
N°: 2009 ENAM XXXX

Arts et Métiers ParisTech - Campus de Metz
Laboratoire de Conception, Fabrication et Commande

2015-ENAM-0027

École doctorale n° 432 : Science des Métiers de l’ingénieur

présentée et soutenue publiquement par

Zhongkai CHEN
le 8 octobre 2015

Optimized Walking of an 8-link 3D Bipedal Robot

Doctorat ParisTech

T H È S E
pour obtenir le grade de docteur délivré par

l’École Nationale Supérieure d'Arts et Métiers
Spécialité “ Automatique ”

Directeur de thèse : Gabriel ABBA
Co-encadrement de la thèse : Nafissa LAKBAKBI ELYAAQOUBI

T
H
È
S
E

Jury
M. Pierre RIEDINGER, Professeur, Université de Lorraine Président
Mme. Christine CHEVALLEREAU, Directrice de Recherche, CNRS Rapporteur
M. Jessy GRIZZLE, Professeur, University of Michigan Rapporteur
M. Philippe FRAISSE, Professeur, Université Montpellier 2 Rapporteur
Mme. Nafissa LAKBAKBI ELYAAQOUBI, Maître de conférence, ENIM Examinateur
M. Gabriel ABBA, Professeur, ENIM Examinateur





Contents Contents

CONTENTS

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Aknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1. Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2 Current Developments of Bipedal Robots . . . . . . . . . . . . . . . . 18

1.2.1 Bipedal Robots in Asia . . . . . . . . . . . . . . . . . . . . . . 18

1.2.2 Bipedal Robots in Europe . . . . . . . . . . . . . . . . . . . . 20

1.2.3 Bipedal Robots in North Ameria . . . . . . . . . . . . . . . . 21

1.3 Control Approahes in Bipedal Walking . . . . . . . . . . . . . . . . . 22

1.3.1 Atuated Quasi-Stati Walking . . . . . . . . . . . . . . . . . 22

1.3.2 Unatuated/Atuator-Assisted Dynami Walking . . . . . . . 24

1.3.3 Atuated Dynami Walking . . . . . . . . . . . . . . . . . . . 24

1.4 Energy Optimal Gaits of Bipedal Robots . . . . . . . . . . . . . . . . 27

1.5 Elasti Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.6 Thesis Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.7 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2. Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1 Lagrangian Mehanis . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1.1 Kineti Energy . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1.2 Potential Energy . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.1.3 Obtaining Dynami Model . . . . . . . . . . . . . . . . . . . . 37

2.1.4 Calulating External Fores . . . . . . . . . . . . . . . . . . . 37

2.2 Feedbak Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.2.1 Single-input, Single-output Systems . . . . . . . . . . . . . . . 39

2.2.2 Multiple-input, Multiple-output Systems . . . . . . . . . . . . 40

2.3 Hybrid System Stability . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.3.1 Autonomous Systems with Impulse E�ets . . . . . . . . . . . 43

2.3.2 Poinaré Map . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.3.3 Restrited Poinaré Map . . . . . . . . . . . . . . . . . . . . . 45

2.4 Parametri Optimization . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.4.1 Constrained Optimization . . . . . . . . . . . . . . . . . . . . 47

2.4.2 Sequential Quadrati Programming . . . . . . . . . . . . . . . 50

1



2 Contents

2.5 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3. Underatuated Planar Bipedal Robots with Point Feet . . . . . . . . . . . 53

3.1 Robot Struture and Hypotheses . . . . . . . . . . . . . . . . . . . . 54

3.2 Dynami Model of Walking . . . . . . . . . . . . . . . . . . . . . . . 56

3.2.1 Swing Phase Model . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.2 Impat Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2.3 Hybrid Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.4 Point-foot Contat Model . . . . . . . . . . . . . . . . . . . . 60

3.3 Feedbak Control Design . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1 Controlled Outputs . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.2 Swing Phase Control . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.3 Stability Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.4 Optimization of Walking Motion . . . . . . . . . . . . . . . . . . . . . 66

3.4.1 Parameterization of hd . . . . . . . . . . . . . . . . . . . . . . 66

3.4.2 Optimization Criterion . . . . . . . . . . . . . . . . . . . . . . 68

3.4.3 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.4.4 Optimization Realization . . . . . . . . . . . . . . . . . . . . . 70

3.5 Results and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.6 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4. Elasti Couplings for the 5-link Planar Biped . . . . . . . . . . . . . . . . 79

4.1 Modeling of Elasti Couplings . . . . . . . . . . . . . . . . . . . . . . 79

4.2 Optimal Walking with Elasti Couplings . . . . . . . . . . . . . . . . 81

4.2.1 2D Coupling Case I . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2.2 2D Coupling Case II . . . . . . . . . . . . . . . . . . . . . . . 89

4.3 Disussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.4 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5. Underatuated 3D Bipedal Robots with Massless Line Feet . . . . . . . . . 99

5.1 Robot Struture and Hypotheses . . . . . . . . . . . . . . . . . . . . 101

5.2 Dynami Model of Walking . . . . . . . . . . . . . . . . . . . . . . . 102

5.2.1 Swing Phase Model . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2.2 Impat Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2.3 Hybrid Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2.4 Line-foot Contat Model . . . . . . . . . . . . . . . . . . . . . 109

5.3 Feedbak Control Design . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.3.1 Controlled Outputs . . . . . . . . . . . . . . . . . . . . . . . . 110

5.3.2 Swing Phase Control . . . . . . . . . . . . . . . . . . . . . . . 111

5.3.3 Stability Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.4 Optimization of Walking Motion . . . . . . . . . . . . . . . . . . . . . 113

5.4.1 Parameterization of hd . . . . . . . . . . . . . . . . . . . . . . 113

5.4.2 Optimization Criterion . . . . . . . . . . . . . . . . . . . . . . 117

5.4.3 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.4.4 Optimization Realization . . . . . . . . . . . . . . . . . . . . . 118



Contents 3

5.5 Results And Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.5.1 Analysis of the Starting Point . . . . . . . . . . . . . . . . . . 120

5.5.2 3D Optimization Case I . . . . . . . . . . . . . . . . . . . . . 121

5.5.3 3D Optimization Case II . . . . . . . . . . . . . . . . . . . . . 128

5.6 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6. Elasti Couplings for Underatuated 3D Bipedal Robots . . . . . . . . . . 137

6.1 Modeling of Elasti Couplings . . . . . . . . . . . . . . . . . . . . . . 137

6.2 Optimal Walking with Elasti Couplings . . . . . . . . . . . . . . . . 139

6.2.1 3D Coupling Case I . . . . . . . . . . . . . . . . . . . . . . . . 139

6.2.2 3D Coupling Case II . . . . . . . . . . . . . . . . . . . . . . . 145

6.2.3 3D Coupling Case III . . . . . . . . . . . . . . . . . . . . . . . 152

6.3 Disussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.4 Conlusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7. Conlusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . 163

7.1 Conlusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

8. Résumé en français . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

8.1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

8.2 Méthodologie . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.3 Robot bipède 2D ave des pieds pontuels . . . . . . . . . . . . . . . 180

8.4 Couplages élastiques pour le robot 2D . . . . . . . . . . . . . . . . . . 186

8.5 Robot bipède 3D ave des pieds à ontat linéique . . . . . . . . . . . 191

8.6 Couplages élastiques pour le robot 3D . . . . . . . . . . . . . . . . . . 199

8.7 Conlusion et perspetives . . . . . . . . . . . . . . . . . . . . . . . . 204

Bibliographie . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Appendix 223

A. Supplementary Charts for Chapter 3 . . . . . . . . . . . . . . . . . . . . . 225

B. Supplementary Charts for Chapter 4 . . . . . . . . . . . . . . . . . . . . . 229

B.1 2D Coupling Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

B.2 2D Coupling Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

C. Supplementary Charts for Chapter 5 . . . . . . . . . . . . . . . . . . . . . 237

C.1 3D Optimization Case I . . . . . . . . . . . . . . . . . . . . . . . . . 237

C.2 3D Optimization Case II . . . . . . . . . . . . . . . . . . . . . . . . . 241

D. Supplementary Charts for Chapter 6 . . . . . . . . . . . . . . . . . . . . . 247

D.1 3D Coupling Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

D.2 3D Coupling Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

D.3 3D Coupling Case III . . . . . . . . . . . . . . . . . . . . . . . . . . . 255



LIST OF FIGURES

1.1 Asian bipedal robots. . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.2 European bipedal robots. . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 Bipedal robots in North Ameria. . . . . . . . . . . . . . . . . . . . . 21

2.1 Geometri interpretation of a Poinaré return map P : S → S for a

system with impulse e�ets. . . . . . . . . . . . . . . . . . . . . . . . 45

3.1 De�nitions of joints and links of the 5-link planar robot . . . . . . . . 56

3.2 The generalized oordinates and the length information of the 5-link

planar robot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3 The geometri interpretation of the ontrolled outputs. . . . . . . . . 61

3.4 Feedbak loop of the ontrol law that renders Z forward invariant

and attrative. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.5 A typial 5-degree Bézier urve. . . . . . . . . . . . . . . . . . . . . . 66

3.6 The posture parameters of the 5-link planar biped. . . . . . . . . . . 68

3.7 The nonlinear inequality optimization onstraints for the 5-link planar

biped. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.8 Optimization proess using fminon . . . . . . . . . . . . . . . . . . . 71

3.9 The zero dynamis of the 5-link planar biped walking at 0.7m/s . . . 72

3.10 The energy ost urves of the 5-link planar biped and its atuators

at di�erent walking speeds. . . . . . . . . . . . . . . . . . . . . . . . . 73

3.11 The optimized postural parameters of the 5-link biped at di�erent

speeds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.12 The step duration and step frequeny of the 5-link biped at di�erent

speeds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.13 The stik harts of the 5-link biped walking at various speeds. . . . . 74

3.14 The angle urves of joints and outputs of the 5-link planar biped

walking at 0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . 75

3.15 The angular veloity urves of joints of the 5-link planar biped walking

at 0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.16 The torque urves of the atuated joints of the 5-link planar biped

walking at 0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . 76

3.17 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.7m/s and 1.5m/s (two steps) with solid lines

representing stane joint angles, dashed lines representing swing joint

angles, and green dashed lines representing the jumps aused by the

impat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76



List of Figures 5

3.18 The ground reation fores of the 5-link planar biped walking at

0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.19 The trajetories of the hip and the CoM of the 5-link planar biped

walking at 0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . 77

3.20 The trajetories of the swing foot of the 5-link planar biped walking

at 0.7m/s and 1.5m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.1 2D Coupling Cases of the 5-link planar biped. . . . . . . . . . . . . . 80

4.2 The swing leg transformed into a ompound pendulum. . . . . . . . . 81

4.3 The relation among the sti�ness ks, the walking speed and the energy

ost of the 5-link planar robot for 2D Coupling Case I . . . . . . . . . 82

4.4 The optimized energy ost urve with optimized ks and the ost urves

with di�erent �xed ks of the 5-link planar biped for 2D Coupling Case I 82

4.5 The stik harts of the 5-link planar biped walking at di�erent speeds

for 2D Coupling Case I with di�erent �xed ks . . . . . . . . . . . . . 83

4.6 The stik harts of the 5-link planar biped walking at di�erent speeds

for 2D Coupling Case I with ks = kopt . . . . . . . . . . . . . . . . . 84

4.7 The energy osts of the atuators of the 5-link planar biped at di�er-

ent walking speeds for 2D Coupling Case I with ks = kopt. . . . . . . . 84

4.8 The evolution of posture parameters at di�erent walking speeds of

the 5-link planar biped for 2D Coupling Case I with ks = kopt . . . . . 85

4.9 The step frequenies and referene step frequenies of the 5-link pla-

nar robot for 2D Coupling Case I . . . . . . . . . . . . . . . . . . . . 85

4.10 The angle urves of the joints and outputs of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt 86

4.11 The angular veloity urves of the joints of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt. 87

4.12 The torque urves of the atuated joints and springs of the 5-link

planar biped walking at 0.7m/s and 1.5m/s for 2D Coupling Case I

with ks = kopt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.13 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.7m/s and 1.5m/s (two steps) for 2D Coupling

Case I with ks = kopt (Solid lines represents stane joint angles,

dashed lines represents swing joint angles, and green dashed lines

represents the jumps aused by the impat.) . . . . . . . . . . . . . . 88

4.14 The ground reation fores ating on the 5-link planar biped walking

at 0.7m/s and 1.5m/s during the swing phase for 2D Coupling Case

I with ks = kopt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.15 The trajetories of the hip and the CoM of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt. 89

4.16 The trajetories of the swing foot of the 5-link planar biped walking

at 0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt. . . . . 89

4.17 The energy osts of the 5-link planar biped and the atuators at

di�erent walking speeds for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90



6 List of Figures

4.18 The evolution of posture parameters of the 5-link planar biped at

di�erent walking speeds for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.19 The sti�ness ks, unloaded position ϕs, step frequeny fstep and refer-

ene step frequeny f ∗
step of the 5-link planar biped for 2D Coupling

Case II. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.20 The stik harts of the 5-link planar biped walking at di�erent speeds

for 2D Coupling Case II with ks = kopt and ϕs = ϕopt. . . . . . . . . . 91

4.21 The angle urves of the joints and outputs of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case II with opti-

mized ks and ϕ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.22 The angular veloity urves of the joints of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt
and ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.23 The torque urves of the joints and springs of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt
and ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.24 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.7m/s and 1.5m/s (two ontinuous steps) for 2D

Coupling Case II with ks = kopt and ϕs = ϕopt (Solid lines represents

stane joint angles, dashed lines represents swing joint angles, and

green dashed lines represents the jumps aused by the impat.) . . . . 93

4.25 The ground reation fores on the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.26 The trajetories of the hip and the CoM of the 5-link planar biped

at 0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.27 The trajetories of the swing foot of the 5-link planar biped walking

at 0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.28 The omparisons of the spring sti�ness and maximum de�etion be-

tween 2D Coupling Case I and II . . . . . . . . . . . . . . . . . . . . 95

4.29 The phase plots of the 5-link planar biped in the three di�erent ases

at 0.7m/s. (Solid lines represent stane joint angles, dashed lines

represent swing joint angles, and blak arrows represent the jumps

aused by the impat.) . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.1 The de�nitions of the joints and links of the 8-link 3D biped. . . . . . 103

5.2 The generalized oordinates of the 8-link 3D biped with the left foot

serving as the stane foot. . . . . . . . . . . . . . . . . . . . . . . . . 104

5.3 The analysis of the swing foot of the 8-link 3D biped at the impat. . 106

5.4 The line-foot ontat model of the 8-link 3D biped. . . . . . . . . . . 109

5.5 The posture parameters of the 8-link 3D biped with the pelvis marked

in red . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114



List of Figures 7

5.6 The inverse kinematis of the 8-link 3D biped. . . . . . . . . . . . . . 115

5.7 The starting point ϑ0 for optimizing the 8-link 3D biped . . . . . . . 119

5.8 The stik hart of the 3D biped by diretly applying the optimized

parameters of the planar biped walking at 1.5m/s. . . . . . . . . . . . 120

5.9 The ZMP range of the 3D biped by diretly applying the optimized

parameters of the planar biped walking at 1.5m/s. . . . . . . . . . . . 120

5.10 The evolution of the zero dynamis of the 8-link 3D biped walking at

0.7m/s for 3D Optimization Case I. . . . . . . . . . . . . . . . . . . . 121

5.11 The energy osts of the 8-link 3D biped and its atuators and the

perentages of ontribution at di�erent speeds for 3D Optimization

Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.12 The optimized posture parameters of the 8-link 3D biped at di�erent

speeds for 3D Optimization Case I with the stane ankle being the

origin and the sagittal parameters being the same with the parameters

shown in Figure 3.11 . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.13 The step duration and step frequeny of the 8-link 3D biped at dif-

ferent speeds for 3D Optimization Case I . . . . . . . . . . . . . . . . 123

5.14 The stik harts of the 8-link 3D biped walking at various speeds for

3D Optimization Case I . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.15 The angle harts of the joints and outputs of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Optimization Case I . . . . . . 124

5.16 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Optimization Case I . . . . . . . . . . 125

5.17 The torque harts of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Optimization Case I . . . . . . . . . . . . 125

5.18 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s (two steps) for 3D Optimization Case

I (Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid lines

represent stane joint angles.) . . . . . . . . . . . . . . . . . . . . . . 126

5.19 The ground reation fores and torques of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Optimization Case I . . . . . . . . . . 127

5.20 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Optimization Case I. . . 127

5.21 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Optimization Case I . . 128

5.22 The energy osts of the 8-link 3D biped and its atuators and the

perentages of ontribution at di�erent speeds for 3D Optimization

Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.23 The optimized posture parameters of the 8-link 3D biped at di�erent

speeds for 3D Optimization Case II with the stane ankle being the

origin. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.24 The step duration and step frequeny of the 8-link 3D biped at dif-

ferent speeds for 3D Optimization Case II . . . . . . . . . . . . . . . 130



8 List of Figures

5.25 The stik harts of the 8-link 3D biped walking at various speeds for

3D Optimization Case II . . . . . . . . . . . . . . . . . . . . . . . . . 130

5.26 The angle harts of the joints and outputs of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Optimization Case II . . . . . 131

5.27 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Optimization Case II . . . . . . . . . . 132

5.28 The torque harts of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Optimization Case II . . . . . . . . . . . 132

5.29 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s (two steps) for 3D Optimization Case

II (Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid lines

represent stane joint angles.) . . . . . . . . . . . . . . . . . . . . . . 133

5.30 The ground reation fores, torques and the ZMP urves of the 8-link

3D biped walking at 0.7m/s and 1.5m/s for 3D Optimization Case II 134

5.31 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Optimization Case II . . 134

5.32 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Optimization Case II . 135

6.1 Coupling ases of the 8-link 3D biped . . . . . . . . . . . . . . . . . . 138

6.2 The energy osts and perentages of ontribution of the 8-link 3D

biped and its atuators at di�erent speeds for 3D Coupling Case I . . 139

6.3 The optimized posture parameters of the 8-link 3D biped at di�erent

speeds for 3D Coupling Case I with the stane ankle being the origin. 140

6.4 The step frequeny and the spring sti�ness of the 8-link 3D biped at

di�erent speeds for 3D Coupling Case I. . . . . . . . . . . . . . . . . 140

6.5 The stik harts of the 8-link 3D biped walking at various speeds for

3D Coupling Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.6 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . 141

6.7 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . . . . . . . . . 142

6.8 The torque harts of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . . . . . . . . . . 142

6.9 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s (two steps) for 3D Coupling Case I

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 143

6.10 The ground reation fores and torques of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . . . . . . . . . 144

6.11 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . 144



List of Figures 9

6.12 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case I . . . . . 145

6.13 The energy osts of the 8-link 3D biped and its atuators at di�erent

speeds for 3D Coupling Case II . . . . . . . . . . . . . . . . . . . . . 146

6.14 The optimized posture parameters of the 8-link 3D biped at di�erent

speeds for 3D Coupling Case II with the stane ankle being the origin 146

6.15 The step frequeny and the spring sti�ness of the 8-link 3D biped at

di�erent speeds for 3D Coupling Case II . . . . . . . . . . . . . . . . 147

6.16 The stik harts of the 8-link 3D biped walking at various speeds for

3D Coupling Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.17 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case II . . . . 148

6.18 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case II . . . . . . . . . . . . 149

6.19 The torque harts of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Coupling Case II . . . . . . . . . . . . . . 149

6.20 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s (two steps) for 3D Coupling Case II

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 150

6.21 The ground reation fores and torques of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case II . . . . . . . . . . . . 151

6.22 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case II . . . . 151

6.23 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case II . . . . 152

6.24 The energy osts and perentages of ontribution of the 8-link 3D

biped and its atuators at di�erent speeds for 3D Coupling Case III . 153

6.25 The optimized posture parameters of the 8-link 3D biped at di�erent

speeds for 3D Coupling Case III with the stane ankle being the origin153

6.26 The step frequeny and the spring sti�ness of the 8-link 3D biped at

di�erent speeds for 3D Coupling Case III . . . . . . . . . . . . . . . . 154

6.27 The stik harts of the 8-link 3D biped walking at various speeds for

3D Coupling Case III . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

6.28 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case III . . . . 155

6.29 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case III . . . . . . . . . . . . 156

6.30 The torque harts of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Coupling Case III . . . . . . . . . . . . . 156



10 List of Figures

6.31 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s (two steps) for 3D Coupling Case III

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 157

6.32 The ground reation fores and torques of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case III . . . . . . . . . . . 158

6.33 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case III . . . . 159

6.34 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.7m/s and 1.5m/s for 3D Coupling Case III . . . . 159

6.35 The phase plots of the 8-link 3D biped in three di�erent ases at

0.7m/s (Solid lines represent stane joint angles exept for the lum-

ber joint, dashed lines represent swing joint angles, and blak arrows

represent the jumps aused by the impat. Note that the evolution

of the swing ankle during the step is unknown.) . . . . . . . . . . . . 161

A.1 The angle urves of joints and outputs of the 5-link planar biped

walking at 0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . 225

A.2 The angular veloity urves of joints of the 5-link planar biped walking

at 0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . 225

A.3 The torque urves of the atuated joints of the 5-link planar biped

walking at 0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . 226

A.4 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.3m/s and 1.1m/s (two steps) with solid lines

representing stane joint angles, dashed lines representing swing joint

angles, and green dashed lines representing the jumps aused by the

impat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

A.5 The ground reation fores of the 5-link planar biped walking at

0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

A.6 The trajetories of the hip and the CoM of the 5-link planar biped

walking at 0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . 227

A.7 The trajetories of the swing foot of the 5-link planar biped walking

at 0.3m/s and 1.1m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . 227

B.1 The angle urves of the joints and outputs of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt 229

B.2 The angular veloity urves of the joints of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt.230

B.3 The torque urves of the atuated joints and springs of the 5-link

planar biped walking at 0.3m/s and 1.1m/s for 2D Coupling Case I

with ks = kopt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230



List of Figures 11

B.4 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.3m/s and 1.1m/s (two steps) for 2D Coupling

Case I with ks = kopt (Solid lines represent stane joint angles, dashed

lines represent swing joint angles, and green dashed lines represent the

jumps aused by the impat.) . . . . . . . . . . . . . . . . . . . . . . 231

B.5 The ground reation fores ating on the 5-link planar biped walking

at 0.3m/s and 1.1m/s during the swing phase for 2D Coupling Case

I with ks = kopt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

B.6 The trajetories of the hip and the CoM of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt.232

B.7 The trajetories of the swing foot of the 5-link planar biped walking

at 0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt. . . . . 232

B.8 The angle urves of the joints and outputs of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case II with opti-

mized ks and ϕ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

B.9 The angular veloity urves of the joints of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt
and ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

B.10 The torque urves of the joints and springs of the 5-link planar biped

walking at 0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt
and ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

B.11 The mehanial output powers of the atuators of the 5-link planar

biped walking at 0.3m/s and 1.1m/s (two ontinuous steps) for 2D

Coupling Case II with ks = kopt and ϕs = ϕopt (Solid lines represent

stane joint angles, dashed lines represent swing joint angles, and

green dashed lines represent the jumps aused by the impat.) . . . . 234

B.12 The ground reation fores on the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

B.13 The trajetories of the hip and the CoM of the 5-link planar biped

at 0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

B.14 The trajetories of the swing foot of the 5-link planar biped walking

at 0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt and

ϕs = ϕopt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

C.1 The angle harts of the joints and outputs of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Optimization Case I . . . . . 237

C.2 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Optimization Case I . . . . . . . . . . 238

C.3 The torque harts of the atuators of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Optimization Case I . . . . . . . . . . . . 238



12 List of Figures

C.4 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s (two steps) for 3D Optimization Case

I (Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid lines

represent stane joint angles.) . . . . . . . . . . . . . . . . . . . . . . 239

C.5 The ground reation fores and torques of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Optimization Case I . . . . . . . . . . 240

C.6 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Optimization Case I. . . 240

C.7 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Optimization Case I . . 241

C.8 The angle harts of the joints and outputs of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Optimization Case II . . . . . 241

C.9 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Optimization Case II . . . . . . . . . . 242

C.10 The torque harts of the atuators of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Optimization Case II . . . . . . . . . . . 242

C.11 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s (two steps) for 3D Optimization Case

II (Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid lines

represent stane joint angles.) . . . . . . . . . . . . . . . . . . . . . . 243

C.12 The ground reation fores and torques of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Optimization Case II . . . . . . . . . . 244

C.13 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Optimization Case II. . 244

C.14 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Optimization Case II . 245

D.1 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case I . . . . 247

D.2 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case I . . . . . . . . . . . . 248

D.3 The torque harts of the atuators of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Coupling Case I . . . . . . . . . . . . . . 248

D.4 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s (two steps) for 3D Coupling Case I

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 249

D.5 The ground reation fores and torques of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case I . . . . . . . . . . . . 250

D.6 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case I . . . . . 250



List of Figures 13

D.7 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case I . . . . 251

D.8 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case II . . . . 251

D.9 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case II . . . . . . . . . . . . 252

D.10 The torque harts of the atuators of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Coupling Case II . . . . . . . . . . . . . . 252

D.11 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s (two steps) for 3D Coupling Case II

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 253

D.12 The ground reation fores and torques of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case II . . . . . . . . . . . . 254

D.13 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case II . . . . 254

D.14 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case II . . . . 255

D.15 The angle harts of the joints and output variables of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case III . . . 255

D.16 The angular veloity harts of the joints of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case III . . . . . . . . . . . 256

D.17 The torque harts of the atuators of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Coupling Case III . . . . . . . . . . . . . 256

D.18 The mehanial output powers of the atuators of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s (two steps) for 3D Coupling Case III

(Dashed lines represent swing joint angles, and green dashed lines

represent the jumps aused by the impat. On the left side, solid

lines represent stane joint angles.) . . . . . . . . . . . . . . . . . . . 257

D.19 The ground reation fores and torques of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case III . . . . . . . . . . . 258

D.20 The trajetories of the pelvis enter and the CoM of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case III . . . 258

D.21 The trajetories of the swing ankle and the footprint of the 8-link 3D

biped walking at 0.3m/s and 1.1m/s for 3D Coupling Case III . . . 259



LIST OF TABLES

3.1 Model Parameters of the 5-link planar robot . . . . . . . . . . . . . . 57

5.1 The model parameters for the 8-link 3D biped. . . . . . . . . . . . . . 103



ACKNOWLEDGEMENT

Thank the �ame for its light, but do

not forget the lampholder standing in

the shade with onstany of patiene.

Rabindranath Tagore

I am glad and relieved that this PhD projet has �nally ome to fruition. Frankly,

this thesis would not have been possible without the guidane and the help of several

individuals to whom I owe a great debt of gratitude.

First and foremost, my utmost gratitude to my thesis diretor Dr. Gabriel Abba.

If it were not for his timely help, I would not have been able to submit my CSC

sholarship douments on time. I am also grateful for his onstrutive advises that

illuminates my researh diretions in times of di�ulty.

I would also like to express my gratitude to my thesis o-diretor Dr. Na�ssa

Lakbakbi Elyaaqoubi for her patiene and kindness in proofreading this manusript

and helping me prepare my thesis defense.

Besides my advisor, I would like to thank the rest of my thesis ommittee:

Dr. Pierre Riedinger, Dr. Christine Chevallereau, Dr. Jessy W. Grizzle and Dr.

Philippe Fraisse for their enouragement, insightful omments, and hard questions.

Dr. Christine Chevallereau has helped me a lot ever sine the beginning of this re-

searh work. There are no words to express my gratitude. Dr. Philippe Fraisse has

proposed to ooperate in testing my ontrol methods and on�gurations of elasti

ouplings on the real humanoid robot HOAP. I am very grateful for this proposal.

I am thankful to Dr. Fabian Bauer, Dr. Ryan Sinnet and Dr. Robert D. Gregg

for the preious insights onerning the SQP algorithm and the Routhian redution.

My sinere thanks also goes to the China Sholarship Counil (CSC) for the PhD

sholarship, without whih I would not obtain the PhD degree in Frane.

I take this opportunity to reord my sinere gratitude to my fellow labmates in

the LCFC: Jinna Qin, Guohao Gu, Thanh Hung Nguyen, Mathieu Hobon, Simon

Jung, Fan Li, Catalina Gutierrez, Bruno Kaii, Philippe Mayer, François Cristofari,

Peng Wang, Ke Wang, Qing Xia, Jianjie Zhang, for the stimulating disussions and

for all the fun we have had in the last three years. Jinna Qin, Guohao Gu and

Thanh Hung Nguyen were very supportive in helping me adapt to life in Frane with

limited knowledge of Frenh. Catalina Gutierrez, Bruno Kaii, Philippe Mayer and

François Cristofari showed me the rhythm and exitement of working in Frane. Fan

Li is a living manual of "A Chinese student in Frane", and he speaks Frenh better

than me. He and Peng Wang, Qing Xia, Jianjie Zhang prepared the traditional

bu�et after my thesis defense.



16 Aknowledgement

I am indebted to my friends of the Metz-Borny hurh: Mrs. Cardon, Mrs.

Levalois, Mr. Sabot, Mr. and Mrs. Vanzo, Mr. and Mrs. Leuba, Mr. and Mrs.

Fernandes, Mr. and Mrs. Gustin, Mr. and Mrs. Gentner and the others, for

helping me overome the language barrier and teahing me the ulture of Frane

and Christianity.

I also thank my other young friends in Frane: Sandrine Meyer, Emmy Dreyfuss,

Jonathan Fleurent, Marie-Hélène Dintinger, Diego Ippolito, Olivier Igout, Chloé

Jupiter, Damaris Jupiter, David Brázda, David Ferris, Samuel Genay, Josué Rinder,

Shizhe Yu and the others for �lling my leisure time with fun and laughter and sharing

preious moments together.

Last but not the least, I would like to thank my family: my parents Peiling

Jiang and Huafang Chen and my sister Xiao Chen for supporting me spiritually

throughout my life.



1. INTRODUCTION

The artisan who wants to do his work

well must �rst of all sharpen his tools.

Confuius

1.1 Motivation

Like other legged robots, bipedal robots have the potential to outperform wheeled

mahines in oping with omplex terrains. In addition, aording to some biology

studies, the e�ieny of bipedalism is superior to any other forms of legged loomo-

tion, whih allows our anestors to hunt animals in a long "marathon" [1℄. However,

ompared with human beings, most atuated bipedal robots are energy ine�ient.

This greatly limited the potential appliations of bipedal robots, and up till now no

full-size bipedal robots have been mass produed for purposes other than entertain-

ment, advertising, or eduation. As suh, it is of great importane to study optimal

gaits, mehanial on�gurations and ontrol methods that an improve the status

quo of bipedal robotis.

A previous PhD projet from Hobon [2℄ onerns the gait optimization of a

7-link planar bipedal robot omposed of a torso, two thighs, two shins and two

feet. This robot model is featured with rolling knees similar to human knees, and

the simulation results have demonstrated the advantages of having suh knees over

traditional ylindrial knees [3, 4℄. Based on the experiene gathered from optimizing

this 7-link robot, the initial goal of this PhD projet is threefold: (1) to inlude more

DOFs, bodies and strutures in a bipedal robot model; (2) to study optimal gaits in

3D spae with orresponding ontrol methods; and (3) to study relations between

the optimization results from planar bipeds and 3D bipeds.

The researh topi of this thesis has drawn inspiration from the optimization and

experiment results about the Frenh planar bipedal robot RABBIT in Grenoble [5℄ as

well as the pioneering work in [6, 7℄. This robot is purposefully underatuated (point

feet) so that the ZMP priniple does not apply. The ontrol of this robot is realized

based on feedbak linearization and hybrid zero dynamis [8℄. The experiment [5℄

and optimization [8℄ results have demonstrated great potential in ahieving dynami

walking with these methods. Sine optimization results onerning underatuated

bipeds in 3D spae are relatively rare, we are determined to inorporate the idea in

studying optimal gaits of our 3D biped.
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1.2 Current Developments of Bipedal Robots

The idea of designing bioni mahines has a fasinating history that dates bak

thousands of years. Anient mahines suh as the mehanial knight designed by

Leonardo da Vini around the year 1495 and the mysterious wooden ox reated by

Zhuge Liang in 231 have intrigued many historians and raftsmen generation after

generation. Nevertheless, these early attempts were all limited by low tehnologial

apability before the industrial revolution. The modern history of bipedal robotis

started in late 1960s, and the major ahievements have ome from three ontinents:

Asia, North Ameria and Europe.

1.2.1 Bipedal Robots in Asia

In Asia, Ihiro Kato and his team pioneered the study of bipedal robotis at Waseda

University with the robot WL-1 in 1967. Two years later, they reated the bipedal

robot WL-3, whih is apable of providing some human-like motions in both the

swing phase and the stane phase. The �rst limax ame in 1973 when the world's

�rst full-sale anthropomorphi robot WABOT-1 was reated at Waseda. Like many

early bipedal robots, this hydraulially powered robot also has disproportionately

large feet for stability onsiderations, but it is still able to walk several steps in

slow stati equilibrium [9℄. At that period, people usually evaluate the performane

of bipedal robots by how long they take to omplete a single step. For instane,

the robot WL-5, whih is used as the lower limbs of WABOT-1, needs 45 seonds

to walk a single step, while the later version WL10-RD managed to redue this

number substantially to 1.3 seonds [10℄. The latest bipedal robot from Waseda is

WABIAN-2, whih has 41 DOFs and the joints designed in referene to human ones.

In addition, this robot is also known for its bioni feet featured with passive toe

joints and human-like arhes [11, 12℄.

Apart from Waseda University, Japanese ompanies like Honda and Kawada In-

dustries are equally renowned for their utting-edge bipedal robots. Honda started

developing humanoid robots in 1986, and after E-series (E0-E6) and P-series (P1-

P4), they suessfully inreased walking speed from 0.07m/s to 0.44m/s by the

world famous humanoid robot ASIMO with 34 DOFs [13℄, whih is well reognized

for being the �rst humanoid robot apable of walking and running autonomously.

The latest version of ASIMO is able to walk at 0.75m/s and run at 2.5m/s. During

this evolution proess from E0 to ASIMO, the P2 biped was also worth mentioning

for being the world's �rst self-regulating biped with three types of ontrollers respe-

tively responsible for ground reation fore ontrol, ZMP ontrol and foot landing

position ontrol [14℄. Kawada started their ativities in robotis in 1997 with the

humanoid robot H6. In 2000, Kawada was awarded the ontrat of the Humanoid

Robotis Projet (HRP) funded by Japanese government for development of gen-

eral domesti helper robots [15℄. In the following years, they suessively developed

HRP-2 (30 DOFs) [16, 17, 18℄, HRP-3 (36 DOFs) [19℄ and HRP-4 (42 DOFs) [20℄.

The important features of HRP-2 inlude ollision avoidane [21℄, running apability

[18℄ and the ability to lie down and get up [16℄. HRP-4 is featured with lightweight
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(39kg for a height of 1.80m) and slim body [20℄ and the apability to updating

walking trajetories aording to external disturbanes [22℄.

Despite Japan's leading position of bipedal robotis researh, other Asian oun-

tries like Korea and China have been athing up over the past few years. In Korea,

the researh in bipedal robotis engineering has aelerated sine 2000 under the

leadership of Korea Advaned Institute of Siene and Tehnology (KAIST). After

the prototypes KHR-0 to KHR-2, the omplete humanoid robot KHR-3 was built in

2005. This robot is named Hubo, and its improved version Jaemi HUBO (KHR-4)

with apabilities of walking at 0.42m/s and running 1m/s was unveiled in 2008

[23℄. In China, the Beijing Institute of Tehnology reently has developed three

di�erent models of the BHR (Beijing Humanoid Robot). One of them is the BHR-2

[24℄, whih stands 158m tall and features 32 degrees of freedom and apability to

perform Chinese martial arts.

WL-3 WABOT-1 WL10-RD WABIAN-2

HRP3L-JSK HRP-4 HRP-4C HRP2 Honda E0

Honda P2 ASIMO Jaemi Hubo 2

Fig. 1.1: Asian bipedal robots.
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1.2.2 Bipedal Robots in Europe

Unlike Asia, Europe has many ountries partiipating in researh projets of bipedal

robots. Here we list some speial bipedal robots from these projets. Developed in

Germany, the robot LOLA, with the walking speed exeeding 0.83m/s, might be

the most impressive humanoid robot in Europe. The distinguishing harateristis

of LOLA inlude the redundant kinemati struture with 7-DOF legs, the extremely

lightweight onstrution (55kg for a height of 1.80m) and the modular joint design

using brushless motors [25℄. The DLR-Biped walker is also an interesting bipedal

robot in Germany. Designed for providing domesti servies, this robot di�erentiate

itself from ompetitors for its multi-task balaning ontrol [26℄ and torque ontrolled

joints [27℄. In Frane, Nao is surely the best-known and most in�uential humanoid

robot, and it has a large variety of sensors suh as ultrasoni sensors and diretional

mirophones integrated in a 58 m height body. Despite its limited height, it has

also been used in studying walking motions [28℄. As for full saled bipedal robots,

the BIP-2000 [29℄ is also noteworthy beause of its anthropomorphi struture and

srew-nuts with satellite rollers transmitters [30℄. From a researh point of view,

the 5-link planar bipedal robot RABBIT developed in Grenoble has undoubtedly an

important position in the history of bipedal robots. As an underatuated biped with

point feet, this robot is apable of walking at 1.0m/s under the ontroller based on

hybrid zero dynamis and virtual onstraints, whih is fundamentally di�erent from

ZMP-based ontrol methods [5℄. In addition this robot is also apable of ahieving

periodi steps with asymptoti stability.

Rabbit LOLA DLR-Biped iCub

LUCY BIP2000 Dribbel NAO

Fig. 1.2: European bipedal robots.
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Other interesting European bipedal robots are: the Italian robot iCub (featured

with open-soure software and ognitive power) [31, 32℄, the Belgian robot LUCY

(featured with pneumati arti�ial musles) [33℄, the Duth robot Dribbel (featured

with energy e�ient knee loking mehanism).

1.2.3 Bipedal Robots in North Ameria

In North Ameria, Mar Raibert is the �rst sientist who bring about a remarkable

breakthrough in legged robotis. He designed a sequene of ative hopping robots,

with one, two or four legs with impressive results, and the bipedal version built in

1989 an even perform a �ip [34℄. In 1990s, MGeer undertook another pioneering

work to design passive bipedal robots. Beginning from designing passive ompass

robots, he managed to realize a passive bipedal robot with knees [35℄. In addition,

he also popularized the appliation of Poinaré maps in analyzing orbital stability

among robotiists. Following this trak, Steven H. Collins and his team suessfully

developed a 3D passive biped by attahing ounter-swinging arms rigidly to their

opposing legs [36℄.

Raibert's 3D biped McGeer´s Passive Biped MABEL

ATRIAS Atlas PETMAN

Fig. 1.3: Bipedal robots in North Ameria.

In the past deade, more researhers have been partiipating in designing in-

novative bipedal robots. Following the planar biped RABBIT in Frane, MABEL

and ATRIAS are respetively designed and realized at University of Mihigan and

Oregon State University. MABEL is still a planar biped, but it an run at 3m/s

ontinuously and has additional elasti omponents [37, 38℄. ATRIAS is a proto-

type underatuated human-sale bipedal robot that an walk and run in 3D spae
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[39, 40℄. Based on the idea of apture point, the bipedal robot M2V2 is also worth

mentioning for its straight-legged gait and push reovery apability [41, 42℄. Last

but not least, Boston Dynamis, the famous ompany known for the development of

the quadruped robot BigDog, have also in reent years built PETMAN and Atlas,

and both of them have impressive balaning ability [43℄.

1.3 Control Approahes in Bipedal Walking

Despite years of researh with various perspetives from passive walkers with simple

mehanial designs to sophistiated multifuntional humanoids, the study of bipedal

walking is still a hallenging task questioning from time to time our apabilities of

truly reproduing nature for the bene�t of human beings. Generally speaking, the

ontrol problem of bipedal robots stands out from lassial ontrol problems in

our textbooks mainly beause of two inherent harateristis of bipedal loomotion:

limited foot-ground interation and disretely hanging dynamis. In order to takle

these hallenges, researhers have mainly worked on three types of walking: (1)

atuated quasi-stati walking, (2) unatuated/atuator-assisted dynami walking,

and (3) atuated dynami walking. This lassi�ation might not be exhaustive, and

boundaries among these three types might not be deisive either, but it nevertheless

represent some of the dominant researh diretions of bipedal walking.

1.3.1 Atuated Quasi-Stati Walking

Many sophistiated humanoid robots nowadays suh as HRP-4 [20℄ and Honda

ASIMO [13℄ have entertained people with their extensive integration of utting-

edge tehnologies and amazing built-in arti�ial intelligene, but fundamentally, the

bipedal walking that they have so far demonstrated is not quite dynami, espeially

when ompared with human walking. Rather, the nature dynamis of these robots is

overridden by �quasi-stati� equilibrium onditions based on the zero moment point

(ZMP) [44℄. The ZMP ondition states that as long as the ZMP of a robot remains

stritly within the support onvex hull of the ground ontat area, then the robot

annot fall by tipping over a point or edge on the boundary of the support onvex

hull. For researhers studying quasi-stati walking, this ondition should always be

respeted, despite the fat for dynami walking the ZMP ondition is usually vio-

lated for some portion of the step yle (think about the motion of heel strike in

human walking).

Owing to its simpliity, the ZMP has inspired several variants inluding the FRI

(Foot Rotation Index) [45℄ and the CoP (Center of Pressure) [46℄. Based on the

quasi-stati ZMP riterion, the orresponding ontrol strategies an ahieve walking

by planning the motion of a biped's CoM (Center of Mass) suh that the ZMP

remains stritly within the onvex hull of the ground ontat area and then idealizing

the ontat of the bipedal robot with the ground as a rigid onnetion to implement

various trajetory traking tehniques. Therefore, this method is highly dependent

on the measurement preision of a biped's CoM, of whih a reent study onerning

statially equivalent serial hains an be found in [47℄.
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Historially, the ZMP ondition is also losely related to several simpli�ations

based on inverted pendulum models onerning the ontrol of a biped's CoM. Among

these simpli�ations, the �rst and perhaps most simple one is the Linear Inverted

Pendulum Model (LIPM), where the ZMP an be expressed expliitly via a lin-

ear ordinary di�erential equation related to the dynamis of the robot's CoM. This

simpli�ation of bipedal robot models requires some assumptions inluding repre-

senting a robot as a point mass with massless telesopi legs. Besides, the height

of the CoM is also assumed onstant throughout a step [48℄. Historially, the ZMP

ontrol method and the LIPM have been tightly ombined, and the bene�t of this

ombination is that the researhers an save a lot of troubles in learning nonlin-

ear ontrol theory and an ondut experiments about human-robot interation,

anthropomorphi hardware and online gait synthesis in a heuristi fashion. The

widespread suessful examples in implementing this method inlude HRP-4 [20℄,

ASIMO [13℄, LOLA [25℄, BIP-2000 [29℄, Hubo [23℄, BHR-2 [24℄ and so on. Despite

these remarkable progresses, the inherent limitations in adopting this simpli�ation

beomes more and more reognized. Apart from impinging energy e�ieny with

unnatural shu�ing motions and �exed knees [49℄, gaits designed using this method

often involves many trials, and suesses on one robot might not be fully transferable

to another. Besides, impats are generally negleted in this method, and thus the

swing foot is required to impat the ground with minimal veloity, whih is hard

to ahieve on rough terrain. Furthermore, from the standpoint of ontrol theory,

meeting the ZMP ondition is not su�ient for asymptoti stability of a periodi

walking motion [50℄.

In order to ounterbalane the limitations of the LIPM model, robotiists have

many several variants of inverted pendulum models. In the Gravity Compensated

LIPM [51℄, an additional point mass is added to the swing foot for improving mod-

eling auray. In the Three-Mass Linear Inverted Pendulum Model (3MLIPM)

proposed for improving the dynami performane of bipedal walking, the preision

of LIPM is improved by using three masses to represent a torso and two legs [52℄.

Aording to some studies, the requirement of onstant CoM height ditated by

the LIPM an also be relaxed to form a nonlinear inverted pendulum model [53℄.

Throughout the literature, adding a �ywheel to the inverted pendulum is also pro-

posed and has been used for posture ontrol [54℄, error ompensation [55℄ and so on.

In addition, the appliation of the inverted pendulum model with an additional �y-

wheel also generated the idea of the apture point

1

, whih is widely used nowadays

to ahieve push reovery and improve walking robustness [56, 57, 58℄.

Despite the advanements in ZMP related methods, they are still far away from

produing truly dynami gaits. However, in the humanoid appliations requiring

fast motion planning [59℄ , obstale avoidane, interation with omplex environ-

ments [60, 61℄ and speial body movements [62℄, ZMP ontrol strategies still play

an irreplaeable role.

1

A point on the ground where a biped must step to so as to ahieve a omplete stop.
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1.3.2 Unatuated/Atuator-Assisted Dynami Walking

Unatuated dynami walking refers to the walking demonstrated by passive bipedal

robots. These bipeds do not inorporate any atuators, and the loomotion they

produe is purely from the interation between their mehanial strutures and the

environment, whih makes them highly dynami and energy e�ient. In the simula-

tion studies of passive bipeds, the stability of andidate walking gaits is numerially

veri�ed by estimating the eigenvalues of the Jaobian linearization of the Poinaré

map, but this stability test has no relation with the generation of passive gaits. The

pioneering work in this diretion is presented by MGeer [63, 35℄, where he realized a

passive ompass robots and a passive bipedal robot with knees. Based on his study,

a arefully tuned 3D passive biped is later reated by attahing ounter-swinging

arms rigidly to their opposing legs [36℄. This biped is apable of walking down a

partiular �xed slope from a spei� initial on�guration, but its gait is very sen-

sitive to perturbations. Some studies even show that by adopting ollisionless gait,

passive bipedal robots an walk with no energy onsumption [64, 65℄.

Atuator-assisted dynami walking is realized by adding a redued set of a-

tuators to passive bipeds so that gait-related energeti losses an be ompensated

by these atuators. Starting from the 3D passive walker [36℄, a similar 3D walker

featured minimal atuation was later onstruted [66℄. This biped was able to walk

stably on �at ground at 0.44 m/s with an energy ost similar to that of a human.

Another minimally atuated biped named Denise was built at Delft University of

Tehnology, whih installed pneumatially powered atuators alled MKibben mus-

les [67℄. Both of these robots have no sensors exept one in eah foot, and the ontrol

programs are very simple. When these robots step down, the motor in the other

foot is brie�y ativated to provide a small push o� [68℄. The stability harateristis

of these robots were further analyzed in [69℄ where a planar biped named Mike is

tested to demonstrate a simple rule �You will never fall forward if you put your

swing leg fast enough in front of your stane leg. In order to prevent falling bak-

ward the next step, the swing leg shouldn't be too far in front.� The result shows

that this simple ontrol law an dramatially enlarge the basin of attration of a

passive walker. Additional work was later done onerning the rejetion of small

disturbanes [70℄ and realizing loally stable gaits with purely re�exive ontrol [71℄.

Despite the advanements of unatuated/atuator-assisted dynami walking, the

inherent shortoming of these methods have long been reognized. With no atu-

ators or minimal atuators, the autonomy of these bipeds is highly limited, and

it is impossible for them to limb stairs, pause, turn or run. Therefore, the main

ontributions of these researhes are mostly theoretial rather than pratial.

1.3.3 Atuated Dynami Walking

Atuated dynami walking is di�ult to realize beause it is nonlinear, nominally

unstable, multi-input multi-output (MIMO) and exhibit time variant and hybrid

dynamis (during support exhange). Beause of energy e�ieny onerns, these

robots are required to embrae ballisti momentum and gravitational potential en-
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ergy to minimize the energy onsumption of their atuators. As suh, the ZMP-

based traking methods are generally inapable of produing dynami gaits. This

motivates researhers to propose di�erent methods to ahieve atuated dynami

walking.

In the work desribed by [72℄, the authors reommended virtual model ontrol

for realizing bipedal loomotion. The idea of this method is to alulate atuator

fores by the imaginary interation between virtual omponents and a robot system.

In a similar e�ort, state-dependent ontrol torques are alulated via virtual passive

elements (i.e., angular springs and dampers with �xed equilibrium points) and then

transformed to atuator torques utilizing the Gauss priniple of least onstraint

[73, 74℄. The simulation and experiment results from these studies have demon-

strated impressive apabilities of handling slopes and reduing energy onsumption

for planar bipeds. There are also researhers attempting to apply mahine learning

tehniques suh as neural network [75, 76℄, but the extent of dynami walking pro-

dued by neuronal ontrollers is unlear and follow-up studies towards this diretion

are sare.

In reent years, many researhers have tried to study hybrid systems where

ontinuous dynamis and disrete events are losely intertwined. The related studies

and appliations are wide spread [6, 77, 78℄. The hallenging tasks onerning hybrid

systems inlude the strategies of overoming the urse of dimensionality [79℄, the

analysis of stability [80℄, the searh of optimal ontrol laws [81℄ and so on. In the

notable work of [6℄, a 3-link planar biped with one degree of underatuation (point

feet) was utilized to demonstrate the idea of realizing asymptotially stable walking

using tehniques of zero dynamis in onjuntion with a �nite-time ontroller. The

reason of onsidering point feet is to failitate the study of underatuated phases

in an anthropomorphi walking gait (during the rotations of stane toe or stane

heel). This method was also implemented in a 5-link planar biped with one degree

of underatuation [7℄, and later it was extended in [82, 5℄, where the notions of

hybrid zero dynamis (HZD) and virtual onstraints are explained in detail. For

planar bipeds, the major advantages of using hybrid zero dynamis are that hybrid

invariane

2

an be easily ahieved and that the stability of planar bipeds an be

validated by alulating the restrited salar Poinaré map

3

[83℄ in losed form

[84℄. As a result, optimization an be performed diretly on the parameters of the

ontroller with respet to some optimization riteria (suh as energy onsumption) to

simultaneously determine a periodi dynami walking and a ontroller that ahieves

it. The experimental validation of hybrid zero dynamis for planar bipeds was

suessfully obtained from the bipedal robot RABBIT [5, 85℄ and more reently the

robot MABEL [37℄. In addition, this method has also been enrihed adding features

like loked knees [86℄, rotating feet [50, 87℄, impulsive foot ation [88℄ and torque

saturation [89℄.

Compared with the situation of planar bipeds, the study of zero dynamis and

2

The notion of hybrid invariane is used for ensuring the periodiity of eah step, and the

detailed explanation is given in Setion 2.3.

3

The notion of restrited Poinaré map is also explained in Setion 2.3.
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virtual onstraints in 3D bipeds is still in the beginning stage. In the reent work [90℄,

virtual onstraints are proven to be apable of stabilizing a large lass of periodi

orbits of a bipedal robot. In the groundbreaking work of [91℄, the asymptotially

stable walking of a 5-link 3D biped with passive point feet

4

is realized through three

strategies inluding imposing a stability ondition for optimization, using an event-

based ontroller and seleting appropriate outputs. The stability of the walking gait

is evaluated with the linearization of the restrited Poinaré map of dimension three.

Among these three strategies, the idea of designing event-based ontrollers was later

extended to ontrol a 3D bipedal walker named Atrias [40℄ in the notable work [39℄,

where a time-invariant one-step hybrid ontrol sheme is proposed on the basis of

right-left symmetry, linear matrix inequalities (LMIs), and robust optimal ontrol

(ROC).

Another interesting approah for extending the method of hybrid zero dynamis

and virtual onstraints is alled funtional Routhian redution. This method has

proved to be helpful in ahieving quasi-3D walking in a number of bipeds in the

simulation [92, 93℄ and the experiment [94℄. The basi idea of this method is to

deouple the sagittal and oronal dynamis of a 3D bipedal robot so that ontrol

design an be onduted using existing methods for ontrol of planar bipeds and,

at the same time, the 3D biped an be stabilized in an upright on�guration in

the oronal plane. The main limitation of this method, though, is that the "almost-

yli" ondition [92℄ required by the redution eliminates the possibility for deouple

oronal DOFs other than the one loated at the ankle joint. In addition, this method

requires 3D bipedal robots to be fully atuated, whih somehow ounterats the

bene�t in trying to �nd walking motions for underatuated planar bipedal robots.

Besides, it is also questionable whether the bene�t of high energy e�ieny an

remain one the redution ontrol is performed.

Additional advanements for 3D bipeds with non-trivial feet inlude the regula-

tion of ZMP [95℄, steering ontrol [96℄, foot rotation [97℄ and so on. In the interesting

study [98℄, a simplifying assumption of the oronal plane being fully atuated and

the sagittal plane being underatuated was made to analyze stability and stability

basins. Despite these e�orts in studying hybrid zero dynamis of 3D bipeds, there

are still many hallenges onfronting robotiists. One of them is to obtain opti-

mal walking motions, sine the dynami property of enforing virtual onstraints

depends largely on whether the energy ost funtion is truly minimized during

the design proess of virtual onstraints. (Ditating position-level information or

anelling the natural dynamis is generally believed to be energetially expensive

among bipedal robotiists.) However, the omplexity of obtaining optimal motions

arises signi�antly when one tries to extend the method of zero dynamis to �t into

the senario where 3D bipedal robots with point feet and two or more degrees of

underatuation beome objets of researh. In omparison to the 2D ase, hybrid

invariane is no longer easy to ahieve, and the only known method is to use a

deadbeat hybrid extension. In addition, the resulting restrited Poinaré map is no

4

The yaw rotation of the stane point feet is inhibited, and therefore the mention of "point

feet" an be viewed as an approximation.
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longer salar either; instead, it is of dimension three or higher. Furthermore, the

onditions for asymptoti stability now depend on the partiular seletion of the

virtual onstraints [99, 91℄. These di�ulties might bring a negative e�et on the

quality of the optimized motions.

In onlusion, the method of virtual onstraints and hybrid zero dynamis is a

powerful tool in studying atuated dynami walking of bipedal robots. As the e�orts

in utilizing hybrid zero dynamis to ontrol 3D bipeds are still onfronted with many

di�ulties, it would be helpful to know whether other options are available and

whether the quality of optimized motions an be further improved in this diretion.

