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Abstract

This thesis is dedicated to the study of the strong convergence properties of the Ninomiya-Victoir
scheme, which is based on the resolution of d + 1 ordinary differential equations (ODEs) at each
time step, to approximate the solution to a stochastic differential equation (SDE), where d is
the dimension of the Brownian. This study is aimed at analysing the use of this scheme in a
multilevel Monte Carlo estimator. Indeed, the optimal complexity of this method is driven by the
order of convergence to zero of the variance between the two schemes used on the coarse and fine
grids at each level, which is related to the strong convergence order between the two schemes.

In the second chapter, we prove strong convergence with order 1/2 of the Ninomiya-Victoir
scheme XV with time step T/N, to the solution X of the limiting SDE. Recently, Giles and
Szpruch proposed a modified Milstein scheme and its antithetic version, based on the swapping of
each successive pair of Brownian increments in the scheme, permitting to construct a multilevel
Monte Carlo estimator achieving the optimal complexity O (6*2) for the precision €, as in a simple
Monte Carlo method with independent and identically distributed unbiased random variables. In
the same spirit, we propose a modified Ninomiya-Victoir scheme, which may be strongly coupled
with order 1 to the Giles-Szpruch scheme at the finest level of a multilevel Monte Carlo estimator.
This idea is inspired by Debrabant and Rossler who suggest to use a scheme with high order of
weak convergence on the finest grid at the finest level of the multilevel Monte Carlo method. As
the optimal number of discretization levels is related to the weak order of the scheme used in the
finest grid at the finest level, Debrabant and Rossler manage to reduce the computational time,
by decreasing the number of discretization levels. The coupling with the Giles-Szpruch scheme
allows us to combine both ideas. By this way, we preserve the optimal complexity O (6_2) and
we reduce the computational time, since the Ninomiya-Victoir scheme is known to exhibit weak
convergence with order 2.

In the third chapter, we check that the normalized error defined by N (X - XN Vm)
converges to an affine SDE with source terms involving the Lie brackets between the Brownian
vector fields. This result ensures that the strong convergence rate is actually 1/2 when at least
two Brownian vector fields do not commute. To link this result to the multilevel Monte Carlo
estimator, it can be seen as a first step to adapt to the Ninomiya-Victoir scheme the central limit
theorem of Lindeberg Feller type, derived recently by Ben Alaya and Kebaier for the multilevel
Monte Carlo estimator based on the Euler scheme. When the Brownian vector fields commute,
the limit vanishes. We then prove strong convergence with order 1 in this case.

The fourth chapter deals with the convergence of the normalized error process N (X - XN V),

XNV is the Ninomiya-Victoir in the commutative case. We prove its stable convergence in

where
law to an affine SDE with source terms involving the Lie brackets between the Brownian vector
fields and the drift vector field. This result ensures that the strong convergence rate is actually 1
when the Brownian vector fields commute, but at least one of them does not commute with the

Stratonovich drift vector field.



Finally, in the fifth chapter, we analyse the use of approximations for all ODEs in the
Ninomiya-Victoir scheme. It is well known that if the numerical integration is accurate up to
the order 3 for the Stratonovich drift vector filed and up to the order 6 for the Brownian vector
fields, the weak order 2 is then preserved. In this last chapter, we prove that these conditions
are suitable to obtain a strong convergence with order 1 between the Ninomiya-Victoir scheme
and its approximation, induced by the use of approximations for all ODEs. This allows us to
replace the Ninomiya-Victoir scheme by its numerical approximation, in our multilevel Monte
Carlo estimators, when one of the ODEs has no closed-form solution and keep the computational

complexity O (e72).



Résumé

Cette these est consacrée a 1’étude des propriétés de convergence forte du schéma de Ninomiya et
Victoir. Les auteurs de ce schéma proposent d’approcher la solution d’une équation différentielle
stochastique (EDS), notée X, en résolvant d 4+ 1 équations différentielles ordinaires (EDOs) sur
chaque pas de temps, ou d est la dimension du mouvement brownien. Le but de cette étude est
d’analyser I'utilisation de ce schéma dans une méthode de Monte-Carlo multi-pas. En effet, la
complexité optimale de cette méthode est dirigée par I'ordre de convergence vers 0 de la variance
entre les schémas utilisés sur la grille grossiére et sur la grille fine. Cet ordre de convergence est
lui-méme lié & I'ordre de convergence fort entre les deux schémas.

Nous montrons alors dans le chapitre 2, que 'ordre fort du schéma de Ninomiya-Victoir,
noté XNV et de pas de temps T/N, est 1/2. Récemment, Giles et Szpruch ont proposé un
estimateur Monte-Carlo multi-pas réalisant une complexité O (6*2) a l'aide d’un schéma de
Milstein modifié. Dans le méme esprit, nous proposons un schéma de Ninomiya-Victoir modifié
qui peut-étre couplé a l'ordre fort 1 avec le schéma de Giles et Szpruch au dernier niveau d’une
méthode de Monte-Carlo multi-pas. Cette idée est inspirée de Debrabant et Rossler. Ces auteurs
suggerent d’utiliser un schéma d’ordre faible élevé au niveau de discrétisation le plus fin. Puisque
le nombre optimal de niveaux de discrétisation d’'une méthode de Monte-Carlo multi-pas est dirigé
par lerreur faible du schéma utilisé sur la grille fine du dernier niveau de discrétisation, cette
technique permet d’accélérer la convergence de la méthode Monte-Carlo multi-pas en obtenant
une approximation d’ordre faible élevé. L’utilisation du couplage a 'ordre 1 avec le schéma
de Giles-Szpruch nous permet ainsi de garder un estimateur Monte-Carlo multi-pas réalisant
une complexité optimale O (e72) tout en profitant de I'erreur faible d’ordre 2 du schéma de
Ninomiya-Victoir.

Dans le troisieme chapitre, nous nous sommes intéressés a ’erreur renormalisée définie par
VN (X - XN V’"). Nous montrons la convergence en loi stable vers la solution d’'une EDS affine,
dont le terme source est formé des crochets de Lie entre les champs de vecteurs browniens. Ainsi,
lorsqu’au moins deux champs de vecteurs browniens ne commutent pas, la limite n’est pas triviale.
Ce qui assure que l'ordre fort 1/2 est optimal. D’autre part, ce résultat peut étre vu comme
une premiere étape en vue de prouver un théoréme de la limite centrale pour les estimateurs
Monte-Carlo multi-pas. Pour cela, il faut analyser 'erreur en loi stable du schéma entre deux
niveaux de discrétisation successifs. Ben Alaya et Kebaier ont prouvé un tel résultat pour le
schéma d’Euler. Lorsque les champs de vecteurs browniens commutent, le processus limite est
nul. Nous montrons que dans ce cas précis, que ’ordre fort est 1.

Dans le chapitre 4, nous étudions la convergence en loi stable de l’erreur renormalisée
N (X - XN V) ou XMV est le schéma de Ninomiya-Victoir lorsque les champs de vecteurs
browniens commutent. Nous démontrons la convergence du processus d’erreur renormalisé vers

la solution d’une EDS affine. Lorsque le champ de vecteurs dritf ne commute pas avec au moins



un des champs de vecteurs browniens, la vitesse de convergence forte obtenue précédemment est
optimale.

Le chapitre 5 de cette these est consacré a l'utilisation de schémas numériques pour les EDOs
dans 'implémentation du schéma de Ninomiya et Victoir. Pour conserver l'ordre faible 2, il
suffit d’utiliser un schéma numérique ou 'erreur de troncature est d’ordre 3 pour 'EDO portant
sur le champ de vecteurs drift et un schéma numérique ou 'erreur de troncature est d’ordre 6
pour 'EDO portant sur les champs de vecteurs browniens. Nous montrons que cela suffit pour
obtenir une erreur forte d’ordre 1 entre le schéma de Ninomiya et Victoir et son approximation
numérique. On peut ainsi remplacer le schéma de Ninomiya et Victoir par son approximation

numérique dans les estimateurs Monte-Carlo multi-pas tout en conservant la complexité O (6*2).



Table of contents

List of figures i
1 Introduction 1
1.1 Discrétisation d’EDS et méthodes de Monte-Carlo . . . . . .. ... ... . ... 2
1.1.1 Discrétisation I’EDS . . . . . . . . . ... 3
1.1.2 Méthodes de Monte-Carlo multi-pas . . . . . . .. ... .. .. ... ... 6
1.2 Schéma de Ninomiya et Victoir . . . . . .. .. ... .. .. ... . ... 10
1.2.1 Résultats de convergence . . . . . . .. ... . 12
1.2.2  Application aux méthodes de Monte-Carlo multi-pas . . . . . .. ... .. 14

2 Ninomiya-Victoir scheme: strong convergence, antithetic version and appli-
cation to multilevel estimators 17
2.1 Introduction . . . . . . . . . . . e e 17
2.2 Strong convergence of the Ninomiya-Victoir scheme . . . . . . . . . ... ... .. 19
2.2.1  Strong CONVErgeNnCe . . . . . . . v v v v v vt e e 22
2.2.2 Intermediate results . . . . . . . . .. .. ... 23
2.2.3 Proof of the strong convergence . . . . . . ... ..o 26
2.3 Coupling with Giles-Szpruch scheme . . . . . . . ... .. ... .. ... ... .. 29
2.4 Multilevel methods for SDEs . . . . . . . . . ... ... ... 35
2.4.1 Multilevel Monte Carlo . . . . .. .. . ... ... ... ... .. ..... 35
2.4.2 Multilevel Richardson-Romberg extrapolation . . . . . . . ... ... ... 41
2.4.3 Numerical experiments . . . . . . . . .. ... oo 42
2.5 Conclusion . . . . . . . . e e 56
2.6 Appendix . . ... e e e e 57
3 Asymptotics for the normalized error of the Ninomiya-Victoir scheme 69
3.1 Introduction . . . . . . . . . . . . e 69
3.2 Stable convergence . . . . . . ... 71
3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme in the general case 74
3.3.1 Mainresult . . . . . . .. e 74
3.3.2 Discrete scheme . . . . . . .. .. 77
3.3.3 Proof of the stable convergence . . . . . . .. .. ... ... 78
3.4 Particular case: the Brownian vector fields commute . . . . . ... ... ..... 86
3.4.1 Interpolated scheme and strong convergence . . . . . . . . ... ... ... 87
3.4.2 Intermediate results . . . . .. ... L L Lo 88

3.4.3 Proof of the strong convergence in the commutative case . . . . . . . . .. 91



Table of contents

3.5 Appendix . .o .. e 95

4 Asymptotic error distribution for the Ninomiya-Victoir scheme in the com-

mutative case 103
4.1 Introduction . . . . . . . . . . . e 103
4.2 Adapted interpolation and main result . . . . . ... ... ... 107
4.2.1 Mainresult . . . . . .. 107

4.2.2 Tt6 decomposition of XNV . ... 108

4.2.3 Suitable decomposition of XNV . . . ... o 111

4.3 Proof of the stable convergence . . . . . . .. ... .. L oL 119
4.4 Appendix . . ... e e 122

5 Discretization of the ODEs involved in the Ninomiya-Victoir scheme 139
5.1 Introduction . . . . . . . . . . e 139
5.2 Numerical approximation of the Ninomiya-Victoir scheme . . . . . ... ... .. 140
5.2.1 Abstract approximation and main result . . . . . . ... ... L. 141

5.2.2 Intermediate results . . . . . . ... ... L 143

5.2.3 Proof of the strong convergence . . . . . . . .. ... oL 146

5.3 Numerical methods for ordinary differential equations . . . . .. ... ... ... 150
5.3.1 The explicit Euler method . . . . . . . . . ... ... ... ... ...... 150

5.3.2 Explicit Runge-Kutta methods . . . . . .. ... ... ... ... ..... 153
References 157



List of figures

2.1
2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

Strong convergence order. Strong error (y-axis log, scale) as a function of [ (z-axis). 45
Variance convergence order with f(u,s) = cos(u). Second order moment (y-axis
logy scale) as a function of I (z-axis). . . . . . . . ... 46
Variance convergence order with f(u,s) = u?. Second order moment (y-axis log,
scale) as a function of [ (z-axis). . . . .. ... ... ... ... 46
Clark-Cameron SDE with f(u,s) = cos(u), CPU-time in second (y-axis log, scale)
as a function of € (z-axis logy scale). . . . . ... ... Lo 49

Clark-Cameron SDE with f(u,s) = cos(u), CPU-time ratios (y-axis) as a function

of € (z-axis logg scale). . . . . ... L 49
Clark-Cameron SDE with f(u,s) = uy, Variance of the Giles-Szpruch scheme
(y-axis log, scale) as a function of [ (z-axis). . . . . . ... ... ... ... .... 51

Clark-Cameron SDE with f(u,s) = uy, CPU-time in second (y-axis log, scale) as
a function of € (z-axis logy scale). . . . . . ... Lo 52

Clark-Cameron SDE with f(u,s) = u+, CPU-time ratios (y-axis) as a function of

e (x-axis logg scale). . . . ... 53
Heston SDE with f(u,v) = exp (—rT') (exp (u) — 1 ), Variance of the Ninomiya-
Victoir scheme (y-axis log, scale) as a function of [ (z-axis). . . . . .. ... ... 56
Heston SDE with f(u,v) = exp (—rT') (exp (u) — 1 ), CPU-time in second (y-axis
log, scale) as a function of € (z-axis logy scale). . . . . .. ... ... ... 57

Heston SDE with f(u,v) = exp (—rT) (exp (u) — 1 ), , CPU-time ratios (y-axis)

as a function of € (z-axis logy scale). . . . . . . ... Lo Lo 57






Chapter 1

Introduction

En finance, les modéles d’évolution des prix des actifs financiers reposent en général sur des
équations différentielles stochastiques. Pour décrire 1’évolution des indices boursiers, les modeles
les plus connus sont ceux de Black-Scholes-Merton [12] ou encore Heston [27]. Il existe aussi des
modeles pour décrire I’évolution des taux d’intérét, citons par exemple le modele de Vasicek [54],
le modele Cox-Ingersoll-Ross [15] ou encore le modéle de Ho-Lee [28]. Les équations différentielles
stochastiques sont aussi tres utilisées dans d’autres disciplines, par exemple en physique et en
biologie.

Précisons un peu plus les notations que nous allons utiliser dans cette introduction. Nous
considérons une équation différentielle stochastique n—dimensionnelle, dirigée par un mouvement

brownien standard d—dimensionnel noté W, avec un horizon de temps 1" € R* | de la forme

d
dX; = b(Xy)dt + o’ (X;)dWP ,t € [0,T],
=1 (1.0.1)

X() = X0-

La condition initiale g € R™ est supposée déterministe, le champ de vecteurs b : R* — R"
correspond au coefficient de dérive, le champ de vecteurs ¢/ : R® — R"™, pour je {1,...,d},
correspond & la j-éme colonne de la matrice de diffusion notée o. D’aprés le théoreme d’Itd
[51], si les champs de vecteurs b et o7, pour j € {1,...,d}, sont globalement lipschitziens, alors
il existe une unique solution forte a I’équation différentielle stochastique (1.0.1). En outre, a
chaque instant ¢ € [0, 7], la solution X; posséde des moments d’ordre p, pour tout p € [1,+00).
Ce résultat correspond a l’analogue du théoréme de Cauchy-Lipschitz global pour les équations
différentielles ordinaires [53].

Un exemple de problématique pratique est le calcul d’espérance, notée Y, d’une fonction,
notée f : R" — R, de la solution de ’équation différentielle stochastique (1.0.1) a la date
terminale T, c’est-a-dire

Y =E[f (X7)]. (1.0.2)

En finance, lorsque X correspond au prix d’un actif, appelé sous-jacent, la quantité Y correspond
au prix d’un produit dérivé associé a ce sous-jacent. Sauf cas tres particulier, en général il n’y
a pas de formule explicite pour Y. Nous avons donc besoin de recourir & une approximation
numérique pour le calcul de la quantité Y. Pour obtenir une approximation numérique de Y, il y
a essentiellement deux approches possibles. La premiere approche, déterministe, repose sur la

formule de représentation de Feynman-Kac [51]. Cette formule établit un lien entre équations aux
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dérivées partielles paraboliques et calcul d’espérance. Plus précisément, considérons 1’équation

aux dérivées partielles rétrograde suivante
(1.0.3)

ou
1 ~ i
Lu(t,z) = 3 E > " a k() . put, )+ ) b (x) Opu(t, @),

i=1k=1 =1

avec a = oo*, c’est-a-dire,
.. d .. .
Vi,ke{l,...,n},a"” () = Za” (z) ot (x).
j=1

L’opérateur L est appelé générateur infinitésimal de la diffusion X. Sous certaines hypothéses de
régularité (voir [47] ou [51] par exemple), la solution de ’équation aux dérivées partielles (1.0.3)

admet la représentation probabiliste suivante
u(t,z) =E[f (Xr) X = a],

ou X est solution de (1.0.1). En particulier, nous avons Y = u (0, x0). Ainsi, pour obtenir
une estimation de la quantité Y, il suffit d’approcher numériquement la solution de 1’équation
aux dérivées partielles parabolique (1.0.3) par un schéma numérique de type éléments finis ou
de type différences finies (voir [49] par exemple). Cette méthode est assez précise, mais assez
difficile & mettre en ceuvre en grande dimension. La seconde approche pour estimer la quantité
Y est appelée méthode de Monte-Carlo. Contrairement & ’approche précédente, les méthodes
de Monte-Carlo sont relativement simples & implémenter et restent efficaces méme en grande

dimension.

1.1 Discrétisation d’EDS et méthodes de Monte-Carlo

L’approximation de Y par la méthode de Monte-Carlo standard consiste a simuler M € N* copies
indépendantes de la solution de I'équation différentielle stochastique (1.0.1), & I'instant terminal

T, notées X;lp7 ey X:,M , puis calculer la moyenne empirique suivante

_ 1 M .
YMC:M];f<XT).

La convergence de cet estimateur vers la quantité Y, lorsque le nombre de tirages M tend vers
I'infini, est assurée par la loi forte des grands nombres. En outre, si E [( f (XT))ﬂ < 00, alors le

théoreme central limite fournit 'intervalle de confiance suivant

> SM 5 Sum
YMC - Zl—% \/M’YMC _’_Zl—% \/M:| )




1.1 Discrétisation d’EDS et méthodes de Monte-Carlo

ou, a € (0,1) représente le risque de l'intervalle de confiance, z1—g est le quantile d’ordre 1 — «/2

d’une loi normale standard et

2 1 <l k o \2
=73 0 0) )

est un estimateur (consistant) de la variance V [f (X7)]. L’erreur de cette méthode est donc
une erreur statistique. Ainsi, si nous voulons un intervalle de confiance de longueur inférieure a
e € R* , le nombre de tirages M doit étre proportionnel & ¢~2. On dit alors que la complexité est
en O (e72).

Lorsque n = d = 1, Beskos, Papaspiliopoulos et Roberts [11] ont proposé une méthode
de simulation exacte pour la solution de I'EDS (1.0.1). En revanche, sauf cas particulier, en
dimension supérieure, les solutions d’équations différentielles stochastiques ne sont pas simulables.

Ce qui nous ameéne donc a discuter de la discrétisation des équations différentielles stochastiques.

1.1.1 Discrétisation d’EDS

Pour discrétiser ’équation différentielle stochastique (1.0.1), nous considérons une grille temporelle
uniforme, de pas de temps h = T'/N et nous notons (t;, = kh) <<, les instants de discrétisation.

La discrétisation la plus naturelle est donnée par le schéma d’Euler [34]

Xt]g = 2o,
d -
E E E i (v E
XE = XE b (XE)h+ Yo (XE) AW, .
Jj=1
ol AVV,%c+1 = Wtiﬂ - I/Vt]]c Ainsi, s’il n’existe pas de méthode de simulation exacte pour la

solution de (1.0.1), on peut adapter la méthode de Monte-Carlo précédente en procédant de
la fagon suivante. On commence par choisir un pas de temps h = T//N. On simule ensuite M
copies indépendantes du schéma d’Euler, a I'instant terminal T, notées XIJ? ’1, . ,Xg ’M, puis on

calcule la moyenne empirique
M
N 1
E  _ E.k
Vife = ;7 kaf (x7).

Outre 'erreur statistique, I'introduction d’un schéma numérique d’approximation de la solution
X induit un biais dii a 'erreur de discrétisation. Pour mesurer ce biais, il faut donc comparer le
schéma de discrétisation a la solution X. Pour pouvoir comparer le schéma d’Euler a la solution

X, il est assez commode d’utiliser I'interpolation suivante
Xt% = T,
d . .
dXE =0 (Xf) dt +Y of (X;E) dwy,
j=1

ou 7, désigne l'instant de discrétisation avant ¢ € [0,T"), c’est-a-dire, 7, =t si t € [tg, tx+1). Un

critere de convergence assez naturel est d’analyser 'erreur dite forte. Plus précisément, il s’agit
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d’étudier la dépendance en h de la norme L7, pour p € [1,+00), sur I'espace des trajectoires

1
(& [un - x2]])
t<T

Bien siir, le schéma d’Euler X dépend du pas de temps h & travers le nombre N d’instants de
discrétisations de la grille temporelle. D’apres Kanagawa [32], lorsque les champs de vecteurs b
et o/, pour j€ {1,...,d}, sont globalement lipschitziens, nous avons l’estimation suivante

E [sup HXt — XtEH%] < Cgh?.
t<T

Ici, la constante Cr € R’ ne dépend pas de N. On dit alors que le schéma d’Euler est d’ordre
fort 1/2. Plus généralement, on dit que le schéma X est d’ordre ~ si 'on a l'estimation

E [sup |x: - XtHQp < CR?P, (1.1.1)

t<T

pour une certaine constante C' € R% indépendante de N. Cependant, pour étudier le biais d'un
schéma numérique dans une méthode de Monte-Carlo, il faut plutot regarder 'erreur faible.
Cette erreur correspond a 'erreur en loi a 'instant terminal 7', c’est-a-dire E [ f(Xr)—f <XT)] .

En effet, Perreur quadratique de I'estimateur Monte-Carlo
. N
Yo = — X%
MC M k‘z::l f ( T) )

ot les (XK sont des copies indépendantes du schéma X A linstant terminal T, se
T)1<k<N

décompose de la fagon suivante
£ [ (e —¥)] = (£ o) -1 (20)])" 4 ]
= (Bl 0on) 7 (%0)]) "+ 37V [y (%))

Ainsi, en plus du terme d’erreur statistique, nous avons un terme de biais dirigé par ’erreur
faible du schéma numérique. On dit que le schéma numérique X, de pas de temps h, est d’ordre

faible « si on a l'estimation
‘E [f (Xr)— f (XT>” < C1h®,

pour une constante o indépendante de h et pour toute fonction f suffisamment réguliére. Pour
assurer une erreur en norme L? inférieure & € € R% , il faut alors choisir le nombre d’instants
de discrétisation N proportionnel a ¢ a. Le temps de calcul de cette méthode Monte-Carlo
étant proportionnel & N x M, ou M est le nombre de tirages Monte-Carlo, on dit alors que
la complexité est en O (67(2+é)> [19]. Cela explique pourquoi l'erreur faible a été largement
étudiée au cours de ces dernieres décennies.

En supposant les champs de vecteurs b et o/, pour j€ {1,...,d}, de classe C* avec des dérivées

bornées, Talay et Tubaro [52] ont démontré I'existence d’une suite (Cy);>; € RY indépendante
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de h et un développement de 'erreur faible pour le schéma d’Euler de la forme

L
VL e N, E|[f (Xr) - f (XF)] = 3 Guhb + 0 (HH), (1.1.2)
k=1

pour des fonctions f de classe C*° avec des dérivées a croissance polynomiale. Ainsi, en particulier
a = 1 pour le schéma d’Euler. En supposant une condition de non-dégénérescence de type
Hormander [29] sur le générateur infinitésimal de la diffusion X, Bally et Talay [7] [8] ont montré,
a l'aide du calcul de Malliavin, que o = 1 pour des fonctions f mesurables bornées. Guyon [24] a
montré ce résultat pour des distributions tempérées f, en utilisant cette fois-ci une hypothese,
plus forte, d’uniforme ellipticité sur le générateur infinitésimal de la diffusion X. Ainsi, pour une
classe assez large de fonctions f, la complexité de 'estimateur f’ﬁc est O (6_3).

Un autre schéma assez connu est celui de Milstein [42]. Celui-ci s’écrit

Xt](\)/[ = Xo,
d .
X = XM b (X ) b Yol (XMT) AW,
j=1
LSRN o o (M j j jm
+35 Zl Zl dolo (th ) (AWMIAW% ~ L fjmmph — Atk“) ,
j=1m=

ol Oo7 est la matrice jacobienne du champ de vecteurs o/ définie par

dol = (6%017)

1<ik<n’

et A{;:Zl représente 'aire de Lévy définie par

. th+1 . . th+1 .
A = /t (Wi —wi,) awy - /t (W —wir) awi.
Pour ce schéma, sous des hypotheses de régularité sur les coefficients de ’équation différentielle
stochastique, I'ordre faible o vaut 1. L’avantage de ce schéma est qu’il est d’ordre fort v = 1.
En revanche, lorsque la dimension d du mouvement brownien est supérieure a 1, celui-ci fait
intervenir des aires de Lévy que 'on ne sait pas simuler sauf en dimension d = 2. En utilisant la

fonction caractéristique du triplet
wl w2 t”rl W2 t”r2 Wl
<t7 t7/0 sds_/o sd s)?

Gaines et Lyons [21] ont réussi & proposer une méthode de simulation du triplet et ainsi simuler
le schéma de Milstein en dimension d = 2.

Pour accélérer la convergence de la méthode de Monte-Carlo, la construction de schémas
d’ordre faible élevé a fait 'objet d’une recherche active ces derniéres années, notamment motivée
par les applications des méthodes de Monte-Carlo en finance. Récemment, Kusuoka [37] [36] a
introduit une classe de schémas d’ordre faible arbitrairement élevé. Pour cela, il a utilisé des

développements de Taylor stochastiques, introduits par Platen et Wagner [48], et remplacé les
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intégrales stochastiques itérées,

Ji J
/ AWt ... dWin,
0<s1...<51, <t

qui apparaissent dans ces développements et que ’on ne sait pas simuler, par des variables aléa-
toires simulables préservant les moments de ces intégrales jusqu’a un certain ordre. Mentionnons
aussi la notion de cubature sur ’espace de Wiener, introduite par Lyons et Victoir [39], qui a
permis la construction de schémas d’ordre faible élevé [25] et notamment le schéma de Ninomiya

et Victoir [44] qui sera largement étudié dans cette these.

1.1.2 Méthodes de Monte-Carlo multi-pas

L’objectif des méthodes de Monte-Carlo multi-pas est de réduire la complexité de la méthode
de Monte-Carlo standard, la quantité cible a estimer étant toujours Y donnée par (1.0.2) En
combinant astucieusement deux schémas d’Euler avec des pas de discrétisation différents, Kebaier
[33] a réussi a réduire la complexité, et donc le temps de calcul, de l'estimation de Y. Sa méthode
porte le nom de méthode de Romberg statistique et repose sur le principe suivant. On consideére
deux grilles de discrétisation, une grossiére de pas de temps T/N,, et une fine de pas de temps
T/Ny telles que N, = Nﬁ avec R € (0,1). L’estimateur de Romberg statistique s’écrit de la

fagon suivante

M
. 1 =
E E,N.,c,k E,Ny,fk E,Nc,f .k
YSR:MZf(X C)+M Z(f(XT ' )_f(X f))’
€ k=1 f =1
ou les variables aléatoires (Xf ’Nc’c’k)0<k<M sont des copies indépendantes du schéma d’Euler

E,N¢,f.k

sur la grille grossiere, les variables aléatoires (XT t (Xf Neof k) sont

)OSkSMf OSkSMf
respectivement des copies indépendantes du schéma d’Euler sur la grille fine et grossiere telles

que

 pour tout k € {1,..., My}, les schémas (Xf’Nf’f’k> et (XJTE’NC’f’k) sont simulés avec les

mémes accroissements browniens,

E,Nc,c,k

i E,N; fk < E,Ne,f.k
o la suite (XT £:f of

est indépendante de la suite (XT , X

)ogkgMc )ogk;ng'

La complexité, ou temps de calcul, de cette méthode est définie par
Csr = Kg (McN.+ MsNy),

ou Kz est une constante qui dépend uniquement du schéma d’Euler. Intéressons-nous maintenant
au biais de cette méthode. Puisque les schémas numériques sont simulés avec des accroissements

browniens, nous avons XJTE Ne.f £ Xf Nee, Ainsi, en prenant I’espérance de }A/SER on obtient
E[VH| =E[f (x7™)].

Le biais est donc dirigé par le schéma le plus fin. Ainsi, cette méthode peut étre vue comme

une méthode de variable de controle pour 'estimation de E [ f (Xf Nt )] En effet, le fait de

. , E,Ny, E.N, . . . Sy
simuler les schémas (XT f f) et (XT’ of ) avec les mémes accroissements browniens réduit
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grandement la variance. En utilisant les propriétés d’erreur forte du schéma d’Euler, on montre

facilement 1’estimation suivante

[F] < v [ (e HeldCs (T T,

ol Ly (f) est la constante de Lipschitz de la fonction f. Contrairement & une méthode de
Monte-Carlo standard, la variance est une fonction décroissante des pas de discrétisations T'/Nf
et T'/N.. On peut donc optimiser les parametres (N, Ny, M., My) pour minimiser la complexité,
sous contrainte de précision €. En choisissant astucieusement ces parametres, Kebaier a obtenu
une complexité optimale Cp = O <€_5/2>.

Giles [22] a généralisé I'approche de Kebaier en construisant un estimateur dit Monte-Carlo
multi-pas. Au lieu d’utiliser uniquement 2 grilles de discrétisation, Giles consideére une suite de
pas de temps géométrique (hl =T/ Ql) ol L € N* est le niveau de discrétisation le plus fin.

0<I<L
La construction de cet estimateur repose sur 1’égalité suivante

L

Blr(x#)] =Elr (x)] + LB (F) -7 (x77)].

=1

ot X2' est un schéma numérique d’approximation de I’équation différentielle stochastique (1.0.1)
et de pas de temps h;. En vue d’estimer Y, au lieu d’estimer le membre de gauche de ’égalité
précédente, comme dans une méthode de Monte-Carlo standard, Giles propose d’estimer le

membre de droite. Dans [1] nous avons écrit 'estimateur de Monte-Carlo multi-pas de fagon

générique
A L M
Yiome = A >z,
1=0 "l k=1
ou les variables aléatoires (Z ,lg) sont indépendantes et vérifient
0<I<L,1<k<M,
ke {1,..., Mo} E [ 2| = E [f (x7)], (1.1.3)
et
Wie{l,....L},Vke{l,.... M} ,E |2 =B [f (XF) - f (X7 )], (1.1.4)
et M; € N* correspond au nombre de tirages pour le niveau de discrétisation [ € {0,...,L}.

Comme pour la méthode de Romberg statistique, le choix du niveau de discrétisation le plus fin

L est dirigé par le biais du schéma numérique:
Bl (x8)]-v]= g

pour une constante ¢; indépendante de [. Dans [22], Giles a considéré un choix assez naturel
donné par le schéma d’Euler. En notant X E2' lo schéma d'Euler de pas de temps h; =T/ 2t
Giles propose
Zh = f (X7)
et
Vie{l,...,L}, 2L = f (Xﬁv?) —f (X;Ev”’l) ,
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ou les deux schémas sont dirigés par le méme mouvement brownien. Ainsi, la variance de Z %,
pour | € {1,..., L}, est reliée a l'erreur forte du schéma d’Euler. Plus précisément, nous avons

l’estimation suivante

vz€{1,...,L},V[Z€E}§C;E,

avec C; une constante strictement positive et indépendante de [. Dans le cas général, il est donc

naturel de supposer

vie{l,...L}v[7] < 2,

ou ¢y une constante strictement positive et indépendante de [ et 8 est I'ordre de convergence
vers 0 de la variance V [Zl}. Pour une fonction f lipschitzienne, nous avons S > 27, ou « est
Pordre de convergence forte du schéma défini par (1.1.1). La complexité de cette méthode est
donnée par

L

Crrme = Ky M2,

1=0
ou K est une constante qui dépend uniquement du schéma numérique. Pour assurer un biais
inférieur & €/+/2, il suffit de choisir

log, (\/gcl)

a

L* =

Un controle de la variance de I'estimateur Yy;rarc est donné par

V [2°] L
My + co ; M125l'

\% [?MLMC} <

On peut donc minimiser la complexité sous la contrainte V {YM L MC} < €2 /2. La complexité opti-
male de cette méthode, pour assurer une erreur en norme L? inférieure & €, dépend essentiellement

de l'ordre 5. Ainsi, Giles a montré dans [22]
C?WLMC =0 <672) si ,8 > 1,

1 2
Cyiryve =0 <62 <log <€>> ) sif=1,
CTWLMC = O <€72+%) si ﬁ < 1.

Pour un schéma d’ordre fort 1/2, dans le cas d’un schéma d’Euler par exemple, nous avons
2
une complexité en O (62 (log (%)) ) En revanche, pour un schéma d’ordre fort strictement

supérieur a 1/2, nous avons une complexité en O (6_2) comme pour une méthode de Monte-Carlo
sans biais. Cependant, Clark et Cameron [14] ont démontré, dans un cas particulier, qu’il n’est
pas possible de faire mieux que l'ordre 1/2 lorsque 'on utilise uniquement les accroissements
browniens pour discrétiser I’équation différentielle stochastique.

Récemment, des améliorations ont été apportées a I’estimateur Monte-Carlo multi-pas utilisant
le schéma d’Euler. Celles-ci sont présentées par ordre d’importance. Une premiére amélioration

envisagée par Debrabant et Rossler est d’utiliser un schéma d’ordre faible élevé au niveau de
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discrétisation le plus fin. Plus précisément, ces auteurs considérent ’estimateur suivant

YMLMC _ Z f ( E,I,O k) g Z:: ( ( E2 ,l,k) ¥ (Xjfg,zl—l,z,kD

1 Nh’ L L—1
2L Lk E2L-1 Lk
+ar o (&) =g (xp28)
ML Z f T f T 9
k=1
ou
¢ les schémas (X E71,0,k)1<k<M sont des copies indépendantes du schéma d’Euler de pas de
SRSIVIQ
temps grossier hg = 1,
o pour tout I € {1,...L — 1}, les schémas (XEQI’“‘?,XE72Z’1,l,k)1<k<M sont des copies
S MY
indépendantes des schémas d’Euler XE2 gt XE’ZFI’Z, de pas de temps h; et h;_; respec-
tivement, dirigés par le méme mouvement brownien,
e les schémas ()A(QL’L”“,XE’QLA’LJ“)KKM sont des copies indépendantes d’un schéma
SRS,

numérique d’ordre faible élevé X2hL , de pas de temps hy = T/2%, et du schéma d’Euler
ot XE2MTLL , de pas de temps hy_1, respectivement, dirigés par le méme mouvement

brownien.

. , . l -1
En outre, les variables aléatoires (XEJ’O’k) , (XE72 bk X E2 717’“)
1<k<Mpy 1<k<M,

S>oL L—-1 4 . , . .
(X 250k X B2 ’L’k)1<k<M sont supposées mutuellement indépendantes. Le biais de cet
SRS

estimateur correspond au biais du schéma X. On récupére ainsi une approximation d’ordre
faible élevé, cela permet alors d’accélérer la convergence de la méthode Monte-Carlo multi-pas
en diminuant le nombre de niveaux de discrétisation optimaux L*. Il n’y a en revanche pas
d’amélioration de la complexité qui reste en O <6_2 (log (i))2> puisque 8 = 1.

Dans le méme esprit que la méthode de Monte-Carlo multi-pas classique, Lemaire et Pages [38]
ont combiné cette idée de Monte-Carlo multi-step avec ’extrapolation de Richardson Romberg
généralisée par Pages dans [46]. La méthode d’extrapolation de Richardson Romberg permet
de récupérer une approximation d’ordre faible en exploitant efficacement le développement de
Perreur faible (1.1.2). En effet, par des combinaisons linéaires de schémas avec différents pas de
temps, on peut annuler les termes de biais successifs dans (1.1.2). Ainsi, en combinant ’approche
Monte-Carlo multi-pas classique avec I’extrapolation de Richardson Romberg, Lemaire et Pages

proposent d’estimer Y par
Yarrar = Z Z 2

1 RE*1 sont des poids, les variables aléatoires (21 t indépen-
ol les (Wl)oglgL € sont des poids, les variables aléatoires 0<I<L1<k<M, sont indépen
dantes et vérifient (1.1.3), (1.1.4). On suppose de plus l'existence d’un développement de 'erreur

faible pour le schéma numérique
1 R ;
JaeR:,IReN*,3d),...,cdr eR,VI€N,E [f (X%)} Y =Y ¢ 10 (hg‘(’””) . (1.1.5)

Cette méthode peut étre vue comme une version pondérée de la méthode de Monte-Carlo multi-

pas classique. Ainsi, la complexité de la méthode de Lemaire et Pages notée Cprror, est définie
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de fagon analogue & Cysrarc. Lorsque ordre 8 < 1, la complexité de cette méthode est bien

meilleure:

Cirzar =0 (72) sif>1,

1
Ciiror = O (62 log (e)) sif=1,

Cirrar = O <e_26xp <ﬁ\/_al\/210g (2) log (1))) si < 1.

Lorsque 8 > 1, nous avons, comme dans le cas Monte-Carlo multi-pas classique, une complexité
en O (e72).

