sinon.

Dans la définition précédente, la notation sign(z) pour un réel x vaut pour le signe de x (1 si x > 0,

—1 sinon). Le modéle que nous étudions dans ce chapitre est défini par :
[o.¢] o
Xy = ZajOthj—*_thﬁj Othj + M. (19)
j=1 j=1

On suppose la suite Ee; = 0 et pour t € Z, soit :

& = ((Ytg))(i,j)eN*xN*, (Y;Sz]‘))(i,j)EN*xNMEtvnt) .

On suppose la suite (&)iez i.i.d. et pour tout t € Z, &, indépendante de la suite <3~/t(f)>(l Py

On peut observer ’analogie avec les modéles de type ARCH introduits dans le cas d’un espace d’états

continu, spécialement avec le modele bilinéaire introduit dans [22].
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Théoréme 1.8 Supposons que pour un entier m > 1,
> . . 0 ) o
o= || +leoll [T <1 WO +[T] +tmoll <00 (120)
Jj=1 j=1

alors il existe une unique solution stationnaire a [’équation telle que :
- E|| Xo|™ < 0.
- X; € 0’(&,&_1,. . .), t € 7.

La méthode utilisée pour prouver le théoréme [1.8 utilise des résultats du Chapitre 1 énoncés pour le
cadre général des champs aléatoires causaux. Nous avons aussi utilisé une inégalité de moments pour

lopérateur d’amincissement (Lemme 3.1, point 4) déja utilisée par Drost et al. [14].

Soit p € N* fixé. Le modéle paramétrique que nous avons considéré est le suivant :

p P
Xt :ZajOXt—j+€tZ/8joXt—j+nt' (111)
j=1 J=1
Lorsque ¢, = 0, t € Z, on retrouve (modulo extension sur Z de V'opérateur d’amincissement)

un modeéle connu, le Ginar(p) (voir [15] et [26]), qui est en fait I’équivalent, & valeurs entiéres, du
modeéle AR du point de vue de la structure de covariance. Nous avons procédé i une estimation des
coefficients du modéle a l'aide de l'estimateur du quasi-maximum de vraisemblance gaussien
(QMLE, abréviation issue de V’anglais). Voici le probléme d’estimation que nous avons envisagé et
les hypothéses que nous avons utilisé.

Pour (t,j) € Z x {1,...,p}, on définit les c—algebres :

Fi=o(Xip:keN), Gy=o¥ :ieN), and Gj=o¥) ieN),

ainsi que les hypothéses suivantes :
1. Vt € Z, les o-algebres Gy 1,...,G ) (resp. g}l, ey §t7p) sont indépendantes.

2. Pour t € 7Z, les o-algebres o(e¢), o(n:) et (Vi<j<pGrj) V (v1§j§p§t7j) sont mutuellement indé-

pendantes.

Remark Pour un entier d > 1, soit © a sous ensemble de R% et 6y € O.

Pour 1 < j < p, on considére les fonctions b;, cj, wj, u, v : © — R telles que :

i) bj(0o) = a; and ¢;(6p) = B;. Pour assurer l'identification, on suppose qu'’il existe jo € {1,...,p}
tel que B;, > 0 et que la fonction c¢j, est positive sur ©.

ii) w;j(fp) = Var (Y1) + 02 x Var (YD), 62 = Vare.
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iit) p(6o) = Eno et v(6o) = Var (o).
Nous utilisons aussi les hypothéses suivantes :

H1) O est un compact de R%.
H2) Condition (1.10)) est vérifiee pour m = 2.

H3) Le support de la distribution de 7y contient au moins 5 points distincts si Var (eg) # 0 et 3,

sinon.
H4) La fonction v satisfait : h = infgco v(6) > 0.
H5) La fonction f : © — R3P*+2 définie par :

F0) = ((6:00),¢1(0),w;(0)) 1, - 1(6). ¥(0))

est injective et continue sur ©.

Pour (¢,0) € Z x ©, soit

p
mi(0) = u(0) + > b;(0) X,
j=1
et
2 p
Vi(0) = o® | D i) Xey | + D wi(0) [Xe—j| +v(0).
=1 =1
On a alors :

E(Xt/Ft_l) = mt(Go), Var (Xt/ft—l) = ‘/15(00)

On peut alors observer que la moyenne conditionnelle est la méme que pour le processus GINAR(p).

En revanche, la variance conditionnelle differe du GINAR(p) par une partie polynomiale de degré 2.

Concernant ’estimation des paramétres, nous utilisons le QMLE. Voici le principe :

Supposons que X, ..., X_py1 sont observées. On définit le contraste :

(X —mu(9))°
Vi(6)

1 T
Qr(6) = 7= > ai0);
t=1

2
mm=E<<““;$§”)+m%wo>;

O = arg min Qr(0).

q(0) = + In V;(0), teZ;

Nous avons alors prouvé le résultat de consistance suivant :
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Théoréme 1.9 Sous les hypothéses H1) o H5), on a : Or —q.s. 0o

Dans la suite, si g est une fonction, g : © — R, on note Vg son gradient et V2g¢ sa matrice hessienne.

Nous avons également prouvé la normalité asymptotique de notre estimateur, avec des hypothéses

supplémentaires :

H7) La condition (|1.10]) est satisfaite pour m = 4.

H8) La fonction f est deux fois différentiable sur © et rankV f(6y) = d. De plus, infgee w;(0) >
0,vV5=1,...,p.

H9) 6y est un point intérieur a ©.
Théoréme 1.10 Sous les hypothéses H1), ..., H9) :
\/T(éT —6y) —7T—00 N(O,F&lGoFgl) en loi,

ol

F() = ]E(VQQO(Go))
= E (Vo(6o) 2VVo(00)VVo(6o)) + 2E (Vo(bo) Vo (0o) Vmo(6o)')

et

Go = Var (Vqo(6o))
= E (Vo (o) ~*(Xo — mo(60))*VVo(60) VVo(6o)")
—E (Vo(0o) 2V Vo (60)VVo(0o)') + 4E (Vo(6o) " Vimo(60) Vimo(6p)')
+E (Vo (o) ~*(Xo — mo(60))*VVo(60) Vimo(6o))
+ E (Vo(60) > (Xo — mo(60))*Vmo(60) VVo(60)’)

Enfin nous avons déduit de notre approche une généralisation dans 'utilisation paramétrique du
modeéle GINAR(p). En effet, Pestimation de ce modeéle dans [15] ou [26] utilise les moindres carrés
conditionnels pour estimer le paramétre des opérateurs d’amincissements (en fait les moyennes «;
dans ) Grace au QMLE, on peut en fait estimer 2 paramétres de ces opérateurs. Nous référons
a la section 5 de ce Chapitre pour de plus amples détails.

Une perspective pour ce travail sera de confronter ce modéle avec des données réelles, comme par

exemple la série représentée dans l'introduction du Chapitre 6.
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1.2.3 QMLE lissé et estimation des modéles LARCH

Dans le Chapitre 7, une nouvelle méthode d’estimation est considérée. Les modéles de type LARCH
possédent un probléme majeur en vue de leur identification, du fait que leur variance asymptotique ne
soit pas bornée inférieurement. Ces modéles ont été introduits dans le cadre de la longue portée (voir
[20], [21] et [22]). Dans un contexte de courte portée, le modele autorégressif que nous envisageons

est du type
Yi = bo1Yi1+---+bogYi—g + X, (1.12)

p
Xy = & a0,0+za0,th—j 5 teZ (1.13)
j=1

avec £ une suite i.i.d. telle que E&y = 0, Eﬁ% = 1. L’existence d’une solution stationnaire au modéle

(1.12) a éte étudié dans [18].

Posons

6o = (bo,1,---,b0,4,000,---,00p),
Notre but ici est d’estimer ce parameétre 6. Un travail récent de Francq et Zakoian [19] étudie ce
méme probléme & ’aide d’'une méthode par méthode des moindres carrés pondérés. Ces auteurs
montrent également que le QMLE Gaussien déja présenté au Chapitre 5 est inconsistent en général
pour le modéle . Nous avons proposé une méthode différente & 'aide d’un contraste pénalisé,
qui a été aussi introduite récemment par Beran et Shiitzner [5] dans le cadre du modéle LARCH mais

pour l'estimation de parameétres dans le cadre de la longue portée.
Pour 0 = (by,...,bg,aq,...,ap) € RFTITL et t € Z, on pose :

q
mt(e) = Z ij;ffjv
j=1

Vi) = o2(6) = (a+ > a; (n,j—mt,j(e)))2.

J=1

Si /i =0(Y;-1,Y;—2,...)onapourt€Z:
mi(0o) = E (Y;/Fi-1), Vi(bo) = Var (Y/Fi—1) .

Par stationnarité, on peut toujours supposer que les données Y, Yy,—1,...,Y_(,14)41 sont observées.

On définit alors pour un paramétre de lissage h > 0 :

O, = i 0
hn = argmin Qnn(0),
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— (Yi —mq(0))> +h
Vi(0) + I

Qnnl0) =~ +log (Vi(6) + 1) (114

t=1
Pour h = 0, on reconnait le QMLE qui ne semble pas applicable ici. Nous avons montré que pour
tout h > 0, sous certaines conditions, notre estimateur éh,n était consistant et asymptotiquement
normal (Théorémes 1 et 2 de ce Chapitre).
Nous avons ensuite étudié le comportement de la variance asymptotique de notre estimateur en
fonction de h. Le Lemme 3 de ce chapitre discute les cas ou la plus petite variance est atteinte
lorsque h — 0 (c’est en particulier le cas pour un modéle LARCH ) Cette variance limite peut
étre dégénérée.
Des exemples de simulations dans ce chapitre suggérent la nécessité de trouver un équilibre pour la
valeur de h. Si on diminue h, 'erreur quadratique semble moins importante sous réserve que la taille n
de I’échantillon soit assez importante. Une méthode pour déterminer h = h,, serait alors intéressante
& étudier, ainsi qu’'une asymptotique adaptée. La confrontation de ce modéle avec des données réelles

est cependant envisageable & h fixée et serait intéressante & poursuivre.
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Chapitre 2

A fixed point approach to model random
fields

Abstract

We introduce new models of stationary random fields, solutions of

X¢=F ((Xt—j)jezd\{o};ft) ;

the input random field & is stationary, e.g. £ is independent and identically distributed (iid). Such
models extend most of those used in statistics. The (nontrivial) existence of such models is based on
a contraction principle and Lipschitz conditions are needed ; those assumptions imply Doukhan and
Louhichi (1999)’s [11] weak dependence conditions. In contrast to the concurrent ones, our models are
not set in terms of conditional distributions. Various examples of such random fields are considered.
We also use a very weak notion of causality of independent interest : it allows to relax the boundedness

assumption of inputs for several new heteroscedastic models, solutions of a nonlinear equation.
Note

The content of this part is based on a paper, written in collaboration with Paul Doukhan.

2.1 Introduction

Description of random fields is a difficult task, a very deep reference is Georgii’s (1988) book [11];
a synthetic presentation is given by Féllmer (1985) [II]. The usual way to describe interactions
makes use of conditional distributions with respect to large sets of indices. This presentation is
natural for discrete valued random fields as in Comets et alii (2002), [I]. The existence of conditional

densities is a more restrictive assumption for continuous state spaces. The existence of random fields

23
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is often based on conditional specifications, see Follmer (1985) ([11], pages 109-119) and Dobrushin
(1970) [], through Feller continuity assumptions. The uniqueness of Gibbs measures is often based
on projective conditional arguments; it follows with a mixing type argument. Such conditions rely
on the regularity of conditional distributions; applications to resampling exclude such hypotheses.
Various applications to image, geography, agronomy, physic, astronomy or electromagnetism may for
instance be considered, see [11] or [13].

We omit here any assumption relative to the conditional distributions. Our idea is to define random
fields through more algebraic and analytic arguments. We present here the new models of stationary

random fields subject to the relation :

Xy =F ((thj)jgzd\{o};gt) (2.1)

where £ = (&);eza is an independent identically distributed (iid) random field. The independence of
inputs £ may also be relaxed to a stationarity assumption.

For the models with infinite interactions , the existence and uniqueness rely on the contrac-
tion principle. Lipschitz type conditions are thus needed, they are closely related to weak depen-
dence, see [II]. Analogue weak dependence conditions are already proved in Shashkin (2005) for
spin systems, [14]. A causal version of such models, random processes solutions of an equation
X = F(X4—1,X4-9,...;&) (t € Z) is considered in Doukhan and Wintenberger (2006), [20]; in
this paper the results are proved in a completely different way fitting to coupling arguments. Our
results state existence and uniqueness of a solution of as a Bernoulli shift X; = H((§—s)sezd)
as well as the weak dependence properties of this solution.

Our models are not necessarily Markov, neither linear or homoskedastic. Moreover the inputs do not
need additional distributional assumptions (like for Gibbs random fields). They extend on ARMA
random fields which are special linear random fields (see [13] or [16]). A forthcoming paper will be
aimed at developing statistical issues of those models. Identification and estimation of random fields
with integer values will be considered in [5].

The paper is organized as follows. We first recall weak dependence from [I1] in § . General re-
sults are then stated for stationary (non necessarily independent) inputs. Those results imply heavy
restrictions on the innovations in some cases : a convenient notion of causality is thus used. A last
subsection addresses the problem of simulating such models.

A following section details examples of such models. They are natural extensions of the standard
times series models. We shall especially consider LARCH(o0) and doubly stochastic linear random
fields for which this causality allows to relax the boundedness assumptions. Proofs are postponed to

a last section of the paper.
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2.2 Main results

In order to state our dependence results, we first introduce the concepts of weak dependence. Our
main results will be stated in the following subsection. After this, causality will be proved to imply
other powerful results. A last subsection is aimed at describing a way to simulate those very general

random fields.

2.2.1 Weak dependence

We recall here the weak dependence conditions introduced in Doukhan & Louhichi (1999). They may

replace heavy mixing assumptions.

Definition 2.1 Set ||(s1,...,sq4)|| = max{|si|,...,[sq|} for s1,...,84 € Z. One E = RF—valued
random field (X;);cza is weakly dependent if for a sequence (e(r))ren with limit 0

|Cov (f(Xsyyooy Xsy)s 9 (Xtyy ooy X)) < (u,v, Lip f, Lip g)e(r),

where indices s1,...,5y, t1,...,t, € Z% are such that ||sp —t|| > 7 for 1 <k <wand1 <1< v.
Moreover, the real valued functions f,q defined on (Rk)u and (Rk)v, satisfy || flloo, l9]lcc < 1 and
Lip f, Lip g < oo where a norm || - || is given on R* and,

Lpr: sup ’f<x17"'7xu)_f(ylﬂ"'vyu”'
(xlv---7$u)7ﬁ(y17-~-,yu) Hl'l - ylH +--- 4+ qu - yuH

If Y(u,v,a,b) = au+ vb, this is denoted as n—dependence and the sequence c(r) will be written n(r).
If Y(u,v,a,b) = abuv, this is denoted as k—dependence and the sequence e(r) will be written k(r).

If Y(u,v,a,b) = au+vb+abuv, this is denoted as \—dependence and the sequence €(r) will be written

(7).

2.2.2 Random fields with infinite interactions

Let € = (£;);cz4 be a stationary random field with values in E' (usually E' = R¥ for some &’ > 1 but
in some cases E’ is a denumerable tensor product of such sets). We shall consider stationary E = R”
valued random fields driven by the implicit equation . For a topological space S, B(S) denote
the Borel o-algebra on S.

We denote I = Z2\ {0}. In the sequel, F : (EY) x E', B(E!) ® B(E')) — (E,B(E)) denotes a
measurable function defined for each sequence with a finite number of non-vanishing arguments (ﬂ)

In this paper ||-|| will be arbitrary norms on E (or E’ when needed). We will always use the suppremum

'If V denotes a vector space and B an arbitrary set then V{®) ¢ VE denotes the set of v = (vp)pes such that there
is some finite subset By C B with v, = 0 for each b ¢ By.
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norm on Z% and this norm will be also denoted by || - ||. We prove that simple assumptions entail

existence of a unique solution as a Bernoulli shift
Xi = H ((&—5)jeza)

Let p denote £’s distribution ; this is a probability measure on the measurable space (E’ Zd, B (E’ Zd)) .
For some m > 1, we denote || - ||, the usual norm of L™ and the space of p-measurable H :
(E’Zd, B(E’Zd)) — (E,B(FE)) with finite moments is denoted

L™ (n) = {H/ E[IH()||" < oo}.

We shall use the assumptions :
(H1) [[F(0; §0)lm < oo.

(H2) There exist constants a; > 0, j € Z¢ such that Vz, 2’ € E@N{0}),

IFG6) - Pl < S allm -2l as (22)
JEZIN{0}
Z a; = e ¢ < 1.
jezi\{0}

We now extend the function F' to the trajectories of a stationary random field :

Lemma 2.1 Assume (H1) and (H2). Let X and X' be two E—valued stationnary random fields in
L™, then :

1) lim F((Xjlo<ji<p)j=0;€0) exists in L™ and a.s., we denote it F ((Xj)jezd\{o};§0>,
p—00 =

2 |F (X ezn oy &) = F(XDjengop@o) |, < D ay|1%5 - X5,
" jenavioy

Theorem 2.1 Assume that £ is stationary and (H1) and (H2) hold. Then there exists a unique
stationary solution of equation . This solution writes Xy = H ((f’t_j)jezd) for some H € L™ (p).

Lemma, below, will also provide us with an approximation of this solution with finitely many
interactions.
Weak dependence of the solution (iid inputs)

In the general case we shall restrict to independent inputs to derive n—weak dependence of the

previous solution.
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Theorem 2.2 Assume that £ is iid and (H1) and (H2) hold. Then the stationary solution of equa-
tion obtained in theorem is n—weakly dependent and there exists a constant C' > 0 with

<O —a L .
n(r) <C- it {7 +“Z> ) (2.3)
i||>p

Remark. If a; = 0 for ||| > p then n(r) < C- e 2.

Sub-geometric rates are now derived from specific decays of the coefficients :
Lemma 2.2 (Geometric decays) If a; < Ce Pl there exists a constant C' > 0 with

n(r) < ClrT e VoBr/2,

Lemma 2.3 (Riemanian decays) If a; < C||i||™® for a B > d, there exists C' > 0 with

n(r) < C' (L)H.

Inr

Thus a large range of decay rates may be considered for such models of random fields.

Weak dependence of the solution (dependent inputs)

If £ is either  or A—dependent it may be proved in specific examples that weak dependence is here-

ditary. Here follows a general result. The following assumption will be necessary :

(H2’) There exist a subset = C £’ with P (o € Z) = 1, nonnegative constants with Z aj =
JEZMN{0}
e ® < 1 and a constant b > 0 such that

IF(25u) = Fa'sd)l < )0 agllay — 25l +bflu o
JEZN{0}

)

for all 2,2’ € EZ™MOD) and u, v € =.
We quote that assumption (H2’) is more restrictive than (H2)

Proposition 2.1 Assume (H1) and (H2’).

1) If the random field & is n—weakly dependent, with weak dependence coefficients ne(r), then X is
n—weakly dependent with, for some C > 0,

n(r) < C inf { > ai+ inf, {a” +p"ng ((r = 2pn) v 0) }}

peEN* 5
ll511>p
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2) If the random field & is A—weakly dependent, with dependence coefficients denoted A¢(r), then X
1s A—weakly dependent with, for some C' > 0,

< : . : n 2n o
Ar) < C inf, ”Z; aj+ inf {a +p2"Ne ((r — 2pn) \/0)}
J1>P

Remark. For models with finite interactions, i.e. F'(x;u) = f(xj,,...,xj,;u) for x = (x;),0, this

simply writes

M) < cnf {a" 4 K ((r — 2pn) VO))
neN*

Ar) < ¢ inl\fl' {a™ + k" A¢ (r —2pn) VO) },
neN*
here p = max{||j1|, ..., |[jrl}- If ne(r) or A¢(r) have geometric or Riemannian decay the same holds
for the output random field. More precisely set a = e~ and k = e under n-dependence and k? = e*
under A-dependence, then decay rates of the outputs (X;) write
ap”_ . .
Geometric decays : e o206+ | for dependence decays of the inputs with order e 77,

ab
Riemannian decays : 1 ats, for dependence decays of the inputs with order r~?.

2.2.3 Causality

For d = 1, the recurrence equation X; = &(a + bX¢—1) is given with F(z;u) = u(a + bz1). There
exist a stationary solution with & and X; 1 independent. Here (H2) implies that innovations are
bounded, which seems unrealistic. In this example, instead of H ((&:)iez)) € L™(p), this is enough
to exhibit solutions H ((&)r>0) € L™ (p) (which is independent of (£5)s<0). This allows to replace
suprema by integrals in (H2) in order to derive a contraction principle. Causality of random fields
has been considered in Helson and Lowdenslager (1959) [12] ; we adapt this idea in order to relax the

previous assumption.

Definition 2.2 (causality) If A C Z¢\ {0}, we denote c(A) the conver cone of R? generated by A,

k
C(A) = {Z’l‘zﬁ/ (]1,,]k) EAk,(’l“l,...,’l“k) ERI_CH /{72 1}.
=1

1) The set A is a causal subset of Z% if c(A) N (- c(A)) = {0}.
2) If F is measurable with respect to the o-algebra F4QB(E") for some causal set A, then the equation
Xt = F ((Xv—j)jer; &) is A-causal.

For a causal set A C Z%, we denote by A the subset ¢(A) N Z%,
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Examples. A singleton is causal, as well as {i,j} if and only if —j ¢ i - RT. The half plane
{(i,7) € Z?/i > 0} J{(0,5);7 > 0} C Z? is also causal.

One consequence of this notion is the elementary lemma :
Lemma 2.4 If A is a causal subset of Z2, then ¥(j, ') € A x A we have j + j' # 0.

For a linear basis b = (by,...,bq) of R (x1,...,24) — 21by + -+ + 24bg, defines an isomorphism
f: R — R% We denote by <; the total order relation on R? defined by :

u<pv e W) < £ (V)
with <j., the lexicographic order on RA.

Proposition 2.2 (characterization of causal sets) If B is a conver cone of R® such that B N
(—B) = {0} there exists a basis b of R? such that B C {j € R?/0 <, j}. Moreover if b is a basis of
Re, {j € Z¢/0 <} j} is a causal set of Z¢ witch will be called mazimal causal subset.

Remarks.

— The maximal causal subsets of Z are {1,2,3,...} and {—1,—2,...}. An example of maximal causal
subset of Z2 is {(i,5) € Z*/i >0 or (i = 0,5 > 0)}.

— Helson and Lowdenslager (1959) [12] define symmetric half planes as subsets S C Z? such that S
is stable by addition and SU (—S) = Z2, SN (—S) = {0}. A nice review of this causality condition
is given in Loubaton (1989) [13], applications are essentially given in terms of linear random fields.
Note that S\ {0} is a maximal causal subset of Z2. This notion plays a prominent part in prediction
theory of 2-D stationary process (see [13]).

If D C Z¢, we denote by m, (respectively ) the coordinate applications in EZ (resp. in (E’)Zd),

§p = o(ms;s € D) and §Fp = o(ml;s € D). Hence we denote by L' (1) the subspace of L™(u) of

functions pu-measurable with respect to §'p. The following result takes this definition into account to

relax the assumptions in theorem

Theorem 2.3 Let X; = F ((Xt_j)jezd\{o}; ft) be a A-causal equation with iid inputs £. Besides the
assumption (H1) we assume the following condition :

H3) there exist nonnegative constants with a; =e *“<1 and
g J

jEA
1F(2;60) — F(a':60)lm < > ajllzs —afll,  Va,a’ € BENOD,
JEA
Then there exists a unique strictly stationary solution X of this equation in L™ if for each t € Z¢,
X; is measurable wrt o (ft_j/j € /T)

This solution writes Xy = H ((ft,j)jezd) where H € ]LZJ. and it is n—weakly dependent; moreover
relation still holds for a constant C > 0.
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Now the function F' is extended as follows :

Lemma 2.5 Suppose (H1) and (H3). If { is independent of U((Xj,X]'-)/j € A) for two random
fields X and X' in L™ then,

1) lim,_. F((Xj To<|1j)1<p)j0; 50) exists in L™ and it is denoted F((Xj)j?go; fo),
2) || F((X3)20:60) — F((X])j20:€0) |, < D as 1X5 = X5,
jeEA
2.2.4 Simulation of the model

Simulations of those models are deduced from the proof of the existence theorems based on the
d d

Picard fixed point theorem. Consider the shift operators 6; : (E’)Z — (E/)Z defined as (zg)pezd —

(Tk+j)reza- For H € L™ (u) we note

@y(H) = F (((H 2 0))1yp) ;1 70)
It is shown in theorem [4.2]s proof that the application ® : L™ (y) — L™ (u) given by
(H) = F((H o 6;)jz0;70)-

is well defined and has a fixed point in L™ (u).

The proof of theorem shows that it is also the case for a A—causal equation if we replace L™ (u)
by L™ (u).

For n,p € N*, t € Z% we denote X7 = &™) (0) ((€—5);cz4) and X2y = B (0) ((4—5) ez4)-

Lemma 2.6 We assume that conditions in theorem or in theorem hold for some m > 1. Let
n € N then :

1. For every t € Z%, || Xy — XP||,,, < a™|| Xollm, hence limy,_oo X' = X; a.s.

2. if p € N we have, || X, —X;th < || Xol|m {a”+ ﬁzlljlbpaj}' Thus if p = pn 15 chosen

m
such that Z ( Z aj) < 0o then
nzl ||j]>pn

nhlrolo Xpi=Xt, as (2.4)
Remarks.

— If the random field has finitely many interactions, then 1. provides a simulation scheme.

— For each finite p the operator ®,, can be calculated thus relation (2.4)) provides an explicit simulation

scheme even for infinitely many interactions.
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— A.s. convergence rates may also be evaluated in the previous lemma. They write 045 (a"n°) in the
first point for each € > 1/m and 0q.. (n7°) for 0 <e < a—1/mif 3>, a; < Cn™* for some
C > 0,a > 1/m in the point 2.

— If T c 7% is a finite set the random field X may be analogously simulated over 7' and (X;)ser is

estimated by (Xl?mt)tET .

Simulation scheme for finitely many interactions

Let F(z;u) = f(zj,,...,xj,;u). The sequence of random fields X" is defined from :

X! =f0;&),tezt, X = f(XP X 04), forn >0

We now simulate samples (X/°)1<, +,<15 of LARCH models with d =2, k=" =1 and p = 10 :

thét(1+ > anH-)
o<|l5lI<p
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FiG. 2.1: Non causal LARCH field Fi1aG. 2.2: Causal LARCH field
. 0.05 . .
1) In the figure , we represent the non causal case with a; = s and & is uniform on [—1,1].
1 2
2) Figure deals with the causal case with a; = % if 0 < 41,72 < 10 and a; = 0 otherwise. In this
1T J2

case, & is N(0, 1)-distributed.
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2.3 Examples

Theorems [2.2] and [2.3] are now applied to examples of random fields with infinite interactions. Cau-
sality will allow to weaken moment conditions. In fact, theorem proves a contraction principle in
L™ for each value of m while theorem [2.3] only works with one fixed value of m.

2.3.1 Finite interactions random fields

If & = (¢, ) with ¢, € RP and ; a p X ¢ matrix, and functions f(-) € RP and g(-) € R?
Xe=f(Xtwty, s Xim) +19(Xtmty, -+ Ximgy,) + G (2.5)

with £1,..., 0 # 0.
E.g. non linear auto-regression corresponds to 7 = 0 and ARCH type models are obtained with

¢ = 0 (classically p = g = 1, f is linear and g*(z1,...,zy) is an affine function of 27, ... ,xi)
Theorems imply the following lemma,

Corollary 2.1 Suppose ||(ol|m < oo and

k
If (@, esmn) = flyn, - ol <0 20 billzs — il
i .
lg(@1,. . mk) = g(yr, o)l < D25=cllzy — 5l

k
1. If & is iid and Z (bi + [[v0lloccs) =€ < 1, then n(r) < C (67%) for model ,

=1

k
If the equation is causal and Z (bi + |70llmei) = e < 1, the same holds.

i=1
k
2. If now & is n or A\-weakly dependent, g bounded and Z (bi + [Y0llooci) = €™ <1, then X isn

i=1
or A-weakly dependent. Decays are given according to proposition |2.1)

The remark following proposition states precise decays. The volatility coefficients v need to be
bounded in the general case and they only have finite moments under causality. Functions f and g
may only depend on a strict subset of the indices 1,..., k.

2.3.2 Linear fields

Let X be a solution of the equation

Xt = Z o Xi_j + G, (2.6)
jeA
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innovations ¢; are vectors of E = R¥ and coefficients of are k x k matrices, || - || is a norm of algebra

on this set of matrices and X will be an F valued random field. Let A € Z%\ {0}, we assume that

the iid random field £ = ((a{)j% Ct) a takes now its values in (kak)A x E; here M}y, denotes
te

the set of k x k matrices.

Proposition 2.3 Ifb=3 ;4 HO%Hoo <1, then theore applies with a; = HO(%HOO,

For a causal equation if b= 3 4 Haé”m < 1 theorem applies with aj = Ho%”m.
In both cases the solution of equation writes a.s. and i L™,

(o]
_ J ) Ji . Je .. Ji ) )
Xy =G + E :O‘t&ﬁ + E E el N A S N SRy
jeA =2 j1,ji €A

This means that the random coefficients are bounded in the general case and they need only to have

have finite moments under causality.

Examples. If the sequence (a{ )¢ is deterministic then those models extend on linear auto-regressive
models. If only a finite number of coefficients o] do not vanish we obtain auto-regressive models with

random coefficients, see [15].

2.3.3 LARCH(~) random fields

Stationary innovations & are now k x k' matrices and ||-|| will denote a norm k x k' or k' x k matrices

while X; € R¥. For bounded innovations we first recall

Theorem 2.4 (Doukhan, Teyssiére, Winant (2006)) Let a; be a k' x k matriz for j € Z¢\ {0},
note A(z) =3 1>, 1oyl and suppose that A = A(1)[|€ollo0 < 1, then

Xi=&|la+ Z Z Oéjlgt—jl ce ajk&_jl_..._jka (27)

k=1j1,....jx#0
s a solution of the equation
Xt = ft a + Z Oéth_j s te Zd (28)
J#0

if moreover £ is 1id, then

o1y (T A2
n(r) <Eléll | Ell KZ/QA AR+
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If we use theoremwe also obtain that eqn. (6.10]) admits a unique Bernoulli shift L™ solution. Note
that this solution is bounded. Notice that for Riemannian decay the previous A(u) < Cu™¢ relation
yields n(r) = O(r~°) while theorem only provides us this bound up to a log-loss ; geometric decays
yield the same result for both cases.

Bounded innovations & look unnatural hence we investigate below the causal case. Let A a causal
subset of Z? and

Xe =& <G + Z ath—s> (2.9)

seA

Proposition 2.4 If b|[&llm < 1 with b = Y, 4 |las|, theorem [2.8 applies with a; = ||Eollmlleyl| to
the solution of eqn. (we set o =0 for j ¢ A).

2.3.4 Non linear ARCH(oc) random fields

Models with
Xt =& (CL + Zgj(Xt—j)>
J7#0
clearly extend on LARCH(oo) models; bounded functions g; provide robust models.

Corollary 2.2 If |lgj(z) — g;(¥)|| < ajllz — yl| and [|Sollec D25 205 < 1, theorem holds with
a; = ||€o]lcci (innovations are bounded here).

Assume now that g; = 0 for i ¢ A, causal set then theorem[2.9 holds with a; = ||&o||mcs (and now the

innovations do not need anymore to be bounded).

This causality argument improves on [7] by only assuming finite moments for innovations instead of

boundedness.

2.3.5 Mean field type model

. . . . / .
Consider innovations in R*¥ and k x k matrices o,

Xp = f(&, ) asiXs) (2.10)
st

Corollary 2.3 Assume that f: R¥ x RF — RF satisfies

sup || f(u,2) = f(u,y)| <bllz —yl, Yo,y e RY, b ol < 1.
u€R¥ i#0
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then equation admits a unique solution in L™ written as a Bernoulli shift and this solution is
n—weakly dependent with a; = b||a||1-
The same results hold if now a; = 0 for i ¢ A with A is causal in Z¢ and,

£ (%0, 2)) = f (&0 0) ||, S bl —yll, Yo,y €RE, 5> e < 1.
i#0

LARCH(o00) models take this form.

2.4 Proofs

We begin with the proof of some lemmas which relate the assumptions to contraction conditions
in the space of Bernoulli shifts. Then we give separated proofs for existence and weak dependence
properties. Those proofs always follow two steps since we first consider models with a finite range.
For shortness we write here I = Z%\ {0}.

2.4.1 Proof of lemma

For p € N*, we set Y, = F((X;1o<¢<p)j» &0) and Yy = F (X To<yei<p)j» €o)-

1. If ¢ € N* from assumption (H2),

IV, = Yorgl < >0 as X1, a.s.
p<|ljlI<p+q

Since the serie } ., el
deduce that a.s (Y},)pen+ is a Cauchy sequence in E and then converges. We denote by Y =
F((X;)j£0;&) this limit.

Moreover, for p € N*, we have :

aj || X;l|,, is convergent the serie ). ;a;[|X;|| converges a.s. Hence, we

1Y, = FO; &), < > aj 1K,
o<|l7lI<p

This proves that Y, € L". Hence the convergence in L™ is a simply consequence of the Fatou
lemma since :
1Y = Ypll,, < Timinf [[¥g = Yy, < H% a; [ Xoll,,
jll>p

2. If p € N*, we have using (H2) : Y, - Y)|| < a;||X; - XJ||

J#0
hence the result follows with p — oco. [J
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2.4.2 Proof of the existence theorem

Assuming (H1) and (H2) we set a =}, a;. With the notations of paragraph 2.4.,
@y (H) = F (((H 0 0)5<,) 7m0 ) » VH € L™ (1)

As a direct consequence of lemma limy, oo ®,(H) exists in L™ (p). Denote this limit by F((H o
0;)0; o), the application ® : L™ (u) — L™ (u) is defined as

O(H) = F ((H 06;)j£0;m0) -

Let show that ® is a contraction of L™ (u).If H, H' € L™(u), then applying the lemma to the
random fields X and X' defined as X; = H 0 0;(§) and X} = H' 0 0;({), we obtain :

R(H)(E) — ®H)E)lm < > aj|[H 0 0;(6) — H' 06;(€)|lm
§#0

> " ail|H(E) — H'(E)|lm

§#0

IN

Picard fixed point theorem applies since the space L™ (u) is complete. There exists a unique H €
L™ (p) with ®(H) = H thus H(§) = F ((H 0 0;(€))jeza; &), a.s. Set Xy = H ((§4—i);eza) then with

stationarity of & and since Z% is denumerable we get
X =F ((thj)jezd\{o}ft) , Vte Zd a.s.

