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Introduction

Ce manuscrit est diviee en deux parties assez incependantes. Aussi, nous avons choisi
de respecter cette division dans l'introduction. On commencera par un bref esunme des
travaux pesenes dans les quatre chapitres de ce manuscrit. Nous introduirons ensuite
les notions de geonetrie dierentielle utiliees dans ce manuscrit puis nous examinerons
dierents points de vue sur I'objet courbure moyenne.

Les sections 4 et 5 pesenteront ensuite les esultats de ce manuscrit, en respectant la
structure de celui-ci. La premere exposera le contexte et les esultats du premier chapitre
et la seconde introduira et esumera les chapitres 2a 4.

1 Resune

L'objectif de cette trese aet detudier dierents probemes apparaissant naturelle-
ment en traitement d'images et mettant en jeu des hypersurfaces de I'espace euclidiena
n dimensions. Debruiter une image consiste essentiellementa en lisser les lignes. Ce lis-
sage peut apparatre soit comme le esultat d'une minimisation d'une fonctionnelle, soit
comme l'application d'un ot egularisant sur les lignes de l'image. Dans ce manuscrit,
nousetudions deux exemples de ces deux approches.

Dans le chapitre 1, on lisse par minimisation et on s'ineressea la egularie de la
solution. Plus peciement, on travaille sur des greralisations de la minimisation
propoge par Rudin, Osher et Fatemi qui penalise la variation totale. On cherche
a montrer que sous dierentes hypotteses sur le domaine, les conditions d'attaches
aux donrees ainsi que le choix de la variation totale (isotrope, anisotrope,...), la
continuie de l'image obsenee se transmet forement au minimiseur, ce qui montre
gue le cebruitage par minimisation ne vas pas faire apparatre de discontinuie non
obsenee.

Dans le capitre 2, onetudie le ot par courbure moyenne gventuellement aniso-
trope), qui est connu pour avoir un e et egularisant [AGLM93]. On y ajoute des
obstacles. L'approche choisie est celle des lignes de niveau : la surface est l'image
eciproque de 0 par une fonction qu'on faitevoluer. On cemontre existence et uni-
cie d'une fonction solution (de viscosie) de lequation du mouvement par ligne de
niveau et onetudie son asymptotique en temps en la comparanta un mouvement
minimisant discret.

Dans le chapitre 3 (travail en collaboration avec M. Novaga), on pecise le esultat
du chapitre 2 enetudiant le meme probeme mais sous forme geonetrique (ce qui
est nettement plus pecis que l'approche ligne de niveau). On suit I'approche de
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Ecker et Huisken pour montrer qu'il existe une unique solution au mouvement par
courbure moyenne avec obstacles en temps court.

En n, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi),
on fait un premier pas vers letude geonetrique du mouvement anisotrope (on pourra
en particulier traiter les anisotropies cristallines). Uniquement restreintsa la dimen-
sion deux, on montre, en l'approchant par un mouvement lisse, I'existence d'un
mouvement par courbure anisotrope d'une courbe immerge pour un temps petit.

2 Une beve introductiona la geonetrie des hypersurfaces

Dans cette partie, nous taichons de rappeler des notions eementaires de geonetrie
dierentielle qui nous permettront de de nir correctement la courbure moyenne d'une
hypersurface, ainsi que la plupart des notions qu'on utilisera dans ce manuscrit. Ces notions
sont classiques et cette partie peutetre saute. Le lecteur souhaitant avoir un peu plus de
cetails peut, dans un premier temps, se etrera [dC92] qui me semble constituer une
excellente introduction. Pour une approche plus avanee et plus exhaustive, on pourra lire
[Wil93] qui traite des varees abstraites en toute gereralie (ce que nous ne ferons pas ici).

2.1 [enition et plan tangent

Dans toute la suite, on consicerera uniquement des hypersurfaces (sous-varee de di-
mensionn 1) de R". Dans toute cette introduction, on travaillera avec des objetsC! : On
rappelle qu'une sous-varee de dimensionn 1 est un sous-ensemble dB" qui satisfait
(ck nitionsequivalentes)

Pour tout a 2 M, il existe un voisinageV de a dans R" et un dieomorphisme
"2V ! R" quienvoieV\ M surun ouvert deR" 1:

Pour tout a2 M, il existe un voisinageV de a dansR" et un paranetrage F :
R" 11 R"telle queF()= V\ M.

Pourtout a2 M, il existe un voisinageV deadansR" et une submersiorf : V! R
(application C' de gradient ne s'annulant par surV) telle queM \ V = f 1(0).

On rappelle que M est munie en chaque pointp d'un plan tangent (un hyperplan
de R") T,M: Un vecteur de TyM est appek vecteur tangenta M en p. L'ensemble des
couples(p;x) tel que x 2 TpM est noe TM et est appek be tangenta M. En eet,
si :TM ! M estla premere projection canonique, alors pour toutp, la bre Y(p)
est exactement I'espace tangentaM enp ToM: Ainsi e ni, TM est une sous varee de
R?" de dimension2(n 1). En e et, en utilisant la & nition 3 de sous-varee, il existe un
voisinageV dep2 M etf telle queM \ V = f( D(0). Alors, on remarque que

TM\ (V. RY)=f(p)2M R jf(p)=0; Dfp(t)=0g;

et que l'application (p;t) 7! (f (p); Df x(t)) a une dierentielle surjective, c'esta-dire exac-
tement que TM est une sous varee de R?" de dimension2n 2

On appelleegalement champ de vecteur toute application lissX : M ! TM quia p,
fait correspondre un couple(p;t)ﬂ Avec les mains, ceci signi e qu'on fait correspondrea

1. Meme si la terminologie ne sera pas utiliee ici, on dit que X est une section du be tangent TM.
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tout point de M, un vecteur tangenta ce point, et que cette correspondance est lisse. On
note M l'ensemble des champs de vecteurs siu .

En tout point p de M, on dispose d'une base naturelle d&,M enetudiant les cerivees
du paranetrage

& = @F:

Comme DF est injective, lesg; forment bien une base deTpM .

On appelle egalement vecteur normala M tout vecteur orthogonala TpM: Lorsque
I'on parlera de vecteur normal dans la suite, il sera consicee unitaire et, lorsque la sous
varee est fernee, dirige vers l'exerieur.

2.2 Metrique sur une hypersurface

On souhaite maintenant pouvoir mesurer des distances suM , distances dont on sou-
haite qu'elles proviennent de la netrique de I'espace ambiant. On dispose donc naturelle-
ment d'un produit scalaire sur I'espace tangent (comme sous-espace B8). On peut ainsi
e nir la longueur d'une courbe :[0;1]! M par

1
L()= . i jdt:

Cette formule a parfaitement un sens car pour toutt 2 [0;1]; ©est un vecteur tangenta
M, il a donc une norme. On peut donc & nir la distance entre deux pointsa et bde M
via
dia;bh= inf L():
(= inf L()
L)=b

Ainsi, la notion de distance ne cepend que du produit scalaire suif,M . Pour calculer,
on peut donc exprimer le produit scalaire surTyM dans la base dege). On note cette
matrice

gj(p)=(e;¢g)=(@F,; QF)

et on l'appelle netrique sur M en p. Remarquons alors que cette matrice est lisse par
rapporta p.
On introduit aussi la matrice inverse de[g; ] qu'on note, comme il est d'usage[g’ ].

2.3 [erivation sur une hypersurface et courbure

Pour ¢k nir la courbure, il est recessaire de pouvoir ceriver sur M . Expliquons brevement
comment. Tout d'abord, sif est une fonction surM, comme un voisinageV de p dansM
peutetre envoye de facon dieomorphe par  sur un ouvert deR" ! tel que (0) = p, on
peut c& nir 'application lireaire  Dpf : ToM ! R par

Dof h=Do(f ) (Do * h):

On \eri e alors aiement que cette e nition ne cepend en fait pas de : Pour ceriver un
champ de vecteurs tangents, la situation est moins simple. Prenons par exemple un cercle
dans R®: Si l'on veut appliquer la formule utilisse pour les applications pour ceriver le
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vecteur tangent au cercle, on obtient un vecteur orthogonal au cercle. Ceci traduit que du
point de vue du cercle, le vecteur ne bouge pas. La notion qui apparat ici est la notion de
cerivee covariante, qui corresponda la reprojection de la cerivee classique (dans l'espace
ambiant R") sur I'espace tangentT,M: Donnons quelques ¢ nitions abstraites

Ce nition 0.1. Soit M une sous-varee de R". On appelle connexion sutM une appli-
cation
r . M M | M; OXY)!r xY:

qui \eri e, pour toutes fonctions f et g sur M,
rix+gvyZ="frxzZ+grvyZz
I’x(Y+Z): r«<Y+rxZ
r<(fy)=frxY+ X(f)Y;a X(f) cesigne la cerivee de f dans la direction X .
Cette connexion est dite synetrique si

8X;Y 2 M; rxY r vX=[X;Y]; 1)

al [X;Y ] aesigne le crochet de Lie de(X;Y ), c'esta-dire le vecteur ce ni comme
agissant sur une fonctionf via

Y IE = X(Y(F)  Y(X(F)):
La connexion que I'on va utiliser dans la suite est ¢ nie dans le

Treoeme 0.1. |l existe une unique connexion symetrique compatible avec la netrique,
c'esta-dire telle que pour tous champs de vecteurX;Y;Z, on a

X(hY ;Zi)=hrxY ;Zi+ hY ;r xZi: 2
Cette connexion est appeke connexion de Levi-Civi@
Il esta noter que pour tout tenseur , on a
rx (XY X9 =@xt  5xY)
(rxXhHXz ;XK (XY 5xE L xx9): @)

Cette ¢k nition permet de e nir une geocksique.

B nition 0.2. Une courbe : [0;1]! M, de champ de vecteur tangen@ = fj—t est
appeke geodksique si
r @@2 0:
On a maintenant tous leseements pour ¢ nir le tenseur de courbure.
Ce nition 0.3. Le tenseur de courbureR associe a tout couple de champs de vecteurs

(X;Y), une applicationde M ! M ¢ nie par

ROGY)Z=rvyrxZ r xryZ r [xyiZ

2. Tullio Levi-Civita (1873 1941), mattematicien italien.
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La courbure indiqgue donc un cefaut de commutativie des cerivees covariantes. SiM
est un hyperplan deR", ce tenseur est clairement nul.

On va maintenant & nir la seconde forme fondamentale, qui est d'une autre nature
gue les objets ¢ nis jusque-b. En e et, elle n'est plus intrinequea M: Soient X et'Y
deux champs de vecteurs suM . On ¢k nit alors I'application bilireaire synetrique (ces
deux proprees viennent directement des axiomes ¢ nissant une connexion synetrique, et
du fait que [X; Y ] =[Xm; Ym ] comme agissant sur les fonctions d1) A : T,M  TpM !
(ToM)? par

AXY)= @Y r xY 4
~ designe une extension de a un voisinage deM dansR" et @- cesigne la cerivee
selon X dans R" (on aura pu aussi noterr R"). On peut noter que la d nition de A

ne danend pas de I'extensionX (ni, par symetrie, de celle de Y) choisie. En e et, si
X = X @+ X,@ avec@tangentsa M pouri 6 n 1,0na

s =Xir@:

Or, sur M, X, =0, car X = X, et ce pour toute les extensions dé&X possibles. De fait,
seule la composante tangente d¥ compte ici.

2.4 Calculs en coordonrees

Dans toute la suite, la plupart de ces notions seront utili’es uniquement en coor-
donrees. On dispose donc d'une famille de champs de vecteurs coordonrees (dans le cas
d'une paranetrisation F deM telle queF (xg) = p), on peut par exemple choisir la famille
des@(p) = @F (Xo): Par hypotlese sur F, en tout point g autour de p, les @(q) forment
bien une base de I'hyperplan tangenfqM: Compeee du vecteur normala M, on dispose
d'une base deR".

Commercons par exprimer la connexion de Levi-Civita dans cette base. Dans la suite
on noterar j pour r g. Tous vecteursX et Y de T,M skcrivent

X=X'@ et Y=Y@:
Alors
rxY=rxigY'@=Xri(Y@=X'@yh@+x'Yir (@ = X(Yhe+x'y “a:

Les X

j sont appeks symboles de Christo el et sont & nis E|par
r@= fa
3. On peut en fait les calculer explicitement enecrivant, d'apes la compatibilie avec la rmetrique (2) []
@h@; @ =h@;ri@ +hri@; @i;
@h@; @i=h@;r;@i + hr;@; @i

et
@h@;, @ =h@,;rv@ + hrv@; @i:

Sommant les deux premeres relations et privant la somme de la troiseme, on obtient

@h@; @i+@he;, @ @h@;@ =h@;r @i+hri@; @+h@;r @i+hr;@; @ih @;r@hr (@; @i:
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La seconde forme fondamentale peutegalement se ceccomposer en coordonrees. En e et,
pour X = X'@etY =Y'@, ona

A Y )= XYIA@ @) =: hj X'YI:

Omerateurs dierentiels sur M. On peut ¢ nir, comme dans l'espace euclidien, des
operateurs dierentiels usuels sur la sous-varee M (ces operateur ne cependent en fait
que de la structure de varet sur M).

Ce nition 0.4. Soitf :M ! R.On appelle gradient d& enp2 M le vecteurr f 2 ToM
¢k ni comme le repesentant de D,f 2 L (T,M; R) par le treoeme de Riesz, c'esta-dire
qu'il \erie : pour tout t2 TyM, on a

i, rfi=Dpf t

En coordonrees, il sécrit donc _ )
(rf)' =49 @f:
On & nitegalement, pour un champ de vecteursX sur M, la divergence deX comme
trace de l'application Y 7!'r v X dansTpyM . Ainsi c nie, elle secrit

divy X = ¢' @X:
Enn, on ¢ nit le laplacien comme f =div(r f) qui s'exprime en coordonrees par
f=dg @f

Pour un tenseur T, c'est
T=g™r mr,T:

Coordonrees normales godasiques. Ces coordonrees, extemement pratiques pour
faire les calculs, peuventetre e nis en tout point p 2 M de la facon suivante. Soit
(&) une base orthonornee deT,M: On peut montrer I'existence d'une unique geocesique

:[0;1]! M passant parp et ayant une vitessev 2 T,M enp, et ce pourv su samment
petite. On appelle alorsexp,(v) le point (1): Ainsi ce nie I'exponentielle est lisse et est un
dieomorphisme d'un voisinage de 0 dans T,M sur un voisinage dep dansM . On ¢ nit
alors des coordonrees en ¢ nissant I'application

X
(X1, Xn 1) 7! expy Xi€ ;

D'apes la synetrie de la connexion (et le fait que comme @ sont des champs de vecteurs coordonrees,

on a[@; @] =0; ce quiimposer i@ = r ; @. On peut doncecrire

@h@; @ + @h@; @i @h@; @
=h@;ri@+hi@,@+h@;,r@Q+hri@ [@Q@:@Q h@;ri@ [@Q] r @ [@ Q] @
=2h@;ri@i:

Ainsi, on a

1
i = 5@+ Qo @g):
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sur un voisinage de0 dansR" 1. Comme la dierentielle de exp, en O est l'identie, on a
recessairement, pour ces coordonrees

g (P = j:
De plus, les symboles de Christo el s'annulent erp. En e et, les geocesiques coordonrees
e nies par les equations x; = a's, al s cesigne la longueur d'arc, \erient (en tant

que geocksiques) lequation dierentielle r g@ = 0; c'esta-dire, en coordonrees, on a
@= a@ donc o o .
r<@=ar (@@= a @Z}'+ Kaa =0:
=0

k
ij
Remarque. Ces relations bien particuleres sont valables uniqguement au poinp (et abso-
lument pas dans un voisinage).

Ainsi, les sont bien tous nuls.

3 La courbure moyenne, un objeta plusieurs facettes

On pesente dans cette partie I'objet courbure moyenne et on donne plusieurs points
de vue sur cet objet. Tous les esultats de cette partie sont classiques et la partie toute
entere peutetre laisee de ok par les specialistes de ces questions.

3.1 De la courbure lireiquea la courbure moyenne

Dans La courbure des surfacespuble en 1767, Euler fait la remarque suivante. % Pour
connatre la courbure des lignes courbes, la determination du rayon osculateur en fournit
la plus juste mesure, en nous pesentant pour chaque point de la courbure un cercle dont la
courbure est peciement la meme. Mais quand on demande la courbure d'une surface, la
question est fortequivoque et point du tout susceptible d'une eponse absolue, comme dans
le cas peedent. Il n'y a que les surfaces splteriques dont on puisse mesurer la courbure,
attendu que la courbure d'une splere est la mreme ge celle de ses grands cercles et que
son rayon en peutetre regarce comme la juste mesure. Mais, pour les autres surfaces, on
n‘en saurait meme comparer la courbure avec celle d'une sphere, comme on peut toujours
comparer la courbure d'une ligne courbe avec celle d'un cercle; la raison en estevidente,
puisque dans chaque point d'une surface, il peut y avoir une in nie de courbes dierentes. ¢,

Nourrie de cette equivoque, c'est Sophie Germain qui, semble-t-il, est la premere a
parler de courbure moyenne. Alors que les courbures principales au poift (courbures
maximale et minimale d'une courbe surS et passant parP, qu'on note ici 1=f et 1=¢)
etaient connues d'Euler, celui-ci donnait une formule pour calculer le rayon de courbure en
P de la section deS et d'un plan faisant un angle avec celui de plus grande courbure

_ 2fg .
" f+g (f g)cos2)

De fait, deux plans perpenticulaires qui ce nissent, en coupantS, deux courbes de courbure
r et r%en P vont recessairement \eri er

r

1

+ =
0

Sl

1
Z+
f

_‘
QP
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Cette remarque kgitime l'introduction d'une quantieegalea la moite de cette constante :
la courbure moyenne. Il me parat ineressant de remarquer qu'ainsi ¢ nie, la courbure
moyenne est une quantie purement geonerique.

3.2 Au sens de la geonetrie dierentielle

Puisqu'on travaille ici en codimension1, I'application A & nie par (4)] est en fait,a
isomorphisme pes (qui corresponda un choix de normale) une forme bilireaire synetrique.
On appellecourbure moyenne deM dansR" la quantie %Tr A, la trace de Aetant enten-
due dans n'importe quelle baseorthonornee de T,M ﬂ Ses valeurs propres sont appekes
courbures principales et son ceterminant, courbure de Gauss.

La courbure moyenne, comme plus haut, peut se calculer dans la base ¢&p). Attention
reanmoins, comme cette base n'est pas orthonornee, elle se calcule gacea l'inverse de la
matrice[? [gj ], qu'on a convenu de noter{gl ],

H=gdh: (5)

Remark. Soit x le point courant sur M. Alors yXx = H(X) , courbure moyenne deM
au point x. En e et, rappelons
X = F(X1; ;Xn 1);

g'rjrix=9¢"@@F = d¢'hj = H:

Ligne de niveau d'une fonction. Comme vu plus haut, une hypersurface peutetre

vue localement comme la ligne de niveatiu = 0g d'une fonction u : R"! R dontle

gradient est non nul, c'esta-dire M \ = u 1(0). La normalea cette surface est alors
ru

T uj’

4. On retrouve ainsi la propreg, pesenee plus haut, de conservation de la somme des inverses des
rayons de courbure decouverte par Sophie Germain.

5. En e et, rappelons que si  est une forme bilireaire synetrique, elle est diagonalisable (on note D la
matrice diagonale qui la repesente) dans base orthonornee (g) de R". Si son expression dans une autre
base(fj) de R" est la matrice C, alors D et C sont lees par

D=PCP’

a1 P estla matrice de passage de la baséf;)a la base (e): Comme (&) est orthonornee, il est plus simple
d'exprimer P ', matrice de passage de(e)a (fj), qui a comme coe cients on a

P =(fj;e):

De fait, on a

T(B)=Tr(D)=Tr( PTPC)=Tr(( P *(P 1)7) 'C);
ce qui, en observant o

(PP Ny = PHPM =(acifi)(acs f)=(fiif));
conduita Tr(B)=Tr( G 'C) @ Gj =(fi;f;); matrice de Gram de la base (f;):
Dans le cas qui nous ineresse, la base(f;) est celle des(@) et la matrice de Gram correspondante est
justement celle de la netrique, ce qui prouve la formule (@}
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La courbure skcrit alors
ru

H =di —
div U (6)
Cette ¢k nition depend uniquement de fu = 0g (on peut par exemple prendre pouru la
distancea M).

3.3 La courbure moyenne comme premere variation de l'aire

Au deh d'une quantie geonetrique, la courbure moyenne peutetre vue comme quan-
tie variationnelle. Plus peciement, si M est une hypersurface d&R" (qu'on va supposer
compacte, pour simpli er) et si ' est une fonction surM, on peut perturber M selon’
dans la direction normale en posant, sk est une paranetrisation de M,

Fi(x) = F()+ t (F(x) (F(x)):

Alors, l'aire de la surfaceM; s'obtient via la metrique modiee, elle-meme obtenue comme
ci-dessusa l'aide des nouveaux vecteurs tangents

o = h@F; @Fi = h@F +t(r' @F +'@ );@F+1t(r' @F +'@ )i=g 2rh j+oft):

Ainsi, la forme volume devient

q q
det(gf) = det(gj) tH + oft):

Ce nouveau point de vue sur la courbure moyenne permet plus facilement de la calculer
dans dierentes situations.

Cas d'un graphe. SiM est donree comme graphe d'une fonctiou: ! R" 1 R
(supposons borre), alors son aire est obtenue par

aMy= "Iy e

Une simple cerivation fournit alors

. ru
H =div —
1+ jr uj?
La notion de surface minimale. Si I'on se donne une courbe de Jordan danR3, un

probeme qui remontea 1760 et qui porte le nom de Joseph Plateau consiste a trouver
la surface d'aire minimale ayant pour bord ladite courbe. Ces surfaces minimisant l'aire
ont fait et font encore I'objet de nombreux travaux en geonetrie dierentielle et calcul
des variations. La notion de surface minimale est reanmoins ambigle, car elle etre al-
ternativementa un minimiseur de l'aire oua un point critique (c'esta-dire une surface

de courbure moyenne zro). Bien que des travaux aient tene detendre des proprees des
surfaces minimisantes a des surfaces de courbure moyenne zro (on peut en particulier
citer les travaux d'llmanen et collaborateurs, qui, dans leurs preuves, ontetude les liens
etroits entre ces deux types de surfaces, voii [lIm9€, 1SZ98]), les deux notions sont loin de
concider, comme le montre I'exemple suivant.
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Le caenode. Consicerons le caenode
X (u; V) = (cosh u cosv; coshu sinv; u):

On peut \eri er aigment qu'il esta courbure moyenne nulle. Neanmoins, consicerant deux
cercles correspondanta des sections horizontales du caenodéu = cg, ledit caenode ne
minimise pas forement l'aire parmi les surfaces qui ont ces deux cercles comme bords.
Les deux disques contenus dans les cercles peuvent avoir une aire plus faiblec(est assez
grand, c=1 par exemple).

3.4 L'aire d'une surface : une mesure comme une autre
Les ensemblesa grinetre ni

Comment cereraliser les sous varees de sorte a pouvoir encore ¢k nir une notion
de courbure moyenne ? Alors qu'il semble impossible detendre I'approche dierentielle de
courburea des hypersurfaces qui n‘ont plus rien de lisse, il est reanmoins possible detendre
la notion d'aire, et par h-meme, la notion de courbure moyenne comme premere variation
de l'aire. Inspie par la ecente introduction des fonctionsa variations borrees par Tonelli et
Cesari, Caccioppoli a propos de consicerer une surface comme le support d'une mesure.
On dira par exemple qu'un ensembleE R" est de perinetre ni si la cerivee de sa
fonction indicatrice au sens des distributions est une mesure. Son perinetre est alors la
masse de cette mesure.

On introduira plus peciement ces objets et leur proprees dans le chapitre 1, mais
mentionnons les avantages de cette & nition :

Elle concide avec le gerinmetre classique pour des hypersurfaces lisses,

Le perimetre satisfait une hypothese de semi continuie (les suites minimisantes vont
converger),

Les fonctionsa variations borrees forment un espace de Banach et s'approchent bien
par des fonctions lisses.

Surfacesa courbures prescrites pour les ensembles de gerinetre ni. Etant
donrees les e nitions peedentes, on peut e nir une surface de courbure variationnelle
prescrite g comme minimisant par perturbation compacte

Per(E)+ g:
E
En e et, si E est lisse et minimise cette quantie, alors la premére variation donne direc-
tement H(x) = g(x):

Gereralisation aux varifolds

Nous souhaitons dans cette partie pesenter la gereralisation des surfaces propose par
Almgren dans [AIm6€]. Elle est dans I'esprit de la partie peedente mais demeure plus
cererale. On pourra aussi consulter [SIm83] pour une introduction compektea cette tteorie.

Meme si on n'utilisera pas cette treorie dans la suite, il nous semble di cile de ne pas
en dire un mot car c'est I'approche historique pour e nir un mouvement par courbure
moyenne pour des surfaces non lisses (voir plus loin).
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Ce nition 0.5. On appelle varifold de dimenionn 1 toute mesure de Radon sur I'en-
sembleG, 1 = R" G(n 1) a G(n 1) estla grassmannienne des hyperplans d&'.
L'espace de ces varifolds est no®/, 1(R") et est muni de la topologie faible

Vo *V .8 2CYUGh 1); Va( )! V():

A l'image des ensemblesy est dite recti able s'il existe une collection cenombrableE; de
graphesC! dont on note T;(x) les plans tangents, et une collection de eels positifs; tels
que

R

V= GV(Ei)

i=0
al pour tout B 2 G 1, V(Ej) B = H" Yfx 2 E;j(x;Ti(x)) 2 Bg: On dit que V est un
varifold entier (oua multiplicie entere) si les ¢ sont entiers.

On peut & nir l'aire d'un varifold V dansA R" comme variation totale deV sur
A G(n 1)
kVk A= V(f(x;S)2 G, 1jx 2 Ag):

On peut remarquer que la e nition de recti ablilie est equivalente a I'existence d'un
ensemble recti ableM et d'une fonction positive localement inegrable : M ! Rtels que
kVk A= dH" L.

A\ M

Dans toute la suite, on suppose qu& est recti able.
On souhaite maintenant perturberV a l'aide d'une fonction lisse h¢(x) : ( ";") R"!
R", telle que
fx2R™ 9t2 ( ";");hi(x) 6 xg

est un compact deR". On note

Vi A=(h)sV A= gH" !
A\ hy(M)

a )= Ly M (x)dHO(x): Si J; est le jacobien deh, on peutecrire
Vy A= JedH" L
M\ A
Il est donc raisonnable de ¢k nir la premére variation de l'aire en cerivant selon t cette

e nition :

@

@tt:O
Il s'agit donc de dierentier le jacobien

Vi R"= @ dH" 1
M

q
Ji = det(Dh;rDht)



20 Introduction

On note X = @hiji=o: On aDhy = Dhg+ DX + 0o(t), ce qui conduita
det(Dh{ Dh;) = det( Dh{ Dhg)(1 + 2t Tr(( Dh{ Dho) DX "Dhg)) + o(t)
=1+2tTr(DX "))+ o(t) =1+2 tdivy X + oft):
En composant avec la racine, on obtient
Ji = Jo+ tdivy X + o(t) =1+ tdivyy X + o(t):

De fait,

@ Vi R" = divy X d H" 1
@tt:O M

La courbure moyenne peut doncetre de nie comme un operateur sur les champs de vecteurs

a support compact sur M via X 7!, divy X: Par dualie, ceci peut se ecrire comme un
operateur sur les fonctions lissegg: R"! R (noe V dans [Bra78])

V(g) = . Dg(x) dH" *(x):

Etant donree une fonction lisse : R" ! R, on peut neme ck nir la variation selon  par

Vi X9 = SV

Dgd H" '+ gD dH" %
t=0 M M

Pour & nir le mouvement par courbure de Brakke [Bra78] qu'on pesentera brevement
dans la partie suivante, il restea e nir un vecteur courbure moyenne (qui corresponda
H dans le cas egulier). Pour ce faire, on introduit la variation totale de V ¢ nie pour

tout ouvert G par
kVk G=supfg2CiG); jgj6 1g:

Grcea I'hypotrese de recti abilie, kV k est absolument continue par rapportaV et il
existe deux fonctions et telles que

V = yvkVk et kVk= ykVk:

On peut donc & nir
h(V;ix)=  v(x) (X): (7)
La formule de premere variation se ecrit, avec cette fois-ciga valeurs dans R"

V(9 = y g(x) h(V;x) (x)dH" *(x);
ou, avec une fonction :R"! R",

(Vi )9 = y h(Vix) g(x) (x) ()dH" *(x)+ y Dm (x) g(x) (x)dH™ *(x): (8)

4 Un probéme stationnaire variationnel

Toute cette partie introduit le chapitre 1.
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4.1 Introduction au cbruitage d'images

On s'ineresse ici aux probemes de dcebruitage par minimisation. Etant donree une
image bruiee g : R" ! R, on cherchea la cebruiter en esolvant

muin (u; 9)

a comporte typiguement un terme de egularisation (genalisant les gradients) et un
terme d'attache aux donreesg.

4.2 Un ckbruitage naf par moyenne locale

Soit g une image bruike par un bruit gaussien, c'esta-dire que
g=0+n

al go est l'image iceale (celle gu'on veut observer) etn est un bruit dont les oscillations
sont supposes bien plus rapides que celles de I'image. Ainsi, en 1960, Gabor propose de
cebruiter en convolant I'image avec un noyau gaussien. Cela revienta esoudre lequation
de la chaleur sur un temps court avec condition initialeg. Les esultats sont reanmoins
mitiges. L'un des reproches qu'on peut fairea ce mockle est de diuser dans toutes les
directions : en particulier, dans les directions de fort gradient. C'est exactement dire que
ce pro@c lisse les bords.

Ce reproche majeur peutetre contourre assez facilement, car il sut de di user dans
toutes les directions sauf dans celle du gradient poureviter cetecueil. On remplace alors
lequation u; = u par, en notant n = J{—ﬂl

rur u L ru
W= U @u= u n;D?un=Tr | ——— D% =jrudv —

jr uj jr uj
Cetteequation est exactement celle du mouvement par courbure moyenne qu'on pesentera
dans la dernere partie de cette introduction.

4.3 Le mocle de Rudin Osher et Fatemi

Que l'on consere le cebruitage par moyenne locale comme equation dévolution ou
comme minimisation de
(u g?

5
le principal probeme est le non respect des bords, car cette fonctionnelle, dont le cadre
naturel de minimisation est H!, explose en pesence des discontinuies de dimensiom 1
que sont typiguement les bords des objets de l'image. Pour pallier ce probeme, Rudin
Osher et Fatemi ont propos dans[[ROF92] RO94] de minimiser cette fonctionnelle dans
I'espace des fonctionsa variations borrees. lls proposent donc de minimiser

TV(u)+ (uzg)z: )

jrouj 2+
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Cette formulation peut prendre en compte des bords, et,a ce titre, produit des esultats
bien meilleurs en pratique.

Alors que ce mockle aek introduit il y a plus de vingt ans [ROF92] RO94], seuls
des travaux ecents se sont e or@sa montrer qu'une telle minimisation ne peut pas faire
apparatre d'iregularies dans u qui ne seraient pas tkep pesentes dansg. On sait en
particulier ((CCNQ7| Jal12]) que les discontinuies de dimensionn 1 (sauts, voir cetails
dans le premier chapitre de ce manuscrit) de viennent recessairement de celles dg. Il ne
nous est pas connu de esultats sur les discontinuies gererales. Nous avons donc souhaite
poursuivre ce travail en s'ineressanta la transmission de la continuie de ga u par cette
minimisation (un peu grerali®e) : on souhaite montrer que cette minimisation ne peut
pas ceer de discontinuie qui ne serait pas pesente dansy.

4.4 Quelques esultats lesa ces probémes

On pesente dans cette partie quelques esultats qui ne s'inscrivent pas touta fait dans
les hypotleses pesentes plus haut (en particulier dans I'hypotlese de croissancea I'in ni),
mais qui reposent sur des techniques similairesa celles qu'on utilisera.

La croissance sur-lireaire. Dans [Cla05], Francis Clarke s'ineressea la minimisation
de

F(ru) u2wh() etu= sur@: (10)

Il suppose queF est strictement convexe eta croissance d'exposan > 1 (F(z) > jzjP+
). En outre, il demandea la donree au bord de satisfaire, en tout point de la frontere
, la condition de pente suivante : il suppose l'existence d'une fonction anef de pente

inerieurea K,\eriant f( )= () et, pour tout autre points °de @ ,

()+f(96 (9
On a alors le

Treoeme 0.2.  Le minimiseur de est localement lipschitzien sur et semi-continu
inerieurement sur . En outre, u est continue sur dans les trois cas suivant
@ est un polyedre,
@ estCiletp> N,
est uniformement convexe.

Alors que le dernier point est essentiellement un travail de Mirandal[Mir65] qu'on
pesentera (maisetendua un minimiseur W11), Clarke montre que I'hypothese d'uniforme
convexie pour n'est pas recessaire, si I'on demande une coercivie plus grande pour
F. lletend de plus le travail de Mirandaa un polyedre et a aiblit la condition de pente
peedente en une condition de pente par dessous (seule I'existence fle est demandee).

On notera aussi un travail ecent de Pierre Bousquet et Lorenzo Brascd [BB15] qui
s'ineresse aux minimiseursW 11 de

F(ru)+ fu



Un probeme stationnaire variationnel 23

avec condition de Dirichlet. Les auteurs prouvent une egularie Lipschitz des minimiseurs
sous des hypotteses plus faibles que la stricte convexie pouF. Le sctema de preuve
est le mreme que dans|[Mir65] mais demande de nombreuses adaptations car le second
membre empeche l'invariance par translation des minimiseurs, tout comme le caracere
minimisant des fonctions a nes. Il est donc recessaire de trouver des fonctions barreres
plus compligwees et adapter le sctema de Miranda.

Minimiseurs et champs de vecteurs. Dans un article ecent [BS15], Beck et Schmidt
consicerent les relations entre minimiseurs de

f(x;r u)dx (11)

dans I'ensemble des fonctionsa variations borrees prenant une donreg 2 WX(R") au
bord et les maximiseurs du probeme dual

Rel]1:=  ( rg f (x ))dx 12)

parmi les champs de vecteurd.! a divergence nulle, as f est la conjugwee def en la
variable z

f (x;z)=sup (z z f(x2)):
Z2Rn

lls supposent quef (x; z) est strictement convexe ere (hypotrese qui n'est pas satisfaite
dans le probeme qu'onetudie) et qu'elle \eri e une croissance lireaire en z (hypottese
satisfaite dans notre cadre). Alors, si[(1P) a une solution continue (x) telle que (x) 2
Im(@f (x; ) (inerieur de Im(@f (x; )), les minimiseurs de ) sont Lipschitz presque
partout.

Remark. Il est facile, comme explige dans[[BS15], de se convaincre formellement de la
relation entre les deux probemes, en remarquant que

f(x;z) =1 (x;z)=supz z f (x;2)
z
ce qui implique formellement que
|va f(X;r w) =sup 'va ( rw f (x5 ))dx :
Maintenant, comme esta divergence nulle, le membre de droite corresponda la maximi-
sation de ). Enechangeantinf et sup, on a meme legalie. Neanmoins, le esultat de

[BS15] recessite des hypotteses tes faibles de egularie : la fonctionf est par exemple
seulement mesurable erx.

4.5 Les lignes de niveau minimisent aussi

En utilisant la formule de la coaire, on peut montrer que les minimiseurs de {9) ont des
lignes de niveauEg = fu > sg qui minimisent le probeme geonetrique

Per(E)+ (s 9
E
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al le perimetre s'entend au sens des ensembles de Caccioppoli. Il s'agit de la formulation
variationnelle de la propret % E esta courbure prescriteg s¢,. Cette dualie fonctionnelle
et geonrerique sera utilisee sans cesse dans tout le chapitre 1.

