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Méthodes numériques pour des problémes dynamiques de contact et de
fissuration

Résumé : On s’intéresse a la résolution numérique de problémes de contact et de fissuration en
dynamique. Le probléme de contact envisagé est le probleme de Signorini avec ou sans frotte-
ment de Coulomb. Quant au probléme de fissuration, il s’agit d’un modéle de zone cohésive avec
trajet de fissuration pré-défini. Ces problémes se caractérisent par la présence d’une condition
aux limites non-réguliére et se formulent comme des inéquations variationnelles d’évolution ou
des inclusions différentielles. Pour les résoudre numériquement, nous combinons, comme il est
courant en dynamique des solides, une discrétisation en espace par éléments finis et des schémas
d’intégration en temps (de types différences finies). Pour le probléme de contact, nous commen-
cons par comparer les principales méthodes proposées dans la littérature. Nous étudions ensuite
plus particuliérement la méthode dite de masse modifiée récemment introduite par H. Khenous,
P. Laborde et Y. Renard. Nous en proposons une variante semi-explicite. Par ailleurs, nous prou-
vons un résultat de convergence des solutions semi-discrétes en espace vers une solution continue
dans le cas d’un probléme de Signorini sans frottement et d’'un matériau viscoélastique. Nous
analysons également les formulations semi-discrétes en espace et totalement discrétes dans le
cas d’un probléme de Signorini avec frottement de Coulomb. Pour le probléme de fissuration
dynamique, la non-régularité de la condition aux limites rend impossible ou peu robuste I'uti-
lisation de schémas totalement explicites. Nous proposons donc des schémas ol cette condition
aux limites est traitée de facon implicite. Enfin, nous présentons et analysons des méthodes de
lagrangien augmenté pour la résolution numérique du probléme de fissuration en statique.

Mots-clés : dynamique des solides, contact unilatéral, frottement de Coulomb, modéles de zone
cohésive, éléments finis, schémas d’intégration en temps

Numerical methods for dynamic contact and fracture problems

Abstract : The present work deals with the numerical solution of dynamic contact and fracture
problems. The contact problem is a Signorini problem with or without Coulomb friction. The
fracture problem uses a cohesive zone model with a prescribed crack path. These problems are
characterized by a non-regular boundary condition and can be formulated with evolutionary va-
riational inequations or differential inclusions. For the numerical solution, we combine, as usual
in solid dynamics, a finite element discretization in space and time-integration schemes. For the
contact problem, we begin by comparing the main methods proposed in the literature. We then
focus on the so-called modified mass method recently introduced by H. Khenous, P. Laborde et
Y. Renard, for which we propose a semi-explicit variant. In addition, we prove a convergence
result of the space semi-discrete solutions to a continuous solution in the frictionless viscoelastic
case. We also analyze the space semi-discrete and fully discrete problems in the friction Coulomb



case. For the dynamic fracture problem, using a fully explicit scheme is impossible or not robust
enough. Therefore, we propose time-integration schemes where the boundary condition is treated
in an implicit way. Finally, we present and analyze augmented Lagrangian methods for static
fracture problems.

Keywords : solid dynamics, unilateral contact, Coulomb friction, cohesive zone models, finite
elements, time-integration schemes
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En tant qu’exploitant d’un parc de production électrique, EDF réalise de nombreuses études
mécaniques, notamment pour garantir la stireté et maitriser la durée de vie de ses installations.
Ces études ont naturellement recours a la simulation numérique, ce qui conduit EDF & mener
une importante activité de recherche dans le domaine de la mécanique numérique. C’est dans ce
contexte industriel que s’inscrit cette thése.

On s’intéresse a la résolution numérique de deux problémes. Le premier décrit les déforma-
tions d’un solide pouvant entrer en contact avec un obstacle rigide. Le second décrit la fissuration
d’un solide le long d’une interface prédéfinie. Ces deux problémes sont envisagés dans le cadre
dynamique, c’est-a-dire que les effets d’inertie ne sont pas négligés. Mathématiquement, le phé-
nomeéne de contact est représenté par une condition aux limites « non-réguliére » sur la frontiére
du solide. Le phénomeéne de fissuration introduit une condition aux limites du méme genre sur
Iinterface de fissuration. C’est cette proximité mathématique qui justifie ’étude conjointe de ces
deux problémes. Puisque les modeéles de contact et de fissuration que nous étudions sont repré-
sentés par des conditions aux limites, on peut les combiner avec différentes lois de comportement



2 1 Introduction

du solide. Par souci de simplicité théorique, mais aussi parce que ces lois sont souvent utilisées
en pratique, nous considérons des solides élastiques linéaires ou viscoélastiques linéaires.

L’approche la plus courante pour résoudre un probléme de dynamique des solides consiste
a combiner une discrétisation spatiale par éléments finis et un schéma d’intégration en temps (de
types différences finies). L’application directe de cette approche au probléme de contact donne
de mauvais résultats : oscillations parasites, mauvais comportement énergétique. Différentes mé-
thodes numériques pour le contact en dynamique ont donc été proposées dans la littérature
depuis une vingtaine d’années. Aprés avoir comparé les principales méthodes (Chapitre 2), nous
étudions plus particulierement la méthode dite de masse modifiée récemment introduite par
H. Khenous, P. Laborde et Y. Renard |74, 75]. Nous en proposons une variante semi-explicite
(Section 2.7). Nous prouvons un résultat de convergence des solutions semi-discrétisées en es-
pace vers une solution continue dans le cas d’un probléme de Signorini sans frottement et d’un
matériau viscoélastique (Chapitre 3). Nous analysons également les problémes semi-discrétisés
en espace et totalement discrétisés dans le cas d'un probléme de Signorini avec frottement de
Coulomb (Chapitre 4). Pour le probléme de fissuration dynamique, qui est un phénomene rapide,
il semble préférable d’utiliser des schémas en temps explicites, moins cotiteux. Malheureusement,
la « non-régularité » de la condition aux limites rend impossible ou peu robuste ['utilisation de
schémas totalement explicites. Nous proposons donc des schémas ot cette condition aux limites
est traitée de fagon implicite (Chapitre 5). Le Chapitre 6 compléte les travaux sur la fissuration,
hors du cadre dynamique. Nous y présentons et analysons des méthodes de Lagrangien augmenté
pour la résolution numérique du probléme de fissuration en statique.

Nous commencons cette introduction avec quelques exemples de problémes industriels im-
pliquant des phénomeénes de fissuration et de contact (Section 1.1). Nous donnons ensuite une
formulation mécanique détaillée des modeéles étudiés dans cette thése (Section 1.2). Nous pré-
cisons notamment en quoi les conditions aux limites introduites par ces modéles ne sont pas
« réguliéres ». La Section 1.3 introduit quelques outils mathématiques adaptés a I’étude de ces
modéles, a savoir les inéquations variationnelles (d’évolution) et les inclusions (différentielles).
Dans la Section 1.4, nous abordons la résolution numérique. Aprés avoir rappelé les méthodes
numériques usuelles pour la dynamique des solides linéaires, nous mettons en évidence les dif-
ficultés que soulévent la présence de contact ou d'une interface de fissuration. Un résumé des
différents travaux effectués au cours de cette thése clot cette introduction (Section 1.5).

1.1 Applications industrielles

Pour commencer, nous présentons deux exemples de problémes industriels rencontrés par
les ingénieurs d’EDF. Le premier concerne 'intégrité des cuves des réacteurs nucléaires et fait
intervenir des phénoménes de fissuration dynamique. Le second concerne l'insertion des barres de
commande dans un réacteur nucléaire et fait intervenir des phénomeénes dynamiques de contact
et de frottement.

1.1.1 Cuves des réacteurs nucléaires

EDF exploite actuellement 58 réacteurs nucléaires & eau pressurisée (REP) et souhaite
prolonger leur durée d’exploitation. Cette démarche repose sur une meilleure analyse de la durée
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de vie des composants sensibles, notamment les cuves des réacteurs. La cuve d’'un REP est une

Tube guide
du eireult primaire

Araignée —
Tentretien Crayon de commande

Ressort de maintien
Plague de téle
Grille superieure
Entrée deau
du circuit

primaire Tens Sortie deau Tube guide
Crayon combustible

Grille intermédiaire

Cuve I de barre

combustible

Instrumentation
interne

Figure 1.1. Cuve d’un réacteur a eau pressurisée (gauche). Assemblage combustible avec sa grappe de commande
(droite). Source : CEA.

enveloppe étanche en acier d’environ 12m de hauteur et 20cm d’épaisseur. Elle contient le coeur
du réacteur, les structures de supportage du cceur et les structures de guidage des barres de
commande (voir Figure 1.1 & gauche). La cuve n’est pas remplacable. En fonctionnement, elle
est remplie d’eau pressurisée a 300°C. En cas d’accident de perte de refroidissement primaire,
il est prévu d’y injecter une grande quantité d’eau froide. Il s’ensuit un choc thermomécanique
dans les parois de la cuve, ce qui pourrait provoquer 'amorcage et la propagation dynamique
d’une fissure. Pour garantir I'intégrité de la cuve, il est donc important de pouvoir simuler un tel
phénomeéne.

1.1.2 Barres de commande dans un réacteur nucléaire

Les grappes de commandes sont constituées d’une vingtaine de crayons absorbeurs de
neutrons. Elles peuvent s’insérer dans les assemblages combustible, qui disposent a cet effet
d’emplacements creux occupés par des tubes guides (voir Figure 1.1 a droite). Les tubes guides
font environ 4m. On utilise ces grappes de commande pour régler la puissance du réacteur
(en les insérant plus ou moins profondément) ou pour arréter en urgence le réacteur (en les
lachant compleétement). Il est essentiel que l'insertion ou la chute des grappes de commande se
fasse & la vitesse prévue. En particulier, la chute des barres de commande doit pouvoir se faire
en moins de 2s. Les tubes guides n’étant pas parfaitement droits, l'insertion ou la chute des
grappes de commande peuvent étre ralenties par des phénomeénes dynamiques de contact et de
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frottement. La simulation numérique de ces phénomeénes permet de mieux comprendre 'influence
de la déformation du tube guide.

1.2 Modéles mécaniques

Les problémes étudiés dans cette thése combinent deux ingrédients : un modeéle de dy-
namique des solides et une condition aux limites qui décrit le phénoméne de contact ou de
fissuration. Dans cette section, nous commencons par présenter les modéles de dynamique des
solides utilisés, & savoir le modéle élastique linéaire et le modéle viscoélastique linéaire de type
Kelvin-Voigt. Puis nous présentons les modéles de contact unilatéral et de frottement de Cou-
lomb, ainsi que les modéles de zone cohésive. Nous précisons en quoi les conditions aux limites
introduites par ces modeéles ne sont pas « réguliéres ».

1.2.1 Elastodynamique et viscoélastodynamique linéaire

On se place dans le cadre des petits déplacements. On considére un solide occupant le
domaine 2 C R? (d = 2 ou d = 3) durant un intervalle de temps [0, 7] (voir Figure 1.2). Le
principe fondamental de la dynamique s’écrit :

pi—dive = f dans 2 x (0,7), (1.1)

ou p désigne la densité de masse, u le déplacement, o le champ de contrainte, f les forces
volumiques extérieures et les points les dérivées temporelles. La frontiére 9f2 est divisée en deux
parties disjointes I'” et I'N | ot sont imposées, respectivement, des conditions de Dirichlet et de
Neumann :

w=up sur I'? x (0,T), o-v=fy sur 'V x (0,T), (1.2)

ou v désigne la normale extérieure & 0f2, alors que up et fn sont des données. On prescrit les
conditions initiales suivantes :

u(0) =wug, u(0)=wvg sur f2. (1.3)
Le tenseur des déformations linéarisées s’écrit :
1
€= 5(Vu +TVu). (1.4)

On suppose que le solide a un comportement viscoélastique linéaire de type Kelvin-Voigt si bien
que le tenseur des contraintes est relié au tenseur des déformations par I'expression :

c=A:e+B:¢, (1.5)

ot A est le tenseur d’élasticité et B est le tenseur de viscosité. Si le tenseur de viscosité est nul,
on parle de matériau purement élastique. On peut définir I’énergie totale du solide a 'instant ¢
comme la somme de I'énergie cinétique et de I’énergie élastique :

B(t) = ;/qu(t)|2+;/ge(t):./4:e(t). (1.6)
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Un matériau purement élastique et un matériau viscoélastique ont des comportements assez
différents. Dans un matériau purement élastique, I’énergie se conserve (en ’absence de forces
extérieures) et il peut y avoir des ondes de choc, c’est-a-dire des discontinuités de vitesse et de
contrainte. Au contraire, dans un matériau viscoélastique, il y a une dissipation de I’énergie et
les chocs sont lissés.

Dans un matériau isotrope, le tenseur d’élasticité peut s’exprimer & ’aide de deux para-
métres seulement : le module de Young E et le coefficient de Poisson vp. On définit alors des
vitesses caractéristiques associées aux ondes de compression (dilatational waves) et de cisaille-
ment (shear waves),

=) N
Cd = \/P(1+I/p)(12yp)’ s = 201+ vp) (1.7)

A titre d’exemple, dans un acier (£ = 200 GPa, v = 0.3, p = 8000 kg-m~3) les ondes de

compression se propagent & environ 5 800 m-s~! et les ondes de cisaillement & 3 100 m-s~!.

o v

Figure 1.2. Dynamique linéaire des solides. Domaine 2.

Remarque 1.1. L’équation (1.1) est l’équation générale de la dynamique des solides. Quand
on néglige le terme d’inertie pii dans celte équation, on parle de probleme statique (lorsque les
données et les lois de comportement sont indépendantes du temps) ou quasi-statique (lorsque
celles-ci dépendent du temps).

1.2.2 Contact unilatéral

Il existe une grande variété de problémes de contact sur le plan géométrique : contact entre
plusieurs corps, contact en grandes déformations, auto-contact, etc... De méme il existe différentes
lois de contact : contact unilatéral, contact compliant, contact avec frottement, érosion, etc... Pour
une présentation des différents problémes de contact, on renvoie par exemple & KIKUCHI & ODEN
[76] ou & WRIGGERS [124]. Dans cette thése, nous considérons le probléme dit de Signorini, qui
décrit le contact unilatéral d’un solide déformable et d’un obstacle rigide dans le cadre des petits
déplacements. Dans certains cas, nous ajoutons également du frottement de Coulomb. Le contact
unilatéral prescrit les conditions suivantes :

— le solide ne peut pénétrer 'obstacle ;

— quand le corps n’est pas en contact avec ’obstacle, il ne subit aucune pression de la part

de 'obstacle;
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— quand le corps est en contact avec I’obstacle, il subit une pression de la part de I’obstacle
qui tend & le comprimer.
Puisque 1'on est dans le cadre des petits déplacements, il est raisonnable de fixer a priori en
chaque point de la frontiére la direction selon laquelle peut avoir lieu le contact avec ’obstacle
(on choisit généralement la normale & la frontiére du solide). L’écart a 1'obstacle est alors le
déplacement du solide dans cette direction moins la distance initiale & ’obstacle selon cette
direction. Cette condition linéarisée de contact unilatéral est appelée condition de Signorini.
Pour une discussion plus détaillée, nous renvoyons a [76]. Le frottement de Coulomb prescrit les
conditions suivantes :
— il n’y a pas de glissement du solide le long de 'obstacle tant que la contrainte tangentielle
est strictement inférieure & un certain seuil ;
— quand la contrainte tangentielle atteint ce seuil, il y a glissement dans la direction opposée
a cette contrainte;
— ce seuil dépend de la pression de contact.
Les conditions de contact unilatéral et de frottement de Coulomb sont illustrées sur la Figure 1.3.

A contrainte
normale A contrainte
tangentielle

écart ace
normal vitesse

tangentielle

Figure 1.3. Contact unilatéral et frottement de Coulomb.

Formulons maintenant précisément le probléme de Signorini avec frottement de Coulomb.
On considére un solide viscoélastique occupant le domaine 2 C R? durant un intervalle de temps
[0, 7] (Figure 1.4). La frontiére 912 est divisée maintenant en trois parties disjointes I'”, I'V et
I'°. Comme précédemment, des conditions de Dirichlet et de Neumann sont imposées sur I'P et
I'N. Sur I'°, on impose le contact unilatéral et le frottement de Coulomb. On note u, := Ujg vV
et ur = ujpo —uy les déplacements normal et tangentiel sur 9£2. On note o, (u) := v -0 (u)|pq v
et or(u) := o(u)jgn v —o(u),v les contraintes normale et tangentielle sur 9§2. Remarquons que
u, et o, (u) sont des scalaires tandis que u, et o, (u) sont des vecteurs de R?. Le probléme de
Signorini avec frottement de Coulomb consiste & chercher un champ de déplacement u vérifiant
(1.1)-(1.5) et

u, <g, oy(u) <0, o,(u)(uy,—g)=0 sur I'° x (0,7), (1.8)
o ()] < plo () sur I x (0, ),
or(u) = —,u|a,,(u)|’Z—T| si iy #0 sur I'° x (0,7, (1.10)

ou g est ’écart initial a 'obstacle, u est le coefficient de frottement et |-| est la norme euclidienne.



1.2 Modéles mécaniques 7

ro ry

= =
////////////////

Figure 1.4. Probléme de Signorini. Domaine f2.

La condition de contact unilatéral (1.8) n’est pas une condition aux limites classique comme
une condition de Dirichlet ou de Neumann. Elle s’écrit comme une alternative. Sur la partie de
la frontiére ou il y a contact, elle est équivalente a une condition de Dirichlet, tandis que sur la
partie ol il n’y a pas contact, elle est équivalente & une condition de Neumann. Bien entendu,
on ne connait pas a 'avance la partie de la frontiére o il y a contact. Dans son article fondateur
sur I’étude mathématique du contact unilatéral [47|, G. FICHERA parle d’ailleurs de « ambigue
condiziont al contorno ». On peut également formaliser la condition de contact unilatéral a I'aide
d’une fonction multivaluée, c’est-a-dire une fonction qui associe a une variable un ensemble de
valeurs (zéro, une ou plusieurs). En effet, quand I’écart a 'obstacle est négatif, il n’y a aucune
contrainte admissible; quand 1’écart est nul, toutes les contraintes négatives sont admissibles;
quand I’écart est positif, seule une contrainte nulle est admissible. La contrainte est donc reliée &
I’écart & I'obstacle par une fonction multivaluée. De la méme maniére, les conditions de frottement
de Coulomb (1.9)-(1.10) s’écrivent comme une alternative ou a ’aide d’une fonction multivaluée.

Remarque 1.2. On parle de contact unilatéral par opposition au contact bilatéral. Deux corps
en contact bilatéral ne peuvent se séparer, ils peuvent seulement glisser ['un contre l’autre.

Remarque 1.3. Dans le modéle de frottement de Coulomb, le seuil de glissement dépend de la
pression de contact. Il existe un modéle de frottement plus simple dans lequel le seuil de frottement
est fixé a l'avance, c’est le modele de Tresca.

1.2.3 Modéles de zone cohésive

Les mécanismes physiques mis en jeu dans les phénoménes de fissuration (voir un essai
de fissuration a la Figure 1.5) varient selon le type de matériau et le type de sollicitation. Dans
tous les cas, il s’agit d’'un phénoméne complexe. Par exemple, lors de la fissuration dynamique
d’un acier, on observe en pointe de fissure des micro-fissures, des phénomeénes de plasticité, de
I’échauffement. En général, les modeéles ne décrivent pas a ce niveau de détails les processus qui
conduisent & la création de la fissure. Le phénomeéne de fissuration est réduit & une loi ou & un
critére assez simple et est caractérisé par un ou deux paramétres. Parmi les grands familles de
modéles, citons :

— les modeles & critére de propagation (LAwWN [90], Bur [19])

— les modéles de zone cohésive (ELICES ET AL. [43]),

— les modéles de type endommagement volumique (MAZARS [96]),

— et les modeles variationnels (BOURDIN, FRANCFORT & MARIGO [12]).
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Figure 1.5. Essai de fissuration. L’éprouvette d’acier est équipée d’une jauge électrique pour mesurer ’avancée
de la fissure (la fissure coupe les différents fils de la jauge au cours de son avancée). Dans cet essai, la fissure s’est
initiée & partir de P’entaille (située a droite) et s’est rapidement divisée en deux branches. Source : EDF.

Ici, nous considérons un modéle de fissuration reposant sur deux hypothéses. 1. La fissure
ne peut apparaitre que le long d’une surface connue a I'avance (interface de fissuration). 2. le pro-
cessus de séparation le long de 'interface obéit & un modéle de zone cohésive. Le fait de définir &
I'avance la surface ot le matériau peut fissurer peut apparaitre comme une restriction importante
du modele. Néanmoins, cette hypotheése est raisonnable pour de nombreuses applications (petite
propagation de fissure, fissure a l'interface entre deux matériaux). De plus, les modeéle de fissura-
tion s’affranchissant de cette hypothése ne sont pas encore, a notre avis, suffisamment robustes,
notamment pour des applications industrielles. Les modéles de zone cohésive sont utilisés pour
une large gamme de matériaux (béton, acier, etc...) et de types de fissuration (rupture fragile,
rupture ductile, fatigue, rupture dynamique). Un des intéréts de ces modéles est qu’ils peuvent
étre facilement enrichis avec d’autres phénomeénes physiques (corrosion, contact et frottement
aprés décohésion). De plus, ces modéles se combinent plutdt bien avec des méthodes d’éléments
finis. Pour toutes ces raisons, ces modéles sont largement utilisés dans les codes de calcul. Les
modéles de zone cohésive relient les contraintes mécaniques a l'interface au saut de déplacement
a linterface. Typiquement, un modéle de zone cohésive prescrit les conditions suivantes :

— le saut de déplacement normal & l'interface est positif ou nul;

— la séparation intervient seulement aprés qu’un seuil critique a été atteint ;

— quand la séparation se produit, il reste des forces cohésives qui décroissent avec I’ouver-

ture et finissent par s’annuler.
Ces conditions sont illustrées sur la Figure 1.6. Les phénomeénes de fissuration sont généralement
irréversibles ; une fois qu’un matériau est fissuré, il ne se recolle pas! On peut introduire cette
irréversibilité en faisant dépendre la loi cohésive de l'ouverture maximale passée. Dans le cas
dynamique, les simulations numériques avec des modéles dépendant uniquement de 'ouverture
donnent des vitesses de propagation de la fissure bien supérieures a celles observées dans les
expériences. Pour mieux rendre compte des expériences, on peut faire dépendre la loi cohésive
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de la vitesse d’ouverture comme cela est proposé par ZHOU, MOLINARI & SHIOYA [126]. Dans le
Chapitre 5, nous considérons un modéle de zone cohésive qui dépend de 'ouverture, de I'ouverture
maximale passée et de la vitesse d’ouverture. Dans le Chapitre 6, nous considérons un modéle
qui dépend seulement de l'ouverture.

contrainte

normale .
contrainte

tangentielle

ouverture

11()1'111‘(11(3 ouverture

tangentielle

Figure 1.6. Un modéle de zone cohésive.

Formulons maintenant précisément le probleme de fissuration. On considére un solide vis-
coélastique occupant le domaine 2 C R? durant un intervalle de temps [0, T] (Figure 1.7). La
frontiére 92 est divisée en deux parties disjointes I'? et I'V. Des conditions de Dirichlet et de
Neumann sont imposées sur I'? et I'N. On considére aussi une interface de fissuration I', qui
est une surface réguliére de dimension d — 1 incluse dans 2. Sur I" on impose un modéle de zone
cohésive. On peut fixer une orientation et définir un c6té positif et un coté négatif. La trace d’un
champ de déplacement v sur le coté positif est notée v, celle sur le coté négatif est notée v—.
On note v le vecteur normal & I" pointant vers le c6té positif. Le saut & l'interface est défini
comme [v] := v+ —v7. Le probléme de fissuration consiste a chercher un champ de déplacement
u vérifiant (1.1)-(1.5) et

o v=—0"v=1) (1.11)
A € Rp([u]), (1.12)

ou Rp est opérateur multivalué qui donne la force cohésive.

Figure 1.7. Probléme de fissuration. Domaine (2.
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1.3 Cadre mathématique

Pour étudier mathématiquement les problémes de contact et de fissuration décrits préceé-
demment, on dispose essentiellement de deux outils : les inclusions et les inéquations variation-
nelles. L’objet de cette partie est d’introduire ces deux concepts et de donner quelques résultats
de la littérature sur l'existence et 'unicité pour les problémes de contact et de fissuration.

1.3.1 Contact unilatéral

Nous commencons par étudier le probléme de Signorini en élastostatique. On définit V' :=
{ve H'(2)% v =0 sur I'P} I'espace des déplacements admissibles, et K := {v € V; v, > g},
le sous-ensemble des déplacements vérifiant la condition de non-interpénétration avec ’obstacle.
L’espace V est un espace de Hilbert et 'ensemble K est convexe. On définit la forme bilinéaire
et la forme linéaire suivantes,

a:VXVB(v,w)»—)/ €(v) : A e(w),
2
l:V9v>—>/fﬂu+ fn v
2 N
A ces formes bilinéaire et linéaire, on associe, grace au théoréeme de Riesz, Uopérateur A : V — V
et le vecteur L € V tels que

(Av,w) = a(v,w) VY(v,w) eV xV,
(L,v) =1(v), Yvev,

ou (-,-) désigne le produit scalaire de V. Pour décrire le contact, on introduit la fonctionnelle

Tic(v) 0 sive K,
V) =
K +oo sivé¢g K.

Cette fonctionnelle n’est pas différentiable. Cependant, elle est convexe et on peut donc définir
son sous-gradient ! 0T : K — P(V) défini comme

IIg(v):={geV; 0> (g,w—v)Ywe K}. (1.14)

Quand v appartient a lintérieur de K, 0Ik (v) est réduit au singleton {0}. Quand v appartient
a la frontiére de K, OIx(v) est le cone normal extérieur & K. Quand v n’appartient pas a K,
OIk(v) n'est pas défini. Notons que I'opérateur Ol est monotone 2.

1. Soit V un espace de Hilbert muni du produit scalaire (-, -). Soit J : V.— RU{+o0} une fonction convexe
et D(J):={veV; J(v) < 4+oo} son domaine. On définit le sous-gradient de J comme Papplication multivaluée
0J : D(J) — P(V) telle que

Yv e D(J), 0Jw):={yeV; J(w)—Jw)> (y,w—v), Ywe D(J)}, (1.13)

ot P(V) désigne ensemble des parties de V.

2. Soit V un espace de Hilbert muni du produit scalaire (-, ). Un opérateur multivalué P : D(P) — P(V)
(D(P) désigne le domaine de P) est dit monotone si pour tout z1, x2 € D(V), (y1 — y2,21 —x2) > 0, Yy €
P(wl), Vyz S P(.Z‘Q)
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On peut formuler le probleme de Signorini statique comme une inclusion ou une inéquation
variationnelle.

Probléme 1.1 (Inclusion). Chercher u € K tel que

Au— L+ 0Ik(u) 3 0. (1.15)

Le membre de gauche est a comprendre comme I’ensemble 0 (u) translaté par le vecteur Au— L.

Probléme 1.2 (Inéquation variationnelle). Chercher u € K tel que

a(u,v —u) > (v —u), YveK. (1.16)

Ces deux formulations sont équivalentes. De plus, une solution de ces problémes vérifie au sens
faible le probléme de Signorini [76]. On peut montrer que ces problémes admettent une et une
seule solution en utilisant le théoréeme de Stampacchia (voir BREZIS [15]), qui est I’analogue du
théoréme de Lax-Milgram pour les inéquations, ou la théorie des opérateurs monotones (voir
BrEzIS [14]). 1l existe une troisiéme fagon équivalente d’écrire le probléme de Signorini, a savoir
sous la forme d’une minimisation.

Probléme 1.3 (Minimisation). Chercher u tel que

1
u = argmin —a(v,v) — l(v) + Ix(v), (1.17)
veV 2
ou, ce qui est équivalent,
1
u = argmin ia(v, v) — l(v). (1.18)

L’inclusion (1.15) et I'inéquation variationnelle (1.16) sont en effet les conditions d’optimalité
des problémes de minimisation (1.18) et (1.17). Avec cette nouvelle formulation, on obtient une
autre facon de montrer l'existence et 'unicité d’une solution. Il s’agit en effet de la minimisation
d’une fonctionnelle strictement convexe sur un ensemble convexe (voir BREZIS [15] ou EKELAND
& TEMAM [42]).

Les inclusions et les inéquations se généralisent aux problémes en temps. On parle alors
d’inclusions différentielles et d’inéquations d’évolution. On peut mettre sous cette forme le pro-
bléme de Signorini élastodynamique.

Probléme 1.4. Chercher u tel que u(t) € K pour tout ¢ € [0,7] et
pt(t) + Au(t) — L(t) + 0I(u(t)) 0, p.p.sur (0,7), (1.19)
avec u(0) = ug, u(0) = vp.
Probléme 1.5. Chercher u tel que u(t) € K pour tout ¢ € [0,7] et
(pti(t),v) +a(u(t),v —u(t)) > U(t,v —u(t)), Vve K, p.p.sur (0,T), (1.20)

avec u(0) = wup, ©(0) = vp.
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Par souci de simplicité, nous sommes restés assez vagues sur le cadre fonctionnel des formulations
(1.19) et (1.20), notamment sur la régularité de accélération. Ces problémes ont été posés dés
les années 1960, mais ’existence et 'unicité d’une solution restent des problémes ouverts (sauf
dans le cas d’'un domaine 1D). En ajoutant un terme de viscosité de type Kelvin-Voigt, on
peut montrer I’existence d’une solution, mais pas 'unicité. On trouvera une revue des résultats
d’existence sur les problémes de contact en dynamique dans ECK, JARUSEK & KRBEC [41].

1.3.2 Autres modéles

Le frottement de Coulomb et les modéles de zone cohésive se formulent également avec des
inclusions ou des inéquations. Notons que 'opérateur qui décrit le frottement de Coulomb n’est
pas monotone et ne dérive pas d'une énergie. L’opérateur qui décrit la zone cohésive n’est pas
non plus monotone. Beaucoup de modéles de zone cohésive dérivent d’une énergie, mais cette
énergie n’est jamais convexe. On peut résumer les caractéristiques mathématiques des différents
modeles dans le Tableau 1.1.

Modéle |contact unilatéral|frottement de Tresca|frottement de Coulomb| zone cohésive
Energie convexe convexe pas d’énergie associée | non-convexe
Opérateur monotone monotone non-monotone non-monotone

Tableau 1.1. Caractéristiques mathématiques des modéles

Remarque 1.4. De nombreuz problémes issus de la mécanique, de la physique ou de la finance
peuwvent s’écrire mathématiquement comme des inéquations variationnelles ou des inclusions :
plasticité [40], asservissement thermique [40], probléme de Stefan [78], pricing d’options améri-
caines [71], etc... De maniére générale, les systémes gouvernés par des lois qui changent quand
un seuil est atteint ou dépassé peuvent s’écrire ainsi.

1.4 Résolution numérique

Nous abordons maintenant la résolution numérique des modéles de contact et de zone
cohésive. Nous commencons par rappeler les méthodes numériques usuelles pour la dynamique
des solides linéaires. Pour une présentation plus compléte, on renvoie & HUGHES [70]. Puis nous
mettons en évidence les difficultés que soulévent la présence de contact ou d’une interface de
fissuration.

1.4.1 Elastodynamique linéaire

Pour résoudre les problémes de dynamique linéaire, on combine généralement une discréti-
sation par éléments finis et un schéma d’intégration en temps. Par simplicité, nous restreignons
la discussion au cas de 1’élastodynamique. Commencons par discrétiser le probléme en espace.
On obtient le systéme d’équations différentielles ordinaires :
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Mi(t) + Ku(t) = L(t), Vtelo,T], (1.21)

ou M est la matrice de masse, K la matrice de rigidité, et L(t) le vecteur des forces extérieures.
Le systéme différentiel (1.21) est un systéme linéaire du second ordre. On peut le résoudre par
des méthodes de différences finies qu’on appelle schémas d’intégration en temps. Pour ce faire,
Pintervalle de temps est subdivisé en pas de temps de longueur At, pris constant pour simplifier.
On pose t" := nAt. On note u™, 4", 4", les approximations respectives de u(t"), @(t"), w(t"). Il
existe de nombreuses méthodes pour résoudre les équations différentielles. En élastodynamique,
on utilise le plus souvent des méthodes linéaires & un pas. A chaque pas de temps, il faut donc
trouver v, 4"t et 4"t tels que

Mt 4 Ko™t = L, (1.22)
"t = @it 4+ W, (u”, 0", "), (1.23)
"t = Bt 4w (u”, im). (1.24)

Quand o = B = 0, on dit que le schéma est explicite. Autrement, on parle de schéma implicite.
Dans un schéma implicite, & chaque pas de temps on doit résoudre un systéme linéaire. Dans un
schéma explicite, si la matrice de masse standard est remplacée par une approximation diagonale
(matrice condensée), le coit du systéme linéaire a résoudre devient négligeable. Un schéma expli-
cite est donc beaucoup moins cotiteux. On dit qu’un schéma est inconditionnellement stable s’il
est stable pour n’importe quel pas de temps, aussi grand soit-il. Il n’existe pas de schéma linéaire
explicite et inconditionnellement stable. Dans le cas de 1’¢élastodynamique linéaire, la condition
de stabilité des schémas explicites est de la forme At < CcgAz, ou Az est le diamétre du plus
petit élément du maillage, cg une vitesse caractéristique (ici la vitesse des ondes de compression)
et C est une constante numérique. Cette condition est appelée condition de Courant-Friedrichs-
Lewy (condition CFL). Ainsi, les schémas explicites sont plutot adaptés aux problémes ou le
phénomene d’intérét est rapide (et ou le maillage ne contient pas d’éléments trop petits). Pour
une analyse plus compléte des schémas en temps pour ’élastodynamique (stabilité, ordre de
convergence), on renvoie, entre autres, & RAVIART & THOMAS [106].

L’élastodynamique décrit un phénomeéne vibratoire. Il est donc parfois pratique d’adopter
un point de vue spectral. On introduit alors les modes propres et les fréquences propres associés
a lopérateur de I'élastodynamique (ou a sa discrétisation en espace). Les modes propres associés
aux hautes fréquences du probléme continu sont trés mal approchés par le probléme discrétisé
en espace. Avec un point de vue spectral, on peut caractériser plus finement I'erreur commise
par un schéma en temps [70, §9.1.3]. On dit qu'un schéma est dispersif quand il modifie les
fréquences propres par rapport & celles du probléme semi-discrétisé en espace. On dit qu’il est
dissipatif quand il introduit un amortissement artificiel. Puisque les hautes fréquences sont mal
représentées dans le probléme discrétisé en espace, il est parfois intéressant d’avoir des schémas
dissipatifs dans les hautes fréquences.

Le probléme (1.21) n’est pas un systéme différentiel quelconque dans la mesure o il jouit de
plusieurs propriétés remarquables. En 'absence de force extérieure et de conditions de Dirichlet,
il conserve une énergie, la quantité de mouvement, le moment angulaire; de plus, son flot est
symplectique. Il est souvent préférable de choisir des schémas qui possédent de telles propriétés.
Cela assure notamment un meilleur comportement en temps long (voir HAIRER, LUBICH &
WANNER [59)]).
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Parmi les schémas en temps les plus utilisés en dynamique des solides, on trouve les schémas
de Newmark, les schémas HHT, le schéma du point-milieu, le schéma des différences centrées, les
schémas de Chung-Hulbert, les schémas de Tchamwa-Wielgosz. Leurs caractéristiques principales
sont résumées dans le Tableau 1.2.

Newmark (trapéze)|Point-milieu| HHT |Différences centrées| Chung-Hulbert | Tchamwa-Wielgosz
2nd ordre 2nd ordre |2nd ordre 2nd ordre 2nd ordre ler ordre
implicite implicite |implicite explicite explicite explicite

stable stable stable stable sous CFL |stable sous CFL| stable sous CFL
conservatif conservatif | dissipatif | quasi-conservatif dissipatif dissipatif

Tableau 1.2. Schémas en temps usuels pour la dynamique des solides.

