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Introduction

Ce manuscrit est divisé en deux parties assez indépendantes. Aussi, nous avons choisi
de respecter cette division dans l'introduction. On commencera par un bref résumé des
travaux présentés dans les quatre chapitres de ce manuscrit. Nous introduirons ensuite
les notions de géométrie différentielle utilisées dans ce manuscrit puis nous examinerons
différents points de vue sur I’'objet courbure moyenne.

Les sections 4 et 5 présenteront ensuite les résultats de ce manuscrit, en respectant la
structure de celui-ci. La premiere exposera le contexte et les résultats du premier chapitre
et la seconde introduira et résumera les chapitres 2 a 4.

1 Résumé

L’objectif de cette these a été d’étudier différents problemes apparaissant naturelle-
ment en traitement d’images et mettant en jeu des hypersurfaces de I'espace euclidien &
n dimensions. Débruiter une image consiste essentiellement & en lisser les lignes. Ce lis-
sage peut apparaitre soit comme le résultat d’une minimisation d’une fonctionnelle, soit
comme ’application d’un flot régularisant sur les lignes de I'image. Dans ce manuscrit,
nous étudions deux exemples de ces deux approches.

— Dans le chapitre 1, on lisse par minimisation et on s’intéresse a la régularité de la
solution. Plus précisément, on travaille sur des généralisations de la minimisation
proposée par Rudin, Osher et Fatemi qui pénalise la variation totale. On cherche
& montrer que sous différentes hypothéses sur le domaine, les conditions d’attaches
aux données ainsi que le choix de la variation totale (isotrope, anisotrope,...), la
continuité de I'image observée se transmet forcément au minimiseur, ce qui montre
que le débruitage par minimisation ne vas pas faire apparaitre de discontinuité non
observée.

— Dans le capitre 2, on étudie le flot par courbure moyenne (éventuellement aniso-
trope), qui est connu pour avoir un effet régularisant [AGLM93]. On y ajoute des
obstacles. L’approche choisie est celle des lignes de niveau : la surface est 'image
réciproque de 0 par une fonction qu’on fait évoluer. On démontre existence et uni-
cité d’une fonction solution (de viscosité) de I’équation du mouvement par ligne de
niveau et on étudie son asymptotique en temps en la comparant & un mouvement
minimisant discret.

— Dans le chapitre 3 (travail en collaboration avec M. Novaga), on précise le résultat
du chapitre 2 en étudiant le méme probleme mais sous forme géométrique (ce qui
est nettement plus précis que l'approche ligne de niveau). On suit approche de
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10 Introduction

Ecker et Huisken pour montrer qu’il existe une unique solution au mouvement par
courbure moyenne avec obstacles en temps court.

— Enfin, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi),
on fait un premier pas vers I’étude géométrique du mouvement anisotrope (on pourra
en particulier traiter les anisotropies cristallines). Uniquement restreints a la dimen-
sion deux, on montre, en 'approchant par un mouvement lisse, 'existence d’un
mouvement par courbure anisotrope d’une courbe immergée pour un temps petit.

2 Une bréeve introduction a la géométrie des hypersurfaces

Dans cette partie, nous tdchons de rappeler des notions élémentaires de géométrie
différentielle qui nous permettront de définir correctement la courbure moyenne d’une
hypersurface, ainsi que la plupart des notions qu’on utilisera dans ce manuscrit. Ces notions
sont classiques et cette partie peut-étre sautée. Le lecteur souhaitant avoir un peu plus de
détails peut, dans un premier temps, se référer a [dC92| qui me semble constituer une
excellente introduction. Pour une approche plus avancée et plus exhaustive, on pourra lire
[Wil93] qui traite des variétés abstraites en toute généralité (ce que nous ne ferons pas ici).

2.1 Définition et plan tangent

Dans toute la suite, on considerera uniquement des hypersurfaces (sous-variété de di-
mension n— 1) de R™. Dans toute cette introduction, on travaillera avec des objets C*°. On
rappelle qu'une sous-variété de dimension n — 1 est un sous-ensemble de R™ qui satisfait
(définitions équivalentes)
— Pour tout @ € M, il existe un voisinage V de a dans R™ et un difféomorphisme
@ :V — R" qui envoie V N M sur un ouvert de R* 1.

— Pour tout a € M, il existe un voisinage V' de a dans R™ et un paramétrage F : ) C
R"~! — R telle que F(Q) =V N M.

— Pour tout a € M, il existe un voisinage V' de a dans R" et une submersion f : V' — R
(application C! de gradient ne s’annulant par sur V) telle que M NV = f~1(0).

On rappelle que M est munie en chaque point p d’un plan tangent (un hyperplan
de R™) T, M. Un vecteur de T,M est appelé vecteur tangent a M en p. L’ensemble des
couples (p,z) tel que x € T,M est noté TM et est appelé fibré tangent & M. En effet,
sim: TM — M est la premiere projection canonique, alors pour tout p, la fibre 771(p)
est exactement ’espace tangent & M en p T, M. Ainsi défini, TM est une sous variété de
R?" de dimension 2(n — 1). En effet, en utilisant la définition 3 de sous-variété, il existe un
voisinage V de p € M et f telleque M NV = f(_l)(()). Alors, on remarque que

TM OV xR") ={(p,t) € M xR", | f(p) =0, Dfy(t) = 0},

et que I'application (p,t) — (f(p), Dfp(t)) a une différentielle surjective, c’est-a-dire exac-
tement que TM est une sous variété de R?" de dimension 2n — 2.

On appelle également champ de vecteur toute application lisse X : M — T'M qui a p,
fait correspondre un couple (p,t) EI Avec les mains, ceci signifie qu’on fait correspondre &

1. Méme si la terminologie ne sera pas utilisée ici, on dit que X est une section du fibré tangent T'M.



Une breéve introduction & la géométrie des hypersurfaces 11

tout point de M, un vecteur tangent & ce point, et que cette correspondance est lisse. On
note =M D’ensemble des champs de vecteurs sur M.
En tout point p de M, on dispose d'une base naturelle de T, M en étudiant les dérivées
du paramétrage
€; — (%F .

Comme DF est injective, les e; forment bien une base de T,,M.

On appelle également vecteur normal & M tout vecteur orthogonal & T,M. Lorsque
I’on parlera de vecteur normal dans la suite, il sera considéré unitaire et, lorsque la sous
variété est fermée, dirigé vers l'extérieur.

2.2 Meétrique sur une hypersurface

On souhaite maintenant pouvoir mesurer des distances sur M, distances dont on sou-
haite qu’elles proviennent de la métrique de ’espace ambiant. On dispose donc naturelle-
ment d’un produit scalaire sur ’espace tangent (comme sous-espace de R™). On peut ainsi
définir la longueur d’une courbe v : [0,1] — M par

1
L(y) = /0 /() dt.

Cette formule a parfaitement un sens car pour tout ¢ € [0, 1], 7/ est un vecteur tangent a
M il a donc une norme. On peut donc définir la distance entre deux points a et b de M
via
d(a,b) = inf L(7).
v(0)=a
v(1)=b
Ainsi, la notion de distance ne dépend que du produit scalaire sur 7, M. Pour calculer,

on peut donc exprimer le produit scalaire sur 7,M dans la base des (e;). On note cette
matrice

9ij(p) = (€i, ;) = (O;F, O;F)

et on l'appelle métrique sur M en p. Remarquons alors que cette matrice est lisse par
rapport a p.
On introduit aussi la matrice inverse de [g;;] qu’on note, comme il est d’usage, [g"].

2.3 Dérivation sur une hypersurface et courbure

Pour définir la courbure, il est nécessaire de pouvoir dériver sur M. Expliquons brievement
comment. Tout d’abord, si f est une fonction sur M, comme un voisinage V' de p dans M
peut étre envoyé de facon difféomorphe par ¢ sur un ouvert de R"~! tel que ¥(0) = p, on
peut définir I'application linéaire D, f : T,M — R par

Dyf-h=Do(f o) (Doyp™" - h).

On vérifie alors aisément que cette définition ne dépend en fait pas de 1. Pour dériver un
champ de vecteurs tangents, la situation est moins simple. Prenons par exemple un cercle
dans R3. Si I'on veut appliquer la formule utilisée pour les applications pour dériver le
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vecteur tangent au cercle, on obtient un vecteur orthogonal au cercle. Ceci traduit que du
point de vue du cercle, le vecteur ne bouge pas. La notion qui apparait ici est la notion de
dérivée covariante, qui correspond & la reprojection de la dérivée classique (dans 'espace
ambiant R™) sur I'espace tangent T,,M. Donnons quelques définitions abstraites

Définition 0.1. Soit M une sous-variété de R™. On appelle connexion sur M une appli-
cation

V:EM xEM — =M, (X,Y)— VY.

qui vérifie, pour toutes fonctions f et g sur M,
— fo+gyZ = fVxZ+gVyZ
— Vx(Y+2)=VxY +VxZ
— Vx(fY) = fVxY + X(f)Y, ou X(f) désigne la dérivée de f dans la direction X .
Cette connexion est dite symétrique si

VX,Y € EM, VxY —VyX =I[X,Y], (1)

ou [X,Y] désigne le crochet de Lie de (X,Y), c’est-a-dire le vecteur défini comme
agissant sur une fonction f via

(X, Y]f = X(Y () =Y (X(f))
La connexion que 'on va utiliser dans la suite est définie dans le

Théoreéme 0.1. [ existe une unique connexion symétrique compatible avec la métrique,
c’est-a-dire telle que pour tous champs de vecteurs X,Y,Z, on a

X(Y,Z2)=(VxY,Z)+ (Y ,VxZ). (2)
Cette connexion est appelée connexion de Levi—C@'vitaH.
Il est & noter que pour tout tenseur A, on a
VxAXY - XP) = ox (A(XY, - XH))
—AVxX, Xo, - XF) — o AXY - XL U XR) (3)
Cette définition permet de définir une géodésique.

Définition 0.2. Une courbe 7 : [0,1] — M, de champ de vecteur tangent 0y = CC% est
appelée géodésique si
Vo0 = 0.

On a maintenant tous les éléments pour définir le tenseur de courbure.

Définition 0.3. Le tenseur de courbure R associe a tout couple de champs de vecteurs
(X,Y), une application de EM — EM définie par

R(X,Y)Z =VyVxZ -VxVyZ —VixyZ.

2. Tullio Levi-Civita (1873 — 1941), mathématicien italien.
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La courbure indique donc un défaut de commutativité des dérivées covariantes. Si M
est un hyperplan de R", ce tenseur est clairement nul.

On va maintenant définir la seconde forme fondamentale, qui est d’une autre nature
que les objets définis jusque-la. En effet, elle n’est plus intrinseque & M. Soient X et Y
deux champs de vecteurs sur M. On définit alors 'application bilinéaire symétrique (ces
deux propriétés viennent directement des axiomes définissant une connexion symétrique, et
du fait que [X,Y] = [Xy, Y| comme agissant sur les fonctions de M) A : T, M x T,M —
(T,M)* par

AX,)Y) =0gY — VxY (4)
oll & désigne une extension de o & un voisinage de M dans R" et Oy désigne la dérivée
selon X dans R™ (on aura pu aussi noter VX"). On peut noter que la définition de A

ne dépend pas de l'extension X (ni, par symétrie, de celle de Y) choisie. En effet, si
X = Z?:_ll X;0; + X,,0, avec 0; tangents & M pour i <n —1, on a

VYOé = XZ‘VaiCK.
Or, sur M, X,, =0, car X = X, et ce pour toute les extensions de X possibles. De fait,
seule la composante tangente de X compte ici.
2.4 Calculs en coordonnées

Dans toute la suite, la plupart de ces notions seront utilisées uniquement en coor-
données. On dispose donc d’une famille de champs de vecteurs coordonnées (dans le cas
d’une paramétrisation F' de M telle que F'(z¢) = p), on peut par exemple choisir la famille
des 0;(p) = 0;F(x¢). Par hypothese sur F', en tout point ¢ autour de p, les 9;(¢q) forment
bien une base de I’hyperplan tangent 7; M. Complétée du vecteur v normal & M, on dispose
d’une base de R".

Commengons par exprimer la connexion de Levi-Civita dans cette base. Dans la suite
on notera V; pour Vy,. Tous vecteurs X et Y de T),M s’écrivent

X =X'0; et Y=Y0,.
Alors
VXY = Vyip, (Y70;) = X'V;(Y79;) = X'0,(Y7) 0,4 X'YIV;(9;) = X(Y7)0;+ X 'YIT};0.
Les I’fj sont appelés symboles de Christoffel et sont déﬁnisﬂ par

Vi0; = T;0%.

3. On peut en fait les calculer explicitement en écrivant, d’apres la compatibilité avec la métrique (2))
i (Ok , 0j) = (Ok , Vi05) + (ViOk , ;) ,

8j <8~L, 8k> = <8~L7 V]8k> + <VJ6“ 8k>
et
Ok <8j s 31> = <8j s Vk&) + <Vk8j s (‘)l> .

Sommant les deux premieres relations et privant la somme de la troisieme, on obtient

0i (Ok , 0;)+0; (0i, Ok)—0k (05 , 0i) = (Ok , Vi0;j)+(ViOk , 0;)+(0i, V;0k)+(V;0;, Ok)—(0; , Vi0i)—(V0;, i) .
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La seconde forme fondamentale peut également se décomposer en coordonnées. En effet,
pour X = X'0; et Y =Y79;, on a

AX,Y) = X'YIA(0;,0;) =: hiy XYY,

Opérateurs différentiels sur M. On peut définir, comme dans l'espace euclidien, des
opérateurs différentiels usuels sur la sous-variété M (ces opérateur ne dépendent en fait
que de la structure de variété sur M).

Définition 0.4. Soit f : M — R. On appelle gradient de f enp € M le vecteur V f € T,M
défini comme le représentant de D,f € L(T,M,R) par le théoréme de Riesz, c’est-a-dire
qu’il vérifie : pour tout t € T,M, on a

En coordonnées, il s’écrit donc
(V)i = g0, .
On définit également, pour un champ de vecteurs X sur M, la divergence de X comme
trace de Uapplication Y — Vy X dans T,M. Ainsi définie, elle s’écrit

divy X = ¢70; X"
Enfin, on définit le laplacien comme Af = div(V f) qui s’exprime en coordonnées par
Af =g70;f.

Pour un tenseur T, c’est
AT = g™V, V. T.

Coordonnées normales géodésiques. Ces coordonnées, extrémement pratiques pour
faire les calculs, peuvent étre définis en tout point p € M de la facon suivante. Soit
(e;) une base orthonormée de T, M. On peut montrer 'existence d’une unique géodésique
v :[0,1] — M passant par p et ayant une vitesse v € T, »M en p, et ce pour v suffisamment
petite. On appelle alors exp,(v) le point v(1). Ainsi définie 'exponentielle est lisse et est un
difféomorphisme d’un voisinage de 0 dans 7,,M sur un voisinage de p dans M. On définit
alors des coordonnées en définissant 1’application

(T1,7++ ,Tn—1) > exp, (Z Irz'ez‘) )

D’apres la symétrie de la connexion et le fait que comme 0; sont des champs de vecteurs coordonnées,

on a [9;,9;] =0, ce qui impose V;0; = V;0;. On peut donc écrire

04 <8k s 6']) + aj <8Z, 8k> — Ok <8] s (91>
= (Ok, Vi0;j) +(ViOk , 05) + (0i, V;0k) + (Vi0; — [0i,05], Ok) — (05, ViOk — [0:, Ok]) — (V;0k — 05, 0k], i)
=2(0k, Vi0j).

Ainsi, on a
1
Tij = 5 (9igsk + 039ik — Ongis) -



La courbure moyenne, un objet a plusieurs facettes 15

sur un voisinage de 0 dans R®~!'. Comme la différentielle de exp,, en 0 est l'identité, on a
nécessairement, pour ces coordonnées

9ij(p) = 0ij.
De plus, les symboles de Christoffel s’annulent en p. En effet, les géodésiques coordonnées
définies par les équations x; = a's, ot s désigne la longueur d’arc, vérifient (en tant
que géodésiques) I'équation différentielle V 05 = 0, c’est-a-dire, en coordonnées, on a
Js = a;0;, donc ‘ , o o

V0 = azvi(ajaj) =a' 0y +I‘fja2a] =0.
—~—
=0

Ainsi, les Ffj sont bien tous nuls.

Remarque. Ces relations bien particulieres sont valables uniquement au point p (et abso-
lument pas dans un voisinage).

3 La courbure moyenne, un objet a plusieurs facettes

On présente dans cette partie 'objet courbure moyenne et on donne plusieurs points
de vue sur cet objet. Tous les résultats de cette partie sont classiques et la partie toute
entiere peut étre laissée de coté par les spécialistes de ces questions.

3.1 De la courbure linéique a la courbure moyenne

Dans La courbure des surfaces, publié en 1767, Euler fait la remarque suivante. « Pour
connaitre la courbure des lignes courbes, la détermination du rayon osculateur en fournit
la plus juste mesure, en nous présentant pour chaque point de la courbure un cercle dont la
courbure est précisément la méme. Mais quand on demande la courbure d’une surface, la
question est fort équivoque et point du tout susceptible d’une réponse absolue, comme dans
le cas précédent. Il n’y a que les surfaces sphériques dont on puisse mesurer la courbure,
attendu que la courbure d’une sphere est la méme qe celle de ses grands cercles et que
son rayon en peut étre regardé comme la juste mesure. Mais, pour les autres surfaces, on
n’en saurait méme comparer la courbure avec celle d’'une sphere, comme on peut toujours
comparer la courbure d’une ligne courbe avec celle d'un cercle; la raison en est évidente,
puisque dans chaque point d’une surface, il peut y avoir une infinité de courbes différentes. »

Nourrie de cette équivoque, c’est Sophie Germain qui, semble-t-il, est la premiere &
parler de courbure moyenne. Alors que les courbures principales au point P (courbures
maximale et minimale d’une courbe sur S et passant par P, qu’on note ici 1/f et 1/g)
étaient connues d’Euler, celui-ci donnait une formule pour calculer le rayon de courbure en
P de la section de S et d’un plan faisant un angle ¢ avec celui de plus grande courbure

F+9—(F —g)cos(29)

De fait, deux plans perpenticulaires qui définissent, en coupant S, deux courbes de courbure
r et v’ en P vont nécessairement vérifier

1,1 1,1
A
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Cette remarque légitime 'introduction d’une quantité égale & la moitié de cette constante :
la courbure moyenne. Il me parait intéressant de remarquer qu’ainsi définie, la courbure
moyenne est une quantité purement géomérique.

3.2 Au sens de la géométrie différentielle

Puisqu’on travaille ici en codimension 1, I'application A définie par (4]) est en fait, a
isomorphisme pres (qui correspond & un choix de normale) une forme bilinéaire symétrique.
On appelle courbure moyenne de M dans R™ la quantité %Tr A, la trace de A étant enten-
due dans n’importe quelle base orthonormée de T, M ﬂ Ses valeurs propres sont appelées
courbures principales et son déterminant, courbure de Gauss.

La courbure moyenne, comme plus haut, peut se calculer dans la base des (9;). Attention
néanmoins, comme cette base n’est pas orthonormée, elle se calcule grace a l'inverse de la
matricelﬂ [9i5], qu’on a convenu de noter [¢g%],

H= gijhij. (5)

Remark. Soit x le point courant sur M. Alors Ayx = —H (x)v, courbure moyenne de M
au point x. En effet, rappelons
X = F(.Tl, 'awn—l)a

on a N B B
g”VjVix = g”ﬁjaiF = —g”hiju = —Hv.

Ligne de niveau d’une fonction. Comme vu plus haut, une hypersurface peut étre
vue localement comme la ligne de niveau {u = 0} d’une fonction u : 2 C R™ — R dont le
gradient est non nul, c’est-a-dire M N Q = u~1(0). La normale & cette surface est alors

L Vu
|Vl

4. On retrouve ainsi la propriété, présentée plus haut, de conservation de la somme des inverses des
rayons de courbure découverte par Sophie Germain.

5. En effet, rappelons que si « est une forme bilinéaire symétrique, elle est diagonalisable (on note D la
matrice diagonale qui la représente) dans base orthonormée (e;) de R™. Si son expression dans une autre
base (f;) de R™ est la matrice C, alors D et C sont liées par

D = pCP"

ou P est la matrice de passage de la base (f;) a la base (e;). Comme (e;) est orthonormée, il est plus simple
d’exprimer P~!, matrice de passage de (e;) & (f;), qui a comme coefficients on a

PY = (f;, €.
De fait, on a
Tr(B) = Tr(D) = Te(PT PC) = Te(P~ (P~ ") ' C),
ce qui, en observant
(PH P )iy = PPP = (ex, fi) (exs f5) = (fis 1)
conduit & Tr(B) = Tr(G~1C) ott Gi; = (fi, f;), matrice de Gram de la base (f;).

Dans le cas qui nous intéresse, la base (f;) est celle des (9;) et la matrice de Gram correspondante est
justement celle de la métrique, ce qui prouve la formule (5).
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La courbure s’écrit alors v
u
H=div|—=—]. 6
(%) o)
Cette définition dépend uniquement de {u = 0} (on peut par exemple prendre pour u la
distance a M).

3.3 La courbure moyenne comme premiére variation de ’aire

Au delad d'une quantité géométrique, la courbure moyenne peut-étre vue comme quan-
tité variationnelle. Plus précisément, si M est une hypersurface de R™ (qu’on va supposer
compacte, pour simplifier) et si ¢ est une fonction sur M, on peut perturber M selon ¢
dans la direction normale en posant, si F' est une paramétrisation de M,

Fi(z) = F(x) + to(F(z))v(F(x)).

Alors, I'aire de la surface M; s’obtient via la métrique modifiée, elle-méme obtenue comme
ci-dessus a 1’aide des nouveaux vecteurs tangents

gfj = <8¢Ft, 8th> = <8ZF + t(VgD - 0; Fv + (paz‘V) , 8]‘F + t(VgD . 8jFI/ + <p8ﬂ/)> = gij—2tg0hij—|—0(t).

Ainsi, la forme volume devient

\/det(ggj) _ \/det(gij) —toH + oft).

Ce nouveau point de vue sur la courbure moyenne permet plus facilement de la calculer
dans différentes situations.

Cas d’un graphe. Si M est donnée comme graphe d’une fonction u : @ — R*1 = R
(supposons 2 borné), alors son aire est obtenue par

AM) = /Q VIt VP

Une simple dérivation fournit alors

H=dv| Y% .
V14 [Vul?

La notion de surface minimale. Sil’on se donne une courbe de Jordan dans R3, un
probléme qui remonte & 1760 et qui porte le nom de Joseph Plateau consiste a trouver
la surface d’aire minimale ayant pour bord ladite courbe. Ces surfaces minimisant 'aire
ont fait et font encore 'objet de nombreux travaux en géométrie différentielle et calcul
des variations. La notion de surface minimale est néanmoins ambigué, car elle réfere al-
ternativement & un minimiseur de l'aire ou & un point critique (c’est-a-dire une surface
de courbure moyenne zéro). Bien que des travaux aient tenté d’étendre des propriétés des
surfaces minimisantes & des surfaces de courbure moyenne zéro (on peut en particulier
citer les travaux d’Ilmanen et collaborateurs, qui, dans leurs preuves, ont étudié les liens
étroits entre ces deux types de surfaces, voir [IIm96, ISZ98]), les deux notions sont loin de
coincider, comme le montre ’exemple suivant.



18 Introduction

Le caténoide. Considérons le caténoide
X (u,v) = (coshucosv, coshusinv, u).

On peut vérifier aisément qu’il est & courbure moyenne nulle. Néanmoins, considérant deux
cercles correspondant & des sections horizontales du caténoide {u = c}, ledit caténoide ne
minimise pas forcément 'aire parmi les surfaces qui ont ces deux cercles comme bords.
Les deux disques contenus dans les cercles peuvent avoir une aire plus faible (si ¢ est assez
grand, ¢ = 1 par exemple).

3.4 L’aire d’une surface : une mesure comme une autre
Les ensembles & périmeétre fini

Comment généraliser les sous variétés de sorte & pouvoir encore définir une notion
de courbure moyenne ? Alors qu’il semble impossible d’étendre I'approche différentielle de
courbure a des hypersurfaces qui n’ont plus rien de lisse, il est néanmoins possible d’étendre
la notion d’aire, et par la-méme, la notion de courbure moyenne comme premiére variation
de ’aire. Inspiré par la récente introduction des fonctions & variations bornées par Tonelli et
Cesari, Caccioppoli a proposé de considérer une surface comme le support d’une mesure.
On dira par exemple qu’'un ensemble £ C R™ est de périmetre fini si la dérivée de sa
fonction indicatrice au sens des distributions est une mesure. Son périmetre est alors la
masse de cette mesure.

On introduira plus précisément ces objets et leur propriétés dans le chapitre 1, mais
mentionnons les avantages de cette définition :

— Elle coincide avec le périmetre classique pour des hypersurfaces lisses,

— Le périmetre satisfait une hypothese de semi continuité (les suites minimisantes vont

converger),

— Les fonctions & variations bornées forment un espace de Banach et s’approchent bien

par des fonctions lisses.
Surfaces & courbures prescrites pour les ensembles de périmétre fini. Etant
données les définitions précédentes, on peut définir une surface de courbure variationnelle
prescrite ¢ comme minimisant par perturbation compacte

Per(E) + / g.

E

En effet, si E est lisse et minimise cette quantité, alors la premiére variation donne direc-
tement H(x) = —g(x).

Généralisation aux varifolds

Nous souhaitons dans cette partie présenter la généralisation des surfaces proposée par
Almgren dans [Alm66]. Elle est dans lesprit de la partie précédente mais demeure plus
générale. On pourra aussi consulter [Sim83] pour une introduction complete & cette théorie.

Meéme si on n’utilisera pas cette théorie dans la suite, il nous semble difficile de ne pas
en dire un mot car c’est I’approche historique pour définir un mouvement par courbure
moyenne pour des surfaces non lisses (voir plus loin).
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Définition 0.5. On appelle varifold de dimenion n — 1 toute mesure de Radon sur [’en-
semble G,—1 = R" x G(n — 1) ot G(n — 1) est la grassmannienne des hyperplans de R™.
L’espace de ces varifolds est noté V,,_1(R™) et est muni de la topologie faible

Vi = VeV eClG, 1), Vi) = V().

A Uimage des ensembles, V est dite rectifiable s’il existe une collection dénombrable E; de
graphes C* dont on note T;(x) les plans tangents, et une collection de réels positifs c; tels
que

V = i Cﬂ)(Ei)
=0

ot pour tout B € Gp_1, v(E;) - B= H" 1 {z € E;|(x,T;(x)) € B}. On dit que V est un
varifold entier (ou a multiplicité entiére) si les ¢; sont entiers.

On peut définir I'aire d’un varifold V dans A C R™ comme variation totale de V sur
AxG(n—1).
V|- A=V({{(z,5) € Gn1|z € A}).

On peut remarquer que la définition de rectifiablilité est équivalente & 'existence d’un
ensemble rectifiable M et d’une fonction positive localement intégrable 6 : M — R tels que

||V\|-A:/ o™
ANM

Dans toute la suite, on suppose que V est rectifiable.
On souhaite maintenant perturber V' a I’aide d’une fonction lisse h¢(x) : (— €,e) xR"™ —
R"”, telle que
{zr e R", 3t € (—¢,¢), () # =}

est un compact de R™. On note

Vi- A= (h)4V-A:= OdH" 1
Aﬂht(M)

ou (y) = ff*l(y)ﬂM 0(x)dHO(z). Si J; est le jacobien de hy, on peut écrire

Vt.A:/ JO0dH™ .
MNA

Il est donc raisonnable de définir la premiére variation de I'aire en dérivant selon ¢ cette
définition :

0

ot

vV, -R" = / Oy JOdH L.
t=0 M

Il s’agit donc de différentier le jacobien

Jt =/ det(DhtTDht)
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On note X = 0¢h¢|t=o. On a Dhy = Dhg + DX + o(t), ce qui conduit a
det(DhI Dhy) = det(Dhd Dho)(1 + 2t Tr((DhE Dho) ' DXT Dhg)) + o(t)
=14 2tTe(DXT)) 4+ o(t) = 1 + 2tdivas X + o(t).
En composant avec la racine, on obtient
Jy=Jo+tdivyy X +o(t) =1+ tdivys X + o(t).

De fait,
0

Vt-]R”:/ divys X0dH .
ot ,—o M

La courbure moyenne peut donc étre définie comme un opérateur sur les champs de vecteurs
a support compact sur M via X — [ a divay X Par dualité, ceci peut se récrire comme un
opérateur sur les fonctions lisses g : R” — R (noté 0V dans [Braf78|)

oVi(g) = /M Dg(z)0dH" 1 (z).

Etant donnée une fonction lisse ¢ : R” — R, on peut méme définir la variation selon ¢ par

0
ot

o(V,9)(9) =

= / Dgp@dH™ 1 + / gDOdH™ L.
M M

Pour définir le mouvement par courbure de Brakke [Bra78| qu’on présentera brievement
dans la partie suivante, il reste a définir un vecteur courbure moyenne (qui correspond &
—Hv dans le cas régulier). Pour ce faire, on introduit la variation totale de 6V définie pour
tout ouvert G par

|6V ]| - G = sup{g € C3(G), |g| < 1}.

Grace a 'hypothese de rectifiabilité, |[dV|| est absolument continue par rapport & V' et il
existe deux fonctions 7 et & telles que

oV =2&vloV] et oVl =nv V]

On peut donc définir
h(V,z) = —nv(z)¢(z). (7)

La formule de premiere variation se récrit, avec cette fois-ci g & valeurs dans R”

oVi(g) =— /M g(x) - n(V,z)0(z)dH" (),

ou, avec une fonction ¢ : R* — R",

5(V7¢)(9)=/Mh(‘/,x)'9(96)¢( 2)0(x)dH"( / Duro(x) - g()0(z)dH" ™ (). (8)

4 Un probléeme stationnaire variationnel

Toute cette partie introduit le chapitre 1.
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4.1 Introduction au débruitage d’images

On s’intéresse ici aux problemes de débruitage par minimisation. Etant donnée une
image bruitée g : ) C R” — R, on cherche & la débruiter en résolvant

min £(u,g)

ol £ comporte typiquement un terme de régularisation (pénalisant les gradients) et un
terme d’attache aux données g.

4.2 Un débruitage naif par moyenne locale

Soit g une image bruitée par un bruit gaussien, c’est-a-dire que
g=gotn

oll go est I'image idéale (celle qu’'on veut observer) et n est un bruit dont les oscillations
sont supposées bien plus rapides que celles de 'image. Ainsi, en 1960, Gabor propose de
débruiter en convolant I'image avec un noyau gaussien. Cela revient & résoudre I’équation
de la chaleur sur un temps court avec condition initiale g. Les résultats sont néanmoins
mitigés. L’un des reproches qu’on peut faire & ce modele est de diffuser dans toutes les
directions : en particulier, dans les directions de fort gradient. C’est exactement dire que
ce procédé lisse les bords.

Ce reproche majeur peut étre contourné assez facilement, car il suffit de diffuser dans
toutes les directions sauf dans celle du gradient pour éviter cet écueil. On remplace alors
I’équation u; = Awu par, en notant n = %,

up = Au — Oppt = Au — (n, D2u-n) =Tr [(I— W) DQU} = |Vu| div <|§Z> )

Cette équation est exactement celle du mouvement par courbure moyenne qu’on présentera
dans la derniere partie de cette introduction.

4.3 Le modeéle de Rudin Osher et Fatemi

Que 'on consiere le débruitage par moyenne locale comme équation d’évolution ou

comme minimisation de )
/‘VU|2—|—/(U_9)
2 bl

le principal probleme est le non respect des bords, car cette fonctionnelle, dont le cadre
naturel de minimisation est H', explose en présence des discontinuités de dimension n — 1
que sont typiquement les bords des objets de I'image. Pour pallier ce probleme, Rudin
Osher et Fatemi ont proposé dans [ROF92, RO94] de minimiser cette fonctionnelle dans
I’espace des fonctions & variations bornées. Ils proposent donc de minimiser

2

TV () + / <“—29> (9)
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Cette formulation peut prendre en compte des bords, et, & ce titre, produit des résultats
bien meilleurs en pratique.

Alors que ce modele a été introduit il y a plus de vingt ans [ROF92, [RO94], seuls
des travaux récents se sont efforcés & montrer qu'une telle minimisation ne peut pas faire
apparaitre d’irrégularités dans u qui ne seraient pas déja présentes dans g. On sait en
particulier (JCCNO7, Jal12]) que les discontinuités de dimension n — 1 (sauts, voir détails
dans le premier chapitre de ce manuscrit) de u viennent nécessairement de celles de g. Il ne
nous est pas connu de résultats sur les discontinuités générales. Nous avons donc souhaité
poursuivre ce travail en s’intéressant a la transmission de la continuité de g & u par cette
minimisation (un peu généralisée) : on souhaite montrer que cette minimisation ne peut
pas créer de discontinuité qui ne serait pas présente dans g.

4.4 Quelques résultats liés a ces problemes

On présente dans cette partie quelques résultats qui ne s’inscrivent pas tout a fait dans
les hypotheses présentées plus haut (en particulier dans ’hypothese de croissance a 'infini),
mais qui reposent sur des techniques similaires & celles qu’on utilisera.

roi r-linéaire. ans a rancis Clarke s’intéresse 4 la minimisation
La croissance sur-linéaire. D Cla05s|, F Clarke s’int 1 t

de
l/me ue WhHHQ) et u = ¢ sur IN. (10)
Q

Il suppose que F est strictement convexe et a croissance d’exposant p > 1 (F(z) > o|z|P +
1). En outre, il demande & la donnée au bord ¢ de satisfaire, en tout point de la frontiere
v, la condition de pente suivante : il suppose l'existence d’une fonction affine f de pente
inférieure & K, vérifiant f(y) = ¢(7) et, pour tout autre points 4" de 99,

o(7) + f(7) < o(v).
On a alors le

Théoréme 0.2. Le minimiseur de (10) est localement lipschitzien sur £ et semi-continu
inférieurement sur Q. En outre, u est continue sur Q dans les trois cas suivant

— 0N) est un polyédre,

— 0Q est Cl1 et p > %,

— Q est uniformément conveze.

Alors que le dernier point est essentiellement un travail de Miranda [Mir65] qu’on
présentera (mais étendu & un minimiseur Wh!), Clarke montre que ’hypothése d’uniforme
convexité pour €2 n’est pas nécessaire, si I’on demande une coercivité plus grande pour
F. 1l étend de plus le travail de Miranda & un polyedre et affaiblit la condition de pente
précédente en une condition de pente par dessous (seule 'existence de f~ est demandée).

On notera aussi un travail récent de Pierre Bousquet et Lorenzo Brasco [BB15| qui
s’'intéresse aux minimiseurs W11 de

/Q F(Vu) + fu
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avec condition de Dirichlet. Les auteurs prouvent une régularité Lipschitz des minimiseurs
sous des hypotheses plus faibles que la stricte convexité pour F. Le schéma de preuve
est le méme que dans [Mir65] mais demande de nombreuses adaptations car le second
membre empéche l'invariance par translation des minimiseurs, tout comme le caractére
minimisant des fonctions affines. Il est donc nécessaire de trouver des fonctions barrieres
plus compliquées et adapter le schéma de Miranda.

Minimiseurs et champs de vecteurs. Dans un article récent [BS15], Beck et Schmidt
considerent les relations entre minimiseurs de

/ f(z, Vu)dz (11)
Q

dans I'ensemble des fonctions & variations bornées prenant une donnée g € WH(R") au
bord et les maximiseurs du probleme dual

Ry[7] := /Q (t-Vg—f"(z,7))dz (12)

parmi les champs de vecteurs L & divergence nulle, ot f* est la conjuguée de f en la
variable z

[ (x,2") = sup (2" -z — f(z,2)).
zER™

Ils supposent que f(z, z) est strictement convexe en z (hypothese qui n’est pas satisfaite
dans le probleme qu’on étudie) et qu’elle vérifie une croissance linéaire en z (hypothese
satisfaite dans notre cadre). Alors, si a une solution continue o(x) telle que o(x) €
Im(0, f(z,-) (intérieur de Im(0,f(z,-)), les minimiseurs de sont Lipschitz presque
partout.

Remark. 11 est facile, comme expliqué dans [BS15|, de se convaincre formellement de la
relation entre les deux problemes, en remarquant que
fz,2) = [ (z,2) =supz® -z — f*(x,2")

z

ce qui implique formellement que

igf/f(:x,Vw) = sup [igf/(T-Vw—f*(:U,T)) dx

Maintenant, comme 7 est & divergence nulle, le membre de droite correspond a la maximi-
sation de . En échangeant inf et sup, on a méme 1’égalité. Néanmoins, le résultat de
IBS15] nécessite des hypotheses tres faibles de régularité : la fonction f est par exemple
seulement mesurable en zx.

4.5 Les lignes de niveau minimisent aussi

En utilisant la formule de la coaire, on peut montrer que les minimiseurs de @D ont des
lignes de niveau Fys = {u > s} qui minimisent le probleme géométrique

Per(E) + [ (-9

E
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ol le périmetre s’entend au sens des ensembles de Caccioppoli. Il s’agit de la formulation
variationnelle de la propriété « E est & courbure prescrite g—s ». Cette dualité fonctionnelle
et géomérique sera utilisée sans cesse dans tout le chapitre 1.

Etudier la continuité d’un minimiseur de @D revient donc & montrer que les ensembles
de niveau 0F; et OF; ne peuvent pas se toucher, ce qui est exactement montrer des principes
de comparaison (dans l'esprit de [Sim87|) pour des surfaces & courbures prescrites.