Let Y be a stationary solution of this equation, we denote u; = || X; — Y;||1 for each t € Z%. We
obtain uy <3 g ajue—j. As sup, ug < [[Xo|l1+]|Yo[[1 < oo we note that the previous relation implies
sup; u¢ < asup, u;. Hence uy = 0 for each ¢. Thus X; =Y; a.s for each t. O

2.4.3 Proof of theorem

For an independent copy (&));eza of € = (&)1eza and s € RY, we set £(5) = (gt(S))tezd with §t(s) =& if
|t]| < s and £ ) = &l else. For a Bernoulli shift defined by H a straightforward extension of a result

in [I1] to random fields implies

n(r) < 26,2, where O = HH &) — H(f(’"))Hl (2.11)

Weak dependence under finite interactions

We first assume that F' depends finitely many variables

Xt =F(Xi—jy,- s Xi—jpi&o)
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Lipschitz coefficients of F' in condition (H2) write aq,...,a; and we set a = Zle a; < 1 and
p = max{[|j1]l,...,|ljkl|}- Let H be the element of L"(p) with Xy = H (({i—i);cze) and 6, =
E[H() — HE)| =E || Xo - X8| with X7 = H(€))ic z0).

Lemma 2.7 Assume that (H1) and (H2) hold, then §, < 2|\X0||1a% hence 6, —, 00 0.

Proof of lemma , Let r > 0. Since & and £ admit the same distribution, we have for each ¢ :

Xp=F(Xi—jys oo Ximgi3 &), Xt(r) = F(X,")

O xT ey

If ||| < r then 51,@ = & and using (H2), we have :

k
1% — X SZGZHXH‘L 7X§§>].ZH1 (2.12)
=1
Set now i = —[=Z]if r > p, then if u <i—1and ly,... Iy € {1,....k} [l + i, + -+ 50l <7

We use inequality (2.12) to derive recursively the bounds

k k k
(r) (r)
EIRRTL IS TS ST Syt PR |
=1 lo=1 ;=1
< 2| Xof1a’

From i > r/p we get | Xo — X" 1 < 2||Xoll1 ar thus 6, < 2||Xo|1a?.
k

If now r < p, HXO — Xér)‘ . < 211:1 al, ’X—jzl - X(_?ll .

Thus d, < 2| Xoll1a® < 2||Xo||1 a». The result follows with a < 1. J

We now set a useful result. (X;);cz¢ and (X 1);ez¢ will denote for p > 0 the previous unique solution

of the equations 1’ and Z; = F ((Zt,j1{0<||j||§p})jezd\{0}; 51&)-

Lemma 2.8 Assume that the conditions in theorem hold. Then Xy, —s—o0 Xt in L™, for each
t e 74

S
Proof. (| Xp0 = Xollm < @l Xpo = Xollm + [|Xollm Y aj, thus [|Xp0 — Xollm < =K X0
lil>»

which entails the first result. We also quote that sup,, || X} 0l[m < co. [J

Weak dependence

Lemma 2.9 Assume that the conditions in theorem hold. Then the random field (Xt)icga is
n-weakly dependent.
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Proof. Recall that sup,, | Xpollm < 0o; if m > 1, weak dependence follows from

E|XS) — Xo| < EIX{ - XTI+ EIXS) — X0
= 2E|| X0 — Xoll + EIIX[] — X0l

2.0 — Xol|

ldll<p

For r > p, from lemmawe derive EHX]% — Xpoll < 2”Xp,0H1( Z aj>5_ Hence 0, = IEHX(%T) _

X r
Xoll <2- ”1,0(!1 ljlsp @t 21 Xpolliar.
With sup,, [[Xpoll1 < oo there exists C' > 0 with 6, < C' - inf), { 2lilsp % T ai}. Using (2.11)) we
prove that (X;); is n-weakly dependent and n(r) < 6, /5. O

Decay rates

Using the representation of the solution as a Bernoulli shift and the inequality (2.11)) this will be
enough to bound the expression of §,. Set b, = #{i € Z¢/ ||i|| < p} and s, = #{i € Z/ ||i|| = p} for

lill = max{[i1], ..., |ia|} we obtain b, = (2p+1)? and s, = b, — b,—1 < Kp?~! for a constant K > 0.
Proof of lemma . Sa =33 e < Kptt Y e = 0 (e ). We thus find
l3l>p a>P |ljll=q a>p

constant C such that

5, < Cyinf {p?te PP 4 e—ai} — Cyinf {e -1y 4 e—a%}.
P p

Assume p ~ \/ar/f3, there is a constant Cy such that : §, < 027‘% —vefr

d—p3
Proof of lemma . As before, 5, a; < K . Hence §, < c- mf{ —ar/p 4 gd} . Choose
» _

P~ (ﬂ_"gjlw, thus there exists some constant C3 with ¢, < Cj (lm)dfﬁ. O

2.4.4 Proof of proposition

Models with finite interactions

We assume first that there exist & > 1 and ji,...,j; € I such F(x;u) only depends on zj,,...,z;,

for each o = (x}),20 € E'. Hence writing a; instead of a;, for 1 <14 < k, we have

k

1F(25u) = Fy; o) <Y ailleg, —ysll +bllu—d'll,  a=3 a<1
i=1 '

Now h : E¥xE' — Eis such that F(x;u) = h(zjy,. .., zj,,u). We will denote p = max{||71]], ..., |ljkl}-
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Lemma 2.10 1) If the random field & is n—weakly dependent (the weak dependence coefficients are
denoted ne(r)) then X is n—weakly dependent with, for C > 0,

n(r) < C inf {a"+k"ne ((r —2pn) v 0) }

2) If the random field & is A—weakly dependent (the weak dependence coefficients are denoted A¢(r))
then X is A—weakly dependent, for C > 0,

Ar)<C inl\fI {a™ + k" A¢ ((r — 2pn) V 0) }
neN*

Proof of lemma[2.10L. We will use the lemma and the following useful lemma [2.11

Lemma 2.11 1. For every z and y € CZ") we have |2(0)(x) — ®(0)(y)|| < bllzo — yoll and if
n > 2,

12 (0)(2) — & (0) ()|

n—1 k
< > an @bl g, — Y et | llwo — woll
I=1 i1,y =1

2. Fiz z € C'%"). Then ®(0)(z) only depends on zo and ®(0) defines a b— Lipschitz function on
C. We set K1 =b and p1 = 1.
Forn > 2 we set A,, = U?;ll{jil +ogiy /1 <viq, .., d < kYU{0}, pr = |Ay|, the cardinal of
Ay and K, = b%. Then ®™(0)(x) only depends on x; for j € A,. Moreover ®™(0) defines
a Lipschitz function on CP~ and Lip ((I>(")(O)) < K,.

Proof of lemma |2.11].

— The first point is easy to check. For n > 2 we use induction. For n = 2

k
12 (0)(x) — 2@ O) W)l < > aillF(0,25) — F(0,:)] + bllzo — ol
=1
k
< Zaz’bH%’ —yill + bllzo — wol|

i=1

Assuming that the inequality holds for an integer n > 2, we estimate ¢, ., = ||®"TV(0)(z) —
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1 (0)(y)] -
k
Pnay < Zaillﬂb(") (0)(8;,2) — @™ (0)(8;,9)]| + bllzo — yol|
=1

k

n—1
Z ;g ( Z Z gy~ ailemji—i-jil otdy, T Yiitdig e, |

i=1 =1 1<iy,....;;<k

+bllas, = wil) + blizo — yol

IA

n
= > > aiaibllws s, — Ui+t | Bllzo = wol
=1 1<iy,...,5;<k

Hence inequality holds for n + 1.

— The case n = 1 is easy to check. For the first point we use induction. For n = 2 the result is a

consequence of :

@ (2)(0) = h (h(0,25,), -, h(0,z5,), o)
Suppose now the result true for an integer n > 2. Then the identity

&+ (0)(2) = h (w) (0)(0j,2),...,2"(0)(6;,), fﬂo)

shows that ®™+1)(0)(x) only depends of coordinates (,1;)1<i<k jea, and xo that is to say coor-
dinates (2;)jeA, ;-

For the second point, we use inequality in 1. We have :

n—1
Z Z gy~ ailex]’il-‘r‘..“r]’il = Yjiy Ay, | + bllzo — yoll

¢n,:p,y S
=1 1<iq,....ii<k
n—1 l 1—aq®
< b(Da 1) Y ey =l = b 7= Y ey — il
=1

jEAn jeAn

End of the proof of lemma . We recall the notation X" = <I>(”)(0)((§t_j)j) for n € N* and
teZ Set f1 = f(Xs, .., Xs,), 91 = 9(Xpy5-.., Xy,) and

fi=r(X2,..., X)), gr=9(X>,....X0")
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For each t € Z4, if n € N\ {0,1} then A ={t} —Ap. I f|s; —t|| >rfor1<i<wand 1<l <w
then d(As, n, Ay, n) > (r —2pn) VO = d,,. Thus

|Cov(fi — fi, 91)| + [Cov(f1, g1 — g1)| + |Cov(fi, g1)]
AR|f1 — fi| +4E|g1 — ¢

+ 9 (upn, vpn, KpLip (f), Ky Lip (9))ee(drn)

(4Lip (f)u + 4Lip (g)v)a™ [ Xo[l1

+ Y (upp, vpn, KyLip (f), KnLip (9))ee(drn)

|Cov(f1,91)]

IN

IN

IN

Note that this result is still true for n = 1.

1) Under n—weak dependence, ¥ (u,v,a,b) = au + bv,
[Cov(f1,91)| < (uLip f + vLip g)(4a™ || Xoll + Knpnne(dr.n)
Thus |Cov(f1,91)] < (uLip f + vLip g)n(r) where
W) < nf 140" Xoll + Knpune(de)
2) With A—weak dependence ¥ (u, v, a,b) = au + bv + abuv,
|Cov(f1,91) < (uLip f + vLip g + wvLip fLip g)(4a" | Xol[x + KnpnAe(drn)
Now |Cov(f1,91)| < (uLip f + vLip g + wvLip fLip g)A(r) with

A(r) < inf {4a" | Xoll1 + KnpfAe(drn)}

As (K,)p is bounded and p, < > Ll = 1 I: for n > 2, we obtain the proposed bounds.

We now prove that lim, .o, A(r) = 0. We suppose that the sequence (A¢(r)), nonincreasing without
loss of generality. We use the bound

< : 2n
)\<T)_CN+2pn rneN* {a tk )\5( )}

If N € N, we choose ny = [log(A¢(IN))/(loga — 2log k)]. Note that limy_,o ny = 00 and imy_o (™ +
k2”N)\5(N)) =0.Forr>ry =N+ 2pny, we have N +r —ry + 2pny = r, hence :

A7) <a™ + BN A(N +7 —ry) <a™ + B X\(N) —N_00 0

Hence lim, . A(r) = 0. Analogously, lim, ., n(r) = 0. O
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2.4.5 General case

Recall that we have denoted (Xp,+);ez4 for s > 0 the unique solution of the equation Z; = F' ((Zt_j 10<HJ’HSP})#0 ; ft) :
Denote f1 = f(Xsyy -3 Xs0) 91 = 9( Xty oo, Xt )s 1 = F(Xpsys - s Xpso) and g = f(Xptys- - Xpto),
then

|Cov(fi,91)] < [Cov(fi — fi,91)| + [Cov(fi, 91 — g1)| + [Cov(fi, g1)]
< 4[| X — Xsolli(uLip f + vLip g) + |Cov(f7, 91)]
, 3 [ Xoll1 ,
Recall that from the proof of lemma [2.8/ we have : ||X}, 0 — Xo[[1 < 1 Z a;. Moreover, the field
—a

3l1>p
X, is k—dependent with k = (2p)<.

— Suppose first that the random field £ is n—weakly dependent. From proposition
|Cov(f1, 91)| < (uLip f + vLipg)C inf {a" +p™e ((r = 2pn) v 0)}
neN*

for a suitable positive constant C.

Hence we bound |Cov(f1,91)| by,

(uLip f 4+ vLip g)C Z a; + niég* {a” + p®ne ((r — 2pn) Vv ())}
l71>p

for another positive constant denoted C'. Then we obtain the proposed bound.
— Suppose that the random field £ is A—weakly dependent. From proposition |Cov(f1,q})| is
bounded by

(uLip f + vLip g + woLip fLip g) {a" + p*" e ((r — 2pn) Vv 0)}

inf
neN*
up a suitable positive constant C'. Hence we bound |Cov(f1, g1)| by,

(uLip f 4+ vLip g + uvLip fLip g)

X ( Z a; + niélI\fI* {a” + p?\e ((r — 2pn) V 0)} )
lil>p

up to another positive constant C. Then we obtain the proposed bound.

2.4.6 Results on causality
Proof of proposition

We will use here the Euclidean norm on R%. We proceed by induction on d.
For d = 1, if there exists r1,72 € B such that r; > 0 and 7 < 0 then BN (—B) # {0}. Then we can
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choose by =1if BCRyorb; =—-1if BCR_.

Suppose the result true for d — 1. We first define by.

1) If B° is empty, since B is convex and contain 0 there exists b; € R\ {0} such that B c H = {x €
R¢/x.b; = 0}(- denotes the scalar product in R?).

2) Now if B° is not empty, like BN (—B) = {0} it is clear that 0 ¢ B°. Moreover B° is still convex and
by application of the Hahn-Banach theorem ([2], theorem 3.3, page 108), there exists by € R%\ {0}
such that B® C {z € R?/x.b; > 0}. Like for a convex B° = B, then the same inclusion holds for B.
We set here H = {x € R?/z.b; = 0}.

We consider now the convex cone C' = BN H. If g denote an isomorphism between H and R%~!,
then g(C) is a convex cone of R*~! such that g(C) N (— g(C)) = {0}. Hence there exists a basis
c = (cg,...,¢cq) such that g(C) C {x € R¥1/0 <. x}. For i = 2,...,d we set b; = g~'(¢;). Then
b= (by,...,by) is a basis of R and if 2 = 21by + ... + x4by € B, we have by the preceding two
points 21 > 0. Suppose that 21 = 0, then x € C and g(x) >. 0 = (22,...,24) >z 0 in R Hence
(x1,...,24) >er 0 in R?, in other word 2 >} 0.

Proof of lemma

Proof of lemma Denote for p € N*, Y, = F((Xj Lo |jl<p)ii 50).

1) We first prove that for p € N*, ¥, € L.

Recall that here F' is measurable wrt §; ® B(E'). Let = € E! then using the independence between
& and o(X;,j € A) and the condition (H3), we have :

E(IY, — F(0;&)|I™ /X =255 € A) = E|F((x;locyjj<p)j: o) — F0;&)||™

m

> ag sl

0<llsli<p

IN

Hence by integration :

1% = FO:0)l, < | Y alxl| < 1ol
0<[lilli<p

As F(0;&) € L™, we obtain the result.

It is enough to prove that (Y})pen+ is a Cauchy sequence in L™. Using the same method as in 1), w

obtain if ¢ > 0 :
1Yp+q — Yall,, < 1 X0l Z aj
I5ll>p
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This inegality imply the result.
2) Using the same method as in 1), we have for p € N* :

=Yl < > a||v;-Y],
o<|ljli<p

Hence the result follows with p — oco.

2.4.7 Proof of theorem
Existence

If H e LZJ(ML we denote by Y the random field defined as Y; = H o0 §;(§) for j € Z4.1f j € A,
then H o 0; is measurable wrt o(n, /5" € A) c 3’ 5. Hence if p € N*, ®,(H) € L (u) and by the
lemma , &o is independant of o(Y;/j € A). By application of the lemma , ¢, (H) converges to
an element of }L’}(u) witch is F/((H o 6;) ;.05 m0)-

Lets show that the application ® : L7 (u) — L2 (p) defined as ®(H) = F((H 00;);0;m0) is contrac-
tion in L2 (u). If H, H' e L (p) then the two random fields Y and Y’ defined as Y; = H 0 60;(§) and
Y/ =H'00;(§) for j € 7% verify the assumptions of lemmaﬁ Indeed o(Y;,Y//j € A) Co(§1j/7 €

A,j' € A) and using the lemma we deduce the independence between &y and o(Y;,Y//j € A).

Hence, we have :

|@(H)(€) = D(H)E)|,, < D aj|[Hob;(¢)—H 089,
jEA
= > a;|HE - H'©)],,
jeEA

witch shows the result.
The construction of X; comes from theorem The variable H (§) being measurable wrt o (f jiJ € j)
measurability of X is simply deduced. Then unicity is a consequence of the application of the fixed

point theorem. [

Weak dependence

Weak dependence of the solution is as in § where (H2) replaces (H3’). The case of finite
range corresponds to k-Markov systems on a finite causal set. To prove lemma [2.7, we use (H3?)
and independence of rvs (Xt_jl, ... ,Xt_jk,X(r) x™ ) and & to derive (2.12)). In the general

t—j17 " =
case we note (Xp)¢ the solution of Z; = F ((Zi—jlgjea,y);: &) with Ay, = {t € A/|[t] < p} and we

conclude as in lemma .9 O
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2.4.8 Proof of lemma

1) From the fixed point theorem, we deduce that for each e > 0 :

. 1 .
> P (11X — 2 (O)(ggi €2 2 ) < =D IXe = @ (0)(Eg € 29
n>1 n>1
< o0
Hence by the Borel-Cantelli lemma, we deduce lim,, .o, ®™ (0) (§t,j,j € Zd) =X, a.s.

2) We use induction. For n =1

1 — @p(0) (4,7 € Z) b = F ((Xs—5)5,&) — F(0,&)
< afXolx
< allXolls + 1Xollr Y a
ll51I>p

Suppose the result true for an integer n > 1, then

1% = X <7 | Kok = Xpella + X0l Y o

IklI<p Ikl>p
n 1—a"
< a(a | Xol[1 + 14 1 Xol1 Z ak) + (| Xoll1 Z ay
k|| >p ll&l>p
" 1— an+1
n
" Xoll1 + ———II1Xollx >
k]| >p

2.4.9 Proofs for the section 2.3
Proof of corollary

Here F(z;u) = f(xe,,...,2e,) +h(u)g(ze,, ...,z )+ u. Condition (H1) is easy to check and e.g. in
the first case,

k

k
1E(23.60) = F(2'5€0)llm < D billze, — 24, + Inolloo D cill 2, — 24,1
i=1 i=1

For dependent inputs, we remark that (z,u) — F(z;u) is a Lipschitz function in order to apply
proposition 2.1}0J

Proof of proposition

Normal convergence in L™ will justify all the forthcoming manipulations of series. We only consider
the more complicated causal case. In order to prove that X; € L™ we will prove the normal conver-

gence of the series.
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Set S = [|&]| —I—Z Z lad" - ozt i1—o—gi 1§t (1 +-+1) I, We notice from causality that indices
i=1j1,...,5i€A
t and (t — (j1 + - -+ jr)) are distinct if 1 < £ <4 hence the independence of inputs implies

Ji

log" - oy e &t —(j1+~~-+ji)||m == Hatle ’ Hat —j1——ji- 1||m||£t—(j1+”'+ji)||m

S < Mellm+D Do Mol llodt gy Ml G Gyt

JEA J1,..,Ji€EA

b
ml1l4+-—— .
ool (14 125 ) <o

In order to prove that X; is solution of the equation, we expand it :

Xy = Ct"’ Z at Ct —J1 +Z Z : at —j1——Ji— 1C_(j1+"'+ji)

J1€A 1=2 j1,...,Ji€EA

= G+ Z O‘il Ge— J1 +Z Z at —j1 at —j1——Ji— 1Ct—j1—(j2+~~+ji)

J1€A 1=2 jo,....J;€EA
= G+ Y o' X,

Jj1€EA
Here F(x, (u,v)) = > e ujTj+v and we use notations in (H3). As { isiid, the variables (Z(§), Z'(¢))
are (a)jea are independent and

IF (2:60) = F (#/:60) I < 3 ladlmll2; — 241
JjeEA

Since b=}, 4 Ha{)Hm < 1, (H3) holds.
In the first non-causal case the above inequalities are only changed by using the bound

Ji

log" - adt gy Gt < Dl lloo ==l g, —.o i Moolléi (gt lm- O

Proof of proposition

Here (H1) holds and with the notation in (H3) :
1F(z,0) = F(',0)llm < D llagll€ollmllz — Z5lI-
JEZN{0}

The proposed solution is in L.”* from normal convergence of series
oo
1%l < Nt (llall + 3" " o il i l—50 s Inllal])
k=1j1,....jkEA

bl|&o|lm
”§O||m||a||<1+ 1—HbH!oH

) <o
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Substitutions prove that this process is a solution of the equation.

X = & (a + Z Z O‘j1§t—j1 T ajkgt_jl_'“_jka’>

k=1j1,....jr€A

+oo
= & (a + Z iy §i—jy (a + Z Wy &t—ji—jo - - ajkgt*jlfjéf“'*jk))
k=2

J1EA

= & <a+ Z alet,jl). 0

Jj1€EA
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Chapitre 3

Weak Dependence, Models and Some
Applications

Abstract

The paper is devoted to recall weak dependence conditions from Dedecker et al. (2007)’s monograph ;
the main basic results are recalled here and we go further in some new applications. We develop here
several models of weakly dependent processes and random fields. Among them an ARCH(oco) model
is considered with statistical applications to ordinary least squares. A last part aims at proving new
asymptotic results for weakly dependent random fields. Such applications are indeed the main proof

of the interest of this theoretical notion which measures the asymptotic decorrelation of a process.
Note

The content of this part is based on a paper, written in collaboration with Paul Doukhan and
Nathanaél Mayo.

3.1 Introduction

The present work aims at answering the delicate question “how to weaken independence ?” up to really
useful statistical applications. A first answer to this problem was the mixing assumption introduced
by Rosenblatt in 1956 (see [13]), however a simple example of an AR(1) model with Bernoulli inno-
vation is proved in Andrews (1984) [I] to be nonmixing. Extending Andrews’s ideas we provide here
a reader with a new and heteroskedastic ARCH(1) nonmixing model. The idea of weak dependence
developed in the recent monograph Dedecker et al. (2007), [11] gives a reasonable answer to the
previous question.

Different conditions of weak dependence are thus introduced and compared here. Further, a large

ol
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amount of models are detailed here and proved to be weakly dependent, among which figure the
previous counterexamples, see also [14]. E.g. some recent extensions of ARCH models are weakly
dependent, among them ARCH(oco) models are considered and we develop a specific parametric es-
timation procedure, ordinary least squares (OLS). Our results are proved here for a toy model but
nonparametric procedures should avoid such question. A final section is devoted to new asymptotic
results for random fields and mimicking Bulinskii & Shashkin (2006), [9], we obain a moment inequa-
lity, a central limit theorem and a functional central limit theorem for the partial sums process of a
weakly dependent random field. For this, those authors make use of a nice Marcinkiewicz-Zygmund
inequality with order > 2. From this moment inequality we first derive a Central Limit Theorem

through Stein’s technique and also a tightness argument.

The paper is organized as follows. A first section is devoted to state the problem and to recall the
mixing condition as well as to state some counterexamples in order to introduce weak dependence
conditions. We also recall some basic inequalities related to those weak dependence conditions. We
then list some examples of weakly dependent models. The third section details ordinary least squares
estimation procedure and its asymptotic properties for the special case of ARCH(oo) models. A last

section proves a Donsker type result for the partial sums process of a weakly dependent random field.

3.2 Weak dependence

3.2.1 Independence

Consider the o—algebras, o(P) and o(F’) generated by random variables P and F, independence of
such random variables only writes as
P(AN B) =P(A)P(B), VA € o(P), VB € o(F).

Independence also writes Cov(f(P),g(F)) = 0 for all f,g with [|f]|cc,||g]lcc < 1. Later on, the
variables P and F will be denoted Past and Future for both the times series case and the random

field setting. For a process X = (X;)ier we set
P=(Xy,....Xs,), F=(Xu,....Xs)

Since no phenomena are really independent from each others, a first question is here, how to weaken

those relations.

3.2.2 Mixing

Assume that T = Z and s1 < -+ < Sy, t1 < -+ < by, With 7 = t; — s, large, a first answer to our

question is to set

a(o(P),o(F)) = sup  |Cov(f(P),g(F)).
1 £lloc:l1glloe <1
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Rosenblatt (1956)’s mixing coefficient is

rT=11 — Sy
The process X is strong mixing if a(r) | 0 as 7 T co. A nice theory was developed in this mixing
setting case ; see Bradley (2007) [6], Doukhan (1994) [13], and Rio (2000) [27], also for the references

herein. Andrews (1984) [I]’s simple example is however not mixing

1 1 .
Xy = B (X1 + &), §&~b <2> , did.

In his paper, Andrews (1984) [I] gives a proof adapted here to the following LARCH model :
Xt = {t(l + aXt_l) (31)

where P(§p = 1) = P({op = —1) = 1/2. It is well know that a < 1 is a sufficient condition for existence
and uniqueness in L™, m > 1, of a stationary solution of equation (3.1) (see [7]), moreover the

solution writes : Xy = & + Z alé - &t
Jj=1

Proposition 3.1 We suppose a € (3*2\/5, 1/2} . Then the stationary solution of equation 18 not

strongly mizing.
Proof. We use the decomposition :
Xp= A+ a"tlg - CtnXi—(ng1), Atn =&+ a&b1+... + a8 Sn (3.2)

for n € N*. We prove as in Andrews (1984) that P (X; € A/X;_(,11) € B) =1, (Vn) P(X;_(n41) €
B) # 0 and P(X; € A) < 1, for some well chosen subsets A, B of R. Set U; = (X; € A) and
Vien—1 = (Xy—(ng1) € B) then P(U; N Vi—p—1) = P(V;—p—1) and we derive from stationarity that
P(Vi_p_1) = P(Vo) # 0 and P(U;) = P(Up) < 1; thus

an 2 P(U; N Vien-1) = P(U)P(Vien-1) 2 P(Vo)(1 = P(Up)) > 0.

The proof follows from three steps.

1. The values of the random variable A;, are spaced of at least 2a™. Indeed two distinct values
of Ay, are always spaced by a number d = 2 7" je;a’ where for i = 0,...,n, ; € {—1,0,1}. As
[ =min{i/0 < i < n,g # 0} exists and g, = 1, we have d = 2a" if | = n and if [ < n — 1 standard
calculations yield

n
) 2
d> 2(az_ Z az) > l_a(al—QalH—l—a"H)
i=l+1

2
l1—a

2
l1—a

> (al(l —2a) + a"+1) > (a™(1 = 2a) + a"“) =2a".
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2. We have P(a < |X¢| <2) > 0. Now X; > 1+a—Y npa’ >aforae (0,1/2]if & = &1 = 1.
Moreover as Xy < 1/(1 —a) <2 for a € (0,1/2] we conclude that Pla < | X <2) > 1/4.

3. For B = (—a,a) we have P(X; € B) > 0 (by stationarity this expression does not depend on ).
For this, observe first that a € ] 3_2‘/5, 1/2} implies 1 —a — a® — a® — --- < a; thus for ng > 2 large

enough we get 1 —a —--- —a™ + Zk2n0+1 a* < a.
If ;s =1fori# 1 with 0 <i < ng, and §_1 = —1, we have

0<X;<l—a—---—a™+ Z ¥ < a.
k>no+1

Thus P (| X;| < a) > 27™~! Now if wi,...,w; denote the values of A;,, we set A = Ule]wi -

a2 w; + a" 2. Using the decomposition we infer that X; € A if |X,_(,41y] < a thus
P(X; € A/X;_(nt1) € B) = 1.

We prove here that P(X; € A) < 1. If a < |X;_(pqy| < 2, then X; writes as w; + ¢ with
2a™ > |c| > a™2. In this case X; ¢ A. Indeed | X; — w;| > a™*? and if, for example ¢ > 0, we use
point 1 and the fact that a < 1/2 to derive : X; < w;+2a" T < Wit1 —a"*? provided wit1 exists (else
we have obviously X; ¢ A). And we obtain X; ¢ A if ¢ > 0. It is also the case if ¢ < 0 with a similar
argument. The result follows from P(X; € A) = P(X; € AN[Xy_(p41)] < a) < P(|Xo] < a) < 1.
Moreover it is clear that P(|X;_(,41)] < a) # 0. O

3.2.3 Definition

We aim at defining weak dependence coefficients as sequences decaying to 0 and such that

[Cov(f(P), g(F))| < 9(u, v, Lip f, Lip g)e(r)

Let us thus consider a process (X;)icz with values in a Banach space (E,| - ||). For h : E* — R
(u € N*) we define
h(yi, ... —h .
Liph = sup Alyrs o) = D@, )|
Y15 yu) A (@150 0 ) EEY lyr — 1l + - + [[yu — 2|

Definition 3.1 [16] A process X = (X,)nez with values in R? is (¢, U)-weakly dependent process if,
for some classes of functions E*, E* — R, F,,G, :

’Cov(f(Xsl, vy X )y 9( Xy - ,Xtv))‘

e(r) = sup sup sup —rr—oo 0.
W, TEFIIEG V(f,9)
1< <ty
T=11 — Sy

Assume from now on that the classes of functions contain functions bounded by 1. Distinct functions

U vield n, 6, k and A weak dependence coefficients :
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U(f,g) = wulLipf+vLipg, then denote e(r) =n(r),
= wlipg, then denote e(r) =6(r),
= wvlipf-Lipg, then denote e(r) = k(r),
= wulipf+vLipg+uvLipf- Lipg, then denote e(r) = A(r),
= wulipf+ovlipg+uvLipf-Lipg+u+wv, then denote e(r) = w(r).

Noncausal coefficients (symmetric U, and F = G) fit to non-causal processes. The w coefficients are
introduced here in order to cover strong mixing conditions and as well function of mixing coefficients
as introduced in Billingsley (1969). A simple extension of the previous definitions concerns the case
of random fields. For generality, consider (X;)yer with (T,d) a metric space, simple examples are
T = Z% or R%.

Definition 3.2 [16] A process X = (X;)ier with values in R? is (e, V)-weakly dependent process if :
1
e(r) = sup 7’Cov(f(Xil,...,Xi“),g(XjN._.,va))’ —r oo 0,
v (f,9)
u,v =21
feFu,g9€G

here I(u,v,r) is the set of multiindices (1,§) = (i1, .- - du, 1, - - -, Jo) € TV such that d({i1, ..., 1w}, {Jj1,- -

inf d(ig, jp) = 7.
| <a<ul <b<v (ia, jo) 2 7
In this setting the coefficients 7, k, A and w are defined as above. For simplicity we shall not precise
each coefficient but definitions are straightforward up to evident changes. In the sequel r > 0 will

denote an arbitrary integer.

Heredity results. The following results are useful for various statistical applications.

Lemma 3.1 Fork>1letY, = (Xi—g,..., Xy) then Oy (r) < kOx(r — k) if r > k.

Proposition 3.1 [2] Let (X,)nez be a sequence of RE-valued random wvariables. Let p > 1. We
assume that there exists some constant C > 0 such that maxi<;<y || Xi|lp, < C. Let h be a function
from RF to R such that h(0) = 0 and for x,y € R¥, there exist a in [1,p[ and ¢ > 0 such that
W) — h(w)] < el — yl(1+ 2] + Jol*)

We define the sequence (Yp)nez by Yn = h(X,,), then,

— if (Xn)nez is 0-weakly dependent, then (Yy,)nez too, 0y (r) = O (9(7“)2%11) ;

p—a

— if (Xn)nez is n-weakly dependent, so is (Yn)nez and ny(r) = O (n(r)ﬂj) ;
— if (Xn)nez is \-weakly dependent, (Yy,)nez also, Ay (r) = O <)\(r)Pi;i2> :

- Jv})
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More causal coefficients. For causal coefficients F will be the set of bounded functions and
(usually) G will denote the set of Lipschitz functions.
— 6 coefficients correspond to V(f, g) = v|| f|coLip (g), we define
Op(M, X) = sup{||[E(g(X)|M) — Eg(X)|,, /Lipg < 1},
and then if (X;);ez is an LP-sequence, and (Mk)k:ez are J—algebras (0(Xj,7 <k)).
bpo(r) =max—  sup O, (Mi, (X5, ... X)), 6(r) = Oy (r)

S 8 j4r<j <<
— 7 coefficients : 7,(M, X)) = H sup { /g(a:)IP’X|M(dac)—/g(x)PX(da:) Lipg < 1}‘ ,
p

1
Tp(Ma X)7 now Tp,v(r) max — sup Tp (Mza (Xju <. 7va)) .

S S <1 <-<js

— ~-coeflicients (projective measure) here, v,(M,X) = ||[E(X|M) — E(X)|, (£ 6,(M, X)) and,
'Yp(r) = Sug 'Yp(Mz‘; Xi+r)-
1€

and 6,(M, X) <

3.2.4 Basic examples

A simple example writes X; = Y7 a;&—; with E[§o] 352 laj| < oo and (&§)iez iid. More
generally
Xy =H((¢-j)jez),  H:R* =R,

where, more precisely, H € L™ (u) for some m > 0, with p the distribution of (&)¢ez.

Proposition 3.2 [16] The process (Xi)iez is n-weak dependent with n(r) = 25"”1 if

E‘H(gjvjez)_H(£j1|]|<m]EZ)‘<5rl0 (T’TOO)
If H (x;,7 € Z) does not depend on z;, j < 0, it is 0-dependent and (r) = 5.

Note. Even if this example looks general, it seems difficult to exhibit such functions H. We aim at

describing more natural examples below.

Proposition 3.3 [16] Gaussian or associated L>—processes are weakly dependent if
k(r) = O(supiZT \C’ov(Xo,Xi)D — oo 0.

3.2.5 Botanic of the models

We first mention LARCH(oc0) models from Doukhan, Teyssiére and Winant, [7] :

Xt = ft ((Z + Z CLth_j> (33)
7j=1

here Xy isd x 1, & isd x k, ais k x 1, and a; are k x d matrices. Examples of such models follow.