Etudier la continuie d'un minimiseur de (9)| revient donca montrer que les ensembles
de niveau@ [k et @ E ne peuvent pas se toucher, ce qui est exactement montrer des principes
de comparaison (dans l'esprit de[[SIm87]) pour des surfacesa courbures prescrites.

Cette vision geonetrique des minimiseurs de [9) a cepet utiliee par plusieurs auteurs
(voir [CCN11] Jall2],...), pour montrer des esultats sur les sauts du minimiseuru par
rapport aux sauts de g (on decrira ces esultats dans le chapitre 1), tout comme des
esultats de continuie uniforme de u en basse dimension.

4.6 Contributions de la these

Dans ce manuscrit (chapitre 1), nous avons cherclteaetudier les proprees de continuie
des minimiseurs de

F(r u) (13)

parmi les fonctionsa variations borrees, pour dierents cadres :

Concernant l'attache au donrees, on a utili® soit des conditions de Dirichlet au
bord du domaine detude, soit un terme ku gk? ajouta la variation totale.

La fonction F(r u) pourraetre de trois types. Soit une variation totale classique
F(r u) = jr uj, soit une anisotropie (norme quelconque danR"), lisse ou cristalline :
F(r u)="(r u), soit encore une compose d'une fonction convexe quelconque et
d'une anisotropie :F(r u) = f (" (r u)):

Enn, le domaine pourra lui aussi varier. La premere partie du chapitre sera
limieea un domaine borre (qui pourraetre convexe ou convexe en moyenne), et la
seconde traitera des domaines non borres.

On commencera ce premier chapitre, avant toute introduction des outils sur les fonctions
a variations borrees, par cetailler un des premiers esultats de ce type, obtenu par Miranda
en 1965([Mir65], qui traite des domaines uniformement convexes avec conditions au bord de
Dirichlet. Meme si le esultat en temps que tel n'est pas si ineressant pour notre objectif
(il est suppos F strictement convexe), il met enevidence un principe qui restera le rotre
s qu'onetudiera (13) en domaine borre. Le sctema de preuve est le suivant.

1. On montre un principe de comparaison : su et v sont deux minimiseurs de F(r u)
et queu 6 v sur @ , alors cette propret est transmisea  tout entier.

2. Ce principe de comparaison permet, gacea l'invariance par translation deF (r u),
de transmettre la egularie au borda l'inerieur du domaine

3. La egularie au bord est obtenue gace a l'uniforme convexie de celui-ci et au
principe de comparaison, en remarquant que les fonctions a nes sont des minimiseurs
de F(r u).

Alors qu'on voit ici que la stricte convexie de F est uniquement utilisese pour obtenir le
principe de comparaison, on peut donc utiliser ce sclema de preuve dans notre cadre, sous
eserve de pouvoir montrer ce principe de comparaison.
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Dans un travail ecent [JMN13], Jerrard, Moradifam et Nachman montrent justement

un principe de comparaison pour les minimiseurs (sous conditions de Dirichlet) de
"(ru);

sous eserve que \erie une condition de bord plus faible que la convexie (une sorte

de stricte convexie en moyenne par rapporta l'anisotropie ' ). On peut donc deduire
directement la continuie du minimiseur avec le schema de preuve peedent. C'est I'objet

de la section[7. Neanmoins, alors que la preuve dé [JMN13] utilise des concepts assez
profonds sur les courants minimaux (car ils travaillent avec une anisotropie qui varie en
espace), nous avons exploie l'invariance par translation pour donner une preuve compkte
et plus simple du

Tlkeoeme 0.3.  Soit' une anisotropie lisse et un ouvert borre qui \eri e une condition
de barrere relativea ' (voir De nition 1[7) et g une fonction continue sur @ . Alors, le
minimiseur de ' (r u) sous conditionu = g sur @ est continu.

Un contole du module de continuie. Motiwe par un esultat de Caselles, Chambolle
et Novaga [CCN11] sur la peservation du module de continuie deg par les minimiseurs
de ( )2

. (u g

ru+ ———;

Jru 5

pour convexe borre dansR" avecn 6 8 (pour assurer la egularie des lignes de niveau
de u) avec condition de Neumann au bord, nous avonsetudée les minimiseurs de

2
- u
fr o+ 49 (a4)
toujours avec condition de Neumann au bord.

Apes avoir approcte F par un operateur lisse et uniformement elliptique et constae
gu'encore une fois, la egularie des minimiseurs etait contoke par leur egularie au
voisinage de@ et que cette dernere pouvaitetre cetermiree gacea la convexie du bord,

on a pu montrer le

Theoeme 0.4.  Soit  un convexe borre deR" (sans restriction sur n) et g unifornement
continue de module! . Alors il existe un unique minimiseur de (14) dansBV , avec condi-
tions de Neumann au bord. Ce minimiseur est continu, de modulk.

Un esultat en domaine non borre. Dans cette partie, on se restreindra au moctle
de Rudin-Osher et Fatemi (isotrope), avecg continue, mais on ne suppose plus borre.
On y montre le

Theoeme 0.5.  Soit u un minimiseur (par perturbations compactes) de

(u g)?

Irup+ >

avec un ouvert deR" quelconque, eg une fonction continue. Alors u est continue.
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Comme il n'y a plus recessairement de bord, le sctema de preuve peedent est inogerant.
On va donc montrer un principe de comparaison strict entre les lignes de niveau de qui
sont des minimiseurs du probeme de perinetre vu plus haut

Es:= fu>sg=argmin Per(E) + s g (15)
E Esb E

Dans le cadre des surfaces minimales (minimiseurs du gerinetre uniquement, sans se-
cond membre), ce esultat est bien connu. Il a d'abord et monte par [Mos77] dans un
article tes court (4 pages) en italien, puis independamment, dix ans plus tard, par [SIm87].
Alors que ces deux articles montrent ce principe de comparaison strict pour des mini-
miseurs, lllmanen a monte dans [IIm96] qu'il est encore vrai pour des points critiques
(c'esta-dire des hypersurfaces de courbure moyenne zro).

Pour montrer notre esultat de continuie, nous avons donc souhaitetendre le esultat
de Simon aux minimiseurs de[(15). Nous ne sommes parvenu quéa letendre aux second
membres constants en espace. Neanmoins, c'est su sant. En e et, sEs et E; sont deux
lighes de niveau deu (supposons par exemple qué<s), s gett g sonta distance
sugerieurea " sur une boule su samment petite. Sur cette meme boule, il va donc exister
une constante telle quet g6 a6 s g@.

On montre alors qu'entre E5 et E¢, sur la petite boule construite plus haut, on peut
intercaler deux surfaces minimisant

Per(E) a
E

avec dierentes conditions au bord. Puisqu'elles ne peuvent pasetre confondues, le esultat
de Simon, etendu aux surfacesa courbure constante, montre qu'elles ne peuvent pas se
toucher. Donc Es et E; ne le peuvent pas davantage.

5 \Variations sur le mouvement par courbure moyenne

5.1 Introduction

L'objectif de toute cette section est de consicerer,etant donree une hypersurfacév g
R", une famille d'hypersurfacesM; telle que pour tout x 2 My, la vitesse dex est normale
a M; , et de moduleH, courbure moyenne deM; enx (dans la suite, la normale est, dans
le cas d'une surface fernee, dirigee vers l'exerieur etH est choisie de sorte qu'une surface
enfermant un convexe soita courbure positive). Plus peciement, on doit donc avoir

@x _

@t
Cetteequation peut ensuiteetre formuke avec n'importe quelle description de la courbure
pesenee dans la partie [3.

H (x):

Exemple. Une splere n  1-dimensionnelle de rayonR se eduit de facon homottetique
sous un mouvement par courbure moyenne. Plus peciement,a chane instant 2 [0; T)
pour T = RTZ, la surface obtenue est une sptere de rayoR; = R 2nt: En eet, la
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courbure moyenne d'une sphere est exactement l'inverse de son rayon. Supposant alors que
M, reste une sptere de rayorR¢, on doit avoir

@x_. @R _ 1

@t ot Re’

. P . .
Ainsi, Ry = RZ 2t; tant que la splere existe, c'esta-dire pour tout t 2 [0; T):

Notre objectif aet d'ajouter des obstacles contraignant la surface mobilea bougera
l'inerieur d'une zone celimiee par deux ouverts xes * et ; c'esta-dire

Mt .

Plusieurs di cules apparaissent lors de letude du mouvement par courbure, certains
dus aux obstacles, d'autres pas. L'objectif principal est de pouvoir ¢k nir un temps d'exis-
tence du mouvement, temps qui ne cepend que des paranetres initiaux du probeme. On
vient d'en exhiber un dans le cas d'une sptere. Que peut-on dire en toute gereralie ?
Ensuite, la notion de courbure elle-meme n'est pas ¢ nie pour une surface qui serait
uniqguement Lipschitz : comment, alors, peut-on tout de meme ce nir un mouvement ?

Dans la suite de cette partie, on achera de pesenter (dans un ordre historique)
des eponsesa ces questions. On pesentera les dierentes approches sans obstacles, on
pesentera brevement leurs avantages et inconenients et on verra, pour certaines d'entre-
elles, comment on peut ajouter la contrainte M * a leur formulation.

5.2 1978 : Un probéme de varifolds

S'appuyant sur la ce nition gereralise aux varifolds de la courbure moyenne, Brakke
¢k nit en 1978 dans [Bra78] le mouvement d'un varifold V; par courbure moyenne :

DkVk( )6 (M )(h(\W; )):

Qu les notations sont ce nies dans la section peedente (en particulier (F), (8)) et au D
est la cerivee sugerieure

fis) f(0).
< ;

Df (t) = limsup
sl t t

Brakke prouve un treoeme d'existence d'un tel mouvement. Pour ce faire, il utilise une
approximation de la courbure moyenneh- et utilise une discetisation en temps sous la
forme

Xn+1 = Xn +  thi(Xp):

Neanmoins, a chaque etape, des corrections sont recessaires pour prendre en compte les
petites iregularies qui sont ignoees par l'approximation h-:

Il ne nous est connu aucune gereralisation de ces travaux.
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5.3 L'approche gonetrique

On s'ineresse icia levolution d'hypersurfaces de R" par courbure moyenne, c'esta-dire
gu'on souhaite construire une famille de paranetrisations

Fe:M ! R"

@ M est une sous varee deR" e (on pourraitevidemment travailler avec des ouverts
de R" 1, mais on n'aurait alors uniquement une paranetrisation locale, ce qui est un peu
moins pratique. . .), de sorte que

@Fi(x) = H(Fi(x)) (Fe(x)): (16)
Remarquons alors que cetteequation peutetreecrite
@Ft = Rt

al  est le laplacien surM;: Cette ecriture suggere que cette equation puisseetre para-
bolique. Elle l'est en e et, ce qui permet d'a rmer qu'il existe un temps d'existence et une
solution C! a cetteequation.

C'est l'approche de Hamilton dans sonetude du ot de Ricci [Ham82] qui a motiwe
cette approche classique du ot par courbure. En e et, tous les outils utilies dans[[Hui84]
(mais aussi dans le chapitre 2 de ce manuscrit) sont pesents dans cetteetude de Hamilton.

Le treoeme principal de [Hui84] senonce comme suit

Treoeme 0.6. Soit Mg une hypersurface lisse et uniformement convexe. Alors, il existe
une solution lissea sur un intervalle de temps[O; T[: De plus, M converge vers un

point quandt ! T. De plus, on peut normaliser ce ot en volume pour obtenir une existence
en tout temps qui converge vers une splere.

Le fait qu'une solution existe en temps court n'est pas ici un probeme, puisque lequation
est parabolique. Le point ineressant est l'analyse de la situation au temps maximal
d'existence. Huisken y prouve que, comme le fait le tenseur de courbure dans [Ham82], la
seconde forme fondamentale explose recessairement. Pour ce faire, il va contoler toutes
les quanties geonetriques par l'action du ot en utilisant le principe du maximum, qui
stipule que si une fonctionf \eri e, sur une famille de surfaces compactesVi;, l'irequation
dierentielle

(@ wm)f?60;

alors la quantie supy, f 2 est cecroissante au cours du temps.
Cing ans plus tard, Ecker et Huiskenetudient dans [EH89] levolution des graphes poses

dans tout R" 1 par courbure moyenne, c'esta-dire de lequation
!

| O
du_PIruEdv p Y 17)
dt 1+jr uj?

lls prouvent le treoeme suivant

Treoeme 0.7.  Soit ug une fonction lipschitzienne surR" !: Alors il existe une solution

a pour tout t.
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Encore une fois, la cemonstration de ce theoeme repose sur des estimations sur les
principales quanties geonetriques (cette fois-ci, la seconde forme fondamentale, a cause
de la contrainte graphe, ne peut pas exploserA noter que la surface nétant pas compacte,
il est recessaire d'aneliorer le tes basique principe du maximum de la section peedente.
Ecker et Huisken utilisent donc la formule de monotonie qui porte le nom du premier
auteur, et dont la preuve se trouve dans|[Hui90].

En plus du treoeme cie plus haut, Ecker et Huisken s'ineressent au comportement
asymptotique du mouvement, montrant la convergence, apes normalisation qui empeche
la surface de s'enfuire vers I'in ni, vers une surface minimale.

Enn, en 1991, dans [EH91a], les deux nemes auteurs parviennenta demontrer un
esultat d'existence du mouvement sans hypothese restrictive sur la surface initiale.

Treoeme 0.8.  Soit Mg une surface localement lipschitzienne. Alors on peut faireevoluer
Mg selon pour un temps court qui ne cepend que délg.

La clef de ce theoeme est detre parvenua estimer la seconde forme fondamentale pour
uneevolution gererale, et de montrer qu'elle ne pouvait pas exploser sur un temps contoké
uniqguementa l'aide de la surface initiale.

5.4 Le point de vue ligne de niveau

L'icee de cette partie est de consicerer que la surface qu'on souhaite faireevoluer par
courbure moyenne est en fait la ligne de niveau 2ro d'une fonctionn. Gace a (@, la
surfaceevoluant M, est la ligne de niveau zro de la fonctionu( ;t) si et seulement si

U = jr ujdiv J:Ej : (18)

C'est cetteequation qu'onetudie en oubliant (au moins temporairement) l'aspect geonetrique.

Comme cette equation n'est pas sous forme divergence, les & nitions classiques de
solutions faibles ne pouvaient pas etre appliquees. Aussi, Evans et Spruck, dans [ES91],
et Chen, Giga et Goto, dans[[CGG9l] ont propos d'utiliser la toute ecente theorie des
solutions de viscosie (introduites par Crandall, Evans, Ishii, Jensen, Lions,... dans [CLE&3,
CEL84, [Jen88], voir aussi[[CIL92] pour le second ordre). Une fonction est solution de
viscosie de (18) si toutes fonction lisse qui touche u par dessus (resp. par dessous) \eri e

"¢ 6 jr ' jdiv N ; (29)
resp.
[
e>grtjdive —— 20
t>gr ' ol (20)
avec' { 6 0ou' ¢ > 0 respectivement lorsquer ' = 0. Une fonction qui ne \eri era que

la premere condition sera appeke sous-solution, tandis qu'une fonction \eri ant unique-
ment la deuxeme prendra le nom de sur-solution. Ces deux articles montrent un treoeme
d'existence et d'unicie pour ([L8).

Tleoeme 0.9. Soit ug continue sur \ R". Alors, il existe une unigue solution continue

de viscosie ua (L8).
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Alors que les conclusions du treoeme sont les memes pour les deux articles, les hy-
potreses dierent Egerement car les preuves ne sont pas touta fait les memes. Les deux
articles reposent sur le sctema classique de preuves pour les solutions de viscosie : on
montre d'abord un principe de comparaison, c'esta-dire que su est une sous-solution ev
une sur-solution et queu 6 v au temps initial, cette iregalie reste vraie pour tout temps.
Dans les deux papiers, l'icee de preuve est la neme, il s'agit de raisonner par l'absurde en
s'ineressant au point de maximum d'une fonction de type

(xy;ts)=u(xt) viy;t)  jx oy "(xi?+ jyid)

et de montrer que la partie droite de cette fonction fournit naturellement une fonction test
en un point de maximum de . Comme u et v sont sous/sur-solutions de viscosie, ces
fonctions test eri ent (19)/(20), ce qui conduita une contradiction.

Pour la partie existence, les deux articles dierent un peu. Alors que [[CGG91] utilise
la classique rrethode de Perron, qui dit essentiellement que puisqu'on dispose du principe
de comparaison, la solution, si elle existe, ne peut quétreegalea

Usol(X;t) = supfu(x;t)ju sous-solutiong;

l'article de Evans et Spruck choisit d'approcher lequation ) par une famille d'EDP (on
retrouve (18) si" = 0) o

u; U U
jDu"j+ "2 -
Cette nouvelle equation est uniformement elliptique et la treorie parabolique classique
s'applique, fournissant une unique solution lissau” sur tout R* qui prend la condition
initiale. Evans et Spruck montrent ensuite que la familleu” converge vers une solutioru
de (18).

En plus de l'ineet technique d'une telle solution approclee, [ES91] fournit aussi une
interpetation geonetrique de cette approximation qu'il me semble ineressant de repro-
duire ici, car elle donne naissancea plusieurs travaux sur le ot par courbure.

Soit u” une solution lisse de [(2]1). On se plonge alors dai®*! et on posey = (X;Xn+1)
et

u't' = i (22)

Vi(y;t)= u(Xt) "Xnei:
La fonction v' satisfait alors lequation

P P G VAR
Vi = jr v jdiv v
c'esta-dire que les lignes de nivead v’ = sg (on s'ineresse uniquementa , = fv'(;t) =
0Og) evoluent par courbure moyenne. Mais ; est un graphe (il secrit xp+1 = u’(x;t)),
et on a vu dans la partie peedente que d'apes [EH89], sonevolution est un graphe et
gu'elle existe pour tout temps.

Alors que dans[[ES91], cette justi cation se limitea une heuristique, des travaux ecents
(voir en particulier [SS14]) se basent sur cette approche pour construire un ot par courbure
qui se prolonge au deh des singularies. De plus, cette approche peut aussietre utiliee
pouretudier le ot contraint par des obstacles, comme nous le ferons dans ce manuscrit
(voir [RS14]).
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Cette approche e nit un ot geonetrique. Alors que le probeme geonetrique se
borne a faire evoluer une hypersurface par courbure, I'approche ligne de niveau fournit
en fait uneevolution de la famille compkte des lignes de niveauf u = tg: Pour que cette
approche soit ineressante du point de vue geonetrique, il est recessaire de montrer que
levolution de la ligne de niveau f u = 0g ne cepend que de la condition initialef u( ; 0) = 0g:
Autrement dit, n'importe quelle fonction quierie f (;0)=0g= fu(;0)=0g fournit
la memeevolution f =0g=fu=0g:

Comportement en temps long. S'il est impossible de parler de comportement en
temps long dans le cadre & ni plus haut, il nous semble important de signaler qu'en ajou-
tant des conditions de Dirichlet dans un domaine borre, la notion de solution stationnaire
de (18) a pleinement un sens et on peut s'ineresser au comportement en temps long des
solutions de ) satisfaisantu = g sur @ , avecg 2 C?() : limanen, Sternberg et Ziemer
ont monte dans [ISZ98] qu'il y avait e ectivement convergence de la solution de viscosie
de ) vers une solution stationnaire. De plus, cette solution stationnaire concide jusqua
la dimensionn 8 avec une hypersurface minimale stable.

Discussion sur l'unicie. Le theoeme cie plus haut fournit un esultat d'unicie a
lequation (18). Il est ineressant de s'interroger sur les liens entre cette unicie et I'uni-
cie d'un mouvement geonetrique par courbure. Notons par exemple que puisque la dis-
tance a n'importe quel ensemble ferme est une fonction 1-lipschitzienne, et que sa ligne
de niveau &ro est exactement I'ensemble en question, le theoeme peedent permet de
faire evoluer tout ensemble ferme selon ), y compris par exemple un ensemble de
Cantor. Il est donc clair qu'une solution de [18) n'a pas recessairement de signi cation
geonetrique. Le ptenonene qui se produit typiqguement lorsque la solution de ) perd
son sens geonetrique est le ceveloppement d'un inerieur non vide pour les lignes de niveau
fu= g. On pourra par exemple consulter[[BNP98] pour des exemples de tels inerieurs.

5.5 Un sclema discret en temps

Dans une autre approche pour ce nir un ot par courbure moyenne lorsque la surface
initiale n'est pas lisse, Almgren, Taylor et Wang ont propos dans [[ATW93] un sctema
discret en temps, en esolvanta chaqueetape

En+1 =argmin Per(E) + dg,: (22)
E

n-
E En

Cette formulation peutetre justiee de la facon suivante. Supposons avoir une famille M
de surfaces compactes lissesevoluant de facon egulere. Sop 2 My, 4 La distance entre
p et M se calcule, sdt est susamment petit de sorte que p reste dans le voisinage dé
al dv, est lisse,

d(p;My) = jg  pj

avecq2 M weriant v, (Q) = ﬁ: Siv(g) est la vitesse normale devl; en g, on a alors

d(p; M¢) = v(g)dt + o(dt) = v(p)dt + o(dt):
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De fait, en pararetrant la dierence synetrique M; Mg par (g;9 = g+ s (g), on peut
ecrire
d(p;My) _
Mt M+ at dt Mt

Par ailleurs, on a monte que la courbure moyenne deM; au point q s'exprime comme
cerivee de l'aire :

v(q) + o(1):

d
H(g= — Per(M{+ s ):
Mt ds s=0
Puisqu'on souhaite avoirv(q) = H(0q), il est raisonnable de minimiser (pour rendreegales
les cerivees d'ordre 1)

Per(E) + d(My; ):
E
Enetudiant la convergence de ce scltema, Almgren, Taylor et Wang montrent le

Treoeme 0.10.  Soit Mg une surface de class€* : avec < 1. Alors, il existe une fa-
mille M; de surfacesC>* , solutions fortes du mouvement par courbure moyenne geonetrique.
En outre, cette famille est unique.

Remark. Ce treoeme est en fait plus gereral que la version ciee ci-dessus, puisqu'il au-
torise une geonetrie anisotrope @ anisotropie lisse).

Un premier travail avec obstacles. Cette formulation du mouvement permet tes
simplement d'ajouter des obstacles (supposons par exemple qu'on impdSe Eg,ilsut
de esoudre le meme schema en forcant,a chaqueetape,O E,: C'est ce qu'ont propos,
motives par de ecentes applications en biologie (voir [ABH" 08] et [ABH* 10]), Almeida,
Chambolle et Novaga dans [ACN12].

lIs montrent le

Treoeme 0.11.  Le sckema (22) converge vers une notion faible de mouvement par cour-
bure moyenne avec obstacle. En outre, en dimension 2, la solution du mouvement avec
obstacles est en faiCli:

C'est motive par ce esutlat que nous avons fclte, dans une partie de ce manuscrit,
de voir comment on pouvait, gace aux approches pesentes plus haut, traiter le plus
cereralement et le plus peciement possible le mouvement par courbure avec obstacle.

5.6 Contributions de la tlese.
Un esultat sur les lignes de niveau avec obstacles

Le premier travail en ce sens est pesene dans le chapitre 2. Il consiste a adapter le
cadre de la partie/ 5.4 au probeme avec obstacle. Cela consistea ajoutera lequation|(18)
la contrainte u 6 u6 u*:

Le premier enjeu de ce travail aet de c nir correctement la notion de solution de
viscosie avec obstacles. Nous avons choisi la formulation usuelle (voir par exemple [Yam87])
qui consistea remplacer le hamiltonienu;  F (Du; D 2u) par

max min u; F(Du;D%u);u ;u*
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Neanmoins, utiliser ce hamiltonien induit la esolution d'une equation qui n'est pas sous
la formeu; G(x;u;Du;D 2u), donc les esultats classiques (voir[[CIL92]) ne s'appliquent
pas directement. Aussi, nous avons choisi de ce nir plus explicitement ces solutions : par
exemple, une sous-solution

Ce nition 0.6. Une fonctionu : R" R* ! R est appeke sous-solution de viscosie avec
obstacles pour la condition initialeg si
u est semi-continue sugerieurement,
pour tout x;t 2 R" [0;T]; u (x;t) 6 u(x;t) 6 u*(x;t),
pour tout x 2 R", u(x;0) 6 g(x),
si ' estune fonctionC? dex;t, si (%;f) 2 R" (0;T] est un maximum deu ' et
siu; f)>u (% 1), alors

'{+F(D,D )6 0

C'est avec cette ¢k nition que nous travaillerons dans tout le chapitre. On prouve tout
d'abord le

Treoeme 0.12.  Soit g: R" R continue borree. Alors, il existe une unique solution de
viscosie avec condition initiale ga lequation avec contrainteu 6 u 6 u*. De plus,
cette solution conserve le module de continuie communas et g.

Remark. On montre aussi qu'on peut ajouter un terme forcant Lipschitz au mouvement,
c'esta-dire consicerer lequation

us + F(Du; D ?u) + k(x)jDuj =0:

On a alors le neme esultat, sauf que le module de continuie de la solution degerere
exponentiellement.

Pour cemontrer ce treoeme, nous avons adape les preuves existant sans obstacles. En
utilisanta la fois les articles [ES91] ou [GGIS91] et le guide[[CIL92], nous avons essaye
de donner une preuve la plus concise possible de ce tteoeme. La cemonstration s'appuie,
comme dans les papiers cies plus haut, sur un principe de comparaison prouwe gace au
lemme d'Ishii parabolique et sur la methode de Perron pour l'existence.

Comme plus haut, nous montrons que la solutioru de cette equation ce nit bien un
mouvement geonetrique, c'esta-dire que fu( ;t) = 0g cepend uniquement defg = Og
et des obstaclefu = 0g: Neanmoins, la pesence d'obstacle peut amener une solution
gui serait lisse dans le cas sans obstacle, a cevelopper un inerieur non vide. On donne
I'exemple de trois points dansR?:

Finalement, on compare levolution visqueusea celle du mouvement avec obstacle de
[ACN12] et [Spall]. On montre, en utilisant [Thol2], le

Tleoeme 0.13.  Soit u, la fonction obtenue en faisantevoluer spaement les lignes de
niveau fuy >t g par le sctema (22) avec obstacle$u >tgetfu* >tg: Alors, la famille

un estequi-continue en temps et en espace, et elle converge vers la solution de viscosie du
treoeme Q.12]



34 Introduction

Au deh de la comparaison entre les deux approches du mouvement par courbure
moyenne avec obstacles, ce esultat est ineressant car il donnea lequation visqueuse une
dimension variationnelle. En particulier, il permet de montrer que si une surface \eri e une
hypottese de mean-convex hullc'esta-dire minimise le gerinmetre par variations eetieures,
cette propret est consenee au cours de levolution et levolution est monotone. Cette pro-
pree permet un passagea la limite dans ([L8) avec obstacle qui fournit une solutionu;
de

irujdiv —— =0
Iru
avec obstacless 6 u 6 u*: On peut, gacea [[SZ98],enoncer la

Proposition 0.1. Sifu; = sg est d'inerieur vide, alors, en dehors des zones de contact
avecu , elle concide avec une surface minimale lisse excepe sur un ensemble de dimension
au plusn 8

Un temps d'existence gonetrique (avec M. Novaga)

Dans le chapitre 3 de ce manuscrit, nous avons ticte d'adapter le mouvement geornretrique
introduit par Ecker et Huiskena un cadre avec obstacles. L'icee principale de ce travail
aek d'approcher les obstacles par un terme forcant egulier (cela revient si I'on veuta
ramollir les obstacles), detudier le mouvement ainsi obtenu, puis de passera la limite dans
I'approximation. Cette icke d'approximation aet utilie en particulier dans [CN13a].| On
consicere donc d'abord une solution de

@F

—= (H+ k- 23

- HK (23)
aveck- une fonction lisse convergeant vers/f (1 1 1 .) avecM une constante >ee

choisie su samment grande.

La theorie parabolique fournit une solution lisse de ) jusqua un temps T-: Pour
passera la limite, il faut au moins montrer que les tempsT- sont uniformement borres
inerieurement par un temps T strictement positif. On peut alors montrer le

Tkeoeme 0.14.  Soit U un ouvert deR" (repesentant les obstacles) eMy U une sur-
face. On suppose qubl, et @ Usont uniformement de classeCt?, ainsi quedist(Mg; @) >
0. Alors, il existe T > 0 et une solution uniqgueM; de

v=H sur M¢\ U; (24)
pour tout t 2 [0; T), telle queM; reste de classeCt?.

La preuve de se esultat repose sur le contole des quanties geonretriques, comme dans
[EH914]. Neanmoins, elle se fait en deux temps, et deux arguments distincts sont utilises.

On montre d'abord qu'il existe un voisinage de la surface initialeM et un temps T4,
qui cependent tout deux uniquement de la surface initiale, tels que la surface solution
de (23) ne peut se promener que dans ce voisinage pendant le temps Pour prouver
cela, on n'utilise absolument pas la egularie de la surface initiale, mais un principe de
comparaison georretrique, qu'on peut par exemple deduire du principe de comparaison
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pour les solutions de viscosie du mouvement level-sets : $il; N> sont deux surfaces
initiales, alors l'inclusion demeure le long du ot. En outre, puisqu'on dispose d'une borne
sur la norme Cl! de Mg, on peut placer des boules de rayon contok de chaque ot deM,
et ceci en tout point de la surface initiale. Comme on connat parfaitement levolution des
boules, on peut borner levolution de M. Ceci permet aussi de donner une borne Holder
uniforme en" sur levolution temporelle des surfaces.

Maintenant qu'on a uniformement eduit le terrain de jeu desevolutions approctees, on
peut borner leur norme Lipschitz unifornrement en": On s'ineresse pourca,etant donree
une direction! arbitraire,a la quantie (!; ) qu'on souhaite borner inkrieurement. On
y parvient (en fait, pour une version localise) gace au principe du maximum.

A ce stade, les solutions approctees sont localement des graphes dans des directions
qui ne cependent pas de": Reste alorsa montrer qu'elles existent toutes sur un intervalle
de temps contok. Pour ce faire, il faut analyser ce qui se passe au temps nal d'exis-
tence. Gace au voisinage mis enevidence plus haut, les surfaces approcrees ne peuvent
disparatre, et puisqu'elles sont localement des graphes de norme Lipschitz conoke, on
ne peut pas perdre l'aspect plonge. Pour un mouvement sans obstacle, on a vu plus haut
gu'alors, la seconde forme fondamentale doit recessairement exploser. On montre que c'est
aussi ce qui se passe avec obstacles, et, comme dans [EH91a], on montre que ca ne peut
pas se produire.

On peut ensuite passer simplementa la limite par le treoeme d'Ascoli et obtenir une
solution de viscosie (la ¢ nition de telles solution estevidemment locale mais la surface
existe globalement).

Un cas particulier : les graphes % entiers .. Comme dans le cas sans obstacles,
on peut montrer que pour les graphes c nis surR" ! tout entier, le mouvement existe
pour tout temps, et que levolution est lipchitzienne en temps et en espace (alors qu'on
avait uniguement Hlder en temps dans le cadre d'uneevolution gererale). Ces bornes se
montrent gacea la formule de monotonie d'Ecker et Huisken, adaptea la pesence d'un
terme forcant.

Un comportement en temps long dans le cas griodigue. On a aussi pu montrer,
mais dans un cadre periodiqgue uniquement (car I'argument principal est la decroissance
de l'aire de la surface), que pout ! 1 , le mouvement pour les graphes converge le long
d'une suite vers un graphe minimal, c'esta-dire une solution de
I
div piir ! =0:
1+jr uj?

5.7 Vers un mouvement anisotrope et cristallin (avec M. Novaga et P.
Pozzi)

Alors que le mouvement par courbure anisotrope aetetude dans [And01] pour une
anisotropie lisse, on s'est inerese a des anisotropies cristallines. Le caracere non lisse
introduit une di cule importante, puisqu'on ne dispose plus d'uneequation parabolique
standard, donc I'existence en temps court n'est plus assuee.
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Dans toute cette partie, on travaillera uniqguement avecn = 2: Soit une norme
sur R2. On sait que les boules euclidiennes, pour le mouvement par courbure moyenne
isotrope, se eduisent de facon homottetique par le ot. On cherche donca c nir une
variante anisotrope du ot par courbure a les Wul shapes (c'esta-dire les ensembles
f 6 RQ) se eduisent de manéere auto-similaire. Gage et Li ont monte dans [GL94] qu'il
existe e ectivement de telles evolutions dans le cas a1’ est lisse. Lequation skcrit, Si

uo: [0;1]! R? !
t _, o0 .

Nous nous sommes penches sur le cas ai ni la courbe initialey ni la norme ' n'est lisse,
et avons prouw le

Treoeme 0.15.  Soit' une norme deR? et up : S| R2 une courbe lipschitzienne qui
\eri e une condition de ' -courbure borree. Alors, il existe T > 0 qui ne cepend que dé et
de ug,un champ de vecteun sur u(S?) tel que pour presque tout 2 [0;T) et s 2 [0; L(t)],

g, ="' ( )divn

al estla normale euclidienneau([0; L (t)]) (ce nie presque partout) et n est un champ de
vecteurs lipschitzien (Cahn Ho man) quierie ' (n) =1 et dont la divergence repesente,
dans le cas egulier, la' -courbure.

L'icke de la preuve est simple, puisqu'elle a consisea approcher la norme par des
normes lisses et strictement elliptiques -; tout comme ug par ug; faireevoluer la courbe ap-
proctee avec les normes approctees (on a alors a airea uneequation parabolique standard)
et passera la limite. On contole le temps d'existence comme pe@demment, en montrant
que la' -courbure doit recessairement exploser lorsque le mouvement cesse d'exister, ce
qui ne se produit pas pour un temps contok.



Chapter 1

On regularity of minimizers for TV

1 Introduction

In this chapter, we study the regularity of minimizers of generalized total variations.
More precisely, let be a subset oR" and g be a function which is de ned on some subset
~ of : We want to analyze the regularity of minimizers of

ur;wEi;r\} F(r u) (1.1

whereF : R" | R is a convex function with linear growth (%jxj 6 F(x) 6 jxj) and with
two possible links betweenu and g:

1. Either a Dirichlet condition u= gon @ ,
2. or aL?-distance betweenu and g

2
dug= P

which is the distance introduced by Rudin, Osher and Fatemi in [[ROF92] in their
well known denoising model.

In what follows, we will be interested in three types ofF:
1. F(r u) = jr uj; that is the usual total variation,
2. F(r u)="(r u), where' is a norm in R", which can be non Euclidian,
3. F(ru)= f( (r u), wheref : R! R s a convex function and' is a norm in R".

The current framework will be recalled in every section.
All along this chapter, our goal is to relate the regularity of u with the regularity of
g. More precisely, we want to show that the minimizing procedure preserves continuity.
One can even show (see Sectifn 4) that under strong assumptions on the domain, we can
control the modulus of continuity of u by the modulus of g.
Let us present now the structure of this chapter.
In a rst section, we recall a work by Miranda [Mir65] which is a prototype of what
happens when dealing with functionals like ). We assume thafF is strictly
convex and introduce the problem in the simple class of Lipschitz functions and in a

37
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bounded domain and we show how to solve it. It gives the opportunity to introduce
in a very easy way the typical behavior of minimizers of such problems and the
typical regularity proof, which shows that the key point is to be able to control the
minimizers on the boundary.