1.4 Energy Optimal Gaits of Bipedal Robots

One of the key hallenges in roboti bipedal loomotion is �nding ontrol parameters

that ful�ll a ertain objetive, in terms of motion veloity, while minimizing the

energy needed to produe a gait. Due to the unpreditable e�ets and orrelations

among the gait parameters, gait optimization is an open and non-trivial problem of

whih analytial results are sare and limited to only some simple ases [100℄. In

most ases, numerial solutions is the only option, and some of the early attempts

an be dated bak to 1970s [101℄.

Roughly speaking, �nding numerial solutions of optimal gaits is a onstrained

optimization problem whih involves the seletion of optimization parameters, ob-

jetive funtions, optimization algorithms and optimization onstraints. Up till now,

researhers have tested many ombinations.

To begin with, the hoie of optimization parameters is not unique, and the

torques, the Cartesian oordinates and joint oordinates an all be used to param-

eterize gaits. For instane, in the early work [102℄, pieewise onstant torques are

hosen as the optimization parameters. However, when the torques are treated as

optimized variables, it is neessary to solve the inverse dynami problem to �nd

the joint oordinates so as to verify whether the gaits generated are yli or not.

In the early days of bipedal robotis, the Cartesian oordinates of the hip, swing

foot and the trunk angle were also used as optimization parameters [103℄, but one

shortoming of this method is that one has to inverse the geometri robot model to

de�ne the joint referene trajetories. Due to these problems, these two hoies are

superseded by joint oordinates of whih the evolution an be de�ned as polynomi-

als [103℄, ubi splines [104℄, Bézier urves [84℄, Fourier expansions [105℄, anonial

human walking funtions [106, 107℄, et.

The riteria of minimal energy an be di�erent also. Apart from using pure

mehanial energy [65℄, the energy ost an also be de�ned as the integral of the

absolute value of the work of external fores and torques [108℄. However, this def-

inition has no relation with real energy onsumption of spei� atuators. A more

popular ost funtion is given in [102℄ where the torque ost is de�ned as the integral

of the norm of the torque for a displaement of one meter. This de�nition has on-

sidered the fat that, in DC motors (or brushless motors), most part of the energy

onsumption is due to the Joule e�et, whih is roughly proportional to the square
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of the urrent going through its oil, and the urrent is in turn proportional to the

torque exerted by this motor. If more detailed information of spei� atuators are

provided, it is also possible to de�ne more aurate ost funtions [109℄.

Most optimization algorithms used in the past for gait optimization an be

broadly ategorized into gradient-based methods and diret searh methods. The

di�erent between them depends on whether derivative information is required. In

the notable work of [110℄, three diret searh algorithms are tested inluding Nelder

and Mead, Geneti, and Simulated Annealing for obtaining energy e�ient gaits.

The additional appliations of these methods an be found in [4, 111, 112℄. Although

these methods are very �exible beause of their good tolerane to the presene of

noise in the funtion and onstraints, they are, like most diret searh algorithms,

omputationally expensive. For instane, in most geneti algorithms, multiple sets

of parameters from the population must be evaluated for eah iteration, and there-

fore the number of evaluations required is usually impratial, espeially for om-

plex 3D bipeds. In order to inrease rate of onvergene, many researhers have

tried gradient-based methods suh as the sequential quadrati programming (SQP)

method [84, 113, 114, 115℄, the augmented Lagrangian method [116℄, and the (non-

linear) interior point method [117℄. Among them, SQP is the most popular one

whih has been used in gait optimization of both planar bipeds [84, 113, 115℄ and

3D bipeds [114, 118℄. Other algorithms available for gait optimization inlude diret

shooting algorithm [102℄, partile swarm algorithm [119℄, et.

The onstraints in gait optimization inlude onditions suh as joint limitations,

gait stability, unilateral ground ontat, average walking veloity, periodiity and

so on. For traditional gait optimization based on open-loop trajetories of time-

polynomials, the stability veri�ation is not inluded in the optimization proess.

However, for bipeds with one degree of underatuation, it is possible to verify the

stability by replaing time with a salar path parameter in joint trajetories [115℄ or

using the method of virtual onstraints [84℄. A positive byprodut of these methods

is that the equality onstraint of periodiity is no longer required, whih is ruial for

improving the performane of optimization program. Another interesting onstraint

is the frition onstraint. For most studies on optimal gaits of 3D bipeds [114℄, this

onstraint is usually simpli�ed by negleting possible yaw motion of the stane foot

(feet). The reason behind this simpli�ation is that in order to alulate maximum

vertial torque preventing yaw motion, it is neessary to alulate the pressure dis-

tribution of the normal fore ating on the foot, whih is extremely di�ult. In this

thesis, we will provide a simpli�ed model that an inlude this onstraint (Setion

5.2.4).

Beause of limited omputing power, almost all the early attempts of gait op-

timization are onduted on the models of planar bipeds, and some of them even

ontain ertain simpli�ations of dynami model [102℄. Up until now, di�erent ases

have been studied onerning energy optimal gaits for planar bipedal robots, and

the list inludes, but is not limited to, feet rotation [120℄, point feet [115℄, segmented

torso [121℄, four-bar knees [3℄, rolling knees [3℄ and swinging arms [122℄. With the

development of omputing resoures, there are more and more gait optimization
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results obtained from the models of 3D bipedal robots [114℄. The speial ases also

inlude point feet [123℄, toe rotation [118℄, swinging arms [124℄, et. However, in

omparison to 2D ases, the optimization results for 3D bipeds are usually limited

in quality and quantity. For instane, in most ases, researhers need to use inter-

polation methods to illustrate the variation of energy ost at various walking speeds

[123℄, and in some other ases, results are provided for only one walking speed [124℄.

Besides, there are few studies that deal with the relation between planar bipeds and

orresponding 3D bipeds with similar model parameters. These problems will be

touhed upon in this thesis.

1.5 Elasti Coupling

Certainly, when it omes to energy e�ieny, it is always appealing to add passive

omponents like elasti ouplings. This applies not only to bipedal robots but also

to all the legged robot [125, 126, 127, 128℄. In fat, most biologial systems are

more energy e�ient than ative legged robots, largely due to their elasti musles

and tendons [129℄. Aording to [130℄, these elasti strutures in biologial legged

systems mainly serve three purposes: (1) to at as an elasti boundary layer for

damping impats; (2) to funtion as a pogo stik for redireting the vertial move-

ment of mass enter; (3) to serve as return spring for bu�ering energy during the

rediretion of the swing leg. By fully exploiting natural dynamis and utilizing

elasti omponents in aordane to (2) and (3), biologial systems like humans

an move in resonane and redue energy onsumption [131, 132℄. Sine ahieving

human-like energy e�ient walking motions has long been pursued by many bipedal

robotiists, it should be interesting to apply this biologial method to the design of

bipedal robots.

Indeed, the appliation of elasti omponents in bipedal robots dates bak at

least to 1980s when Mar Raibert and his team built a planar running biped with

pneumati springs for reyling the energy of the vertial vibration of the mass

enter [133℄. Similar methods have also been applied to the reent planar biped

MABEL, of whih the energy e�ieny during running is greatly enhaned by adding

di�erentials to its drivetrain for reating virtual ompliant legs [37℄. However, these

examples only demonstrate the bene�t of elasti ouplings serving as pogo stiks,

and the general idea behind them an be analyzed using the spring-loaded inverted

pendulum (SLIP) model [134℄.

For bipedal walking, the energy-saving bene�ts of parallel knee ompliane in the

bipedal robot ERNIE was studied in [135℄, but knee joints are not the most inter-

esting plaes to plae elasti omponents. During walking, the vertial movement

of the mass enter is quite limited, and thus the major purpose of having elasti

ouplings for walking bipeds is to aelerate and deelerate the torsional vibration

of the swing leg, whih is also observed in human beings [136, 137℄. Nevertheless,

elasti ouplings ating as return springs were initially only used to improve passive

dynami running [138, 139℄, and it is only later that they were applied in form of a
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hip spring to a 3D passive dynami walker to stabilize lateral motion [70℄. Gradually,

this researh diretion began to ath robotiists's attention.

For instane, hip springs began to be used to adjust step frequeny [140℄ and to

estimate energy e�ient speed�step length relationship [141℄. Aording to [142℄,

the impat energy losses during step-to-step transitions are the major ause for

metaboli energy onsumption of human walking. Some researhers also attempted

to use elasti ouplings to realize passive bipedal robots with ollisionless gait and

thus reate walking motions that onsume no energy [64, 65℄. By properly adjusting

the sti�ness of the hip spring, it is possible to obtain an optimal step length with

minimum impat losses at a spei� speed. Aside from in�uening step frequeny

and energy e�ieny, hip springs are also used to prevent passive bipeds from falling

forward [140℄ and ensure ground learane [143℄. One study on a �ve-link passive

biped with knees and upper body even reveals that eret body posture for passive

bipeds is only possible with torsional springs properly plaed in the hip joints [144℄.

Nevertheless, these studies are only valid for passive biped robots walking in a

highly ontrolled environment, whih makes it di�ult to apply these results to any

autonomous humanoid robots. For atuated bipedal robots, some researhers have

tried to mimi passive bipeds by applying virtual fores generated by virtual springs

and dampers [73, 72℄. However, it is questionable whether the proposed virtual

passive omponents an be replaed by physial passive omponents so as to reyle

energy. Besides, it is omputationally expensive to evaluate the energy riterion

at a given speed sine the lak of periodiity ondition in these methods naturally

fores researhers to simulate dozens of steps for obtaining average speed and average

energy riterion. There are also some ontrol designs for ompliant bipedal robots

using heuristi approahes suh as mahine learning tehniques [145℄ or posture-

based state mahines [146℄, but the experimental results thereby obtained annot

truly demonstrate the bene�t of elasti omponents sine heuristi approahes are

usually inapable of fully exploit the natural dynamis of bipedal robots. All things

onsidered, it seems that optimizing a single periodi step is a viable approah in

analyzing the energy bene�t of adding elasti omponents to bipedal robots.

Currently, the researh in this diretion is mostly limited to planar bipeds. Based

on the appliation of prede�ned time-based referene trajetory, the optimal walking

of 3-link ompass gait biped has already been presented [147, 148℄. However, bipeds

with kneeless legs are far away from humanoid robots, and the elasti ouplings

therein analyzed are optimized only for one spei� speed whereas a real robot

needs to be energy e�ient at di�erent speeds. Similar studies have also been

onduted for a 7-link robot omposed of a torso, two thighs, two shins and two

feet [149℄ and, in this ase, springs are added to the hip, knee and ankle joints of

the robot. Nevertheless, the impatless model used therein for the instantaneous

double support phase annot represent the foot strike situation in real robots or

human beings. Intuitively, all of us have the impression that the faster we walk,

the harsher our foot strike beomes. Apart from all these de�ienies, all the above

optimization results are obtained by optimizing parameters of prede�ned time-based

referene trajetories, and therefore the stability ondition is not onsidered in these
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methods. In order to ensure the stability of optimized gait, a reent study based

on feedbak linearization and virtual onstraints has been onduted on the elasti

ouplings of a 3-link planar biped [150℄ and a 5-link planar biped [109℄. Although the

results delivered from this study are omprehensive and over di�erent ombinations

of torsion springs, the study is still limited to planar bipeds, and the de�nition of

riterion is also too spei� to be ompared with other optimization results.

Although the results presented herein are only theoretial, there are already some

published studies onerning the realization of elasti ouplings in physial bipedal

robots with viable ontrol methods [151, 152℄. As mathematial ontrol tehniques

for utilizing elasti ouplings beome ever more sophistiated, the hardware teh-

nologies must grow as well. In order to improve the energy e�ieny of bipeds

at di�erent speeds, some researhers have been studying possible ways to modify

spring sti�ness and unloaded position with power on. Up till now, some ompli-

ant atuators with tunable elasti elements have already been developed, suh as

the MACCEPA [153, 154℄ and the Jak Spring

TM
[155℄, whih allow adjustment of

the unloaded position of a series elasti element. Another method is to modify the

spring sti�ness by adjusting the pre-tension of a system with non-linear springs.

This approah has been used in the VSSEA (Variable Sti�ness SEA) [156℄ and the

AMASC [157℄. (2004). Reently, a MACCEPA-based Series-Parallel Elasti Atua-

tor has been proposed [158℄, whih has greatly redued torques or fores ating on

the motor by its parallel on�guration.

In onlusion, based on the urrent literature and tehnology advanement, it

should be interesting to investigate the bene�t of adding elasti ouplings to hip

joints in both planar and 3D bipedal robots.

1.6 Thesis Contribution

The ontributions of this thesis are:

1. The extension of the ontrol method [84℄ for 2D bipedal walking to 3D se-

narios.

2. The impat model and ontat model for 3D bipedal robots with massless

line feet.

3. The "Symmetry Outputs" for ahieving better geometri interpolation of

posture ontrol and swing leg advanement.

4. The omparison of optimized gaits between a planar biped and a 3D biped

with same model parameters in the sagittal plane.

5. The method of using optimized parameters from the planar biped as a starting

point or as the sagittal parameters to failitate the optimization of the orresponding

3D biped.

6. The detailed studies onerning the elasti ouplings at the hip joint for both

planar and 3D biped.
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1.7 Thesis Outline

The remainder of this thesis proeeds as follows:

Chapter 2 gives a brief explanation of four foundations of alulating optimal

stable gaits for both 2D and 3D bipedal robots. These four foundations are: (1)

the Lagrange method and additional equations for alulating external fores and

torques; (2) the method of feedbak linearization and the onept of zero dynamis;

(3) the stability analysis using restrited Poinaré map; and (4) the onept of

parametri optimization and sequential quadrati programming. These ontents

are rephrased and tailored to suit the purpose of this thesis, and for more detailed

information, one an refer to [8, 159, 160, 161, 162℄.

Chapter 3 presents the hypotheses, modeling, ontrolling and optimizing of an

underatuated 5-link planar bipedal robot omposed of a torso, two thighs and two

shins. This work is, to some extent, based on the previous theoretial work in [8℄, but

we have adopted �xed base models and posture parameters to ahieve oherene with

Chapter 5. In addition, we also introdued the "Symmetry Outputs" to failitate the

geometri interpolation of the ontrol method [121℄. The gait optimization results

of this robot is provided at the end of this hapter.

Chapter 4 provides the appliations of elasti ouplings in our 5-link planar biped.

We have tried two di�erent ways of adding torsion springs to the hip joints: either

by onneting one thigh to another or via onneting two thighs respetively to

the torso. The orresponding optimization results of these two oupling ases are

presented and ompared with those in Chapter 3, whih indiates that both spring

on�gurations an signi�antly redue the energy ost of the 5-link planar biped.

The results also show that the desired step frequeny in two oupling ases is lose

to twie of the natural frequeny of the pendulum formed by the swing leg.

Chapter 5 presents the entral work of this thesis onerning the hypothesis, mod-

eling, ontrolling and optimizing of an underatuated 8-link 3D bipedal robot om-

posed of a torso, a pelvis, two thighs, two shins and two massless line feet. Although

the method we use in this Chapter stems from the published work in [84℄ for planar

bipeds, we have made important adaptations regarding robot hypotheses, line-foot

impat model, line-foot ontat model, optimization parameters and optimization

onstraints so that this method an also �t into the senario of 3D biped ases. As

a byprodut of our methods, the gait optimization results from 2D bipeds and 3D

bipeds are no longer isolated. Indeed, we have divided our optimization parameters

into sagittal parameters and oronal parameters so that the optimized parameters

from the 2D biped an be used as a starting point for the gait optimization of the

orresponding 3D biped. Furthermore, the optimization is performed for two di�er-

ent optimization ases. In the Optimization Case I, we optimize only the oronal

parameters and use the orresponding optimized parameters from the 5-link planar

biped as the sagittal parameters. In the Optimization Case II, we optimize all the

parameters. The results indiate that the optimization performane of Case II is
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always better than those from Case I and that Case I is only e�etive at high speeds.

Chapter 6 provides the appliations of elasti ouplings in our 8-link 3D biped.

The torsion springs are added to the 3D biped in three di�erent ways: (1) to the

sagittal plane; (2) to the oronal plane, (3) to both the sagittal and oronal plane.

By omparing the �rst two ases, we an onlude that the elasti ouplings in

the sagittal plane play a muh more important role in reyling energy than the

ouplings in the oronal plane. However, the maximum energy riterion in the third

ase drops even further if elasti ouplings are added in both planes, indiating that

the elasti ouplings in the oronal plane annot be negleted.

Chapter 7 onludes the thesis with a disussion and suggestions for future work.
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2. METHODOLOGY

This hapter serves a ompat explanation of the theories onerning Lagrangian

mehanis(Setion 2.1), feedbak linearization(Setion 2.2), hybrid system stabil-

ity(Setion 2.3) and numerial optimization(Setion 2.4). The appliations of these

theories in the later hapters inludes: (1) generating dynamial models for di�erent

bipedal robots, (2) implementing nonlinear ontrol law using virtual onstraints, (3)

analyzing the stability of given walking trajetories, and (4) obtaining optimized

walking trajetories with satisfatory energy e�ieny or other quadrati riteria.

In the following setions, they will be brie�y reviewed respetively.

2.1 Lagrangian Mehanis

The Euler-Lagrange approah has been widely applied ever sine its disovery in

1750s by Euler and Lagrange during their studies of the tautohrone problem. Com-

pared with the Newton-Euler formulation, it is apable of treating a multi-link robot

as a whole instead of treating eah link of the robot in turn. Using Euler-Lagrange

approah, we an derive dynamial models in a straightforward manner.

An M-DOF robot with general oordinates q ∈ Q and on�guration spae Q ⊂
RM

an be desribed by elements (q, q̇) of the tangent bundle T Q ⊂ R2M
. If

the robot only has rigid links and ideal elasti omponents that an only exert

onservative fores, the Lagrangian funtion L of the robot an be de�ned as:

L(q, q̇) = K(q, q̇)− Vg(q)− Ve(q) (2.1)

where K is the kineti energy, Vg is the gravitational potential energy and Ve is

the elasti potential energy. By applying the least ation priniple [163℄, the Euler-

Lagrange equation of motion an be formulated as:

d

dt

∂L
∂q̇

− ∂L
∂q

= τ (2.2)

where τ is an M × 1 vetor ontaining joint torques.

2.1.1 Kineti Energy

The kineti energy of a rigid body is omposed of two parts: the translational

energy ontributed by its entire mass and the rotational kineti energy about its

CoM (Center of Mass). Thus for a N-link robot, its kineti energy is given by:

K =
1

2

N∑

i=1

miv
⊤
i vi +

1

2

N∑

i=1

ω⊤
i Iiωi (2.3)



36 2. Methodology

where for the i-th link mi is its mass, vi and ωi are its linear and angular veloities,

and Ii is its matrix of moment of inertia at the CoM. For planar robots, ωi is a

salar, and Ii equals to the orresponding moment of inertia Ii in the link attahed

frame. If robots move in a 3D spae, vi and ωi will be 3 × 1 vetors and Ii will be

3× 3 matrix equaling to:

Ii = R0
i IiR

0⊤
i (2.4)

where R0
i is the rotation matrix of the link i relative to the inertial referene frame

and the moment of inertia Ii in the link attahed frame is given by:

Ii =



Iixx Iixy Iixz
Iixy Iiyy Iiyz
Iixz Iiyz Iizz


 (2.5)

The diagonal element of the matrix Ii, Iixx, Iiyy, Iizz, are named as the Prinipal

Moment of Inertia, while the o�-diagonal terms Iixy, Iixz and Iiyz are alled Cross

Produts of Inertia. If the mass distribution of the body is symmetri regarding the

link attahed frame then the ross produts of inertia equal to zero.

The linear and angular veloities of the CoM of the link i an be further expressed

in terms of the Jaobian matrix and the derivatives of the joint variables:

vi = Jvi(q)q̇ (2.6)

ωi = Jωi
(q)q̇ (2.7)

with Jvi and Jωi
being the Jaobian matries. Then from (2.3) it follows that the

overall kineti energy equals:

K =
1

2
q̇⊤

N∑

i=1

[miJvi(q)
⊤Jvi(q) + Jωi

(q)⊤Ii(q)Jωi
(q)]q̇ (2.8)

2.1.2 Potential Energy

When onsidering rigid dynamis, the potential energy is equivalent to gravitational

potential energy [164℄. For the i-th link, this potential energy an be alulated

by assuming that the mass of the entire link is onentrated at its CoM (Center of

Mass) and is formulated as:

Vgi = mig
⊤
e rci(q) (2.9)

where ge is the vetor of gravity aeleration near Earth's surfae, rci represents

the oordinates of the CoM of link i. Aording, the overall gravitational potential

energy is:

Vg =
N∑

i=1

Vgi =
N∑

i=1

mig
⊤
e rci(q) (2.10)

If the robot ontains ideal elasti omponents, the overall potential energy should

inlude elasti potential energy. For a single linear elasti oupling, the elasti

potential energy is given by:

Vei =
1

2
kei(ϕei(q)− ϕ∗

ei)
2

(2.11)
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where ϕ∗
ei represents the unloaded position, ϕei − ϕ∗

ei desribes the de�etion as a

funtion of q, and kei is the sti�ness. The overall elasti potential energy is then

obtained by:

Ve =
∑

i∈Cset
Vei =

1

2

∑

i∈Cset
kei(ϕei(q)− ϕ∗

ei)
2

(2.12)

where Cset is the index set of all the applied elasti ouplings.

2.1.3 Obtaining Dynami Model

Using (2.8), (2.10), (2.12) and (2.2), the Euler-Lagrange equations an be written

in matrix form as:

D(q)q̈ + C(q, q̇)q̇ +G(q) = τ + τe (2.13)

where the M × M matrix D(q) is the inertia matrix, C is the M × 1 vetor of

Coriolis terms and entrifugal terms, G(q) is the M × 1 vetor of gravity terms, τ is

the M ×1 vetor of external fores, τe is the M ×1 vetor of fores aused by elasti

ouplings. Among them, D(q) and G(q) are respetively given by:

D(q) =
N∑

i=1

[miJvi(q)
⊤Jvi(q) + Jωi

(q)⊤IiJωi
] (2.14)

G(q) =
∂Vg

∂q
(2.15)

Assuming there is no oupling in the transmission matrix, the rotors' inertias an

be inluded in the dynami model by replaing the D matrix an with D∗
:




(D(q))∗jk = (D(q))jk j 6= k

(D(q))∗jk = (D(q))jk + Iaj j = k and qj is actuated
(2.16)

where 1 ≤ j, k ≤ M and Iaj is the re�eted rotor inertia of qj on the joint side. For

the rest of the thesis, we will omit ∗ and assume that the motor inertia are inluded

in D(q). Using djk for representing the entry of the matrix D(q), the entry cjk of

the M ×M matrix C(q, q̇) is given by:

cjk =
1

2

M∑

i=1

ñÇ
∂djk
∂qi

+
∂dji
∂qk

− ∂dik
∂qj

å
q̇i

ô
(2.17)

Then the elasti torque vetor τe is given by:

τe = −∂Ve

∂q
= −

∑

i∈Cset
kei(ϕei(q)− ϕ∗

ei)
∂ϕei

∂q
(2.18)

2.1.4 Calulating External Fores

Assuming the robot studied has only one base joint onneting the robot and the

ground, we may need to alulate the external fore Fext and torque Γext ating on

this joint. The external fore Fext equals to the sum of the external fores Fi ating

on the CoMs of eah link of the robot, with the equation written as:

Fext =
N∑

i=1

Fi (2.19)
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where Fi an be alulated using Newton's seond law:

Fi =
d(mivi)

dt
+mige = miv̇i +mige (2.20)

with v̇i given by:

v̇i =
d(Jvi(q)q̇)

dt

= Jvi(q)q̈ +
∂(Jvi(q)q̇)

∂q
q̇

(2.21)

Γext an be alulated by ombining the external torques Γi and the additional

torques rci × Fi aused by moving Fi to the base joint and then summing them up:

Γext =
N∑

i=1

(Γi + rci × Fi) (2.22)

where Γi an be alulated using Newton's seond law for rotation [159℄:

Γi =
d(Iiωi)

dt
= Iω̇i + ωi × Iωi (2.23)

with ω̇i being:

ω̇i =
d(Jωi

(q)q̇)

dt
= Jωi

(q)q̈ +
∂(Jωi

(q)q̇)

∂q
q̇ (2.24)

2.2 Feedbak Linearization

Feedbak linearization is a ommon approah for ontrolling nonlinear systems. The

entral idea is to algebraially transform nonlinear systems into equivalent linear

ones so that nonlinear systems an also adopt linear ontrol methods [160℄. A

typial nonlinear system formulated by:

ẋ = f(x) + g(x)u (2.25)

y = h(x) (2.26)

where x is an n×1 state vetor, u is an m×1 input vetor, and y is an m×1 vetor

of ontrolled output, f(x) is an n×1 vetor of nonlinear funtions, h(x) is an m×1

vetor of nonlinear funtions, and g(x) is an n×m matrix of nonlinear funtions.

The feedbak linearization an generate a linear model that is an exat repre-

sentation of the original nonlinear model, and this proedure is based on two op-

erations: nonlinear oordinate transformations and nonlinear state feedbak [165℄.

The premises for this approah are that the oordinate transformation must be a

di�eomorphism. That is, the transformation must not only be invertible, but both

the transformation and its inverse must be smooth so that di�erentiability in the

original oordinate system is preserved in the new oordinate system [160℄. After

feedbak linearization, the input-output system is linear and an be expressed as:

η̇ = Asη +Bsvs (2.27)

γs = Csη (2.28)
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where η is a ̺×1 vetor of transformed state variable with ̺ being the relative degree,

vs is an m × 1 vetor of transformed input, γs is an m × 1 vetor of transformed

output, and the matries As, Bs, and Cs are similarly to their ounterparts in a

linear state-spae system. If ̺ < n, an additional n− ̺ state variables are required

to omplete the oordinate transformation.

The input-output linearization is one of the approahes to realize feedbak lin-

earization. The objetive is to linearize the map between the transformed input

vs and the atual output y [161℄. After that, one an adopt a linear ontroller for

the linearized input-output model represented by (2.27) and (2.28) with ̺ ≤ n and

γs = y. However, there is a subsystem that typially is not linearized,

ξ̇ = Υ(η, ξ) (2.29)

where ξ is an (n−̺)×1 vetor of transformed state variables and Υ is an (n−̺)×1

vetor of nonlinear funtions.

In some general ases, one an ahieve the ontrol objetives by adopting a

nonlinear stati state feedbak ontrol law of the form,

u = αs(x) + βs(x)vs (2.30)

where αs is an m × 1 vetor of nonlinear funtions and βs is an m × m matrix of

nonlinear funtions. We start �rst with the input-output linearization approah for

single-input, single-output (SISO) system where m = 1 to failitate explanation of

the basi onepts, and then we will extend the approah to multiple-input, multiple-

output (MIMO) systems.

2.2.1 Single-input, Single-output Systems

For a SISO system, m = 1 and by taking the �rst derivative of y we have:

ẏ =
∂h

∂x
ẋ = Lfh+ Lghu (2.31)

where Lf and Lg are notations for Lie derivatives, of whih the alulation is given

in (3.28) and (3.27). If Lgh = 0, we an keep taking derivatives of y until u appears.

Thus we will end up with the relative degree ̺ of y = h(x) and the following

equations:

y = h(x) = L0
fh

ẏ = Lfh + Lghu = L1
fh , Lgh = 0

ÿ = L2
fh + LgLfhu = L2

fh , LgLfh = 0 (2.32)

.

.

.

y̺ = L̺
fh + LgL

̺−1
f hu = vs , LgL

̺−1
f h 6= 0

If we de�ne η oordinates as η = [η1, η2, ..., η̺]
⊤
and ξ = [ξ1, ξ2, ..., ξn−̺]

⊤
with items

given by:

ηk = Φk(x) = Lk−1
f h(x) , 1 ≤ k ≤ ̺ (2.33)

ξk = Φ̺+k(x) , 1 ≤ k ≤ n− ̺ (2.34)



40 2. Methodology

then [η⊤, ξ⊤]⊤ = Φ(x) are valid di�eomorphism of the state vetor x. As a result,

the nonlinear system an be transformed into normal form expressed as:

η̇1 = η2

η̇2 = η3
.

.

. (2.35)

η̺̇ = βs(η, ξ) + αs(η, ξ)u

ξ̇ = = Υ(η, ξ)

y = η1

From (2.32), we have LgL
̺−1
f h 6= 0. By speifying the nonlinear stati state feedbak

ontrol law in (2.30) as:

u = (αs(η, ξ))
−1(vs − βs(η, ξ))

= (LgL
̺−1
f h(x))−1(vs − L̺

fh(x))
(2.36)

we have η̺̇ = vs, and thus the map between the transformed input vs and the output

y is exatly linear. With this ondition satis�ed, we an move on to design a linear

state feedbak ontrol law for stabilizing the η subsystem. A typial feedbak ontrol

law is formulated as:

vs = −κ̺η̺ − κ̺−1η̺−1 − · · · − κ1η1

= −κ̺L
̺−1
f h(x)− κ̺−1L

̺−2
f h(x)− · · · − κ1h(x)

(2.37)

where κ̺, · · · , κ1 are related to the pole plaement design. Combining (2.36) and

(2.37), we an formulate the omplete stati state feedbak ontrol law as:

u = (LgL
̺−1
f h(x))−1(−L̺

fh(x)− κ̺L
̺−1
f h(x)−κ̺−1L

̺−2
f h(x)− · · ·−κ1h(x)) (2.38)

By properly hoosing ontroller tuning parameters κi, the state variables η on-

verge exponentially to zero, the equation (2.29) as t → ∞ beomes:

ξ̇ = Υ(0̺×1, ξ) (2.39)

Equation (2.39) is known as the zero dynamis, whih an be viewed as the nonlinear

analog of linear system zeros.

2.2.2 Multiple-input, Multiple-output Systems

A robot system is usually a MIMO system, and thus it is neessary to extend the

input-output linearization approah to over this senario. This extension is often

named input-output deoupling beause the input-output deoupling problem is to

�nd (if possible) a di�eomorphism and a state feedbak ontrol law satisfying the

following requirements: (1) the map between the transformed input vs and ontrolled

output y is linear; (2) the i-th output variable yi is deoupled from all input variables

vsj for i 6= j.
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It is pratial to rewrite the MIMO nonlinear system as:

ẋ = f(x) +
m∑

j=1

gj(x)uj (2.40)

yi = hi(x) , i = 1, 2, · · · , m (2.41)

The nonlinear system is said to have vetor relative degree {̺1, ̺2, · · · , ̺m} at the

point x0 if:

1. LgjL
k
fhi(x) = 0 for all 1 ≤ i, j ≤ m, for all k < ̺i − 1, and for all x in a

neighborhood of x0;

2. The m×m deoupling matrix

Ad(x) =




Lg1L
̺1−1
f h1(x) · · · LgmL

̺1−1
f h1(x)

.

.

.

.

.

.

.

.

.

Lg1L
̺m−1
f hm(x) · · · LgmL

̺m−1
f hm(x)


 (2.42)

is nonsingular at the point x0.

The integer ̺i is the smallest relative degree of the i-th output variable with respet

to any of the m input variables. Atually, nonsingularity of the deoupling matrix

Ad(x) an be interpreted as the MIMO generalization of the ondition LgL
̺−1
f h(x) 6=

0 in a SISO system. It is a neessary and su�ient ondition for adopting stati

state feedbak to solve the input-output deoupling ontrol problem.

The sum of the elements of vetor relative degree is given by: ̺ = ̺1 + · · ·+ ̺m.

Sine Ac(x) is nonsingular, the di�eomorphism [η⊤, ξ⊤]⊤ = Φ(x) an be realized by

de�ning the �rst ̺ oordinates as:

ηik = Φi
k(x) = Lk−1

f hi(x) (2.43)

with 1 ≤ k ≤ ri and 1 ≤ i ≤ m. Aording to [160℄, it is possible to �nd n − ̺

additional oordinates ξ⊤ = [Φ̺+1(x), · · · ,Φn(x)] suh that

Φ⊤(x) = [Φ1
1(x), · · · ,Φ1

̺1
(x), · · · ,Φm

1 (x), · · · ,Φm
̺m(x),Φ̺+1(x), · · · ,Φn(x)] (2.44)

is invertible at the point x0. The normal form attained from this di�eomorphism is:

η̇i1 = ηi2

η̇i2 = ηi3
.

.

. (2.45)

η̇i̺i = βsi(η, ξ) +
m∑

j=1

αsij(η, ξ)uj

ξ̇ = Υ(η, ξ) +
m∑

j=1

psj(η, ξ)uj

y = ηi1



42 2. Methodology

for 1 ≤ i ≤ m. The funtions αsij(η, ξ) are elements of the deoupling matrix Ad

expressed using the transformed oordinates, and the funtion βsi are de�ned as:

βsi(η, ξ) = L̺i
f hi[Φ

−1(η, ξ)] (2.46)

The vetor Υ is de�ned as in the SISO ase, and the vetors psj(η, ξ) are given by:

psj(η, ξ) =




LgjΦ̺+1[Φ
−1(η, ξ)]

.

.

.

LgjΦn[Φ
−1(η, ξ)]


 (2.47)

Combining all the ̺i-th equations in the normal form, we have:




η̇1̺1
.

.

.

η̇m̺m


 = βs(η, ξ) + Ad(η, ξ)u (2.48)

Assuming the deoupling matrix is nonsingular, the stati feedbak ontrol law whih

enables input-output deoupling is:

u = A−1
d (η, ξ)[vs − βs(η, ξ)] (2.49)

where vs is the m× 1 transformed input vetor. In�uened by this ontrol law, the

equations listed in (2.48) now beomes:




η̇1̺1
.

.

.

η̇m̺m


 =




vs1
.

.

.

vsm


 (2.50)

As a result, the input-output map is linearized and deoupled, and it an be formu-

lated as:

η̇i1 = ηi2

η̇i2 = ηi3
.

.

. (2.51)

η̇i̺i = vsi

y = ηi1

where 1 ≤ i ≤ m. As in the ase of SISO nonlinear system, eah input variable vsi
an be hosen as:

vsi = −κi
̺i
ηi̺i − κi

̺i−1η
i
̺i−1 − · · · − κi

1η
i
1

= −κi
̺i
L̺i−1
f h(x)− κi

̺i−1L
̺i−2
f h(x)− · · · − κi

1h(x)
(2.52)

When expressed in the original oordinates, the deoupling ontrol law beomes:

u = −A−1
d (x)βs(x)− A−1

d (x)vs (2.53)

where βs(x) = [L̺1
f h1(x), · · · , L̺m

f hm(x)]
⊤
and vs = [vs1, · · · , vsm]⊤.
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In general, the input-output linearization ontrol law provides only partial lin-

earization of the losed-loop nonlinear system. The subsystem that is not linearized

an be expressed as:

ξ̇ = Υ(η, ξ)− Ps(η, ξ)A
−1
d (η, ξ)βs(η, ξ) + Ps(η, ξ)A

−1
d (η, ξ)vs (2.54)

where Ps = [ps1, · · · , psm]. The above system an be written as ξ̇ = Υ̃(η, ξ), and the

zero dynamis ξ̇ = Υ̃(0̺×1, ξ) are obtained by setting η(t) = 0. If the vetor �elds

g1(x), g2(x), · · · , gm(x) are involutive, we an hoose the additional oordinates ξ

suh that LgjΦ̺+i(x) = 0 for all i ≤ i ≤ n− ̺ and for all 1 ≤ j ≤ m. In this ase,

Ad(x) an also be simply written as LgL
̺−1
f h(x). Aordingly, we have ξ̇ = Υ(η, ξ)

with the zero dynamis being ξ̇ = Υ(0̺×1, ξ) similar to the ase of SISO systems.

2.3 Hybrid System Stability

A hybrid system

1

is de�ned as a dynami system that exhibits both ontinuous and

disrete dynami behavior. Systems with impulse e�ets are ategorized as a spe-

ial lass of hybrid systems onsisting of an ordinary di�erential equation (ODE),

a swithing surfae, and a re-initialization rule. For bipedal walking, we are mainly

interested in determining the existene and stability properties of periodi orbits of

suh systems. The lassial method serving this purpose involves Poinaré setions

and Poinaré return maps. The method of Poinaré setions an provide neessary

and su�ient onditions for the existene and stability of quali�ed periodi orbits,

but it is impossible to analytially determine the return map for a typial system

while available numerial methods based on estimating eigenvalues are usually om-

putationally intensive. Beause of this, restrited Poinaré maps are studied to

simplify the stability analysis.

2.3.1 Autonomous Systems with Impulse E�ets

By using feedbak ontrol laws suh as the one de�ned in (2.53), the nonlinear system

previous de�ned in (2.25) an be viewed as an autonomous nonlinear system:

ẋ = f(x) (2.55)

de�ned on some state spae X . If the system has impulse e�ets, we an further

de�ne a o-dimensional one surfae S ⊂ X at whih the autonomous system un-

dergo a disrete transition. This transition an be modeled as an instantaneous

re-initialization ∆ : S → X that alulates new initial state as a funtion of the

point at whih the impulse ours. Thus, the ombined system is written as:

Σ :





ẋ = f(x) x− 6∈ S

x+ = ∆(x−) x− ∈ S
(2.56)

Aording to [83℄, the system (2.56) is said to be of (di�erentiability) lass C1
if

the following hypotheses are satis�ed:

1

There are other de�nitions of hybrid systems suh as those ombining neural nets and fuzzy

logi. Therefore, we sometimes use the term "hybrid dynami system" in order to be more spei�.
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HSH1) X ⊂ Rn
is open and onneted;

HSH2) f : X → Rn
is of lass C1

;

HSH3) S is nonempty and there exists a di�erentiable funtion H : X → X suh

that S = {x ∈ X |H(x) = 0} is non-empty and ∀x ∈ S, ∂H
∂x

|x 6= 0;

HSH4) ∆ : S → X is of lass C1
.

HSH5) ∆(S) ∩ S = ∅.

Roughly speaking, a solution ϕ(t) of (2.56) is spei�ed by the di�erential equation

(2.55) until its state "impats" the hyper surfae S at some time tI when the impat

model ∆ simpli�es the impat event as a instantaneous disontinuity in the state

trajetory. After that, the impat model provides the new initial ondition from

whih the di�erential equation (2.55) evolves until its state impats S again. In the

light of this, S is sometimes alled the impat surfae. To avoid onfusions, the

impat event is desribed by the state x−
"just before impat" at time t−I and the

state x+
"just after impat" at time t+I . A funtion ϕ : [t0, tf) → X , tf ∈ R∪ {∞},

tf > t0 is a solution of (2.56) if:

(i) ϕ(t) is right ontinuous on [t0, tf );

(ii) left and right limits exist at eah point t ∈ [t0, tf), denoted by ϕ−(t) =

limτրtϕ(τ) and ϕ+(t) = limτցtϕ(τ);

(iii) there exists a losed disrete subset T ⊂ [t0, tf) alled impat times suh that

(a) for every t 6∈ T , ϕ(t) is di�erentiable, dϕ(t)
dt

= f(ϕ(t)) and ϕ(t) 6∈ S;
(b) for t ∈ T , ϕ−(t) ∈ S and ϕ+(t) = ∆(ϕ−(t)).

A solution ϕ(t) of (2.56) is periodi if there exists a �nite T > 0 suh that

ϕ(t + T ) = ϕ(t) for all t ∈ [t0,∞). A set O ⊂ X is a periodi orbit of (2.56) if

O = {ϕ(t)|t ≥ t0} for some periodi solution ϕ(t). An orbit is onsidered nontrivial

if it ontains more that one point. If a periodi solution has an impat event, then

the orresponding periodi orbit O is not losed, and its set losure is denoted as Ō.

The stability of orbits in the sense of Lyapunov, asymptoti stability and exponential

stability is de�ned in [166℄. A periodi orbit O is transversal to S if its losure

intersets S in exatly one point, and for x̄ = Ō ∩ S, LfH(x̄) = ∂H
∂x

(x̄)f(x̄) 6= 0.

2.3.2 Poinaré Map

The �rst reurrene map or Poinaré map is widely used to analyze the stability of

periodi orbits with impat events. It is de�ned as the intersetion of a periodi orbit

in the state spae with a ertain lower-dimensional subspae, alled the Poinaré

setion, transversal to the �ow of the system. For studying periodi orbits with

impat events, it is natural to hoose S as the Poinaré setion. Let φ(t, x0) denote
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the maximal solution of (2.55) with initial ondition x0 at time t0 = 0. The time-

to-impat funtion TI : X ∪∞ is de�ned by:

TI(x0) =




inf{t ≥ 0|φ(t, x0) ∈ S} if ∃ t such that φ(t, x0) ∈ S

∞ otherwise
(2.57)

The Poinaré return map, P : S → S is then de�ned as:

P (x) = φ(TI ◦∆(x), ∆(x)) (2.58)

Theorem 2.1: If a system (2.56) is of lass C1
and has a periodi orbit O

with x∗ = Ō ∩ S a singleton and LfH(x∗) 6= 0, then the following statements are

equivalent:

1. x∗
is an exponentially stable �xed point of P ;

2. O is an exponentially stable periodi orbit.

The proof of this theorem is given in [83℄. For a lass C1
hybrid system, P is

di�erentiable at x∗
, and TI is also proven to be di�erentiable at eah point of S̃ =

{x ∈ S|TI(x) < ∞ and LfH(P (x)) 6= 0} [167℄. In addition, the di�erentiability of

∆ and f proves that P is di�erentiable on S̃. Hene, we an now hek exponential

stability of orbits by linearizing P at x∗
and alulating orresponding eigenvalues.

ϕ t Δ x ))

S)
S

Δ x
-)

P x )x
+ x

-

Fig. 2.1: Geometri interpretation of a Poinaré return map P : S → S for a system with

impulse e�ets.

2.3.3 Restrited Poinaré Map

Consider a nonlinear system with impulse e�ets that depends on a real parameter

ǫ > 0:

Σǫ :




ẋ = f ǫ(x), x− 6∈ S
x+ = ∆(x−), x− ∈ S

(2.59)

and suppose that for eah value of ǫ > 0, hypotheses HSH1-HSH5 are met. We

further denote a solution of ẋ = f ǫ(x) as φǫ(t, x0), the time-to-impat funtion as

T ǫ
I , and the Poinaré map as P ǫ : S → S. In addition, suppose that the following

strutural hypotheses hold [83℄:
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HS1) there exist global oordinates x = [η⊤, ξ⊤]⊤ for X ⊂ Rn
, suh that ξ ∈

Rn−̺
, and η ∈ R̺

, 1 < ̺ < n, in whih f ǫ
has the form:

f ǫ(x) = f ǫ(η, ξ) =

[
f ǫ
1 : ̺(η)

f ǫ
̺+1 :n(η, ξ)

]
(2.60)

HS2) for Z = {[η⊤, ξ⊤]⊤ ∈ X |η = 0}, S ∩ Z is a (n − ̺ − 1)-dimensional, C1
-

embedded submanifold of Z satisfying:

∆(S ∩ Z) ⊂ Z (2.61)

HS3) (2.59) has a periodi orbit O that is ontained in Z and hene the orbit is

independent of ǫ;

HS4) x∗ = Ō ∩ S ∩ Z is a singleton;

HS5) LfǫH(x∗) 6= 0;

HS6) f ǫ
1 : ̺(η) = A(ǫ)η, and limǫց0e

A(ǫ) = 0

Hypotheses HS1 and HS6 guarantee that the set Z is invariant under the ontinuous

part of the model so that if x0 ∈ Z then for all t in its maximal domain of existene,

φǫ(t, x0) ∈ Z. Hypothesis HS2 implies that Z remains invariant after the impat

event, and therefore the solution of (2.56) satisfying x0 ∈ Z implies ϕ(t, x0) ∈ Z on

its domain of existene. Hypotheses HS1 and HS2 suggest that the restrition of Σǫ

to the manifold Z is a well-de�ned system ΣZ with impulse e�ets and restrited

dynamis:

ΣZ :




ż = fZ(z), z 6∈ S ∩ Z
z+ = ∆Z(z

−), z ∈ S ∩ Z
(2.62)

where z = [01×̺, ξ
⊤]⊤, fZ(z) = f ǫ(z), and ∆Z = ∆(z). The invariane of Z also

yields:

P ǫ(S ∩ Z) ⊂ S ∩ Z (2.63)

From Hypothesis HS3, O is a periodi orbit of restrition dynamis independent of

ǫ. Aordingly, φZ = φǫ|Z, TI,Z = T ǫ
I |Z and P ǫ|Z are also independent of ǫ, and

hene:

t∗ = T ǫ
I (∆(x∗)) = TI,Z(∆Z(x

∗)) (2.64)

is independent of ǫ. On the basis of (2.63), the restrited Poinaré map, ρ : S∩Z →
S ∩ Z, an be de�ned as:

ρ(z) = φZ(TI,Z(∆Z(z)),∆Z(z)) (2.65)

and is independent of ǫ. Aording to HS4, x∗
is a �xed point of P ǫ

and ρ, and from

HS5, the orbit is transversal to S, and hene also to S∩Z. Hypothesis HS6 requires

the dynamis transversal to Z to be su�iently ontrating. When η(t) 6= 0, the

impat map may inrease the norm of η at eah impat. Hypothesis HS6 provides

ontrol to make η(t) onverge to zero during the ontinuous phase so that for a
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omplete yle inluding an impat event and a ontinuous phase, the solution may

onverge to the periodi orbit.

Theorem 2.2: Under Hypotheses HSH1-HSH5, and HS1-HS6, there exists ǭ > 0

suh that for 0 < ǫ < ǭ the following statements are equivalent:

1. x∗
is an exponentially stable �xed point of ρ;

2. x∗
is an exponentially stable �xed point of P ǫ

.

The proof of this theorem is given in [83℄. This theorem suggests that, for

su�iently small, positive ǫ, an exponentially stable periodi orbit of the restrition

dynamis is also an exponentially stable periodi orbit of the full-dimensional model.

2.4 Parametri Optimization

Optimization is an important tool in deision siene as well as in the analysis of

physial systems. To apply it, we must �rst reognize the objetive whih is a

quantitative measure of the performane of the system under study. The objetive

depends on ertain harateristis of the system, named parameters. Depending on

whether the parameters are ontinuous or disrete, optimization an be divided into

ontinuous optimization and disrete optimization. In this thesis, the optimization

we are about is ontinuous. By judging whether there are onstraints on the param-

eters or not, we an further lassify the ontinuous optimization into two ategories:

onstrained optimization and unonstrained optimization. For our purpose, we will

only fous on onstrained optimization using sequential quadrati programming.

2.4.1 Constrained Optimization

Mathematially speaking, the goal of onstrained optimization is to minimize a

funtion subjet to onstraints on its variables. A typial optimization an be written

as:

min
ϑ∈Rnϑ

ℏ(ϑ) subject to




ci(ϑ) = 0, i ∈ Eset
ci(ϑ) ≤ 0, i ∈ Iset

(2.66)

where ϑ is the vetor of parameters, ℏ is the positive-de�nite objetive funtion of

ϑ that we want to minimize, Eset and Iset are �nite sets of indexes (Iset ∩ Eset = ∅),
and ci with i ∈ Eset or i ∈ Iset are salar-valued funtions representing respetively

the equality onstraints or the inequality onstraint. For onveniene, it is assumed

that Iset = {1, 2, · · · , nI} and Eset = {nI + 1, nI + 2, · · · , nE} with nI and nE
representing the total numbers of set elements. If we de�ne Ωset = {ϑ|ci(ϑ) = 0,

i ∈ Eset; ci(ϑ) ≤ 0, i ∈ Iset} to be the feasible set of points ϑ that satisfy the

onstraints, we an also rewrite (2.66) more ompatly as:

min
ϑ∈Ωset

ℏ(ϑ) (2.67)

A vetor ϑ∗
is a loal solution of the problem (2.66) if ϑ∗ ∈ Ωset and there is a

neighborhood Nset of ϑ
∗
suh that ℏ(ϑ) ≥ ℏ(ϑ∗) for ϑ ∈ Nset ∩ Ωset. If we have
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ℏ(ϑ) > ℏ(ϑ∗) ∀ϑ ∈ Nset ∩ Ωset with ϑ 6= ϑ∗
, then the solution is onsidered a strit

loal solution.

In onstrained optimization, the general approah is to transform the problem

into an easier subproblem that an be solved and then used as the basis of an

iterative proess. Early methods usually involve the onversion of the onstrained

problem to a basi unonstrained problem using a penalty funtion for onstraints.

In this way, the onstrained problem is solved using a sequene of parameterized

unonstrained optimizations, whih in the limit onverge to the onstrained problem.

Nowadays these methods are onsidered relatively ine�ient and have been replaed

by methods fousing on solving the Karush-Kuhn-Tuker (KKT) equations [162℄.

In general, we an de�ne the Lagrangian for the onstrained optimization prob-

lem (2.66) as:

L(ϑ, λ) = ℏ(ϑ)−
∑

i∈Eset∪Iset
λici(ϑ) (2.68)

At a feasible point ϑ, the inequality onstraints i ∈ Iset is said to be ative if

ci(x) = 0 and inative if ci(x) < 0. The ative set Aset(ϑ) at any feasible ϑ is the

union of Eset and the indexes of the ative inequality onstraints, namely Aset(ϑ) =

Eset ∪ {i ∈ Iset|ci(ϑ) = 0}. Given the point ϑ∗
and the orresponding ative set

Aset(ϑ
∗), the linear independene onstraint quali�ation (LICQ) holds if the set of

ative onstraint gradients {∇ci(ϑ
∗), i ∈ Aset(ϑ

∗)} is linearly independent. If this

ondition is satis�ed, none of the ative onstraints gradients an be zero, and we an

further state the following optimality onditions for a general nonlinear programming

problem (2.66). These onditions are alled KKT onditions or �rst-order neessary

onditions (FONC) sine they onern the properties of the gradients of the objetive

and onstraints funtions.

Theorem 2.3 (FONC): Suppose that ϑ∗
is a loal solution of (2.66) and that

the LICQ holds at ϑ∗
. Then there exists a Lagrange multiplier vetor λ∗

with

omponents λ∗
i , i ∈ Eset ∪ Iset suh that the following onditions are satis�ed at

(ϑ∗, λ∗) [162℄:

∇ϑL(ϑ∗, λ∗) = 0 , (2.69a)

ci(ϑ
∗) = 0 , for all i ∈ Eset , (2.69b)

ci(ϑ
∗) ≤ 0 , for all i ∈ Iset , (2.69)

λ∗
i ≥ 0 , for all i ∈ Iset , (2.69d)

λ∗
i ci(ϑ

∗) = 0 , for all i ∈ Eset ∪ Iset . (2.69e)

We move on to de�ne the linearized feasible set as:

Fset =

{
d :

d⊤∇ci(ϑ) = 0 ∀i ∈ Eset
d⊤∇ci(ϑ) ≥ 0 ∀i ∈ Aset(ϑ) ∩ Iset

}
(2.70)

For a point ϑ∗
satisfying ∇ϑL(ϑ∗, λ∗) = 0 with some λ∗

, we have:

∇ℏ(ϑ∗) =
∑

i∈Aset(ϑ∗)

λ∗
i∇ci(ϑ

∗) (2.71)
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If ϑ∗
is a loal solution, then the following ondition should hold:

d⊤∇ℏ(ϑ∗) =
∑

i∈Aset(ϑ∗)

λ∗
i d

⊤∇ci(ϑ
∗) ≥ 0, ∀d ∈ Fset(ϑ

∗) (2.72)

For d⊤∇ℏ(ϑ∗) ≥ 0 with d ∈ Fset(ϑ
∗), it is lear that moving along d away from

ϑ∗
will inrease the objetive funtion value. However, we an no longer make the

same judgment if d⊤∇ℏ(ϑ∗) = 0. In this ase, we need to hek the seond order

onditions.

Assuming that ℏ and all ci are twie ontinuously di�erentiable, we de�ne the

ritial one C(ϑ∗, λ∗) as follows for some Lagrange multiplier λ∗
satisfying the KKT

onditions:

C =




d :

d⊤∇ci(ϑ) = 0 ∀i ∈ Eset
d⊤∇ci(ϑ) = 0 ∀i ∈ Aset(ϑ

∗) ∩ Iset with λ∗
i > 0,

d⊤∇ci(ϑ) ≥ 0 ∀i ∈ Aset(ϑ
∗) ∩ Iset with λ∗

i = 0.





(2.73)

In this way, we have:

d⊤∇ℏ(ϑ∗) =
∑

i∈Aset(ϑ∗)

λ∗
i d

⊤∇ci(ϑ
∗) = 0, ∀d ∈ C(ϑ∗, λ∗) (2.74)

whih means that the ritial one C(ϑ∗, λ∗) ontains diretions from Fset(ϑ
∗) for

whih it is not known whether ℏ will inrease or derease from the orresponding

�rst order information alone.

In order to know more about the behavior of ℏ, we an �rst de�ne seond-order

neessary onditions (SONC) rendering the urvature of the Lagrangian nonzero

along diretions in C(ϑ∗, λ∗).

Theorem 2.4 (SONC): Suppose that ϑ∗
is a loal solution of the onstrained

problem (2.66) and that the LICQ holds at ϑ∗
. Let λ∗

be the Lagrange multiplier

vetor for whih the KKT onditions (2.69) are satis�ed, and let the ritial one

C(ϑ∗, λ∗) de�ned as above [162℄. Then we have:

d⊤∇ϑϑL(ϑ∗, λ∗) ≥ 0, ∀d ∈ C(ϑ∗, λ∗) (2.75)

The seond-order su�ient onditions (SOSC) is similar to the neessary onditions,

but it di�ers in that the onstraint quali�ation is no longer required, and the

inequality is replaed by a strit inequality.

Theorem 2.5 (SOSC): Suppose for some feasible point ϑ∗ ∈ Rnϑ
there exists

a Lagrange multiplier vetor λ∗
suh that the KKT onditions (2.69) are satis�ed

[162℄. Suppose also that:

d⊤∇ϑϑL(ϑ∗, λ∗) > 0, ∀ d ∈ C(ϑ∗, λ∗), d 6= 0 (2.76)

Then ϑ∗
is a strit loal solution for (2.66).