1.4.2 Contact unilatéral et frottement de Coulomb

Comme on vient de le voir dans la section 1.4.1, la semi-discrétisation en espace du pro-
bléme de I’élastodynamique linéaire aboutit & un systéme d’équations différentielles ordinaires.
En présence de contact unilatéral, le situation se complique. Considérons par exemple 'impact
d’une barre unidimensionnelle contre un sol rigide. La vitesse initiale de la barre est uniforme et
notée vg. On ne tient pas compte de la gravité. Discrétisons la barre avec un unique élément fini
linéaire (Figure 1.8). On obtient un systéme a 4 degrés de liberté (vitesse et position des points
A et B). Jusqu’a l'impact, a Uinstant t;, le mouvement du systéme est déterminé de maniére
unique. En particulier, v4 = vg = vo. Aprés I'impact (instant ¢;), le point B peut s'immobiliser
ou repartir avec n'importe quelle vitesse positive. Dans tous les cas, les conditions de Signorini
auront été respectées. Pour sélectionner une solution, il faut introduire une loi supplémentaire,
une loi qui donne la vitesse avec laquelle repart un point aprés un impact.

A®
[ [
B
Vg vg?
7222 7 7
t=0 t=1t" t=1"

2

Figure 1.8. Impact d’une barre élastique.

Si l’on ne tient pas compte de cette loi d’impact et que 'on discrétise naivement en temps
le probléme, on s’expose & quelques désagréments. Par exemple, si ’on considére les cas tests de
Iimpact d’une barre contre un obstacle rigide ou des rebonds de cette barre (ces cas tests seront
amplement décrits au Chapitre 2), on observe des oscillations parasites durant les phases de
contact (Figure 1.9 & gauche) et une mauvaise conservation de I'énergie (Figure 1.10 & gauche).
Pour surmonter ces problémes, de nombreuses solutions ont été proposées dans la littérature
depuis une vingtaine d’années.
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Figure 1.9. Simulation numérique de 'impact d’une barre élastique. Pression de contact. Schéma
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Figure 1.10. Simulation numérique des rebonds d’'une barre élastique. Evolution de ’énergie. Schéma de New-
mark avec masse standard (gauche) et avec masse modifiée (droite). Avec la masse standard, la situation se
dégrade considérablement aprés plusieurs rebonds.

La méthode de masse modifiée apparait comme 1'une des méthodes les plus performantes
pour les problémes de contact unilatéral en dynamique. Introduite dans KHENOUS, LABORDE &
RENARD (74, 75] pour les problémes de contact sans frottement, elle repose sur une formulation
semi-discréte en espace dans laquelle la matrice de masse a été modifiée. Dans sa version la
plus simple, les coefficients de la matrice de masse associés aux déplacements (normaux) a la
frontiére de contact sont mis & zéro. Le probléme semi-discrétisé en espace est équivalent &
un systéme d’équations différentielles ordinaires lipschitzien et est, par conséquent, bien posé
|75]. La variation d’énergie est égale au travail des forces extérieures; les forces de contact ne
travaillent pas [75]|. Le probléme semi-discret peut ensuite étre discrétisé en temps avec divers
schémas d’intégration. La méthode élimine les oscillations parasites (Figure 1.9 a droite). De
plus, avec un schéma convenable comme le schéma de Newmark (méthode du trapéze), un bon
comportement énergétique et un bon comportement en temps long sont observés (Figure 1.10
a droite). Enfin, soulignons que cette méthode ne nécessite ni étape de calcul supplémentaire
ni paramétres supplémentaires. La méthode de masse modifice a depuis été appliquée a des
problémes de contact avec frottement (HAGER, HUEBER & WOHLMUTH |57, 58]). D’autres facons
de construire la matrice de masse modifiée ont également été proposées. Il est en effet intéressant,
dans certaines situations, de construire des matrices de masse modifiées qui conservent certains
invariants de la matrice de masse standard, notamment la masse totale. Cela est fait en résolvant
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un probléme d’optimisation sous contrainte dans |75] et par des formules de quadrature dans
[57]. Avec cette matrice construite par quadrature et un schéma de Newmark, on obtient une
convergence quadratique de la méthode pour I'élastodynamique linéaire sans contact (HAGER
& WoHLMUTH [58]). Dans RENARD [107] et HAURET [62], la méthode de masse modifiée est
interprétée et généralisée comme une formulation mixte vitesse-déplacement. Cette généralisation
permet notamment d’appliquer la méthode de masse modifiée & un probléme de membrane avec
obstacle [107].

1.4.3 Modéles de zone cohésive

Dans les problémes de fissuration dynamique, la vitesse de la pointe de fissure est en
général élevée, du méme ordre que la vitesse des ondes. Par conséquent, des petits pas de temps
sont nécessaires pour capter précisément le phénomeéne de fissuration et il est naturel de vouloir
utiliser des schémas en temps explicites. Le schéma explicite le plus courant en dynamique des
solides, le schéma des différences centrées, s’écrit

v un—l—l — U™+ un—l
At?

ou Fj,: désigne les forces intérieures et F.,; désigne les forces extérieures. Dans notre modéle
de fissuration, Fj,; est une fonction multivaluée (Figure 1.6), ce qui pose essentiellement deux
problémes. Tout d’abord, I'opérateur Fj,; n’est pas défini pour tous les champs de déplacement :
il n’est pas défini quand le saut de déplacement normal & l'interface est négatif (Figure 1.6 a
gauche). De plus, méme quand Vopérateur Fj,; est bien défini partout, les branches verticales
rendent ce schéma peu robuste (Figure 1.6 & droite). Numériquement, on observe en effet des
oscillations de part et d’autre des branches verticales.

) + Finte(u™) = Fege(t"), (1.25)

Une premiére solution pour utiliser un schéma explicite consiste & régulariser le modéle
de zone cohésive pour en faire une fonction classique. Malheureusement, une condition de non-
interpénétration régularisée dégrade fortement la condition CFL du schéma des différences cen-
trées. De plus, échanger une branche verticale contre une branche quasi-verticale ne résout pas
vraiment le probléme des oscillations. Une seconde solution consiste & traiter la partie multiva-
luée du probléme de fagon implicite. Cette approche a déja été utilisée pour le contact (PAOLI &
SCHATZMAN [111, 102, 103]) et le frottement (GLOWINSKI ET AL. [54, 55]). C’est cette approche
que nous retenons dans le cadre de cette thése.

Remarque 1.5. La méthode de masse modifiée permet d’utiliser naturellement une approche
explicite avec les problemes de contact (Section 2.7). Avec les modeéles de zone cohésive, il n’est
pas possible d’utiliser directement la méthode de masse modifice. En effet, les modéles de zone
cohésive n’étant pas monotones, en l'absence de terme d’inertie, le probléme est mal posé. De
plus la méthode de masse modifiée ne régle pas le probléme des oscillations de part et d’autre des
branches verticales des modéles de zone cohésive.

1.5 Résumé des travaux

Les travaux réalisés au cours de cette thése s’organisent en deux parties. La premiére
concerne les problémes de contact. La seconde concerne les problémes de fissuration.
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1.5.1 Contact unilatéral et frottement de Coulomb

Dans cette thése, nous comparons les principales méthodes numériques pour le contact en
dynamique (Chapitre 2) et nous proposons une méthode de masse modifiée avec un schéma en
temps semi-explicite (Section 2.7). Enfin, nous complétons 'analyse de la méthode de masse mo-
difiée dans deux directions. Nous prouvons un résultat de convergence vers le probléme continu
dans le cas d'un probléme de Signorini sans frottement et d'un matériau viscoélastique (Cha-
pitre 3) et, par ailleurs, nous analysons la méthode de masse modifiée dans le cas d’un probléme
de Signorini avec frottement de Coulomb (Chapitre 4).

Comparaison des méthodes numériques pour le contact en dynamique [36]

La discrétisation du probléme de Signorini implique essentiellement trois choix : (i) 'espace
d’éléments finis; (ii) la facon d’imposer la condition de contact ; (iii) le schéma en temps. Nous
avons classé les différentes discrétisations proposées dans la littérature en 4 groupes. Les trois
premiers groupes correspondent & trois fagons d’imposer la condition de contact : condition
de contact exacte, pénalisation, condition de contact en vitesse. La quatriéme approche repose
sur une modification de la matrice de masse et peut étre vue comme une modification dans
I'approximation par éléments finis. A ces quatre approches correspondent quatre formulations
semi-discrétes en espace, qui peuvent étre ensuite discrétisées en temps avec différents schémas.
Nous sélectionnons des discrétisations représentatives de chaque classe et nous examinons leurs
principales propriétés : présence d’oscillations parasites, comportement énergétique, et stabilité
pour les schémas explicites. Pour illustrer ces propriétés, des simulations numériques sur deux cas
tests avec solution analytique ont été réalisées. Le premier cas test, 'impact d’une barre élastique,
est bien connu dans la littérature et met en évidence les éventuelles oscillations parasites. Le
second, les rebonds d’une barre élastique avec multiples impacts, met en avant le comportement
énergétique. 1l s’agit, a notre connaissance, d’un nouveau cas test, pour lequel nous fournissons
la solution analytique.

Méthode de masse modifiée semi-explicite [36, 38]

Jusqu’a maintenant, la méthode de masse modifiée a été utilisée avec des schémas implicites
[75, 57]. Nous proposons une méthode de masse modifiée semi-explicite pour les problémes de
contact sans frottement. Cette méthode s’obtient naturellement en discrétisant le probléme semi-
discret avec un schéma des différences centrées. A chaque pas de temps, les déplacements des
neceuds de l'intérieur sont calculés d’une fagon explicite, tandis que les déplacements des noeuds de
la frontiére de contact sont calculés en résolvant un probléme non-linéaire. Numériquement, nous
observons la méme condition de stabilité pour cette méthode que pour le schéma des différences
centrées sans contact. Nous observons également un trés bon comportement énergétique.

Convergence des solutions semi-discrétes en espace vers une solution du probléme
continu [35]

Nous prouvons un résultat de convergence vers le probléme continu dans le cas d'un pro-
bléme de Signorini sans frottement et d’un matériau viscoélastique. Plus précisément, nous mon-
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trons la convergence, a une sous-suite prés, des solutions semi-discrétes en espace vers une so-
lution du probléme continu. L’existence d’une solution au probléme continu dans le cas d’un
matériau purement élastique est toujours un probléme ouvert, et la convergence des solutions
semi-discrétes semble pour l'instant hors de portée. Dans le cas viscoélastique, ’existence d’une
solution a été montrée en utilisant une méthode de pénalisation [41, §4.2.2] ; 'unicité est toujours
un probléme ouvert. Notre preuve de convergence s’appuie sur des arguments relativement clas-
siques, a savoir estimations a priori sur les solutions semi-discrétes et arguments de compacité,
mais la modification de la masse nécessite une attention particuliére lors du passage a la limite.
Les estimations a priori sur la vitesse fournies par le terme de viscosité jouent un réle crucial
dans la preuve, de sorte que celle-ci n’est plus valable quand la viscosité disparait.

Analyse de la méthode de masse modifiée pour le frottement de Coulomb [34]

Nous analysons la méthode de masse modifiée dans le cas d’un probléme de Signorini avec
frottement de Coulomb. Nous prouvons que le probléme semi-discrétisé en espace est équivalent &
une inclusion différentielle semi-continue supérieure avec condition de Lipschitz et est donc bien
posé. De plus, nous montrons que la variation d’énergie du systéme semi-discrétisé en espace est
égale au travail des forces extérieures et des forces de frottement. Pour la discrétisation en temps,
nous considérons un schéma implicite. Chaque pas de temps nécessite alors la résolution d’un
probléme non-linéaire semblable & un probléme de frottement en statique. Il est bien connu qu’un
tel probléme peut avoir plusieurs solutions. Ici, nous prouvons que, sous une certaine condition
sur les paramétres de discrétisation de type CFL, le probléme discrétisé en espace et en temps
est bien posé. Pour une discrétisation en espace fixée, nous prouvons également que les solutions
discrétes en espace et en temps convergent vers la solution semi-discrétisée en espace lorsque le
pas de temps tend vers zéro.

1.5.2 Modéles de zone cohésive
Schémas quasi-explicites pour les problémes de fissuration dynamique

Nous étudions des schémas en temps quasi-explicites pour des problémes dynamiques de
fissuration avec des modéles de zone cohésive. Ces schémas utilisent un schéma en temps des
différences centrées pour la partie élastodynamique. Dans un premier schéma, les forces & l'in-
terface de fissuration sont imposés de facon totalement implicite. Dans un second schéma, seule
la partie multivaluée est imposée de facon implicite. De plus, les forces a l'interface sont conden-
sées. Ainsi, a chaque pas de temps, les déplacements des nceuds de lintérieur du domaine sont
calculés de facon explicite, tandis que les déplacements de chaque nceud & l'interface sont calculés
en résolvant un probléme non-linéaire local. Cette approche permet de traiter de fagon générale
et robuste les différents modéles de zone cohésive multivalués tout en conservant des cotts de
calcul modérés.

Méthodes de Lagrangien augmenté pour les problémes de fissuration statique [37]

Nous analysons des méthodes de Lagrangien augmenté pour le probléme de fissuration sta-
tique. Nous commencons par ’analyse mathématique du probléme continu. Celui-ci peut s’écrire



1.5 Résumé des travaux 19

comme la minimisation sous contrainte d’une énergie non-convexe. Nous reformulons le probléme
a’aide d’un Lagrangien augmenté & trois champs : déplacement dans le volume, contrainte et dé-
placement sur la frontiére cohésive. Nous discrétisons le probléme avec des éléments finis mixtes.
Pour pouvoir utiliser des méthodes de collocation, nous approchons le déplacement sur la fron-
tiére cohésive par des éléments finis discontinus. Nous obtenons pour ces approximations une
estimation d’erreur en s’inspirant notamment des analyses faites pour le contact dans HUEBER
& WOHLMUTH [69] et HILD & LABORDE [66]. Par ailleurs, nous présentons et nous analysons
deux méthodes itératives de résolution : une méthode de type Uzawa avec une approche de
décomposition-coordination et une méthode de Newton. Finalement, des résultats numériques
illustrent ’analyse théorique.
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Unilateral contact






2

Time-integration schemes for the finite element dynamic
Signorini problem

This chapter is submitted to SIAM Journal on Scientific Computing [36]. See also [38].

2.1 Introduction

The design of robust and efficient numerical methods for dynamic contact problems has
motivated a large amount of work over the last two decades and remains a challenging issue.
Here, we focus on the dynamic Signorini problem, which models the infinitesimal deformations
of a solid body that can come into contact with a rigid obstacle. This problem is the simplest
dynamic contact problem, but also the first step toward more complex situations, such as multi-
body problems, large deformation problems, contact with friction, etc... For an overview of the
different contact problems, we refer to [76, 87, 124].

In structural dynamics, the usual space-time discretization combines finite elements in
space and a time-stepping scheme. In this framework, the discretization of the dynamic Signorini
problem involves mainly three choices: (i) the finite element space; (ii) the enforcement of the
contact condition; (iii) the time-stepping scheme. The combination of these three ingredients
presents some difficulties. For instance, it is well-known that the combination of an exact en-
forcement of the contact condition and an implicit Newmark scheme yields spurious oscillations
as well as poor energy behavior, that is, sizeable deviations from the exact value. Moreover, the
combination of an exact enforcement and an explicit scheme is not straightforward, whereas the
use of a penalty contact condition tightens the stability condition of explicit schemes. Conse-
quently, various alternative discretizations have been designed for the dynamic Signorini problem.
The aim of this work is to classify the different discretizations and to illustrate numerically their
main properties.

We classify the discretizations into four groups. The first three groups correspond to differ-
ent ways of enforcing the contact condition: exact enforcement [22, 33, 72, 89, 102, 103, 118, 121],
enforcement with penalty [2, 9, 63], and enforcement with contact condition in velocity [4, 9, 88].
The fourth approach is based on a modification of the mass matrix [57, 75]; it can be seen as an
alternative choice of the finite element space. These four classes yield different space semi-discrete
problems which in turn can be discretized in time using various time-stepping schemes, either
implicit or semi-explicit. We select representative discretizations within each class and examine
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their main properties: presence of spurious oscillations, energy behavior after multiple impacts,
and stability in the case of explicit schemes. By energy conservation we mean that the variation
of the energy is equal to the work of the external forces (the contact forces should not work). To
illustrate these properties, numerical simulations on two 1D benchmarks have been performed.
The first benchmark, the impact of an elastic bar on a rigid surface, is well-known and allows to
detect spurious oscillations. The second one, for which we derive the exact solution, deals with
the bounces of an elastic bar and is geared toward assessing energy behavior, in so far as multi-
ple impacts occur. It is to our knowledge a new benchmark. Additionally, some of the schemes
are assessed on a 2D benchmark (without analytical solution) associated with the impact and
multiple bounces of a disk on a rigid surface. Some of the presented Newmark-based schemes are
also compared in 3D in [80]. The mathematical analysis of the different methods is beyond the
scope of this article, but we mention, whenever they exist, the theoretical results (well-posedness
of the discrete problems and convergence of the discrete solutions). Dynamic contact problems
yield shock waves, and spurious oscillations appear near the shock in the numerical solutions,
owing to the so-called Gibbs phenomenon (see, e.g., [56] and references therein). These oscilla-
tions can be eliminated using dissipative schemes (or, equivalently, by filtering). This issue, being
important but not specific to dynamic contact problems, is not further addressed here (see also
Remark 2.4).

The material is organized as follows. We formulate the dynamic Signorini problem in the
continuous setting (Section 2.1) and we introduce the main ingredients for its approximation
(Sections 2.2 and 2.3). We present the two 1D benchmark problems with their analytical solu-
tions (Section 3). We describe the four classes of discretizations together with numerical results
in 1D: exact enforcement of the contact condition (Section 4), enforcement with penalty contact
condition (Section 5), enforcement with contact condition in velocity (Section 6), and modifica-
tion of the mass matrix (Section 7). Finally, we present numerical results on the 2D benchmark
for selected schemes (Section 2.8) and draw some conclusions (Section 2.9).

2.2 The dynamic Signorini problem

2.2.1 Governing equations

We consider the infinitesimal deformations of a body occupying a reference domain 2 C R¢
(d € {1,2,3}) during a time interval [0, 7]. The tensor of elasticity is denoted by .A and the mass
density is denoted by p. An external load f is applied to the body. Let u : (0,T) x 2 — R%, ¢(u) :
(0,7) x 2 — R4 and o(u) : (0,T) x 2 — R%? be the displacement field, the linearized strain
tensor and the stress tensor, respectively. Denoting time-derivatives by dots, the momentum
conservation equation reads

1
pi—dive=f, o=A:¢€ ezE(Vu—i—TVu) in 2x(0,7). (2.1)
The boundary 042 is partitioned into three disjoint open subsets ', I'V and I'°. Dirichlet and

Neumann conditions are prescribed on I'P and I'"N, respectively, u = up on I'” x (0,7) and
o-n= fyxon 'V x(0,T), where n denotes the outward unit normal to £2. We set u,, := (UETPREL
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and oy, == n - 09 - n, the normal displacement and the normal stress on 92, respectively. On
I'°, a unilateral contact condition, also called Signorini condition, is imposed,

up <0, op(u) <0, op(w)u, =0 on I'° x (0,7). (2.2)

At the initial time, the displacement and velocity fields are prescribed. The above problem
is an evolution partial differential equation under unilateral constraints. Here, the equation is
second-order in time and the constraint holds on the displacement; this is not the most favorable
case. The existence and uniqueness of a solution has only been proven in 1D, when the contact
boundary is reduced to a point [91, 41]. In 1D, it has also been proven that the variation of
energy is equal to the work of the external forces; the contact force does not work [91, 41]. In
higher dimension, the existence of a solution is proven in the case of a viscoelastic material [41],
while existence and uniqueness is proven for the wave equation under certain assumptions.

2.2.2 Basic time-integration schemes in linear elastodynamics

In this section, we briefly recall some basic facts about time-integration schemes in linear
elastodynamics; most of this material can be found in [70]. Firstly, we discretize the problem
in space with a finite element method. To alleviate the notation, we still denote by u the space
semi-discrete displacement. The number of degrees of freedom is denoted by Ny. Let K, M,
and F'(t) be the stiffness matrix, the mass matrix, and the column vector of the external forces,
respectively. The space semi-discrete problem consists in seeking w : [0, 7] — R™ such that, for
all t € [0, T,

Mi(t) + Ku(t) = F(t), (2.3)

with the initial conditions u(0) = u" and 4(0) = v°. For solving such a system of ordinary
differential equations (ODEs), linear one-step schemes are the most frequently used. For sim-
plicity, the interval [0, 7] is divided into equal subintervals of length At. We set t" = nAt and
denote by u", 4", and 4" the approximations of u(t"), u(t"), and u(t™), respectively. We define
the convex combination (" := (1 — w)O" + wO""! where O stands for u, u, i or t, and
w € [0,1]. We use a slightly different definition for the external load, namely F"t® := F(¢"+%);
for instance, s = F(t"*é) generally differs from §(F™ + F"*1). Moreover, at time ¢", the

. T. . T
energy of the system is £" := % " Mu™ + % u"Ku". Now we can formulate some of the most
common time-stepping schemes in linear elastodynamics.

Discretization 2.2.1 (HHT-Newmark) Seek vt 4"*1 int! € RN¢ such that

Mt + Kyttt — Fn+l+04’ (24)
At?

W=t AL S i (2:5)

amtZgn 4 A Y (2:6)

where o, B, v are real parameters. The choice a = 0 yields Newmark schemes while the choice
a €[-1/3,0], B=1/4(1 — )%, and v = 1/2 — « yields HHT schemes.

Discretization 2.2.2 (Midpoint) Seek u"*!, "+ i3 € RN such that
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M2 + Kyt = Frts, (2.7)
"t =" + At u”+%, (2.8)
Wt = g At e (2.9)

Discretization 2.2.3 (Central differences) Seek u"t! € R™e such that

un+1 —oum™ + un—l " "
M( A2 ) + Ku" = F". (2.10)
HHT schemes are implicit, unconditionally stable, second-order accurate, and dissipative
in the high frequencies. The amount of dissipation is controlled by the parameter . Newmark
schemes do not, in general, conserve the energy; such schemes instead conserve the quadratic
form &g :=E&" + %2 (B - %v)T U" Mu™ since there holds [82]

1 1
5521 . gg”y _T (2(Fn+1 + Fn) + <’V _ 2) (Fn+1 _ Fn)) (unJrl _ un)

1 1\"

— (7 _ 2) (T(un+1 _ un)K(un—H _ un) + (6 _ 27) (ﬁn+1 _ un)M(un+1 _ un)) .

The quadratic form Egﬂ/ coincides with the energy only if g = %7. For 8 # %fy, we refer to Egv

as a shifted energy; the sign of the difference between Egm and £™ only depends on the sign of

B — 1~). The particular choice 8 = 1/4, v = 1/2 yields an implicit, unconditionally stable, and
2

second-order accurate scheme. It is energy-conserving in the sense that

gntl _gn _T <Fn+l2_|_ Fn) (un+1 N un)

The midpoint scheme is implicit, unconditionally stable, and second-order accurate. It is energy-
conserving in the sense that

1
gn+1 _&n _T Fn+§(un+1 . un)

The central difference scheme is explicit (lumping the mass matrix avoids solving any linear
system), conditionally stable and second-order accurate. Here it is written as a two-step linear
scheme involving only the displacement but it can be formulated as a one-step scheme. Actually,
it is a Newmark scheme with parameters 5 = 0, v = 1/2; the velocity and acceleration are then
0" = i (u — w1 and i@" = Sy (u"T! — 2u™ + w"™1). The central difference scheme does
not conserve the energy £ but the shifted energy 5& 1 in the sense that

FnJrl Fn
et —gr, =T (; > (™t —u).

M=

There exist also explicit schemes with high-frequency dissipation, such as the Chung-Hulbert or
Tchamwa-Wielgosz schemes (see [100] and references therein).



2.3 1D benchmark problems 27

2.2.3 Enforcing the contact condition

The enforcement of a contact condition in a finite element setting has been widely studied
in the case of the static Signorini problem [76]. We assume that the mesh is compatible with the
partition of the boundary. Let N, be the number of nodes lying on the contact boundary. We
define the linear normal trace operator on 1'%, g : v — —v|r-n and the associated matrix G. Note
that the dimension of G is N, x Ng. We denote by {G;}1<i<n. the rows of the matrix G. Thus,
Gju yields the value of the normal displacement at the ith node of the contact boundary. With
an exact enforcement, the static Signorini problem consists in seeking a displacement v € R™Ve
and a contact pressure r € RNe such that

Ku=F+TGr, (2.11)
Gu>0, r>0, TrGu=o. (2.12)

Here the problem is formulated as a complementarity problem. Other formalisms can be found
in the literature, e.g., variational inequality, Lagrangian formulation, and formulation with sub-
derivatives. If the matrix K is positive definite, problem (2.11)-(2.12) has a unique solution.
For solving this problem, a large variety of methods has been developed [76, 124]: Uzawa algo-
rithms, active set methods, semi-smooth Newton methods, Lemke algorithm, monotone multigrid
method, etc...

Penalty formulations are another classical way of dealing with constrained problems. We
have to define a penalty function R, : R"e — R™e. For instance we can choose R(v) = 2(v)~,
where (v)~ denotes the negative part of v. The penalized static Signorini problem consists now
in seeking u € RN¢ such that

Ku=F +T GR.(Gu). (2.13)

A third way of enforcing the contact condition, specific to the dynamic problem, is to replace
the Signorini condition by an approximation involving the velocity instead of the displacement
[41, 97]. Assume that u, = 0 at a certain time t°. Then, on a short time interval afterwards,
Up ~ (t — t)t,. This motivates the following contact condition in velocity,

Un <0, op(u) <0, op(u)i, =0, on I (2.14)

It must be stressed that the above condition condition is applicable only during contact phases.
This condition is not applicable during non-contact phases because a positive normal velocity is
not allowed.

2.3 1D benchmark problems

To compare the different methods, we test them on two 1D problems. Both problems can
be formulated in the same setting. We consider an elastic bar dropped against a rigid ground.
The bar is dropped, undeformed, from a height hg, with an initial velocity —vg, under a gravity
acceleration gg > 0. The length of the bar is denoted by L, the Young modulus by E, and the

density by p. Let ¢ := \/% denote the wave speed. The reference domain is 2 = [0, L]. In this
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context, the governing equations presented in Section 2.2.1 for the continuous problem take the
form

. 0% :
Pl — EW =—pgo+r, in 2x(0,7), (2.15)
u(0,t) >0, r(t) >0, r(t)u(0,t) =0 on (0,7), (2.16)
gZ(L,t) =0 on(0,7), wu(-,0)=hy, u(,0)=—v, (2.17)

where u is the scalar-valued displacement of the bar and r the contact pressure equal to the
normal stress —E% at x = 0. Problem (2.15)-(2.17) has a unique solution and the variation of
the energy is equal to the work of the gravity force [91],

d (1 9 1 ou
2z ) - | E|Z=
dt (2/9’)“ Jrz/!2 oz
In the first problem, vg > 0 and gg = 0 so that there is a single impact. This benchmark has
been widely used in the literature (see, e.g., [124]). It enables us to examine the possible spurious
oscillations triggered by the numerical schemes. In the second problem, vg = 0 and go > 0, so
that the bar can make several bounces. With a suitable choice of parameters, the motion of the

bar is periodic in time and we can calculate the exact solution. It enables us to examine the time
evolution of energy after multiple impacts. This benchmark is, to our knowledge, new.

2) :/ —pgots, Yt € [0,T). (2.18)
2

2.3.1 Impact of an elastic bar

Let us describe the solution of the first problem (Figure 2.1). Before the impact, the bar is
undeformed and has a uniform velocity —vg. The bar reaches the ground at time ¢; := Z—g. After
the impact, the bar stays in contact with the ground. A shock wave travels from the bottom
of the bar to the top. Above the shock wave, the velocity is —vg; below, the velocity is zero.
Then, the shock wave travels from the top to the bottom. Above the shock wave, the velocity
is vg; below, the velocity is still zero. As soon as the wave reaches the bottom, the bar takes
off, undeformed, with a uniform velocity vg. The speed of the shock wave is cg. Thus, the wave
takes a time 7, := % to travel along the bar, and the bar takes off at time ¢ty := t; + 27,. The

I
—vy ) . ' Yo
0 0
7 7 7 7 7 7

t=0 4 t9

Fig. 2.1. Impact of an elastic bar.

analytical solution can be easily expressed using travelling wave solutions. Defining the auxiliary
function H,(z,t) = —vmin(x/co, T — |t — Tw|), the exact solution is
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ho — Uot if ¢ S tl
’LL(:L‘,t) = Hvo(l‘,t—tl) ifty <t <ty
Ug(t — tg) if to <t

In particular, the displacement at the bottom of the bar and the contact pressure are:

ho—’Uot iftStl 0 ift§t1
u(0,t) =< 0 if t] <t <ty r(t)= QB2 if by <t <t
Uo(t—tz) if tg <t 0 if to <t

These two quantities are represented in Figure 2.2 (with the parameters chosen in Section 2.3.3).
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Fig. 2.2. Impact of an elastic bar. Displacement at the bottom of the bar (left) and contact pressure (right).

2.3.2 Bounces of an elastic bar

In the second problem (Figure 2.3), the bar is dropped, undeformed, with a zero initial
velocity. It takes a time 77 := 4/ 29% to reach the ground. At the impact, at time ¢; := 7y, the bar

is undeformed and has uniform velocity —vy, where vy := \/2hggo. After the impact, as in the
previous benchmark, the bar stays in contact with the ground during a time 27,,. During this
contact phase, the response of the bar is the superposition of a shock wave due to velocity at
the impact and a vibration due to the gravity as reflected by the series S; and So below. When
the bar takes off, at time to := t; + 27, it has a uniform velocity v; but it is compressed (by
symmetry, u(x,t2) = u(z) : g—%(acQ — 2Lz) is twice the static deformation with homogeneous

Dirichlet and Neumann conditions at z = 0 and & = L respectively). Consequently, during
the flight phase, the response of the bar is the superposition of a rigid parabolic motion (due
to the gravity and the velocity) and a vibration (due to the initial deformation). If we choose
Ty = pTy for a positive integer p (for instance, 74 = 37,), we can ensure that the bar reaches
the ground with uniform velocity —v; and with displacement field 4. By doing so, the second
impact occurs at time t3 := to 4 27y = t2 + 67,. When the bar takes off again, at time #4 :



30 2 Time-integration schemes for the finite element dynamic Signorini problem

t3+27y, it is undeformed and has a uniform velocity vy. The next flight phase is a rigid parabolic
movement. Then, this sequence of two contact phases and two flight phases repeats periodically.
To compute the analytical solution, we use a decomposition on the eigenmodes in addition to the

Vo

—vy

7 7 7
t3 ty

Fig. 2.3. Bounces of an elastic bar.

travelling wave solutions. We set t4541 = 37y + 16k7y, tagro = tap+1 + 27w, tak+s = tagr1 + 87w
and typyq4 = tag+1 + 107,. We define also the auxiliary functions P(x,t) = hg — %go(t — Tf)Q,

. 2
Si(x,t) = D02 an(l — cos(covpt))sin(vpx), Sa(x,t) = —Qg’(’cg + 300 bpcos(coint)cos(Anx),
where a,, = Cgi—g%, vp = (n— 3)F, by = C%L)\O%, An = nf. The function Sy corresponds to the

vibration of a bar, clamped at its bottom, initially at rest, under a gravity go. The function Sy
corresponds to the vibration of a bar, free at its two extremities, with the initial displacement
U, a zero initial velocity and without external force. The computation of the series S7 and Sy is
standard; see [29] for instance. The exact solution is

P(x,t+71¢) ift <ty

Hy (2, — tags1) + S1(2,t — tagqr) i tapgr <t < tagyo
w(@, t) = { P(x,t — tagyo) + So(@,t — tapso)  if tapss < t < tapes
Hy (2, tagpa — 1) + S1(2, tapra — ) if tapqs <t <tapga
P(x,t — tap14) if tapra <t <typgn)m1

The displacement at the bottom of the bar is represented in Figure 2.4 (with the parameters
chosen in Section 2.3.3).

2.3.3 Numerical simulations

The parameters used in the numerical simulations are £ = 900, p = 1, L = 10, hg = 5.
In the first benchmark, vg = 10, go = 0; in the second benchmark, vg = 0, go = 10. The
bar is discretized with a uniform mesh size Az and linear finite elements are used. We define
Ve 1= coﬁ—i the Courant number, which is the relevant ratio to link the mesh size and the time
step. In particular, central difference schemes with lumped mass matrix are stable in the linear
case under the condition v, < 1. In what follows, we take v, = 1.5 for unconditionally stable
schemes and v, = 0.75 (thereby halving the time step) for central difference schemes. To describe
the numerical results, we consider the following quantities: the displacement at the bottom node
of the bar (denoted by wu(), the stress at the bottom node of the bar (denoted by (Ku")g), the

contact pressure r”, and the energy £ —T Fu™ (the load vector being time-independent, we
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Fig. 2.4. Bounces of an elastic bar. Displacement at the bottom of the bar.

denote it by F'). Note that, because of the finite element discretization, the stress at the bottom
node and the contact pressure are not equal.

2.4 Discretizations with exact enforcement of the contact condition

In this section we combine standard finite elements in space and an exact enforcement
of the contact condition at each node of the contact boundary. This leads to the semi-discrete
problem,

Mii(t) + Ku(t) = F(t) +* Gr(t), (2.19)
Gu(t) >0, r(t)>0, Tr{t)Gu(t)=0. (2.20)

Problem (2.19)-(2.20) is a system of differential equations under unilateral constraints. The same
kind of formulation arises in rigid-body dynamics with impact [18, 116], so the mathematical
results and the numerical methods developed in this framework can in general be applied to our
problem. Mathematically, problem (2.19)-(2.20) turns out to be delicate. Firstly, the functional
framework is not obvious. Due to the unilateral constraints, the velocity can be discontinuous
and there is in general no strong solution (i.e. twice differentiable in time) to this problem. One
possibility is to look for a weak solution such that the displacement u is continuous in time, the
velocity 1 is a function with bounded variation in time, the acceleration i and the contact pressure
r are measures (they contain impulses). Secondly, this weak solution is in general not unique.
Consider the simple example of a point mass impacting a rigid foundation. Before the impact,
the motion of the point mass is uniquely determined. After the impact, an infinity of velocities
and trajectories are admissible. To recover uniqueness, an additional condition, specifying the
velocity after an impact, is needed. Denoting by v~ the normal velocity before the impact and
by vT the normal velocity after the impact, an usual approach is to prescribe v = —ev™, where
e is a non-negative parameter. In the present space semi-discrete setting, it seems reasonable
to take e = 0. Indeed, in the dynamic Signorini problem, the unilateral constraint holds on
the boundary and the boundary does not bounce after an impact. We can now formulate the
semi-discrete problem in a rigorous way.
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Problem 2.1. Seek a displacement u : [0,7] — R and a contact pressure r : [0,7] — RNe
such that

Mii+ Ku = F +7T Gr, (2.21)
Gu>0, r>0, TrGu=0, (2.22)
Tri)Gau(tt) =0 if Gyu(t) =0, (2.23)

with the initial conditions u(0) = u° and 4(0) = v°.

Equation (2.23) constitutes the impact law. Most of the mathematical terms in equations (2.21)-
(2.23) must be understood in the sense of measures. In particular TrGu and Tr;(¢)G;1(t) should
be defined with suitable duality products. For more details, we refer to [18, 116].

Remark 2.1. The impact law (2.23) is a consequence of the discretization in space. Indeed, the
continuous problem does not need an impact law to have a unique solution. This fact is proven
in 1D [41, 91]; in higher dimension, uniqueness is still an open problem, but the difficulty does
not seem to come from the absence of an impact low.

Remark 2.2. Another difference to the continuous solution is that the semi-discrete solution
does not conserve the energy since there is a loss of energy at each impact of a node. Actually,
energy is conserved for e = 1, but this is not satisfactory since the contact is never established
for a time interval of nonzero length.

Remark 2.3. The impact law is different from the concept of persistency condition sometimes
encountered in the literature [2, 87, 88, 89]. The persistency condition is defined in the continuous
setting and in the fully discrete setting. It requires that the contact force does not work. Note that
in the continuous problem, the persistency condition seems to be a consequence of the Signorini
condition (it is at least proven in 1D).

2.4.1 Implicit schemes

We consider first dissipative schemes and then schemes dealing with the impact.