Pour atteindre cette complexité avec un schéma d’ordre fort 1/2, Giles et Szpruch [23] ont

récemment proposé le schéma suivant

X9 = XG94 b (XF) h+ Edj ol (X5%) AW},

tey1 tr tr k+1
j=1
1 d d ' ) )
+ 5 Z Zl do’a™ (XtGkS) (AWthHAWthH B ]l{j=m}h) :
j=1lm=

Ce schéma correspond au schéma de Milstein sans les aires de Lévy. 1l est donc parfaitement
simulable, quelle que soit la dimension d du mouvement brownien, mais il est seulement d’ordre
fort 1/2. Pour le choix de Z, pour [ € {1,...,d}, Giles et Szpruch procédent & un couplage dit

antithétique:

Zgs = % (£ (xg5) + £ (XF97)) = 1 (X757, (1.1.6)

oGS,2! T A ; - GS,2! .
dans lequel X 77" est obtenu a 'aide du méme schéma numérique que X """ , mais en transposant
les paires d’accroissements browniens successifs. Lorsque les champs de vecteurs b et o7, pour
j € {1,...,d}, sont de classe C? avec dérivées bornées, cette opération permet d’obtenir le

couplage a 'ordre fort 1 suivant

1 ~ _1]|2p
ICqs € R, VI € N,E [HQ (qus,zl -|-X7§'S,2l) _ X?S,Qz 1 ] < Ccsh?p-

Pour une fonction f de classe C? & dérivées bornées, on peut facilement obtenir I’estimation

suivante a ’aide du développement de Taylor a I'ordre 2,

E {(Zés)%] < c(IE [H; (xgst 4 XEST) - xgsi 2

u g 5] )

ou ¢ est une constante qui ne dépend que de p et de f. Cela permet donc a la variance de

décroitre a l'ordre 8 = 2 et ainsi d’atteindre la complexité O (e72).

1.2 Schéma de Ninomiya et Victoir

Nous présentons le schéma sur une grille uniforme de pas de temps h = T'/N. Nous commengons

par réécrire 'équation différentielle stochastique (1.0.1). Au lieu de considérer I’équation écrite a

10
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I’aide de l'intégrale d’It6, nous considérons 'intégrale de Stratonovich définie par

t )

¢ , t 1 .
/HsodWsJ:/ HodW] + - (H,W7)
0 0 2

ol (Hy)y<s<p est un processus d’It6 unidimensionnel adapté a filtration naturelle du mouvement
brownien W7. Ainsi, lorsque les champs de vecteurs browniens sont de classe C!, (1.0.1) se réécrit

grace a la formule d’It6, de la fagon suivante

d
dXy = o’ (Xy)dt + > 07 (Xy) o dW,
j=1

d
=b- 3 Zaajoj est le champ de vecteur que nous appellerons drift Stratonovich.
j=1

ot a?

On se donne ensuite une suite de variables aléatoires, notées n = (;);~,, indépendantes et

identiquement distribuées selon une loi de Rademacher définie par

sze{1,...,N},IP’(77k=—1):P(77k=1):5.

On suppose de plus que la suite i est indépendante du mouvement brownien W. Le schéma de

Ninomiya et Victoir est défini par

NV _
Xto = X0,

NV _ h o d d 11 h o\ v,
th+1’7 =1y, =1} €XP (20 ) exp (AWtk+1a ) ...€xp (AWtk+1J ) exp <2U > X, n

h o 11 d _d h o) v,
+ 1y =—1) XD (20 ) exp (AWtk_HO' ) ...exp (AWtk+1U ) exp (2(7 ) X;, "

ot, pour V un champ de vecteur lipschitzien, exp (8V)y désigne le flot, a 'instant 6 € R, de

I’équation différentielle ordinaire dans R™ suivante

dx(t)
=V (x(t
R EAC0)
z(0) =y.
Pour passer d’un instant de discrétisation tj, avec k € {0,..., N — 1}, a Uinstant suivant tg1,

on commence par tirer une variable de Rademacher 7. La premiere étape consiste a résoudre,
sur un demi-pas de temps, I'équation différentielle ordinaire portant sur le drift Stratonovich oV,
avec comme condition initiale Xt]Z Vi Ensuite, selon le signe de la variable aléatoire ngy1, on
résout successivement les équations différentielles ordinaires portant sur les champs de vecteurs
browniens ¢/, pour j € {1,...,d}, jusqu’a Iinstant aléatoire AWiH, avec comme condition
initiale le résultat de ’étape précédente. Si 711 vaut 1, on integre les champs de vecteurs
browniens dans le sens croissant. Dans le cas contraire, on procede dans le sens décroissant.
Enfin, la derniere étape consiste & résoudre, sur un demi-pas de temps, ’équation différentielle
ordinaire portant sur le drift Stratonovich ¢®. Ainsi, le cofit de simulation du schéma de Ninomiya
et Victoir est de (d+ 1) N.

11
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1.2.1 Résultats de convergence

Ninomiya et Victoir ont construit ce schéma pour obtenir un ordre faible o = 2 [44]. Ils prouvent
le résultat pour des champs de vecteur b et o/, j € {1,...,d}, réguliers et pour des fonctions f
régulieres. Ce résultat peut étre facilement généralisé pour des fonctions f lipschitziennes sous
une condition de non-dégénérescence de type Hormander sur le générateur infinitésimal de la
diffusion X (voir remarque 6 dans [44]). En fait, ce schéma peut étre vu comme une formule de
cubature sur I’espace de Wiener [39]. Un autre point de vue intéressant est développé par Alfonsi
[4]. 11 fait le lien entre la composition des d 4+ 1 équations différentielles ordinaires a résoudre et

le découpage du générateur infinitésimal £ de la diffusion X sous la forme
14
_ 2
L=Lo+ 3 >z,
j=1
avec

Cou(t,z) = | b(2) - % S 00907 (z) | . Vo (t,2) = 0° (). Vipu (t,2)
=1

et pour j € {1,...,d}
Liu(t,z) =0 (v). Vyu(t,z).

Il apparait alors que Ly est associé a la résolution, sur un pas de temps déterministe, de I’équation
différentielle portant sur le champ de vecteur ¢, alors que, pour j € {1,...,d}, Popérateur
%EJZ est associé a la résolution, sur un pas de temps aléatoire correspondant a un accroissement
brownien, de 1’équation différentielle portant sur le champ de vecteur o7 [4].

Notons que pour obtenir une estimation de I'erreur faible, il n’est pas nécessaire de simuler
le schéma de Ninomiya et Victoir a l'aide d’accroissements browniens. Il suffit de remplacer la
loi de ’accroissement brownien sur un pas de temps, donnée par vVhAG ot G est une variable

aléatoire gaussienne standard, par vhZ avec Z une variable aléatoire telle que,
Vge{l,...5} ,E[GY] =E[Z9].

Signalons aussi deux résultats récents de convergence faible du schéma de Ninomiya et Victoir.
Le premier est fondé sur la théorie des rough paths, introduite par Lyons [40]. Bayer et Fritz [9]
ont montré la convergence faible du schéma de Ninomiya et Victoir pour des champs de vecteur
bet o/, j €{l,...,d} réguliers et pour des fonctions f a-Holdérienne d’exposant a € (0, %)
En revanche, dans ce cas, ils n’ont pas exhibé d’ordre de convergence. Le second est basé sur
une généralisation du calcul de Malliavin [41]. Bally et Rey [6] ont démontré la convergence en
variation totale a 1’ordre 2, sous une condition d’ellipticité et pour des fonctions f mesurables
bornées.

En vue d’utiliser le schéma de Ninomiya et Victoir dans une méthode de Monte-Carlo multi-
pas, nous avons étudié les propriétés de convergence forte du schéma. Dans ce cas, nous devons
simuler le schéma de Ninomiya et Victoir a I'aide d’accroissements browniens. Pour effectuer
I’analyse de l'erreur forte, la principale difficulté est d’interpoler de facon simple et efficace le
schéma de Ninomiya et Victoir. En utilisant une interpolation astucieuse, et sous une hypothése

de type Lipschitz sur les champs de vecteur b,07 et 907, pour j € {1,...,d}, nous montrons,

12
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dans le chapitre 2, une convergence forte d’ordre 1/2. Nous nous sommes ensuite intéressés a
la convergence en loi stable de l’erreur renormalisée définie par VN = /N (X - XN Vv”). La
notion de convergence en loi stable a été introduite par Rényi [50] et développée par Jacod [30]
puis Jacod et Protter [31] et s’applique a 'erreur renormalisée du schéma d’Euler dans [35] et &
celle du schéma de Milstein [55]. Sous des hypothéses de régularité qui seront précisées dans le

chapitre 3, nous avons montré la convergence en loi stable suivante:

stabl
yN =Yy
N—+400

ou V est 'unique solution de ’équation différentielle stochastique affine

V= \fzz/ afam X,) dBI™ + /(% Vds+z/aaﬂ ) VedW,

j=1m=1

avec [07,0™] le crochet de Lie entre les champs de vecteurs o7 et ™ défini par
[O'j, O'm} = 9o™Ma) — dol o™

et (Bt)y<;<p €st un mouvement brownien de dimension d(d—1)/2 indépendant de W. Ce résultat
permet a’ane part de s’assurer que l'ordre de convergence 1/2 est optimal. D’autre part, il peut
étre vu comme une premiere étape en vue de prouver un théoreme de la limite centrale pour les
estimateurs Monte-Carlo multi-pas. Pour cela, il faut analyser 'erreur en loi stable du schéma
entre deux niveaux de discrétisation successifs. Ben Alaya et Kebaier [10] ont prouvé un tel
résultat pour le schéma d’Euler. D’une part, on remarque que le processus limite V' ne dépend
pas de la suite 1. D’autre part, lorsque les champs de vecteur brownien commutent, le processus
V est nul. Cela suggere que dans ce cas, 'ordre de convergence est strictement supérieur a 1/2.
Cela nous a conduits & analyser ’erreur forte dans le cas commutatif.

Lorsque les champs de vecteurs browniens commutent, l'intégration de ces champs ne dépend

pas de l'ordre choisi. Le schéma se réécrit de la fagon suivante

h h
Xt]ZXl = exp (200> exp (AWiHod) . exp (AWthrl ) exp <2 ) XgZV

Nous montrons, dans le chapitre 3, que dans ce cas ’erreur forte est d’ordre 1. Dans le chapitre
4, nous nous intéressons ensuite a la convergence en loi stable de I'erreur renormalisée définie par

UN =N (X - XN V). Nous démontrons la convergence suivante

stabl
uN = U
N——+oo

)

ou V est I'unique solution de ’équation différentielle stochastique affine
T -t 0 j J I J
m;/() [0°,.07] (X.) dB] +/8b Uds+Z/8a UL WY,

avec (Bt) oepeq U2 mouvement brownien de dimension d indépendant de W. Lorsque tous les

champs de vecteur o/, pour j € {0,...,d}, commutent, le processus limite U est nul. Notre

13
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résultat n’est pas surprenant puisque dans ce cas le schéma de Ninomiya et Victoir est exact [17]
[18].

1.2.2 Application aux méthodes de Monte-Carlo multi-pas

Dans le chapitre 2, nous combinons I'idée de Debrabant et Rossler avec celle de Giles et Szpruch.
Nous construisons un estimateur utilisant le couplage antithétique de Giles et Szpruch pour les
niveaux de discrétisation [ € {0,...L — 1} et le schéma de Ninomiya et Victoir au niveau de
discrétisation le plus fin L. Nous espérons ainsi profiter de l'erreur faible d’ordre 2 du schéma de
Ninomiya et Victoir et ainsi diminuer le nombre de niveaux de discrétisation et donc le temps
de calcul. Pour conserver la complexité O (6_2), nous couplons a l’ordre fort 1 les schémas de
Ninomiya et Victoir et celui de Giles et Szpruch. En considérant XNV = % (X NV XN Vﬁ”),

nous montrons, dans le chapitre 2, le couplage a ’ordre fort 1 suivant

< CNV B2P.

_ 2p
3ChY e R% YN e N*, E [Og}ix]v | %o - x55|

Ainsi, en considérant, pour [ € N*,

Zis—nv = i(f (Xéw’zl’") + f( XV ’*’7) + f( Y NV2! ,n) 4 f( V2! n))
- f (quszl_l) )

ott XNV et XNVi=n sont les versions antithétiques obtenues & 'aide du méme schéma que pour
XNV et XNVi=1 respectivement, mais en transposant les paires d’accroissements browniens
successifs, nous conservons un ordre 3 = 2 de convergence de la variance de Z&5~NV: De méme

pour

Zﬁwzi<f(XNV2’”>+f( NV2 —n)+f( NVQ’")Jrf( sz —n))

() (),

pour | € N*. Cela permet d’envisager la construction de nouveaux estimateurs Monte-Carlo

multi-pas réalisant la complexité O (e72).

e L’estimateur Monte-Carlo multi-pas utilisant le couplage antithétique de Giles et Szpruch
pour les niveaux de discrétisation [ € {1,...L — 1} et un couplage entre le schéma de Giles

et Szpruch et le schéma de Ninomiya et Victoir au niveau de discrétisation le plus fin L est

défini par
YOS—NV _ o 7l ik
MINC = D M, Z GS A Z GS—NV>
1=0

ol la variable aléatoire Z&5! est définie par (1.1.6), pour [ € {1,...,L}, et

Zgs = f (qusg) :

14



1.2 Schéma de Ninomiya et Victoir

e L’estimateur Monte-Carlo multi-pas utilisant le couplage antithétique de Ninomiya et

Victoir pour tous les niveaux de discrétisation | € {1,... L} est défini par
L1 &
Viltae =22 37 22 28
M

ot Z%, est définie par
Zv = f (Xé\[w) -

o L’estimateur Monte-Carlo multi-pas combiné a I'extrapolation de Romberg (méthode de
Lemaire et Pages) utilisant le couplage antithétique de Ninomiya et Victoir pour tous les

niveaux de discrétisation [ € {0, ... L} est défini par

%%
ML2R Z lzzgx’fkv-

Pour utiliser ce dernier, encore faut-il disposer d’un développement de I'erreur faible du type
(1.1.5). Citons les récents travaux de Fujiwara [20] ainsi que Oshima, Teichmann, et Veluscek
[45] qui vont dans ce sens.

En pratique, pour réaliser la complexité O (6_2), il faut que les parametres des méthodes de
Monte-Carlo multi-pas, L et (M;)y<;<p,, soient optimaux. Nous présentons dans le chapitre 2,
une procédure numérique pour le calcul de ces parametres. Nous illustrons nos résultats sur des
équations différentielles de dimension 2, dirigées par un mouvement brownien bidimensionnel.
Nous analysons également le temps de calcul par niveau de discrétisation [ € {0,..., L}, noté 7.

Plus précisément, 7; correspond au temps de calcul de la quantité

Z,
Ml*kz:l k

ou M;" € N* est le nombre de tirages optimal associé au niveau de discrétisation /. Nous montrons

que pour [ € {1,...,L},
7 oc 27U B-1)/2

pour les estimateurs Yurme. Ainsi, nous montrons que l'introduction du couplage, entre le
schéma de Giles et Szpruch et le schéma de Ninomiya et Victoir, au niveau de discrétisation
le plus fin, est d’autant plus efficace que 3 est petit. En particulier, I'utilisation du schéma de
Ninomiya et Victoir dans une méthode de Monte-Carlo multi-pas s’avere étre tres efficace pour
une certaine classe de fonctions f non réguliéres, trés largement utilisée en finance, pour laquelle

7G5 ZNV et ZGS=NV ont un ordre § = 3/2. Nous signalons également que les

les variables
techniques de réduction de variance du premier niveau [ = 0 rendent les estimateurs }A/M Lyc plus
performants. En effet, lorsque 8 > 1, le temps de calcul global de la méthode de Monte-Carlo
multi-pas se concentre principalement sur le niveau [ = 0. Réduire la variance sur ce niveau de
discrétisation permet de diminuer le nombre de tirages Mj € N* et ainsi diminuer le temps de
calcul de la méthode.

La simulation du schéma de Ninomiya et Victoir repose sur la résolution de (d + 1) équations
différentielles ordinaires sur chaque pas de temps de discrétisation. Il n’est pas rare que ces

équations n’admettent pas de solution explicite. Le chapitre 5 de cette these est consacré a cette
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problématique. Pour conserver l'ordre faible o = 2, Ninomiya et Ninomiya [43] ont montré qu'il
suffit d’utiliser un schéma numérique ou ’erreur de troncature est d’ordre 3 pour I’équation
différentielle ordinaire portant sur le champ de vecteurs o et un schéma numérique ou l’erreur
de troncature est d’ordre 6 pour I’équation différentielle ordinaire portant sur les champs de
vecteurs browniens o/, pour j € {1,...,d}. Plus précisément, l’erreur de troncature d’ordre
m € R% d’une approximation, notée V (¢,y), de I'’équation différentielle ordinaire (1.2) est définie
par
llexp (tV)y — W (¢, y)l] < c (1 + [|yl]) [¢[™

ou la constante ¢ € R’ ne dépend ni de l'instant ¢ € R, ni de la condition initiale y € R™. Nous
montrons que cela suffit pour conserver un couplage a ’ordre fort 1, entre le schéma de Ninomiya
et Victoir XNV et son approximation numérique XNV On peut ainsi remplacer le schéma
de Ninomiya et Victoir par son approximation numérique dans les estimateurs Monte-Carlo

multi-pas tout en conservant la complexité O (e2)

La these que je présente s’organise de la facon suivante. Le deuxieme chapitre traite des
propriétés de convergence forte du schéma de Ninomiya et Victoir et de 'utilisation de ce schéma
dans une méthode de Monte-Carlo multi-pas. Ce chapitre correspond a un article écrit avec mes
directeurs de these Emmanuelle Clément et Benjamin Jourdain. Il a été publié dans la revue
Monte Carlo Methods and Applications. Dans le troisieme chapitre, nous nous intéressons a la
convergence en loi du processus d’erreur renormalisé dans le cas général, ainsi qu’a la vitesse
de convergence dans le cas commutatif, c’est-a-dire lorsque les champs de vecteurs browniens
commutent. Ce chapitre correspond & un article écrit avec mes directeurs de these. Il a été soumis
pour publication. Le quatriéme chapitre est consarcé a 1’étude du processus d’erreur renormalisé
dans le cas commutatif. Ce chapitre a fait ’objet d’une prépublication. Enfin, le dernier chapitre
traite de I'utilisation de schémas numériques pour les EDOs dans I'implémentation du schéma de

Ninomiya et Victoir.
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Chapter 2

Ninomiya-Victoir scheme: strong
convergence, antithetic version and

application to multilevel estimators

This chapter corresponds to an article written with Emmanuelle Clément and Benjamin Jourdain
[1]. It has been published in the journal Monte Carlo Methods and Applications.

Abstract. In this paper, we are interested in the strong convergence properties of the
Ninomiya-Victoir scheme which is known to exhibit weak convergence with order 2. We prove
strong convergence with order 1/2. This study is aimed at analysing the use of this scheme either
at each level or only at the finest level of a multilevel Monte Carlo estimator: indeed, the variance
of a multilevel Monte Carlo estimator is related to the strong error between the two schemes used
on the coarse and fine grids at each level. Recently, Giles and Szpruch proposed in [23] a scheme
permitting to construct a multilevel Monte Carlo estimator achieving the optimal complexity
@) (6_2) for the precision €. In the same spirit, we propose a modified Ninomiya-Victoir scheme,
which may be strongly coupled with order 1 to the Giles-Szpruch scheme at the finest level of a
multilevel Monte Carlo estimator. Numerical experiments show that this choice improves the
efficiency, since the order 2 of weak convergence of the Ninomiya-Victoir scheme permits to

reduce the number of discretization levels.

2.1 Introduction

This paper is dedicated to the computation of Y = E[f (X7)], where f : R" — R is a payoff
function and X7 is the solution, at time T" € R* | to a multi-dimensional stochastic differential
equation of the form
d . .
dX; =b(Xy)dt + > 0’ (X)dW}, t €[0,T]
j=1 (2.1.1)

X(]:.%'.
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Here, x € R™ is the initial condition, W = (Wl, cee Wd) is a d—dimensional standard Brownian
motion, b: R® — R” is the drift coefficient and 07 : R* — R",j € {1,...,d}, are the diffusion
coefficients.

The standard Monte Carlo method consists in estimating E [f (X7)] by discretizing the
stochastic differential equation with N € N* steps and approximating the expectation using

M € N* independent path simulations. To be clear, the crude Monte Carlo estimator is given by

5 1 I N,k
YCMC:MkZ::lf(XT’ ),

where X™V'F are independent copies of a numerical scheme XV with time step 7'/N. Under some
regularity assumptions on the coefficients of the SDE and for a smooth payoff, it is well known
that to ensure a root mean-square-error €, the computational cost of this method is O (e_(2+i)),
where « is the order of weak convergence of the numerical scheme (see theorem 1 in [19]). In
[44], Ninomiya and Victoir proposed a numerical scheme, achieving o = 2, which reduces the
computational complexity compared to the Euler scheme, for which @ = 1. In the optimal
complexity O (e_(2+é)), the term 1/« is due to the bias E[f (X7)] — E {f <XJTV)}

To remove this term, Giles introduced in [22] a multilevel Monte Carlo estimator permitting

telescopic cancellation of the bias. The multilevel Monte Carlo estimator is built as follows

¥ 27 () - X 3 () - (x4)),

where L € N* is the last and finest level of discretization with time-step T/2L, (M;)y<;<; €
(N*)E1 is the vector of sample sizes at each level. Moreover, for all | € {1,...,L}, the two
numerical schemes X%l’l and X%lil’l are simulated with the same Brownian motion. For each
discretization level [ € {0,..., L}, M; independent and identically distributed path simulations
independent from the other levels are used. The optimal complexity of this method is driven by
the order 3 of convergence to zero of the variance V ( f (X%l’l) —f (X%lil’l)), which is related
to the strong convergence order v of the scheme. For a Lipschitz payoff f, using the strong
convergence properties of the scheme in the estimation of the variance, one gets 8 > 2~. For
B > 1, the optimal complexity is O (6_2>. This complexity is the same as in a simple Monte
Carlo method with independent and identically distributed unbiased random variables. The
condition § > 1 is satisfied by the Milstein scheme for which v = 1. Unfortunately, to simulate
the Milstein scheme, one needs, in general, to simulate Lévy areas for which there is no known
efficient method when the dimension of the Brownian motion d is larger than 2. Unless the
diffusion coefficients ¢/,j € {1,...,d}, are constant, the strong order of the Euler scheme is
~ = 1/2, which leads to § = 1 and to the optimal complexity O (62 (log (%))2

Recently, two approaches have been developed to improve the case v = 1/2. In [23], Giles and
Szpruch introduced a modified Milstein scheme, with the Lévy areas set to zero, and its antithetic
version based on the swapping of each successive pair of Brownian increments in the scheme.
Regarding the multilevel Monte Carlo estimator, at each discretization level [ € {1,..., L}, on

the finest grid, instead of using a simple scheme, Giles and Szpruch employed the arithmetic
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average of the scheme and its antithetic version as follows

Mo

Taraie = Z (x 10’f)+z Z( (s (X%l”’k)+f(x%l’l’k))—f(X%l_l’l”“)>,

— lkl

where X2 denotes the antithetic version of the Giles-Szpruch scheme with time-step 7'/2!. Under
some regularity assumptions on the coefficients of the SDE and for a smooth payoff, Giles and
Szpruch showed that despites v is equal to 1/2, § is equal to 2 which leads to an optimal
complexity O (6*2). The second approach called multilevel Richardson-Romberg method and
investigated by Lemaire and Pages in [38], fully takes advantage of the existence of a weak
error expansion while keeping the multilevel Monte Carlo estimator properties. The multilevel
Richardson-Romberg estimator is a weighted version of the multilevel Monte Carlo method
which integrates the multi-step Richardson-Romberg extrapolation developed by Pages in [46].
Lemaire and Pages obtained an optimal complexity O (6_2 log (%)) when 8 = 1 which improves
the standard multilevel Monte Carlo method. When 3 > 1, the optimal complexity O (e72) is
preserved.

In this paper, we propose to use the Ninomiya-Victoir scheme, which is known to exhibit
weak convergence with order 2, on the finest grid at the last level L of a multilevel Monte Carlo
estimator. This idea is inspired by Debrabant and Réssler [16] who suggest to use a scheme with
high order of weak convergence on the finest grid at the finest level L of the multilevel Monte
Carlo method. By this way, Debrabant and Réssler reduce the constant in the computational
complexity by decreasing the number of discretization levels. In section 2, to derive the strong
convergence order of the Ninomiya-Victoir scheme, we provide a suitable interpolation between
time grid points. Then we prove strong convergence with order v = 1/2 under some regularity
assumptions on the coefficients of the SDE. In section 3, we propose a modified Ninomiya-Victoir
scheme, which may be strongly coupled with order 1 to the Giles-Szpruch scheme. This result
allows us to derive an antithetic version of the Ninomiya-Victoir scheme and combine the ideas of
Giles-Szpruch and Debrabant-Rossler by building the multilevel Monte Carlo estimator with the
Giles-Szpruch scheme from level 0 to level L — 1 and the coupling between the Ninomiya-Victoir
scheme and the Giles-Szpruch scheme at the last level L. The efficiency of this estimator is
confirmed in section 4, where we present and comment, in details, numerical experiments carried
out on the Clark-Cameron SDE and Heston SDE as in [23].

2.2 Strong convergence of the Ninomiya-Victoir scheme

We begin this section by introducing some notations which will be used throughout this paper.
To discretize (2.1.1) we consider a uniform grid with time step h = T'/N where N € N* and we

denote:
o (tk = kh)o<p<n is the subdivision of [0, 7] with equal time step h,

o 7, is the last time discretization before s € [0,7T], ie 75 = t; if s € (tg,tx41], and for
s =1ty =0, we set 79 =19 =0,

o Ty is the first time discretization after s € [0,7], ie 75 = tg41 if s € (tk,tg41], and for
s =ty =0, we set 79 =ty =0,
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o forall j€{1,...,d}, for all s € (tg,tpi1], AWI = WJ — ng,
o forall s € (tg,txr1], As=s—tg,

e 7= (M,...,nn) is a sequence of independent, identically distributed Rademacher random

variables independent of W,
e by a slight abuse of notation, we set 15 = g1 if s € (g, txr1],
o for all x € Ry, [z] is the unique n € N satisfying n — 1 <z < n,

o forall x € Ry, |z] is the unique n € N satisfying n <z <n + 1.

Let V : R — R" be Lipschitz continuous and consider the ordinary differential equation in R™:

dz(t)

=V (z(t
dt (=() (2.2.1)
z(0) = xo.
The solution of (2.2.1) at time ¢, ¢ € R is denoted by
x(t) = exp(tV)zo,
and the integral form of (2.2.1) is given by
t ¢
z(t) = exp(tV)zo = x9 +/ V(x(s))ds =z + / V (exp(sV')zo) ds.
0 0
We recall that in (2.1.1), each coordinate i € {1,...,n} evolves according to the following

stochastic differential equation

d
dX{ = b (Xp)dt + > 0" (X;)dWy.

=1

Then, assuming C' regularity for the diffusion coefficients, one can write (2.1.1) in Stratonovich

form .
dX, = o"(Xy)dt + > 07 (Xy) o dWY
= (2.2.2)
X ==,
where 00 = b — = Z 00’07 and 0o’ is the Jacobian matrix of ¢/ defined as follows
j=1

dol = (8 Uij) .
Tk 1<i,k<n

Now, we present the Ninomiya-Victoir scheme introduced in [44].
 Starting point: XtJZV’" = 7.
e Forke{0...,N—1}:
lf ﬁk+1 = 1,
NV, h d _d h NV,
th_H” = exp <200> exp (AWtkHU ) ...exp (AWtIkHO’I) exp (20—0) X, ", (2.2.3)
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2.2 Strong convergence of the Ninomiya-Victoir scheme

and if ngy1 = —1,
XV = 50 AW ot AW 1o)XV (294
tr = XP (50 exp( i ) exp( el © )exp 50 e (224)

The Stratonovich form is preferred when we use the Ninomiya-Victoir scheme since the vector
field ¢, which corresponds to the Stratonovich drift appears in the definition of the scheme.

Moreover, using [t6’s formula, one has: for all t,s € Ry, s <,
. . t ) . .
exp ((Wt’ - Wg) v) y=y +/ 1% (exp ((Wg - Wg) V) y) o dWi.
Then, rewriting (2.2.3) and (2.2.4), one obtains

R (X37) 0w + t“;( (X07) 40 (XH10)) ds, (22.5)

ty

NV, NV,
thﬂn th T Z/
where, for s € (tg, tg11],

_ As _
0,7 _ 0 NV, 1,
X2 = exp < 50 ) (th =1y +thzl]1{nk+1=—1}) ;
for s € (tk,tk+1], Jj e {1, e ,d},
PR . . ]‘7 s
X" = exp <AW:970-]) (Xj n]l{mcﬂ 13+ tk+1n]]'{77k+1 —1}> (2.2.6)

tr41

for s € (tk‘7tk+1]7

= As
d+1m __ 0
A = exp (20 ) (th+1]]'{"7k+1_1} + th n]l{nk+1——1})

tk ! Xtcf:fl’" XtJZV’n, one gets an expression similar to (2.2.6) for j € {0,d + 1}

and s € (tg, tg+1]

Denoting X,

i As 1, i+,
X" = exp ( 2 ) (Xt]k+ln]l{77k+1:1} + thk+ln]l{"7k+1:_l}> :

Then, one can observe that the Ninomiya-Victoir scheme is obtained by replacing the exact
solution X by one of the intermediate processes X7 in the Stratonovich formulation (2.2.2) of
the SDE (2.1.1).

Remark 2.2.1 The stochastic processes (Xg’”)0<t<T, for j€{l,...d+ 1}, are not adapted to
the natural filtration Fy = o (Ws, s < t) of the Brownian motion. To get around this problem, we

work with the following filtration
fg =0 (n,WSj,s < t) \/ (\/U(Wsk,s < T)) .
k#j

Then, for j € {1,...,d}, by independence, W7 is an FJ Brownian motion, and X" is adapted
to the filtration F7. This ensures that each stochastic integral is well defined.
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In order to study the strong convergence, we have to build an interpolated scheme. Let

NVpn : ~
(Xt )()gth be the following Itd process

dx NV = Zaj (XP™) 0 dWi + ; (o (XP7) + 0® (XH17) ) at

7j=1
Xév Vi — g
Using (2.2.5) and forward induction, one can show that (X an)0<t<T is an interpolation of the
Ninomiya-Victoir scheme (XtN V’”) . The Itd6 decomposition of (XtN V’") is given by
k 0<k<N 0<t<T

ax NV = le oI (XIM)aW] + = leaaﬂaﬂ (x77) dt+ 5 (UO (X27) +0° (X717 ) dt
X(])VVn = .

(2.2.7)

Remark 2.2.2 A natural and adapted interpolation for this scheme could be

A At
hnt ( ! AWt’ an> )

Tt

where
h_1(to,...,tgr1;x) = exp (t000> exp (tlal) ...exp (tdad) exp (td+100) T,

and
hi (to,...,tqr1;x) = exp (t000> exp (tdad) ...exp (tlal) exp (td_HO'O) T.

In both cases AW, = (AVV,}7 e AWtd). In order to obtain the It6 decomposition of XNV, we
have to apply the Ito formula. To do so, we have to compute the derivatives of hy. In the general
case, the computation of derivatives of this function is quite complicated. That is why we will not

focus on this interpolation.

2.2.1 Strong convergence

We recall that for all j € {1,...,d}, 0/ € C' (R",R"), and we assume that the vector fields o,

o’ and dolal, for all j € {1,...,d}, are Lipschitz continuous. Obviously, b is also Lipschitz
d

continuous, since b = ¢° + 5 Z dolol. Let L € R* denote their common Lipschitz constant:
j=1
Hoj(a:) — aj(y)H < L|x—y|, forall j €{0,...,d} and all z,y € R",

Haajaj(x) — BUjaj(y)H < L|x—y|, forall j € {1,...,d} and all z,y € R",
where the Euclidean norm is denoted by ||.||.

Theorem 2.2.3 Let p € [1,400). Under the previous Lipschitz assumption, there exists a
deterministic constant Cyy € R’ such that for all N € N*,

2
B sup [ X = X
t<T

< Cnv (1+ |l]) b7
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Of course, this result implies that for all N € N*,

2p
E [Sup th = XMV < Oy (1 [l2]P) B2
t<T
Obviously, (X NV and h depend on N, but in order to keep the notations simple, the
t 0<t<T

dependence on N is not made explicit. The following proposition will be used to prove the

theorem.

Proposition 2.2.4 Let p > 1 and let Y = (Y})Ogtgh be the solution of the following n-

dimensional SDE, driven by a d-dimensional Brownian motion, on the time interval [0, h]:

dYs = a(Yy)ds + B(Ys)dWy
Yo independent of (Wi),cio ) such that E {HYOHQP} < 400.

Assume that o and 3 are Lipschitz continuous functions, then there exists a constant Cop € R’
such that for all t,s € [0,h],s < t,

E |1+ Vi <E |1+ [[¥0]*) exp (Coh), (2.2.8)
E[|[Y: - YalP?] < Co (1+E [Ivol™]) (¢ - s, (2.2.9)

and if B =0, we have a better result:
E (I - Ya[I*] < Co (1+E [I0]™]) ¢ — 5)*. (2.2.10)

The constant Cy only depends on ||a(0)]], ||5(0)||, T, p, and the Lipschitz constants of the functions
o and .

All these results are well known (see [51] for example).

2.2.2 Intermediate results

By using the previous proposition, one can show that the scheme has uniformly bounded moments.

Lemma 2.2.5 For all p > 1, there exists a constant C1 € R such that for allt € [0,T], N € N*
and all j € {0,...,d+ 1},

2p

E |1+ X7

n| < exp(Ci7t) (1 + HxHQp) )

Proof : Let p > 1 and t € [0,7]. Then there exists an integer k € {0,..., N — 1} such that

ty <t <tgqq. For j =0, (XS:")MNM is the solution of the following ODE

1
dZs = ioo(ZS)ds

_ v NVn v 1n
Zty, = th ]l{ﬂk+1:1} + th+1]l{77k+1=—1}‘

23



Ninomiya-Victoir scheme: strong convergence, antithetic version and application
to multilevel estimators

The independence between 7 and W combined with (2.2.8) ensures that:

=0, 2p NV, S, 2p 1
Ell+ HXt 77H n| <Ej1+ Hth U]I{Wkﬂzl} + thj—lﬂ{nk-‘rl:_l}H 77] exp (200h>
NV,n||2P
= (1{nk+11}E [1 + | x5 M (2.2.11)
vl ||?P 1
L= E |1+ X077 0] ) exp (5C0R) -
Similarly, for 1 < j < d: (X?”)t et is the solution of the following SDE:
k<S$<lkt1

1 .. . .
AZs = 500707 (Z;) ds + o7 (Z,)dW}

Zy, = Xj_lm]l{nkH:l} + Xj+17n]l{77k+1=*1}‘

tet1 tet1

2p
n

1+ HX]"HJ?

te+1

Using the same argument, one gets

B I

1+ || X7 1 || X

tet+1

Ui

< <ﬂ{ﬁk+1:1}E

2p
+ L=y E |

77] ) exp (Coh) .

Obviously, for j = d + 1, one has a similar result

2p 2p

E

1+ || X7

1+ | X5

tet+1

77] = <ﬂ{nk+1:1}E
(2.2.12)

T 1 ,=—nE H2p

N

123

e (i)

The global Lipschitz constant L is the same for all vector fields, therefore, the same constant
Cp is involved in the three inequalities. In both ODEs, the vector field ¢° is multiplied by 1/2,
it is equivalent to integrate the equation until h/2 and simply remove the multiplicative factor
1/2. That is why one gets a factor 1/2 in both inequalities (2.2.11) and (2.2.12). Since for all
ke {0,...,N},

Xt]ZV’n = ]l{ﬂk=1}XZc+l7n + ]l{flk=*1}Xt01;n’

one can use forward induction on k combined with forward induction (respectively backward) on

j€{0,...,d+ 1} if ngy1 = 1 (respectively ng+1 = —1) to get

E

L

< exp (Crtesn) (1 +|2]7)

where C; = (d + 1) Cy. [

The following lemma is a direct application of Proposition 2.2.4, together with Lemma 2.2.5.
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Lemma 2.2.6 For all p > 1, there exists a constant Cy € R such that for allt € [0,T], N € N*,
and all j € {1,...,d},

Tt

. [HX?’" - XMy - X[

77] < Gy (1+ [l2)) 7,
and for all j € {0,d + 1},

o (LT S

n] < Gy (1+ |la)*) b7,

X;lt+2,n — xNVn

- |
where by convention X. " =
t Tt

Proof : Let p>1,t€[0,7] and j € {1,...,d}. Thanks to (2.2.9) in Proposition 2.2.4 we have

|

T T L

< Co (1 FE | % gy = X M| UD .
Since
L+ E |7 gy = X ey [ 77] — oy (14 | X 77]
g nyE |1+ X7 n] ,

combining this estimation with lemma 2.2.5 we get

Ef < Coexp(Ci7) (1+ [[2]*) b < Coexp(CrT) (1+ [|2]**) h.
Applying a similar argument, using (2.2.10) from Proposition 2.2.4, we get the same result for
X071 and X9+, We conclude by setting Cy = Cyexp (C1T). [ |

The following lemma deals with the estimation of the difference between the scheme XNV and
the intermediate process X7 for j € {0,...,d+1}.

Lemma 2.2.7 For all p > 1, there exists a constant C3 € R such that for allt € [0,T], N € N*
and all j €{0,...,d+ 1},

< Oy (1+ 2] 7.

5 [ngm X

Proof : Let p>1,t€[0,7] and j € {1,...,d + 1}. Using telescopic summation and convexity
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inequality, we get
HXIZW B ngmHQP <(d+ 2)2p71 ( HXg,n _ X;t_l’n]l{mzl} — X;:_lﬁ]l{nt:fl}}Fp
SRSy - 2 )

nem<ngj

Taking the conditional expectation, and using Lemma 2.2.6, we obtain
= 2p _
E [HX?’” - )V H <(@d+2)7 7 (d+277) Oy (1+ o) 17 = Cy (1 + [l2]*) 7,

with C3 = (d 4 2)* 71 (d + 2T7) Cs. |

2.2.3 Proof of the strong convergence

Proof : Let p € [1,+00), t € [0,T] and s € [0,¢]. Subtracting (2.2.7) from (2.1.1), we can

evaluate the difference between the exact solution and the scheme

X, — XNV — % </08 (UO(XU) _ 40 (XSW)) s /Ot (aO(Xu) —o° (Xgﬂ,n)) du)
d

+]Zl /0 (Uj(Xu) - oj()’q'm)) AW
4 % i /OS (803'0]' (X,) — 0olo? (ij")) du.