— Bilinear (Giraitis, Surgailis, 2002, [24]) X; = ¢ (a + ZCL]Xt ]) + b+ Zb Xi—j
Jj=1 j=1
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p q
~ GARCH(p, q) (Engle, 1982, [22]) R, = over, 07 =Y _ Bjoi ;+70+ > vRE
j=1 j=1

— ARCH(o0) (Surgailis et al. 2000, [23])

Ry = oyey, o7 = Po+ Zﬁij_j (3.4)
j=1

E.g. to write the model as a LARCH(00) in this case, only set & = ( er 1 ), a = ( ;ﬁ; ),
150
a; = s with \; = E(e2), x? = Var(e3).
175
Note that ¢ = [[§ollm >_; [|a;]| < 1, yields a solution of (3.3 :

Xi=¢& (a +> ) apbe ajkﬁt—jl—m—jka) (3.5)

k=1 j1,..nie 21

If Y; € L™ is a solution of (3.3)) for some m > 1, independent of & for s > ¢, then Y; = Xy a.s. (3.5).
Moreover 0(r) < || X, — X,|l1 and Ty 00(t) < || Xt — Xi|lm with A(s) = > s laglls

5 o t @t
L I (3)+i%5) (3:6)

e.g. A(s) < Cs or < O¢®, imply that this expression < C'/t?, C'(qV qb)‘/%.

Various generalizations of such models may also be found in [II], among them one may replace
products by the Steutel & Van-Harn operator, a o z = sign(x) 7, Y; for context-free and iid r.v
Y; with mean a; which means that variables Y; are choosen stochastically independent of the other
random variables considered in the current problem and with EY; = a. The previous models thus
extend to a large class of integer valued random processes. Another extension is provided in the next

section.

Models with infinite memory. Let (&):cz be iid, and F : (RN x RP — R? we consider

X =F( X1, Xt—2, Xi—3,...:&) (3.7)

Theorem 3.1 [21] Assume, for some m > 1, that A = | F(0,0,0,...;&)|,, < oo and

| F (21, 22,23, ... 5&) — F(y1,92, Y3, -+ -5 &) Ly < D520 agllzy — -
Then existence of the model holds in L™, as well as its stationarity and its weak dependence with,

. ) —ar/N\ ;¢ _—a _ o'} .
G(T)gCﬁfr;fo(];vaj—i—e ) ifem=>"1a; <1
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Random fields with infinite memory

Xt = F((th])jezd\{o};gt) (3.8)

Existence is proved in [19] through Lipschitz type conditions as well as n type dependence with
analogue decays as before.
A causal set is a set C' C Z? such that the convex cone generated by C does not contain the origin.
Singletons, half lines or an open half space with half of its boundary in Z? are causal, this improves
on the usual quadrants condition.
— Regression models are defined by the equation
Xo = f(Xietrs s Xet) + REI K tmys s X)) + &
If (| f (2, k) = Fyns - u) || < iy billes — will and [lg(za, o m0) = gy, w) | < S0y ¢l — vy
then n(r) < C(e5%)" if, either e = 8 bit[|hfloo by i < Lyore™® = S8 bt h(€o)lm Sy ¢ < 1
if {¢1,...,0k,m1,...,my} is a causal set.
— LARCH(c0) random fields satisfy X; = & (a +2>jec ant,j) , (t € Z%) ; existence and weak dependence
holds for ¢; and a; matrices, [[§ollec Y- jec @]l <1 for a norm of algebra; [[§ollm >-;cc llajll < 1 is enough
if C is causal.

Models with dependent innovations Set X; = H((§—;)jez for £ a stationary process and we assume

this process to be either n or A-weak dependent.

Proposition 3.4 [20] If ]E‘f()’m/ < 00, and assume that x; = y; for j # s implies |H((x})jez) —

H((yj)jez)| < bg<supj7£S ]leg\ﬂ)\xs—ysl, then )~ sbs < oo, implies existence in L™, if fm+1 < m/'.
1 m/—2

If, moreover, by < Cs™° then, ne(r) < Cr~" = n(r) < C”T_n(l_bj)m’—f—l and Ae(r) < Cr =

4

Ar) < o 0D )

3.3 Least squares estimation of ARCH(oco) processes

In this section, we focus on the ARCH(co) model (see § [3.2.5). We observe a process Ry solution of
the equation The least squares estimation method is studied and we use weak dependence to
derive the asymptotic distribution of this estimate. Since we will only estimate a finite number of
parameters, we fix the 3; for j > jo : these are known parameters in the section and we shall assume
that B, = O(k™?) for some known b > 0 then 6(t) < C't'~° (see [7]). We will investigate how such
condition can be weakened at the end of the section. The goal is to estimate a finite dimensional
parameter 3 = [fo, ..., 3] by using a generated sample of size n.

Classical estimation procedures are least squares and maximum likelihood. The first one relies on
the autoregressive representation of the square of the process but does not take heteroskedasticity
into account. The second uses the form of the heteroskedasticity since it is the GLS. When Ry is

p—Markovian (that is (5;)i>0 € RM admits only finitely many nonzero coefficients, leading to the
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ARCH (p) model), it is asymptotically efficient under strong hypothesis on the law chosen for the
residuals. Hence it is easier to give general hypothesis for OLS under which its properties are known.
The main advantage of OLS is its simplicity. For example when the number of parameters to be
estimated increases, MLE becomes very hard to obtain in practice while OLS is quite as easy to
compute. Another procedure is based on autocovariance of the square of the process, it is Whittle’s

estimate discussed in [2].

3.3.1 Definition, identifiability, existence and consistency

The square of an ARCH process has the AR(0o) representation R? = By + Py ﬁjR?_j + wy, with
wi = R? — o2. Denote 2z = (I,Rf_l,...,RtQ_jO)l and y; = R? — D i jot1 ﬁij_j. Since wy is the
strong innovation of R?, we have the identifiability conditions Ezjw; = 0 < E(2/2)3 = E(2}y;) and
the regression model writes y; = 2,5 + wy. If Z,, and Y, are the piled matrices in time, plugging the
empirical law in the previous equation leads to the OLS estimator BOLS = (27,12 Y,.

Lemma 3.2 P(c? = 1) # 1 = Ezlz is positive definite, and hence so a.s. is ~(Z!,Z,) for large

n
enough n, so that Bors exists a.s.

Proposition 3.2 Under the hypothesis ER} < oo, BOLS — [ a.s. when n — 0.

Proof. From the ergodic theorem and from heredity properties of ergodicity we obtain : %Z;lZn —

Ezjz and 121V, — Ezjy,.

3.3.2 Asymptotic normality

Asymptotic normality of the previous estimator requires both a CLT for the numerator ﬁZT’LYn
and the a.s. convergence of denominator n(Z)Z,j7)~! to E(z}z)~!. When ER}? < oo, the second
condition is obtained via the ergodic theorem together with the continuity of the matrix inverse (since
the lemma shows that the limit is a.s. definite positive). The first condition is now proved by

using weak dependence. We need to show asymptotic normality of the vector whose k-th component
n

[o¢]
(for k € [0, jo]) is (n_l/QZ;LYn)(K) =n 23 (R - Y BjR?_j) (k=0 + Lg20R? ;). We first recall
t=1 j=jo+1
Donsker type results, stated here simply for application sake, they also imply CLTs.

Theorem 3.1 (Donsker invariance principles, [10], [20]) Let (X;)ien stationary 0-mean, with
(2 + 0)-order moments (6 > 0). Assume that :

~ (Xi)ien is a O-weakly dependenct times series with 0(r) = O(r=?%), 6 > 1 +1/6,
- (X))ien is k-weakly dependent with k(r) = O(r="), Kk >2+1/0, or

~ (X;)ien is \-weakly dependent, \(r) = O(r=*), with A\ > 4 +2/4,
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[nt] 00
1
then — ZXi inqoo oW, in D(0,1), Skorohod space, with 0% = Z EXoX; > 0.
\/ﬁ =1 k=—o00
Lemma 3.3 Let A be in R0t and uy = (R? — Y00 1 BiR2 ) (Mo + X0 MR ). IfER” s

2p—2 p—2 (b—1)2

finite then u is 6-weakly dependent with 6,(r) = O(r 2=1p=1" 7 ).

Jo
Proof. Let ng) = (Rf — Zjﬂijoﬂ BiR? ;, Ao + k;l)\ka_k), wy = w,§°°), and for t; < --- <t, <

M M M
s1 < o0 < sy we set wg = (Wi, ..., Wy, ), Ws = (Wsyy .., Ws, ), wé ) = (wgl ),...,wt(u )) and
wéM) = (wf91 ),. .,wgiw)); we assume that r = s; —t, f : R* — R is bounded, and ¢ : R? — R is

Lipschitz then we write

Cov(f(wt), g(ws)) = Cov(f(wt), g(ws) — g(wéM))) + Cov(f(wy), g(wéM)))

For the first term, we use

[Cov(f(we) = flug), g(ws)] 2 o0y < 2gis ()
. S 7E ws - ws S —E w ;= wS‘
oLip (9)[ Il o | < ZEIY ws, — )]

IN

2 (o] o0
SVE| > BRI <2Erg Y 1Byl

j=M+1 j=M+1
= O(AM+1)) =0 1)

For a process X, denote by fx any number a such that 0x(r) = O(r~%). We know that p = b — 1.
(M

Applying Proposition leads to Op2 = p HR Because g(ws )) can be identified with a function

g(R%,...,R? ;i € s), we also have if M g T,

Cov(f(wy), g(wS™))| < MoLip (9)||f||ecOr2 (r — M)
= O(M(r— M) %)

In order to have the same rate in both terms, we set M = =2/ = r2-15 . Then M = o(r) and the

gz f(b 1)? . Applying again Proposition to the product of the component

of w, we find that 6, = %Hw = ﬁgg—j(b bl) .0

resulting rate is 6,, =

Finally, we find the moment condition required to match with the theorem In the next theorem,
the asymptotic normality of EO 1s is obtained only for b above a constant level. The required moment

on R tends to 0 as b grows, that is as the coefficients 3; tends more quickly to 0.

Theorem 3.2 Assume that b > SJ”[ Let § > Jombre > 0. If ERST < oo, then Vi(Bors — B)

is asymptotically Gaussian with mean 0.

3b+1
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Proof. Let ¢(b) = (b_bl)z =b—2+ % which grows from 0 to co with b > 1. We apply the previous
lemma with p = 4 + 2§. This leads to 6, = ¢(b)4(5+1). To apply Theorem we check : 6, >

45+7
7 7
(6+1)/5 = ¢(b) > 1+ 50> 7 ((0) — )71 and ¢(b) > 1.
1 < 1 < ,
Finally — Y XN(zjz:) = —= Y wuy is asymptotically Gaussian (VA € R0, O
Vi 2N = 2
The last issue is the calculability. The estimator BOLS depends on the infinite past of the process
which is never observed in practice. The real world estimator has the same expression but replacing
yr by s = R? — Z;Zjoﬂ ﬂij_j, that is truncating the sum to the observed data. Finally BOLS =
(Z!.Z,)"'Z!Y,, with the matrices (Z) ) = MezoRE ), 4+ Ix—o and ()7)(,571) = y¢. The next theorem
shows that the difference is negligible.

Theorem 3.3 Under the assumptions of Theorem \/E(BOLS — B) is asymptotically Gaussian

with mean 0.

Proof. We show that n~Y/22!Y,, and n='/2Z"Y,, have the same limit in law.

Let Ay = zj(yt — Ut), we have
E|A| < [Cov(Y; — Yy, Zi)| + E[Y; — Y| E| Z|

O(0,2(t) + A(t+ 1))
k=

2p—2

It implies Eln= 23" Ay = O(n~Y2(n — 1)7(b71)ﬁ+1) so that

:>2p—2
b-3)  2p-—1

1 n
p>1+5 (b—1)>1/2:»E‘ﬁ;At}:o(1).D

Another result of importance for statistical applications is the following empirical CLT.

Theorem 3.4 (Empirical CLT [11]) Assume that X,, is stationary with uniform marginal dis-
1< R
tributions, then 7 g (1(Xy < z) — F(x)) lllnqoo Z(x) where the centered Gaussian process
n
k=1

(Z(x))zer admits the covariance

o0

T(z,y) = »  Cov(1(Xo < x),1(Xs <)),

k=—o00

if one of the following weak dependence condition holds,
e 0(i) =0 fora>2+2V2~48 -,

o (i) =03 fora>5,

o \(1) =0(™%) fora>15/2.
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Note that coupling arguments also yield ECLT for classes of functions with polynomial bracketing
entropy decay conditions, see [12] and [II]. Besides evident applications to empirical statistical tech-
niques and to functional estimation questions (also discussed in [I1]), this yields a tool to derive

asymptotics of MLE estimates.

3.3.3 Effective estimation procedures

Knowing the parameters with index larger than jp is of course an unrealistic hypothesis excepted
for p—Markov ARCH(p) processes. In the general setting, if the § are unknown, we cannot remove
the exact impact of their lags in y;. We can only regress R? on a truncated past of jo lags, with
r; = R? instead of y;. This lack of explanatory variables biases the OLS estimator as long as 7o

—(p—1)2P=2
remains fixed. Using the same counting as above, the error is |As = O(jo( )21’71)

. So we will
need to set jo = jo(n) — oo. The real problem is not non-parametricity but the fact that matrices
dimensions should increase. For example in a parametric setting 5 = ¢(#), the matrices still have
growing dimension. For this asymptotics, not much is given by the classical OLS theory.

Hence it does not seem harder to estimate 3 than just its first components. This estimation problem
is straightaway a nonparametric one. It is much like the density estimation problem : when one wants
to estimate f(zo) with kernels, the variance has a non parametric \/n/jo(n) while bias is O(j, ”(n))
under p-regularity conditions if we set 1/jo(n) — 0 for the corresponding window width. The idea is
thus to achieve analogues nonparametric rates for our OLS procedures, but how can we derive rates
of convergence for matrices with growing size?

First we may use weak dependence to obtain L2 rates of convergence for coordinates of the numerator
by using the following ideas. We consider j > 0 because of notations, but the case j = 0 is in fact

easier ; for the component j, A = 1(Z'X);), we have, Var(4) < 2ot sefin] |Cov (@i, Tsws—j)|

G
, and we use similar notations for X,, = [z1,...,z,]. We divide this sum respectively for indices
belonging to A and to A® with A = {i,j/]i — j| < to}. On A, each covariance is bounded by a

moment :
|Cov(zpas—j, xsws—5)| < Var (vr—j) < Vara? + (Ex7)? + (Ea? + Varz;)?,
while on A€ we will sum bounds proved from weak dependence :
|Cov(@imi—j, ss—;)| < Onpar,_; ([t = 8]) < Oy, 1([E — s)PT < 84, (|t — 8| — 5)71.

We thus obtain

Var(a) < 2L S Ou(t—s| — )i
" " t,scAc
o+l 1 & >
= O(F =+ Y (T =0t —5)r)
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Then, we need to sum over j to derive the rate of convergence for the whole numerator. We can only
sum over the first values of j to obtain rate for the first components of 3.

The same approach can be used for the denominator, but because we need to invert and multiply it, we
need to link the rate obtained in the L! norm to a multiplicative one (e.g. |||M|||1 = Y, max; |M; ;| <
M}y =32, >, |Mij|). For the inversion we use

(ZnZn) ™" = (Bejze) ™ = —(23,20) (23 Zn — B2z E(220) 7,

however there is still a lot of technical points to adress here. The balance of ¢y and jg as functions of
n leading to the optimal rate is reported to a future paper. Analogously to kernel density estimations

a marginal CLT with normalization \/n/jo(n) will be exhibited.

3.4 Random fields

We now consider a real-valued, centered and 7, A or w—weakly dependent random field X such that
M = sup;cza E | X¢|"™ < oo for a real number m > 2. We use here weak dependence in order to derive
moments inequalities and a central limit theorem as well as a Donsker type invariance principle for
partial sums of a stationary random field.

The following result provides covariances inequalities used in the proof of forthcoming moments

inequalities and of a central limit theorem.

Lemma 3.1 Let X be a real valued and centered n—weakly dependent random field. If M = sup;czq E | X" <

oo for some real number m > 2, then

1 m—
1. If X is A—weakly dependent : | Cov(X;, X;)| < 10Mmm=1 \x (|i —j])mij.
Moreover sup Z |Cov(X;, X;)| < 00 if Ax(r) = O (r™) with A > d%.
i€Ze 4
JEZ
2. If X is w—weakly dependent : |Cov(X;, X;)| < 14M%wx(]i - j|)mT_v2
Moreover sup Z | Cov( X, Xj)| < o0 if wx(r) = O (r*) with w > d_"5.

i€zd jGZd
3. Suppose sup || X, < 0o and X is \—weakly dependent (resp. w—weakly dependent). If \x (r) =
tezd
O (7“_’\) with A > d (resp. wx(r) = O (r~) with w > d) then sup Z | Cov(X;, X;)| < oo.

i€Z4 jEZd
Proof. We use a truncation technique. Let 7' > 1. We denote for i € Z¢, X7, = (=T) V X; AT and

X; = Xr;—EXp,
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Let a € [2,m], as | X; — Xp;|* < |Xi]" 1x,/>7, we obtain || X; — X[, < oM aT'™% . Write |Cov(X;, X;)| <
|COV(X1' _Yian” + ‘COV(X]' —Yj,yi)‘ + COV(YZ',YJ')‘ LI 1/CL+ 1/m =1, then

‘COV(Xi—YZ‘,Xj)‘ }COV(X]'—Y]',YZ')‘
156 = X, 11X, + 1 X

AMT?> ™

‘Xj - YjHa

ml

ININ +

1. Under A—dependence, |Cov(X;, X;)| < 3TAx(]i — j|). As we may always assume that A\(r) <
1 1 1
2MM™ we get the result by setting T' = 2m—1 M mm=—0 Ay (|i — j|) " m-1.

2. For w—dependence, |Cov(X;, X;)| < 4AMT?~™ + 5T%wx (|i — j|). The result follows now with
1 —
T = Z%mex(]i - j])ﬁl The last point 3. is obvious. [J

3.4.1 Moment inequalities for partial sums

q
This section is aimed at deriving moment inequalities of the Marcinkiewicz-Zygmund type, IE‘ Z X j‘ <

jeu
C]U\Q/Q, where U is a block set of Z¢ (i.e U = (a,b] = ((a1,b1] x - x (ag, bg]) N Z¢ with a,b €
RY ay < by,...,aq < by), |U| stands for the cardinality of a finite set U and ¢ is a real number > 2.

The proof adapts ideas in [J] for moments inequality with order ¢ =2+ 4, § € [0, 1]. For a block U,
let S(U) = 3_ ey Xj. For a real number s > 2, we will say that X verifes condition C(s) if
C(s) : 3Cs > 0 such that for each block U c Z<, ||S(U)||. < Cs |U]1/2.

In this section, we suppose that X is either A—weakly dependent or w—weakly dependent with

I

M) <K@+, A d% (3.9)
wx(r) < K(r+1)"%, w>d<2\/ m@g) (3.10)

w

Now 1} (resp. (3.10) asserts C(2) with Cy = sup Z |Cov(X;, X;)| with Lemma .
jezs v/

The general case

We first prove a technical lemma in order to derive C(q) = C(q + 9).

Lemma 3.2 Let ¢ € N, ¢ > 2, § € (0,1] such that A = g+ 6 < m. We suppose that X wverifies
condition C(q).
Under A\—dependence, if X > % : m(q+276)2(572m, condition C(A) holds.

pren
In the case of w—dependence, w > %m(q—’_GZf)Z@_S)A, implies the condition C(A).
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Proof. We follow the proof of [9]. Let h(n) = min{k € N/2¥ > n} and for a block U C Z¢ having
edges with lengths ly,...,lg, we set h(U) = h(ly) + ... h(lg). We prove the result by induction on
h(U). The result is obvious if h(U) = 0 < |U| = 1. We suppose the result true for a block U such
that h(U) < hg and let U a block such that A(U) = hg + 1. Let L be any of the widest edges of U.
Denote its lenght by I(U). As pointed in Lemma 1 in [9], if we draw two hyperplanes orthogonal to
L dividing U into two blocks Uy and Us of thickness [[(U)/2] and I(U) — [[(U)/2] respectively, then
there exists a value 7 = 7(A) < 1 independent of U such that :

|U1‘A/2 + ‘UQIA/z S T‘U|A/2

(here [] stands for the integer part of a number). Let £ € (0,1/2] such that 1 — 7/ — /€ > 0. We
divide U into blocks in the following way :

i) If ¢ |U|1/d > 1, we draw two hyperplanes orthogonal to L, dividing U into three blocks, a central
block V' admits the thickness [£ |U|1/d] and the two other blocks @ and R have thickness < [(U)/2.
In some case @2 or R may be empty.

i) If € |U|Y? < 1, we draw one hyperplane dividing U into two blocks @ and R of thickness [1(U)/2]
and [(U) — [L(U)/2] respectively. We set V = ().

We have always :

Q%2 +|R|A? < T |UIR2. (3.11)

Moreover h(Q),h(R),h(V) < hy and we may use induction. We set r = d(R, Q). Then
15(Q) +S(V) + S(R)[[a < 15(Q) + S(R)[[a + ISVl A

>From induction, ||[S(V)|5 < Ca |V|1/2 < C’A\/E|U|1/2 for some constant Ca > 0. Using Lemma
yields :

EIS(Q) + S(R)|* < E|S(QI* +E|S(R)*
+ (= 3) (EIS@QI IS(R) +EIS(RI!ISQ))

1) We now use the induction for the first two terms :
EIS@I* +EIS(R)® < €& (1QI* + |RI*?) < CAr|U|*/
2) For the third term set S(R) = (=T) V S(R) AT for a truncation T' > |U| and use the inequality :

E|S@)[S(R)]’ +E|S(Q)||S(R) - S(R)|°

2171 E[S(Q) - S(Q)|" [S(R)|
+27E[S(Q)|" |S(R)|
+E[S(Q)"[S(R) — S(R)|

IN

E|S(Q)|S(R))°

IN
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We first obtain

IN

)
| T°E|S(Q)" 1 s(@)>1)
< TOTTME|S(Q)™

< MTAfm |U’m

E|S(Q) - 5(@Q)|* [S(R)

N

For the second term write a covariance :
‘5

ES@I' SR’ < E[S@| (0+ISR)) AT?)

= Cov ([S@", (1 +IS(R° AT?))
+E[S(Q)"E (1 +IS(R))* A T%)

Observe that f: (z1,...,7q|) = ‘(—T) v Z'fj‘l i N T‘q is ¢T9 ' —Lipschitz and bounded by T,

0
and g : (21,...,2R) = (1 + ‘Zyjl xZD AT? is §—Lipschitz and it is bounded by T7?.

Under A dependence this implies, if T > |U]|,
‘Cov (Is@l*, 1+ ISR)))") \ (qT9 =1 1Q| + 6T |R| + 6T |U[))Ax (r)

(2 + )T U Ax(r)

IN

IN

Under w—dependence, if T > |U|, then

cov([3@I", 1+ 5R)°)| < {@rt+ot)q)
+ (0T + TTH)|R| + q(qu*1|U12}wX(r)
< (20+3)TT U wx (r)
Moreover
E[S@Q)'E(1+|S(R))" < CIQIY*(1+E|S(R)]
< QI (1+IS(R)]3)

As |S(R)ly < C2|UIM2, we have
E[S(Q)|"E (1+[S(R)|)’ < 2(Cy v 1)C2 U
For the last term, with ¢/m +1/m’ =1, we get :
EIS(Q)|S(R) - S(R)]" < EISQ)IS(R)] 151y
IS@)IZ || SR 1gsmyer,

m 57&/ mm/
QY MY™ T ||S(R) |7

MU o T

IN

!
m

IN

IN
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Asm/m' =m —q:
E|S(Q)||S(R) — S(R)|" < M [U|™ T~

— Under A\—dependence we have proved

E[S@Q)?[S(R))® < (294 )M |U["TA™™ +29(2q + 1)T? |U| Ax(r)
+ 27740y v 1) 08 U

Observe that from 1} and from the definition of r : Ax(r) < K& \U|_)‘/d. Choose T =
]U\(m_H%)/(m_é). This leads to

m—A

m—ao

m(g+1)—A

EIS@I ISR’ < [(27+ )M +29(2q+ DK U s
+ 270y v 1)CE U

_2
d

By assumption A > 4 x m(q+2;15l—2(5—2)A and so :

E|S(Q)7|S(R)|® < [(279 + 1)M + 29(2q + 1) K€" + 271Gy v 1)C1] |U |2/

— Under w—dependence,

EIS@[SR) < 1+ 1)M[U™TA"
+29(2q + 3)TTH U |wx (1) + 2971 (Cy v 1) 02 [U A/
Here from 1’ and from the definition of r : wy (r) < K& |U|™/?. Choose T = |U|(m~1+a/(m+1=9),
Note that the assumption w > 2d implies % > 1. This yields

m(g+2)—A w m-—A

( ,—
E[S@Q|S(R)° < [(27+1)M +29(2q + 3) K& [U| m+1-5 ~amsi-s
+27L(Cy v 1)C2 U2

By assumption w > ¢ x m(q+4;1(52-£(5—3)A’ thus :

E|S(Q)7|S(R)|° < [(27 + 1)M + 29(2q + 3) K€" + 271Gy v 1)C1] |U |2/
3) Using the same ideas for the last term, from inequality @ we derive
IS@)ls < [Ca (VE+7Y2) + LA )2
with respectively, in the A—dependent case and the w—dependent case :
L = 202971 =3) [(27+ 1)M 4 29(2g + 1) K& + 2971(Co, v 1)CY]
L = 2020t —3) [(29+ 1)M + 29(2¢ + 3) K& +2971(Co v 1)CF|
The choice Ca > LY2 /(1 — 71/ — \/€) yields the result. O

Corollary 3.1 1. Under A—weak dependence, C(q) holds with q = {%]

Suppose, moreover that \ > %l(m2 —m+2)ifmeNori> %% if m ¢ N, then
condition C(q + 9) holds with 0 < § < 1 A (m — q) A =etve-—abd W where a = 2\ —d(m + 2 — q)
and b = (m — 2)qd + 2dm — 2(m — q)\.
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2. If X is w—weakly dependent, condition C(q) holds with g =2V [%]
If moreover w > %(m2 +3)ifmeNorw> %W if m ¢ N, then condition C(q+ 6)

holds for 0 < 6 < 1 A (m — q) A =atve—dbd W where a = 2w —d(m+3 —q) and b= (m — 3)qd +
4dm — 2(m — q)w.

Proof. 1. As condition C(2) holds, the result follows by induction on {2,...,q} by using Lemma
. From Lemma , condition C(q + §) holds for A > %m(q—i—?;jl—g(&—Q)A. This relation is rewritten
dé?+ad+b < 0. If we prove that b < 0, the result will follow (because —¢+va-—4bd W >0).Butb <0<

qSQm%. If meN, we have g <m—1and m—1 §2mm<@)\z g(m2—m+2).
If now m ¢ N, then ¢ < [m] and [m] < 2mgy +)(‘;1‘12) s %[m} (;ln:[i)lfm which proves the result. The

proof of 2. is omitted. O

The case of bounded random variables

Lemma 3.3 We suppose N = sup,cza || X¢l|, < 00 and A (resp. w > d). Then condition C(s) holds
with s = [2)\/d] (resp. s =2V [2w/d — 2]).

Proof. The result is obvious for s = 2 since A > d (resp. w > d) implies the relation sup;cza D ;cza |Cov(X;,
oo. Assume the result if s = ¢ > 2 where ¢ € N, ¢ < s — 1 and 2w/3 — 2 > 3. We derive condition
C(g+1) as in the proof of Lemma With the same notations, this is sufficient to modify only the
step 2) :

E[S(Q)7|S(R)[™ < Cov(IS(Q)7,(1+|S(R)]) +E|S(Q)|"E(1+|S(R)))
In the A—dependence and the w—dependence setting, we have respectively :

[Cov (IS(@Q)I”, L+ IS(R)) | < Bg+ 1N VU Ax(r)
[Cov (IS, L+ ISR | < Bg+5)(N VT U wx(r)

Moreover E [S(Q)|"E(1 + [S(R)[) < Cd2(1 Vv Cy) ‘U|(q+1)/2 .
From A > d(¢g+1)/2 and w > %l(q + 3)/2 we derive respectively :

EIS(@)[S(R)| < ((2q+3)Kg—*(Nv1)q+2(1v02)03> |t D)/2

A

((2q +5)Ke (N vV 1)T 4 2(1 v Cp)CY) U @D/

Hence X satisfies condition C(q + 1), if respectively

Cygr1 > L‘I%/U*T((hLl)"% %)
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for £ € (0,1/2] such that 1 — 71/(@+D) — /€ > 0 and
L =202+ 3) [(2q F3)KENN V)21V cz)cg}
and if
Cot1 2 Lo (1 - 7(q+ 1) —\/€)
for £ € (0,1/2] such that 1 — T V&> 0 and

L=202""=3)[(2¢+5) K (N V1) +2(1v )i . O

3.4.2 A central limit theorem for weakly dependent random fields

We now prove a central limit theorem for n—weakly dependent random fields. The proof is based on
the Stein method used in Bolthausen [5] to derive the CLT for the partial sums of a stationary strong
mixing random field. This proof is adapted from Guyon [25] in order to relax stationarity condition
with the moment assumption sup,cza [ X¢|lo, 5 < 0o for 6 > 0. We will follow this proof to show that
the same holds under A or w weakly dependence. The Lemma will be extensively used. Let X
be a real centered random field and (D,,), a sequence of finite subsets of Z¢, S, = > jep, Xj, and

02 = Var (S,,). The following assumptions will be used :

(A1) There exists m > 2 such that sup;cze E | X;[™ < oo,

(A2) The random field X satisfies Ax(r) = O (r=*), A > 2d Vv d(m — 1)/(m — 2).
(A%) The random field X satisfies wx (r) = O (r™%), w > 3d V.dm/(m — 2).

(A3) linnig;fa,%/]Dn\ > 0.

Theorem 3.2 If (A1), (As) or (AL) and (As) hold, then o,'S, 2./\/(0, 1).
Proof. We follow here [25] (pages 111-115), quoting that assumption (Ag) implies
0,2 <C|D,|™" (3.12)

for a constant C' > 0 and for large enough n. In the proof K will denote a generic strictly positive
constant which only depends on the random field X.

1) First we show that this is enough to prove the result for bounded random variables. We use a
truncation technique. For T' > 0 let X, 1 = (=T)VX;AT-E(-T)VX,;ATifj € Z%, S, 1 = Z X1,

J€Dn
and 07217T = Var S, 7. We have E ‘U_IS,L — J;lTSn,T‘Q < 20;2 (E |Sp — SmT|2 + ‘0721 — J?LTD. We first
bound
o, lon —onrl < 0,7 Y (ICov(Xi — Xz, X;)| + |Cov(Xim, X; — Xjr)])
i,j€Dn

< Cswp > (ICov(X; — Xip, X;)| + [Cov( X, X; — Xjr)|)
JELT jegd
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Note that if in the random field X we replace some variables X; by X 7 or X; — X 7, the new random
random field denoted Y is allways A—weakly dependent or w—weakly dependent and Ay (r) < Ax(r)
(resp. wy (r) < wx (r)). Moreover for a given j € Z%

1X5,7ll,, VIX; = Xrll,, < 21X,

This allows to use the covariance inequality in Lemma If (A2) holds then for a given i € Z¢ we

have :
Cov(X; — Xir, Xj)| + |Cov(Xir, Xj — X;7)| < Kdx(li = j)7=1 (3.13)
The same holds if we suppose (A%) by replacing the last bound by Kwx (|i — j\)mT_Q
Moreover if 1/m + 1/a = 1 we use Holder inequality :
Cov(X; — Xip, X;)| < MY™ || Xilx, 5p||, < MT*™
We bound |Cov(X; 7, X; — Xj7)| in the same way. We obtain
|Cov(X; — X1, Xj)| +|Cov( X, Xj — X, 1) < KT*™™ (3.14)
Using (3.13) and (3.14)), in the A-dependent case, we obtain for a given k € N
o, %02 - O',?lvT’ < K((Zk‘ + 1)d72m 4 Z rd_l)\X(r):Zj>.
The choice of k = T with « € (0, Z52) gives i
lim limsup o, |o) — op 7| =0 (3.15)

—0 n—oo

Under w-dependence the same conclusion holds. For o, 2E|S,, — San\Q we derive the same result and

2
finally lim limsupE |0, 'S, — J;ITS,LT‘ = 0. With (3.15) and (As), we remark that for a given

—00 n—oo

sufficiently large T > 0, liminf, o oy, 7/|Dy| > 0. Thus this will be enough to consider the case of
bounded variables.
2) We now proceed for bounded random variables. Let T = sup;cya || X¢|| - Let (my,) a sequence of

positive real numbers such that lim,_ ., m, = oo, \Dn\_l/z mfl

—n—oo 0 and

~ |Dp| Ax (Mmp) —n—oo 0 if (A2) holds (this is possible if we set m,, = |D,|* with a € (%, 2—1d) since
A > 2d).

— |Dp|wx (mp) —n—oo 0 if (A%) holds (this is possible if we set m,, = |Dy|* with a € (5, 55) since
w > 3d).

For j € Z%, define Sin = Z X, anp = Z EX;S;jn, S, = aEI/QS’n, and gj,n = agl/QSjn.

i€Dn,d(1,5)<mn jeDy,
If (A2) holds we have

0.0 on —an| <02 > Y |Cov(X, X)) <2TC Y kT Ax (k)

JEDn d(i,j)>mn k>my,
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Hence

lim — =1 (3.16)
n—oo o5

We obtain the same result if (A%) holds. Then lim,, o E ‘J,len - ?nf = 0 and it is enough to show
that S, > N(0,1). For this we use the following lemma.

Lemma 3.4 (Stein, [21]) Let (vn)n>1 be probability measures over R with (i) sup/xQVn(dx) < 00,
and (ii) lim/(i)\ — 2)e™u, (dx) = 0 for all X € R, then v, LA N(0,1).

