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Abstract

Stochastic optimal control addresses sequential decision-making under uncertainty. As
applications leads to large-size optimization problems, we count on decomposition meth-
ods to tackle their mathematical analysis and their numerical resolution. We distinguish
two forms of decomposition. In chained decomposition, like Dynamic Programming, the
original problem is solved by means of successive smaller subproblems, solved one after
the other. In parallel decomposition, like Progressive Hedging, the original problem is
solved by means of parallel smaller subproblems, coordinated and updated by a master
algorithm.

In the first part of this manuscript, Dynamic Programming: Risk and Convezxity, we
focus on chained decomposition; we address the well known time decomposition that
constitutes Dynamic Programming with two questions. In Chapter 2, we extend the
traditional additive in time and risk neutral setting to more general ones for which we
establish time-consistency. In Chapter 3, we prove a convergence result for the Stochastic
Dual Dynamic Programming Algorithm in the case where (convex) cost functions are no
longer polyhedral.

Then, we turn to parallel decomposition, especially decomposition methods ob-
tained by dualizing constraints (spatial or non-anticipative). In the second part of this
manuscript, Duality in Stochastic Optimization, we first point out that such constraints
lead to delicate duality issues (Chapter 4). We establish a duality result in the pairing
(L‘X’,Ll) in Chapter 5. Finally, in Chapter 6, we prove the convergence of the Uzawa
Algorithm in L (Q, F,P;R™).

The third part of this manuscript, Stochastic Spatial Decomposition Methods, is devoted
to the so-called Dual Approximate Dynamic Programming Algorithm. In Chapter 7, we
prove that a sequence of relaxed optimization problems epiconverges to the original one,
where almost sure constraints are replaced by weaker conditional expectation ones and
that corresponding o-fields converge. In Chapter 8, we give theoretical foundations and
interpretations to the Dual Approximate Dynamic Programming Algorithm.



Résumé

Le controle optimal stochastique (en temps discret) s’intéresse aux problemes de
décisions séquentielles sous incertitude. Les applications conduisent a des problemes d’op-
timisation de grande taille. En réduisant leur taille, les méthodes de décomposition perme-
ttent le calcul numérique des solutions. Nous distinguons ici deux formes de décomposition.
La décomposition chainée, comme la Programmation Dynamique, résout successivement
des sous-problemes de petite taille. La décomposition paralléle, comme le Progressive Hedg-
ing, consiste a résoudre itérativement et parallelement les sous-problemes coordonnés par
un algorithme maitre.

Dans la premiere partie de ce manuscrit, Dynamic Programming : Risk and Convezity,
nous nous intéressons a la décomposition chainée, en particulier temporelle, connue sous le
nom de Programmation Dynamique. Dans le chapitre 2, nous étendons le cas traditionel,
risque-neutre, de la somme en temps des cotits a un cadre plus général pour lequel nous
établissons des résultats de cohérence temporelle. Dans le chapitre 3, nous étendons le
résultat de convergence de 'algorithme SDDP (Stochastic Dual Dynamic Programming
Algorithm) au cas ou les fonctions de cotits (convexes) ne sont plus polyedrales.

Puis, nous nous tournons vers la décomposition parallele, en particulier vers les
méthodes de décomposition obtenues en dualisant les contraintes (contraintes spatiales
presque stres, ou de non-anticipativité). Dans la seconde partie de ce manuscrit, Duality
in Stochastic Optimization, nous commencgons par souligner que de telles contraintes peu-
vent soulever des probléemes de dualité délicats (chapitre 4). Nous établissons un résultat

de dualité dans les espaces pairés (LOO, L1> au chapitre 5. Finalement, au chapitre 6, nous

montrons un résultat de convergence de ’algorithme d’Uzawa dans L (Q, F,P; R”). qui
requiert ’existence d’un multiplicateur optimal.

La troisieme partie de ce manuscrit, Stochastic Spatial Decomposition Methods, est
consacrée a l'algorithme connu sous le nom de DADP (Dual Approzimate Dynamic Pro-
gramming Algorithm). Au chapitre 7, nous montrons qu’'une suite de problemes d’opti-
misation —dans lesquelles une contrainte presque sire est relaxée en une contrainte en
espérance conditionnelle— épi-converge vers le probléeme original si la suite des tribus
converge vers la tribu globale. Finalement, au chapitre 8, nous présentons I’algorithme
DADP, des interprétations, des résultats de convergence basés sur la seconde partie du
manuscript.



Notations

We lay out the general rules and conventions followed in the manuscript:

function.

the random variables are written in bold,

the letter x refers to a state, u refers to a control and w refers to a noise,
the symbol ! refers to optimality,

the letters j and J refer to the objective function, and the letter © to the constraint

Here are the main notations:

[a, 0]
{u”};lzno
[At} t2=t1
w.r.t.

o(X)

X <X F
X <Y
Tp — T
Tp — T
(Q,F,P)
F(E,F)

LP(Q, F, P E)

LP(Q, F,P; E)
E, Ep

P-a.s., a.s.
lim

lim
XA
1a
dom f
f=
Aff(A)
Al
(y,z)yx
Ty
X*
int(A)
ri(A)
P(A)

= =

set of integers between a and b

sequence {Unm Ung 15 - 7um} (also written {un}z(l))

Cartesian product of sets Ay, X -+ x Ay,

with respect to

o-field generated by the random variable X

the random variable X is measurable w.r.t. the o-field F
the random variable X is (Y )-measurable

the sequence (z,,)nen (strongly) converges towards x

the sequence (z,,),en weakly-converges towards
probability space equipped with o-algebra F and probability P
space of functions mapping E into F

space of all F-measurable functions

with finite moment of order p taking value in F

Banach space of all equivalence classes of LP(£2, F,P) functions,
up to almost sure equality

mathematical expectation w.r.t. probability P

P-almost surely

upper limit

lower limit

indicator function taking value 0 on A, and 400 elsewhere
characteristic function taking value 1 on A, and 0 elsewhere
domain of f, i.e. set of points where f is finite

means that the functions f and g are equal everywhere
affine hull of the set A

cardinal of the (finite) set A

duality pairing of y € ) against x € X

usual Euclidian scalar product of z € R" against y € R"

topological dual of X (i.e. the space of the continuous linear forms on X)

interior of set A

relative interior of set A

the set of subsets of A

the set of extended reals R U {+oo} U {—o0}
the set R U {+o00} (used in Chapter 2)
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Introduction

Mathematicians are like Frenchmen : whatever you say
to them they translate into their own language and
forthwith it is something entirely different.

Johann Wolfang von Goethe

Ce premier chapitre introductif est ’occasion de situer et présenter les travaux exposés
dans ce manuscrit. Dans un premier temps nous présentons le cadre général de 1'optimi-
sation stochastique dynamique en temps discret, et donnons un apercu des méthodes de
décomposition. Nous présentons ensuite les trois parties du manuscrit. La premiere est
consacrée a la programmation dynamique. La seconde a la théorie de la dualité dans le
cadre de I'optimisation stochastique qui sera utile pour mettre en oeuvre des méthodes
de décomposition telle que la décomposition par les prix. La troisieme partie exploite les
résultats de la seconde pour construire une méthode de décomposition spatiale en optimi-
sation stochastique.

Optimisation Stochastique en Temps Discret

Cadre Général

L’optimisation, au sens mathématique, a pour but de trouver le minimum d’une fonc-
tion objectif sous un ensemble de contraintes. La fonction objectif dénotée J : U —
R U {+0o0} peut étre, dans un contexte économique, un coiit ; dans un contexte physique
une énergie ; ou encore, dans un contexte statistique, ’'opposé d’'un maximum de vraisem-
blance. Au cours de cette these nous utiliserons le vocabulaire du monde économique.
La fonction objectif sera donc un cot, dénoté classiquement J, son argument un controle
dénoté classiquement u. Notons que, dans de treés nombreux cas, un probléme réel comporte
des incertitudes. Parfois ces incertitudes peuvent étre négligées et un cadre déterministe
étre suffisant. Dans d’autres cas ces incertitudes peuvent étre modélisées par une variable
aléatoire W, le probleme devient alors un probléeme d’optimisation stochastique.

Nous nous intéressons particulierement a 1’optimisation stochastique dynamique en
temps discret a horizon fini. Pour cela nous considérons un systeme dynamique controlé
défini par un état initial zy et une équation d’évolution

Xt+1 = ft(Xt’ U,, Wt+1) .

L’état physique du systeme a U'instant ¢ + 1 est dénoté X, | et est déterminé par son état
a l'instant ¢ ainsi que par le contréle U, choisi a l'instant ¢. Le terme “temps discret”
souligne que la variable de temps ¢ est discréte et non continue (auquel cas le systéme
dynamique serait dirigé par une équation différentielle). Le terme “horizon fini” signifie
qu’il existe un instant T a partir duquel le comportement du systéme ne nous intéresse
plus.



2 CHAPITRE 0. INTRODUCTION

Nous considérons a chaque pas de temps un cout instantané L, (Xt,Ut,Wt +1) qui
dépend de I’état actuel du systeme X, du controle choisi U, et d’un bruit W, ,. Nous
considérons également un coit final K(X,) qui dépend de I’état final du systeme dy-
namique. Nous avons donc T+ 1 cotts différents, chacun étant aléatoire. Ces suites de
colts aléatoires sont agrégées pour pouvoir étre comparées. Il existe diverses manieres de
les agréger. La plus courante consiste & minimiser 1’espérance de la somme en temps de
ces colits. Une zoologie des approches alternatives sera présentée au chapitre 2. Dans le
cas usuel le probleme d’optimisation s’écrit

T-1
g{lig E[ZLt(Xt,Ut,VVtH) —i—K(XT)] (1a)
’ t=0
st. X, =10 (1b)
X1 = [(X, U, W,y,) t=0,...,T—1, (1c)
0:(X,,U,) =0 t=0,...,T—1, (1d)
U, =< F t=0,...,T—1. (le)

La notation U, = F, signifie que U, est mesurable par rapport a F;. Cette contrainte
(contrainte (1le)) représente l'information disponible a I'instant ¢ pour prendre la décision
U,. Habituellement, la tribu F; est donnée par

Fr=0c(W,,....,W,) . (2)

En d’autres termes, le controle U, est pris en connaissant tous les bruits passés. Une famille

de décisions {Ut}tT:_ll qui vérifie les contraintes de mesurabilité (contrainte (le)), ou F;
est donné par (2), est dite non-anticipative, car elle n’anticipe pas le futur.

Méthodes de Décomposition

Un probleme d’optimisation stochastique dynamique est a priori difficile a résoudre.
En effet, supposons que les bruits soient une suite de variables aléatoires indépendantes
prenant 3 valeurs, et que chaque contréle U, puisse prendre deux valeurs (typiquement
marche ou arrét), alors le nombre de controles non anticipatifs est 2(8TF-1)/ 2 ce qui est
rapidement colossal. En effet, la complexité du probleme est exponentielle en I'horizon de
temps, ainsi qu’en la taille des variables. En particulier, tester toutes les solutions d’un
probleme d’optimisation dynamique stochastique est numériquement impossible des que
I’on sort des problemes les plus triviaux.

Pour attaquer les problemes complexes il existe de nombreuses méthodes, exploitant
les propriétés spécifiques des problemes, ou mettant en place des heuristiques. Parmi elles
nous nous intéressons aux méthodes de décomposition. Une approche par décomposition
consiste a construire, a partir du probleme original, un ensemble de sous-problemes plus
simples a résoudre. Itérativement les sous-probléemes sont résolus, puis ajustés jusqu’a ce
que les solutions des sous-problémes permettent de synthétiser la solution du probléeme
global. Nous présentons en §1.2 une approche unifiée des méthodes de décomposition.

Supposons que chaque cott ' L; (Xt7 U, w,

f +1) est en fait une somme de colits locaux

N
Lt(XtvaWtH) = ZL%(X;’U;thH) )
i=1

1. Oublions quelques temps le coit final K



oulU, = {U;}fil et X, = {X;}Z]\il Supposons qu'il en va de méme pour la contrainte (1d).
Ainsi le probleme (1) devient

i %ﬁ;:{j P({w}) i(Xi(w),Ui(w),Wt(w)) (3a)
st Xi (W)= fH(X}(w),U}(w), W,(w)) Vi, Vi, Yw (3b)
ie;’(xi(w),U;(w))—o Vt, Vw (3c)
lilfzﬁlj Fi vt, Vi, (3d)

On peut noter que le probleme d’optimisation consiste a minimiser une somme en temps
(variable t), en unité (variable i) et en aléa (variable w). Sans les contraintes nous au-
rions donc || x T' x N problemes indépendants dont on veut minimiser la somme. Si
les probléemes sont indépendants (les variables vivent dans un produit cartésien) alors
la somme des minima est le minimum de la somme. En d’autres termes il suffit de min-
imiser chaque cotit Lj (X !(w), U’ (w), W,(w)) par rapport & U (w) pour obtenir la solution
du probleme global. Malheureusement ces différents cotuts ne sont pas indépendants. En
d’autres termes, les controles X !(w), U'(w) doivent répondre & des contraintes :

e en temps, & cause de ’équation de dynamique du systeme (Contrainte (3b));

e en espace, a cause de la contrainte couplante du probleme (Contrainte (3c)) ;

e en aléa, a cause de la contrainte de mesurabilité des controles (Contrainte (3d)).
Nous présenterons plus tard comment les méthodes de dualité permettent de remplacer
les contraintes par un mécanisme de prix, et donc de décomposer le probleme (3) en une
somme de problémes indépendants.

Nous allons commencer par une autre approche, dite de décomposition chainées, ou
I’on résout successivement des problemes de plus petite taille. Cette approche porte le nom

de Programmation Dynamique.

Autour de la Programmation Dynamique

La programmation dynamique est une méthode générale de résolution d’un probleme
d’optimisation multi-étape. Elle s’appuie sur la notion d’état, qui sera discutée en 1.2.4.

Dans un premier temps nous faisons une présentation simple et succincte de cette
méthode, puis nous présentons les résultats principaux du chapitre 2 qui étend la Pro-
grammation Dynamique a un cadre plus général, finalement nous présentons les résultats
principaux du chapitre 3 qui exploite la programmation dynamique pour construire un
algorithme efficace de résolution de probleme d’optimisation stochastique dynamique.

Programmation Dynamique

Considérons le probléeme (1), en faisant 'importante hypotheése que la suite de bruits
{W, 3! est une suite de variables aléatoires indépendantes. Dans ce cas (sous des con-
ditions d’existence de solution) on sait (voir [12, 18]) qu’il existe un contrdle optimal

{Utﬁ}tT:_O1 qui s’écrit comme fonction de I'état X, i.e.
Utti = 7rt(Xtti) )

ol 7 est une stratégie, c’est a dire une fonction qui va de 'espace X; des états a I'instant ¢
dans ’espace des controles U; a I'instant ¢. Pour construire cette stratégie nous définissons
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la fonction valeur de Bellman, obtenue par récurrence arriere :

Vr ($T) = K(QST) Var € X7, (4&)
V}(a:t) = néiélE[Lt(xt,u, Wt+1) + Vir10 ft (a:t,u, Wtﬂ)} Vo, € Xy . (4b)
uelUy

La fonction valeur V; : X; — R s’interpréte comme le colit minimal du systeme en
partant d’'un état x; € X; a linstant ¢. Ainsi, I’équation de récurrence (4) s’interprete en
disant que le controle optimal a 'instant ¢ est celui qui minimise, en moyenne, la somme
du cout instantané L, (xt, u, Wt+1) et du colt futur Viyq o fi (xt,u, Wt+1). Une stratégie
optimale {m;}7 ' est alors donnée par

mi(xy) € arg %Hn E[Lt(act,u, Wt+1) +Vis10 ft(:ct,u, Wt+1)] .
uecUg

La programmation dynamique est une méthode de décomposition en temps, puisque
I’on résout 1" probleémes & un pas de temps, au lieu d’un probleme & T pas de temps. Ainsi la
complexité est linéaire en temps, et non plus exponentielle comme le serait une approche
gloutonne. En revanche elle nécessite le recours a une notion d’état, et la complexité
est exponentielle en la dimension de ’état. Ainsi la Programmation Dynamique ne sera
numériquement efficace que si la dimension de 1’état n’est pas trop importante (en pratique
un état de dimension 4 ou 5 est & la limite de nos capacités de calcul).

Parfois le probleme (1) ne satisfait pas ’hypothese des bruits indépendants, mais on
peut se ramener a une forme avec bruits indépendants si on étend ’état. Par exemple, si
les bruits ont une dynamique d’ordre 1, a savoir

Wi = fi(W, W), (5)
ol {ﬁ\/ t}?:_ol est une suite de variables aléatoires indépendantes. Le nouvel état
X, =(X,W,), (6)

est appelé un état informationnel, et suit la dynamique

X, = (R W) (W W) (7)

Avec cet état étendu nous pouvons utiliser une approche par programmation dynamique.

Le probleme (1) considere la somme sur les aléas (espérance) d’un somme temporelle
de cofits. Nous présentons dans la section suivante une extension du cadre d’application
de la Programmation Dynamique, et ses liens avec la propriété de consistance temporelle.

Cadre Général et Consistance Temporelle

Un probléme d’optimisation dynamique stochastique (en temps discret) est un
probléme de décision séquentielle sous incertitudes. Cela signifie, en reprenant les notations
du probleme (1), que nous avons une suite de 7'+ 1 cotits aléatoires C, = L (Xt, U, w, +1)
a “minimiser”. Pour pouvoir minimiser il faut pouvoir comparer des processus stochas-
tiques. Une méthode générique simple, consiste a agréger le processus de cotits en un réel,
parfois appelé I’équivalent certain du processus de cotts. La théorie des mesures de risque
dynamique s’intéresse aux opérateurs associant a un processus de couts son équivalent cer-
tain. Une maniere de faire consiste a aggréger en temps les différents cotits, pour obtenir
une variable aléatoire, puis a les aggréger en aléa pour obtenir un réel. Par exemple, dans
le probleme (1), les coiits sont aggrégés en temps par la somme inter-temporelle, puis en
aléa par l'espérance. D’autres aggrégations sont possibles. Nous pouvons considérer un



agrégateur temporel global ® : R7+! — R, et un agrégateur G sur 1’aléa global (qui prend
pour argument une variable aléatoire et est a valeur dans R). Le probléeme (1) s’écrit alors

win G { Lo(X, Uy, W), Lt (X Up g, W) K (X)) } (8a)
st. X,=uxo (8b)
X, = [(X,U0,W,,) t=0,....,7—1, (8¢)
0,(X,,U,) =0 t=0,...,7T—1, (8d)
U, < F t=0,....,T—1. (S¢)

Nous présentons au chapitre 2 des conditions, pour résoudre ce probleme par Program-
mation Dynamique. Présentons rapidement ces conditions et leurs conséquences.
e L’agrégateur temporel global peut s’écrire

‘I){Co’"‘ 7CT} = (1)0{007@1{017"‘CI)T—l{CT—laCT}}} :

e [’agrégateur en aléa global peut s’écrire
G[J(wl,-" ,wT)} =G [w1 — GQ["'MT = GT[J(WD”' 7WT)}H J

ou chaque G; est un opérateur prenant pour argument des fonctions de w;y et pour
valeur des réels.

e Chaque agrégateur G; en aléa sur un pas de temps (resp. temporel W;) est croissant
(resp. croissant en sa seconde variable).

e Les agrégateurs commutent, a savoir

Git1 [‘Pt{','}] = q)t{‘aGtJrl[‘]} :
En effet, sous ces hypotheses, nous montrons que le probleme (8) peut se réécerire sous
forme imbriquée :

?{1}3 Gl @0{[40 (XO, UO’ Wl),GQ |:(I)1{ s
Gr-1 [CDT—l{LT—l(XT_p Ur_,W;),Gr[K(X;)] }] H H (9a)
s.t. XO = X (gb)
X, = [(X, U, W) t=0,...,7 -1, (9)
6:(X,,U,) =0 t=0,...,T—1,(9d)
U <F t=0,...,7 —1.(9)

On déduit naturellement de cette formulation imbriquée une suite de problemes d’optimi-
sation, indicés par le temps et 1’état initial.

(P) () &mg Gy

q)t{Lt (Xta Uta Wt+1)aGt+1 |:(I)t+1{ te

Gro1 [ @r-1{Lr1 (X 1 Up_y, W), Gr [K(X7)] | H }]

st. X, =z
XT+1 = fT(X77U77W7—+1) T:t,...,T—
6-(X.,U.)=0 T=t,...,T —

U X F: T=t,...,T—1.
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On définit une fonction valeur V; : X; — R qui donne en fonction de I’état initial la valeur
du probleme (77) Cette fonction est obtenue par une récurrence arriere, a savoir

Vr(zr) = K(a7) Vor € Xr,  (10a)
Vi () = Hé%l Gy [‘Pt{Lt (z6,u, Wiy 1), Vigr © fi(me, u, Wt“)H Vo, € Xy . (10b)
u t

On déduit des fonctions valeurs une stratégie optimale pour le probleéme (9) (et donc pour
le probleme (8)) en selectionnant, a la date ¢, le controle u € U, réalisant le minimum
de (10b) (ou z; désigne ’état courant).

Ainsi nous avons un cadre théorique général pour établir une équation de programma-
tion dynamique (equations du type de (10)). Nous avons au passage établi que la suite de
probleme {(Pt)} était consistante (en temps). En effet nous avons construit une stratégie
optimale pour le probleme Py(xg), et montré que cette stratégie était également opti-
male pour les problemes Py, avec t > 1. Au chapitre 2, nous définissons précisément les
conditions évoqués plus haut, et démontrons les résultats annoncés. De plus nous nous
attardons sur les liens entre ces différents problemes d’optimisation et les mesures de
risque dynamique. En particulier il existe dans cette littérature une notion de consistance
temporelle que nous relions a celle évoquée pour les suites de problemes d’optimisation.

Stochastic Dual Dynamic Programming

Le chapitre 2 étend le cadre de la Programmation Dynamique, mais ne s’occupe pas des
difficultés numériques de mise en oeuvre, en particulier du probleme de la malédiction de
la dimension. I algorithme SDDP (Stochastic Dual Dynamic Programming), connu depuis
1991, exploite I’équation de programmation dynamique pour construire une approximation
polyedrale des fonctions valeurs V;. L’avantage numérique principal consistant a se ramener
a des problemes que 'on sait résoudre de maniere efficace (typiquement des problemes
linéaires), et ainsi de pouvoir attaquer des problémes de dimension plus grande que ce
que n’autorise une simple programmation dynamique. Présentons en quelques mots cet
algorithme.

On considere le probleme (1), avec '’hypothése que les bruits sont indépendants. On
note V; la valeur de Bellman associée au probléeme, obtenue par I’équation (4). On suppose
que les fonctions de cout L; et K soient convexes, et que les fonctions de dynamique f;
soient affines. Dans ce cas les valeurs de Bellman V; sont convexes. On suppose que 'on

dispose, a l'itération k de I’algorithme, d’approximations des fonctions de Bellman V;(k)

qui vérifient Vt(k) < V4. L’algorithme se déroule ensuite en deux temps :
e dans une phase avant on détermine une trajectoire de 1’état a partir des approxima-
tions des fonctions valeurs,
e dans une phase arriere on améliore les approximations des fonctions valeurs au niveau
de cette trajectoire.
On tire au hasard une suite d’aléa {wt(k)}thl. On en déduit une trajectoire {:cgk)}tT:O
du systeme obtenue a partir des approximations de la fonction valeur :
x(()k) =0,
k . k k k
ug ) e argmlnE[Lt(xg ),u, Wt+1) + V;(Jr% o ft(arg ),u, WHI)} )

k k k
xi—l-)l = ft(xl(f ),u,w§+)1) :

Notons que si les approximations de la fonction de Bellman étaient exactes Vt(k) = Vi,
alors la trajectoire obtenue est la trajectoire optimale du probleme.



Maintenant que l'on dispose d’une trajectoire {x,gk)}tho, on peut déterminer, pour
chaque instant ¢, une coupe de la fonction valeurs V;. Plus précisément, en résolvant le
probléeme

muinE [Lt(:cgk),u, VVtH) + Vt(ﬁ o ft(ﬂ'?,gk), u, Wt+1):| )

on obtient, par méthode de dualité et en exploitant la convexité de la fonction V4, une
fonction affine

0 + (8" =)

qui est en dessous de la fonction valeur V;. On peut donc améliorer 'approximation de la
fonction V4, en définissant

VD) = max (V00,00 + (6~ o)}

Nous montrons au chapitre 3 que cet algorithme converge dans le sens ou les fonctions
valeurs approximées Vt(k) convergent vers la fonction V; aux points visités par une tra-
jectoire optimale du systeme. Le résultat du chapitre 3 étend les preuves jusqu’a présent
dans deux directions :

e jusqu’a maintenant les fonctions de couts L; et K étaient supposées linéaires, et nous

ne faisons qu’une hypothese de convexité ;

e nous avons construit une classe d’algorithme assez large incluant les diverses vari-

antes de SDDP rencontrées dans la littérature.

Dualité en Optimisation Stochastique

La théorie de la dualité permet de transformer une contrainte en un cout. Cette ap-
proche sera utilisée pour construire une méthode de décomposition spatiale.

Dans un premier temps nous présentons le schéma de décomposition par les prix comme
motivation pour la seconde partie du manuscrit. Puis nous évoquons les difficultés a établir
des résultats de qualification des contraintes dans un espace LP, p < 400, requis par la
décomposition par les prix. Nous donnons ensuite des résultats de qualification pour l’es-
pace L. Finalement, nous adaptons ’algorithme d’Uzawa (qui requiert de tels résultats
de qualification) a 'espace L en présentant des résultats de convergence.

Décomposition par les Prix

Nous présentons ici, sur un probleme simple, la méthode de décomposition par les
prix. Cette méthode peut étre intuitivement comprise ainsi. Considérons un probleme de
production ou un décideur dispose de N centrale de production (indicé par i), chacune
produisant 0;(u;) pour le controle u;, et devant satisfaire une certaine demande. La de-
mande est incoporée dans 'une des fonctions de production de sorte que la contrainte

d’égalité offre-demande s’écrit
N

> 0i(u;) =0. (11)
i=1

Par ailleurs, choisir le controle u; cotite L;(u;), et Pobjectif du décideur est de minimiser
la somme (sur i) des cofits.

La décomposition par les prix consiste a remplacer la contrainte (11) par un systeme de
prix. Pour obtenir un bon prix on suppose qu’un coordinateur propose un prix (par unité
produite) a toutes les centrales. Chacune annonce alors la quantité qu’elle produit, et le
coordinateur peut ajuster son prix. Plus précisément, a I'itération k, le coordinateur fixe un
prix p) = —A®) pour la production des centrales ;(u;). Chaque centrale maximise alors
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son profit, & savoir les gains obtenu p(¥)6; (u;) par la production moins le cott local L;(u;),

et obtient une solution ugk . Puis le coordinateur compare la somme des productions avec
la demande. Si la demande n’est pas satisfaite le prix est augmenté, si la demande est
dépassée par la production, le prix est réduit, et 'on peut passer a I'étape k + 1 avec le
nouveau prix.
Mathématiquement parlant, considérons le probleme suivant :

N
min Y Li(u;) (12a)

{wikly 3

st. ;€ UM, Vi e [1,N], (12b)
N
Z 0;(ui) =0 . (12¢)
=1

Sous des conditions techniques, ce probleme est équivalent a

N N
i Li(u;) + A 0; (u; 13
min  max ; (us) + (g (i) (13a)

st wu; e UM, Vi e [1,N]. (13b)

Si nous disposons d’une hypothese de qualification des contraintes, nous pouvons échanger
les opérateurs min et max dans le probleme (13), pour obtenir

N
rilgﬁ( {i?}igril ; L;(u;) + A0;(u;) (14a)
st wu; e UM Vi e [1,N] . (14b)

On remarque alors que le probleme de minimisation intérieure, i.e. a A fixé, consiste a
minimiser une somme de couts locaux déterminés par des controles indépendants. Ainsi,
la somme des minimas est le minimum de la somme et le probleme (14) devient

N
i Li(u;) + M0;(u; 1
max ; min (wi) + N0;(uz) (15a)

st.  wu;eUM. (15b)

Pour un multiplicateur A = A*) donné, nous avons N probleémes de minimisation séparés,
qui sont les sous-problemes de la méthode de décomposition. Ils s’écrivent comme suit.

min  Li(u;) + A0 0;(u;) (16a)
s.t. u; € UM (16b)

Ces problemes sont mis a jour en ajustant le prix, par exemple avec
N
AEFD = A0 45305 (u™) (17)
i=1

ol p > 0 est un pas donné et ul(-k) une solution optimale du probleme (16). Cette formule

de mise a jour fait partie de I’algorithme d’Uzawa, rappelé et étendu au chapitre 6.



Problemes de Qualifications des Contraintes en Optimisation Stochas-
tique

Pour pouvoir remplacer une contrainte par un prix il faut utiliser la théorie de la
dualité, brievement évoquée au chapitre 4. Cette théorie consiste a construire une famille
de problemes perturbés a partir du probleme d’origine, ce dernier n’étant plus qu’un cas
particulier (le cas ou la perturbation est nulle). La fonction qui & une perturbation donnée
associe la valeur du probléeme perturbé est appelée fonction valeur. En utilisant des outils
d’analyse convexe on peut alors construire un probléme dual du probléme original, et
les propriétés de régularité (semi-continuité inférieure, sous-différentiabilité) permettent
d’établir des liens entre le probléme initial et son dual. On note toutefois que le dual
dépend des perturbations choisies.

Les contraintes d’un probleme d’optimisation seront dites qualifiées si elles peuvent étre
remplacées par un prix, ou, en d’autres termes, si les valeurs du probleme primal et dual
sont égales et que le probleme dual admet une solution optimale. Une condition nécessaire
et suffisante, mais abstraite, pour cela est que la fonction valeur soit égale a sa bi-conjuguée
de Fenchel. Une condition suffisante courante est rappelée a la proposition 4.10.

Cette technologie mathématique met en lumiére 'importance du choix des espaces
dans lequel on pose le probleme d’optimisation, ainsi que de l’espace de perturbation
choisi pour construire le probleme dual. Dans le cadre de 'optimisation stochastique,
pour utiliser des méthodes de gradient on est tenté de se placer dans un espace de Hilbert,
par exemple I'espace L? des fonctions de carré intégrables. Nous exposons en §4.2 deux
exemples montrant les difficultés d’un tel choix. Dans le premier exemple, nous présentons
un probleme simple, avec toutes les “bonnes propriétés” que l'on pourrait souhaiter a
premiére vue, dont cependant les contraintes ne sont pas qualifiées dans L2. Dans le second
exemple nous montrons que méme lorsque les contraintes sont qualifiées, la condition
suffisante de qualification n’est pas vérifiée.

Existence de Multiplicateur dans L!

Le chapitre 4 montre qu’il est difficile d’avoir des contraintes presque stres qualifiées
dans L2. Le chapitre 5 établit un résultat de qualification des contraintes presque siires
dans L.

Dans ce chapitre nous montrons que, si la fonction cout J : L* — R U { + oo}
est finie partout, alors des contraintes affines, presque stres, d’égalité et les contraintes
de non-anticipativité admettent un multiplicateur L'. En d’autres termes il existe un
mécanisme de prix qui peut remplacer cette contrainte. Cependant, I'hypothese de finitude
sur L*° interdit la présence de contraintes de bornes presque sires. Nous trouvons dans
la littérature (T. Rockafellar et R. Wets) des résultats de qualification de contraintes
d’inégalité sous une hypothese de relatively complete recourse

Nous montrons également comment les hypotheéses conduisant a la qualification des
contraintes s’appliquent sur un probleme d’optimisation dynamique stochastique.

Algorithme d’Uzawa dans L> (Q,f, IP’)

Le chapitre 6 est consacré a extension de 'algorithme d’Uzawa (défini dans un espace
de Hilbert, par exemple L? en optimisation stochastique) & I’espace de Banach non réflexif
L°°. En effet I’algorithme d’Uzawa peut étre utilisé comme algorithme de coordination dans
une méthode de décomposition par les prix, mais requiert une hypothese de qualification
des contraintes. Or le chapitre 4 a montré que la qualification des contraintes dans L? est
difficile a vérifier, tandis que le chapitre 5 fournit des hypotheses de qualification dans L*°.

Il y a deux difficultés & passer de L? & L. D’une part il faut donner du sens &
I’algorithme d’Uzawa, qui exploite I'identification d’un Hilbert avec son dual topologique
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dans sa phase de mise a jour. D’autre part, il faut adapter la preuve de convergence qui
repose sur des estimations classiques dans un espace Hilbertien.

Deux résultats principaux sont a retenir.

e Avec des hypothéses comparables au cas Hilbertien, plus exigeantes sur la continuité
des fonctions mises en jeu, mais se contentant de I'existence d’un multiplicateur L,
nous montrons la convergence (au sens L>°) d’une sous-suite de la suite de controle
générée par I'algorithme d’Uzawa.

e Sous les mémes hypotheéses, mais avec I'existence d’un multiplicateur L?, nous ren-
forcons le résultat classique de convergence L? en prouvant la convergence au sens
L de la suite des controles donnée par l'algorithme d’Uzawa.

Finalement, nous montrons comment ’algorithme conduit naturellement a une
méthode de décomposition par les prix pour un probleme d’optimisation dynamique
stochastique. Cependant le multiplicateur & manipuler est un processus stochastique et
non plus un vecteur d’'un espace de dimension finie comme c’était le cas dans un cadre
déterministe. Ceci a deux défauts majeurs :

e d’une part le multiplicateur vit dans un espace gigantesque, et ’ajuster prendra un

grand nombre d’itérations;

e d’autre part les sous-problemes obtenus ne sont pas forcément beaucoup plus simples
a résoudre que le probleme d’origine.

Ces points sont traités dans la troisieme partie du manuscrit.

Décomposition Spatiale en Optimisation Stochastique

Nous montrons, au chapitre 6 qu'une méthode de décomposition par les prix directe-
ment appliquée a un probléeme d’optimisation stochastique dynamique fournit des sous-
problémes difficiles & résoudre. Nous proposons donc d’approximer le probleme d’orig-
ine pour pouvoir appliquer la décomposition par les prix et obtenir des sous-problemes
numériquement solvables.

Epiconvergence de Problemes relaxés

Le chapitre 7 s’intéresse a la relaxation de contraintes presque siires en optimisation
stochastique. En effet, considérons le probléeme sous forme abstraite

i U
®) & T
s.t. @(U):O

On peut le relaxer, c’est a dire affaiblir les contraintes, ou encore élargir ’ensemble des
controles admissibles. La relaxation que ’on considere consiste a remplacer la contrainte
presque stiire

oU) =0,

par une contrainte en espérance conditionnelle
Elo() | 8] =0.

Pour une tribu B = F,, on note (Pn) le probleme relaxé.
Le résultat principal du chapitre 7 dit que si
e la fonction objectif J : U — R est continue,
e la fonction contrainte © : i/ — V est continue,
e la suite de tribu {Fn}n oy converge vers la tribu globale du probleme F,
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alors la suite de probleme {Bn}n N épiconverge vers le probleme original. En pratique cela
signifie que chacune des valeurs d’adhérence de la suite {Un}n N des controles optimaux
associés aux problemes relaxés (Pn) est solution du probleme d’origine.

Nous montrons aussi des exemples de fonctions J et © qui sont continues. En effet
ces fonctions allant d’un espace de variables aléatoires dans un autre espace de variable
aléatoire I’hypothese de continuité est a priori assez abstraite. Nous montrons que la
topologie de la convergence en probabilité permet de modéliser un certain nombre de
contraintes comme une fonction © continue.

Algorithm DADP (Dual Approximate Dynamic Programming)

Le chapitre 8 est consacré a I’algorithme DADP (Dual Approximate Dynamic Program-
ming). Cet algorithme peut-étre vu comme une méthode de décomposition par les prix sur
un certain type de relaxation du probleme d’origine, de telle sorte que les sous-problemes
soient solvables numériquement par programmation dynamique.

On considere le probleme 1, ou les controles et ’état s’écrivent comme une collection
de controles locaux (i.e. U, = {Utl,...,UtN} et X, = {th,,XtN}) et les fonctions
de couts et de contraintes presque stres comme une somme de fonctions locales (i.e.
Lt(X, U, W) =", L%(X", U, W) et Ht(X,U, W) =3 9,’;(Xi, U, W)) Dans
ce cas l'algorithme DADP consiste a relaxer la contrainte presque stire 1d par

E[i@;{(Xi,Ui,W) v] =0,
=1

ol Y, est un processus d’information vérifiant

Y =H(Y, W) .
Sur le probleme approximé on peut alors écrire une décomposition par les prix en dualisant
la contrainte appoximée. Le gain par rapport & une décomposition par les prix standards
tient au fait que I’on peut se contenter de multiplicateur A = (X, ..., Ap_;) tel que A, soit
mesurable par rapport a Y,. Ainsi, d’une part I'espace des multiplicateurs est plus petit,
d’autre part les sous-problemes peuvent se résoudre par programmation dynamique avec
I’état étendu (Xf, Yt) a comparer a I'état X, pour la résolution directe par programmation
dynamique du probléeme global.

Le chapitre 8 présente, étape par étape, l'algorithme DADP brievement évoqué ci-
dessus. Nous donnons ensuite diverses interprétations de l'algorithme :

e méthode de décomposition par les prix d’un probleme approximé,

e méthode d’approximation du multiplicateur pour une décomposition par les prix du

probleme original,

e approche par regle de décision du probleme dual.
Les résultats des chapitres 4 a 7 sont utilisés pour établir des conditions de convergence
de I'algorithme. Finalement une application numérique encourageante est présentée.

Conclusion

Le sujet des méthodes de décomposition-coordination en optimisation stochastique
reste tres largement inexploré. Sans étre exhaustif, citons quelques pistes de développement
possibles.

e A l’aide du cadre développé au chapitre 2, les liens entre la consistance temporelle

des mesures de risque dynamique et des suites de problemes d’optimisation doivent
étre précisés.
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La convergence de l'algorithme SDDP, donnée au chapitre 3, s’appuie sur le fait que
les aléas prennent des valeurs discretes. Il y a de nombreuses raisons de penser que
la preuve peut étre étendue a des variables aléatoires continues, mais cela nécessite
de traiter des difficultés inhérentes au cadre infini-dimensionnel.

Pour étendre les conditions d’existence de multiplicateur (obtenues au chapitre 5)
au cas de contraintes d’inégalité nous pensons qu’il faut adapter les résultats de la
littérature qui utilisent la notion de relatively complete recourse. Ceux-ci permettront
d’avoir un résultat de qualification en présence de bornes sur le controle.

Le résultat de convergence que nous avons obtenu au chapitre 6 pour l'algorithme
d’Uzawa devrait pouvoir étre amélioré pour obtenir la convergence de la suite des
controles (pour le moment nous avons simplement la convergence d’une sous-suite).
Nous avons vu au chapitre 7 qu’une suite de relaxation d’un probleme d’optimisa-
tion, oll une contrainte presque-sire est remplacée par une contrainte en espérance
conditionnelle, épiconverge vers le probleme original lorsque l’'information con-
verge. Cependant l'algorithme DADP ne cherche pas a faire converger I'informa-
tion vers 'information globale du probleme. Ainsi, il faudrait compléter le résultat
d’épiconvergence pour obtenir des estimations d’erreurs liées a I'approximation faite
lorsque 'on utilise ’algorithme DADP.

Sur un plan numérique il faut comparer les algorithmes DADP et SDDP (référence
actuelle) sur un probleme de gestion d’une vallée hydraulique de grande taille. Dans
un second temps, 'algorithme SDDP pourrait étre intégré a DADP comme outil de
résolution des sous-problemes.

Finalement notons que nous avons principalement étudié une approche de
décomposition par les prix. Il existe, en déterministe, d’autres méthodes de
décomposition a étendre au cadre stochastique.
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Before diving into the core of the manuscript, we develop the framing of multistage
stochastic optimization problems in §1.1, and we present a unified treatment of decomposi-
tion resolution methods in §1.2. Finally, we detail in §1.3 the setting of a dam management
problem, that serves as an illustrative thread running throughout the manuscript.

Introduction

We open this chapter with considerations on mathematical optimization and modelling.

What is Mathematical Optimization

In this manuscript, we consider optimization in the sense of minimizing ' an objective
function ? under constraints. This objective function can be a cost in an economic problem,
an energy in a physical problem, a likelihood in a statistical problem, etc. The objective

1. Some applications require to maximize a function (in economics, for instance), which is obviously
the same problem as minimizing the opposite function.
2. The community of multi-objective optimization considers multiple objectives at the same time —

see [66,106]
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function J maps a set U of controls® into R. Solving an optimization problem generally
means finding the set of minimizers of the objective function, or at least one minimizer u?,
as well as the value of the minimum. The field of mathematical optimization is concerned
with finding:

e conditions of existence (and sometimes of uniqueness) of a local or global minimizer
of the objective function on a set of admissible controls;
sufficient conditions of optimality;
necessary conditions of optimality that reduce the set of controls to explore;
algorithms yielding a sequence of controls converging to an optimal control;
speed of convergence of such algorithms;
bound on the error made when the algorithm is stopped;
etc.

The general optimization problem we consider is written

' J 1.1
vl U () (1-12)
st. O(u) e -C, (1.1b)

where J is the objective function, U is a constraint set of a vector space U, C' is the
constraint cone of a vector space V, © : U — V is the constraint function, and u € U is a
control. A control u is said to be admissible if u € U and ©(u) € —C. A control uf is
said to be optimal if we have J(u!) < J(u), for any admissible control .

Notice that we have distinguished to types of constraints: a set membership constraint
O(u) € —C, and an abstract constraint v € &>, The set membership constraint is classi-
cally represented by several equality and inequality constraints, and, in this manuscript,
we will often treat it by duality, whereas the abstract constraint will be kept as such. Of
course, there is latitude in choosing to model a constraint as part of ©(u) € —C or as part
of u € Y, since U?? can accept any kind of constraint.

The Art of Modelling

In practice, a “real-life” optimization problem is not given in mathematical form, but
has to be casted and formulated as such. Crafting a model is a trade-off between, on the
one hand, realism and complexity, and, on the other hand, mathematical tractability.

In the special case of fashioning a multistage optimization problem, we distinguish
three elements to be identified:

e the control variables and their timing;

e the objective function (or criterion) J, that reflects multiple conflicting interests
quantified and weighted each against the other, while other objectives will be for-
mulated as constraints;

e the constraints that restrict control variables, and incorporate objectives outside the
criterion J.

In this manuscript, we shed special light on constraints and, in the perspective of

multistage stochastic optimization, we put forward three types of constraints.

Physical constraints. They result from physical laws, e.g. the maximum speed of a
vehicle, the maximum volume of a reservoir, the dynamical evolution of stocks, etc.

Information constraints. They state what is the information available when choosing
a control. In a stochastic setting, we will mostly represent them by measurability
constraints.

3. We use indifferently the terminology decision or control (though control is generally reserved to
trajectories of decisions).
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Objectives as constraints. They represent other objectives than the criterion J. In
this sense, they are “soft constraints” reflecting preferences of the decision-maker
(like risk constraints).

Physical and information constraints have to be satisfied whatever the cost, as they derive
from physical laws. They are called “hard constraints” because we cannot “negotiate”
with them. By contrast, constraints that can be negotiated with, at the modelling level,
are called “soft constraints”. For instance, constraints representing objectives, e.g. risk
constraints, could be loosened by the decision-maker. Moreover, some physical constraints
could be loosened through complex mechanisms not represented in the mathematical prob-
lem (we could upgrade our engine to have a higher speed, or extend a reservoir to have
more capacity, etc.). For soft constraints, the multipliers (see the duality theory of Chap-
ter 4) give precious informations, as they can be interpreted as the marginal cost of
infinitesimally relaxing a constraint.

1.1 Framing Stochastic Optimization Problems

Before tackling resolution methods in §1.2, we focus on how to frame stochastic opti-
mization problems. We start with stochastic static optimization problems in §1.1.1, then
move to multistage stochastic optimization problems in §1.1.2.

1.1.1 Framing of a Static Stochastic Optimization Problem

In most problems, uncertainties abound. In stochastic optimization, these uncertainties
are modeled by random variables® or stochastic processes, together with their joint prob-
ability distributions.® Selecting possible classes of probabilities, reflecting in particular
dependencies between random variables, is a modelling issue. Specifying the parameters
of the law is a statistical problem that has also to be dealt with, although it is not a part
of the optimization problem itself.

With uncertainties, the cost itself becomes a random variable. As one cannot easily
rank two random variables (when is one random cost “better” than another?), one usually
averages out and aggregates the random cost to produce a single number. The most used
random aggregator is the mean, or mathematical expectation. In some cases (financial
problems), the expectation is taken with respect to another probability (namely the risk-
neutral probability) than the original one, or alternative random aggregators, representing
alternative risk preferences, can be used (see §2.2.2 for a presentation of risk measures).
In Chapter 2, we will consider a large spectrum of uncertainty aggregators.

The traditional stochastic optimization problem is formulated as

min E[J(U,W)] (1.2a)
Ueudcu
s.t. U=<B (1.2b)

where
e (Q, F,P) is a probability space, and E is the mathematical expectation;
e U/ is the space of all random variables U : 2 — U, where U is a measurable space;
e W : QO — W is a random variable that represents exogenous noise, where W is a
measurable space;

4. We use random variable as a generic term that includes random vectors and stochastic processes.
Throughout this manuscript, we write random variables in bold. We consistently use the notation W for
the noises, i.e. the exogenous random variables.

5. In a connex area known as robust optimization (see [13,15]), uncertainties are modeled as sets of
values that the uncertain parameters can take, and optimization is performed with respect to the worst
possible case.
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e J:UxW — R is the objective function, defined on the product set of controls and
uncertainties;

e 3 C F is a sigma-algebra, and the notation U =< B stands for “U is a random
variable measurable with respect to the sigma-algebra B”, namely

U=<B <« oU)CB, (1.3)

and captures measurability or information constraints; intuitively, the sigma-
algebra B represents the information available to the decision-maker when choosing
the control U

e U{* is a subset of U that represents all remaining constraints like set membership

constraints (say, inequality or equality constraints), risk constraints, etc.

We wish to highlight the specificities of stochastic optimization w.r.t. deterministic
optimization. In this perspective, we focus on the information constraints, and we lay
out different ways to represent them mathematically. Instead of the “algebraic formula-
tion” (1.3), we can use an almost-sure equality:

U-E[U|B=0, P-as. (1.4)

When the sigma-algebra B is generated by a random variable X : Q — X that is,
when B = o(X), and when U is a separable complete metric space, a result due to
J. Doob (see [35, Chapter 1, p. 18]) states that U =< X is equivalent to the existence of
a measurable function 7 : X — U such that U = n(X ). Thus, we obtain a “functional
formulation” of an information constraint:

U=<0(X) <= 3r:X— Umeasurable, such that U = n(X) . (1.5)

We distinguish two notions of solution, depending on the sigma-algebra B in (1.2b).

Open-Loop. An open-loop solution is U < {0, Q}, that is, a constant random variable.
Then, the random variable is represented by its unique value.

Closed-Loop. By contrast, a closed-loop solution may depend on the uncertainty:
U =< B, where {,Q} C BC F.

1.1.2 Multistage Stochastic Optimization Problem

By contrast with static stochastic problems, a multistage stochastic problem introduces
stages — labeled with integers t = 0,...,T — 1, with horizon T > 2 — and several
measurability constraints instead of only one in (1.2b). The general multistage stochastic
optimization problem reads

i ElJU,, ---,U,_,,W 1.6a
(UO,...,Uil;n_l?)euadcu U, -1, W) (1.62)
s.t. U, =2 By, vVt e [0,T —1], (1.6b)
where
e (9, F,P) is a probability space, and E is the mathematical expectation;
e [/ is the space of all random variables (UO, o Up_y) : 2= Ug x - - x Up_q, where

all U; are measurable spaces;
e W : Q) — W is a random variable that represents exogenous noise, where W is a
measurable space;
o J:Uyx---xUp_1 xW — R is the objective function;
B; C F is a sigma-algebra, for t € [0,7 — 1], and the condition U, < B; captures
measurability or information constraints at stage t;
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e U? is a subset of U that represents all remaining constraints, including ones that
connect different stages.
Now, we wish to highlight the specificities of multistage stochastic optimization w.r.t.
multistage deterministic optimization in a setting where information flows sequentially.
We distinguish two notions of solution, depending on the sigma-algebras By, ..., Br_1.

Open-Loop. An open-loop solution is (U,...,Up_;) such that U, = {0,Q} for all
t € [0,T — 1], that is, U, is a constant random variable.

Closed-Loop. By contrast, a closed-loop solution may depend on the uncertainty when
{0,9Q} € B, C F for at least one t € [0,T — 1].

The case of information accumulation — also called perfect memory — is grasped with
the inclusions
ByoC---CBpr_q. (1.7)

Until now, we did not require that the exogenous noise W be a sequence
{WO, ey WT—l}' But, when W is a random process, we can capture the property of
non-anticipativity by

Vte[0,T—1], B, Ca(W,,...,W,). (1.8)

The formalism (1.6) covers the case where B; C F does not depend on past controls
Uy ...,U,_, (like By = c(W,...,W,)), and the case where B; C F indeed depends on
past controls U ,...,U,_; (like By =0o(U,...,U,_,)).
The two most important multistage stochastic optimization theories can be distin-
guished according to how they handle the information constraints (1.6b):
e in the Stochastic Programming framework, the information is generally encoded in
a tree, and the sigma-algebra B; corresponds to the set of nodes at stage ¢;
e in the Stochastic Optimal Control framework, the sigma-algebra B; is o(X,) gener-
ated by an information state X, produced by a controlled dynamics.
Both theories incorporate a non-anticipativity property, as well as information accumula-
tion (under the Markovian setup in Stochastic Optimal Control). We now present Stochas-
tic Programming and Stochastic Optimal Control with a focus on the information con-
straints (1.6b).

Stochastic Programming (SP)

In Stochastic Programming, the probability space (€2, F,PP) is called scenario space,
where scenarios stand for sequences of uncertainties. The sequential structure of informa-
tion arrival about uncertainty is represented either by a subset of a product space or by a
so-called scenario tree (see Figure 1.1).

For the sake of simplicity, in this manuscript we only consider Stochastic Programming
for finite scenario spaces. For a set of scenario {2 we suppose given
a probability P on €
control sets Uy, ..., Up_q;
an uncertainty set W and a mapping W :  — W that represents exogenous noises;
an objective function J : Uy x --- x Up_1 x W — R.

Stochastic Programming with Scenario Space In Stochastic Programming, the
finite probability space (€2, F,P) can be represented as a subset of a product space

QCQpx--xXQp_q, (19&)
where the set ); supports the uncertainties at step t, so that a scenario is denoted by

w = (wo, ..., wr_1) = {ws} 1= . (1.9b)
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Noise
Control
State

i ; i i t
0 1 2 3

Figure 1.1: A scenario tree

A possible solution is a family of controls u;(w) € Uy doubly indexed by step ¢ and
uncertainty w. The non-anticipativity constraint (Constraint (1.6b) where B; = F;) is
captured by the requirement that, for all ¢ € [0,T — 1],

V(w,w) € {wdimo = {wilicy = wlw) = u(w). (1.10)

The general stochastic programming problem reads

min P({w})J {us(w thfl,Ww .
Hur@)hwea) T % (fh) I (fu) ! W) (1.11)

s.t. constraint (1.10)

We develop in Table 1.1 the correspondence between the framing of Stochastic Pro-
gramming problems with scenario space and the abstract framing of §1.1.2.

Stochastic Programming with Scenario Tree The stochastic programming commu-
nity often presents problems on a scenario tree. We give a formal definition of a scenario
tree (for a finite ), and proceed to explain links between the representations.

Definition 1.1. Consider the sequence {/\/’t}tT;Ol of partitions of the set ), such that
Niy1 is a refinement of Ny (i.e. any element of Niy1 is contained in an element of Ni).
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Stochastic Programming Abstract
formulation formulation
States of Nature QCQpx--xQp_q Q
finite set measurable space
Probability {P({w}) }uen P
Solution {{us(@)}oea} iy U}
YweQ, Vtel0,T-1], vt e [0,T — 1],
fodic = (&l = wlw) = w() | U, 2B,

Table 1.1: Correspondence between Stochastic Programming with scenario space framing
and abstract framing

T-1

0 ,IP’). A scenario tree is a scenario forest where

A scenario forest is given by T = ({M
No =A{Q}, and Ny = {{w} |w € Q}.

Hence, on a scenario tree, a scenario w € ) is associated with a leaf of the tree
{w} € Nr_1. A node of depth t of the tree T, is an element of Ny. A node n is said to
be an ascendant of a node m if m C n, we denote by a(m) the set of ascendant nodes of
m. Conversely, m is a descendant of n. For a node n € Ny, we define its set of children
node r(n) as the nodes m € Niy1 that are descendant of n. The genealogy of a node is
the collection of all its ascendants.

We also define the functions ny : Q — N; satisfying w € ny(w): its the function
mapping the event w with its corresponding node at time t.

Note that, with this construction, from the probability P on €2, we have the probability
of each nodes n € T.

From a set of uncertainties 2 C Qg x---xQ7p_1, we can construct a tree in the following
way: a node n; € N; is given by (when non-empty)

ne(w) := {w' €cQ | Vse[0,t], {wst_o= {w;}izo} £0,

where {w;}!_, is a sequence satisfying ws € Q5. Conversely, we easily construct a product
set of uncertainties from a tree, and identify the tree with a subset (see Figure 1.4).

A possible solution is a family of controls indexed by the nodes of the tree
T—1
{{u”t}nteM} . where, for any time ¢, and any node n; € N, u,, € Us.
t=
In this way, the information constraints (1.10) are automatically captured in the very
indexing of a possible solution by the nodes n; of the tree: at step t, a solution can only
depend on past uncertainties wy, ..., w;.

The general stochastic programming problem reads

min S P{w}) I ({un} ooy W) - (1.12)

{untneT we

A usual specific class of problems, additive in time, reads

min Tz_lz 3 ]P’(m)Lt<Xn,Um,Wm> (1.13a)

{{unt}ntef\/t}t:(] t=0 neNy mer(n)
s.t. Xm = ft(Xn, Un, Wm), Vm er(n), Vne~N, Vt. (1.13b)
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In this formulation the variables {x, },c7 is called a physical state.
We develop in Table 1.2 the correspondence between the framing of Stochastic Pro-
gramming problems with scenario tree and the abstract framing of §1.1.2.

Stochastic Programming Abstract
formulation formulation
States of Nature T/ Nr_1 Q
tree (forest) / leaves measurable space
Information N; B
nodes at time ¢ sigma-algebra

Probability {P({n}) nenr_, P

_ T-1 T—1

Solution {{un}nen, 0 {U,}, =

Ut =< B, Vt € [[O,T— 1]]

Table 1.2: Correspondence between Stochastic Programming with scenario tree framing
and abstract framing

Stochastic Optimal Control (SOC)

In Stochastic Optimal Control, the information constraints (1.6b) are materialized by
means of a so-called state. The framing comprises a Stochastic Dynamic System (SDS)
consisting of

e a sequence {Xt}g of sets of states;

e a sequence {Ut}OT_l of sets of controls;

T—1 L
a sequence {Wt} o of sets of uncertainties,;

a sequence { ft}OT_l of functions, where f; : Xy x Uy x Wy — X441, play the role of
dynamics at time t;

e a probability space (2, F,P);

® ex0genous noises {Wt}z:ol, where each W, takes values in W;

° anobjectivefunctionJ:ng XXTXUO Xoee XUT—l XWOX---XWT_l — R.
The sigma-algebras

vt € [0, T — 1], Fr=0(Wy,--- ,W,), (1.14)

form the filtration § of past noises, and we naturally define §-adapted processes. For an
S-adapted sequence {Ut};‘tr:_o1 of controls — that is, random variables U, with value in Uy,
and such that U, < F; — and an initial state Zo € Xp, we obtain a sequence {Xt}fzo of
states as follows:

vie[0,T-1], X, =f(X,U,W,).

We observe that, for any time ¢ € [1,7], X, is measurable w.r.t. F;_1 C F; by construc-
tion.
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We denote
X = {Xt}tT:m U = {Ut}?:_017 W = {Wt tT:_O1 : (1.15)
The general stochastic optimal control problem reads °
win E [J(X, U, W)} (1.16a)
s.t. X, = fi(X,,U,W,) vte o, T -1], (1.16Db)
U, B vt e [0,T —1], (1.16¢)

where B; C F; is a sigma-algebra, for ¢ € [0,7" — 1], and the conditions U, < B; captures
measurability or information constraints at stage t.

Here again, we wish to highlight the specificities of multistage stochastic optimization
w.r.t. multistage deterministic optimization, in a setting where information flows sequen-
tially. Since B; C Fi, the condition (1.16¢) implies that the control U, is chosen knowing
only the past noises W, ..., W,. This is the so-called nonanticipativity constraint: U, is
measurable with respect to F;.

We distinguish several classes of information structures, depending on B; in the con-
dition (1.16¢), hence several notions of solution.

Open-Loop. An open-loop solution is one where the condition (1.16¢) reads U, < {0, Q},
for all t € [0,7 — 1]. In other words, By = {0, Q}, for all ¢ € [0, T — 1].

Closed-Loop. A solution satisfying the condition (1.16¢) is a closed loop solution as soon
as {0,Q} C By C F; for at least one ¢t € [0,7 — 1]. The following subdivisions are
helpful in practice.

e In the Decision-Hazard setting, By = o(X,) in (1.16¢) so that decisions U, < X,
are taken before knowing the uncertainty W, at time ¢, and only according to the
current state X,. By the Doob result (1.5), a solution can be expressed as a state
feedback U, = m(X,), where m; : X; — Uy.

e In the Hazard-Decision setting, By = o(X,, W,) in (1.16¢) so that decisions U, =
o(X,, W,) are taken after knowing the uncertainty at time ¢, according to the
current state X, and the current uncertainty W,. By the Doob result (1.5), a
solution can be expressed as U, = m;(X,, W,), where 7 : Xy x W; — U,.

e The largest class of closed loop solutions is of course obtained when B; = F;
for all ¢t € [0, — 1]. When the exogenous noises {Wt}tT:BI form a sequence of
independent random variables, it can be shown that there is no loss of optimality
in reducing the search to the class of Hazard-Decision feedback solutions, namely
B; = 0(X,, W,). When the size of the state space X; does not increase with ¢, and
neither does Wy, this property has major consequences for numerical applications.

e A smaller class of closed loop solutions is obtained when B; = F;_q for all ¢ €
[0,7 — 1]. When the exogenous noises {W,}_' form a sequence of independent
random variables, it can be shown that there is no loss of optimality in reducing
the search to the class of state feedback solutions, namely B; = o(X,). When
the size of the state space X; does not increase with ¢, this property has major
consequences for numerical applications.

This general form (1.16) is not common, and one generally rather considers a time
additive expression for the cost function, namely,

T—1
?n?T_l E[ZLt(Xt,Ut,Wt) +K(XT)} (1.17a)

T=\T¢ t=0 t_O
s.t. X, = (X, U,W,), vte o, T —1], (1.17Db)

U, =m(X,), m:X; =Ty vte o, T —1], (1.17c)

6. In Chapter 2, we consider other aggregators in time and uncertainties.
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where
o L;: Xy x Uy x W, — R is the instantaneous cost at step t, for all t € [0,T — 1], and
K : X7 — R is the final cost;
e the policies m; are measurable mappings, for all ¢ € [0,7 — 1], and capture informa-
tion constraints;

Remark 1.2. We discuss the notion of state in §1.2.4. The quantity X, is an information
state when the condition U, = By in (1.16c) can be replaced by the condition U, = X,,
where X, is Fi-measurable.

In Problem (1.17), the condition (1.17c) suggests that the state X, is an information
state as the decision are taken in function of it; we say “suggests” because this relies on the
implicit assumption that there is no loss of optimality in reducing the search to the class of
state feedback solutions, instead of the largest class of adapted controls. In Problem (1.16),
X, is simply the physical state (and might or might not be an information state, depending
on additional assumptions).

As just discussed, the form (1.17) is especially adapted to the case where the exogenous
noises {VVt}tT:_O1 form a sequence of independent random variables. We will come back to
that point when we address Dynamic Programming in §1.2.4.

Connection between SP and SOC

The SOC framing includes the SP one, at the expense of introducing a state like in
Table 1.3.

Stochastic Programming Stochastic Optimal Control
formulation formulation
States of Nature QCQyx--xXQp_q Q
finite set measurable space
Exogenous noise Wy = Qy, W, : Q — ) projection
Probability {P({w}) }weo P
State X, = (To,W,U,,...,U, ;)
Information Fr = O'(WO, cee Wt)
Dynamics Je(we, ug, wy) = (w4, u4)

Table 1.3: Turning a Stochastic Programming framing into Stochastic Optimal Control
framing

Observe that the state X, at stage ¢ is huge, as it includes all the exogenous noises W
and the past controls U, ...,U,_;. Observe also the not common fact that the state X,
at stage t includes all the noises W = {W e WT_l}, be they past, present or future!
As a consequence, the state X, is not JFi-measurable, hence is not observable by the
decision-maker at stage t and cannot be the input of any implementable feedback. What
is more, the dimension of the state grows with the stages, as reflected in the dynamics that
just extends the vector z; by adding u¢ to the right: the state X, at stage ¢ keeps track
of past controls U, ...,U,_; by accumulating them. This state is called the “maximal
state”, and it will again be discussed in §1.2.4. This is not an information state as it is not
totally observable (see Remark 1.2), whereas we will see that the conditional distribution
of the maximal state X, knowing F; is. In practice, depending on the specificities of the
model, it may happen that smaller states can be displayed.
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1.1.3 Discussion of complexity

We point out in what sense multistage stochastic optimization problems are complex,
and then quickly review different approaches to address their numerical resolution.

More precise and involved discussion on the complexity of multistage stochastic opti-
mization problems can be found in [111,112]. In particular the question of approximating
the underlying probability is discussed.

Multistage Stochastic Problems are Complex

To give a feeling of the complexity of a multistage stochastic optimization problem, we
assume that controls take their values in a finite set of cardinal n,. Therefore, there are

(nu)TIQI

possible solutions (not all of them are admissible).

To account for non-anticipativity and restrict solutions, we suppose that the sample
space (2 is a product of T' copies with cardinal n,,, so that || = (n,,)?. Hence, the number
of possible solutions is
)T ()™

(nu >

and the number of non-anticipative ones is

(naw)T—1

() () Z () (1.18)

This number is also the number of possible solutions when the set §2 is represented by the
leaves of a tree of depth T, each node having n,, children, because then the number of

. T-1 T
nodes is Y .o n = %
- w

Discussing Resolution Methods to Address Complex Optimization Problems

Most “real life” optimization problems are too complex to be numerically solved di-
rectly. We briefly list some of the many ways found in the academic literature to tackle
complex optimization problems, pointing to well-known references, without aiming at ex-
haustivity.