Jj=1

Using a convexity inequality and taking the conditional expectation of the supremum, we get

E [sup HXS — x NV

I
s<t

D d 1 d+1
n} < (2(d+1))* ! (Z Ej+ 55 > Ij> : (2.2.13)
j=0

j=1
]
i

where
2p
Ip=E lsup

s<t

/0 (UO(XU) — oY (XS’")) du

| (") = o (X))

2p

Ig11 =E |sup
s<t

and for j € {1,...,d},

s . L. ||2P
Ej=E [Sup / (UJ(XU) - JJ(X&’”)) w3 77] ;
s<t 0
s o L 2p
I; =E |sup / (80303 (Xy) — da’a? (Xfﬂ)) dull |n|.
s<t 0
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2.2 Strong convergence of the Ninomiya-Victoir scheme

Let us focus on E; and I, for j € {1,...,d}. The independence between W and 7 permits to
apply the Burkholder-Davis-Gundy inequality to obtain

< KTP71 /
0

Ui

E;<KE [(/Ot o7 (x) - aj(f(i’")HQ du)p n] du,

s - o]

where K is the constant that appears in the Burkholder-Davis-Gundy inequality. By the Lipschitz

assumption

E; < KTP-'L% /OtIE U\Xu - x|

77] du. (2.2.14)

Applying a convexity inequality, we obtain

21 3 . L 2p
I <T* / E H@aﬂg] (Xs) — 0o’ a? (ng")H n| ds.
0
Again, by the Lipschitz assumption, we also get
2172 [ il
L <T*'L /0 E HXu — X H n| du. (2.2.15)

Using the same approach, we get a similar result for Iy and I;,1. Combining (2.2.14) and (2.2.15),
together with (2.2.13), we obtain

d+1

2 a0 <037 [ e
=0

s<t

77] du, (2.2.16)

where o = (2(d + 1) L2 (KT?~! + 1221 ). Now, we look at || X, — X747

22p

’, for u € [0,¢]. Let
j€{0,...,d+ 1} and u € [0,t]. Introducing the solution X and the Ninomiya-Victoir scheme

i

XNV at time 7, and using a convexity inequality we get

I

E |- 4 e

2
' ‘n <3¥lE [HXU - Xs,
Then, using the estimation (2.2.9) from Proposition 2.2.4

2p

< Co (14 o™ (w— 7 < Co (1+ ] 1,

E lHXu = Xa 17

and from Lemma 2.2.7

E[HW_ vl < oy (14 ) v
Moreover
e [l ] < 2 32  ]
v<u
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We finally get

2p
NVn
- xv

© s . - x2rv | -t (14 felP?) 1o

s<t

o < [ & ],

B=3""1(d+2)

where

and
v =BT (Co+C3).

Before applying Gronwall’s lemma, let us remark, by estimates (2.2.16) and (2.2.8) and Lemma

2
2.2.5, that E |sup HXS - X;VV’"H p] is finite. Thanks to Gronwall’s lemma, we conclude that
s<t

2
B sup [ X = X[
t<T

< exp (BT)y (1 + [Ja|) 0¥

We conclude this section with a lemma which will be useful for the next section.

Lemma 2.2.8 Let F € C% (R",R") and assume that its first and second order derivatives have a
polynomial growth. Under the assumptions of Theorem 2.2.3 we have the following result. For all
p € [1,+00) there exists a constant Cy € R% such that for all N € N* and all j € {0,...,d+ 1},

' X NV 2p
/()F(X;)—F(X%S ) ds

< C4h2p.

Proof : Let j €{0,...,d+1},i€{l,...,n}, and ¢t € [0,T]. Using the integration by parts

formula

/ot (P (x37) = P (X2V)) du = /Ot (t A7~ s)d (FF(X47)
+/ > (tn =t d (R (X))

Nsm<1nsj

Then, using the chain rule for m € {0,d + 1}, we get
- 1 _ L
d(F(xm)) = 50° (xz7) . VF(X7) ds.
Applying 1t6’s formula for m € {1,...,d}, we obtain

d(F(xm)) = %aamam (xzm) . VF(XP) ds + o™ (X)W F (X) dw

+ %tT (o™ (™) (X57) V2! (X27) ) ds.

In both cases, combining a convexity inequality, the Burkholder-Davis-Gundy inequality, the

Holder inequality, the Lipschitz assumption on o™, dc™c¢™, for m € {0, ..., d}, the polynomial
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growth assumption for the first and second order derivatives of F', and t A 75 — s < h, for all

s € [0,7;], we get two constants v € R* and ¢ € N*, independent of N, such that

¢ NV 2p d+1 .7 B 2
E Sup/FZ(X ) Fl(X n)d n S’yh2pZ/ E 1—1—HX§7”’7H n| ds.
t<1 1Jo T m=0"0
We conclude by using Lemma 2.2.5 and taking the Euclidean norm. [ |
2.3 Coupling with Giles-Szpruch scheme
In [23], Giles and Szpruch proposed a modified Milstein scheme defined as follows
d
XEG% = XG4 b (XG5 (trar — 1) Z (X§5) AWy,
s . (2.3.1)
+ 9 Z do’o™ (th ) (AW?fjk+1AWtk+1 - ]l{j:m}h>
]m 1
ng =z

In comparison with the Milstein scheme, the terms involving the Lévy areas

tht1 . Tt .
/ AWIdW™ — / AW dW?
tg 173

have been removed. According to Lemma 4.2 in [23], the strong order of convergence is v = 1/2.

Lemma 2.3.1 Assume that b,07 € C*(R",R"), for all j € {1,...,d}, with bounded first and
second order derivatives, and that for all j,m € {1,...,d},0070™ Oa7c™ has bounded first order
derivatives. Then there exists a constant Cgs € R% such that for all N € N*

N

Giles and Szpruch also proposed an antithetic version of their scheme based on the swapping of

E [ max Hth — XtGkS < Cggh?.

ke{0,...,N}

each successive pair of the Brownian increments in the scheme. With regards to the multilevel

Monte Carlo estimator, Giles and Szpruch use the arithmetic average of the scheme (2.3.1) and

its antithetic version on the fine grids, at each level [ € {1,..., L} as follows
N 1 -
P o () 3 S (5 () s () - (7)),

The swapping of each successive pair of Brownian increments provides a strong convergence
of order 1 between the schemes used on the coarse and fine grids, and so Giles and Szpruch

obtained the convergence rate 5 = 2 of the variance

V(30 () 1 (534) -5 (6374)).
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when the payoff f is smooth. In this way, using this multilevel Monte Carlo estimator leads to the
computational complexity O (6*2) for the mean-square-root error €. To use the Ninomiya-Victoir
scheme either at each level or only at the finest level of a multilevel Monte Carlo estimator, we
study in this section the coupling between the Ninomiya-Victoir and Giles-Szpruch schemes.
To keep B = 2, we suggest comparing the Giles-Szpruch scheme with the following modified

Ninomiya-Victoir scheme
v _ L (V4 x V)
2

To be consistent with the interpolation of the Ninomiya-Victoir scheme, we define the interpolation

of the scheme between the grid points as follows

XG5 = x+/osb(xgj5) du—i—é/ﬂs o (ngs) AW/ +Z:/O dol gl (ng) AWI AW
L e - (2.3.2)
D /0 dolo™ (XES) AWZ AW,
jym=1
m#j

Theorem 2.3.2 Assume that b € C?> (R",R™) with bounded first and second order derivatives,
for all j € {1,...,d},07 € C3(R™,R") with bounded first and second order derivatives and
with polynomially growing third order derivatives, and that for all j,m € {1,...,d}, doia™ has
bounded first order derivatives. Then there exists a constant C € R’ such that for all N € N*,

e fup [ x5 o] < o

t<T

Proof : We denote by L the common Lipschitz constant of b, 0/ and do?a™, for j,m € {1,...,d}.
We also denote by M the global bound on first and second derivatives of b and o7, for j € {1,...,d}.
Let ¢t € [0,7] and s € [0,t]. Writing XV in integral form, we get

XNV — g 4 i /D ) % (o7 (X47) + o7 (X377)) W
j=1
+i[i@%qmqﬂwa@gmm

+/81 o0 Xo”7 + o0 (XS"”))du

—I—/O 2 0’0 X;erl’n) + oY (X'ZHL*")) du.

1 1 |
Then using §b — 4;30303 — 500 =0, we get
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1
2
5 () o () o (527 o ()
) % (8ajaj (Xi") Foledesd (XNVW) + 9ol g’ (X{Lf") — 9ol g? (X;_XV’_")) du
(O‘O ()_(0’77) — oY (ng’n) +o° (XS’_”) —a° (ng’ﬂv) du
(UO (Xdﬂ’”) — o (X;_ZV’") + o (XSH’*") — oY (X{VV’_")) du.

Tu

Subtracting (2.3.2) and using a convexity inequality, we obtain

_ 2p
E [sup HXé\W’77 D
s<t

]<32p Y+ 1) (ZI +Zd:E +(§R) (2.3.3)

j=1 7=0 7=0
where ,
o= | [ (5 (0 (x2)  (x27)) =0 (x2) o ).
Ry=E E?f [ (o (R87) o (x27) 400 (R070) o (x27)) ] n] |
Ry =E Elilt) /Osi (UO ()_(ffﬂ,n) — o0 (Xinn) Yo <X5+1,—77) _ 50 (ng’w)) o 2p 77] |

and for j € {1,..., d},

[3( () o (2 2 (5479 - (207

~ 007l (XG%) AW - % i: dolo™ (X§7) AWQ}) AW/

m#j

I;=E [sup
s<t

2p

)

=& | [ (7 (2070) o (x2970)) = (x5 ) o
s<t
el [ 3o (52) -0 (2

2
+ 0o o’ ()_(,Z’_") —9olo? (Xﬂf_zv””> )du ’

o]

Let us start with the estimation of E;, for j € {0,..., d}. We set for F* = b and F/ = o7 for

Step 1: estimation of Ej, for j € {0,..., d}.
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j€{1,...,d}. Combining the Burkholder-Davis-Gundy inequality and a convexity inequality,

we get

’21)

Tu

E; < max {77!, K771} /Ot E U‘; (P9 (X2V7) + F7(XEV7)) - BT (XE9)

77] du,

where K is the constant that appears in the Burkholder-Davis-Gundy inequality. For i €
{1,...,n}, denoting

Y, = % (9 (XYY + P9 (XYY - P (XSS,

Tu ~
and performing a second order Taylor series expansion, we obtain
Y, =F" (X;ZV’"> — F (ng)
+ % (X{VVm - ng,fnr <V2Fz‘j (g%u) + V2FU (5%)) (X{\W,n _ Xfuv’*”) ’

Tu Tu

where ¢! and ¢ are points between X 2]‘ Vi and X i\i Vi Then, we easily get

_ 2p _nl|l4p
IVl < an (2207 - xS v - x2V),

2
where a = 221 <L2p + (%) p). Thus

_ 2p
—

v<u

t
E; < oy max {TQP_l,KTp_l} (/ E [sup
0

17] du

A

o] ).
).

Introducing the solution X at time 7, and using a convexity inequality, we obtain

_nl|4p 4p
E lHX;_VV’" — X% Vi "H
u u

o <2 (s

_n||4P
o]+ e -
Thanks to Theorem 2.2.3, we deduce that

—n||4P
E [HX;W»" = x|
u u

n} <2%Cyy (14 [l2]*) B2

It follows that

— 2p
NV, GS
Xv T Xv H n

t
E; < B (/ E [sup du + h2p> , (2.3.4)
0 v<u
— 2p—1 -1 4 4p
where 1 = a; max {T*"~!, KT? }max{1,2pCNV (1—|—Hm|| )}

Step 2: estimation of R;, for j € {0,...,d}.

Turning to the estimation of R;, for j € {0,...,d}, from Lemma 2.2.8 we get a constant
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B2 € R* | such that
R; < Bah?P. (2.3.5)

Step 3: estimation of [;, for j € {1,...,d}.

It remains to estimate I;, for j € {1,...,d}. Using the Burkholder-Davis-Gundy and con-

vexity inequalities, we get

1< g (18 [of (537) < o2 (X3) 4 o0 (3577) - 0 (X277

m_.
m#j

n] ds.

Introducing
W= W

Wi — oI (Xg:n)_aa (XNVn) agjgﬂ( NV”)AWJ 3> doio™ ( NV”)AWm (2.3.6)

NuMm<1uj
and
@), = do’ol (X2V) AW] + 0070? (XNVTT) AW — 200707 (XG5) AW]
+ Z dola™ (X;ZV’”> AW + Z dola™ (ng’fn) AW
Num<nuj Num>nuj
d
— Z dolo™ (ng) AW,
mj
we obtain

2p

+ H@{L

I %KTP ! (/OtE “]\Ifi ” 77] du).

n],forje{l,...,d}.

Step 3.1: estimation of E [H\I/{LHQP

Applying It6’s formula in Equation (2.3.6) to compute o/ (X J 77) — ol (X i\f V") , we get
T = /u <8Uj0j (X&”) — ol g’ (ng’n>) dwi

. / (0090 (X701) — oo™ (X2V7) ) awry

num<7]u]

s 1
+,/ QFId o (le}m> dv + - / QFIm m(an)d
2 Jz, 2
NuMm<1yJ
where F/™ = doJo™, for j,m € {1,...,d}. Note that the term
1 u Jj,m _m [ ym,m
3 Z OF7™g (Xv ’ )dv

Num<nyj "~ T
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is equal to the sum of the drift contribution and the Ité correction due to the dynamics of X",

The assumptions on ¢/ and Lemma 2.2.5, ensure that
o forall j,m € {1,...,d},0070™ is Lipschitz continuous.
o forall j,me{l,...,d},0F g™ (Xf?") has uniformly bounded moments.

Using Lemma 2.2.7, the Burkholder-Davis-Gundy and a convexity inequalities, we obtain a

constant 3 € R* such that

< y3h?P.

e [

Obviously, we have the same inequality for W/,

Step 3.2: estimation of E [H@%HQP

n], for j € {1,...,d}.
By the Lipschitz assumption

. 2p
J
|2

2p < (d+ 1)2p—1 L2p<HX7{_ZV,77 - ng”% ‘AW&‘QP n "ng,—n o ngH% ‘AW&

DI SAlES PN ngvv—n_xgsu%,AWngfp).
Tum<Tu] NuM>Nyj
(2.3.7)

By independence

i a——

o s -

n} E || awg ]

2p

< 27'E || AW (] (E [HX;ZV’” - X,
1))

<2 E[|61] (Cv (1+ 2*) + Cas) h,

!

N

+E || X5, - x§°

Then, using Theorem 2.2.3 and Lemma 2.3.1, we get

N U\Xiiv’" - X Ay

where G is a normal random variable. Using the same approach, we get the same result for
the other terms on the right-hand side of (2.3.7). Thus, we deduce that there exists a constant
a3 € R such that

2p

E [Hcpg;

n] < azh?.
Combining our different inequalities, we obtain

I; < B3h?P, (2.3.8)
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1
where 83 = iKTp (ag + 22p73).
Step 4: conclusion.

Finally, by combining (2.3.4), (2.3.5), (2.3.8), together with (2.3.3), we complete the proof

using Gronwall’s lemma

_ 2
2 up 7 - 697} < o
t<T
where C'= 321 (d+ 1) (dB) + (d+ 1) + (A +2) fy) exp (321 (A + V> ' dpT). B

2.4 Multilevel methods for SDEs

In this section, we are interested in the computation, by Monte Carlo methods, of the expectation
Y =E[f (X7)], where X = (X})

and f: R™ — R a given function such that E [ f (XT)Q} is finite. We will focus on minimizing

tejo,) 18 the solution of the stochastic differential equation (2.1.1)

the computational complexity subject to a given target error €. To measure the accuracy of an

1

estimator Y, we will consider the root mean square error

RMSE (Yf, Y) —E> UY e

2.4.1 Multilevel Monte Carlo

The multilevel Monte Carlo method, introduced by Giles in [22], consists in combining multiple
levels of discretization, using a geometric sequence of time steps h; = T'/2! for example. Denoting
by X" a numerical scheme, with time step 7/, the main idea of this technique is to use the
following telescopic summation to control the bias
L
B (xF)] =E[f (xt)] + XE[r (xF) - £ (xF7)].
I=1

Then, a generalized multilevel Monte Carlo estimator is built as follows

. L1 M
Yiome = A > ZH,
1=0 "t p=1

where (Zl’k) are independent random variables such that for, a given discretization
0<I<L1<k<M,
level [ with I € {0, ..., L}, the sequence (Z ”“) is identically distributed and satisfies
1<k<M;
E|2°| =E|f(x1)]. (2.4.1)

and for all l € {1,...,L},

E|Z|=E[f(XF)-f(XF )] (2.4.2)
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Assume that, for a given discretization level [ € {0, ..., L}, the computational cost of simu-
lating one sample Z! is C\2!, where C' € R, is a constant, depending only on the discretization
scheme and \; € Q% is a weight, depending only on I. The computational complexity of Yvime,
denoted by Cprrarco, is given by

L
Crrme =C Y MN2.
=0

The natural choice for Z!,1 € {0,..., L} considered in [22] is
2° = f(x1),
and for all [ € {1,..., L},
Z'=f(XF) - F(Xx37).
For this canonical choice, it is natural to take \g = 1 and A\, = 3/2, for all I € {1,...,L}.
According to Theorem 3.1 in [22] the optimal complexity Cjy;; o, depends on the order a of

weak convergence of the scheme and the order § of convergence to 0 of the variance of Z'. Here,

we recall this complexity theorem.

Theorem 2.4.1 Assume that

ol . C1 1
E[r (x8)] - ¥ = g +0 (5 ). (2.4.3)
and .
l
V(2') = 55 +o <2m> (2.4.4)
for some constants c; € R* and c3 € R independent of [. Then, by choosing
log, (\ﬂq')
L'=|———~=~], (2.4.5)
o

and for alll € {0,...,L*}

M = (2.4.6)

2 |v(zh)y & ——
2\ SNV
]:

we get an optimal computational complexity

Chrzme =0 (672) if B> 1,
Cyvrme =0 < ( <>>>if5=1,
CX/ILMc—O( B L) if B <1,

with RMSE (YM MO Y) bounded by e.

To obtain the estimation (2.4.4), the key point is that the simulation of X 2" and X2 comes

from the same Brownian path. We easily bound the variance convergence rate from above using

36



2.4 Multilevel methods for SDEs

the strong convergence rate ~ of the numerical scheme, since in general, 8 > 2+ for a smooth
payoff. To attain v = 1, one has, in general, to simulate iterated Brownian integrals involving
Lévy areas, for which there is no known efficient method. To get around this difficulty, Giles and
Szpruch introduced a Milstein scheme without Lévy areas and its antithetic version by swapping
the Brownian increments. In a multilevel Monte Carlo method, using the arithmetic average
of the modified Milstein scheme and its antithetic version in the finest grid, and the modified
Milstein scheme in the coarsest grid leads to 8 = 2. By this way, Giles and Szpruch managed to
improve the variance convergence rate without simulating the Lévy areas. To be precise, they

choose Z! as follows
Zos = f (X7, (2.4.7)

and for all l € {1,...,L}

Ziss = 3 (£ (RE5%) 4 5 (x§52)) -y (x§527). (248)

!
Here, X&52

is the Giles and Szpruch scheme defined by (2.3.1) using a grid with time step
h; = T/2' and X652 ig an antithetic discretization defined by swapping each successive pair
of Brownian increments in the scheme. To be more specific, we define two grids, a coarse grid
with time step h;_1 and a fine grid with time step h;. The discretization times (tk)0§k§2l—1 and

_ -1 _ 1
(tk%)ogwkl_l are defined by tx = khy_1, for all k € {0, 2 } Jand t 1 = (k + 5) i1,

-1 _ : GS2!—1 . . .
forall k € {O, vy 2 1}. Then, on the coarsest grid, (th+1 )099171 is defined inductively
by

GS2l-1
X, =z,
and

th+1 k+1

d
-1 -1 1—1 . 1—1 .
XG5 = XtGk’S’2 +b (XtC;‘SQ ) hi—1+ E o’ (XtC:S’2 ) AW
7=1

k+1

P13 e (G (AW AW i)

Jm=1

. . GS,2! . . .
where AW;}€+1 = Wy, ., —Wh,. Similarly, on the finest grid, (thJr’l2 >0§k§2l*1 is defined inductively
by
and

GS2'  _ GS2 GS,2! d i ((vGS2 J.f
X =X (th ) hy + j; o (th ) awpl,
d .
1 j GS,2! of f
+§j%::1 Oolo™ (th ) (AWﬁH%AWtz% — ]l{m:j}hl)

d . i
XGS»2Z _ XthS’21 + b XtG'S,Ql h,l + Z ol XtGSQl Aw.]:f
R et l : k+d
J=1 Tz

tet1 +1 1 trt1

d A

1 j GS2! J.f m, f

+§jn%::1 Oolag™ (th+% ) (AWtk+1AWtk+1 — ]l{m:j}hl) ,
7 o w/ f ; ; ‘o

where AWtH% = Wtk+% - Wy, AW =W . — Wtk%. The antithetic scheme is defined

by the same iterative equations, except that the Brownian increment AWtJ; , and AI/VtJ;€+1

2

are
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swapped
as,2! vGs.2! G52 ) o5z
th+1 = th +b (th ) + Z_: (th ) AWtk“
d
: -GS,
+% Z da’la™ (th 2) (AWth{lAWZZj ]l{m:j}hl)
Jm=1
ngfl XGSQ b (XtGS?l) hl + Z 0.3 (XGSQ ) AW]f
k+3 j=1 2 fid
+% Z dolg™ (XGSQ) (AWJf AthJZ _]l{m:j}hl)'
jm=1 ag: o

Theorem 4.10, Lemma 2.2 and Lemma 4.6 in [23] ensure that § = 2 under some regularity

assumptions on f and the coefficients of the SDE.

Theorem 2.4.2 Assume that f € C? (R",R) with bounded first and second order derivatives,
b,/ € C? (R",R"), for all j € {1,...,d}, with bounded first and second order derivatives, and
that for all j,m € {1,...,d}, doia™ has bounded first order derivatives. Then, for all p > 1,
there exists a constant ¢ € R such that for all | € N*,

E Uzgsfﬂ < oo

where Ztg is defined by (2.4.8).

To account for the use of three schemes in the levels [ € {1,..., L*} instead of one in level
0 we choose \g = 1 and A\; = 5/2 for all [ € {1,...,L*} . Then, the multilevel Monte Carlo

estimator

A Lk
Yiiime = Z <07 Z Zés
k=0

where L* and M are given by (2.4.5) and (2.4.6), respectively, achieves a complexity O (¢72).

n [16], Debrabant and Rossler improved the multilevel Monte Carlo method by using, in
the last level L, a scheme with high order of weak convergence. Although this modified method
attains the same complexity, it reduces the computation time by reducing the bias. We can
follow this idea using the Ninomiya-Victoir scheme at the last level L, thereby taking advantage

of its order 2 of weak convergence. More precisely, we propose to choose
GS,1
Zhs = 1 (X551,

foralll e {1,...,L —1},

1 ~ l -1

;L GS,2 @S2 _ GS,2
Zbs = 5 (F(XF2) + 1 (X55%)) - £ (x5577)

and

ZéS—NV:i(f(XNVQ ’”)+f( FNV2E —n)+f< V2P n)+f( V2t _n))
_f( GszL 1)'

Here, XNV:25m (respectively XN V’2L7_’7) is the antithetic version of the Ninomiya-Victoir scheme

(2.4.9)

XNV2En (respectively XN V’2L’*’7), obtained by swapping each successive pair of Brownian
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increments. Theorem 2.3.2 ensures that in (2.4.4) the order of convergence of the variance at the
last level L is 2.

Proposition 2.4.3 Assume that f € C?> (R™,R) with bounded first and second order derivatives,
b € C?(R™,R"™) with bounded first and second order derivatives, for all j € {1,...,d}, o/ €
C3 (R™, R™) with bounded first and second order derivatives and with polynomially growing third
order derivatives, and that for all j,m € {1,...,d}, Oo7c™ has bounded first order derivatives.
Then, for all p > 1, there ewists a constant c € R’ such that for all I € N*,

E UZ@;S_NV‘%} < o0

where Zto Ny 18 defined by (2.4.9).

Proof : Let p > 1, adding and subtracting

(5552 1 (xE50)).

and using a convexity inequality, we get

2p

sl < S ([ (872 5 () - (x6°%)

a0 < ()

NV2in NV,2'—n +GS2! >NV2tn NV,2l—n GS2
However, (XT , Xp , Xp and ( X , X , Xp have exactly the same

distribution. Then, by taking the expectation we obtain
Zp]

o [t ] < T 3 0 () 41 (a2 - (x557)

+ 3% IR “ngm .

Denoting
SNV2lg Lo NV, NV2l,—p
Xp VB = o (XpVE 4 xp V),

and performing a second order Taylor expansion as in Lemma 2.2 in [23], we get a constant
C € R, which only depends on f and p, such that

E UZ@S_NV]%] < C(E [HX}WQI’" - xger Qﬂ +E [HXévml’" - XéVV’QZ’nH@]

+E [\ngf”} >

Introducing the exact solution X at time T in E

NV,2! NV2l,—p||*P
HXT V7 s _ XT V: El UH , we get

£ [HXéw’z“” B XTJYV’QZ’_”H@} < oip1 <E [HXévmlv’? B XTH4P] R

o)
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l )
Since (XF}VV’2 . XT) and (Xr_]pvv’2 1, XT) have the same distribution, we deduce that
NV2hy e NV2h—n||*P] _ o4 NV,2L 4
e [y xprt] ") av e -]

Hence

B 2o v (e -

2p ! 4p 2p
oaffn ] sl
Then we conclude using Theorems 2.2.3, 2.3.2 and 2.4.2. [ |

Exploiting the telescoping summation, one can change the constraint (2.4.2) on the last level L

and assume:
Aol L—1
E|z] =E|f (2F) - (x27)].
Here X is an other scheme, and to be consistent, (2.4.3) becomes

7 (82)] v = o ()

Then we propose to use the estimator
sy =1 & e 1K
Yiiie =3 M, > Zgs+ M, > ZGs-nv-
=0 k=1 k=1

Of course, the bias of this estimator is given by the bias of the Ninomiya-Victoir scheme. Thanks
to its weak order 2, we hope to decrease the value of L, and so to reduce the computation time.

We can also use the Ninomiya-Victoir scheme at each level and choose (Z§VV>0<Z<L , as follows

Zhy = F (X777, (2.4.10)

or

(f (XNV’L") +f( XNV )) (2.4.11)

0o _
Zyy =

DN | =

and for all l € {1,...,L},

wazi(f<XNv2,n)+f( gNV2 - n)+f( NVQ,U)+f( V2 - n))

() g ().

(2.4.12)

Actually, there is an abuse of notation in (2.4.12), we use the same notation 1 for the
2!-dimensional vector (11, ...,7y) of the independent and identically distributed Rademacher
random variables needed to generate the Ninomiya-Victoir scheme on the fine grid with 2¢ steps
and for the 2/~1-dimensional subvector (msm3-..,ma_1) used to generate the Ninomiya-Victoir
scheme on the coarse grid with 2!~! steps. The extraction of the 2/~!-dimensional vector from
the 2!-dimensional one is aimed at reducing the variance. As previously, we obtain the same rates

a and 3, but the main drawback is the simulation of six schemes at each level [ € {1,...,L — 1}
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instead of three. Reasoning like in the proof of Proposition 2.4.3, since

Zhy = Zas_nv + £ (X27777) - % (7 (3eRV270) g p (XY )) g (652
—F(xE),

one obtains.

Proposition 2.4.4 Assume that f € C2 (R™,R) with bounded first and second order derivatives,
b € C?(R™,R") with bounded first and second order derivatives, for all j € {1,...,d}, o7 €
C3 (R™, R™) with bounded first and second order derivatives and with polynomially growing third
order derivatives, and that for all j,m € {1,...,d}, da/c™ has bounded first order derivatives.
Then, for all p > 1, there exists a constant ¢ € R* such that for all | € N*,

2p c
where Z4y, is defined by (2.4.12).

2.4.2 Multilevel Richardson-Romberg extrapolation

Recently, in [38] Lemaire and Pages developed a new method called multilevel Richardson-
Romberg extrapolation (ML2R). This method combines the ideas behind the multilevel Monte
Carlo approach and the multi-step Richardson-Romberg extrapolation introduced in [46]. Actually,
the multilevel Richardson-Romberg extrapolation can be seen as a weighted version of the
multilevel Monte Carlo estimator. Adapting the notation of Lemaire and Pages [38], the

multilevel Richardson-Romberg extrapolation estimator is built as follows

. L M/l M,
Yvror =) A >z,
1=0 "t k=0
1 . . c s .
where (Zk)OSZSLJSkSMz are independent random variables satisfying (2.4.1), (2.4.2) and a bias
error expansion: there exist &« € R% R € N* and ¢},...,cy € R such that for all [ € N,
l é j R+1
E[f(x3)] -y =3 &t +0 (ny@), (2.4.13)
j=1

where h; = T/2! is the time step. As previously, « is the order of weak convergence of the
discretization scheme. By introducing the weights (W;),<;<, one can get a smaller bias' by
canceling the successive bias terms in the expansion (2.4.15)7 Following [38], the computational
complexity of ?M 2R, denoted by Carror is defined as Carrarc, except that we do not take into
account the weights (A;)j<;<;. Under some assumptions (see [38] for further information), the
optimal complexity Cj, L21_2 is given by Theorem 3.11 in [38], which states that C};; 55 depends

on «, and the variance convergence rate 2 of Z', denoted as previously by 3: there exists co € R

!'See [38] and [46] for more details.
2In [38], Lemaire and G. Pagés assume that for all [ € N* there exists Vi € Ry such that

2
o[l (s#) s ]| <
One can easily adapt the proof with assumption (2.4.14).
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such that for all [ € N*,
l C2
v(Z) < S (2.4.14)

Here, we recall optimal complexities for the multilevel Richardson-Romberg extrapolation

estimator:
e Cirrar =0 (e log (1)) i p=1,

o Cirropn =0 (6_2 exp (—%\/Zlog (2) log (i))) if B < 1.

Similarly to the multilevel Monte Carlo method, the best complexity, obtained when § > 1,

is the same as in a simple Monte Carlo method with independent and identically distributed
unbiased random variables. With a view to achieving this complexity by applying Theorem
2.4.2 or Proposition 2.4.4 we will choose (ZGS)oglgL and (ZNV>0§1§L with Z5, = f (XT )
Here, we recall the asymptotic® optimal parameters for the multilevel Richardson-Romberg

extrapolation estimator:

. 1 2 92 1+4 1
L= N (5+108 @) +210g, <m> +logy (T) — 2, (2.4.15)
o € 2
M; = [¢fN*], (2.4.16)
L*
W, = ij7 (2.4.17)
=l
where
. 9— 5 (L*—=j)(L*—j+1)
w; = (—1)F" - , (2.4.18)
[T (1=27F) [T (1-27")
k=1 k=1
g5 x (1+0)
" 2—gl+2—§(l—1) *
q (XQ'VV”W’ forall € {1,...,L*}, (2.4.19)
L*
Z QZ* = 17
=0

* 2
V(f (X1)) (1 o <1 o £ (282 B0 vy 211>>
=1

)

1
N* = (1 +
2a (L* + 1)> L*
€ <q6‘ tra (2" + 2“))
(2.4.20)

and
8 C2
2

C=T TG E)

(2.4.21)

2.4.3 Numerical experiments

In this section we present numerical tests in which we compare the multilevel Monte Carlo

and the multilevel Richardson-Romberg estimators. Although we have not proved a theoretical

3When € goes to 0.
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expansion of the bias like (2.4.13) for the Ninomiya-Victoir and the Giles-Szpruch schemes, we
will use these schemes in the multilevel Richardson-Romberg estimators (see [20] and [45] for
extrapolation methods based on the Ninomiya-Victoir scheme). More precisely, we compare the

following estimators:
e The multilevel Monte Carlo estimator with the Giles-Szpruch scheme
1k
Yiitae = Z Z Zés
My k=1
where Z2 ¢ and ZL ¢ are respectively given by (2.4.7) and (2.4.8).
e The multilevel Monte Carlo estimator with the Ninomiya-Victoir scheme
Z Z Zl k
LMC - Ml* NV»
k=1
where Z%, and Z4, are respectively given by (2.4.10) or* (2.4.11) and (2.4.12).

e The multilevel Monte Carlo estimator with the Giles-Szpruch scheme from level 0 to level
L* — 1, and the coupling between the Ninomiya-Victoir and the Giles-Szpruch scheme at
the last level L*

L*—1
GS—NV
YMLMC - Z

=0

Zzgfg M* ZZ S NV>

where ZLg Ny is given by (2.4.9).
e The multilevel Richardson-Romberg estimator with the Giles-Szpruch scheme

ML2R Z Z ZZGIZ'

lkl

e The multilevel Richardson-Romberg estimator with the Ninomiya-Victoir scheme

ML2R Z Z Zjvkv

lkl

Here, Z%, is given by (2.4.10).

Clark-Cameron SDE

For our first numerical test, we consider the Clark-Cameron SDE with drift which is defined as

follows

{ P (2.4.22)

dS; = pdt + dW2,

4The choice of level 0 will be discussed later.
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where p € R. In this 2—dimensional stochastic differential equation, the diffusion coefficients are

()= ) = ()= 0)

given by
and the drift coefficient is

The Stratonovich drift is given by

#(2)- G ()= G) -5 (6 ) 6) 6 ) - G)

These functions are smooth and satisfy the assumptions of Theorems 2.2.3, 2.3.2, Propositions

2.4.3 and 2.4.4. By a straightforward calculation, the Giles-Szpruch scheme is given by

UgS, = UgS + G5 (Wl —wi)+ % (Wi, = Way) (W2, - W)

te+1
GS GS 2 2
St]H,l = ti + H (tk“’l - tk) + (Wthrl - Wtk) )
and the Ninomiya-Victoir scheme is given by

1
NV _ 77NV NV 1 1 1 1
Ul = U+ sV (W, = W) 4 St — ) (W, — W)

1 1 2 2
+ U=y (Wi, = W) (W2, = W2
NV, NV,
S =SV 4 (s — ) + (W2, — W) .

tet+1

Before comparing these estimators, we will illustrate Theorems 2.2.3, 2.3.2, Propositions 2.4.3
and 2.4.4. In order to check the strong convergence rate of the Ninomiya-Victoir scheme, we will
look at the expectation of the square L?-norm of the difference, at time 7', between the schemes

with steps h;, and h;_1, simulated with the same Brownian path. Denoting by
XJTvv,zhn _ (U%\fvzl,n’ SJTVV,zl,n) 7

it follows, from Theorem 2.2.3 that

c

2l

NV2ln  NV2=l |2
E [y - xp ) <

For the simulations, we choose the initial conditions Uy = Vj = 0, the final time 7' = 1 and the

parameter p = 1. In figure 2.1, the blue line shows the behavior of
NV2!, NV21 ||
logs (E [HXT o x| ])

and the red line shows the behavior of

>NV,2L GS,2t,
log, (E U\XT X G2

1)

as a function of the discretization level [. These expectations are estimated with a standard

Monte Carlo method with M; = 105 samples for all I. This choice ensures that the confidence
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intervals are very tight, that is why they are not represented in our plot. The blue line illustrates
the strong convergence order of the Ninomiya-Victoir scheme. As expected, we obtain a line
with slope -1. The red line illustrates the strong convergence order of the coupling between the
Ninomiya-Victoir and the Giles-Szpruch scheme. It follows, from Theorem 2.3.2 that

2 c
E

> NV,2ln GS,2!
E U\XT ~ Xx§ < oo

Again, as expected, we obtain a line with slope -2. These numerical results are consistent with

Theorems 2.2.3 and 2.3.2 stated and proved in this paper.

—  log, (E[xMV¥ i _xv2ta])

—-25
1
Fig. 2.1 Strong convergence order. Strong error (y-axis log, scale) as a function of | (z-axis).

To illustrate Propositions 2.4.3 and 2.4.4, we choose a smooth payoff function, satisfying the

assumptions of Propositions 2.4.3 and 2.4.4: f (u,s) = cos(u). In figure 2.2, the red line shows

the behavior of
; 2
logy (E {(ZG’S—NV> D

defined by (2.4.9) whereas the blue line shows the behavior of

o (5[

defined by (2.4.12). Both lines have slope -2.
By increasing the value of p, we noticed that the theoretical rate of convergence is reached

for larger and larger values of [. For small values of [, the variance decreases faster than the

theoretical rate. Figure 2.3 shows this phenomenon for Z}VV, with the payoff f(u,s) = u?.
Actually, by choosing this payoff we can check that
2 3 9 11 1545 163
E Zl — 2—4l < 4T6 7 2T5> 2—3l < 2T5 T4) 2—2l ( T4) .
{( w) } T T gt T )T 1024
(2.4.23)

The details of this tedious calculation are postponed to the Appendix. The previous formula

(2.4.23) contains higher order terms which overshadow the theoretical behavior of the variance.
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; log, ‘(E[(Zzlw)‘z D
— log, (E[(ZLs-n)? ])

a5 ; | ; | | ; |
1

Fig. 2.2 Variance convergence order with f(u,s) = cos(u). Second order moment (y-axis log,
scale) as a function of [ (z-axis).

2
The following plot shows the behavior of log, (E [(Z}VV) ]) as a function of [. For large values

of 1 and for small values of [, the ratio

E (Zﬁvﬁ})z

/& (#)]

is close to 16, which shows that the leading term is 27%. Asymptotically, the slopes of the curves
are 2. From a numerical point of view and given the structure of multilevel methods, this is an
important point to emphasize. In particular, the choice (2.4.16) of parameters (M;), ;.. in
the multilevel Richardson-Romberg estimator is based on asymptotic properties and will not be

optimal when this asymptotic behavior fails for the first levels.