In Section 3,Jwe introduce BV -functions and sets with nite perimeter. In particular,
we give the link between minimizers of [(1.]l) and geometric minimizers of

Per (E;) g; 1.2)
E\
which is the variational formulation of E has a prescribed curvatureg. We also give
some density properties of these geometrical minimizers. We also recall the known
regularity results on u which deal with its jump set (hypersurfaces of discontinuity).
In Section 4,|we apply Miranda's scheme of Section[2 directly to study minimizers

of )
(u 9
2

with Neumann boundary conditions in a convex domain, and we show that the
control on the boundary can be obtained using these boundary conditions. We can
obtain a bound on the modulus of continuity ofu using the modulus ofg, extending
a result by Caselles, Chambolle and Novaga [CCN11] to higher dimension.

In the sections which follow, we use level-set&s = fu > sg and their minimizing
property to get regularity results for u. Indeed, showing thatu is continuous is equivalent
to show that @E\ @E= ; as soon ass 6 t.

In Section §,] we recall the usual Hopf maximum principle for smooth geometric
minimizers of (1.2). As it is well known that such minimizers have no reason to be
smooth (think of Simons' cone [Sim63]), we have to extend this kind of result to a
non smooth framework.

We rst show in Section § fhat one can easily extend this result assuming that only
one of the two minimizers is smooth.

In Section 7,|we investigate the problem

f(r uj) +

min ' (r u)

in bounded domains with continuous Dirichlet boundary conditions. We could use
the scheme of Miranda, but since the functional is no longer strictly convex, we
have to nd another way to get a comparison principle for minimizers ¢4 6 v on
@ implies u 6 v in the whole ): Jerrard proposed a geometric proof of this
principle in [JMN13], with an strict ' -mean convexity assumption on the domain
. Since [JMN13] deals with a space dependent, he can obtain continuity of the
minimizer only in dimension 6 3: Taking advantage of the translation invariance, we
prove continuity for u in all dimensions, using simpler arguments than in[[JMN13].
Nonetheless proof is totally geometric (it deals with level-sets) and remains in the
spirit of [IMN13].
Finally, in Section 8[]we come back to the usual Rudin-Osher-Fatemi model (no
anisotropy). We show that some results can exist in an unbounded domain but that
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the situation is more di cult, because we cannot use the boundary as a step towards
continuity. As a result, we show that a srong maximum principle for minimal surfaces
[Sim87] can be extended to variational constant mean curvature hypersurfaces, and
see that it is enough to claim that two di erent level-sets of a minimizer cannot
touch. That is exactly proving that the minimizer u is continuous.

2 A primary work by Miranda

In this section, we would like to focus on one of the rst papers on minimizing
F(ru); u=gon@ : (1.3)

It has been published in Italian by Miranda [Mir65]. The assumptions are the following.
The function F is C? and strictly convex,
the domain is open and bounded,
we assume that the boundary data g satis es the so calledK -bounded slope con-
dition (BSC): for every § 2 @ , there exist two a ne functions f , vanishing at ¥,
such that for every othery®2 @ , we have

f )+ 096 gy)6 f )+ g): (1.4)
The main statement of [Mir65] is

Theorem 1.1. There exists a unique minimizer of (1.24) in the class of Lipschitz func-
tions.

There is no work onBV (or even in W11) functions in this paper: every function
is at least continuous. Nonetheless, the techniques used to prove this theorem are very
fundamental in this whole section. Let us give a few words about the proof.

First, since F is strictly convex, there is at most one (Lipschitz) minimizer to ).
And we have the

Proposition 1.1. Let u and v two minimizers of (1.24) with boundary datag and h.
Then, if g6 h, u6 v:

To show the existence, we minimize[(1]3) in the classe pfLipschitz functions, providing
some functionu,. To make up converge, we need to show that they actually all share a
Lipschitz constant. This is a regularity result which will be fundamental in what follows.

Thanks to the (BSC) and Proposition (1.1, we control the behavior of a minimizer
on the boundary. Indeed, sincef are ane, they are natural minimizers of F(r u):
Proposition above applied tou and f  shows that the property

8 2@; f ()69g()6f"()

can be extended to the whole :

8y2 ; f (y)+g(9) 6 u(y)6 f*(y)+ g(¥):
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Since the slope of is bounded byK , we deduce, sincg can be any point in @

8(y:i®)2 @ july) u(i6 Kijy ¥i (1.5)

The most important result is the following proposition, which shows that to control
the reguarity of a minimizer, it is enough to control it on the boundary.

Proposition 1.2. Let u be a minimizer of (1.24) which satis es (1.5). Then, it is K-
Lipschitz.

Proof. We use that the translational invariance of the integral. If y®and y are two points
in , we denev(x)= u(x+(y® y)): Thanks to the comparison principle,maxu v is
reached on the boundary of \ ( + y% vy);in someR. As a result,

u(x+(y°® y) ux) 6 u+y% y) u®):
But either R or 2 + y° y belongs to@ . As a result, (1.5) implies
u+y° y) u@®) 6 Kjy yi:

Hence we obtain
ux+(y° y) ux) 6 Kjy v
which proves that u is K -Lipschitz. O

Remark. Even if this proposition is stated in the framework of Lipschitz functions, it totally
applies whenu and v are only BV (with boundary data considered as a trace). We will
use this translation strategy several times in what follows.

Finally, let us make a remark on the bounded slope condition:

Remark. Let us assume that is uniformly convex andg is C2. Then, g satis es the BSC.
Pierre Bousquet proved in [BouQY] that ifg is only continuous, Theore still holds (in
the class of continuous functions instead of Lipschitz ones). The idea is to approximate
g by C? functions g; and control the Lipschitz norms of the approximate minimizers. In
addition, Bousquet deals with functions inW 1'1: See also [BB15] for a generalization where
a ne functions are no longer minimizers.

3 An introduction on BV functions

3.1 Functions of bounded variation

In this section, we give some de nitions and classical results (most of them without
proof) on BV functions. To learn more details, one can read [Giu&4], [AFP00] and, with
a more image processing oriented point of view, [CCCI1Q]. In what follows, will be an
open subset ofR":

De nition 1.1. Letu: ! Rsuchthatu?2 L'() . We say thatu has bounded variation
and noteu 2 BV () if its distributionnal derivative Du is a Radon measure. Then, we
call TV(u; ) the norm of this derivative, as a Radon measure;

TV(u; )= sup (Du; ):
2CE() sk ke161
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In an equivalent way, one can ask that
sup  udiv 2CL( ;R"); Kk ki1 6 1

is nite, and prove that this quantity is exactly TV (u; ) :

Remark. Since constant functions have a total variation zero,TV is only a seminorm. We
usually introduce the norm

kukgy (y = kuk_ 1+ TV(u):

Endowed with this norm, the spaceBV is a Banach space.

Using the last de nition of TV, one can easily state a crucial property of total variation.
Proposition 1.3  (Lower semicontinuity). Let u, *u in L. Then,

TV(u) 6 liminf TV (un):

In addition, the functions in BV can be approximated by smooth functions, thanks to
the

Theorem 1.2. Let u 2 BV () : Then, there exists a sequenca, 2 Ct \ W%1() such
that

u, ! u2L?!

and
TV(up) ! TV(u):

It has to be noticed that this density of W% in BV enables to extend the Sobolev
inequalities:

Proposition 1.4 (Sobolev inequalities) Let be Lipschitz and bounded and 2 BV () .
Then, there existsC; (depending only on and the dimension) such that

u u 6 Cy TV(u): (1.6)

LA T

If u has a compact support in , then there existsC, (depending only on and the dimen-
sion) such that

kukLﬁ 6 C, TV(u): a.7)
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3.2 Sets with nite perimeter

De nition 1.2. Let E be a mesurable set irR". We say that it has nite perimeter in
if its characteristic function 1g has bounded variation in . We note

Per(E; ):= TV (1g):
If = R", we notePer(E): Such a set is also called a Caccioppoli set.

Let us state a useful proposition for sets with nite perimeter (the proof uses Theorem

and Proposition[1.3).

Proposition 1.5. Let A and B two Caccioppoli sets. Then,

Per(A\ B; )+Per( A[ B;) 6 Per(A;)+Per( B;) :

Remark. Whereas then 1 dimensional Hausdor of @Emeasure highly depends om 1
changes onE, Per(E) does not. For instance, ifE = [0;1[ [1;2] f 1g R? then E
di ers from the unit square by a set of Lebesgue measure zero, but

Hn l(@E:S

whereasPer(E) = TV(1lg) = TV (1) = 4:

This remark yields the following question: sincePer(E) does not change by adding or
deleting an 1 dimensional subet toE, is there a canonical representative oE? What
can we say about@P This leads to the following de nition

De nition 1.3.  For every Caccioppoli setE , we note E® the set of points with
density 1 and E© the set of points with density zero. More precisely,

ED __— ;
r' o jByj

X 2

EO: —_
rto  jByj

X 2

These sets are invariant to negligible modi cations ofE.

Proposition 1.6.  The di erence betweenE and E() has a Lebesgue measure zero, as well
as the di erence betweerE ¢ and E©:

Proof. This result comes from the usual Lebesgue di erentiation theorem: withf = 1g,
it reads

8x 2 R" a:e:;lilm

- - 1 = 1 (X):
o JjB (X) B (x) e =1e(x)
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Proposition 1.7. Let n> 2 and E be a Caccioppoli set inR": Then, either E or R" nE
has a nite Lebesgue measure and there exists a dimensional constabtsuch that

minfj Ej; jR"nEjg6 C Per(E)ﬁ:

Proof. We just use (1.6) on the ballB (x) for 1¢ and 1gnne to get

n I' n
n 1 n 1

1E lE 6 C leEj )
B (x) B (x) B (x)

which can be rewritten as

J(R"NE)\ B (X)j B ()\ Ej 71

" HIRMEN B (X)]

JE\ B (X)] . . . . 6 C iD1gj
IEVE ()] B ()] B (X)] 5oy T
which implies
minffE\ B (x)j; j(R"nE)\ B (x)jg
! I n
J(R"'NE)\ B (x)] "1 JE\ B (x)j m1t UL
. . + 6 C D1
jB (%) B ()] sy
| {z }
>1
Hence,
minffE\ B (x)j; j(R"nE)\ B (x)jg”T1 6 CPer(E;B (x)): (1.8)
Letting !1 , we get the expected inequality. O

De nition 1.4  (Reduced boundary) A point x 2  belongs to the reduced boundary &
(we notex 2 @E) if

i) Forevery > 0, (X)legj > 0.

i) The quantity
(= B2
B (X)JDlEJ

has a limit (x) with j (x)j=1.

The following proposition shows, in some sense, that the reduced boundary is the
smooth part of the boundary, and that all the perimeter is somehow contained in the
reduced boundary.

Proposition 1.8. Let E has nite perimeter. Then,

Per(E; ) = - dH" 1(x): (1.9)
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We conclude this section giving a crucial theorem, which is called coarea formula and
enables linking the minimizing properties ofu and the minimizing properties of its level
setse; = fu>tg

Theorem 1.3. [Giu84, Th. 1.23]

+1
jDuj = Per(E; ) dt: (1.10)
1

3.3 Rudin-Osher-Fatemi denoising procedure

In 1992, Rudin, Osher and Fatemi proposed in[[ROF92] a denoising procedure based
on total variation. More precisely, if g : R"™ ! R is a noisy picture, they suggest to
regularize it solving

2
u = arg min jDuj+E CI)

: (1.11)
V2BV () 2

In what follows, we are interested in anisotropic generalizations of this problem. More
precisely, let' be a smooth, symmetric(" ( x) = ' (X)) anisotropy (a norm in R") such
that ' 2 is uniformly convex, we deal with

2
u = arg min '(Du)+} CI)

: (1.12)
V2BV () 2

In this equation, the term
" (Du)

has to be understood as

Du
2 4D = di ' 61
by dOWE)=sup U div ()
whereDu is the derivative of the BV -function u (it is therefore a Radon measure), an Bﬂj

is the function provided by Radon-Nikodym theorem when writing that Du is absolutely
continuous relatively to jDuj: Since the functionalu 7! " (Du)+ % % is strictly
convex and semi continuous (thanks to the semi continuity of the total variation), it has a
unique minimizer in BV () :

In all the following, we are searching for the links which may exist between the regularity
of g and the regularity of u. Let us recall the results on the jump set ofu.

3.4 On the level-sets of minimizers

In this subsection, we give a few results which link the minimizing property ofu in
(1.12) and the minimizing property of each level-set ol

Ei:=fu>tg: (1.13)

To this aim, let us introduce some anisotropic variants of the quantities presented in Section
3.
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De nition 1.5.  Anisotropic perimeter Let E has nite perimeter. We can de ne an
anisotropic ' -perimeter by

Per (E; ):= "(g)dH" L (1.14)
@E\

Note that if * = Id, then, thanks to (L.9), we obtain the usual perimeter. It is easy
to show that Per satis es the same properties as the isotropic perimeter (with the same
proofs which basically use the semi continuity of the total variation with respect to theL!
convergence). For instance,

Per (E\ F)+Per: (E[ F) 6 Per (E)+Per: (F) (1.15)
and the key-tool in what follows, the so called anisotropic coarea formula

Theorem 1.4. Anisotropic coarea formula Letu 2 BV () : Then,

+1
"(ru)= Per (Ey)dt:
1

See for instancel[JMN1B] of [Jal12] for details on these anisotropic quantities.
Finally, we state the precise consequence of this coarea formula.

Proposition 1.9. Letu2 BV () : Then, u minimizes (1.12) with =1 if and only if for
everyt 2 R, the level setsE; of u minimize

E; =argmin Per (F)+ t g (1.16)
F

3.5 Jump-set

Let us state here the rst regularity results on u which come from regularity ofg. They
deal with jump set.
Let u 2 BV () . Then, its di erential Du is a Radon measure: it can be splitted in two
parts
Du = Du?+ Du®

where Du? is absolutely continuous with respect to the Lebesgue measute” and writes
Du?=r uL"

and Du°® is singular. The singular part can also be separated in two guantitiePus =
Du®+ Dul where Du® is the Cantor part and Du! the jump part. One can prove (see
[AFPOO, Chapter 3.]) that Du! = D3uj;, whereJ, is de ned by

De nition 1.6. Letu2 BV () andxg2 . We say thatxg is a jump point of u if there
exists two real numbersu (xg) 6 u* (xg), an orientation (x) such that

lim 1 ju(xo) u(x)jdx = Iimoi ju (xo) u(x)j=0

Po M Bt (xg) " B (x0)

where
B (Xp)=1fx2B (Xg)j (X Xo; (Xo)) > Og:

We call jump-set the set of all jump points. We denote it byd,:
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Roughly speaking, the jump set corresponds to hypersurfaces of discontinuity of. It
is therefore consistent to be interested rst in this set, when studying regularity ofu. Let
us give the results which links the jump set ofu and the jump set ofg. The rst one has
been obtained in [CCNOY].

Theorem 1.5 (Caselles, Chambolle, Novaga, '07)Let g2 BV () \ L' () where R",
and let u minimize the isotropic ([L.11). Then

Ju Jg
up to aH" !-negligible set.

In 2012, in his PhD thesis, Khaled Jalalzai extended this result to more general rst
and second terms in|(1.111). To be more understandable, we only state a restriction of his
theorem

Theorem 1.6 (Jalalzai, '12). Let g2 BV() \ L' () andu minimize (L.12). Then,
Ju Jg
up to aH" l-negligible set.

It has to be noticed that this result allows the two terms to have a space dependency.
Finally, we mention a recent paper by Valkonen [[Vall5], which extends this results to
much more general regularizations.

3.6 Density estimates on the minimizers of the geometric problem

In this subsection, we give useful results on the minimizers of the anisotropic perimeter.
The main density estimate comes from [GMT93], with slight changes due to the anisotropic
framework.

A word on the anisotropies. In this subsection, we will use an anisotropy . It just
consists in a norm inR". We assume that it is smooth and that' 2 is strongly convex
(D% 2> | with > 0). As a result, there exist two constantsA and B such that

8jxj=1; AjXj6 ' (x)6 Bjxj:

Proposition 1.10. Let E minimize (L.16) in B1 and assume that0 2 @E Then, there
existsrg and a constantq > 0 which both depend on the dimensiorkg tk; and A and
B such that for everyr 6 rg,
iBr\ Ej
> ——> 1.17
1Br] a ( )

Proof. Let = kg tk_1 (g,): Applying Sobolev inequality to f = 1g\ g, gives

klE\ BrkL”:" 16 C leE\ Brj 6 %Per- (E\ B,—;Bl)l
B
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Note that using trace theorem,

Per (E\ B,;B1)=Per: (E;B;)+ 1" ()6 Per (E;B;)+ B 1g:
@B @B
SinceE is minimizing in B, and comparing with E nB,, we have
Per (E;B;) + t g6 Per (B;;E)6 B 1e: (1.18)
E\ B, @B
Putting the two last equations together, we obtain

Per (E\ B,;B;) 6 2B 1e + JE\ Byj

@B
For almost everyr, we have
d. .
o g = d—rJE\ B/j
which implies
Klgy g, Ko 1= JE\ B/j'7 6 @EJE\ Bj+ 2 IEVBI
dr A
Then, we would like to have
C JE\ Byj . 1. 01
— 6 éJE\ Byj
It is enough to forcejB,j¥™" 6 ;&—; that is
reé rg:= 1/—An
4 57°C
Finally, we have
4BC d .
JEN Brj 6 Td—JE\ B:j:
Denoting by (r) the quantity JE\ B;j, we have
1=n O> A
4BC

Integrating between 5 and r 6 ro, we obtain

06 jB-,\ Ej*™6 jB,\ EjI™" (1.19)

4BC"
which gives the expected inequality. Using symmetry, we have the other inequality.
O

Corollary 1.1. With the same assumptions, there existg > 0 such that for allr 6 rg
and all ballsB, centered atx; 2 @E

Per(E\ B;)> qr" 1
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This comes directly from Proposition[1.7.
Let us state another corollary which will be useful in what follows. This corollary is
often mentionned asclean-ball property

Corollary 1.2. Let E be minimizing in B with 02 @E Then, there existsq > 0 (depend-
ing only on A, B, kt gk; and the dimension) such that for allr 6 rq there exists a ball
Bqr E\ B; of radius gr: In addition, there exists another baIIBgr with the same radius,
such thatBg, R"nE\ By:

Proof. Fora xed > 0, thanks to Vitali covering lemma, one can coveB, -, with a nite
number of balls (Bs (Xi));,, such that B (xj)\ B (xj) = ; fori 6 j. Then, letJ |
de ned by

i2J, B(X)\E®6;:

Let us imagine, for a moment, that
8i 2 J; B_s(xi)\ @ES6 ;:
Then, lety; 2 B _4(X;)\ @E:We haveB -4(yi) B (Xxj): As a result,
8i 6 j; B -a(yi)\ B=alyj)=:
On the other hand, thanks to Corollary [1.1, we have
8i2J; Per(E;B._y4(yj))>C"1?
which implies
Per(E;B,,-,) > CN " ! (1.20)

where N is the cardinal of J. Since theB (x;) are disjoints, we haveN jB j 6 jB, .
On the other hand, by Proposition , we haveN jB j > JE\ B, =j > C (ro)" which
implies
N n
As a result, if is too small, we have a contradiction with ) and there exists a ball
B -4 which intersectsE and such that @E\ B -, = ;: That implies B-, E:
We build B%by symmetry. O

Finally, these density estimates give some information on the points of density one.

Proposition 1.11. Let E be a minimizer of (L.16). Then, the setsE® of points with
density 1 in E and E© of points with density 0 in E (see De nition are both open
subsets ofR".

Proof. We will show the result for E© . We only have to note that Equation ) holds
as long asjB; \ Ej does not vanish (there is no need foD to belong to @B. As a result,
if jBr\ Ej is too small,jB,-=»\ Ej must be zero.

Let xg 2 E©: Then, for every ", we have a radiusr; such that if r 6 rq, then
JE\ Br,(X0)j 6 " nri: That implies, if " is su ciently small, that jE\ B, —»(Xg)j = O:
As a result, every pointx in B, -4(Xo) satis es

JE\ By,oa(x)j =0
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3.7 A word on minimizing graphs

Let E minimize (1.16) (we assume for simplicity thatt = 0) on Q1 = fjx;j 6 1g and
assume thatE is a smooth graph over soma” (for simplicity we assume thatn = e,),
that is

E=fx%n)2R"jz6 u(x9g
with juj 6 1. In this whole part, we will use the following notations.
Every x 2 R" will be written x = (x%x,).
The di erential operators on R" ' &7 are denoted with a°

— (4O i - pryn .
The normal vector to E at x = (x%x,) is (X9 T

Lemma 1.1. The function u satis es the equation
div(r ' (r U; 1)) = g(x% u(x9):

Proof. We use the rst-variation approach. The area measure is

Per. (E; Q1) = 0= Popap p 0D o g
@B Q: Q? 1+jr Qj2 Q9

using the homogeneity of: In addition, we have

u(x9
g= g(x® w)dwdx°®

E\ B: QY w= 1

Sinceu is minimizing, we have, for allv and s,

u+sv(x9 u(x9)
Y(r u+sv); )+ g(xSw) > ' (r Qu); 1)+ g(x% w):
Q9 1 Q9 1

Then, note that

“(r Qu+ sv);1) = " Qu+s r% W) r Y+ ofs)
Q? Q? ?

Q1

and u+sv(x9 u(x9

g(x®w) = gxSw)+ s g(x%u(x%) + ofs):
Q9 1 Q9 1 Q9

As a result, we must have

row 1) r % v(x9g(x%u(x9)dx°=0;
Q?
which can be rewritten using Green formula, and assuming thav has a compact support
on QY, as

v odivdr © (r ;1) g(x%u(x%) =0
Q?
which nally yields
divqr © (r U; 1)) = g(x% u(x9):
O

Now, we are ready to give the main regularity results of this chapter. Let us begin by
a theorem really in the spirit of Section[2.
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4 On convex domains with Neumann boundary conditions

In this section, we take full advantage of the remark by Miranda, that everything
happens on the boundary. We prove that it is also true when studyingZ) with Neumann
conditions. The assumption of convexity of prevents bad things to happen on the
boundary, as we will see. In the rst two subsections, we work only with smooth objects.
We will see in the last section that the general results could be derived from the smooth
ones.

Note that the second subsection contains no result (since we cannot regularize the problem
in a appropriate way to proceed similarly as in the rst subsection), but consists in a
remark on what can be said on smooth minimizers of the anisotropic ROF-functional.

4.1 The isotropic case

In this section, we prove the

Theorem 1.7. Let be a convex bounded domain anfd: R! R be convex and satis es
f(0)=0; f(+1)=+1:

Let u be the minimizer of
(u g)?
2

with Neumann conditions on the boundary and assume that is continuous with modulus
1. Then, u is continuous with modulus! .

f(r uj) +

Note that Theorem is already known in low dimension i 6 8) and isotropic frame-
work, thanks to [CCN11].
The strategy is to work on the approximate problem

(u g)?
2

muin fo(jr uj)+
with f- 1 f locally uniformly and f- > 0, smooth and satis es
"6 9% }
as well asfJ0) = 0: Letting G(x) = f-(jxj), G is smooth, uniformly elliptic (we have
él 6 D2G 6 Cl). We can show using the classical Nirenberg translation method, that
u2 H2: Itis in addition C' up to the boundary thanks to De Giorgi Nash Moser theorem.

The solution u of the approximate problem isC! up to the boundary so isK «-Lipschitz
and satis es the Euler Lagrange equations

. ru_g. . _
div j—r ujf"(Jr u) +(u g=0

and
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Lemma 1.2. Let
L= sup UX) ).
x6y2 L(x y)

Then, either L 6 1 or L is reached on the boundary.

Proof. First, note that this supremum is a maximum, because since< 1, % 10
as soonagx yj! O:

Let us now assume (to get a contradiction), thatL > 1 and that the maximum is not
reached on the boundary. That is, we assume that there exists> 0 such that

qup UX) )

X2@ !(X y)
y6 x2

6 L 100:

We can choose such thatL 100 > 1. Thus, if jzj 6 su ciently small, we can write

8x2@;jzj6 ; u(x z) ux)6 (L ) (2):

Letv=u( 2z (L )! (z): We have just said thatv 6 u on @ , where , =
(+ 2\ :Using the very de nition of u, one can write (on n( + 2z), we will impose
u v=uandon(+ z)n ,urv=yvV)

fgrupr @96 pgru_ vy U=v 9
2 2
and
o rgre R (e 9 ) @)?
6 i(runvpe QYOG D (@)
(+ 2

We sum this two inequalities and notice that, as measures,
fQru)+ £Qrvi)>faru_vi)+ f(r u ™ vj;

that yields

06  (u_v 9% (u g*(urv(x) (g(x 2) (L )N @N? (v(x) (gx 2) (L ) (@)N?

z

which means

06 2gu_v+2ug 2(g(x z) (L Y @urv+2gx z) (L N@)v;

z

which is equivalent to

06 (u_v u( g+glx 20 (L ) (2):

z
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Sincez 6 0, one has! (z) > 0. In addition, L > 1so

g+g(x 29 (L )N(@H<O

(gis! -uniformly continuous). Finally, (u_v u) > 0and since the integral is nonnegative,
we must haveu _ v u =0 on the whole ,, which impliesu > v on ;;thatis

ux+2z) uXx)e (L ) (2;

which is a contradiction with the de nition of L. O

It remains to show that this maximum can actually not be reached on the boundary.
For almost every level-set ofu, using Sard's theorem} u does not vanish. So, the condition
ru =0on@ provides a non degenerate orthogonality betwee® and the level sets
ofu. Let 8,92  such that
_u(®)  u(9).

Px y)

and assume that® 2 @ : That is exactly saying that the distance betweenA = fu = u(%)g
and B := fu = u(¥)g is reached onA\ @ : In particular, the sphere with center § and
radius j& §j contains ® and does not cutA. That must imply (8 ¥¢; (%)) 6 0, which
is impossible because of the uniform convexity of® .

Let us deal with the case wherer u(%) = 0: (what we have just done still holds if
r u(®) = 0). In a neighborhood of%, we haveju(®) u(x)j = o(% x) which provides,
recalling the de nition of L,

ju) u@@i>L & 9+ o(ix Rj):

On the other hand, choosing! di erentiable on (0;+1 ) and increasing { °> > 0), we

obtain

(x ¢:x %)
x Y]

Sinceju(x) u(®)j6 L! (x ), this yields

I(x PH=1(& PN+ LR 9+ ok x):

1& Prox B)>1x P+ X IxX R j)f’”;j A%z gi)+ ok %)
SO
X ¢;x R o. .
> Y (T I))

for every x in a neighborhood of® in . That is not possible.

Finally, this proves that all the approximate solutions share the same modulus of con-
tinuity !: Passing to the limit shows that the exact solution also had as a modulus of
continuity.
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4.2 A remark on the anisotropic case

We now consider an anisotropic version of what we have just proved, trying to minimize

e+ M 29)2:

with ' any anisotropy (norm in R").
The previous scheme of proof, which would consist in approximating this problem by

(u 9?2,
5

£ (o (r )+

wheref- is as in the isotropic case and - is a 1-homogeneou€! elliptic approximation
of ' , does not necessarly provide a minimizer which is regular up to the boundary. Indeed,
the operator  div(f{' (r u)) r ' (r u)) is singular whenr u=0.

Nonetheless, we can notice that if a minimizer of the approximate problem i€, it is
uniformly continuous with a control on the modulus. Indeed, it would satisfy the Euler-
Lagrange equation on the boundary

r'(ru) =0:

Assuming that
8x;y2 ;o jg(x) awi6 ! (x y);
where
" ()=supfhx; ij "' (x)6 1g;

one can notice that Lemmd 1. still holds, with the same proof, but with! (x y) replaced

by (" (x y):
Now let us show as before that the maximum of

u(x) u(y)
O (xy)

can actually not be reached on the boundary. We proceed by contradiction and can consider
R and ¢ which maximize' (x y)forx 2fu= u(®)gandy 2 fu = u($)g and assume
that R 2 @ : Then,

ru(®)2 Vect(r* (&8 ¥, ):

To see that, leth be both orthogonal tor ' (&8 ¥¢) andto . Assume thatr u(®) h< 0
(if not, one consider h). Let w be the projection of h on the boundary @ . Since
(h; )=0, we have
uE+w)=u®)+ru h+ o(h):

As a result, for h su ciently small,

uR+ w) 6 u®)+

W<u(k):

In addition, R is a minimizer onfu 6 u()gso’ X+w ¥>"' (& ¥):
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Moreover, sincer ' (¥ ) h=0, one can write

P Rrwo9= (R )+ oh):

As aresult, if v denotes the projection ofw on' ="' (% ) (this projection remains in
in a neighborhood ofR), we both have' (%+v ¢)=" (&8 ¢ andu(%+v) 6 u(X)+ %,
which contradicts the de nition of %.

We proved that

ru®= r" & $H+

One can notice that ; 6 0 ( > 0 would imply that we can decreaseu from u(%) by
going towardsy whereas > 0 would imply that going inside  from R would necessarily
decreaseu, and both cannot happen).

Finally, one can write (we replace and by and taking advantage of the
0-homogeneity ofr ')

0=r"(ru®)) recort @& 9 )

X ¥

2 !
&9 (®) + ) D= (r" (& $+s) ds

Since' is convex, one can conclude

O>&

T (R);

where the right hand side is positive using the strict convexity of :

4.3 Non smooth limit

In the two previous subsections, we assumed that all the objects are smooth and that

is uniformly convex. What happens if is not uniformly convex and if ' is not smooth?

If is not uniformly convex, we can approximate it by uniformly convex domains p:
For each ,, we have a minimizeru, which has a controlled modulus of continuity (which
does not depend om). As a result, passing to the limit, we get the same modulus for the
minimizer in

If the anisotropy is not smooth (for example crystalline), we can choose a sequence
"o ! " with ', > ' and smooth. Then, recalling that' , > ' , ', 6 "' ,gis
continuous with ' ,-modulus ! for every n, and the minimizers u, of (1.13) with '
instead of' therefore satisfy

8y 2 5 ju(x) uy)je!(n.(x ype!l( (x y):

As a result, passing to the limit in n, the control on the modulus of continuity still holds
with crystalline anisotropies if it does with smooth ones.
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5 The usual smooth Hopf maximum principle

In the rest of this chapter, every regularity result will be obtained taking advantage of
the minimizing property of level-sets. That means we are involved in studying minimizers
of (1.16). In this section, we recall the strong Hopf maximum principle, which is well
known to hold for two smooth minimal surfaces (see for example [CM11]).

Theorem 1.8. Letf 6 g " both continuous in and F G two subsets ofR" with
smooth boundaries which minimize respectively (in the family of nite perimeter sets, and
with respect to compact perturbations in )

Per (F; )+ f
F\

and

Per (G; )+ g:
G\

with an anisotropy ' which is smooth and uniformly elliptic. Then, eitherF = G or

QR @G ;:

Remark. The assumptions with" are made to compensate the variations of and g. If f
and g are constant or even Lipschitz, we can take =0:

Proof. The proof is standard. Let us assume that there is somg 2 @R @ G Since these
two sets are smooth,F and G are graphs of functionsu and v over the same hyperplan in
a small ball B,. Sincef and g are continuous, we choose su ciently small such that

8x;y 2 Br; f(x)6 g(y):

One can assume thau 6 v and x = ( Xo; U(Xo)) = ( Xo; V(Xo)): Denoting by H ((r 92u;r %)
the quantity
H((r 9%u;r W)= divlr © (r Q) ;

The graphs satisfy the equation
H((r 9%u;r W)= £ (xSu(x9) and H((r 9vir ¥) = g(x%v(x9):
As a result, thanks to the " (or if f and g are constant), we have
06 H((r %v;r &)  H((r 9%u;r Q)

in a neighborhood ofxg. We can show that sincgr uj andjr vj are bounded,H a uniformly
elliptic operator. So, let us write (we use the mean value theorem)

06 divir ® (r 1)) divir® (r V)= @divPr (@ tr U+tr )
=divP@r %@ orU+tr =t
=div® (r 92 (@ orU+tr® r Y o

t=to

which is an elliptic linear divergence type equationdiv(A(x)r w) 6 0for w= v u. This
directly implies that v 6 u, so that u = v. Finally, F = G. O
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Remark. If " =0 and f is Lipschitz, then we get
06 div® (r %2 (@ oOrU+tr® rqv u +(v vw@f x%tuxd+@ tyvx9Y) =t

which has the form of
div(Ar w)+ w ¢(x) =0;

which satis es also a strong maximum principle (with the decompositionc(x) = c* (x)

c (X))

6 A comparison result with a smooth set

We make the same assumptions as in Sectidrj 5 (in particulat, is smooth), but we
only assume thatG is smooth.

Theorem 1.9. Let F and G minimize in

Per (F)+ f
F

and
Per. (G) + g
e]

withf 6 g ". We assume thatFr G and @Gis a C! hypersurface. Then, eitherF = G
or @R @G ;:

Remark. As above, when f and g are constant, we do not need' to be positive (it
can be zero).
This theorem is already known when f = g =0 in a more general version in [SW89]
(in particular, the anisotropy can depend on the space variable, and the sets are
only stationary, whereas they are minimizing in our framework). Nonetheless, we
present a simpler proof of this result, in the spirit of [CC93] (see alsa [CRS10]).

We replace @ Fby supp(D 1) in order to work with a closed set. Let us assume that
there existsxo 2 @F\ @G We want to prove that it implies F = G. Since@Gis C', @G
is the graph of someC! function v over r” , with ® the outer normal to G at xg (we may
assumexg = (0;w0)), 0) =0 and v de ned on B).

In what follows, for every z2 R", we will denote by z2°the n 1 rst component of 2
7= (2%#):

Thanks to Corollary @ for everyr su ciently small, there exists a ball B := Bqr(Xr)
of centerx, and radiusqr with B F \ B,(Xo): Sincefz, = 0g is tangent to G, x; must
have a negativen-th component for r small enough. Letrg satis es this requirement and
let n = Xo Xy,: Then, since(n; r) > 0, @Gis also a graph ovem’ of some functionv
de ned on BY0). Once again, we assumg(0) = 0 and denote(z% z,) the components of
everyz 2 R". Then, we de ne

8jz46 : u(z9):=supfz, 2 Rj(z%z,) 2 Fg:

Note that since F G and by de nition of u, we must havev > u on B?:
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Moreover, v is a smooth graph overn? on B , so it satis es (in the strong sense, so
also in the viscosity sense)

divl r® (r &; 1) =g:

Proposition 1.12.  The function u is upper semicontinuous and is a viscosity subsolution
of

divlr O (r u; 1) = 1 (1.21)

Proof. Let us rst prove that u is upper semicontinous. Letx, ! x 2 B : Then, we
have a sequencdxy;u(xx)) 2 F, which is bounded above. As a result, there exists a
subsequence (still denoted by(xk; u(xx))) which converges (possiblyu(xx) ! 1 ). We
want to show that u(x) > limsup, u(xx): If u(xx) ! 1, nothing has to be done. If not,
then (xx; u(xy)) is a converging sequence d&& which is closed. So(x; lim u(xx)) in F and
u(x) > limsup, u(xg):

Now, let us show that it is a subsolution of [1.2]). Assume by contradiction that it
does not hold. Then, there exists a smooth function and somex; 2 B9 such that u
has a maximum atx; and

divlr 0 qr % 1) >t

On can assume thatx; =0 and u(x;) = (x1) and that the maximum is strict. Let be
the graph of : We want to generalize the result by Ca arelli and Cordoba [CC93]. To
this aim, we work with the ' -relative distance

d(xy)=" (x y) where ' (xX)= sup (x; )
"()61

and
d (xX)=inffd (Xy)jy2 o

Then, we de ned the signed' -relative distance to by setting
d(x%xn) = d (XSXn)lixee (g & (XEXn)lfxe> (xOxn)g:
Since is smooth, then there exists a tubular neighborhood of whered is smooth.
Lemma 1.3. We have
divqr © (r ©; 21)©0)= div(r ' (r d))O;0): (1.22)

Proof. Let us rst notice that d(x® (x%) =0, sothatr W+ @dr © =0. Hence, since
r ' is 0-homogeneous and even, we get
!
Q@' @ r4 @d _ @'
r; 1)= — 1 = r; =— = =—(r dx® (x9):
@x T & @x @x ~ex l R
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As a matter of fact,

| X1 @ @@ dx® (x9)
o ) _ 0 Q. - =

divir © (r 5 1)=divqr % (r dx§ (x9) = , @x @x

XX @& @ M

-1 -1 @X@X@X @x

X 1yn @- @d .\ @d @ .
@x@x @x@x @x@x% @x

i=1 j=1
As a result,

X ' X0 '
div(r ° (r d) = @ @@d _ @ (rd @d

o, @x @« jo1 @X@x @x@x
XX @rd @ X @ @d

i1 j @X@x @x@x | @X@x @%@

. X @ @ XX @ @de
— 0] . =
AvAEY (g L) o @%¥@X@x@x ., @Xx@x@%@Xx@X

!

| X @ X'@ @ @
- 0 .