Dissipative schemes

To motivate the discussion, let us begin with an ill-founded discretization. We choose a
Newmark scheme (trapezoidal rule) for the elastodynamics part and we enforce the contact
condition (2.22) at a certain time, say t"*!. We pay no attention to the impact law (2.23). This
choice corresponds to Discretization 2.4.1 with « =0,  =1/4, v =1/2.

Discretization 2.4.1 (HHT-Newmark) Seek u!, a1, i"*t!l € RNe, and v+ € RNe such
that
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MiinH 4 gyntite — prtlta (T gt (2.24)
Gu*tt >0, />0, Tprtlgyrtt =, (2.25)
n+1 n e At? ;n+20

At each time step, Problem (2.24)-(2.27) is equivalent to a linear complementarity problem and
is well-posed. In contrast to the static case, the matrix K does not need to be positive definite for
the problem to be well-posed (Dirichlet boundary conditions are not needed). When this scheme
is tested on the first benchmark, we observe large spurious oscillations on the contact pressure
and small spurious oscillations on the displacement during the contact phase (Figure 2.5). On the
second benchmark, we observe a poor displacement and a poor energy behavior (Figure 2.6). Let
us try to explain what happens exactly. Suppose there is contact at the ith node of the contact
boundary at time "' (i.e. G;u"! = 0), then

o+l Y on _1 o 25_7 n
Gy = — T G + <1 6) Git" + At Gl (2.28)
1 1 1-23
andl o o T aP
Gt TAtQGlu —BAthu 25 G;u™. (2.29)

Thus, the impact law is not satisfied since we expect that after an impact, G;u" ' = G;i" ! = 0.
During a contact phase following an impact, the velocity and the acceleration oscillate. In the
simple case of an impact without initial acceleration and initial velocity v;, the magnitude of the
acceleration oscillations after the impact is ;. These oscillations trigger oscillations of magnitude
a7t on the contact pressure, where m; is the mass associated with the node i (Figure 2.5).
Moreover, the energy balance takes the form

n+1 n n+1 n
gn-l-l _gn _T (T ;— r > (Gun-i-l _ Gun) +T (F 2+ F ) (un-l-l _ un)’

so that the contact force works when a node changes status. When a node comes into contact
(Giu™ > 0, r™ = 0, Gyu™tt =0, 7" > 0), the work is negative; when a node is released (G;u" =
0, 7" > 0, Gau™t! > 0, v = 0), the work is positive. As the contact pressure is polluted by
large oscillations, this strongly perturbs the rest of the structure (Figure 2.6). The poor behavior
of the Newmark scheme can be summarized as follows: large oscillations of the acceleration at
the contact boundary = large oscillations of the contact pressure = perturbation of the whole
structure. In themselves the oscillations of the acceleration at the contact boundary are not a
problem. The oscillations of the contact pressure are more troublesome if a Lagrangian method is
used for solving the linear complementarity problem at each time step (the Lagrange multiplier
being equal to the contact pressure). Of course, the perturbation of the whole structure must be
avoided. Several options can be considered to design better algorithms. The first option consists in
using dissipative schemes, such as HHT schemes (Discretization 2.4.1). The spurious oscillations
are then damped (Figure 2.7), but at the expense of poor energy behavior (Figure 2.8). The
selected value a = —0.2 achieves here a reasonable compromise between dissipation of spurious
oscillations and energy. First-order schemes like #-schemes, which are implicit, unconditionally
stable, dissipative schemes, yield the same kind of results (Discretization 2.4.2).
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Fig. 2.5. Impact of an elastic bar. Displacement uj (left) and contact pressure r™ (right). Discretization 2.4.1
with @ = 0, 8 = 1/4 and v = 1/2. Az = 0.1, At = 0.005, v = 1.5.
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Fig. 2.6. Bounces of an elastic bar. Displacement u§ (left) and energy £" —T Fu™ (right). Discretization 2.4.1
with @ =0, 3 =1/4 and v = 1/2. Az = 0.1, At = 0.005, v = 1.5.
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Fig. 2.7. Impact of an elastic bar. Displacement ug (left) and contact pressure r™ (right). Discretization 2.4.1
with @ = —0.2, 8 = 1/4(1 — a)?, v = 1/2 — a. Az = 0.1, At = 0.005, v = L.5.
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Fig. 2.8. Bounces of an elastic bar. Displacement u§ (left) and energy £" —T Fu™ (right). Discretization 2.4.1
with « = —0.2, 8 = 1/4(1 — a)?, v = 1/2 — a. Az = 0.1, At = 0.005, v, = 1.5.

Discretization 2.4.2 (-schemes [121]) Seek vt a4t € RYe, and v+ € RNe such that
Mun-{—% —I—KUTH_G — Fn+9 +T GTTH_I,
- ) — 9y
u"tt = + At

. . gl
"t = A"+ At @2,

2.30
2.31
2.32

2.33

(2.30)
, (2.31)
(2.32)
(2.33)

Remark 2.4. It is sometimes advocated in the literature that first-order schemes must be pre-
ferred to second-order schemes for dynamic contact problems, due to the non-smoothness of the
solution. We must distinguish two issues: the treatment of the contact condition and the treat-
ment of the shock waves induced by the contact. As discussed previously, a proper treatment of the
contact condition is not related to the order of the scheme. As for the shock waves, they require
a scheme with dissipation and there exist second-order accurate schemes with disstpation, such
as the HHT or Chung-Hulbert schemes. Note also that the amount of dissipation needed to treat
the shock waves tn the bulk 1s much smaller than that needed to dissipate the oscillations caused
by the contact condition.

Schemes dealing with the impact

First we briefly discuss a naive stabilized Newmark scheme where an extra-step is used to
enforce the impact law (Discretization 2.4.3). Then, we consider two schemes with dissipative
contact using a midpoint (Discretization 2.4.4) or a Newmark (Discretization 2.4.5) scheme.
Finally, an improvement of these schemes based on the velocity-update method introduced in [89]
can be considered; in the case of the Newmark scheme, this yields Discretization 2.4.6. An
alternative approach to prevent the oscillations of the acceleration from transferring to the contact
pressure consists in removing the mass at the contact boundary. This approach will be developed
in Section 2.7.

To motivate the discussion, let us look for a scheme which satisfies the impact law or,
more precisely, a scheme which enforces the acceleration to be zero during the contact phases.
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No implicit Newmark scheme achieves this. An extra-step is needed to enforce the impact law
(Discretization 2.4.3).

Discretization 2.4.3 (naive stabilized Newmark)

1. Seek umt! € RNa qntl ¢ RNa intl ¢ RNe | gnd r"t1 € RNe satisfying (2.24)-(2.27).

2. If Gu™ > 0 and Gt = 0, then 4" and @"*' are modified so that G;u"t' = 0 and
Gt =0.
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0.2 - [}
€ =
[} 173
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time time

Fig. 2.9. Impact of an elastic bar. Displacement ug (left) and contact pressure r™ (right). Discretization 2.4.3
with @ = 0, 8 = 1/4 and v = 1/2. Az = 0.1, At = 0.005, v = 1.5.

As illustrated in Figure 2.9, the large spurious oscillations have disappeared. However, this
stabilization takes effect only one step after the impact, which explains the peak in the contact
pressure just after the impact. A possible remedy consists in finding a time discretization where
the contact force does not work or is at least dissipative. For instance, the midpoint scheme with
an enforcement of the contact condition at time ¢"*! (Discretization 2.4.4) achieves the following
energy balance,

gn—‘rl _gn _T r"“(Gu”H _ G’U,n) +T Fn—i—%(un—ﬁ—l . un)

It is easy to check that the work of the contact force is always non-positive. As illustrated in
Figure 2.10, the contact pressure still oscillates but the stress is practically free of oscillations.
The oscillations of the stress after the bar has taken off are due to vibrations. However, energy
losses, even if they are not substantial, do have an impact on the solution (Figure 2.11). It can
also be noticed that energy losses do not vanish as At approaches zero, but this losses decrease
with the mesh size.

Discretization 2.4.4 (Midpoint-implicit contact) Seeku"t!, u"*t! € RNe gnd r"t! ¢ RNe
such that

L 1 1
Mia"ts + Ku"t2 = prta 4T gentl
Gu"tt >0, >0, Trprtlgutt =0
S|
u"Th =" 4+ At a e,

. . gl
a" ="+ At i,

2.34
2.35

2.36
2.37

(2.34)
, (2.35)
(2.36)
(2.37)



2.4 Discretizations with exact enforcement of the contact condition 37

Another scheme with dissipative contact has been proposed in [72|. The Newmark scheme with
parameters 3 = 1/2 and v = 1 and with an enforcement of the contact condition at time ¢!
yields the following energy balance

1T

gntl _gn _T rn-i-l(Gun-i-l _ Gun) _ 5

The work of the contact force is always non-positive, but there is a strong bulk dissipation. To
remove this dissipation, one can, as proposed in [72], discretize the acceleration coming from the
contact forces with the dissipative parameters (8 = 1/2 and v = 1) and the acceleration coming
from the elastic forces with a trapezoidal rule (5 = 1/4 and 7 = 1/2). This yields Discretization
2.4.5. With such a discretization, the energy balance is

gn+1 _gn _T rn—i—l (Gun—i-l . Gun) +T Fn+l(un+l . un)

(un—H _ un)K(un—H _ un) +T Fn+1(un+1 _ un)

The numerical results are similar to those obtained with Discretization 2.4.4.

n—i—l’ n+l gntl sntl c

Discretization 2.4.5 (Newmark with dissipative contact [72]) Seek u W g g

RN¢ gnd "1 € RNe such that

M+t 4 Kymtt = prtl 4 T gpntl (2.38)
At? At?

W = At i 4 i (2.40)

W = @ 4 ALY+ At (2.41)

sntl _ gntl | sndl sntl _T vl
where 4" =i + gy and Mg = Gr''T

To compensate energy losses in schemes with dissipative contact, the so-called velocity-update
method can be considered [89]. Applied to Discretization 2.4.4, this procedure does not improve
significantly the solution on our second benchmark. In [33], the authors add to Discretization
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Fig. 2.10. Impact of an elastic bar. Contact pressure " (left) and stress (Ku")o (right). Discretization 2.4.4.
Az = 0.1, At = 0.005, ve = 1.5.

2.4.5 a stabilization procedure (Discretization 2.4.6); see also [79] for further developments on
this approach.
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Fig. 2.11. Bounces of an elastic bar. Displacement u§ (left) and energy £" —" Fu™ (right). Discretization 2.4.4.
Az = 0.1, At = 0.005, ve = 1.5.

Discretization 2.4.6 (stabilized Newmark [33])
1. Seek u"tl € RN¢ and A"*1 € RNe such that

pred
Mu;:'eb = Mu" + AtMa", (2.42)

n+1 n+1 Tyn+1 n
Guntl >0, A >0, TAHGurt = 0. (2.43)

2. Seek unt T Gt qintl € RNeand vt € RNe satisfying (2.38), (2.39), and (2.41),

wnt con

while (2.40) is replaced by

u pred 9 znt 2 con *

The additional step required by Discretization 2.4.6 is not expensive compared with the main
step, especially if the mass matrix is lumped. With this scheme, the contact pressure is now
almost free of oscillations (Figure 2.12). Although the impact law is not fulfilled, there holds
that if Gu" = G| uz;:i — 0, then G;iil"H?% + Gyl = 0. Energy losses still remain sizeable in
the second benchmark (Figure 2.13).

2.4.2 Semi-explicit schemes

Now, we try to discretize the elastodynamics part of the problem with an explicit scheme,
such as the central difference scheme. It is not possible to enforce an explicit exact contact
condition. Nevertheless, the contact condition can be enforced implicitly as in [102, 103].

Discretization 2.4.7 (Central differences-implicit contact [102, 103]) Seek v+ € RN«
and "1 € RNe such that

un—l—l — U™+ un—l
M
(5
Gu"tt >0, >0, Tprtlgurt! =o. (2.46)

> + Ku™ = F* +7 gyt (2.45)
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Fig. 2.12. Impact of an elastic bar. Displacement ug (left) and contact pressure r™ (right). Discretization 2.4.6
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Fig. 2.13. Bounces of an elastic bar. Displacement uf (left) and energy €™ —T Fu™ (right). Discretization 2.4.6
with 8 =1/4 and v = 1/2 (lumped mass matrix). Az = 0.1, At = 0.005, v. = 1.5.

With a lumped mass matrix, this scheme is equivalent to that proposed in [22| where the contact
condition is enforced by a projection step in the following semi-explicit way (observe that the
first step is explicit):

1. Seek u™*! € R4 such that

M un+1 — o+ unfl
At?

2. If Gyu™*! < 0, then ™! is modified so that G;u"t! = 0.
It is easy to check that with Discretization 2.4.7, the acceleration at the contact boundary
vanishes during a contact phase (after two steps). Indeed, if Gu"t! = Gu™ = Gu"! = 0,

. n+1l_o,n n—1
then G;4"™ = Gj (%

(Figure 2.14). The shifted energy balance reads

T 7,n-|-2 4 rn—l—l
B 2

> + Ku" = F", (2.47)

= 0. Consequently, there are (almost) no spurious oscillations

Fn—l—l + Fn

) (Gu" — Gu™) 4T ( 5

)t -,

Energy losses, although moderate, affect the quality of the solution after some impacts (Figure
2.15). In 1D, the convergence of the discrete solutions to the continuous solution, provided a
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stability condition is met (the same as in the linear case), has been established in [111]. The
convergence of the discrete solutions to a semi-discrete solution has been proven in [102, 103].
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Fig. 2.14. Impact of an elastic bar. Displacement ug
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In this part we combine standard finite elements in space and a penalty approximation of
the contact condition (the penalty parameter is denoted by €). Then, the semi-discrete problem
is a mere system of ODEs.

Problem 2.2. Seek a displacement w : [0, 7]

Mii(t) + Ku(t) =

with the initial conditions u(0) = u° and 4(0) =

0.

— R4 such that, Vt € [0, 7],
ft)+T GR.(G

u(t)),

(2.48)
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Problem 2.2 being a system of ODEs with a Lipschitz continuous right-hand side, has one and
only one solution, which is furthermore twice differentiable in time.

2.5.1 Implicit schemes

To begin with, we discretize Problem 2.2 with an implicit Newmark scheme.

Discretization 2.5.1 (Newmark) Seek v"*!, 471 int!t ¢ RNd  such that

M 4 Ku't = F 4T GR(Gu ), (2:49)
At?

W= A i, (2.50)

= g 4+ At (251)

We observe that the penalty formulation tends to reduce spurious oscillations (Figure 2.16). Nev-
ertheless, the oscillations grow with 1/e (Figure 2.17). This is not surprising since the penalty
contact condition tends to the exact contact condition when 1/¢ tends to infinity. If the oscilla-
tions are too large, stabilization procedures can be used (see for instance the procedure described
in [2]). With the addition of a penalty term, the Newmark scheme (trapezoidal rule) no longer
conserves the energy. The energy losses are moderate but not so marginal (Figure 2.18); the
energy behavior is poorer when 1/e grows. In [2, 63], the authors proposed a discretization of
the penalty term which enables to recover energy control by conserving an augmented energy
(Discretization 2.5.2). It is based on a midpoint scheme. On our benchmark problems, it does
not yield significantly better results.
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Fig. 2.16. Impact of an elastic bar. Displacement u$ (left) and contact pressure "G R.(Gu™) (right). Discretization
251 witha =0, 8=1/4, y=1/2, e = 10~*. Az = 0.1, At = 0.005, v, = 1.5.

Discretization 2.5.2 (Energy-controlling midpoint [2, 63]) Seck v, 4"t € RN4, such
that
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Fig. 2.17. Impact of an elastic bar. Contact pressure T GR.(Gu™). Discretization 2.5.1 with o = 0, 8 = 1/4 and
v =1/2. Az = 0.1, At = 0.005, v = 1.5. ¢ = 107 (left) and ¢ = 1077 (right).
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Fig. 2.18. Bounces of an elastic bar. Displacement uj (left) and energy £" —T Fu™ (right). Discretization 2.5.1
with a =0, 3=1/4and v =1/2, e = 10~*. Az = 0.1, At = 0.005, v, = 1.5.

M3 + Ku™ts = F*'s 47 GR(Gu™, Gu™), (2.52)
un—f—l — + Atu’”%, (2.53)
Wt = @ 4 Atz (2:54)

where

1 (Gau™tH)7)2—((Giu™)7)? if Giu™ # Gaunt!

- 2¢ Giuntl—Gun
(Re(Gu™t!, Gu™))i =< 0 if Gy = Gt > 0 (2.55)
i(GunJrl + Gu") if Giu™ = Gau™tt < 0

Defining the augmented energy €7, = €™ + 5-((Gu™)~)?, there holds

pen

1
gn+1 _&n _T Fn+§(un+1 . un)

pen pen

Since &™

pen allows one to control £™.

is an upper bound of £", controlling &,
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2.5.2 Explicit schemes

We can also use an explicit scheme for Problem 2.2.

Discretization 2.5.3 (Central differences) Seek u"*! € RV such that

un+1 — 2u™ 4 un—l T
M < A > + Ku" = F" +° GR.(Gu"). (2.56)
The results are similar to those obtained with the implicit approach. Unfortunately, the penalty
term stiffens the system of ODEs, which limits the stability domain of the schemes. More precisely,
it introduces a constraint on the time step of the form At < O(y/peAzx.), where Az, is the mesh
size near the contact boundary [9].

2.6 Discretizations with contact condition in velocity

In this part, standard finite elements in space are combined with an approximation of the
contact condition involving the velocity.

Problem 2.3. Seek a displacement u : [0,7] — R¥4 and a contact pressure r : [0,7] — RNe
such that, for almost every ¢ € [0, 77,

Mi(t) + Ku(t) = f(t) +* Gr(t), (2.57)
Gu(t) >0, r(t)>0, Trt)Gu(t) =0, (2.58)

with the initial conditions u(0) = u° and 4(0) = v".

With this contact condition in velocity, the semi-discrete problem is much simpler than (2.19)-
(2.20). Problem 2.3 is still a system of ODEs under unilateral constraints, but the constraint
involves now the velocity instead of the displacement. The general theory developed in [16, 53]
applies to Problem 2.3. The solution w is unique [16]. Furthermore, u is continuous and # is
differentiable in time almost everywhere, so that the equations have a sense at almost every
time. The time discretization has been extensively studied in [53].

Unfortunately, the contact condition in velocity is not equivalent to the Signorini condition
as discussed in Section 2.2.3. The strategy adopted is the following: if a node satisfies the non-
interpenetration condition, then at the next iteration no constraint is enforced on this node; if a
node breaks the non-interpenetration condition, then at the next iteration the contact condition
in velocity will be applied to this node. This approach allows for slight interpenetration. At each
time step, we define the matrix G" whose rows G are

. i ut >
an - (0...0) ifGu™>0 (2.59)
G; if Gu™ <0

This approach based on a contact condition in velocity has also been widely used in rigid-body
dynamics with impacts (see, e.g., [116]).
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2.6.1 Implicit schemes

A midpoint scheme with contact condition in velocity has been proposed in [88]; see also
[74] for the contact condition.

Discretization 2.6.1 (Midpoint [88]) Seek u"*1, 4"l € RNe, qnd r"*1 € RN such that

1 1 1 1
Mia"ts 4+ Ku"t2 = prta 4T grpnta,

el 1 F R
G2 >0, T2 >0, Trrtagratts =0,

u" ="+ At

"t ="+ At

1
uta,

1
itz

An interesting feature of this scheme is to be energy-conserving,

1
5n+1 _g&n _T Fn+§(un+1 . un)

2.60
2.61
2.62

(
(
(
(2.63

)
)
)
)

The contact pressure does not perturb the structure despite its oscillations (Figure 2.19). Energy
is preserved, and the solution for the second benchmark is quite satisfactory, although not as
accurate as with Discretization 2.5.1 after several impacts (Figure 2.20).
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Fig. 2.19. Impact of an elastic bar. Displacement ug (left) and stress (right). Discretization 2.6.1 with a = 0,
B=1/4 and v =1/2. Az = 0.1, At = 0.005, v. = 1.5.

2.6.2 Semi-explicit schemes

A semi-explicit scheme with contact condition in velocity has been proposed in [9].

Discretization 2.6.2 (Central differences [9]) Seek u"t! € RN and r"T! € RN such that

v <un+1 — o+ unfl

At?
Gn(,un—i-l _ un) > 07

1
r"t >0,

) _|_Kun S +T Gnrn—i—l’

Trn-i-lGn(un—i-l . un) —-0.

(2.64)

(2.65)
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Fig. 2.20. Bounces of an elastic bar. Displacement u§ (left) and energy €™ —T Fu™ (right). Discretization 2.6.1
with @ = 0, 8 = 1/4 and v = 1/2. Az = 0.1, At = 0.005, v. = 1.5.

Numerical simulations suggest that the stability condition of the central difference scheme is not
tightened by the contact condition. The results are similar to those obtained with Discretization
2.4.7 (Figures 2.21 and 2.22).
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Fig. 2.21. Impact of an elastic bar. Displacement ug (left) and contact pressure r™ (right). Discretization 2.6.2
(lumped mass matrix). Az = 0.1, At = 0.0025, v, = 0.75.

2.7 Discretizations with modified mass

In the previous three parts, we have considered various ways of enforcing the contact
condition. Here we describe methods based on a modification of the mass matrix. Such methods
are thus compatible with any enforcement of the contact condition. For brevity, we restrict
ourselves to an exact enforcement of the contact condition. In the modified mass matrix, the
entries associated with the normal displacements at the contact boundary are set to zero. The
motivation for this modification is very simple: if the mass is removed, the inertial forces and the
oscillations are eliminated. This approach has been introduced in [75].
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Fig. 2.22. Bounces of an elastic bar. Displacement uf (left) and energy £™ —T Fu™ (right). Discretization 2.6.2
(lumped mass matrix). Az = 0.1, A¢ = 0.0025, v. = 0.75.

Set N := N4 — N.. For the sake of simplicity, suppose that the degrees of freedom associ-
ated with normal displacements at the contact boundary are numbered from N + 1 to Ng. The
modified mass matrix is defined as

M, 0
M* _ *k )
(070)

Many choices are possible to build the block M,.. In [57, 75|, the authors devise various methods
to preserve some features of the standard mass matrix (the total mass, the center of gravity,
and the moments of inertia); see also [107] for further results. We can also simply keep the
corresponding block in the standard mass matrix (and this is what we will do in our numerical
simulations below). The modified problem reads

M*u( )+ Ku( )= F(t) + Gr(t), (2.66)
Gu(t) > r(t) >0, Trt)Gu(t) = (2.67)
(1)
If we set u(t) = ) , and G = (0 G,), then equations
(2.66) and (2.67)<can be>recast as ) <
Myiig () + Kaus () + Kicuce(t) = Fi(t), (2.68)
Keatis (t) + Keeue(t) = Fo(t ) +T Ger(t), (2.69)
Geue(t) >0, 7(t) >0, Trt)Geuc(t) = (2.70)

For given t and u*( ), there exists one and only one u.(t) satisfying (2.69) and (2.70). Denote by
Q : [0,T] x RNa — R e the nonlinear map such that u.(t) = Q(t, u«(t)).

Problem 2.4. Seek a displacement w : [0,7] — R¥¢ such that, for all ¢ € [0,7],

Masiin(8) + Kontin (£) + KoeQ(t, us () = Fu(t), (2.71)
uc(t) = Q(tau*(t))v (272)

with the initial conditions u(0) = u® and 4(0) = vV.
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The operator Q(t,-) is Lipschitz continuous at each time ¢, so that equation (2.71) is a Lipschitz
system of ODEs. Therefore, it has a unique solution u,, twice differentiable in time. Owing to
(2.72), u, is differentiable in time almost everywhere. The detailed mathematical analysis of the
space semi-discrete modified mass formulation can be found in |75, 35|. A result of convergence

of the space semi-discrete solutions to a continuous solution is proven for viscoelastic materials
in [35].

Remark 2.5. In contrast to the semui-discrete problem with standard mass matriz, the semi-
discrete problem with modified mass matriz does not require an impact law and conserves a
modified energy where the mass modification is accounted for in the kinetic energy [75].

2.7.1 Implicit schemes

A HHT-Newmark scheme can be used for Problem 2.4.

Discretization 2.7.1 (HHT-Newmark [75]) Seek u"t! € RNe 47+l € RNe gnd 47+ € RN
such that

M, "™ K, umtre 4 K, Qe Hite g ntitay — prtlte (2.73)

u?+1+a — Q(tn+1+o¢7 uiz+1+a)7 (2.74)
1 Atz 2

W =l Aval it & (2.75)

= At At (2.76)

The equations can be recast as a linear complementarity problem,

MET 4 Kyt = prolia (T gpntd (2.77)

Gu™tl >0, >0, Trtlgyttt =, (2.78)
A 2

u"t = w4+ Ata™ + Ttu”“B, (2.79)

Wt =4 + A (2.80)

In spite of the modification of the mass matrix, the problem is well posed. In practice, we use this
set of equations to compute the solution. As expected, the large oscillations have disappeared
during the contact phase (Figure 2.23). The energy behavior is also very satisfactory (Figure
2.24), since there holds

n+1 n
> (Gu™t — Gu™) +T <F 2+ d > (u T — ),

7JLJrl 4 rm

n+l n:T
gl _gr < 5

where the modified energy £ has the same expression as £", except that M is replaced by M*.
The displacement after several impacts is quite satisfactory, although not as accurate as with
Discretization 2.5.1 (Figure 2.24).
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2.7.2 Semi-explicit schemes

We can discretize Problem 2.4 with an explicit scheme, such as the central difference
scheme. This yields a semi-explicit scheme.

Discretization 2.7.2 (Central differences [38]) Seek u"! € RN¢ such that

n+1 _ 2™ n—1
e (u e > Kol + KoQ(" ) = FI (2.81)
= QU ul ). (2.82)

In practice, the equations are solved as follows: 1. Seek u”*! € R™a such that

u7*1+1 _ 2“? + ua*mfl
M, ( gve ) + Kool + Kycuy = F)' (2.83)

2. Seek u?t! € RVa and 7"+ € RNe such that
Keu" 4+ Kot = FP0 4T Gt (2.84)
Gt >0, >0 TrGauttt=o0. (2.85)

The first step is explicit, and the mass matrix M,, can be lumped. The second step is a con-

strained problem on the variable u?! only. Discretization 2.7.2 amounts to

n+1l _ 2" n—1
M U U +u
At?
Gu" >0, r™>0, Tr"Gu"=0,

) + Ku"=F"+" Gr",

and yields the modified shifted energy balance

n+1 n Fn+1 )L
gg—ll—l o 5611 _T <7' 2+ r > (Gun+1 - Gun) +T < 2+ > (un+1 _ un),
=% 72*

12

where 5611 .
]

numerically that the stability condition on the time step is the same as in the linear case.
Compared with Discretizations 2.4.7 and 2.6.2, the semi-explicit modified mass method shows
a better energy behavior and a better solution (Figure 2.25). Additional tests show that the
amplitude of energy oscillations decreases at least linearly with At at fixed Courant number.
Results on the first benchmark are similar to those with the implicit scheme.

has the same expression than 56‘1, except that M is replaced by M*. We observe
D)

2.8 A 2D benchmark

We consider the bounces of an elastic disk against a rigid ground (Figure 2.26). The refer-
ence configuration is the undeformed disk touching the ground. The disk is dropped, undeformed,
with a zero initial velocity, under a gravity acceleration gg, the displacement of its center being
initially hg. The disk has radius R. The material is supposed to be linear elastic (plane strain)
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with a Young modulus F, a Poisson ratio v, and a mass density p. The contact boundary I'°
is the lower half part of the disk boundary. We define the contact condition using the normal
vector to the ground. The parameters are £ = 4000, v = 0.2, p = 100, go =5, R =1, hg = 0.1.
The disk is meshed with triangles (100 edges on the boundary, 1804 triangles, 953 vertices, see
Figure 2.26) and we use linear finite elements. The number of nodes lying on the contact bound-
ary is 51. Simulations are performed using FREEFEM-++ [65]. The Courant number is defined
as v, = cd% where ¢4 = ? is the speed of dilatational waves and Ax = 0.0628 the length of
boundary edges.
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Fig. 2.26. Bounces of an elastic disk. Reference configuration (left), mesh (middle), and deformed configuration
after the first impact (right).

Results are presented for the implicit Discretizations 2.4.6, 2.6.1, and 2.7.1 (Figure 2.27)
and for the semi-explicit Discretizations 2.4.7 and 2.7.2 (Figure 2.28). For the semi-explicit
schemes; the observed stability condition is v, < 0.65. In all cases, the trajectory of the disk
center is rather well captured, with some discrepancies appearing after five bounces. The energy
behaviors remain consistent with those observed in 1D. Note that the present choice of parameters
is somewhat severe for energy behavior because of the relatively high impact velocity and low
Young modulus.
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Fig. 2.27. Bounces of an elastic disk. Displacement of its center (left) and energy or modified energy (right).
Discretizations 2.4.6, 2.6.1, and 2.7.1. At = 0.01, v, = 1.06.
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2.9 Conclusions

In this work, we have reviewed various time-integration schemes for the finite element
dynamic Signorini problem. We have classified the schemes into four groups, the first three de-
pending on the way the contact condition is enforced while the fourth group corresponds to
modifying the mass matrix at the contact boundary. We have assessed in detail the various
schemes on two 1D benchmarks, both with analytical solution. The second benchmark is new
and allows one to study the energy behavior within multiple impacts. Some selected schemes with
favorable properties have been further compared on a 2D benchmark. All in all, we believe that
the schemes with modified mass matrix, either implicit or semi-explicit, offer attractive proper-
ties, including ease of implementation, robustness, and relatively firm mathematical ground. The
semi-explicit scheme with modified mass is new and stems from the combination of two existing
ideas. We hope that the present results will stimulate further interest in the analysis and testing
of these schemes.






3

Convergence of a modified mass method for the dynamic
Signorini problem

This chapter has been published in Communications in Mathematical Sciences [35].

3.1 Introduction

The dynamic Signorini problem models the infinitesimal deformations of a solid body
which can come into contact with a rigid obstacle. Many textbooks dealing with the mathematical
theory of contact mechanics have appeared recently; see, e.g., [41, 81, 115] and references therein.
Usual space-time discretizations for this problem combine finite element space approximation and
time-stepping schemes. In this framework, most methods exhibit spurious oscillations and /or poor
behavior in long time. The modified mass method proposed by Khenous, Laborde and Renard
in [75] is a space semi-discrete formulation overcoming these two difficulties: the mass term is
modified (the mass associated with the nodes at the contact boundary is set to zero), and the
contact condition is enforced by a variational inequality. Owing to the mass modification, inertial
forces cannot trigger spurious oscillations at the boundary. Furthermore, the system conserves
an energy, which ensures a good behavior in long time.

The purpose of the present work is to strengthen the mathematical foundations of the
modified mass method. Our main result is the convergence, up to a subsequence, of the space
semi-discrete solutions to a solution of the continuous dynamic Signorini problem in the case
of a visco-elastic material. In the elastic case, that is, in the absence of viscosity, it is already
known [75] that the space semi-discrete problem is equivalent to a Lipschitz system of ordinary
differential equations (ODEs) and is, therefore, well-posed (such a result cannot be established
when using a standard mass term). However, the existence of a continuous solution is still an
open problem in the elastic case, and the convergence proof of the space semi-discrete solutions
is still out of reach. Instead, in the visco-elastic case, the existence of a continuous solution
has been proven using a penalty method [41, §4.2.2]; the uniqueness of the solution is still an
open problem. Our convergence proof takes a fairly standard path, namely a priori estimates on
the space semi-discrete solutions and compactness arguments, but the mass modification at the
contact boundary requires special care when passing to the limit. In both cases (penalty method
or finite-dimensional variational inequality), the a priori estimate on the velocity delivered by
the viscosity term plays a crucial role in the proof; as such, the argument cannot be extended to
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the vanishing viscosity limit. Incidentally, the present convergence proof provides an alternate,
albeit more complex, way to prove the existence of a continuous solution.

3.2 Continuous formulation

Consider the infinitesimal deformations of a body occupying a reference domain 2 C R¢
(d =2 or d = 3) during a time interval [0,7]. We use the following assumptions and notation.
The boundary of the domain 2 is piecewise smooth, so that its outward normal, n, is well defined
almost everywhere at the boundary. The material is linear visco-elastic (Kelvin—Voigt model).
The tensors of elasticity and viscosity, denoted by A and B respectively, are symmetric positive
definite and taken to be constant for simplicity. The mass density, denoted by p : 2 — R, is
bounded by below by a constant pg > 0. An external load f is applied to the body. The boundary
012 is partitioned into three disjoint open subsets I'”, I'V and I"® (the measure of I'? is positive).
Homogeneous Dirichlet and Neumann conditions are prescribed on I'? and I'V, respectively. On
I, a unilateral contact condition is imposed. Let u : (0,T) x £ — R%, e(u) : (0,T) x 2 — R%4
and o(u) : (0,T) x 2 — R% be the displacement field, the linearized strain tensor and the stress
tensor, respectively. Let u, 1= ujgp - n and onpn 1= n - 0y - n respectively denote the normal
displacement and the normal stress on 0f2. At the initial time, the displacement and velocity
fields are u’ and Y. Denoting time-derivatives by dots, the strong formulation of the dynamic
Signorini problem is

pi—dive=f, oc=A:e+B:¢, 6:%(VU+V’U,T) in 2x(0,7),
Up <0, Opn <0, oppu, =0 on I'° x (0,7,

oc-n=0 onINx(0,T), u=0 onIPx(0,T),

u(0) = u°,  @(0) =+ in £.

Consider the functional spaces V = H}(2,I'?)? = {v € HY(2); v =0 a.e. on '’} and
M = L?(£2)% and the closed convex cone K = {v € V; vjgn-n < 0 a.e. on I'°}. The space M and
its topological dual space are identified. Standard notation is used for spaces of time-dependent
functions valued in a Banach space B, e.g., C*([0,T]; B) and so on; see [92, 119]. We assume the
following regularity on the data: f € C°([0,T]; M), p € L=(£2), u® € K and v* € M. Define the
following bilinear and linear forms

m:MxMa(v,w)nH/pv-w, (3.5)
9]

a:VxVB(U,w)»—>/Qe(’U):.A:e(w), (3.6)
b:VXVS(v,w)r—>/ge(v):8:e(w), (3.7)

L0, T x V' 5 (t,0) —> /Qf(t).v. (3.8)
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Owing to Korn’s first inequality and the assumptions on A and B, the bilinear forms a and b are
V-elliptic. We consider the following variational formulation of equations (3.1)-(3.4) (see [41] for
its derivation).

Problem 3.1. Seek v € L?(0,T;K) N HY0,T;V) N CY([0,T]; M) such that for all v €
L2(0,T; K)n H'Y(0,T; M),

T
/ [~ mi, o — ) + au,v — ) + i v —u) bt + m(i(T), o(T) — u(T))~
0 . (3.9)
m VO v — UO v—Uu .
(oo0) =) > [0 =

Remark 3.1. Since the space H'(0,T; M) is continuously imbedded in C°([0,T]; M), the quan-
tities v(0) and v(T) are well defined in (5.9).