In onstrained optimization we are often onfronted with the on�iting goals of

reduing the objetive funtion and satisfying the onstraints. Therefore, we need
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to de�ne merit funtions that an measure the balane between these two goals. A

typial merit funtion is de�ned as:

M(ϑ, µ) = ℏ(ϑ) +
∑

i∈Eset
µi|ci(ϑ)|+

∑

i∈Iset
µimax(0, ci(ϑ)) (2.77)

where µ is the penalty parameter whih determines the weight that we assign to

onstraint satisfation relative to minimization of the objetive. In some pratial

algorithms, µ is updated iteratively. The optimization algorithms that implement

this merit funtion ensure that the value of M(ϑ, µ) in eah optimization step is

reduing.

2.4.2 Sequential Quadrati Programming

The sequential quadrati programming (SQP) approah is one of the most e�etive

methods for nonlinearly onstrained optimization. The method is based on the work

of [168, 169, 170℄. Given the problem desription in (2.66), the prinipal idea of SQP

is to formulate a quadrati programming (QP) subproblem based on a quadrati

approximation of the Lagrangian funtion (2.68):

min 1
2
d⊤Hkd+∇ℏ⊤

k d (2.78a)

subject to ∇ci(ϑk)
⊤d+ ci(ϑk) = 0, i ∈ Eset, (2.78b)

∇ci(ϑk)
⊤d+ ci(ϑk) ≤ 0, i ∈ Iset. (2.78)

We �rst assume that Hk = ∇2
ϑϑL(ϑk, λk). If all the onstraints are equality on-

straints, we an apply a Newton-Lagrange method. By speializing the KKT on-

ditions to the equality-onstrained ase, we obtain a system de�ned by:

N (ϑ, λ) =

[
∇ℏ(ϑ)−∇c(ϑ)λ

c(ϑ)

]
= 0 (2.79)

If ∇c(ϑ∗) has full rank, any solution (ϑ∗, λ∗) of the equality-onstrained problem sat-

is�es (2.79), and one approah for solving the nonlinear equations(2.79) is Newton's

method.

Assuming (ϑk, λk) is an iterate, the Jaobian of (2.79) at (ϑk, λk) is given by:

JN =

[
Hk −∇c(ϑk, λk)

∇c(ϑk, λk)
⊤ 0

]
(2.80)

By solving the KKT system:

[
Hk −∇ck
∇c⊤k 0

] [
ϑk+1 − ϑk

λk+1 − λk

]
=

[
−∇ℏk +∇ckλk

−ck

]
(2.81)

we an alulate the next iterate (ϑk+1, λk+1). For pratial SQP algorithms, Hk

is usually estimated using Broyden�Flether�Goldfarb�Shanno (BFGS) algorithm,

and the methods similar to the one given by (2.81) is used to produe a vetor dk
whih forms a new iterate ϑk+1 = ϑk +αkdk. The step length αk is then determined

in order to produe a su�ient derease in a merit funtion suh as (2.77). This
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iterative proess ends when the onvergene test involving (2.69), (2.75), (2.76) or

other onditions is satis�ed.

The major advantage ruial for applying this algorithm in generating walking

trajetories is its robustness to invalid results. During its iterations, the SQP al-

gorithm an attempt to take a step that fails. This happens when the objetive

funtion or the nonlinear onstraint funtion annot provide valid value, i.e., the

value is omplex, in�nite or not available. In this ase, the algorithm attempts to

take a smaller step.

2.5 Conlusion

In this hapter, four foundations of optimized ontrol of bipedal walking are dis-

ussed in sequential order. To begin with, the Lagrange method and additional

equations for alulating external fores and torques

2

are introdued for establish-

ing the dynami models of bipedal robots with rigid bodies, ideal springs, torque

atuators and non-parallel strutures. Then the method of feedbak linearization is

introdued to realize nonlinear ontrol of bipedal robots and asymptotially foring

the robot system to evolve on a prede�ned zero dynamis surfae. For the bipedal

robots studied herein, it is onvenient to realize hybrid invariane

3

and thus reate

hybrid zero dynamis. Thereafter, the stability of periodi gaits an be equivalently

ensured by alulating the restrited Poinaré map about the evolution of hybrid

zero dynamis with redued dimensions. Finally, the general onept of parametri

optimization and the method of sequential programming are explained brie�y, and

they will be later used for alulating optimized gaits.

2

In the following hapters, these torques and fores are onsidered as ground reation fores

and torques.

3

The method of ahieving hybrid invariane is introdued in Chapter 3.
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3. UNDERACTUATED PLANAR BIPEDAL ROBOTS

WITH POINT FEET

This hapter fouses on modeling, ontrolling and optimizing an underatuated 5-

link planar bipedal robot with point feet, whih is fundamental to the development

of similar planar robots onsisting of more links.

Theoretially, all these robots onsist of rigid links onneted via fritionless rev-

olute joints to form di�erent kinemati hains in the sagittal plane. It is further

assumed that two idential subhains (legs with point feet) onnet at a ommon

point alled the hip, and during walking the point foot of the stane leg is under-

atuated. The idea of designing this type of robots started nearly two deades ago

from a planar bipedal robot named "RABBIT" in Grenoble [5℄. Over the years

similar robots have been built suh as AMBER [106℄ and MABEL [171℄. For our

5-link robot, the model parameters we hoose is estimated from the humanoid robot

HRP-4 [172℄. This proess involves proportionally reating virtual anthropomorphi

strutures with di�erent assumed morphologies with only two input parameters (the

total mass and the height) and then obtaining model parameters inluding masses,

lengths, moments of inertia and positions of CoMs from these generated virtual

strutures [173, 174℄.

For the walking, eah step is simpli�ed into two suessive phases of single sup-

port and double support with two di�erent models to form the hybrid model of the

robot during a omplete step. Thereafter, the gait ontrol an be realized by apply-

ing holonomi onstraints de�ned as funtions of robot state [115, 84℄. To ahieve

this, a within-step ontroller based on feedbak linearization is adopted based on

the ideas explained in Setion 2.2. Using feedbak linearization, we an reate a two

dimensional zero dynamis of the full hybrid model, whih enables us to analyze

the stability of the hybrid zero dynamis using a salar LTI return map. If the

hybrid zero dynamis is proven to be exponentially stable, then from Theorem 2.2

in Setion 2.3 the evolution of the full hybrid dynamis is also exponentially stable,

meaning that the stable walking of the underatuated bipedal robot is ahieved.

In order to parameterize the hybrid zero dynamis and alulate optimized walk-

ing motions with satisfatory energy e�ieny, it is of great importane to de�ne

satisfatory ontrolled outputs. For our planar biped, we seek to de�ne outputs

that an ontain obvious geometri interpretations. Many researhers have delved

into biped robots with similar intentions. For instane, Ferreira et al. [175℄ have

studied the support vetor regression based on ZMP (Zero moment point) theory,

but ZMP annot apply to robots without nontrivial feet. Yang et al. [176℄ have

suggested using trunated Fourier series (TFS) formulation for biped robot balan-

ing ontrol. Our work has drawn inspiration from the paper of Grizzle et al. [6℄,
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where they have proposed a feedbak design to realize both posture ontrol and

swing leg advanement by speifying a onstant value to the absolute torso angle

and ommand the swing leg to behave as the mirror image of the stane leg. For

5-link robot, they also proposed a similar method by ommanding the hip to remain

roughly entered between two feet and at a nearly onstant height [7℄. In the light of

these previous works, we attempt to propose an output vetor named the "Symme-

try Outputs". Our outputs, however, diverges from these preexisting works in three

important ways: (a) we do not seek to ontrol the position of the hip; (b) the angle

of the bisetor of the virtual swing and stane legs regarding the vertial position is

de�ned to desribe the mirror-like behavior of the virtual swing leg; () the swing

knee angle and the stane knee angle are inluded in the symmetry outputs.

For the optimization of underatuated walking, we �rst de�ne the desired outputs

using both Bézier oe�ients and postural parameters to ahieve hybrid invariane.

Subsequently, the ost funtion based on the energy onsumption of DC motors or

brushless motors is proposed, and the onstraints ensuring valid walking motions

are listed. The optimization is realized by using the SQP algorithm provided by

the fminon funtion in MATLAB

R©
optimization toolbox (R2010a). By running

optimization with symmetry outputs at di�erent walking speeds from 0.2m/s to

1.5m/s, we have attained various data of optimal walking inluding the urves of

angles and torques, and we have also proved that the walking generated by the

optimization program is exponentially stable.

This hapter is organized as follows. Setion 3.1 lists all the hypotheses onern-

ing planar bipedal robots with point feet. Setion 3.2 delineates the 5-link robot

model treated in this hapter. Setion 3.3 introdues the symmetry outputs together

with the feedbak design using optimized Hybrid Zero Dynamis (HZD). Setion 3.4

addresses the details of the optimization program inluding the parameterization of

holonomi onstraints, the de�nition of the riterion and the onstraints, and the

optimization algorithm. Setion 3.5 presents the optimized walking data with a

speed ranging from 0.2m/s to 1.5m/s. Finally, a onlusion is given in Setion 3.6

3.1 Robot Struture and Hypotheses

In this thesis, a planar biped is a bipedal robot with motions taking plae only in the

sagittal plane, and it onsists of two kinemati subhains named legs and another

subhain named torso, all onneted at a ommon point alled hip. When there is

only one of two legs ontating the ground, the ontating leg is named the stane

leg and the other is named swing leg. The parts of legs an be named separately

in the same way. A foot is de�ned as the end of a leg, whether it is a body or

not. The single support phase is de�ned to be the phase of loomotion where only

one foot is in ontat with the ground. Conversely, the double support phase is the

phase where both feet are on the ground. Walking is then onsidered as alternating

phases of single and double support, with the requirement that the robot's CoM

monotonially moving along the walking diretion. With these in mind, we an

revisit the hypotheses originally listed in [84℄ and rephrase them in the ontext
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of our robot to ahieve logial ompletion and to provide omparison with similar

hypotheses for 3D biped in later hapters.

Planar Robot Hypotheses: The planar robot is assumed to be:

HPR1) omprised of N rigid links onneted by (N − 1) fritionless revolute

joints, and eah link has nonzero mass;

HPR2) planar, with motion onstrained to the sagittal plane;

HPR3) bipedal, with two symmetri legs onneted at a ommon point alled

the hip, and both legs are terminated in point feet;

HPR4) underatuated at the stane point foot onneting the stane leg and the

ground;

HPR5) independently atuated at the other (N − 1) joints;

HPR6) the model is expressed in (N−1) relative angular oordinates (q2, · · · , qN)
plus one absolute angular oordinate q1.

Note that the properties of the robot are independent of the hoie of oordinate,

and HPR6 is used only to failitate the alulation of zero dynamis.

Planar Robot Gait Hypotheses: The ontroller of the robot is required to insure

robot motion satisfying the following properties:

HPG1) there are alternative phases of single support and double support;

HPG2) during the single support phase, the stane foot lies on the ground and

does not slide on the ground;

HPG3) the double support phase is instantaneous and an be modeled as a rigid

ontat;

HPG4) in steady state, two ontinuous steps are symmetri with respet to the

two legs;

HPG5) in eah step, only the stane foot ontats the ground, and the swing foot

starts from the position stritly behind the stane foot and lands on the

position stritly in front of the stane foot at the impat;

HPG6) walking takes plae on a horizontal surfae.

Planar Robot Impat Hypotheses: An impat ours at the double support

phase when the swing foot hits the ground. The impat model is based on the

following assumptions:

HPI1) the impat ours when the swing foot ontats the ground, and the swing

foot neither slips nor rebounds;
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HPI2) at the impat, the stane foot is raised from the ground without intera-

tion;

HPI3) the impat happens instantaneously;

HPI4) the external fores ating on the swing foot during the impat an be

represented by impulses;

HPI5) there may be an instantaneous hange of the veloities, but the on�gu-

ration remain unhanged;

HPI6) all the atuators are not apable of generate impulses and thus they are

ignored during impat.

3.2 Dynami Model of Walking

This setion develops a mathematial model for a 5-link bipedal robot onforming

to Hypotheses HPR1-HPR6, HPG1-HPG6 and HPI1-HPI6. As illustrated in Figure

3.1, the planar robot analyzed in this hapter is modeled as a tree struture with

two idential legs and a torso all onneted at a single point alled hip. It ontains

�ve links: a torso, two thighs and two shins. The end of eah shin is onsidered as

a point foot.

Torso

Shin

Foot

Hip

Knee

Thigh

Fig. 3.1: De�nitions of joints and links of the 5-link planar robot

As depited in Figure 3.2, the generalized oordinate vetor desribing the biped

in the sagittal plane is de�ned as qe = [xst, zst, q1, q2, q3, q4, q5]
⊤
. It ontains two

oordinates (xst, zst) in the oordinate frame ogxgzg desribing the position of the

stane foot and an angle vetor with �ve oordinates q = [q1, q2, q3, q4, q5]
⊤
for the

orientation of legs and torsos. Using q, the absolute angle of the swing tibia q6 is

given by:

q6 = q1 + q2 + q3 − q4 − q5 (3.1)

whih is used with (xsw, zsw) for alulating the impat model. We assume that the

positive angles are lokwise. In referene to the humanoid robot HRP-4, the total

mass is 39 kg and the total height is 1.5m [172℄. The re�eted motor inertias on the

joint sides of all the atuated joints are 0.8 kgm2
. The rest of the model parameters
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are extrated from proportional virtual anthropomorphi strutures automatially

generated using the total mass and the total height[173, 174℄. All the other param-

eters are listed in Table 3.1. Among them, the CoMs of the thighs and the torso

are measured in referene to the hip, and the CoMs of the shins are loated by their

distanes from the knees.

zg

og

xsw  zsw)

q4
q3

q2q5

q1
q6

lf

lt pt

pf

pT

lT

xg

xst zst)

Fig. 3.2: The generalized oordinates and the length information of the 5-link planar robot

Tab. 3.1: Model Parameters of the 5-link planar robot

Model Parameters Torso(T ) Thigh(f) Shin(t)

Mass,m∗(kg) 26.675 3.9360 2.227

Length,l∗(m) 0.693 0.404 0.404

Inertia,I∗(m2kg) 0.984 0.054 0.030

Center of Mass,p∗(m) 0.217 0.174 0.174

3.2.1 Swing Phase Model

The swing phase model is used to simulate the bipedal robot behavior when one of

the two feet in ontat with the ground. As the gait is assumed to be symmetri

aording to Hypothesis HPG4, it does not matter whih leg end is pinned, and

the swapping of the legs an be handled by the impat model. Let Q denote the

5-dimensional on�guration spae of the robot during the single support phase and

let q ∈ Q be the set of generalized oordinates with q = [q1, q2, q3, q4, q5]
⊤
. Using

the Lagrange method desribed in Setion 2.1, the dynami model during the swing

phase an be easily obtained:

D(q)q̈ + C(q, q̇) +G(q) = Bu =

[
01×4

I4×4

]
u (3.2)

where the matrix D is the (5× 5) inertia matrix, C is the (5× 1) vetor of Coriolis

and entrifugal terms, G is the (5× 1) vetor of gravity terms, and B is the (5× 4)
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matrix mapping the joint torques u = [u2, u3, u4, u5]
⊤
to generalized fores. The

matrix D also ontains rotor inertia estimated from a previous publiation [8℄. Let

x = [q⊤, q̇⊤]⊤ be the state variables of the robot and T Q = {x = (q⊤, q̇⊤)⊤|q ∈
Q, q̇ ∈ RN} be the state spae. The swing phase model an also be written in state

spae form:

ẋ =

[
q̇

D−1(q)[−C(q, q̇)q̇ −G(q) +Bu]

]

= f(x) + g(x)u

(3.3)

with f(x) and g(x) being:

f(x) =

[
q̇

−D−1(q)(C(q, q̇) +G(q))

]
(3.4)

g(x) =

[
05×4

D−1B

]
(3.5)

Note that D(q) is a positive de�nite matrix invertible for all q ∈ Q.

3.2.2 Impat Model

The impat model is used at the double support phase when the swing foot hits the

ground. There are di�erent impat models available for modeling bipedal walking.

For instane, the reation fores between the ground and the foot are sometimes

modeled with nonlinear spring-dampers in a ompliant impat model [177℄. How-

ever, the impat duration for ommon walking surfaes is very short and thus the

sti�ness of the orresponding di�erential equations makes it di�ult to inorporate

them into the analysis of walking gaits. Thus, we hoose to use the rigid impat

model from [178℄ to ollapse the impat phase to an instant. Consequently, the im-

pat fores are modeled by impulses, and a jump is allowed in the veloity omponent

of the robot's state while the on�guration variables remains onstant throughout

the impat.

The formulation of the impat model requires the dynami model de�ned by gen-

eralized oordinates qe = [xst, zst, q1, q2, q3, q4, q5]
⊤
. By implementing the Lagrange

method, the dynami model during the impat phase is given by:

De(qe)q̈e + Ce(qe, q̇e)q̇e + Ge(qe) = Beu+ δFimp (3.6)

where the matrix De is the (7×7) inertia matrix, Ce is the (7×1) vetor of Coriolis

terms and entrifugal terms, Ge is the (7 × 1) vetor of gravity terms, Be is the

(7 × 4) matrix mapping the joint torques u to generalized fores, and δFimp is the

impulsive impat fore. By integrating (3.6) over the "duration" of the impat and

then alulating its limit as ∆t = t+ − t− → 0, we eliminate the terms Ce(qe, q̇e)q̇e,

Ge(qe) and Beu and obtain the equation:

De(q
+
e )q̇

+
e −De(q

−
e )q̇

−
e = Fimp (3.7)



3.2. Dynami Model of Walking 59

where Fimp =
∫ t+
t− δFimp(τ)dτ is the integrated impulsive impat fore, and the

supersripts − and + respetively represents the state just before the impat and

just after the impat. Note that there is no relabeling among q−e , q
+
e , q̇

−
e and q̇+e ,

meaning that:

q−e = [x−
st, z

−
st, q

−
1 , q

−
2 , q

−
3 , q

−
4 , q

−
5 ]

⊤ q̇−e = [ẋ−
st, ż

−
st, q̇

−
1 , q̇

−
2 , q̇

−
3 , q̇

−
4 , q̇

−
5 ]

⊤
(3.8)

q+e = [x+
st, z

+
st, q

+
1 , q

+
2 , q

+
3 , q

+
4 , q

+
5 ]

⊤ q̇−e = [ẋ+
st, ż

+
st, q̇

+
1 , q̇

+
2 , q̇

+
3 , q̇

+
4 , q̇

+
5 ]

⊤
(3.9)

By Hypothesis HPI5, the on�guration of the robot remains unhanged during the

impat, and thus q+e = q−e . Aording to Hypothesis HPI2, there is no interation

between the former stane foot and the ground, and thus (3.7) an further be written

as:

De(q
+
e )q̇

+
e −De(q

−
e )q̇

−
e = Jv

sw(q
−
e )

⊤Fsw (3.10)

where Fsw = [F x
sw, F

z
sw]

⊤
represents the impat fores on the swing foot and Jv

sw =
∂
∂qe

[xsw, zsw]
⊤
with (xsw, zsw) being the oordinates of the swing foot. Aordingly,

the expression desribing the instantaneous hange of the veloity of the robot during

the impat an be formulated as:

Π(q−e )

[
q̇+e
Fsw

]
=

[
De(q

−
e )q̇e

02×1

]
(3.11)

where Π is de�ned as:

Π(q−e ) =

[
De(q

−
e ) −Jv

sw(q
−
e )

⊤

Jv
sw(q

−
e ) 02×2

]
(3.12)

Solving (3.12) yields: [
q̇+e
Fsw

]
= Π(q−e )

−1

[
De(q

−
e )q̇

−
e

02×1

]
(3.13)

Then q−6 and q̇+6 an be alulated by:

q−6 = q−1 + q−2 + q−3 − q−4 − q−5 (3.14)

q̇+6 = q̇+1 + q̇+2 + q̇+3 − q̇+4 − q̇+5 (3.15)

After impat, the former stane leg beomes the swing leg and vie versa, whih

means that the impat model must take into aount the relabeling of q. Aordingly

q−, q̇−, q+ and q̇+ are respetively given as:

q− = [q−1 , q
−
2 , q

−
3 , q

−
4 , q

−
5 ]

⊤ q̇− = [q̇−1 , q̇
−
2 , q̇

−
3 , q̇

−
4 , q̇

−
5 ]

⊤
(3.16)

q+ = [q+6 , q
+
5 , q

+
4 , q

+
3 , q

+
2 ]

⊤ q̇− = [q̇+6 , q̇
+
5 , q̇

+
4 , q̇

+
3 , q̇

+
2 ]

⊤
(3.17)

Aordingly, the impat model an be formulated as:

x+ = ∆(x−) =

[
∆qq

−

∆q̇(q
−)q̇−

]
=

[
q+

q̇+

]
(3.18)

where x− = [q−⊤, q̇−⊤]⊤. The relabeling and sign hanging inorporated by the

above funtions enable us to use the same swing phase model and the same impat

model no matter whih leg serves as the stane leg.
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3.2.3 Hybrid Model

The overall model of walking is obtained by ombining the swing phase model and

the impat model to form a hybrid model. Assuming that the state variable vetor

x(t) has �nite left and right limits x−(t) = limτրt x(τ) and x+(t) = limτցt x(τ), the

hybrid model is then formulated as:

Σ :





ẋ = f(x) + g(x)u x 6∈ S
x+ = ∆(x−) x− ∈ S

(3.19)

where S = {(q, q̇) ∈ TQ|zsw(q) = 0, xsw(q)− xst > 0} is the swithing surfae with

zsw, xsw and xst being the oordinates of the swing foot and the stane foot. The

mathematial meaning of a solution of the model (3.19) is given in Setion 2.3. A

omplete step of the robot starts with the robot in double support, ends in double

support with the roles of the legs swapped, and ontains only one impat event.

3.2.4 Point-foot Contat Model

The validity of the swing phase model is based on Hypothesis HPG2 whih assumes

that the stane foot is �rmly �xed to the ground. However, it is also possible that

the stane foot slips on the ground or just rises above the ground like our stane

foot does while we run. Assuming that the ground reation fore on the stane foot

is Fst = [F x
st, F

z
st]

⊤
, we an alulate it as a funtion of q, q̇ and q̈ using (2.19). Sine

the ontat is unilateral, we need to hek that the vertial omponent of Fst is

positive so that the bipedal robot does not jump during the single support phase,

that is:

F z
st > 0 (3.20)

Furthermore, it is also important to make sure that the stane foot does not slide

on the ground, and this an be prevented by adding the onstraint:

µfF
z
st − |F x

st| > 0 (3.21)

where µf is the oe�ient of frition between the foot end and the ground.

3.3 Feedbak Control Design

3.3.1 Controlled Outputs

During the swing phase, the bipedal robot has four independent atuators, and thus

the dimension of the outputs equals to four. The output funtion is de�ned as:

y = h(q) = h0(q)− hd ◦ θ(q) (3.22)

where h0(q) is independent ontrolled quantities, θ(q) represents a stritly monotoni

funtion of the robot's state and hd ◦ θ(q) indiates the ideal evolution of these

quantities as a funtion of the salar quantity θ(q) [8℄. Driving the outputs y to

zero fores h0(q) to trak hd ◦ θ(q), and thus the posture of the robot is ontrolled to

evolve aording to the virtual onstraints

1 h0(q)− hd ◦ θ(q) = 0 parameterized by

1

The onstraint is virtual beause it does not arise from a physial onnetion among di�erent

variables but rather from the ations of a feedbak ontroller
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θ(q). This ontrol method di�ers from lassial trajetory traking method beause

the desired evolution of h0(q) is only related to θ(q), a funtion of the robot's state,

instead of time. As a result, the ontrol system using these ontrolled outputs an

be highly autonomous. For our 5-link planar robot, θ is formulated as:

θ(q) = q1 +
lf

lf + lt
q2 =

ñ
1,

lf
lf + lt

, 0, 0, 0

ô
q = cθq (3.23)

where cθ is (1×5) onstant row vetor and θ(q) is the linearized angle of the virtual

stane leg, whih is de�ned as the line onneting the stane hip and the stane foot.

Intuitively, two tasks are essential for ahieving bipedal walking: posture ontrol

and swing leg advanement. Posture ontrol maintains the torso in an almost upright

position, while swing leg advanement ensures a desired step length. For a 3-link

ompass gait robot in Figure 3.3(a), this an be ahieved by enforing the absolute

torso angle θT = 0 and the absolute angle of the bisetor of virtual swing leg and

virtual stane leg θsymm = 0. This has been done in [6℄ where the stability is ahieved

using a �nite-time feedbak ontroller. Inspired by this work, we propose, for a 5-link

robot illustrated in Figure 3.3(b), the ontrolled outputs named "symmetry outputs"

that an re�et the simplest version of posture ontrol and swing leg advanement

of a ompass gait robot [121℄, and the orresponding outputs are de�ned as:

h0(q) = H0q = [θT , θsymm, q3, q5]
⊤

(3.24)

θsymm = q1 +
(2lf + lt)q2 − ltq5

2(lf + lt)
+

q3 − q4
2

(3.25)

θT = q1 + q2 + q3 (3.26)

where H0 is a (4× 5) onstant matrix, θT is also the absolute angle of the torso and

θsymm is the linearized absolute angle of the bisetor of virtual swing leg and virtual

stane leg. As for hd, its de�nition is related to spei� feedbak designs, whih will

be disussed in the next setion.

bisector stance leg

swing leg

bisector
virtual

stance leg

virtual

swing leg

θT

(a) 3-link biped (b) 5-link biped 

θT

θsymm θsymm

θ

Fig. 3.3: The geometri interpretation of the ontrolled outputs.
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3.3.2 Swing Phase Control

Sine from HPI6 the atuators have no in�uene during the impat phase, it is lear

that the ontroller of the bipedal robot an only work during the swing phase. The

purpose of the swing phase ontrol is to design a nonlinear ontroller apable of

gradually ompelling the bipedal robot to evolve on a zero dynami surfae.

Note that the outputs (3.22) depend only on the on�guration variables. Beause

of the seond order nature of the robot model, the derivative of the output along

solutions of (3.3) does not depend diretly on the inputs. By di�erentiating the

outputs, we have:

dy

dt
=

∂h

∂x
ẋ

=

ñ
∂h

∂q

∂h

∂q̇

ô [[
q̇

D−1
î
−Cq̇ −G

ó
]

︸ ︷︷ ︸
f

+

[
0

D−1B

]

︸ ︷︷ ︸
g

u

]

=

ñ
∂h

∂q
0

ô [
q̇

D−1
î
−Cq̇ −G

ó
]

︸ ︷︷ ︸
Lfh

+

ñ
∂h

∂q
0

ô [
0

D−1B

]

︸ ︷︷ ︸
Lgh

u

= Lfh(q, q̇)

(3.27)

where Lgh = 0. Sine the outputs do not appear in the equation above, we need to

di�erentiate the output again:

d2y

dt
=

ñ
∂

∂q

Ç
∂h

∂q
q̇

å
∂h

∂q

ô [[
q̇

D−1
î
−Cq̇ −G

ó
]
+

[
0

D−1B

]
u

]

=

ñ
∂

∂q

Ç
∂h

∂q
q̇

å
∂h

∂q

ô [
q̇

D−1
î
−Cq̇ −G

ó
]

︸ ︷︷ ︸
L2
f
h

+
∂h

∂q
D−1Bu

︸ ︷︷ ︸
LgLfh

= L2
fh(q, q̇) + LgLfh(q)u

(3.28)

where matrix LgLfh(q) is the deoupling matrix.

The equation (3.28) shows that the robot system is a MIMO system with vetor

relative degree (2, · · · , 2). Assume that

‹Q is an open subset of Q suh that for

eah q ∈ ‹Q, the deoupling matrix LgLfh(x) is square and invertible. Aording to

(2.43) and (2.44), a valid oordinate transformation Φ(x) = [η⊤, ξ⊤]⊤of T ‹Q = {x =

(q⊤, q̇⊤)⊤|q ∈ ‹Q, q̇ ∈ RN} is:

η1 = h(q), η2 = Lfh(q, q̇)

ξ1 = θ(q), ξ2 = Lfθ(q, q̇)
(3.29)

In these oordinates, the normal form of the system onsisting of (3.3) and (3.22)

beomes:

η̇1 = η2, η̇2 = L2
fh+ LgLfhu

ξ̇1 = ξ2, ξ̇2 = L2
fθ + LgLfθu

y = η1

(3.30)
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Sine the olumns of g in (3.5) are involutive, there exists a smooth salar funtion

γ suh that:

η1 = h(q), η2 = Lfh(q, q̇)

ξ1 = θ(q), ξ2 = γ(q, q̇)
(3.31)

is a valid oordinate transformation with Lgγ = 0. With the point feet de�ned in

HPR3, q1 is an absolute angular oordinate as long as HPG2 is satis�ed, and all the

other oordinates (q2, · · ·, q5) during the single support phase are relative angular

oordinates. As suh, the hypothesis HPR6 is guaranteed, and aordingly γ(q, q̇)

an be expliitly omputed to be the �rst entry of D(q)q̇ by applying the proof of

the Frobenius theorem of [160℄. As a result, (3.30) beomes:

η̇1 = η2, η̇2 = L2
fh(q, q̇) + LgLfh(q)u

ξ̇1 = Lfθ(q, q̇), ξ̇2 = Lfγ(q, q̇)

y = η1

(3.32)

Enforing the output y ≡ 0 auses h(x) = 0 and Lfh(x) = 0, whih renders the

robot system evolving on the zero dynamis manifold Z, whih is de�ned as:

Z = {x ∈ T ‹Q|h(x) = 0, Lfh(x) = 0} (3.33)

Thus the zero dynamis evolving on Z an be written as ż = fzero(z) with fzero(z)

de�ned as:

fzero(z) = f(z) + g(z)u∗(z) ∈ TzZ, ∀z ∈ Z (3.34)

To ahieve this, the ontroller an be reated by ombining a stati state feedbak

ontroller and a linear state feedbak ontroller. Implementing the stati state feed-

bak ontrol law:

u(x) = (LgLfh(x))
−1(vs − L2

fh(x)) (3.35)

to (3.3) results in:

d2y

dt2
= vs (3.36)

Assuming KD and KP are (4×4) positive de�nite matries and ǫ is a positive salar,

the linear state feedbak ontrol law is then hosen to be:

vs = −1

ǫ
KDLfh(x)−

1

ǫ2
KPh(x) (3.37)

so that the η subsystem has the following harateristi equation:

ÿ = −1

ǫ
KDẏ −

1

ǫ2
KPy (3.38)

Thus the feedbak ontrol apable of rendering Z forward invariant and attrative

is given by:

u = −(LgLfh(x))
−1(L2

fh(x) +
1

ǫ
KDLfh(x) +

1

ǫ2
KPh(x)) (3.39)
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-

Fig. 3.4: Feedbak loop of the ontrol law that renders Z forward invariant and attrative.

The feedbak loop diagram of the ontrol law is illustrated in Figure 3.4. For robot

system already evolving on Z, the feedbak ontrol for keeping the system evolving

on Z is:

u∗(x) = −(LgLfh(x))
−1L2

fh(x) (3.40)

The evolution of q and q̇ on the zero dynamis manifold an be given by:

q =

[
H0

cθ

]−1 [
hd(ξ1)

ξ1

]
(3.41)

q̇ =

[
∂h
∂q

γ0

]−1 [
0

ξ2

]
(3.42)

3.3.3 Stability Analysis

From Theorem 2.2, an exponentially stable periodi orbit of the hybrid zero dynam-

is is also an exponentially stable periodi orbit of the full-dimensional losed-loop

system as long as ǫ in (3.39) is su�iently small. Therefore, the question now is to

�nd an exponentially stable periodi orbit of the hybrid zero dynamis.

Suppose that S∩Z is a smooth, one-dimensional, embedded submanifold of TQ.

If ∆(S ∩ Z) ⊂ Z, then from [84℄ the nonlinear system with impulse e�ets:

Σzero :





ż = fzero(z) z− 6∈ S ∩ Z, z ∈ Z
z+ = ∆(z−) z− ∈ S ∩ Z

(3.43)

is the hybrid zero dynamis. Using the oordinate set (3.31), the zero dynamis

beomes:

ξ̇1 = Lfθ(q, q̇) = κ1(ξ1)ξ2

ξ̇2 = Lfγ(q, q̇) = κ2(ξ1)
(3.44)

where κ1(ξ1) and κ2(ξ1) are given by:

κ1(ξ1) =
∂θ

∂q

[
∂h
∂q

γ0

]−1 [
0

1

]∣∣∣∣∣∣
Z

(3.45)

κ2(ξ1) = −∂V

∂q1

∣∣∣∣∣
Z

(3.46)

with V (q) being the potential energy of the biped, γ0 = D1 (the �rst row of D) and

∂V/∂q1 = G1 (the �rst entry of G(q)). By adopting the robot hypotheses HPR1-

HPR6, the gait hypotheses HPG1-HPG6 and the impat hypotheses HPI1-HPI6, the
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return map ∆: (ξ−1 , ξ
−
2 ) → (ξ+1 , ξ

+
2 ) an be expliitly alulated using the oordinate

set (ξ1, ξ2) = (θ, λ), that is:

S ∩ Z = {(ξ−1 , ξ−2 )|ξ−1 = θ−, ξ−2 ∈ R} (3.47)

ξ+1 = θ+ (3.48)

ξ+2 = δzeroξ
−
2 (3.49)

where δzero is a onstant alulated in advane by:

δzero = γ0(q
+)∆q̇(q

−)σq̇(q
−) (3.50)

σq̇(q
−) =

[
∂h
∂q
(q−)

γ0(q
−)

]−1 [
0

1

]
(3.51)

Sine θ is de�ned to be monotoni, ξ̇1 is non-zero over any step. Therefore, the 2-

dimensional dynamial system (3.44) an be equivalent to a 1-dimensional dynamial

system one oordinate transformation ζ2 =
1
2
(ξ2)

2
is adopted, yielding:

dζ2
dξ1

=
κ2(ξ1)

κ1(ξ1)
(3.52)

For θ+ ≤ ξ1 ≤ θ−, de�ne:

Vzero(ξ1) = −
∫ ξ1

θ+

κ2(ξ1)

κ1(ξ1)
dξ (3.53)

It is possible to prove that the Poinaré return map of the hybrid zero dynamis,

ρ : S ∩ U → S ∩ U is di�eomorphi to a salar LTI system [84℄, given by:

ρ(ζ−2 ) = δ2zeroρ(ζ
−
2 )− Vzero(θ

−) (3.54)

We an determine whether a non-trivial periodi orbit of the hybrid zero dynamis

exists by judging if:

δ2zero
1− δ2zero

Vzero(θ
−) +K < 0, (δ2zero 6= 0) (3.55)

where K = maxVzero(ξ1) with θ+ ≤ ξ1 ≤ θ−. Furthermore, if 0 < δ2zero < 1 also

holds, the periodi orbit is exponentially stable with the �xed point being:

ξ∗1 = cθq
−, ζ∗2 =

−Vzero(θ
−)

1− δ2zero
(3.56)

Given ξ∗1 and ζ∗2 , ξ2(ξ1, ζ
∗
2 ) an be further alulated by:

ξ2(ξ1, ζ
∗
2) = −

»
2(δ2zeroζ

∗
2 − Vzero(ξ1)) (3.57)

and t(ξ2) an be alulated as:

t(ξ2) =
∫ θ−

θ+

1

κ1(ξ1)ξ2(ξ1, ξ
−
2 )

dξ1 (3.58)

Then the whole evolution of a periodi step is given by (3.40), (3.41) and (3.42).
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3.4 Optimization of Walking Motion

The optimization of walking motion an be viewed as a nonlinear onstrained op-

timization problem. As mentioned in (2.66), this involves the de�nition of an opti-

mization parameter vetor ϑ, an objetive funtion ℏ(ϑ) and several salar-valued

funtions ci(ϑ) with i ∈ Eset or i ∈ Iset (note that Eset ∩ Iset = ∅) representing

respetively equality onstraints or inequality onstraints. From the angle of gait

optimization based on hybrid zero dynamis, ϑ is used to parameterize hd, ℏ(ϑ) is
equivalent to a ost funtion that quanti�es one partiular aspet of walking gait

suh as energy e�ieny, and ci(ϑ) is used to ensure the validity of the walking suh

as the ontat ondition of the stane foot.

3.4.1 Parameterization of hd

The optimization parameters we hoose is based on Bézier polynomials. Following

the same proedure in [8℄, we start by normalizing the θ(q) as:

s(q) =
θ(q)− θ+

θ− − θ+
(3.59)

with θ+ being the minimum value of θ(q) and θ− the maximum value of θ(q). Then

hd ◦ θ(q) an be written as:

hd ◦ θ(q) = BZ ◦ s(q) (3.60)

where BZ(s) = [b1(s), · · · , b4(s)]⊤. Eah bi(s) an be further de�ned by:

bi(s) =
5∑

k=0

aik
5!

k!(5− k)!
sk(1− s)5−k

(3.61)

whih is a Bézier polynomial of degree 5. Group the parameters aik into (4 × 1)

vetors as ak = [a1k, · · · , a4k]⊤.
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Fig. 3.5: A typial 5-degree Bézier urve.

An example of a Bézier polynomial of degree 5 is depited in Figure 3.5. Suh

kind of polynomials have three useful features ruial for optimization:



3.4. Optimization of Walking Motion 67

1. the image of the Bézier polynomials is ontained in the onvex hull of the

oe�ients {(0, ai0), (1/5, ai1), · · · , (1, ai5)};

2. bi(0) = ai0 and bi(1) = ai5;

3. (∂bi(s)/∂s)|s=0 = 5(ai1 − ai0) and (∂bi(s)/∂s)|s=1 = 5(ai5 − ai4)

The �rst feature implies that the polynomial does not exhibit large osillations with

small parameter variations, meaning that Bézier polynomials are numerially stable.

This is ruial for running optimization program. The seond two features an be

used to ahieve ∆(S ∩ Z) ⊂ Z.

Assuming ∆(S ∩ Z) ⊂ Z, we an evaluate (3.41) with given θ+ and θ−:

q+ = H−1

[
a0
θ+

]
q− = H−1

[
a5
θ−

]
(3.62)

where H = [H⊤
0 , c

⊤
θ ]

⊤
. Note that θ− an be alulated by the vetor a5 using

zsw(q
−) = 0. From q+ = ∆qq

−
, we an alulate the vetor a0 diretly from a5

using: [
a0
θ+

]
= H∆qH

−1

[
a5
θ−

]
(3.63)

Evaluating ∂hd/∂θ at θ+ yields:

∂hd

∂θ

∣∣∣∣∣
θ=θ+

=
∂BZ

∂s

∂s

∂θ

∣∣∣∣∣
θ=θ+

=
5

θ− − θ+
(a1 − a0) (3.64)

Ahieving Lfh ◦∆(S ∩Z) = 0 means that q̇ must fall in the null spae of ∂h(q)/∂q,

whih is formulated as:

∂h(q)

∂q

∣∣∣∣∣
q=q+

q =

ñ
H0 −

5

θ− − θ+
(a1 − a0)cθ

ô
q̇+ = 0 (3.65)

Thus the vetor a1 an also be alulated using the vetors a5 and a4 by the equation:

a1 =
θ− − θ+

5cθq̇+
H0q̇

+ + a0 (3.66)

where q̇− = σq̇(q
−
0 ) and q̇+ = ∆q̇(q

−
0 )q̇

−
. Using (3.63) and (3.66), hybrid invariane

is realized.

Although the parameter set {a2, a3, a4, a5} is able to determine hd, it is not

obvious how the posture of the robot is. As suh, we replae parameter vetor a5
with the postural parameter vetor indiating the robot postural right before the

impat. As illustrated in Figure 3.6, de�ne the �xed oordinate frame as ostxstzst,

the postural parameter vetor is de�ned as:

φP = [θ−T , x
−
h , z

−
h , x

−
sw]

⊤
(3.67)

where (x−
h , z

−
h ) is the oordinates of the hip with referene to the frame xstzstost and

x−
sw is the oordinate of the swing foot along the xst axis.
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Indeed, the parameter vetor a5 an be diretly alulated by φP . Assuming

that z−h 6= 0, we an solve a inverse kinematis problem and obtain the generalized

oordinates q−1 , q
−
2 , q

−
3 , q

−
4 , q

−
5 and q−6 using φP by the following equations:

q−1 = arctan

Ç
x−
h

z−h

å
+ arccos

(
l2t + (x−

h )
2 + (z−h )

2 − l2p
2lt((x

−
h )

2 + (z−h )
2)

)
(3.68)

q−2 = −π + arccos

(
l2p + l2t − (x−

h )
2 − (z−h )

2

2lplt

)
(3.69)

q−3 = θT − q−1 − q−2 (3.70)

q−6 = arctan

Ç
x−
h − x−

sw

z−h

å
+ arccos

(
l2t + (x−

h − x−
sw)

2 + (z−h )
2 − l2p

2lt((x
−
h − x−

sw)
2 + (z−h )

2)

)
(3.71)

q−5 = −π + arccos

(
l2p + l2t − (x−

sw − x−
h )

2 − (z−h )
2

2lplt

)
(3.72)

q−4 = θT − q−6 − q−5 (3.73)

Then a5 an be alulated by:

a5 = H0q
−

(3.74)

where q− = [q−1 , q
−
2 , q

−
3 , q

−
4 , q

−
5 ]

⊤
. Thus we have obtained a5 diretly from the posture

parameter vetor φP .

In onlusion, the parameter vetor ϑ for optimization is:

ϑ = [φ⊤
P , a

⊤
2 , a

⊤
3 , a

⊤
4 ]

⊤
(3.75)

whih ontains 16 parameters.

ost

zst

xst
xsw

xh zh)

θT

Fig. 3.6: The posture parameters of the 5-link planar biped.

3.4.2 Optimization Criterion

An appropriate ost funtion is neessary for alulating the optimization riterion.

For biped robots atuated by DC motors or brushless motors, the eletrial power

of eah motor is roughly proportional to the square of the urrent going through its

oil, and the urrent is in turn proportional to the torque exerted by this motor. In
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order to re�et motor energy per distane traveled, the ost funtion is de�ned as

the integral of the norm of the torque for a displaement of one meter:

C(ϑ) =
1

d

∫ ⊤

0

5∑

i=2

(u∗
i (t))

2dt (3.76)

where T is the step duration and d = x−
sw is the step length. To simplify the

alulation, the ost funtion an equally be written as:

C(ϑ) =
1

d

∫ θ−

θ+

∑5
i=2(u

∗
i (ξ1, ξ2))

2

κ1(ξ1)ξ2(ξ1, ξ
−
2 )

dξ1 (3.77)

The validity of the ost funtion depends on whether there is a valid �xed point

(ξ∗1 , ζ
∗
2) as de�ned in (3.56). Indeed, there are three situations where we annot

alulate (ξ∗1 , ζ
∗
2):

1. a5 alulated by the inverse kinematis (3.68), (3.69), (3.70), (3.72), (3.73) and

(3.74) ontains omplex numbers;

2. a5 is valid but δ2zero ≥ 1 or δ2zero = 0;

3. a5 is valid and 0 < δ2zero < 1 but δ2zeroVzero(θ
−)/(1− δ2zero) +K > 0.

Thus the objetive funtion ℏ(ϑ) an be de�ned as:

ℏ(ϑ) =




C(ϑ) (ξ∗1 , ζ

∗
2) is valid

NaN else
(3.78)

where NaN stands for "not a number" and C(ϑ) is alulated by (3.77).

3.4.3 Constraints

For ensuring the validity of the optimal walking gaits with referene to ertain

requirements, it is neessary to de�ne orresponding onstraints. As illustrated in

Figure 3.7, these onstraints inlude:

CP1) The torso onstraint prevents the torso from leaning bakward or exes-

sively forward, i.e., 0 < θ−T < π/4;

CP2) The hip onstraint prevents extremely low hip position, i.e., z−h > 0.72 (m);

CP3) The impulsive impat fore given in (3.12) must be upward:

c1 = −F z
sw ≤ 0 (3.79)

CP4) The post-impat veloity of the swing foot is upward;

c2 = −ż+sw ≤ 0 (3.80)

CP5) The swing foot must not touh the ground prematurely:

c3 = − min
0<s<1

(zsw(s)) < 0 (3.81)
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CP6) The knees of both the swing leg and the stane leg only bend in forward

diretion:

c4 = max
0≤s≤1

(q2(s)) ≤ 0 (3.82)

c5 = max
0≤s≤1

(q5(s)) ≤ 0 (3.83)

CP7) The stane foot ontat onstraints as de�ned by (3.20) and (3.21):

c6 = max
0≤s≤1

(−F z
st(s)) < 0 (3.84)

c7 = max
0≤s≤1

(|F x
st(s)| − µfF

z
st(s)) < 0 (3.85)

CP8) The average walking speed equals to the desired speed:

c8 = d/tstep − vd = 0 (3.86)

where vd represents the desired walking speed and tstep is the duration of

eah step given by (3.58).

Among all the onstraints, CP1 and CP2 are treated as the bounds of the optimiza-

tion parameters ϑ, CP3-CP7 are nonlinear inequality onstraints, and CP8 is non-

linear equality onstraint. Aordingly, we have Eset = {8} and Iset = {1, 2, · · · , 7}.
As in the ase ℏ(ϑ), it is possible that we annot alulate the onstraints. In those

situations, the orresponding onstraints ci =NaN for all i ∈ Iset ∪ Eset.

swing foot

height 

CP6

knee 

rotation

CP1 

torso angle 

CP4

swing foot

post-impact

velocity 

CP7

stance foot

contact force

CP3

impulsive 

impact force

CP2

hip height
-

Fig. 3.7: The nonlinear inequality optimization onstraints for the 5-link planar biped.

3.4.4 Optimization Realization

As illustrated in Figure 3.8, there are three major steps in alulating the objetive

funtion ℏ(ϑ) and the onstraints c(ϑ). The equations involved in these steps are

explained below:

1. Calulate the evolution of the zero dynamis. (i) Solve the inverse dynamis

using (3.68), (3.69), (3.70), (3.72), (3.73) and (3.74). (ii) Parameterize hd

using (3.63), (3.66), (3.61), (3.60) and (3.59). (iii) Calulate the evolution of

ξ1 and ξ2 using (3.50), (3.51), (3.45), (3.46), (3.53), (3.56), (3.57) and (3.58).
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2. Calulate the evolution of the omplete system using (3.40), (3.41), (3.42),

and (3.3).

3. Calulate the ost funtion and the onstraints using (3.77), (3.79), (3.80),

(3.81), (3.82), (3.83), (3.84), (3.85) and (3.86).

ϑ

Calculate the evolution of 

the zero dynamics

Valid ξ? 

Calculate the evolution of 

the complete system

ξ

Calculate the cost function

and the constraints

Optimum ?

fmincon sqp

Stop

ϑ

Y
N

N

q, q, q, u

h(ϑ), c(ϑ) 

Y

h(ϑ)=NaN
�(ϑ)=NaN 

ϑk+1
0

0

0

0 0

*

Fig. 3.8: Optimization proess using fminon

After the programming of ℏ(ϑ) and c(ϑ), the optimization is performed using

MATLAB

R©
Optimization toolbox. As the optimization of bipedal walking is ate-

gorized as a onstrained optimization, the MATLAB

R©
funtion fminon (R2010b)

is suited for this purpose. There are four di�erent optimization algorithms provided

by fminon: trust-region-refletive, interior-point, sqp and ative-set.

Among them, sqp is hosen as our optimization method for its superiority in han-

dling the situation where the objetive funtion ℏ(ϑ) and the onstraint funtion c(ϑ)

annot provide valid results due to the violation of ertain requirements suh as the

existene of a �xed point in our ase. One these two funtions return NaN, the sqp

solver an attempt to evaluate at a di�erent point. In addition, the fminon fun-

tion allows users to de�ne not only an objetive funtion and a nonlinear onstraint

funtion but also linear onstraints and bounds of the optimization parameters. For

the 5-link bipedal robot, the bounds of the optimization parameters are de�ned to

prevent large lean-angle of the torso (CP1) and extremely low hip position (CP2).

The optimization proess is an iterative proess. As depited in Figure 3.8, the

fminon sqp solver starts from a given initial parameter vetor ϑ0 and ontinues

searhing for better ϑk until it �nds an optimum ϑ∗
that satisfying stopping riterion

suh as KKT onditions in Setion 2.4.
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3.5 Results and Analysis

As the stability of the hybrid zero dynamis is well de�ned, we no longer need

to run a simulation to prove the stability of the walking. For desired speed of

0.7m/s, the evolution of zero dynamis is demonstrated in Figure 3.9. In addition,

we also have ζ∗2 = 544.30 (kgm2/s)2, δ2zero = 0.739, Vzero(θ
−) = −142.11 (kgm2/s)2,

K = 200.32 (kgm2/s)2. Assuming the onstraints are satis�ed, the walking motion

is exponentially stable sine 0 < δ2zero < 1 and δ2zeroVzero(θ
−)/(1 − δ2zero) + K =

−201.86 < 0. The stability of the remaining optimized walking motions of the

planar biped an be veri�ed similarly.
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Fig. 3.9: The zero dynamis of the 5-link planar biped walking at 0.7m/s

The Froude number, ommonly used to study trends in animal gait patterns, is

onsidered when hoosing the range of average walking speed for optimization. It is

de�ned as the ratio of the entripetal fore around the enter of motion, the foot,

and the weight of the animal walking:

Fr =
mbv

2
0/lc

mbge
=

v20
gelc

(3.87)

where Fr represents the Froude number, mb is the total mass of the entire body, lc is

the harateristi length, v0 is the walking speed and ge is the gravity aeleration.

In analyses of bipedal walking, a walking limb is often modeled as an inverted

pendulum, where the enter of mass goes through a irular ar entered at the foot

[179℄. If the harateristi length is equal to the total leg length, then the theoretial

maximum speed of walking has a Froude number of 1.0 sine any higher value would

theoretially result in the stane foot losing ontat with the ground. For human

beings, the typial transition speed from bipedal walking to running ours with

Fr ≈ 0.5 [180℄. However, the maximum Froude number of walking for the latest

version of ASIMO

2

is less than 0.1. For our 5-link robot (and the 8-link 3D bipedal

robot that will be studied later on), we have hosen a maximum Froude number

of 0.3 for our design, whih is muh larger than those of most humanoid robots.

2

For the latest version of ASIMO, the total mass equals 54kg, the maximum walking speed is

2.7km/h and its leg length is around 0.7m.
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Aordingly, the maximum speed for our robot is about 1.5m/s. Sine our intention

is to study dynamial walking, we do not explore all the speeds, and thus the gaits

with walking speeds below 0.2m/s are not inluded.

Figures 3.10 to 3.12 present some harateristis of the optimal walking as fun-

tions of the average walking speed. On the left-hand side of Figure 3.10, the energy

osts of the entire robot (the blak urve) and its atuators are depited respe-

tively, and on the right-hand side we an see the perentage of the total energy ost

onsumed by eah atuator. At walking speed ranging from approximately 0.5m/s

to 1.5m/s, it is obvious from the �gure that the atuators of the hip joints are

responsible for the most part of the robot's energy onsumption. The variations of

optimized posture parameters at various speeds are provided in Figure 3.11, and the

step frequeny and step duration at di�erent speeds are illustrated in Figure 3.12.

These values are lose to the results in [115℄ with similar model parameters, but in

this thesis we have no onstraints over the maximum torques of the atuators.
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Fig. 3.10: The energy ost urves of the 5-link planar biped and its atuators at di�erent

walking speeds.

0 0.5 1 1.5

0.76

0.78

0.8

Speed [m/s]

D
is
ta
n
ce

[m
]

 

 

0 0.5 1 1.5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

D
is
ta
n
ce

[m
]

Speed [m/s]

 

 

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

A
n
g
le

[r
a
d
]

 

 

θ−T

z−h

x−h x−sw

Fig. 3.11: The optimized postural parameters of the 5-link biped at di�erent speeds.
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Fig. 3.12: The step duration and step frequeny of the 5-link biped at di�erent speeds.
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Fig. 3.13: The stik harts of the 5-link biped walking at various speeds.

The stik harts of the gaits at 0.3m/s, 0.7m/s, 1.1m/s and 1.5m/s are drawn

in Figure 3.13. Among them, the detailed data for walking at 0.7m/s and 1.5m/s

are illustrated respetively in Figures 3.14 to 3.20. In Figure 3.14, we an see that

θT remains almost onstant within a step while the variation of θsymm is muh more

obvious. In addition, it is also interesting to note that the relation between t and

θ is almost proportional, meaning that θ(q) in (3.23) is a good replaement of time

in indiating the progress of the urrent step. As illustrated in Figure 3.16, the

maximum absolute torques of the hip joints are greater than the maximum absolute

torques of the knee joints for both speeds. Aording to Figure 3.17, the atuators

of the hip joints produe roughly equal amounts of mehanial powers than the

atuators of the knee joints while at high speeds the mehanial powers from the

atuators of the hip joints are almost dominant. In addition, for all the atuators,

the negative powers and the positive powers are lose in amount, whih indiates

that there is a possibility of reyling negative mehanial energy and improving

energy e�ieny.
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Fig. 3.14: The angle urves of joints and outputs of the 5-link planar biped walking at

0.7m/s and 1.5m/s.
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Fig. 3.16: The torque urves of the atuated joints of the 5-link planar biped walking at

0.7m/s and 1.5m/s.
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Fig. 3.17: The mehanial output powers of the atuators of the 5-link planar biped walk-

ing at 0.7m/s and 1.5m/s (two steps) with solid lines representing stane joint

angles, dashed lines representing swing joint angles, and green dashed lines rep-

resenting the jumps aused by the impat
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In order to verify that the stane foot does not slid within one step, the urves

of the ground reation fores are depited in Figure 3.18. We an see learly that

F z
st dereases at the end of a periodi step, espeially for the speed of 1.5m/s. For

walking at 0.7m/s, the absolute value of F x
st is omparatively small ompared with

F z
st. However, for walking at 1.5m/s, the absolute value of F x

st is almost the same

with F z
st at the end of a step, whih means the stane foot is on the verge of sliding

(in this thesis the frition oe�ient µf = 1). All these phenomenons indiate that

the margin left for the stane leg to remain ontat with the ground instead of slide

and take o� beomes more and more limited as the walking speed inreases. As for

the swing foot, we an verify that it does not ontat the ground before the end of

step in Figure 3.20. It is also interesting to mention that the vertial oordinate of

the robot's CoM depited in the Figure 3.19 is not onstant during the step, whih

di�ers from one of the key assumptions of the Linear Inverted Pendulum Model

(LIPM) [48℄. This also shows that the movement of the robot is highly dynami.
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Fig. 3.18: The ground reation fores of the 5-link planar biped walking at 0.7m/s and

1.5m/s.

