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Introduction

Ce manuscrit est divis�e en deux parties assez ind�ependantes. Aussi, nous avons choisi
de respecter cette division dans l'introduction. On commencera par un bref r�esum�e des
travaux pr�esent�es dans les quatre chapitres de ce manuscrit. Nous introduirons ensuite
les notions de g�eom�etrie di��erentielle utilis�ees dans ce manuscrit puis nous examinerons
di��erents points de vue sur l'objet courbure moyenne.

Les sections 4 et 5 pr�esenteront ensuite les r�esultats de ce manuscrit, en respectant la
structure de celui-ci. La premi�ere exposera le contexte et les r�esultats du premier chapitre
et la seconde introduira et r�esumera les chapitres 2 �a 4.

1 R�esum�e

L'objectif de cette th�ese a �et�e d'�etudier di��erents probl�emes apparaissant naturelle-
ment en traitement d'images et mettant en jeu des hypersurfaces de l'espace euclidien �a
n dimensions. D�ebruiter une image consiste essentiellement �a en lisser les lignes. Ce lis-
sage peut appara��tre soit comme le r�esultat d'une minimisation d'une fonctionnelle, soit
comme l'application d'un �ot r�egularisant sur les lignes de l'image. Dans ce manuscrit,
nous �etudions deux exemples de ces deux approches.

� Dans le chapitre 1, on lisse par minimisation et on s'int�eresse �a la r�egularit�e de la
solution. Plus pr�ecis�ement, on travaille sur des g�en�eralisations de la minimisation
propos�ee par Rudin, Osher et Fatemi qui p�enalise la variation totale. On cherche
�a montrer que sous di��erentes hypoth�eses sur le domaine, les conditions d'attaches
aux donn�ees ainsi que le choix de la variation totale (isotrope, anisotrope,. . .), la
continuit�e de l'image observ�ee se transmet forc�ement au minimiseur, ce qui montre
que le d�ebruitage par minimisation ne vas pas faire appara��tre de discontinuit�e non
observ�ee.

� Dans le capitre 2, on �etudie le �ot par courbure moyenne (�eventuellement aniso-
trope), qui est connu pour avoir un e�et r�egularisant [AGLM93]. On y ajoute des
obstacles. L'approche choisie est celle des lignes de niveau : la surface est l'image
r�eciproque de 0 par une fonction qu'on fait �evoluer. On d�emontre existence et uni-
cit�e d'une fonction solution (de viscosit�e) de l'�equation du mouvement par ligne de
niveau et on �etudie son asymptotique en temps en la comparant �a un mouvement
minimisant discret.

� Dans le chapitre 3 (travail en collaboration avec M. Novaga), on pr�ecise le r�esultat
du chapitre 2 en �etudiant le m�eme probl�eme mais sous forme g�eom�etrique (ce qui
est nettement plus pr�ecis que l'approche ligne de niveau). On suit l'approche de
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10 Introduction

Ecker et Huisken pour montrer qu'il existe une unique solution au mouvement par
courbure moyenne avec obstacles en temps court.

� En�n, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi),
on fait un premier pas vers l'�etude g�eom�etrique du mouvement anisotrope (on pourra
en particulier traiter les anisotropies cristallines). Uniquement restreints �a la dimen-
sion deux, on montre, en l'approchant par un mouvement lisse, l'existence d'un
mouvement par courbure anisotrope d'une courbe immerg�ee pour un temps petit.

2 Une br�eve introduction �a la g�eom�etrie des hypersurfaces

Dans cette partie, nous t�achons de rappeler des notions �el�ementaires de g�eom�etrie
di��erentielle qui nous permettront de d�e�nir correctement la courbure moyenne d'une
hypersurface, ainsi que la plupart des notions qu'on utilisera dans ce manuscrit. Ces notions
sont classiques et cette partie peut-�etre saut�ee. Le lecteur souhaitant avoir un peu plus de
d�etails peut, dans un premier temps, se r�ef�erer �a [dC92] qui me semble constituer une
excellente introduction. Pour une approche plus avanc�ee et plus exhaustive, on pourra lire
[Wil93] qui traite des vari�et�es abstraites en toute g�en�eralit�e (ce que nous ne ferons pas ici).

2.1 D�e�nition et plan tangent

Dans toute la suite, on consid�erera uniquement des hypersurfaces (sous-vari�et�e de di-
mensionn � 1) de Rn . Dans toute cette introduction, on travaillera avec des objetsC1 : On
rappelle qu'une sous-vari�et�e de dimensionn � 1 est un sous-ensemble deRn qui satisfait
(d�e�nitions �equivalentes)

� Pour tout a 2 M , il existe un voisinageV de a dans Rn et un di��eomorphisme
' : V ! Rn qui envoie V \ M sur un ouvert de Rn� 1:

� Pour tout a 2 M , il existe un voisinageV de a dans Rn et un param�etrage F : 
 �
Rn� 1 ! Rn telle que F (
) = V \ M .

� Pour tout a 2 M , il existe un voisinageV dea dansRn et une submersionf : V ! R
(application C1 de gradient ne s'annulant par surV ) telle que M \ V = f � 1(0).

On rappelle que M est munie en chaque pointp d'un plan tangent (un hyperplan
de Rn ) TpM: Un vecteur de TpM est appel�e vecteur tangent �a M en p. L'ensemble des
couples(p; x) tel que x 2 TpM est not�e TM et est appel�e �br�e tangent �a M . En e�et,
si � : TM ! M est la premi�ere projection canonique, alors pour toutp, la �bre � � 1(p)
est exactement l'espace tangent �aM en p TpM: Ainsi d�e�ni, TM est une sous vari�et�e de
R2n de dimension2(n � 1). En e�et, en utilisant la d�e�nition 3 de sous-vari�et�e, il existe un
voisinageV de p 2 M et f telle que M \ V = f (� 1)(0). Alors, on remarque que

TM \ (V � Rn ) = f (p; t) 2 M � Rn ; j f (p) = 0 ; Df p(t) = 0 g;

et que l'application (p; t) 7! (f (p); Df p(t)) a une di��erentielle surjective, c'est-�a-dire exac-
tement que TM est une sous vari�et�e de R2n de dimension2n � 2:

On appelle �egalement champ de vecteur toute application lisseX : M ! TM qui �a p,
fait correspondre un couple(p; t) 1. Avec les mains, ceci signi�e qu'on fait correspondre �a

1. M�eme si la terminologie ne sera pas utilis�ee ici, on dit que X est une section du �br�e tangent T M .
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tout point de M , un vecteur tangent �a ce point, et que cette correspondance est lisse. On
note � M l'ensemble des champs de vecteurs surM .

En tout point p de M , on dispose d'une base naturelle deTpM en �etudiant les d�eriv�ees
du param�etrage

ei = @i F:

Comme DF est injective, lesei forment bien une base deTpM .
On appelle �egalement vecteur normal �a M tout vecteur orthogonal �a TpM: Lorsque

l'on parlera de vecteur normal dans la suite, il sera consid�er�e unitaire et, lorsque la sous
vari�et�e est ferm�ee, dirig�e vers l'ext�erieur.

2.2 M�etrique sur une hypersurface

On souhaite maintenant pouvoir mesurer des distances surM , distances dont on sou-
haite qu'elles proviennent de la m�etrique de l'espace ambiant. On dispose donc naturelle-
ment d'un produit scalaire sur l'espace tangent (comme sous-espace deRn ). On peut ainsi
d�e�nir la longueur d'une courbe 
 : [0; 1] ! M par

L(
 ) =
� 1

0
j
 0(t)jdt:

Cette formule a parfaitement un sens car pour toutt 2 [0; 1]; 
 0 est un vecteur tangent �a
M , il a donc une norme. On peut donc d�e�nir la distance entre deux pointsa et b de M
via

d(a; b) = inf

 (0)= a

 (1)= b

L(
 ):

Ainsi, la notion de distance ne d�epend que du produit scalaire surTpM . Pour calculer,
on peut donc exprimer le produit scalaire surTpM dans la base des(ei ). On note cette
matrice

gij (p) = ( ei ; ej ) = ( @i F ; @j F )

et on l'appelle m�etrique sur M en p. Remarquons alors que cette matrice est lisse par
rapport �a p.

On introduit aussi la matrice inverse de[gij ] qu'on note, comme il est d'usage,[gij ].

2.3 D�erivation sur une hypersurface et courbure

Pour d�e�nir la courbure, il est n�ecessaire de pouvoir d�eriver sur M . Expliquons bri�evement
comment. Tout d'abord, si f est une fonction surM , comme un voisinageV de p dans M
peut �etre envoy�e de fa�con di��eomorphe par  sur un ouvert de Rn� 1 tel que  (0) = p, on
peut d�e�nir l'application lin�eaire Dpf : TpM ! R par

Dpf � h = D0(f �  ) � (D0 � 1 � h):

On v�eri�e alors ais�ement que cette d�e�nition ne d�epend en fait pas de  : Pour d�eriver un
champ de vecteurs tangents, la situation est moins simple. Prenons par exemple un cercle
dans R3: Si l'on veut appliquer la formule utilis�ee pour les applications pour d�eriver le
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vecteur tangent au cercle, on obtient un vecteur orthogonal au cercle. Ceci traduit que du
point de vue du cercle, le vecteur ne bouge pas. La notion qui appara��t ici est la notion de
d�eriv�ee covariante, qui correspond �a la reprojection de la d�eriv�ee classique (dans l'espace
ambiant Rn ) sur l'espace tangentTpM: Donnons quelques d�e�nitions abstraites

D�e�nition 0.1. Soit M une sous-vari�et�e de Rn . On appelle connexion surM une appli-
cation

r : � M � � M ! � M; (X; Y ) ! r X Y:

qui v�eri�e, pour toutes fonctions f et g sur M ,
� r fX + gY Z = f r X Z + gr Y Z
� r X (Y + Z ) = r X Y + r X Z
� r X (fY ) = f r X Y + X (f )Y; o�u X (f ) d�esigne la d�eriv�ee de f dans la direction X .

Cette connexion est dite sym�etrique si

8X; Y 2 � M; r X Y � r Y X = [ X; Y ]; (1)

o�u [X; Y ] d�esigne le crochet de Lie de(X; Y ), c'est-�a-dire le vecteur d�e�ni comme
agissant sur une fonctionf via

[X; Y ]f = X (Y (f )) � Y (X (f )) :

La connexion que l'on va utiliser dans la suite est d�e�nie dans le

Th�eor�eme 0.1. Il existe une unique connexion sym�etrique compatible avec la m�etrique,
c'est-�a-dire telle que pour tous champs de vecteursX; Y; Z , on a

X (hY ; Zi ) = hr X Y ; Zi + hY ; r X Z i : (2)

Cette connexion est appel�ee connexion de Levi-Civita2.

Il est �a noter que pour tout tenseur � , on a

r X �( X 1; � � � ; X k ) = @X (�( X 1; � � � ; X k ))

� �( r X X 1; X 2; � � � ; X k ) � � � � � �( X 1; � � � ; X k� 1; r X X k ): (3)

Cette d�e�nition permet de d�e�nir une g�eod�esique.

D�e�nition 0.2. Une courbe 
 : [0; 1] ! M , de champ de vecteur tangent@t = d

dt est

appel�ee g�eod�esique si
r @t@t = 0 :

On a maintenant tous les �el�ements pour d�e�nir le tenseur de courbure.

D�e�nition 0.3. Le tenseur de courbureR associe �a tout couple de champs de vecteurs
(X; Y ), une application de� M ! � M d�e�nie par

R(X; Y )Z = r Y r X Z � r X r Y Z � r [X;Y ]Z:

2. Tullio Levi-Civita (1873 � 1941), math�ematicien italien.
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La courbure indique donc un d�efaut de commutativit�e des d�eriv�ees covariantes. Si M
est un hyperplan deRn , ce tenseur est clairement nul.

On va maintenant d�e�nir la seconde forme fondamentale, qui est d'une autre nature
que les objets d�e�nis jusque-l�a. En e�et, elle n'est plus intrins�eque �a M: Soient X et Y
deux champs de vecteurs surM . On d�e�nit alors l'application bilin�eaire sym�etrique (ces
deux propri�et�es viennent directement des axiomes d�e�nissant une connexion sym�etrique, et
du fait que [X; Y ] = [ X M ; YM ] comme agissant sur les fonctions deM ) A : TpM � TpM !
(TpM )? par

A(X; Y ) = @X Y � r X Y (4)

o�u � d�esigne une extension de� �a un voisinage de M dans Rn et @X d�esigne la d�eriv�ee
selon X dans Rn (on aura pu aussi noter r Rn

). On peut noter que la d�e�nition de A
ne d�epend pas de l'extensionX (ni, par sym�etrie, de celle de Y) choisie. En e�et, si
X =

P n� 1
i =1 X i @i + X n@n avec@i tangents �a M pour i 6 n � 1, on a

r X � = X i r @i �:

Or, sur M , X n = 0 , car X = X , et ce pour toute les extensions deX possibles. De fait,
seule la composante tangente deX compte ici.

2.4 Calculs en coordonn�ees

Dans toute la suite, la plupart de ces notions seront utilis�ees uniquement en coor-
donn�ees. On dispose donc d'une famille de champs de vecteurs coordonn�ees (dans le cas
d'une param�etrisation F de M telle queF (x0) = p), on peut par exemple choisir la famille
des@i (p) = @i F (x0): Par hypoth�ese sur F , en tout point q autour de p, les @i (q) forment
bien une base de l'hyperplan tangentTqM: Compl�et�ee du vecteur � normal �a M , on dispose
d'une base deRn .

Commen�cons par exprimer la connexion de Levi-Civita dans cette base. Dans la suite
on notera r i pour r @i . Tous vecteursX et Y de TpM s'�ecrivent

X = X i @i et Y = Y j @j :

Alors

r X Y = r X i @i
(Y j @j ) = X i r i (Y j @j ) = X i @i (Y j )@j + X i Y j r i (@j ) = X (Y j )@j + X i Y j � k

ij @k :

Les � k
ij sont appel�es symboles de Christo�el et sont d�e�nis 3 par

r i @j = � k
ij @k :

3. On peut en fait les calculer explicitement en �ecrivant, d'apr�es la compatibilit�e avec la m�etrique (2)

@i h@k ; @j i = h@k ; r i @j i + hr i @k ; @j i ;

@j h@i ; @k i = h@i ; r j @k i + hr j @i ; @k i

et
@k h@j ; @i i = h@j ; r k @i i + hr k @j ; @i i :

Sommant les deux premi�eres relations et privant la somme de la troisi�eme, on obtient

@i h@k ; @j i + @j h@i ; @k i� @k h@j ; @i i = h@k ; r i @j i + hr i @k ; @j i + h@i ; r j @k i + hr j @i ; @k i�h @j ; r k @i i�hr k @j ; @i i :
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La seconde forme fondamentale peut �egalement se d�ecomposer en coordonn�ees. En e�et,
pour X = X i @i et Y = Y j @j , on a

A(X; Y ) = X i Y j A(@i ; @j ) =: hij X i Y j :

Op�erateurs di��erentiels sur M . On peut d�e�nir, comme dans l'espace euclidien, des
op�erateurs di��erentiels usuels sur la sous-vari�et�e M (ces op�erateur ne d�ependent en fait
que de la structure de vari�et�e sur M ).

D�e�nition 0.4. Soit f : M ! R. On appelle gradient def en p 2 M le vecteurr f 2 TpM
d�e�ni comme le repr�esentant de Dpf 2 L (TpM; R) par le th�eor�eme de Riesz, c'est-�a-dire
qu'il v�eri�e : pour tout t 2 TpM , on a

ht ; r f i = Dpf � t:

En coordonn�ees, il s'�ecrit donc
(r f ) i = gij @j f:

On d�e�nit �egalement, pour un champ de vecteursX sur M , la divergence deX comme
trace de l'application Y 7! r Y X dans TpM . Ainsi d�e�nie, elle s'�ecrit

divM X = gij @j X i :

En�n, on d�e�nit le laplacien comme � f = div( r f ) qui s'exprime en coordonn�ees par

� f = gij @ij f:

Pour un tenseur T, c'est
� T = gmn r m r nT:

Coordonn�ees normales g�eod�esiques. Ces coordonn�ees, extr�emement pratiques pour
faire les calculs, peuvent �etre d�e�nis en tout point p 2 M de la fa�con suivante. Soit
(ei ) une base orthonorm�ee deTpM: On peut montrer l'existence d'une unique g�eod�esique

 : [0; 1] ! M passant parp et ayant une vitessev 2 TpM en p, et ce pourv su�samment
petite. On appelle alorsexpp(v) le point 
 (1): Ainsi d�e�nie l'exponentielle est lisse et est un
di��eomorphisme d'un voisinage de 0 dans TpM sur un voisinage dep dans M . On d�e�nit
alors des coordonn�ees en d�e�nissant l'application

(x1; � � � ; xn� 1) 7! expp

� X
x i ei

�
;

D'apr�es la sym�etrie de la connexion (1) et le fait que comme @i sont des champs de vecteurs coordonn�ees,
on a [@i ; @j ] = 0 ; ce qui imposer i @j = r j @i . On peut donc �ecrire

@i h@k ; @j i + @j h@i ; @k i � @k h@j ; @i i

= h@k ; r i @j i + hr i @k ; @j i + h@i ; r j @k i + hr i @j � [@i ; @j ] ; @k i � h @j ; r i @k � [@i ; @k ]i � hr j @k � [@j ; @k ] ; @i i

= 2 h@k ; r i @j i :

Ainsi, on a

� k
ij =

1
2

(@i gjk + @j gik � @k gij ) :
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sur un voisinage de0 dans Rn� 1. Comme la di��erentielle de expp en 0 est l'identit�e, on a
n�ecessairement, pour ces coordonn�ees

gij (p) = � ij :

De plus, les symboles de Christo�el s'annulent enp. En e�et, les g�eod�esiques coordonn�ees
d�e�nies par les �equations x i = ai s, o�u s d�esigne la longueur d'arc, v�eri�ent (en tant
que g�eod�esiques) l'�equation di��erentielle r @s @s = 0 ; c'est-�a-dire, en coordonn�ees, on a
@s = ai @i ; donc

r s@s = ai r i (aj @j ) = ai @ii 
 i
| {z }

=0

+� k
ij ai aj = 0 :

Ainsi, les � k
ij sont bien tous nuls.

Remarque. Ces relations bien particuli�eres sont valables uniquement au pointp (et abso-
lument pas dans un voisinage).

3 La courbure moyenne, un objet �a plusieurs facettes

On pr�esente dans cette partie l'objet courbure moyenne et on donne plusieurs points
de vue sur cet objet. Tous les r�esultats de cette partie sont classiques et la partie toute
enti�ere peut �etre laiss�ee de c�ot�e par les sp�ecialistes de ces questions.

3.1 De la courbure lin�eique �a la courbure moyenne

Dans La courbure des surfaces, publi�e en 1767, Euler fait la remarque suivante. ¾ Pour
conna��tre la courbure des lignes courbes, la d�etermination du rayon osculateur en fournit
la plus juste mesure, en nous pr�esentant pour chaque point de la courbure un cercle dont la
courbure est pr�ecis�ement la m�eme. Mais quand on demande la courbure d'une surface, la
question est fort �equivoque et point du tout susceptible d'une r�eponse absolue, comme dans
le cas pr�ec�edent. Il n'y a que les surfaces sph�eriques dont on puisse mesurer la courbure,
attendu que la courbure d'une sph�ere est la m�eme qe celle de ses grands cercles et que
son rayon en peut �etre regard�e comme la juste mesure. Mais, pour les autres surfaces, on
n'en saurait m�eme comparer la courbure avec celle d'une sph�ere, comme on peut toujours
comparer la courbure d'une ligne courbe avec celle d'un cercle ; la raison en est �evidente,
puisque dans chaque point d'une surface, il peut y avoir une in�nit�e de courbes di��erentes. ¿

Nourrie de cette �equivoque, c'est Sophie Germain qui, semble-t-il, est la premi�ere �a
parler de courbure moyenne. Alors que les courbures principales au pointP (courbures
maximale et minimale d'une courbe surS et passant par P, qu'on note ici 1=f et 1=g)
�etaient connues d'Euler, celui-ci donnait une formule pour calculer le rayon de courbure en
P de la section deS et d'un plan faisant un angle � avec celui de plus grande courbure

r =
2fg

f + g � (f � g) cos(2� )
:

De fait, deux plans perpenticulaires qui d�e�nissent, en coupantS, deux courbes de courbure
r et r 0 en P vont n�ecessairement v�eri�er

1
r

+
1
r 0 =

1
f

+
1
g

:
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Cette remarque l�egitime l'introduction d'une quantit�e �egale �a la moiti�e de cette constante :
la courbure moyenne. Il me para��t int�eressant de remarquer qu'ainsi d�e�nie, la courbure
moyenne est une quantit�e purement g�eom�erique.

3.2 Au sens de la g�eom�etrie di��erentielle

Puisqu'on travaille ici en codimension1, l'application A d�e�nie par (4) est en fait, �a
isomorphisme pr�es (qui correspond �a un choix de normale) une forme bilin�eaire sym�etrique.
On appellecourbure moyenne deM dansRn la quantit�e 1

n Tr A, la trace deA �etant enten-
due dans n'importe quelle baseorthonorm�ee de TpM 4. Ses valeurs propres sont appel�ees
courbures principales et son d�eterminant, courbure de Gauss.

La courbure moyenne, comme plus haut, peut se calculer dans la base des(@i ). Attention
n�eanmoins, comme cette base n'est pas orthonorm�ee, elle se calcule gr�ace �a l'inverse de la
matrice 5 [gij ], qu'on a convenu de noter[gij ],

H = gij hij : (5)

Remark. Soit x le point courant sur M . Alors � M x = � H (x)� , courbure moyenne deM
au point x. En e�et, rappelons

x = F (x1; �; xn� 1);

on a
gij r j r i x = gij @j @i F = � gij hij � = � H�:

Ligne de niveau d'une fonction. Comme vu plus haut, une hypersurface peut �etre
vue localement comme la ligne de niveauf u = 0g d'une fonction u : 
 � Rn ! R dont le
gradient est non nul, c'est-�a-dire M \ 
 = u� 1(0). La normale �a cette surface est alors

� =
r u
jr uj

:

4. On retrouve ainsi la propri�et�e, pr�esent�ee plus haut, de conservation de la somme des inverses des
rayons de courbure d�ecouverte par Sophie Germain.

5. En e�et, rappelons que si � est une forme bilin�eaire sym�etrique, elle est diagonalisable (on note D la
matrice diagonale qui la repr�esente) dans base orthonorm�ee (ei ) de Rn . Si son expression dans une autre
base(f j ) de Rn est la matrice C, alors D et C sont li�ees par

D = P CP T

o�u P est la matrice de passage de la base(f j ) �a la base (ei ): Comme (ei ) est orthonorm�ee, il est plus simple
d'exprimer P � 1 , matrice de passage de(ei ) �a (f j ), qui a comme coe�cients on a

P ij = ( f j ; ei ) :

De fait, on a
Tr( B ) = Tr( D ) = Tr( P T P C) = Tr(( P � 1(P � 1)T ) � 1C);

ce qui, en observant
(P � 1(P � 1)T ) ij = P ik P jk = ( ek ; f i ) ( ek ; f j ) = ( f i ; f j ) ;

conduit �a Tr( B ) = Tr( G� 1C) o�u Gij = ( f i ; f j ) ; matrice de Gram de la base (f j ):
Dans le cas qui nous int�eresse, la base(f j ) est celle des(@j ) et la matrice de Gram correspondante est
justement celle de la m�etrique, ce qui prouve la formule (5).
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La courbure s'�ecrit alors

H = div
�

r u
jr uj

�
: (6)

Cette d�e�nition d�epend uniquement de f u = 0g (on peut par exemple prendre pouru la
distance �a M ).

3.3 La courbure moyenne comme premi�ere variation de l'aire

Au del�a d'une quantit�e g�eom�etrique, la courbure moyenne peut-�etre vue comme quan-
tit�e variationnelle. Plus pr�ecis�ement, si M est une hypersurface deRn (qu'on va supposer
compacte, pour simpli�er) et si ' est une fonction surM , on peut perturber M selon '
dans la direction normale en posant, siF est une param�etrisation de M ,

Ft (x) = F (x) + t' (F (x)) � (F (x)) :

Alors, l'aire de la surfaceM t s'obtient via la m�etrique modi��ee, elle-m�eme obtenue comme
ci-dessus �a l'aide des nouveaux vecteurs tangents

gt
ij = h@i Ft ; @j Ft i = h@i F + t(r ' � @i F � + '@i � ) ; @j F + t(r ' � @j F � + '@j � )i = gij � 2t'h ij + o(t):

Ainsi, la forme volume devient
q

det(gt
ij ) =

q
det(gij ) � t'H + o(t):

Ce nouveau point de vue sur la courbure moyenne permet plus facilement de la calculer
dans di��erentes situations.

Cas d'un graphe. Si M est donn�ee comme graphe d'une fonctionu : 
 ! Rn� 1 ! R
(supposons
 born�e), alors son aire est obtenue par

A(M ) =
�




p
1 + jr uj2:

Une simple d�erivation fournit alors

H = div

 
r u

p
1 + jr uj2

!

:

La notion de surface minimale. Si l'on se donne une courbe de Jordan dansR3, un
probl�eme qui remonte �a 1760 et qui porte le nom de Joseph Plateau consiste �a trouver
la surface d'aire minimale ayant pour bord ladite courbe. Ces surfaces minimisant l'aire
ont fait et font encore l'objet de nombreux travaux en g�eom�etrie di��erentielle et calcul
des variations. La notion de surface minimale est n�eanmoins ambigu�e, car elle r�ef�ere al-
ternativement �a un minimiseur de l'aire ou �a un point critique (c'est-�a-dire une surface
de courbure moyenne z�ero). Bien que des travaux aient tent�e d'�etendre des propri�et�es des
surfaces minimisantes �a des surfaces de courbure moyenne z�ero (on peut en particulier
citer les travaux d'Ilmanen et collaborateurs, qui, dans leurs preuves, ont �etudi�e les liens
�etroits entre ces deux types de surfaces, voir [Ilm96, ISZ98]), les deux notions sont loin de
co��ncider, comme le montre l'exemple suivant.
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Le cat�eno��de. Consid�erons le cat�eno��de

X (u; v) = (cosh u cosv; coshu sinv; u):

On peut v�eri�er ais�ement qu'il est �a courbure moyenne nulle. N�eanmoins, consid�erant deux
cercles correspondant �a des sections horizontales du cat�eno��def u = cg, ledit cat�eno��de ne
minimise pas forc�ement l'aire parmi les surfaces qui ont ces deux cercles comme bords.
Les deux disques contenus dans les cercles peuvent avoir une aire plus faible (sic est assez
grand, c = 1 par exemple).

3.4 L'aire d'une surface : une mesure comme une autre

Les ensembles �a p�erim�etre �ni

Comment g�en�eraliser les sous vari�et�es de sorte �a pouvoir encore d�e�nir une notion
de courbure moyenne ? Alors qu'il semble impossible d'�etendre l'approche di��erentielle de
courbure �a des hypersurfaces qui n'ont plus rien de lisse, il est n�eanmoins possible d'�etendre
la notion d'aire, et par l�a-m�eme, la notion de courbure moyenne comme premi�ere variation
de l'aire. Inspir�e par la r�ecente introduction des fonctions �a variations born�ees par Tonelli et
Cesari, Caccioppoli a propos�e de consid�erer une surface comme le support d'une mesure.
On dira par exemple qu'un ensembleE � Rn est de p�erim�etre �ni si la d�eriv�ee de sa
fonction indicatrice au sens des distributions est une mesure. Son p�erim�etre est alors la
masse de cette mesure.

On introduira plus pr�ecis�ement ces objets et leur propri�et�es dans le chapitre 1, mais
mentionnons les avantages de cette d�e�nition :

� Elle co��ncide avec le p�erim�etre classique pour des hypersurfaces lisses,
� Le p�erim�etre satisfait une hypoth�ese de semi continuit�e (les suites minimisantes vont

converger),
� Les fonctions �a variations born�ees forment un espace de Banach et s'approchent bien

par des fonctions lisses.

Surfaces �a courbures prescrites pour les ensembles de p�erim�etre �ni. �Etant
donn�ees les d�e�nitions pr�ec�edentes, on peut d�e�nir une surface de courbure variationnelle
prescrite g comme minimisant par perturbation compacte

Per(E) +
�

E
g:

En e�et, si E est lisse et minimise cette quantit�e, alors la premi�ere variation donne direc-
tement H (x) = � g(x):

G�en�eralisation aux varifolds

Nous souhaitons dans cette partie pr�esenter la g�en�eralisation des surfaces propos�ee par
Almgren dans [Alm66]. Elle est dans l'esprit de la partie pr�ec�edente mais demeure plus
g�en�erale. On pourra aussi consulter [Sim83] pour une introduction compl�ete �a cette th�eorie.

M�eme si on n'utilisera pas cette th�eorie dans la suite, il nous semble di�cile de ne pas
en dire un mot car c'est l'approche historique pour d�e�nir un mouvement par courbure
moyenne pour des surfaces non lisses (voir plus loin).
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D�e�nition 0.5. On appelle varifold de dimenionn � 1 toute mesure de Radon sur l'en-
sembleGn� 1 = Rn � G(n � 1) o�u G(n � 1) est la grassmannienne des hyperplans deRn .
L'espace de ces varifolds est not�eVn� 1(Rn ) et est muni de la topologie faible

Vn * V , 8  2 C0
c (Gn� 1); Vn ( ) ! V ( ):

�A l'image des ensembles,V est dite recti�able s'il existe une collection d�enombrableE i de
graphesC1 dont on note Ti (x) les plans tangents, et une collection de r�eels positifsci tels
que

V =
1X

i =0

ci v(E i )

o�u pour tout B 2 Gn� 1, v(E i ) � B = H n� 1 f x 2 E i j (x; Ti (x)) 2 B g: On dit que V est un
varifold entier (ou �a multiplicit�e enti�ere) si les ci sont entiers.

On peut d�e�nir l'aire d'un varifold V dans A � Rn comme variation totale de V sur
A � G(n � 1):

kVk � A = V(f (x; S) 2 Gn� 1 j x 2 Ag):

On peut remarquer que la d�e�nition de recti�ablilit�e est �equivalente �a l'existence d'un
ensemble recti�ableM et d'une fonction positive localement int�egrable � : M ! R tels que

kVk � A =
�

A\ M
�d H n� 1:

Dans toute la suite, on suppose queV est recti�able.
On souhaite maintenant perturberV �a l'aide d'une fonction lisse ht (x) : ( � "; " ) � Rn !

Rn , telle que
f x 2 Rn ; 9t 2 (� "; " ); ht (x) 6= xg

est un compact deRn . On note

Vt � A = ( ht )# V � A :=
�

A\ ht (M )

~�d H n� 1

o�u ~� (y) =
�

f � 1 (y)\ M � (x)dH 0(x): Si Jt est le jacobien deht , on peut �ecrire

Vt � A =
�

M \ A
Jt �d H n� 1:

Il est donc raisonnable de d�e�nir la premi�ere variation de l'aire en d�erivant selon t cette
d�e�nition :

@
@t

�
�
�
�
t=0

Vt � Rn =
�

M
@t Jt �d H n� 1:

Il s'agit donc de di��erentier le jacobien

Jt :=
q

det(Dh T
t Dh t ):
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On note X = @t ht jt=0 : On a Dh t = Dh 0 + DX + o(t), ce qui conduit �a

det(Dh T
t Dh t ) = det( Dh T

0 Dh 0)(1 + 2 t Tr(( Dh T
0 Dh 0) � 1DX T Dh 0)) + o(t)

= 1 + 2 t Tr( DX T )) + o(t) = 1 + 2 t divM X + o(t):

En composant avec la racine, on obtient

Jt = J0 + t divM X + o(t) = 1 + t divM X + o(t):

De fait,
@
@t

�
�
�
�
t=0

Vt � Rn =
�

M
divM X�d H n� 1:

La courbure moyenne peut donc �etre d�e�nie comme un op�erateur sur les champs de vecteurs
�a support compact sur M via X 7!

�
M divM X: Par dualit�e, ceci peut se r�ecrire comme un

op�erateur sur les fonctions lissesg : Rn ! R (not�e �V dans [Bra78])

�V (g) =
�

M
Dg(x)�d H n� 1(x):

�Etant donn�ee une fonction lisse� : Rn ! R, on peut m�eme d�e�nir la variation selon � par

� (V; � )(g) =
@
@t

Vt � �

�
�
�
�
t=0

=
�

M
Dg��d H n� 1 +

�

M
gD��d H n� 1:

Pour d�e�nir le mouvement par courbure de Brakke [Bra78] qu'on pr�esentera bri�evement
dans la partie suivante, il reste �a d�e�nir un vecteur courbure moyenne (qui correspond �a
� H� dans le cas r�egulier). Pour ce faire, on introduit la variation totale de �V d�e�nie pour
tout ouvert G par

k�V k � G = supf g 2 C1
0(G); jgj 6 1g:

Gr�ace �a l'hypoth�ese de recti�abilit�e, k�V k est absolument continue par rapport �a V et il
existe deux fonctions� et � telles que

�V = � V k�V k et k�V k = � V kVk:

On peut donc d�e�nir
h(V; x) = � � V (x)� (x): (7)

La formule de premi�ere variation se r�ecrit, avec cette fois-cig �a valeurs dans Rn

�V (g) = �
�

M
g(x) � h(V; x)� (x)dH n� 1(x);

ou, avec une fonction� : Rn ! Rn ,

� (V; � )(g) =
�

M
h(V; x) � g(x)� (x)� (x)dH n� 1(x) +

�

M
DM � (x) � g(x)� (x)dH n� 1(x): (8)

4 Un probl�eme stationnaire variationnel

Toute cette partie introduit le chapitre 1.
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4.1 Introduction au d�ebruitage d'images

On s'int�eresse ici aux probl�emes de d�ebruitage par minimisation. �Etant donn�ee une
image bruit�ee g : 
 � Rn ! R, on cherche �a la d�ebruiter en r�esolvant

min
u

� (u; g)

o�u � comporte typiquement un terme de r�egularisation (p�enalisant les gradients) et un
terme d'attache aux donn�eesg.

4.2 Un d�ebruitage na��f par moyenne locale

Soit g une image bruit�ee par un bruit gaussien, c'est-�a-dire que

g = g0 + n

o�u g0 est l'image id�eale (celle qu'on veut observer) etn est un bruit dont les oscillations
sont suppos�ees bien plus rapides que celles de l'image. Ainsi, en 1960, Gabor propose de
d�ebruiter en convolant l'image avec un noyau gaussien. Cela revient �a r�esoudre l'�equation
de la chaleur sur un temps court avec condition initialeg. Les r�esultats sont n�eanmoins
mitig�es. L'un des reproches qu'on peut faire �a ce mod�ele est de di�user dans toutes les
directions : en particulier, dans les directions de fort gradient. C'est exactement dire que
ce proc�ed�e lisse les bords.

Ce reproche majeur peut �etre contourn�e assez facilement, car il su�t de di�user dans
toutes les directions sauf dans celle du gradient pour �eviter cet �ecueil. On remplace alors
l'�equation ut = � u par, en notant n = r u

jr uj ,

ut = � u � @nn u = � u �
�
n ; D 2u � n

�
= Tr

��
I �

r u 
 r u
jr uj2

�
D 2u

�
= jr uj div

�
r u
jr uj

�
:

Cette �equation est exactement celle du mouvement par courbure moyenne qu'on pr�esentera
dans la derni�ere partie de cette introduction.

4.3 Le mod�ele de Rudin Osher et Fatemi

Que l'on consi�ere le d�ebruitage par moyenne locale comme �equation d'�evolution ou
comme minimisation de �

jr uj 2 +
�

(u � g)2

2
;

le principal probl�eme est le non respect des bords, car cette fonctionnelle, dont le cadre
naturel de minimisation est H 1, explose en pr�esence des discontinuit�es de dimensionn � 1
que sont typiquement les bords des objets de l'image. Pour pallier ce probl�eme, Rudin
Osher et Fatemi ont propos�e dans [ROF92, RO94] de minimiser cette fonctionnelle dans
l'espace des fonctions �a variations born�ees. Ils proposent donc de minimiser

TV(u) +
�

(u � g)2

2
: (9)
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Cette formulation peut prendre en compte des bords, et, �a ce titre, produit des r�esultats
bien meilleurs en pratique.

Alors que ce mod�ele a �et�e introduit il y a plus de vingt ans [ROF92, RO94], seuls
des travaux r�ecents se sont e�orc�es �a montrer qu'une telle minimisation ne peut pas faire
appara��tre d'irr�egularit�es dans u qui ne seraient pas d�ej�a pr�esentes dansg. On sait en
particulier ([CCN07, Jal12]) que les discontinuit�es de dimensionn � 1 (sauts, voir d�etails
dans le premier chapitre de ce manuscrit) deu viennent n�ecessairement de celles deg. Il ne
nous est pas connu de r�esultats sur les discontinuit�es g�en�erales. Nous avons donc souhait�e
poursuivre ce travail en s'int�eressant �a la transmission de la continuit�e de g �a u par cette
minimisation (un peu g�en�eralis�ee) : on souhaite montrer que cette minimisation ne peut
pas cr�eer de discontinuit�e qui ne serait pas pr�esente dansg.

4.4 Quelques r�esultats li�es �a ces probl�emes

On pr�esente dans cette partie quelques r�esultats qui ne s'inscrivent pas tout �a fait dans
les hypoth�eses pr�esent�ees plus haut (en particulier dans l'hypoth�ese de croissance �a l'in�ni),
mais qui reposent sur des techniques similaires �a celles qu'on utilisera.

La croissance sur-lin�eaire. Dans [Cla05], Francis Clarke s'int�eresse �a la minimisation
de �



F (r u) u 2 W 1;1(
) et u = � sur @
 : (10)

Il suppose queF est strictement convexe et �a croissance d'exposantp > 1 (F (z) > � jzjp +
� ). En outre, il demande �a la donn�ee au bord � de satisfaire, en tout point de la fronti�ere

 , la condition de pentesuivante : il suppose l'existence d'une fonction a�ne f de pente
inf�erieure �a K , v�eri�ant f (
 ) = � (
 ) et, pour tout autre points 
 0 de @
 ,

� (
 ) + f (
 0) 6 � (
 0):

On a alors le

Th�eor�eme 0.2. Le minimiseur de (10) est localement lipschitzien sur
 et semi-continu
inf�erieurement sur 
 . En outre, u est continue sur 
 dans les trois cas suivant

� @
 est un poly�edre,
� @
 est C1;1 et p > N +1

2 ,
� 
 est uniform�ement convexe.

Alors que le dernier point est essentiellement un travail de Miranda [Mir65] qu'on
pr�esentera (mais �etendu �a un minimiseur W 1;1), Clarke montre que l'hypoth�ese d'uniforme
convexit�e pour 
 n'est pas n�ecessaire, si l'on demande une coercivit�e plus grande pour
F . Il �etend de plus le travail de Miranda �a un poly�edre et a�aiblit la condition de pente
pr�ec�edente en une condition de pente par dessous (seule l'existence def � est demand�ee).

On notera aussi un travail r�ecent de Pierre Bousquet et Lorenzo Brasco [BB15] qui
s'int�eresse aux minimiseursW 1;1 de

�



F (r u) + fu
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avec condition de Dirichlet. Les auteurs prouvent une r�egularit�e Lipschitz des minimiseurs
sous des hypoth�eses plus faibles que la stricte convexit�e pourF . Le sch�ema de preuve
est le m�eme que dans [Mir65] mais demande de nombreuses adaptations car le second
membre emp�eche l'invariance par translation des minimiseurs, tout comme le caract�ere
minimisant des fonctions a�nes. Il est donc n�ecessaire de trouver des fonctions barri�eres
plus compliqu�ees et adapter le sch�ema de Miranda.

Minimiseurs et champs de vecteurs. Dans un article r�ecent [BS15], Beck et Schmidt
consid�erent les relations entre minimiseurs de

�



f (x; r u)dx (11)

dans l'ensemble des fonctions �a variations born�ees prenant une donn�eeg 2 W 1;1(Rn ) au
bord et les maximiseurs du probl�eme dual

Rg[� ] :=
�



(� � r g � f � (x; � )) dx (12)

parmi les champs de vecteursL 1 �a divergence nulle, o�u f � est la conjugu�ee def en la
variable z

f � (x; z � ) = sup
z2 Rn

(z� � z � f (x; z)) :

Ils supposent quef (x; z) est strictement convexe enz (hypoth�ese qui n'est pas satisfaite
dans le probl�eme qu'on �etudie) et qu'elle v�eri�e une croissance lin�eaire en z (hypoth�ese
satisfaite dans notre cadre). Alors, si (12) a une solution continue� (x) telle que � (x) 2
Im( @zf (x; �) (int�erieur de Im( @zf (x; �)), les minimiseurs de (11) sont Lipschitz presque
partout.

Remark. Il est facile, comme expliqu�e dans [BS15], de se convaincre formellement de la
relation entre les deux probl�emes, en remarquant que

f (x; z) = f �� (x; z) = sup
z�

z� � z � f � (x; z � )

ce qui implique formellement que

inf
w

�
f (x; r w) = sup

�

�
inf
w

�
(� � r w � f � (x; � )) dx

�
:

Maintenant, comme � est �a divergence nulle, le membre de droite correspond �a la maximi-
sation de (12). En �echangeantinf et sup, on a m�eme l'�egalit�e. N�eanmoins, le r�esultat de
[BS15] n�ecessite des hypoth�eses tr�es faibles de r�egularit�e : la fonctionf est par exemple
seulement mesurable enx.

4.5 Les lignes de niveau minimisent aussi

En utilisant la formule de la coaire, on peut montrer que les minimiseurs de (9) ont des
lignes de niveauEs = f u > s g qui minimisent le probl�eme g�eom�etrique

Per(E) +
�

E
(s � g)
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o�u le p�erim�etre s'entend au sens des ensembles de Caccioppoli. Il s'agit de la formulation
variationnelle de la propri�et�e ¾ E est �a courbure prescriteg� s ¿. Cette dualit�e fonctionnelle
et g�eom�erique sera utilis�ee sans cesse dans tout le chapitre 1.

�Etudier la continuit�e d'un minimiseur de (9) revient donc �a montrer que les ensembles
de niveau@Es et @Et ne peuvent pas se toucher, ce qui est exactement montrer des principes
de comparaison (dans l'esprit de [Sim87]) pour des surfaces �a courbures prescrites.

Cette vision g�eom�etrique des minimiseurs de (9) a d�ej�a �et�e utilis�ee par plusieurs auteurs
(voir [CCN11, Jal12],. . .), pour montrer des r�esultats sur les sauts du minimiseuru par
rapport aux sauts de g (on d�ecrira ces r�esultats dans le chapitre 1), tout comme des
r�esultats de continuit�e uniforme de u en basse dimension.

4.6 Contributions de la th�ese

Dans ce manuscrit (chapitre 1), nous avons cherch�e �a �etudier les propri�et�es de continuit�e
des minimiseurs de �



F (r u) (13)

parmi les fonctions �a variations born�ees, pour di��erents cadres :
� Concernant l'attache au donn�ees, on a utilis�e soit des conditions de Dirichlet au

bord du domaine d'�etude, soit un terme ku � gk2 ajout�e �a la variation totale.
� La fonction F (r u) pourra �etre de trois types. Soit une variation totale classique

F (r u) = jr uj, soit une anisotropie (norme quelconque dansRn ), lisse ou cristalline :
F (r u) = ' (r u), soit encore une compos�ee d'une fonction convexef quelconque et
d'une anisotropie : F (r u) = f (' (r u)) :

� En�n, le domaine 
 pourra lui aussi varier. La premi�ere partie du chapitre sera
limit�ee �a un domaine born�e (qui pourra �etre convexe ou convexe en moyenne), et la
seconde traitera des domaines non born�es.