Here (i) is obvious. First observe that from (As) and (3.16), there is a constant C’ > 0 such that a,;! <
C"|Dy| ™!, for n large enough. To prove (ii) use the decomposition (iA — S, )e?5» = A; — Ay — As,
with A = idei5n (1 —a;? > jeDn Xij,n)7 Ay = ap/?eirn > jen, Xj (1 —iASjn — e_i)‘gj»n> and
As=an"? Yo p, XjeNSnSin),
Term A;. If (Ag) holds then
El4f = Mag2Var (Y X;Si0)
J€Dn
= a2 > Cov(X; X, Xu X
33" €Dnsd(i,5),d(@’ 5" ) <mn
If d(j,j') = k > 3my, we have |Cov (X; X, Xy X;/)| < KAx(k — 2m,,).
If d(j,7") Nd(j,i) Nd(j,7") = k < 3m,,, we obtain

‘COV (XZ'X]‘, Xi/Xj/)

< ‘COV (X]7 XZXl/X]/)

+ |Cov (Xi,Xj)| ‘COV (Xi/, Xj/) < KAx (k)
thus,
3my, 00
E|A 2 < Ka;2|Dn|m3;l( S xR+ 3T B (k- an)>
k=0 k=3mn

< K|Dn|71mid —n—oo 0

The same holds if we replace assumption (Agz) by (A5).
Term As.

E|dy] < Ka 23 E|X:|S
n J 7,n
jEDy

< Ka?y > IEX; X,|
JE€Dn d(i,g),d(i' j) <

< KaT_L3/2‘Dn’mg

< K |Da| 2y —po 0.
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Term As. We use weak dependence. We obtain respectively

EAs] < a0,y ‘EXjeW?n—?m)
j€Dy

< a2 |Dal (14 IN(T + 1)az 2 Do) Ax ()
< K |Du| Ax(mn) —n—oo 0.
EAs] < a7 l/? Z ‘EXjeM(?n—Ej,n)
JE€DR
< a2 D] (14 N (T + 1)a; /2 (Do + T(1 + |Dy]) ) wox (ma)

< K|Dp*?wx(mn) —n—oe 0.

Then the result follows from Lemma 3.4 OJ
The following inequality precises the one proved on page 4 of [9].

Lemma 3.5 (z + )™ < 200 010 4 (2q+1 — 3) (:qu‘S + qué) forx,y >0, q€N, q¢g>2 and
0<é6< 1.

q—1

Proof. We write (z + )4+ = (mq +y?+ E ( 1 ):ijq_]) (z+y)°.
i J
7=1

We first note that (7 + y9)(x + y)0 < 2910 4 49+0 4 g0y 4 3999,
For x <yet1l<j<q—1,then 2iyi™I(z + y)0 < 2027 0x0ya77+0 < 20949,
If y < x, then analogously #7y? 7 (z 4+ y)° < 2%¢y%29. Finally :

J

3.4.3 Donsker invariance principle for random fields

We now apply the results of the last subsections to derive a weak invariance principle for A or w
dependent random fields. We will say that B is a block of [0,1]? if B = (s1,t1] X - -+ X (s4,t4] with
0<s; <t <1lforeachie€{1,...,d}. If X is arandom field, we denote S,(B) = >_ ¢, pnze X; and
Sy (t) = Sn((0,¢]) with the notation S, (t) =0 if Ajgi<a ti = 0.

Under w dependence, the following assumption will be useful :

(A%) X is a w—weakly dependent random field, wx (r) = O (r™*), w > 3d v d2=3.

We now give the following result :

Theorem 3.3 Let X be a centered and weakly stationary random field. Assume that, either (Ay),
(A2) or (AY) hold then, for a W a Brownian sheet :

D([0,1]¢
n~%23,(t) (o )UW(t), o’ =Y EXoX;>.0

jezd
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Proof. We need to prove both the tightness and the convergence of the finite dimensional distributions
of the sequence of processes (Sp)n.-

We first prove the convergence of the finite dimensional distributions. Note that it is enough to prove
that for all disjoint blocks By, ..., By of [0,1]%

(Su(B1),- -+ Su(Bi) 2 (W(B),...,W(By))

For simplicity, we prove the result for £ = 2. Let B, C two digjoint blocks and u,v € R. We prove
that
n= 42 (1S, (B) + v5,(C)) B N (0, 0% (12 A(B) + 1°A\(C))) (3.17)
Let Sp = uSn(B) + vSp(C). We can write S, = > icrg  pya Yo with Yy ; = pX; if j € nB,
Y, ; =vX;if j € nC and Yn] = 0 elsewhere. Let 02 = Var (S,,). We have
02 = Var S,,(B) + Var S, (C) + 2Cov (Sn(B), S, (C))
~ We prove that n=9Cov (S, (B), Sn(C)) —n—oo 0. Indeed as BN C = () we obtain for 0 < < 1 :

n~4|Cov (S,(B),S,(C))] < n7? > IEX; X;]|
ienB,jenC;d(i,nC)<nP
+ nd > IEX, X

ienB,jenC;d(i,nC)>nb
< 2PN EXX 4+ )] [EXoX|

jezs lj|>n?
The result follows from Lemma, (note that in the w—dependence setting, w > d4m 5 > d-5

m—2
and one can apply Lemma (3.1))).
— Recall the notation S(V) = > .y Xj. As limpy| Vaf‘/ﬁ(V) =o?:
lim n~%(Var S, (B) + Var S, (C)) = ¢® (A\(B) + \(C))
The two previous poin‘:s?;.;ply

2
lim 7% = 6% (A(B) + A(C)) # 0 (3.18)
n—oo N
Now as the triangular array {V, j/n € N,j € {0,...,n}?} satisfies the same moment condition and

the same dependence condition as X, we can prove in the same lines as in the proof of Theorem

that : limy_oe 0 1S, 2 A(0,1). With (3.18) we derive (3.17).
We now prove the tightness of the sequence of process S,,. Using (Az) or (A3) and Lemma [3.2| with
q = 2, there exists § > 0 and C > 0 such that for a block B of [0,1]%,

[Sn(B)lly45 < C ‘B ﬂZd‘

If the corner points of B are among {£ /i = 0,...,n}, we have ||S,(B Moqs < CA(B) and the condition
(1+6/2,149/2) of Bickel and Wichura [4] holds. Then from Theorem 3 in [4] and the remark below
it, we derive the tightness of the sequence (Sy),. O



74

Weak Dependence, Models and Some Applications



Bibliographie

1]

2]

18]

9]

Andrews, D. Non strong mixing autoregressive processes, Journal of Applied Probability 21, 930-
934, (1984)

Bardet, J. M., Doukhan, P., Leén, J. R. Uniform limit theorems for the integrated periodogram of
weakly dependent time series and their applications to Whittle’s estimate. To appear in J.T.S.A.
hal.archives-ouvertes.fr/hal-00126489/en/, (2007)

Bardet, J. M., Doukhan, P., Leén, J. R. A uniform central limit theorem for the periodogram and
its applications to Whittle parametric estimation for weakly dependent time series. ESAIM P &
S 12, 1540172, (2008)

Bickel, P. J., Wichura, M. J. Convergence criteria for multiparameter stochastic processes and
some applications. (English) Ann. Math. Stat. 42, 1656-1670, (1971)

Bolthausen, E. On the C.L.T for stationary mixing random fields, Ann. Probab. 10-4, 1047-1050,
(1982)

Bradley, R. Introduction to Strong Mixing Conditions Volumes 1,2 and 3. Kendricks Press, (2007)

Bulinski, A. V., Shashkin, A. P. Rates in the central limit theorem for weakly dependent random
variables, J. Math. Sci., 122, 3343-3358, (2004)

Bulinski, A. V., Shashkin, A.P. Strong Invariance Principle for Dependent Multi-indexed Random
Variables, Doklady Mathematics 72-1, 503-506, (2005)

Bulinski, A. V., Shashkin, A. Strong invariance principle for dependent random fields, IMS Lecture
Notes—Monograph Series 48, 128-143, Providence, (2006)

[10] Dedecker, J., Doukhan, P. A new covariance inequality and applications, Stochastic Processes

and their Applications 106, 63-80, (2003)

[11] Dedecker, J., Doukhan, P., Lang, G., Leon, J. R., Louhichi, S., Prieur, C. Weak dependence,

examples and applications, Lecture Notes in Statistics 190, (2007)

[12] Dedecker, J., Prieur, C. New dependence coefficients. Examples and applications to statistics.

Probability Theory and Related Fields 132, 203-236, (2005)

70



76 BIBLIOGRAPHIE

[13] Doukhan, P. Mixing : Properties and Examples, LNS 85, Springer Verlag, New-York, (1994)

[14] Doukhan, P. Models inequalities and limit theorems for stationary sequences, in Theory and

applications of long range dependence (Doukhan et alii ed.) Birkhiauser, 43-101, (2003)

[15] Doukhan, P.; Lang, G. (2002) Rates in the empirical central limit theorem for stationary weakly
dependent random fields, Statistical Inference Stochastic Processes 5, 199-228, (2002)

[16] Doukhan, P., Louhichi, S. A new weak dependence condition and applications to moment in-
equalities, Stochastic Processes and their Applications, Vol. 84, 313-342, (1999)

[17] Doukhan, P., Madre, H., Rosenbaum, M. Weak dependence for infinite ARCH-type bilinear
models, Statistics 41, 31-45, (2007)

[18] Doukhan, P., Teyssiére, G., Winant, P. A LARCH(oc0) vector valued process, in Lecture Note in
Statistics 187, Dependence in Probability and statistics (Bertail, P., Doukhan, P. and Soulier, P.
editors), 245-258, (2006)

[19] Doukhan, P., Truquet, L. Weakly dependent random fields with infinite memory. Alea 2, 111-132,
(2007).

[20] Doukhan, P., Wintenberger, O. A central limit theorem under non causal weak dependence and
sharp moment assumptions, Prob. Math. Stat. 27, 45-73, (2007)

[21] Doukhan, P., Wintenberger, O. Weakly dependent chains with infinite memory, to appear in
Stoch. Proc. And Applic., (2008)

|22] Engle, R. F. Autoregressive conditional heteroskedasticity with estimate of the variance in the
U.K. inflation. Econometrica 15, 286-301, (1982)

[23] Giraitis, L., Kokoszka, P., Leipus, R. Stationary ARC H—models : dependence structure and
central limit theorem. Econometric Theory, 16, 3-22, (2000)

[24] Giraitis, L., Surgailis, D. ARCH-type bilinear models with double long memory. Stoch. Proc.
and their Applic. 100, 275-300, (2002)

[25] Guyon, X. Random Fields on a Network, Springer-Verlag, New-York, (1991)
[26] Petrov, V. Limit theorems of probability theory. Clarendon Press, Oxford, (1995)

[27] Rio, E. Théorie asymptotique pour des processus aléatoires faiblement dépendants. SMAI, Ma-
thématiques et Applications 31, Springer, (2000)

[28] Stein, C. A bound for the error in normal approximation of a sum of dependent random variables.
Proc. Berkeley Sympos., M.S.P.2, 583-603, (1972)



Chapitre 4

Strong invariance principle for a new

class of weakly dependent random fields

Abstract

We prove a strong invariance principle for some (non-causal) spatial Bernoulli shifts with independent
and identically distributed (i.i.d.) inputs. Several examples of such random fields are given in Doukhan
and Truquet [I3], where the authors use a fixed point theorem to solve autoregressive equations of
the form

Xy =F ((thj)jezd\{O}Q &) : (4.1)
where ¢ is an i.i.d. random field. Classical mixing conditions are hard or impossible to obtain for
such models but weak dependence conditions of Doukhan and Louhichi (1999) are satisfied. The
main tools to derive the strong approximation are the Berkes and Morrow (1981) blocking technique,
moment inequalities for weakly dependent random fields and an approximation by m—dependent
random fields. Moreover, only a Riemanian rate for the covariances is required to establish a strong

invariance principle which notably extends previous results even for causal fields.

4.1 Introduction

Bernoulli shifts often refer to time series such as ARMA models or ARCH processes. Their extension to
the multiparameter case is well known only for the ARMA random fields which have been extensively
studied (see [16]). In a recent paper of Doukhan and Truquet [13], a new class of random fields has
been introduced, extending linear random fields. Their construction is based on the resolution of

autoregressive equations of the form
Xt =F ((Xt*j)jeZd\{O}; &) . (4.2)

77
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Under contraction assumptions on the function F', it is proved that there exists a unique solution

written as a spatial Bernoulli shift of the form :
_ . 74 4.3
Xy =H ((gtfj)jezd) , el (4.3)

where H is a measurable function. The random field & can be supposed only stationary. The construc-
tion of such spatial processes is done through moments conditions, using a fixed point theorem. An
approximate simulation of the solution of equation can be done using a recursive procedure (see
section 2.4 in [13]).

Classical cross moments and others statistics are difficult to obtain for a model defined by a general
equation of the form except in the case of linear fields or with the use of a convenient notion
of causality, which also relaxes the moment conditions on the inputs. In this last case, one obtain a
generalization of the classical autoregressive time series such as the classical ARCH models, and a
non linear extension of the quarter plane AR (see [17]).

For X = (X;, t € Z%) a spatial Bernoulli shift satisfying , denote the partial sum

Sv= > X

0<j<N

where for 7,5 € Zd, we use the notations i < j if iy < jsforall s =1,...,d and ¢ < j if i5 < j, for
alls=1,...,d, N=(Ny,...,Ny) € G, and for 7 € (0,1),

d
Gr= =G g0 e, jo= (T[T}
s=1 t#s
The goal of this paper is to establish a strong approximation for Sy in the particular case of spatial

Bernoulli shifts with i.i.d. inputs, that is an approximation of the form,
Sy —Wxn =0 ([N]lﬂ_g) a.s. (4.4)

when N € G; — oo (that means N; — oo for all 1 <i < d) where

- IN] =TT N

— W is a multi-parameter Wiener process;

— € > 0 is not depending on N.

The first result of strong approximation for random fields has been given in Berkes and Morrow (1981)
[4] in the case of strong mixing where the authors have used the reconstruction method of Berkes
and Philipp (1979) [5] to construct an approximation in the multivariate case. More recently, Balan
(2005) [3] have proved a strong invariance principle for associated random fields using the quantile
transform of Csérgo and Révész [8]. A generalization to a more general weak dependence condition
is given in Bulinski and Shashkin (2005) [6], with the same method.
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Relating to the limit theory of random fields defined by (4.3)), classical mixing conditions for models
defined by equation are very difficult to be obtained in practice. Moreover there are some simple
examples of causal sequences which are not strong mixing : the AR model proposed by Andrews [I]
or a ARCH model provided in [I2]. On the other hand, the weak dependence introduced by Dou-
khan and Louhichi [IT] is an appropriate property to study the limit theory of non causal Bernoulli
shifts, with independent inputs [I0] as well as for dependent ones [I4]. General limit theorems such
as moments inequalities and weak invariance principle have also been proved in [I2] for more general
models than .

Nevertheless, in the time series case, powerful methods have been recently used for the strong approxi-
mation of partial sums of Bernoulli shifts with i.i.d inputs. Wu (2007) [20] have used a martingale
approximation for general causal Bernoulli shifts. Approximation by m—dependent sequences is used
by Aue and al. (2006) |2] for augmented GARCH sequences. Liu and Lin (2008) [I8] have taken
advantage of an approximation by m—dependent sequences in the general case, the result of Wu
(2007) is improved and some optimal rates have been obtained.

In this paper, we will use an approximation by m—dependent random fields to construct the Brow-
nian sheet. In the time series case, moment inequalities for Bernoulli shifts used in [20] or [18] are
derived from martingale difference decompositions and the Burkholder inequality. Since we have not
found a similar decomposition in the case of random fields, we will use a general moment inequality
given in [12] for weakly dependent random fields which is in fact an adaptation from that of Bulinski
and Shashkin [6].

In contrast with time series, there is a technical difficulty with the random fields because as it has
been pointed in [4] the strong approximation cannot hold near the coordinate axes due to the irre-
gular behaviour of the variance in this case. This leads to the introduction of an "equilibrate" subset
(such as G) for the convergence of the partial sums.

The paper is organized as follows. Some bounds for the covariances of spatial Bernoulli shifts that
will be useful for the approximation of the random field by m—dependent fields are provided in next
Section Then, we recall the notion of weak dependence of Doukhan and Louhichi for random
fields and establish some required moment inequalities in Section [4.3] Finally, Section {.4]is devoted
to the strong invariance principle and examples. The proof of this result is postponed to the last

section of the paper, Section
4.2 Covariances estimates for Bernoulli shifts
Let K be a positive integer. We denote by ||-|| the Euclidian norm on R and the same notation will

be used for the associated norm on Mg g the space of K x K real square matrices. Moreover, ||-||

will denote the suppremum norm on Z.
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If X, Y are two random vectors with values in RX, we denote by T x,y the covariance operator with
values in Mg g :
I'X,Y)=E((Y —EY) (X —EX)").
Now for A > 1, we denote
,11/h
1X1, = [ENXI"]

Note that we have the following Cauchy-Shwarz inequality :

ITXY) [ < [IX = EX |, [[Y = EY]l;, . (4.5)

Let X be a centered random field with values in R®. We suppose that X is a Bernoulli shift i.e
X, =H ((&—j)jeZd\{O}) (4.6)

d
where £ is an ii.d random field with value in a measurable space E' and H : E'Y L RE s a
measurable function. In this section, we suppose that E || Xo||* < co. For t € Z® and | € N*, we

denote the o—algebra
Fri=0 &/ lillee <1)-

We also define the following [—dependent random field X;; = Eg, , X; for each ¢ € Z%. T | is an odd
integer, we set X; ;0 = Xy (141)/2- In the case [ =0, we set Xy = Xy, Vt € 74,
The following proposition provides inequalities satisfied by the covariances of a Bernoulli shift and

will be useful to derive bounds for the approximation of X by the [—dependent random field X ;.
We also denote by Y;; = X; — X;; and

p(l) - HYb,z

9
Remark that by usual properties of the conditional expectation, (p(l)); is non increasing.

Proposition 4.1 Let i,j € Z¢ and | € N*. We set 7= izl

2
177£0 + Var (Xo)zf:() i
2. T (Yig, Vi)l < 2p(0)p(UV O By + p(D)* By 5

5. 10 (X3, X5) = T (Xis X0)ll < (20 Xolly p0V 1) + 200p(D) By + 1 Xolly (1) -

10 (X, X5)[ < 2[[Xolly p(1)

Proof of Proposition We will use the following fact : if l~7£ 0, then the two o—algebras F ;
and ]:jT are independent. In this case, we have I (Xi T Xj l~) = 0.



4.2. COVARIANCES ESTIMATES FOR BERNOULLI SHIFTS 81

1. The result is obvious if [ = 0. If l~7é 0, with the Cauchy-Schwarz inequality

Ir Gl < |0 (v ) | + |0 (x50 v50) |
o) 1%ol; +2(0) | Xy
2| Xolly p()-

Note that the last inequality follows from Jensen inequality.

2. We apply the first point to the special Bernoulli shift (Y;;),cza. If T;é 0, we obtain

1T (Yiz Vi)
From properties of the conditionnal expectation Y ; —E]-' (YO 1) = Y,
If now [ = 0, we remark that IT (Yis, Y|l < p(1)2. ,
3.if [ # 0, we have :

IN

IN

< 211Youl, ||Yor — Bz, (Vo)

and the result follows.

1T (X4, X5) — T (X, Xj0)

< P Vi, X[+ (1T (X, Vi) -

But
I Vi XDl < [0 (Vi = B, i X5) | + |0 (B, i v |-
As HIEj:~ ”‘ < p(l) and ‘ il — E]: (Yzl H HYMH < p(lN\/ 1), the Cauchy-Schwarz

inequality prov1des
P (%,2) | < 100, 9@ D) + @00

Moreover,

1T (X, Yl

IN

Xig =Bz (Xi)|| VGully + || Yie — Ex ; |z, X
1, )

< X = Ex ()| ) + 1 Xoll, TV D).

2 ~
As HX“ — Efﬁ(X“)HQ < p(1)? by Jensen Inequality, we obtain

IT (X, Y0l < 1 Xolle p(TVT) +p(D)p(1)
and the result follows.
For the case | = 0 we observe that
IT(X5, X;) — T (X, X501 < [[Xolly p(D) < [ Xollyp(D)-O
We deduce the following corollary.

Corollary 4.1 Suppose that p(l) = O (I™") with n > d.
1) 3 ez 1T (Xo, X5)|| < oo

2) S e IT (Yo )l = O (19-27).

3) Y jeza IT (Xo, X5) = T (Xou, Xj0) || = O (1%77).
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4.3 Moment inequalities for weakly dependent fields

The goal of this section is to establish a general moment inequality for weakly dependent random fields
that can be applied to Bernoulli shifts. A general notion of weak dependence has been introduced by
Doukhan and Louhichi (1999). We recall here the definition of the n—weak dependence for random
fields. First, for a function A : (RK)w — R with K, w € N*, define

Liph = sup (1, .. xw) — h(Y1s - - Y0
@1 i) A reg) 171 = Y1+ 20 = gl

where a norm || - || is given on RX. Then,

Definition 4.1 A E = RE¥—valued random field (X;),cpa is weakly dependent if there exists a
sequence (Nx(r))ren with lim, oo nx(r) = 0 such that for all w € N*, v € N* and functions
f:(RE)" SR and g: (RX)" — R satisfying || flloo < 1, |lglloc < 1, Lip f < 00 and Lipg < oo,

|Oov(f(X817" . 7X8u) ) g(thv"' 7Xt'u)| < (uLipf—l—vLipg) 77X(7")>
where indices s1,. .., 5y, t1,...,t, € Z% are such that ||s, —ti]lee > 7 for 1 <m <wand 1 <1< wv.

A special case of n—weakly dependent random fields are the Bernoulli shifts. This is proved in
[10] (see paragraph 2.2.3 of that paper). Moreover, inspection of the proof given in [I0] shows that
nx(r) = 2(r/2) where

o(r) = HH((fj)j) ~-H ((Ej]lujuooq)j)Hl-

A straightforward modification of that proof shows that one can take :

nx(r) = 2p(r/2). (4.7)

In the sequel a set U C Z¢ is called a block if it can be written as ngl(as, bs] for as,bs € Z with
as < bs and denote |U| = []%_,(bs — as). For a random field X, let :

s=1

SW)=>_X; and M(U)= sup {|S(W)|}.

jeu W block CU

We will use the following assumption :
(A1) X = (X;);ezq is a spatial Bernoulli shift with values in R¥, K € N*, satisfying (4.3) where

(&t)teza are ii.d. random vectors, and there exist A > 2 and C > 0 such that E HXUHh < oo and for
all 7 € N, p(r) < C(r+1)7" where 1 > 2d j=3.

The following theorem provides a moment inequality and a maximal inequality for n—weakly de-

pendent random fields.
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Theorem 4.1 Suppose that the random field X satisfies (A1). Then there exists § € (0,1) and a
constant C > 0 such that for all block U C 72 :

1S(U)lyrs < CIUMZ,  (IM(U)|lyys < AC|U|M?, (4.8)

where A = 52715(1 — 20/(4420))=d

Proof of Theorem Since the random field X is a square integrable Bernoulli shift, then it
is n—weakly dependent with dependence coefficients nx satisfying inequality . By assumption
(A1), we have nx(r) < 21*7C(r 4+ 1)~". One can observe that each coordinate (X;(y));ezz is also a
n—weakly dependent random field with

Nx(y) (1) < 21+”6'(r +1)7" n > Qd%. Then, using the point 1 of Lemma , it is possible to apply
the moment inequality of Lemma 2 in [I2] to each coordinate of X. One can deduce that there exists
§ >0 and C > 0 such that for all block U C Z¢ :

IS@)lly15 < CIUIM.
Lemma 2 in [I2] shows that ¢ is chosen such that 2+ ¢ < h and satisfies :

n=

d h(4—268)+ (6 —2)(2+9)
2 h—2-36 '

The first inequality of Theorem 1 follows and the second inequality is a consequence of the first one
and the Moricz theorem [19].00

Remark The constant C' can be chosen such that C' > 25:1 Cy where constants Cy, are given at
the end of the proof of lemma 2 in [12] and are such that :

1

L 1
cbz(aﬂau@@ﬂh+2uuvgﬂ+8oaayv1x302”(1—Tﬁ“—Tyﬂ‘ﬂ (4.9)
where 71 and 7o are positive constants which do not depend of the random field X and Cs, =

(e 1Cov (Xofw). X;()1) " with X, = (X5(1). -+ X;(K)) for all j € 2.

In the next proposition we derive a moment inequality with the same § and C as in Lemma [7.8
for all the random fields of interest X ,, n € N* U {oo}.

Corollary 4.2 Under assumptions (A1), there exist 6 € (0,1) and C > 0 such that for all n €
N* U {oo} and all block U C Z% :

180 (U) s < CIUM? . where Su(U) = 3 e Xjn-
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Proof of corollary Note that for all n € N* U {oo}, the random field X , is n—weakly
dependent since it is m—dependent. We want to show that Theorem applies to all the random
fields X ,, n € N with the same numbers § and C. In particular, we need a bound, independent of
the integer n, for the constant C' of the previous remark using . For this, it is enough to prove
the following three points :

— SUPpen+U{oc} X0l < 003

— SUPpeN*U{oo} Zjezd |Cov (Xo,n, Xjn)| < o00;

~ SUDpen+Ufoo} X, (1) < 21O (1 + 7).

By Jensen inequality, sup,cn-ufoo} | Xo.nll;, < [|Xoll, and this proves the first point.

The second point is a straightforward consequence of Proposition Indeed, there exist C7 > 0 and

Cs > 0 not depending on n such that

T (Xon, Xgn)l - < T (Ko, Xjin) =T (Xo, Xj) || + ([T (Xo, X5)|
Crp(lillee /2) W0 + Co Ljmo.

IN

Hence the result follows.
To show the last point, consider v € N*, v € N* and functions f : (RK)u — R and g : (RK)U - R
satisfying || flloo < 1, ||9lloo < 1, Lip f < 00 and Lip g < co. Define also,

i fn = f(Xslmv"'vXSu,n); 9n Zg(th,n,...,Xtmn)
b Xt,n,r = E]-'tert,n, vVt € Zd
° fn,r = f (Xsl,n,m - ,Xsu,mr) 5 Inr =9 (th,n,m . )Xtv,n,r)

We have

|Cov (fnrgn)| < ’COV (fn—fné,gn) +’COV (fné,gn—gné)’

IN

u v
2Lip f Y Hxn5 ~ Xia|| +2Ling Y HX].S,H,Q = X,
s=1 s=1

< 2 (’LLLlp f + ULiP g) HXO,n,§ - XO,n
< 2(uLip f +vLip g) p(r/2).

2

Since by Assumption (A1), 2p(r/2) < 21*7C(147)~", we have proved the third point and this leads
to the result. O

4.4 The strong invariance principle for spatial Bernoulli shifts

Now we give the main result of this paper : a strong approximation of partial sums of spatial Bernoulli

shifts satisfying Assumption (A1) by a Wiener process. However, another (weak and only technical)
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assumption has to be added :

(A2) I'= %" 74T (Xo, X;) is a positive definite matrix.

Theorem 4.2 Under Assumptions (A1) and (A2) and for any T € (0,1), there exists € > 0 and
X can be redefined without changing its distribution on a richer probability space together with a

d—parameter Wiener process W = {W,,t € [0,00)%} such that holds.

Examples : General examples are provided by models defined in [13] and satisfying the equation
. Let € = (&);ez4 be an ii.d. random field with values in E (usually E' = RE" for some K’ € N*
but E’ can also be a denumerable tensor product of such sets). Let £ = R¥ with K € N* and
F . (E(Zd\{o}) x B, B(EX"\) @ B(E')) — (E,B(E)) be a measurable function (here, if V is a
vector space and B an arbitrary set then V(B) c VB denotes the set of v = (vp)pep such that there
exists a finite subset By C B such that vy = 0 for each b ¢ By). Define also both these assumptions :

(H1) There exists h > 2 such that ||F'(0;&)]|n < oo.

(H2) There exists (aj) jeza {0y sgch that a; > 0 for all j € Z¢\ {0} and a = Zjezd\{o} aj <1,
satisfying for all Vz, 2/ € FZ\0}),

IF(z6) - F(56)l < Y allz =2l as (4.10)
JezZA\{0}

Then,

Proposition 4.2 Assume that (H1) and (H2) hold. Then there exists a unique stationary solution
X = (Xit)eza of equation such that E|| Xo||" < oo which can be written X; = H ((€1—5) jega) for

all t € Z%, where H is a measurable function.

This proposition follows from Theorem 3 in [I3]. A similar existence theorem with a convenient notion
of causality is also provided in [13], where the assumption (H2) is weakened.
Under (H1) and (HZ2), it is possible to check the Assumption (A1) in particular cases. Indeed, for

p € N* and t € Z¢, consider the sequence of random fields (X, :(n)) defined by :

neN

Xpyt(O) =0, and Xm(n + 1) =F ((Xp,t—j(n)]l0<||j||oo§p>j;gt) for n € N.

From Lemma 6 in [I3], we have the following bound :

1
o= a0l < V(0" + 725 52 ).
Jlloo =D
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Now since the random variable X, o(n) is measurable with respect to Fo np+1, we have Ex, , Xp0(n) =
Xpo(n) for I > np+ 1. For p € N*, we set n = E(Z_TI) Then, np + 1 <[ and we obtain

n 1
pl) <21 Xo = Xpo()ll2 < 2| Xolln (a" + 17— Y a).

1 ,
l3lloo>p
Since n = E(l%) > % — 2, we finally obtain :
1
pd)ngXMMHMX<a2,1_a>pg§{ama+.§2>%}. (4.11)
Jlloo =P

An interesting case is obtained when 0 < a; < A Hngoﬁ for i € Z% with 8 > d and 0 < A\ < 1. Then,
the proof of Lemma 3 in [I3] shows that there exists C’ > 0 such that

1 \¢”
<C'— .
p(l) =€ <logl>

Consequently, Assumption (A1) is satisfied as soon as

3h— 4
d .
p>d3—

4.5 Proof of Theorem 4.2

In order to prove theorem , we introduce the Berkes and Morrow [4] multiparameter blocking
technique. We use the approach and the notations of [3] (see also [6]).

4.5.1 The blocking technique

Let a > 8 > 1 be integers to be specified later. Introduce

l
ng=0, ny=>» (i*+i), 1eN"

i=1
Note that n; ~ % when | — oco. For k € N, put N, = (Nkys ooy ngy). Set
d
Bp = (Ne—1, Nil, - Hi = [ [(nko—1,po—1 + k8], Iy = Bi/Hy.
s=1

Let p = 7/8, L be the set of all indices ¢ corresponding to the "good" blocks B; C G, and H be
the set of points in N? which belong to some good block. For each point N = (Ny,...,Ny) € H, let
N . N@ be defined as follows :

NS(,S) =Ny, s’ #s, NS(S) = min Ng.
neH,ny=Ny,s'#s
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We consider also the sets Ly = {i : B; C Rg} C (LN {i < k}) and Ry = (Mj, Ny where
1 d
M= (N1, (V)0).

1A Nig—1)P
Now for i € Ly, let S*(H;) = > ;cp, Xji; where [; = M, where E(z) stands for the

integer part of a real number z.
For N € G; and Ny < N < N4,

Sy = (Sv—5nN,) + S(Re) + S((0, Ni]/Ry),
Wy = (Wn—Wn,)+ W(Rg)+ W((0, Ny]/Ry),

and we use the following decomposition of S(Ry) :

S(Rp) = > (S(H;)— S*(H;))+ > S*(H;)+ Y _ S(I)

i€Ly 1€Ly €Ly,

The introduction of the vectors S*(H;) for i € L is the key point of our strong approximation since
their independence properties will be used to construct an approximation of their partial sums by a

sum of Gaussian random vectors.

Lemma 4.1 (S*(H;)),c; is a family of independent random vectors.

Proof of lemma Let i,? € L such that B; and B; are two successive blocks, with for
example ;1 =1+ 1, Zs = g for all 2 < s < d. We have [; + L < E((“;l)ﬁ) + E(;B) < z[f Since
d(H;, H;) > if, we deduce that Hf’ N H? = (), where for A C Z? and ¢ > 0, we use the notation
As = {j € Z?/|li — Al < €}. In the general case, it is obvious that Hzl’ N H? = () for i # i.
Since S*(H;) is measurable with respect to a(fj, j e HZZL) for all ¢ € L, the result follows from the

independence properties of the random field &£. [
The following lemma provides an important property satisfied by the set G, and will be extensi-
vely used in the sequel.

Lemma 4.2 1) If M = (M, ..., My) € G, then My > [M]ﬁ for 1 <s <d.
2) There exists C' > 0 such that for alli € L and 1 < s < d then is > C[z]ﬁ

In the sequel, we will denote by C a positive constant which can only depend on d, 7, h, C~', n and

on the covariance function of the field X.

4.5.2 Approximation of S(Ry) by W (Ry)

We start by approximating S(H;) by S*(H;).
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Lemma 4.3 Suppose 3 > 21:’2) Then there exists €1 > 0 such that
SIS (H:) = S*(Hy)l| = O (N2~
i€l

Proof Let ¢ be a real number satisfying ¢ > —1 and ¢ € (O‘HL + d_22" ffp, “TH 1) Note that this

is possible from the assumptions satisfied by (. For i € Ly, observe that [; > C[i ]Hﬂ Then we have
from Bienaymé-Tchebichev Inequality and Corollary [4.1]:

P(|[S(Hi) — S*(Hi)| > [i]") < [i{]7*E || S(H;) — S*(H. ')H2
< [T H)| DY D E(YG,Y;
jEZA
< Clrer
< Cmf2q+a+(d72n)li—”p‘

The choice of ¢ implies that —2¢ + a + (d — 2n) fjfp < —1. One can apply the Borel-Cantelli Lemma,

and we obtain :

|S(H;) — S*(H;)|| < C[i]7  as.

Hence :

Z 1S(H. H;)|l <CZ q<C[k:]Q+1 <C’[Nk]a+1

’LELk ’L€Lk

Therefore Lemma is satisfied with 1 = % — qu and e1 > 0 from the definition of ¢. O

Now, we derive the following approximation result :

Lemma 4.4 Ifa—0( > 1+p and 3 > 1+p§ then without changing its distribution, we can redefine

the random field X on a mch enough probabzlzty space together with o d—parameter Wiener processes
W= (W, telo, oo)d) such that there exists eo > 0 satisfying for all k € Z4 with Ly, # 0,

3 st (H) -T2 W(By) =0 ([Nk]lﬂ—az) .