Heuristic. We can look for heuristic solution, either by looking for the solutions in a
more limited class of solutions (approximate dynamic programming — see [19, 83]—
and machine learning —see [54]— are classical approaches), or by cunningly trying to
find a good solution through method like simulated annealing (see [60]), or genetic
algorithms (see [51]).

Specific problems. We can also make some approximation of the problem itself, and
make the most of some mathematical properties of the (approximated problem).
For example, one finds very efficient algorithms for linear programming problems
(see [33]), quadratic programming, semi-definite programming, conic programming,
(see [4,14,119]) large classes of mixed integer linear programming (see [68]), etc.

Decomposition. Decomposition approaches (see [12,30,98]) consist in partitioning the
original optimization problem into several subproblems usually coordinated by a
master problem. We then solve each subproblem independently, and send the relevant
part of the solutions to the master problem. The master problem then adjusts the
subproblems, that are to be solved again, and so on. The numerical gain is contained
in the fact that, if the original problem is of size S, solving N problems of size S/N,
even with iterations, might be much faster than solving the original problem.
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1.2 Resolution by Decomposition Methods in Multistage
Stochastic Optimization

We present, in an unified framework, the main approaches to decompose multistage
stochastic optimization problems for numerical resolution.

To fix ideas and simplify the exposition, we present a setting where all variables are
parametrized by discrete indexes. For this purpose, suppose given a finite horizon T
(so that time t € [0,77), a finite probability space (Q,]—" , IP’), endowed with a filtration
§ = {F}i ', a finite number N of units (space). We consider the multistage stochastic
optimization problem

wn YY) (X100 W) (1.190)
s.t. ;(Eii:;)t::off(Xi(w),Ui(w),Wt(w)) Vt, Vi, Yw (1.19b)
i 0;(X!(w),Ul(w)) =0 Vt, Vw (1.19¢)
Izj‘:;j Fi vt, Vi, (1.19d)

where w is a scenario of uncertainties given by w = {wt}tT:_Ol. The constraint (1.19b)
represents the dynamics of each subsystem, the constraint (1.19¢) represents the coupling
constraint between the subsystems (also called units), and the constraint (1.19d) is the
non-anticipativity constraint. Constraints function #; are assumed to have image in R™.

As we have seen in §1.1.2 that the SOC framing includes the SP one, the above setting
applies both to SP and SOC problems.

In Problem (1.19), we have local costs — depending on step ¢, uncertainty w and
unit ¢ — and we minimize their sum over time, uncertainty and space. Without con-
straints (1.19b)-(1.19d), Problem (1.19) (illustrated in Figure 1.2a) consists in minimizing
a sum of independent costs. Hence, the minimum of the sum is the sum of the mini-
mums, and the problem is decomposed. However, the local costs are linked (illustrated in
Figure 1.2Db)

e in time through the dynamic of the system (e.g. Equation (1.19b));

e in unit through the coupling constraints (e.g. Equation (1.19¢));

e and in scenario (uncertainty) through the nonanticipativity constraint (e.g. Equa-

tion (1.19d)).

We now lay out different ways to divide the original complex problem into easier to solve
subproblems. We propose three angles to decompose the original problem: decomposition
in time (step), decomposition in scenario (uncertainty) and decomposition in space (unit),
as illustrated in Figure 1.3.

Moreover, we distinguish two types of decomposition.

e In chained decomposition, like Dynamic Programming (see [12,17]), the original
problem is solved by means of successive smaller subproblems, solved one after the
other (in Dynamic Programming, each subproblem is solved only once). Chained
decomposition relies on a specific structure of the coupling constraint, like the flow
of time.

e In parallel decomposition, like Progressive Hedging (see [98,115]), the original prob-
lem is solved by means of parallel smaller subproblems, coordinated and updated
by a master algorithm. These subproblems can be obtained by dualizing the con-
straint, and have to be solved several times before obtaining an optimal solution to
the global problem.
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Figure 1.2: Representation of the local costs depending on time, uncertainty (scenario)
and space (unit) and the links induced by the constraints
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uncertainty

Figure 1.3: Decomposition according to time, uncertainty (scenario) or space (unit). Each
plane carries a problem with coupling in only two dimensions.

1.2.1 Duality and Parallel Decomposition

Before presenting the different decompositions approaches, we now illustrate how the
duality theory (recalled in Chapter 4) leads to decomposition schemes. We present here,
in a simple setting, the most usual, known as price decomposition scheme. For clarity, the
units coupling functions #° in (1.19c) are assumed, here, to be real valued.

This price decomposition scheme can be intuitively understood as follows. We consider
a problem where a team of N units — each of them producing a quantity 6;(u;) function
of the local control u; — has to meet a given demand. Each unit incurs a local cost L;(u;),
and the problem consists in minimizing the sum of the local costs. The decomposition
is obtained by replacing the “production equal demand” equality by a price mechanism.
To achieve a proper price, we suppose that a coordinator can impose costs to all units
iteratively. At iteration k, the coordinator sets a price p*) = — X&) for the output of each
unit 0;(u;). Each unit then minimizes the sum of its local production cost L;(u;) minus

the cash flow produced by the output p(k)&i(ui), and obtains a solution uik). Then, the
coordinator collects the production of all units, makes the sum and compares the result
to the demand. If the total production is not enough, he increases the price of the output;

if the total production exceeds the demand, he decreases the price.



26 CHAPTER 1. PRELIMINARIES

More precisely, we consider the following problem:

N
min Li(u;) (1.20a)
{“i}szl ;
st wu; e UM, Vi e [1,N], (1.20b)

N
D 6i(u) =0, (1.20c)
=1

where the index ¢ can represent unit, time, uncertainties or a mix. Under mild technical
conditions, this problem is equivalent to

N N
st w e UM, Vi e [1,N] . (1.21D)

Under a proper constraint qualification condition, we can exchange the min operator with
the max operator and obtain

N
max {ﬁiﬁl ; Li(ug) + M0;(u;) (1.22a)
st u; € UM, Vi€ [1,N] . (1.22b)

Now, consider the inner minimization problem: the objective function is given as a sum of
local costs, each of them determined by local independent controls. Thus, the minimum
of the sum is the sum of the minima, and Problem (1.22) can be written as

N
max Zz; min (ui) + A0;(u;) (1.23a)

st.  wu;eUM. (1.23b)

For a given \ = A% we now obtain N separate minimization problems, that are the
subproblems of the decomposition method:

min  Li(u;) + A0 0;(u;) (1.24a)
st w e UM, (1.24b)

These subproblems are updated as the multiplier A(*¥) (or equivalently the price) is updated,
like with

N
KD = A®) 4 5§ 0;(ul)) | (1.25)
=1

(%)

where p > 0 is a given parameter, and u; ~ an optimal solution of Problem (1.24). This
update formula for the multiplier is part of the equations of the Uzawa algorithm, recalled
and extended in Chapter 6.

Remark 1.3. This price decomposition scheme is the simplest and most well-known of
decomposition schemes, but not the only one. In short, the decomposition by quantity
approach consists in allocating to each subproblem a given quantity of the demand to
satisfy, and then update the allocation; the decomposition by prediction approach consists
in allocating to each subproblem a part of the constraint.

Notice that, even if the property of having a sum of costs over units seems to be fun-
damental for decomposition, the Auziliary Problem Principle (see [30]) allows to extends
these decomposition schemes to general (non-additive) costs and constraint functions.
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The second part of the manuscript (Chapters 4, 5 and 6) is dedicated to the duality
theory in stochastic optimization as a tool for parallel decomposition.

1.2.2 Spatial Decomposition

The spatial decomposition (by prices) relies on the idea of dualizing the coupling
constraint (1.19¢). It will be developed in §6.3 and in Chapter 8.

We now apply to Problem (1.19) a price decomposition scheme, presented in §1.2.1, by
dualizing the spatial constraint (1.19c). Since there are T'x || constraints of dimension n..,
the set of multipliers is of dimension 7" X || x n.. Problem (1.19), with constraint (1.19¢)
dualized, reads

T-1 N
pip mpx SR Y (S L(Xi) Ul W)

we t= i=1
FA) LX) UI))
i=1
st. X, (w) = fH(X (), Uj(w), W,(w)) Vt, Vi, Yw,
U= F, Vt, Vi.
Assuming constraint qualification, this problem is equivalent to
N T—1 4 ' '
max > min Y P({w}) Y. Li(Xiw). Ujw) W)
-1 XU wes =0
+ A (W) 0 (X (), Uy(w))
s.t. X5 (w) = [ (X (w), U} (w), W,(w)) vt, Vi, Yw,

U= F, vt, Vi.

For a given multiplier A(*), we obtain N parallel inner minimization problems

T—1
min o LR 3 H(Xi) U, W)
+ 2 (@) - 6(X (), Uj(w)
st X (w)=fi(Xi(w),Uj(w), W,(w)) Vt, Vw
Ul = F, Vit

We denote Ui’(k) and X i’(k) an optimal solution. We update the multipliers with
N .
vte[0,7-1], YweQ, APV w) = >\§’“>(w)+p<29g (Xt(k)(w),Ut(k)(w))> , (1.26)
i=1

where p > 0 is a given parameter.

Remark 1.4. As discussed in §1.2.1, this price decomposition has an insightful interpre-
tation. The multiplier A (w) can be interpreted as the marginal cost of the output at time t
along scenario w. It is worth noting that the prices form a stochastic process { X, tT:_OI, that
can be represented as an element of the huge space RI) We show in Remark 6.12
how we can only consider non-anticipative processes. The method presented in Chapter 8
consists precisely in restricting the space of multipliers X over which the mazrimization is
done.
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1.2.3 Scenario Decomposition

The decomposition scenario by scenario consists in dualizing the non-anticipativity
constraint, and then solving subproblems for each scenario (using any of the tools available
for deterministic problems). The Progressive Hedging (PH) Algorithm stands as the state
of the art in this domain, but we also present the Stochastic Pontryaguin approach.

Progressive Hedging (PH)

We consider Problem (1.19) written on a tree 7. We then have

min > % i P({m}) Li(Xﬁl,Ufn,WnJ (1.27a)

{{unt}”tENt }t:() n€T mer(n) i=1
s.t. X:n = ft( n,Ulm,Wm), Vi, VYmer(n), VYneN, WV,
(1.27b)
> oi(xi,UL) =0, Vi, Ymer(n), VYneN, Vt.
i=1
(1.27¢)

Note that we have one decision u, per node on the tree; this materializes the information
constraint (1.19d), the one that is dualized in the Progressive Hedging algorithm. For this
purpose, we introduce new control variables (see Figure 1.4), that is, a sequence {ut};f:_o1
of controls for each scenario w (associated to a leaf of the tree), as in Problem (1.19). It
means that, with a given node n € T, are associated |n| control variables, that is, one per
scenario going through this node. The non-anticipativity constraint (1.19d) is represented
by

Vie[l,n], Vtel[0,T—1], V(w,u')en? Ul(w) = Ul . (1.28)

We introduce U,, the mean control on node n € Ay, defined by

Ul = Loen Ui(@) . (1.29)

T Il

We denote by n:(w) the node of depth ¢ in which w is contained. Hence, Equation (1.28)
can be rewritten as

vt € [0,T —1], VYweQ, Ullw) = U;t(w) , (1.30)

and Problem (1.19) now reads

N T-1
win U% ({w}) ;;L< ;(w),wt(w)) (1.31a)
s.t. let+1 ft’(X;(w W,(w)), Vt, Vi, Yw (1.31b)
Ze;’(x;‘(w),U;‘(w)) =0, Vt, Yw (1.31c)
=1

Ulw) =T vt, Vi, Yw. (1.31d)
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Figure 1.4: From scenario tree to set of scenarios

We dualize Constraint (1.31d), and, under constraint qualification, obtain

N T-1
gy LRI LX) Uik W)
+X(W) (Uf(w) = Uy, )
s.t. X;H() (X (w), Ul(w), W,(w)), Vt, Vi, Yw
Ze;(x;'(w),U;‘(w)):o, VE, Yw,
=1

where A is of dimension || x N x n, x T. We now fix, for each node n € T, a mean

control U,(Lk). For each scenario w € €2, and each stage ¢ € [0,7 — 1], we fix a multiplier

/\,ﬁ’“) (w). The inner minimization of the above problem, for the given multipliers and mean

controls, can be done w per w, and reads

min ZTZI L;( Xi(w), Ul(w), Wt(w)> (1.32a)

X@Uw) =&
+ 2 (W) (Uf (w) - Ui’f(’g)) (1.32b)
st X, (w) = fi(Xi(w),Ujw), W,(w)), vt, Vi, Yw (1.32¢)
N
D 0(X (), Ujw)) =0, vt Yw. o (1.32d)
=1

Remark 1.5. [t is interesting to note that the non-anticipativity constraint, written in
the form of Equation (1.30), is equivalent to

Vi€ [1,N], Vtel[o,T—1], U -E[U/ | =] =0. (1.33)



30 CHAPTER 1. PRELIMINARIES

The Progressive Hedging algorithm, schematically presented in Algorithm 1.1, is in
fact more elaborated, as it uses an augmented Lagrangian instead of a simple Lagrangian,
hence adding a quadratic term in the cost of the subproblems (1.32). We refer the reader
to [21,98] for more details.

Data: Initial multipliers {{)\EO) (w)}tT;()l}MEQ and mean control {UT(LO)}%T;
Result: optimal feedback;
repeat

forall the scenario w € €2 do
L Solves the deterministic minimization problem (1.32) for scenario w with a

measurability penalization, and obtain optimal control U*+1):
Update the mean controls

S en U ()
n] ’

vie 0,7 —1], VneN,  alFt) =

Update the measurability penalization with

e, Wel0,T-1 AW = AW+ o) - alt));

until U} —E[U} | F] =0;
Algorithm 1.1: General Scheme of Progressive Hedging

Stochastic Pontryaguin

We present an extension to the stochastic framework of Pontryaguin method. More
details and numerical experiments can be found in [32].

Ignoring the “spatial” coupling constraint (1.19c), and dualizing” the dynamics con-
straints (1.19b), Problem (1.19) reads

N T-1
min_ {n;}milgﬁ Y3 P({w)) L"( (w ),U;(w),wt(w))

T—1
{Utj]:t}tzo weN i=1 t=0

X X0,V W) - ) |

(1.34)
For a given control process U®) | we consider the inner min-max problem,
N T-1 ‘ ' ”
minmax > P({w}) YN LX), Uy w), Wiw))
wen i=1 t=0 (1.35)
iy i,(k i
+ 201 @) (H (X @), U P @), Wiw) - X1, @) -
This problem can be solved w per w
N T-1 W
mln max L Z( ), Ul (w), W, (w)
X (w) A(w) Zl g ( ! ) (136)

AL @) (1 (X @), Uy ), (W) - Xy, (@) -

7. To be more specific multiplier X! corresponds to the constraint X; — ff,l(Xf,l,ULl,Wt,l)‘
However, we want to have local cost depending on state and control of time ¢, hence the appearance of
multipliers A} and A}, in Problem (1.34).
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Assuming that we have the necessary regularity conditions (and since we assumed no
bound constraints on U and X ), we write the first order optimality conditions of this
inner min-max problem and deduce the optimal solutions X *) and A*) by

Xék) =19, (1.37a)
x = n(xV, U, w) te[0,7 1], (1.37b)
Ap =0, (1.37¢)
A = Ve i (XP U WA, 4 v, L (xP U W) e, T—1]. (1.37d)

These conditions involve a co-state stochastic process A which is not F-adapted since the
dynamics (1.37c)—(1.37d) propagate backwards and therefore X, is not F;-measurable in
general.

Given a control trajectory (U(k), Uj(ﬂk)l) we can solve these equations by, first
integrating Equations (1.37a)-(1.37b) forward to obtain {X }t —0> and then integrating

Equations (1.37¢)-(1.37d) backward to obtain the multiplier process {)\t }tzl. Note that
these integrations are performed scenario per scenario, hence in parallel.
Denote by H the function mini-maximized in Problem (1.34), i.e

N T—
H(X,UX) =Y P({w}) ZZ L;’(X;(w),U;(w),Wt(@) (1.38)
t=0

we i=1
AL (@) (1 (X)), Ulw), W) = X1, (@)

Define by J the function minimized in Problem (1.34), that is,

JU) = min  max H(X,U,\). (1.39)

The Danskin theorem (also known as the envelop theorem in Economics), states that,
under proper assumptions, the gradient of the function J at point U®) is given by

VJU®) = vy HX® Uk A®) (1.40)
Hence, the gradient of J at U®) is
VIOUW) = v, L (X, UP W) + Vo, (XP, 0P w)aAP . (141)

As the minimization is done over the §-adapted controls, a projected gradient step for the
minimization of J would be

Ut(k—l—l) _ Ut(k) + oK |:vuLt (-Xt(k)ﬂ Ut(k)v W) + vuft( Ut(k)ﬂ W Az(fil ’ th} . (142)

Equation (1.42) can be used as an update step of the control Ut(k) for this decomposition
method.

1.2.4 Time Decomposition

Not all decompositions by duality lead to powerful formulations. For instance, we
present a (little used) parallel decomposition approach of time decomposition obtained by
dualization of the dynamic constraint.

On the other hand, as there is a natural flow in time, we can write a chained decom-
position method, the well-known Dynamic Programming approach.
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Dualizing the Dynamics Constraints

We apply to Problem (1.19) a price decomposition scheme, presented in §1.2.1, by
dualizing the dynamic constraint (1.19b).

Since there are N x T x || dynamics constraints, the set of multiplier is of dimension
T x | x N x nx. Dualizing the dynamics constraints (1.19b), Problem (1.19) reads

win  max E%ijZO P({w}) Li(Xi(w), Ui(w), Wi(w))
+ A W)X (W) = A (@) f (X (), Ul(w), W, (@),
s.t. ie;’(xi(w),U;'(w))—o, Vt, Vw
Zfziljft vt, Vi.

Assuming constraint qualification, and fixing a multiplier A\(*), we obtain T separate inner
minimization problems

min ZZ P({w}) LZ( ’( ),Ui(w),Wt(w)>

X“Ut we i=1
AP W)X W) - A (@) (X (), Ul(w), W,w)),
N
s.t. ZH;(X;(w),U;(w)) =0, Yw
i=1
U =R Vi .

We denote Ui’(k) and X i’(k) an optimal solution. We update the multipliers with

M @) = A @) + (X @) = (XY @), U @), W) ) -

This decomposition approach is probably one of the less used decomposition ap-
proaches.

Dynamic Programming (DP)

The Dynamic Programming method is a well-known decomposition in time (see [11]).
As it is usual, we present the Dynamic Programming in a Decision-Hazard setting. It
relies on the assumption that the exogenous noises {W, E‘)F_l form a sequence of inde-
pendent random variables. With this assumption, the original state X = (X,..., X ),
that follows (1.19b), is a so-called information state (see Remark 1.2). This state is the
argument of the value function Vi: Vi(x) is the best possible future cost starting from
time ¢ in state x. The value functions satisfy the Dynamic Programming Equations: the
V; are computed backwards, starting from V7 and solving static optimization problems (see
Algorithm 1.2). The solutions of these static optimization problems provide an optimal
solution as a deterministic function of the current state (state feedback)

U =i (X)

where 7rt X¢ = U;. Observe that the solution, supposed to satisfy the non-anticipativity
constraint (1.19d), satisfies what is a stronger constraint, namely U, = X,. This is an
important property of DP: when the exogenous noises {Wt}tT:_ol form a sequence of inde-
pendent random variables, there is no loss of optimality in reducing the search to the class
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of state feedback solutions, namely By = o(X,) instead of B; = F;. When the size of the
state space X; does not increase with ¢, this property has major consequences for numer-
ical applications: whereas the space of Fi-measurable solutions increases (exponentially)
with ¢, the space of policies m; : Xy — U; does not.

Data: Problem data (especially initial point xo and final cost functions K?);
Result: Bellman function V;, Optimal feedback 7 ;

Vr(x) =03

fort=T—-1to 0do

foreach x; € X; do

N
V) = min B[S Ll W)+ Vi (X,,0)
u={u’}y i—1
st. X{.=fl(z},u',W,), Vi (1.43)

N
Z 9,? (xft, u’) =0
i=1

m¢(x¢) is a control u minimizing the above problem ;

Algorithm 1.2: Dynamic Programming Algorithm

The DP chained decomposition is possible because of a causality principle along the
time axis (this would not be possible for the uncertainty or for space, except under very
specific conditions).

Remark 1.6. Here, we make the major assumption that the size of the state space X; does
not increase with t. We suppose that each component of the state takes a finite number n,
of values (hence the state takes at most (nx)N values). Solving (1.19) by DP requires to
explore

)N

T(nx TNy, (1~44)

possible solutions. Comparing with (1.18), we see that DP makes better than brute force
whenever

(nw)? —1
logT + N logn, + logn, < T logn, . (1.45)

w
Therefore, the DP algorithm outbeats brute force for a large enough number T of time
steps. Indeed, it is linear in time, whereas brute force is exponential in time. However,
the complexity of DP is exponential in the number N of subproblems or, in other words,
in the dimension of the state: this stands as the curse of dimensionality (see [12]).

Discussing DP and the Notion of State

When the exogenous noises {VVt}th_Ol form a sequence of independent random variables,
we can write a Dynamic Programming Equation (DPE) like (1.43) with state X . Now,
what happens if this assumption fails? We lay out a theoretical and a practical answer.

The theoretical answer follows [118]. We introduce the “maximal” state (already men-
tioned in Table 1.3) N

X, = (20, W,U,,...,U,_,) , (1.46)

which satisfies the trivial dynamic equation

—

X X,.U,). (1.47)

t+1:(
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Then, there exists a DPE, but with an even larger information state consisting of the
conditional distribution of X, knowing F; [118]. Of course, this state is only of theoretical
interest.

The practical answer has much to do with the “art of modelling”, a compromise be-
tween, on the one hand, realism and complexity, and, on the other hand, mathematical
tractability. Consider that you want to manage a dam, seen as an electricity storage, over
a period of time (see §1.3). The natural physical state is the level of water in the dam,
whereas the information state depends on the water inflows (rain, snow melting, etc.). To
account for (a weak form of) dependency, we can make the assumption that the inflows are
independent random variables, but that their distributions are not stationary, and depend
upon time t to reflect seasonal effects. In that case, the physical state is an information
state. To account for (a stronger form of) dependency, we can make the assumption that
the inflows follow a so-called “order 1 model” (e.g. an AR-1 model)

W, = (W, W), (1.48)

where {W . tT:_Ol is a sequence of independent random variables. Here, an information
state is given by

X\t = (X, W), (1.49)

with the dynamic
X, = (R W) (W W) (1.50)
Of course, more realism pushes for incorporating more delays — W, , =

ft(Wt, W, w t) — but at the price of increasing the dimension of the informa-
tion state, now being (Xt, W, ..., W,_ k), hitting the wall of the curse of dimensionality.

If the problem is written on a tree, we can write DPE with the couple physical state
x and current node (identified with past noises). This is presented in §3.2.1.

Some approaches mix DP and a state of rather large dimension. For instance, Stochas-
tic Dual Dynamic Programming Algorithm (SDDP) makes assumption on the objective
function J (convexity) and on the dynamics functions f (linearity). With these, the value
functions are shown to be convex, so that they can be approximated from below by the
class of suprema of finite sets of linear functions. Such a structural property is a mean to
partially overcome the curse of dimensionality of DP. In Chapter 3, we will present SDDP
as a DP approach where information is encoded in a tree and where value functions are
cleverly approximated. Instead of computing the value function for any possible value of
the state, the SDDP algorithm iteratively forges approximations of the value function that
are improved around the states visited by optimal trajectories.

1.2.5 Summary Table

In Table 1.4, we gather the decompositions listed above. It happens that all the decom-
position methods we looked at are parallel, except the Dynamic Programming approach
(SDDP being a DP like approach). Indeed, chained decomposition is intimately related
to the natural flow of stages. The parallel decompositions that we presented have been
deduced from a price decomposition scheme for different constraints. Proving their con-
vergence requires duality results, the main object of the second part of this manuscript
(Chapters 4, 5 and 6).

Interestingly, decompositions can be weaved together or mixed, opening the way for
a large variety of methods. For instance, we will present and dissect in Chapter 8 the
Dual Approzimate Dynamic Programming method (DADP). With the distinctions we
established between decompositions, DADP can be seen as a spatial decomposition, where
subproblems can be solved by time decomposition. More precisely, DADP makes it possible
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to solve subproblems by DP, rendering space and time decompositions compatible. In a
different setting, the contributions of Chapter 2 can be seen as conditions of compatibility
for time and uncertainty chained decompositions to yield a DPE.

Decomposition
Time Scenario | Space

chained ‘ parallel | parallel | parallel
Dynamic Programming v
SDDP v
DADP v
Progressive Hedging v
Stochastic Pontryaguin v

Table 1.4: Decomposition Methods

1.3 A Dam Management Example

Here, we detail an example, taken from the energy world, that is used throughout this
manuscript as illustration.

Hydroelectricity is the main renewable energy in many countries (16% of global energy,
and 13% of France energy). It provides a clean (no greenhouse gases emissions), fast-usable
(under 30 seconds) and powerful (20 GW in China) energy that is cheap and substitutable
for the thermal one. It is all the more important to ensure its proper use that it comes from
a shared limited resource: the reservoirs water. This is the dam hydroelectric production
management purpose.

1.3.1 A Single Dam

Let time ¢ vary in [0,7]. We consider a probability space (Q,]: , P), and a sequence
(W, ! of random variables with value in W. The random variable W, represents the
random water inflow ® in the dam at time ¢. The dam is modeled as a Stochastic Dynamic
System, as in §1.1.2, where the physical state X, is the volume of water available at time ¢,
and the control U, is the volume of water consumed at time ¢.

The consumed water at time t induces a cash flow? of —L; (Xt,Ut,Wt), and the
remaining water at the final time ¢ is valued by —K(X,). We aggregate the random cost
with the expectation, and do not take into account any discount factor. Thus, the problem
we are interested in is the following

T-1

pin E [ ; Li(X, U, W,) + K(X;) (1.51a)
st X, = fi(X,, U, W) vte[0,T—1], (1.51Db)
U, < F vt e [0,7—1],  (L5lc)

U, € U P—as., Yte[0,T-1], (1.51d)

X, e x P—as., Vte[0,T—1]. (1.51e)

8. More information, like the prices of electricity can be contained in the random variable W,
9. As usual the problem being in fact a maximization of cash flow we rewrite it as the minimization of
the opposite of those cash-flows.
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Constraint (1.51b) is the physical constraint of evolution on the stock of water in the dam.
It is given by the physics of the dam, like

ft(x,u,w) =zr—utw.

Constraint (1.51c) is the measurability constraint representing what the manager knows
when he decides the value of U,. We distinguish two classical cases:

e the Hazard-Decision case, where F; = O'(XO, Wy, ,Wt), which means that the
manager knows the water input between ¢ and t+1 when he decides the consumption
in the same period;

e the Decision - Hazard case, where F; = O'(XO, Wy, - ,Wt_l), which means that
the manager knows only the past noises and consequently the present volume of
water in the dam.

Constraints (1.51d) and (1.51e) are bound constraints on the control and the state, rep-

resenting the physical limitations of the dam and turbine. Usually we have
XM = [z, 7] and UM = [u,, ] .

The local cost function L; represents the (opposite of) the gain obtained by selling the
electricity produced by turbining a volume u of water. This gain depends on the market
price (included in W,), the water turbined (the control U,) and the level of water in the
dam (the state X,): higher level means higher water pressure.

1.3.2 A Chain of Dams

Most times, dams are included in a hydraulic valley, so that dams interact with each
other: the water output of one dam is an input for another dam, etc. Hydraulic valley can
be quite complex see for example Figure 1.5. but, for the sake of simplicity, we present
a cascade of dams as in Figure 1.6. In this setting, the water consumed by dam 7 is seen
as an inflow of dam ¢ + 1. In particular, we do not consider the cases where one dam
receives the outflow of two other dams, neither when the outflow of one dam can go in
two different destinations.

Let time ¢ vary in [0, 7], and dams be labeled with i € [1, N]. We consider a probability
space (Q, F, IP’), and the following real valued random variables:

e X!, the storage level of dam i at the beginning of period [t,¢ + 1], (state)
e U/ the hydro turbine outflows of dam 4 during [t,¢ + 1], (control)
e Z! the water inflows for dam ¢ from dam ¢ — 1 during [t, ¢+ 1[, (additional control)
e W/, the external inflows for dam i during [t, ¢ + 1. (noise)

The additional control ZZ is a useful notation and will be used in §8.1.5 to decompose the
System.
The dynamics of the reservoir storage level reads, for the first dam of the chain:

Xt1+1 = ft1<th7Ut17Wt17O) )
1 1 1
=X, -U, +W,;.
For any other dam ¢ > 1, we have
Xti—i-l - ftl(XZaUZ?Vth:Ztl) ’ (1 52)
- XUl Wz,

where A A A ‘ A
Zi=X"'-Ut+wjit+z ! (1.53)

is the water inflows in dam ¢ coming from dam ¢—1, it is also the total outflows of dam i —1.
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Figure 1.5: Chains of dams in France

The bound constraints are
vte [0, T 1], x4 <X, <Tt41 and  w, <U, <7 . (1.54)

Moreover, we assume the Hazard-Decision information structure (U is chosen once
W, is observed), so that
u' U} <min{@, X]+ W/ + Z] —2'} . (1.55)

We consider the multiple step management of a chain of dams, each dam producing
electricity that is sold at the same price. Thus, the hydroelectric valley obeys the following
valuing mechanism

~

-1
SN LX)\ UL Z], W) + K'(Xy) (1.56)
=11

Il
=)

where K is a function valuing the remaining water at time ¢ in the dam i. As this criterion
is random, we choose to minimize the expected cost, so that the stochastic optimization
problem we address reads

T—

>_|

N
E Ly(X}, U}, Z;,W}) + K'( X! 1.57
th}nz [; ( pe ;) + K T)):|> (1.57a)
subject to:
X[, = f(X], U}, Z],W}), Vi, Vt, (1.57b)

zZt = gi(X], U}, Z;,W}), Vi, Vt, (1.57c)
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Figure 1.6: A chain of dams scheme

as well as measurability constraints:

U/ = F, VYi, Vt. (1.57d)

Theoretically, this problem could be solved by methods like Dynamic Programming.
However, the dimension of the information state required is the number of dams. Thus,
the so-called curse of dimensionality prevents us to apply Dynamic Programming for more
than 5 dams.

In Chapter 3, we present an algorithm using approximations of value functions in
Dynamic Programming to solve this type of problem for a large number of dams. In
Chapter 8, we present a spatial decomposition method.

Conclusion

We conclude this preliminary chapter with a roadmap of the manuscript.

In the first part of this manuscript, Dynamic Programming: Risk and Convezxity, we
focus on chained decomposition, and especially the well-known time decomposition that
constitutes Dynamic Programming. In Chapter 2, we extend the traditional additive in
time and risk neutral setting to more general ones, for which we establish time-consistency
results. We relate the time-consistency property for a sequence of optimization problems
with the time-consistency property of a dynamic risk measure. In Chapter 3, we prove a
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convergence result for the Stochastic Dual Dynamic Programming Algorithm in the case
where (convex) cost functions are no longer polyhedral.

Then, we turn to parallel decomposition, especially decomposition methods ob-
tained by dualizing constraints (spatial or non-anticipative). In the second part of this
manuscript, Duality in Stochastic Optimization, we first point out that such constraints
lead to delicate duality issues (Chapter 4). We establish a duality result in the pairing

(LOO, L1> in Chapter 5. Finally, in Chapter 6, we prove the convergence of the Uzawa Al-

gorithm in L*° (Q, F,P; R”), that requires constraints qualification. This algorithm is used
to apply a price decomposition scheme to a multistage stochastic optimization problem.

The third part of this manuscript, Stochastic Spatial Decomposition Methods, is de-
voted to the so-called Dual Approximate Dynamic Programming Algorithm. In Chapter 7,
we prove that a sequence of relaxed optimization problems epiconverges to the original
one, where almost sure constraints are replaced by weaker conditional expectation ones,
and that the corresponding sigma-algebras converge. In Chapter 8, we give theoretical
foundations and interpretations for the Dual Approximate Dynamic Programming Algo-
rithm.
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Chapter 2

Time-Consistency: from
Optimization to Risk Measures

In my next life I want to live my life backwards. You
wake up in an old people’s home feeling better every
day. You get kicked out for being too healthy. You
work for 40 years until you’re young enough to enjoy
your retirement. You party, drink alcohol, and are
generally promiscuous. then you become a kid, you
play. You have no responsibilities, you become a baby
until you are born. And then you spend your last 9
months floating in luzurious spa-like conditions with
central heating and room service on tap, larger quarters
every day and then Voila! You finish off as an orgasm!

Woody Allen (abbreviated)
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This chapter present a general framework for the chained time decomposition known
as Dynamic Programming. Indeed, usually Dynamic Programming is applied to prob-
lems considering the expectation of an inter-temporal sum of costs. In [105] a risk-averse
dynamic programming theory was developed. Here, we extend the framework by giving
general conditions on the aggregator in time (replacing the intertemporal sum) and the
aggregator in uncertainties (replacing the expectation) to obtain a Dynamic Programming
Equation.

The content of this Chapter has been submitted as an article in a special issue of
FEuropean Journal of Operations Research, dedicated to Time Consistency. It is a common
work with M. De Lara.

Introduction

Stochastic optimal control is concerned with sequential decision-making under uncer-
tainty. The theory of dynamic risk measures gives values to stochastic processes (costs)
as time goes on and information accumulates. Both theories coin, under the same vocable
of time-consistency (or dynamic-consistency), two different notions. We discuss one after
the other.

In stochastic optimal control, we consider a dynamical process that can be influenced by
exogenous noises as well as decisions made at every time step. The decision maker wants to
optimize a criterion (for instance, minimize a net present value) over a given time horizon.
As time goes on and the system evolves, observations are made. Naturally, it is generally
more profitable for the decision maker to adapt his decisions to the observations on the
system. He is hence looking for policies (strategies, decision rules) rather than simple
decisions: a policy is a function that maps every possible history of the observations to
corresponding decisions.

The notion of “consistent course of action” (see [73]) is well-known in the field of
economics, with the seminal work of [113]: an individual having planned his consumption
trajectory is consistent if, reevaluating his plans later on, he does not deviate from the
originally chosen plan. This idea of consistency as “sticking to one’s plan” may be extended
to the uncertain case where plans are replaced by decision rules (“Do thus-and-thus if you
find yourself in this portion of state space with this amount of time left”, Richard Bellman
cited in [41]): [53] addresses “consistency” and “coherent dynamic choice”, [61] refers to
“temporal consistency”.

In this context, we loosely state the property of time-consistency in stochastic optimal
control as follows [26]. The decision maker formulates an optimization problem at time to
that yields a sequence of optimal decision rules for ¢y and for the following increasing time
steps t1,...,txy = T. Then, at the next time step t1, he formulates a new problem starting
at t; that yields a new sequence of optimal decision rules from time steps t; to T'. Suppose
the process continues until time 7' is reached. The sequence of optimization problems
is said to be dynamically consistent if the optimal strategies obtained when solving the
original problem at time tg remain optimal for all subsequent problems. In other words,
dynamic consistency means that strategies obtained by solving the problem at the very
first stage do not have to be questioned later on.

Now, we turn to dynamic risk measures. At time ty, you value, by means of a risk
measure py, 1, a stochastic process {A t}ii t? that represents a stream of costs indexed by
the increasing time steps tg,t1,...,ty = 1. Then, at the next time step t1, you value the
tail {A t}g 4 of the stochastic process knowing the information obtained and materialized
by a o-field §;,. For this, you use a conditional risk measure p;, 7 with values in §,-
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measurable random variables. Suppose the process continues until time 7" is reached. The
sequence { Pt,T}z to of conditional risk measures is called a dynamic risk measure.
Dynamic or time-consistency has been introduced in the context of risk measures (see
[5,28,29,37,84] for definitions and properties of coherent and consistent dynamic risk mea-
sures). We loosely state the property of time-consistency for dynamic risk measures as fol-
lows. The dynamic risk measure {pt,T}iZ o is said to be time-consistent when the following

property holds. Suppose that two streams of costs, {At}z to and {Zt}z 1y 1€ such that
they coincide from time ¢; up to time t; > ¢; and that, from that last time ¢;, the tail stream

N — t — 1\t
{ét}titj is valued more than {At}titj (ptj,T({ét titj) > p, 7({A, ltth)). Then, the

N — 1t t — 1t
whole stream {ét}titi is valued more than {At}titi (pti’T({ét}tZti) > pr,7({A, titi)).

We observe that both notions of time-consistency look quite different: the latter is
consistency between successive evaluations of a stochastic processes by a dynamic risk
measure as information accumulates (a form of monotonicity); the former is consistency
between solutions to intertemporal stochastic optimization problems as information ac-
cumulates. We now stress the role of information accumulation in both notions of time-
consistency, because of its role in how the two notions can be connected. For dynamic risk
measures, the flow of information is materialized by a filtration {St}ii " In stochastic
optimal control, an amount of information more modest than the past of exogenous noises
is often sufficient to make an optimal decision. In the seminal work of [12], the minimal
information necessary to make optimal decisions is captured in a state variable (see [117]
for a more formal definition). Moreover, the famous Bellman or Dynamic Programming
Equation (DPE) provides a theoretical way to find optimal strategies (see [18] for a broad
overview on Dynamic Programming (DP)).

Interestingly, time-consistency in stochastic optimal control and time-consistency for
dynamic risk measures meet in their use of DPEs. On the one hand, in stochastic optimal
control, it is well known that the existence of a DPE with state x for a sequence of op-
timization problems implies time-consistency when solutions are looked after as feedback
policies that are functions of the state x. On the other hand, proving time-consistency
for a dynamic risk measure appears rather easy when the corresponding conditional risk
measures can be expressed by a nested formulation that connects successive time steps.
In both contexts, such nested formulations are possible only for proper information struc-
tures. In stochastic optimal control, a sequence of optimization problems may be consis-
tent for some information structure while inconsistent for a different one (see [26]). For
dynamic risk measures, time-consistency appears to be strongly dependent on the un-
derlying information structure (filtration or scenario tree). Moreover, in both contexts,
nested formulations and the existence of a DPE are established under various forms of
decomposability of operators that display monotonicity and commutation properties.

Our objective is to provide a theoretical framework that offers i) basic ingredients
to jointly define dynamic risk measures and corresponding intertemporal stochastic opti-
mization problems ii) common sets of assumptions that lead to time-consistency for both.
Our theoretical framework highlights the role of time and risk preferences, materialized in
one-step aggregators, in time-consistency. Depending on how you move from one-step time
and risk preferences to intertemporal time and risk preferences, and depending on their
compatibility (commutation), you will or will not observe time-consistency. We also shed
light on the relevance of information structure by giving an explicit role to a dynamical
system with state X.

In §2.1, we present examples of intertemporal optimization problems displaying a DPE,
and of dynamic risk measures (time-consistent or not, nested or not). In §2.2, we introduce
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the basic material to formulate intertemporal optimization problems, in the course of which
we define “cousins” of dynamic risk measures, namely dynamic uncertainty criteria; we end
with definitions of time-consistency, on the one hand, for dynamic risk measures and, in
the other hand, for intertemporal stochastic optimization problems. In §2.3, we introduce
the notions of time and uncertainty-aggregators, define their composition, and show four
ways to craft a dynamic uncertainty criterion from one-step aggregators; then, we provide
general sufficient conditions for the existence of a DPE and for time-consistency, both for
dynamic risk measures and for intertemporal stochastic optimization problems; we end
with applications. In §2.4, we extend constructions and results to Markov aggregators.

2.1 Introductory Examples

The traditional framework for DP consists in minimizing the expectation of the in-
tertemporal sum of costs as in Problem (2.3). As we see it, the intertemporal sum is an
aggregation over time, and the mathematical expectation is an aggregation over uncer-
tainties. We claim that other forms of aggregation lead to a DPE with the same state
but, before developing this point in §2.3, we lay out in §2.1.1 three settings (more or less
familiar) in which a DPE holds. We do the same job for dynamic risk measures in §2.1.2
with time-consistency.

to

To alleviate notations, for any sequence {H S}s: t of sets, we denote by [H s] 4 OF

by His,.1,], the Cartesian product

St2

t t
H[t1:t2] - [Hs]t? = [Hs];:tl = Hy x - X Hy, , (2.1&)
and a generic element by
t t
Rigyty) = {ht}tf = {ht t2=t1 = (htyy -y hey) - (2.1b)

In the same vein, we also use the following notation for any sequence

to

Hity:1) = {HS}E - {HS}S:tl - {Hs}s:tl,,,,,tg : (2.1c)

In this chapter, we denote by R the set R U {+oc}.

2.1.1 Examples of DPEs in Intertemporal Optimization

Anticipating on material to be presented in §2.2.1, we consider a dynamical system
influenced by exogenous uncertainties and by decisions made at discrete time steps t = 0,
t=1,...,t=T-—1, where T is a positive integer. For any ¢ € [0,7], where [a,b]
denote the set of integers between a and b, we suppose given a state set X;, and for
any t € [0,7 — 1] a control set U;, an uncertainty set W; and a mapping f; that maps
Xe x Ug x W, into X¢41. We consider the control stochastic dynamical system

Vit € [[O,T — 1]], Xt+1 = ft(Xt7 Uz, Wt) . (22)

We call policy a sequence m = (TI't)tE[[O’T,H] of mappings where, for all ¢t € [0,T — 1], m
maps X; into U;. We denote by II the set of all policies. More generally, for all ¢ € [0, 77,
we call (tail) policy a sequence m = (7s)se;,r—1] and we denote by II; the set of all such
policies.

Let {Wt}tT:o be a sequence of independent random variables (noises). Let {J; g_l
be a sequence of cost functions J; : Xy x Uy x Wy — R, and a final cost function Jp :
XT X WT — R.



2.1. INTRODUCTORY EXAMPLES 47

With classic notations, and assuming all proper measurability and integrability condi-
tions, we consider the dynamic optimization problem

T—1
min E [ ; J( X, U, W)+ Jp( Xy, W) | (2.3a)
st. X, = [(X,,U,W,), vie 0,7 1], (2.3b)
U, = m(X,), vVt e [0, T —1] . (2.3¢)

It is well-known that a DPE with state X can be associated with this problem. The
main ingredients for establishing the DPE are the following: the intertemporal criterion
is time-separable and additive, the expectation is a composition of expectations over the
marginals law (because the random variables {Wt}tho are independent), and the sum
and the expectation operators are commuting. Our main concern is to extend these
properties to other “aggregators” than the intertemporal sum Z;F:_ol and the mathematical
expectation E, and to obtain DPEs with state X, thus retrieving time-consistency.

In this example, we aggregate the streams of cost first with respect to time (through
the sum over the stages), and then with respect to uncertainties (through the expectation).
This formulation is called TU for “time then uncertainty”. All the examples of this §2.1.1
follow this template.

We do not present proofs of the DPEs exposed here as they fit into the framework
developed later in §2.3.

Expected and Worst Case with Additive Costs

We present together two settings in which a DPE holds true. They share the same time-
aggregator — time-separable and additive — but with distinct uncertainty-aggregators,
namely the mathematical expectation operator and the so-called “fear” operator.

Expectation Operator Consider, for any t € [0, 7], a probability P, on the uncertainty
space W, (equipped with a proper o-algebra), and the product probability P = Py®- - -@Pr.
In other formulations of stochastic optimization problems, the probabilities P; are the
image distributions of independent random variables with value in W;. However, we
prefer to ground the problems with probabilities on the uncertainty spaces rather than
with random variables, as this approach will more easily easily extend to other contexts
without stochasticity.

The so-called value function Vi, whose argument is the state z, is the optimal cost-to-go
defined by

T-1
Vi) = min E[g (X, UL W,) + Jr(Xp, Wy)| | (2.40)
st. X, ==, (2.4Db)
Xs+1 = ft(XS, US7 WS), Vs € [[t,T — lﬂ , (2.4C)
U =my(X,). (2.4d)

The DPE associated with problem (2.3) is

Vr(z) =Ep, [JT(Q:, WT)} ,
V%(JZ‘) - minuGUt E]Pt |:Jt(xa U, Wt) +Viq10 ft(x7 u, vvt) )

for all state x € X; and all time ¢ € [0,T — 1].
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It is well-known that, if there exists a policy 7* (with proper measurability assumptions
that we do not discuss here [see [20]]) such that, for each t € [0,T — 1], and each z € X,
we have

ﬂf(az) € argminE | J;(z, u, W,) 4+ Viy1 o fi(z, u, Wt)] , (2.6)
uelU;
then 7% is an optimal policy for Problem (2.3).

Time-consistency of the sequence of Problems (2.4), when ¢ runs from 0 to 7', is ensured
by this very DPE, when solutions are looked after as policies over the state z. We insist
that the property of time-consistency may or may not hold depending on the nature of
available information at each time step. Here, our assumption is that the state x; is
available for decision-making at each time ¢.!

Remark 2.1. To go on with information issues, we can notice that the so-called “non-
anticipativity constraints”, typical of stochastic optimization, are contained in our defini-
tion of policies. Indeed, we considered policies are function of the state, which a summary
of the past, hence cannot anticipate the future. Why can we take the state as a proper
summary? If, in Problem (2.3), we had considered policies as functions of past uncer-
tainties (non-anticipativity) and had assumed that the uncertainties are independent, it is
well-known that we could have restricted our search to optimal Markovian policies, that
18, only functions of the state. This is why, we consider policies only as functions of the
state.

Fear Operator In [16], Pierre Bernhard coined fear operator the worst-case operator,
widely considered in the field of robust optimization (see [67] and [15]).
We consider the optimization problem

T-1
min sup [ Ji(xe, ug, wy) + Jr(xp, wr) |, (2.7a)
WEH weW[O:T] ;
s.t. Tt41 = ft((L't, U, ’Ll)t), (27b)
up = (). 2.7c)

Contrarily to previous examples we do not use bold letters for state x, control u and
uncertainty w as these variables are not random variables. In [17, Section 1.6], it is shown
that the value function

T—1
Vi(x) = min sup [Z Js(s, us, ws) + Jp(zp, wr)| , (2.8a)
melle weWp.n L
st. z=x, (2.8b)
Ts4+1 = fs(xSa U87w5) ) (2'8C)
us = ms(xs) - (2.8d)

satisfies the DPE

Vr(x) = su%;)V Jr(x,wr) ,
€
e (2.9)
Vi(x) = min sup |Jy(z,u,w) + Vigy o fe(z,u,wy)|
uelUy wr EW,

for all state x € X; and all time ¢ € [0,T — 1].

1. In the literature on risk measures, information is rather described by filtrations than by variables.
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Expectation with Multiplicative Costs

An expected multiplicative cost appears in a financial context if we consider a final
payoff K (X ;) depending on the final state of our system, but discounted at rate 7;(X,).
In this case, the problem of maximizing the discounted expected product reads

T-1 1
E £ { tlj[l (1 + rt(Xt)>K(XT)} ’

We present another interesting setting where multiplicative cost appears. In control
problems, we thrive to find controls such that the state x; satisfies constraints of the type
z € Xy C Xy forallt € [0, T]. In a deterministic setting, the problem has either no solution
(there is no policy such that, for all t € [0,T], x; € X;) or has a solution depending on the
starting point x¢g. However, in a stochastic setting, satisfying the constraint x; € A}, for all
time ¢ € [0,7] and P—almost surely, can lead to problems without solution. For example,
if we add to a controled dynamic a nondegenerate Gaussian random variable, then the
resulting state can be anywhere in the state space, and thus a constraint X, € X; C Xy
where A&} is, say, a bounded set, cannot be satisfied almost surely.

For such a control problem, we propose alternatively to maximize the probability of
satisfying the constraint (see [40], where this is approach is called stochastic viability):

max ]P({Vt el0,7T], X,e Xt}), (2.10a)
st X, = fi(X, U, W,), (2.10Db)
U, =n(X,). (2.10c)

This problem can be written

T
max E[g Jl{xtext}}, (2.11a)
st X, = fi( X, U, W), (2.11Db)
U, =7(X,) . (2.11c)

It is shown in [34] that, assuming that noises are independent (i.e the probability P can
be written as a product P =Py ® - -- ® Pr), the associated DPE is

Vr(z) ZE[ﬂ{zexT}] ,

(2.12)
‘/t(x) = maXUGUz ]E |:]]'{$€Xt} : ‘/t-‘r]. o ft(x) u, Wt)i| B

for all state x € X; and all time ¢ € [0, — 1].
If there exists a measurable policy 7 such that, for all ¢ € [0,7 — 1] and all z € X,

W?("B) € arg %134}( E |:]]-{z€/\’t} ’ vi-i-l © ft(xa U, Wt):| ) (213)
ueU

then 7 is optimal for Problem (2.10).

2.1.2 Examples of Dynamic Risk Measures

Consider a probability space (Q,%7 IP’), and a filtration § = {&}OT. The expression
{A_}] denotes an arbitrary, -adapted, real-valued, stochastic process.
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Anticipating on recalls in §2.2.2, we call conditional risk measure a function p, 7 that
maps tail sequences {A S}tT, where each A, is § measurable, into the set of §; measur-
able random variables. A dynamic risk measure is a sequence {p;r}3 of conditional risk
measures.

A dynamic risk measure {pt7T}tT:0, is said to be time-consistent if, for any couples of
times 0 < ¢t < t < T, the following property holds true. If two adapted stochastic processes
{AS}OT and {A_}T satisfy

A =A_, Vs € t,t—1], (2.14a)
pir({A ) <pir({AN) (2.14b)

then we have:
per({A ) < pr({A)) - (2.14c)

We now lay out examples of dynamic risk measure.

Expectation and Sum

Unconditional Expectation The first classical example, related to the optimization
Problem (2.3), consists in the dynamic risk measure {p;r}._, given by

T
vee 0,7,  pr({A7) :E[ZAS} . (2.15)

We write (2.15) under three forms — denoted by TU, UT, NTU, and discussed later
in §2.3.1:

T
pr({A)T) =E [Z As} ()
= Z E[A,] (UT)

:E[At+E[At+1+-~-+E[AT1+E[ATH-~H (NTU)

To illustrate the notion, we show that the dynamic risk measure {p;r}l_, is time-
consistent. Indeed, if two adapted stochastic processes A and B satisfy (2.14a) and

(2.14b), with t =t <t < T, we conclude that

Pt,T({és}tT) =E [iAS + W,T({As}z)}
<B| A, + i (AH)| = (AN

s=t

Conditional Expectation Now, we consider a “conditional variation” of (2.15) by
defining

T
per({A)) = E[ZAS St] . (2.16)
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We write? the induced dynamic risk measure {p;r}]_, under four forms — denoted by
TU, UT, NTU, NUT, and discussed later in §2.3.1:

T
pr({A)]) = EF [Z A (rv)

T
=Y ES[A] UT)
s=t
— RS A, 4+ ESt+1 [At-s-l 4 ... 4 EST1 [AT—l 4 kST [AT]] . ]] (NTU)
= A, +ES+ |:At+1 +o + B2 [An | +ESTU[AL]] ] (NUT)

The dynamic risk measure {p; 1} is time-consistent: indeed, if two adapted stochastic
processes A and B satisfy (2.14a) and (2.14b), with t =t <t < T, we conclude that

pr({A ) = [ZA For(ta ) |5

IA

E [ZA F (A | 8] =@

AVQ@R and Sum

In the following examples, it is no longer possible to display three or four equivalent ex-
pressions for the same conditional risk measure. This is why, we present different dynamic
risk measures.

Unconditional AV@R For 0 < o < 1, we define the Average- Value-at-Risk of level o
of a random variable X by

s
AVGR,[X] = inf {r + E[Xa_r}} . (2.17)

Let {O‘t}tho and {au S}Z 1o be two families in (0,1). We lay out three different dynamic
risk measures, given by the following conditional risk measures:

T
per[{A}] = AVG@R,, [ZAS] : (TU)
T
prr[{A )] =) AV@R,,,[A,], (UT)

pivljjU ({As}?) = AV@Rat,t

A, +AV@R,, ., [Am T

AV@R,, . [A7] - H : (NTU)

The dynamic risk measure {p; TUAT , is not time-consistent, whereas the dynamic risk

measure {p; UINT  and the dynamic risk measure {pivg

as the levels at.s do not depend on t.

U}t o are time consistent, as soon

2. Here, for notational clarity, we denote by ES¢ [ ] the conditional expectation IE ’ %’t
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Conditional AV@R For 0 < a < 1, and a subfield & C § we define the conditional
Average-Value-at-Risk of level o of a random variable X knowing & by

ML) } (2.19)

«

AV@RS[X] =  inf {HE[(X

r ®-measurable

Let {O‘t}f:o and {atvs}tho be two families in (0,1). We lay out four different dynamic
risk measures, given by the following conditional risk measures:

prr({A ) = AVaR®: [ Z A } (TU)
prr({ANT) ZAV@R% A, (UT)
per({AT) ZAV@Rggt [AV@Rgml [---AV@RE?S [AS]H , (UT)
pr({A})) = AVGRT, | A+

AV@RSHL [Am +---AV@RJT [A;] H : (NTU)

Examples of this type are found in papers like [79,100,105, 107].

Markovian AV@QR Let a policy 7 € II, a time ¢ € [0,7] and a state z; € X; be fixed.
With this and the control stochastic dynamical system (2.2), we define the Markov chain
{X?}T_, produced by (2.3b)—(2.3c) starting from X, = x;. We also define, for each

€ [t,T], the o-algebra X7* = o(X2*). With this, we define a conditional risk measure
by

z X,
pth({As}tT) =AVQ@Ry!, |A,+

(2.21)
Xl X!
AV@RO(MH At+1 4. .AV@RO%,T [AT] . .

T
Repeating the process, we obtain a family {{thtT}xtEXf} o such that {thT}tT_O is a
? L t: I -

dynamic uncertainty criterion, for all sequence {xt}io of states, where z; € Xy, for all
€ [0,T].

2.2 Time-Consistency: Problem Statement

In §2.2.1, we lay out the basic material to formulate intertemporal optimization prob-
lems. In §2.2.2, we define “cousins” of dynamic risk measures, namely dynamic uncertainty
criteria. In §2.2.3, we provide definitions of time-consistency, on the one hand, for dynamic
risk measures and, in the other hand, for intertemporal stochastic optimization problems.

2.2.1 Ingredients for Intertemporal Optimization Problems

In §2.2.1, we recall the formalism of Control Theory, with dynamical system, state,
control and costs. Mimicking the definition of adapted processes in Probability Theory, we
introduce adapted uncertainty processes. In §2.2.1, we show how to produce an adapted
uncertainty process of costs.
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Dynamical System, State, Control and Costs
We define a control T'-stage dynamical system, with T' > 2, as follows. We consider
e a sequence {Xt}OT of sets of states;
e a sequence {Ut}gfl of sets of controls;

e a sequence {Wt}OT of sets of uncertainties, and we define

Wi = [WS]OT, the set of scenarios, (2.22a)
Wi = [Ws]g, the set of head scenarios, ¥t € [0,T] , (2.22b)
Wie = [WSLT, the set of tail scenarios, Vt € [0,T7] ; (2.22¢)

e a sequence { ft}OT_l of functions, where f; : Xy x Uy x Wy — Xyy1, to play the role
of dynamics;
e a sequence {Ut}gfl of T multifunctions U; : Xy == Uy, to play the role of constraints;

e a sequence {Jt}g_l of instantaneous cost functions J; : Xy x Uy x Wy — R, and a
final cost function Jr : Xp x Wy — R.3
Mimicking the definition of adapted processes in Probability Theory, we introduce the
following definition of adapted uncertainty processes, where the increasing sequence of head
scenarios sets in (2.22b) corresponds to a filtration.

Definition 2.2. We say that a sequence A7) = {AS}OT 1s an adapted uncertainty process
if As € ]-'(W[Ozs};R) (that is, As : Wi.q — R), for all s € [0,T]. In other words,

[F(Wo.q; R)],_,

s the set of adapted uncertainty processes.

A policy ™ = (mt)e[o,r—1] 18 a sequence of functions m; : Xy — Uy, and we denote by
IT the set of all policies. More generally, for all ¢t € [0,T], we call (tail) policy a sequence
7 = (7s)sept,r—1] and we denote by II; the set of all such policies.

We restrict our search of optimal solutions to so-called admissible policies belonging

to a subset I1*d  II. An admissible policy 7 € 1124 always satisfies:
Vt € [[O,T - ].H, Vx € Xt, 7Tt(fl;') S Ut(l‘) .

We can express in I1% other types of constraints, such as measurability or integrability
ones when in a stochastic setting. Naturally, we set T3¢ = TI, N I1%¢.

Definition 2.3. For any timet € [0,T], state x € Xy and policy m € 11, the flow {Xzf’;r r,
1s defined by the forward induction:
Xii(w) ==,
Yw € W[O:T]7 (223)
Xita(w) = fo(X0T (w), me (X[ (), ws), Vs € [t, 1]

The expression Xf“: 7 (w) is the state z5 € Xy reached at time s € [0, 7], when starting
at time t € [0, s] from state x € X; and following the dynamics (2.2) with the policy 7 € II
along the scenario w € Wig.7y.

Remark 2.4. For 0 <t < s <T, the flow Xsz is a function that maps the set Wo.) of
scenarios into the state space Xg:

thf:;r : W[O:T] — Xs . (224)
By (2.23),

3. For notational consistency with the J; for ¢t = [0,T — 1], we will often write Jr(z,u,w) to mean
Jr(z,w).
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e when t > 0, the expression ngf(w) depends only on the inner part wy.,_1) of the
scenario w = wyg.r), hence depends neither on the head w1, nor on the tail wi.ry,
o when t = 0, the expression Xy (w) in (2.23) depends only on the head wi.s—q) of
the scenario w = wjg,7|, hence does not depend on the tail w1
This is why we often consider that the flow Xiff is a function that maps the set Wig.s_q)
of scenarios into the state space Xg:

Vs e [1,T], Vte|0,s—1], X7 Wiy = X (2.25)

A state trajectory is a realization of the flow {Xg;;r (w)}sT:o for a given scenario w €
Wio.r). The flow property

T,
X,

Vt,s,8, t<s <s, VreX, Xil = Xs’,tés (2.26)

expresses the fact that we can stop anywhere along a state trajectory and start again.

Producing Streams of Costs

Definition 2.5. For a given policy © € 11, and for all times t € [0,T] and s € [t,T], we
define the uncertain costs evaluated along the state trajectories by:

T w e Wiy — Jy (X (), m(XET (w),w,) (2.27)

Remark 2.6. By Remark 2.4,

e when t > 0, the expression Jg;ﬂ(w) in (2.27) depends only on the inner part wy.y
of the scenario w = wjy.7), hence depends neither on the head wy.;_y), nor on the
tal W[s41:T]»

e when t = 0, the expression Jgi’:(w) in (2.27) depends only on the head wyo.q of the
scenario w = wio.7|, hence does not depend on the tail wisy .77

This is why we often consider that Jgf’; is a function that maps the set Wi;.q of scenarios
into R:

Vs €[0,T], Vtelo,s], Jil s Wig—R. (2.28)
As a consequence, the stream {J&f}io of costs is an adapted uncertainty process.
By (2.27) and (2.23), we have, for all t € [0,7] and s € [t + 1,77,

Jt.rﬂ;ﬂ(wt) = Jt (fB, Wt(l'), wt) )
Ywir € Wi, 2.29
1) © Wik o Py hem@eon v (2.29)
t,s (wtv{wT}t+l) = Jitl,s ({wr}t+1) .

2.2.2 Dynamic Uncertainty Criteria and Dynamic Risk Measures

Now, we stand with a stream {J& ’;T}STZO of costs, which is an adapted uncertainty
process by Remark 2.4. To craft a criterion to optimize, we need to aggregate such a
stream into a scalar. For this purpose, we define dynamic uncertainty criterion in §2.2.2,
and relate them to dynamic risk measures in §2.2.2.
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Dynamic Uncertainty Criterion

Inspired by the definitions of risk measures and dynamic risk measures in Mathemat-
ical Finance, and motivated by intertemporal optimization, we introduce the following
definitions of dynamic uncertainty criterion, and Markov dynamic uncertainty criterion.
Examples have been given in §2.1.2.

Definition 2.7. A dynamic uncertainty criterion is a sequence {Qth}tT:O, such that, for
all t € 0,77,
® 0y 7 15 4 Mapping

— T —
o1 [*F(W[Os]>R)] o=t 7 J—-'(W[Ot],R) ) (230&)
e the restriction of oy to the domain* [}"(W[t;s};]l_%)]f:t yields constant functions,
that 1s,
otT * [f(w[ts]aR)] Z;t - R ) (230b)

T
A Markov dynamic uncertainty criterion is a family {{gftT " ext} , such that {gftT ?:0

t=0
is a dynamic uncertainty criterion, for all sequence {:):t}z;o of states, where xy € Xy, for
all t € [0,T7].

We relate dynamic uncertainty criteria and optimization problems as follows.

T

Definition 2.8. Given a Markov dynamic uncertainty criterion {{thtT}mt GXt} we

t=0
define a Markov optimization problem as the following sequence of families of optimization

problems, indezxed by t € [0,T], and x € X;:

(B)  min o ({F7},) (231)

Each Problem (2.31) is indeed well defined by (2.30b), because {th f}it €
=\1T
[f(W[t:S];R)} by (2.28).

s=t

Dynamic Risk Measures in a Nutshell

We establish a parallel between uncertainty criteria and risk measures. For this pur-
pose, when needed, we implicitely suppose that each uncertainty set W; is endowed with
a o-algebra W}, so that the set Wio.7} of scenarios is naturally equipped with the filtration

Vte[0,7], &H=Wo®@ - W @{0, W1} @ - {0, Wr}. (2.32)

Then, we make the correspondence between (see also the correspondence Table 2.1)
e the measurable space (Wo.), §7) and the measurable space (€2,F) in §2.2.2,
e the set F (W[O:t];R) of functions and a set £; of random variables that are §;-
measurable in §2.2.2,

e the set [f(W[S:T];R)]ST:t and a set L7 of adapted processes, as in (2.35) in §2.2.2.
Notice that, when the o-algebra W is the complete o-algebra made of all subsets of W,
F (W[O:t] ; R) is exactly the space of random variables that are §;-measurable.

We follow the seminal work [6], as well as [103,104], for recalls about risk measures.