Cette vision géométrique des minimiseurs de @D a déja été utilisée par plusieurs auteurs
(voir [CCN11l [Jall2],...), pour montrer des résultats sur les sauts du minimiseur u par
rapport aux sauts de g (on décrira ces résultats dans le chapitre 1), tout comme des
résultats de continuité uniforme de u en basse dimension.

4.6 Contributions de la theése

Dans ce manuscrit (chapitre 1), nous avons cherché a étudier les propriétés de continuité
des minimiseurs de

/ F(Vu) (13)
Q

parmi les fonctions & variations bornées, pour différents cadres :

— Concernant I'attache au données, on a utilisé soit des conditions de Dirichlet au
bord du domaine d’étude, soit un terme ||u — g||? ajouté a la variation totale.

— La fonction F(Vu) pourra étre de trois types. Soit une variation totale classique
F(Vu) = |Vul, soit une anisotropie (norme quelconque dans R"), lisse ou cristalline :
F(Vu) = p(Vu), soit encore une composée d’une fonction convexe f quelconque et
d’une anisotropie : F(Vu) = f(p(Vu)).

— Enfin, le domaine €2 pourra lui aussi varier. La premiere partie du chapitre sera
limitée & un domaine borné (qui pourra étre convexe ou convexe en moyenne), et la
seconde traitera des domaines non bornés.

On commencera ce premier chapitre, avant toute introduction des outils sur les fonctions

a variations bornées, par détailler un des premiers résultats de ce type, obtenu par Miranda
en 1965 [Mir65], qui traite des domaines uniformément convexes avec conditions au bord de
Dirichlet. Méme si le résultat en temps que tel n’est pas si intéressant pour notre objectif
(il est supposé F' strictement convexe), il met en évidence un principe qui restera le notre
des qu’on étudiera ([13)) en domaine borné. Le schéma de preuve est le suivant.

1. On montre un principe de comparaison : si u et v sont deux minimiseurs de [ F(Vu)
et que u < v sur 012, alors cette propriété est transmise a {2 tout entier.

2. Ce principe de comparaison permet, grace a 'invariance par translation de F(Vu),
de transmettre la régularité au bord & I'intérieur du domaine

3. La régularité au bord est obtenue griace a l'uniforme convexité de celui-ci et au
principe de comparaison, en remarquant que les fonctions affines sont des minimiseurs

de F(Vu).

Alors qu’on voit ici que la stricte convexité de F' est uniquement utilisée pour obtenir le
principe de comparaison, on peut donc utiliser ce schéma de preuve dans notre cadre, sous
réserve de pouvoir montrer ce principe de comparaison.



Un probléme stationnaire variationnel 25

Dans un travail récent [JMN13|, Jerrard, Moradifam et Nachman montrent justement
un principe de comparaison pour les minimiseurs (sous conditions de Dirichlet) de

/Qso(WL

sous réserve que (2 vérifie une condition de bord plus faible que la convexité (une sorte
de stricte convexité en moyenne par rapport & 'anisotropie ¢). On peut donc déduire
directement la continuité du minimiseur avec le schéma de preuve précédent. C’est 'objet
de la section [7} Néanmoins, alors que la preuve de |[JMN13| utilise des concepts assez
profonds sur les courants minimaux (car ils travaillent avec une anisotropie qui varie en
espace), nous avons exploité I'invariance par translation pour donner une preuve complete
et plus simple du

Théoréme 0.3. Soit ¢ une anisotropie lisse et ) un ouvert borné qui vérifie une condition
de barriére relative a ¢ (voir Déﬁm’tion et g une fonction continue sur 92. Alors, le
minimiseur de [, o(Vu) sous condition u = g sur OS2 est continu.

Un controéle du module de continuité. Motivé par un résultat de Caselles, Chambolle
et Novaga |[CCN11] sur la préservation du module de continuité de g par les minimiseurs

de ( 2
w=9r
[ vul+ 52

pour 2 convexe borné dans R™ avec n < 8 (pour assurer la régularité des lignes de niveau
de u) avec condition de Neumann au bord, nous avons étudié les minimiseurs de
2
(u—9)
[ vy + 50 (14)
Q
toujours avec condition de Neumann au bord.
Apres avoir approché F' par un opérateur lisse et uniformément elliptique et constaté
qu’encore une fois, la régularité des minimiseurs était controlée par leur régularité au

voisinage de 0f) et que cette derniére pouvait étre déterminée gréace & la convexité du bord,
on a pu montrer le

Théoreme 0.4. Soit Q un conveze borné de R™ (sans restriction surn) et g uniformément
continue de module w. Alors il existe un unique minimiseur de (14)) dans BV, avec condi-
tions de Neumann au bord. Ce minimiseur est continu, de module w.

Un résultat en domaine non borné. Dans cette partie, on se restreindra au modele
de Rudin-Osher et Fatemi (isotrope), avec g continue, mais on ne suppose plus {2 borné.
On y montre le

Théoréme 0.5. Soit u un minimiseur (par perturbations compactes) de

(u—g)?
/Q |Vu| + —

avec ) un ouvert de R™ quelconque, et g une fonction continue. Alors u est continue.
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Comme il n’y a plus nécessairement de bord, le schéma de preuve précédent est inopérant.
On va donc montrer un principe de comparaison strict entre les lignes de niveau de u, qui
sont des minimiseurs du probleme de périmetre vu plus haut

E, = {u > 3} = arg min Per(FE) —I—/ s—g. (15)
EAE,€Q E

Dans le cadre des surfaces minimales (minimiseurs du périmetre uniquement, sans se-
cond membre), ce résultat est bien connu. Il a d’abord été montré par [Mos77] dans un
article tres court (4 pages) en italien, puis indépendamment, dix ans plus tard, par [Sim87].
Alors que ces deux articles montrent ce principe de comparaison strict pour des mini-
miseurs, [llmanen a montré dans [[Im96] qu’il est encore vrai pour des points critiques
(c’est-a-dire des hypersurfaces de courbure moyenne zéro).

Pour montrer notre résultat de continuité, nous avons donc souhaité étendre le résultat
de Simon aux minimiseurs de . Nous ne sommes parvenu qu’a I’étendre aux second
membres constants en espace. Néanmoins, c’est suffisant. En effet, si F5 et E; sont deux
lignes de niveau de u (supposons par exemple que t < s), s — g et t — g sont a distance
supérieure & € sur une boule suffisamment petite. Sur cette méme boule, il va donc exister
une constante telle quet —g<a <s—g.

On montre alors qu’entre Es et Ey, sur la petite boule construite plus haut, on peut
intercaler deux surfaces minimisant

Per(E) — /E 0

avec différentes conditions au bord. Puisqu’elles ne peuvent pas étre confondues, le résultat
de Simon, étendu aux surfaces & courbure constante, montre qu’elles ne peuvent pas se
toucher. Donc E; et E; ne le peuvent pas davantage.

5 Variations sur le mouvement par courbure moyenne

5.1 Introduction

L’objectif de toute cette section est de considérer, étant donnée une hypersurface My C
R"™, une famille d’hypersurfaces M; telle que pour tout x € My, la vitesse de x est normale
a M, , et de module H, courbure moyenne de M; en x (dans la suite, la normale v est, dans
le cas d’une surface fermée, dirigée vers 'extérieur et H est choisie de sorte qu'une surface
enfermant un convexe soit a courbure positive). Plus précisément, on doit donc avoir

ox
— = —Hv(x).
5 (z)
Cette équation peut ensuite étre formulée avec n’importe quelle description de la courbure

présentée dans la partie [3]

Exemple. Une sphere n — 1-dimensionnelle de rayon R se réduit de fagon homothétique
sous un mouvement par courbure moyenne. Plus précisément, & chaque instant ¢ € [0,7")
pour T = %2, la surface obtenue est une sphére de rayon Ry = R — v/2nt. En effet, la
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courbure moyenne d’une sphere est exactement 'inverse de son rayon. Supposant alors que
M, reste une sphere de rayon Ry, on doit avoir

% T
ot ot R,

Ainsi, R; = vV R? — 2t, tant que la sphere existe, ¢’est-a-dire pour tout ¢ € [0, 7).

Notre objectif a été d’ajouter des obstacles contraignant la surface mobile & bouger &
I'intérieur d’une zone délimitée par deux ouverts fixes QT et Q™. c’est-a-dire

Q" c M cQr.

Plusieurs difficultés apparaissent lors de ’étude du mouvement par courbure, certains
dus aux obstacles, d’autres pas. L’objectif principal est de pouvoir définir un temps d’exis-
tence du mouvement, temps qui ne dépend que des parametres initiaux du probleme. On
vient d’en exhiber un dans le cas d’une sphere. Que peut-on dire en toute généralité ?
Ensuite, la notion de courbure elle-méme n’est pas définie pour une surface qui serait
uniquement Lipschitz : comment, alors, peut-on tout de méme définir un mouvement ?

Dans la suite de cette partie, on téchera de présenter (dans un ordre historique)
des réponses a ces questions. On présentera les différentes approches sans obstacles, on
présentera brievement leurs avantages et inconvénients et on verra, pour certaines d’entre-
elles, comment on peut ajouter la contrainte Q= C M; C Q% a leur formulation.

5.2 1978 : Un probleme de varifolds

S’appuyant sur la définition généralisée aux varifolds de la courbure moyenne, Brakke
définit en 1978 dans [Bra78| le mouvement d’un varifold V; par courbure moyenne :

D|Vill(¢) < 6(Vi, ) (h(V, -)).

Ot les notations sont définies dans la section précédente (en particulier , ) et ou D
est la dérivée supérieure

Df(t) = limsup M

s—t s—1

Brakke prouve un théoreme d’existence d’un tel mouvement. Pour ce faire, il utilise une
approximation de la courbure moyenne h. et utilise une discrétisation en temps sous la
forme

Tpt1 = T + AthL ().

Néanmoins, & chaque étape, des corrections sont nécessaires pour prendre en compte les
petites irrégularités qui sont ignorées par I’approximation h..
Il ne nous est connu aucune généralisation de ces travaux.
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5.3 L’approche géométrique

On s’intéresse ici & I’évolution d’hypersurfaces de R™ par courbure moyenne, ¢’est-a-dire
qu’on souhaite construire une famille de paramétrisations

FtZM%Rn

ot M est une sous variété de R™ fixée (on pourrait évidemment travailler avec des ouverts
de R™ !, mais on n’aurait alors uniquement une paramétrisation locale, ce qui est un peu
moins pratique...), de sorte que

O Fy(x) = —H(Fy(z))v(Fi(z)). (16)
Remarquons alors que cette équation peut étre écrite
atFt = AtFt

ot Ay est le laplacien sur M;. Cette écriture suggere que cette équation puisse étre para-
bolique. Elle I'est en effet, ce qui permet d’affirmer qu’il existe un temps d’existence et une
solution C* & cette équation.

C’est I’approche de Hamilton dans son étude du flot de Ricci [Ham82] qui a motivé
cette approche classique du flot par courbure. En effet, tous les outils utilisés dans [Hui84|
(mais aussi dans le chapitre 2 de ce manuscrit) sont présents dans cette étude de Hamilton.

Le théoreme principal de [Hui84] s’énonce comme suit

Théoreme 0.6. Soit My une hypersurface lisse et uniformément convexe. Alors, il existe
une solution lisse a sur un intervalle de temps [0,T[. De plus, My converge vers un
point quandt — T. De plus, on peut normaliser ce flot en volume pour obtenir une existence
en tout temps qui converge vers une sphére.

Le fait qu’une solution existe en temps court n’est pas ici un probleme, puisque ’équation
est parabolique. Le point intéressant est I’analyse de la situation au temps maximal
d’existence. Huisken y prouve que, comme le fait le tenseur de courbure dans [Ham82], la
seconde forme fondamentale explose nécessairement. Pour ce faire, il va controler toutes
les quantités géométriques par 'action du flot en utilisant le principe du maximum, qui
stipule que si une fonction f vérifie, sur une famille de surfaces compactes My, 'inéquation
différentielle

(0 — Anr) f2 <0,

alors la quantité sup,, f? est décroissante au cours du temps.
Cinq ans plus tard, Ecker et Huisken étudient dans [EH89] I’évolution des graphes posés
dans tout R"~! par courbure moyenne, c’est-a-dire de I’équation

du Vu
— =1+ |Vul2div| —— | . 17

dt v ( 1+yvu|2> i
Ils prouvent le théoréeme suivant

Théoreme 0.7. Soit ug une fonction lipschitzienne sur R* 1. Alors il existe une solution

a pour tout t.
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Encore une fois, la démonstration de ce théoreme repose sur des estimations sur les
principales quantités géométriques (cette fois-ci, la seconde forme fondamentale, & cause
de la contrainte graphe, ne peut pas exploser). A noter que la surface n’étant pas compacte,
il est nécessaire d’améliorer le tres basique principe du maximum de la section précédente.
Ecker et Huisken utilisent donc la formule de monotonie qui porte le nom du premier
auteur, et dont la preuve se trouve dans [Hui90].

En plus du théoreme cité plus haut, Ecker et Huisken s’intéressent au comportement
asymptotique du mouvement, montrant la convergence, aprés normalisation qui empéche
la surface de s’enfuire vers 'infini, vers une surface minimale.

Enfin, en 1991, dans [EH91al, les deux mémes auteurs parviennent & démontrer un
résultat d’existence du mouvement sans hypothese restrictive sur la surface initiale.

Théoréme 0.8. Soit My une surface localement lipschitzienne. Alors on peut faire évoluer
My selon pour un temps court qui ne dépend que de My.

La clef de ce théoreme est d’étre parvenu & estimer la seconde forme fondamentale pour
une évolution générale, et de montrer qu’elle ne pouvait pas exploser sur un temps controlé
uniquement a l'aide de la surface initiale.

5.4 Le point de vue ligne de niveau

L’idée de cette partie est de considérer que la surface qu’on souhaite faire évoluer par
courbure moyenne est en fait la ligne de niveau zéro d’une fonction u. Grace a @, la
surface évoluant M; est la ligne de niveau zéro de la fonction u(-,t) si et seulement si

Vu

w = |Vu| div <|VU) . (18)

C’est cette équation qu’on étudie en oubliant (au moins temporairement) 'aspect géométrique.
Comme cette équation n’est pas sous forme divergence, les définitions classiques de
solutions faibles ne pouvaient pas étre appliquées. Aussi, Evans et Spruck, dans [ES91],
et Chen, Giga et Goto, dans [CGGII1| ont proposé d’utiliser la toute récente théorie des
solutions de viscosité (introduites par Crandall, Evans, Ishii, Jensen, Lions,. .. dans [CL83],
CELS84! [Jen88|, voir aussi [CIL92] pour le second ordre). Une fonction u est solution de
viscosité de si toutes fonction lisse ¢ qui touche u par dessus (resp. par dessous) vérifie

. Vo
vt < |Vl div <> , 19
resp.
) Vo
ot = |Vl div <> , 20

avec p; < 0 ou ¢; > 0 respectivement lorsque V¢ = 0. Une fonction qui ne vérifiera que
la premiere condition sera appelée sous-solution, tandis qu’une fonction vérifiant unique-
ment la deuxieme prendra le nom de sur-solution. Ces deux articles montrent un théoreme
d’existence et d’unicité pour .

Théoréme 0.9. Soit ug continue sur QNR™. Alors, il existe une unique solution continue

de viscosité u a .
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Alors que les conclusions du théoréme sont les mémes pour les deux articles, les hy-
potheéses different légerement car les preuves ne sont pas tout & fait les mémes. Les deux
articles reposent sur le schéma classique de preuves pour les solutions de viscosité : on
montre d’abord un principe de comparaison, c’est-a-dire que si v est une sous-solution et v
une sur-solution et que u < v au temps initial, cette inégalité reste vraie pour tout temps.
Dans les deux papiers, 1'idée de preuve est la méme, il s’agit de raisonner par ’absurde en
s'intéressant au point de maximum d’une fonction de type

O(z,y,t,5) = ulz,t) — v(y,t) — ale —y> —e(|z* + [y|*)

et de montrer que la partie droite de cette fonction fournit naturellement une fonction test
en un point de maximum de ®. Comme u et v sont sous/sur-solutions de viscosité, ces
fonctions test vérifient / , ce qui conduit & une contradiction.

Pour la partie existence, les deux articles different un peu. Alors que [CGGI1] utilise
la classique méthode de Perron, qui dit essentiellement que puisqu’on dispose du principe
de comparaison, la solution, si elle existe, ne peut qu’étre égale a

Usor(,t) = sup{u(z,t) | u sous-solution },

I’article de Evans et Spruck choisit d’approcher 1’équation par une famille ’EDP (on
retrouve sie =0)
usut
i = (8- otz ) (21)

Cette nouvelle équation est uniformément elliptique et la théorie parabolique classique
s’applique, fournissant une unique solution lisse u® sur tout R™ qui prend la condition
initiale. Evans et Spruck montrent ensuite que la famille u® converge vers une solution
de .

En plus de l'intérét technique d’une telle solution approchée, [ES91| fournit aussi une
interprétation géométrique de cette approximation qu’il me semble intéressant de repro-
duire ici, car elle donne naissance a plusieurs travaux sur le flot par courbure.

Soit uf une solution lisse de . On se plonge alors dans R™*! et on pose y = (2, 2,11)
et
v (y,t) = u(x,t) — expia.

La fonction v* satisfait alors I’équation

1>
of = |Vof| div <|§Ze > ,
c’est-a-dire que les lignes de niveau {v® = s} (on s’intéresse uniquement a I'; = {v°(,t) =
0}) évoluent par courbure moyenne. Mais I'{ est un graphe (il s’écrit a1 = 1uf(x,t)),
et on a vu dans la partie précédente que d’apres [EH89), son évolution est un graphe et
qu’elle existe pour tout temps.

Alors que dans [ES91], cette justification se limite & une heuristique, des travaux récents
(voir en particulier [SS14]) se basent sur cette approche pour construire un flot par courbure
qui se prolonge au dela des singularités. De plus, cette approche peut aussi étre utilisée
pour étudier le flot contraint par des obstacles, comme nous le ferons dans ce manuscrit

(voir [RS14]).
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Cette approche définit un flot géométrique. Alors que le probleme géométrique se
borne & faire évoluer une hypersurface par courbure, 'approche ligne de niveau fournit
en fait une évolution de la famille complete des lignes de niveau {u = t}. Pour que cette
approche soit intéressante du point de vue géométrique, il est nécessaire de montrer que
I'évolution de la ligne de niveau {u = 0} ne dépend que de la condition initiale {u(-,0) = 0}.
Autrement dit, n’importe quelle fonction ¢ qui vérifie {¢(-,0) = 0} = {u(-,0) = 0} fournit
la méme évolution {¢p = 0} = {u = 0}.

Comportement en temps long. S’il est impossible de parler de comportement en
temps long dans le cadre défini plus haut, il nous semble important de signaler qu’en ajou-
tant des conditions de Dirichlet dans un domaine borné, la notion de solution stationnaire
de ([18)) a pleinement un sens et on peut s’intéresser au comportement en temps long des
solutions de (18)) satisfaisant u = g sur 92, avec g € C?(2). Ilmanen, Sternberg et Ziemer
ont montré dans [[SZ98| qu’il y avait effectivement convergence de la solution de viscosité
de (|18]) vers une solution stationnaire. De plus, cette solution stationnaire coincide jusqu’a
la dimension n — 8 avec une hypersurface minimale stable.

Discussion sur I'unicité. Le théoréeme cité plus haut fournit un résultat d’unicité a
I’équation . Il est intéressant de s’interroger sur les liens entre cette unicité et 1'uni-
cité d’'un mouvement géométrique par courbure. Notons par exemple que puisque la dis-
tance & n’importe quel ensemble fermé est une fonction 1-lipschitzienne, et que sa ligne
de niveau zéro est exactement ’ensemble en question, le théoréme précédent permet de
faire évoluer tout ensemble fermé selon , y compris par exemple un ensemble de
Cantor. Il est donc clair qu'une solution de n’a pas nécessairement de signification
géométrique. Le phénomene qui se produit typiquement lorsque la solution de perd
son sens géométrique est le développement d’un intérieur non vide pour les lignes de niveau
{u = a}. On pourra par exemple consulter [BNPI8| pour des exemples de tels intérieurs.

5.5 Un schéma discret en temps

Dans une autre approche pour définir un flot par courbure moyenne lorsque la surface
initiale n’est pas lisse, Almgren, Taylor et Wang ont proposé dans [ATWO93| un schéma
discret en temps, en résolvant a chaque étape

E,4+1 = argmin Per(F) + / dg, . (22)
E EAE,

Cette formulation peut-étre justifiée de la fagon suivante. Supposons avoir une famille M,
de surfaces compactes lisses évoluant de fagon réguliere. Soit p € M4 La distance entre
p et M se calcule, si dt est suffisamment petit de sorte que p reste dans le voisinage de My
ol dpy, est lisse,

d(p, My) = |q — p|

avec q € My vérifiant vy, (q) = z%g‘. Si v(q) est la vitesse normale de M; en ¢, on a alors

d(p, My) = v(q)dt + o(dt) = v(p)dt + o(dt).
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De fait, en paramétrant la différence symétrique MyAM;, 4 par (g, s) = q+ sv(q), on peut

écrire 0o, M)
/ % = / v(q) + o(1).
My AM;yqe My

Par ailleurs, on a montré que la courbure moyenne de M; au point g s’exprime comme
dérivée de aire :

d
H(q) = —| Per(M; + sv).
M ds s=0
Puisqu’on souhaite avoir v(q) = —H(q), il est raisonnable de minimiser (pour rendre égales

les dérivées d’ordre 1)
Per(FE) —I—/ d(My,-).
E
En étudiant la convergence de ce schéma, Almgren, Taylor et Wang montrent le

Théoreme 0.10. Soit My une surface de classe C3T, avec o < 1. Alors, il existe une fa-
mille My de surfaces C*+®, solutions fortes du mouvement par courbure moyenne géométrique.
En outre, cette famille est unique.

Remark. Ce théoreme est en fait plus général que la version citée ci-dessus, puisqu’il au-
torise une géométrie anisotrope (& anisotropie lisse).

Un premier travail avec obstacles. Cette formulation du mouvement permet tres
simplement d’ajouter des obstacles (supposons par exemple qu’on impose O C E,,, il suffit
de résoudre le méme schéma en forcant, & chaque étape, O C E,. C’est ce qu’ont proposé,
motivés par de récentes applications en biologie (voir JABHT08] et [ABH™10]), Almeida,
Chambolle et Novaga dans [ACNI2].

Ils montrent le

Théoréme 0.11. Le schéma (22)) converge vers une notion faible de mouvement par cour-
bure moyenne avec obstacle. En outre, en dimension 2, la solution du mouvement avec
obstacles est en fait C1L.

C’est motivé par ce résutlat que nous avons tiché, dans une partie de ce manuscrit,
de voir comment on pouvait, griace aux approches présentées plus haut, traiter le plus
) )
généralement et le plus précisément possible le mouvement par courbure avec obstacle.

5.6 Contributions de la these.
Un résultat sur les lignes de niveau avec obstacles

Le premier travail en ce sens est présenté dans le chapitre 2. Il consiste & adapter le
cadre de la partie au probleme avec obstacle. Cela consiste a ajouter a I’équation ([18))
la contrainte uv~ < u < u™.

Le premier enjeu de ce travail a été de définir correctement la notion de solution de
viscosité avec obstacles. Nous avons choisi la formulation usuelle (voir par exemple [Yam87])
qui consiste & remplacer le hamiltonien u; — F(Du, D?u) par

max{ min {ut — F(Du, D*u), u*} ) u+} :
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Néanmoins, utiliser ce hamiltonien induit la résolution d’une équation qui n’est pas sous
la forme u; — G(x,u, Du, D?u), donc les résultats classiques (voir [CIL92]) ne s’appliquent
pas directement. Aussi, nous avons choisi de définir plus explicitement ces solutions : par
exemple, une sous-solution

Définition 0.6. Une fonction u : R® x R™ — R est appelée sous-solution de viscosité avec
obstacles pour la condition initiale g si
— u est semi-continue supérieurement,
— pour tout x,t € R" x [0,T], u™ (z,t) < u(z,t) <ut(z,t),
— pour tout x € R™, u(x,0) < g(x),
— si @ est une fonction C? de x,t, si (&,1) € R™ x (0,T] est un mazimum de u — ¢ et
si u(®,t) > u(2,1), alors

ot + F (Do, D2g0) < 0.

C’est avec cette définition que nous travaillerons dans tout le chapitre. On prouve tout
d’abord le

Théoréme 0.12. Soit g : R™ x R continue bornée. Alors, il existe une unique solution de
viscosité avec condition initiale g a I'équation (18) avec contrainte v~ < u < u™. De plus,
cette solution conserve le module de continuité commun & u™ et g.

Remark. On montre aussi qu’on peut ajouter un terme for¢ant Lipschitz au mouvement,
c’est-a-dire considérer ’équation

us + F(Du, D*u) + k(z)|Du| = 0.

On a alors le méme résultat, sauf que le module de continuité de la solution dégénere
exponentiellement.

Pour démontrer ce théoréme, nous avons adapté les preuves existant sans obstacles. En
utilisant & la fois les articles [ES91]| ou |[GGIS91] et le guide [CIL92], nous avons essayé
de donner une preuve la plus concise possible de ce théoreme. La démonstration s’appuie,
comme dans les papiers cités plus haut, sur un principe de comparaison prouvé grace au
lemme d’Ishii parabolique et sur la méthode de Perron pour I'existence.

Comme plus haut, nous montrons que la solution u de cette équation définit bien un
mouvement géométrique, c’est-a-dire que {u(-,t) = 0} dépend uniquement de {g = 0}
et des obstacles {u® = 0}. Néanmoins, la présence d’obstacle peut amener une solution
qui serait lisse dans le cas sans obstacle, & développer un intérieur non vide. On donne
I'exemple de trois points dans R2.

Finalement, on compare 1’évolution visqueuse & celle du mouvement avec obstacle de
[ACN12] et [Spall]. On montre, en utilisant [Thol2], le

Théoréme 0.13. Soit uy, la fonction obtenue en faisant évoluer séparément les lignes de
niweau {up >t} par le schéma avec obstacles {u™ >t} et {ut > t}. Alors, la famille
up, est équi-continue en temps et en espace, et elle converge vers la solution de viscosité du

théoréeme [0 12
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Au dela de la comparaison entre les deux approches du mouvement par courbure
moyenne avec obstacles, ce résultat est intéressant car il donne a I’équation visqueuse une
dimension variationnelle. En particulier, il permet de montrer que si une surface vérifie une
hypothese de mean-convex hull, ¢’est-a-dire minimise le périmetre par variations exétieures,
cette propriété est conservée au cours de ’évolution et I’évolution est monotone. Cette pro-
priété permet un passage a la limite dans avec obstacle qui fournit une solution s

de v
V| div (,;;) =0

avec obstacles v~ < u < u™. On peut, grace a [[SZ9§], énoncer la

Proposition 0.1. Si {ux = s} est d’intérieur vide, alors, en dehors des zones de contact
avec u*, elle coincide avec une surface minimale lisse excepté sur un ensemble de dimension
au plus n — 8.

Un temps d’existence géométrique (avec M. Novaga)

Dans le chapitre 3 de ce manuscrit, nous avons taché d’adapter le mouvement géométrique
introduit par Ecker et Huisken & un cadre avec obstacles. L’idée principale de ce travail
a été d’approcher les obstacles par un terme for¢ant régulier (cela revient si I'on veut a
ramollir les obstacles), d’étudier le mouvement ainsi obtenu, puis de passer a la limite dans
lapproximation. Cette idée d’approximation a été utilisée en particulier dans [CN13a]. On
considere donc d’abord une solution de

%1: = —(H + ko)v (23)
avec ke une fonction lisse convergeant vers M (1 — 1g- — 1g+) avec M une constante fixée
choisie suffisamment grande.

La théorie parabolique fournit une solution lisse de jusqu’a un temps 1. Pour
passer & la limite, il faut au moins montrer que les temps 7. sont uniformément bornés
inférieurement par un temps 7" strictement positif. On peut alors montrer le

Théoreme 0.14. Soit U un ouvert de R" (représentant les obstacles) et My C U une sur-
face. On suppose que My et OU sont uniformément de classe C*, ainsi que dist(My, OU) >
0. Alors, il existe T > 0 et une solution unique M; de

v=H sur My NU, (24)
pour tout t € [0,T), telle que My reste de classe C*1.

La preuve de se résultat repose sur le controle des quantités géométriques, comme dans
[EH91a]. Néanmoins, elle se fait en deux temps, et deux arguments distincts sont utilisés.

On montre d’abord qu’il existe un voisinage de la surface initiale My et un temps 77,
qui dépendent tout deux uniquement de la surface initiale, tels que la surface solution
de ne peut se promener que dans ce voisinage pendant le temps T;. Pour prouver
cela, on n’utilise absolument pas la régularité de la surface initiale, mais un principe de
comparaison géométrique, qu’on peut par exemple déduire du principe de comparaison
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pour les solutions de viscosité du mouvement level-sets : si N1 C Ny sont deux surfaces
initiales, alors 'inclusion demeure le long du flot. En outre, puisqu’on dispose d’une borne
sur la norme C!' de My, on peut placer des boules de rayon contrdlé de chaque coté de Mo,
et ceci en tout point de la surface initiale. Comme on connait parfaitement 1’évolution des
boules, on peut borner I’évolution de My. Ceci permet aussi de donner une borne Holder
uniforme en ¢ sur ’évolution temporelle des surfaces.

Maintenant qu’on a uniformément réduit le terrain de jeu des évolutions approchées, on
peut borner leur norme Lipschitz uniformément en €. On s’intéresse pour ¢a, étant donnée
une direction w arbitraire, & la quantité (w, v) qu’on souhaite borner inférieurement. On
y parvient (en fait, pour une version localisée) grace au principe du maximum.

A ce stade, les solutions approchées sont localement des graphes dans des directions
qui ne dépendent pas de . Reste alors & montrer qu’elles existent toutes sur un intervalle
de temps contrélé. Pour ce faire, il faut analyser ce qui se passe au temps final d’exis-
tence. Grace au voisinage mis en évidence plus haut, les surfaces approchées ne peuvent
disparaitre, et puisqu’elles sont localement des graphes de norme Lipschitz conrélée, on
ne peut pas perdre 'aspect plongé. Pour un mouvement sans obstacle, on a vu plus haut
qu’alors, la seconde forme fondamentale doit nécessairement exploser. On montre que c’est
aussi ce qui se passe avec obstacles, et, comme dans [EH91al], on montre que ¢a ne peut
pas se produire.

On peut ensuite passer simplement & la limite par le théoreme d’Ascoli et obtenir une
solution de viscosité (la définition de telles solution est évidemment locale mais la surface
existe globalement).

Un cas particulier : les graphes « entiers ». Comme dans le cas sans obstacles,
on peut montrer que pour les graphes définis sur R”~! tout entier, le mouvement existe
pour tout temps, et que ’évolution est lipchitzienne en temps et en espace (alors qu’'on
avait uniquement Holder en temps dans le cadre d’une évolution générale). Ces bornes se
montrent grace & la formule de monotonie d’Ecker et Huisken, adaptée & la présence d’'un
terme forgant.

Un comportement en temps long dans le cas périodique. On a aussi pu montrer,
mais dans un cadre périodique uniquement (car 'argument principal est la décroissance
de l'aire de la surface), que pour t — oo, le mouvement pour les graphes converge le long
d’une suite vers un graphe minimal, ¢’est-a-dire une solution de

Vu
V| ———= | =0
<\/1+\Vu|2 )

5.7 Vers un mouvement anisotrope et cristallin (avec M. Novaga et P.
Pozzi)

Alors que le mouvement par courbure anisotrope a été étudié dans [And01] pour une
anisotropie lisse, on s’est intéressé & des anisotropies cristallines. Le caractere non lisse
introduit une difficulté importante, puisqu’on ne dispose plus d’une équation parabolique
standard, donc I'existence en temps court n’est plus assurée.
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Dans toute cette partie, on travaillera uniquement avec n = 2. Soit 7 une norme
sur R?. On sait que les boules euclidiennes, pour le mouvement par courbure moyenne
isotrope, se réduisent de fagon homothétique par le flot. On cherche donc & définir une
variante anisotrope du flot par courbure ou les Wulff shapes (c’est-a-dire les ensembles
{7y < R}) se réduisent de maniere auto-similaire. Gage et Li ont montré dans |[GL94] qu'il
existe effectivement de telles évolutions dans le cas ol ¢ est lisse. L’équation s’écrit, si
up : [0,1] — R?

Ut
v(v)
Nous nous sommes penchés sur le cas oit ni la courbe initiale ug ni la norme ¢ n’est lisse,
et avons prouvé le

= ®'(w)r- 1)KV

Théoreme 0.15. Soit ¢ une norme de R? et ug : S' — R? une courbe lipschitzienne qui

vérifie une condition de p-courbure bornée. Alors, il existe T' > 0 qui ne dépend que de @ et

de ug,un champ de vecteur n sur u(S') tel que pour presque tout t € [0,T) et s € [0, L(t)],
i = p(v)divn v

ot v est la normale euclidienne a u([0, L(t)]) (définie presque partout) et n est un champ de

vecteurs lipschitzien (Cahn Hoffman) qui vérifie o(n) = 1 et dont la divergence représente,

dans le cas régulier, la p-courbure.

L’idée de la preuve est simple, puisqu’elle a consisté & approcher la norme v par des
normes lisses et strictement elliptiques +., tout comme ug par ug, faire évoluer la courbe ap-
prochée avec les normes approchées (on a alors affaire & une équation parabolique standard)
et passer a la limite. On controle le temps d’existence comme précédemment, en montrant
que la @-courbure doit nécessairement exploser lorsque le mouvement cesse d’exister, ce
qui ne se produit pas pour un temps controlé.



Chapter 1

On regularity of minimizers for TV

1 Introduction

In this chapter, we study the regularity of minimizers of generalized total variations.
More precisely, let €2 be a subset of R™ and ¢ be a function which is defined on some subset
Q of Q. We want to analyze the regularity of minimizers of

ueBV

min / F(Vu) (1.1)
Q

where F': R — R is a convex function with linear growth (%|x! < F(z) < pl|z|) and with
two possible links between u and g:

1. Either a Dirichlet condition u = g on 0€2,

2. or a L?-distance between u and g

u— )2
d(“?Q)Z/Q(zg)a

which is the distance introduced by Rudin, Osher and Fatemi in [ROF92| in their
well known denoising model.
In what follows, we will be interested in three types of F"
1. F(Vu) = |Vul, that is the usual total variation,
2. F(Vu) = ¢(Vu), where ¢ is a norm in R”, which can be non Euclidian,
3. F(Vu) = f(¢(Vu)), where f: R — R is a convex function and ¢ is a norm in R".
The current framework will be recalled in every section.
All along this chapter, our goal is to relate the regularity of u with the regularity of
g. More precisely, we want to show that the minimizing procedure preserves continuity.
One can even show (see Section [4]) that under strong assumptions on the domain, we can
control the modulus of continuity of u by the modulus of g.
Let us present now the structure of this chapter.
— In a first section, we recall a work by Miranda [Mir65] which is a prototype of what

happens when dealing with functionals like (1.1). We assume that F' is strictly
convex and introduce the problem in the simple class of Lipschitz functions and in a

37
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bounded domain and we show how to solve it. It gives the opportunity to introduce
in a very easy way the typical behavior of minimizers of such problems and the
typical regularity proof, which shows that the key point is to be able to control the
minimizers on the boundary.

— In Section[3] we introduce BV -functions and sets with finite perimeter. In particular,
we give the link between minimizers of and geometric minimizers of

Per, (E; ) —/ g, (1.2)
ENQ

which is the variational formulation of “ E/ has a prescribed curvature g.” We also give

some density properties of these geometrical minimizers. We also recall the known

regularity results on u which deal with its jump set (hypersurfaces of discontinuity).

— In Section [4, we apply Miranda’s scheme of Section 2] directly to study minimizers

of
U — 2
[ s + 452
Q

with Neumann boundary conditions in a convex domain, and we show that the
control on the boundary can be obtained using these boundary conditions. We can
obtain a bound on the modulus of continuity of u using the modulus of g, extending
a result by Caselles, Chambolle and Novaga [CCN11] to higher dimension.

In the sections which follow, we use level-sets Es; = {u > s} and their minimizing
property to get regularity results for u. Indeed, showing that u is continuous is equivalent
to show that OFs N OF; = () as soon as s # t.

— In Section [5], we recall the usual Hopf maximum principle for smooth geometric
minimizers of . As it is well known that such minimizers have no reason to be
smooth (think of Simons’ cone [Sim68]), we have to extend this kind of result to a
non smooth framework.

— We first show in Section [6] that one can easily extend this result assuming that only
one of the two minimizers is smooth.

— In Section [7} we investigate the problem

min /Q o(Vu)

in bounded domains with continuous Dirichlet boundary conditions. We could use
the scheme of Miranda, but since the functional is no longer strictly convex, we
have to find another way to get a comparison principle for minimizers (v < v on
00 implies u < v in the whole ): Jerrard proposed a geometric proof of this
principle in [JMNI13], with an strict ¢-mean convexity assumption on the domain
Q. Since |[JMN13| deals with a space dependent ¢, he can obtain continuity of the
minimizer only in dimension < 3. Taking advantage of the translation invariance, we
prove continuity for w in all dimensions, using simpler arguments than in [JMNT3].
Nonetheless proof is totally geometric (it deals with level-sets) and remains in the
spirit of [JMNT3].

— Finally, in Section |8, we come back to the usual Rudin-Osher-Fatemi model (no
anisotropy). We show that some results can exist in an unbounded domain but that
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the situation is more difficult, because we cannot use the boundary as a step towards
continuity. As a result, we show that a srong maximum principle for minimal surfaces
[Sim87| can be extended to variational constant mean curvature hypersurfaces, and
see that it is enough to claim that two different level-sets of a minimizer cannot
touch. That is exactly proving that the minimizer u is continuous.