10

=
=

|
T R® X

S o) O U S S N NG e

log, (£[(240)* ])

—1sbo L

—20f R -

—25 } } } } } } } }
1 2 3 4 5 6 7 8 9 10

Fig. 2.3 Variance convergence order with f(u,s) = u?. Second order moment (y-axis log, scale)
as a function of [ (z-axis).
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Now we present the practical procedure used to implement the multilevel estimators. Putting
together the elements already discussed, the algorithm that we use for the multilevel Monte
Carlo with the Ninomiya-Victoir scheme or the Giles-Szpruch scheme is as follows. We begin by
estimating the weak error constant c¢; in (2.4.3), the constant co which comes from the variance
estimation (2.4.4) and checking the orders of weak and strong convergence. When the asymptotic
behavior (2.4.3) of the bias of the scheme is satisfied, one has

C1 (1 — 206).

E [Z’] ~

2]

weak convergence. In the same way, we estimate co and check the strong order § of variance

Using a regression with few values of (l, ), we estimate ¢; and check the order « of

convergence to 0, using a regression in (2.4.4). Then we estimate V (Z 0) using a standard Monte

Carlo estimator Vp. After that, for a given € we define L* using (2.4.5) then we set

2 Vo — K o
62\/?0( A0VO+jZI 02)\j2j(1 ,3))"7 (2.4.24)

My =

and for all l € {1,...,L*},

Ml* —

2 /\Zl /3+1) <\/on —{-Z\/Cg)\ 211 ﬂ (2.4.25)

When we use the Ninomiya-Victoir scheme we have the choice between
Zhy = F (X777,

and
A= 0 (507 1 (5707

NV,1n

The second choice reduces the variance of level 0 if X, effectively depends on 7. So, in

A (0 (5007) 11 (65°27)

reduces the sample size of the multilevel Monte Carlo estimator. Thus, although we use two

general, using

schemes in the level 0, the method is slightly faster with this choice in practice. As already
mentioned, for the Giles-Szpruch scheme we choose \g =1 and for all [ € {1,...,L*}, N\, =5/2
to balance the lower cost of level [ = 0. Following this idea, for the Ninomiya-Victoir scheme we

choose the same sequence if
1
o _ L NV,17 Vi1~
Zi =5 (7 (X2 77) + £ (x2747)).
and we propose to choose \g =1 and and for all [ € {1,...,L*} , N\, =5, if
Ly = f (X2V17).

Let us discuss the implementation of the multilevel Monte Carlo estimator with the Giles-

Szpruch scheme from level 0 to level L* — 1 and the coupling between the Ninomiya-Victoir and
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the Giles-Szpruch scheme at the last level L*. The practical procedure is slightly different. As
already discussed, in the case of ?ﬁfﬁg/ the bias is given by the bias of the Ninomiya-Victoir
scheme, so we begin with the estimation of the weak error constant ¢y using the Ninomiya-Victoir
scheme. The next step is to estimate the constant ¢y using the Giles-Szpruch scheme. Then,
we estimate V (ng) (respectively V (ngf NV)) using a standard Monte Carlo estimator VGOS

(respectively Végi ~Nv)- Finally, we define L* using (2.4.5) and set

* 2 ‘A/O 2 L1 ; * Y7 [*
My = e\ /\LOS (\/ MVis+ D \/62)‘12](176) T \/)‘L*2L VGLSNV)“ , (2.4.26)
j=1
foralll e {1,...,L*},
5 ~ L -1
* ) ) - =y L
Mi= |2y e VAoVds + Zl Ve 209 1\ ap2r Vs | (2a2m)
=

and

* 2 VGllg—NV > = (11— * ¥ r L*
M. = ?,/7&*%* Vol + 3 \/02,\j21(1 B)+\/)\L*2L VE vl (24.28)

Jj=1

We suggest choosing \g =1, \; =5/2, for all [ € {1,...,L* — 1}, and Az« = 9/2 to balance the
higher cost of level L*.

Since all parameters are explicit, implementing the Multilevel Richardson-Romberg estimator
is quite simple. As noted in [38], we only need to estimate V (f (X)) and the constant ¢y in
(2.4.4) which comes from the variance estimation. The variance V (f (X)) is estimated using a
crude Monte Carlo method.

Now we present our numerical tests in which we compare the computing time of each estimator
as a function of the upper bound, denoted by ¢, on the root mean squared error. For our first
test we choose a smooth payoff f(u,s) = cos(u). We estimate the two constants ¢; and ¢y using
the above-mentioned procedure. To compute our regression, we estimate E [Zl} and V {Z l} for
l€{1,...,4}, using a standard Monte Carlo method. The sample size used must be adjusted
to get a rather good estimate, but without spending too much time during this step. In our
numerical experiment, we choose a sample size M = 10%. Using this approach, we estimate
the theoretical values of the orders of weak and variance convergences. More precisely we get
a =1, g =2 for the Giles-Szpruch scheme and a = 2, § = 2 for the Ninomiya-Victoir scheme.
In figure 2.4 is depicted the CPU-time in seconds (in log, scale) of each multilevel method as a
function of e (in log, scale). It provides a direct comparison of the performance of the different

estimators. The red line is for Yﬁiﬁg/ This line is below the other lines, which indicates clearly

that, for this experiment, ?ﬁgﬁg/ is faster than the other estimators. Moreover, we observe a
rather close behavior of the Multilevel Richardson-Romberg estimator and the Multilevel Monte
Carlo estimator. Indeed the black line, representing Y]{/[VXMC is close to the black dashed line
representing 17]\]}7]{/2 - Similarly the blue line, representing ?ﬁf e is close to the blue dashed line
representing }Afﬁ% r- Finally, one can notice that all slopes are equal to —2, which indicates that

all these estimators achieve an O (6_2) complexity.
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Fig. 2.4 Clark-Cameron SDE with f(u,s) = cos(u), CPU-time in second (y-axis log, scale) as a
function of e (z-axis log, scale).

To measure the efficiency of f’ﬁi&]g/ with respect to other estimators, we plot in figure 2.5
the following CPU-time ratios:

CPU — time (?)

R = .
. -GS—NV
CPU — time (YMLMC )
2.2 T
: <GS §
‘ ‘ ‘ : : : — Yurue
2.0t Bt e - %JMC B
; : : : : : -GS
- Yﬁ{LZR
: : : LT TN : AV
1.8) [RESEPEIESTE e et -- Yyr [

Fig. 2.5 Clark-Cameron SDE with f(u,s) = cos(u), CPU-time ratios (y-axis) as a function of €
(z-axis logy scale).

The estimator ¥ Eg&]g/ is about 1.1 to 1.6 faster than Y,G7 MC O }Afﬁfz r When € goes from

2716 t6 277 In comparison with the estimator ﬁfjfév, YAJ}XMC and Y]\JJVXQ r perform poorly.
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In order to understand what is going on, let us provide a theoretical calculation of the
CPU-time for the multilevel Monte Carlo estimator. Denoting by 7; the theoretical computing
time of level [ € {0, ..., L*}, one has

mhoc M2l

Replacing® M, one can write
=0y ()27 ()2t = ¢ (e) 27U,

The theoretical computing time, denoted by 7, is given by

In the multilevel Monte Carlo estimator studied in this paper C; = Cq, forall I € {1,...,L* — 1},

then one has

Cole) + —Ar (275 — 27V O5) 4 0 (027105 it g1,
7(e) = 1-2772 (2.4.29)
Co () + (L* (€) = 2) C1 (€) + Cr- (6) if 5 =
Now, it is easy to understand why Yﬁfﬁg/ is faster than Yﬁf wco- As a matter of fact, the two

estimators are very close, and in our numerical experiments we observe that
CGS (E) ~ CGS—NV (6)

Since using a scheme with second order of weak convergence provides a lower optimal last level
L*, in view of (2.4.29), we understand why, in general, we can state that

TiiLMe < ThiLac-
The poor performance of YA]}IXMC or YilY,  reflects the use of six schemes in Z;,.

For our second experiment, we only change the payoff. We choose the non-smooth payoff
f(u,s) =uq. Theorem 5.2 in [23] gives the lower bound = 3/2 for the Giles-Szpruch scheme.
Their proof is, in some ways, generic and it can easily be adapted to the Ninomiya-Victoir scheme.
This is enough to keep the O (6*2) complexity. To determine the actual values of S and a, we
rely on the numerical results. Using the same automatic process, we get for the Ninomiya-Victoir
scheme o = 3/2 and = 3/2. The non-regularity of the payoff affects both the weak and the

variance convergence rates. With regard to the Giles-Szpruch scheme, the regression procedure

50bviously, the constant C (¢) depend on the estimator. For Yﬁf amc and ?}Q’XMC, the constants are given by
formulas (2.4.24) and (2.4.25):

N L*
2 |VO ~ ———
0= 2T (V3 £ ),
Jj=1
and for alll € {1,...,L*},
I
2 C2 A~ T
co=2\/2 (W+Z e m) .
j=1

For Y397 NV the constans are given by formulas (2.4.26), (2.4.27) and (2.4.28).
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2.4 Multilevel methods for SDEs

leads to a = 1 and S = 2, but the situation is quite confusing. Indeed, we noticed that the
asymptotic rate 8 = 3/2 is reached for [ > [ = 5. Figure 2.6 illustrates this inflection. The blue
line is the estimation of (V (ZIGS))1<I<7 whereas the red line is the regression on the first four
values. The two lines diverge at level | = 5, which show clearly the inflection.

— Estimation
— Regression

—10r

log, (UZg))

—14) - N

—-16
1

Fig. 2.6 Clark-Cameron SDE with f(u,s) = uy, Variance of the Giles-Szpruch scheme (y-axis
log, scale) as a function of [ (z-axis).

Here, assigning a value for (f3,cz) to implement f’ﬁ‘z MO }Afﬁ% r and ?ﬁ“zﬁg/ by using

respectively (2.4.24)-(2.4.25), (2.4.26) to (2.4.28), and (2.4.16) to (2.4.21) may not be convenient.
We suggest applying the numerical procedure described in the following remark to implement

the multilevel estimators.

Remark 2.4.5 In the case of the Clark-Cameron SDE with un = 1,Uy = 0, So = 0 and for
a smooth payoff, everything is going as expected, but in some cases (see the Heston model or
the Clark-Cameron SDE with a large p) estimating (B, c2) may be difficult, especially when the
theoretical rate of convergence is reached for a level | > 2 and this may affect the efficiency
of the multilevel methods. To get around this problem, a reasonable criterion is to compare |
and the last level L* (¢). If L* (¢) < I, we decide to use the values obtained by the regression
and use the usual formulas® to compute (M}),o;<p for both methods. If L* (€) > I, then we
estimate V {Zl] forl e {0, e l} using standard Monte Carlo Method. Then, we approximate,
forl € {l_—i— 1,.. .,L*}, \Y [Zl} by B=DVT where Vi is the estimation of V [Zq and B is the
theoretical order of convergence of the variance. Finally, we compute M} for l € {0,...,L*}
using (2.4.6). As regards the multilevel Richardson-Romberg estimator, we do not recommend its

use in this case.

In our second experiment, the Giles-Szpruch scheme only appears to be problematic. Indeed

the values of L* (¢) are given by

SFormulas (2.4.24)-(2.4.25) for VG2 ¢ and YiY Ve, (2.4.26) to (2.4.28) for VI3 ALY, and (2.4.16) to (2.4.21)
fOI‘ YA'MLQR.
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€ 2—7 2—8 2—9 2—10 2—11 2—12 2—13 2—14 2—15 2—16
YiSuce | 6 | 7| 8 | 9 | 10 | 11 | 12 | 13 | 14 | 15
yggggv 31 4] 4| 5 6 6 7
Y52 | 3 | 3 | 4 4 4 4 4 5 5 5

If e € {2714,2715 27161 for VG2, since [ is exactly equal to L (¢), we are in a borderline
situation. Nevertheless, we keep in the following figures the performance of this estimator for
€€ {2_14, 215, 2_16}. For the multilevel Monte Carlo estimators with the Giles-Szpruch scheme,
we apply the modified procedure of Remark 2.4.5 if necessary. Figure 2.7 compares the computing

time of the estimator, with the previous graphical conventions.
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Fig. 2.7 Clark-Cameron SDE with f(u,s) = uy, CPU-time in second (y-axis log, scale) as a
function of e (z-axis log, scale).

Unlike the previous experiment, the two fastest estimators are ?AJ}IXMC and ?ﬁgﬁ\g/ Al-

though we lose the second order of weak convergence, the estimator y A?EJT/[%V is about 1.3 to 2
faster than Y57 mc- This is due to the degradation of the variance convergence order § from 2
to 3/2 in comparison with a smooth payoff. Indeed, thanks to formula (2.4.29), one can see that,
in the multilevel Monte Carlo methods, all things being equal, the gain in computing time due
to the introduction of a scheme with high order of weak convergence in the last level is all the
more significant that £ is small. This explains why ?J\]/\[[XMC performs very well. Despite using six
schemes in Zky/, }A/]Q[ZMC goes up to 1.1 faster than Yﬁﬁﬁg/ (see Figure 2.8). In contrast, the use
of a scheme with high order of weak convergence like Z}VV in the multilevel Richardson-Romberg
does not appear to counterbalance its complexity. This difference of behavior is related to the
dependence of L* (¢) on a . In the multilevel Monte Carlo estimators, the dependence is of
the form 1/« (see (2.4.5)) which provides better results as alpha increases than the multilevel

Richardson-Romberg estimator where the dependence on « is given by (2.4.15).
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Fig. 2.8 Clark-Cameron SDE with f(u,s) = u+, CPU-time ratios (y-axis) as a function of e
(z-axis log, scale).

Heston model

The Heston model is an asset price model which assumes that volatility, denoted by V', evolves

according to an autonomous Cox-Ingersoll-Ross SDE:

1
dU; = (r — =Vi)dt + /VidW}!
2 (2.4.30)

dVi = k(0 — V;)dt + o/V,dW?.

The asset price S is given by S; = exp(U;). We assume, for simplicity, no correlation between
the Brownian motion driving the asset price and the volatility process. We also assume that
2k6 > o to ensure that the zero boundary is not attainable for the volatility process. The main
difficulty is located in 0, where the square root is not Lipschitz. In this 2—dimensional model,

the diffusion coefficients are given by

)-(5) mel)-(2)
-t

and the drift coefficient is
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The Stratonovich drift is given by

(%) = (5= Lo ) ()

Then, the Giles-Szpruch scheme is given by

1 2
GS _ y/GS GS GS 2 2 2
VES = VG5 1k (9 A ) hto\JVESAWE | + (o ((AWtHl) _ h)

(2.4.31)
) Lol AW

s s Gs as 1 1 2
ugs —u, +(r_2‘4k )h+MAWm+I+4”A e EWii

Setting £ = 0 — Z—i, the Ninomiya-Victoir scheme is given by

1
V;NV’" = (V;ivv’” — 5) exp <—2/<;h> +¢

kt+d

1 1 1 1
UtNVJ? — UtJZVW + 3 (T‘ _ 25) h+ o (VthVV,ﬂ _§> <exp (—2ﬁh> — 1>

k+3

2
1
V}NVQ’WZ< thml +*0AWt2k 1)
Bs AV s 2 " (2.4.32)

NVn _ ytNVpn NVn NVn 1
Utk+2 - UtHl T \/V; 1 Lop=1y + Vtk ]l{nk+1:—1}AWtk+1
3 3 3 3

ket +2
1
NV _ [NV
Vi = <Vtk+§ - 5) exp (—2I€h) +¢&

NV, NV 1 1 1 NV, 1
Utkﬂn:UtH;-l-i 7“—55 h+% Vtk%”—g exp —§mh —-1].

In these formulas close to our implementation of the scheme, the evolution from

(Ut]ZV’",V;NV’”), respectively (U;ZV’” V;NV’T]>,

k 2 2
+5 k+2

to
(UtNV’" VNV’">, respectively (UNV’" VNV’n),

K+l tk-&-% b1 7 et

corresponds to the integration of the ODE directed by the vector field ¢” on half a time step

whereas the evolution from

(UtNV,n VNV,17>

)

N N
Ui Vin 3!
k+g k+g

corresponds to the integration of the Brownian vector fields. The Giles-Szpruch scheme and usual

to

schemes such as the Euler scheme are not well defined since they can lead to negative values of
the volatility process for which the square root is not defined at the next step. Assuming & > 0,

the Ninomiya-Victoir scheme is well defined and the volatility process is always positive (see
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[5]). For £ < 0, in section 3.1 of [5], Alfonsi proposed a modification of the Ninomiya-Victoir
scheme preserving the positivity of the volatility and the weak order two. For the simulation
studies, we choose, as in [23], So = Vp = 1,7 =0.05,7 =1, Kk = 0.5,0 = 0.9 and 0 = 0.05. Then
& = 0.89875, so that the Ninomiya-Victoir scheme is well defined. Using this parameters, we do
not observe negative values for the volatility with the Giles-Szpruch scheme. We choose to price
the at the money call option. This corresponds to the payoff f(u,v) = exp (—rT) (exp (u) —1),.
Estimating the multilevel parameters, we obtain, &« = 1 and 8 = 2 and not 3/2 as predicted by
the analysis. For the Nynomiya-Victoir scheme the estimation of (c, ¢1) leads to (2, —3.2 x 10_4).
Since ¢; is very small, formula (2.4.5) can lead to negative values. If this occurs we set L* (¢) = 1.
We also observe that V (vav) decreases very quickly and faster than the theoretical rate for the
first levels. Actually, an analogy can be drawn between the Ninomiya-Victoir scheme for the
Clark-Cameron SDE and the Ninomiya-Victoir scheme for the Heston SDE since we have the

same structure. As a matter of fact, when

1
1M 2
Vi, + 5o AW, 20,
2
AN BTN e
tk+§ o tk+% 2 bt
1
NV _ n,m - 2
Vg = Vg T 208 Wi

NV, NV,
o= ST 4ty — t) + (W2, — W)

tet1

rewrites

This equation, similar to

in the Clark-Cameron SDE, is the only place where the Brownian increment AW? appears in
the Ninomiya-Victoir scheme for the Heston model. In the dynamics of the U component the
Brownian increment AW is multiplied by SNV in the Clark-Cameron SDE and

NVJ? NV,'r]
\/‘/;:kﬁ'% ]l{nk+1:1} + ‘/;fk+% ]l{nk+1:_1}

in the Heston SDE. Then, the presence of a non-zero drift probably explains the existence of
the higher order terms that disrupt the theoretical behavior like in formula (2.4.23). Figure

2.9 illustrate this phenomenon. The blue line is the estimation of (V (ZgVV>)1<z<7 whereas

the red line is the regression on the first four values. To be precise, we estimate V (Z f\,v), for
le{1,...,7} using M = 107 samples to get pretty good estimations, but in practice, M = 10°
would be enough to implement the multilevel estimators. The regression leads to 8 = 3. As in
the Clark-Cameron SDE with f(u,s) = s, the two lines diverge at level [ = 5.

So to implement the multilevel estimators, we compare [ and L* (¢) as already mentioned in

Remark 2.4.5. The values of L* (¢) are given by

€ 2—7 2—8 2—9 2—10 2—11 2—12 2—13 2—14 2—15 2—16
}?QVLVMC 1|1 |1 1 1 1 2 2 3 3
YR | 2 2 2 2 3 3 3 3 3 3
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Fig. 2.9 Heston SDE with f(u,v) = exp (—rT') (exp (u) — 1 ), Variance of the Ninomiya-Victoir
scheme (y-axis log, scale) as a function of [ (z-axis).

We notice that even if € is very small, L (¢) < I. So we can implement the multilevel estimators

using the standard automatic procedure. With regard to the Ninomiya-Victoir scheme, we remark

that:
(5 (e () ) = (),

so we naturally decide to implement the multilevel Monte Carlo with
NV,1,
Loy = £ (x4

In the following plots we compare the five estimators. This time, the fastest estimator is
}A/A]/\}ZQ r- This is due to the outstanding value of 3 observed for the Ninomiya-Victoir scheme. The
poor performance of ?A]}/XMC is explained by the high variance at the level 0, while the variance
at the higher levels are very small since the numerical value of 3 is 3.

Figure 2.11, which represents our CPU-time ratios defined as previously, emphasizes that
viYy, R is about 1.75 faster than ?A]}XMC. viYy, r is also 1.3 faster than Yﬁgj\}gs since the black

dashed curve is always below 1.

2.5 Conclusion

In this paper, we have improved the multilevel Monte Carlo estimator of Giles and Szpruch [23]
using a coupling between the Giles-Szpruch and Ninomiya-Victoir schemes at the last level of
the MLMC estimator, which generalize their antithetic method. When the payoff is Lipschitz
and piecewise smooth, which is very common in finance for example, the gain is amplified since
B = 3/2. We have also highlighted a strange phenomenon: sometimes the numerical rate of
convergence of the variance can be better than the theoretical one, at least for the levels used in
the multilevel methods. This illustrates the presence of higher order terms which overshadows

the theoretical behavior. Therefore, we emphasize that the estimation of the rate g and its
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associated constant cs should be done cautiously, since the optimal parameters of the multilevel
estimators depend on them.
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Fig. 2.10 Heston SDE with f(u,v) = exp (—rT') (exp (u) — 1), CPU-time in second (y-axis logy
scale) as a function of e (z-axis log, scale).
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Fig. 2.11 Heston SDE with f(u,v) = exp (—rT) (exp (u) — 1 ), CPU-time ratios (y-axis) as a
function of € (z-axis log, scale).

2.6 Appendix

Let I € N* and N = 2=, We recall that the Clark-Cameron SDE is defined as follows

dU; = SydW}
dS; = pdt + dW2,
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and the Ninomiya-Victoir is given by
if Utk+1 =-—1
1
NVn _ +tNVpn NVn 1 1 1 1
Up "= URY s (W, = W) 4 St — ) (W, — W)
1 1 2 2
(Wtk+1 B Wtk> (Wtk+1 - Wtk)
Sl = ST (s — ) + (WE,, - W2,

tkt+1

and if g, =1

1
NV, NV, NV,
Uy = Utk M4 S i (thk+1 — thk) + —u (tk+l — tk) (thk-H — thk)

tet1 9
NV, NV, 2 2
Stk+177 Stk M w ot —tr) + (Wtk“ — Wtk> .

We define UNV" and SNV as % (UNV777 + UN‘/’_">, % (SNV’” + SNV’_”> respectively.
Remark 2.6.1 SNV does not depend on 1, so SNV = SNVn,

The evolution of ((_]Nv’zlil’", VNV’QZA”O on the coarse grid with time step 7/2'~! is given by

1
S (tegr — tr) (thk_H - thk)

NV2i-1 p NV2i-1n  GNV2i-1n 1 1
U, =0, + 5 (Wi = W) +5

tet1
+ 9 (thlc+1 - Wt1k> (Wt2k+1 o Wt2k>

aNV,2l—1, aNVv2l-1, 2 2
5 M= SV (e — ) + (W, - W),

Tt

Similarly, the evolution of (U NV.2! n YN V2! ”7) on the fine grid with time step 7/2 is given by
SNV2ln _ =NV2g | aNV2ln 1 1 1 1 1
Ut = Utk + Stk (Wtk_‘_% - Wtk> + 7/,1/ (tk‘f‘% - tk) Wtk-‘_% - Wtk

ket 2
1 1 1 2 2
— (Wtk % - Wtk) (Wtk.i,_% - Wtk

aNV,2!, aNV,2,
Sp A =Gy "+u( tk)+<wi+%—wti>,

k+1

and

NV2ly NV2 m . aNV2ln 1 1 1 1 1
U U —'I' Stk+1 (Wtk+1 - Wt 1) + 5/1 (tk+1 - tk—i—%) (Wtk+1 — Wt )

lk+1 1
* 2 kt3 kg

1 1 2 2
(oo, ) (o0

aNV,2ln _ aNV2in 2 2
S =5, +u (tk+1 - tk+%) + <Wtk-+1 o Wtk+%) '

lh+1 oy 1
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By a straightforward calculation, we get

FNV2n _ FNV2in | GNV2ip 1 1
Utk+1 —_— Utk + Stk Wtk+1 - Wtk

1 1
+ SH (ke — tr) (thkﬂ - th 1) + < (g — te) (thkﬂ - thk>
2 k+3 4
1 1 2 2
+ (W -, ) (W, -wi)
1

1 W,
1 1 2 2 ‘171 1171 1172 2
* 2 ( berd tk) ( bery t’“) * 2 ( fet1 tk+1> ( B t’“+1>

aNvV, aNV,2!
S 2! 1 Stk 25 + ,U«(tk-H _ tk) + (W2 o Wtzk) )

tei1

The antithetic scheme ((j'NV’zl’”, ‘:/NV’Ql’”) is defined by swapping (Wtk_H - Wtk+1> and
2
1.
(W%r; — Wtk)
(}le n _ Uthz U SNVna (thk+1 . Wti)
e =t (W =)+ Rt —t ) (Wi, = W)
2# k+1 k tk+% the 4M k+1 k thy1 te
1 1 2 2
< (W, - (W, - )
1 1 1 2 2 1 1 1 2 2
3 (Wt’”% - Wtk) <Wtk+% Wi )+ 2 Wi = Wtk+l Wi = Wtk+l

GNV,2L GNV,2L
SAVE = SN (g — ) + (W2, — W),

trt1

Now we define 1
SNV2tn ~NV,2tn SNV2tn
Utk =3 (Utk N + U, ,

and

173 tet+1

1 1
SNVQI,n (Ssz U SNV2 777) .
2

Performing a straightforward calculation, we obtain

~NV,2ln  SFNV.2L aNV,2! 1 1 1 1 1
O 2 = OV SV (W = W) 4 St — 1) (W, — W)
1 1 1 2 2
> (Wthrl - Wtk) (Wtk+1 B Wtk)

alNV,2l, Nv,zl, 2 2
Sl = SNV 4 ity — ) + (W2, — W)

tit1

Then, using forward induction on k, we easily get that for all k& € {0, ) L g 1}

FNV2ig  FNV2Tlg
{ Utk+1 B Utk+1 =0 (2 6 1)

aNV,2! aNV,2!—1
S ‘/7 N S ‘/’ )1 — 0'

tht1 tit1

We want to calculate
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where

o = (037 @)+ (@) 037

(6 ),

N = s =

Using

1 1 1 2 1 2
1 (x2+y2+u2+v2) -5 <22+w2) = (4(x+y+u—|—v)> — (2(z—|-w)>
1 1
—i-@(f%x—y—u—v) +@(3y—x—u—v)2
1 1
—l—@(Bu—x—y—v)Q—l—@(?w—a;—y—u)?
1 2
- Z (Z - w) )
and (2.6.1), we get
1
Y = —E |77,
16
where
1 _ 2
Z E (3U/]{VV2 )T UIJYV92Z7,'7 _ U/IZ_'V‘/;2Z7 77 NV2Z: )
1 _ N2
- (3U§W2 n_gNvEa _ghva'on _gNva, "
1 _ - N2
E (BU%WQ —1 UNV,Ql,n . quyvgl,n NV2 n)
1 ~ _ 2

NV2ILy NVt ) 2
- (07 ~Uh )

To lighten the previous expression, we introduce

71 = % (3UNV2 n U%vml,n _ U%szl,_n NVQ _,7> 7
_1 (3UNV2 m _ gNVi2in _ g NVi2l-n _ NVQz n)
4 T Ur T ,
% (3 NV2 ,—n UJZYV’QZ’W B U,IZYV’QZ’W NVQZ 77) ’
% (SUZJYV2 —n UNv,zlﬂ7 B UNV2 —n NV2 ,n) 7

and
s NV21 g NV2i=1 —p
Zo = UT — UT .
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In order to get an explicit expression for Z;, for all i € {0,...,4}, we compute the following
differences

NV2! NV2l — NV2! NV,2! —
Ut‘/’yn_Utvv»n_UV7 777_U V7,77

k+1 ty 173

NV2ly _ FNV2ia _ NV2lg NV2 m o kT 1 1 1

y =)
1 1 2 2
B T
1 1 1 2 2
) (1 ) (1.,
1 1 2 2
+ 5 (nk-l,-% - 77k+1) (Wtk+1 - Wtk+1> (Wtk+1 - Wtk+1> ’

NV2 ,—n NV2 —n _ NV2 ,—N NV2 ,—N 1
Utk+1 Utk+1 U Utk + 2N (Wtk+1 B 2Wt + Wtk)

1 1 2

+

+
N = N =

NV2tm  p/NV2h—n . NV2np NV,2l,—n 1
Utk+1 - Utk+1 — U Utk + 2 N (Wtk+l - 2Wt + Wtk>

<Wtk+1 -7, %) <Wt Wtk)
1 2
_ < = Wtk> (Wml - ’M) :
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and

NV,2t—n NV2tn _ 7 NV2l—n NV,2tn
Utirr Utk+1 = Uy, Ut’“ + 2N

1 1 2 2
" (Wtw B Wtk+1) (W%; B Wtk)

2
1 1 2 2
-y ) (W - y)

Hence, we obtain by summation

(WtkH — 2Wt + W;k)

where

% = (i é vy = ”’“*1)) (thkﬂ - tlw) (WEH; - ti)
(3 ) (-0 (02,02
T 4?V <Wt1k+1 "Wy thk)

_ i”’”% (W}H% - thk) (Wi+% - Wi)

1 1 1 2 2
oS <Wt’“+1 B Wtk+§) (Wtk“ B Wtk+l ’

1 1
2 ! ! ; ;
2 = — (2 + 3 (U}ﬂ-% - 77k+1>> (Wtk+1 - Wtk+%> <Wtk+5 B Wtk)
1 1 1 1 2 2
+ (2 _ g (le—l-% — 77k+1)> (Wtk+% - Wtk) (Wtk-i,-l - Wtk«&»%
T 1 1 1
~HMIN (Wtk+1 a 2Wtk+% + Wtk)

1 1 1 2 2
Tk (Wtk+% - Wtk) (Wtk+% - Wi,

1 1 1 2 2

z,% = (; + é (Uk+% - 77k+1)) (Vvtlk+1 - thkJr%) (Wti+% - Wtzk
(g (12, -2)
+ Mf;\, <Wt1k+1 - 2VV151,c + Wm)

+ ink% (thl€+% - Wtk> <Wtk+% - Wti)

1 1 1 2 2
+ anﬂ (Wtk,ﬂ - Wtk+%) (VVtk+1 - WtH% )
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and

T 1 1 1
g (Wtw MW+ Wtk>
1
+ an+1 (Wtk 1 — Wt]];) (Wt2 N Wtzk)

Then, one can express Z2 as
N-1 \?2 N-1 \?2 N-1 \? N-1 N1y 2\ 2
e ((Z Z;) ; (Z zg> . <z zg) ; (Z z;g) - (Z 22> )
k=0 k=0 k=0 k=0 k=0
Nl 2 2 2 2 2
()@ @) () @)
k=0

2
kl kI k_l k1 kl
+ 2 Z z121+2222+23z3+z4z42020> ,
(k)eAn

where Ay = {(k,l) €{0,....N-11? k< z}.
Preliminary calculus:
We begin by writing z}c in generic form
(Wi =Wy ) (W2 =2 ) i (i, - wi) (W2 w2 )
+ % (Wl - 2Wt1k+% + thk) + 58 (WI}H% — thk) (Wi% - Wti)

; 1 1 2 2 .
bk (W =W ) (W -2, )

where
1_(1_1 2 _ pl 3_ _pl 4 _ _ 1 0 _
Qg = <§_§(nk+%—nk+l)) ap =P |op =B |0 =—ap | g =1
1_ 1,1 2 _ 1 3__ 1 4_ _pl 0 _
Br=— <§ +3 Mot — 77k+1)) Be=ay | By =—ay | By = —0; =1
T
Tk = Ny V=" | M=% | =" | W=0
1_ 1 2 _ 1 3_ 51 4_ 1 0 _
Op = — 1Mk L Op =wp | Op = =0 | Op = —wp | O =
ok = ~dmeos A=dh |wh= o} |t =-al | uf-
First, let us look at the expectation of z}gzi
o T2 o o . o T o
E {z};zﬂ = WE {ozfcai + 867, + 01,6 + w};wﬂ + NE [ﬁyi} )
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Then, for i =35 =0

Fori=je{l,...,4}

For j=0and i€ {1,..., 4}

For (i,7) € {(1,2),(3,4)}

For (i,7) € {(1,3),(2,4)}

For (i,7) € {(1,4),(2,3)}

Now we look at the expectation of (z,i)2 (zi)

N2 1T? AT
E [(2k> } = 6aN? 16N

E [zizg} =0.

o 772 M2T3
v .] [
E [z’fzk} ~ T64N2  16N3

o 5T2 M2T3
1]
E [Z’“Z’f] ~ 64N2 ' 16N3

o 9T2 ,LLQTS
v ] _ _
E 4] = GINZ  16N3

-\ 2

E{(z,i)g(ziﬂ T4 (9E4+E2+3E3)+3—T2E2

where

16N N2

Bt = (o) (od) "+ ()" (50)"+ (1) (31)"+ ()" (1)

B = (o) (31)

(o) (51) o ()" ) (1) ()]

+4 (E [(042511 + 5/10012:) (akﬁk + 5kwk)} [(akﬁk + %/Bk) <5kwk + 5%‘“1@)}) :

= [((ot)"+ (1)) (060 (0] 2 [0 (50 ()" ()]

1 4R [(a};ai + ﬁiﬂi) (525i + wk“’k)] )
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)’ ((a£)24-(ﬁg)2+-(51)24_(wi)2_.4ai5i_.4ggwi)}

‘QQQZQQZ@W+@W_MW_W%M

+4E [yi7] (ahod + Bi6] + 616, + wiw] — 20}8] — 2008}, — 26jw] — 28]u)]

B2 [0 ()" + () + ()" (")
+2|()" (o) + (38) "+ ()" + t)")
+4E [7ir, (ahod + BLBL + 06) + wiw])]
and s
B|(04)" ()]
Then, by straightforward calculation, for ¢ = j =0
B [(4)] = %

Fori=je{l,...,4}

\ 4 231T*  33u2T°  3u*TS
e[ ()] - T A i
1024N4 ~ 256N ~ 256N6

' 4 25
B ()" (4)°] = gin + S

N2 N2 1277*  25u2T5  3urT
E 1 J — .
[(z ) () } 1024N7 © 256N5 | 256N

E[(zi)z(j)z}_ 717" +21;PT5 3utTe
~ 1024N* © 256N°®  256N6°

1597 +29u2T5 3utTe
~ 1024N4 © 256N5  256N6°

o= () () () + (1) - (49)".

b = zp2} + 222 + 252} + 2t — 202).

Now, we define

and
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Then Z? can be expressed as

N-1
7% = Z a% +2 Z ara; + 4 ( Z bribij + 4 Z ajbkl) .
k=0 (k1)

(kvl)eAN ’ 7(iaj)€AN (k‘»l)EANv[)SJSN*l

Observing that

E [a;bk] = 0,

and

K { ) bkzlbm’] =E| > biz] :

(kzl)v(i:j)eAN (k,l)GAN

we obtain

N-—1

E[ZQ} — Z E{aﬂ + 2 Z E [ara] + 4 Z E[bil}-
k=0 (kD) eAN (k)EAN

For k # I, by independence
E [ara] = E [ax] E [a] = (B [ax))?,
this leads to
E (2] = NE [a}] + N (N = 1) (E [a))” + 2N (N - 1) E [b})] .

To achieve our goal, we calculate the following expectations

E [ax] = 4E [(zi)? —-E [(22)2} = lj;\[jj - 1?31;27

E[a}] = 4E [(4)1 +E {(zg)“] _8E [(Z;)Q (Zg)j
v (B]()" ()] | ()" (=

_3pfTS 19u2T0 N 427T*
16N 16 N5 64N4’

FTW
N—
V)
[E—
=
—
/~
I
T
N—
no
o
N
T
—
[\
[E—
N———

B 2] =4 (2[()7]) + (=]()7]) -s(E[4)°
v ((E[44]) + (B [:8)" + (B[oh:4]))

_ M4T6 N M2T5 N 69T4
~ 16N6 ' 4AN5 ' 256N%°

Combining our results, we obtain

1 /3 ,. 9 1 /11 1545 1 /163
Elz2] = 2 (2 4764 2 2T5> A ( 275 T4> o (T4).
[ } N4 <16” *6H T 32 Tt ) T e \ 956
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Then replacing N by 2!~1

11 1545 163
E [ZQ] — o4 (?)M“T6 + 9u2T5) 42738 <4u2T5 + 32T4> +27 <64T4) .

Dividing by 16, we get the desired result

3 9 11 1545 163
T T + Gt Tt )T 1024
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Chapter 3

Asymptotics for the normalized error

of the Ninomiya-Victoir scheme

This chapter corresponds to an article written with Emmanuelle Clément and Benjamin Jourdain
[3]. It has been submitted for publication.

Abstract. In a previous work, we proved strong convergence with order 1/2 of the Ninomiya-
Victoir scheme XMV with time step T//N to the solution X of the limiting SDE. In this paper
we check that the normalized error defined by v N (X — XN VW) converges to an affine SDE
with source terms involving the Lie brackets between the Brownian vector fields. The limit does
not depend on the Rademacher random variables n. This result can be seen as a first step to
adapt to the Ninomiya-Victoir scheme the central limit theorem of Lindeberg Feller type, derived
recently by Ben Alaya and Kebaier for the multilevel Monte Carlo estimator based on the Euler
scheme. When the Brownian vector fields commute, the limit vanishes. This suggests that the
rate of convergence is greater than 1/2 in this case and we actually prove strong convergence
with order 1.