=divr ° (r T @xex ., @@ ox oxex
X @d X'@ & @
. @x@x _ @x@x$? @x@x

X @d 1><‘ @ ad
_, @x@x Q¢ | @x@x@x

Let us show that the last term of the last inequality vanishes. Indeed, one has
" (r ' (r d) =1, whose derivative provides
X @@ (rd) @ @(d
@x @i @x

In addition, thanks to the equallty (WhICh holds for any anisotropy) (' r " )(" ()r ' ()=
, one obtainsr ' (r ' ()= . Then, (L.23) can be rewritten

X 1 @@ @ _
o (1d) @x @x@x @x@x

=divqr ®(r ; 1)

=divqr® (r ; 1)

8i 6 n;

=0: (1.23)
j=1

8i;

which implies fori = n (and some changes of indices)

X @&d X @d @'
o1 @X@x _, @x@x@%

8i;

what was expected. O
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Let be small and xed. Let ~ be the epigraph of (we have @ = ) : We are

interested in (= ep)\ BY Then, if is small enough,
Fn(~ en))\ B%is a compact perturbation of F in B (the minimum is strict).

(T en)\ F has a nonempty interior in F (clean ball property).

If &=d(+ ep),wehave div(r' (rd)>f+ (> 0)in(~ epn)\ F (continuity

of d and (1.22)).
Let =( — ep)\ F;. If F were smooth, we would have

div(r ' (r ) = (r'(rd) nd (r'(rd) nd
( en)\F @R

which yields, using div(r ' (r d)) > f + and noting that on @F n = ng, we obtain

(r'(rd) nd + (r'(rd) ned > f + :
\(F+ en) @R

Recall that F is minimizing, we can also write (comparingF to the compact perturbation
Fn)

f 6 ' ()d NOLE
\ (F+ en) @R

Substracting the second inequality to the rst one, we obtain

6 “()d + “()d
\(F+ en) @~

(r'(rd) nd + (r' (r @) ned:
\(F+ en) @~

Now, note that on , we haver d = - On the other hand,r ' () ="' () (because
of the homogeneity of' ), which impliesr ' (r d)= "' ( ) on . We can then compute

(r'(rd) nd = "()d:
\ (F+ en) \ (F+ en)

In addition, since’ (r ' (r d))=1, we also haver ' (r d) 6 ' ( ): That implies

(r'(rd) ne 6 " (nF)d:
@R @R

These two relations yield
6 0

which is not possible.

If F is not smooth, we select a sequence &%, ! F with F, smooth and1g, ! 1f in
BV and we reproduce this construction onF, and pass to the limit (note that does not
depend onn). O]
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At this stage, u is a viscosity subsolution of
divlr ® (r U; 1) = f(x%u(x9Y)
whereasv is a viscosity supersolution of
divlr® (r &; 1) = gx®v(x9) > f (x%u(xY):

So, v is also a supersolution of[(1.21). We also know that > u: We would like to prove
that v > u, because that would ensure that@ R @ G= ;: So, we need a strict comparison
principle for viscosity solutions. This is found in [GOO05]. Let us check that the assumptions
are full led. This article deals with an equation written as (see [GO05, Remark 3.6] for
the right hand side)
F(Du;D?u)= h

with F satisfying

1. The function F : R" S , ! R is continuous,

2. There exists a coercive functiorw such that for all p; X;Y,

F(p:iX)  F(p;Y) > w(p; X Y);
3. ForeveryM;K > Oandjqg;jeg 6 K, kXk6 M, one has
JF(o;X)  F(e;X)] 6 Lmk a6
Here, we have

Xt @

; e = @ . ]
k=1 @X@X(p’ 1)X|k TI'(D (p, 1)X)_

F(p;X) =

It is clearly continous.
If p;g2 R" such that jpj;jgj6 M, if X 2 S" satises jXj 6 K, one obtains

X @ _ @'
@x@x(p’ b @x@x

Let p2 R" with jpj6 M and X;Y 2 S, suchthat X 6 Y.
The assumption on' imply that p 7! ' (p; 1) is uniformly convex with constant
(M) on everyfjpj 6 M g (see the proposition below) As a result, one has

X 1@
- OF

JF(p;X)  F(q;X)j= (0; 1) Xk 6 Lmkijp d:

(M)Tr(Y  X)6 F(p;X) F(pY)= (p; 1) i6 T(CY X)

with  is the maximum of the spectral radius ofD?' ?(q) for q=1.
Hence, [GOO05, Th. 3.1] applies and gives the following alternative: eithem = v on B or
u<v. That is exactly Theorem|[L.9.
Finally, note that in the framework of (L.12), we havef <g " soF and G cannot
coincide.
During the proof, we showed the
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Proposition 1.13. The function '~: p 7! ' (p; 1) is uniformly convex onfjpj 6 Mg,
with a constant (M):

Proof. First, recall a few properties of the anisotropy': By assumption, the setsf' 6 tg
(Wul shape of radius t) are homothetic convex subsets which contain a neighborhood of
zero. In addition, D% 2> 1: Noticing that

D2 =,1D2'2 ...

we see thatD?' is positive de nite on T(p; 1), the tangent plane to the Wul shape
f* =" (p; L)gat(p; 1);with eigenvalues bigger than——;:
Finally,

Since' is smooth around(p; 1), to prove the proposition, we only have to control the
eigenvalues oD?~(p) = D? (p; 1) f(e0)g: LT US write e= e’ + € the decomposition of

ewith respecttor ' (p; 1)? andspan(p; 1) (note that this projection is not orthogonal).
Then,

2 . . - 21 . T. T 2 . 0. AT 21 . 0. L0y .
D= (p; 1) (e,e)—P (p; 9 (e ,e;+%D (p; 1) (e,e){;r D (p; 1) (e,eg-

> jelj2 =0 since D2' (p; 1) e®=0

To conclude, we need to show that there exists a constant(M) such that j(e;0)"j >
(M)j(e;0)j as soon agpj 6 M. Since there is an angle betweefe;0) and (p; 1) which
remains far from 0 onfj pj 6 M g, this is equivalent to show that the norm of the projection
is controlled, or to show that the angle between(p; 1) andr ' (p; 1) remains far from
5. This is true using that the Wul shape is a convex which contains a neighborhood of

zero.

Finally, D?' is uniformly convex with constant ((MM)) where (M) =min j5em ' (p; 1)
O

7 A result on mean convex domains with Dirichlet conditions

In this section, we link the minimizer u to the image g using Dirichlet conditions on
the boundary of the domain. To give the assumptions on , we need the

De nition 1.7. Let' be a norm in R". We say that satis es the barrier condition if
for everyxp 2 @ and "> 0 su ciently small, if V minimizes Per in

fw j WnB-«(xg) = nB-(xp)g;

then

@W\ @ \ B-(xq) = ;:

Remark. The barrier condition means that @ is not a local minimizer of the perimeter
(there is always a inside perturbation of which provides a set with strictly smaller
perimeter). Note that if ' is the Euclidean norm and is smooth, this property is the
strict mean-convexity of : (positive mean curvature).
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Theorem 1.10. Let' be a norm in R" which is C? in R" nBo(") and such that' 2 is
strongly convex. Let also be a bounded Lipschitz open subset which satis es the barrier
condition. Moreover, let g be continuous on@ . Then, there is a unique minimizeru of

u = argmin "(r u) (1.24)
v2BV
v=gon @

where the equalityv = g on @ means, as in [JMN13], that
8x2 @ ; rIi!m0 esy:;, supv(y) g(x)j=0: (1.25)
ix yj6r
In addition, this minimizer is continuous.

Remark. Since' is not strictly convex as in Section[2 (because of the homogeneity), we
have to nd another way to obtain something similar to Proposition [[.1. This is done in
[JMN13], which provides such proposition in the case we deal with. Proceeding as in Section
@, we could directly complete the proof (note that due to the space dependency, Jerrard et
al. can obtain continuity of the minimizer only in dimension 6 3, using the smoothness of
the level-sets ofu). Nonetheless, since we can take advantage of the translation invariance
of the minimizers (which does not exists in[[JMN13] because of the space dependency),
we give a much simpler proof of the continuity ofu. In particular, we will use no deep
results neither on topological dimension nor on connected components of regular points of
a minimal surface.

For simplicity, we assume thatg is de ned and continuous on the wholeR":
We rst recall the proof of the existence part of the theorem (it is already done in
[JMN13]). Let u be a minimizer of (1.24) in the class

A; =fv2BV(R")jv=gon g
It exists by standard techniques of calculus of variation.
We recall that thanks to the coarea formula (used similarly as in Propositior] 1.9), the

level setsEt(l) minimize
Et(l) = argmin Per (E); (1.26)
En= F¢n

with F; ;= fg >tg; where the exponent(1l), as before, means that we consider the subset
of points with density one:

. |B \ Fj

FO = x2 Ilmjr(.x#=l
rr o jByj

We recall that thanks to Proposition EX are open subsets.
To show that (L.25) is in fact satis ed by u, we prove the following lemma (which is
simply a restatement of [JMN13, Th. 1.1] which we give for convenience).

Lemma 1.4. Let®2 @ and lett and" such thatg(®) 6 t ". Then, there exists > 0
such that
EOVB (&)= ;:

The same result holds forg(%) > t + ".
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Proof. Let us proceed by contradiction: we assume that there exists a sequengg 2 Et(l)
such that x, ! ®R. Sinceg is continuous andu = g2 ¢ thenx 2 E := Et(l)..:2 and
u<t "=2onB (®)n

SinceE cannot intersectB (%) n , we must have

B (¥)\ @E
But this cannot happen (see[JMN13, Lemma 3.3]). IV minimizes Per- in
fw jWnB (8 = nB (®)g;

thenthe setV [ (E\ B (%)) is also a minimizer whose boundary containg, contradicting
De nition 1.71 O

Now, let u be a minimizer of (1.24). We prove that it is continuous. We will show that
its level setsk; and Es, for s <t, satisfy Et(l) b Eél).
We begin by noting that these two sets cannot touch nea@ .

Lemma 1.5. Let s<t: There exists > 0and" > 0 such that for everyx 2 \ @él)
with d(x;@) 6 andy?2 Et(l) \' ,thend(x;y) > "
This is straightforward using Lemma[1.4, with" = 1,%: The compactness of@ provides

the expected :
Before proving Theorem[1.1ID, we state a very standard but useful

Lemma 1.6. Let E and E be two minimizers of (1.26) with F; replaced respectively by
and F and assume thatfE [ E) nE is a compact subset of . Then, E[ E andE\ E are
minimizers of (1.26) with F; replaced respectively wittF and F.

Proof. The proof is also very standard but we give it for completeness. We notice that
(E[l E)n = En = Fn soE][ E is an admissible perturbation forE. One therefore
can write

Per (E[ E) > Per E:

Similarly E\ E is an admissible perturbation for E and we can write,
Per (E\ E) > Per E:

By summing the two inequalities and recalling [1.15), we must have equality in the in-

equalities. That is the claim. O
Proof of Theorem[1.10. We proceed by contradiction. Let us assume that there exists
X0 2 @KEY \ @él) and let rg = m'”l(o; ): where and" are the constants provided by

Lemma[1.5. Thanks to this lemma,d(xo; @ > :
Recalling that @é,l) and @Iﬁl) are regular up to a compact set of dimension at most
n 3 we can choose 2 @é,l) and 2 @Iél) two regular points such that

j Xoj 6 lo and j Xoj 6 lo-

If = , hote that j | 6 %min( ;") thus Eél) and Et(l) + do not touch near the
boundary @ :
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The regular set reg(@él) \ B;,=2(X0)) is a set of pieces of parallel hyperplanes.
The point is regular means that one can nd a directionn such that both @él) and

@F) = @él) +~ are (smooth) graphs around . SinceE}l)\ Egl) and E;a)[ Eél) are also
minimizers (thanks to Lemma) and are both graphs around , we have two functions
w1 6 wy such that wi( 9 = wy( 9 and which satisfy the zero' -mean curvature equation
for graphs
divlr % (r ; 1) =o0:

By comparison principle for graphs ([GOQ5], the one used in Sectiql_j 6), they must coincide
locally.

Notice that this coincidence is true for every pair; 2 B, —»(Xo) with 2 @él) and

2 @él) + . Leaving and moving only , this proves that every regular point of
@él) \ B;,=2(X0) has a neighborhood (in@ Iél)) which coincides with a neighborhood of

in @él) + : As a result, every regular point of@é,l) \ B,,=2(Xo) has the same normal

(let us call it !'). Since in addition, the set of regular points is an open subset o@él), the
connected components ofeg(@ é,l)) are a ne hyperplanes parallel to ! ?; oriented either
by! orby !.

Of course,reg((@ él))\ Br,=2(X0)) satis es the same property.

These pieces of hyperplans which cross B -4(Xo) I B =4(X0). Indeed, Letx 2
reg@E” \ By,-4(X0). Then, there is a ball B (of radius ) around x such that @E” \ B

is exactly a diameter of B. Let us assume that the normal of@ Ié,l) is! in B. Then, let
us consider the cylinderC generated byB and a vectore? ! in the ball Br,=2(X0). One
can write, for every R such that z + Re 2 B -4(Xo)

Re
5 ID( cw(z+ e))j= i —w €dH" 1-0
5%e =0 e ¢\ eg)  Es

becausee ? !: Then, for aimost everyz 2 €’ with jzj 6 f, we have 7! cw(z+ e)is

constant. That means that if z+ e belongs toEél) for some , that is true for every (and
similarly for 2 Eél)). Finally, the piece of hyperplane ofreg EY which is a diameter of 8
exists in the whole cylinder&, and sincee is arbitrary in ! ?, in the whole ball B,=4(X0)

(we have to stay su ciently far from @B, =,(Xo) in order to keep the whole cylinder inside
Bro=2(X0))-

The point Xq is in fact regular Thanks to previous paragraphs,regEél) \ B;,=4(X0)
is a ( nite, for measurability reasons) set of hyperplanes.

In addition, since Xg 2 @él) \ (@él) + ), we have a sequence of points inegEél)
(which therefore belong to hyperplanes) which converge tao. Using the niteness of the
set of hyperplanes,xg must be in one of them. So,xg is in fact a regular point of Egl)
(the same holds forEt(l) + ), and Eél) and Et(l) + coicinde aroundxg. That is exactly

saying that @Y \ (@él) + ) is open in @KEY: It is closed by de nition. To reach a
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contradiction, we now need to show that every connected component @él) has to reach
the boundary @ . O

Proposition 1.14. There is no connected component o@ él) which is compact in

Proof. Let us proceed by contradiction and call a compact connected component of
@él): We denote by the distance between and @ . One can nd a continuous function
f: @él) I'f 0;1gwhichisOon andlon Eél)nfdist(x; ) < =2¢g: SinceEél) is compact,
f is uniformly continuous. Let call ! its modulus of continuity and extend f to the whole

by

f(x)= sup f(y)+!(x )
y2E{

In addition, we may assume thatf > 1 on @ (eventually replacing f by max(f; 1
dist(x; @) =)). Note that f (x)= 2 (0;1) implies that x remains far from @&":

Now, let us introduce C as the connected component of the open subsét < %g which
contains and set

a:=min u (x) and b:=max u*(x):
x2@C x2@cC

If a>s, then we de ne v such that v = u everywhere but inC\ u6 % where we set
v= &s:

2
Then, we notice that v di ers from u only in a neighborhood of and

a+s a+s a+s
r ou_ + r oun 6 "(ru)+ r :
c 2 c 2 c c {22 }

Then, v is also a minimizer with
(@v>sg)\ C=;;

which implies
Per(fv >sq) < Per(fu>sq);

which cannot happen.

Similarly, if b6 s, then we introducev = u” sin C, v = uin C®and we also reach a
contradiction.

Finally, we cannot have either@C f u > sgor @C f u 6 sg: But on the other
hand, we have@C f f = g which means that @ Ccannot be too close to@ E": this is
a contradiction.

O

Remark. All the proof above can be reproduce withEt(l) =fu>tgand Eél) = fv>sgq,
if u and v are two minimizers: that showsu = v a.e.
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8 Local continuity

In this section, we get back to the isotropic case[(1.J1). We want to prove the

Theorem 1.11. Letg: ! R be continuous and bounded and lat be a minimizer of

2
iDuj + %: (1.27)

Then, u is continuous.

Note that this theorem is local and therefore extends[[CCN11, Th. 2] (but for contin-
uous functions only).

We will use the level sets. More precisely, leEs E; two level sets ofu (with s >1).
We know that they minimize respectively (with respect to compact perturbations in )

Per(E; )+ s g
E\

and
Per(E; )+ t g
E\

The strategy is the following. We know that two minimal surfaces satisfy a strict
comparison principle [SIm87], and we can extend this proof to constant mean curvature
surfaces. As aresult, we rst show that we can create two di erent constant mean curvature
which stands betweenEgs and E;. Then, we show that these surfaces do not touch. So,
neither canEs and E;. As before, we replacd s and E; by the set of points of density one.

8.1 Back to constant mean curvature

We assume (and we hope that we can get a contradiction) that there isp 2 @E\ @E:
Note rst that since Egs and E; have mean curvature which are dierent, they cannot
coincide on a neighborhood ofkg. By continuity of g, we can nd > 0 such that on
B (Xo), we haveg(xg) <g (X) <g(xg)+ with := %: So, leta=s g(xo)
Then,

8x;y2B (Xp); t 9g(x)6 a6 s g(y):
Now, we introduce E with nite perimeter in as the minimizer of

E = argmin Per(G; )+ aG\ B (xo)j
G Es B (xo)

and similarly, F with nite perimeter in and minimizing

F= argmin Per(G; )+ aG\ B (Xo)j:
G Et B (xo)
Note that E and F have variational constant mean curvaturea.

Using the standard (weak) comparison principle, we haveEg E F E:i: In
addition, since E5 and E; cannot coincide,E and F cannot either. On the other hand, we
must havexg 2 @B @F

To show that @E and @ E cannot touch, it is enough to prove that @B @F= ;. That
is to prove the
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Theorem 1.12. lLeta2 RandE F such thatE and F both minimize (with respect to
compact perturbations) in an open subse®D,

Per(E;O) + ajE \ Oj: (1.28)
Then, either E = F or @B @F= ;.
In what follows, we take O =  (we can reduce the latter since we only want a local
result).

8.2 Properties of minimizers

Before proving Theorem[1.1P, we rst recall results on minimizers of[(1.28) that will
be crucial in the proof. We begin by the usual monotonicity formula (see [Mas75])

Proposition 1.15 (Monotonicity formula) . Let E be a minimizer of (L.28). Then, for
everys <r and everyx 2 @E we have

Per(IrEr;]Blr(X)) Pef(i?]Bls(X)B (n 1) ajar )

Remark. That formula explains why we restricted ourself to the isotropic case. We do not
know if this monotonicity holds in the anisotropic framework.

Corollary 1.3. For all x 2 @Eand dist(x; @) >r > 0 we have

1n

r iDIgj>!n 1 (n 1) njar: (2.29)

Br (x)

Lemma 1.7. [MP75, Th. 2] Let (E ) be a family of minimizers of (1.28) with a (2 R)
instead ofa, and let E minimize ([.28). We assume thatE ! E in L} andthata ! a.
Then, for every bounded seD (with Lipschitz boundary) such that

jD1gj =0;
@D

we have
lim jD1g j= iD1gj:
D D

Proof. We take B D with Lipschitz boundary and which satis es

jD1gj=0 (1.30)
@B
and

lim  jlg  1gjdH" 1=0: (1.31)
@B
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We just compareE toM =(E\ B)[ (E \ ( nB)). We can write
Per(E ; )+ ajE \ j6 Per(E\B)[ (E \ ( nB);)+ aj(E\B)[ (E \ ( nB))j:

Now, just note that E and (E\ B)[ (E \ ( nB)) coincide outsideB and that (using
Proposition and trace theorem[JAFPQO, Th. 3.87])

Per(E\ B)[ (E \ ( nB)); )=Per( E;B)+Per(E ; nB)+ jle  1g jdH™ %
@B

Putting together these two facts, we obtain

jiD1e j+ a6 jDIgj+ jle  1gjoH" 1+ a
B B

B\ E @B B\ E

which yields, taking the limsup of each member and using the.!-convergence and
(1.31),
limsup jD1g |6 iD1gj:
11 B B

Now, notice that

limsup jD1g j6  jD1gj liminf _JD1e j
D B BnD

6 _jDIgj _JD1gj6 _DIgj:
B b

BnD
On the other hand, the semi-continuity of the total variation (but for the open set B)
gives the reverse inequality and provides (since@Blegj =0),
lim jD1g j = D1gj:
1 g B
O

The following theorem, usually calledimprovement of atness, is the key result in the
regularity proof. It can be found in [Mas75].

Theorem 1.13 (De Giorgi). Let E minimize ([L.2§) and 2 (0;1). Then, there exits a
constant (n; ; jaj) suchthatforall 6 andr 6 2,if E satises

iD1gj Dl 6 r" %
Br(x) B (x)
then, we have

iD1gj Dl 6 2 (r)" L
B (x) B (x)
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8.3 blowups

In this subsection, we analize the convergence of blowups to a minimal cone. In par-
ticular, we prove the

Theorem 1.14. Let E minimize (L.28). Then the sets
1 ,
E =fxo+ —(X Xgo)jx2Eg

converge, in Hausdor sense and up to a subsequencg ! 0, to some minimizing cone
C. In addition, for all K compact ofregC, there exists a neighborhood/ of K such that
E \ V converges toC\ V in C3(V).

We rst prove the Hausdor convergence.

Proposition 1.16. Let xo 2 @E The setsE converge to a minimizing coneC in
Hausdor distance.

First, we prove the convergence o to C in L}.. This proof is classical (see for
example [Giu84]). Letr > 0, then Per(E ;r)= " 1Per(E;r= ):
SinceE is minimizer of
Per(F;r) + Na;
Br\F

we have, comparing to a ballB,,

P(E :r)+ " a6 P(By;;r)+ " a6 nl,r" T+ Mgl r" (1.32)
E \ B B
which shows thatP (E ;r) is bounded above.
The usual compactness ([Giu84, Th. 1.19]) produces a subsequencg ! 0 and a
Caccioppoli setC such that
E,! C inL}.

n

To see that C is minimal, consider a perturbation M of C in a compact subsetK (we
assume without loss of generality thatK satis es (1.30) and (1.31)). Then, comparingE
toM =(M\ K)[ (E \ ( nK)), one ca write (as in the proof of Lemmd 1]7)

jD1g j+ a
K E \K

6 jDlv j+ a
K K\ M

6 Dlu j+ jle 1gj+ a:
K @K K\ M

Passing to the limit as in the proof of Lemma[ 1.7, we get
Per(E;K) 6 Per(M;K):

To see that C must be a cone, we notice that it satis es equality in the monotonicity
formula (Proposition [1.15). Seel[Giu84] for details.
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Let us now show a local Hausdor convergence. If it were false, there would exist
Xn 2 E . and > 0 (we choose su ciently small such that Proposition 1.10]applies)
such that dist(xn;C) > . As a result,

E,\ B% xp))\ C=3:

Using Proposition|1.10, we know thatjE , \ B1 (xn)j> %nl, which shows that
2

Cst n 1
8n

Cj >

That contradicts the L! convergence.
Now, let us inverstigate the regularity of a minimizing set which is close toregC.

Proposition 1.17. Let K be a compact subset afegC. Then, for every xg 2 K, there
exists a neighborhoodV of xg, whose size depends only or= jaj, the dimension andK ,
such thatE \ W is a C? surface.

Proof. This is proven in [MP75, Th. 3]. Since the whole proof uses several papers ([IMas74,
MP75, [Mas75]) and does not provide information on the uniformity of the convergence, we
reproduce it here. By compactness, it is enough to show that for everyg, there exists a
neighborhoodW of xg such that everyx 2 @E\ W belongs toregE .

We recall that the reduced boundaryof any E, denoted by @E is the set of the points

X 2 @Esuch that

. B (x) D1e . .
im —————= (x) and j (x)j=1: (1.33)
Lot g (X)jD].Ej

Sincexo 2 @C and using (1.32) forC (with a=0), we conclude that
!

limr* " jiD1cj Dilc =0:
rt' 0 B (xo) B (xo0)

Choosingr such that B, K and

jD1cj=0;
@B
Lemmal[l.7 shows that
im  jD1e j=  jDicj:
11 B, B,

In addition, using the relation (trace theorem)

- y X n 1 .
Dig = 1Ie (y):=——dH" “(y);
B (x) @B (x) Iy X
we obtain, for almost everyr,
lim D1 = Dic :

11 By (xo) B (xo)
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As a result, for every" > 0, one can chooseép and ¢ such thatforallr 6 roand 6 o,
!

rt" DI j B Dl 6™
Bt (Xo0) B (Xo0)

In particular, with " = 5, where is the constant in Theorem[1.18 (corresponding
to some < 1thatis considered xed in what follows), we x f6 ro: If r = jxo Xx jfor

any sequencex ! Xp, and choosing ¢ such thatfor 6 ¢, r 6 g we have,
!

jiD1g | Dl 6 (¢ r)" %
Bn(xo) Bn(xo)
Then, we recall that Br , (X ) Bp(Xp) and notice that the integral on the left is mono-
tone with respect to the inclusion (because for evernA  Ba(Xo),

b j Dl >0 )
B r(x0) B r(x0)

jiD1g j Dl 6 (f r)" %
Br r (X)) Br r (x)

Let us show now that the last inequality implies that x 2 @E ; that means there
exists

)= fim B0 P e i1 (1.34)
Torlo B! (x )leE j’ ’ '
This is [Mas75, Lemma 2.2]. We introduce the notation
B(x )DL
r — . T
B (x )JDlE J
Lemma 1.8. For everys<r<r g, we have
0 1l
iD1e j D1
. . B, (x )JP1E ] B (x ) P 1E
6 2@ : : A 1.35
Jr sl iD1g | ( )

Bs(x )

Proof. Let u and v be smaller than 1, we havgu Vvj26 2 2uv: As a result,

1=2
. R Bx )Pl g )DPle
Jr 6 2 1 D1 i D1- |
Br(x)J E | BS(X)J E |
which implies
I
s1=2
. . 2 . Bx)PlE g )Ple
Jr s) 6 W ID1g | D1 i
Bs(X )J E J BS(X ) Br(X )J E J |
e 1:2
2 . . DlE DlE
6 JD]_E J Br(X ) Br(x )

Bs(x )leE j Br(x ) Br (X )leE j



72 On regularity of minimizers for TV
The last inequality is obtained using that forall j j6 1ands6 r,
JDlE J Dl 6 JDlE j Dl1g :
Bs Bs Br Br
Indeed, for everyA R" bounded, we have
jD 1e j D1 > 0:
A Bs
Finally, we get

0 1li=
iD1g | D1 | D1e
i 46 2@ E ) B _ B0 TE A
Bs(x )JDlE J By (x )JDlE J

which yields (1.35). O

We will prove that ( «,)kzn is @ Cauchy sequence. Using (1.B5), we have

L . : 1=2
I o« kr] 6 ZrX 8,0 )PIET 5 )Ple
rmy r

D1 |

i =0 B, k+js1 (X))
Thanks to Corollary EB.’ forr < m we have
- )leE j> !”Tlr” L b (1.36)
Now, Theorem[1.1I3 implies that forr 6 i r

gir(X)leEj §ir(X)DlE 6 =2 ('n" L (1.37)
As a result,

_ X1 keidn b P
J okemy k] 6 2_ | =2 (k+j+D(n 1)

j=0
6 2 2 7 gl ™
!n 1 1 k=4
1
2 7 1 .
6 2 ., [ =

which shows that( «,)k2n IS @ Cauchy sequence. Let(x) denote its limit.
Since everyj i,(x)j =1, we have

J(j=1:
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Then, let us prove that in fact,
lim ()= (x):
For every t su ciently small, there exists i 2 N such that
ri*teter I

Then,
e 01 6 «(x) i+ ] (X)) (X
Using equation (1.3%), one can write
!

. . B, ix)IPEL B (x)PE
B (x )J E J
iD1e j D1 & 2
6 2 B, ix)IPET B i x)P-E
B, i (x)ID1E ]
1
62 2 =
!n 1
using Equations [1.36) and [(1.3]). This is exactly saying thatx 2 @E , and so inregE
(see [Giu84], Th. 4.11). O

Remark. Note that the size of V depends only on the choice ofg and ", that means on
the constant is Lemma[1.13 (so of the dimension anggj) and of the convergence rate in
Lemmall.7.

We can now conclude the proof of Theorern 1.14. It is enough to notice that since the
E have a constant mean curvature, thenregE is in fact analytic, as well asregC. So,
the local Hausdor convergence ofe ! C directly provides the C? convergence oE \ V
toC\ V.

8.4 We can assume that E and F have the same tangent cone

We are now ready to prove the strict comparison principle for constant mean curvature
surfaces and F (Theorem ). We proceed by contradiction and assume that there
existsxg 2 @B\ @F We prove that we can assume thatt and F have the same tangent
cone atxg. To do so, we use the dimension reducing argument by Bombieri and Giusti
[BG72]. LetC; C, the tangent cones toE and F at xg. Then, there must existy 6 0 in
@G¢\ @G. Indeed, if not, we could consider a balB, (xp) and C1\ B, (Xg) and C>\ B (Xg)
would not touch near @B(xp) and would be both minimizing in B (xo) and contain Xxg.
We could then apply the proof of Theorem[1.ID withEs and E; replaced by C; and C;
(which do not touch near the boundary of B, (Xg), which would provide a contradiction.
We then blow up C; and C; at y and get two tangent conesCi and C2 which both contain
the line | = Ry. HenceD; = C{\ (y+1?)andD, = C3\ (y+17) aretwon 1-dimensional
minimizing cones which are either equal or distinct. If they are distinct, we can reproduce
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the scheme forD; and D, obtaining two (n  2)-dimensional minimizing conesC? and C3.
Since there is no singular minimizing cone with dimension smaller than 7, this iteration
stops and gives two equal minimizing cone€k = CX.

As a result, if we prove Theore withC; = C»,, we can apply it to C'l‘ !and C'2‘ !
which have, by de nition, the same tangent cone at some point. This give@'l‘ = C'Z‘ 1
By ( nite) induction, we will obtain E = F.

In what follows, we suppose thatE and F have the same tangent coneC at Xg. In
addition, for simplicity, we take xo = 0:

8.5 Proof

Note that in what follows, to have the same notations as in [SimB7], we u$s¢ = @ Eand
T, = @F We also assume thatkg = 0. The proof is the same as in[[Sim87]. Nonetheless,
the di erent blowups have no zero mean curvature anymore and we have to check that their
convergence is stillC? near regular points of the limit. We begin by seeing that [Sim87,
Lemma 1] still holds with minimizers of (1.28).

Lemma 1.9. Let E minimize (1.2§), xo =0 2 @Eand denote the unit normal to E.
We de ne the set of pointsx 2 regT, which satisfy
) d(x;singE) > jx],

i)
j(x) (I . S 1
— = y2regE; 0< Xj< jX] < —
p X Vi y g 1y J 1X] ixi

Then, there exist o(Xg;E) > 0 and o(Xo; E) > 0 such that

Su

80< 6 g, 80< 6 g \ @B(Xp) 6 ;:

Proof. The proof is exactly the same as in[[SIim87]. We reproduce it here and give some
extra details. We proceed by contradiction. If the conclusion of the lemma were false, we

could nd two sequences j ! 0, ;! O such that

8 9

2 . . 1 2

x 2 regE jxj= j, dist(x;singE) >  j; sup J ().() .(y)J < =
> y2regE Xy iz
x yj 6 j |
(1.38)

Let Ej = | 'E: Thanks to Theorem, there exists a con€, a subsequence (which we

still denote by j) such that E; ! C in the Hausdor sense, andC? sense on the neighbor-
hoods of points inregC: If y 2 regC\ @B (such a point exists becaus¢l” 7(singC) =0),
there exists > O and a sequencg; ! y with y; 2B (y)\ @B\ regE; (we can takeyj;
on the sphere again), and such thatB (y)\ E; regE; (thanks to Theorem ). In
addition, by the C? convergence (and eventually reducing again), one can have
: i) @1
8x;z22 B (y)\ regEj; ﬁ6 -
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Going back to E, we have

8x;22B; (jy)\ regE; M6 i: (1.39)
Xz i
Finally, notice that ;y; 2 @B, \ regE. Inaddition, dist( ;y;;singE) = ; dist(y;;singE;j) >

j and, using (1.39) withz=;y; 2 B, ( ;y), this contradicts (L.38) for j large enough.
O

Let o; o and regT1 as in Lemma[1.9 and dene, for allx 2 Ty, h(x) =
dist(x; sptT2): Since T; and T, have the same tangent cones akg, one has, for every
6 o

imr ' sup h(x)=0: (1.40)
rt o ixj=rx2
Indeed, we have in fact
1
- sup d(x;C)= sup diy;C)! 0
P ixj=rx 2Ty jyji=liy2r 1T

because of Hausdor convergence af 1T; to C. As the same holds forx 2 T», that gives

1
- sup d(x;C)= sup diy;C)! 0
Xj=rx 2T, jyi=lyy2r 1T,
which implies (1.40).
We select ;! Osuchthatforall 6 j,
1 1
j © sup h(x)> 3 sup h(x)
X2 2 X2
xj=j ixj=
we have in particular for < 1,
sup h(x) 6 2 sup h(x): (1.41)
X2 X2
xji= ixj=
Let ;! Oand Tl(j) = 1T,: We want to show that Tl(j) are normal graphs over points
of regC.
Lemma 1.10. For every | 2 1;2, there exist a sequence o€ functions hl(j) which is
de ned in a connected domainU; such that for some ; ! 0,
n 0
x 2 regC dist(x;singC) > jxj; j<ijxj< .1 U (1.42)

J

and such that

j!llrpl i =0; with jfje:= supJ jE(j)J +jr £ 00 + jxjir 2 (X)j: (1.43)
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and that for every 2 (0;1) and everyj > j( ), we also have, for 2 f 1, 2g,

n 0 ,
x 2 reg(; 'T) dist(x;singC) > jxj; < jxj< * 1 reg( () (144

where G,(j) is the graph ofhl(j) (more precisely, Gl(j) = Hl(j)(Uj) where Hl(j)(x) = X+
hl(‘) (x) and (x) is the normal of reg(C) at x). We also ask that

n o

! x 2 reg( ; 'T1) dist(x;singC) > jxj :  (1.45)

MV x <M<

Proof. Let Tl(j) = 1T,. We construct j as follows. Let 1 be any real in(0;1) and for
| 2 f1;2g9, we consider

Ki:= fx 2 regCj dist(x; singC) > 1jxj; 16 jxj6 , g
It is a compact subset ofregC. Thanks to Theorem[1.14, there existsh; such that if
y2 T satisesjy xj <hy for somex 2 K, theny 2 regT,?).
Using the Hausdor convergence oﬂ'l(” to C on the compact set

L; = fx 2 R"j;dist(x; singC) > 1jxj; 16 jxj6 ,'g;
there existsj, such that for everyj > joandy 2 Lj\ Tl(j), there existsx 2 K with
X yj] 6 hg=2: That implies that

Lq\ Tl(j ) reng(j ).