2 A primary work by Miranda

In this section, we would like to focus on one of the first papers on minimizing
/ F(Vu), wu=gon 9. (1.3)
Q

It has been published in Italian by Miranda [Mir65]. The assumptions are the following.
— The function F is C? and strictly convex,
— the domain €2 is open and bounded,
— we assume that the boundary data ¢ satisfies the so called K-bounded slope con-
dition (BSC): for every § € €, there exist two affine functions f*, vanishing at ¢,
such that for every other y' € 952, we have

=) +9() < 9() < FT) +9(3)- (1.4)
The main statement of [Mir65| is

Theorem 1.1. There exists a unique minimizer of (1.24]) in the class of Lipschitz func-
tions.

There is no work on BV (or even in W) functions in this paper: every function
is at least continuous. Nonetheless, the techniques used to prove this theorem are very
fundamental in this whole section. Let us give a few words about the proof.

First, since F' is strictly convex, there is at most one (Lipschitz) minimizer to (|1.24)).
And we have the

Proposition 1.1. Let u and v two minimizers of (1.24) with boundary data g and h.
Then, if g < h, u < v.

To show the existence, we minimize in the classe of p-Lipschitz functions, providing
some function wu,. To make u, converge, we need to show that they actually all share a
Lipschitz constant. This is a regularity result which will be fundamental in what follows.

Thanks to the (BSC) and Proposition we control the behavior of a minimizer
on the boundary. Indeed, since f* are affine, they are natural minimizers of [ F(Vu).
Proposition above applied to v and f* shows that the property

VyedQ, fT(v)<g(y) <)

can be extended to the whole Q:

VyeQ, [f(y)+9@) <uly) < (y)+9(9).
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Since the slope of f* is bounded by K, we deduce, since § can be any point in 99
V(y,9) € @x 09, |uly) —u(@)| < Kly —jl. (1.5)

The most important result is the following proposition, which shows that to control
the reguarity of a minimizer, it is enough to control it on the boundary.

Proposition 1.2. Let u be a minimizer of (1.24) which satisfies (1.5)). Then, it is K-
Lipschitz.

Proof. We use that the translational invariance of the integral. If 4/ and y are two points
in Q, we define v(z) = u(z + (¥’ — y)). Thanks to the comparison principle, maxu — v is
reached on the boundary of QN (2 4y’ — y), in some Z. As a result,

wz+ (Y —y) —ulz) <ul@+y —y)—u(@)
But either Z or & + y' — y belongs to 9Q. As a result, (1.5)) implies
w@+y —y) —u@) < Kly—y].

Hence we obtain
u(z + (Y —y)) —ulz) <Kly—y],
which proves that u is K-Lipschitz. O

Remark. Even if this proposition is stated in the framework of Lipschitz functions, it totally
applies when u and v are only BV (with boundary data considered as a trace). We will
use this translation strategy several times in what follows.

Finally, let us make a remark on the bounded slope condition:

Remark. Let us assume that  is uniformly convex and g is C?. Then, g satisfies the BSC.
Pierre Bousquet proved in [BouO7] that if ¢ is only continuous, Theorem still holds (in
the class of continuous functions instead of Lipschitz ones). The idea is to approximate
g by C? functions g; and control the Lipschitz norms of the approximate minimizers. In
addition, Bousquet deals with functions in W', See also [BB15] for a generalization where
affine functions are no longer minimizers.

3 An introduction on BV functions

3.1 Functions of bounded variation

In this section, we give some definitions and classical results (most of them without
proof) on BV functions. To learn more details, one can read [Giu84], [AFP00] and, with
a more image processing oriented point of view, [CCCT10]. In what follows, Q will be an
open subset of R™.

Definition 1.1. Let u : Q — R such that u € L' (). We say that u has bounded variation
and note u € BV (Q) if its distributionnal derivative Du is a Radon measure. Then, we
call TV (u, Q) the norm of this derivative, as a Radon measure:

TV (u; Q) = sup (Du, ¢).
¢€Cé (Q)» ||¢>||(;1 <1
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In an equivalent way, one can ask that

wp{éudw¢‘¢€C?KLRW\WMw<1}

is finite, and prove that this quantity is exactly TV (u; Q).

Remark. Since constant functions have a total variation zero, TV is only a seminorm. We
usually introduce the norm

lull By = llullpr + TV (u).
Endowed with this norm, the space BV is a Banach space.
Using the last definition of TV, one can easily state a crucial property of total variation.

Proposition 1.3 (Lower semicontinuity). Let u, — u in L'. Then,

TV (u) < liminf TV (uy,).

n—o0

In addition, the functions in BV can be approximated by smooth functions, thanks to
the

Theorem 1.2. Let u € BV(Q). Then, there exists a sequence u, € C®° N W1LL(Q) such
that

Up — u e Lt

and

TV (up) = TV (u).

It has to be noticed that this density of W' in BV enables to extend the Sobolev
inequalities:

Proposition 1.4 (Sobolev inequalities). Let Q be Lipschitz and bounded and u € BV ().
Then, there ezists Cy (depending only on  and the dimension) such that

u—fu

If u has a compact support in Q, then there exists Co (depending only on Q and the dimen-
sion) such that

< Cp-TV (). (1.6)
La-T

lull | 2y < Co - TV(u). (L.7)
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3.2 Sets with finite perimeter

Definition 1.2. Let E be a mesurable set in R™. We say that it has finite perimeter in
Q if its characteristic function 1g has bounded variation in Q. We note

Per(E, Q) :=TVo(1E).
If Q@ = R", we note Per(E). Such a set is also called a Caccioppoli set.

Let us state a useful proposition for sets with finite perimeter (the proof uses Theorem

and Proposition .

Proposition 1.5. Let A and B two Caccioppoli sets. Then,

Per(AN B;Q) + Per(AU B; Q) < Per(A4;Q) + Per(B; Q).

Remark. Whereas the n — 1 dimensional Hausdorff of 0 F measure highly depends on n — 1
changes on E, Per(E) does not. For instance, if £ = [0,1]2 U [1,2] x {1} C R?, then E
differs from the unit square by a set of Lebesgue measure zero, but

H" N OFE) =5

whereas Per(E) =TV (1g) =TV (19 12) = 4.

This remark yields the following question: since Per(FE) does not change by adding or
deleting a n — 1 dimensional subet to F, is there a canonical representative of £7 What
can we say about FE? This leads to the following definition

Definition 1.3. For every Caccioppoli set E C Q, we note E(Y) the set of points with
density 1 and E© the set of points with density zero. More precisely,

B, E
ED .—req hmmzl 7
r—0 ’BT|
B, E
EO®O .—Jlreq hmm:o
r—0 ’BT|

These sets are invariant to negligible modifications of E.

Proposition 1.6. The difference between E and EY) has a Lebesgue measure zero, as well
as the difference between E€ and E©),

Proof. This result comes from the usual Lebesgue differentiation theorem: with f = 1,
it reads

1
Vr € R" a.e., lim / 1g = 1g(x).
p=0  [By(2)] /B, (2)
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Proposition 1.7. Let n > 2 and E be a Caccioppoli set in R™. Then, either E or R"\ E
has a finite Lebesque measure and there exists a dimensional constant C' such that

min{|E|, [R" \ E|} < C Per(E)n-1
Proof. We just use (1.6) on the ball B,(z) for 1z and 1gm\ g to get

Joo = F
Bp(w) BP(QU)

which can be rewritten as
[(R™\ E) 0 By(@)] \ T | o o (1Bolz) N E[\ 7
B,(@)] ) FIERADNE )< B,@) )

n n

n—1 n—1
<C (/ ’DlE’> :
Bp(x)

BB, (
which implies

min{|E N B,(z)[, [(R"\ E) N B,(x)]}-

n

<<|<Rn \é})(;ﬁ(@!)ﬂ N <W>> o (/B,,(x) mm) 2

>1
Hence,
min{|E N B,(z)|, [(R"\ E) N Bp(:c)|}nT_1 < CPer(E, By(x)). (1.8)
Letting p — oo, we get the expected inequality. O

Definition 1.4 (Reduced boundary). A point x € Q belongs to the reduced boundary of E
(we note x € O*E) if

i) For every p > 0, pr(CC) |D1g| > 0.
it) The quantity
fB (J}
vp(r) = =0
P 5, |D1 E|
has a limit v(z) with [v(x)| = 1.
The following proposition shows, in some sense, that the reduced boundary is the

smooth part of the boundary, and that all the perimeter is somehow contained in the
reduced boundary.

Proposition 1.8. Let E has finite perimeter. Then,

Per(E; Q) = /B*EOQ dH" (z). (1.9)
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We conclude this section giving a crucial theorem, which is called coarea formula and
enables linking the minimizing properties of v and the minimizing properties of its level
sets By = {u > t}.

Theorem 1.3. [Giu84, Th. 1.23]
+oo
/]Du\ —/ Per(Ey; Q)dt. (1.10)
Q —o0

3.3 Rudin-Osher-Fatemi denoising procedure

In 1992, Rudin, Osher and Fatemi proposed in [ROF92| a denoising procedure based
on total variation. More precisely, if g : Q@ C R®™ — R is a noisy picture, they suggest to

regularize it solving
2

1 U —
u = argmin/ | Dul| + / Q (1.11)
veBV () Ja Ao 2

In what follows, we are interested in anisotropic generalizations of this problem. More
precisely, let ¢ be a smooth, symmetric (¢p(—z) = ¢(x)) anisotropy (a norm in R™) such
that ¢? is uniformly convex, we deal with

_ : 1 [ (u—g)?
u = argm1n/9<p(Du) + )\/Q . (1.12)

vEBV(Q) 2
| ¢tow
Q
has to be understood as

K (gg) d(Du)(z) = sup{/gu-divg \ 2(6) < 1}
Du

where Du is the derivative of the BV -function u (it is therefore a Radon measure), and Du]
is the function provided by Radon-Nikodym theorem when writing that Du is absolutely
continuous relatively to |Dul. Since the functional u — [, ¢(Du) + } [, (u—2g)2 is strictly
convex and semi continuous (thanks to the semi continuity of the total variation), it has a
unique minimizer in BV (Q).

In all the following, we are searching for the links which may exist between the regularity
of g and the regularity of u. Let us recall the results on the jump set of w.

In this equation, the term

3.4 On the level-sets of minimizers

In this subsection, we give a few results which link the minimizing property of u in
(1.12) and the minimizing property of each level-set of u

By = {u>t}. (1.13)

To this aim, let us introduce some anisotropic variants of the quantities presented in Section

Bl
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Definition 1.5. Anisotropic perimeter Let E has finite perimeter. We can define an
anisotropic p-perimeter by

Per,(E,Q) := / p(ve)dH" . (1.14)
O*ENQ
Note that if ¢ = Id, then, thanks to , we obtain the usual perimeter. It is easy
to show that Per,, satisfies the same properties as the isotropic perimeter (with the same
proofs which basically use the semi continuity of the total variation with respect to the L'
convergence). For instance,

Per,(ENF) + Per,(E U F) < Pery,(E) + Pery,(F) (1.15)
and the key-tool in what follows, the so called anisotropic coarea formula
Theorem 1.4. Anisotropic coarea formula Let uw € BV (Q2). Then,
+o0
/ o(Vu) = / Per,(E;)dt.
Q —o0

See for instance [JMNI3| of [Jall2] for details on these anisotropic quantities.
Finally, we state the precise consequence of this coarea formula.

Proposition 1.9. Let u € BV (Q). Then, u minimizes (1.12)) with A\ = 1 if and only if for
every t € R, the level sets Ey of u minimize

E; = arg min Per,,(F) +/ t—g. (1.16)
F Q

3.5 Jump-set

Let us state here the first regularity results on « which come from regularity of g. They
deal with jump set.
Let w € BV(R2). Then, its differential Du is a Radon measure: it can be splitted in two
parts
Du = Du® + Duf
where Du® is absolutely continuous with respect to the Lebesgue measure £ and writes
Du® = VuL"

and Du€ is singular. The singular part can also be separated in two quantities Du® =
Du‘ + Du’/ where Du€ is the Cantor part and Du/ the jump part. One can prove (see
[AFP00, Chapter 3.]) that Du/ = D*ul;, where J, is defined by

Definition 1.6. Let u € BV (Q) and xo € Q. We say that xg is a jump point of u if there
exists two real numbers u™ (xo) # u (xg), an orientation v(z) such that

1 1
lim / lut (z0) — u(z)|dz = lim / lu™ (z9) —u(x)] =0
B (o) p=0 0" J By (o)

where
B;E(:):o) = {z € B,(z0)| £ (x —z0, v(x0)) > 0}.

We call jump-set the set of all jump points. We denote it by J,,.
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Roughly speaking, the jump set corresponds to hypersurfaces of discontinuity of u. It
is therefore consistent to be interested first in this set, when studying regularity of u. Let
us give the results which links the jump set of u and the jump set of g. The first one has
been obtained in [CCNO7].

Theorem 1.5 (Caselles, Chambolle, Novaga, '07). Let g € BV (2)NL>(§2) where Q C R",
and let u minimize the isotropic (1.11f). Then

Ju C Jy
up to a H" '-negligible set.

In 2012, in his PhD thesis, Khaled Jalalzai extended this result to more general first
and second terms in (1.11)). To be more understandable, we only state a restriction of his
theorem

Theorem 1.6 (Jalalzai, '12). Let g € BV (Q) N L>®(§2) and u minimize (1.12)). Then,
Ju C Jg,
up to a H" -negligible set.

It has to be noticed that this result allows the two terms to have a space dependency.
Finally, we mention a recent paper by Valkonen [Vall5|, which extends this results to
much more general regularizations.

3.6 Density estimates on the minimizers of the geometric problem

In this subsection, we give useful results on the minimizers of the anisotropic perimeter.
The main density estimate comes from [GMT93|, with slight changes due to the anisotropic
framework.

A word on the anisotropies. In this subsection, we will use an anisotropy ¢. It just
consists in a norm in R™. We assume that it is smooth and that ¢? is strongly convex
(D%¢? > AT with A > 0). As a result, there exist two constants A and B such that

Vel =1, Alr| < p(2) < Blal.

Proposition 1.10. Let E minimize in By and assume that 0 € OF. Then, there
exists ro and a constant ¢ > 0 which both depend on the dimension, ||g — t|l and A and
B such that for every r < 1o,

|Br N E|

l—qz2 —5— 2=
q B, q

(1.17)

Proof. Let A = ||g — t| 1 (p,)- Applying Sobolev inequality to f = 1gnp, gives

C
1508, es < C [ Do ] < Pera(B B By).
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Note that using trace theorem,
Per,(E N By; By) = Pery(E; B,) + / 1pp(v) < Pery,(E;B,) + B 1g.
9B, 0B
Since F is minimizing in B; and comparing with E \ B,, we have
Perw(E’;BT)—I—/ t—g < Pery(B;E)< B 1g. (1.18)
ENB, OBy
Putting the two last equations together, we obtain
Per,(E N By; By) < 2B 1g + |[EN By |A.
0B

For almost every r, we have

d
/ 1E:f|EﬂBr‘
OB, dr

which implies
n-1  2BC d 2CA|E N B, |
1 w1 =|ENB,| » <———|ENB iiutel it
150, o = |EN B < 2 SIEN B + =

Then, we would like to have

CA|ENB 1 n—
E0B] ipns
It is enough to force |B,|'/™ < ﬁ, that is
A
r < To ‘= T
4wy "CA
Finally, we have
n—1 4BC d
|Eﬁ B'I" n < T%|Eﬁ Br"
Denoting by n(r) the quantity |E N B,|, we have

. A
(") > 56

Integrating between § and r < rg, we obtain

0<|B,pNE"" < |B. nEM" - (1.19)

ABC"

which gives the expected inequality. Using symmetry, we have the other inequality.
O

Corollary 1.1. With the same assumptions, there exists ¢ > 0 such that for all r < rg
and all balls B, centered at x, € OF,

Per(EN B,) > qr™ '
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This comes directly from Proposition
Let us state another corollary which will be useful in what follows. This corollary is
often mentionned as clean-ball property.

Corollary 1.2. Let E be minimizing in B with 0 € OF. Then, there exists ¢ > 0 (depend-
ing only on A, B, ||t — gl and the dimension) such that for all r < ro there exists a ball
B, C EN B, of radius qr. In addition, there exists another ball Bcl]r with the same radius,
such that By, C R"\ EN B,.

Proof. For a fixed § > 0, thanks to Vitali covering lemma, one can cover Em /2 with a finite
number of balls (Bss(2;)),c; such that Bs(x;) N Bs(x;) = 0 for @ # j. Then, let J C T
defined by

i€J< Bs(x;))NE #0.

Let us imagine, for a moment, that
Vi e J, Bg/4($i) NOE # (.
Then, let y; € Bs/4(z:) NOE. We have Bj/4(yi) C Bs(wi). As a result,

Vi#j, Bsa(yi) N Bsaly;) = 0.
On the other hand, thanks to Corollary [L.1] we have
Vi€ J, Per(E;Bsu(y)) = Cs" !
which implies
Per(E; B, j2) > CNs6"™! (1.20)

where Nj is the cardinal of J. Since the Bs(z;) are disjoints, we have Ns|Bs| < B, /2l
On the other hand, by Proposition , we have Ns|Bs| > |E N B, js| > C(ro)" which
implies
Ns ~ 06",
As a result, if § is too small, we have a contradiction with and there exists a ball
Bs,4 which intersects £ and such that 0E N By = (). That implies Bs;y CE.
We build B’ by symmetry. O

Finally, these density estimates give some information on the points of density one.

Proposition 1.11. Let E be a minimizer of (1.16). Then, the sets EY) of points with
density 1 in E and EO) of points with density 0 in E (see Deﬁnition are both open
subsets of R™.

Proof. We will show the result for E(®). We only have to note that Equation (1.19) holds
as long as |B, N E| does not vanish (there is no need for 0 to belong to F). As a result,
if | B, N E| is too small, | B,., N E| must be zero.

Let o € E©. Then, for every €, we have a radius r; such that if r < ry, then
|E N By, (70)] < ewyr?. That implies, if ¢ is sufficiently small, that |E N B, /3(%0)| = 0.
As a result, every point z in B, ,4(z0) satisfies

BN By, ja(a)] = 0.
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3.7 A word on minimizing graphs

Let E minimize ([1.16) (we assume for simplicity that ¢ = 0) on Q1 = {|z;| < 1} and
assume that E is a smooth graph over some n=* (for simplicity we assume that n = e),
that is

E={( z,) e R"| 2z <u(z')}
with |u| < 1. In this whole part, we will use the following notations.
— Every x € R™ will be written x = (2/, x,,).

— The differential operators on R" ™ ~ ¢

are denoted with a /.

(V'u,1)

JIHVap

— The normal vector to E at x = (2/, x,) is v(2') =
Lemma 1.1. The function u satisfies the equation
—div(Vp(V'u, 1)) = g(2', u(z')).

Proof. We use the first-variation approach. The area measure is

o) = [ VIFIV (W“”) = [ v

Per,(E, Q1) = /
V14Vl :

0ENQ1

using the homogeneity of ¢. In addition, we have

u(z')
/ g(2', w)dwdz'

o=
ENB; Qll w=-—1

Since u is minimizing, we have, for all v and s,
u+sv(z’)

/Q’l go(V’(qusv),l)Jr/_l o, w) >/Q

Then, note that

Je
/i/iﬂv(x’)g(a&',w) :/a/i(w’)g(x’,w)-Fg/Q g(, ulz")) + o(s).

!
1

/
1

oV (u+ 5v), 1) = / (VW) ) +s [ V(1) - Vo + ofs)
Q) Q,
and

As a result, we must have

V'o(V'u,1) - Vv —v(z')g(2',u(z))dz’ = 0,
Q1

which can be rewritten using Green formula, and assuming that v has a compact support
on @, as
/ v (— div(V'p(V'u, 1)) — g(m',u(m’))) =0

1
which finally yields

—div!(V'p(V'u, 1)) = g(2’, u(2")).
O

Now, we are ready to give the main regularity results of this chapter. Let us begin by
a theorem really in the spirit of Section [2}
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4 On convex domains with Neumann boundary conditions

In this section, we take full advantage of the remark by Miranda, that everything
happens on the boundary. We prove that it is also true when studying with Neumann
conditions. The assumption of convexity of 2 prevents bad things to happen on the
boundary, as we will see. In the first two subsections, we work only with smooth objects.
We will see in the last section that the general results could be derived from the smooth
ones.

Note that the second subsection contains no result (since we cannot regularize the problem
in a appropriate way to proceed similarly as in the first subsection), but consists in a
remark on what can be said on smooth minimizers of the anisotropic ROF-functional.

4.1 The isotropic case

In this section, we prove the

Theorem 1.7. Let Q be a convex bounded domain and f : R — R be convexr and satisfies
f(0)=0, f(+00) = +oc.

Let u be the minimizer of
(u—g)*
[ vy + 50
Q
with Neumann conditions on the boundary and assume that g is continuous with modulus
w. Then, u is continuous with modulus w.

Note that Theorem is already known in low dimension (n < 8) and isotropic frame-
work, thanks to [CCN11].
The strategy is to work on the approximate problem

(u—g)?

min [ (9] + 5

with f. — f locally uniformly and f. > 0, smooth and satisfies

as well as f/(0) = 0. Letting G(z) = f-(Jz|), G is smooth, uniformly elliptic (we have
%I < D?2G < CI). We can show using the classical Nirenberg translation method, that
uw € H?. It is in addition C* up to the boundary thanks to De Giorgi Nash Moser theorem.

The solution u of the approximate problem is C* up to the boundary so is K.-Lipschitz
and satisfies the Euler Lagrange equations

div (e IV ) + (- 9) =0

and
(Vu,v)=0 on 90.
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Lemma 1.2. Let
L= sup M) —u)

z#yeN w(x - y)
Then, either L < 1 or L is reached on the boundary.

Proof. First, note that this supremum is a maximum, because since o < 1, % — 0
as soon as |z —y| — 0.
Let us now assume (to get a contradiction), that L > 1 and that the maximum is not

reached on the boundary. That is, we assume that there exists é > 0 such that

sup M < L — 1006.
veon w(T —y)
yF#rEe

We can choose § such that L — 100§ > 1. Thus, if |2| < 7 sufficiently small, we can write

Ve e dQ, |z| <n, ulzr—2z)—ulz)<(L-ow(z).

Let v = u(- — 2) — (L — §)w(z). We have just said that v < u on 09, where Q, =
(Q + 2) N Q. Using the very definition of u, one can write (on Q\ (2 + z), we will impose
uVv=wuandon (Q+2)\Q, uAv="0)

/ F(vul) +

(v(@) = (gl — 2) — (L — d)w(2)))

/f|Vu\/U (qu— 9)°

(uAv(@) = (g(z — 2) — (L — Hw(2)))?
</(Q+Z)f(|vum)y)+ 5 .

We sum this two inequalities and notice that, as measures,

F(Vul) + F(IVo]) = f(IVu Vo) + f([Vu Avl),

that yields

0 < /Z(U\/U—g)2—(U—9)2+(U/\U($)—(g(ﬂf—z)—(L—5)w(2)))2—(U(l“)—(9($—2)—(L—5)W(2)))2
which means

0< /Q —2guV v+ 2ug — 2g(x — 2) — (L — S (2))u A v+ 2g(x — 2) — (L — d)w(2))o,
which is equivalent to

0< [ (wvo—u)(g+gle—2) - (L-0w(:).
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Since z # 0, one has w(z) > 0. In addition, L —§ > 1 so
—g+g(x—2)—(L-90w(z) <0

(g is w-uniformly continuous). Finally, (uVv—wu) > 0 and since the integral is nonnegative,
we must have u Vv —u = 0 on the whole Q,, which implies u > v on €1, that is

u(w + 2) — u(z) < (L - S)w(2),

which is a contradiction with the definition of L. O

It remains to show that this maximum can actually not be reached on the boundary.
For almost every level-set of u, using Sard’s theorem, Vu does not vanish. So, the condition
Vu - v =0 on 9N provides a non degenerate orthogonality between 92 and the level sets
of u. Let Z,7 € Q) such that
u(E) — u(y)

I —
w(r—y

and assume that & € 9. That is exactly saying that the distance between A := {u = u()}
and B := {u = u(g)} is reached on A N ON. In particular, the sphere with center § and
radius |Z — | contains # and does not cut A. That must imply (Z — g, v(Z)) < 0, which
is impossible because of the uniform convexity of 9f2.

Let us deal with the case where Vu(z) = 0. (what we have just done still holds if
Vu(y) = 0). In a neighborhood of Z, we have |u(Z) — u(z)| = o(& — z) which provides,
recalling the definition of L,

lu(z) = u(@)] = Lw(Z — ) + o(|lz — 2|).

On the other hand, choosing w differentiable on (0,400) and increasing (w’ > X\ > 0), we
obtain

wla—) = w(@ —g) + T 22Dy

y) + ~ w(|z—=9|) +o(&—x).
Since |u(z) — u(y)| < Lw(x — ), this yields

~ A~ ~ x—Aax_i‘ ~ ~
w(z —79) +o(xr — ) >w(a:—y)+(|5_g|)w’(]x—

SO

02(-75—];,.%—1') l(|£ ~

- sl
|z — 9] ’
for every x in a neighborhood of & in €. That is not possible.
Finally, this proves that all the approximate solutions share the same modulus of con-

tinuity w. Passing to the limit shows that the exact solution also has w as a modulus of
continuity.
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4.2 A remark on the anisotropic case

We now consider an anisotropic version of what we have just proved, trying to minimize

u— )2
[ stetwy + 52
Q

with ¢ any anisotropy (norm in R™).
The previous scheme of proof, which would consist in approximating this problem by

U — )2
/fg(QOE(VU))—f—( 29)’
Q

where f. is as in the isotropic case and ¢, is a 1-homogeneous C* elliptic approximation
of o, does not necessarly provide a minimizer which is regular up to the boundary. Indeed,
the operator — div(f/(¢p(Vu)) - Ve(Vu)) is singular when Vu = 0.

Nonetheless, we can notice that if a minimizer of the approximate problem is C, it is
uniformly continuous with a control on the modulus. Indeed, it would satisfy the Euler-
Lagrange equation on the boundary

Vo(Vu)-v=0.

Assuming that
Vo,y € Q, |g(z) — g(y)| < w(¥’(z —y)),

where
©°(§) = sup {(z, &) | () <1},
one can notice that Lemma still holds, with the same proof, but with w(z —y) replaced
by w(e®(z —y)).
Now let us show as before that the maximum of

u(z) — u(y)

w(p®(z —y))
can actually not be reached on the boundary. We proceed by contradiction and can consider
% and y which maximize ¢°(x —y) for z € {u = u(2)} and y € {u = u(9)} and assume
that & € 02. Then,

Vu(z) € Vect(Ve° (2 — 9),v).

To see that, let h be both orthogonal to V°(Z—9) and to v. Assume that Vu(z)-h <0
(if not, one consider —h). Let w be the projection of h on the boundary 9. Since
(h, v) =0, we have
u(Z 4+ w) =u(Z) + Vu- h+o(h).

As a result, for h sufficiently small,
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Moreover, since Vo°(& — g) - h = 0, one can write
(L +w—g) =¢°(& —7) + o(h).

As a result, if v denotes the projection of w on ¢° = ¢°(Z—g) (this projection remains in
in a neighborhood of &), we both have ¢°(z4+v—7) = ¢°(Z—7) and u(z+v) < u(:ﬁ)—i—w,
which contradicts the definition of 2.

We proved that
Vu(z) = aVe®(z — ) + pr.

One can notice that a, 8 < 0 (o > 0 would imply that we can decrease u from u(Z) by
going towards § whereas $ > 0 would imply that going inside € from & would necessarily
decrease u, and both cannot happen).

Finally, one can write (we replace o and 8 by —a and —f taking advantage of the
0-homogeneity of V)

0=Ve(Vu(@) v = Ve(~aVe®(@ —§) — fv) v

where the right hand side is positive using the strict convexity of 2.

4.3 Non smooth limit

In the two previous subsections, we assumed that all the objects are smooth and that
Q is uniformly convex. What happens if 2 is not uniformly convex and if ¢ is not smooth?

If © is not uniformly convex, we can approximate it by uniformly convex domains £2,,.
For each €2,,, we have a minimizer u,, which has a controlled modulus of continuity (which
does not depend on n). As a result, passing to the limit, we get the same modulus for the
minimizer in Q.

If the anisotropy is not smooth (for example crystalline), we can choose a sequence
wn — @ with ¢, > ¢ and smooth. Then, recalling that ¢, > ¢ & ¢, < ¢°, ¢ is
continuous with ¢,-modulus w for every n, and the minimizers w, of with ¢,
instead of ¢ therefore satisfy

Va,y €, fu(z) —u(y)] < wlpn(z —y) < w(@® (@ —y)).

As a result, passing to the limit in n, the control on the modulus of continuity still holds
with crystalline anisotropies if it does with smooth ones.
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5 The usual smooth Hopf maximum principle

In the rest of this chapter, every regularity result will be obtained taking advantage of
the minimizing property of level-sets. That means we are involved in studying minimizers
of . In this section, we recall the strong Hopf maximum principle, which is well
known to hold for two smooth minimal surfaces (see for example [CM11]).

Theorem 1.8. Let f < g — € both continuous in Q and F C G two subsets of R™ with
smooth boundaries which minimize respectively (in the family of finite perimeter sets, and
with respect to compact perturbations in §2)

Per,(F,Q) + f
FnQ

and
Per, (G, ) —|—/ g.
GNQ
with an anisotropy @ which is smooth and uniformly elliptic. Then, either F' = G or
OF NG = 0.

Remark. The assumptions with € are made to compensate the variations of f and g. If f
and g are constant or even Lipschitz, we can take e = 0.

Proof. The proof is standard. Let us assume that there is some x € OF N OG. Since these
two sets are smooth, F' and G are graphs of functions u and v over the same hyperplan in
a small ball B,. Since f and g are continuous, we choose r sufficiently small such that

Ve,y € By, f(x) < g(y).

One can assume that v < v and = = (20, u(x0)) = (20, v(x0)). Denoting by H((V")?u, V')
the quantity
H((V)2u,V'u) = —div' (V'o(V'u)),

The graphs satisfy the equation
H((V)2u,V'u) = f(a',u(2’)) and H((V')*0,V'v) = g2, v(z")).
As a result, thanks to the ¢ (or if f and g are constant), we have
0< H(V)?v,V'v) — H(V')*u, V'u)

in a neighborhood of zy. We can show that since |Vu| and |Vv| are bounded, H a uniformly
elliptic operator. So, let us write (we use the mean value theorem)

0 < div'(V'p(V'u)) — div' (V'p(V'v)) = 0 [div' (V'((1 — t)V'u+tV'v))]
= div’ [0 (V'o((1 = t)V'u+tV'v))] ‘t:to
= div' [(V)20((1 = t)V'u+tV'v) - V(v — u)]

‘t:to

‘tzto :

which is an elliptic linear divergence type equation div(A(z)Vw) < 0 for w = v — u. This
directly implies that v < u, so that u = v. Finally, F' = G. O
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Remark. If e = 0 and f is Lipschitz, then we get
0< div/ [(V')2g0((1 — t)V'u+tV'v) - V'(v — u)] + (v — u) 0 f (2, tu(z') + (1 — t)v(x’))’t:to

which has the form of
—div(AVw) + w - ¢(z) =0,

which satisfies also a strong maximum principle (with the decomposition ¢(z) = ¢ (z) —

¢ (x)).

6 A comparison result with a smooth set

We make the same assumptions as in Section |5| (in particular, ¢ is smooth), but we
only assume that G is smooth.

Theorem 1.9. Let F and G minimize in ()
Perg,(F)—k/ f
F

and

Per,(G) + /Gg

with f < g—e. We assume that F C G and 0G is a C' hypersurface. Then, either F = G
or OF N 0G = 0.

Remark. — As above, when f and g are constant, we do not need € to be positive (it
can be zero).
— This theorem is already known when f = g = 0 in a more general version in [SW&9]
(in particular, the anisotropy can depend on the space variable, and the sets are
only stationary, whereas they are minimizing in our framework). Nonetheless, we
present a simpler proof of this result, in the spirit of [CC93| (see also [CRS10]).

We replace OF by supp(D1p) in order to work with a closed set. Let us assume that
there exists 2o € OF N OG. We want to prove that it implies F = G. Since 0G is C!, 0G
is the graph of some C! function ¥ over 7, with 7 the outer normal to G at z¢ (we may
assume zo = (0,9(0)), 9(0) = 0 and v defined on B}.).

In what follows, for every z € R™, we will denote by 2’ the n — 1 first component of Z:
z2=(Z,z,).

Thanks to Corollary for every r sufficiently small, there exists a ball B := By, ()
of center z, and radius ¢r with B C F'N B, (x(). Since {Z, = 0} is tangent to G, =, must
have a negative n-th component for r small enough. Let r( satisfies this requirement and
let n = x9 — zp,. Then, since (n, n) > 0, OG is also a graph over n' of some function v
defined on B},(0). Once again, we assume v(0) = 0 and denote (z', 2,,) the components of
every z € R™. Then, we define

VI <p, u(z') :=sup{z, € R|(2,2,) € F}.

Note that since F' C G and by definition of u, we must have v > u on B,’D.
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€

Moreover, v is a smooth graph over n— on B, so it satisfies (in the strong sense, so

also in the viscosity sense)
—div' (V'p(V'v, 1)) = g.

Proposition 1.12. The function u is upper semicontinuous and is a viscosity subsolution
of
—div' (V'o(V'u,-1)) = f. (1.21)

Proof. Let us first prove that u is upper semicontinous. Let z, — x € B,. Then, we
have a sequence (zy,u(xr)) € F, which is bounded above. As a result, there exists a
subsequence (still denoted by (xg,u(xy))) which converges (possibly u(zy) — —o0). We
want to show that u(x) > limsup, u(zg). If u(zy) — —oo, nothing has to be done. If not,
then (zx,u(zy)) is a converging sequence of F' which is closed. So, (z,limu(zy)) in F' and
u(z) = lim supy, u(zy).

Now, let us show that it is a subsolution of . Assume by contradiction that it
does not hold. Then, there exists a smooth function ¢ and some x; € B;) such that u — ¢
has a maximum at x; and

—div' (V'¢'(V'y,-1)) > f.
On can assume that ;1 = 0 and u(x;) = ¢(z1) and that the maximum is strict. Let I" be

the graph of 1. We want to generalize the result by Caffarelli and Cordoba |[CC93|. To
this aim, we work with the (-relative distance

do(w,y) = ¢°(x —y) where ¢°(x)= sup (z,v)

and
dy(w) = inf{dy(z,y) | y €T},
Then, we defined the signed @-relative distance to I' by setting
d(a’,2n) = dy(2', ) Lz, <y = dp(@' Tn) Lz 20t )}
Since I' is smooth, then there exists a tubular neighborhood of I" where d is smooth.
Lemma 1.3. We have
— div/(V'p(V'4p, —1))(0) = — div(Vp(Vd))(0,0). (1.22)

Proof. Let us first notice that d(z,v(2’)) = 0, so that V'd + 0,dV’yp = 0. Hence, since
Vi is 0-homogeneous and even, we get

dp N _Op [ NVd  \ Oy ,, 0d\  Op , ,
Bxi(vw’ 1)8%< 83?7 1)8% Vd,@ *8xi(Vd(3?71/1(95))-
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As a matter of fact,

1
_"‘12”: Po ((Pd_ 0d 0v
< Ox;0xj \ Ox;0x;  Oxj0xy, Ox; )
As a result,

"9 d%d
di ! d) =
v(Vie(Vd) Z@%( ox; ) Z 6.%181‘] Ox;0x;

N 8:5@0% &L‘zax] p= &Unamj 01,0

: 5 9% N Po % 0y
TR
= divi(Vip(Ve, —1)) + Z < Oz,01; axnaxj Z Z * 020z 0xy 0 O;

n 92d n-l 82@ 8¢ 3290
! -
=div/(Vip(Vy,—1)) + Z < 01,01, (; O0z;0x; Ov;  Oxn0x;

" 924 (“1 9y %ﬁ 0%p )

_ e/ !
= div (v vq/}? Z axnax] ax aLB axnaxj

zn: Pd 1 & 82@ od
= 00z D i 00 O’

= div!(V'p(Vip, —1)) —

Let us show that the last term of the last inequality vanishes. Indeed, one has
©°(Vp(Vd)) = 1, whose derivative provides

. — 0¢°(Vp(Vd)) 0 (dp(Vd)
<n, —_— - = 0. 1.2
visn J; Ox; i Oz 0 (123)

In addition, thanks to the equahty (which holds for any anisotropy) (p°Ve°)(p(§)Ve(£)) =
&, one obtains V°(Vp(&)) = (p( 7- Then, can be rewritten

i 1 0d 0%d 0%
o »(Vd) 83:] 0x;0xy, 0x;0x),

Vi, =0,

J 1

which implies for i = n (and some changes of indices)
" 9% od  92%¢
Z axnaxj (ZZ: Oz; 8@6:6]) =0,

what was expected. O
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Let 6 be small and fixed. Let Q be the epigraph of ¢ (we have dQ = T'). We are
interested in (Q — de,) N By,. Then, if § is small enough,

— F~\ (Q — de,) N By, is a compact perturbation of F' in B, (the minimum is strict).

— (2 —den) N F has a nonempty interior in F' (clean ball property).
— Ifd =d(-+dey), we have — div(Ve(Vd)) = f+n (n > 0) in (2—de,)NF (continuity
of d and (1.22)).