3.1 Introduction

We consider a general n-dimensional stochastic differential equation, driven by a d-dimensional
standard Brownian motion W = (Wl, cee Wd), of the form

d
dX; =b(Xy)dt + > 0’ (X)dW}, t € [0,T]
e (3.1.1)

XO =T
where z € R" is the starting point, b : R — R™ is the drift coefficient and ¢/ : R® — R",j €
{1,...,d}, are the Brownian vector fields. We are interested in the study of the normalized error
process for the Ninomiya-Victoir scheme. To do so we will consider in the whole paper a regular

time grid, with time step h = T'/N, of the time interval [0, T]. We introduce some notations to

define the Ninomiya-Victoir scheme. Let

o (tk = kh)y<j<n be the subdivision of [0, 7] with equal time step h,
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« AWI=Wi—-W forse (ty trs1)and j e {1,...,d},

tro
o As=s—tg, for s € (tg,tgs1],

e 1 = (Nk)p>; be a sequence of independent, identically distributed Rademacher random

variables independent of W.

Let V : R™ — R™ be Lipschitz continuous and let exp(tV)zo denote the solution, at time t € R,

of the following ordinary differential equation in R"™

dalt) _
"W _v )
z(0) = xo.

To deal with the Ninomiya-Victoir scheme, it is more convenient to rewrite the stochastic
differential equation (3.1.1) in Stratonovich form. Assuming C! regularity for the vector fields,

the Stratonovich form of (3.1.1) is given by

d
dX; = o(Xy)dt + > 07 (Xy) 0 dW}
j=1

X():x

d o ) )
where 0¥ = b — % >~ 00’07 and O¢’ is the Jacobian matrix of ¢/ defined as follows
j=1

907 = (Oz,0V) (3.1.2)

1<i,k<n

Now, we present the Ninomiya-Victoir scheme introduced in [44].

e Starting point: th(\)fVm =z.

e Forke{0...,N —1},
if??k+1:17

h h
XZZ}F/{” P (200) eXp (AWtCllcﬂad) e OXP (AthkJrlUl) €xp (200) thzvma

Xt]ZJ‘r/l’n = exp <ZUO> exp (AthkHal) ...€xp (AWtiHUd) exp (;(70) Xt]ZV’n.

The strong convergence properties of a numerical scheme, which approximates the diffusion
(3.1.1), are useful to control the variance of the multilevel Monte Carlo estimator based on
this scheme (see [22] and [38]). This motivated our study of the strong convergence of the
Ninomiya-Victoir scheme in Chapter 2. More precisely, under some regularity assumptions on
the coefficients of the SDE, we proved strong convergence with order 1/2: for all p > 1, there
exists a constant C'yy € R’ such that for all NV € N¥,

= [y [0 0] < O (14 i) v

70



3.2 Stable convergence

In this present paper, we focus on the convergence in law of the normalized error defined
by VN (X - XN V’”). The asymptotic distribution of the normalized error for the continuous
time Euler scheme was established by Kurtz and Protter in [35]. The asymptotic behavior of the
normalized error process for the continuous time Milstein scheme [42], which is known to exhibit
strong convergence with order 1, was studied by Yan in [55]. In both cases, the normalized error
converges to the solution of an affine SDE with a source term involving additional randomness
given by a Brownian motion independent of the one driving both the SDE and the scheme.

This paper is organized as follows. In Section 2, we recall basic facts about the theory of stable
convergence in law, introduced by Rényi [50] and developed by Jacod [30] and Jacod-Protter
[31]. In Section 3, we will discuss the interpolation between time grid points and then derive the
asymptotic error distribution for the Ninomiya-Victoir scheme in the general case. More precisely,
we prove the stable convergence in law of vV N (X - XN VW) to the solution of the following SDE

V= [ZZ/ aﬂam )dBﬂm+/ab Vds+2/aoﬂ ) VedW,

j=1m=1

where [07,0™] = do™0a7 — dalo™, for j,m € {1,...,d},m < j, denotes the Lie bracket between
the Brownian vector fields ¢/ and ¢™, 0b is the Jacobian matrix of b, defined analogously to
(3.1.2), and (By)y<4< is a standard d(d — 1)/2-dimensional Brownian motion independent of .
This result ensures that the strong convergence rate is actually 1/2. Moreover, it can be seen
as a first step to adapt to the Ninomiya-Victoir scheme the central limit theorem of Lindeberg
Feller type, derived by Ben Alaya and Kebaier in [10] for the multilevel Monte Carlo estimator
based on the Euler scheme. Their approach leads to an accurate description of the optimal choice
of the parameters for the multilevel Monte Carlo estimator. When the Brownian vector fields
commute, the limit vanishes, which suggests that the rate of convergence is greater than 1/2. In
Section 4, we focus on the commutative case and we provide a suitable interpolation between

time grid points, to show strong convergence with order 1.

3.2 Stable convergence

We start with the definition of the stable convergence in law which is stronger than the convergence

in law.

Definition 3.2.1 Let (ZN)NeN be a sequence of random variables all defined on the same
probability space (0, F,P) and with values in a metric space (E,d). Let (0%, F*,P*) be an
"extension” of (Q, F,P), and let Z be an E-valued variable on this extension. The sequence

(ZN)NeN stably converges in law to Z, and we write this convergence as follows

tabl
zN =Y 7
N—+oco

)

if, and only if, for all f: E — R bounded continuous and for all bounded random variable = on
(€, F,P)
E|f(2)z] — E'[f(2)3).

N—+oc0

We do not go into details of the definition of an "extension" (see [30] for more information). The

purpose of this section is to recall basic facts about stable convergence to study a sequence of
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stochastic differential equations in R™ of the form

¢ d ot _
UN =RV 1+ JN ¢ (/0 HONUN gs + Z/O HngU;deg) , (3.2.1)
j=1
where H7N for j € {0,...,d}, take values in R” x R”, R" is a remainder term and JV a source

term. This is motivated by the decomposition of the error process (3.3.7).
The following fundamental proposition will be used to study the stable convergence in law of

a random sequence of couple of variables (see section 2-1 in [30]).

Proposition 3.2.2 Let (AN) Nen and <FN)NGN be two sequences of random variables all defined
on the same probability space (2, F,P), with values in a metric space (E,d), and A be a random
variable on an extension, with values in (E,d). Let (GN)NEN be a sequence of random variables

and © be a random variable all defined on (Q, F,P), with values in an other metric space (E',d’).
Then

if AN E2 N and d (AN, TY) Ly 0 then TN TR A (3.2.2)
N——+oo N—+oc0 N——+oo
if AN E2 A and d (0V,0) 5 0 then (AN, 0N) T2 (A0), (3.2.3)
N—+o00 N—+o0 N—+o00

for the product topology on E x E'.

In the following, we work on the filtered probability space (£2, F,F,P), where
F= (]:t =0 (na Wi, s < t))OStST :

We consider the metric space E = C ([0, T], R™) equipped with the supremum-norm. The following
theorem, dedicated to the convergence of a sequence of semimartingales, is a simplified version of
Theorem 2.1 in [30].

Theorem 3.2.3 Let <YN>N€N be a sequence of continuous semimartingales with values in RP,
such that YN = MN + AN, for all N € N, where MY is a sequence of continuous F-local
martingales null at t =0 and AN is a sequence of F-predictable continuous processes with finite

variation. Assume that, there exist A and f such that

supHAfV—AtH N 0,
t<T N—+oc0

.. t
i je{l1,... dallt 7], (MoN ANy By g _—/ 4d
fOT’(J, 27]6{ ’ ap}7 ana a 6[07 ]a< ) >tN 4 t 0 fs S,

forall €{1,....p},€{1,....d}, and allt € [0,T], (M"N, Wk} = 0.

t N—+oo
Then,
yN ety
N—+o0 ’
where .
1
Y, = At +‘/0 (fs)2 dBSv
and (fs)% is the square root of the positive semi-definite matriz

fs - ( Z‘j)
5 J1<ij<p’
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and B a p-dimensional standard Brownian motion defined on a Wiener space (QB,}"B, ]P’B) and
independent of W. The stable convergence takes place in the canonical Wiener extension of W,
denoted by (U, F*,P*) defined as follows

U =0xQ8 FF=FeFB Pr=PxP>,
In comparison with Theorem 2.1 of [30], the assumption,
<Mi, N>t =0, foralli e {1,...,p} and all N a bounded martingale orthogonal to W,

is obvious, since we can write M in terms of an Itd integral with respect to the Brownian motion
W, by using the martingale representation theorem. We will use Theorem 3.2.3, together with the
following proposition to study the source term J»V in the decomposition (3.2.1). This proposition

is a consequence of Theorem 2.3 in [31] (see the proof of Theorem 2.5 (c) in [31]).

Proposition 3.2.4 Let (YN) Ve be a sequence of continuous semimartingales with values in R?,
such that YN = YN + MY + AN, for all N € N,t € [0,T], where M™ is a sequence of continuous

F-local martingales null at t = 0 and AN is a sequence of F-predictable continuous processes

s ) 18
NeN

tight. Then, for any sequence (KN)NGN of F-predictable, right-continuous and left-hand limited

T
with finite variation null at t = 0. Assume that the sequence <<MN>T —|—/ ‘d
0

processes, with values in R ® RP, such that the sequence (KN, YN) stably converges in law to a
limit (K,Y') we have the following result

Y is a semimartingale and with respect to the filtration generated by the limit process (K,Y) and

(KN YN, / KNdYN> sLably (K Y, / KdY),
N—+00

t t
where /KNdYN — (/ KéVdYSN> and /KdY — (/ KSdYS> .
0 0<t<T 0 0<t<T

The following theorem deals with a sequence of stochastic differential equations in R™ of the

form

UN = RN + N +Z/ HNUN qw,

where, by convention, dW? = ds, (J N )N N is a sequence of continuous adapted processes, and
€

for j{0,...,d}, (HN is a sequence of F-predictable, right-continuous and left-hand limited
NeN

processes, with values in R™ x R".
Theorem 3.2.5 Assume that there exist (Hj)0<j<d and J such that

e forallje{0,...,d}, sup HHJN - H]H Nt 0,

stably
N e

o J J,

N—+4o00

P
. supHRiVH — 0.
t<T N—+o0
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Then, UN stably converges in law towards U, where U is the unique solution of the following

affine stochastic differential equation

d ot .
Ut:JtJrZ/ HIU AW .
=070

Proof : On the one hand, denoting by
dort 4
VN =3 [ Hivaws,
=070

the first assumption ensures that

P
sup [Vi¥ —vil| 520,
t<T N—+o0

where .
t .
Vi=> / HIdW?.
=070
On the other hand, (3.2.2) from Proposition 3.2.2 gives us

tabl
RN + N 2Y g
N—+oco

Then, applying (3.2.3) from Proposition 3.2.2, we have

(RN +JV, VM) LY (g,

N—+o00

Finally, since (sup HHtN H) is tight, we get the desired result using Theorem 2.5 (¢) in [31].
=T NeN
[ |

3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme

in the general case

3.3.1 Main result

In order to study the stable convergence in law of the normalized error process, we have to build

an interpolated scheme. Let us first introduce some more notation.

o Let 75 be the last time discretization before s € [0,T], ie 75 = t, if s € (tx, tx+1], and for

s =19 =0, we set 75 = tp.

o Let 75 be the first time discretization after s € [0, T, ie 75 = tg41 if s € (¢, tx+1], and for

s =ty =0, we set 7p = 0.

o By a slight abuse of notation, we set ns = ng41 if s € (tg, tps1]-
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3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme in the general
case

o To lighten up the notation, ||.|| will denote both the Euclidean norm in R™ and its associated

operator norm in R"” @ R™.

« For a finite-dimensional normed vector space (S, ||.||g), LIPS (S) denotes the space of

locally Lipschitz with polynomially growing Lipschitz constant functions from R" to S:

LIPYY (S) = {F:R" — §,3c € R}, g € N,Va,y € R", | F(z) — F(y)lls < c(1+ |2l V [ly]|) e — yll} -

loc

Remark 3.3.1 If F € C' (R",S) with polynomially growing first order derivatives, then F €
LIPF(S).

loc

A natural and adapted interpolation, at time ¢t € [0,T], for the Ninomiya-Victoir scheme

could be defined as follows At At
h77t (27 AWta 7a ngm> 9

where AW, = (AW},..., AW,

h_1(to,...,tgr1;x) = exp (t000> exp (tlal) ... €xXp (tdad) exp (td+100) x,

and
hi (to,...,tqr1;x) = exp (toao) exp (tdad) ...exp (tlal) exp (td+100) T.
Here, to compute the It6 decomposition of (hm (%, AW, %; X g V’”))O<t<T the main difficulty

is to explicit the derivatives of h,. In the general case, the computation of derivatives of this
function is quite complicated. For this reason, in this paper, we use the interpolation of the

Ninomiya-Victoir introduced in Chapter 2

ax Vi _ Z o (a7 + 1 Z Ooio? (X37)dt+ 1 (o0 (X07) +00 (XE41)) ar
Xévv’” =z,
(3.3.1)

where for s € (tg, tgps1]
vO0,n _ As 0 XNVﬂY]l X 1 1
X = exp 5 7 ( t =13 T e, {Wk+1:*1}> ’

for j € {1,...,d}, X" = exp (AWsjaj> (Xj_l’"]l{nkﬂzl} + Xﬂl’”]l{nk“:,l}) ,

tet1 trt1
- As .
d+1m _ 0 d, NV,
X = exp (20 ) (th21]1{77k+1:1} + Xy, n]l{ﬂkﬂ:—l}) :

Although the stochastic processes ()_(g ’n) - for j € {1,...d}, are not adapted to the filtration

0<t<
IF, each stochastic integral is well defined in (3.3.1). Indeed, (X’g ’7’)0<t<T is adapted with respect

to the filtration
(J(n,WSj,sgt>\/(\/a(Wf,sST))) ,
/ 0<t<T
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for j € {1,...d}. Then, by independence, W7 is a also a Brownian motion with respect to this

filtration and the stochastic integral

t .
/ o7 (XIM)dW?
0

is well defined for all ¢ € [0,7]. Using this interpolation, we proved in Chapter 2 the strong

convergence with order 1/2.
Theorem 3.3.2 Assume that
e foralljc{l,...,d}, o € C' (R",R"),
e 0% 07 and da’o?, for all j € {1,...,d}, are Lipschitz continuous functions.

Then, for all p > 1, there exists a constant Cnyy € R% such that for all N € N*,

sup HXt NV"
t<T

< Cnv (14 [l]7) 7
Then, the normalized error process is defined as follows
VN = VN (X = xNVn).

In this section, we check that the normalized error V'V converges to an affine SDE with source

terms. Here is the main result.

Theorem 3.3.3 Assume that

0¥ € C% (R™,R") and is a Lipschitz continuous function with polynomially growing second

order derivatives,

for all j € {1,...,d},07 € C?>(R™,R") and is Lipschitz continuous and its first order
derivative o7 € LIPP® (R" ® R™),

for all j;m € {1,...,d},0070™ is Lipschitz continuous,

forallj € {1,...,d},00707 € C* (R"™,R") with polynomially growing second order deriva-
tives.
Then

stabl
vy Yy
N—+4o00

where V' is the unique solution of the following affine equation

= \[ZZ/ oo™ )dBJm+/8b Vds+Z/809 )V, AW, (3.3.2)

j=1m=1

with [07,0™] = do™0? — oo™, and (By)y<y<p is a standard d(d — 1)/2-dimensional Brownian

motion independent of W.

76



3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme in the general
case

3.3.2 Discrete scheme

To compute the asymptotic error distribution, the method consists in writing the normalized
error in the form (3.2.1) . Since the interpolation (3.3.1) is not adapted to the natural filtration
of the Brownian motion W, we were not able to derive a decomposition (3.2.1) with V¥ replacing
UN. To get around this problem, we build an adapted approximation XD of XN Vi with order

1 — ¢, for all € > 0, and introduce
UN = VN (X - XPm).

Then, we obtain the decomposition of the form (3.2.1) (see (3.3.7)) and study the satble

convergence in law of UY to deduce the convergence of V. The approximation is defined as

follows
d
P = XD b (XD7) A+ > o7 (X07) And
j=1
d
45 Y0010 (X7 ((aw7)’ = at)+ X a0lo™ (X07) AW aw
j=1 nem<nej
XODW =

(3.3.3)
In the following proposition, we compare XNV and XD,

Proposition 3.3.4 Let p > 1 and € > 0. Under the assumptions of Theorem 3.3.3, there exists
a constant Cp € RY such that for all N € N*,

1

2 - 3271 < o

t<T

The proof of this proposition is postponed to the Appendix.
The next lemma gives estimation of the moment of XD and its increments. Its hypotheses

are consequences of the ones of Theorem 3.3.3. We omit its standard proof.
Lemma 3.3.5 Assume that

e bc CY(R™,R"™) has an affine growth,

e forallje€{l,...,d},07 has an affine growth,

e forall j,m € {l,...,d},007c™ has an affine growth.

Then, for all p > 1, there exists a constant Cp € R% such that for all N € N*

E lsup HX?’”HQP < Op, (3.3.4)
t<T
and
for allt € [0,T),E U)Xf)’" - XQ’"HQ”] < Cph?. (3.3.5)
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Asymptotics for the normalized error of the Ninomiya-Victoir scheme

3.3.3 Proof of the stable convergence

We recall that UN = /N (X — X’D’”). By Proposition 3.3.4,

supV/ NV [[ 22 - x|
t<T

converges in probability to 0 as IV goes to +00. Since

vN _uyN_ N (XD,n o XNV,n) :
Property (3.2.3) from Proposition 3.2.2 ensures that Theorem 3.3.3 is a consequence of the
following proposition dedicated to the stable convergence in law of UY.

Proposition 3.3.6 Under the assumptions of Theorem 3.3.3

stably
N —

U v

N—+400

where V' is the unique solution of (3.3.2).

Proof : We begin by describing the limiting process for UN = v/ N (X - XD ’77> . The differential

of UN can be written as

= (o3 - (7)) 5 o0 - (527 v

Jj=1

PV ((b (£27) 6 (X2 de + 3 (o (£P7) o0 (£27)) dwg)

(3.3.6)
— \/>Z dolal ( ) AW]dWJ
7j=1
~VN ( Z dolo™ (X;f’n> AW AW + Z dolo™ (Xg’n> AWtdetm) .
nem<ntj nem<n¢j

Then, the proof will go through several steps.

Step 1: linearisation of the two terms in the first line of the right-hand side of
(3.3.6).

N ((b 0600 (52t 3 o (05— (7)) dwg) |
Let j € {1,...,d} and i € {1,...,n}. By the mean value theorem, we get
o (Xy) — ol (thDﬂ?) = Vol (ﬂ]) . (Xt — )A(tD’n> ,

where §t = atj X+ (1 — oy ) XtD "I for some at € [0,1]. Using a compact matrix notation, we

can write

ol (Xy) — ol ()A(tD’n> = 8Uz’N (Xt - )A(tD’n) ,
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where
(0527),,,, = O (7).
Then, we obtain
VNY (o7 () = of (X7)) awi = Zaa NUNaw; .
j=1

In the same way

VN (b(X0) = b (X)) dt = o6 UNat,

where
(901"),,,, = 2t (&)

and &° = o’ X; + (1 — o )Xf)’" for some a? € [0, 1].
Step 2: decomposition of UY.

Writing the fourth term in the right-hand side of (3.3.6), o/ ()A(tD’n) — o7 (Xg’n), as the sum of

the dominant contribution J
Z dalg™ (Xg’n> AW,
m=1
and the remainder
. A . A d . A
o’ (XtD’n) —o’ (Xg’n) - Z Oolc™ (Xf:’n) AW,
m=1

which is of order 1/N, we deduce that

d
UN =RYN + I + (/t obNUNds + Z/t aangU;deg') , (3.3.7)
0 =170
where
d d
Ri\f _ m(Z /t (Uj (X‘SDW) —gd (X’g’n) — Z dolo™ (X:i’n) AW;”) dWSj
j=1"0 m=1
t
b(XPm) —b(XP")d
o () () as),
and

Jﬁ:—f( /aaﬂaﬂ( D")AWJdWJ +/ 3 oo™ (Ag’”)Awyde

nsm<ns]

+/ Z dolo ( Dn) AWIdWw™ — ZZ/ dla {2#7) AW?dW§>.

NsM<1ns] j=1m=1
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Asymptotics for the normalized error of the Ninomiya-Victoir scheme

The expression of JV can be arranged as follows

d j—1 ¢

1 (oD —14+ns I
JtN:\/NjZ“nZZI ; [03,0 }<X£n> #AWS aw?
VN S [ m] (Dm) L+ 7s j m
+ NZZ/O 1,0 (XP7) L Awdaw.
j=1m=1

Step 3: stable convergence in law of JV.

To lighten up the notations, we introduce
jvmvN i j m % D,'r] . .
o Kj =[o',0 }(Xﬁ )for],m{l,...,d},m<j,
o Wl = 10 and ¢ =

. t . t .
N A JN(/ TlAW™maw? +/ \I@Awgdwg”> for j,m{1,...,d}, m < j.
0 0

Then, we have that

wly? =0,
()" (7)1,
and
d izl .
JN=>"> / KimN gy dmN,
j=1m=1"0

With a view to apply Proposition 3.2.4, in order to obtain the stable convergence in law of JV,
we first study the stable convergence in law of Y. By virtue of Theorem 3.2.3, it is enough
to study the asymptotic behavior of <Yj’m’N, Wk>t, for t € [0,T],j,m,k € {1,...,d} such that

m < j, and <Yj’m’N,Yl’k’N>t, for t € [0,T],5,m,k,l € {1,...,d} such that m < j, k <.

Step 3.1: asymptotic behavior of <Yj’m’N,Wk>t for j,m,k € {1,...,d},m < j and
t € [0,T].

Computing the quadratic covariation we get
) t t .
<Y]’m’N, Wk>t = \/N <]l{jk?}/ \I/;AWSmdS + ]l{m:k}/ \I’gAng(S) .
0 0
Then, computing the L?—norm, we obtain
4 2 t t o\ 2
H<Y],m,N,Wk>tH2 =NE (11{j:k}/ \pgAWﬁLdHn{m:k}/ \IlgAwgds>
0 0

t s
1,1 m m
_ 2N<1{j_k}/0 /0 E[wlwl| E (AW AW du ds

ST /Ot /OSIEJ (w202 | & [AWI AW du ds>.
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Since for all u, s € [0,¢] such that u < s,
E[AWIAW' | =u—uATs >0,
1
1gl] _ 252] « *
0<E|0ju,| =E |0202] < 5
and m < j, then it follows that

H<meN Wk H <N//u—u/\Tsduds—N//u—Tsduds—fN/ 5—7’8
T3
_2N/ szS _67NN—>—+>000

Step 3.2: asymptotic behavior of <Yj’m’N,Yl’k’N>t for jym,k,l € {1,...,d},m <
Jok<landte]|0,T].

Computing the quadratic covariation we get
. t 2 t 2 .
<Yj7m,N’Yl7k7N>t _ N(n{j:l} / (Uh) AW AWEds + 1 gy / (v2)” awiawlds
0 0
t t .
g / WIWZAW AW ds + 1y / w;ngngWfds)
0 0
Since ¥'W? = 0, we obtain
) t 2 t 2 .
(yimN YUY (n{jzl} / (0!)" AW AWEds + 1 iy / (v2) AngWslds) .
¢ 0 0
Then, we distinguish three cases. In the case j = [ and m # k, the bracket is given by
, t 2
(yim yteny —n [ (wl)” awrawkds
t 0

By independence, the L?2—norm of the bracket <Yj’m, Yj’k>t is given by

u

H<w¥mvN,wk7N>tHz —oN? /0 t /O E {(w;)z (\1/1)2} E (AW AW E [AWFAW!] du ds

—oN? /Ot /OSIE [(q/;)Z (\111)2} (B [AWTAW™)? du ds.

using once again

EAWIAW ] =u—uATs >0,

and

for all u,s € [0,t],u < s, we get
H<Yj’m’N,Yj’th <N2// (u—uATs) dudS—NQ// u—Ts) 2 du ds

T
= 1pe - < N2/ — 7P ds = ——
3 /0 (s =7)ds < 5 ) ds = o o
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The second case k = m and j # [, is similar to the first case since
; t 2 .
(YIRN YIRNY — N / (v2)” AW aw!ds.
0

As previously, we have

[ ytin) |, =z, 0
th2 N—+4oco

The third and last case k = m and j = [ provides a nonzero limit
. . 2 N\ 2
(yImN yImNy — N / ( ; (AW + (v2)” (awy) > ds.

To identify the limit we proceed to a preliminary calculus of the expectation of this bracket
) ) t 2 2 N 2
7,m,N 7,m,N _ 1 m\2 2 J
B[(yim¥ yin) | = [ (& |(0))] 2 [awry] | (92)°| B[ (awi)]) as
Since (\111)2 + (1112)2 =1, we get

B [(yim N, yimi) | = N/Ot (s —#4) ds = N/;t (s— %) ds+O (]17)

1 1 1
= Tt —) — =Tt
g1+ 0 (N) N—too 2

Now, we show the convergence in L? of <Yj’m’N, Yj’m’N>t towards T't/2. Computing the L2 —norm
of the difference between the quadratic variation <Yj’m, Yj’m> ., and T't/2, we obtain

(i ), () it im0 ()
(i) - (5me) +o (5)
To prove the convergence in L2, it suffices to show that

2
[y [ (57e)

Computing the square of the L? norm of the bracket

H<Yj7m,N’Yj7m7N (// [\p 2 ;)Q}E[(AW?V (Awy)ﬂ du ds

+/ / E (\1;)2 \1/3)2 E|(awmy? (AW&)Q- du ds

V(O]

+/Ot/OSE:(\D§)2 Wi)Q:E:(Awg)2(AW5)2: du ds).
Since for all u, s € [0, ¢] such that u < s and all k,1 € {1,...d},
E [(AWf)2 (AW{L)Q] ~0 (;2) ,
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3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme in the general
case

we get

A A 2 tor7s 1
7,m,N 7,m,N _ 2 A A -
H<Y Y >tH2—2N /0 /0 E(u)(u—7y)(s—7s)du ds+O<N>,
where ) ) ) )
E (u) :E[((%) +(02) ) ((\Ifl) +(92) )}
Then, using (‘111)2 + (\112)2 =1
(o, yamny % g2 /t /*S (w—7,) (s — 75 du ds + O (1)
) tllo o Jo u s N
t s
_ 2N2/ / (4= #0) (5 — 75) du ds + O <1>
0 Jo N
2 [* 2 1
= N — 4 —_
</0 (s Ts)d$> —i—O(N)
1,.\? 1 1,.\?
~(57t) +o(5) o (571) -
Step 3.3: conclusion of the step 3.

Applying Theorem 3.2.3 we conclude that \/%YN stably converges in law to a standard d(d—1)/2-
dimensional Brownian motion B, independent of W. Now, it remains to prove the convergence
in probability of KV. We recall that for j,m {1,...,d}, m < j,

Kg’m’N = {Uj,am} (XP:W) .

Tt

From Proposition 3.3.4 and Theorem 3.3.2, together with the Lipschitz assumption on [¢7,0™],

j,m{l,...,d}, m < j we get the following convergence in L>
j:myN _ ] m R L2
sup HKt [0 , T } (X3,) NoToo 0. (3.3.8)

t<T

Once again, the continuity of [aj, o™, j,m{1,...,d}, m < j, together with the continuity of

the solution X ensure that

§1<1¥ H {aj,am} (X3,) — [aj,am} (Xt)H Nﬁoo 0. (3.3.9)

Then, combining (3.3.8) and (3.3.9), we obtain

. , P
sup HKg’m’N - [aj,am] (Xt)H — 0.
t<T N——+4o00

Thus, according to Proposition 3.2.2, we have the following convergence

(KN’ ;YN> z\j%zo (([aj’am} (X))j,me{1,_,,,d},m<j ’B) .
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The convergence of <YN >T ensures its tightness. Then Proposition 3.2.4 leads us to

2 stabl ;
N “yN N Y j -m
<K ’\/;Y J ) Nﬁoo <({0 7 } (X)>j,m€{1,.“,d},m<j ’B’J> ’ (3.3.10)

where, for t € [0, 7],
Jy = \[Z Z/ aj am X,)dB)™.

j=1m=1

Step 4: convergence of RV.

We show the convergence in L? of the remainder RV towards 0. Applying a convexity in-

equality, then Doob’s martingale inequality to each stochastic integral, we get

d
l?il?HR H2 <N(d+1) (E0+4J§Ej :
where . -
EO:E[?E? /0 b(X?’")—b(Xg’n) ds|| |,

and, for j € {1,...,d},

@zfﬁl

Step 4.1: estimation of FEj.

o7 (K1) g7 (£27) _ 3" ool (X27) AWy
m=1

2
} ds.

Let i € {1,...,n}. Using the integration by parts and It6’s formulae we get

/0 g (XP7) =o' (X27) du = /0 (EAF - s) T (XP) v (X27) ds

n Zd: /0 t (t A7y — ) Vb (XSDW) ol (XQ’") aw}
n Z/ (tAFs — 5) \V4.3 (XDJ]) ol ot ( ) AWdeJ

+/ Z (t ATy — 5) V' ( X ) dolo™ (X‘gﬂ?) AW™ AW
Nsm<nsJ

+ / t S (AT =)V (XPM) . d0le™ (XD7) AWIdw]

0 Nsm<nsj

41 /t (tAFo = 8)Tr (HH,V2 (XP7)) ds
2 0 S S S S bl
where (Hs)y< < is @ n x d-dimensional process built with the following columns

HI =g’ (Xg’") + 0ol o? (Xg”) AWY + Z dolo™ (Xg’") AW
NsM<1sj
+ > 00™o! (ij") AW,

NsM>1ns]

84



3.3 Asymptotic error distribution for the Ninomiya-Victoir scheme in the general
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d o
Since the first and second order derivatives of b = 0¥ + % >~ 00’07 have a polynomial growth
i=1
and t A7y — s < %, (3.3.4) from Lemma (3.3.5) ensures the existence of a constant 3 € R

independent of N such that

[0 (x) <0 (x27) |

Step 4.2: estimation of E;,j € {1,...,d}.

E |sup
t<T

_m-

Let i € {1,...,n}. Denoting
0 = o (£07) — o (K27) = 3 Wt (D). o (527) Az

and applying the mean value theorem, we get a (¥ between X Dmand X g "1 such that:

ij _ d ij [ ij ij ( xDm m (¥ Dn m ij ( ~ij /S D
2/ =3 (Vo () = Vo (R27)) o (K27) AWy + V0¥ (¢7). [ b(X27) du
+ Vo'l (g;’f).( 3 / o™t (XE7) AWEawy
nsk<nem ” TS
+ > / oot (XE7) AWMW5+§: " gomom (%2 Awydwy)
nsk<nsm ' m=1"Ts

Since 007, for j € {1,...,d}, is locally Lipschitz with polynomially growing Lipschitz constant,
there exist ¢ € R% and ¢ € N such that for all j € {1,...,d}

o[ (@) <0 e o]
and
B |[vo (c2) - vor (x2)[] < (s e v 20 v - 2]
Moreover b,o/ and doda™, for j,m € {1,...,d}, are Lipschitz continuous. Then, combining a

convexity inequality and the Cauchy-Schwarz inequality (3.3.4) and (3.3.5) from Lemma 3.3.5,
we get a constant v € R independent of N such that

e [le2f] < 5o

Then, it follows that

/OTE U (xR =t (R27) - i: (XD o (D) awr
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Step 4.3: conclusion of the step 4.

Taking the Euclidean norm, we conclude that

E Egg HRiVHQ] O (3.3.11)

Step 5: stable convergence in law of UY.

t d ot .
We recall that UN = RN + JN + (/ oNUNds + Z/ 8ag’NUL§VdWsj). Thanks to (3.3.10)
0 — /o

and (3.3.11), we conclude using Theorem 3.2.5 since the continuity of 9b and do”,j € {1,...,d},
together with Proposition 3.3.4 ands Theorem 3.3.2, ensure that

?Eg Habiv —0b (Xt)H N%:OO 0,

and for all j € {1,...,d},
sup H@Uﬁ’N — 9’ (Xt)H - o

s<T N—+oc0
[ |
3.4 Particular case: the Brownian vector fields commute
In this section, we assume the following commutativity condition
for all j,m € {1,...,d}, [crj,crm} = do™o) — dolo™ = 0. (€)

The commutativity of the Brownian vector fields implies the commutativity of the associated
flows. Then, the order of integration of these fields no longer matters and 7 is useless. We also

assume the following regularity assumptions
o forallje{1,...,d},o/ € C' (R",R") with bounded first order derivatives,

e 0¥ € C?(R",R") with bounded first order derivatives and polynomially growing second

order derivatives,

d o
e > 00707 is a Lipschitz continuous function,

J=1
1 d o
Notice that b = o0 — 5 > 00’0’ is also Lipschitz continuous. We denote by L € R’ a common
i=1

. d o
Lipschitz constant of o7, for j € {0,...,d}, band > do707. When the vector fields corresponding
j=1
to each Brownian coordinate in the SDE commute, the solution of (3.3.2) is zero. This suggests

that the rate of convergence is greater than 1/2 in this case. In fact, we prove strong convergence
with order 1.
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3.4 Particular case: the Brownian vector fields commute

3.4.1 Interpolated scheme and strong convergence

In the commutative case we can define a smart interpolation. We define three intermediate

processes. For t € (tg, tg+1]:
- At
Xto = exp (20'0) Xt]:V,

X; = exp (AWtdad) ...exp (Athal) Xy

tpy1?
_ At _
Xth = exp <200> Xty

NV __ yd+1
th+1_ tet1”

Proposition 3.4.1 Lett € (tg,tgr1]. The dynamics of ()_(t>t et is given by
k >Up41

. dopto .
K= X0, 3 [ ol () awy.
j=1""
Proof : Frobenius’ theorem (see [18] or [17]) ensures that there exists a unique function
h € Cch? (R" X Rd,R") such that

o ((h(z,y)) forall (z,y) € R" x R?
h(z,0) =z for all x € R",

——
&
=
8
=

I

ie. forall je{1,...,d},
Ay, h(z,y) = o7 ((h(z,y)) forall (z,y) € R" x R,
Then, it is clear that, by induction on j € {1,...,d}

exp (AWthj) ...exp (Athal) X&H =h (XO

tp41?

Ath,...,AWtj,O,...,O),

and
xzwﬁ

tet1?

AW,) .
Finally, we obtain the desired result by applying the chain rule for the Stratonovich integral. l

The interpolated scheme is defined as follows

o’ <X5> o dW? + % /Ot o (Xsdﬂ) ds.

Theorem 3.4.2 Let p € [1,400). Under the commutativity assumption, and the reqularity
assumptions made in the beginning of the section, there exists a constant Clyy, € RY such that

for all N € N*,

e g i - x| < cavi

t<T
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In Chapter 4, we prove that the normalized error process N (X - XN V) converges to an
affine SDE with source terms involving the Lie brackets between the Brownian vector fields and
the drift vector field. More precisely, under the commutativity condition (C) and the following

assumptions

e for all j € {0,...,d},07 € C?>(R",R") with bounded first order derivatives, do’ €
LIPP® (R" ® R") and 0?07 € LIPP° (R" @ R" @ R"),

e forall j€{1,...,d},00707 is a Lipschitz continuous function,

we show that

stabl
:}y

N (X—XNV) U,

N—+o0

where U is the unique solution of the following affine equation
T At 0 i o t d ,
Ui= =3 [ o] (X aBl+ [ ob(xX) Uids+ Y- [ 007 (X)) VW,
tmzlo[ ] (x0) [ ob () go (X,)

and (Bt)0<t<T is a standard d-dimensional Brownian motion independent of W. This result
ensures that the strong convergence rate is actually 1 when the Brownian vector fields commute,
but at least one of them does not commute with the drift vector field. It is not surprising
that the limit vanishes when all the vector fields ¢/, for j € {0,...,d}, commute, since the
Ninomiya-Victoir scheme solves the SDE (3.1.1) in this case.

In order to prove Theorem 3.4.2, we first need to prove that the Ninomiya-Victoir scheme
has uniformly bounded moments under the assumptions made in the beginning of this section.

This is the aim of the following subsection.

3.4.2 Intermediate results

The following proposition will be used to prove the theorem.

Proposition 3.4.3 Letp > 1, Z = (Zt)g<<p, andY = (Yi)g<i<p, be the solutions of the following

n—dimensional SDEs, driven by a d—dimensional brownian motion, on the time interval [0, h):

dZs = a(Zs)ds + B(Zs)dWs
Zy independent of (Wt)epo ) such that: E [HZOHQP] < 400,

dYs = y(Ys)ds + B(Ys)dW,
Yy independent of (Wt)te[(),h] such that: E [HYOH%} < o0,

respectively. Assume that o, B and v are Lipschitz continuous functions. Then, there exists a
constant Coy € R such that for all t,s € [0,h],s <,

E |1+ Z|”] <E |14 ]|1Z]*] exp (Coh), (3.4.1)

E lSUP 12 = Yl
t<h

< Co (E (120 = YoI*?] + B [1 + [ Yo|[**] n?
(3.4.2)
+E [1 + HZoH?p] h2p> exp (Coh)
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3.4 Particular case: the Brownian vector fields commute

if a« =, we have
E (|2 - Yil™] <E[[1Zo — Yo|**] exp (Coh), (3.4.3)

E [ - Z,|I”] < Co (1+E[[1Z0]*]) (t = 51, (3.4.4)
and if B =0, we have a better estimation

E [|Z - Z:|I?] < Co (1+E [1Z0]*]) (t = )™ (3.4.5)
The constant Cy only depends on [|a(0)]],]|B(0)]],||7(0)|, T, p, and the Lipschitz constants of

a, Band 7.