We can increasq » again such that L\ T,(j) is in fact a graph ofh,(j) over K 1 with

kh ke 6 11

This is possible since theL! convergence of theh,(j) is provided by the Hausdor conver-

gence ofTI(’) to C and the C? is obtained using the analyticity of regTI(J) as well asregC.
We let j, = & and for everyj 2 [1;j, 1], j = 1:Todene j3, we use the same scheme
with j, in place of ;: that enables to dene | fork 6 jz. Then, ;! 0.

We proved (1.43) and (1.44) by construction.

We now prove {1.45). If it does not hold, then there exists andj, !'1 such that
there exists

x2 (M2)\V ox < jxj< t
and
dist(xy;singC) 6  jXkj:

The last equation means that there iszx 2 singC such that jxx  zxj 6 jXkj: One can
assume thatzy ! z 2 singC using the local compactness osingC. Finally, jxx zj 6
Xkj + "k with " 1 0.

The point z is singular, which implies in particular that C cannot be a graph around
it. As a result, we have a unit vector and two sequenceg';Z 2 regC which converge
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to Z and whose normals (z') and (Z) converge respectively to and . Since T
converge C? to C in the neighborhood ofregC, there exist (using a diagonal argument)
«; ~ 2 reg T such that ,
_ 6
1z kl 10

and the normals ( ) and (~¢) to regT{k satisfy, for k large enough,

(0 (i (1.46)

1

On the other hand, sincexy 2 i 2. we have

sup

() Wi
j j

; 1
2regT!;0<jy Xuj< 2 x4 < :
Xy y gl 1y ) 1Xk]

2 jxkj
Noting that we can choosey =  and y = ~ in the last identity, it provides

o (xk) (Wi 5 1
Xk K 2 jXkj

which implies, sincejxy  j 6 11 jfé(j’

. 11
g (iG55
The same holds for~,. Summing, we get
. 11
0 (RI6 5
This contradicts ([L.46)), proving (1.45). O
Using this lemma, we have maps
2l x < jx< Py

with _ _
HE (o 00) = B () + (B () (B (X)) =
and8 x < jxj< ! andj suciently large,

Ju@O0) 6 | st 1%,T2) 6 2 (3 () (.47

where u; = h(lj) h(zj). The last inequality is provided by the convergence of I(j)(Xj) to
(x) for x; ! x (and obvious notation). We notice that sinceregT;\ regT, = ; (Section

, one can assume thau; > 0: Equation ([L.41)), after dilation with a factor J( Y, gives

sup ;*h(jx)62 sup ;*h(jx)
x2 .1 x2 .1

i 0 i 0
ixj= jxj=1
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Using then (1.47), we obtain

sup uj(p(x)) 64 sup u(p(x)): (1.48)
1 x2 .1

J 0 J 0
ixj= xj=1

X2

SinceregT, and regT, are two constant mean curvature submanifolds, we can prove
the

Lemma 1.11. The dierence uj := h(lj) h(zj) satis es an equation of the form
cUj + jAcj?u; =div(a ruj)+ I ru+ gu (1.49)

where ¢ is the Laplace-Beltrami operator onC, Ac the second fundamental form ofC
and a;; by ; ¢ three functions converging uniformly to zero on compact subsets odgC.

Proof. Let f be a function onregC and considerM the normal graph off overregC (we
note only C in the rest of the proof). A parametrization of M is (locally) F : ! R"
with

F(x)= C(x)+ f(C(x)) (C(x))

where C(x) is a local parametrization of C. More precisely, the metric onC is written
gj =(@C; @C):

As a result, a tangent vector is written (the h. are the coe cients of Ac)

=@ =@C+f )=@+@ +f@ =@C+ @ +fhigd"@C:

Thus the metric on M is

g = @+ @ +fh;d"@C;@C+ @ +fh,sg@C (1.50)
=g + @@f + fhygMgm + fhjsg™ar + f 2y g™ hjs 0 gt (1.51)
=g +f hd +hd +@@f +fg"hjhjm: (1.52)

Note that this metric does not contain any derivatives of order two forf. Using normal
coordinates onC, it can be rewritten as

g = j(1+2f (+f? )+ @@f:
The normal to M can be computed in the basi{@C; ) as
X
~= + i @C:

i
The coe cients and ; satisfy
0=(~@F)= ~@C+@ +fhygd"@cC

= jgj + @f +fhidM |gm
= jgi + @f +fhy

(1.53)
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and
(~ 9= %+ g =1: (1.54)

So, the coe cients and depends only on order zero and one derivatives df.
One also haveftj =  (Fj ; ~): Let us compute

@Fi)= @ @C+ @ +fth;gd"@c

=@C+@f +@Q@ +@hig"@C+ @ (h)g"@C+ fhi@gm)@C + fhig™@n C:
Hence
(Fi;9=(@C; + ¢@C)+ @jf+ @ (@; «@C)+ @hid™ «(@C; @C)

+ 1@ (hi)g™ k(@C; @C)+ fhi@@™) «(@C; @C)+ fhyg™ (@ C; n + «Cy):

In normal coordinates onC (the second fundamental form is writtenh; = ; ), that
can be rewritten as

M =nhy @f @& ;; @ ii f@(hi) + fhj:

To compute the mean curvature, we need the inverse of the metric. We compute using
normal coordinates inC.

@.
I

ijo1 2t f22  @@f +4f2y 2+ off?)
(L 2f +3f2 2 @@f + off ?):

Note that no term in this metric (even in of 2)) involves second derivative off . We have
to estimate and ;. In normal coordinates, we have, using[(1.53) and (1.54),

i+ @f +f ; {=0;
which yields

R L | - @ . 2.
T A @f@1 f i+off))= @f+ f@if i+ off):

P
On the other hand, 2+ 2 =1, which means

X
24 (@t +f@f i+ o(f?)?=1;

or |

« !
21+ (@)°@+f o(f2)? = AL+r £+ off ) =1:
i
Finally, S
1
1+ﬁfF_l

%yff+ou%
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and

= @ +f@f +o(f?)

where there is no second derivative of in off 2).
The mean curvature can now be computed using normal coordinates dd (once again,
no second derivative ino(f 2)).

=g =(3@Q 2f +3f2 2% @@f)hy @f @& ;; @ i f@(hu) + fh )
i@ 2 32 )+ (@f +2f @f) 2@ ;i f@(hy) |
+f  2f2 2 1@ 2+ of ?)

i@ 2f ; 3232 %jrszi @f +2f @f

+2 @)+ f@hy)@ +f ; 222 (@ )%+ of?)

=@+ f)H %jrszH f  2fjAj2+div(ar f)+ b r f + cf
I {z
=0

with
aj =2fhy and b= @ f@(ha)+ off) and c= 2fjAj®+ off):
So, hl(j) both satisfy (we denote byH; the (constant) mean curvature ole(j))
Hj + h|(j) +2h|(j)jAjz=diV( ar f)+ b rf+cf:

Substracting the two equations (and denoting byB the quantity 2A) and noting that
since the two termso(h(l”) and o(h(z”) are smooth and obtained by the same procedure,
one haso(h(l”) o(hg)) = o(u;), we get

uj +2UjjAj? = div héj)Br (h{) hPBr (hY?)
|
X T ey 72 o5 (9 + HIYARZ + ofu
i (@hy)” (@hy) uj (hy 2 )IA]” + ofu;)
i
=div (h{)+ niBr u; +div hPBr hd) hBr h{)
X L S L
@ny’  hPyant) +ng’)  2u (hf? + AR + o(u)):

i
Then, we write
div h{'Br h{)  hdBr h{) = hD(div(Br u)) +(hY)  hd)div(Br hi)

and
h{)(div(Br u;)) =div( h'Br uj) r K Bry,
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to get
uj +2ujjAj2 =div (2h{) + hi)Br y;
+ Brh) Ar (W) + nd)y oy oy,
+ 2up(h) + h)jAj2 +div(Br h{)) uj + o(u)):
Then, it remains to see that with
g =2h) + B

b :=Brhf’ Ar(h{’+hd)
and
G = 2u(h{ + h)jAj2 +div( Br h{))+ ")
whereo(uj) = "ju;j, we haveaj;h;c ! 0on compact subsets ofegC and satisfy (1.49).
O

The rest of the proof is similar to [SIm87]. Nonetheless, we reproduce it for convenience
(and give extra details).
Sinceu; > 0, one can use Harnack inequality in ) on a compacdkK regC. It
yields
s}lgpuj 6 ck iEf uj: (1.55)

Then, Schauder theory ([GTQ1, Th. 8.32]) implies that forj large enough,
JUjjor (k) 6 C« iEf uj:

Now, let us x ypg 2 regC. Then, the sequence ; = (uj(Yo) l)Uj converges, up to a
subsequence, irGL.(regC) to some functionu. Since j(yo) =1 forall j,j jjeu K) IS

bounded away from zero, and so isnfx u;j: As a result, u > 0 on regC (and u(yo) = 1).

On the other hand, u is a solution of

cu+ jAcj?u=0:

In particular, cu6 0onregC.
The last part of the proof consists in applying Bombieri and Giusti Harnack inequality
[BG72, Th. 6] for functions on a minimal cone tou on regC.

Lemma 1.12. There exists a sequence; 2 C! (regC) such that
Forevery x2 ,06"'j(x)6 1
For every x 2 regC such thatjl 6 jxj 6 j and dist(x; singC) > Jl we have' j(x) =
11
Fora xed R > 0, one has

jir it oo (1.56)
regC\ Bg(0)
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Proof. First, note that H" 2(singC) = 0, so, for all" > 0, we can coversingC by N; balls
i '= B ,(xi), of radius ; such that

1 X
i6 — and n2gm

2j : !
We take " = 7 in what follows.
For every i, we introduce a smooth function ; such that {(x)=1 onBj and ; =0 on
nBa2 (xi): Then,
; 2 i 2 n n n 2.
jr iJGE 4y {)6 ;=
We introduce 1 :=1 max( ;): Then, as soon aslist(x; singC) > Jl dist(x; B;) > % >

so i(x)=0 and then I(x)=1:
Let us de ne the setsAg = ; and

. [
816i6Nj; A =f =1 ign Ax:

ki
One can compute
P 2_ X 2% na2gl
rogr= r i°6 i “6 -
i Ai i J
Finally, we set _
=
where j is a cut o function such that ; =1 on Bj(0) and 0 on nBj+1. This way,

jr jJ 6 1. As aresult, _
8 2 ; jr'j(x)j 6jr '(x)j
and' j fullls the requirement of the lemma. O

Now, let Q > O and ug = min( u;Q): Since cu 6 0onregC, one has, for every > 0
Lipschitz compactly supported onregC,

rug r >0

regC
Let 2CI (R"):With ='2 2uy', we have
rug  2ugt r'j+2ugt i 2 ijz ’rug >0

regC uqQ
Using the regularity of u, (1.56) and' ; ! 1 uniformly on compact sets ofregC, we get
that for every R > 0,

jr ugj®< +1:
Br(0)\ regC

On the other hand, with = ' j and assuming > 0O, and letting j !1  we obtain

rug r >0
regC
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Thanks to the two last inequalities, one can now apply [[BG72, Th. 6] withp = 1,
which tells that

ug6 c inf ug:
reg C\ B2(0) © reg C\ B2(0) Q

With Q!1 , we obtain

ub c inf u> 0:
regC\ B»(0) reg C\ B2(0)

Coming back to the functionsu;, on every (non empty) compactL  regC\ B>(0),
we have

inf u> inf u:= >0
L regC\ B2(0)
Asinf_u; ! inf_ u, one has, forj larger than somejq,
infu > —:
L 272

On the other hand, uj (o) ! u(yo) = 1: So, there existsj, such that 8j > 2, uj(yo) > 3
Thus, there existsj3 = max(j1;j2) such that for all j > j3,

irﬂf uj > eruj (Yo):

Remembering [1.55), one deduce that for everik  regC\ B>(0) compact (non empty),
one has, forj su ciently large (depending on K and L),

irﬂf uj > cx supu;: (1.57)
K

Taking K = pi( ;' ,\ @B)andL =p(;* ,\ @B); we see that for small , ({L.57)
and (1.48) cannot happen together. This is a contradiction.
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Chapter 2

Mean curvature ow with obstacles:
a viscosity approach

1 Introduction

In this article, we introduce the level set formulation of a generalized motion by mean
curvature with obstacles. It is well known (see for examplel[[ES91]) that iu : R" ! R
is a smooth function with a nonzero gradient atxp, the mean curvature of the level set

fu= u(xp)gis given by div Jrr—ﬂj . As a result, making this set evolve by mean curvature

yields the following equation for u:

o ru
us = jr ujdiv o (2.2)

This type of motion was rst studied in 1991 using viscosity solutions by Evans and Spruck
([ES91]) and Chen, Giga and Goto ([CGG9L]).

Motivated by recent works from Almeida, Chambolle and Novaga ([ACN12]) and
Spadaro ([Spall]) about a discrete scheme for the mean curvature ow with obstacles,
we are interested in the viscosity solutions of a mean curvature motion constrained by
obstacles.

We rst present the viscosity framework we use and prove a uniqueness and existence
result for bounded uniformly continuous initial data and obstacles, and Lipschitz forcing
term. Then, we give a more precise result on the regularity of the solution. We also
show that our level-set approach really de nes a geometric ow: the -level set of the
solution depends only on the -level set of the initial data and the obstacles. Nonetheless,
as expected, there is no unigueness: level sets of the solution can develop non empty
interiors.

Finally, in Section E] we compare the approach followed by [Spall] and [ACN12] to
ours, in order to get long time properties of our solution.
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2 Notation

In what follows, we consider the equation (slightly more general than[(2]1), but the
latter has to be kept in mind), foru:R" R*! R

8t> 0;x 2 R"; u+ F(Du;D 2u)+ kjDuj=0; (2.2)

wherek : R" R* ! RisaforcingtermandF :R" S "! R satises
i) F is continuous in space and time wherp 6 0,
i) Fisgeometric:8 > 0; 2R; F(p; X + p p= F (p;X),
iii) For X andY symetric matrices with X 6 Y, F(p;X) 6 F(p;Y).

In the following, r u, Du and D?u denote space derivatives only.

We also introduceF and F which are respectively the upper semicontinuous and lower
semicontinuous envelopes of [
To play the role of obstacles, we consideu and u* : R" ! R, with u 6 u*. The
function u will be forced to stay betweenu and u*. Geometrically, the constraint reads
fut>sg fu>sg fu >sg

To adapt the classical theory of viscosity solutions (we will use the same scheme of
proof as in [CIL92]), the key point is to de ne correctly sub and super solutions.

De nition 2.1. A function u : R R* ! R is said to be a (viscosity) subsolution on
[0; T] of the motion equation with obstaclesi™ ;u and initial condition g if
u is upper semicontinous (usc),
forall x;t 2 R"™ [O;T];u (x;t) 6 u(x;t) 6 u*(x;t),
forall x 2 R", u(x;0) 6 g(x),
if ' is a C? function of x;t, if (%;f) 2 R" (0;T] is a maximum ofu ' and if
u; ) >u (%1, then

'+ F(D:D 2 )+ kD' j6 O

Similarly, u is said to be a (viscosity) supersolution of the motion equation with obstacles
u*;u and initial condition g if
u is lower semicontinous (Isc),
forall x;t 2 R" [0;T]; u (x;t) 6 u(x;t) 6 u*(x;t),
forall x 2 R", u(x; 0) > g(x),
if ' is a C function of x;t, if (8 f) 2 R" (0;T]is a minimum of u ' and if
u®; f) <u* (& 1), then

"¢+ F(D;D * )+ kD' j> O

1. This quantity is useful to make the following results apply for the mean curvature motion, where

p p
ipi?

F(p:X)=Tr
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Finally, u is said to be a (viscosity) solution of the motion equation with obstaclas” ;u
if u is both a super and a sub solution.
To simplify, we write

us + F(Du;D?u)+ kjDuj=0 onfu 6 u6 u*g: (2.3)

A supersolution (resp subsolution) of the motion equation with obstacles” ;u  will be
called a supersolution (resp. subsolution) of(2.3).

There is another equivalent de nition of such solutions, which can be useful (see
[CIL92]).

Denition 2.2. Letf :R" (0;T]! R. We said that(a;p;X)2 R R" S ,(R) is a

superjet for f in (Xo;tp) and we denote(a; p; X) 2 J Z*f (xo;to) if, when x;t | Xg;tg in
R" (0;T],

FOG1) 6 F(Roito)+ At t)+(PiX Xo)* (X (X Xa)iX Xo)* ofit toj+jx of?):

We likewise say that(a;p; X) 2 R R" S (R) is a subjet forf in (xo;tp) and we denote
(a;p;X) 23 % f(xo;to) if, for every x;t | Xo;to;

f(x;t) > f(Xoito)+ a(t to)+(p;x Xo)+ %(X (X Xo); X Xo)+ o(jt toj+jx Xoj?):

Then, u is a subsolution of if it satis es the three rst assumptions of the previous
de nition and if

8x;t 2 R"  (0;T];8(a;p; X) 23 2% u(x;t); u(x)>u (x)) a+ E(p;X)+ kjpj6 O:

Of course, u is a supersolution of (2.3) if the three assumptions of the rst de nition are
satis ed and if

8;t 2 R"  (0;TL;8(a;p;X) 23 % u(x;t); u(x)<u*(x)) a+ F(p;X)+ kjpj > 0:
We also use the following notations.

De nition 2.3. For f : R"! R, we denote byf the upper semicontinuous envelope of
f . More precisely

f (x)=limsup f (y):
yl x
We de ne in a similar way the lower semicontinuous envelope df.

f(x)= Iirr;linxf f(y):

Note thatf (resp. f ) is the smaller (resp. larger) semicontinuous functiong such that
g>f (resp. g6 f).
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3 Existence and uniqueness
The aim of this section is to show the

Theorem 2.1. We assume thatu andu® are uniformly continuous and bounded and that
k is Lipschitz and bounded. Then, ifg: R" ! R is uniformly continuous andu (x; 0) 6
g(x) 6 u* (x; 0), .3) has a unique solution, which is uniformly continuous.

The proof structure is classical when dealing with viscosity solutions. A comparison
principle will show unigueness, and makes us be able to show existence.

3.1 Uniqueness

We begin by proving a comparison principle, adapted from[[CIL92], Theorem 8.2.
Throughout the proof, ! will denote a modulus of continuity foru , u* andgandL a
Lipschitz bound on k.

Proposition 2.1  (Comparison principle). We assume thatu is a subsolution andv a
supersolution of 2.3) on (0; T), and that u(x; 0) 6 v(x; 0). Then, u6 vin R" (0;T).

Proof. We proceed by contradiction. Sincet=(u +—)_ u is still a subsolution, but
with
@t+ F(Dw;D%t) + kiDHj 6 < O;

it is enough to prove the comparison principle witht and then pass to the limit. Suppose
that there exists X; t such that u(x;t) v(x;t) > 2 > 0: One de nes

(xyit)=ut) vyit)  ix yj* é(jsz+jyjz):

If " is su ciently small, ( X;X;t)> : Hence,M := max ( x;y;t) > (the penalization at
XY;

in nity reduces searching for the maximum to a compact set). Let®; ¢;f be a maximum
point. Sinceu and v are bounded, there isC depending only onkuk; and kvk; such that

. . C
R 96—

First, let's show by contradiction that u(%;f) >u (%;f) andv(9;f) <u* (9;f). Suppose
for example that u(%; f) = u (%;f). Then

0< 6u &H vHeu mOH+1Gr 9) v
6! (GR ¢)+06!(C T

Hence, if is su ciently large (independently of "), ! (C %) 6 =3. Contradiction (this
shows moreover thatf'< T ). Similarly, v(9;f) <u* (9;f).

In what follows, is xed su ciently big to satisfy these conclusions.

As

M+ ZiX yit+ 5(1X1'2+ iyi?) > u(xt)  v(y;t) (2.4)
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with equality in %; 9;f, we are able to apply Ishii' s Iemma [CIL92] which providega; b; X;Y)
such that (a; | JR 9{ (& 9; X 1) 2T u ) and (b; jR YRR P+ Y+

=P
"1)2 3 v(¥9;f). It provides moreovera b=0 and
: > 10 X 0 . P (.
Citg ¥? , [ 6 5 y 6Cix ¥ |
which shows in particular that X 6 Y and kXk;kYk6 Ci jR  ¥j%
Sinceu and v are respectively subsolution and supersolution nea®; f) and (9;f), one
has

C6 AL PrF(D "IY ) E(P+RX + 1)+ k@:Dip+ "9 kDD Xi:
=0

One can write

k(@ 0ip+ "9 k& Dip "xj6 k() k(& )jp+ "9+ 2k(&: )" + j"R));
which gives (if N = kkk; )

c6 E(P+"&AX +")+F(@ "y;Y ")+ LR 9P+ "9i+ NG"Rj + ["9i):

Then, we want to let " goes to O.
SinceM > > 0, we have

+ 50X yj*+ é(JXJZJf jyi?) 6 u(g) V() 6 2N;

which implies that "j®j? is bounded, hence'® | 0 (same for"y), whereas fori 2 f 2; 3; 4g;
j2 ¢j' is bounded (so isp, X and Y). Indeed, is xed here. Hence one can assume

that p! p, X ! Xo, jR 9*!

We now use a short lemma, which is proved iri [For08] (we cite the preprint of a paper which

is published, but whose published version does not contain the result we are interested in),

Lemma 2.8, and whose proof is reproduced here for convenience.

Lemma 2.1 (Forcadel, [For08]). One has
. . . .4 _ .
I!|{n ,!l!mo R ¢jT=0:

Proof. Let Mp = sup u(x;t) v(y;t) and (xp;yn;th) such that u(xp;th)  v(yp;th) >
jx yj6h
"e0m)

Mn 2 andjxQ yhj6 h: Then,

1 n

Mhp h 4 5 XpiZ+ iy 6 M 6 ukf) v ):

n

As xp and yj do not depend on", one can let it go to zero (considering the liminf of the

right term) to get

Mhp % h46|imigfu(k;f) v(¥;0):
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Let h! 0 (We denote by M °the decreasing limit of My,). One obtains

MO %6Iimigf(u(k;f) v(9:0):

Let gotoinnity:

MO %GIinﬂlinf Iig!\igf(u(k;f) v(9; ) .

6 Iimsup% sup  (u(x;t) v(y;t))§
1 jx yjgc 14
t2[0;T)
6 limsup sup (u(x;t) v(y;t))= M?°
h! 0 jx yj6h

hence
lim I!ilmou(k;f‘) v(g; )= Mm©

We prove similarly that I'i{n -!i.moM = M As a matter of fact,
. . . 4 " . 2 . 2 _ .
lim lim = j& 9%+ S3%%+ j9i9) =0,
which proves the lemma. O
One can now choose such that I!i'mo g9t with 6 c=2L and pass to the
liminfin " ! 0. One gets (usingX 6 Y),
52‘6 liminf F(p:X) F(p;X) :

To conclude, we distinguish two cases :
if p60,then F(p;Xo) = F(p;Xo) and we get the contradiction.
if p=0,wehave j& ¥9%2(’& 9 ,gl o 0, s0Xg =0 and F(p; Xo) = F(p;Xo) =0

and we get the contradiction too.
O
3.2 Existence

Let us state a straightforward but useful proposition.

Proposition 2.2. Let u be a subsolution of the mean curvature motion without obstacles
which satisesu 6 u*. Then, ug, := U_ u is a subsolution of with obstacles (the
same happens fow supersolution andvo, = v~ u*).

Lemma 2.2. Let F be a subsolution-of2.3) family and de ne U := supfu(x);u 2 Fg.
Then, U is a subsolution of [2.3).

To prove this lemma, we need the
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Proposition 2.3.  Let v be a upper semicontinuous function(x;t) 2 R" R and(a;p;X) 2
J%*v(x;t). Assume there exists a sequendel,) of usc functions which satisfy

i) There exists (Xn;tn) such that(Xn;tn;un(Xn;tn)) ! (Xt v(X;t))
i) (zn;sn)! (z;s) in R™ R implies limsupun(zn;sn) 6 v(z;9):
Then, there exists(®n;fh) 2 R"  R; (an;pn;Xn) 23 Z*un(&n;fh) such that

EnifunBnih)ian;pns Xn) 1 (Gt v(xt); a;p; X):

The proof of the proposition and the lemma can be found inICIL9R2], Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).
We begin by dealing with the casek = 0.

Construction of barriers in the non forcing case

In what follows, it will be crucial to show the existence of a subsolutionw which
satises (w ) (x;0) = g(x) and a supersolutionw* such that (w*) (x; 0) = g(x): Thanks
to the maximum principle, they will force the solution to get the initial data.

Let us construct w . Without a forcing term, we note that

h(x;t)= (jx j?+2nt)

is a classical subsolution of[(2]3) but with neither initial conditions nor obstacles (it rep-
resents the evolution of a circle). We de ne

() =inffg(y) jjy j°+r6 0g

The function is bounded, non decreasing, continuous and satis esg(0) = g(0) and
(j x j% 2nt) 6 g(x): As the equation is geometric, (j x j> 2nt) is also a
classical subsolution. Let us then de ne
!

(xt)= sup (jx > 2nt)

Since (j x j? 2nt) 6 g(x) and g is continuous, it is also true for (x;t). In addition,
we can check that

) > <(J x xi2 20t)= x( 2nt)> o) ! ( 2no): (2.5)

where! is the modulus of continuity of g. Hence, (x;0) = g(x). Thanks to Lemma,
is a subsolution with (x; 0) 6 g(x): We conclude this proof de ning

w )= (xt) () _u (xt):

It is clear that w is a subsolution with obstacles. Indeed, by de nition,w > u .
Moreover, (x;t) !'(t) 6 g(x) !'(t) 6 u*(x;0) !(t) 6 u*(x;t): Proposition
concludes the proof.

The other barrier w* is obtained similarly.
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Perron's method

We use the usual Perron's method to show the existence of a solution ¢@; T) for any
T. To do that, we consider

W (x;t) = supfw(x;t); w (usc) subsolution on[0; T)g:

W is well de ned becauseu is a subsolution (so the set is not empty). Moreover, since
every w is smaller thanu*, so isW.

Applying Lemma [2.2, we show thatW is a subsolution of [2.3). But, by de nition of
W, we must haveW = W. Indeed, W 6 w* thanks to the comparison principle. Since
w™* is continuous att =0, W 6 (w*) = w" which shows thatW (x;0) 6 g(x) and W
is a subsolution of ) with initial conditions. By de nition of W, W = W. Moreover,
thanks to w , one hasW (x; 0) = g(x):

Before nishing the proof of existence, let's notice a usefull property of the no-forcing-
term case.

Remark. If k(x;t) =0, then W is! -uniformly coBtmous in space. Intime,W is uniformly
continuous with modulus & : r 7! max(! (r);! (' 2nr)). Indeed, the proof is contained in
the following lemma.

Lemma 2.3 Let u(x;t) be a subsolution of 2.3) with no forcing term (and g;u ;u* ! -
uniformly continuous in space and time). Then,

uz (t)=(u(x+z;t+ ) 1(jzj) =GP _u (xt)
is also a subsolution.

Proof. To begin, we notice thatu(x + z;t+ ) ! (jzj) *( j) 6 u™(x;t).

Now, let ' be a smooth function with 8x;t, u,. (x;t) 6 ' (x;t) with equality at (X;t).
Then, either u;. (X;t) = u (X;t), and nothing has to be done, or,. (X;t) >u (X;t). In
the second alternative, we have

ux+z;t+ ) 1(zj)) H)>u Xt)=u (X+z;t+ )+(u (X;t) u (X+z;t+ ))

hence

u(xX+z;t+ )>u (X+z;t+ )+(|u X;t) u (x+ z;y Y+ 1 (jz)++ (] j)i> u (X+z;t+ ):

>0

As u is a subsolution at(x + z;t+ )andu(x+ z;t+ )6 ' (x;t)+ ! (jzj)++(j j) with
equality at (X + z;t+ ), one can write, withy = x+ z;s=t+

uy;) 6 " (y zit )+ !L(zp++G D= ()

equality at (y;t), and deduce that { + F(D (y;f);D? (y;t)) 6 0: SinceD (y;i) =
D' (X;t) (so are the second derivatives), we get

‘v+ E(D' (X;1);D% (X;1)) 6 O;
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what was expected.
Concerning the initial conditions, we have (we use[(2]5))

u(x+z;0+ ) 1(zj)) ()6 W (x+z ) !(z)) H()6g(x+2z) !(jzj)6 g(x):
U

Applying this lemma to W shows(x;t) 7! W(x+ z;t+ ) ! (jzj) *( j)_u (x+z;t)
is a subsolution. By de nition of W, one can write

WGt > (W(x+ zit+ ) 1(z) R()_u (x+2z;t)> W(x+zit+ ) 1(jz)) H()

which shows exactly that W is uniformly continuous.

We now want to show that W is in fact a supersolution of [2.3). We need the following
lemma which is adapted from [CIL92], Lemma 4.4.

Lemma 2.4. Letu be a subsolution of(2.3). If u fails to be a solution ofu;+ F (Du; D 2u)+

kjDuj > 0in some point (%; f) (there exists(a;p; X) 2J % u (%;f) such thata+ F (p; X )+

kjpj < 0), then for all su ciently small , there exists a solutionu of u; + F (Du; D 2u) +

kjDuj 6 0 satisfyingu (x;t) > u(x;t), sup(u u)> 0, u (x;t) 6 u*(x;t) and such that
Rn

uandu coincide for all jx  %j;jt  fj> :

Proof. We can suppose thatu fails to be a supersolution in(0; 1) (this implies in particular
u (0;1) <u*(0;1)). We get(a;p;X)2J % u (0;1) such that a+ F (p; X )+ k(0; L)jpj < O.
We introduce

u. (x)=u (0;1)+ +(p;x)+ a(t 1)+%(XX;X) (xj>+t 1)

By upper semicontinuity of F, u. is a classical subsolution ofi+ F (Du; D ?u)+ kjDuj 6 0
in B, (0;1) for ; ;r su ciently small.
Since
1 o . .

u(st) > u (6t > u 01 +at 1)+ (p:x)+ 5 (XX x)+ ofjxj?) + ofjt  1j);
choosing = r28+r , we getu(x;t) >u; (x;t)for 5 6 jxj;jt 1j 6 r andr su ciently small.
Moreover, we can reduce again to haveu. 6 u* on B, (Choosingr su ciently small,
one has suciently smalland u. (0;1) u (0;1)= <u *(0;1) u (0;1). By continuity,
one can nd a smallerr such that u, (x;t) <u™(x;t) forall 56 jxj;jt 1j6 r.).
Thanks to Lemma[2.2, the function

max(u(x;t);u. (x;t)) if jx;t  <r

b t) = u(x) otherwise

is a subsolution of [2.3) (with initial conditions if r is small enough). O

Now, we saw thatW is a subsolution of ) (in particular, W 6 u*). If it is not a
supersolution at a point %; f', Lemma providesW > W subsolutions of [2.3) (with
initial condition, even if we have to reducer again, to maket stay far from zero), which is
a contradiction with the de nition of W.

Finally, W is the expected solution of [(2.B).
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With forcing term

1. We assume at this point only thatu ;u* and g are K -Lipschitz. Then, thanks to
Remark[3.2, there exists &K -Lipschitz solution  of the non forcing term equation.
Let'ssetw (x;t)=( (x;t)+ NKt) _u (x;t): It satises, as soonasw >u ,

ur NK + F(Du;D%u)=0; u(x; 0) = g(x):

As a consequencey is a continuous subsolution of ) (with forcing term) satis-
fying w (x;0) = g(x). Itis a barrier as in . We build w* in a similar way and
apply Perron's method to see thatW is a solution.

2. Here,u*, u and g are only ! -uniformly continuous. For all K > 0, let gx =
ming(y) + Kjx i, Ug = max ut(y) Kix yjandug = min g(y) + Kjx j:
These three new function areK -Lipschitz and converge uniformly to g;u* and u
whenK !'1 : Moreover, asg;u*;u are! -uniformly continuous, so are they.
Thanks to the previous point, for every K, there exists a solutionuk of ) with
obstaclesuy ;u, and with initial data gk , which is (thanks to the following proposi-
tion , which is admitted for a little time) uniformly continuous with same moduli
on [0; T] for every T. One can de ne, thanks to Ascoli's theorem

u(x;t) = Iirrrll Uk, (X;t):

The function u is continuous. We have to check that it is the solution of the motion
with obstaclesu .

Itis clearthat u 6 u6 u*. Let' be asmooth function and(%; f) a maximum point

ofu ' suchthatu®;f) u (%)= > 0. One can assume that the maximum is
strict. We then choose" such that

8(x;t) 2 B«(%;1); u(x;t) u (x;t)> 3?:

Let

=min ju '
B¢

J:
It is positive (if necessary, one can reducé again). We chooseng such that
8n > ng; ku uk,k )6 max —; =
0 KnKLL (B") 4>

Then, for everyn > ng, ux, ' has a maximum(xn;tn) on B~ reached out ofu, .
It is easy to show that (xn;tn) ! (%;f). Sinceuk is a viscosity subsolution, one can
write, at (Xn;tn),

't+ FE(D;D 2 )+ kjD' j6 O
By smoothness of and semicontinuity of F, we get the same inequality at(%; f).
We prove that u is a supersolution using the same arguments.

Let's conclude this section by an estimation of the solution's regularity, inspired from
[For08].
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Proposition 2.4.  Let u be the unique solution of(2.3). Then u is uniformly continuous
in space. moreover, one as

8x;y;t; ju(x;t) u(y;t)j6 ! (e"jx yj):

Proof. First, it is well known that one can choose! to be continuous and nondecreasing.
Sinceu and v are bounded byN, ! ~ 2N is a modulus too. In the following, we use this
new modulus, sill denoted by! .
Then, let , be aC' nondecreasing function on[0;1 [ such that06 , !, for all
r>n +1, p(r)=2N+1,andforallr 2 [0;n]; n(r) !(r)6 %: Then, let us de ne
r

Pa(r)= n+ﬁ:

It's clear that ! 4(r) n!Il I (r): Moreover, for a xed n, ! (r) is bounded and stays far
from zero. In what foliows, we work with ! .