−0.2 −0.1 0 0.1 0.2

0.78

0.79

0.8

0.81

0.82

0.83

0.84

0.85

0.86

0.87

longitudinal position[m]

ve
rt
ic
a
l
p
o
si
ti
o
n
[m

]

 

 

hip position mass center

(a) 0.7m/s

−0.2 0 0.2 0.4

0.75

0.76

0.77

0.78

0.79

0.8

0.81

0.82

longitudinal position[m]

ve
rt
ic
a
l
p
o
si
ti
o
n
[m

]

 

 

hip position mass center

(b) 1.5m/s

Fig. 3.19: The trajetories of the hip and the CoM of the 5-link planar biped walking at

0.7m/s and 1.5m/s.
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Fig. 3.20: The trajetories of the swing foot of the 5-link planar biped walking at 0.7m/s

and 1.5m/s.

3.6 Conlusion

In this hapter, we have disussed how to use feedbak linearization and zero dy-

namis to ahieve optimized ontrol of planar bipedal robots with point feet. A

5-link planar biped derived from HRP-4 [172℄ with a torso, two thighs, two shins

(with point feet) is used as an example to demonstrate the orresponding methods

of modeling, ontrolling and optimizing. Unlike the previous work in [8℄, we have

adopted �xed base models to ahieve oherene with the models and parameters of

a 8-link 3D biped in Chapter 5. The dynami model of the robot is omposed of an

impat model and a swing phase model to form a hybrid model. During the swing

phase, the method of feedbak linearization is adopted to apply virtual onstraints,

whih are de�ned by ontrolled output, on the joints of the robot. In this thesis, we

have de�ned "Symmetry Output" as the ontrolled output to failitate the geometri

interpretation of posture ontrol and swing leg advanement. The ideal evolution of

the virtual onstraints are parameterized by Bézier polynomials as funtions of the

normalized value of the linearized absolute angle of the virtual stane leg formed by

the line onneting the hip to the feet. Thereafter, the gait stability is analyzed by

a salar LTI return map, whih is a speial ase of Restrited Poinaré map for sys-

tems with one degree of underatuation. In order to �nd feasible and energy e�ient

gaits for our planar biped at di�erent speeds, we have developed an optimization

program using the SQP algorithm and the fminon funtion in MATLAB

R©
. The

optimization riterion is de�ned based on the energy onsumption of DC motors or

brushless motors and the optimization onstraints are used to verify the require-

ments of ground ontat, swing foot learane, and so on. The gait optimization is

performed at di�erent walking speeds from 0.2m/s to 1.5m/s. The stability and

feasibility of these results are all validated. The maximum riterion is 3161N2ms at

1.5m/s and the minimum riterion is 43N2ms at 0.2m/s.



4. ELASTIC COUPLINGS FOR THE 5-LINK PLANAR BIPED

The work presented in this hapter fouses on exploring the superiority of adding

elasti ouplings (in form of hip springs) to planar bipeds using gait optimization.

This is realized by adding spring onstants (sti�ness and unloaded positions) to the

optimization parameters and optimizing gaits to obtain minimal energy ost. A

similar study has been made on analyzing the ontribution of elasti ouplings in

a 3-link biped [150℄ and a 5-link biped [109℄. Inspired by this, we intend to study

the elasti ouplings in our 5-link robot. Compared with this previous researh, the

major di�erenes of our work are: (i) the ost funtion (3.76) used in our analysis

is more general and does not require detailed de�nition of atuators suh as gear

ratio and motor e�ieny; (ii) the symmetry outputs are adopted in the feedbak

linearization. The elasti ouplings are applied in the form of linear torsion springs

with two di�erent on�gurations: either by onneting one thigh to another or via

onneting two thighs respetively to the torso. The optimization is performed

by inluding spring onstants (sti�ness and unloaded positions) in the optimization

parameter. Thereafter, the optimized sti�ness of the torso spring is used to alulate

the referene step frequeny whih is twie the natural frequeny of a pendulum

formed by the swing leg with its knee being loked. The results show that both

on�gurations an signi�antly redue the overall energy ost of our 5-link planar

biped and render the step frequeny to approah the referene step frequeny at

di�erent walking speeds so that the robot is really walking in resonane.

This hapter is organized as follows. Setion 4.1 deals with the modeling of

elasti ouplings and the de�nition of the referene step frequeny of the swing leg.

Setion 4.2 provides detailed results onerning two di�erent on�gurations of linear

torsion springs. Setion 4.3 provides a short disussion omparing two oupling ases

and results from other researh. Finally, a onlusion is given in Setion 4.4.

4.1 Modeling of Elasti Couplings

Sine elasti omponents annot produe impulses during the impat, they have no

in�uene on the 5-link planar biped's impat model. As for the swing phase model,

the equation (3.2) an now be written as:

D(q)q̈ + C(q, q̇) +G(q) = B(u+ τe(q)) (4.1)

where τe = [τe2, τe3, τe4, τe5]
⊤
represents the torques generated by elasti ouplings.

Note that we do not add elasti ouplings to the underatuated generalized oor-

dinate q1, and therefore the dimension of τe is (4 × 1). The value of τe an be

alulated by (2.18). We an regard u+ τe(q) as a whole and adjust fzero(z) in the



80 4. Elasti Couplings for the 5-link Planar Biped

zero dynamis ż = fzero(z) as:

fzero = f(z) + g(z)(u∗(z) + τe(z)) ∈ TzZ, ∀z ∈ Z (4.2)

Thus the stati feedbak ontrol law (3.39)beomes:

u = −(LgLfh(x))
−1(L2

fh(x) +
1

ǫ
KDLfh(x) +

1

ǫ2
KPh(x))− τe(x) (4.3)

with (3.40) transformed into:

u∗(x) = −(LgLfh(x))
−1L2

fh(x)− τe(x) (4.4)

The other proesses of alulating zero dynamis are exatly the same as mentioned

in Chapter 3, and using (4.4) we an alulate the torques of the atuators for a

yli gait on the zero dynamis surfae.

φe1=q3-q4

(a) 2D Coupling Case 1 (b) 2D Coupling Case 2

φe3=q4

φe2=q3

q3
q4 q4

q3

Fig. 4.1: 2D Coupling Cases of the 5-link planar biped.

From Figure 3.10, it is lear that for the 5-link planar biped walking at high

speeds without elasti ouplings, the major part of the energy onsumption is aused

by the atuators of the hip joints. Aordingly, it is interesting to see whether

elasti ouplings are apable of reduing the energy osts of these joints. As suh,

we propose two possible oupling ases:

2D Coupling Case I) As illustrated in Figure 4.1(a), a linear torsion spring is

mounted between two thighs. Thus we have ϕe1 = q3 − q4 for the de�etion

ϕe1 − ϕ∗
e1 in (2.11) of the torsion spring. Sine the robot is symmetry, we must

have ϕ∗
e1 = 0, and the sti�ness of the torsion spring ke1 in (2.11) is noted as

ke1 = ks. Using (2.18), the torque vetor τe is given by:

τe(q) = [0,−ks(q3 − q4),−ks(q4 − q3), 0]
⊤

(4.5)

2D Coupling Case II) As illustrated in Figure 4.1(b), two linear torsion springs

are mounted respetively between the torso and the two thighs. Aordingly, we

have ϕe2 = q3 and ϕe3 = q4 for the de�etions ϕe2 − ϕ∗
e2 and ϕe3 − ϕ∗

e3 of these

two springs. Beause of the symmetry of the 5-link biped, the sti�ness and the

unloaded positions of these two springs must be the same, namely, ϕ∗
e2 = ϕ∗

e3 = ϕs
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and ke2 = ke3 = ks. By applying these two springs and using the equation (2.18),

the torque vetor τe an be alulated by:

τe(q) = [0,−ks(q3 − ϕs),−ks(q4 − ϕs), 0]
⊤

(4.6)

Aording to several studies on human movements [136, 137℄, the preferred step

frequeny is preditable as the resonane frequeny of a fore-driven harmoni osil-

lator. For our 5-link planar biped, we an also regard the swing leg as a ompound

pendulum with the hip �xed in the spae and the swing knee loked in a straight

position, as shown in Figure 4.2. Thus we an de�ne the referene step frequeny

f ∗
step as twie the value of the natural frequeny of the swing leg:

f ∗
step =

1

π

Ã
mfpfge +mt(pt + lf)ge + ks

Iah + If + It +mfp2f +mt(pt + lf)2
(4.7)

where Iah is the rotor inertia of the hip joint, ge is the gravity aeleration and the

other notations are provided in Table 3.1.

Fig. 4.2: The swing leg transformed into a ompound pendulum.

4.2 Optimal Walking with Elasti Couplings

4.2.1 2D Coupling Case I

For 2D Coupling Case I, we start with optimizing gaits with di�erent �xed sti�ness

oe�ient ks at values ranging from 0Nm/rad to 300Nm/rad. In this way we an

obtain the surfae onerning the relation among the sti�ness ks, the walking speed

and the energy ost (3.76) in Figure 4.3. We an draw the onlusion from this �gure

that, for a 5-link planar biped with a linear torsion spring mounted between two

thighs, energy e�ieny an be greatly improved by hoosing low spring sti�ness for

walking at low speeds and high sti�ness for walking at high speeds. The gait stik

harts at di�erent speeds (0.3m/s, 0.7m/s, 1.1m/s and 1.5m/s) with di�erent �xed

ks are given respetively in Figure 4.5. From this �gure, we an see that the robot

with high spring sti�ness has extremely small steps at low speeds so as to remain a

high step frequeny, whih is not normal ompared with human gaits.
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Fig. 4.4: The optimized energy ost urve with optimized ks and the ost urves with

di�erent �xed ks of the 5-link planar biped for 2D Coupling Case I
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In order to avoid the de�ieny of �xed ks, we an assign an optimal value kopt
to ks, with kopt obtained by adding kopt to the optimization parameter vetor ϑ (17

parameters to optimize). The orresponding results are shown in Figures 4.4, 4.7

and 4.8. We an see that the optimized ost urve with ks = kopt is almost an

envelop of the ost urves with �xed ks. Compared with the other ost urves, the

energy ost with ks = kopt is greatly redued for all speeds from 0.2m/s to 1.5m/s.

In addition, the optimized sti�ness kopt is positively orrelated with the walking

speed. In omparison with previous gaits with �xed ks, the stik harts in Figure

4.6 shows that the robot with ks = kopt has normal gaits for all the speeds.

0.3m/s               0.7m/s                   1.1m/s                        1.5m/s

0 Nm/rad

60 Nm/rad

120 Nm/rad

180 Nm/rad

Fig. 4.5: The stik harts of the 5-link planar biped walking at di�erent speeds for 2D

Coupling Case I with di�erent �xed ks
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Figure 4.7 provides the energy osts of all the atuators at various speeds. The

non-smoothness of these urves at 0.6m/s is aused by the onstraint CP1 over θ−T
for preventing the torso from leaning bakward, whih an be whih an be on�rmed

in Figure 4.8. By omparing this �gure with Figure 3.10, we �nd that, for walking

at 1.5m/s, the energy ost of the swing hip is almost 1000N2ms whilst this number

drops signi�antly to less than 30N2ms when the torsion spring with optimized ks is

applied. A similar redution also appears in the energy ost of the swing hip, whih

also drops from about 1800N2ms to only 180N2ms. In Figure 4.8, we an see that

the lean angle θ−T of the torso at the end of a step is smaller less than the angle θ−T
in Figure 3.11 at high speeds, whih indiates that, with the elasti oupling, the

robot has a more upright walking gait.

0.3m/s                   0.7m/s                    1.1m/s                    1.5m/s

Fig. 4.6: The stik harts of the 5-link planar biped walking at di�erent speeds for 2D

Coupling Case I with ks = kopt
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Fig. 4.8: The evolution of posture parameters at di�erent walking speeds of the 5-link

planar biped for 2D Coupling Case I with ks = kopt .
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Fig. 4.9: The step frequenies and referene step frequenies of the 5-link planar robot for

2D Coupling Case I

Indeed, the dominant purpose of adjusting the sti�ness ks is to adjust the res-

onane frequeny of the swing leg so as to redue energy onsumption of hip joint

atuators at any given walking speed. This an be veri�ed by Figure 4.9. Aording

to (4.7), the referene frequeny fstep is de�ned as twie the number of the resonane

frequeny of the swing leg with loked knee. When the torsion spring is absent, i.e.,

ks = 0, the step frequeny fstep is only lose to the referene step frequeny f ∗
step

at low speeds, and the di�erene between the two frequenies inreases signi�antly

as the speed rises. When the torsion spring with �xed ks is applied, the referene

frequeny f ∗
step is onstant and the step frequeny fstep remains lose to that on-

stant value over a large speed range, even though the riterion in Figure 4.4 is not

always satisfatory over the entire speed range and the robot has abnormal small

steps in Figure 4.5 at low speeds if ks is too high. In the ase of applying the torsion

spring with ks = kopt, kopt rises as the speed inreases. As a result, the referene
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step frequeny f ∗
step also inreases, while the real step frequeny fstep remain lose to

f ∗
step, even though the di�erene between these two values does gradually inrease.

This means that with optimized ks, the step frequeny fstep an remain lose to the

referene step frequeny f ∗
step at all speeds, whih enables the bipedal robot to walk

in resonane like their human ounterparts with low energy onsumption.

The above �gures ontain only general information about gaits with di�erent hip

spring sti�ness ks at di�erent speeds. In order to delve into the detailed walking

motions at 0.7m/s and 1.5m/s with ks = kopt, the urves of orresponding angles,

angular veloities, atuator torques, atuator output powers and ground reation

fores are provided in Figures 4.10 to 4.14. Compared with the evolution of θsymm

in Figure 3.14, the urves of θsymm in Figure 4.10 resembles more a sine urve.

Besides, it is also observed that the amplitudes of spring torques τe3 and τe4 in

Figure 4.12 are muh larger than the orresponding atuator torques u3 and u4,

espeially for walking at 1.5m/s.

By omparing Figure 4.13 with Figure 3.17, we an see that, although the en-

ergy riterion in (3.77) has no diret relation with mehanial power, the maximum

mehanial output powers of all the atuators are greatly redued beause of the

elasti oupling. An interesting phenomenon is that, the mehanial power of the

hip joint atuators is mostly positive in Figure 4.13 while in Figure 3.17 the negative

power of the hip joint atuators is lose in amount to the positive power. These an

be viewed as additional evidenes supporting the fat that the 5-link bipedal robot

is walking in resonane in 2D Coupling Case I with ks = kopt.
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Fig. 4.10: The angle urves of the joints and outputs of the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt
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Fig. 4.11: The angular veloity urves of the joints of the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt.
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Fig. 4.12: The torque urves of the atuated joints and springs of the 5-link planar biped

walking at 0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt .
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Fig. 4.13: The mehanial output powers of the atuators of the 5-link planar biped walking

at 0.7m/s and 1.5m/s (two steps) for 2D Coupling Case I with ks = kopt (Solid

lines represents stane joint angles, dashed lines represents swing joint angles,

and green dashed lines represents the jumps aused by the impat.)

Apart from utting down energy onsumption, the hip spring an also redue

the vertial movement of the CoM, whih an be veri�ed by omparing Figure 3.19

and Figure 4.15. As a result, the minimum value of F z
st in Figure 4.14 is larger than

that in Figure 3.18. In addition, the foot learane in Figure 4.16 is around 2.5cm

at both speeds, whih is muh smaller than the values in Figure 3.20 and lose to

the 1.3 cm average maximum toe learane of human beings [181℄.
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Fig. 4.14: The ground reation fores ating on the 5-link planar biped walking at 0.7m/s

and 1.5m/s during the swing phase for 2D Coupling Case I with ks = kopt .
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Fig. 4.15: The trajetories of the hip and the CoM of the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case I with ks = kopt.
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Fig. 4.16: The trajetories of the swing foot of the 5-link planar biped walking at 0.7m/s

and 1.5m/s for 2D Coupling Case I with ks = kopt.

4.2.2 2D Coupling Case II

For 2D Coupling Case II, there are two idential hip springs added respetively

between two thighs and the torso. Aordingly we are interested in obtaining optimal

values of the spring sti�ness ks and ϕs, namely, kopt and ϕopt. This is realized by

adding kopt and ϕopt to the optimization parameter vetor ϑ (18 parameters to

optimize). The general results of the optimization are presented in Figures 4.17 to

4.20. As in 2D Coupling Case I, the non-smoothness of energy ost urves in Figure

4.17 is also aused by the onstraint CP1 (θ−T > 0). By using two torsion springs

onneting the torso and two thighs, it is equally possible to signi�antly redue the

energy ost of the 5-link planar biped (the blak urve), whih an be veri�ed in

Figure 4.17. At 1.5m/s the energy ost for 2D Coupling Case II is 329N2ms, whih

is slightly less than the energy ost 384N2m for 2D Coupling Case I at the same

speed. In addition, the redution of energy ost is also due to the redued energy

osts at hip joint atuators.
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Fig. 4.17: The energy osts of the 5-link planar biped and the atuators at di�erent walking

speeds for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. 4.18: The evolution of posture parameters of the 5-link planar biped at di�erent walk-

ing speeds for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.

In Figure 4.18, it is lear that in 2D Coupling Case II, the robot also has a

omparatively upright posture as in 2D Coupling Case I. The gait stik harts of

at di�erent speeds (0.3m/s, 0.7m/s, 1.1m/s and 1.5m/s) are respetive given in

Figure 4.20. We an see that the gaits generated by 2D Coupling Case II are also

satisfatory aesthetially. In omparison with 2D Coupling Case I, the referene

frequeny f ∗
step an also be kept lose to the step frequeny fstep for all speeds

using ks = kopt and ϕs = ϕopt in Figure 4.19. This indiates that 2D Coupling

Case II an also adjust the natural frequeny of the swing leg to math the step

frequenies at di�erent walking speeds. In addition, it seems that the variation of

unloaded position ϕopt with speed in Figure 4.19 is very similar to the variation of

θ−T in Figure 4.18. Sine q3 and q4 in (4.6) are measured in referene to the torso,

this means that the unloaded positions for both hip joint springs in 2D Coupling

Case II are around the vertial position at all walking speeds, whih resembles the

hypothetial on�guration in Figure 4.2.
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Fig. 4.19: The sti�ness ks, unloaded position ϕs, step frequeny fstep and referene step
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step of the 5-link planar biped for 2D Coupling Case II.
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Fig. 4.20: The stik harts of the 5-link planar biped walking at di�erent speeds for 2D

Coupling Case II with ks = kopt and ϕs = ϕopt.

The detailed information of gaits at 0.7m/s and 1.5m/s is provided in Figures

4.21 to 4.27. These results are, to some extent, similar to the results in 2D Coupling

Case I. To begin with, the urves of θsymm in Figure 4.21 also bear some resemblane

to a sine urve, and it is interesting to note that the unloaded position ϕopt is almost

in the middle of the variation range of q3 and q4. In addition, the amplitudes of

spring torques τe3 and τe4 in Figure 4.23 are also muh larger than the orresponding

atuator torques u3 and u4. By omparing Figure 4.24 with Figure 4.13, we an see

that, the mehanial output power of the hip joint atuators in 2D Coupling Case II

is also mostly positive. The above phenomenons indiate that 5-link bipedal robot

is also walking in resonane in 2D Coupling Case II. In Figure 4.25, it is worth

mentioning that, at the walking speed 1.5m/s, the maximum value of |F x
st|/F z

st is

smaller than the values in Figures 4.14 and 3.18, whih indiates that there is more

margin left for the stane foot to remain ontat with the ground in 2D Coupling

Case II than the other ases mentioned before in Chapter 3 and 4. Compared with
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the vertial movement of the CoM in Figure 3.19, the movement in Figure 4.26 is

also smaller, and the foot learane in Figure 4.27 is similar to that in Figure 4.16.
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Fig. 4.21: The angle urves of the joints and outputs of the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case II with optimized ks and ϕ.
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Fig. 4.22: The angular veloity urves of the joints of the 5-link planar biped walking at

0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. 4.23: The torque urves of the joints and springs of the 5-link planar biped walking

at 0.7m/s and 1.5m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. 4.24: The mehanial output powers of the atuators of the 5-link planar biped walking

at 0.7m/s and 1.5m/s (two ontinuous steps) for 2D Coupling Case II with

ks = kopt and ϕs = ϕopt (Solid lines represents stane joint angles, dashed lines

represents swing joint angles, and green dashed lines represents the jumps aused

by the impat.)
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Fig. 4.25: The ground reation fores on the 5-link planar biped walking at 0.7m/s and

1.5m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. 4.26: The trajetories of the hip and the CoM of the 5-link planar biped at 0.7m/s

and 1.5m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. 4.27: The trajetories of the swing foot of the 5-link planar biped walking at 0.7m/s

and 1.5m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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4.3 Disussion

In the previous setion, we have demonstrated the appeal of adding elasti ouplings

in form of hip joint springs to our planar bipedal robot based on gait optimization

results. In both ases, the overall energy ost is muh lower than the energy ost for

the same biped without elasti ouplings in Chapter 3. Although 2D Coupling Case

II does provide a lower energy ost than 2D Coupling Case I, the pros and ons of

these two ases make it hard to judge whih one is better.
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Fig. 4.28: The omparisons of the spring sti�ness and maximum de�etion between 2D

Coupling Case I and II

Contrary to intuitive understanding, the material quantities required for man-

ufaturing a single spring in 2D Coupling Case I and two idential springs in 2D

Coupling Case II might be quite similar. The reason behind this is simple. Aord-

ing to Figure 4.28, we an �nd that, at a given speed, the optimized spring sti�ness

kopt for the single spring in 2D Coupling Case I is about half the value of the sti�ness

of the two springs in 2D Coupling Case II. In addition, we notie that the maxi-

mum de�etions of the two springs in 2D Coupling Case II, i.e., max(|q3 − ϕopt|)
and max(|q4 − ϕopt|), at a given speed, are about half the value of the maximum

de�etion of the single spring in 2D Coupling Case I, i.e., max(|q3 − q4|). If the

working onditions for these two ases are similar, these data suggest that we an

approximately obtain the two linear springs with the sti�ness a little higher than

the sti�ness required in 2D Coupling Case II by equally utting the linear spring

in 2D Coupling Case I into two piees. The advantage of 2D Coupling Case I lies

in its simpliity and reliability sine it only requires a single spring with adjustable

sti�ness while 2D Coupling Case II requires two springs with both adjustable sti�-

ness and adjustable unloaded positions. However, 2D Coupling Case II also has its

advantages of keeping the torso in an upright position in the idle state and providing

more margins for ground ontat.
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One ould also be onerned with the feasibility of modifying spring sti�ness and

unloaded positions with power on. In fat, there are already some studies onerning

tunable elasti elements. For instane, in [153, 154℄, a lever arm and a heart-shaped

disk are respetively used to turn a linear extension spring into a linear torsion

spring or a nonlinear torsion spring with adjustable spring sti�ness and unloaded

positions. It is also possible to to modify the spring sti�ness by adjusting the pre-

tension of a system with non-linear springs [156, 157℄. A ommon problem for

most of these appliations is that additional atuators are required to perform the

modi�ation of spring onstants, whih add extra energy osts if the robot needs to

hange walking speed frequently. However, there are also other options for modifying

spring sti�ness and unloaded positions without using additional atuators. For

instane, we an probably use a nonlinear sti�ening spring, in whih the restoring

fore rises more rapidly than a linear funtion of de�etion, to replae the linear

spring in 2D Coupling Case I and II, sine there is a positive orrelation between

the spring sti�ness and the maximum de�etion. In addition, the absolute angle of

torso is also positively orrelated with the optimized unloaded position and sti�ness,

whih might inspire researhers to design ertain mehanisms that an replae the

additional motors.

Another interesting aspet of adding elasti ouplings is that we an ompare the

performane of our 5-link planar biped with some unatuated or atuator-assisted

dynami biped. In Figures 4.13 and 4.24, we have mentioned that the negative

power of the hip joint atuators has been great redued by the elasti ouplings in

both ases. Therefore, these hip joint atuators of our robot are mainly used for

injeting energy to ompensate the energy lost at eah impat, whih is similar to

the atuators in the atuator-assisted dynami biped [66℄.

The periodi orbits of the 5-link biped walking at 0.7m/s in three di�erent ases

are depited in Figure 4.29. It is interesting to note that, for all the angles studied,

the jumps of angular veloity (marked by blak arrows) at the impat for both 2D

Coupling Cases are muh smaller than the jumps in the ase where elasti ouplings

are absent. In Figure 4.29 (a), the absolute virtual leg angle of the biped with no

elasti oupling behaves similarly to the leg angle of a atuated ompass robot in

[182℄ while the absolute virtual leg angles for two oupling ases have similar orbits

with that of a passive ompass biped in [183℄. This suggests that the optimized

gaits of atuated bipeds with elasti ouplings are similar to the gaits of the passive

dynami bipeds. The orbits of the other angles an also be ompared with the

results in [182, 28℄. It is also worth mentioning that the orbits of the relative hip

joint angle for both 2D Coupling Cases resemble muh more an ellipse than the orbit

in the ase with no oupling. This indiates that the behavior of the hip joints of the

bipedal robots an be tuned to have energy e�ient motions resembling rotational

simple harmoni motions with the help of elasti ouplings.
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Fig. 4.29: The phase plots of the 5-link planar biped in the three di�erent ases at 0.7m/s.

(Solid lines represent stane joint angles, dashed lines represent swing joint an-

gles, and blak arrows represent the jumps aused by the impat.)
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4.4 Conlusion

In this hapter, we have disussed two ases of adding elasti ouplings in form of

hip joint springs to the 5-link planar biped model presented in Chapter 3. For 2D

Coupling Case I, a linear torsion spring is mounted between two thighs. For 2D

Coupling Case II, two idential linear torsion springs are installed onneting two

thighs respetively to the torso. We further de�ned the referene step frequeny,

whih is twie of the natural frequeny of the pendulum formed by the swing leg

with its knee loked in a straight position. The results for both ases are obtained

using gait optimization methods in Chapter 3. In 2D Coupling Case I et II, we

have shown that the ideal sti�ness of the hip joint spring is positively relevant to

the walking speed. By adding the hip joint springs, we have greatly redued the

energy ost of the 5-link biped for the entire speed range in both ases, and the

improvement is mainly due to the redued energy osts in both hip joint atuators.

In addition, the elasti ouplings in both ases have also redued negative power

of the hip joint atuators. By omparing the step frequeny with the referene

step frequeny in both ases, we have found that using the optimized sti�ness (and

unloaded position) we an hange the natural dynamis of our planar biped so that

the real step frequeny an be kept lose to the referene step frequeny at any

walking speed to ensure that the 5-link planar biped always walks in resonane.

The advantages and disadvantages of these two ases are further analyzed with the

suggestions of feasible ways to realize the elasti ouplings in real bipedal robots,

and the results from other researhes inluding both passive dynami bipeds and

atuated dynami bipeds have been ompared with our results.



5. UNDERACTUATED 3D BIPEDAL ROBOTS

WITH MASSLESS LINE FEET

This hapter fouses on modeling, ontrolling and optimizing an underatuated 8-

link 3D bipedal robot with massless line feet, whih serves as a basis for studying

3D bipeds with similar line feet and one degree of underatuation.

As mentioned in Chapter 3, the method of virtual onstraints and feedbak lin-

earization in planar robots with point feet is omparatively simple. The onveniene

inludes not only that hybrid invariane an be realized without applying a dead-

beat hybrid extension [99℄, but also that the restrited Poinaré map is salar, an

be alulated in losed form. Nevertheless, the omplexity arises signi�antly when

one tries to extend the method to adapt the onditions of 3D robots with point feet

and two or more degrees of underatuation. The only known method to ahieve

invariane involves using a deadbeat hybrid extension, and the orresponding re-

strited Poinaré map is of dimension three or higher. In addition, the asymptoti

orbital stability also requires the partiular hoie of the virtual onstraints for pa-

rameterizing the orbit. At present, there do exist some studies onerning 3D biped

with point feet [91, 114℄. The reent attempts to physially realize an underatu-

ated 3D bipedal robot is presented in [39℄. However, with two or more degrees of

underatuation, one has to use numeri simulation instead of diret integration to

reate hybrid invariant manifolds, of whih the stability depends on the alulation

of the eigenvalues of the linearization of the restrited Poinaré map [99℄. These

di�ulties might bring a negative e�et on the numerial stability of orresponding

optimization programs.

Another method to apply planar biped results to 3D bipedal robots involves

funtional Routhian redution [92, 94℄. The basi idea of this method is to deouple

the sagittal and oronal dynamis of a 3D bipedal robot by shaping the Lagrangian of

the robot system to meet the "almost-yli" requirement. Nevertheless, we argue

that, from the standpoint of energy e�ieny, motions in the sagittal plane and

oronal plane are strongly oupled, and it is also questionable whether the bene�t

of high energy e�ieny an remain one these deoupling methods are adopted.

In addition, this method requires 3D bipedal robots to be fully atuated, whih

somehow ounterats the bene�t in trying to �nd walking motions for underatuated

planar bipedal robots. Besides, it is only possible to deouple oronal motion loated

at the stane ankle, thus greatly onstraining the utility of the method when a 3D

bipedal robot has more than one out-of-plane DOFs.

The work presented here seeks to �nd a ompromise solution that does not

require numerial simulation to determine the stability of underatuated 3D bipedal

robots. Similar to the planar bipedal robot disussed in Chapter 3, the 3D bipedal
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robot onsidered in this hapter also onsists of rigid links onneted via fritionless

revolute joints. It is further assumed that two idential subhains named legs onnet

at a single pelvis (or a single torso) and that the robot model is stritly symmetri

about the saggital plane. Besides, eah step is also simpli�ed into two suessive

phases of single support and double support. The ompromise is ahieved by using

massless line feet di�erent from point feet proposed in [91℄. When lying �at on the

ground, the line feet work as underatuated rotation axes. In this way, we an attain

a salar restrited Poinaré map for our 3D bipedal robot similar to the one of a

planar biped, and thus enlarge the range of appliations of the method from [84℄ to

over 3D bipedal walking senarios. From the standpoint of studying optimal gaits,

a similar idea was presented in [118℄, where a periodi 3D gait with toe rotation

and one degree of underatuation is analyzed using the method in [115℄. However,

the ontrol approah related to this method is di�erent [184℄, and the result therein

presented doesn't ontain the variation of the energy riterion at di�erent speeds.

In order to avoid the ompliations arising from the swing foot ontrol, we model

the feet of our robot idealistially as two massless bodies with zero rotor inertiæ at

the ankle joints. In this way, we an de�ne an impat model with line ontat and

propose the ontat onstraints inluding a ZMP onstraint and frition onstraints

assuming that the robot ontats the ground only at the two ends of the stane

foot. These onstraints an even prevent possible yaw movements of the stane line

foot, whih is unfortunately negleted in many previous publiations [91, 114, 99℄.

In addition, we also adopt the symmetry outputs of planar bipeds de�ned in [121℄

to failitate the geometri interpretation of robot movement in the sagittal plane.

For the optimization, the model parameters of our 8-link 3D robot is also es-

timated from the robot HRP-4 [172℄ by proportionally reating virtual anthropo-

morphi strutures and then extrating model parameters from them [173, 174℄ as

in the ase of the planar biped. In addition, the ost funtion is also based on the

energy onsumption of DC or brushless motors, and the desired outputs are simi-

larly parameterized by Bezier oe�ients and postural parameters (all together 32

parameters to optimize). These parameters are further lassi�ed into two types: the

16 sagittal parameters and the 16 oronal parameters. Aordingly, the optimization

is performed for two di�erent optimization ases, namely 3D Optimization Case I

and 3D Optimization Case II . In 3D Optimization Case I, we diretly adopt the

optimized parameters from the 5-link planar biped as the sagittal parameters and

optimize only the oronal parameters. In 3D Optimization Case II , we only use the

optimized parameters from the 5-link planar biped as a starting point, and all the 32

parameters are optimized. The optimization is realized by using the SQP algorithm

provided by the fminon funtion in MATLAB

R©
optimization toolbox (R2010a).

By running optimization at di�erent walking speeds from 0.2m/s to 1.5m/s, we

have attained various data of optimal walking for both ases. In 3D Optimization

Case I, we �nd that, by optimizing only the oronal parameters we an only obtain

omparatively satisfatory results (with energy ost lose to that of the planar biped

in Chapter 3) at high walking speeds while the oronal energy ost of the 3D biped

at low speeds is abnormally high. On the ontrary, the optimization results for 3D
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Optimization Case II is very similar to that of the planar biped over the entire

speed range. Comparing the oronal dynamis of these two ases, it is obvious

that optimizing only the oronal optimization parameters is insu�ient for fully

exploiting the oronal natural dynamis.

This hapter is organized as follows. Setion 5.1 lists all the hypotheses onern-

ing 3D bipedal robots with massless line feet. Setion 5.2 delineates the 8-link 3D

bipedal robot model treated in this hapter. Setion 5.3 introdues the feedbak

design using optimized Hybrid Zero Dynamis (HZD) in 3D bipedal walking se-

nario. Setion 5.4 addresses the details of the optimization program inluding the

parameterization of holonomi onstraints, the de�nition of the optimization rite-

rion and onstraints, and the lassi�ation of the optimization parameters. Setion

5.5 presents the optimized walking data for both optimization ases with a speed

ranging from 0.2m/s to 1.5m/s . Finally, a onlusion is given in Setion 5.6.

5.1 Robot Struture and Hypotheses

The 3D bipeds onsidered here are bipeds with line feet and motions taking plae

in 3D spae. The walking yle of these robots is divided into a single support

phase and a instantaneous double support phase. Similar to the hypotheses listed

in Setion 3.1 for the planar bipeds with point feet, the following hypotheses are

de�ned for the 3D bipeds with massless line feet.

3D Robot Hypotheses: The planar robot is assumed to be:

HTR1) omprised of N rigid links onneted by (N − 1) fritionless joints; eah

joint has at most three rotational DOFs;

HTR2) three-dimensional, with one underatuated DOF approximately in the

sagittal plane;

HTR3) bipedal, with idential legs onneted at a single pelvis (or a single torso),

both legs are terminated by massless line feet with zero rotor inertiæ at

the ankle joints, and the robot model is stritly symmetri about the

saggital plane;

HTR4) underatuated at the stane line foot onneting the stane leg and the

ground;

HTR5) independently atuated at the other (N − 1) joints.

HTR6) omprised of M DOFs, and is expressed in (M − 1) relative angular

oordinates (q2, · · ·, qM) plus one absolute angular oordinate q1.

Note that the stane foot is usually approximately plaed within the frontal

plane. Therefore, the underatuated DOF is also approximately loated in the

sagittal plane.

3D Robot Gait Hypotheses: The ontroller of the 3D robots is required to insure

robot motion satisfying the following properties:
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HTG1) there are alternative phases of single support and double support, whih

an be equally named as the swing phase and the impat phase;

HTG2) during the single support phase, the stane foot lies on the ground, i.e.,

throughout eah step the zero moment point(ZMP) remains inside the

line segment of the stane foot and the stane foot does not slide on the

ground;

HTG3) the double support phase is instantaneous and an be modeled as a rigid

ontat;

HTG4) in steady state, two ontinuous steps are plane symmetri;

HTG5) in eah step, only the stane foot ontats the ground, and the swing foot

starts from the position stritly behind the stane foot and lands on the

position stritly in front of the stane foot with no interation between

two legs;

HTG6) walking takes plae on a �at surfae.

3D Robot Impat Hypotheses: An impat ours at the double support phase

when the swing foot hits the ground. The impat model for the 3D bipeds is based

on the following assumptions:

HTI1) the swing foot ontats the ground horizontally with neither slipping nor

rebound of the swing foot;

HTI2) at the impat, the stane foot is raised from the ground without intera-

tion;

HTI3) the impat happens instantaneously;

HTI4) the external fores ating on the swing foot during the impat an be

represented by impulses;

HTI5) there may be an instantaneous hange of the veloities, but the on�gu-

ration remain unhanged;

HTI6) all the atuators are not apable of generate impulses and thus they are

ignored during impat.

5.2 Dynami Model of Walking

This setion develops a mathematial model for a 8-link 3D bipedal robot onforming

to Hypotheses HTR1-HTR6, HTG1-HTG6 and HTI1-HTI6. As illustrated in Figure

5.1, the 8-link bipedal robot is modeled as a tree struture with two idential legs

and a torso all onneted to a single pelvis. It is omposed of eight links: a torso, a

pelvis, two thighs, two shins and two line-shaped massless feet. The robot model is

stritly symmetri about the sagittal plane with the ankle joints mounted along the
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perpendiular bisetor of the line feet. There are seven revolute joints on the robot

with eah hip joint having two degrees of freedom (DOF) and the other joints having

one degree of freedom. The robot ankles only serve as pivots of oronal movements,

and thus no yaw motion is permitted.

Like the 5-link planar robot, this robot model also uses the model parameters

derived from the humanoid robot HRP-4 with the total mass of the robot being

39 kg and the total height being 1.5m [172℄. The rotor inertias are 0.8 kgm2
for all

the atuated joints exept the ankle joint, and this value is the same with the rotor

inertias of the planar biped. The rest of the model parameters are obtained auto-

matially by extrating model parameters from virtual anthropomorphi strutures

proportionally reated using the total mass and height [173, 174℄. All the parame-

ters are provided in Table 5.1. Among them, the CoMs of the thighs are measured

by their distanes from the hips, the CoMs of the shins are loated in referene to

the knees, the CoM of the pelvis is positioned by its vertial distane from the the

line onneting the hips, and the CoM of the torso is de�ned in referene to the

lumbar joint. To simplify alulation, we onsider inertia matries for all the links

to be diagonal matries written as I∗ = diag(I∗x, I∗y, I∗z).

Tab. 5.1: The model parameters for the 8-link 3D biped.

Stature (m) 1.5 Foot Width lfoot(m) 0.15

Distane between Hips Wh(m) 0.152 Total Weight (kg) 39

Link Parameters Thigh(f) Shin(t) Pelvis(p) Torso(T )

Mass,m∗(kg) 3.936 2.227 7.882 18.793

Length,l∗(m) 0.403 0.403 0.089 0.605

Inertia,I∗x(m
2kg) 0.054 0.030 0.060 0.486

Inertia,I∗y(m2kg) 0.054 0.030 0.040 0.418

Inertia,I∗z(m2kg) 0 0 0.059 0.145

Center of Mass,p∗(m) 0.174 0.174 0 0.219

Torso

Pelvis

Thigh

Shin

Foot

Ankle

Knee

Hip

Lumbar Joint

Fig. 5.1: The de�nitions of the joints and links of the 8-link 3D biped.
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Fig. 5.2: The generalized oordinates of the 8-link 3D biped with the left foot serving as

the stane foot.

Sine the robot is stritly symmetri about the sagittal plane, it is possible to

use a single model no matter whih leg serves as the stane leg. This is ahieved

by relabeling previous joint angles and hanging their signs when neessary. As

illustrated in Figure 5.2, the oordinate frame ogxgygzg is the ground referene frame,

the oordinates (xst, yst, zst) loate the ankle joint of the stane leg, the oordinates

(xsw, ysw, zsw) loate the ankle joint of the swing leg, the angles (q0, q1, q2) represent

Z−Y −X Euler angles of the left shin, the angles (q12, q11, q10) represent Z−Y −X

Euler angles of the right shin, and (q3, ..., q9) indiate the robot posture. When

left/right foot is lying �at on the ground, q2/q10 an be equally viewed as the angle

of the left/right ankle joint and q0/q12 is exatly the orientation of the left/right line

foot with respet to the yg axis. Here we de�ne the generalized oordinate vetor

as qe = [xst, yst, zst, q0, q1, q2, q3, q4, q5, q6, q7, q8, q9]
⊤
. The angles q10, q11 and q12

is useful when the swing leg and the stane leg exhange their roles at the impat,

and they an be alulated by solving inverse dynamis:

Rsw(q0, q) =



rsw11 (q0, q) rsw12 (q0, q) rsw13 (q0, q)

rsw21 (q0, q) rsw22 (q0, q) rsw23 (q0, q)

rsw31 (q) rsw32 (q) rsw33 (q)


 (5.1)

q11(q) = atan2(−rsw31 ,
»
(rsw32 )

2 + (rsw33 )
2) (5.2)

q12(q0, q) = atan2

Ç
rsw21

cos(q11)
,

rsw11
cos(q11)

å
(5.3)

q10(q) = atan2

Ç
rsw32

cos(q11)
,

rsw33
cos(q11)

å
(5.4)

where Rsw is the rotation matrix of the swing shin with referene to the frame

ogxgygzg. Note that the angles q11 and q10 are independent of the value of q0.
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5.2.1 Swing Phase Model

The existene of two phases of the walking yle naturally divides the dynami

model of the biped robot into a swing phase model and an impat model. Consider

the left foot as the stane foot. During the single support phase, (xst, yst, zst, q0)

remains onstant as long as HTG2 is satis�ed; q2 is viewed as the joint angle of the

stane ankle; and q1 is the rotation angle about the line foot. As suh, the robot

has nine DOFs and eight independent atuators at this phase orresponding to the

joint angles (q2, q3, ..., q9) leaving q1 being underatuated.

One an use Euler-Lagrange equations to obtain the swing phase model:

D(q)q̈ + C(q, q̇) +G(q) = Bu =

[
01×8

I8×8

]
u (5.5)

where the matrixD is the (9×9) inertia matrix, C is the (9×1) vetor of Coriolis and

entrifugal terms, G is the (9×1) vetor of gravity terms, and B is a (9×8) onstant

matrix mapping the (8×1) joint torque vetor u to generalized fores with u written

as [u2, ..., u9]
⊤
. For our purpose we assume that x = [q⊤, q̇⊤]⊤ is the state variables of

the robot, and the state spae of the model is TQ = {x = (q⊤, q̇⊤)⊤|q ∈ Q, q̇ ∈ RN}
where Q is a simply-onneted open subset of [−π, π)N orresponding to physial

realizable joint angles. Then the swing phase model an also be written in state

spae form:

ẋ =

[
q̇

D−1(q)[−C(q, q̇)q̇ −G(q) +Bu]

]

= f(x) + g(x)u

(5.6)

with f(x) and g(x) being:

f(x) =

[
q̇

−D−1(q)(C(q, q̇) +G(q))

]
(5.7)

g(x) =

[
09×8

D−1B

]
(5.8)

Note that D(q) is a positive de�nite matrix invertible for all q ∈ Q.

5.2.2 Impat Model

As depited in Figure 5.3, the impat model is used at the double support phase

when the swing foot hits the ground. The impat is assumed to be rigid with asw
and bsw being the only ontat points, and the double support phase lasts only an

in�nitesimal interval of time. Apart from modeling the instantaneous hange of the

robot state, the impat model also handles the swith of the robot's oordinates.

Aordingly, the angles q−10, q
−
11 and q−12 need to be alulated at the impat using

(5.1) to (5.4). We use "+" and "−" to indiate whether the state is just after or

just before the impat. The formulation of the impat model requires the dynami
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model de�ned by generalized oordinates qe. Without onsidering the relabeling of

oordinates, we further de�ne q−e , q
+
e , q̇

−
e and q̇+e as:

q−e = [x−
st, y

−
st, z

−
st, q

−
0 , q

−
1 , q

−
2 , q

−
3 , q

−
4 , q

−
5 , q

−
6 , q

−
7 , q

−
8 , q

−
9 ]

⊤
(5.9)

q+e = [x+
st, y

+
st, z

+
st, q

+
0 , q

+
1 , q

+
2 , q

+
3 , q

+
4 , q

+
5 , q

+
6 , q

+
7 , q

+
8 , q

+
9 ]

⊤
(5.10)

q̇−e = [ẋ−
st, ẏ

−
st, ż

−
st, q̇

−
0 , q̇

−
1 , q̇

−
2 , q̇

−
3 , q̇

−
4 , q̇

−
5 , q̇

−
6 , q̇

−
7 , q̇

−
8 , q̇

−
9 ]

⊤
(5.11)

q̇+e = [ẋ+
st, ẏ

+
st, ż

+
st, q̇

+
0 , q̇

+
1 , q̇

+
2 , q̇

+
3 , q̇

+
4 , q̇

+
5 , q̇

+
6 , q̇

+
7 , q̇

+
8 , q̇

+
9 ]

⊤
(5.12)

Aording to HTG2, ẋ−
st, ẏ

−
st, ż

−
st and q̇−0 must equal to zero. By Hypothesis

HTI5, the on�guration of the robot remains unhanged during the impat, and

thus q+e = q−e . As depited in Figure 5.3, we assume that there are only two ontat

points on the swing foot during the impat phase, namely asw and bsw. If we de�ne

isw as the unit vetor along the ankle joint q10 of the swing foot (whih is also the

perpendiular bisetor of the line foot) and jsw as the unit vetor along the line

foot, they an both be represented as funtions of q−e by solving inverse dynamis

at impat. Sine the massless swing foot an transmit impulsive fores on asw and

bsw to the swing shin with no loss, we an replae f a
sw and fb

sw ating on the swing

foot with a fore and a torque ating on osw of the swing shin:

Fsw = f a
sw + fb

sw (5.13)

Γsw =
lfootjsw × (fb

sw − f a
sw)

2
(5.14)
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Fig. 5.3: The analysis of the swing foot of the 8-link 3D biped at the impat.

As a result, Γsw must be perpendiular to jsw. Aording to HTI6, the ankle joint

of the swing foot produes no impulsive torque during the impat, and aordingly

Γsw is also perpendiular to isw. If we further de�ne the unit vetor ksw as:

ksw(q
−
e ) = isw(q

−
e )× jsw(q

−
e ) (5.15)

Γsw an be represented by:

Γsw = kswτsw (5.16)

with τsw being a salar. Thus the dynamis of the impat model are written as:

De(q
−
e )(q̇

+
e − q̇−e ) = Jv

sw(q
−
e )

⊤Fsw + Jω
sw(q

−
e )

⊤ksw(q
−
e )τsw (5.17)

where the matrix De is the (13 × 13) inertia matrix, and Jv
sw = ∂

∂qe
[xsw, ysw, zsw]

⊤

and Jω
sw = ∂ωsw

∂q̇e
are the jaobian matries with (xsw, ysw, zsw) being the oordinates
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of the osw and ωsw being the angular veloity vetor of the swing shin. After the

impat, osw beomes �xed on the ground and ωsw is:

ωsw = iswq̇
+
11 + jswq̇

+
10 (5.18)

meaning that the projetion of ωsw on vetor ksw is zero, and therefore the kinemati

onstraints ating on the swing shin after the impat are:

Jv
sw(q

−
e )q̇

+
e = 0 (5.19)

ksw(q
−
e )

⊤Jω
sw(q

−
e )q̇

+
e = 0 (5.20)

By de�ning Jsw = [Jω⊤
sw ksw, J

v⊤
sw ]⊤ and Fsw = [τsw, F

⊤
sw]

⊤
, the expression desribing

the instantaneous hange of the veloity of the robot during the impat an be

formulated as:

Π(q−e )

[
q̇+e

Fsw

]
=

[
De(q

−
e )q̇

−
e

04×1

]
(5.21)

where Π is de�ned as:

Π(q−e ) =

[
De(q

−
e ) −Jsw(q

−
e )

⊤

Jsw(q
−
e ) 04×4

]
(5.22)

Solving (5.21) yields: [
q̇+e

Fsw

]
= Π(q−e )

−1

[
De(q

−
e )q̇

−
e

04×1

]
(5.23)

Then q̇+10 and q̇+11 an be alulated by:

q̇+10 = isw(q
−
e )

⊤Jω
sw(q

−
e )q̇

+
e (5.24)

q̇+11 = jsw(q
−
e )

⊤Jω
sw(q

−
e )q̇

+
e (5.25)

After impat, the former stane leg beomes the swing leg and vie versa, whih

means that the impat model must take into aount the relabeling of q. We assume

that q− and q̇− represent the state before impat while q− and q̇− represent the state

after impat and relabeling, and they are given by:

q− = [q−1 , q
−
2 , q

−
3 , q

−
4 , q

−
5 , q

−
6 , q

−
7 , q

−
8 , q

−
9 ]

⊤
(5.26)

q̇− = [q̇−1 , q̇
−
2 , q̇

−
3 , q̇

−
4 , q̇

−
5 , q̇

−
6 , q̇

−
7 , q̇

−
8 , q̇

−
9 ]

⊤
(5.27)

q+ = [q+11,−q+10, q
+
9 , q

+
8 , q

+
7 ,−q+6 , q

+
5 , q

+
4 , q

+
3 ]

⊤
(5.28)

q̇+ = [q̇+11,−q̇+10, q̇
+
9 , q̇

+
8 , q̇

+
7 ,−q̇+6 , q̇

+
5 , q̇

+
4 , q̇

+
3 ]

⊤
(5.29)

The alulation of q+ depends only on q−, beause q+10, q
+
11 (equaling q−10, q

−
11)

given by (5.2) and (5.4) are only relevant to q−. Sine ẋ−
st, ẏ−st, ż−st and q̇−0 all

equal to zero, we an prove that the alulation of q̇+ is only relevant to q̇− and

q− by showing that the exat values of x−
st, y

−
st, z

−
st and q−0 have no in�uene on

q̇+. Assume that there is a new global oordinate ogxgygzg system so that qe is

transformed into qe = [xst, yst, zst, q0, q1, · · · , q9]⊤. Sine q1, · · · , q9 are relative angles
between di�erent links of the 3D biped, they must remain unhanged after the
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oordinate transformation. Without loss of generality, we further assume that after

the oordinate transformation x−st, y
−
st, z

−
st, q

−
0 all beome zero. Thus we have:

xst = cos(q−0 )(xst − x−
st) + sin(q−0 )(yst − y−st) (5.30)

yst = − sin(q−0 )(xst − x−
st) + cos(q−0 )(yst − y−st) (5.31)

zst = zst − z−st (5.32)

q0 = q0 − q−0 (5.33)

qi = qi for i = 1, · · · , 9 (5.34)

Using (5.2) and (5.4), we also have q10 = q10 and q11 = q11 beause of (5.34). As

suh, we an further obtain:

ẋst = cos(q−0 )ẋst + sin(q−0 )ẏst (5.35)

ẏst = − sin(q−0 )ẋst + cos(q−0 )ẏst (5.36)

żst = żst (5.37)

q̇i = q̇i for i = 0, · · · , 11 (5.38)

Sine ẋ−
st, ẏ

−
st, ż

−
st and q̇−0 equal to zero, we have q−e = [0, 0, 0, 0, q−1 , · · · , q−9 ]⊤ and

q̇−e = [0, 0, 0, 0, q̇−1 , · · · , q̇−9 ]⊤. Then we an replae q−e and q̇−e with q−e and q̇−e in

(5.23), (5.24) and (5.25) to obtain q̇+e , q̇
+
10, and q̇+11, in the new oordinate system

ogxgygzg. From (5.38), we know that q̇−0 , · · · , q̇−11 are exatly q̇+0 , · · · , q̇+11 in the

original oordinate system ogxgygzg. Sine we an always �nd a oordinate system

where x−st, y
−
st, z

−
st and q−0 all equal to zero, we have shown that, for any q−e and q̇−e ,

so far as q− and q̇− are the same, we will have the same q+ and q̇+ regardless of the

values of x−
st, y

−
st, z

−
st and q−0 . Thus, the impat model an be formulated as:

x+ = ∆(x−) =

[
∆qq

−

∆q̇(q
−)q̇−

]
=

[
q+

q̇+

]
(5.39)

where x− = [q−⊤, q̇−⊤]⊤. The relabeling and sign hanging inorporated by the

above funtions enable us to use the same swing phase model and the same impat

model regardless of whether right leg or left leg is hosen as the stane leg.

5.2.3 Hybrid Model

The overall hybrid model of walking is obtained by ombining the swing phase model

and the impat model to form a hybrid model formulated as:

Σ :





ẋ = f(x) + g(x)u x 6∈ S

x+ = ∆(x−) x− ∈ S
(5.40)

where S = {(q, q̇) ∈ TQ|zsw(q) = 0, xsw(q) − xst > 0} is the swithing surfae

with zsw being the height of the swing foot with referene to the ground, xsw being

the position of the swing ankle along the walking diretion and xst being the �xed

position of the stane ankle.
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5.2.4 Line-foot Contat Model

The validity of the swing phase model is based on Hypothesis HTG2 whih assumes

that the stane foot is �rmly �xed to the ground. Therefore, it is neessary to vali-

date the ontat ondition of the stane foot. As illustrated in Fig. 5.4, we assume

that there are only two ontat points ast and bst on the stane foot. The origin ost
of the oordinate frame ostxstystzst oinides the stane ankle and is positioned in

the middle of the line segment of the stane foot; the yst axis is along the diretion

of the line foot; the zst axis points vertially upward. Assuming that the stane foot

is �xed during a step, we an deompose the net fore and the net torque exerted

by the ground on the stane foot enter, namely Γx
st, Γ

z
st, F

x
st, F

y
st and F z

st (Γ
y
st is zero

beause of the underatuation). All these fores and torques an be alulated as

funtions of q, q̇ and q̈ using (2.19) and (2.22).

T
z
st

st
ay

fst
by

Nst
a

Nst
b

fst
ax

fst
bx

xst

yst

zst

T
x
st

ost
ast

bst

F
x
st

F
y
st

F
z
st

Fig. 5.4: The line-foot ontat model of the 8-link 3D biped.

By solving fore equilibrium equations, one an easily alulate the normal fores

Na
st and N b

st and the deomposed fores fax
st and f bx

st along the xst axis.