On commencera ce premier chapitre, avant toute introduction des outils sur les fonctions
�a variations born�ees, par d�etailler un des premiers r�esultats de ce type, obtenu par Miranda
en 1965 [Mir65], qui traite des domaines uniform�ement convexes avec conditions au bord de
Dirichlet. M�eme si le r�esultat en temps que tel n'est pas si int�eressant pour notre objectif
(il est suppos�e F strictement convexe), il met en �evidence un principe qui restera le n�otre
d�es qu'on �etudiera (13) en domaine born�e. Le sch�ema de preuve est le suivant.

1. On montre un principe de comparaison : siu et v sont deux minimiseurs de
�

F (r u)
et que u 6 v sur @
 , alors cette propri�et�e est transmise �a 
 tout entier.

2. Ce principe de comparaison permet, gr�ace �a l'invariance par translation deF (r u),
de transmettre la r�egularit�e au bord �a l'int�erieur du domaine

3. La r�egularit�e au bord est obtenue gr�ace �a l'uniforme convexit�e de celui-ci et au
principe de comparaison, en remarquant que les fonctions a�nes sont des minimiseurs
de F (r u).

Alors qu'on voit ici que la stricte convexit�e de F est uniquement utilis�ee pour obtenir le
principe de comparaison, on peut donc utiliser ce sch�ema de preuve dans notre cadre, sous
r�eserve de pouvoir montrer ce principe de comparaison.
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Dans un travail r�ecent [JMN13], Jerrard, Moradifam et Nachman montrent justement
un principe de comparaison pour les minimiseurs (sous conditions de Dirichlet) de

�



' (r u);

sous r�eserve que
 v�eri�e une condition de bord plus faible que la convexit�e (une sorte
de stricte convexit�e en moyenne par rapport �a l'anisotropie ' ). On peut donc d�eduire
directement la continuit�e du minimiseur avec le sch�ema de preuve pr�ec�edent. C'est l'objet
de la section 7. N�eanmoins, alors que la preuve de [JMN13] utilise des concepts assez
profonds sur les courants minimaux (car ils travaillent avec une anisotropie qui varie en
espace), nous avons exploit�e l'invariance par translation pour donner une preuve compl�ete
et plus simple du

Th�eor�eme 0.3. Soit ' une anisotropie lisse et
 un ouvert born�e qui v�eri�e une condition
de barri�ere relative �a ' (voir D�e�nition 1.7) et g une fonction continue sur @
 . Alors, le
minimiseur de

�

 ' (r u) sous conditionu = g sur @
 est continu.

Un contr�ole du module de continuit�e. Motiv�e par un r�esultat de Caselles, Chambolle
et Novaga [CCN11] sur la pr�eservation du module de continuit�e deg par les minimiseurs
de �



jr uj +

(u � g)2

2
;

pour 
 convexe born�e dansRn avecn 6 8 (pour assurer la r�egularit�e des lignes de niveau
de u) avec condition de Neumann au bord, nous avons �etudi�e les minimiseurs de

�



f (jr uj) +

(u � g)2

2
; (14)

toujours avec condition de Neumann au bord.
Apr�es avoir approch�e F par un op�erateur lisse et uniform�ement elliptique et constat�e

qu'encore une fois, la r�egularit�e des minimiseurs �etait contr�ol�ee par leur r�egularit�e au
voisinage de@
 et que cette derni�ere pouvait �etre d�etermin�ee gr�ace �a la convexit�e du bord,
on a pu montrer le

Th�eor�eme 0.4. Soit 
 un convexe born�e deRn (sans restriction sur n) et g uniform�ement
continue de module! . Alors il existe un unique minimiseur de (14) dans BV , avec condi-
tions de Neumann au bord. Ce minimiseur est continu, de module! .

Un r�esultat en domaine non born�e. Dans cette partie, on se restreindra au mod�ele
de Rudin-Osher et Fatemi (isotrope), avecg continue, mais on ne suppose plus
 born�e.
On y montre le

Th�eor�eme 0.5. Soit u un minimiseur (par perturbations compactes) de
�



jr uj +

(u � g)2

2

avec 
 un ouvert deRn quelconque, etg une fonction continue. Alors u est continue.
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Comme il n'y a plus n�ecessairement de bord, le sch�ema de preuve pr�ec�edent est inop�erant.
On va donc montrer un principe de comparaison strict entre les lignes de niveau deu, qui
sont des minimiseurs du probl�eme de p�erim�etre vu plus haut

Es := f u > s g = arg min
E � Es b 


Per(E) +
�

E
s � g: (15)

Dans le cadre des surfaces minimales (minimiseurs du p�erim�etre uniquement, sans se-
cond membre), ce r�esultat est bien connu. Il a d'abord �et�e montr�e par [Mos77] dans un
article tr�es court (4 pages) en italien, puis ind�ependamment, dix ans plus tard, par [Sim87].
Alors que ces deux articles montrent ce principe de comparaison strict pour des mini-
miseurs, Illmanen a montr�e dans [Ilm96] qu'il est encore vrai pour des points critiques
(c'est-�a-dire des hypersurfaces de courbure moyenne z�ero).

Pour montrer notre r�esultat de continuit�e, nous avons donc souhait�e �etendre le r�esultat
de Simon aux minimiseurs de (15). Nous ne sommes parvenu qu'�a l'�etendre aux second
membres constants en espace. N�eanmoins, c'est su�sant. En e�et, siEs et E t sont deux
lignes de niveau deu (supposons par exemple quet < s ), s � g et t � g sont �a distance
sup�erieure �a " sur une boule su�samment petite. Sur cette m�eme boule, il va donc exister
une constante telle quet � g 6 a 6 s � g.

On montre alors qu'entre Es et E t , sur la petite boule construite plus haut, on peut
intercaler deux surfaces minimisant

Per(E) �
�

E
a

avec di��erentes conditions au bord. Puisqu'elles ne peuvent pas �etre confondues, le r�esultat
de Simon, �etendu aux surfaces �a courbure constante, montre qu'elles ne peuvent pas se
toucher. Donc Es et E t ne le peuvent pas davantage.

5 Variations sur le mouvement par courbure moyenne

5.1 Introduction

L'objectif de toute cette section est de consid�erer, �etant donn�ee une hypersurfaceM 0 �
Rn , une famille d'hypersurfacesM t telle que pour tout x 2 M t , la vitesse dex est normale
�a M t , et de moduleH , courbure moyenne deM t en x (dans la suite, la normale� est, dans
le cas d'une surface ferm�ee, dirig�ee vers l'ext�erieur etH est choisie de sorte qu'une surface
enfermant un convexe soit �a courbure positive). Plus pr�ecis�ement, on doit donc avoir

@x
@t

= � H� (x):

Cette �equation peut ensuite �etre formul�ee avec n'importe quelle description de la courbure
pr�esent�ee dans la partie 3.

Exemple. Une sph�ere n � 1-dimensionnelle de rayonR se r�eduit de fa�con homoth�etique
sous un mouvement par courbure moyenne. Plus pr�ecis�ement, �a chaque instantt 2 [0; T)
pour T = R2

2 , la surface obtenue est une sph�ere de rayonRt = R �
p

2nt: En e�et, la
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courbure moyenne d'une sph�ere est exactement l'inverse de son rayon. Supposant alors que
M t reste une sph�ere de rayonRt , on doit avoir

@x
@t

= �
@Rt
@t

� = �
1

Rt
�:

Ainsi, Rt =
p

R2 � 2t; tant que la sph�ere existe, c'est-�a-dire pour tout t 2 [0; T):

Notre objectif a �et�e d'ajouter des obstacles contraignant la surface mobile �a bouger �a
l'int�erieur d'une zone d�elimit�ee par deux ouverts �xes 
 + et 
 � ; c'est-�a-dire


 � � M t � 
 + :

Plusieurs di�cult�es apparaissent lors de l'�etude du mouvement par courbure, certains
dus aux obstacles, d'autres pas. L'objectif principal est de pouvoir d�e�nir un temps d'exis-
tence du mouvement, temps qui ne d�epend que des param�etres initiaux du probl�eme. On
vient d'en exhiber un dans le cas d'une sph�ere. Que peut-on dire en toute g�en�eralit�e ?
Ensuite, la notion de courbure elle-m�eme n'est pas d�e�nie pour une surface qui serait
uniquement Lipschitz : comment, alors, peut-on tout de m�eme d�e�nir un mouvement ?

Dans la suite de cette partie, on t�achera de pr�esenter (dans un ordre historique)
des r�eponses �a ces questions. On pr�esentera les di��erentes approches sans obstacles, on
pr�esentera bri�evement leurs avantages et inconv�enients et on verra, pour certaines d'entre-
elles, comment on peut ajouter la contrainte
 � � M t � 
 + �a leur formulation.

5.2 1978 : Un probl�eme de varifolds

S'appuyant sur la d�e�nition g�en�eralis�ee aux varifolds de la courbure moyenne, Brakke
d�e�nit en 1978 dans [Bra78] le mouvement d'un varifold Vt par courbure moyenne :

DkVt k(� ) 6 � (Vt ; � )(h(Vt ; �)) :

O�u les notations sont d�e�nies dans la section pr�ec�edente (en particulier (7), (8)) et o�u D
est la d�eriv�ee sup�erieure

Df (t) = lim sup
s! t

f (s) � f (t)
s � t

:

Brakke prouve un th�eor�eme d'existence d'un tel mouvement. Pour ce faire, il utilise une
approximation de la courbure moyenneh" et utilise une discr�etisation en temps sous la
forme

xn+1 = xn + � thn
" (xn ):

N�eanmoins, �a chaque �etape, des corrections sont n�ecessaires pour prendre en compte les
petites irr�egularit�es qui sont ignor�ees par l'approximation h" :

Il ne nous est connu aucune g�en�eralisation de ces travaux.
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5.3 L'approche g�eom�etrique

On s'int�eresse ici �a l'�evolution d'hypersurfaces de Rn par courbure moyenne, c'est-�a-dire
qu'on souhaite construire une famille de param�etrisations

Ft : M ! Rn

o�u M est une sous vari�et�e deRn �x�ee (on pourrait �evidemment travailler avec des ouverts
de Rn� 1, mais on n'aurait alors uniquement une param�etrisation locale, ce qui est un peu
moins pratique. . .), de sorte que

@t Ft (x) = � H (Ft (x)) � (Ft (x)) : (16)

Remarquons alors que cette �equation peut �etre �ecrite

@t Ft = � t Ft

o�u � t est le laplacien surM t : Cette �ecriture sugg�ere que cette �equation puisse �etre para-
bolique. Elle l'est en e�et, ce qui permet d'a�rmer qu'il existe un temps d'existence et une
solution C1 �a cette �equation.

C'est l'approche de Hamilton dans son �etude du �ot de Ricci [Ham82] qui a motiv�e
cette approche classique du �ot par courbure. En e�et, tous les outils utilis�es dans [Hui84]
(mais aussi dans le chapitre 2 de ce manuscrit) sont pr�esents dans cette �etude de Hamilton.

Le th�eor�eme principal de [Hui84] s'�enonce comme suit

Th�eor�eme 0.6. Soit M 0 une hypersurface lisse et uniform�ement convexe. Alors, il existe
une solution lisse �a (16) sur un intervalle de temps[0; T[: De plus, M t converge vers un
point quandt ! T. De plus, on peut normaliser ce �ot en volume pour obtenir une existence
en tout temps qui converge vers une sph�ere.

Le fait qu'une solution existe en temps court n'est pas ici un probl�eme, puisque l'�equation
(16) est parabolique. Le point int�eressant est l'analyse de la situation au temps maximal
d'existence. Huisken y prouve que, comme le fait le tenseur de courbure dans [Ham82], la
seconde forme fondamentale explose n�ecessairement. Pour ce faire, il va contr�oler toutes
les quantit�es g�eom�etriques par l'action du �ot en utilisant le principe du maximum, qui
stipule que si une fonctionf v�eri�e, sur une famille de surfaces compactesM t , l'in�equation
di��erentielle

(@t � � M )f 2 6 0;

alors la quantit�e supM t
f 2 est d�ecroissante au cours du temps.

Cinq ans plus tard, Ecker et Huisken �etudient dans [EH89] l'�evolution des graphes pos�es
dans tout Rn� 1 par courbure moyenne, c'est-�a-dire de l'�equation

du
dt

=
p

1 + jr uj2 div

 
r u

p
1 + jr uj2

!

: (17)

Ils prouvent le th�eor�eme suivant

Th�eor�eme 0.7. Soit u0 une fonction lipschitzienne surRn� 1: Alors il existe une solution
�a (17) pour tout t.
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Encore une fois, la d�emonstration de ce th�eor�eme repose sur des estimations sur les
principales quantit�es g�eom�etriques (cette fois-ci, la seconde forme fondamentale, �a cause
de la contrainte graphe, ne peut pas exploser).�A noter que la surface n'�etant pas compacte,
il est n�ecessaire d'am�eliorer le tr�es basique principe du maximum de la section pr�ec�edente.
Ecker et Huisken utilisent donc la formule de monotonie qui porte le nom du premier
auteur, et dont la preuve se trouve dans [Hui90].

En plus du th�eor�eme cit�e plus haut, Ecker et Huisken s'int�eressent au comportement
asymptotique du mouvement, montrant la convergence, apr�es normalisation qui emp�eche
la surface de s'enfuire vers l'in�ni, vers une surface minimale.

En�n, en 1991, dans [EH91a], les deux m�emes auteurs parviennent �a d�emontrer un
r�esultat d'existence du mouvement sans hypoth�ese restrictive sur la surface initiale.

Th�eor�eme 0.8. Soit M 0 une surface localement lipschitzienne. Alors on peut faire �evoluer
M 0 selon (16) pour un temps court qui ne d�epend que deM 0.

La clef de ce th�eor�eme est d'�etre parvenu �a estimer la seconde forme fondamentale pour
une �evolution g�en�erale, et de montrer qu'elle ne pouvait pas exploser sur un temps contr�ol�e
uniquement �a l'aide de la surface initiale.

5.4 Le point de vue ligne de niveau

L'id�ee de cette partie est de consid�erer que la surface qu'on souhaite faire �evoluer par
courbure moyenne est en fait la ligne de niveau z�ero d'une fonctionu. Gr�ace �a (6), la
surface �evoluant M t est la ligne de niveau z�ero de la fonctionu(�; t) si et seulement si

ut = jr uj div
�

r u
jr uj

�
: (18)

C'est cette �equation qu'on �etudie en oubliant (au moins temporairement) l'aspect g�eom�etrique.
Comme cette �equation n'est pas sous forme divergence, les d�e�nitions classiques de

solutions faibles ne pouvaient pas �etre appliqu�ees. Aussi, Evans et Spruck, dans [ES91],
et Chen, Giga et Goto, dans [CGG91] ont propos�e d'utiliser la toute r�ecente th�eorie des
solutions de viscosit�e (introduites par Crandall, Evans, Ishii, Jensen, Lions,. . . dans [CL83,
CEL84, Jen88], voir aussi [CIL92] pour le second ordre). Une fonctionu est solution de
viscosit�e de (18) si toutes fonction lisse' qui touche u par dessus (resp. par dessous) v�eri�e

' t 6 jr ' j div
�

r '
jr ' j

�
; (19)

resp.

' t > jr ' j div
�

r '
jr ' j

�
; (20)

avec ' t 6 0 ou ' t > 0 respectivement lorsquer ' = 0 . Une fonction qui ne v�eri�era que
la premi�ere condition sera appel�ee sous-solution, tandis qu'une fonction v�eri�ant unique-
ment la deuxi�eme prendra le nom de sur-solution. Ces deux articles montrent un th�eor�eme
d'existence et d'unicit�e pour (18).

Th�eor�eme 0.9. Soit u0 continue sur 
 \ Rn . Alors, il existe une unique solution continue
de viscosit�e u �a (18).
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Alors que les conclusions du th�eor�eme sont les m�emes pour les deux articles, les hy-
poth�eses di��erent l�eg�erement car les preuves ne sont pas tout �a fait les m�emes. Les deux
articles reposent sur le sch�ema classique de preuves pour les solutions de viscosit�e : on
montre d'abord un principe de comparaison, c'est-�a-dire que siu est une sous-solution etv
une sur-solution et queu 6 v au temps initial, cette in�egalit�e reste vraie pour tout temps.
Dans les deux papiers, l'id�ee de preuve est la m�eme, il s'agit de raisonner par l'absurde en
s'int�eressant au point de maximum d'une fonction de type

�( x; y; t; s ) = u(x; t ) � v(y; t) � � jx � yj2 � " (jxj2 + jyj2)

et de montrer que la partie droite de cette fonction fournit naturellement une fonction test
en un point de maximum de � . Comme u et v sont sous/sur-solutions de viscosit�e, ces
fonctions test v�eri�ent (19)/(20), ce qui conduit �a une contradiction.

Pour la partie existence, les deux articles di��erent un peu. Alors que [CGG91] utilise
la classique m�ethode de Perron, qui dit essentiellement que puisqu'on dispose du principe
de comparaison, la solution, si elle existe, ne peut qu'�etre �egale �a

usol(x; t ) = sup f u(x; t ) j u sous-solutiong;

l'article de Evans et Spruck choisit d'approcher l'�equation (18) par une famille d'EDP (on
retrouve (18) si " = 0 )

u"
t =

�
� ij �

u"
i u"

j

jDu " j + "2

�
uij : (21)

Cette nouvelle �equation est uniform�ement elliptique et la th�eorie parabolique classique
s'applique, fournissant une unique solution lisseu" sur tout R+ qui prend la condition
initiale. Evans et Spruck montrent ensuite que la familleu" converge vers une solutionu
de (18).

En plus de l'int�er�et technique d'une telle solution approch�ee, [ES91] fournit aussi une
interpr�etation g�eom�etrique de cette approximation qu'il me semble int�eressant de repro-
duire ici, car elle donne naissance �a plusieurs travaux sur le �ot par courbure.
Soit u" une solution lisse de (21). On se plonge alors dansRn+1 et on posey = ( x; x n+1 )
et

v" (y; t) = u" (x; t ) � "x n+1 :

La fonction v" satisfait alors l'�equation

v"
t = jr v" j div

�
r v"

jr v" j

�
;

c'est-�a-dire que les lignes de niveauf v" = sg (on s'int�eresse uniquement �a � "
t = f v" (�; t) =

0g) �evoluent par courbure moyenne. Mais � "
t est un graphe (il s'�ecrit xn+1 = 1

" u" (x; t )),
et on a vu dans la partie pr�ec�edente que d'apr�es [EH89], son �evolution est un graphe et
qu'elle existe pour tout temps.

Alors que dans [ES91], cette justi�cation se limite �a une heuristique, des travaux r�ecents
(voir en particulier [SS14]) se basent sur cette approche pour construire un �ot par courbure
qui se prolonge au del�a des singularit�es. De plus, cette approche peut aussi �etre utilis�ee
pour �etudier le �ot contraint par des obstacles, comme nous le ferons dans ce manuscrit
(voir [RS14]).
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Cette approche d�e�nit un �ot g�eom�etrique. Alors que le probl�eme g�eom�etrique se
borne �a faire �evoluer une hypersurface par courbure, l'approche ligne de niveau fournit
en fait une �evolution de la famille compl�ete des lignes de niveauf u = tg: Pour que cette
approche soit int�eressante du point de vue g�eom�etrique, il est n�ecessaire de montrer que
l'�evolution de la ligne de niveau f u = 0g ne d�epend que de la condition initialef u(�; 0) = 0g:
Autrement dit, n'importe quelle fonction  qui v�eri�e f  (�; 0) = 0g = f u(�; 0) = 0g fournit
la m�eme �evolution f  = 0g = f u = 0g:

Comportement en temps long. S'il est impossible de parler de comportement en
temps long dans le cadre d�e�ni plus haut, il nous semble important de signaler qu'en ajou-
tant des conditions de Dirichlet dans un domaine born�e, la notion de solution stationnaire
de (18) a pleinement un sens et on peut s'int�eresser au comportement en temps long des
solutions de (18) satisfaisantu = g sur @
 , avecg 2 C2(
) : Ilmanen, Sternberg et Ziemer
ont montr�e dans [ISZ98] qu'il y avait e�ectivement convergence de la solution de viscosit�e
de (18) vers une solution stationnaire. De plus, cette solution stationnaire co��ncide jusqu'�a
la dimension n � 8 avec une hypersurface minimale stable.

Discussion sur l'unicit�e. Le th�eor�eme cit�e plus haut fournit un r�esultat d'unicit�e �a
l'�equation (18). Il est int�eressant de s'interroger sur les liens entre cette unicit�e et l'uni-
cit�e d'un mouvement g�eom�etrique par courbure. Notons par exemple que puisque la dis-
tance �a n'importe quel ensemble ferm�e est une fonction 1-lipschitzienne, et que sa ligne
de niveau z�ero est exactement l'ensemble en question, le th�eor�eme pr�ec�edent permet de
faire �evoluer tout ensemble ferm�e selon (18), y compris par exemple un ensemble de
Cantor. Il est donc clair qu'une solution de (18) n'a pas n�ecessairement de signi�cation
g�eom�etrique. Le ph�enom�ene qui se produit typiquement lorsque la solution de (18) perd
son sens g�eom�etrique est le d�eveloppement d'un int�erieur non vide pour les lignes de niveau
f u = � g. On pourra par exemple consulter [BNP98] pour des exemples de tels int�erieurs.

5.5 Un sch�ema discret en temps

Dans une autre approche pour d�e�nir un �ot par courbure moyenne lorsque la surface
initiale n'est pas lisse, Almgren, Taylor et Wang ont propos�e dans [ATW93] un sch�ema
discret en temps, en r�esolvant �a chaque �etape

En+1 = arg min
E

Per(E) +
�

E � En

dEn : (22)

Cette formulation peut-�etre justi��ee de la fa�con suivante. Supposons avoir une famille M t

de surfaces compactes lisses �evoluant de fa�con r�eguli�ere. Soitp 2 M t+ dt La distance entre
p et M t se calcule, sidt est su�samment petit de sorte que p reste dans le voisinage deM t

o�u dM t est lisse,
d(p; M t ) = jq � pj

avecq 2 M t v�eri�ant � M t (q) = p� q
jp� qj : Si v(q) est la vitesse normale deM t en q, on a alors

d(p; M t ) = v(q)dt + o(dt) = v(p)dt + o(dt):
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De fait, en param�etrant la di��erence sym�etrique M t � M t+ dt par (q; s) = q+ s� (q), on peut
�ecrire �

M t � M t + dt

d(p; M t )
dt

=
�

M t

v(q) + o(1):

Par ailleurs, on a montr�e que la courbure moyenne deM t au point q s'exprime comme
d�eriv�ee de l'aire : �

M t

H (q) =
d
ds

�
�
�
�
s=0

Per(M t + s� ):

Puisqu'on souhaite avoirv(q) = � H (q), il est raisonnable de minimiser (pour rendre �egales
les d�eriv�ees d'ordre 1)

Per(E) +
�

E
d(M t ; �):

En �etudiant la convergence de ce sch�ema, Almgren, Taylor et Wang montrent le

Th�eor�eme 0.10. Soit M 0 une surface de classeC3+ � ; avec� < 1. Alors, il existe une fa-
mille M t de surfacesC2+ � , solutions fortes du mouvement par courbure moyenne g�eom�etrique.
En outre, cette famille est unique.

Remark. Ce th�eor�eme est en fait plus g�en�eral que la version cit�ee ci-dessus, puisqu'il au-
torise une g�eom�etrie anisotrope (�a anisotropie lisse).

Un premier travail avec obstacles. Cette formulation du mouvement permet tr�es
simplement d'ajouter des obstacles (supposons par exemple qu'on imposeO � En , il su�t
de r�esoudre le m�eme sch�ema en for�cant, �a chaque �etape,O � En : C'est ce qu'ont propos�e,
motiv�es par de r�ecentes applications en biologie (voir [ABH+ 08] et [ABH+ 10]), Almeida,
Chambolle et Novaga dans [ACN12].

Ils montrent le

Th�eor�eme 0.11. Le sch�ema (22) converge vers une notion faible de mouvement par cour-
bure moyenne avec obstacle. En outre, en dimension 2, la solution du mouvement avec
obstacles est en faitC1;1:

C'est motiv�e par ce r�esutlat que nous avons t�ach�e, dans une partie de ce manuscrit,
de voir comment on pouvait, gr�ace aux approches pr�esent�ees plus haut, traiter le plus
g�en�eralement et le plus pr�ecis�ement possible le mouvement par courbure avec obstacle.

5.6 Contributions de la th�ese.

Un r�esultat sur les lignes de niveau avec obstacles

Le premier travail en ce sens est pr�esent�e dans le chapitre 2. Il consiste �a adapter le
cadre de la partie 5.4 au probl�eme avec obstacle. Cela consiste �a ajouter �a l'�equation (18)
la contrainte u� 6 u 6 u+ :

Le premier enjeu de ce travail a �et�e de d�e�nir correctement la notion de solution de
viscosit�e avec obstacles. Nous avons choisi la formulation usuelle (voir par exemple [Yam87])
qui consiste �a remplacer le hamiltonienut � F (Du; D 2u) par

max
�

min
�

ut � F (Du; D 2u); u� 	
; u+ 	

:
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N�eanmoins, utiliser ce hamiltonien induit la r�esolution d'une �equation qui n'est pas sous
la forme ut � G(x; u; Du; D 2u), donc les r�esultats classiques (voir [CIL92]) ne s'appliquent
pas directement. Aussi, nous avons choisi de d�e�nir plus explicitement ces solutions : par
exemple, une sous-solution

D�e�nition 0.6. Une fonction u : Rn � R+ ! R est appel�ee sous-solution de viscosit�e avec
obstacles pour la condition initialeg si

� u est semi-continue sup�erieurement,
� pour tout x; t 2 Rn � [0; T]; u� (x; t ) 6 u(x; t ) 6 u+ (x; t ),
� pour tout x 2 Rn , u(x; 0) 6 g(x),
� si ' est une fonctionC2 de x; t , si (x̂; t̂ ) 2 Rn � (0; T] est un maximum deu � ' et

si u(x̂; t̂ ) > u � (x̂; t̂ ), alors

' t + F (D'; D 2' ) 6 0:

C'est avec cette d�e�nition que nous travaillerons dans tout le chapitre. On prouve tout
d'abord le

Th�eor�eme 0.12. Soit g : Rn � R continue born�ee. Alors, il existe une unique solution de
viscosit�e avec condition initiale g �a l'�equation (18) avec contrainte u� 6 u 6 u+ . De plus,
cette solution conserve le module de continuit�e commun �au� et g.

Remark. On montre aussi qu'on peut ajouter un terme for�cant Lipschitz au mouvement,
c'est-�a-dire consid�erer l'�equation

ut + F (Du; D 2u) + k(x)jDu j = 0 :

On a alors le m�eme r�esultat, sauf que le module de continuit�e de la solution d�eg�en�ere
exponentiellement.

Pour d�emontrer ce th�eor�eme, nous avons adapt�e les preuves existant sans obstacles. En
utilisant �a la fois les articles [ES91] ou [GGIS91] et le guide [CIL92], nous avons essay�e
de donner une preuve la plus concise possible de ce th�eor�eme. La d�emonstration s'appuie,
comme dans les papiers cit�es plus haut, sur un principe de comparaison prouv�e gr�ace au
lemme d'Ishii parabolique et sur la m�ethode de Perron pour l'existence.

Comme plus haut, nous montrons que la solutionu de cette �equation d�e�nit bien un
mouvement g�eom�etrique, c'est-�a-dire que f u(�; t) = 0 g d�epend uniquement de f g = 0g
et des obstaclesf u� = 0g: N�eanmoins, la pr�esence d'obstacle peut amener une solution
qui serait lisse dans le cas sans obstacle, �a d�evelopper un int�erieur non vide. On donne
l'exemple de trois points dansR2:

Finalement, on compare l'�evolution visqueuse �a celle du mouvement avec obstacle de
[ACN12] et [Spa11]. On montre, en utilisant [Tho12], le

Th�eor�eme 0.13. Soit uh la fonction obtenue en faisant �evoluer s�epar�ement les lignes de
niveau f uh > t g par le sch�ema (22) avec obstaclesf u� > t g et f u+ > t g: Alors, la famille
uh est �equi-continue en temps et en espace, et elle converge vers la solution de viscosit�e du
th�eor�eme 0.12.
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Au del�a de la comparaison entre les deux approches du mouvement par courbure
moyenne avec obstacles, ce r�esultat est int�eressant car il donne �a l'�equation visqueuse une
dimension variationnelle. En particulier, il permet de montrer que si une surface v�eri�e une
hypoth�ese demean-convex hull, c'est-�a-dire minimise le p�erim�etre par variations ex�etieures,
cette propri�et�e est conserv�ee au cours de l'�evolution et l'�evolution est monotone. Cette pro-
pri�et�e permet un passage �a la limite dans (18) avec obstacle qui fournit une solutionu1

de

jr uj div
�

r u
jr uj

�
= 0

avec obstaclesu� 6 u 6 u+ : On peut, gr�ace �a [ISZ98], �enoncer la

Proposition 0.1. Si f u1 = sg est d'int�erieur vide, alors, en dehors des zones de contact
avecu� , elle co��ncide avec une surface minimale lisse except�e sur un ensemble de dimension
au plus n � 8:

Un temps d'existence g�eom�etrique (avec M. Novaga)

Dans le chapitre 3 de ce manuscrit, nous avons t�ach�e d'adapter le mouvement g�eom�etrique
introduit par Ecker et Huisken �a un cadre avec obstacles. L'id�ee principale de ce travail
a �et�e d'approcher les obstacles par un terme for�cant r�egulier (cela revient si l'on veut �a
ramollir les obstacles), d'�etudier le mouvement ainsi obtenu, puis de passer �a la limite dans
l'approximation. Cette id�ee d'approximation a �et�e utilis�ee en particulier dans [CN13a]. On
consid�ere donc d'abord une solution de

@F
@t

= � (H + k" )� (23)

aveck" une fonction lisse convergeant versM (1 � 1
 � � 1
 + ) avecM une constante �x�ee
choisie su�samment grande.

La th�eorie parabolique fournit une solution lisse de (23) jusqu'�a un temps T" : Pour
passer �a la limite, il faut au moins montrer que les tempsT" sont uniform�ement born�es
inf�erieurement par un temps T strictement positif. On peut alors montrer le

Th�eor�eme 0.14. Soit U un ouvert deRn (repr�esentant les obstacles) etM 0 � U une sur-
face. On suppose queM 0 et @Usont uniform�ement de classeC1;1, ainsi quedist(M 0; @U) >
0. Alors, il existe T > 0 et une solution uniqueM t de

v = H sur M t \ U; (24)

pour tout t 2 [0; T), telle queM t reste de classeC1;1.

La preuve de se r�esultat repose sur le contr�ole des quantit�es g�eom�etriques, comme dans
[EH91a]. N�eanmoins, elle se fait en deux temps, et deux arguments distincts sont utilis�es.

On montre d'abord qu'il existe un voisinage de la surface initialeM 0 et un temps T1,
qui d�ependent tout deux uniquement de la surface initiale, tels que la surface solution
de (23) ne peut se promener que dans ce voisinage pendant le tempsT1. Pour prouver
cela, on n'utilise absolument pas la r�egularit�e de la surface initiale, mais un principe de
comparaison g�eom�etrique, qu'on peut par exemple d�eduire du principe de comparaison
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pour les solutions de viscosit�e du mouvement level-sets : siN1 � N2 sont deux surfaces
initiales, alors l'inclusion demeure le long du �ot. En outre, puisqu'on dispose d'une borne
sur la normeC1;1 de M 0, on peut placer des boules de rayon contr�ol�e de chaque c�ot�e deM 0,
et ceci en tout point de la surface initiale. Comme on conna��t parfaitement l'�evolution des
boules, on peut borner l'�evolution de M 0. Ceci permet aussi de donner une borne H�older
uniforme en " sur l'�evolution temporelle des surfaces.

Maintenant qu'on a uniform�ement r�eduit le terrain de jeu des �evolutions approch�ees, on
peut borner leur norme Lipschitz uniform�ement en ": On s'int�eresse pour �ca, �etant donn�ee
une direction ! arbitraire, �a la quantit�e (! ; � ) qu'on souhaite borner inf�erieurement. On
y parvient (en fait, pour une version localis�ee) gr�ace au principe du maximum.

�A ce stade, les solutions approch�ees sont localement des graphes dans des directions
qui ne d�ependent pas de": Reste alors �a montrer qu'elles existent toutes sur un intervalle
de temps contr�ol�e. Pour ce faire, il faut analyser ce qui se passe au temps �nal d'exis-
tence. Gr�ace au voisinage mis en �evidence plus haut, les surfaces approch�ees ne peuvent
dispara��tre, et puisqu'elles sont localement des graphes de norme Lipschitz conr�ol�ee, on
ne peut pas perdre l'aspect plong�e. Pour un mouvement sans obstacle, on a vu plus haut
qu'alors, la seconde forme fondamentale doit n�ecessairement exploser. On montre que c'est
aussi ce qui se passe avec obstacles, et, comme dans [EH91a], on montre que �ca ne peut
pas se produire.

On peut ensuite passer simplement �a la limite par le th�eor�eme d'Ascoli et obtenir une
solution de viscosit�e (la d�e�nition de telles solution est �evidemment locale mais la surface
existe globalement).

Un cas particulier : les graphes ¾ entiers ¿. Comme dans le cas sans obstacles,
on peut montrer que pour les graphes d�e�nis surRn� 1 tout entier, le mouvement existe
pour tout temps, et que l'�evolution est lipchitzienne en temps et en espace (alors qu'on
avait uniquement H�older en temps dans le cadre d'une �evolution g�en�erale). Ces bornes se
montrent gr�ace �a la formule de monotonie d'Ecker et Huisken, adapt�ee �a la pr�esence d'un
terme for�cant.

Un comportement en temps long dans le cas p�eriodique. On a aussi pu montrer,
mais dans un cadre p�eriodique uniquement (car l'argument principal est la d�ecroissance
de l'aire de la surface), que pourt ! 1 , le mouvement pour les graphes converge le long
d'une suite vers un graphe minimal, c'est-�a-dire une solution de

div

 
r u

p
1 + jr uj2

!

= 0 :

5.7 Vers un mouvement anisotrope et cristallin (avec M. Novaga et P.
Pozzi)

Alors que le mouvement par courbure anisotrope a �et�e �etudi�e dans [And01] pour une
anisotropie lisse, on s'est int�eress�e �a des anisotropies cristallines. Le caract�ere non lisse
introduit une di�cult�e importante, puisqu'on ne dispose plus d'une �equation parabolique
standard, donc l'existence en temps court n'est plus assur�ee.
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Dans toute cette partie, on travaillera uniquement avecn = 2 : Soit 
 une norme
sur R2. On sait que les boules euclidiennes, pour le mouvement par courbure moyenne
isotrope, se r�eduisent de fa�con homoth�etique par le �ot. On cherche donc �a d�e�nir une
variante anisotrope du �ot par courbure o�u les Wul� shapes (c'est-�a-dire les ensembles
f 
 6 Rg) se r�eduisent de mani�ere auto-similaire. Gage et Li ont montr�e dans [GL94] qu'il
existe e�ectivement de telles �evolutions dans le cas o�u' est lisse. L'�equation s'�ecrit, si
u0 : [0; 1] ! R2

ut


 (� )
= ( 
 00(� )� � � )��:

Nous nous sommes pench�es sur le cas o�u ni la courbe initialeu0 ni la norme ' n'est lisse,
et avons prouv�e le

Th�eor�eme 0.15. Soit ' une norme deR2 et u0 : S1 ! R2 une courbe lipschitzienne qui
v�eri�e une condition de ' -courbure born�ee. Alors, il existe T > 0 qui ne d�epend que de' et
de u0,un champ de vecteurn sur u(S1) tel que pour presque toutt 2 [0; T) et s 2 [0; L (t)],

~u?
t = ' (� ) div n �

o�u � est la normale euclidienne �au([0; L (t)]) (d�e�nie presque partout) et n est un champ de
vecteurs lipschitzien (Cahn Ho�man) qui v�eri�e ' (n) = 1 et dont la divergence repr�esente,
dans le cas r�egulier, la ' -courbure.

L'id�ee de la preuve est simple, puisqu'elle a consist�e �a approcher la norme
 par des
normes lisses et strictement elliptiques
 " ; tout comme u0 par u"

0; faire �evoluer la courbe ap-
proch�ee avec les normes approch�ees (on a alors a�aire �a une �equation parabolique standard)
et passer �a la limite. On contr�ole le temps d'existence comme pr�ec�edemment, en montrant
que la ' -courbure doit n�ecessairement exploser lorsque le mouvement cesse d'exister, ce
qui ne se produit pas pour un temps contr�ol�e.



Chapter 1

On regularity of minimizers for TV

1 Introduction

In this chapter, we study the regularity of minimizers of generalized total variations.
More precisely, let
 be a subset ofRn and g be a function which is de�ned on some subset
~
 of 
 : We want to analyze the regularity of minimizers of

min
u2 BV

�



F (r u) (1.1)

where F : Rn ! R is a convex function with linear growth ( 1
� jxj 6 F (x) 6 � jxj) and with

two possible links betweenu and g:

1. Either a Dirichlet condition u = g on @
 ,

2. or a L 2-distance betweenu and g

d(u; g) =
�




(u � g)2

2
;

which is the distance introduced by Rudin, Osher and Fatemi in [ROF92] in their
well known denoising model.

In what follows, we will be interested in three types ofF :

1. F (r u) = jr uj; that is the usual total variation,

2. F (r u) = ' (r u), where ' is a norm in Rn , which can be non Euclidian,

3. F (r u) = f (' (r u)) , where f : R ! R is a convex function and' is a norm in Rn .

The current framework will be recalled in every section.
All along this chapter, our goal is to relate the regularity of u with the regularity of

g. More precisely, we want to show that the minimizing procedure preserves continuity.
One can even show (see Section 4) that under strong assumptions on the domain, we can
control the modulus of continuity of u by the modulus of g.

Let us present now the structure of this chapter.
� In a �rst section, we recall a work by Miranda [Mir65] which is a prototype of what

happens when dealing with functionals like (1.1). We assume thatF is strictly
convex and introduce the problem in the simple class of Lipschitz functions and in a

37
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bounded domain and we show how to solve it. It gives the opportunity to introduce
in a very easy way the typical behavior of minimizers of such problems and the
typical regularity proof, which shows that the key point is to be able to control the
minimizers on the boundary.

� In Section 3, we introduce BV -functions and sets with �nite perimeter. In particular,
we give the link between minimizers of (1.1) and geometric minimizers of

Per' (E ; 
) �
�

E \ 

g; (1.2)

which is the variational formulation of � E has a prescribed curvatureg.� We also give
some density properties of these geometrical minimizers. We also recall the known
regularity results on u which deal with its jump set (hypersurfaces of discontinuity).

� In Section 4, we apply Miranda's scheme of Section 2 directly to study minimizers
of �



f (jr uj) +

(u � g)2

2

with Neumann boundary conditions in a convex domain, and we show that the
control on the boundary can be obtained using these boundary conditions. We can
obtain a bound on the modulus of continuity of u using the modulus ofg, extending
a result by Caselles, Chambolle and Novaga [CCN11] to higher dimension.

In the sections which follow, we use level-setsEs = f u > s g and their minimizing
property to get regularity results for u. Indeed, showing thatu is continuous is equivalent
to show that @Es \ @Et = ; as soon ass 6= t.

� In Section 5, we recall the usual Hopf maximum principle for smooth geometric
minimizers of (1.2). As it is well known that such minimizers have no reason to be
smooth (think of Simons' cone [Sim68]), we have to extend this kind of result to a
non smooth framework.

� We �rst show in Section 6 that one can easily extend this result assuming that only
one of the two minimizers is smooth.

� In Section 7, we investigate the problem

min
�



' (r u)

in bounded domains with continuous Dirichlet boundary conditions. We could use
the scheme of Miranda, but since the functional is no longer strictly convex, we
have to �nd another way to get a comparison principle for minimizers (u 6 v on
@
 implies u 6 v in the whole 
 ): Jerrard proposed a geometric proof of this
principle in [JMN13], with an strict ' -mean convexity assumption on the domain

 : Since [JMN13] deals with a space dependent' , he can obtain continuity of the
minimizer only in dimension 6 3: Taking advantage of the translation invariance, we
prove continuity for u in all dimensions, using simpler arguments than in [JMN13].
Nonetheless proof is totally geometric (it deals with level-sets) and remains in the
spirit of [JMN13].

� Finally, in Section 8, we come back to the usual Rudin-Osher-Fatemi model (no
anisotropy). We show that some results can exist in an unbounded domain but that
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the situation is more di�cult, because we cannot use the boundary as a step towards
continuity. As a result, we show that a srong maximum principle for minimal surfaces
[Sim87] can be extended to variational constant mean curvature hypersurfaces, and
see that it is enough to claim that two di�erent level-sets of a minimizer cannot
touch. That is exactly proving that the minimizer u is continuous.

2 A primary work by Miranda

In this section, we would like to focus on one of the �rst papers on minimizing
�



F (r u); u = g on @
 : (1.3)

It has been published in Italian by Miranda [Mir65]. The assumptions are the following.
� The function F is C2 and strictly convex,
� the domain 
 is open and bounded,
� we assume that the boundary data g satis�es the so calledK -bounded slope con-

dition (BSC): for every ŷ 2 @
 , there exist two a�ne functions f � , vanishing at ŷ,
such that for every other y0 2 @
 , we have

f � (y0) + g(ŷ) 6 g(y0) 6 f + (y0) + g(ŷ): (1.4)

The main statement of [Mir65] is

Theorem 1.1. There exists a unique minimizer of (1.24) in the class of Lipschitz func-
tions.

There is no work on BV (or even in W 1;1) functions in this paper: every function
is at least continuous. Nonetheless, the techniques used to prove this theorem are very
fundamental in this whole section. Let us give a few words about the proof.

First, since F is strictly convex, there is at most one (Lipschitz) minimizer to (1.24).
And we have the

Proposition 1.1. Let u and v two minimizers of (1.24) with boundary data g and h.
Then, if g 6 h, u 6 v:

To show the existence, we minimize (1.3) in the classe ofp-Lipschitz functions, providing
some function up. To make up converge, we need to show that they actually all share a
Lipschitz constant. This is a regularity result which will be fundamental in what follows.

Thanks to the (BSC) and Proposition 1.1, we control the behavior of a minimizer
on the boundary. Indeed, sincef � are a�ne, they are natural minimizers of

�
F (r u):

Proposition above applied tou and f � shows that the property

8
 2 @
 ; f � (
 ) 6 g(
 ) 6 f + (
 )

can be extended to the whole
 :

8y 2 
 ; f � (y) + g(ŷ) 6 u(y) 6 f + (y) + g(ŷ):
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Since the slope off � is bounded byK , we deduce, sincêy can be any point in @


8(y; ŷ) 2 
 � @
 ; ju(y) � u(ŷ)j 6 K jy � ŷj: (1.5)

The most important result is the following proposition, which shows that to control
the reguarity of a minimizer, it is enough to control it on the boundary.