3.3 Semi-discrete formulation

For the sake of simplicity, we assume that in 2D (resp., in 3D) the domain {2 is a polygon
(resp., a polyhedron) and the contact boundary I'¢ is a straight line (resp., a polygon). The
outward normal to I'¢ is then constant and is denoted by n.. We also suppose that onTe =.
Let (Tg)ren be a quasi-uniform family of simplicial meshes over (2 (triangles in 2D and tetrahedra
in 3D). The meshes are possibly unstructured, but supposed to be compatible with the partition
of the boundary. The notation A < B means that A < ¢B with a constant ¢ independent of k.
The space V is approximated by the usual conforming space of linear finite elements,

Vi, = {vp € C°(2)% v € (91)4, VT € T, and v =0 on I'P}. (3.10)

Let {z;}icn; be the nodes of the mesh not lying on D and {¢ir}icn, the associated scalar
basis functions. Let {eq}1<a<d be the canonical basis of R?. The space Vi is spanned by
{®i1ea tieNi 1<a<d- Denote by N the set of indices of nodes lying on I'¢, and by A} the comple-
mentary of N in Nj.. We set V' = span({¢; rea }ienr 1<a<a) and Vi = span({; rea }ienr 1<a<d)-
The space Vj, is clearly the direct sum of V;* and V;’ so that any discrete function v, € Vj, can
be decomposed as

v =vp +vp with of € VI, of € V. (3.11)
Let 7,¢ be the set of elements such that at least one vertex belongs to I'°, and let 7;* be its
complement in 7. We set 2 = int (UTechT) and (2} = int (UTeT,:T) (see Fig. 3.1). We
observe that V) is the subset of functions in Vj, that vanish on I', while V/° is the subset of

functions in Vj, that vanish in 2. The constraint set K is approximated by the set K}, := {v, €
Vi, v -ne <0 on FC} = {Uk € Vi vk(a:@k) ‘n. <0, Vie Nkc}

As mentioned in the introduction, the key idea is to remove the mass associated with the
nodes at the contact boundary. We consider an approximate mass term my such that
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Fig. 3.1. Decomposition of the domain {2; bullets (resp., circles) indicate nodes indexed by elements of the set

N (resp., NY).

mk(qﬁikea,wk) = mk(wk,@,kea) = 0, Vi € ch Vo € {1, ..,d}, Vwk e Vk. (3.12)

Many choices are possible to build the rest of the mass term. In [57, 75], the authors devise
various methods to preserve some features of the standard mass term (the total mass, the center
of gravity and the moments of inertia). Here we will focus for simplicity on the choice

mp: Vi x Vi D (vk,wk) — pPUE - W. (3.13)
2

In the elastic case, owing to the property (3.12), the semi-discrete problem reduces to a system
of ODEs. To keep this property in the visco-elastic case also, we also modify the viscosity term
at the boundary by setting

b : Vie X Vi 3 (vg, w) — e(vg) = B e(wy). (3.14)
2

It is also convenient to modify the external load term at the boundary as

U [O,T} X Vi 2 (t,vk) — f(t) * V- (3.15)
2

The modification of the viscosity and external load terms is convenient from a theoretical view-
point. In practice, it is probably not needed. Owing to the above definitions, there holds for all
vi, € Vi and all wy, € Vg,

my (v, wi) = myg(wg, vi) = bk (vi, wk) = b (wg, vi) = lk(t,v;) = 0. (3.16)
The approximate initial values 112 and v% are chosen such that ug € Ky, vg € Vi, and
u —»u®inV, ) —v"in M. (3.17)

If the initial data are continuous, such values can be built by Lagrange interpolation. We now
formulate the space semi-discrete problem and examine its properties.
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Problem 3.2. Seek u;, € C°([0,T]; K) such that u} € C?([0,T]; V}) and for all v, € K}, and
all t € [0,T7,

mk(u}z,vk — Uk> + a(uk,vk — uk) + bk(uz, Vg — uk) > lk(t,’l)k — ’U,k>, (3.18)

with the initial conditions u}(0) = u* and u}(0) = v* in 2.

Proposition 3.1. (i) The variational inequality (3.18) is equivalent to

my(iy, vg) + a(uy + qr(uf), vi) + b (ar, vi) = lk(t, v5), Yvi € Vi', Vit € [0,T], (3.19)
uf, = qx(u), vt € [0,T], (3.20)

where qi : V' — V¢ is a Lipschitz function.

(1) There exists a unique solution uy to Problem 3. 2 Moreover ug, € WH(0,T; Vy).
(iii) The value of uy at the initial time is ug(0) = ud* + gx(ud*) and |Juk(0)|lv < [[uQlv.
() For all tg € [0,T], the following energy balance holds,

Bulin(0) = Be(un(0)) = [ {1t 630)) = buCi0). e (3:21)

where Ey(vg) = % (mg (U™, vk*) + a(vg, vg)).

Proof. (i) The variational inequality (3.18) is clearly equivalent to the following system

my (g, v) + a(ug, vi) + b (g, vy) = L(t,vy), Yoi € Vi, Vt € [0,T], (3.22)
a(ug, vy —ug) > 0, Yo, € ViE N Ky, YVt € [0,T]. (3.23)

Consider (3.23). If we fix uj € V7, there exists a unique uj, satisfying the variational inequality
(3.23) (indeed it is equivalent to the minimization of a strictly convex functional over a convex
set). Denote g : V7 — V¢ to be the map such that for a given uj € V', uf = qr(uj) is the
unique solution of (3.23). The system (3.22)-(3.23) is then equivalent to the system (3.19)-(3.20).
Now we study the regularity of gj. Let v}, w; € V. Set v, = qi(v;) and wj, = gx(wy). Owing to
(3.23), it follows that

a(uf — wf, vf — wf) < alvf - w, wf — ).

The bilinear form a being continuous and elliptic, a straightforward calculation yields |vf —
wi|lv < |lvj — wi|lv, which proves that g is Lipschitz continuous.

(ii) The system of ODEs (3.19) is globally Lipschitz. Owing to the Cauchy—Lipschitz theorem,
there exists a unique solution u} € C%(0,T; V}) satisfying the initial conditions of Problem 3.2.
From (3.20), ur, = uj + uj, = uj + qr(uy). Therefore, Problem (3.2) has a unique solution
ur € C°(0,T; K},). Rademacher’s theorem [45] states that in finite dimension a Lipschitz func-
tion is differentiable almost everywhere; hence, u, € W1>°(0,T; V4,).

(iii) The value of uk at the initial time is ug(0) = ud* + g, (ud*). Since u) € Ky, we can apply
(3.23) with v§ = ul°, so that a(ug(0), ud® —uf(0)) > O Since u}(0) = ud*, a(uk(0), u) —ug(0)) =
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a(up(0), w® — ug(0)) > 0. Hence, [lup(0)[lv < [[ulv-

(iv) Without loss of generality, we assume that e; = n.. Recalling that the family {¢; req tiene 1<a<d
is a basis of V¢, we decompose uf, on this basis yielding uf, = Ziele Zizl uj; ;9K i€a- The nor-
mal and tangential components of uf at the node indexed by i € N are given by Njuf =
u,1€7i¢k,inc and T juf = Zi:2 uj; ;P i€a, 0 that uf = Zie/\/,g (Th,suj, + Niuj). Owing to (3.23),
a(ug, Ty ;u5) = 0. Moreover, define CY := {t € [0,T}; u}“ =0} and C; :={t € [0,T7; u}“ < 0}.
The sets C? and C; are respectively closed and open, and they form a partition of [0,77]. On
int(C?), Ngu§ = 0. Owing to (3.23), a(ug, Ni;u$) = 0 on C; . Finally, a(ug, Ni;u$) = 0 on
int(C?)UC; , and hence almost everywhere (since an open set in R is a countable union of open
intervals, so that its boundary has zero measure). Hence,

a(ug,ay,) =0, a.e.on]0,T]. (3.24)
Setting vy = 4} in (3.22) and using (3.24), we obtain
my (g, uy,) + a(ug, @) + bp(uy, o) = (¢, 4y), a.e. on |0,T7. (3.25)

The energy balance (3.21) readily follows by integrating in time. The equality holds for all time
since the energy is continuous in time.

3.4 Convergence of the semi-discrete solutions

This section is organized as follows. First we establish a priori estimates on the space semi-
discrete solutions (Lemma 3.3). Owing to these estimates and using compactness arguments, we
extract a weakly convergent subsequence (Lemma 3.4). Then we check that this weak limit is a
solution of the continuous problem (Theorem 3.1). In the sequel, to alleviate the notation, we do
not renumber subsequences.

We first recall two useful results on time-dependent functional spaces; for their proof, see re-
spectively [92] and [119, §1I1.2]. For two Banach spaces By and B, let W(By, B2) :={v: (0,T) —
Bi;v € L?(0,T; By), v € L*(0,T; B)}, equipped with the norm v vl 20,780+ 101 22(0,7:B)-

Lemma 3.1 (Lions-Magenes). Let Vi C Vo be two Hilbert spaces. Assume that Vi is contin-
uously imbedded in Va. Then, W(V1,Va) is continuously imbedded in C°([0,T); [V1, Va]1), where

[Vi, V2]

1
2

1 18 the interpolation space of exponent %
2

Lemma 3.2 (Aubin). Let By C B C By be three reflevive Banach spaces. Assume that By is
compactly imbedded in B and B is continuously imbedded in By. Then, W(B1, Bs) is compactly
imbedded in L*(0,T; B).
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Owing to the modifications in the space semi-discrete formulation, a prior: estimates are
obtained only on restrictions of 4 and iy to 2. Let I} := int(992; N 0S2) (see Fig. 3.1) and
set W = H(£2, P U I'°)4. Define the cut-off operators xy, : M — M such that

XEU = v on (2, Xxv = 0 on §2¢. (3.26)

Of course, ||xxvllm = [|vj0; [l a(0;)- Furthermore, for any node index i € NE, pick a node z;+ i, of
the same element as x; , and lying on FT:, and define the operator & : Vi — Vi such that

Epvg = vk on (2, Vi e N, &pvp(@ik) = Eevr(zi k). (3.27)

Using standard finite element techniques (details are skipped for brevity) yields ||{gvrllv <

~

||Uk|Q; HV(Q;;)-

Lemma 3.3. Let (uk)ken be the sequence of solutions to Problem 3.2. Then, the following esti-
mates hold:

lurllcogo,rvy + N€kunll o,y + Ixkinllcoqo,ryan + Ixwiiell 20wy S 1. (3.28)

Proof. (i) Let to € [0,T]. The energy balance (3.21) implies

to
ki) s+l + [ iwio (O1F o
0 (3.29)

to
5/0 11 () s [ty 2 () gy At =+ N (0) 17 + [[xatin (0) 13-

Since u) — u® in V and v) — V¥ in M, we obtain [|ul||v < ||u®|lv and [|[v{|lar < [|[v°||as- Hence,
[ (©)llv S 10l and [xki(©)ar < [+°]lar. Then, owing to (3.29) and using | - [z <

~ ~

|+ v () together with Young’s inequality yields

to to
i to) B+ o)+ | Wi Ol oyt < [ 17 Radt+ 1001, + 13715

The first three estimates in (3.28) are readily deduced from this inequality.

(ii) Let v € Sw := {v € W;|lv|ly = 1}. The bilinear form m defines a scalar product on V}’.
Let m;v be the m-orthogonal projection of v onto V;*. The mesh family being quasi-uniform
and using standard finite element techniques (see, e.g., [44, §1.6.3]) yields the following stability

property:
Imxollv < llollv- (3.30)

Owing to (3.19),

(pxwiin (), vywr w = m(xxii(t), v) = m(xxiix(t), Thv)
= mi(Xkiik(t), Tv) = le(t, mpv) — aluk, Tpv) — b (g0, TRV).-

Using the stability property (3.30), it is inferred that
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(pxrtie (@), vywrw S FOmllmpvllar + lusllvlimgollv + [lawe; v llmivllv

S NF@Oar + Nurllv + [l o [lvep)-

Using the definition of the norm W’ and since p is uniformly bounded from below,

Ixwiie(O)llwe = sup [Oxwtin (@), 0w w| S @) lar + llur@®llv + [[dwop (0)llvop)-

veESW
Hence,
Ixkikllzzorwy S I fll2oman + llukllzzorvy + ke |20 vep))-
This proves the fourth estimate in (3.28).

Lemma 3.4. There exists u € L*>(0,T; K) N H(0,T; V)N CY([0,T); M) such that, up to a sub-
sequence,

up — u weakly in L*(0,T;V), (3.31)
Xriy — @ in L2(0,T; M), (3.32)
up(0) = u¥ in V, (3.33)
xwig(0) = v in M, (3.34)
up(T) — u(T) weakly in 'V, (3.35)
up(T) = u(T) in M, (3.36)
Xxlp(T) — u(T) weakly in M. (3.37)

Proof. (i) Closed bounded sets in reflexive Banach spaces are weakly compact. Therefore, owing
to estimates (3.28), there exists u € L%(0,T;V), w3 € HY(0,T;V), v € L?(0,T; M) and w €
L2(0,T;W') such that, up to a subsequence,

up — u weakly in L?(0,T; V), (3.38)
Epur, — uy weakly in HY(0,T;V), (3.39)
Xkl — v weakly in L*(0,T; M), (3.40)
kil — w weakly in L2(0,T; W"). (3.41)

Let ¢ € D(£2x]0,T]). Since ¢ has compact support, beyond a certain index k, there holds
(ug,d) = (Exuk, ). Therefore, (uk)reny and (Egug)ren have the same limit in D'(£2x]0,T]);
hence, u = u;. The same argument yields that (xpux)ren and (ug)geny have the same limit in
D'(£2x]0,T]). Continuity of the differentiation in D'(£2x]0,T[) yields i — @ in D'(£2x]0,T]),
and thus v = 4. The equality w = 4 is obtained similarly. Moreover, it is clear that &gu, —
weakly in L2(0,T;V).

(ii) Regularity of the limit u. We have just established that u € H'(0,T; V) and ii € L2(0,T; W").
Hence, owing to Lemma 3.1, u € C°([0,T]; [V, W’}%) = CY([0,T); M) (for the proof of the equal-
ity [V, W’]% = M, see [92]). Furthermore, the set L?(0,T; K) is convex and closed in L?(0,T;V).
Therefore, L%(0,T; K) is weakly closed. The sequence (ug)reny being in L2(0,T; K), the weak
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limit u is also in L%(0,T; K). Hence, u € L*(0,T; K) N H(0,T;V) N CY([0,T]; M).

(iii) Proof of (3.32). Let € > 0. The functions x;u and @ only differ on a set whose measure tends
to zero as k — +oo. Since both sequences are bounded in L2(0,T; M), it is inferred, up to a
subsequence, that there exists ko € N such that ||xx,% — ul[z2(0,7,0r) < €/3. The same argument
shows that ko can be chosen so that for all & > ko, || xk,uk — XkakuLz(QT;M) < €/3. The index
ko now being fixed, we define W({2; ) = H&(QZO,FD U F,;‘O)d, V(%) = H&(QZO,FD)d and
M%) = LQ(Q;O)d, and proceeding as in the proof of Lemma 3.3 leads to the a priori estimate

lar ez 2. cop ) + Mirep 20w ) S 1

where the constant can depend on ko (but not on k). We then use Lemma 3.2 with B; =
V(§2%,), B = M($; ), and By = W(QZO)’, to infer that, up to a subsequence, there holds
ukmzo — vy, in L2(0,T; M (£2;)). As previously, we prove that vy, = umzo. This implies that
there is k1 € N such that for all k > ki1, [[Xketk — Xkotl L2(0,750r) < €/3. Collecting the above
bounds, it is inferred that for all & > max(ko, k1),

I Xktr — @l 220,00y <IIXKUR = Xko Ukl L2(0,7:00) F [ Xko Wk — XhoUl| £2(0,7;0)
+ kaou - uH[ﬂ(O,T;M) < €,

which proves (3.32).

(iv) Proof of (3.33) and (3.34). Let € > 0. Since ux(0) and u? only differ on a set whose measure
tends to zero as k — oo and since both sequences are bounded in V/, the sequence (uy(0)—u?)ken
converges to zero in V', whence (3.33) is deduced owing to (3.17). Moreover, (3.34) is a straight-
forward consequence of (3.17).

(v) Proof of (3.35), (3.36) and (3.37). Owing to estimate (3.28), there exists up € V, vp € M
such that, up to a subsequence,

up(T) — ur weakly in V, (3.42)
XxUg(T) — vp weakly in M. (3.43)

Since &up — u weakly in HY(0,T;V), it is inferred that &ui(T) — u(T) weakly in V. The
uniqueness of the limit in the sense of distributions implies that ur = «(T) and vy = (7).
Since the imbedding V' < M is compact, ux(T) — u(T) in M.

Theorem 3.1. The limit u identified in Lemma 3.4 is a solution to Problem 3.1.

Proof. (i) Integrating by parts (3.18) yields for all v, € C°([0, T]; K1) N C*([0,T]; Vi),

T
/ { — mk(ukﬂ‘}k — ibk) + a(uk, Vi — Uk) + bk(dk,vk — uk)}dt
0 (3.44)

T
+ mk(ﬂk(T), Uk(T) — uk(T)) — mk(uk(O), Uk(()) — uk(O)) > /0 lk(t, V — uk)dt.
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(ii) Let v € L*(0,T; K) N H*(0,T; M) be a test function in Problem 3.1. We can generate a
sequence (vg)ren such that vy € CO([0,T]; Kix) N CY([0,T); Vi) and

v — v in L2(0,T;V),
oy — o in L*(0,T; M),
vi(0) = v(0) in M,
ve(T) = v(T) in M.

To this purpose, we first consider an interpolation operator I : V. — Vi preserving positivity
on the boundary. Such an operator can be built by giving local mean-values to the nodal val-
ues (see, e.g., the operators described [99] which preserve positivity on the whole domain and
not only on the boundary). Setting wy = Iv yields wy € L?(0,T; Kx) N HY(0,T; Vi), wp — v
in L2(0,T;V), vy — v in L?(0,T; M), wi(0) — v(0) in M, w(T) — v(T) in M. Finally, to
obtain a sequence (vg)ren that is smooth in time, the sequence (wy)ken is regularized by con-
volution in time. This preserves positivity on the boundary as well as the convergence properties.

(iii) The last step is to pass to the limit in the inequality (3.44) with the sequence (vi)ren defined
above. The bilinear form a being V-elliptic, the function v — a(v,v) is convex and thus lower
semi-continuous in V. Using (3.31) then yields

T T
lim inf/ a(ug, ug)dt > / a(u,u)dt.
0 0

k—+o0

For the viscosity term, we observe that

Owing to a convexity argument and (3.35), liminf b(ug(T"), uk(T")) > b(u(T),u(T)), and, owing
to the strong convergence (3.33), lim b(ug(0),ux(0)) = b(u’, u’). The two other terms tend to
zero since (ug(0))gen and (ug(T))gen are bounded in V. Hence,

T T
liminf/ br (U, ug )dt > b(u(T),u(T)) — b(u(0),u(0)) = / b(1, w)dt.
k—4o00 0 0
For the inertia term, using (3.32) yields
T

T T
lim / mk(ﬂk,ﬂk)dt = lim m(Xk:ukka@k)dt = / m(@,ﬂ)dt.
k—+o00 Jq k—+o0 Jo 0

Moreover, (3.36) and (3.37) imply that

lim mk(uk(T),Uk(T)) = m(’ll(T), U(T))7

k—4o00

while (3.33) and (3.34) yield
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lim  my (i (0), ug(0)) = m(v°, u?).
k—-+oco
The limits involving (vg)ken are straightforward owing to the strong convergence properties of
the sequence (vg)ken. Collecting the above limits leads to the variational inequality (3.9).

Remark 3.2. The strong convergence of (xrtx) in L?(0,T; M), i.e., property (3.32), plays a
key role in the proof. We restate that without the wviscosity term, the velocity is not necessarily
bounded in V, and the required compaciness argument no longer holds.

Remark 3.3. If the solution to Problem 3.1 were proven to be unique, we could conclude that
the whole sequence (ug)ren converged to u.

Acknowledgment. The authors are thankful to R. Monneau (CERMICS) for stimulating dis-
cussions.






4

Analysis of the modified mass method for the dynamic Signorini
problem with Coulomb friction

This chapter is submitted for publication [34].

4.1 Introduction

The modified mass method is a new approach for solving computationally dynamic prob-
lems with unilateral contact. Introduced in |75] for frictionless contact problems, it is based on
a space semi-discrete formulation in which the mass matrix is modified (the entries of the mass
matrix associated with the (normal) displacements at the contact boundary are set to zero). This
modified semi-discrete problem can then be discretized with various time-integration schemes.
The modified mass method eliminates the large spurious oscillations on the contact pressure,
which can appear with a standard mass matrix, while ensuring an exact enforcement of the
contact condition. Moreover, with a suitable scheme such as the Newmark scheme (trapezoidal
rule), a tight energy conservation and a good behavior in long-time are observed. In addition, the
method does not require extra steps or extra parameters and can easily be implemented. Since
its introduction, the modified mass method has been developed in several directions: alternative
ways of building the modified mass matrix [57, 107, 62|, use of semi-explicit time-integration
schemes [38, 36|, application to contact with friction [73, 57, 58|, application to thin structures
[107]. For a comparison of the modified mass method with other popular methods, we refer to
[73, 36, 80].

Up to date, no theoretical analysis has been carried out for the modified mass method
in the frictional case. In the frictionless case with an elastic material, interesting results have
been proven. The space semi-discrete problem is equivalent to a Lipschitz system of ordinary
differential equations and is, therefore, well-posed [75]|. The variation of energy is equal to the
work of the external forces; the contact forces do not work [75]. Convergence of the semi-discrete
solutions to a continuous solution is proven for viscoelastic materials in [35]. An error analysis of
the modified mass matrix has been performed in [58] for linear elastodynamics without contact.

The aim of the present work is to analyze the modified mass method for the dynamic Sig-
norini problem with Coulomb friction. Implementation and numerical simulations are extensively
discussed in [57, 58, 80]. We prove that the space semi-discrete problem is equivalent to an upper
semi-continuous one-sided Lipschitz differential inclusion [31, 114| and is, therefore, well-posed
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(Theorem 4.2). Furthermore, the variation of energy is equal to the work of the external forces
and friction forces (Theorem 4.3). For the time discretization, we consider an implicit scheme.
Each time step requires solving a nonlinear problem similar to a static friction problem. It is well-
known that such a problem can have several solutions [67]. Here we prove that, under a certain
condition on the discretization parameters of CFL-type, the fully discrete problem is well-posed
(Theorem 4.4). For a fixed discretization in space, we prove also that the fully discrete solutions
converge to the space semi-discrete solution when the time step tends to zero (Theorem 4.5).

With a standard mass term, proving the existence of a semi-discrete solution to a dynamic
contact problem is quite delicate. It is necessary to add an impact law and to work with BV and
measures spaces |18, 116, 5|. The modification of the mass term greatly simplifies the analysis.
Indeed, the unilateral contact condition can be eliminated and replaced by a Lipschitz continuous
term in the momentum equation [75]. Moreover, static and quasi-static Coulomb friction problems
can have several solutions [67]. Uniqueness is only obtained for small friction coefficients (see
[76, Theorem 11.4] for the static case and [60, Theorem 7.2.1] for the quasi-static case). It
is worthwhile to notice that in the dynamic case, uniqueness is recovered. Finally, we do not
examine herein the convergence of the discrete solutions to a solution of the continuous problem.
Nevertheless, it seems possible to extend the convergence result in [35] to the case of a non-local
Coulomb friction (the non-local Coulomb friction is a regularization of Coulomb friction |76, 27]).

This paper is organized as follows. In Section 2, we formulate the continuous problem.
Sections 3 and 4 are devoted to the space semi-discrete and fully discrete problems, respectively.
In Section 5, we examine the convergence of the fully discrete solutions to the space semi-discrete
solution. Conclusions are drawn in Section 4.6.

4.2 Continuous problem

We consider the infinitesimal deformations of a body occupying a reference domain 2 ¢ R?
(d € {2,3}) during a time interval [0,T]. Let v be the outward unit normal to {2. The elasticity
tensor is denoted by A4 and the mass density by p. An external load f is applied to the body. Let
w:(0,T) x 2 — R e(u): (0,T) x 2 =R and o(u) : (0,T) x 2 — R be the displacement
field, the linearized strain tensor, and the stress tensor, respectively. Denoting time-derivatives
by dots, the momentum conservation equation reads

1
pii —dive = f, o=A:¢, €= i(Vu +TVu) in 2 x(0,7). (4.1)

The boundary 042 is partitioned into three disjoint open subsets I'”, I'V | and I"¢. Dirichlet and
Neumann conditions are prescribed on I'? and I'V| respectively,

u=up on '’ x(0,T), o-v=fy onI™ x(0,7). (4.2)

In what follows, we assume f € W5H°(0,T; L2(£2)%) and fy € WH°(0,T; L2(I'V)%).

We let u,, 1= ujpq v and ur = upn —u,v the normal and tangential displacements on 942,
respectively. We also let o, (u) := v -0 (u)pq - v and o-(u) := o(u)jgn - v — o(u),v be the normal
and tangential stress on 02, respectively. Note that u, and o, (u) are scalars while u, and o, (u)
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are vectors in R?%. Let | - | denote the Euclidean norm in R™, m > 1. On I'°, a unilateral contact
condition, also called Signorini condition, and a Coulomb friction (see Fig. 4.1) are enforced

uy < g, op(u) <0, op(u)(u, —g) =0 on I' x (0,T), (4.3)
o7 (u)] < ploy(u)] on I'° x (0,7),
or(u) = —M|Jl,(u)]|Z—:‘ if i #£ 0 on I'° x (0,T), (4.5)

where p > 0 is the friction coefficient (taken to be constant for simplicity) and g is the initial
gap. At the initial time, the displacement and velocity fields are prescribed,

o-(u)

—vpo,(u)

| vpo,(u)

Fig. 4.1. Coulomb condition (d = 2).

u(0) =u°, @(0)=+v" in Q. (4.6)

The mathematical analysis of the above time-dependent problem entails substantial difficul-
ties [41]. The existence of a weak solution is only proven for a viscoelastic material and a non-local
Coulomb friction law [27].

4.3 Space semi-discrete formulation

In this section, we formulate the space semi-discrete problem and prove existence and
uniqueness of a solution. We also establish an energy balance. In the frictionless case, the semi-
discrete problem is equivalent to a Lipschitz ordinary differential equation, and existence and
uniqueness are deduced from the Cauchy-Lipschitz theorem. With friction, the situation is more
complicated. We choose to model the friction term as a set-valued map. The semi-discrete problem
is then equivalent to a differential inclusion, for which generalizations of the Cauchy-Lipschitz
theorem are available [31, 114].

4.3.1 Preliminaries

To begin with, we introduce some notions needed for the formulation of our problem as a
differential inclusion.
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— Given a set F, we define P(E) as the set of all subsets of E, and P*(E) := P(E) \ {0}.

— A set-valued map is said to be closed convex if its images are closed convex sets.

— Various notions of continuity can be defined for set-valued maps. One of them is upper
semi-continuity '. A set-valued map F is said to be upper semi-continuous at x if, for
every open set V containing F'(z), there exists a neighborhood U of x such that F(U) C
V. Consider, for instance, the following set-valued maps:

J-L ifz=o0, o o) = {0} ifz=0,
F1(a:)—{{0} o0, d  Fy )—{[_1’1} if o £ 0.

It is easy to verify that Fj is upper semi-continuous for all z € R, whereas F5 is not upper
semi-continuous at x = 0. Here is another example of set-valued-map, closely related to
the Coulomb friction term,

{=lz[}  ify <0,
Fs(xz,y) = < [~|z|,|x]] ify=0,
{l=|} if y > 0.

It is easy to verify that this map is upper semi-continuous for all (z,y) € R2. Finally,
we observe that upper semi-continuity applied to single-valued functions is equivalent to
continuity. For more details on set-valued maps, we refer to [3].

— The existence theorem for differential inclusions we use does not provide continuously
differentiable solutions in time. The solutions are only absolutely continuous in time.
For brevity, we do not define this concept and refer to [109]. For our purpose, it suffices
to know that an absolutely continuous function y is continuous, differentiable almost
everywhere and is equal to the integral of its derivative:

u(to) = 4(0) + / it

Lipschitz continuous functions are absolutely continuous. In what follows, we denote by
AC([0,T];R™), the space spanned by absolutely continuous functions from [0, 7] to R™.

— The set-valued maps which appear in our space semi-discrete problem are subgradients
and for completeness, we define this notion. Let J : R™ — R U {400} be a convex
function and D(J) := {v € R™; J(v) < 400} its domain. We define the subgradient of
J as the set-valued map 9J : D(J) — P*(R™) such that

Yo e D(J), 0J(w):={yeR™; J(w)—Jw)>(y,w—v), YVwe D(J)}, (4.7)

where (-,-) denotes the canonical inner product on R™. It is easy to prove that the
subgradient of a convex function is well-defined and is a closed convex set-valued map.
For more details on subgradients, we refer to [26, 68].
We can now state the main result we use for asserting the well-posedness of a problem posed in
the form of a differential inclusion.

1. This notion of upper semi-continuity is distinct from the upper semi-continuity for single-valued functions.
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Theorem 4.1. Let P : [0,T] x R™ — P*(R™) be a closed convex set-valued map. Let xo € R™
and consider the following problem: Find x € AC([0,T];R™) such that

z(t) € P(t,z(t)), (4.8)
z(0) = xo. (4.9)

© oo

Assume that
1. the set-valued map P(t,-) is upper semi-continuous for almost all t € [0,T];

2. for any © € R™, there exists a measurable function p(-,x) satisfying p(t,x) € P(t,z) for
almost all t € [0,T];

3. there exists a function b € L*(0, T;R™) such that |p(t,x)| < b(t) for almost all t € [0,T].

Then, there exists a solution to (4.8)-(4.9). Furthermore, assume the following one-sided Lipschitz
condition: there exists K € R such that, for all t € [0,T], for all x1, x2 € R™,

(y1 —Y2,T1 — 1‘2) < KHxl — {L'QHQ, Vyl € P(t,.’L‘l), Vyg S P(t,m’z). (4.10)

Then, the solution is unique.

Proof. For the existence, see [114, Theorem 4.7] or [31, Theorem 5.2]. Uniqueness is straightfor-
ward owing to the one-sided Lipschitz condition since it implies that two solutions x; and xo
satisfy 14 (||lz1 — 22]|?) < K21 — 222

Remark 4.1. In the single-valued case (P :[0,T] x R™ — R™), the hypotheses of Theorem .1
become

1. P(t,-) is continuous for almost all t € [0,T);
2. for any x € R, P(-,z) is measurable;
3. there exists a function b € L1(0,T;R) such that |P(t,z)| < b(t) for almost all t € [0,T];

We recover Caratheodory’s existence theorem for ordinary differential equations [48]. Further-
more, the one-sided Lipschitz condition means that P(t,-) is Lipschitz continuous for allt € [0,T]
(uniformly).

Remark 4.2. If P is a monotone operator, i.e., for all t € [0,T)], for all x1, zo € R™,
(y1 — y2, 21 —a2) >0, Vy1 € P(t,x1), Vy2 € P(t,22),

then —P satisfies the one-sided Lipschitz condition.

4.3.2 The discrete setting

For simplicity, we suppose that (2 is a polyhedron. Let T be a simplicial mesh of 2
(triangles in 2D and tetrahedra in 3D). Let {x;}ienr and {¢;}ien be the nodes of the mesh and
the associated scalar basis functions (continuous and piecewise affine), respectively. We denote
by NP the set of indices where a Dirichlet condition is enforced, and we set N := A \NP. The
space of admissible displacements is approximated by the space
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V ={ve ()% vy € (P1)?, VT € T, and v(z;) =0, Vi € N}

The space V is spanned by {¢i6a}ieN,1<a<d’ where {eq }1<a<d is the canonical basis of R%. Denote
by N the set of indices of contact nodes (that is, the nodes located on I'® which is fixed a priori)
and by N := N\ N¢ the set of indices of the remaining nodes (see Fig. 4.2). Let {v; }icne and
{Ti,a }iene,1<a<d—1 be the contact normal vectors and tangential vectors, respectively. We set

Vi= Span({éf)z‘@a}ie/\/i,lgagd),
V¢ =span({¢witiens) and V' =span({¢iTia}ienei<acd 1)
Clearly, V = Vi@ V° @ VT, so that any discrete function v € V can be decomposed as
v=1; +v:.+vr with wv; € Vi, ve € VE, v € v,

We also introduce the space V* := Vi@ V1, so that any discrete function v € V can also be
decomposed as
V=04 +v. with v, € V¥, v. € V"

Let (-,-) denote the L? inner product on V. Let || - || denote the norm associated with (-,-).
Herein, we always work in finite dimension on a fixed spatial mesh; the specific choice of the
norm is therefore not critical. The present choice is made for simplicity.

—

FD

{g

FC

Fig. 4.2. Decomposition of the domain {2; bullets (resp., circles) indicate nodes indexed by elements of the set
N (resp., N©). The open sets £2° and 02¢ are defined in Section 3.

The standard mass term stems from the bilinear form
m: L2(2)¢ x L*(2)? 3 (v,w) — / pv-w € R.
(0]

The key idea in the modified mass method is to remove the mass associated with the normal
components at the contact nodes. We consider an approximate mass term associated with the
bilinear form m* such that

m*(pivi,w) = m*(w, piv;) =0, Vie N¢ Yw e V. (4.11)

Many choices are possible to build the rest of the mass term. In [57, 75|, the authors devise
various methods to preserve some features of the standard mass term (the total mass, the center
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of gravity, and the moments of inertia); see also [107] for further results. Here, we focus for
simplicity on the choice

m*:V xV 3 (v,w) — m(vi,wy) € R.
We define the associated operator M* : V* — V* such that,
(M vy, wys) = m* (vs, wy)  V(vg,wy) €V x V*,
We define the bilinear and linear forms

a:HY ()% x H(2)% 5 (v,w »—>/ (w),

1:[0,T) x H' ()% 3 (t,v) |—>/f v+/ In(t)

We define the linear operator A : V' — V and the vector L(t) € V such that for all v € V' and
w €V, and for all t € [0,T7,

(Av,w) = a(v,w), (L(t),w) = I(t,w).

We also need A°: V — V¢ and L°(t) € V° such that for all v € V and all w. € V¢, and for all
t €0, 1],
(A, we) = a(v,we), (LE(t), we) = U(t,we),

and, similarly, A* : V — V* and L*(t) € V* such that for all v € V and all w, € V*, and for all
t €10,T,
(A v, wy) = a(v, wy), (L*(t),we) = U(t, wy).

We define the constraint set
K:={veV;v(x;) v <g(zx;), Vi e NV,

and the unilateral contact term I : V¢ — RU {400} such that

L (ve) 0 if v. € K,
Ve) =
K too ifuve & K.

The function Ix is non-differentiable, but convex since K is convex. Therefore, it is possible to
define its subgradient 0Ix : VSN K — P*(V°),

Ol (ve) ={y €V 0> (y,we —v.) Ywe € V-NK}.
Now, we define the friction term j : V x Vi — R such that
o) = [l (o)l (1.12)
The function j is non-differentiable with respect to its second argument, but convex, and its
domain is V. We can define its subgradient with respect to its second argument such that for

all z €V, doj(z,-) : VI — P*(V) with

Bz, vp) == {'y eV iz, we) — jz,vr) > (7, wr — vp) Vg € vf} . (4.13)
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4.3.3 Formulation of the semi-discrete problem

We can now formulate the semi-discrete problem. Let u? € V* and v € V* be suitable
approximations of the initial displacement and velocity u® and v°, respectively.

Problem 4.1. Seek u € C°([0,T]; K) such that u, € C1([0,T];V*), @, € AC([0,T];V*), and
the following differential inclusion holds true

M*ii, € —Au — 027 (u,us) — Ol (uc) + L(t) a.e.in [0,T], (4.14)
with the initial conditions u.(0) = u? and . (0) = v? in £2.
Remark 4.3. The velocity . is absolutely continuous. Therefore, it is differentiable almost ev-

erywhere, and the acceleration i, in (4.14) is well-defined. Moreover, u. € K so that 01k (uc) is
well-defined.

To explicitate the link between the space semi-discrete Problem 4.1 and the continuous
problem formulated in Section 2, we observe that (4.14) means that, for almost all ¢ € [0, 7],
there exist A\¢ € 0l (uc) and A¢ € daj(u, ug) such that

M*iiy + Au + Ao + Ap = L(t).

Therefore, the vectors A; and A¢ are discrete counterparts of the normal and tangential contact
stresses. Furthermore, lumping the mass matrices, it is easy to verify that the definitions of
Ik (uc) and Oo7(u, i) imply that, for all i € N,
() - vi < gl@s), Aclws) < 0, Aol (uelas) - vi — g(a2)) = 0, (4.15)
M) < o () )| (1.16)

)= —uloy,(u)(x; M
Me(ws) = —plo () (@) |77

Thus, we recover the discrete counterpart of the contact and friction conditions (4.3)-(4.5).

if g (a;) # 0. (4.17)

4.3.4 Main results

This section contains our main results concerning the space semi-discrete problem. We
define the map ¢ : [0,7] x V* — VN K such that for all ¢ € [0,7] and for all v, € V¥,
ve = q(t,vs) € VSN K solves the following variational inequality

a(Ve, We — ve) > U(t, we — ve) — a(ve, we —ve) Ywe € VSN K. (4.18)

This variational inequality is well-posed since it is equivalent to the minimization of a strictly
convex functional over a convex set. We first examine the properties of the map q.