Na
st =

F z
st

2
− Γx

st

2lfoot
(5.41)

N b
st =

F z
st

2
+

Γx
st

2lfoot
(5.42)

fax
st =

F x
st

2
+

Γz
st

2lfoot
(5.43)

f bx
st =

F x
st

2
− Γz

st

2lfoot
(5.44)

Sine the ontat is unilateral, we need to hek two inequalities onerning Na
st and

N b
st with the form:

Na
st > 0 (5.45)

N b
st > 0 (5.46)

These equations together with HTR4 naturally guarantees that the the position of

the ZMP remains inside the interval (−lfoot/2, lfoot/2) of the stane foot along the

yst axis throughout the single support phase, and the position of the ZMP an be

alulated by:

pZMP =
Γx
st

F z
st

(5.47)
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The ondition imposed by the stati frition an be formulated as:

(fax
st )

2 + (fay
st )

2 < (µNa
st)

2
(5.48)

(f bx
st )

2 + (f by
st )

2 < (µN b
st)

2
(5.49)

Nevertheless, the above equations annot be used diretly sine it is impossible to

alulate exat values of fay
st and f by

st . Instead, we replae them with three inequali-

ties. The �rst two inequalities give a neessary ondition by negleting Fy, meaning

that the stane foot an no longer remain �xed if either inequality is violated.

|fax
st | < µNa

st (5.50)

|f bx
st | < µN b

st (5.51)

One these two inequalities are satis�ed, the maximum absolute value of F y
st is

reahed when the stane foot is still in equilibrium and, in the same time, maximum

frition fores appear at both ontat points.

|F y
st| = |fay

st + f by
st | (5.52)

|fay
st |max =

»
(µNa

st)2 − fax2
st (5.53)

|f by
st |max =

»
(µN b

st)2 − f bx2
st (5.54)

Sine |fay
st + f by

st | ≤ |fay
st |+ |f by

st |, the upper limit of |F y
st| is given by:

|F y
st|max =

»
(µNa

st)2 − fax2
st +

»
(µN b

st)2 − f bx2
st (5.55)

Thus the third inequality shall be:

|F y
st| < |F y

st|max (5.56)

5.3 Feedbak Control Design

5.3.1 Controlled Outputs

During the swing phase, the bipedal robot has eight independent atuators, and

thus the dimension of the output equals to eight. As in the ase of planar bipeds,

the output funtion for 3D bipeds is also de�ned as:

y = h(q) = h0(q)− hd ◦ θ(q) (5.57)

where h0(q) indiates independent ontrolled quantities and hd ◦ θ(q) indiates the
ideal evolution of these quantities as a funtion of the salar quantity θ(q), whih is

a stritly monotoni funtion of the robot's state. For our 8-link 3D bipedal robot,

θ is de�ned as:

θ(q) = cθq = q1 +
lf

lf + lt
q3 (5.58)

where cθ is (1× 9) onstant row vetor. If q2 equals zero, θ(q) will be the linearized

angle of the virtual stane leg. The "symmetry outputs" are also adopted in the 3D
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biped [121℄ with the output funtion h0 de�ned as:

h0(q) = H0q = [θT , θsymm, q3, q9, q2, q5, q6, q7]
⊤

(5.59)

θsymm = q1 +
(2lf + lt)q3 − ltq9

2(lf + lt)
+

q4 − q8
2

(5.60)

θT = q1 + q3 + q4 (5.61)

where H0 is a (8×9) onstant matrix, θT re�ets the behavior of the torso and θsymm

desribes the mirror-like behavior of the virtual swing leg with regard to the virtual

stane leg. If q2, q5, q6 and q7 equal zero, as illustrated in Figure 3.3(b), θT will be

the absolute angle of the torso and θsymm will be the linearized angle of the bisetor

of virtual swing leg and virtual stane leg with respet to the zg axis. Atually, θT ,

θsymm, q3 and q9 an be regarded as the sagittal outputs sine they have one-to-one

relations with h0 de�ned in (3.24) for the planar biped, and q2, q5, q6 and q7 an be

viewed as the oronal outputs. The de�nition of hd is disussed right after.

5.3.2 Swing Phase Control

The method of expliitly onstruting the zero dynamis already exists for planar

bipeds. With our speial ankle on�guration, we an extend the usage of this method

to over the ases of 3D bipeds. Here the relevant equations previously used in

Chapter 3 are brie�y revisited in the ontext of the 8-link 3D robot on�guration

for logial ompletion. To begin with, the output h(q) de�ned in (5.57) is purely a

funtion of the on�guration oordinates and it has all the properties of the lemma

de�ned in [8℄. Aordingly, the zero dynamis manifold is:

Z = {x ∈ T ‹Q|h(x) = 0, Lfh(x) = 0} (5.62)

where T ‹Q = {x = (q⊤, q̇⊤)⊤|q ∈ ‹Q, q̇ ∈ RN} with

‹Q being an open subset of Q

suh that for eah q ∈ ‹Q, the deoupling matrix LgLfh(x) is square and invertible.

Using the ontrol law similar to (3.39), we an enfore the output y ≡ 0, whih

auses h(x) = 0 and Lfh(x) = 0. By rendering the robot system evolving on Z, the

applied torque vetor u∗
now beomes:

u∗(x) = −(LgLfh(x))
−1L2

fh(x) (5.63)

As the olumns of g in (5.8) are involutive, there exists a valid set of oordinates on

Z with the form:

ξ1 = θ(q)

ξ2 = γ(q, q̇)
(5.64)

where θ(q) is de�ned by (5.58) and γ(q, q̇) is a smooth salar funtion [160℄. With

the line feet de�ned in HTR3, q1 is an absolute angular oordinate as long as HTG2

is satis�ed, and all the other oordinates (q2, · · ·, q9) during the single support phase
are relative angular oordinates. Therefore, the hypothesis HTR6 is guaranteed,

and aordingly γ(q, q̇) an be expliitly omputed to be the �rst entry of D(q)q̇ by
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applying the proof of the Frobenius theorem of [160℄. The omplete evolution of q

and q̇ on the zero dynamis manifold an be alulated by:

q =

[
H0

cθ

]−1 [
hd(ξ1)

ξ1

]
(5.65)

q̇ =

[
∂h
∂q

γ0

]−1 [
0

ξ2

]
(5.66)

5.3.3 Stability Analysis

Adopting the oordinate set (5.64), the zero dynamis beome:

ξ̇1 = Lfθ(q, q̇) = κ1(ξ1)ξ2

ξ̇2 = Lfγ(q, q̇) = κ2(ξ1)
(5.67)

where κ1(ξ1) and κ2(ξ1) are alulated by:

κ1(ξ1) =
∂θ

∂q

[
∂h
∂q

γ0

]−1 [
0

1

]∣∣∣∣∣∣
Z

(5.68)

κ2(ξ1) = −∂V

∂q1

∣∣∣∣∣
Z

(5.69)

with V (q) being the potential energy of the biped, γ0 = D1 (the �rst row of D) and

∂V/∂q1 = G1 (the �rst entry of G(q)).

For underatuated 3D bipedal robots with more than one degree of underatua-

tion, the only known method to ahieve hybrid invariane, i.e., ∆(S ∩Z) ⊂ Z, is to

apply a deadbeat extension, and the resulting restrited Poinaré map is of dimen-

sion three or higher [99℄. These ompliations might impinge on the e�ieny of

alulating optimized gaits for 3D bipedal robot. By adopting the robot hypotheses

HTR1-HTR6, the gait hypotheses HTG1-HTG6 and the impat hypotheses HTI1-

HTI6, the return map ∆: (ξ−1 , ξ
−
2 ) → (ξ+1 , ξ

+
2 ) an be expliitly alulated using the

oordinate set (ξ1, ξ2) = (θ, λ), that is:

S ∩ Z = {(ξ−1 , ξ−2 )|ξ−1 = θ−, ξ−2 ∈ R} (5.70)

ξ+1 = θ+ (5.71)

ξ+2 = δzeroξ
−
2 (5.72)

where δzero is a onstant given by:

δzero = γ0(q
+)∆q̇(q

−)σq̇(q
−) (5.73)

σq̇(q
−) =

[
∂h
∂q
(q−)

γ0(q
−)

]−1 [
0

1

]
(5.74)

Sine θ is de�ned to be monotoni, ξ̇1 is non-zero over any step. Therefore, the 2-

dimensional dynamial system (5.67) an be equivalent to a 1-dimensional dynamial

system one oordinate transformation ζ2 =
1
2
(ξ2)

2
is adopted, yielding:

dζ2
dξ1

=
κ2(ξ1)

κ1(ξ1)
(5.75)
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For θ+ ≤ ξ1 ≤ θ−, de�ne:

Vzero(ξ1) = −
∫ ξ1

θ+

κ2(ξ1)

κ1(ξ1)
dξ (5.76)

As in the ase of planar bipeds, we an determine whether a non-trivial periodi

orbit of the hybrid zero dynamis exists by judging if:

δ2zero
1− δ2zero

Vzero(θ
−) +K < 0, (δ2zero 6= 0) (5.77)

where K = maxVzero(ξ1) with θ+ ≤ ξ1 ≤ θ−. Furthermore, if 0 < δ2zero < 1 also

holds, the periodi orbit is exponentially stable with the �xed point being:

ξ∗1 = cθq
−, ζ∗2 =

−Vzero(θ
−)

1− δ2zero
(5.78)

Given ξ∗1 and ζ∗2 , ξ2(ξ1, ζ
∗
2 ) an be further alulated by:

ξ2(ξ1, ζ
∗
2) = −

»
2(δ2zeroζ

∗
2 − Vzero(ξ1)) (5.79)

and t(ξ2) an be alulated as:

t(ξ2) =
∫ θ−

θ+

1

κ1(ξ1)ξ2(ξ1, ξ
−
2 )

dξ1 (5.80)

Then the whole evolution of a periodi step is given by (5.63), (5.65) and (5.66).

5.4 Optimization of Walking Motion

The optimization of walking motion for the 8-link robot is a nonlinear onstrained

optimization problem involving the de�nition of an optimization parameter vetor

ϑ, an objetive funtion ℏ(ϑ) and several salar-valued funtions ci(ϑ) with i ∈ Eset
or i ∈ Iset (note that Eset ∩ Iset = ∅) representing respetively equality onstraints

or inequality onstraints.

5.4.1 Parameterization of hd

In order to parameterize hd, we also hoose Bézier polynomials of degree 5. After

normalizing the θ(q) as:

s(q) =
θ(q)− θ+

θ− − θ+
(5.81)

with θ+ being the minimum value of θ(q) and θ− the maximum value of θ(q). Then

hd ◦ θ(q) an be written as:

hd ◦ θ(q) = BZ ◦ s(q) (5.82)

where BZ(s) = [b1(s), · · · , b8(s)]⊤ with eah bi(s) further de�ned by:

bi(s) =
5∑

k=0

aik
5!

k!(5− k)!
sk(1− s)5−k

(5.83)
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Group the parameters aik into (8 × 1) vetors as ak = [a1k, · · · , a8k]⊤. Enforing

h ◦∆(S ∩ Z) = 0, we an alulate a0 diretly from a5 using:

[
a0
θ+

]
= H∆qH

−1

[
a5
θ−

]
(5.84)

where H = [H⊤
0 , c

⊤
θ ]

⊤
. Moreover, if Lfh ◦∆(S ∩ Z) = 0, a1 an also be alulated

using a5 and a4 by the equation:

a1 =
θ− − θ+

5cq̇+
H0q̇

+ + a0 (5.85)

where q̇− = σq̇(q
−
0 ) and q̇+ = ∆q̇(q

−
0 )q̇

−
. Using (5.84) and (5.85), hybrid invariane

is realized [8℄.

xp yp zp)

xsw ysw 0)
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- -
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Fig. 5.5: The posture parameters of the 8-link 3D biped with the pelvis marked in red

Although the parameter set {a2, a3, a4, a5} is able to determine hd, it is not

obvious how the posture of the robot is. Therefore, we replae parameter vetor a5
with the postural parameter vetor indiating the robot postural right before the

impat. As illustrated in Figure 5.5, de�ne the �xed oordinate frame as ostxstystzst
with zst axis pointing vertially upward and the origin ost loated at the midpoint

of the stane line foot. Then plae the moving frame on the pelvis opxpypzp with

the yp axis going through two hips, zp axis pointing towards the lumbar joint and

the origin op plaed at middle of two hips. Assuming that the orientations of the

frame opxpypzp and the frame ostxstystzst are initially the same, we an de�ne α as

the rotation about the xp axis of the moving frame and β as the rotation about the

rotated yp axis of the moving frame. Represent op in the �xed frame ostxstystzst as

(x−
p , y

−
p , z

−
p ) and the swing foot enter as (x−

sw, y
−
sw, 0), the postural parameter vetor

is then given by:

φP = [q−6 , α, β, x
−
p , y

−
p , z

−
p , x

−
sw, y

−
sw]

⊤
(5.86)

In order to obtain all the angles (q−0 , q
−
1 , ..., q

−
12), we need to solve a problem of

inverse kinematis depited in Figure 5.6. We start by analyzing the swing leg. The

�rst step is to alulate unit vetors of the axes xp and yp, whih are noted as npx
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and npy respetively.

npx = [cos(β), sin(α) sin(β),− cos(α) sin(β)]⊤ (5.87)

npy = [0, cos(α), sin(α)] (5.88)

Then we an alulate the vetor of the virtual swing leg lsw as:

lsw = [x−
sw − xp, 0.5Wh cos(α)− yp + y−sw, 0.5Wh sin(α)− zp]

⊤
(5.89)

where Wh is the distane between two hip joints. If the angles q0, · · · , q7 are �xed,
the swing leg an only move in a plane. Sine npx is parallel to the rotation axis of

q7, we an alulate the unit normal vetor of the swing leg plane using:

nswl = (lsw × npx)/|lsw| (5.90)

If q7 = 0, nswl is equal to −npy. Therefore q7 an be viewed as the angle between

−npy and nswl, and thus we have:

q7 = arcsin(n⊤
px(nswl × npy)) (5.91)

Then q8 and q9 an be easily obtained by:

q8 = π/2− arccos(l⊤swnpx/|lsw|) + arccos((|lsw|2 + l2f − l2t ))/(2lf |lsw|)) (5.92)
q9 = −π + arccos((l2t + l2f − |lsw|2))/(2ltlf )) (5.93)

q
7

q
8

q
9ost xst

yst

zst
��

	
�

- py px

Fig. 5.6: The inverse kinematis of the 8-link 3D biped.

The method for alulating angles for the stane leg is similar, and the orre-

sponding equations are listed below:

lst = [−xp,−0.5Wh cos(α)− yp,−0.5Wh sin(α)− zp]
⊤

(5.94)

nstl = (lst × npx)/|lst| (5.95)

q5 = − arcsin(n⊤
px(nstl × npy)) (5.96)

q4 = π/2− arccos(l⊤stnpx/|lst|) + arccos((|lst|2 + l2f − l2t ))/(2lf |lst|)) (5.97)

q3 = −π + arccos((l2t + l2f − |lst|2))/(2ltlf )) (5.98)



116 5. Underatuated 3D Bipedal Robots with Massless Line Feet

One α, β, q3, q4, q5, q7, q8 and q9 has been obtained, we an alulate q0, q1, q2,

q10, q11 and q12 using following equations:

Rsw(α, β, q7, q8, q9) =



rsw11 rsw12 rsw13
rsw21 rsw22 rsw23
rsw31 rsw32 rsw33


 (5.99)

q−11((α, β, q7, q8, q9) = atan2(−rsw31 ,
»
(rsw32 )

2 + (rsw33 )
2) (5.100)

q−12((α, β, q7, q8, q9) = atan2

Ç
rsw21

cos(q−11)
,

rsw11
cos(q−11)

å
(5.101)

q−10((α, β, q7, q8, q9) = atan2

Ç
rsw32

cos(q−11)
,

rsw33
cos(q−11)

å
(5.102)

Rst(α, β, q3, q4, q5) =



rst11 rst12 rst13
rst21 rst22 rst23
rst31 rst32 rst33


 (5.103)

q−1 (α, β, q3, q4, q5) = atan2(−rst31,
»
(rst32)

2 + (rst33)
2) (5.104)

q−0 (α, β, q3, q4, q5) = atan2

Ç
rst21

cos(q−1 )
,

rst11
cos(q−1 )

å
(5.105)

q−2 (α, β, q3, q4, q5) = atan2

Ç
rst32

cos(q−1 )
,

rst33
cos(q−1 )

å
(5.106)

Then a5 an be alulated by:

a5 = H0q
−

(5.107)

It is important to note that q−0 and q−12 given by (5.101) and (5.105) do not satisfy

the equation q−0 = −q−12. This suggests that there is a deviation between the walking

diretion and the xst axis, and therefore x−
sw is not the step size of eah step. The

deviation angle θd and the step size d an be given by:

θd = (q−0 + q−12)/2 (5.108)

d = x−
sw cos(θd) + y−sw sin(θd) (5.109)

Notie that θd is usually very small and therefore the di�erene between x−
sw and

d is also trivial, but it is still neessary to alulate the aurate step size so as to

ensure the auray of the average walking speed and the energy ost.

Thus, the omplete parameter set for optimization is {φP , a2, a3, a4}, whih on-

tains 32 parameters. However, further study revealed that it is possible to lassify

these optimization parameters into 16 sagittal parameters and 16 oronal param-

eters. First of all, for the posture parameters φP , β, x
−
p , z

−
p and x−

sw are ounted

as sagittal parameters while q−6 , α, y
−
p and y−sw are regarded as oronal parameters.

Sine the �rst four entries of h0 are sagittal outputs, the parameters a12, a
2
2, a

3
2, a

4
2,

a13, a
2
3, a

3
3, a

4
3, a

1
4, a

2
4, a

3
4, a

4
4 are ounted also as sagittal outputs, and the rest param-

eters a52, a
6
2, a

7
2, a

8
2, a

5
3, a

6
3, a

7
3, a

8
3, a

5
4, a

6
4, a

7
4, a

8
4 are oronal parameters as the last

four entries of h0 are oronal outputs.
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5.4.2 Optimization Criterion

As in the ase of the 5-link planar biped, the ost funtion is de�ned as the integral

of the norm of the torque for a displaement of one meter, and the simpli�ed form

is written as:

C(ϑ) =
1

d

∫ θ−

θ+

∑9
i=2(u

∗
i (ξ1, ξ2))

2

κ1(ξ1)ξ2(ξ1, ξ
−
2 )

dξ1 (5.110)

where T is the step duration and d is the step length given by (5.109). The validity

of the ost funtion depends on whether there is a valid �xed point (ξ∗1 , ζ
∗
2) as de�ned

in (5.78). As in the ase of the planar biped, there are three situations where we

annot alulate (ξ∗1 , ζ
∗
2) for the 3D biped:

1. a5 alulated by the inverse kinematis (5.87) to (5.107) ontains omplex

numbers;

2. a5 is valid but δ2zero ≥ 1 or δ2zero = 0;

3. a5 is valid and 0 < δ2zero < 1 but δ2zeroVzero(θ
−)/(1− δ2zero) +K > 0.

Aordingly, the objetive funtion ℏ(ϑ) an be de�ned as:

ℏ(ϑ) =




C(ϑ) (ξ∗1 , ζ

∗
2)is valid

NaN else
(5.111)

where NaN stands for "not a number" and C(ϑ) is alulated by (5.110).

5.4.3 Constraints

For ensuring the validity of the optimal walking trajetory with referene to ertain

requirements, it is neessary to de�ne orresponding onstraints inluding:

CT1) The pelvis onstraint and torso onstraint prevent large lean-angles of the

torso and the pelvis, i.e., −π/15 (rad) < α− < π/15 (rad), 0 < β− <

π/4 (rad) and −π/36 (rad) < q−6 < π/36 (rad);

CT2) The pelvis onstraint prevents extremely low pelvis position, i.e., z−p >

0.72 (m);

CT3) The vertial omponent F z
sw of impulsive impat fore given in (5.23) must

be upward:

c1 = −F z
sw < 0 (5.112)

CT4) The post-impat veloity of the swing foot is upward;

c2 = −ż+sw < 0 (5.113)

CT5) The swing foot must not touh the ground prematurely:

c3 = − min
0<s<1

(zsw(s)) < 0 (5.114)
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CT6) The swing leg and the stane leg have no interation during the step:

c4 = max
0≤s≤1

(− sin(θd)xsw(s) + cos(θd)ysw(s) + 0.6lfoot) < 0 (5.115)

CT7) The knees of both the swing leg and the stane leg only bend in forward

diretion:

c5 = max
0≤s≤1

(q3(s)) ≤ 0 (5.116)

c6 = max
0≤s≤1

(q9(s)) ≤ 0 (5.117)

CT8) The stane foot ontat onstraints as de�ned by (5.45), (5.46), (5.50),

(5.51) and (5.56):

c7 = −Na
st < 0 (5.118)

c8 = −N b
st < 0 (5.119)

c9 = |fax
st | − µNa

st < 0 (5.120)

c10 = |f bx
st | − µN b

st < 0 (5.121)

c11 = |F y
st| − |F y

st|max < 0 (5.122)

CT9) The average walking speed equals to the desired speed:

c12 = d/T − vd = 0 (5.123)

where vd represents the desired speed.

Among all the onstraints, CT1 and CT2 are treated as the bounds of the optimiza-

tion parameters ϑ, CT3-CT8 are nonlinear inequality onstraints, and CT9 is nonlin-

ear equality onstraint. Aordingly, we have Eset = {12} and Iset = {1, 2, · · · , 11}.
As in the ase ℏ(ϑ), it is possible that we annot alulate the onstraints. In those

situations, ci =NaN for all i ∈ Iset ∪ Eset.

5.4.4 Optimization Realization

The optimization of the 8-link 3D biped also uses the SQP algorithm and the pro-

esses of optimization has already been explained in Setion 3.4.4. For the 3D biped,

the three major steps in alulating the objetive funtion ℏ(ϑ) and the onstraints

c(ϑ) are given below:

1. Calulate the evolution of the zero dynamis. (1) Solve the inverse dynamis

using equations (5.87) to (5.107). (2) Parameterize hd using (5.84), (5.85),

(5.83), (5.82) and (5.81). (3) Calulate the evolution of ξ1 and ξ2 using (5.73),

(5.74), (5.68), (5.69), (5.76), (5.78) and (5.79) and (5.80).

2. Calulate the evolution of the omplete system by alulating (5.63), (5.65),

(5.66), and (5.6).
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Fig. 5.7: The starting point ϑ0 for optimizing the 8-link 3D biped

3. Calulate the objetive funtion using the equation (5.111) and all the on-

straints using (5.112) to (5.123).

For optimization, a feasible starting point ϑ0 is ruial. In our ase, a feasible

starting point requires that a valid �xed point (ξ∗1 , ζ
∗
2) de�ned in (5.78) does exist

for the given parameters even though the walking motion an be invalid in terms of

ground reation fores, ZMP range, et. One bene�t of dividing the optimization

parameters into two groups lies in the onveniene of reating the starting point for

optimization. Sine both the 3D biped and the planar biped use model parameters

derived from the robot HRP-4, we an atually use the optimized parameters from

the planar biped to form the starting point for optimizing the 3D biped. The details

are illustrated in Figure 5.7. By diretly using the optimized parameters of the

planar biped as the sagittal parameters of the 3D biped and assigning onstants

in Figure 5.7 to the oronal parameters, we an obtain a starting point for the

optimization program.

Another bene�t of dividing the optimization parameters is that we an hoose to

optimize only the oronal parameters while using the optimized parameters from the

planar biped as the sagittal parameters. In this way, there are only 16 parameters

to optimize.

5.5 Results And Analysis

In this setion, we start from analyzing the starting point formed by the method

explained in Setion 5.4.4. After that, two ases of optimization are given in detail:

3D Optimization Case I) Optimize only the 16 oronal parameters while using the

optimized parameters of the 5-link planar biped as the sagittal parameters. Thus,

the parameter vetor ϑ is:

ϑ = [β, x−
p , z

−
p , x

−
sw, a

1
2, a

2
2, a

3
2, a

4
2, a

1
3, a

2
3, a

3
3, a

4
3, a

1
4, a

2
4, a

3
4, a

4
4]

⊤
(5.124)

3D Optimization Case II) Optimize all the 32 parameters with the parameter ve-

tor ϑ being:

ϑ = [φ⊤
P , a

⊤
2 , a

⊤
3 , a

⊤
4 ]

⊤
(5.125)
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5.5.1 Analysis of the Starting Point

Fig. 5.8: The stik hart of the 3D biped by diretly applying the optimized parameters of

the planar biped walking at 1.5m/s.

By applying the starting point omposed of oronal parameters given in Figure

5.7 and sagittal parameters equaling the optimized parameters of the 5-link planar

biped walking at 1.5m/s, we have, in Figure 5.8, the stik hart of the 8-link 3D

biped of whih the oronal motion is almost ompletely suppressed. In addition,

we also have ζ∗2 = 1904 (kgm2/s)2, δ2zero = 0.610, Vzero(θ
−) = −742.4 (kgm2/s)2,

K = 192.1 (kgm2/s)2. If we do not onsider the ontat ondition of the stane

foot, the walking motion generated by the starting point is exponentially stable

sine 0 < δ2zero < 1 and δ2zeroVzero(θ
−)/(1− δ2zero) +K = −1295 < 0.

−0.6 −0.4 −0.2 0 0.2 0.4 0.6

−0.2
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0.2

0.4

0.6

0.8

xg[m]

y g
[m

]

 

 

Swing Foot

Swing Ankle

Stance Foot

ZMP Range

Stance Ankle

Fig. 5.9: The ZMP range of the 3D biped by diretly applying the optimized parameters

of the planar biped walking at 1.5m/s.

However, the walking motion thus generated is not pratial sine almost all the

ontat onditions of the stane foot are violated. The most obvious one is shown in

Figure 5.9 where the required ZMP range is outside the range of the line segment of

the stane foot. In addition, the energy ost of this walking motion is 4893N2ms,

whih is muh larger than 3161N2ms in Figure 3.10 onsumed by the orresponding

planar biped.
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5.5.2 3D Optimization Case I

For 3D Optimization Case I, the sagittal parameters of the 3D biped are exatly the

optimized parameters of the planar biped at respetive speeds required by the speed

onstraint CT9. Thus the remaining parameters to be optimized are all oronal

parameters. The stability an be analyzed similarly. For walking at 0.7m/s, the

evolution of zero dynamis is shown in Figure 5.10. In addition, we have ζ∗2 = 595.32

(kgm2/s)2, δ2zero = 0.719, Vzero(θ
−) = −167.6 (kgm2/s)2, K = 202.9 (kgm2/s)2.

Assuming the onstraints are satis�ed, the walking motion is exponentially stable

sine 0 < δ2zero < 1 and δ2zeroVzero(θ
−)/(1− δ2zero)+K = −224.8 < 0. The stability of

the remaining optimized gaits of the 3D biped an be validated in the same manner.
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Fig. 5.10: The evolution of the zero dynamis of the 8-link 3D biped walking at 0.7m/s

for 3D Optimization Case I.

Ideally, one would expet that the sagittal motion and the oronal motion an

be deoupled and this simpli�ed optimization may as well provide energy e�ient

walking motions. However, the energy ost urves in Figure 5.11 seem disappointing.

Compared with the energy ost of the planar biped in Figure 3.10, the energy ost of

the 3D biped is muh higher for low speeds. By ombining the energy ost aused by

u3, u4, u8, u9 as the sagittal energy ost and onsidering the remaining energy ost

as the oronal energy ost, we might understand why optimizing only the oronal

parameters is insu�ient for obtaining energy e�ient walking motions. From Figure

5.11, we an see that the sagittal ost in 3D Optimization Case I is almost the same

with the energy ost of the planar biped throughout the entire speed range while

the oronal ost exhibit approximately quadrati growth as the speed dereases.

Furthermore, the energy osts at low speeds from the atuators of the oronal DOF

of the stane hip and the lumber joint are abnormally high, whih means the 3D

biped wastes muh energy in supporting the pelvis and regulating ZMP while this

ould have been done more e�iently by exploiting the robot's natural dynamis

in the oronal plane. This result also shows that the motions of 3D bipeds in the

sagittal plane and the oronal plane are strongly oupled and that the deoupling

methods that enforing the ideal motions obtained from orresponding planar bipeds

might no longer be energy e�ient.
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Fig. 5.11: The energy osts of the 8-link 3D biped and its atuators and the perentages

of ontribution at di�erent speeds for 3D Optimization Case I
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Fig. 5.12: The optimized posture parameters of the 8-link 3D biped at di�erent speeds for

3D Optimization Case I with the stane ankle being the origin and the sagittal

parameters being the same with the parameters shown in Figure 3.11
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The variation of posture parameters at di�erent speeds is demonstrated in Figure

5.12, and we an see that the variation ranges of the oronal parameters y−p , y
−
sw

and α are quite limited. This is due to the fat that the oronal posture parameters

and the sagittal posture parameters are oupled, and �xing one of them will limit

the variation range of the other. Aording to Figure 5.7, the sagittal parameter

x−
sw are exatly the optimized parameter x−

sw of the 5-link planar biped and, beause

θd in the equation (5.109) is usually very small, the optimized step length d of the

3D biped in 3D Optimization Case I at a given speed is then very lose to the step

length x−
sw of the planar biped at the same speed. Aordingly, the evolution of

step frequeny and step duration in Figure 5.13 is almost the same with the one in

Figure 3.12.
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Fig. 5.13: The step duration and step frequeny of the 8-link 3D biped at di�erent speeds

for 3D Optimization Case I

0.3m/s                                                    0.7m/s

1.1m/s                                                     1.5m/s

Fig. 5.14: The stik harts of the 8-link 3D biped walking at various speeds for 3D Opti-

mization Case I
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The stik harts of the 3D biped walking at 0.3m/s, 0.7m/s, 1.1m/s and 1.5m/s

are drawn in Figure 5.14. The predominant impression we an get from this �gure is

that the 3D biped seems to have large torso swings at low speeds. The detailed data

of walking motions are illustrated respetively from Figures 5.15 to 5.21. By om-

paring Figure 3.14 and Figure 5.15, it is obvious that the evolution of all the sagittal

angles and outputs of the 3D biped is very lose to the evolution of orresponding

angles and outputs of the planar biped. In addition, the sagittal trajetories of the

COMs and the swing ankle of the 3D biped in Figures 5.20 and 5.21 are almost iden-

tial to the sagittal trajetories the COMs and the swing foot of the 5-link biped in

Figures 3.19 and 3.20. It is interesting to note that in Figures 5.15 and 5.16 that

the movements of the oronal hip joints desribed by q5, q̇5, q7, q̇7 are quite small

ompared with the movements of the other joints. Aording to Figure 5.18, the

negative powers and the negative energy aused by the hip joint atuators annot be

negleted. As mentioned above, the walking trajetories generated here an satisfy

the ontat onstraints de�ned by a omprehensive line foot ontat model. This an

be veri�ed in Figure 5.19 using equations (5.45), (5.46), (5.50), (5.51) and (5.56).

It is interesting to note that the range of pZMP in Figure 5.21 is muh smaller than

the size of the line foot and at 1.5m/s the margin left between |F y
st|max and |F y

st| is
almost zero. Therefore we an onlude that the purpose of having omparatively

long line feet is mainly for restraining yaw movement.
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Fig. 5.15: The angle harts of the joints and outputs of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Optimization Case I
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Fig. 5.16: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Optimization Case I
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Fig. 5.17: The torque harts of the atuators of the 8-link 3D biped walking at 0.7m/s and

1.5m/s for 3D Optimization Case I
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Fig. 5.18: The mehanial output powers of the atuators of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s (two steps) for 3D Optimization Case I (Dashed lines

represent swing joint angles, and green dashed lines represent the jumps aused

by the impat. On the left side, solid lines represent stane joint angles.)
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Fig. 5.19: The ground reation fores and torques of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Optimization Case I
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Fig. 5.20: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Optimization Case I.
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Fig. 5.21: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Optimization Case I

5.5.3 3D Optimization Case II

For 3D Optimization Case II , both the sagittal parameters and oronal parameters

are optimized for obtaining energy e�ient walking motions. The superiority of

optimizing all the parameters is obvious. As demonstrated in Figure 5.22, the energy

ost of the 3D biped at high speeds ( 3155N2ms at 1.5m/s) in 3D Optimization Case

II is very lose to the energy ost of the planar biped in Figure 3.10 (3161N2ms

at 1.5m/s). Although the energy ost of the 3D biped at low speeds (239N2ms

at 0.3m/s) is higher than the energy ost of the planar biped without ouplings

at the same speeds (52N2ms at 0.3m/s), it is muh lower than the value in 3D

Optimization Case I (1484N2ms at 0.3m/s). Furthermore, when it omes to the

sagittal energy ost, the value for the 3D biped at high speeds in 3D Optimization

Case II ( 2700N2ms at 1.5m/s) is lower than the orresponding values for the

same biped in 3D Optimization Case I (2970N2ms at 1.5m/s). This shows that

the motions in the sagittal plane and the oronal plane are highly oupled, and

by properly distributing energy ost in these two planes, a 3D bipedal robot an

greatly redue its energy onsumption and lower the requirements of the atuators

(suh as peak torques). Despite the di�erene between two optimization ases, the

perentages of the sagittal energy ost and the oronal energy ost at di�erent speeds

are very similar in Figures 5.11 and 5.22.



5.5. Results And Analysis 129

0 0.5 1 1.5
0

1000

2000

3000

C
ri
te
ri
o
n
[N

2
m
s]

 

 

8-link robot

coronal cost

sagittal cost

0 0.5 1 1.5
0

500

1000

1500

2000

C
ri
te
ri
o
n
[N

2
m
s]

Speed [m/s]

 

 

sagittal stance hip

coronal stance hip

sagittal swing hip

coronal swing hip

stance knee

swing knee

lumbar joint

stance ankle

0 0.5 1 1.5
0

20

40

60

80

100

P
er
ce
n
ta
g
e
[%

]

0 0.5 1 1.5
0

10

20

30

40

50

60

Speed [m/s]

P
er
ce
n
ta
g
e
[%

]

Fig. 5.22: The energy osts of the 8-link 3D biped and its atuators and the perentages

of ontribution at di�erent speeds for 3D Optimization Case II

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

A
n
g
le

[r
a
d
]

 

 

α β q−6

0 0.5 1 1.5

0.74

0.76

0.78

0.8

Speed [m/s]

D
is
ta
n
ce

[m
]

 

 

z−p

0 0.5 1 1.5
0

0.2

0.4

0.6

D
is
ta
n
ce

[m
]

 

 

x−p x−sw

0 0.5 1 1.5
−0.2

−0.15

−0.1

−0.05

0

D
is
ta
n
ce

[m
]

Speed [m/s]

 

 

y−p y−sw

Fig. 5.23: The optimized posture parameters of the 8-link 3D biped at di�erent speeds for

3D Optimization Case II with the stane ankle being the origin.
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The variation of the optimized posture parameters at di�erent speeds is given

in Figure 5.23, and it is interesting to note that the angle q−6 of the lumbar joint

at the end of eah step is bounded by the upper-limit of the onstraint CT1 (i.e.,

−π/36 rad < q−6 < π/36 rad). Comparing the step duration in Figures 5.24 and 3.12,

we �nd that, at low speeds, the planar biped (without elasti ouplings) obviously

takes larger step than the 3D biped does. Besides, it is also worth mentioning that

the lateral distane between the stane foot and the swing foot ankles at the end of

eah step has a positive orrelation with the walking speeds, whih seems awkward

ompared with the gaits of human beings at di�erent speeds.
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Fig. 5.24: The step duration and step frequeny of the 8-link 3D biped at di�erent speeds

for 3D Optimization Case II
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Fig. 5.25: The stik harts of the 8-link 3D biped walking at various speeds for 3D Opti-

mization Case II
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The stik harts of the gaits of the 3D biped at 0.3m/s, 0.7m/s, 1.1m/s and

1.5m/s are drawn in Figure 5.25. Compared with Figure 5.14, the amplitude of the

lateral movement of the torso is muh smaller in Figure 5.25. The detailed data

onerning the gaits at 0.7m/s and 1.5m/s are illustrated respetively in Figures

5.26 to 5.32.

In Figures 5.15 and 5.26, we an see that the angle θ de�ned in (5.58) is almost a

linear funtion of time. This indiate θ is a good replaement of time in synhronizing

the movements of di�erent joints. By omparison, at the walking speed 0.7m/s, q6
and q̇6, in Figures 5.26 and 5.27 seem to evolve in the opposite diretions of the

evolution of q6 and q̇6 in Figures 5.15 and 5.16. In addition, the movements of the

oronal hip joints in 3D Optimization Case II desribed by q5, q̇5, q7 and q̇7 are

muh more obvious than those in 3D Optimization Case I . This suggests that, in

3D Optimization Case II , the 3D biped is apable of using proper movements of

the oronal hip joints to avoid large movement of the torso and redue energy ost.

By studying Figures 5.27, 5.28 and 5.29, we an �nd that, at 0.7m/s, mehanial

energy is mostly onsumed by the oronal hip atuator on the stane leg, while at

1.5m/s the sagittal hip atuator on the stane leg onsumes most mehanial energy.

In addition, the negative powers and the negative energy aused by the hip joint

atuators annot be negleted.
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Fig. 5.26: The angle harts of the joints and outputs of the 8-link 3D biped walking at

0.7m/s and 1.5m/s for 3D Optimization Case II
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Fig. 5.27: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Optimization Case II
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Fig. 5.28: The torque harts of the atuators of the 8-link 3D biped walking at 0.7m/s and

1.5m/s for 3D Optimization Case II
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Fig. 5.29: The mehanial output powers of the atuators of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s (two steps) for 3D Optimization Case II (Dashed lines

represent swing joint angles, and green dashed lines represent the jumps aused

by the impat. On the left side, solid lines represent stane joint angles.)
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Fig. 5.30: The ground reation fores, torques and the ZMP urves of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Optimization Case II
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Fig. 5.31: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Optimization Case II

The ground ontat of the gaits an be veri�ed in Figure 5.30. It is interesting

to note that the range of pZMP in (5.32) is muh smaller than the size of the line

foot and at 1.5m/s the margin left between |F y
st|max and |F y

st| is almost zero.

The trajetories of the CoM and pelvis enter of the 3D biped are depited in
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Figure 5.31. By omparing Figure 5.31 with Figure 5.20 for 3D Optimization Case I,

we �nd that the lateral movements of the pelvis enter and CoM in 3D Optimization

Case II is muh larger. The trajetories of the swing ankle and the foot prints of the

3D biped are provided in Figure 5.32. The foot learane for both speeds is above

5 cm, whih is omparatively large ompared with the 1.3 cm average maximum toe

learane of human beings [181℄.
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Fig. 5.32: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Optimization Case II

5.6 Conlusion

In this hapter, we have extended the appliation range of the method of applying

feedbak linearization and ahieving hybrid invariane in [8℄ for planar bipeds to

takle the problem of 3D bipedal walking. An 8-link 3D planar biped derived from

HRP-4 [172℄ with a torso, two thighs, two shins and two massless line feet is used

as an example to demonstrate the orresponding methods of modeling, ontrolling

and optimizing. Like the 5-link planar biped in Chapter 3, the dynami model of

the 3D biped is also omposed of an impat model and a swing phase model to

form a hybrid model. In partiular, we have developed a line-foot ontat model

to ensure validity of the swing phase model and a line-foot impat model to realize

instantaneous status transition at the impat.

During the swing phase, the method of feedbak linearization is adopted to apply

virtual onstraints de�ned by "Symmetry Output" in Chapter 3. By adopting the

line foot on�guration with one degree of underatuation, we an ahieve hybrid
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invariane in losed form and perform the stability analysis on a salar LTI return

map as in the ase of the planar biped in Chapter 3.

The ideal evolution of the virtual onstraints are parameterized by Bézier poly-

nomials of order 5 as funtions of the normalized value of the linearized absolute

angle of the virtual stane leg. In addition we have replae some of the Bézier

parameters with posture parameters to failitate the geometri interpretation of

walking gaits. A inverse dynami model is provided to reate a mapping between

the posture parameters and Bézier parameters. The optimization parameters are

further divided into oronal parameters and sagittal parameters, and the optimized

parameters from the planar biped are used as the starting point for the optimization

of the 3D biped. The objetive funtion and optimization onstraints are similarly

de�ned as in the ase of the planar biped. Partiularly, the optimization onstraints

inlude the onstraint from the line-foot ontat model to prevent yaw movement

and a onstraint to avoid interferene of two legs. Thereafter, the optimization is

performed following the same proedures in Chapter 3.

There are two optimization ases disussed in this hapter, namely 3D Optimiza-

tion Case I and 3D Optimization Case II . In 3D Optimization Case I, we optimize

only the 16 oronal parameters and use the optimized parameters from the 5-link

planar biped as the sagittal parameters. In 3D Optimization Case II , we optimize

all the 32 parameters. By omparing these two ases, we �nd that optimizing only

the oronal parameters is only omparatively e�etive at high speeds while opti-

mizing all the parameters an provide gaits with similar energy ost to the planar

biped (without elasti ouplings) at the entire speed range with the minimum energy

ost being 238N2ms at 0.3m/s and the maximum energy ost being 3155N2ms at

1.5m/s.



6. ELASTIC COUPLINGS FOR

UNDERACTUATED 3D BIPEDAL ROBOTS

The work presented in this hapter fouses on exploring the superiority of adding

elasti ouplings (in form of hip joint springs) to 3D bipeds using gait optimization.

As in the ase of the planar biped in Chapter 4, this is realized by adding spring

onstants to the optimization parameters and searhing optimal gaits at di�erent

speeds with minimal energy ost. There are three oupling ases disussed in this

hapter, namely, 3D Coupling Case I, II and III. In 3D Coupling Case I, a torsion

spring is added to onnet the movements of two thighs in the sagittal plane. In

3D Coupling Case II, two torsion springs are used to build onnetions between the

movements of two thighs and the movement of the pelvis in the oronal plane. In 3D

Coupling Case III, the ideas of the �rst two ases are ombined, and three torsion

springs are installed in both the sagittal plane and the oronal plane. The results of

gait optimization indiate that, ompared with the hip joint springs in the oronal

plane, the hip joint spring in the sagittal plane plays a muh more important role in

saving energy, but the best option is to add springs in both the sagittal plane and

the oronal plane.

This hapter proeeds as follows. Setion 6.1 deals with the modeling of elasti

ouplings. Setion 6.2 provides detailed results onerning three di�erent on�gu-

rations of hip joint springs. Setion 6.3 provides a short disussion omparing the

three oupling ases. Finally, a onlusion is given in Setion 6.4.

6.1 Modeling of Elasti Couplings

Sine elasti omponents annot produe impulses during the impat, they have no

in�uene on the 8-link 3D biped's impat model. As for the swing phase model, the

equation (5.5) an now be written as:

D(q)q̈ + C(q, q̇) +G(q) = B(u+ τe(q)) (6.1)

where τe = [τe2, τe3, τe4, τe5, τe6, τe7, τe8, τe9]
⊤
is the torque vetor generated by elasti

ouplings. The torques of eah atuator for a yli gait on the zero dynami surfae

is obtained by subtrating τe from (5.63):

u∗(x) = −(LgLfh(x))
−1L2

fh(x)− τe(x) (6.2)

We an see in Figure 5.22 that, in the ase where no elasti oupling is available,

the dominant part of the energy ost of the 8-link 3D biped is aused by the oronal

hip joint atuators at low speeds and by the sagittal hip joint atuators at high
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speeds. As suh, it would be interesting to add elasti ouplings to these hip joints,

and we propose three elasti oupling ases for our 3D bipedal robot in Figure 5.2:

3D Coupling Case I) As illustrated in Figure 6.1(a), a linear torsion spring is

mounted in the sagittal plane to build a onnetion between two thighs with the

de�etion ϕe1 − ϕ∗
e1 in (2.11) given by ϕe1 = q4 − q8 and ϕ∗

e1 = 0 (beause of the

symmetry of the 3D biped). Replaing ke1 in (2.18) with optimized sti�ness kopt1,

the torque vetor τe of the sagittal hip joint spring is then given by:

τe(q) = [0, 0,−kopt1(q4 − q8), 0, 0, 0,−kopt1(q8 − q4), 0]
⊤

(6.3)

3D Coupling Case II) As illustrated in Figure 6.1(b), two linear torsion springs are

mounted in the oronal plane onneting the two thighs respetively to the pelvis.

Aordingly, we have ϕe2 = q5 and ϕe3 = q7 for the de�etions ϕe2 − ϕ∗
e2 and

ϕe3−ϕ∗
e3 in (2.11) of these two springs. Beause of the symmetry of the 8-link 3D

biped, the sti�ness of these two springs must be the same, namely, ke2 = ke3. Out

of onsideration for reduing the number of optimization parameters, we further

assume that the release positions for these two springs are zero, i.e., ϕ∗
e2 = ϕ∗

e3 = 0.

Replaing ke2 and ke3 with optimized sti�ness kopt2 and using (2.18), the torque

vetor τe is then given by:

τe(q) = [0, 0, 0,−kopt2 q5, 0,−kopt2 q7, 0, 0]
⊤

(6.4)

3D Coupling Case III) In this ase, a torsion spring is added in the sagittal plane

in the same way as for 3D Coupling Case I, and two linear torsion springs are

added in the oronal plane in the same way as for 3D Coupling Case II. Using

(2.18), the torque vetor τe is given by:

τe(q) =[0, 0,−kopt1(q4 − q8),−kopt2 q5,

0,−kopt2 q7,−kopt1(q8 − q4), 0]
⊤ (6.5)

φe1=q4-q8

(a) Coupling Case I

φe2=q5φe3=q7

(b) Coupling Case II

Fig. 6.1: Coupling ases of the 8-link 3D biped
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6.2 Optimal Walking with Elasti Couplings

6.2.1 3D Coupling Case I

Aording to the ost urves shown in Figure 6.2, the energy ost of the entire

8-link bipedal robot is greatly redued for speeds ranging from 0.6m/s to 1.5m/s

ompared with the overall energy ost in Figure 5.22 without elasti ouplings. For

a wide range of speeds from 0.35m/s to 1.0m/s the energy ost is around 200N2ms.

At 1.5m/s, the overall energy ost is 475N2ms while the orresponding value without

elasti ouplings is 3155N2ms in 3D Optimization Case II of Chapter 5. Despite the

obvious improvement in energy e�ieny at high speeds, there is few improvement

for the energy ost at low speeds. At the lowest speed, the oronal ost (the energy

ost of the joint atuators in the oronal plane) is very lose to the overall ost and

the sagittal ost is almost negligible.
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Fig. 6.2: The energy osts and perentages of ontribution of the 8-link 3D biped and its

atuators at di�erent speeds for 3D Coupling Case I

The evolution of the posture parameters (de�ned in Figure 5.5) at di�erent speeds

is provided in Figure 6.3. Compared with Figures 4.7 and 4.8, the variations of the

optimized posture parameters and atuator energy osts for the 3D biped is not as

smooth as those for the planar biped. This indiates that the results so far obtained

for our 3D biped are sub-optimal, whih is quite normal for gait optimization of 3D

bipeds [114, 123℄. However, it is still possible to see the general tendeny of these

variations without using any interpolations. In omparison with the gaits in Figure

5.25 for 3D Optimization Case II where elasti ouplings are absent, the gaits for

3D Coupling Case I is featured with smaller steps and more upright torso positions.

These phenomenons an be veri�ed in Figures 6.3 and 6.5. As for the spring sti�ness

kopt1, we an see in Figure 6.4 that kopt1 has a positive orrelation with the walking



140 6. Elasti Couplings for Underatuated 3D Bipedal Robots

speed, but it does seem to reah a saturation point at high speeds. The most

likely explanation for the saturation is the limited margins left for remaining ground

ontat at high speeds (Figure 6.21).
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Fig. 6.3: The optimized posture parameters of the 8-link 3D biped at di�erent speeds for

3D Coupling Case I with the stane ankle being the origin.
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Fig. 6.4: The step frequeny and the spring sti�ness of the 8-link 3D biped at di�erent

speeds for 3D Coupling Case I.

The stik harts of the 3D biped walking at 0.3m/s, 0.7m/s, 1.1m/s, and 1.5m/s

is depited in Figure 6.5, and the detailed information is provided from Figures 6.6

to 6.12. Apart from having more upright gaits than the 3D biped with no oupling

in Figure 5.25 of 3D Optimization Case II, the 3D biped in 3D Coupling Case I

also has a smaller lateral movement of the torso and the CoM, whih an be equally

veri�ed by omparing Figures 6.6, 6.7 and 6.11 with Figures 5.26, 5.27 and 5.31. In

addition, the lateral distane between the stane foot and the swing foot are also

shorter at high speeds ompared with 3D Optimization Case II.
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0.3 m/s                                         0.7 m/s

1.1 m/s                                        1.5 m/s

Fig. 6.5: The stik harts of the 8-link 3D biped walking at various speeds for 3D Coupling

Case I
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Fig. 6.6: The angle harts of the joints and output variables of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case I
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Fig. 6.7: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case I

0 0.1 0.2 0.3 0.4

0

5

10

 

 

u2 u6

0 0.1 0.2 0.3 0.4

2

4

 

 u3 u9

0 0.1 0.2 0.3 0.4

−5

0

5

 

 u4 u8

0 0.1 0.2 0.3 0.4
−40
−20

0
20
40
60
80

T
o
rq
u
e
[N

m
]

 

 τe4 τe8

0 0.1 0.2 0.3 0.4
−10

0

10

Time[s]

 

 

u5 u7

(a) 0.7m/s

0 0.05 0.1 0.15 0.2 0.25

0
5

10
15

 

 

u2 u6

0 0.05 0.1 0.15 0.2 0.25
−10

0
10
20

 

 
u3 u9

0 0.05 0.1 0.15 0.2 0.25
−20
−10

0
10

 

 u4 u8

0 0.05 0.1 0.15 0.2 0.25
−100

0
100
200

T
or
q
u
e
[N

m
]

 

 τe4 τe8

0 0.05 0.1 0.15 0.2 0.25

−10

0

10

Time[s]

 

 
u5 u7

(b) 1.5m/s

Fig. 6.8: The torque harts of the atuators of the 8-link 3D biped walking at 0.7m/s and

1.5m/s for 3D Coupling Case I
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Compared with Figure 5.29 of 3D Optimization Case II, the negative power and

energy onsumed by the sagittal hip joints in 3D Coupling Case I are muh smaller.
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Fig. 6.9: The mehanial output powers of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s (two steps) for 3D Coupling Case I (Dashed lines represent

swing joint angles, and green dashed lines represent the jumps aused by the

impat. On the left side, solid lines represent stane joint angles.)
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In Figure 6.10, we an verify the ground ontat onstraints using equations

(5.45), (5.46), (5.50), (5.51) and (5.56) de�ned in CT8.
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Fig. 6.10: The ground reation fores and torques of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case I
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Fig. 6.11: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case I
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Compared with Figure 5.32 of 3D Optimization Case II, the maximum foot

learane in 3D Coupling Case I are smaller.
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Fig. 6.12: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Coupling Case I

6.2.2 3D Coupling Case II

The ost urves of 3D Coupling Case II are given in Figure 6.13. Although the

overall energy ost does derease at the entire speed range ompared with the ost

in 3D Optimization Case II (Figure 5.22), the redution is muh smaller at high

speeds than that in 3D Coupling Case I. This means that 3D Coupling Case II

should not be onsidered �rst when designing 3D bipedal robots walking at high

speeds. However, at low speeds, 3D Coupling Case II is better than 3D Coupling

Case I with the minimum overall energy ost equaling only 131N2ms while the

orresponding values are about 200N2ms in 3D Coupling Case I and 238N2ms in

3D Optimization Case II. The possible explanation for this phenomenon is that, as

shown already in Figures 5.11, 5.22 and 6.2, the oronal energy ost aounts for

the major energy ost of our 3D biped at low speeds in di�erent ases, and thus

adding ouplings to the oronal plane is naturally more e�etive for low speeds than

for high speeds.

The variations of the posture parameters at di�erent speeds are provided in

Figure 6.14. It is interesting to note that there seem to be "turning points" on the

ost urves of the atuators and on the oordinates y−p and y−sw around the speed

1.0m/s. This is aused by the boundaries of α (to avoid a large lean angle of the

torso in the oronal plane) and β (to avoid the torso from leaning bakward) in the

optimization onstraint CT1.
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Fig. 6.13: The energy osts of the 8-link 3D biped and its atuators at di�erent speeds for

3D Coupling Case II
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Fig. 6.14: The optimized posture parameters of the 8-link 3D biped at di�erent speeds for

3D Coupling Case II with the stane ankle being the origin
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The spring sti�ness kopt2 and step frequeny at di�erent speeds are illustrated in

Figure 6.15. At low speeds, the optimized step frequeny in 3D Coupling Case II is

higher than the values in 3D Coupling Case I and Optimization Case II while, at the

high speeds, the step frequeny is lower than the value in 3D Coupling Case I but

higher than the value in 3D Optimization Case II. As for the spring sti�ness kopt2,

we an see that, like kopt1 of the sagittal hip joint spring in 3D Coupling Case I, kopt2
also has an almost positive orrelation with the walking speed, but the saturation

happens at a muh lower speed and at high speeds kopt2 even drops a bit. As in the

Coupling Case I, the saturation is also related to the ground ontat onditions.
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Fig. 6.15: The step frequeny and the spring sti�ness of the 8-link 3D biped at di�erent

speeds for 3D Coupling Case II
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Fig. 6.16: The stik harts of the 8-link 3D biped walking at various speeds for 3D Coupling

Case II
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The stik harts of the 8-link 3D biped walking at 0.3m/s, 0.7m/s, 1.1m/s and

1.5m/s are illustrated in Figure 6.16, and the detailed information onerning the

gaits at 0.7m/s and 1.5m/s are provided from Figures 6.17 to 6.23. It is obvious

that the extent of the movement of the 3D bipedal robot in the oronal plane (suh

as the swing of the torso) is muh larger than those in Figures 6.5 and 5.25. This

is also shown by the fat that the variation ranges of q5, q̇5, q6, q̇6, q7 and q̇7 are

muh larger in Figures 6.17 and 6.18 than in Figures 6.6, 6.7, 5.26 and 5.27 for 3D

Optimization Case II and 3D Coupling Case I.