Proposition 1.2. Let u be a minimizer of (1.24) which satis�es (1.5). Then, it is K -
Lipschitz.

Proof. We use that the translational invariance of the integral. If y0 and y are two points
in 
 , we de�ne v(x) = u(x + ( y0 � y)) : Thanks to the comparison principle, maxu � v is
reached on the boundary of
 \ (
 + y0� y); in somex̂. As a result,

u(x + ( y0� y)) � u(x) 6 u(x̂ + y0� y) � u(x̂):

But either x̂ or x̂ + y0� y belongs to@
 . As a result, (1.5) implies

u(x̂ + y0� y) � u(x̂) 6 K jy � y0j:

Hence we obtain
u(x + ( y0� y)) � u(x) 6 K jy � y0j;

which proves that u is K -Lipschitz.

Remark. Even if this proposition is stated in the framework of Lipschitz functions, it totally
applies whenu and v are only BV (with boundary data considered as a trace). We will
use this translation strategy several times in what follows.

Finally, let us make a remark on the bounded slope condition:

Remark. Let us assume that
 is uniformly convex and g is C2. Then, g satis�es the BSC.
Pierre Bousquet proved in [Bou07] that ifg is only continuous, Theorem 1.1 still holds (in
the class of continuous functions instead of Lipschitz ones). The idea is to approximate
g by C2 functions gi and control the Lipschitz norms of the approximate minimizers. In
addition, Bousquet deals with functions inW 1;1: See also [BB15] for a generalization where
a�ne functions are no longer minimizers.

3 An introduction on BV functions

3.1 Functions of bounded variation

In this section, we give some de�nitions and classical results (most of them without
proof) on BV functions. To learn more details, one can read [Giu84], [AFP00] and, with
a more image processing oriented point of view, [CCC+ 10]. In what follows, 
 will be an
open subset ofRn :

De�nition 1.1. Let u : 
 ! R such thatu 2 L 1(
) . We say that u has bounded variation
and note u 2 BV (
) if its distributionnal derivative Du is a Radon measure. Then, we
call TV(u; 
) the norm of this derivative, as a Radon measure:

TV(u; 
) = sup
� 2C1

c (
) ; k� kC1 6 1
(Du ; � ) :
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In an equivalent way, one can ask that

sup
� �



u div �

�
�
�
� � 2 C1

c (
 ; Rn ); k� kL 1 6 1:
�

is �nite, and prove that this quantity is exactly TV(u; 
) :

Remark. Since constant functions have a total variation zero,TV is only a seminorm. We
usually introduce the norm

kukBV (
) := kukL 1 + TV(u):

Endowed with this norm, the spaceBV is a Banach space.

Using the last de�nition of TV, one can easily state a crucial property of total variation.

Proposition 1.3 (Lower semicontinuity) . Let un * u in L 1. Then,

TV(u) 6 lim inf
n!1

TV(un ):

In addition, the functions in BV can be approximated by smooth functions, thanks to
the

Theorem 1.2. Let u 2 BV (
) : Then, there exists a sequenceun 2 C1 \ W 1;1(
) such
that

un ! u 2 L 1

and

TV(un ) ! TV(u):

It has to be noticed that this density of W 1;1 in BV enables to extend the Sobolev
inequalities:

Proposition 1.4 (Sobolev inequalities). Let 
 be Lipschitz and bounded andu 2 BV (
) .
Then, there existsC1 (depending only on
 and the dimension) such that








 u �

 
u










L
n

n � 1

6 C1 � TV(u): (1.6)

If u has a compact support in
 , then there existsC2 (depending only on
 and the dimen-
sion) such that

kuk
L

n
n � 1

6 C2 � TV(u): (1.7)
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3.2 Sets with �nite perimeter

De�nition 1.2. Let E be a mesurable set inRn . We say that it has �nite perimeter in

 if its characteristic function 1E has bounded variation in
 . We note

Per(E; 
) := TV
 (1E ):

If 
 = Rn , we notePer(E): Such a set is also called a Caccioppoli set.

Let us state a useful proposition for sets with �nite perimeter (the proof uses Theorem
1.2 and Proposition 1.3).

Proposition 1.5. Let A and B two Caccioppoli sets. Then,

Per(A \ B ; 
) + Per( A [ B ; 
) 6 Per(A; 
) + Per( B ; 
) :

Remark. Whereas then � 1 dimensional Hausdor� of @Emeasure highly depends onn � 1
changes onE, Per(E) does not. For instance, ifE = [0 ; 1]2 [ [1; 2] � f 1g � R2, then E
di�ers from the unit square by a set of Lebesgue measure zero, but

H n� 1(@E) = 5

whereasPer(E) = TV(1E ) = TV(1[0;1]2 ) = 4 :

This remark yields the following question: sincePer(E) does not change by adding or
deleting a n � 1 dimensional subet toE , is there a canonical representative ofE? What
can we say about@E? This leads to the following de�nition

De�nition 1.3. For every Caccioppoli setE � 
 , we note E (1) the set of points with
density 1 and E (0) the set of points with density zero. More precisely,

E (1) :=
�

x 2 


�
�
�
� lim

r ! 0

jB r (x) \ E j
jB r j

= 1
�

;

E (0) :=
�

x 2 


�
�
�
� lim

r ! 0

jB r (x) \ E j
jB r j

= 0
�

:

These sets are invariant to negligible modi�cations ofE .

Proposition 1.6. The di�erence betweenE and E (1) has a Lebesgue measure zero, as well
as the di�erence betweenE c and E (0) :

Proof. This result comes from the usual Lebesgue di�erentiation theorem: withf = 1 E ,
it reads

8x 2 Rn a:e:; lim
� ! 0

1
jB � (x)j

�

B � (x)
1E = 1 E (x):
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Proposition 1.7. Let n > 2 and E be a Caccioppoli set inRn : Then, either E or Rn n E
has a �nite Lebesgue measure and there exists a dimensional constantC such that

minfj E j; jRn n E jg 6 C Per(E)
n

n � 1 :

Proof. We just use (1.6) on the ballB � (x) for 1E and 1Rn nE to get

�

B � (x)

�
�
�
�
�
1E �

 

B � (x)
1E

�
�
�
�
�

n
n � 1

6 C

 �

B � (x)
jD1E j

! n
n � 1

;

which can be rewritten as

jE \ B � (x)j
�

j(Rn n E) \ B � (x)j
jB � (x)j

� n
n � 1

+ j(RnnE)\ B � (x)j
�

jB � (x) \ E j
jB � (x)j

� n
n � 1

6 C

 �

B � (x)
jD1E j

! n
n � 1

which implies

minfj E \ B � (x)j; j(Rn n E) \ B � (x)jg�
 �

j(Rn n E) \ B � (x)j
jB � (x)j

� n
n � 1

+
�

jE \ B � (x)j
jB � (x)j

� n
n � 1

!

| {z }
> 1

6 C

 �

B � (x)
jD1E j

! n
n � 1

Hence,

minfj E \ B � (x)j; j(Rn n E) \ B � (x)jg
n � 1

n 6 C Per(E; B � (x)) : (1.8)

Letting � ! 1 , we get the expected inequality.

De�nition 1.4 (Reduced boundary). A point x 2 
 belongs to the reduced boundary ofE
(we note x 2 @� E) if

i) For every � > 0,
�

B � (x) jD1E j > 0.

ii) The quantity

� � (x) =

�
B � (x) D1E

�
B � (x) jD1E j

has a limit � (x) with j� (x)j = 1 .

The following proposition shows, in some sense, that the reduced boundary is the
smooth part of the boundary, and that all the perimeter is somehow contained in the
reduced boundary.

Proposition 1.8. Let E has �nite perimeter. Then,

Per(E ; 
) =
�

@� E \ 

dH n� 1(x): (1.9)
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We conclude this section giving a crucial theorem, which is called coarea formula and
enables linking the minimizing properties ofu and the minimizing properties of its level
setsE t = f u > t g:

Theorem 1.3. [Giu84, Th. 1.23]
�



jDu j =

� + 1

�1
Per(E t ; 
) dt: (1.10)

3.3 Rudin-Osher-Fatemi denoising procedure

In 1992, Rudin, Osher and Fatemi proposed in [ROF92] a denoising procedure based
on total variation. More precisely, if g : 
 � Rn ! R is a noisy picture, they suggest to
regularize it solving

u = arg min
v2 BV (
)

�



jDu j +

1
�

�




(u � g)2

2
: (1.11)

In what follows, we are interested in anisotropic generalizations of this problem. More
precisely, let ' be a smooth, symmetric(' (� x) = ' (x)) anisotropy (a norm in Rn ) such
that ' 2 is uniformly convex, we deal with

u = arg min
v2 BV (
)

�



' (Du) +

1
�

�




(u � g)2

2
: (1.12)

In this equation, the term �



' (Du)

has to be understood as
�



'

�
Du
jDu j

�
d(Du)(x) = sup

� �



u � div �

�
�
�
� ' � (� ) 6 1

�

whereDu is the derivative of the BV -function u (it is therefore a Radon measure), andDu
jDu j

is the function provided by Radon-Nikodym theorem when writing that Du is absolutely
continuous relatively to jDu j: Since the functional u 7!

�

 ' (Du) + 1

�

�



(u� g)2

2 is strictly
convex and semi continuous (thanks to the semi continuity of the total variation), it has a
unique minimizer in BV (
) :

In all the following, we are searching for the links which may exist between the regularity
of g and the regularity of u. Let us recall the results on the jump set ofu.

3.4 On the level-sets of minimizers

In this subsection, we give a few results which link the minimizing property ofu in
(1.12) and the minimizing property of each level-set ofu

E t := f u > t g: (1.13)

To this aim, let us introduce some anisotropic variants of the quantities presented in Section
3.
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De�nition 1.5. Anisotropic perimeter Let E has �nite perimeter. We can de�ne an
anisotropic ' -perimeter by

Per' (E; 
) :=
�

@� E \ 

' (� E )dH n� 1: (1.14)

Note that if ' = Id , then, thanks to (1.9), we obtain the usual perimeter. It is easy
to show that Per' satis�es the same properties as the isotropic perimeter (with the same
proofs which basically use the semi continuity of the total variation with respect to theL 1

convergence). For instance,

Per' (E \ F ) + Per ' (E [ F ) 6 Per' (E ) + Per ' (F ) (1.15)

and the key-tool in what follows, the so called anisotropic coarea formula

Theorem 1.4. Anisotropic coarea formula Let u 2 BV (
) : Then,
�



' (r u) =

� + 1

�1
Per' (E t )dt:

See for instance [JMN13] of [Jal12] for details on these anisotropic quantities.
Finally, we state the precise consequence of this coarea formula.

Proposition 1.9. Let u 2 BV (
) : Then, u minimizes (1.12) with � = 1 if and only if for
every t 2 R, the level setsE t of u minimize

E t = arg min
F

Per' (F ) +
�



t � g: (1.16)

3.5 Jump-set

Let us state here the �rst regularity results on u which come from regularity ofg. They
deal with jump set.
Let u 2 BV (
) . Then, its di�erential Du is a Radon measure: it can be splitted in two
parts

Du = Du a + Du c

where Du a is absolutely continuous with respect to the Lebesgue measureL n and writes

Du a = r uaL n

and Du c is singular. The singular part can also be separated in two quantitiesDu s =
Du c + Du j where Du c is the Cantor part and Du j the jump part. One can prove (see
[AFP00, Chapter 3.]) that Du j = D sujJu where Ju is de�ned by

De�nition 1.6. Let u 2 BV (
) and x0 2 
 . We say that x0 is a jump point of u if there
exists two real numbersu� (x0) 6= u+ (x0), an orientation � (x) such that

lim
� ! 0

1
� n

�

B +
� (x0 )

ju+ (x0) � u(x)jdx = lim
� ! 0

1
� n

�

B �
� (x0 )

ju� (x0) � u(x)j = 0

where
B �

� (x0) = f x 2 B � (x0) j � (x � x0 ; � (x0)) > 0g:

We call jump-set the set of all jump points. We denote it byJu :
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Roughly speaking, the jump set corresponds to hypersurfaces of discontinuity ofu. It
is therefore consistent to be interested �rst in this set, when studying regularity ofu. Let
us give the results which links the jump set ofu and the jump set of g. The �rst one has
been obtained in [CCN07].

Theorem 1.5 (Caselles, Chambolle, Novaga, '07). Let g 2 BV (
) \ L 1 (
) where
 � Rn ,
and let u minimize the isotropic (1.11). Then

Ju � Jg

up to a H n� 1-negligible set.

In 2012, in his PhD thesis, Khaled Jalalzai extended this result to more general �rst
and second terms in (1.11). To be more understandable, we only state a restriction of his
theorem

Theorem 1.6 (Jalalzai, '12). Let g 2 BV (
) \ L 1 (
) and u minimize (1.12). Then,

Ju � Jg;

up to a H n� 1-negligible set.

It has to be noticed that this result allows the two terms to have a space dependency.
Finally, we mention a recent paper by Valkonen [Val15], which extends this results to

much more general regularizations.

3.6 Density estimates on the minimizers of the geometric problem

In this subsection, we give useful results on the minimizers of the anisotropic perimeter.
The main density estimate comes from [GMT93], with slight changes due to the anisotropic
framework.

A word on the anisotropies. In this subsection, we will use an anisotropy' . It just
consists in a norm in Rn . We assume that it is smooth and that ' 2 is strongly convex
(D 2' 2 > �I with � > 0). As a result, there exist two constantsA and B such that

8jxj = 1 ; Ajxj 6 ' (x) 6 B jxj:

Proposition 1.10. Let E minimize (1.16) in B1 and assume that0 2 @E. Then, there
exists r0 and a constantq > 0 which both depend on the dimension,kg � tk1 and A and
B such that for everyr 6 r0,

1 � q >
jB r \ E j

jB r j
> q (1.17)

Proof. Let � = kg � tkL 1 (B 1 ) : Applying Sobolev inequality to f = 1 E \ B r gives

k1E \ B r kL n=n � 1 6 C
�

B
jD1E \ B r j 6

C
A

Per' (E \ B r ; B1):
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Note that using trace theorem,

Per' (E \ B r ; B1) = Per ' (E ; B r ) +
�

@Br

1E ' (� ) 6 Per' (E ; B r ) + B
�

@Br

1E :

SinceE is minimizing in B1 and comparing with E n B r , we have

Per' (E ; B r ) +
�

E \ B r

t � g 6 Per' (B r ; E ) 6 B
�

@Br

1E : (1.18)

Putting the two last equations together, we obtain

Per' (E \ B r ; B1) 6 2B
�

@Br

1E + jE \ B r j� :

For almost every r , we have �

@Br

1E =
d
dr

jE \ B r j

which implies

k1E \ B r kL n=n � 1 = jE \ B r j
n � 1

n 6
2BC

A
d
dr

jE \ B r j +
2C� jE \ B r j

A
a:e:

Then, we would like to have

C� jE \ B r j
A

6
1
2

jE \ B r j
n � 1

n :

It is enough to force jB r j1=n 6 A
4C� ; that is

r 6 r0 :=
A

4! 1=n
n C�

:

Finally, we have

jE \ B r j
n � 1

n 6
4BC

A
d
dr

jE \ B r j:

Denoting by � (r ) the quantity jE \ B r j, we have
�

� 1=n
� 0

>
A

4BC
:

Integrating between r
2 and r 6 r0, we obtain

0 6 jB r=2 \ E j1=n 6 jB r \ E j1=n �
A

4BC
r; (1.19)

which gives the expected inequality. Using symmetry, we have the other inequality.

Corollary 1.1. With the same assumptions, there existsq > 0 such that for all r 6 r0

and all ballsB r centered atxr 2 @E,

Per(E \ B r ) > qrn� 1:
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This comes directly from Proposition 1.7.
Let us state another corollary which will be useful in what follows. This corollary is

often mentionned asclean-ball property.

Corollary 1.2. Let E be minimizing in B with 0 2 @E. Then, there existsq > 0 (depend-
ing only on A, B , kt � gk1 and the dimension) such that for allr 6 r0 there exists a ball
Bqr � E \ B r of radius qr: In addition, there exists another ballB 0

qr with the same radius,
such that B 0

qr � Rn n E \ B r :

Proof. For a �xed � > 0, thanks to Vitali covering lemma, one can coverB r 0=2 with a �nite
number of balls (B5� (x i )) i 2 I such that B � (x i ) \ B � (x j ) = ; for i 6= j . Then, let J � I
de�ned by

i 2 J , B � (x i ) \ E 6= ; :

Let us imagine, for a moment, that

8i 2 J; B �= 4(x i ) \ @E6= ; :

Then, let yi 2 B �= 4(x i ) \ @E:We have B �= 4(yi ) � B � (x i ): As a result,

8i 6= j; B �= 4(yi ) \ B �= 4(yj ) = ; :

On the other hand, thanks to Corollary 1.1, we have

8i 2 J; Per(E ; B �= 4(yi )) > C� n� 1

which implies
Per(E ; B r 0=2) > CN � � n� 1 (1.20)

where N � is the cardinal of J . Since theB � (x i ) are disjoints, we haveN � jB � j 6 jB r 0=2j.
On the other hand, by Proposition 1.10, we haveN � jB � j > jE \ B r 0=2j > C (r0)n which
implies

N � � � � n :

As a result, if � is too small, we have a contradiction with (1.20) and there exists a ball
B �= 4 which intersectsE and such that @E\ B �= 4 = ; : That implies B �= 4 � E:

We build B 0 by symmetry.

Finally, these density estimates give some information on the points of density one.

Proposition 1.11. Let E be a minimizer of (1.16). Then, the setsE (1) of points with
density 1 in E and E (0) of points with density 0 in E (see De�nition 1.3) are both open
subsets ofRn .

Proof. We will show the result for E (0) . We only have to note that Equation (1.19) holds
as long asjB r \ E j does not vanish (there is no need for0 to belong to @E). As a result,
if jB r \ E j is too small, jB r=2 \ E j must be zero.

Let x0 2 E (0) : Then, for every " , we have a radiusr1 such that if r 6 r1, then
jE \ B r 1 (x0)j 6 "! n r n

1 : That implies, if " is su�ciently small, that jE \ B r 1=2(x0)j = 0 :
As a result, every point x in B r 1=4(x0) satis�es

jE \ B r 1=4(x)j = 0 :
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3.7 A word on minimizing graphs

Let E minimize (1.16) (we assume for simplicity that t = 0 ) on Q1 = fj x i j 6 1g and
assume thatE is a smooth graph over somen? (for simplicity we assume that n = en ),
that is

E = f (x0; xn ) 2 Rn j z 6 u(x0)g

with juj 6 1. In this whole part, we will use the following notations.
� Every x 2 Rn will be written x = ( x0; xn ).
� The di�erential operators on Rn� 1 ' e?

n are denoted with a 0.
� The normal vector to E at x = ( x0; xn ) is � (x0) = (r 0u;1)p

1+ jr 0uj2
:

Lemma 1.1. The function u satis�es the equation

� div( r ' (r 0u; 1)) = g(x0; u(x0)) :

Proof. We use the �rst-variation approach. The area measure is

Per' (E; Q1) =
�

@E\ Q1

' (� ) =
�

Q0
1

p
1 + jr 0uj2'

 
(r 0u; 1)

p
1 + jr 0uj2

!

=
�

Q0
1

' (r 0u; 1)

using the homogeneity of': In addition, we have
�

E \ B 1

g =
�

Q0
1

� u(x0)

w= � 1
g(x0; w)dwdx0

Sinceu is minimizing, we have, for all v and s,
�

Q0
1

' (r 0(u + sv); 1) +
� u+ sv(x0)

� 1
g(x0; w) >

�

Q0
1

' (r 0(u); 1) +
� u(x0))

� 1
g(x0; w):

Then, note that
�

Q0
1

' (r 0(u + sv); 1) =
�

Q0
1

' (r 0(u); 1) + s
�

Q0
1

r 0' (r 0u; 1) � r 0v + o(s)

and �

Q0
1

� u+ sv(x0)

� 1
g(x0; w) =

�

Q0
1

� u(x0)

� 1
g(x0; w) + s

�

Q0
1

g(x0; u(x0)) + o(s):

As a result, we must have
�

Q0
1

r 0' (r 0u; 1) � r 0v � v(x0)g(x0; u(x0))dx0 = 0 ;

which can be rewritten using Green formula, and assuming thatv has a compact support
on Q0

1, as �

Q0
1

v
�
� div0(r 0' (r 0u; 1)) � g(x0; u(x0))

�
= 0

which �nally yields
� div0(r 0' (r 0u; 1)) = g(x0; u(x0)) :

Now, we are ready to give the main regularity results of this chapter. Let us begin by
a theorem really in the spirit of Section 2.
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4 On convex domains with Neumann boundary conditions

In this section, we take full advantage of the remark by Miranda, that everything
happens on the boundary. We prove that it is also true when studying (1.12) with Neumann
conditions. The assumption of convexity of 
 prevents bad things to happen on the
boundary, as we will see. In the �rst two subsections, we work only with smooth objects.
We will see in the last section that the general results could be derived from the smooth
ones.
Note that the second subsection contains no result (since we cannot regularize the problem
in a appropriate way to proceed similarly as in the �rst subsection), but consists in a
remark on what can be said on smooth minimizers of the anisotropic ROF-functional.

4.1 The isotropic case

In this section, we prove the

Theorem 1.7. Let 
 be a convex bounded domain andf : R ! R be convex and satis�es

f (0) = 0 ; f (+ 1 ) = + 1 :

Let u be the minimizer of �



f (jr uj) +

(u � g)2

2

with Neumann conditions on the boundary and assume thatg is continuous with modulus
! . Then, u is continuous with modulus! .

Note that Theorem 1.7 is already known in low dimension (n 6 8) and isotropic frame-
work, thanks to [CCN11].
The strategy is to work on the approximate problem

min
u

�



f " (jr uj) +

(u � g)2

2

with f " ! f locally uniformly and f " > 0, smooth and satis�es

" 6 f 00
" 6

1
"

as well asf 0
" (0) = 0 : Letting G(x) = f " (jxj), G is smooth, uniformly elliptic (we have

1
C I 6 D 2G 6 CI ). We can show using the classical Nirenberg translation method, that
u 2 H 2: It is in addition C1 up to the boundary thanks to De Giorgi Nash Moser theorem.

The solution u of the approximate problem isC1 up to the boundary so isK " -Lipschitz
and satis�es the Euler Lagrange equations

div
�

r u
jr uj

f 0
" (jr uj)

�
+ ( u � g) = 0

and
(r u ; � ) = 0 on @
 :
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Lemma 1.2. Let

L = sup
x6= y2 


u(x) � u(y)
! (x � y)

:

Then, either L 6 1 or L is reached on the boundary.

Proof. First, note that this supremum is a maximum, because since� < 1, u(x)� u(y)
! (x� y) ! 0

as soon asjx � yj ! 0:
Let us now assume (to get a contradiction), thatL > 1 and that the maximum is not

reached on the boundary. That is, we assume that there exists� > 0 such that

sup
x2 @


y6= x2 


u(x) � u(y)
! (x � y)

6 L � 100�:

We can choose� such that L � 100� > 1. Thus, if jzj 6 � su�ciently small, we can write

8x 2 @
 ; jzj 6 �; u (x � z) � u(x) 6 (L � � )! (z):

Let v = u(� � z) � (L � � )! (z): We have just said that v 6 u on @
 z where 
 z =
(
 + z) \ 
 : Using the very de�nition of u, one can write (on 
 n (
 + z), we will impose
u _ v = u and on (
 + z) n 
 , u ^ v = v)

�



f (jr uj) +

(u � g)2

2
6

�



f (jr u _ vj) +

(u _ v � g)2

2

and

�

(
+ z)
f (jr vj) +

(v(x) � (g(x � z) � (L � � )! (z))) 2

2

6
�

(
+ z)
f (jr u ^ vj) +

(u ^ v(x) � (g(x � z) � (L � � )! (z))) 2

2
:

We sum this two inequalities and notice that, as measures,

f (jr uj) + f (jr vj) > f (jr u _ vj) + f (jr u ^ vj);

that yields

0 6
�


 z

(u_v� g)2� (u� g)2+( u^ v(x)� (g(x� z)� (L � � )! (z))) 2� (v(x)� (g(x� z)� (L � � )! (z))) 2

which means

0 6
�


 z

� 2gu _ v + 2ug � 2(g(x � z) � (L � � )! (z))u ^ v + 2( g(x � z) � (L � � )! (z))v;

which is equivalent to

0 6
�


 z

(u _ v � u) ( � g + g(x � z) � (L � � )! (z)) :
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Sincez 6= 0 , one has! (z) > 0. In addition, L � � > 1 so

� g + g(x � z) � (L � � )! (z) < 0

(g is ! -uniformly continuous). Finally, (u_ v� u) > 0 and since the integral is nonnegative,
we must haveu _ v � u = 0 on the whole 
 z, which implies u > v on 
 z; that is

u(x + z) � u(x) 6 (L � � )! (z);

which is a contradiction with the de�nition of L .

It remains to show that this maximum can actually not be reached on the boundary.
For almost every level-set ofu, using Sard's theorem,r u does not vanish. So, the condition
r u � � = 0 on @
 provides a non degenerate orthogonality between@
 and the level sets
of u. Let x̂; ŷ 2 
 such that

L =
u(x̂) � u(ŷ)

! (x � y)
;

and assume thatx̂ 2 @
 : That is exactly saying that the distance betweenA := f u = u(x̂)g
and B := f u = u(ŷ)g is reached onA \ @
 : In particular, the sphere with center ŷ and
radius jx̂ � ŷj contains x̂ and does not cutA. That must imply (x̂ � ŷ ; � (x̂)) 6 0, which
is impossible because of the uniform convexity of@
 .

Let us deal with the case wherer u(x̂) = 0 : (what we have just done still holds if
r u(ŷ) = 0 ). In a neighborhood of x̂, we have ju(x̂) � u(x)j = o(x̂ � x) which provides,
recalling the de�nition of L ,

ju(x) � u(ŷ)j > L! (x̂ � ŷ) + o(jx � x̂j):

On the other hand, choosing! di�erentiable on (0; + 1 ) and increasing (! 0 > � > 0), we
obtain

! (x � ŷ) = ! (x̂ � ŷ) +
(x � ŷ ; x � x̂)

jx � ŷj
! 0(jx̂ � ŷj) + o(x̂ � x):

Sinceju(x) � u(ŷ)j 6 L! (x � ŷ), this yields

! (x̂ � ŷ) + o(x � x̂) > ! (x̂ � ŷ) +
(x � ŷ ; x � x̂)

jx � ŷj
! 0(jx̂ � ŷj) + o(x̂ � x)

so

0 >
(x � ŷ ; x � x̂)

jx � ŷj
! 0(jx̂ � ŷj);

for every x in a neighborhood ofx̂ in 
 . That is not possible.
Finally, this proves that all the approximate solutions share the same modulus of con-

tinuity !: Passing to the limit shows that the exact solution also has! as a modulus of
continuity.
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4.2 A remark on the anisotropic case

We now consider an anisotropic version of what we have just proved, trying to minimize

�



f (' (r u)) +

(u � g)2

2
:

with ' any anisotropy (norm in Rn ).
The previous scheme of proof, which would consist in approximating this problem by

�



f " (' " (r u)) +

(u � g)2

2
;

where f " is as in the isotropic case and' " is a 1-homogeneousC1 elliptic approximation
of ' , does not necessarly provide a minimizer which is regular up to the boundary. Indeed,
the operator � div( f 0(' (r u)) � r ' (r u)) is singular whenr u = 0 .

Nonetheless, we can notice that if a minimizer of the approximate problem isC1, it is
uniformly continuous with a control on the modulus. Indeed, it would satisfy the Euler-
Lagrange equation on the boundary

r ' (r u) � � = 0 :

Assuming that
8x; y 2 
 ; jg(x) � g(y)j 6 ! (' � (x � y)) ;

where
' � (� ) = sup fhx ; � i j ' (x) 6 1g;

one can notice that Lemma 1.2 still holds, with the same proof, but with! (x � y) replaced
by ! (' � (x � y)) :

Now let us show as before that the maximum of

u(x) � u(y)
! (' � (x � y))

can actually not be reached on the boundary. We proceed by contradiction and can consider
x̂ and ŷ which maximize ' � (x � y) for x 2 f u = u(x̂)g and y 2 f u = u(ŷ)g and assume
that x̂ 2 @
 : Then,

r u(x̂) 2 Vect(r ' � (x̂ � ŷ); � ):

To see that, let h be both orthogonal to r ' � (x̂ � ŷ) and to � . Assume that r u(x̂) �h < 0
(if not, one consider � h). Let w be the projection of h on the boundary @
 . Since
(h ; � ) = 0 , we have

u(x̂ + w) = u(x̂) + r u � h + o(h):

As a result, for h su�ciently small,

u(x̂ + w) 6 u(x̂) +
r u(x̂) � h

2
< u (x̂):

In addition, x̂ is a minimizer on f u 6 u(x̂)g so ' � (x̂ + w � ŷ) > ' � (x̂ � ŷ):
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Moreover, sincer ' � (x̂ � ŷ) � h = 0 , one can write

' � (x̂ + w � ŷ) = ' � (x̂ � ŷ) + o(h):

As a result, if v denotes the projection ofw on ' � = ' � (x̂ � ŷ) (this projection remains in 

in a neighborhood ofx̂), we both have' � (x̂+ v� ŷ) = ' � (x̂� ŷ) and u(x̂+ v) 6 u(x̂)+ r u(x̂ )�h

2 ,
which contradicts the de�nition of x̂.

We proved that

r u(x̂) = � r ' � (x̂ � ŷ) + ��:

One can notice that �; � 6 0 (� > 0 would imply that we can decreaseu from u(x̂) by
going towards ŷ whereas� > 0 would imply that going inside 
 from x̂ would necessarily
decreaseu, and both cannot happen).

Finally, one can write (we replace� and � by � � and � � taking advantage of the
0-homogeneity ofr ' )

0 = r ' (r u(x̂)) � � = r ' (� � r ' � (x̂ � ŷ) � �� ) � �

=
x̂ � ŷ

' � (x̂ � ŷ)
� � (x̂) +

� � �

0
D 2' (r ' � (x̂ � ŷ) + s� )� � � ds

Since' is convex, one can conclude

0 >
x̂ � ŷ

' � (x̂ � ŷ)
� � (x̂);

where the right hand side is positive using the strict convexity of
 :

4.3 Non smooth limit

In the two previous subsections, we assumed that all the objects are smooth and that

 is uniformly convex. What happens if 
 is not uniformly convex and if ' is not smooth?

If 
 is not uniformly convex, we can approximate it by uniformly convex domains
 n :
For each
 n , we have a minimizerun which has a controlled modulus of continuity (which
does not depend onn). As a result, passing to the limit, we get the same modulus for the
minimizer in 
 :

If the anisotropy is not smooth (for example crystalline), we can choose a sequence
' n ! ' with ' n > ' and smooth. Then, recalling that ' n > ' , ' �

n 6 ' � , g is
continuous with ' n -modulus ! for every n, and the minimizers un of (1.12) with ' n

instead of ' therefore satisfy

8x; y 2 
 ; ju(x) � u(y)j 6 ! (' �
n (x � y)) 6 ! (' � (x � y)) :

As a result, passing to the limit in n, the control on the modulus of continuity still holds
with crystalline anisotropies if it does with smooth ones.
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5 The usual smooth Hopf maximum principle

In the rest of this chapter, every regularity result will be obtained taking advantage of
the minimizing property of level-sets. That means we are involved in studying minimizers
of (1.16). In this section, we recall the strong Hopf maximum principle, which is well
known to hold for two smooth minimal surfaces (see for example [CM11]).

Theorem 1.8. Let f 6 g � " both continuous in 
 and F � G two subsets ofRn with
smooth boundaries which minimize respectively (in the family of �nite perimeter sets, and
with respect to compact perturbations in
 )

Per' (F; 
) +
�

F \ 

f

and

Per' (G; 
) +
�

G\ 

g:

with an anisotropy ' which is smooth and uniformly elliptic. Then, either F = G or
@F\ @G= ; :

Remark. The assumptions with " are made to compensate the variations off and g. If f
and g are constant or even Lipschitz, we can take" = 0 :

Proof. The proof is standard. Let us assume that there is somex 2 @F\ @G. Since these
two sets are smooth,F and G are graphs of functionsu and v over the same hyperplan in
a small ball B r . Sincef and g are continuous, we chooser su�ciently small such that

8x; y 2 B r ; f (x) 6 g(y):

One can assume thatu 6 v and x = ( x0; u(x0)) = ( x0; v(x0)) : Denoting by H (( r 0)2u; r 0u)
the quantity

H (( r 0)2u; r 0u) = � div0�
r 0' (r 0u)

�
;

The graphs satisfy the equation

H (( r 0)2u; r 0u) = f (x0; u(x0)) and H (( r 0)2v; r 0v) = g(x0; v(x0)) :

As a result, thanks to the " (or if f and g are constant), we have

0 6 H (( r 0)2v; r 0v) � H (( r 0)2u; r 0u)

in a neighborhood ofx0. We can show that sincejr uj and jr vj are bounded,H a uniformly
elliptic operator. So, let us write (we use the mean value theorem)

0 6 div0(r 0' (r 0u)) � div0(r 0' (r 0v)) = @t
�
div0�

r 0' ((1 � t)r 0u + tr 0v)
�� �

�
t= t0

= div 0�
@t

�
r 0' ((1 � t)r 0u + tr 0v)

�� �
�
t= t0

= div 0�
(r 0)2' ((1 � t)r 0u + tr 0v) � r 0(v � u)

� ��
t= t0

:

which is an elliptic linear divergence type equationdiv(A(x)r w) 6 0 for w = v � u. This
directly implies that v 6 u, so that u = v. Finally, F = G.
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Remark. If " = 0 and f is Lipschitz, then we get

0 6 div0�
(r 0)2' ((1 � t)r 0u + tr 0v) � r 0(v � u)

�
+ ( v � u)@n f (x0; tu(x0) + (1 � t)v(x0))

�
�
t= t0

which has the form of
� div(Ar w) + w � c(x) = 0 ;

which satis�es also a strong maximum principle (with the decompositionc(x) = c+ (x) �
c� (x)).

6 A comparison result with a smooth set

We make the same assumptions as in Section 5 (in particular,' is smooth), but we
only assume thatG is smooth.

Theorem 1.9. Let F and G minimize in 


Per' (F ) +
�

F
f

and

Per' (G) +
�

G
g

with f 6 g � " . We assume thatF � G and @Gis a C1 hypersurface. Then, eitherF = G
or @F\ @G= ; :

Remark. � As above, when f and g are constant, we do not need" to be positive (it
can be zero).

� This theorem is already known when f = g = 0 in a more general version in [SW89]
(in particular, the anisotropy can depend on the space variable, and the sets are
only stationary, whereas they are minimizing in our framework). Nonetheless, we
present a simpler proof of this result, in the spirit of [CC93] (see also [CRS10]).

We replace@Fby supp(D1F ) in order to work with a closed set. Let us assume that
there existsx0 2 @F\ @G. We want to prove that it implies F = G. Since@Gis C1, @G
is the graph of someC1 function ~v over ~n? , with ~n the outer normal to G at x0 (we may
assumex0 = (0 ; ~v(0)) , ~v(0) = 0 and v de�ned on B 0

~� :).
In what follows, for every ~z 2 Rn , we will denote by ~z0 the n � 1 �rst component of ~z:

~z = (~z0; ~zn ):
Thanks to Corollary 1.2, for every r su�ciently small, there exists a ball B := Bqr (xr )

of center xr and radius qr with B � F \ B r (x0): Sincef ~zn = 0g is tangent to G, xr must
have a negativen-th component for r small enough. Letr0 satis�es this requirement and
let n = x0 � xr 0 : Then, since(n ; ~n) > 0, @Gis also a graph overn? of some functionv
de�ned on B 0

� (0). Once again, we assumev(0) = 0 and denote(z0; zn ) the components of
every z 2 Rn . Then, we de�ne

8jz0j 6 �; u (z0) := sup f zn 2 R j (z0; zn ) 2 F g:

Note that since F � G and by de�nition of u, we must havev > u on B 0
� :
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Moreover, v is a smooth graph overn? on B � , so it satis�es (in the strong sense, so
also in the viscosity sense)

� div0�
r 0' (r 0v; � 1)

�
= g:

Proposition 1.12. The function u is upper semicontinuous and is a viscosity subsolution
of

� div0�
r 0' (r 0u; � 1)

�
= f: (1.21)

Proof. Let us �rst prove that u is upper semicontinous. Letxn ! x 2 B � : Then, we
have a sequence(xk ; u(xk )) 2 F , which is bounded above. As a result, there exists a
subsequence (still denoted by(xk ; u(xk )) ) which converges (possiblyu(xk ) ! �1 ). We
want to show that u(x) > lim supk u(xk ): If u(xk ) ! �1 , nothing has to be done. If not,
then (xk ; u(xk )) is a converging sequence ofF which is closed. So,(x; lim u(xk )) in F and
u(x) > lim supk u(xk ):

Now, let us show that it is a subsolution of (1.21). Assume by contradiction that it
does not hold. Then, there exists a smooth function and somex1 2 B 0

� such that u �  
has a maximum at x1 and

� div0�
r 0' 0(r 0 ; � 1)

�
> f:

On can assume thatx1 = 0 and u(x1) =  (x1) and that the maximum is strict. Let � be
the graph of  : We want to generalize the result by Ca�arelli and Cordoba [CC93]. To
this aim, we work with the ' -relative distance

d' (x; y) = ' � (x � y) where ' � (x) = sup
' ( � )6 1

(x ; � )

and

d�
' (x) = inf f d' (x; y) j y 2 � g:

Then, we de�ned the signed' -relative distance to � by setting

d(x0; xn ) = d�
' (x0; xn )1f xn 6  (x)g � d�

' (x0; xn )1f xn >  (x0;xn )g:

Since� is smooth, then there exists a tubular neighborhood of� where d is smooth.

Lemma 1.3. We have

� div0(r 0' (r 0 ; � 1))(0) = � div( r ' (r d))(0 ; 0): (1.22)

Proof. Let us �rst notice that d(x0;  (x0)) = 0 , so that r 0d + @ndr 0 = 0 . Hence, since
r ' is 0-homogeneous and even, we get

@'
@xi

(r  ; � 1) =
@'
@xi

 

�
r 0d
@d

@xn

; � 1

!

=
@'
@xi

�
r 0d;

@d
@xn

�
=

@'
@xi

(r d(x0;  (x0)) :
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As a matter of fact,

div0(r 0' (r  ; � 1)) = div 0(r 0' (r d(x0;  (x0)) =
n� 1X

i =1

@
@xi

�
@'(r d(x0;  (x0)))

@xj

�

=
n� 1X

i =1

nX

j =1

@2'
@xi @xj

@
@xi

�
@d(x0;  (x0))

@xj

�

=
n� 1X

i =1

nX

j =1

@2'
@xi @xj

�
@2d

@xi @xj
+

@2d
@xj @xn

@ 
@xi

�
:

As a result,

div( r 0' (r d) =
nX

i =1

@
@xi

�
@'(r d)

@xi

�
=

nX

i;j =1

@2' (r d)
@xi @xj

@2d
@xi @xj

=
n� 1X

i =1

nX

j =1

@2' (r d)
@xi @xj

@2d
@xi @xj

+
nX

j =1

@2'
@xn@xj

@2d
@xn@xj

= div 0(r 0' (r  ; � 1)) +
nX

j =1

@2'
@xn@xj

@2d
@xn@xj

�
n� 1X

i =1

nX

j =1

@2'
@xi @xj

@2d
@xn@xj

@ 
@xi

= div 0(r 0' (r  ; � 1)) +
nX

j =1

@2d
@xn@xj

 
n� 1X

i =1

@2'
@xi @xj

@ 
@xi

�
@2'

@xn@xj

!

= div 0(r 0' (r  ; � 1)) �
nX

j =1

@2d
@xn@xj

 
n� 1X

i =1

@2'
@xi @xj

@d
@xi
@d

@xn

+
@2'

@xn@xj

!

= div 0(r 0' (r  ; � 1)) �
nX

j =1

@2d
@xn@xj

1
@d

@xn

nX

i =1

@2'
@xi @xj

@d
@xi

:

Let us show that the last term of the last inequality vanishes. Indeed, one has
' � (r ' (r d)) = 1 , whose derivative provides

8i 6 n;
nX

j =1

@'� (r ' (r d))
@xj

�
@
@i

�
@'(r d)

@xj

�
= 0 : (1.23)

In addition, thanks to the equality (which holds for any anisotropy) (' � r ' � )( ' (� )r ' (� )) =
� , one obtainsr ' � (r ' (� )) = �

' ( � ) . Then, (1.23) can be rewritten

8i;
nX

j;k =1

1
' (r d)

@d
@xj

@2d
@xi @xk

@2'
@xj @xk

= 0 ;

which implies for i = n (and some changes of indices)

8i;
nX

j =1

@2d
@xn@xj

 
nX

i =1

@d
@xi

@2'
@xi @xj

!

= 0 ;

what was expected.



A comparison result with a smooth set 59

Let � be small and �xed. Let ~
 be the epigraph of  (we have @~
 = �) : We are
interested in ( ~
 � �en ) \ B 0

� . Then, if � is small enough,
� F n ( ~
 � �en ) \ B 0

� is a compact perturbation of F in B � (the minimum is strict).
� ( ~
 � �en ) \ F has a nonempty interior in F (clean ball property).
� If ~d = d(�+ �en ), we have� div( r ' (r ~d)) > f + � (� > 0) in ( ~
 � �en ) \ F (continuity

of d and (1.22)).
Let 
 = ( ~
 � �en ) \ F;. If F were smooth, we would have

�



� div( r ' (r ~d)) = �

�

(� � �e n )\ F
(r ' (r ~d)) � n
 d� �

�

@F\ 

(r ' (r ~d)) � n
 d�

which yields, using� div( r ' (r ~d)) > f + � and noting that on @F, n
 = nF , we obtain

�
�

� \ (F + �e n )
(r ' (r d)) � n� d� +

�

@F\ 

(r ' (r ~d)) � nF d� >

�



f + �:

Recall that F is minimizing, we can also write (comparingF to the compact perturbation
F n 
 ) �



f 6

�

� \ (F + �e n )
' (� )d� �

�

@F\ 

' (� )d�:

Substracting the second inequality to the �rst one, we obtain

�



� 6 �

�

� \ (F + �e n )
' (� )d� +

�

@F\ 

' (� )d�

�
�

� \ (F + �e n )
(r ' (r d)) � n� d� +

�

@F\ 

(r ' (r ~d)) � nF d�:

Now, note that on � , we haver d = �
' ( � ) . On the other hand, r ' (� ) � � = ' (� ) (because

of the homogeneity of' ), which implies r ' (r d) = ' (� ) on � . We can then compute

�

� \ (F + �e n )
(r ' (r d)) � n� d� = �

�

� \ (F + �e n )
' (� )d�:

In addition, since ' � (r ' (r d)) = 1 , we also haver ' (r d) � � 6 ' (� ): That implies

�
�
�
�

�

@F\ 

(r ' (r ~d)) � nF

�
�
�
� 6

�

@F\ 

' (nF )d�:

These two relations yield �



� 6 0

which is not possible.
If F is not smooth, we select a sequence ofFn ! F with Fn smooth and 1Fn ! 1F in

BV and we reproduce this construction onFn and pass to the limit (note that � does not
depend onn).
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At this stage, u is a viscosity subsolution of

� div0�
r 0' (r 0u; � 1)

�
= f (x0; u(x0))

whereasv is a viscosity supersolution of

� div0�
r 0' (r 0v; � 1)

�
= g(x0; v(x0)) > f (x0; u(x0)) :

So, v is also a supersolution of (1.21). We also know thatv > u: We would like to prove
that v > u , because that would ensure that@F\ @G= ; : So, we need a strict comparison
principle for viscosity solutions. This is found in [GO05]. Let us check that the assumptions
are full�led. This article deals with an equation written as (see [GO05, Remark 3.6] for
the right hand side)

F (Du; D 2u) = h

with F satisfying

1. The function F : Rn � S n ! R is continuous,

2. There exists a coercive functionw such that for all p; X; Y ,

F (p; X ) � F (p; Y) > w(p; X � Y );

3. For every M; K > 0 and jqj; j ~qj 6 K , kX k 6 M , one has

jF (q; X ) � F (~q; X )j 6 L M;K jq � ~qj:

Here, we have

F (p; X ) =
n� 1X

i;k =1

@2'
@xi @xk

(p; � 1)X ik = Tr( D 02' (p; � 1)X ):

It is clearly continous.
� If p; q 2 Rn such that jpj; jqj 6 M , if X 2 S n satis�es jX j 6 K , one obtains

jF (p; X ) � F (q; X )j =

�
�
�
�
X �

@2'
@xi @xk

(p; � 1) �
@2'

@xi @xk
(q;� 1)

�
X ik

�
�
�
� 6 L M;K jp � qj:

� Let p 2 Rn with jpj 6 M and X; Y 2 Sn such that X 6 Y .
The assumption on ' imply that p 7! ' (p; � 1) is uniformly convex with constant
� (M ) on every fj pj 6 M g (see the proposition below) As a result, one has

� (M ) Tr( Y � X ) 6 F (p; X ) � F (p; Y) =
n� 1X

i =1

@2'
@x2i

(p; � 1)� i 6 � Tr( Y � X )

with � is the maximum of the spectral radius ofD 2' 2(q) for q = 1 .
Hence, [GO05, Th. 3.1] applies and gives the following alternative: eitheru = v on B � or
u < v . That is exactly Theorem 1.9.