We will proceed as in Proposition[ 2.1. Let (x;y;t) = ! n(e"jx yj): We will show by
contradiction that u(x;t) u(y;t) 6 (x;y;t): Assume that

M = sup u(x;t) u(y;t) (xy;t) > O:
(xyit)2R" R" [OT)

As before, we introduce

M= sup u(xt) u(y;t) o (ayst)  S(xiP+ YY) ——
Xyit6T 2 T t
For suciently small ; , M remains positive and is attained (atX;y;t < T ). As g is
I -uniformly continuous, t > 0: Moreover, it is clear that X 6 .
By assumption,

uXDeu (BD+!(x y)6u (BH+!a(x V)6 uy;d+ (Xyt)
S0
M>u (xt) uyit) (Kt
which forcesu(x;t) >u (X;t): Similarly, u(y;t) <u™(y;?):
Applying Ishii's lemma ([CIL92], Th. 8.3) to w(x;t) = u(x;t) 5jXj? and ¥y;t) =
u(y;t) + 5jyj* where

_— = XY At odltic  wiy = :
p= Dy i% yje Fa(e X yj)) Dy 60;
| t - — < —
- n2 = & oty wi X Y) (X V) it 0/0ltiv o
Z = Dy X yj-n(e Xyl + X P e~ n(ejx i)

(X y) (_7 V)esz! 0y Lt:o

Mo efix  y):
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and

Z Z

Z Z '

we get the following. For all such that A< , there exists 1; 22 R, X;Y 2 S, such
that

A:D2 =

_ Ltie  wil Ofaltiv  wiy.
1 2= W"' Le“jix  yjl n(etix i)
(1p+ XX+ 1)237ux);
(2P WY 1)23% uy;b);

110 . X 0

1p-
0|6 0 Y6(I A) A
As U is a subsolution and a supersolution, one has
1+ k(X Djp+ Xj+ E(p+ XX +1)60; (2.6)
2 k(m:ip Vi+F(P yY 1)>0
0
X 6 Y in the last equation gives
2+ k(:Dip yi F(p yiX 1)6o0 (2.7)

Adding (.7) to (R.6) yields
T pE T LeX VitRE X ) kDipr X+ k(iDip )
+E(p+ XX+ 1) FPp X 1)60 (2.8)
Notice that
Lettx  yit S(e"tix  yi) k(X Dipi + k(y; Dipi
> Letljx il J(eHx vl Lix o yjett J(elix i) > 00 (2.9)
Then, (2.8) becomes
Wﬂjm’ j P+ XPkED (o P YDKYDHEMPEF XX+1) F(p ¥:;X 1)60:
Let go to zero. p and X are bounded : one assumes they converge and still denotes
by p; X their limit. As jpj > n% ( n is nondecrasing),F (p;H) = F(p;H) forall H 2 S,,.

Moreover, X; y! 0 andKk is bounded, hence

T 92°°

which is a contradiction. So
u(x;t) u(y;t) 6 ! a(e"ix yj):

It remains to let n go to +1 to conclude.
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3.3 Independence of level sets

In all this subsection, a solutionu of the motion with initial data ug and obstaclesu
and u* will be denoted by u = [ug;u ;u*]: The corresponding equation will be denoted
by (ug;u ;u*).

To agree with the geometric motion, we have to check that the zero level-set of the solution
depends only on the zero level sets of the initial conditionup and of the obstaclesu®™ and
u . We begin by proving a weak invariance.

Proposition 2.5.  Let u be the solution of (2.2) with obstaclesu* andu , and let be
a continuous nondecreasing function§ N;N]! R such thatf =0g= f0g. Then, the
solutions

[Up™ (U")jt=o;u ; (U*)_u J;
(Uo_ (U )jt=o; (u )_u";u"]
and [( (ug)® U"ji=0) _ U ji=o;u ;uU’]

have the same zero level set as

Proof. We will prove that
u =[up”™ (UM )jt=o;u 5 (U")_u ]

has the same zero set as. All the other equalities can be prove with a similar strategy.

We begin the proof assuming (x) > x: Then,u =[ug;u ; (u*)]:
First, let us notice that the classical invariance proves immediately that (u) is the solu-
tion [ (ug); (u ); (u")]: In addition, thanks to Proposition u ~u'* is a supersolu-
tion of (ug;u ;u*). That showsu > u thanks to the comparison principle. Similarly,
u _ (u ) is a subsolution of the motion with (up; (u ); (u*)), and a subsolution of
( (uo); (u); (u*)) since (up) > up. By comparison, that yieldstou 6 (u):

Finallyy, u6 u 6 (u)andf (u)=0g= fu=0g. This showsfu=0g=fu =0g,
what was expected.

Assume now that (x) 6 x. Then, u” ( (u*) _u ) is a supersolution of

(Uo;u ; (U™)_u )
Since (ug) 6 ug, it is also a supersolution of
(U™ (U)jt=o;u ; (U')_u)
which proves thatu 6 u: On the other hand, (u) _u is a subsolution of
( (Uo)iu 5 (u) _u);

sSo a subsolution of
(U™ (UM)jt=osu ; (U*)_u ):

As a result,
(U6 u 6 u;
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which shows thatu and u have the same zero level set.
To conclude the proof for a general , just introduce f (x) = min( x; (x)) and g(x) =
max(x; (x)) and notice that since is nondecreasing, = f g: So,

fu=0g=fus =0g= f(ug)r =0g=fus y=0g=fu =0g:
O

Now, to be able to de ne a real geometrical evolution, we want a more general inde-
pendence, which is contained in the following

Theorem 2.2. Letu=[ug;u ;u*]. Then, fu=0g= fv=0gwithv=[vg;v ;v"]under
the (only) assumptions that

fup=0g=fvy=0g; fu =0g=fv =0g and fu® =0g=fv' =0q:

Proof. This proof is based on the independence with no obstacles which is proved in [E$91],
Theorem 5.1. We assume rstthatu = v andu® = v*. Asin [ES91], we de ne

1
8k22zZnf0g, Ex= x2R" u0>E
and
ax = max vg:
R NE
It is easy to see that
8k>0; a1> ap > Il O and a 16 a 76 I 0

Letusintroduce :[ N;N]! R, piecewise ane and constant at in nity, by

1

K =a and (0)=0:
Then, by de nition, (ug) > vo,f =0g= fOgand is nondecreasing continuous. Thanks
to Proposition , the solutionu =] (ug) ™ u*;u ;u*] has the same zero level-set as

u, and is bigger thanv by comparison principle. Hence
fv>09 f u >0g=fu> 0Og:

We prove the inverse inclusion switchingug and vp.

Now, we assume thatup = vo, u = v andu* 6 v*: Then, by comparison principle,
u 6 v: We have just seen that there exists :[ N;N]! R nondecreasing continuous such
that (u*) > v"® andf =0g=f0g Letu =[ug;u ; (u")_u ].: We saw thatu has
the same zero set asl. In addition, by comparison, u > v. As the matter of fact,

fu=0g=fv=0g=fu =0g¢:

If we delete the assumptionu® 6 v*, notice that [ug;u ;u*] and [ug;u ;u* ™ v*]
have the same zero set, so dfug;u ;v*] and [ug;u ;u™ ~ v*]. Hence[ug;u ;u*] and
[ug;u ;Vv*] have the same zero set.

Of course, changing onlyu yields to the same result.

We deal the general case changing the datéug;u ;u ) one by one.
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3.4 Obstacles create fattening

Although the fattening phenomenon may already occur without any obstacle (see
[BNP98] for examples and[[BSS93, BCL08] for more general discussion), obstacles can
also generate fattening whereas the free evolution is smooth. Considér a set of three
points in R? spanning an equilateral triangle andS a sphere enclosing it, centered on the
triangle's center. Letu = 1, u™ = d(;A) and ug = d( ;S) (d is the signed distance).

It is possible to show (see next section) that the level setbu( ;t) 6 g are minimizing
hulls, hence are convex. So, the level sétu 6 0g contains the equilateral triangle. On
the other hand, the level setsfu 6 g behave as if there were no obstacles at all (in
Proposition , one can takeu* 1 which has the same -set asd(;A)), so they
disappear in nite time. As a result, u = 0 in the whole triangle, and fu = 0g develops
non empty interior.

4 Long-time behavior

In this section, we study the behavior of the mean curvature ow only?with no forcing
term in large times. In particular, we show that for relevant initial conditions, the ow has
a limit.

In order to get some monotonicity properties of the ow, we will link our approach to a
variational discrete ow built in [Spall] and [ACN12]. Starting from a set Eg and obstacle

(which corresponds, in our framework, toEqg = fug > gand = fu* 6 g for all
-level set), these two papers introduce the following minimizing scheme with step:

En(t) = T"(Eo)

with
Th(E) =argmin Per(F) + 1 Jdej (2.10)
F h rE
where dg is the signed distance toE (negative insideE).
Spadaro introduces the notion of minimizing hull: E is said to be a minimizing hull if
j@E = 0 (this is not assumed in the de nition in [Spall], but is assumed stating minimizing
hull properties).

Per(E) 6 Per(F); 8F E satisfyingF nE is compact

He shows that if E is a minimizing hull with measure-zero boundary, then for everyh, one
can de ne a maximal minimizer in ), still denoted in what follows by T, (E). Spadaro
proves that T,(E) E and Th(E) is still a minimizing hull. Moreover, if F satis es the
same assumptions andc E, then To(F) Th(E):

We end the general properties of this discrete ow by the

Remark. Let E be a minimizing hull and h > h. Then, Th(E) Ty(E).

ru
jrouj t

2. That means u; = jr ujdiv
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Indeed, LetF := Th(E) and F := TLE. Since E is a minimizing hull, F;F E so
de 6 Oon F [ F. Using the very de nition of F and F, one can write

Per(F\I‘i“)+1 dE>PerF+1 de
h rr h ¢

Per(F[ F)+ 1 de > PerF + 1 de:
N oFIF (=
Summing, we get

1 dE+} dE>PerF+PerF“+1 dE+E de:

h fr N rrF h ¢ n e
SincePer(F\ F)+Per(F [ F) 6 PerF +Per F, one has

Per(F\ F)+Per(F[ F)+

1 1 1 1
= de + — de > - dg+ - dg;
h rr " h FIF "Th et R e
which means 1 1
= de > - de;
N Fnr h Ene
hence 11
de = - >0
Foe © AN

Then, sincej@E =0, jF nFj = 0. By maximality of F, one conclude F.
To pass to the limit in h, we want to control the motion speed. First, we compare the
constrained and the free motions.

Proposition 2.6. Let Eg be a minimizing hull containing . Let E; be the free evolution
of Eo (Ef solves(2.10) with no constraint) and E. the regular evolution €. solves 2.10)
and is maximal). Then, E; [ Ec.

Proof. Using the de nition of Es and E¢, one can write

Per(Es \ E¢)+ de, Per(E; ) + de,
E;\ E¢ h E¢ h
d d
Per(Es [ E¢) + “Eo 5 Per(E¢) + “Eo.
E¢[ Ec h Ec h

Summing and usingPer(E\ F)+Per(E[ F) 6 PerE +Per F, we get

dﬂ.f- dﬂ> dﬂ+ dEO'
E0E; N Ec[g, N g, h E. N

which is an equality. We conclude that all the inequalities above are equalities. In partic-
ular,
dEo — dEo.
Per(Es [ Ec) + —— = Per(E¢) + -
Ef [ Ec h Ec h
which shows thatE¢ [ Ec is a minimizer of (2.10). SinceE is a maximal minimizer, one
One can also notice that by de nition, Ec.soEs [ E.: O
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Then, it is easy to see that
A ball Bgr(Xo) is a minimizing hull, 0
For h6 '}—j The free evolution of Br(Xo) is B (Xo) with r = R*_R* 4nh

Thanks to the monotonicity of the ow starting from minimizing hulls ([Spall], Lemma
3.5) and the last proposition, one can conclude that the evolutiorEy of a minimizing hull
E( contains the free evolution of every ball insideEy.

More generally, for every functionup : R" ! [ 1;1] whose level sets are minimizing
hulls (we always assume this condition in the following) and an obstacle : R" ! [ 1;1]
with ug > v, one wants to de ne an evolutionu, : R" [O;T[! [ 1;1] by posing for all
s2[ 1;1], Es:= fup 6 sgand

fun(t) 6 sg=(Es)n(t):
This is well de ned (in particular, fup(t) 6 sg f un(t) 6 shif s6 sY thanks to the

Proposition 2.7. Let 1 2 pe two obstacles an€E! E? be two minimizing hulls
containing respectively ' and 2. Then, E} EZ.

Proof. Use the de nition to write

Per(EL\ EP)+ % > Per(E}) + dﬁl;
ENEZ =

Per(EL[ ER) + dhiz > Per(ER) + dﬁz;
EL EZ E2

Summing and simplifying, we get

d d d d
Ll-l- E2 > El + E2
epeg b ez b ep hogp b
which can be read q q
E2 EL.
EinE2 h ELnE? h

SinceE;  Ep, one hasdg, 6 dg;, which shows that the last inequality is in fact an
equality, showing as above thatE! EZ2: O

One can easily notice the two following points:
The scheme is invariant by translation (if &(x) := u(x + z) for somez 2 R", one has
th(X) = up(x + z) where t, is computed using the obstaclev( + z)).
Proposition 2.7 pives the following monotonicity. If u 6 t are two functions whose
level sets are minimizing hulls,v > v two obstacle functions, thenuy, 6 uy,.
Now, we want to pass to the limit in h in the construction above. We will use the

Proposition 2.8.  If up and v are uniformly continuous (with modulus! ), then the family
(up) is equicontinuous in space (with modulug ) and time.

Proof. Space continuity. The space continuity is easy to deduce. By continuity and
translation invariance, tip(x) := Ug(X + z) 6 up(x) + ! (jzj) and v = v( + z) 6
v+ ! (jzj) soun 6 up + ! (jzj), which was expected
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Time continuity. Let (x;t) 2 R™ R*. Let r > 0. By uniform continuity, on
By (X), un(t) 6 un(x;t) + ! (r); which means that A" := fu, 6 up(x;t)+ ! (r)g
contains B, (x). Thanks to Proposition , the time evolution of A" contains the
free evolution of B;(x), as long as the latter exists. That meansun(X;t + s) 6
un(x;t)+ ! (r) for s6 T;, extinction time of B, (x). It is easy to see that this time
is controlled, for a su ciently small h, by p%.

We proved that for h small enough,uy, is continuous in time with modulus ~(T;) 6

L(r):
O

Corollary 2.1. Up to a subsequence, the collectiofu,)n has a limit which is uniformly
continuous in space and time.

Let us denote it by u (we will see that this limit does not depend on the subsequence).
We are now able to show the main proposition of this section.

Proposition 2.9.  The function u is a viscosity solution of (2.2).

Proof. We have just seen thatu is uniformly continuous in space and time. In addition,
u > v by construction and the initial conditions are satis ed. We only have to check the
fourth point of the de nition (we only deal with the subsolution thing, the supersolution

one can be treated similarly). Let(x;t) 2 R". Either u(x;t) = v(x;t) and nothing has to
be done, oru(x;t) > v(x;t). In this case, one can directly apply [CMP12], Th. 4.6 or,
with a setting closer to ours, [Tho12], Th 3.6.1. See also [EGI12]. O

4.1 The limit is locally minimal

For this section, we deal only with mean curvature motion without forcing term.
Thanks to Proposition [2.9, if up has minimizing hull level sets, so doesi( ;t). Indeed,
un( ;t) has thanks to Spadaro's work, and since we have, ! u uniformly on compact
sets, we havel.! convergence of the (compact) level sets afy, to the level sets ofu. The
minimizing hull property is stable under L convergence of sets (see [Spal1]).

In addition, u is nondecreasing in time (this is true foruy). As u is uniformly equicon-
tinuous on each compact set, lettingt go to +1 we have a locally uniform convergence to
a limit u; which is a solution of

ir ujdv ——~ =0
iruj

with obstaclesu™ ;u , thanks to classical theory of viscosity solutions.
Thanks to [ISZ98], Theorem 3.10, one has the following result.

Proposition 2.10. Let s 2 u; (R") such that H" (fu = sg) < 1 : Moreover, let

= fu* > sg[f u 6 sg Then, there exists a relatively open setJ u 1(s) with
H" 8 (u Y(s)nU)=0 forall > 0, suchthatu (s)n is an analytic minimal surface
in a neighborhood of each point otJ. Moreover, it is stable and stationnary in the varifold
sense (classically orlJ).

Note in particular that non empty interior can occur for only countable many s.
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4.2 Comparison with mean convex hull

In [Spall], E. Spadaro deals with a so callethean convex hullwhich is built as a limit
in large time of the scheme|(2.10). More precisely, he calls a set2 R" a global barrier is

minimal hypersurface @ =)

Letting A denote the family of global barriers, the mean convex hull of an obstacle R"
is de ned by \

mc .—

2A

With @ 2C%t andn 6 7, Spadaro shows that starting from a spheres , his discrete
mean curvature motion converge to M with C5! boundary and that outside @ , @ ™ is
a minimal surface.

Let ug be any function with zero level set equal toS, u* = d(; ) andu = 1. Since
Spadaro's work is in low dimension, the open sdtl in Proposition is the wholeu (s).
Let us assume thatu 1(0) does not fatten. Hence,@u 6 Og= fu=0gandfu=0gn
is a minimal hypersurface with boundary in . Using the very de nition of the global
barrier, we deduce thatfu 6 Og me
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Chapter 3

Mean curvature ow with obstacles:
existence, unigueness and regularity
of solutions (with M. Novaga)

The results of this chapter constitute a paper which has been accepted for publication in
Interfaces and Free Boundaries.

1 Introduction and main results

Mean curvature ow is a prototypical geometric evolution, arising in many models from
Physics, Biology and Material Science, as well as in a variety of mathematical problems.
For such a reason, this ow has been widely studied in the past years, starting from the
pioneristic work of K. Brakke [Bra78] (we refer to [GH86,Hui84, EH89[ ES91, CGG291] for
a far from complete list of references).

In some models, one needs to include the presence of hard obstacles, which the evolving
surface cannot penetrate (see for instancé [ESVI12] and references therein). This leads to
a double obstacle problem for the mean curvature ow, which reads

v=H on M¢\ U; (3.2)

with constraint
M U forallt (3.2)

wherev; H denote respectively the normal velocity andd times the mean curvature of the
interface My, and the open setU  R%1 represents the obstacle. Notice that, due to the
presence of obstacles, the evolving interface is in general only of clag$! in the space
variable, di erently from the unconstrained case where it is analytic (seel[ISZ98]). While
the regularity of parabolic obstacle problems is relatively well understood (see [Sha08]
and references therein), a satisfactory existence and uniqueness theory for solutions is still
missing.

In JACN12] (see also[[Spall]) the authors approximate such an obstacle problem with
an implicit variational scheme introduced in [ATW93] LS95]. As a byproduct, they prove
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global existence of weak (variational) solutions, and short time existence and uniqueness
of regular solutions in the two-dimensional case. In_[Merl4] the rst author adapts to
this setting the theory of viscosity solutions introduced in [CIL92,/[CGG91], and constructs
globally de ned continuous (viscosity) solutions.

Let us now state the main results of this chapter.

Theorem 3.1. Let Mg U be an initial hypersurface, and assume that botMy and @U
are uniformly of class Ct1, with d(Mo; @V > 0 outside of a compact subset dR". Then
there existsT > 0 and a unique solutionM; to (B.1), (8.2) on [0;T), such thatM; is of
classC¥? for all t 2 [0; T).

Notice that Theorem extends a result in[[ACN12] to dimensions greater than two.
When the hypersurfaceM; can be written as the graph of a functionu( ;t): R9! R,
equation (3.1) reads |
P ru
U= 1+jruj2div p———= (3.3)
1+jr uj?
If the obstacles are also graphs, the constrain2) can be written as
6u6 *; (3.4)
where the functions  : R" ! R denote the obstacles.

Theorem 3.2. Assume that 2 CEL(RY), and let ug 2 CHFL(RY) satisfy (3-4). Then
there exists a unique (viscosity) solutioru of @.3), B:4) on RY [0;+1 ), such that

kr u(;t)kp 1 (ray max kr uok 1 (ray; Kr KL1 (o)
!

kue( 5K 1 (re 1+ jr upj?div L
1+ jr uoj?

LL (RY)
for all t> 0. Moreover u is also of classC¥! uniformly on [0;+1 ).

We observe that Theorem| 3.2 extends previous results by Ecker and Huisken [EH89]
in the unconstrained case (see also [CN13a]).

Theorem 3.3. Assume thatug and are Q-periodic, with periodicity cell Q = [0;L]Y,
for someL > 0. Then the solution u( ;t) of ([3.3), (8.4) is also Q-periodic. Moreover
there exists a sequench, ! +1 such thatu( ;t,) converges uniformly asn! +1 toa

stationary solution to (3.3), (8.4).

Our strategy will be to approximate the obstacles with soft obstacles modeled by
a sequence of uniformly bounded forcing terms. Dierently from [[ACN12], where the
existence of regular solution is derived from variational estimates on the approximating
scheme, we obtain estimates on the evolving interface, in the spirit of [EH91a, EH9Ilb,
CNV11], which are uniform in the forcing terms.
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2 Mean curvature ow with a forcing term

2.1 Evolution of geometric quantities

Let M be a complete orientabled-dimensional Riemannian manifold without boundary,
let F(;t): M ! R%1 be a smooth family of immersions, and denote by, the image
F(M;t): SinceM; is orientable, we can writeM; = @HKt) where E(t) is a family of open
subsets ofR%*1 depending smoothly ont. We say that M evolves by mean curvature with

forcing term k if

SEm= HED+KE@D (i) 35)

wherek : R%1 I R is a smooth forcing term, is the unit normal to M, pointing outside
E(t), and H is (d times) the mean curvature ofM¢, with the convention that H is positive
wheneverE (t) is convex.

We shall compute the evolution of some relevant geometric quantities under the law
(B.5). We denote byr S; S respectively the covariant derivative and the Laplace-Beltrami
operator on M. As in [Hui84], the metric on M. is denoted by gj (t), it inverse is gl (t),
the scalar product (or any tensors contraction using the metric) onM; is denoted byh ; i
whereas the ambiant scalar product is( ; ), the volume element is {, and the second
fondamental form isA. In particular we have A (@, @) = hjj , where we set for simplicity
@= @—@x, and H = hj;, using the Einstein notations (we implicitly sum every index which

Notice that, in terms of the parametrization F, we have
g =(@F; QF); hj = @F; foralli;j 2f1;:::;dg: (3.6)
Let us recall that the covariant derivatives commute as follow

ror PxK=r Sr 3xk+ Rl X" (3.7)

where
Rﬁh X" = ( hlj hin  hin hij )gkIX h.

In addition, the Gauss Weingarten relations are (as usual, we denote the Christo el symbols
by ¥)

@F= f@F hj; @ =hd"@F: (3.8)
We also give the Codazzi's equations

8irk; I, (rih)w =(r kh)i =(r h)i: (3.9

Lemma 3.1. One has (the formula is stated without proof in[[Hui84], and is sometimes
called Simons' identity)

Shy =1 §r PH + Hhyd™hy | Ajh (3.10)
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Proof. First, notice that Codazzi's equations imply
(r gr hyj = (r gr Phyi:
Indeed,
(rgr Py = @(r Phy)+ @ Phym + Br Phim

and the two quantities are symmetric ini andj.

Then, we just write (we do not use the normal coordinates to see exactly how the terms
behave)

( Shyj = ¢ rkrlh(@@)—g rer ohij

= gr gr $hy  (using Codazzi)

=g r Fr 2hyi + Rijm hmi + Ruiim hmj

= gk °r i + Rijm 9™hg + Rim g™hg;  (using Codazzi again)
=g r 3r >hg +(hghim  hmhi)g™hg + (highim i hi)g™ g
=g¥r Pr Shkl i AiPhj + Hhim " hgj + g¥g""hy hghmi g g™ him hirhg; :

Sincer ;g¢ = 0 (Ricci's lemma), the rst term is exactly r Sy jSH: In addition, switching
the indices (k;1) and (s;m), the term g gs™hy hghmi  gg™ hymhiihgj vanishes. O

Proposition 3.1. The following equalities hold:

%gij = 2(H + k)hj (3.11)
% = 1 5(H +k) (3.12)
% ¢ =  HH+K) (3.13)
%hij = Shj +rPr’k 2HhidMhy kg™ him by + jAj%h; (3.14)
;ItH = S(H + k) +(H + k)jAj? (3.15)
:tjAj = SjAj?+2kd" g¥ g™ hishimhnj +2jAj*  2ir SAj2+2 A; (r 5)%k(3.16)

Proof. The proof follows by direct computations as in [Hui84,, EH91b]. First, note that
since( ; )=1, we have

(@; )=(@; )=0:
Recalling (3.8), we get

So = S(GFI@F)= (H+K(@:@F)+(GF; @)= 20 + Kk
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Let us notice that given a vector eld X tangentto M, one can writeX = hX; @Fi g/ QF.
Since@ is tangent to M, we write

d d i _ - d i
gt at , @F ¢' @F = ; a@F o' @F
(;@(H+k) N @F = @H + K)g' @F =1 3(H + K):

The evolution of the measure onM¢

=" detlg
is given by
(;jtp detlg] = 2‘?.5?;[[9;] = det[g]ZpT;ef;g]‘?tg”
= det[g] (H + k)g' h;i = tH(H + Kk):
In order to prove (3.14) we compute, using[(3.8),
(;jth” = ;jt , @F
= r3H+K;GF + GH+K ;
= ?@H + K@ ; §@F h;
+GH+K+(H+K @ hmg™@F
= GH+K §@H+K+(H+Khng" F@F hyj ;
= rPrPH+k) (H+KhygMhy: (3.17)
Lemma(3.7 implies 3.14) follows from|[(3.1]7). From[(3.14) we deduce

2(H + K)ghggihyj + ¢! 1 3r S(H+ k) (H + Khyg™hp
S(H + k) + (H + K)JAJ?;

which gives (3.15). In addition, we get

d. . d . .
aJAJ2 = gt glkg” hij hi

= 2:,[9“ hij bt +2g* g’ :thij hi

=2 2(H + K)g°hag' g'hjhy (3.18)
+2g%g"  Shy + 1 Fr Pk 2Hh g™ hy kg™ him by + jAj%hy hyg

= 2kg®hsg' @' hj hy +2g*g"  Shj hy +2jAj*+2 A; (r S)% :
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On the other hand, one has

SiAj2=2 SA; A +2jr SA2=20P%M hpm  Shgn +2jr SAjZ (3.19)
so that (38.16) follows from (3.19) and 3.18). O

2.2 Higher derivatives of A

In this subsection, we show that the results in[[Hui84], Section 7 still hold with a forcing
term. More precisely, we show the

Theorem 3.4. For any m 2 N, we have
(@ S)ir "AP= 2 ”)‘(+1Aj2+ r ™2k or MA

+ r'AriAr!'aAr™a+riariarkr ™A

i+j+k=m
where the notation denotes any contraction with the metric.
To prove this theorem, we rst have to control the derivatives of the Christo el symbols.
Proposition 3.2. The Christo el symbols satisfy
@f=d' (i@ +ri(@) r (@g) (3.20)
Proof. We simply compute
20§ =@ ¢ (@y + @ @)

= @ (@y + @u @Qui)+ ¢ (@ay + @@y @QY;)
=2@¢" 'gm + ¢“ (@@Qy + @@y @Qy;):

Now, we want to replace the quantities@g by (r g) using
(r 90 =@g g g
That gives
2@ £ =2@d" Togm + ' (ri(@y) +r (@i 1 (@gj)
+g¢ M@+ T@m + T@m+ @m '@ [ @
=2@¢" am + ¢! (ri(@y + 1 (@i T 1(@g)+2d" [ @gmi:

Di erentiating the equation ggm = 1, we get that @' gm + g @gm = 0 which shows

@:20).

To continue, let us state a



Mean curvature ow with a forcing term 111

Lemma 3.2. Let and two tensors such that
@ °®) =
Then, the covariant derivativer S satis es
@ SyrS=AArS+ArA + A k +r°S

where denotes any contraction using the metric.

Proof. We only prove the result for (2;0) tensors, to avoid heavy notations. Note that
since@gj = 2(H + k)h;, we have

@ij=ArA+Ak

One also need to switch Laplacian and covariant derivative (remember that jgq = 0,
(B.7) and that the curvature tensor Ry, = A A):

reC S)rd@rsre)=s crrSrd= rsrire 2Rm r )
=grsreri 2A°5Rm ) 2R r S)
= S(ri) 4 SA A 4N A r S

One only has to compute, for anyi,
@i k=@ @ Posk ks
@@k @ ) sk @ ) @) s k@ i)
ri(@ k) @ i) sk @ i) s
rit S k+) 2AT1A 2A Kk

Sri Rk tri 6rSA A 4A AT S 2A K

Then, we have to show that X
(@ S)rMA=r M™2k+ r'Ar A r'a+sr’Ariar 'k (321)
i+j+l=m
We proceed by induction. Form = 1, formula (3.14) gives the expected result. Let us
assume that the formulza is true on[1; m]: Then, using Lemma[3.2, we get

X ) ) . )
(@ Syr ™A=y 4y M2k4 r'Aria v 'a+riariar kS
i+j+|:m
+ A Arm+;(A+ArArmA+ArmA k
= M3+ rifIa ria r'A+riA rItA A+ A A r A

X i+j+l=m
+ r A r JA rk+r A P ITTA Tk r A rIA ¢ Mk
i+j+l=m
+ A Arm+1>A(\+ArArmA+ArmA k
=r ™3k + r'Ariar'a+sriariar 'k

i+j+Il=m+1
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As a result, we can nish the proof of the theorem. Let us write

Sjr mAjz_ S map . m ; m+l p;i2
(@ )= (@ oA A Aj
* +
X . . ) .
r M2+ r'Ar A T !A+r A T TA 'k r ™A jr MIAR
i+j+1=m X
jr ™LA+ ™2k r MA+ r'AriATr!'Ar "A+r'Ar AT 'k r MA

i+j+k=m

O

2.3 The Monotonicity Formula

We extend Huisken's monotonicity formula [Hui90] to the forced mean curvature ow
(B.9) (see also[[CNV1L, Section 2.2]).
Given a vector eld ! : M;! Rl we let

1?2 =(1 ) L T=1 17:

Letting X 2 R¥! andtg 2 R, for (X;t) 2 R™*1  (tg;+1 ) we de ne the kernel

1 j Xo  Xj?
X;t)=
XD @ 0= a5 0
A direct computation gives
d s (Xo X5 (H+Kk)) i(Xo X)*j?
= 22
at ¥ ot Aty 1)2 (3.22)
Proposition 3.3 (Monotonicty Formula) .
|
. 2 2"
E = H+E+M ki
dt w, M. 2 2(tp 1) 4
Proof. Recalling (3.13), we compute
d d
— = — HMH+kK
Gt ot TH*TR
X Xoj? d (X Xo; )
= + H+k) H(H+K
v 4G D226 D 24 p oW AW
2 2 .
_ H+X Xo+k7 £+ d N (X Xo; )H
M 2(tc t) 2 4 M, 2(to t) M 2(to 1)

We use the rst variation formula: for all vector eld Y on My, we have

divm, Y = MH; Yi:
Mt Mt
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As a result, with Y = (2>(<t é;’) we get
d X Xo, k * K
dt v,  wm, 2(tg t) 2 4
|
. 2 2
_ e X Xoi) k? K
M 2t 1) 2 4
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(X Xog)Tj?

4(tg t)?

O

In a similar way (see [EH89]) one can prove that for all functionsf (X;t) de ned on

M, one has
!
d (X Xoi ), k® K
f = - 5f f H+=_220 742 D 2
@ Mt Mt dt Mt 2(t0 t) 2 (3 3)
Indeed, using [3.2])
d d o
- f = f—+ — H(H+ Kk)f
dt , m, dt dt ( )
d o
= f — HMH+k +
M, dt ( ) dt
Xo X;(H+k)) 1j(Xo X)7j? o
= f S ( = HH+k) +
M to t 4 (to 1)2 ( ) dt
: : 2:2
_ s, Ko Xs(H+K)) 1j(Xo X)7] NN |
M, f to t 4 (to 1)2 | H(H + k) dt
) 2 2’
= df s fops X Xoi ) kT ok
m, dt 2(to 1) 2 4
Lemma 3.3. Letf be dened onM; and satisfy
(;jtf Sf6arSf onM (3.24)
for some vector eld a bounded on[0;t1]. Then,
sup f 6 supf:
M¢;t2[0;t1] Mo
Proof. Denote by ap the bound ona, k :=supy, f and de ne f; = max(f [;0): Assump-

tion (B.24) implies

— S f2e6 2f1a r St 2r 5fj?
dt
which, thanks to Young's inequality, gives
d S 2 1 2¢ 2.
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Applying (B:23) to f 2, we get

1
ci f2 6 é(ag+ kkk2 ) f2: (3.25)
Letting | = supy,f, so that f; 0 on My, from (B.25) and the Gronwall's Lemma we
obtain that f; 0 on My for all t 2 (0;t4], which gives thesis. O

3  Proof of Theorem 311

We now prove short time existence for the mean curvature ow with obstacles[(3]1),
B.2). Let Mg = @KO) U, where we assume thatJ, E(0) are open sets with boundary
uniformly of class CY. In particular, Mg satis es a uniform exterior and interior ball
condition, that is, there is R > 0 such that, for every x 2 Mg, one can nd two open balls
B* and B of radius R which are tangent to Mg at x and such that B* E(0)¢ and
B E(0): Let also = E@O)nU,and * := E(0)[ U. Notice that are open sets
with CY1 boundaries, with dist( ;@ *) > 0. Note that the condition My U can be
rewritten as

E (1) i

Let also
k:=2N(1 . )

where N is bigger than (d times) the mean curvature of @ U:

We want to show that equation ), with k as above, has a solution in an interval
[0; T): To this purpose, letting - be a standard molli er supported in the ball of radius
" centered at 0, we introduce a smooth regularizationk- = k « of k. Notice that
kkekiy =2N, k«(x)= 2N (resp. k-(x) =2N) at every x 2 (resp. x 2 *) such that
dist(x; @ ", and k-(x) =0 at every x 2 U such that dist(x; @J ".

Using standard arguments (see for instance [EH91b, Theorem 4.1] and [EH91a, Prop.
4.1]) one can show existence of a smooth solutidd, of (3.5), with k replaced byk-, on
a maximal time interval [O; T+):

Let now

= fx2 dist(x;@ )>"g

and
T=fx 2R dist(x; Y)<"g

The following result follows directly from the de nition of k-.

Proposition 3.4. The hypersurfaces@ . are respectively a super and a subsolution of
(B.5), with k replaced withk-. In particular, by the parabolic comparison principle M,
cannot intersect @ . .

We will show that we can nd atime T > 0 such that for every"; there exists a smooth
solution of ) (with k replaced with k+) on [0; T):

The following result will be useful in the sequel. We omit the proof which is a simple
ODE argument.
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Figure 3.1: Main notations of Proposition[3.5.

Lemma 3.4. Let Mg = @R(Xo) be a ball of radiusR 1 centered atxg. Then, the
evolution M by (B.5), with constant forcing term k = 2N, is given byMy = Br(t)(Xo) with

R(t) > R?2 (4N +2d)t. In particular, the solution exists at least on 0; %

Proposition 3.5. There existsr > é) a collection of ballsB; = B, (xj) of radius r, and
a positive time To such thatM, . Bj for every t 2 [0;min(To; T+)). In addition, we
can choose the ball8; in such a way that, for everyi, there exists!; 2 R¥*1 sych that
@ \ Ba(xi;) and Mo\ 4 (x;) are graphs of some functions ; : Rd1 R[flg and u;
over!?.
In particular, one has

(r kesti)>jr kej=2 on Bz (xi):

Most of these notations are summarized in Figuré 3]1.

Proof. By assumption, for everyx 2 Mg there exist interior and exterior balls B, of xed

radiusR 1. Let B, (t) be the evolution of B, by (B.5) with forcing term k = 2N. By
comparison, for everyt 2 [0;T+), By (t) E(t)°and B, (t) E(t): Recalling Lemm,
there exists > 0 and To > 0, independent of", such that M, f dy,6 g=: C, for all

t 2 [0;min(T-; Tp)).

We eventually reduce ; To such that C can be covered with a collection of ballsB; =

Br(X;), centered atx; 2 Mo and with a radius r such that, for everyi, there exists a unit
vector ! ; 2 R%*? satisfying

1 1 1

Lis "(x) > and !i;  (y) > and (ti: (2) >

N
N |
N |
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foreveryx 2 @ * \ B4 (Xi),y2 @ \ Ba(xj) andz 2 Mg\ B4 (Xj), where is the
outer normal to and the outer normal to Eg (recall Mg = @B). It is possible to
satisfy these three conditions because Mg touches one of the obstacles (cannot touch
both of them because of the distance between and @ *), they share the same normal
whereas if Mg does not touch any obstacle, we can reduce the ball until the obstacles
remain outside of it. The uniformity of r is provided by the uniform C51 norm on Mg as
well as the distance betweerM o and @ Uoutside of a compact set.