Proof : Ouly (3.4.2) requires a proof, the other results are well known (see [51]). Let ¢t € [0, h],
and s € [0,t]. Applying a convexity inequality, we get

S
12, — Yo = 3% < 1Zo — Yo + s*~* /0 l(Zu) =~ (V)| du

4

Taking the expectation of the supremum, and using the Burkholder-Davis-Gundy inequality, we

_l’_

/0 " 8(Z4) - B (Ya) dW,

get,
t
E [sgg 12, - Y|] < 3! (E (1120 = Yo[**] + (20)~ /0 E [[la(Zu)|*] +E [y (Ya)[[*?] du

crwt | E[I8(2,) - 8] du>,

where K is the constant that appears in the Burkholder-Davis-Gundy inequality. By the Lipschitz

assumption, and by using (3.4.1), we obtain

E [Sup 1Zs — Ys| %P
s<t

< 3% (E (1120 = YolI] + R (B [1+ (1 Zo]] +E [1 + [ Yo]*?])
t
+ KTP—1L2P/ E [Sup 12, — m%’] du),
0 v<u

where

R = 4?1 (max {L,max{ yiedl,... ,n}}})2pexp (CoT)

7 (0)

ai(O)‘,iE{l,...,n}},maX{

and L is the common Lipschitz constant of «, 8, and . We conclude using Gronwall’s lemma

and changing Cj. [ |

The next results are similar to Lemmas 2.5 and 2.6 in Chapter 2. However, they require

slightly different regularity assumptions since the Brownian vector fields commute.
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Lemma 3.4.4 Assume that

e forallj€{0,...,d},07 € Ct (R*,R") with bounded first derivatives,

d o
e > 00’07 is a Lipschitz continuous function.
J=1

Then, for all p > 1, there exists a constant C] € RY such that for all N € N*,t € [0,T],

B |1+ | X0] < explci (14 ol ).

21+ [ %)7] < exvicim (1+ o)),

E {1 + HXngHﬂ < exp(C17) (1+ [l2]*).

Proof : Let p > 1 and t € [0,T], then there exists an integer k£ € {0,..., N — 1} such that

ty <t < tgy1. We recall that ()_(g)t et is the solution of the following ODE:
E<SSUk+1

1
dZs = 5(;()(Zs)ds

_ vNV
Ztk - th

)

()_( s) is the solution of the following SDE:
tp<s<tpi1

14 o d .
dZs =5 Z 90707 (Zs)ds + > 0! (Zs)dW]
7=1 j=1
Ztk X?kJrlv
and ()_( ;1+1) is the solution of the following ODE:
tp<s<tpy1
L o
Az, = 50" (Z:)ds
Ztk - thﬂ

Applying (3.4.1) from the Proposition 3.4.3, we get, for all ¢ € (tg, tx11],

E {1 + HX?HQP} <E [1 + HX{ZV’”HQ’J} exp (Coh),

tir1

B [1+ [%7] <8 [+ |20, 7] exo com.

E {1 v HX#“HQP} <E [1 + | K

Using backward induction on (3.4.6), (3.4.7) and (3.4.8) we get

E [1 + HthH%} < exp (3Cotx+1) (1 + HxHQp) ,

90

2p] exp (Coh) .

(3.4.6)

(3.4.7)

(3.4.8)



3.4 Particular case: the Brownian vector fields commute

for j € {0,d + 1}, and
E {1 + H)_QHQP] < exp (3C0tisr) (1+ o).

The proof of the next Lemma is a straightforward consequence of Lemma 3.4.4, (3.4.4) and
(3.4.5) from Proposition 3.4.3.

Lemma 3.4.5 Under the assumptions of the previous Lemma we have the following result. For
all p > 1, there exists a constant C € R such that for all N € N*,t € [0,T7,

E [H)‘(to - X;tVVHﬂ < Gy (1+ [l«]7) n, (3.4.9)

E [th _x0

2
"} < Cy (14 [|al) 2, (3.4.10)

s |5 - %,

2”} < Cy (14 ||l*) h?. (3.4.11)

3.4.3 Proof of the strong convergence in the commutative case

Proof : The error process is given by
X, — XMV = 2/ )—o (XO) du+ - / X,) — o’ (XSH) du
+Z/ o7 (Xu) = 07 (Xu)) 0 dW].

Then, using a convexity inequality, we get for ¢t € [0,7] and p > 1

[Slilg HXt XtNVH 1 < 3% (Ey + Ear1 + E), (3.4.12)
where )
1 /s _ P
Ey=E [sup f/ o (X,)—o° (Xg) du ] ,
s<t 112 Jo
1 s _ 2p
E4.1 =E |sup 7/ o0 (Xy) — o0 (Xff“) du ,
s<t 2 0
and
d g 2p
E=E |su / ol (X,) — o’ odW]
S5 [ o (1)

For the reader’s convenience, the proof of this theorem is split into intermediate steps.
Step 1: estimation of Ej.

Introducing o (X;,) and o (X i\i V), and using convexity inequality, we obtain
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et [ ot )~ (62 ]
W?/Ui@”)0@®WM)

The two last integrals are easy to estimate. On the one hand, since ¢ is Lipschitz,

[ e[l - (52 < 2 [ g 32
0 0

v<u

32p71
Ey < 225 (E [sup

s<t

/0 60 (X,) — o (X, ) du

On the other hand, using (3.4.9) from Lemma 3.4.5 together with the Lipschitz property of ¢°,

we get
t _ 2 t _ 2
[ 5[l 02e) o (e o [ 22 ]
0 0
< L2CYT (14 |l2]*) b2
Now we look at the first integral. For i € {1,...,n}, using the integration by parts formula, we
have

/0 o (X,) — 0 (Xz,) du = /0 (Fu A5 —u)d (0™ (X))

Then, applying Itd’s formula, we get

/3 o (Xy) — o™ (X;,)du = /S (FuNs —u) Vo™ (Xu) . b(Xy) du
0 0

+ 1/8 (Tu N's —u)tr ( (Xy) 0" (X,) V2™ (Xu)> du

+/ (Fu Ns —u) o (Xy) Vo (X,) . dW,,,

where o = (69), ., , <j<q 18 the diffusion matrix. Taking the expectation of the supremum and

using a convexity inequality, the Burkholder-Davis-Gundy inequality and 7, — u < h, we get

E [sup

s<t

/ o0 (Xy) — 0 (X,) du
0

32p 1h2p T2p 1/ |:‘VO.’LO ) b(Xu) ]du

T;;ol/ UW( XU)U*(XU)VQOJO(XU))‘QP} du

e s o)

where K is the constant that appears in the Burkholder-Davis-Gundy inequality. By the regularity

+

W) Vo (X,)

assumption on o/, for j € {0,...d}, we easily get two constants g € Ry and q; € N* which only
depend on p, T, o and ¢, such that

2p t
E lsup < a0h2p/0 E |1+ [ Xu]*"] du

s<t

S . .
/ o0(X,) — 0" (X3,) du
0
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3.4 Particular case: the Brownian vector fields commute

Moreover, by the Lipschitz assumption on b, 07, for j € {0,...d}, (3.4.1) from Proposition 3.4.3
ensures that
E [1+ X[ ] < +oo.

Finally, by combining our different inequalities, we obtain a constant 8y € R independent of N,

such that
t
Ey < By <h2p —i—/ E [sup
0 v<u

X, — XjVVHﬂ du> . (3.4.13)

Step 2: estimation of F4, 1.

Introducing ¢ (X;,) and ¢ (Xi\uf V), and using convexity inequality, we get
32p71 2p
o = (o |
¢ 2
e [ ot ()~ (327 ]
0

[[o (e -t ()] )

We have already dealt with the two first terms int the right-hand side in the estimation of Eg, 1.

/0 60 (X,y) — o0 (X, ) du

+ E |sup

s<t

Let i € {1,...,n}, we use integration by parts and It6’s formula to get

/Os o (XI) = o™ (XY du = /03 (s AFu—u)d (o (X)) + /OT (Fu —u)d (o™ (X))

:% OS (Fu —u) Vo™ ( 73“) oY (Xff“) du
3 [ ) (900 (). o (1)) W
j=1

<

1
2

+;/OS(T —u)tr (UU*V2 i )_(u))
;/OTS (fu —u) Vo™ (X9) . 0% (X9) du.

Once again, by the regularity assumption on o/, for j € {1,...,d}, and by using Lemma 3.4.4
and 7, —u < h, we get a constant as € R independent of N such that

/08 0 (X3+1) _ 50 (X%V) du 2

< ash?P.

s<t

E [sup
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Finally, by summing up our different inequalities, we obtain 441 € R, independent of N, such
that

t
Eqr1 < Basa <h2p +/ E [SUP
0

v<u

X, — X{,VVHQ”] du> . (3.4.14)

Step 3: estimation of FE.

Re-expressing the integrals in 1t6’s form, we get
]Z;/O (o7 (X)o7 (X)) 0 aWi = jzi:l /0 (o7 (X)o7 (X.)) aw
A5 L 0o =00 ()

Applying a convexity inequality, the Burkholder-Davis-Gundy inequality, together with the
) d o
Lipschitz property of o7, for j € {1,...,d} and Y do707, we get
j=1

2p

/N
)
<
&
|
Q
S
S
B

u)) o dW

t
ga/ EU'Xu—Xu
0

2
p} du.

where o = d (2L)% (K 1+ TQP_I) and K is the constant that appears in the Burkholder-

22p

Davis-Gundy inequality. To estimate E [HX“ - X,

2p
}, we introduce the following piecewise

continuous process (Xu) such that for u € [7y, Ty)
0<u<T

Then, using a convexity inequality, we obtain

d 2p

jgl/o ol (Xy) — o’ (Xu) odW}

E |sup
s<t

t
ga/ EU(XH—XU
0

(|- %

2
p} du,

where o = 2%7~a. An estimation of the first expectation is given by (3.4.2) in Proposition 3.4.3:

E [HXU — X,

2
ﬂ < 2Co exp (Coh) E [1+ | X4, [|7] 1.

We estimate the second expectation using (3.4.3) in Proposition 3.4.3:

E{ 2’)}.

Introducing X i\i V' in the right-hand side of the inequality, we get

d

Xy — Xu

7] < e (ComE[|x5, - X2,

%, — quzp] < 2% exp (CyT) (E [HX@ - Xﬁvuzp

+E U’XQV - X0

2pD .
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Applying (3.4.9) from Lemma 3.4.5 to the last expectation, we obtain

d
We conclude by combining our different results, we get a constant 8 € R} independent of IV,
such that

~

Xu_Xu

2]1 < 227~ exp (CoT) (E [Sup HX” B XQJ)VVHQP

v<u

+C1 (1+ 1)) h2p> .

E<B (th T /OtE [sup HXU - XjVVHﬂ du) . (3.4.15)

v<u

Step 4: conclusion.

Combining (3.4.12), (3.4.13), (3.4.14),(3.4.15), and Gronwall’s lemma, we get the following

estimation

E [sup Ix, - ngvm < 3 (fo+ Bars + ) oxp (3771 (B + as + B T) W,
t<T

3.5 Appendix

This section is devoted to the proof of Proposition 3.3.4. To compare XD with XN Vi we

introduce the following non-adapted interpolation of (th ’")O<k<N:

XP= XD 4 b (RE7) At + z (X27) aWi + ilagjaj (x27) ((awy)” - )
J= J=
+ Z Aol g™ (Xg’n) AW;?AWIZ.
nem<neJ

(3.5.1)

Proposition 3.3.4 is a consequence of the next lemma, which compares XDmand XP M. and the

next proposition, which compares X" and XNV,

Lemma 3.5.1 Let p > 1 and € > 0. Under the assumptions of Lemma 3.3.5, there exists a
constant C', € RY. such that for all N € N¥,

~ 2p 1
E XD - XxP 7| < Chgi
up |27 - x| < 0

1 1 .
Proof : Letp > 1,q,r >1,—+ — =1, and ¢t € [0,7]. Subtracting (3.5.1) from (3.3.3), we

q T
obtain

XPm—xPr = 3" o0lo™ (XDT) AW (AW — AW
nm<nej
== > oolo™ (XD7) AW/ (W - W)
nem<ngj
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Asymptotics for the normalized error of the Ninomiya-Victoir scheme

Then, combining a convexity inequality and the Holder inequality, we get

=l x ] < (%50) " (o faploron 32

t<T mej t<T

i 2pr
Er [sup ‘AWtJ (Wi — th)‘ ’ ] )
t<T

Since da/o™ for j,m € {1,...,d}, has an affine growth, using Lemma 3.3.5 we obtain a constant
B, independent of N, such that

t<T

2p
[sup”X M XtD’"H sup

<B> Er lsup ‘AWtJ (Wit — th)fprl .

m<j

Then a straightforward calculation gives us

D 2p
t<T

<,BZIE7~[ sup sup

ke{l, N} tp<t<tji1

(v ) oz, )

. 2pr
aw v - w) [

<52Er lz sup

m<j k=1 te<t<tr41

1 1 i|2pr 2
<BN* S Er| sup ’Wf‘ sup [W;™ — W
m<j 0<t<ty 0<t<ty

SﬁNiZEE[ sup

m<j 0<t<ty

WJ ’2pr]

Using Doob’s submartingale inequality, we get

2
D P
Sup”)(t & Xt ’nH
t<T

< AN+ ZEr U

2pr:|

2
where v = 3 (T%l) . Finally, we obtain

2p 1
sup || X; Do x P <Cp—,
e
d> —d
where C, = ~T?P joks UG 2P T} and G a normal random variable. [

Proposition 3.5.2 Let p > 1. Under the assumptions of Theorem 3.3.3, there exists a constant
C} € RY such that for all N € N¥,

E [sup HXtNV’n - XtD’nHZP < CYhh?P.

t<T

Before proving this proposition, we recall some useful results stated and proved in Chapter 2.
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Lemma 3.5.3 Assume that
e forallje{l,...,d},o? € Ct (R", R").
e 0% 07 and da’o7, for all j € {1,...,d}, are Lipschitz continuous functions.
e I € C%(R™,R™) with polynomially growing first and second order derivatives.

Then, for all p > 1 there exists a constant C € R’ such that for all N € N*,
for all t € [0,T],E [1 n HX{VV’"HZ”} < (14 [2]), (3.5.2)
forallt € [0,T),j€{0,...,d+1},E [1 + HX;?’”HQP] < (1+j2l™), (3.5.3)
forallt€0,T),j €1{0,...,d+1},E [ng?" - X;tVVv”HQﬂ <Cy(1+|l2]™) P, (35.4)

[ 7 (x) P () as|

Now, we turn to the proof of Proposition 3.5.2.

forallj€{0,....,d+1},E < C1h?. (3.5.5)

sup
t<T

Proof of Proposition 3.5.2 : We denote by L € R’} a common Lipschitz constant of o’ for
j €1{0,...,d} and oo™ for j,m € {1,...,d}. Let t € [0,7] and s € [0,t]. Rewriting (3.5.1) in

integral form, we get

X; ’"—a:+/ ’77 ds+ - Z/ 80303 ”7 ds+Z/ ol dW]
(3.5.6)
D,n D m j
+Z / 00707 (X27) AWiaw] + / > dolo™ (XET) AWIaW].

Nsm<1ns]

Subtracting (3.5.6) from (3.3.1), we get
XNV _ x P — ;/OS o (Xg") —a° (Xf_i’n> du —|—jz;/os do’ ol (X{L") — o'’ (Xf_i’") du
e L[ o0 () — o (X27) Z [ (%27) = (x2) aw
- Ed:/os (8Ujoj <X£777> AWY + Z dolo™ (X5777> AW;Z) dWy.
j=1

Num<nuj

Using the Burkholder-Davis-Gundy inequality and a convexity inequality, we obtain

sup HXNV77 XD’”H
s<t

(2d+2)*" (14 K177 (df I+ Z E ) (3.5.7)

where K is the constant that appears in the Burkholder-Davis-Gundy inequality,

g = /Ot E [Haj (ij") ) (Xgﬂ) " (XZW) AWL{ —numz<:nuj Aol g™ (Xg’n) i 21’] du,
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Asymptotics for the normalized error of the Ninomiya-Victoir scheme

and

I; =E lsup

s<t

/0 p (x3m) = F7 (X2 du

with FO = Fi+1 = 50 and F7 = godo?, for j € {1,...,d}.

2p
)

Step 1: estimation of £}, for j € {1,...,d}.
We first introduce the vector R}, for u € [0,t], defined by

RI — o7 ()_(5;’7) — ol (ng’") —dolo? (X ( NV") AW] = > 0ddlo™ ( an) AWZ

NumM<NuJ

with coordinates (R%) . Denoting

1<i<n

=3 o (XN AW 4 o7 (XIV) aw,
Num<nuj

RY rewrites

R = oV (XJ7) — o' (X2V7) = vo'd (X2VT) g,

Tu Tu

By the mean value theorem, there exists o/ € [0, 1] such that
o (X7) — o' (XNV7) = W (¢ . (g — X2V,

with
€ = X NVn+a (XJT] X{VVJ))‘

Tu

Hence, introducing
7j — 7.7’777 — NV7T’ — j7n
Ru - Xu Xf'u Ju ’
we get

R = Vo'l (&) . Rj + (Vo' (¢7) = Vo' (X)) . Ji.

Let us now estimate RY. Since do7 is locally Lipschitz with polynomially growing Lipschitz

constant, we get a constant oy € R4 independent of N such that

2 2 2 . 2 .
=l e SR N
U U Tu u

< o oo (52) [

‘21’) . (3.5.8)

Then, using the Cauchy-Schwarz inequality, we get

d

Applying (3.5.4) from Lemma 3.5.3, we obtain

d

Jam

u

‘4;»])%.

- ) < (e

u

.. 4p
17 NV
¢ x|

Tu

- X;XV’”H@} < Cy (14 [l *) n.
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Once again, combining the Cauchy-Schwarz inequality, the Lipschitz property for o7,j €
{1,...,d}, and (3.5.2) from Lemma 3.5.3, we get 51 € R, independent of N such that

4
e [l ") <
For the last term in the right-hand side of (3.5.8) we obtain
d

1
where o) = (ﬁlCl (1 + ||1‘H4p>> ®. For the first term in the right-hand side of (3.5.8), by the

Lipschitz property of o7, o7 is bounded by a constant denoted by M, so it remains to evaluate

ij _ wNVin
u X%u

2p . 112p
HJﬁ’nH ] < arh®,

RJ. Writing R? in integral form, we obtain
RI = XJ — NVW — Jin
0 0 (d+1
/ ]l{nu_l}O' XU) + ]l{nuzfl}o- (Xer ) dv
+ Z / oo™ Xm) dv+ = / ol gl (Xj> dv

Num<nuj
— o™ (xVT) dwr+/uaﬂ’ (x7) = o7 (X2V1) aw.

+Z/

Num<nyj ” T

Combining a convexity inequality, the Burkholder-Davis-Gundy inequality and the Lipschitz
property of ¢ for m € {0,...,d} and do™c™ for m € {1,...,d}, together with (3.5.3) and
(3.5.4) from Lemma 3.5.3, we get $2 € R4 independent of N such that

= el

For the first term in the right-hand side of (3.5.8), we obtain

p} < Boh?P.

g v (&) | "] < oot

where ap = M?P(35. This leads us to the following estimation

.12
E UR;J p} < aph?®,

where ag = ap (a1 + ag). Therefore
. 112p 9
E [HR{LH } < nPasgh?.

Hence, by introducing R/, in the expression of E; and by using the Lipschitz assumption
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E

Tu

o ) D\ _ 9ol o X Wi — olo™ (X W;ZZ
H j(Xjn) o (X 77) 90 j( ZW)A j S 00 ( fzn>A p}
Num<nuj

2p
NVn D,n
XNV _ x1 H

.

< (d+2)*! (1 + L2p) (E [sup
v<u

+E|
).

XNV _ Xﬁv’?)f”] E [|awg*]

Tu

2 12
V,T] DJI p ] p
XNV x Pl awy

R;,

+ZE[

m#j

Vin D
X P X by

2p|AW$Z|2p} +IE{

Then, by independence, for all m € {1,..., m}

d

v B awg ] <]

2
<E[|GI*| 1" E [Sup |xavvn — xPa| p] ,
v<u
where G is a normal random variable. Summing up these last inequalities, we get
2w [ NV D%
E;i <y |h +/ E |sup HX% n_ xP H du |, (3.5.9)
0 v<u

where 71 = (d+2)* " (1+ L%) (1 + d E |G| T” + nPasT).

Step 2: estimation of I;, for j € {0,..., d+1}.

Yo (|[ [ () - ()

et [ () - (k)

2p

/0 T (x37) = B9 (X27) du

Hence

S—
g
s
<
R

N
>

Z
<
3

N—
QU
g

2
‘ p} du),
where ag = 22P71 (1 + T2p’1). Then, by using (3.5.5) from Lemma 3.5.3 for the first integral

and the Lipschitz assumption for the second one, we get

t
I; <7 <h2” + / E lsup
0 v<u

where 2 = a3 (C1 + L?).

XNVJ] _ Xg’n

Tv

2p
] du) , (3.5.10)
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Step 3: conclusion

Finally, by combining (3.5.9), (3.5.10), together with (3.5.7), we obtain

E lsup HXéVV’" - X?’"H2p1 <3 (th + /OtE lsup

s<t v<u

2p
NV Dy
XNV x P ]m),

where v3 = (2d +2)* 7" (1 + KT?~1) (dy, + (d + 2) 72) and we complete the proof using Gron-

2
wall’s lemma since Lemmas 3.3.5, 3.5.1 and 3.5.3 ensure that E [sup HX;VV’” — XSDWH p] is finite.
s<t
[
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Chapter 4

Asymptotic error distribution for the
Ninomiya-Victoir scheme in the

commutative case

This chapter corresponds to an article written with Emmanuelle Clément and Benjamin Jourdain
[2]. It has been prepublished.

Abstract. In Chapter 3 we proved strong convergence with order 1 of the Ninomiya-Victoir
scheme XNV with time step T/N to the solution X of the limiting SDE when the Brownian
vector fields commute. In this paper, we prove that the normalized error process N (X — XN V)
converges to an affine SDE with source terms involving the Lie brackets between the Brownian
vector fields and the drift vector field. This result ensures that the strong convergence rate is
actually 1 when the Brownian vector fields commute, but at least one of them does not commute
with the drift vector field. When all the vector fields commute the limit vanishes. Our result is

consistent with the fact that the Ninomiya-Victoir scheme solves the SDE in this case.

4.1 Introduction

We consider a general n-dimensional stochastic differential equation, driven by a d-dimensional
standard Brownian motion W = (Wl, cee Wd), of the form

d
dXy = b(Xp)dt + > ol (Xy)dW], t €[0,T]
= (4.1.1)

XO =T,
where x € R" is the starting point, b : R” — R™ is the drift coefficient and ¢/ : R® — R",j €
{1,...,d}, are the Brownian vector fields. We are interested in the study of the normalized error
process for the Ninomiya-Victoir scheme. To do so we will consider in the whole paper a regular

time grid, with time step h = T'/N, of the time interval [0, T]. We introduce some notations to

define the Ninomiya-Victoir scheme. Let

o (tk = kh)o<j<n be the subdivision of [0, 7] with equal time step h,
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« AWI=Wi-Wwj

7., for s € (tg, tpy1] and j € {1,...,d},
o As=s—ty, for s € (tg,tpt1].

Let V : R™ — R" be Lipschitz continuous and let exp(tV)zo denote the solution, at time ¢ € R,

of the following ordinary differential equation in R™

dx(t)
"W _v )
z(0) = zo.

To deal with the Ninomiya-Victoir scheme, it is more convenient to rewrite the stochastic
differential equation (4.1.1) in Stratonovich form. Assuming C' regularity for the vector fields,

the Stratonovich form of (4.1.1) is given by:

d
dX; =0’ (Xy)dt + > o7 (Xy) o dW
j=1
XQ =,
14 o . .
where 60 = b — = Z 0olo? and Oo’ is the Jacobian matrix of o7 defined as follows
j=1

007 = (Da0V) (4.1.2)

1<ik<n

We recall that the Ninomiya-Victoir scheme [44] is given by:

o starting point: Xt];[v’" =z,

o forke{0...,N —1},
if g =1:

th+1n = exp (200) P (AWngad) oo OXP (Ath]€+101> P <2UO> th "

and if ngy1 = —1:

NV, h o 1 i _d h o) yNV.

thH” = exp (20 ) exp (AWt1k+10 ) ...€xp (AWtk+IJ ) exp (20 ) X, n
where n = () k>1 18 a sequence of independent, identically distributed Rademacher random
variables independent of W. In Chapter 2, we proved strong convergence with order 1/2: for all

p > 1, there exists a constant C'yy € R’ such that for all NV € N¥,

_ NV,?] 2p 2p p
B | x| X - X3 < ey (14 o) .

In Chapter 3, we studied the stable convergence in law of the normalized error defined
by VN = VN (X - XN V’”). The theory of stable convergence, introduced by Rényi [50] was
developed by Kurtz-Protter[35], Jacod [30] and Jacod-Protter [31]. The asymptotic distribution
of the normalized error for the Euler continuous scheme was established by Kurtz and Protter

in [35]. The asymptotic behavior of the normalized error processes for the Milstein scheme
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[42], which is known to exhibit strong convergence with order 1, was studied by Yan in [55]. In
both cases, the normalized error converges to the solution of an affine SDE with a source term
involving additional randomness given by a Brownian motion independent of the one driving
both the SDE and the scheme. In Chapter 3, we showed the stable convergence in law of V¥
to the solution V of the affine SDE with source terms involving the Lie brackets between the

Brownian vector fields:

Vi=4/= ZZ/ aJ am X,)dB)™ + /ab Vds+2/ 907 (X,) VedW{,
j=1m=1

where [07,0™] = do™0a7 — dalo™, for j,m € {1,...,d},m < j, denotes the Lie bracket between

the Brownian vector fields ¢/ and ¢™, 0b is the Jacobian matrix of b, defined analogously to

(4.1.2), and (Bt)g<;<r is a standard d(d — 1)/2-dimensional Brownian motion independent of W.

The limit vanishes when the Brownian vector fields commute: for all j,m € {1,...,d},
[aj, am} = do™o) — dolo™ = 0. (C)

When the Brownian vector fields commute, the order of integration of these fields no longer
matters, since Frobenius’ theorem ensures (see [17] or [18]) the commutativity of the associated
flows. The sequence 7 is then useless. Therefore, the Ninomiya-Victoir scheme may be written

as follows
o starting point: th(\)fv =z,

o for ke {0...,N—1},
XNV _ h 0 AWd d AW h XNV
oy = OxXP (507 ) exp ( fein O ) .exp ( besr O ) oxp | 50 i

Under some regularity assumptions, we proved, in Chapter 3, strong convergence with order 1 of
the Ninomiya-Victoir scheme when the commutativity condition (C) holds. More precisely, we

showed the following result.
Theorem 4.1.1 Assume that
e forallje{l,...,d},07 € Ct (R*,R") with bounded first order derivatives,

e 0¥ € C? (R™, R") with bounded first order derivatives and polynomially growing second order

derivatives,

S dodad is a Lipschitz continuous function,

j=1
and that the commutativity condition (C) holds. Then, for all p > 1, there exists a constant
Chy € R such that for all N € N¥,

® | [~ X <

In the present paper, we assume that the commutativity condition (C) holds and we focus on
the convergence in law of the normalized error defined by UN = N (X - XN V). This paper is

organized as follows. In section 2, we define an adapted interpolation between time grid points
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and derive its It6 decomposition. Then, we provide a suitable decomposition of the normalized
error UN = N (X - XNV> of the form

t drt A
=QN + N + (/O HS’NUSNds+Z/O HgWU;deg) :
j=1

where H7N for j € {0,...,d}, take values in R” @ R”, Q" is a remainder term and JV a source
term, to study its stable convergence in law. In section 3, we prove the stable convergence in law
of U to the solution of the following SDE:

Uy = \[Z/ o’ 0! dBﬂ+/ab Uds+Z/ 9o (Xs) UsdW,

where (Bt)0<t<T is a standard d-dimensional Brownian motion independent of W. This result
ensures that the strong convergence rate is actually 1 when the Brownian vector fields commute,
but at least one of them does not commute with the drift vector field ¢". It is not surprising
that the limit vanishes when all the vector fields o7, for j € {0,...,d}, commute, since the

Ninomiya-Victoir scheme solves the SDE (4.1.1) in this case.
Notation

In the following, we introduce some more notations which will be used throughout this pa-

per.

o Let 75 be the last time discretization before s € [0,T], ie 75 = t, if s € (tx,tx+1], and for
s =1ty =0, we set 7p = 0.

o Let 74 be the first time discretization after s € [0, 7], ie 75 = tg41 if s € (¢, txr1], and for
s =ty =0, we set 7p = 0.

« For the vector field o/, j € {0,...,d}, 9?0/ denotes the n x n x n-tensor (8207)”CZ =
0% oY,

lek

e The tensor product, between a m X p x g—tensor A and a vector b in RY is denoted by
A©b: forallie{1,...,m}, forall k € {1,...,p}

q
(A©Db), = > AN,
=1

 To lighten up the notation, ||.|| will denote both the Euclidean norm in R™ and its associated
operator norm in R"” @ R™.

« For a finite-dimensional normed vector space (S, |.||s), LIP?(S) denotes the space of

locally Lipschitz with polynomially growing Lipschitz constant functions from R" to S:

LIPS (S) = {F:R" — §,3c € R}, g € N,Va,y € R", | F(z) — F(y)lls < e (1 + |2l V [ly]|*) e =yl } -

loc

Remark 4.1.2

e If F € CY(R™,S) with polynomially growing first order derivatives, then F € LIPP°(S).

loc
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e IfAe LIPP (Rm@RP @ RY), M € LIPP (RP ® RY) and b € LIPPY° (RY), then A®b €
LIPP® (R™ @ RP) and Mb € LIPP (RP).

loc loc

4.2 Adapted interpolation and main result

4.2.1 Main result

To study the normalized error process UN = N (X - XN V), using the framework described in

section 2 of Chapter 3, we provide the following adapted interpolation between time grid points:

At At
XMV = hgp ( AWt,— XNV>
(4.2.1)
Xévv =z,
where hgp1 : R — R™ is defined by

hat1 (toy ... tar1;y) = exp (td+100) exp (td0d> ...exp (tlal) exp (tgao) v,

for the initial condition y € R™. The main result of this paper is the following theorem, which

gives the stable convergence in law of the normalized error process U™ .
Theorem 4.2.1 Assume that

e for all j € {0,...,d},07 € C?>(R™ R") with bounded first order derivatives, do’/ €
LIP (R"®R"™) and 0*c? € LIPY" (R" @ R" @ R"),

e forallj€{l,...,d},00707 is a Lipschitz continuous function,
and that the commutativity condition (C) holds. Then:

stabl
:}y

UY =N (x - xV) U,

N—+o00

where U is the unique solution of the following affine equation:
T & ot :
U= —— / 00,0 BJ+/ab )+ /3ch ) U dW7,

and <Bt>0<t<T is a standard d-dimensional Brownian motion independent of W.

In order to prove this theorem we will proceed as follows. Firstly, we will derive the dynamics
of the interpolated Ninomiya-Victoir scheme XNV using It6’s formula. Then we will decompose

the dynamics as follows
dXNV =p( XNVt + Zaﬂ XMVyaw] + dJY + dQY, (4.2.2)

where JV is a term with strong order 1 and Q" is a remainder term such that NQ" uniformly

converges in probability to 0. Using (4.2.2) we can derive a convenient decomposition of the
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normalized error process UV as
t drt A
UN =QN +JN + / HONUN ds + Z/ HNUNaw? | |
0 — J0
7j=1

where H/N for j € {0,...,d} take values in R® @ R, JN¥ = —NJ¥ is a source term and
QN = —NQV is a remainder term. By analyzing the stable convergence in law of the source

term JVV, we will be able to prove the above result using Theorem 2.5 in Chapter 3.

4.2.2 It6 decomposition of XMV

To get the It6 decomposition of XMV, the main difficulty is to explicit the derivatives of hqyq
given by (4.2.1). Even if the commutativity of the Brownian vector fields o7, j € {1,...,d},
simplifies the calculation a lot, it is still cumbersome. To compute the derivatives of hgi1, we
begin by writing hg1 in integral form as follows. The Frobenius theorem (see [17] or [18]) ensures

that for all permutation £ on {1,...,d}:
to
hati (to, - tar1;y) =y +/ o’ (eXp (SUO) Z/) ds
0

. i /Omm o£) (exp (S(,s(k)) (H exp (t 5(W,s(m)) exp (togo) y) ds
k=1

m<k

tat1 0
—1-/0 0" (hat1 (to, - .-, ta, s;y)) ds.
(4.2.3)

First order derivative with respect to tg.

To compute the derivative with respect to ty, we choose £ = Id, and we introduce the functions
hj (to, ..., tj;y) = exp(tjaj) ...exp(tioh) exp(too®)y,
for j €40,...,d}. Then, with £ = Id, (4.2.3) becomes
to d iy
ha o eostari) =y [0 (o (s ds + 32 [0 (e s tivssso))ds

tit1 0
+/0 (e} (hd+1 (t07"'7tdas;y)) dSa
and it follows that
Otohar1 (to, - - tar1;y) = a° (ho (to;y))

d t; A
+ Z/O do’ (h] (t()a v 7tj717 S y)) atohj (t07 cee 7tj717 S5 y) ds
=1

tat1
+ /0 o0 (hat+1 (to,---,ta, s;y)) Oyhast (to, - - -, td, S;y) ds.

108
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Moreover,
Orohj (to, .- t5;y) = ° (ho (to; y))

J tr
+ Z /0 ok (hi (to, ... te—1,5:Y)) Duohu (to, ... th_1,s;y) ds.
Then, solving these linear differential equations, we obtain by induction

Oohast (tos- - tar1;y) = R (to, .. tay1sy) R (to, .- tasy) ... R (to, t1;y) 0° (ho (to; v))

where, for j € {1,...,d+ 1}, R/ is the solution of the following linear system

d . . ,
&RJ (to,...,tj_l,t;y) = 803 (h] (to,.. . ,tj_l,t; y)) RJ (t07...,tj_1,t;y)

Rj (th ... 7tj*170; y) = Idn,

d+1

with o = oY by convention.

First order derivative with respect to ¢;,j € {1,...,d}.

Choosing ¢ such that £ (d) = j, we get

atjh’d—f—l (t07 ceey td-‘rl; y) = Uj (hd (t()a “e. 7td; y))

(ZAN] 0 (4.2.4)
+ /0 do (h‘dJrl (tO') cee 7td7 S; y)) 8tjhd+1 (t()a e 7td7 S; y) ds.

Solving this linear differential equation, we obtain

atjh'd—i-l (t07 cee 7td+1; y) = Rd+1 (t07 cee 7td+1; y) Uj (hd (th t17 cee 7td7y)) .

First order derivative with respect to 4.
The derivative with respect to ¢4, is trivial:

Orgerhayr (to, - - tar1;y) = 0° (hayi (to, - - tar1;9)) -

Second order derivative with respect to ¢;,j € {1,...,d}.

Using (4.2.4) and
8tjhd (t07 cee 7td;y) = Uj (h‘d (t(]a ey tds y)) )

we have
atzjtjhd+l (t07 cee 7td+1; y) = 8Uj0j (hd (t07 v 7td; y))
tg41
/ (((8200 o hd+1) © O, hd+1) O, hd+1) (to, .- ta,s;y) ds

d+1
+ / (800 o hd+1> 8t2jtjhd+1> (to, ..., tq,s;y)ds.
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Solving this linear differential equation, we get

04 havt (to, - tap1sy) = R (to, . s tari;y) 90707 (ha (to, - - ta; y))

ta41
+ /0 lelans (to, .- tqgr1, S;9) g(’H'1 (to,...,tq,s;y)ds,

where

-1
GdJrl (t07 cee 7td+17 S; y) == Rd+1 (t07 o 7td+1; y) (Rd+1> (t07 ... 7td7 S; y) )

and

9" (to, - ta, sy) = ((5200 o hgt1® 8tjhd+1) atjhd+1> (to, - ta, 5;9) -

Ito’s formula.

Using It6’s formula, we obtain:

At At d At At :
dxNV = atohdﬂ ( AW, = XNV> dt + " 0 ha ( AW, = X;YV) dw}

=1

1 At At 1 At At
+ 50 hat ( AW, — X;ZV) dt + 5 z; 07 4 has ( AWy, — Xétw> dt
J:

—Ztﬂdt + Z Yol (X)) dwyi

7j=1

(4.2.5)

where for ¢ € [0,T]

for j € {1,...,d},s € [7,1]

A ) )
}/tjs =R (t AWt g 7AWIE771’ AWSJ’XgV> ’

At As
Y = it < CAW) ,...,Awtd,z;X§V> ,
_ At
X?—h()( XNV),
2
_ At
Xm:hd( AWS,XNV)
. 1 rt -1 _ S -
7670 = 5 [ v (Vi) (000 (R © (vl (%)) it (%) s
Tt

and A N
X = han ( s AWy, — XNV)
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The next lemma gives estimations of the moment of the Ninomiya-Victoir scheme X"V and
its increments. It also compares XV to the intermediate processes X9, X and X!, This

result is very similar to Lemmas 4.4 and 4.5 in Chapter 3, that is why we omit its proof.
Lemma 4.2.2 Assume that

e foralljc{l,...,d},o? € Ct (R",R") with bounded first order derivatives,

d o
e 0 and > 0c’07 are Lipschitz continuous functions.
J=1

Then, for all p > 1, there exists a constant Cy € R such that for all N € N*,t € [0, T,

2
E ngWH "l < o, (4.2.6)
2
B || - x4V 7] < co vy, (42.7)
_ a2
E [HXtNV - Xx? p} < Co (AP, for all s € [T, 1], (4.2.8)
_ 2
E [HXtNV — Xt.s p} < Co (AP, for all s € [7,1], (4.2.9)
_ 2
E [HXtNV — Xt‘f:l ’ p} < Co (AN, for all s € [7,1]. (4.2.10)
Moreover if the commutativity condition (C) holds:
NV _ % |IPP 2p
E || XY - X ™| < Co(any™. (4.2.11)

4.2.3 Suitable decomposition of xVV

Our derivation of a decomposition of the form (4.2.2) is carried out in two steps. The first step
will consist in approximating the dynamics of XV with strong order 3/2. In the second step we

will identify the appropriate source term J%.