4. Where F(Wi.,; R) is naturally identified as a subset of F(Wq..}; R).
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Static Risk Measures Let (Q,S) be a measurable space. Let £ be a vector space of
measurable functions taking values in R (for example, £ = LP (Q, 5, P; R)) We endow the
space £ with the following partial order:

VXY € L, X<Y = WweQ X(w) <Y (w).

Definition 2.9. A risk measure (with domain L) is a mapping p : L — R.

A convex risk measure is a mapping p : L — R displaying the following properties:

e Convexity: VXY € L, Vte|0,1], p(tX +(1-1)Y) < tp(X)+(1—t)p(Y) ,

e Monotonicity: if Y > X, then p(Y) > p(X) ,

e Translation equivariance: Ve € R, VX € L, plce+X)=c+p(X).

A coherent risk measure is a convez risk measure p : L — R with the following addi-
tional property:

e Positive homogeneity: V¢ >0, VX € L, p(tX)=1tp(X).

Let P be a set of probabilities on (Q, 3) and let T be a function mapping the space of
probabilities on (Q,S) onto R. The functional defined by

p(X) = ;1617[; {Ep[X] - Y(P)} (2.33)

is a convex risk measure on a proper domain £ (for instance, the bounded functions
over 2). The expression
p(X) = supEp[X]| (2.34)
PeP
defines a coherent risk measure.
Under proper technical assumptions, it can be shown that any convex or coherent risk
measure can be represented by the above expressions.

Conditional Risk Mappings We present the conditional risk mappings as defined
in [103], extending the work of [85].

Let (Q,S) be a measurable space, §1 C §2 C § be two g-algebras, and £; C Lo be
two vector spaces of functions 2 — R that are measurable with respect to §; and Fo,
respectively.

Definition 2.10. A conditional risk mapping is a mapping p : Lo — L.
A convex conditional risk mapping p : Lo — L1 has the following properties:
e Convexity: VX,Y € Lo, Vte|[0,1], p(tX+(1—t)Y) < tp(X)Jr(l—t)p(Y) ,
e Monotonicity: if Y > X, then p(Y) > p(X) ,
e Translation equivariance: Ve € £;, VX € Lo, plce+X)=c+p(X).

Conditional and Dynamic Risk Measures We follow [105, Section 3|. Let (Q,S)
be a measurable space, with a filtration §1 C --- C §r C §, and L1 C --- C Ly be vector
spaces of functions {2 — R that are measurable with respect to §1, ..., 7, respectively.
We set

YVt € [[O,T]], Et,T =Ly XX Lp. (235)

An element {As}(:JF of Ly is an adapted process since every As € L is §s-measurable.
Conditional and dynamic risk measures have adapted processes as arguments, to the dif-
ference of risk measures that take random variables as arguments.

Definition 2.11. Let t € [0,7]. A one-step conditional risk mapping is a conditional
risk mapping p; : Li41 — L. A conditional risk measure is a mapping py 1 : Le7 — Ly

L . T i .
A dynamic risk measure is a sequence {pth}t—O of conditional risk measures.
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Dynamic uncertainty criteria {Qt;r};f:o, as introduced in Definition 2.7 correspond to
dynamic risk measures.

Remark 2.12. A conditional risk measure p; : Ly 1+ Ly s said to be monotonous ® if,
for all {és}stt and {A YL, in Ly, we have

vseltT], A <A =pr({A}) <mr({A}). (230

Markov Risk Measures In [105], Markov risk measures are defined with respect to a
given controlled Markov process. We adapt this definition to the setting developed in the
Introduction, and we consider the control stochastic dynamical system (2.3b)

Xt+1 = ft(Xt7Ut’Wt) )

where {VVt}OT is a sequence of independent random variables. Then, for all policy 7, when
U, = m(X,) we obtain a Markov process {X,}cpo,r], where X, = Xg§" ({W }5 ') is
given by the flow (2.23).

Let {&g}tT:O be the filtration defined by §; = U({Ws}g). For any t € [0,T7], let V,
be a set of functions mapping X; into R such that we have v(ng’w) € Ly, for all policy
7 e I12d,

Definition 2.13. A one-step conditional risk measure ps—1 : L+ — L1 is a Markov risk
measure with respect to the control stochastic dynamical system (2.3b) if there ezists a
function U, : Vi1 x Xy x Uy — R, such that, for any policy = € II*d, and any function
v € Viq1, we have

s (W3 o (XEE (W)

(2.37)
v (0 X5 (W) m (X5 (W) )

A Markov risk measure is said to be coherent (resp. convex) if, for any state x € Xy,
any control u € Uy, the function

vi— Uy (v,x,u) , (2.38)
is a coherent (resp convex) risk measure on Vi1 (equipped with a proper o-algebra).
Dynamic Markov uncertainty criteria { Qt7T}?:0, as introduced in Definition 2.7 corre-
spond to Markov risk measures.

Correspondence Table

Time-Consistency for Dynamic Risk Measures The literature on risk measures
has introduced a notion of time-consistency for dynamic risk measures, that we recall here
(see [7,28,85]).

Definition 2.14. A dynamic risk measure {pt,T};’on, where py1 @ Lo — Ly, 45 said to
be time-consistent if, for any couples of times 0 <t <t < T, the following property holds
true. If two adapted stochastic processes {A }I and {A, Ein Lo satisfy

—s

A =A_, Vs e t,t—1], (2.39a)
PZ,T({éS}{T) SP{,T({ZS}{T) ’ (2.39b)

5. In [105, Section 3], a conditional risk measure is necessarily monotonous, by definition.
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H Risk Measures H Uncertainty Criteria H
measurable space ‘ (©,%) (Wio.ry, 81) ‘ measurable space
Si-measurable F (W[O:t] ; R)
adapted processes | Lo [.7-" (W[O:S];R)]io adapted uncertainty

processes
dynamic risk {oerti, {or,r} dynamic uncertainty
measure criteria
T T

Markov dynamic {{pftT — }t:O {{foT X, }t:() Markov dynamic
risk measure uncertainty criterion

Table 2.1: Correspondence Table

then we have:
per({A]) < per ((A)]) (2.39¢)

Remark 2.15. In [105], the equality (2.39a) is replaced by the inequality
Vs € [t,1], A < A, . (2.39d)

Depending whether we choose (2.39a) or (2.39d) as assumption to define a time-consistent

dynamic risk measure, we have to adapt or not an assumption in Theorem 2.31 (see
Remark 2.32).

2.2.3 Definitions of Time-Consistency

With the formalism of §2.2.2, we give a definition of time-consistency for Markov
optimization problems in §2.2.3, and for Markov dynamic uncertainty criteria in §2.2.3.

Time-Consistency for Markov Optimization Problems

With the formalism of §2.2.2; we here give a definition of time-consistency for Markov
optimization problems. We refer the reader to Definition 2.8 for the terminology.

Consider the Markov optimization problem {{(3:)(x)} €x, }Z;O defined in (2.31). For
the clarity of exposition, suppose for a moment that any optimization Problem (;)(z)
has a unique solution, that we denote 7%% = {Wst"” ST:_tl € H?d. Consider 0 <t <t < T.
Suppose that, starting from the state z at time ¢, the flow (2.23) drives you to

T=X75(w), 7= rbe (2.40)

at time ¢, along the scenario w € Wio.77 and adopting the optimal policy i ¢ Hgd.
Arrived at 7, you solve (9;)(Z) and get the optimal policy 757 = {WSE’E}Z:_; € I,
Time-consistency holds true when

Vs > t, T = w2 (2.41)

that is, when the “new” optimal policy, obtained by solving (B;)(Z), coincides, after time ¢,
with the “old” optimal policy, obtained by solving (P;)(z). In other words, you “stick to
your plans” (here, a plan is a policy) and do not reconsider your policy whenever you stop
along an optimal path and optimize ahead from this stop point.

To account for non-uniqueness of optimal policies, we propose the following formal
definition.
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Definition 2.16. For any policy @ € Il, suppose given a Markov dynamic uncertainty

T
criterion {{Qf}ﬂ xtGXt}t,O' We say that the Markov optimization problem

(Py) () xélli]gdgig<{Jgf;” Z:t), vt e [0,T], VreX. (2.42)
melly

is time-consistent if, for any couple of times t < t in [0,T] and any state z € Xy, the
following property holds: there exists a policy mt = {WE T-1e Hgd such that

S=1

. {772 Z:_; is optimal for Problem B(z);

e the tail policy {WE}ST:}I is optimal for Problem Pz(T), where T € X; is any state

achieved by the flow Xf{rﬁ in (2.23).

We stress that the above definition of time-consistency of a sequence of families of
optimization problems is contingent on the state x and on the dynamics { ft}OT_l by the
flow (2.23). In particular, we assume that, at each time step, the control is taken only in
function of the state: this defines the class of solutions as policies that are feedbacks of
the state x.

Time-Consistency for Markov Dynamic Uncertainty Criteria

We provide a definition of time-consistency for Markov dynamic uncertainty criteria,
inspired by the definitions of time-consistency for, on the one hand, dynamic risk measures
(recalled in §2.2.2) and, on the other hand, Markov optimization problems. We refer the
reader to Definition 2.7 for the terminology.

Definition 2.17. The Markov dynamic uncertainty criterion {{0}’ },ex, Y o is said to
be time-consistent if, for any couple of times 0 <t <t < T, the following property holds
true.

If two adapted uncertainty processes {A}L and {A}T, satisfy

A= Zsa Vs € [[Lﬂ] ) (2.43a)
P r({ANT) < i p({As), VT € X7, (2.43b)

then we have:
pf’T ({As}g) < pf’T ({Zs}g), Vo € X . (2.43c)

This Definition 2.17 of time-consistency is quite different from Definition 2.16. Indeed,
if the latter looks after consistency between solutions to intertemporal optimization prob-
lems, the former is a monotonicity property. Several authors establish connections between
these two definitions [23, 56, 78,105] for case specific problems. In the following §2.3, we
provide what we think is one of the most systematic connections between time-consistency
for Markov dynamic uncertainty criteria and time-consistency for intertemporal optimiza-
tion problems.

2.3 Proving Joint Time-Consistency

In §2.3.1, we introduce the notions of time and uncertainty-aggregators, define their
composition, and outline the general four ways to craft a dynamic uncertainty criterion
from one-step aggregators. In §2.3.2, we present two ways to craft a nested dynamic
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uncertainty criterion; for each of them, we provide sufficient monotonicity assumptions on
one-step aggregators that ensure time-consistency and the existence of a DPE. In §2.3.3, we
introduce two commutation properties, that will be the key ingredients for time-consistency
and for the existence of a DPE in non-nested cases. In §2.3.4, we present two ways to
craft a non-nested dynamic uncertainty criterion; for each of them, we provide sufficient
monotonicity and commutation assumptions on one-step aggregators that ensure time-
consistency and the existence of a DPE.

2.3.1 Aggregators and their Composition

We introduce the notions of time and uncertainty-aggregators, define their composition,
and outline the general four ways to craft a dynamic uncertainty criterion from one-step
aggregators.

One-Step Time-Aggregators and their Composition

Time preferences are reflected in how streams of costs — elements of RTH! like
{JIof (w)}L, introduced in Definition 2.5 — are aggregated with respect to time thanks
to a function ® : R+ — R, called multiple-step time-aggregator. Commonly, multiple-
step time-aggregators are built progressively backward. In §2.1.1, the multiple-step time-
aggregator is the time-separable and additive (I){CS}ST:O = ZZ:O cs, obtained as the initial
value of the backward induction ZST:t cs = (ZST:t 41 Cs) + ¢ the time-separable and mul-
tiplicative aggregator (I){Cs}sto = szo ¢s is the initial value of the backward induction
HST:t Cs = (HST:t 41Cs)ce. A multiple-step time-aggregator aggregates the 7'+ 1 costs
{in 7 (w)}L,, whereas a one-step time-aggregator aggregates two costs, the current one
and the “cost-to-go” (as in [117]).

Definition 2.18. A multiple-step time-aggregator is a function mapping R* into R, where
k> 2. When k =2, we call one-step time-aggregator a function mapping R? into R.

A one-step time-aggregator is said to be non-decreasing if it is non-decreasing in its
second variable.

We define the composition of time-aggregators as follows.
Definition 2.19. Let ®' : R? — R be a one-step time-aggregator and ®* : R¥ — R be a
multiple-step time-aggregator. We define ®' © ®F : RF1 5 R by

((I)l © q)k) {01, Co,y ..., Ck+1} = @1{01, (I)k{CQ, ces ,Ck+1}} . (244)

Quite naturaly, we define the composition of sequences of one-step time-aggregators
as follows.

Definition 2.20. Consider a sequence {@t};f:_ol of one-step time-aggregators ®; : RxR —
_ T—1
R, fort € [0,T —1]. For all t € [0,T — 1], we define the composition © P as the
s=t
multiple-step time-aggregator from RT 1=t towards R, inductively given by
T-1 T—1 T—1
® & = dr_1 and ( ® @S) F WO ( ® @S) : (2.452)
t=T—1 s=t s=t+1
That is, for all sequence c.7) where ¢cs € R, we have:
T—1

(i@j <I>s> (C[t:T]) = q)t{ct, ( ® (I)s> (C[t+1:T})} . (2.45Db)

s=t+1
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Example 2.21. Consider the sequence {@t}?:_ol of one-step time-aggregators given by

q’t{ct,Ct—H} = at(ct) + ﬁt(ct)ct-i-la vVt € [[O,T - 1]] 5 (246)

where (au)iepo,r—1) and (Bt)iefo,r—1] are sequences of functions, each mapping R into R.

We have
T

(Té)tl o) {e}, = Z:; (as(es) liﬂ (er)), vtelo,T-1], (2.47)

with the convention that ap(cr) = cr.

Example 2.22. Consider the one-step aggregators
{ci,cot =c1 +c2, Y{ci,e0} =cicn.

The first one ® corresponds to the sum, as in (2.3); the second one ¥ corresponds to
the product, as in (2.11). As an illustration, we form four compositions (multiple-step
time-aggregators):

D O ®{c1, ez, 31 = P{c1, ®{ea, 31} =1+ 2+ c3,
U O U{cy,eo,c3) = \I/{cl, \11{02,03}} = cicac3

® © ¥{cr, co, 3} = {er, ¥{ea, 3t} = ¢1 + cacs

U o P{cy,co,c3} = \I/{cl, @{02,03}} = ci(co + c3).

T-1 _ _
We extend the composition ( ©O) @S) : RT*T1=t & R into a mapping (2.48) as follows.
s=t

Definition 2.23. Consider a sequence {q)t},f:_ol of one-step time-aggregators, for t €

T-1
og . 6 .
’ - . ) - ) s
[0,7 —1]. Fort e [0,T — 1], we define the composition < © P > as a mapping
s=t

(0 #): (Foms®) " FWomR (2.45)

((S o) (7)) ) = (S ®) ({al]), VweWor.  (a9)

s=t

T-1
In other words, we simply plug the values {4, (w) tT into ( ©O) @S).
s=t

One-Step Uncertainty-Aggregators and their Composition

As with time, risk or uncertainty preferences are materialized by a function G :
F (W[O:T];R) — R, called multiple-step uncertainty-aggregator. A multiple-step aggre-
gator is usually defined on a subset F of F (W[O:T];R) 7(for example the measurable and
integrable functions), and then extended to F(Wjy.rj; R) by setting G[A] = +oo for any
function A ¢ F. Indeed, as we are interested in minimizing G, being not defined or equal
to 400 amount to the same result.

In the first part of §2.1.1, the multiple-step uncertainty-aggregator is the extended
expectation with respect to the probability P; still denoted by Ep, it is defined as the
usual expectation if the operand is measurable and integrable, and as +oc otherwise. In
the second part of §2.1.1, the multiple-step uncertainty-aggregator is the fear operator,

namely the supremum SUDyewq, 7 OVET scenarios in Wyg.7).

]

6. We will consistently use the symbol < > to denote a mapping with image a set of functions.
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Definition 2.24. Let t € [0,7] and s € [t,T]. A [t:s]-multiple-step uncertainty-
aggregator is a mapping” G5 from .F(W[t:s};R) into R. When t = s, we call Gl ¢
t-one-step uncertainty-aggregator.

A [t:s]-multiple-step uncertainty-aggregator is said to be non-decreasing if, for any
functions® D, and Dy in }"(W[t:s];]l_%), we have

(Vwpes) € Wiy Dy(wieg) < De(wpy)) = GI[D,] < GII[Dy] .
Definition 2.25. Let t € [1,T] and s € [t,T]. To a [t:s]|-multiple-step uncertainty-
aggregator GIs! we attach a mapping?

<G[t:s]> : f(W[O:s];R) - F(W[O:t—l];R) ) (2.50a)

obtained by freezing the first variables as follows. For any A : Wi.q — R, and any
wio.s] € Wi, we set

<<G[tisl> [A]) (wios—1)) = Gl [w[t;s] > A(w[O:t—l]vw[t:s])} : (2.50b)

Multiple-step uncertainty-aggregators are commonly built progressively backward:
in §2.1.1, the expectation operator Ep;g..gp, is the initial value of the induction
Ept(g)‘...@[va = Ep,Ep,.,®..op,; the fear operator SUPweW 4,7, is the initial value of the in-
duction SUDyew,.ry = SUPw,eW, SUPweW, , .1y

We define the composition of uncertainty-aggregators as follows.

Definition 2.26. Let t € [0,T] and s € [t +1,T]. Let G : F(Wi;R) — R be a t-one-
step uncertainty-aggregator, and GIE+1sl F(Wii1.a;R) = R be a [t + 1:s]-multiple-step
uncertainty-aggregator. We define the [t:s]|-multiple-step uncertainty-aggregator Gt O
Glt:s] by

(61 @ 6) (4] = 611 [y > G wy . > A, wping)] | (251)
for all function A; € ]:(W[t;s};R)-

Quite naturaly, we define the composition of sequences of one-step uncertainty-
aggregators as follows.

Definition 2.27. We say that a sequence {Gt}tT:O of one-step uncertainty-aggregators s
a chained sequence if G; is a t-one-step uncertainty-aggregator, for all t € [0,T].

Consider a chained sequence {Gt};fzo of one-step uncertainty-aggregators. For t €
T

[0,T], we define the composition E’t Gs as the [t:T]-multiple-step uncertainty-aggregator
s=

T
Gy : F(WyrsR) = R, (2.52)
s=t
inductively given by
T T T
6, =Gy and (gt GS) — G, (SEHGS) . (2.53a)
That is, for all function B; € f(W[t:T];R), we have:
T T
(Et Gs> [Bi] =Gy [wt > (82%1G5> [Wi41:7) — Bt (wtaw[t+1:T])H ' (2.53b)

7. The superscript notation indicates that the domain of the mapping GI*** is F (W3 R) (not to be
confused with Gp.s) = {GT}i:t)'

8. We will consistently use the symbol D to denote a function in f(W[t:S]; ]R), that is, D : Wi.q) — R.

9. See Footnote 6 about the notation ( ).
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Crafting Dynamic Uncertainty Criteria from Aggregators

We outline four ways to craft a dynamic uncertainty criterion from aggregators. Let
Aoy = {AS}Z;O denote an arbitrary adapted uncertainty process (that is, As : Wi.s) =
R, as in Definition 2.2).

Non Nested Dynamic Uncertainty Criteria The two following ways to craft a
dynamic uncertainty criterion {Qt7T}?:O display a natural economic interpretation in term
of preferences over streams of uncertain costs like Ap.7). They mix time and uncertainty
preferences, either first with respect to uncertainty then with respect to time (UT) or
first with respect to time, then with respect to uncertainty (TU). However, they are not
directly amenable to a DPE.

TU, or time, then uncertainty. Let ¢ € [0,T] be fixed.
e First, we aggregate Ap.p) with respect to time by means of a multiple-step time-
aggregator ®! from RT ! towards R, and we obtain ®* (A[t:T]).
e Second, we aggregate & (A[t:T}) with respect to uncertainty by means of a
multiple-step uncertainty-aggregator GIT] and we obtain

o7 (Apry) = <G[t:T]> [cpt (A[t:ﬂ)] . (2.54)

All the examples in §2.1.1 belong to this TU class, and some in §2.1.2.

UT, or uncertainty, then time.
e First, we aggregate Ap.q) with respect to uncertainty by means of a sequence

[Gs[t’s]];[:t of multiple-step time-aggregators G;** : f(W[t;S];R) — R, and we
T

obtain a sequence { <(Gs[t:5]> [AS]} .
s=t

T
e Second, we aggregate {<Gs[tzs]> [As]} _, by means of a multiple-step time-
aggregator ®! from R7~*! towards R, and we obtain
¢ [t:4] T
ot (Apr) = @ ({ <<Gs ' > [As] }S:t) . (2.55)

Some examples in §2.1.2 belong to this UT class.

Nested Dynamic Uncertainty Criteria The two following ways to craft a dynamic
uncertainty criterion {Qt,T}?:O do not display a natural economic interpretation in term
of preferences [65], but they are directly amenable to a DPE. Indeed, they are produced
by a backward induction, nesting uncertainty and time. Consider

e on the one hand, a sequence {(Pt}f:_ol of one-step time-aggregators,

e on the other hand, a chained sequence {Gt}tT:o of one-step uncertainty-aggregators.

NTU, or nesting time, then uncertainty, then time, etc. We define a dynamic uncertainty
criterion by the following backward induction:

or,r(Ar) = (Gr) [Ar] , (2.56a)
or({430,) = @) [®d 4 o r({a31,,)}], Wte.T-1]. (2500)

By the Definition 2.25 of (G;), we have, by construction, produced a dynamic uncer-
tainty criterion {o,7}/{_¢ (see Definition 2.7). Indeed, recalling that A, : W,y — R),
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for s € [0,T7], we write

}-(WIO:T%]?R) ]:(W[U:T];R)
— =~
orr(Ar) =(Gr)[ Ar ],
|7 (Wio.R) im
——TN—
or({A}r,) = (@) [cbt{ A er( (AL ) }]
— _ ~~
F(Wio.e—1iR) 7 (W) F (Wi R)
vt e [0, T —1].

NUT, or nesting uncertainty, then time, then uncertainty, etc. We define a dynamic
uncertainty criterion by the following backward induction:

orr(Ar) = (Gr) [Ar] | (2.57a)

Qt»T({A5}§:t> = (I)t{ (Gy) [At}a (Gy) [Qtﬂ,T({As}ST:tH” }, (2.57b)
vVt e [0,T—1].

Some examples in §2.1.2 belong to this nested class, made of NTU and NUT.

2.3.2 Time-Consistency for Nested Dynamic Uncertainty Criteria

Consider
e on the one hand, a sequence {‘I)t};f;ol of one-step time-aggregators,

e on the other hand, a chained sequence {Gt}fzo of one-step uncertainty-aggregators.
With these ingredients, we present two ways to craft a nested dynamic uncertainty criterion
{ Qt,T}tT:m as introduced in Definition 2.7. For each of them, we establish time-consistency.

NTU Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {(BN"V)(z) }tT:o of optimization
problems parameterized by the state x € X; as the nesting

( %\ITU)(Q’:) IIllIld Gy (I)t{Jt (azt,ut,wt),
mell}
Gy [(I)tﬂ{Jt+1(£€t+1,ut+1,wt+1), e (2.58a)
Gr1 [‘I’T—l{JT—1 (-1, up—1,wr_1),
Grln(ervr)]}] ] H ,

st xr=uw, (2.58b)

Ts+1 = fs(Isvu.S)wS) ) (2.58¢)

us = ms(xs) , (2.58d)

us € Ug(xs) , (2.58¢)

where constraints are satisfied for all s € [t,T — 1].
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Definition 2.28. We construct inductively a NTU- dynamic uncertainty criterion

{Qt TU}t o bvs for any adapted uncertainty process {A }S 07

or Y(Ar) = (Gr) [Ar] , (2.59a)

({A 5 t) - {At,gﬁ%({As}ftH) }] Vte[0,T—1]. (2.59b)

We define the Markov optimization problem (2.58) formally by
(B ) () Jmin, MFU({IYL,), el Tl veeX,, (260
where the functions J;'," are defined by (2.27).
Definition 2.29. We define the value functions inductively by the DPE
VNTU(2) = Gr [JT(;U, -)], Vr € Xr (2.61a)

XQNTU(x): inf Gy

: 2.61b
u€eU(x) ( )

(I)t{‘]t(xﬂ U, ‘)7 V;]J\rf{Uo ft(‘rauv )}

Vte [0, T —1], VreX;.

The following Proposition 2.30 expresses sufficient conditions under which any Prob-
lem (PNTV) (), for any time ¢ € [0,7 — 1] and any state x € Xy, can be solved by means

of the value functions {VNTU}L | in Definition 2.29.

Proposition 2.30. Assume that
e forallt € [0,T — 1], ®; is non-decreasing,
o forallt € [0,T], Gt is non-decreasing.
Assume that there exists'® an admissible policy w* € TI*Y such that

mH(z) € argmin G,

ueUi(x) (262)

(I)t{Jt(xvua ')7‘/;]1{(]0 ft(x7u7 )}] )
Vte [0, T —1], VzeX;.

Then, 7 is an optimal policy for any Problem (PNTY)(x), for all t € [0,T] and for all
r € Xy, and

VNTU(z) = min giNjTU<{ Ve t) vt e [0,T], VoeX. (2.63)

Proof. In the proof, we drop the superscript in the value function VtNTU, that we simply
denote by V;. Let m € II* be a policy. For any ¢t € [0,T], we define V;"(x) as the
intertemporal cost from time ¢ to time 7" when following policy 7 starting from state x:

Vi) = FU({RTY,),  veelo Tl vrex,. (2.64)

10. It may be difficult to prove the existence of a measurable selection among the solutions of (2.62).
Since it is not our intent to consider such issues, we make the assumption that an admissible policy 7* € T84
exists, where the definition of the set IT*? is supposed to include all proper measurability conditions.
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This expression is well defined because thf A Wip.s) — R, for s € [t,T] by (2.28).
First, we show that the functions {V;"}L satisfy a backward equation “4 la Bellman”:

Vi (z) = Gy [@t{Jt(x,m(:n),~),Vtiloft(:n,7rt(:v),-)H, Vi e [0,T—1], VreX,. (2.65)

Indeed, we have,

Vi(z) = offY (J;i;;) by the definition (2.64) of V{¥(z),
= Q%T%U <JT(:L‘, )) by (2.27) that defines J77.,
= (Gr) [Jr(z,)] by the definition (2.59a) of pP'Y,
= Gr[Jr(z,")] by Definition 2.25 of (Gr).

We also have, for ¢t € [0,T — 1],

ORI S (0
by the definition (2.64) of V/"(z),
— @ o AT (V) )
by the def:mition (2.59b) of g}f\g{fjﬂ,
= (Gy) _Qt{Jff’ Qzle\LTl[,jT({in(lgf;Wt(x)")’ﬂ}sT:tJrl) }}
by the ﬁox;v property (2.29),
= @) [ Vi e (o))}
by the def:inition (2.64) of V" (x),
= (@) [l (o)) Vi il mla), )}

by the flow property (2.29),

= G| { Iz ml2), ), Vi o filw mil@), ) }]
by Definition 2.25 of (Gy).

Second, we show that V;(x), as defined in (2.61) is lower than the value of the opti-
mization problem PNTY(z) in (2.58). For this purpose, we denote by (H;) the following
assertion

(H): VYeeX, Yrel™  Vi(z)<V/(z).

By definition of Vi (x) in (2.64) and of Vp(z) in (2.61a), assertion (Hr) is true.
Now, assume that (Hyy1) holds true. Let  be an element of X;. Then, by definition
of Vi(x) in (2.61b), we obtain

mellad

Vi(z) < inf Gy [@t{Jt(x,m(x),-),VtHo ft(x,wt(x),-)}] : (2.66)

since, for all m € T1* we have m;(z) € Uy(x). By (H;11) we have, for any 7 € T184,

‘/t-i-l o ft(x>7rt(x)7 ) S ‘/;11 o ft(xuﬂ-t(aj))') .



2.3. PROVING JOINT TIME-CONSISTENCY 67

From monotonicity of ®; and monotonicity of G, we deduce:

Gy [‘I’t{Jt(% m(@), ), Vier © fi(2, m(2), ) }} (2.67)

< G frlemlo) ) Vo e b))}

We obtain:

TFEHad

Vi(x) < inf Gy [fbt{Jt (z,m(2),"), Vig1 o fi(z, m(z), ") }] by (2.66),

< inf Gt[@t{Jt(%m(Jf)a')thﬂOft+1($,ﬁt($)a‘)}] by (2.67),

mellad

= inf V/"(x) by the definition (2.64) of V;"(x).

TFEHad

Hence, assertion (Hy) holds true.

Third, we show that the lower bound V;(z) for the value of the optimization prob-
lem PNTY(z) is achieved for the policy 7* in (2.62). For this purpose, we consider the
following assertion

(H): VzeX, Vi(x)="Vi).

By definition of V{f’i (x)in (2.64) and of Vr(z) in (2.61a), (H}) holds true. For t € [0,T—1],
assume that (Hj ;) holds true. Let z be in X;. We have

Vi(z) =Gy [@{Jt (2,7} (@), ), Viga © fulw, 7t (), ->}] by definition of 7* in (2.62),

=Gy [‘I)t{Jt(%Wg(l’)v ‘)a Vﬁ1 o fi(x, Wf(x), )}] by (H£+1)

= V™ () by (2.64).
Hence (H{) holds true, and the proof is complete by induction. ]
The following Theorem 2.31 is our main result on time-consistency in the NTU case.

Theorem 2.31. Assume that
e forallt €0, T — 1], ®; is non-decreasing,
o forallt € [0,T], Gt is non-decreasing.
Then
1. the NTU-dynamic uncertainty criterion {QQITTU};‘F:O defined by (2.59) is time-
consistent;
2. the Markov optimization problem {{( gVTU)(x)}xext}tho defined in (2.58) is time-

consistent, as soon as there exists an admissible policy 7* € TI*? such that (2.62)
holds true.

Proof. In the proof, we drop the superscripts in V,NTU (BNTV)(2) and ot -
The second assertion is a straightforward consequence of the property that 7# is an

optimal policy !! for all Problems (8;)(z). Hence, the Markov optimization problem (2.58)
is time-consistent.

11. In all rigor, we should say that, for all ¢ € [0, T — 1], the tail policy {m#}T2! is an optimal policy for
Problem (B:)(x), for any x € X;.
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We now prove the first assertion.

Let ¢ < % be both in [0,T]. Consider two adapted uncertainty processes {A O} and
{A}E, where A, : Wio.r) — R and Ay Wio.7p — R, satisfying (2.39a) and (2.39b), that
is,

A=A, Vs € [t t] , (2.68a)
QZ,T({AS}%F) SQ{,T({ZS}%) ) (2.68b)

We show by backward induction that, for all ¢ € [t,¢], the following statement (H;) holds
true:

(H)  eer({A}) < er({A}) - (2.69)
First, we observe that (H;) holds true by assumption (2.68b). Second, let us assume that,
for t > t, the assertion (H;) holds true. Then, by (H;), and as A, ; = A;_1 by (2.68a),
monotonicity 12 of ®;_; yields

‘I’t—l{At_la ot T ({As}g)} < q)t—l{ﬁt—la Qt,T({Zs}tT)} :

Monotonicity of G;_; then gives

(Gy—1) [@tq{At_anT({As}tT)H < (Gy-1) [@t,l{ﬁt,l,gw({ﬁs}f)}} :
By definition of g;—1 7 in (2.59), we obtain (H;_;). This ends the proof by induction. O

Remark 2.32. As indicated in Remark 2.15, if we choose the inequality
Vs € [t, 1], A, < Ay, (2.70)

as assumption to define a time-consistent dynamic uncertainty criterion (rather than the
equality (2.43a)), we have to make, in Theorem 2.31, the assumption
“for all t € [0,T —1],”
e “the two-variables function (ct,ciy1) — Pi(ct, cit1) is non-decreasing”,
e instead of “for all ¢;, the single variable function ciy1 — (et 1) is non-
decreasing”.

NUT Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {(PNUT)(z) }tT:o of optimization
problems parameterized by the state x € X; as the nesting

( FUT)(JL‘) min (I)t{Gt [Jt(xt,ut,wt)],Gt

weH?d

(I)t-l-l{Gt-H [Jt+1 (Teg1, wegts wt-&-l)} oo (2.71a)

Oy {GT—1 [JT—l (zr—1, ur_1, wT—l)} ;

GT[JT(xT,wT)]}---}” :

st. mp=uw, (2.71b)
Toy1 = fs(2s, us, ws) (2.71c)
us = ms(xs) , (2.71d)
us € Us(xs) , (2.71e)

where constraints are satisfied for all s € [t, T — 1].

12. Recall that, by Definition 2.18, ®;_; is non-decreasing in its second argument. Remark 2.32 below
will enlighten this comment.



2.3. PROVING JOINT TIME-CONSISTENCY 69

Definition 2.33. We construct inductively a NUT- dynamic uncertainty criterion

{Qt UT}t o by, for any adapted uncertainty process {4, }S 0’
NUT(AT) <GT> [AT] , (2723)

AT ({A) = 0d (@0 [0, 16) a5 ({40, (2720)
vVt e [0,T —1].

We define the Markov optimization problem (2.71) formally by

( fUT)(x) rélﬁn Q?%T({ngﬂ}f:t), vVt € [0,T], VxeX;, (2.73)

where the functions J;')" are defined by (2.27).

Definition 2.34. We define the value functions inductively by the DPE

VAUT(2) = Gr[Jr(e, )|, Ve e Xy, (2.74a)
T TR R LT ST

Vte[0,T —1], VreX;.

The following Proposition 2.35 expresses sufficient conditions under which any Prob-
lem (PNYT) (), for any time ¢ € [0,7 — 1] and any state = € X;, can be solved by means
of the value functions {VNUT}T J in Definition 2.34.

Proposition 2.35. Assume that
o forallt €0, T — 1], ®; is non-decreasing,
e forallt € [0,T], Gt is non-decreasing.
Assume that there exists'® an admissible policy 7* € TI*? such that

Wf(:n) € argmin CIJt{Gt [Jt(x, u, )} , Gy [Vﬁg]T o fr(z,u, )} },

ueU(x) (2.75)

Vte [0, T —1], VzeX;.

Then, 7 is an optimal policy for any Problem (BPNUT)(x), for all t € [0,T] and for all
r € Xy, and

VYT () = min QgVTUT({Jgff}ST:t), Vi e [0,T], VoeX;. (2.76)

Proof. In the proof, we drop the superscript in the value function VtNUT, that we simply
denote by V;. Let m € TI*? be a policy. For any t € [0,T], we define V;"(z) as the
intertemporal cost from time ¢ to time 7" when following policy 7 starting from state x:

Vi) = o ({55 ). el ], veeX. (2.77)

This expression is well defined because J;'," : Wy — R, for s € [t,T] by (2.28).

13. See Footnote 10.
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First, we show that the functions {Vf}fzo satisfy a backward equation “a la Bellman”:

Vi (z) = @t{Gt [Jt(m,wt(x), ~)],Gt [v;;;l o fulx, m(z), ~)} } vte[0,T—1], VeeX;.

(2.78)
Indeed, we have,
Vi(z) = opg' (J“’?) by the definition (2.77) of VF (z),
= le%T <JT(:I:, ) by (2.27) that defines J77.,
= 7) [Jr(z,)] by the definition (2.72a) of g}'Y,
= GT [JT(:/U, )] by Definition 2.25 of (Gr).

We also have, for ¢t € [0,T — 1],
T z,m T
Vi@ = aWT({TL)
by the definition (2.77) of V/"(x),
= (bt{ <Gt> _Jlf;fﬂ—_ ’ <Gt> Q}f\LUlTT({stW s= t+1>:| }
by the definition (2.72b) of op\) 7,
(@) [727] @0 [ (120 )]
by the flow property (2.29)

(@0 [ 160 [V o o mla). )]}

by the definition (2.77) of V/"(x),

{
{

= cpt{«gt) :Jt(x (@), )} (Ge) [Vtiloft(x,m(w)«)}}
{

by the flow property (2.29)
by Definition 2.25 of (Gy).

Second, we show that V;(x), as defined in (2.74) is lower than the value of the opti-
mization problem PNUT(z) in (2.71). For this purpose, we denote by (H;) the following
assertion

(Hy): VzeX,, Vrel®  Vi(z)<V/(a).

By definition of Vi (x) in (2.77) and of Vp(z) in (2.74a), assertion (Hr) is true.
Now, assume that (Hyy1) holds true. Let x be an element of X;. Then, by definition
of Vi(z) in (2.74b), we obtain

mellad

Vi(x) < inf @t{Gt {Jt(a: (), )},Gt [Vt-i-l o ft(l‘,ﬂ't(l‘), )}} , (2.79)

since, for all 7 € 112 we have 7;(z) € Uy(x). By (Hyy1) we have, for any 7 € 1124,

‘/t-i-l o ft(x>7rt(x)7 ) S ‘/;11 o ft(xuﬂ-t(aj))') .
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From monotonicity of ®; and monotonicity of G, we deduce:

(I)t{Gt |:Jt($a m(), ‘):|,Gt [V;H o fe(z, m(z), )] } (2.80)

< @t{(@t [Jt(x,ﬂt(g;),.)},((}t [v;;l oft(x,m(x),.)]} .
‘We obtain:

Vi(x) < inf q’t{Gt [Jt(‘T,TFt(fU),‘)},Gt [WH o ft(ﬂJ,Wt(-T)a )]} by (2.79),

rellad

mell
= inf V{"(x) by the definition (2.77) of V;"(x).

rellad

< infd(bt{@t [Jt(xuﬂt(x)")}a(gt [VJA o fe1(z, m (), )]} by (2.80),

Hence (H;) holds true.

Third, we show that the lower bound V;(z) for the value of the optimization prob-
lem PNUT () is achieved for the policy 7# in (2.75). For this purpose, we consider the
following assertion

(H): VzeX, V() =V).

By definition of V{Iﬁ(a;) in (2.77) and of Vp(z) in (2.74a), (H’.) holds true. For ¢ € [0,7—1],
assume that (Hj ) holds true. Let = be in X;. We have

Vi(x) = CIDt{(Gt {Jt (a:,ﬂ'f(a:), )} ,Gy [Vt+1 o ft (m,ﬂ't(x), )} by definition of 7 in (2.75),

}
= (I)t{Gt {Jt(fﬂﬂff@)? ')}:Gt [thl o fi(z, m (), )} } by (Hy{y1)
= V" (z) by (2.77).
Hence (H/) holds true, and the proof is complete by induction. O
The following Theorem 2.36 is our main result on time-consistency in the NUT case.

Theorem 2.36. Assume that
o forallt € [0,T — 1], ®; is non-decreasing,
o for allt € [0,T], Gt is non-decreasing.
Then
1. the NUT-dynamic uncertainty criterion {Qi\fTUT}Z;o defined by (2.72) is time-
consistent;

2. the Markov optimization problem {{(‘BiNUT)(x)}xeXt}tT:O defined in (2.71) is time-

consistent, as soon as there exists an admissible policy ©* € TI*Y such that (2.75)
holds true.

Proof. In the proof, we drop the superscripts in V,NUT (BNUT)(2) and QEQQT.
The second assertion is a straightforward consequence of the property that 7# is an

optimal policy '# for all Problems (;)(z). Hence, the Markov optimization problem (2.71)
is time-consistent.

14. See Footnote 11.
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We now prove the first assertion. We suppose given a policy m € 1I, and a sequence
{xs}¥ of states, where x5 € X.

_ Let t < ¢ be both in [0,7]. Consider two adapted uncertainty processes {A}E and
{A L, where A, : Wio.rp — R and A : Wig.r) — R, satisfying (2.39a) and (2.39b), that
is,

A, = A, Vs e [t,1] (2.81a)
Q%,T({As {T) orT ({ZS}%) ’ (2.81b)

We show by backward induction that, for all ¢ € [t, ], the following statement (H;) holds
true:

IA

(H)  er({A}) < ar({A}). (2.82)

First, we observe that (H;) holds true by assumption (2.81b). Second, let us assume that,
for t > t, the assertion (H;) holds true. Then, by (H;), monotonicity of G;_; gives

(Gi-1) [Qt,T({As}tT)] < (Gi-1) [Qt,T({Zs};f)} :

As A, | = A;_1 by (2.81a), monotonicity ° of ®;,_; yields

O1{ A1, (G} [or({A3D)]} < @i {Aia, (Gon) [ar ((AD)] }

By definition of g;—1,7 in (2.72), we obtain (H;_1). This ends the proof by induction. [

2.3.3 Commutation of Aggregators

We introduce two notions of commutation between time and uncertainty aggregators.

TU-Commutation of Aggregators

The following notion of TU-commutation between time and uncertainty aggregators
stands as one of the key ingredients for a DPE.

Definition 2.37. Let t € [0,T] and s € [t + 1,T]. A [t:s]-multiple-step uncertainty-

aggregator Gt} is said to TU-commute with a one-step time-aggregator ® if

G g o ®{e, Dy (i) ] = e, 61 a5 Di(wpg) |} (2:83)

for any function D, € f(W[t:S];R) and any extended scalar ¢ € R.

In particular, a one-step time-aggregator ® TU-commutes with a one-step uncertainty-
aggregator Gt if
felizd [(I){c, Ct}] - @{07 felizd [Ct] } 7 (2.84)

for any function '® C; € F(Wy;R) and any extended scalar ¢ € R.
Example 2.38. If (Wy, F;,P) is a probability space and if
CD{C, ct} = a(c) + B(c)er (2.85)

where o : R = R and B : R — R, then the extended'” expectation Glttl = Ep, TU-
commutes with .

15. See Footnote 12.

16. We will consistently use the symbol C; to denote a function in F(Wy;R), that is, C : Wy — R.

17. We set 8 > 0, so that, when C; € F(W;;R) is not integrable with respect to P;, the equality (2.83)
still holds true.
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Proposition 2.39. Consider a sequence {@t}tT:_Ol of one-step time-aggregators and a

chained sequence {Gt}?:o of one-step uncertainty-aggregators. Suppose that, for any 0 <
t<s<T,Ggs TU-commutes with ®;.

T
Then, < Elt Gs> TU-commutes with ®,., for any 0 <r <t <T, that is,
s=

(Be)[ofema] =ode(Be)al vosr<icT, s

for any extended scalar ¢ € R and any function A € .F(W[():T];]R).
Proof. We prove by induction that

(s@t«;s) [‘Pr{c, Dt}] = @T{c, (Sé([}s) (D] } VO<r<t<T, (2.87)

for any extended scalar ¢ € R and any function D; € F (W[t:ﬂ; R). For ¢t € [1,T7], let (Hy)
be the following assertion

(Hy): Vrel0,t—1], VeeR, VDye F(Wp;R),
(Bo)[tea] -afs (Bejwa}.

The assertion (Hr) is
(Hr): Vre[0,T—1], VeeR, VDre F(Wr;R),
Gr|® {c. Dr}] = @ {e,Gr[Dr]} .

Thus, the assertion (Hr) is true, since it coincides the property that, for any 0 <r < T,
Gr TU-commutes with @, (apply (2.83) where t =T, ® = ;). )

Now, suppose that (H;y1) holds true. Let r < ¢, ¢ € R and Dy € f(W[t:T};R). We
have

(B6:)[ortend]
= Gylw (tél1 GS> [w[Hl;T] — <I>T{c, Dt(wt,w[tH;T])}H ;

by the definition (2.53) of composition,

S S —

s=t+

by (Hyt1) since r <t <t +1,
and where, for all wy, Dyt1 @ wipyq.0) = Dy (wt,w[tH:T}) € ]:(W[t:T];]R) ,

= (I)T{c, Gy [wt — (sél Gs> [w[tJrl:T] = Dy (w, w[t+1tT})H } ’

by commutation property (2.83) of G; with ® = ®,., since 0 <r <t < T,

T
and where Cy : wy — <S:|§+1 Gs) [w[tH:T] — Dy (wt, w[tH:T])] € F(Wt;R) ,

T
= (Dr{c, (Et GS> [Dt] } by the definition (2.53) of composition.

This ends the induction, hence the proof of (2.87). Then, (2.86) easily follows by the
extensions of Definitions 2.23 and 2.25. O
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UT-Commutation of Aggregators

The following notion of UT-commutation between time and uncertainty aggregators
stands as one of the key ingredients for a DPE. In practice, it is much more restrictive
than TU-commutation.

Definition 2.40. Let t € [0,T]. A multiple-step time-aggregator ® : RF+t1 — R is said to
UT-commute with a one-step uncertainty-aggregator G if

(60) [o(tatis)] = o({ (") (0]} ,). 289)

for any adapted uncertainty process {AS}];:D.

In particular, a one-step time-aggregator ® UT-commutes with a one-step uncertainty-
aggregator Gl if

Gl [(I){Bt,ct}] — @{GW] (B,], Gl [Ct]} : (2.90)

for any functions By, C; in F(Wy;R). Comparing (2.90) with (2.84), we observe that
UT-commutation requires a property bearing on the first argument of the one-step
time-aggregator ®, whereas TU-commutation does not. In practical applications, UT-
commutation is much more restrictive than TU-commutation.

Example 2.41. If (W, F;, ;) is a probability space, then the extended expectation Gl =
Ep, UT-commutes with ®, given by ®{c,c;} = a(c) + B(c)e; in (2.85), only in the case
where a s linear and 8 is a constant. Comparing with Example 2.38, UT-commutation
appears much more restrictive than TU-commutation.

Proposition 2.42. Consider a sequence {CIDt}tT:_Ol of one-step time-aggregators and a

chained sequence {Gt}tT:O of one-step uncertainty-aggregators. Suppose that, for any 0 <
t<s<T, ®; TU-commutes with Gy;.

T—1
Then, < O) <I>S> TU-commutes with G,., for anyr € [0,t—1], that is, for any {AS}
s=t
where Ag € }“(W[O:T];R),

Cgtl ¢S> {{G’” [As] }stt} =G [ C@j ‘I’s> {{As}fzt}], VO<r<t<T. (291)

Proof. We prove by induction that

(Se) (et} ) =a[(Te) {@I)] wer<isr, oo

for any {Cs}stt? where (s € ]-'(WT;]R).

For t € [0,T — 1], let (H;) be the following assertion

T
s=t’

(Hy): Vrel0,t—1], Vse[t,T], VCse F(WyR),

<T@t1 <I>s> {{Gr [C] };} = G[<T@3 ¢5> (e ). (2.93)

The assertion (Hp_1) is
(Hp—1): Vrel0,T-2], VCre F(W,;R), VCr_,eF(W,R),

(@71){G,[Cr1],G, [Cr] } = G, [ (@1} {Cra,Cr}] (2.94)
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Thus, the assertion (Hp_1) is true, since it coincides the property that, for any 0 < r < T,
®p_; TU-commutes with G, (apply (2.89) where t =T, & = ®p_q, As = C).

Now, suppose that (Hy;y1) holds true. With r» < ¢, and Cs € ]:(WT;R), for all
s € [t,T], we have

<TC§1¢>S>{{GT[CS]}STt} _ @t{Gr[Ct],<Tél <I>s>{{Gr[Cs}}ft+l}}

s=t s=t+1
by the definition (2.45) of composition,
T—1

_ (I)t{Gr (1], G, [ <s:§3r1¢>s> {{Cs}Z:tHH }

by (H¢q1) since r <t <t+1

b o)

by commutation property (2.89) of G, with ® = &,
since 0 <r<t<T,

_ GT[<Z§1 <I>s> {te}]

by the definition (2.45) of composition.

T-1
This ends the induction, hence the proof of (2.92). The property that < ® <I’S> TU-
s=t

commutes with G, for any r € [0,¢—1], easily follows by the extensions of Definitions 2.23
and 2.25. O

2.3.4 Time-Consistency for Non Nested Dynamic Uncertainty Criteria

Consider

e on the one hand, a sequence {‘I’t}z:ol of one-step time-aggregators,

e on the other hand, a chained sequence {Gt}tT:o of one-step uncertainty-aggregators.

T T
With these ingredients, and with the compositions ( Dt GS) and < Dt GS> introduced in
S= S=

T—1
Definitions 2.27 and 2.25, and < ® <I>s> in Definition 2.23, we present two ways to craft
s=t

a non-nested dynamic uncertainty criterion {g;r}l_,, as introduced in Definition 2.7.
For each of them, we provide a DPE under the assumption that time and uncertainty
aggregators commute.
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TU Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {( tTU)(x)}tT:O of optimization
problems parameterized by the state x € X; as

) min, GG | Gr|
mell}
q)t{Jt (e, ug, wy)
‘I’t+1{Jt+1 (T4t Urg1, Weg1), (2.95a)
Py {JT—I (zr—1, ur—1,wr—1), Jr (a7, wT)}

st. xm=uw, (2.95b)

Ls1 = fs ($s,us,ws) ) (295C)

us = ms(xs) (2.95d)

us € Us(xs) , (2.95¢)

where constraints are satisfied for all s € [t,T — 1].
We define the Markov optimization problem (2.95) formally by

(Br)@)  min o ({7IL,), vee0.T], VreX,, (2.96)
melld ’ B

where the functions J;"," are defined by (2.27), and where g/ is defined as follows.
When we compose

T-1
(2e)
T s=t

[F(Wio.gsR)],_, ——— F(Wour); R) ——= F(Wio,._1; R), (2.97)

we obtain the following Definition.

Definition 2.43. We define the dynamic uncertainty criterion {QtTTU L, by'®

T

TU e~
oL = <sDth>o<s®t (I)s>7 veelT-1]. (2%

,TT

When we plug the stream {th . };F:t of costs, introduced in Definition 2.5, into the
operator above, this two-stage process displays a natural economic interpretation in term
of preferences: we mix time and uncertainty preferences, first with respect to time, then
with respect to uncertainty.

o We aggregate streams {J;’ jf(w)}sT:t of costs, first with respect to time, thanks to the

' T-1 _ _ T-1 . T _
function ( ® (I>S> : RT+! 5 R. However, the result ( ® <I>5> ({Jt’s (w)} _t> still
s=t s=t ) S=

depends upon the scenario w.

T—1
18. With the convention that ( ® @r) is the identity mapping.
r=T
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e Then, we aggregate uncertain intertemporal costs w ( ) ({ }S t) —
elements of the set F (W[t:T];R) of functions — second wzth respect to uncertainty,
T _ _
thanks to the multiple-step uncertainty-aggregator Elt Gs: F(Wp.m; R) — R.
s=

The following Theorem 2.44 is our main result on time-consistency in the TU case.

Theorem 2.44. Assume that

e forany 0 < s <t <T, Gy TU-commutes with ®g,
e forallt €0, T — 1], ®; is non-decreasing,
e for allt € [0,T], G; is non-decreasing.

Then
1. the TU-dynamic uncertainty criterion {QETQ}tT:O defined by (2.98) is time-consistent;

2. the Markov optimization problem {{( tTU)(x)}xeXt}f:O defined in (2.95) is time-
consistent, as soon as there exists an admissible policy ©* € TI*Y such that (2.62)
holds true, where the value functions are the {VtNTU}tT:O in Definition 2.29.

Proof. Since, for any 0 < s < t < T, G; TU-commutes with ®,, the TU- dynamic
uncertainty criterion {o. T}t 0+ given by Definition 2.43, coincides with {o; NTUAL , given
by Definition 2.28. Indeed, we prove that {g VYT satisfies the backward induction (2.59).

With the convention ' that ( (5 ®T> is the identity mapping, we have otV = (G7),
r=T
that is, (2.59a). For any {As}f € [F(Wp.s: R)]fit, we have:

M) = (Be {<

> (A" }} by (2.98),

OX
= ot B (Gt es,
= (8 edefan (O @)l }] by (2.45),
- @t{/w 5,69, 2]

by commutation property (2.91),

'q)t <At, oty ({As}thrl))] by (2.98).

= G

~

19. See Footnote 18
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UT Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence { (B} T)(x)}tT:O of optimization
problems parameterized by the state x € X; as

(B () min @{Gt

ﬂ'EH?d

Jt(xtautawt)]a

Dy {Gth+1 [Jt—l—l (T41, U1, Wes1), - -

(I)Tfl{Gt - Gry [JTfl (zr—1,up—1, wTA)} ;

st. m=u, (2.99b)
Top1 = [s(Ts, us, ws) , (2.99¢)
us = ms(ws) , (2.99d)
us € Us(xs) , (2.99¢)

where constraints are satisfied for all s € [t,7 — 1].
We define the Markov optimization problem (2.99) formally by

(B (@) glri[gd@if%({Jifg“}f:t), vte[0,7], vVreX, (2.100)

where the functions J;';" are defined by (2.27), and where ¢}'] is defined as follows. We
define the mapping

{(é G’”) }T  [F(Whgs B)] L, —» BT (2.101)

s=t
for any {DT}Z:t €[F (W[tzs];]l_%)]j:t, componentwise by

(Be) i) ={(Be)w}, 2102

s=t

In the same way, we define the mapping (see Definition 2.25):

s T - _ T+1
{{(E6,)} _: [FWeqR) L, - (f(w[o;ﬂ;ﬂw : (2.103)
Definition 2.45. We define the dynamic uncertainty criterion {gt[{:,?}fzo by
T-1 S T
ur _ _
off = < © <1>s> {(Be)} . vtelor-1]. (2.104)
The expression QE% is the output of the composition 2
s T _
o LB} e (8e) :
[F(WoR)],_, —— (J: (W[o;t];R)> — F(WpuR).

When we plug the stream {.J;" ’SW}ST:t of costs, introduced in Definition 2.5, into the
operator above, this two-stage process displays a natural economic interpretation in term
of preferences: we mix time and uncertainty preferences, first with respect to uncertainty,
then with respect to time.

20. With the convention that f(W[O;,”;]R) =R, we have oyT : [f(W[O:s]; R)]fit — R.
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o We aggregate the stream {th jf Z:t of uncertain costs, first with respect to uncer-
tainty, producing

(Belan} ={afm)(Be)mn). o)

S _ —
thanks to the multiple-step uncertainty-aggregators E]t Gy : F(Wyg;R) — R, for
r=

S T
s € [t,T]. However, the resulting quantity {( Dt GT) [Jf f]} still depends upon
r= ’ s=t
time s.

s T
e Then, we aggregate the time sequence {( Et Gr) [Jf ;ﬂ]} of costs, second with
r—= )

s=t
T—1 _ _
respect to time, thanks to ( ©O) ‘I>T> :RT+ 5 R.
r=t
The following Theorem 2.46 is our main result on time-consistency in the UT case.

Theorem 2.46. Assume that
o forany 0 <s<t<T, Gy UT-commutes with ®g,
o forallt €0, T — 1], ®; is non-decreasing,
o for allt € [0,T], Gt is non-decreasing.
Then
1. the UT-dynamic wuncertainly criterion {Qt[,]g}tho defined by (2.104) is time-
consistent;
2. the Markov optimization problem {{( tUT)(x)}zeXt}tT:O defined in (2.99) is time-
consistent, as soon as there exists an admissible policy ¢ € TI* such that (2.75)
holds true, where the value functions are the {VtNUT}tTZO in Definition 2.5/.

Proof. Since, for any 0 < s < t < T, G; UT-commutes with ®,, the UT- dynamic
uncertainty criterion {7 -, given by Definition 2.45, coincides with {oNH T}, given
by Definition 2.33. ’ ’

Indeed, we prove that {QEIT« ML, satisfies the backward induction (2.72).

T-1
With the convention?! that ( ® ¢T> is the identity mapping, we have vt = (G7),
r=T

that is, (2.72a). For any {As}? € [F(Wp.: ]R)]ST:t, we have:

QF({As}tT) - ( @1 <1>T) {< ol (G,,> [A] }; by (2.104),
~afotad (9, @) (Bt} o

af( o)}, | s
(

r=t+1 r= s=t+1

by commutation property (2.91),

{
{

ofatn o (B2 B,y )]
{

= 0 Gy[A)], Gy [Q}S({As}ftﬂ)}} by (2.104),

21. See Footnote 18
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This ends the proof. O

2.3.5 Applications

Now, we present applications of Theorem 2.44, that is, the TU case. Indeed, Theo-
rems 2.31 and 2.36 in the nested cases NTU and NUT are less interesting because they
cover cases where time-consistency is commonplace since it only depends on monotonoc-
ity assumptions. Regarding Theorem 2.46, it is not powerful because UT-commutation
appears much more restrictive than TU-commutation: in practice, Theorem 2.46 only
applies to linear one-step time-aggregators <I>{c, d} = ac + Bd (see Example 2.41), that
obviously commute with expectations.

Coherent Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related to coherent
risk measures (see Definition 2.9), and we show that they display time-consistency. We
thus extend, to more general one-step time-aggregators, results known for the sum (see
e.g. [105,109]).

We denote by P(W,) the set of probabilities over (W;, W,). Let Py C P(Wy), ...,
Pr C P(Wr). If A and B are sets of probabilities, then A ® B is defined as

A B={P,@Pp|Py e A, Ppc B}. (2.106)

Let (at)efo,r—17 and (Bt)efo,r—1] be sequences of functions, each mapping R into R, with
the additional property that 5; > 0, for all ¢t € [0,T — 1]. We set, for all t € [0,T],

T s—1
AT = sup B[ s e, [ (o) g @)|-+]. @aon

PrePr o—t

for any adapted uncertain process {At}g, with the convention that ar(er) = cr.

Proposition 2.47. Time-consistency holds true for
e the dynamic uncertainty criterion {0} given by (2.107),
e the Markov optimization problem

min_ of% ({77}, vte[0,T], VeeX,, (2.108)

mellad

where J{[ (w) is defined by (2.27), as soon as there exists an admissible policy nls
124 such that, for all t € [0, T — 1], for all x € Xy,

ﬂf(x) € arg min sup {Ept [at(Jt(m,u, )) + 5t(Jt(x,u, ~))Vt+1 o fy(z,u, )}} ,
u€U(z) PrePt

where the value functions are given by the following DPE

Vr(z) = sup Ep,[Jr(z,)], (2.109a)
PrePr

Vi(z) = mi E T, u, - 2.109b

0= i g B o) 10m

+ Be(Je(z,u, ) Vi1 o fe(z, u, )} } .

Proof. The setting is that of Theorem 2.44 and Proposition 2.30, where
e the one-step time-aggregators are defined by

Vit € [[O,T — 1]], V(Ct, Ct+1) € R2, @t{ct,cHl} = O[t(Ct) + Bt(ct)CH_l , (21103)
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e the one-step uncertainty-aggregators are defined by

vt € [0,T —1], VC; € F(WyR), G¢[Ct] = sup Ep, [Cy] . (2.110Db)
PiePy

The DPE (2.109) is the DPE (2.61), which holds true as soon as the assumptions of
Theorem 2.44 hold true.

First, we prove that, for any 0 <t < s < T, Gg TU-commutes with ®;. Indeed, letting
¢t be an extended real number in R and C; a function in F(Wg;R), we have 22

Gs[®ife0, Ca}] = sup {E[PS [a(cr) + ,B(Ct)cs]} by (2.110b) and (2.110a),
= cufer) + uler) swp {Br[Cl} s 520,
= Oét(Ct) + ﬁt(Ct)Gs[Cs} by (2110b),
— & {cr, Gy[C]} by (2.110a).

Second, we observe that G; is non-decreasing (see Definition 2.24), and that ¢;11 € R
q)t{ct, ct+1} = ay(ct) + Pi(er)eis is non-decreasing, for any ¢; € R.
This ends the proof. O

The one-step uncertainty-aggregators G; in (2.110b) correspond to a coherent risk
measure, by Definition 2.9 and the comments that follow it.

Our result differs from [105, Theorem 2] in two ways. On the one hand, in [105],
arguments are given to show that there exists an optimal Markovian policy among the set
of adapted policies (that is, having a policy taking as argument the whole past uncertainties
would not give a better cost than a policy taking as argument the current value of the
state). We do not tackle this issue since we directly deal with policies as functions of the
state. Where we suppose that there exists an admissible policy 7 € 124 such that (2.62)
holds true, [105] gives conditions ensuring this property. On the other hand, where [105]
restricts to the sum to aggregate instantaneous costs, we consider more general one-step
time-aggregators ®;. For instance, our results applies to the product of costs.

Convex Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related to convex
risk measures (see Definition 2.9), and we show that they display time-consistency. We
consider the same setting as for coherent risk measures, with the restriction that 5; = 1
and an additional data (Y¢).e[o,77-

Let Py C P(Wo), ..., Pr C P(Wr), and (Yt)ic[o,r] be sequence of functions, each
mapping P(W;) into R. Let (au)yec[o,r) be sequence of functions, each mapping R into R.
We set, for all ¢t € [0, 77,

T
Qf,XT({As}tT) = sup Ep, [ sup Ep, [Z (as(As) - TS(PS))} ], (2.111)

P:ePy PrePr

for any adapted uncertain process {At}OT, with the convention that ar(cr) = cr.

Proposition 2.48. Time-consistency holds true for
e the dynamic uncertainty criterion {gf’%}fzo given by (2.111),

22. This result can also be obtained by use of Proposition 2.52 with I = Ps.
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e the Markov optimization problem

min of%({JEF}L,), vte[0,T], VreX,, (2.112)

mellad

where Jt"ff(w) is defined by (2.27), as soon as there exists an admissible policy T €
1124 such that, for all t € [0,T — 1], for all x € X,

Wf(az) € argmin sup {]Ept [at(Jt(x,u, )) + Vit o fi(z,u, )} — Tt(IP’t)} ,
u€Ui(z) PeePy

where the value functions are given by the following DPE

VT(ac) = Ssup E]P‘T [JT(ZL‘, )] — TT(PT) y (2.113&)
PrePr

Vo) = i pup (B o)

+ Vigi o fi(z,u, )} - Tt(Pt)} . (2.113b)

Proof. The setting is that of Theorem 2.44 and Proposition 2.30, where
e the one-step time-aggregators are defined by

@t{ct, Ct+1} = Oét(Ct) + Ct+1, Vit € [[O,T - 1]], V(Ct, Ct+1) € R2 s (2114&)
e the one-step uncertainty-aggregators are defined by

G¢[Cy] = sup Ep, [Ci] — Te(Py), Vte[0,T—1], VC,e F(WyR). (2.114b)
t€Pt
The DPE (2.113) is the DPE (2.61), which holds true as soon as the assumptions of
Theorem 2.44 hold true.
First, we prove that, for any ¢ € [0,7 — 1] and s € [t + 1,T], G5 TU-commutes with
®;. Indeed, letting ¢; be an extended real number in R and Cy a function in F(Wy;R),
we have 23

Gs[Pi{ct, Cs}] = Psgg {Eps la(er) + Cs] — Ts(]P’S)} by (2.114b) and (2.114a)

= arcr) + sup {Ep[Cs] - To(P) }
PsePs

= Oét(Ct) + GS [CS] by (2114b)

= ®;{ct, G[C,]} by (2.114a).