Let Q = (2 — de,) N F,. If F' were smooth, we would have

/ —div(V(Vd)) = — / (Vo(Vd)) - nodo — / (Vo(Vd) - nodo
Q (T—6en)NF OFNQ

which yields, using — div(Vy(Vd)) > f + 7 and noting that on OF, ng = np, we obtain
—/ (w(w))-npdwr/ (Vo(Vd)) - npdo > / f+n.
IN(F+den) OFNQ Q

Recall that F' is minimizing, we can also write (comparing F' to the compact perturbation

P\ Q)
/Q /< /rm(F+5en) ply)do - /amm pl)do.

Substracting the second inequality to the first one, we obtain

[n<-] pw)io+ [ pw)io
Q T'N(F+den) OFNQ

_ / (Vo(Vd) - nrdo + / (Vo (Vd)) - npdo.
TO(F+ben) OFNQ

Now, note that on I', we have Vd = ﬁ. On the other hand, Vo (v) - v = ¢(v) (because
of the homogeneity of ¢), which implies Vo(Vd) = ¢(v) on I'. We can then compute

/ (Vo(Vd)) - nrdo = —/ o(v)do.
T'N(F+den) 'N(F+den)

In addition, since ¢°(Vp(Vd)) = 1, we also have Vip(Vd) - v < ¢(v). That implies

< / o(np)do.
OFNQ

[ <o
Q
which is not possible.

If F' is not smooth, we select a sequence of F,, — F' with F,, smooth and 15, — 1p in
BV and we reproduce this construction on F, and pass to the limit (note that n does not
depend on n). O

/ (V(Vd) - np
OFNQ

These two relations yield
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At this stage, u is a viscosity subsolution of
—div' (V'p(V'u, —1)) = f(2', u(z'))
whereas v is a viscosity supersolution of
—div’ (V'o(V'v,—1)) = g(',v(z")) > f(2', u(a")).

So, v is also a supersolution of ( - We also know that v > u. We would like to prove
that v > u, because that would ensure that OF NG = (). So, we need a strict comparison
principle for viscosity solutions. This is found in [GOO05]. Let us check that the assumptions
are fullfiled. This article deals with an equation written as (see [GO05, Remark 3.6] for
the right hand side)
F(Du,D*u) = h
with F' satisfying
1. The function F': R" x §,, — R is continuous,

2. There exists a coercive function w such that for all p, X, Y,
F(p,X) = F(p,Y) 2 w(p, X =Y),

3. For every M, K > 0 and |¢|, |q| < K, || X|| < M, one has
[F(q, X) = F(q,X)| < Laxlg—dl-

Here, we have

n—1
0%y
ik= v
It is clearly continous.
— If p,q € R™ such that |p|, |g| < M, if X € 8" satisfies | X| < K, one obtains
0?p
P X) ~ F(0. 0 = | (50~ — g la=D) ) Xa < Lavaclo
(2 (2

— Let p € R” with |p| < M and X,Y € S, such that X <Y.
The assumption on ¢ imply that p — @(p, —1) is uniformly convex with constant
A(M) on every {|p| < M} (see the proposition below) As a result, one has

n—1 62
aiﬁ(p, DA SATHY — X)
- 9%

AM)Te(Y = X)< F(p,X)— F(p,Y) =
with A is the maximum of the spectral radius of D?¢?(q) for ¢ = 1.
Hence, [GO05, Th. 3.1] applies and gives the following alternative: either u = v on B, or
u < v. That is exactly Theorem
Finally, note that in the framework of , we have f < g — e so F and G cannot
coincide.
During the proof, we showed the
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Proposition 1.13. The function ¢ : p — (p,—1) is uniformly convex on {|p| < M},
with a constant \(M).

Proof. First, recall a few properties of the anisotropy ¢. By assumption, the sets {¢ < ¢}
(Wulff shape of radius t) are homothetic convex subsets which contain a neighborhood of
zero. In addition, D?¢? > al. Noticing that
2 Lo o 1
D = —D¢" = —Vo @ Vo,
2 ¥
we see that D2y is positive definite on T'(p, —1), the tangent plane to the Wulff shape
{¢ =p(p,—1)} at (p, —1), with eigenvalues bigger than m.
Finally,
Since ¢ is smooth around (p, —1), to prove the proposition, we only have to control the
eigenvalues of D?@(p) = D?p(p, —1) (0} Let us write e = €T + €% the decomposition of

e with respect to Vo (p, —1)* and span(p, —1) (note that this projection is not orthogonal).
Then,

ngo(p, _1) ' (67 6) = D2(p(p, _1) : (6T7 eT) + 2D2(P(p7 _1) ' (607 eT) + DQ(p<p, _1) ’ (607 60) :

>aleT|? =0 since D2p(p,—1)-e9=0

To conclude, we need to show that there exists a constant (M) such that |(e,0)”] >
v(M)|(e,0)| as soon as |p| < M. Since there is an angle between (e,0) and (p, —1) which
remains far from 0 on {|p| < M}, this is equivalent to show that the norm of the projection
is controlled, or to show that the angle between (p, —1) and Vp(p, —1) remains far from
5. This is true using that the Wulff shape is a convex which contains a neighborhood of
Zero.

Finally, D?¢ is uniformly convex with constant aﬁ'y(%) where (M) = min,<ps ¢(p, —1).

7 A result on mean convex domains with Dirichlet conditions

In this section, we link the minimizer u to the image g using Dirichlet conditions on
the boundary of the domain. To give the assumptions on €2, we need the

Definition 1.7. Let ¢ be a norm in R™. We say that Q) satisfies the barrier condition if
for every xg € 00 and € > 0 sufficiently small, if V. minimizes Per, in

{(W Q[ W\ B(20) = Q\ B(z0)},

then
oV N a0 N Ba(x) = 0.

Remark. The barrier condition means that 9€) is not a local minimizer of the perimeter
(there is always a inside perturbation of € which provides a set with strictly smaller
perimeter). Note that if ¢ is the Euclidean norm and 2 is smooth, this property is the
strict mean-convexity of Q. (positive mean curvature).
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Theorem 1.10. Let ¢ be a norm in R™ which is C* in R™ \ By(e) and such that ¢? is
strongly convex. Let also Q be a bounded Lipschitz open subset which satisfies the barrier
condition. Moreover, let g be continuous on 0S). Then, there is a unique minimizer u of

u = argmin / o(Vu) (1.24)
veBV Q
v=g on OS)

where the equality v = g on 02 means, as in [JMN13/, that
Vo € 99, lim esssup |v(y) — g(x)| = 0. (1.25)
r—0 yeN
lz—y|<r
In addition, this minimizer is continuous.

Remark. Since ¢ is not strictly convex as in Section [2 (because of the homogeneity), we
have to find another way to obtain something similar to Proposition This is done in
[JMN13], which provides such proposition in the case we deal with. Proceeding as in Section
, we could directly complete the proof (note that due to the space dependency, Jerrard et
al. can obtain continuity of the minimizer only in dimension < 3, using the smoothness of
the level-sets of u). Nonetheless, since we can take advantage of the translation invariance
of the minimizers (which does not exists in [JMNI13| because of the space dependency),
we give a much simpler proof of the continuity of u. In particular, we will use no deep
results neither on topological dimension nor on connected components of regular points of
a minimal surface.

For simplicity, we assume that ¢ is defined and continuous on the whole R".
We first recall the proof of the existence part of the theorem (it is already done in
[IMN13]). Let u be a minimizer of ([1.24)) in the class

Ap:={ve BV(R")|v=gon Q}.

It exists by standard techniques of calculus of variation.
We recall that thanks to the coarea formula (used similarly as in Proposition [1.9)), the
level sets Et(l) minimize

EEl) = argmin Per,(F), (1.26)
E\Q=F\Q

with Fy := {g > t}, where the exponent (1), as before, means that we consider the subset
of points with density one:

PO = {x =

fim (Br@ OFL 1
r—0 |BT‘

We recall that thanks to Proposition Egl) are open subsets.
To show that (1.25) is in fact satisfied by u, we prove the following lemma (which is
simply a restatement of [JMNI3| Th. 1.1] which we give for convenience).

Lemma 1.4. Let & € 02 and let t and e such that g(z) <t —e. Then, there exists p > 0
such that
EMN N B,(&) = 0.

The same result holds for g() >t +e.
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Proof. Let us proceed by contradiction: we assume that there exists a sequence x,, € Et(l)
such that x, — Z. Since g is continuous and u = g € Q¢ then x € F := Et(i)s/2 and
u<t—e/2on By(z)\ .

Since E cannot intersect B,(Z) \ €2, we must have
B,(#)NOE C Q.
But this cannot happen (see [JMNI13, Lemma 3.3]). If V' minimizes Per,, in
(W C QWA By(2) = Q\ B,(2)},

then the set VU (E N B,(2)) is also a minimizer whose boundary contains &, contradicting
Definition n

Now, let u be a minimizer of ((1.24)). We prove that it is continuous. We will show that
its level sets F; and FEj, for s < t, satisfy Eél) E Egl).
We begin by noting that these two sets cannot touch near 0.

Lemma 1.5. Let s < t. There exists 6 > 0 and € > 0 such that for every x € QN 8E§1)
with d(x,0Q) < § and y € Et(l) NQ, then d(x,y) > €.

This is straightforward using Lemma with e = t_TS The compactness of 02 provides
the expected 0.
Before proving Theorem [1.10] we state a very standard but useful

Lemma 1.6. Let E and E be two minimizers of (1.26) with F} replaced respectively by F
and F and assume that (EU E)\ E is a compact subset of Q2. Then, EUE and ENE are
manimizers of (1.26|) with F} replaced respectively with F' and F.

Proof. The proof is also very standard but we give it for completeness. We notice that
(EUE)\Q=E\Q=F\Qso FUE is an admissible perturbation for E. One therefore
can write

Per,(E UE) > Per, E.

Similarly E N E is an admissible perturbation for E and we can write,
Per,(ENE) > Per, E.

By summing the two inequalities and recalling (1.15)), we must have equality in the in-
equalities. That is the claim. O

Proof of Theorem[1.10. We proceed by contradiction. Let us assume that there exists

Xy € GES) N aEgl) and let rg = mi%&s), where 6 and ¢ are the constants provided by

Lemma Thanks to this lemma, d(xg,08) > 6.

Recalling that aEél) and aEt(l) are regular up to a compact set of dimension at most

n — 3 we can choose o € 8E5(,1) and § € GEt(l) two regular points such that

oo — x| <19 and |B — x| < 1p.

If v = o — B, note that |v| < 5 min(é,e) thus B and Et(l) + v do not touch near the

boundary 0f2.

1
2
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The regular set reg(@Eél) N Byy/2(20)) is a set of pieces of parallel hyperplanes.
The point « is regular means that one can find a direction n such that both aEgl) and

8Et(1) = 8Et(1) +7 are (smooth) graphs around «. Since Et(l) NEY and Et(l) UE are also
minimizers (thanks to Lemma |1.6)) and are both graphs around «, we have two functions
w1 < we such that wy(a’) = we(a’) and which satisfy the zero ¢-mean curvature equation
for graphs

div' (V'(V'w;, —1)) = 0.

By comparison principle for graphs (JGO05], the one used in Section @, they must coincide
locally.

Notice that this coincidence is true for every pair o, 8 € B, 2(z0) with a € 3E§1) and

B e BEt(l) + v. Leaving § and moving only «, this proves that every regular point « of

e n B, /2(x0) has a neighborhood (in 8E§1)) which coincides with a neighborhood of

S in 0Et(1) + v. As a result, every regular point of 8E5(,1) N Bm/g(:ro) has the same normal

(let us call it w). Since in addition, the set of regular points is an open subset of 8E§1) , the
connected components of reg(@Egl)) are affine hyperplanes parallel to w', oriented either
by w or by —w.

Of course, reg((aEt(l)) N By, /2(w0)) satisfies the same property.

These pieces of hyperplans which cross B, 4(zo) fill B, /4(z0). Indeed, Let z €
reg oE!M N B,y 4(z0). Then, there is a ball B (of radius #) around z such that oE{" N B

is exactly a diameter of B. Let us assume that the normal of (9E§1) is w in B. Then, let
us consider the cylinder C' generated by B and a vector e L w in the ball B, /(7). One
can write, for every R such that z + Re € B, 4(0)

Re
= . n—1 _
/Zeej_ /T=0 |D(XE§1>(Z +T€))| = /C‘maEgl) |VE£1> e|dH 0

2| <7

because e L w. Then, for almost every z € e with |z| < 7, we have T XE(l)(z + Te) is

constant. That means that if 24 7e belongs to Eg(,l) for some 7, that is true for every 7 (and

similarly for ¢ Egl)). Finally, the piece of hyperplane of reg Egl) which is a diameter of B
exists in the whole cylinder C, and since e is arbitrary in w™, in the whole ball B,y /4(z0)
(we have to stay sufficiently far from 0B, />(zo) in order to keep the whole cylinder inside

Bro/Z(xO))'

The point z( is in fact regular Thanks to previous paragraphs, reg Egl) N By, /4(wo)

is a (finite, for measurability reasons) set of hyperplanes.

In addition, since xg € 8E§1) N (8Et(1) + v), we have a sequence of points in reg Egl)
(which therefore belong to hyperplanes) which converge to zp. Using the finiteness of the
set of hyperplanes, xg must be in one of them. So, zg is in fact a regular point of Egl)
(the same holds for Et(l) + v), and Egl) and Et(l) + v coicinde around xp. That is exactly

saying that oEM N (BEt(l) + v) is open in 9EM. 1t is closed by definition. To reach a
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(

contradiction, we now need to show that every connected component of 8E51) has to reach
the boundary 0f). O

Proposition 1.14. There is no connected component of aES) which is compact in §2.
Proof. Let us proceed by contradiction and call I' a compact connected component of
8E§1). We denote by ¢ the distance between I and 0f2. One can find a continuous function
f: B — {0,1} whichisOon T and 1 on Egl)\{dist(m, I') < §/2}. Since EY is compact,
f is uniformly continuous. Let call w its modulus of continuity and extend f to the whole
Q by

f(x)= sup f(y)+w(z—y).
yeEé”

In addition, we may assume that f > 1 on 0Q (eventually replacing f by max(f,1 —
dist(x,09Q)/d)). Note that f(z) = a € (0,1) implies that x remains far from oE".

Now, let us introduce C' as the connected component of the open subset {f < %} which
contains I' and set

a:= min v (z) and b:= maxut(z).
xz€0C redC

If a > s, then we define v such that v = u everywhere but in C'N {u < “JQFS} where we set

a+s
5 -

v =
Then, we notice that v differs from u only in a neighborhood of I" and

oo (e (s (o259 < w5 (252)

=0

Then, v is also a minimizer with
(0f{v>s}H)NC =0,

which implies
Per({v > s}) < Per({u > s}),

which cannot happen.

Similarly, if b < s, then we introduce v =u A s in C, v = u in C° and we also reach a
contradiction.

Finally, we cannot have either 0C C {u > s} or C C {u < s}. But on the other
hand, we have 9C C {f = 1} which means that OC cannot be too close to oEY: this is
a contradiction.

O

Remark. All the proof above can be reproduce with Et(l) = {u >t} and Eél) = {v > s},
if w and v are two minimizers: that shows u = v a.e.
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8 Local continuity

In this section, we get back to the isotropic case ([1.11])). We want to prove the

Theorem 1.11. Let g : Q2 — R be continuous and bounded and let u be a minimizer of
)2
/ | Du| +/ (=97 (1.27)
Q0 o 2

Note that this theorem is local and therefore extends [CCN11, Th. 2| (but for contin-
uous functions only).

We will use the level sets. More precisely, let Es C E; two level sets of u (with s > ).
We know that they minimize respectively (with respect to compact perturbations in 2)

Then, u is continuous.

Per(E,Q)+/ s—g
ENQ

and
Per(E,Q) + / t—g.
ENQ

The strategy is the following. We know that two minimal surfaces satisfy a strict
comparison principle [Sim87|, and we can extend this proof to constant mean curvature
surfaces. As aresult, we first show that we can create two different constant mean curvature
which stands between Es and E;. Then, we show that these surfaces do not touch. So,
neither can Es and E;. As before, we replace Es and E; by the set of points of density one.

8.1 Back to constant mean curvature

We assume (and we hope that we can get a contradiction) that there is 29 € OE;NOE;.
Note first that since Es and E; have mean curvature which are different, they cannot
coincide on a neighborhood of xg. By continuity of g, we can find p > 0 such that on
B,(x), we have g(z9) — a < g(z) < g(xo) + a with a := 55, So, let a = s — g(x9) — a.

Then,

100 °

Va,y € By(xo), t—g(z)<a<s—gy)
Now, we introduce E with finite perimeter in €2 as the minimizer of

E = argmin Per(G,Q)+a|G N B,(zo)|
GAESCBP(:E())

and similarly, F' with finite perimeter in 2 and minimizing

F = argmin Per(G,Q)+ a|G N B,(xzo)|.
GAE{CBy(z0)
Note that E' and F' have variational constant mean curvature a.

Using the standard (weak) comparison principle, we have Fs C E C F C E;. In
addition, since Fs and E; cannot coincide, E and F' cannot either. On the other hand, we
must have o € OFE N IOF.

To show that OEs and OE; cannot touch, it is enough to prove that 9ENOF = (). That
is to prove the
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Theorem 1.12. Let a € R and E C F such that E and F both minimize (with respect to
compact perturbations) in an open subset O,

Per(E;0) +a|ENO|. (1.28)
Then, either E = F or OE N OF = ().
In what follows, we take O = Q (we can reduce the latter since we only want a local
result).

8.2 Properties of minimizers

Before proving Theorem we first recall results on minimizers of (|1.28)) that will
be crucial in the proof. We begin by the usual monotonicity formula (see [Mas75|)

Proposition 1.15 (Monotonicity formula). Let E be a minimizer of (1.28). Then, for
every s < r and every x € OF, we have

Per(E, B,(z)) Per(E, Bs(z))

,,nnfl snfl

> —(n — Dwylal|(r — s).

Remark. That formula explains why we restricted ourself to the isotropic case. We do not
know if this monotonicity holds in the anisotropic framework.

Corollary 1.3. For all x € OF and dist(x,0) > r > 0 we have

7"1_"/ |D1g| > wp—1 — (n — Dwy|alr. (1.29)
B (x)

Lemma 1.7. [MP75, Th. 2] Let (E)) be a family of minimizers of (1.28) with ay (€ R)
instead of a, and let E minimize (1.28]). We assume that Ex — E in LllOC and that ay — a.
Then, for every bounded set D (with Lipschitz boundary) such that

/ |D1g| =0,
oD
A JD D

Proof. We take B D D with Lipschitz boundary and which satisfies

we have

/83 IDlg| =0 (1.30)

and
lim/ l1g, — 1gldH™ ' =0. (1.31)
oB
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We just compare Ey to My := (ENB)U (E\N(2\ B)). We can write
Per(Ey; Q) +a)|ExNQ < Per((ENB)U(EAxN(Q\ B); Q) +a)x|(ENB)U(EAN(Q\ B))|.

Now, just note that Ey and (EN B) U (E\N(2\ B)) coincide outside B and that (using
Proposition [1.5| and trace theorem [AFP00, Th. 3.87])

Per((ENB)U (ExN(Q\ B));Q) = Per(E; B) + Per(Ey; Q\ B) + /

g —1pg, |dH" "
0B

Putting together these two facts, we obtain

/ |D1E/\’ —l—/ a) g/ |D1E| +/ |1E,\ — 1E|d7'[n71 +/ a
B BNEy B OB BNE

which yields, taking the limsup of each member and using the L!-convergence and

(.31,
limsup/ |D1Ek|</ |D1g|.
A—oo JB B

Now, notice that

limsup/ |D1g, | g/ ]DlE]—liminf/ |D1g, |
D B B\D

g/ymEy—/ D1Ey</yD1Ey.
B B\D D

On the other hand, the semi-continuity of the total variation (but for the open set B)
gives the reverse inequality and provides (since [, |D1g| = 0),

lim/’DlEA‘ :/ ’D1E|
A—00 B B
O

The following theorem, usually called improvement of flatness, is the key result in the
regularity proof. It can be found in [Mas75].

Theorem 1.13 (De Giorgi). Let E minimize (1.28) and « € (0,1). Then, there exits a
constant o(n, , |a|) such that for alln < o and r < n?, if E satisfies

/ |D1E|_‘/ D1y
B (z) By (z)
[ by
Bar(x)

—1
<,

then, we have

< a1/277(a74)n—1.

/ |D1g| —
Bar(x)
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8.3 blowups

In this subsection, we analize the convergence of blowups to a minimal cone. In par-
ticular, we prove the

Theorem 1.14. Let E minimize (1.28). Then the sets
1
E) = {x0+x(x—a:o)|a:€ E}

converge, in Hausdorff sense and up to a subsequence A, — 0, to some minimizing cone
C. In addition, for all K compact of reg C, there exists a neighborhood V' of K such that
E\ NV converges to C NV in C3(V).

We first prove the Hausdorff convergence.

Proposition 1.16. Let zg € OF. The sets Ey converge to a minimizing cone C in
Hausdorff distance.

First, we prove the convergence of E\ to C in L}, .. This proof is classical (see for

example [Giu84]). Let r > 0, then Per(Ey,r) = A" ! Per(E,r/)).
Since F is minimizer of
Per(F,r) +/ Aa,
B,NF
we have, comparing to a ball B,.,

P(Ey,r)+ )\"/ a < P(By,r)+ )\”/ a < nwpr™ 4 A" alw,r™ (1.32)
E\NBy r

which shows that P(E),r) is bounded above.
The usual compactness ([Giu84, Th. 1.19]) produces a subsequence A, — 0 and a
Caccioppoli set C' such that
E\, »C inL},.

To see that C' is minimal, consider a perturbation M of C' in a compact subset K (we
assume without loss of generality that K satisfies (1.30) and (1.31))). Then, comparing E
to My := (M NK)U(ExN(Q\ K)), one ca write (as in the proof of Lemma [1.7)

/\DlEAH/ ax
K ExNK
</ |D1MA|+/ ay
K KNnM
</ |D1M>\’—|-/ ‘1E>\_1E‘+/E ay.
K oK KNnM

Passing to the limit as in the proof of Lemma [I.7] we get

Per(E; K) < Per(M; K).

To see that C' must be a cone, we notice that it satisfies equality in the monotonicity

formula (Proposition [1.15]). See [Giu84] for details.
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Let us now show a local Hausdorff convergence. If it were false, there would exist
xn, € Ey, and § > 0 (we choose § sufficiently small such that Proposition applies)
such that dist(z,,C) > d. As a result,

By, QB%_(;(xn) NnC =40.

Using Proposition [1.10} we know that |Ey, N B1 5(zy)| > %_1, which shows that
2

n

Csténfl

E\y AC| >
| By, AC ™

That contradicts the L' convergence.
Now, let us inverstigate the regularity of a minimizing set which is close to reg C.

Proposition 1.17. Let K be a compact subset of regC. Then, for every xog € K, there
exists a neighborhood W of xy, whose size depends only on A = |a|, the dimension and K,
such that Ex N W is a C? surface.

Proof. This is proven in [MP75, Th. 3|. Since the whole proof uses several papers ([Mas74),
MP75l [Mas75]) and does not provide information on the uniformity of the convergence, we
reproduce it here. By compactness, it is enough to show that for every xg, there exists a
neighborhood W of xg such that every z) € OF)\ N W belongs to reg E).
We recall that the reduced boundary of any E, denoted by 0*F is the set of the points
x € JF such that
lim fB”(I) Dl

p—0t pr(x) ’DlE’ N
Since xg € 0*C and using (1.32)) for C' (with a = 0), we conclude that

hmrl—"/ |ch|—/ Dilc| | =o.
r—0 BT(JJO) Br(m())

Choosing r such that B, C K and
/ |D]-C| = O’
OBy

lim | |D1EA|:/ ID1c.
™ BT‘

A—00 B

v(zr) and |v(x)] =1 (1.33)

Lemma shows that

In addition, using the relation (trace theorem)

—x _
[ b= [ s )
By (x) 9B, (z) ly — x|

we obtain, for almost every r,
/ Dic|.
r(20)

lim
A—00

[ o
Br(z0)
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As a result, for every € > 0, one can choose g and Ag such that for all » < rg and A < Ag,

rin / ]DlEA\—/ Dlg, || <e.
Br(z0) Br(z0)

In particular, with ¢ = 5%, where o is the constant in Theorem m (corresponding
to some « < 1 that is considered fixed in what follows), we fix # < rg. If r\ = |xg — x| for
any sequence ) — o, and choosing Ag such that for A < Ag, r) < 5, we have,

B (o) B (o)

Then, we recall that B;_,, (xx) C Bs(x) and notice that the integral on the left is mono-
tone with respect to the inclusion (because for every A C Bi(xo),

/ |D1g,| — / Dl1g,
B (20) B (20)

[ o=l D
B;_T)\(z‘)\) Bi‘—r)\(xk)

Let us show now that the last inequality implies that x) € 0*FE), that means there

exists I D
lg
v(z) := lim Br(@m) ,
r—0 fBr(-'E)\) |D1E>\|
This is [Mas75, Lemma 2.2]. We introduce the notation

v — fBr(wk) D]-E)‘
T fBT(I/\) |D1E/\’

Lemma 1.8. For every s < r < rg, we have

) <o(r— 7‘,\)"_1.

>0 ),

< U(’f‘ — 7")\)”_1.

with |v(z)| = 1. (1.34)

1/2

fBr(IA) |D1E)\’ - ‘fBr(x/\) D]‘E>\
JB. (o) 1P1E,]

vy — vg| <2

(1.35)

Proof. Let u and v be smaller than 1, we have |u — v|? < 2 — 2uv. As a result,

1/2
_ fBr($A) Dlg, ) st(iUA) Dlg, /
JBo(oyy 1P1E] [ (0y) 1 PLE, ’

’VT‘_VS‘ < \/§<1

which implies

1/2
_ # o fBr(w)\) D]'E)\ ’ st(x/\) D]'E)\
|Vr Vs| < |D1E>\|
By IP1E \ B, (01) 5, () P15

2 fB (Z‘>\) DlEA ’ fB (:C)\) D]'E)\ 1/2
fBS(IA) ’DlE)\‘ Br(x)\) ‘/‘BT(IA) ’DlE)\‘
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The last inequality is obtained using that for all [n| < 1 and s < 7,

/ ‘DlE,\’_n/ DlExg/ ’DlEA‘—’I]- DlE)\.
s Bs Br Br

Indeed, for every A C R™ bounded, we have

/|D1EA|—7]-/ Dlg, > 0.
A B,

Finally, we get

1/2
| <2 S5, P S0 IP1EA| = UBT(M) Dlg,
Vp — Vg| X .
st(IA) | D1, fBT(u) |D1g, |
which yields ([1.35]). O

We will prove that (v x,)ken is a Cauchy sequence. Using (1.35), we have

1 _ 1/2
|V pktmy — Voky| < QmX: fBa’“”r(“) [Pl | fBakJm(xA) Dlp,
affTmyp afrl X
j=0 mekHH(m) D,
Thanks to Corollary for r < %zfali)tnla\’ we have
Wn—1_n—1_i(n—1)
|Dlg,| > M : (1.36)
B i, (zx) 2

Now, Theorem [1.13|implies that for r < 7 — r)y
/ |D1g,| — / Dlg, | < a'?a(air)" L. (1.37)

Ea,‘r(af}) Eair('r)

As a result,

Wn—1/2 . o(k+i+1)

J

1
20 2 k 1_Oém/4
) A=
(wn_1> R~z

1
20 \2 1
<2 A —
<wn_1> “ 1—al/t

which shows that (v x,)ren is a Cauchy sequence. Let v(x) denote its limit.
Since every |v,i,(z)| = 1, we have

m—1 oo ki) m=1) 1/2
Vok+my — Vakr| <2 =)
=0

v(@)] = 1.
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Then, let us prove that in fact,

%i_r)% v(x) =v(z).

For every t sufficiently small, there exists ¢ € N such that
roitt <t< rat.

Then,
‘Vt(m)_y(‘r” < ‘Vt(x) roﬂ( )’"’_’Vmﬂ( )—V(.CC)‘
Using equation (1.35]), one can write

1/2
V() — Vpgi ()| < 2 Ip, @ 1Pl =I5 i (wy) PLEA /
t - TOéi ~

th (zx) ‘D1E>\|

(fB .’E)\) |D1E>\ fB (:E)\ D]'E)\)l/Q

meiﬂ (zx) 1D 1EA |

1
< 2( 20 >2 ol
Wn—1

using Equations ((1.36)) and (1.37)). This is exactly saying that x) € 0*E), and so in reg E
(see |Giu84], Th. 4.11). O

~X

Remark. Note that the size of V depends only on the choice of rg and ¢, that means on
the constant o is Lemma[L.13] (so of the dimension and |a|) and of the convergence rate in
Lemma

We can now conclude the proof of Theorem [I.14] It is enough to notice that since the
FE)\ have a constant mean curvature, then reg Fy is in fact analytic, as well as reg C'. So,
the local Hausdorff convergence of Ey — C' directly provides the C? convergence of ExNV
toCNV.

8.4 We can assume that F and F' have the same tangent cone

We are now ready to prove the strict comparison principle for constant mean curvature
surfaces E and F' (Theorem . We proceed by contradiction and assume that there
exists xg € OE N OJF. We prove that we can assume that F and F' have the same tangent
cone at zg. To do so, we use the dimension reducing argument by Bombieri and Giusti
IBGT72]. Let C; C C5 the tangent cones to E and F' at x9. Then, there must exist y # 0 in
0C1NIC,. Indeed, if not, we could consider a ball B, (xg) and C1 N B, (zp) and CoN By ()
would not touch near 0B, (xg) and would be both minimizing in B, (xg) and contain xg.
We could then apply the proof of Theorem with FEs and E; replaced by C7 and Cy
(which do not touch near the boundary of B, (zp), which would provide a contradiction.
We then blow up C; and Cy at y and get two tangent cones C} and Ci which both contain
the line [ = Ry. Hence D1 = CiN(y+I1+) and Dy = CiN(y+1t) are two n— 1-dimensional
minimizing cones which are either equal or distinct. If they are distinct, we can reproduce
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the scheme for D; and Ds, obtaining two (n — 2)-dimensional minimizing cones C? and C3.
Since there is no singular minimizing cone with dimension smaller than 7, this iteration
stops and gives two equal minimizing cones C{“ = C’é’“.

As a result, if we prove Theorem E with C7 = Cs, we can apply it to Cf_l and Cg_l
which have, by definition, the same tangent cone at some point. This gives C’ffl = 0571.
By (finite) induction, we will obtain E = F.

In what follows, we suppose that  and F' have the same tangent cone C' at zp. In
addition, for simplicity, we take g = 0.

8.5 Proof

Note that in what follows, to have the same notations as in [Sim87[, we use Ty = OE and
Ty = OF. We also assume that xo = 0. The proof is the same as in [Sim87]. Nonetheless,
the different blowups have no zero mean curvature anymore and we have to check that their
convergence is still C* near regular points of the limit. We begin by seeing that [Sim87,
Lemma 1] still holds with minimizers of .

Lemma 1.9. Let E minimize (1.28), 2o = 0 € OF and v denote the unit normal to E.
We define Qg the set of points x € reg Ty which satisfy
i) d(z,sing E') > 6|z,
ii)
p {210
|z =yl
Then, there exist po(xo, E) > 0 and 0y(xg; E) > 0 such that

1
yeregE, 0 <|y—z| <0Olx]p < —.
0|

VO<p<po, VO<O<LOy, ﬂ@B,,(:co);é(Z).

Proof. The proof is exactly the same as in [Sim87]. We reproduce it here and give some
extra details. We proceed by contradiction. If the conclusion of the lemma were false, we
could find two sequences p; — 0, ; — 0 such that

x €reg | |x| = pj, dist(z,sing E) > p;b;, sup
yEreg £
lz—y| <p;b;

e

(1.38)
Let E; = p;lE . Thanks to Theorem there exists a cone C', a subsequence (which we
still denote by j) such that E; — C in the Hausdorff sense, and C? sense on the neighbor-
hoods of points in reg C. If y € reg CNAB; (such a point exists because H" 7 (sing C) = 0),
there exists § > 0 and a sequence y; — y with y; € By(y) N 0By Nreg K (we can take y;
on the sphere again), and such that By(y) N Ej; C regE; (thanks to Theorem [L.14)). In
addition, by the C? convergence (and eventually reducing # again), one can have

p@) ~v()] _ 1

Vx,z € By(y) Nreg Ej, v—2  So
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Going back to E, we have

v@) —v(2)] _

=N (1.39)
=d S b '

Vx,z € Byg(pjy) Nreg E,
Finally, notice that p;y; € 0B,,Nreg E. In addition, dist(p;y;, sing £) = p; dist(y;, sing E;) >

p;0 and, using (1.39) with z = p;y; € B,.0(p;jy), this contradicts (1.38) for j large enough.
O

Let pg,0p and Qg C regTi as in Lemma and define, for all z € T1, h(x) =
dist(z, spt 7). Since T7 and T, have the same tangent cones at zg, one has, for every
0 < 907

limr~'  sup h(z)=0. (1.40)
=0 ef=raey
Indeed, we have in fact
1
- sup d(z,0)= sup d(y,C) — 0
" Jal=raeny lyl=1,yer—1T1

because of Hausdorff convergence of r~'T} to C. As the same holds for z € T5, that gives

! sup  d(z,C) = sup  d(y,C)—0

T |z|=raeTy ly|=1,yer—1T,

which implies (1.40)).

We select p; — 0 such that for all p < pj,

p;t sup h(z) = =p~' sup h(x)
x€Qyg, zE€Qy,

lz|=p; |z|=p

N

we have in particular for 6 < 1,

sup h(z) <20 sup h(x). (1.41)
:EEQQO l’EQgO
|z[=0p; |z|=p;

Let p; — 0 and Tl(j ) = pj_lTl. We want to show that Tl(j ) are normal graphs over points
of reg C.
Lemma 1.10. For every | € 1,2, there exist a sequence of C* functions hl(j) which s
defined in a connected domain U; such that for some 0; — 0,

{x € regC ‘ dist(z,sing C') > 0;|z|, §; < |z| < Gj_l} c U; (1.42)
and such that
tim h0e =0, with |1 = s T i@ eI @)L a9
j o9
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and that for every 6 € (0,1) and every j = j(0), we also have, forl € {1,2},
{:c € reg(pj_lTl) ’dist(az,sing C)>0lz|, 0 < |z| < 971} C Gl(j) C reg(pj_lTl) (1.44)

where Gl(j) is the graph of hl(j) (more precisely, Gl(j) = l(j)(Uj) where Hl(j)(x) =z +
hl(J)V(ac) and v(x) is the normal of reg(C') at x). We also ask that

10;1(929) N{z|0<|z| < 0_1} C {{L‘ € reg(p}lTl) ‘ dist(z, sing C') > 9|:L‘|} (1.45)

Proof. Let Tl(j) = pj_lTl. We construct 6; as follows. Let #; be any real in (0,1) and for
l € {1,2}, we consider

K := {2 € reg O] dist(x,sing C) > 0|/, 61 < |=| < 67" ).

It is a compact subset of regC. Thanks to Theorem there exists h; such that if
y € TZ(J) satisfies |y — x| < hy for some = € K1, then y € reng(]).

Using the Hausdorff convergence of TZ(J ) to C on the compact set
Ly = {z € R"|, dist(x,sing C) > 6]z, 61 < |z| < 67"},

there exists jo such that for every j > jo and y € L1 N Tl(j), there exists x € K7 with
|z —y| < ho/2. That implies that

LT ¢ reg T,

We can increase jo again such that L; N Tl(j ) is in fact a graph of hl(j ) over K 1 with

—_

RO, < L.
I les < -

() .

This is possible since the L convergence of the h;”" is provided by the Hausdorff conver-

gence of Tl(J ) to C and the C2 is obtained using the analyticity of reg Tl(] ) as well as reg C.
We let 0;, = %1 and for every j € [1, jo — 1], ; = 61. To define j3, we use the same scheme
with 6}, in place of 61: that enables to define 6 for k < j3. Then, 6; — 0.

We proved (|1.43)) and (1.44) by construction.

We now prove ([1.45)). If it does not hold, then there exists 6 and j, — oo such that
there exists

x) € pj_kl(Qgg) N{z|0 < |z| < 01}

and
dist(xg, sing C) < 0|z

The last equation means that there is z; € singC such that |z — 2| < 6|zg|. One can
assume that z; — Z € sing C' using the local compactness of sing C. Finally, |z — Z| <
9‘.7%‘ + ¢, with g, — 0.