Lemma 4.1. For all v, € V*, the map t — q(t,vs) is Lipschitz conlinuous, and its Lipschitz con-
stant is uniformly bounded in v.. For all t € [0,T], the map v, — q(t,vs) is Lipschitz continuous,
and its Lipschitz constant is uniformly bounded in t.
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Proof. Let t1,t2 € [0,T] and v,, w, € V*. Set ve = q(t1,vs) and we = q(t2, ws). Owing to (4.18),
a(Ve — Wey Ve — We) < a(ve — Wy, We — ve) + U(t1, v — we) — U(t2, ve — We). (4.19)

Since I(t, ve—we) = [, f(t)-(ve—we)+ [rn fn(t)-(ve—wc) and since since f € W(0, T; L?(£2))
and fy € WH(0,T; L?>(I'V)?), there exists a constant ¢; such that

U(t1,ve — we) — Ut ve — we) < ¢t — taf||ve — wel|.

Moreover, the bilinear form a being continuous (with constant ¢,) and elliptic (with constant )
for the norm || - ||, a straightforward calculation yields

allve — well < callvx — will + cilts — taf,

which proves the desired regularity for q.

We now reformulate the differential inclusion (4.14) using the map q.

Lemma 4.2. The differential inclusion (4.14) is equivalent to

M* i, € =A™ (uy + q(t,us)) — 027 (us + q(t, us), ug) + L*(2), a.e. in [0,T], (4.20)
ue = q(t, uy), vt € (0,77, (4.21)

Proof. Distinguishing components in V* and V¢, the inclusion (4.14) is equivalently split into
the following inclusions

M*ii, € —A*u — doj(u, ig) + L*(¢) a.e. in [0, 77, (4.22)
0 € —A% — I (uc) + L°(¢) a.e. in [0, 7). (4.23)

Consider (4.23). By continuity, the inclusion (4.23) is valid for all ¢ € [0, 7). For convenience, we
recast it as a variational inequality,

a(u,ve —ue) > U(t,ve —uc) Yt e[0,T], Yo, e VENK, (4.24)
or, equivalently,
a(tc,ve — ue) > U(t,ve — uc) — a(uw, v —ue) VYVt €1[0,T], Vo, € VSN K. (4.25)

Hence ue = q(t,us) so that the system (4.22)-(4.23) is equivalent to the system (4.20)-(4.21).
We can now state our main existence result for Problem 4.1.
Theorem 4.2. There exists a unique solution u to Problem 4.1. Furthermore, u. € WH>°(0, T; V°).

Proof. (i) To prove the existence of a solution, we rewrite the second-order differential inclusion
(4.14) as a first-order differential inclusion. We define the single-valued map S : [0, T]|xV*xV* —
V* x V* such that, for all ¢ € [0, 7], for all v,,w, € V*,
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sawww0==<Jv@a+q$ln>+Lﬂw>’

and the set-valued map P : [0,7] x V* x V* — {0} x P*(V*) such that

P(t, v, wy) = (_52]'(@* -|-Oq(t, U*),wf)> '

We define also the linear single-valued map D : V* x V* — V* x V* such that

D(ve,w,) = <Mizj*) .
u,(t)

Setting X (t) = <1l (t)> € V* x V*, the differential inclusion (4.20) can be recast as

DX (t) € S(t, X(t)) + P(t, X (t)). (4.26)

We equip the product space V* x V* with the product norm.

(ii) The operator S is a single-valued map. Since ¢(t, ) is continuous and ¢(-, z) is Lipschitz
continuous, the operator S satisfies the hypotheses of Theorem 4.1 (see Remark 4.1).

(iii) We now examine the operator P. This operator is a closed convex set-valued map
(owing to the properties of the subgradients of convex functions). Since ¢(t,-) is continuous
and 02j(-,-) is upper semi-continuous (see the example given by (4.3.1)), the map P(t,-) is
upper semi-continuous. Hence, Hypothesis 1 of Theorem 4.1 holds true. Since ¢(-, z) is Lipschitz
continuous, Hypotheses 2 and 3 of this theorem are also satisfied. Next, we check the one-sided
Lipschitz condition (4.10). Let (ul,u2,v},v2) € (V*)* and let t € [0,7)]. Set u! = ul + q(t,ul)
and u? = u? + q(t,u?). Let y1 € —aj(ul,v}) and let vo € —8a7(u?, v?). Using the definition of
the subgradient, a reverse triangle inequality, norm equivalence in finite dimension, and the fact
that ¢(t,-) is Lipschitz, we infer

(v2 =y vn = v3) <g(ulvp) = j(ul,of) + 5(u?, of) = j(u?, vf)

< [ _nliontahl = louta®)) (of] = o)
< [ nlloutdl = louta 1ot - 1231

slymmM—@mmd—ﬁ
< Jlut — ol — o2
< (lad = 2]] + llg(t, u) — q(t,w2)]) ok — 2|

S luw = wdlllvs = o211 S llus = w2l + og — 3]

Therefore, P satisfies the one-sided Lipschitz condition.

(iv) Owing to Theorem 4.1, there exists a unique X € AC([0,T]; V* x V*) satisfying (4.26)
0
with the initial condition X (0) = <:}L§> Therefore, there exists a unique u, € C1(0,T;V*) such

*
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that u. € AC([0,T]; V*) satisfying (4.20) with the initial conditions u.(0) = u and 7. (0) = v2.
Owing to (4.21), u = ux + uc = ux + q(t, uy). Therefore, Problem 4.1 has a unique solution and
it is clear that ue = q(t,us) € WH(0,T;V°).

We conclude this section with the energy balance.

Theorem 4.3. For all ty € [0,T], the following energy balance holds true:

to
B(uto)) = B(u(0)) = /0 {ut,ae) = j(ut), ar(0)) ft, (4.27)
where E(v) = 5 (m(s, 0x) + a(v,v)).
Proof. We recast the differential inclusion (4.20) as a variational inequality,

(U, Vi — U ) + a(u, v — Uy ) + 5 (u, ve) — J(u, )
> (t, v —Us) VYo, € V¥ ae in [0,7]. (4.28)

Taking v, = 0 and then v, = 2%, in the above inequality, we obtain
m (s, Uy ) + alu, @) + j(u, ) = 1(t, 1) a.e. on [0,T]. (4.29)

Recalling that the family {¢;v;}iea~ is a basis of V¢ we decompose u. on this basis yielding
Ue = Y iene Widivi. Define CY := {t € [0,T]; w; = 0} and C; := {t € [0,T]; w; < 0}. The sets
C? and C; are respectively closed and open, and they form a partition of [0,7]. On int(CY?),
wipiv; = 0 so that a(u, i) = 0 = U(t, wpivs). On C;, a(u, @) = U(t, 4idiv;) owing
to (4.23). Finally, a(u, w;¢;v;) = (t,0;¢;1;) on int(CY)UC;, and hence almost everywhere (since
an open set in R is a countable union of open intervals, so that its boundary has zero measure).
Hence,

a(u,uc) = U(t,%.) a.e.on [0,T]. (4.30)
Using (4.30), we obtain

M, s) + alu, @) + j(u,g) = I1(t, @) a.e. on [0,T]. (4.31)

Since 4 is absolutely continuous in time, by integrating in time (4.31), we obtain (4.27).

4.4 Fully discrete formulation

In this section, we discretize the space semi-discrete problem with an implicit time scheme.
We discretize the elastodynamics part with an implicit Newmark scheme (trapezoidal rule), while
the unilateral contact and friction conditions are enforced in an implicit way. This choice of time
discretization is very common. It is for instance employed in [57]. At each time step, we have
thus to solve a nonlinear problem similar to a static friction problem. It is well-known that such
a problem may have several solutions. Here we prove that, under a certain condition on the
discretization parameters of CFL-type, the fully discrete problem is well-posed. We also derive
the energy balance of this time-integration scheme.
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For simplicity, the interval [0,7] is divided into N equal subintervals of length At. We
set t" = nAt and denote by u”™, v, and a™ the approximations of u(¢"), @(t"), and u(t"),
respectively. We define the convex combination (0"+® := (1 — o))" + a0" " where [J stands
for u, v, a or t, and a € [0,1]. In this section, the notation A < B means that A < ¢B with a
constant ¢ independent of A and At.

Let T€ C Zbe the set of simplices such that at least one vertex is a contact node. We set
¢ =int (UTGTCT). Let 7¢ C T be the set of simplices such that at least one vertex belongs to
2. We set 2¢ = int (UpereT)(see Fig. 4.2). We define

he = min diam(7') and hy = min diam(7),
TGTC TeTC/
where diam(7") denotes the diameter of the simplex T'. Observe that h. and h are defined using

a minimum.

Let us recall some classical discrete trace and inverse inequalities (see, e.g., [122] and [44]).
For all v, € V°,

1
[vellp2(peys < \/TH%HH(Qc)da (4.32)
1
”UC‘Hl(Qc)d = "vvc“Lz(Qc)dxd < thUCHLQ(QC)d. (433)

The same inequalities hold when £2¢ is replaced by 2, and he by he. We define the operator
q" : V* — V¢ such that for all 0 <n < N,

q"(vi) = q(t",vs) Yo, € V*, (4.34)

where the map ¢ is defined in Section 4.3.4.
Lemma 4.3. The function q" : V* — V¢ is Lipschitz continuous. More precisely,

" (02) = 4" () 1 ey0 S [0 = el paggena Voo, ws € V. (1.3)
Proof. Let vy, w, € V*. Set ve = ¢"(v«) and we = ¢"(wy). Owing to (4.19),

a(Ve — We, Ve — We) < a(Vyx — Wy, We — Ue).
Since v, and w, are zero outside 2°, a(ve — We, Ve — We) 2 |ve — wc|§{1(m)d, and
a(Ve — Wy, We — Ve) = a((Vs — Wi )1 o, We — V) S V5 — w*|H1(QC/)d|UC — Wel g1 (e)as

whence the assertion.

We can now formulate the fully discrete problem.

Problem 4.2. Seck u"t! € V, v?*! € V* and a?t! € V* such that

M*a:}-&-l c _A*un-i-l _ 82j(u"+1, V?f%—‘rl) + L*(tn+1), (4.36)

Gt (4.37)
At? nyl

u"t = g AV Taf+2, (4.38)

1
n+3

VIl = v L At a2, (4.39)
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To begin with, we reformulate Problem 4.2 by eliminating v?*! and a?*!. We set 67 :=

n __ At.n ViL-i—l

2 .
—uy — 5 vy and €} 1= —u} — Atv] — ATta:j, and we rewrite and a"*! as

2
VI = (o),
anJrl _ 4

S @(UQH + %)

Next, we define the linear operator A* : V* — V* and the vector L™*! € V* such that, Yo, € V*,

A * * 1 *

A Vy i = A Vx + mM Vx,

~ 1

Ln—H — ¥ n+1y = M*e™
(") = qpM e

Then, using (4.37), it is straightforward to turn (4.36) into
- 2 -
= A*uerl + 82j (ug+1 _’_qn+1(uz+1)’ E(u?—H +5?)> _ntl —|—A*qn+1(uz+l). (4‘40)

Observe that the last term on the right-hand side of (4.40) involves the operator A* (and not
A*) owing to (4.11) and the fact that ¢"T!(u?T!) € V©.
Theorem 4.4. Problem 4.2 has a unique solution under the CFL-type condition

At _
he ™

1. (4.41)

Proof. Define the map @™ : V* — V* such that for all 0, € V*, v, = &"(0,) satisfies

- 9 -
0€ A*v, + Do) (@, v+ 5;3)) — I A%, (4.42)

where 9, := ¢"*t1(?,) and 9 := 94 + 9, so that (4.40) amounts to seeking a fixed-point for @".
Setting 1y, := %(v* + 07), we rewrite the above inclusion as a variational inequality,

A(Vsy 26 — ) + 5 (0, 20) — 5 (0, 95) > 1" (20 — ) — @Dy 26 — Ys), Vi €V, (4.43)
where we have set G(v., w,) = (A*v,,w,) and "1 (v,) == (L(¢t"*Y), v,). Taking 2, := 2; (w.+67)
in (4.43), then dividing by 2;, we obtain for all w, € V*,

Vs, e — vs) + 5(0, we + 6F) — 5(0, v + 6F) > 1" (wy — vy) — a(be, Wy — V). (4.44)

The variational inequality (4.44) has one and only one solution. Indeed, it is equivalent to the
minimization of a strictly convex functional. The map @™ is thus well-defined. Now we shall
prove that @" is a contraction under the CFL condition (4.41). Let v, € V* and w, € V*. Set
vy 1= P"(0,) and wy 1= P"(w,). Using (4.44), a straightforward calculation yields

(s — W 00— w2) < (0,01 + OF) — (0, 0r + 57)
— j(0,v8 + 6F) + j (0, vf 4 0f) — a(Dc — We, Vs — wy).  (4.45)
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Using the ellipticity of m and a,
B0 — sy By — Ws) 2 [0y — a2 a + [0 — w22 (4.46)
* *y Ux *) < At2 * #|L2(0)d * *|H1(02)d" .
Using a reverse triangle inequality,
J(0,wg + 6¢) — j(w, we + 0f) — §(0,v¢ + 6f) + j(w, ve + 6f)
< [ lou@) = oula) [+ 671 ux + 67
FC
< [ lullon(@) = ot - w
FC
S [ 1) = (@l - wil
FC
Using the Cauchy-Schwarz inequality and the trace inequality (4.32),
J(0, w4 0¢) — j(b, we + 0¢') — j(0,v¢ + 6f') + j(, vg + 6f')
S llow(9) = 00 (@) L2 (re) lve — well L2 ey

1 N .
S 3 Mlow (@) = ou (@)l] L2 () [0 = will L2 (2e)
C

L.
S hf|1}*w|H1(Qc)de* 7w*||L2(Qc)d. (4.47)
C
Furthermore, using (4.35) and the inverse inequality (4.33),
|@ - w’Hl(Qc)d — "ZA)C - wC|H1(Qc)d + |@* - TZ}*‘Hl(_Qc)d

= ¢" 1 (04) = ¢ | 1 (eya + 104 — Wil g1 ey

S 0s = Wul g ety + |06 — Wi 1 eya

,S |'[)* - w*|H1(Qc’)d S EH@* - w*||L2(Qc’)d~ (4-48)
Collecting inequalities (4.47) and (4.48), and since hy < he,

3 (0, we +6¢') — j(, we + 6f) — j(0,v¢ 4 6f') + j(, ve + 0f)
< 5o e = Bull 2 (yallvs = will L2 (e
C/
Using the boundedness of a, Lemma 4.3, and the inverse inequality (4.33),
. . . .
(b — i, —02) 5 2o — Bl apallon — sl sy

h2

Cl

Collecting these different estimates,

At

2
1°(0.) = 8" @0z = o = wllzgons 5 () 160 = iz

Hence, if the ratio hAf is sufficiently small, the mapping ®" is a contraction. The Banach fixed-

point theorem guarantees that the problem has a unique solution.
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Remark 4.4. In the above proof, the inertial term is essential. By strengthening the coercivity
of a, it enables to prove that ®" is a contraction (for a time step sufficiently small). In the static
case, without the help of the inertial term, this fized-point proof works only for a certain range
of physical parameters, for instance when the Young modulus is large compared with the friction

coefficient [76, Theorem 11.4].

To conclude this part, we formulate the energy balance. We define the energy at time t"
as

1 1
E" = §(Au", u") + §(M*V", V). (4.49)
At each time t", there exist A\ € 0l (ug) and A} € 0o (u™, v{*) such that
M*all + Au"™ + A\ + A} = L(t"). (4.50)

Proceeding as in [82], it is readily shown that

B B = SO AT ) - SOF 4 AR )

1
2
1

+ §(L" 4+ LT gt g, (4.51)

4.5 Convergence of the fully discrete solutions

We fix the space discretization and we build the approximate solutions w4t : 0,T] -V
as follows:

1 ntl
WAt () = u" + VI (t — ") + §a*+2 (t—t")?2 Ve [t T, (4.52)

wAHT) = ulV. (4.53)

It is readily verified that, by construction, w?* € C°([0,T]; V) and w2t € C1([0, T]; V*). Further-
more, wAt € Whee(0,T;V). We are now going to prove the convergence of these approximate
solutions to the semi-discrete solution u of Problem 4.1. In this section, the notation A < B
means that A < ¢B with a constant ¢ independent of At, but which can depend on h. We
assume without loss of generality that At < 1.

Lemma 4.4. Let (u™, v",a") solve, for all n € {0,...,N}, Problem 4.2. Then, for At small
enough,
s 1, vl st Jladll S 1. (4.54)

Proof. (i) Let n € {0,...,N}. From (4.50) we deduce A°u" + A\ = L°(t"), and then, [|A?] <
|u™|| + [|L(t")]|. Owing to the inequality (4.16), we obtain ||Af|| < [|u"|. Hence, owing to the
equilibrium equation (4.50), ||aZ|| < ||u™|| + || L(t™)]].

(ii) Using the energy balance (4.51), it follows that

BT = BN (| [l L+ ILE D) o™ = um).
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Observing by (4.19) that ||¢" T (u?) — ¢"(u?)|| < || L") — L(t")]|, we infer
[ e [ R A (T B C A BN GO R TSI
St =l + L) = L)
S g™ =l + | LE I+ L],
we infer
B — B ([l [l L))+ e )
(st =l + | LE I+ ILE]) - (4.55)
Using (4.38),

B — B S AL ([|u" + u T L]+ ILE )

At nJrl n n
(1214 S0 1 eI+ 2] ) - @50)

Thus, using the previous bound on |[a?|| and ||a?*!||, and since At < 1,
B — B S AL ([|u" + T L]+ ILEE)
(V24 - [+ LEE ]+ L)) . (457)
Now, using Young’s inequality and the coercivity of the energy E™,
E"Tl _ E" < C1 At EMTY 4 CyAt E™ 4 C3 At (HL(t")H2 + HL(t"H)HQ) ,
where C1, Co, C3 are three constants independent of At. Next,
E"T - B < CLAE (BT — EM) 4 (Ch + Co) At E™ + C3 At (|| L) |1 + || L)
For At <1/(2Ch),

%(E”“ — E™) < (Cy + Co) At E™ + C3 At (| L()|1? + | L TH)1?),
so that
B — B S A (E" A+ LM IP +IILETHIP)
Finally, using a discrete Gronwall lemma,
E" < EY+ Zn:AtHL(tj)||2 <1
j=0

Then, it is straightforward to obtain the estimates (4.54).
Theorem 4.5. The following convergence results hold true as At — 0,

w? = u in CO([0,T]; V),

WA =, in C0([0,T]; V),

WA = i, weakly * in L=(0,T; V™),

where u solves Problem 4.1.
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Proof. (i) From the estimates (4.54), we deduce that
w0y S 1, o |z S 1,

Hw*AtHLN(O,T;V*) S, ||‘33*At||Loo(o,T;v*) S L
(ii) Using standard compactness arguments [119], there exists w € C°(0,T;V) such that w, €
C%0,T;V*), &, € L>®(0,T;V*), and, up to a subsequence,
w? = w in C°([0,T); V),
WA = o, in C°([0,T); VF),
WAt — o, weakly * in L0, T; V).
(iii) Next, we introduce the auxiliary (piecewise constant in time) approximate solutions w?? :
[0,T] — V and ¢t : [0,T] — V* such that
2=t vee et GNT) = v,
WA (t) = u"t vt e [t ), wA(T) = uV.

A At

By definition of the approximate solutions w<! and w<!, and using relation (4.38), Vn €

{0,...,N}, Vt € [t t"F1),
1 1
lw? () — w™ (@] < [Ju™ T — u™|| + At]| v + §At2Haf+2 |

1
< 2AH|VY| + A8 ||a 2.

Hence, using estimates (4.54),
w2 () — w2 (t)]| < At ae. in [0,T).

We deduce that w?* — w in L°(0,T;V). In the same way, we prove that ¢t — @&, in
L>(0,T;V*). We define an approximate external force vector,

LAYt) .= L") Ve e [t "), LAYT) = L(tY).

Since t — L(t) is Lipschitz continuous, L2t — L in L>®(0,T; V).
(iv) Owing to (4.36), the approximate solutions satisfy

M*A € —A* WA — Byj(w?, CAY) + LA™(t)  aee. in [0,T],
so that
m*(a)*Atv Us — *At) + a(ﬂAtv Us — *At) +.7.(£At’vf) - ](w
> (L2 v, — ¢ Vo, € V*, ae. in 0,77
Passing to the limit,
M (W, Ve — i) + a(w, v — Wy) + j(w, ve) — J(w, W)
> l(t,ve —wy) Yo, €V ae in [0,T],

and hence
M*&, € —A%w — 0gj(w, wg) + L*(t) a.e. in [0,T7.

By uniqueness of the solution, we conclude that w = wu. This uniqueness also implies that the
whole sequence (w??) converges, not only a subsequence.
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4.6 Conclusions

In this work, we have established three results on the numerical analysis of the modified
mass method for dynamic Signorini problems with Coulomb friction: the well-posedness of the
space semi-discrete problem, the well-posedness of the fully discrete problem under a CFL-type
condition on the mesh size and the time step, and the convergence of the fully discrete solution
to the space semi-discrete solution as the time step tends to zero. These results contribute to
the theoretical foundations of a computationally attractive method for which various numerical
results and implementation aspects are discussed in [57, 58, 80]. Further work can examine the
convergence of the space semi-discrete problem and deriving upper bounds on the approximation
error.
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Cohesive zone models
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Quasi-explicit time-integration schemes for dynamic fracture
with set-valued cohesive zone models

5.1 Introduction

Cohesive zone models have been introduced in the late 50s [6, 7, 39]. They can be applied to
a large range of materials (concrete, steel, etc...) and fracture processes (brittle fracture, ductile
fracture, fatigue, dynamic fracture) and they can be easily enriched with more complex physical
behaviors (contact and friction after decohesion, corrosion, etc...). Moreover, cohesive zone models
fit quite well within the framework of finite elements. For all these reasons, they are now widely
used in engineering simulations. A cohesive zone model describes the mechanical forces along
the fracture interface — it can be simply viewed as a boundary condition. The interface forces
depend at least on the opening (displacement jump at the interface). In a typical cohesive zone
model, the separation occurs at the interface only after a critical stress has been reached. When
the separation has occurred, cohesive forces remain. These forces decrease when the opening
increases and tend to vanish (softening behavior). Physically, the cohesive forces represent the
weakening of the material in the fracture process zone ahead of the crack tip. Furthermore, real
cracks cannot health in general. To take into account this irreversibility, one can introduce a
history parameter, such as the maximal opening. For quasi-static fracture, cohesive zone models
depending on opening and maximal opening are well established and in good agreement with
experiments. In the dynamic case, numerical simulations with such cohesive zone models predict
often crack speeds far higher than those observed in the experiments. For instance, for mode 1
fracture in brittle materials, numerical crack tip speeds are close to the Rayleigh wave speed,
while experimental crack tip speeds nearly reach half of this value (see for instance [112, 105]). To
remedy this, cohesive zone models depending on the opening rate have been designed [110, 126].
Such models are called rate-dependent.

Since the crack tip speed is high, typically of the same order as the wave speeds, small time
steps are needed to capture accurately the fracture phenomenon. Therefore, it seems natural to
consider an explicit time-integration scheme. For cohesive zone models in which the interface
forces are related to the opening by a classical function, the use of an explicit time-integration
scheme is straightforward [125]. However, in most cohesive zone models, the interface forces
are not related to the opening by a classical function, but by a set-valued map. Indeed, most
cohesive zone models feature perfect initial adhesion, contact or rigid unloading. There are two
main difficulties in using fully explicit schemes in such a context. Firstly, the interface forces are
not defined for negative normal opening (see Figure 5.1, left). Secondly, the interface forces are
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discontinuous with respect to the opening (see Figure 5.1, right), and this can cause oscillations.
A first option consists in regularizing the set-valued map to turn it into a single-valued map.
Unfortunately, the regularization of a non-interpenetration condition deteriorates substantially
the stability condition of explicit schemes. Moreover, replacing a discontinuity by a very stiff
slope does not really improve the problem. Alternatively, some ad hoc procedures have also
been developed to treat the set-valued parts of the interface forces: allowing the separation only
after a failure criterion has been reached [21, 101, 46|, a posteriori enforcement of the non-
interpenetration condition [21, 46|, tolerance parameter on the tangential opening [46].

In the present work, we focus on dynamic fracture models where the material can only
crack along a prescribed surface (fracture interface). In other words, the crack path is known in
advance. This assumption may appear as a major limitation. However, fracture models predicting
the crack path are not yet robust enough, especially for industrial applications. Moreover, for a
large range of applications (interfacial crack, small propagation crack), postulating a priori the
crack path is reasonable (see [93] for a further discussion). We assume that the bulk behavior
is governed by linear elastodynamic equations and that the separation process at the interface
fracture obeys a cohesive zone model. We consider an abstract cohesive zone model depending
on the opening, the opening rate, and the maximal opening. This abstract model encompasses
most of the usual cohesive zone models. Space semi-discretization is achieved using P; finite
elements. We propose time-integration schemes that combine a central difference scheme with
a partially or fully implicit enforcement of the interface forces. The central difference scheme
is a standard scheme for elastodynamics [70]. The implicit enforcement of the interface forces
provides a general and robust way of treating the set-valued cohesive zone model. In order to keep
a moderate computational cost, we use lumping techniques for the mass term and the interface
forces. We thus obtain quasi-explicit methods: at each time step, the displacements of the nodes
in the interior of the domain are computed in an explicit way, while the displacements of each
node at the interface are computed by solving a small nonlinear problem (this can generally be
achieved in an analytical way). First, we consider a fully implicit enforcement of the interface
forces. However, staggering in time the force at the fracture interface can have a sizeable effect on
the energy behavior and the accuracy of the time-integration scheme. Consequently, we propose a
second time-integration scheme, in which we split the interface forces into a set-valued monotone
part and a single-valued softening part. The former is treated in an implicit way, the latter in an
explicit way. This improves the accuracy and the energy behavior. Note that some of the ad hoc
procedures described above can be interpreted as an implicit enforcement of the set valued part
of the cohesive zone model (failure criterion, a posteriori enforcement of the contact condition).

We begin by presenting the abstract cohesive zone model and examples which fit into this
framework (Section 5.2). We then formulate the continuous problem of dynamic fracture (Section
5.3). Sections 5.4 and 5.5 are devoted to the finite element discretization in space and to the
time-integration schemes, respectively. We discuss the implementation of the schemes in Section
5.6. Finally, numerical simulations on 2D examples are presented in Section 5.7.
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5.2 Cohesive zone model

We consider an abstract cohesive zone model. The forces at the fracture interface are
described by a set-valued map which depends on the opening, the opening rate, and the maximal
effective opening (we define below what we call effective opening).

5.2.1 Abstract model

Let (-, -) denote the usual scalar product in R™ (n > 1) and let |-| denote the corresponding
Euclidean norm. Let P(R™) denote the set of all subsets of R". In a d-dimensional problem (d = 2
or d = 3), the cohesive zone model is characterized by a set-valued map R : R xR4xR? — P(R%).
The arguments of R are the maximal effective opening, the opening rate, and the opening,
respectively. For each triplet (4, z,p), the map R(J, z,p) yields a set of vectors, which are the
admissible interaction forces. The first component of A € R(J, z,p) is the normal force at the
interface and the second and third ones are the tangential forces. For an opening p € R? (resp.
p € R?), the corresponding effective opening is defined as 6(p) = (p1, |p2l, |p3]) (resp. 6(p) =
(P1, [p2])-

Since a cohesive zone model describes a softening behavior, the set-valued map R is not
monotone with respect to the opening. However, we make the following reasonable assumption
on R. This assumption is, in particular, useful to establish the well-posedeness of our first time-
integration scheme (see Proposition 5.1).

Assumption 5.1. The operator R satisfies the following one-sided Lipschitz condition : there is
a real number ¢, such that, for all § € R?, for all z € RY, for all p1, py € RY,

(A = A2, p1 — p2) > —cs|p1 — pa|?, VA1 € R(8,2,p1), VA2 € R(6, z,p2). (5.1)

This condition means that the slope of the softening part is bounded. Furthermore, in most
models, the operator R(d,z,) is built as the differential (in a generalized sense) of an energy.
This operator being non-monotone, the associated cohesive energy is non-convex.

The present abstract model encompasses for instance the Camacho-Ortiz law [21] and the
Talon-Curnier law [117], but not the rectangular law (because of the infinite slope of the softening
part).

5.2.2 Examples

This section collects some examples of cohesive zone models fitting the above framework.
The first two examples can be viewed as simplified variants of the Camacho-Ortiz law [21].

A reversible triangular model with uncoupled normal and tangential forces

This model depends on the opening and prescribes uncoupled normal and tangential in-
terface forces. It relies on two parameters: 0., the maximal cohesive force, and d., the critical
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opening. It can be represented by a set-valued map R : R? — P(R?) whose components are
independent. The normal component R; : R — P(R) is such that
(—00, 0] ifp=0,
a(l—ﬂ) if0<p<d.,
Ri(p) =4 ° . ’
0 if d. < p,
0 if p<O.

For simplicity, in the definition of cohesive zone models, a singleton {z} is simply denoted by x.
The tangential components R : R — P(R) and R3 : R — P(R) are such that

0 if p < —d,,
—oc(1+d%) if —d.<p<0,

Ry(p) = R3(p) := { [—0c, 0] if p=0,
ac(l—d%> if0<p<d,
0 if d. < p.

This model is represented in Figure 5.1. It is easy to check that this model satisfies Assumption
1 with ¢s = o./d.. Moreover, energies ¥; : Rt — R, ¥, : R — R, and ¥3 : R — R can be
associated with this model, namely

o (1- ) i0<p<d,
Vi (p) = {1 A
50cdec if d. < p,

and
%acdc if p< —de,

—owp (14 ) if —de<p<,
Wa(p) = Ws(p) =

acp<1—2§c) if 0 <p<d,,
%acdc if d. < p.

An irreversible triangular model with only normal force

This model depends on the normal opening p and maximal normal opening § and prescribes
only the normal force. Moreover, it is irreversible with a linear unloading. As the previous model,
it involves two parameters: o, the maximal cohesive force, and d., the critical opening. It can
be represented by the set-valued map RY" : R x R — P(R) such that

(=00, 0] ifo=p=0

(=00, 0] ifo0=p<o

oo (1-2)% if0<p<i<d.
RI™(5,p) =14 o, -2 if0<o<p<de

0 ifd.<p, 06
0 ifd. <6,0<p
0

otherwise
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O-(,'

b1

—0.

Fig. 5.1. Triangular model with uncoupled normal and tangential forces. Normal force (left). Tangential force

(right).

This model is represented in Figure 5.2, left. It satisfies Assumption 1 with ¢; = 0./d.. A common
variant of this model consists in replacing the linear unloading with a rigid unloading (Figure 5.2,
right). An energy ¥/" : Rt x RT — R and a dissipated energy ¥i'" : Rt — R can be associated
with the irreversible model with linear unloading. One define them as follows :

oo(~§+p-4) f0<s<p<d
(1-2 if0<p<é<d.
w4, p) = ? de p ,
Loed, ifd. <p, §=0
0 ifd.<6,0<p
1 .
. los if0<86<d,
50cde ifde <9
D) A\
o, .
¢ 1
4 [
6 d. P o d. P

Fig. 5.2. An irreversible triangular model with only normal force. Linear unloading (left). Rigid unloading (right).

A rate-dependent triangular model with only normal force [126]

This model depends on the normal opening p and the normal opening rate z, and prescribes
only the normal interface force. It relies on three parameters: o., the maximal cohesive force, d.,
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the critical opening, and 7, a viscosity parameter. It can be represented by the set-valued map
Ry : R x R — P(RY) such that

(_00700] lfp =0
if 0<p<de(l+mnzt)
if de(14n2") <p

0
1) otherwise

R’i}isc(z’p) — Ie (1 N M)

)

where 2" denotes the positive part of z. This model is represented in Figure 5.3. It satisfies
Assumption 1 with ¢5 = o./d..

U(J

Fig. 5.3. A rate-dependent triangular model with only normal force (d. := d.(1 + nz™)).

5.2.3 Link with Griffith’s model

It is possible to make a link between cohesive zone models and Griffith’s models. When
cohesive forces act over a sufficiently short range, the stress fields near the crack tip are equiva-
lent in both models. Furthermore, the material parameter used in Griffith’s model, the fracture
toughness G, is equal to the energy needed to completely open the crack in the cohesive zone
model. A formal argument for this asymptotic analysis can be found in [123| and a rigorous
proof for a simple model in [95]|. The fracture toughness corresponding to the rate-independent
triangular models (presented above) is

In the rate-dependent triangular model, the fracture toughness increases with the opening rate.

5.3 Continuous problem

We now formulate the governing equations of the dynamic fracture problem.
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5.3.1 Geometry

We consider a domain 2 € R? (d = 2 or d = 3) and we assume that the crack can
only appear on a (d — 1)-dimensional smooth surface I" (see Figure 5.4). We call I" the fracture
interface. We set 2 := 2 \ I'. We can fix an orientation and define two sides for I', a positive
side and a negative side. The trace of u on the positive side is denoted by u™, the trace on the
negative side is denoted by u~. We denote by v the unit normal vector to I' pointing to the
positive side. We define two tangential unit vectors 71 and 79, so that (v, 7y, 72) forms a local
direct orthonormal basis. The displacement jump at the interface is defined as

—u. (5.2)

To define the interface forces, we take into account the local orientation of the interface by
introducing the rotation matrix Q transforming the canonical basis of R? into (v, 71, T2).

Fig. 5.4. Geometric setup.

5.3.2 Governing equations

The material is supposed to be linear isotropic elastic with Young modulus FE, Poisson
ratio vp, and mass density p. The elasticity tensor is denoted by A. An external load f is applied
to the body. Let u: 2 x (0,T) — R?, e(u) : 2 x (0,T) — R and o(u) : 2 x (0,T) — R% be
the displacement field, the linearized strain tensor, and the stress tensor, respectively. Denoting
time-derivatives by dots, the momentum conservation equation reads

pii —dive = f, o=A:g, €= %(Vu +TVu) in 2 x(0,7). (5.3)

The boundary 0f2 of §2 is partitioned into two disjoint subsets I'? and I'V. Dirichlet and
Neumann conditions are prescribed on I'P and I'V| respectively,

w=up on '’ x(0,T), o-v=fy on I x(0,7). (5.4)
On I', the cohesive law is enforced

o(u”)-v=—cu") - v="X  XeTQR(S,Q[u],Qu]). (5.5)
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The maximal effective opening § is defined, for ¢ > 0, as

§(t) = sup 0(Qu(s)]). (5.6)

At the initial time, the displacement, the velocity, and the maximal effective opening are pre-
scribed:
u(0) =u", a(0) =+, §(0)=4" (5.7)

Equations (5.3)-(5.5) can be written in a variational form : seek u such that for all test function

v, /Qpa'er/(ge(u):A:E(U):/fzf(t)'v+/prN(t)'U_/F)“[[”]]’ (5.8)
where A €T QR(6, Q[al, Q[ul).

5.3.3 Mathematical aspects

The mathematical analysis of Problem (5.3)-(5.7) is beyond the scope of the present work.
However, let us mention some related results.

— In the quasi-static case with a reversible cohesive zone model (with perfect adhesion or
not), the existence is proven. The solution is in general not unique [37].

— In the quasi-static case with an irreversible cohesive zone model, the existence of a
solution is proven in [30, 20].

— In the dynamic case, it should be possible to prove, using compactness arguments, exis-
tence for a visco-elastic material and a reversible cohesive law with perfect adhesion, and
even to prove existence and uniqueness for an elastic material and a regularized cohesive
law.

5.3.4 Length and time scales

In order to capture accurately a phenomenon with numerical simulations, it is important
to choose a time step and a mesh size which resolve its time and length scales. In a dynamic
fracture problem, the relevant length scale is the length of the cohesive zone (part of the interface
which is not completely cracked and where cohesive forces act). The relevant time scale is the
crack tip speed divided by the cohesive zone length. For an isotropic linear elastic material and
a triangular cohesive zone model, in the quasi-static setting, the estimated cohesive zone length
is [108]

97 E G

_or B G 5.9
321—v% o2 (5:9)

coh
For an isotropic linear elastic material and a Griffith model of fracture, a theoretical analysis
predicts that the limiting crack tip speed for a mode I fracture is the Rayleigh wave speed [51, 17].
For mode II and mode III fractures, the limiting speeds are the dilatational wave speed and the
shear wave speed, respectively [51, 17]. The dilatational and shear wave speeds are given by the
following formulae:
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o E(l — l/p) B L
o \/p(l +vp)(1 —2vp)’ = 2p(1+vp) (5.10)

The Rayleigh wave speed can be estimated by the following expression [51]

0.862 + 1.14v
CR~ CS]_—’——VPP' (511)

5.4 Finite element discretization

In this section, we describe the space approximation of the dynamic fracture problem.
Linear finite elements are used together with lumping of the mass term and the interface forces.