1€Ly, 1€Ly

Proof Fori e Ly, we define V; = Var (S(H;)) and V;* = Var (S*(H;)). We first bound the difference
[i]7*V* —T'. Hence :

(ol s R [ A U A P U |
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With Corollary :

[V =l Vil < D (X0, X5) = T(Xo, Xl
jezd

C(il VANPIRAN id)ﬂ(d—n)
C[i]ﬁ(d—ﬂ)ﬁ‘

VANBVAN

Moreover, from Lemma [4.10) :

[V, = T|| = 0 ([i]—aﬁ) .

This finally leads to :

oV =1 = 0 (i) e S | (4.12)
Now, for i € L, define S”(H;) = V;~Y/25*(H;) where V;* = Var (5*(H;)). Note that from (4.12) and
assumption (A3), i can be supposed large enough such that Vi*_l/2 exists. Define also S"'(H;) =
(Vi*lﬂ — B/ r1/2) S"(H;) and S(H;) = |Bi|"/*TV/28"(H;). Then S*(H;) = S"(H;) + S(H,).
Now, >7;cp, 8" (H;) and 37, ;- S(H;) can be bounded as follows :
— Concerning S”(H;), let ¢ > —1 such that :

a—1 Bp+a 1 a+1 JoJe]

? > +7) > - —d
2 Pynxpy Ty 02 Tapap 9

q <

Note that is possible from assumptions on « and 3. Since E (||S”(H;)|?) = K, from Bienaymé-
Tchebichev Inequality :

P (‘ HS”/<H1)H > [Z}q) < [i]—QqHV;*I/Q _ ‘Bz’1/2 F1/2H2
< CH|| vy - |Bi| 1|
< CUT (Vi = 1HGIT]| + [1H] = 1Bl [[[T]) -
We have the following bound :
d d
[1Hi| = 1Bil| = |[]Ge+id)-T]:e
s=1 s=1
d
< oY S
s'=1 s#s!
Bota
< Cli] Hr .

We now use (4.12)) and we obtain a second bound :

Vi~ T < Gl = ;] < e e,
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Then, assumptions on ¢ imply that there exists v < —1 such that :
P (||8"(Hy)|| > [1]9) < Cla].
Therefore we deduce from Borel Cantelli Lemma that :
HSW<H%')H < C[i]?  as.

This leads to :
S8 (H)| < ClRTH < CING . (4.13)
icLy,
Now, define € > 0 such that 3111 = % — . Then ¢ > 0 since ¢ < %41
— We now deal with the term ZleL (HZ) For this, we use Lemma , ordering Lj with the
lexicographic order for example. Remark that Var (S(H;)) = |B;] F Moreover let p = 2 4 9, with

0 > 0 given in Corollary . If a; = [i]" for all i € Ly, where § + 2+5 <7y < 1+O‘ , then :

Z a- pEHS HP < [i]f'y(2+5)H ‘Bi‘l/z Fl/z‘/;*_l/Q“2+6E"S*(Hi)H2+6
€Ly,

< Cmf'y(2+6) ’Bi|1+6/2 H ‘Hi’1/2 P1/2Vi*—1/2H2+5

< Cmf'y(2+§) |Bi|1+5/2

< C[i}(a—Z'y)(1+6/2)'

The fact that |HZ~\1/2 Fl/z‘/;**l/Z is bounded follows from . By the choice of v, we have
(¢ = 27)(1 +6/2) < —1 and the previous sum is finite. Then by Lemma we can redefine
the sequence (S'(H;));c; on a rich enough probability space together with a sequence ((;)ier of
independent N (0, | B;] ") —random variables such that :

> S(H) Y 6= O () = 0 (IN]V*) (4.14)

€Ly, i€Ly,

where ¢/ = % — —L-. Note that & > 0 from the definition of .

Finally, let €0 = ¢ /\ ¢/, and we obtain from (4.13) and (| - :
> 5 Zcz— (w722
iGLk ’LELk

Now since ¢; = T'V/2¢! for i € L, where ¢} ~ N (0, |B;| Ix), a straightforward d—parameter generali-
zation of Lemma 4 of Csorgo and Révész [§] ensures that we can redefine the sequence ((});cr, on a
richer probability space together with a d—parameter Wiener process W such that ¢, = W (B;), for
all ¢ € L. The proof is now complete. [

Now to complete the approximation of S(Ry) by W (Ry), we prove the following lemma, :
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Lemma 4.5 Suppose that o — 3 > w, then there exists €5 > 0 such that :

Y sy =0 ([Nk]l/Q—ffB) .

i€Ly,

Proof of Lemma The proof is similar to the proof of Lemma 3.9 of [3]. For i« € Ly we have
I; = U_ I;(s) where I;(s), s = 1,...,d are disjoint rectangles with

1(s)| < i T -
s'#s

Let ¢ > —1 be a real number such that ¢ € <O‘TH + (B8 — a)ﬁpp, %) This is possible from assump-

tions satisfied by a and . Denoting S;(s) = > X, we have :

JELi(s)

P(ISi(s)l = [117) < O] [ i@
s'#s
C[i]—2q+ai,§—a

IN

é C[Z.]—Qq-l—a-i-(ﬁ—a)ﬁ.

Since —2q + o+ (8 — a)ﬁ < —1, the Borel Cantelli lemma and similar calculus as above lead to :
q+1
> 1)l = 0 (V] 457).
€Ly,

The choice of e5 = % — ;%11 > 0 leads to the result. [J

4.5.3 The remaining terms

We show that the terms S((0, Ng] \ Rx), W((0, Ng] \ Rx), Snv — Sn,, Wn — W, are sufficiently
small for N € G;. Since all the terms involving the Wiener process are sums of Gaussian i.i.d.r.v.
and therefore are n—weakly dependent random fields, we will only proceed with the partial sums
generated by X. We follow [3] and write :

d
IS0, NJ \ Ri) || < Y 27 Dy(Ny)

s=1

where Dg(Nj) = max ) IS |- Moreover we have :

n<N{®

max SN = SNl < M(j)’
Np<N<Njs1 | a @yﬁch{l:-.- d}

where M,EJ) = sup HS(I,E”)H with I,g‘]) = [Lses(rn,, NsJ X [s¢;(0, ] and the supremum is taken
over all N such that ng, < Ns < ng 4 for all s € J.

Both the following lemmas are now required :
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Lemma 4.6 There ezxists § > 0 such that for any x > 0 and any block V,

i (M(V) >z \V|> < Oz,

Proof of Lemma It follows from Theorem [7.§ and the Markov Inequality. O

Lemma 4.7 There exists v1 > 0 such that for any block V = (m,m +n| withn € G, :
P(M(V) 2 [V (m|V])™) < C V™,
where C' > 0 does not depend on m and n.

Proof of Lemma The proof is the same as the one of Lemma 7 in [4] using Theorem and
Proposition 4.3] given in the Annex. OJ

The two following lemmas are proved analogously to Lemmas 6 and 9 established in [4], using the
maximal inequalities given by Lemma and Lemma [£.7] Another complete proof with the same

notations is given in [7] (see Lemma 2.19 and Lemma 2.20).

Lemma 4.8 Suppose that o > 3% — 1. Then there exists e4 > 0 such that for all N, € G,

max Dy(Ny) :O([Nk}l/Q_“) 0.5

s=1,...,d

Lemma 4.9 If a > %, where v1 € R is given by Lemma then there exists €5 > 0 such that for
all Ny, € Gp :
m}x]\/[lgj) =0 ([Nk]l/%%) a.s

4.5.4 End of the proof of Theorem

We choose o and [ satisfying :

2
M, OJ—IB>M, C¥>§—1, Oé>3
p(n —d) 3

P T 4!
Set e = i :r1111n5 ;. Then Theorem follows from Lemmas , and O

4.6 Annex

G >

Proposition 4.3 There exists pg > 0, such that for all N € G, and t € RE,

B Sv — oI < 0 (%0 v u)P) (V]
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Proof Fori=1,...,d, let p; = E(N?), ¢ = E (N?) and k; = E (pﬁiq_) with 0 < a < b < 1. For

j €0,k —1], set:
d

B; = [ [(wi + @)di> (pi + @:)is + il
i=1
1. With n = Ny A... A Ny and | = E(nb)/2, we first approximate the random field X by the
random field X ;. For t € RE let f: RX — C such that f(z) = e'@ If for a block U, we write
S(U) =3 ey Xjo and Sy = 3 e o x Xj» then with the point 2 of Corollary [4.1]:

[Ef (IN]725x) —Bf (IN7/28)| < 12 [N]El|Sw - 8w
< 112 E (Y5, Y5
jEZ
< Cle)* 192,

2. We now approximate S n by the sum of the independent random vectors (S (Bj))

j€f0,k—1]
Br (IN7250) —EA(IN Y E®))| < P E[Sv- Y s
je[0k—1] el
< PNV - WD) Y B (Xpu)]
jezd
< CHtHQH(bfa)\/(afl)'

3. We then use the Lindeberg Theorem. Let (Yj);cpo,x be a finite family of i.i.d. M(0, V) random
variables where V, = Var (S(BJ)). Then, for 6 € (0,1) :

B 30 Sm) -Er (N 30 )

jel0,k—1] jel0,k—1]
< Y w2151 & @l 151
jel0,k—1]

< Ol N2 N RSB
je[0,k—1]

Therefore if § is small enough, from Proposition

EF(INTY2 N Sm) —EA(INTE YD v)| < ey,

J€l0,k—1] j€l0,k—1]

4. Finally if V,, = Var (S(B;)) and Z is a N(0, Ix) random variable, then >, 1;Y; has the
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same distribution than Vl/2 [k]Y/2Z and

’Ef ({N]—Wﬁ;}/?[k]mz) _Ef (rl/Qz)‘ < Ot ‘ [N] =, k] —r]

IN

C 1t (N [V = Vi
v ([] vl v, - )

Now,
— Using Corollary we have

7 - il = BEL S e, x5) - 1 0,001 = 0 (1877).

[ ] 1 ”V “ [ < Z ||I‘ X0, X M -0 (n(b—a)\/(a—l)) ‘

— As a consequence of Lemma [.10] we have
7}V =T = O (o) = 0 (n7)
We have finally shown that if p = (b—a) V (a — 1)% Vb(d—n):
[ES(INI7288) —Bf (02)] < Ol v ) n.
Since N € G, = n > [N]ﬁ, the result follows by setting po = —m,u O

Lemma 4.10 Under assumption (A1), then for all N = (Ny,...,Ng) € (N*)4

|IN]"'Var(Sy) =T =0 ("),

where | = min Ng.
s=1,...,

Proof of lemma

— First,

r= > (X0, Xi) + A,

[i1|<N1i,....[iq|<Na
and using the point 1 of Proposition [£.1], we have for a suitable constant K > 0 :
Al < ) T(Xo,X)

l[éll o >1

Ccy kL

k>1

IN

Therefore A = O (ld_").
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— Moreover,
Var (Sn) = > (N1 = [ia]) -+ - (Na — ial) I'(Xo, Xi),

[i1|<N1,..s]ia|<Ng

and one can deduce that :

|V var(sw) = Y T X = 27— it Y N, Xl
li1|<N,...,Jig| <Na i€zZd

under assumption (A1) n—d > 1, and hence the result of the lemma follows from the two last points.
O

Lemma 4.11 (see [I5]) Let (Z;),cn- be a sequence of independent R* valued random vectors with
zero means and Cov(Z;) = ofT for | € N*. Assume that there ezist q € (2,4) and a sequence (a;)ien-

such that a; — oo (I — o0), satisfying

SElAl
q
a

=1

Then on a richer probability space we can construct a sequence of independent normal random vectors
(Q)jen with EG =0 and Cou((;) = ol for | € N*, such that

Z Z — Z G =o(ay) a.s.
=1 =1
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Chapitre 5

A nonparametric resampling for non
causal random fields and its application

to the texture synthesis

Abstract

We study an extension to non causal Markov random fields of the resampling scheme given in Bickel
et Levina (2006)[5] for texture synthesis with Markov mesh models. This extension is similar to a
nonparametric method proposed by Paget and Longstaff (1998)[19] for texture synthesis and we also
use their multiscale synthesis algorithm incorporating local annealing. We discuss some statistical
properties and theoretical points for the convergence of the procedure and provide several convincing

simulation examples.

5.1 Introduction

Over the two last decades, there was a particular attention to study the problem of texture synthesis.
The goal of texture synthesis can be stated as follows : Given a texture sample, synthesize a new tex-
ture that appears similar to a human observer. Texture mapping or image compression are frequent
applications for such algorithms. The stochastic nature of texture variations makes it a particularly
natural area for applying statistical methods. The pioneer work of Cross and Jain (1983) [6] have
shown the ability of Markov random fields to model a homogeneous texture. Such parametric models
have been used for texture synthesis (as in [21]]), but they require the estimation of a high number of
parameters for capturing the complexity of real textures, which leads to computational difficulties.
On the other hand, some algorithms model textures as a set of features, and generate new images

by matching the features in an example texture ([7], [15], [23]). Those methods work very well for
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100A nonparametric resampling for non causal random fields and its application to the texture synthesis

stochastic textures but have sometimes difficulties with highly structured ones.

Significant advances have been done in the area of texture synthesis using nonparametric algorithms
with Markov random fields. A popular algorithm has been introduced by Efros and Leung (1999)
[10]. Many variations of their method have been published that speed up and optimize the original
algorithm in different ways in Wei et Levoy (2000) [24], Efros and Freeman (2001) [9] and Liang et al.
(2001)[L6] among others. The main statistical idea behind those algorithms is to consider the observed
texture as a realization of a strictly stationary MRF. The data are used to construct an estimate of a
local conditional distribution function of the field and a new texture is synthetized with a simulation
procedure. Typically, the synthesis starts using a seed and pixels are synthetized in a given order by
a recursive simulation of the random field as for time series. Intrinsically, those simulation procedures
suppose the causality nature of the observed stochastic process. At a first sight this dependence form
seems unnatural but the above algorithms work well on a wide variety of textures which seem well
approximated by such random fields.

On the other hand, some noncausal procedures have been investigated. The FRAME model intro-
duced by Zhu, Wu and Mumford [25] combine noncausal MRF models and feature matching. This
last model has a mathematical justification : maximum entropy with empirical histograms of a finite
number of filter responses are used to derive a parametric MRF for the whole distribution of the
texture. Despite its solid statistical modeling, FRAME models does not work always very well on
real textures.

Paget and Longstaff (1998)[19] have considered another algorithm, with a nonparametric noncausal
MRF. Contrarily to [25], the random field is specified through the conditional distribution and the
empirical histogram is smoothed with a kernel which allows a simulation procedure with the Gibbs
sampler. To avoid long relaxation time and phase discontinuities, Paget and Longstaff have used
multiscale grids and have incorporated a temperature parameter for the pixels and the resulting al-
gorithm is shown to be able to synthetize stochastic textures but also highly structured ones.
Except the work of Zhu et al.[25], not many theoretical works have been developed to study the
consistency of such procedures. To our knowledge, the only contribution is the work of Bickel et
Levina [5] who define a formal bootstrap scheme for resampling stationary (causal) random fields
which gives a theoretical justification to the algorithm of Efros and Leung [10].

The goal of this paper is to extend the method of Bickel and Levina to noncausal random fields for
modeling textures as in [19]. Of course, the use of the Gibbs sampler leads to long computational
times and this gives a clear advantage to causal algorithms. However, from a theoretical point of
view, the class of noncausal Markov random fields is known to be wider than the class of causal fields
and in fact only a noncausal field has a real physical sense. In [5], the authors study a nonparametric
estimation of the local conditional distribution function associated to the random field which is used

to simulate an approximate causal field. This method is an extension to random fields of a p—order
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Markov bootstrap algorithm for time series [20]. We will use the same nonparametric estimation of
a conditional law and we will use the multiscale synthesis algorithm given in [19] to give simulation
examples.

The paper is organized as follows. In the following Section[5.2], we recall the results of Bickel et Levina
and provide the natural extension of their method to the noncausal case. Some considerations on the
convergence and the convergence rate of such algorithm are also provided. Section is devoted
to recall the multiscale algorithm used by Paget and Longstaff and we incorporate our bootstrap
method to provide several simulation examples. Theoretical investigations are postponed to the two

last sections of the paper.

5.2 The Markov Mesh Models algorithm

5.2.1 Principle

We first recall the Markov Mesh Models (MMM in sequel) algorithm introduced by Bickel and Levina
[5]. This algorithm is different of the original algorithm of Efros and Leung [10] by the order in which
pixels are filled in the synthesized texture (raster instead of spiral), and the weights with which the
pixels are resampled. One can note that the raster order is used in some variations of the original
algorithm (see [24] and [16]).

In all the sequel we consider {Xy, t € N* x N*} a real-valued random field and a positive integer
o € N*. We will use the following notations :

— for A C N* x N*, X4 denote the family (Xy)ca;

— for A, BCN*XN* A+ B ={ts+tp, (ta,tp) € AxB}and A—B = {ta—tp, (ta,tg) € Ax B}.
For t = (t1,t2) € N* x N* and s € N* x N*, define the index sets

° Ut(o) = {u = (u1,u2) € N* x N*; max(1,¢; —0) < uy <t1, max(1l,t — 0) < ug <o and u # t};
o U(s) = U — {1} + {s};
o Wt:{l,...,tl}X{l,...,tz}\{t}.

The set Ut(o) is always included in the square of size (0 + 1) x (o + 1) with ¢ as the bottom right
corner, t itself excluded, but there are (04 1)2 — 1 possible shapes of Ut(o). Then,

Definition 5.1 A random field X = {X;, t € N*xN*} is a Markov mesh model if there exists o € N*
such that for all t € N* x N*,

P (X;/Xw,) =P (Xt /XUt(o)) . (5.1)
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Now, the MMM resampling algorithm of Bickel and Levina [5] can be presented. First assume that
a trajectory of a MMM X is observed on the index set {1,..., 71} x {1...,Ts} with T1,T» € {0,0+
1,...} x{o,0+1,...}, ie

(X, te{l,....,Th} x{1...,Tx})

is known. Then consider a family of kernels (W(Z))geN* that are Borelian functions W : R —
[0, 00) satisfying some general smoothness assumptions (see Assumption (A4) below). Moreover, for
a resampling width b > 0 and all £ € N*, define

W9 (y) = b~ WO(y/b) forall y € R,

In the sequel, for simplicity, we will omit the exponent o and ¢ for respectively Ut(o), Ut(o)(s) and Wb(g).

The MMM resampling algorithm

In the sequel we will denote X* = { X}, t € N*xN*} the generated texture from (X¢, t € {1,...,T1} %
{1...,T5}). There are 3 main steps in this algorithm :

1. Select a starting value for {X; : 1 <t; <o+ 1,1 <ty <o+ 1}, the top left (o +1) x (0 +1)
square. Typically the starting value will be a (0 4+ 1) x (0 + 1) square random chosen from the
observed field (X, t € {1,...,Th} x {1...,T»}).

2. Suppose that there exists (u,v) € N* x N* such that X; has been generated for t € {1,...,u—
1} x{1,...,v}U{u} x {1,...,v— 1}, that is, u — 1 rows are filled in completely, and the row
u is filled up for the column v. To generate the next value X; = X E“u’v), let V; be a discrete
random variable with probability distribution

1 *
P(N; = s) = 7 Wi (X5, — Xuy(s))

for all s € N*xN* such that Uy(s) C {1,...,T1} x{1...,To} and where Z = 3  W},(Y;" —Yi(s))
is a normalizing constant. Note that the set of all possible s is such that all locations where the

conditioning neighborhood fits within the observed texture field.
3. Generate N; and set X; = X | =Xy

(u,v) v

In Figure we show two steps in the progress of the MMM algorithm, just after the choice of
the seed (step 1 above) and when the neighborhood of the pixel is full (see the center of the picture
in Figure . In Figure we illustrate the difference with the original algorithm of Efros and
Leung. Here, the seed is put in the center of the new texture and the synthesis is done with a spiral
ordering. To synthesize a pixel at a site ¢, one considers only the value of pixels already synthesized

in a given square window centered at ¢t. Another difference with the MMM algorithm is the choice
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Fi1c. 5.1: MMM algorithm, o = 2 F1G. 5.2: Efros and Leung algorithm, o = 2

of uniform weights for the synthesis (see [5] for details). The MMM algorithm is formulated for a
particular class of random fields, the Markov Mesh Models (also known as Picard random fields)
which were introduced by Abend, Harley and Kanal [I]. These models have been developed for image
applications and can be simulated recursively an quickly. The resampling scheme described above is

an adaption of a method proposed for bootstrapping Markovian time series ([22], [20]).

5.2.2 Consistency results for causal models

First, let us introduce new notations :

— for A C Z?, |A| is the cardinal of A.

— for x = (z1,12) € Z2, ||2]|0c = max(|z1|, |72])-

for A, B C Z?, d(A, B) = infzeayen{l|z — ylloo}-

— for y € RY with £ € N*, ||y|| is the usual Euclidian norm.

for T'= (T1,T3) € N* x N*, let [T] =T1T» and T' — oo means 17 ATy — o0.
Let A € Z? such that |A| < co. For t € Z2, define

Vi = (Xt45)en -

Moreover we define the following subsets of N* x N* :

IT:{te{l,...,Tl}x{l...,Tg}, {t}—AC{l,...,Tl}x{l...,Tg}}.
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To show the consistency of their algorithm, Bickel et Levina have proved a general lemma about the

estimation of the local conditional distribution function

Fyy(z/y) =P(X <z/Yi =y)

(see Theorem 2 in [5]). We first recall this theorem and its assumptions.

Assumptions of Theorem 2 in [5]
(A1) The random field X is strictly stationary and a-mixing, i.e. if for k, u,v € N*,
ax (k,u,v) = sup {|P(AB) — P(A)P(B)|, A€ o(Xg),B € o(Xr)}
E,Fe72,d(E,F)=k,|E|=u,|F|=v

are the strong mixing coeflicients such that there exist ¢ > 0, 7 > 2 satisfying for all integers
u,v > 2, u+ v < ¢, where c is the smallest even integer such that ¢ > 7,

Z(k + 12wt D=y o (K u, 0)/ (9 < oo,
k=1

(A2) X; has a compact support S C R.
(A3) Fxy =P(X; <. Y <), Fx)y and Fy =P (Y; < -) have bounded continuous strictly positive

densities (denoted fxy, f x/y and fy respectively) with respect to Lebesgue measure. Moreover,
there exists L > 0 such that for any y,y/ € S4, any = € S,

‘/I Ixy(z,y)dz — /w fxy(zy)dz

<L|y—v|-

(A4) The family of kernels (W) ,en- is such that W©® : R — (0, 00) are bounded, symmetric and

first-order Lipshitz continuous functions such that for all £ € N*,

/uW“)(u)dA@(u) ~0 and /Hu\W“)(u)d/\g(u) < .

Moreover, the width of Wb(z) is supposed to be such that b = by = O([T]~?), with ¢ > 0.

To show the consistency of the MMM resampling algorithm, Bickel and Levina have established
the convergence of the following sample cumulative conditional distribution function, that is, for
(z,y) € S x S4 and T € N* x N* such that I # () :

Pr(e/y) = 7= 3 Lxca Wiy (v = Vo), (5.2)

selr

where Zp =) Wy, (y — Y5).

selr
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Theorem 5.1 (Theorem 2 [5]) If X is a MMM satisfying assumptions (A1) — (A4), then for all
A € 72 such that |A| < oo,
sup | Fr(z/y) — Fxy(2z/y)| =100 0.
(z,y)eSxSA

Theorem shows the uniform convergence of the conditional distribution of a pixel given its neigh-
borhood. Using this general result with neighborhoods A of causal nature (e.g. A = U; — {t}), Bickel
and Levina show the consistency of their MMM algorithm and also of the original spiral resampling
algorithm of Efros and Leung. Their proof use the conditional independence properties of the MMM
which allow a recursive computation of the joint laws (we refer to Theorem 1 in [5] for details). This
resampling scheme uses the kernel regression estimation and requires some regularity assumptions
(see Assumptions (A1-4)). As it is pointed in [5], those assumptions are perfectly plausible for most
real textures : the mixing property is natural for stochastic textures, the compactness assumption is
always satisfied since the number of gray levels is finite, and this number is sufficiently high in most
of real textures to make the smoothness assumptions plausible.

However causal MMM are not really an appropriated for modeling texture : indeed, Why to choose
a certain direction as for the dependence of the field 7 It is more natural to consider a spatial model

for which there are no privileged direction for the dependence, i.e. a noncausal random field.

5.2.3 An extension to the noncausal case and a convergence rate of Theorem [5.1

To extend the previous results of [5] to noncausal fields, consider the following neighborhood N,
where 0 € N*
No=1{j €2%/0 <|jllo < o}

Thus {t} + N, is the natural extension of the set Ut(o) in the noncausal case. Denote

v=I|N,| = (204 1) —1.
The MMM is a very particular case of Markov random fields. If X = {X;, ¢t € Z?} is a R-valued
random field, then :
Definition 5.2 X = {X;, t € Z?} is a Markov random field if there evists o € N* such that for all
t e 72,

P(Xe/Xzo\1y) = P(Xe/Xes,) - (5.3)

We will again assume that (X, t € {1,..., 71} x {1...,T3}) is known. Then, for all ¢t € Z?, define
now :

Y, = (Xt-l-j)je/\/D = Xt4 N, -
First, a convergence rate for the Theorem 2 of [5] can be established and it is also satisfied in the

noncausal case :
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Theorem 5.2 If X is a is a noncausal Markov random field satisfying assumptions (A1l — 4), then
for all A € 72 such that |A| < oo,

sup | Fr(z/y) — Fxy(z/y)| =0 ([T]77) a.s
(x,y)€Sx SNo

T—2 T—2
2w+ 1) (1t +v+2) 2+ 1) (t+v+2)
Since MMM is a particular case of Markov random field, this result is also satisfied by MMM. It

is interesting to see in both the causal or noncausal cases that the convergence rate of the MMM

where 0 < 7y < and b = by = O([T]~°) with § =

resampling algorithm is depending on a power law of [T] (even if the choice of the optimal bandwidth
by is depending on unknown parameters 7 and v). Moreover the maximal exponent of convergence
rate that we can obtain in Theorem is ﬁ (

Remark that if o = 0 (corresponding to a independent random field) then v = 0 and the convergence

that requires 7 — oo for the mixing assumption).
rate is arbitrary close to T/2.

A partial consistency result for the MMM resampling algorithm in the noncausal
case

In order to extend to the noncausal case the consistency proof of Bickel et Levina for the MMM

resampling algorithm, we define the following one point conditional distribution defined by :

Fr(do/y) = = 3 Wiy (4~ Y) bx.(do), (5.4)
s€lr

where §, is the usual Dirac mass measure. Note that is equal to in the case A = N,,.
However and contrary to the causal case, the one point distribution cannot be in general the
one point conditional distribution of a noncausal Markov random field (nevertheless, we will use (5.4])
to run a Gibbs sampler). A statistical problem with texture modeling by a noncausal Markov random
field is to define a consistent nonparametric estimate of the one point conditional distributions which
is also compatible with the existence of a conditional specification. This would allow to define an
approximate Markov random field. We did not found a such estimate. Some tools are given in the
Annex about the link between the convergence of a sequence of one point conditional distributions
and the behavior of their joint laws provided they are well defined (see Theorem and Theorem
. Here we only provide a restrictive result of consistency of a simulation procedure directly with
the Markov chain linked to the Gibbs sampler.

Suppose that we use the conditional distributions (5.4) and the Gibbs sampler to synthetize a new
texture on a rectangle R = Ry = {1,...,ur} x {1,...,vr}. We suppose here that assumptions of
Theorem 5.1 hold. Though the conditional distributions Fr defined in (5.4) are not compatible with
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a Markov random field, we can use those distributions to simulate a Markov chain. We denote by <
the lexicographic order relation on R. Let z is an arbitrary element of S%% not depending on T'. If
z,y € S® and s € R, we define the vectors yz(s) € SNo such that yx(s); = ys+j if s+j < s and
yx(s) = xs4; otherwise, completed with the boundary conditions xst; = zs4j Or Ysyj = 2e4j if site
(s,7) € R x N, is such that s+ j ¢ R.

Now for T € N* x N* such that 77,75 > 20 + 1 (this ensures that I is not empty), we define
the following transition on X I}; c Sf.

Pr(z,dy) = @serFr (dys/yx(s)) .

Note that Ppr corresponds to the transition of the homogeneous Markov chain associated to the
conditional distributions Fr when we implement the Gibbs sampler with a raster ordering for the
visiting scheme (see [14] Theorem 6.2.1). Now as for the classical Gibbs sampler, we simulate a Markov
chain on Ijlf“, with initial value w € .773 and transition Pr. Since Pr is a positive transition, the law
of this Markov chain with finite state space converges to its unique invariant probability denoted by

pr. Then we have the following equality :
pr(A) = /PT(«’JE,A)MT(dﬁf), Ae B(sT),

where B(S®) denote the Borel o—algebra on Sf. One can mention that pr is not in general a measure
that admits Fr as conditional distributions.

Since ST is a compact metric space, the tightness of the sequence (u7)r implies the existence of a
cluster point denoted by p. We are going to show that u = pug, where ur denotes the conditional law
Xr/Xor = zor, where OR = (R + N,) \ R. Then by uniqueness of the cluster point, we will deduce

the following consistency result :
Almost surely : Tlim pr = pr in distribution. (5.5)
— 00

To show that ju = pg, we first observe that pg is an invariant probability of the transition P on S%
defined by

P(z,dy) = ®scrFx)y (dys/yx(s)), xe 5%

Then P define a positive Markov chain and ppr is the unique invariant probability. In fact P is
the transition of the homogeneous Markov chain defined in the Gibbs sampler for the simula-
tion of a realization of ug (still in the case of a periodic visiting scheme). Then if we prove that
w(A) = [ P(z, A)p(dz), VA € B(ST), we we can conclude that = pg.
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Suppose that (T},)nen is sequence in N* x N* such that lim, o 7, = p. Then if g be a conti-

nuous and bounded function on S*. We have :

/ o), (dy) — / 9(y) Pla, dy)p(de)| = \ / 9(y) P, (z, dy)ur, (dz) — / 9(y) Pz, dy) ()

< xs;g% /g(y)PTn(w,dy)—/g(y)P(w‘,dy)‘
+ | [ 9w) PG, dy)or, — p)(da)
= A+B.

Since the function  — [ g(y)P(z,dy) is still bounded and continuous from assumption (A2), the
weak convergence of the sequence (ur, ), implies that B — 0 (n — o).

Now we show that A — 0 (n — 00). First we observe that if h is a continuous and bounded function
on ST x % and s € R, then :

sup

(z,y)eSEXSH
The proof of (5.6) is omitted since the proof is very similar to the assertion A — 0 in the proof of
Theorem [5.3], using Theorem If u € R is such that u > s, Vs € R\ {u}, we have :

/h(ﬂ%y) (Pr, (dys/yz(s)) — Fxy (dys/yz(s)) | =n—oo 0, a.s. (5.6)

'/g(y)PTn(%dy) - /g(y)P(ﬂc,dy)‘
< ' [ [ 5@y (o) (920 i, (o () - ®seR\{u}FX/y<dys/yx<s>>)'

+ sup
YsE€S,s7u

[ 9 (Fr. et - FX/Y<dyu/yx<u>>>\ . 57)

Then if we iterate the bound (5.7)), using a non increasing enumeration of the sites of R, the conver-
gence A — 0 follows from a repeated use of (5.6)). Then, by the uniqueness of the limit of the sequence
(11, )n, we conclude that p(dy) = [ P(z,dy)p(dz) and the convergence (5.5) follows from the pre-

vious remarks.

However, for obtaining the consistency the natural asymptotic requires that Ry increases to Z2.
Unfortunately, we did not find a proof in this case.
5.3 The approach of Paget and Longstaff and simulation examples

5.3.1 Paget and Longstaff method

In their paper, Paget and Longstaff [19] have proposed a noncausal estimate of the local conditional

distribution similar than ours, using also a kernel which smooths the multidimensional histogram.
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Our approach is more linked to the idea of a resampling scheme and appears in a natural way from
the nonparametric estimation of the conditional expectation (x,y) — P (Xt < x/Y} = y) The Gibbs
sampler (see [12]) is a classical stochastic relaxation (SR) algorithm which is used for the simulation
of Markov random fields. But as pointed in [19], a problem with the single-scale relaxation process
is that global image characteristics evolve indirectly in the relaxation process. Global image charac-
teristics are typically only propagated across the image lattice by local interactions and therefore
evolve slowly, requiring long relaxation times to obtain equilibrium. Moreover the conditional dis-
tribution given in requires the comparaison of a neighborhood in the output texture with all
the neighborhoods of the same shape in the output texture. This leads to a very high computational
load especially if p, the neighborhood size, must be very large to capture the global characteristics
of the texture. This is why Paget and Longstaff used a multiscale relaxation, where the information
obtained from SR at one resolution is used to constrain the SR at the next highest resolution. By this
method, global image characteristics that have been resolved at a low resolution are infused into the
relaxation process at the higher resolutions. This helps to reduce the number of iterations required

to obtain equilibrium with the Gibbs sampler.

The multigrid representation of an image is shown in Figure which is taken from [19]. If Sy =
[0, M1] x [0, M3] represents the pixel’s sites of an image ¢, the lower resolutions, or higher grid levels
[ > 0, are decimated versions of the image at level [ = 0. For a grid level [ > 0, the image z; is defined
on the lattice S; C S, where

Sy ={s=(2%,25)/0 <i < M;/2",0 < j < My/2'}.

The set of sites S; at level [ represents a decimation of the previous set of sites S;_1 at the lower grid

level [ — 1. The neighborhood system is redefined for each grid level [ > 0 :
N ={s €8/ It - sl <o}.

For level grid [, SR is not applied to the sites s € S+,

We refer to [I7] for multiscale representations of Markov random fields. To better incorporate the
multiscale relaxation described above, Paget and Longstaff have introduced a pixel temperature func-
tion used to determine when to terminate the SR process al one level and start it at the next level.
Let [ be a grid level. A pixel temperature is incorporated in equation by modifying the form of
the difference

d=y—Y;. (5.8)

In fact at the beginning of the SR at a level [, they define for a site j € S; of the output texture the

pixel temperature c; as follows : ¢; = 01if j € ST and c¢j = 1 otherwise. The difference d is replaced
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FiG. 5.3: Grid organisation via decimation.

by d’ such that :
d; = (1 — Ct+j)($t+j — Xs+j)7 J€E NO'

When a pixel z; has been relaxed in the SR process, we set :

£+ jen, iy
NG|

T; = max{0,
where £ < 0 is fixed by the user.