The point Z is singular, which implies in particular that C' cannot be a graph around
it. As a result, we have a unit vector v and two sequences 2!, 3* € reg C' which converge
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to Z and whose normals v(z%) and v(3') converge respectively to v and —v. Since T7
converge C? to C in the neighborhood of reg C, there exist (using a diagonal argument)
ag, Gy € Teg Tl(]k) such that

92

10

and the normals v(ay) and v(ag) to reg le’c satisfy, for k large enough,

|§—ozk| <

(o) — viag)| = % (1.46)

On the other hand, since x;, € pj_klﬁgg, we have

o {121 =)

2k — Y

1

Ti*, 0 < |y — x| < 20 <
v eregT 0 <ly - ol < ol | < g

Noting that we can choose y = o and y = &4, in the last identity, it provides

play) = ()| _ 1

o —apl T 20ay
which implies, since |z — ag| < 119|1x0’“|,
11
v(ae) = vlaw)| < 5

The same holds for &;. Summing, we get

11

10°

This contradicts (1.46)), proving (1.45]). O

v(ar) —v(ar)| <

Using this lemma, we have maps
pj e pj_lﬁgg N{z|0<|z|<07'} > U;
with . A
Hy (p(2)) = pi(a) + B (p; (@) (p; (2)) = @
and V {z ‘ 0 < |z| <671} and j sufficiently large,

1 1 4

5t (s (@) < pj* dist(pjz, To) < 2u;(p;(w)) (1.47)
where u; = hgj ) hgj ). The last inequality is provided by the convergence of Vl(j )(a:j) to
v(z) for ; — x (and obvious notation). We notice that since reg T} NregT> = () (Section

, one can assume that u; > 0. Equation (|1.41)), after dilation with a factor pé_l), gives

sup ,o;lh(pja:) <20 sup p}lh(pj:c)
mEp]._ngo prj_ngo
|z|=0 |z[=1
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Using then (|1.47), we obtain

sup  uj(pj(z)) <40 sup  u;j(pj(z)). (1.48)
zep; Qg zep; g,
|z|=0 |z|=1

Since reg77 and regTh are two constant mean curvature submanifolds, we can prove
the

Lemma 1.11. The difference u; := hgj) — hgj) satisfies an equation of the form
Acuj + ’Ac|2uj = div(aj . Vu]‘) -+ bj . vu]‘ + cju; (1.49)

where A¢ is the Laplace-Beltrami operator on C, Ag the second fundamental form of C
and aj,b;, c; three functions converging uniformly to zero on compact subsets of reg C'.

Proof. Let f be a function on reg C' and consider M the normal graph of f over reg C' (we
note only C' in the rest of the proof). A parametrization of M is (locally) F' : Q — R"
with

F(z) = C(z) + f(C(z))v(C(x))

where C'(x) is a local parametrization of C'. More precisely, the metric on C' is written
gl']' = ((910, 8]0) .

As a result, a tangent vector is written (the h, g are the coefficients of A¢)

7 =0;F = 81((} + fV) =0;,C+ 0;fv+ fov=0,C+0; fv+ fhilglmamC.

Thus the metric on M is

Gij = (0C + Oufv + fhag™0nC, 9;C + 0;fv + fhisg™ OiC) (1.50)
= gij + 0ifO; f + fhag" ™ gmj + fhjsg™ git + F2hig" ™ hjs g™ gt (1.51)
=gij+f <hil9lj + hle”) + 0, f0; f + 29" hahjm. (1.52)

Note that this metric does not contain any derivatives of order two for f. Using normal
coordinates on C, it can be rewritten as

Gij = 6i;(L+2fXi + f207) + 0 f0; f.
The normal to M can be computed in the basis (9;C,v) as
p=av+Y_ BoC.
The coefficients a and ; satisfy

0= (7, 0:F) = (7, 0,C +0ifv + fhiug""OmC)

= B9ij + a0if + fhag"™B;igim
= Bjgij + 20i f + fhufy.

(1.53)
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and

(7, D) = a® + BiBjgi; = 1. (1.54)
So, the coefficients o and 3 depends only on order zero and one derivatives of f.
One also have h;j = — (Fj;, 7). Let us compute

8]' (Fz) = 8j <8ZC + 0;ifv+ fhilglm8m0>
= 0;;C + 0ij fv + 0i fOjv + 0 fhing"™ O C + £0;(hj1) g™ 0mC + fRudj(§"™)0mC + fhig™OjmC.
Hence

(Fyj, 9) = (9;5C, av + BroxC) + ady f + 0if (91, BrokC) + 0, fhag™ Br (0xC', 9, O)
+ £0;(hit)g"™ B (kC', OmC) + fhidi(¢"™)Br (OkC', OmC) + fhig™ (0jmC', an + BrCr) .

In normal coordinates on C' (the second fundamental form is written h;; = \;d;;), that
can be rewritten as

hij = ahij — adi f — 0if A B — 0;fXifBi — fOj(hit) By + ouf hij.

To compute the mean curvature, we need the inverse of the metric. We compute using
normal coordinates in C.

G7 =0, (1 —2f\i — f2N]) — OifO; f + Af%6:;;A7 + o(f?)
= 65 (1 = 2fNi + 3f°A7) = 0ifO;f + o(f?).

Note that no term in this metric (even in o(f?)) involves second derivative of f. We have
to estimate @ and f;. In normal coordinates, we have, using (1.53]) and (1.54)),

Bi+adif + fAiBi =0,
which yields

Bi = _118}]; = —adif(1 = fAi+o(f)) = —adif + afdif\i + o(f?).

On the other hand, o? + Y 51’2 = 1, which means
o+ (—adif + fOoifNi+o(f*)* =1,

or

o? <1 n Z(aif)m + fA,;o<f2))2> =?(1+ V) +o(f*) = 1.

_ 1 _ _1 2 2
o=\ T = oIV el

Finally,
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and
Bi = =0if + fOif\i + o(f?)

where there is no second derivative of f in o( f2).
The mean curvature can now be computed using normal coordinates on C' (once again,
no second derivative in o( f2)).

H = g%hiy = (651 = 2f Xi + 37X]) — 0if0;f ) (ahij — @y | — 0if AjBs — 05 fNiBi — [0;(ha) By + afhij)
= aX(1—2f N = 3F2XD) + a(=0uf + 2f Nidii f) — 20i fNiBi — [0i(hir) By
+af — 2]"204)\22 —aNo; 2+ 0(f2)

= ML= 200 = 3/20) = VAP = 0 + 2Nk
+2X(0f) + [Oha) O + fi = 2f*AF = Xi(0:f)* + o(F?)
— (14 f)H - %\Vf|2H—Af—2f|A|2 4 div(aVf) +b- V] +cf

=0
with
Qi = 2fh1] and b; = —)\18@]" — fak(h]%) + O(f) and c¢= —2f‘A|2 + O(f)

So, hl(j ) both satisfy (we denote by H; the (constant) mean curvature of Tl(j ))

Hj+ ALY + 20D AP = div(aV ) + b- Vf + cf.

Substracting the two equations (and denoting by B the quantity 24) and noting that

since the two terms o(hgj )) and o(hg )) are smooth and obtained by the same procedure,

one has o(hgj)) - o(hgj)) = o(u;), we get

Auj + 2u5|AP2 = div (n BY(hY) - 1Y BY(RY))
= o xi[@h)? — @ihs)| = 2ui (D + 1) AP + o)
= div (a7 + h§) BV, ) + div (0 BVRY — 0§ BVRY)
=Y o = VY + hY) = 2y (b + B A + o(uy).
Then, we write
div (1 BVRSY) — h§ BIRY ) = n? (div(BVwy) + () — 1§ div(BVH])

and
W9 (div(BV)) = div(h) BYuy) — VAY - BV,



Local continuity 81

to get
Auj + 2u5| A2 = div ((2h{” + hY) BV )
+ (BYRY — AV + ) - v
+ (—2uj(h§j> + R AR + div(Bthﬂ)) uj + o(uy).
Then, it remains to see that with
a; = (20 + K9 B

b; := BVAY — AV(hY) + 1Y)
and A ‘ ‘
¢j i= —2u;(hY) + )| AP + div(BVAY)) + &5
where o(u;) = €ju;, we have aj,b;,c; — 0 on compact subsets of reg C' and satisfy (|1.49).
O

The rest of the proof is similar to [Sim87]. Nonetheless, we reproduce it for convenience
(and give extra details).
Since u; > 0, one can use Harnack inequality in on a compact K C regC. It
yields
sup uj < cg inf u;. (1.55)
K K

Then, Schauder theory (JGT01, Th. 8.32]) implies that for j large enough,
|ujler, (K) S CK 1% Uj

Now, let us fix yo € regC. Then, the sequence o := (u;j(yo) ')u; converges, up to a
subsequence, in Cj (regC) to some function u. Since a;(yo) = 1 for all 7, |l ere iy 18
bounded away from zero, and so is infx u;. As a result, u > 0 on reg C' (and u(yo) = 1).

On the other hand, u is a solution of
Acu +|Ac)?u = 0.

In particular, Acu < 0 on reg C.
The last part of the proof consists in applying Bombieri and Giusti Harnack inequality
IBGT72, Th. 6| for functions on a minimal cone to u on reg C'.

Lemma 1.12. There exists a sequence ¢; € C2°(reg C') such that

— For everyx € Q, 0 < pj(z) <1

— For every x € reg C such that % < |z| < j and dist(z, sing C') >
L,
— For a fited R > 0, one has

1

5, we have @;(x) =

/ IV;]? — 0. (1.56)
reg CNBR(0)
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Proof. First, note that H"2(sing C) = 0, so, for all £ > 0, we can cover sing C' by N; balls
B; := B,,(x;), of radius p; such that

1
pi<g: and ) opf?<e
7

We take ¢ = % in what follows.
For every i, we introduce a smooth function v; such that ;(x) = 1 on B; and 1; = 0 on

Q\ By, (x;). Then,
N\ —2
[vel < (5) - <o
Q
We introduce ¢’ := 1—max(1;). Then, as soon as dist(z, sing C') > %, dist(z, B;) > % > p;

s0 ¥;(z) = 0 and then ¥’ (z) = 1.
Let us define the sets Ag = 0 and

k<i

One can compute
_ 1
Lwer=% [ wup< s

Finally, we set 4
;= xj 0
where x; is a cut off function such that x; = 1 on B;(0) and 0 on Q \ Bj;1. This way,

IVx;| <1. As a result, ‘
Ve €Q, |Vp;(z)| <[V ()

and ¢; fulfills the requirement of the lemma. O

Now, let @ > 0 and ug = min(u, @). Since Acu < 0 on reg C, one has, for every ¢ > 0
Lipschitz compactly supported on reg C,

/ Vug - V({ > 0.
reg C
Let ¢ € C°(R™). With ¢ = 4,0]2 2%317 we have
1
Vug - (2u51¢v¢j + 2ug oV — <p?w2VuQ> > 0.
reg C uQ

Using the regularity of u, (1.56) and ¢; — 1 uniformly on compact sets of reg C', we get

that for every R > 0,
/ |VUQ’2 < +00.
Bgr(0)Nreg C'

On the other hand, with ¢ = ¥ p; and assuming ¢ > 0, and letting j — oo we obtain

Vug - Vb = 0.
reg C
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Thanks to the two last inequalities, one can now apply [BG72, Th. 6| with p = 1,
which tells that

uo <c inf UQO.
[EngBQ(O) < reg CNB2(0) 9

With Q — oo, we obtain

/ u<e inf u > 0.
reg CNBy(0) reg CNB2(0)

Coming back to the functions u;, on every (non empty) compact L C reg C' N Bz(0),
we have
infu> inf  w:=0>0.
L reg CNB2(0)

As infy u; — infz, u, one has, for j larger than some jq,

| s

infu; >
L

On the other hand, u;(yo) — u(yo) = 1. So, there exists jo such that Vj > jo, u;(yo0) = 3.
Thus, there exists js = max(j1,j2) such that for all j > js,

. 5
1IL1f uj = 1 (Yo)-

Remembering ([1.55]), one deduce that for every K C reg C'N By(0) compact (non empty),
one has, for j sufficiently large (depending on K and L),

infu; > cx sup u;. (1.57)
L K

Taking K = pj(p;1990 NOBp) and L = pj(p;1900 N JBy), we see that for small 6, (1.57))
and ([1.48) cannot happen together. This is a contradiction.
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Chapter 2

Mean curvature flow with obstacles:
a viscosity approach

1 Introduction

In this article, we introduce the level set formulation of a generalized motion by mean
curvature with obstacles. It is well known (see for example [ES91]) that if u : R* — R

is a smooth function with a nonzero gradient at z(, the mean curvature of the level set

{u = u(zp)} is given by div (%) . As a result, making this set evolve by mean curvature

yields the following equation for w:

g = |V div (;Z) | (2.1)

This type of motion was first studied in 1991 using viscosity solutions by Evans and Spruck
([ES91]) and Chen, Giga and Goto (JCGGII]).

Motivated by recent works from Almeida, Chambolle and Novaga (JACNI2|) and
Spadaro ([Spall]) about a discrete scheme for the mean curvature flow with obstacles,
we are interested in the viscosity solutions of a mean curvature motion constrained by
obstacles.

We first present the viscosity framework we use and prove a uniqueness and existence
result for bounded uniformly continuous initial data and obstacles, and Lipschitz forcing
term. Then, we give a more precise result on the regularity of the solution. We also
show that our level-set approach really defines a geometric flow: the a-level set of the
solution depends only on the a-level set of the initial data and the obstacles. Nonetheless,
as expected, there is no uniqueness: level sets of the solution can develop non empty
interiors.

Finally, in Section 4} we compare the approach followed by [Spall] and [ACN12] to
ours, in order to get long time properties of our solution.

85



86 Mean curvature flow with obstacles: a viscosity approach

2 Notation

In what follows, we consider the equation (slightly more general than (2.1)), but the
latter has to be kept in mind), for v : R” x Rt — R

Vt >0,z € R", wuy+ F(Du,D?u) + k|Du| = 0, (2.2)

where k : R® x R™ — R is a forcing term and F : R” x S — R satisfies
i) F is continuous in space and time when p # 0,
ii) F is geometric : VA > 0,0 € R, F(Ap,\X 4+ op ® p) = A\F(p, X),
iii) For X and Y symetric matrices with X <Y, F(p,X) < F(p,Y).

In the following, Vu, Du and D?u denote space derivatives only.

We also introduce F and F which are respectively the upper semicontinuous and lower
semicontinuous envelopes of Flﬂ
To play the role of obstacles, we consider u~ and u™ : R* — R, with v~ < u™. The
function u will be forced to stay between u~ and u™. Geometrically, the constraint reads
{ut >s} Cc{u>s}C{u >s}

To adapt the classical theory of viscosity solutions (we will use the same scheme of
proof as in [CIL92|), the key point is to define correctly sub and super solutions.

Definition 2.1. A function u : R" x RT — R is said to be a (viscosity) subsolution on
[0,T) of the motion equation with obstacles u™,u™ and initial condition g if
— w is upper semicontinous (usc),
— forall z,t € R" x [0,T], v (z,t) < u(z,t) < ut(z,t),
— for all x € R", u(z,0) < g(z),
— if ¢ is a C% function of x,t, if (&,t) € R™ x (0,T] is a mazimum of u — ¢ and if
u(,t) > u=(2,1), then

¢t + F(Dy, D*¢) + k|Dy| < 0.

Similarly, u is said to be a (viscosity) supersolution of the motion equation with obstacles
u',u” and initial condition g if
— w 1is lower semicontinous (lsc),
— forall z,t € R" x [0,T], u™(x,t) < u(z,t) <ut(z,t),
— for all z € R™, u(z,0) > g(z),
— if ¢ is a C? function of x,t, if (2,£) € R" x (0,T] is a minimum of v — ¢ and if
u(z,t) < ut(2,t), then

¢t + F(Dyp, D*p) + k|Dy| > 0.

1. This quantity is useful to make the following results apply for the mean curvature motion, where

o= (1)),
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Finally, u is said to be a (viscosity) solution of the motion equation with obstacles u™,u~
if u is both a super and a sub solution.
To simplify, we write

uy + F(Du, D*u) + k|Du| =0 on {u” <u<u'}l (2.3)

A supersolution (resp subsolution) of the motion equation with obstacles u™,u™ will be
called a supersolution (resp. subsolution) of ([2.3]).

There is another equivalent definition of such solutions, which can be useful (see
[CIL92]).

Definition 2.2. Let f : R" x (0,T7] — R. We said that (a,p,X) € R x R" x Sp(R) is a
superjet for f in (xq,to) and we denote (a,p, X) € J>7 f(xo,t0) if, when x,t — xq,to in
R™ x (0,7,

f(z,t) < f(zo,t0) +a(t —to) + (p, $—$0)+%(X(x—f€o)v x — x0) +o([t —to| + |z — z0|?).

We likewise say that (a,p, X) € Rx R™ x S, (R) is a subjet for f in (xg,tg) and we denote
(aapa X) € jQ,*f(x()’tO) Zf? fOT' every x7t — I'O,t(),

f(z,t) = f(xo,t0) +alt—to)+ (p, 37—960)+%(X(»’U—370)7 x — x0) +o(|t —to| + |z — z0|?).

Then, u is a subsolution of ([2.3)) if it satisfies the three first assumptions of the previous
definition and if

Vot € R" x (0,7],¥(a,p, X) € T> u(w,t), ulw) > u™ (¢) = a+ E(p, X) + klp| < 0.

Of course, u is a supersolution of (2.3)) if the three assumptions of the first definition are
satisfied and if

Vo, t € R x (0,T),Y(a,p, X) € T* u(z,t), u(z)<u"(z)=a+ F(p,X)+Ek|p| >0.
We also use the following notations.

Definition 2.3. For f: R™ — R, we denote by f* the upper semicontinuous envelope of
f- More precisely

f*(z) = limsup f(y).

Yy—x

We define in a similar way the lower semicontinuous envelope of f.

f(@) = liminf f(y).

Yy—x

Note that f* (resp. f.) is the smaller (resp. larger) semicontinuous function g such that
g=f (resp. g < f).
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3 Existence and uniqueness
The aim of this section is to show the

Theorem 2.1. We assume that u™ and u™ are uniformly continuous and bounded and that
k is Lipschitz and bounded. Then, if g : R™ — R is uniformly continuous and u™ (x,0) <
g(z) < ut(z,0), (2.3) has a unique solution, which is uniformly continuous.

The proof structure is classical when dealing with viscosity solutions. A comparison
principle will show uniqueness, and makes us be able to show existence.

3.1 Uniqueness

We begin by proving a comparison principle, adapted from [CIL92|, Theorem 8.2.
Throughout the proof, w will denote a modulus of continuity for v~, u™ and g and L a
Lipschitz bound on k.

Proposition 2.1 (Comparison principle). We assume that u is a subsolution and v a
supersolution of (2.3) on (0,T), and that u(z,0) < v(z,0). Then, u < v in R™ x (0,T).

Proof. We proceed by contradiction. Since @& = (u — 7755) V u~ is still a subsolution, but
with
ot + F(Da, D*@) + k|Di| < —c < 0,

it is enough to prove the comparison principle with @ and then pass to the limit. Suppose
that there exists T, ¢ such that u(z,t) — v(Z,t) > 20 > 0. One defines

[0 g

If € is sufficiently small, ®(Z,Z,t) > . Hence, M := ma%(@(x, y,t) = § (the penalization at
x7y7

infinity reduces searching for the maximum to a compact set). Let &, 3,1 be a maximum
point. Since u and v are bounded, there is C' depending only on ||u||oc and ||v||s such that

C
12 =9l < —71-
al/4

First, let’s show by contradiction that (&, %) > v~ (#,%) and v(§, 1) < u*(§,%). Suppose
for example that u(#,) = u=(Z,f). Then

A A

< (&,1) = (g, 8) <u”(,6) +w(lz - g)) —v(g,1)
<w(|E = §) +0 <w(Ca™ V4.
Hence, if « is sufficiently large (independently of ), w(Ca~'/*) < §/3. Contradiction (this
shows moreover that ¢ < T'). Similarly, v(g,t) < u*(9,1).

In what follows, « is fixed sufficiently big to satisfy these conclusions.

As

o 3
M+ o=yt + S (l2l” + [y*) > u(w, t) — vy, 1) (2.4)
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with equality in &, , £, we are able to apply Ishii’s lemma [CIL92] which provides (a, b, X,Y")
such that (a,a|t — §)%(& — ) —e2, X —el) € 72’+u(:%, t) and (b, | — |2 (& —9) + €, Y +

-~

=p

el) € 72’72}(?), t). Tt provides moreover a — b = 0 and

e [T 0] _[X 0 oI T
~Clz —jla [0 I}g[o _Y:|<a0’l‘—y|2 {—1 1}’

which shows in particular that X <Y and | X||,[|Y]| < Ciald — 9>

Since u and v are respectively subsolution and supersolution near (Z,#) and (§,), one
has

c<a—b+F(p—ef,Y —el)— F(p+ei,X +el)+ k(9,8 |p+ej| — k(z,1)|p — ex|.
=0

One can write

k(@ O)lp + gl — k(2,1)|p — x| < (k(g,8) — k(2,1))1p + €| + 2k(2, t)(|eg] + |ez]),
which gives (if N = ||k]|o)

c<-F(p+ed, X +e)+F(p—ey,Y —el)+ L(|2 — 9|)|p + ef| + N(|ez| + |e7]).

Then, we want to let € goes to 0.
Since M > § > 0, we have

1 5 . .
0+ ol - y|' + §(|90|2 +[y*) < w(@) — v(§) < 2N,

which implies that ¢|#|? is bounded, hence & — 0 (same for 7)), whereas for i € {2,3,4},
a|& — g|* is bounded (so is p, X and Y). Indeed, « is fixed here. Hence one can assume
that p — p, X — Xo, |2 — 9* = e

We now use a short lemma, which is proved in [For08| (we cite the preprint of a paper which
is published, but whose published version does not contain the result we are interested in),
Lemma 2.8, and whose proof is reproduced here for convenience.

Lemma 2.1 (Forcadel, [For08]). One has

lim lim a|z — ¢|* = 0.
a—o0 e—0
Proof. Let My, = sup wu(x,t) —v(y,t) and (z},y;,t}) such that u(x},t}) —v(yy, ) =
lz—y|<h
te[0,T)
My, — 1 and |27 — 7| < h. Then,

n
1 € it gt
My =~ —ah* = o (l2* + i) < M < (@, f) = (g, 0).

As 2} and y;' do not depend on €, one can let it go to zero (considering the liminf of the

right term) to get .
My, — — — ah® <liminf u(z, ) — v(g, ).

n e—0
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Let h — 0 (We denote by M’ the decreasing limit of M}). One obtains

1 R -
M’ — — < liminf(u(z,t) — v(g,1)).
n e—0

Let o go to infinity :

1 R
M' — = <liminfliminf(u(Z,t) — v(g,1))

n a—o0 =0
< limsup sup  (u(z,t) —v(y,t))
a—00 |z—y|<Ca~1/4
t€[0,7)

<limsup sup (u(x,t) —v(y,t)) = M’
h—0 |z—y|<h

hence

. . N AN /
O}LH;O ;1_1)1[1)u(:1;,t) v(y,t) = M.
We prove similarly that lim lim M = M’. As a matter of fact,

a—00 e—0

lim Km (a|3§ g+ %(m? + IQIQ)) =0,

a—00 e—0
which proves the lemma. O

One can now choose « such that liH(l) ol — g|* = pa with pe < ¢/2L and pass to the
e—

liminf in € — 0. One gets (using X <Y),
5 <liminf (E(p, X) - F(p, X))

To conclude, we distinguish two cases :
— if p# 0, then F(p, Xo) = F(p, Xo) and we get the contradiction.
— if p = 0, we have a|& — §|%(2 — 9) = 0, so Xo = 0 and F(p, Xo) = F(p,Xo) =0
and we get the contradiction too. j

O

3.2 Existence

Let us state a straightforward but useful proposition.

Proposition 2.2. Let u be a subsolution of the mean curvature motion without obstacles

which satisfies u < ut. Then, uep = uV u~ is a subsolution of (2.3)) with obstacles (the
same happens for v supersolution and vy, = v Au™).

Lemma 2.2. Let F be a subsolution-of-(2.3) family and define U := sup{u(z),u € F}.
Then, U* is a subsolution of ([2.3)).

To prove this lemma, we need the
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Proposition 2.3. Let v be a upper semicontinuous function, (x,t) € R"xR and (a,p, X) €
J?Tv(x,t). Assume there exists a sequence (uy) of usc functions which satisfy

i) There exists (xp,ty) such that (zy,tn, un(Tn,tn)) — (x,t,v(x,t))
i) (2n,sn) = (2,5) in R™ x R implies lim sup u, (zn, $n) < v(z, $).
Then, there exists (&n,tn) € R™ X R, (an, P, Xn) € T>Ttn(Zn, ty) such that

~

(T, by U (T, fn), Any Py Xn) = (x,t,0(x, ), a,p, X).

The proof of the proposition and the lemma can be found in [CIL92|, Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).
We begin by dealing with the case k = 0.

Construction of barriers in the non forcing case

In what follows, it will be crucial to show the existence of a subsolution w™ which
satisfies (w™)*(z,0) = g(x) and a supersolution w* such that (w*).(z,0) = g(x). Thanks
to the maximum principle, they will force the solution to get the initial data.

Let us construct w—. Without a forcing term, we note that

h(z,t) = —(|z — £* + 2nt)

is a classical subsolution of (2.3) but with neither initial conditions nor obstacles (it rep-
resents the evolution of a circle). We define

Oc(r) = inf{g(y) | ly — &> +r <0}

The function 6 is bounded, non decreasing, continuous and satisfies 6y(0) = ¢(0) and
Oc(—|z — £]* — 2nt) < g(x). As the equation is geometric, f¢(—|z — £|? — 2nt) is also a
classical subsolution. Let us then define

P(x,t) = (Slgp Oc(— |z — & — 2nt)> :

Since 0¢(—|z — &[> — 2nt) < g(z) and g is continuous, it is also true for ¢(z,t). In addition,
we can check that

Bz, t) = 0,(— |z — |® — 2nt) = 0,(—2nt) > g(x) — w(V/2nt). (2.5)

where w is the modulus of continuity of g. Hence, ¢(x,0) = g(z). Thanks to Lemma
¢ is a subsolution with ¢(z,0) < g(z). We conclude this proof defining

w(z,t) = (¢(x,t) —w(t)) Vu (z,t).

It is clear that w™ is a subsolution with obstacles. Indeed, by definition, w™ > wu~.
Moreover, ¢(z,t) — w(t) < g(z) — w(t) < u™(2,0) — w(t) < u'(x,t). Proposition
concludes the proof.

The other barrier w* is obtained similarly.
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Perron’s method

We use the usual Perron’s method to show the existence of a solution on [0,7") for any
T. To do that, we consider

W(z,t) = sup{w(z,t), w (usc) subsolution on [0,7")}.

W is well defined because u~ is a subsolution (so the set is not empty). Moreover, since
every w is smaller than u™, so is W.

Applying Lemma we show that W* is a subsolution of . But, by definition of
W, we must have W* = W. Indeed, W < w™ thanks to the comparison principle. Since
w™ is continuous at t = 0, W* < (wh)* = wt which shows that W*(z,0) < g(z) and W*
is a subsolution of with initial conditions. By definition of W, W* = W. Moreover,
thanks to w™, one has W(z,0) = g(z).

Before finishing the proof of existence, let’s notice a usefull property of the no-forcing-
term case.

Remark. If k(x,t) = 0, then W is w-uniformly continuous in space. In time, W is uniformly
continuous with modulus @ : r — max(w(r),w(v/2nr)). Indeed, the proof is contained in
the following lemma.

Lemma 2.3. Let u(x,t) be a subsolution of (2.3) with no forcing term (and g,u™,u" w-
uniformly continuous in space and time). Then,

Uz 5(w,t) = (u(x + 2,1 +6) —w(|z]) —@(|0])) Vu~(z,t)
1s also a subsolution.

Proof. To begin, we notice that u(x + z,t 4+ §) — w(|z]) — @(|0]) < ut(z,1).

Now, let ¢ be a smooth function with Vz,t, u, s(x,t) < ¢(z,t) with equality at (Z,?).
Then, either u, 5(%,t) = u (7,t), and nothing has to be done, or u, ;(Z,t) > v~ (z,%). In
the second alternative, we have

wWT+ 2z, t+90) —w(lz]) —@00) >u (T, 1) =u (T+ 2,6+ 0)+ (u (T,t) —u (T+ z,t+0))

wW(T+z,t4+0) > u™ (T+z,t+0)+(u™ (T, 1) —u (T+ 2,6+ 0) + w(|z]) + @(]|d])) = u™ (T+z, t+9).

As u is a subsolution at (T + z,t 4+ §) and u(z + z,t + 0) < ¢(x,t) + w(|z]) + ©(]d]) with
equality at (T + 2, + 0), one can write, with y =x + z,s =t + 0,

u(y,t) <@y — 2,6 = 06) + w(lz]) + w(|d]) =: oy, 1),

equality at (7,%), and deduce that ¢; + F(Do¢(y,t), D*¢(¥,t)) < 0. Since Dé(y,t) =
Dp(T,t) (so are the second derivatives), we get

¢t + E(Do(,1), D*p(7,1)) < 0,
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what was expected.
Concerning the initial conditions, we have (we use (2.5))

u(@+2,0+9) —w(|z]) - ©(0) S w' (2 +2,0) — w(lz]) — ©(8) < gz +2) — w(l2]) < g(x).
U

Applying this lemma to W shows (z,t) — W(x+z,t+9) —w(|z]) —@(|d]) Vu™ (z+ 2, t)
is a subsolution. By definition of W, one can write

W(z,t) > (W(z+z,t+0) —w(|z|) —0()) Vu (x+2,t) = W(z+2z,t+0) —w(|z]|) — ()

which shows exactly that W is uniformly continuous.

We now want to show that I is in fact a supersolution of (2.3)). We need the following
lemma which is adapted from [CIL92|, Lemma 4.4.

Lemma 2.4. Let u be a subsolution of . If uy fails to be a solution of uy+F(Du, D*u)+

k|Du| > 0 in some point (&,t) (there exists (a,p, X) € J> u.(#,t) such that a+F(p, X)+

k|p| < 0), then for all sufficiently small k, there exists a solution u, of us + F(Du, D*u) +

k|Du| < 0 satisfying u.(z,t) > u(z,t), sup(us —u) > 0, ug(z,t) < ut(x,t) and such that
Rn

u and u, coincide for all |x — &|, |t —t| > k.

Proof. We can suppose that u, fails to be a supersolution in (0, 1) (glis implies in particular
u(0,1) < u™(0,1)). We get (a,p, X) € J* u.(0,1) such that a+ F(p, X)+k(0,1)|p| < 0.
We introduce

s (@) = us(0,1) + 5+ (p, @) +alt — 1) + % (X2, ) — (2 +—1).

By upper semicontinuity of F', us - is a classical subsolution of uy+F(Du, D*u)+k|Du| < 0
in B,(0,1) for 7, ¢, r sufficiently small.
Since

u(,1) > e, t) > wa(0,1) +alt — 1) + (p, 2) + 5 (Xz, 2) + olfaf?) + oft — 1)),

choosing § = 77"2;'", we get u(z,t) > us(z,t) for § < |zf, [t—1| < r and r sufficiently small.
Moreover, we can reduce r again to have us, < u™ on B, (Choosing r sufficiently small,
one has ¢ sufficiently small and u;s(0,1) —u.(0,1) = § < u*(0,1)—u(0,1). By continuity,
one can find a smaller 7 such that us,(x,t) < u™(x,t) for all § < |z|, [t — 1] <7r.).
Thanks to Lemma [2.2] the function

iz, t) = {

is a subsolution of (2.3|) (with initial conditions if r is small enough). O

max(u(x,t), us(x,t)) if [z, t = 1] <r
u(x) otherwise

Now, we saw that W is a subsolution of (in particular, W < u™). If it is not a
supersolution at a point #,¢ , Lemma provides W,, > W subsolutions of (with
initial condition, even if we have to reduce r again, to make ¢ stay far from zero), which is
a contradiction with the definition of W.

Finally, W is the expected solution of ({2.3).
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With forcing term

1. We assume at this point only that u~,u" and g are K-Lipschitz. Then, thanks to
Remark [3.2] there exists a K-Lipschitz solution ¢ of the non forcing term equation.
Let’s set w™(x,t) = (¢(x,t) + NKt) Vu~(x,t). It satisfies, as soon as w™ > u~,

u — NK + F(Du,D?*u) =0,  u(z,0) = g(z).

As a consequence, w™ is a continuous subsolution of (with forcing term) satis-
fying w™ (z,0) = g(x). It is a barrier as in We build wt in a similar way and
apply Perron’s method to see that W is a solution.

2. Here, u™, v~ and g are only w-uniformly continuous. For all K > 0, let gx =
mying(y) + Klz —y|, uje = mz?xu*(y) — K|z —y| and up = Hzing(y) + K|z — y|.
These three new function are K-Lipschitz and converge uniformly to g, u™ and u~
when K — co. Moreover, as g,u™,u~ are w-uniformly continuous, so are they.
Thanks to the previous point, for every K, there exists a solution ug of with
obstacles u';(, uy and with initial data g, which is (thanks to the following proposi-
tion which is admitted for a little time) uniformly continuous with same moduli
on [0, 7] for every T. One can define, thanks to Ascoli’s theorem

u(z,t) = limug, (z,1).

The function u is continuous. We have to check that it is the solution of the motion
with obstacles u®.

It is clear that u~ < u < u™. Let ¢ be a smooth function and (#,#) a maximum point
of u — ¢ such that u(z,f) —u~(&,f) =: 7 > 0. One can assume that the maximum is
strict. We then choose ¢ such that

V(x,t) € Bo(#, 1), ulw,t) —u(z,) > %’7

Let
0 = mi — .
min |u — ¢|

£

It is positive (if necessary, one can reduce € again). We choose ng such that
n o
Vn = no, [|u—uk,||Le(p.) < max 1732)

Then, for every n > ng, uk, — ¢ has a maximum (zp,t,) on B, reached out of u.
It is easy to show that (x,,t,) — (2,%). Since ux is a viscosity subsolution, one can
write, at (zp, ty),

¢+ F(Dp, D*p) + k| D] < 0.

By smoothness of ¢ and semicontinuity of F, we get the same inequality at (Z,7).

We prove that u is a supersolution using the same arguments.

Let’s conclude this section by an estimation of the solution’s regularity, inspired from
[Eor08].
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Proposition 2.4. Let u be the unique solution of (2.3). Then w is uniformly continuous
in space. MOTEOVET, ONE aS

Va,y,t, Ju(z,t) = u(y,t)] < w(efz —yl).

Proof. First, it is well known that one can choose w to be continuous and nondecreasing.
Since u and v are bounded by N, w A 2N is a modulus too. In the following, we use this
new modulus, sill denoted by w.

Then, let p, be a C* nondecreasing function on [0, co| such that 0 < p, — w, for all
r>n+1, py(r) =2N +1, and for all r € [0,n], pp(r) — w(r) < =. Then, let us define

r
wn(r) = pn + nZ

It’s clear that wy(r) = w(r). Moreover, for a fixed n, w],(r) is bounded and stays far
from zero. In what follows, we work with wy,.

We will proceed as in Proposition Let ¢(z,y,t) = wn(e|z — y|). We will show by
contradiction that u(z,t) — u(y,t) < ¢(x,y,t). Assume that

M = sSup u(x’ t) - u(y, t) - d)(xa Y, t) > 0.
(z,y,t) ER™ xR™ x[0,T’)

As before, we introduce

o v
M = sup u(x,t) - U,(y,t) - ¢(=T7y7t) - 5(‘$|2 + ’y‘Q) - ﬁ
z,y,t<T -

For sufficiently small ~,«, M remains positive and is attained (at Z,7,t < T). As g is
w-uniformly continuous, ¢ > 0. Moreover, it is clear that T # 7.

By assumption,

u (Z,t) <u” (7,8) +w(Z—7)) <u (71) +wa(|T - 7)) <u@,?) + 6,7, 1)
SO .
M > u™(z,t) —u(y,t) — ¢(T,7, 1),

which forces w(Z,t) > u™ (7, 1). Similarly, u(y,t) < u™ (7, ).

Applying Ishii’s lemma (JCIL92], Th. 8.3) to @(z,t) = u(z,t) — $|z|? and o(y,t) =
u(y, ) + 3 Jy|? where

_ -y _
p:DfE¢ |x_y|€Ltw/ (eLt|$_y‘): _Dy¢7£07

et (z-9®@-7) T
Z=D;p= g n(e T —yNI + B e, (eMfz - 71)
T-9) @@ -7 o1i n, 1im -
( |x)_y(|2 )€2Ltw;{(6Lt|ZE*y|).

+
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and

-7 Z

we get the following. For all 8 such that A < I, there exists 71,72 € R, X,Y € §,, such
that

A:D%:[Z _ﬂ

v

(=L + Le' [z — glw), ("' |7 — 7)),

T — T2 =
(r,p+az, X +al) € 72’+u(f, t),

T u(@,b),

—11I 0 X 0 1
/3[0 f]<[o _Y]<<I—/3A> A.

As u is a subsolution and a supersolution, one has

(727]3_ Oéy,Y - Oé[) €

T + k(Z,t)|p+ aZ| + F(p + az, X + al) <0, (2.6)

T —k(@.0)|p—ayl+ F(p—ay,Y —al) > 0.

X <Y in the last equation gives
— T+ k@, H)p—ay| — F(p— oy, X —al) <0. (2.7)
Adding ([2.7) to ( . yields

ﬁ + LeM[T — gl ("' 71) — k(@ D)+ o] + k(7. DIP — o]
+FP+az, X +al)—F@—ay, X —al) <0. (2.8)
Notice that
Le" [ — glwy, ("7 — 7)) — k(@ D[Pl + k(7. 1)|p|
> Lel [z — gl (M7 — 31) — LIT — glebu, (M7 — 7) > 0. (2.9)
Then, becomes

gy Pl = P+ o) K. D)~ (7] — [~ o) K, 11 E (o, X ol )~F (p—f;, X ~aT) < 0.

Let « go to zero. p and X are bounded : one assumes they converge and still denotes
by p, X their limit. As [p] > -5 L (py is nondecrasing), F(p, H) = F(p, H) for all H € S,,.
Moreover, ax,ay — 0 and k i 1s bounded, hence

v

— <0,
(T =)

which is a contradiction. So

u(@,t) = u(y,t) < wn(e|z - yl).

It remains to let n go to 400 to conclude.
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3.3 Independence of level sets

In all this subsection, a solution u of the motion with initial data ug and obstacles u™
and u* will be denoted by u = [ug,u™,u™]. The corresponding equation will be denoted
by (ug,u™,u™).

To agree with the geometric motion, we have to check that the zero level-set of the solution
depends only on the zero level sets of the initial condition ug and of the obstacles u™ and
u~. We begin by proving a weak invariance.