By omparing Figure 6.8 with Figure 6.19, we an �nd that the maximum ab-

solute values of the torques u4 and u8 in 3D Coupling Case I are muh smaller

than those in 3D Coupling Case II, espeially at the speed 1.5m/s. Aording to

the mehanial power harts in Figures 6.20, the negative power and energy of the

sagittal hip joints are of the same order of magnitude as the positive power and

energy. These all suggest that it is possible to further redue the energy ost by

adding elasti ouplings to the sagittal plane.
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Fig. 6.17: The angle harts of the joints and output variables of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case II
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Fig. 6.18: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case II
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Fig. 6.19: The torque harts of the atuators of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case II
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Fig. 6.20: The mehanial output powers of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s (two steps) for 3D Coupling Case II (Dashed lines represent

swing joint angles, and green dashed lines represent the jumps aused by the

impat. On the left side, solid lines represent stane joint angles.)
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Compared with the ZMP range at 0.7m/s and 1.5m/s in the previous ases of

our 3D biped, the required ZMP range in Figure 6.21 is larger, and this is possibly

due to the large movement of the CoM in Figure 6.22.
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Fig. 6.21: The ground reation fores and torques of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case II
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Fig. 6.22: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case II
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Fig. 6.23: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Coupling Case II

6.2.3 3D Coupling Case III

The ost urves of 3D Coupling Case III are given in Figure 6.24. Compared with all

the other ases illustrated in Figures 5.22, 6.2 and 6.13, the overall energy ost of the

8-link 3D bipedal robot is lowest in 3D Coupling Case III. Not only the maximum

energy ost at 1.5m/s drops to only 367N2ms, but for a wide speed range from

0.35m/s to 0.8m/s the energy ost is only around 75N2ms. This means that we

an ahieve highly energy e�ient gaits in 3D bipedal robots simply by adding hip

joint springs to both the sagittal plane and the oronal plane.

The variations of the posture parameters at di�erent speeds are provided in

Figure 6.25. By observing the variation of the posture parameter y−sw at di�erent

speeds, we an �nd that the 3D robot tends to have a short lateral distane between

its feet at high speeds and a long lateral distane between its feet at low speeds. This

onforms to our intuitive understanding about the di�erene between strolling and

rae walking. This phenomenon is also observed in 3D Coupling Case I (Figure 6.3)

but in 3D Optimization Case II (Figure 5.23) the tendeny is reversed, suggesting

that the gaits of our 3D biped are quite di�erent from the gaits of human beings

when there is no elasti oupling. Another interesting point is that the maximum

lean angle β of the pelvis in the sagittal plane is only about 0.4 rad in 3D Coupling

Case I, II, and III while for 3D Optimization Case I and II the maximum β is above

0.6 rad. This suggests that the 3D biped an have more upright postures during

walking with the help of elasti ouplings in the hip joints.
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Fig. 6.24: The energy osts and perentages of ontribution of the 8-link 3D biped and its

atuators at di�erent speeds for 3D Coupling Case III
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Fig. 6.25: The optimized posture parameters of the 8-link 3D biped at di�erent speeds for

3D Coupling Case III with the stane ankle being the origin

The optimized spring sti�ness kopt1 and kopt2 are illustrated in Figure 6.26. We

an see that both of them have positive orrelations with the walking speed at low

speeds and are saturated at high speeds, whih onforms to the previous onlusions
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from Figure 6.4 and Figure 6.15 in 3D Coupling Case I and II. In addition, the urves

of kopt1 and kopt2 in 3D Coupling Case III are respetively lose to the urve of kopt1
in 3D Coupling Case I and the urve of kopt2 in 3D Coupling Case II.
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Fig. 6.27: The stik harts of the 8-link 3D biped walking at various speeds for 3D Coupling

Case III

The stik harts of the 3D biped walking at 0.3m/s, 0.7m/s, 1.1m/s and 1.5m/s

are given in Figure 6.27. We an see that, ompared with the other 3D gaits so far

obtained in Figure 5.25 (3D Optimization Case II), 6.5 (3D Coupling Case I) and

6.16 (3D Coupling Case II), the optimized gaits in 3D Coupling Case III bear a

stronger resemblane to human gaits, whih is is mainly demonstrated by more

upright torso positions and a milder lateral motion of the swing leg.

For the walking speed 0.7m/s and 1.5m/s, the detailed information is provided

in Figures 6.28 to 6.34. The angle harts and angular veloity harts in Figures 6.28
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and 6.29 are similar to the angle harts in Figures 6.6 and 6.7 for 3D Coupling Case

I, but they are quite di�erent from the angle harts in Figures 6.17 and 6.18 for 3D

Coupling Case II, espeially for q5, q̇5, q6, q̇6, q7 and q̇7 at 1.5m/s. This is aused by

the large lateral movements of our 3D biped in 3D Coupling Case II. In addition, the

urves of the output variable θsymm in 3D Coupling Case I and III resembles more

a sine urve than the urves of θsymm in 3D Coupling Case II and 3D Optimization

Case I and II. This suggests that θsymm is a good indiator of whether our biped is

walking in resonane in the sagittal plane.

Aording to Figure 6.30, the torques τe4 and τe8 generated by the elasti ou-

plings in 3D Coupling Case III are muh larger than the torques u4 and u8 of the

orresponding atuators related to the ouplings. This also applies to 3D Coupling

Case I (Figure 6.8), but in 3D Coupling Case II (Figure 6.19), the magnitudes of

u5, u7 are quite lose to the magnitudes of τe5, τe7.

The e�etiveness of the elasti ouplings in 3D Coupling Case III an be further

veri�ed by the mehanial output powers of the 3D biped's atuators in Figure 6.31.

In 3D Coupling Case I and II (Figures 6.9 and 6.20), there are always sagittal hip

joint atuators or oronal hip joint atuators that produe a nonnegligible amount

of negative mehanial energy, but in 3D Coupling Case III the negative mehanial

energy produed by all the hip joint atuators is muh less than the orresponding

positive mehanial energy.
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Fig. 6.28: The angle harts of the joints and output variables of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case III
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Fig. 6.29: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case III
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Fig. 6.31: The mehanial output powers of the atuators of the 8-link 3D biped walking at

0.7m/s and 1.5m/s (two steps) for 3D Coupling Case III (Dashed lines represent

swing joint angles, and green dashed lines represent the jumps aused by the

impat. On the left side, solid lines represent stane joint angles.)
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The range of ZMP positions in Figure 6.32 is similar to those in Figure 6.10 for 3D

Coupling Case I and in Figure 5.30 for 3D Optimization Case II. However, in Figure

6.21 for 3D Coupling Case II, the required ZMP range is the largest at 0.7m/s and

1.5m/s among all the gait optimization ases of the 3D biped (3D Coupling Case I,

II, III and 3D Optimization Case I, II). This means that the negative in�uene on

the ZMP range in 3D Coupling Case II an be avoided by adding elasti ouplings

in the sagittal plane.
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Fig. 6.32: The ground reation fores and torques of the 8-link 3D biped walking at 0.7m/s

and 1.5m/s for 3D Coupling Case III

By omparing the trajetory of the robot's CoM in Figure 6.33 with those in

Figure 6.11 (3D Coupling Case I) and 6.22 (3D Coupling Case II), we an see that

the magnitudes of both lateral motion and vertial motion of the CoM are similar

in 3D Coupling Case I and III. However, in 3D Coupling Case II, the movement of

the robot's CoM is muh larger, whih is probably related to the large ZMP range

in Figure 6.21.

The footprints and the trajetories of the swing ankle are illustrated in Figure

6.34. Compared with the foot learane for all the other ases of our 3D biped

depited respetively in Figures 5.21, 5.32, 6.12 and 6.23, the maximum foot lear-

ane in 3D Coupling Case III is less than 2 cm at both walking speeds 0.7m/s and

1.5m/s, and this value is very lose to the 1.3 cm average maximum toe learane

for humans [181℄.
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Fig. 6.33: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.7m/s and 1.5m/s for 3D Coupling Case III
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Fig. 6.34: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.7m/s and 1.5m/s for 3D Coupling Case III
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6.3 Disussion

In the previous setion, we have demonstrated the appeal of adding elasti ouplings

in form of hip joint springs to our 3D bipedal robot based on gait optimization

results. It is interesting to make omparisons between all the optimization ases for

our 3D biped and planar biped.

When it omes to the overall energy ost, 3D Coupling Case III undoubtedly

provide the best solution among 3D Coupling Case I, II, III and 3D Optimization

Case I, II, but the energy ost in 3D Coupling Case I is also satisfatory. The

shortomings of 3D Coupling Case III is that it requires two more linear torsion

springs with adjustable sti�ness than 3D Coupling Case I, whih might have a

negative in�uene on the 3D biped's reliability. Therefore, one needs to onsider all

the possible trade-o�s to make a wise hoie between 3D Coupling Case I and III.

One thing for sure is that, 3D Coupling Case II is never the wise hoie for designing

a 3D biped with a walking speed above 0.5m/s not only beause it only provides a

limited redution in the energy ost, but also beause it has negative features like

exessive oronal motions and a limited margin for maintaining ground ontat.

As for the feasibility of modifying spring onstants, the situation is similar to

that of our planar biped. In order to avoid using additional atuators as in [153,

154, 156, 157℄, we an onsider several options. For realizing a 3D biped with three

linear torsion springs in 3D Coupling Case III, we an probably use linear torsion

springs with �xed sti�ness for all the walking speeds above 1m/s, sine there are

obvious saturations of kopt1 and kopt2 for the speed range between 1m/s and 1.5m/s

in Figure 6.26. In addition, we an also use an nonlinear sti�ening spring as proposed

in Chapter 4 to replae the sagittal hip joint spring in 3D Coupling Case I and III,

beause the variation range of the de�etion q4− q8 is positively orrelated with the

step size (whih is lose to x−
sw in Figures 6.3 and 6.25), and the latter is positively

orrelated with the walking speed and kopt1.

The periodi orbits of all the relative joint angles of the 8-link 3D biped walking

at 0.7m/s in �ve di�erent ases are depited in Figure 6.35. For all the relative

joint angles studied, the jumps of angular veloity (marked by blak arrows) at the

impat in 3D Coupling Case I and III (espeially Case III) are smaller than those

in 3D Coupling Case II and 3D Optimization Case I and II. Exept for the angle

of the ankle, the orbits of all the other relative joint angles in 3D Coupling Case I

and III are muh loser to ellipses than the orbits in the other ases in Figure 6.35.

For the relative joint angles in the oronal plane in Figure 6.35 (b), (d) and (e), the

maximum variation range appears in 3D Coupling Case II, whih probably aused

the limited margin left for ZMP positions in Figure 6.21. By omparing Figure 6.35

() with 4.29 (f), we an �nd that, the variation ranges of the relative knee joint

angle of our 3D biped for all ases expet 3D Optimization Case I (where sagittal

optimization parameters diretly ome from the optimized parameters of our planar

biped with no oupling) are generally smaller than those of our planar biped. This

means that our 3D biped has straight-legged gaits, and the most possible explanation

is that the additional oronal joints of the 3D biped an also ensure foot learane

like the knee joints do for both planar and 3D bipeds.
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(e) relative ankle joint angle

Fig. 6.35: The phase plots of the 8-link 3D biped in three di�erent ases at 0.7m/s (Solid

lines represent stane joint angles exept for the lumber joint, dashed lines rep-

resent swing joint angles, and blak arrows represent the jumps aused by the

impat. Note that the evolution of the swing ankle during the step is unknown.)
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6.4 Conlusion

In this hapter, we have disussed three ases of adding elasti ouplings in form

of hip joint springs to the 8-link 3D biped model introdued in Chapter 5. In 3D

Coupling Case I, a torsion spring is added to onnet the movements of two thighs

in the sagittal plane. In 3D Coupling Case II, two torsion springs are used to build

onnetions between the movements of two thighs and the movement of the pelvis

in the oronal plane. In 3D Coupling Case III, the ideas of the �rst two ases are

ombined, and three torsion springs are installed in both the sagittal plane and

the oronal plane. By adding spring onstants to the optimization parameters, we

have obtained results for all three ases using gait optimization methods in Chapter

5. The elasti ouplings in all three ases have redued negative mehanial power

and energy of the orresponding hip joint atuators that are oupled with torsion

springs. Among these three oupling ases, 3D Coupling Case III has the lowest

energy ost over the entire speed range with the energy ost ranging from 74.3N2ms

to 367N2ms. The seond best option is 3D Coupling Case I, whih has an energy

ost from 198N2ms to 475N2ms. As for 3D Coupling Case II, it has a energy ost

ranging from 132N2ms to 2579N2ms. 3D Coupling Case II is only worth onsidering

for designing a 3D biped with a walking speed below 0.5m/s, but for high speeds it

has the problems of exessive lateral movements and large ZMP ranges. Aording to

the gait optimization results at the walking speeds 0.7m/s and 1.5m/s, 3D Coupling

Case I and III both have the advantages of omparatively small ZMP ranges and

small maximum foot learanes that are lose to the average maximum foot learane

of human beings. Besides, the phase plots of the relative joint angles of these two

ases (espeially 3D Coupling Case III) are featured with smaller jumps and more

resemblane to ellipses than the other ases of our 3D biped do, whih an be viewed

as a sign indiating that the 3D biped is walking e�iently in resonane. The other

advantages and disadvantages of these two ases require further onsideration from

designers that attempt to design a 3D bipedal robot.
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7.1 Conlusions

Compared with human beings, urrent bipedal robots are usually less e�ient due

to mainly two reasons: (1) onservative ontrol strategies of bipedal robots support

only quasi-stati walking motions whilst a moving human body has no need to

remain stati equilibrium; (2) human beings have natural elasti omponents suh

as musles, tendons and ligaments for reyling energy whist elasti ouplings are

ignored by many bipedal robots. Aordingly, the aim of this study is three-fold:

(1) to exploit natural dynamis of bipedal walking by improving ontrol strategies,

(2) to realize optimization of periodi bipedal loomotion, and (3) to ompare the

ontributions of di�erent on�gurations of elasti ouplings.

There are two types of bipedal robots studied in this thesis: planar bipeds with

point feet and 3D bipeds with massless line feet approximately parallel to the oronal

plane. These two types of robots are modeled respetively by a 5-link robot with a

torso, two thighs and two shins and a 8-link robot with a torso, a pelvis, two thighs,

two shins, and two massless line feet. In referene to the humanoid robot HRP-4,

the total mass is 39 kg and the total statue is 1.5m for both models. Using these

two variables, we an generate virtual anthropomorphi strutures, from whih the

other model parameters an be obtained [173, 174℄.

For the walking, we suppose that eah step is omposed of a single support phase

and an instantaneous double support phase. These two phases are onneted by a

rigid impat to form a hybrid model. During the single support phase, both robots

have one degree of underatuation. Using the ontrol method based on virtual on-

straints and feedbak linearization, we an study the omplete hybrid model by

its two dimensional, invariant sub-dynamis named hybrid zero dynamis. In this

way, the exponential stability of the omplete hybrid model is equivalent to the

exponential stability of the hybrid zero dynamis, of whih the Poinaré map is

di�eomorphi to a salar LTI system that an be alulated in losed form. Previ-

ously, this method mainly applied to planar bipeds [8℄, and now we demonstrate its

appliability for 3D bipeds by hanging point feet into massless line feet. Compared

with 3D bipedal robots with point feet and two or more degrees of underatuation,

3D bipedal robots with line feet and one degree of underatuation are muh sim-

pler, although one orresponding shortoming is that the ZMP is now required to

be within the range of the line foot segment. In addition, we adopt the ontrolled

output named �symmetry output� to failitate geometri interpretation of posture

ontrol and swing leg advanement.

For the gait optimization, we use postural parameters and Bézier polynomials of
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order 5 to de�ne the desired outputs. The numbers of parameters to be optimized

without onsidering elasti ouplings are 16 for the 5-link robot and 32 for the 8-link

robot. For the 8-link biped, the 32 parameters are further divided into 16 sagittal

parameters and 16 oronal parameters, and aordingly there are two optimization

ases, namely, 3D Optimization Case I and II. In 3D Optimization Case I, we

diretly adopt the optimized parameters from the 5-link planar biped as the sagittal

parameters and optimize only the oronal parameters. In 3D Optimization Case II

, we only use the optimized parameters from the 5-link planar biped as a starting

point, and all the 32 parameters are optimized.

The gait optimization for both robots use fminon funtion in MATLAB

R©
opti-

mization toolbox (R2010a) with the algorithm being the SQP (Sequential Quadrati

Programming) algorithm and the objetive funtion de�ned based on the energy

onsumption of DC or brushless motors. As for the optimization onstraints, both

robots has onstraints for ground ontat, swing foot learane, posture require-

ments and average walking speeds. For our 3D biped, we de�ned a line-foot ontat

model with the assumption that there are only two ontat points on the stane

foot. Unlike most ontat models of bipedal robots, this model an even prevent

possible yaw movements of the stane line foot. For both biped, the average walking

speed is the only equality onstraint, and the numbers of inequality onstraints are

7 for the 5-link robot and 11 for the 8-link robot.

As for elasti ouplings, they are added to both the planar biped and the 3D

biped in form of linear torsion springs. For the planar biped, there are two oupling

ases, namely, 2D Coupling Case I and II. In 2D Coupling Case I, a linear torsion

spring is mounted between two thighs. In 2D Coupling Case II, two linear torsion

springs are installed onneting two thighs respetively to the torso. For the 3D

biped, there are three oupling ases, namely 3D Coupling Case I, II and III. In 3D

Coupling Case I, a torsion spring is added to onnet the movements of two thighs

in the sagittal plane. In 3D Coupling Case II, two torsion springs are used to build

onnetions between the movements of two thighs and the movement of the pelvis in

the oronal plane. In 3D Coupling Case III, the ideas of 3D Coupling Case I and II

are ombined, and three torsion springs are installed in both the sagittal plane and

the oronal plane. The optimized gaits with elasti ouplings are obtained by adding

spring onstants (sti�ness and unloaded positions) to optimization parameters. In

all ases, the walking speeds investigated are in the range from 0.2m/s to 1.5m/s,

and the stability and validity of optimized periodi gaits are heked numerially.

The most important optimization results are brie�y summarized below. For the

planar biped without elasti ouplings, the energy ost ranges from 42.6N2ms (at

0.2m/s) to 3161N2ms (at 1.5m/s). By applying two di�erent on�gurations of

torsion springs to the hip joints, the maximum ost drops respetively to 384N2ms

for 2D Coupling Case I and 329N2ms for 2D Coupling Case II, meaning that both

spring on�gurations an signi�antly redue the energy ost of the planar biped.

In both ases, the gaits of the planar biped are more upright than those in the ase

with no oupling, and the step frequeny is shown to be positively relevant and lose
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to the referene step frequeny, whih is twie the value of the natural frequeny of

the pendulum formed by the swing leg.

For the 3D biped without elasti ouplings, 3D Optimization Case II outperforms

Case I with the energy ost ranges from 239N2ms (at 0.3m/s) to 3155N2ms (at

1.5m/s). 3D Optimization Case I is only e�etive at high speeds with the maximum

energy ost being 3300N2ms (at 1.5m/s), but the minimum energy ost is 975N2ms

(at 0.6m/s). This indiates that the oronal dynamis and sagittal dynamis of our

3D biped are highly oupled, espeially at low speeds. By adding elasti ouplings

to the sagittal hip joints, the maximum energy ost is redued to 475N2ms in 3D

Coupling Case I, and for a wide range of speeds from 0.35m/s to 1.0m/s the energy

ost is around 200N2ms. On the other hand, the e�et of adding elasti ouplings

to the oronal hip joints in 3D Coupling Case II is omparatively limited, with

the maximum energy ost being 2579N2ms. However, the minimum energy ost in

3D Coupling Case II is redued to 132N2ms, whih is smaller than the minimum

energy ost 198N2ms in 3D Coupling Case I. The lowest energy ost is obtained by

3D Coupling Case III, of whih the maximum energy ost is 367N2ms. In addition,

for a wide speed range from 0.35m/s to 0.8m/s the energy ost is only around

75N2ms. These data suggest that, for our 3D biped, the elasti ouplings in the

sagittal plane play a entral role in saving energy and that the elasti ouplings in

the oronal plane annot be negleted if we wish to redue the energy ost even

further. Apart from the bene�t of energy e�ieny, 3D Coupling Case I and III

also have gaits that are more similar to human gaits (featured with upright postures,

mild lateral movements and small maximum swing foot learane) than the gaits in

the other ases of our 3D biped.

7.2 Future Work

After three years of researh, resulting in this thesis, some questions onerning dy-

nami walking and elasti ouplings of both 2D and 3D bipeds have been answered.

However, these answers also led to many new questions and ideas that are appealing

for future researh.

• Additional DoFs: Among many possible ways of adding DoFs to our 3D

biped, we would prefer to add one rotational DoF to eah hip joint so that

these hip joints an have yaw movements. The reasons for adding these two

additional DoFs inlude: (1) to redue the lateral swing and impat shok of

our 3D biped through the yaw rotation of hip joints; (2) to design ontrol laws

for steering; (3) to study optimal gaits of 3D bipeds walking in irles with

di�erent radiuses.

• Di�erent mehanial and eletrial designs: For instane, we an add

features like rolling knees, swinging arms, toe rotations, nonlinear springs and

so on. In this thesis, we have studied theoretial appeals of adding elasti

ouplings parallel to the orresponding atuators. In pratie, it is of great
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interest to �nd elasti atuators with potential for realizing the theoretial

redution of energy ost in real humanoid robots.

• Control system robustness: Although the ZMP position are onsidered

in the gait optimization for our 3D biped, there is no regulation of ZMP in

our ontrol law. As a result, our 3D biped might not remain stable if there

were large lateral disturbanes. Therefore, we are interested in improving

the robustness of our 3D biped against these disturbanes by testing di�erent

ontrolled outputs and enhaning our ontrol methods.

• Optimization algorithm: In this thesis, we use the SQP algorithm to real-

ize gait optimization. Aording to our experiene, the optimization programs

based on the SQP algorithm are highly satisfatory at �nding optimal gaits

for our planar biped. However, the performane of these programs deterio-

rates when we need to �nd optimal gaits for our 3D biped. As suh, we are

thinking of testing other optimization algorithms to make gait optimization

more e�ient for 3D bipeds.

• Foot mass: Out of onsideration for simplifying dynami model and reduing

optimization parameters, we have made the assumption that the line feet of

our 3D biped are massless. However, our method also has the potential to

be utilized in ontrolling and optimizing the gaits of bipedal robots with feet

that have mass and ontat surfaes. This an be done by onsidering the

rotational DoF about the stane line foot as another DoF of the stane ankle

joint, but in doing so it is neessary to study swing foot ontrol.



8. RÉSUMÉ EN FRANÇAIS : OPTIMISATION DE LA MARCHE

D'UN ROBOT BIPÈDE 3D À 8 CORPS

8.1 Introdution

Comme d'autres robots à pattes, les robots bipèdes sont suseptibles de surpasser les

mahines à roues grâe à leur aptitudes de se déplaer sur di�érents types de terrains.

En outre, des études en bioméanique ont montré que, la stature bipède a permis à

l'homme de parourir de longs trajets ave une grande e�aité energétique, e qui

a failité sa survie. Cependant, omparés aux êtres humains, la plupart des robots

bipèdes ationnés onsomment beauoup d'énergie. Cela limite énormément leur

utilisation.

Motivation

Avant e projet de reherhe, Dr. Mathieu Hobon a déjà étudié la modélisation et

l'optimisation de la marhe d'un robot bipède ave un tron, deux uisses, deux

tibias, et deux pieds. Ce robot a deux genoux roulants de inématique similaire

à elle d'êtres humains. Les résultats de simulation ont démontré les avantages

apportés par es genoux par rapport aux genoux à liaison rotoïde [3, 4℄. Sur la

base des résultats obtenus en optimisation de la marhe de e robot, l'objetif de

départ pour notre projet de reherhe est triple: (1) introduire davantage de degrés

de liberté, de orps et de strutures dans un robot bipède, (2) étudier les allures de

marhe optimales dans un espae tridimensionnel ave des méthodes de ommande

orrespondantes, et (3) omparer les résultats d'optimisation du robot bipède 2D à

eux du robot bipède 3D.

Ce travail de reherhe s'est inspiré des résultats obtenues sur le robot bipède

RABBIT loalisé à Grenoble, en Frane [5℄ et des travaux pionniers dans [6, 7℄. Le

robot RABBIT est sous-ationné et don la méthode ZMP ne s'applique pas pour

sa ommande. Sa ommande se fonde sur la linéarisation par retour d'état et la

dynamique des zéros hybride [8℄. Les résultats expérimentaux [5℄ et les résultats

d'optimisation [8℄ ont lairement démontré la possibilité d'atteindre des allures dy-

namiques 2D. Comme les résultats orrespondants d'optimisation onernant des

robots bipèdes dans un espae tridimensionnel sont relativement rares, nous nous

sommes �xés omme objetif l'optimisation des allures de marhe 3D.
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Développements atuels des robots bipèdes

L'histoire moderne onernant des robots bipèdes a débuté dans les années 1960.

Les aquis majeurs sont venus de trois ontinents: l'Asie, l'Amérique du Nord et

l'Europe.

En Asie, Ihiro Kato et son équipe ont ouvert la voie vers les études de la robo-

tique bipède à l'université Waseda en onstruisant le robot WL-1 en 1967. Dans

les quelques années suivantes, ils ont onstruit les robots WL-3, WABOT-1, et [9℄.

À ette époque, la performane des robots bipèdes était évaluée en fontion de la

durée de haque pas. Par exemple, le robot WL-5 met 45 seondes pour haque

pas, alors que sa version ultérieure WL10-RD a réussi à diminuer ette durée à 1,3

seondes [10℄. Le dernier né des robots bipèdes à Waseda est le WABIAN-2. Il a

41 degrés de liberté et ses artiulations sont similaires à elles des humains [11, 12℄.

À �té de l'université Waseda, les entreprises japonaises omme Honda et Kawada

sont également renommées pour leurs robots bipèdes de pointe tels que le robot

ASIMO [13℄ et le robot HRP-4 [22℄. Malgré la position de leader du Japon en terme

de robotique humanoïde, d'autres pays d'Asie omme la Corée du Sud et la Chine

ont rattrapé leur retard au ours des dernières années, KHR-3 en Corée du Sud [23℄

et BHR-2 en Chine [24℄ méritent d'être mentionnés.

En Europe, beauoup de pays partiipent à des projets de reherhe sur les robots

bipèdes. Conçu et fabriqué en Allemagne, le robot LOLA, ave une vitesse de marhe

supérieure à 0, 83m/s, est peut-être le plus impressionnant robot humanoïde en

Europe. Les aratéristiques distintives de LOLA inluent la struture inématique

redondante (haque jambe a 7 degrés de liberté) et sa onstrution légère (55 kg pour

une taille de 1, 80m) [25℄. En Frane, le robot RABBIT est un robot bipède 2D à

5 orps ave des pieds pontuels. Ce robot est important dans l'histoire des robots

bipèdes ar il est sous-ationné et est apable de marher à 1, 0m/s sans utiliser

les méthodes de ontr�le fondées sur le ZMP (Zero Moment Point) [5℄. D'autres

robots bipèdes européens sont intéressants: le robot italienne iCub aratérisé par ses

logiiels ouverts et sa apaité ognitive [31, 32℄, le robot belge LUCY aratérisé par

ses musles arti�iels pneumatiques [33℄ et le robot néerlandais Dribbel aratérisé

par son méanisme de verrouillage sur les genoux.

En Amérique du Nord, Mar Raibert est le premier herheur qui a réalisé une

perée remarquable sur des robots à pattes. Il a onçu une série des robots sautillants

ave une, deux ou quatre jambes. La version bipède fabriquée en 1989 peut même

faire un saut périlleux [34℄. Dans les années 1960, MGeer a entrepris un travail de

pionnier onernant la oneption des robots bipèdes passifs. Il a réussi à fabriquer

un robot ompas passif et un robot bipède passif ave des genoux [35℄. En outre,

il a aussi di�usé parmi les robotiiens l'appliation de la méthode de Poinaré pour

analyser la stabilité orbitale. Ensuite, Steven H. Collins et son équipe ont réussi à

réaliser un robot bipède passif en 3D ave l'aide des bras en ontre-balanement [36℄.

En référene au robot RABBIT, MABEL et ATRIAS ont été onçus et fabriqués à

l'université du Mihigan et à l'université d'État de l'Oregon. MABEL est enore un

robot bipède 2D, mais il peut ourir à 3m/s et a des omposants élastiques [37, 38℄.
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ATRIAS est un prototype de robot bipède sous-ationné de même taille que l'être

humain. Il peut marher et ourir dans un espae tridimensionnel [39, 40℄.

Méthodes de ontr�le de la marhe bipède

On peut distinguer trois types de marhe: (1) la marhe quasi-statique ationnée,

(2) la marhe dynamique non ationnée ou assistée, et (3) la marhe dynamique a-

tionnée. Cette lassi�ation n'est peut être pas exhaustive et les frontières entre es

trois types pourraient ne pas être déisives non plus mais elle représente néanmoins

ertaines des orientations de reherhe dominantes de la marhe bipède.

Beauoup de robots humanoïdes de nos jours tels que HRP-4 [20℄ et Honda

ASIMO [13℄ ont attiré l'attention du publi sur leur importante intégration de teh-

nologies de pointe et leur intelligene arti�ielle étonnante, mais fondamentalement,

la marhe bipède qu'ils ont montrée n'est pas tout à fait dynamique, surtout en

omparaison à la marhe humaine. En fait, la dynamique de es robots est limitée

par des onditions d'équilibre fondées sur le ZMP [44℄. La ondition ZMP stipule

que tant que le ZMP d'un robot reste ontenu dans le polygone de sustentation, le

robot ne tombe pas. Pour les herheurs qui étudient la marhe quasi-statique, ette

ondition doit toujours être respetée malgré le fait que pour la marhe dynamique,

la ondition de ZMP est parfois violée à haque pas durant un ertain temps. Du

fait de sa simpliité, le ZMP a plusieurs variantes - qui inluent le FRI (Foot Ro-

tation Index) [45℄ et le CoP (Center of Pressure) [46℄. Historiquement, la ondition

ZMP est étroitement liée à plusieurs simpli�ations basées sur des modèles de pen-

dules inverses tels que le modèle linéaire du pendule inversé (LIPM), le LIPM ave

la ompensation de gravité [51℄ et le LIPM ave trois masses (3MLIPM) [52℄. Les

exemples de réussite mettant en ÷uvre ette méthode sont: HRP-4 [20℄, ASIMO

[13℄, LOLA [25℄, BIP-2000 [29℄, Hubo [23℄, BHR-2 [24℄, et. Malgré es progrès

remarquables, les limites inhérentes à l'adoption de ette simpli�ation sont de plus

en plus reonnues. En plus de limiter l'e�aité énergétique, les allures onçues à

l'aide de ette méthode néessitent des mises au point, don le suès sur un robot

n'est pas entièrement transférable sur un autre. Par ailleurs, la ondition de ZMP

n'est pas su�sante pour assurer la stabilité asymptotique des allures périodiques

[50℄.

La marhe dynamique non ationnée se réfère à la marhe e�etuée par des

robots bipèdes passifs. Ces robots bipèdes ne disposent pas d'ationneurs et don

leur loomotion est purement due à l'interation entre leur struture méanique et

l'environnement. Cei rend la loomotion des robots passifs dynamique et éonome

en énergie. Dans les études en simulation des robots bipèdes passifs, la stabilité des

allures est véri�ée par l'estimation des valeurs propres de la linéarisation jaobienne

de l'appliation de Poinaré, mais e test de stabilité n'a auun lien ave des allures

passives. Les travaux pionniers dans ette voie sont présentés dans [63, 35℄, [36℄,

et [64, 65℄. La marhe dynamique assistée est réalisée par l'ajout d'un ensemble

réduit d'ationneurs à des robots bipèdes passifs a�n que la perte d'énergie puisse

être ompensée. Un bon exemple est le robot fabriqué à l'université de tehnologie

de Delft aux Pays-Bas. Ce robot est aratérisé par ses ationneurs pneumatiques
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appelés musle de MKibben [67℄. Les aratéristiques de stabilité de e robot ont

été analysées dans [69℄ et le rejet de perturbation a été étudié dans [70℄. Le défaut

majeur des robots dynamiques non ationnés ou assistés est leur autonomie limitée.

Ainsi, il est impossible pour es robots de monter des esaliers, de tourner ou de

ourir.

La marhe dynamique ationnée est di�ile à réaliser pare qu'elle est non

linéaire, théoriquement instable et multi-entrées multi-sorties (MIMO). En plus,

la dynamique orrespondante est hybride et variant dans le temps. A�n d'améliorer

l'e�aité énergétique, il est néessaire de faire usage d'un moment balistique et

d'énergie potentielle de gravité. Ainsi, les méthodes basées sur la méthode du ZMP

sont en général inapables de produire des allures dynamiques.

Ces dernières années, beauoup de herheurs ont étudié les systèmes hybrides

dans lesquels la dynamique ontinue et un événement disret sont étroitement liés [6,

77, 78℄. Les di�ultés onernant les systèmes hybrides omprennent les stratégies

liées à leur grande dimension [79℄, l'analyse de la stabilité [80℄, la reherhe du

ontr�le optimal [81℄, et. Les travaux de Grizzle et al. [6℄ portent sur un robot

bipède 2D à 3 orps ave un degré de sous-ationnement et des pieds pontuels et

ont proposé l'idée de réaliser une allure asymptotiquement stable en utilisant des

tehniques de la dynamique des zéros et un ontr�leur en temps �ni. Cette méthode

a aussi été mis en ÷uvre dans un robot bipède 2D à 5 orps [7℄, et des extensions

de ette méthode peuvent être trouvés dans [82, 5℄.

Pour les robots bipèdes 2D, les prinipaux avantages de ette méthode sont:

premièrement, l'invariane hybride peut être failement réalisée; deuxièmement, la

stabilité peut être validée en alulant l'appliation salaire restreinte de Poinaré à

forme fermée [84℄. Par onséquent, l'optimisation peut être e�etuée diretement sur

les paramètres de la ommande par rapport à ertains ritères d'optimisation et don

une allure dynamique et une ommande orrespondante peuvent être déterminés en

même temps. La validation expérimentale de la dynamique des zéros hybride a été

obtenue sur les robots RABBIT [5, 85℄ et MABEL [37℄.

Par rapport aux travaux sur les robots bipèdes 2D, l'étude de la dynamique des

zéros et des ontraintes virtuelles n'en sont qu'à leurs débuts pour les robots bipèdes

3D. Dans les travaux de Chevallereau et al. [91℄, la marhe asymptotiquement

stable d'un robot bipède 3D à 5 orps est réalisée en utilisant trois stratégies: une

ondition de stabilité, un ontr�leur basé sur des évènements et une séletion de

sorties appropriées. La stabilité des allures est évaluée en alulant l'appliation

tridimensionnelle de Poinaré. Parmi es trois stratégies, l'idée de onevoir des

ontr�leurs basés sur des événements disrets a été étendue à la ommande d'un

robot bipède 3D nommé Atrias [40, 39℄.

Une autre approhe intéressante pour étendre la méthode de la dynamique des

zéros hybride et des ontraintes virtuelles est appelée la rédution de la fontion

routhienne. Cette méthode est très utile pour la marhe quasi-tridimensionnelle

réalisée durant l'expérimentation [94℄ et en simulation [92, 93℄. L'idée de base est

de déoupler la dynamique frontale et sagittale d'un robot bipède 3D a�n que les

méthodes de ommande des robots bipèdes 2D puissent être appliquées à des robots
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bipèdes 3D. La prinipale limite de ette méthode réside dans le fait qu'elle ne peut

déoupler les degrés de liberté dans le plan frontal que pour les hevilles. En outre,

les robots bipèdes 3D doivent être pleinement ationnés a�n que ette méthode soit

e�ae. Cei élimine les avantages des méthodes de ommande synthétisées pour

les robots bipèdes 2D sous-ationnés. En�n et surtout, il n'est pas ertain que

l'e�aité énergétique subsiste après la rédution de la fontion routhienne.

Malgré es e�orts, il reste enore de nombreux dé�s à relever. L'un des dé�s

onsiste à reherher des allures optimales assoiées à l'appliation des ontraintes

virtuelles. En e�et, il s'agit de savoir si la fontion de oût de la onsommation

d'énergie est vraiment minimisée. Cependant, la omplexité de l'obtention des al-

lures optimales augmente onsidérablement quand on essaie d'optimiser des allures

de robots bipèdes 3D ave deux ou plusieurs degrés de sous-ationnement. En

outre, les onditions de stabilité asymptotique dépendent du hoix spéi�que des

ontraintes virtuelles [99, 91℄. Ces di�ultés pourraient in�uener négativement la

qualité des allures optimisées.

D'autres méthodes pour réaliser la marhe dynamique ationnée sont également

disponibles, y ompris le ontr�le d'un modèle virtuel [72℄, le alul des ouples de

ontr�le dépendant de l'état des éléments passifs virtuels [73, 74℄, et l'appliation

des tehniques d'apprentissage automatique omme un réseau neuronal [75, 76℄.

Allures optimales des robots bipèdes

Un des prinipaux dé�s de la loomotion bipède est de trouver des paramètres opti-

maux de ontr�le qui satisfont ertaines onditions omme la vitesse de mouvement

tout en minimisant l'énergie néessaire pour e�etuer la marhe. En raison des or-

rélations imprévisibles entre les paramètres de la marhe, l'optimisation de la marhe

est un problème ouvert dont les résultats analytiques sont rares et seulement limités

à quelques as simples [100℄. Dans la plupart des as, la résolution numérique est la

seule option. Certaines des premières tentatives datent des années 1970 [101℄. En

général, la reherhe des allures optimales se ramène à un problème d'optimisation

sous ontraintes qui onsiste à séletionner des paramètres à optimiser, des fontions

objetifs, des algorithmes et des ontraintes.

Tout d'abord, le hoix des paramètres à optimiser n'est pas unique. Des o-

ordonnées artésiennes et des oordonnées artiulaires peuvent toutes être utilisées

pour paramétrer les allures de marhe. Par exemple, dans les premiers travaux [102℄,

des ouples onstants par moreaux sont hoisis omme paramètres d'optimisation.

Cependant, lorsque les ouples sont traités omme des ourbes paramétrées à opti-

miser, il est néessaire de résoudre le problème dynamique inverse a�n de trouver les

oordonnées artiulaires orrespondantes et véri�er si les allures générées sont y-

liques. Au début de la robotique bipède, les oordonnées artésiennes de la hanhe

et du pied osillant ainsi que l'angle du tron ont été utilisés omme paramètres à

optimiser [103℄, mais l'inonvénient de ette méthode est la néessité d'inverser le

modèle géométrique pour dé�nir les trajetoires de référene des artiulations. En

raison de e problème, les herheurs utilisent aujourd'hui des oordonnées artiu-

laires dont l'évolution peut être dé�nie par des polyn�mes [103℄, des fontions splines
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ubiques [104℄, des ourbes de Bézier [84℄, des développements en série de Fourier

[105℄, des fontions anoniques de la marhe humaine [106, 107℄.

Il existe également de multiples ritères énergétiques. Au lieu d'utiliser l'énergie

méanique [65℄, le oût de l'énergie peut également être dé�ni omme l'intégrale de

la valeur absolue du travail des fores et des ouple extérieures [108℄. Cependant,

ette dé�nition n'a pas de relation direte ave la onsommation d'énergie des a-

tionneurs en partiulier. Une fontion oût plus ourante est donnée dans [102℄ où

le oût est dé�ni omme l'intégrale de la norme 2 du ouple pour un déplaement

unitaire. Cette dé�nition est basée sur le fait que, pour des moteurs à ourant on-

tinu (ou des moteurs synhrones à aimants permanents), la plus grande partie de la

onsommation d'énergie est due à l'e�et Joule dans les bobinages.

La plupart des algorithmes pour l'optimisation de la marhe peuvent être lassés

en deux atégories: les méthodes du gradient et les méthodes de reherhe direte.

La di�érene entre les deux dépend de la néessité du alul des dérivés. Dans les

travaux remarquables de Cabodevila et Abba [110℄, trois méthodes de reherhe

direte sont testées pour la reherhe des allures optimales, y ompris la méthode

de Nelder-Mead, la méthode génétique et le reuit simulé. Les appliations supplé-

mentaires de es méthodes peuvent être trouvées dans [4, 111, 112℄. Bien que es

méthodes soient très �exibles en raison de leur bonne tolérane au bruit, elles sont

oûteuses en temps de alul. A�n d'augmenter la vitesse de onvergene, plusieurs

herheurs ont essayé des méthodes du gradient telles que la méthode de program-

mation quadratique séquentielle (SQP) [84, 113, 114, 115℄, la méthode du lagrangien

augmenté [116℄, et la méthode des points intérieurs [117℄. Parmi eux, la méthode

la plus ourante est la méthode SQP, qui a été utilisé dans l'optimisation des al-

lures pour les robots bipèdes 2D [84, 113, 115℄ et les robots bipèdes 3D [114, 118℄.

D'autres algorithmes disponibles omprennent l'algorithme de tir [102℄, l'algorithme

d'essaim partiulaire [119℄, et.

Les ontraintes pour l'optimisation des allures sont imposées par des onditions

telles que les limitations artiulaires, la stabilité des allures, le ontat unilatéral

ave le sol, la vitesse moyenne de marhe, la périodiité, et. Pour l'optimisation

traditionnelle de la marhe basée sur les trajetoires en boule ouverte, la véri�ation

de la stabilité n'est pas inluse dans le proessus d'optimisation. Toutefois, pour les

robots bipèdes ave un degré de sous-ationnement, il est possible de véri�er la

stabilité en remplaçant le temps ave un paramètre salaire dans les trajetoires

artiulaires [115℄ ou en utilisant la méthode des ontraintes virtuelles [84℄. Un sous-

produit positif de es méthodes est que la ontrainte de la périodiité n'est plus

néessaire. Une autre ontrainte intéressante est la ontrainte de frottement pour le

pied d'appui. Pour la plupart des études sur les allures optimales des robots bipèdes

3D [114℄, la possibilité de rotation en laet du pied d'appui n'est pas prise en ompte

dans leur modèle de ontat. Ce problème est di�ile à aborder ar le alul de la

répartition de pression au sol est di�ile et oûteux en temps. Dans ette thèse,

nous allons développer un modèle simpli�é qui peut inlure ette ontrainte (Setion

5.2.4).

En raison de la puissane limitée de alul, presque toutes les premières tentatives
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d'optimisation de la marhe bipède sont menées sur les modèles 2D, et ertains

utilisent même des simpli�ations de modèle dynamique [102℄. Jusqu'à maintenant,

di�érents as d'allures ont été étudiés, y ompris la rotation des pieds [120℄, des

pieds pontuels [115℄, le tron en deux parties [121℄, des genoux roulants [3℄, et des

bras mobiles [122℄. Compte tenu de l'évolution des ressoures informatiques, il y a

de plus en plus de résultats d'optimisation des allures obtenus pour des modèles de

robots bipèdes 3D [114℄. Les as étudiés omprennent des pieds pontuels [123℄, la

rotation des orteils [118℄, des bras mobiles [124℄, et. Cependant, en omparaison

ave les as 2D, les résultats de l'optimisation pour les robots bipèdes 3D sont limités

en quantité et qualité. Par exemple, dans la plupart des as, on doit utiliser des

méthodes d'interpolation pour illustrer la variation du oût de l'énergie en fontion

de la vitesse moyenne de marhe [123℄, et dans ertains autres as, des résultats

sont fournis pour une seule vitesse de marhe [124℄. En outre, il y a peu d'études

qui évaluent la relation entre les optimisations des robots bipèdes 2D et des robots

bipèdes 3D. Ces problèmes seront abordés par la suite dans ette thèse.

Couplages élastiques

Lorsqu'il s'agit d'améliorer l'e�aité énergétique, par analogie ave les musles

et les tendons hez l'Homme, des ouplages élastiques représentent une option at-

trayante. Cela vaut non seulement pour les robots bipèdes mais également pour tous

les robots à pattes [125, 126, 127, 128℄. En fait, la plupart des systèmes biologiques

possède des musles et des tendons qui assurent la �uidité de la marhe ainsi que

le stokage d'énergie [129℄. Selon [130℄, es strutures élastiques dans les systèmes

biologiques à pattes ont prinipalement trois objetifs: (1) agir omme un oussin

élastique pour amortir les hos; (2) fontionner omme une éhasse sauteuse pour

rediriger le mouvement vertial du entre de masse; (3) servir de ressorts de rap-

pel pour stoker l'énergie pendant la rediretion de la jambe mobile. En exploitant

pleinement la dynamique naturelle et des omposants élastiques onformément à (2)

et (3), les systèmes biologiques omme les humains, peuvent se déplaer en mode de

résonane à faible onsommation d'énergie [131, 132℄. Étant donné que des mouve-

ments e�aes de marhe ont longtemps été reherhés par de nombreux robotiiens,

il devrait être intéressant d'appliquer ette approhe bio-inspirée à la oneption de

robots bipèdes.

En e�et, l'appliation de omposants élastiques dans des robots bipèdes remonte

aux années 80 où Mar Raibert et son équipe ont onstruit un robot bipède 2D

apable de ourir. Ce robot est équipé de ressorts pneumatiques pour le reylage

d'énergie du mouvement vertial du entre de masse [133℄. Des méthodes similaires

ont également été appliquées au robot bipède MABEL [37℄. Cependant, es exemples

utilisent des ouplages élastiques seulement omme des éhasses sauteuses.

Pour la marhe bipède, le mouvement vertial du entre de masse est assez limité.

Don dans e as le but prinipal des ouplages élastiques est d'aélérer ou de

ralentir le mouvement pendulaire de la jambe mobile, e qui est également observée

hez l'homme [136, 137℄. Néanmoins, des ouplages élastiques agissant omme des

ressorts de rappel ont seulement été utilisés pour améliorer la ourse dynamique
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[138, 139℄. Ce n'est que plus tard que des ouplages élastiques ont été appliqués sous

forme d'un ressort au niveau des hanhes à un robot bipède passif pour stabiliser le

mouvement latéral [70℄. Par la suite, les reherhes dans ette diretion ont retenu

l'attention de robotiiens. Par exemple, des ressorts de hanhe ont ommené à être

utilisé pour ajuster la fréquene de pas [140℄ et pour estimer la relation entre la

vitesse de marhe et la longueur de pas [141℄. Selon [142℄, la perte d'énergie lors

de l'impat est la prinipale ause la onsommation d'énergie métabolique pour la

marhe humaine. Certains herheurs ont également tenté d'utiliser des ouplages

élastiques pour réaliser des robots bipèdes passifs ave des allures sans impat et

sans auune onsommation d'énergie [64, 65℄. En plus d'in�uener la fréquene de

pas et l'e�aité énergétique, des ressorts de hanhe sont également utilisés pour

empêher des robots bipèdes passifs de tomber vers l'avant [140℄. Une étude révèle

que la posture droite pour des robots bipèdes passifs est possible uniquement ave

des ressorts orretement installés au niveau des artiulations des hanhes [144℄.

En dépit de es progrès, es études ne sont valables que pour des robots bipèdes

passifs dans un environnement hautement ontr�lé. Pour des robots bipèdes a-

tionnés, ertains herheurs ont tenté d'appliquer des fores virtuelles générées par

des ressorts virtuelles et des amortisseurs virtuels [73, 72℄. Cependant, il n'est pas

ertain que des omposants passifs virtuelles puissent être remplaés par des om-

posants physiques pour le reylage d'énergie. En outre, il est oûteux en temps

d'évaluer le ritère d'énergie à une vitesse donnée pare que le manque de ondi-

tion de périodiité dans es méthodes obligent les herheurs à simuler des dizaines

de pas pour obtenir la vitesse moyenne et le ritère moyen d'énergie. Il y a aussi

quelques robots bipèdes �exibles qui utilisent des approhes heuristiques [145, 146℄,

mais les résultats expérimentaux ainsi obtenus ne peuvent pas vraiment démontrer

les avantages des omposants élastiques pare que des approhes heuristiques ne

peuvent pas exploiter pleinement la dynamique naturelle des robots bipèdes. Tout

bien onsidéré, il semble que l'optimisation d'un pas périodique est une approhe

viable dans l'analyse de l'avantage de l'ajout de omposants élastiques aux robots

bipèdes.

Atuellement, les reherhes dans ette voie sont prinipalement limitées à des

robots bipèdes 2D. En utilisant les trajetoires de référene omme fontions du

temps, les allures optimales d'un robot bipède sans genoux et à 3 orps ont déjà été

présentées [147, 148℄. Néanmoins, les robots bipèdes sans genoux sont loin d'être

des robots humanoïdes. Des études similaires ont également été menées sur un

robot bipède à 7 orps omposé d'un tron, deux uisses, deux tibias et deux pieds

[149℄. Dans e as, des ressorts sont ajoutés aux artiulations des hanhes, des

genoux et des hevilles. Cependant, le modèle de transition sans impat au ours

de la phase instantanée de double appui ne peut pas représenter la situation de la

marhe hez l'homme ou hez les robots bipèdes. En dehors de toutes es launes,

tous les résultats de l'optimisation pour les exemples i-dessus sont obtenues grâe

à l'optimisation des paramètres des trajetoires de référene omme fontions du

temps, et don la ondition de stabilité n'est pas onsidérée dans es méthodes.

A�n d'assurer la stabilité des allures optimisés, de réentes études fondées sur la
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linéarisation par retour d'état et les ontraintes virtuelles ont été menées sur les

ouplages élastiques d'un robot bipède 2D à 3 orps [150℄ et d'un robot bipède 2D

à 5 orps [109℄. Bien que les résultats livrés par ette étude ouvrent di�érentes

ombinaisons de ressorts, ette étude s'est limitée aux robots bipèdes 2D, et en plus,

la dé�nition du ritère est trop dépendante des aratéristiques des ationneurs pour

être omparée ave d'autres résultats.

Bien que les résultats présentés dans e mémoire ne sont que théoriques, il y

a déjà quelques études publiées onernant la réalisation des ouplages élastiques

dans des robots bipèdes physiques ave des méthodes de ontr�le viables [151, 152℄.

A�n d'améliorer l'e�aité énergétique de robots bipèdes à des vitesses di�érentes,

ertains herheurs ont étudié les moyens possibles pour modi�er des raideurs de

ressort et des positions de repos pendant le fontionnement des robots. Jusqu'à

présent, ertains ationneurs élastiques ont déjà été développés, tels que le MAC-

CEPA [153, 154℄ et le Jak Spring

TM
[155℄ qui permet le réglage de position de repos

d'un élément élastique en série. Une autre méthode onsiste à modi�er des raideurs

par réglage des pré-tensions de ressorts non-linéaires. Cette approhe a été utilisée

dans le VSSEA (ationneurs élastiques en série ave des raideurs variables) [156℄ et

le AMASC [157℄. En onlusion, sur la base des progrès tehnologiques, il est in-

téressant d'étudier l'avantage d'ajouter des ouplages élastiques à des artiulations

de hanhe à la fois pour des robots bipèdes 2D et pour des robots bipèdes 3D.

Contributions de ette thèse

Les ontributions de ette thèse sont:

1. L'extension de la méthode de ontr�le [84℄ à des sénarios 3D.

2. Le modèle d'impat et le modèle de ontat pour les robots bipèdes 3D ave

des pieds sans masse à ontat linéique.

3. Les sorties symétriques pour atteindre une meilleure interpolation géométrique

de la ommande de la posture et de la jambe mobile.

4. La omparaison des allures optimisés entre un robot bipède 2D et un robot

bipède 3D ave les mêmes paramètres de modèle dans le plan sagittal.

5. La méthode d'utilisation des paramètres optimisés d'un robot bipède 2D

omme initialisation ou omme paramètres sagittaux pour failiter le proessus

d'optimisation du robot bipède 3D orrespondant.

6. Les études détaillées onernant les ouplages élastiques au niveau des arti-

ulation de hanhe à la fois pour des robots bipèdes 2D et pour des robots bipèdes

3D.
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8.2 Méthodologie

Ce hapitre permet d'introduire les outils théoriques onernant la méanique la-

grangienne, la linéarisation par retour d'état, la stabilité des systèmes hybrides et

l'optimisation numérique. Les appliations de es théories dans les hapitres suiv-

ants omprennent : (1) la génération des modèles dynamiques pour di�érents robots

bipèdes, (2) l'appliation d'une loi de ommande non linéaire en utilisant des on-

traintes virtuelles, (3) l'analyse de la stabilité des allures données, et (4) l'obtention

des allures optimisées ave une haute e�aité énergétique ou selon d'autres ritères

quadratiques satisfaisants.

Méanique lagrangienne

L'approhe Euler-Lagrange a été largement appliquée après sa déouverte dans les

années 1750 par Euler et Lagrange pendant leurs études du problème tautohrone.

Comparé à l'approhe Newton-Euler, elle est apable de traiter un robot à plusieurs

orps dans son ensemble au lieu de onsidérer haque orps de e robot à tour de r�le.

En utilisant l'approhe Euler-Lagrange, on peut obtenir les modèles dynamiques

d'une manière simple.

Si le robot est onstitué de orps rigides et de omposants élastiques idéaux qui

ne peuvent exerer que des fores onservatives, les équations de Lagrange peuvent

être dé�nis omme dans (2.2). A�n de aluler le lagrangien L, on a besoin de

onnaître l'énergie inétique K, l'énergie potentielle gravitationnelle Vg et l'énergie

potentielle élastique Ve. Ces variables peuvent être alulées par les équations (2.8),

(2.10) et (2.12). Les équations de Lagrange peuvent ensuite être érites sous la forme

matriielle omme dans (2.13). Les moments d'inertie des rotors des moteurs sont

également pris en ompte dans l'équation (2.16). Les équations supplémentaires

pour aluler les fores extérieures et les ouples externes sont données dans (2.19)

et (2.22).

Linéarisation par retour d'état

La linéarisation par retour d'état est une approhe ourante pour ontr�ler des

systèmes non linéaires. L'idée prinipale de ette méthode est de transformer al-

gébriquement des systèmes non linéaires en des systèmes linéaires équivalents de

sorte que es systèmes non linéaires peuvent également utiliser des méthodes linéaires

de ontr�le [160℄. Cette proédure omporte deux opérations : la transformation non

linéaire de oordonnées et le retour d'état non linéaire [165℄. La ondition préalable

pour ette approhe est que la transformation de oordonnées soit un di�éomor-

phisme. En d'autres termes, la transformation ne doit pas seulement être réversible,

mais ette transformation et sa réiproque doivent être lisses [160℄.