Finally, note that in the framework of (1.12), we have f < g � " so F and G cannot
coincide.

During the proof, we showed the
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Proposition 1.13. The function ~' : p 7! ' (p; � 1) is uniformly convex on fj pj 6 M g,
with a constant � (M ):

Proof. First, recall a few properties of the anisotropy': By assumption, the setsf ' 6 tg
(Wul� shape of radius t) are homothetic convex subsets which contain a neighborhood of
zero. In addition, D 2' 2 > �I: Noticing that

D 2' =
1
'

D 2' 2 �
1
'

r ' 
 r ';

we see thatD 2' is positive de�nite on T(p; � 1), the tangent plane to the Wul� shape
f ' = ' (p; � 1)g at (p; � 1); with eigenvalues bigger than �

' (p;� 1) :
Finally,

Since' is smooth around(p; � 1), to prove the proposition, we only have to control the
eigenvalues ofD 2 ~' (p) = D 2' (p; � 1)

�
�
f (e;0)g. Let us write e = eT + e0 the decomposition of

e with respect to r ' (p; � 1)? and span(p; � 1) (note that this projection is not orthogonal).
Then,

D 2' (p; � 1) � (e; e) = D 2' (p; � 1) � (eT ; eT )
| {z }

> � jeT j2

+ 2D 2' (p; � 1) � (e0; eT ) + D 2' (p; � 1) � (e0; e0)
| {z }

=0 since D 2 ' (p;� 1)�e0=0

:

To conclude, we need to show that there exists a constant
 (M ) such that j(e;0)T j >

 (M )j(e;0)j as soon asjpj 6 M . Since there is an angle between(e;0) and (p; � 1) which
remains far from 0 onfj pj 6 M g, this is equivalent to show that the norm of the projection
is controlled, or to show that the angle between(p; � 1) and r ' (p; � 1) remains far from
�
2 : This is true using that the Wul� shape is a convex which contains a neighborhood of
zero.

Finally, D 2' is uniformly convex with constant �
 (M )
� (M ) where� (M ) = min jpj6 M ' (p; � 1):

7 A result on mean convex domains with Dirichlet conditions

In this section, we link the minimizer u to the image g using Dirichlet conditions on
the boundary of the domain. To give the assumptions on
 , we need the

De�nition 1.7. Let ' be a norm in Rn . We say that 
 satis�es the barrier condition if
for every x0 2 @
 and " > 0 su�ciently small, if V minimizes Per' in

f W � 
 j W n B " (x0) = 
 n B " (x0)g;

then
@V(1) \ @
 \ B " (x0) = ; :

Remark. The barrier condition means that @
 is not a local minimizer of the perimeter
(there is always a inside perturbation of 
 which provides a set with strictly smaller
perimeter). Note that if ' is the Euclidean norm and 
 is smooth, this property is the
strict mean-convexity of 
 : (positive mean curvature).



62 On regularity of minimizers for TV

Theorem 1.10. Let ' be a norm in Rn which is C2 in Rn n B0(" ) and such that ' 2 is
strongly convex. Let also
 be a bounded Lipschitz open subset which satis�es the barrier
condition. Moreover, let g be continuous on@
 . Then, there is a unique minimizeru of

u = arg min
v2 BV

v= g on @


�



' (r u) (1.24)

where the equalityv = g on @
 means, as in [JMN13], that

8x 2 @
 ; lim
r ! 0

ess sup
y2 


jx � yj6 r

jv(y) � g(x)j = 0 : (1.25)

In addition, this minimizer is continuous.

Remark. Since ' is not strictly convex as in Section 2 (because of the homogeneity), we
have to �nd another way to obtain something similar to Proposition 1.1. This is done in
[JMN13], which provides such proposition in the case we deal with. Proceeding as in Section
2, we could directly complete the proof (note that due to the space dependency, Jerrard et
al. can obtain continuity of the minimizer only in dimension 6 3, using the smoothness of
the level-sets ofu). Nonetheless, since we can take advantage of the translation invariance
of the minimizers (which does not exists in [JMN13] because of the space dependency),
we give a much simpler proof of the continuity ofu. In particular, we will use no deep
results neither on topological dimension nor on connected components of regular points of
a minimal surface.

For simplicity, we assume that g is de�ned and continuous on the wholeRn :
We �rst recall the proof of the existence part of the theorem (it is already done in

[JMN13]). Let u be a minimizer of (1.24) in the class

A f := f v 2 BV (Rn ) j v = g on 
 cg:

It exists by standard techniques of calculus of variation.
We recall that thanks to the coarea formula (used similarly as in Proposition 1.9), the

level setsE (1)
t minimize

E (1)
t = arg min

E n
= Ft n

Per' (E ); (1.26)

with Ft := f g > t g; where the exponent(1), as before, means that we consider the subset
of points with density one:

F (1) :=
�

x 2 


�
�
�
� lim

r ! 0

jB r (x) \ F j
jB r j

= 1
�

:

We recall that thanks to Proposition 1.11 E (1)
t are open subsets.

To show that (1.25) is in fact satis�ed by u, we prove the following lemma (which is
simply a restatement of [JMN13, Th. 1.1] which we give for convenience).

Lemma 1.4. Let x̂ 2 @
 and let t and " such that g(x̂) 6 t � " . Then, there exists� > 0
such that

E (1)
t \ B � (x̂) = ; :

The same result holds forg(x̂) > t + " .
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Proof. Let us proceed by contradiction: we assume that there exists a sequencexn 2 E (1)
t

such that xn ! x̂. Since g is continuous and u = g 2 
 c, then x 2 E := E (1)
t � "=2 and

u < t � "=2 on B � (x̂) n 
 :
SinceE cannot intersect B � (x̂) n 
 , we must have

B � (x̂) \ @E� 
 :

But this cannot happen (see [JMN13, Lemma 3.3]). IfV minimizes Per' in

f W � 
 j W n B � (x̂) = 
 n B � (x̂)g;

then the set V [ (E \ B � (x̂)) is also a minimizer whose boundary containŝx, contradicting
De�nition 1.7.

Now, let u be a minimizer of (1.24). We prove that it is continuous. We will show that
its level setsE t and Es, for s < t , satisfy E (1)

t b E (1)
s .

We begin by noting that these two sets cannot touch near@
 .

Lemma 1.5. Let s < t: There exists � > 0 and " > 0 such that for everyx 2 
 \ @E(1)
s

with d(x; @
) 6 � and y 2 E (1)
t \ 
 , then d(x; y) > ":

This is straightforward using Lemma 1.4, with " = t � s
2 : The compactness of@
 provides

the expected�:
Before proving Theorem 1.10, we state a very standard but useful

Lemma 1.6. Let E and ~E be two minimizers of (1.26) with Ft replaced respectively byF
and ~F and assume that(E [ ~E) nE is a compact subset of
 . Then, E [ ~E and E \ ~E are
minimizers of (1.26) with Ft replaced respectively withF and ~F .

Proof. The proof is also very standard but we give it for completeness. We notice that
(E [ ~E) n 
 = E n 
 = F n 
 so E [ ~E is an admissible perturbation forE . One therefore
can write

Per' (E [ ~E) > Per' E:

Similarly E \ ~E is an admissible perturbation for ~E and we can write,

Per' (E \ ~E) > Per' ~E:

By summing the two inequalities and recalling (1.15), we must have equality in the in-
equalities. That is the claim.

Proof of Theorem 1.10. We proceed by contradiction. Let us assume that there exists
x0 2 @E(1)

s \ @E(1)
t and let r0 = min (�;" )

10 ; where � and " are the constants provided by
Lemma 1.5. Thanks to this lemma,d(x0; @
) > �:

Recalling that @E(1)
s and @E(1)

t are regular up to a compact set of dimension at most
n � 3 we can choose� 2 @E(1)

s and � 2 @E(1)
t two regular points such that

j� � x0j 6 r0 and j� � x0j 6 r0:

If � = � � � , note that j� j 6 1
2 min( �; " ) thus E (1)

s and E (1)
t + � do not touch near the

boundary @
 :



64 On regularity of minimizers for TV

The regular set reg(@E(1)
s \ B r 0=2(x0)) is a set of pieces of parallel hyperplanes.

The point � is regular means that one can �nd a directionn such that both @E(1)
s and

@
~

E (1)
t := @E(1)

t + ~� are (smooth) graphs around� . Since
~

E (1)
t \ E (1)

s and
~

E (1)
t [ E (1)

s are also
minimizers (thanks to Lemma 1.6) and are both graphs around� , we have two functions
w1 6 w2 such that w1(� 0) = w2(� 0) and which satisfy the zero' -mean curvature equation
for graphs

div0�
r 0' (r 0wi ; � 1)

�
= 0 :

By comparison principle for graphs ([GO05], the one used in Section 6), they must coincide
locally.

Notice that this coincidence is true for every pair�; � 2 B r 0=2(x0) with � 2 @E(1)
s and

� 2 @E(1)
t + � . Leaving � and moving only � , this proves that every regular point � of

@E(1)
s \ B r 0=2(x0) has a neighborhood (in@E(1)

s ) which coincides with a neighborhood of

� in @E(1)
t + �: As a result, every regular point of@E(1)

s \ B r 0=2(x0) has the same normal

(let us call it ! ). Since in addition, the set of regular points is an open subset of@E(1)
s , the

connected components ofreg(@E(1)
s ) are a�ne hyperplanes parallel to ! ? ; oriented either

by ! or by � ! .
Of course,reg((@E(1)

t ) \ B r 0=2(x0)) satis�es the same property.

These pieces of hyperplans which cross B r 0=4(x0) �ll B r 0=4(x0). Indeed, Let x 2

reg@E(1)
s \ B r 0=4(x0). Then, there is a ball B̂ (of radius r̂ ) around x such that @E(1)

s \ B̂

is exactly a diameter of B̂ . Let us assume that the normal of@E(1)
s is ! in B̂ . Then, let

us consider the cylinderĈ generated byB̂ and a vector e ? ! in the ball B r 0=2(x0). One
can write, for every R such that z + Re 2 B r 0=4(x0)

�

z2 e?

jzj 6 r̂

� Re

� =0
jD (�

E (1)
s

(z + �e)) j =
�

Ĉ \ @E(1)
s

j�
E (1)

s
� ejdH n� 1 = 0

becausee ? !: Then, for almost every z 2 e? with jzj 6 r̂ , we have� 7! �
E (1)

s
(z + �e) is

constant. That means that if z+ �e belongs toE (1)
s for some� , that is true for every � (and

similarly for =2 E (1)
s ). Finally, the piece of hyperplane ofregE (1)

s which is a diameter ofB̂
exists in the whole cylinder Ĉ, and sincee is arbitrary in ! ? , in the whole ball B r 0=4(x0)
(we have to stay su�ciently far from @Br 0=2(x0) in order to keep the whole cylinder inside
B r 0=2(x0)).

The point x0 is in fact regular Thanks to previous paragraphs,regE (1)
s \ B r 0=4(x0)

is a (�nite, for measurability reasons) set of hyperplanes.
In addition, since x0 2 @E(1)

s \ (@E(1)
t + � ), we have a sequence of points inregE (1)

s

(which therefore belong to hyperplanes) which converge tox0. Using the �niteness of the
set of hyperplanes,x0 must be in one of them. So,x0 is in fact a regular point of E (1)

s

(the same holds forE (1)
t + � ), and E (1)

s and E (1)
t + � coicinde aroundx0. That is exactly

saying that @E(1)
s \ (@E(1)

t + � ) is open in @E(1)
s : It is closed by de�nition. To reach a
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contradiction, we now need to show that every connected component of@E(1)
s has to reach

the boundary @
 .

Proposition 1.14. There is no connected component of@E(1)
s which is compact in
 .

Proof. Let us proceed by contradiction and call � a compact connected component of
@E(1)

s : We denote by� the distance between� and @
 . One can �nd a continuous function
f : @E(1)

s ! f 0; 1g which is 0 on � and 1 on E (1)
s nf dist(x; �) < �= 2g: SinceE (1)

s is compact,
f is uniformly continuous. Let call ! its modulus of continuity and extend f to the whole

 by

f (x) = sup
y2 E (1)

s

f (y) + ! (x � y):

In addition, we may assume that f > 1 on @
 (eventually replacing f by max(f; 1 �
dist(x; @
) =� )). Note that f (x) = � 2 (0; 1) implies that x remains far from @E(1)

s :
Now, let us introduce C as the connected component of the open subsetf f < 1

4g which
contains � and set

a := min
x2 @C

u� (x) and b := max
x2 @C

u+ (x):

If a > s , then we de�ne v such that v = u everywhere but in C \
�

u 6 a+ s
2

	
where we set

v = a+ s
2 :

Then, we notice that v di�ers from u only in a neighborhood of� and

�

C
'

�
r

�
u _

a + s
2

��
+

�

C
'

�
r

�
u ^

a + s
2

��
6

�

C
' (r u) +

�

C
r

�
a + s

2

�

| {z }
=0

:

Then, v is also a minimizer with

(@f v > s g) \ C = ; ;

which implies

Per(f v > s g) < Per(f u > s g);

which cannot happen.
Similarly, if b 6 s, then we introduce v = u ^ s in C, v = u in Cc and we also reach a

contradiction.
Finally, we cannot have either @C� f u > s g or @C� f u 6 sg: But on the other

hand, we have@C� f f = 1
4g which means that @Ccannot be too close to@E(1)

s : this is
a contradiction.

Remark. All the proof above can be reproduce withE (1)
t = f u > t g and E (1)

s = f v > s g,
if u and v are two minimizers: that showsu = v a.e.
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8 Local continuity

In this section, we get back to the isotropic case (1.11). We want to prove the

Theorem 1.11. Let g : 
 ! R be continuous and bounded and letu be a minimizer of
�



jDu j +

�




(u � g)2

2
: (1.27)

Then, u is continuous.

Note that this theorem is local and therefore extends [CCN11, Th. 2] (but for contin-
uous functions only).

We will use the level sets. More precisely, letEs � E t two level sets ofu (with s > t ).
We know that they minimize respectively (with respect to compact perturbations in 
 )

Per(E; 
) +
�

E \ 

s � g

and

Per(E; 
) +
�

E \ 

t � g:

The strategy is the following. We know that two minimal surfaces satisfy a strict
comparison principle [Sim87], and we can extend this proof to constant mean curvature
surfaces. As a result, we �rst show that we can create two di�erent constant mean curvature
which stands betweenEs and E t . Then, we show that these surfaces do not touch. So,
neither can Es and E t . As before, we replaceEs and E t by the set of points of density one.

8.1 Back to constant mean curvature

We assume (and we hope that we can get a contradiction) that there isx0 2 @Es \ @Et :
Note �rst that since Es and E t have mean curvature which are di�erent, they cannot
coincide on a neighborhood ofx0. By continuity of g, we can �nd � > 0 such that on
B � (x0), we haveg(x0) � � < g (x) < g (x0) + � with � := s� t

100 : So, let a = s � g(x0) � � .
Then,

8x; y 2 B � (x0); t � g(x) 6 a 6 s � g(y):

Now, we introduce E with �nite perimeter in 
 as the minimizer of

E = arg min
G� Es � B � (x0 )

Per(G; 
) + ajG \ B � (x0)j

and similarly, F with �nite perimeter in 
 and minimizing

F = arg min
G� E t � B � (x0 )

Per(G; 
) + ajG \ B � (x0)j:

Note that E and F have variational constant mean curvaturea.
Using the standard (weak) comparison principle, we haveEs � E � F � E t : In

addition, since Es and E t cannot coincide,E and F cannot either. On the other hand, we
must have x0 2 @E\ @F.

To show that @Es and @Et cannot touch, it is enough to prove that @E\ @F= ; . That
is to prove the
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Theorem 1.12. Let a 2 R and E � F such that E and F both minimize (with respect to
compact perturbations) in an open subsetO,

Per(E ; O) + ajE \ Oj: (1.28)

Then, either E = F or @E\ @F= ; .

In what follows, we take O = 
 (we can reduce the latter since we only want a local
result).

8.2 Properties of minimizers

Before proving Theorem 1.12, we �rst recall results on minimizers of (1.28) that will
be crucial in the proof. We begin by the usual monotonicity formula (see [Mas75])

Proposition 1.15 (Monotonicity formula) . Let E be a minimizer of (1.28). Then, for
every s < r and everyx 2 @E, we have

Per(E; B r (x))
r n� 1 �

Per(E; B s(x))
sn� 1 > � (n � 1)! n jaj(r � s):

Remark. That formula explains why we restricted ourself to the isotropic case. We do not
know if this monotonicity holds in the anisotropic framework.

Corollary 1.3. For all x 2 @Eand dist(x; @
) > r > 0 we have

r 1� n
�

B r (x)
jD1E j > ! n� 1 � (n � 1)! n jajr: (1.29)

Lemma 1.7. [MP75, Th. 2] Let (E � ) be a family of minimizers of (1.28) with a� (2 R)
instead ofa, and let E minimize (1.28). We assume thatE � ! E in L 1

loc and that a� ! a.
Then, for every bounded setD (with Lipschitz boundary) such that

�

@D
jD1E j = 0 ;

we have

lim
�

�

D
jD1E � j =

�

D
jD1E j:

Proof. We take B � D with Lipschitz boundary and which satis�es
�

@B
jD1E j = 0 (1.30)

and

lim
�

@B
j1E � � 1E jdH n� 1 = 0 : (1.31)
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We just compareE � to M � := ( E \ B ) [ (E � \ (
 n B )) . We can write

Per(E � ; 
) + a� jE � \ 
 j 6 Per((E \ B ) [ (E � \ (
 nB ); 
) + a� j(E \ B ) [ (E � \ (
 nB )) j:

Now, just note that E � and (E \ B ) [ (E � \ (
 n B )) coincide outsideB and that (using
Proposition 1.5 and trace theorem [AFP00, Th. 3.87])

Per((E \ B ) [ (E � \ (
 n B )); 
) = Per( E ; B ) + Per( E � ; 
 n B ) +
�

@B
j1E � 1E � jdH n� 1:

Putting together these two facts, we obtain
�

B
jD1E � j +

�

B \ E �

a� 6
�

B
jD1E j +

�

@B
j1E � � 1E jdH n� 1 +

�

B \ E
a�

which yields, taking the limsup of each member and using theL 1-convergence and
(1.31),

lim sup
� !1

�

B
jD1E � j 6

�

B
jD1E j:

Now, notice that

lim sup
�

D
jD1E � j 6

�

B
jD1E j � lim inf

�

B nD
jD1E � j

6
�

B
jD1E j �

�

B nD
jD1E j 6

�

D
jD1E j:

On the other hand, the semi-continuity of the total variation (but for the open set �B )
gives the reverse inequality and provides (since

�
@BjD1E j = 0 ),

lim
� !1

�

B
jD1E � j =

�

B
jD1E j:

The following theorem, usually calledimprovement of �atness, is the key result in the
regularity proof. It can be found in [Mas75].

Theorem 1.13 (De Giorgi). Let E minimize (1.28) and � 2 (0; 1). Then, there exits a
constant � (n; �; jaj) such that for all � 6 � and r 6 � 2, if E satis�es

�

B r (x)
jD1E j �

�
�
�
�
�

�

B r (x)
D1E

�
�
�
�
�

6 �r n� 1;

then, we have
�

B �r (x)
jD1E j �

�
�
�
�
�

�

B �r (x)
D1E

�
�
�
�
�

6 � 1=2� (�r )n� 1:
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8.3 blowups

In this subsection, we analize the convergence of blowups to a minimal cone. In par-
ticular, we prove the

Theorem 1.14. Let E minimize (1.28). Then the sets

E � := f x0 +
1
�

(x � x0) j x 2 Eg

converge, in Hausdor� sense and up to a subsequence� n ! 0, to some minimizing cone
C. In addition, for all K compact of regC, there exists a neighborhoodV of K such that
E � \ V converges toC \ V in C2(V ).

We �rst prove the Hausdor� convergence.

Proposition 1.16. Let x0 2 @E. The sets E � converge to a minimizing coneC in
Hausdor� distance.

First, we prove the convergence ofE � to C in L 1
loc. This proof is classical (see for

example [Giu84]). Let r > 0, then Per(E � ; r ) = � n� 1 Per(E; r=� ):
SinceE � is minimizer of

Per(F; r ) +
�

B r \ F
� na;

we have, comparing to a ballB r ,

P(E � ; r ) + � n
�

E � \ B r

a 6 P(B r ; r ) + � n
�

B r

a 6 n! n r n� 1 + � n jaj! n r n (1.32)

which shows that P(E � ; r ) is bounded above.
The usual compactness ([Giu84, Th. 1.19]) produces a subsequence� n ! 0 and a

Caccioppoli setC such that
E � n ! C in L 1

loc:

To see that C is minimal, consider a perturbation M of C in a compact subsetK (we
assume without loss of generality thatK satis�es (1.30) and (1.31)). Then, comparingE �

to M � := ( M \ K ) [ (E � \ (
 n K )) , one ca write (as in the proof of Lemma 1.7)
�

K
jD1E � j +

�

E � \ K
a�

6
�

K
jD1M � j +

�

K \ M
a�

6
�

�K
jD1M � j +

�

@K
j1E � � 1E j +

�

�K \ M
a� :

Passing to the limit as in the proof of Lemma 1.7, we get

Per(E ; �K ) 6 Per(M ; �K ):

To see that C must be a cone, we notice that it satis�es equality in the monotonicity
formula (Proposition 1.15). See [Giu84] for details.
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Let us now show a local Hausdor� convergence. If it were false, there would exist
xn 2 E � n and � > 0 (we choose� su�ciently small such that Proposition 1.10 applies)
such that dist(xn ; C) > � . As a result,

E � n \ B 1
2 �� (xn ) \ C = ; :

Using Proposition 1.10, we know thatjE � n \ B 1
2 �� (xn )j > C� n � 1

8n , which shows that

jE � n � Cj >
Cst � n� 1

8n
:

That contradicts the L 1 convergence.
Now, let us inverstigate the regularity of a minimizing set which is close toregC.

Proposition 1.17. Let K be a compact subset ofregC. Then, for every x0 2 K , there
exists a neighborhoodW of x0, whose size depends only on� = jaj, the dimension andK ,
such that E � \ W is a C2 surface.

Proof. This is proven in [MP75, Th. 3]. Since the whole proof uses several papers ([Mas74,
MP75, Mas75]) and does not provide information on the uniformity of the convergence, we
reproduce it here. By compactness, it is enough to show that for everyx0, there exists a
neighborhoodW of x0 such that every x � 2 @E� \ W belongs toregE � .

We recall that the reduced boundaryof any E, denoted by @� E is the set of the points
x 2 @Esuch that

lim
� ! 0+

�
B � (x) D1E

�
B � (x) jD1E j

= � (x) and j� (x)j = 1 : (1.33)

Sincex0 2 @� C and using (1.32) forC (with a = 0 ), we conclude that

lim
r ! 0

r 1� n

 �

B r (x0 )
jD1C j �

�
�
�
�
�

�

B r (x0 )
D1C

�
�
�
�
�

!

= 0 :

Choosingr such that B r � K and
�

@Br

jD1C j = 0 ;

Lemma 1.7 shows that

lim
� !1

�

B r

jD1E � j =
�

B r

jD1C j:

In addition, using the relation (trace theorem)
�

B r (x)
D1E � =

�

@Br (x)
1E � (y)

y � x
jy � xj

dH n� 1(y);

we obtain, for almost everyr ,

lim
� !1

�
�
�
�
�

�

B r (x0 )
D1E �

�
�
�
�
�

=

�
�
�
�
�

�

B r (x0 )
D1C

�
�
�
�
�
:
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As a result, for every" > 0, one can chooser0 and � 0 such that for all r 6 r0 and � 6 � 0,

r 1� n

 �

B r (x0 )
jD1E � j �

�
�
�
�
�

�

B r (x0 )
D1E �

�
�
�
�
�

!

6 ":

In particular, with " = �
2n � 1 , where � is the constant in Theorem 1.13 (corresponding

to some� < 1 that is considered �xed in what follows), we �x r̂ 6 r0: If r � = jx0 � x � j for
any sequencex � ! x0, and choosing� 0 such that for � 6 � 0, r � 6 r̂

2 , we have,
 �

B r̂ (x0 )
jD1E � j �

�
�
�
�
�

�

B r̂ (x0 )
D1E �

�
�
�
�
�

!

6 � (r̂ � r � )n� 1:

Then, we recall that B r̂ � r � (x � ) � B r̂ (x0) and notice that the integral on the left is mono-
tone with respect to the inclusion (because for everyA � B r̂ (x0),

�

B r̂ (x0 )
jD1E � j �

�
�
�
�
�

�

B r̂ (x0 )
D1E �

�
�
�
�
�

> 0 );

�

B r̂ � r �
(x � )

jD1E � j �

�
�
�
�
�

�

B r̂ � r �
(x � )

D1E �

�
�
�
�
�

6 � (r̂ � r � )n� 1:

Let us show now that the last inequality implies that x � 2 @� E � ; that means there
exists

� (x) := lim
r ! 0

�
B r (x � ) D1E ��

B r (x � ) jD1E � j
; with j� (x)j = 1 : (1.34)

This is [Mas75, Lemma 2.2]. We introduce the notation

� r =

�
B r (x � ) D1E ��

B r (x � ) jD1E � j
:

Lemma 1.8. For every s < r < r 0, we have

j� r � � sj 6 2

0

@

�
B r (x � ) jD1E � j �

�
�
�
�

B r (x � ) D1E �

�
�
�

�
B s (x � ) jD1E � j

1

A

1=2

: (1.35)

Proof. Let u and v be smaller than 1, we haveju � vj2 6 2 � 2uv: As a result,

j� r � � sj 6
p

2

 

1 �

�
B r (x � ) D1E ��

B r (x � ) jD1E � j
�

�
B s (x � ) D1E ��

B s (x � ) jD1E � j

! 1=2

;

which implies

j� r � � sj 6

 
2�

B s (x � ) jD1E � j

 �

B s (x � )
jD1E � j �

�
B r (x � ) D1E � �

�
B s (x � ) D1E ��

B r (x � ) jD1E � j

!! 1=2

6

 
2�

B s (x � ) jD1E � j

 �

B r (x � )
jD1E � j �

�
B r (x � ) D1E � �

�
B r (x � ) D1E ��

B r (x � ) jD1E � j

!! 1=2

:



72 On regularity of minimizers for TV

The last inequality is obtained using that for all j� j 6 1 and s 6 r ,
�

B s

jD1E � j � � �
�

B s

D1E � 6
�

B r

jD1E � j � � �
�

B r

D1E � :

Indeed, for everyA � Rn bounded, we have
�

A
jD1E � j � � �

�

B s

D1E � > 0:

Finally, we get

j� r � � sj 6 2

0

@

�
B r (x � ) jD1E � j

�
B s (x � ) jD1E � j

�

�
B r (x � ) jD1E � j �

�
�
�
�

B r (x � ) D1E �

�
�
�

�
B r (x � ) jD1E � j

1

A

1=2

which yields (1.35).

We will prove that (� � k r )k2 N is a Cauchy sequence. Using (1.35), we have

j� � k + m r � � � k r j 6 2
m� 1X

j =0

�
�
�
�
�

�
B � k + j r (x � ) jD1E � j �

�
B � k + j r (x � ) D1E �

�
B r� k + j +1 (x � ) jD1E � j

�
�
�
�
�

1=2

:

Thanks to Corollary 1.3, for r < ! n � 1
2(n� 1)! n jaj , we have

�

B � i r (x � )
jD1E � j >

! n� 1

2
r n� 1� i (n� 1) : (1.36)

Now, Theorem 1.13 implies that forr 6 r̂ � r �

�

B � i r (x)
jD1E � j �

�
�
�
�
�

�

B � i r (x)
D1E �

�
�
�
�
�

6 � i=2� (� i r )n� 1: (1.37)

As a result,

j� � k + m r � � � k r j 6 2
m� 1X

j =0

 
�� (k+ j )( n� 1

2 )

! n� 1=2 � � (k+ j +1)( n� 1)

! 1=2

6 2
�

2�
! n� 1

� 1
2

� k=4 1 � � m=4

1 � � k=4

6 2
�

2�
! n� 1

� 1
2

� k=4 1
1 � � 1=4

;

which shows that (� � k r )k2 N is a Cauchy sequence. Let� (x) denote its limit.
Since everyj� � i r (x)j = 1 , we have

j� (x)j = 1 :
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Then, let us prove that in fact,

lim
t ! 0

� t (x) = � (x):

For every t su�ciently small, there exists i 2 N such that

r� i +1 6 t 6 r� i :

Then,
j� t (x) � � (x)j 6 j� t (x) � � r� i (x)j + j� r� i (x) � � (x)j:

Using equation (1.35), one can write

j� t (x) � � r� i (x)j 6 2

 �
B r� i (x � ) jD1E � j �

�
B r� i (x � ) D1E �

�
B t (x � ) jD1E � j

! 1=2

6 2

 �
B r� i (x � ) jD1E � j �

�
B r� i (x � ) D1E �

�
B r� i +1 (x � ) jD1E � j

! 1=2

6 2
�

2�
! n� 1

� 1
2

� i=4

using Equations (1.36) and (1.37). This is exactly saying thatx � 2 @� E � , and so inregE �

(see [Giu84], Th. 4.11).

Remark. Note that the size of V depends only on the choice ofr0 and " , that means on
the constant � is Lemma 1.13 (so of the dimension andjaj) and of the convergence rate in
Lemma 1.7.

We can now conclude the proof of Theorem 1.14. It is enough to notice that since the
E � have a constant mean curvature, thenregE � is in fact analytic, as well asregC. So,
the local Hausdor� convergence ofE � ! C directly provides the C2 convergence ofE � \ V
to C \ V .

8.4 We can assume that E and F have the same tangent cone

We are now ready to prove the strict comparison principle for constant mean curvature
surfacesE and F (Theorem 1.12). We proceed by contradiction and assume that there
exists x0 2 @E\ @F. We prove that we can assume thatE and F have the same tangent
cone at x0. To do so, we use the dimension reducing argument by Bombieri and Giusti
[BG72]. Let C1 � C2 the tangent cones toE and F at x0. Then, there must exist y 6= 0 in
@C1 \ @C2. Indeed, if not, we could consider a ballB r (x0) and C1 \ B r (x0) and C2 \ B r (x0)
would not touch near @Br (x0) and would be both minimizing in B r (x0) and contain x0.
We could then apply the proof of Theorem 1.10 withEs and E t replaced by C1 and C2

(which do not touch near the boundary ofB r (x0), which would provide a contradiction.
We then blow up C1 and C2 at y and get two tangent conesC1

1 and C1
2 which both contain

the line l = Ry. HenceD1 = C1
1 \ (y+ l? ) and D2 = C1

2 \ (y+ l? ) are two n � 1-dimensional
minimizing cones which are either equal or distinct. If they are distinct, we can reproduce
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the scheme forD1 and D2, obtaining two (n � 2)-dimensional minimizing conesC2
1 and C2

2 .
Since there is no singular minimizing cone with dimension smaller than 7, this iteration
stops and gives two equal minimizing conesCk

1 = Ck
2 .

As a result, if we prove Theorem 1.12 withC1 = C2, we can apply it to Ck� 1
1 and Ck� 1

2
which have, by de�nition, the same tangent cone at some point. This givesCk� 1

1 = Ck� 1
2 .

By (�nite) induction, we will obtain E = F .
In what follows, we suppose thatE and F have the same tangent coneC at x0. In

addition, for simplicity, we take x0 = 0 :

8.5 Proof

Note that in what follows, to have the same notations as in [Sim87], we useT1 = @Eand
T2 = @F. We also assume thatx0 = 0 . The proof is the same as in [Sim87]. Nonetheless,
the di�erent blowups have no zero mean curvature anymore and we have to check that their
convergence is stillC2 near regular points of the limit. We begin by seeing that [Sim87,
Lemma 1] still holds with minimizers of (1.28).

Lemma 1.9. Let E minimize (1.28), x0 = 0 2 @Eand � denote the unit normal to E .
We de�ne 
 � the set of pointsx 2 regT1 which satisfy

i) d(x; singE) > � jxj,

ii)

sup
�

j� (x) � � (y)j
jx � yj

�
�
�
� y 2 regE; 0 < jy � xj < � jxj

�
<

1
� jxj

:

Then, there exist � 0(x0; E ) > 0 and � 0(x0; E ) > 0 such that

8 0 < � 6 � 0; 8 0 < � 6 � 0; 
 � \ @B� (x0) 6= ; :

Proof. The proof is exactly the same as in [Sim87]. We reproduce it here and give some
extra details. We proceed by contradiction. If the conclusion of the lemma were false, we
could �nd two sequences� j ! 0, � j ! 0 such that

8
><

>:
x 2 regE

�
�
�
�
�
�
�
jxj = � j ; dist(x; singE) > � j � j ; sup

y2 reg E
jx� yj 6 � j � j

�
j� (x) � � (y)j

jx � yj

�
<

1
� j � j

9
>=

>;
= ; :

(1.38)
Let E j = � � 1

j E: Thanks to Theorem 1.14, there exists a coneC, a subsequence (which we
still denote by j ) such that E j ! C in the Hausdor� sense, andC2 sense on the neighbor-
hoods of points inregC: If y 2 regC \ @B1 (such a point exists becauseH n� 7(singC) = 0 ),
there exists � > 0 and a sequenceyj ! y with yj 2 B � (y) \ @B1 \ regE j (we can takeyj

on the sphere again), and such thatB � (y) \ E j � regE j (thanks to Theorem 1.14). In
addition, by the C2 convergence (and eventually reducing� again), one can have

8x; z 2 B � (y) \ regE j ;
j� (x) � � (z)j

jx � zj
6

1
�

:
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Going back to E , we have

8x; z 2 B � j � (� j y) \ regE;
j� (x) � � (z)j

jx � zj
6

1
� j �

: (1.39)

Finally, notice that � j yj 2 @B� j \ regE . In addition, dist( � j yj ; singE) = � j dist(yj ; singE j ) >
� j � and, using (1.39) with z = � j yj 2 B � j � (� j y), this contradicts (1.38) for j large enough.

Let � 0; � 0 and 
 � � regT1 as in Lemma 1.9 and de�ne, for all x 2 T1, h(x) =
dist(x; spt T2): Since T1 and T2 have the same tangent cones atx0, one has, for every
� 6 � 0,

lim
r ! 0

r � 1 sup
jx j= r;x 2 
 �

h(x) = 0 : (1.40)

Indeed, we have in fact

1
r

sup
jx j= r;x 2 T1

d(x; C ) = sup
jyj=1 ;y2 r � 1T1

d(y; C) ! 0

because of Hausdor� convergence ofr � 1T1 to C. As the same holds forx 2 T2, that gives

1
r

sup
jx j= r;x 2 T2

d(x; C ) = sup
jyj=1 ;y2 r � 1T2

d(y; C) ! 0

which implies (1.40).
We select� j ! 0 such that for all � 6 � j ,

� � 1
j sup

x2 
 � 0
jx j= � j

h(x) >
1
2

� � 1 sup
x2 
 � 0
jx j= �

h(x)

we have in particular for � < 1,

sup
x2 
 � 0
jx j= �� j

h(x) 6 2� sup
x2 
 � 0
jx j= � j

h(x): (1.41)

Let � j ! 0 and T (j )
l = � � 1

j Tl : We want to show that T (j )
l are normal graphs over points

of regC.

Lemma 1.10. For every l 2 1; 2, there exist a sequence ofC2 functions h(j )
l which is

de�ned in a connected domainUj such that for some� j ! 0,

n
x 2 regC

�
�
� dist(x; singC) > � j jxj; � j < jxj < � � 1

j

o
� Uj (1.42)

and such that

lim
j ! + 1

jh(j )
l j �C2 = 0 ; with jf j �C2 := sup

jf (x)j
jxj

+ jr f (x)j + jxjjr 2f (x)j: (1.43)
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and that for every � 2 (0; 1) and everyj > j (� ), we also have, forl 2 f 1; 2g,
n

x 2 reg(� � 1
j Tl )

�
�
� dist(x; singC) > � jxj; � < jxj < � � 1

o
� G(j )

l � reg(� � 1
j Tl ) (1.44)

where G(j )
l is the graph of h(j )

l (more precisely, G(j )
l = H (j )

l (Uj ) where H (j )
l (x) = x +

h(j )
l � (x) and � (x) is the normal of reg(C) at x). We also ask that

� � 1
j (
 2� ) \

�
x

�
� � < jxj < � � 1	

�
n

x 2 reg(� � 1
j T1)

�
�
� dist(x; singC) > � jxj

o
: (1.45)

Proof. Let T (j )
l := � � 1

j Tl . We construct � j as follows. Let � 1 be any real in (0; 1) and for
l 2 f 1; 2g, we consider

K 1 := f x 2 regC j dist(x; singC) > � 1jxj; � 1 6 jxj 6 � � 1
1 g:

It is a compact subset of regC. Thanks to Theorem 1.14, there existsh1 such that if
y 2 T (j )

l satis�es jy � xj < h 1 for somex 2 K 1, then y 2 regT (j )
l .

Using the Hausdor� convergence ofT (j )
l to C on the compact set

L 1 = f x 2 Rn j ; dist(x; singC) > � 1jxj; � 1 6 jxj 6 � � 1
1 g;

there exists j 2 such that for every j > j 2 and y 2 L 1 \ T (j )
l , there exists x 2 K 1 with

jx � yj 6 h0=2: That implies that

L 1 \ T (j )
l � regT (j )

l :

We can increasej 2 again such that L 1 \ T (j )
l is in fact a graph of h(j )

l over K 1 with

kh(j )
l kC2 6

1
j

:

This is possible since theL 1 convergence of theh(j )
l is provided by the Hausdor� conver-

gence ofT (j )
l to C and the C2 is obtained using the analyticity of regT (j )

l as well asregC.
We let � j 2 = � 1

2 and for every j 2 [1; j 2 � 1], � j = � 1: To de�ne j 3, we use the same scheme
with � j 2 in place of � 1: that enables to de�ne � k for k 6 j 3. Then, � j ! 0.

We proved (1.43) and (1.44) by construction.
We now prove (1.45). If it does not hold, then there exists� and j k ! 1 such that

there exists
xk 2 � � 1

j k
(
 2� ) \

�
x

�
� � < jxj < � � 1	

and
dist(xk ; singC) 6 � jxk j:

The last equation means that there iszk 2 singC such that jxk � zk j 6 � jxk j: One can
assume that zk ! z 2 singC using the local compactness ofsingC. Finally, jxk � zj 6
� jxk j + " k with " k ! 0.

The point z is singular, which implies in particular that C cannot be a graph around
it. As a result, we have a unit vector � and two sequenceszi ; ~zi 2 regC which converge
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to z and whose normals� (zi ) and � (~zi ) converge respectively to� and � � . Since T j

convergeC2 to C in the neighborhood of regC, there exist (using a diagonal argument)
� k ; ~� k 2 regT (j k )

1 such that

jz � � k j 6
� 2

10

and the normals � (� k ) and � (~� k ) to regT j k
1 satisfy, for k large enough,

j� (� k ) � � (~� k )j >
3
2

: (1.46)

On the other hand, sincexk 2 � � 1
j k


 2� , we have

sup
�

j� (xk ) � � (y)j
jxk � yj

�
�
�
� y 2 regT j k

1 ; 0 < jy � xk j < 2� jxk j
�

<
1

2� jxk j
:

Noting that we can choosey = � k and y = ~� k in the last identity, it provides

j� (xk ) � � (� k )j
jxk � � k j

6
1

2� jxk j

which implies, sincejxk � � k j 6 11� jxk j
10 ,

j� (xk ) � � (� k )j 6
11
20

:

The same holds for~� k . Summing, we get

j� (� k ) � � (~� k )j 6
11
10

:

This contradicts (1.46), proving (1.45).

Using this lemma, we have maps

pj : � � 1
j 
 2� \

�
x

�
� � < jxj < � � 1	

! Uj

with
H (j )

1 (pj (x)) = pj (x) + h(j )
1 (pj (x)) � (pj (x)) = x

and 8
�

x
�
� � < jxj < � � 1

	
and j su�ciently large,

1
2

uj (pj (x)) 6 � � 1
j dist( � j x; T2) 6 2uj (pj (x)) (1.47)

where uj = h(j )
1 � h(j )

2 . The last inequality is provided by the convergence of� (j )
l (x j ) to

� (x) for x j ! x (and obvious notation). We notice that sinceregT1 \ regT2 = ; (Section

5), one can assume thatuj > 0: Equation (1.41), after dilation with a factor � (� 1)
j , gives

sup
x2 � � 1

j 
 � 0
jx j= �

� � 1
j h(� j x) 6 2� sup

x2 � � 1
j 
 � 0

jx j=1

� � 1
j h(� j x)
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Using then (1.47), we obtain

sup
x2 � � 1

j 
 � 0
jx j= �

uj (pj (x)) 6 4� sup
x2 � � 1

j 
 � 0
jx j=1

uj (pj (x)) : (1.48)

Since regT1 and regT2 are two constant mean curvature submanifolds, we can prove
the

Lemma 1.11. The di�erence uj := h(j )
1 � h(j )

2 satis�es an equation of the form

� C uj + jAC j2uj = div( aj � r uj ) + bj � r uj + cj uj (1.49)

where � C is the Laplace-Beltrami operator onC, AC the second fundamental form ofC
and aj ; bj ; cj three functions converging uniformly to zero on compact subsets ofregC.