Here, the idea is to provide a total confidence to pixels coming from the preceding resolution and
to progressively increase the confidence level of a pixel synthesized in the present resolution. When
c; = 0 Vj €5y, the SR process is considered as having reached an equilibrium state indicating that
the image can be propagated to the next lower grid level. This notion of temperature is related to
the global temperature used in stochastic annealing (see [12]). Although we have incorporated this
pixel temperature function for texture synthesis, we will not study in this paper statistical properties

of a such approximation.

5.3.2 Texture synthesis examples

We have incorporated our noncausal bootstrap into the multiscale algorithm with the pixel tempe-
rature function described above. Concerning the choice of the parameters :

— For the neighborhood size, we choose 0 = 3 or 0 = 4.

— As in [5], we have not estimate the bandwidth parameter using theoretical results of kernel regres-

sion. We have empirically observed that b = 0.01 x (neighborhood size)l/ 2 provides good results.
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— As in [I8], we set £ = —1 and generally we have used 4 or 5 grid levels for the synthesis.

Another possibility for the simulation is to use a Conditional Iterative Mode (see [4]). The principle
of this deterministic algorithm is to replace each step in the Gibbs sampler by choosing the value
X, such that Fr (dzy/z44x,) is maximal or equivalently such that |lz;qx;, — Y| is minimal in (5.4)).
Usually this algorithm converges toward a local extremum of the law of the random field on ST .
This local extremum depends on the initial values put for the pixels on the output texture. We have
used the Conditional Iterative Mode for texture synthesis although its definition is not very clear in

our case, since the joint laws are not defined.

To illustrate the principle of the multiscale algorithm, Figure [5.4] shows a step of the synthesis in the
highest resolution. The Gibbs sampler runs in the raster ordering and Figure [5.4]shows the first sweep.
One can see that the lower resolutions give the shape of the texture. Moreover the pixel temperature
function helps for a good initialization of the sampler.

This multiscale algorithm does not correctly work only for stochastic textures as in Figure but
also for highly structured ones as Figure [5.5| shows, even if small discontinuities appear in the last
case.

In fact, we have observed that the ICM works as well as the non deterministic algorithm and in some
cases better as in Figure [5.6

Figure exhibits a comparison with Efros and Leung’s algorithm in a failure case. Texture (b) is
taken from Efros and Leung’s paper [10] and shows that this causal approach can create garbage
when the algorithm slips into a wrong part of the search space. Although the noncausal algorithm
does not have the same problem, a gray dark area is often reproduced in texture (c).

Figure shows a comparison with two some populars pixel by pixel algorithms. Texture (b)
synthesized using Wei et Levoy algorithm [24] and texture (c) using the Ashikhmin method are taken
from [2]. The noncausal algorithm used for texture (d) avoids excessive blurring as in (b) and rough

images as in (c).
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Fic. 5.4: The Gibbs sampler and the highest resolution.

F1G. 5.5: (a) Original texture 160 x 160 pixels, (b) Synthesis with the multiresolution algorithm 200 x 200

pixels.
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g
S

(a) (b) ()

F1c. 5.6: (a) sample 75 x 75 pixels, (b) multiresolution algorithm 150 x 150, (¢) ICM 150 x 150.

F1G. 5.7: Original texture (128 x 128) and synthesis (200 x 200)
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FiG. 5.9: (a) Sample 128 x 128 pixels, (b) Efros and Leung’s result, (¢) Our method with o = 3 (250 x 250

pixels in each case).

(a) (b) () (d)

F1a. 5.10: Comparison with causal methods : (a) sample 128 x 128, (b) Wei et Levoy algorithm, (c) Ashikhmin
method, (d) ICM. All the synthesized textures are 200 x 200 pixels.
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5.4 Annex
We will use the convenient notation : for s,t € N* x N* define :

Y = XUt(o) and Y}(S) = XUt((’)(s)'

Proof of Theorem

We follow the proof of theorem 2 of Bickel et Levina in order to compute convergence rate. We first

recall the following lemma which proof can be found in [§].

Lemma 5.1 (Moment inequality). Let Fy be a real-valued random field indexed by I C Z¢ satisfying
conditions (A1). IfEF; =0, Fy € L™ and 7 > 2, then there exists a constant C' depending only on

T and mizing coefficients of Fy such that

2B

tel

T

E < C'max (L(T, e), L(2, 5)7/2) ’

where

Lipe) = Y (B[R )09
tel

It is easy to see that if sup, | F}||, < M, then we obtain :

>

tel

T

E < CM™|I|"? (5.9)

For (z,y) € S x S4, we set :

(o) = (11703 Yo (KWl = Y0, r(e) = [ UGy (2 )

SE]T
frly) = [T Wiy — Vo).
s€lr
We have : (1) (2.1)
Y AT ZY)

Following the proof of lemma A2 in [5], we prove the following result

Lemma 5.2 Under assumptions (A1) — (A4), for any x € R

sup |rp(z,y) —r(z,y)| = O([T]7)
(z,y)ESXSA

—2
f07"0<’}’<m.
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Proof of Lemma In this proof, we will denote by C' > 0 a generic constant which does not
depend on T'.
Let § > 0 such that by = O ([T]7°), then the proof of lemma A2 in [5] leads to

sup  |Erp(z,y) —r(z,y)| = O ([T]_(S) ) (5.11)
(z,y)ESXSA

Then we need to bound sup(, y)cgx g4 [r7 (7, y) — Err(z, y)|.
As in [5], we define

Zy (2, y) = Voo 2] (Xe)Wor (y — Yi) — E (Ix,<a Wi (y — Y2))

and we need to bound sup(, ,)e5x 54 ﬁ ZteIT Zyr(x, y)‘
As S x S4 is compact, we can cover S x S4 with Ny cubes I; 7 with centers (z;,y;) and sides Ly for
the supremum norm. Without loss of generality, we suppose 1 < --- < 2y, and we set xg = 21 — Lt

and zn, = N, + L7. Then

sup  |[T]7' Y Zir(e,y)| < max |[[T171Y 0 Zir(as,vi)

(w,y)ESXSA telr 1<i<Np byl
IR sup [T Y (Zer(w,y) = Zur(i u0)
1<i<Np (x,y)E(SXSA)ﬂIi,T byl
= I+1I

— First let deal with term II. Using assumption (A4) for the kernel, we have for t € Ip and x €

(@i—1,24] :

IN

C (07 ly = all +07° (Vo <o, + Pl@iot < Xi < 2)

C (b;<”+1>LT + 077 (Mo X< + P(aiog < Xi < a:i)))

‘Zt,T($7 y) - Zt,T(xi7 yz)‘

IN

We choose Ly = [T]7? and we set U;; = I, 2] (Xe) = P(zi1 < Xy < 2441). Remark that

assumption (A2) about the existence of densities allows to derive the bound :
]P’(a:i_l < Xp < $Z) < CLp.
We have :

sup T (Zer(z,y) = Ze (i, i)
(:c,y)G(SXSA)ﬂIi,T telr
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<C [T] 8(v+1) ﬂ+ v§ 1|ZU
telr

(xl 1< Xo <)

<C [T]a(vﬂ)% + max [T]Ucifl‘ Z Uil

1<i<Np
- telr

Now we consider a real number v < 7_2_21}6;_26(”“). Since Ny = O (L;(UH)) = O ([T]°0+D),
we obtain using (Al) and lemma

T

Nr
é?%TT > Ui > [T]° < Z[T] E|> Ui
telr =1 telr

< C[T}ﬁ(v+1)+(v+v5—1)7+§

By the choice of 7, we have (v + 1) + (y +vd — 1)7 + 7 < —1 and we deduce from the Borel

Cantelli lemma that

T —2—2véT —20(v + 1)
27 '

1512% [T]00~1 ZU” =0 ([T]7)as, ~<
T telr

Now using the previous inequalities, we deduce that :

T—2—2v0T —20(v+1)

11<0 ([T]é(““*ﬂ v [T]*V) L oy < . (5.12)
T
— Now we turn on the term I. For a real number 7 < T_2_2v5;;25(v+1), we have using (Al) and
lemma [5.1] :
P(I>[T]77) < Y TOVE)D " Zr(wi )
i=1 t
< CNT[T]('Nyfl)TJr%bEvT

< C[T]ﬂ(v+1)+ﬁfl)‘r+%+5vr
By the choice of 7, we have
Blo+1)+ (7 — 1)7—&-%—#507’ < -1,

and by the Borel Cantelli lemma, we have

T —2—2v6T —2B(v+1)
2T

IzO(Tﬁﬁ) a.s, <
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Now we choose the number 3 such that :

T —2—200T —203(v+1)

B—0(v+1)= o

This leads to 8 = 27(;_21:171‘5) and to the following rate :

7—2—25((v+1)2+w).

I+11=0(T]7), 20v+71+1)

Finally, we choose ¢ for an equilibrium with the bound (5.11)), solving the equation :

T—2—2(5(<1}+1)2—|—1}7)'

0= 2(v+7+1)

This leads to :
T—2
0= > 0,
2+ 1)(t+v+2)

which gives the rate given by the Lemma
O

Proof of Theorem [5.2] We write :
1

|Fr(z/y) — Fx)y(z/y)| = o) rr(x,y) = r(x,y) + r(z,y) — Fxyy(2/y) fr(y)]
< 5 (rr) = )+ Py (@/9) Fr0) = £ )
By lemma. we have sup, , [rr(z,y) — r(z,y)|,sup, |[fr(y) — f(y)| = O (T77) as

with 0 <y < m Since by (A2), infycga fy(y) > 0 and sup(, ,yegx54 Fxyy(z/y) < 1, we

get the result.Od

5.5 Some tools for the consistency : Continuity results

In this section, we give two results which describe the behavior of random fields in relation to their
one point conditional distributions. If it is possible to construct a nonparametric estimate of the one
point conditional distribution which is also compatible with the one point conditional distribution
of a Markov random field, the following results will be useful to describe the statistical properties of
the joint laws of the model.

We first give a lemma which states the behavior of the joint laws of a sequence of random fields when

their one-point conditional distributions are convergent. In the sequel, let S be a compact set of R
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endowed with its Borelian algebra B(S). Let X = S’ where I is a denumerable set. For any sequence

(ui)ier of positive real numbers satisfying » ;. u; < oo, we consider the distance d on & defined by :

d(z,2") = ZUZ ’zi — 2

i€l

, 2,7 € X.

Then (X, d) is a compact metric space. For A C I,let pg : X — S, 2z z4. Fort € I, we will write

pt instead of pgyy. Moreover, for t € I, we set :

Fo =alpi/ J#1).

We denote by P(X) the set of probability measures on X. If 11,5 are two elements of P(X'), the

Prohorov distance dp between vy and vy is defined by :
dp(v1,19) = inf{e > 0,11 (A) < 1n(A°) +¢,VA € B(X)},

where A® = {z € X/d(z, A) < e}. The distance dp defines the weak convergence on P(X’) which is a
compact space topology.

Now for v € P(X) and any bounded measurable function f on X, we set :

B()= [ fav
For t € I, we denote v, the kernel on P(X) such that :
vi(A/z) =By (1a4/F;) (2),
where E, (-/F) denotes the conditional expectation with respect to a c—algebra F C B(X).
Finally let v = (v¢)ter be a sequence of probability kernels such that for ¢t € I, 7, is a kernel from
F, to B(X) satisfying the property :
N (ANB/) = (A/:) x1p, (A B)ealp)xF;.

If h is a bounded measurable function on X, we denote v;(h) the measurable function on X such
that :

Ye(h)(2) = /f(w)%(dw/z), zCX.
We define the following subset of P(X) :
G(v) ={reP@X)/ viel, vy=uv},

where for all (t,v) € I x P(X), vy denotes the element of P(X) such that :

v(A) = / (A 2)du(2).
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We will say that v satisfies the condition (C) if :
(C) Vtel, heC(X)= yn(h)eCX),

where C(X) is the space of continuous and bounded functions on X.
The following result gives the behavior of a sequence of random fields in the case of uniform conver-
gence of their one point conditional distribution. A general treatment of topological properties of

random fields is given in [I3]. For completeness of this work, we state and prove the following result :

Theorem 5.3 Fort € I, let v be a probability kernel on X x F, . Suppose that the sequence v =
(v)ter satisfies condition (C). Then for a sequence (v\™),, of P(X) such that

sup ‘Vt(”) (pr < x/2) —(pr < x/2)| —n—oo 0,
(r,z)eSxX

we have dp(v™,G(7)) —n—oo 0.

Proof of Lemma Suppose that there exists ¢ > 0 and a subsequence s = (V(”k))keN such
that dp (vn,,G(7)) > €, Vk € N. Since this sequence is relatively compact with respect to the weak
topology, then there exists a subsequence (1)), of s and v € P(X) such that :

lim (%) =y,
k!’ —o0

We are going to show that v € G(v), which is a contradiction with dp (v™*',G(v)) > ¢, k' € N.
Let h € C(X). For t € I, we have :

/ hdy (™) — / hd(vy)

= [ (0w =) v+ [ruwane) — [y
— A+B.

Let € > 0. Since h is uniformly continuous on X, there exists 6 > 0 such that d(z,2') < § =
|h(z) — h(2")| < e. We choose a subdivision aq, ..., aj of the interval [a,b] D S with step smaller then
d/uy. Let hy, the function defined on [a, b] by hx(z) = Zé:ll h(z(1)) g, q,,,1(20) where for I =1,... k—
1, z(1) is the element of X’ such that 2(1); = a; and 2(1)s = 2z, if s # t. We have sup,c v |h(2) — hi(2)| <
€.

We deduce :

v (h)(2) = 7e(h)(2)] < 26+ 2(k — 1) Hhum( wp v oy < x/2) = yelpe < w/2)] .
x,z2)ESX
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One can conclude that :

sup 1™ (h)(2) = u(h) (2)] =0 0
zE

Hence A — 0.

Moreover since v:(h) € C(X) by condition (C), the weak convergence of the sequence (u(”k’))k, N
implies B — 0.

Then we conclude that for ¢t € I, we have vy, = v, and the result follows from this contradiction.[]
Now we investigate the following problem. Suppose for simplicity that S = [a,b]. Assume that for
w,v € P(X), the distance between the conditional distribution functions v;(p; < -/-) and p(pr < -/)
is known, then is it possible to obtain the distance between p and v over some cylinders sets of the
form

Tty @K [a, ;] x STMEtike

In other words, can we obtain the distance between the distribution functions of the joint laws ? This
problem is linked to the phase transition phenomenon and to the Dobrushin’s contraction formula.
In order to apply this formula, the following assumption will be needed :
(H) We assume that there exist two families of non negative real numbers {L;;/t,j € I} and
{My;/t,j € I}, with L = supyer ;s Lej <1 and M = supye; >, Myj < oo, such that Vz, 2’ €
X

sup | (pr < x/2) — p(pe < /)| <Y Myl — 2],

z€S £t
/S|M(pt <wz/z)—p(p <x/2')|de < ZLW |2 —z;‘
jt

Theorem 5.4 Let p,v € P(X) with S = [a,b]. Suppose that the random field p satisfies assumption
(H). Then for each finite subset {t1,...,tx} of I, we have :

1 (o) = (Conn )| £ Comp sup o < 2/2) = vl < /)]
tel (x,z)eSxX

sup
(.’Etl ,...,$tk)€Sk

where C =1+ M(b— a) (k:—l—i—ﬁ).

We first recall the following inequality due to Dobrushin (see [II] remark 2.17). This inequality
allows to bound the distance between two random fields u and v with the distance between their
local conditional specification. Of course, a such inequality implies that there is no phase transition.
Some contraction conditions on the local conditional specifications are needed to get this inequality.
Before giving this inequality in our case, we introduce some notations. Let 7 be a metric on S = [a, b].

If @ and 3 are two probability on S, the Warsserstein metric is defined as

| fdo — [ fdg|
3(f) ’

R(a, B) = sup
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where the supremum is taken over all Lipshitz functions f on S with

() = sup I _
xFx! r :L‘,.’E)

For our result, we will only consider the metric r(x,2’) = |z — 2’|. One can mention that in this case,

R has the following expression :

R(a,ﬁ)Z/\a([a,x])—ﬁ([aafﬂ])!dx, a, 3 € P(S). (5.13)

We define also L(X) the space of real functions f such that :

F(2) = F()] <Dz = 2| 6i(f), D 6i(f) < oo

1€Z2 i€Z2

where

0i(f) = sup {W/Z; = 2},Vj # z} :

Let p,v € P(X). We suppose that the following continuity condition holds :
fELX)=>VteZ? w(f) € L(X). (5.14)

For u € P(X), the contraction coefficients are defined by

Cop = Sup{R(M(pk € /), u(px € '/Z/))/Zj = V) # ,L}

|zi — 2

and

b = / R (ulpx € -/2), v(pi € -/2)) v(dz)

Note that with the expression (5.13)), we have the bound :

b < (b—a) sup |ulpr <zx/z)—v(pr <z/2)|. (5.15)
(z,2)ESXX

Let D = ano C™ where C™ denotes the nth power of the matrix C'. D is well defined for example if

¢ = sup Z Cir < 1. (5.16)
k€22 o

In this case, the following inequality holds :

‘/ﬁm—/jw

< S 0D)G(f), e LX), (5.17)

i€Z2
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Proof of Theorem First, from the point 1 of lemma 5.3} condition (5.14)) is satisfied for p.
Moreover for i,k € Z?, we have Cix = Li,; and the condition 1@D is satisfied with ¢ = L. Then,

inequality (5.17) holds for v.

Forl e {1,...,k} and z € X, we set :

l

filz) = H ﬂ(—m,xtm]<ztm>
m=1

and

gi =i, 0o pug (f1), hi=wvy ooy (fi)

‘/fkdﬂ_/fkdl/ = /gkdu—/hkdy
/gkdu—/gkdv

/%W/%w
where 6 = ||g1 — hi|| o, L€ {1,.. ., k}.

First by lemma one can apply inequality (5.17)) to the function gi. We obtain :

’/gkdu—/gde

C7; < c" = L" and the bound given in 1} we have :

We have :

IA

—I—’/gkdy—/hkdzj

+ B

IN

< > (bD)idi(gr)-

iel

Using for ¢ € I, the inequality )

Jel
—a
(bD); < ZD]-,Z- supb; < 7 Sup  sup lu(pr < x/z) —v(pe < z/2)|, (5.18)
jel Jjel — Lotel (z,2)eSxX
Then using lemma [5.4] we conclude that :
b—a

<M

sup sup |u(pe < x/z) —v(pe < /7).
— Lotel (z,2)eSxX

' [ owdn~ [ v

If we use the bound for 85 in Lemma [5.5] we conclude that :

‘/nw—/ﬁw

with C =1+ M(b—a) (k: -1+ ﬁ) The proof of theorem [5.4{is now complete. [

<Csup sup |u(pr <x/2) —v(ps < x/2)],
tel (z,z)eSxX

Lemma 5.3 Let g € L(X) and t € I. Then
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1. (g) € L(X) and :

> diulg)) <Y dil9)

el el
2. me(g) — (9o < (b —a)de(g) sup |u(pr < x/2) —v(pe < 2/2)|
(z,2)ESXX

Proof of lemma [5.3]
1. For (z,2,t) € S x X x Z2, with (22); the element r of X such that r; = x and ry = 2, if s # t.

Let g, : S — R, z — g((x2)¢) is a Lipshitz function and then is derivable almost everywhere

with g, , satisfying “927,5‘}00 < 0(g). Let 2,z € X. With an integration by parts formula, we
have :

4 = ‘ [ o=@ <M<ptedx/z>u<ptedx/z>>\

_ ’ / (nlpe < de/z) — plpy < 2/2)) g (2)da
< 6u(9) D Luilzi — Zl -

it

Now this leads to :

‘ / 9z ()ulpy € d/2) — / 9z4(@)(pe € dx/E)‘
< D dilg)la—F+ A

£t
< Y a9z —Fl 4+ 01(9) D Lialz — Z
i#t i#t

From this bound, it is obvious that u:(g) € L(X) if g € L(X) since :

> 6i(ui(g)) < dilg) + Ldi(g) < oo

el £t

2. For z € X, with another integration by parts formula :

(@) (2) - n(9) ()] = / g0(@)u(pr € dirfz) — / g 0(@)v(pr € du/2)

IN

\ [ o < 2/2) = vl < a2 oot

< (b—a)d(g) sup |ulp <z/2) —vipe <2/2)|0
(z,2)eSXX

Lemma 5.4 Forl € N*, we have g, € L(X) and :

> bilg) <M

1€l
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Proof of Lemma First using assumption (A5), g1 € L(X') and we have :
Z@'(Ql) < ZMt1,i <M.
ici ity

Using the point 1 of lemma [5.3] a straightforward finite induction shows that ¢, € L(X), | < k. Now,
if [ > 2, with the point 1 in lemma [5.3| and the definition of g;,

> 6ilg) < dilgi),
iel iel

and Lemma [5.4] follows.O]
Lemma 5.5 Forl € N*, we have :

B <1+ (k—1)(b—a)M) x max sup  ulpe <z/2) —vip < z/z)].
te{t,tr} (z,2)eSx X

Proof of Lemma We have by definition 81 < sup(,.)esxax [Py < @/2) —v(py < /2)].
Now, let [ € {1,...,k — 1}. We have using the point 2 of Lemma and Lemma:

Bi1 = H/f«t1+1(91) - Vtz+1(hl)Hoo
Hl/tHl(gl) - th+1(hl)Hoo + HVUH(QZ) — gy (gl)Hoo

< B+ (b - a)5t1+1(gl) X sup ’M(ptzﬂ < :L‘/Z) - V(ptz+1 < z/z)‘
(z,2)eSxX

5T,l + (b - a)M sup ‘:u’(ptH-l < m/z) - I/(ptH—l < m/z)‘
(r,z)eSxX

IN

IN

One can easily deduce the result.[]
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Chapitre 6
An integer-valued bilinear type model

Abstract

A integer-valued bilinear type model is proposed. It can take positive as well as negative values.
The existence of the process is established in IL™. In fact, this process is the unique causal solution
to an equation that is similar to a classical bilinear type model equation. For the estimation of the
parameters, we suggest a quasi-maximum likelihood approach. The estimator is strongly consistent

and asymptotically normal.
Note

The content of this part is based on a paper, written in collaboration with Alain Latour.

6.1 Introduction

As pointed in [19], integer-valued times series are common in practice. In epidemiology, we often
consider the number of cases of a given disease over a 28-day period. In this context, the data are
collected to make sure that the population is not threatened by an epidemic. As well as in intensive
care monitoring, where vital parameters have to be analyzed online, good modeling is required. As
soon as three consecutive values seem to be too high, governmental actions are planed to avoid the
widespread of the disease, since there may be serious consequences for the population otherwise. See
[12] where regression methods are used to perform intensive care monitoring.

Concerning integer-valued time series, we may refer the reader to [9, [16] 17, 19]. For a review of
various models and their statistical properties, we do recommend [J] where some extensions of inte-
ger autoregressive and moving average models are also presented. Many models encountered in the
literature are based on thinning operators as defined in [22]. In this paper, we use a more general

definition.

129
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Definition 6.1 LetY = (Y;);en be a sequence of independent and identically distributed (independent
and identically distributed) integer-valued random variables with mean « independent of an integer-

valued variable X. The thinning operator, ao is defined by :

sign(X) XL Y, if X #0;

0, otherwise.

aoX =

The sequence (Y;);en is referred to as a counting sequence. This definition is more general than
the usual one where Y is a sequence of Bernoulli random variables with expected value a. (See,
for example, [6].) Here, it is a sequence of i.i.d non-negative integer-valued variables, for example,
a sequence of Poisson distributed variables Y; with parameter «. In fact, any non-negative integer-
valued random sequence can be used as a counting series. More, X can take negative values.

To avoid any confusion, if necessary, we can denote the operator by a(Y)o or a(f)o instead of ao
to clearly indicate that it is based on the sequence Y or that it depends on the parametric vector
0 of the distribution of the variables involved in the operator. Nevertheless, we prefer the simplest
notation.

The reader should bear in mind that in Definition [6.1] the mean of the summands Y; associated with
the operator ao is . Suppose @o is another thinning operator based on a counting sequence (fﬁ-)ieN.
The operators ao and &o are said to be independent if, and only if, the counting sequences (Y;);en

and (K) N are mutually independent.
1€

Example 6.1 (Branching process with immigration) The Bienaymé-Galton-Watson (BGW) pro-
cess with immigration can be written using a thinning operator. With this notation, if the offspring
of an individual is distributed as'Y, and if (; is the immigration contribution to the population at the

tth generation, then the classical BGW process satisfies

Xt :OJOXt_l +Ct (61)

For each generation t, we need a counting sequence Yy, so (Yi)iez is an i.i.d process of i.i.d sequences
(Y;faj)jeN' In the case of a BGW process, X; is never negative. The links between branching processes
with immigration and INARMA(p, q) is clearly identified and explained in [Z]. O

Example 6.2 (Inventory monitoring) Suppose X; represents the number of widgets remaining
i a distributor inventory at the end of a month. Also suppose if the distributor runs out of stock,
he registers the customer order to send it as soon as the widget becomes available. In that case the

number of items left at the end of the month could be negative. O

Example 6.3 Given two counting processes, (X¢): and (Y1), in some situations we may be interested
in the difference between the two processes : Zy = Xy — Yy, t € Z, s the excess of Xy over Y. Clearly,

Zy can be negative.
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It is clear that in many situations, standard univariate models are not appropriate in the context
of integer-valued time series analysis. Using classical real-valued models is even more critical when
we cope with a low frequency count data. This has been pinpointed by [21] and many more authors
(see [LI), 20]). It could explain why integer-valued processes are an important topic and why there
have been so many papers on the subject for more than twenty-five years. Many authors use thinning
operators to define integer-valued process similar to classical econometric models. See, for examples,
2, 8], 6L 8, T3]

In [21], a worthy discussion is made on integer-valued ARMA (p, ¢) processes. In the latter paper, an
efficient MCMC algorithm is presented for a wide class of integer-valued autoregressive moving-av-
erage processes. In many papers, p and ¢ are assumed to be known. In [7], efficient order selection
algorithms are studied for these integer-valued ARMA processes.

It is clear that integer-valued ARMA processes cannot satisfy all practitioner expectations. A com-
mon working hypothesis is that the observed time series comes from a stationary process. In some
situations, there are good reasons to doubt about this hypothesis.

For example, in Figure we give X;, the number of campylobacteriosiﬂ cases in the Northern
Québec, starting in January 1990, with an observation every 28 days.

One may believe that EX; increases with t. Also, perhaps that there is a structural change happening
in the neighborhood of the 100" observation. In [I0], problems with this series are clearly identified.
For reasons that are similar to the ones we met when we tackle the problem of modeling real valued
time series, we have to develop well-adapted tools for practitioner needs. A Dickey-Fuller unit-root
type test has been studied by [14]. For a GARCH type model, [§] suggested a process with Poisson
conditional distribution with mean and variance A\;. In [3], the authors tackled the problem of an

integer-valued bilinear process. They restricted their works to the following model :
Xi=aoXi1+bo(g—1Xe1) + &4,

where (g¢)cz is an i.i.d. sequence of non-negative integer-valued random variables. They proved the
existence of this stochastic process, suggested appropriate estimators under a Poissonian hypothesis
and applied it to a social medicine series. Recently, [5] cleverly proved the existence of a more general
version of this process and inspired in this paper our existence proof of another process (see )

The paper has the following structure. In Section we recall a result from [4] giving conditions
for the existence of a solution to a quite general model equation in which X} is expressed in terms
of its own past values and the present and past values of a sequence of independent and identically
distributed random variables (cf. ) A quite simple approximation (Xt(n)>t to (X¢); is also given.

For this approximation we have :

x> X, inL™ and X > X, as.

Infection with a Campylobacter species is one of the most common causes of human bacterial gastroenteritis.
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Fi1a. 6.1: Number of campylobacteriosis cases in the Northern Québec, starting in January 1990, 13
regular observations per year. To the top, is the graphic of the original series, to the bottom, is the

sample simple correlogram.

In Section we give some basic properties of Definition [6.1] thinning operators. Then, two models
are presented : the INLARCH model and an integer-valued bilinear type model. Simple conditions

for the existence of these processes are given.

Section[6.4]is devoted to estimation of the parameters. The problem is tackled using a quasi-maximum
likelihood estimator for the bilinear model parameters. Before announcing the properties of the esti-
mator, working assumptions and hypotheses are enunciated. Theorem claims the strong consis-

tency of the estimators and Theorem gives its asymptotic distribution.

In Section we comment consequences of the results when we consider the almost classical
GINAR(p) process. Proofs are postponed to Section [6.6]
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6.2 The model

From now on, the sequence (& )z is id.d and takes values in a space E’ (in many cases E’ is just
R*°). Let (E,||-||) be a Banach space. For a random variable Z € E and a real number m > 1, the
expression || Z||,, stands for (E HZHm)l/m and EM | a subset of EN, denotes the set of sequences in
EN with a finite number of non-null terms. Let F : EN) x F/ — E be a measurable function and

assume there exists a sequence of functions (a;);jen such that for all (z;);ey and (y;)jen in B,

I1F(0,0,...;&0) |, < 400, (6.2a)
IF (21,22, 5€0) = F(y1,y2, - :60) I < > ajllzy — yjll, (6.2b)
j=1

with
o
Zaj =a<1. (6.3)
i=1

Let us recall a general result of [4] about existence and approximation in L™ of a stationary process

(Xt)tez, solution of (6.4) :
Xp=F(Xi—1, X2, ;&) - (6.4)

The following theorem is a consequence of Theorem 3 and Lemma 6 of [4].

Theorem 6.1 Assume properties (0.2d|) and (6.20]) hold for some m > 1, then there exists a unique
stationary solution of such that

X €0 (ft,ft_l, .. ) , teZ. (65)
Moreover, the sequence of stationary processes defined ¥Vt € Z as

X _ F(0; &), n = 0;
PV xS0 E), ne

satisfies
Xt(n) — X; m L™ and Xt(n) — X a.s.

Remark 6.1 A solution of which satisfies s always ergodic. Indeed from , we have :
e X1 Xi2..)C (Vo (G162 (6.6)

teZ teZ
As & is i.1.d, any event in the o-field of the right-hand side of has probability 0 or 1 from which
we conclude that any event in the o-field of the left-hand side is also of probability 0 or 1. This shows

that the process (Xy)iez is ergodic. The argument comes from [6).

In the sequel, a solution (6.4) satisfying (6.5]) will be called a causal solution in L™. Note that a such

solution implies the independence of the o-algebras o(X, : u < s) and o(§, : v > t) when ¢t > s.
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6.3 Construction of integer-valued models

6.3.1 Basic properties of signed thinning operators

Lemma 6.1 Lets X, Z two random variables and Y, Y two counting sequences associated with the
operators ao and &o, respectively. Suppose the variance of the counting sequence variables are 8 and
B, respectively. Assume that (X,Z),Y, Y are independent. Let m € N* = N\ {0}. Then :
1. Eao X = aEX and E(ao X)? = BE|X| + o2EX?2,
2. E(aoX)(@oZ)=adEXZ and Cov(ao X,&0Z)=aaCov(X,Z).
3. Nlove X —aoZ|,, <[Y],, IX = Zl|,,
4. Forl > 2, we have
1/2
loco X[, < lal [ X[, + e Y = all 1X11,/3

where the constant c; > 0 only depends on [.
Remark 6.2 Consider the simple model :
Xi=ao0oX;1+et (6.7)
ForteZ, let & = ((Y;vi)ieN* ,5,5). For x € Z, we define :
F(x,&) = aoxi + &p.
Suppose (&)¢ is an i.i.d sequence and let m = 2. From the result 3. of Lemma one has :
17 (23 €0) — F(y;&0)ll < Y [lo [z —y] -

Moreover if F(0;&) = g9 € L2, we can apply Theorem if Y|, < 1. But this is not optimal.
Indeed, it is well known that the condition o < 1 is sufficient for the existence and uniqueness in L™
of a stationary solution of (see [18]).

This is the reason why the construction of the model is in two steps. Firstly, we apply Theorem |6.1
with m = 1 and get a solution in L'. Then we use a contraction condition on the means of the

counting sequences. Secondly, we show that this solution is still unique in L™, m being an integer.

6.3.2 Bilinear model

Let (X¢)tez be a solution to the equation :

0o 00
X = Z Qj o Xt—j + &¢ Z’BJ o Xt—j + N, (68)
p j=1
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where 7; and &; are integer valued random variables in ¥ = Z, ajo and jo being signed thinning
operators associated with counting sequences Y@ and Y1) respectively. Theorem gives conditions
for the existence of a solution to .

Suppose Ee; = 0 and for each t € Z, let :

6= ((42) e (D) )

The random variable & takes values in ZN *N" x ZN"XN" 5 7« 7 . We suppose the process (£;);ez is
ii.d

Theorem 6.2 Suppose for an integer m > 1,
o (0.0
_ () v (9) (7) v (9)
o =[O+ ol [P <1 O+ [FOL + Il <oe. (69)
7=1 7j=1
then there exists a unique causal solution to mn L™,

6.3.3 INLARCH(o0) time series model

An INLARCH(00) time series model satisfies

0o
Xi=aoe+ Y ajo(eXyj), teL (6.10)
j=1
For j € N*, we will denote by Y7 (resp. Y') the counting sequences associated with the operator oo
(resp. o).
As for the bilinear model, we suppose (&;)iez is an i.i.d sequence. Theorem states a sufficient

condition for the existence of this process.

Theorem 6.3 Suppose for an integer m > 1,
a=lel, - YO <1 XY+ 1Y, < oo,
jEN* ! jEN* "

then equation admits a unique causal solution in L™.

6.4 Quasi-maximum likelihood estimator in bilinear model

This section aims at giving a quasi-maximum likelihood estimators (QMLE) for the parameters of the
bilinear model with a finite number of terms in the two summations. Without lost of generality,
we may assume that there are p terms in each summation ; otherwise some ajo or §jo are Oo. The

equation satisfied by the process is :

p p
X ZzajOXt_j—‘rz’ftZﬂjOXt_j—i-m. (6.11)
p =1
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Example Let p =2 and consider
Xi=ar0Xy1+az0 X1 +efroXe1+m,

where : a0 is based on a Bernoulli counting series with p = 1/2; a0 and (310, on Poisson counting
series with means 1/8 and 1/2, respectively; (n:):ez is a sequence of i.i.d Poisson random variables
with parameter A = 1/2; (&¢)1ez is a sequence of differences between two independent Poisson
variables with parameter A = 2/3. A simulated trajectory is presented in Figure Note that there

is “period”, just after ¢t = 80 with quite high values compared to the other ones.