Proposition 2.5. Let u be the solution of (2.2)) with obstacles u™ and u™, and let ¢ be
a continuous nondecreasing functions [—N, N] — R such that {¢ = 0} = {0}. Then, the
solutions

[UO A ¢(u+)|t=07 u -, ¢(u+) v U_L
(up V d(u ) |t=0, o(u™) Vut,ut]
and  [(¢(ug) A u" |—0) V U |4=0,u", u+]

have the same zero level set as w.

Proof. We will prove that
g = [uo A d(u™)]i=0, u™, d(u™) VuT]

has the same zero set as u. All the other equalities can be prove with a similar strategy.

We begin the proof assuming ¢(z) > z. Then, ug = [ug, u™, d(u™)].
First, let us notice that the classical invariance proves immediately that ¢(u) is the solu-
tion [¢(ug), p(u™), ¢(u™)]. In addition, thanks to Proposition up Au is a supersolu-
tion of (ug,u”,u"). That shows us > w thanks to the comparison principle. Similarly,
up V ¢(u”) is a subsolution of the motion with (ug, ¢(u™), #(u™)), and a subsolution of
(d(ug), dp(u™), ¢p(u™)) since ¢(ug) = up. By comparison, that yields to uy < ¢(u).

Finally, u < uy < ¢(u) and {¢(u) = 0} = {u = 0}. This shows {u = 0} = {uy = 0},
what was expected.

Assume now that ¢(x) < . Then, u A (¢(ut) V u™) is a supersolution of

(Uo, (2 ¢(u+) v ’LL_).
Since ¢(ug) < up, it is also a supersolution of
(uo A ¢(u™)|e=o,u™, P(u™) Vu~)

which proves that ug < u. On the other hand, ¢(u) V u~ is a subsolution of

(¢(U0)a U_, ¢(U+) \ U_),
so a subsolution of
(uo A p(u™)]i=0, u™, p(u™) Vur).

As a result,
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which shows that u and uy have the same zero level set.
To conclude the proof for a general ¢, just introduce f(x) = min(z, ¢(x)) and g(z) =
max(x, ¢(x)) and notice that since ¢ is nondecreasing, ¢ = f o g. So,

{u=0} = {us =0} = {(ug); = 0} = {usog = 0} = {ug = 0}
O

Now, to be able to define a real geometrical evolution, we want a more general inde-
pendence, which is contained in the following
Theorem 2.2. Let u = [ug,u”,u"]|. Then, {u =0} = {v =0} with v = [vg,v™,v"] under
the (only) assumptions that

{up=0} ={vo=0}, {u =0}={v" =0} and {u" =0}={vt =0}

Proof. This proof is based on the independence with no obstacles which is proved in [ES91],
Theorem 5.1. We assume first that v~ = v~ and u™ = v*. As in [ES91], we define

3
uy =

VEk e Z\ {0}, Ek—{xeR” ?

and

aj = max vg.
R™\ Ej,

It is easy to see that
Vk>0,a12a>2---—0 and a—;<a_2<---—0.

Let us introduce ¢ : [N, N] — R, piecewise affine and constant at infinity, by

é (;i) —ap and $(0) = 0.

Then, by definition, ¢(ug) = vo, {¢ = 0} = {0} and ¢ is nondecreasing continuous. Thanks
to Proposition the solution ug := [¢p(ug) A u,u™,u™] has the same zero level-set as
u, and is bigger than v by comparison principle. Hence

{v >0} C{ug >0} = {u>0}.

We prove the inverse inclusion switching wg and vg.

Now, we assume that ug = vg, v~ = v~ and ™ < v™. Then, by comparison principle,
u < v. We have just seen that there exists ¢ : [-N, N] — R nondecreasing continuous such
that ¢(u™) = v and {¢ = 0} = {0}. Let uy = [ug,u™, ¢(u™) V u~]. We saw that u, has
the same zero set as u. In addition, by comparison, us > v. As the matter of fact,

fu=0} = {v =0} = {uy = 0}.
If we delete the assumption vt < v™, notice that [ug,u™,u"] and [ug,u™,u™ A vT]
have the same zero set, so do [ug,u™,v"] and [ug,u™,u™ A v*]. Hence [ug,u™,u™] and
[ug,u™,v"| have the same zero set.
Of course, changing only «~ yields to the same result.
We deal the general case changing the data (ug,u™,u~) one by one.
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3.4 Obstacles create fattening

Although the fattening phenomenon may already occur without any obstacle (see
[BNPI8| for examples and [BSS93, IBCLT08| for more general discussion), obstacles can
also generate fattening whereas the free evolution is smooth. Consider A a set of three
points in R? spanning an equilateral triangle and S a sphere enclosing it, centered on the
triangle’s center. Let u~ = —1, ™ = d(-, A) and ug = d(-, S) (d is the signed distance).

It is possible to show (see next section) that the level sets {u(-,t) < a} are minimizing
hulls, hence are convex. So, the level set {u < 0} contains the equilateral triangle. On
the other hand, the level sets {u < —¢} behave as if there were no obstacles at all (in
Proposition one can take u™ = 1 which has the same —d-set as d(-, A)), so they
disappear in finite time. As a result, u = 0 in the whole triangle, and {u = 0} develops
non empty interior.

4 Long-time behavior

In this section, we study the behavior of the mean curvature flow onlyE| with no forcing
term in large times. In particular, we show that for relevant initial conditions, the flow has
a limit.

In order to get some monotonicity properties of the flow, we will link our approach to a
variational discrete flow built in [Spall] and [ACN12|. Starting from a set Ep and obstacle
Q2 (which corresponds, in our framework, to Ey = {ug > o} and Q = {u™ < «a} for all
a-level set), these two papers introduce the following minimizing scheme with step h:

En(t) = T (Ey)

with
1
Th(E) = argglci% {Per(F) + 7 /FAE |dE|] (2.10)

where dp is the signed distance to E (negative inside F).

Spadaro introduces the notion of minimizing hull: E is said to be a minimizing hull if
|OE| = 0 (this is not assumed in the definition in [Spall], but is assumed stating minimizing
hull properties).

Per(E) < Per(F), VF D E satisfying F'\ E is compact.

He shows that if £ is a minimizing hull with measure-zero boundary, then for every h, one
can define a maximal minimizer in , still denoted in what follows by T} (E). Spadaro
proves that Tj,(E) C E and T} (F) is still a minimizing hull. Moreover, if F' satisfies the
same assumptions and F' C E, then T}, (F) C Tj,(E).

We end the general properties of this discrete flow by the

Remark. Let E be a minimizing hull and h > h. Then, Ty(E) C T; (E).

2. That means u; = |[Vu|div (|§Z\)-
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Indeed, Let F := Ty(E) and F := Ty E. Since E is a minimizing hull, F,F C E so
dp <0 on FUF. Using the very definition of F and F, one can write

- 1 1
Per(FmF)+/ dE>PerF+/dE
h Jrar h Jp

~ 1 -1
Per(FUF)+~/ dEQPerF+~/dE.
h Jrur hJg

Summing, we get
1

- ~ 1 1 -1
Per(FﬂF)+Per(FUF)+/ dE+~/ dE>PerF+PerF+/dE+~/dE.
h JrnF FUF h h

NE h F F

Since Per(F N F) + Per(F U F) < Per F + Per F, one has

1/ 1 1 1
- dE+~/ dE?/dE+~/dE,
h Jpni h JFruR hJp hJi

1 1

/ dE>/ d,

h Jr\F h )7

Jopte (i 7) 20
F\FEfL h) =

Then, since |0F| =0, |F \ F| = 0. By maximality of F, one concludes F' C F.
To pass to the limit in h, we want to control the motion speed. First, we compare the
constrained and the free motions.

which means

hence

Proposition 2.6. Let Ey be a minimizing hull containing ). Let Ey be the free evolution
of Ey (Ef solves (2.10) with no constraint) and E. the reqular evolution (E. solves (2.10))
and is maximal). Then, Ey UQ C E,.

Proof. Using the definition of Ey and E., one can write

Per(Ef NE.)+ /

d d
B > Per(Ey) +/ Lo
EfﬁEc

By N
d d
Per(E; UE,) + / o > Per(E.) + o
EpuE. N B D
Summing and using Per(E N F) + Per(E U F) < Per E + Per F', we get

/ dEo+/ dey o [ o [ dB
ECﬂEf h‘ ECUEf h‘ Ef h‘ E. h ’

which is an equality. We conclude that all the inequalities above are equalities. In partic-
ular,
dg, dg,
Per(Ef U E,) + —2 =Per(E.)+ | —=,
EfUE, h B D
which shows that F¢ U E. is a minimizer of (2.10)). Since E. is a maximal minimizer, one
has Ky C E..
One can also notice that by definition, Q2 C E. so Ey UQ C E.. O
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Then, it is easy to see that

— A ball Bgr(zo) is a minimizing hull,

— For h < %LQ The free evolution of Br(z¢) is B, (z) with 5 = ErvRZ—dnh VR;WL.

Thanks to the monotonicity of the flow starting from minimizing hulls ([Spall], Lemma
3.5) and the last proposition, one can conclude that the evolution Ej, of a minimizing hull
FEy contains the free evolution of every ball inside Ej.

More generally, for every function uy : R™ — [—1,1] whose level sets are minimizing
hulls (we always assume this condition in the following) and an obstacle v : R" — [—1,1]
with ug > v, one wants to define an evolution uy : R"™ x [0, T[— [—1, 1] by posing for all
s € [-1,1], Es := {up < s} and

{un(t) < s} = (Es)n(t).
This is well defined (in particular, {up(t) < s} C {up(t) < ¢’} if s < §’) thanks to the

Proposition 2.7. Let Q' C Q2 be two obstacles and E* C E? be two minimizing hulls
containing respectively Q' and Q2. Then, E}L C Eg

Proof. Use the definition to write

gt

Per(E,llﬂE,%)vL/ - >Per(E,§)+/ T
ElNE? Bl

d
Per(E,llUE,%)vL/ %2 >Per(E,§)+/ =
ElUE? B2

Summing and simplifying, we get

/ dEl +/ dE2 >/ dEl +/ dE2
ElINE2 h ElUE? h El h E} h

/ dpe >/ dp
enez b7 e b

Since Ey C E», one has dg, < dg, which shows that the last inequality is in fact an
equality, showing as above that E}ll C E,% 0l

which can be read

One can easily notice the two following points:

— The scheme is invariant by translation (if @(z) := u(x + 2) for some z € R", one has
Up(z) = up(z + z) where 4y, is computed using the obstacle v(- + z)).

— Proposition [2.7] gives the following monotonicity. If u < @ are two functions whose
level sets are minimizing hulls, v > © two obstacle functions, then uy < @yp,.

Now, we want to pass to the limit in h in the construction above. We will use the

Proposition 2.8. If ug and v are uniformly continuous (with modulus w), then the family
(up) is equicontinuous in space (with modulus w) and time.

Proof. — Space continuity. The space continuity is easy to deduce. By continuity and
translation invariance, ug(x) := ug(z + 2) < uo(z) + w(|z|) and v = v(- + 2) <
v+ w(|z]) so ap, < up, + w(]z]), which was expected
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— Time continuity. Let (z,t) € R™ x RT. Let r > 0. By uniform continuity, on
B (), up(t) < up(z,t) + w(r), which means that A" := {up < up(z,t) + w(r)}
contains By (z). Thanks to Proposition the time evolution of A" contains the
free evolution of B,(z), as long as the latter exists. That means up(z,t + s) <
up(x,t) +w(r) for s < T, extinction time of B, (x). It is easy to see that this time

2
T
V16h'
We proved that for h small enough, uy, is continuous in time with modulus @(7}) <

w(r).

is controlled, for a sufficiently small h, by

O

Corollary 2.1. Up to a subsequence, the collection (up)p has a limit which is uniformly
continuous in space and time.

Let us denote it by u (we will see that this limit does not depend on the subsequence).
We are now able to show the main proposition of this section.

Proposition 2.9. The function u is a viscosity solution of (2.2]).

Proof. We have just seen that u is uniformly continuous in space and time. In addition,
u 2 v by construction and the initial conditions are satisfied. We only have to check the
fourth point of the definition (we only deal with the subsolution thing, the supersolution
one can be treated similarly). Let (z,t) € R™. Either u(x,t) = v(z,t) and nothing has to
be done, or u(x,t) > v(z,t). In this case, one can directly apply [CMP12|, Th. 4.6 or,
with a setting closer to ours, [Thol2|, Th 3.6.1. See also [EGI12]. O

4.1 The limit is locally minimal

For this section, we deal only with mean curvature motion without forcing term.
Thanks to Proposition if up has minimizing hull level sets, so does u(-,t). Indeed,
up(+,t) has thanks to Spadaro’s work, and since we have up — u uniformly on compact
sets, we have L! convergence of the (compact) level sets of uy, to the level sets of u. The
minimizing hull property is stable under L' convergence of sets (see [Spall]).

In addition, u is nondecreasing in time (this is true for uy). As u is uniformly equicon-
tinuous on each compact set, letting ¢ go to 400 we have a locally uniform convergence to
a limit us, which is a solution of

. Vu '\

with obstacles ™, u™, thanks to classical theory of viscosity solutions.
Thanks to [ISZ98|, Theorem 3.10, one has the following result.

Proposition 2.10. Let s € uxo(R™) such that H" *({u = s}) < oo. Moreover, let
Q = {u" > s} U{u" < s}. Then, there exists a relatively open set U C u~'(s) with
H"8=2(y=Y(s)\U) = 0 for all a« > 0, such that u='(s)\ Q is an analytic minimal surface
in a neighborhood of each point of U. Moreover, it is stable and stationnary in the varifold
sense (classically on U ).

Note in particular that non empty interior can occur for only countable many s.
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4.2 Comparison with mean convex hull

In [Spall], E. Spadaro deals with a so called mean convex hull, which is built as a limit
in large time of the scheme (2.10). More precisely, he calls a set © € R™ a global barrier is

3 minimal hypersurface, 0¥ C © = ¥ C ©.
Letting A denote the family of global barriers, the mean convex hull of an obstacle 2 C R"

is defined by
o= (1 o.
QcecA

With 99 € ¢! and n < 7, Spadaro shows that starting from a sphere S O €, his discrete
mean curvature motion converge to Q™¢ with C%! boundary and that outside 9, 9™ is
a minimal surface.

Let ug be any function with zero level set equal to S, u™ = d(-,) and = = —1. Since
Spadaro’s work is in low dimension, the open set U in Proposition is the whole u=1(s).
Let us assume that «~*(0) does not fatten. Hence, 9{u < 0} = {u = 0} and {u =0} \ Q
is a minimal hypersurface with boundary in €. Using the very definition of the global
barrier, we deduce that {u < 0} C Q™¢.
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Chapter 3

Mean curvature flow with obstacles:
existence, uniqueness and regularity
of solutions (with M. Novaga)

The results of this chapter constitute a paper which has been accepted for publication in
Interfaces and Free Boundaries.

1 Introduction and main results

Mean curvature flow is a prototypical geometric evolution, arising in many models from
Physics, Biology and Material Science, as well as in a variety of mathematical problems.
For such a reason, this flow has been widely studied in the past years, starting from the
pioneristic work of K. Brakke [Bra78| (we refer to [GH86. [Hui84, [EH89| [ES91l [CGGI1] for
a far from complete list of references).

In some models, one needs to include the presence of hard obstacles, which the evolving
surface cannot penetrate (see for instance [ESV12] and references therein). This leads to
a double obstacle problem for the mean curvature flow, which reads

v=H on My NU, (3.1)

with constraint
M, CcU for all ¢, (3.2)

where v, H denote respectively the normal velocity and d times the mean curvature of the
interface M;, and the open set U C Rt represents the obstacle. Notice that, due to the
presence of obstacles, the evolving interface is in general only of class C™! in the space
variable, differently from the unconstrained case where it is analytic (see [ISZ98|). While
the regularity of parabolic obstacle problems is relatively well understood (see [Sha0S|
and references therein), a satisfactory existence and uniqueness theory for solutions is still
missing.

In [ACNI12]| (see also [Spall]) the authors approximate such an obstacle problem with
an implicit variational scheme introduced in [ATW93| [LS95]. As a byproduct, they prove

105
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global existence of weak (variational) solutions, and short time existence and uniqueness
of regular solutions in the two-dimensional case. In [Merl4] the first author adapts to
this setting the theory of viscosity solutions introduced in [CIL92, [CGG91], and constructs
globally defined continuous (viscosity) solutions.

Let us now state the main results of this chapter.

Theorem 3.1. Let My C U be an initial hypersurface, and assume that both My and OU
are uniformly of class C*', with d(My,dU) > 0 outside of a compact subset of R™. Then
there exists T > 0 and a unique solution My to , on [0,T), such that My is of
class CY1 for all t € [0,T).

Notice that Theorem extends a result in [ACNI2| to dimensions greater than two.
When the hypersurface M; can be written as the graph of a function u(-,t) : R — R,

equation (3.1)) reads

Vu
u =14+ |Vul2 div | — | . 3.3

If the obstacles are also graphs, the constraint (3.2]) can be written as
P <u<yYt, (3.4)
where the functions ¥+ : R® — R denote the obstacles.

Theorem 3.2. Assume that ¢t € CVY(RY), and let ug € CV1(RY) satisfy (3.4). Then
there exists a unique (viscosity) solution u of (3.3)), on R? x [0, 4+00), such that

IVl )l ey < max (Vo] e ey, IV o )

i Vuyg
g (- 1) o0 < 1+ [VupPdiv | ———
H t( )HL (R4) H\/ﬁ < 1—|—|VU0‘2>

for all t > 0. Moreover u is also of class CY* uniformly on [0, +00).

Lo (RE)

We observe that Theorem extends previous results by Ecker and Huisken [EH89]
in the unconstrained case (see also [CN13a]).

Theorem 3.3. Assume that uy and * are Q-periodic, with periodicity cell Q = [0, L]?,
for some L > 0. Then the solution u(-,t) of (3.3)), (3.4) is also Q-periodic. Moreover

there exists a sequence t, — 400 such that u(-,t,) converges uniformly as n — 400 to a

stationary solution to (3.3)), (3.4).

Our strategy will be to approximate the obstacles with “soft obstacles” modeled by
a sequence of uniformly bounded forcing terms. Differently from [ACNI2|, where the
existence of regular solution is derived from variational estimates on the approximating
scheme, we obtain estimates on the evolving interface, in the spirit of [EH91al [EH91Db,
CNV11], which are uniform in the forcing terms.
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2 Mean curvature flow with a forcing term

2.1 Evolution of geometric quantities

Let M be a complete orientable d-dimensional Riemannian manifold without boundary,
let F(-,t) : M — R be a smooth family of immersions, and denote by M; the image
F(M,t). Since M, is orientable, we can write M; = OE(t) where E(t) is a family of open
subsets of R*! depending smoothly on t. We say that M; evolves by mean curvature with

forcing term k if

d

%F(pvt) = _(H(pat) + ]{?(F(p,t))) V(pvt)’ (35)

where k : R — R is a smooth forcing term, v is the unit normal to M, pointing outside
E(t), and H is (d times) the mean curvature of M, with the convention that H is positive
whenever E(t) is convex.

We shall compute the evolution of some relevant geometric quantities under the law
. We denote by V¥, AS respectively the covariant derivative and the Laplace-Beltrami
operator on M. As in [Hui84], the metric on M; is denoted by g;;(t), it inverse is g% (t),
the scalar product (or any tensors contraction using the metric) on M; is denoted by (-, -)
whereas the ambiant scalar product is (-, -), the volume element is ¢, and the second
fondamental form is A. In particular we have A (0;,0;) = hi;, where we set for simplicity
0; = 8%1" and H = h;;, using the Einstein notations (we implicitly sum every index which
appears twice in an expression). We also denote by A1,...,\; the eigenvalues of A.

Notice that, in terms of the parametrization F, we have

9ij = (0:F, 0;F),  hy=—(0,F,v) for all i,j € {1,...,d}. (3.6)
Let us recall that the covariant derivatives commute as follow
Vivixk =vivixk + rE,x" (3.7)

where
Rfthh = (hljhz'h - hlhhij)gleh'

In addition, the Gauss Weingarten relations are (as usual, we denote the Christoffel symbols
by Ffj)
O5F =T = hijv, ¢ = hug"OnF. (3.5)

We also give the Codazzi’s equations
Vi, k,l, (Vih)g = (Vih)g = (Vih)i. (3.9)

Lemma 3.1. One has (the formula is stated without proof in [Hui84], and is sometimes
called Simons’ identity)

A®hi; = VPV H + Hhig"™ hnj — | Al i (3.10)
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Proof. First, notice that Codazzi’s equations imply
(VEVEh)ji = (VRV5h)a.

Indeed,
(VRVIh)ji = 0k(Vi ) + TV 2 hjm + TN hym,

and the two quantities are symmetric in ¢ and j.
Then, we just write (we do not use the normal coordinates to see exactly how the terms

behave)

(A5h)ij = g"VEVI IO, 05) = gV hij
= gMViVZh;  (using Codazzi)
= " (VPVihji + Riigmhmi + Reitmlim,)
=g" (Visv}qhkl + Rpijmg" hsi + Riitmg™*hsj)  (using Codazzi again)
= g™ (VI V5 bt + (higjhim — hiemhis) g™ hs + (Pxthim — Prmhir) g™ hij)
= g"VIV iy — |APhi; + HRimg* ™ hej + g 9" highsihmi — g7 9™ B hithis;

Since V;g* = 0 (Ricci’s lemma), the first term is exactly VZ-S Vf H. In addition, switching
the indices (k,1) and (s, m), the term gklgsmhkjhslhmi — gklgmshkmhuhsj vanishes. O

Proposition 3.1. The following equalities hold:

%gzj — 2(H 4+ k)hy (3.11)
%u = VS(H+k) (3.12)
%Nt = —H(H+ k) (3.13)
%hzj = A%hij+ VIVik = 2Hhiyg" ™ hmj — kg™ himhji + | Al*hi; (3.14)
%H — AS(H 4 k) + (H+ k)|A]? (3.15)

d ij sl _mn
&\AF = AS|AP + 2kgV g% g™ hishym b + 2| Al* — 2IVE A2 +2(A, (V®)?kY3.16)

Proof. The proof follows by direct computations as in [Hui84, [EH91Db|. First, note that
since (v, v) =1, we have

(O, v)= (0w, v)=0.
Recalling (3.6]), we get

d d
%gij = % (azF, GJF) = —(H + k) ((&-1/, 6JF) + (a@F, 6ju)) = —2(H + k)hzj
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Let us notice that given a vector field X tangent to M, one can write X = (X , §;F) g“ 0, F.
Since Oyv is tangent to My, we write

d d . d g
- — - F ) gv0.F = — . —0;F ) ¢g70,F
i (dtu,6 >g 0; <1/ dta >g 0;

= (v, ;((H + k)W) g"0; F = 0;(H + k)g¥0;F = V5 (H + k).

The evolution of the measure on M;

py = +/det[g]
is given by
4y~ el _ detlol T (6” o)
“ 2y/detlg] 2\/detlg]

= —/detlg]- (H + k)g"hji = —p H(H + k).

In order to prove (3.14]) we compute, using (3.8]),

dp = _d, g
%h” = dt (I/, OF)

ij
= —(V5(H+k), 05F) + (05,(H + kv, v)
_ (gklak(H + k) F , TEOLF — hijy)
+%(H + k) + (H + k) (aj (himgml81F> , y)

= O}(H + k) = THOL(H + k) + (H + W)hing™ (THORF = g, v)

= VVF(H +k) = (H+ k)hag" hm;. (3.17)
Lemmaimplies (3.14) follows from (3.17). From (3.14]) we deduce
d d ;.
S H="glip,
at o’ "

= 2(H 4 k)g"*haghij + g% (vaf (H+k)— (H+ k)hﬂglmhmj)
= AS(H +k)+ (H + k)|A]?,
which gives (3.15). In addition, we get

dio_d gl
%A| —%(9 g hz]hkl>

d . ik 1 d
= 2£gjlhijhkl +29 kgjlahijhkl
— 2 (2(H + k)g"shstg”) 9 il
+ 29" g7 (AShiy + VIS k= 2HRig ™ hans — kg™ himbi + | AP his ) b

= 2kg" harg" 7 hijhig + 29" g7 A5 hijhyg + 2| At + 2 (A, (VS)2k> .

(3.18)
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On the other hand, one has

AS|AP =2(AA, A) +2|VIAP = 2¢P19™ by A% g, + 2| VO A% (3.19)
so that (3.16) follows from (3.19) and (3.18]). O

2.2 Higher derivatives of A

In this subsection, we show that the results in [Hui84], Section 7 still hold with a forcing
term. More precisely, we show the

Theorem 3.4. For any m € N, we have

(615 o AS)‘vaP _ —2‘Vm+1A‘2 + vm+2k « VM A
+ Z ViAxVIA* VA« V" A+ VIA«VIA* Vs VA,
i+j+k=m

where the notation * denotes any contraction with the metric.
To prove this theorem, we first have to control the derivatives of the Christoffel symbols.

Proposition 3.2. The Christoffel symbols satisfy
oiT; = g (Vi(09)j1 + V(0rg)a — Vi(0r)gij) (3.20)

Proof. We simply compute

2atr§j =0 (gkl (8igjl + 8jg¢z — algij))
= 019" (8i95 + 0jgi — D1gij) + g~ (9;0egj1 + 0;0rgit — Di04gij)

= 20,6 T g + 6" (9;049;1 + 9;0r90 — 0101935 -
Now, we want to replace the quantities dnggy by (V*g)s, using

(V*9)3y = 0agsy — T2 5967 — T2 Gsa-
That gives
20T} = 209" T} gim + g™ (Vi(0:9) 1 + V(:9)a — Vi(Dr)gi5)
+g"( 70igmi + T 0gjm + L1 0igmi + L1 0gim — Ui Orgmi — L7 Orgmi)

= 20,0"" T} gim + 9™ (Vi(0r9)j1 + V(0r9)it — Vi(0r)gij) + 2¢M T Orgrmi.

Differentiating the equation g* gy, = 0, we get that 9,g" g + "0y gmi = 0 which shows
(13.20)).
To continue, let us state a
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Lemma 3.2. Let A and = two tensors such that
(9 — A%)A =E.
Then, the covariant derivative VoA satisfies
(0 —ASYWVIAN=Ax AxVIA+ AxVAx A+ Axkx A+ VE
where x denotes any contraction using the metric.
Proof. We only prove the result for (2,0) tensors, to avoid heavy notations. Note that
since 0gi; = —2(H + k)h;j, we have
T, =AxVA+ Axk

One also need to switch Laplacian and covariant derivative (remember that V;gr = 0,

and that the curvature tensor R, = A x A):
VI (ASA)V? (¥ VEVIA) = ¢*'VEVIVIA = ¢ (V,V; VA — 2R, * VIA)
= ¢*Y(V V VA — 2V5 (R, * A) — 2R« VOA)
=AY (V;A) —4VSAx Ax A —4A % A« VA,
One only has to compute, for any i,
OV ilkji, = 8y (0il\ji, — I§Ag — T Agy)
= 0;0 Ak, — Oy (L3;) Asie — I3;00(Ask) — (T3 ) Asj — T390 (Asg)
= Vi(O:hjk) — 0c(L7;) As. — Or(T'5) ) Asj
= Vi(ASAj, +E) — 24 VAx A — 24 xk* A
= ASViAS + ViE— 6V A% Ax A —4Ax Ax VIA — 24 %k * A.

Then, we have to show that
(@ —AHVMA=V"k+ Y VA«VIA«VIA+VAxVIA«V'E (3.21)
i+j+H=m
We proceed by induction. For m = 1, formula (3.14]) gives the expected result. Let us
assume that the formula is true on [1,m]. Then, using Lemma we get

(@ = AH)VHA=V V"2 + Y VA« VIA«VIA+ VA« VIA«V'E
i+j-+H=m

T AxAxV™ AL AxVAsVA+ Ax V" Axk

= V"3 4+ Z VHAsVIAxVIA L VA« VITIAxVIA L VA« VIAx VA
i+j+l=m

+ Z VA« VIA«VE+VAxs VT AxVE + ViAx VA« VHE

i+j+l=m

T AxAxV™ A L AxVAsV"A+ AxV"Ax k

=V 4+ Z VIAxVIA«VIA+VIAxVIA V.
i+j+l=m—+1
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As a result, we can finish the proof of the theorem. Let us write

VA2
5 =

(8 — A%) (B — AS)V™A, V™ AY — |V AP
= <Vm”k:+ > VA«VIAxVIA+ VA= VIA=V'E, va> — |V AP
i+j+l=m
= —|[VTHARP + VPR xVTA+ Y VA« VA« VA« VTA+ VA« VIA« V'« VA
i+j+k=m
O

2.3 The Monotonicity Formula

We extend Huisken’s monotonicity formula [Hui90] to the forced mean curvature flow
(3.5) (see also [CNVIIL Section 2.2]).
Given a vector field w : M; — R we let

wh = (w, V)1, wlh =w—wt.

Letting Xo € R and ¢y € R, for (X,t) € R4 x (¢, +00) we define the kernel

—|Xo —X|2>

P ) = (47 (to — t))4/2 op < A(to — 1)

A direct computation gives

(Xo— X, (H+kp) [(Xo—X)"P

dp s
W _ A - : 22
dt p+p< to — 1 Aty —1)? > (3:22)

Proposition 3.3 (Monotonicty Formula).

d E (X —Xo,
M

dt [y,

Proof. Recalling (3.13]), we compute

d d
= = So_HMH+E
o /Mtp /Mt ol (H+Fk)p

_ _|X_XO‘2 d _(X—Xo,y) B
_/Mtp< 4(t0—t)2+2(t0_t) 2(to — 1) (H +k) H(H+k)>

-/ ‘HHX—Xomz_kQ Ny g Ry . S5 L
My g 2(t0 - t) 2 4 M, 2(t0 — t)p M, P 2(t0 _ t)

We use the first variation formula: for all vector field Y on M;, we have

/ divpy, Y = (Hv,Y).
Mt Mt
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p(X—=Xo)
2(t—to)

d / Ho+ X —Xop +k1/
R — v - - -
dt My P My g 2(t0 - t) 2

B (X —Xo,v) &k
—i@f<ﬁ+umfw+2

As a result, with Y =

, we get

R (X = Xo)TP
4 Aty —t)?

4 .

In a similar way (see [EH89]) one can prove that for all functions f(X,¢) defined on

My, one has
B a (X —Xo,v) kI K2
@/;”—/;Qu‘AfW“Zg”(V*mm—w*z ‘4)' o

Indeed, using (3.22)

d dp df
- — Ly HH+k
g /Mt pf Mtfdt + o~ HH + k) fp

B dp df
= [ 7 (G - ne) + o

O

to —t 4 (tg—t)2

-/ f(_Asp+p<<Xo—X,<H+k>v>_1\<X0—X>¢|2>_H(H+k)p>+
My

:/ _Asfp+<p<(X0Xa(H+k?)V)_1|(XoX)L|2>_H(H+k)p>+
M,

to —t 4 (to—t)2

B d s (X —Xo,v) kI K2
—Aa(ﬁf‘Af)i/“<V*'z%—w+z ‘4)'

Lemma 3.3. Let f be defined on M; and satisfy
d
%f—Anga-VSf on M, (3.24)

for some vector field a bounded on [0,t1]. Then,

sup f<supf.
My, t€[0,t1] Mo

Proof. Denote by ag the bound on a, k := sup,,, f and define f; = max(f —1,0). Assump-

tion (3.24]) implies
d

(dt - AS) [} < 2fia- Vo fi = 2|V fi?

which, thanks to Young’s inequality, gives

d 1
(5 -a%) # < jais?

daf
at’

daf
at’
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Applying (3.23) to f7, we get

d 1
G [ o<z [ s (3.25)

Letting | = sup,,, f, so that f; = 0 on My, from (3.25) and the Gronwall’s Lemma we
obtain that f; =0 on M, for all ¢t € (0,t1], which gives thesis. O

3 Proof of Theorem [3.1]

We now prove short time existence for the mean curvature flow with obstacles ,
(3-2). Let My = OE(0) C U, where we assume that U, E(0) are open sets with boundary
uniformly of class C'!. In particular, My satisfies a uniform exterior and interior ball
condition, that is, there is R > 0 such that, for every x € My, one can find two open balls
BT and B~ of radius R which are tangent to My at x and such that BT C E(0)¢ and
B~ C E(0). Let also 2~ := E(0) \ U, and Q% := E(0) UU. Notice that Q% are open sets
with C1! boundaries, with dist(27,0Q%) > 0. Note that the condition M; C U can be
rewritten as

Q" CcE®l)cat.

Let also
k:=2N(1 - xo+ — Xa-)

where N is bigger than (d times) the mean curvature of OU.

We want to show that equation , with k£ as above, has a solution in an interval
[0,7"). To this purpose, letting p. be a standard mollifier supported in the ball of radius
€ centered at 0, we introduce a smooth regularization k. = k % p. of k. Notice that
llkelloo = 2N, ke(x) = —2N (resp. ke(z) = 2N) at every x € Q~ (resp. = ¢ Q1) such that
dist(x,0U) > €, and k-(z) = 0 at every = € U such that dist(xz,0U) > e.

Using standard arguments (see for instance [EH91b, Theorem 4.1] and [EH91a, Prop.
4.1]) one can show existence of a smooth solution My of , with £ replaced by k., on
a maximal time interval [0, 7).

Let now

Q7 ={reQ : dist(z,00") > ¢}

and
QOF == {z e R": dist(x,Q") < e}

The following result follows directly from the definition of k..

Proposition 3.4. The hypersurfaces OQF are respectively a super and a subsolution of
(3.5)), with k replaced with k.. In particular, by the parabolic comparison principle Mg
cannot intersect ONE.

We will show that we can find a time 7" > 0 such that for every ¢, there exists a smooth
solution of (with k replaced with k) on [0,T).

The following result will be useful in the sequel. We omit the proof which is a simple
ODE argument.
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Figure 3.1: Main notations of Proposition [3.5]

Lemma 3.4. Let My = 0Bg(xo) be a ball of radius R < 1 centered at xo. Then, the
evolution My by (3.5)), with constant forcing term k = 2N, is given by My = BR(t)(:co) with

R(t) > \/R2? — (4N + 2d)t. In particular, the solution exists at least on [0, %) .

Proposition 3.5. There exists r > 0, a collection of balls B; = By(x;) of radius r, and

a positive time Ty such that Mi C \J; B; for every t € [0, min(Tp,1.)). In addition, we

can choose the balls B; in such a way that, for every i, there exists w; € R4 such that

O0* N By, (x;) and Mo Ny, (z;) are graphs of some functions w;t :R? — RU {+o0} and u;
1L

over w;-.

In particular, one has

(Vke, wi) = |VE:|/2  on Bay(z;).
Most of these notations are summarized in Figure

Proof. By assumption, for every x € M there exist interior and exterior balls Bgci of fixed
radius R < 1. Let BE(t) be the evolution of Bf by with forcing term & = 2N. By
comparison, for every t € [0,7%), B (t) C E(t)¢ and B; (t) C E(t). Recalling Lemma
there exists d > 0 and Tp > 0, independent of ¢, such that M7 C {dp, < 0} =: Cj, for all
t € [0, min(7%, Tp)).

We eventually reduce 6, Ty such that Cs can be covered with a collection of balls B; =
B, (x;), centered at z; € My and with a radius r such that, for every i, there exists a unit
vector w; € R satisfying

and  (w;, v(2)) >

N | =

and (wi , U (y)) >

DN | =

(wi vt (a:)) >
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for every x € 907 N By, (x;), y € 00~ N Byy(x;) and z € My N Byy(x;), where v is the
outer normal to QF and v the outer normal to Ej (recall My = OFEy). It is possible to
satisfy these three conditions because if M, touches one of the obstacles (cannot touch
both of them because of the distance between Q~ and 9Q), they share the same normal
whereas if My does not touch any obstacle, we can reduce the ball until the obstacles
remain outside of it. The uniformity of r is provided by the uniform C*! norm on My as
well as the distance between My and OU outside of a compact set.

As a result, 90F N By, (z;) and My are graphs of some functions w;t : R — RU{+o0}
and u; over w;- (see Figure .

Notice also that k is a BV function and Dk is a Radon measure concentrated on oU
such that

| DE|
2

on By, (z;).

Then, for every x € Bs,(z;) and e sufficiently small (such that p.(z) = 0 as soon as
|z| > 2r), we have

hevia) = (V [ ko= oty )

- /Rd+1 (Dk(z —y) , w;) pe(y)dy

Dk|(x —
> / DM@ =9) ) (y)ay
Ra+1

2
= 2 = 2 .

O

In what follows, we will control the geometric quantities of My inside each ball B;. As in
[EH91a], we introduce a localization function ¢; as follows: let n;(z,t) = |z —x;|?+(2d+A)t
(A is a positive constant that will be fixed later) and, for R = 2r, ¢;(z,t) = (R?—n;(x,t))T.
We denote by ¢; the quantity ¢;(x,t), where x = x(p,t) will be a generic point in M.
Notice that there exists 71 = % such that for all ¢ € [0, min(7p, 11, 1%)),

Mf C U{gbi > 12} (3.26)

As a result, we have the following

Lemma 3.5. Let f be a smooth function defined on M. Assume that there is a C > 0
such that
oif <C on Mg Vit < min(7;,T1) and Vi € N.

Then,
f<aC on Mg vVt < min(T;,Th),

where o depends only on the C™' norm of My.
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Lemma 3.6. Let v := (v, w)_l. The quantity v2¢? satisfies

d 2,2 1 VS 32
[-2) (%) = 3 (7wn 55
—¢*? (Vsks, w) + v2p(2k. (x, v) — A). (3.27)

Proof. In this proof and the proofs further, we use normal coordinates: we assume that
gij = 0i; (Kronecker symbol) and that the Christoffel symbols I‘fj vanish at the computa-
tion point.