Proof. Let f be a function onregC and considerM the normal graph of f over regC (we
note only C in the rest of the proof). A parametrization of M is (locally) F : 
 ! Rn

with
F (x) = C(x) + f (C(x)) � (C(x))

where C(x) is a local parametrization ofC. More precisely, the metric onC is written

gij = ( @i C ; @j C) :

As a result, a tangent vector is written (the h�;� are the coe�cients of AC )

� i = @i F = @i (C + f � ) = @i C + @i f � + f@i � = @i C + @i f � + fh il glm @m C:

Thus the metric on M is

~gij =
�

@i C + @i f � + fh il glm @m C ; @j C + @j f � + fh js gst@t C
�

(1.50)

= gij + @i f@j f + fh il glm gmj + fh js gstgit + f 2hil glm hjs gstgmt (1.51)

= gij + f
�

hil glj + hjl gli
�

+ @i f@j f + f 2glm hil hjm : (1.52)

Note that this metric does not contain any derivatives of order two for f . Using normal
coordinates onC, it can be rewritten as

~gij = � ij (1 + 2 f � i + f 2� 2
i ) + @i f@j f:

The normal to M can be computed in the basis(@i C; � ) as

~� = �� +
X

i

� i @i C:

The coe�cients � and � i satisfy

0 = (~� ; @i F ) =
�

~� ; @i C + @i f � + fh il glm @m C
�

= � j gij + �@i f + fh il glm � j gjm

= � j gij + �@i f + fh il � l :

(1.53)
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and
(~� ; ~� ) = � 2 + � i � j gij = 1 : (1.54)

So, the coe�cients � and � depends only on order zero and one derivatives off .
One also have~hij = � (Fij ; ~� ) : Let us compute

@j (Fi ) = @j

�
@i C + @i f � + fh il glm @m C

�

= @ij C + @ij f � + @i f@j � + @j fh il glm @m C + f@j (hjl )glm @m C + fh il @j (glm )@m C + fh il glm @jm C:

Hence

(Fij ; ~� ) = ( @ij C ; �� + � k@kC) + �@ij f + @i f (@j � ; � k@kC) + @j fh il glm � k (@kC ; @m C)

+ f@j (hil )glm � k (@kC ; @m C) + fh il @j (glm )� k (@kC ; @m C) + fh il glm (@jm C ; �n + � kCk ) :

In normal coordinates onC (the second fundamental form is writtenhij = � i � ij ), that
can be rewritten as

~hij = �h ij � �@ij f � @i f � j � j � @j f � i � i � f@j (hil )� l + �fh ij :

To compute the mean curvature, we need the inverse of the metric. We compute using
normal coordinates inC.

~gij = � i j
�
1 � 2f � i � f 2� 2

i

�
� @i f@j f + 4 f 2� ij � 2

i + o(f 2)

= � ij (1 � 2f � i + 3 f 2� 2
i ) � @i f@j f + o(f 2):

Note that no term in this metric (even in o(f 2)) involves second derivative off . We have
to estimate � and � i . In normal coordinates, we have, using (1.53) and (1.54),

� i + �@i f + f � i � i = 0 ;

which yields

� i = �
�@i f

1 + f � i
= � �@i f (1 � f � i + o(f )) = � �@i f + �f@ i f � i + o(f 2):

On the other hand, � 2 +
P

� 2
i = 1 , which means

� 2 +
X

i

(� �@i f + f@i f � i + o(f 2))2 = 1 ;

or

� 2

 

1 +
X

i

(@i f )2(1 + f � i o(f 2))2

!

= � 2(1 + jr f j2) + o(f 2) = 1 :

Finally,

� =

s
1

1 + jr f j2
= 1 �

1
2

jr f j2 + o(f 2)
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and

� i = � @i f + f@i f � i + o(f 2)

where there is no second derivative off in o(f 2).
The mean curvature can now be computed using normal coordinates onC (once again,

no second derivative ino(f 2)).

~H = ~gij ~hij = ( � ij (1 � 2f � i + 3 f 2� 2
i ) � @i f@j f )( �h ij � �@ij f � @i f � j � j � @j f � i � i � f@j (hil )� l + �fh ij )

= �� i (1 � 2f � i � 3f 2� 2
i ) + � (� @ii f + 2 f � i @ii f ) � 2@i f � i � i � f@i (hil )� l

+ �f � i � 2f 2�� 2
i � �� i @i f 2 + o(f 2)

= � i (1 � 2f � i � 3f 2� 2
i ) �

1
2

jr f j2� i � @ii f + 2 f � i @ii f

+ 2 � i (@i f )2 + f@i (hil )@l f + f � i � 2f 2� 2
i � � i (@i f )2 + o(f 2)

= (1 + f )H �
1
2

jr f j2H
| {z }

=0

� � f � 2f jAj2 + div( ar f ) + b� r f + cf

with

aij = 2 fh ij and bi = � � i @i f � f@k (hki ) + o(f ) and c = � 2f jAj2 + o(f ):

So, h(j )
l both satisfy (we denote byH j the (constant) mean curvature of T (j )

l )

H j + � h(j )
l + 2h(j )

l jAj2 = div( ar f ) + b� r f + cf:

Substracting the two equations (and denoting byB the quantity 2A) and noting that
since the two termso(h(j )

1 ) and o(h(j )
2 ) are smooth and obtained by the same procedure,

one haso(h(j )
1 ) � o(h(j )

2 ) = o(uj ), we get

� uj + 2uj jAj2 = div
�

h(j )
1 B r (h(j )

1 ) � h(j )
2 B r (h(j )

2 )
�

�
X

i

� i

h
(@i h

(j )
1 )2 � (@i h

(j )
2 )2

i
� 2uj (h(j )

1 + h(j )
2 )jAj2 + o(uj )

= div
�

(h(j )
1 + h(j )

2 )B r uj

�
+ div

�
h(j )

1 B r h(j )
2 � h(j )

2 B r h(j )
1

�

�
X

i

� i @i (h
(j )
1 � h(j )

2 )@i (h
(j )
1 + h(j )

2 ) � 2uj (h(j )
1 + h(j )

2 )jAj2 + o(uj ):

Then, we write

div
�

h(j )
1 B r h(j )

2 � h(j )
2 B r h(j )

1

�
= h(j )

1 (div( B r uj )) + ( h(j )
1 � h(j )

2 ) div( B r hj
1)

and

h(j )
1 (div( B r uj )) = div( h(j )

1 B r uj ) � r h(j )
1 � B r uj
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to get

� uj + 2uj jAj2 = div
�

(2h(j )
1 + h(j )

2 )B r uj

�

+
�

B r h(j )
1 � Ar (h(j )

1 + h(j )
2 )

�
� r uj

+
�

� 2uj (h(j )
1 + h(j )

2 )jAj2 + div( B r h(j )
1 )

�
uj + o(uj ):

Then, it remains to see that with

aj := (2 h(j )
1 + h(j )

2 )B

bj := B r h(j )
1 � Ar (h(j )

1 + h(j )
2 )

and
cj := � 2uj (h(j )

1 + h(j )
2 )jAj2 + div( B r h(j )

1 ) + " j

where o(uj ) = " j uj , we haveaj ; bj ; cj ! 0 on compact subsets ofregC and satisfy (1.49).

The rest of the proof is similar to [Sim87]. Nonetheless, we reproduce it for convenience
(and give extra details).

Since uj > 0, one can use Harnack inequality in (1.49) on a compactK � regC. It
yields

sup
K

uj 6 cK inf
K

uj : (1.55)

Then, Schauder theory ([GT01, Th. 8.32]) implies that for j large enough,

juj jC1;� (K ) 6 cK inf
K

uj :

Now, let us �x y0 2 regC. Then, the sequence� j := ( uj (y0) � 1)uj converges, up to a
subsequence, inC1

loc(regC) to some function u. Since � j (y0) = 1 for all j , j� j jC1;� (K ) is
bounded away from zero, and so isinf K uj : As a result, u > 0 on regC (and u(y0) = 1 ).
On the other hand, u is a solution of

� C u + jAC j2u = 0 :

In particular, � C u 6 0 on regC.
The last part of the proof consists in applying Bombieri and Giusti Harnack inequality

[BG72, Th. 6] for functions on a minimal cone tou on regC.

Lemma 1.12. There exists a sequence' j 2 C1
c (regC) such that

� For every x 2 
 , 0 6 ' j (x) 6 1
� For every x 2 regC such that 1

j 6 jxj 6 j and dist(x; singC) > 1
j , we have' j (x) =

1,
� For a �xed R > 0, one has

�

reg C\ B R (0)
jr ' j j2 ! 0: (1.56)
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Proof. First, note that H n� 2(singC) = 0 , so, for all " > 0, we can coversingC by N j balls
B i := B � i (x i ), of radius � i such that

� i 6
1
2j

and
X

i

� n� 2
i 6 ":

We take " = 1
j in what follows.

For every i , we introduce a smooth function i such that  i (x) = 1 on B i and  i = 0 on

 n B2� i (x i ): Then, �



jr  i j2 6

� � i

2

� � 2
(4� n

i � � n
i ) 6 � n� 2

i :

We introduce  j := 1 � max( i ): Then, as soon asdist(x; singC) > 1
j , dist(x; B i ) > 1

2j > � j

so  i (x) = 0 and then  j (x) = 1 :
Let us de�ne the setsA0 = ; and

81 6 i 6 N j ; A i := f  j = 1 �  i g n
[

k<i

Ak :

One can compute �



jr  j j2 =

X

i

�

A i

jr  i j2 6
X

i

� n� 2
i 6

1
j

:

Finally, we set
' j = � j �  j

where � j is a cut o� function such that � j = 1 on B j (0) and 0 on 
 n B j +1 . This way,
jr � j j 6 1. As a result,

8x 2 
 ; jr ' j (x)j 6 jr  j (x)j

and ' j ful�lls the requirement of the lemma.

Now, let Q > 0 and uQ = min( u; Q): Since� C u 6 0 on regC, one has, for every� > 0
Lipschitz compactly supported on regC,

�

reg C
r uQ � r � > 0:

Let  2 C1
c (Rn ): With � = ' 2

j  2u� 1
Q , we have

�

reg C
r uQ �

�
2u� 1

Q  r ' j + 2u� 1
Q ' 2

j r  2 �
1

uQ
' 2

j  2r uQ

�
> 0:

Using the regularity of u, (1.56) and ' j ! 1 uniformly on compact sets ofregC, we get
that for every R > 0, �

B R (0) \ reg C
jr uQ j2 < + 1 :

On the other hand, with � =  ' j and assuming > 0, and letting j ! 1 we obtain
�

reg C
r uQ � r  > 0:



Local continuity 83

Thanks to the two last inequalities, one can now apply [BG72, Th. 6] withp = 1 ,
which tells that �

reg C\ B 2 (0)
uQ 6 c inf

reg C\ B 2 (0)
uQ :

With Q ! 1 , we obtain
�

reg C\ B 2 (0)
u 6 c inf

reg C\ B 2 (0)
u > 0:

Coming back to the functions uj , on every (non empty) compactL � regC \ B2(0),
we have

inf
L

u > inf
reg C\ B 2 (0)

u := � > 0:

As inf L uj ! inf L u, one has, forj larger than somej 1,

inf
L

uj >
�
2

:

On the other hand, uj (y0) ! u(y0) = 1 : So, there existsj 2 such that 8j > j 2, uj (y0) > 1
2 :

Thus, there exists j 3 = max( j 1; j 2) such that for all j > j 3,

inf
L

uj >
�
4

uj (y0):

Remembering (1.55), one deduce that for everyK � regC \ B2(0) compact (non empty),
one has, forj su�ciently large (depending on K and L),

inf
L

uj > cK sup
K

uj : (1.57)

Taking K = pj (� � 1
j 
 � 0 \ @B1) and L = pj (� � 1

j 
 � 0 \ @B� ); we see that for small� , (1.57)
and (1.48) cannot happen together. This is a contradiction.
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Chapter 2

Mean curvature �ow with obstacles:
a viscosity approach

1 Introduction

In this article, we introduce the level set formulation of a generalized motion by mean
curvature with obstacles. It is well known (see for example [ES91]) that ifu : Rn ! R
is a smooth function with a nonzero gradient atx0, the mean curvature of the level set
f u = u(x0)g is given by div

�
r u

jr uj

�
: As a result, making this set evolve by mean curvature

yields the following equation for u:

ut = jr uj div
�

r u
jr uj

�
: (2.1)

This type of motion was �rst studied in 1991 using viscosity solutions by Evans and Spruck
([ES91]) and Chen, Giga and Goto ([CGG91]).

Motivated by recent works from Almeida, Chambolle and Novaga ([ACN12]) and
Spadaro ([Spa11]) about a discrete scheme for the mean curvature �ow with obstacles,
we are interested in the viscosity solutions of a mean curvature motion constrained by
obstacles.

We �rst present the viscosity framework we use and prove a uniqueness and existence
result for bounded uniformly continuous initial data and obstacles, and Lipschitz forcing
term. Then, we give a more precise result on the regularity of the solution. We also
show that our level-set approach really de�nes a geometric �ow: the� -level set of the
solution depends only on the� -level set of the initial data and the obstacles. Nonetheless,
as expected, there is no uniqueness: level sets of the solution can develop non empty
interiors.

Finally, in Section 4, we compare the approach followed by [Spa11] and [ACN12] to
ours, in order to get long time properties of our solution.

85



86 Mean curvature �ow with obstacles: a viscosity approach

2 Notation

In what follows, we consider the equation (slightly more general than (2.1), but the
latter has to be kept in mind), for u : Rn � R+ ! R

8t > 0; x 2 Rn ; ut + F (Du; D 2u) + kjDu j = 0 ; (2.2)

where k : Rn � R+ ! R is a forcing term and F : Rn � S n ! R satis�es

i) F is continuous in space and time whenp 6= 0 ,

ii) F is geometric : 8� > 0; � 2 R; F (�p; �X + �p 
 p) = �F (p; X ),

iii) For X and Y symetric matrices with X 6 Y , F (p; X ) 6 F (p; Y).

In the following, r u, Du and D 2u denote space derivatives only.
We also introduceF and F which are respectively the upper semicontinuous and lower

semicontinuous envelopes ofF 1.
To play the role of obstacles, we consideru� and u+ : Rn ! R, with u� 6 u+ . The
function u will be forced to stay betweenu� and u+ . Geometrically, the constraint reads
f u+ > s g � f u > s g � f u� > s g:

To adapt the classical theory of viscosity solutions (we will use the same scheme of
proof as in [CIL92]), the key point is to de�ne correctly sub and super solutions.

De�nition 2.1. A function u : Rn � R+ ! R is said to be a (viscosity) subsolution on
[0; T] of the motion equation with obstaclesu+ ; u� and initial condition g if

� u is upper semicontinous (usc),
� for all x; t 2 Rn � [0; T]; u� (x; t ) 6 u(x; t ) 6 u+ (x; t ),
� for all x 2 Rn , u(x; 0) 6 g(x),
� if ' is a C2 function of x; t , if (x̂; t̂ ) 2 Rn � (0; T] is a maximum of u � ' and if

u(x̂; t̂ ) > u � (x̂; t̂ ), then

' t + F (D'; D 2' ) + kjD' j 6 0:

Similarly, u is said to be a (viscosity) supersolution of the motion equation with obstacles
u+ ; u� and initial condition g if

� u is lower semicontinous (lsc),
� for all x; t 2 Rn � [0; T]; u� (x; t ) 6 u(x; t ) 6 u+ (x; t ),
� for all x 2 Rn , u(x; 0) > g(x),
� if ' is a C2 function of x; t , if (x̂; t̂ ) 2 Rn � (0; T] is a minimum of u � ' and if

u(x̂; t̂ ) < u + (x̂; t̂ ), then

' t + F (D'; D 2' ) + kjD' j > 0:

1. This quantity is useful to make the following results apply for the mean curvature motion, where

F (p; X ) = � Tr
��

I �
p 
 p
jpj2

�
X

�
:
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Finally, u is said to be a (viscosity) solution of the motion equation with obstaclesu+ ; u�

if u is both a super and a sub solution.
To simplify, we write

ut + F (Du; D 2u) + kjDu j = 0 on f u� 6 u 6 u+ g: (2.3)

A supersolution (resp subsolution) of the motion equation with obstaclesu+ ; u� will be
called a supersolution (resp. subsolution) of(2.3).

There is another equivalent de�nition of such solutions, which can be useful (see
[CIL92]).

De�nition 2.2. Let f : Rn � (0; T] ! R. We said that (a; p; X ) 2 R � Rn � S n (R) is a
superjet for f in (x0; t0) and we denote(a; p; X ) 2 J 2;+ f (x0; t0) if, when x; t ! x0; t0 in
Rn � (0; T],

f (x; t ) 6 f (x0; t0)+ a(t � t0)+ ( p ; x � x0)+
1
2

(X (x � x0) ; x � x0)+ o(jt � t0j + jx � x0j2):

We likewise say that(a; p; X ) 2 R � Rn � S n (R) is a subjet for f in (x0; t0) and we denote
(a; p; X ) 2 J 2;� f (x0; t0) if, for every x; t ! x0; t0;

f (x; t ) > f (x0; t0)+ a(t � t0)+ ( p ; x � x0)+
1
2

(X (x � x0) ; x � x0)+ o(jt � t0j + jx � x0j2):

Then, u is a subsolution of (2.3) if it satis�es the three �rst assumptions of the previous
de�nition and if

8x; t 2 Rn � (0; T]; 8(a; p; X ) 2 J 2;+ u(x; t ); u(x) > u � (x) ) a + F (p; X ) + kjpj 6 0:

Of course, u is a supersolution of (2.3) if the three assumptions of the �rst de�nition are
satis�ed and if

8x; t 2 Rn � (0; T]; 8(a; p; X ) 2 J 2;� u(x; t ); u(x) < u + (x) ) a + F (p; X ) + kjpj > 0:

We also use the following notations.

De�nition 2.3. For f : Rn ! R, we denote byf � the upper semicontinuous envelope of
f . More precisely

f � (x) = lim sup
y! x

f (y):

We de�ne in a similar way the lower semicontinuous envelope off .

f � (x) = lim inf
y! x

f (y):

Note that f � (resp. f � ) is the smaller (resp. larger) semicontinuous functiong such that
g > f (resp. g 6 f ).
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3 Existence and uniqueness

The aim of this section is to show the

Theorem 2.1. We assume thatu� and u+ are uniformly continuous and bounded and that
k is Lipschitz and bounded. Then, ifg : Rn ! R is uniformly continuous and u� (x; 0) 6
g(x) 6 u+ (x; 0), (2.3) has a unique solution, which is uniformly continuous.

The proof structure is classical when dealing with viscosity solutions. A comparison
principle will show uniqueness, and makes us be able to show existence.

3.1 Uniqueness

We begin by proving a comparison principle, adapted from [CIL92], Theorem 8.2.
Throughout the proof, ! will denote a modulus of continuity for u� , u+ and g and L a
Lipschitz bound on k.

Proposition 2.1 (Comparison principle). We assume thatu is a subsolution andv a
supersolution of(2.3) on (0; T), and that u(x; 0) 6 v(x; 0). Then, u 6 v in Rn � (0; T).

Proof. We proceed by contradiction. Since~u = ( u � �
T � t ) _ u� is still a subsolution, but

with
@t ~u + F (D ~u; D 2~u) + kjD ~uj 6 � c < 0;

it is enough to prove the comparison principle with~u and then pass to the limit. Suppose
that there exists x; t such that u(x; t) � v(x; t) > 2� > 0: One de�nes

�( x; y; t ) = u(x; t ) � v(y; t) �
�
4

jx � yj4 �
"
2

(jxj2 + jyj2):

If " is su�ciently small, �( x; x; t) > �: Hence,M := max
x;y;t

�( x; y; t ) > � (the penalization at

in�nity reduces searching for the maximum to a compact set). Let x̂; ŷ; t̂ be a maximum
point. Since u and v are bounded, there isC depending only onkuk1 and kvk1 such that

jx̂ � ŷj 6
C

� 1=4
:

First, let's show by contradiction that u(x̂; t̂ ) > u � (x̂; t̂ ) and v(ŷ; t̂) < u + (ŷ; t̂ ). Suppose
for example that u(x̂; t̂ ) = u� (x̂; t̂ ). Then

0 < � 6 u� (x̂; t̂ ) � v(ŷ; t̂ ) 6 u� (ŷ; t̂ ) + ! (jx̂ � ŷj) � v(ŷ; t̂ )

6 ! (jx̂ � ŷj) + 0 6 ! (C� � 1=4):

Hence, if � is su�ciently large (independently of " ), ! (C� � 1=4) 6 �=3. Contradiction (this
shows moreover thatt̂ < T ). Similarly, v(ŷ; t̂ ) < u + (ŷ; t̂ ).

In what follows, � is �xed su�ciently big to satisfy these conclusions.
As

M +
�
4

jx � yj4 +
"
2

(jxj2 + jyj2) > u(x; t ) � v(y; t) (2.4)
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with equality in x̂; ŷ; t̂ , we are able to apply Ishii's lemma [CIL92] which provides(a; b; X; Y )
such that (a; � jx̂ � ŷj2(x̂ � ŷ)

| {z }
:= p̂

� " x̂; X � "I ) 2 J
2;+

u(x̂; t̂) and (b; � jx̂ � ŷj2(x̂ � ŷ) + " ŷ; Y +

"I ) 2 J
2;�

v(ŷ; t̂). It provides moreover a � b = 0 and

� Cjx̂ � ŷj2�
�
I 0
0 I

�
6

�
X 0
0 � Y

�
6 �C jx̂ � ŷj2

�
I � I

� I I

�
;

which shows in particular that X 6 Y and kX k; kYk 6 C1� jx̂ � ŷj2:
Sinceu and v are respectively subsolution and supersolution near(x̂; t̂ ) and (ŷ; t̂), one

has

c 6 a � b| {z }
=0

+ F (p̂ � " ŷ; Y � "I ) � F (p̂ + " x̂; X + "I ) + k(ŷ; t̂)jp̂ + " ŷj � k(x̂; t̂ )jp̂ � "x j:

One can write

k(ŷ; t̂ )jp̂ + " ŷj � k(x̂; t̂ )jp̂ � "x j 6 (k(ŷ; t̂ ) � k(x̂; t̂ )) jp̂ + " ŷj + 2k(x̂; t )( j" ŷj + j" x̂j);

which gives (if N = kkk1 )

c 6 � F (p̂ + " x̂; X + "I ) + F (p̂ � "y; Y � "I ) + L(jx̂ � ŷj)jp̂ + " ŷj + N (j" x̂j + j" ŷj):

Then, we want to let " goes to 0.
SinceM > � > 0, we have

� +
1
4

� jx � yj4 +
"
2

(jxj2 + jyj2) 6 u(x̂) � v(ŷ) 6 2N;

which implies that " jx̂j2 is bounded, hence" x̂ ! 0 (same for" ŷ), whereas fori 2 f 2; 3; 4g;
� jx̂ � ŷj i is bounded (so isp̂, X and Y). Indeed, � is �xed here. Hence one can assume
that p̂ ! p, X ! X 0, � jx̂ � ŷj4 ! � � :
We now use a short lemma, which is proved in [For08] (we cite the preprint of a paper which
is published, but whose published version does not contain the result we are interested in),
Lemma 2.8, and whose proof is reproduced here for convenience.

Lemma 2.1 (Forcadel, [For08]). One has

lim
� !1

lim
" ! 0

� jx̂ � ŷj4 = 0 :

Proof. Let M h = sup
jx � yj6 h
t2 [0;T )

u(x; t ) � v(y; t) and (xn
h ; yn

h ; tn
h ) such that u(xn

h ; tn
h ) � v(yn

h ; tn
h ) >

M h � 1
n and jxn

h � yn
h j 6 h: Then,

M h �
1
n

� �h 4 �
"
2

�
jxn

h j2 + jyn
h j2

�
6 M 6 u(x̂; t̂) � v(ŷ; t̂ ):

As xn
h and yn

h do not depend on" , one can let it go to zero (considering the liminf of the
right term) to get

M h �
1
n

� �h 4 6 lim inf
" ! 0

u(x̂; t̂) � v(ŷ; t̂ ):
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Let h ! 0 (We denote by M 0 the decreasing limit of M h). One obtains

M 0�
1
n

6 lim inf
" ! 0

(u(x̂; t̂ ) � v(ŷ; t̂ )) :

Let � go to in�nity :

M 0�
1
n

6 lim inf
� !1

lim inf
" ! 0

(u(x̂; t̂ ) � v(ŷ; t̂ ))

6 lim sup
� !1

0

B
B
@ sup

jx � yj6 C� � 1=4

t2 [0;T )

(u(x; t ) � v(y; t))

1

C
C
A

6 lim sup
h! 0

sup
jx � yj6 h

(u(x; t ) � v(y; t)) = M 0

hence
lim

� !1
lim
" ! 0

u(x̂; t̂) � v(ŷ; t̂ ) = M 0:

We prove similarly that lim
� !1

lim
" ! 0

M = M 0. As a matter of fact,

lim
� !1

lim
" ! 0

�
� jx̂ � ŷj4 +

"
2

(jx̂j2 + jŷj2)
�

= 0 ;

which proves the lemma.

One can now choose� such that lim
" ! 0

� jx̂ � ŷj4 ! � � with � � 6 c=2L and pass to the

liminf in " ! 0. One gets (usingX 6 Y),

c
2

6 lim inf
�
F (p̂; X ) � F (p̂; X )

�
:

To conclude, we distinguish two cases :
� if p 6= 0 , then F (p; X0) = F (p; X0) and we get the contradiction.
� if p = 0 , we have� jx̂ � ŷj2(x̂ � ŷ) �!

" ! 0
0, so X 0 = 0 and F (p; X0) = F (p; X0) = 0

and we get the contradiction too.

3.2 Existence

Let us state a straightforward but useful proposition.

Proposition 2.2. Let u be a subsolution of the mean curvature motion without obstacles
which satis�es u 6 u+ . Then, uob := u _ u� is a subsolution of (2.3) with obstacles (the
same happens forv supersolution andvob = v ^ u+ ).

Lemma 2.2. Let F be a subsolution-of-(2.3) family and de�ne U := supf u(x); u 2 Fg .
Then, U � is a subsolution of (2.3).

To prove this lemma, we need the
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Proposition 2.3. Let v be a upper semicontinuous function,(x; t ) 2 Rn � R and (a; p; X ) 2
J 2;+ v(x; t ). Assume there exists a sequence(un ) of usc functions which satisfy

i) There exists (xn ; tn ) such that (xn ; tn ; un (xn ; tn )) ! (x; t; v (x; t ))

ii) (zn ; sn ) ! (z; s) in Rn � R implies lim sup un (zn ; sn ) 6 v(z; s):

Then, there exists(x̂n ; t̂n ) 2 Rn � R; (an ; pn ; X n ) 2 J 2;+ un (x̂n ; t̂n ) such that

(x̂n ; t̂n ; un (x̂n ; t̂n ); an ; pn ; X n ) ! (x; t; v (x; t ); a; p; X ):

The proof of the proposition and the lemma can be found in [CIL92], Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).

We begin by dealing with the casek = 0 .

Construction of barriers in the non forcing case

In what follows, it will be crucial to show the existence of a subsolutionw� which
satis�es (w� ) � (x; 0) = g(x) and a supersolutionw+ such that (w+ ) � (x; 0) = g(x): Thanks
to the maximum principle, they will force the solution to get the initial data.

Let us construct w� . Without a forcing term, we note that

h(x; t ) = � (jx � � j2 + 2nt )

is a classical subsolution of (2.3) but with neither initial conditions nor obstacles (it rep-
resents the evolution of a circle). We de�ne

� � (r ) = inf f g(y) j jy � � j2 + r 6 0g

The function � � is bounded, non decreasing, continuous and satis�es� 0(0) = g(0) and
� � (�j x � � j2 � 2nt ) 6 g(x): As the equation is geometric,� � (�j x � � j2 � 2nt ) is also a
classical subsolution. Let us then de�ne

� (x; t ) =

 

sup
�

� � (�j x � � j2 � 2nt )

! �

:

Since� � (�j x � � j2 � 2nt ) 6 g(x) and g is continuous, it is also true for � (x; t ). In addition,
we can check that

� (x; t ) > � x (�j x � xj2 � 2nt ) = � x (� 2nt ) > g(x) � ! (
p

2nt ): (2.5)

where ! is the modulus of continuity of g. Hence,� (x; 0) = g(x). Thanks to Lemma 2.2,
� is a subsolution with � (x; 0) 6 g(x): We conclude this proof de�ning

w� (x; t ) = ( � (x; t ) � ! (t)) _ u� (x; t ):

It is clear that w� is a subsolution with obstacles. Indeed, by de�nition, w� > u� .
Moreover, � (x; t ) � ! (t) 6 g(x) � ! (t) 6 u+ (x; 0) � ! (t) 6 u+ (x; t ): Proposition 2.2
concludes the proof.

The other barrier w+ is obtained similarly.
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Perron's method

We use the usual Perron's method to show the existence of a solution on[0; T) for any
T. To do that, we consider

W (x; t ) = sup f w(x; t ); w (usc) subsolution on[0; T)g:

W is well de�ned becauseu� is a subsolution (so the set is not empty). Moreover, since
every w is smaller than u+ , so isW .

Applying Lemma 2.2, we show thatW � is a subsolution of (2.3). But, by de�nition of
W , we must haveW � = W . Indeed, W 6 w+ thanks to the comparison principle. Since
w+ is continuous at t = 0 , W � 6 (w+ ) � = w+ which shows that W � (x; 0) 6 g(x) and W �

is a subsolution of (2.3) with initial conditions. By de�nition of W , W � = W . Moreover,
thanks to w� , one hasW (x; 0) = g(x):

Before �nishing the proof of existence, let's notice a usefull property of the no-forcing-
term case.

Remark. If k(x; t ) = 0 , then W is ! -uniformly continuous in space. In time,W is uniformly
continuous with modulus ~! : r 7! max(! (r ); ! (

p
2nr )) . Indeed, the proof is contained in

the following lemma.

Lemma 2.3. Let u(x; t ) be a subsolution of(2.3) with no forcing term (and g; u� ; u+ ! -
uniformly continuous in space and time). Then,

uz;� (x; t ) = ( u(x + z; t + � ) � ! (jzj) � ~! (j� j)) _ u� (x; t )

is also a subsolution.

Proof. To begin, we notice that u(x + z; t + � ) � ! (jzj) � ~! (j� j) 6 u+ (x; t ).
Now, let ' be a smooth function with 8x; t , uz;� (x; t ) 6 ' (x; t ) with equality at (x; t).
Then, either uz;� (x; t) = u� (x; t), and nothing has to be done, oruz;� (x; t) > u � (x; t). In
the second alternative, we have

u(x + z; t + � ) � ! (jzj) � ~! (� ) > u � (x; t) = u� (x + z; t + � ) + ( u� (x; t) � u� (x + z; t + � ))

hence

u(x+ z; t+ � ) > u � (x+ z; t+ � )+( u� (x; t) � u� (x + z; t + � ) + ! (jzj) + ~! (j� j))
| {z }

> 0

> u� (x+ z; t+ � ):

As u is a subsolution at (x + z; t + � ) and u(x + z; t + � ) 6 ' (x; t ) + ! (jzj) + ~! (j� j) with
equality at (x + z; t + � ), one can write, with y = x + z; s = t + � ,

u(y; t) 6 ' (y � z; t � � ) + ! (jzj) + ~! (j� j) =: � (y; t);

equality at (y; t), and deduce that � t + F (D� (y; t); D 2� (y; t)) 6 0: Since D� (y; t) =
D' (x; t) (so are the second derivatives), we get

' t + F (D' (x; t); D 2' (x; t)) 6 0;
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what was expected.
Concerning the initial conditions, we have (we use (2.5))

u(x + z;0 + � ) � ! (jzj) � ~! (� ) 6 w+ (x + z; � ) � ! (jzj) � ~! (� ) 6 g(x + z) � ! (jzj) 6 g(x):

Applying this lemma to W shows(x; t ) 7! W (x + z; t + � ) � ! (jzj) � ~! (j� j) _ u� (x + z; t)
is a subsolution. By de�nition of W , one can write

W (x; t ) > (W (x + z; t + � ) � ! (jzj) � ~! (� )) _ u� (x + z; t) > W (x + z; t + � ) � ! (jzj) � ~! (� )

which shows exactly that W is uniformly continuous.

We now want to show that W is in fact a supersolution of (2.3). We need the following
lemma which is adapted from [CIL92], Lemma 4.4.

Lemma 2.4. Let u be a subsolution of(2.3). If u� fails to be a solution ofut + F (Du; D 2u)+
kjDu j > 0 in some point (x̂; t̂ ) (there exists(a; p; X ) 2 J 2;� u� (x̂; t̂ ) such thata+ F (p; X )+
kjpj < 0), then for all su�ciently small � , there exists a solutionu� of ut + F (Du; D 2u) +
kjDu j 6 0 satisfying u� (x; t ) > u(x; t ), sup

Rn
(u� � u) > 0, u� (x; t ) 6 u+ (x; t ) and such that

u and u� coincide for all jx � x̂j; jt � t̂ j > �:

Proof. We can suppose thatu� fails to be a supersolution in(0; 1) (this implies in particular
u� (0; 1) < u + (0; 1)). We get (a; p; X ) 2 J 2;� u� (0; 1) such that a+ F (p; X )+ k(0; 1)jpj < 0.
We introduce

u�;
 (x) = u� (0; 1) + � + ( p ; x) + a(t � 1) +
1
2

(Xx ; x ) � 
 (jxj2 + t � 1):

By upper semicontinuity of F , u�;
 is a classical subsolution ofut + F (Du; D 2u)+ kjDu j 6 0
in B r (0; 1) for 
; �; r su�ciently small.
Since

u(x; t ) > u� (x; t ) > u� (0; 1) + a(t � 1) + ( p ; x) +
1
2

(Xx ; x ) + o(jxj2) + o(jt � 1j);

choosing� = 
 r 2+ r
8 , we getu(x; t ) > u �;
 (x; t ) for r

2 6 jxj; jt � 1j 6 r and r su�ciently small.
Moreover, we can reducer again to haveu�;
 6 u+ on B r (Choosing r su�ciently small,
one has� su�ciently small and u�;
 (0; 1)� u� (0; 1) = � < u + (0; 1)� u� (0; 1). By continuity,
one can �nd a smaller r such that u�;
 (x; t ) < u + (x; t ) for all r

2 6 jxj; jt � 1j 6 r .).
Thanks to Lemma 2.2, the function

~u(x; t ) =
�

max(u(x; t ); u�;
 (x; t )) if jx; t � 1j < r
u(x) otherwise

is a subsolution of (2.3) (with initial conditions if r is small enough).

Now, we saw that W is a subsolution of (2.3) (in particular, W 6 u+ ). If it is not a
supersolution at a point x̂; t̂ , Lemma 2.4 providesW� > W subsolutions of (2.3) (with
initial condition, even if we have to reducer again, to maket stay far from zero), which is
a contradiction with the de�nition of W .
Finally, W is the expected solution of (2.3).
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With forcing term

1. We assume at this point only that u� ; u+ and g are K -Lipschitz. Then, thanks to
Remark 3.2, there exists aK -Lipschitz solution  of the non forcing term equation.
Let's set w� (x; t ) = (  (x; t ) + NKt ) _ u� (x; t ): It satis�es, as soon asw� > u � ,

ut � NK + F (Du; D 2u) = 0 ; u(x; 0) = g(x):

As a consequence,w� is a continuous subsolution of (2.3) (with forcing term) satis-
fying w� (x; 0) = g(x). It is a barrier as in 3.2. We build w+ in a similar way and
apply Perron's method to see thatW is a solution.

2. Here, u+ , u� and g are only ! -uniformly continuous. For all K > 0, let gK =
min

y
g(y) + K jx � yj, u+

K = max
y

u+ (y) � K jx � yj and u�
K = min

y
g(y) + K jx � yj:

These three new function areK -Lipschitz and converge uniformly to g; u+ and u�

when K ! 1 : Moreover, asg; u+ ; u� are ! -uniformly continuous, so are they.
Thanks to the previous point, for every K , there exists a solutionuK of (2.3) with
obstaclesu+

K ; u�
K and with initial data gK , which is (thanks to the following proposi-

tion 2.4, which is admitted for a little time) uniformly continuous with same moduli
on [0; T] for every T. One can de�ne, thanks to Ascoli's theorem

u(x; t ) = lim
n

uK n (x; t ):

The function u is continuous. We have to check that it is the solution of the motion
with obstacles u� .
It is clear that u� 6 u 6 u+ . Let ' be a smooth function and(x̂; t̂) a maximum point
of u � ' such that u(x̂; t̂) � u� (x̂; t̂ ) =: � > 0. One can assume that the maximum is
strict. We then choose" such that

8(x; t ) 2 B " (x̂; t̂ ); u(x; t ) � u� (x; t ) >
3�
4

:

Let
� := min

B c
"

ju � ' j:

It is positive (if necessary, one can reduce" again). We choosen0 such that

8n > n0; ku � uK n kL 1 (B " ) 6 max
�

�
4

;
�
2

�
:

Then, for every n > n0, uK n � ' has a maximum(xn ; tn ) on B " reached out ofu�
K .

It is easy to show that (xn ; tn ) ! (x̂; t̂ ). SinceuK is a viscosity subsolution, one can
write, at (xn ; tn ),

' t + F (D'; D 2' ) + kjD' j 6 0:

By smoothness of' and semicontinuity of F , we get the same inequality at(x̂; t̂ ).
We prove that u is a supersolution using the same arguments.

Let's conclude this section by an estimation of the solution's regularity, inspired from
[For08].
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Proposition 2.4. Let u be the unique solution of(2.3). Then u is uniformly continuous
in space. moreover, one as

8x; y; t; ju(x; t ) � u(y; t)j 6 ! (eLt jx � yj):

Proof. First, it is well known that one can choose! to be continuous and nondecreasing.
Sinceu and v are bounded byN , ! ^ 2N is a modulus too. In the following, we use this
new modulus, sill denoted by! .

Then, let � n be a C1 nondecreasing function on[0; 1 [ such that 0 6 � n � ! , for all
r > n + 1 , � n (r ) = 2 N + 1 , and for all r 2 [0; n]; � n (r ) � ! (r ) 6 1

n : Then, let us de�ne

! n (r ) = � n +
r
n2 :

It's clear that ! n (r ) �!
n!1

! (r ): Moreover, for a �xed n, ! 0
n (r ) is bounded and stays far

from zero. In what follows, we work with ! n .
We will proceed as in Proposition 2.1. Let� (x; y; t ) = ! n (eLt jx � yj): We will show by

contradiction that u(x; t ) � u(y; t) 6 � (x; y; t ): Assume that

M := sup
(x;y;t )2 Rn � Rn � [0;T )

u(x; t ) � u(y; t) � � (x; y; t ) > 0:

As before, we introduce

~M = sup
x;y;t 6 T

u(x; t ) � u(y; t) � � (x; y; t ) �
�
2

(jxj2 + jyj2) �



T � t
:

For su�ciently small 
; � , ~M remains positive and is attained (at x; y; t < T ). As g is
! -uniformly continuous, t > 0: Moreover, it is clear that x 6= y.

By assumption,

u� (x; t) 6 u� (y; t) + ! (jx � yj) 6 u� (y; t) + ! n (jx � yj) 6 u(y; t) + � (x; y; t)

so
~M > u � (x; t) � u(y; t) � � (x; y; t);

which forcesu(x; t) > u � (x; t): Similarly, u(y; t) < u + (y; t):
Applying Ishii's lemma ([CIL92], Th. 8.3) to ~u(x; t ) = u(x; t ) � �

2 jxj2 and ~v(y; t) =
u(y; t) + �

2 jyj2 where

p = Dx � =
x � y
jx � yj

eL t ! 0
n (eL t jx � yj) = � Dy � 6= 0 ;

Z = D 2
x � =

eL t

jx � yj
! 0

n (eL t jx � yj)I +
(x � y) 
 (x � y)

jx � yj3
eLt ! 0

n (eL t jx � yj)

+
(x � y) 
 (x � y)

jx � yj2
e2L t ! 00

n (eL t jx � yj):
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and

A = D 2� =
�

Z � Z
� Z Z

�
;

we get the following. For all � such that �A < I , there exists � 1; � 2 2 R, X; Y 2 Sn such
that

� 1 � � 2 =



(T � t)2 + LeL t jx � yj! 0
n (eLt jx � yj);

(� 1; p + � x; X + �I ) 2 J
2;+

u(x; t);

(� 2; p � � y; Y � �I ) 2 J
2;�

u(y; t);

� 1
�

�
I 0
0 I

�
6

�
X 0
0 � Y

�
6 (I � �A ) � 1A:

As u is a subsolution and a supersolution, one has

� 1 + k(x; t)jp + � xj + F (p + � x; X + �I ) 6 0; (2.6)

� 2 � k(y; t)jp � � yj + F (p � � y; Y � �I ) > 0:

X 6 Y in the last equation gives

� � 2 + k(y; t)jp � � yj � F (p � � y; X � �I ) 6 0: (2.7)

Adding (2.7) to (2.6) yields



(T � t)2 + LeL t jx � yj! 0

n (eL t jx � yj) � k(x; t)jp + � xj + k(y; t)jp � � yj

+ F (p + � x; X + �I ) � F (p � � y; X � �I ) 6 0: (2.8)

Notice that

LeL t jx � yj! 0
n (eL t jx � yj) � k(x; t)jpj + k(y; t)jpj

> LeL t jx � yj! 0
n (eL t jx � yj) � L jx � yjeL t ! 0

n (eL t jx � yj) > 0: (2.9)

Then, (2.8) becomes



(T � t)2 +( jpj � j p + � xj) k(x; t)� (jpj � j p � � yj) k(y; t)+ F (p+ � x; X + �I )� F (p� � y; X � �I ) 6 0:

Let � go to zero. p and X are bounded : one assumes they converge and still denotes
by p; X their limit. As jpj > 1

n2 (� n is nondecrasing),F (p; H ) = F (p; H ) for all H 2 Sn .
Moreover, � x; � y ! 0 and k is bounded, hence



(T � t)2 6 0;

which is a contradiction. So

u(x; t ) � u(y; t) 6 ! n (eLt jx � yj):

It remains to let n go to + 1 to conclude.
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3.3 Independence of level sets

In all this subsection, a solutionu of the motion with initial data u0 and obstaclesu�

and u+ will be denoted by u = [ u0; u� ; u+ ]: The corresponding equation will be denoted
by (u0; u� ; u+ ).
To agree with the geometric motion, we have to check that the zero level-set of the solution
depends only on the zero level sets of the initial conditionu0 and of the obstaclesu+ and
u� . We begin by proving a weak invariance.

Proposition 2.5. Let u be the solution of (2.2) with obstaclesu+ and u� , and let � be
a continuous nondecreasing functions[� N; N ] ! R such that f � = 0g = f 0g. Then, the
solutions

[u0 ^ � (u+ )jt=0 ; u� ; � (u+ ) _ u� ];

(u0 _ � (u� )jt=0 ; � (u� ) _ u+ ; u+ ]

and [(� (u0) ^ u+ jt=0 ) _ u� jt=0 ; u� ; u+ ]

have the same zero level set asu.