Second, we observe that G; is non-decreasing (see Definition 2.24), and that ¢;11 € R
@t{ct, Ct+1} = ay(ct) + ¢i41 is non-decreasing, for any ¢; € R.
This ends the proof. O

The one-step uncertainty-aggregators G; in (2.114b) correspond to a convex risk mea-
sure, by Definition 2.9 and the comments that follow it.

Worst-Case Risk Measures (Fear Operator)

A special case of coherent risk measures consists of the worst case scenario operators,
also called “fear operators” and introduced in §2.1. For this subclass of coherent risk
measures, we show that time-consistency holds for a larger class of time-aggregators than
the ones above.

23. This result can also be obtained by use of Proposition 2.52 with I = Ps.
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For any ¢t € [0,T — 1], let W, be a non empty subset of Wy, and let ®; : R? — R be
a function which is continuous and non-decreasing in its second variable. We set, for all
te[0,17,

QQNCT({AS}IT) = sup @t{At({ws}tT),(th{... ,

{ws}?EWtX“'XWT

(2.115)
Py {AT—I (wr—1,wr), Ar(wr) } } }7

for any adapted uncertain process {At}g.

Proposition 2.49. Time-consistency holds true for
e the dynamic uncertainty criterion {,Q;)%}g;o given by (2.115),
e the Markov optimization problem

T

: wc X,
min, o ({57 ) (2.116)

where J;f’:(w) is defined by (2.27), as soon as there exists an admissible policy 7 €
1124 such that, for all t € [0,T — 1], for all x € Xy,
7['5(%) € a‘rgmin sup q)t{Jt(l’,u, wt)7‘/lrf+1 © ft($7u7 wt)} )

u€U(2) wieW;

where the value functions are given by the following DPE

Vr(x) = sup Jr(z,wr), (2.117a)
wTGWT

Vi(x) = min sup @t{Jt(x,u,wt),V}H o fi (a:,u,wt)} . (2.117b)
ueUi(x) we W,

Proof. The setting is that of Theorem 2.44 and Proposition 2.30, where the one-step
uncertainty-aggregators are defined by

Gy [Ct] = sup Ct(wt), YVt € HO,T — 1]], VC,; € .F(Wt,R) . (2118)
weEWy

The DPE (2.117) is the DPE (2.61), which holds true as soon as the assumptions of
Theorem 2.44 hold true.

First, we prove that, for any ¢ € [0,7 — 1] and s € [t + 1,T], G5 TU-commutes with
®;. Indeed, letting ¢; be an extended real number in R and C a function in F (WS;R),

we have 24
G [@t{ct,C’s}} = sup [CIJt{ct,CS(wS)}} by (2.118),
wsEWs
= @t{ct, sup [Cs(ws)]} by continuity of ®;{c,-},
’wEWs
= ®y{ct, Gs[Cs]} by (2.118).

Second, we observe that G; is non-decreasing (see Definition 2.24), and that c¢;4q1 +—
®y(ct, cry1) is non-decreasing for any ¢; € R, by assumption.
This ends the proof. O

Note that o}’% is simply the fear operator on the Cartesian product Wt X+ X WT. An
example of monotonous one-step time-aggregator is ®;{ct, ¢441} = max {ct, ci11 }, used in
the so-called Rawls or maximin criterion [34].

24. This result can also be obtained by use of Proposition 2.52 with I = W.
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2.3.6 Complements on TU-Commuting Aggregators

Here, we present how we can construct new TU-commuting aggregators from known
TU-commuting aggregators. We do not consider UT-commutation, since we have seen
that it appears much more restrictive than TU-commutation (see Example 2.41).

For this purpose, we consider a fixed non empty set I and a mapping I' from R’ to R.

Time-Aggregators

~ Let (®%);e1 be a family of one-step time-aggregators. Thanks to the mapping I' : RY —
R, we define the one-step time-aggregator I‘[(‘Di)z‘eﬂ by

rl@Yie{e.d} =T ({o"c.d}},,) . (2.119)
for all c € R and d € R.

Proposition 2.50. Lett € [0,T] and G; be a t-one-step uncertainty-aggregator. Suppose
that

o Gy TU-commutes with ¢, for alli € I,

e for alli € I and for all C} € F(Wy;R),

6P ({Ci},e)] :r({@t [CZ]}iEI) . (2.120)

Then Gy TU-commutes with T' [(q)i)ig].

Proof. We set ® = T'[(®");es]. For ¢ € R and Cy € F(Wy,R), we have
G; [cb{c, ct}} — G, [F({(I)i{c, Ct}}ig)} by definition of @ in (2.119),

—r({edeean} ) @) win - oG,

=T ({(I)i{c, Gy [Ct]}iel}> by TU-commutation (2.83),
= ®{c,G4[C4]} by definition of ® in (2.119).
By Definition 2.37, this ends the proof. O

Uncertainty-Aggregators

Let t € [0,T] and {G;'};cr be a family of t-one-step uncertainty-aggregators. Thanks
to the mapping I' : RY — R, we define the t-one-step uncertainty-aggregator I’ [{Gti}ie 1]
by
V0, € FWiR),  T[{G'Ler|[C] =T({G[C},,) - (2.121)
We do not give the proof of the next Proposition 2.51, as it follows the same line as that
of Proposition 2.50.

Proposition 2.51. Let @ be a one-step time-aggregator. Suppose that
e & TU-commutes with Gyt for allie I, B
o for all c € R, for all i € I and for all ¢' € R,

@(c,F({ci}iE]D - I‘<{(I><c, {Ci}>z’el}> _ (2.122)
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Then ® TU-commutes with T’ [{Gti}ig} :

As a corollary, we obtain the following practical result.

Proposition 2.52. Let ® be a one-step time-aggregator. Suppose that

o G;' TU-commutes with ®, for all i € I,

e for all c € R, <I>{c } s continuous and non- decreasing
Then, the t-one-step uncertainty-aggregator sup;ey Gt TU-commutes with ®, and so does
inf;c; G¢*, provided inf;c; G* never takes the value —cc.

Proof. We are going to show that (2.119) holds true, and then the proof is a straightforward
application of Proposition 2.51. We set G; = 6 sup,¢; G+ (1 0) infier G, with 0 € [0, 1]
(only at the end, do we take 6 € {0,1}). For any (c,C}) € R x F(W,,R), we have

Gy |:(I){C, C’t}} = (0 8;1615_)%—(1 —0)i 1nf )G* [@{c C’t}} by definition of G, ,

= (Osup+(1—190) 1nf) {c, G4 [Ct]} by TU-commutation (2.83),
el

= Gsupfb{c, G4t [Cy] } +(1-9) %g@{c, G [Ct]} ,

el

= 9<I>{c, sup G;* [Ct] } +(1- 0)(1){0, gg(@tz [Ct]} )

i€l
by continuity and monotonicity of <I>{c, } ,
= q){c, (@sup +(1 — 0) inf)G,* [Ct]} when 6 € {0,1} .
icl el

The rest of the proof is a straightforward application of Proposition 2.51. O

The following Proposition 2.53 is an easy extension of Proposition 2.52.

Proposition 2.53. Suppose that the assumptions of Proposition 2.52 hold true. Let I; C
I,5€J and Tj C I, j € J be finite families of non empty subsets of I.
o [f & is affine in its second variable, that is, if

®{c,d} = a(c) + B(e)d, (2.123)
and if ({0, }jeu, {gj}jej) are non-negative scalars that sum to one, the conver com-
bination

ZH 1nf G + Z@ sup G;* (2.124)
jeJ =J ]EJ lGI

of infimum or supremum of subfamilies of {G¢'}ie; TU-commutes with ®, provided
infielj G;* never takes the value —oc.
o [If ® is linear in its second variable, that is, if

®{c,d} = B(c)d, (2.125)

and if ({€,}je, {93'}]'6?) are non-negative scalars, the combination

>y, mf Gt '+ 0;sup Gy (2.126)

]EJ ]EJ ZEI

of infimum or supremum of subfamilies of {G'}ie; TU-commutes with ®, provided
infier, Gi* never takes the value —oo.

25. Instead of the continuity of @{c, ~}, we can assume that, for all C; € F(W,,R), SUp;c; G/H[Cy] is
achieved (always true for I finite).
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2.4 Extension to Markov Aggregators

Here, we extend the results of §2.3 to the case where we allow one-step time and
uncertainty aggregators of depend on the state. The difficulty of this extension is mainly
one of notations. We do not give the proofs because they follow the sketch of those
in §2.3.2 and in §2.3.4. We will reap the benefits of this extension in §2.4.6, where we
present applications.

2.4.1 Markov Time-Aggregators and their Composition

We allow one-step time-aggregators to depend on the state as follows (Definition 2.54
differs from Definition 2.18 only through the indexation by the state).

Definition 2.54. Let t € [0,T]. A one-step Markov time-aggregator is a family
{CIth erEX, of one-step time-aggregators ®f' : R? — R indexed by the state x; € X;.
Now, we introduce the composition of one-step Markov time-aggregators.

T-1

Definition 2.55. Let {{@ft}mtext}t_o be a sequence of one-step Markov time-
aggregators. Let t € [0,T — 1]. Given a policy m € Il and x; € X;, we define the
composition < ol ¢>S> : [f(W[O:T];R)]tT — F(Wio.r;R) by
t<s<T—1
Tt T, T Xx’;’"(w) T
P, AN = i A , 2.127
<<t§52—1 > {{ }t }> (’U)) (tgsg—l >{{ (w)}t } ( )

_ \T—t+1
for all scenario w € W), for any sequence {ANL, € (f(W[O:T};RD

where Ag € F(W[O:T];R).

, that is,

Notice that the extension, to one-step Markov time-aggregators, of the composition
involves the dynamical system (2.2) and a policy (whereas, in Definition 2.23, the compo-
sition is independent of the policy).

T,
Remark 2.56. Observe that we have defined < ED <I>3>, defined over functions,

t<s<T-1

T,
but not ( ®© <I>s), defined over extended reals. Observe also that the image by
t<s<T—1

T, T

< ®© <I>5> of any sequence cjp.7) of extended reals is not an extended real, butl is a
t<s<T—1

function:

t<s<T-1

<< © ‘I’s> {C[t:T}}> (w) = ( _j(tg_ @f’:?ﬂ(w)) {eper} - (2.128)

2.4.2 Markov Uncertainty-Aggregators and their Composition

We allow one-step uncertainty-aggregators to depend on the state as follows (Defini-
tion 2.57 differs from Definition 2.24 only through the indexation by the state).

Definition 2.57. Let t € [0,T — 1]. A t-one-step Markov uncertainty-aggregator is a
family {Gft }xtext of t-one-step uncertainty-aggregators indexed by the state x; € X;.

We say that a sequence {{Gtwt}CCtEXz}Z;O of one-step Markov uncertainty-aggregators
is a chained sequence if Gy* is a t-one-step uncertainty-aggregator, for all t € [0,T7].
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The extension, to one-step Markov uncertainty-aggregators, of the composition involves
the dynamical system (2.2) and a policy (whereas, in Definition 2.27, the composition is
independent of the policy). The formal definition is as follows.

T
Definition 2.58. Consider a chained sequence {{Gft}xtext} . of one-step Markov
t=

uncertainty-aggregators.
For a policy m € 11, for t € [0,T] and for a state x; € Xy, we define the composition

Tt,T

t<D<T Gs as a functional mapping ]-"(W[t:ﬂ;]l_@ into R, inductively given by
<s<

T, T

TE@ Gs =G, (2.129a)

and then backward by, for any function Dy € .F(W[t:T};R>,

Ty, T

(tgsElgTG)[Dt]_G Wt +—
fe(we,me(@e) we),m (2129b)
( t+1[gng Gs> |:w[t+1:T] = Dy <1Ut,1U[t+1:T]):| .

2.4.3 Time-Consistency for Nested Dynamic Uncertainty Criteria

Consider

T-1
e on the one hand, a sequence {{(ID? }-'Et eX,} o of one-step Markov time-aggregators,

T
e on the other hand, a chained sequence {{Gft}xt Ext} o of one-step Markov
t=

uncertainty-aggregators.
With these ingredients, we present two ways to design a Markov dynamic uncertainty
criterion as introduced in Definition 2.7.

NTU Dynamic Markov Uncertainty Criterion

Definition 2.59. Let a policy m € 11 be given. We construct inductively a NTU-Markov
T

dynamic uncertainty criterion {{th’ﬂ ANTU — }t:O by
Q;T,W,NTU(AT) _ <G§_‘T> [AT] , (2.130a)
. T
thtj,]r NTU({A }S t) (G (I)ft{At, Q{i(i;ﬂt(xt)7 ),W,NTU({AS}S:t_H) }] )
vte[0,T —1], (2.130b)
for any sequence {xs}E of states, where x5 € Xj.
We define the Markov optimization problem
NTU T
(PMNTU) () mﬁrald o ({Ji: S:t>, Vi e [0,T], VreX, (2.131)

where the functions J;';" are defined by (2.27).
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Definition 2.60. We define the value functions inductively by the DPE

VANTU() = G [ Jr(e. )], Ve e Xr, (2.132a)
VYtMNTU(ﬂf) - uelleltfég;) Gtm (I)f{Jt(CC, u, ‘)7 ‘/t]—\‘f{VTU o ft(x7 u, )}] ’ (2132b)

Vte[0,T —1], VreX.

The following Proposition 2.61 expresses sufficient conditions under which any Prob-
lem (PMNTY)(2), for all t € [0, T] and for all z € Xy, can be solved by means of the value
functions in Definition 2.60.

Proposition 2.61. Assume that
o forallt e [0,T —1], for all s € X, ®f* is non-decreasing,
e for allt € [0,T], for all x; € Xy, Gi* is non-decreasing.
Assume that there exists®S an admissible policy w* € TI*d such that

TI'E (x) € argmin GY

u€U(x)

qﬁ{Jt(a u, ), VAN o fy(z, u, )}] :

Vte[0,T—1], VzeX,.

(2.133)

Then, ©* is an optimal policy for any Problem (PMNTY)(x), for all t € [0,T] and for all
x € Xy, and

VMNTU(2) = min th,%r,NTU({JZ;w}Z“:t)j vt e [0,T], VreX;. (2.134)

WEH?d

The following Theorem 2.62 is our main result on time-consistency in the NTU Markov
case.

Theorem 2.62. Assume that

e forallt e [0, T —1], for all x; € Xy, ®f* is non-decreasing,
o for allt € [0,T], for all ¢ € X¢, Gi* is non-decreasing.
Then

1. for all policy m € 1II, the NTU-Markov dynamic uncertainty criterion

B NTU U defined b (2.130) is ti istent;
;1 2% g efinea by (2. 18 ttme-consistent;

2. the Markov optimization problem {{(‘B%NTU)(x)}xext}tho defined in (2.131) is

time-consistent, as soon as there exists an admissible policy 7¢ € TI*Y such
that (2.133) holds true.

26. See Footnote 10.
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NUT Dynamic Markov Uncertainty Criterion

Definition 2.63. Let a policy w € 11 be given. We construct inductively a NUT-Markov
T

dynamic uncertainty criterion {{Qx“r NUT}xt EXt} by
t=0

o™ (Ar) = (GF7) [Ar] , (2.135a)
(AL = o { o) [

T ft(ze,me(xe), ), 7, NUT T
(Gy*) {Qtfk(l,tT ) <{A5}s:t+1>] }’
vte 0,7 —1], (2.135b)
for any sequence {xs}I_, of states, where x5 € X.

We define the Markov optimization problem

( 715\/INUT)(:L‘) ml}lrald Qtztj,]r NUT ({Jggr}f::t>’ YVt € [[Q, T]], Ve € Xy, (2.136)

where the functions J;';" are defined by (2.27).

Definition 2.64. We define the value functions inductively by the DPE

VQMNUT(Z‘) — G% |:JT($7 ):|’ Vo € XT , (2.137&)
VAT = int or{GE[ae ) GEVA e ] 213
uelUs(x

Vte[0,T —1], VreX.

The following Proposition 2.65 expresses sufficient conditions under which any Prob-
lem (PMNUT)(z), for all t € [0, T] and for all x € Xy, can be solved by means of the value
functions in Definition 2.64.

Proposition 2.65. Assume that
o forallt e 0,T —1], for all x; € X, ®f* is non-decreasing,
e forallt € [0,T], for all z; € Xy, Gi* is non-decreasing.
Assume that there exists®>” an admissible policy 7 € TI*d such that

ﬂf(x) € arg min @f{Gf [Jt(:v, u, )] Gy [VtMNUT o fi(z,u, )] }»

u€eU(x) (2138)

vie [0, T —1], VreX;.

Then, ©* is an optimal policy for any Problem (PMNUT)(x), for all t € [0,T] and for all
x € Xy, and

V;MNUT( ) — min th%r NUT({th;r}s t) YVt € [[(]’Tﬂ’ Vr e X, . (2.139)

The following Theorem 2.66 is our main result on time-consistency in the NUT Markov
case.

27. See Footnote 10.
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Theorem 2.66. Assume that
o forallt €0, T —1], for all xz; € Xy, i is non-decreasing,
o for allt € [0,T], for all ¢ € Xy, G}* is non-decreasing.
Then

1. for all policy m € 1II, the NUT-Markov dynamic uncertainty criterion
T
{ QZ%W,NUT}$tEXt}t:O defined by (2.135) is time-consistent;

2. the Markov optimization problem {{(minUT)(x)}mext}tho defined in (2.136) is

time-consistent, as soon as there exists an admissible policy w* € TI* such
that (2.138) holds true.

2.4.4 Commutation of Markov Aggregators

We extend the results on commutation obtained in §2.3.3 to Markov time and uncer-

tainty aggregators. We do not give the proofs.
T-1
Consider a sequence {{@ft}xt Ext}tzo of one-step Markov time-aggregators and a

T
sequence {{Gft }mt ex, }t:(J of one-step Markov uncertainty-aggregators.

TU-Commutation of Markov Aggregators

The following Proposition 2.67 extends Proposition 2.39 to one-step Markov aggrega-
tors.

Proposition 2.67. Suppose that, for any 0 < t < s < T, for any states r; € X; and
zs € Xy, G¥s TU-commutes with ®3*.
Then, for any policy m € 11, any 0 < r <t < T, any states x4 € Xy and z, € X,

Tt,T
< ] GS> and <®j§’“> TU-commute, that is,

t<s<T
<t:DZTGs> (@7 ) {ea}] = <<I>$fr>{c, <t:|;j:TGS> [A}} : (2.140)

for any extended scalar ¢ € R and any function A € ]:(W[O;T];]R).

UT-Commutation of Markov Aggregators

The following Proposition 2.68 extends Proposition 2.42 to one-step Markov aggrega-
tors.

Proposition 2.68. Suppose that, for any 0 < t < s < T, for any states x; € Xy and
zs € Xs, T+ TU-commutes with Gy*.
Then, for any policy m € 11, for any 0 < r <t < T, any states x, € X, and x; € Xy,

T,
< o <I>s> TU-commutes with (G¥r), that is,
t<s<T—1

<t<:§;_1¢s> {{ (Gyr) [As] }j} = (GZr) [<t<3§_1¢5> {{As}f}} . (2.141)

for any {As}stt7 where Ag € f(W[O;T];R).
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2.4.5 Time-Consistency for Non Nested Dynamic Uncertainty Criteria

TU Dynamic Markov Uncertainty Criterion
Definition 2.69. Let a policy m € Il be given. We define the TU-Markov dynamic

. . T
uncertainty criterion { { thj’fr’ U}wt €x, } by 28
I’ t t:[)

T, Ty,
oIV — ([ Geyo{ © @), Vte[0,T], VaieX;. (2.142)
, t<s<T t<s<T—1

We define the Markov optimization problem

(BT @) min MFU({ATIL,), Ve[, T] Ve X, (2.143)
melld ’ -

where the functions J;';" are defined by (2.27).
The following Theorem 2.70 is our main result on time-consistency in the TU Markov
case.

Theorem 2.70. Assume that

o forany 0 < s <t <T, for any states x; € Xy and x5 € X, G{* TU-commutes with
(I)zs)

° fosr allt € [0,T — 1], for all x; € Xy, ®}* is non-decreasing,

o for allt e [0,T], for all x € Xy, Gi* is non-decreasing.

Then

1. the TU-Markov dynamic uncertainty criterion {thngU}f:O defined by (2.142) is
time-consistent;

2. the Markov optimization problem {{( ft’ﬂ’MTU)(a:)}xext}?:O defined in (2.143)
is time-consistent, as soon as there exists an admissible policy 7 € TI* such
that (2.133) holds true, where the value functions are the {VtNTU}Z;O in Defini-
tion 2.60.

UT Dynamic Markov Uncertainty Criterion

For UT-Markov dynamic uncertainty criteria, we have to restrict the definition to

the case where the sequence {{(Pft }mt EXz} . of one-step Markov time-aggregators is a
t=

sequence {@t}f:_ol of one-step time-aggregators (see Remark 2.56).
Definition 2.71. Let a policy m € II be given. We define the UT-Markov dynamic

. - T
uncertainty criterion { {o/i" v }xt X, } by
: t=0

T—1 Tt
ZBz,ﬂ',UT _
07 = <SC2t <I>s> o <t§|8]§TGS>, vVt € [0,T], VaeX. (2.144)
We define the Markov optimization problem
(PIVT)@)  min MFT({TYL,), WEE[0,T], VoeX,, (2.145)
melld ’ ’ -

where the functions J;';" are defined by (2.27).
The following Theorem 2.72 is our main result on time-consistency in the UT Markov
case.

28. See Footnote 18
29. See Footnote 18
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Theorem 2.72. Assume that
o forany 0 <s <t <T, for any states x; € Xy, G{* UT-commutes with s,
o forallt e [0,T — 1], ®; is non-decreasing,
o for allt € [0,T], for all ¢ € X¢, Gi* is non-decreasing.

Then

1. the UT-Markov dynamic uncertainty criterion {th’ﬂ UT}t:o defined by (2.144) is
time-consistent;

xt,ﬂ MUT)( )}IEXt}Z;O defined in (2.145)

1s time-consistent, as soon as there exzsts an admissible policy ¢ € 124 such

that (2.138) holds true, where the value functions are the {VtNUT}Z;O in Defini-
tion 2.64. (where ®; does not depend on xy).

2. the Markov optimization problem {{

2.4.6 Applications

Now, we present applications of Theorem 2.70, that is, the TU Markov case (see the
discussion introducing §2.3.5).

Coherent Markov Risk Measures

We introduce a class of TU Markov dynamic uncertainty criteria, that are related to co-
herent risk measures (see Definition 2.9), and we show that they display time-consistency.

For all ¢ € [0,77] and all z; € Xy, let be given Py(x¢) C P(Wy). Let (at)sefo,r—1) and
(/Bt)te[[O,Tfl]] be sequences of functions, each mapping X; x R into R, with the additional
property that 8; > 0, for all ¢ € [0, — 1]. Notice that, to the difference with the setting
in §2.3.5, a3 and (; can be functions of the state x.

For a policy m € II, for ¢ € [0,7] and for a state z; € Xy, we set

T
Ay = s Bl w5
PiePi(xt) IPTEPT(XZt ,
(2.146)

i( (X707, A,) Hﬁr X7oT A, )] ]
s=t

for any adapted uncertain process {At}g, with the convention that ar(zr,cr) = ep.

Proposition 2.73. Time-consistency holds true for
e the Markov dynamic uncertainty criterion {{Q‘rt’7r NV oex, Hoo given by (2.146),
e the Markov optimization problem

Iélfllr‘lld o ({Jey f:t), vt € [0,T], VzreX, (2.147)

where J[ (w) is defined by (2.27), as soon as there exists an admissible policy nt e
1124 such that, for all t € [0,T — 1], for all x € Xy,

wtﬂ(:ﬂ) € argmin sup {Ept [at (ac, Jt(x,u,wt))

w€U(z) Pre€Pyi(x)

+ B, Jil, w, we) Vi © fola,uywe)]| |
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where the value functions are given by the following DPE

Vr(z) = sup Ep,[Jr(z,-)], (2.148a)
IP’TEPT(:E)

Vi = i E ez, u, - 2.148b

2) ué?flt?xng(x){ r o Ao (218

+ Bt(xa Jt(.’IZ', u, ‘))Vi-‘rl o ft(x7 u, ):| } :
With the one-step Markov uncertainty-aggregator

Gf[-]= sup Ep[-], (2.149)
PiePi(x)

X,
the expression ( G, 0¢-1 (see Definition 2.25) defines a coherent Markov risk measure

(Definition 2.13). The associated function ¥, in (2.37) is given by

U, (v, 2, u) = P Ep, [v o fi(x,u, .)} . (2.150)

We see by (2.34) that, for any state z € X, and any control u € Uy, the function v —
v, (v, x, u) , is a coherent risk measure (see Definition 2.13).

Convex Markov Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related to convex
risk measures (see Definition 2.9), and we show that they display time-consistency. We
consider the same setting as for coherent risk measures, with the restriction that 5; = 1
and an additional data (Y¢).e[o,77-

For all ¢t € [0,7] and all ¢ € Xy, let be given Py(z:) C P(Wy). Let (Ti)icpory be
a sequence of functions T; mapping X; x P(W,) into R. Let (au)efo,r] be a sequence
of functions a; mapping X; x R into R. Notice that, to the difference with the setting
in §2.3.5, a; and Y; can be functions of the state x.

For a policy m € II, a time ¢ € [0,7] and a state z; € X;, we set

X T
gffj’f’c ({AS}S:t) = sup Ep, { sup IEH»T[
Ptefpt(ibt) PTGPT(mT)
T (2.151)
Z (as(xs,As) — Ts(ms,]P’s)>] }
s=t
for any adapted uncertain process {At}OT, with the convention that ar(cr) = cr.
Proposition 2.74. Time-consistency holds true for
e the dynamic uncertainty criterion {{taf’cx}wtext}fzo given by (2.151),
e the Markov optimization problem
min g§§7cx({J§f;’r}sT:t), vt e [0,T], VxeX, (2.152)

mellad

where J; [ (w) is defined by (2.27), as soon as there exists an admissible policy €
124 such that, for all t € [0,T — 1], for all x € Xy,

Wf(x) € argmin sup {Ept {at (z, Je(z,u, ")) + Vig1 o fe(z, u, )] — Tt(x,]P’t)} )
ueU(z) PrEP(x)
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where the value functions are given by the following DPE

Vr(x) = PTE%IT)(x) {IEPT [aT(x, Jr(x, ))] — Yp(z, ]P’T)} , (2.153a)

V;ﬁ(.%') = uglUltr(l:c) ]}ntz;l)}?(x) {E]P’t |:at (:Ca Jt(x7 u, ))

¥ Vies o fil, u, -)} ~Ty(a, IP’t)} . (2.153b)
With the one-step Markov uncertainty-aggregator

Gi[-]= sw {En[-]- TP} (2.154)
PiePs(x)

X
the expression <Gt 0’t1> (see Definition 2.25) defines a convex Markov risk measure

(Definition 2.13). The associated function ¥, in (2.37) is given by

0, (v,x,u) = : 21713;)( | {Ept [v o ft(x,u, Wt)} — Tt(m,IP’t)} ) (2.155)
t t\T

We see by (2.34) that, for any state z € X, and any control u € Uy, the function v —
W, (v, x, u) , is a convex risk measure (see Definition 2.13).

2.5 Discussion

We discuss how our assumptions and results in §2.3 relate to other results in the
literature on time-consistency for dynamic risk measures

First, we examine the connections between time-consistency for Markov dynamic un-
certainty criteria and the existence of a DPE. When we analyze the literature on time-
consistency for risk measures with our tools (aggregators), we observe that

e most, if not all results, are obtained for the specific case of linear one-step time-
aggregators @t{ct, Ct+1} =+ Ct+1,

e a key ingredient to obtain time-consistency is an equation like (2.156a), which corre-
sponds to the commutation of one-step uncertainty-aggregators with the sum (that
is, with the linear one-step time-aggregators actually used).

Therefore, Theorems 2.31, 2.36, 2.44, 2.46 in §2.3 provide an umbrella for most of the
results establishing time-consistency for dynamic risk measures, and yields extensions
to more general time-aggregators than the sum. In [23], time-consistency for dynamic
risk measures is not defined by a monotonicity property like in [105] but in line with the
existence of a DPE. In [56], the time-consistency property is comparable to Definition 2.16,
though being restricted to the multiplicative time-aggregator.

We discuss to some extent [105] where time-consistency for dynamic risk measures plus
an additional assumption like (2.156a) lead to the existence of a DPE, within the original
framework of Markov risk measures sketched above. Here is the statement of Theorem 1
in [105], with the notations of §2.2.2.

Theorem 2.75 ( [105]). Suppose that a dynamic risk measure {ptyT}tT:o satisfies, for all
t € [0,7], and all A, € L; the conditions

Pt,T({AS}ST:t) = A, +Pt,T<{O;At+17"‘ ,AT}> , (2.156a)

pr({0},) = 0. (2.156b)
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Then p is time-consistent iff, for all 0 < s <t < T and all {AS}(:)F € Lo, the following
identity s true:

por({A1) = (Ao (14,30) (2.157)

In [105, Section 5], the finite horizon problem corresponds to Problem (2.95), starting
at t = 0, where the one-step uncertainty aggregator G; in (2.95) corresponds to the one-
step conditional risk measure p;, the one-step time-aggregator ®; in (2.95) corresponds to
the sum, and the cost J; in (2.95) is denoted ¢; in [105]. Commutation of the one-step
time-aggregators ®; and the one-step uncertainty-aggregators G is ensured through the
equivariance translation property (2.156a) of a coherent measure of risk. Monotonicity of
the uncertainty aggregator G, corresponds to the monotonicity property of a coherent risk
measure, and monotonicity of the time aggregator is obvious. Thus, Theorem 2.44 leads
to the same DPE as [105, Theorem 2].

Let us now focus on the differences between [105] and our results. In [105], arguments
are given to show that there exists an optimal Markovian policy among the set of adapted
policies (that is, having a policy taking as argument the whole past uncertainties would
not give a better cost than a policy taking as argument the current value of the state).
We do not tackle this issue since we directly deal with policies as functions of the state.
Where we suppose that there exists an admissible policy 7 € 1124 such that (2.62) holds
true, [105] gives conditions ensuring this property. Finally, where [105] restricts to the sum
to aggregate instantaneous costs, we consider more general one-step time-aggregators ®;.
Moreover where we give a sufficient condition for a Markovian policy to be optimal, [105]
gives a set of assumptions such that this sufficient condition is also necessary (typically
assumption ensuring that minimums are attained).

Second, we discuss the possibility to modify a Markov optimization problem or a
dynamic risk measure, in order to make it time-consistent (if it were not originally). When
sequences of optimization problems are not time-consistent with the original “state”, they
can be made time-consistent by extending the state. In [26], this is done for a sequence of
optimization problem under a chance constraint. In [107, Example 1], the sum of AV@QR
of costs is considered (given by the dynamic risk measure defined in 2.1.2 and labeled
(T'U)). This formulation is not time consistent. However, exploiting the formulation (2.19)
of AVAQR, we suggest to extend the state and add the variables {TS}OT so that, after
transformation, we obtain a problem with expectation as uncertainty aggregator, and sum
as time aggregator, thus yielding time-consistency. In [78], it is shown how a large class
of possibly time-inconsistent dynamic risk measures, called spectral risk measures and
constructed as a convex combination of AV@R, can be made time-consistent by what we
interpret as an extension of the state.
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Chapter 3

Stochastic Dual Dynamic
Programming Algorithm

It is really true what philosophy tells us, that life must
be understood backwards. But with this, one forgets the
second proposition, that it must be lived forwards.

Sgren Kierkegaard
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In Chapter 2 we presented a general framework for Dynamic Programming without
any numerical considerations. Here, we are interested with approaches that circumvent
the curse of dimensionality. Indeed, we study algorithms that exploits analytical proper-
ties of the value functions (mainly convexity) to construct approximations of those value
functions.

By contrast with the rest of the manuscript, the formalism of this chapter is the
formalism of the Stochastic Programming community, where the uncertainties are encoded
on a tree. We have seen in §1.1.2 that this framework can be translated to the stochastic
optimal control framework.

The contents of this chapter has been accepted (up to minor modifications) by the
Mathematics of Operations Research journal, under the name “On the convergence of
decomposition methods for multistage stochastic convex programs”. It is a common work
with A. Philpott and P. Girardeau. The abstract is the following.

This chapter prove the almost-sure convergence of a class of sampling-based nested
decomposition algorithms for multistage stochastic convex programs in which the stage
costs are general convex functions of the decisions, and uncertainty is modelled by a
scenario tree. As special cases, our results imply the almost-sure convergence of SDDP,
CUPPS and DOASA when applied to problems with general convex cost functions.
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Introduction

Multistage stochastic programs with recourse are well known in the stochastic pro-
gramming community, and are becoming more common in applications. We are motivated
in this paper by applications in which the stage costs are nonlinear convex functions of
the decisions. Production functions are often modelled as nonlinear concave functions of
allocated resources. For example Finardi and da Silva [47] use this approach to model
hydro electricity production as a concave function of water flow. Smooth nonlinear value
functions also arise when one maximizes profit with linear demand functions (see e.g. [81])
giving a concave quadratic objective or when coherent risk measures are defined by con-
tinuous distributions in multistage problems [108].

Having general convex stage costs does not preclude the use of cutting plane algorithms
for attacking these problems. Kelley’s cutting plane method [57] was originally devised for
general convex objective functions, and can be shown to converge to an optimal solution
(see e.g. Ruszczynski [102, Theorem 7.7]), although on some instances this convergence
might be very slow [69]. Our goal in this paper is to extend the convergence result of [102]
to the setting of multi-stage stage stochastic convex programming.

The most well-known application of cutting planes in multi-stage stochastic program-
ming is the stochastic dual dynamic programming (SDDP) algorithm of Pereira and
Pinto [77]. This algorithm constructs feasible dynamic programming policies using an
outer approximation of a (convex) future cost function that is computed using Benders
cuts. The policies defined by these cuts can be evaluated using simulation, and their
performance measured against a lower bound on their expected cost. This provides a con-
vergence criterion that may be applied to terminate the algorithm when the estimated cost
of the candidate policy is close enough to its lower bound. The SDDP algorithm has led
to a number of related methods [27,38,39,55,80] that are based on the same essential idea,
but seek to improve the method by exploiting the structure of particular applications. We
call these methods DOASA for Dynamic Outer-Approximation Sampling Algorithms but
they are now generically named SDDP methods.

SDDP methods are known to converge almost surely on a finite scenario tree when the
stage problems are linear programs. The first formal proof of such a result was published
by Chen and Powell [27] who derived this for their CUPPS algorithm. This proof was ex-
tended by Linowsky and Philpott [64] to cover other SDDP algorithms. The convergence
proofs in [27] and [64] make use of an unstated assumption regarding the independence
of sampled random variables and convergent subsequences of algorithm iterates. This as-
sumption was identified by Philpott and Guan [80], who gave a simpler proof of almost
sure convergence of SDDP methods based on the finite convergence of the nested decom-
position algorithm (see [38]). This does not require the unstated assumption, but exploits
the fact that the collection of subproblems to be solved has a finite number of dual extreme
points. This begs the question of whether SDDP methods will converge almost surely for
general convex stage problems, where the value functions may admit an infinite number
of subgradients.

In this paper we propose a different approach from the one in [27] and [64] and show
how a proof of convergence for sampling-based nested decomposition algorithms on finite
scenario trees can be established for models with convex subproblems (which may not have
polyhedral value functions). Our result is proved for a general class of methods including
all the variations discussed in the literature ( [27,38,39,55,77,80]). The proof establishes
convergence with probability 1 as long as the sampling in the forward pass is independent
of previous realizations. Our proof relies heavily on the independence assumption and
makes use of the Strong Law of Large Numbers. In contrast to [80] we have not shown
that convergence is guaranteed in all procedures for constructing a forward pass that visit
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every node of the scenario tree an infinite number of times.

The result we prove works in the space of state variables expressed as random variables
adapted to the filtration defined by the scenario tree. Because this tree has a finite number
of nodes, this space is compact, and so we may extract convergent subsequences for any
infinite sequence of states. Unlike the arguments in [27] and [64], these subsequences are
not explicitly constructed, and so we can escape the need to assume properties of them
that we wish to be inherited from independent sampling. More precisely Lemma 3.12 gives
us the required independence.

Although the value functions we construct admit an infinite number of subgradients,
our results do require an assumption that serves to bound the norms of the subgradients
used. This assumption is an extension of relatively complete recourse that ensures that
some infeasible candidate solutions to any stage problem can be forced to be feasible by
a suitable control. Since we are working in the realm of nonlinear programming, some
constraint qualification of this form will be needed to ensure that we can extract subgradi-
ents. In practice, SDDP models use penalties on constraint violations to ensure feasibility,
which implicitly bounds the subgradients of the Bellman functions. Our recourse assump-
tions are arguably weaker, since we do not have a result that shows that they enable an
equivalent formulation with an exact penalization of infeasibility.

The paper is laid out as follows. We first consider a deterministic multistage problem,
in which the proof is easily understandable. This is then extended in §3.2 to a stochastic
problem formulated in a scenario tree. We close with some remarks about the convergence
of sampling algorithms.

3.1 Deterministic Case

Our convergence proofs are based around showing that a sequence of outer approxima-
tions formed by cutting planes converges to the true Bellman function in the neighborhood
of the optimal state trajectories. We begin by providing a proof that Kelley’s cutting plane
method [57] converges when applied to the optimization problem:

W* :=min W (u),
uel
where U is a nonempty convex subset of R™, and W is a convex finite function on R™. The
result we prove is not directly used in the more complex results that follow, but the main
ideas on which the proofs rely are the same. We believe the reader will find it convenient
to already have the scheme of the proof in mind when studying the more important results
later on.

Kelley’s method generates a sequence of iterates (uj ) N by solving, at each iteration,
a piecewise linear model of the original problem. The model is then enhanced by adding
a cutting plane based on the value W (uj ) and subgradient ¢/ of W at «’. The model at
iteration k is denoted by

Wk (u) := lrélja%(k (W (W) +{¢’,u—ul)},

and 6% := min,ey W* (u) = W* (uF*1). We have the following result.

Lemma 3.1. If W is convex with uniformly bounded subgradients on U and U is compact
then
lim W <uk> =W,
k—+o00
Proof. This proof is taken from Ruszczynski [102, Theorem 7.7] (see also [101]). Let K.
be the set of indexes k such that W* +¢ < W (uk) < 400. The proof consists in showing
that K. is finite.



100 CHAPTER 3. SDDP ALGORITHM

Suppose k1, ko € K. and kq is strictly smaller than ko. We have that W (ukl) > W*4e
and that W* > 01, Since a new cut is generated at u*!, we have

w (ukl) + <gk1,u - uk1> <WF () < Wkl (), VYuel,

where ¢* is an element of OW (ukl) In particular, choosing u = u*2 gives
%% <uk1> + <gk1,uk2 — uk1> < Wh (u’“’) < Whe—t <uk2) =gkl < W~
But e < W (qu) — W*, so
e<W (u'”) -w (ukl) - <gk1,uk2 - Uk1> ;
and as g2 € OW (u*?), the subgradient inequality for v = u* yields
W (uk2> -W (u’“) < <gk2,uk2 — uk1>.

Therefore, since W has uniformly bounded subgradients, there exists x > 0 such that

k1

e < 2/€Huk2 —dm|, VE ke € KooKy # Ko

Because U is compact, K. has to be finite. Otherwise there would exist a convergent
subsequence of {uk} heK and this last inequality could not hold for sufficiently large
indexes within K.. This proves the lemma. O

Note that Lemma 3.1 does not imply that the sequence of iterates (uk ) pen converges L
For instance, if the minimum of W is attained on a “flat” part (if W is not strictly convex),
then the sequence of iterates may not converge. However, the lemma shows that the
sequence of W values at these iterates will converge.

3.1.1 Multistage Setting

We now consider the multistage case. Let T be a positive integer. We first consider
the following deterministic optimal control problem.

T-1
I;lin Ct (1‘,5, ut) + Vr (QZT) (3.1&)
R ——

s.t. Typ1 = fi (I‘t, Ut) s Vt € [[O,T — 1]], (31b)
xo is given, (3.1c)
xr € X, vt € [0,T], (3.1d)
U € Ut(l‘t), Vit € [[O,T — 1]] (316)

In what follows we let Aff(X) denote the affine hull of X', and define

Bi(0) = {y € Ati(X) | [lyll<d}
We make the following assumptions (H;):

1. fort=0,...,7,0 C X; C R",

1. even though because U is compact, there exists a convergent subsequence.
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2. for t =0,...,T — 1, multifunctions U; : R® = R™ are assumed to be convex? and
nonempty convex compact valued,

3. the final cost function Vr and functions Cy, t = 0,...,T are assumed to be convex
lower semicontinuous proper functions,

4. fort=0,...,T — 1, functions f; are affine,
5. the final cost function V7 is finite-valued and Lipschitz-continuous on Xr,
6. for t =0,...,T — 1, there exists &; > 0, defining X/:=X; + B;(d;), such that :

(a) Vo € X/, Yu € Ux), Ci(x,u) < o0,

(b) for every x € X,
fe(x,Up(x)) N Xpyy # 0.

Assumptions (H1(1) — (5)) are made to guarantee that problem (3.1) is a convex opti-
mization problem. Since this problem is in general nonlinear, it also requires a constraint
qualification to ensure the existence of subgradients. This is the purpose of Assumption
(H1(6)). This assumption means that we can always move from X; a distance of % in any
direction and stay in X/, which is a form of recourse assumption that we call extended
relatively complete recourse (ERCR). We note that this is less stringent than imposing
complete recourse, which would require X/ = R"™. Finally we note that we never need
to evaluate Cy(z,u) with x € X/\X};, so we may only assume that there exists a convex
function, finite on A&}, that coincides with C; on X;. Of course not all convex cost func-
tions satisfy such a property e.g. x — zlog(z) cannot be extended below z = 0 while
maintaining convexity.

We are now in a position to describe an algorithm for the deterministic control problem
(3.1). The Dynamic Programming (DP) equation associated with (3.1) is as follows. For
all t € [0,T — 1], let

My, cr(z,) 10 (T, ue) + Ve (fe (v, w0))}, w0 € &

W (.’L't) = ::Wtz;z,ut) (32)
400, otherwise.

Here the quantity W; (z, u;) is the future optimal cost starting at time ¢ from state = and
choosing decision uy, so that V; (r) = min, gy, z,) Wi (2, u).

The cutting plane method works as follows. At iteration 0, define functions V;°, t €
[0,T — 1], to be identically equal to —oo. At time T, since we know exactly the end value
function, we impose lef = Vp for all iterations k € N. At each iteration k, the process is
the following.

Starting with :1:’5’ = x¢, at any time stage t, solve

oF = u?é]%lm Cy (x,up) + V;’_fll o fy(x,u), (3.3a)
veAff( ;)

st. x=aF 18F] (3.3b)

fe(w,up) € X (3.3¢)

ur € Us(x) (3.3d)

Here BF €Aff(X}) is a vector of Lagrange multipliers for the constraint x = 2. We denote

a minimizer of (3.3) by uf. Its existence is guaranteed by ERCR. Note that constraint

2. Recall that a multifunction U on convex set X is called convex if (1—A)U(x)+ MU (y) CU((1-N)z+Ay)
for every z,y € X and X € (0,1).
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(3.3¢) can be seen as an induced constraint on u;. Thus we can define the multifunctions

U : R™ = R™ by, for all x € R”,
U(z) = {uely(z) | filz,u) € X1} (3.4)

We can easily check that U, is convex (by linearity of f; and convexity of ;) and convex
compact valued (as the intersection of a compact convex set and a closed convex set).
Moreover ERCR guarantee that U;(x) # () for any x € X;. Thus (3.3) can be written as

0 = min G (@) + Vo £ (m,u) (3.52)
ut €Ut (z
ceAff(X:)
st. oz =af. 18F] (3.5b)

Now define, for any = € R™:

Vi (z) = max{‘/;k_l (a:),@f—l—<5tk,x—a:f>}, (3.6)
and move on to the next time stage ¢ + 1 by defining xfﬂ = fi (azf, uff)

Remark 3.2. The assumption that BF is in Aff(X;) is made for technical reasons, and
loses little generality. Indeed if BF € R™ is an optimal Lagrange multiplier, then so is its
projection on Aff(X}). In practice we would expect Aff(X;) to be the same dimension for
every t. If this dimension happened to be d strictly less than n, then we might change the
formulation (by a transformation of variables) so that Aff(X;) = R

Remark 3.3. Observe that our algorithm uses th_fll when solving the two-stage prob-
lem (3.3) at stage t, although most implementations of SDDP and related algorithms pro-
ceed backwards and are thus able to use the freshly updated V;]j_l (although see e.q. [27] for
a similar approach to the one proposed here). In the stochastic case we present a general
framework that encompasses backward passes.

Note that only the last future cost function Vr is known exactly at any iteration. All
the other ones are lower approximations consisting of the maximum of k affine functions
at iteration k. We naturally have the same lower approximation for function W;. Thus
we define for any (z,u) in R"™™

Wtk (z,u) := Cy (z,u) + Vt]fH o fy(x,u), (3.7)

and recall
Wi (x,u) = Cy (z,u) + Vigr 0 f (z,u). (3.8)

Using this notation we have

oF = min WF! (mf,u) = Wkt (xf,uf) (3.9)
u€ly (zF)

VE (o) = max {0F + (A af —2f')}

v (ak) = Wi b uf). (3.10)

Since by (3.6)

it follows that

Figure 3.1 gives a view of the relations between all these values at a given iteration.



3.1. DETERMINISTIC CASE 103

value

Vi(x)

0f + (Br, = — f)

Vi (@)

N oF = Wl (af, uf)
rd

Figure 3.1: Relation between the values at a given iteration

3.1.2 Proof of Convergence in the Deterministic Case.

We begin by showing some regularity and monotonicity results for the value functions
and their approximations.

Under assumptions (Hi), we define for ¢ € [0,7 — 1], and for all z € R", the extended
value function

Vilw) = inf {Cilarw) + Vi o f, )} (3.11)

Note that the infimum could be taken on U (x) C Uy(x) as Vipy = oo when fi(z,u) ¢
Xepr. It is co~nvenient to extend the definition to ¢t = T by defining Vp = V. We also
observe that V; < V; as these are identical on the domain of V.

Lemma 3.4. Fort € [0,T — 1],

(i) the value function Vi is convex and Lipschitz continuous on Xy;
(i) VFE < Vi < Vi, and BF is defined;

(iii) the sequences (BF)ren are bounded.

Proof. (i) We first show the convexity and Lipschitz continuity of V; on A;. We proceed
by induction backward in time. By assumption Vp is convex and Lipschitz continuous on
Xr. Assume the result is true for V;11. The function f/t(:n) is convex by lemma 3.9. Now
by ERCR, for any = € X/, Us(x) # (. This implies that, for 2 € &/, for u € Uy(z),

‘Zf(x) < Ct(l',u) + ‘/t+1 © ft(xa U) < 400.
By (H1(3)) and the induction hypothesis, for any = € X},
u = Ct(xvu) + %+1 © ft(l’,U)

is lower semi-continuous, and so the compactness of Uy () ensures that the infimum in the
definition of V;(x) is attained, and therefore Vi(z) > —oo. V; is Lipschitz continuous on



104 CHAPTER 3. SDDP ALGORITHM

X, as A} is a compact subset of the relative interior of its domain. Finally remarking that
Vi(x) = Vi(z) if = € X; gives the conclusion.
(ii) As observed above the inequality V; < V; is immediate as the two functions are
identical on the domain of V;.
To show VF < V; let us proceed by induction forward in k. Assume that for all
€ [0, T — 1], BF~1 is defined and V=1 < V;. Note that

_OO:‘/tOS‘ZH

so this is true for k = 1 (B is never used). We now define, for all t € [0,7 — 1] and all
x € R",
V@) = min {Cilw,u) + Vi o file,u)
u€U(z)

By hypothesis on 4, Vtk' is convex and finite on X} which strictly contains X;. Thus ‘A/tk
restricted to Aff(&;) is subdifferentiable at any point of X;. Moreover by definition of 37
n (3.3)

By € a(‘zk’AH(Xt))- (3.12)
Thus 3F is defined. By the induction hypothesis and inequality f/t+1 < Vi41 we have that
VEL o fy <Vigio fi.
Thus the definitions of V¥ and V; yield
V<V (3.13)
we have by (3.12) that
0 + (8@ — af ) < Vi(2) < Th(w) (3.14)
by (3.13). The definition of V}¥ in (3.6) gives
V(@) = max V! (@), 0F + (82— of ) |
which shows V¥ (z) < Vi(z) by (3.14) and the induction hypothesis. Thus (ii) follows for
all £ by induction.

(iii) Finally we show the boundedness of (3F)ren. By definition of 3F we have for all
y € RY,

VE(y) = VE@h) + (B y - o). (3.15)
Recall that X/ = X; + By(&;), so substituting y = =f + zﬁrgg“ in (3.15) whenever 3F # 0
t

yields

0.

o] < 5 [ (= i) v ()]

2 |88l
We define the compact subset X/ of dom V; as X/ := X;+B; (%) Now as zf € X; we
have that af + % III@CH X/'. Consequently, by (ii),

t

& Bf .
v < + =t ) max Vi(z) < +o0.
2 (1B ) T weay
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Moreover by construction the sequence of functions (Vtk) keN 1S increasing, thus

V) > Vi (ah) > min V() > —oc.
TEX}

Thus we have that, for all k € N* and ¢t € [0, T — 1],

2 -
k
< — . .
H/Bt‘ <5 [;relgéc‘/t( ) — geuxnt‘é( x) (3.16)

This completes the proof. O

Corollary 3.5. Under assumptions (Hy), the functions VF, t € [0,T — 1], are a —
Lipschtiz for some constant « for all k € N*.

Proof. By (3.6) and (3.16) the subgradients of V}* are bounded by

2
o= max — |max V; — min V;!(z)
te[0,7—1] O¢ zeX/ TEX:

O]

We now prove that both the upper and lower estimates of V; converge to the exact
value function under assumptions (Hj).

Theorem 3.6. Consider the sequence of decisions (u )keN generated by (3.3) and (3.6),

where each u* is itself a sequence of decisions in time uF = ul{j, e ,u’%_l, and consider

the corresponding sequence of state values (a:k)
[0,T — 1] we have that:

en- Under assumptions (Hy), for any t €

i W ek o) <1 (oF) =0 and i 4 (o) V(o) =0

Proof. The demonstration proceeds by induction backwards in time. At time ¢ 4 1, the
induction hypothesis is the second statement of the theorem. That is,

lim Vi (fo) Vt+1 <$t+1) =0.

k—+o00

In other words the cuts for the future cost function tend to be exact at x},; as k tends

to co. The induction hypothesis is clearly true at the last time stage T" for which we defined

the approximate value function V¥ to be equal to the (known) end value function V.
We have to show the induction hypothesis, namely

i ¥ (61) -V (o) =

for time ¢. Recall (3.10) gives
4 (azf) 2 Wtk_l (vauz]sc) C (xt,ut> thill (xtJrl) :

Using the definition (3.8) of Wy, we can replace Cy (zf,uf’) to get

vF ( ) > W (3«"1:7%) (‘/tlj—ll (xt—i-l) — Vi1 (ﬁﬂ)) .

Subtracting V; (:L'f) we obtain

0 (o) o) 2 0 (oat) 0 o) + 0 (1) Vo o)
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Now as Vtk is a lower approximation of V; we have
e () i (o) <0
and by Dynamic Programming equation (3.2)
Wi (acf,uf) - W <xf) > 0.
Moreover the induction hypothesis at time t 4+ 1 gives
Vi (xf—i-l) — Vit <$f+1> k20,
which by virtue of Lemma 3.10 (with V;; replacing f) implies?®

lim Vi (a:fH) — VR (x§+1) — 0

k—+o0
SO
v (f) = Vi (af) ==,
and
Wi (1‘f,uf> ez, (xf) koo, 0,
which gives the result. O

Theorem 3.6 indicates that the lower approximation at each iteration tends to be exact
on the sequence of state trajectories generated throughout the algorithm. This does not
mean that the future cost function will be approximated well everywhere in the state
space. It only means that the approximation gets better and better in the neighborhood
of an optimal state trajectory.

3.2 Stochastic Case with a Finite Distribution

3.2.1 Stochastic Multistage Problem Formulation.

We now consider that the cost function and dynamics at each time ¢ are influenced
by a random outcome that has a discrete and finite distribution. We write the problem
on the complete tree induced by this distribution. The set of all nodes is denoted by A
and {0} is the root node. We denote nodes by m and n. (We trust that the context will
dispel any confusion from the use of m and n as dimensions of variables v and x.) A
node n here represents a time interval and a state of the world (which has probability ®,,)
that pertains over this time interval. We say that a node n is an ascendant of m if it
is on the path from the root node to node m (including m). We will denote a(m) the
set of all ascendants of m, and the depth of node n is one less than the number of its
ascendants. For simplicity we identify this with a time index ¢, although the results hold
true for scenario trees for which this is not the case. For every node m € N\{0}, p(m)
represents its parent, and r(m) its set of children nodes. Finally £ is the set of leaf nodes
of the tree (i.e. those that have degree 1).

3. Corollary 3.5 ensures the a—Lipschitz assumption on Vt]fH, and the other assumptions are obviously
verified.
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This gives the following stochastic program:

min Y D 2 C (T ) + > P Vi () (3.17a)

T,

neN\{L} mer(n) meL

st T = fin (Tp(m)s Um) » vm € N'\{0}, (3.17b)
xo is given, (3.17¢)
T € X, Vm e N, (3.17d)
Um € U (Tp(m)) vm € N\{0}. (3.17e)

The reader should note that randomness (that appears in the cost and in the dynamics)
is realized before the decision is taken in this model. Hence the control affecting the
stock? z,, is actually indexed by m, a child node of n. Put differently, the control adapts
to randomness: there are as many controls as there are children nodes of n. Observe that
we also now admit the possibility that A} and U (x) might vary with scenario-tree node,
so we denote them by Xy, and U, (Tp(m))-

We make the following assumptions (Ha):

1. for all n € N, X, is nonempty convex compact;

2. for all m € N'\{0}, the multifunction U, is nonempty convex and convex compact
valued;

3. all functions C,,, n € N\L, V,,, m € L, are convex lower semicontinuous proper
functions;

4. for all m € N\{0}, the functions f,, are affine;
5. for all m € L, V,, is Lipschitz-continuous on X,;
6. There exists § > 0 such that for all nodes n € M\ L,

(a) Vz € X, + B(9), VYm e r(n), (U (2)) N Xy # 0,
(b) Vx € X, + B(9), Yu € Up(x), Ch(z,u) < oco.

The convex functions V,,, define the future cost of having z,, remaining in stock at the
end of the stage represented by leaf node m € L. Given an optimal control, we can define
(applying the Dynamic Programming principle to Problem (3.17) ) a future cost function
V,, recursively for the other nodes n € N\ L by

P, .
Vo) = Z B, umgillgl(mn) {Ch (), um) + Vi (fin (2, um)) } (3.18)
mer(n)

Wm (ﬂc'naum)

In general the future cost function at each node can be different from those at other
nodes at the same stage. In the special case where the stochastic process defined by the
scenario tree is stage-wise independent, the future cost function is identical at every node
at stage t. Some form of stage-wise independence is typically assumed in applications as
it enables cuts to be shared across nodes at the same stage, however we do not require
this for our proof.

The algorithm that we consider is an extension of the deterministic algorithm of the
previous section applied, at each iteration, to a set of nodes chosen randomly in the tree
at which we update estimates of the future cost function. We assume that all other nodes
have null updates, in the sense that they just inherit the future cost function from the
previous iteration.

4. We do not make any stage-wise independence assumptions on the random variables that affect the
system. Hence there is no reason why variable z, should be called a state variable and we prefer calling
it a stock.
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We now describe the algorithm formally. We start the process with HB = —00, ,5’2 =0,
for each n € N, and impose V,F = V,, for all nodes n € £ and all ¥ € N. We then carry
out a sequence of simulations and updates of the future cost functions as follows.

Simulation Starting at the root node, generate stocks and decisions for all possible suc-
cessors (in other words, visit the whole tree forward) by solving (3.18) with V+~1
instead of V. Denote the obtained stock variables by (z£),cn and the control
variables by (u )neN\{O} Also, for each node n € N, impose 0F = VF-1(zk)
and g% € gVF—1(zk).

Update Select non-leaf nodes nqy,no,...,n; in the tree. For each 1, xﬁz

variable which is equal to one of the wfl For each selected node n;, and for every
child node m of node n;, solve:

is a random

oF = uineiﬂr&lm Con (T, u) + VEL o £ (2, um) (3.19a)
2eAfF( Xy, )

st z=al (8% ] (3.19b)

U € U () (3.19c¢)

fm(x, um) € X (3.19d)

As before 3,’2 is a Lagrange multiplier at optimality. We also define the multifunc-
tions

Up -z {u€Up(z) | fnlz,um) € X}

For each selected node n;, replace the values th_ and B,’?Li obtained during the simu-

lation with <I>
b= D g Om

mer(n;) i

E= Y 2

mer(n;) i

and

Finally, we update all future cost functions. For every node n, and any z € A},

V,f(aj) ::Inax{Vf_l(x) <B rT—2x >} max{Hk <B T—2x >}

K <k
(3.20)
We will make use of the following definitions, where m € r(n):
Win (20, m) := Co (T, um) + Vin (frn (T um)) (3.21)
W/% (Tn, um) = Cr (T, Um) + Vn]i (fm (T, um)) (3.22)

In the case where node n € N is selected at iteration k, in other words n = n;, these
definitions then give

0F = min WH! (xfi,u) Wkt (wﬁ,ufn) .
UEUm, (zk)

['his leads to
[/k(xk>> E Wk 1<xk,uk>. 3.23
n n —_ @n n m ( )



3.2. STOCHASTIC CASE WITH A FINITE DISTRIBUTION 109

Note that we actually only update future cost functions on the selected nodes. Since
the cuts we add at all other nodes are binding on the current model (by construction in
the simulation), there is no point in storing them. Therefore, in practice, one does not
need to sample the whole scenario tree but just enough to attain all selected nodes. In
our proof, we need to look at what happens even on the nodes that are not selected.

The way we select nodes at which to compute cuts varies with the particular algorithm
implementation. For example DOASA uses a single forward pass to select nodes, and then
computes cuts in a backward pass. We represent these selections of nodes using a selection
random variable y* = (yﬁ)ng\/ that is equal to 1 if node n is selected at iteration k£ and 0
otherwise. This gives a selection stochastic process (y*)ren, taking values in {0, 1}W\£‘,
that describes a set of nodes in the tree at which we will compute new cuts in iteration k.
We let (Fi)ren denote the filtration generated by (y*)gen.

To encompass algorithms such as DOASA and SDDP the selection stochastic process
can be viewed as consisting of infinitely many finite subsequences, each consisting of 7 > 0
selections (consisting for example of a sequence of selections of nodes in a backward pass).
This cannot be done arbitrarily, and the way that (y*)zcy is constructed must satisfy some
independence conditions from one iteration to the next.

Definition 1. Let 7 be a positive integer. The process (y*)en is called a T-admissible
selection process if

(i) Ym e N\L, VkeN, Vke{0,...,7—1},

yn =1 = Vnea(m), yl =y ==y =0

and the process defined by

gE = max{ykT, kTl YRRk (3.24)

satisfies

(i) for all m € N\L, (?)lﬁ@)keN is i.4.d. and for all k € N, and all m € N\L, ?jﬁm is
independent of Frr_1;

(i4i) ¥n € N\L, P(gk =1) > 0.

Property (i) guarantees that when 7 > 1, the updating of cutting planes is done
backwards between steps k7 and (k + 1)7. This means that if the linear approximation of
the value function V,, is updated at step k7 + k then neither it or any approximation at
any ascendant node has been updated since step k7 — 1. This implies, as shown in lemma
3.11, that *7** has not changed since the step kr, i.e., if y*7+* = 1 then 2*7+* = 257, We
explain in section 3.3. how the selection processes of CUPPS (with 7 = 1) and SDDP(with
7 =T — 1) are T-admissible.

Property (ii) provides the independence of the selections that we will use to prove
convergence and property (iii) guarantees that all nodes are selected with positive proba-
bility. Without any independence assumption it would be easy to create a case in which
the future cost function at a given node is updated only when the current stock variable
on this node is in a given region, for instance. In such a case the future cost function
could not gather any information about the other parts of the space that the stock vari-
able might visit. In other words, this independence assumption ensures that the values
that are optimal can be attained an infinite number of times. We remark that there is
no independence assumption over the nodes n for (y¥),c Mg at k fixed. Thus the se-
lection process could be forced to select whole branches of the tree for example, as it
would for the CUPPS algorithm. More generally, we have independence when for fixed
7, (¥* )pen is ii.d and the next 7 — 1 selection values are determined deterministically
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from y*7, more precisely if for all x € {0,...,7 — 1}, there is a deterministic function ¢,
such that y*™+* = ¢,.(y*7). On the other hand we have independence when the selection
subsequence (yF7,y*7H, L P ey s 1dld.

In Section 3.3 we shows that usual algorithm can be represented with a 7—admissible
selection process.

3.2.2 Proof of Convergence in the Stochastic Case.

For every n € N'\ £ we can define under assumptions (Hs) the extended value function

Vn(l') = Z (cII))im inf  {Cp(z,u) + Vi o frn(z,u)},

mer(n) n u€Um(x)

and we note that Vj, is finite on X!. We now state a lemma analogous to lemma 3.4.

Lemma 3.7. For everyn € N,

(i) the value function V,, is convex and Lipschitz-continuous on Xy;
(ii) VF < V,, < V., and BE is defined;

(i4i) the sequences (BE)ren are bounded, thus there is oy, such that V¥ is a,,— Lipschitz.

Proof. We give only a sketch of the proof as it follows exactly the proof of its deterministic
counterpart lemma 3.4.

(i) By induction backward on the tree Vj,, is convex and finite valued on X/, as the
positive sum of convex finite valued functions, and thus Lipschitz continuous on X;,
leading to the result as V,, = V,, on &,.

(ii) Assume that for all n € N\L we have V¥~ < V,,. We define, for a node n € N\L
x € R",

- ¢
VE(z) = Z — min Cp(x,u) + VELo f.(z,u).

mer(n) n u€Un (x)

By hypothesis on Uy, Vf is convex and finite on A} thus its restriction on Aff(X})
is subdifferentiable on &;. By definition @]% € OV,F(xk)), and thus 3% is defined. By
the induction hypothesis and inequality V,,, < V,,, we have that

vmer(n), Vil o fm < Vo fn.
Thus definitions of Vf and V, yield Vf < V,,.. By definition of ¥ and construction

of V¥ we have that V¥ < V,,. Induction leads to inequality (ii).