We expand the derivatives

d s v?¢? _ ofd s\ ¢ o [ d s\ v? s 50
(F-2) (7)) = (@) T+ (a-2) T 2(vF %)

First term. We start computing

((jt - AS> x|? = —2k. (x, v) — 2d.
Then,
d
(dt - AS> ¢* = 20(2k. (x — z;, v) — A) — 2|V7|x|?)2.
Second term. We are interested in
1d 2 d
% (w, )" = (w,r) (dty’ w) (3.28)
= (w,v)(VI(H+k),w). (3.29)
So,
1d _ _
5 @) Y= (w, ) (VIH + k), w). (3.30)

On the other hand,

%AS((W, W) =@, ) A ) (P, ) S, )T (33D

Let us note that

Ol-jy = 0; (hjlglmamF> = a@(h]l)dlmamF - hjldlm(_h’imy) = al(hjl)alF - /\226Z.71/

We then get
AS(w, ) =8 (w, v) =9 (— (w, O) (w, V)*Q) (3.32)
= —(w, o) (W, V) 2+ 2w, Ow)?* (w, v)? (3.33)
=—(w,v)? (DihaO F — My, w) + 2 (w, V)3 (w, NO;F)?. (3.34)

= —(w, V) 2 (huOF , w) + AP (v, w) 7 +2(w, v) 72 (w, NO;F)?.
(3.35)
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We also have

<VS (w,v) ", V¥ (w, V)71> = (w, v) (W, o) (w, o) (3.36)
= (w, 1) (W, heug™ 0 F)* = (w, v) " (w, MW F)?,
(3.37)

which leads to
d s\ V2 3 (S 3
ﬁ_A 5 = v (V2(H +ke), w) + 070 (hii) (w, OmF)
—|A]P0? = 2022 (w, O F)? — vt (w, MO F)?

Third term. We notice, as in [EH91a] that |V°¢?|? = 4¢?|V°(|x|?)|? and

S .2 S 212
(VS @), VS8?) = =3 (uV5 (v), V4?) +% <<VS(U2¢2)’ V¢Q¢ ) _U2W¢<§ | > ‘

Then, Young’s inequality gives
1
s S ;2 218, 22 S 122
2’1}(V v,V ¢)‘<2¢ |V2 o +W|V onl
< 2¢2|v502‘2+202‘v5|x‘2|2.

Hence,

S 12 S 1212
_ (vS(UQ)7 ngbQ) < —3¢2|VSU2‘2—3U2|VS|X‘2’2+% <<VS(U2¢2), Vv qb > _2}2|v ¢ | ) )

¢? ¢?

Summing the three terms, we get

S
<d —AS> (UQ(Z)?) < % (VS(UQQbQ), \Y (Z)Q) — 6P (Vsk:g, w) —|—1)2¢(2k‘5 (x,v) — A).

dt 9 pe
O
For v > 0, we let
2
N
o) =
Lemma 3.7. For e <1, we have
d s\ * AR (v?) .
<dt -4 ) 2 < S0 (1Al - 2k Z)\? —2(A, (V5)%.))
PP P) (T, ) — AP Y oI
€ - 1 (1 _ ’}/UQ)S .
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Proof. We denote V = w and compute

_ 2 2 d S 1 2 2 2 d S 1 2
= 1aPu) (5 - 8%) o+ ) (5 - A%) 1Al

dt dt

<d B As) ¢*|A[*(v?)
2

+¢%|AJ? (jt — AS> %w(zﬂ) —2(1/2V7|A?, 1/2V7¢?)

—2(1/2V| A%, 1/2V7p(v?)) — 2(1/2V9¢* | 1/2V 9y (v?)).

The two first terms have already been computed. Let us consider the third one.

1d 2_dv/2__3/2 s
5 7 V(0%) = v (0) = =0 (o) (VO (H + ko), w)

SATU() = L0(0?) = Bi(wdhoy! (7)) = vATw (12) + 207 VU (02) + [V 5ol (0?)
= (3|V50|? — * (O (hii)w) + v?| A (v2) + 2| V02" (v?).

Hence
(jt — AS> %w(zﬂ) = 0% (V%) (VOke , w) — (3| V502 + 02| AP (v2) — 202 V0| 2" (v?).

We will want to conclude the proof using the weak maximum principle. So, we want to

rewrite the last terms (which are gradient terms) using the gradient of V. Let us expand
VoV
&% AlPY(v? 1 1 1
vs CALPW _ 214p L05u(u2) + APS () 37567 + 66(%) 5 V5|
So,

2 S 2|2 S| AI1212

— ¢4|A’4|v 1,[)4(2} )| + |A‘4¢2(U2) 1 —|—(Z)4’¢)2(U2)‘v |f| ‘
+0?| A M (0?) (VIp(0?), VI6?) + ¢ A2 (02) (VIp(v?), VI A?)
+APY?(v?) 9 (VO?, VO|A]?).

‘vsqb?IA!Qw(vQ) VS

2

As a matter of fact,

2

1 S¢2‘A’2¢<U2) 2 2WS¢<U2>‘2 2 2 ‘VS¢2’2
AAE Y 2 AT gy AR T
2 o\ [VIAPP2 2 /S, (2 S ;2
+¢ Y (v )W+2|A| (V2y(v?)/2, V7% /2)

+2¢7 (Vop(v?) /2, VI A2 /2) + 20 (v?) (VO 4% /2, VZ|A?/2) .
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We use the last equality to rewrite
LN ¢*| AP (v?)
dt 2
= [APY () (¢(2ke (x, v) — A) — [VI]*]?)
+ 6%y (2)( <VSA VSA>+]A|4—QkEnghstg“gﬂhijhkl—2<A,V2k£>)
+ &*| AP (—0*Y (v?) (Ve , w) — (3|V50]2 + 02 AP)y (v?) — 20%| VO [2y" (v?))
1 Vs<z>2|A|2w<v )|
P? A2 (v?) 2

S 2\12
; ¢2‘A'2W T APY(?)

|VS¢2|2

[VoAPP
4¢° '

4lAP?

+ ¢*p(v?)
(3.38)

Let us precise some terms:
VI = 49” | - 2xT|* = 4¢*(4lx]” — 4 (x, v)),
VSBEAE = W@V = 4 (03)%0 S et
k

VAP = 42 (hu)\r)?,

VAP = Z(f)i(hkm))-

i,k,l

In addition, we have the obvious estimate

VAP < 4|AP VAP,

So,
2 vS 212 vS A 212
< ¢21A\2‘”’“’2>2”6 A ARG (] — (x, 1)) + VAR,

¥(v?)
We plug this inequality into (3.38) and obtain

2 2 '1)2
(jt ~ AS) ‘?W";/’() < JAPY(?) (6(2ke (x, v) — A) = [V5|2?)

T+ 62(0%) (= (T5A, VIA) + A" = 2kg7 horg" " highi — 2(A, V2k2))
+ @A (=0 (v*) (VOke , w) — (3[VE0[* + 02 APy (v*) — 202 V502" (v?))
1 ¢*| APPyp(v?) [*
QAP (v?) 2
2 2¢,(U2)2U6 Zk()‘kwk)2
HOATT)

\Y

4 APY ) (X7 — (x, 1)) + P (0?)[ VAP
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Let us regroup some terms (noting that |[V5v[? = v* 3" (A\w?)?), we get
d 2| A2 (v?
(4 - o) EE
< |APY(0?) (6(2k: (x, v) — A))
+&Mﬁww%—vaﬁ»—2&w@%m¢%m;¢%MW—2¢¢ ) (A, V2ke)
oA )
¢?|AJPp(v?) 2

6
# AP0 (ST st et) - )

= AP (o) (Voke s w) —

Then, we note that

6¢/( ) 4 6 1/ 2\ 20t + 'YUG

gy AN S 2 = g <0
and

P(0?) — v (v%) = —33*(v%) < 0
So,
d 2 A 2 2
(5 -8%5) 2 < ueyalar - 26 30N -2 (4, V)
SR (Ve ) = A SO 22”&3%3,

what was expected. O

We now show that M; can be locally written as a Lipschitz graph, with Lipschitz
constant independent of €.

Proposition 3.6. Let ¢ < r Then, for every t € [0, min(T;,T1)), M; N B; can be written

as a Lipschitz graph over ouZ , with Lipschitz constant independent of .

Proof. We want to show that the quantity (v, w;) is bounded from below, or, equivalently,
that v := (v, w;)~" is bounded from above on every ball B;. We want to estimate the
quantity v2¢? (we drop the explicit dependence on the index i) using Lemma

We choose A such that the last term in is nonpositive (take for instance A =
2N R). We also have to control

v (Vo w) = (v, w) " (Vkey w) — (VEe, v) (v, w) = (v, w) " (Ve w) — (Ve , V).

Proposition [3.5] provides immediately

|VE|

(v, w) (Ve , w) = (Vke, v) = (v, w) ! .

- ‘Vka|

which is nonnegative as soon as (w, V) < % From Lemma and the weak maximum
principle (see [PW84]), we obtain that ||[v2¢?||o0(t) < max(||v?¢?|«(0),4R?). Thanks to
Lemma [3:5] this provides a uniform Lipschitz bound on the whole M, for t < T}. O
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We want to prove that T is uniformly bounded below from zero. To this aim, we use
the following theorem (which is [Hui84, Th. 8.1] with a forcing term).
Theorem 3.5. IfT. < T, then the second fundamental form of My blows up as t — 1.

The proof of this result is the same as in [Hui84, Th. 8.1], thanks to the control on the
derivatives of A we obtained in Theorem [3.4l
Let us show that |A| cannot blow up.

Proposition 3.7. For every € < r, there exists C: > 0 such that
| Al oo () < Ce for all t € [0, min(T;,T1)).

Proof. As in [EH91al, we are interested in the evolution of the quantity

¢*| AP (v?)

5 :
Notice that 1
o
il = allxl? < %A? + §>\?-

Choosing « such that % < 3, one can write

|—2k5¢>2¢<v2> SO < @) (S1A11 + NalAP).

In addition, as soon as |A|? > 1, one has (A, VZk.) < |A]*|V?k.|. One can also notice
that as above, v (Vskg, w) > 0 as soon as v = 2. On the other hand, if v < 2, one has
v (v?) = % < 44 (v) for v sufficiently small.

So, anyway, if |A| > 1,

2 2 2 2 2 2 2 2 2 2 2 2
(1 - a9) PRI oo PRV o PIAPVC) | (FIAPG)

Finally, we apply the maximum principle to

~ 2A2 2
A:wmﬂ—@Na+4Mﬂ@Hm+&W%mQﬂ.¢|kf@)

d -
— A%} AKo.

vt < min(T:, T1), ||A]o(t) < [ 4] (0)

which satisfies

It provides

which shows that w does not blow up.
Using Lemma and choosing v such that v(v?) is bounded and remains far from
zero, we know that |A| does not blow up for ¢ < T3. O
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Corollary 3.1. There exists Ty, depending only on the dimension, ||k|lc and the radius
in the ball condition for My, such that there ezists a solution My of the mean curvature
flow with forcing term ke on [0,T}).

The surfaces My are uniformly Lipschitz and every My N B; can be written as the graph
of some function u (z,t). All the u are Lipchitz (in space) with a constant which depends
neither on ¢ nor in €. We want to show that they are also equicontinuous in time.

Proposition 3.8. The functions ui are Lipschitz continuous in x and 1/2-Hélder contin-
wous in t on B; x [0,T1), uniformly with respect to € and i.
In addition, they are (classical) solutions of the equation

Vusé
Ol = /14 |Vus|2div | ———= | — /1 + |Vu|? ke(z, uF). 3.39
i = \/1+ Vi v( Twuﬂ?) VI VU ke ). (339)

Proof. Let ¢ be fixed (we drop the index e in what follows), and let ¢y € [0,771). Let
xo € M, and i such that ¢ € B;. Then, (v(xo), w,-)fl is bounded above and M; is the
graph of a function u over w;-. Then, let 21 = g + dw;. Thanks to the Lipschitz condition,
there is a ball By cs(z1) that does not touch M;. Evolving by mean curvature with forcing
#;rl) (note that Ty does
not depend on ¢). By comparison principle, for ¢ € [to, to + w(d)), My does not go beyond
x1. That is equivalent to say that w is 1/2-Hélder continuous in time, with a constant
independent of ¢.

The equation satisfied by u$ is usual. One just has to notice that with the definitions
above,

term k., this ball vanishes in a positive time Ty > w(d) :=

Vug
v —t— ] = -
V14 | Vus|?

O

We now pass to the limit as € goes to zero. By Proposition the family (uf) is
equi-Lipschitz in space and equi-continuous in time on B; x [0,77). Therefore, by Arzela—
Ascoli’s Theorem one can find a sequence £, — 0 and continuous functions u; such that,
for every ¢, ui™ =2 ui locally uniformly on B; x [0,77).

Proposition 3.9. The functions u; are viscosity solutions of (3.3)) on B; x [0,T1), with
obstacles U N B; (see Appendiz @

Proof. Thanks to Proposition every x € B; can be decomposed as x = 2’ + zw; with
z = (z, w;). Then, there exists functions 9" of class C*! such that

UNB; ={(z,2) € B; : %7 (2) < z < ¢ (2"}

For simplicity we shall drop the explicit dependence on the index 4. Since u®(x,0) = ugp(x)
for all £, and u®" converges uniformly to u as n — 400, it is clear that u(z,0) = ug(z).

Condition (3.52) immediately follows from Proposition
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We now check that u is a subsolution of (3.3)). Let (xg,t9) € R” x R and ¢ € C? such that
Y~ (zo, to) < u(zo,tp) and

U — Zo,t0) = max U — z,t).

(= Pont) = max (u—g)at)
One can change ¢ so that (zg,tp) is a strict maximum point, and u(zg,ty) = ¢(xo,to).
Let 2§ := wu(xo,to) — ¥~ (x0,tp). Thanks to the definition of k., for all ¢ < 4, we have
ke(x,p(z,t)) < 0 in a small neighborhood V' of (zg,ty). For e sufficiently small u® — ¢
attains its maximum in V' at (z.,t:), with (zc,t.) — (xo,t9) as € — 0. Since u® is a
classical solution of (3.41)), it is also a viscosity solution, therefore

Vo
— 1+ Vo2div| ———— | < V1+|Vp|2k(z,0) <0 at (we,te).
Pt Vel < 1+V90|2> IVol? ke(z, ¢) (zete)
Letting ¢ — 0 we obtain that u is a subsolution of (3.3)). A similar argument shows that
w is also a supersolution of (3.3)), and this concludes the proof. O

Conclusion of the proof of Theorem, . The result in [PS07, Theorem 4.1] (see also Section
applies, showing that the functions u; are of class C1!1. As the uniform convergence u;"
implies the Hausdorff convergence of M;™ to a limit M; such that M; N B; = graph(u;(t)),
we built a C! evolution to the mean curvature motion with obstacles on the time interval
[0,77). Thanks to [ACN12, Theorem 4.8 and Corollary 4.9] this evolution is also unique.
This concludes the proof of Theorem O

4 Proof of Theorem [3.2

Let d)ei be smooth functions such that 1/1? — ¢* as ¢ — 0, uniformly in CH1(R?), and
let N > 0 be such that

+
N > |[\/1+ |22 div _ve for all & > 0. (3.40)
VIHIEP T g

We proceed as in Section [3|and we approximate (3.3), (3.4) with the forced mean curvature

equation
ur = /14 |Vul? |div Ve + ke(z,u) |, (3.41)
V14 [Vul?
where

ke(z,u) = 2N (x (W) X <u_1£+(x)>> ’

and y is a smooth increasing function such that x(s) = 0 for all s € (—00,0], and x(s) =1
for all s € [1,00). In particular 0,k:(z,u) <0 for all (z,u).
Notice that k. — g as ¢ — 0, with

2N if u < ¢~ (x)
k(z,u) = ¢ —2N if u > ¢+ (z) .
0 elsewhere
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Notice also that

%(m,u)—l—ake(w )8¢5 =0 ifu<eyt

6$k ou ox T (3 42)
Ok, Ok, ot _ '
Tm(az,u)—i— 5 (x,u) B =0 ifu>qy_.

We denote by u. the solution of the approximate problem (3.41)), which exists and is
smooth for short times.

Proposition 3.10. The solution u. is defined for t € [0, +00), and satisfies the estimates

Jue (s )l wreemay < C for all t € [0,400) (3.43)
[ue (s O)llw2eomay < C(T) for allt € [0,T]. (3.44)

Proof. Estimate (3.43]) follows from Proposition , choosing B; = RIFL ;= eq+1 and
¢ = 1. Estimate (3.44]) follows from (3.43)) and Proposition O

In what follows, we use intrinsic derivatives on the graph My := {(z, uc(x,t))}, which
will be denoted as above by an exponent S. The metric on M; is

gij = 5ij + 8iu58ju

with inverse

g O;us0;u
o g CvTETITE
9 Y14 | V|2
The tangential gradient of a function f defined on M; is given by
. g Oiuc0ju
Speyi— i F— 9. f € €
(v f) g a]f alf 1+|v ’2 Jf7
so that
(VSf, Vu:) = (Vf Vu)—M(Vf Vue) = ——— (Vf, Vue), (3.45)
I e) — ) & 1+‘VU5‘2 9 e) — 1+’Vu5’2 ) €) .
and
2
S g2 _ L A (ue); fi
IV2fIP = fi (ué)zzj: 1+ [Vu|?
Vue, VI\* _, (ue)i(ue);fif;
— V2 + (u.)? (5,) _ g \Ue)ilUe)j]ilj
VI + (ue); <1+\Vu5|2 1+ |Vu|? (3.46)
2 2 2
_ |Vf’2 + V| (Vue, V) . 2(Vu€, V)
14+ [Vue|? 1+ |Vuel|? 1+ |Vue|?

_pwgp - (Ve vH?  (Vu, V)
1+ |Vue|? (1+|Vuc|?)?

In addition, the Laplace-Beltrami operator applied to f is

Oiuc0jue dwudjue Af— (VUEVQf, Vug)
L+ [Vu 2’9~ 1+ |Vu.|?

ASf=glifii=Af—
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Proposition 3.11. The quantity ||(us)? |l (t) is nonincreasing in time. In particular,

(e ) ( )| oo ety <

/1+ [Vuo|? div _ Vuw
V14 [Vugl?

Loo(R4)

Proof. We compute

d (ué-)? _ 2 | 4 Ve
% 2 _(Ue)t W div W "‘ks(:vaue t-

Expanding this expression, we get

d (ug)? B V(ue)t - Ve . Vue
e = (ue)y | == div |~ | + ke
dt 2 V14| Vue? V1| Vue|?

. (Vue )y ((Vuge)t - Vue)Vue
+v/ 1+ [Vu.|? (dlv ( (TP Yol — 1+ |Vu€|2)3/2 > + (Uz—:)tauks>] .

Let us compute more explicitly the three terms of the expression above.

(u )tL“g)t SACE T R SR
1+ Vu2 VItIVu)

VIF Vel \ VIt [V (1 +]|Vu2)3?

2 Vu, - v (Ve
:v((ua)t)_vu€< AUg U, ( 2 )+k5 ’

2 1+ |Vue2 (14 |Vue]?)?

(ug)e div M = (ue)10; %
TUWVIEVeP) T AV VP

o (ue)e(ue )i 1 ' (VL)

T AP (e elea Ve (Vi)
Ue tA Ue )t 1 vua 2

B (ﬁ B <1+\wa\?w?Wg)t(“e”i@‘(‘ )

_ (ue)eA(ue): _ 1 (ue)? ) |Vaue|?

T v (LHWMW”V<2 >V< 2 )
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and
. ((Vug)t - Vue)Vue
(Ua)t div ( (1 n \Vu€‘2)3/2 >
(VUE, (ua)tv( ) ) (ué) (U’E)tlj(u&)j(u&)i ((ug)iv(UE)i, (ua)tv(ug)t)
(1 +|Vuc[2)3/2 (1 + |Vuc[2)3/2 1+ Va2
~ 3(u ),((Ua)tv(ua)t, Vue) (V(ug)i, Vue)
o (1 + |Vue[2)5/2

(VUE’ vt )> L (ue)e(ue)ej(ue)j(ue)i (V(%), V((US)E))

(L+ [Vue )32 (1+[Vuc[2)3/? (1 + |Vue2)3/2
(ue)? ue|?

_3(V( ), vue) (V%L vug)'

(1+ ]VUE\2)5/2

- £

= Au,

Notice that

2 (ue)?
jslu g (Ve VUV
2 2 1+ |Vue|?
Ue )i (W U Ue )tis + (U U Ue )i (Ug ) ¢4
= ()i )y + (V)2 — (ediltedilihd fﬁwijﬁ el tteulte)y,
We then get

d (ue)i _ (V5. vae) ke + A5 <(u€)§) —2 (v () ”VV <,2lvgl2)>
2 14+ |Vue

a2 T+ [Vul]

ue)? [Vue |2
(V( 2 L ) ) V’UzE) <v(+) ) vu&) + (VUE 5 (VUQ)t)Q
(1+ [Vuc[?)? L+ Vel

2 — |(Vue)e* + (ue)7Ouke.

Note that the last term is nonpositive by definition of k..
In order to apply Lemma we have to notice the inequality

 (Vue, (Vue)y)?
14 |Vue|?

+ [(Vue)¢)* > 0.

It is then enough to note that, since the solution exists for all times and it is smooth, the
term V('vue‘ ) is bounded on each [0,7] (the bound depends on 7" and ¢ but is enough
to apply the lemma). In addition, every factor containing V((ue)?/2) also contains Ve,
hence the assumptions of Lemma [3.3] are satisfied for every 7' > 0, and this concludes the
proof. O

From Propositions [3.10] and [3:11] we deduce the following result.

Proposition 3.12. If ug is C-Lipschitz in space for some C > 0, and has bounded mean
curvature, then the solution u. of the approximate problem ([3.41) is C-Lipschitz in space
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and Lipschitz in time with constant

V 1+ |Vug|? div __Vu
V14 |VU0|2

Loo(RY)
Moreover, the following inequalities hold

Vo (2) —e <ue(z,t) <Y (z) +e. (3.47)

Proof. The Lipschitz bounds of the solution are clear (it is Proposition and |3.11)).
In order to prove the second assertion, let us notice that by (3.40) and the definition
of k., we have

ke(x, 9 —e) =2N > ||\/1 4+ ¢z |2 div \/1—%\T|2 ;
€ Loo(Rd)

so that 1. — € is a subsolution of (3.41). By the parabolic comparison principle (as in
Proposition , we deduce that
P, —€ < Ue.

The same arguments shows the other inequality in ([3.47)). O

Conclusion of the proof of Theorem[3.3 Since the solutions u. are equi-Lipschitz in space
and time, they converge uniformly, as ¢ — 0, to a limit function w which is also Lipschitz
continuous on R% x [0, +00).
Equation (3.47)) yields

VT <u<yT,

and Proposition gives that u is a viscosity solution of .

Concerning the regularity of u, we proved that (u.); and Vu. are bounded on [0, T,
for any T in the approximate problem. This gives a bound on the mean curvature of
the approximate solution. This bound does not depend on & and remains true for the
viscosity solution. As a result, the exact solution has bounded mean curvature and bounded
gradient, which shows that Aw is L and, by elliptic regularity theory, u is also in WP
for any p > 1, and so C* for every a < 1 (see [Lun95] for details).

By Theorem [3.6] below, we can also directly apply to the solution u a regularity result
by Petrosyan and Shahgholian in [Sha08| [PS07]. It follows that wu is in fact of class C1:!,
and this concludes the proof of Theorem [3:2]

O

5 Proof of Theorem (3.3

Note that the existence and uniqueness proof in appendix gives a periodic solution to

B3).
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We compute the evolution of the area of the graph of u:

(Vug, Vu) . Vu
\/1—1— Vuz—/ L —/udlv _— . 3.48
Vel V14 |Vul? Q ! V14 [Vu|? (3.48)

Notice that, for almost every ¢ > 0, w;(¢,2) = 0 almost everywhere on the contact set.
Indeed, for almost every ¢, u; exists for almost every € Q. If u(z,t) = ¢*(x), then
u — 1* reaches an extremum in (z,t), which gives, u(z,t) = 0. In particular, from (3.48)
we get

Integrating this equality in time, we obtain

/ 1+ |Vu]2

(3.49)

ot

T
b
0 JQ

is uniformly bounded in 7. Indeed, the quantity

which shows that

T
/ V1+ |[Vul|?
Q 0

represents the variation of area of the graph of u between ¢t = 0 and ¢t = T. As this area
is nonincreasing (thanks to ), this quantity is uniformly bounded in T'. In addition,
we recall that Vu is uniformly bounded in 7. As a result u; € L}*(RT x Q) so u is in
HY([0, R) x Q) for every R > 0.

Since [lutl|z2(q) is L?(R"), there exists a sequence t,, — oo such that

lutllz2(@)(tn) — 0.

In addition, u(t,) is equi Lipschitz and converges uniformly on compact sets to some
which therefore satisfies in the viscosity sense

Vu
V1 + |Vul2div <> =
IVl V1 4+ Vu?

with obstacles ¥* (see Appendix @

Remark. By [ISZ98], uso is analytic out of the (closed) contact set {us = ¥F}.
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6 Appendix: on viscosity solutions with obstacles

6.1 Definition of viscosity solution

Given an open subset B of R%, let ug, ¥+ and )~ be three Lipschitz functions B — R
such that
1/}_($a0) < UO(I‘) < ¢+(IE,O)

We are interested in the viscosity solutions of the equation

= /1 VP div (\/13”7%'2> D (e 0) = ug(a), (3.50)

with the constraint

v (x) <ulz,t) <Yt (). (3.51)

Definition 3.1 (see |CIL92, Merld]|). We say that a function u : B x [0,T) — R is a
viscosity subsolution of if u satisfies the following conditions:

— U 1S UpPper semicontinuous;

— u(z,0) < wup(x);

U7 (@) Sule,t) <PF(a); (352)
— for any (xo,t0) € R™ x RT and ¢ € C? such that u — ¢ has a mazimum at (zg,1o)
and u(xg,to) > ¥~ (z9),

w < VIENVuldiv | Y (3.53)
1+ |Vul?
Similarly, u is a viscosity supersolution of (3.50)) if:

— u 15 lower semicontinuous;
— u(z,0) = up(x);

— (B52) holds;

— for any (x0,t0) € R™ x RT and ¢ € C? such that u — ¢ has a minimum at (zg, o)
and u(zo, to) < ¥ (xg),

Vu
w = 1+ [VulRdiv | ———eee— | .
! Vel <«/1+Vu|2>

We say that u is a viscosity solution of (3.50)) if it is both a super and a subsolution.

6.2 Comparison principle

In order to prove uniqueness of continous viscositysolutions of (3.50)), we shall prove a
comparison principle between solutions following [GGIS91l, Theorem 4] (see also [CGGI1]).

Proposition 3.13. If u is a viscosity subsolution of (3.50) on [0,T), v is a viscosity
supersolution, if Y are Lipschitz in space and if u(x,0) < v(z,0), then u(x,t) < v(z,t)
for all (x,t) € R™ x [0,T).
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Proof. We will check that the proof of [GGIS91, Theorem 2.1] can be extended to the
obstacle case. Notice first that the assumptions (A.1) — (A.3) of [GGIS91, Theorem 2.1]
are satisfied also in our case. Indeed, (A.1) comes directly from the Lipschitz bound on
¢* and the constraint 1~ < u,v < ¢+ whereas (A4.2) and (A.3) result from the assumed
time zero comparison.

Let us show that [GGIS91, Proposition 2.3] also holds. Indeed, up to Equation (2.9)
nothing chenges. To continue the proof, using the same notation of [GGIS91, Proposition
2.3], we have to check that if

sup(w — ¥) > 0,
v

then the supremum is reached in the complementary of the contact set {u = ¢~} U {v =
(NS
Indeed, notice that if u(xz,t) = ¢~ (x), then, for all x,y,t, s,

u(z,t) —v(y,s) =¢~ (x) —v(y,s) <Y (y) + Lz —yl) —v(y,s) < L(lz — y|)

since v > ¢~ . Hence, if u(z,t) = ¢~ (z), with K/ > L, we must have w — ¥ < 0, so the
supremum of w — V¥ is attained in the complementary of {u = ¥~ }. One can show similarly
that the supremum is reached in the complementary of {v = ¢*}. Hence Proposition 2.3
of [GGIS9I] holds.
From Proposition 2.4 to Lemma 2.7 of [GGIS91], every result holds without changes.
Concerning the proof of Theorem 2.1 of [GGIS91], the first assumption is

a = limsup{w(t, z,y), | |x —y| <0} > 0.
0—0

Then, Proposition 2.4 gives constants §y and -y such that for all § < dg, ¥ <9 and € > 0,
there holds

d(&,79,1) = sup O(z,y,t) > @
R" xR" % [0,T) 2
with A
|z =y 2 2 i
D(t = u(z,t) —v(y,t) — —L — -
(t2,) = ula, 1) — vly, 1) — I~ 6(Jaf? + ) —

To conclude the proof, we only have to show that the maximum of ® is once again
attained on the complementary of {u = ¢~ }U{v = ¢*}. In the same way as for Proposition
2.3, if u(z,t) = ¢~ (x), we can write

o - _ _M_(; 2 2y _
(t2,y) = w(z,t) —o(y, t) — — - (" + ly[7)

<Y (y) + Lz —y| —v(y,t) < Lz —y).

0
T—t

Thanks to Proposition 2.5, |z — 9| = 0. So, with ¢ sufficiently small (one can reduce
e—

the quantity o given by Proposition 2.6), ® has its maximum out of {u = 1~} (and
similarly out of {v = 1}), which enables the application of Lemma 2.7 and gives a
contradiction as in [GGIS91]. O
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6.3 Existence
In this subsection, we prove the following result:
Proposition 3.14. There ezists a continuous viscosity solution to (3.50)).

We follow [CIL92] to build a solution by means of the Perron’s method. Let us state
an obvious but useful proposition and a key lemma for applying Perron’s method.

Proposition 3.15. Let u be a subsolution of the mean curvature motion for graphs (without
obstacles) which satisfies u < u™. Then, uyp := uV u~ is a subsolution of (3.50)) with
obtacles (the same happens for v supersolution and vo, = v Au™).

In the sequel, we shall denote by u* (resp. w,) the upper (resp. lower) semicontinuous
envelope of a function w.

Lemma 3.8. Let F be a family of subsolutions of (3.50). We define
U(z,t) = sup{u(z,t) | u € F}.
Then, U* is a subsolution of (3.50)).

The proof of the proposition and the lemma can be found in [CIL92|, Lemma 4.2 (with
obvious changes due to the parabolic situation and obstacles).

Construction of barriers In the sequel, to claim that the initial condition is taken by
the viscosity solution, we need to build barriers to sandwich the solution. More precisely,
we want to build a subsolution w™~ such that (w™)*(x,0) = ug(z) and a supersolution w™
such that (w).(z,0) = ug(z). To show this claim, let us begin by a simple fact.

Let

.’IJ — a 2
gap(@) == et +b (3.54)
1+ (z—a)?

for some (a,b) € R™ x R and «; > 0 such that g(z) < up(x). Note in particular that

gan(®) > =Y ailz—a)F+b and H(gh,) > H(gay)l—o=—2) ai. (3.5

Then, it is easy to show (using Proposition [3.15)) that the function

v(z,t) = (gg7b(x) + (2 zn:ai + 3M> t) VT

i=1
is a subsolution of (3.50). Indeed, the curvature of g2, is smaller than 23 a; and its

gradient is bounded by 2 (so /1 + |Vg|? < 3).
Thanks to Lemma the function

*

gai),c i=1
ga,béuo

w (x,t) = | sup (gab —QZalt—?)Mt) Vo
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is a subsolution of (3.50]) (with obstacles).
It remains to show that (w™)*(z,0) = up(z). To see this, notice that since ug is Lipschitz

and up = Y, up(z) = w™(x,0), yielding up(z) < (w™)*(z,0). But for all ¢t > 0, v(x,t) <
up(x) so w™(x,t) < up(x). By continuity of ug, (w™)*(x,t) < up(z), which shows that
(w™)*(z,0) = up(x), and w™ is a low barrier for solutions of (3.50).

We build wt in the same way.

Perron’s method We use the classical Perron’s method to build a solution of (3.50]) on
[0,T") for every ¢ > 0. Let us define

W (x,t) = sup{u(z), | u is a subsolution of (3.50]) on [0,7)}.

Since ¥~ is a subsolution, this set in non empty and W is well defined. Every subsolution
is less that ™, so is W.

Thanks to Lemma W* is a subsolution of regardless the initial conditions.
Applying the comparison principle (Proposition to every subsolution u and w™ gives

Va,t, W(x,t) <w' ().
Considering the upper-semi-continuous envelopes, we get
Vo, t, W*(x,t) < (wh)*(z, 1)

which immediately yields to
W*(z,0) = up(x).

Then, W* is a subsolution (with initial conditions), hence W* = W which shows the upper
semi-continuity of W.

We want to prove that W is actually a solution of . In this order, let us prove
the following

Lemma 3.9. Let u be a subsolution of , If uy fails to be a supersolution (regardless
initial conditions) at some point (&,t) then there exists a subsolution u, (regardless initial
conditions) satisfying u, > uw and supu, —u > 0 and such that u(z,t) = u.(x,t) for
lz — 2|, |t —t] < k.

Proof. Let us assume that wu, fails to be a supersolution at (0,1). Then there exists
(a,p, X) € T* u.(0,1) with

a+ F(p,X)+ k(0)y/1+ p? <0.

Let us then define
1

Thanks to the continuity of F' and k, us, is a classical subsolution on B,(0,1) of u; +
F(Du, D*>u) + k(x)\/1 + |[Vu|2 = 0 for 8,7, r sufficiently small. By assumption,

w(z,t) = us(x,t) Z ue(0,1) +alt —1)+ (p, ) + % (Xz,z, +)o(|z|* + |t — 1)).
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With 6 = fyT2é”’, we get u(z,t) > us,(z,t) for small » and |z|, [t — 1| € [§,7]. Reducing

again 7, we can assume that us, < 1T on B,. Thanks to Lemma ,

max(u(z,t), us(x,t)) if [z, t = 1] <r
u(x) otherwise

iz, t) = {

is a subsolution of (3.50|) (with no initial conditions). O

Finally, this lemma combined with the definition of W proves that W is in fact a
solution of (3.50) (the initial conditions were already checked).

6.4 Regularity

Proposition 3.16. The unique solution u of (3.50|) is Lipschitz in space, with the same
constant as ug, Y+,

Proof. We will prove that u.(z,t) = u(z + 2,t) — L|z| is in fact a subsolution of (3.50).
The Lipschitz bound is then straightforward (using the comparison principle).

To begin, we notice that u(z + z,t) — L(|z|) < ut(z,t) and u(z + 2,0) — L|z| <
up(x + 2) — L|z| < up(z).

Assume now that ¢ is any smooth function which is greater than u, with equality at
(&,1). Then, either, u(&,t) = 1~ (&,%) and nothing has to be done, or u,(&,t) > ¥~ (&, 1).
In the second alternative, one can write

w(E +t,8) > (2) =y (2 +2) + (b (2) — ¢~ (2 +2),

S0
P4 2) 4+ Llz| > u (8 + 2, 1).

/

w(@+z2,t) > P (@ +2)+¢(2) — U

(
>0
As u is a subsolution at (& + 2, %) and u(z +z,t) < ¢(x,t) + L|z| with equality at (& + 2, ),
one can write with y =x + 2, s =t,

u(y,t) < oy — z,8) + Llz[ := ¢(y, ),
with equality at (¢, §) which gives
¢t + F(Do(#,1), D*¢(,1)) < 0.
Since the derivatives of ¢ and ¢ are the same, we deduce
¢t + F(Dyp, D*p) <0,
what was expected. O
Remark. With the same arguments, one can prove that

Vo >0, Va,t, |u(z,t+95)—u(z,t)| <suplu(z,d) —u(x,0)]

xT
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We now present a general regularity result by Shahgholian [Sha08| which applies to
viscosity solutions for parabolic equations with obstacles.

Theorem 3.6 ([PS07|, Th. 4.1). Let Qt := {(z,t) e R"" xR : |z] < 1,¢t € [0,1)} and
H(u) = F(D*u, Du) — u; where F is uniformly elliptic. Let u be a continuous viscosity
solution of

(w— ) H(u) = 0,
H(u) <0, (3.56)
u 2z,
in QT, with boundary data
u(z,t) = g(x,t) = P(x,t) on {|lz| =1} U{t =0}. (3.57)

Assume that ¢ € CHY(QV) and g is continuous. Then, u € CY' on every compact subset

of Q.

: _ _ 2 - _ 2 1: Vu
It has to be noticed H = F — 9; where F(D*u, Du) V14 |Vul?div <\/W>

satisfies all the assumptions of [Sha08§|, 1.3. Indeed, the uniform ellipticity is provided by
the Lipschitz bound obtained in previous subsection.

Moreover, the viscosity solution u of satisfies (3.56)) and ([3.57)) on every cylinder
Q; (zo) :={|x—=z0| <7, t € [to,to+7)} such that r is choosen sufficiently small in order to
have either Q;" (o) N{u =91} =0 or Q; (x9) N{u =1~} = 0. In the second alternative,
change every sign in the equations.

Applying Theorem we get a C'1! bound for u on every compact subset of Q;F (o).
To show that u is C*! in the whole space, just cover R” x Rt with such Q;f (z;).