Proof. We will prove that

u� = [ u0 ^ � (u+ )jt=0 ; u� ; � (u+ ) _ u� ]

has the same zero set asu. All the other equalities can be prove with a similar strategy.
We begin the proof assuming� (x) > x: Then, u� = [ u0; u� ; � (u+ )]:

First, let us notice that the classical invariance proves immediately that� (u) is the solu-
tion [� (u0); � (u� ); � (u+ )]: In addition, thanks to Proposition 2.2, u� ^ u+ is a supersolu-
tion of (u0; u� ; u+ ). That shows u� > u thanks to the comparison principle. Similarly,
u� _ � (u� ) is a subsolution of the motion with (u0; � (u� ); � (u+ )) , and a subsolution of
(� (u0); � (u� ); � (u+ )) since� (u0) > u0. By comparison, that yields to u� 6 � (u):

Finally, u 6 u� 6 � (u) and f � (u) = 0 g = f u = 0g. This shows f u = 0g = f u� = 0g,
what was expected.

Assume now that � (x) 6 x. Then, u ^ (� (u+ ) _ u� ) is a supersolution of

(u0; u� ; � (u+ ) _ u� ):

Since� (u0) 6 u0, it is also a supersolution of

(u0 ^ � (u+ )jt=0 ; u� ; � (u+ ) _ u� )

which proves that u� 6 u: On the other hand, � (u) _ u� is a subsolution of

(� (u0); u� ; � (u+ ) _ u� );

so a subsolution of
(u0 ^ � (u+ )jt=0 ; u� ; � (u+ ) _ u� ):

As a result,
� (u) 6 u� 6 u;
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which shows that u and u� have the same zero level set.
To conclude the proof for a general� , just introduce f (x) = min( x; � (x)) and g(x) =

max(x; � (x)) and notice that since � is nondecreasing,� = f � g: So,

f u = 0g = f uf = 0g = f (ug)f = 0g = f uf � g = 0g = f u� = 0g:

Now, to be able to de�ne a real geometrical evolution, we want a more general inde-
pendence, which is contained in the following

Theorem 2.2. Let u = [ u0; u� ; u+ ]. Then, f u = 0g = f v = 0g with v = [ v0; v� ; v+ ] under
the (only) assumptions that

f u0 = 0g = f v0 = 0g; f u� = 0g = f v� = 0g and f u+ = 0g = f v+ = 0g:

Proof. This proof is based on the independence with no obstacles which is proved in [ES91],
Theorem 5.1. We assume �rst that u� = v� and u+ = v+ . As in [ES91], we de�ne

8k 2 Z n f 0g; Ek =
�

x 2 Rn
�
�
�
� u0 >

1
k

�

and
ak = max

Rn nEk

v0:

It is easy to see that

8k > 0; a1 > a2 > � � � ! 0 and a� 1 6 a� 2 6 � � � ! 0:

Let us introduce � : [� N; N ] ! R, piecewise a�ne and constant at in�nity, by

�
�

1
k

�
= ak and � (0) = 0 :

Then, by de�nition, � (u0) > v0, f � = 0g = f 0g and � is nondecreasing continuous. Thanks
to Proposition 2.5, the solution u� := [ � (u0) ^ u+ ; u� ; u+ ] has the same zero level-set as
u, and is bigger thanv by comparison principle. Hence

f v > 0g � f u� > 0g = f u > 0g:

We prove the inverse inclusion switchingu0 and v0.
Now, we assume thatu0 = v0, u� = v� and u+ 6 v+ : Then, by comparison principle,

u 6 v: We have just seen that there exists� : [� N; N ] ! R nondecreasing continuous such
that � (u+ ) > v+ and f � = 0g = f 0g: Let u� = [ u0; u� ; � (u+ ) _ u� ]: We saw that u� has
the same zero set asu. In addition, by comparison, u� > v. As the matter of fact,

f u = 0g = f v = 0g = f u� = 0g:

If we delete the assumptionu+ 6 v+ , notice that [u0; u� ; u+ ] and [u0; u� ; u+ ^ v+ ]
have the same zero set, so do[u0; u� ; v+ ] and [u0; u� ; u+ ^ v+ ]. Hence [u0; u� ; u+ ] and
[u0; u� ; v+ ] have the same zero set.

Of course, changing onlyu� yields to the same result.
We deal the general case changing the data(u0; u� ; u� ) one by one.
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3.4 Obstacles create fattening

Although the fattening phenomenon may already occur without any obstacle (see
[BNP98] for examples and [BSS93, BCL+ 08] for more general discussion), obstacles can
also generate fattening whereas the free evolution is smooth. ConsiderA a set of three
points in R2 spanning an equilateral triangle andS a sphere enclosing it, centered on the
triangle's center. Let u� = � 1, u+ = d(�; A) and u0 = d(�; S) (d is the signed distance).

It is possible to show (see next section) that the level setsf u(�; t) 6 � g are minimizing
hulls, hence are convex. So, the level setf u 6 0g contains the equilateral triangle. On
the other hand, the level setsf u 6 � � g behave as if there were no obstacles at all (in
Proposition 2.2, one can takeu+ � 1 which has the same� � -set as d(�; A)), so they
disappear in �nite time. As a result, u = 0 in the whole triangle, and f u = 0g develops
non empty interior.

4 Long-time behavior

In this section, we study the behavior of the mean curvature �ow only2 with no forcing
term in large times. In particular, we show that for relevant initial conditions, the �ow has
a limit.

In order to get some monotonicity properties of the �ow, we will link our approach to a
variational discrete �ow built in [Spa11] and [ACN12]. Starting from a set E0 and obstacle

 (which corresponds, in our framework, toE0 = f u0 > � g and 
 = f u+ 6 � g for all
� -level set), these two papers introduce the following minimizing scheme with steph:

Eh(t) = T [t=h]
h (E0)

with

Th(E ) = arg min

 � F

�
Per(F ) +

1
h

�

F � E
jdE j

�
(2.10)

where dE is the signed distance toE (negative insideE).
Spadaro introduces the notion of minimizing hull: E is said to be a minimizing hull if

j@Ej = 0 (this is not assumed in the de�nition in [Spa11], but is assumed stating minimizing
hull properties).

Per(E ) 6 Per(F ); 8F � E satisfying F n E is compact:

He shows that if E is a minimizing hull with measure-zero boundary, then for everyh, one
can de�ne a maximal minimizer in (2.10), still denoted in what follows by Th(E ). Spadaro
proves that Th(E ) � E and Th(E ) is still a minimizing hull. Moreover, if F satis�es the
same assumptions andF � E , then Th(F ) � Th(E ):

We end the general properties of this discrete �ow by the

Remark. Let E be a minimizing hull and h > ~h. Then, Th(E ) � T~h(E ).

2. That means ut = jr uj div
�

r u
jr u j

�
.



100 Mean curvature �ow with obstacles: a viscosity approach

Indeed, Let F := Th(E ) and ~F := T~hE. Since E is a minimizing hull, F; ~F � E so
dE 6 0 on F [ ~F . Using the very de�nition of F and ~F , one can write

Per(F \ ~F ) +
1
h

�

F \ ~F
dE > PerF +

1
h

�

F
dE

Per(F [ ~F ) +
1
~h

�

F [ ~F
dE > Per ~F +

1
~h

�

~F
dE :

Summing, we get

Per(F \ ~F ) + Per( F [ ~F ) +
1
h

�

F \ ~F
dE +

1
~h

�

F [ ~F
dE > PerF + Per ~F +

1
h

�

F
dE +

1
~h

�

~F
dE :

SincePer(F \ ~F ) + Per( F [ ~F ) 6 PerF + Per ~F , one has

1
h

�

F \ ~F
dE +

1
~h

�

F [ ~F
dE >

1
h

�

F
dE +

1
~h

�

~F
dE ;

which means
1
~h

�

F n ~F
dE >

1
h

�

F n ~F
dE ;

hence �

F n ~F
dE

�
1
~h

�
1
h

�
> 0:

Then, sincej@Ej = 0 , jF n ~F j = 0. By maximality of ~F , one concludesF � ~F .
To pass to the limit in h, we want to control the motion speed. First, we compare the

constrained and the free motions.

Proposition 2.6. Let E0 be a minimizing hull containing 
 . Let E f be the free evolution
of E0 (E f solves(2.10) with no constraint) and Ec the regular evolution (Ec solves(2.10)
and is maximal). Then, E f [ 
 � Ec.

Proof. Using the de�nition of E f and Ec, one can write

Per(E f \ Ec) +
�

E f \ Ec

dE0

h
> Per(E f ) +

�

E f

dE0

h

Per(E f [ Ec) +
�

E f [ Ec

dE0

h
> Per(Ec) +

�

Ec

dE0

h
:

Summing and usingPer(E \ F ) + Per( E [ F ) 6 PerE + Per F , we get
�

Ec \ E f

dE0

h
+

�

Ec [ E f

dE0

h
>

�

E f

dE0

h
+

�

Ec

dE0

h
;

which is an equality. We conclude that all the inequalities above are equalities. In partic-
ular,

Per(E f [ Ec) +
�

E f [ Ec

dE0

h
= Per( Ec) +

�

Ec

dE0

h
;

which shows that E f [ Ec is a minimizer of (2.10). SinceEc is a maximal minimizer, one
has E f � Ec.

One can also notice that by de�nition, 
 � Ec so E f [ 
 � Ec:
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Then, it is easy to see that
� A ball BR (x0) is a minimizing hull,
� For h 6 R2

4n The free evolution of BR (x0) is B r (x0) with r = R+
p

R2 � 4nh
2 .

Thanks to the monotonicity of the �ow starting from minimizing hulls ([Spa11], Lemma
3.5) and the last proposition, one can conclude that the evolutionEh of a minimizing hull
E0 contains the free evolution of every ball insideE0.

More generally, for every function u0 : Rn ! [� 1; 1] whose level sets are minimizing
hulls (we always assume this condition in the following) and an obstaclev : Rn ! [� 1; 1]
with u0 > v, one wants to de�ne an evolution uh : Rn � [0; T[! [� 1; 1] by posing for all
s 2 [� 1; 1], Es := f u0 6 sg and

f uh(t) 6 sg = ( Es)h(t):

This is well de�ned (in particular, f uh(t) 6 sg � f uh(t) 6 s0g if s 6 s0) thanks to the

Proposition 2.7. Let 
 1 � 
 2 be two obstacles andE 1 � E 2 be two minimizing hulls
containing respectively
 1 and 
 2. Then, E 1

h � E 2
h .

Proof. Use the de�nition to write

Per(E 1
h \ E 2

h) +
�

E 1
h \ E 2

h

dE 1

h
> Per(E 1

h) +
�

E 1
h

dE 1

h
;

Per(E 1
h [ E 2

h) +
�

E 1
h [ E 2

h

dE 2

h
> Per(E 2

h) +
�

E 2
h

dE 2

h
;

Summing and simplifying, we get
�

E 1
h \ E 2

h

dE 1

h
+

�

E 1
h [ E 2

h

dE 2

h
>

�

E h
1

dE 1

h
+

�

E h
2

dE 2

h

which can be read �

E 1
h nE 2

h

dE 2

h
>

�

E 1
h nE 2

h

dE 1

h
:

Since E1 � E2, one hasdE2 6 dE1 which shows that the last inequality is in fact an
equality, showing as above thatE 1

h � E 2
h :

One can easily notice the two following points:
� The scheme is invariant by translation (if ~u(x) := u(x + z) for somez 2 Rn , one has

~uh(x) = uh(x + z) where ~uh is computed using the obstaclev(� + z)).
� Proposition 2.7 gives the following monotonicity. If u 6 ~u are two functions whose

level sets are minimizing hulls,v > ~v two obstacle functions, thenuh 6 ~uh .
Now, we want to pass to the limit in h in the construction above. We will use the

Proposition 2.8. If u0 and v are uniformly continuous (with modulus! ), then the family
(uh) is equicontinuous in space (with modulus! ) and time.

Proof. � Space continuity. The space continuity is easy to deduce. By continuity and
translation invariance, ~u0(x) := u0(x + z) 6 u0(x) + ! (jzj) and ~v = v(� + z) 6
v + ! (jzj) so ~uh 6 uh + ! (jzj), which was expected
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� Time continuity. Let (x; t ) 2 Rn � R+ . Let r > 0: By uniform continuity, on
B r (x), uh(t) 6 uh(x; t ) + ! (r ); which means that A r := f uh 6 uh(x; t ) + ! (r )g
contains B r (x). Thanks to Proposition 2.6, the time evolution of A r contains the
free evolution of B r (x), as long as the latter exists. That meansuh(x; t + s) 6
uh(x; t ) + ! (r ) for s 6 Tr , extinction time of B r (x). It is easy to see that this time
is controlled, for a su�ciently small h, by r 2

p
16h

.
We proved that for h small enough,uh is continuous in time with modulus ~! (Tr ) 6
! (r ):

Corollary 2.1. Up to a subsequence, the collection(uh)h has a limit which is uniformly
continuous in space and time.

Let us denote it by u (we will see that this limit does not depend on the subsequence).
We are now able to show the main proposition of this section.

Proposition 2.9. The function u is a viscosity solution of (2.2).

Proof. We have just seen thatu is uniformly continuous in space and time. In addition,
u > v by construction and the initial conditions are satis�ed. We only have to check the
fourth point of the de�nition (we only deal with the subsolution thing, the supersolution
one can be treated similarly). Let (x; t ) 2 Rn . Either u(x; t ) = v(x; t ) and nothing has to
be done, oru(x; t ) > v (x; t ). In this case, one can directly apply [CMP12], Th. 4.6 or,
with a setting closer to ours, [Tho12], Th 3.6.1. See also [EGI12].

4.1 The limit is locally minimal

For this section, we deal only with mean curvature motion without forcing term.
Thanks to Proposition 2.9, if u0 has minimizing hull level sets, so doesu(�; t). Indeed,
uh(�; t) has thanks to Spadaro's work, and since we haveuh ! u uniformly on compact
sets, we haveL 1 convergence of the (compact) level sets ofuh to the level sets ofu. The
minimizing hull property is stable under L 1 convergence of sets (see [Spa11]).

In addition, u is nondecreasing in time (this is true foruh). As u is uniformly equicon-
tinuous on each compact set, lettingt go to + 1 we have a locally uniform convergence to
a limit u1 which is a solution of

jr uj div
�

r u
jr uj

�
= 0

with obstacles u+ ; u� , thanks to classical theory of viscosity solutions.
Thanks to [ISZ98], Theorem 3.10, one has the following result.

Proposition 2.10. Let s 2 u1 (Rn ) such that H n� 1(f u = sg) < 1 : Moreover, let

 = f u+ > sg [ f u� 6 sg. Then, there exists a relatively open setU � u� 1(s) with
H n� 8� � (u� 1(s) nU) = 0 for all � > 0, such that u� 1(s) n
 is an analytic minimal surface
in a neighborhood of each point ofU. Moreover, it is stable and stationnary in the varifold
sense (classically onU).

Note in particular that non empty interior can occur for only countable many s.
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4.2 Comparison with mean convex hull

In [Spa11], E. Spadaro deals with a so calledmean convex hull, which is built as a limit
in large time of the scheme (2.10). More precisely, he calls a set� 2 Rn a global barrier is

� minimal hypersurface; @� � � = ) � � � :

Letting A denote the family of global barriers, the mean convex hull of an obstacle
 � Rn

is de�ned by

 mc :=

\


 � � 2A

� :

With @
 2 C1;1 and n 6 7, Spadaro shows that starting from a sphereS � 
 , his discrete
mean curvature motion converge to
 mc with C1;1 boundary and that outside @
 , @
 mc is
a minimal surface.

Let u0 be any function with zero level set equal toS, u+ = d(�; 
) and u� = � 1. Since
Spadaro's work is in low dimension, the open setU in Proposition 2.10 is the wholeu� 1(s).
Let us assume thatu� 1(0) does not fatten. Hence,@f u 6 0g = f u = 0g and f u = 0g n 

is a minimal hypersurface with boundary in 
 . Using the very de�nition of the global
barrier, we deduce that f u 6 0g � 
 mc .
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Chapter 3

Mean curvature �ow with obstacles:
existence, uniqueness and regularity
of solutions (with M. Novaga)

The results of this chapter constitute a paper which has been accepted for publication in
Interfaces and Free Boundaries.

1 Introduction and main results

Mean curvature �ow is a prototypical geometric evolution, arising in many models from
Physics, Biology and Material Science, as well as in a variety of mathematical problems.
For such a reason, this �ow has been widely studied in the past years, starting from the
pioneristic work of K. Brakke [Bra78] (we refer to [GH86, Hui84, EH89, ES91, CGG91] for
a far from complete list of references).

In some models, one needs to include the presence of hard obstacles, which the evolving
surface cannot penetrate (see for instance [ESV12] and references therein). This leads to
a double obstacle problem for the mean curvature �ow, which reads

v = H on M t \ U; (3.1)

with constraint
M t � U for all t; (3.2)

wherev; H denote respectively the normal velocity andd times the mean curvature of the
interface M t , and the open setU � Rd+1 represents the obstacle. Notice that, due to the
presence of obstacles, the evolving interface is in general only of classC1;1 in the space
variable, di�erently from the unconstrained case where it is analytic (see [ISZ98]). While
the regularity of parabolic obstacle problems is relatively well understood (see [Sha08]
and references therein), a satisfactory existence and uniqueness theory for solutions is still
missing.

In [ACN12] (see also [Spa11]) the authors approximate such an obstacle problem with
an implicit variational scheme introduced in [ATW93, LS95]. As a byproduct, they prove
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global existence of weak (variational) solutions, and short time existence and uniqueness
of regular solutions in the two-dimensional case. In [Mer14] the �rst author adapts to
this setting the theory of viscosity solutions introduced in [CIL92, CGG91], and constructs
globally de�ned continuous (viscosity) solutions.

Let us now state the main results of this chapter.

Theorem 3.1. Let M 0 � U be an initial hypersurface, and assume that bothM 0 and @U
are uniformly of class C1;1, with d(M 0; @U) > 0 outside of a compact subset ofRn . Then
there existsT > 0 and a unique solutionM t to (3.1), (3.2) on [0; T), such that M t is of
classC1;1 for all t 2 [0; T).

Notice that Theorem 3.1 extends a result in [ACN12] to dimensions greater than two.
When the hypersurfaceM t can be written as the graph of a functionu(�; t) : Rd ! R,

equation (3.1) reads

ut =
p

1 + jr uj2 div

 
r u

p
1 + jr uj2

!

: (3.3)

If the obstacles are also graphs, the constraint (3.2) can be written as

 � 6 u 6  + ; (3.4)

where the functions � : Rn ! R denote the obstacles.

Theorem 3.2. Assume that  � 2 C1;1(Rd), and let u0 2 C1;1(Rd) satisfy (3.4). Then
there exists a unique (viscosity) solutionu of (3.3), (3.4) on Rd � [0; + 1 ), such that

kr u(�; t)kL 1 (Rd ) � max
�

kr u0kL 1 (Rd ) ; kr  � kL 1 (Rd )

�

kut (�; t)kL 1 (Rd ) �












p
1 + jr u0j2 div

 
r u0p

1 + jr u0j2

! 










L 1 (Rd )

for all t > 0. Moreover u is also of classC1;1 uniformly on [0; + 1 ).

We observe that Theorem 3.2 extends previous results by Ecker and Huisken [EH89]
in the unconstrained case (see also [CN13a]).

Theorem 3.3. Assume thatu0 and  � are Q-periodic, with periodicity cell Q = [0 ; L ]d,
for some L > 0. Then the solution u(�; t) of (3.3), (3.4) is also Q-periodic. Moreover
there exists a sequencetn ! + 1 such that u(�; tn ) converges uniformly asn ! + 1 to a
stationary solution to (3.3), (3.4).

Our strategy will be to approximate the obstacles with �soft obstacles� modeled by
a sequence of uniformly bounded forcing terms. Di�erently from [ACN12], where the
existence of regular solution is derived from variational estimates on the approximating
scheme, we obtain estimates on the evolving interface, in the spirit of [EH91a, EH91b,
CNV11], which are uniform in the forcing terms.
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2 Mean curvature �ow with a forcing term

2.1 Evolution of geometric quantities

Let M be a complete orientabled-dimensional Riemannian manifold without boundary,
let F (�; t) : M ! Rd+1 be a smooth family of immersions, and denote byM t the image
F (M; t ): SinceM t is orientable, we can writeM t = @E(t) where E(t) is a family of open
subsets ofRd+1 depending smoothly ont. We say that M t evolves by mean curvature with
forcing term k if

d
dt

F (p; t) = �
�
H (p; t) + k(F (p; t))

�
� (p; t); (3.5)

wherek : Rd+1 ! R is a smooth forcing term,� is the unit normal to M t pointing outside
E(t), and H is (d times) the mean curvature ofM t , with the convention that H is positive
wheneverE(t) is convex.

We shall compute the evolution of some relevant geometric quantities under the law
(3.5). We denote byr S; � S respectively the covariant derivative and the Laplace-Beltrami
operator on M . As in [Hui84], the metric on M t is denoted by gij (t), it inverse is gij (t),
the scalar product (or any tensors contraction using the metric) onM t is denoted byh�; �i
whereas the ambiant scalar product is(� ; �), the volume element is� t , and the second
fondamental form is A. In particular we have A (@i ; @j ) = hij , where we set for simplicity
@i = @

@xi
, and H = hii , using the Einstein notations (we implicitly sum every index which

appears twice in an expression). We also denote by� 1; : : : ; � d the eigenvalues ofA.
Notice that, in terms of the parametrization F , we have

gij = ( @i F ; @j F ) ; hij = �
�
@2

ij F ; �
�

for all i; j 2 f 1; : : : ; dg: (3.6)

Let us recall that the covariant derivatives commute as follow

r S
i r S

j X k = r S
j r S

i X k + Rk
ijh X h (3.7)

where
Rk

ijh X h = ( hlj hih � hlh hij )gkl X h :

In addition, the Gauss Weingarten relations are (as usual, we denote the Christo�el symbols
by � k

ij )

@2
ij F = � k

ij @kF � hij �; @j � = hjl glm @m F: (3.8)

We also give the Codazzi's equations

8i; k; l; (r i h)kl = ( r kh) il = ( r l h) ik : (3.9)

Lemma 3.1. One has (the formula is stated without proof in [Hui84], and is sometimes
called Simons' identity)

� Shij = r S
i r S

j H + Hh il glm hmj � j Aj2hij (3.10)
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Proof. First, notice that Codazzi's equations imply

(r S
k r S

i h) jl = ( r S
k r S

j h) il :

Indeed,
(r S

k r S
i h) jl = @k (r S

i hjl ) + � m
kl r

S
i hjm + � m

kj r S
i hlm

and the two quantities are symmetric in i and j .
Then, we just write (we do not use the normal coordinates to see exactly how the terms

behave)

(� Sh) ij = gkl r S
k r S

l h(@i ; @j ) = gkl r S
k r S

l hi j

= gkl r S
k r S

i hjl (using Codazzi)

= gkl �
r S

i r S
k hjl + Rkijm hml + Rkilm hmj

�

= gkl �
r S

i r S
j hkl + Rkijm gmshsl + Rkilm gmshsj

�
(using Codazzi again)

= gkl �
r S

i r S
j hkl + ( hkj him � hkm hij )gmshsl + ( hkl him � hkm hil )gmshsj

�

= gkl r S
i r S

j hkl � j Aj2hij + Hh im gsmhsj + gkl gsmhkj hslhmi � gkl gmshkm hil hsj :

Sincer i gkl = 0 (Ricci's lemma), the �rst term is exactly r S
i r S

j H: In addition, switching
the indices (k; l ) and (s; m), the term gkl gsmhkj hslhmi � gkl gmshkm hil hsj vanishes.

Proposition 3.1. The following equalities hold:

d
dt

gij = � 2(H + k)hij (3.11)

d
dt

� = r S(H + k) (3.12)

d
dt

� t = � H (H + k)� t (3.13)

d
dt

hij = � Shij + r S
i r S

j k � 2Hh il glm hmj � kgml him hjl + jAj2hij (3.14)

d
dt

H = � S(H + k) + ( H + k)jAj2 (3.15)

d
dt

jAj2 = � S jAj2 + 2kgij gslgmn his hlm hnj + 2 jAj4 � 2jr SAj2 + 2


A ; (r S)2k

�
:(3.16)

Proof. The proof follows by direct computations as in [Hui84, EH91b]. First, note that
since(� ; � ) = 1 , we have

(@i � ; � ) = ( @t � ; � ) = 0 :

Recalling (3.6), we get

d
dt

gij =
d
dt

(@i F ; @j F ) = � (H + k) (( @i � ; @j F ) + ( @i F ; @j � )) = � 2(H + k)hij
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Let us notice that given a vector �eld X tangent to M , one can writeX = hX ; @i F i gij @j F .
Since@t � is tangent to M t , we write

d
dt

� =
�

d
dt

� ; @i F
�

gij @j F = �
�

� ;
d
dt

@i F
�

gij @j F

= ( � ; @i ((H + k)� )) gij @j F = @i (H + k)gij @j F = r S(H + k):

The evolution of the measure onM t

� t =
p

det[g]

is given by

d
dt

p
det[g] =

d
dt det[g]

2
p

det[g]
=

det[g] � Tr
�
gij d

dt gij
�

2
p

det[g]

= �
p

det[g] � (H + k)gij hji = � � t H (H + k):

In order to prove (3.14) we compute, using (3.8),

d
dt

hij = �
d
dt

�
� ; @2

ij F
�

= �
�
r S(H + k) ; @2

ij F
�

+
�
@2

ij (H + k)� ; �
�

= �
�

gkl @k (H + k)@l F ; � k
ij @kF � hij �

�

+ @2
ij (H + k) + ( H + k)

�
@j

�
him gml @l F

�
; �

�

= @2
ij (H + k) � � k

ij @k (H + k) + ( H + k)him gml
�

� k
lj @kF � hlj � ; �

�

= r S
i r S

j (H + k) � (H + k)hil glm hmj : (3.17)

Lemma 3.1 implies (3.14) follows from (3.17). From (3.14) we deduce

d
dt

H =
d
dt

gij hij

= 2( H + k)gis hslglj hij + gij
�

r S
i r S

j (H + k) � (H + k)hil glm hmj

�

= � S(H + k) + ( H + k)jAj2;

which gives (3.15). In addition, we get

d
dt

jAj2 =
d
dt

�
gik gjl hij hkl

�

= 2
d
dt

gjl hij hkl + 2gik gjl d
dt

hij hkl

= 2
�

2(H + k)gjs hstgtl
�

gjl hij hkl

+ 2gik gjl
�

� Shij + r S
i r S

j k � 2Hh il glm hmj � kgml him hjl + jAj2hij

�
hkl

= 2kgjs hstgtl gjl hij hkl + 2gik gjl � Shij hkl + 2 jAj4 + 2


A ; (r S)2k

�
:

(3.18)
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On the other hand, one has

� S jAj2 = 2


� SA ; A

�
+ 2 jr SAj2 = 2gpqgmn hpm � Shqn + 2 jr SAj2: (3.19)

so that (3.16) follows from (3.19) and (3.18).

2.2 Higher derivatives of A

In this subsection, we show that the results in [Hui84], Section 7 still hold with a forcing
term. More precisely, we show the

Theorem 3.4. For any m 2 N, we have

(@t � � S)jr m Aj2 = � 2jr m+1 Aj2 + r m+2 k � r m A

+
X

i + j + k= m

r i A � r j A � r l A � r m A + r i A � r j A � r l k � r m A:

where the notation� denotes any contraction with the metric.

To prove this theorem, we �rst have to control the derivatives of the Christo�el symbols.

Proposition 3.2. The Christo�el symbols satisfy

@t � k
ij = gkl (r i (@t g) jl + r j (@t g) il � r l (@t )gij ) (3.20)

Proof. We simply compute

2@t � k
ij = @t

�
gkl (@i gjl + @j gil � @l gij )

�

= @t gkl (@i gjl + @j gil � @l gij ) + gkl (@i @t gjl + @j @t gil � @l @t gij )

= 2@t gkl � m
ij glm + gkl (@i @t gjl + @j @t gil � @l @t gij ) :

Now, we want to replace the quantities@� g�
 by (r � g) �
 using

(r � g) �
 = @� g�
 � � �
�� g�
 � � �

�
 g�� :

That gives

2@t � k
ij = 2@t gkl � m

ij glm + gkl (r i (@t g) jl + r j (@t g) il � r l (@t )gij )

+ gkl �
� m

ij @t gml + � m
il @t gjm + � m

ji @t gml + � m
jl @t gim � � m

li @t gmj � � m
lj @t gmi

�

= 2@t gkl � m
ij glm + gkl (r i (@t g) jl + r j (@t g) il � r l (@t )gij ) + 2 gkl � m

ij @t gml :

Di�erentiating the equation gkl glm = � kl , we get that @t gkl glm + gkl @t gml = 0 which shows
(3.20).

To continue, let us state a
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Lemma 3.2. Let � and � two tensors such that

(@t � � S)� = � :

Then, the covariant derivative r S� satis�es

(@t � � S)r S� = A � A � r S� + A � r A � � + A � k � � + r S�

where � denotes any contraction using the metric.

Proof. We only prove the result for (2; 0) tensors, to avoid heavy notations. Note that
since@t gij = � 2(H + k)hij , we have

@t � k
ij = A � r A + A � k

One also need to switch Laplacian and covariant derivative (remember thatr i gkl = 0 ,
(3.7) and that the curvature tensor Rm = A � A):

r S
i (� S�) r S

i (gst r S
s r S

t �) = gst r S
i r S

s r S
t � = gst (r sr i r t � � 2Rm � r S�)

= gst (r sr t r i � � 2r S(Rm � �) � 2R � r S�)

= � S(r i �) � 4r SA � A � � � 4A � A � r S� :

One only has to compute, for anyi ,

@t r i � jk = @t
�
@i � jk � � s

ij � sk � � s
ik � sj

�

= @i @t � jk � @t (� s
ij )� sk � � s

ij @t (� sk) � @t (� s
ik )� sj � � s

ik @t (� sj )

= r i (@t � jk ) � @t (� s
ij )� sk � @t (� s

ik )� sj

= r i (� S� jk + �) � 2A � r A � � � 2A � k � �

= � Sr i � S
jk + r i � � 6r SA � A � � � 4A � A � r S� � 2A � k � � :

Then, we have to show that

(@t � � S)r m A = r m+2 k +
X

i + j + l= m

r i A � r j A � r l A + r i A � r j A � r l k: (3.21)

We proceed by induction. For m = 1 , formula (3.14) gives the expected result. Let us
assume that the formula is true on[1; m]: Then, using Lemma 3.2, we get

(@t � � S)r m+1 A = r

2

4r m+2 k +
X

i + j + l= m

r i A � r j A � r l A + r i A � r j A � r l k

3

5

+ A � A � r m+1 A + A � r A � r m A + A � r m A � k

= r m+3 k +
X

i + j + l= m

r i +1 A � r j A � r l A + r i A � r j +1 A � r l A + r i A � r j A � r l+1 A

+
X

i + j + l= m

r i +1 A � r j A � r l k + r i A � r j +1 A � r l k + r i A � r j A � r l+1 k

+ A � A � r m+1 A + A � r A � r m A + A � r m A � k

= r m+3 k +
X

i + j + l= m+1

r i A � r j A � r l A + r i A � r j A � r l k:
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As a result, we can �nish the proof of the theorem. Let us write

(@t � � S)
jr m Aj2

2
=



(@t � � S)r m A ; r m A

�
� jr m+1 Aj2

=

*

r m+2 k +
X

i + j + l= m

r i A � r j A � r l A + r i A � r j A � r l k ; r m A

+

� jr m+1 Aj2

= �jr m+1 Aj2 + r m+2 k � r m A +
X

i + j + k= m

r i A � r j A � r l A � r m A + r i A � r j A � r l k � r m A:

2.3 The Monotonicity Formula

We extend Huisken's monotonicity formula [Hui90] to the forced mean curvature �ow
(3.5) (see also [CNV11, Section 2.2]).

Given a vector �eld ! : M t ! Rd+1 , we let

! ? = ( ! ; � ) �; ! T = ! � ! ? :

Letting X 0 2 Rd+1 and t0 2 R, for (X; t ) 2 Rd+1 � (t0; + 1 ) we de�ne the kernel

� (X; t ) =
1

(4� (t0 � t))d=2
exp

�
�j X 0 � X j2

4(t0 � t)

�
:

A direct computation gives

d�
dt

= � � S� + �
�

(X 0 � X ; (H + k)� )
t0 � t

�
j(X 0 � X )? j2

4(t0 � t)2

�
: (3.22)

Proposition 3.3 (Monotonicty Formula) .

d
dt

�

M t

� = �
�

M t

�

 �
�
�
�H +

k
2

+
(X � X 0 ; � )

2(t0 � t)

�
�
�
�

2

�
k2

4

!

:

Proof. Recalling (3.13), we compute

d
dt

�

M t

� =
�

M t

d
dt

� � H (H + k)�

=
�

M t

�
�

�
jX � X 0j2

4(t0 � t)2 +
d

2(t0 � t)
�

(X � X 0 ; � )
2(t0 � t)

(H + k) � H (H + k)
�

= �
�

M t

�

 �
�
�
�H� +

X � X 0

2(t0 � t)
+

k�
2

�
�
�
�

2

�
k2

4

!

+
�

M t

d
2(t0 � t)

� +
�

M t

�
(X � X 0 ; � ) H

2(t0 � t)

We use the �rst variation formula: for all vector �eld Y on M t , we have
�

M t

divM t Y =
�

M t

hH� ; Y i :
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As a result, with Y = � (X � X 0 )
2(t � t0 ) , we get

d
dt

�

M t

� = �
�

M t

�

 �
�
�
�H� +

X � X 0

2(t0 � t)
+

k�
2

�
�
�
�

2

�
k2

4
�

j(X � X 0)T j2

4(t0 � t)2

!

= �
�

M t

�

 �
�
�
�H +

(X � X 0 ; � )
2(t0 � t)

+
k
2

�
�
�
�

2

�
k2

4

!

:

In a similar way (see [EH89]) one can prove that for all functionsf (X; t ) de�ned on
M t , one has

@t

�

M t

�f =
�

M t

�
df
dt

� � Sf
�

� �
�

M t

f �

 �
�
�
�H +

(X � X 0 ; � )
2(t0 � t)

+
k
2

�
�
�
�

2

�
k2

4

!

: (3.23)

Indeed, using (3.22)

d
dt

�

M t

�f =
�

M t

f
d�
dt

+
df
dt

� � H (H + k)f �

=
�

M t

f
�

d�
dt

� H (H + k)�
�

+
df
dt

�

=
�

M t

f
�

� � S� + �
�

(X 0 � X ; (H + k)� )
t0 � t

�
1
4

j(X 0 � X )? j2

(t0 � t)2

�
� H (H + k)�

�
+

df
dt

�

=
�

M t

� � Sf � +
�

�
�

(X 0 � X ; (H + k)� )
t0 � t

�
1
4

j(X 0 � X )? j2

(t0 � t)2

�
� H (H + k)�

�
+

df
dt

�

=
�

M t

�
�

d
dt

f � � Sf
�

�
�

f �

 �
�
�
�H +

(X � X 0 ; � )
2(t0 � t)

+
k
2

�
�
�
�

2

�
k2

4

!

:

Lemma 3.3. Let f be de�ned onM t and satisfy

d
dt

f � � Sf 6 a � r Sf on M t (3.24)

for some vector �eld a bounded on[0; t1]. Then,

sup
M t ; t2 [0;t 1 ]

f 6 sup
M 0

f:

Proof. Denote by a0 the bound on a, k := supM 0
f and de�ne f l = max( f � l; 0): Assump-

tion (3.24) implies �
d
dt

� � S
�

f 2
l 6 2f l a � r Sf l � 2jr Sf l j2

which, thanks to Young's inequality, gives
�

d
dt

� � S
�

f 2
l 6

1
2

a2
0f 2

l :
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Applying (3.23) to f 2
l , we get

d
dt

�
f 2

l � 6
1
2

(a2
0 + kkk2

1 )
�

f 2
l �: (3.25)

Letting l = supM 0
f , so that f l � 0 on M 0, from (3.25) and the Gronwall's Lemma we

obtain that f l � 0 on M t for all t 2 (0; t1], which gives thesis.

3 Proof of Theorem 3.1

We now prove short time existence for the mean curvature �ow with obstacles (3.1),
(3.2). Let M 0 = @E(0) � U, where we assume thatU, E(0) are open sets with boundary
uniformly of class C1;1. In particular, M 0 satis�es a uniform exterior and interior ball
condition, that is, there is R > 0 such that, for every x 2 M 0, one can �nd two open balls
B + and B � of radius R which are tangent to M 0 at x and such that B + � E (0)c and
B � � E (0): Let also 
 � := E(0) n U, and 
 + := E(0) [ U. Notice that 
 � are open sets
with C1;1 boundaries, with dist(
 � ; @
 + ) > 0. Note that the condition M t � U can be
rewritten as


 � � E (t) � 
 + :

Let also
k := 2N (1 � � 
 + � � 
 � )

where N is bigger than (d times) the mean curvature of@U:
We want to show that equation (3.5), with k as above, has a solution in an interval

[0; T): To this purpose, letting � " be a standard molli�er supported in the ball of radius
" centered at 0, we introduce a smooth regularizationk" = k � � " of k. Notice that
kk" k1 = 2N , k" (x) = � 2N (resp. k" (x) = 2 N ) at every x 2 
 � (resp. x =2 
 + ) such that
dist(x; @U) � " , and k" (x) = 0 at every x 2 U such that dist(x; @U) � " .

Using standard arguments (see for instance [EH91b, Theorem 4.1] and [EH91a, Prop.
4.1]) one can show existence of a smooth solutionM "

t of (3.5), with k replaced byk" , on
a maximal time interval [0; T" ):

Let now

 �

" := f x 2 
 � : dist(x; @
 � ) > " g

and

 +

" := f x 2 Rn : dist(x; 
 + ) < " g:

The following result follows directly from the de�nition of k" .

Proposition 3.4. The hypersurfaces@
 �
" are respectively a super and a subsolution of

(3.5), with k replaced with k" . In particular, by the parabolic comparison principle M "
t

cannot intersect @
 �
" .

We will show that we can �nd a time T > 0 such that for every "; there exists a smooth
solution of (3.5) (with k replaced with k" ) on [0; T):

The following result will be useful in the sequel. We omit the proof which is a simple
ODE argument.
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Figure 3.1: Main notations of Proposition 3.5.

Lemma 3.4. Let M 0 = @BR (x0) be a ball of radiusR � 1 centered at x0. Then, the
evolution M t by (3.5), with constant forcing term k = 2N , is given byM t = BR(t) (x0) with

R(t) >
p

R2 � (4N + 2d)t. In particular, the solution exists at least on
h
0; R2

4N +2 d

�
:

Proposition 3.5. There exists r > 0, a collection of ballsB i = B r (x i ) of radius r , and
a positive time T0 such that M "

t �
S

i B i for every t 2 [0; min(T0; T" )) . In addition, we
can choose the ballsB i in such a way that, for everyi , there exists ! i 2 Rd+1 such that
@
 � \ B4r (x i ) and M 0 \ 4r (x i ) are graphs of some functions �

i : Rd ! R [ f�1g and ui

over ! ?
i .

In particular, one has
(r k" ; ! i ) > jr k" j=2 on B2r (x i ):

Most of these notations are summarized in Figure 3.1.

Proof. By assumption, for everyx 2 M 0 there exist interior and exterior balls B �
x of �xed

radius R � 1. Let B �
x (t) be the evolution of B �

x by (3.5) with forcing term k = 2N . By
comparison, for everyt 2 [0; T" ), B +

x (t) � E (t)c and B �
x (t) � E (t): Recalling Lemma 3.4,

there exists � > 0 and T0 > 0, independent of" , such that M "
t � f dM 0 6 � g =: C� , for all

t 2 [0; min(T" ; T0)) .
We eventually reduce�; T 0 such that C� can be covered with a collection of ballsB i =
B r (x i ), centered at x i 2 M 0 and with a radius r such that, for every i , there exists a unit
vector ! i 2 Rd+1 satisfying

�
! i ; � + (x)

�
>

1
2

and
�
! i ; � � (y)

�
>

1
2

and (! i ; � (z)) >
1
2
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for every x 2 @
 + \ B4r (x i ), y 2 @
 � \ B4r (x i ) and z 2 M 0 \ B4r (x i ), where � � is the
outer normal to 
 � and � the outer normal to E0 (recall M 0 = @E0). It is possible to
satisfy these three conditions because ifM 0 touches one of the obstacles (cannot touch
both of them because of the distance between
 � and @
 + ), they share the same normal
whereas if M 0 does not touch any obstacle, we can reduce the ball until the obstacles
remain outside of it. The uniformity of r is provided by the uniform C1;1 norm on M 0 as
well as the distance betweenM 0 and @Uoutside of a compact set.

As a result, @
 � \ B4r (x i ) and M 0 are graphs of some functions �
i : Rd ! R [ f�1g

and ui over ! ?
i (see Figure 3.1).

Notice also that k is a BV function and Dk is a Radon measure concentrated on@U
such that

(Dk ; ! i ) >
jDk j

2
on B4r (x i ):

Then, for every x 2 B2r (x i ) and " su�ciently small (such that � " (x) = 0 as soon as
jxj > 2r ), we have

(r k" ; ! i ) =
�

r
�

Rd+1
k(x � y)� " (y)dy ; ! i

�

=
�

Rd+1
(Dk (x � y) ; ! i ) � " (y)dy

>
�

Rd+1

jDk j(x � y)
2

� " (y)dy

>
jDk j � � "

2
>

jr k" j
2

:

In what follows, we will control the geometric quantities ofM "
t inside each ballB i : As in

[EH91a], we introduce a localization function� i as follows: let� i (x; t ) = jx � x i j2+(2 d+�) t
(� is a positive constant that will be �xed later) and, for R = 2 r , � i (x; t ) = ( R2 � � i (x; t ))+ :
We denote by � i the quantity � i (x ; t), where x = x(p; t) will be a generic point in M t .
Notice that there exists T1 = r 2

2d+� such that for all t 2 [0; min(T0; T1; T" )) ,

M "
t �

[

i

f � i > r 2g: (3.26)

As a result, we have the following

Lemma 3.5. Let f be a smooth function de�ned onM "
t . Assume that there is aC > 0

such that
� i f 6 C on M "

t 8t 6 min(T" ; T1) and 8i 2 N:

Then,
f 6 �C on M "

t 8t 6 min(T" ; T1);

where � depends only on theC1;1 norm of M 0.



Proof of Theorem 3.1 117

Lemma 3.6. Let v := ( � ; ! ) � 1. The quantity v2� 2 satis�es
�

d
dt

� � S
� �

v2� 2

2

�
6

1
2

�
r S(v2� 2) ;

r S� 2

� 2

�

� � 2v3 �
r Sk" ; !

�
+ v2� (2k" (x ; � ) � �) : (3.27)

Proof. In this proof and the proofs further, we use normal coordinates: we assume that
gij = � ij (Kronecker symbol) and that the Christo�el symbols � k

ij vanish at the computa-
tion point.

We expand the derivatives
�

d
dt

� � S
� �

v2� 2

2

�
= v2

�
d
dt

� � S
�

� 2

2
+ � 2

�
d
dt

� � S
�

v2

2
� 2

�
r S � 2

2
; r S v2

2

�
:

First term. We start computing
�

d
dt

� � S
�

jx j2 = � 2k" (x ; � ) � 2d:

Then, �
d
dt

� � S
�

� 2 = 2 � (2k" (x � x i ; � ) � �) � 2jr S jx j2j2:

Second term.We are interested in

1
2

d
dt

(! ; � )2 = ( ! ; � )
�

d
dt

� ; !
�

(3.28)

= ( ! ; � )
�
r S(H + k" ) ; !