Approximation with strong order 3/2

The dynamics (4.2.5) of XNV is not really tractable to study the normalized error process U™.
In the following, we provide an approximation with strong order 3/2 of the theoretical dynamics
of XNV The goal is to be able to write the dynamics of XV in the form (4.2.2). We begin by
indicating a natural approximation with strong order 2, respectively 3/2, of the intermediate

processes Y41 and (Uj (X't,t)) , respectively (&Tj ol (X’t’t» and Z4+1LJ,

0<t<T 0<t<T

Proposition 4.2.3 Assume that

e for all j € {0,...,d},07 € C?>(R™ R") with bounded first order derivatives, do’/ &
LIP (R"®R"™) and 0*c? € LIPY" (R" @ R" @ R"),

d o
e > 00’07 is a Lipschitz continuous function.
Jj=1
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Then, for all p > 1, there exists a constant C1 € R such that for all N € N*,t € [0,T], and all
j e {]‘7"'?d}?

E [ VAR — Id, - %As@oo (x) ‘21) < Cy (AN, for all s € [, 1], (4.2.12)
E U Z{ %At (0*0° @ 07) o? (X5V) ‘QP < C1 (A1), (4.2.13)

Moreover if the commutativity condition (C) holds:
E [ o (Xig) =07 (XMV) + %At@ajao (x) 2p] <Oy (AD)?, (4.2.14)

|

In (4.2.13) and (4.2.15), we have replaced by Xg V' the argument of the functions which would

naturally appears in Taylor expansion when Lemma 4.2.2 ensures that the strong order 3/2 is

dolal (Xt,t) — dola? (XtNV) + %At (820j ool + (80j)2> o0 (ng)

2p i
] <y (At)*P.

(4.2.15)

preserved. Although the above approximations are very intuitive, their proofs are both heavy and

technical. That is why, the proof of this proposition is postponed to the Appendix. To obtain
t
an approximation with strong order 3/2 of the form (4.2.2), it remains to estimate / Z%ds, for
0
te[0,T].
Proposition 4.2.4 Assume that
e 0¥ € C (R™,R") with bounded first order derivatives, and dc® € LIPF¢ (R™ @ R"),

loc

e for all j € {1,...,d},07 € C?>(R™ R") with bounded first order derivatives, do’ €
LIPPYC (R" @ R™), and 9%07 € LIPY° (R" @ R" @ R"),

e forallje€{l,...,d},00707 is a Lipschitz continuous function.
Then, denoting by,

Y = oY ()_(f) + zd:AWtj@ajaO (ng> +
j=1

+ %At@aoao (ng) )

N | =

zd: At (620j ©o + <8aj>2> o (XA7)
j=1

fort € [0,T] ,we have that for all p > 1, there exists a constant Cy € RY such that for all
N € N

2p
< Cyh?P.

/Ot (Zg —«92) ds

This approximation is not really intuitive. Indeed, to get this result, we approximate the process

E |sup
t<T

Z9, and then we use the integration by parts formula to identify the dominant contribution. The

proof of this proposition is also postponed to the Appendix.
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We are now able to approximate the dynamics of the Ninomiya-Victoir scheme. Using

d
b=0"+— Z o707 | together with Propositions 4.2.3 and 4.2.4, it is easy to see that an adequate
] 1
decomposition of the dynamics of XNV is given by

d
axV = b (xNV) at + 3o (V) + 3 (0° (X7) —o® (X)) a

. ; i A [o o (XY ) i + ; i AWP0090" (X3V ) ai (42.16)
- At (60000 - Z (00" © 07 + 90°007 ) o ) (X2 dt +aQp™,
j=1

where, Q1" is defined by Qé’N =0 and

Q" =

N

(20 )+ 3" (vtrior (Xus) - 0@ (XY) - Lae o o) (67) ) awy

=1

+
N | —
.M&

Il
—

(K‘iﬂaajaj (Xt,t> — oo’ (XtNV>
J

— %At (80080j0j — (820j ©a + (agj)2> UO) (ng) )dt

zd: ( d+1j 5 (8200 @O_j) ol (ng)) dt.,

l\DM—~

is a remainder term with strong order 3/2. The proof of the following proposition is also

postponed to the Appendix.

Proposition 4.2.5 Let p > 1,. Under the assumptions of Theorem 4.2.1, there exists a constant
C3 € RY such that for all N € N¥,

e [uplo "] < o

t<T

Identification of the source term JV

The goal of this subsection is to identify the source term JV. Deducing the strong convergence with
order 1 of the Ninomiya-Victoir scheme from the equation (4.2.16) does not look straightforward.
Indeed, at first glance, in (4.2.16), the terms

5 / O(xM) =0 (7)) dt (4.2.17)

and

N d T Jja. 730 NV
22‘1/0 AW{007a® (XAV) dt (4.2.18)
‘7:

seem to diverge as N goes to infinity. Actually, using the integration by parts formula, we show
that both terms, (4.2.17) and (4.2.18), are bounded by a constant independent of N in L?, which

is consistent with Theorem 4.1.1. More precisely, we have the following result.
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Proposition 4.2.6 Let
d ¢ ) 1t
0= Z/ (tAF = 5) 00 07 (XNV) aw] - f/ (A% — 5) 00 0" (X2V) ds
=0 2 Jo
1% . N
- = Z/ (tATs—5) (8200 ® ol + 60060]) o’ (Xévv> ds, t €10,T],

2j 10 s

and for j € {1,...,d}

. t X .
Ig:/ (t A~ 5) 0070 (XNV) Wi, t € [0, 7).
0

Let p > 1,. Under the assumptions of Theorem 4.2.1, there exists a constant Cy € R such that
forall N e N*,j € {1,...,d}:

2p
t —
E[sup / o (XMV) =0 (X0)ds— 1P| | < Cuh™, (4.2.19)
t<T|| /0
t o ||12P
E[sup / AWJo0Ta® (XXV)ds — 1| | < Cuh™. (4.2.20)
t<T IIJ0

Proof : We start by proving (4.2.20) and we denote by
t o .
BN — /0 AW;9090" (X2 ) ds — 1.
Using the integration by parts formula, we have
¢ 3930 (¥ NV _ [ v j 0 (xNV j
AW]0olo” (X5" Jds = | (tATs—s)0c’0 (X5 " )dWY.
0 0
Therefore,
¢ ‘ , ,
N = —/ (tATs—s) (80900 (XéVV> — 9ol oY (XQV» awy.
0

Combining the Burkholder-Davis-Gundy inequality and a convexity inequality, we get a constant

a1 independent of N such that

= lo0]"] < [ nn s
t<T 0

where
E(s)=E [H@Jjao (XéNV) — o’ oY (ng) H2p] .

As the function do70® € LIPPYC (R™) is locally Lipschitz with polynomially growing Lipschitz
constant, there exist ¢ € R* and ¢ € N such that

oo () oot (12 o1 ] ) -
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Hence,
o < (1 | ]y e -] ]

Applying the Cauchy-Schwarz inequality together with (4.2.6) and (4.2.7) from Lemma 4.2.2; we
easily get a constant as € R independent of N such that:

E (s) < agh?,
and we conclude that

lsup H<I>NH < a1 Th?P.

t<T

Now, we focus on (4.2.19) and we denote
¢
N _ 0(vNVY 0[50 _ 70
o) _/0 (o (X2V) = 0® (X0)) ds — 1.
To get a clearer picture, the i-th coordinate, i € {1,...,n}, \I/f;’N is given by

= [ () o (82) s 3 [l v (127). 0 (2w

1/t
2

—22/5 (0= 900 (X3) (o0 (x7))
SIS [ ) (XA (27 o8 (2

]lklll

(AT =) Vol (xXV). o (X2Y) ds

Using once again the integration by parts formula, since for all s € [0,77], X i\sf V= )_(25, we have

t t
i0 (vNVY _ _i0 (50 _ v 0 (vNVY _ 0 (0
/0 (o (X2V) = 0™ (X0)) ds 7/3 (t A —s)d (o (XNV) =0 (XD)).
Before applying It6’s formula, we recall that the dynamics of XV is given by
_ 1 _
0_ * 0(x0
dX} = Jo (x?) dt,
and that the dynamics of XV is given by (4.2.16). Since for all ¢t € [0,7] and all s < t,

[t N7 —s| <h,

XNV as the sum of its dominant contribution and a remainder term
d
with strong order 1/2. Using (4.2.16) together with b = 0¥ + = Z do’a7, we obtain

j 1

we rewrite the dynamics of

; O (xMV) dt + Z ol (X)) aw + Z dolol (XN dt + 20 O (XP) dt + dv,

Jj=1 J1

dxXNV =
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where
d; = ;zd: At[o?,0%) (XYY aw? + 5 Z AW{0070® (XAY) dt
= 2

+ At (80000 + Z (6200 ® ol + aaoaaﬂ) ) (XNV) dt +dQrY.
7=1

Notice that 1 is a term with strong order 1 since we have already proved (4.2.20). Applying Itd’s

formula we get

[ () = o (30 ds =3 [ £ = 9) Vo (X270 (X2 s

+jzl/0 (t/\%S—S)VUiO (XSNV) ol (Xévv) de
+;§d:1/0t (AT —5) Vo™ (XNV). 9070l (XNV) ds

3 (T () v (1)) (352)

t P
+ - ZZZ/O (tATs— kalaloakjalj (X;NV) ds

]lklll

t
+/ (AT —5) Vol (XNV) . av,
0

+ ;kz:llz:l/ot (EAFy = 5) 02,0 (XDV) d(0, '),
1 d n n t A
+ § Z Z Z/O tAFs — )Gikxl i0 l] (XNV> d<’19k,W]>s.

lk=11=1

J

Then, it follows that

w ;/Ot A s) (VJ’O (Xj\’v) 0 (Xj\’v) _ vyl (Xiw) o0 (X§V>) ds

+ = Z_:/ t/\Ts—s)<VUZO(XNV) 80]U](XNV) VUZ()(XNV) 8JJJ](XNV))d
t/\Ts—s)(VJIO(XNV) VO'ZO( )).00<)_(2>d5

n i S ) S
Z/o (t A7 —s) (8§m i0 ki gl (X;vv> 2, 0ol (XiVV» ds
=1

M&\
M=

+

+

~ .
Il
—
I
Il
—

—~

(AT =) Vo' (X)) db,

/ (1 N Fs = ) 2000 (XIV) d(9F, 91,

[\D\)—‘

I M: I M:

% Z/ (EAFy = 8) 02, 5,000 (XDV) diok, W),

:

Now, it is easy to see that (4.2.19) is a straightforward consequence of Lemma 4.2.2 and the

regularity assumption on the vector fields o/ for j € {0,...,d}. [ |
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4.2 Adapted interpolation and main result

We easily obtain the following decomposition of X~V
¢
XNV = / b(X2V)ds
0

d .4 ol A ‘
+Z/ ol (XNV) aw +5Z/ (As = (A% =) [07,0°] (X)) aw]
j=1"" j=1"" (4.2.21)
+ - /AS—(t/\TS—S)) (80000+Z(O200®0J+600803> )(XNV)ds
j=1
+ QN+ Q"

where

@Y =3 ([ (o0 (x2V) - o® (x9)) ds - 1) + 5 ( [ swiogion (x3V) as - 1

is a remainder term with strong order 3/2 from Proposition 4.2.6. Actually, in (4.2.21), the term

/ t (As— (t A7y —5)) (00000 + Z (6%0° © 07 + 95%007 ) o ) (x2V) ds (4.2.22)

0 =1

d
is null. To lighten up this expression, we denote F' = 9o’0? + Z (8200 ® o7 + 05907 ) o’
j=1
Then (4.2.22) becomes:
. LNtJ 1 -
/ (As— (tA¥—5)) F (ng) ds = Z F (XNV)/ (25 — tg — tip1) ds
0

tk

+F(XNV)/ (25 — % — t)ds

Tt

= 0.

Therefore (4.2.21) can be simplified to our final decomposition:

d
xNv :/tb(X;VV> ds—I—Z/taj (XY awi + I +QF, (4.2.23)
0 —1J0
where
—1§d:/t(A —(tnF = 9) |0l 0] (xV) awd
= 2j:1 ) S Ts S 0,0 S R
and

~ ~2,N ~1,N
QY =Q; +Q.
According to Propositions 4.2.5 and 4.2.6, QV is a remainder term with strong order 3/2.

Proposition 4.2.7 Let p > 1. Under the assumptions of Theorem 4.2.1, there exists a constant
Cs € RY such that for all N € N¥,

2 plat]”] < cu.

t<T
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In the following proposition we state the continuous version of Theorem 4.1.1.
Proposition 4.2.8 Let p > 1. Under the assumptions of Theorem 4.2.1, there exists a constant
Chry € R such that for all N € N¥,

S e e

t<T

Proof : Let p € [1,400), t € [0,7] and s € [0,t]. Subtracting (4.2.23) from (4.1.1), we can

evaluate the difference between the exact solution and the scheme:
S d S
o NV __ . NV J g NV i __ 1IN _ AN
X, — X! _/O (b(xu) =0 (X5V)) du+j§1/0 (o7 (Xu) = o7 (X)) aw — I - QY.

Using a convexity inequality, taking the expectation of the supremum and applying the Burkholder-

Davis-Gundy inequality, we get a constant g € R’ independent of N, such that

< a0< [e]lposo - (x2) ]
+z / o () = 07 (V) [ au

2p] )

By the Lipschitz assumption, we can rewrite the last inequality as follows

t
<o (/ E [sup
0 v<u

+E

I

lsngX XNV
s<t

+E +E

AN
up @)
s<t

sup
s<t

X, —X{,VVH%] du

2p] )

where a; € R’ is a constant independent of N. On the one hand, applying the Burkholder-

s<t

[supHX x|
(4.2.24)

sup +E

s<t

s<t

Davis-Gundy inequality, we obtain a constant 3p € R* independent of N, such that

E lsup

s<t

] < 502 185 n = 0] (327 [
Since [07,0°%] € LIPPYC (R™), (4.2.6) from Lemma 4.2.2 ensures that

E lsup

s<t

2
p] < Bi1h%, (4.2.25)

for some constant 3; € R* independent of V. On the other hand, from Proposition 4.2.7, we

have

< Csh?. (4.2.26)

s<t

sl
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4.3 Proof of the stable convergence

Then, combing (4.2.24), (4.2.25) and (4.2.26), we easily obtain

t
<a1/ E [sup
0 v<u

We conclude thanks to Gronwall’s inequality. [ |

2
Xy — XéVVH Pl du + a1 (B1 4 C5TP) B,

2
supHX XNVH i
s<t

As a comparison with theorem 4.2 in Chapter 3, note that using the adapted interpolation leads

to stronger assumptions, which justifies the use of the non-adapted interpolation in Chapter 3.

4.3 Proof of the stable convergence

Using (4.2.23), the normalized error process UV can be written as:

UN = N(/Ot (b(x,) —b(XéVV»ds—i—}d:/ot (o7 (X0) = o7 (XxIV)) dwg) + I+ QY
j=1
(4.3.1)

where

JN = -NJN = Z/ (As — ( t/\TS—S))[O' O'J} (XNV>dWJ

and

As previously mentioned, by analyzing the stable convergence in law of the source term J%,
we prove the stable convergence in law of UY. In the following, we provide a detailed proof of
Theorem 4.2.1.

Proof of Theorem 4.2.1: For the reader’s convenience, the proof will go through several steps.

Step 1: linearization of

N/ b (x27)) ds+NZ/ o7 (X)) — o (X2V)) awi.
Let j € {l,...,d} and i € {1,...,n}, by the mean value theorem, we get
o'l (Xy) = o (XNV) = Vo' (¢F) . (X, - X2V,

where (¥ = o X + (1 — a¥) XNV for some o¥ € [0,1]. Using a compact matrix notation, we
can write

ol (X,) = ol (X)) = 002V (X, - X1V,

where

(929),,, = 0. ().

In the same way, |
b(X,) b (XSNV) = oY (Xs - XSNV) :
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where
(9057),,, = 0an¥' (¢2).

with ¢ = o X, + (1 — o) XNV for some ¥ € [0,1]. Then, it follows that
N/ b(x2V)) ds = /abNUNds

and
d d
NZ/t (o7 () — o7 (XNV)) awi = Z/t doINUN awi
=170 j=1"0

Then, we can write the error process in three parts as follows:
N N Lo NN .t i\ N7TN j
— QN +JN + /Oabs U! ds—i—Z/O DoINUN W | |
j=1

Step 2: stable convergence in law of the source term JV.

To study the convergence of the source term JV, we introduce the d-dimensional martingale MV

with coordinates

‘ t1 :
Mng:N/ 5 (s —(tATo—s))dW], je{l,....d},
0

and KN = (KJ N =[50, 07] (Xévv)) ~ with values in R® @ R%, so that
1<j<d

dort :
TN =3 / KPNdMPN.
— Jo
Step 2.1: stable convergence in law of M"Y,

By virtue of Theorem 2.3 in Chapter 3, to study the limit in law of MY, we check for all
te0,T],3,mke{l,...,d}

« the convergence in probability of (M7, M™N), as N goes to infinity,
« the convergence in probability to 0 of (M7 WF*), as N goes to infinity.

If j # m and j # k then, obviously, (M, M™N), = (MIN WF), = 0. Now, if j = m, a

straightforward calculation gives us:

(MIN ANy, = N? / (As — (EA 7, — 5))2ds

N2</ (As — (s — s) ds+/ (s — 7t — (t—s))2d5>

Nt T3 3 )
(JN3 (=) ) e T
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4.3 Proof of the stable convergence

I j =k
. t]_
(VPN Ry, = N/ 5 (s = (LA %= 5)) ds = 0.
0

2v/3

Applying Theorem 2.3 in Chapter 3 we conclude that TM N stably converges in law to a

standard d-dimensional Brownian motion B, independent of W.
Step 2.2: convergence in probability of K.

Now, it remains to prove the convergence in probability of K. From Proposition 4.2.8, together

with the continuity assumption on [J ol |, for j{1,...,d}, we get the following convergence in
probability
sup ||K7 — 69, 07| (X H oo

Step 2.3: conclusion of the step 2.

According to Proposition 2.2 in Chapter 3, we have the following convergence:

(1 20) 2 (o)), )

The convergence of <M N >T ensures its tightness. Then Proposition 2.4 in Chapter 3 leads us to:

<KN 2V3 ) JN> sLably (([ao,oj] (X))je{1 md},B,J), (4.3.2)

N—+o00
where, for t € [0, 77,
d i/t[ °.0] (X.) dB
= — 0,0 s .
V31 Jo ’
Step 3: convergence of QV.

We easily get the following convergence in L? from Proposition 4.2.7:

fg? HQ H N—>+oo (4.3.3)

Step 4: stable convergence in law of UV,

¢ d .
We recall that UN = QN + JN + / XUNds +> / doPNUNAWJ |. Thanks to (4.3.2)
0 —1J0

and (4.3.3), we conclude using Theorem 2.5 in Chapter 3 since the continuity of db and
007,75 € {1,...,d}, together with Proposition 4.2.8, ensure that

sup Habgv — b (Xt)H N%OO 0,
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and for all j € {1,...,d},

sup H@a{’N — 9o’ (Xt)H £ 0.
s<T N——+o0

4.4 Appendix

This section is devoted to the proof of Propositions 4.2.3, 4.2.4 and 4.2.5. Before proving

Proposition 4.2.3, in the following lemma, we give intermediate estimations of the process Y ¢t1,

Lemma 4.4.1 Assume that for all j € {0,...,d},07 € C' (R",R") with bounded first order
derivatives. Then, for allp > 1, there exists a constant Cs € R such that for all N € N*,t € [0,T]
and all s € [T, ],

E |||y —Idnm < Cs (A1), (4.4.1)

2p

[Hyd“ Yd+1 "1d | <G (At)?P (4.4.2)

Proof : Let ¢t € [0,7] and s € [7,t], we recall that }Qfljl is the solution, at time s, of the

following ODE:

d _ 1
@:t,ﬂ,u = 58 (Xd+1) =t Tt uy U S [Tt7ﬂ

—_
':‘t,f't,f't = Id’rH

(4.4.3)

~1
and Y,;’jtﬂ (Ytds+ 1) is the solution, at time ¢, of the same ODE, but with the initial condition:

d _ 1
TSt = 580 (Xd'H) St tus U € [s,1]

:t,s,s = Idn

Therefore, we deduce (4.4.2) similarly to (4.4.1). Since do° is bounded, there exists a constant
c € R%, independent of N, ¢ and s, such that

2
[Vt < exp e (s = 7)) < exp (eD), (4.4.4)
Writing Sﬁdj ! in integral form, we have
Y = Id, + © / O (X v du. (4.4.5)

Hence, using a convexity inequality,

Do (ng) H2p du.

Tt

E ||t - 1d, H ] ! 5 exp () (A)*™! /

Since 9oV is bounded we easily get (4.4.1). [ |
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Proof of Proposition 4.2.3:
Proof of (4.2.12):

To prove (4.2.12), we only need to assume that

o forall j €{0,...,d},o/ € C' (R",R") with bounded first order derivatives,

d o
e > 00707 is a Lipschitz continuous function,
i=1

e 90" € LIPYC (R" @ R™).

loc

Let t € [0,T], s € [f1,t], p> 1, and

1
Of =Y — Idy — S As00" (x). (4.4.6)
. L[5 0 (e NV yd
Adding and subtracting A 0o (Xt ) Y/, du, we get
Tt

ot — 5 / Xd+1 _ 95" (XtNV)) Y du + % ﬁs do® (XtNV> (th’jl — Idn) du.

Combining a convexity inequality, the Cauchy-Schwarz inequality and (4.4.4) from the above

proof of Lemma 4.4.1 we obtain a constant oy € R* , independent of N, such that

‘ ] < ag (A1 (/: E3z {Haao (XZZJ) _ 960 (Xt]W)Hzxp} s
+/ ( “80 XNV)H } HYSJI _IdnH4p:|>édu>.

Since 90V is bounded and locally Lipschitz with polynomially growing Lipschitz constant, there

H@d-‘rl

exists a constant ¢ € RY} and ¢ € N, independent of N, ¢ and s, such that

2

‘ p] < c(Ap)P! (/ E: [(1+ HXd“
+[ (E vt = 1d, H D du)

Applying once again the Cauchy-Schwarz inequality, and using (4.2.6) and (4.2.10) from Lemma

e ) e - x| aw

4.2.2, we get a constant a1 € R* , independent of N, ¢ and s, such that

) <o (et []) (2 e - 10 7]) )

We conclude using (4.2.10) from Lemma 4.2.2; and (4.4.1) from Lemma 4.4.1.

H@dH

123



Asymptotic error distribution for the Ninomiya-Victoir scheme in the
commutative case

Proof of (4.2.13):

To prove (4.2.13), we only need to assume that

o forall j€{1,...,d},0’ € C' (R*,R") with bounded first order derivatives,

e > 00J07 is a Lipschitz continuous function,
Jj=1

e 0¥ € (C?(R",R") with bounded first order derivatives and 920" € LIPP’ (R™ @ R™).

loc

Let t € [0,T],j €{1,...,d},p>1, and
o =zt %At (0% @ 07) o’ (X2),
and we recall that
Z#L = 2 /t Y (V)T (0200 (X)) © (vitod (X)) vitHo? (K1) ds.

Therefore,

oirts =3 [ (v (1) (0o () e (320)) i ()
- oar) o (x27) s
Adding and subtracting some appropriate terms, we obtain:
gt = / Y (V) T (0200 (Xiw) © Vi o7 (X)) (Vi — 1d,) o (X ) ds

+1 (ytfljl (thljl) . Idn> (0%0° (Xes) © Y107 (X14)) 07 (Xos) ds
(% ldn) o7 (Xur)) o (Kue) ds
(050 o () ()
(0 (30) (o () 0 (32) o (5
(@ (3] 00! (X)) (o7 (£ir) o7 (X017) ) ds
i

oo @(ﬂ) (XNV) — (8200®aj) ol (ng> ds.

l\.’J\H l\DM—l l\DM—t [\:)M—t l\D\H

Note that since 9?¢° € LIPP (R" ® R® @ R") and o7 is Lipschitz continuous, then

loc

(0%0° ® 07) 07 € LIPPY" (R™). We easily get the desired result by combing a convexity inequality,
the Cauchy-Schwarz inequality, (4.4.1), (4.4.2) and (4.4.4) from Lemma 4.4.1, (4.2.6) (4.2.7) and
(4.2.9) from Lemma 4.2.2

Proof of (4.2.14):

To prove (4.2.14), we assume that
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o forall j€{0,..., d}, o’ € Ct (R",R"™) with bounded first order derivatives,
d o
e > 0o’o7 is a Lipschitz continuous function,
j=1
o forallje{l,..., d},809 € LIPYYC (R @ R™),

and that the commutativity condition (C) holds. Let ¢ € [0,T7], j € {1,..., d},ie{1,..., n},
p>1, and
. o A 1 A
g 5J _ A NV - j 0 NV
0] = ol (X)) — o7 (X)) + S Atdolo (x).

The i-th component of §/ is given by:
0 = o9 (Kis) — o (X)) + S arva¥ (XFV) . 0° (X)),
By the mean value theorem
o1 (Xip) = o (X)) + Vo (XFV) (K = X))
+ (Vo' (&7) = Vo'l (X)) (Xue — X)),
where §tij =XN + aij (Xt,t - XtNV) for some ozij € [0,1]. Then, it follows that
07 = Vo'l (xMV) . (X - xN)
+ (Vo (67) = Vol (X)) (Rue = XY + S A1967 (XN) . 0" (x2V).

Moreover, since
1 _
XtNV = exp (2Atao> Xtt,
we have that

b _XNV__l/t O(Xd—i-l)d
tt =5/ ts ) ds.

Tt

Therefore, we obtain
07 = 5 [ 50 (X0 (o (XN —0® (X£17)) s
+ (Vo (&7) = Vo'l (XFV)) . (K = X))
Using a convexity inequality
) < (a2l ). o (500) - ()

eaJ(we () v () (- 2) ] )

Applying the Cauchy-Schwarz inequality, we get
AME SN / (& [Jwot (x)] "] & [ () = o ( -ggl)m)% ds

4921 <E [vaz’j (gi) — Vi (XtNV) H4p] E l:HXt,t - XtNVH4p >%>
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Since oV is Lipschitz continuous and do” is locally Lipschitz with polynomially growing Lipschitz
constant, using (4.2.6) from Lemma 4.2.2 , we easily get a constant ap € R* independent of N
and t such that

] )} asm [ - x]] )

Applying (4.2.10) and (4.2.11) from Lemma 4.2.2 , we obtain

d

ij
0y

2 t _
") <l ant [ (e - g

ij
0y

21,] < az (v/Co + Co) (A (4.4.7)

Proof of (4.2.15):

The proof of (4.2.15) is very similar to (4.2.14). However, we need to assume further that
for all j € {1,...,d},07 € C?>(R",R") and 9%07 € LIPP*(R"@R"®R"). Let t € [0,7],
je{l,...,d},p>1, and

ég = dolo? (Xtﬂg) —ddlod (XtNV> + %AtFj (ng> .

where ,
F; = (820j ®dl + (aaj) ) av.

Since 9%07 € LIPS (R™ ® R® ® R™), 807 € LIPPY (R" ® R™) and ¢° is Lipschitz continuous,

loc

then F; € LIP% (R™). Hence, similarly to (4.4.7), there exists @& € R%, independent of N and
t, such that

Then, using a convexity inequality

E U\G‘{Hﬂ 322”‘1(15 U
H;At (£ (x27) - Fy (XtJVV))HZP] )

< 2% <a2 (A + o (A)PE [HFJ () = (%) Hﬂ )

dol ol (X't,t) — dol g’ (XtNV> + %AtFj (XtNV> H2p < @y (A (4.4.8)

000’ (%iy) — o0l (X)) + jaurs (x)) Hﬂ

+E

22p

Since Fj is locally Lipschitz with polynomially growing Lipschitz constant, we conclude using
(4.2.7) from Lemma 4.2.2. [

Before proving Proposition 4.2.4, we introduce some intermediate processes. We define for
je{l,...,d}, t€[0,T] and s € [, 1]

o At o
Xi],szh] (27AWt1,’AWtJ 1’AWg7X’TZ_:7V)

The next lemma, which is similar to Lemma 4.2.2, compares the Ninomiya-Victoir scheme to the

intermediate process X7, j € {1,...,d}. We omit its proof.

126



4.4 Appendix

Lemma 4.4.2 Assume that

e 0¥ is a Lipschitz continuous function,
e forallje{l,...,d},07 € Ct (R*,R") with bounded first order derivatives,

e forallje{l,...,d},00707 is a Lipschitz continuous function.

Then, for all p > 1, there exists a constant C7 € R, such that for all N € N*t € [0,T], s, 1,82 €
[Tt,t], and all j,m € {1,...,d},

_ . 2p
E [HXQW - X/ } < Cr (AP, (4.4.9)
2
E {HX{VV — Xi, p] < Cq (AP, (4.4.10)
_ _ 2p
E U‘X{Sl - X ] < Cq (AP (4.4.11)

In order to derive the estimation (4.2.4) from Proposition 4.2.4, we also need the following lemma,
which gives several approximations of the processes Y7, for j € {1,...,d}.
Lemma 4.4.3 Assume that

e 0¥ is a Lipschitz continuous function,

e for all j € {1,...,d},07 € C?>(R™ R") with bounded first order derivatives, do’ €&
LIP}Y (R"®R") and 0*c? € LIPY® (R" @ R" @ R"),
e forallje{l,...,d},00707 is a Lipschitz continuous function.
Then, for all > 1, there exists a constant Cg € R% such that for allt € [0,T],s € [7,t] and all
N e N*

E [Hygs - IdnHQP] < Cs (A1), (4.4.12)

E {Hy;ﬂ — Id, — AW007 (X{.,) HQP] < Cg (AN, (4.4.13)

E U Y{, — Id, — AW]0o7 (X, ) ~ % (Awg)2 (a%j ©ol + (80j>2> (x7,,) Yl < Cs (A1)
(4.4.14)

Proof : Let p>1,t € [0,7] and s € [7,t], we recall that Y;]S is the solution, at time AW, of
the following ODE:

d L
= . = J J V=, .
qu v = 99 () Bt € R (4.4.15)
Et,ﬂ,ﬁ = Idna
where Htju = h; (%, AWE L AWtj_l, u; ij_fv>. Since do7 is bounded, there exists a constant
c € R%, independent of N, ¢ and s, such that
- 12p . .
HY;]S < exp (c ’Wsj -wl ) . (4.4.16)
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Therefore,

E ||,

2 1 1
p} < 2exp (202 (s — 7%)) < 2exp <202T) . (4.4.17)

Now, we are able to prove (4.4.12). Writing Ytjs in integral form, we have:
. AWl
Y;fjs = Id, + / da’ (Ht]u> thjuduv
’ 0 ) ?

where YtJu is the solution at time u € R to the ODE (4.4.15). Applying It6’s formula, we obtain

j S (i \vi oo L [T (a2 N2 (w7 ) v
Y/, — Id, = / 007 (X0,) Yi,aWi + 5 | (@i 0ot + (007)) (X,) Viudu.  (4.418)
Tt Tt
Note that as o707 is Lipschitz continuous, its derivatives given by 8207 ® o7 + (&Ij )2 is bounded.
Thus, combining a convexity inequality, the Burkholder-Davis-Gundy inequality and (4.4.17) we

deduce (4.4.12). We prove now (4.4.13). Using (4.4.18), we have that

Vi~ 1y~ aW0o0? (X,) = [ (007 (X2,) ¥7, — 007 (X1,,)) aw

t

+ % As (820'j ®ol + (ao'])z) (Xg,u) qudu
- / (007 (X,) - 007 (Xi,,)) Yi,awi (4.4.19)

00 (54,) (3 = ra0) v

n % 7: (820j O+ (60j>2> (Xgu) Y;Judu

Since 9207 ® 0 + (do? )2 is bounded and d¢7 is bounded and locally Lipschitz with polynomially
growing Lipschitz constant, combining a convexity inequality, the Burkholder-Davis-Gundy
inequality, (4.4.11) from Lemma 4.4.2, (4.4.12) from Lemma 4.4.3 and (4.4.17), we obtain
(4.4.13). We can now focus on the approximation (4.4.14) , with strong order 3/2, of Y7. We
denote by ©7 the process such that

@is _ Yt{é — Id, — AWI907 (Xt{ﬂ) _ % (AWSj)Q <a2gj ®ol + <8gj)2> ()_(tj’ﬂ) .
Writing
% (AWij (GQUj ol + (8Uj)2> (th,ﬁ) = [s AWz{ <82‘7j ©o’ + (aaj)z) (Xg;*) de
n % ; (5203‘ ®ol+ (aaj)2> ()_(;iﬂ) du,

and using (4.4.19), we get
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ol = [ (007 (¥0.) =007 (¥1,.)) ¥ = AWiere) 0. (X],)) v
Tt
+ (aoj (x2,) (8, - 1d,) — awi (007)’ (Xg,ﬂ)) e,

3L (o 0 (00)') (50 = (20 0 a)) (52,))

Adding and subtracting some appropriate terms, we obtain:

Ok = [ (00" (L) 00 (1, - Wi 0 o0 (X2)) V¥
Tt
- /T t AWe) @ o (X1,,) (Y, — Idn) dW]
+ /n 007 (X1;,) (Yo — Idy — AWJ007 (X)) dW] (4.4.20)
+% ; <(820j ©ol + (8Uj)2> (x7.) - (8%’ ©ol + (aaj)z) (X%)) Y/, du

+ ;/s <320j ®ol + (30j)2> (Xijft) (Ytju - Id") -

On the one hand, by the mean value theorem
o’ (X’tj’u) — 9’ (Xgﬁ) = 9%’ (X’tj’ﬁ) ® (X,iu — Xg,ﬁ)

b (0% (8,) - 0% (X1,))) @ (% - X0.,). (4.4.21)

where §iu is a matrix of intermediate points between X,f; L, and X’tj #- On the other hand, since

X’tj’u = exp (AWL{(Ij) X7,

t77—t,

applying Itd’s formula we have that

Xy = Xi = AWEoT (X)) + 4., (4.4.22)

tyTt

where . |
Y= / (o7 (X1,) =07 (X)) aWi + 3 / doio’ (X7,) dv.
Tt Tt
Using (4.4.11) from Lemma 4.4.2, together with the regularity assumptions on ¢/ and do7o7 it

is easy to see that 7/ a remainder with strong order 1: there exists a € R* independent of IV, ¢

and u, such that

B [H%j,u

Combining (4.4.20), (4.4.21) and (4.4.22), we get

ﬂ < a(Au)?. (4.4.23)
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oL, = [ (0% (K1) o+ (0% () - 0% (X,,)) © (KL~ K2,)) Yiaa]

t
+ /T AWIPo) 007 (X7,,) (Y, - Idy) dW]
+ 000 (Xi.,) (Y, — I, — AWJo0 (X7.)) awy

+% As ((82Uj ©od & <8Uj)2> (Xg’u) _ <82o-j ol + (ao-j)2> (X{th)) Y;fj,udu

L (a%a‘ ©ol+ (agj)2) (x7,,) (Y. — Idy) du.

3/

Since o7 is Lipschitz continuous, o7 and 9?07 are locally Lipschitz with polynomially growing
Lipschitz constant, it is easy now to see that (4.4.14) is a straightforward consequence of (4.4.11)
from Lemma 4.4.2, (4.4.12), (4.4.13) and (4.4.23). [

Proof of Proposition 4.2.4:
We recall the result of this proposition:

E=E lsup
t<T

/Ot (29— 60) ds

2p
‘| < CQ h3p7

where, for ¢ € [0, 77,
2} =vA . vhe (X7),
and
0_ 0(x0 : 0 50 (N L e 2 j o N2\ 0 ( vV
_ 7 9d ! - J J J !
0, =0 (Xt) —f—;AWtaa o (Xﬁ ) + QEAt <3 ol ®ol + (80 ) >0' (Xn )
1 00 (yNV
+ §At60 o (Xﬁ )
To prove this proposition, we will proceed in two steps.

Step 1: approximation with strong order 3/2 of Z°.

The first step consists in naively computing and approximating the product:
70 =Yt ket (X))

We replace Y4+ and Y7, for j € {1,...,d}, by their approximation (4.2.12) from Lemma 4.2.3
and (4.4.14) from Lemma 4.4.3, respectively.
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Let
1
T, = (Idn + §At600 (ng V))

(Idn + AW 9o (Xgﬁ) + % (AWtd)2 (820d ® o+ (8ad)2) (Xgﬁ)>

and
9 =Tt (X9).

It is clear that 6° is an approximation of strong order 3 /2 of Z: there exists & € R* independent
of N and t such that:
0 _ gol|?P| ~ 53
E ||| - H < ah®. (4.4.24)

Computing 0°, we easily deduce the following approximation with strong order 3 /2 by dropping
higher order terms:
a2
E [Heg - 9?” ”] < ah®, (4.4.25)

where

0= o (X0) 43" AWgaod (x,) o® (X)

j=1
t Zd: § AW AW 907 (X1, ) oo™ (X7%,) o° (X7)
j=1m=1

3 (0mt) (0 s (7)) (52) )7 (1) S () o (52).
j=1

and & € RY is a constant independent of N and t. We will now approximate the term
AW/ 007 (Xgﬁ't) a0 ()_(19), for j € {1,...,d}, with strong order 3/2. To do so, it suffices to
approximate 0o’ ()_(t] ﬂ> o0 (X?) with strong order 1. By the mean value theorem

o’ (Xg’ﬁ) = do? (X%W) + 9207 (ng) ® (Xg’ﬁ — ng)

+ (%7 () - 0%7 (XBV)) o (X7, - x5V,

where (tj is a matrix of intermediate points between Xg 7 and X g V. On the one hand, since for

allt € [0,7T], XY = th,ﬁ and Xﬁjl = X[j};, using telescopic summation, we have

131



Asymptotic error distribution for the Ninomiya-Victoir scheme in the
commutative case

oot (x4, =0 (52¥) + £ () () (i - )
+0%7 (X3V) @ ( XP = XBV) 4 (0%07 () - 0% (XV)) @ (X1, - x5Y)
= do’ (ng) (3203 (XNV ® ( X - X, Tt))
+ 9%07 (XNV) ( ? gv) + (6203 ( ) %07 (Xg‘/)) (thﬁ - ng) .
(4.4.26)
On the other hand, we recall that from (4.4.22) we have
X7y - X%, = AWPe™ (X) + 7%
where v is a remainder with strong order 1:
= [ (o (xm) = o (X)) awr + 5 [ oom
This leads us to the following decomposition
007 (X1,.) = 007 (X2V) 4 3 Awpoted (xBV) 0o (Ki8) 4T (4420

m=1

where
= Jil AW %07 (ng) O + 9257 (Xétw) o (Xto _ ng)
m=1
(07 (&) - (x3)) o (3, - x2Y).