5.4.1 Finite element spaces

In 2D (resp. in 3D), we approximate the domain {2 by a polygon (resp. a polyhedron) 2
and the interface I" by a polygonal curve (resp. a polygon) I',. We mesh (2, with triangles (resp.
tetrahedra) conforming to the interface I},. Let 7;, denote the mesh over §2;, and let F}, collect
the faces located on I,. Let 2, = 2, \ I},. Let {x;};en be the nodes of the mesh T;,. We denote
by NP the indices of nodes where a Dirichlet condition is enforced and by N the indices of
nodes lying on I},. We approximate the displacements with P; finite elements:

Vh = {’Uh S CO(Qh)d N LOO(Qh)d; Up|T S (]Pl)d, VT € T, and vh(aci) =0, Vi € ND}

Note that functions in V}, can be discontinuous across Ij,. We consider the Lagrange nodes of
V), and denote them by {&;};cnz. The Lagrange nodes are not exactly the mesh nodes {x;}ien
because of the discontinuity at the interface. Specifically, for each mesh node x; lying on I},
there are two Lagrange nodes &+ and &;-. For all i € N¢, for all v, € V}, we set

op(€t) = vy (20),  va(&-) = vy (@), (5.12)
The cohesive forces are also approximated by P; finite elements,
Lh = {M € COIW% Anr € (P17, VF € F}.

At each node z; lying on I}, we define normal and tangential unit vectors (v;, 715, 72;) forming
a local direct orthonormal basis. Let @); be the associated rotation matrix. We define also the
set-valued operator R;:

Ri(-,,) =" QiR(-, Qi, Qi) (5.13)

5.4.2 Lumping of the mass term and the cohesive term

We lump the mass term and the cohesive forces term. Mass lumping is usual with ex-
plicit time-integration schemes. It yields an easy-to-invert mass matrix at each time step, while
improving the CFL condition [70]. A way of lumping the mass term is to evaluate it with an
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approximate quadrature whose Gauss points are the nodes of the finite element space. Of course,
this quadrature must be of sufficiently high order to avoid deteriorating the global accuracy of the
method. For P, finite elements, it is usual to use the following quadrature formula (in dimension
)

d+1

/f ZdE'l (5.14)

where |T'| is the measure of the simplex T" and {a;}1<i<qy1 its vertices. This quadrature is
second-order accurate. The lumped mass term my : V, X V;, — R is built with this quadrature
by setting
n (o, wn) = Y pivn(&) - wa(), (5.15)
ieNL
where

=Y plTl/(d+1), (5.16)

TEeT;

T; being the set of elements for which &; is a vertex. The lumped cohesive term by LnxVy, — R
is such that

)\ha wh Z 51)\h -1'@ Uh (xz) - U}—i—(xz)) ’ (5'17)

ieNe
where
Bi= ) |Fl/d, (5.18)
FeF;

F; being the set of faces for which x; is a vertex. Finally, the stiffness term ap : Vi X V), — R
and the external force term [, : [0,7] x V}, — R are built in a standard way, namely

ap(vp, wp) = /fz e(vp) + A e(wp), (5.19)

lh(t,vh) = [ f(t) - vp + fN(t) “ Vp, (5.20)
2, N

up to quadratures. We define the matrices Mh, Ky, and By, associated with the bilinear forms
mp, ap, and i)h, respectively. We also define Ly(t) to be the column vector associated with the
linear form Ip(t,-). For up € Vy, we define Uy, as the column vector whose components are the
coordinates of uy in the finite element basis. We denote by Ny the size of U,. We denote by
Ui the d-dimensional sub-vector associated with the Lagrange node ;. Similarly, for A\j, € Ly,
we define Ap as the column vector whose components are the coordinates of A\, in the finite
element basis. We denote by N, the size of Aj,. We denote by Ay, ; the d-dimensional sub-vector
associated with the node z;. Finally, we define for all i € N¢,

Uh’fr + Uhﬂ‘f

[U)i = Up i+ —Upi- and {Up}; = 5

(5.21)
For each i € N L, we denote respectively by Mh’i and Kj,; the d x d sub-matrices of Mh and K},
associated with the Lagrange node &;. For each i € N, we denote by Bh’i the d x d sub-matrix
of Eh associated with the node z;. We define the set-valued operator Ry, : RN4 x RN4 x RNa —
P(RN4) such that for all Ay € RV4, 7, € RV, P, € RV4,
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Ah S Rh(Ah, Zh, Ph) Rt AhJ' S Ri(AhJ‘, Zh,i7 P}m) Vi e NC. (5.22)

The space semi-discrete problem takes the form

MUy (t) + KpUn(t) = La(t) + BuAn(0), (5.23)
An(t) € Ri(An(0), [Un )], [UR (D], (5.24)
Apilt) = up 0(QilUn(9)]:),  VieN© (5.25)

Remark 5.1. In the present work, we consider Py finite elements. Other types of finite elements
can be used, provided an accurate lumping technique is available. For instance, this is the case
for Q1 elements (see [70]). For Py and Qy, elements with k > 2, the lumping techniques are more
subtle (see for instance [28] and references therein).

5.5 Time-integration schemes

It remains now to discretize the problem in time. The time-integration schemes we propose
are based on the central difference scheme. To begin with, we recall the main properties of this
scheme in the linear elastodynamic case. We then describe and analyze two schemes for the
dynamic fracture problem.

5.5.1 Central differences

For simplicity, the interval [0,7] is divided into equal subintervals of length At. We set
t" = nAt and denote by U] the approximation of U at time t". For the central difference
scheme, the discrete velocity and the discrete acceleration are defined respectively as

_uptt—eup + Ut

and U} := ve . (5.26)

+1 -1
Un — UiTzl — U;zl
4 2At
At each time step of the central difference scheme, one seeks U ;Z'H such that

I - — n n
@Mh(U;;H — 22U + UMY + KUyt = Li(t"). (5.27)

The central difference scheme exhibits a stability condition (CFL condition) of the form
CdAt S O(hmm)a (528)

where h,i, is the size of the smallest mesh element. An admissible value of the constant in the
CFL condition can be specified in 1D and for structured meshes in higher dimension. We define
the elastic energy, the kinetic energy, and the total energy of the discrete system at time t"
respectively as

1

hi= g (KaURUR) . Biai= 5 (MURLUR), B = Bl + Efy, (5.29)

N =
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In linear elastodynarmics, the central difference scheme does not preserve the energy. Nevertheless,
the scheme preserves the following quadratic form, referred to as a shifted energy,

&= B — Aj (MhU;;, U;;) . (5.30)

In particular, the following shifted energy balance holds true :

gntl _gn — %(Lh(t”“) +Lu("), UM - Up), (5.31)

5.5.2 Scheme A (fully implicit interface forces)

We combine a central difference scheme with an implicit enforcement of the interface
forces. More precisely, the interface forces are implicit in the opening, while they are explicit in
the opening rate and in the maximal effective opening.

Scheme A.Seck U™ € RM and AP € RNA such that

1

@Mh(zfgﬂ — 22U + UMY + KpUR = Ly(t") + B A7, (5.32)
At e Ru(Ay, Zy [Up ), (5.33)

where, for all i € N¢,

n HUn]]l B [[Un_l]]i n n—1 % n
Zh,i = =L At A ) hyi = maX(Ah,i17 6(Q:[URT:))- (5.34)

A way of implementing this scheme will be described in Section 5.6.1. We now prove that,
at each time step, the problem is well-posed under a mild restriction on the time step.

Proposition 5.1 (Well-posedness). Problem (5.32)-(5.84) has a unique solution under the

conditions
i+ i~

At? At?
where the coefficients u; and B; are defined by (5.16) and (5.18). For a quasi-uniform mesh, the
above condilion can be rewritlen as

> 2¢s08;  and

> 2,8,  VieN (5.35)

At?
he

where he is the mesh size at the interface and C' a constant independent of the mesh size.

<C, (5.36)

Proof. The relations (5.32)-(5.33) can be recast as an inclusion : seek U,’I1+1 € RM such that

1

¥y MUM — By RY (UM 3 F? (5.37)

where FJ' := (1/A2) My (207 — Ur™Y) — KpUP + Ly (t") and RP(UPMY) == Ry (A7, Zp2, [UP).
We are now going to prove that the set-valued operator involved in this inclusion is strongly
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monotone for At small enough. Let U, € RY¥ and let Vj, € RM. Let A, € R} (Up,) and
O, € R} (V3). We observe that

—(BpAp — BpOp, Uy, — Vi) = Z Bi(Bh,ilAni — Bh,iOhi, [Un]i — [Vi]i)-
ieNC

Using the one-sided Lipschitz condition (5.1) and the properties of the rotation matrices Q;,

—(BpAn — BrOn, Up = Vi) = = > Bics|[Unli — [Valil?,

ieNe
> =Y 28ics(|Uni+ — Vit I + [Uni- — Vi ). (5.38)
ieNe
By definition of the mass matrix,
(MpUy, — My Vi, Uy, — Vi) > Z 11:|Uni — Vil (5.39)

ieNT
Collecting inequalities (5.38) and (5.39) yields
1 A ~ . A
A2 MnUn = MuVi, U = Vi) = (BpAn = BpOh, Un = Vi) 2
1
Z @|Uh,i — Vial® = Z 2Bics(|Un,i+ — Vi[> + 1Uni- = Vii-*). (5.40)
iENT ieN¢e

Therefore, a sufficient condition for the set-valued operator to be strongly monotone is given by
(5.35). For a quasi-uniform mesh, we can rewrite the condition as (5.36).

It is straightforward to derive the energy balance for Scheme A.

Proposition 5.2 (Energy balance).

gl _gn = % <BhAZ+2 + 3hAZ+1, U}?H — U;’Z) + % (Lh(t"H) + Lp(t"), U,’:H — U;?) . (5.41)
With this scheme, the work of the interface forces can be positive or negative. As a consequence,
we cannot prove the same CFL condition as in the linear elastodynamic case, although we do
observe numerically the same CFL condition (see Section 5.7.1). Perhaps, more importantly, it
tourns out (see again Section 5.7.1) that decentering in time the interface forces can have an
unfavorable impact on the energy behavior and the accuracy of the time-integration scheme. To
remedy this, we propose another time-integration scheme in the next section.

5.5.3 Scheme B (implicit set-valued part)

The key idea is to split the interface forces into a set-valued monotone part and a single-
valued softening part. The former is treated in an implicit way, the latter in an explicit way.
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Assumption 5.2. There exist P: R? x R x RY — P(RY) and x : R? x R x RY — RY such that
R=P+x. (5.42)

Moreover, the operator P is monotone with respect to the opening: for all § € R%, z € R?,
p1 € Rd: p2 € Rd:

(A1 —Xo,p1 —p2) >0, VA € P(6,2,p1), VA2 € P(6, 2, p2), (5.43)

and the function x is Lipschitz continuous with respect to the opening : there exists ¢, € RT such
that for all § € R, z € R?, p; € R?, py € RY,

Ix(9,2,p1) — x(8, 2, p2)| < cs|p1 — p2l. (5.44)

Of course, the decomposition (5.42) of R is not unique. In Figures 5.5, 5.7, and 5.6, we
present examples of the decomposition (5.42) for the cohesive zone models presented in Section
5.2.2. Similarly to (5.13), we define the set-valued operator P; and the single-valued function x;
as

R(’ “ ) :TQZP(levQZ)a Xl(v K ) :TQZX(vQZan) (545)

Oc

Fig. 5.5. A decomposition of Ri. P; (left) and x1 (right).

Scheme B. Seck Ut € RNV and A7 € RN such that

1

A—tth(U;j“ — 22U + UMY + KpUP = Li(t") + B AV + Boy, (5.46)
APt e Py(AY, Zp [URTD). (5.47)

where, for all i € N¢,
Ohi = Xi(Ah i Zis, [UR]e), Vi € N, (5.48)

while Z}' and A} are defined by (5.34).

Proposition 5.3 (Well-posedness). Problem (5.46)-(5.48) has a unique solution.
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1 /\Q )\2

Oc O¢

P2 'd(: b2

_UC
_OC

Fig. 5.6. A decomposition of Ry. P> (left) and x2 (right).

Oc

Fig. 5.7. A decomposition of R{"". P{"" (left) and xi"" (right).

Proof. As in the proof of Proposition 5.3, we recast the problem as a differential inclusion with
a strongly monotone operator. Since the operator P is monotone, contrary to the operator R,
there is no condition on the time step to prove the strong monotonicity.

It is straightforward to derive the energy balance for Scheme B.

Proposition 5.4 (Energy balance).

17/~ ~
gn-l—l _ gn :i <BhAZ+2 + BhAZJrl, U}?Jrl _ U]';L)
1. i 1
+3 (Broy™ + By, Ut — U,?) 5 (LA™ + Lne"), Uit~ UF).

(5.49)

5.6 Numerical implementation

This section briefly describes the main steps to implement Schemes A and B.
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5.6.1 Scheme A

Step 1 : Computation of the interior components of U,?'H (explicit step).

Owing to the lumping of the mass matrix, the components of U ,’ZH corresponding to the interior
nodes and the components corresponding to the interface nodes can be computed independently.
We begin by seeking U;Z“ such that

L 1 -1
@]\@(U,’fr —2Up + U™ ") + KUy = Ly (t"). (5.50)
This is the standard step in the central difference scheme. Since the mass matrix is lumped, it
only requires a matrix-vector multiplication and vector additions. After this step, the interface
components of U, ,71”“1 are not correct, they will be corrected in the next step. Note that this step

uses the standard data structures.

Step 2 : Computation of the interface components of U}TL"H (implicit step).
Owing to the lumping of the cohesive forces, the computation of the interface displacements can
performed independantly at each node. For each i € N¢, we seek U;;;']rl and U™ such that

hai-
ﬁMhﬁUﬁiﬁl + F s = BuaApt, (5.51)
ﬁMh,if U}:‘j_l + Fy i = —3h,iA2:1, (5.52)
At e RY([UTTh), (5.53)

where R}'(-) = Ri(A} ;, 2y ;. -) and Fy = (1/A8) My, (20U — UMY — KpUP + Ly (7). Problem
(5.51)-(5.53) amounts to seeking [U;"']; and {U;"™'}; such that

1 _ - _ _ .

A—tz[[U;}“]]i + My e = My Fp € (M + My ) B RE([UR ), (5.54)
1 1

A Mh,i+ My, .~ {U Y + 5 Myt F i+ My~ Fyl3) = 0. (5.55)

The inclusion can generally be solved in an analytical way. For instance, for the normal component
of an irreversible triangular model, we have to solve, at each node, a scalar inclusion of the form:

seek = € R such that a

AR
where a and b are given real numbers. Since R; is non-monotone, this problem may have in gen-
eral several solutions (Figure 5.8, left). However, for a time step satisfying the condition (5.35),
the solution is unique (Figure 5.8, right).

z+be Ri(z), (5.56)

Step 3 : Update of AZH and Z;LL'H by computing Z;Z'H and AZH with the explicit formulae
(5.34).

5.6.2 Scheme B

Step 1 : Computation of the interior components of U}’;‘“ (explicit step).

We begin by seeking U}T;'H such that
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Fig. 5.8. Computation of the interface components for Scheme A.

1 - .
A—tQMh(U;;“ — 20U + UMY + KUP = Ly(t") + B,6}. (5.57)

Step 2 : Computation of the interface components of U[L‘H (implicit step).
For each i € N¢, we have to seek U}?# and U™ such that

hy,i—
1 .
A Mt Uple + Bl = Brdy (5.58)
1 .
A Mui-Upis + Bl = =B A1, (5.59)
Ayt e P([UL])- (5.60)

where PP'(-) = Py(A} , Z7',,-) and FJ! := (1/A?) M, (U] — Up™') — KpUp + Ly(t") + BOy.
Problem (5.58)-(5.60) amounts to seeking [U;*']; and {U;"*1}; such that

1 _ _ _ _ A

e (U + My F e — My Fy e € (M3 + My ) By PE([UR ), (5.61)
1 1

EMh7i+Mh7r{Uﬁ+l}i o (M i+ My = Fyl 1) = 0. (5.62)

The inclusion can generally be solved in an analytical way. For instance, for the normal component
of an irreversible triangular model (decomposed as in Figure 5.5), we have to solve, at each node,
a scalar inclusion of the form: seek z € R such that

fALth +be Pi(a), (5.63)

where a and b are given real numbers. Since P; is monotone, there is a unique solution to this
problem (Figure 5.9).

Step 3 : Update of AZH and ZZH by computing ZZH and AZH with the explicit formulae
(5.48).
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Fig. 5.9. Computation of the interface components for Scheme B.

5.7 Numerical simulations

We perform numerical simulations on 2D examples with the purpose to illustrate the
effectiveness of the quasi-explicit time-integration schemes and to investigate their properties
(stability condition on the time step, accuracy). For the first problem, we test the quasi-explicit
time-integration schemes A and B, and a fully explicit scheme with a regularized cohesive zone
model. For the other problems, we only test Scheme B, which appears as the most efficient scheme
on the first problem. All the simulations have been performed using FREEFEM-++ [65].

5.7.1 Mode I fracture

We consider a mode I fracture problem (Figure 5.10). The domain is the rectangle 2 =
(0, Ly) x (—Ly, Ly). The fracture interface is the line I' = (0, L) x {0}. The cohesive zone model
is a reversible triangular model with fracture toughness G. and critical stress o.. A constant
displacement load is prescribed at the bottom and top edges (u, = up at the top edge and
uy = —up at the bottom edge, with up = eL,). At the initial time, a precrack of length Ly, is
inserted at mid-height on the left edge. Unless otherwise specified, the parameters are L, =100
mm, L, = 10 mm, Ly, = 10 mm, € = 0.003, T" = 14 us, £ = 200 GPa, vp = 0, p = 7800 kg-m ™3,
0. = 1.2 GPa, and G, = 16 000 N-m~!. The material parameters are representative of those of a
steel (except the Poisson ratio which is taken to be zero). The wave speeds associated with the
above parameters are ¢g = 5064 m-s~', ¢, = 3581 m-s~!, and cg = 3086 m-s~!. The estimated
cohesive zone length and the critical opening are l.,,= 1.963 mm and d.= 0.0267 mm.

Owing to symmetry, numerical simulations are performed only on the upper half part of the
domain. This half-domain is uniformly meshed with half-square triangles. We denote by n,esn
the number of elements on the large edge of the domain and by Az the length of the elements
on this edge. The time step is then determined by fixing a value for the Courant number defined
as vo = cd\/ij—;. We are interested in the following quantities: crack length, crack tip speed,
energy. We denote by [.-(t) the length of the crack at time ¢ and by v, (t1,t2) the average crack
tip speed between times ¢; and t9. To localize the crack tip, we consider that the interface is
cracked when the opening exceeds 0.1d.. We denote by E¢(t), Ekin(t), Econ(t), and Eyx(t), the
elastic energy, the kinetic energy, the cohesive energy, and the total energy at time ¢, respectively.
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uy(z, Ly) = up

2Ly

uy(x, —Ly) = —up

Ly

Fig. 5.10. Mode I fracture. Geometric setup.

The cohesive energy is defined as follows:

Eeon(t) := > Bila([U(1)]i0), (5.64)
ieNe

where The total energy is defined as the sum of the elastic energy, the kinetic energy and the
cohesive energy. In the continuous problem, the total energy is expected to be constant (although
there is no rigorous proof of this fact). In the different simulations, we observe the following
qualitative behavior: the precrack opens, and there is a stress concentration around the precrack
tip; as soon as this stress reaches the cohesive critical stress, the crack starts growing; the crack
tip speed quickly reaches a limit value (lower than the Rayleigh wave speed). This behavior is
illustrated in Figure 5.11 (crack tip advance and energy evolution) and Figures 5.12 and 5.13
(deformation and stress fields at time T').

40 | |
2500 1 elastic energy ———
kinetic energy -------
*T T cohesive energy --------
total energy
2000 |
,E\ i - .
£ 30
§ @ 1500 |
S 25 | g
% c
< (3]
g 1000 |
< 20 |
o
Br i 500 | ]
10 L L L L L L 0 T
0 2 4 6 8 10 12 14 0 5 4 p s " - ”
time (us) time (us)

Fig. 5.11. Mode I fracture. Crack tip advance (left) and energy evolution (right). Scheme B (nmesr = 800, vo =

1).

We investigate the properties of the quasi-explicit time-integration schemes A and B, and
a fully explicit scheme with a regularized cohesive zone model (the penalty parameter for the
regularization of the non-interpenetration condition is denoted by p.). First of all, we examine
the stability condition. We observe numerically that Schemes A and B exhibit the same CFL
condition as the central difference scheme on the problem without cohesive zone, namely vo < 1.
On the contrary, a fully explicit treatment of a regularized cohesive zone model deteriorates the
CFL condition (Table 5.1).
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Fig. 5.12. Mode I fracture. Deformed configuration (enlarged 50 times) and stresses o.. (top), oy, (middle), and
oyy (bottom) at time T'. Scheme B (nmesn = 800, ve = 1).
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Fig. 5.13. Mode I fracture. Deformed configuration (enlarged 50 times) and stress oy, around the crack tip at
time 7. Scheme B (nmesn = 800, vc = 1).
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De/Cs 10 100 1000
stability condition|ve < 0.88|vc < 0.33|ve < 0.11

Table 5.1. Mode I fracture. Observed stability condition for a fully explicit scheme with regularized cohesive
zone model (Nmesn = 200).

Now we compare the accuracy of the different schemes. We choose a mesh size equivalent
or finer than the estimated cohesive length. With vo = 1, we observe that Scheme A is not very
accurate (Table 5.2). In particular, the energy balance is quite poor. By taking a smaller Courant
number, the results are improved. In contrast to Scheme A, Scheme B yields accurate results
with v = 1 (Table 5.3). The results of the fully explicit scheme with regularized cohesive zone
model are relatively accurate (Table 5.4). However, in addition to a more restrictive stability
condition than Scheme B, this scheme does not enforce a perfect adhesion on the sound part of
the interface (Figure 5.14).

Nmesh |VC lcoh/AI lcr(T) UCT(T/27 T) Eel(T) FEin (T) E(:O}L(T) Etot(T)
100 [ 1] 1.963 [0.04495 2930 1388 | 352.3 | 560.1 2301
200 | 1| 3.927 |0.04376 2956 1301 | 275.1 537.3 2113
400 |1 | 7.854 |0.04197 2845 1239 | 194.6 | 5104 1944
800 | 1| 15.71 |0.04052 2723 1226 | 148.7 | 485.7 1860

Nmesh |VC lcoh/A‘r lc'r (T) Ver (T/27 T) Eel (T) Ekzn (T) Ecoh(T) Etot(T)
200 |0.4| 3.927 |0.04071 2737 1240 | 163.8 | 488.9 1892
200 [0.2| 3.927 |0.0395 2619 1233 | 133.2 | 472.3 1839
200 10.1| 3.927 |0.03897 2581 1232 | 120.3 | 464.1 1817

Table 5.2. Mode I fracture. Numerical results. Scheme A.

Nmesh |VC lcoh/Am lcr(T) ’UC’I’(T/27T) Eel(T) Ekzn(T) Ecoh(T) Etot(T)
100 [ 1] 1.963 [0.03645 2282 1274 | 132.2 418.1 1825
200 | 1| 3.927 |0.03844 2528 1235 | 123.3 454.4 1813
400 |1 | 7.854 |0.03877 2556 1231 | 116.7 | 457.2 1805
800 | 1| 15.71 |0.03876 2556 1231 | 113.8 | 456.5 1801

Table 5.3. Mode I fracture. Numerical results. Scheme B.

pc/cs vc lC’V‘(T) Ver (T/27 T) Eel (T) Ektn (T) Ecoh (T) Etot (T)
10 |0.88]0.03918 2561 1294 | 146.3 | 465.3 1905
100 [0.33]0.03944 2593 1229 | 149.2 | 470.3 1848

1000 (0.11{0.03942 2594 1216 | 138.8 | 468.9 1824

Table 5.4. Mode I fracture. Numerical results. Fully explicit scheme with regularized cohesive zone model
(Nmesh = 200).

Finally, we investigate the influence of the parameters. The crack tip speed depends on
the displacement load and the fracture toughness. It increases with the displacement load and



106 5 Quasi-explicit time-integration schemes for dynamic fracture with set-valued cohesive zone models

Fig. 5.14. Normal opening around the crack tip at time T'. Quasi-explicit scheme B and fully explicit schemes
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with regularized cohesive zone model (nmesn, = 200).

decreases with the fracture toughness. If the load displacement is too small or the fracture
toughness too large, the crack does not propagate. We observe that, with about 4-8 elements in

(mm)

50

the cohesive zone, the crack tip speed is accurate to about 1% (Table 5.6).

Nmesh |VC lcoh /A«:Ij lC’I‘ (T) Ver (T/27 T) Eel (T) Ekin (T) Ecoh (T) Etot (T)
100 [ 1] 1.963 [0.04196 2720 1690 | 281.8 512.2 2484
200 | 1] 3.927 |0.04341 2823 1660 | 273.1 535 2468
400 |1 | 7.854 |0.04373 2860 1647 | 273.1 538.8 | 2458
800 |1 | 15.71 |0.04371 2862 1646 | 270.4 | 537.4 | 2454

Nmesh |VC lcoh/Air lcr(T) 'UCT(T/27 T) Ee (T) Ekzn(T) Ecoh(T) Eiot (T)
200 | 1] 3.927 |0.02112 493.7 1242 | 54.16 167.5 1464
400 | 1| 7.854 |0.02209 618.2 1230 | 44.45 181.8 1457
800 |1 | 15.71 |0.02229 639 1228 | 40.55 184.7 | 1453

Table 5.5. Mode I fracture.

e = 0.0027 (bottom).

Numerical results for different displacement loads. Scheme B. ¢ = 0.0035 (top).

Nmesh |VC lcoh/Ax lCT‘(T) UCT(T/27T) Eel(T) Ekln(T) Ecoh(T) Etot(T)
100 | 1] 0.9817 (0.04195 2686 1308 253 256 1817
200 | 1| 1.963 |0.04494 2865 1266 | 266.8 280 1813
400 |1 | 3.927 |0.04614 2944 1240 | 276.5 288.4 1805
800 | 1| 7.854 |0.04648 2969 1230 | 281.5 291.7 1803
1600 | 1 | 15.71 |0.04654 2982 1226 | 283.6 292.1 1802

Nmesh |VC leoh /AZ| ler(T) |ver(T/2,T)|Eet(T)|Erin(T) | Econ(T) | Etot (T)
50 | 1| 1.963 |0.03326 1922 2336 | 237.2 722.2 3296
100 | 1] 3.927 (0.03516 2089 2258 | 195.7 | T71.7 | 3225
200 | 1| 7.854 |0.03554 2157 2247 | 168.4 | 784.4 | 3199
400 | 1| 15.71 |0.0357 2168 2246 | 153.7 787 3187

Table 5.6. Mode I fracture. Numerical results for different fracture toughness. Scheme B. 0. = 1.2, G. = 8000,

€ = 0.004 (top). oo = 1.2, G = 32000, € = 0.004 (bottom).
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We still consider the same mode I fracture problem except that the cohesive zone model
is now a triangular rate-dependent cohesive zone model with only normal force (the viscosity
parameter is denoted by 7). The notation and the parameters are the same. As expected, the
introduction of a viscosity parameter slows down the crack tip (Figure 5.15 right, and Table 5.7).
We observe a certain variation in the crack tip speed for n = 0.01 and 1 = 0.02. Indeed, in these
cases, the crack tip speed is so low that the mechanical waves generated by the crack growth
and reflected on the boundary perturb the crack tip advance. Note that the total energy is not
preserved in this problem since the rate-dependent cohesive zone model is dissipative.

30 40
28 7
== 35 | a
26 E
= 24 o E =
£ £ n i
13 ' ¥
o 22 d 7 ©
=] Y o o
§ 20 ’ 41 8§ o=5p i
> > Pt y
E g kS =
~ 18 i °
& / g 20| g
S 16 7 B 5]
14 + J B -0 —
L n=0 ]
S » n=0.005 -—-----
12 S nmesh=100 —— | A n=0.01 --------
i nmesh=400 ------- n=0.02
10 zZ | | | | | | 10 | | | | | |
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
time (us) time (us)

Fig. 5.15. Mode I fracture with a rate-dependent cohesive zone model. Crack tip advance for a fine and a coarse
discretization (left). Crack tip advance for different viscosity parameters (right).

0 len(T) [0er(T/2, T) Bt (T)] Etin (T)| Boon (1) | E(T)
0 [0.03877| 2556 | 1231 | 116.7 | 457.2 | 1805
0.005|0.0345 | 2083 | 1289 | 83.43 | 384.6 [1757
0.01 0.02026| 1453 | 1379 | 74.61 | 299.7 |1754
0.02 | 0.0244 953 1471 | 60.24 220 1751

Table 5.7. Mode I fracture with a rate-dependent cohesive zone model. Numerical results for different viscosity
parameters (Scheme B, npesp = 400, vo = 1).

The rate dependence of the cohesive zone model introduces a new time scale in the problem,
linked to the opening rate. This time scale is smaller than the time scale linked to the crack
tip speed and requires therefore smaller time steps to be resolved (compare Table 5.8 with
Table 5.3). For instance, we observe small oscillations on the crack tip advance when a too
coarse discretization is used (Figure 5.15, left).

5.7.2 Mode II fracture

In this section, we consider an example of mode II fracture (Figure 5.16). The domain is
the rectangle 2 = (0, L;) x (—Ly, Ly). The fracture interface is the line I" = (0, L,) x {0}. The
cohesive zone model is a reversible uncoupled triangular model with a fracture toughness G,
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Nmesh |VC |leon /AZ| ler (T) \Ver(T/2,T) | Eet(T) | Ekin(T) | Econ(T) | E(T)
100 | 1| 1.963 [0.02936 1502 1377 | 103.9 | 305.1 |1786
200 | 1] 3.927 |0.02951 1485 1374 | 84.6 304.6 |1763
400 | 1| 7.854 |0.02926 1453 1379 | 74.61 | 299.7 |1754
800 | 1| 15.71 |0.0291 1434 1382 | 70.64 | 296.3 |1749

Table 5.8. Mode I fracture with a rate-dependent cohesive zone model. Numerical results. Scheme B.

and a critical stress o.. A constant shear force is prescribed at the sides of the interface (fse,
is enforced at the top side and — fse, at the bottom side, with fs = 0./2). At the interface, the
normal opening is enforced to zero, so that the fracture is in pure mode II. At the initial time,
a precrack of length L, is inserted at mid-height on the left edge.

f s€x I 2 Ly

Lpre _fSeI

Ly

Fig. 5.16. Mode II fracture. Geometric setup.

Owing to antisymmetry, numerical simulations are performed only on the upper half part
of the domain. This half-domain is uniformly meshed with half-square triangles. The parameters
and the notation are the same as in the previous problems. We just change the definition of the
cohesive energy:

Eeon(t) :== Y Bia([Un(t)];2)- (5.65)
ieNe
The sum of the kinetic energy, the elastic energy and the cohesive energy is expected to be equal
to the work of the shear force (denoted by Weu).

This simulation of mode II fracture exhibits the same kind of behavior as the simulation
of mode T fracture. The precrack opens by sliding and there is a stress concentration around the
precrack tip; as soon as this stress reaches the cohesive critical stress, the crack starts growing;
the crack tip speed reaches quickly a limit value, slightly lower than the dilatational wave speed.
This behavior is illustrated in Figure 5.17 (crack tip advance and energy evolution) and Figures
5.18 and 5.19 (deformation and stress fields at time T').

The observed stability condition is vo < 0.98. With a mesh resolving the estimated cohesive
zone length and vo = 0.98, the numerical results obtained with Scheme B are very accurate (Table
5.9).
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Fig. 5.17. Mode II fracture. Crack tip advance (left) and energy evolution (right). Scheme B (nmesn = 800, ve
— 0.98).
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Fig. 5.18. Mode II fracture. Deformed configuration (enlarged 20 times) and and stresses o4, (top), oyy (middle),
and o,y (bottom) at time 7". Scheme B (nmesn = 800, vo = 0.98).

Nmesh | VC lcoh/Ax ler (T) Ver (T/27 T) Eel (T) Ekzn (T) Ecoh (T) Eiot (T) — Weat (T)
100 [0.98| 1.964 |0.06542 4721 6637 | 13383 | 881.9 -18.6
200 [0.98| 3.93 [0.06687 4804 6686 | 14267 | 907.3 -8.8
400 [0.98| 7.86 [0.06765 4852 6714 | 14675 | 920.7 -4.8
800 ]0.98| 15.71 |0.06789 4878 6706 | 14768 | 923.8 -2.9

Table 5.9. Mode II fracture. Numerical results. Scheme B.
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Fig. 5.19. Mode II fracture. Deformed configuration (enlarged 20 times) and stress o,, around the crack tip at
time T'. Scheme B (nmesn = 800, vc = 0.98).
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5.7.3 Mode I fracture with contact

This last problem involves mode I fracture and contact (Figure 5.20). The domain is the
rectangle 2 = (0, L) X (—Ly, Ly). The fracture interface is the line I' = (0, L) x {0}. There is a
precrack of length L. at mid-height on the left edge. The cohesive zone model is an irreversible
triangular model with linear unloading. A constant displacement load is prescribed at the upper
left edge and lower left edge (uy, = uq at the upper edge and u, = —uq at the lower edge, with
uq = €L,). The initial state corresponds to the static equilibrium with Neumann condition on
the precrack and Dirichlet condition on the rest of I' (Figure 5.22, top).

ulj(ovy) = —Uup LI

Fig. 5.20. Mode I fracture with contact. Geometric setup.

Owing to symmetry, numerical simulations are performed only on the upper half part of
the domain. We use en unstructured triangular mesh. The parameters are the same as in the
previous problems except the precrack length (L, = 40 mm), the displacement load (e = 0.09),
and the time of simulation (7" = 100 us). The notation are also essentially the same. We change
the definition of the cohesive energy and define a dissipated cohesive energy :

Eeon(t) = Y Bl (Ao, [Ua(D)]i), (5.66)
ieEN®
Eeon(t) := > B (A(t)ni1)- (5.67)
ieNe

The total energy is defined as the sum of the elastic energy, the kinetic energy, the cohesive energy
and the dissipated cohesive energy. In the continuous problem, the total energy is expected to
be constant.

For this problem, we observe the following behavior. At the initial time, there is a stress
concentration around the precrack tip so the crack starts immediately growing (not uniformly).
After a while, the crack stops growing and contact phenomena occur near the crack tip. This
behavior is illustrated in Figure 5.21 (crack tip advance and energy evolution) and Figure 5.22
(deformation and stress fields at time 7/2).

The observed stability condition is v < 0.8. With a mesh resolving the estimated cohesive
zone length and v = 0.8, the numerical results obtained with Scheme B are again very accurate
(Table 5.10).
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Fig. 5.21. Mode I fracture with contact. Crack tip advance (left) and energy evolution (right). Scheme B (nmesn
— 800, ve = 0.8).
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Fig. 5.22. Mode I fracture with contact. Deformed configuration (enlarged 5 times) and stress oz, at initial time
(top) and time 7'/2 (bottom). Scheme B (nmesn = 800, ve = 0.8).

Nmesh | VC lcoh/AfL' lcr(T) Eel(T) Ekzn(T) Ecoh(T) Ecoh(T) Etot(T)
100 {0.8| 1.963 [0.05364| 199.9 11 1.66 208.7 | 421.3
200 |0.8] 3.93 |0.05257| 202 13.7 2.073 | 194.8 | 412.5
400 |0.8| 7.86 |0.05197| 204.6 | 10.82 | 1.988 | 185.8 | 403.2
800 (0.8 15.71 | 0.0519 | 205.1 | 10.67 1.86 184.9 | 402.5

Table 5.10. Mode I fracture with contact. Numerical results. Scheme B.
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A three-field augmented Lagrangian formulation of unilateral
contact problems with cohesive forces

This chapter has been published in ESAIM: Mathematical Modelling and Numerical Analysis
[37].