�
: (3.29)

So,
1
2

d
dt

(! ; � ) � 2 = � (! ; � ) � 3 �
r S(H + k" ) ; !

�
: (3.30)

On the other hand,

1
2

� S(( ! ; � ) � 2) = ( ! ; � ) � 1 � S (! ; � ) � 1 �
D

r S (! ; � ) � 1 ; r S (! ; � ) � 1
E

: (3.31)

Let us note that

@ij � = @i

�
hjl glm @m F

�
= @i (hjl )� lm @m F � hjl � lm (� him � ) = @i (hjl )@l F � � 2

i � ij �:

We then get

� S (! ; � ) � 1 = @ii (! ; � ) � 1 = @i

�
� (! ; @i � ) ( ! ; � ) � 2

�
(3.32)

= � (! ; @ii � ) ( ! ; � ) � 2 + 2 ( ! ; @i � )2 (! ; � ) � 3 (3.33)

= � (! ; � ) � 2 �
@i hil @l F � � 2

i � ; !
�

+ 2 ( ! ; � ) � 3 (! ; � i @i F )2 : (3.34)

= � (! ; � ) � 2 (@l hii @l F ; ! ) + jAj2 (� ; ! ) � 1 + 2 ( ! ; � ) � 3 (! ; � i @i F )2 :
(3.35)
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We also have
D

r S (! ; � ) � 1 ; r S (! ; � ) � 1
E

= ( ! ; � ) � 4 (! ; @k � ) ( ! ; @k � ) (3.36)

= ( ! ; � ) � 4 (! ; h ku guv @vF )2 = ( ! ; � ) � 4 (! ; � k@kF )2 ;
(3.37)

which leads to
�

d
dt

� � S
�

v2

2
= � v3 �

r S(H + k" ) ; !
�

+ v3@m (hii ) ( ! ; @m F )

�j Aj2v2 � 2v4� 2
k (! ; @kF )2 � v4 (! ; � k@kF )2

Third term. We notice, as in [EH91a] that jr S� 2j2 = 4 � 2jr S(jx j2)j2 and

�
�
r S(v2) ; r S� 2�

= � 3
�
vr S(v) ; r S� 2�

+
1
2

��
r S(v2� 2) ;

r S� 2

� 2

�
� v2 jr S� 2j2

� 2

�
:

Then, Young's inequality gives

2
�
�v

�
r Sv ; r S� 2� �

� 6 2� 2jr Sv2j2 +
1

2� 2 jr S� 2j2

6 2� 2jr Sv2j2 + 2v2jr S jx j2j2:

Hence,

�
�
r S(v2) ; r S� 2�

6 � 3� 2jr Sv2j2� 3v2jr S jx j2j2+
1
2

��
r S(v2� 2) ;

r S� 2

� 2

�
� v2 jr S� 2j2

� 2

�
:

Summing the three terms, we get

�
d
dt

� � S
� �

v2� 2

2

�
6

1
2

�
r S(v2� 2) ;

r S� 2

� 2

�
� � 2v3 �

r Sk" ; !
�

+ v2� (2k" (x ; � ) � �) :

For 
 > 0, we let

 (v2) :=

v 2

1 � 
v 2 :

Lemma 3.7. For " 6 r , we have

�
d
dt

� � S
�

� 2jAj2 (v2)
2

6 � 2 (v2)( � 
 jAj4 � 2k"

X

i

� 3
i � 2



A ; (r S)2k"

�
)

� � 2jAj2v3 0(v2)
�
r Sk" ; !

�
� � 2jAj2

X

i

(� i ! i )2 2v4 + 
v 6

(1 � 
v 2)3 :
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Proof. We denoteV = � 2 jA j2  (v2 )
2 and compute

�
d
dt

� � S
�

� 2jAj2 (v2)
2

= jAj2 (v2)
�

d
dt

� � S
�

1
2

� 2 + � 2 (v2)
�

d
dt

� � S
�

1
2

jAj2

+ � 2jAj2
�

d
dt

� � S
�

1
2

 (v2) � 2


1=2r S jAj2 ; 1=2r S� 2�

� 2


1=2r S jAj2 ; 1=2r S (v2)

�
� 2



1=2r S� 2 ; 1=2r S (v2)

�
:

The two �rst terms have already been computed. Let us consider the third one.

1
2

d
dt

 (v2) = v
dv
dt

 0(v2) = � v3 0(v2)
�
r S(H + k" ) ; !

�
;

1
2

� S (v2) =
1
2

@ii  (v2) = @i (v@i v 0(v2)) = v� Sv 0(v2) + 2 v2jr Svj2 00(v2) + jr Svj2 0(v2)

= (3 jr Svj2 � v3(@l (hkk )wl ) + v2jAj2) 0(v2) + 2 jr Svj2 00(v2):

Hence
�

d
dt

� � S
�

1
2

 (v2) = � v3 0(v2)
�
r Sk" ; !

�
� (3jr Svj2+ v2jAj2) 0(v2) � 2v2jr Svj2 00(v2):

We will want to conclude the proof using the weak maximum principle. So, we want to
rewrite the last terms (which are gradient terms) using the gradient ofV . Let us expand
r SV.

r S � 2jAj2 (v2)
2

= � 2jAj2
1
2

r S (v2) + jAj2 (v2)
1
2

r S� 2 + � 2 (v2)
1
2

r S jAj2:

So,

�
�
�
�r

S � 2jAj2 (v2)
2

�
�
�
�

2

= � 4jAj4
jr S (v2)j2

4
+ jAj4 2(v2)

jr S� 2j2

4
+ � 4 2(v2)

jr S jAj2j2

4

+ � 2jAj4 (v2)


r S (v2) ; r S� 2�

+ � 4jAj2 (v2)


r S (v2) ; r S jAj2

�

+ jAj2 2(v2)� 2 

r S� 2 ; r S jAj2

�
:

As a matter of fact,

1
� 2jAj2 (v2)

�
�
�
�r

S � 2jAj2 (v2)
2

�
�
�
�

2

= � 2jAj2
jr S (v2)j2

4 (v2)
+ jAj2 (v2)

jr S� 2j2

4� 2

+ � 2 (v2)
jr S jAj2j2

4jAj2
+ 2 jAj2



r S (v2)=2; r S� 2=2

�

+2 � 2 

r S (v2)=2; r S jAj2=2

�
+ 2  (v2)



r S� 2=2; r S jAj2=2

�
:
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We use the last equality to rewrite
�

d
dt

� � S
�

� 2jAj2 (v2)
2

= jAj2 (v2)
�
� (2k" (x ; � ) � �) � jr S jxj2j2

�

+ � 2 (v2)
�

�


r SA ; r SA

�
+ jAj4 � 2k" gjs hstgtl gjl hij hkl � 2



A ; r 2k"

� �

+ � 2jAj2
�
� v3 0(v2)

�
r Sk" ; !

�
� (3jr Svj2 + v2jAj2) 0(v2) � 2v2jr Svj2 00(v2)

�

�
1

� 2jAj2 (v2)

�
�
�
�r

S � 2jAj2 (v2)
2

�
�
�
�

2

+ � 2jAj2
jr S (v2)j2

4 (v2)
+ jAj2 (v2)

jr S� 2j2

4� 2 + � 2 (v2)
jr S jAj2j2

4jAj2
:

(3.38)
Let us precise some terms:

jr S� 2j2 = 4 � 2 � j � 2xT j2 = 4 � 2(4jx j2 � 4 (x ; � )) ;

jr S (v2)j2 =  0(v2)2jr Sv2j2 = 4  0(v2)2v6
X

k

(� k ! k )2;

jr S jAj2j2 = 4
X

i

(@i (hll )� l )2;

jr SAj2 =
X

i;k;l

(@i (hkm ))2:

In addition, we have the obvious estimate

jr S jAj2j2 6 4jAj2jr SAj2:

So,

� 2jAj2
jr S (v2)j2

4 (v2)
+ jAj2 (v2)

jr S� 2j2

4� 2 + � 2 (v2)
jr S jAj2j2

4jAj2

6 � 2jAj2
 0(v2)2v6 P

k (� k ! k )2

 (v2)
+ 4 jAj2 (v2)( jx j2 � (x ; � )2) + � 2 (v2)jr SAj2:

We plug this inequality into (3.38) and obtain

�
d
dt

� � S
�

� 2jAj2 (v2)
2

6 jAj2 (v2)
�
� (2k" (x ; � ) � �) � jr S jxj2j2

�

+ � 2 (v2)
�

�


r SA ; r SA

�
+ jAj4 � 2k" gjs hstgtl gjl hij hkl � 2



A ; r 2k"

� �

+ � 2jAj2
�
� v3 0(v2)

�
r Sk" ; !

�
� (3jr Svj2 + v2jAj2) 0(v2) � 2v2jr Svj2 00(v2)

�

�
1

� 2jAj2 (v2)

�
�
�
�r

� 2jAj2 (v2)
2

�
�
�
�

2

+ � 2jAj2
 0(v2)2v6 P

k (� k ! k )2

 (v2)
+ 4 jAj2 (v2)( jx j2 � (x ; � )2) + � 2 (v2)jr SAj2:
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Let us regroup some terms (noting thatjr Svj2 = v4 P
i (� i ! i )2), we get

�
d
dt

� � S
�

� 2jAj2 (v2)
2

6 jAj2 (v2) ( � (2k" (x ; � ) � �))

+ � 2jAj4( (v2) � v2 0(v2)) � 2� 2 (v2)k" gjs hstgtl gjl hij hkl � 2� 2 (v2)


A ; r 2k"

�

� � 2jAj2v3 0(v2)
�
r Sk" ; !

�
�

1
� 2jAj2 (v2)

�
�
�
�r

S � 2jAj2 (v2)
2

�
�
�
�

2

+ � 2jAj2
X

i

(� i ! i )2
�

v6 0(v2)2

 (v2)
� 3v4 0(v2) � 2v6 00(v2)

�
:

Then, we note that

v6 0(v2)2

 (v2)
� 3v4 0(v2) � 2v6 00(v2) = �

2v4 + 
v 6

(1 � 
v 2)3 6 0

and
 (v2) � v2 0(v2) = � 
 2(v2) 6 0:

So,
�

d
dt

� � S
�

� 2jAj2 (v2)
2

6 � 2 (v2)( � 
 jAj4 � 2k"

X

i

� 3
i � 2



A ; r 2k"

�
)

� � 2jAj2v3 0(v2)
�
r Sk" ; !

�
� � 2jAj2

X

i

(� i ! i )2 2v4 + 
v 6

(1 � 
v 2)3 ;

what was expected.

We now show that M t can be locally written as a Lipschitz graph, with Lipschitz
constant independent of" .

Proposition 3.6. Let " 6 r . Then, for every t 2 [0; min(T" ; T1)) , M t \ B i can be written
as a Lipschitz graph over! ?

i , with Lipschitz constant independent of":

Proof. We want to show that the quantity (� ; ! i ) is bounded from below, or, equivalently,
that v := ( � ; ! i )

� 1 is bounded from above on every ballB i . We want to estimate the
quantity v2� 2 (we drop the explicit dependence on the indexi ) using Lemma 3.6.

We choose� such that the last term in (3.27) is nonpositive (take for instance� =
2NR). We also have to control

v
�
r Sk" ; !

�
= ( � ; ! ) � 1 (( r k" ; ! ) � (r k" ; � ) ( � ; ! )) = ( � ; ! ) � 1 (r k" ; ! ) � (r k" ; � ) :

Proposition 3.5 provides immediately

(� ; ! ) � 1 (r k" ; ! ) � (r k" ; � ) > (� ; ! ) � 1 jr k" j
2

� jr k" j

which is nonnegative as soon as(! ; � ) 6 1
2 . From Lemma 3.6 and the weak maximum

principle (see [PW84]), we obtain that kv2� 2k1 (t) 6 max(kv2� 2k1 (0); 4R2). Thanks to
Lemma 3.5, this provides a uniform Lipschitz bound on the wholeM t , for t 6 T1.
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We want to prove that T" is uniformly bounded below from zero. To this aim, we use
the following theorem (which is [Hui84, Th. 8.1] with a forcing term).

Theorem 3.5. If T" < T 1, then the second fundamental form ofM t blows up ast ! T" :

The proof of this result is the same as in [Hui84, Th. 8.1], thanks to the control on the
derivatives of A we obtained in Theorem 3.4.

Let us show that jAj cannot blow up.

Proposition 3.7. For every " 6 r , there existsC" > 0 such that

kAkL 1 (M t ) 6 C" for all t 2 [0; min(T" ; T1)) :

Proof. As in [EH91a], we are interested in the evolution of the quantity

� 2jAj2 (v2)
2

:

Notice that
j� i j3 = j� i jj � i j2 6

1
2�

� 4
i +

�
2

� 2
i :

Choosing� such that 2N
� 6 


2 , one can write

�
�
�
�
�
� 2k" � 2 (v2)

X

i

� 3
i

�
�
�
�
�

6 � 2 (v2)
� 


2
jAj4 + N� jAj2

�
:

In addition, as soon asjAj2 > 1, one has


A ; r 2k"

�
6 jAj2jr 2k" j: One can also notice

that as above, v
�
r Sk" ; !

�
> 0 as soon asv > 2: On the other hand, if v 6 2, one has

v3 0(v2) =  (v)v
1� 
v 2 6 4 (v) for 
 su�ciently small.

So, anyway, if jAj > 1,

�
d
dt

� � S
�

� 2jAj2 (v2)
2

6 2N�
� 2jAj2 (v2)

2
+4 jr 2k" j

� 2jAj2 (v2)
2

+8
� 2jAj2 (v2)

2
jr Sk" j:

Finally, we apply the maximum principle to

~A := exp
�
�

�
2N� + 4kr 2k" k1 + 8kr k" k1

�
t
�

�
� 2jAj2 (v2)

2

which satis�es �
d
dt

� � S
�

~A 6 0:

It provides
8t 6 min(T" ; T1); k ~Ak1 (t) 6 k ~Ak1 (0)

which shows that � 2 jA j2  (v2 )
2 does not blow up.

Using Lemma 3.5 and choosing
 such that  (v2) is bounded and remains far from
zero, we know that jAj does not blow up fort 6 T1.
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Corollary 3.1. There existsT1, depending only on the dimension,kkk1 and the radius
in the ball condition for M 0, such that there exists a solutionM "

t of the mean curvature
�ow with forcing term k" on [0; T1):

The surfacesM "
t are uniformly Lipschitz and every M "

t \ B i can be written as the graph
of some functionu"

i (x; t ). All the u"
i are Lipchitz (in space) with a constant which depends

neither on i nor in " . We want to show that they are also equicontinuous in time.

Proposition 3.8. The functions u"
i are Lipschitz continuous in x and 1=2-H�older contin-

uous in t on B i � [0; T1), uniformly with respect to " and i .
In addition, they are (classical) solutions of the equation

@t u"
i =

q
1 + jr u"

i j2 div

 
r u"

ip
1 + jr u"

i j2

!

�
q

1 + jr u"
i j2 k" (x; u "

i ): (3.39)

Proof. Let � be �xed (we drop the index " in what follows), and let t0 2 [0; T1). Let
x0 2 M t and i such that x0 2 B i . Then, (� (x0) ; ! i )

� 1 is bounded above andM t is the
graph of a function u over ! ?

i : Then, let x1 = x0 + �! i . Thanks to the Lipschitz condition,
there is a ball B1=C� (x1) that does not touch M t . Evolving by mean curvature with forcing

term k" , this ball vanishes in a positive time T� > ! (� ) := � 2

C2 (2d+1) (note that T� does
not depend on"). By comparison principle, for t 2 [t0; t0 + ! (� )) , M t does not go beyond
x1. That is equivalent to say that u is 1=2-H�older continuous in time, with a constant
independent of" .

The equation satis�ed by u"
i is usual. One just has to notice that with the de�nitions

above,

div

 
r u"

ip
1 + jr u"

i j2

!

= � H:

We now pass to the limit as " goes to zero. By Proposition 3.8, the family(u"
i ) is

equi-Lipschitz in space and equi-continuous in time onB i � [0; T1). Therefore, by Arzel�a�
Ascoli's Theorem one can �nd a sequence"n ! 0 and continuous functionsui such that,
for every i , u" n

i �!
n!1

ui locally uniformly on B i � [0; T1).

Proposition 3.9. The functions ui are viscosity solutions of (3.3) on B i � [0; T1), with
obstaclesU \ B i (see Appendix 6).

Proof. Thanks to Proposition 3.5, everyx 2 B i can be decomposed asx = x0+ z! i with
z = ( x ; ! i ). Then, there exists functions �

i of classC1;1 such that

U \ B i = f (x0; z) 2 B i :  �
i (x0) 6 z 6  +

i (x0)g:

For simplicity we shall drop the explicit dependence on the indexi . Sinceu" (x; 0) = u0(x)
for all " , and u" n converges uniformly tou as n ! + 1 , it is clear that u(x; 0) = u0(x):
Condition (3.52) immediately follows from Proposition 3.4.
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We now check that u is a subsolution of (3.3). Let(x0; t0) 2 Rn � R and ' 2 C2 such that
 � (x0; t0) < u (x0; t0) and

(u � ' )(x0; t0) = max
j(x;t )� (x0 ;t 0 )j6 r

(u � ' )(x; t ):

One can change' so that (x0; t0) is a strict maximum point, and u(x0; t0) = ' (x0; t0).
Let 2� := u(x0; t0) �  � (x0; t0). Thanks to the de�nition of k" , for all " 6 � , we have
k" (x; ' (x; t )) 6 0 in a small neighborhoodV of (x0; t0). For " su�ciently small u" � '
attains its maximum in V at (x" ; t " ), with (x" ; t " ) ! (x0; t0) as " ! 0. Since u" is a
classical solution of (3.41), it is also a viscosity solution, therefore

' t �
p

1 + jr ' j2 div

 
r '

p
1 + jr ' j2

!

6
p

1 + jr ' j2 k" (x; ' ) 6 0 at (x" ; t " ):

Letting " ! 0 we obtain that u is a subsolution of (3.3). A similar argument shows that
u is also a supersolution of (3.3), and this concludes the proof.

Conclusion of the proof of Theorem 3.1.The result in [PS07, Theorem 4.1] (see also Section
6.4) applies, showing that the functionsui are of classC1;1: As the uniform convergenceu" n

i
implies the Hausdor� convergence ofM " n

t to a limit M t such that M t \ B i = graph( ui (t)) ,
we built a C1;1 evolution to the mean curvature motion with obstacles on the time interval
[0; T1): Thanks to [ACN12, Theorem 4.8 and Corollary 4.9] this evolution is also unique.
This concludes the proof of Theorem 3.1.

4 Proof of Theorem 3.2

Let  �
" be smooth functions such that �

" !  � as " ! 0, uniformly in C1;1(Rd), and
let N > 0 be such that

N �














q
1 + j �

" j2 div

0

@  �
"q

1 + j �
" j2

1

A














L 1 (Rd )

for all " > 0: (3.40)

We proceed as in Section 3 and we approximate (3.3), (3.4) with the forced mean curvature
equation

ut =
p

1 + jr uj2
"

div

 
r u

p
1 + jr uj2

!

+ k" (x; u)

#

; (3.41)

where

k" (x; u) = 2 N
�

�
�

 �
" (x) � u

"

�
� �

�
u �  +

" (x)
"

��
;

and � is a smooth increasing function such that� (s) � 0 for all s 2 (�1 ; 0], and � (s) � 1
for all s 2 [1; 1 ). In particular @uk" (x; u) � 0 for all (x; u).

Notice that k" ! g as " ! 0, with

k(x; u) =

8
<

:

2N if u <  � (x)
� 2N if u >  + (x)

0 elsewhere
:
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Notice also that

@k"
@xk

(x; u) +
@k"
@u

(x; u)
@ �"
@xk

= 0 if u <  +
"

@k"
@xk

(x; u) +
@k"
@u

(x; u)
@ +"
@xk

= 0 if u >  �
" :

(3.42)

We denote by u" the solution of the approximate problem (3.41), which exists and is
smooth for short times.

Proposition 3.10. The solution u" is de�ned for t 2 [0; + 1 ), and satis�es the estimates

ku" (�; t)kW 1;1 (Rd ) � C for all t 2 [0; + 1 ) (3.43)

ku" (�; t)kW 2;1 (Rd ) � C(T) for all t 2 [0; T]: (3.44)

Proof. Estimate (3.43) follows from Proposition 3.6, choosingB i = Rd+1 , ! i = ed+1 and
� � 1. Estimate (3.44) follows from (3.43) and Proposition 3.7.

In what follows, we use intrinsic derivatives on the graphM t := f (x; u " (x; t ))g, which
will be denoted as above by an exponentS. The metric on M t is

gij = � ij + @i u" @j u

with inverse

gij = � ij �
@i u" @j u"

1 + jr u" j2
:

The tangential gradient of a function f de�ned on M t is given by

(r Sf ) i = gij @j f = @i f �
@i u" @j u"

1 + jr u" j2
@j f ;

so that

�
r Sf ; r u"

�
= ( r f ; r u" ) �

jr u" j2

1 + jr u" j2
(r f ; r u" ) =

1
1 + jr u" j2

(r f ; r u" ) ; (3.45)

and

jr Sf j2 =

0

@f i � (u" ) i

X

j

(u" ) j f j

1 + jr u" j2

1

A

2

= jr f j2 + ( u" )2
i

�
(r u" ; r f )
1 + jr u" j2

� 2

� 2
(u" ) i (u" ) j f i f j

1 + jr u" j2

= jr f j2 +
jr u" j2

1 + jr u" j2
(r u" ; r f )2

1 + jr u" j2
� 2

(r u" ; r f )2

1 + jr u" j2

= jr f j2 �
(r u" ; r f )2

1 + jr u" j2
�

(r u" ; r f )2

(1 + jr u" j2)2 :

(3.46)

In addition, the Laplace-Beltrami operator applied to f is

� Sf = gij f ij = � f �
@i u" @j u"

1 + jr u" j2
f ij = � f �

�
r u" r 2f ; r u"

�

1 + jr u" j2
:
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Proposition 3.11. The quantity k(u" )2
t k1 (t) is nonincreasing in time. In particular,

k(u" )t (�; t)kL 1 (Rd ) �












p
1 + jr u0j2 div

 
r u0p

1 + jr u0j2

! 










L 1 (Rd )

:

Proof. We compute

d
dt

(u" )2
t

2
= ( u" )t

"
p

1 + jr u" j2
 

div

 
r u"p

1 + jr u" j2

!

+ k" (x; u "

!#

t

:

Expanding this expression, we get

d
dt

(u" )2
t

2
= ( u" )t

"
r (u" )t � r u"p

1 + jr u" j2

 

div

 
r u"p

1 + jr u" j2

!

+ k"

!

+
p

1 + jr u" j2
 

div

 
(r u" )tp

1 + jr u" j2
�

(( r u" )t � r u" )r u"

(1 + jr u" j2)3=2

!

+ ( u" )t @uk"

!#

:

Let us compute more explicitly the three terms of the expression above.

(u" )t
(r u" )t � r u"p

1 + jr u" j2

 

div

 
r u"p

1 + jr u" j2

!

+ k"

!

=
r ( (u" )2

t
2 ) � r u"p

1 + jr u" j2

 
� u

p
1 + jr u" j2

�
(u" ) i (r u" ; (r u" ) i )

(1 + jr u" j2)3=2
+ k"

!

= r (
(u" )2

t

2
) � r u"

 
� u"

1 + jr u" j2
�

r u" � r ( jr u" j2

2 )
(1 + jr u" j2)2 + k"

!

;

(u" )t div

 
r (u" )tp

1 + jr u" j2

!

= ( u" )t @i

 
(u" )tip

1 + jr u" j2

!

=
(u" )t (u" )tiip

1 + jr u" j2
�

1
(1 + jr u" j2)3=2

(u" )t (u" )ti r u" � (r u" ) i

=
(u" )t �( u" )tp

1 + r u2
"

�
1

(1 + jr u" j2)3=2
(u" )t (u" )ti @i (

jr u" j2

2
)

=
(u" )t �( u" )tp

1 + r u2
"

�
1

(1 + jr u" j2)3=2
r

�
(u" )2

t

2

�
� r

�
jr u" j2

2

�
;
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and

(u" )t div
�

(( r u" )t � r u" )r u"

(1 + jr u" j2)3=2

�

= � u"
(r u" ; (u" )t r (u" )t )

(1 + jr u" j2)3=2
+

(u" )t (u" )tij (u" ) j (u" ) i

(1 + jr u" j2)3=2
+

((u" ) i r (u" ) i ; (u" )t r (u" )t )
(1 + jr u" j2)3=2

� 3(u" ) i
((u" )t r (u" )t ; r u" ) ( r (u" ) i ; r u" )

(1 + jr u" j2)5=2

= � u"

�
r u" ; r ( (u" )2

t
2 )

�

(1 + jr u" j2)3=2
+

(u" )t (u" )tij (u" ) j (u" ) i

(1 + jr u" j2)3=2
+

�
r ( jr u" j2

2 ) ; r ( (u" )2
t

2 )
�

(1 + jr u" j2)3=2

� 3

�
r ( (u" )2

t
2 ) ; r u"

� �
r ( jr u" j2

2 ) ; r u"

�

(1 + jr u" j2)5=2
:

Notice that

� S (u" )2
t

2
= �

(u" )2
t

2
�

�
r u" ; r 2 (u" )2

t
2 r u"

�

1 + jr u" j2

= ( u" )t �( u" )t + j(r u" )t j2 �
(u" ) i (u" ) j (u" )t (u" )tij + ( u" ) i (u" ) j (u" )ti (u" )tj

1 + jr u" j2
:

We then get

d
dt

(u" )2
t

2
=

�
r ( (u" )2

t
2 ) ; r u"

�

p
1 + jr u" j2

k" + � S
�

(u" )2
t

2

�
� 2

�
r

�
(u" )2

t
2

�
; r

�
jr u" j2

2

��

1 + jr u" j2

+ 2

�
r ( (u" )2

t
2 ) ; r u"

� �
r ( jr u" j2

2 ) ; r u"

�

(1 + jr u" j2)2 +
(r u" ; (r u" )t )

2

1 + jr u" j2
� j (r u" )t j2 + ( u" )2

t @uk" :

Note that the last term is nonpositive by de�nition of k" .
In order to apply Lemma 3.3, we have to notice the inequality

�
(r u" ; (r u" )t )

2

1 + jr u" j2
+ j(r u" )t j2 > 0:

It is then enough to note that, since the solution exists for all times and it is smooth, the
term r ( jr u" j2

2 ) is bounded on each[0; T] (the bound depends onT and " but is enough
to apply the lemma). In addition, every factor containing r ((u" )2

t =2) also containsr u" ,
hence the assumptions of Lemma 3.3 are satis�ed for everyT > 0, and this concludes the
proof.

From Propositions 3.10 and 3.11, we deduce the following result.

Proposition 3.12. If u0 is C-Lipschitz in space for someC > 0, and has bounded mean
curvature, then the solutionu" of the approximate problem(3.41) is C-Lipschitz in space
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and Lipschitz in time with constant











p
1 + jr u0j2 div

 
r u0p

1 + jr u0j2

! 










L 1 (Rd )

:

Moreover, the following inequalities hold

 �
" (x) � " � u" (x; t ) �  +

" (x) + ": (3.47)

Proof. The Lipschitz bounds of the solution are clear (it is Proposition 3.10 and 3.11).
In order to prove the second assertion, let us notice that by (3.40) and the de�nition

of k" , we have

k" (x;  �
" � " ) = 2 N >














q
1 + j �

" j2 div

0

@  �
"q

1 + j �
" j2

1

A














L 1 (Rd )

;

so that  �
" � " is a subsolution of (3.41). By the parabolic comparison principle (as in

Proposition 3.4), we deduce that
 �

" � " 6 u" :

The same arguments shows the other inequality in (3.47).

Conclusion of the proof of Theorem 3.2.Since the solutionsu" are equi-Lipschitz in space
and time, they converge uniformly, as" ! 0, to a limit function u which is also Lipschitz
continuous onRd � [0; + 1 ).
Equation (3.47) yields

 � 6 u 6  + ;

and Proposition 3.9 gives thatu is a viscosity solution of (3.50).
Concerning the regularity of u, we proved that (u" )t and r u" are bounded on[0; T];

for any T in the approximate problem. This gives a bound on the mean curvature of
the approximate solution. This bound does not depend on" and remains true for the
viscosity solution. As a result, the exact solution has bounded mean curvature and bounded
gradient, which shows that � u is L 1 and, by elliptic regularity theory, u is also in W 2;p

for any p > 1, and soC1;� for every � < 1 (see [Lun95] for details).
By Theorem 3.6 below, we can also directly apply to the solutionu a regularity result

by Petrosyan and Shahgholian in [Sha08, PS07]. It follows thatu is in fact of classC1;1,
and this concludes the proof of Theorem 3.2.

5 Proof of Theorem 3.3

Note that the existence and uniqueness proof in appendix gives a periodic solution to
(3.3).
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We compute the evolution of the area of the graph ofu:

d
dt

�

Q

p
1 + jr uj2 =

�

Q

(r ut ; r u)
p

1 + jr uj2
= �

�

Q
ut div

 
r u

p
1 + jr uj2

!

: (3.48)

Notice that, for almost every t > 0, ut (t; x ) = 0 almost everywhere on the contact set.
Indeed, for almost everyt, ut exists for almost everyx 2 Q. If u(x; t ) =  � (x), then
u �  � reaches an extremum in(x; t ), which gives,ut (x; t ) = 0 : In particular, from (3.48)
we get

d
dt

�

Q

p
1 + jr uj2 = �

�

Q
ut

 
utp

1 + jr uj2

!

:

Integrating this equality in time, we obtain

�

Q

p
1 + jr uj2

�
�
�
�

T

0

=
� T

0

�

Q
�

u2
tp

1 + jr uj2
: (3.49)

which shows that
� T

0

�

Q
u2

t

is uniformly bounded in T. Indeed, the quantity

�

Q

p
1 + jr uj2

�
�
�
�

T

0

represents the variation of area of the graph ofu betweent = 0 and t = T. As this area
is nonincreasing (thanks to (3.49)), this quantity is uniformly bounded in T. In addition,
we recall that r u is uniformly bounded in T. As a result ut 2 L 2(R+ � Q) so u is in
H 1([0; R) � Q) for every R > 0:

Sincekut kL 2 (Q) is L 2(R+ ), there exists a sequencetn ! 1 such that

kut kL 2 (Q) (tn ) �!
n!1

0:

In addition, u(tn ) is equi Lipschitz and converges uniformly on compact sets to someu1

which therefore satis�es in the viscosity sense

p
1 + jr uj2 div

�
r u

p
1 + r u2

�
= 0

with obstacles  � (see Appendix 6).

Remark. By [ISZ98], u1 is analytic out of the (closed) contact setf u1 =  � g.
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6 Appendix: on viscosity solutions with obstacles

6.1 De�nition of viscosity solution

Given an open subsetB of Rd, let u0,  + and  � be three Lipschitz functions B ! R
such that

 � (x; 0) 6 u0(x) 6  + (x; 0):

We are interested in the viscosity solutions of the equation

ut =
p

1 + jr uj2 div

 
r u

p
1 + jr uj2

!

; u(x; 0) = u0(x); (3.50)

with the constraint
 � (x) 6 u(x; t ) 6  + (x): (3.51)

De�nition 3.1 (see [CIL92, Mer14]). We say that a function u : B � [0; T) ! R is a
viscosity subsolution of (3.50) if u satis�es the following conditions:

� u is upper semicontinuous;
� u(x; 0) 6 u0(x);
�

 � (x) 6 u(x; t ) 6  + (x); (3.52)

� for any (x0; t0) 2 Rn � R+ and ' 2 C2 such that u � ' has a maximum at(x0; t0)
and u(x0; t0) >  � (x0),

ut 6
p

1 + jr uj2 div

 
r u

p
1 + jr uj2

!

: (3.53)

Similarly, u is a viscosity supersolutionof (3.50) if:
� u is lower semicontinuous;
� u(x; 0) > u0(x);
� (3.52) holds;
� for any (x0; t0) 2 Rn � R+ and ' 2 C2 such that u � ' has a minimum at (x0; t0)

and u(x0; t0) <  + (x0),

ut >
p

1 + jr uj2 div

 
r u

p
1 + jr uj2

!

:

We say that u is a viscosity solution of (3.50) if it is both a super and a subsolution.

6.2 Comparison principle

In order to prove uniqueness of continous viscositysolutions of (3.50), we shall prove a
comparison principle between solutions following [GGIS91, Theorem 4] (see also [CGG91]).

Proposition 3.13. If u is a viscosity subsolution of (3.50) on [0; T), v is a viscosity
supersolution, if  � are Lipschitz in space and ifu(x; 0) 6 v(x; 0), then u(x; t ) 6 v(x; t )
for all (x; t ) 2 Rn � [0; T):
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Proof. We will check that the proof of [GGIS91, Theorem 2.1] can be extended to the
obstacle case. Notice �rst that the assumptions(A:1) � (A:3) of [GGIS91, Theorem 2.1]
are satis�ed also in our case. Indeed,(A:1) comes directly from the Lipschitz bound on
 � and the constraint  � 6 u; v 6  + whereas(A:2) and (A:3) result from the assumed
time zero comparison.

Let us show that [GGIS91, Proposition 2.3] also holds. Indeed, up to Equation (2.9)
nothing chenges. To continue the proof, using the same notation of [GGIS91, Proposition
2.3], we have to check that if

sup
V

(w � 	) > 0;

then the supremum is reached in the complementary of the contact setf u =  � g [ f v =
 + g.

Indeed, notice that if u(x; t ) =  � (x), then, for all x; y; t; s ,

u(x; t ) � v(y; s) =  � (x) � v(y; s) 6  � (y) + L(jx � yj) � v(y; s) 6 L(jx � yj)

since v >  � : Hence, if u(x; t ) =  � (x), with K 0 > L , we must havew � 	 6 0, so the
supremum ofw� 	 is attained in the complementary off u =  � g. One can show similarly
that the supremum is reached in the complementary off v =  + g. Hence Proposition 2.3
of [GGIS91] holds.

From Proposition 2.4 to Lemma 2.7 of [GGIS91], every result holds without changes.
Concerning the proof of Theorem 2.1 of [GGIS91], the �rst assumption is

� = lim sup
� ! 0

f w(t; x; y ); j jx � yj 6 � g > 0:

Then, Proposition 2.4 gives constants� 0 and 
 0 such that for all � 6 � 0; 
 6 
 0 and " > 0,
there holds

�(^x; ŷ; t̂ ) := sup
Rn � Rn � [0;T )

�( x; y; t ) >
�
2

with

�( t; x; y ) = u(x; t ) � v(y; t) �
jx � yj4

4"
� � (jxj2 + jyj2) �



T � t

To conclude the proof, we only have to show that the maximum of� is once again
attained on the complementary off u =  � g[f v =  + g: In the same way as for Proposition
2.3, if u(x; t ) =  � (x), we can write

�( t; x; y ) = u(x; t ) � v(y; t) �
jx � yj4

4"
� � (jxj2 + jyj2) �



T � t

6  � (y) + L jx � yj � v(y; t) 6 L jx � yj:

Thanks to Proposition 2.5, jx̂ � ŷj �!
" ! 0

0. So, with " su�ciently small (one can reduce

the quantity "0 given by Proposition 2.6), � has its maximum out of f u =  � g (and
similarly out of f v =  + g), which enables the application of Lemma2:7 and gives a
contradiction as in [GGIS91].
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6.3 Existence

In this subsection, we prove the following result:

Proposition 3.14. There exists a continuous viscosity solution to(3.50).

We follow [CIL92] to build a solution by means of the Perron's method. Let us state
an obvious but useful proposition and a key lemma for applying Perron's method.

Proposition 3.15. Let u be a subsolution of the mean curvature motion for graphs (without
obstacles) which satis�esu 6 u+ . Then, uob := u _ u� is a subsolution of (3.50) with
obtacles (the same happens forv supersolution andvob = v ^ u+ ).

In the sequel, we shall denote byu� (resp. u� ) the upper (resp. lower) semicontinuous
envelope of a functionu.

Lemma 3.8. Let F be a family of subsolutions of(3.50). We de�ne

U(x; t ) = sup f u(x; t ) j u 2 Fg :

Then, U � is a subsolution of (3.50).

The proof of the proposition and the lemma can be found in [CIL92], Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).

Construction of barriers In the sequel, to claim that the initial condition is taken by
the viscosity solution, we need to build barriers to sandwich the solution. More precisely,
we want to build a subsolution w� such that (w� ) � (x; 0) = u0(x) and a supersolutionw+

such that (w+ ) � (x; 0) = u0(x): To show this claim, let us begin by a simple fact.
Let

ga
�;b (x) = �

X
� i

(x � a)2
iq

1 + ( x � a)2
i

+ b (3.54)

for some(a; b) 2 Rn � R and � i > 0 such that g(x) 6 u0(x). Note in particular that

ga
�;b (x) > �

X
� i (x � a)2

i + b and H (ga
�;b ) > H (ga

�;b )jt=0 = � 2
X

� i : (3.55)

Then, it is easy to show (using Proposition 3.15) that the function

v(x; t ) =

 

ga
�;b (x) +

 

2
nX

i =1

� i + 3M

!

t

!

_  �

is a subsolution of (3.50). Indeed, the curvature ofga
�;b is smaller than 2

P
� i and its

gradient is bounded by2 (so
p

1 + jr gj2 6 3).
Thanks to Lemma 3.8, the function

w� (x; t ) =

0

B
B
@ sup

(� i );c
gc

�;b 6 u0

 

ga
�;b (x) � 2

nX

i =1

� i t � 3Mt

!

_  �

1

C
C
A

�
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is a subsolution of (3.50) (with obstacles).
It remains to show that (w� ) � (x; 0) = u0(x): To see this, notice that sinceu0 is Lipschitz
and u0 >  � , u0(x) = w� (x; 0), yielding u0(x) 6 (w� ) � (x; 0). But for all t > 0, v(x; t ) 6
u0(x) so w� (x; t ) 6 u0(x): By continuity of u0, (w� ) � (x; t ) 6 u0(x), which shows that
(w� ) � (x; 0) = u0(x), and w� is a low barrier for solutions of (3.50).

We build w+ in the same way.

Perron's method We use the classical Perron's method to build a solution of (3.50) on
[0; T) for every t > 0: Let us de�ne

W (x; t ) = sup f u(x); j u is a subsolution of (3.50) on[0; T)g:

Since � is a subsolution, this set in non empty andW is well de�ned. Every subsolution
is less that  + , so isW .

Thanks to Lemma 3.8,W � is a subsolution of (3.50) regardless the initial conditions.
Applying the comparison principle (Proposition 3.13) to every subsolutionu and w+ gives

8x; t; W (x; t ) 6 w+ (x; t ):

Considering the upper-semi-continuous envelopes, we get

8x; t; W � (x; t ) 6 (w+ ) � (x; t )

which immediately yields to
W � (x; 0) = u0(x):

Then, W � is a subsolution (with initial conditions), hence W � = W which shows the upper
semi-continuity of W .

We want to prove that W is actually a solution of (3.50). In this order, let us prove
the following

Lemma 3.9. Let u be a subsolution of(3.50). If u� fails to be a supersolution (regardless
initial conditions) at some point (x̂; t̂ ) then there exists a subsolutionu� (regardless initial
conditions) satisfying u� > u and supu� � u > 0 and such that u(x; t ) = u� (x; t ) for
jx � x̂j; jt � t̂ j 6 � .

Proof. Let us assume that u� fails to be a supersolution at (0; 1). Then there exists
(a; p; X ) 2 J 2;� u� (0; 1) with

a + F (p; X ) + k(0)
p

1 + p2 < 0:

Let us then de�ne

u�;
 (x; t ) = u� (0; 1) + � + ( p ; x) + a(t � 1) +
1
2

(Xx ; x ) � 
 (jxj2 + t � 1):

Thanks to the continuity of F and k, u�;
 is a classical subsolution onB r (0; 1) of ut +
F (Du; D 2u) + k(x)

p
1 + jr uj2 = 0 for �; 
; r su�ciently small. By assumption,

u(x; t ) > u� (x; t ) > u� (0; 1) + a(t � 1) + ( p ; x) +
1
2

(Xx; x ; +) o(jxj2 + jt � 1j):
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With � = 
 r 2+ r
8 , we get u(x; t ) > u �;
 (x; t ) for small r and jxj; jt � 1j 2 [ r

2 ; r ]: Reducing
again r , we can assume thatu�;
 <  + on B r . Thanks to Lemma 3.8,

~u(x; t ) =
�

max(u(x; t ); u�;
 (x; t )) if jx; t � 1j < r
u(x) otherwise

is a subsolution of (3.50) (with no initial conditions).

Finally, this lemma combined with the de�nition of W proves that W is in fact a
solution of (3.50) (the initial conditions were already checked).

6.4 Regularity

Proposition 3.16. The unique solutionu of (3.50) is Lipschitz in space, with the same
constant asu0;  � :

Proof. We will prove that uz(x; t ) = u(x + z; t) � L jzj is in fact a subsolution of (3.50).
The Lipschitz bound is then straightforward (using the comparison principle).

To begin, we notice that u(x + z; t) � L (jzj) 6 u+ (x; t ) and u(x + z;0) � L jzj 6
u0(x + z) � L jzj 6 u0(x):

Assume now that ' is any smooth function which is greater thanuz with equality at
(x̂; t̂ ): Then, either, uz(x̂; t̂ ) =  � (x̂; t̂ ) and nothing has to be done, oruz(x̂; t̂ ) >  � (x̂; t̂ ).
In the second alternative, one can write

u(x̂ + t; t̂) >  � (x̂) =  � (x̂ + z) + (  � (x̂) �  � (x̂ + z);

so
u(x̂ + z; t̂) >  � (x̂ + z) +  � (x̂) �  � (x̂ + z) + L jzj

| {z }
> 0

> u� (x̂ + z; t̂):

As u is a subsolution at(x̂ + z; t̂) and u(x + z; t) 6 ' (x; t ) + L jzj with equality at (x̂ + z; t̂),
one can write with y = x + z, s = t,

u(y; t) 6 ' (y � z; s) + L jzj := � (y; s);

with equality at (ŷ; ŝ) which gives

� t + F (D� (x̂; t̂ ); D 2� (x̂; t̂ )) 6 0:

Since the derivatives of� and ' are the same, we deduce

' t + F (D'; D 2' ) 6 0;

what was expected.

Remark. With the same arguments, one can prove that

8� > 0; 8x; t; ju(x; t + � ) � u(x; t )j 6 sup
x

ju(x; � ) � u(x; 0)j:
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We now present a general regularity result by Shahgholian [Sha08] which applies to
viscosity solutions for parabolic equations with obstacles.

Theorem 3.6 ([PS07], Th. 4.1). Let Q+ := f (x; t ) 2 Rn � R : jxj < 1; t 2 [0; 1)g and
H (u) = F (D 2u; Du ) � ut where F is uniformly elliptic. Let u be a continuous viscosity
solution of

(u �  )H (u) = 0 ;

H (u) 6 0;

u >  ;

(3.56)

in Q+ , with boundary data

u(x; t ) = g(x; t ) >  (x; t ) on fj xj = 1g [ f t = 0g: (3.57)

Assume that  2 C1;1(Q+ ) and g is continuous. Then, u 2 C1;1 on every compact subset
of Q+ :

It has to be noticed H = F � @t where F (D 2u; Du ) = �
p

1 + jr uj2 div
�

r up
1+ jr uj2

�

satis�es all the assumptions of [Sha08], 1.3. Indeed, the uniform ellipticity is provided by
the Lipschitz bound obtained in previous subsection.