(iii) Finally we show the boundedness of (8%)zen. As ¥ is an element of OV*(zF), we
have

VRy) = VEEh) + (Bhy - k). (3.25)

so substituting, if 8% # 0, y = 2¥ + Qﬁgﬁu in (3.25) yields

2 w( k0 B k(K
=5 {V" (9”” 2|rﬁ,'z||> ~Vn (“”’“’")] '

Thus we have that, for all k € N and n € N,

|

Which ends the proof.

ﬁk

Bk

2 g . 1
<= n(T) — . 2
< 3 a0~ g o) 1320
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Theorem 3.8. Consider the sequence of decisions (uk)keN generated by the above de-
scribed procedure under assumptions (Hy), where each u® is itself a set of decisions on the
complete tree, and consider the corresponding sequence of state values (ack) Assume
that the selection process is T-admissible for some integer T > 0.

Then we have that, P-almost surely:

keN’

. P, kT, kT kT\ _
Jm ;)%Wm(xn’“m)—vn(%)—o-

and
lim V, (:gfj) —ykr (:cff) = 0.
k——+o00

Proof. Because the selection process for nodes in the update step is stochastic, decision
variables as well as approximate future cost functions are stochastic throughout the course
of the algorithm. Thus, during the whole proof, all equalities or inequalities are taken IP-
almost surely.

The demonstration follows the same approach as the proof of Theorem 3.6. Let T be
the maximum depth of the tree. We proceed by backward induction on nodes of fixed
depth. The induction hypothesis is

lim Vj, (xf,{) kT (x’;;j ) =0
k——+o0

for each node m of depth ¢ + 1. Since for every leaf of the tree those two quantities are

equal, by definition, the induction hypothesis is true for every node n € L.

We start by proving the result for iterations k7 such that n is selected in the next 7 —1
steps, i.e. such that g% = 1. Define sj, € {0,...,7 — 1} such that y*"*** = 1. Recall that
by lemma 3.11 we have xk™rk = k7,

We have by (3.23)

Vyiw-‘rnk (ff:) _ Véw—‘rmk (:UZT—H%)

DO R L )

d, U EUm (zkr

mer(n)
Dy kT
) m§n) anW’ﬁ 1 (mﬁ ’uﬁl)
which implies
V:T+Kk (:L’QT> > Z % [C’m (q;f;”uf;) + Vn’fﬂ'fl (zﬁ{)] )
mer(n) "
= 3 T i (abrad) + (i (587) — o (58]
mer(n) "
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e () v () 2 5 (e (7087)) e ()

mer(n)
+ mz() ‘f;” (Vi (a7) — vau (a87)).

Note that, as Vrf”*“k is a lower approximation of V,, we know that
kTt (xﬁT) —V, (a:f;) <o,

and, by Dynamic Programming Equation (3.18), that

S (G (dbradr) ) - v (at7) 20

mer(n)
The induction hypothesis

lim Vj, (xf,{) kT (x’;;j ) =0

k—+o0

and Lemma 3.10 (with V;, replacing f)° implies

lim Vj, (xﬁ;) i (x’:,{) = 0.

k—+o0
Thus
k—
V'n, (foT) o VfT+Hk ($7IS:LT) [ee} 07
gh=1
and

(I)m o.9]
S (G (akr k) ) - v (of) L2200
@, gk=1

mer(n)
Thus lemma 3.10 applied with x = 7 gives

_ k—
Vo (ak7) - v (ar) 2y,

=1
and by monotonicity we have V¥7+#—7 < VT <V, which finally yields

v, (a:ff) kT (x,’?f) 225 0, (3.27)
7h=1

Now we prove that the values also converge for the iterations k such that 4% = 0, i.e.
the iterations for which node n is not selected between step k7 and step (k + 1)7 — 1.
By contradiction, suppose the values do not converge. Then by lemma 3.10 we have that
Vi(2E™) = VET=1(2E7) does not converge to 0. Tt follows that there is some € > 0 such that
K. is infinite where

K.:={keN | V, (asz) — yh-1 (xf?) > e} (3.28)

Let 27 denote the j-th element of the set {y*7|k € K.}. Note that the random variables
VET=1 and x,’? are measurable with respect to Fr,_1 := a((yk/)k/<kT), and thus sois 1xeic,

5. Lemma 3.7 (iii) provides a Lipschitz condition on V%.
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from which g,’;’ is independent. Moreover the o—algebra generated by the past realizations
of §F is included in Fy,_1. This implies by lemma 3.12 that random variables (27);cy are
i.i.d. and share the same probability law as 7.

According to the Strong Law of Large Numbers [52, page 294] applied to the random
sequence (27);en, we should then have

N

1 .

o> AR R B[] = P( = 1) > 0.
=1

However, K. N {7k = 1} is finite because of (3.27) thus we know that there is only a finite
number of indexes j such that 2/ = 1, the rest being equal to 0. So

N

1 .

5 ZZJ Nzeo, )
7j=1

which is a contradiction. This shows that

_ k—
Vi (o) Vi (o) S50
Yn=

and monotonicity shows that,

v, (xfff) kT (xQT) koo, g
gr=0

which completes the induction. ]

3.2.3 Application to Known Algorithms.

In order to illustrate on our result we will apply it to two well known algorithms. For
simplicity we will assume that the tree represents a T-step stochastic decision problem in
which every leaf of the tree is of depth T

We first define the CUPPS algorithm [27] in this setting. Here at each major iteration
we choose a T — 1-step scenario and compute the optimal trajectory while at the same
time updating the value function for each node of the branch. In our setting, this uses a
l-admissible selection process (y*)ren defined by an i.i.d. sequence of random variables,
with 3 selecting a single branch of the tree. Theorem 3.8 shows that for every node n the
upper and lower bound converges, that is

i S (G (ko) ) < vi (af) =0
k—+o0 (I)n

mer(n)

and
i Vo (o) =i (+) =0
We now place the SDDP algorithm [77] and DOASA algorithm [80] in our framework.
There are two phases in each major iteration of the SDDP algorithm, namely a forward
pass, and a backward pass of T'—1 steps. Given a current polyhedral outer approximation
of the Bellman function (V¥~1), A\, @ major iteration k of the SDDP algorithm consists
in:
o selecting uniformly a number N of scenarios (N = 1 for DOASA);
e simulating the optimal strategy for the problem, that is solving problem (3.19) to
determine a trajectory (for each scenario) (xﬁt)te{07.__7T_1} where (n¢).eqo,..,7—1) de-
fines one of the selected scenarios;
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e Fort=T—1downtot=0 ) )
for each scenario solving problem (3.19) with V¥ instead of V,£~1,
and defining

VE (2) = max{VF 1 (2), 0% + (8%, — a2k )}

n ng?

SDDP fits into our framework as follows. Given N, we define the T" — 1-admissible
selection process, (y(T V%), by an i.i.d. sequence of random variables with 3° selecting
uniformly a set of N pre-leaves (i.e. nodes whose children are leaves) of the tree. Then
for k€ {1,...,T—2}, ke N, n € N\L, we define

k(T-1)+r ._ ) 1 if there exist m € r(n) such that yfn(Tfl)Jmfl =1
Yn T :
0 otherwise.

This algorithm is the same as SDDP with N randomly sampled forward passes per stage,
but without the cut sharing feature used when random variables are stage-wise indepen-
dent. Since for every node n of the tree (excepting the leaves) there is a x such that
P(yg(T_l)M = 1) > 0, theorem 3.8 guarantees the convergence of the lower bound for
every node. This remains true when cuts are shared since the proof of almost-sure con-
vergence is unaffected by the addition of extra valid cutting planes at any point during

the course of the algorithm. The proof of theorem 3.8 gives

Va (x,’ff) — Yk (x]”> koo, 0,

") k=0
and with shared cuts we obtain an improved value function ‘v/?fT satisfying
v (o) <V (o) < Vi (o)

that must satisfy

3.3 Discussion

The convergence result we have proved assumes that we compute new cuts at scenario-
tree nodes that are selected independently from the history of the algorithm. This enables
us to use the Strong Law of Large Numbers in the proof. Previous results for multistage
stochastic linear programming [80] require a selection process that visits each node in the
tree infinitely often, which is a weaker condition than independence, since it follows by the
Borel-Cantelli Lemma [52, page 288]. An example would be the deterministic round-robin
selection mentioned in [80]. We do not have a proof of convergence for such a process in
the nonlinear case. It is important to observe that the polyhedral form of V; that was
exploited in the proof of [80] is absent in our problem, and this difference could prove to
be critical.

The convergence result is proved for a general scenario tree. In SDDP algorithms, the
random variables are usually assumed to be stage-wise independent (or made so by adding
state variables). This means that the future cost functions V,,(x) are the same at each
node m at depth ¢. This allows cutting planes in the approximations to be shared across
these nodes. As we have shown above, the convergence result we have shown here applies
to this situation as a special case. It is worth noting that the class of algorithms covered
by our result is larger than the examples presented in the literature. For example an
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algorithm where we select randomly a node on the whole tree, and then update backwards
from there is proven to converge. One could also think of combining SDDP and CUPPS
algorithms.

In the case where one would want to add cuts at different nodes in the tree in the
update step of our procedure, the solving of the subproblems can be done in parallel. This
is the case in CUPPS, where a whole branch of the tree is selected at each iteration. It also
allows us to consider different selection strategies, where nodes at a given iteration could
be selected throughout the tree depending on some criteria defined by the user. In the
first few iterations, this could highly increase efficiency of the approximation and, because
the solving of the subproblems can be parallelized, would not be very time-consuming.
One should bear in mind however that, at some point, the algorithm has to come back to
an appropriate selection procedure, i.e. one that satisfies the independence assumption,
in order to ensure convergence of the algorithm.

Appendix: Technical lemmas

Lemma 3.9. If J : R™ — R U {oco} is convex, U : R™ = R™ is convex then ¢(x) :=
Miny,eyy(z) J(u) is convex. Moreover if J is lower-semicontinuous, and U compact non-
empty valued, then the infimum exists and is attained.

Proof. We define
0 if u e U(x)
I, ) { +o0o  otherwise

Then ¢(x) = mingerm J(u) + I(u,z). Fix u; € U(x1) and uz € U(z2), then for every
A €10,1] dug + (1 — XNug € U(Ax1 + (1 — A)z2) by convexity of U. This shows that I(u,z)
is convex, whereby ¢ is convex as the marginal function of a jointly convex function.
The second part of the lemma follows immediately from the compactness & and lower-
semicontinuity of J. O

Lemma 3.10. Suppose f is convex and X is compact, and suppose for any integer k, the
sequence of a-Lipschitz convex functions f*, k € N satisfies

o) < fR(x) < f(x), forallz € X.

Then for any infinite sequence ¥ € X
lim f (:ck) —rk (xk> =0 <= lim f (xk> — fhon (xk> =0.
k——+o0 k——+oo

Proof. If limg_y 100 f (:rk) — fhor (:L'k) = 0 then pointwise monotonicity of f* shows that
limg 1o f (ajk) — f* (mk) = 0. For the converse, suppose that the result is not true. Then
there is some subsequence ( fk(l))l N and zF() € X with

lim f (Ml)) — fRO (:ck(l)) =0 (3.29)
k—+o00
and € > 0, L € N with
f (xk(l)> _ fk:(l)—n <xk:(l)> > e
for every [ > L. Since X is compact, we may assume (by taking a further subsequence)
that (l‘k(l))l oy converges to z* € X. For sufficiently large [, the Lipschitz continuity of

RO and fFO-F gives
’fk(l) («*) — f5O <xk(l))’
‘fk(l)—n (xk:(l)> _ pRO=r ()

IN

afzFO — 2| <

IN

aka(l) -z <

N RO RO
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and (3.29) implies that for sufficiently large I

f (mk(w) _ RO (mku)) <
It follows that

fk:(l) (1'*) - fk:(l)—n (LC*) _ fk(l) (:L'*) N fk(l) <[Bk(l)>

>

since f (xk(l)) — frB—r (xk(l)) is greater than €, and the other three terms each have an
absolute value smaller than /4. Consequently f*O) (z*) > fFO=# (z*) 4 %, for infinitely
many [ which contradicts the fact that f* (z*) is bounded above by f(z*). O

Lemma 3.11. If (y*)ren is a T-admissible selection process then for all k € N, k €
{0,...,7 =1}, and all n € N\L we have

xk‘r—i—n — mk‘r

kT+r _
ynT F=1 = { Vfﬁ—i—n—l — V:L}m'?—l if k> 1.
Proof. Let n, k and x be such that y“™™* = 1. Let a(n) := (ng,n1,...,n¢) be the sequence
of ascendants of ny := n, i.e. ng is the root node, and for all ¢ < t, ny = p(ny11). Define
the hypothesis H(t, k) :

(a) =,

(b) Virta=l — =L i t > 1.

Let ' < k and assume that for <" and all ¢’ < ¢, H(t, k") holds true. This is satisfied
for K/ = 0. Let t/ < ¢ and assume H(t',k’ + 1) is true. Since zg is fixed, this is satisfied
for ¢ = 0. By definition of uﬁ:fl",“ we have

kT+r'+1
UWH S

arg min {C’

. (xk7+n’+1’ ’LL) + VkT-H;’ o fnt,_H ($k7+m’+1’ U)}
ueld (k7 +1)

Ty TLt/+1 Tyt

thus by H(t',x" + 1) (a) we have

kr+r'+1 : kT kT+K kT
Up,, | € argmin {CmH(:Unt,,U) +Vnt/+1 ° frps (acnt,,u) .

ueld (:v’” )

Ny

Now as ny 41 is an ascendant of n and x’ < k by property (i) of definition 1, we have that

the representation of V,,, ., s not updated at iteration &', i.e.

kt+x’ _ Vk,‘T-‘rli/— 1

Nyl 41 /41
And thus H(t' + 1,&') (b) gives H(t' + 1,x" + 1) (b), i.e.

kt+r" _ yrkT—1

Myl 41 Ny
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therefore

kr+r'+1 . kT kT—1 kT
unt’+l € arg min {Cnt+l (xnt/ Y u) + VTLt/Jrl o fnt+1 (xnt/ 9 'LL) } 9

ueld (xﬁ’t', )

and consequently ©

kT+k'4+1 _ | kT

Nyrqq gy
which gives by definition H(#' + 1, + 1) (a). Induction on ' gives H(t',x’ + 1) for all
t' <t, and induction on ' establishes H (¢, k) for all k € [0, 7]. O

Lemma 3.12. Let (w¥)pen be a stochastic process with value in {0,1} adapted to a fil-
tration (Fy)ken, such that the number of terms that are non-zero is almost surely infi-
nite. Let (y¥)ren be a sequence of i.i.d discrete random variables. Define the filtration
B := a(kaU(yl, . ,ykil)) and assume that for all k € N, y* is independent of By,. Let
k(j) denote the j integer such that w* =1, i.e. k(0) =0 and for all j > 0,

k(7)== min{l > k(j — 1)|w' = 1}.
Finally we define for all j > 0, the ™ value of (y*) such that w* =1, i.e.
20 = k),

Then (2F)ren is a sequence of i.i.d. random variables equal in law to y°.

Proof. Let Y denote the support of y°. We start with z'. For i € Y,

P(z' =i)=> P({W' <1, v’ =0}n{w'=1}n{y'=i}) by {0,1}definition
=1
= ZP({yl =i)P{VI' < L, w' =0} n{w = 1}) by independence
=1

=P{y°=i}) Y PV <1, w'=0}n{uw' =1}) as(y)isiid.

~
—_

as the sequence (w*)reny must contain a 1 almost surely. Thus z! is equal in law to y°.

Now suppose that z = (z!,...,2™) is a sequence of i.i.d. random variables. Let

ki,--- , km be m ordered integers, and fix b € {0,1}" and i € Y. We have
]P’({z =b}n{z™ =i} N {k(1) = ki, ..., k(m) = km})

_ ZP({Z = b} N {k(1) = ki,... . k(m) = kn)} N {y’ = i} N {v = k(m + 1)})
v=0

S = z’)]P’({z = b} N {k(1) = ki,... k(m) = km} N {v = k(m + 1)})
v=0

=P(° = z’)P({z = b} N {k(1) = ki, ..., k(m) = k;m}).

For the last equality we have used the fact that (y*) is i.i.d. and the fact that k(m +1) is

almost surely finite and thus ({v = k(m +1)}) <y 18 a partition of the set of events.

6. This requires that the choice of optimal control among the set of minimizers is deterministic (say
that with minimum norm).
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Summing over the possible realizations of k(1),...,k(m), we obtain

P({z=b}n{z""" =i}) =P(z = b)P(yo = i).

m+1

Now summing over the possible realizations of b shows that z is equal in law to y°.

Thus

]P’({z =b}n {zm'*'1 = z}) = ]P’({z =b}nN {yo = z})
= P(z=Db)Py° =1)
= P(z=Db)P(z"" =)

m—+1

which shows that z is independent of z and equal in law to y". Induction over m

completes the proof. ]
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Chapter 4

Constraint Qualification in
Stochastic Optimization

Learn from yesterday, live for today, hope for
tomorrow. The important thing is to not stop

questioning.
Albert Einstein
Contents
4.1 Abstract Duality Theory ... ... ... ... 122
4.1.1 Introducing the Framework . . . .. ... .. ... ... ..... 122
4.1.2 A Specific Type of Perturbation . . ... ... .. ... ..... 124
4.2 Two Examples on Constraint Qualification . . .. ... ... .. 128
4.2.1 An Example with a Non-Qualified Constraint . . . . . . . .. .. 128
4.2.2 Second Example: Sufficient Condition is not Necessary . . . . . . 135
4.3 Discussion . . . . . . . . e e e e e e e e 136

With this Chapter 4, we open the part of the manuscript devoted to constraints in
stochastic optimization, and we lay out ways to tackle constraints through duality meth-
ods.

We first recall basic materials in the abstract theory of duality, and then discuss,
through simple examples, the adequation of the usual sufficient conditions of constraint
qualification to stochastic optimization problems under almost sure constraints.

Introduction

In the stochastic optimization Problem,

i E U
i [J(U)]

st. OU) e -C
an admissible control has to satisfy the following constraint

oU) e -C P-a.s.

If the probability space (Q, F, IP’) is not finite, the above constraint can be seen as an infinite
number of constraints. In most cases, the Karush-Kuhn-Tucker conditions of optimality
for a constrained problem are given for a finite number of constraints. Dealing with an
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infinite number of constraints raises functional analysis questions over which functional
spaces, endowed with which topology, are chosen for the controls and the multipliers.

In a few words, the abstract duality point of view consists in embedding an optimization
problem (7Pp) into a family of optimization problems (P,) indexed by a perturbation p € Y.
We denote by ¢(p) the value of the perturbed problem (P,). The dual problem (D)
consists in computing the value of the biconjugate ¢**(0).

We recall that properties and links between the primal problem (Py) and its dual (Do)
are strongly related to the regularity of the value function ¢ at p = 0. More precisely an
optimal solution A of the dual (Dp) is an element of the subdifferential of ¢ at p = 0.
This is the well-known marginal interpretation of the multiplier: Af is the marginal value
of a perturbation p of the problem (e.g. a modification of the constraints of the problem).

In §4.1, we present basics in the theory of abstract duality, detailing the links between
regularity of ¢ and existence of optimal multipliers (that is solutions to the dual prob-
lem). We also expose the special case of the Lagrangian duality and a sufficient condition
of qualification. In §4.2, we work out two examples underlying the difficulties of using the
duality theory in a stochastic optimization framework. Indeed simple almost sure con-
straint are shown to be non-qualified or qualified but not satisfying the generic sufficient
condition of qualification.

4.1 Abstract Duality Theory

We recall here the abstract theory of duality that can be found in [24,45,89].

4.1.1 Introducing the Framework
A family of perturbed optimization problem

We consider paired spaces ! (L{ ,Z/l*), for example a Banach space and its topological
dual (see §A.1.4 for more informations). The space U is called the space of controls. In
order to study the following optimization problem:

(Po) inf  J(u), (4.1)

uel

where J : U/ — R, we introduce a space ) of perturbations paired with Y*. Elements of )
are denoted p for “perturbation”, and elements of its paired space V* are denoted A and
called multipliers. We introduce a perturbed cost function G : U x Y — R that satisfies
the following equation.

G(,0)=3(-) . (4.2)

We consider the family {(Pp)}p cy of perturbed optimization problem induced by G:

i 4.
and denote p(p) its value, i.e.
p(p) = inf G(u,p). (4.4)

By (4.2), we know that ¢(0) is the value of the original optimization problem (4.1).

1. All topological assumptions are done with respect to the topologies compatible with the paired
spaces.
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Introducing the Lagrangian

We introduce the Lagrangian function associated with the family of perturbed prob-
lems {(Pp) }pey'

Definition 4.1. The Lagrangian L : U x Y* — R associated to {(Pp)} is given by

peY

L(u,\) := ;2{; {G(u,p)+ (X,p)} - (4.5)

Fact 4.2. If for any controlu € U the function Gy, : p — G(u,p) is convex and l.s.c.(for the
topology attached to the pairing (y,y*)), then the primal problem (Py) (defined in (4.1))
can be written

(Po) inf  sup L(u,\) . (4.6)
u€l  \eyx

Proof. By definition of the Fenchel conjugate of G,, (see Definition A.37) we have
G2\ = sup {(A,p) - Gulp)} -

peEY

Thus by Definition 4.1 we have
Vuel, VreY*,  L(u,\) = —Gi(-)).
Consequently the biconjugate of G, reads
Gr(p) = swp {(A,p)+L(u, =N}
AEY*
Changing A into —\ and taking p = 0 in the previous expression we obtain
Gy (0) = sup L(u,\) .
AEY*

As G, is assumed to be convex and l.s.c, we have by Theorem A.38 that G;* = G,,. Then
Equation (4.2) yields

) = sup L(u,)) .
AEY*

and minimization over u € U yields (4.6) O

Introducing the dual problem
With Equation (4.6) in mind, we define the dual problem (Dy) of problem (Pp) as

(Do) sup  inf L(u, A) . (4.7)
\ey*  uel

Fact 4.3. The dual problem (Dy) has value ¢**(0), where function ¢ is given by (4.4).
Proof. For any multiplier A € V*, we have, by Definition 4.1

inf L(u,\) = inf inf A G
ueu (w, %) el pey {p)+ Glup))
= inf A,p)+ by (4.4
inf {{x,p)+ o)} y (4.4)
= —¢p*(=N). by Definition A.37
Then, we deduce that the value of (Dp) is given by
sup inf  L(u,A) = sup —¢*(=A) = ¢7(0),
Aey*  u€Ud Aey*
which end the proof. O

Note that Fact 4.3 allows to introduce the dual problem directly as the problem of
computing ¢**(0).
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Relations between the primal and dual problems

Fact 4.4. The weak duality relation states that the value of the primal problem (Py) is
higher than the value of the dual problem (Dy). We call duality gap the (non-negative)
difference between the value of the primal and dual problems.

Proof. Indeed by Theorem A.38 we know that ¢** < ¢. Definition of ¢(0) and Fact 4.3
ends the proof. 0

Furthermore we give in the next proposition some links between the regularity of the
value function ¢ at 0 (given by (4.4)) and the relation between the primal problem (Py)
(in (4.1)) and the dual problem (Dp) (in (4.7)). Those results, and more, can be found
in [24,89).

Proposition 4.5. If the value function ¢ is convexr (which is the case if the perturbed cost
G is jointly convex in (u,p)), and finite® at 0 we have:

#(0) = inf(Py)

©**(0) = sup(Dy) and arg max(Dy) = d¢**(0) (that can be empty);

@ 18 L.s.c.at O iff there is no duality gap, i.e inf(Py) = sup(Dy);

 1s subdifferentiable at O if there is no duality gap and there is a solution to the
dual problem i.e inf(Py) = max(Dp) and argmax Dy # ().

Definition 4.6. Problem (P,) is said to be calm if (p) < oo and dp(p) # 0.

4.1.2 A Specific Type of Perturbation

We now show how the classical theory of dualization is inscribed in this abstract duality
theory. The main point is to formulate Problem (Py) as a problem under constraints, and
to perturb it by perturbing additively the constraint.

Constructing the Lagrangian Duality
Recall Problem (1.1),

(Po) inf  J(u)

uey>d

st. O(u)e -C

where J : U — R is a proper ls.c.convex function, 42 a non empty closed convex set,
C C Y a closed convex cone and © : YU — )Y a continuous C'—convex function (see
Definition A.48). Note that the link with §4.1.1 is given by

J=J 4+ xyaa + Xo()e-C

Let us define the following perturbed cost function

Gl.8) = T(0) + 0 (0) 4 X[ vy g p e} (0P) (48)
and we have, as required,
G(0)=3() -
Then, Problem (1.1) can be embedded in the following family of perturbed problems
(Pp) ug{gd J (1) + X{0(w)—p e—c} (D) - (4.9)

2. The convexity and finiteness assumptions are sufficient but not always necessary.
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which is equivalent to
inf  J(u
uelfad ( )

st. O(u)—p € =C
Equivalently, through Proposition A.39, we can write problem (P,)

P inf J(u) + (A, O(u) — p) .
(Pp)  jnf, sup (u) + (A, O(u) - p)

The Lagrangian introduced in §4.1.1, associated to the family of problems {Pp},cy,
reads

L(u,\) = J(u) + (X, 0(u)) + xyaa — xcr () - (4.10)
Thus Problem (Py) reads

(Po) inf  sup L(u,\) , (4.11)
uelad  NeCO+

and Problem (Dy) reads

(Do) sup  inf L(u,\) . (4.12)
AeCH  ueld

Conditions of Qualification

We give now conditions under which problems (Pp) (in (4.11)) and (Dy) (in (4.12))
are equivalent in the sense that the set of solutions of Problem (4.11) is the same as the
set of solution of Problem (4.12), and their values are equals.

Definition 4.7. Recall that Problem (Py) admits at least one solution, and is convex.
Then the constraint
O(u) € -C (4.13)

18 said to be qualified if the problem (730) is calm, that is if one of the two following
equivalent statements holds.
i) 0p(0) # 0, where ¢ is defined as in (4.4).
ii) There is no duality gap and the dual problem (Dy) has an optimal solution.
If Problem (Py) admits an optimal solution, these assertions are equivalent to
iti) The Lagrangian L, defined in (4.10), admits a saddle point on UL x C*, i.e. there
exists (uf, \t) € U x C* (C* is defined in SA.J) such that

Vue UM, YaeC*, LN < L(uf, ) < L(u, \) .

Note that it is quite difficult to check these conditions. Thus, we need sufficient
conditions of qualification. We are going to reformulate classical conditions of qualification
in our framework.

We begin by a lemma on the regularity of the perturbed cost function G.

Lemma 4.8. The function G defined in Equation (4.8) is jointly convex and l.s.c.

Proof. As J is convex by assumption, in order to show the joint convexity of G it is enough
to show that the set
{(u,p) eU* x Y | O(u) —p € —C} (4.14)

is convex.
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For this purpose, consider two pairs (u1,p1) and (ug,p2) such that,
Vi € {1,2}, O(ui) —pi € -C,
and t € [0,1]. As U is convex, and Y is a vector space, U?d x ) is convex and we have
t(ur,p1) + (1 —t)(ug, p2) €U x V.
Moreover convexity of C' gives
tO(u1) 4+ (1 — £)O(ug) — (tp1 + (L —t)p2) € —C'.
Now, by C-convexity of ©, we have
O(tur + (1 — t)ug) — (tO(u1) + (1 — )O(u2)) € —C'.
Moreover as C'is a closed convex cone, we have C' + C = C (see Lemma A.47), thus,
O(tur + (1 — t)ug) — (tp1 + (1 —t)p2) € —C.

and we have shown the convexity of the set (4.14) and thus the convexity of G.
Continuity of ©, closedness of C' and closedness of U424 give the closedness of the set

{(u,p)Eny|u€Uad, O(u) —p € —C},

hence the lower semicontinuity of the function

X (up)euxy | ueusd, 6(w)—pe—C}
Finally, lower semicontinuity of function J gives the lower semicontinuity of function G. [

As G defined in (4.8) is jointly convex, the value function ¢ defined in (4.4) is also
convex (see Proposition A.45). Consequently a sufficient condition for the constraint (4.13)
to be qualified is for ¢ to be continuous at 0. Indeed continuity of a convex function implies
its subdifferentiability (see [9, Proposition 2.36]). Moreover recall that:

e a convex function, defined on a topological linear space, is continuous at a point

in the interior of its domain if and only if it is locally bounded above at this point
(see [9, Proposition 2.14]);
e a proper l.s.c.convex function, defined on a Banach space, is continuous on the
interior of its domain (see [9, Proposition 2.16]).
However, there is no general reason for ¢ to be l.s.c.. Nonetheless we have the following
proposition (see [24, Proposition 2.153])

Proposition 4.9. Assume that U and Y are Banach spaces, that the perturbed cost func-
tion G is proper, convex and l.s.c., and p(0) < 400 (where the value function ¢ is given
by (4.4)). Then 0 € ri (dom(y)) implies that Op(0) # 0, hence

We now give the usual constraint qualification condition.

Proposition 4.10. Assume thatU and )Y are Banach spaces, and that the perturbed cost
function G is proper, convex and l.s.c.. Then, under the following assumption

(CQC) 0 eri (@ (U N dom (7)) + C) , (4.15)

Constraint (4.13) is qualified.
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Proof. (Pp) defined in (4.9) is feasible iff
Ju € U N dom(J), Ou) —pe —C,
which can be written
p € ©U Nndom(J)) + C,
thus,
dom(p) = O(U** Ndom(J)) + C .
Proposition 4.9 ends the proof. 0

Proposition 4.10 is sometimes stated without /2% or dom(J). Indeed the cost function
can always be replaced by J + X724 and in this case the minimization in u is done on the
whole space U. In other words we could easily choose U*! to be a subset of dom(.J).

Remark 4.11. The condition (CQC) (in (4.15)) is equivalent to

0eri (dom(<p)> . (4.16)

This sufficient condition is quite strong (as it will be illustrated in the next section). Indeed
in most cases a convex function is subdifferentiable also on the border of its domain. For
example if f : E — R is a finite convexr function, and C a closed convex set, then the
L.s.c.function f + x¢ is subdifferentiable at any point of its domain (i.e C).
An example of function that is not subdifferentiable on the border of its domain would

be

+00 ifx <0

o) =140 ife=0 .
zlog(x) ifzx>0

At x = 0 this function admits a tangent (toward the interior of the domain) with infinite
slope, thus, is not subdifferentiable. If the function admitted a finite sloped tangent it would
be subdifferentiable.

Almost Sure Constraint in P (Q,]-' , P ]R”) Display Empty Interior

We claim that the sufficient condition of qualification (4.15) is scarcely satisfied in a
stochastic optimization setting if we choose ) = L? (Q, F, IP) with p < co. By contrast, if
y=L>® (Q,]—" , P), this condition is more often satisfied.

Proposition 4.12. Consider a probability space (Q,f, ]P’), where F is not finite modulo
P.3 Consider p € [1,00), and a set U C R™ that is not an affine subspace of R™. Then,
the set

yed = {U eLP(Q,F,P;R") | UeU™ P—a.s.} ,

has an empty relative interior in LP.

Proof. Consider U € U, p € [1,+00) and = € Aff(U)\U?. We are going to exhibit a
sequence {Un}neN such that for all n € N, we have U, ¢ U and U, —w» U.

Since F is not finite modulo P, we can consider a sequence of F-measurable events
{An}nen with P(A4,,) > 0 and such that lim, P(A4,,) = 0. Then, we define

U - T on A,
U elsewhere.

We have HUn — UHp = H (U — a:)Il AnH' Thus, dominated convergence theorem ensures

that U, —r» U. However, by construction, for any n, we have that U, ¢ U4, O

3. See Definition 5.1.
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The space L*°, endowed with the norm topology, is better suited for almost sure
constraint as shown in the next proposition.

Proposition 4.13. Consider a set U C R™ such that int(U*Y) # (. Then the set
Y = {U eL®(Q, F,BRY) | UeU™ P—a.s.} :

has a non-empty interior.

Proof. Consider u € int(U?%), and & > 0 such that Bgn(u,c) C U*!. Then the (constant)
random variable U = w is such that, for all random variable V' € B (U,¢), i.e. such
that [|[U — V||L= < ¢, we have V' € Bgn(u,e) C U P-a.s. Thus V' € Y. O

The following practical corollary is a direct application of Proposition 4.13 and Propo-
sition 4.10.

Corollary 4.14. Consider a closed convex set U € R™. Consider the affine constraint
function © : L*° (Q,f, P; R”) — L™ (Q, F,P; ]Rp) such that there is a matric A € My, ,(R)
and a vector b € RP with

YU € L™ (Q, F,P;R"), OU) =AU +b, P-as.

Assume that J is convex, proper, and continuous on U. If 0 € ri (AUad + b) then the
constraint

oU)=0,
in the following problem,
g IO
st. ©U)=0
U e U™ P-a.s.

1s qualified.

4.2 Working Out Two Examples on Constraint Qualifica-
tion

In this section, we develop two examples that reveal delicate issues related to duality in
stochastic optimization. In a first example we show that, even on a seemingly innocuous
problem (inspired by R. Wets) there might not exist a dual multiplier in L2. In a second
example we show that a multiplier might exist even if the sufficient qualification condition
(CQC) (4.15) is not satisfied.

4.2.1 An Example with a Non-Qualified Constraint

We elaborate on an example from R. Wets*. Where R. Wets focused on a discretiza-
tion of the probability space approach to show that when refining the discretization the
multiplier would converges toward a singular measure. On the other hand we, cast the
problem in a strongly convex setting and derive directly the conditions of qualification.

Let (Q,]—" , P) be a probability space. Let € be a random variable uniform on [1,2],
a > 0 a positive real number. We consider the optimization problem

4. CEA-EDF-INRIA 2013 summer school.
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. x2 Y + «a)?

glcniﬁ > + E(2) (4.17a)
xr>a (4.17b)
(x—Y)>¢ (4.17¢)
Y >0 (4.17d)

where z is a deterministic real variable and Y is a random variable. For technical issues
we assume that 2 — a < a.

We can easily find the optimal solution. Noting that o > 0, a careful look on the
constraints shows that, Y being positive, x has to be greater than & almost surely, thus,
x is greater than essupp(§) = 2. Consequently, from a > 0, we see that

¥ =max{2,a}
Yi =0

is an optimal solution of Problem (4.17) and yields a value of

max{a, 2} 4 0472
2 2

Now using the notations of abstract duality (§4.1), we set the set of perturbation
Y =RxL*(Q,F,P;R) x L*(Q, F,;R).

Consider the family of perturbed problem, in L? spaces,

2 Y 2
mt YR [<+@>}
z,Y 2

2
=J(z,Y)

z>a+p (4.18)

(x-Y)>&+ P, P-as.
Y >0+ P; P-as.

with P = (p1, P,, P;) € Y, and denote by go(P) its value. Note that the perturbation P
has a deterministic part (p;) and a stochastic part (P, and P;).
Problem (4.18) is cast in the general framework of §4.1.2 with the constraint function

O(z,Y) = (a—x,& —33+Y,—Y> ,
and the cone of constraints

C:{(vl,VQ,V3)€y | v >0, V,>0 P-as, V;>0 P—a.s.}.

Lower semicontinuity of the value function ¢ at 0

As J is convex and O is C-convex, we obtain by Lemma 4.8 that ¢ is convex. Moreover,
the value function ¢ related to Problem (4.18) can be made explicit, and its regularity at
0 studied (in order to find properties of the dual and primal problems).
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Fact 4.15. Then, in an L?-neighborhood of 0, the value function ¢ related to Prob-
lem (4.18) is given by

2
o(P) = (max {a + p1,essupp (E + P, + max{ - a, Pg}),0}>

) (4.19)
((Py+a)")
+E f + X{essupp(P3+P2+£)<oo} :
with optimal solution
¥ =  max {a + p1, essupp (max { -, P3} + &+ PQ) , 0} (4.20)
Yi= max{P , —a}
Proof. Note that Problem (4.18) admits a solution if
essupp (P3 + P, + £) < 0. (4.21)

Indeed, in this case, the solution (zf,Y*) defined in (4.20) is admissible. On the other
hand if (4.21) does not hold, then the two last constraints of Problem (4.18) cannot be
satisfied almost surely with a finite x.

Now, if conditions (4.21) hold true, then, for a given admissible Y, the solution of

2 Y 2
in x+E[<+a>]
z 2 2
T >a+p;

r>2Y +§{+ P, P-as.

is given by
2¥ = max {a + p1,essupp (Y +£+ PQ),O} , (4.22)

with value
2
(max {a+p1,essupp (Y + & +P2),0}) IE[(Y +a)2]
+ .
2 2

Thus, we consider the minimization in Y of

' <max{a+p1,essupp (Y+E+P2),O})2 E[(Y +a)?]
n%}n +

2 2

st. P3<Y

The first term of the sum is non decreasing with respect to Y. Moreover, for ||P||12
small enough, as 2 — a < a, a +p; > 2 — «a and essupp (Y + &+ P2) < essuppY +2— .
Hence, if Y <0, {a + p1, essupp (Y + &+ PQ),O} =a+ p1. As a > 0 the second term is
also non decreasing with respect to Y from —a. Thus,

Y* = max {P3, —a} ,

is optimal for any = € R.
Now from (4.22) we obtain

X¥ = max {a+p1, essupp (YM—f—I—PQ),O} = max {a+p1, essupp (max P;, —a+§+P2),O} .

Evaluating the cost function J at (X ﬁ,Yﬁ) coupled with the condition of admissibility
(4.21) yields the expression of . O
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Fact 4.16. The value function ¢ is l.s.c.at 0.

Proof. We now show that ¢ is L.s.c.(for the strong and weak L? topologies) at 0.
e As the mapping = — (z + «)7 is a contraction, if (Pn) converges in L? towards
P, then ((P,+ a)™)

neN

nen converges in L2 towards (P + «)*. Thus the function

P +\2
hlszE—(( SJ;O‘) )

is continuous.
e The mapping
P — ¢+ P, —max{P;, —a}

is continuous. So, by Lemma A.56, the mapping
P +— essupp (S + P, + max{ — a, P3})

is L.s.c, and as the mapping P — a + p; is continuous we have (Lemma A.54) that
the mapping

ha: P s max{a+p1,essupp (€+ Py +max { - O"Ps}>’0}

is Ls.c.As the function hs is non-negative, we have h3 = (hd)2. Moreover the
mapping z + (z7)? is non-decreasing, thus we obtain by Lemma A.53 the lower
semicontinuity of h.

e By Lemma A.56 we know that the function P — essupp (E +P,+ P3) is l.s.c., thus
its level sets are closed and the set

D:{PEL2 | essupp(Py + P, + &) < M},

is closed.
Finally, hy being continuous, and hs 1.s.c.hy 4+ ho is L.s.c., and by Lemma A.55, the function

@ =h1+ha+xD
is L.s.c.. ]

From the lower semicontinuity of the value function at the origin, Problem (4.17) and
its dual in the sense of §4.1.2 have the same value. By Proposition 4.5, there is no duality

gap.

Non-Subdifferentiability of ¢ at 0

Fact 4.17. If a < 2, the value function ¢ (defined by (4.4) and given by (4.19) ) is not
subdifferentiable at 0.

Proof. The proof is by contradiction. Suppose that there exists A* € d¢(0) € L2. Then
we have, for all P € L?,
p(P) —¢(0) > (A", P) . (4.23)

We now display a family of perturbations that implies that the L2 norm of A* is not finite,
hence a contradiction.
Consider the perturbation 52P6, where

P = (0,—1/5156[2_672},0) .
~—_— —_——

P2,a
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As we have
£+ Py, = Elgena—e)) + (€ — &) lieep—cay »

we obtain
essupp (& + 52P27€) =2—c.

Moreover, for 0 < e < 2 — a, (¢ exists as a < 2),
2 2 2
(max{a + p1,e,essupp (€ +e°P, E),O}) =(2-¢)7,
~—~ ’
=0
which in turn yields
p(?P) —p(0) = (2—¢e)? =22 = —2e + 2.

Consequently, from the subgradient inequality (4.23) we obtain

p(e*P,) — ¢(0)
62

= —g +1> (AL P).
Consequently, for ¢ < 1/2, we have (¥, P) <0, and thus,
- 241 <Py
However the Cauchy-Schwartz inequality yields
=2+ 1) S AL B < IV - 1B = IV

Taking the limits ¢ — 0 leads to a contradiction. Therefore A* does not exist, which means
that 9p(0) =0 : ¢ is not subdifferentiable at 0. O

From this fact we conclude that the dual problem (defined by L? perturbations) has
no solution for a < 2.

Working out the Dual Problem

We now write the dual problem (for L? perturbations) of Problem (4.17), and derive
a maximizing sequence that does not converge in L2, but converges toward an element of
(L>)".
Following §4.1.2 the dual of Problem (4.17) is given by
22 (Y + «)?

sup inf ——HE[ 5

A>0 oY 2 } +A(a—2) +EAE-2+Y) =AY ], (4.24)

where A = (A1, Ay, A3) is an element of R x L?(Q, F,P;R) x L?(Q, F,P;R).

Fact 4.18. The optimal value of the dual problem is given by

042
5 + max{a, 2}?/2

which is equal to p(0) (by (4.19)). Thus, as already obtained in Fact 4.16, there is no
duality gap.

If a < 2, then we can construct a mazimizing sequence of Problem (4.24) that does not
converges in L2. If a > 2, then we have an optimal solution to Problem (4.24) that lies in
L2, thus o is subdifferentiable at 0.
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Proof. For a given multiplier A = (A1, Ay, A;), the minimization part of Problem (4.24)
can be written as

min {“’j — (M +ERA)z + ad + B[] } + min {E[(Y;O‘)Q + (A, — As)Y} } .

(4) (B)

Part (A) is easily minimized as it is a second order polynom in x, with value

A+ E[A))?
_ A+ ERGD 5 ) | oy +E[AE] .
Part (B) is also easily solved as we can interchange the inf and the expectation (because Y
is measurable with respect to &, see [96, Theorem 14.60] ). Thus the minimum is attained
for
Yﬁ:—a+)\3—)\2,
with value )
(A3 = Ay)
2

Thus Problem (4.24) now becomes

E| (g = Ag)(—a+ Ay = Ay)]

2
s {—ﬁ—k(a—E[AQ]))\l—(M;‘z])+E[A2§]+E[—(A3_2)\2)2+a(>\3—)\2)}}.
1,A9,A52

For given A, and A;, the maximization in A; is quadratic (in R). The unconstrained
optimum being A\; = a—E[\,], thus the optimum is A§ = (a—E[\,])". Maximization in A,
can be done under the expectation and thus, the optimum is achieved for }\3ﬁ =Xy +a)t.
As o and A, are non-negative we have A b= A, + a. Hence the remaining maximization
problem in A, reads

((a—EXD")?  (EA)? o?
f;g)o { 2 : N 22 +E[AE] + 2} . (4.25)

First we solve Problem (4.25) over the set of A, such that E[A,] > a. In this case, we
have to solve

o (E[)‘z])Z
PN {- 57 rEng}.
E[Xxy]>a

This problem can be written

2 2

M
af—i-sup sup {———l—E[}\Q&}},
2 Mza A0 2

E[X\,]=M

and the supremum in A, is obtained by concentrating the mass on the highest value of

€. A maximizing sequence is given by Mklyo_1/k)<¢<2y € L2, which converges (up to

the canonical injection) in (L‘X’)* towards )\g = M¢—gy. Moreover sup {2M — M2/2}
M>a

is attained at M* = max{2,a} and has the following value

max{a, 2}?

2max{a,2} — 5
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Now consider the set of multipliers such that E[A,] < a. Then, Problem (4.25) reads
2 2

« a
5 5211;0 {? —aE[\,] + E[A2£]} .
E[A;]<a

Thus, we need to solve

a? a®
sup sup —+{——aM+E[)\2£]}
0<M<a X,>0 2 2
E[Xy)=M

and, as previously, we concentrate the mass of A, over the highest values of &, leading to

2 2

4 sup {&+(2—a)M}.

2 o<m<a ' 2

which is maximized for M = a if @ < 2, and maximized for M = 0 if a > 2. Note that in
this case the optimal multiplier is no longer a singular measure.

Collecting results we consider separately the case where a < 2 and where a > 2.

e Assume that ¢ < 2. Then, maximization over the set of multipliers such that
E[X,] > a, yields a value of a?/2+2 whereas maximization over the set of multipliers
such that E[A,] < a yields a value of a?/2+2a—a?/2 which is smaller. Consequently
the optimal value of Problem (4.25) is

a?/2+2,
and a maximizing sequence is

A = 2T ooy <e<ay -

e Assume that ¢ > 2. Then, maximization over the set of multipliers such that
E[X,] > a, yields a value of a?/2 + 2a — a?/2 whereas maximization over the set
of multipliers such that E[A,] < a yields a value of /2 + a?/2 which is bigger.
Consequently the optimal value of Problem (4.25) is

o?/24a?/2,
and the supremum is attained in
A=0.
This ends the proof. O

We have thus seen on this example that:

e The value function ¢ is Ls.c. at 0 (in the L? topology), and thus there is no duality
gap. This is checked through explicit computation of the dual problem.

e If a < 2 the function ¢ is not subdifferentiable at 0, thus the constraints are not
qualified. We can however construct an optimal solution in (L‘X’)*.

e If a > 2, there exists an optimal multiplier in L?, and thus the constraints are
qualified.

Remark 4.19. Note that if a < 2 then the constraints on the random variable Y imply
constraints on the variable x. Indeed, according to Constraint (4.17c) we have x >Y +&,
and by Constraint (4.17d) we obtain v > & (P-a.s.), and as x is deterministic this is
equivalent to x > essupp(§) = 2. This last constraint is stronger than Constraint (4.17b).
This is an induced constraints.

On the other hand, when a > 2, we are in the so-called relatively complete recourse
case as for every x > a, there is an admissible Y . In other words there is no induced
constraints. Hence, results by R.T.Rockafellar and R. Wets (see [93]) imply the existence
of a L' multiplier in this case.
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4.2.2 Second Example: Sufficient Condition is not Necessary

Let (Q, F, IP) be a probability space. We consider the following minimization problem,

1
inf -E[U? 4.
o 2]E[U] (4.26a)
st. U=0 Pas. (4.26D)

where the solutions are looked after in the space L2 (Q, F,P; ]R).
The unique admissible solution is U* = 0, and the optimal value is 0.

Fact 4.20. In Problem (4.26) the P-almost sure constraint U = 0 is qualified (for the Ba-
nach L2) but does not satisfy the sufficient constraint qualification (CQC) given in (4.15).
However it satisfies (CQC) for the Banach L.

Proof. We embed Problem (4.26) in the following family of problems indexed by a L2
perturbation P,

RS .
M SEIU]

st. U=P P-as.
with value p(P). We easily obtain that

P 2
IS L. POV

As for all P € L? we have ¢(P) > ¢(0), it comes by definition that ¢ is L.s.c.at 0 and that
0 € 9p(0).
Moreover the dual problem is given by

U? A2
sup inf E [— + AU} = sup —E [—} = 0.
rerz U<l 2 AcL? 2

Consequently there is no duality gap, and an optimal multiplier is Af=o.
However, in the framework of §4.1.2, we have chosen

U ={U e L?(Q,F,P;R) | U<1 Pas}

and © = Id, C = {0}. Thus ©U*! Ndom(J)) + C = U*! which is of empty interior (by
Proposition 4.12). Consequently this example does not satisfy the sufficient qualification
condition (CQC) (see (4.15)).

If we consider & = L*° (Q,]:, P; R) we have

U ={U ¢ LOO(Q,]:,]P’;]R) | U<1 P-as.}

and
oW Nndom(J)) +C =u .

Finally we have that, through Proposition 4.13,
0 € intU™

which ends the proof. O
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4.3 Discussion

We have presented the classical abstract framework for duality in convex optimization,
and applied it to almost sure constraints in stochastic optimization.

Working with LP spaces, with p < +00, we have shown on simple, seemingly innocuous
examples, that:

e the constraint might not be qualified,

e even when the constraint is qualified, the usual sufficient condition of qualification

may fail.

We conclude with the observation that IP spaces, with p < +00, might not be the proper
setting to treat almost sure constraint by duality.

By contrast, the L topology might be better suited for almost sure constraint. Unfor-
tunately, the topological dual of LL*° is well-known to be a rich space, difficult to handle. In
the next chapter, we provide conditions that lead to constraint qualification in stochastic

optimization problems, using the (LOO, Ll) duality.
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In Chapter 4, we recalled the abstract theory of duality, with a focus on constraint
qualification. We underlined that constraint qualification of almost sure constraints in
stochastic optimization raises specific issues. In particular, we have shown on generic
examples that the topologies on LP, for p < 400, may often fail to yield qualified almost
sure constraints. We have also seen that in L°°, paired with its dual, the sufficient condition
of qualification applies. In this Chapter 5, we provide conditions under which almost sure

constraints are qualified in the duality (LO", L1>.

In §5.1, we present several topologies on L (Q,]—' ,P;Rd), each topology inducing a
different duality pairing, hence different results about constraint qualification. In §5.2, we
provide our main result, mainly extending the work of R. Wets in [116]. Finally, in §5.3,
we showcase an application to a multistage stochastic optimization problem.
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5.1 Topologies on L (Q,]:, P; Rd)

In this section, we recall results of functional analysis. More precisely we present some
topologies on the set L™ (Q, F,P; ]Rd) of essentially bounded functions .

Moreover, we have restrained ourselves to random variables taking values in R?. Indeed
a control process of a T-stage problem, each stage having finite dimensional controls and
state, is a stochastic process taking values in a finite dimensional space. If we were
interested in problem with continuous controls we could consider random variables taking
values into [0,7] (e.g. L>(, F,P;RIT])). Some results are available for more general
image spaces.

Almost all the following results can be found, in a more general setting, in functional
analysis books. For an easy but insightful introduction (for the Lebesgue measure) see [25],
for general results in infinite dimension see [3,22]. A brief selection of general results is
given in §A.1.

5.1.1 The space L> (Q,}", P; Rd)

Let (Q,]: ) IP’) be a probability space. The set of essentially bounded F-measurable
functions £ (Q,]—" ,P;Rd) can be equipped with an equivalence relation ~ stating that
X ~Y iff X =Y P —a.s.. The set of equivalence classes is denoted by

L (Q, F,P;RY) = £2(Q, F,P;RY) / ~ .

For notational simplicity, we will sometimes write L™ instead of L*° (Q, F,P; Rd).

The set LO (Q, F,P; ]Rd) is the space of (equivalence class of) F-measurable functions
taking values in R%. The set L (Q, F,P; Rd) is the subspace of L° (Q, F,P; Rd) of integrable
functions, i.e. such that

VX L@ FPRY,  E[IXn] i= [ 1X(@)lsdP@) < +oo.
Q

The usual norm of L is, for every X € L! (Q,}',IP’;Rd), HXHL1 = IE[ HXHRd]'

Definition 5.1. A o-algebra F is said to be not finite modulo P if one of following equiv-
alent assertions holds true:

i
inf {P(4) | AeF, P(4)>0}=0, (5.1)

ii) The number of F-measurable events A € Q of positive probability is not finite,
iit) there exists a F-measurable, real valued, random variable X such that,

vneN, P(X=n)>0.
Proof. Consider the following equivalence relation on the o-algebra F
A~B <= P(AAB)=0,

where

AAB := (A\B)U (B\ A).

We work in the class of equivalence F/ ~.

1. Those topologies can be defined on any Banach space (or even for some cases on topological spaces)
and most results recalled here remain true.
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i) = ii) Let {A”}neN be a minimizing sequence of (5.1), such that

1
VneN,  0<P(dn) < oo

Define, for all n € N, the sets
B, = UanAk ,

and
Cn = An\Bn+1 .

Thus {Bn}n N and {C’n}n cny are also minimizing sequences of (5.1), indeed IP’(Bn) <
1/2"1 and P(C,) < 1/2™.

Moreover there is a subsequence {an } kEN such that each term is of positive prob-
ability. Otherwise, we would have N € N such that

vn>N, P(C,) =0,

hence,
vn > N, Ax C B, .

As ]P’(A N) > 0 it contradicts the fact that {Bn}n ¢y 1S a minimizing subsequence.
Thus {C’nk }k oy I8 @ non-finite sequence of F-measurable, disjoint, events of positive
probability.

i) = iii) We choose X =377, klc,,

ii) = i) If the infimum in (5.1) is ¢ > 0 the number of disjoint event of positive
probability is finite (at most 1/¢). Thus the number of events in F/ ~ of positive
probability is finite.

iii) = ii) Each events ({X = n})neN is of positive probability.

O]

Remark 5.2. If the o-algebra F is finite modulo P then L*>° (Q,]-", P; Rd) is a finite di-
mensional space. As it is an Hilbert space, the weak and weak* topologies (and hence the
Mackey topology), presented hereafter, are equivalent.

For any X € L*° (Q, F,P; Rd) we denote by HXHOO the essential supremum of X, i.e.
X o= int {M € RU {roo} | B(|X[lpa = M) =0} (52)

The topology 7 induced by ||| is called the norm topology. The convergence of a
sequence {X n}n y of random variables toward X in the norm topology is simply denoted
by X, — X.

Moreover, we define by (L‘X’)* the set of continuous (for the norm topology) linear
forms on L*°. The natural norm on (LOO)* is defined by, for any v € (Loo)*,

S

ol () = sup {[o(X)| | XeL™, |X|_<1}.
We have the following results.

*
Fact 5.3. We gather here some useful results on L and its topological dual (L°°> .
Consider a probability space (Q,f, IP’).
o [f F is not finite modulo P, (LOO, TH”) is a non reflexive Banach space.
e The Banach space L™ (Q, F,P; ]Rd) is separable iff the o-algebra F is finite modulo P.
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e The Banach space L>° is dense (for the norm topology) in 1P, for any p € [1, 0]
(recall that a probability measure is finite and see [3, Theorem 13.8] or §B.2).

e The topological dual of the Banach space L™, denoted by (LOO)*, s 1sometrically
isomorphic to the set ba(Q,f, ]P’) of all finitely additive, finite, signed measures de-
fined on 2, which are absolutely continuous with respect to P, equipped with the total
variation norm (see [42, Theorem IV.8.16]).

e There is a canonical injection i of L' into (L"O)*, where for all Y € L1,

i(Y): X »E[Y - X].
We give a short proof of the second point, when d = 1,

Proof. If F is not finite, there exists a random variable X such that for every n € N|

P(X =n) > 0. For any sequence u € {0, 1}N, where v = (up)pen, we define the bounded
random variable
X, = Zu”]l{xzn} .
neN

Note that for every sequence u and v in {O, I}N such that u # v, we have

X, — XUHoo = Zlelll\)l |t —vp| =1.

Thus we have an enumerable number of points in L equally distant to each other, thus
no countable sequence in L* can be dense, and thus L* is not separable.

On the other hand if F is finite it is generated by a finite partition (say of cardinal
N), and L*™ (Q, F,P; ]Rd) is isomorphic to RV™, O

5.1.2 Weak and Weak* Topology of L=
Weak Topology O'(LOO, (LOO)*)

Recall that (LOO)* is the set of continuous (for the norm topology) linear forms on L°°.
The weak topology O'(LOO, (Loo)*) is, by definition, the coarsest topology such that every
element in (LOO)* is still continuous.

Fact 5.4. The weak topology is separated. We denote by X, — X the fact that a sequence
(Xn)neN weakly converges toward X . We have

X,~X < VYe€(([L>), Y,X,) = (Y,X). (5.3)
Fact 5.5. The weak topology is coarser than the strong topology:
o (L, (L)) € 7 -
We have the following additional properties linking the weak and strong topologies.
If X, — X, then X, — X.
If X, — X, then HXnHoo is bounded and HXHOO < lim, HXnHOO
Le)”
If X, =X andY, Q Y, then (Y,,X,) = (Y, X).
A convex set is closed in the norm topology iff it is closed in the weak-topology.

Consequently a convex function is l.s.c for the norm topology iff it is l.s.c for the
weak topology.

Note that this fact is not restrained to L*°

Fact 5.6 (Eberlein-Smulian). A set is weakly compact iff it is weakly sequentially compact
(see [3, 6.35]).
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Weak* Topology O'(LOO, Ll)

We go on by coarsening the topology > U(LOO, (LOO)*).

We define by O'(LOO, Ll) the coarsest topology on L> such that every L!-linear form
on L (Q, F,P; Rd) is continuous, i.e. such that for every Y € L! (Q, F,P; Rd), the linear
form X — IE[X . Y] is continuous. As L* (Q,]—", P; Rd) is the topological dual (for the
norm topology of L!) of L (Q, F, P Rd), O'(LOO, Ll) is the so-called weak* topology of L.

We denote by X, X X the fact that sequence (Xn)

and we have

neN weakly* converges toward X,

X,>X <+ vvyel, E[Yv -X,]—-E[Y X]. (5.4)

The main interest of the weak* topology is given by the Banach-Alaoglu-Bourbaki
Theorem (see [3, Theorem 5.105]), recalled in the following fact.

Fact 5.7. The norm-closed unit ball is weak* compact, hence any bounded and weak*-
closed set is weak*-compact.

Notice that, if F is not finite modulo P, the unit ball is not compact in the weak
topology. Indeed, if it were the case Kakutani’s theorem would imply that L is reflexive.

Fact 5.8. We have the following inclusion of topologies:
O'(LOO,Ll) C O'(Loo, (LOO)*) C T -

We have the following additional properties on the weak* topology, where {X, }nen is a
sequence of L, and {Y, }nen is a sequence of L.

o The weak* topology is separated.

o If X, —~ X, then X, > X.

o If X, = X, then | X, || is bounded and || X || <lm|X,||_.

(1)

o If X, > X andi(Y,) ——i(Y), then (Y,, X,) = (Y, X).

5.1.3 Mackey topology 7(L>,L!)

The weak™ topology U(LOO,LI) is defined as the coarsest topology such that the L!
linear forms are continuous. The Mackey topology T(LOO,Ll) is defined as the finest
topology such that the only continuous linear forms are the L' linear form.

Thus the Mackey topology is finer than the weak* topology. Hence, it is easier for a
functional J : L* — R to be Mackey continuous, than to be weak* continuous.

Fact 5.9. We have the following inclusion of topologies:
(T(LOO,Ll) - T(LOO,Ll) - U(LOO, (LOO)*) <y -

We have the following additional properties.
r(Leo 1t .
e X -~ X = XnuX = X, —X.
e The Mackey topology T(LOO, Ll) s separated.
o A convex set is closed in T(LOO,LI) iff it is closed in U(LOO,LI).

7(Leo.Lt)
e x, A X — WY eLNQFBR), E[Y|X,-X|u.] 0.

2. As noted by H.Brezis, one could be surprised that we thrive to obtain coarser topologies. The reason
is that a coarser topology implies more compact sets, which are useful for existence results.
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There is a practical characterization of the convergence of a sequence in the Mackey
topology by M.Nowak [71, Theorem 2.3]

Proposition 5.10. The sequence {Xn} T(LOO,LI)—CO’IL'U@T’QBS toward X iff

neN
Ipefl,+0), X, 55X
sup,, HXnHOO < 400

Remark 5.11. We have presented different topologies on L as they induce different
pairings. For example we can consider:

o the natural pairing <L°°, (LOO)*> of a Banach space with its topological dual, where
L is either endowed with the strong or weak topology;

e the pairing (LOO, L1> that coincide with the previous one (up to canonical injection),
where L™ is either endowed with the weak* or Mackey topology.

In the following section we present a duality result using the pairing (LOO, Ll) , where L™

1s endowed with the Mackey topology T(LOO,Ll).

5.2 A Duality Result Through Mackey-Continuity

In [116] R.Wets exhibited conditions such that the non-anticipativity constraints are
qualified in the pairing (Loo, Ll). Here we extend the results to more general affine con-
straint.

In §5.2.1 we present the optimization problem. In §5.2.2 we gives some results of weak*
closedness of an affine subspace of L°°. Those results are used in §5.2.3 which follow closely
the proof given in [116]. In §5.2.4 we discuss one important continuity assumption made
in the proof.

5.2.1 Problem Statement

Let U be L™ (Q, F,P; ]Rd), and U be an affine subspace of .

We consider a cost function j : R x Q — RU { + oo}, assumed to be a convex normal
integrand (see [96] for definitions and properties), with the following assumption, known
as strict feasibility condition,

Je>0, IU,eU™, VueR? |ulga<e = jU,+u,-)<+oo P-as. (5.5)

This strict feasibility condition is essential for the results. We define the objective function
J:U — R by

J:U o E[(U)] ::/Qj(U(w),w)dIP’(w). (5.6)

Finally, we consider the problem

yhoin E[j(U)] . (5.7)

We consider the pairing <Y ,X>, where Y € L', X € L* given by

(Y ,X):=E[Y - X].
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5.2.2 Weak* Closedness of Affine Subspaces of L (Q,]:, P; Rd)

We show conditions for affine subspaces of L*° (Q,]—" ,P;Rd) to be weak* closed, and
give some examples. This closedness assumption is required to prove the duality result in
§5.2.3. Simultaneously we obtain weak* continuity  results for linear operators useful in
Chapter 6.

Proposition 5.12. Consider a linear operator
O: LOO(Q,]:,IP’; R") — LOO(Q,]:,IP’;Rm) ,
and a vector b € L*° (Q,]:, P; ]Rm). Assume that there exist a linear operator

of:LY(Q, F,»;R™) — LY(Q, F,P;R") ,

such that:
VX € L°(Q,F,P;RY), VY € LY(Q,F,P;R™), <Y ,@(X)> - <@T(Y) ,X> .
(5.8)
Then the linear operator © is weak* continuous and the affine set
ut = {X eL®(@FPR") | O(X)=B}, (5.9)

1s weak* closed.

Proof. Consider a net (Xi)z‘ez in y2d c L (Q, F,P; R”) converging weakly* towards X,
and a random variable Y € L! (Q, F,P; Rm).
We have, for any i € Z, by definition of OF,

E[(Y,0(X;))] = ER@T (Y).Xy)] -
As ©1(Y') € L'(Q, F,P;R"), the linear form
X —E[6/(Y) X],
is weak* continuous (by definition of the weak* topology). Hence,
XliingE[eT(Y) -X,] =E[6/(Y) X]=E[Y -0(X)].
In other words the net {©(X,) }H converges weakly* toward ©(X ). Hence, the function
0 : L®(Q,F,P;R") — L®(Q, F,P;R™)

is continuous if both spaces are endowed with their weak* topology.
As {B} is a weak*-closed set, we have that &*! = ©~!({B}) is weak*-closed.
O

Corollary 5.13. Consider a matric A € My, n(R), and a random wvariable B €
LOO(Q,.F,P;Rm). Then the linear operator © : LOO(Q,}',IP’;R”) — LOO(Q,.F,P;Rm),
defined by

VX e L*(Q, F,P;R"), ©(X)=A4X, (5.10)

s weak* continuous, hence the affine space
U :={U e L*(0, F,B;R") | AU=B P-as.}, (5.11)

s weakly* closed.