6.1 Introduction

The purpose of this work is to analyze augmented Lagrangian methods for solving static
unilateral contact problems with cohesive forces. Problems of this kind arise in fracture mechan-
ics, such as crack initiation and growth in brittle and ductile materials as well as delamination
of composite materials [50, 12]. Unilateral contact problems without cohesive forces have been
widely studied from both theoretical and numerical standpoints; see, for instance, [61, 76]. They
can be formulated as the minimization of a convex functional or, equivalently, as a monotone vari-
ational inequality. The presence of cohesive forces in addition to the unilateral contact makes the
functional to be minimized possibly nonconvex or, equivalently, the operator in the variational
inequality possibly non-monotone. This complicates substantially the problem.

Consider a prototypical unilateral contact problem with cohesive forces, as illustrated in
Fig. 6.1. The domain 2 C R? (d = 2 or d = 3) represents a deformable body. The material
is assumed to be linear isotropic elastic, with Lamé coefficients A\ and p. Let u : £2 — R? be
the displacement field. The linearized strain tensor and stress temsor, e(u) : 2 — R%? and
o(u) : 2 — R are respectively defined as

e(u) = % (Vu+ VuT) and o(u) = Atr e(u)I + 2pe(u).

An external load f is applied to the body. The boundary 042 is partitioned into three digjoint open
subsets 0£2p, 02y, and I' (the measure of 9f2p is supposed to be positive). An homogeneous
Dirichlet condition and a Neumann condition are prescribed on 0{2p and 02y, respectively. The
normal load on 02y is denoted by g.

On I', we impose a unilateral contact condition with cohesive forces. The cohesive forces
depend on the displacement on I'. The present model belongs to the class of so-called cohesive
zone models; see, e.g., [50, 12]. For the sake of simplicity, we restrict ourselves to the case
where the cohesive forces are normal and depend only on the normal displacement. Let n be the
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outward normal to 2 and let vp := —v|p-n and op := n-o|p - n respectively denote the normal
displacement and the normal stress on I". Then, (i) vp cannot be negative; (ii) if vy is zero, or
must be lower than a yield o.; and (iii) if v is positive, op obeys the cohesive law or = t(vp).
Hence, the cohesive law is a function ¢ : Rt — R, and we define a cohesive energy ¢ : Rt — R

such that ¢/ = t and, say, 1(0) = 0. For later convenience, we extend the domain of 9 to R
—1(s). There is a large variety of cohesive laws. Their common

by setting for s > 0, ¥(—s) =
feature is a softening behavior: when the displacement increases, the cohesive force decreases.
Consequently, the boundary condition is non-monotone and the cohesive energy is nonconvex.

Typical functions ¢t and 1 are represented on the left part of Fig. 6.2. The boundary condition
is represented on the right part of Fig. 6.2.

o

Fig. 6.1. Example of unilateral contact problem with cohesive forces.

ar

Fig. 6.2. Example of cohesive law.

Let V and H be function spaces on {2 and I, respectively, defined in Section 2 below.

Consider the functionals

1
W:VBU»—)W(U)::/a(v):e(v)—/f~v—/ g-vER, (6.1)
2Ja 0 092y
U:H>q—¥(q) ::/Fw(q)ER, (6.2)
and the linear operator
B:V>v+— Bv:=v|p-né€ H. (6.3)
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The unilateral contact problem with cohesive forces can be expressed in the abstract variational
form

{ {}Iél‘I/l W (v) + ¥ (Bv) 64)

subject to Bv € H™
where H" := {q € H;q > 0}.

Problem (6.4) is a constrained minimization problem. For solving numerically such a prob-
lem, the main techniques are penalty methods, feasible direction methods, linear programming
methods, and Lagrangian methods. These techniques are thoroughly discussed in [11]. The main
drawbacks of the first three methods can be summarized in this way: penalty methods generally
yield ill-conditioned problems, feasible direction methods are often expensive due to the pro-
jection step, and linear programming methods are limited to linear constraints and quadratic
objective functions. In contrast, Lagrangian methods are based on a reformulation of the con-
strained minimization problem. The new problem consists in seeking a saddle-point (or a sta-
tionary point) of a Lagrangian. This can be achieved efficiently by Uzawa algorithms or Newton
methods. Uzawa algorithms generally feature good global convergence properties (in the sense
that they do not need an initialization value close to the optimum), but their speed of convergence
is only linear. Newton methods feature a quadratic speed of convergence, but this is achieved
only locally (that is, if the initialization is close to the optimum). Furthermore, augmenting the
Lagrangian offers some additional advantages. Whenever the objective function is actually con-
vex, this augmentation improves the performance of the algorithms. In the nonconvex case, the
ordinary Lagrangian formulation is not necessarily well-posed and the augmentation enables to
recover well-posedness. More details on augmented Lagrangian methods can be found in [10, 11].

In the present work, we analyze two augmented Lagrangian methods for the problem of
unilateral contact with cohesive forces: a decomposition-coordination method and a nonsmooth
Newton’s method. These two methods are based on the same three-field augmented Lagrangian
formulation. The decomposition-coordination method has been proposed by Fortin and Glowinski
[49] as a general method for solving nonlinear problems. The idea is to solve separately the linear
and nonlinear parts of the problem at each iteration. This method can be seen as an Uzawa-like
algorithm. It is closely related to the so-called Latin method 84| and also to splitting operator
methods. Such methods have been applied to various unilateral contact problems, as for instance
in [23, 52]. In the case of a convex functional split into two convex parts, the convergence of
the algorithm has been proved in [49]. Furthermore, Newton’s method is a standard method for
solving nonlinear systems of equations and, as such, can be used to find a stationary point of
the augmented Lagrangian. In the case of unilateral constraints, the resulting system is only
piecewise continuously differentiable and Newton’s method can be extended to this class of
nonsmooth systems [104]. Newton’s method for unilateral contact problems has been used for
instance in |1, 83|. In particular, it has been applied to the problem of unilateral contact with
cohesive forces in [93].

This paper is organized as follows. In Section 6.2, we specify the mathematical struc-
ture of the original constrained minimization problem (6.4) and investigate its well-posedness.
In particular, we establish an existence result where the lack of convexity is compensated by
a compactness argument. In Section 6.3, we introduce the three-field augmented Lagrangian
formulation and study its well-posedness, namely the existence of a local saddle-point of the
augmented Lagrangian. This result is well-known in the convex case [42]. In the nonconvex case,
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a result is available only in a finite-dimensional setting [10]. Here, we extend this latter approach
to the (infinite-dimensional) problem of unilateral contact with cohesive forces, assuming the sur-
jectivity of the operator B defined by (6.3) and using a compactness argument in the (closure of
the) cone of feasible directions. Sections 6.2 and 6.3 are set in a general framework encompassing
the particular case of unilateral contact problems with cohesive forces. In Section 6.4, we analyze
mixed finite element approximations of the augmented Lagrangian formulation of unilateral con-
tact problems with cohesive forces. Since a nonlinear problem needs to be solved for the normal
displacement on I, it is convenient to use a collocation method. In the same way, numerical inte-
gration can be employed to build the Jacobian matrix in Newton’s method. A key point is the use
of discontinuous finite element spaces leading to a collocation method, while ensuring an inf-sup
condition which is the discrete counterpart of the surjectivity of the operator B. The resulting
mixed finite element approximation is nonconforming. Numerous works have been devoted to
the error analysis of mixed formulations for unilateral contact problems, especially for two-field
formulations (bulk displacement-displacement on I' or bulk displacement-normal stress on I').
To our knowledge, the only work dealing with the three-field augmented Lagrangian formulation
is [24] in a conforming and consistent case. Here, we prove a priori error estimates in the present
nonconforming setting for various finite element spaces under the simplifying assumption that
the cohesive forces are mild enough. In Section 6.5, we describe the algorithms. We prove the
convergence of the decomposition-coordination method in the particular case of a convex func-
tional split into a convex part and a nonconvex part. Finally, numerical simulations illustrating
the theoretical results are presented in Section 6.6.

6.2 Well-posedness of the continuous problem

The main result of this section is the existence of a minimizer for problem (6.4). The lack
of convexity is compensated by a compactness argument. We also specify a sufficient condition
for uniqueness based on a-convexity and give some hints on the regularity of the solution.

We make the following assumptions on the mathematical structure of problem (6.4).
H1) V and H are Hilbert spaces and B € £(V, H) (the continuity constant is denoted by cp);
H2) W is a-convex on V (the a-convexity constant is denoted by ayy);
H3)
)

H4) There is a Hilbert space M = M’ with scalar product (-,-)as such that H < M with
compact imbedding (the continuity constant of the imbedding is denoted by cps) and
¥ : M — R is bounded and continuous;

H™ is a nonempty closed convex subset of H;

(
(
(
(

(H5) W and ¥ are continuously differentiable on V' and M respectively, and ¥’ is Lipschitz
continuous on M (the Lipschitz constant of ¥’ is denoted by kg ).

Let V* :={v € V;Bv € H'}, observe that VT is a closed convex subset of V, and define
the functional
J: Vv J(v) :=W()+¥(Bv) eR. (6.5)

Problem (6.4) can be rewritten as
min J(v). (6.6)

veV+
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Theorem 6.1. Assume (H1)-(H4). Then, there exists a solution to problem (6.4).

Proof. Let (vp)nen be a minimizing sequence of J in V*. Since the functional J is coercive
(W is a-convex and ¥ is bounded), the sequence (vy)nen is bounded in V. Hence, we can
extract a subsequence, still denoted by (v, )nen, which converges weakly to v in V. The limit
Voo belongs to VT since a strongly closed convex set is weakly closed. Moreover, owing to the
continuity of B from V to H and the compactness of the imbedding H — M, the sequence
(Bvp)nen strongly converges to Bus in M. Using the continuity of ¥ on M, we conclude that
limy, 00 ¥(Bvy,) = ¥(Bvus). Furthermore, since the functional W is convex and continuous on
V, iminf, oo W (vp) > W (vso). Thus, ve € VT is a global minimizer of J in V.

Proposition 6.1. Assume (H1)-(H5). Then, J is differentiable on'V so that a solution u to (6.4)
satisfies
(J'(u),v —u)yyry >0, Yo e VT, (6.7)
Furthermore, if
aw — kgl ek >0, (6.8)

then J is a-conver on V and the solution to (6.4) is unique.

Proof. The first statement is evident. Concerning the second one, observe that for all (v, w) €
VxV,

(J'(v) = J'(w),v — w>V',V > (W' (v) = W'(w),v — w) v+ (¥ (Bv) = ¥'(Bw), Bv — Bw)y

v,
> awllv — wll} — kyl||Bv — Buwl3
> aw v —wl[i, — kyciy || Bv — Bull
> (aw — kprcych) v — wl¥,
which proves the a-convexity of J under the condition (6.8), and hence the uniqueness of the
solution.

Remark 6.1. Relation (6.7) links problem (6.4) to the theory of variational inequalities. When
J is convex, the operator J' is monotone. In the general case, the proof of Theorem 6.1 shows
that J' is pseudo-monotone.

We now verify that the unilateral contact problem with cohesive forces defined in the
introduction fits the above abstract framework. Recalling the definitions (6.1)-(6.3) of W, ¥, and
B, we also set

1
V= {ve HY(2)% v|sq, = 0}, H := H(T,0I), M = L*(I'),

where 0@ := 02p N T (see Fig. 6.1). The space HO%O(F7 0I) is the space of functions of H%(F)
that are zero in a certain sense on dIp. It can be built by interpolation between L?(I") and
HE (I, 0Ih); see [92] for more details. Furthermore, HT := {q € H;q > 0 a.e. in I'} and observe
that with the above notation,

¥(q) = (¥(q); )m- (6.9)
Finally, for further use, we set M = {q € M;q > 0 a.e. in I'}.
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Proposition 6.2. Assumptions (H1)-(H3) hold. If ¢ is continuous and bounded on R, Assump-
tion (H4) holds. If ' is Lipschitz continuous on R with Lipschitz constant kyy, Assumption (H5)
holds with kg = kyr.

Proof. Assumption (H1) holds by construction. Assumption (H2) is a direct consequence of
Korn’s first inequality [25]. Assumption (H3) is readily verified. Concerning assumptions (H4)

1
and (H5), we first observe that, by construction, H(I',0I}) is compactly imbedded in L?(I").
Furthermore, to prove the regularity of ¥, we use a basic result of nonlinear analysis [32]; see
Lemma 6.1 below. Using this lemma with ¢ = ¢, p = 2, and ¢ = 1 along with the boundedness
of 4 to verify condition (6.10), we infer that S, is continuous from L?*(I') into L'(I"). Since for
all ¢ € L3(I"), ¥(q) = (Sy(q), 1), the operator ¥ is continuous on M. Moreover, since for all
q,r € L*(I),

1
WQ+H—WM%—@w@%HM=i/(A(W@@%Hﬂ@)—WM@Dﬂgrwﬂm

r

owing to the Lipschitz continuity of ¢/, ¥ is differentiable on M with (¥'(q),7)m = (Sy(q),7)m-
Using Lemma 6.1 with ¢ = ¢/ and p = ¢ = 2 along with the Lipschitz continuity of v’ readily
shows that ¥’ is Lipschitz continuous on M with Lipschitz constant k. Finally, the differentia-
bility of W is obvious.

Lemma 6.1. Let ¢ : R — R be a continuous function. Consider a measurable function q : I' C
R"™ — R. The superposition operator (or Nemitsky operator) Sg maps q to ¢ o q. If ¢ and r are
measurable functions that coincide almost everywhere on I', then Sy(q) and Sg(r) are measurable
functions that coincide almost everywhere on I'. Moreover, if ¢ satisfies the growth condition,

Ja,beR, VezeR, |¢(z)| <a+ bz, (6.10)

then the superposition operator maps LP(I") into LYU(I") and is strongly continuous (p,q €
[1; 400]).

Remark 6.2. The a-convezity condition (6.8) can be interpreted in terms of the problem param-
eters. The constant ayy is proportional to the Young modulus of the material. The constant kyy
is larger when the cohesive forces decrease fast. By a scaling argument, it can be seen that cprcp
decreases to zero with the (d — 1)-dimensional measure |I'|. Thus, condition (6.8) is more likely
to be met when the Young modulus is large, the cohesive force decreases slowly, or || is small.

A detailed study of the regularity of the solution to the minimization problem (6.4) is be-
yond the scope of the present work. However, let us mention some results in particular cases. For
a unilateral contact problem without cohesive forces under body forces in L?(£2)%, the displace-
ment is in HZ (2 U I')¢ [77]. Furthermore, for a scalar elliptic problem in 2D with unilateral
contact and homogeneous Dirichlet condition, the regularity of the solution has been studied
near the junction between these boundary conditions [98]. Under body forces in L?(£2) and for

a smooth junction, the solution is in H%(Q) For an angular junction (of internal angle w), the
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solution is in H2(£2) if w < 7/2, and in H'*25 (£2) otherwise. With a sufficiently smooth cohesive
law, it seems reasonable to expect at least the same kind of regularity. Furthermore, cohesive
zone models have been designed to avoid unphysical infinite stresses at the crack tip. Yet, the
question whether an appropriate choice of cohesive interface and law can lead to more regular
solutions is still mathematically open.

6.3 A three-field augmented Lagrangian formulation

We introduce a new unknown ¢ representing the normal displacement on I'. The decom-

posed problem is

min  W(v) +¥(q
(v,g)EVXHt ( ) ( ) (611)

subject to Bv = ¢

The decomposed problem (6.11), which is obviously equivalent to the initial minimization prob-
lem (6.4), is a minimization problem under a linear equality constraint. We treat this constraint
by an augmented Lagrangian method. Introduce the space Y := V' x H (equipped with its natural
norm) and the convex set K :=V x H™T. Define

Jo:Y 3y:=(v,q) — Jo(y) := W(v) +¥(q) €R,
B:Y sy:=(v,q) — By:=Bv—qec H,

so that (6.11) amounts to

min _ Jyp(y). (6.12)
yeKnNker B

The augmented Lagrangian associated with the decomposed problem is
~ ro o~
L’I‘ 1Y x Hl = (y7 )‘) = L’I‘(.yv A) = JO(y) + <)‘7 By>H’,H + §HByH?\4 € R? (613)
where r is an arbitrary non-negative constant. For y € Y, set

Ji(y) = Joy) + 5Byl (6.14)

A couple (z,0) € K x H' is said to be a local saddle-point of the augmented Lagrangian

if it satisfies
VA e H, L.(x,\) < Ly(z,0) < L,(y,0), Yy e U, (6.15)

where U C K is a neighborhood of x. The introduction of the augmented Lagrangian is motivated
by the following proposition whose proof is straightforward.

Proposition 6.3. If (z,0) € K x H' is a local saddle-point of the augmented Lagrangian, then
x is a local minimizer of the decomposed problem (6.11).

The converse of this statement is more difficult to establish. We first prove, under the key
assumption that B is surjective from V to H, that if z € K Nker B is a local minimizer of Jy,
there is (a unique) § € H' such that (z,6) is a stationary point of the augmented Lagrangian
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L,. Then, we prove, under an additional assumption, that such a stationary point is a local
saddle-point of L,. A couple (z,0) € K x H' is said to be a stationary point of L, if it satisfies

<ayLT(x79)ay_m>Y/7Y = <J7,~(x)7y_x>y/’y+ <97B(y_w)>H’,H = Oa Vy € K? (616)
(ONLr(2,0),\) g g = (N, By i = 0, YAe H'. (6.17)

Observe that being a stationary point of the augmented Lagrangian is a property independent
of r since (6.17) implies Bz = 0 so that J/(z) = J|(z). Notice also that (6.16) can be rewritten
for z := (u,p) as

(W'(uw),v)v v + (0, Bo)gr g =0, Yo eV, (6.18)
W' ®),qa—p)m — (0,4 =p)arw >0, Yge HT. (6.19)

Proposition 6.4. Let z € K Nker B be a local minimizer of the decomposed problem (6.11). If
B is surjective from V' to H, there exists a unique 0 € H' such that (z,0) is a stationary point
of the augmented Lagrangian.

Proof. Let x € K Nker B be a local minimizer of the decomposed problem. Then, Bz = 0 and
(6.17) obviously holds. Let us now prove (6.16). For all » > 0, x minimizes J, over K Nker B
and hence it satisfies

(Jy(x),y —x)yry =0, Vy € K Nker B.

For all v € ker B, y := x + (v,0) belongs to K Nker B so that (J.(z), (v,0))yy = 0. Since
B is surjective, (ker B)* = im B* by the closed range theorem. As a consequence, there exists
6 € H' such that

<J7{(£L‘), (v, 0)>y/7y + (0, BU>H/7H =0, Yo eV.

Since J)(z) = J)(z), 6 does not depend on r. Now let y := (v,q) € K and let w € V be such
that Bw = ¢q. Then,

(Ji(@),y —x)yry +(0,Bly —2))m g = (J(x),y — )y y + (0, B(v — w)) .1
= (J}(2), (w,q) — z)yry >0,

since (w,q) is by construction in K N ker B. Hence, (6.16) also holds. Finally, the relation
(J1(x), (v,0))yry + (0, Bv)gr g = 0 for all v € V and the surjectivity of B from V to H
imply that 6 is unique.

Remark 6.3. In the context of unilateral contact problems, the Lagrange multiplier 6 can be
interpreted as the normal stress on I', namely 6 = o(u)p where x := (u,ur). This results from
the relation (6.16).

Remark 6.4. A more general existence result for mized linear variational inequalities can be

found in [113].

We now examine whether a stationary point of the augmented Lagrangian is a local saddle-
point. The cone of feasible directions at the point = := (u,p) € K can be defined as (V x Cy(z))N
ker B where

Ci(z):={d€e H; Ja>0,p+ade HT}. (6.20)
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Proposition 6.5. Assume that W and ¥ are of class C?. Let (z,0) € KxH' be a stationary point
of the augmented Lagrangian. Assume that (x,0) satisfies the following second-order condition
(indices on brackets are dropped for second-order derivatives)

(JY(x),(d,d)) >0,  Vde (VxC(x))Nker B\ {0}. (6.21)

Then, there exists 1o > 0 such that (z,0) is a local saddle-point of the augmented Lagrangian
L,,. Furthermore, for all v > 19, (x,0) is a local saddle-point of the augmented Lagrangian L.

Proof. The left inequality in (6.15) is obvious for all » > 0. If the right inequality holds for rog > 0,
then it holds also for » > rg. Now we shall prove by contradiction that there exist g > 0 and
a neighborhood U of x such that L,(x,0) < L.(y,0), Yy € U, ¥r > rg. Suppose there exists a
sequence of positive reals (rg)ren tending to infinity and a sequence (zy)gen of elements of K
tending to x such that

Ly, (zx,0) < Ly, (x,0). (6.22)

Consider the sequence (ey)ren such that ey := (e}, ef) := glzl(xk — x) where g = ||z — z||y.
Since this sequence is bounded in Y, there exists a subsequence, still denoted by (e)ren, weakly
converging to e := (e”,e?) in Y. To obtain a contradiction, we shall now prove that e € (V X
Cy(z)) Nker B and that (J!(z), (e,e)) < 0. A second-order Taylor expansion of Lo(-,6) at z in
the Y-norm yields

Lo(wg, 0) = Lo(z,0) + (OyLo(x,0), 2, — )y y + 5 <Jo( ), (zk, — z, 7% — 7)) + 0(0}).
Since x = x + ore + ox(er — e),

Lo(zg,0) = Lo(z,0) + (0yLo(2,0), v — x)yry + i (J) (), (ex — e, €))
2 2

+ I @) (er0)) + ST @), (e — e =€) +oled): (6:23)

Since (z, ) is a stationary point of the augmented Lagrangian, (9, Lo(z,0), zx —x)y’y > 0. Now
observe that Bz = Bx + o Ber, = orBex. Hence, substituting (6.23) into (6.22), it is inferred
that

o2 2
« Tk ~

ar(Jg (2), (er —e,€)) + *k<J6'( ), (e €))+ 55 (2), (en — e, e =€) + o[ Bex [ +o(ef) < 0.
(6.24)

Since the sequence (e )ren converges weakly to e in Y, (J{j(z), (ex—e, €)) tends to 0. By convexity

(W"(x), (e} — e, e} —e”)) > 0 and by compactness, ef tends to e? in M so that (¥"(z), (ef —

e?, el —e?)) tends to 0. Hence, lim infy, (J{/ (), (e —e, e —e)) > 0. By compactness, the sequence

(Bek)keN converges strongly to Be in M. Dividing (6.24) by o3ry, and passing to the limit, we

obtain || Be||?2;, < 0 and thus e € ker B. Moreover, since 25, = x + gxey, it is clear that for all

k>0, el € Cp(a). Observing that C(z) is convex, it is inferred that e € C(z). Hence,

e € (V x Cy(z)) Nker B; furthermore, by construction, e # 0. Finally, dividing (6.24) by o7,

dropping the positive terms, and passing to the limit leads to (J{(x), (e, e)) <O.
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6.4 Approximation by mixed finite elements

In this section, we discretize the augmented Lagrangian formulation of unilateral contact
problems with cohesive forces by a Galerkin method with finite element spaces. The augmented
Lagrangian formulation is a three-field formulation: the bulk displacement, the normal displace-
ment on ', and the Lagrange multiplier (which can be interpreted as the normal stress on I'). The
two key ideas in the design of the mixed finite element approximation are the following. Firstly,
we want to solve the nonlinear part of the problem concerning the normal displacement on I by
a collocation method. This leads to the use of discontinuous finite element spaces spanned by
nodal basis functions for approximating this quantity. Secondly, a surjectivity condition in the
form of a discrete inf-sup condition must be satisfied, linking the discrete spaces for the bulk
displacement and the Lagrange multiplier. In the sequel, we refer to a 3D /2D setting when (2 is
3D and I' is 2D, and to a 2D /1D setting when 2 is 2D and I" is 1D. Moreover, A < B means
the inequality A < ¢B with a positive constant ¢ independent of the mesh-size. Henceforth, the
minimal regularity requirement for v is that +’ is Lipschitz continuous.

6.4.1 The discrete setting

Let {7n}n>0 be a shape-regular family of affine meshes covering exactly (2, where the
parameter h stands for the maximum size of the elements in T,. Without loss of generality,
we assume h < 1. Let Fp collect the mesh faces located on I'. To alleviate technicalities, the
mesh family {F},}1~0 is assumed to be quasi-uniform on I', but this assumption can be relaxed.
Let Vi, My, and Aj respectively denote the finite element approximation spaces for the bulk
displacement, the normal displacement on I, and the Lagrange multiplier. Henceforth, we assume
that

Vi, CV, and Ay, C My, C M. (6.25)

Thus, the approximation is conforming for the bulk displacement and the Lagrange multiplier,
but not for the normal displacement on I since in general My, ¢ H. In fact, motivated by the use
of a collocation method, we will choose M}, as a discontinuous finite element space spanned by
nodal basis functions; see Remark 6.6 below for further insight. Let IT4, denote the L?-orthogonal
projection from M onto Ay and define the operator

By :V >v+— Bpv = HAhBU € Ay, (626)

The choice for the spaces Vj, and Ay, is linked by the following discrete inf-sup condition

B A
36 >0, YA€ A, BuhAnllar < sup (Brvim M)y

(6.27)
oneVn  lonllv

This means that the restriction of the operator By to V}, is surjective onto Ap. Henceforth, we
assume that this condition holds.

Rerlnark 6.5. The scaling factor h'/? has been introduced since the natural norm for \j, is the
H™2-norm.
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Counsider the following finite element spaces
PE(Th) = {vn € CO(2);VT € Th, vnlr € Pi}, (6.28)
PY(Fn) = {an € L*(I');VF € Froaqnlp € Pu},  PE(Fn) = Pi(Fr) N COD), (6.29)

where for an integer k, P; denotes the space of polynomials with total degree < k. We are
interested in analyzing the following situations

My, =P3(Fn),  An = My, Vi, O PH(TR), (6.30)
My =Pi(Fn)s  An = My, Vi, D PH(Th)%, (6.31)
My =PYF),  An=PYF.), Vi="PX(T)" (6.32)

n (6.30) and (6.31), the most robust choice is to take for V}, respectively, the continuous first-
order and second-order finite element spaces augmented with suitable face bubbles on I', leading
to an inf-sup constant 5 in (6.27) independent of h in both 2D/1D and 3D /2D settings; see
[8, 64]. In 2D /1D whenever at least one of the endpoints of I" is free, it is also possible to take
Vi = PLHTR)® in (6.30) or Vj, = P2(T;)¢ in (6.31); then, the discrete inf-sup condition (6.27)
still holds, but the constant f, is of order h. The choice (6.32) has been introduced in [93] and
differs from the two previous choices in the fact that Ay # Mj. The idea is to avoid the use of
face bubbles on I' by simply taking V;, = P2(73)¢, to ensure a robust discrete inf-sup condition
(with 3, independent of h) by restricting Ay, to PL(F}), and to keep M, as a discontinuous finite
element space to be able to use a collocation method.

In all cases resulting from (6.30)—(6.32), there holds M, = P¥(F3,) with k € {0,1}, and it
is readily verified that there is a family of nodes (ff)]éigane}‘h such that
— the associated shape functions form a basis of M}, (in 2D/1D, ny, = k4 1 and the usual
Gauss nodes are used; in 3D/2D, if k = 0, n, = 1 and the barycenter of each F' € Fj, is
used, while if k¥ = 1, ny, = 3 and the midpoints of the three edges of each F' € F}, are
used);
— there are positive weights (wiF)lgian,FE‘T-h such that for all gy, r, € My,

(an, ) = Y Ew an (& &). (6.33)

FeFy, i=1

In other words, on all F' € Fj, the quadrature with nodes (§f)1§i§nq and weights

(wZF )1<i<n, is at least of degree 2k. For further use, it is convenient to define the bilinear
form

CO(Fn) x COFn) > (qnrn) — (an,rn) s, = Y iwf%(ff)rh(ff) €R, (6.34)

FeFy i=1

where C°(F,) denotes the space of functions whose restriction to every F € F, is
continuous.

6.4.2 The discrete augmented Lagrangian formulation

Set Yh = Vh X Mh and Kh = Vh X M: where
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. F
M,j_ = {qh € My; VF € Fp, V1 < < Ngq, qh(fi ) > 0} (635)

Observe that M;” C M™ if k = 0 (that is, functions in M,;" are indeed non-negative), whereas
this is no longer the case if k = 1, thereby introducing an additional source of nonconformity in
the approximation. Let

By, 1Yy, 3 yp o= (vh,qn) — Bryp == 14, (Bo, — qn) € Ap. (6.36)
Whenever Ay # Mp,, we will also need the operator
BfL : Yh D Yp = (’Uh, qh) — Bgyh = H]thvh —qp € Mh, (6.37)

where I, denotes the L?-orthogonal projection from M onto Mj. We define the discrete aug-
mented Lagrangian as

~ /r' ~
Lyp 2 Y X Ay 2 (Y, An) — L (yns M) = Jon(yn) + (An, Bryn)m + 5\\32%”% € R, (6.38)

where r is a non-negative parameter. Here, for yp, := (vp, qn) € Y,

Jon(yn) == W(vn) + (¥(qn); 1)y, (6.39)

that is, the energy associated with the cohesive forces is evaluated using a quadrature, and it is
convenient to set

T ~
Jrn(om) = Jon(un) + 51| Biunllis- (6.40)

Observe that the penalty term in (6.38) and in (6.40) is stronger than the usual penalty term
associated with the constraint Bry, = 0 in Ap; indeed, owing to the fact that A C Mp, there
holds

Yyn € Y, | Brynllm < ||B}ﬁlthM' (6.41)

The discrete decomposed problem takes the following form

min _ Jrp(yn). (6.42)
thKhﬁker Bh

Proposition 6.6. There ezists a solution to the discrete decomposed problem (6.42).

Proof. The functional J, j, is coercive and continuous, and the set Kj, N ker By, is nonempty and
closed. In finite dimension, this suffices for the existence of a global minimizer.

We now investigate sufficient conditions for the functional J, j to be a-convex over Kj N
ker By, (and thus the solution of (6.42) to be unique). Since we are working in a nonconforming
framework (M}, C M, but M}, ¢ H), it is convenient to equip Y, C Z := V x M with the natural
norm of Z and to formulate duality products using Z. We first treat the simpler case Ay, = My,

Proposition 6.7. Agsume aw — l{:wc%wc% > 0 and Ay, = My,. Then, the functional J.p is o-
convez on Kp Nker By, namely there is o > 0 such that for all r > 0,

Vyn, 2n € KnOker B, () (un) = I u(20), yn — 2n) 20,2 = allyn — znll%- (6.43)
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Proof. Let yp, 2z, € Kj Nker By, with y;, = (vn,qn) and zp, = (wp, 7). Set A = (J7’“7h(yh) —
Iy (20), Yy — 2n)z0 2
Since Ap = M, the penalty term in (6.40) vanishes for yp, 2, € ker By. As a result,

A= (W' (o) = W'(wp),vn — wp)vr v + @' (qn) — ' (rn)s an — ) M,

> awllvn —wllf — kg Y Y wi (an(&) —ral€l))?,

FeFy i=1

where we have used the a-convexity of W, the Lipschitz continuity of ¢, and the fact that the
weights wiF are positive. Moreover, since the quadrature is at least of degree 2k, since 1T, B(vj, —
wp) = qp, — ', by assumption, and owing to the conformity of V4, it is inferred that

A> awllvn — wplly — kyllan — rallis
= awllon — wnlly — Ky 1T, B(on — wp)l3s
> o lon — willy = ky | B(on — wp) |3

> (aw — kycicy) v — wn¥,

whence the conclusion readily follows since ||gn, — mn||m < eares||lvn — wpllv.

Proposition 6.8. Assume aw — 2kyc3,c% > 0. Then, (6.43) still holds if 1 > 4ky and if h is
small enough.

Proof. Proceeding as above leads to

A > awlon — will¥ = Eyllan — rall2s + 7| BE (un — 2) 134
> amw|lon — wlf? — 2k [T a, B(vn — wp) |3y — 2k |(1 = ITa, ) (an — 1) l137 + 71 BE (un — 20) 1%

= (aw — 2kycicp)llon — wplly — 2k ||(I = 11a,) (gn — ra)ll3r + 71 ag, B(on — wi) — (gn — m0) s

since I1 4, B(vy, — wp) = I14, (g — 7). The last term in the right-hand side can be transformed
into

113, B(vn — wh) = (g — ) l3r = [1Hns, B(on — wn) — I, B(on — wp) — (I = 1a,) (gn — 1) |34
> %H(I — IT,)(qn — 1)l — 11T a5, B(vn — wn) — Iz, B(vn — wp)|[3
> %ll(f — IT,)(qn — i)y — (1 = [a,) B(vn — wh) |3
since Ay, C My,. Moreover, in all cases for Ay,
(I = IT4,)B(on — wh) e S B2 B (v — wi)llg S B [lon — wallv.

To conclude, observe that |14, (g, — 1) ||a = |1 114, B(vy, — wp)|| v < emesllvn, — wa|lv.

As in the continuous case, the discrete decomposed problem (6.42) is tackled by solving
the stationarity conditions for the discrete augmented Lagrangian L, ;, that is, we seek xj :=
(un,pn) € Vj, x M;r and 0, € A, such that
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(W' (up), Uh>V,7V + (O, Bop) v + (1 yy, Bup, — pr, Bup)ar = 0, Yoy, € Vg, (6.44)
(' (pr), an — pr)m, — Onsan — pr) e — r(Bup — phogn — pa)m >0, Vg, € My, (6.45)
(Any Bup — pr)m = 0, YAn € Ay, (6.46)

By proceeding as in the continuous case (and using additional simplifications due to the finite-
dimensional setting), the following equivalence result is readily verified.

Proposition 6.9. If (xp,0},) is a local saddle-point of L, j, on Kj x Ay, then xp, € Kj Nker By, is
a local minimizer of the discrete decomposed problem (6.42). Conversely, let xp € Kj Nker By, be
a local minimizer of the discrete decomposed problem (6.42). Then, there ezists a unique 0, € Ap
such that (zp, 0) is a stationary point of L,y on Ky x Ap. Moreover, if the following second-order
condition holds,

(T w(@n), (dnydp)) >0, ¥dy, € (Vi x Cyp(zp)) Nker By \ {0}, (6.47)

where Cy p(z1,) = {dy, € Mp;3a > 0, py + ady, € M}, then (zp,,6y) is a local saddle-point of
the augmented Lagrangian on Ky X Ay, for v large enough.

Remark 6.6. In the decomposition-coordination method or when assembling the Jacobian matriz
in Newton’s method (see Section 6.5), the variational inequality (6.45) has to be solved with fixed
up and 0. This amounts to a nonlinear problem of size the dimension of My, namely of size
ng X Np where ng is defined above and where Np stands for the cardinal number of the set Fy,.
The key point is that since the underlying quadrature is at least of degree 2k, (6.45) is equivalent
to

(W' (pn), an — pr)my, — Onsqn — pr)ay, — r(Bun — progqn — pr)m, >0, Vg € M,F,  (6.48)

and using the nodal basis of My, this leads to ng X Np uncoupled one-dimensional nonlinear
problems. Note that (6.48) amounts to the minimization problem

. T
min ($n(gn), 1)az, — Ons an) s + = B (un, an) 1. (6.49)
thM}j 2

It is readily verified that for r > kyr, the above functional is convex so that the minimization
problem (6.49) has a unique solution.

6.4.3 Error analysis

This section is devoted to the error analysis for the three choices (6.30)-(6.32) of discrete
spaces Vj,, Mp, and Ayp,. Their analysis is of increasing complexity. In (6.30) and (6.31), Ay = My,
while M;¥ ¢ M in (6.30), but M;" ¢ M™ in (6.31); finally, in (6.32), A, # M), and M," ¢ M.
In all cases, the goal is to obtain error estimates with (quasi)optimal convergence rates in the
mesh-size h under the assumption that the exact solution is unique and smooth enough. We
assume for the sake of simplicity that the functional J, ;, is a-convex on Kj Nker By, so that the
discrete solution is also unique. Sufficient conditions for a-convexity and uniqueness are given by
Propositions 6.7 and 6.8 above. In the sequel, (z,0) with x := (u,p) denotes the exact solution
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and (xp, 0p) with zp, := (up, pp) denotes the approximate solution. Henceforth, we assume that
6 € M. Then, using the density of H™ in M™, (6.19) yields (¢'(p) — 6,q — p)p > 0 for all
q € M, whence it is classically deduced that ¢/(p) —0 € M+ and that supp(x)’(p) —6) Nsupp(p)
has zero measure.