Après la linéarisation par retour d'état, un système non linéaire dé�ni par les

équations (2.25) et (2.26) est maintenant linéaire et peut être représenté par les

équations (2.27) et (2.28). La linéarisation entrée-sortie est l'une des approhes

pour réaliser la linéarisation par retour d'état. L'objetif de ette approhe est de

linéariser l'appliation entre l'entrée transformée vs et la sortie y [161℄. Ainsi, on
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peut utiliser un ontr�leur linéaire pour le modèle entrée-sortie linéarisée. Le sous-

système qui n'est pas linéarisé s'érit omme dans l'équation (2.29). Dans ertains

as, on peut atteindre les objetifs de ontr�le par l'adoption d'une loi de ommande

non linéaire par retour d'état statique sous la forme (2.30).

En fontion du nombre des entrées et des sorties, les systèmes de ommande

peuvent être lassés en deux types: les systèmes SISO (possédant une seule entrée

et une seule sortie) et les systèmes MIMO (possédant plusieurs entrées et plusieurs

sorties). Dans es deux as, les proessus sont similaires. Premièrement, des sys-

tèmes non linéaires sont transformés en des formes normales données par l'équation

(2.35) pour des systèmes SISO et par l'équation (2.45) pour des systèmes MIMO.

En utilisant la loi de ommande non linéaire par retour d'état statique de (2.36) et

(2.49) pour es deux types de systèmes, l'appliation entre l'entrée vs et la sortie y

est linéarisée. Puis la loi de ommande linéaire par retour d'état est dé�nie dans les

équations (2.37) et (2.52) pour stabiliser le sous-système dé�ni par η. En hoisis-

sant les paramètres appropriés κi, les variables d'état η tendent exponentiellement

vers zéro, et l'équation (2.29) est transformée en l'équation (2.39) lorsque t → ∞.

L'équation (2.39) est onnue sous le nom de la dynamique des zéros.

Stabilité des systèmes hybrides

Les systèmes hybrides sont des systèmes dynamiques onstitués de proessus on-

tinus interagissant ave ou supervisés par des proessus disrets. Les systèmes im-

pulsionnels sont une lasse spéiale de systèmes hybrides. Ils sont omposés d'une

équation di�érentielle ordinaire, d'une surfae de ommutation, et d'une loi de réini-

tialisation. Pour la marhe bipède, nous nous sommes prinipalement intéressés à

déterminer l'existene et la stabilité des orbites périodiques de es systèmes. Dans

e but, la méthode lassique onsiste à appliquer l'idée de l'appliation de Poinaré.

La méthode de la setion de Poinaré peut fournir les onditions néessaires et

su�santes pour l'existene et la stabilité des orbites périodiques, mais il est impos-

sible de déterminer analytiquement des appliations de Poinaré pour un système

robotique typique. En outre, les méthodes numériques disponibles d'estimation des

valeurs propres sont généralement omplexes. Pour ette raison, l'appliation re-

streinte de Poinaré est étudiée pour simpli�er l'analyse de stabilité.

En utilisant des lois de ommande par retour d'état omme elle dé�nie dans

(2.53), le système non linéaire déjà dé�ni dans (2.25) peut être onsidéré omme un

système autonome non linéaire (2.55) dans l'espae d'état X . Pour des systèmes

impulsionnels, nous pouvons dé�nir une surfae S ⊂ X de o-dimension 1 sur laque-

lle le système autonome subit une transition disrète. Ainsi, un système autonome

impulsionnel peut être représenté par Σ ave sa dé�nition dans (2.56). Selon [83℄, le

système autonome (2.56) est de lasse C1
si les hypothèses HSH1-HSH5 (de la page

44) sont satisfaites. Un emsemble O ⊂ X est une orbite périodiques du système

(2.56) si O = {ϕ(t)|t ≥ t0} pour ertaines solutions périodiques ϕ(t) de (2.56). Si

une solution périodique subit un événement d'impat, l'orbite périodique orrespon-

dante O n'est pas fermée, et sa l�ture est représentée par Ō.

En système dynamique, une appliation de Poinaré, nommée en l'honneur de
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Henri Poinaré, est une appliation dé�nissant l'intersetion d'une orbite périodique

dans l'espae d'état d'un système dynamique ave un ertain sous-espae de dimen-

sion moindre, appelé la setion de Poinaré, transverse au �ux du système. Pour

l'étude des orbites périodiques ave des événements d'impat, il est naturel de hoisir

S omme la setion de Poinaré. Ensuite, l'appliation de Poinaré P : S → S est

dé�nie omme dans (2.3.2).

Théorème 2.1: Si un système (2.56) est de lasse C1
et s'il a une orbite péri-

odique O ave un singleton x∗ = Ō ∩ S et LfH(x∗) 6= 0, alors les propositions

suivantes sont équivalentes :

1. Le point �xe x∗
de P est exponentiellement stable ;

2. L'orbite périodique O est exponentiellement stable.

La preuve de e théorème est fournie dans [83℄. Grâe à e théorème, nous

pouvons maintenant véri�er la stabilité exponentielle des orbites en linéarisant P au

voisinage de x∗
et aluler les valeurs propres orrespondantes.

Considérons un système hybride Σǫ
(2.59) qui dépend d'un paramètre réel ǫ > 0,

et supposons que les hypothèses HSH1-HSH5 sont satisfaites. Nous pouvons aussi

supposer que les hypothèses struturelles HS1-HS6 sont également satisfaites. Sur

la base de es hypothèses, l'évolution du système Σǫ
peut être limitée à la variété

Z, qui rée un système ΣZ ave la dynamique restreinte (2.62). L'invariane de Z
donne P ǫ(S ∩ Z) ⊂ S ∩ Z. Par onséquent, l'appliation restreinte de Poinaré,

ρ : S ∩ Z → S ∩ Z, est dé�nie par (2.65).

Théorème 2.2: D'après les hypothèses HSH1-HSH5 et HS1-HS6, il existe une

variable ǭ > 0 telle que pour 0 < ǫ < ǭ les propositions suivantes sont équivalentes :

1. Le point �xe x∗
de ρ est exponentiellement stable ;

2. Le point �xe x∗
de P ǫ

est exponentiellement stable.

La preuve de e théorème est fournie dans [83℄. Ce théorème montre que, pour

un réel ǫ stritement positif, su�samment petit, une orbite périodique exponen-

tiellement stable de la dynamique restreinte est aussi une orbite périodique expo-

nentiellement stable du modèle de pleine dimension.

Optimisation paramétrique

L'optimisation est une méthode importante dans les sienes de la déision et dans

l'analyse des systèmes physiques. A�n de réaliser une optimisation, nous devons

tout d'abord onnaître l'objetif qui est une mesure quantitative de la performane

du système étudié. L'objetif dépend alors de ertains paramètres du système.

Selon que les paramètres sont ontinus ou disrets, l'optimisation se subdivise en

deux types : l'optimisation disrète et l'optimisation ontinue. Dans ette thèse,

l'optimisation qui nous intéresse est ontinue. Selon qu'il y a des ontraintes ou non

sur les paramètres à optimiser, l'optimisation ontinue peut enore se subdiviser en

deux types : l'optimisation ontinue sous ontraintes et l'optimisation ontinue sans

ontrainte. Dans notre travail, nous nous onentrons uniquement sur l'optimisation

ontinue sous ontraintes en utilisant la programmation quadratique séquentielle.

Du point de vue mathématique, le but de l'optimisation sous ontraintes est de
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minimiser une fontion objetif soumise à des ontraintes sur ses paramètres. Quand

il s'agit de l'optimisation sous ontraintes, l'approhe générale onsiste à transformer

le problème en un sous-problème plus faile à résoudre. Le sous-problème est alors

utilisé de façon itérative dans des algorithmes d'optimisation. Les premières ap-

prohes d'optimisation néessitent de onvertir un problème sous ontraintes en un

problème fondamental sans ontrainte en utilisant la tehnique de pénalisation. De

ette façon, le problème sous ontraintes est résolu en résolvant une suite de prob-

lèmes sans ontraintes. Aujourd'hui, es méthodes sont onsidérées omme ine�-

aes, et elles sont remplaées par les méthodes onsistant à résoudre les équations

de Karush-Kuhn-Tuker [162℄.

Pour les problèmes de programmation non linéaire (2.66), il existe trois types

de onditions d'optimalité : (1) les onditions néessaires du premier ordre, (2) les

onditions néessaires du seond ordre, (3) les onditions su�santes du seond ordre.

Les équations pour es onditions sont fournies dans (2.69), (2.75) et (2.76). Dans

l'optimisation sous ontraintes, nous sommes souvent onfrontés aux objetifs on-

traditoires de diminuer la fontion objetif et eux de satisfaire les ontraintes. Par

onséquent, une fontion de mérite est dé�nie dans (2.77) pour mesurer l'équilibre

entre es deux objetifs.

La programmation quadratique séquentielle est une des méthodes les plus e�-

aes pour l'optimisation sous ontraintes non linéaires. La méthode est basée sur

les travaux dérits dans [168, 169, 170℄. Compte tenu de la desription du problème

dans (2.66), l'idée prinipale de SQP est de formuler un sous-problème de program-

mation quadratique (2.78) basé sur une approximation quadratique de la fontion

de Lagrange (2.68).

Le prinipal avantage de l'appliation de et algorithme pour générer des al-

lures est sa robustesse vis-à-vis des résultats invalides. Au ours de ses itérations,

l'algorithme SQP peut tenter de faire un pas qui éhoue. Cela se produit lorsque la

fontion objetif ou la fontion des ontraintes non linéaires ne peut pas fournir des

valeurs valides. Dans e as, l'algorithme tente de faire un pas plus petit.

Conlusion

Quatre fondements de la ommande optimisée de la marhe bipède ont été abordés

dans e hapitre. D'abord l'approhe Euler-Lagrange et les équations supplémen-

taires pour aluler les fores extérieures et les ouples externes sont donnés pour

établir les modèles dynamiques des robots bipèdes ave des orps rigides, des ressorts

idéaux, des ationneurs rotatifs et des strutures non parallèles. Ensuite, la méthode

de la linéarisation par retour d'état a été introduite pour réaliser la ommande non

linéaire des robots bipèdes et pour forer le système du robot à évoluer sur la surfae

de la dynamique des zéros. Pour les robots bipèdes étudiés ii, il est ommode de

réaliser l'invariane hybride et de réer ainsi la dynamique des zéros hybride. Par la

suite, la stabilité des allures yliques peut être assurée par le alul de l'appliation

restreinte de Poinaré. En�n, les onepts généraux de l'optimisation paramétrique

et de la méthode de la programmation quadratique séquentielle ont été expliqués

brièvement, et ils seront plus tard utilisés pour le alul des allures optimisées.
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8.3 Robot bipède 2D ave des pieds pontuels

Ce hapitre se onentre sur la modélisation, l'optimisation et la ommande d'un

robot bipède 2D sous-ationné à 5 orps ave des pieds pontuels. Ces onepts et

es méthodes sont fondamentaux pour le développement des robots 2D qui satisfont

les hypothèses dé�nies i-après.

Struture et Hypothèses pour les robots 2D

Un robot bipède 2D est un robot e�etuant des mouvements que dans le plan sagit-

tal. Il se ompose de deux sous-haînes inématiques appelées jambes et une autre

sous-haîne appelée tron, toutes es sous-haînes sont reliées à un point ommun

nommé la hanhe. Quand une seule des deux jambes est en ontat ave le sol, ette

jambe en appui est appelée la jambe de support et l'autre est appelée la jambe mo-

bile. Un pied est dé�ni omme l'extrémité d'une jambe. La phase de simple appui

est dé�nie omme la phase de loomotion où un seul des deux pieds est en ontat

ave le sol. Inversement, la phase de double appui est la phase où les deux pieds

sont en ontat ave le sol. La marhe est alors onsidérée omme une suession de

phases alternées de simple appui et de double appui. Forts de es dé�nitions, nous

pouvons réexaminer les hypothèses proposées à l'origine dans [84℄ et les reformuler

dans le ontexte de notre robot.

Hypothèses pour les robots bipèdes 2D : Le robot bipède 2D est supposé être :

HPR1) omposé deN orps rigides reliés par (N−1) artiulations sans frottement

à liaison pivot et haque orps a une masse non nulle ;

HPR2) à deux dimensions, en mouvement uniquement dans le plan sagittal ;

HPR3) bipède, ave deux jambes symétriques reliées à un point ommun appelé

hanhe et les deux jambes ont des pieds pontuels ;

HPR4) sous-ationné au pied de support reliant la jambe de support et le sol ;

HPR5) ationné de façon autonome pour les autres (N − 1) artiulations ;

HPR6) exprimé par (N − 1) oordonnées angulaires relatives (q2, · · · , qN) et une
oordonnée angulaire absolue q1 tel que représentées sur la �gure 3.2.

Les propriétés du robot sont indépendantes du hoix des oordonnées et l'hypothèse

HPR6 est utilisée seulement pour failiter le alul de la dynamique des zéros. L'idée

de onevoir e type de robots a ommené il y a près de deux déennies quand un

robot bipède 2D appelé RABBIT a été onstruit à Grenoble [5℄. Au �l des années,

des robots similaires ont été onstruits tels que le robot AMBER [106℄ et le robot

MABEL [171℄.

Hypothèses pour les allures de marhe 2D : Le ontr�leur du robot doit assurer les

propriétés suivantes :

HPG1) il existe en alternane des phases de simple appui et de double appui;
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HPG2) pendant la phase de simple appui, le pied de support est plaé sur le sol

et ne glisse pas ;

HPG3) la phase de double appui est instantanée et peut être modélisée par un

impat rigide ;

HPG4) à l'état stationnaire, deux pas ontinus sont symétriques ;

HPG5) pendant haque pas, seul le pied de support est en ontat ave le sol, et

le pied mobile déolle du sol derrière le pied de support et atterrit devant

elui-i ;

HPG6) la marhe a lieu sur une surfae horizontale.

Hypothèses pour des impats 2D : Un impat apparaît pendant la phase de double

appui quand le pied mobile touhe le sol. Le modèle d'impat est basé sur les

hypothèses suivantes :

HPI1) l'impat apparaît quand le pied mobile touhe le sol sans rebond ni glisse-

ment ;

HPI2) à l'impat, le pied de support déolle du sol sans interation ave elui-i

;

HPI3) l'impat est instantané ;

HPI4) les fores externes agissant sur le pied mobile à l'impat peuvent être

représentées par des impulsions ;

HPI5) il peut y avoir un hangement instantané de vitesses, mais la on�guration

reste inhangée ;

HPI6) tous les ationneurs ne sont pas apables de générer des impulsions et don

ils sont ignorés à l'impat.

Modèle dynamique de la marhe

Dans ette setion, nous développons un modèle mathématique pour un robot bipède

à 5 orps, tout en se onformant aux hypothèses HPR1-HPR6, HPG1-HPG6 et

HPI1-HPI6. Comme l'illustre la �gure 3.1, le robot 2D analysé dans e hapitre

est omposé de inq orps : un tron, deux uisses et deux tibias. L'extrémité de

haque tibia est onsidéré omme un pied pontuel. Le veteur des oordonnées

généralisées dérivant les mouvements du robot est qe = [xst, zst, q1, q2, q3, q4, q5]
⊤
.

Il ontient deux oordonnées (xst, zst) dans le système de oordonnées ogxgzg pour

dérire la position du pied de support et un veteur des angles q = [q1, q2, q3, q4, q5]
⊤

pour dérire l'orientation des orps du robot. Étant donné le veteur q, l'angle

absolu du tibia mobile q6 est donné dans (3.1). Cet angle est utilisé ave (xsw, zsw)

pour aluler le modèle d'impat.
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En référene aux données du robot humanoïde HRP-4, notre robot a une masse

totale de 39 kg et une taille totale de 1,5m [172℄. Les moments d'inertie des rotors des

ationneurs ramenés sur le �té artiulaire sont de 0,8 kgm2
. Le reste des paramètres

du modèle est alulé à partir de strutures anthropomorphiques virtuelles générées

automatiquement par la masse totale et la taille totale [173, 174℄. Tous les autres

paramètres sont indiqués dans le tableau 3.1.

Le modèle de la phase de simple appui est utilisé pour simuler le omportement

du robot bipède lorsque l'un des deux pieds est en ontat ave le sol. Comme

les allures sont supposées être symétriques selon l'hypothèse HPG4, nous pouvons

toujours utiliser le même modèle de la phase de simple appui, peu importe lequel

des deux pieds est le pied de support. La permutation des jambes peut être traitée

par le modèle de double appui.

Pendant la phase de simple appui, on note Q l'espae de dimension 5 de on-

�guration du robot, q ∈ Q le veteur des oordonnées artiulaires généralisées,

x = [q⊤, q̇⊤]⊤ la variable d'état du robot, et T Q = {x = (q⊤, q̇⊤)⊤|q ∈ Q, q̇ ∈ RN}
l'espae d'état. Le modèle de la phase de simple appui peut être érit sous forme

d'espae d'état (3.3). La formulation du modèle de double appui exige le modèle

dynamique utilisant le veteur des oordonnées généralisées qe, les équations perme-

ttant de aluler e modèle sont données par (3.6) à (3.18). Le modèle global de la

marhe est obtenu en ombinant les modèles de la phase de simple appui et elui

de la phase de double appui pour former un modèle hybride dé�ni par (3.19). La

validité du modèle de la phase de simple appui est basée sur l'hypothèse HPG2 qui

suppose que le pied de support est �xe par rapport au sol. Pour véri�er ette on-

dition, on note Fst = [F x
st, F

z
st]

⊤
la fore de réation du sol, et le modèle de ontat

est donné par (3.20) et (3.21).

Coneption de la ommande par retour d'état

Pendant la phase de simple appui, le robot bipède a quatre ationneurs indépen-

dants. Ainsi, les sorties sont quadridimensionnels et sont dé�nies omme y = h(q) =

h0(q) − hd ◦ θ(q) où h0(q) représente les variables ontr�lées indépendantes, θ(q)

représente une fontion stritement monotone de l'état du robot, et hd ◦θ(q) indique
l'évolution idéale de es variables en fontion de la variable salaire θ(q) [8℄. En ren-

dant la variable y égale à zéro, les variables h0(q) sont forées de suivre l'évolution

idéale de hd ◦ θ(q). Ainsi, la posture du robot est ontr�lée pour évoluer en fon-

tion des ontraintes virtuelles h0(q) − hd ◦ θ(q) = 0 paramétrées par θ(q). Cette

méthode de ommande est di�érente des méthodes lassiques fondées sur le suivi de

trajetoires pare que l'évolution idéale de hd ◦ θ(q) est seulement liée à θ(q) et non

au temps. En onséquene, les systèmes de ommande orrespondants peuvent être

très autonomes.

Pour notre robot bipède 2D, θ(q) est l'angle linéarisé de la jambe virtuelle de

support, qui est dé�nie omme la ligne reliant la hanhe et le pied d'appui (voir

�gure 3.3). En général, deux tâhes sont essentielles pour la réalisation de la marhe

bipède : la ommande de posture et l'avanement de la jambe mobile. La ommande

de posture maintient le tron dans une position presque vertiale, et l'avanement
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de la jambe mobile assure une longueur souhaitée de pas. Inspirés par les travaux

de [6℄, nous proposons pour notre robot 2D sur la �gure 3.3(b) les sorties ontr�lées

appelées "sorties symétriques" données par l'équation (3.24) [121℄.

Le ontr�leur du robot ne fontionne que pendant la phase de simple appui.

Le but de la ommande de ette phase est de ontraindre progressivement le robot

bipède à évoluer sur une surfae de la dynamique des zéros. Pour atteindre et

objetif, le ontr�leur peut être réé en ombinant un ontr�leur non linéaire par

retour d'état statique (3.35) et un ontr�leur linéaire par retour d'état (3.37).

Selon le théorème 2.2, la stabilité exponentielle de l'orbite périodique du système

en boule fermée est équivalente à elle de l'orbite périodique de la dynamique des

zéros tant qu'une loi de ommande omme (3.39) est appliquée. Pour notre robot

2D, le système de la dynamique des zéros dé�ni par (3.44) est bidimensionnel et il

peut être équivalent à un système dynamique unidimensionnel (3.52) en utilisant une

transformation de oordonnées. Ainsi, l'appliation de Poinaré de la dynamique

des zéros ρ : S ∩U → S ∩U est di�éomorphe à un système LTI salaire (3.54) dont

la stabilité peut être failement véri�ée.

Optimisation des allures de marhe

L'optimisation des allures de marhe peut être onsidérée omme un problème

d'optimisation non lineaire sous ontraintes. Comme mentionné dans (2.66), il est

néessaire de dé�nir des paramètres à optimiser, une fontion objetif et plusieurs

fontions salaires représentant respetivement des ontraintes d'égalité et des on-

traintes d'inégalité.

A�n de paramétrer hd dé�ni par (3.22), nous avons hoisi d'utiliser des ourbes

de Bézier d'ordre 5. Pour haque ourbe, il y a six paramètres ai1, a
i
2, ..., a

i
6. Étant

donné que la dimension de hd est égale à 4, nous pouvons regrouper les paramètres aik
dans les veteurs ak = [a1k, · · · , a4k] de taille (4×1). Par la réalisation de l'invariane

hybride ∆(S ∩ Z) ⊂ Z, nous pouvons aluler les veteurs a0 et a1 à partir des

veteurs a2, a3, a4 et a5. Ainsi, l'ensemble des paramètres {a2, a3, a4, a5} est su�sant

pour dé�nir hd. A�n de failiter l'optimisation de la marhe, nous remplaçons a5 par

le veteur des paramètres de posture φP pour représenter plus lairement la posture

du robot. Au total, l'ensemble des paramètres à optimiser est {φP , a3, a4, a5}.
Quand il s'agit des robots bipèdes ationnés par des moteurs à ourant ontinu

ou des moteurs synhrones sans balais, la puissane életrique de haque moteur est

approximativement proportionnelle au arré du ourant d'alimentation, et le ourant

est à son tour proportionnel au ouple exeré par e moteur. A�n d'exprimer la

onsommation d'énergie du moteur par mètre parouru, la fontion oût est ainsi

dé�nie omme l'intégrale du arré du ouple pour un déplaement unitaire.

A�n d'assurer la validité des allures optimales de marhe, il est néessaire de

dé�nir ertaines ontraintes. Comme illustré sur la �gure 3.7, es ontraintes sont :

CP1) Le tron ne peut pas se penher en arrière ou se penher exessivement en

avant ;

CP2) La position de la hanhe ne peut pas être trop basse ;
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CP3) La fore impulsionnelle d'impat dé�nie par (3.12) doit être vers le haut ;

CP4) La vitesse du pied osillant après l'impat doit être vers le haut ;

CP5) Le pied mobile ne doit pas touher le sol prématurément ;

CP6) Les genoux se plient vers l'avant ;

CP7) Les onditions de ontat (3.20) et (3.21) doivent être satisfaites ;

CP8) La vitesse moyenne de marhe est égale à la vitesse désirée.

Comme illustré sur la �gure 3.8, il existe trois étapes importantes dans les aluls

de la fontion objetif et des ontraintes. Les équations utilisées dans es étapes sont

énumérées i-dessous :

1. Caluler l'évolution de la dynamique des zéros. (i) Résoudre la dynamique in-

verse en utilisant (3.68), (3.69), (3.70), (3.72), (3.73) et (3.74). (ii) Paramétrer

hd par (3.63), (3.66), (3.61), (3.60) et (3.59). (iii) Caluler l'évolution de ξ1 et

de ξ2 en utilisant (3.50), (3.51), (3.45), (3.46), (3.53), (3.56), (3.57) et (3.58).

2. Caluler l'évolution du système omplet en utilisant (3.40), (3.41), (3.42), et

(3.3).

3. Caluler la fontion oût et les ontraintes en utilisant (3.77), (3.79), (3.80),

(3.81), (3.82), (3.83), (3.84), (3.85) et (3.86).

L'optimisation est réalisée par la toolbox d'optimisation de MATLAB

R©
. Le prob-

lème étant lassé omme une optimisation sous ontraintes, la fontion fminon de

MATLAB

R©
(R2010b) est adaptée à et e�et. Il y a quatre algorithmes disponibles

: trust-region-refletive, interior-point, sqp et ative-set. Nous avons

hoisi sqp omme algorithme d'optimisation. Notre hoix est motivé par sa supéri-

orité dans les situations où la fontion objetif et les ontraintes ne peuvent pas

fournir de valeurs orretes.

Analyse des résultats

Le nombre de Froude est onsidéré dans le hoix de la gamme de la vitesse moyenne

de marhe. Pour l'être humain, la transition de la marhe à la ourse se produit

lorsque le nombre de Froude Fr ≈ 0,5 [180℄. Cependant, le nombre maximum de

Froude pour la marhe de la dernière version du robot ASIMO est de moins de 0,1.

Dans ette thèse, nous avons hoisi 0,3 omme le nombre maximum de Froude. Nous

ne voulons pas étudier des allures à faible vitesse. Ainsi, notre plage de vitesse de

marhe est hoisie omprise entre 0,2m/s et 1,5m/s.

Les oûts d'énergie onsomméee par le robot et ses ationneurs sont représentés

sur la �gure 3.10. Il est évident que les ationneurs des artiulations des hanhes

sont responsables de la majeure partie de la onsommation d'énergie du robot. La

représentation des allures aux vitesses 0,3m/s, 0,7m/s, 1,1m/s et 1,5m/s est fournie

sur la �gure 3.13. Les données détaillées pour la marhe à 0,7m/s et 1,5m/s sont
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données sur les �gures 3.14 à 3.20. Il est intéressant de noter que la relation entre

t et θ est presque linéaire, e qui signi�e que θ(q) dans (3.23) est un substitut

judiieux du temps pour indiquer la progression à haque pas. Selon la �gure 3.17,

l'énergie méanique onsommée par les ationneurs des artiulations des hanhes

est à peu près équivalente à elle onsommée par les ationneurs des artiulations

des genoux. Mais à grande vitesse, l'énergie méanique onsommée par les hanhes

est plus signi�ative. En outre, pour tous les ationneurs, les puissanes négatives

ne peuvent pas être négligées, e qui indique qu'il y a une possibilité de reyler

l'énergie méanique négative et par onséquent d'améliorer l'e�aité énergétique.

A�n de véri�er que le pied de support ne glisse pas pendant la phase de simple

appui, les ourbes des fores de réation du sol sont représentées sur la �gure 3.18.

Nous pouvons voir lairement que F z
st diminue à la �n d'un pas, en partiulier pour

la vitesse 1,5m/s. À 0,7m/s, la valeur absolue de F x
st est relativement faible par

rapport à F z
st. Cependant, pour la marhe à 1,5m/s, la valeur absolue de F x

st est

presque équivalente à elle de F z
st à la �n d'un pas, e qui signi�e que le pied de

support est sur le point de glisser (le oe�ient de frottement µf = 1). Tous es

phénomènes indiquent que, le pied d'appui a de plus en plus tendane à déoller ou

glisser lorsque la vitesse de marhe augmente.

Conlusion

Dans e hapitre, nous avons disuté de la façon d'utiliser la linéarisation par retour

d'état et la dynamique des zéros pour réaliser la ommande optimale d'un robot

bipède 2D ave un tron, deux uisses, deux tibias et deux pieds pontuels. Les

paramètres du modèle de notre robot sont dérivés du robot HRP-4 [172℄. Le modèle

de la marhe est obtenu en ombinant les modèles de la phase de simple appui et de

la phase de double appui pour former un modèle hybride. Pendant la phase de simple

appui, la méthode de la linéarisation par retour d'état est adoptée pour appliquer

des ontraintes virtuelles dé�nies par des sorties ontr�lées. Dans ette thèse, nous

avons dé�ni les "sorties symétriques" omme les sorties ontr�lées pour failiter

l'interprétation géométrique de la ommande de la posture et de l'avanement de la

jambe mobile. L'évolution idéale des ontraintes virtuelles est paramétrée par des

ourbes de Bézier en fontion de la valeur normalisée de l'angle absolu linéarisé de

la jambe virtuelle de support. Par la suite, la stabilité de marhe est analysée par

une appliation LTI salaire. A�n d'obtenir des allures optimales de marhe pour

notre bipède 2D à des vitesses di�érentes, nous avons développé un programme

d'optimisation en utilisant l'algorithme SQP et la fontion fminon de MATLAB

R©
.

La fontion objetif est dé�nie en fontion de la onsommation d'énergie des moteurs

à ourant ontinu ou des motors synhrones à aimants permanents. Des ontraintes

d'optimisation sont utilisées pour véri�er les exigenes pour le ontat ave le sol,

l'avanement du pied, et. L'optimisation de la marhe est e�etuée pour des vitesses

de 0,2m/s à 1,5m/s. La stabilité et la faisabilité de es résultats sont validées. La

valeur maximale du ritère est 3161N2ms à 1,5m/s et la valeur minimale est 43N2ms

à 0,2m/s.
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8.4 Couplages élastiques pour le robot 2D

Les travaux présentés dans e hapitre portent sur l'exploration des avantages de

l'ajout de ouplages élastiques (sous forme de ressorts au niveau des hanhes) à

des robots bipèdes 2D. Cei est réalisé par l'addition des paramètres des ouplages

aux paramètres d'optimisation et par l'optimisation de la marhe ave une faible

onsommation d'énergie. Une étude similaire a été faite sur l'analyse de la ontribu-

tion des ouplages élastiques sur un robot bipède à 3 orps [150℄ et une autre étude

sur un robot à 5 orps [109℄. Inspirés par es deux études, nous avons l'intention

d'étudier l'utilisation des ouplages élastiques sur notre robot à 5 orps. En om-

paraison ave l'étude préédente, les di�érenes importantes de nos travaux sont :

(i) la fontion oût (3.76) utilisée dans notre analyse ne néessite pas de dé�nition

détaillée des ationneurs tels que des rapports de vitesse et des e�aités de mo-

teur; (ii) les sorties symétriques sont adoptées dans la linéarisation par retour d'état.

Les ouplages élastiques sont appliqués sous la forme de ressorts de torsion linéaires

ave deux di�érentes on�gurations: soit en onnetant une uisse à l'autre, soit en

reliant haune des uisses au tron. Après l'optimisation des allures de marhe, les

raideurs optimisées des ressorts sont utilisées pour aluler la fréquene de référene

de pas qui est égale à deux fois la fréquene propre du pendule formé par la jambe

mobile ave son genou verrouillé. Les résultats montrent que les deux on�gurations

peuvent réduire onsidérablement le ritère d'énergie de notre robot bipède 2D et

forer la fréquene de pas à se rapproher de la fréquene de référene de pas a�n

que le robot puisse marher en résonane.

Modèle des ouplages élastiques

Étant donné que des omposants élastiques ne peuvent pas produire des impulsions

de ouple lors de l'impat, ils n'ont auune in�uene sur le modèle de l'impat. Quant

au modèle de la phase de simple appui, l'équation (3.2) peut être érite omme (4.1).

Ainsi, la loi de ommande non linéaire par retour d'état statique (3.39) devient (4.3).

Les autres proédés pour aluler la dynamique des zéros sont mentionnés dans le

hapitre 3, et en utilisant (4.4), nous pouvons aluler les ouples des ationneurs

du robot évoluant sur la variété de la dynamique des zéros.

La �gure 3.10 montre que, pour notre robot bipède 2D marhant à grande vitesse

sans ouplages élastiques, la majeure partie de la onsommation d'énergie est dûe

aux ationneurs des artiulations de hanhe. En onséquene, il est intéressant

de voir si les ouplages élastiques peuvent réduire les ritères énergétiques de es

artiulations. Nous proposons don deux on�gurations :

Couplage 2D Cas I) Comme illustré sur la �gure 4.1(a), un ressort linéaire de torsion

est monté entre les deux uisses. Ainsi, nous avons ϕe1 = q3 − q4 pour la déviation

ϕe1 − ϕ∗
e1 dans (2.11) du ressort. Étant donné que le robot est symétrique, nous

avons ϕ∗
e1 = 0, et la raideur du ressort de torsion ke1 dans (2.11) est notée ke1 = ks.

En utilisant (2.18), le veteur des ouples τe est donné par (4.5).

Couplage 2D Cas II) Comme illustré sur la �gure 4.1(b), deux ressorts linéaires de
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torsion sont montés respetivement entre le tron et les deux uisses. Ainsi, nous

avons ϕe2 = q3 et ϕe3 = q4 pour les déviations ϕe2 −ϕ∗
e2 et ϕe3 −ϕ∗

e3 de es ressorts.

En raison de la symétrie du robot, les raideurs et les positions de repos de es deux

ressorts doivent être les mêmes, à savoir ϕ∗
e2 = ϕ∗

e3 = ϕs et ke2 = ke3 = ks. En

appliquant es deux ressorts et en utilisant l'équation (2.18), le veteur des ouples

τe peut être alulé par (4.6).

Selon plusieurs études sur des allures de marhe humaine [136, 137℄, la fréquene

préférée de pas est sensiblement égale à la fréquene de résonane d'un osillateur

harmonique entraîné par des fores. Pour notre robot bipède 2D, nous pouvons

aussi onsidérer la jambe mobile omme un pendule pesant omposé ave la hanhe

�xée dans l'espae et le genou osillant verrouillé dans une position droite, omme

illustré sur la �gure 4.2. Ainsi, nous pouvons dé�nir la fréquene de référene de pas

f ∗
step omme deux fois la valeur de la fréquene naturelle d'osillation de la jambe

mobile (4.7).

Allures optimales de marhe ave des ouplages élastiques

Dans le ouplage 2D Cas I, nous ommençons par l'optimisation des allures ave les

raideurs �xées ks allant de 0Nm/rad à 300Nm/rad. De ette façon, nous pouvons

obtenir la surfae sur la �gure 4.3 reliant la raideur ks, la vitesse de marhe et le

ritère d'énergie (3.76). Nous pouvons onlure que pour un robot bipède 2D à 5

orps ave un ressort linéaire de torsion monté entre ses deux uisses, l'e�aité

énergétique peut être grandement améliorée en hoisissant une raideur faible pour

marher à basse vitesse et une raideur importante à grande vitesse. La représentation

des allures de marhe du robot aux vitesses 0,3m/s, 0,7m/s, 1,1m/s et 1,5m/s est

fournie sur la �gure 4.5. A partir de ette �gure, nous pouvons voir que le robot,

ave une grande raideur du ressort, a une petite taille de pas et vie versa.

A�n d'éviter l'inonvénient d'avoir la raideur ks �xe, nous pouvons attribuer une

valeur optimale kopt à ks et ajouter kopt au veteur des paramètres d'optimisation ϑ.

Les résultats orrespondants d'optimisation sont représentés sur les �gures 4.4, 4.7

et 4.8. Par rapport aux autres ourbes du ritère, le ritère d'énergie ave ks = kopt
est onsidérablement réduit pour toutes les vitesses de 0,2m/s à 1,5m/s. En outre,

la raideur optimisée kopt est positivement orrélée ave la vitesse de marhe. En

omparaison ave les allures préédentes ave la raideur ks �xe, les allures ave

ks = kopt ont des tailles de pas �normales� à toutes les vitesses.

Les ritères énergétiques du robot et de ses ationneurs ave ks = kopt sont

représentés sur la �gure 4.4. En omparant ette �gure ave la �gure 3.10, nous

onstatons que le ritère d'énergie de la hanhe mobile sans ouplages à 1,5m/s est

presque de 1000N2ms alors que ette valeur diminue à moins de 30N2ms lorsque le

ressort de torsion ave la raideur ks optimisée est appliquée. De même, le ritère

de la hanhe de support est réduit de 1800N2ms à 180N2ms. En e�et, l'objetif

prinipal de réglage de la raideur ks est d'ajuster la fréquene de résonane de la

jambe mobile a�n de réduire les ritères énergétiques des ationneurs de hanhe à

toutes les vitesses. Comme illustré sur la �gure 4.9, la fréquene de pas ave la

raideur ks optimisée peut rester prohe de la fréquene de référene f ∗
step, e qui



188 8. Résumé en français

permet au robot bipède de marher en résonane ave une faible onsommation

d'énergie.

Les ourbes des angles, des vitesses angulaires, des ouples, des puissanes des

ationneurs et des fores de réation au sol sont fournies sur les �gures 4.10 à 4.14.

Il est intéressant de noter que les ourbes de θsymm sur la �gure 4.10 présentent une

similitude ave une ourbe sinusoïdale. Nous pouvons onstater que les amplitudes

des ouples des ressorts τe3 et τe4 sur la �gure 4.12 sont plus grandes que elles des

ouples des ationneurs orrespondants u3 et u4, surtout à la vitesse 1,5m/s.

En omparant la �gure 4.13 et la �gure 3.17, nous pouvons voir que, bien que le

ritère d'énergie dans l'équation (3.77) n'a auun lien ave la puissane méanique,

les puissanes méaniques maximales de tous les ationneurs ont nettement diminué

en raison des ouplages élastiques. Un phénomène intéressant est que les puissanes

méaniques des ationneurs de hanhe sont majoritairement positives sur la �gure

4.13, alors que sur la �gure 3.17 les puissanes négatives sont prohes des puissanes

positives en termes d'amplitudes.

En dehors de la rédution de la onsommation d'énergie, le ressort de hanhe

peut également réduire le mouvement vertial du entre de masse, e qui peut être

véri�é en omparant la �gure 3.19 et la �gure 4.15. En outre, la hauteur maximale

du pied mobile sur la �gure 4.16 est d'environ 2,5 cm, elle est beauoup plus petite

que la valeur sur la �gure 3.20.

Dans le ouplage 2D Cas II, deux ressorts identiques sont ajoutés respetivement

entre les deux uisses et le tron. Nous sommes intéressés par la reherhe des valeurs

optimales de la raideur ks et la position au repos ϕs, 'est à dire kopt et ϕopt. Les

résultats généraux de l'optimisation sont présentés sur les �gures 4.17 à 4.20. En

utilisant deux ressorts de torsion reliant le tron et deux uisses, il est également

possible de réduire onsidérablement le ritère d'énergie, omme illustré sur la �gure

4.17. À la vitesse de 1,5m/s, le ritère d'énergie dans le ouplage 2D Cas II est de

329N2ms. La rédution du ritère d'énergie est également due à la rédution des

ritères énergétiques des ationneurs de hanhe.

La représentation des allures à les vitesses 0,3m/s, 0,7m/s, 1,1m/s et 1,5m/s est

fournie sur la �gure 4.20. Nous pouvons voir que les allures dans le ouplage 2D Cas

II sont également satisfaisantes esthétiquement. En omparaison ave le ouplage

2D Cas I, la fréquene de référene f ∗
step est également prohe de la fréquene de

pas fstep sur la �gure 4.19 à toutes les vitesses en utilisant ks = kopt et ϕs = ϕopt.

Cei indique que les ressorts dans le ouplage 2D Cas II peuvent également régler

la fréquene de pas prohe de la fréquene de référene à des vitesses di�érentes.

L'information détaillée aux vitesses 0,7m/s et 1,5m/s est fournie sur les �gures

4.21 à 4.27. Ces résultats sont, dans une ertaine mesure, similaires aux résultats

pour le ouplage 2D Cas I. Pour ommener, les ourbes de θsymm sur la �gure

4.21 présentent également une similitude ave une ourbe sinusoïdale. En outre, la

position au repos ϕopt est presque au milieu de la fourhette de variation de q3 et q4.

Cei est étroitement liée à la dé�nition de la fréquene de référene sur la �gure 4.2.

De plus, les amplitudes des ouples des ressorts τe3 et τe4 sur la �gure 4.23 sont aussi

beauoup plus grandes que elles des ouples des ationneurs orrespondants u3 et
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u4. En omparant les �gures 4.24 et 4.13, nous pouvons voir que, les puissanes

méaniques des ationneurs de hanhe sont aussi majoritairement positives. Les

phénomènes dérits i-dessus indiquent que le robot marhe aussi en résonane ave

le ouplage 2D Cas II. Comme illustré sur la �gure 4.25, à la vitesse 1,5m/s, la

valeur maximale de |F x
st|/F z

st est plus petite que les valeurs sur les �gures 4.14 et

3.18, e qui indique qu'il y a plus de marge pour le pied de support de rester en

ontat ave le sol sans glisser dans le ouplage 2D Cas II que dans les autres as.

En omparaison ave le mouvement vertial du entre de masse sur la �gure 3.19,

le mouvement sur la �gure 4.26 est plus petit. En outre, la hauteur maximale du

pied libre sur la �gure 4.27 est similaire à la valeur sur la �gure 4.16.

Disussion

Dans la partie préédente, on a démontré les avantages de l'ajout des ouplages

élastiques sous la forme de ressorts de torsion aux hanhes de notre robot bipède

2D. Dans les deux as, les ritères énergétiques sont beauoup plus petits que eux

dans le as sans ouplage traité au hapitre 3. Bien que le ritère d'énergie dans le

ouplage 2D Cas II est plus petit que elui dans le ouplage 2D Cas I, il n'est pas

toujours simple de savoir quel as est le mieux. Cela dépend sûrement de l'objetif

spéi�que.

Contrairement à e que l'on pourrait penser, la quantité néessaire de matériaux

pour la fabriation d'un seul ressort dans le oulage 2D Cas I est similaire à elle

pour la fabriation de deux ressorts dans le ouplage 2D Cas II. Les avantages du

ouplage 2D Cas I résident dans sa simpliité et sa �abilité pare qu'il ne néessite

qu'un seul ressort. Cependant, le ouplage 2D Cas II a les avantages d'une position

vertiale du tron dans l'état de repos et de la plus grande marge pour le pied de

support de rester �xe par rapport au sol.

On peut s'interroger sur la modi�ation de la raideur du ressort et la position

de repos sous tension. En fait, il y a déjà quelques études onernant des om-

posants élastiques aordables. Par exemple, il est possible de modi�er la raideur

par réglage des pré-tensions des ressorts non linéaires [156, 157℄. Un problème om-

mun pour la plupart de es appliations est que des ationneurs supplémentaires

sont néessaires pour e�etuer la modi�ation. Cependant, il y a aussi d'autres op-

tions pour modi�er les raideurs et les positions de repos sans utiliser des ationneurs

supplémentaires. Par exemple, au lieu d'utiliser un ressort linéaire, nous pouvons

probablement utiliser un ressort non linéaire dont la raideur est orrélée positive-

ment ave la fore de rappel pare que la déviation maximale est aussi orrélée

positivement ave la raideur.

Un autre aspet intéressant est que nous pouvons omparer la performane de

notre robot ave elle des robots bipèdes passifs et des robots bipèdes assistés par

des ationneurs. Sur les �gures 4.13 et 4.24, nous avons mentionné que les puissanes

négatives des ationneurs de hanhe sont onsidérablement réduites par les ouplages

élastiques dans les deux as. Par onséquent, es ationneurs de hanhe dans notre

robot sont prinipalement utilisés pour ompenser l'énergie perdue à haque impat,

e qui est similaire aux robots dynamiques assistés par des ationneurs [66℄.
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Les orbites périodiques de notre robot 2D marhant à la vitesse 0,7m/s sont

illustrées sur la �gure 4.29. Il est intéressant de noter que, pour tous les angles

étudiés, les sauts de vitesses angulaires (marqués par les �èhes noires) à l'impat

ave les ouplages élastiques sont beauoup plus petits que les sauts dans le as sans

ouplages. Comme montré sur la �gure 4.29 (a), l'angle absolu de la jambe virtuelle

de notre robot 2D sans ouplages se omporte de façon similaire à l'angle absolu

de la jambe d'un robot ationné à trois orps dans [182℄ lorsque et angle de notre

robot 2D ave les ouplages ont des orbites similaires à elles de l'angle absolu de la

jambe d'un robot passif à trois orps [183℄. Cei suggère que les allures optimisées

des robots bipèdes ationnés ave des ouplages élastiques sont similaires aux allures

des robots bipèdes dynamiques passifs.

Conlusion

Dans e hapitre, nous avons disuté deux as d'ajout de ouplages élastiques sous

forme de ressorts de torsion aux hanhes du robot présenté dans le hapitre 3. Dans

le ouplage 2D Cas I, un ressort linéaire de torsion est monté entre les deux uisses.

Dans le ouplage 2D Cas II, deux ressorts linéaires de torsion sont installés pour

relier les mouvements des deux uisses au mouvement du tron. Nous avons dé�ni

la fréquene de référene de pas omme deux fois la fréquene naturelle du pendule

formé par la jambe mobile ave son genou bloqué dans une position droite. Les

résultats pour les deux as sont obtenues en utilisant les méthodes d'optimisation

du hapitre 3. Dans les ouplages 2D Cas I et II, nous avons montré que la raideur

idéale du ressort de hanhe est positivement orrélée à la vitesse de marhe. En

utilisant les ouplages, nous avons onsidérablement réduit le ritère d'énergie à

toutes les vitesses étudiées dans les deux as. En outre, les ouplages élastiques

dans les deux as ont également réduit les puissanes négatives des ationneurs de

hanhe. En omparant la fréquene de pas et la fréquene de référene de pas,

nous avons onstaté que nous pouvons hanger la dynamique naturelle de notre

bipède 2D en utilisant la raideur optimisée (et la position de repos optimisée) a�n

de réduire la onsommation d'énergie. Les avantages et les inonvénients de es

deux as sont analysés en détail ave des suggestions sur les solutions possibles pour

réaliser les ouplages élastiques. Les résultats d'autres herheurs ont été omparés

à nos résultats.
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8.5 Robot bipède 3D ave des pieds à ontat linéique

Ce hapitre se onentre sur la modélisation, l'optimisation et la ommande d'un

robot bipède 3D sous-ationné à 8 orps ave des pieds sans masse à ontat linéique.

Ces onepts et es méthodes sont fondamentaux pour le développement des robots

3D qui satisfont les hypothèses dé�nies i-après.

Struture et Hypothèses pour les robots 3D

Les robots bipèdes 3D onsidérés ii sont des robots ave des pieds à ontat linéique

et des mouvements qui ont lieu dans l'espae 3D. La phase de marhe de es robots

est divisée en une phase de simple appui et une autre phase instantanée de double

appui. Les hypothèses suivantes sont dé�nies pour les robots bipèdes 3D ave des

pieds sans masse à ontat linéique.

Hypothèses pour les robots bipèdes 3D : Le robot bipède 3D de la �gure 5.1 est

supposé être :

HTR1) omposé deN orps rigides reliés par (N−1) artiulations sans frottement

à liaison pivot et un degré de sous-ationnement approximativement dans

le plan sagittal ;

HTR2) à trois dimensions, en mouvement dans l'espae 3D ;

HTR3) bipède, ave deux jambes symétriques reliées à un seul bassin (ou un

seul tron) ; toutes les deux jambes ont des pieds sans masse à ontat

linéique ; et le modèle du robot est stritement symétrique par rapport

au plan sagittal ;

HTR4) sous-ationné au pied de support à ontat linéique reliant la jambe de

support et le sol ;

HTR5) ationné de façon autonome pour les (N − 1) artiulations ;

HTR6) onstitué de M degrés de liberté, et est exprimé par (M−1) oordonnées

angulaires relatives (q2, · · · , qM) et une oordonnée angulaire absolue q1.

Hypothèses pour les allures de marhe 3D : Le ontr�leur 3D doit avoir les propriétés

suivantes :

HTG1) il y a des phases en alternane de simple appui et de double appui ;

HTG2) pendant la phase de simple appui, le pied d'appui est plaé sur le sol,

'est à dire que le ZMP reste à l'intérieur du segment de ligne du pied

d'appui et que le pied d'appui ne glisse pas ;

HTG3) la phase de double appui est instantanée et peut être modélisée omme

un impat entre deux orps rigides ;

HTG4) à l'état stationnaire, deux pas ontinus sont symétriques ;
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HTG5) pendant haque pas, seul le pied de support est en ontat ave le sol, et

le pied mobile déolle du sol derrière le pied de support et atterrit devant

elui-i sans ollision entre les deux jambes ni ave le sol ;

HTG6) la marhe a lieu sur une surfae horizontale.

Hypothèses pour des impats 3D : Un impat apparaît pendant la phase de double

appui quand le pied mobile touhe le sol. Le modèle d'impat pour les robots bipèdes

3D est basé sur les hypothèses suivantes :

HTI1) l'impat apparaît quand le pied mobile touhe le sol et e pied ne glisse ni

ne rebondit ;

HTI2) à l'impat, le pied de support déolle du sol sans interation ;

HTI3) l'impat est instantané ;

HTI4) les fores externes agissant sur le pied mobile à l'impat peuvent être

représentées par des impulsions ;

HTI5) il peut y avoir un hangement instantané de vitesses, mais la on�guration

de position reste inhangée ;

HTI6) tous les ationneurs ne sont pas apables de générer des ouples impul-

sionnels et don ils sont ignorés à l'impat.

Modèle dynamique de la marhe

Dans ette partie, nous développons un modèle mathématique pour un robot bipède

3D à 8 orps, tout en se onformant aux hypothèses HTR1-HTR6, HTG1-HTG6 et

HTI1-HTI6. Comme l'illustre la �gure 5.1, le robot 3D est omposé de huit orps

: un tron, un bassin, deux uisses, deux tibias, deux pied sans masse à ontat

linéique. Le modèle du robot est stritement symétrique par rapport au plan sagittal

ave les artiulations des hevilles montées le long des bissetries perpendiulaires

des pieds. Le robot dispose de sept artiulations rotoïdes; haque artiulation de

hanhe omporte deux degrés de liberté et les autres artiulations ont un degré de

liberté. Les hevilles du robot servent seulement omme les axes de rotation pour

les mouvements dans le plan frontal, et la rotation en laet du tibia de support n'est

pas possible.

Comme dans les as du robot 2D, e modèle du robot utilise aussi les paramètres

alulés à partir du robot humanoïde HRP-4. Notre robot a une masse totale de

39 kg et une taille totale de 1,5m [172℄. Les moments d'inertie des rotors des ation-

neurs ramenés sur le oté artiulaire sont de 0,8 kgm2
. Le reste des paramètres est

alulé à partir des strutures anthropomorphiques virtuelles générées automatique-

ment par la masse totale et la taille totale [173, 174℄. Tous les autres paramètres

sont indiqués dans le tableau 5.1.

Étant donné que le robot est stritement symétrique par rapport au plan sagittal,

il est possible d'utiliser un seul modèle quelle que soit la jambe de support. Cei
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est réalisé en hangeant le système de oordonnées généralisées. Comme illustré

sur la �gure 5.2, le système de oordonnées artésiennes ogxgygzg est plaé sur le

sol; les oordonnées (xst, yst, zst) loalisent la position de la heville de support; les

oordonnées (xsw, ysw, zsw) loalisent la position de la heville mobile; les angles (q0,

q1, q2) représentent les angles d'Euler Z−Y −X du tibia gauhe; les angles (q12, q11,

q10) représentent les angles d'Euler Z−Y −X du pied droit par rapport au tibia; et les

angles (q3, ..., q9) indiquent la posture du robot. Lorsque le pied gauhe/droit repose

à plat sur le sol, q2/q10 peut être aussi onsidéré omme l'angle de l'artiulation de la

heville gauhe/droite et q0/q12 est l'orientation du pied gauhe/droite par rapport

à l'axe yg. Le veteur des oordonnées généralisées dérivant les mouvements du

robot est qe = [xst, yst, zst, q0, q1, q2, q3, q4, q5, q6, q7, q8, q9]
⊤
. Les angles q10, q11 et

q12 sont utiles lorsque la jambe mobile et la jambe de support éhangent leurs r�les

à l'impat.

L'existene de deux phases de la marhe divise le modèle dynamique du robot

3D en deux parties : un modèle de simple appui et un modèle de double appui.

Pendant la phase de simple appui, on note Q l'espae de on�guration du robot

de dimension 9, q ∈ Q le veteur des oordonnées généralisées, x = [q⊤, q̇⊤]⊤ les

variables d'état du robot, et T Q = {x = (q⊤, q̇⊤)⊤|q ∈ Q, q̇ ∈ RN} l'espae d'état.

Le modèle de la phase de simple appui peut être érit sous forme d'espae d'état

(5.6). La formulation du modèle de double appui exige le modèle dynamique en

utilisant le veteur des oordonnées généralisées qe, les équations permettant de

aluler e modèle sont données par (5.9) à (5.39). Le modèle global de la marhe

est obtenu en ombinant le modèle de la phase de simple appui et elui de la phase

de double appui pour former un modèle hybride dé�ni par (5.40).

La validité du modèle de la phase de simple appui est basée sur l'hypothèse

HTG2 qui suppose que le pied de support est �xe par rapport au sol. Comme

illustré sur la �gure 5.4, on suppose qu'il n'y a que deux points de ontat ast et bst
sur le pied de support. On peut déomposer la fore et le ouple agissant sur le pied

d'appui en plusieurs omposantes : Γx
st, Γ

z
st, F

x
st, F

y
st et F

z
st (le ouple Γy

st est égal à

zéro en raison du sous-ationnement de la heville). Toutes es fores et es ouples

peuvent être alulés en fontion de q, q̇ et q̈ en utilisant les équations (2.19) et

(2.22). En résolvant les équations d'équilibre statique, on peut failement aluler

les omposantes vertiales Na
st et N

b
st et les omposantes fax

st et f bx
st le long de l'axe

xst. Ensuite, nous devons véri�er deux inégalités (5.45) et (5.46) onernant Na
st et

N b
st ar le ontat est unilatérale. Étant donné qu'il est impossible de aluler les

fores fay
st et f by

st , nous utilisons trois inégalités (5.50), (5.51) et (5.56) pour remplaer

les onditions (5.48) et (5.49) de frottement statique. De ette façon, l'hypothèse

HTG2 peut être véri�ée par les inq inégalités (5.45), (5.46), (5.50), (5.51) et (5.56).

Coneption de la ommande par retour d'état

Pendant la phase de simple appui, le robot bipède a huit ationneurs indépendants.