6.5 A remark on the forcing term

It is quite simple to show that every result presented in the graph case remains valid
with a sufficiently regular forcing term k(z,u) (except the long time behavior which still
occurs but is much less meaningful). The corresponding equation rewrites

ur = /14 |Vul? [div (\/1—YU7VU|2> + k(ac,u)] , u(z,0) = ug(z), (3.58)

Let us mention the most important differences which occur.

Proposition One can prove a comparison with the forcing term depending on u
adapting Theorem 4.2, and the so called Proposition 4.4 in [GGIS91]. First, it is clear that

F(t,z,r,p, X) = Tr KI— p®p)X] + 1+ p2k(z,7)

1+ p?

satisfies the hypothesis of Theorem 4.2. Then, the proof of Proposition 4.4 use only the
regularity of F, u and v. Concerning the proof of Theorem 4.2 itself, the process is the
same as in Theorem 2.1, and the maximum point is out of the obstacles too.
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Existence of a viscosity solution. Every result of Section [6.3] apply with no modifi-
cation. The only difference is when we construct the barriers: the forcing term has to be
involved in their evolution. We suggest to replace v by adding a forcing term:

v(x,t) = <gi,b(x) + (22% +3Hk||oo> t) VT

i=1

and take, as before, the sup on this family to build a barrier.

Regularity of the viscosity solution. With the forcing term, finding a time uniform
spatial Lipschitz constant for w is hopeless. It grows exponentially. More precisely, we
have have the following property (which is essentially [For08|, Lemma 2.15)

Proposition 3.17. Let u be the unique solution of (3.50) with forcing term. Then, it is
Lipschitz in space with
u(z, t) = u(y,t)| < MeH o —y.

Proof. Let ¢(z,y,t) = Me'|z — y| : we show by contradiction that u(x,t) — u(y,t) <
¢(x,y,t). Assume that

M := sup u(z,t) = u(y,t) — ¢(x,y,t) > 0.
(z,y,t) ER™ xR™x[0,T)

Then, as in the proof of uniqueness, we introduce

v
M .= sup U(%,t) - U(y,t) - ¢($,y,t) - O[(‘.I‘|2 + |y‘2) 7 4
(z,y,t)ER™ XR™x[0,T") T—1t

If o and v are small enough, M remains positive and is attained (say in (&, §f < T')), since
the growth at infinity of u and v is at most linear. Since ug is Lipschitz, ¢ > 0. In addition
it is clear that & # .

Concerning the obstacles, if u(Z,#) = %~ (#,1), then u(Z,) — v(g,1) — ¢(2,9,1) <
V= (&,1) — M|z —§| — ¢~ (,f) < 0 which shows that u(z,f) > 1~ (&,%). Similarly, u(j,t) <
v (3, 1).

We then apply Ishii’s lemma to @(z,t) —0(y, t) — ¢(x,y,t) — 75 with a(x,t) = u(z,t) -
alz|? and 9(y,t) = v(y,t) — aly|?>. We use the following notations

. T—y P
p=Dedp=—"Me"|&—§| = —Dy¢ #0,
12 — 9
1 o T—9)@(F -7
Z =D%¢= ’io_g’Mequ—y\I%—Q( ‘;_;‘2 )MeLt|x—y|,
and
7 -7
N2
!

The lemma gives, for every 8 such that A < I, the existence of 71,75 € Rand X,Y € §"
such that

v A s
m + LeLtA|x - y|,

T — T =
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(r,p+az, X +al) € 72’+u(95, t),
. . —=2— .7
(TQ,P_ayaY_O‘I) eJ U(y,t)7

=117 0 X 0 -
S <l s

Since u is both a super and a subsolution we get
(3.59)

1+ k(2,0)[p+ ad| + F(p+ ai, X + al) <0,

7-2—k(@,f)]ﬁ—agﬂ—I—F(ﬁ—agj,Y—aI) 2 0.

X <Y in the last equation gives
— 1o+ k(§,D)|p — af| — F(h — aij, X — o) < 0. (3.60)

Adding 3:60] to [3.59] yields to
(T77§)2 + L Alz — §| — k(&,8)|p + od| + k(§,1)]p — o]
+F(p+ad, X +al) = F(p—ay, X —al) <0. (3.61)
Notice that
(3.62)

LM Ali — §| — k(&, DB + k@, DB > LeAld — §| — Lig — gleA > o

Then, (3.61]) becomes

v A~ N A ~op A~ . N Ao N X =/ A N
mﬂ!pl — P+ ai]) k(2,0)=(p| — [P — og]) k(9, )+ E (p+ai, X+al)—F(p—af, X—al) < 0.
Let o go to zero. p and X are bounded: one assume they converge and still denote by p, X
their limit. In addition, aZ,ayy — 0 and k is bounded, hence we get
Y
——— <0,
(T =)
which is a contradiction. So, switching x and y if needed,

[u(z, t) — uly, )] < A"z —yl.



138 MCF with obstacles: existence, uniqueness and regularity



Chapter 4

A crystalline curve shortening flow
(with M. Novaga and P. Pozzi)

1 Introduction

In this chapter, we consider an anisotropic mean curvature motion for planar immersed
curves. More precisely, given an initial curve uy : S' — R? and an anistropy v, we want
to build a family u(¢, ) of curves such that for any x,¢, the speed of u(x,t) is given by

V =k

where v is the normal vector of u at x (oriented by the parametrization) and &, the -
dependent anisotropic mean curvature. We want to prove the existence of such a motion
in short time, for smooth and crystalline anisotropies.

The classical (isotropic) mean curvature motion has been widely studied in the past 40
years (with the framework of Geometric Measure Theory [Bra78| as well as using differential
geometry [Hui84, [EH89, [EH91a]) and the behavior of the flow as well as its singularities
are fully understood (see |[EH91al]). Nonetheless, only a few results are known in the
anisotropic case.

The first occurrence of anisotropic curvature flow appeared in [ATW93| with the well
known discrete minimizing scheme which approximates curvature motion, with a smooth
anisotropy. One year later, in [GL94], Gage and Li presented the anisotropic curvature
motion for planar curves, linking it with a homothetical shrinking of the anisotropic unit
ball. In 2001, Andrews [And01] extended this work by studying the anisotropic motion for
all dimensions in the case of smooth anisotropies in the context of differential geometry
(he also studied singularities).

On the other hand, the crystalline case remains widely unknown. In 2 dimensions,
Chambolle and Novaga adapted in [CN13b| the scheme of [ATW93| to build a crystalline
curvature motion for sets.

Motivated by [CN13b] and inspired by a work of the second author |[CN13a] which
proposed to pass to the limit in an approximate flow, we extend the results of [CN13D] to a
crystalline motion of a planar curve which is only immersed. To do that, we approximate
the crystalline anisotropy by a smooth one for which we show a short time existence (in

139
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the spirit of [And01]). Then, we show that we can pass to the limit in the anisotropy to
obtain a short time existence for a crystalline motion. The proof of this result is organized
as follows:

We first introduce the definitions and notation we use in the paper and define what we
call anisotropic motion for curves. Then, we work on a smooth approximate motion (that
is a anisotropic motion for a smooth anisotropy ~.). To define the latter, it is necessary
to start from a curve which has a bounded ~.-anisotropic curvature. In Lemma we
show that a curve which has a bounded ~-curvature can be approximated by a curve with
bounded ~.-curvature.

In Section [4] we study the evolution of the geometric quantities under the flow, and
prove, as it happens in the isotropic case, that the curvature must blow up at the first
singular time. Since we can show that it does not happen, it provides a uniform bound of
the existence time of the approximate flow.

Finally, we pass to the limit in the approximated flow and show that it provides a
solution to the crystalline curvature motion in an interval [0,7) where T depends only on
the initial conditions.

2 Set up and notation

We consider closed planar curves parametrized by u : S* x [0, T] — R?, u = u(z,t). We
denote by s the arclength parameter of the curve (thus 95 = 0;/|ugl|), by 7 = uy/|uz| =
us = (sin#, —cos@) its unit tangent and v = (cosf,sinf) its unit normal. Recall the
classical Frenet formulas

Ugs = Ts = K = KU, Vs = —KT. (4.1)
Moreover recall that from 6 = 6(s) and the expression for v one infers
Kk =0s. (4.2)
Anisotropic Length

Definition 4.1. We call (symmetric) anisotropy a map v : R? — [0, 00) which is a norm
in R?, that is

— ¥ 1S conver,

— 7(p) >0 for p#0,

— VYA eR, v(Az) = |A|y(x).
We say that v is uniformly elliptic if there exists C' > 0 such that

D*(v*) > CI.

It is equivalent to ask that the set {y < 1} is uniformly convex (its Euclidean curvature is
positive and bounded away from zero). We call this set the Wulff shape relative to v and
denote it by W,,.

On the other hand, vy is said to be crystalline if the set W, is a polytope.
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The anisotropic length is defined by

L) = [ aw)ds= [ sy (43)

Using the homogeneity properties of v one obtains (for smooth enough functions)

(L (), )

=—| Ly(u+tep) =/ Y (v) - pydr = —/ v (v)vs - ptds
d€ St S1

:/51(7”(;/)7.7)”7.@%5:—/ (' (V)7 - T)kv - ds.

Sl

e=0

A classical formulation for the anisotropic curve shortening flow (for which Wulff shapes
shrink self similarly) is then given by

(V)

= ®'Ww)r- 1)KV (4.4)

(see for example [GL94]). Note that by setting

#(0) :=~v(v) = y(cosb,sin0) (4.5)

a straightforward calculation gives

60) + 8(6) = () - (= 2Tl (46)
thus we can write the ACSF as
s = 0(0)(0(0) + 0 () R = V{0)r. (4.7)
where
0(6) = 6(6)(0(0) + " (6)). (4.5)

Note that the convexity of « implies that ¢ > 0.

Definition 4.2. We say that a curve u is y-reqular if one of these two equivalent conditions
hold
— Every graphical part Ms of u(S') satisfies the esterior and interior Wulff-shape
condition of radius R, for some R. In addition, the edges of Mg which are parallel to
the edges of RW, around which u(S1) lies locally on one side are longer than these
edges of RWVH
— There exists a Lipschitz Cahn Hoffman vector field on u(S'), that is a vector field
n such that
Ve e St n(u(z)) € 0v°(v)

where v is a (non unique since u is only Lipschitz) Euclidean normal to u at x.

1. For example, if W, is a square with sides of length 1, then a staircase with steps of length % satisfies
this property with R = 1 but a square with sides of length % does not.
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We say that a vy-reqular curve has a curvature bounded by C' if either the first condition is
fulfilled with R = & or if [9;n] < Clug|.
If v is smooth, we define the anisotropic curvature to be

Ky =7 (V)T - Tk.

In what follows, the strategy is the following: we will approximate v by a sequence of
e = «v which are smooth and uniformly elliptic. This will allow us to construct an approx-
imate anisotropic motion. Then, we pass to the limit in . We first need to approximate
the initial curve.

3 Approximation of the initial curve
This subsection is dedicated to prove the

Lemma 4.1. Let u be a Lipschitz and vy-regular curve whith ~y-curvature bounded by C.
Then, for all v smooth and uniformly elliptic such that v > v and v — ~v uniformly
on compact subsets, and every C' > C, there exists u. — u uniformly such that u. has a
bounded curvature |k~.| < C'. In addition, the (Euclidian) normal vector ve(z) converges
to v(x) almost everywhere (the latter exists almost everywhere since w is Lipschitz).

Before the proof, let us state a definition from [CN13b].

Definition 4.3. Let A be a subset of R%. We say that A satisfies the inner RW., -condition
for some R > 0 if
A= U (x + RW,)
dE(z)<-R

and for allr < R and x € R?, (z 4+ rW,) N A° is connected.

We say that it satisfies the outer RW., -condition if A satisfies the outer RW., -condition.
Finally, we say that it satisfies the RW.-condition if it satisfies both inner and outer
condition.

This proof is based on [CN13b|, Lemma 1. The curve u(S*') is Lipschitz. Hence, there
exists Jy such that for every zg € S', we can find an orientation n and a neighborhood
(xo — 9,0+ ), which we identify with an interval of the real line R, with 6 > dp such that
u(zg — 6,z0 + &) is a graph over n. Without loss of generality, we can assume that u is
differentiable at xo+ 6. We denote by I's the extension of this graph to R (as the graph of
a continuous function with slope u/(zg — 0) if < 29 — d and v/ (xg +9) if x = xo + ). We
note Ms the hypograph of this function (such that I's = OMs). Since k(M) < C and Ms
is a graph, then M; satisfies the %W7 condition. So, it satifies the %Wv condition too.

We will apply [CN13b, Lemma 1| to Ms which satisfies the RW,-condition. This will
provide

Mse == J{(x+ BW,,) | (x + RW,c) C My}

and

My =R\ | J {@HRWE) ‘ (z + RW,.) C Mga}.
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Note that M@E satisfies the inner %W% inner condition and Ms,, the %W% outer condition
and that 8]\%76 and 0M;s . both converge to M; in Hausdorff distance.
Since Mj satisfies also the R'WW,-condition, the same lemma in [CN13b] provides

Mse =\ J{(z+ RW,,) | (x + R'W,.) C My}

and

Mo =R\ J{ @+ RW.) | @@+ RW.0) € Mg}

As before, M(;,a satisfies the inner R'W,_ inner condition and M(g,g, the R'W,_ outer con-
dition and their boundary both converge to dM; in Hausdorff sense.
To see that the localization does not depend on d, we need the

Lemma 4.2. There exists 51 > 0 such that for every 8,8 < 81, there exists e1 > 0 such
that for every e < €1,

Mzi’,e = Mé,s

and
Mg o = Ms.

Before proving this lemma, let us conclude the proof of Lemma We proved that
for each xg € S', there exists dy such that for every § < dg, the construction of M(;,E does
not depend on § (with the definition above). By compactness, we have a uniform ds (for
the whole curve) such that the different

M(S,a

which corresponds to every point of u(S!) can be connected.
Let us now define u.. By compactness, one has a finite number of y; = u(z;) and p; > 0
such that

p
u(8") = | J0Ms N By, ().
=1

For every i, there exists 7; such that
OM;s N By, (yi) = u([z; — miy i + mil),
with z; —n; < ;-1 < ; < xj—1 + ;. Then, we set ué mi — miy ) — R? by

— ul(z;) = 9, where §; € M&s realizes the distance between wu(z;) and M(;,E.
— For x # x;, we set ul(z) is the point y € Ms, such that

dyg, (Y, u(@i)) = dag; (u(@), u(z:)),

whose distances are negative if x < x; and positive if x > z;.
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Then, thanks to the Hausdorff convergence of M(;,g to My, we have ul — (O] o——
L™,
We can now build u. Let ¢; be a partition of unity adapted to S' = (J]z; — n;, 3 + .

We define '
U = Z Yilly.

The function u. shares the same regularity as the u!, it is therefore C1''. As we clearly
have

zi+n;] 1

U= § :Spiu\[mi*mﬂcﬂrm]’

the fonction u. converges to u in L>(S!).

Let us now show that v. — v a.e. Let xg € S! such that d,u exists around zg (the
angles are isolated points so this assumption is satisfied almost everywhere), let yo = u(zo)
and let M;s(yo) the corresponding graph (such that u([zg — 1,20 + 7]) C OM;s(yo)). We
also introduce, as before, the corresponding ]\}[5’5 and M(;’E.

First, we show that for every y5 — yo with yg € 8]\%’5 the normal vector 2(yg) to M(;,E
at y§ converges to v(zg). Indeed, either M(;’s and M; coincide around gy and nothing has
to be done, or y5 belongs to an arc of a Wulff shape RW,_. In the last alternative, we
just have to notice that the RW,_ are convex and lie on one side of dMs, which forces the
tangent line to RW,,, at y; to converge to d,u(xp). The same is true with normal vectors.

We now prove that the same result holds for g € aM(;,E with 95 — vo. Let yj be a
sequence of points belonging to M&En where €, — 0 and such that g — yo. Then, either
yg € OMs (and nothing has to be done) or g € 8]\%75 (just apply the first point) or g
belongs to the boundary of a Wulff shape RW,_ which Hausdorff converges to the Wulff
shape RW,, which (thanks to the RW,-condition for Mjs) lies on one side of 9Ms and whose
boundary contains yg. Since with this assumption, g # yo, the latter is smooth at yo and
its tangent space coincide with span d,u(zg). As a result, we have convergence of normal
vectors. Finally, we take g5 = u-(zo) to conclude the proof.

We will now prove Lemma [£.2] We will need the

Lemma 4.3. Let K; C K be a set of strict convex compact subsets which are symmetric
with respect to the origin and which converge to a set K. Let B € (0,1), y; € OK; which
converges to y € 0K and ¢; — 0. We introduce

Yi

lyi|

Then, OL; intersects OK; in two points P;, QQ; which both converge to y.

Li = K + (1 = P)lyil + i)

Proof. First, let us prove that d(P;, Q;) — 0. If not, then there exists v > 0 and a sequence
(still denoted by i) P; and Q; such that d(P;,Q;) = 7. One can assume that P; — P and
Q; — Q with P,Q € K and d(P,Q) > v. Noting that

Li — L:= 3K+ (1-p)y,

one has also P, € 0L and L C K. That implies that 9K and 0L coincide between P and
@, which is not possible by strict convexity. Since 0L N IK = {y}, the shared limit of P,
and @); must be . O
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Figure 4.1: Step 1 configuration

We are now able to prove Lemma . We only prove the coincidence of M(;’E (the other
equality if proven similarly).

Step 1. The Wulff shape W, has no straight edge. We refer to Figureto follow
this step of the proof.

First, let us assume that the Wulff shape W, has no straight edges. Then, W is strictly
convex. As a result, RW, and R'WW, cannot see their boundary coincide. That implies
that Ms and R'W, cannot see their boundary coincide either.

Let yg € Ms and ¢ a point of M(;,E which is closer to yg than any other point of M&E.
Then, either § = yo or § belongs to an arc ? of W, a translation of R'W,_-Wulff shape,
and which touches My at two points 17 and T5. In the last alternative, let us show that
Tl,Tg — Yo as € — 0.

To this aim, let us introduce g a point of M&E which is closer to y¢ than any other point
of M&E. The point § belongs to an arc ? of W, a translation of the RW,_-Wulff shape,
which touches My at two points a1 and a (for curvature reasons, T; is between yo and «;:
see Figure.

Then, ¢ and ¢ crosses at two points 31, B2 such that ; is between «; and 7} (see Figure
1),

Then, Lemma applied with K; = V~VE, L, = Wa and y; = y shows that 51, 82 — .
On the other hand, the points T; stand between (5; and g on W,. That implies that they
also converge to yg. As a result, if §, " are fixed and sufficiently small, we can find & small
enough such that the construction above ]\;[575 and M(;QE coincide (one can choose € such
that the corresponding 7T; stand on a neighborhood of y where Ms and Mg« coincide). This
is Lemma (4.2

Step 2. The point y; belongs to a straight line of RW,. Now, let us study the
straight lines in W. Since the construction above is local, if the Wulff shape RW,,_ which
touches Mjs at yo has no straight line around yp, one still can build Ms, satisfying the
R'W.,. condition for § sufficently small as in Step 1.

So, let us assume that W is a R’ W., Wulff shape tangent to Ms at yo (from inside) and
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1o belongs to a straight line of w. Then, either yo belongs to the interior of a flat edge
of W which implies, since Mj satisfies the RW.,-condition for both inside and outside and
since W, is symmetric, Ms must also have a flat edge at g, or yo belongs to an end of a
line, as we assume from now.
Wil still have to distinguish two alternatives:
— Assume that yp belongs to the end of two (distinct) straight lines of W which create
an angle, and let, as before, § be a point of M&g which minimizes the distance to
y. Once again, either § = y or ¢ belongs to an arc 0 of WE’, a translation of the
approximate Wulff shape R'W,_ which touches M; at two points o and ag (see
Figure . Note that because of the Hausdorff convergence, the curvature of the
R'W,,_. Wulff shape at § must tend to 400 as € — 0. As a result, if M; has a bounded
curvature at yo, then Ms, = M; near yo.
Now, if M;s has an angle at yg, either My coincide locally with W or not. In the
first alternative, for a sufficiently small §, My is exactly the union of the two lines.
As a result, Ms, does not depend on ¢ when the latter is small enough, and the
statement is proven.
Let us assume now that M; coincides with W only on one side ¢ of y. Then the
approximate W, (WE is a translated R'W,_ Wulff shape which converge Hausdorff
to W) touches My at only one point § (see Figure .
Thanks to the symmetry of W, and the RW,, outer condition for Ms, we have oy € £
and so
ar =B+ rng

and
WE/ =W, + reny.

Let us show that oy, — y with € — 0. If that were false, there would exist a
sequence &; — 0 and o} — «a # y. Since 9M; does not coincide with the Wulff
shape W, d(c, W)) =1 > 0. As a result, r cannot go to zero (it is bigger than 7 for
i large enough). Let 7 be a limit point of . That would imply that

W—i—f’neCMa

which cannot happen because of the angle.
Finally, if My does not coincide at all W, one has a situation as in Step 1 and we
conclude similarly.

— Assume now that yo belongs to the end of one straight line of RW,. If there is
an angle of W, at yo, then we can reproduce the last argument and have the same
conclusion. If there is no angle, one has to distinguish between two alternatives:
either Ms coincide with the straight edge or not. In the first case, one can reproduce
the proof of the bullet above and get the similar conclusion (note that even if there
is no angle, yo + nny has no chance to belong to M;s because yg is at the end of the
line and Mj satifies the outer RW,, condition where W, is symmetric).

If M; does not coincide with W locally, then the Wulff shape W. touches Mj at
a1, as (depending on €). By contradiction (as in Step 1), we show that a; 2 have to
tend to yy and we have Lemma

O
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W=
W. + rny

Figure 4.2: Step 2 configuration

4 Smooth motion

In this whole subsection, we replace v by 7. and drop the index . Thanks to [Ang90
Th 3.1], there exists a smooth solution to (4.7)) on an intervalle [0, 7T}).

Lemma 4.4. The following holds

005 (-) = 0504(") + 1 (0)K°0s (") (4.9)
7 = (Y(0)K)sv (4.10)
vy = —(Y(0)K)sT (4.11)
ke = (Y(0)K)ss + Y(0)K’ (4.12)
0r = (Y(0)kK)s. (4.13)

Proof. Let f:S' — R2, f = f(x,t). Then, we compute (we note that the derivatives in x
and ¢ can commute)

atasf = 8t <a$f> = _Maxf + 8tamf
= @uO)) )OS+ 0 f

|t |

= P(0)K*0s f + 05041
Applying this formula to the other quantities, we get

7t = 0 (0su) = D5(Oyu) + Y (0)K20su = A5 (V(0)kv) + Y (0)K*T = (V(O)K)sv.
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We prove the third formula similarly.
Writing k = (75, V), we get

Rt = (8t7'5, V) + (7'5, 8t1/) .

Since 75 is proportional to v and v; is proportional to 7, the second term vanishes. We
obtain

ke = (Os((V(0)R)sv) + 9 (0)R7Ts , v) = (D(0)K)ss + 1 (0)K°.

Finally, recalling that v = (cosf,sinf), one has v, = —6;(sin @, — cos #), which implies the

last formula.
O

Remark. For an embedded closed curve moving by ACSF we have that the rate of decrease
of the area enclosed by the curve goes like

d
aA(u(-,t)) =— . YKds.

(The proof is based on Gauss theorem -+ previous Lemma). In particular for the CSF we
have that %A(u(‘, t)) = — [41 0sds = difference of the normal angles at the meeting point.

If & > 0 then in the anisotropic case we infer that %A(u(', t)) < —¢ [41 0sds and therefore
an analogous statement holds.

For the evolution of the derivatives of the curvature we have
Lemma 4.5. For j € N, j > 1 we have
0i(Ok) = Y(0)(BlK)ss + (G + 3)Y' (0)R(D2r)s
+ P, Y ki, k)0l + P, U kL 00 k) (4.14)
where P(-) is a polynomial in the given variables and P(m) = og*.

Proof. The proof is by induction on j and relies on Lemma and the fact that ¥(0)s =
P (0)k. O

Lemma 4.6. Let w := log |ug|. There holds
wy = —1h(0)k>. (4.15)
In particular ||uz(t)|lco < ||uz(0)]]co-
Proof. A direct computation gives
wy =T - Oguy = 7 - h(0) ks = —(0)k2.
The second statement follows from 1 > 0. 0l

Note that if we have a bound on the curvature, then from —w; < C(]|£]|co, [|?]|c0) We
also infer that |u;(t)| > (infg \ux(O)|)e*0(||“||°°v||¢||oo)t,
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Lemma 4.7. Assume that (4.7)) has a smooth solution on [0,t], with t > 0. Then

max_|3k| < C;
S1x[0,]

where C; depends on t, 90O ||oe for 1 =0,...,5+2, C forl < j—1, Haﬁh(o)uo@, and
maxgiy[o,g |%]-

Proof. The proofs goes by induction on j. Let v = &) k. Then from Lemma we know
that

ve = Y(0)vss + (5 + 3)Y' (0)kvs + P, ¢ 4" ki, kis)v + P(, o, . U ko 90 k).

(where recall that 0s = |u—1x|81 and vgg = ﬁvm—ﬁr ﬁ) Together with ¥(0) > ¢ > 0
(the anisotropy is uniformly elliptic), we obtain a parabolic quasilinear equation for which
we can apply the arguments given in [Lie05, Thm. 9.5] (cf. [Lie05) ex. 9.5] for the case
j=1).

More precisely let us look at the case where j > 2. Without loss of generality we may
assume that there exists a point (z,t) € S* x (0,] where v attains a positive maximum (if

not argue with —v). Then v satisfies an equation of type
0= —v; + ¢Y(0)vss + a(s,v,vs)

where, in view of the induction hypothesis, we have that a(s,v,0) < ¢(jv] +1) < afv| + I%
with posistive constants o and 8 depending on ||| for 1 =0,...,j+2, C;for 1 < j—1,
and maxgi o K| Set A = —a— 1. Suppose P = (z,t) € S* x (0,1] in which m := Mo
attains a positive maximum. Then m; = Ae*v + eMu, and at P we have my = my = 0
(thus mg = my = vs = 0), My, < 0 (thus mgs <0, vgs < 0). At P (where v > 0) we have

0= —v; + Y(Q)vss + a(s,v,vs) < —vp + alv| + b A+ a)v + g =—v+ %

h [l

Thus v(P) < /B and we infer that

sup v < el®TVI(\/B +supv(0)).
51x[0,]] 51

Arguing with —v we get a bound also on v~ and therefore on |v|.
For the case j = 1 we have that a(s,v,0) < c(|v]? + |v| + 1) < ¢(|v?| + |v] + ‘71‘)
O(|v]) + ITCI’ where ®(r) = cr(1 + r). Here use the results from [Lie05) ex. 9.5].

0o

Proposition 4.1. Let T be the maximal time of existence of (4.7)) and assume that T < co.
Then

li = .
T [15]. = +0
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Proof. Assume by contradiction that || is uniformly bounded for all ¢ € [0,7"). Then the
previous lemmas imply a uniform bound on |u|, |u,|~! and |94k|. As a result, writing

u(s,t) —u(s,t') :/t YW($)y" (w(@))7(s) - 7(s)kv(s),

the bound on x implies that this integral has a limit when ¢ — T'. It remains to show that
the convergence of u(-,t') is in fact in C*°. We will proceed by induction.
First of all note that for a function h : S' — R we have that

I — |ug|™00h = P(|ug|, ..., 00 Mug|, hy ..., 00 h).
Differentiating the PDE for the length element z = |u,|, namely
2 = —(0)K22,

we get equation of type
(O 2) = b(x, )02 + a(z, t)

with |a| and |b| uniformly bounded by induction hypothesis. Integrating in time and
applying Gronwall’s lemma, we infer a uniform bound on |97'|uy|| and as a consequence
also on |0'ug|. Thus we have a C* convergence and we can extend u past T (Thanks,
once again, to [Ang90, Th 3.1]), which gives a contradiction. Thus we have proved that

limsup ||&|| e = +00.
—T

O

Now, let us state a remark which shows, as it happens in the isotropic case, that the
blow up rate of the curvature is bounded by below. Even if we will not use it here, it opens
the way to a more complete study of singularities.

Remark. Suppose T' < oo. Then

liminf VT — t||k|| e > (4.16)
t—T

1
V2«
where o = maxg1 [t + ¢"|.
Proof. Let w := k2. Then from (4.12)) we infer that
wy = P(0)wss + 2((0) + ¥ (0))w? + 3¢9/ (0)wsv/wsign(k) — 20(0) (ks)*
< P(O)wss + 2(1(0) + ¢"(0))w? + 3¢ (O)wsv/wsign(k).
Let M(t) := maxgi w. Then evaluating the pde-inequality for w at the point (z,t) for
which M (t) = w(x,t) gives, for almost every ¢,

D M(1) < 20+ 0 02(1) < 200(1),

where o = maxg: [1) 4+ ¢”|. The rest follows as in [CN13a, Lemma 2.6]. O
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The anisotropic curvature does not blow up in short time. Let recall that x, :=
k(¢ + ¢"). We denote by h the quantity ¢ + ¢”. Then,

Oikiy = Op(kh) = h[(0ss(Y(0)K) + Vr3] + kW 0s(1(0)K)
= R[Os (K2 + Ksth) + K2(0)K] + wh' (K2 + Kst))
= h(3kkst) + K3 + kest) + K390) + K3W Y + Kkgh/1
whereas
Dsshin = Oss(kh) = Og(ksh + K2H) = kssh + 3ksrh’ + KPR,
Noting that

2
K
(O — wass)?7 = KyOphy — YRy Ogshig — w(85m7)2
we get
2
(0 — 1/1855)?7 = —ky [Kesh + 3kskh + K5R"| — 1h(9sk4)?

+ Ky [R(BkksY + K3 + kosth + K3) + KW Y + krH )]
= Kghink (3 — 21'1) + ki3 (hah + W) + By — b)) — b (D)2
Now, note that
V' = (h¢) =W+ he,
d}” — h/,¢+ 2h,¢/ + h¢/l’

we obtain

3h)' — 20'4p = 3h%¢' + hh ¢
and
hw_‘_hw/l_‘_h/w/_wh// — h2¢+hh//¢+2hh/¢/+h2¢”+(h/)2¢+hh/¢/_hh//¢ — h3+3hh/¢/+(h/)2¢

As a result,

K;2
(9 — zmss)?” = Kshiyki(3h2¢ + R @) + Kok (B + 3hH ¢ + (B')2p) — ¥(Dskis)?.

Since
K3 277
3577 = Ky(ksh + K“R'),
we can write

2
Kskiyk(3h2¢ + W @) + K3k (3RH ¢ + (K)?¢) = (3kh¢ + h’nqs)as%

which yields
K2 ng
(8t - 1/1335)77 < (3’%h¢, + h/"“b)asT + Ké'
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At a maximal point for /13, the quantity 83/% vanishes and 335113 is nonpositive. As a
result, letting g := maxg1 ﬁ%, we have %g < 2¢2, which implies

g(t) < 1_95(;;(0) (4.17)

and, since g(0) < (C’)?, prevent k., from blowing up on the time interval [0, 26%2)

4.1 Crystalline curvature flow

We denote by Ty the quantity 36‘% We now pass to the limit in the ¢ approximation
of the flow u® we built in the previous subsection. First, thanks to Lemma [£.0] and the
approximation lemma the collection of u® is equi-Lipschitz in space. Thanks to ,
it is also equi Lipschitz in time on every compact set of [0,7"). Then, thanks to Ascoli
Arzela, we can make u® converge to some u, up to a subsequence.

Let us show that u is a solution to the crystalline mean curvature motion. More
precisely

Theorem 4.1. Let u be a limit of u. and let @ be a reparametrization of u by unit arc
length (we denote by L(t) the length of u(S')). Then, there exists a vector field i on
M, := ([0, L(t)],t) such that n € L*>([0, L(t)] x [0,T]), n is Lipschitz in s and satisfies

~v(n) =1, and such that

it = y(v)diva v

almost everywhere in (s,t), where uf- denotes the component of u; which is normal to the
surface.

Before proving this theorem, let us state a standard but useful remark.

Remark. The Cahn-Hoffman vector field n. satisfies
Osne = (Osne - T2 ) Te.
Indeed, if we consider differentiate the identity
Y(ne) =1

along the curve, we obtain

V~y(ng) - Osne = 0.
On the other hand,

V’Y(H’E) = V’Y(V’YO(VE)) = VE(VE)

which leads to
Ve - Osne = 0.

Proof of Th. [4.1 First, let us say a word on reparametrization. We also denote by . the
reparametrization of u. using unit arc length s (s € [0, Lc(t)]). Since u. — u uniformly
and u. are equi-Lipshitz, we have L.(t) — L(t).
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Let us now introduce n. := V~42(v.) where v.(x,t) is the Euclidian normal to u.(S?').
We denote by 7. the composition of n. with the reparametrization above. We will show
that it converges to some n which satisfies the expected properties.

First, let us prove that 7. is Lipschitz with respect to s. Let us fix a compact |0,a] C
[0, 7). Thanks to (4.17)), the surfaces M, for ¢ € [0, a], have a bounded ~.-curvature whose
bound does not depend either on ¢ or in ¢t € [0,T].

Now, just notice that thanks to the remark before,

Ky, = div(fte) = (OsNe - T) T = OsMe,

which implies that 7. is Lipschitz with a constant which does not depend on € and ¢ € [0, T.
Let us now pass to the limit in the equation

(ﬂa)f‘ = Ve (ve) div Neve.

Let us notice that . — « uniformly whereas v. — v almost everywhere. In addition, div 7.
is bounded (since i, are equi-Lipschitz) so weakly converge in L?(s,t) to div . Similarly,
(i1 )i weakly converges to ;. As a result, the equation

~ )J_

(i)~ =~(v)divn v

is satisfied distributionnaly and therefore almost everywhere.

O

Remark. Whereas uniqueness is guaranteed in the case of an embedded curve (see [CN13D]),
with our framework, it remains an interesting problem.
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Evolutions de courbes et surfaces pour le traitement d’images

L’objectif de cette these a été d’étudier différents problemes apparaissant naturellement en traitement d’images

et mettant en jeu des hypersurfaces de I'espace euclidien & n dimensions. Débruiter une image consiste essen-

tiellement & en lisser les lignes. Ce lissage peut apparaitre soit comme le résultat d’une minimisation d’une

fonctionnelle, soit comme 'application d’un flot régularisant sur les lignes de 'image. Dans ce manuscrit, nous

étudions deux exemples de ces deux approches.

Dans le chapitre 1, on lisse par minimisation et on s’intéresse & la régularité de la solution. Plus
précisément, on travaille sur des généralisations de la minimisation proposée par Rudin, Osher et Fatemi
qui pénalise la variation totale. On cherche & montrer que sous différentes hypotheses sur le domaine,
les conditions d’attaches aux données ainsi que le choix de la variation totale (isotrope, anisotrope,...),
la continuité de I'image observée se transmet forcément au minimiseur, ce qui montre que le débruitage
par minimisation ne vas pas faire apparaitre de discontinuité non observée.

Dans le capitre 2, on étudie le flot par courbure moyenne (éventuellement anisotrope), qui est connu
pour avoir un effet régularisant [AGLM93|. On y ajoute des obstacles. L’approche choisie est celle des
lignes de niveau : la surface est I'image réciproque de 0 par une fonction qu’on fait évoluer. On démontre
existence et unicité d'une fonction solution (de viscosité) de ’équation du mouvement par ligne de niveau
et on étudie son asymptotique en temps en la comparant & un mouvement minimisant discret.

Dans le chapitre 3 (travail en collaboration avec M. Novaga), on précise le résultat du chapitre 2 en
étudiant le méme probleme mais sous forme géométrique (ce qui est nettement plus précis que approche
ligne de niveau). On suit ’approche de Ecker et Huisken pour montrer qu’il existe une unique solution
au mouvement par courbure moyenne avec obstacles en temps court.

Enfin, dans le dernier chapitre (travail en collaboration avec M. Novaga et P. Pozzi), on fait un premier
pas vers étude géométrique du mouvement anisotrope (on pourra en particulier traiter les anisotropies
cristallines). Uniquement restreints a la dimension deux, on montre, en ’approchant par un mouvement
lisse, ’existence d’un mouvement par courbure anisotrope d’une courbe immergée pour un temps petit.

Curve-and-surface Evolutions for Image Processing

The goal of this manuscript was to study several problems which appear in image processing and which involves

hypersurfaces of the Euclidian space R™. Denoising a image basically consists in smoothing its lines. This

smoothing can appear either as a minimizer of a suitable functional or result from a regularizing flow on the

level sets of the image. In this thesis, we study two examples of these approaches.

In the first chapter, we smooth by minimization. More precisely, we work on generalizations of the
procedure suggested by Rudin Osher and Fatemi, which penalizes the total variation. We prove that
under different assumptions on the domain, on the way to link the image to the data and on the choice
of the total variation (isotropic, anisotropic,...), the continuity of the source image is preserved by the
minimizing procedure.

In Chapter 2, we study Mean curvature flow and add some obstacles which constraint the evolution. We
choose the level-set approach: the surface is the preimage of 0 by a function which therefore satisfies
a PDE. We prove existence and uniqueness of a (viscosity) solution for this equation. and study its
asymptotic in time using comparison with a discrete minimizing scheme.

In Chapter 3 (with M. Novaga), we add some information to the result of Chapter 2 by focusing on the
geometric formulation of the mean curvature flow with obstacles. We follow the approach by Ecker and
Huisken to show that there exists a unique solution of the motion in short times.

Finally, in the last chapter (with M. Novaga and P. Pozzi), we make a first step towards the understanding
of crystalline motion. Restricted to the planar framework, we show (using an approximation by a smooth
motion) that there exists a short time of existence for an anisotropic curvature motion of an immersed
curve.
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