Inventory level

15 20 25

Nb of cases
10

Time

FiG. 6.2: Simulated trajectory generated by model Xy = aj0X;—1+ag0Xy_ 14810 X¢1+n:, where :
ajo is based on a Bernoulli counting series with p = 1/2; ago0 and (0, on Poisson counting series
with means 1/8 and 1/2, respectively; (n:):ez is a sequence of i.i.d Poisson random variables with
parameter A = 1/2; (&;)ez 18 a sequence of differences between two independent Poisson variables

with parameter A = 2/3.

For (t,7) € Z x {1,...,p}, we define the following oc—algebras :
Fi=o(Xip k€N, Gy=o¥?:ieN), and Gj=o(V}! ieN),

From now on, we suppose the following working assumptions are satisfied :
1. (&)tez is an i.i.d sequence of random variables.
2. For all t € Z, the o-algebras G, 1,...,G:p (resp. QNM, ce Qvt,p) are independent.

3. For all t € Z, the o-algebras o(e), o(n:) and (Vi<j<pGrj) V (vlgjgp@,j) are mutually inde-
pendent.

Remark 6.1 Assumptions with respect to the o-algebras allow dependence between the set of opera-

tors {ajoti1<j<p and the set of operators {Bjo}1<j<p-
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For an integer d > 1, let § be a subset of R? and 6y € 6. For 1 < j < p, consider functions

bj,cj,wj, p, v : 0 — R such that :

i) bj(0o) = a; and c;(6p) = B;.
To ensure identifiability, we suppose there exists jo € {1,...,p} such that 3, > 0 and the function
cj, is positive on 6.

ii) w;(fp) = VarY ) 4 62 x Var Y@, o2 = Vareg.

iii) w(0o) = Eng and v(6y) = Varnp.

The following hypotheses will also be required.

H1) O is a compact subset of R?.

H2) Condition holds with m = 2.

H3) The distribution support of 7, contains at least 5 different points if Vare; # 0 and 3, otherwise.
H4) The following condition is satisfied : h = infgeg v(0) > 0.

H5) The function f : 6 — R3P*2 defined by

is injective and continuous on 6.

For (t,0) € Z x 0, let

P
me(6) = pu(6) + Z b;(0)Xi—;
j=1
and
S
Vi0) = o [ Y () Xe—y | + D wi(0) [Xe—j| +v(0).
j=1 J=1
Observe that under assumption H4, we have :
inf V4(0) > h, a.s. (6.12)

0eo
Lemma 6.2 Let (X;)iez given by . We have :

E (Xt/ft—l) = mt((go), Var (Xt/j:t_l) = ‘/;5(90)

Remark 6.2 On the one hand, the conditional expectation is the same as the one of a GINAR(p)

process. On the other hand, a second-degree polynomial appears in the conditional variance.



138 An integer-valued bilinear type model

6.4.1 Estimators definition

For the estimation of the parameters, no distribution assumptions are made and a quasi-maximum
likelihood approach turns out to be well suited to this setup. The maximum is found assuming a
conditional Gaussian density for Xy, given the past until time ¢ — 1. In [23] this method is used in
ARCH modeling.

Let us give the details for model . Suppose we observe X, ..., X_,11 and let :

(X: —mu(9))”

+ In V;(0), t>1;
Vi (0) )

q(0) =

1 T
Qr(6) = 7 > ail0);
t=1

2
Q) =E (W + 1nv0(a)> ;

Or = arg min Qr(0).

So, Or is the QMLE for 8 and the actual value of 6 is 6.

Consistency of the estimator.

Theorem 6.4 Under hypotheses H1 to H5, the estimator Or is a strongly consistent estimator of
90 N limT_,oo éT = 90 a.s.

Asymptotic normality of QMLE.

In the following, if g is a function, ¢ : # — R, Vg is its gradient and V?g is its Hessian matrix.

Other hypotheses are needed.
H7) Condition holds with m = 4.

H8) The f function is twice differentiable on © and rankV f(6y) = d. More, eing w;(0) > 0,V =
€
1,...,p.
H9) 6, the actual value of 6, is an interior point of O, g, that is 6y € ©°.

Theorem 6.1 Under hypotheses H1, ..., HY, the estimator Or is asymptotically normal :
\/T(éT —6y) —7T—00 N(O,F(flGoF(;l) in distribution,

where
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Fy = EVZq(6)
= E (Vo(60) >V Vo(60)VVo(60)") + 2E (Vo(60) " Vmo(6o) Vmo(6o)')

and

Go = VarVqp(6o)
=E (Vo(fo) " (Xo — mo(60))' VVo(60) VVo(60)')
—E (Vo(6) "2VVo(00) V'V (00)') + 4E (Vo (6o) =" Vimo (60) Vmo(6o)')
+E (Vo (o) ~*(Xo — mo(60))*VVo(60) Vimo (60)')
+E (Vo(fo) > (Xo — mo(60))* Vmo(60) VVo(6o)")

6.5 QMLE for GINAR(p) processes

When o2 = 0, (6.11)) leads to a GINAR(p) process :

P
X = Z(Xj o Xt—j + .
j=1
Estimation for this process has been tackled by least squares (see [6, [18]).

The conditional least squares estimator is given by :

T
A o1 9
HT—argI(glelglf E (Xt —my(0))".

But this approach cannot be applied to obtain estimators for all the parameters if the probability
distribution of the counting sequences depends on two parameters or more.
In particular, suppose the operators oo, 1 < j < p, are counting series with variables for which the

support is a 3-point set {a, b, c} and we want to estimate :
= (¢ 48~ ) 1 -)
a,js 4b,j 0,0 ’ 0,0
1 <j <p,as well as (Eng, Varng). Let
00 = (qa1: @b,1s- - - » dasps G, B0, Varmp) € © € R*PH2,

For 1 <j <p,let
b](e) = (CL — 6)92]',1 + (b — 0)92j +c



140 An integer-valued bilinear type model

wj(e) = (a,2 — 02)(92j_1 + (bz — 62>92j + 2 — bj(9)2
u(0) = O2p1, v(0) = b2p12

A least squares approach is not tractable because 6y is not identifiable by just considering my(0) =
Z?Zl bj(0)X—j, t € Z, the conditional means of the process (X;);cz. In fact, the function 6 —
(01(0), ..., bp(0), 1u(0),v(8)) is not injective. However, it is clear that the function :

0 — (bl (9), w1(0)> S bp(9)7 wp(9)7 ,u(e)v V(Q))
is injective and we can use Section results to estimate parameter 6.

Example 6.4 Let us return to Ezample [6.4 It is quite easy to proceed to the estimation of the
parameters using a widespread and simple tool like Microsoft Ezcel. We use the Ezcel’s Solver macro

to find the optimum. The estimated model is :
Xi = G10Xs—1 + G20 Xp_1 + &1 0 Xy + 1,

where : &10 1s based on a Bernoulli counting series with p = 0.65 ; &a0 and Blo, on Poisson counting
series with means 0.12 and 0.58 respectively ; (n:)¢ a sequence of i.i.d Poisson random variables with
parameter A = 0.47 ; (e¢)¢ is a sequence of differences between two independent Poisson variables with
parameter X\ = 0.49. So, § = (0.645;0.120,0.503; 0.669; 0.469)". Recall that the actual value of the
parameter is : 6 = (0.5;0.125;0.5;0.667; 0.500)".

6.6 Extended proofs of the results

6.6.1 Proof of Lemma [6.1]

l. E(ao X/X =2) = E (sz’gn(:v) Zlﬂl Yl) = za and the first result follows from expectation
with respect to X.

For the second point, note that :

||

E((aoX)?/X =z)=E | Y Y7 | = 2| EY? + |z (Ja| — 1)o?,
=1

and again the result follows from expectation with respect to X.
2. Since the variables (« o X, Z) and Y are independent, from result , we get the following
equality :
E((aoX)x (@oZ))=aE ((aoX)-Z).
As Y is independent of (X, Z), we obtain aE ((co X) - Z) = aaEX Z. The second assertion is

obvious.
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3. We use the first point of item [TJand if z, z € Z :
loox —aoz|, <Y, |-z

Independence between Y and (X, Z) yields the result after expectation with repesct to X and
Z.

4. See [5, Theorem 2.2], for a proof of this inequality.

6.6.2 Proof of Theorem [6.2]

The demonstration proceeds in two steps. Firstly, we show that under Theorem hypotheses,
equation has a unique causal solution in L'. Then, we show that this solution has moments of
order m.

To show the existence in L', we use Theorem Let F: ZN) x 7 — Z be :

F((zj)jen-1&0) = Y _ajomiteo | Y Biomi| +mo.
j=1 J=1
We have : [|F(0;&)|; = lInoll; < oo. More, by the result 3. of Lemma [6.1} we get :
IF (()senvs€0) = F (w)sens )l < D (YO + lleoll [T ) 12y - wil
j=1

<3 (o], + el [P0 ) os—u
j=1

Because a = » 22, <||Y(j)H1 + [0l

‘?(j)Hl) < 1, we can apply Theorem and conclude that
there exists in L' a unique causal stationary process (X;)sez, solution to , such that || X¢||; < oo.

"l
Let us show that X; € L. To this end, let us introduce the stationary process defined by :

F(0;&), n = 0;
X, = (0:&) tez.

| F({Xn-14-j}j>156), n=>1;
By Theorem we have :
Xn,t —n—oo Xt a.s and Xn,t — oo Xt in }Ll'

Next, we show that sup,,cy || Xn0ll,, < co. From this last inequality, using Fatou’s Lemma, we will
conclude that

1 Xoll,,, < liminf [ X0l < oo.
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We use induction to show that for each I € {1,...,m}, we have sup,,cy || Xn,0l/; < 00. Since lim,, oo Xpno =

|, < oo and the result follows for I = 1. Suppose for I € {1,...,m—1}

X, in L, we have sup,,cy || Xn.0
we have sup,,cy || Xn,0ll; < co. We want to show that sup,cy [[Xnoll;; < oo. Let n € N. We have :

oo o0
1Xn 110l <D Moy o X jllpy + lgollir D85 © Xn—illiy + lmolls -
j=1 j=1

To simplify the equations writing, let :
dip = Hy@ . ath + [leoll, Hf/(ﬂ - ﬁth, for j > 1and h € {1,...,m}.

Using result 4. of Lemma [6.1] we get :

(o.)
1/2
1 < et Y digen Xl 4 ol
j=1

HXnJrl,O

[e.e]

+ ) (lagl + 1851 llgollg) 1Xn, il
j=1

a|[Xnoll 1 + B

IN

1/2
where B = cr1 supy, [ Xeol}? 3202 djer + ol
As X0 = 1o, this leads to HXn+170|]l+1 < gntl H770H1+1 +BY " a.
Observe that

o0
1/2
V2N + ol -

B < Sup | Xk.0
j=1

Then by condition and the induction hypothesis, B is finite and we get :

B
[ Xnt1.0ll;00 < lnoll;q + T—a

and sup,,c || Xn,0ll;;; < oo. Hence, by finite induction on the subset {1,...,m}, we have sup,,cy | Xn,oll,,,

oo. Finally, by the remark made previously, || Xo||,, < co. Uniqueness in L™ follows from uniqueness
in L.

6.6.3 Proof of Lemma

The conditional expectation of X; given the past until time t — 1 is :

p p
E(Xt/ft_l) :]ET]O —I—ZE(QJ' OXt—j/ft—l) =K no—l-Zant_j = mt(eo).
j=1 j=1
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For the conditional variance, we get :

p p
Var (X;/Fi—1) = Var Z ajoXi—j/Fi1 | + o’E Z BjoXi_j/Fi—1 | + Varng
j=1 j=1

Simple computations lead to

ajop X Xy, J#k;

E((aj o Xij)ak o Xik)/Fia) = A ,
a?X?  +VarYU) X, 4], j=k.

Similar formulas can be found if ;o is substituted for ajo. Using these expressions in Var (X;/F;_1)

expansion leads to the final expression :

2

p p
Var (Xo/Fia) =0 [ D BiXej |+ wi(60) | Xi—j| + Varn,
j=1 j=1

where w;(fy) = Var Y) 4 ¢?Var Y@, This is exactly V;(6p).

6.6.4 Proof of Theorem 6.3

The proof is very similar to proof given to Theorem [6.2] and is omitted.

6.6.5 Proof of Theorem

Before giving the demonstration, some intermediate results are required. Let us recall Theorem
from [23].

Theorem 6.5 Let © a compact set of R and (v¢)iez a stationary ergodic sequence of random ele-

ments with values in C (©,R). Then the uniform strong law of large numbers is implied by
E sup |vp(8)| < oo.
0cO

TLemma [6.3] follows from Theorem [6.5]

Lemma 6.3
sup |Qr(0) — Q(0)|| =70 0.
fco

Proof. Let us verify that Theorem hypotheses are satisfied. Firstly, we prove that V8 € 6,
{@:(0) }+>1 is an ergodic stationary sequence. From Remark (Xt)tez is a stationary ergodic pro-
cess. More, for (t,0) € Z x O, by definition of g;(0), there exists a measurable function fy defined on
RP! such that ¢:(0) = fp (X4, ..., Xi—p). This implies that the sequence {q:(0)}icz is also stationary
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and ergodic.

Secondly, we have :
Xo —mo(0)]?
o)) < =m0 i),

Then, from H1, H2, H4 and H5, we get :

p
| X0 —mo(0)] < | Xo| + 11l + Y 10l 1X—5] € L2,
j=1

and
2

p p
h<Vo(8) <o [ D llesllog X5l |+ D llwsll 1X -1 + vl € L.
i=1 i=1

This shows that Esupgeg |q0(f)| < oo. Moreover, from assumption H5, the function 6§ — ¢o(0) is
continuous and Theorem [6.5] leads to the result.
In the sequel, we use Z; to denote (Xy_1,...,X;—p), t € Z.

Lemma 6.4 Let t € Z. Then for any realization z; of Z;, the distribution support of the random
variable Xy|z,—,, has at least five points if o # 0 and at least three, if o = 0.

Proof. The distribution of Xy z,_,, is the same as the distribution of C,, + n; with

p p
C, = E Qo xy_j+ & E Bjoxi—j.
J=1

j=1

By H3 and using the fact that n; are C,, independent, the result follows.
Lemma [6.5] will also be required for Theorem [6.4] demonstration.

Lemma 6.5 Let t € Z. We have :
1If Y v Xe—j = theny =v; =0,Vj € {1,...,p}.

P P P
2. If we suppose o # 0 and Zstt,j Zqut*j + Zvj | X¢—j| =, then either s; =
j=1 j=1 j=1
v =7=0,Vje{l,...;p} oruj =~ =7=0,Vj€{1,...,p}.
P
3. If we suppose o0 =0 and Z’yj | Xi—j| =7, thenyj=~v=0,7=1,...,p.
j=1
Proof.
1. suppose m = min{j € {1,...,p} : 7; # 0} exists. Then, X;_,, is measurable with respect to

Fi—m—1. This is in contradiction of Lemma Hence, we deduce that v; =0, Vj € {1,...,p}
from which it follows that v = 0.
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2. Suppose that m = min{j € {1,...,p} : |s;| + |u;| + |y;] # 0} exists. Note that if m does not
exist, the result is obviously true.

Suppose first that m < p — 1. Let

p
F(Zim)= > (Umsj + smuj) X
j=m+1
and
p p p
C(Zim)=7—| D Xt MoouiXeg | = Y Xl
j=m+1 j=m+1 j=m+1

We have

SmuthQ_m + F(thm)thm + Ym |Xt7m| = G(thm)

Using Lemma we see that for any realization z;_,, of Z;_,,, there exist five solutions to the

equation with unknown x :
SmUm®> + F(2t—m)Z 4 Ym |2] = G(2t—m).

Consequently, spum = 0, G(zt—m) = 0 and [F(zt—m)| = |m].

Without loss of generality, suppose s,, = 0. Then, the random variable F/(Z;_,,) = Z?:m+l U S5 Xi—j
can take only two values almost surely : +7,,. If u,, = 0, then v, = 0 and this is in contradiction

of the assumption that m exists. Hence, u,, # 0. suppose r = min{j : m +1 < j < p,s; # 0}

exists. As
P

Z Sth_j S {’Ym/uma _Vm/um}

j=r
we conclude that for any realization z;—, of the random vector Z;_,, the distribution support
of the conditional law X; 5  _.  has two points. This is in contradiction of Lemma
Hence, s; = 0,Vj € {1,...,p}. Hence equality G(Z;—p,) = 0 a.s leads to

p
Z v | Xe—j| =~ as.

Jj=m+1

If g=inf{j € {m+1,...,p} : v; # 0} exists, the distribution support of the conditional law
Xt—fI|Zf,_q=zf,_q contains only two values. This is in contradiction of Lemma So,v; = 0,Vj >
1. Finally v = 0 and the result follows.
In the case where m = p, we have spupr_p + Yp|X¢—p| = . By Lemma we conclude that
necessarily spup, =y, =v = 0.

3. Suppose m = min{j € {1,...,p} : 7; # 0} exists. Then, |X;_,,| is measurable with respect to
Fi—m—1. Hence for each z;_,, the distribution support of the conditional law of X;_,,, /Z; 1, = 2t—m,

contains at most two points. This is in contradiction of Lemma (6.4]) and the result follows.
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Lemma 6.6 If, mo(0) = mo(0y) and Vo (0) = Vo(0o) are satisfied, then 0 = 6.

Proof. Let us suppose mg(f) = mo(6y). Applying the first point of Lemma with v; = b;(0) —
bj(6o), 1 <j <pand~y=pu(by) — u(f), we obtain b;(8) = b;(0y), j =1,...,p and u(0) = u(bo).
More, suppose Vo(0) = Vp(6p). Two cases need to be considered.

— Firstly, assume that o2 = Vare; # 0. We apply result 2. of Lemma setting for j € {1,...,p} :

sj =0(cj(0) —cj(6o)), uj=o0(c;(0) +cj(0o)), v =w;(0)—w;(bo),

and v = v(0y) — v(0). Then, it is easily seen that w;(0) = w;(0y), j =1,...,p, and v(8) = v (o).
Moreover, we have either ¢;(0) = ¢;(6p),Vj € {1,...,p}, either ¢;(0) = —¢;(0y), Vje{1,...,p}.
From the fact that there exists jo € {1,...,p} such that the function ¢;, is positive and ¢, () > 0,
we can only have ¢;(0) = ¢;j(6y), j=1,...,p.

— Secondly, assume that ¢ = 0. By the third point of Lemma applied with v = v(0y) — () and
v = w;(0) —w;(6p), 1 < j <p, we get v(0) =v(by) and w;(0) = w;(6p), 7 =1,...,p.

The final conclusion, § = 6, follows from H5. Now we can give Theorem demonstration. In fact,

it is done in a very classical way. By Lemma we have :

sup |Qr(0) — Q(0)] =7—00 0 a.s.
0cO

Lemma [6.6] can be used to show that

Q(0) < Q(0), VOe€ O\ {0}

(see for example the proof of proposition 2.1 in [15]).
From these last two properties, a classical compactness argument leads to the strong consistency of
O7 (see for example [23, Theorem 2.2.1, p. 19]).

6.6.6 Proof of Theorem [6.1]

Let t € Z. In Section q:(0) has been defined as :

(X —mu(9))’

+In V4 (6).
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So the first and second derivatives are :

_ VVi(9) (X¢ —my(0))* (Xt —my(0)) Vime(0)
va) = (- S ) 2 (643
—my 2
V0(0) = g [ wviey (25 08 )
(X; — mu(0))? /

+ V2V, (0) <1 - Vt(9)> + 2(X¢ —me(0)) Ve (0)VV(0)

+ 2V (0) Ve (0)Vme (0) — 2Vi(0)(Xy — me(0))Vmy ()

+2(X; —my(9)) vvt(e)vmt(@)’] (6.14)

Lemmas to give important properties of Vg, (0) and V3¢, (). They are required to prove
Theorem

Lemma 6.7 For all 0 € O, the sequences {Vq:(0)}+ and {V2q:(0)}+ are ergodic and stationary.

Proof. We use the same argument than the one we gave in Lemma [6.3| proof to show that the
sequence (g (0)); is stationary and ergodic.

From now on, ||-|| is the Euclidean norm on R? or the matrix norm associated with, as required.
Lemma 6.8 We have :

E Hqu(Hg)H2 < 0o and Ezug HVZQO(Q)H < 00.
€

Proof. Recall that if P is a polynomial of degree ¢ defined on RP, then there exist non-negative

constants do, ... ,dp such that :

p
IP(X 1, X p)| <do+ Y di|X_5|7, as.
j=1

Proof of the first assertion : E ||Vgo(69)?|| < occ.

— We first observe that the ratio :
(Xo —mo(0o))Vmo(6o)

Vo (6o)

is square integrable. Indeed, as

. <<Xo — mo(6))* | Vo (60) | /f_1> _ IVmo@o)” _ [IVmo(@)I1

Vo(00)? Vo(bo) h
there exist positive constants dy, ..., d, such that
(Xo — mo(00))* | Vmo(6o) || 3 2
E 1] <d d; X~
( Vo(0o)? 7o) = °+; o
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and the integrability follows from EX{ < oo.

~ Now, we show that VV(E(G‘))) (1 - W) is square integrable

As Vo(fp) > h a.s. and EX{ < oo, it is easily seen that the ratio ((Se 0) g square integrable. Then

)
it is enough to show that the variable Vi (6y) "2V Vo (00)(Xo — mo(Ho))2 is square integrable. Let
Co(bo) = (Xo — mo(60))*.

As VVp(6p) is square integrable and measurable with respect to F_1, it is sufficient to show that
the random variable V; *(6p)E (C3(60)/F-1) is bounded.
We notice that :

E (CQ(QO)Z/X_l =T—1y.-- ,X_p = IB_p)
4
= [[S28s 03(00) 02— + €0 320y e500) 0wy — 320y w; (B0) oyl e

< [y Y6, to-at + Neolls (5 | 285, rx_])+z s (60) o1+ moly)

We deduce that there exist constants dy, ..., d, such that

p
E (Co(00)*/F-1) < do+ ) dj|X—[*.
j=1

Since V(b)) > w;(6o) | X—j| A h for j =1,...,p, it follows that :

Vo(00) 1E (Co(00)?/F 1) < +Z

wj
j=1 i

We have shown that V(o) ™*E (Co(6)?/F-1) is bounded.

Proof of the second assertion : Esupycg HVqu(G)H < oo. We start the demonstration by
showing that
Esup (vao(o)y\? Vo (0) 73X — mow)}?) < . (6.15)
€

For this, we have :

2

p
— - _E|X? bl X 2/ F
intocg VI E | X0+ Qo [0iloe Xoj il o)/ 7

j=1

E (sup Vi 3(6)[Xo - mow)]?/fl)

0cO

2 (m0(00)2 + Vo0) + (51 lbslg X—j + 11lc)?)
hinfgco VZ(0) ‘

IN
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Hence, there exist non-negative constants do, ..., d, such that
1 P
E supr?’H Xo — mg(8 2.7-"1>§_ d—+ d; X2,
(s V50050 — ma 2171 ) < oL (a4 0,
X2, 1

S Tufgce VZ(0) < infjcp w?(0) according to hypothesis HS, we conclude that there exists a constant
M > 0 such that

E <sup Vi3 (0)[Xo — mo(0)]? /f_1> < M. (6.16)
0cO

We note that using H8 only for i = 1,...,d,

p p

< 207 [ D el IX 51 (DD

i=1 =1
p
+>
7j=1

Whence, we conclude that if EX§ < oo then Esupycg ||[VV5(0)?|| < oo.

From (6.16)) follows ([7.20).

We notice that the other terms of (6.14)) are uniformly bounded by polynomials of the fourth degree

Vo
00;

8Cj
90; || .

| X

wj

[ Xl + vl
00

in [X_1|,...,|X_p|. This completes the proof.

Lemma 6.9 The entries of the column vectors of the differential of the function 0 — (mgy(0), Vo(0))

evaluated at Oy are linearly independent random variables.

Proof. The proof is done in three steps.

Step 1. Suppose there exist constants A, ..., Ay such that
0 oV
Z)\ UL 00 =0 a.s or Z)\ 090 =0 a.s.

Since mo(0o) = p(bo) + ijl b;j(6o)X_;, the partial derivatives at 6 are :

8m0
90; (00) = 90,

0b;
(90)+Z ]‘(90)X_j, i1=1,...,d.

Then we have :

amo o
Z)\ Z)\ +ZZ)\189]'(90)X7J‘:0 a.s.

By the first result of Lemma [6.5] we get :

d
ZAZ-S ZA 90 =0 as, j=1,...,p.
=1
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2
Step 2. Since Vp(6y) = (UZ§:1 cj(Hg)X_j> + Z?:l w;(6o) | X—;| + v(6o), the partial derivatives

at 0y are :

8V0 p P
6«9 = 202 Z ci(00)X_;
j=1 j=1
e300 ) 151+ 22 g
o0, T 00,
fori=1,...,d. So, we have :
NACHy) = (0 33 326 (g
> g 00) =207 | 3o ci(00) X | | 30D Mg (00X,
=1 j=1 7j=11i=1
P ow d v
YD A (00) X+ D i (fo) =
; 00; ; 00;
j=11i=1 =1
The last equation can be written as :
p P a5
PRICH =1 R DIDIPY 9]. (60) X -
j=1 j=1i=1 !
P A dw; 4 o
DD i (00) Xl = =D Nz (6o)
; 00; 00
7j=1 =1 i=1
Using the second result of Lemma [6.5| and the assumption that cj,(6g) = 3;, > 0, we get
d
oc; 8w v
202y "\ J Ai J =Y XN (0)=0, j=1,....p.
o Z Z 0) ; 807,( 0) y J ) D
Step 3. By the last two steps and hypothesis H8, we deduce that A\; = --- = Ay = 0 which shows

that the entries of the vectors of the differential of the bifold function (mg(6), Vp(0)) evaluated at 6y
are linearly independent random variables.

We are now ready to prove Theorem

Proof of Theorem The technique for the proof of this theorem is very classical, we follow the
proof given in 23] Theorem 2.2.1, p. 19]. Since 0 € ©°, using a Taylor expansion, we get :

0= VQT(éT) =VQr(b) + MT . (éT —6p)

where MT is the matrix of the second order derivatives, that is :

O*Qr

MT(Z j) 66 60 ( )7

1<4,7<d.
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< HéT -t

with HéT_'Yi i1=1,...,d. Hence,

VTQr(60) = VT My - (b7 — 6o)

By Lemma (qut(ﬁo)) is an ergodic stationary sequence. By hypothesis HS, its values are
in C(©,R? x ]Rd) Accordmg to Lemma . SUPgeo HV qo H is integrable. Then, we can apply
Theorem and since 07 —7_.o 0o a. s, we conclude that MT —7 00 Fo = EV2¢4(6p) a.s. More, Fy

is non—singular. Indeed :
Fy = (Vb 90 {V‘/O 00 v%(eo) + 2Vo(90)Vm0(<90)Vm0(00) })

and by Lemma this matrix is positive-definite. More :
VTQr(6) = Z Va(6p) and E (Vg (0o)/F-1)=0

Since by Lemma m E|Vao(fo)||> < oo, the sequence (Vgi(fp)), is an ergodic stationary JFi-
martingale difference sequence of finite variance. Then by [I, Theorem 23.1, p. 206], we have :
VTQr(0y) —7—00 N(0,Go) in distribution, with Gy = E (Vqo(6y)Vqo(ho)'). Consequently, we
get :

VT (07 — 00) =700 N(Fy 1GoFy Y).

The expression of G follows from straightforward computations using the expression ((6.13)).
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Chapitre 7

A new smoothed QMLE for AR processes
with LARCH errors

Abstract

We introduce a smoothed version of the quasi maximum likelihood estimator (QMLE) in order to fit
heteroschedastic time series with possibly vanishing conditional variance. We apply this procedure
to a finite-order autoregressive process with linear ARCH errors. We prove both the almost sure
consistency and the asymptotic normality of our estimator. This estimator is more robust that QMLE

with the same type of assumptions. A numerical study confirms the qualities of our procedure.

7.1 Introduction

In order to study the behaviour of financial time series such as asset returns or exchange rates,
a considerable work has been done to study ARCH models introduced by Engle (1982) [§]. From
empirical observations of time series, Black (1976) [3] called the leverage effect a tendency for the
conditional variance to be negatively correlated with the past returns. Another property is a slow
decay of the autocorrelations of the squares called long memory, see Doukhan et al. [6]. LARCH(c0)
(Linear ARCH(00)) models introduced in Giraitis et al. (2000) [I4] and (2004) [15] take in account

these two properties; they are defined from an equation :

Xy =& (ao + Z ant—j> (7.1)

Jj=1

for an independent and identically distributed (i.i.d) sequence (&) with E§y = 0 and E¢2 = 1. Long
memory properties of the model are addressed by Giraitis et al. (2000) [I4] whereas the leverage
property is studied in Giraitis et al. (2004) [I5]. The model (7.1} specializes to the asymmetric
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ARCH model of Engle (1990)[9]. The conditional variance of models (7.1)) writes as the square of a

linear combination of the past values :

Vi = (ao + Z%XH)?

j21

A short memory version of (7.1)) is LARCH(p), here a; = 0 for j > p hence :

P
Xp =& a0+ a;Xi ;) (7.2)
j=1
Then the model (7.2) is a special case of a more general model introduced in Sentena (1995) [20] ;

here the conditional variance writes as a quadratic form :

P p
Vi=ao+ Y a;Xe i+ > > bieXe i Xin (7.3)
j=1 j=1k=1

If this quadratic form is nonnegative this is possible to exhibit assumptions ensuring V; > 0; a solution
(X:) with this conditional variance writes X; = ft‘/;l/z for iid inputs &. Giraitis et al. (2000) [14]
prove a necessary and sufficient condition for the existence and the uniqueness of a square integrable
and strictly stationary solution of the equation . Sufficient conditions for the existence of higher
moments is also provided, moreover Giraitis et al. (2004) [15] explicit sufficient conditions for the
leverage property.

The model is generalized in Giraitis and Surgailis (2002) [16] to a bilinear model which exhibits

long memory both in conditional mean and in conditional variance :

Xi=a+ Z a; Xi—j+ & (ao + Z ant,j) (7.4)
j21 Jj=1

In the short memory case, Francq et al. (2008) [11] study existence and uniqueness of a strictly
stationary solution of equation ([7.2)) (not necessarily square integrable).
A main statistical problem is to estimate the parameter 6 = (ao,...,a,) of the model . In a
recent work, Beran and Schiitzner (2008) [2] consider the estimation of the parameters C' and d when
the coefficients in equation have the form a; = C'j¢, both in the short and long memory cases.
They use a modified conditional maximum likelihood estimator and the same approach will be used in
this paper. On the other hand another recent work by Francq and Zakotan [12] shows the consistency
and asymptotic normality of a Weighted Least Squares estimation for model . The principle of
their method is to apply the least square prodedure to the square of the process.
A classical estimation procedure is the Gaussian Quasi Maximum Likelihood Estimation (QMLE).
Under conditions, the QMLE is shown to be consistent and asymptotically normal. But a crucial

condition in its application is the existence of a real number h > 0 such that Vy(0) > h a.s. For
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the model , the conditional variance Vj is, in general, not bounded away from 0 and the quasi
likelihood becomes numerically intractable. Because the QMLE cannot be used for the model ,
we propose a smoothed version of the QMLE which is more robust then the classical QMLE and
applies with the same kind of assumptions. We apply this procedure to an AR process with LARCH
errors.

The paper is organized as follows. Section 2 recalls the properties of the model . The next Section
3 introduces our model and mand motivates the introduction of our smoothed QMLE. Section 4
addresses its asymptotic properties for our model. In Section 5, we discuss the behaviour of its
asymptotic variance when the smoothing parameter tends to 0. Section 6 is dedicated to a numerical

illustration. The proofs are postponed to the last section of the paper.

7.2 Some general results about LARCH models.

The first results about existence of LARCH models were given in the general case of equation ([7.1)).
The condition Z;’il a? < 1 is necessary and sufficient for the existence of a square integrable and
nonanticipative solution (see Theorem 2.1 in Giraitis et al. (2004) [15]). Those authors prove that

the unique solution of equation ([7.1) is defined from the Volterra expansion :
X = ao&(l YD 4 'ftf(j1+---+jk)> (7.5)
k>1 ji,.jk21

Those authors also give a sufficient condition for the existence of the fourth moments in the general

case of model (7.1)) :

oo o0 oo
M4Za§+4]u3\21aj]3+62a]2<1 (7.6)
j=1 j=1 j=1

where p; = E€) for 1 < < 4 (here pg = 1). Mention that
/ o
1/4
iy lag <1 (7.7)
j=1

ensures the existence of the fourth moment for the solution (7.5)) (see Doukhan et al. (2006) [7]), hence
the condition (7.6) is perhaps not sharp. Although condition (7.6]) is less restrictive with respect to
the decay of the sequence (a;);>1, condition (7.7)) can obviously be better, e.g. if a; =0, j > 2.

From now on we fix an integer p > 1 and we only consider eqn. (7.2)). Then, existence and uniqueness
of a strictly stationary solution of 1} holds under the less restrictive condition Z?Zl a? < 1, is
pointed in Francq et al. (2008) [11]. Denote

A, = alzp—lgt apgt ’ where a1:p—1 = (al, - 7apfl)
Ipfl Opfl
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and Iy is the k x k identity matrix. If p = 1 then 4; = a1&. Let A = (A;); and «y (A4) the top-Lyapunov

exponent of the sequence A :

o1
7(4) = Jim ~log||4y -+ Ay

Theorem 3.1 in Francq et al. (2008) [11] asserts that equation (7.2)) admits a strictly stationary

solution if and only if
v(A) <O0. (7.8)

Under this condition, the strictly stationary solution is unique, nonanticipative and ergodic.

If p = 1 condition writes explicitly |a;| < e~Flo8lél As pointed in [IT], if & ~ N(0, 1) this writes
la;| < 1.88736. In comparison the condition for the existence of a second moment writes |a;| < 1 and
the one for the fourth moment |a1| < 0.7598 - (see section [7.3).