We introduce an additional regularity assumption regarding the topology of the subset of
I" where the unilateral constraint p > 0 is actually active, namely, letting

Io(p) ={z € I;p(x) =0},  and  I%(p):=1"\TIo(p), (6.50)

o -

we assume that the set IH(p) N I+ (p) is

— in 2D/1D, a finite union of points;

— in 3D/2D, a finite union of Lipschitz curves.
Under this assumption, henceforth referred to as A[p|, a sharper error estimate can be obtained
by using the modified Lagrange interpolate introduced by Hiieber and Wohlmuth [69] in the
piecewise affine case or its piecewise quadratic extension in 2D/1D introduced in Lemma 6.4
below.

Since we are working in a nonconforming framework (M), ¢ H and possibly M," ¢ M™)
and recalling that we have set Z := V x M, it is convenient to redefine the operator B as
Z 3y :=(v,q) = Bv—q € M and to extend the domain of the functional J, to Z. Moreover,
taking advantage that for the exact solution 6 € M, the augmented Lagrangian is now redefined
as

L. Zx M3 (y,\) — L.(y,\) :== J.(y) + (\, By) s € R. (6.51)

An abstract error estimate

The proof of the following key abstract error estimate is postponed to Appendix 6.7.
Observe that the error (x — x,) is measured in the |-||z-norm, that is the H'($2)%norm for the
bulk displacement and the L?(I")-norm for the normal displacement on I, while the error (6 —0},)
on the Lagrange multiplier is measured in the L?(I")-norm scaled by the factor h'/2.

Lemma 6.2. For all y := (vy,qn) € K Nker be and for all ¢ € M, letting

Nunil(¢) := (¥'(p) — 0,4 — pn)m, (6.52)
Nunil(qn) = (¥'(p) — 0, qn — )M, (6.53)
Nquad (qn) = sup [(¥"(qn)s ) — (V' (an)s Th) a, | (6.54)

ThE€Mp,|Irp||m=1

there holds
Iz — zpl|Z < 11z — ynllZ + munin(n) + Naquad (an)? + Munit () + A5(|0 — 114,013, (6.55)
Buh2(10 = Opllar < B30 — T4, 0] 01 + |2 — @4l 2, (6.56)

where s = 1 if A, = My, and s = 0 otherwise.

Remark 6.7. nu,i1(q) measures the nonconformity error resulting from M,j ¢ M™; indeed, if
pn € MT, taking ¢ = pp, yields nuni(q) = 0. Nquaa(gn) measures the quadrature error when
evaluating the cohesive energy. Finally, [|x — ynllz + Munit(qn) measures the interpolation error
while accounting for the unilateral constraint.
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The case My, = 'Pg(fh), Ap = My, and V}, D 7’2(771)‘1

Theorem 6.2. Let My, = PY(Fy), A = My, and Vi, D PL(Th)?. Assume u € H3>T(Q) with
0<v <%, so0thatpe H(I') and § € HY(I"). Then, in the above framework, there holds

|z — 21z + Brh' /2|0 — 0|20 < BY2HV. (6.57)

Proof. We apply Lemma 6.2 in the setting A, = M}, and Bfl = Bj,. Since M,j’ C M™ because
M,;, = Pg(}"h), we can take ¢ = pp, to obtain nunii(g) = 0. Moreover, it is readily verified that
for piecewise constant functions, Uquad(%) = 0. It remains to select yp := (vp, qn) € Kp Nker Bh
to estimate nuni(gn) and || — yp||z. Let IIIJW be the piecewise affine interpolation operator
introduced by Hiieber and Wohlmuth; see [69] and also the left panel of Fig. 6.3. Recall that
Zlwp > 0 on I' and that supp(Zjwp) C supp(p). In particular, since supp(¢'(p) — 6) N supp(p)
has zero measure, it is inferred that (¢/(p) — 0, Zwp)m = 0. Hence, setting g5 := I, Ty,
it is clear that ¢ € M;L*' since My, = Pg(]—'h). Moreover, observing that g, and Iﬁwp have the
same support yields

Nanil (qn) = 0.

Now, let Iﬁag be the usual piecewise affine Lagrange interpolation operator (the same notation
is used for interpolating vector-valued functions in (2 and scalar-valued functions on I"). Define
v, € PLTR)? from Iﬁagu by just modifying the normal component of the nodal values located on

I so that By, = Iﬁlwp on I'. Then, by construction, y := (v, qn) € Kp Nker By, In addition,
since u € H3?7(2), standard interpolation properties (see, e.g., [44]) lead to
lu— T pgully S R,

and using an inverse inequality, the triangle inequality, standard approximation properties of
I} > and the fact that p € H'*¥(I') yields

1Tt agu = vally S B2 T agp — Thiwpllar < h7YV2(0 + [lp = Tl wr)-

Assumption Alp| is now used to infer that ||p — Ziwpllm S h1HY; see [69]. Collecting the above
estimates yields ||u — vy |y < hY2" and since

lp = anllar < llp = Dag,pllar + 1 s, (0 = Ziewp)lIar < llp = Dag,pllar + p — Ziewpllar S b,
and recalling that v < %, it is inferred that
|z — ynllz S B2

Finally, since 6 € H”(I"), ||0 — 114, 0| m < hY, whence the conclusion is straightforward.

Remark 6.8. Without assumption A[p[, Nunii(qn) can be estimated by taking q = HMhIﬁagp.
Since 1) is Lipschitz continuous and v < %, ¢:=1'(p)— 6 € H"(I'). Hence, nunit(qn) < [|¢ —
I, Cllamllp — HMhIﬁagPHM < hY|lp — HMhZﬁangM < AV so that the upper bound in (6.57)
becomes h'/2tV/2.
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Fig. 6.3. Principle of the Hiileber—-Wohlmuth interpolate; left: piecewise affine case; right: piecewise quadratic
case.

The case My = PY(Frn), An = Mp, and Vj, D P2(Th)4

Theorem 6.3. Let My, = PL(F), Ay = My, and Vi, D P2(Tp)?%. Assume u € H*™V(02) with
0<v <41, sothatp € H32(I) and § € HY?t(I'). Then, in the above framework, there
holds in 3D /2D,

|z — @nllz + Bubh 2|0 — Onllar S B4V, (6.58)

Moreover, in 2D/1D, if ¢ is of class C™2 with ¢" Lipschitz continuous,

|z = znllz + Buh' /210 — Onllar S B (6.59)

Proof. Again, we apply Lemma 6.2 in the setting Ay = M}, and Bg = Bh. Consider first nuni(q)-
Take q = Ilopn, where Iy denotes the M-orthogonal projection onto Pg(]—"h), and observe that
q € M. Letting ¢ := ¢/(p) — 0, this yields

Nanit(q) = (¢, Hopy, — pr) v = (¢ — IoC, Hopn — pr)m
= (( — Ho¢, Hopy — Iop + Iop —p+p — pr)m
<N¢ = oCllar (B2 |p — pull o + 1o — pllar),

where the H-stability of IIy has been used owing to the quasi-uniformity of the mesh on I" and
since ||¢ — IoC | g S h'2(|¢ = Io¢ || ar. Moreover,

lp = pulle = |Bu — Ia, Bun|a < ||Bu — 1Ly, Bullg + |[I14,(Bu — Bup)||u
S IBu — Iy, Bull g + || Bu — Bu|lg S b + [lu—up v

Since v’ is Lipschitz continuous and v < %, classical properties of superposition operators [94]

yield ¢ € HY2V(I'), so that ||¢ — ITo¢|| < b2, Moreover, || op—pllar < hsince p € H'(I).
Hence,
Nunit (@) < R ||u = up ||y + K321V

Consider now 7quad(qn) for gn € Mj. Since the quadrature is at least of degree two, letting Isl
be the (discontinuous) interpolation operator at the Gauss nodes, there holds

Nquad (an) < 1V (qn) — T (W' (an)) |-
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Since v is Lipschitz continuous, '(qy) is in H'(F}), the usual broken Sobolev space on the
mesh Fj, and there holds |19/ (qn) g1 (7,) < llanllmr(7,)- Hence,

nquad(qfl) 5 hHQhHHl(]‘—h)'

Consider now 7unii(gn) and ||z — yullz. In 3D/2D, we set v, = Z2, u, the piecewise quadratic

Lag
Lagrange interpolate of u, and ¢, = HMhIEagp. Then, ¢, € M,j; see Lemma 6.3 below. Moreover,

unit(qn) S 1P = anllar S BT,

and ||z — yullz < AYY. Finally, |0 — T4, 0|l < hY?FY. Collecting the above estimates
yields (6.58).

In 2D /1D, we consider the piecewise quadratic extension, I%W, of the Hiieber—Wohlmuth inter-
polation operator; see Lemma 6.4 below. Then, we set ¢, = HM,LI%Wp and vy is obtained
from Iﬁagu by just modifying the normal component of the nodal values located on I' so
that Bv, = ZZwp- Then, proceeding as in the proof of Theorem 6.2 yields nuni(gn) = 0,
and ||z — yallz < ATV, Furthermore, owing to the assumption on 1 and observing that
(¥'(qn))" = V" (qn)q;,, it is readily seen using inverse inequalities and the fact that gy is piecewise

affine that |[¢’ (Qh)HH3/2 (Fn) Sh 1/2”(1hHH1(}‘ Hence,

~

h3/2

nquad(Qh) HQhH%rl(]:h)-

Finally, still using assumption A[p|, the above estimate on 7uni(g) can be sharpened using the
fact that (see [66, Theorem 4.4]) (¢ — IToC, Ilop — p)ar < W22 yielding

Munit (9) < hl—H/Hu —upllv + R+,

Collecting the above estimates yields (6.59).

Lemma 6.3. Let F' be a triangle, let u € Po(F'), and assume that u is non-negative at the six
interpolation nodes of Iﬁag in F. Let ITiu be the L?-orthogonal projection of u onto Py (F). Let

(£F)1<i<3 be the midpoints of the three edges of F. Then, for all 1 <14 <3, ju(¢f) > 0.

Proof. Let (¢f)1<i<3 be the (Crouzeix-Raviart) basis functions associated with the nodes
(fiF)lggg. Observe that for all 1 <i < 3,

gﬂlu éz |F| / u¢2 .

Moreover, using the classical 7-point quadrature of degree 3 yields
3 1
[ wel = sgur™) + Sl + o5 (o) + u(of)  u(of),
I 20 20

where ¥ denotes the barycenter of F and azF is the vertex of F' opposite the edge containing
¢F. Furthermore, since u € Py(F),

u(r") = 3 (ulol) + ulof) + ulof)) + 5 (el +u(el) + ule]),

so that [, u@! is a linear combination of non-negative terms. The same holds for i € {2, 3}.
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Lemma 6.4. Assume 2 C R?. Then, there exists an interpolation operator 112{\7\/ c HY(TI) —
P2(Fp) such that

(i) if ¢ > 0, then TZwq(&F) > 0 for all 1 <i < ngy and for all F € Fp;

(i1) supp(Ziwa) C supp(q);

(iii) if p € H3?+(I), v < 3, satisfies Assumption Alpl, then |p — Tiywpllm S B3+,

Proof. Consider first the usual, piecewise quadratic Lagrange interpolate of ¢, say Iﬁagq. Since
2 C R?, each F € Fj, is a segment and the restriction of Iﬁagq to I can be specified by its
values at the endpoints and the midpoint of F. Two modifications need to be implemented.
Firstly, as for I}y, if for F € Fj,, F N {z € I';q(x) = 0} has nonzero measure, the three nodal
values of I%Wq are set to zero on F. This suffices to guarantee Property (ii). However, contrary
to the construction of Iéw, this does not suffice to guarantee Property (i). To this purpose a
further modification is needed. Let I’ € Fj, and assume that Iﬁagq is negative at one quadrature
node (it cannot take negative values at the two quadrature nodes since it takes non-negative
values at the interval endpoints and midpoint and can have only one minimizer). Then, instead
of interpolating at the midpoint, we interpolate at this quadrature node; see the right panel
of Fig. 6.3. To verify that the resulting quadratic interpolate is still non-negative at the other
quadrature node, consider the reference interval [0,1] with &4 = £(1+ %) Let Ao(t) =1 —1t,

A1(t) =t, and b(t) = 4t(1 —t) so that the usual quadratic Lagrange interpolate of a non-negative
function ¢ takes the form

aXot) + BM(E) + (v = S(a + B)b(1),

with non-negative coefficients a = ¢(0), § = ¢(1), and vy = q(%) If this interpolate is negative at,
say, &4, this yields %(a—kﬁ) + %’y— ﬁ(a—ﬁ) <0, so that a > 3. Now, the Lagrange interpolate
using the two endpoints and the node &, takes the form

adoft) + BM(1) + 56— ado(€+) — BMa(E)b(D),

with § = ¢(&4) and evaluating this expression at &_ yields 6 + %(a — ) > 0. This proves
Property (i). Finally, Property (iii) is established as in [69] using Assumption A[p| and the fact

that a possible interpolation at a quadrature node and not at a midpoint does not alter the
asymptotic accuracy of the quadratic Lagrange interpolate.

Remark 6.9. Similar error estimates have been obtained for quadratic approximations of two-
field formulations of unilateral contact problems in [66]. Estimate (6.58) is suboptimal and does
not use assumption Alp[. Instead, estimate (6.59) is optimal and relies, in particular, on this latter
assumption. Without this assumption, estimate (6.58) holds in 2D/1D; the only modification of
the above proof in 3D /2D is in the choice of qp € M;r to estimate Nunil(qn), where the Lagrange
interpolation can be performed at a quadrature node instead of at the edge midpoint, similarly to
the proof of Lemma 6.4. This remark also applies to the conclusions of Theorem 6.4 below.

The case My, = PY(Fn), An = PX(Fr), and Vj, = P2(Tp)?

Theorem 6.4. Let My, = P3(F), A, = PL(Fr), and Vi, = P2(Tp)?. Assume u € H*T(0) with
0<rv< %, so that p € H3/?t(I"), and also assume 6 € H™V(I"). Then, in the above framework,
there holds in 3D /2D,
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| — 24|z + Brh'?(|0 — Op)| 2 S R3/AHV/2, (6.60)
Moreover, in 2D/1D, if ¢ is of class C™2 with ¥" Lipschitz continuous,

|z — ||z + Buh'?)|0 — Opl|ar < BV (6.61)

Proof. We apply Lemma 6.2 in the setting Ap # Mj. We proceed as above, except for the
interpolation error on the Lagrange multiplier for which there holds || — I, 0]|as < R since
0 € H(I).

6.5 Algorithms

In this section, we present two iterative algorithms for solving the discrete problem (6.44)—
(6.46), namely a decomposed version of a classical Uzawa algorithm and a nonsmooth Newton’s
method.

6.5.1 A decomposed Uzawa algorithm

The first algorithm we propose is a decomposed version of a classical iterative Uzawa
algorithm. Each iteration of the decomposed algorithm consists of the following steps:

uzﬂ « arg min L, (vn,p); 0h), (6.62)
vRLEVR

pzﬂ < arg min LT’h(uZH,qh;HZ), (6.63)
%EM}T

Ot « 07 + pITy, (ITag, Bt — pih, (6.64)

where p is an arbitrary positive parameter. Instead of minimizing directly the Lagrangian with
respect to the couple (u},p}), the Lagrangian is minimized with respect to u} and then with
respect to py. This is the difference with the classical Uzawa algorithm.

Step (6.62) amounts to the solution of a linear system. Moreover, at each iteration, only the
right-hand side changes. Hence, this step can be efficiently solved once a factorization method has
been initially performed (LU factorization for instance). Step (6.63) is solved by the collocation
method described in Section 4.1. Finally, Step (6.64) is straightforward if A, = M}, since it can
be performed elementwise. Otherwise, it requires a projection onto Ay by inverting a global mass
matrix.

Remark 6.10. This algorithm corresponds to ALG2 in [49], where a slightly different version
called ALG3, equivalent to the LATIN method [84], is also proposed.

We now prove a global convergence result for the decomposed Uzawa algorithm in the
case where Ay, = M}, and under the convexity condition (6.8). Recall that this condition implies
the a-convexity of the discrete functional J,; and thus the uniqueness of the discrete solution
(up, ph, Op). The following proposition yields sufficient conditions on the parameters r and p for
global convergence. Its proof is postponed to Appendix 6.8.
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Proposition 6.10. Assume A, = My, and the convexity condition ayw — 2k¢/c?\4023 > 0. If the
parameters v and p are such that
r> P > 4]{,/,/, (665)

Algorithm (6.62)—(6.64) is well-defined and converges to the discrete solution (up, pp,0p) for any
initialization.

Remark 6.11. When the functional is nonconvez, a convergence result exists for the classical
Uzawa algorithm [10]. We did not try to extend it to the decomposed version described here.

6.5.2 A nonsmooth Newton’s method

Let (up,ph,0n) solve (6.44)-(6.46). Given uy and 60, the variational inequality (6.45) is
equivalent to the minimization problem (6.49). Recall that for r > ks, this problem has a unique
solution. Hence, pp, can be expressed as a function of uy and 6y, in the form pp, = mw(up, 0y).
Equations (6.44) and (6.46) can then be recast as a nonlinear system of equations

<W’(uh), Uh>V’,V + (On,vp) s + r(Bup, — m(up, 0r), Buop)p = 0, Yoy € Vi, (6.66)
(An, Bup, — m(up, 0p))m =0, VA € Ap, (6.67)

or in a compact form with z, := (up, 0),
F(z,) =0, (6.68)

where F' maps Vj, x A, onto Vj, x Ap. Equation (6.68) can be solved using a Newton’s method.
However, the function F' is continuous but non-differentiable owing to the unilateral constraint.
F' is locally Lipschitz continuous though, so that, according to Rademacher’s theorem, it is
differentiable almost everywhere. Denote by Dp C V, x Ay, the set where F' is differentiable. For
the points where F' is non-differentiable, we introduce the generalized Jacobian as defined in [26],

0F(z) = co { lim VF(zi)} , (6.69)
zi—z, zi€Dp

where co stands for the convex hull of a set. The nonsmooth Newton’s method consists of the

step

2t — GLIR (2D, (6.70)

where G, € 0F (2}!).

Proposition 6.11. Let (up,0p,) solve (6.68). Assume that all G € OF (up,0y) are nonsingular.
Then, if r > kys, Newton’s method (6.70) is well-defined and converges to (up,0p) for any ini-
tialization sufficiently close to (up,0,).

Proof. The function F' is said to be semi-smooth at a point z € Vj, x Ay if F is locally Lipschitz
at z and
lim Gd exists for all e € V}, x Ap,. (6.71)
GEIF (z+td),d—e t—0tF
We can verify that F is semi-smooth on Vj, x Ap and conclude using a convergence result [104]
on Newton’s method for semi-smooth functions.
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Remark 6.12. Newton’s method is a local method. To globalize it, a line-search technique with
the augmented Lagrangian as merit function can be used.

6.6 Numerical results

To investigate numerically the proposed methodology, we build a 2D benchmark problem
with analytical solution. Let 2 :=]0, L,[x]0, L,[, 002p = {L;}x]0, L[ and I" :=]0, L,[x{0}.
Consider the cohesive law

6=de)® it 5 ¢ (0,d
oy =47 @ Toeldd (6.72)
0 if § > d..
Let n > 2 and let Ly € R be such that 0 < Ly < L. Introducing the functions
de(1 — F)" if x €0, Ly, t if x € |0, Lo,
0 ifr e [LU,Lz], Oc ifr e [Lg,Lz],

the bulk displacement in the analytical solution is set to

_( v
u(z,y) == <5($) +y¢(:v)) . (6.74)

This solution is built to satisfy the boundary condition of unilateral contact with cohesive forces
on I'. The normal displacement on I is given by the function s, and the contact zone corresponds
to the interval [Lg, L,|. To complete the specification of the test case, it remains to choose suitable
external load and boundary conditions on 942\ (I" U 9f2p) according to (6.74). We can readily
verify that uw € H"1(£2). We also observe that ur does not exceed d. so that the regularity of ¢
at d. does not limit the regularity of w.

First, we study the convergence rates for two choices of finite element spaces, namely
Vi, = PH(Th)? and My, = A, = PY(Fy) (referred to as Py /Py case) and Vj, = P2(Tp,)¢ and M), =
Ap, = PI(Fp) (veferred to as Po/Py case). The simulations are performed with the decomposed
Uzawa algorithm. The Young modulus and the Poisson ratio are £ = 2 -10° and v = 0.2.
Further parameters are L, = 20, L, = 6, Lo = 10, 0. = 0.001, and d. = 0.1. Observe that the
Young modulus is very large so that the continuous and discrete functionals are expected to be
convex. The analytical solution is chosen to be in H3(£2) (n = 4). The results are summarized in
Tables 6.1 and 6.2. Optimal convergence rates are observed in both cases. In the Py /Py case, this
result matches the estimate of Theorem 6.2. In the Py/P; case, the numerical result improves
on the estimate of Theorem 6.3 which is suboptimal. Moreover, in both cases, the Lagrange
multiplier super-converges although in the present setting for V3, the discrete inf-sup condition
is not robust with respect to mesh-size.

We now address the convergence of the decomposed Uzawa algorithm. We consider that
convergence is reached when the difference between the exact solution and the approximate
solution is below a given tolerance. The simulations are performed with Vj, = PL(7;,) and M), =
Ay, = Pg (F1). The numbers of iterations to reach convergence for various couples of parameters
(r, p) are collected in Table 6.3. The two criteria r > p and r > 2k, derived in Proposition 6.10
appear to be rather sharp.



h

[[w — unla

llp — prll L2

16 = Onllz>

2.83
1.54
0.80
0.40
0.21

6.42e-2 -

2.49e-2 1.55
1.02e-2 1.36
4.98e-3 1.04
2.33e-3 1.13

2.95e-2 -

1.51e-2 1.09
7.60e-3 1.04
3.80e-3 1.01
1.90e-3 1.04

1.04e-2 -

5.93e-3 0.92
1.17e-3 2.46
2.50e-4 2.25
5.35e-5 2.31
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Table 6.1. Errors and convergence rates with V3, = Pl (’Th)d and My = Ay, = Pg(]-'h).

h

[ — un|lm

P — pnllre

10 = Onllz>

2.83
1.54
0.80
0.40
0.21

4.12e-3 -

8.60e-4 2.57
1.90e-4 2.29
5.31e-5 1.86
1.60e-5 1.80

3.53e-3 -

8.87e-4 2.26
2.22e-4 2.10
5.59%e-5 2.01
1.48e-5 1.99

2.94e-4 -

1.10e-5 5.38
2.95e-6 2.00
7.52e-7 1.99
1.93e-7 2.03

Table 6.2. Errors and convergence rates with V}, = Pf(ﬁ)d and My, = A, = PY(Fn).

p/r|r = ky |1 = 2kys |7 = 10kys |7 = 20k, |7 = 100k,
0.5| oo 13 12 9 5
1.0 oo 32 7 6 3
15| o0 00 11 7 )
20| o0 00 00 00 00

Table 6.3. Number of iterations in the decomposed Uzawa algorithm for various couples (7, p).

Remark 6.13. Numerical results with Newton’s method and the choice Vj,

7)2(771): Mh =

PY(Fn), and Ay, = PL(Fy) are presented in [93], where optimal convergence rates are reported.

6.7 Proof of Lemma 6.2

Proof. Let yp, := (vp,qn) € KpNker éfl Since ker be C ker By, (because A, C My), yp, € ker By,.
As a result, it is inferred from (6.44)-(6.46) that

0 < (Jp(@n),yn — xn) 2.2 + On, Br(yn — xn))m

= (Jn(@n), yn — 2n) 27,2

Set 6, = xp, — yp 1= (05, 9}) and observe that dj, € ker Bj,. Then, since y, € ker Bﬁ,

(Jrn(@n) =I5 (Yn)s 0n) 21,2 <

<_

(yn),0n) 21,z = (=Jo 1 (Un), On) 2,z
Yn),0n) 21,z + (Jo(un) — Jo.n(Yn): On)zr 2
), 0n) 20,z + (Jo(x) = Jo(yn), 0n) 2.z + (Jo(yn) — Jo. 1 (Yn); 0n) 2,z
,On) 2,2 + (Jo(x) = Jo(yn)s On) 2z + (V' (an), 04) v — (V' (an), O}, ) aa,,
z),0n) 2.z + (|12 — Yullz + Nquaa(an))||0nllz,

using the Lipschitz-continuity of J), and the definition (6.54). Focusing on the first term in the

right-hand side, we observe that for all y := (v,q) € K,
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<—J6($)75h>2', = )Y —yn)zt,z + (—Jo(x), 2 —Y)z 2
2),y —yn)zr,z + (0, B(xn — y))r — (OyLo(x,0), 20 — y) 2 2
)y — 2z z + (= Jy(@), 2 — yn)zr .z + (0, B(xn — y))ar — (OyLo(,0), 20 — y) 21 2

Th— )M

)
)

i

+ <—J(/)(37)7$ —yn)z',z — (OyLo(x,0), zp — y>Z/,Z

xp —yn))m — (OyLo(x,0), 2 — yn) 2,z — (OyLo(x,0), 2 — y) 27 2,

where we have used the fact that (—J}(z),y — ).z < (0, B(y — ))as since (z,0) is the exact
solution and y € K. Furthermore, using the definitions (6.52) and (6.53) and the fact that
Vi, C V, it is readily seen that

(OyLo(,0),yn — ) 2.z = (V' (p) — 0,qn — P) M = it (qn)
and
(OyLo(2,0),y — xn) 2,z = (W' (p) — 0,4 — pr) v = Nunit (@),

so that .
(=J5(x),0n) 2.2 < (0, Bz, — yn))m + Nunit(qn) + Tanin (@)-

Since H' is dense in M ™, the above estimate can be extended by continuity to ¢ € M.
Furthermore, observing that (x; — yp) € ker By, there holds

(=J(2),0n) 2.2 < (0 — I14,0, B(xh — Yn)) s + Nunit(qn) + Nunit (@)
< NN0 — 110, 0| ar | B(zn — yn)l|ar + unit(@r) + Nunit (@)

Moreover, if Ay, = My,
1B(zh — yn)llae = I(1 = Ia,) Blup — vp)llar S B2\ Blun — vp) |l S B2 Jup — vnllv,

while HB(xh—yh)HM S lzn—ynllz if Ap # Mp. Thus, in all cases, HB(xh—yh)HM < hs/ZHa:h—thZ
with s = 1if Ay, = My and s = 0 if Ay, #£ M}, and this yields

(—=J(@), ) 2.2 S W20 — TLa, 0l n || e — ynll 2 + Dumit (@) + Thanit (@)

Collecting the above estimates and using (6.43) together with a Young inequality, it is inferred
that

lzn = yll% < e = ynllZ + thanit(an) + Nquaa(ar)* + Munit(q) + h(10 = 114,013,
whence the bound on ||z — x|z follows using a triangle inequality. Finally, to derive the bound

on h'/2||6 — 6| s, observe that for vy, € V}, and since Vj, € V,

(0 — 14,0, Byvp)ar = (O — 114,60, Bup)m

= (0, — 0, Bup)pr + (6 — 11,,0, Bup)m

< ( ) ( ) ’Uh>V/ 1% +7r (Bﬁ( — uh) BUh)M + (9 — UAhe, th — HA;LBUh)M
|z = znllzl|lvnllv + |0 = 114, 0| arl| Bvn — I, Bop||

S
< (lz = zpllz + Y20 = 114, 0) 00) vnllv,

whence the desired estimate results from the discrete inf-sup condition and a triangle inequality.
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Proof. The couple (up,pp) € Vi, X M, is such that

(W' (un),vn) vy + (O, Bop) s + r(Buy, — pr, Bop)ar = 0, Yop, € Vi, (6.75)
(V' (pn), an — Pr) My, — (Ons an — pr)ar — 7(Bup — phogn — p)m =0, Van € My, (6.76)
On = O + p (Irg, Bup, — pr) - (6.77)

The couple (uf,p}) € Vi, x M, is such that

<W’(u2),vh>v, vt (071, Bup) s + r(Bujl — pi ™, Bup)u = 0, Yoy, € W, (6.78)
(W' PR an — P ag, — (07 an — PR a — r(Bujl — pioan — i) = 0, Va, € M;7, (6.79)
O = 077 + p (Iag, Bult — pp). (6.80)

Set 07 := 07 — Oy, P} := pi¥ — pp, and 4} == u}} — uy. Applying (6.75) and (6.78) to vy, = U} and
subtracting yields

<W/(ﬂ2)vﬂz>vl,v + (ézila B’L_LZ)M + THBQEH%W - r(ﬁzila BEZ)M =0, (681)

where the linearity of W’ has been used. Similarly, using (6.76) with g, = p}! and (6.79) with
gr, = pp, and subtracting leads to

(W' (p) = ' (pn). i — Pr)as, — O~ 2R + 7B IRs — (2R, Bui)a < 0. (6.82)
Adding (6.81) and (6.82) and setting « 1= aw — 2kyci;c% and B =1 — 2ky yields

*(0_271’ BQ_LZ *pZ)M 2 <W/(ﬂ2)vﬂZ>V/7V + (¢/(p2) - W(Ph)ap;«f - ph)Mh
+r|| Bay, — py|i; +r(o — by Bug)

> awl|apll — kllh |3, + rllBay, — oyl +r@h — ' Bay)w
> awl|ap [}y — 2ky || Bap |3y — 2k || Baj, — oy |3y + rll Bag, — oyl
+r(ph — 0y, Biy)m

> ollay [} + BllBuy, — gl + (o — 5y Biig) (6.83)
Adding (6.79) written at iteration n — 1 with ¢, = p} and (6.79) written at iteration n with
qn = pp ! and since p? Pr =Dy - =Py — Dy ! and so on, yields

@ - B k- B e > W) ) - ) + ol - 7
—r(ph — oy Buh By u
> (r— k) — P30 — Bk — Py, Buj, — By~ ). (6.84)

Owing to (6.77) and (6.80) at iteration (n — 1),
071 =072+ p (I, Buy ' —pp 1), (6.85)

whence, owing to (6.84),
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_ n—1 n—1 _ n—1)2 _ 1 -1
r(ph — oy By, — Bup ) > Bllph — py IR — p(Bap Tt =5y~ e (6.86)
This equation can be reorganized as

—n—1

r(Buyy, oy — b, ar = Blpk — by~ I3+ (r = p) (B~ —ﬁZ’l,ph Ph M

—n—1

+r(py vph*ph )M -

—n—1

Using the identity 2(p} ", p} —p) ™ ") = 17113, — Ilp) |3

2 =R =Py 13, we turn (6.86) into

2r(Buy, ph — 0y = (28 = )5 — oy~ g+ (k3 — Iy~ 130)

. " e (6.87)
—|—2(r—p)(Buh l_ph lyph DPh, l)M-

Squaring (6.85) at iteration n leads to

165~ 13 — G313, = —2p(8,~", Bay, — pi)ar — p?|| Bujy — by |34

Finally, collecting (6.83) and (6.87) and using r > p yields

165~ 13 = Gk 13; = 2pallapll + p(28 — p)l| Bujy — phl[3, + p(28 — 7")th — oy 3
+rp(lh |3, — 19y~ 130) + 20(r — p) (B ™" — o~ 0 — B e

< (10773 + rollpy ) — 10713 + rellpillin) = 2pellar|l + p(28 — p) || Buy — prll
+p(28 — )|} — B3y + 2000 — p)(Bap ™t — 5t B — B

= (1057 M3s + rolloy = I3e) — (ORI, + rollBhliZ) > 2pall@illy + p(268 — p)| Bay, — phls

+o(28 =) Bk — B I3 — p(r = p)(1Bap " = 23 M3 + 155 — B 130)-
(6.88)

Set €™ = |03, + rpllpR||%; + p(r — p)|| Buf — p||%; so that (6.88) can be rewritten as
" —€" > 2palup} + p(28 — )| By — pplis + p(28 — 20 + o)1k — By I3 (6:89)

By assumption, o > 0, 28 —r > 0, and 28 — 2r + p = p — 4ky > 0. Hence, the sequence
(e™)nen, which is clearly nonnegative, is decreasing; thus it converges. As a consequence, the
right-hand side of (6.89) converges to zero, implying that the sequences (u})nen and (p})nen
converge to up and pp respectively. Finally, the sequence (0} )nen is bounded. According to
the Bolzano—Weierstrass theorem, there exists a converging subsequence. By uniqueness of the
discrete solution (un, pn,0s), the whole sequence (6} )nen converges to 6j,.



7

Conclusion et perspectives

Dans cette thése, nous avons proposé et analysé des méthodes numériques pour des prob-
lémes de contact et de fissuration en dynamique. Pour les problémes de contact, nous avons
d’abord comparé les principales méthodes proposées dans la littérature. Nous nous somines en-
suite concentrés sur la méthode de masse modifiée. Celle-ci élimine les oscillations parasites, offre
un bon comportement énergétique et peut s’adapter a n’importe quel schéma en temps. De plus,
elle se programme relativement facilement et ne nécessite ni d’étape de calcul supplémentaire ni
de paramétres supplémentaires. La méthode de masse modifiée apparait donc comme une des
meilleures méthodes pour les problémes de contact en dynamique. Dans cette thése, nous avons
contribué a son analyse (convergence vers une solution continue dans le cas viscoélastique, anal-
yse des formulations semi-discrétes et discrétes dans le cas du frottement de Coulomb) et proposé
une variante semi-explicite. Plusieurs développements sont encore envisageables. Premiérement,
la. méthode semi-explicite que nous avons proposée dans le cas du contact sans frottement, pour-
rait étre étendue au cas du frottement de Coulomb. Deuxiémement, dans un article récent [107],
Y. RENARD propose une extension de la méthode de masse modifiée & une structure mince, en
I'occurence une membrane avec obstacle. Il serait donc intéressant d’appliquer cette approche a
d’autres structures minces (plaques, coques). Enfin, Papplication de la méthode de masse mod-
ifice & des problémes en grandes déformations ou en grands déplacements n’est pas immeédiate.
En effet, ’orientation des conditions de contact peut évoluer au cours de la simulation. S’il s’agit
d’un probléme de contact sans frottement, l'utilisation de la méthode de masse modifiée ne pose
pas de problémes puisqu’on peut retirer toute la masse associée aux nceuds de la frontiére. En
revanche, s’il s’agit d’un probléme avec frottement de Coulomb, il faut garder la masse associée
aux déplacements tangentiels et donc modifier la matrice de masse au cours de la simulation,
ce qui pourrait poser des problémes numériques. Concernant ’analyse de la méthode, en 2D et
en 3D, dans le cas d’un solide viscoélastique, nous avons montré un résultat de convergence de
la méthode de masse modifiée. En 1D, il doit étre possible d’obtenir des résultats plus précis
(convergence forte, taux de convergence). Il serait également intéressant d’établir des résultats
de convergence pour les structures minces.

Dans la deuxiéme partie de cette thése, nous avons étudié un modeéle de fissuration dy-
namique combinant un chemin de fissuration pré-défini et des zones cohésives. Nous avons proposé
et analysé des schémas en temps quasi-explicites pour ce modéle. Ce type de modéle permet de
représenter un comportement assez riche de la fissure (différents modes de rupture, contact et
frottement apres décohésion, etc...). En revanche, il ne permet pas de prédire le trajet de fissura-
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tion, le branchement d’une fissure ou la multi-fissuration. Il est certes possible d’insérer une zone
cohésive entre tous les éléments du maillage. Mais cette approche s’avére trés sensible au maillage
(voir les exemples de simulations dans [120]). De plus, on se sait pas bien quel modéle continu on
tente d’approcher en insérant une zone cohésive entre tous les éléments du maillage. L’approche
variationnelle proposée par (G. FRANCFORT et J.-J. MARIGO est, & notre avis, une meilleure
approche pour prédire le trajet, le branchement ou la multi-fissuration. Cette approche a été
initialement développée pour des problémes quasi-statiques. Des travaux récents proposent une
extension au cas dynamique (BOURDIN, LARSEN & RICHARDSON [13] LARSEN [85]|, LARSEN,
ORTNER & SULI [86]). Les premiers résultats numériques sont prometteurs. Il serait intéressant
d’explorer cette voie, tant sur le plan de la modélisation (modéles intégrant une viscosité) que
de lanalyse mathématique ou de la résolution numérique (choix des schémas d’intégration en
temps notamment).
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