3. By weak™ continuity we means the continuity of the function from L* to L°° both endowed with
the weak™ topology.
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Proof. The operator O : L' (Q, F,P;R™) — L!(€, F,P;R"), defined by
VY € L'(Q,F,P;R™), ol(y)=4A"Y,
is linear and such that
VX € L>®(Q,F,;R"), VY € LY(Q,F,P;R™), (Y ,0(X))=(e!(Y),X).
Thus, © is weak* continuous by Proposition 5.12, and U in (5.11) is weak* closed. [

Corollary 5.14. Consider a filtration § = {Fo}! ' on (Q,F,P). Then, fort € [0,T—1],
the linear operator Oy : L (Q, F,P; Rd) — L™ (Q, F,P; ]Rd), defined by

VX e L®(Q,F,RY), 6(X)=E[X | /]-X,

is weak™ continuous.
Hence, the linear space

N ={U eL®(Q,F,P;RT) | vte[0o,T-1], E[U,|R]=U,}, (5.12)
s weakly* closed.

Proof. We construct the right operator to apply Proposition 5.12.
For t € [1,n], linear operator @I (Lt (Q,}",IP;Rd) - L! (Q,F,P;Rd), defined by

vY e LY(Q, F,P;RY),  Ol(Y)=E[Y |R]-Y,
coincide with © on L* (Q, F,P; Rd) and, is such that
VX € L®(Q,F,BRY), vY e LY(Q,F,BRY), (Y ,0,(X))=(0](Y),X).

Indeed,

E|Y - 6,(X)| =E|Y -E[X | ]| ~E[v - X]

E[E[Y | B] X|-E[Y - X] by Lemma B.3

Elof(v) X|.

Hence, Proposition 5.12 gives the weak™ continuity of ©;.
We have

T-1
N =6 ({0})
t=1
thus, N is weak* closed. O

5.2.3 A duality theorem
In this section we show the following first order optimality conditions.

Theorem 5.15. Assume that j is a convex normal integrand, that U is a weak* closed
affine subspace of L>° (Q,]—",IP’;Rd) and that J given by (5.6) is continuous in the Mackey
topology T(LOO,Ll) at some point U, € U N dom(J). Then the control U* c U™ is an
optimal solution to

it B[j(0)]

if and only if there exist A* € Lt (Q,]—", P; Rd) such that
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o U minimizes on U the following Lagrangian*

LU N) =E[j(U) + U - ¥,

e and A e (Uad>L.

In order to show this Theorem, we need a few preliminary results. We follow the work
of R.Wets in [116] for non-anticipativity constraints.
Consider the problem
inf J(U 2 (U) . 5.13
gof J(U) + xyea (U) (5.13)

In Lemma 5.16 we show that J is weak*-l.s.c, and hence T(LOO,LI)—LS.C. However
Theorem 5.17 requires a stronger assumption: the continuity of J at a point U,. This
assumption is discussed in §5.2.4.

5), then the Fenchel conju-

Lemma 5.16. If j is a normal convex integrand satisfying (5.
1), s given by

gate (defined in Definition A.37) of J in the pairing (L°°,L

J*(A) =E[*(A)] = /Q M (w),w)dP(w)

and
F(vw) = sup {uA—j(u,w)} .
ucRd
Moreover, we have
JT=J.
Thus, J is weak*-l.s.c.
Proof. 1t is a direct application of [88, Theorem 3]. O

Theorem 5.17. Assume that U is an affine space. Assume that j is a convex normal
integrand, and that J given by (5.6) is continuous in the Mackey topology T(LOO,Ll) at
some point Uy € U N dom(J). Then, we have

inf J(U)= max —J"(A).
U eyf>d Ae(uad)L

Proof. Notice that as the set &2 is weak* closed convex, the function Xyad 1s also convex
and weak* l.s.c., and hence T(LOO, Ll)—l.s.c.
By using an extension of Fenchel’s duality theorem as given in [87, Theorem 1] we have

I}rg/{ {J(U) + Xgqad (U)} = mmax { — J(A) = X} (z\)} . (5.14)

Indeed both functions are convex, and J is continuous in the Mackey topology T(LOO, Ll)
at U, € U, where yja is finite.

Moreover,
Xyyad ()\) = Urré%{}gd<)\, U)= X(Z/{ad)L ()\) . (5.15)
We conclude by combining (5.14) and (5.15). O

A by product of this proof is given, as 4*? is an affine space, in Equation (5.15).

4. Recall that 44*? is an affine space, hence we do not need to specify the point at which the dual cone,
given in Definition A.40, is evaluated.
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Corollary 5.18. Suppose that the assumptions of Theorem 5.17 hold true. Then, a control
U! minimizes J if and only if there exists A € (L{ad)J‘ such that

~Aeaj(U?).
Moreover, those A are the points where J* achieves its minimum over (L{ad)l.

Proof. Throughout the proof we consider the Mackey topology T(LOO,LI) on
Le° (Q,]—", P; Rd). Thus, the topological dual of L* is L', and any subgradients are el-
ements of L.

Consider a control U? € ©*d. Note that U¥ minimizes J on U iff 0 € O(J +
Xuad) (Uﬁ). By [88, Theorem 3], this is equivalent to 0 € 8(J) (Uﬁ) + 8(Xuad) (Uﬁ)7 and
thus to the existence of A* € L' such that A\* € a(Xuad)(Uﬁ) and —A* € a(J) (Uﬁ).
Finally, we have

0 (xgns) (UP) = (09)
Indeed A € O(xyua) (U?) iff
YU eu™, (\U-U"<o0,
and, as U4 is a vector space, it is equivalent to
YU e,  (A\U-U"=0.
Thus the existence of U* minimizing J over 424, implies that A* € (Z/{a‘d)L and —\f e
0J(U?).

On the other hand assume that there is such a A!.
As —Afe &](Uﬁ), we have

YU eUd, J(U)=JU)+ (-2 U-U),
which can be written as

J(UY) < (=A% Ut - (sju%{< ~XN,U) - J(U)}

r(-x)
and leads to (the other inequality being always satisfied)
J(UH + T (= A) = -E[X. U] .
Similarly, as A € Oxyea (U*) we have
Xeeed (U%) + Xjaa (A) = E[AF. U] |

and, as X}, = X( )L, (see Equation (5.15)) we obtain

uad
Xopna (UF) + X () (A =E[X*.UY|.
Thus,
s () X (V) = =T (09) = (=2
or, equivalently,

Xynd (UF) + J(U?) = —J* (= A¥) - LAY = (= A —x

uad)

as (Z/{ad)L is a vector space. Hence, Theorem 5.17 achieves the proof. O
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As we said at the beginning we now end the section by the proof of Theorem 5.15.

Proof. By Corollary 5.18, the control U* is a minimizer of J over 424 iff there is —A¥ €
8J(Uﬁ) N (Z/lad)l. Moreover U? minimizes the Lagrangian L(U, A*) on U iff

0ea(J+ (N, )) (U7,
and, by the continuity assumption and [88, Theorem 3], this condition can be written as
0€0(J)(UF) + 0 (A%, )) (UF) -

As the subdifferential of (A%, .) is {)\ﬁ}, this is equivalent to —Af € &](Uﬁ). O

5.2.4 Discussing the Local 7(L*>,L')-Continuity of J

It is worthwhile to elaborate on the Mackey continuity assumption of J at point U,
in Theorem 5.17. Indeed Lemma 5.16 show that J is weak* l.s.c everywhere, which is
equivalent to be Mackey l.s.c everywhere as J is convex. However assuming that J is
Mackey upper-semicontinuous at point U, is a weaker assumption than assuming weak*
upper-semicontinuity at point U,,.

First we show that if J is finite then J is Mackey continuous. Then, we give conditions
on j for J to be finite. Finally we show that, unfortunately, if the optimization problem
include almost sure bounds, then the function J cannot be Mackey continuous at a point
U,.

Conditions for Mackey Continuity

We show Mackey continuity if J (defined in (5.6)) is finite. First we need a definition
and a lemma.

Definition 5.19. We say that J : U4 — R has the Lebesgue property if for any sequence
{Un}nEN such that

o Subucs U, . <+,
e U, “5 U,
we have J(U,) — J(U).

Lemma 5.20. Suppose that j is a convex integrand and that J (defined in (5.6)) is finite
everywhere on L™ (Q,]-", P; Rd). Then, J has the Lebesgue property.

Proof. Consider a sequence (Un) converging almost surely toward U, and such that

neN

sup HUnHOO <M < +4o00.
neN

As, for almost all w, u — j(u,w) is convex and finite, it is also continuous. As j is
measurable in w, it is a Caratheodory integrand, and thus a normal integrand.

By a measurable selection argument [96, Theorem 14.37], there exists V' € LY satisfying
VI, < M and

FV)l = max [j(u,w)| < oo,
lullga <M

almost surely. In particular we have, for all n € N, [j(U,)| < [7(V)].

Moreover, by continuity in u of j we have, for almost all w,

U, (w),w) =n j(U (w),w) .

n

Now as J(V') < +00, Lebesgue dominated convergence theorem ensure that J(U,) —
J(U). O
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Proposition 5.21. Assume that j is a convex integrand and that J is finite everywhere
on L™ (Q,f, P; ]Rd). Then, J is T(LOO,LI)—sequentially continuous.

Proof. Recall that, for a sequence (xn)n oy I 2 topological space, the sequence (l’n)n N
converges toward x if from any subsequence we can extract a further subsequence con-
verging toward z.

Assume that (Un)neN T(L“,Ll)—converges toward U. Then, by Property 5.10, we
have that there is a p > 1 such that (Un)n
that (U,)

oy converges in L” toward U, and, in particular,

nen converges in probability.

Consider the sequence (J (Un))n - For any subsequence (J (U ¢(n))>n€N, we are going
to construct a sub-subsequence converging towards J (U)
As (U ¢(n))n oy converges in probability (as a subsequence of a sequence converging

in probability) toward U, we have a further subsequence (U w(n)) converging almost

neN
surely towards U. Moreover Property 5.10 ensures that sup,,cy HUnHOO < 400. Thus,

Lemma 5.20 guarantees convergence of (J U 7J}(n)))n oy toward J (U), hence the conver-
gence of (J(Un))nEN toward J(U). O

Corollary 5.22. Assume that j is a convex integrand and that J is finite everywhere on
Lo (Q,}", P; Rd). Then, J is T(Loo,Ll)—continuous5.

Proof. In the proof of [88, Theorem 3], it is shown that, under strict feasibility assumption
(satisfied by finiteness of J), we have

3Y, € L' such that j*(Y,,)" € L.

Using Lemma 5.20, the result is a direct application of [72, Theorem 3.4]. O

Condition on j that Ensures Finiteness of J

As the finiteness of J is an assumption on the integral cost, we gives some set of
assumptions on the integrand j that implies that J is finite everywhere on L*° (Q, F,P; Rd).

Proposition 5.23. If there exists a U, € L™ (Q, F,P; ]Rd) such that E[|j(Uy,-)|] < oo
and if the family of functions {x = j(r,w) |w e Q} is P-almost surely equi-Lipschitz® on
any bounded set, then J is finite.

Proof. Let U, € L>®(Q,F,P;R?) be such that E[|j(U,,")|] < +oc. Consider U €

L (Q,]:, ]P’). Let k be an almost sure Lipschitz constant of x — j(x,w) on the ball
of center 0 and radius max{ HUHC>o , HUOHOO } Then we have, almost surely,

5 (U, w)| < 15Uy w)| + £lU = Uy| < [§(Ug,0)| + (U] o + 1ol ) -

therefore J(U) < +o0. O

5. This result is stronger than Proposition 5.21. However it relies on a result found in a pre-print, with
an involved proof that I have not been able to grasp, whereas the proof of Proposition 5.21 is a personal
contribution.

6. In fact we only require that the Lipschitz coefficient is integrable. Moreover we can replace Lipschitz
continuity assumption by Holder continuity assumptions.
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Mackey Discontinuity Caused by Almost Sure Bounds

We show that almost sure constraints represented in the objective function J implies
that at any point of its domain J is not Mackey-continuous.

Proposition 5.24. Consider a convex normal integrand j : R4 x Q — R, Consider a set
U C RY and define the set of random variable

U = {U ELX(Q,F,PRY | UecU™ P- a.s.} :
Then, at any point U, € dom (J) AU, where J is given by (5.6), the function
j: U —> J(U) + XUEZ/{G"S' 5

18 not Mackey continuous.

Proof. Consider a point z € R?\ U?!, and a random variable U, € dom (J ) NU*. Let
X be random variable uniform on [0, 1]. Define the sequence of random variables

U, =U,+ (m—UO)ﬂXS% .

We have
U]l < 100 Lx<ill oo + l2llza < o]l + 2]l -
Moreover,
z —Ujl|; o 21 oo T 1Upll7 o
10, ~ Vol = e~ By < 1 Tolhee o [l [l
7 (Lo L)

Hence, Proposition 5.10 ensure that U, ———— U. However, as, for any n € N,
U, ¢ U when X < %, we have that U, ¢ U*%, hence J(Un) = +oo. And, by
assumption J (UO) < 00, thus J (Un) - J (UO). Therefore, J is not Mackey continuous
at U,. O

To sum up, we are able to dualize some affine constraints if there is no non-dualized con-
straints. In [116] the only type of constraint considered is the so-called non-anticipativity
constraints (we show in the following section that they fall in the class of affine constraint
that can be dualized). We add to those constraints some affine almost sure constraints.
However, we are not able to show the existence of optimal multiplier in presence of almost
sure bounds on the control.

5.3 Application to a Multistage Problem

In this section, we present a multistage problem with affine almost sure constraint and
show the existence of a multiplier in L.
We consider a sequence of noises {Wt tT:_Ol, with W, € L™ (Q,]—" ,P;R"w), for any

t € [0,T — 1]. We denote by F; the o-algebra generated by the past noises:
Fri=0(Wy,---, W,),

and by § the induced filtration § = {]:t 31:_01.
given by
veelo,T-1], X, ,=f(X,D,W,), (5.16)
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where the control process {Dt}z:ol is a stochastic process adapted to §, and for each time
t€[0,T —1], D, € L>(Q, F;,P; R™).

For each time ¢ € [0,T — 1], we consider a local cost L; : R *"d*tmw — R and a final
cost K : R"™ — R. We also consider linear constraint functions ; : R*»*"¢ — R"_ and a

sequence of §-adapted stochastic process {Bt} 1e[0.7—1]"
Finally the problem reads,
T—1

win E [ ZO Li(X,, D, W,) + K(Xp)] (5.17a)

st. X,=xg (5.17b)

Xt+1 = fi (Xt, D,, Wt)7 (5.17¢)

D, X F, (5.17d)

0:(X,,D,) = B, P—a.s. (5.17e)

Lemma 5.25. Assume that,
e the random noises W, are essentially bounded;
e the local cost functions Ly are finite and convex in (xy,d;), continuous in wy;
e the evolution functions f; are affine in (xy,dy), continuous in wy;
e the constraint functions 0y are affine.
Then Problem (5.17) can be written

gt U

where

J(U)=E[j(U)],
with j a convex normal integrand. Moreover J is finite on L>° and hence is a T(L“,Ll)-
continuous function, and U is a T(LOO,Ll)—closed affine space.

Proof. We first rewrite Problem 5.17 in the framework of §5.2, and then shows the required
continuity and closedness properties.

1. We reformulate Problem (5.17). We define the control U = {Ds}zz_ol €
Lee (Q,]—" ,IP’;RT”d). Then, x¢ being given and constant, we define recursively the
functions

xp:  RiMatne) o Rre

{D-, Wr}:_:lo — fi-1 <~"3t1 <{Dr, W-r}i_jo) s Dy, th)

t

S;%, and

The functions x; give the value of X, in function of the past decisions {D,

noises {W_}'_{, and are affine in U.

We define (up to P-almost sure equality), the cost

iU,) = ::Z_:Lt (xt({DT,WT}jlo),Dt,Wt> +K<xT({DT,WT}f;)> . (5.18)

Then J(U) = E[j(U)] is the objective function of Problem (5.17), taking into ac-
count the initial state constraint (5.17b) and the dynamic constraint (5.17c).

The control U satisfies constraint (5.17d) and is said to be non-anticipative if it is
an element of the space N' C L>® (Q, F,P; RT”d), where

Ni={{D ]}, e L®(QF BR™) | ¥sc[o,T-1], E[D

o |
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The control U satisfies constraint (5.17e) if it is an element of the subspace U

given by
a.s. T-1 t—1
u ={ﬂ%ho\ WGMJ¥W,0<QGQJKLO»DJ:BJ.
(5.20)
With these notations, Problem (5.17) can be written
min J(U) .
UeNnuas:

2. We show the T(LOO, Ll)—continuity of J.

As, for any t € [0,T — 1], the function L; is convex, and the function z; is affine
we obtain the convexity in U of function j. Measurability and continuity of j are
obvious.

Moreover, for all t € [0,7 — 1], the decision variable D, is bounded as an element of
L*°, and the random noise W is bounded by assumption. Thus the state process X
given by (5.16) is also bounded. Furthermore there are constants o > 0 and 5 > 0
such that HXHOO <a+p HUHOO Consequently j is a Caratheodory function, and
J (as defined in (5.6) ) is finite on L>.

Thus, by Corollary 5.22, the function J is T(LOO, Ll)-continuous.

3. We show the T(Loo, Ll)—closedness of U4,

Corollary 5.13 and 5.14 ensure that A and U are weak*-closed affine space, hence
U = N NU>s is a weak*-closed affine space, thus a T(LOO, Ll)—closed affine space.

The proof is complete. O

Lemma 5.25, cast the dynamic problem into the static setting of §5.2, and thus ensure
the existence of a multiplier for the non-anticipativity constraint coupled with the almost-
sure affine constraint. We now discuss, how the multiplier can be decomposed into one
for the almost sure constraint, and one for the non-anticipativity constraint.

Proposition 5.26. We denote by N the set of non-anticipative controls defined in Equa-
tion (5.19), and by U™* the set of controls satisfying (5.17e) given in Equation (5.20).
If, for allU € U**, the §-adapted part of U 1is also in U**, i.e.

{E[, | 7]}

T-1 os
toeu", (5.21)

then
U NN = Us) " + N (5.22)

Proof. Consider the linear operator © : L*° (Q, F, P, ]RTd) — L (Q, F,P; ]RTd), that gives
for each stochastic process its §-adapted part, i.e.
T—1
o(w)={E[U, | A]} .

© is a linear operator, admitting an adjoint, with @(U) = N, and On = Id. Moreover,
by assumption @(Z/{“') C U>*. Hence, Theorem A.43, states that, for any U € N NU>*,

U™ NG = U™) g + NG

Finally, noting that A% and N are affine spaces gives the result. O
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Corollary 5.27. Under assumptions of Lemma 5.25, Problem (5.17) admits a L' mul-
tiplier for the non anticipativity constraint (5.17d) coupled with the almost sure con-
straints (5.17e).

Moreover, if the constraint functions 6 in Problem (5.17) does not depends on X,,
then the multiplier can be decomposed into one multiplier for the almost sure constraints,
and one for the non-anticipativity constraints.

Proof. From Lemma 5.25 we have the assumptions required to apply Theorem 5.15. More-
over, if the constraint functions #; in Problem (5.17) does not depends on X,, then as-
sumption (5.21) is satisfied, and Proposition 5.26 gives the result. O

Conclusion

In this chapter, we have shown that, if the cost function J is finite on L°°, then almost
sure affine equality constraints and non-anticipativity constraints admit a L'-multiplier.
Notice that, when we assume that the cost function J is finite on L, we exclude the
possibility of having almost sure constraints that are not dualized.

If we want to incorporate bound constraints on control variables in the optimization
problem, we should turn to a series of works by T. Rockafellar and R. Wets. In a first series
[86,91,93,97], they work out the theory of duality on a two-stage stochastic optimization
problem. In [97], they show a result of non-duality gap. In [91] the Kuhn-Tucker conditions
are detailed, whereas in [86] the existence of a multiplier in (L>)” is shown. Finally, in [93]
they introduce a condition, slightly weaker than the well-known assumption of relatively
complete recourse, that ensures the existence of a multiplier in L'. In [92,94,95], they
adapt these results to a multistage optimization problem.

It appears that, in these papers, two types of assumptions are of the upmost impor-
tance: (essential) relatively complete recourse; strict feasibility assumption. We comment
one after the other.

e Relatively complete recourse ensures that there is no induced constraint, that is,

that the constraints at later stages do not imply constraints at earlier stages. From
a multistage application point of view, bound constraints on the state would still be
difficult to treat; but bound constraints on the control would be available.

e The strict feasibility assumption is mainly used to show the existence of a multiplier
in (LOO)*. This assumption forbids the direct use of the results of T. Rockafellar
and R. Wets to problems with equality constraints. However, if we look at the proof
of [93, Theorem 3], the strict feasibility assumption is used to ensure the existence
of a multiplier for the first stage problem (with a linear cost). Hence, the existence
of a multiplier in (L"O)* and relatively complete recourse-like assumptions might be
enough to show the existence of a multiplier in L!. Work remains to be done on this
subject.
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We remind the reader that this second part of the manuscript deals with the treatment
of constraints through duality, in stochastic optimization. This Chapter 6 is devoted to the
extension of the Uzawa algorithm, as formulated in an Hilbert space (e.g. L2 (Q, F, P)), to
the Banach space L™ (Q, F, IP’). The issue is the following. The convergence of the Uzawa
algorithm relies upon a key assumption of constraint qualification. But, we have seen in
Chapter 4 that almost sure constraints generally fail to be qualified for the LP duality,
when p < +oo. In Chapter 5 we derived conditions to obtain an optimal multiplier in
the (LOO, Ll) duality. This chapter is devoted to the extension of the Uzawa algorithm, as
formulated in an Hilbert space (e.g. L2 (Q,]—", ]P’)), to the Banach space L* (Q, F, IP’).

The chapter is organized as follows. In §6.1, we recall optimization results (inequalities
and first order optimality conditions), that are well-known in Hilbert spaces, and that
remain valid in Banach spaces; we also recall the proof of convergence of Uzawa algorithm
in the usual Hilbert spaces case. In §6.2, this proof is used as a canvas for the proof
of convergence of Uzawa algorithm in the non reflexive Banach space L (Q,}" ,IP’;R").
Finally, in §6.3 we present an application to a multistage example.
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Introduction

To address a constraint in an optimization problem, we can dualize it, thus making
it disappears as a constraint and appears as a cost. Consequently, the “min” operator
is replaced by a “min max” operator. Numerical algorithms address such problems; the
Uzawa algorithm is one of them.

For an objective function J : i/ — R, a constraint function © : &« — V), constraint set
U C Y and a constraint cone C' C V, we consider the following problem

in J(u), 6.1
min J(u) (6.1a)
st. O(u)e -C, (6.1b)

where U (resp. V) is a topological space paired with U* (resp. V*). We associate with
this problem the Lagrangian L : U x V* — R, introduced in Chapter 4, given by

L(u, ) :== J(u) + <)\ ,@(u)>v*
Thus, Problem (6.1) reads

min  max  J(u)+ (A, 0(u)y, y, (6.3)

v (6.2)

where C* C V* is the dual cone given by
cr={xeV* | vzeC, <>"$>V*V20}‘
The dual problem of Problem (6.3) reads

i J A,0 6.4
NG e () + (A, O]y (6-4)

and the inner minimization problem for a given multiplier A is
min J(u) + </\ ) @(u)>v* v (6.5)

uelfad

An iteration of the Uzawa algorithm consists in fixing the multiplier A of the constraint,
then solving the inner minimization problem (6.5), and finally updating the multiplier.
The update step can be seen, under the right assumptions, as a gradient step over the
multiplier. It is described in Algorithm 6.1, where proj, (z) is the projection of z on the
convex set A.

Data: Initial multiplier A(9), step p > 0 ;
Result: Optimal solution U¥ and multiplier A? ;

repeat
w1 ¢ arg min {J(u) + <)\(k) ,@(u)>} ) (6.6a)
ueuad
AEHD — brojen ()x(k) + PG(“(HI))) : (6.6b)

until ©(u®) € —C;
Algorithm 6.1: Uzawa Algorithm

6.1 Optimization Results and Classical Uzawa Algorithm

In §6.1.1 we show that some inequalities and first order optimality conditions usually
presented in an Hilbert setting remain true in a Banach setting. In §6.1.2 we recall the
Uzawa algorithm in an Hilbert setting and its proof that is used as a canvas for the proof
given in §6.2.
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6.1.1 Optimization in a Banach Space

In this synthetic section we underline some relevant differences between Hilbert and
Banach spaces, and go on to give some inequalities and optimality conditions that are
used in §6.1.2 and §6.2.

Lemma 6.1. Let U be a Banach space and J : U — R a convex and Gateaux differentiable
function J. We have
(J'(u) v —u) < J(v)—J(u) .

Moreover, if J is strongly convez' of modulus a, we have
allu— vl < (J'(w) — T (v) yu—v) |
Proof. The usual proof in a Hilbert space remains valid in a Banach space. O

Proposition 6.2. Let U be a Banach space. We consider the following problem:
min  J(u) + J=(u) . (6.7)

uelyad
We make the following assumptions:
1. U is a non empty, closed convex subset of U,
2. the function J : U — R is convex and Gateauz-differentiable,
3. the function J* :U — R is convex.
Then, the point @ € U is a solution of Problem (6.7) if and only if
Yueu™, (J'(a),u—a)+J"(u) - J (@) >0. (6.8)
Proof. Assume that @ is an optimal solution of Problem (6.7). 42 being convex, we have
vte (0,1], Yueu™,  J(a+tlu—a))+J7(a+tu—1)>J(a)+J(q),
so that, for any ¢ € (0,1],
J(a+t(u—1u)) — J(a)
t t

By convexity of J* we have

vt € (0,1],

and by Gateaux-differentiability of J we have
J(u+t(u—u)) —J(u

t—0+ t

=(J'(a) ,u—1u),
hence the variational inequality (6.8) holds true.
Now, suppose that (6.8) is satisfied. Then, by convexity of J, we have that
Yueu*, (J'(a),u—1a)<J(u) - J(a),
thus, the optimality of u. O

We apply Inequality (6.8) to Problem (6.5), where .J is the objective cost, and J* is
the dual term, and obtain

Vu € U™, (J'(@) ,u—1a)+(\,0(u)—06(a))>0. (6.9)

1. See [70, Section 2.1.3] for equivalent definitions of strongly convex functions
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6.1.2 Recall of the Convergence Proof of Uzawa Algorithm in a Hilbert
Space

Following [45, Ch.VII], we recall the proof of the Uzawa algorithm. This proof will
be used as a canvas for the proof an extension of the Uzawa algorithm in the L* case
developed in §6.2.

From now on the differential form J'(u) € U* is associated with the gradient V.J(u) €
U.

We make the following assumptions about Problem (6.1).

Hypothesis 1.

1. The function J : U — R is strongly convex of modulus a, and Gateaus-differentiable.
The function © : U — V is C-convez (see Definition A.48), and k-Lipschitz.
U is a non empty, closed convex subset of the Hilbert space U.
C is a non empty, closed convexr cone of the Hilbert space V.
The Lagrangian L (defined in (6.2)) admits a saddle-point (uf, \¥) on U x C*, that
is,

v o e

Yuel™, vaecCr,  L(uf,\) < L(uh,N) < L(u,\) . (6.10)
6. The step p is small enough (0 < p < 2a/K?).

Let us comment these assumptions.

(a) In general, we do not require condition 5, but obtain it from other assumptions,
e.g. through qualification conditions.

(b) The strong convexity of J ensures the uniqueness of uf, first component of the
saddle point, in (6.10).

(¢) We do not assume that J is Ls.c., as this property is implied by convexity and
differentiability:

J() > J(u) +(VJ(u) ,v—u) = liminf J(v) > J(u) .

VU

(d) The right-hand side inequality of (6.10) can be written

uf e arg minL(u, Aﬁ) ,
uelf>d

with the following optimality condition (see (6.9)),
Vuel™, (VI u—uf) + (N, 0u) —6(uf)) >0.
(e) The left-hand side inequality of (6.10) can be written
vaecr, (A=, e(f)) <o,
which is equivalent to, as C* is convex,
M= Projcos ()\ﬁ + p@(uﬁ)> ,

for any p > 0.

Theorem 6.3. Under Hypothesis 1, the Uzawa Algorithm 6.1 is such that the se-
quence {u®}cn converges toward ut in norm.

Proof. Let (uf, M) be a saddle point of the Lagrangian L given by (6.2). We denote
(k) — £\(k) _ )8
r :
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1. We have that, as the projection on a convex set is a non-expansive function,

|+ = ||proje. (AW +pO (u(k“))) — proje- (A" + p@(uﬁ)) I
< Hr(k) —|—p(@(u(k+1)) — @(uti))HQ '

Developing this expression, and exploiting the x-Lipschitz continuity of ©, we obtain

HT(kH)HQ < Hr(k)H2 + 2p<r(k) ,@(u(kH)) - @(uﬁ» + p21€2||u(k+1) - uﬁHQ . (6.11)

2. We apply the optimality condition (6.9), on the one hand for A\ = AR with u = uf
and @ = w**1) and, on the other hand, for A = A\ with v = «**1) and @ = u*. This
gives

(VI (u® ) uf — o * DY 1 AR 9 (uf) — e (uttD)) >0,
<VJ(uﬁ) ,u(k'H) — uﬁ> + <)\ti ,@(u(k"'l)) — @(uﬁ)> >0.

Summing both conditions and using the strong convexity of J, we obtain

<)\(k) — N ,@(u(k+1)) — @(uﬁ)> < —<VJ(u(k+1)) - VJ(uﬁ) L ulbtl) — uﬁ> ,

< —aul*) — |
3. Using the last inequality Equation (6.11) yields
I < o9 (2ap — ) —

The assumption 0 < p < 2a/k? on the step p ensures that 2ap — p?k? > 0, the se-
quence {r(k)} e 18 decreasing and non-negative, thus convergent. Consequently, the

sequence {[[u®) — uﬂH}keN converges toward 0. O

Notice that this proof relies on i) estimations deduced from optimality conditions that
hold in Banach space ii) existence of a saddle-point (which can be obtained with other
assumptions) iii) developing a square norm (in (6.11)). This last point might fail in a
Banach space.

6.2 Uzawa Algorithm in L™ (Q,]—", P R”) Spaces

In Problem (6.1), we considered the case where spaces U and V were Hilbert spaces.
Now, in the sequel of this chapter, we assume that I/ and )V are the following L spaces:

U=1L>Q,F,P;R"), V=L%Q,FPR). (6.12)

We assume that (Q,}" , IP’) is a probability space, where the o-algebra F is not finite
(modulo P, see Definition 5.1). Indeed, when F is finite, the space L* (Q,]—", IP; R”) is
a finite dimensional vector space, hence a Hilbert space; thus, the convergence result of
§6.1.2 holds true.

Moreover, from now on, we assume that we have only equality constraints:

e the cone of constraints in Problem (6.1) is C' = {0};

e (C-convexity of the constraint function © implies that O is an affine function;

® DProjo is the identity function.
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Thus, Problem (6.1) reads

i J(u), 6.13
etz T (6:13)
s.t. O(u) =0, (6.13b)

and the algorithm defined in 6.1 reads

U*+) = arg min {J(U) + <)\(k) ,@(U)>} , (6.14a)
U eyyd
AEHD — AB) 4 peU k) | (6.14b)

where we choose to take A in L (Q, F, P ]Rp).

We underline the differences between Hilbert spaces and Banach spaces in §6.2.1, and
then explain in §6.2.2 why the Uzawa update (6.14b) is well defined. We give a result of
convergence of a subsequence the algorithm in §6.2.3, although using strong assumptions
and discuss why we do not obtain the convergence of the whole sequence in §6.2.4.

6.2.1 Discussing Differences Between Hilbert and Banach Spaces

The spaces U = L (Q,]-', P; ]R”) and V = L™ (Q,]-',IP’;RP) given in (6.12) are non-
reflexive, non-separable, Banach spaces. Hence they do not have the properties displayed
by Hilbert spaces, and useful for optimization.

Perks of an Hilbert Space

In an Hilbert space H we know that
i) the weak and weak* topologies are identical,
ii) the space H and its topological dual can be identified.

Point i) allows to formulate existence of minimizer results. Indeed, the weak*-closed
bounded subsets of H are weak* compact, (Banach-Alaoglu Theorem A.24). Hence, weakly
closed bounded subsets are weakly compact. A convex set is closed iff it is weakly closed,
and a convex function is Ls.c. iff it is weakly L.s.c.. Thus, a convex (strongly) L.s.c. function
f : H — R, coercive on the closed convex subset 2 C H, admits a minimum on 4.
Indeed, coercivity implies that we can consider a bounded subset of &/24; its closed convex
hull is weakly compact and, as f is weakly 1.s.c., Bolzano Weierstrass theorem ensures the
existence of a minimum.

Point ii) allows to write gradient-like algorithms. Indeed, it allows to represent the
differential of a (differentiable) function f : H — R as the inner product with a vector
g € H called gradient. Wit this, we can propose gradient-like minimization algorithms as
follows: at any iteration k, we have a point u*) € H, and the gradient ¢g(¥) = Vf(u(k)) €
#; the new point u(**1) is a linear combination of the former point ) and of the gradient
g®) e.g. (6.14b).

Difficulties Appearing in a Banach Space

In a reflexive Banach space E, 7) still holds true, and thus the existence of a minimizer
remains easy to show. However ii) does not hold any longer. Indeed, the differential of
a differentiable function f : E — R at point € E can be represented through a duality
product df (z) : h — <g ,x>, but g belongs to the topological dual of E, which cannot be
identified to E (if F is not an Hilbert space). Thus, a gradient algorithm where u(**1) is
a linear combination of u®*) € E and ¢(*) € E’ does not have any sense.
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In a non-reflexive Banach space E, neither ¢) nor ii) hold true. However, if E is the
topological dual of a Banach space, then the Banach-Alaoglu theorem (Theorem A.24)
holds, and weakly* closed bounded subset, of E are weak* compact. In this case, weak*
lower semicontinuity of a function f, coupled with its coercivity, leads to the existence of
a minimizer of f (this point is developed in Theorem 6.4).

Here, we warn the reader that we are not sure of the existence of strongly convex
functions in a non-reflexive Banach space. As an illustration of the difficulty, it is shown
in [24, Remark 3.67] that if f is twice differentiable and strongly convex on a space H ,
then H is Hilbertizable.

6.2.2 Making Sense of Uzawa Algorithm in L* (Q,]—", P; R”) for Equality
Constraint

We have seen that a gradient-like formula, for instance the Uzawa update step (6.14b),
does not make sense in a generic Banach space. However, we will now show that it is well

defined in L>® (2, 7, P;R").

Specificities of L™ (Q,]—", IP; ]R”)

The Banach space L™ (Q,]: , P; ]R”) is non-reflexive, non-separable because the o-
algebra F is not finite (Proposition 5.3).

However, as L (Q, F,P; R”) is the topological dual of the Banach space
L! (Q, F,P; R"), the Banach-Alaoglu theorem holds, paving the way for a proof of existence
of a minimizer (see below). Moreover, L>° (Q,]—" , P R”) can be identified with a subset of

*
its topological dual <L°° (Q,]—",IP’;R”)) . Thus, the update step (6.14b) make sense: it

*
is a linear combination of elements of (L°° (Q,]: , P R”)) . Consequently, {)\(k)} keN is
a sequence of elements of (LOO)*. Nevertheless, if A(© is represented by an element of
k
L, then {)\( )}keN
assumption that A can be represented by an element of L, we consider from now on
that {)‘(k)}keN is a sequence of elements of L.

is represented by a sequence of elements of L™. As we make the

Existence of Solutions

The following theorem shows that there exists a solution to Problem (6.13), and that
the minimization problem in the primal step (6.14a) has also a solution.
Theorem 6.4. Assume that:

1. the constraint set U is weakly* closed,

2. the constraint affine function © : U — V is weakly* continuous,

3. the objective function J : U — R is weak* l.s.c. and coercive on U™,

4. there exists an admissible control, i.e.
dom(J)NU** nO~*({0}) £0.

Then, Problem (6.13) admits at least one solution.
Moreover, for any A € L™ (Q, F,P; Rp), the following argmin is not empty:

aégegiidn{J(U) +(X,0(U))} £0.

Finally, if J is strictly convex, then the above argmin is reduced to a single point.
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Note that coercivity of .J is ensured either when J is strongly convex, or when /24 is
bounded. We can also replace the coercivity of J by a slightly weaker assumption: we
assume that J has a non empty, bounded, level set.

Proof. By weak* continuity of the constraint function ©, and by weak* closedness of the
set {0}, we have the weak* closedness of the set

o '{oy)={vueu | oU)=0}.

By weak* closedness of the set /2 we have the weak* closedness of the set ©~1 ({O}) nUa,
As J is weak™ l.s.c., we then have the weak* lower semicontinuity of the function

J:U — J(U) +X{@—1({D})mu3d}(U) .

By coercivity of J on U*d (see Definition A.51), we have the coercivity of J. Thus,
there exist € > 0 and r > 0 such that

vueu*,  |lu||=r=J(U) > inf J(V)+e¢.
veu

We obtain

&%ZJ(U) B ||tlflﬁfng(U) '

Moreover, Banach-Alaoglu theorem (Theorem A.24) ensures that the set
{Ueu | Uj<r}

is weak* compact. Thus, weak* lower semicontinuity of J ensures the existence of a
minimum of J, which is finite, hence the existence of a solution to Problem (6.13).
Furthermore, continuity of the function © implies continuity of

U~ (X\,0(U)),
and thus weak™ lower semicontinuity of
U~ JU)+(Xx,0U)).

With the same ideas as those developed earlier, we obtain the existence of a minimum.
Strict convexity of J implies strict convexity of

U—s J(U)+(X,0(U)),

and thus the announced uniqueness of its minimum. O

6.2.3 Convergence Results

We have thus shown that, under assumptions of Theorem 6.4, the Uzawa algo-
rithm (6.14) is well defined, and that the sequence of controls {U(k)} ren (resp. of multi-

pliers {A(k)}keN) are elements of L™ (Q, F,P).
We now present a convergence result for algorithm (6.14).
Theorem 6.5. Assume that

1. J:U — R is a proper, weak* lLs.c., Gateauz-differentiable, strongly? a-convex func-
tion,

2. The existence of a strongly convex function on L°° is not clear.
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2. ©:U —V is affine, weak* continuous and k-Lipschitz for the norm L>°,

3. there exists an admissible control, i.e.
dom(J) NU** ne~*({0}) £0,

4. UM is weak* closed,

5. there ewists an optimal multiplier (denoted A*) to the constraint @(U) =0
in L1(Q, F,P;RP),

6. the step p is such that p < %a

Then, there exists a subsequence (U(“k)) of the sequence given by Algorithm (6.14)

keN
converging in L™ toward the optimal control U* of Problem (6.13).

Proof. By §6.2.2 and Theorem 6.4, the sequences {U®) },.cn and {A(F)},cy given by (6.14)
are well defined.
We first provide upper bounds and fix notations before giving the convergence result.

Upper bounds. We exploit the fact that an optimal multiplier A is in LY(RP), and
that L>°(RP) is dense in this space. By density of L> in L', we have

Ve >0, 33X €L>, IN = A < e, (6.15)
from which we deduce
VEEN,  A® — A < AR At e

For all A € L®°(RP) C L2(RP) C L}(RP), we have (Jensen’s inequality)

IAIZ: < A2 < AR -
As (A X)) € L=°(RP) C L%(RP), by (6.14b) we have

IAFHD X2, = AR =2, +2p(A0) — x_ o@D 4 p?[le@ D)7, .
e As © is k-Lipschitz and ©(U*) = 0, we obtain
H@(U(Hl))Hi2 < H@(U(k+1)) _ @(Uﬁ)”iw < /<a2||U(k+1) _ UﬁH%m ‘

e From optimality conditions and strong convexity of J (see point 2 in the proof of
Theorem 6.3), and using @(Uﬁ) = 0, we obtain

(AW = 0U*)) < —a| UMY — U7 + (A = A, 0UF)) .
Moreover, we have, by k-Lipschitz continuity of ©, and by (6.15)
(A=, 0U*)) < ke|[URHY — U1 .
Finally, we get
IACD a2 < AR < A2, — (2ap — 22U — U2

6.16
+ 2pre|[URD — U¥ |10 (6.16)
a:=2ap— p?k® >0 B:=pr/a>0
L ) i1 (6.17)
g = A = A|If2 = 0 vy = [[UY — U= > 0

With these notations, inequality (6.16) becomes

Qi1 < G — om,% + 2afevy . (6.18)
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Convergence of a subsequence. Inequality (6.18) can be written as
o1 < gi — (v, — Be)® + af’”

We show that |v, — Be| < 4/ %s holds true for an infinite number of k.
Indeed, if it were not the case, there would exists K € N, such that for all £ > K, the
inequality
(o — Be)” > (1 + af®)e?/a,

would hold true. Thus, we would have

Qi1 < 6 — a(l +af?)e?/a+ap?e® = g — €2,
leading to g, —§ —oo, which is not possible as g > 0.
Consequently, there is a subsequence {v_()}ren that remains in a ball of center zero
and radius of order €. Thus, we can construct a subsequence {’Us(k:)}keN converging to-

ward 0. Now, recalling that, by definition, vy = |[U*+Y) — U¥|| ., we obtain the conver-

gence of (Us(k))keN toward U* in L°. O

6.2.4 Difficulty to Obtain the Convergence of the Whole Sequence

The result of convergence obtained in Theorem 6.5 is not fully satisfactory, because
we made quite strong assumptions (Lipschitz continuity of O, strong convexity of J, etc.)
but only obtained the convergence of a subsequence toward an optimal solution. We now
point out a difficulty if we want to improve this result.

Proposition 6.6. Assume that sup..gq; < oo. Then the sequence {U,}ren, given
by (6.14), converges toward U* in the space L®(Q, F,P;U).

Proof. Inequality (6.18) can be written
Gry1 < G, — k(v — 25¢) . (6.19)

Summing up these inequalities from index 0 up to index k leads, as gj,; > 0 by definition,
to

k
0< iy <g6—a ) ulu—2Be).
1=0
Since sup,- g5 < 00, we deduce that
k
M >0, Ve>0, Vk>0, > v(v,—28)<M. (6.20)
=0

Letting € going to 0, we find that
k
VE>0, Y oj<M.
1=0

The series of general term v,% is converging, and thus the sequence {vj}ren con-
verges toward zero.  Thus, the sequence {U,}reny converges toward U’ in the
space L (2, F,P; U). O

Proposition 6.6 requires an assumption difficult to check. However if there exist an
optimal multiplier AP in L? we can take, for all e > 0, A* = Af, hence, € — qg is constant.
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Corollary 6.7. Assume that
1. J:U — R is a proper, weak* l.s.c., Gateaua-differentiable, a-convex function,
2. ©:U =V is affine, weak* continuous and k-Lipschitz for the norm L*°,

3. there exists an admissible control, i.e.
dom(J) NU* ne~*({0}) #0,

4. U is weak* closed,

5. there exists an optimal multiplier (denoted )\ﬁ) to the constraint @(U) =0
in L2(Q, F,P;RP),

‘ 2
6. the step p is such that p < <.

Then, the sequence (U(k))keN
control U* of Problem (6.13).

by Algorithm (6.14) converges in L*> toward the optimal

Proof. For all € > 0, we set A* = )\ﬁ, hence, € — ¢ is constant, and Proposition 6.6
achieve the proof. O

Note that we obtain a convergence result stronger than the one obtained by Theo-
rem 6.3 if the problem was set in L2. Indeed, the convergence of the sequence (U (”))n N

is given in L instead of L2.

Remark 6.8. The assumption sup.~qqg < 0o in Proposition 6.6 is quite strong. Without
this assumption, Assertion (6.20) does not hold true, and we have only

k
Ve >0, 3IM., VkeN, > wlvp—e) <M., (6.21)
=0

The question is: is it enough to show the convergence of {v;}ien toward 0. The answer,
negative, is given by Fact 6.9.

Fact 6.9. There exists a sequence {un}neN of non-negative reals such that (6.21) holds
true, but that does not converges toward 0.

Proof. Consider the sequence defined as

. 2
unz{ Lk ifn € [ng+ 1+ K] (6.22)
1 if n=mny
where (ng)ken is defined by
no =1 )
{ ngpr =np+k*+1, VkeN. 029

In other words, the sequence {uy }ren takes the value 1, then 1/2 four times, then 1, then
1/3 nine times, and so on. In particular, the sequence does not converge toward 0.

We now show that this sequence satisfies (6.21). For a given ¢ > 0, fix kg > 2/e, and
N € N. We have

’rLkO

N N
Zun(un—s) :Zun(un—s)+ Z Up (Up — €) .
n=1 n=1

n:nko—l-l

Let M. = 222)1 U (un, — €). We show that Zi\[:nkoﬂ U (up, —e) < 0.
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Indeed for k > kg, and [ € [1, k2], we have

1/1 €
Unk—f—l(unk—‘rl - 6) — %(% - 8) S _ﬁ .

This inequality leads to, for k > ko,

e ke
Z un(un—s)gl—ESO.
n=ng

Summing up, if we denote by K the largest integer such that ng < N, we have

N Ny K k241 N
Zun(un—s) :Zun(un—6)+ Z Z Upy+1(Uny41 — €) + Z Up (up — ) < M .
n=1 k=1 k=ko I=1 n=ngtl
M. <0 B
This ends the proof. O

6.3 Application to a Multistage Problem

We consider a multistage problem, comparable to the one presented in §5.3, but with
some more constraint on the control. We suppose that the noise takes a finite number of
values, so that the space L™ is finite dimensional 3.

We consider a sequence {Wt}z:ol of noises, with W, € L*> (Q,]—" ,IP’;R”“’), for any
t € [0,T — 1]. We denote by F; the o-algebra generated by the past noises

ft:U(W07"'7Wt)7

and by § the induced filtration § = {.7-"1; tT;Ol.
We consider the dynamical system

veelo,T-1], X, ,=f(X,D,W,), (6.24)

where the control process {Dt}th_ol is a stochastic process adapted to §, and for each time
te[0,7—-1], D, € L™ (Q,]:t,]P’; ]R”d). The evolutions functions f; : Rt s Rne
are assumed to be affine in (x,d) and continuous in w.

For each time ¢t € [0,7 — 1], we consider a convex (jointly in (z,d)) cost L; :
RPetnatne s R and continuous in w, and a convex final cost K : R™X — R. We
also consider linear constraint functions 6; : R"* "4 — R" and a §-adapted sequence of
random variables {Bt}z:ol (they are stochastic target of the constraint function).

Finally, the problem reads,

T-1

nin E [ ; Li(X,, D, W,) + K(X)] (6.25a)
st. Xy =g (6.25b)
X1 = (X, D, W), (6.25¢)

D, = F, (6.25d)

D, € D}, (6.25¢)

X, € &M, (6.25f)
0:(X,,D,) = B, P—a.s. (6.25g)

3. This assumption is required to obtain the strong convexity of the global cost. In a finite dimensional
setting, most topological consideration are equivalent. However, we choose to still dinstinguish them as
we suppose finitess of the alea only to obtain the strong convexity of the cost global cost.
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Remark 6.10. Problem (6.25) differ from Problem (5.17) only through Con-
straints (6.25e) and (6.25f). Hence, with those constraint we do not have results of exis-
tence of an optimal multiplier. However, the existence of an optimal multiplier is an as-
sumption of Proposition 6.11, which allow the existence of Constraints (6.25¢) and (6.25f).
Moreover, we believe that results in the literature (see [93-95]) could be adapted to show the
existence of L'-optimal multiplier even with constraint on the control (Constraint (6.25¢)).

Then, the algorithm given by (6.14) , reads*

T-1
(X, D) ¢ argmin {E | > Lu(X,, D W) + A - 0,(X,. D)) | } . (6:262)
D.X t=0

AR =AWy, <9t( XD plk+1)y Bt) 7 (6.26b)

where (X, D) satisfies constraints (6.25b)-(6.25f), that is, all constraints except the almost
sure constraint dualized, i.e. constraint (6.25g).
Proposition 6.11. Assume that,

1. the cost functions Ly are Gateaux-differentiable (in (z,u)), strongly-convex (in (z,u))
functions and continuous in w;

the constraint functions 0y : R — R qgre affine;
the evolution functions f; : RMetnatne — R gre qffine (in (z,u,w));

the constraint sets X4 and UPY are weak* closed, convex;

AT NS

there exists an admissible control, i.e. a process (X , D) satisfying all constraints of
Problem (6.25);

6. there exists an optimal multiplier process (denoted A*) to the constraint (6.25);
in LY(Q, F,P;RT™e) (this is, satisfied if there is neither constraint (6.25¢) nor con-
straint (6.25f)).

Then, there exists a subsequence (D(nk))keN of the sequence given by Algorithm (6.26)
converging in L toward the optimal control of Problem (6.25).

Proof. We apply the results of §6.2.3 to Problem (6.25). We define the cost function J
and constraint function © relative to Problem (6.25), and show the required assumptions.
First, we need to cast Problem (6.25) into the framework of Problem (6.13). We define

the control U = {Ds}z:ol e L™ (Q,}ZP;RTW) =U.
Then, xy being given and constant, we define recursively the functions

xy:  RTMatne) _, Rre

(UW) — fiaa <$t—1 ({Dr, WT}tT_:QO) s Dy, Wt—1>

that maps the sequence of controls and noises toward the state. Note that the functions
x; are affine. Hence, the output of the dynamical system (6.24) can be represented by

X = AU + BW +C,

were A and B, and C are deterministic matrices.
Now we define the cost function

T—

L(X,UW)=E [ 3 L(X,.U, Wt)} ,

t=

—

4. We use the notational convention Lr(z,d,w) = K(z).
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and the objective function
J(U) =E[L(AU + BW + C,U, W) .

If each L, is strongly-convex, then L is also strongly-convex in (z,u), hence J is strongly
convex (for the L2-norm, equivalent to the L°°-norm by finiteness of the noise). By assump-
tions on functions L; and f;, the objective function J is proper and Gateaux-differentiable.
Note that J is finite on L*°, consequently Lemma 5.16 implies that J is weak*-1.s.c..

We define the constraint function

= (@0,...,@T> LLO(Q, F, B RT™M) 5 L°(Q, F, PRI |
where ©; : L™ (Q, F,P; RT"d) — L>°(Q, F,P; R") is given by

6:(U) = 0,(PX (AU + BW +C),D,) - B, = :(P* AU, D) - B (6.27)

t?

where B, is a Ji-measurable random variable, and PtX is the projector such that
PtX X = X,. In particular © is affine. Note that the functions z; and 6; are affine
on a finite dimensional space, and hence Lipschitz. Consequently, functions ©; (and thus
©) are L*°-Lipschitz. Moreover, Corollary 5.13 gives the weak* continuity of the constraint
function O.

We now construct the set 4429 of admissible controls. Let X2d be the Cartesian product
X(?d X e X X%d, and D?? be the Cartesian product ng X+ X D%d_l. The linear mappings
U+ AU, U ~ PYU (where PYU = D,) and the constraint functions ©; are weak dual
continuous (see Corollary 5.13).

Note that the linear mappings X ~ P;X (AU +BW + C) are weakly* continuous (see
Corollary 5.13). Hence, for ¢t € [1,T7], the set

{Ueu | PX(aU+BW +C) e},

is weak™ closed convex as the the inverse image of a weak* closed convex set by a weak*
continuous affine function. Consequently, the set

uad:{Ueu | PX(AU +BW +0) € &, Vte[[l,T]]},

is weak* closed convex as an intersection of such sets.

We denote N the set of essentially bounded, F-adapted processes with value in R™d,
It is the set N, where N is defined in (5.12). By Corollary 5.14, the set Ny is weak*
closed convex. In a nutshell, a control U satisfies:

e constraint (6.25¢) if it is an element of Dd;

e constraint (6.25f) if it is an element of U3;

e constraint (6.25d) if it is an element of Nj.
Hence, the constraint set 424 given by

U =p¥ Nyt n N,

is a weak™ closed convex set.

Finally, by Corollary 5.27, if 4*d = A/;, we have optimal multipliers in L' for con-
straints (6.25g).

With those notations, Problem (6.25) reads

Juie 10

s.t. @(U) =0
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Moreover Algorithm (6.14) correspond to Algorithm (6.26).
Hence, for p small enough, all the assumptions in Theorem 6.5 are satisfied; this ends
the proof. O

Remark 6.12. Note that, by Lemma B.3, it is easy to see that, if A\* is an optimal
multiplier for constraints (6.25g), then so is its F-adapted part, that is, the process %
where

vte[0,T], pi=E[X|F].

Interestingly, the multiplier in X*¥) in Algorithm (6.26) is an essentially bounded, §-
adapted stochastic process.

However, we cannot write a Dynamic Programming equation for Problem (6.26a) with
the state X . Indeed, the multiplier X%) should be seen as a correlated, F-adapted noise.
Hence, the natural state is the past noises {Ws}tszo, and Dynamic Programming methods
are numerically untractable to solve Problem (6.26a).

In Chapter 8, we will present a method where the multiplier is approximated by its
conditional expectation with respect to a given information process Y , following a dynamic
Y, | = ft(Yt,VVt) This allows to use Dynamic Programming with an extended state

X,.Y,) to solve the minimization part (equation (6.26a)) of Uzawa algorithm.

Conclusion

We have provided conditions ensuring convergence of a subsequence of {u(k) }k N for
the Uzawa algorithm in L% (Q,]: , IP’). Our key assumption is the existence of a sad-
dle point for the Lagrangian in the (LOO, Ll) pairing. Work remains to be done on the
subject. Indeed, the strong convexity assumption on the objective function usually en-
sures the convergence of the whole primal sequence {u(k)} wen toward the optimal value.
With the bounds that we have derived, we were only able to obtain the convergence of
a subsequence of {u(k)} pen: Lighter bounds might give better convergence results, and
alternative schemes of proof should be investigated.

Moreover, we have made an abstract weak* continuity (or lower-semicontinuity) as-
sumption; we should study its potential of applicability.

Finally, we have restricted ourselves to the case of equality constraints; more generic
constraint require a careful look at the projection step in the Uzawa algorithm.

In §6.3, we have applied the Uzawa algorithm to a multistage process. However, we
have seen that the minimization part of the Uzawa algorithm is not straightforward in this
case. In the final part of this manuscript, we will develop and adapt this idea, in order
to apply the Uzawa algorithm for the spatial decomposition of stochastic optimization
problems.
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Chapter 7

Epiconvergence of Relaxed
Stochastic Problems

Truth is much too complicated to allow anything but
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At the end of Chapter 6 we saw that a price decomposition scheme over the coupling
spatial constraints does not leads to tractable subproblems. In Chapter 8, we propose a
tractable price decomposition scheme over an approximation of the original problem.

In this Chapter, we study the approximation required. Roughly, this approximation
relax an almost sure constraint into a conditional expectation constraint. Were the condi-
tioning is done with respect to a g-algebra F,, . We study the convergence of a sequence
of approximated problem when the o-algebra converges.

Introduction

Stochastic optimization problems often consist in minimizing a cost over a set of ran-
dom variables. If the set of events is infinite, the minimization is done over an infinite
dimensional space. Consequently there is a need for approximation. We are interested
in the approximation of almost sure constraints, say (U ) = 0 almost surely (a.s.), by a
conditional expectation constraint like E[§(U) | F,] > 0 a.s.

Consider the following problem,

in J(U 7.1
min  J(U), (7.1a)

st. OU)=0 as., (7.1b)
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where the set of controls i is a set of random variables over a probability space (Q, F, ]P).
If © is not finite, & may be of infinite dimension. Moreover the constraint (7.1b) is a func-
tional constraint that can roughly be seen as an infinity of constraints. For tractability
purposes we consider approximations of this problem. In order to give theoretical results
for the approximations of Problem (7.1) the right notion of convergence is epi-convergence.
Indeed, under some additional technical conditions, the epi-convergence ensures the con-
vergence of both the optimal value and the optimal solutions.

One way of approximating Problem (7.1) consists in approximating the probability
P. Roughly speaking the Sample Average Approximation procedure consist in simulating
a set of scenarios under the real probability P. Then we solve Problem (7.1) under the
empirical probability on the set of simulated scenarios. In this literature (see [43], [59]) the
authors are interested in problems where the controls are deterministic. However other
epi-convergence results have been shown for more general spaces of controls, including
spaces of random variables or random processes (see [120] and references therein, as well
as [74], [76], [75]). More generally, the idea of discretizing or quantizing the set Q, for
example by use of finite scenario trees has been largely studied in the field of Stochastic
Programming (see [110] for a thorough presentation).

Instead of approximating the probability space we propose a way to approximate con-
straints, especially almost sure constraints. The main idea is to replace a constraint by its
conditional expectation with respect to (w.r.t.) a o-algebra B. This is in some sense an
aggregation of constraints. This approximation appears when considering duality schemes
for dynamic stochastic optimization problem.

More precisely, we relax the almost sure constraint (7.1b) by replacing it by its condi-
tional expectation, i.e.

E[6(U) | B] =0. (7.2)

If \ is an integrable optimal multiplier for Constraint (7.1b), then Az = E[X | B] is
an optimal multiplier for Constraint (7.2). This leads to look for B-measurable multiplier,
which may authorize decomposition-coordination methods where the sub-problems are
easily solvable. This is presented in Chapter 8.

The chapter is organized as follows. §7.1 presents the general form of the problem
considered and its approximation. §7.2 shows, after a few recalls on convergence notions
of random variables, functions and c-algebras, conditions on the sequence of approximate
problems guaranteeing its convergence toward the initial problem. The main assump-
tions are the Kudo’s convergence of g-algebra, and the continuity - as operators - of the
constraint function © and objective function J. Finally §7.3 gives some examples of con-
tinuous objective and constraint functions that represent usual stochastic optimization
problems. Finally §7.4 presents a decomposition-coordination algorithm using this type
of relaxation and developed in the Chapter 8.

7.1 Problem Statement

We consider a probability space (Q,]—" , IP’) and a topological spaces of controls . Let
V be the spaces of random variables with value in a Banach V with finite moment of order
p € [1,00), denoted V = LP(Q, F,P; V).

We consider now a stochastic optimization problem

9&2 JU), (7.3a)
st. OU)e-C, (7.3b)

with J mapping U into RU {400}, and © mapping ¢ into V. We assume that C' C V is a
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closed convex cone of V, and that V is a separable Banach space with separable dual (the
fact that C' is a cone is not essential for our results).

To give an example of cost operator, assume that & C L' (Q,f ,P;U), where U is a
Banach. The usual choice for the criterion is the expected cost J(U) := E[j(U)], for
a suitable cost function j : U — R. Other choices could be risk measures (see [6] for
example) like Conditional-Value-at-Risk (see [90] for a definition), worst-case or robust
approaches. The constraint operator © cover various cases, for example

e almost sure constraint: ©(U)(w) := (U (w)), where § maps U into V and §(U) €

—(' is realized almost surely;

e measurability constraint: @(U ) =E [U | B] — U, with C = {0}, expresses that U

is measurable with respect to the o-algebra B, that is, E [U ‘ B] =U;

e risk constraint: ©(U) := p(U) — a, where p is a conditional risk measure, and C is

the cone of positive random variables.

We introduce a stability assumption of the set C' that will be made throughout this

paper.

Definition 7.1. We consider a sequence {F,}nen of sub-fields of F. The closed convex

cone C' is said to be stable w.r.t. (‘Fn)nEN’ if for all n € N we have

YV ec, E[V|F]ecC.

A first widely used example would be C' = {0}, or more generally any deterministic
closed convex cone, another example would be the set of almost surely positive random
variables.

We now consider the following relaxation of Problem (7.3)

min J(U), (7.4a)
Ueu
st. E[OWU) | F.] € -C, (7.4b)

where C is assumed to be stable w.r.t the sequence (]:")n N
We denote the set of admissible controls of Problem (7.3)

U ={Ueu | oU)e-C}, (7.5)
and the corresponding set of admissible controls of Problem (7.4)
Ut ={Ueu | EOU)|F]e-C}. (7.6)

Problems (7.3) and (7.4) can also be written ! as

min - J(U) +x,..(U) , (7.7)
=J(U)
and
min - J(U) + x4 U) - (7.8)

::jn(U)

Note that we have F,, C F, and that C is stable w.r.t {F,}nen, thus &% c 4%
Problem (7.4) is a relaxation of the original Problem (7.3) as it has the same objective
function but a wider set of admissible controls.

1. We use the notation x, for the characteristic function of A, that is the function such that x , (z) =0
if x € A, and x, (z) = 400 elsewhere.
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Replacing an almost sure constraint by a conditional expectation constraint is similar
to an aggregation of constraints. For example consider a finite set 2 = {wi}ie[[L N 2 with
a probability P such that, for all i € [1, N], we have P(w;) = p; > 0. Consider a partition
B = {Bi}iep, 5y of 2, and the o-algebra Fp generated by the partition B. Assume that
C' = {0}, then the relaxation presented consists in replacing the constraint

g(U)=0 P-a.s.
which is equivalent to N constraints
Vi € [1, N], (U (wi)) =0,

by the collection of |B| < N (where |B| is the number of sets in the partition B) constraints

Vie[LIBl, > pbUw))=0.

1€B;

7.2 Epiconvergence Result

In this section we show the epiconvergence of the sequence of approximated cost func-
tions {Jy }nen (defined in (7.8)) towards J (defined in (7.7)). First, we recall some results
on convergence of random variables, epiconvergence of functions and convergence of o-
algebras. Moreover a technical result is required.

7.2.1 Preliminaries

Assume that p € [1,+00) and denote ¢ € (1, +00] such that 1/g+1/p = 1. Recall that
V is a separable Banach space with separable dual V*.

Convergence of random variables

A sequence (X, )nen of LP(Q, F,P;V) is said to converges strongly toward X &
LP(Q2, F,P;V), and denoted X, —1» X if

. P

Jim B[ || X, - X[|5] =0
A sequence (X, )neny of LP(Q,F,P;V) is said to weakly converges toward X &
LP(Q, F,P;V), and denoted X, —p» X if

VX/GLQ(Q,JT",]P);V*), hm E[<Xn_X7X/>V,V*:| :O

n—0o0

For more details we refer the reader to [99].