7.3 Model specification and smoothed QMLE

We consider for p,q € N* the model
Yi = bo1Yio1+ -+ bogYi—g + Xy, (7.9)

P
Xy = & ao,o-ﬁ—Zao,th_j , teZ (7.10)
j=1

with £ an i.i.d sequence such that E&y = 0, Egg = 1. By convention, ¢ = 0 means that the process Y
is a pure LARCH model given by (7.10) ; note that for p = 0 the model is an AR(q) process.
In the sequel, when we consider a solution of equation (7.9)) or ([7.10)), it is always assumed that this

solution is stationary, ergodic and non anticipative. We denote

0o = (bo,1,---,b0,q,00,0,---,00p),

and for 6 = (b1, ...,by, ao,...,a,) € RPTIT and t € Z :
q
m(0) = > bV,
j=1

Vi) = o2(0) = (a0 + Y a; (¥iey —mes(0)))

Jj=1

Setting F; = o (Yi—1,Yi—9,...) for t € Z, we have :

mi(00) = E (Y;/Fi—1) Vi(60) = Var (Vi/Fi—1).
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By stationarity, we can always suppose that the data Yy, Y, —1,...,Y_ (4441 are available. Usually,
the QMLE is defined by :

gn: i n9>
arg min Qr (6)

1O (Vi - ma(6)?
Qn() = =5 T MO v, (7.11)
02 V) ©)

Although we will not prove any result about the consistency or the inconsistency of the QMLE for
the model , it seems very difficult to compute this estimator because of the intractable form of
the function 0 — Q,(0) (see figure for which ¢ = 0, p = 1, ap = 1; the data are generated with
a; = 0.5 and & ~ N(0,1)). The roughness of the function 6 — Q,(0) is due to the small values of
the function 6 — V;(0); this gives infinite values for @,,.

70

60 -

50

a0

301

Fia. 7.1: a1 — Qs00(0).

In some cases, even the conditional variance Vy(6p) is not bounded away from zero as shows the

following Lemma :

Lemma 7.1 Suppose that for the model the input & admits a density with support R and
ago # 0. If jo = min{j/ag j # 0} exists, then the conditional variance Vy(6p) is unbounded away from

ZET0.
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One also can note that even if the conditonal variance may be unbounded away from zero, it does

not vanish if & is atomless :

Lemma 7.2 Suppose that for model , the law of & is atomless, then
P (0¢(fg) = 0) = 0.

We define here a new contrast working also will small values of the conditional variance. Suppose
just for a moment (even this is not true) that (Y;) is a ARCH process with a conditional variance
bounded away from zero; if {5 ~ N(0,1) then —1/2(Q,, + In27) is well defined and is the exact
conditional log-likelihood of the random vector (Y1,...,Y,). For nonGaussian inputs, £, this is not

true anymore but the function

QGHEC%_WMW

D +m@am0 (7.12)

is still a good contrast since g is the unique minimum of @, provided the following identification

condition holds :

(mo(0), Vo(8)) = (mo(6o), Vo(bo)) = 0 = bo.

In fact, @ can be used as a contrast for the estimation of a parameter of the mean and/or the
variance of a conditional law Wy /Uy, for some stationary ergodic process {(Uy, W)/t € Z}; in our
case U; = (Yt_l, .. ,Yt,(erq)) and W; =Y.

Set now U; = (Y}_l, ... ,)Q,(pﬂ)) and Wy =Y, + n, for t € Z, where (n;); denotes an i.i.d sequence,
independent of the process (Y;), with Eng = 0 and Var (n9) = h for some real number h > 0. Then

we have

E (Wt/Ut) = mt(Ho), Var (Wt/Ut) = %(90) + h,
and the contrast Q becomes

—m 2
o) =& (o reOF 4 agioo)+m))

We obtain from independence,

(Yo —mo(9))* +
Vo(0) + h

o) =2 F (6 +1)).
The number h > 0 avoids the problem of small possible values for the variance in (7.12]) : it will
be called the smoothing parameter. If the data Yy, Yn—1,...,Y_(p1 441 are available, we define the

following estimator :
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Ony = argmin Qn,n(0), (7.13)
Quil0) = =" aun(0), (7.14)
t=1
()2
an@) = B : 9)(?11 T m(Vi0) + ). (7.15)

Observe that én’o is the classical QMLE. For h > 0 and n € N*, @), , has a more tractable expression
that @,,0. The asymptotic properties of the estimator én,h; called smoothed QMLE, will be derived

below.

7.4 Asymptotics of smoothed QMLE for AR-LARCH models

QMLE is very popular for conditionally heteroscedastic time series. Its asymptotic properties were
first established by Weiss (1986) [22] for ARCH models. General results for the consistency of this
method are proved in Jeantheau (1998) [13]. Both its consistency and its asymptotic normality are
precised by Mikosch and Straumann (2006) [19] who set a nice theoretical framework for the univariate
case. For multivariate time series we defer the reader to Bardet and Wintenberger (2007) [I]. For
GARCH models, mention among others the works of Lee and Hansen (1994) [17], Lumsdaine (1996)
[18], Berkes, Horvath and Kokoszka (2003) [4] and Francq and Zakoian (2004) [I0]. As we will see,
asymptotics properties of the smoothed QMLE can be obtained using the same arguments as for the
classical QMLE.

Let us introduce some assumptions :
(A1) ~(A(6)) < 0.
(A2) : The roots of the polynomial P defined by P(z) =1 — 23:1 bo ;2z’ are outside the unit disk.
(A3): 6p € O, a compact set such as for all § € ©, the first component ag of 0 is strictly positive.
(A4) : The support of the law of & admits more than 2 points.
(A5) : 6 belongs to the interior ©° of ©.
(A6) : EX§ < oo

The top-Lyapounov exponent v(A(6p)) is defined for the LARCH part only, as in (7.8]). Assumptions
(A1) and (A2) ensure existence and uniqueness of the AR-LARCH process (7.9). The two following

results are devoted respectively to a.s. consistency and to the central limit behaviour of the smoothed
QMLE.
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Theorem 7.1 Under assumptions (A1) — (A4) the smoothed QMLE is consistent for each value of
h>0:

lim 0, , = 6o, a.s.

n—oo

Theorem 7.2 If (A1)-(A6) hold true, the smoothed QMLE is asymptotically normal for each value
of h >0 :
Jn (én,h _ 90) B oo N (0, N, M N

where
N, = NY4ND v =MV P 4 P
(1) Vmo(Qo)Vmo(Qo)'> (2) (VVO(QO)VVE)(@O)/)
N = 2E 5 N =E )
' (™5 : (Volo) T 12

MY = 4E <%(90)Vm0(90)vm0(90)’>7

(Vo(bo) + h)?

6p)? 0 6o)’
M® = (- 1E <V0( O)GZ(Z(()S i):;f)( 0) ) ,

m (Vmo(@o)v%(eo)l + VVO(QO)va(QO)/)> .

M = 2,@8(

Remark. If ¢ = 0 then Y is a pure LARCH model (7.10) and we obtain the consistency and the

asymptotic normality of the smoothed QMLE as above. Its asymptotic variance writes as (N,?)) _1M}(L2) (N

7.5 Choice of the smoothing parameter h

We aim here at precising the asymptotic variance of the smoothed QMLE when h — 0. We denote
by ||| the Euclidean norm for a vector or a matrix. For simplicity we write m (resp. V') instead of
mo(Bo) (resp. Vo(6p)) and Vm, VV for the gradient vectors.

Using the notations in Theorem we denote v, = Nh_thNh_1 the asymptotic variance of the
smoothed QMLE (see Theorem [7.2).

Unexpected results appear by plotting the asymptotic variance of the smoothed QMLE for small
values of h. Suppose that we want to estimate the parameter a of the model : Xy = & (1 +aX;—1)
where £ ~ N (0,1). Then the asymptotic variance of the smoothed QMLE denoted by v, (a) seems
to verify limy,_.g v,(a) = 0 for a large subset of parameters (see figure [7.2).

To study the behaviour of the asymptotic variance we set A < B, the relation of order between
symmetric positive definite matrices such that 2’Az < 2/Bgx if for each z € R?, here A and B €
My(R).

In the following Lemma we discuss the qualitative behaviour of h — vj. Even if we were not able to

check monotonicity of this function (with the order <), we shall precise in some cases the behaviour
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of the asymptotic variance at the origin : here v = lim;_,q+ vy, = infy,~ vy, is either degenerated or

has the same form that the asymptotic variance of the classical QMLE.
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The behaviour of the asymptotic variance near h = 0 is related to the condition :

[Vm]|? Ivv|?
C: E < v ]I(Vm,V);é(O,O) +E V2 ]1V7£0 < 0.
Of course if ¢ = 0 then the condition C reduces to
vV
E (H V2H ]lv;,,g[)) < 00.

One can remark that when & ~ A(0, 1), by lemma we have V # 0 a.s and condition C ensures
the existence of the conditional Fisher information which is Var (Vgo,(60)).

Lemma 7.3 Let the assumptions of Theorem[7.2 hold.
1. If condition C does not hold, then limy,_.,o A\, = 0, where A is the smallest eigenvalue of vy,.

2. We suppose that either ¢ = 0, or ¢ # 0 but (us,psa) = (0,3) (i.e & has the same four first
moments that a standard Gaussian). Then : v = limy,_ o+ vy, exists, and v < vy, for h > 0.
Moreover v is non degenerate if and only if condition C holds. In this case, v = (g — 1)N !

where :

vmvVm/ vvvVv’
N =2E <V1(Vm,V)7é(0,0)> +E <V21V;é0)

Remarks. a. Condition C holds if there exists m > 0 with :
Vo(bp) >m >0 a.s. (7.16)

This is the case for example if &y has a uniform distribution on [—v/3,v/3] and a = Z?Zl lao,j| < 2—\1/3

Indeed we have Vy(6o) = ag o (1 + 50)? where

Go(fo) = > a0y a0g—ji € (it

k>1 j1,e i €{ 1,0}

2
Note that |go(0g)| < 12\3/3 < land m=ag (1 - 12/\‘;’/3) is a convenient value for (7.16|) to hold.

Condition (7.16) is a classical assumption to get the asymptotic properties of the classical QMLE,
but for model ([7.9)), this kind of restriction seems unrealistic.

b. From point 1 in Lemma if the condition C does not hold, then no asymptotically efficient
estimator with y/n-rate can be exhibited. This is the case if :

EVo(60)™" Ty (gg)120 = 0. (7.17)
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Condition ([7.17) is related to the behaviour of Vj(6p) around 0. The following (artificial) example
shows that this condition may hold.
Suppose that bpy = ... =bypg=0and p=1, appo =1, a01 =05, P =1) =P({ = —1) = o and
P& =0) =1—2a for a € [1/4,1/2).
Then E¢y = 0 and from (7.7), EX3 < oo and we may assume E&2 = 1, for this we write X; =
&/ VEES (\/Egg +0.5\/E(£3) Xt,1>. From 1} the chaotic expansion of the solution writes :
Xp=&+Y 276 &y
Jj=1
Let n € N* and suppose that & = —1,§-1 =--- =& =1 and &_(,,41) = 0, then :
X, = —2(1 — 2~ (n+h)
and thus Vi1 (6p) = 2~ 2"+ We now deduce :

1
E Vi41(00)#0 Z Z 22n+2P (%—&-1(90) — 27(2n+2)>

‘/;54_1(&0) n>1
> Y PP (G =1 ==& n=1,& (ns1)=0)
n>1
= (1-2a)) ot
n>1
= o

This example shows that the condition (7.17) may happen to hold. Now figure seems to prove
that the model LARCH(1) also exhibits this condition for & ~ A(0,1) but no formal proof is given

here.

c. It is clear that both the QMLE and the smoothed QMLE will apply for classical ARCH models
for which the conditional variance is bounded away from zero. In general the asymptotic variance
will write as vy, h > 0 where m, V denote the two first conditional moments of the process. Then the
proof of the point 2 of lemma [7.3|shows that the QMLE is more efficient then the smoothed QMLE.

7.6 Numerical illustration

We illustrate the behaviour of the smoothed QMLE with an example. Our goal here is to see if h — 0
gives best estimators as suggested by the Lemma [7.3] We set p = ¢ = 1 and we consider Gaussian
errors. We recall that asymptotic normality of the smoothed QMLE requires EYO4 < o0 (Theorem
; moreover EX§ < oo = EYj' < oo. The following Lemma gives a necessary and sufficient

condition for the existence of the fourth moment of the solution of

Xt =& (ao0 + ap1Xi—1) (7.18)
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if E& = 0.

Lemma 7.4 Suppose that B = 0 then there exists a stationary solution of equation with
IEXSl < oo if and only if ai‘Efé‘ < 1. In this case this solution is the unique stationary solution of

equation ,

Remarks.

~ If & ~ N(0,1) is a standard normal random variable the condition af;E&§ < 1 writes |ag| <
3714~ 0.7598 - - -.

— If & follows the uniform distribution law on the interval [—\/g, \/3] this condition writes |ag,1| <
(5/9)1/4 ~ 0.8633 - - -. Thus if |ag1| > 1/v/3 ~ 0.5774- -, the process X is not bounded.

For the simulation study we have computed 500 smoothed QML estimators for sample sizes n = 100

and n = 1000 and for the smoothing parameters h = 0.5,0.1 and 0.001. The value of the parameter

is 6o = (0.5,1.6,—0.7).

An expected problem is the irregularity of the function @, ; when h is small. This holds even for

very large values of n. As an example we plot a; — @y n(a1) in figure for the model :
X =& (14+05X; 1), o ~ N(0,1).

Then, to avoid optimization problems, we first compute the estimators for h = 0.5; after this, using
those values to initialize the procedure, we start with an optimization procedure for A = 0.1,0.001.
We see from figure that the mean square errors decrease as soon as h decreases. However if h is
small, fitting to a Gaussian distribution is not very good for n = 100 (figure and figure but a
large sample size n = 1000 corrects this problem (figure and figure . Hence the choice of the
value of h = h,, (depending on the sample size n) seems crucial. This problem is beyond the scope of
this paper because we did not exhibit a balance of terms explaining this phenomenon as this is usual

e.g. for non-parametric estimation.
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FIG. 7.3: Qu.n, n = 20000, h = 0.5 or h = 0.001.

Estimators | Sample size S. QML
h=05]| 0.1 |0.001
by n =100 1.9 1.1 | 0.9
ao n =100 16.3 | 14.7 | 13.9
a n =100 8 58 | 5.1
by n = 1000 0.1 0.1 0
ao n = 1000 1.7 15 | 14
a n = 1000 0.6 04 | 0.3

FIG. 7.4: Mean square errors for the three estimators (x1073).
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NUMERICAL ILLUSTRATION
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F1G. 7.5: Normal Q-Q plots for the errors by — bo,1.
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n=1000, h=0.5 n=1000, h=0.1 n=1000, h=0.001
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F1G. 7.6: Normal Q-Q plots for the errors b; — bo,1.
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n=100, h=0.5 n=100, h=0.1 n=100, h=0.001
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F1G. 7.7: Normal Q-Q plots for the errors a; — ag 1.
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n=1000, h=0.5 n=1000, h=0.1 n=1000, h=0.001
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F1G. 7.8: Normal Q-Q plots for the errors a; — ag 1.
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7.7 Proofs

7.7.1 Proof of Lemma

Let A = {(21,...,2) € RP/ago + >7_ a0 z; # 0} and for t € Z, Zy = (Xi—1,...,Xs—p). Set
?:j0+1 = 0 if jo = p. Then since agg # 0, X; = 0 is not a solution of the equation 1) thus
P(Z, € A) > 0. Moreover for z € A the support of the conditional law L£(X_;,/Z_;, = z) is the

whole set R which is in contradiction with the existence of a number m > 0 such that

2

P
V()(go) = | a0+ ajOX_jO + Z an_j >m, a.s. 0O
J=Jjo+1
7.7.2 Proof of Lemma
For simplicity, we denote oy instead of o4(fy). The result is obvious if ap; =0, j = 1,...,p since in

this case o9 = ag,0 # 0.
Now let jo > 1 be the first index such that agj, # 0. Let o = P(o9 = 0). We prove by induction
that :

VneN, P(A,) =a (7.19)

n
where for n € N, A, = ﬂ{ff—ljo = 0}. This will conclude the proof. Indeed setting n — oo, we
1=0

oo
deduce that P (ﬂ{a_ljo = O}) = a and from the ergodicity of the process (o_;,)ien we derive that

1=0
a € {0,1}. However o = 1 implies by definition oy = X = 0 a.s which is impossible if agg # 0 :

hence a = 0.
We now prove (7.19). The definition of « implies the result for n = 0. Suppose that P(4,) = « and
let us prove that P(A,41) = a. Then it is enough to prove P (A, N {o_(,41)j #0}) =0 or :

P (0-njo = 0,0_(n41)jo #0) =P (00 =0,0_j, #0) = 0. (7.20)

Now o9 = 0 & X j, = & 404, = M, with M = —(YF_. . ao;X_j)/aoj, (by convention
Z§:p+1 = 0). If p is the law of the vector (o0_j,, M), we get using independence :

P(og=0,0_j, #0) = /P(afjo =b,a # 0)u(da,db).

Since P(§y = ) = 0, Vo € R, we have etablished (7.20)), and (7.19) follows by induction. O
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7.7.3 Proof of Theorem

We first prove the following Lemma, useful to show that the parameter 6y is identifiable in the model

7).
Here Y is a model satisfying (7.9) and note that F; = 0 (X;—;/j € N) =0 (Y;—;/j € N) for t € Z.

Lemma 7.5 We suppose that (A3) holds. Let Uy and Uy be two random variables measurable w.r.t
F_1 and (oy)o<j<p and (Bj)o<j<p be real numbers such that By # 0. Then

1. (Xo—Uy) xUy=0a.s=Us x0p(0y) =0 a.s and Uy x Uy =0 a.s.

2. P((Xo— Uy) x (Xo — Us) = 0) < 1.

5. P (00(00) (8+ -1 X 5) =0) < 1.

4. (ao + Z§=1 osz_]) X (ﬁg + Eﬁ-’:l ﬁjX_j) =0, a.s implies a; =0, for all j =0,...,p.

Proof.

1. Here (Xg—Uy)Uy = 0 a.s = Us00(6p)&o = UyUs. Since &y is not a constant and it is inde-
pendent of (Uzo¢(6y), U1Us) we have Usog(6p) = 0 a.s., thus obviously U;Uz = 0 a.s.

2. If (X() — Ul) (XO — UQ) =0 a.s then
05 (00)€ + 00(00) (<UL = Uz) & = ~ThUz s

Since ap,0 # 0, we have X # 0 a.s. Then there exists a realization of X_1, X_o,... such that
00(6p) # 0. For such a realization the support of the conditional law &y/X_1, X _o,... (by
independence this is also the law of &) contains only two values. This yields a contradiction
with (A3) and the result follows.

3. We suppose
p
o0(6o) (50 + Zﬁjx_]) ~0, as (7.21)
j=1

We set §; = 0 for j > p+ 1. Suppose that [ = inf{i > 1/ap; # 0} exists. We will show by
induction that for all ¢ € N :

o_q(6o) (ﬂo + Z ﬁjX_j) =0, a.s.

G>il+1

From ([7.21)), the result holds for ¢ = 0. Suppose that for i € N :

o_i1(6o) (ﬁo + Z ﬁjX,j) =0 a.s.

G>il+1
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Then successive applications of point 1) lead to

U_il(t%)(ﬂo—l— Z ﬁjX_]):O, a.s.

3> (i+1)l
Now as 0_j(6o) = aoo "‘Z?:z a0 X _i1—j and ag; # 0 we deduce from point 2) that 5(; 11y = 0.
Moreover a new application of point 1) leads to o_(;;.1y;(6o) (ﬁ + ZjZ(i+1)l+1 B]-X,J) =0 a.s.

Hence the result follows by induction.

Now if i is large enough :
U,il(GO)ﬁo =0 a.s

Since By # 0 this implies o_;;(0y) = 0 a.s. We have obtained a contradiction since X cannot

equals 0 when ag o # 0.

If now [ does not exist, we have X = a0 and equation ([7.21) becomes ag o (ﬁo + ijl ﬂja(),o{_j) =

0 (a.s). Taking expectations this equality leads to By = 0 and we thus exhibit a contradiction.
We have shown that relation ((7.21)) is not possible and the result follows.

4. Setting a; = 3; = 01if j > p+ 1 we suppose

(ao + D >1 an_j) X (ﬂo + 2 >1 ﬁjX_j> =0 (a.s.) An application of point 2) implies oy X
(1 = 0. Moreover an application of point 1) gives

(a0 + DX 5) x (B + D BX5) =0

j>2 j>2

Then by an induction argument, it is obvious that for ¢ > 1, we will obtain «;3; = 0 and

<a0 + Zan—j> X <ﬁ0 + ZﬁjX_j) =0 a.s. (7.22)

j2i j2i

With i — oo we thus derive agfy = 0, hence ay = 0. Suppose that there exists some i € N*
such that a; # 0. Then §; = 0 and applying point 1) to equality (7.22)) we get

o—i(6o) (ﬁo—i- Z ﬁjX_j> a.s.

j>i+1

We obtain a contradiction using the stationarity and the point 3) considered with 3;4; instead
of 8, j > 1. Hence o; = ap = 0, for all 4 > 1 and the result follows. [J

From the previous Lemma we deduce the identification condition :

Lemma 7.6 If (A3) holds then

(mo(é?), V()(@)) = (mo(Hg), %(90)) a.s =0 = 90
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Proof. The equality mo(6) = mo(0y) writes as :

MQ

—bp;)Y;—; =0 as.

]:1
If there exists j € {1,..., ¢} such that b; # by j, then there exists j € {1,...,q} such that X;_; =
&—joi—j(6o) € Fi—j—1. Using the same argument as in the proof of point 1. in Lemma , we obtain
01—;(6p) = 0 a.s. Then X = 0 a.s and this is a contradiction with agg # 0. We deduce that b; = bg j,

Viedl,...,q}.
Assume that equality Vp(6) = Vo(0y) a.s holds, then as

mo(0) =mo(6p) as=m_;(0) =m_j(6), j=1,...,p as,

we obtain using equation (|7.9)) :

p
(a0+a070+2(aj+a07j)X_j>( o—aoo-i-z aOJ X_J> =0 a.s
j=1

As ag + app > 0 we obtain ap = ag by using point 4) in Lemma , and a; = ap; for all
j=1,...,p. Thus 6 = 6y. O

Now we prove theorem . The proof follows the proof of theorem 2.1 in Jeantheau [I3] who proved
the consistency of the QMLE for general multivariate ARCH models (see theorem 2.1 of that paper).
As in [13] we use the following Theorem which is a staightforward generalisation of Theorem 1.12 in
Pfanzagl (1969) for i.i.d data.

Theorem 7.3 Let (Y;)iez be a strictly stationary and ergodic process, 0 a parameter in © a compact
of R, and for n € N*, Q,, be a contrast such that

n

1
Qn(6) = ntz_;f(yt,...,n_p;e)
where f is a measurable function with real values and continuous in 0. Suppose that
1) Einfgco f (Yb, e Y_p; 9) > —0Q.
2)0— Ef (Yo,...,Y_p;0) has a unique finite minimum at 6y,

The minimum contrast estimator 9 associated to Qy 1s thus strongly consistent : lim, .., 6, = 6y

a.s.

We apply Theorem setting f (Yo,...,Y_p;0) = qox(0). Obviously f is continuous in 6.
— Since infgee f (Yo,...,Y_p;0) > Inh, assumption 1) of Theorem holds for the AR-LARCH

process Y.
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— We next prove that assumption 2) holds. We first prove that Qn(6p) = Eqo(6p) € R (from the
last point we know that Qp(6p) is well defined and € RU {oo}. From (A1), Francq and Zakoian
[11] prove that E|Xy|® < co for some s € (0,1] (see the proof of Theorem 4.2 in [I1]). hence :

S

1 h
Qn(00) =1+ _Eln (Vo(f) + )" < 1+ — + EVp(6o)° < co.

Now we prove that for 6 € O, Qx(0) > Qn(0y) and the equality holds only when 6 = 6.
For 6 € ©, we have :

g (om0 +h

0@ + 7 )—E((A§o+B)2+C),

where A = (Vo(0) + h)~200(0y), B = (Vo(0) + h)~/2(mg(6y) — mo(0)) and C = (Vo(#) + h)~'h.
If u is the law of the vector (A, B, C), then we obtain using independence properties :

E ((A&% +B)*+C) = /E ((a&o +b)* + ¢) p(da,db,dc) = E (A* + B*> + C) ,

and we have proved that

m — m ?
Qu(6) =E (( Ow)%(eff%)) R v + ’”) '
We obtain : V(6 h Vo (6 h
Qn(0) — Qn(6o) =E V%(@)): T voo(<90>)++ e

Since (z —Inz > 1, V2 > 0) and (z —Inz =1 < x = 1) we derive Q,(6p) < Qx(#) and :
Qn(0) = Qn(bo) = mo(0) = mo(o), Vo(0) = Vo(bo) a-s

From Lemma , we get 0 = 0y which proves that assumption 2) of Theorem holds.
Then the consistency of the smoothed QMLE follows from Theorem [7.3] O

7.7.4 Proof of Theorem

We use very classical arguments, the approach of Straumann [21I] allows to derive an uniform law of

the large numbers namely we will use :

Theorem 7.4 (Straumann (2006), Theorem 2.2.1, [21]) Let (v¢)iez be a stationary ergodic se-
quence with values in C (K, Rk), the space of real continuous functions on a compact K C R%. Assume

E supgex [|vo(0)|| < oo then :
n

LS 0(0) — Buo ()

n
t=1

lim sup
n—0 gco

=0, a.s
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Before we prove Theorem we need the two following lemmas :

Lemma 7.7 Suppose that A3 holds and let ¢ € RPTITL such that ¢/'V'mg(6y) = ¢/VVy(6y) = 0 a.s.
Then ¢ = 0.

Proof. We compute 0mg/0b;(6y) = Y_; for j =1,...,p, 0Vy/0ag(0y) = 200(0y) and 0Vy/0a;(0y) =
2X_joo(fp) for j = 1,...,p. Suppose that there exists ¢ = (pu1,..., tg, Ao, - - -, Ap) € RPFIFL guch
that,

dVmo(by) = VVs(6p) =0, a.s.

Then we obtain :

q
Z,UJJ'Y,]' = 0, a.s.
j=1

As for the proof of Lemma we obtain 1 = ... = p, = 0.
Hence equality ¢'VV(6y) = 0 rewrites :

d
o0(0o) (Ao + Z AjX_j> =0 a.s.
j=1

As app # 0 an application of point 4) of Lemma implies A; = 0, 7 = 0,...,p. We have shown
that ¢ = 0. O
For the proof of theorem [7.2] the following moment conditions will be used :

Lemma 7.8 IfEX{ < oo then E ||V (60)]]> < oo, Esup V2q0,1(0) || < oo.
fcO

Proof. We first notice that

—2(Yy — mo(0))Vmo(0) | VVo(0) (Vo(8) — (Yo — mo(6))?)

qu,h(a) = Vo(g) T h (Vo(@) I h)2 (7'23)
Vaon0) = %(;Mvmo(e)vmo(e)’
2(Yp —mo(0))
200 = mo) (g (0) V(0 + TVo(6)Vmol6))

(Vo(6) + h)?

Vo(0) — (Yo — mo(0))?
* OO
o WO + 2% —mo@)? oy oy

(Vo(6) + h)?



7.7. PROOFS 179
As © is bounded since it is compact, the expressions of g and mg for model entails the existence
of a real K > 0 such that :
sup (Imo(0)| + IVmo(0)]| + |oo(0)] + [ Voo (0)[| + || V2e0(0)]|) < U, (7.24)
€

with U = K (1 + Zp+q |Y_]|>. Moreover for model 1} V2mg = 0.
— For Vqo p, we have :

—2XoVmo(0o) = VVo(0o)(1 — 53)2%(90)_

\% 0y) =
q0,n(00) Vo(bo) +h (Vo(Bo) + h)?
Then,
4X3U? Vo(00)3U2(1 — £2)2
Vqo.n(00)|° < 0 0(60)°U*( Eo)
(VolBo) + 02 (Vo(do) + 1)
This leads to : -
E | Vao,n(60)]|* < hMIEU2

As IEXSL < 00 = IEYO4 < 00 = EU? < 00, we obtain E | Vo, h(90)||2 < 0.

— For the second assertion, using the definition of U and the inequality Vo5 ) 7 < %, we see that

the fourth first term in the expression of V2gg ,(6) can be bounded uniformly with respect to 6

by polynomials of degree four in the variables |Yy|, |Y_1],. ’Y ! For the last term it is also

(p+q)
the case since :
|h—Vo(0) 4 2(Yo — mo(0))?|

T T I9%()]

h+U?+2(|Yo| + U)?

ST wm OV

2 2
< h+U*+2(|Yo| + U) A2,
72
The result follows thus from EYO4 < o0. U
We now turn to the proof of Theorem Since 6 € ©°, a Taylor expansion yields :
0= VQun(lnn) = VQun(00) + My - (B — b0),
with M,,(i, ) = 92Qun(v)/00:00;, and |6, — vil| < |fn — 00( fori=1,....p+q+1.
Hence,
— VY Qun(00) = /it My - (6, — 00) (7.25)

For each (0,t) € © x Z, V?q; ,(0) is a measurable function of Vi, ...,Y;_(,4,), thus we infer that
(V2q,n), is a stationary ergodic and C(©,RPTIT! x RPTIH1)-valued sequence. According to Lemma
sup HV2q07h(9)H is an integrable random variable, hence from Theorem :

USS]

sup || V2Qn,n(0) — EV?q0.1(0) || —n—oc O.
0co
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From én’h —n—oo B0 (a.s.) we thus conclude
My —noo Ny =EV2qo4(00),  a.s. (7.26)

Moreover N}, is non-singular ; indeed using expression ((7.23)), we have

Vmo(eo)vmo(eo), + EVVO(QO)V‘/O(GO)/

N; = 2K )
4 Vo(6o) + R (Vo(6o) + h)?

and from Lemma [7.7] this matrix is positive-definite. Now,
1 n
Vi VQyh(00) = Tn > Vann(bo), with Ex,_, Vgo(bo) = 0.
t=1

Since from Lemma , E||Vaon(6o)|* < oo, (Va,n(00)), is an ergodic stationary Fi-martingale

difference sequence with finite variance and from Theorem 23.1, page 206 in [5],
Liv (00) 2 N(0,My), with M, = Var Vo, (60)
7n 2 qt,n (b0 » Mp ), R qo,n(b0)-

Thus we infer
V(O p — 00) —n—oo N(0, N, ' M N; )

Then the result follows from the expression of M}y which is easy to derive from the expression of
Vo (723) . O

7.7.5 Proof of Lemma [7.3

1) We use the expression of vy, given in Theorem Then, using the expression of Vqg ,(0o) in (7.23)
and the triangular inequality, we have
My, = ((pa — 1) V 2) Ny, This leads to the following inequality :

vn =X (e —1) V2) N, ! (7.27)

Then ), is smaller then ((y4 — 1) V 2) i, Where gy, is the smallest eigenvalue of N, '. Then it is
sufficient to show that limp_g gy, = 0. As up, = 1/p(INp,) where p(N},) denotes the spectral radius of the
matrix Ny, we need to show that limy,_,g+ p(Np) = 0o or equivalently that limy, o+ Zfif“ Np(i,i) =

o0o. But
p+q+1

> Nu(ii) = 2B[Vm|*(V + h) " + E|VV|*(V + h) 2
i=1

and with monotone convergence :

IVm|? vV

N |/ e -4 4
s 2V R Ty homnzen R v = e
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Hence we conclude that limp_g A\j, = 0.

2) We will only prove this point if ¢ # 0 and (us, ug) = (0,3). The case ¢ = 0 is omitted since its
proof follows from straightforward modifications.

If (pg, pa) = (0,3) we first remark that by (7.27)), we have :

vp < 2N, ! (7.28)
If y, 2 € R? and h, k > 0 we have :

VIyND; = 93 g YY) X (Vm/2)

V+Ek
< 9J/3E? ((Vm(ézv/)j(]g;— h)> o« E1/2 ((Y/”:_/Z)Q>

With analogous arguments we also have :

V2YN®; < VIEV? ((VV(‘Z)?F(Z)I h)2> < B2 <EZY32>

Now using from the inequality (ac + bd)? < (a® + b%)(c? + d?) :

2 (y Niz)* <o/ My py x 2/ Niz,

o VmVm/ (V+h) VVVV!(V+h)?
where My, ), = 4E k)2 + 2E Tk

Now ifz:Nh_lm andy:Nk_laj, we get :

22 Npz < :L"Nkfle’thglx.
Since limy,_.o My, ;, = M}, we obtain using (7.28)) :
limsup z'vpz < 2limsup 2’ N, ' < 2/vg. (7.29)
h—0t+ h—0t

We deduce that

lim sup z'vpz < liminf 2'vy,.
h—0+ k—0+

The last inequality is obviously an equality and we conclude that for x € RPT9H limj_ o 2'vp 2 exists
and belongs to R*. By polarization limj_,o z'v,y exists for all z,y € RPT9+!. Then one can define
v = limy,_,g+ vp. From (7.29)), we deduce v <X vy, if k& > 0.

Suppose now that C holds. Then from the dominated convergence theorem we prove that
lim Mh = 2 lim Nh =2N.
h—0 h—0

From Lemma this limit is non degenerated. The expression of v in this case follows now from the
continuity of the application A +— A~
Now if condition C does not hold, then the point 1 shows that v is degenerated.[]
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7.7.6 Proof of Lemma

If aéJEfé < 1 then a(2),1 < 1 and from Theorem 2.1 in [I4] there exists a unique stationary solution
of equation (7.18)). The fourth moment of this solution exists from (7.7)).
If now there exists a stationary solution of equation 1} such that IEXSL < 00. As

EXg = E&E (ag9 + g Xo + 6ag gag 1 X5 + 4ao0aq 1 X + 4ap 9a01 Xo) ,
since E{S’ = 0 implies EXS’ =0 we get :
EXj = E&E (aé,o + @3,1){61 + 6a370a371X§) .

Hence (1 — a370E€§) EX¢ = E¢; (afio + 6a%’0a371EXg) and aéylEﬁé <1.0
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