Ainsi, les sorties sont à 8 dimensions et sont dé�nies omme y = h(q) = h0(q)−hd ◦
θ(q) où h0(q) représente les variables ontr�lées indépendantes, θ(q) représente une

fontion stritement monotone de l'état du robot, et hd ◦ θ(q) indique l'évolution
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idéale de es variables en fontion de la variable salaire θ(q) [8℄. Comme dans le as

de notre robot 2D, nous proposons pour notre robot 3D les "sorties symétriques"

données par l'équation (5.59).

Le but de la ommande pendant la phase de simple appui est de ontraindre

progressivement le robot bipède à évoluer sur une surfae de la dynamique des

zéros. À et e�et, le ontr�leur est similaire à elui dé�ni dans (3.39) et le veteur

des ouples des ationneurs u∗
est donné par (5.63).

Pour les robots bipèdes 3D ave plus d'un degré de sous-ationnement, la seule

méthode onnue pour obtenir l'invariane hybride est d'appliquer une extension

deadbeat, et la dimension orrespondante de l'appliation restreinte de Poinaré est

supérieure à trois [99℄. Ces ompliations pourraient nuire à la performane des

algorithmes d'optimisation. Étant donné que notre robot 3D ne dispose que d'un

degré de sous-ationnement, le système de la dynamique des zéros dans (5.67) est

bidimensionnel et il peut être équivalent à un système dynamique unidimensionnel

dans (5.75) en utilisant une transformation de oordonnées. Ainsi, l'appliation de

Poinaré de la dynamique des zéros est di�éomorphe à un système LTI salaire dont

la stabilité peut être failement véri�ée.

Optimisation des allures de marhe

L'optimisation des allures de marhe peut être onsidérée omme un problème

d'optimisation non linéaire sous ontraintes. Ainsi, il est néessaire de dé�nir des

paramètres à optimiser, une fontion objetif et plusieurs fontions de ontraintes.

A�n de paramétrer la sortie hd, nous avons hoisi d'utiliser des ourbes de Bézier

d'ordre 5. Pour haque ourbe, il y a six paramètres ai1, a
i
2, ..., a

i
6. Étant donné

que la dimension de hd est égale à 8, nous pouvons regrouper les paramètres aik
dans des veteurs ak = [a1k, · · · , a8k] de dimension (8 × 1). Par la réalisation de

l'invariane hybride ∆(S ∩ Z) ⊂ Z, nous pouvons aluler les veteurs a0, a1 à

partir des veteurs a2, a3, a4, a5. Ainsi, l'ensemble de paramètres {a2, a3, a4, a5} est

su�sant pour dé�nir hd.

A�n de mieux représenter la posture du robot 3D, nous pouvons remplaer a5
par le veteur φP des paramètres de posture. Comme illustré sur la �gure 5.5, on

dé�nit ostxstystzst omme le système �xe ave l'axe zst pointant vertialement vers le

haut et l'origine ost au milieu du pied d'appui. Ensuite, on dé�nit opxpypzp omme

le système mobile ave l'axe yp passant par les deux hanhes, l'axe zp pointant vers

l'artiulation lombaire et l'origine op au milieu des deux hanhes. En supposant

que les orientations du système opxpypzp et du système ostxstystzst oïnident ini-

tialement, nous pouvons dé�nir α omme la rotation autour de l'axe xp du système

mobile et β omme la rotation autour de l'axe yp du système mobile. En représentant

le point op omme (x−
p , y

−
p , z

−
p ) et la heville mobile omme (x−

sw, y
−
sw, 0), le veteur

des paramètres posturals est donné par φP = [q−6 , α, β, x
−
p , y

−
p , z

−
p , x

−
sw, y

−
sw]

⊤
.

Nous pouvons aluler le veteur a5 à partir du veteur φP en résolvant le modèle

géométrique inverse ave les équations (5.87) à (5.107). En outre, la déviation de

la diretion de marhe et la longueur de pas sont données par (5.108) et (5.109).

Le veteur omplet à optimiser est {φP , a2, a3, a4}. Il omprend 32 paramètres à
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optimiser. En plus, nous pouvons lasser es paramètres en 16 paramètres sagittaux

(omprenant φP , β, x
−
p , z

−
p x−

sw, a
1
2, a

2
2, a

3
2, a

4
2, a

1
3, a

2
3, a

3
3, a

4
3, a

1
4, a

2
4, a

3
4, a

4
4) et 16

paramètres frontaux (omprenant q−6 , α, y
−
p , y

−
sw, a

5
2, a

6
2, a

7
2, a

8
2, a

5
3, a

6
3, a

7
3, a

8
3, a

5
4, a

6
4,

a74, a
8
4).

Comme dans le as de notre robot 2D, la fontion oût pour notre robot 3D est

dé�nie omme l'intégrale du arré des ouples pour un déplaement unitaire. A�n

d'assurer la validité des allures optimales, il est néessaire de dé�nir les ontraintes

suivantes :

CT1) Le tron et le bassin ne doivent pas se penher exessivement ;

CT2) La position du bassin ne peut pas être trop basse ;

CT3) La fore impulsionnelle dé�nie par (5.23) doit être vers le haut ;

CT4) La vitesse du pied osillant après l'impat doit être vers le haut ;

CT5) Le pied mobile ne doit pas touher le sol prématurément ;

CT6) La jambe mobile et la jambe de support ne se touhent pas ;

CT7) Les genoux se plient vers l'avant ;

CT8) Les onditions de ontat (5.45), (5.46), (5.50), (5.51) et (5.56) doivent être

satisfaites ;

CT9) La vitesse moyenne de marhe est égale à la vitesse désirée.

Comme illustré sur la �gure 3.8, il existe aussi trois étapes importantes dans les

aluls de la fontion objetif et des ontraintes pour notre robot 3D. Les équations

utilisées dans es étapes sont énumérées i-dessous :

1. Caluler l'évolution de la dynamique des zéros. (i) Résoudre la dynamique

inverse en utilisant les équations (5.87) à (5.107). (ii) Paramétrer hd par

(5.84), (5.85), (5.83), (5.82) et (5.81). (iii) Caluler l'évolution de ξ1 et de ξ2
en utilisant (5.73), (5.74), (5.68), (5.69), (5.76), (5.78), (5.79) et (5.80).

2. Caluler l'évolution du système en utilisant (5.63), (5.65), (5.66), et (5.6).

3. Caluler la fontion oût et les ontraintes en utilisant l'équation (5.111) et les

équations (5.112) à (5.123).

Pour l'optimisation, une initialisation ϑ0 du veteur des paramètres à optimiser

est essentielle. Étant donné que notre robot 2D et notre robot 3D ont tous les

deux des paramètres issus du robot HRP-4, nous pouvons utiliser les paramètres

optimisés des allures de notre bipède 2D omme initialisation pour optimiser notre

bipède 3D. Les détails sont illustrés sur la �gure 5.7. En utilisant diretement les

paramètres optimisés du bipède 2D omme les paramètres sagittaux du bipède 3D et

en attribuant des onstantes sur la �gure 5.7 aux paramètres frontaux, nous pouvons



196 8. Résumé en français

obtenir ette initialisation. En plus, nous pouvons aussi hoisir d'optimiser unique-

ment les paramètres frontaux. De ette façon, il ne reste plus que 16 paramètres à

optimiser. Les algorithmes d'optimisation sont similaires à eux utilisés pour notre

robot 2D.

Analyse des résultats

En appliquant l'initialisation sur la �gure 5.7 à la vitesse de 1,5m/s, nous avons

sur la �gure 5.8 la représentation de l'allure du robot 3D. Selon ette �gure, nous

pouvons onstater que le mouvement frontal du robot est presque éliminé. Bien que

l'allure est stable en alulant l'appliation salaire restreinte de Poinaré, elle n'est

pas pratique puisque presque toutes les onditions de ontat sont violées, omme

illustré sur la �gure 5.9. En outre, le ritère d'énergie 4893N2ms pour le point de

départ est beauoup plus grand que le ritère de 3161N2ms sur la �gure 3.10 pour

notre robot 2D.

A�n d'obtenir des allures optimisées, nous allons étudier deux as d'optimisation

pour notre robot 3D :

Optimisation 3D Cas I) Dans e as, nous n'optimisons que les 16 paramètres

frontaux tout en utilisant les paramètres optimisés de notre robot 2D omme para-

mètres sagittaux.

Optimisation 3D Cas II) Dans e as, nous optimisons tous les 32 paramètres.

Idéalement, on pense que le mouvement sagittal et le mouvement frontal peu-

vent être déouplés et que la méthode simpli�ée d'optimisation dans l'optimisation

3D Cas I peut également fournir les allures optimisées ave une faible onsomma-

tion d'énergie. Cependant, les ourbes du ritère d'énergie sur la �gure 5.11 sont

déevantes. En omparaison ave le ritère d'énergie de notre robot 2D sur la �g-

ure 3.10, le ritère d'énergie de notre robot 3D est beauoup plus élevé aux basses

vitesses. A�n d'obtenir une ompréhension plus profonde, nous pouvons ombiner

les ritères d'énergie ausées par les ouples u3, u4, u8 et u9 dans un ritère sagittal

et les énergies restantes dans un ritère frontal. Comme montré sur la �gure 5.11,

nous pouvons voir que le ritère sagittal dans l'optimisation 3D Cas I est prohe

du ritère de notre robot 2D à toutes les vitesses lorsque le ritère frontal diminue

quadratiquement ave la vitesse. En outre, les ritères énergétiques des ationneurs

frontaux sont anormalement élevés, e qui indique que les mouvements du robot

bipède 3D dans le plan sagittal et le plan frontal sont fortement ouplés.

La variation des paramètres de posture à des vitesses di�érentes est démon-

trée sur la �gure 5.12. Selon ette �gure, nous pouvons voir que la variation des

paramètres frontaux y−p , y
−
sw et α est assez limitée. En omparant la �gure 3.14

et la �gure 5.15, il est évident que l'évolution de tous les angles sagittaux et des

sorties sagittales est très prohe de l'évolution des angles et des sorties pour notre

robot 2D. Selon la �gure 5.18, les puissanes négatives ausées par les ationneurs

de hanhe ne peuvent être négligés. Comme mentionné i-dessus, les allures opti-

misées satisfont aux onditions du ontat au sol. Cela peut être véri�é sur la �gure

en utilisant les équations (5.45), (5.46), (5.50), (5.51) et (5.56). Il est intéressant

de noter que la plage de la variation de pZMP sur la �gure 5.21 est inférieure à la
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taille des pieds alors qu'à la vitesse 1,5m/s, la di�érene entre |F y
st|max et |F y

st| est
presque nulle. Nous pouvons don onlure que le but prinipal d'avoir des pieds

relativement longs est de limiter le laet du pied de support.

Dans l'optimisation 3D Cas II, les paramètres sagittaux et les paramètres frontaux

sont tous optimisés. L'e�aité de la méthode est évidente. Comme montré sur la

�gure 5.22, le ritère d'énergie de notre robot 3D à des vitesses élevées ( 3155N2ms

à 1,5m/s) est très prohe du ritère de notre robot 2D sans ouplages élastiques sur

la �gure 3.10 (3161N2ms à 1,5m/s). Bien que le ritère d'énergie du robot bipède

3D à basse vitesse (239N2ms à 0,3m/s) est plus élevé que elui du robot bipède

2D sans ouplages à la même vitesse (52N2ms à 0,3m/s), il est bien inférieure au

ritère orrespondant dans 3DO Cas I (1484N2ms à 0,3m/s). En outre, quand il

s'agit du ritère sagittal, les valeurs pour notre robot 3D à des vitesses élevées dans

l'optimisation 3D Cas II (2700N2ms à 1,5m/s) sont inférieures aux valeurs orre-

spondantes dans l'optimisation 3D Cas I (2970N2ms à 1,5m/s). Cela indique que,

en distribuant le ritère aux ationneurs dans les deux plans, nous pouvons réduire

davantage le ritère d'énergie. Malgré la di�érene entre les deux as d'optimisation,

les pourentages du ritère sagittal et du ritère frontal sont prohes sur les �gures

5.11 et 5.22. Selon la �gure 5.23, la distane latérale entre la heville mobile et la

heville de support a une orrélation positive ave la vitesse, e qui est ontraire à

e qu'on trouve pour les allures humaines.

La représentation des allures aux vitesses 0,3m/s, 0,7m/s, 1,1m/s et 1,5m/s est

fournie sur la �gure 5.25. Par rapport à la �gure 5.14, l'amplitude du mouvement

latéral du tron est beauoup plus faible sur la �gure 5.25. Sur les �gures 5.15

et 5.26, nous pouvons voir que la relation entre t et θ est presque linéaire, e qui

signi�e que θ(q) est un bon substitut du temps pour représenter la progression du

robot au ours de haque pas. En plus, les mouvements des artiulations frontales de

hanhe dans l'optimisation 3D Cas II dérits par q5, q̇5, q7 et q̇7 sont beauoup plus

amples que eux dans l'optimisation 3D Cas I. Cei suggère que le robot bipède 3D

est apable d'utiliser les mouvements propres des artiulations oronales de hanhe

pour éviter un grand mouvement du tron et pour réduire le ritère d'énergie. Selon

les �gures 5.27, 5.28 et 5.29, nous pouvons onstater qu'à la vitesse 0,7m/s, l'énergie

méanique est surtout onsommée par les ationneurs frontaux de hanhe, lorsque

les ationneurs sagittals de hanhe onsomment plus d'énergie méanique à la vitesse

1,5m/s.

Le ontat ave le sol peut être véri�é sur la �gure 5.30. Il est intéressant de

noter que la plage de variation de pZMP est beauoup plus petite que la largeur

du pied. Les trajetoires des entres de masse et du bassin sont représentées sur la

�gure 5.31. En omparant ette �gure ave la �gure 5.20 dans l'optimisation 3D Cas

I, nous onstatons que les mouvements latéraux des entres de masse et du bassin

dans l'optimisation 3D Cas II sont plus grands que eux dans l'optimisation 3D Cas

I. Les trajetoires de la heville mobile sont fournies sur la �gure 5.32. La hauteur

maximale du levée de la heville est supérieure à 5 cm. Cette valeur est plus grande

que la valeur moyenne de 1,3 cm hez l'Homme [181℄.
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Conlusion

Dans e hapitre, nous avons étendu la méthode de la génération des allures yliques

de marhe appliquée aux robots 2D ave un seul degré de sous-ationnement à des

sénarios 3D en utilisant des pieds sans masse à ontat linéique. Un robot bipède 3D

à 8 orps est utilisé omme un exemple. Ce robot a un tron, un bassin, deux uisses,

deux tibias, deux pieds sans masse à ontat linéique. Les paramètres dynamiques

du modèle de e robot sont dérivés du robot HRP-4 [172℄. Le modèle de la marhe

est obtenu en ombinant les modèles de la phase de simple appui et de la phase de

double appui pour former un modèle hybride. En partiulier, nous avons proposé un

modèle de ontat pour des robots ave des pieds à ontat linéique essentiellement

dans le plan frontal. Ce modèle nous permet de onsidérer la possibilité de la rotation

en laet du pied d'appui en supposant que la réation du sol est appliquée seulement

aux deux extrémités du pied.

Pendant la phase de simple appui, la méthode de la linéarisation par retour

d'état est adoptée pour appliquer des ontraintes virtuelles. En hoisissant des

robots 3D ave des pieds à ontat linéique et un degré de sous-ationnement,

nous pouvons atteindre l'invariane hybride analytiquement. Par la suite, la sta-

bilité de marhe est analysée par une appliation LTI salaire. L'évolution idéale

des ontraintes virtuelles est paramétrée par des ourbes de Bézier d'ordre 5. En

plus, nous remplaçons ertains des paramètres de Bézier par les paramètres de pos-

ture a�n de failiter l'optimisation de la marhe. Un modèle de la dynamique in-

verse est fourni pour réer une appliation entre les paramètres de posture et les

paramètres orrespondants de Bézier. Les paramètres d'optimisation sont lassés en

16 paramètres sagittaux et 16 paramètres frontaux. Une initialisation est obtenue en

utilisant diretement les paramètres optimisés des allures de notre robot 2D omme

les paramètres sagittaux et en attribuant les onstantes par défaut aux paramètres

frontaux. La fontion objetif et la fontion de oût sont similaires à elles du as 2D.

Pour notre robot 3D, il existe deux ontraintes supplémentaires : les ontraintes du

pied d'appui et la ontrainte pour éviter une ollision entre les deux jambes. Par la

suite, l'optimisation est e�etuée suivant les mêmes proédures que dans le hapitre

3.

Deux as d'optimisation des allures de marhe 3D ont été étudiés : l'optimisation

3D Cas I et l'optimisation 3D Cas II. Dans l'optimisation 3D Cas I, nous n'optimisons

que les 16 paramètres frontaux et utilisons les paramètres optimisés des allures de

notre robot bipède 2D pour les paramètres sagittaux. Dans l'optimisation 3D Cas

II, nous optimisons tous les 32 paramètres. En omparant es deux as, nous onsta-

tons que l'optimisation simpli�ée dans l'optimisation 3D Cas I est seulement e�ae

à grande vitesse. Dans l'optimisation 3D Cas II, la ourbe du oût est semblable à

elle de notre robot 2D sans ouplage. La valeur maximale du oût est de 3155N2ms

à 1,5m/s et la valeur minimale est de 238N2ms à 0,3m/s.
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8.6 Couplages élastiques pour le robot 3D

Les travaux présentés dans e hapitre portent sur l'exploration des avantages de

l'ajout de ouplages élastiques sous forme de ressorts de torsion au niveau des

hanhes à des robots bipèdes 3D. Comme dans les as de ouplages élastiques du

robot 2D, ei est réalisé par l'addition des paramètres de ouplages aux paramètres

d'optimisation et par l'optimisation de la marhe. Les ouplages élastiques sont

appliqués sous la forme de ressorts linéaires de torsion ave trois di�érentes on�g-

urations. Dans le premier as, un ressort est introduit entre les deux uisses dans le

plan sagittal. Dans le seond as, deux ressorts linéaires sont introduits respetive-

ment entre le bassin et haune des uisses dans le plan frontal. Dans le troisième

as, tous les ressorts des deux premiers as sont introduits. Les résultats montrent

l'intérêt de mettre des ouplages élastiques dans le plan sagittal, l'ajout de ressorts

dans le plan frontal permet de réduire un peu plus la onsommation énergétique.

Modèle des ouplages élastiques

Étant donné que des omposants élastiques ne peuvent pas produire des fores im-

pulsionnelles lors de l'impat, ils n'ont auune in�uene sur le modèle de l'impat.

Quand au modèle de la phase de simple appui, l'équation (5.5) peut être érite en

(6.1). En utilisant (5.63), nous pouvons aluler les ouples des ationneurs du robot

évoluant sur la variété de la dynamique des zéros.

La �gure 5.22 montre que, pour notre robot bipède 3D, la majeure partie de

la onsommation d'énergie est dûe aux ationneurs frontaux des artiulations de

hanhe à faible vitesse et aux ationneurs sagittaux des artiulations de hanhe à

grande vitesse. En onséquene, il est intéressant de voir si les ouplages élastiques

peuvent réduire les ritères énergétiques de es artiulations. Nous proposons don

trois on�gurations:

Couplage 3D Cas I) Comme illustré sur la �gure 6.1(a), un ressort linéaire de torsion

est monté entre les deux uisses dans le plan sagittal. Ainsi, nous avons ϕe1 = q4−q8
pour la déviation ϕe1 − ϕ∗

e1 dans l'équation (2.11) du ressort. Étant donné que le

robot est symétrique, nous avons ϕ∗
e1 = 0, et la raideur ke1 est remplaée par kopt1.

Le veteur des ouples τe est donné par l'équation (6.3).

Couplage 3D Cas II) Comme illustré sur la �gure 6.1(b) deux ressorts linéaires de

torsion sont montés respetivement entre le bassin et haune des uisses dans le

plan frontal. Ainsi, nous avons ϕe2 = q5 et ϕe3 = q7 pour les déviations ϕe2 − ϕ∗
e2

et ϕe3 − ϕ∗
e3 des ressorts. Étant donné que le robot 3D est symétrique, nous avons

ke2 = ke3. Nous supposons que les positions de repos de es deux ressorts sont

nulles, ϕ∗
e2 = ϕ∗

e3 = 0. Les raideurs ke2 et ke3 sont remplaées par kopt2. En utilisant

l'équation (2.18), le veteur des ouples τe est donné par l'équation (6.4).

Couplage 3D Cas III) Dans e as, un ressort est introduit dans le plan sagittal de

la même manière que dans le ouplage 3D Cas I, et deux ressorts sont ajoutés dans

le plan frontal de la même manière que dans le ouplage 3D Cas II. En utilisant

l'équation (2.18), le veteur des ouples τe est donné par l'équation (6.5).
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Allures optimales de marhe ave des ouplages élastiques

Selon la �gure 6.2, le oût global d'énergie est beauoup plus faible aux vitesses

de 0,6m/s à 1,5m/s dans le ouplage 3D Cas I que dans l'optimisation 3D Cas II

(sans ouplage) sur la �gure 5.22. Pour une grande plage de vitesse de 0,35m/s à

1m/s, le oût de l'énergie est d'environ 200N2ms. À 1, 5m/s, le oût de l'énergie est

475N2ms alors que la valeur orrespondante sans ouplage élastique est 3155N2ms

dans l'optimisation 3D Cas II. Malgré la rédution évidente du oût de l'énergie à

grande vitesse, il y a peu de rédution pour le oût de l'énergie à faible vitesse. À la

vitesse la plus basse, le oût de l'énergie des ationneurs dans le plan frontal est très

prohe du oût global et le oût de l'énergie des ationneurs dans le plan sagittal

est presque négligeable.

Les variations des paramètres de la posture à des vitesses di�érentes sont fournies

sur la �gure 6.3. En omparaison ave les allures de marhe sur la �gure 5.25 dans

l'optimisation 3D Cas II sans ouplage, les allures dans le ouplage 3D Cas I sont

dérites ave des pas plus petits et une position du tron plus vertiale. Quant à

la raideur kopt1, nous pouvons voir sur la �gure 6.4 qu'elle augmente ave la vitesse

de marhe, mais elle atteind un point de saturation à grande vitesse. L'expliation

la plus probable de ette saturation sont les marges limitées pour les onditions de

ontat au sol sur la �gure 6.21.

Les évolutions des allures aux vitesses 0,3m/s, 0,7m/s, 1,1m/s et 1,5m/s sont

fournies sur la �gure 6.5. Les informations détaillées onernant les allures à 0,7m/s

et 1,5m/s sont fournies sur les �gures 6.6 à 6.12. Dans le ouplage 3D Cas I, les

mouvements latéraux du tron et du entre de masse sont plus petits que eux de

l'optimisation 3D Cas II. En outre, la distane latérale entre le pied d'appui et

le pied mobile est plus ourte que elle de l'optimisation 3D Cas II. Les puissanes

méaniques sont illustrées sur la �gure 6.9. Il est évident que les puissanes négatives

dans le ouplage 3D Cas I sont plus grandes que elles dans l'optimisation 3D Cas II

sur la �gure 5.29. Sur la �gure 6.10, nous pouvons véri�er les ontraintes de ontat

en utilisant les équations (5.45), (5.46), (5.50), (5.51) et (5.56).

Dans le ouplage 3D Cas II (ave des ouplages), les ourbes des oûts d'énergie

sont données sur la �gure 6.13. Bien que le oût global d'énergie diminue à toutes les

vitesses par rapport au oût de l'optimisation 3D Cas II (sans ouplage) sur la �gure

5.22, la rédution est beauoup plus petite à grande vitesse que elle dans le ouplage

3D Cas I. Cela suggère que, à grande vitesse, les ouplages dans le plan frontal sont

moins e�aes pour la rédution de la onsommation d'énergie que les ouplages

dans le plan sagittal. Cependant, à basse vitesse, le oût minimum d'énergie de

131N2ms dans le ouplage 3D Cas II est plus faible que le oût de 200N2ms dans

le ouplage 3D Cas I. La variation de la raideur à des vitesses di�érentes est fournie

sur la �gure 6.15. Comme la raideur kopt1 dans le ouplage 3D Cas I, la raideur kopt2
augmente aussi ave la vitesse de marhe, mais la saturation arrive à une vitesse

plus faible et à grande vitesse la raideur kopt2 diminue même un peu.

Les évolutions des allures à des vitesses di�érentes sont fournies sur la �gure 6.16.

Les informations détaillées onernant les allures à 0,7m/s et 1,5m/s sont fournies

sur les �gures 6.17 à 6.23. Il est évident que les mouvements du robot bipède 3D
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dans le plan frontal sont plus grands que eux sur les �gures 6.5 et 5.25 dans le

ouplage 3D Cas I et l'optimisation 3D Cas II. En omparant la �gure 6.8 à la �gure

6.19, nous pouvons onstater que les valeurs absolues maximales des ouples u4 et

u8 dans le ouplage 3D Cas I sont plus petits que elles dans le ouplage 3D Cas

II, en partiulier à la vitesse 1,5m/s. Selon les ourbes des puissanes méaniques

sur la �gure 6.20, les amplitudes des puissanes négatives des artiulations de la

hanhe dans le plan sagittal sont prohes de elles des puissanes positives. En

onséquene, il est possible de réduire enore le oût de l'énergie par l'ajout des

ouplages élastiques dans le plan sagittal.

Dans le ouplage 3D Cas III, les ourbes des oûts d'énergie sont données sur

la �gure 6.24. En omparaison ave les autres oûts d'énergie sur les �gures 5.22,

6.2 et 6.13, le oût d'énergie du robot bipède 3D est la plus faible dans le ouplage

3D Cas III. Le oût maximal d'énergie est 367N2ms à 1,5m/s, et pour une grande

plage de vitesse de 0,35m/s à 0,8m/s le oût de l'énergie est seulement autour de

75N2ms. Cela signi�e que nous pouvons améliorer l'e�aité énergétique de notre

robot 3D en ajoutant des ouplages élastiques dans les deux plans.

Les évolutions des allures à des vitesses di�érentes sont fournies sur la �gure

6.27. Les variations des paramètres de la posture à des vitesses di�érentes sont

fournies sur la �gure 6.25. En observant la variation du paramètre y−sw, nous pou-

vons voir que le robot 3D a une faible distane latérale entre les pieds à grande

vitesse et une grande distane latérale à faible vitesse. Cela est onforme à notre

ompréhension intuitive onernant la di�érene entre une promenade et une marhe

athlétique. Ce phénomène est également observé dans le ouplage 3D Cas I, mais

dans l'optimisation 3D Cas II la relation est inverse, e qui suggère que les allures de

marhe de notre robot bipède 3D sont di�érentes des allures humaines quand il n'y

a pas de ouplage élastique. Un autre point intéressant est que l'angle β du bassin

dans le plan sagittal est plus petit dans les ouplages 3D Cas I, II et III que elui

dans les optimisation 3D Cas I et II. Cei suggère que le robot bipède 3D peut avoir

des postures plus droites lors de la marhe à l'aide des ouplages élastiques au niveau

des artiulations de hanhe. La variation des raideurs kopt1 et kopt2 en fontion de la

vitesse est fournie sur la �gure 6.26. Les deux raideurs augmentent ave la vitesse

de marhe, mais elles atteignent un point de saturation à grande vitesse.

Les évolutions des allures à des vitesses di�érentes sont fournies sur la �gure

6.27. Nous pouvons voir que les allures optimisées de marhe dans le ouplage 3D

Cas III sont plus près des allures humaines que elles dans les autres as 3D, e qui

est prinipalement démontré par la position du tron plus vertiale et le mouvement

latéral de la jambe mobile plus petit. Les informations détaillées onernant les

allures à 0,7m/s et 1,5m/s sont fournies sur les �gures 6.28 à 6.34.

Selon la �gure 6.30, les amplitudes des ouples τe4 et τe8 générés par les ouplages

élastiques dans le ouplage 3D Cas III sont beauoup plus grandes que elles des

ouples u4 et u8 des ationneurs orrespondants. Cela vaut aussi dans le ouplage

3D Cas I, alors que dans le ouplage 3D Cas II, les amplitudes des ouples u5 et

u7 sont prohes de elles des ouples τe5 et τe7. L'e�aité des ouplages élastiques

dans le ouplage 3D Cas III peut être véri�ée par les puissanes méaniques des
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ationneurs dans la �gure 6.31. Dans les ouplages 3D Cas I et II (�gures 6.9 et

6.20), les amplitudes des puissanes négatives des ationneurs de hanhe ne sont

pas négligeables par rapport aux puissanes positives orrespondantes, mais dans

le ouplage 3D Cas III, les amplitudes des puissanes négatives des ationneurs de

hanhe sont beauoup plus petites que les puissanes positives orrespondantes. Cei

suggère que l'objetif prinipal des ationneurs de hanhe dans le ouplage 3D Cas

III est de ompenser la perte d'énergie.

La plage de la position du ZMP sur la �gure 6.32 est prohe de elle sur la �gure

6.10 dans le ouplage 3D Cas I et de elle sur la �gure 5.30 dans l'optimisation 3D

Cas II. Cependant, sur la �gure 6.21 dans le ouplage 3D Cas II, la plage de variation

de la position du ZMP est la plus importante par rapport à elles dans les autres

as 3D. Cela signi�e que l'in�uene négative sur la plage de la position du ZMP

dans le ouplage 3D Cas II peut être évitée en ajoutant des ouplages élastiques

dans le plan sagittal. En omparant les trajetoires du entre de masse sur les �gure

6.11, 6.22 et 6.33, nous pouvons voir que les amplitudes des mouvements latérals

et vertials du entre de masse sont similaires dans les ouplages 3D Cas I et III.

Les mouvements du entre de masse sont beauoup plus grands dans le ouplage 3D

Cas II, e qui est probablement lié à la large plage du ZMP sur la �gure 6.21. La

hauteur maximale du pied mobile sur la �gure 6.34 est de moins de 2 cm aux deux

vitesses 0,7m/s et 1,5m/s, et es valeurs sont très prohes de la valeur moyenne de

1,3 cm hez l'Homme [181℄.

Disussion

Dans la partie préédente, nous avons démontré les avantages de l'ajout de ouplages

élastiques de type ressorts de torsion aux hanhes à notre robot bipède 3D. Il est

intéressant de faire des omparaisons entre tous les as de ouplage 3D.

Lorsqu'il s'agit du oût de l'énergie, le ouplage 3D Cas III fournit sans doute la

meilleure solution et le ouplage 3D Cas I est également satisfaisant. L'inonvénient

du 3DC Cas III par rapport au 3DC Cas I est que deux ressorts supplémentaires

sont néessaires, e qui est plus di�ile à réaliser. Une hose est sûre, le ouplage

3D Cas II n'est jamais le hoix judiieux non seulement pare que la rédution du

oût de l'énergie est limitée, mais aussi pare qu'il a des aratéristiques négatives

omme des mouvements frontaux exessifs.

Quant à la possibilité de modi�er les onstantes de ressort, nous pouvons envis-

ager plusieurs options pour éviter d'utiliser des ationneurs supplémentaires omme

dans [153, 154, 156, 157℄. Dans le ouplage 3D Cas III, nous pouvons probablement

utiliser des ressorts linéaires ave les raideurs �xes aux vitesses supérieures à 1m/s

ar il y a des saturations évidentes de kopt1 et de kopt2. En outre, nous pouvons

également utiliser les ressorts non-linéaires, ela a été proposé au hapitre 4.

Les orbites périodiques de tous les angles relatifs du robot 3D sont fournies dans

la �gure 6.35. Pour tous les angles relatifs des artiulations, les sauts des vitesses

angulaires (indiqués par des �èhes noires) pendant la phase de double appui dans

les ouplages 3D Cas I et III sont plus petits que eux dans le ouplage 3D Cas

II et dans l'optimisations 3D Cas I et II. En omparant les �gures 6.35 () et 4.29
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(f), nous pouvons voir que, dans tous les as 3D sauf l'optimisation 3D Cas I, les

plages des variations des angles relatifs de genou sont plus petites que elles dans les

as 2D. Cela signi�e que notre robot bipède 3D a des allures ave des jambes plus

droites.

Conlusion

Dans e hapitre, nous avons envisagé trois as d'ajout de ouplages élastiques sous

forme de ressorts aux hanhes au robot 3D présentés dans le hapitre 5. Dans le

ouplage 3D Cas I, un ressort linéaire de torsion est introduit entre les deux uisses

dans le plan sagittal. Dans le ouplage 3D Cas II, deux ressorts linéaires de torsion

sont introduits respetivement entre le bassin et haune des uisses dans le plan

frontal. Dans le ouplage 3D Cas III, tous les ressorts dans les deux premiers as sont

introduits. Les résultats pour les trois as sont obtenus en utilisant les méthodes

d'optimisation énonées dans le hapitre 5. Le ouplage 3D Cas III a le oût de

l'énergie le plus bas pour toutes les vitesses de 0,2m/s à 1,5m/s, et le oût de

l'énergie varie de 74, 3N2ms à 367N2ms. La deuxième option est le ouplage 3D

Cas I. Dans e as, nous avons un oût de l'énergie variant de 198N2ms à 475N2ms.

Dans le ouplage 3D Cas II, le oût de l'énergie varie de 132N2ms à 2579N2ms. Ce

as est seulement utile pour la oneption d'un robot bipède 3D ave une vitesse de

marhe de moins de 0, 5m/s. À partir les résultats de l'optimisation de la marhe

aux vitesses de 0,7m/s et 1,5m/s, les ouplages 3D Cas I et III ont une petite plage

de variation du ZMP. De plus, es deux as ont les sauts de vitesses angulaires

plus petits que le ouplage 3D Cas II, e qui peut être onsidéré omme un signe

indiquant que le robot bipède 3D marhe e�aement en résonane.
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8.7 Conlusion et perspetives

Conlusion

Des études en bioméanique ont montré que, la stature bipède a permis à l'homme

de parourir de longs trajets ave une grande e�aité energétique, e qui a failité

sa survie. Nous pouvons alors nous demander s'il est possible d'arriver à la même

e�aité pour les robots humanoïdes. En e�et, l'homme a des allures de marhe très

dynamiques alors que la plupart des robots humanoïdes marhent maladroitement.

En outre, le orps humain possède des musles et des tendons qui assurent la �uidité

de ses mouvements ainsi que le reylage de l'énergie, mais les omposants élastiques

sont enore rarement utilisés dans les robots humanoïdes. D'un point de vue général,

ette étude traite prinipalement du sujet de la ommande des robots bipèdes, de

l'optimisation des allures et des ouplages élastiques.

Deux robots bipèdes sont étudiés : un robot 2D ave des pieds pontuels et un

robot 3D ave des pieds sans masse à ontat linéique. En référene au robot hu-

manoïde HRP-4, la masse totale est 39 kg et la taille est 1,5m pour les deux modèles.

En utilisant es deux variables, nous pouvons générer des strutures anthropomor-

phiques virtuelles, à partir desquelles les autres paramètres du modèle peuvent être

obtenus [173, 174℄. Pour les allures de marhe, nous supposons que pour haque pas

il y a deux phases alternées de simple appui et de double appui. Ces deux phases

sont séparées par un impat rigide. Pendant la phase de simple appui, les deux

robots onsidérés ont un seul degré de sous-ationnement.

En utilisant la méthode basée sur les ontraintes virtuelles et la linéarisation

par retour d'état, nous pouvons étudier le modèle hybride d'un robot par son sous-

système de la dynamique des zéros. Si la dynamique des zéros est invariante après

l'impat, la stabilité de e sous-système est équivalente à elle de l'ensemble du

système. Pour les robots ave un degré de sous-ationnement, ette appliation

est salaire, en onséquene, nous pouvons failement véri�er la stabilité. Cette

méthode a été appliquée prinipalement aux robots 2D. Nous avons étendu ette

méthode à des sénarios 3D en utilisant des pieds sans masse à ontat linéique.

En omparaison ave les robots bipèdes 3D ave des pieds pontuels et deux ou

plusieurs degrés de sous-ationnement, les robots ave des pieds à ontat linéique

et un degré de sous-ationnement sont beauoup plus simples, bien que la position du

ZMP doit rester à l'intérieur du pied d'appui. En plus, nous avons utilisé les sorties

symétriques pour obtenir une bonne interprétation géométrique de la ommande de

marhe.

Pour l'optimisation des allures de marhe, nous utilisons des paramètres de la

posture et des paramètres des ourbes de Bézier d'ordre 5 pour dé�nir les sorties

souhaitées. Le nombre de paramètres à optimiser sans ouplages élastiques est de

16 pour le robot 2D et de 32 pour le robot 3D. Pour le robot 3D, les 32 paramètres

sont ensuite divisés en 16 paramètres sagittaux et 16 paramètres frontaux. Deux as

d'optimisation 3D sont proposés. Dans l'optimisation 3D Cas I, nous n'optimisons

que les 16 paramètres frontaux tout en utilisant les paramètres optimisés de notre

robot 2D omme paramètres sagittaux. Dans l'optimisation 3D Cas II, nous utilisons
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les paramètres optimisés de notre robot 2D pour réer une initialisation et optimisons

tous les 32 paramètres.

L'optimisation des allures de marhe pour les deux robots est réalisée par la

fontion fminon de la toolbox d'optimisation de MATLAB

R©
(R2010b). Nous

avons hoisi la méthode d'optimisation sqp. La fontion objetif est dé�nie omme

l'intégrale du arré des ouples pour un déplaement unitaire. Quant aux ontraintes

d'optimisation, les deux robots ont des ontraintes de ontat, de la position du pied

mobile, de la vitesse moyenne de marhe, et. Pour notre robot 3D, nous avons dé�ni

un modèle de ontat ave des pieds à ontat linéique en supposant que la réation

du sol est appliquée seulement aux deux extrémités du pied. Ce modèle nous permet

de véri�er la possibilité de rotation en laet du pied d'appui. Pour les deux robots

bipèdes, la vitesse moyenne de marhe est la seule ontrainte d'égalité. Les nombres

de ontraintes d'inégalité sont de 7 pour le robot 2D et de 11 pour le robot 3D.

Quant aux ouplages élastiques, ils sont introduits sur le robot 2D/3D sous forme

de ressorts linéaires de torsion. Pour le robot 2D, nous proposons deux on�gurations

de ouplages élastiques. Dans le ouplage 2D Cas I, un ressort linéaire de torsion

est monté entre les deux uisses. Dans le ouplage 2D Cas II, deux ressorts sont

montés respetivement entre le tron et haune des uisses. Pour le robot 3D, nous

proposons trois on�gurations de ouplages élastiques. Dans le ouplage 3D Cas I,

un ressort linéaire est introduit entre les deux uisses dans le plan sagittal. Dans

le ouplage 3D Cas II, deux ressorts linéaires sont introduits respetivement entre

le bassin et haune des uisses dans le plan frontal. Dans le ouplage 3D Cas III,

tous les ressorts des deux premiers as sont introduits.

Les allures optimisées ave des ouplages élastiques sont obtenues en inluant

des raideurs et des positions de repos dans les paramètres à optimiser. Dans tous

les as, les vitesses de marhe étudiés vont de 0,2m/s à 1,5m/s. La stabilité et la

validité des allures sont véri�ées numériquement.

Les résultats de l'optimisation les plus importants sont brièvement résumés i-

dessous. Pour le robot 2D sans ouplage élastique, le oût de l'énergie varie de

42,6N2ms (à 0,2m/s) à 3161N2ms (à 1,5m/s). En appliquant les deux on�gura-

tions de ouplages élastiques, le oût maximal diminue à 384N2ms dans le 2DC

Cas I et à 329N2ms dans le 2DC Cas II. Cei signi�e que les deux on�gurations

peuvent onsidérablement réduire le oût de l'énergie du robot 2D. Dans les deux

as de ouplage élastique, le tron du robot est plus prohe de la vertiale que dans

le as sans ouplage, et la fréquene de pas est prohe de la fréquene de référene

de pas, qui est dé�nie omme deux fois la fréquene propre de la jambe mobile ave

le genou verrouillé dans une position droite.

Pour le robot 3D sans ouplage élastique, l'optimisation 3D Cas II est mieux

que l'optimisation 3D Cas I ave un oût de l'énergie de 239N2ms (à 0,3m/s) à

3155N2ms (à 1,5m/s). l'optimisation 3D Cas I est e�ae seulement à grande

vitesse ave un oût de l'énergie de 975N2ms (à 0,6m/s) à 3300N2ms (à 1,5m/s).

Cela suggère que, à basse vitesse, les mouvements sagittaux et les mouvements

frontaux sont fortement ouplés. En ajoutant des ouplages élastiques dans le

plan sagittal, le oût maximal de l'énergie est réduit à 475N2ms et aux vitesses
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de 0,35m/s à 1m/s le oût de l'énergie est d'environ 200N2ms. D'autre part, l'e�et

de l'ajout de ouplages élastiques dans le plan frontal est relativement limité et le

oût maximal de l'énergie est de 2579N2ms. Cependant, le oût minimal de l'énergie

dans le ouplage 3D Cas II diminue à 132N2ms et ette valeur est plus petite que

la valeur 198N2ms dans le ouplage 3D Cas I. Le oût de l'énergie le plus bas est

obtenu dans le ouplage 3D Cas III. Dans e as, le oût maximal de l'énergie est

seulement de 367N2ms. En plus, aux vitesses de 0,35m/s à 0,8m/s le oût de

l'énergie est autour de 75N2ms. Ces données indiquent que les ouplages dans le

plan sagittal sont beauoup plus importants que eux dans le plan frontal et que la

meilleure option est d'ajouter des ouplages élastiques dans les deux plans.

Perspetives

Après trois années de reherhe, nous avons répondu à quelques questions onernant

la marhe dynamique et les ouplages élastiques pour des robots bipèdes 2D/3D.

Toutefois, es réponses posent de nouvelles questions pour des reherhes futures.

D'abord, nous proposons de faire des expérienes sur un robot réel a�n d'expérimenter

nos propositions et d'évaluer leur robustesse.

Il est possible de véri�er les résultats ave des ouplages élastiques en utilisant une

ommande d'impédane sur les axes onernés.

On pourra aussi faire des omparaisons entre nos résultats et des données de la

marhe humaine. Il serait également intéressant d'essayer d'autres sorties, e qui

nous permettra de onnaître les avantages et les inonvénients des sorties symétriques.

Nous pouvons aussi tenir ompte de la masse des pieds de notre robot 3D et de

onevoir une loi de ommande pour des robots ave des pieds ave masse à ontat

linéique dans le plan sagittal.

En�n, on pourra ajouter des degrés de liberté en laet, surtout au niveau des hanhes

et des hevilles.
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B.1 2D Coupling Case I
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Fig. B.1: The angle urves of the joints and outputs of the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt
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Fig. B.2: The angular veloity urves of the joints of the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt.
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B.1. 2D Coupling Case I 231

0 0.5 1 1.5
−4
−2

0
2
4
6
8

stance joint angles swing joint angles

Time[s]

P
ow

er
[W

]

 

 hip joint knee joint

−6 −4 −2 0 2 4

−1

−0.5

0

0.5

1

1.5
5.6W

−4.8W5.6W

−7.2W
4.2W

−3.6W4.2W

−5.4W

2.8W

−2.4W2.8W

−3.6W

1.4W

−1.2W1.4W

−1.8W

Torque [Nm]

A
n
gu

la
r
V
el
o
ci
ty
[r
ad

/s
]

(a) 0.3m/s

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−20

0

20

40
stance joint angles swing joint angles

Time[s]

P
ow

er
[W

]

 

 hip joint knee joint

−10 −5 0 5 10

−2

−1

0

1

2

3

4

32W

−23.2W21.6W

−29.6W
24W

−17.4W16.2W

−22.2W

16W

−11.6W10.8W

−14.8W

8W

−5.8W5.4W

−7.4W

Torque [Nm]
A
n
gu

la
r
V
el
o
ci
ty
[r
ad

/s
]

(b) 1.1m/s

Fig. B.4: The mehanial output powers of the atuators of the 5-link planar biped walking

at 0.3m/s and 1.1m/s (two steps) for 2D Coupling Case I with ks = kopt (Solid

lines represent stane joint angles, dashed lines represent swing joint angles, and

green dashed lines represent the jumps aused by the impat.)
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and 1.1m/s during the swing phase for 2D Coupling Case I with ks = kopt .
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Fig. B.6: The trajetories of the hip and the CoM of the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case I with ks = kopt.
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Fig. B.7: The trajetories of the swing foot of the 5-link planar biped walking at 0.3m/s

and 1.1m/s for 2D Coupling Case I with ks = kopt.
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B.2 2D Coupling Case II
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Fig. B.8: The angle urves of the joints and outputs of the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case II with optimized ks and ϕ.
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Fig. B.9: The angular veloity urves of the joints of the 5-link planar biped walking at

0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. B.10: The torque urves of the joints and springs of the 5-link planar biped walking

at 0.3m/s and 1.1m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. B.11: The mehanial output powers of the atuators of the 5-link planar biped walk-

ing at 0.3m/s and 1.1m/s (two ontinuous steps) for 2D Coupling Case II with
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Fig. B.12: The ground reation fores on the 5-link planar biped walking at 0.3m/s and

1.1m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. B.13: The trajetories of the hip and the CoM of the 5-link planar biped at 0.3m/s

and 1.1m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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Fig. B.14: The trajetories of the swing foot of the 5-link planar biped walking at 0.3m/s

and 1.1m/s for 2D Coupling Case II with ks = kopt and ϕs = ϕopt.
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C.1 3D Optimization Case I
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Fig. C.1: The angle harts of the joints and outputs of the 8-link 3D biped walking at
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Fig. C.5: The ground reation fores and torques of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Optimization Case I
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and 1.1m/s for 3D Optimization Case II
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Fig. C.11: The mehanial output powers of the atuators of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s (two steps) for 3D Optimization Case II (Dashed lines

represent swing joint angles, and green dashed lines represent the jumps aused
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Fig. C.12: The ground reation fores and torques of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Optimization Case II
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Fig. C.13: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking
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Fig. C.14: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Optimization Case II
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D.1 3D Coupling Case I
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Fig. D.1: The angle harts of the joints and output variables of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case I
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Fig. D.2: The angular veloity harts of the joints of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Coupling Case I
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and 1.1m/s for 3D Coupling Case II
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Fig. D.11: The mehanial output powers of the atuators of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s (two steps) for 3D Coupling Case II (Dashed lines
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Fig. D.12: The ground reation fores and torques of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Coupling Case II
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Fig. D.13: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case II
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Fig. D.14: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Coupling Case II
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Fig. D.15: The angle harts of the joints and output variables of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Coupling Case III
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Fig. D.16: The angular veloity harts of the joints of the 8-link 3D biped walking at

0.3m/s and 1.1m/s for 3D Coupling Case III
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Fig. D.17: The torque harts of the atuators of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Coupling Case III



D.3. 3D Coupling Case III 257

0 0.2 0.4 0.6 0.8
0

5

10

15

20

25

stance joints swing joints

Time[s]

P
ow

er
[W

]

 

 

knee joint sagittal hip coronal hip

0 0.2 0.4 0.6 0.8

0

2

4

6

8

10

Time[s]

P
ow

er
[W

]

 

 

ankle lumbar joint

−5 0 5

−4

−3

−2

−1

0

1

2

3

4
15.2W

−17.6W16.8W

−15.2W
11.4W

−13.2W12.6W

−11.4W
7.6W

−8.8W8.4W

−7.6W

3.8W

−4.4W4.2W

−3.8W

Torque [Nm]

A
n
g
u
la
r
V
el
o
ci
ty
[r
a
d
/s
]

−2 −1 0 1 2 3 4 5

−2

−1

0

1

2
8.8W

−9.6W4.8W

−4W
6.6W

−7.2W3.6W

−3W
4.4W

−4.8W2.4W

−2W

2.2W

−2.4W1.2W

−1W

Torque [Nm]

A
n
g
u
la
r
V
el
o
ci
ty
[r
a
d
/s
]

(a) 0.3m/s

0 0.1 0.2 0.3 0.4

0

10

20

30 stance joints swing joints

Time[s]

P
ow

er
[W

]

 

 

knee joint sagittal hip coronal hip

0 0.1 0.2 0.3 0.4
0

1

2

Time[s]

P
ow

er
[W

]

 

 

ankle lumbar joint

−5 0 5
−3

−2

−1

0

1

2

3

4

22.4W

−17.6W20.8W

−26.4W
16.8W

−13.2W15.6W

−19.8W

11.2W

−8.8W10.4W

−13.2W

5.6W

−4.4W5.2W

−6.6W

Torque [Nm]

A
n
gu

la
r
V
el
o
ci
ty
[r
ad

/s
]

−1 0 1 2 3

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6
1.6W

−2.4W0.8W

−0.8W
1.2W

−1.8W0.6W

−0.6W
0.8W

−1.2W0.4W

−0.4W
0.4W

−0.6W0.2W

−0.2W

Torque [Nm]

A
n
g
u
la
r
V
el
o
ci
ty
[r
ad

/s
]

(b) 1.1m/s

Fig. D.18: The mehanial output powers of the atuators of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s (two steps) for 3D Coupling Case III (Dashed lines

represent swing joint angles, and green dashed lines represent the jumps aused

by the impat. On the left side, solid lines represent stane joint angles.)



258 D. Supplementary Charts for Chapter 6

0 0.1 0.2 0.3 0.4
−2

0
2
4
6
8

T
o
rq
u
e
[N

m
]

 

 

Γx
st Γz

st

0 0.1 0.2 0.3 0.4
0

100

200

300

 

 

F z
st Na

st Nb
st

0 0.1 0.2 0.3 0.4

0
10
20
30

F
o
rc
e
[N

]

 

 

Fx
st fax

st f bx
st

0 0.1 0.2 0.3 0.4
0

100
200
300

 

 

F y
st |Fy

st|max

0 0.1 0.2 0.3 0.4

0
10
20

x 10
−3

Time[s]

Z
M
P

[m
]

 

 
pZMP

(a) 0.3m/s

0 0.05 0.1 0.15 0.2

−10
0

10
20

T
o
rq
u
e
[N

m
]

 

 

Γx
st Γz

st

0 0.05 0.1 0.15 0.2

0

200

400

 

 

F z
st Na

st Nb
st

0 0.05 0.1 0.15 0.2

−50
0

50
100
150

F
o
rc
e
[N

]

 

 Fx
st fax

st f bx
st

0 0.05 0.1 0.15 0.2
0

100
200
300

 

 

F y
st |Fy

st|max

0 0.05 0.1 0.15 0.2
−0.01

0

0.01

Time[s]

Z
M
P

[m
]

 

 
pZMP

(b) 1.1m/s

Fig. D.19: The ground reation fores and torques of the 8-link 3D biped walking at 0.3m/s

and 1.1m/s for 3D Coupling Case III
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Fig. D.20: The trajetories of the pelvis enter and the CoM of the 8-link 3D biped walking

at 0.3m/s and 1.1m/s for 3D Coupling Case III
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Fig. D.21: The trajetories of the swing ankle and the footprint of the 8-link 3D biped

walking at 0.3m/s and 1.1m/s for 3D Coupling Case III
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OPTIMISATION DE LA MARCHE D’UN ROBOT BIPÈDE 3D À 8 CORPS

RÉSUMÉ : D'un point de vue énergétique, les robots marcheurs sont moins performants que
les humains. Face à ce défi, cette thèse propose une approche pour contrôler et optimiser les
allures de marche des robots bipèdes à la fois en 2D et 3D en considérant les fréquences
propres du robot et par ajout de ressorts. L’étude porte essentiellement sur un robot bipède 2D
à 5 corps et des pieds ponctuels ainsi qu’un robot bipède 3D à 8 corps avec des pieds sans
masse à contact linéique. La commande en boucle fermée considérée est basée sur la
méthode des contraintes virtuelles et la linéarisation par retour d’état. Suite à des études
précédentes, la stabilité du robot bipède 2D est vérifiée par une section de Poincaré
unidimensionnelle et étendue au robot bipède 3D à contact linéique avec le sol. L'optimisation
est effectuée en utilisant la programmation quadratique séquentielle. Les paramètres optimisés
incluent des coefficients de polynômes de Bézier et des paramètres posturaux. Des contraintes
d'optimisation sont imposées pour assurer la validité de l’allure de marche. Pour le robot bipède
2D, deux configurations différentes de ressorts placés aux hanches sont étudiées. Ces deux
configurations ont permis de réduire le coût énergétique. Pour le robot bipède 3D, les
paramètres d’optimisation sont séparés en deux parties : ceux décrivant le mouvement dans le
plan sagittal et ceux du plan frontal. Les résultats de l'optimisation montrent que ces deux types
de paramètres doivent être optimisés. Ensuite, des ressorts sont ajoutés respectivement par
rapport au plan sagittal, par rapport au plan frontal puis dans les deux plans. Les résultats
montrent que l’ajout des ressorts dans le plan sagittal permet de réduire significativement le
coût énergétique et que l’association de ressorts dans le plan frontal améliore encore plus la
consommation d’énergie.

Mots clés : robot bipède 3D, marche optimale, commande non linéaire, robot sous-actionné,
optimisation paramétrique.

OPTIMIZED WALKING OF AN 8-LINK 3D BIPEDAL ROBOT

ABSTRACT: From an energy standpoint, walking robots are less efficient than humans. In
facing this challenge, this study aims to provide an approach for controlling and optimizing the
gaits of both 2D and 3D bipedal robots with consideration for exploiting natural dynamics and
elastic couplings. A 5-link 2D biped with point feet and an 8-link 3D biped with massless line
feet are studied. The control method is based on virtual constraints and feedback linearization.
Following previous studies, the stability of the 2D biped is verified by computing scalar Poincaré
map in closed form, and now this method also applies to the 3D biped because of its line-foot
configuration. The optimization is performed using sequential quadratic programming. The
optimization parameters include postural parameters and Bézier coefficients, and the
optimization constraints are used to ensure gait validity. For the 2D biped, two different
configurations of hip joint springs are investigated and both configurations successfully reduce
the energy cost. For the 3D biped, the optimization parameters are further divided into sagittal
parameters and coronal parameters, and the optimization results indicate that both these
parameters should be optimized. After that, hip joint springs are added respectively to the
sagittal plane, the coronal plane and both these planes. The results demonstrate that the elastic
couplings in the sagittal plane should be considered first and that the additional couplings in the
coronal plane reduce the energy cost even further.

Keywords : 3D bipedal robot, optimal walking, nonlinear control, underactuated robot,
parametric optimization.