Epiconvergence of functions

We first recall the definition of the Painlevé-Kuratowski convergence of sets. Let E be
a topological space and consider a sequence { Ay, },en of subsets of E. Then the inner limit
of {A; }nen is the set of accumulation points of any sequence (x,,)nen such that z, € A,
i.e,
lim, A, ={zx€E | VneN, =z,€A4,, limaz,==z}, (7.9)
k—o0

2. We denote by [a,b] the set of all integers between a and b.
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and the outer limit of {A,, },cn is the set of accumulation points of any sub-sequence
(@, )ken of a sequence {zy nen such that x,, € A, i.e,

EnAn = {J} ek ‘ E{nk}keNa Vk € N, Tp, € Ank, klggo Ty, = {L‘} . (7.10)

We say that {A, }nen converges toward A in the Painlevé-Kuratowski sense if
A = lim, A, = lim, A, .

A sequence {J,}nen of functions taking value into R U {400} is said to epi-converge
toward a function J if the sequence of epigraphs of J, converges toward the epigraph of
J, in the Painlevé-Kuratowski sense. For more details and properties of epi-convergence,
see Rockafellar-Wets [96] in finite dimension, and Attouch [8] for infinite dimension.

Convergences of o-algebras
Let F be a o-algebra and {F,},en a sequence of sub-fields of F. It is said that the
sequence {F,}neny Kudo-converges toward the o-algebra Foo, and denoted F,, — Foo, if
for each set I’ € F, (E [1 F } an N converges in probability toward E [1 F } foo].
ne

In [62], Kudo shows that F,, — Fu if and only if for each integrable random variable
X,E[X | Fn] converges in L' toward E[X ‘ Foo]. In [82], Piccinini extends this result
to the convergence in LP in the strong or weak sense with the following lemma.

Lemma 7.2. Let (Q,.F, ]P) be a probability space and (‘Fn)neN be a sequence of sub-o-
algebras of F. The following statements are equivalent:

1. Fy = Foo,

2. VX e LP(O, F,P;V), E[X | F] = E[X | Fuel,

3. VX e LP(O, F,P;V), E[X | F] = E[X | Fuel.

We have the following useful proposition where both the random variable and the
o-algebra are parametrized by n.
Proposition 7.3. Assume that F, — Foo, and X, —1p X (resp. X, —1» X ) then
E[X, | Fu] =1r E[X | Fuo] (resp. E[X,, | Fu] = E[X | Fx])-
Proof. The weak-limit case is detailed in [82]. We show the strong convergence case. If
X, —rr X, then

IE[X, | Fu] —E[X | F]ll < |[E[X, | Fu] —E[X | Fu]llLr
+E[X | Fo] —E[X | Flle
As the conditional expectation is a contraction operator, we have
IE[X,, | Fa] —E[X | Fa]llLe < [|X,, = X[J» = 0.
Moreover we have
IE[X | Fu] —E[X | F]|l» =0

by Lemma 7.2, hence the result. ]

We finish by a few properties on the Kudo-convergence of o-algebras (for more details
we refer to [62] and [31]):

1. the topology associated with the Kudo-convergence is metrizable;
2. the set of o-fields generated by the partitions of €2 is dense in the set of all o-algebras;

3. if a sequence of random variables (X, )nen converges in probability toward X and
for all n € N we have 0(X,) C 0(X), then we have the Kudo-convergence of
(U(Xn))nEN toward o(X).
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7.2.2 Main result

Recall that i/ is endowed with a topology 7, and that V = LP(Q,]:,]P’;V), with p €
[1,00).

Theorem 7.4. Let V be endowed with the strong or weak topology. Assume that C is
stable w.r.t {Fptnen. If the two mappings © and J are continuous, and if (Fp)nen Kudo-

converges toward F, then {J,}nen (defined in (7.7)) epi-converges toward J (defined in

(7.8)).

Note that {F,}nen is not assumed to be a filtration, and that F,, is not assumed to
be finite.

Proof. To prove the epi-convergence of {.J, }nen toward J it is sufficient to show that /%%
(defined in (7.6)) converges toward ®? (defined in (7.5)) in the Painlevé-Kuratowski sense.
Indeed it implies the epiconvergence of (Xua . )nen toward X,aa» @0d adding a continuous

ad’
function preserves the epi-convergence (Attguch [8, Th 2.15] ).

By stability of C' w.r.t. {F,}nen we have that, for all n € N, 4% C 1/2? and thus
U C liminf,, U2 (for any = € U take the constant sequence equal to ).

We now show that ¢%¢ > limsup,, U%. Let U be an element of limsup, U%. By
Definition (7.10), there is a sequence {Unk} keN that T-converges to U, such that for all
k e N, E(@(Unk)]]:nk) € —C. As © is continuous, we have O(U,, ) — ©O(U) strongly
(resp. weakly) in LP. Moreover we have that F,, — F, and consequently by Lemma 7.3,

E[O(U,,) | Fu] ~1 BOU)F) = O(U).
Thus ©(U) is the limit of a sequence in —C. By closedness of C' (weak and strong as C'
is convex?), we have that ©(U) € —C and thus U € ¢, O

The practical consequences for the convergence of the approximation (7.4) toward the
original Problem 7.3 is given in the following Corollary.

Corollary 7.5. Assume that F, — F, and that J and © are continuous. Then the
sequence of Problems (7.4) approzimates Problem (7.3) in the following sense. If {U, }nen
15 a sequence of control such that for all n € N,

Ju(U)) < inf J,(U) + &y, where lime, =0,
Uel n

then, for every converging sub-sequence (Unk)keN, we have

J(limU,,) = min J(U) =1lim J,, (U,,) .

Moreover if {fn}nGN is a filtration, then the convergences are monotonous in the sense
that the optimal value is non-decreasing in n.

Proof. The convergence result is a direct application of Attouch [8, Th. 1.10, p. 27].
Monotonicity is given by the fact that, if {F,},en is a filtration, then for n > m then
U c Yo, O

3. if C' is non-convex we need it to be sequentially closed.
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7.2.3 Dynamic Problem

We extend Problem (7.3) into the following dynamic problem

min J(U),

Ueld

st. 0,U,) e —~C; Vte[1,T], (7.11)
Ut j ft ’

where U, = F; stands for “U, is F;-measurable”. Here U is a stochastic process of control
(Ut)te[[l’Tﬂ defined on (Q,}' , IP’) with value in U. We have T constraints operators ©;
taking values in LP(Q, F¢,IP; Vi), where (Ft);cq1,7 is a sequence of o-algebra. Note that
(}—t)te[[l,T]] is not necessarily a filtration. Then, for each ¢ € [1,7] we define a sequence
of approximating o-algebra (F, ¢)nen. For all t € [1,T7, C; is a closed convex cone stable

Ww.I.t (‘ant)neN‘
Finally we consider the sequence of approximated problem

min J(U),

s.t. E[@t(Ut) ‘ fmt] e —-Cy Vte [[1,T]] . (712)

Furthermore we denote
Ut ={U, ety | 04U, e -C},

and
UG ={U, ety | E[OU,) | Fus] € —Ci} .

We define the set of admissible controls for the original problem
U =Yt x - x Yy
and accordingly for the relaxed problem
Z/lﬁd:b{% X e xug%.

In order to show the convergence of the approximation proposed here, we consider the
functions

JU)=J(U) + xyaa(U)

and
Jn(U) = J(U) + Xuaa(U)

and show the epi-convergence of Jy, to J. The interaction between the different time-step
are integrated in the objective function J.

Theorem 7.6. If © and J are continuous, and if for all t € [1,T], (Fin)nen Kudo-
converges to Fz, then (Jn>n€N epi-converges to J.

Proof. The proof is deduced from the one of Theorem 7.4. By following the same steps
we obtain the Painlevé-Kuratowski convergence of L{g% to U2, and thus the convergence
of their Cartesian products. O
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7.3 Examples of Continuous Operators

The continuity of J and © as operators required in Theorem 7.4 is an abstract assump-
tion. This section presents conditions for some classical constraint and objective functions
to be representable by continuous operators. Before presenting those results we show a
technical lemma that allows us to prove convergence for the topology of convergence in
probability by considering sequences of random variables converging almost surely.

7.3.1 A technical Lemma

Lemma 7.7. Let © : E — F, where (E,p) is a space of random variables endowed with
the topology of convergence in probability, and (F,T) is a topological space. Assume that ©
is such that if {U, }nen converges almost surely toward U, then ©(U,)) —, ©(U). Then
© is a continuous operator from (E,p) into (F,T).

Proof. We recall first a well known property (see for example [44, Th 2.3.3]). Let {z,, }nen
be a sequence in a topological space. If from any sub-sequence {xnk} peny e can extract
a sub-sub-sequence {xo(nk)} ey converging to x*, then {Zp }nen converges to x*. Indeed
suppose that {x,}nen does not converges toward z*. Then there exist an open set O
containing z* and a sub-sequence {xnk} keN such that for all £ € N, z,,, ¢ O, and no
sub-sub-sequence can converges to x*, hence a contradiction.

Let {U,,}nen be a sequence converging in probability to U. We consider the sequence
{G(Un)}neN in F. We choose a sub-sequence {@(Unk)}keN' By assumption {Un}nGN
converges in probability toward U, thus we have U, —p U. Consequently there exist a

sub-sub-sequence Ug(nk) converging almost surely to U, and consequently @(Ua(nk)) —

@(U ) Therefore © is sequentially continuous, and as the topology of convergence in
probability is metrizable, © is continuous. ]

Remark 7.8. This Lemma does not imply the equivalence between convergence almost
sure and convergence in probability as you cannot endow U with the “topology of almost
sure convergence” as almost sure convergence is not generally induced by a topology.
However note that {U, }nen converges in probability toward U iff from any sub-
sequence of {U, }nen we can extract a further sub-sequence converging almost surely to

U (see [44, Th 2.3.2]).

7.3.2 Objective function

Let U be a space of random variables on (Q, F, IP’), with value in a Banach U.

The most classical objective function is given as J (U) =E [j U )], where 7: U - R
is a measurable, bounded cost function. This objective function expresses a risk-neutral
attitude; indeed a random cost with high variance or a deterministic cost with the same
expectation are considered equivalent. Recently in order to capture risk-averse attitudes,
coherent risk measures (as defined in [6]), or more generally convex risk measures (as
defined in [48]), have been prominent in the literature.

Following [104], we call convex risk measure an operator p : X — R U {400} verifying

e Convexity: for all A € [0,1] and all X,Y € X, we have

POX (1= A)Y) < 2p(X) + (1= N)p(Y):

e Monotonicity: for all X,Y € X such that X <Y we have p(X) < p(Y);
e Translation equivariance: for all constant ¢ € R and all X € X, we have p(X +¢) =
p(X) +c,
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where X is a linear space of measurable functions. We focus on the case where X =
L>(Q, F,P;R), and assume that p(0) = 0.

Proposition 7.9. Let U be a set of random variables endowed with the topology of conver-
gence in probability, and J(U) = p(j(U)), where j : U — R s continuous and bounded,
and p a lower semicontinuous convex risk measure. Then, J : U — R is continuous.

Proof. Note that as j is bounded, j(U) € X for any U € U. Then we know that ( [104])
there is a convex set of probabilities P such that

p(X) = sup Eg(X ) — 9(Q) ,
QeP

where ¢ is convex and weak*-lowersemicontinuous on the space of finite signed measures
n (Q, F). Moreover any probability in P is absolutely continuous w.r.t P.
Consider a sequence {U,, },en of elements of U converging in probability toward U € U.
Let M be a majorant of j, we have p(j(U)) < p(M) = M < +oco. By definition of p, for
all € > 0 there is a probability P. € P such that

Ep. (j(U)) — g(B.) = p(j(U)) — < .

As P, is absolutely continuous w.r.t P, the convergence in probability under P of {U, },en
implies the convergence of probability under P, and in turn the convergence in law under
P.. By definition of convergence in law we have that

Let 1 be a positive real, and set ¢ = /2, and N € N such that for all n > N,

[Be. (5(U,)) — Ee. (§(U))] <

1\3\3

(7.13)
Then, recalling that
/’(J(U)) > Ep, (j(U)) — 9(Py) = p(i(U)) —g, (7.14)

we have that for all n > NV,

p(J(U,) —5161173153@ i, ) (©)
> Er, (i(U,)) - 9(Py)
> Er, (iU)) ~ 9(By) - by (7.13),
> p(j(U)) —1 by (7.14),

and thus

p(j(U)) + g > p(j(Un)) > p(J(U)) =N

Thus lim, p(j(Un)) = p(j(U)). Hence the continuity of J. O
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The assumptions of this Proposition can be relaxed in different ways.

In a first place, if the convex risk measure p is simply the expectation then we can
simply endow U with the topology of convergence in law. In this case the continuity
assumption on j can also be relaxed. Indeed if {Un}n oy converges in law toward U, and
if the set K of points where j is continuous is such that P(U € K) = 1, then E[j(U,)]
converges toward E [j(U)].

Otherwise assume that U/ is a set of random variables endowed with the topology of
convergence in probability, and that j continuous. Moreover if we can ensure that j(U) is
dominated by some integrable (for all probability of P) random variable, then J : U — R
is continuous. Indeed we consider a sequence (U almost surely converging to U. We

n>n€N
modify the proof of Proposition 7.9 by using a dominated convergence theorem to show

that lim, Ep_(j(U,)) = Ep. (j(U)). Lemma 7.7 concludes the proof.

7.3.3 Constraint operator

We present some usual constraints and how they can be represented by an operator ©
that is continuous and take values into V.

Almost sure constraint

From Lemma 7.7, we obtain a first important example of continuous constraints.

Proposition 7.10. Suppose that U is the set of random variables on (Q, F, IP’), with value
in U, endowed with the topology of convergence in probability. Assume that 0 : U — V is
continuous and bounded. Then the operator ©(U)(w) := (U (w)) maps U into V and is
continuous.

Proof. The function 6 being continuous, is also Borel measurable. Thus for all U € U, for
all Borel set V' C V, we have

W) '(V)={fweQ | Uw ed  (V)}erF,

thus O(U) is F-measurable. Boundedness of # insure the existence of moment of all order
of ©(U). Thus © is well defined.
Suppose that {Un}n oy converges to U almost surely. Then by boundedness of 0,
we have that (HH(Un) — G(U) H@) N is bounded, and thus by dominated convergence
ne
theorem we have that

lim 0(U,) =60(U) inLP(Q,F,P;V),

n—o0

which is exactly
lim ©(U,) =0(U) .

n—0o0

Consequently by Lemma 7.7 we have the continuity of ©. 0

We note that boundedness of 6 is only necessary in order to use the dominated conver-
gence theorem. Thus an alternative set of assumptions is given in the following proposition.

Proposition 7.11. Let B be a sub-field of F. IfU = L¥ (Q,B,P), with the topology of
convergence in probability, and if 0 is y-Holder, with v < p'/p then ©(U)(w) := (U (w))
1s well defined and continuous as an operator mapping U into V.
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Proof. By definition a function § mapping U into V is y-Holder if there exist a constant
C > 0 such that for all u, v’ in U we have

16Cw) =0y < € lu =l

in particular the 1-Holder continuity is the Lipschitz continuity.
Following the previous proof we just have to check that the sequence

(HG(UH) — H(U ) HZ{,) N is dominated by some integrable variable. Indeed, the Holder
ne

assumption implies

R e L

And as py < p/, and U, and U are elements of LPI(Q,}", IP’),

n

Py,
U, — UHU is integrable.

Measurability constraint

When considering a dynamic stochastic optimization problem, measurability con-
straints are used to represent the nonanticipativity constraints. They can be expressed by
stating that a random variable and its conditional expectation are equal.

Proposition 7.12. We set U = L7 (Q, F,P; V), with p’ > p. Assume that

o cither U is equipped with the strong topology, and V is equipped with the strong or

weak topology,

e orlUd and V are equipped with the weak topology.
If B is a sub-field of F, then @(U) =K [U ‘ B] — U, is well defined and continuous.

Proof. In a first place note that as p’ > p, U C V; and if V' € V then IE[V ‘ B] €V as
the conditional expectation is a contraction. Thus for all U € U, we have ©O(U) € V.
Consider a sequence {U, } ey of U strongly converging in L¥ toward U € U. We have

1e(U,) —eU)ll, <IIU, = Ul +|E[U, - U | B]||,
<2/, - Ul
<2||U,-Ul||y = 0.
Thus the strong continuity of © is proven.

Now consider {U, },en converging weakly in LY toward U € U. We have, for all
Y € L9,

E[E[U,|B]-Y|= E[UE}Y 8],
— E|UE[Y | 8],
- EE[U |8Y].

Thus we have the weak convergence of the conditional expectation and therefore of O.
Finally as the strong convergence imply the weak convergence we have the continuity
from U-strong into V-weak. O

Until now the topology of convergence in probability has been largely used. If we
endow U with the topology of convergence in probability in the previous proposition we
will obtain continuity of © on a subset of U. Indeed if a set of random variables ¢/%¢ such
that there exist a random variable in LP' (Q,]—' , IP) dominating every random variable in
U, then a sequence converging almost surely will converge for the L¥ norm and we can
follow the previous proof to show the continuity of © on /%4,
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Risk constraints

Risk attitude can be expressed through the criterion or through constraints. We have
seen that a risk measure can be chosen as objective function, we now show that conditional
risk measure can be used to define some constraints.

Let p be a conditional risk mapping as defined in [103], and more precisely p maps U
into V where U = LP(Q,]:, P; U) and V = LP(Q,B,IP’; V), with B C F, and verifies the
following properties

e Convexity: for all A e U, A € [0,1] and all X,Y € V, we have

pPAX +(1=NY) <Xp(X) + (1= XNp(Y);

e Monotonicity: for all X,Y €V such that X <Y we have p(X) < p(Y);
e Translation equivariance: for all ¢ € V and all X € U, we have p(X +¢) = p(X)+c.

Proposition 7.13. Let U be endowed with the topology of convergence in probability, and
V endowed with the strong topology. If p is a conditional risk mapping, 6 is a continuous
bounded cost function mapping U into R, and a € V, then @(U) = p(H(U)) —a s
continuous.

Proof. Consider a sequence of random variables {Un }n oy converging in probability toward
U,. Let m: LP(Q,B,P;U) — LP(Q, B,P;U) be a selector of V = LP(Q, B,P;U), i.e. for
any U € LP(Q, F,P;U), 7(U) € U. For any w € Q, any U € LP(Q, F,P;U) we define

polU) = m(p(U))(w)

Note that for P-almost all w € €2, the function ©,(U) := p,, (6(U)), satisfies the conditions
of Proposition 7.9. Thus for P-almost all w € Q, (6,(U, converges toward O, (U__).

n))nEN e
Thus we have shown that (@(Un))nEN

converges almost surely toward © (Uoo). By bound-
edness of § and monotonicity of p we obtain the boundedness of (@(Un))n N
sure convergence and dominated convergence theorem ensure that (@(Un))n cny converges

in LP toward @(UOO), hence the continuity of ©. O

Thus almost

Another widely used risk measure, even if it has some serious drawbacks, is the Value-
at-Risk. If X is a real random variable its value at risk of level o can be defined as
VaR,(X) = inf{Fx'(a)} where Fx (z) := P(X < z).

Proposition 7.14. If 0 : U — R is continuous, and if U is such that every U € U

have a continuous distribution function, then O(U) := VaR, <0(U)> s continuous if we

have endowed U with the topology of convergence in law, and a fortiori for the topology of
convergence in probability.

Proof. By definition of convergence in law, if U, — U in law, then (G(Un))n oy converges
in law toward 6(U) and we have, for all z € R, Fyy, )(x) = Fyw(z). Thus (6(U,

n))neN
converges toward O(U ), and as ©(U) is real-valued, © is continuous. O

Note that in Proposition 7.14 the constraint function take deterministic values. Thus
considering the conditional expectation of this constraint yields exactly the same con-
straint. However consider a constraint ©; : &4 — R of this form, and another con-
straint ©9 : 4 — V. Then if ©®; and ©9 are continuous, then so is the constraint
© = (01,02) — R x V. Thus we can apply Theorem 7.4 on the coupled constraint.
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7.4 Application to a Multistage Problem

In this section we say a few words about how the approximation of an almost sure
constraint by a conditional expectation — as presented in section 7.2 — can be used.

We are interested in an electricity production problem with N power stations coupled
by an equality constraint. At time step t, each power station i have an internal state
Xti, and is affected by a random exogenous noise Wti. For each power station, and each
time step t, we have a control Qi € Q?ff that must be measurable with respect to F;

where F; is the o-algebra generated by all past noises: F; = U(W;)l <i<n0<s<t Moreover
there is a coupling constraint expressing that the total production must be equal to the
demand. This constraint is represented as Y~ 104Q%) = 0, where 6] is a continuous
bounded function from ij into V, for all i € [1,n]. The cost to be minimized is a sum
over time and power stations of all current local cost Li (Xt’ , Qi, Wti).

Finally the problem reads

N T
iz E{Z};Lg(xg,czi,wg)} (7.15a)
st. X = [(X],QL,W,) vt, Vi, (7.15b)
X} = x{ Vi, (7.15¢)
Qi e o v, Vi, (7.15d)
Q.= F vt, Vi, (7.15¢)
N
> 6@ =0 Vt, Vi (7.15f)
=1

For the sake of brevity, we denote by A the set of random processes (X, Q) verifying
constraints (7.15b), (7.15¢) and (7.15d).

Let assume that all random variables are in L? spaces and dualize the coupling con-
straint (7.15f). We do not study here the relation between the primal and the following
dual problem (see [95] and [94] for an alternative formulation involving duality between
L' and its dual).

T
max min E [Z Z L (th, in Wti) + Atei(Qi)

Ael?  (X,Q)eA

st. QL= F Wt Vi

(7.16)

We solve this problem using a gradient-like algorithm on A. Thus for a fixed AF) we
have to solve N problems of smaller size than Problem (7.16).

T
(XI}’IIJH)’IEA |:tz:; t( t7Qt7 t) + t t(Qt)

st.  QL=<F Vt, Vi

(7.17)

Note that the process A*) has no given dynamics but can be chosen to be adapted to
the filtration (F;);=1,. 7. Consequently solving Problem (7.17) by Dynamic Programming
is possible but numerically difficult as we need to keep all the past realizations of the noises
in the state. In fact the so-called curse of dimensionality prevent us to solve numerically
this problem.
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Nevertheless it has recently been proposed in [10] to replace A; by E [)\t ’ Yt], where Y,
is a random variable measurable with respect to (Y,_;, W,) instead of A;. This is similar
to a decision rule approach for the dual as we are restraining the control to a certain
class, the Y,-measurable X in our case. Thus Problem (7.17) can be solved by Dynamic
Programming with the augmented state (XZ, Y,). It has also been shown that, under some
non-trivial conditions, using E [)\t ‘ Y;] instead of A; is equivalent to solving

r N T
min  E Li(X{, Q;, W ] 7.18a
(X.Q)cA _;; t( t t t) ( )
st. Q=T vt, Vi, (7.18b)
)\
E[>6i(Q)) ’ Yt] —0 Vi, Vi (7.18¢)
Ci=1

Problem (7.18) is a relaxation of Problem (7.15) where the almost sure constraint
(7.15f) is replaced by the constraint (7.18¢c). Now consider a sequence of information
processes (Y (), cy each generating a o-algebra F,,, and their associated relaxation (P,,)
(as specified in Problem 7.18) of Problem (7.15) (denoted (P)). Those problems correspond
to Problems (7.11) and (7.12) with

where U = (Q(i))z‘e[[l,N}] and X/ follow the dynamic equation (7.15b). We also have

N
@t(Ut) = ZG%(Q;)
i=1

and Ct = {0}

Assume that for all t € [1,T], and all 5 € [1, N] the cost functions L and constraint
function ! are continuous, and that QZ‘; is a compact subset of an Euclidean space.
Moreover we assume that the noise variables VV]tZ are essentially bounded. Finally we
endow the space of control processes with the topology of convergence in probability.
Then by induction we have that the state processes and the control processes are essentially
bounded, thus so is the cost L¢ (Xti, Uti7 VV;) Thus the cost function can be effectively
replaced by bounded functions. Consequently Proposition 7.9 insures that .J is continuous
if U is equipped with the topology of convergence in probability. Similarly Proposition
7.10 insures that © is continuous.

Thus Theorem 7.6 implies that our sequence of approximated problems (P,,) converges
toward the initial problem (P). More precisely assume that {U, }nen is a sequence of e,-
optimal solution of Py, i.e. U, verifying constraint (7.18c) and J(U,,) < infyyyyea J(U) +
€n, With (e,,)nen a sequence of positive real number converging to 0. Then we can extract
a subsequence (U, )ken converging almost surely to an optimal solution of (P), and the
limit of the approximated value of (P,) converges to the value of (P).

Conclusion

In this Chapter we have considered a sequence of optimization problem (Pn) where
each problem is a relaxation of an optimization problem (73) This relaxation is given by
replacing an almost sure constraint by a conditional expectation constraint with respect to
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a o-algebra F,,. We have shown that, if the cost and constraint functions are continuous
and if the sequence of o-algebras {F, },en converges toward the global o-algebra, then
the sequence of optimization problems (Pn) converges toward the original problem (73)

In the next chapter, we apply this relaxation to a multistage optimization problem in
order to obtain a tractable price decomposition scheme.
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Chapter 8

Dual Approximate Dynamic
Programming Algorithm

If you can’t solve a problem, then there is an easier

problem you can solve: find it.

Georg Poélya
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In this final chapter, we present a spatial decomposition algorithm that solves an ap-
proximation of a multistage stochastic optimization problem. We illustrate the approach
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on the hydraulic valley example of §1.3.2. This algorithm, called DADP for Dual Ap-
prozimate Dynamic Programming, was first described in [10], following preliminary works
in [114] and [50]; numerical studies can be found in [1,50].

In §8.1, we provide a bird eye view of the method. In §8.2, we describe each step of
the DADP algorithm. In §8.3, we use the results of Chapters 4 to 7 to provide theoretical
foundations to the algorithm. In §8.4, we display numerical results for the 3-dam valley
example (see §1.3.2). Finally, in §8.5, we discuss the design of the information process
that appears in the approximation step.

As this Chapter is pretty heavy on notations and indexes, the quantifier V will often
be omitted. In addition, many variables are indexed by the dynamic subsystem ¢, and
the time ¢; most of the time, when we omit an index, it means the collection, e.g. X =

{th}te[[O,T]],z‘e[[l,N}]’ X' = {X;}tzo, X, = {Xg}izl. We also assume that spaces X =

[Xt]?, U= [Ut]ip and W = [Wtﬁ are subsets of finite dimensional vector spaces. More
precisely, we denote by nx the dimension of Aff(X;), ny the dimension of Aff(U;), and
nw the dimension of Aff(W,); it is for notational sobriety only that these dimensions are
assumed to be the same for every time ¢. The integer nc denotes the dimension of the
image space of the constraint functions ..

8.1 Overview of the DADP Method

We consider N stochastic dynamic systems coupled by almost sure equality constraints.
The global cost to be minimized is the expectation of a sum over the N systems of the
sum over time of local costs. The problem considered is detailed in §8.1.1. Our objective
here is to obtain feedbacks (strategies), for a large scale stochastic dynamical problem.

The price decomposition scheme consists in dualizing the coupling constraints, fixing a
multiplier, and obtaining /N uncoupled subproblems. From the solution of each subproblem
we update the multiplier before iterating. However, we show in §8.1.2 that this price
decomposition scheme leads to subproblems which are too difficult to solve by Dynamic
Programming (dimension of the state too important). Thus, we propose an approximation
method called Dual Approximate Dynamic Programming (DADP) and based on the main
following ideas ':

e relaxing the almost sure coupling equality constraints into conditional expectation

constraint,

e using a price decomposition scheme to obtain subproblems,

e solving the subproblems through methods like Dynamic Programming.

The approximation idea behind the Dual Approximate Dynamic Programming
(DADP) algorithm is presented in §8.1.3. A presentation of the scheme of DADP method
is given in §8.1.4 (a more detailed presentation is done in §8.2). Its application on the
hydraulic valley example is presented in §8.1.5.

8.1.1 Presentation of the Spatially Coupled Problem

We are interested in a production problem involving N units. Each unit ¢ has an
internal state XZ at time step ¢, and is affected by a random exogenous noise W¢. The
global exogenous noise {Wt}OT_1 is assumed to be time-independent. Time dependence
could be represented by extending the state, and incorporating information of the noise
in it. On the other hand, for a given time ¢, the sequence {Wf}ﬁl is not assumed to
be independent (between units). Moreover we assume a Hazard-Decision setting, that is,
that the control taken at time ¢ is chosen once the uncertainty W, is known.

1. Different interpretations of the DADP algorithm are given in 8.3.1.
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For each unit 7 € [1, N], and each time step ¢ € [0,7 — 1], we have to make a decision
U; L{g? that must be measurable with respect to F, where J; is the o-algebra generated
by all past noises:

Fi = J<(W;)1§iSN70§S§t) '

We denote § the filtration {F;}7 .
We consider an almost sure coupling constraint represented as

N
> 6i(X;, U, W,) =0 P-a.s (8.1)
=1

For example, each ! can represent the production of unit i at time ¢ and a constraint on
the global production at time ¢ is represented through Equation (8.1). Moreover, as in the
dam example (see §1.3.2), if some controls are shared by two dynamical systems, then it is
formulated by defining one control for each dynamical system, and stating their equality
in (8.1).

Finally, the cost to be minimized is the expectation of a sum over time and over unit
of all current local costs L! (Xti, UZ, Wt).

The overall problem can be formulated

=1 t=0

X} =) (8.2b)
Xti—&—l = ftZ(XZa Utzv Wt) (82C)
U €U} (8.2d)
U = F (8.2¢)
N . . .

> 0H(X[, U, W,) =0 (8.2f)
=1

where constraint (8.2¢)-(8.2f) are to be understood for all time ¢t € [0,7] (constraint (8.2c)
for ¢ € [0, — 1] only) and constraints (8.2b)-(8.2¢) for all unit i € [1, N].

Note that, if it were not for constraint (8.2f), Problem (8.2) would lead to a sum of
independent subproblems, that could be optimized independently.

8.1.2 First Idea: Price Decomposition Scheme

In §6.3, we presented how Uzawa algorithm can be applied to a multistage problem.
However, in Chapter 6 we did not specify how to solve the minimization problem for a
given multiplier. Here, we use the Uzawa algorithm as the master problem in a price
decomposition approach to Problem (8.2), and show its limits.

Let us assume that all random variables used in Problem (8.2) are in L*°, and that
the problem has a L! optimal multiplier for the coupling constraint (8.2f). There are
three reasons for choosing the space L*°. First, assuming that the states and control are
essentially bounded is a reasonable modernization for most industrial problems. Second,
there exists - see Chapter 5 - condition for existence of multiplier in the (LOO, Ll) pairing,
whereas the examples of Chapter 4 show that it is more delicate in LP with p < co. Third,
a convergence in L has an easier interpretation than a convergence in L2
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We dualize (see Chapter 4) the coupling constraints (8.2f) (in the (L>,L') pairing) to
obtain

?13 ma E[ZZL,@ (X, U/, W,) + X, -0, (X[, U, W,)

i=1 t=0

t+1 - ft (XtZ7U1?7Wt) (83)
Xé = .’IJO
U € U
U/ < F; .

Note that the multiplier A is a stochastic process A = {’\t}?:o'
We now consider the dual problem (see Chapter 4)
E L X’ UZ +A - 91 XZ U’W
max win [Z ; (X U5 W)+ A0 )

t+1 - ft (thaUtlawt) (84)
Xé — xo
U € U
U < F;.

Fact 8.1. If there exists an optimal multiplier process A = {X, OT_l such that A €
L! (Q,]:, P; R"C), then there exists an optimal multiplier process that is §-adapted.

Proof. Indeed, for A, in L! (Q, F, IP’), the conditional expectation w.r.t the o-algebra F; is
defined, and we have,

E[X -E[6;(X].U.W,) | F]| =E[E[x, | F]-E[(X].U} W) | 7]

Hence, we replace A, by the JF;-measurable E[At ! ]:t] that yields the same value for
Problem (8.4). O

From now on we will consider that the multiplier process A is §-adapted.

We can solve the maximization part of the dual problem using a gradient-like algorithm
on X. Thus, for a fixed multiplier process A*), we have to solve N independent problems
of smaller size

min_ [ZL (X}, UL W,) + A" 6l (X0, UL, W)
xiyt

X1 = [(X[ UL W)
X =
U} e U
U/ = F .

(8.5)

Problem (8.2) is a multistage problem with a physical state X, = {X 0N, affected by
a time independent noise process {W,}I. Hence, the state X, is an information state in
the sense of Dynamic Programming (see §1.2.4 ) and Problem (8.2) can be solved through
Dynamic Programming with a state of dimension N x dim/(X?).
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If it were not for the term )\Ek) - 0 (th, Uti7 Wt) in the objective function of Prob-
lem (8.5), we would have a problem with a physical state X} i affected by the time inde-
pendent noise process {W, }0 Hence, the Dynamic Programmmg would be far faster: the
dimension of the state is divided by V.

Unfortunately, with the term )\gk) -0 (XZ, Ug7 Wt) Problem (8.5) is a problem with a
physical state X}, and two random noises : W, and )\gk)‘ The noise {W,}{ process is
time-independent, but the noise process {Aﬁ’“)}f;ol is not time independent. All we know
is that it is a F-adapted information process. Hence, a priori, Problem (8.5) can be solved
by Dynamic Programming, by using {Ws}i;%) as the information state at time ¢t. However,
this state is not necessarily smaller than the state of the global problem (Problem (8.2)).

If we could show that the multiplier process )\gk) had a dynamic, say

A = (D A W)

then Problem (8.5) could be solved with the information state { X/, )\gli)l, - ,A@S}. On a
very specific example it has been shown in [114] that the multiplier process has a dynamic.
In the following section, we construct an approximation of Problem (8.2) such that its
multiplier process is a function of a stochastic process Y with a dynamic. Our goal is

to solve Problem (8.5) by Dynamic Programming with the extended information state
(X[, Y)).

8.1.3 Second Idea: Constraint Relaxation

We have seen in the previous section that, if we apply a price decomposition scheme
to Problem (8.2) the subproblems (8.5) cannot be solved numerically by the Dynamic
Programming approach because of the curse of dimensionality. Thus, we approximate
Problem (8.2) by relaxing the almost sure constraints, in order to obtain subproblems
with a smaller dimension state, and thus numerically solvable by Dynamic Programming.

For this purpose, we consider a stochastic process {Yi}tT:_Ol (uncontrolled), called an
information process, that follows a dynamic

vt e [0, T —1], Y= ft(thfl’ W) . (8.6)

where f; are known deterministic functions. The choice of the information process is
arbitrary, but determines the quality of the method. It will be discussed in §8.4 and §8.5.
For simplicity, we present the algorithm with only one information process. However,
it can be extended to multiple information processes, affected to different constraints. This
will be done in the dam valley example on which we illustrate the method.
We replace, in Problem (8.2), constraint (8.2f) by its conditional expectation w.r.t the
information process (see constraint (8.7f)):

min E[ZZL; (XL UL, W, )} (8.7a)

i=1 t=0
Xip = [(X, UL W) (8.7b)
X! =al (8.7¢)
U; € Uy (8.7d)
U < F (8.7¢)

E[ieﬁ(XZ,UZ,Wt) 'v] =o. (8.71)
=1
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This type of relaxation was studied in Chapter 7.
In the (LC’O7 Ll) pairing, we define the Lagrangian function

N T
[ZZL (XL ULW,) + E[Gi(XZ,UZ,Wt)HG]}, (88)

i=1 t=0

where the state process X follows the dynamic equation (8.7b).
Thus, we obtain the following dual problem

mas iy E[;gv XL ULW,) ¢[00 W) | V)

Xy = [(X, U] W)
Xé = xo
Ug € um-
U/ < F; .

Lemma 8.2. Assume that there exists an optimal process p = {/‘t}f:o for the maxi-
mization part of Problem (8.9), with yu; € L! (Q,}",]P’;Rp). Then, the process u! defined
by

“2 =E[p, | Y],

is also an optimal solution to Problem (8.9).

Proof. Indeed if p, € Lt (Q,]—", P), then we have,
E|n, - E[0}(X].U/.W,) | V]| =E[E[n, | Y] -E[0}(X]. U}, W,) | Y]]

Using this equality in (8.8)
LU, p) = LU, p¥),

hence the result. O

Thus, we can restrict ourselves to multiplier processes p, such that for all time t €
[0,T7, p, is measurable w.r.t Y.
Consequently, using once more Lemma B.3, we can write Problem (8.9) as

N
3 i 5[ GO (KLU
XZH = fU(X], U/, W,)
Xé =
U} e U
U < F .

(8.10)

Problem (8.10) is equivalent to Problem (8.9), but is simpler:
e the multiplier process p of Problem (8.10) lives in a smaller linear space,
e the dual cost in the objective function of Problem (8.10) no longer requires to com-
pute a conditional expectation.
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Note that, for a given multiplier uﬁk)

minimization subproblems.

, we have to solve the N following separate inner

i, [t i)

t+1 ft(X;UZ?Wt)
X(Z) = 370
U, e U
U < F; .

(8.11)

Each inner minimization problem can be solved by Dynamic Programming with the ex-

tended state (X;, Yt) Indeed, fix a multiplier ugk) measurable w.r.t Y,, and represented by

a measurable function ugk) such that u,@(Yi) = pgk). Recalling that the noises {W, gil

are assumed to be time-independent, we can write the following Dynamic Programming
equation for the inner minimization problem.

Vi(ahye) = min  E|L{(a}, UL W) + u(ye) - 04 (a, UL W) + Vi (X Yay)
vi=w,
XZ+1 ftz(‘r;aUtzawt)
Y;+1 = fi (v, W)
] d

Uy el .
Thus, we can solve the inner minimization problem for a given multiplier, by applying
Dynamic Programming to the IV separate problems.

Remark 8.3. For notational simplicity, we relazed the almost sure constraint (8.2f) in
its conditional expectation with respect to one information process (see Equation (8.7f)).
However, exactly the same approach can be done with several constraints. More precisely,
we consider,

n
ViellLJ, > OYX] U, W,=0, P-as., (8.12)
i=1
and their relaxed counterpart

viell,J), E[Y O/X.U.W,|Y/]=0, (8.13)
=1

where {Y;:j}te[[o,T—l}] is an information process. There is no difficulty in extending the
results to this type of relaxation. This is done in the dam example in §8.1.5 and thereafter.

8.1.4 General Scheme

We now describe more precisely the DADP algorithm in Algorithm 8.1 given an infor-
. T—1 . .
mation process {Y}t , satisfying (8.6).

Iteration k of Algorithm 8.1 starts with a multiplier process u( ). The N inner mini-

mization problems (8.11) are solved, for example, by Dynamic Programming.
From these resolutions, we obtain a slack process Agk) defined by

N
AP =S"6i(x; " U wy) (8.14)
=1
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where {XZ’(k), Uti’(k)}tT:O is the solution process of Problem (8.11).
Then, we update the multiplier process by a gradient like step
k+1 k k
vie[0,7],  wY = +oE[AP | Y], (8.15)
for a given p > 0. As ugk) is measurable w.r.t Y,, and Y, is a finite dimensional random
variable, a result from Doob (extended in [36, Chapter 1, p.18]) allows us to represent
,ugk) as a function ugk) of Y,. Moreover, if Y, takes a finite number of values, ,ugk) can be
represented by a finite dimensional vector. The update (8.15) of the multiplier process

{ugk) Hee[o,r] ends iteration k of the DADP algorithm.

Data: Information process evolution functions f; and starting point yo initial

multipliers ugo) ;

Result: optimal multipliers ,uf, admissible feedback ;
repeat
forall the i € [1, N] do

L Solve Problem (8.11) ;

forall the ¢t € [0,7 — 1] do
Estimate E[A} | Y] ;
L Update the multiplier : ugk) (8.15);
until E[Af ‘ Y;t] ~ (0
Compute admissible feedbacks ;
Algorithm 8.1: General Scheme of DADP

We sum up the information structure and notations:

e W, is the noise happening at the beginning of the time period [t,¢ + 1],

o fFi=o0 ({WT }tT:()) is the g-algebra of all information contained in the noises realized
before time t + 1,

o U, = {Ut’}fil is the control applied at the end of the time period [, t+1[, measurable
w.r.t Ft,

o X, = {Xg}f\il is the state of the system at the beginning of [¢,t + 1[, is measurable
w.r.t Fi—1 (note that this time the index is t — 1),

e Y, is the information variable measurable w.r.t J,

e )\, is the multiplier of the almost sure constraint (8.2f), measurable w.r.t 7,

e p, is the multiplier of the conditional constraint (8.7f) measurable w.r.t o(Y,) C F,
and we have p, = 1y (Yt), where p; is a deterministic function.

8.1.5 An Hydraulic Valley Example

We illustrate the DADP algorithm on the example of a chain of N dams presented in
§1.3.2, more thoroughly developed in [1].

First of all, to recover the framework of Problem (8.2), with dynamical system coupled
through constraints, we need to duplicate the outflow of dam ¢ — 1. It means that we
consider Zti as a control variable pertaining to the dam ¢, and submitted to the constraint

Vie[2,N], Zi=g Y(X LU 'Z7'LW/Y), and Z!=0. (8.16)

_pyi—1
=Hy
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Figure 8.1: From a coupled formulation to a decomposed formulation of the dam problem

Intuitively the control Zf is the water “bought” by the dam ¢ to the dam ¢ — 1. The price
of this exchange is the multiplier )\f; to constraint (8.16). Note that, if the price is not the
actual optimal multiplier, the physical constraint stating that the outflow of dam ¢ goes
into dam ¢ + 1 will not be satisfied. Schematically, this can be seen on Figure 8.1. Note
also that there are N — 1 constraint, hence N — 1 multiplier processes.

In order to fit the framework of Problem (8.2), the coupling constraint is given by

0i(X UL 2 W) = (0.0, ~Z) gi(H}, W;),0,--- ,0),
~—~—
ithposition
so that constraint (8.2f) coincides with constraint (8.16).
We now explicit the relaxation (8.7). In the rest of the presentation, for notational
simplicity, we consider only one information process {Yt}g However, we can choose one

information process per coupling constraint. Hence, for any i € [2, N], we consider an
information process {Yf}tT;Ol, and we relax constraint (8.16) into

vielN.  Elg(HLW) -2

Yt’] =0, and Z'=0. (8.17)
We assume that the information processes {Y}N, satisfy (8.6); more precisely that
there are known deterministic functions ft such that
Vi e [1,N], vtel]o,T—1], Y., = fi(Y,W,).
Thus, the relaxed optimization problem (8.7) reads now

max IIllIl E[ZZL% H, ]

=1 t=0
Xé =z}
Xi = fi(HL, W)
Y, = [ W)
(U}, 7)) € ut,z’
U, z)) = F
Elg, ' (H LW/ -z, | Y/]=0.

(8.18)
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For notational consistency, we introduce a fictitious uN *1 =0, and the dual problem (8.10)
reads

T
wa S min 2SS W) 4 (W) 7
t=0

<YZ i—1
Xé =z}
t+1 = f{(H{,W}) (8.19)
Vi = f(Y W)
(U, 2;) e Uy
(U, 2;) = Fi .

8.2 DADP Algorithm Step by Step

Here, we present each step of the DADP algorithm and illustrate it with the dam valley
example.

8.2.1 Initialization

The Uzawa algorithm (see Chapter 6) is close to a gradient algorithm for the dual
problem. Consequently, we need a good starting point for this gradient algorithm. In
some cases, if the random variables were deterministic, the problem could be efficiently
solved exactly, yielding the exact Bellman function. From this Bellman function we can
determine (see below for an example on the dam valley) the optimal multiplier. Thus, a
good idea for an initial 4 would be the (deterministic) optimal multiplier for the problem
on the mean scenario. More precisely we consider Problem (8.2) where each W, is replaced
by E [VVt] This new problem is deterministic and can be solved by specific methods.

Example 8.4. Let {wt}tT:_O1 be a scenario of noise. We consider the following determin-
istic optimization problem, close to the one presented in §8.1.5

T-1 N
(grﬁn;r; ZZL’ zh ul wl, 20 —i—ZK zh) (8.20a)
’ t=0 i=1
5Ut+1 fi(@h, up, wy, 2) = 0 (8.20b)
7 — g, up,wi, 7)) = 0. (8.20c)

We denote by 0‘%+1 the multiplier of the dynamic equation (8.20b) and by BE'H the
multiplier of (8.20c). We dualize (8.20b) and (8.20c) and write the optimality equation
on z} (recall that for allt € [0,T — 1], we have set z1; =0).

Vie[1,N—-1], vtel[o,T-1], (‘;Zt—agﬂ-%}z L %g“rﬁt_o (8.21)

We obtain, for allt € [0,T — 1], the following backward (in i) equations to determine
Bt (recall that 5N+1 =0):

N oLy N arY

/Bt - T oz Qi1 o2 (8 22)
i__ 0L ol aft i+1 agt ; '

,Bt — Oz t+1 +,6 VlG II].,N_].]]

In order to obtain the multiplier o we write the Dynamic Programming equation for
Problem (8.20).
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N
Vr(zr) :ZKZ'(.IT)
=1
N
Vi(we)) =min)  Li(af, uf, wj, 2) ., (8.23)
(w2) 33
Vi (£ ahadud o), Y @ ol 2))

where the minimum is taken under constraint (8.20c).
After dualization, first order optimality conditions in z; of Problem (8.23) are given by

oL +8ft Vi 391&
0z 0z Ot
By identification of (8.24) with (8.21), we deduce the expression of al:

Bl 4al=0. (8.24)

Thus, equation (8.22) can be written
8L 0,
i i (8.26)
ﬂz%, _ _36% B 8?;;1 . aft +BZ+1 agt Vi € [[1 N — 1]]

Hence, we obtain a starting multiplier (% by setting ut = f; given by (8.26).

We have seen on the deterministic hydraulic valley example that, if we know the
Bellman function of a problem, we can obtain the optimal multiplier { ut}tT;Ol. Note that
the same computation can be done in a non-deterministic setting, and having the exact
Bellman functions would give the exact multiplier process as well.

8.2.2 Solving the Inner Problem

At each step of the DADP algorithm (Algorithm 8.1), we have to solve the N inner
minimization problems (8.11). For the DADP algorithm, the only output needed to up-
date the multipliers, is the stochastic process A®*) defined in (8.14). Consequently, the
inner problems can be solved by any methods available (e.g Stochastic Dual Approximate
Dynamic Programming - see Chapter 3).

Without further assumptions, the Dynamic Programming method is available. At iter-

k)

ation k, we initialize the Bellman function VTi’( = K, and proceed recursively backward

i,(K)

in time to construct V;
denoted y;, we solve

. For every possible value of XZ denoted x! and value of Y,

i B e U5 W) ) s U W) + i O (Xt ¥en)|
T
t+1 ft (xp Wt)
Yt+1 = ft(ytawt)
l]tZ = W%($i7ytth)

i d
U €U .

(8.27)

where the minimization is done on the policies 7} that are bounded functions mapping
X x Yy x Wy into U;. The optimal value of Problem (8.27) is the local Bellman value

Vo (@ ).
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i,(k)

Once all optimal policies m,”" are obtained, we can easily simulate the optimal control

and state processes (Ut’(k), X, (k)) and thus compute the slack process Agk) and

te[0,T]’
proceed to the update step.

Obviously, if the support of XZ or Y, is large (a fortiori infinite), the exact computa-
tion of Vti’(k) in (8.27) is not numerically tractable. One solution consists in computing
some values of Vti’(k) and interpolating afterward, as is usual in Dynamic Programming.
However, one has to keep in mind that we are solving a relaxed version of Problem (8.2).
Moreover this computation has for main objective to update the multiplier process. Thus,
we do not need to put too much numerical effort in obtaining a precise approximation of
V;Z}(k)‘

Example 8.5. On the dam wvalley example exposed in §8.1.5, the subproblem associated
with dam i is given by

T
i E[Zmﬂz,wt)w*“><w“> LW () - 2

Yy =R (Y, W)

}/;:Fll — Z-l—l (Y;H*l7 Wt) (828)
t+1 - ft (HZ7 th)
Xé = xo

U/, z}) eu!
(U}, Z)) < F: .

Problem (8.28) can be solved thanks to the following Dynamic Programming equation >

Vi(z,y',y't") =E [( n)lin ) {Li (z,u, 2, W,) + ) ity g (z,u, 2, W)
u,z GUi

7#1& Oft 1(y,W)'Z
+Vt+1(ft(33 U,z WZ) ;Z( ¢ Wt), ;"“(yiH,Wt))}] .
(8.29)

where we compute u and z for each possible value of W,.

Note that we require a state of dimension 3:

e the physical state x corresponding to the amount of water in dam i;

o the information state y' corresponding to the information process relative to the
equality constraint between the outflow of water gifl(Hf_l, Wf) from dam i—1 and
the inflow of water Zf into dam i;

e the information state y'T' corresponding to the information process relative to the
equality constraint between the outflow of water g%(Hf,Wti) from dam i and the
inflow of water Zf'H into dam 1+ 1.

Note also that the information processes Y and Y1 are not indexed by k as they are
uncontrolled processes. In §8.5, we discuss on how the information processes can evolve
along the iterations of the algorithm.

2. Being in a Hazard-Decision setting, we are able to exchange the minimization and expectation
operators.
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Solving Problems (8.29) gives an optimal state X550 and controls U Z1(K) . They
can be written with feedback law n**) and v>*) such that

i,(k i i,(k iy
Ut( ) :n,(k)(Xt( )’}/;57Y2+17Wt)
Zt( ) :,y,(k)(Xt( )’Y1-€71/t+1ﬂwt)

8.2.3 Multiplier Process Update

We look at the multiplier ugk) from a functional point of view, that is, we consider a

sequence of functions ,ugk) such that
VEeN, vtelo,T], p=uP(Y). (8.30)

After solving the N subproblems (8.11), we assume that we are able to simulate the
slack process A(F) defined in (8.14). We proceed to apply the update step (8.15)

vte 0,71, " i=p 4o E[AP | Y]

Remark 8.6. Note that the update step (8.15) is a gradient step for the dual problem (8.9).
If the constraint were Zfil 0; (Xf,Uti,Wt) € —C (for example inequality constraints)
instead of Zf\il 0; (Xf, Uti, I/Vt) = 0 a projection step would be required.

Moreover, as the gradient algorithm is known to converge slowly, we might be tempted
to use a more advanced update step, for example a quasi-Newton step. Indeed, under
smoothness assumptions, the conditional expectation E[Agk) ‘ Yt} gives the gradient of
the function maximized in Problem (8.9). This yields good numerical results and we know
that, if we find a multiplier process such that the constraint is satisfied, then this multiplier
is optimal and the primal solution is the optimal solution (see §8.3.6 for more details).

In order to estimate E [Agk) ‘ Y;] at least two different approaches are possible: Monte-
Carlo method, and Fokker-Planck method.

Monte-Carlo We draw a large number S of scenarios of the couple (Agk) , Yl;) denoted

by {Agk)’s, Yts}f:l, and use classical regression tools to estimate Agk) as a function

of Y,. For example, if Y, takes a finite number of values (yi)lL:l we can estimate

the conditional expectation by Monte-Carlo methods : E[Agk) | Y, = ygl}] is the

empirical mean of Aﬁk) over the set of realizations such that Y, = yt{l}.

Fokker-Planck Assume that we have the probability law of (XZ’(k),YI;). Then, using
the optimal feedbacks obtained when solving the subproblems (8.27), we get:
e the exact probability law of (Xti’(’f), Y, +1);
e the probability law of the couple (Agk), Y;)
We deduce, by integration of the law of the couple, the law of the conditional expec-
tation E[Agk) | Y,]. Hence, we can compute forward the exact law of E [Agk) | Y,].

To compare these methods we give estimations on their complexity. In the following,
indexes (k) denote the iteration of the algorithm, {{} the values in the support of some
random variables, and [s] the realization of a random variable over a scenario.

Remark 8.7. Assume that every random variable takes a finite number of values and in
particular that we have supp(Y,) = {y;{l}}lel.
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Monte-Carlo By Monte-Carlo method, we do not obtain the exact values ofE[A 'Y, =
{ } {0}
Y]

For a given possible values y; ' of the information process Y,, the precision of

the estimation ofIE[AEk 'Y, = y,;{ }] depends on the number n; of simulated scenarios

such that yi = y,;{l} Indeed, by the Central Limit Theorem, the asymptotic error on

E[Agk) Y, = y;{ }] decreases in O(1/\/n;). If the information process Y, is uniformly
dz’stm’buted on its possible values, then this number is roughly ny ~ S/L. Furthermore,
we have minepy rjm < S/L. Moreover, in practice the information process law can
be concentrated on some possible values of Y,, and there are some realizations | such
that ny is far smaller than S/L. In this case, we cannot trust Monte-Carlo estimate

and we may need to use some interpolation methods to estimate E[Agk) Y, = yt{l}].

Fokker-Planck On the other hand, Fokker Plank gives exact results. We determine the
complexity of this computation. Assume that we know the law of ( b (k),ﬂ), with
finite support of N; elements, and the law of W, (of finite support of | supp (Wt)]
elements). Then, we can compute, using the optimal feedbacks obtained when solv-

i,(k)

ing the subproblems, the exact law of (XtJrl Y

Then, computing the exact conditional expectation E[At_H | t+1] is straightfor-
ward and requires | supp (Y; +1)‘ operations. Without any assumptions on the spaces
state Xy and Y, we can only show that Ny is growing exponentially with time, more
precisely we have Ny < Hizo | supp (WS)], and this exact computation seems nu-
merically impracticable. However, if we can show that Ny is reasonably small, for
example if the state space Xi, and the information state space Y; are discrete, then

computing the law of ( HEI ,Y) (and simultaneously the law of <A(k) t)) from

) in Ny X | supp (Wt)] operations.

the law of( i’(k), Yt) is of complexity O(|Xf5| X | Y| x |Wt]), and deriving the law of
E[AtH | Y, .| is of complexity O(|supp (Y,,,)]).
Example 8.8. Monte-Carlo Approach. In Example 8.5 we obtained feedback laws ni’(k)
and v®) . Using these feedbacks, and a realization of the noises (wF])te[[o 7] (s €[1,5]),
we obtain a sample of xt0) gtk and 25K with the following equation (and the
corresponding starting point)3

I = 8 (] ] i) )

AL = 0 (GHOL] Ll i )

i,(k),[s i, s i,(k),[s i,[s
20 _ ft<$t<>[1u<m 0 il
= A wl)
it = A k)

Thus, for S realizations of W, we obtain S trajectories of A®) given by
At( )i[s] i 1(1:1'—1,(’6)7[8} ui—lv(k),[S]’ - L(k), [S] Z i[s ]) i:(k)v[s] ‘

=G t » U

We fit a function 52’(’6), that takes the possible values of Y;(i), and give an estimation of

the value of Ai’(k). Then, we update the functional multiplier ui’(k) by

M?(k+1)(,) — Hi’(k)(’) + péi’(k)(-) . (8.31)

3. If the same realization of the noises (wﬁ) are used throughout the algorithm, then the

. te[0,T]
trajectories of the information processes Y;* can be computed once at the beginning of the algorithm.
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To be more specific, assume that the information process Yt’ takes only discrete values
denoted by {yt {l}}l - Then 5y 58 can be defined as

S
X Z { i[s]_ z{l}}
vie,L], " (yptth) = =L

£ 1)

This is a Monte Carlo estimation of a conditional expectation. However we cannot choose

the number of simulations satisfying yi’[s} = yz’{l},

More precisely an approrimation of
this number is LIE’)(YZ = yi {l}), and can even be equal to 0. When this number is small
the Monte-Carlo estimation cannot be trusted, and some interpolation may be a better

approach.

Fokker-Planck approach. Assume, furthermore, that the local state space X¢, and
the information state space Y¢ are discrete. We compute forward in time the law of

(x;0, xp Wy v v

and deduce the exact value of §°F). The easiest way to understand this computation is to
see the pseudo-code in Algorithm 8.2, where Py(x*~1, 2% vy~ 4t 41 stands for

]P’(Xf_l’(k) i1 Xl (k) _ =2 Y =yl Y =y Y = y”l) 7

7i(y) represents }P’(Y;’ = y), and §(y) represents 52’(@ such that E[ } Yﬂ =
5;’(k) (Yt’) The function 52’(k) 1s directly used to update the functional multipliers:

R ORI ORI OF

8.2.4 Back to Admissibility

We have stressed that the DADP algorithm solves an approximation of Problem (8.2).
More precisely, the coupling constraint (8.2f) is approximated by relaxation (the set of
admissible policies is extended). Thus, even once the algorithm has converged, the optimal
policy found is not supposed to be admissible with respect to the original almost sure
constraint. Hence, any practical implementation must incorporate a way of recovering
admissible strategies.

We propose a natural way of obtaining an admissible strategy for problem (8.2). As-
sume that the method used to solve the inner problem (8.27) yields a local Bellman value
function V' : X! x Y; — R that takes as arguments the local state and the information
state. Roughly speaklng, we then approximate the Bellman function of the global prob-
lem as the sum Vj(z,y) := Zl 1 Vi (zi,y) of the local Bellman functions. An admissible
policy 724 is obtained by solving one step of the dynamic programming equation with this
approximate value function. More precisely, we have

ﬂf‘d(aﬁ,y) € arngr(nin [ZL’ z;, U ) + Vt+1 (ft (xz, t))a.ft(yﬂ Wt)}

Ut = 7'['75(33, Y, Wt)
U} e Ui

N
56151, UL W,) — 0
=1

(8.32)
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Data: Joint law of (X x| xRyt YY)
Result: Joint law of (XZ;II’(]C), X;ﬁ)’yﬂl Y, th:rll)’ exact function 5;’:(16) :
// Initialization
Py (a1 2ty =yt ) =0
// Joint law of (X, " x}W yi-1 yi y;ith)
&' (y Z) =0, Vy'eYi; // function 6;’(16)
m(y') =0, Yy eY;; /] P(Y} =vy)
// Computation of joint laws
forall the ('xi_'l,slb Yyl oyt y”l w) € X7 x XEx Y x YEx YT x W, do
p= Pt(l‘l yl yz+1 IP;( )
// probability of (:U a2ty gy w)
w1 :77; 1(k)(l,i—1’yi 1,y w) :
= MO @y g )
u = néy(k)(xi’yi’yi—l-l’w) :
=Wl gy w) 5
#0 = g (w2, // value of X1
i‘i = ftZ (xiauiazivwi); // value of XHEI;)
.@Z:_l fftifl(yi_law); // value of Yt_H
3)1 = ftz(~yz’w)7 // value of Yt+1
ZQ%H = ftZH'(Z/ZHa'w); ' 4 ' // value of Yt+1
dt = gz—l(xzfl’uzfl’zzflﬂuzfl) — // slackness
0y') =0'(y") +p-di; /7 E[a®). lyi,]
F () = wy) 4 - /1 B (Y =)
B Pt+1 (:i.l*l’ &, y ,gz y1+1) — Pp}.l(.’fﬁlil, @, Z)zfl7 gz’ :ngrl) +p;
// Renormalization of 5t’(k)
forall the ' € Y; do
. . . . . . '7 k . .
|0 =W/ () /1 EIAYY i R =2 Y =)

Algorithm 8.2: Exact update of multiplier p for the hydraulic valley example

Notice that the admissible policy 724 obtained depends on the physical state z;, the
information state y; and the noise W,. It means that, to implement and simulate the
strategy 724, we have to compute the information process Y,. This increases the global
state of the system, leading to numerical difficulties. However specific cases, presented
in §8.4 and §8.5, are of interest:

e if the information process Y, is constant, it does not increase the state of the global

problem;

e if the information process Y, is a part of the noise W, it does not increase the state

of the global problem (we are in a hazard-decision setting);

e if the information process Y, is aimed at mimicking a function of the state h(X,)

then it can be replaced in Problem (8.32) by h(X,) (more information in §8.5).

This heuristic requires to solve the problem on the whole system, but only for one
time step, at the state where the computation of the policy is required. This corresponds
to an iteration of policy iteration algorithm, which is known to be efficient (for infinite
horizon problem). This heuristic gave some good numerical results (see §8.4), but have
few theoretical properties. In particular, we show in §8.4 that a control process obtained
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when solving Problem (8.7) with Y = 0 gives, after this heuristic is applied, better results
than a control process obtained with a more precise approximation.

Example 8.9. Continuing the examples 8.5 and 8.8, we assume that we obtained, after
a large number of iterations, controls that are (almost) optimal for Problem (8.18). These
controls do not satisfy the almost sure constraint (8.16).

An heuristic to obtain an admissible solution satisfying the almost sure constraint is
given by finding, for each® collection of states x; = {x;}i\il, each collection of information
state y; = {y}:}ij\:ll, and each noise wy, an optimal solution® (utad (x,y,w),z?d (:c,y,w))
to the following problem

n
' i=1
(u',2") € L{fj?

i i—1( =1 ,i—1 _i—1 , i—1
2=y (a; LU 2T w )

(8.33)

Notice that, if we want to implement and simulate the admissible strategy (u®, z24) ob-
tained, we need to have computed, at each step, the current information process'Y,. If the
information state is a part of the noise (say W'=1), it is readily available. If the infor-
mation process is aimed at mimicking some part of the state (say X'~1), we can simply
replace y* by =1, and f’ by f* in the resolution of Problem (8.33).

8.3 Theoretical Analysis of the DADP Method

We present now how the results obtained in Chapters 4-7 apply to the DADP algorithm.

In the overview of the DADP method, we have given one possible interpretation of
the algorithm. Other interpretations are available and presented in §8.3.1. Then, we
go on to give convergence results. First, in §8.3.2, we explain how the relaxation of
constraint (8.2f) into constraint (8.7f) can be understood, and show an epi-convergence of
the approximation result. Then, in §8.3.3, we state the conditions for the existence of a
saddle point, and thus, in §8.3.4, the result of convergence of the coordination algorithm
for a given information process. In §8.3.6, we recall a complimentary result about the
convergence of a dual algorithm. Finally, in §8.3.7, we comment on the bounds obtained
through the DADP algorithm.

8.3.1 Interpretations of the DADP method

We present three way of looking at the DADP method. First, as the resolution of a
relaxation of the primal problem. Then, as an approximation of the multiplier A. Finally,
as a decision rule approach (i.e. an addition of constraints) for the dual problem.

DADP as Constraint Relaxation.

DADP can be seen as solving the dual of the relaxation (8.7). Hence, the primal
solution obtained is not admissible for the original problem (8.2). This approach was
presented in §8.1.3.

4. Obviously, in practice, we do not compute the whole strategy, but only evaluate it at the points
required for the simulation.