As aresult, @ \ By (Xi) and Mg are graphs of some functions ; : RI1 R[flg
and u; over!? (see Figure 3.1).

Notice also that k is a BV function and Dk is a Radon measure concentrated o@ U
such that

ok 1) > 129 on By (xi:
Then, for every x 2 By (x;) and " su ciently small (such that -(x) =0 as soon as
jXj > 2r), we have

(rksti)=r k(x y) ~(y)dy; !
Rd+1
= (Dk(x y);!i) ~(y)dy
Rd+1
iDkj(x
j 1(2 y) (y)dy
Rd+1
S IDkj -+ r ke,
2 2

O

In what follows, we will control the geometric quantities of M, inside each ballB;: As in
[EH913], we introduce a localization function ; as follows: let j(x;t) = jx x;j?+(2d+) t
( is a positive constant that will be xed later) and, for R = 2r, i(x;t)=(R? (x;t))":
We denote by ; the quantity (x;t), wherex = x(p;t) will be a generic point in M.
Notice that there exists T, = Zd% such that for all t 2 [0; min(To; T1; T+)),

. 5
M, fi>r2g (3.26)
i

As a result, we have the following

Lemma 3.5. Let f be a smooth function de ned onM,. Assume that there is aC > 0
such that
if 6 C on M, 8t 6 min(T-;Ty) and 8i 2 N:

Then,
f6 C onM,  8t6 min(T-;Ty);

where depends only on theCt! norm of Mg.
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Lemma 3.6. Letv:=( ;! ) 1. The quantity v2 2 satis es

d s V2?2 6}rs(v22)'r52
dt 2 2 ' 2

23 Sk"; I+ V2 k- (x; ) ) : (3.27)

Proof. In this proof and the proofs further, we use normal coordinates: we assume that
gj = jj (Kronecker symbol) and that the Christo el symbols Ij vanish at the computa-
tion point.

We expand the derivatives

d s V2?2 , d s , d s V2 s ° st

at 2 Voot 2 at 2 23

First term. We start computing

d S . 2 _ .
at Xjc= 2k« (x; ) 2«
Then,
d S .o
G 0 fF2 @k xii) ) 2 S
Second term.We are interested in
1d 2 d
—— (1" = |- — -1
>t ;) (' ) i (3.28)
= (1 ) rSH+k): ! (3.29)
So,
ld 2 3.8
o I - I " . l .
s ) (Y5 ) 2r>H+k); (3.30)
On the other hand,
1 2 1 1 D 1 1E
SOS((; )A=(n )t s rS(o) tirses )t (33))

2
Let us note that

@ =@ hid"@F =@hy) m@F hy m( him )= @hy)@F 2 :
We then get

Sty t=at ) t=e @) )’ (3.32)
(@ ) ) Fr2(h@ ) ) (3:33)
() 2@mar  Pil w20 ) P(h @R (334)

(1) 2(@@F )+ AR tr2( ) B @F)%:
(3.35)
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We also have

rSe; ) e sSer )t =0 ) i@ ) @x ) (3.36)
=(; ) Y hwgV@F) =(! ) (s k@F)?;
(3.37)

which leads to

2
% s V2 = VrSH+k);! +vé@(hi)('; @nF)

P AR 2% 205 @F)? VA( «@F)?
Third term. We notice, as in [EH91a] thatjr © 22 =4 r S(jxj?)j? and

rSZ jrSZjZ
rSv?);rs 2= 3vrSy);rs 2+ rSw? 9, ——  vViE——

NI =

Then, Young's inequality gives

. . 1. .
2vrSv;rs? 627 Sv212+ﬁjrS %2

6 2 2jr Sv3%+2vir Sixj3*:

Hence,
e P | rs?2 jr S 22
r S(VZ); rS2g 3 2Jr szjz 3v21r SJXJZJZ+§ r S(v2 2); ; V2 5
Summing the three terms, we get
d s V2?2 T L 23 .S 2
_ - _ - " " I " . .
at 5 62r(v ); 5 vl r ke +ve 2ke(x; ) )
O
For > 0, we let
2 v 2
(v9) = 1 Vo
Lemma 3.7. For " 6 r, we have
2ipi2 2 o X
E S JA] (V) 6 2 (VZ)( JAJ4 2k» |3 2 A, (r S)2k" )
dt 2 :
X _ 4, 6
2jAj2v3 o(vz) r Ske: 2jAj2 (il |)22V Vo,

@ vy
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Proof. We denoteV = M and compute

d s GAIZ (VD) _ o o0 d s 1o, 2,0 d s 1.

e 5 = JAj© (V%) at > + (v9) gt EJAJ

+ ?jAj? d s 1 (v?) 2 1=2r SjAj?; 1=2r S ?
dt 2

2 1=2r SjAj?:1=2r S (v¥) 2 1=2r S 2:1=2r S (V?) :

The two rst terms have already been computed. Let us consider the third one.
1d o AV g2 3 0.2 S Sy
St v)—va W= v® WA rSH+k);!
1 , . . :
5 (v¥)= 5@ (V)= @v@v )= v Sv Q) +2v3r Svi? Q)+ jr Svi? qv?)

1
2
vi(@h)w') + VA Q) +2jr Svi? VA

= @jr Sv?
Hence
&5 2= V) kit @ WPHVEAR) 1) 27 v oY)

We will want to conclude the proof using the weak maximum principle. So, we want to
rewrite the last terms (which are gradient terms) using the gradient ofV. Let us expand

r Sv.

2jAj2 (V2 .ol o 1 1 < ..
rs%()z ZJAJZEr S (V) + jAj? (vz)ir $24 2 (vz)ér SjAj?:

So,

2ini2 2y 2 S 2\i2 S 2:2 i Sipi2:i2

s AT (V) © _ g adr 2 (VI +iaid 202yl (N JAJ?)

re——— = JA] — JA] (\,)74 (V)74
2

+ AT (V) S (VA S 2 AR (V) 1S (V) SiA]

+jAj2 2(V2) 2 rS Z;rSjAjZ .

As a matter of fact,

1 s A2 (VA2 _ L it S (VA2 ., ,r S 22
2jAj2 (VZ) r 2 - JAJ 4 (V2) +JAJ (V) 4 2

- S. .2.2
2 o2 TIAIY A2 S (y2y—o., S 2_
+ (v9) GAJ2 +2jAjc r > (v9)=2;r 2

+2 2 r S (v)=2;r SjAj?=2 +2 (V®) r S 2=2;r SjAj?=2 :
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We use the last equality to rewrite
d s AR (V)
dt 2
= A (V) k(x5 ) ) r SixFP

+ 2 (V) rSA;r SA +jAj* 2kdShgad'd' hjhy 2 A;r 2%k
+ A2 v Qv?) r Sk ! @Bir Svj2+ VA2 vd)  2v3r Svji? %v?)
1 s AAR2 () °
2jAj2 (v?) 2
g niall 5 (VA2 o S22, V2 ir CIA9° SJAJJ
(3.38)
Let us precise some terms:
L R - U A I TSk
rs (V32 = WA V32 =4 QAHA0 (13
i Sipi2:2 X 2 ‘
r SjAFe = 4 (@) )5
i
jr SAj2 = (@hkm))?:
i:k;l

In addition, we have the obvious estimate

ir SjAj%2 6 4iAj3r SAjZ:

So,
2 niol SO(VA)2 L, L S 32 2 (2 ir CjA9° SJAJ ]
o qvd)2ys 1ky2 . .
6 A} ) ) +4jA2 (V)(jxi® (x; )+ 2 (VA)r S

(v2)
We plug this inequality into (8.38) and obtain

(;jt ° szj;(VZ)MAJ’Z (v3) @k (x; ) ) r SixjF?
+ 2 (v 1 SA T SA +AIY 2ked®hag'd hjhy 2 AT ke
+ AR VAV ket @i SiP+ VAR Qv v Svit v
1 AP (v) ®
A7 (@) 2

) O(V2)2V6 k( k! k)2

(v3)

+ A +4jAj2 (VA)(ixi2 (x; )+ 2 (VAjr SAj%



Proof of Theorem[3.1 121

: . . P -
Let us regroup some terms (noting thatjr Svj2 = v* (! )?), we get
d s A (V)
dt 2
6 JAI* (V) ( 2k (x5 ) )
+ FAIC (V) v ) 27 (V)kedthag'd hjhe 22 (v) A ke

. 1 A2 (v?) 2
2023 9v2) r Sk - | s
ARV TR g T
X _ 6 22
+ AR (1H? V;\(/\;)) vt Q) 28 %)
i
Then, we note that
Ve qv?)? 4 0,2 6 00,2 vt + v
and
(v3) v? qv?) = 2(v?) 6 O
So,
d %A% (v o X
< s ‘2( ) 6 2 () A 2% 3 2 AirZke)
i
2iAi2,,3 2 Sk - 2ini2 112 .
JAIPV qv?) 1 Sk ! jAj i(.-)(l 77
what was expected. O

We now show that M; can be locally written as a Lipschitz graph, with Lipschitz
constant independent of".

Proposition 3.6. Let" 6 r. Then, for everyt 2 [0;min(T-;T1)), M\ B; can be written
as a Lipschitz graph ovet ,° with Lipschitz constant independent of":

Proof. We want to show that the quantity ( ;! ;) is bounded from below, or, equivalently,
that v .= ( ;! ) 1'is bounded from above on every balB;. We want to estimate the
quantity v2 2 (we drop the explicit dependence on the indesx) using Lemma/[3.6.

We choose such that the last term in ( is nonpositive (take for instance =
2NR). We also have to control

virSke st = (5l H(rkes ) (kes )N EC5) Tk ) (rke; )
Proposition [3.5 provides immediately

1ir ke
2

which is nonnegative as soon a¢!; ) 6 % From Lemma and the weak maximum
principle (see [PW84]), we obtain that kv® 2k; (t) 6 max(kv? 2k; (0);4R?). Thanks to
Lemma[3.5, this provides a uniform Lipschitz bound on the wholeMy, for t 6 Tj. O

(iE) Mrkest) (ks )>(5!) jrkej
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We want to prove that T- is uniformly bounded below from zero. To this aim, we use
the following theorem (which is [Hui84, Th. 8.1] with a forcing term).

Theorem 3.5. If T- < T, then the second fundamental form oM blows up ast! T-:

The proof of this result is the same as in([Hui84, Th. 8.1], thanks to the control on the
derivatives of A we obtained in Theorem[3.4.
Let us show that jAj cannot blow up.

Proposition 3.7. For every" 6 r, there existsC- > 0 such that
KAK_1 (m,) 6 C- for all t 2 [0;min(T-; Ty1)):
Proof. As in [EH914d], we are interested in the evolution of the quantity

2IAZ (V3
5 ;

Notice that

R
Pl ite o e g

Choosing such that 2N 6 5, One can write

X
ke 2 (v?) P62 (v) EJ'AJ'4+ N jAj?

In addition, as soon asjAj? > 1, one has A; r 2k« 6 jAj%r %k-j: One can also notice
that as above,v r Sk-;! > 0 as soon asv > 2: On the other hand, if v 6 2, one has
3 2y = _(vv i
v qv?) = 0% 6 4 (v) for  suciently small.
So, anyway, ifjAj > 1,

d s AR (V) AR (VB o GAIR (V) o BIAR (VD) s
P fG 2N +4jr k-] 5 +8 > jr 2kej:
Finally, we apply the maximum principle to
%JAJ2 (v2)

A:=exp 2N +4kr %k k; +8kr kiky t 5

which satis es

— S A6O
dt

It provides
8t 6 min(T-;T1); kAky (t) 6 kAky (0)

which shows that M does not blow up.
Using Lemma and choosing such that (v?) is bounded and remains far from
zero, we know thatjAj does not blow up fort 6 Tj. O
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Corollary 3.1. There existsT1, depending only on the dimensionkkk; and the radius
in the ball condition for Mg, such that there exists a solutionM, of the mean curvature
ow with forcing term k- on [0; Tq):

The surfacesM, are uniformly Lipschitz and every M, \ B; can be written as the graph
of some functionu; (x;t). All the u; are Lipchitz (in space) with a constant which depends
neither oni nor in ". We want to show that they are also equicontinuous in time.

Proposition 3.8.  The functions u; are Lipschitz continuous inx and 1=2-+blder contin-
uous int on B; [0; T1), uniformly with respect to " andi.
In addition, they are (classical) solutions of the equation

q '
@ = 1+jr uj2dv p——i__ 1+ uj2ke(x u)): (3.39)
1+jr uj?

Proof. Let be xed (we drop the index " in what follows), and let tg 2 [0; T1). Let
Xo 2 My and i such that xg 2 B;. Then, ( (Xo);!;) 1'is bounded above andM; is the
graph of a function u over! ,” : Then, let X1 = Xg+ ! ;. Thanks to the Lipschitz condition,
there is a ball B¢ (x1) that does not touch M. Evolving by mean curvature with forcing
term k-, this ball vanishes in a positive timeT > ! () = % (note that T does
not depend on"). By comparison principle, fort 2 [to;to+ ! ( )), M does not go beyond
X1. That is equivalent to say that u is 1=2-Hblder continuous in time, with a constant
independent of".

The equation satis ed by u; is usual. One just has to notice that with the de nitions
above, |

, ru; _
dv p——~ = H:
1+jr uj?

O

We now pass to the limit as" goes to zero. By Propositio, the family(u;) is
equi-Lipschitz in space and equi-continuous in time orB; [0; T1). Therefore, by Arzeh
Ascoli's Theorem one can nd a sequencé&, ! 0 and continuous functionsu; such that,
for everyi, u." 1. ui locally uniformly on Bj [0 Ty).

Proposition 3.9. The functions u; are viscosity solutions of@) on B; [0;Ty), with
obstaclesU \ B; (see Appendix §).

Proof. Thanks to Proposition [3.5, everyx 2 B; can be decomposed as = x°+ z!; with
z=(x;!). Then, there exists functions ; of classC%? such that

U\ Bi=f(x%2)2B;: , (x96z6 ;(x%:

For simplicity we shall drop the explicit dependence on the index. Sinceu’ (x; 0) = ug(x)
forall ", and u'™ converges uniformly tou asn! +1 ,itis clear that u(x; 0) = ug(x):
Condition (B.52) immediately follows from Proposition [3.4.
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We now check thatu is a subsolution of [3.3). Let(xo;to) 2 R" Rand' 2 C2 such that
(Xo;to) < u(Xo;to) and
(U (xoito)= max o (u " )(xt):

j(xt) (xoito)i6r
One can chang€ so that (Xo;tp) is a strict maximum point, and u(xg;to) = ' (Xo;to).
Let 2 := u(Xo;to) (Xo;tp). Thanks to the de nition of k-, for all " 6 , we have
ke(x;' (x;t)) 6 0in a small neighborhoodV of (xq;tg). For " suciently small u" '
attains its maximum in V at (x-;t-), with (x-;t+) | (Xo;tg) as" ! 0. Sinceu is a
classical solution of |(3.41), it is also a viscosity solution, therefore

!

o P I p% 6" TH Pk(x')60  at (x:to):

Hr '
Letting " ! O we obtain that u is a subsolution of [3.8). A similar argument shows that
u is also a supersolution of), and this concludes the proof. O

Conclusion of the proof of Theoren. .The resultin [PS07, Theorem 4.1] (see also Sectlon
.) applies, showing that the functlonsu. are of classC!: As the uniform convergenceu n
implies the Hausdor convergence ofV;" to a limit M such that M\ B; = graph(u;(t)),
we built a C11 evolution to the mean curvature motion with obstacles on the time interval
[0; T1): Thanks to [ACN12, Theorem 4.8 and Corollary 4.9] this evolution is also unique.
This concludes the proof of Theorenp 3]1. O

4 Proof of Theorem 32|

Let . be smooth functions such that . ! as"! 0, uniformly in C¥(RY), and
let N > 0 be such that
0 1
q - "
N 1+j «j2div@g—_A for all "> O (3.40)
1+j -j?
L1 (RY)

We proceed as in Sectioh|3 and we approximaté (3.3), (3.4) with the forced mean curvature

equation " ! #
P
U= 1+jr U2 dv p——— +k(xU) ; (3.41)
1+ jr uj?
where .
ke (X; u) =2N M ulil(x) :

and is a smooth increasing function such that (s) Oforalls2 (1 ;0],and (s) 1
forall s2 [1;1 ). In particular @k-(x;u) O for all (x;u).
Notice that k- ! gas"! 0, with

8
< 2N ifu< (X)
k(x;uy= 2N ifu> *(x):
0 elsewhere
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Notice also that

@k @k @ _ , +

@—(x u)+ au —(x; u)@—)g =0 ifu< . .42
@k @k, @ _ , '
@x (xju) + 7@U(X,u) Ox =0 ifu>

We denote by u- the solution of the approximate problem (3.41), which exists and is
smooth for short times.

Proposition 3.10. The solution u- is de ned for t 2 [0; +1 ), and satis es the estimates

ku-(;t)kw (roy C forallt2 [0;+1) (3.43)

ku- (5 t)kwz1 (roy C(T) forall t 2 [0; T]: (3.44)

Proof. Estimate ([3.43) follows from Proposition, choosing; = R%*1, I, = ey and
1. Estimate (3.44) follows from (3.43) and Proposition 3.7. O

In what follows, we use intrinsic derivatives on the graphM; := f(x; u-(x;t))g, which

will be denoted as above by an exponens. The metric on M; is

gj = ijj + @Qu-@Qu

with inverse

g = @Qu-Qu-

Voo14r w2
The tangential gradient of a function f de ned on M; is given by
Seyi = i - @J @U
so that
S¢ . _ . jrouj? e = 1 e -
r >f; =(rf;ru) 1+Jru12( f; ru) 1+jru~j2(rf’ru)’ (3.45)

and 0 1,

X (u); fi
ir Sfi2 = : W) A A
ir 57 = O (u), C 1+ jrouej?

(ru;rf) 2 (Ui (), fif

_ .2 B 2
- Jr fJ +(U )| 1+jr u..j2 1+ jl’ u- 12 (346)
L2 2 "
I (ru;rf) 2(ru.,rf_)
1+jr U"jz 1+gr U"j2 1+r u"Jz

(rurf)®  (r u--;rf)z_
1+jr wj2 1+ jr wj?)?’
In addition, the Laplace-Beltrami operator applied to f is

« @Uu- rur2;ru
@u-Qu- f

=jr fj?

T+jruwiz '~ 1+ jr unj?

Sf — glj.I:IJ —
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Proposition 3.11.  The quantity k(u-)Zky (t) is nonincreasing in time. In particular,

P
k(u-)e( 5K (Rey 1+ jr ugj?div L-z
1+ jr ugj L1 (RY)
Proof. We compute
" ! I#
)2 p — "
d (w)i = (u)y 1+jr uj? div p% + ke (X; U
dat 2 1+ jr U"]Z .
Expanding this expression, we get
n ! I
G AL ) I VRS S
dt 2 1+jr uj? 1+jr u-j? | "
P or gy p W @ ururu

SV S ) k.
1+jr uj? (L+ jr u-j?)3=2 +(u )@

Let us compute more explicitly the three terms of the expression above.

Bt g e
1+r u"Jz 1+jr U"JZ
(u)? . !
S re v (u)i (r w3 (ru)i) oy
P wZ | 1egr w2 1+ jr usj2)32
=r((u)t) [ ue .u . r u r( '2 )+ " ’
2 1+jr uj2 1+ jr uj?)?
! !
: r(u- U )
Wydv pUN _ (@ p U
1+jr uj? T4y o)
_ Lus)e(ur)si 1 | |
o m @a+jr u..j2)3:2(u Je(u)gr ue (r ue);
= (rL\J)t( u")t 1 ) N jr U"j2
"1+ru? (@ u--j2)3=2(u )e(u)4 @ > )
= w)t( ur)t 1 (u)tZ M

— = r ;
Tleru? (L4 jr w232 2 2
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and
o ((rud)e ru)roue
N S i
=g U (u)er (U)o (ue)e(ue)e (ue)j(ue)i o (Quedir (Ui (U)er (U)e)
1+ jr uj?)32 L+ jr uj?)32 1+ jr uj?)3=2
(Que)er (Ue)es roue) (r ()i roue)
3(U")| (1+ jr u,,j2)5=2
. ru;r ((Ué)tz) L (W)e(u)y (), r ("%JZ); r (%)
T e ep® T @i up)? @+ wp*
r (%); ru 1 (E l;""2); roue
i (1+jr wj?)s=2
Notice that
W) @ ruirire
2 2 1+jr uj?
= (u) (u)p + (r ue)j? (u)i(ur); (U")t(U'ft-i:'- j:' (utlj'z)i(u")j (u-)i (U)y
We then get
S A L 5 N i e
a 2~ T 1ejgup 2 1+jr wj?

"2 ir_urj?
G S PN TH (U8 T L (rues (ru)y?
@+ i w2 L e

+2 j(ru)g?+ (u)i@ke:

Note that the last term is nonpositive by de nition of k-.
In order to apply Lemma|[3.3, we have to notice the inequality

(r u; (r u)y)?

T+jr wjz ir wyig*> 0

It is then enough to note that, since the solution exists for all times and it is smooth, the
term r (”%’2) is bounded on eacHO; T] (the bound depends onT and " but is enough
to apply the lemma). In addition, every factor containing r ((u~)?=2) also containsr u-,
hence the assumptions of Lemmp 3.3 are satis ed for everf > 0, and this concludes the
proof. O

From Propositions[3.10 and 3.1]1, we deduce the following result.

Proposition 3.12. If ug is C-Lipschitz in space for someC > 0, and has bounded mean
curvature, then the solutionu- of the approximate problem(B.41) is C-Lipschitz in space
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and Lipschitz in time with constant

1+ jr ugj2div Lz
1+ jr ugj L1 (RY)
Moreover, the following inequalities hold
(X)) " ue(x;t) Tx)+ ™ (3.47)

Proof. The Lipschitz bounds of the solution are clear (it is Proposition| 3.1D and 3.71).
In order to prove the second assertion, let us notice that by[(3.40) and the de nition
of k-, we have

q 0 1
ke(; « "y=2N> 1+]j «j2div@g—u-—_A :
1+j-J?
Lt (RY
so that . " is a subsolution of [3.4]). By the parabolic comparison principle (as in
Proposition [3.4), we deduce that
"6 U
The same arguments shows the other inequality in[(3.47). O

Conclusion of the proof of Theorenj 3.p.Since the solutionsu- are equi-Lipschitz in space
and time, they converge uniformly, as" ! 0, to a limit function u which is also Lipschitz
continuous onRY  [0;+1 ).
Equation (B.47) yields

6u6 *;
and Proposition|[3.9 gives thatu is a viscosity solution of [3.50).

Concerning the regularity of u, we proved that (u-); and r u- are bounded on[0; T];
for any T in the approximate problem. This gives a bound on the mean curvature of
the approximate solution. This bound does not depend o' and remains true for the
viscosity solution. As a result, the exact solution has bounded mean curvature and bounded
gradient, which shows that u is L' and, by elliptic regularity theory, u is also in W 2P
forany p> 1, and soCY for every < 1 (see[Lun95] for details).

By Theorem[3.6 below, we can also directly apply to the solutioru a regularity result
by Petrosyan and Shahgholian in[[Sha08g, PS07]. It follows thati is in fact of classCh?,
and this concludes the proof of Theoren 3]2.

O

5 Proof of Theorem 3.3°]

Note that the existence and uniqueness proof in appendix gives a periodic solution to

@3).
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We compute the evolution of the area of the graph ol:

p - .
E 1+jr uj2= ru = u; div pr% : (3.48)
dt q Q 1+jruj? Q 1+jr uj?

Notice that, for almost every t > 0, u¢(t;x) = 0 almost everywhere on the contact set.

Indeed, for almost everyt, u; exists for almost everyx 2 Q. If u(x;t) = (x), then
u reaches an extremum in(x; t), which gives,u;(x;t) = 0: In particular, from (8.48)
we get |

— 1+jruj?= U Ppe—r—=

dt o Q 1+jr uj?

Integrating this equality in time, we obtain

T T

1+jruj2 = putii (3.49)
Q 0 0 Q 1+jr uj?
which shows that
T
uf
0 Q

is uniformly bounded in T. Indeed, the quantity

I
1+ jr uj?
Q 0

represents the variation of area of the graph ofi betweent =0 andt = T. As this area
is nonincreasing (thanks to [3.49)), this quantity is uniformly bounded in T. In addition,
we recall that r u is uniformly bounded in T. As a resultu; 2 L2(R* Q) sou is in
H1(0;R) Q) for everyR > O:

Sincekuik, 2(q) is L2(R"), there exists a sequencé, ! 1 such that

kUtkLz(Q)(tn) n!!l 0:

In addition, u(tn) is equi Lipschitz and converges uniformly on compact sets to some
which therefore satis es in the viscosity sense

p__
T+jr u2div p—2 _ =0
1+r u?
with obstacles (see Appendix@).

Remark. By [ISZ98], u1 is analytic out of the (closed) contact setfu; = g.
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6 Appendix: on viscosity solutions with obstacles

6.1 De nition of viscosity solution

Given an open subseB of RY, let ug, *

such that

and be three Lipschitz functionsB ! R

(x;0)6 up(x) 6 T (x;0):

We are interested in the viscosity solutions of the equation
!

P
U= 1+ jr uj?div L ; u(x; 0) = ug(x); (3.50)
1+jr uj?
with the constraint
(X) 6 u(x;t) 6 F(x): (3.51)

De nition 3.1  (see [CIL92,[ Merl14]) We say that a functionu : B [0;T) ! Ris a
viscosity subsolutionof (3.50) if u satis es the following conditions:

u is upper semicontinuous;

u(x; 0) 6 up(x);

(x) 6 u(x;t) 6 T (x); (3.52)
for any (Xo;tp) 2 R" R* and' 2 C? such thatu ' has a maximum at(Xo;to)
and u(xo;to) > (Xo),
|
P ru
U 6 1+jr uj2div p—n-— : (3.53)
1+jr uj?

Similarly, u is a viscosity supersolutionof (B8.50) if:
u is lower semicontinuous;
u(x; 0) > uo(x);
(B.52) holds;
for any (xo;tp) 2 R™ R* and' 2 C? such thatu ' has a minimum at (Xo; to)
and u(xo;to) < ¥ (Xo),
I
ru

p__
ug > 1+ jr uj?div —
1+jr uj?

We say thatu is a viscosity solution of (8.50) if it is both a super and a subsolution.

6.2 Comparison principle

In order to prove uniqueness of continous viscositysolutions of (3.50), we shall prove a
comparison principle between solutions following [GGISS21, Theorem 4] (see also [CGG9I1]).

Proposition 3.13. If u is a viscosity subsolution of (8.50) on [0;T), v is a viscosity
supersolution, if are Lipschitz in space and ifu(x; 0) 6 v(x;0), then u(x;t) 6 v(x;t)
for all (x;t) 2 R" [0;T):
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Proof. We will check that the proof of [GGIS91, Theorem 2.1] can be extended to the
obstacle case. Notice rst that the assumptions(A:1) (A:3) of [GGIS91, Theorem 2.1]
are satis ed also in our case. Indeed(A:1) comes directly from the Lipschitz bound on

and the constraint 6 u;v6 * whereas(A:2) and (A:3) result from the assumed
time zero comparison.

Let us show that [GGIS91, Proposition 2.3] also holds. Indeed, up to Equation (2.9)
nothing chenges. To continue the proof, using the same notation of [GGISH1, Proposition
2.3], we have to check that if

suplw ) >0
\%
then the supremum is reached in the complementary of the contact sdtu = g[f v =
+
g.
Indeed, notice that if u(x;t) = (x), then, for all x;y;t;s,

uix;t) vly;s)=  (x) v(y;s)6  (y)+ L(x yj)) v(y;s)6 L(jx j)

sincev > : Hence, ifu(x;t) = (x), with K9> L, we must havew 6 0, so the
supremum ofw is attained in the complementary offu = g. One can show similarly
that the supremum is reached in the complementary ofv=*g. Hence Proposition 2.3
of [GGIS91] holds.
From Proposition 2.4 to Lemma 2.7 of [GGIS91], every result holds without changes.
Concerning the proof of Theorem 2.1 of [GGISZ1], the rst assumption is

=limsupfw(t;x;y);jjx vyj6 g> 0:
1o

Then, Proposition 2.4 gives constantsg and o such thatforall 6 o; 6 gand"> 0,
there holds

x¢fi= sup  (xy;t)> 5
R" R [O;T) 2
with _ 4
iy = . : Xyl (2 2
(txy) = u(xt) v(y;t) YT X"+ 7
To conclude the proof, we only have to show that the maximum of is once again
attained on the complementary off u = g[f v= " g Inthe same way as for Proposition
2.3, ifu(x;t) = (x), we can write
vy — : : x (2 2
(txy)=ulxt) v(yt) 7 X7+ iY77

6 (Y)+Ljx y v(y;t)6Ljx i

Thanks to Proposition 2.5,j8 ¥ ,!,' o 0. So, with " su ciently small (one can reduce

the quantity "o given by Proposition 2.6), has its maximum out of fu = g (and
similarly out of fv = *(g), which enables the application of Lemma2:7 and gives a
contradiction as in [GGIS91]. O
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6.3 Existence
In this subsection, we prove the following result:
Proposition 3.14.  There exists a continuous viscosity solution to3.50).

We follow [CIL92] to build a solution by means of the Perron's method. Let us state
an obvious but useful proposition and a key lemma for applying Perron's method.

Proposition 3.15. Let u be a subsolution of the mean curvature motion for graphs (without
obstacles) which satisesu 6 u*. Then, ug := u_ u is a subsolution of (3.50) with
obtacles (the same happens for supersolution andvg, = v~ u*).

In the sequel, we shall denote byu (resp. u ) the upper (resp. lower) semicontinuous
envelope of a functionu.

Lemma 3.8. Let F be a family of subsolutions of(3.50). We de ne
U(x;t) =supfu(x;t) j u2 Fg:
Then, U is a subsolution of (3.50).

The proof of the proposition and the lemma can be found in[CIL92], Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).

Construction of barriers In the sequel, to claim that the initial condition is taken by
the viscosity solution, we need to build barriers to sandwich the solution. More precisely,
we want to build a subsolutionw such that (w ) (x; 0) = up(x) and a supersolutionw™
such that (W) (x; 0) = ug(x): To show this claim, let us begin by a simple fact.

Let « ,
g% (x) = iq% +b (3.54)
1+(x a)?

for some(a;b 2 R" R and ;> 0 such that g(x) 6 up(x). Note in particular that
X X
g’ () > i(x af+b and H(g%)>H(G%)io= 2 it (355)

Then, it is easy to show (using Propositior| 3.15) that the function
I
0 Lo
vi;t)= g (x)+ 2 i +3M t
i=1
P
is a subsolution of [3.50). Indeed, the curvature ofg?, is smaller than2  ; and its
gradient is bounded by2 (so 1+ jr gj26 3).
Thanks to Lemma[3.8, the function
0 1

X
W(x;t):%sup b (x) 2 it 3Mt §
(i)c

i i=
gc;b 6o i=1
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is a subsolution of [3.50) (with obstacles).
It remains to show that (w ) (x; 0) = ug(x): To see this, notice that sinceug is Lipschitz
and ug > , Up(X) = w (x;0), yielding up(x) 6 (w ) (x;0). Butforall t> 0, v(x;t) 6
Uog(X) sow (X;t) 6 up(x): By continuity of ug, (w ) (X;t) 6 up(x), which shows that
(W ) (x;0) = up(x), and w is a low barrier for solutions of [3.50).

We build w* in the same way.

Perron's method ~ We use the classical Perron's method to build a solution of] (3.50) on
[0; T) for everyt> 0O: Let us de ne

W (x;t) = supfu(x); j u is a subsolution of [3.50) on[0; T)g:

Since  is a subsolution, this set in non empty andW is well de ned. Every subsolution
is less that *, soisW.

Thanks to Lemma([3.8,W is a subsolution of [3.5) regardless the initial conditions.
Applying the comparison principle (Proposition ) to every subsolutionu and w* gives

8x;t; W (x;t) 6 w* (x;t):
Considering the upper-semi-continuous envelopes, we get
8x;t; W (x;t) 6 (w") (x;t)

which immediately yields to
W (x; 0) = up(x):

Then, W is a subsolution (with initial conditions), hence W = W which shows the upper
semi-continuity of W.

We want to prove that W is actually a solution of (3.50). In this order, let us prove
the following

Lemma 3.9. Let u be a subsolution of). If u fails to be a supersolution (regardless
initial conditions) at some point (&; f) then there exists a subsolution (regardless initial
conditions) satisfying u > u and supu u > 0 and such thatu(x;t) = u (x;t) for
x it fie6

Proof. Let us assume thatu fails to be a supersolution at(0;1). Then there exists
(a;p;X)2J % u (0;1) with

p——
a+ F(p;X)+ k(0) 1+p?<O:
Let us then de ne
U GD=u @D+ (P alt D+ o00Gx) (et 1)

Thanks to the continuity of F and k, u. is a classical subsolution orB,(0;1) of u; +
F(Du;D?u)+ k(x) 1+jr uj2=0 for ; ;r suciently small. By assumption,

u(x;t) > u (x;t) > u (0;1)+ a(t 1)+(p;x)+ %(Xx;x; +) o(jxj% + jt 1))
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With = ngr’ we getu(x;t) > u; (x;t) for small r and jxj;jt 1j 2 [5;r]: Reducing
againr, we can assume thatu. < * onB,. Thanks to Lemma,

max(u(x;t);u. (x;t)) if jx;t  Lj<r

b t) = u(x) otherwise
is a subsolution of [3.50) (with no initial conditions). O

Finally, this lemma combined with the de nition of W proves that W is in fact a
solution of (3.50) (the initial conditions were already checked).

6.4 Regularity

Proposition 3.16.  The unique solutionu of (B.50) is Lipschitz in space, with the same
constant asuo;

Proof. We will prove that u,(x;t) = u(x + z;t) Ljzj is in fact a subsolution of {3.50).
The Lipschitz bound is then straightforward (using the comparison principle).

To begin, we notice that u(x + z;t) L(jzj) 6 u*(x;t) and u(x + z;0) Ljzj 6
Uo(X + 2) Ljzj 6 up(x):

Assume now that' is any smooth function which is greater thanu, with equality at
(%, f): Then, either, u,(%;f) =  (%;f) and nothing has to be done, o, (%;f) >  (%;f).
In the second alternative, one can write

ug+ > R)=  E+2)+( (®) R+ 2);

SO
ug+z;)> R+ 2)+

(%) £+ 2)+ Ljzj>u &+ z;f):
=

As u is a subsolution at(% + z;f) and u(x + z;t) 6 ' (x;t)+ Ljzj with equality at (&% + z;f),
one can write withy = x + z, s = t,

u(y;t) 6 " (y z;9)+ Ljzj = (y;9);
with equality at (§;$8) which gives
1+ F(D (% ):;D* ()60
Since the derivatives of and' are the same, we deduce
‘v+ F(D5D ?)6 0
what was expected. O
Remark. With the same arguments, one can prove that

8 > 0, 8x;t; ju(x;t+ ) u(xt)j6 supju(x; ) u(x;0):
X
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We now present a general regularity result by Shahgholian [Sha08] which applies to
viscosity solutions for parabolic equations with obstacles.