Moreover, the viscosity solutionu of (3.50) satis�es (3.56) and (3.57) on every cylinder
Q+

r (x0) := fj x � x0j 6 r; t 2 [t0; t0 + r )g such that r is choosen su�ciently small in order to
have either Q+

r (x0) \ f u =  + g = ; or Q+
r (x0) \ f u =  � g = ; . In the second alternative,

change every sign in the equations.
Applying Theorem 3.6 we get aC1;1 bound for u on every compact subset ofQ+

r (x0).
To show that u is C1;1 in the whole space, just coverRn � R+ with such Q+

r (x i ).

6.5 A remark on the forcing term

It is quite simple to show that every result presented in the graph case remains valid
with a su�ciently regular forcing term k(x; u) (except the long time behavior which still
occurs but is much less meaningful). The corresponding equation rewrites

ut =
p

1 + jr uj2
"

div

 
r u

p
1 + jr uj2

!

+ k(x; u)

#

; u(x; 0) = u0(x); (3.58)

Let us mention the most important di�erences which occur.

Proposition 3.13. One can prove a comparison with the forcing term depending onu
adapting Theorem 4.2, and the so called Proposition 4.4 in [GGIS91]. First, it is clear that

F (t; x; r; p; X ) = Tr
��

I �
p 
 p
1 + p2

�
X

�
+

p
1 + p2k(x; r )

satis�es the hypothesis of Theorem 4.2. Then, the proof of Proposition 4.4 use only the
regularity of F , u and v. Concerning the proof of Theorem 4.2 itself, the process is the
same as in Theorem 2.1, and the maximum point is out of the obstacles too.
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Existence of a viscosity solution. Every result of Section 6.3 apply with no modi�-
cation. The only di�erence is when we construct the barriers: the forcing term has to be
involved in their evolution. We suggest to replacev by adding a forcing term:

v(x; t ) =

 

ga
�;b (x) +

 

2
nX

i =1

� i + 3kkk1

!

t

!

_  �

and take, as before, the sup on this family to build a barrier.

Regularity of the viscosity solution. With the forcing term, �nding a time uniform
spatial Lipschitz constant for u is hopeless. It grows exponentially. More precisely, we
have have the following property (which is essentially [For08], Lemma 2.15)

Proposition 3.17. Let u be the unique solution of(3.50) with forcing term. Then, it is
Lipschitz in space with

ju(x; t ) � u(y; t)j 6 MeLt jx � yj:

Proof. Let � (x; y; t ) = MeLt jx � yj : we show by contradiction that u(x; t ) � u(y; t) 6
� (x; y; t ). Assume that

M := sup
(x;y;t )2 Rn � Rn � [0;T )

u(x; t ) � u(y; t) � � (x; y; t ) > 0:

Then, as in the proof of uniqueness, we introduce

~M := sup
(x;y;t )2 Rn � Rn � [0;T )

u(x; t ) � u(y; t) � � (x; y; t ) � � (jxj2 + jyj2) �



T � t
:

If � and 
 are small enough, ~M remains positive and is attained (say in(x̂; ŷt̂ < T )), since
the growth at in�nity of u and v is at most linear. Sinceu0 is Lipschitz, t̂ > 0. In addition
it is clear that x̂ 6= ŷ.

Concerning the obstacles, ifu(x̂; t̂ ) =  � (x̂; t̂ ); then u(x̂; t̂) � v(ŷ; t̂ ) � � (x̂; ŷ; t̂ ) 6
 � (x̂; t̂ ) � M jx̂ � ŷj �  � (ŷ; t̂ ) 6 0 which shows that u(x̂; t̂) >  � (x̂; t̂ ). Similarly, u(ŷ; t̂ ) <
 + (ŷ; t̂ ):

We then apply Ishii's lemma to ~u(x; t ) � ~v(y; t) � � (x; y; t ) � 

T � t with ~u(x; t ) = u(x; t ) �

� jxj2 and ~v(y; t) = v(y; t) � � jyj2. We use the following notations

p̂ = Dx � =
x̂ � ŷ
jx̂ � ŷj

MeLt jx̂ � ŷj = � Dy � 6= 0 ;

Z = D 2
x � =

1
jx̂ � ŷj

MeLt jx̂ � ŷjI + 2
(x̂ � ŷ) 
 (x̂ � ŷ)

jx̂ � ŷj2
MeLt jx̂ � ŷj;

and

A = D 2� =
�

Z � Z
� Z Z

�
:

The lemma gives, for every� such that �A 6 I , the existence of� 1; � 2 2 R and X; Y 2 S n

such that
� 1 � � 2 =



(T � t)2 + LeLt Ajx̂ � ŷj;
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(� 1; p̂ + � x̂; X + �I ) 2 J
2;+

u(x̂; t̂);

(� 2; p̂ � � ŷ; Y � �I ) 2 J
2;�

u(ŷ; t̂);

� 1
�

�
I 0
0 I

�
6

�
X 0
0 � Y

�
6 (I � �A ) � 1A:

Sinceu is both a super and a subsolution we get

� 1 + k(x̂; t̂)jp̂ + � x̂j + F (p̂ + � x̂; X + �I ) 6 0; (3.59)

� 2 � k(ŷ; t̂ )jp̂ � � ŷj + F (p̂ � � ŷ; Y � �I ) > 0:

X 6 Y in the last equation gives

� � 2 + k(ŷ; t̂)jp̂ � � ŷj � F (p̂ � � ŷ; X � �I ) 6 0: (3.60)

Adding 3.60 to 3.59 yields to




(T � t̂)2
+ LeLt Ajx̂ � ŷj � k(x̂; t̂ )jp̂ + � x̂j + k(ŷ; t̂ )jp̂ � � ŷj

+ F (p̂ + � x̂; X + �I ) � F (p � � y; X � �I ) 6 0: (3.61)

Notice that

LeL t̂ Ajx̂ � ŷj � k(x̂; t̂ )jp̂j + k(ŷ; t̂ )jp̂j > LeL t̂ Ajx̂ � ŷj � L jx̂ � ŷjeL t̂ A > 0: (3.62)

Then, (3.61) becomes




(T � t̂)2
+( jp̂j � j p̂ + � x̂j) k(x̂; t̂ )� (jp̂j � j p̂ � � ŷj) k(ŷ; t̂ )+ F (p̂+ � x̂; X + �I )� F (p̂� � ŷ; X � �I ) 6 0:

Let � go to zero. p̂ and X are bounded: one assume they converge and still denote bŷp; X
their limit. In addition, � x̂; � ŷ ! 0 and k is bounded, hence we get




(T � t̂)2
6 0;

which is a contradiction. So, switchingx and y if needed,

ju(x; t ) � u(y; t)j 6 AeLt jx � yj:
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Chapter 4

A crystalline curve shortening �ow
(with M. Novaga and P. Pozzi)

1 Introduction

In this chapter, we consider an anisotropic mean curvature motion for planar immersed
curves. More precisely, given an initial curveu0 : S1 ! R2 and an anistropy 
 , we want
to build a family u(t; x ) of curves such that for anyx; t , the speed ofu(x; t ) is given by

V = � 
 �

where � is the normal vector of u at x (oriented by the parametrization) and � 
 the 
 -
dependent anisotropic mean curvature. We want to prove the existence of such a motion
in short time, for smooth and crystalline anisotropies.

The classical (isotropic) mean curvature motion has been widely studied in the past 40
years (with the framework of Geometric Measure Theory [Bra78] as well as using di�erential
geometry [Hui84, EH89, EH91a]) and the behavior of the �ow as well as its singularities
are fully understood (see [EH91a]). Nonetheless, only a few results are known in the
anisotropic case.

The �rst occurrence of anisotropic curvature �ow appeared in [ATW93] with the well
known discrete minimizing scheme which approximates curvature motion, with a smooth
anisotropy. One year later, in [GL94], Gage and Li presented the anisotropic curvature
motion for planar curves, linking it with a homothetical shrinking of the anisotropic unit
ball. In 2001, Andrews [And01] extended this work by studying the anisotropic motion for
all dimensions in the case of smooth anisotropies in the context of di�erential geometry
(he also studied singularities).

On the other hand, the crystalline case remains widely unknown. In 2 dimensions,
Chambolle and Novaga adapted in [CN13b] the scheme of [ATW93] to build a crystalline
curvature motion for sets.

Motivated by [CN13b] and inspired by a work of the second author [CN13a] which
proposed to pass to the limit in an approximate �ow, we extend the results of [CN13b] to a
crystalline motion of a planar curve which is only immersed. To do that, we approximate
the crystalline anisotropy by a smooth one for which we show a short time existence (in
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the spirit of [And01]). Then, we show that we can pass to the limit in the anisotropy to
obtain a short time existence for a crystalline motion. The proof of this result is organized
as follows:

We �rst introduce the de�nitions and notation we use in the paper and de�ne what we
call anisotropic motion for curves. Then, we work on a smooth approximate motion (that
is a anisotropic motion for a smooth anisotropy
 " ). To de�ne the latter, it is necessary
to start from a curve which has a bounded
 " -anisotropic curvature. In Lemma 4.1, we
show that a curve which has a bounded
 -curvature can be approximated by a curve with
bounded 
 " -curvature.

In Section 4, we study the evolution of the geometric quantities under the �ow, and
prove, as it happens in the isotropic case, that the curvature must blow up at the �rst
singular time. Since we can show that it does not happen, it provides a uniform bound of
the existence time of the approximate �ow.

Finally, we pass to the limit in the approximated �ow and show that it provides a
solution to the crystalline curvature motion in an interval [0; T) where T depends only on
the initial conditions.

2 Set up and notation

We consider closed planar curves parametrized byu : S1 � [0; T] ! R2, u = u(x; t ). We
denote by s the arclength parameter of the curve (thus@s = @x=jux j), by � = ux=jux j =
us = (sin �; � cos� ) its unit tangent and � = (cos �; sin � ) its unit normal. Recall the
classical Frenet formulas

uss = � s = ~� = ��; � s = � ��: (4.1)

Moreover recall that from � = � (s) and the expression for� s one infers

� = � s: (4.2)

Anisotropic Length

De�nition 4.1. We call (symmetric) anisotropy a map
 : R2 ! [0; 1 ) which is a norm
in R2, that is

� 
 is convex,
� 
 (p) > 0 for p 6= 0 ,
� 8� 2 R, 
 (�x ) = j� j
 (x).

We say that 
 is uniformly elliptic if there exists C > 0 such that

D 2(
 2) > CI:

It is equivalent to ask that the setf 
 6 1g is uniformly convex (its Euclidean curvature is
positive and bounded away from zero). We call this set theWul� shape relative to 
 and
denote it byW
 .
On the other hand,
 is said to be crystalline if the setW
 is a polytope.
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The anisotropic length is de�ned by

L 
 (u) =
�

S1

 (� )ds =

�

S1

 (u?

x )dx: (4.3)

Using the homogeneity properties of
 one obtains (for smooth enough functions)

hL 0

 (u); ' i =

d
d�

�
�
�
� =0

L 
 (u + �' ) =
�

S1

 0(� ) � ' ?

x dx = �
�

S1

 00(� )� s � ' ? ds

=
�

S1
(
 00(� )� � � )�� � ' ? ds = �

�

S1
(
 00(� )� � � )�� � ' ds:

A classical formulation for the anisotropic curve shortening �ow(for which Wul� shapes
shrink self similarly) is then given by

ut


 (� )
= ( 
 00(� )� � � )�� (4.4)

(see for example [GL94]). Note that by setting

� (� ) := 
 (� ) = 
 (cos�; sin � ) (4.5)

a straightforward calculation gives

� (� ) + � 00(� ) = 
 00(� )� � �
�

=

 p1p1 (cos�; sin � )

sin2 �

�
; (4.6)

thus we can write the ACSF as

ut = � (� )( � (� ) + � 00(� )) �� =  (� )��; (4.7)

where

 (� ) := � (� )( � (� ) + � 00(� )) : (4.8)

Note that the convexity of 
 implies that  � 0.

De�nition 4.2. We say that a curveu is 
 -regular if one of these two equivalent conditions
hold

� Every graphical part M � of u(S1) satis�es the exterior and interior Wul�-shape
condition of radius R, for someR. In addition, the edges ofM � which are parallel to
the edges ofRW
 around which u(S1) lies locally on one side are longer than these
edges ofRW


1

� There exists a Lipschitz Cahn Ho�man vector �eld on u(S1), that is a vector �eld
n such that

8x 2 S1; n(u(x)) 2 @
� (� )

where � is a (non unique sinceu is only Lipschitz) Euclidean normal to u at x.

1. For example, if W
 is a square with sides of length 1, then a staircase with steps of length 1
2 satis�es

this property with R = 1 but a square with sides of length 1
2 does not.



142 A crystalline curve shortening �ow

We say that a
 -regular curve has a curvature bounded byC if either the �rst condition is
ful�lled with R = 1

C or if j@xnj 6 Cjux j:
If 
 is smooth, we de�ne theanisotropic curvature to be

� 
 := 
 00(� )� � � �:

In what follows, the strategy is the following: we will approximate 
 by a sequence of

 " > 
 which are smooth and uniformly elliptic. This will allow us to construct an approx-
imate anisotropic motion. Then, we pass to the limit in ": We �rst need to approximate
the initial curve.

3 Approximation of the initial curve

This subsection is dedicated to prove the

Lemma 4.1. Let u be a Lipschitz and
 -regular curve whith 
 -curvature bounded byC.
Then, for all 
 " smooth and uniformly elliptic such that 
 " > 
 and 
 " ! 
 uniformly
on compact subsets, and everyC0 > C , there existsu" ! u uniformly such that u" has a
bounded curvaturej� 
 " j 6 C0. In addition, the (Euclidian) normal vector � " (x) converges
to � (x) almost everywhere (the latter exists almost everywhere sinceu is Lipschitz).

Before the proof, let us state a de�nition from [CN13b].

De�nition 4.3. Let A be a subset ofR2. We say thatA satis�es the inner RW
 -condition
for some R > 0 if

A =
[

dE

 (x)6 � R

(x + RW
 )

and for all r < R and x 2 R2, (x + rW 
 ) \ Ac is connected.
We say that it satis�es the outer RW
 -condition if Ac satis�es the outer RW
 -condition.
Finally, we say that it satis�es the RW
 -condition if it satis�es both inner and outer
condition.

This proof is based on [CN13b], Lemma 1. The curveu(S1) is Lipschitz. Hence, there
exists � 0 such that for every x0 2 S1, we can �nd an orientation n and a neighborhood
(x0 � �; x 0 + � ), which we identify with an interval of the real line R, with � > � 0 such that
u(x0 � �; x 0 + � ) is a graph overn? . Without loss of generality, we can assume thatu is
di�erentiable at x0 � � . We denote by� � the extension of this graph toR (as the graph of
a continuous function with slopeu0(x0 � � ) if x 6 x0 � � and u0(x0 + � ) if x > x0 + � ): We
note M � the hypograph of this function (such that � � = @M� ). Since� 
 (M � ) 6 C and M �

is a graph, thenM � satis�es the 1
C W
 condition. So, it sati�es the 1

C0W
 condition too.
We will apply [CN13b, Lemma 1] to M � which satis�es the RW
 -condition. This will

provide
~M �;" :=

[ �
(x + RW
 " )

�
� (x + RW
" ) � M �

	

and
M �;" := R2 n

[ n
(x + RW
 " )

�
�
� (x + RW
" ) � ~M c

�;"

o
:
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Note that ~M �;" satis�es the inner 1
C W
 " inner condition and M �;" ; the 1

C W
 " outer condition
and that @~M �;" and @M�;" both converge to@M� in Hausdor� distance.

SinceM � satis�es also theR0W
 -condition, the same lemma in [CN13b] provides

M̂ �;" :=
[ �

(x + R0W
 " )
�
� (x + R0W
" ) � M �

	

and
�M �;" := R2 n

[ n
(x + R0W
 " )

�
�
� (x + R0W
" ) � M̂ c

�;"

o
:

As before, M̂ �;" satis�es the inner R0W
 " inner condition and �M �;" ; the R0W
 " outer con-
dition and their boundary both converge to @M� in Hausdor� sense.

To see that the localization does not depend on� , we need the

Lemma 4.2. There exists � 1 > 0 such that for every�; � 0 6 � 1, there exists"1 > 0 such
that for every " 6 "1,

M̂ � 0;" = M̂ �;"

and
�M � 0;" = �M �;"

Before proving this lemma, let us conclude the proof of Lemma 4.1. We proved that
for eachx0 2 S1, there exists � 0 such that for every � 6 � 0, the construction of �M �;" does
not depend on� (with the de�nition above). By compactness, we have a uniform� 2 (for
the whole curve) such that the di�erent

�M �;"

which corresponds to every point ofu(S1) can be connected.
Let us now de�ne u" . By compactness, one has a �nite number ofyi = u(x i ) and � i > 0

such that

u(S1) =
p[

i =1

@M� \ B � i (yi ):

For every i , there exists � i such that

@M� \ B � i (yi ) = u([x i � � i ; x i + � i ]);

with x i � � i < x i � 1 < x i < x i � 1 + � i . Then, we setui
" : [x i � � i ; x i + � i ] ! R2 by

� ui
" (x i ) = ŷi , where ŷi 2 �M �;" realizes the distance betweenu(x i ) and �M �;" :

� For x 6= x i , we setui
" (x) is the point y 2 �M �;" such that

d �M �;"
(y; u(x i )) = dM � (u(x); u(x i )) ;

whose distances are negative ifx < x i and positive if x > x i :
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Then, thanks to the Hausdor� convergence of �M �;" to M � , we haveui
" ! uj[x i � � i ;x i + � i ] in

L 1 :
We can now build u. Let ' i be a partition of unity adapted to S1 =

S
]x i � � i ; x i + � i [.

We de�ne
u" =

X
' i ui

" :

The function u" shares the same regularity as theui
" , it is therefore C1;1. As we clearly

have
u =

X
' i uj[x i � � i ;x i + � i ];

the fonction u" converges tou in L 1 (S1).

Let us now show that � " ! � a.e. Let x0 2 S1 such that @xu exists around x0 (the
angles are isolated points so this assumption is satis�ed almost everywhere), lety0 = u(x0)
and let M � (y0) the corresponding graph (such thatu([x0 � �; x 0 + � ]) � @�M � (y0)). We
also introduce, as before, the correspondinĝM �;" and �M �;" .

First, we show that for every y"
0 ! y0 with y"

0 2 @M̂ �;" the normal vector �̂ (y"
0) to M̂ �;"

at y"
0 converges to� (x0): Indeed, either M̂ �;" and M � coincide aroundy0 and nothing has

to be done, or y"
0 belongs to an arc of a Wul� shapeRW
 " . In the last alternative, we

just have to notice that the RW
 " are convex and lie on one side of@M� , which forces the
tangent line to RW
 " at y"

0 to converge to@xu(x0): The same is true with normal vectors.
We now prove that the same result holds for�y"

0 2 @�M �;" with �y"
0 ! y0. Let yn

0 be a
sequence of points belonging to�M �;" n where "n ! 0 and such that �yn

0 ! y0: Then, either
�yn

0 2 @M� (and nothing has to be done) or�yn
0 2 @M̂ �;" (just apply the �rst point) or �yn

0
belongs to the boundary of a Wul� shapeRW
 " n

which Hausdor� converges to the Wul�
shapeRW
 which (thanks to the RW
 -condition for M � ) lies on one side of@M� and whose
boundary containsy0: Since with this assumption, �yn

0 6= y0, the latter is smooth at y0 and
its tangent space coincide withspan@xu(x0). As a result, we have convergence of normal
vectors. Finally, we take �y"

0 = u" (x0) to conclude the proof.
We will now prove Lemma 4.2. We will need the

Lemma 4.3. Let K i � K be a set of strict convex compact subsets which are symmetric
with respect to the origin and which converge to a setK . Let � 2 (0; 1), yi 2 @Ki which
converges toy 2 @Kand � i ! 0. We introduce

L i := �K i + ((1 � � )jyi j + " i )
yi

jyi j
:

Then, @Li intersects @Ki in two points Pi ; Qi which both converge toy.

Proof. First, let us prove that d(Pi ; Qi ) ! 0: If not, then there exists 
 > 0 and a sequence
(still denoted by i ) Pi and Qi such that d(Pi ; Qi ) > 
 . One can assume thatPi ! P and
Qi ! Q with P; Q 2 K and d(P; Q) > 
: Noting that

L i ! L := �K + (1 � � )y;

one has alsoP; Q 2 @Land L � K: That implies that @Kand @Lcoincide betweenP and
Q, which is not possible by strict convexity. Since@L\ @K= f yg, the shared limit of Pi

and Qi must be y.
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Figure 4.1: Step 1 con�guration

We are now able to prove Lemma 4.2. We only prove the coincidence of̂M �;" (the other
equality if proven similarly).

Step 1. The Wul� shape W
 has no straight edge. We refer to Figure 4.1 to follow
this step of the proof.

First, let us assume that the Wul� shape W
 has no straight edges. Then,W
 is strictly
convex. As a result, RW
 and R0W
 cannot see their boundary coincide. That implies
that M � and R0W
 cannot see their boundary coincide either.

Let y0 2 M � and ŷ a point of M̂ �;" which is closer toy0 than any other point of M̂ �;" :
Then, either ŷ = y0 or ŷ belongs to an arc^̀ of Ŵ" , a translation of R0W
 " -Wul� shape,
and which touchesM � at two points T1 and T2. In the last alternative, let us show that
T1; T2 ! y0 as " ! 0:

To this aim, let us introduce ~y a point of ~M �;" which is closer toy0 than any other point
of ~M �;" : The point ~y belongs to an arc~̀ of ~W" , a translation of the RW
 " -Wul� shape,
which touchesM � at two points � 1 and � 2 (for curvature reasons,Ti is betweeny0 and � i :
see Figure 4.1).

Then, ^̀ and ~̀crosses at two points� 1; � 2 such that � i is between� i and Ti (see Figure
4.1).

Then, Lemma 4.3 applied with K i = ~W" , L i = Ŵ" and yi = ~y shows that � 1; � 2 ! y:
On the other hand, the points Ti stand between� i and ŷ on Ŵ" . That implies that they
also converge toy0. As a result, if �; � 0 are �xed and su�ciently small, we can �nd " small
enough such that the construction aboveM̂ �;" and M̂ � 0;" coincide (one can choose" such
that the correspondingTi stand on a neighborhood ofy whereM � and M � `0 coincide). This
is Lemma 4.2.

Step 2. The point y0 belongs to a straight line of RW
 . Now, let us study the
straight lines in W . Since the construction above is local, if the Wul� shapeRW
 " which
touches M � at y0 has no straight line around y0, one still can build M �;" satisfying the
R0W
 " condition for � su�cently small as in Step 1.

So, let us assume thatŴ is a R0W
 Wul� shape tangent to M � at y0 (from inside) and
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y0 belongs to a straight line of Ŵ . Then, either y0 belongs to the interior of a �at edge
of Ŵ which implies, sinceM � satis�es the RW
 -condition for both inside and outside and
sinceW
 is symmetric, M � must also have a �at edge aty0, or y0 belongs to an end of a
line, as we assume from now.

Will still have to distinguish two alternatives:
� Assume that y0 belongs to the end of two (distinct) straight lines of Ŵ which create

an angle, and let, as before,̂y be a point of M̂ �;" which minimizes the distance to
y. Once again, eitherŷ = y or ŷ belongs to an arc ^̀ of Ŵ 0

" , a translation of the
approximate Wul� shape R0W
 " which touches M � at two points � 1 and � 2 (see
Figure 4.2). Note that because of the Hausdor� convergence, the curvature of the
R0W
 " Wul� shape at ŷ must tend to + 1 as" ! 0: As a result, if M � has a bounded
curvature at y0, then M �;" = M � near y0.
Now, if M � has an angle aty0, either M � coincide locally with Ŵ or not. In the
�rst alternative, for a su�ciently small � , M � is exactly the union of the two lines.
As a result, M �;" does not depend on� when the latter is small enough, and the
statement is proven.
Let us assume now thatM � coincides with Ŵ only on one side` of y. Then the
approximate Ŵ" (Ŵ" is a translated R0W
 " Wul� shape which converge Hausdor�
to Ŵ ) touches M � at only one point � (see Figure 4.2).
Thanks to the symmetry of W
 and the RW
 outer condition for M � , we have� 1 2 `
and so

� 1 = � + rn `

and
Ŵ 0

" = Ŵ" + r " n` :

Let us show that � 1; � 2 ! y with " ! 0: If that were false, there would exist a
sequence" i ! 0 and � i

2 ! � 6= y: Since @M� does not coincide with the Wul�
shapeŴ , d(�; Ŵ )) = � > 0: As a result, r cannot go to zero (it is bigger than �

2 for
i large enough). Letr̂ be a limit point of r . That would imply that

Ŵ + r̂n ` � M �

which cannot happen because of the angle.
Finally, if M � does not coincide at allŴ , one has a situation as in Step 1 and we
conclude similarly.

� Assume now that y0 belongs to the end of one straight line ofRW
 . If there is
an angle ofW
 at y0, then we can reproduce the last argument and have the same
conclusion. If there is no angle, one has to distinguish between two alternatives:
either M � coincide with the straight edge or not. In the �rst case, one can reproduce
the proof of the bullet above and get the similar conclusion (note that even if there
is no angle,y0 + �n ` has no chance to belong toM � becausey0 is at the end of the
line and M � sati�es the outer RW
 condition where W
 is symmetric).
If M � does not coincide with Ŵ locally, then the Wul� shape Ŵ" touches M � at
� 1; � 2 (depending on"). By contradiction (as in Step 1), we show that � 1;2 have to
tend to y0 and we have Lemma 4.2.
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Figure 4.2: Step 2 con�guration

4 Smooth motion

In this whole subsection, we replace
 by 
 " and drop the index ": Thanks to [Ang90,
Th 3.1], there exists a smooth solution to (4.7) on an intervalle[0; T" ).

Lemma 4.4. The following holds

@t @s(�) = @s@t (�) +  (� )� 2@s(�) (4.9)

� t = (  (� )� )s� (4.10)

� t = � ( (� )� )s� (4.11)

� t = (  (� )� )ss +  (� )� 3 (4.12)

� t = (  (� )� )s: (4.13)

Proof. Let f : S1 ! R2, f = f (x; t ). Then, we compute (we note that the derivatives inx
and t can commute)

@t @sf = @t

�
@x f
jux j

�
= �

(utx ; ux )
jux j3

@x f +
@t @x f
jux j

= � (@s( (� )�� ) ; � ) @sf +
@x

jux j
@t f

=  (� )� 2@sf + @s@t f:

Applying this formula to the other quantities, we get

� t = @t (@su) = @s(@t u) +  (� )� 2@su = @s( (� )�� ) +  (� )� 2� = (  (� )� )s�:
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We prove the third formula similarly.
Writing � = ( � s ; � ), we get

� t = ( @t � s ; � ) + ( � s ; @t � ) :

Since � s is proportional to � and � t is proportional to � , the second term vanishes. We
obtain

� t =
�
@s((  (� )� )s� ) +  (� )� 2� s ; �

�
= (  (� )� )ss +  (� )� 3:

Finally, recalling that � = (cos �; sin � ), one has� t = � � t (sin �; � cos� ), which implies the
last formula.

Remark. For an embedded closed curve moving by ACSF we have that the rate of decrease
of the area enclosed by the curve goes like

d
dt

A(u(�; t)) = �
�

S1
 �ds:

(The proof is based on Gauss theorem + previous Lemma). In particular for the CSF we
have that d

dt A(u(�; t)) = �
�

S1 � sds = di�erence of the normal angles at the meeting point.
If � > 0 then in the anisotropic case we infer that d

dt A(u(�; t)) � � c
�

S1 � sds and therefore
an analogous statement holds.

For the evolution of the derivatives of the curvature we have

Lemma 4.5. For j 2 N, j � 1 we have

@t (@j
s � ) =  (� )(@j

s � )ss + ( j + 3)  0(� )� (@j
s � )s

+ P( ;  0;  00; �; � s)@j
s � + P( ;  0; : : : ;  (j +2) ; �; : : : ; @j � 1

s � ) (4.14)

whereP(�) is a polynomial in the given variables and (m) = @m
�  .

Proof. The proof is by induction on j and relies on Lemma 4.4 and the fact that (� )s =
 0(� )� .

Lemma 4.6. Let w := log jux j. There holds

wt = �  (� )k2: (4.15)

In particular kux (t)k1 � k ux (0)k1 .

Proof. A direct computation gives

wt = � � @sut = � �  (� )�� s = �  (� )k2:

The second statement follows from � 0.

Note that if we have a bound on the curvature, then from� wt � C(k� k1 ; k k1 ) we
also infer that jux (t)j � (inf S1 jux (0)j)e� C(k� k1 ;k k1 )t .
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Lemma 4.7. Assume that (4.7) has a smooth solution on[0; �t], with �t > 0. Then

max
S1 � [0;�t ]

j@j
s � j � Cj

where Cj depends on�t, k (l )k1 for l = 0 ; : : : ; j + 2 , Cl for l � j � 1, k@j
s � (0)k1 , and

maxS1 � [0;�t ] j� j.

Proof. The proofs goes by induction onj . Let v = @j
s � . Then from Lemma 4.5 we know

that

vt =  (� )vss + ( j + 3)  0(� )�v s + P( ;  0;  00; �; � s)v + P( ;  0; : : : ;  (j +2) ; �; : : : ; @j � 1
s � ):

(where recall that @s = 1
jux j @x and vss = 1

jux j2 vxx � vx
jux j � � uxx

jux j2 ). Together with  (� ) � c > 0
(the anisotropy is uniformly elliptic), we obtain a parabolic quasilinear equation for which
we can apply the arguments given in [Lie05, Thm. 9.5] (cf. [Lie05, ex. 9.5] for the case
j = 1 ).

More precisely let us look at the case wherej � 2. Without loss of generality we may
assume that there exists a point(x; t ) 2 S1 � (0; �t] wherev attains a positive maximum (if
not argue with � v). Then v satis�es an equation of type

0 = � vt +  (� )vss + a(s; v; vs)

where, in view of the induction hypothesis, we have thata(s; v;0) � c(jvj + 1) � � jvj + �
jvj

with posistive constants� and � depending onk (l )k1 for l = 0 ; : : : ; j +2 , Cl for l � j � 1,
and maxS1 � [0;�t ] j� j. Set � = � � � 1. SupposeP = ( x; t ) 2 S1 � (0; �t] in which m := e�t v
attains a positive maximum. Then mt = �e �t v + e�t vt and at P we havemx = mt = 0
(thus ms = mt = vs = 0 ), mxx � 0 (thus mss � 0, vss � 0). At P (where v > 0) we have

0 = � vt +  (� )vss + a(s; v; vs) � � vt + � jvj +
�
jvj

= ( � + � )v +
�
v

= � v +
�
v

:

Thus v(P) �
p

� and we infer that

sup
S1 � [0;�t ]

v � e(� +1) �t (
p

� + sup
S1

v+ (0)) :

Arguing with � v we get a bound also onv� and therefore onjvj.
For the casej = 1 we have that a(s; v;0) � c(jvj2 + jvj + 1) � c(jv2j + jvj + 1

jvj ) =
�( jvj) + c

jvj , where �( r ) = cr(1 + r ). Here use the results from [Lie05, ex. 9.5].

Proposition 4.1. Let T be the maximal time of existence of(4.7) and assume thatT < 1 .
Then

lim
t ! T

k� k1 = + 1 :
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Proof. Assume by contradiction that j� j is uniformly bounded for all t 2 [0; T). Then the
previous lemmas imply a uniform bound onjux j, jux j � 1 and j@j

s � j. As a result, writing

u(s; t) � u(s; t0) =
� t0

t

 (� (s)) 
 00(� (x)) � (s) � � (s)�� (s);

the bound on � implies that this integral has a limit when t0 ! T . It remains to show that
the convergence ofu(�; t0) is in fact in C1 : We will proceed by induction.

First of all note that for a function h : S1 ! R we have that

@m
x h � j ux jm @m

s h = P(jux j; : : : ; @m� 1
x jux j; h; : : : ; @m� 1

s h):

Di�erentiating the PDE for the length element z = jux j, namely

zt = �  (� )� 2z;

we get equation of type
(@m

x z)t = b(x; t )@m
x z + a(x; t )

with jaj and jbj uniformly bounded by induction hypothesis. Integrating in time and
applying Gronwall's lemma, we infer a uniform bound onj@m

x jux jj and as a consequence
also on j@m

x ux j. Thus we have aC1 convergence and we can extendu past T (Thanks,
once again, to [Ang90, Th 3.1]), which gives a contradiction. Thus we have proved that

lim sup
t ! T

k� kL 1 = + 1 :

Now, let us state a remark which shows, as it happens in the isotropic case, that the
blow up rate of the curvature is bounded by below. Even if we will not use it here, it opens
the way to a more complete study of singularities.

Remark. SupposeT < 1 . Then

lim inf
t ! T

p
T � tk� kL 1 �

1
p

2�
(4.16)

where � = max S1 j +  00j.

Proof. Let w := � 2. Then from (4.12) we infer that

wt =  (� )wss + 2(  (� ) +  00(� ))w2 + 3  0(� )ws
p

w sign(� ) � 2 (� )(ks)2

�  (� )wss + 2(  (� ) +  00(� ))w2 + 3  0(� )ws
p

w sign(� ):

Let M (t) := max S1 w. Then evaluating the pde-inequality for w at the point (x; t ) for
which M (t) = w(x; t ) gives, for almost everyt,

d
dt

M (t) � 2j +  00jM 2(t) � 2�M 2(t);

where � = max S1 j +  00j. The rest follows as in [CN13a, Lemma 2.6].
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The anisotropic curvature does not blow up in short time. Let recall that � 
 :=
� (� + � 00): We denote byh the quantity � + � 00. Then,

@t � 
 = @t (�h ) = h[(@ss( (� )� ) +  � 3] + �h 0@s( (� )� )

= h[@s(� 2 0+ � s ) + � 2 (� )� ] + �h 0(� 2 0+ � s )

= h(3�� s 0+ � 3 00+ � ss + � 3 ) + � 3h0 0+ �� sh0 

whereas
@ss� 
 = @ss(�h ) = @s(� sh + � 2h0) = � ssh + 3 � s�h 0+ � 3h00:

Noting that

(@t �  @ss)
� 2




2
= � 
 @t � 
 �  � 
 @ss� 
 �  (@s� 
 )2

we get

(@t �  @ss)
� 2




2
= �  � 


�
� ssh + 3 � s�h 0+ � 3h00� �  (@s� 
 )2

+ � 

�
h(3�� s 0+ � 3 `00+ � ss + � 3 ) + � 3h0 0+ �� sh0 

�
:

= � s� 
 � (3h 0� 2h0 ) + � 
 � 3(h + h 00+ h0 0�  h 00) �  (@s� 
 )2:

Now, note that
 0 = ( h� )0 = h0� + h� 0;

 00= h00� + 2h0� 0+ h� 00;

we obtain
3h 0� 2h0 = 3h2� 0+ hh0�

and

h + h 00+ h0 0�  h 00= h2� + hh00� +2hh0� 0+ h2� 00+( h0)2� + hh0� 0� hh00� = h3+3hh0� 0+( h0)2�:

As a result,

(@t �  @ss)
� 2




2
= � s� 
 � (3h2� 0+ hh0� ) + � 
 � 3(h3 + 3hh0� 0+ ( h0)2� ) �  (@s� 
 )2:

Since

@s
� 2




2
= � 
 (� sh + � 2h0);

we can write

� s� 
 � (3h2� 0+ hh0� ) + � 3� 
 (3hh0� 0+ ( h0)2� ) = (3 �h� 0+ h0�� )@s
kg2

2

which yields

(@t �  @ss)
� 2




2
6 (3�h� 0+ h0�� )@s

kg2

2
+ � 4

� :
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At a maximal point for � 2

 , the quantity @s� 2


 vanishes and@ss� 2

 is nonpositive. As a

result, letting g := max S1 � 2

 , we have d

dt g 6 2g2, which implies

g(t) 6
g(0)

1 � 2tg(0)
(4.17)

and, sinceg(0) 6 (C0)2, prevent � 
 from blowing up on the time interval [0; 1
2C02 ):

4.1 Crystalline curvature �ow

We denote by T0 the quantity 1
3C02 . We now pass to the limit in the " approximation

of the �ow u" we built in the previous subsection. First, thanks to Lemma 4.6 and the
approximation lemma 4.1, the collection ofu" is equi-Lipschitz in space. Thanks to (4.17),
it is also equi Lipschitz in time on every compact set of[0; T): Then, thanks to Ascoli
Arzela, we can makeu" converge to someu, up to a subsequence.

Let us show that u is a solution to the crystalline mean curvature motion. More
precisely

Theorem 4.1. Let u be a limit of u" and let ~u be a reparametrization ofu by unit arc
length (we denote byL(t) the length of u(S1)). Then, there exists a vector �eld ~n on
M t := u([0; L (t)]; t) such that ~n 2 L 1 ([0; L (t)] � [0; T]), ~n is Lipschitz in s and satis�es

 (n) = 1 ; and such that

~u?
t = 
 (� ) div ~n �

almost everywhere in(s; t); whereu?
t denotes the component ofut which is normal to the

surface.

Before proving this theorem, let us state a standard but useful remark.

Remark. The Cahn-Ho�man vector �eld n" satis�es

@sn" = ( @sn" � � " ) � " :

Indeed, if we consider di�erentiate the identity


 (n" ) = 1

along the curve, we obtain
r 
 (n" ) � @sn" = 0 :

On the other hand,

r 
 (n" ) = r 
 (r 
 � (� " )) =
1


 " (� " )
� "

which leads to
� " � @sn" = 0 :

Proof of Th. 4.1. First, let us say a word on reparametrization. We also denote by~u" the
reparametrization of u" using unit arc length s (s 2 [0; L " (t)]). Since u" ! u uniformly
and u" are equi-Lipshitz, we haveL " (t) ! L (t):
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Let us now introduce n" := r 
 �
" (� " ) where � " (x; t ) is the Euclidian normal to u" (S1):

We denote by ~n" the composition of n" with the reparametrization above. We will show
that it converges to some~n which satis�es the expected properties.

First, let us prove that ~n" is Lipschitz with respect to s. Let us �x a compact j0; a] �
[0; T): Thanks to (4.17), the surfacesM t

" ; for t 2 [0; a], have a bounded
 " -curvature whose
bound does not depend either on" or in t 2 [0; T]:

Now, just notice that thanks to the remark before,

� 
 " = div(~n" ) = ( @s~n" � � ) � = @s~n" ;

which implies that ~n" is Lipschitz with a constant which does not depend on" and t 2 [0; T]:
Let us now pass to the limit in the equation

(~u" )?
t = 
 " (� " ) div ~n" � " :

Let us notice that 
 " ! 
 uniformly whereas� " ! � almost everywhere. In addition,div ~n"

is bounded (since~n" are equi-Lipschitz) so weakly converge inL 2(s; t) to div ~n. Similarly,
(~u" )?

t weakly converges to~u?
t : As a result, the equation

(~ut )? = 
 (� ) div ~n �

is satis�ed distributionnaly and therefore almost everywhere.

Remark. Whereas uniqueness is guaranteed in the case of an embedded curve (see [CN13b]),
with our framework, it remains an interesting problem.
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�Evolutions de courbes et surfaces pour le traitement d'images

L'objectif de cette th�ese a �et�e d'�etudier di��erents probl�emes apparaissant naturellement en traitement d'images
et mettant en jeu des hypersurfaces de l'espace euclidien �an dimensions. D�ebruiter une image consiste essen-
tiellement �a en lisser les lignes. Ce lissage peut appara��tre soit comme le r�esultat d'une minimisation d'une
fonctionnelle, soit comme l'application d'un �ot r�egularisant sur les lignes de l'image. Dans ce manuscrit, nous
�etudions deux exemples de ces deux approches.

� Dans le chapitre 1, on lisse par minimisation et on s'int�eresse �a la r�egularit�e de la solution. Plus
pr�ecis�ement, on travaille sur des g�en�eralisations de la minimisation propos�ee par Rudin, Osher et Fatemi
qui p�enalise la variation totale. On cherche �a montrer que sous di��erentes hypoth�eses sur le domaine,
les conditions d'attaches aux donn�ees ainsi que le choix de la variation totale (isotrope, anisotrope,. . .),
la continuit�e de l'image observ�ee se transmet forc�ement au minimiseur, ce qui montre que le d�ebruitage
par minimisation ne vas pas faire appara��tre de discontinuit�e non observ�ee.

� Dans le capitre 2, on �etudie le �ot par courbure moyenne (�eventuellement anisotrope), qui est connu
pour avoir un e�et r�egularisant [AGLM93]. On y ajoute des obstacles. L'approche choisie est celle des
lignes de niveau : la surface est l'image r�eciproque de 0 par une fonction qu'on fait �evoluer. On d�emontre
existence et unicit�e d'une fonction solution (de viscosit�e) de l'�equation du mouvement par ligne de niveau
et on �etudie son asymptotique en temps en la comparant �a un mouvement minimisant discret.

� Dans le chapitre 3 (travail en collaboration avec M. Novaga), on pr�ecise le r�esultat du chapitre 2 en
�etudiant le m�eme probl�eme mais sous forme g�eom�etrique (ce qui est nettement plus pr�ecis que l'approche
ligne de niveau). On suit l'approche de Ecker et Huisken pour montrer qu'il existe une unique solution
au mouvement par courbure moyenne avec obstacles en temps court.

� En�n, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi), on fait un premier
pas vers l'�etude g�eom�etrique du mouvement anisotrope (on pourra en particulier traiter les anisotropies
cristallines). Uniquement restreints �a la dimension deux, on montre, en l'approchant par un mouvement
lisse, l'existence d'un mouvement par courbure anisotrope d'une courbe immerg�ee pour un temps petit.

Curve-and-surface Evolutions for Image Processing

The goal of this manuscript was to study several problems which appear in image processing and which involves
hypersurfaces of the Euclidian spaceRn . Denoising a image basically consists in smoothing its lines. This
smoothing can appear either as a minimizer of a suitable functional or result from a regularizing �ow on the
level sets of the image. In this thesis, we study two examples of these approaches.

� In the �rst chapter, we smooth by minimization. More precisely, we work on generalizations of the
procedure suggested by Rudin Osher and Fatemi, which penalizes the total variation. We prove that
under di�erent assumptions on the domain, on the way to link the image to the data and on the choice
of the total variation (isotropic, anisotropic,...), the continuity of the source image is preserved by the
minimizing procedure.

� In Chapter 2, we study Mean curvature �ow and add some obstacles which constraint the evolution. We
choose the level-set approach: the surface is the preimage of 0 by a function which therefore satis�es
a PDE. We prove existence and uniqueness of a (viscosity) solution for this equation. and study its
asymptotic in time using comparison with a discrete minimizing scheme.

� In Chapter 3 (with M. Novaga), we add some information to the result of Chapter 2 by focusing on the
geometric formulation of the mean curvature �ow with obstacles. We follow the approach by Ecker and
Huisken to show that there exists a unique solution of the motion in short times.

� Finally, in the last chapter (with M. Novaga and P. Pozzi), we make a �rst step towards the understanding
of crystalline motion. Restricted to the planar framework, we show (using an approximation by a smooth
motion) that there exists a short time of existence for an anisotropic curvature motion of an immersed
curve.
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