5. We do not dwell on the fact that a measurable selection theorem should be used to turn ug and zf
into a strategy.
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DADP as Approximation of A.

Another way of looking at the DADP consists in considering the subproblem (8.5) As
stated in §8.1.2, this problem cannot be numerically solved by Dynamic Programming,
due to the curse of dimensionality. Hence, in the DADP algorithm, we approximate the

(

multiplier )\tk) by its conditional expectation with respect to the information process Y.

Note that keeping track of the multiplier process }\ik) is of no use, as only its conditional
expectation with respect to Y, is updated along the DADP algorithm.

Moreover, assume for the sake of clarity that there is a unique multiplier A\* € L2
solution of Problem (8.4), and a unique solution u* of Problem (8.9). Then, we have
ug =E [Ag ‘ Yt] In other words, the solution H% is the projection (in the L? sense) of the
optimal multipliers A% on the linear subset of the o(Y,)-measurable random variable.

This is the historic way of presenting and understanding the DADP algorithm (see [10,
50]).

DADP as Decision-Rule Approach to the Dual Problem.

Finally, consider the dual problem (8.4). Solving this problem is quite difficult as A
lives in the set of (F-adapted) integrable stochastic processes. A common approach in the
literature is the so-called decision rule approach (see [49,63] and reference therein). The
idea behind this approach consists in reducing the space in which the control is looked
for. For example, we can consider feedbacks that are linear in the state only. DADP is
a decision-rule approach to problem (8.4) where the optimal multipliers are searched in
the space of integrable stochastic processes such that X, is measurable with respect to
Y,. In other words, it means that we have added some constraints to the maximization
problem (8.4).

8.3.2 Consistence of the Approximation

In §8.1.1, we showed that, if we apply a spatial decomposition scheme on the original
problem (8.2), then the dual multiplier A is a F-adapted process. Thus solving the inner
subproblem (8.11) requires an information state of large dimension.

Accordingly, we considered an approximation of the original problem. This approxima-
tion is studied in Chapter 7; more precisely, Problem (8.7) falls in the framework presented
in §7.2.3. We show, in the following proposition, that, if we refine this approximation we
obtain a converging sequence of optimization problems.

Proposition 8.10. Consider Problem (8.2). Assume that, for all i € [1,N] and t €
[[07 T - 1]];
e the cost functions Li, dynamic functions f} and constraint functions i are contin-
UOUS;
e the noise variables W, are essentially bounded;
e the constraint sets Z/{ff? are bounded.

Consider a sequence of information process {Y(”)} and a sequence {ep}nen of

neN
non-negative reals converging toward 0. Denote by U™ an e,-optimal solution to the
relazation (8.7) of Problem (8.2) corresponding to the information process Y ™). Assume

that the sequence {U(Yt(n)) }nGN of o-algebra Kudo-converges® toward G(YZ(OO)).

Then, every cluster point of {U(n)}neN’ for the topology of the convergence in proba-
bility, is an optimal solution of the relaxation (8.7) of Problem (8.4) corresponding to the
information process y (),

6. See §7.2.1 for recalls and pointers for this notion.



8.3. THEORETICAL ANALYSIS OF THE DADP METHOD 205

Remark 8.11. The boundedness assumption of the constraint sets Z/{at can be replaced by
a coercivity assumption of the local costs Li. In §8.5.3, and thus in §8.3.4, the boundedness
of U t is troublesome to ensure the existence of a L'-multiplier. However, in §8.3./ the
assumed strong convezity of L ensures the coercivity of Lt.

Proof. We use the results of Chapter 7. Denote by Ug = {UT}t _, the sequence of controls,
7=0
and the objective function by

[i ZT: Ly(Xx}, U}, W’)]

=1 t=0
where {Xt}fzo follows the dynamic equations
\V/tEHO,T—].]], VZE[[LN]]) t+1_ft(XZ7Ut27W)'

Denote the constraint functions by

Zet (X!, U, W,)

and by C; = {0} the cone of constraints which is stable with respect to any sequence of
o-algebra. We endow the set of controls with the topology of convergence in probability.

By boundedness of Z/{ta?, the control variables UZ are essentially bounded. We show by
induction that the state process X, is essentially bounded (true for ¢t = 0). If it is true
at time ¢, then, by continuity of the dynamic functions f}, and essential-boundedness of
U,, we have that X, 4118 essentially bounded. Then, by induction and continuity of Li we
have that L (X £, UY WZ) is essentially bounded. Consequently, the cost function can be
replaced by a bounded function. Therefore, Proposition 7.9 ensures that J is continuous.
Similarly, Proposition 7.10 ensures that © is continuous.

Thus, Theorem 7.6 implies that the sequence of approximated problems converges
toward the initial problem if U(Y(”)) Kudo-converges toward F. More precisely, we can
extract a subsequence (U(”k)) keN converging almost surely to an optimal solution of Prob-
lem (8.2). More generally, any cluster point (for the convergence in probability topology)
of (U(")) is an optimal solution of Problem (8.2).

neN
]

Corollary 8.12. Under the assumption of Proposition 8.10, and assuming that, for all
time t € [0,T7], U(Yt(oo)) = F:, then any cluster point of U™ s an optimal solution of
Problem (8.2).

8.3.3 Existence of Saddle Point

In Chapter 5, we gave conditions ensuring the existence of a multiplier in the space L!
for almost sure affine constraints. Those conditions rely on the property that the objective
cost J is finite everywhere on the space L.

A first interesting fact is the following.

Fact 8.13. If Problem (8.2) admits an optimal multiplier X* in L' for constraint (8.2f),
then Problem (8.7) admits an optimal multiplier in L' for constraint (8.7f), namely

'“t P‘ﬁ | Y]

Proof. This is a direct application of Lemma 8.2. O
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The following Proposition is a direct application of the results obtained in §5.3.

Proposition 8.14. In Problem (8.2), assume that

the random noises W, are essentially bounded;

the local cost functions Li are finite and conver in (z;,u;), continuous in w;

the dynamic functions fi are affine in (v;,u;), continuous in w;

the constraint sets Mff? are L™ (Q, F,P; Uz‘,t);

the constraint functions i are affine.

Then, the coupling constraint (8.2f) admits a multiplier in L', hence the relaxed coupling
constraint (8.7f) admits a multiplier in L.

Proof. 1t is easy to recover the framework of §5.3. Indeed,

e the state X, (of §5.3), is the collection { X/} ,;

e the control D is the collection {U/}Y ,;

e the dynamic functlons ft are given, coordinate by coordinate, by the dynamic func-
tions f};
the cost functions L; are given by L; = Zl L

e the measurability constraints are equivalent.
The only noticeable difference of formulation is in the almost sure constraint. As each 6
is an affine function, we can write

zykwcﬂ W,) = A X, + BU, + C;W, .

Hence, the coupling constraint (8.2f) reads
AX,+BU, =B, .
Corollary 5.27 ends the proof. O

Note that this result does not allow bound constraints on Uti. Other results about a
multiplier in L! rely on a relatively complete recourse assumption. In practice, for example
on a dam management problem, effective bounds on the control or the state are enforced
through penalization, which ensure the finiteness of the cost (and hence the relatively
complete recourse assumption). Consequently, it is our belief that we can give better
results of existence of an L' multiplier, using relatively complete recourse assumption, but
that might not extend dramatically the field of applications.

8.3.4 Convergence of Uzawa Algorithm

We have seen that the DADP algorithm is an Uzawa algorithm in L applied to
Problem (8.3). Uzawa algorithm (see Algorithm 6.1) in Banach spaces was presented and
studied in Chapter 6. Hence, we have the following convergence proposition.

Proposition 8.15. Assume that,
e the noises W, have a finite support”;
the local cost L} are Gateauz-differentiable functions, strongly convex (in (z,u)) and
continuous (in w);
the coupling functions 0} are affine;
the evolution functions f; are affine (in (x,u,w));
the admissible set Z/lff? is a weak* closed, non-empty convex set;

there exists an admissible control, i.e. a process (X , D) satisfying all constraints of
Problem (8.7);

7. The finite support assumption is only required to obtain the strong convexity of the global cost.
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e Constraint (8.7f) admits an optimal multiplier in L.
Consider the sequence of controls {U(”)}neN generated by Algorithm 8.1. Then, for a step
p > 0 small enough, there exists a subsequence {U(nk)}keN converging in L toward the
optimal control of the relaxed problem (8.7).

Moreover, if there exists an optimal multiplier® in L? the whole sequence {U(”)}
converges in L™ toward the optimal control of the relaxed problem (8.7).

neN

Proof. We apply the results of §6.3 with a slight modification of the constraint function
© in the proof of Proposition 6.11. Indeed, in (6.27), we replace the function ©; by

@t = E[@t(') ‘ Y;] )
which is still Lipschitz for the L*°-norm. Considering the linear operator
ol :=E[6]() ] Y],

we can apply Proposition 5.12 to show the weak* continuity of @t.
If there exists an optimal multiplier in L2, then Corollary 6.7 instead of Proposition 6.11
concludes the proof. O

8.3.5 Consequences of Finitely Supported Noises

We now assume that the set of uncertainties W is finite, and point out the consequences
for the previous theoretical results. As W is finite we can represent Problem 8.2 with a
finite set of scenarios 2. Hence, the sets L (Q,]—" , ]P’), in which live the control U and
state X, are finite dimensional vector spaces.

In this setting, the results of §8.3.2 are obvious: Kudo-convergence of a sequence of
finitely generated o-algebras implies that the sequence is eventually stationary and equal
to the limit. Hence, the sequence of relaxed optimization problems is eventually equal to
the limit problem.

With finite Q, there is no difference between a L', L? or L™ multiplier. In particular
affine equality constraints (with a finite objective function) are qualified and admit an
optimal multiplier without requiring the other assumptions of §8.3.3. More generally
Mangasarian-Fromovitz condition can be used to obtain the existence of multiplier.

The space of controls being a Hilbert space, the usual Uzawa convergence result (re-
called in §6.1.2) holds true. In particular the admissible set is only required to be closed
convex, and the existence of a multiplier yields the convergence of the whole sequence of
controls generated by DADP.

8.3.6 Validity of Solution After Convergence

We have seen that it is difficult to guarantee the convergence of the Uzawa algorithm
in the DADP method. However, if we numerically obtain a multiplier process p(>) such
that the corresponding primal solution U, i.e. the solution of the minimization part
of Problem (8.9) for g = pu(*), satisfies the coupling constraint (8.7f), then the primal
solution U™ is a solution of Problem (8.7). This is a direct consequence of the following
proposition from Everett [46].

Proposition 8.16. Consider an objective function J : U — R, and a constraint function
O :U — V, where V is a topological space paired with Y. Consider a closed convex
constraint cone C' C V.

8. The finiteness assumption of the noises implies that an L' multiplier is also an L? multiplier. We
keep the difference only so that the finiteness assumption is used to obtain the strong convexity of the
integral cost and nothing else. The complete implication of finitely supported noises is given in §8.3.5.
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Suppose there exist \' € C*, and uf € U such that

J(u*) = min {J(u) + (%, @(u))} )

ueU

and
O(uf) e —C.

Then, we have

ut € argmin{J(u) | O(u) e —C’} .
uel

Note that there is no assumption required on the set U, or on the objective and
constraint functions.

Proof. We have

min{J(u) | O(u) € —C’} min  max J(u) + (A, O(u)),

ueld ueld  AeC*
2 max min J(u)+ (A O(u),
> min  J(u) + (M, O(u)),
uel
= J(WF) + L e (),
> J(uf),

where the last inequality is obtained by definition of C*. Moreover, as @(uﬁ) e —C, we
have,

J(uﬁ) >  min {J(u) ‘ @(U)E—C}.

T uweld
This ends the proof. O

Remember that the update step (8.15) is a gradient step for the maximization of the

dual problem (8.9), the gradient being obtained by E [Agk) ’ YI;] . However, it is known that
the gradient algorithm converges slowly. Hence, we are tempted to use more efficient algo-
rithm like conjugate gradient or quasi-Newton algorithms. The practical consequence of
Proposition 8.16 is that we can numerically use these more efficient algorithms, take note of
their convergence, check that the primal solution U () obtained satisfies constraint (8.71),
and thus guarantee that U(*) is indeed an optimal solution of Problem (8.7).

8.3.7 Upper and Lower Bounds

We have seen in §8.1 that the DADP algorithm solves an approximation of the original
Problem (8.2). However, it also provides exact lower and upper bounds of the original
problem.

Lower Bound. Consider the DADP algorithm at a specific iteration k € N. For a given
multiplier process p,(k), we solve the N minimization problems (8.11) and compute
the sum of the NV obtained values. We claim that this sum is a lower bound of the
original problem (8.2). Indeed,

e it is the value for g = p*) of the function maximized in Problem (8.10), hence,
it is lower than the value of Problem (8.10);

e by weak duality inequality (see Fact 4.4), the value of Problem (8.10) is lower than
the value of Problem (8.7);

e Problem (8.7) is a relaxation of original minimization problem, thus the value of
Problem (8.7) is lower than the value of Problem (8.2).
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Upper Bound. Conversely, thanks to a heuristic, e.g. the one presented in §8.2.4, we
have an admissible solution for Problem (8.2), and thus an upper bound of the value
of Problem (8.2).

Note that we automatically compute the lower bound, whereas the upper bound is
only obtained through an heuristic, which can be computationally demanding. Moreover,
the gap between the upper and lower bound does not reduce to 0, unless a solution of
Problem (8.2) satisfies the relaxed constraint (8.7f).

8.4 Numerical Results for the Hydraulic Valley Example

We present numerical results of a three dam valley problem. This problem is a toy-
problem, small enough to be exactly solved by Dynamic Programming. Thus, we have
computed the exact solution and can compare the result of the DADP algorithm, that is,
the upper and lower bounds obtained, with the optimal solution. Moreover, we have been
able to compute the optimal multiplier A, for the almost sure coupling constraint, and
make some statistical inferences.

A more thorough presentation with more complete results are to be found in [1]. Other
numerical results, on a problem with only one coupling constraint, can be found in [50].

8.4.1 Problem Specification

We present here the characteristics of the numerical problem treated.

We consider the hydraulic valley problem presented in §1.3.2, on which the DADP
algorithm was described in §8.1.5, and developed in each example of §8.2. We consider a
problem with NV = 3 dams, and a time horizon T' = 11, inspired by real life problem.

The set X; = X} x X? x X? of state is discretized by step of 2hm? of water: X; =
{0,2,...,60}%. Analogously the control states Uy is discretized by step of 2hm?, and we
have Ui = {0,2,...,40}.

The random variables {W,!, W2, W2} are discrete with values in {0,2,...,40}. They
are time independent, but coupled spatially. Hence, we are able to compute exactly
the expectations in the Dynamic Programming resolution of Problem (8.11), whereas
the update of the multiplier and the upper bound given by the admissible strategy are
evaluated by Monte-Carlo over 100,000 scenarios.

Hence, all variables (except the cost), are assumed to be discrete. This does not fit
with the assumptions (convexity of the sets) made earlier, but avoids the question of
interpolating.

We have seen that the proof of convergence of DADP (see §8.3.4) requires that the
cost functions are strongly convex. Hence we choose for the local costs

' 2 2
Li(z,u, z,w) = —pru + eu” + £,2° |

and for the final cost
K'(z) = ex(x — ah)?

where x’T is the target level of water, and {pt}OT is a sequence of deterministic prices
modelling the electricity market.
The evolution functions are given by

ff(%%«zaw) =r—utzt+w.

The controls Uti and Zti, and the states X,f have almost sure bounds.
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8.4.2 Information Processes

We study three different information processes.

Constant information process Y, = 0. If the information process Y is constant, then
the almost sure constraint, given, for i € {1,2} and ¢ € [0, 10], by

g (HL, W) = Z{ =0, (8:34)
is replaced by the following constraint in expectation

Elgt (H W) - Z{| = 0. (8.35)

Hence, the multiplier g of the corresponding relaxed problem (8.7) is almost surely

constant. More precisely, the sequence ,u(k) is given by a sequence of vectors in R!!.

The main interest of this choice is the numerical efficiency:

e the state required to solve Problem (8.11), by Dynamic Programming, is simply
Xg;

e the maximization over g is a maximization over R'!, a reasonably small vector
space.

Random inflow of the dam upper stream dam Yf = Wti_l. As Ytl is related to the
constraint linking the dam ¢ — 1 with the dam 4, we chose the information process to
be the inflow of dam ¢ — 1. Thus, the almost sure constraint given by Equation (8.34)
is replaced by

ot W) - 2,

W;'—l} —0. (8.36)

Constraint (8.36) is closer to the almost sure constraint (8.34) than the expecta-
tion constraint (8.35). However, we can still solve Problem (8.11) by a Dynamic
Programming approach with state th

Phantom state of the first dam. As, on this (small) problem, we are able to compute

the optimal solution of the coupled problem (8.2), we are also able to compute the
exact optimal multipliers (Al’ﬁ,)\w) (see Example 8.4) . Thus we have studied
statistically the correlation between each optimal multiplier A»# and the trajectory
of the optimal states X7, It appears that each multiplier is mostly correlated with
the optimal state of the first dam.
Consequently, we want to construct an information process Y;l = Yt2 =Y, that
mimics the process th. We call this information process a phantom state. As th
evolves along the iteration of the DADP algorithm we choose to study an information
process Y, that mimics the optimal state th * For numerical simplicity we have
chosen to construct an AR1-like process

Y;—l—l = atY; + ﬁtth +% (837)

the coeflicients being obtained by regression on the optimal control. Note that, on
a real problem, we do not have the optimal trajectory of the state at our disposal
for such regressions. In §8.5, we develop ideas, and point out difficulties when using
a phantom state as information process.

8.4.3 Results Obtained

The numerical results are summed up in Table 8.1. They were obtained on a personal
laptop with a quad core Intel Core i7 a 2.2 GHz, implemented in C. A quasi-Newton
algorithm is used to update the multipliers.
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DADP-E DADP- Wi~ ! DADP - dyn. DP
Number of iterations 165 170 25 1
Time (min) 2 3 67 41
Lower Bound —1.386 x 106 —1.379 x 106 —1.373 x 10°
Final Value —1.335 x 105  —1.321 x 105 —1.344 x 10° | —1.366 x 106
Relative Loss —2.3% -3.3% —1.6% ref.

Table 8.1: Numerical results on the 3-dam problem

Let us comment these results. For the sake of clarity, the index 0 denotes the results
related to the optimal solution to the original problem obtained by Dynamic Programming
(ie. o(Y,%) = F); the index 1 denotes the results related to the constant information
process Y! = 0; the index 2 denotes the results related to the noise information process
Y 2% = W'~L: the index 3 denotes the results related to the information process mimicking

XLt given in (8.37). We denote V' (resp V') the lower (resp. upper) bound on the value
of the 3-dam problem given by the information process Y. Note that the upper-bound
is also the value of the admissible, and hence implementable, solution obtained. The
admissible strategy obtained is denoted U?d, whereas the solution of the relaxed problem

is denoted Ug.

e First of all, the constant information process seems, on this example, to be an efficient
information process. Indeed, the subproblems (8.28) are quite easy to solve (no
increase in dimension) and, the multiplier g being deterministic, the sequence u(k)
simply lives in R!'. For both these reasons, the algorithm converges quite quickly
(5 times faster than the Dynamic Programming approach on this application). The
lower bound V', is 2% under the optimal value, and the upper bound V' (which is
also the value of U"fd) is 2.3% above the optimal value.

e The “back-to-admissibility” heuristic that gives, from a solution to the approximated
Problem (8.18), an admissible solution to the 3-dam problem, is not monotonous
with respect to information content. Indeed, the information process Y = Wi~1
yields a finer o-algebra than the constant information process, hence the solution
Ug is “closer” to the set of admissible solutions than Uti. In particular, the upper

bound V7~ is tighter than the upper bound v However, we see in Table 8.1 that the
admissible strategy Ugd obtained for the noise as information is less efficient than
the admissible strategy U?d.

e For the three information processes, the DADP algorithm converges reasonably well
in a short time, even if the multipliers do not stabilize completely due to the dis-
cretization of the different spaces. Obviously the gain in computation time will be
more and more visible with problems with states of higher dimension - e.g. for the
dam valley problem with N > 3. Indeed, solving the dam valley problem has a
complexity exponential in the number of dam, whereas one iteration of the DADP
algorithm is linear in the number of dams; even if the number of gradient step
required increase the DADP algorithm will be relatively faster than the Dynamic
Programming approach for an increasing number of dam.

In a nutshell, it seems that, on the hydraulic valley problem, choosing a constant
information process is a good compromise. In order to obtain better strategies we need
to find a well designed information process Y,. Here, it was possible to find one from the
knowledge of the optimal solution of the global problem. In the next section, we discuss
the design of information model.
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Figure 8.2: Density of gains obtained with Dynamic Programming (bold black), DADP

with constant information (dotted line), DADP with Y? (fine dotted line) and DADP
with Y3 (bold Gray).

8.5 Discussion on the Information Model

In this section, we give guiding lines on how to construct an information process Y .
We point out some difficulties related to them. For better understanding, the suggestion
of information processes are presented on the dam example. In particular we explore the
difficulties in choosing an information process that evolves along the iterations.

8.5.1 A Short List of Information Processes

One of the first options, when implementing the DADP algorithm, is to determine the
information process Y that will be used to construct the relaxation (8.7). We present
general ideas that were implemented on the dam valley example (see §8.4).

A constant information process

Choosing Y = 0 is a way of replacing the almost sure constraint (8.2f) by the expected

constraint
N

E[Y 60X U, w)| =0.
=1

This is the simplest information process; it can be implemented very simply, on any
problem regardless of its specific properties. The state required for solving the subprob-
lem (8.11) is only the local state X, and the multiplier x is almost surely constant.

On the hydraulic valley, but also on other example in [50], this simple information
process gives good numerical results.
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Part of the noise

The general idea is to use a part of the noise W that is not naturally included in
the subproblem. The main interest is that this method does not increase the state of the
subproblem (8.11) (hence the resolution by Dynamic Programming is not hindered by this
choice of process). Moreover the o-algebra generated by W is richer than the o-algebra
generated by a constant information variable, hence leading to a tighter upper bound.

In the dam valley example, the subproblem i is only concerned with the inflows W of
dam i. However the outflows of dam ¢ — 1 seem to be strongly correlated with the inflows
of dam i —1. Thus, we choose the information variable Y;' = Wti_l, and obtain multipliers
ui’(k) depending on the value of Wti_l.

Phantom State

A natural idea for an information process is to use a part of the state X as an infor-
mation process. However, we stated that an information process has to be an uncontrolled
process. Consequently we try to construct a “phantom state”, that is, an uncontrolled
process that mimics a part of the state.

Recall that, in the dam valley example, {Yti}f:_ol is the information process related to
the constraint

Zi— g (XL UL W)
Intuitively, this constraint is quite well explained by the value of XZ;II We are thus trying
to find a “short-memory” stochastic process Y;Z that mimics X;ll ™) Here are two ways
to construct such a process.
Statistical regression. At iteration (k — 1), we have computed the process X*~1:(k=1),
It is reasonable to assume that X 11 ig close to X~ 1(*), Thus, we can use any

statistical regression tools to find a Markov chain mimicking X~ 1(*—1)

Given control. If we have a feedback (n,7) close to the one used for the dam i — 1,
we can derive a phantom state from it. An idea would be to use the last feedback
(n(k),v(k)); however, this would lead to a second-guessing effect presented in §8.5.2.
Moreover we show in §8.5.2 that the sequence of o-algebra thus generated might not
converge.

Another problem with this choice of information process is that it would lead to an
information process evolving with each iteration. Unfortunately there is no theoretical
background or interpretation of what the algorithm is solving. Consequently, we suggest
to modify the algorithm as presented in Algorithm 8.3, where the variable n corresponds
to the step of update of the information process, and k to step of the DADP process for
a given information variable Yy (),

8.5.2 Difficulties of the Phantom State

Even if using a phantom state as information process seems a natural idea, it leads
to several difficulties. We first show in §8.5.2 that the phantom state (and in particular
the o-algebra generated by the phantom state) might not converges. Then, in §8.5.2,
we present the so-called mirror effect, that extends the size of the state needed to solve
subproblems (8.11). Finally, in §8.5.2, we show an heuristic way of reducing the dimension
of the state required to solve subproblems (8.11).

Non Convergence of Phantom State on a Simple Example

We show, on a simple example, that letting the information evolve along the iterations
of the algorithm yields some difficulties.
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Data: Information process evolution functions fto and starting point yo;

Multipliers ugo)

Result: Optimal multipliers ug, admissible feedback;
repeat
repeat
forall the i € [1, N] do
L Solve Problem (8.11);

forall the t € [0,7 — 1] do
Estimate E[Af ‘ Y;],
Update the multiplier % ~» u

n,k+1.
)

until E[AF | V] ~0;

Compute admissible feedbacks;

Evaluate admissible feedbacks;

Update the information process Y () ~s Y (+1).
until Y;(nJrl) o~ Yt(n);

Algorithm 8.3: General scheme of DADP with evolving information process

We propose to study the following scheme.
e We consider a stochastic problem (P), with an almost sure coupling constraint

o(U) = 0.

e We construct a sequence of approximations of (P) as follows.

e We consider a first approximated problem (Pp), where the almost constraint is
replaced by an expectation constraint and derive an optimal control U,

e Now, assuming that we have determined an optimal control U*~1 we consider
the problem (Py), relaxation of problem (P) where the almost constraint is re-
placed by §(U*=1), and determine its optimal control U*),

On an example we show that this scheme might not converge.

Example 8.17. Consider the following problem (P)
min (U — G’)2
UclL?
st. U=0 P—a.s.,

where G is a standard normal random wvariable. We assume that the o-algebra F is
given by F = o(G). The optimal solution of problem (P) is the only admissible solution,
U*® = 0 with optimal value 1. We relaz the almost sure constraint into E[U] = 0. The
approzimated problem (Py) reads

. 2
(5n61£12 (U - G)

s.t. E[U} =0,

with optimal control UY) = G, and optimal value 0. Then we approzimate the constraint
by E[U | U°] =0, to obtain problem (Pr)

. 2
[I]IIGIIEIQ (U - G)

st. E[U|UY] =0,

with optimal control UM = U*¥. Thus we have:



8.5. DISCUSSION ON THE INFORMATION MODEL 215

e for any even number 2k, the optimal control of (Pay) is UP*) = 0, generating the
trivial o-algebra {0, Q};

e and for any odd number 2k + 1, the optimal control of (Paogy1) is U = @
generating the whole o-algebra F.

This shows that using a phantom state to construct an information process y () might
not lead to converging o-algebras U(Y(")). Hence, the results of §8.3.2 are not available.

Second Guessing Effect

In this section, we present the so-called “second guessing effect”, or how the dimension
of the state of the system required to solve the subproblems (8.11) grows with iterations
when we update the information model.

We consider the following problem (P)

~

-1

win E| Y L(X, U, W)

’ t

st. X, = (X, U, W)
et(Xt) =0

I
o

We consider the sequence of approximated problems (Pk) given as follows:

(Po):

T-1
wiy E [ t; Li(X,, U, W,)]

st Xy 4= f(Xt’UwVVt)
E[6.(X,)] =0

which yield an optimal control U§ = n(o)(Xt). Then, we define an information variable
Y ©) which is the “phantom state” following the optimal control of problem (730). More
precisely, we have
YE)(O) = 2o
0 0 0
v =100 )

-~

=10 (%)

and we proceed to define a new problem where the constraint in expectation is refined by
a conditional expectation constraint.

(P1):
T-1
win E[; Li(X,,U, Wt)}

st X, = f(Xt,Ut,Wt)
Y = 5Oy
Ef6.(X,) | ¥, =0
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yields an optimal control Ug = n(l)(Xt, Y;(O)). Then we define an information variable
Y™ as the “phantom state” following the optimal control of problem (771), i.e.

YO — 4
1 1 1 0
v =10y

which yield an optimal control Ug =n?(X,, Yt(l)7 Yt(o)).
More generally, assuming that we have defined an information process Y ¥), we can
construct the next problem

(Px):

T-1
in E[; Li(X,, U, W,)]
st. Xy 4= f(Xta U, Wt)

v = Oy, ")

1 1 0
vl =0ty

Y,;Ef{ _ f(k) (1ft(k)7 Yt(k_l), L. ’}ft(o))
E[0(X,) | %] =0

which yields an optimal control Uﬁ = n(k+1)(Xt, Yt(k), e ,Y,;(O)), and we define

(1) _
0 =0
DA T ARRIVIDI A AT A0 ) I (8.38)

Thus, we see that if we want to use the “last optimal state” as an information variable
in the DADP algorithm, the state size required to solve the subproblems increases for each
update of the information process.

Moreover, if we apply this idea to the hydraulic valley problem, the size of the infor-
mation state increases both with the past information state as presented here, and with
the information state of the upstreams dams.

Replacing a Phantom State by an Actual State

We could consider a stochastic information process Y? mimicking X*~'. Then,
solving Problem (8.28) by Dynamic programming approach requires to use the state
(X}, Y, Y;). However Y, should mimic X;. Thus replacing ¥;""! by X} in Prob-
lem (8.28) seems natural, and reduces the size of the state needed for the Dynamic Pro-
gramming.

However, it amounts to replace the duality cost

E[( 2 - g7 (= W) | v (8.39)

E[(N,Z) | Xi] B[ g7 (= W) | Y] (8.40)

Hence, we do not exactly know what problem is solved with this approximation.
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Conclusion

When we consider a multistage stochastic optimization problem (like Problem (8.2)),
a price decomposition scheme, as described in §8.1.2, is untractable for DP treatment.
Indeed, there is no reason that the couple consisting of the original state X and of the
multiplier A be Markovian; the multiplier A is an unknown adapted stochastic process.
However, if we restrict ourselves to a specific class of multipliers — like those measurable
w.r.t. a given “information” process Y, corresponding to an approximation of the mul-
tiplier A — we are solving a relaxation of the original problem (Problem (8.7)). On this
relaxed problem, we have been able to apply a price decomposition scheme, where each
subproblem is solved through Dynamic Programming with an extended state (th, Y£)
Theoretical results of consistence and convergence of the method were derived from the
results of Chapters 4-7. This method has been tested on a problem small enough to be
compared with the optimal solution. Numerical tests on a real scale problem remain to
be done, and benchmarked against the SDDP algorithm.
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Conclusion

Imagination is more important than knowledge.

Einstein

This manuscript is the result of three years of scientific work at Ecole des Ponts-
ParisTech, within the Optimization and Systems group — whose senior members are Pierre
Carpentier, Jean-Philippe Chancelier and Michel De Lara — and with the participation
of Jean-Christophe Alais, as a fellow PhD student. This work stands in the continuity of
a series done by the group, oftimes in collaboration with EDF R&D.

Contributions of this Manuscript

This manuscript is a contribution to the domain of decomposition methods in discrete-
time stochastic optimal control.

In Chapter 1, we have presented a global view of decompositions methods in multi-
stage stochastic optimization problems.

In Chapter 2, we have extended the setting of dynamic programming to allow for
more general aggregation in time than the intertemporal sum, and for more general
aggregation in uncertainty than the expectation. We have focused on the concept of
time consistency of optimization problems, and on the links with the time consistency
concept in the risk measure literature. The content of Chapter 2 has been submitted
to the Furopean Journal of Operations Research.

In Chapter 3, we have extended the results of convergence of the SDDP algorithm.
Indeed, till now, the proofs of convergence were relying on the piecewise linearity of
the cost functions (in addition to the convexity), whereas our proof only relies on
convexity. The content of Chapter 3 has been accepted for publication in Mathe-
matics of Operations Research (up to minor modifications).

In Chapter 4, we have detailed two examples showing that the existence of an optimal
multiplier for an almost sure constraint is a delicate issue.

In Chapter 5, we have extended a result of existence of an L'-multiplier for almost
sure constraints, and have applied it for a multistage problem.

In Chapter 6, we have provided the Uzawa algorithm in the non-reflexive Banach
space L (Q, F,P; R"), and have shown a result of convergence of a subsequence.
In Chapter 7, we have shown an epiconvergence result: a sequence of relaxed opti-
mization problems — where almost sure constraints are replaced by weaker condi-
tional expectation ones — epiconverges to the original one when the corresponding
o-fields converge. The content of Chapter 7 has been submitted to Mathematics of
Operations Research.

Finally, in Chapter 8, we have presented the so-called DADP algorithm, given dif-
ferent interpretations and provided conditions of convergence.
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Perspectives

C’est tout ¢ Ah non, c’est un peu court jeune homme !
On aurait pu dire, oh Dieu, bien des choses en somme.
En variant le ton, par exemple, tenez:

Cyrano de Bergerac

A substantial body of work stands ahead of us.

Using the framework of Chapter 2, connections between the time consistency of
dynamic risk measures and sequences of optimization problems remains to be further
scrutinized.

The convergence of SDDP still relies on the property that the uncertainties take
discrete values. There are reasons to think that the proof could be extended to
continuous random variables, but difficulties related to infinite dimensional object
have to be overcome.

To extend our conditions for the existence of multiplier results to inequality con-
straints we think that existing results relying on relatively complete recourse (hence
allowing at least bounds on the control) could be adapted to our setting.

The proof of convergence of the Uzawa algorithm in L*° should be modified in order
to prove the convergence of the whole sequence.

We have seen that the sequence of approximated problem, where the almost sure
constraint is replaced by its conditional expectation, converges toward the original
problem when information converges. However, DADP works with a fixed infor-
mation. Hence, we should complete these result with bound errors for a given
information process, to make a link with the DADP algorithm.

The DADP algorithm should be compared with the SDDP algorithm on a large-
scale hydraulic valley. In a second phase SDDP could be integrated in the DADP
algorithm as an alternative mean of solving the subproblems.
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”Begin at the beginning”, the King said, very gravely,
“and go on till you come to the end: then stop.”

Alice in Wonderland

Contents
A.1 Topology and Duality . . . ... ... ... .. 0. 221
A.1.1 General Definitions on Topologies . . . . ... ... ... .... 221
A.1.2 Topologies on Banach Spaces . . . ... ... ... .. ...... 224
A.1.3 Sequential Properties. . . . . .. .. ... L L. 226
A14 Duality . . ... e 227
A.2 Convexity and Lower Semicontinuity . .............. 229
A21 Convexity . . . .« oo vt 229
A.2.2 Results on Semicontinuity . . . . . ... ... ... ... .. ... 231

We give some technical recalls and results.

A.1 Topology and Duality

A.1.1 General Definitions on Topologies

We begin with a survey of the definitions and vocabulary related to topological spaces.
In this section F is a R-vector space F.

Definition A.1 (Topology). A topology 7 C P(E) is a set of subsets of E satisfying:

e () and E are element of 7;

e finite intersection of elements of T are element of T;

e any union of elements of T is an element of T.

The elements of T are called T-open sets. If A is a subset of E such that its comple-
ment' is open, it is said to be a closed set.

The couple (E, T) is called a topological space. We also say that the space E is endowed
with, or equipped with the topology 7.

If P is a set of subset of E, then the topology generated by P, denoted by 7(P), is the
intersection of all topology on E containing P. We call P a base of T(P).

Definition A.2 (Convergence of sequence). Consider a sequence {x,}nen of elements of
a topological space (E, T). The sequence {xy}nen is said to be T-converging toward x € E

1. The complement of A (in E) is set of elements of E that are not in A.
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if for all open set O € T containing x, there exists N € N, such that for all n > N,
xn € O. x is called the limit of {xy}nen. A T-convergent sequence {xy, }nen, is such that
there exists x € F, such that {x,}nen i T-converging toward x.

A set A C B C E is said to be dense in B if for all point x € B, there exists a sequence
of points in A converging toward x.

Fact A.3. Let {zp}nen be a sequence in a topological space (E,T). If from any sub-
sequence {xnk}keN we can extract a sub-sub-sequence {xa(nk) converging to x* € E,
then {xy, }nen converges to x*.

keN

Proof. Indeed, suppose that {x,},en does not converges toward z*. Then there exist an
open set O containing z* and a sub-sequence {l‘nk}k cn Such that for all k € N, 2, ¢ O,
and no sub-sub-sequence can converges to x*, hence a contradiction. ]

Definition A.4 (Metric spaces). A distance on E is a function d : E?> — R* satisfying:
e Vre FE, d(z,z) =0;
o V(z,y) € E?, d(z,y) =d(y,x);
o V(x,y,2) € E3, d(z,y) < d(z,z) +d(z,y);
o V(z,y) € B2, d(z,y) =0=x =y.
We call open ball of radius r and center x (relative to the distance d) the set

B(z,r)={a' € E | d(z,a")<r}.

The topology generated by the distance d, denoted 74, is the topology generated by the set
of open balls relative to the distance d. The topological set (E,1y) is said to be a metric
space. A topological set (E,T) is said to be metrizable if there exists a distance d on E
such that T = 74.

Definition A.5 (Separable and separated topologies). A topological space (E,’T) is said
to be separated if for any distinct points x and ', there exist two T-open set O and O’
such that:

re0, 20, OnO=0.

A separated topological space is also called a Hausdorff space.
A separable space is a topological space that contains a countable dense subset.

Fact A.6. A metrizable space is a Hausdorff space.

Definition A.7 (Compactness). Consider a subset A of E. An open cover of A is an
arbitrary collection of open sets {b;}icr such that

AC U B; .
i€l
A subset A of E is said to be compact if for all open cover of A there exists a finite number
of indexes {ix}}_, such that
n
AC U sz .
k=1
Fact A.8. A metrizable compact space is separable.
Definition A.9 (Normed spaces). A pseudonorm on E is a function n : E — RT such
that:

e VA eR, n(Azx) = |An(z);
o V(z,y) € E?, n(z+y) <n(z)+n(y).
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A norm on E is a pseudonorm such that n(x) = 0 implies that x = 0. We often denote a
norm by || - ||, meaning that ||z|| = n(x). The function d : E* — RY, given by d(x,y) =
lx — y|| s a distance. The topology generated by a norm is the topology generated by its
corresponding distance. A normed space is a topological space, associated with a given
norm, and endowed with the topology of the norm.

In this manuscript the space R? is always endowed with the norm? topology.

Definition A.10 (Continuity). Consider two topological spaces (E,T) and (F, T’). Let f
be a function mapping E into F.
o The image by f of A C E is the set

fA)y={f@)eF | €A},

and the preimage by f of B C E is the set
fUB)={zeE | f(x)eA}.
e f is said to be continuous if
voer,  f1O)er.
o Assume that F = R. The epigraph of f is the set

epi(f) = {(z,y) e ExR | y> f(a)}.

The function f is said to be lower semicontinuous (l.s.c.) if its epigraph is closed;
and upper semicontinuous if —f is l.s.c.. A function that is both lower and upper
semicontinuous s continuous.

Definition A.11. Consider an arbitrary family of functions { f;}icr, each mapping E into
a topological space (F, T’). The topology generated by the family {fi}icr, is the coarsest®
topology such that each function f; is continuous.

A locally convex topology is a topology generated by a family of pseudonorm.

Compactness and lower semicontinuity are very useful to show the existence of solution
to an optimization problem, as recalled in the following theorem.

Theorem A.12. Consider a Ls.c. function f: E — R, and a compact set A C E. Then
we have,

Jzf e A, Voe A,  f(f) < fx).
In other words a l.s.c. function admits a minimum on a compact set.

Definition A.13 (Topology Comparison). Consider two topologies 71 and 7o on E. If
T C To, T1 @s said to be coarser than 7o, and 1o is said to be finer than 7.

Fact A.14. A coarser topology on E implies more compact set, but less continuous and
lower semicontinuous functions. A coarser topology on F' implies more continuous func-
tions.

If 1 C o, then convergence in 1o implies the convergence in T1.

2. Any norm, e.g. the euclidian norm, yields the same topology.
3. The discrete topology 7 = P(E) is such that all functions are continuous.
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Definition A.15 (Completeness). Consider a metric space (E,d), a sequence {Tp}nen
of elements of E. The diameter of the sequence {xy }nen, s

diam({xn}neN) =sup {d(zn,zm)} .

n,m
A Cauchy sequence is a sequence {xp}nen, such that
lim diam({xn+k}neN> =0.
k—o0
The metric space (E, d) is said to be complete if all its Cauchy sequences admits a limit

(in E). A Banach space is a complete normed space.

Definition A.16 (Inner Product). An inner product on E is a function {-,-) : B> - R
satisfying:
V(x7y) €E27 (w,y) = <y7$>;

o V(z,y) € B2, VAER, Az ,y) = Nx,y);

o V(z,y,2) €E®,  (z+z,y)=(z,y) +(z,y)

e VxeF, (x,x) >0;

o Vx e F, (r,x)y =0 = x=0.

The function n : E — R, given by n(x) = /(x,x) is the norm associated with the

mmner product.
If E is complete for the topology induced by the norm associated with the inner product,
it is called an Hilbert space. In particular, an Hilbert space is a Banach space.

A.1.2 Topologies on Banach Spaces

Recall that a linear function mapping E into R is called a linear form.

Definition A.17 (Topological dual). Consider a topological space (E, T). The topological
dual of E is the set of T-continuous linear form on E. It is denoted E*. If (E,||||g) is a
Banach space, we define the dual norm as follows

VyeE", |yl =sup{y() | llzlp<1}.
Moreover, (E*,||||g+) is a Banach space.

Definition A.18 (Reflexive spaces). Consider a Banach space E, and its topological E*.
The bidual of E, denoted by E**, is the topological dual of the Banach space E*.
We define the evaluation map £ : E — E**, by

E:xH{E*B:U*Hx*(:L‘)}.

This is the canonical injection of E into its bidual E**.

If € is surjective, it is an isometric isomorphism of E into E**, and we say that E is
reflexive, and identify E with its bidual.

An Hilbert space is reflexive.

For any Banach space we construct a coarser topology than the norm topology that
has the same continuous linear functionals.

Definition A.19 (Weak topology). Let (E,T””) be a Banach space. The weak topology
U(E, E*) is the coarsest topology such that the T -continuous linear form, are continuous.

Fact A.20. Here are some properties of the weak topology.
e The weak topology is separated.
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e A convex set is closed in the norm topology iff it is closed in the weak topology.

o Consequently a convex function is l.s.c for the norm topology iff it is l.s.c for the
weak topology.

o A sequence strongly converging toward x also weakly converges toward x.

We now consider the topologies on the dual of a Banach space.

Definition A.21 (Weak* topology). Let E be a Banach space and E* its topological dual.

The weak* topology U(E*, E**) is the coarsest topology such that the 7)) -continuous
linear forms are continuous.

The weak* topology J(E*,E) 1s the coarsest topology such that the linear forms on
E* that are elements of E(E), where £ is the valuation map defined in Definition A.18,
are continuous.

The Mackey topology T(E*,E), is the finest topology such that the only T(E*,E)—
continuous linear form on E* are the elements of E(E).

Fact A.22. The above topologies display the following properties.
o We have the following inclusion of topologies

U(E*,E) - T(E*,E) C J(E*,E**) < -
o A conver set is T(E*, E)-cloged iff it is U(E*, E)—closed.
o A convex function f: E* — R is T(E*, E) -l.s.c. iff it is J(E*, E)—l.s.c..
Fact A.23. For a reflezive Banach space, the weak, weak* and Mackey topologies coincide.

The main interest of introducing the weak* topology is given by the two following
theorems. Banach Alaoglu theorem shows weak* compactness of large class of sets, and
Kakutani theorem shows that it would not be the same with weak compactness in non-
reflexive Banach spaces.

Theorem A.24 (Banach-Alaoglu). Let E be Banach space. Consider its topological dual
E* endowed with the weak* topology U(E*, E) Then the unit ball

(o' e B | |o'llp <1}
18 weak* compact.

Proof. See [24, Theorem 2.27]. O

Theorem A.25 (Kakutani). Let E be Banach space. The unit ball
{reE | ol <1}
1s weakly compact iff E is reflexive.

We conclude these comparison with a last fact on the unit ball.
Fact A.26. Let E be Banach space. The unit ball
{fzeB | |ole<1}
18 morm-compact iff E is finite dimensional.
On the other hand the weak topology present a few difficulties.

Fact A.27. The following assertion are equivalent.
i) The vector space E is finite dimensional.

ii) The weak and norm topology coincide.

iii) The weak topology is metrizable.

In any infinite dimensional space we have that:
e the weak interior of every closed or open ball is empty;
e the closed unit sphere is weakly dense in the closed unit ball.



226 APPENDIX A. ANALYSIS

A.1.3 Sequential Properties

In metric spaces we are used to sequential definition of topological properties. How-
ever, in non-metrizable spaces (such as some Banach spaces endowed with weak or weakx*
topologies), those definitions differ. We obtain comparable characterization by using a
generalization of the sequences: the nets.

In this section we consider two topological spaces (E7 7'), and (F, o )

Definition A.28 (net). Consider a set D. A direction < on D, is a binary relation
satisfying:

e < and B <y imply a < ~y;

* o< q;

o for all o and B of D, there exists v € D, such that « <y and 8 < 7.

A directed set, is a set endowed with a partial order.

A net in a set X, is a function x : D — X where D is a directed set. It is denoted
{xa}aeD-

In a topological space (E, 7'), a net {xq}aep s said to converge toward x € E if, for
any open set O containing x, there exists an index ag € D, such that for all index ag <
we have x, € O.

Fact A.29. We have the following characterization of topological properties.
o A set C C FE is closed iff every converging net in C' has its limit in C.
A function f: E — F is continuous iff o —- x implies f(xa) = f(z).
A function f : E — R is Ls.c. iff xq —- @ implies lim, f (zo) < f(z).
A set C C E is compact iff every net in C' has a convergent subnet.

If we replace nets by sequences in the above fact we have sequential properties.

Definition A.30 (Sequential properties). We have the following definition of topological
properties.
o A set C C F is sequentially closed iff every converging sequence in C has its limit
in C.
o A function f : E — F is sequentially continuous iff x, —+ x implies f(:nn) — f(x).
o A function f: E — R is sequentially l.s.c. iff To —+ x implies mnf(xn) < f(z).
e A set C' C FE is sequentially compact iff every sequence in C' has a convergent sub-
sequence.

Fact A.31. In a first countable space, (e.g. a metric space) sequential properties are
equivalent to their topological counterparts.

Fact A.32. We have the following implications.
e A closed set is sequentially closed.
e A continuous function f : E — F, where F is first countable (e.g. metric), is
sequentially continuous.
e A compact set is sequentially compact.
e A lLs.c. function, is sequentially l.s.c.

We have the following property analogous to Theorem A.12.

Proposition A.33. A sequentially l.s.c. function admit a minimum on a sequentially
compact set.

Finally we have the Eberlein-Smulian theorem.

Theorem A.34 (Eberlein-Smulian). In the weak topology of a normed space compactness
and sequential compactness coincide.

Proof. See [2, Thm 10.15]. O
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A.1.4 Duality

This section is mostly taken from the book Conjugate duality and optimization by
R.T.Rockafellar [89]. A fundamental point to the study of duality is the fact that (con-
tinuous) linear functions on a given linear space can be seen as elements of a linear space.
In the finite dimensional case the (continuous) linear functions on R™ can be identified
to vectors of R™ through the inner product. This is still the case (for continuous linear
functions) through the Riesz representation theorem in Hilbert spaces. To extend this
representation we present the notion of paired space.

Definition A.35 (Paired spaces). Consider two R-vector spaces E and F. A pairing of
E and F is a bi-linear form < , > on B x F, i.e, for each x € F,

<13»‘>5?/’_><1’7y>a
is a linear function, and for each y € Y,

<-,y>:xr—><x,y>,

s also a linear function.

A topology on X is said to be compatible with the pairing if it is locally conver and
such that all linear function < ,y> is continuous, and such that all continuous linear
functions can be represented in such a way. The definition for compatible topologies on'Y
18 symmetric.

We say that E and F' are paired space if they are two topological vector spaces, endowed
with topologies compatible with a pairing.

Various compatible topologies can be systematically generated and we refer to the
functional analysis books for more precision (e.g. [58]).

Definition A.36 (Adjoint Operator). Consider two paired spaces (X, X’) and (Y, Y’),
and a linear operator L : X — Y. A linear operator LT : Y — X' is said to be the adjoint
operator of L if it satisfies

CEX WYL (Y Ly =W )y

Definition A.37 (Fenchel Conjugate). Consider a function f : X — R. [Its Fenchel
conjugate (for the given pairing) is the function f*:Y — R such that

1) = sup { (o) — f@)} (A1)

zeX

The biconjugate is f** : X — R, is given by

f* (@) = sup {(z,y) = ")} - (A2)

yey

Theorem A.38. For any function f : X — R its conjugate f* is a closed convex function
on'Y, and f** is the lower semicontinuous convex hull of f. In particular if f is a proper
convex lower semicontinuous function then f = f*.

We give a useful illustration of this definition. Consider a set C' C X and its indicator
function x¢. Then x{ is the support function of C:

Xe(y) = sup (z,y) . (A.3)
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If C'is a cone, then x{, is the indicator of its dual cone C*, where
C*:={yeY|VzeC, (x,y)>0}. (A4)
In particular if C is a linear subspace of X we have
C*={yeY|VzeC, (x,y)=0}. (A.5)
Proposition A.39. For a closed convex cone C C X, we have

Vo e X, X—c(x) = sup <y ,ac> )
yeC*

Proof. As —C'is a closed convex set, x_¢ is a l.s.c. convex function, hence
*k
X-C =X-c -

Now by definition

Xoo(y) = sup {(y ,T) — xfc(w)} = s (y,z) =xc+(y) -

And

X —Cl(z) = (XC*>*($) = yseucp* (y,z).

Hence the result. O
More generally, we have the following definition of the cone dual of any given set.

Definition A.40 (Dual cone). For any subset X C E and x € E we define the set
X5 c x* as follows :

Xj::{ye)(* ‘ VzeX, (y,z—xz)<0}. (A.6)

Note that if X is an affine subset of E, then X~ does not depends on the point x, and the
notation can be omitted.

We now give a —possibly new— result over the dual of the intersection of two sets.
Consider a topological space (E, T).

Lemma A.41. Let L : E — E be a linear operator, admitting an adjoint LY, such that
L(E) = N and L, = 1d then we have :

Nf=Ny={y-L'ly) | yeE}

Proof. Since N is a linear space it is immediate to see that NIL does not depend on x and
that the inequality can be replaced by an equality in the definition of N;-. We thus have

Nj:Nd‘:{yeE* | VzeE, (y,z—z)=0}.
First, fix y € E*. For all z € N we have
(y=L'y).2) = (v, = L(z)) =0,
where the last equality is deduced from L, = Id. We thus have
{y—LT(y) ‘ yEE*} CN;‘.

Then, fix y € Ng-. For all z € E we have (y,L(z)) = 0 since L(E) = N and thus for
all z € E we have <LT(y) ,z> = (0. Thus, for all z € N, we obtain that <y ,z> =0 and
<LT(y) ,z> = 0 which gathered give <y — Li(y) ,z> = 0. We thus have

Nfc{y-Liy) | yeB*},

which achieves the proof. O
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Lemma A.42. Under assumptions of Lemma A.41 and assuming moreover that x € UNN
and that L(U) C U then, for all y € (UN N)+, we have that L(y) € U;-.

T

Proof. Fix y € (UNN);. For all z € U we have that LT(2) € U N N using the facts that
L(U) C U and L(E) = N. We thus have (y,L(z) —z) < 0 for all z € U. Now, since
r € UNN and L, = Id we have L(r) = z and using the linearity of L we obtain that
(LY(z),z—x) <0 for all y € U which ends the proof. O

We now prove the main result.

Theorem A.43. Under assumptions of Lemma A.41 and assuming moreover that x €
UNN and that L(U) C U we have that

(UNN):=Ut+ Ny

Proof. First, proving that U} + N;- C (U N N)3 is immediate and since N = Ng- we
obtain that U + Ny- C (UNN)x.

Let y € (UNN)z, then we can write y as y = (y — LT(y)) + LT(y). Using Lemma A.42
we obtain that LT(y) € U} and Using Lemma A.41 we obtain that y — LT(y) € N;-. We
thus have y € U;- + N O]

A.2 Convexity and Lower Semicontinuity
A.2.1 Convexity

Let F and U be vector spaces.

Definition A.44 (Convexity). A set C C E is said to be convez iff
VeeC, VyeC, Vtel0,1], tr+(1-t)yeC. (A.7)
A function f : E — R is said to be convex if its epigraph is a convex set, or equivalently if
Ve E, VyekE, Vtelo,1], fltz+ (1 —t)y) <tflx)+ (1 —t)f(y). (A8)
A function f: E — R is said to be strictly convex iff
Vee E, VyeE, Vte(0,1), fltz+ (1 —t)y) <tf(z)+ (1 —8)f(y). (A.9)

When a function G has two arguments (z,u) and its convex in the couple (z,u) we
say that G is jointly convex.

Proposition A.45. Let G: E x U — R be a jointly convex function. Then the function
defined by
o(x) = inf G(z,u) ,

uelr
1S convez.
Proof. Consider a pair of point (z1,x2) € E?, and a pair (uy,us) € U2. We have

o(tzr + (1 — t)ag) < G(twy + (1 — t)z, tur + (1 — t)ug) < tG(z1,w) + (1 — )G (w2, uz) .

taking the infimum in w; € U and uy € U gives the result. O
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Definition A.46 (Cone). A set C C E is said to be a cone if
Vte R, VxeC, tr € C . (A.10)

A salient cone is a cone such that there exist a nonzero vector x € C such that —x € C.
A salient convex cone defines a partial order on E with

Y(z,y) € C?, r=kcy <= y—zeC. (A.11)
Lemma A.47. Let C' C FE be a closed convex cone, then
c+C=C.

Proof. Consider a pair of point (¢, ) of C. By convexity of C', we have ¢ = % eC.
And as C is a cone, 2c € C. Moreover as C is a closed cone we have 0 € C, thus

ccCc+C. O]

Definition A.48. For a convex cone C C E, a function © : U — E is said to be C-convez

if
Y(u,v) € C?, O(tu+ (1 —t)v) <c tO(u) + (1 — )0 (v) . (A.12)

Proposition A.49. For a convex cone C C E, if © : U — FE is a C-convex function then
U = {ueU | Ou)e-C}

is convexr. Moreover if E and U are endowed with topologies such that © is sequentially
continuous and C is sequentially closed, then so is U,

Note that in metric spaces, and a fortiori in Banach spaces sequential continuity and
continuity are equivalent.

Proof. Consider u and v elements of 4%¢, and ¢ € [0,1]. As C' is convex, —C' is also convex,
thus
tO(u) + (1 —t)B(v) € =C'.

By C-convexity of © we have
tO(u) + (1 =)0 (v) — O(tu+ (1 — t)v) € C,
and as C is a convex cone we have
c+Ccc,

which leads to
—O(tu+ (1 —tw) € C,

and thus tu + (1 —t)v € U,
The sequential continuity result is obvious. O

Definition A.50 (Strong convexity). If E is a normed space, a function is said to be
strongly convex of modulus o > 0, or a-convex if

vte[0,1], V(z,y) € E? f(t:r+(1—t)y)Stf(x)+(1—t)f(y)—%t(l—t)Hw—yHE-

Definition A.51 (Coercivity). If E is a normed space, a function f : E +— R is said to
be coercive on A C E if

VM eR, Ir>0, VredA, Htzr =  f(z)>M.

In particular a strongly convex function is coercive on F.
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A.2.2 Results on Semicontinuity

We recall some results on semicontinuous functions that were needed in the manuscript.

Lemma A.52. Let X and Y be two metric spaces.* If f: Y - Risls.candg: X =Y
s continuous, then f o g is l.s.c.

Proof. We consider a sequence {zj}nen converging to z. We define y, = g(x,). By

continuity of g, we have that liminfy, = liminf g(z,) = g(x). Thus liminf f o g(x,) =
Ty —T Ty —T Ty —T

lminf f(yn) > 7((2)) :

Lemma A.53. Let X be a metric space. If f : R — R is non-decreasing and g : X — R
s l.s.c, then fog is l.s.c.

Proof. We consider a sequence {z;, },en converging to x. We have that lim _i)nf g(zp) > g(x)
In X

and, by monotonicity of f, we have lim_i)nff(g(:cn)) > f(g(x)). O

Lemma A.54. Let X be a metric space. If f: X =R and g : X — R are Ls.c functions
then so are max{f,g} and min{f,g}.

Proof. Recall that a function is L.s.c iff its epigraph is closed. As epi(max{f,g}) = epi(f)N
epi(g) and epi(min{f, g}) = epi(f) Uepi(g), and as epi(f) and epi(g) are closed, so are
epi(min{ f, g}) and epi(max{f, g}). H

Lemma 6.55. Let X be a separated topological space, A a closed convex subset of X,
J : X = R a lower semicontinuous convex function. The function J + x4 is conver and
l.s.c..

Proof. By assumption epi(J) is a closed convex subset of E x R. As A is a closed convex
subset of E, A x RT is also a closed convex subset of F x R. Thus,

epi (J + xa) =epi(J) N A x RF
is a closed convex set, hence the convexity and lower semicontinuity of J + x 4. O

Lemma A.56. Then the mapping X +— essupp(X) is lower semicontinuous in the strong
topology of L2 (Q, F, ]P’).

Proof. To prove semicontinuity it is enough to show that the level sets of X > essupp(X)
are closed. Let’s (X)) be a sequence converging in L? to X such that essupp(X,) < M.
We can extract a subsequence (Xnk) converging almost surely to X. Let’s call Q' C Q a
set of probability 1 verifying Vw € ', limj_ o X, (w) = X (w), consequently on this set
X < M and thus {X € L? | essupp(X) < M} is (sequentially) closed (for the strong or
weak topology as the set is convex). ]

4. We need the equivalence between sequential and classical properties.
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Appendix B

Probability

Always pass on what you have learned.
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B.1 Basic Definitions

Definition B.1 (c-algebra). A o-algebra F on a set §2, is a set of subset of Q satisfying:
e () and Q are element of F;
e countable unions of elements of F are element of F;
o complement of an element of F is in F.
A measurable space is a couple (Q,J’:) where F is a o-algebra on €.
A filtration § = {]—"t}tT:_Ol is an increasing sequence of o-algebra.
A function f mapping a space endowed with a o-algebra into another is said to be
measurable if any preimage of the o-algebra (of the image set) is in the o-algebra (of the
origin set).

This definition is close to the definition of a topology (see Definition A.1), and a
measurable function comparable to a measurable function.

Definition B.2 (Probability). A probability on a measurable space (Q,]—") is a function
P mapping F into [0, 1], and satisfying:

e P(Q) =1;

e For any sequence {A"}neN of disjunct elements of F, we have

P(JA4n) =) P(4,).

neN neN
A probability space is a triple (Q,]:, IP’) where P is a probability on (Q,]:).

The expectation w.r.t. probability P is given by

E[X] = /Q X (w)dP(w).
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The conditional expectation of X w.r.t of sub-o-algebra G C F, is defined on L? (Q, F, ]P’)
as the G-measurable random variable E [X ‘ Q] satisfying

v eL}(QFP), E|XY|-E[E[X |g]Y].

It is then extended on L! (Q, F, ]P’).

Lemma B.3. For every A € L! (Q,}",IP;R"), every X € LOO(Q,.F, P; IR{"), and every
o-algebra B C F,

E[A-E[X | B]| =E[E[x | B] -E[X | B]| =E[E[x | B] - X]|.

Proof. Immediate application of the well known equality E [ . ] =E [E [ . ‘ Y]} . O

B.2 Recalls on Lp(Q,}", IP; R”)-spaces

The subject of LP (Q, F,P; R")—spaces is widely studied and lots of results can be found
in the literature (e.g. [3, Chap. 13]). However note that we are interested in the case where
P is a probability measure, whereas most authors in the functional analysis literature either
works with the Lebesgue measure, or a general measure. A probability measure is more
general than the Lebesgue measure, but is of finite total mass.

1 1

Proposition B.4. Consider 1 < p,q < 400 such that — + — = 1, with the convention
P q

1

— = 0. We have, for any X € LP(Q,]:, P; R"), and any'Y € L4 (Q,f, P; R”), the Holder

.m .
inequality

XY <[ Xp-[1Yq- (B.1)
Proposition B.5. We have, for all 1 <r < s < o0
L*(Q,F,P;R") C L"(Q, F,P;R") , (B.2)

and for all X € L® (Q,f, P; ]R”),
X < 1 Xl - (B.3)

Proof. See [3, Corollary 13.3]. Note that (B.1) holds for any measure, (B.2) for any finite
measure, and (B.3) for probability measures. O

Definition B.6. Let (Q,]—", IP’) be a probability space. A function ¢ : Q@ — R" is called
a step-function if there is a sequence of F-measurable sets (Ai)ie[[l N’ and a sequence of

vectors (ai)z’e[[l,N]] such that

N
p= ZaﬂlAi .
i=1

The set of all step-function is a vector space whose interest is given in the following
proposition.

Proposition B.7. For any p € [1,+00) the space of all step-functions is norm dense in
Lp(Q,}",]P’). Thus for any 1 <r < s < +o0, LT(Q,]-",IP’) s norm dense in LS(Q,.F,]P’).
Proof. See [3, Theorem 13.4]. O

Note that with some more properties on €2, especially if 2 C R™ equipped with the
Lebesgue measure, the space of smooth functions with compact support is norm dense in
any L? for p < 4o00.
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B.3 Convergences

We quickly review defininitions of convergence in probability. A sequence of random
variable {Xn}n oy 8 said to converges toward X

e almost surely if IP’(Xn — X) =1

e in probability if Ve > 0, P(|X,, — X| > ¢) — 0;

o in LPif || X, — X||» = 0;

e in law if, for all continuous and bounded function f : X — R, E[f(X,)] = E[f(X)].

We sum up in figure B.1 the following relation between this convergences.

e For +00 > p > r > 1, convergence in LP implies convergence in L.

e Convergence in L*™ implies almost sure convergence.

e Convergence in LP, or almost sure imply convergence in probability which in turn
imply convergence in law.

e Dominated convergence theorem can be used together with almost sure convergence
to ensure convergence in L!.

e Convergence in probability implies the almost sure convergence of a subsequence.

Finally, we point out a few topologic properties of this convergences.

e Convergence in L? is the convergence relative to a norm.

e Convergence in Probability is metrizable.

e Convergence in Law is deduced from a topology (weak* topology).

e Almost sure convergence can not generally be induced by a topology. Indeed, if
almost sure convergence were induced by a topology, then Lemma 7.7, would imply
that convergence in probability imply almost sure convergence. However note that
{U,, }nen converges in probability toward U iff from any sub-sequence of {U, },en
we can extract a further sub-sequence converging almost surely to U (see [44, Th
2.3.2]).

LOO

N

LP

Dominated convergence Iﬂ’"

~N S

|

Figure B.1: Summing up the relation between probabilistic convergences.

a.s.
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