Theorem 3.6 ([PSO7], Th. 4.1). Let Q" = f(x;t) 2 R" R : jxj < 1;t 2 [0;1)g and
H(u) = F(D?u;Du) u; whereF is uniformly elliptic. Let u be a continuous viscosity
solution of

(U )H(U)=0;
H(u) 6 0 (3.56)
u> ;
in Q*, with boundary data
u(x;t) = g(x;t) > (x;t) onfixj=1g[f t=0g¢: (3.57)

Assume that 2 CH1(Q") and g is continuous. Then, u 2 C%1 on every compact subset

of Q*:

It has to be noticedH = F @ where F(D?u;Du) = P 1+ jr uj2div L

1+jr uj2

satis es all the assumptions of [Sha08], 1.3. Indeed, the uniform ellipticity is provided by
the Lipschitz bound obtained in previous subsection.

Moreover, the viscosity solutionu of (3.50) satis es (3.56) and [3.57) on every cylinder
Q; (xo) := fix Xoj 6 1; t 2 [to;to+ r)gsuch that r is choosen su ciently small in order to
have eitherQ; (xo)\f u= *"g=; orQ; (xo)\f u=  g=;. In the second alternative,
change every sign in the equations.

Applying Theorem we get aC! bound for u on every compact subset o (Xo).
To show that u is C1 in the whole space, just coveR" R* with such Q (x;).

6.5 A remark on the forcing term

It is quite simple to show that every result presented in the graph case remains valid
with a su ciently regular forcing term k(x;u) (except the long time behavior which still
occurs but is much less meaningful). The corresponding equation rewrites

" ! #
pP—— . ru
u= 1+jr uj? div pﬁ + k(x;u) ; u(x; 0) = ug(x); (3.58)

Let us mention the most important di erences which occur.

Proposition 3[13. ] One can prove a comparison with the forcing term depending om
adapting Theorem 4.2, and the so called Proposition 4.4 in [GGIS91]. First, it is clear that

PP

o S
1+ p2 X + 1+ p2k(x;r)

F(;x;rnp; X )=Tr [
satis es the hypothesis of Theorem 4.2. Then, the proof of Proposition 4.4 use only the
regularity of F, u and v. Concerning the proof of Theorem 4.2 itself, the process is the
same as in Theorem 2.1, and the maximum point is out of the obstacles too.
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Existence of a viscosity solution. Every result of Section[6.3 apply with no modi -
cation. The only di erence is when we construct the barriers: the forcing term has to be

involved in their evolution. We suggest to replacev by adding a forcing term:
.

X
vix;t)= g (x)+ 2 i +3kkky t
i=1

and take, as before, the sup on this family to build a barrier.

Regularity of the viscosity solution. With the forcing term, nding a time uniform
spatial Lipschitz constant for u is hopeless. It grows exponentially. More precisely, we
have have the following property (which is essentially[[For08], Lemma 2.15)

Proposition 3.17.  Let u be the unique solution of(3.50) with forcing term. Then, it is
Lipschitz in space with
juix;t) u(y;t)j6 Metjx yj:

Proof. Let (x;y;t) = Meljx vyj: we show by contradiction that u(x;t) u(y;t) 6
(x;y;t). Assume that

M = sup u(x;t) u(y;t) (x;y;t) > 0:
(xyit)2R" R" [OT)

Then, as in the proof of uniqueness, we introduce

MF o= sup ui;t)  uy;t)  ooyst) o (xi2+ jyi®) St
(x;y;t)2R" R" [O;T)

If and are small enoughNr remains positive and is attained (say in(%; $f'< T )), since
the growth at in nity of u and v is at most linear. Sinceug is Lipschitz, > 0. In addition
it is clear that ® 6 4.
Concerning the obstacles, ifu(%;f) = (%, 0); then u®: ) v(¥;9) % 9:0) 6
& Mjr ¥ (9;£) 6 0which shows thatu(%;£) >  (%;f). Similarly, u(¥;f) <
(9 6):
We then apply Ishii's lemmato t(x;t) wy;t)  (X;y;t) + with &(x;t) = u(x;t)

ixj% and wWy; t) = v(y;t) jyj2. We use the following notations

p=Dx = %Me“jk §i= Dy 60;
_ . Py & : ,
= D2 :jk ijeLtjk 9J|+2( J&) ;jz Y)Meujk i
and
o, Z Z
A=D" = 5 4

The lemma gives, for every such that A 6 |, the existence of ;; , 2 Rand X;Y 2S"
such that

1o2= et LEMAR 0
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(1p+ &X + 1)2T 7 u& ),
72;
(20 Y 1)237 u®:bd;
|l O X 0 LA,
0 | 6 0y 6 (1 A) A
Sinceu is both a super and a subsolution we get
1+ k@& Djp+ Rj+F(p+ KX +1)60; (3.59)

2 k@g:Dip gi+F(P %KY 1)>0

X 6 Y in the last equation gives

2+ k(BP9 F(P X 1)60 (3.60)
Adding B.60 to[3.59 yields to
Tt LeMAjR ¥ k& Dip+ R+ k@:Dip ¥
+F(p+ KX+ 1) F(p yX 1)60 (3.61)
Notice that

Letfajr 9 k@ Dipi + k@ Dipi > Letfajr 9 Ljg  yietfa > 0 (3.62)
Then, (3.61) becomes
+(Jpi § P+ RADKED G PP KEDHEME X+ 1) F(p %X 1)60:

(T 2

Let gotozero.pand X are bounded: one assume they converge and still denote ByX
their limit. In addition, %; ¢! 0andk is bounded, hence we get

——60;
(T 6?2
which is a contradiction. So, switchingx and y if needed,

jut) u(y;t)j6 Aettix j:
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Chapter 4

A crystalline curve shortening ow
(with M. Novaga and P. Pozzi)

1 Introduction

In this chapter, we consider an anisotropic mean curvature motion for planar immersed
curves. More precisely, given an initial curveup : S'!'  R? and an anistropy , we want
to build a family u(t;x) of curves such that for anyx;t, the speed ofu(x;t) is given by

V =

where is the normal vector of u at x (oriented by the parametrization) and the -
dependent anisotropic mean curvature. We want to prove the existence of such a motion
in short time, for smooth and crystalline anisotropies.

The classical (isotropic) mean curvature motion has been widely studied in the past 40
years (with the framework of Geometric Measure Theory [Bra78] as well as using di erential
geometry [Hui84,[EH89, EH914a]) and the behavior of the ow as well as its singularities
are fully understood (see[[EH91a]). Nonetheless, only a few results are known in the
anisotropic case.

The rst occurrence of anisotropic curvature ow appeared in [ATW93] with the well
known discrete minimizing scheme which approximates curvature motion, with a smooth
anisotropy. One year later, in [GL94], Gage and Li presented the anisotropic curvature
motion for planar curves, linking it with a homothetical shrinking of the anisotropic unit
ball. In 2001, Andrews [And01] extended this work by studying the anisotropic motion for
all dimensions in the case of smooth anisotropies in the context of di erential geometry
(he also studied singularities).

On the other hand, the crystalline case remains widely unknown. In 2 dimensions,
Chambolle and Novaga adapted in[[CN13b] the scheme of [ATW93] to build a crystalline
curvature motion for sets.

Motivated by [CN13b] and inspired by a work of the second author[[CN13a] which
proposed to pass to the limit in an approximate ow, we extend the results of [CN13b] to a
crystalline motion of a planar curve which is only immersed. To do that, we approximate
the crystalline anisotropy by a smooth one for which we show a short time existence (in
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the spirit of [And01]). Then, we show that we can pass to the limit in the anisotropy to
obtain a short time existence for a crystalline motion. The proof of this result is organized
as follows:

We rst introduce the de nitions and notation we use in the paper and de ne what we
call anisotropic motion for curves. Then, we work on a smooth approximate motion (that
is a anisotropic motion for a smooth anisotropy ). To de ne the latter, it is necessary
to start from a curve which has a bounded --anisotropic curvature. In Lemmal[4.], we
show that a curve which has a bounded -curvature can be approximated by a curve with
bounded --curvature.

In Section[4, we study the evolution of the geometric quantities under the ow, and
prove, as it happens in the isotropic case, that the curvature must blow up at the rst
singular time. Since we can show that it does not happen, it provides a uniform bound of
the existence time of the approximate ow.

Finally, we pass to the limit in the approximated ow and show that it provides a
solution to the crystalline curvature motion in an interval [0; T) where T depends only on
the initial conditions.

2 Set up and notation

We consider closed planar curves parametrized by : S [0; T]! R?, u= u(x;t). We
denote by s the arclength parameter of the curve (thus@ = @=juxj), by = uxTuyj =
Us = (sin ; cos ) its unit tangent and = (cos ; sin ) its unit normal. Recall the
classical Frenet formulas

Uss = s= ~= ; s= : (4.2)
Moreover recall that from = (s) and the expression for ¢ one infers
= s (4.2)
Anisotropic Length

De nition 4.1.  We call (symmetric) anisotropy a map :R?! [0;1 ) which is a norm
in R?, that is
is convex,
(p) > Ofor p60O,
8 2R, (x)=7]]j (X).
We say that is uniformly elliptic if there exists C > 0 such that

D?( %) > Cl:

It is equivalent to ask that the sef 6 1g is uniformly convex (its Euclidean curvature is
positive and bounded away from zero). We call this set thé&/ul shape relative to and
denote it byW .

On the other hand, is said to be crystalline if the setW is a polytope.
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The anisotropic length is de ned by
L (u)= ( )ds= (u?)dx: (4.3)
st st
Using the homogeneity properties of one obtains (for smooth enough functions)

& Lwe= %) ii= %) s
=0 st St

(%) ) Tes= (%) ) s

S

hLO(u);" i

S

A classical formulation for the anisotropic curve shortening ow(for which Wul shapes
shrink self similarly) is then given by

3= ) (4.4)
(see for example[IGL94]). Note that by setting
()= ()= (cos;sin) (4.5)
a straightforward calculation gives
O+ R)= %) = ewlSSN) (@.6)
thus we can write the ACSF as
uw= () )+ ) = () (4.7)
where
()= OO+ Ry (4.8)
Note that the convexity of implies that 0.

De nition 4.2.  We say that a curveu is -regular if one of these two equivalent conditions
hold
Every graphical part M of u(S!) satis es the exterior and interior Wul -shape
condition of radius R, for someR. In addition, the edges ofM which are parallel to
the edges oRW around whichu(S?) lies locally on one side are longer than these
edges oRW [f]
There exists a Lipschitz Cahn Ho man vector eld on u(S?), that is a vector eld
n such that
8x2Sh nux)2@ ()

where is a (non unique sinceu is only Lipschitz) Euclidean normal tou at x.

1. For example, if W is a square with sides of length 1, then a staircase with steps of Iength% satis es
this property with R =1 but a square with sides of length 1 does not.
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We say that a -regular curve has a curvature bounded bg if either the rst condition is
ful lled with R = é orif j@nj 6 Cjuyj:
If is smooth, we de ne theanisotropic curvature to be

= %)

In what follows, the strategy is the following: we will approximate by a sequence of
« > which are smooth and uniformly elliptic. This will allow us to construct an approx-
imate anisotropic motion. Then, we pass to the limit in": We rst need to approximate
the initial curve.

3 Approximation of the initial curve
This subsection is dedicated to prove the

Lemma 4.1. Let u be a Lipschitz and -regular curve whith -curvature bounded byC.

Then, for all - smooth and uniformly elliptic such that - > and - ! uniformly

on compact subsets, and everg®> C, there existsu- ! u uniformly such that u- has a
bounded curvaturej .j 6 C° In addition, the (Euclidian) normal vector -(x) converges
to (x) almost everywhere (the latter exists almost everywhere singeis Lipschitz).

Before the proof, let us state a de nition from [CN13L].

De nition 4.3.  Let A be a subset oR?. We say thatA satis es the inner RW -condition

for someR > O if [

A= (Xx+ RW )
dE (x)6 R

and forallr<R andx 2 R?, (x+ rW )\ ACis connected.

We say that it satis es the outer RW -condition if A¢ satis es the outer RW -condition.
Finally, we say that it satis es the RW -condition if it satis es both inner and outer
condition.

This proof is based on[[CN13b], Lemma 1. The curve(S?) is Lipschitz. Hence, there
exists o such that for every xo 2 S*, we can nd an orientation n and a neighborhood
(Xo ;Xo+ ), which we identify with an interval of the real line R, with > ¢ such that
u(Xo ;Xo+ ) isa graph overn®. Without loss of generality, we can assume thai is
di erentiable at xo . We denote by the extension of this graph toR (as the graph of
a continuous function with slopeu{xo ) if x 6 Xo anduqxo+ )if x> xg+ ):We
note M the hypograph of this function (such that = @M). Since (M )6 C andM
is a graph, thenM satis es the éW condition. So, it sati es the C%)W condition too.

We will apply [CN13bl Lemma 1] to M which satis es the RW -condition. This will
provide

NT . :=[ (X+RW.) (x+RW-) M

and [ n 0
My :=R*n  (X+RW.) (x+RW-.) NS¢
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Note that M . satis es the inner %W . inner conditionand M . ; the %W . outer condition
and that @ - and @M- both converge to@M in Hausdor distance.
SinceM satis es also theRW -condition, the same lemma in [CN13b] provides

M .. ::[ (x+RW.) x+RW.) M

and

n __ o0
M. = Rzn[ (x+RW.) (x+RW-.) M :

As before,M . satis es the inner RW . inner condition and M .- ; the RO . outer con-
dition and their boundary both converge to @M in Hausdor sense.
To see that the localization does not depend on, we need the

Lemma 4.2. There exists 1 > 0 such that for every; 96 1, there exists"; > 0 such
that for every " 6 "y,

M o= M

and
Mor =M.

Before proving this lemma, let us conclude the proof of Lemm@a 4l1. We proved that
for eachxo 2 S, there exists ¢ such that for every 6 o, the construction of M -~ does
not depend on (with the de nition above). By compactness, we have a uniform , (for
the whole curve) such that the di erent

M ;"

which corresponds to every point ofu(S?) can be connected.
Let us now de ne u-. By compactness, one has a nite number of; = u(xj) and ;> 0

such that
p

u(sth) = [ @M\ B (yi):
i=1

For every i, there exists ; such that
@M\ B (yi) = u([xi i;xi+ i]);
with X; i <Xi 1<Xi<Xj 1+ i.Then,wesetu.i.:[xi X+ og]! szy

ub (xi) = 4i, wherey; 2 M .- realizes the distance betweeni(xj) and M .- :
For x 6 x;, we setu'(x) is the pointy 2 M .- such that

dy . (y;u(xi)) = dum (u(x);u(xi));

whose distances are negative i < x ; and positive if x > X :
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Then, thanks to the Hausdor convergence ofM . to M , we haveu!. ! Ui i+ 41 10
LY
S
We can now buildu. Let ' ; be a partition of unity adapted to S*= " Jx;  i;xi+ il.
We de ne X _
Us = 'iuh:

The function u- shares the same regularity as theu!, it is therefore Ct1. As we clearly

have X
u= Vil it )
the fonction u- converges tou in L (S%).
Let us now show that w a.e. Let xo 2 S? such that @Qu exists aroundxg (the

angles are isolated points so this assumption is satis ed almost everywhere), lgg = u(xp)
and let M (yo) the corresponding graph (such thatu([xo ;xo+ ) @1 (Yo)). We
also introduce, as before, the correspondintft - and M . .

First, we show that for everyyy ! yo with y5 2 @4 .+ the normal vector ~(y,) to M ..
at y, converges to (xo): Indeed, either M « and M coincide aroundyp and nothing has
to be done, ory, belongs to an arc of a Wul shapeRW .. In the last alternative, we
just have to notice that the RW . are convex and lie on one side a® M, which forces the
tangent line to RW . at y, to converge to @Qu(Xo): The same is true with normal vectors.

We now prove that the same result holds fory, 2 @ » with yo ! yo. Let y§ be a
sequence of points belonging té/ .- . where", ! 0 and such thatyg ! yo: Then, either
y§ 2 @M (and nothing has to be done) oryg 2 @ « (just apply the rst point) or yg
belongs to the boundary of a Wul shapeRW . which Hausdor converges to the Wul
shapeRW which (thanks to the RW -condition for M ) lies on one side of@ M and whose
boundary containsyp: Since with this assumption,yg 6 yo, the latter is smooth at yg and
its tangent space coincide withspan@u(Xg). As a result, we have convergence of normal
vectors. Finally, we take y, = u-(Xo) to conclude the proof.

We will now prove Lemma[4.2. We will need the

Lemma 4.3. Let K; K be a set of strict convex compact subsets which are symmetric
with respect to the origin and which converge to a sé€. Let 2 (0;1), yi 2 @K which

converges toy 2 @Kand ;! 0. We introduce

wy Yi.
| M
Then, @L intersects @K in two points P;; Q; which both converge toy.

Li:= Ki+(Q v+

Proof. First, let us prove that d(P;; Qi) ! 0: If not, then there exists > 0 and a sequence
(still denoted by i) P; and Q; such that d(P;; Q;) > . One can assume that?; ! P and
Qi! Qwith P;Q2 K and d(P;Q) > : Noting that

Li! L= K +(1 )Y

one has alsd?;Q 2 @LandL K: That implies that @Kand @ Lcoincide betweenP and
Q, which is not possible by strict convexity. Since@L\ @K= fyg, the shared limit of P
and Q; must bey. O
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Figure 4.1: Step 1 con guration

We are now able to prove Lemm2. We only prove the coincidence bt -« (the other
equality if proven similarly).

Step 1. The Wul shape W has no straight edge. We refer to Figure[4.] to follow
this step of the proof.

First, let us assume that the Wul shape W has no straight edges. ThenW is strictly
convex. As a result, RW and ROW cannot see their boundary coincide. That implies
that M and ROW cannot see their boundary coincide either.

Let yo 2 M and ¥ a point of M - which is closer toyp than any other point of Vi o
Then, either § = yp or ¥ belongs to an arc” of W-, a translation of RO .-Wul shape,
and which touchesM at two points T; and T». In the last alternative, let us show that
Ty;To! yoas"! O

To this aim, let us introduce y a point of M. which is closer toyo than any other point
of M .. : The point y belongs to an arc™of W-, a translation of the RW .-Wul shape,
which touchesM at two points 1 and , (for curvature reasons,T; is betweenyg and ;:
see Figur).

Then, " and ~crosses at two points 1; 2 such that ; is between ; and T; (see Figure
2.3

Then, Lemma applied withK; = W-, L; = W- andy; = ¥ shows that 1; 2! :
On the other hand, the points T; stand between ; and § on W-. That implies that they
also converge toyo. As a result, if ; %are xed and su ciently small, we can nd " small
enough such that the construction aboveM . and M o coincide (one can choosé such
that the corresponding T; stand on a neighborhood ofy whereM and M - coincide). This
is Lemmal4.2.

Step 2. The point yg belongs to a straight line of RW . Now, let us study the
straight lines in W. Since the construction above is local, if the Wul shapeRW . which
touchesM at yp has no straight line aroundyp, one still can build M .- satisfying the
RA . condition for su cently small as in Step 1.

So, let us assume thatl’ is aROW Wul shape tangentto M at yo (from inside) and
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yo belongs to a straight line of W. Then, either y, belongs to the interior of a at edge
of W which implies, sinceM satis es the RW -condition for both inside and outside and
sinceW is symmetric, M must also have a at edge atyg, or yg belongs to an end of a
line, as we assume from now.
Will still have to distinguish two alternatives:
Assume that yp belongs to the end of two (distinct) straight lines of W which create
an angle, and let, as beforey be a point of M -~ which minimizes the distance to
y. Once again, eithery = y or ¥ belongs to an arc” of W9 a translation of the
approximate Wul shape RO . which touchesM at two points 1 and » (see
Figure [4.2). Note that because of the Hausdor convergence, the curvature of the
RO . Wul shape at ¥ musttendto +1 as"! 0:Asaresult, if M has a bounded

curvature at yo, then M - = M nearyp.
Now, if M has an angle atyo, either M coincide locally with W or not. In the
rst alternative, for a su ciently small , M is exactly the union of the two lines.

As a result, M .~ does not depend on when the latter is small enough, and the
statement is proven.

Let us assume now thatM coincides with W only on one side* of y. Then the
approximate W. (W- is a translated RO . Wul shape which converge Hausdor

to W) touchesM at only one point (see Figur).

Thanks to the symmetry of W and the RW outer condition for M , we have 12 °

and so
1= + -
and
Wo=W. + r.n-:
Let us show that 1; 2 I ywith "1 0 If that were false, there would exist a
sequence’; ! Oand 4! 6 y: Since @M does not coincide with the Wul

shapeW, d(; W))= > 0: As aresult, r cannot go to zero (it is bigger than 5 for
i large enough). Letf* be a limit point of r. That would imply that

W+ M

which cannot happen because of the angle.
Finally, if M does not coincide at aIIW, one has a situation as in Step 1 and we
conclude similarly.

Assume now that yp belongs to the end of one straight line ofRW . If there is
an angle of W at yp, then we can reproduce the last argument and have the same
conclusion. If there is no angle, one has to distinguish between two alternatives:
either M coincide with the straight edge or not. In the rst case, one can reproduce
the proof of the bullet above and get the similar conclusion (note that even if there
is no angle,yo+ n- has no chance to belong taV becausey, is at the end of the
line and M sati es the outer RW condition where W is symmetric).

If M does not coincide withW locally, then the Wul shape W- touchesM at
1, 2 (depending on"). By contradiction (as in Step 1), we show that 1.2 have to

tend to yp and we have Lemmd 42.
O
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Figure 4.2: Step 2 con guration

4 Smooth motion

In this whole subsection, we replace by - and drop the index": Thanks to [Ang90,
Th 3.1], there exists a smooth solution to [(4.7) on an intervalle[0; T-).

Lemma 4.4. The following holds

@a()= @@\)+ () *@0) (4.9)
=0 () )s (4.10)
t= () )s (4.11)
t=(C () )ss+ () ° (4.12)
t=(C () )s (4.13)

Proof. Let f : S'! R? f = f(x;t). Then, we compute (we note that the derivatives inx
and t can commute)

@ar = @ @f  _  (ux; ux) @f + @@l

juxj juxj3 jux]
= @ () ); )@Hju@i@f
= () %@f + @@r:

Applying this formula to the other quantities, we get

1= @@u)= @@u+ ()*@=@ () )+ ()2 =(())s:
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We prove the third formula similarly.
Writing =( s; ), we get

t=(@s; )+( s;@):

Since g is proportional to and ¢ is proportional to , the second term vanishes. We
obtain

t= @ () )s)+ () %si =( () )ss*t ()=
Finally, recalling that = (cos ; sin ), one has { = (sin; cos ), which implies the
last formula.
O

Remark. For an embedded closed curve moving by ACSF we have that the rate of decrease
of the area enclosed by the curve goes like

d

—A(u(;t) = ds:

GAuGm =
(The proof is based on Gauss theorem + previous Lemma). In particular for the CSF we
have that %A(u( 1) = 51 sds = dierence of the normal angles at the meeting point.
If > 0then in the anisotropic case we infer that%A(u( 1) C 41 sdsand therefore
an analogous statement holds.

For the evolution of the derivatives of the curvature we have

Lemma 4.5. Forj 2 N,j 1we have
@@)= (N@)s+(i+3) 1) (@ )s
+P(; % %9 9@ +P(; % 0@ ) (4.14)

whereP () is a polynomial in the given variables and (™ = @

Proof. The proof is by induction on j and relies on Lemmg 4.4 and the fact that ( )s =
1) - O

Lemma 4.6. Let w:=log juxj. There holds

we = ()k% (4.15)
In particular kuy(t)ky Kk uyx(O)ky .
Proof. A direct computation gives
W= @Qup = () s= ( )k?:
The second statement follows from 0. O

Note that if we have a bound on the curvature, then from w; C(k ky ;k ki) we
also infer that juy(t)j  (inf g1 jux(0)j)e Ck ki ik ki)t
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Lemma 4.7. Assume that (4.7) has a smooth solution or{0; t], with t > 0. Then

max j@j Ci
o [0;t]J@ J j

where C; depends ont, k Ok; for I =0;:::;j +2, Cyfor I j 1, k@ (O)k; , and
maxs: o] |-

Proof. The proofs goes by induction onj. Let v= @ . Then from Lemma we know
that

i= (st (i +3) )vs+ P & 05 v+ P Soin 095mmal b

(where recall that @ = ﬁ@ and vgs = ﬁvxx WS %) Togetherwith (1) ¢>0
(the anisotropy is uniformly elliptic), we obtain a parabolic quasilinear equation for which
we can apply the arguments given in[[Lie05, Thm. 9.5] (cf.[[Lie05, ex. 9.5] for the case
j =1).

More precisely let us look at the case wherg 2. Without loss of generality we may
assume that there exists a point(x;t) 2 S* (0;t] wherev attains a positive maximum (if

not argue with v). Then v satis es an equation of type

0= wvi+ ()vsst a(s;v;vs)
where, in view of the induction hypothesis, we have thata(s;v;0) c(jvj+1) jvj+ i
with posistive constants and depending onk (Vk; forl=0;:::;j+2,C forl | 1,
and maxs: [oq) J. Set = 1. SupposeP = (x;t) 2 St (0;t] in which m := elv
attains a positive maximum. Thenm; = e 'v+ etv, and at P we havemy = m; =0
(thus mg=m; = v =0), myx O (thus mgs 0O,vss 0). At P (wherev > 0) we have

0= wvit+ ()vsst a(s;v;vs) Vi + jvj+j7j=( + )V+V= V+VZ

Thus v(P) P and we infer that

p_
sup v e VY +sup vt (0)):
st (o] st

Arguing with v we get a bound also orv and therefore onjvj.
For the casej = 1 we have thata(s;v;0)  c(jvj2 + jvj+1)  c(jv3j + jvj + ﬁ) =

(jvj+ ﬁ where ( r) = cr(1 + r). Here use the results from[[Lie05, ex. 9.5]. O

Proposition 4.1.  Let T be the maximal time of existence of#.7) and assume thafl < 1 .
Then

imk ky =+1:
T
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Proof. Assume by contradiction that j j is uniformly bounded for all t 2 [0; T). Then the
previous lemmas imply a uniform bound onjuyj, juxj * andj@ j. As a result, writing

0
u(s;t) u(sit) = () RN 6 ()

t

the bound on implies that this integral has a limit when t°! T. It remains to show that
the convergence ofi( ;t9 is in fact in C' : We will proceed by induction.
First of all note that for a function h:S'! R we have that

Di erentiating the PDE for the length element z = juyj, hamely
z= () %z
we get equation of type
(@'2) = bix;)@'z + a(x; 1)

with jaj and jb uniformly bounded by induction hypothesis. Integrating in time and
applying Gronwall's lemma, we infer a uniform bound onj@'juxjj and as a consequence
also onj@'uyj. Thus we have aC' convergence and we can extend past T (Thanks,
once again, to [Ang90, Th 3.1]), which gives a contradiction. Thus we have proved that

limsupk kix =+1:
t T

O

Now, let us state a remark which shows, as it happens in the isotropic case, that the
blow up rate of the curvature is bounded by below. Even if we will not use it here, it opens
the way to a more complete study of singularities.

Remark. SupposeT < 1 . Then

T 1
|IET!1I_Ir_1f T tk k1 92: (4.16)

where =maxgj + 9.
Proof. Let w:= 2. Then from (#.12) we infer that
W= (Owes+2( ()+ 0 )w2+3 Y )ws" wsign( ) 2 ( )(ke)?
(Owes+2( ()+ 0 )w2+3 4 )ws" wsign( ):

Let M (t) := max g1 w. Then evaluating the pde-inequality for w at the point (x;t) for
which M (t) = w(x;t) gives, for almost everyt,

SMm 2+ MY 2m 2,

where =maxg:j + 9. The rest follows as in [CN13&a, Lemma 2.6]. O
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The anisotropic curvature does not blow up in short time. Let recall that :=
( + °9: We denote byh the quantity + ©°9 Then,

@ =@h)=hi@( ())+ 31+ h%@ ())
=h@ *° <)+ 2 ()I1+h¥ 2% 5)

:h(3 S O+ 3 00+ s + 3 )+ 3h0 O+ Sho

whereas
@ =@h)=@(sh+ Y= g h+3 sh% 3n®
Noting that
2
@ @)= @ @ (@)

we get

2

(@ @ss)?z ssh+3 sh0+ 3n00 (@ )2
+ hB % % 0% o+ 3 )+ 3004 O

= s (% 2n%)+ 3 +h%%n°% n% (@ )*
Now, note that
0:(h )O: hO +h O;
00— KOO 4 9RO Oy |y 00
we obtain
3h © 2h® =3h? %+ hh°
and

h +h %h0 0 h 0= h2 +hh% +2hh0 % h? %4 (h92 +hh © hh® = h3+3hh0 %(h9Y2:

As a result,
2
(@ @s)5 = s (@ %+hh®)+  3(h*+3hh°°+(h)?) (@ )*

Since
@ = (sh+ 2h9;
we can write

2
s (3h* %+ hh%)+ 3 (3hh° %+ (h%? )=3 h %+ h° )@k%

which yields
? kg® | 4
(@ @s)56@h °+h® H@—-+ *
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At a maximal point for 2, the quantity @ 2 vanishes and@s 2 is nonpositive. As a
result, letting g := maxs: 2, we have $g6 292, which implies

90)

g(t) 6 1 2i9(0) (4.17)

and, sinceg(0) 6 (C92, prevent  from blowing up on the time interval [0; 2(%02):

4.1 Crystalline curvature ow

We denote by Tp the quantity 30% We now pass to the limit in the " approximation
of the ow u" we built in the previous subsection. First, thanks to Lemma[4.6 and the
approximation lemma[4.1, the collection ofu” is equi-Lipschitz in space. Thanks to [(4.1]7),
it is also equi Lipschitz in time on every compact set of[0; T): Then, thanks to Ascoli
Arzela, we can makeu’ converge to someu, up to a subsequence.

Let us show that u is a solution to the crystalline mean curvature motion. More
precisely

Theorem 4.1. Let u be a limit of u- and let & be a reparametrization ofu by unit arc
length (we denote byl (t) the length of u(S')). Then, there exists a vector eld r on
M := u([0;L(t)];t) such thatr 2 L! ([0;L(t)] [O;T]), m is Lipschitz in s and satis es
(n) =1; and such that
#, = ()divh

almost everywhere in(s;t); whereu;? denotes the component ofi; which is normal to the
surface.

Before proving this theorem, let us state a standard but useful remark.
Remark. The Cahn-Ho man vector eld n- satis es

@n-=(@n- ) -

Indeed, if we consider di erentiate the identity

(n)y=1

along the curve, we obtain
r (nv) @n-=0:
On the other hand,
1
r (n)=r (r ")) = '
()= (0 (D= 5,

which leads to

@n- =0:

Proof of Th. First, let us say a word on reparametrization. We also denote by the
reparametrization of u- using unit arc length s (s 2 [0;L-(t)]). Sinceu- ! u uniformly
and u- are equi-Lipshitz, we haveL-(t) ! L(t):
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Let us now introducen- := r .( ») where -(x;t) is the Euclidian normal to u-(S?):
We denote by R+ the composition of n+ with the reparametrization above. We will show
that it converges to somer which satis es the expected properties.

First, let us prove that r- is Lipschitz with respect to s. Let us x a compact j0; a]

[0; T): Thanks to (4.17), the surfacesM!; for t 2 [0; a], have a bounded --curvature whose
bound does not depend either orf orint 2 [0;T]:
Now, just notice that thanks to the remark before,

C=div()=(@v ) = @

which implies that r- is Lipschitz with a constant which does not depend orf andt 2 [0; T]:
Let us now pass to the limit in the equation

()] = ( )diva

Let us notice that - ! uniformly whereas - ! almost everywhere. In addition,div A«
is bounded (sincer- are equi-Lipschitz) so weakly converge in.?(s;t) to divA. Similarly,
(a){ weakly converges tod : As a result, the equation

(4)” = ()divn

is satis ed distributionnaly and therefore almost everywhere.
O

Remark. Whereas uniqueness is guaranteed in the case of an embedded curve (see [CN13b]),
with our framework, it remains an interesting problem.
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Evolutions de courbes et surfaces pour le traitement d'images

L'objectif de cette these aet detudier dierents probemes apparaissant naturellement en traitement d'images

et mettant en jeu des hypersurfaces de I'espace euclidiena dimensions. Debruiter une image consiste essen-
tiellementa en lisser les lignes. Ce lissage peut apparatre soit comme le esultat d'une minimisation d'une

fonctionnelle, soit comme l'application d'un ot egularisant sur les lignes de l'image. Dans ce manuscrit, nous

etudions deux exemples de ces deux approches.

Dans le chapitre 1, on lisse par minimisation et on s'ineresse a la egularie de la solution. Plus
peciement, on travaille sur des gereralisations de la minimisation proposee par Rudin, Osher et Fatemi
qui enalise la variation totale. On cherche a montrer que sous dierentes hypotteses sur le domaine,
les conditions d'attaches aux donrees ainsi que le choix de la variation totale (isotrope, anisotrope,...),
la continuie de l'image obsenee se transmet forement au minimiseur, ce qui montre que le debruitage
par minimisation ne vas pas faire apparatre de discontinuie non obsenee.

Dans le capitre 2, onetudie le ot par courbure moyenne gventuellement anisotrope), qui est connu
pour avoir un e et egularisant [AGLM93].l On y ajoute des obstacles. L'approche choisie est celle des
lignes de niveau : la surface est I'image eciproque de 0 par une fonction qu'on faitevoluer. On cemontre
existence et unicie d'une fonction solution (de viscosit) de lequation du mouvement par ligne de niveau
et onetudie son asymptotique en temps en la comparanta un mouvement minimisant discret.

Dans le chapitre 3 (travail en collaboration avec M. Novaga), on pecise le esultat du chapitre 2 en
etudiant le meme probeme mais sous forme georretrique (ce qui est nettement plus pecis que I'approche
ligne de niveau). On suit I'approche de Ecker et Huisken pour montrer qu'il existe une unique solution
au mouvement par courbure moyenne avec obstacles en temps court.

En n, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi), on fait un premier
pas vers letude geonetrique du mouvement anisotrope (on pourra en particulier traiter les anisotropies
cristallines). Uniquement restreintsa la dimension deux, on montre, en |'approchant par un mouvement
lisse, l'existence d'un mouvement par courbure anisotrope d'une courbe immergee pour un temps petit.

Curve-and-surface Evolutions for Image Processing

The goal of this manuscript was to study several problems which appear in image processing and which involves
hypersurfaces of the Euclidian spaceR". Denoising a image basically consists in smoothing its lines. This
smoothing can appear either as a minimizer of a suitable functional or result from a regularizing ow on the
level sets of the image. In this thesis, we study two examples of these approaches.

In the rst chapter, we smooth by minimization. More precisely, we work on generalizations of the
procedure suggested by Rudin Osher and Fatemi, which penalizes the total variation. We prove that
under di erent assumptions on the domain, on the way to link the image to the data and on the choice
of the total variation (isotropic, anisotropic,...), the continuity of the source image is preserved by the
minimizing procedure.

In Chapter 2, we study Mean curvature ow and add some obstacles which constraint the evolution. We
choose the level-set approach: the surface is the preimage of 0 by a function which therefore satis es
a PDE. We prove existence and uniqueness of a (viscosity) solution for this equation. and study its
asymptotic in time using comparison with a discrete minimizing scheme.

In Chapter 3 (with M. Novaga), we add some information to the result of Chapter 2 by focusing on the
geometric formulation of the mean curvature ow with obstacles. We follow the approach by Ecker and
Huisken to show that there exists a unique solution of the motion in short times.

Finally, in the last chapter (with M. Novaga and P. Pozzi), we make a rst step towards the understanding
of crystalline motion. Restricted to the planar framework, we show (using an approximation by a smooth
motion) that there exists a short time of existence for an anisotropic curvature motion of an immersed
curve.
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