Using (4.2.8) from Lemma 4.2.2 and (4.4.9) from Lemma 4.4.2, it is easy to see that IV is a

remainder with strong order 1. Then it follows that 69, which is given by

B = o (X0) + 3" aWgood (x3V) o0 (0)

j=1
n zd: S AW AW 907 (X7 ) oo™ (X72,) o° (X7)
j=1m=1
j—1

+ Zd: > Awiawrotel (X5V) @ o™ (X7n,) o (X7)
Jj=1m=1

L () (5 00+ () (522) ) () B () o (50).
j=1

is an approximation of strong order 3/2 of 09: there exists & € R? independent of N and ¢ such
that:
50 50/%| ~ <13
E [||6f - 07| | < an®. (4.4.28)
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Then, we can replace by X g V' the argument of the functions in the expression of 69 when Lemma
4.2.2 and Lemma 4.4.2 ensure that the strong order 3/2 is preserved. This leads us to the

following approximation, given by 6°,

8 = o0 ()@9) + Zdj AW 576" (thw)
j=1
£ 35 AWIARY (3 0 07+ avia0") o (1) -

j=1m=1

+ji1; (AWtj>2 (8%7 ®ol + (aaj)2> o0 (ng) + %Ataaoao (ng) ’

and there exists @ € R* independent of N and ¢, such that
a2
E [Hag’ — 6| p] < ah’r. (4.4.30)

Adding and subtracting °, and using a convexity inequality, we get:

E—E[sup /t (20— 60) as i SIVT2P1</TE{HZ?—9_?H2P} dt
t<T I1Jo 0
+E igg /Ot(ﬁ_g—eg)ds 2p]>.

Combining a convexity inequality, (4.4.24), (4.4.25), (4.4.28), and (4.4.30), we obtain an estima-
tion of the first expectation in the right-hand side of the above inequality:

E [HZQ - é?Hzp} <4271 (G + &+ &+ a?) b

|

To achieve our goal, it remains to estimate:

/Ot (3 — 62) ds

E [sup
t<T

This is the aim of the following step.
Step 2: the integration by parts formula.

Let ¢t € [0, T, subtracting (4.2.4) from (4.4.29), we have that

d j—1

[(@-e)as=> %

j=1m=1

3 [ ((aw2)’ - as) (PoT 0 o+ (907)") 0" (X2V) s

/Ot AWIAW™ ((‘320j ©o™+ 8Uj8am) o (ng) ds

To lighten up the notation, we denote

Fjm= (820j ©o™+ 80j80m) o,
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for j,m € {1,...,d},m < j. Using the integration by parts formula, we have:

t t
/ AWIAWFjn (XN ds = /
0

[ (tnF =) AWy (XXY) awy

i )
+ / (EAFs = 8) AW Fy (X2YV) a7
0

Taking the expectation of the supremum and using a convexity inequality, the Burkholder-Davis-

Gundy inequality, we easily get a positive constant a1, independent of N such that

<ar [ (P AW (V) ] s
0

/ AWIAWTFj (X5 as|

[sup
t<T
Then, by independence
T 2
lsup / AWI AW E; (XN ds 1 < ayh? / (7, — )7 E [HF]m (x| p] ds.
t<T 0
Since Fj, € LIPPC (R™), we get ap € Ry and ¢ > 1 independent of N such that
2p T 2
= oy | seumfior] (= [l )] ) v
t<T 0
We conclude using (4.2.6) from Lemma 4.2.2. To estimate,
t .
/0 <(AW3) - As) % (XNV> ds,

we use exactly the same arguments since the integration by parts formula gives us

/Ot ((AWSJ')2 - As) Fyy (XNV) ds = 2/0t (EAF = 5) AWIE; (XEV) aw].

/ AWIAWLFy (XN ds

This completes the proof. [ |

In the following, we give a detailed proof of Proposition 4.2.5, which is a consequence of
Propositions 4.2.3, 4.2.4.

Proof of Proposition 4.2.5:

Combining a convexity inequality and the Burkholder-Davis-Gundy, we get a constant ag
independent of N such that

[Sup HQ NHQP] < o (E + Zd: (E{ +E 4+ E§)> : (4.4.31)
t<T =
where
E=E [Sug /Ot (Zg—@g)ds QP] ;
t<
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for j € {1 |
et = [ o () - (500) - S o] ()|
s et
2
- %At (aaoaajaj - (32‘7j ® ol + (8Uj)2) UO) (ng) p] at,

and

E = /OTIE [Hth“’j - %At (%0° @ 07) o7 (x]V)

2p
] it

To prove our claim, it suffices to estimate, with at least strong order 3/2, each expectations in
the right-hand side of (4.4.31).

An estimation with strong order 3/2 of E is given by Proposition 4.2.4.
Estimation with strong order 2 of E{, for j €{1,...,d}.

To estimate E{, we estimate its integrand, and we denote
. 112p
do =& ||N"].

/\{ = thltﬂaj (Xt7t) — ol (XtNV) — %At {aj,ao} (XtNV) .

where

Since

j 1
X = (Yd+1 Idy, — 5 Atd0" (XtNV

> ( Xtt —07 (XNV) + At(‘)aj (XtNV))
+ (Yt‘ft“ — Id, — %At@ao (x) ) ( XY -2 LN ( ngv))
+ (Idn + %Atago (XtNV)> <O.J (Xut) _ gl (XtNV) i %Ataajao <ngv)>
- i (At)2 95%007 5 (ngv) ,

combining a convexity inequality and the Cauchy-Schwarz inequality, we obtain
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e (t) < 4?71 <<E [
+ <E
+ <E

1
Y = Idy — 5 At00° (XY

d

1
Y = Idy — 5 At00° (XY

d

Hldn + %At@ao (x)

d

Hi (At)? 96807 5" (XtNV)

4;f|
o’ ()_(w) — o’ (XtNV) + %At@ajcro (XtNV)
N
ol (Xth> - %At@ajao (XtNV)

.

o’ ()_(t,t> — o’ (XtNV) + %At@ajao (XtNV)

1)

The first two expectations in the right-hand side of the previous inequality are estimated using

1)

4;,] )g

41 >;

+E

(4.2.12) and (4.2.14) from Proposition 4.2.4, respectively. Since o and o7 have bounded first order
derivatives, applying and (4.2.6) from Lemma 4.2.2, we obtain a constant 3; € R’ independent
of N such that

?|

o (XtNV) _ %Ataajgo (XgVV)H4p1 < Bj,

4p7]

1
E [Hldn + 5 Atdo" (XM | <85 (4.4.32)

and

1, .9 : 2]
E H4(At) 95957 (XgVV)H < B;h.

Then it follows that

e (t) <421 (T +2,/Ci8; + ;) Y,
and then

B <4277 (O +2,/C18; + B;) ™.

Estimation with strong order 3/2 of Eg, for j € {1,...,d}.

As previously, we denote
40— )]
where
= thl;“l@crjaj (Xt,t) — o7 ” (XtNV)

— %At (80080jaj — (320j ® ol + (aaj)2> UO) (ng) '
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Since
i = (thl;l — Id, - %Ataao (x V))
(8ajaj (Xt,t) — dola! (XtNV) + %At (820j ®ol + (aaj)Z) ol (ng))
- (Y;fi“ —Id, — %Ataao (x V))
(3ajaj (XtNV) — %At <820j Ol + (aaj)2> o (ng)>
+ <Idn + %At@ao (XgV V))
(8aj0j (Xt,t) — dolo? (XtNV) + %At <82o*j ® ol + (80j>2) o (ng)>
- i (A1)’ a0° (xV)
(02ij ®ol+ (aaj)2> o (ng) + %At (aaoaajaj (XtNV) — 9000707 (XgVD ,

combining a convexity inequality, the Cauchy-Schwarz inequality, (4.2.12) and (4.2.15) from
Proposition 4.2.4, and (4.4.32), we obtain

e (t) < 521 <Clh7p

+/C1h*P (IE U Dol (XtNV> - %At <820j ®a’ + (80j)2> o (X{VV> '

+ Clﬁjhgp +E Hi (At)2 9o’ (ngv) <520'j ol + (80j)2) o’ (ng) i

1)

Since 0% and 07 have bounded first order derivatives and 9207 is locally Lipschitz with polynomi-

+E M %At (80—080jaj <X75NV> ~00°907 (ng)>

ally growing Lipschitz constant, applying and (4.2.6) from Lemma 4.2.2; we easily get a constant
v; € R’ independent of N such that:

i

E |||~ (At)? 00 (XNV) (9%07 @ 07 + (907)" ) o (XY v < yjh*.
i () (00)") o (X2V)] | <

4p

dol o’ (XtNV> - %At (820j ® ol + (80j)2> o (ng)

< Vis
and
It remains to estimate the last expectation in the right-hand side of (4.4.33). As the function

. 1 .
FI .= 580000] o7 is locally Lipschitz with polynomially growing Lipschitz constant, we easily
get a constant J; € R’ independent of IV such that

B o (7 (x0%) = 0 ()] <
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Then it follows that

& (t) <5271 (C1T% 4 VOIT; + \/C1y + TP + 65) b2,
and we conclude that

B <5271 (YT 4 /CiTy; + \[C1B; + 7/ TP + 6 ) b

An estimation with strong order 3/2 of Eg, for j € {1,...,d} is given by (4.2.13) from
Proposition 4.2.3 and this concludes the proof. [ |
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Chapter 5

Discretization of the ODEs involved

in the Ninomiya-Victoir scheme

5.1 Introduction

In Chapter 2, we proposed new multilevel Monte Carlo estimators based on the Ninomiya-Victoir
scheme, which is known to exhibit weak convergence with order 2, to compute Y = E [f (X7)],
where f : R" — R is a payoff function and X7 is the solution, at time 7" € R, to a multi-

dimensional stochastic differential equation of the form

d . .
dXt = b(Xt)dt + Z o’ (Xt)dWi], te [O,T]
j=1 (5.1.1)

onl’.

Here, x € R"™ is the initial condition, W = (Wl, e Wd> is a d—dimensional standard Brownian
motion, b : R* — R™ is the drift coefficient and ¢/ : R* — R, for j € {1,...,d}, are the
diffusion coefficients.

The derivation of our multilevel Monte Carlo estimators is based on a coupling with strong
order 1 between the Giles-Szpruch scheme and a modified Ninomiya-Victoir scheme. Using this
coupling, we built three new multilevel Monte Carlo estimators based on the Ninomiya-Victoir
scheme which achieve the optimal complexity O (6_2) for a precision € (see Chapter 2 for more
details). However, the Ninomiya-Victoir scheme, introduced in [44], is based on the resolution
of d 4+ 1 ODEs. If one of the ODEs has no closed-form solution, to implement the Ninomiya-
Victoir scheme in practice, one needs to use an approximation. That is why, in this chapter, we
focus on the strong convergence property of an approximation of the Ninomiya-Victoir scheme
induced by the use of approximations for all ODEs in the scheme. In section 2, we provide an
abstract approximation of the Ninomiya-Victoir scheme, together with general assumptions on the
approximations of the ODEs. With a view to use our multilevel Monte Carlo estimators, we prove
strong convergence with order 1 between the Ninomiya-Victoir scheme and its approximation,
when the numerical integration is accurate up to the order 2 for the drift vector field ¢% and up
to the order 4 for the Brownian vector fields o7 for j € {1,...,d}. That means that a first and a
third order methods have to be used, respectively. By this way, the coupling with strong order 1
between the Giles-Szpruch scheme and the mean of the approximation of the Ninomiya-Victoir

scheme with Rademacher random variables n and the approximation of the Ninomiya-Victoir
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scheme with Rademacher random variables —n, defined in Chapter 2, is preserved. This allows us
to replace the Ninomiya-Victoir scheme by its numerical approximation, in our multilevel Monte
Carlo estimators, when one of the ODEs has no closed-form solution and keep the computational
complexity O (¢72).

According to Section 3.1 in [44], to keep the order 2 of weak convergence of the Ninomiya-
Victoir scheme, the numerical integration should be accurate up to the order 3 for the drift vector
filed ¥ and up to the order 6 for the Brownian vector fields o/ for j € {1,...,d} (see also [43]
and [4]). With regards to our multilevel Monte Carlo estimators based on the Ninomiya-Victoir
scheme, this choice is recommended to fully take advantage of the order 2 of weak convergence of
the Ninomiya-Victoir scheme and then reduce the computational time by decreasing the number
of discretization levels. That is why, in section 3, we illustrate our abstract approximation of the
Ninomiya-Victoir scheme, by giving classical examples of second and fifth order methods. We
also check that our general assumptions, made in section 2, are satisfied.

In the following, we recall some notations

(tk = kh)o<j<n is the subdivision of [0,T] with equal time step h = T//N,

forall je{1,...,d},ke{0,... . N—1}, AW} =W} — W}

tet+1 tht1 K’

n=(m,...,nn) is a sequence of independent, identically distributed Rademacher random

variables independent of W,

for V : R™ — R"™ Lipschitz continuous, exp(tV')z is the solution, at time ¢ € R, of the

following ordinary differential equation in R"™

z(t) _
{ i =V () (5.1.2)
z(0) = xo.

The Ninomiya-Victoir scheme introduced in [44], is defined as follows

« starting point: ng’n =z,

o for ke {0...,N—1},if gy =1

XNV = exp ﬁ(70 exp (AWd ad) ...exp (AWl 01) exp ﬁ00 XNV
(78 2 tet1 byt 2 e

and if ngy1 = —1:

h h
XNV — exp <200) exp (Athk+101) ...exp (AWtCiHUd) exp (200> Xt]ZV’n.

trt+1

d
where 60 = b — = Z 9o’ o7 and Ho7 is the Jacobian matrix of o7 defined as follows
j=1

Dol = ((%ckaij)

1<i,k<n

5.2 Numerical approximation of the Ninomiya-Victoir scheme

In this section, we analyse the use of approximations for all ODEs in the Ninomiya-Victoir scheme.

In the following, we first define an abstract approximation of the Ninomiya-Victoir scheme. Then,
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we make general assumptions for the approximation of ODEs in the Ninomiya-Victoir scheme. We
finally prove a strong convergence result between the Ninomiya-Victoir scheme and its numerical
approximation.

5.2.1 Abstract approximation and main result

We start by giving some notations. The numerical scheme which approximates the solution of
ODE (5.1.2), at time 6 € R, with V = o7, for j € {0,...,d}, is denoted by ¥/ (6, z0). We are now
able to define a general numerical approximation, denoted by XN Van | of the Ninomiya-Victoir

scheme.

« Starting point: th(\)mn = 7.

e Forke{0...,N —1},

~ h -« ~
$om g0 XNV XL
tet1 v (2’ ty ]l{nk+1=1} + tk+1]1{77k+1:1}) J

for j e {1,...,d},

~ .7 . . - A '_1’ A _;’_17
XPT o= (AWtj X) M=y + X nﬂ{nk+1:—1}) ;

tet1 k12 Ttk trt1
and L
NV _ %d+ln _ @0 (Y %dn NV
th+1 - th+1 =V <2 ) th+1ﬂ{77k+1:1} + th- ]l{nk-H:_l} :
Hypothesis

To estimate the strong error between XV and XNV we make some assumptions. The first two
assumptions concern the numerical integration of exp (000) xo, for some 6 € [0,T]. To ensure
that the numerical scheme XVV has uniformly bounded moments, we assume that for all p € N*,
there exists Cy € R such that for all zo € R",0 € [0,77,

1 [0 (0, 20) [ < exp (Cob) (1 + ol ). (H1)

We also assume that the approximation W has order mg € N, meaning that the local truncation
error is of order of mg + 1. More precisely, we assume that for all p € N*, there exist ¢y € R
and ¢ € N* such that for all 29 € R, 0 € [0,T],

HGXP (900) zg — 7 (‘973?())“217 < (1 + ||~”Uo\|2q> grmoth), (H2)

The last two assumptions concern the numerical integration of exp (Wg ol ) xo, for j € {1,...,d}
and for some 6 € [0, T]. Similarly to assumption (#1), to ensure that the numerical scheme XNV

has uniformly bounded moments, we assume that for all p € N*, there exists C'1 € RY such that
for all zp e R™",0 € [0,T] and all j € {1,...,d},

14|00 (W, 20)|[*] < exp (€20) (14 lol™). (#5)
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Similarly to assumption (2), we also assume that the approximation W/ satisfies the following
property: for all p € N*, there exist ¢; € R} and ¢ € N* such that for all o € R",0 € [0,7] and
all j € {1,...,d},

E {Hexp (Wejcﬂ) zo — W (Wg,xo) Hzp} < (1 + ||;vo\|2q> grim+1), (Ha)

Lemma 5.2.1 If the approzimation I satisfies (Hs) and has order m € N, which means that
for all M € RY, p € N*, there exist ¢, € R and ¢ € N* such that for all zg € R", 7 € [-M, M],

Hexp (TO'j) xo — U (T, :UU)HZP <d (1 + ||:U0H2q/) |T\2p(m+1) , (5.2.1)

it then satisfies (Ha).

Proof : In the following we assume that (#3) and (5.2.1) are satisfied and we give a detailed
derivation of (H4), using a localization technique. Let M € R*, and p € N*, then

® esp (o) 2o = w0 (Wa0) [ =B [1gumcan foxw (Wi 0 = 0 (1.00) |
& 1o oo (W) 0 w2 (93.20) ]
(5.2.2)
Using (5.2.1) for the first expectation in the right-hand side of (5.2.2), we get

I

& [tgwtean [esp (W4e) a0 = w7 (W aa) [*] < 4B [I62 0] (15 )

where G is a normal random variable. Applying the Cauchy-Schwarz inequality for the last

expectation in the right-hand side of (5.2.2), we have

E {n{WGDM} |exp (Wi g — wo (Wj,xo)H%} < \/P(IWg| > M) E (9, o),

where F (0,x29) = E [Hexp (ngj) xg— UI (Wg,xo) H4p]. On the one hand, using Markov’s

inequality, we obtain

P(|W9| >M) <

1 4p(m~+1)| p2p(m~+1)
< S 1G] & :

On the other hand, using a convexity inequality, we have
o 4 . , 4
E (6, z0) < 27! (E {1 + Hexp (Wgo—ﬂ) on p} +E [1 + H\Iﬂ (Wg,:co) H pD .
Making the link between exp <Wg ol ) xo and the solution of an SDE at time 6, starting from x,

(see [18]), one can estimate the first expectation in the right-hand side of the above inequality as

follows
=1t oo (7)) < exp () (15 ™).

142



5.2 Numerical approximation of the Ninomiya-Victoir scheme

where C' is positive constant independent of 6 and z¢. Moreover, using (H3) we get
. . 4p
B |1+ [0 (W).20) || < exp (€10) (1-+ o] ).

and then,
E (6,0) < 2" exp (C'6) (1 + [|ao ]| "),

where C' = max (C, C7). Hence

VEGm) <2 e (07) (1 eal™).

which leads to

E [11{We|>M} lexp (WioT) ao — w7 (W, 20) Hﬂ <o (14 [lzo*) orm+D),

1 1
"o 2 ! 2p(m+1) .
where ¢ = WQ P exp (20 T) E [[G’ | } Therefore, we can conclude that (H4) is
satisfied by setting ¢; = 2 (c’lE []G|2p(m+1)] + c’l’) and ¢ = max (p,q’). [ |

The following theorem is the main result of this chapter.

Theorem 5.2.2 Assume that (H1), (Hz2), (H3) and (Ha) hold. Then , if mg > 1 and m > 3 the
strong error between the Ninomiya- Victoir scheme XNV and its numerical approzimation XNV

converges to 0 with order 1. More precisely, for all p € N* and x € R", there exist Cnv € R%
and q € N* such that for all N € N*,

E U\XJTVV»" - X;VVWH”’] < Gy (14 [le]*0) 2.

Remark 5.2.3 To get strong convergence with order 2, it suffices to choose mg > 2 and m > 5.

This ensures that the numerical approrimation XNV has weak convergence with order 2.

5.2.2 Intermediate results

To analyse the strong error between the Ninomiya-Victoir scheme XMV and its numerical

approximation XNV we recall the following intermediate processes, introduced in Chapter 2

_ h _
0777 _ 0 NV?” 17"7
th+1 = €xp (20 ) (th ]l{mc+1=1} + th+1]l{77k+1=*1}> )
for j € {1,...,d},
to+1 tet+1 tkt+1

Cin . NV it
Xt]kL = &Xp (AW] U]) (X] n]l{fikH:l} + X7, n]l{nk+1=—1}) )

and
NV _ wd+lm _ h g d, NV,
X T— X mT— exp (O’ ) (X i ]l{ﬂk+1=1} =+ th n]l{ﬂk+1:*1}) .

tpt1 trt1 2 k1
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Discretization of the ODESs involved in the Ninomiya-Victoir scheme

Notice that for 1 < j < d: (Xj’”

s

) is the solution of the following SDE:
tp<s<tpy1
— 195757 J J
{ dZs = 100707 (Zs) ds + 07 (Z)dW}
2ty = inl’n]]'{nlﬁrl:l} + XJJan]l{leJrl:—l}'

tk+1 tk+1

The following Proposition gives the stability of the solution of SDEs with respect to the

initial conditions.

Proposition 5.2.4 Let p € [1,+00) and let Z = (Zt)y<;<p, and Y = (Yi)g<,<), be the solutions
of the following n—dimensional SDE, driven by a d—dimensional brownian motion, on the time
interval [0, h):

4V, = a(V)ds + B(V,)dW,
that start from Zo independent of (Wi)epo ) such that E {HZOHQP} < 400 and Yy independent

of Wi)yepo, such that E {||Y0||2p} < 400, respectively. Assume that o and [ are Lipschitz
continuous functions. Then, there exists Co € R such that for all t € [0, h],

E (12— Yil™] <E[[20 = Yo[*"] exp (Cah). (5.2.3)

The constant Cy only depends on ||a(0)|, |B(0)||, T, p, and the Lipschitz constants of o and 3.

This result is well known, see [51] or [34] for example. We use the above Proposition to show the
stability of the Ninomiya-Victoir scheme with respect to its initial condition. In the following,
when the dependence on 7 is omitted, XVV:*%:¥ denotes the Ninomiya-Victoir scheme which
starts from y € R™ at time t;, for k € {0,...,N}.

Proposition 5.2.5 Assume that

e 00 is Lipschitz continuous,

e forallje{l,...,d},o7 € C' (R*,R") with bounded first order derivatives, and that ol a’

is Lipschitz continuous.
Then for all p € [1,+00), there exists a constant C3 € R such that for all y,z € R", N € N*
and k€ {0,...,N}

NVitg,y NVig,z
E U’XT — XA

2p
| <cully s,

Proof : Without loss of generality, to prove this proposition one can assume that for all
ke{l...,N},
N, = 1.

Let pe N*,y,z€e R", k€{0,...,N} and [l € {k,..., N}. Denoting

- h
Xo,tkfy — eXp (20_0> Xt]lvvﬂfkyy’

ti41

v 0.tk, h 0 NV,
X ’“Z:exp(20 )th e

ti41

and applying (5.2.3) from Proposition 5.2.4, one has

tit1

]E ontk»y _ Xovtkzz
tiy1

2p NVt NVt
sUksY Uk ,2
} <E [Hth - X;

2
p} exp (;C@h) .
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5.2 Numerical approximation of the Ninomiya-Victoir scheme

Similarly, denoting

_jztk’y — J ] _j_l»tk7y
th“ = exp (AWtHIU ) th“ ,
ti+1 P ti41 ti+1 ’

for j € {1,...,d} and applying (5.2.3) from Proposition 5.2.4, one gets

s JotksY _ v Jilksz
E ||| X X

ti+1 ti+1

tiv1 ti+1

2p
} exp (Cah) .
By induction, one obtains

E {HXd,tk,y . Xd,tk,z

ti4+1 ti41

2 1
P} < exp ((d + 2) C'zh> E [HXt]lVV’t’Wy _ XtJZVV,tk,z

2p:|
Since h
NV,tkvy_ o 0 _d’tkvy
th+1 = exp (20 ) th“ ,
and
tiy1 ti41

XNVRE o ( hgo> St
2

using once again (5.2.3) from Proposition 5.2.4, one has

B |:HXNV,tk,y _ xNVitz

ti1 ti+1

2
p] <exp((d+1)Coh)E [thfl\"/vtkvy _ x Ve

2p:|
Moreover, by definition

NVitgy _
th =Y,

and

XNV,tk [

tr -

then, one can conclude that

NVitr,y NVitg,z
E MXT — XA

2
| <exp i@+ v Iy - 2.

Before proving Theorem 5.2.2, in the following lemma we give an estimation of the moments of
XNVt and X9 j € {0...,d+1}.

Lemma 5.2.6 Assume that (H1) and (H3z) hold. Then, for all p € N*, there exists Cy € R*,
such that for all N €e N* k€ {0,...,N},7 €{0,...,d+ 1} and z € R",

E [1 + | xE

7] < exp (Catin) (14 2]7). (5.2.4)
and
E [1 + HX;Z“”H%} < exp (Citiyr) (14 2]7) (5.2.5)

The above lemma is a straightforward consequence of assumptions (H;) and (H3).
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Discretization of the ODESs involved in the Ninomiya-Victoir scheme

5.2.3 Proof of the strong convergence

Proof of Theorem 5.2.2 : Let p € N*. The proof will go through several steps. The first step

consists in decomposing, using the stability of the Ninomiya-Victoir scheme with respect to its ini-

NV XéVV,n

tial condition, the global error of X, into the sum of the local error made on each step.

Step 1: decomposition of the global error.

NVin XTJYV,H

We begin by writing X7, using a telescopic summation as follows

N-—1 V7I N "
N NVt NVt
NV NVn _ X Xy
Xp M= Xp =Y (XT — X . (5.2.6)
k=0
NV Nv,tk,)‘(tNkV”?
NV, X, " NVitei1, X,
. ) o k+1 .
Since X =X, , (5.2.6) rewrites
-NV,n
NVt ,X
N-1 TRy NVin
xNVin _ NV _ Z XNV:tkH:thH B XNVtk+17th+1
T T = T T
k=0

Using a convexity inequality, we have

NV, 2p

NV, 5NV, 2p—1 NVtkHv tNV,tk’Xt’“ NVitpsr, X000
g < e e

Taking the expectation and using Proposition 5.2.5, we get

, 2p
NV,
NV, X SNV

. 2 N-1
e s scue st

(5.2.7)

tet1

The second step consists in estimating the local error, defined by

2p

NVtk, 5NV,
tk+1 tet1

made on each step k € {0,..., N — 1}. Without loss of generality, to estimate this quantity we
can assume that for all k € {1... N},

e = L.

Step 2: estimation of the local error.

Let k € {1...,N}. To analyse the local error, we introduce the following random variables
70 h o) ¢NVin
Ztk+1 = exp 50’ th ,

for j €{1,...,d},
1»
Z,., = exp (AW}, o) X7 "

ter1
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5.2 Numerical approximation of the Ninomiya-Victoir scheme

and L
Zd+1 _ exp (200) X

tet1 tit1”

To lighten up the notation, we also introduce

let1 ty

_ h ~
Y? —exp (200> XNV,

for j €{1,...,d},

v _ AR
Y =exp (AWtkHU ) vl
and "
d+l 0\ vd
}/;k-‘—l = €xp (20 ) }/;k+1’
so that Ny
\n
g _ NVt X,
ter1 = et )

>NVn _ Xd+1,n

Using the law of iterated expectations together with X, " trp, » We write the local error as

follows

E

H?tdﬂ _ Xdﬂ’"HQp} —-F [IE [Hytdﬂ _ Xd+1,nH2p

k+1 tet1 k+1 tkt1

X{ZV’”H . (5.2.8)

The task is now to estimate the conditional expectation

trt1 tet1

Fi+ (XZZV’") —F “ ya+l _ Xd+1,nH2p

>NV,
bl ’7] .
Step 2.1: estimation of Et! (XZZV")

Adding and subtracting Zii, and using a convexity inequality, we obtain

2p

tet1 tet1 tht1 tet1

Fa+l (ngvm) < 921 (E [HYdJrl _ gzd+l

] o Jat - w2

ANV"

On the one hand, using (5.2.3) from Proposition 5.2.4, we get

P | NV
th+1 tkt+1 173 12

E [Hyd—l-l _ zd+l

< exp (;Cﬁ) E? (XNV’") ,

where

B (X)) =B lHifﬁ X

On the other hand, using (Hs)

tet1 tet+1

e [l - ]

A h X h X 2p A
NV, d, & i
s3] < o (2 2w (B )

2q

thJZVm} p2p(mo+1)
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Discretization of the ODESs involved in the Ninomiya-Victoir scheme

Similarly to Lemma 5.2.6, we can show by induction that an estimation of the expectation in the

right-hand side of the last inequality is given by

E |1+ & [

>NVn
tkt+1 th

< exp (C4T) (1 + HX{ZV’”HZ”) . (5.2.9)

Hence

EH(XPVT) < 22 Lexp (;CQh) ET(X3"") + 0 (1 + % “""QQ) p2p(motD),

22p—1 '
where vy = WC’O exp (C4T"). In the same way, we denote for j € {0,...,d},
i (¥ NV) _ o Sim ||P | NV
EJ (th ) =E lHY;kH - th+1 th 1 :

Step 2.2: estimation of £’ ()A(ikvvn) for j €{0,...,d}.

We start with j € {1,...,d}. Adding and subtracting kaﬂ, we have
i ( %NV 2p—1 % Zi || | NV 7 i |2 | NV
£ <th ) <27 (E lHYtk-ﬂ B Ztk+1 th +E HZtk-H B th+1 th ‘|> :

On the one hand, using (5.2.3) from Proposition 5.2.4, we have

7 i |77 | NV 1 (% NV,
E lHYthH -zl 7 1E "1 < exp (Coh) B (X))
On the other hand, using (H4), together with the independence between AVVt;€+1 and ngfl’",

2p 2q

i

trt1

trp41 trt1

E sz _ gim

Xg:v’n] < aE

Similarly to Lemma 5.2.6 and (5.2.9), an estimation of the expectation in the right-hand side of
the last inequality is given by

E |1+ X7 4"

2q
Tet1 ’

- NV.n
th

< exp (C4T) (1 + HX;ZV’"HQ(]> :

Hence

o S ) ,
B (X)) < 2277 exp (Coh) BPH (XNVT) 4 <1 T [ p) pp(m+1)
where v = 22P~!¢j exp (C4T). The estimation

P (R0) = |7, - 50

0] <4 (1
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5.2 Numerical approximation of the Ninomiya-Victoir scheme

€0

!/ __
where 79 = o o)

is given by (H3).
Step 2.3: conclusion of step 2

By induction, it follows that
B (V) < (200D exp (a4 5 ) T ) o+ 90 ) (14 |07 ) vt

+(d+1) (2d(2pl> exp ((d - ) 02T> ) <1 + HXZZV’" ) pp(m+1)

< Cs (1 1 HX{ZV"H > (h2p mo+l) 4 hp<m+1>) ,

(5.2.10)

where

Cs = (2(d+1)(2p1) exp ((d + ;) CgT) ¥ + ’yo> + (d+1) (2d<2p1) exp ((d — ) CQT) )

Combining (5.2.8), (5.2.10) and (5.2.5) from Lemma 5.2.6, we get
NV, XNV 2
|:|| 1 X k _ XNV < Oy exp (C4T) (1 + HxHQq) <h2p(mo+1) + hp(m+1)) )

trp+1 trt+1

Step 3: conclusion

We conclude that the global error is given by
E [HXJTVV»” - X{FVV:"HQ”] < CyN*Cs exp (CuT) (1+ [l2]*) (p2mot) 4 ppmD) - (5.2.11)
Therefore, to get
B[ - 2] < € (1 fale) mv
for some constant C independent of IV, it suffices to choose my > 1 and m > 3, and this proves

our claim. [ |

The choice mg = 1 and m = 3 is then suitable to keep the order 1 of strong convergence between

the following modified Ninomiya-Victoir scheme defined as in Chapter 2 by
v _ 1 (X‘NVJZ + j(NVrn)
2

and the Giles-Szpruch scheme [23]. With a view to use our multilevel Monte Carlo estimators
based on the Ninomiya-Victoir scheme, this allows us to replace the Ninomiya-Victoir scheme by
its numerical approximation when one of the ODEs has no closed-form solution and keep the
computational complexity O (6_2) for a precision e.

As already mentioned, to obtain strong convergence with order 2, estimate (5.2.11) ensures
that the choice mg = 2 and m = 5 is suitable. The weak order 2 is then preserved. With regards

to our multilevel Monte Carlo estimators based on the the Ninomiya-Victoir scheme, this choice
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Discretization of the ODESs involved in the Ninomiya-Victoir scheme

is recommended to fully take advantage of the order 2 of weak of the Ninomiya-Victoir scheme
and then reduce the computational time by decreasing the number of discretization levels. To be
more specific, if exp (#o°) 2o or/and exp (657) g, for some j € {1,...,d}, have no closed-form
solution, a second order or/and a fifth order method have to be used, respectively. That is why,
in the next section we mainly focus on second and fifth order methods for ordinary differential

equations.

5.3 Numerical methods for ordinary differential equations

In this section, we illustrate our abstract approximation of the Ninomiya-Victoir scheme, by
giving classical examples for the numerical approximation of ODEs. We check that our general
assumptions (H1), (Hz2), (Hs3), and (H4) are satisfied. As already mentioned, from a practical
point of view, it is interesting to keep the order 2 of weak convergence. That is why, in this
section we focus on the Runge-Kutta methods of order my = 2 and m = 5, to approximate
Ninomiya-Victoir scheme. Before recalling the Runge-Kutta methods, we start by checking that
our general assumptions are satisfied for the Euler method which is a first order Runge-Kutta
method. The aim is to show that our assumptions are satisfied in a simple case. Then we can

easily generalize our approach to the family of explicit Runge-Kutta methods.

5.3.1 The explicit Euler method

We consider the autonomous ODE (5.1.2) in R", which is recalled here

{ G =V (@)
x(0) = xo.

where zg € R"™ is the initial condition and V is a Lipschitz continuous vector field. In the
following, we denote by x (0, () the solution of the ODE (5.1.2) at 6 € [-T,T]. The explicit
Euler approximation of (5.1.2) at time 6 is defined by

2P (0, x0) = 20 + OV (x0) .

Proposition 5.3.1 Assume that the vector field V € C* (R™, R"™) with bounded first order deriva-
tives. Then x¥ satisfies (H1), (Hz), (H3) and (Hy).

From Lemma 5.2.1, (#4) is a consequence (Hz) and (#H3). Therefore, to prove Proposition
5.3.1, we only need to show that

o for all p € N*, there exists Cp € R such that for all zg € R",6 € [0,T7,
2p
L+ 27 (0, 20)[ ™ < exp (Cob) (1 + [lo]*?) (5.3.1)
o for all p € N*, there exist ¢g € R’ and g € N* such that for all zo € R",0 € [-T,T],

| (6.20) — 2 (0, 20)|[ " < o (1 + [zl ) 6] (53.2)
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5.3 Numerical methods for ordinary differential equations

o for all p € N*, there exists C; € R¥ such that for all g € R™, 6 € [0, 77,

E [1 RN Hﬂ < exp (C16) (1 + o). (5.3.3)

Proof : The solution x € C? ([T, T],R") since

dz (t,x0)

S =V (@ (o).

and
d*x (t, o)

dat?
We start by checking (5.3.1).

= OV (2 (t,20)) V (z (t, 20)) -

Let p € N*, and 6 € [0,T]. To obtain (5.3.1), we compute exactly the norm of 2% (6, zq)
2
|27 0,20)||” = lleol® + 6% [V (z0) |I” + 260 (o, V (w0)) -

Using the binomial expansion, we get

p p—k .
=7 .20 = 3 (i) (p l ’“) PO 6 |V () [P 2°0% (o, V (a0)))"
(5.3.4)

@ (p ' k) 2565 o PPV (o) I (o, V (0)))"

op P BF —k ke
DI MDY (ﬁj) (pl )2’“9”+’“\|xou2<p DNV (o) [P o

By the Lipschitz assumption, there exists a constant L € R* | which only depends on V', such
that

(5.3.5)

0
p p—k2+k
—k\ (20 +k .
_ Z Z py (P ok [ 204k g2tk HxOHQp '
k l m

We first assume that ||xg]| > 1. Then, it follows that

E L e ey 204\ ok o1k 214k
o 0,00 < Jl Y-S 5" (P B R

k=0 1=0 m=0
= [lzo[*” (1 + P1 (6)),

k2l+k
:Zp:pzz 3 ( )( ><2l+k>2kL21+k92l+k
k=0 1=0 m=1 m

where
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Discretization of the ODESs involved in the Ninomiya-Victoir scheme

with the convention that the sum over an empty set is 0. Hence

L+ o .20 < (1+ o) 1+ PL9)).

Since P; is a polynomial such that P (0) = 0, we can easily find a constant Cp € R’ independent
of 0 such that

1+ o 0,20)|” < (1+ ol ) exp (Cot).

We now assume that ||zg|| < 1. Using (5.3.5)

E 2p o N (D) (0= K\ -k 2+k
[ @ o) < ol X050 () (7, |20 E e

k=0 (=0
—k 21+k
. i g las (i) (p l k) <2l + k‘) ok 7 2k g2l+k
k=0 =0 m=1 m
< lwol* (1+ P2 (0)) + Py (6),
where
p—k k
Py (6) = Z p\(P— ok [ 2l+kp2l+k
k=0 = k !
Hence

L+ 22 0,20) [ < 1+ 2ol (L+ P2 (0)) + Py (6)
< (1 [lzoll™) (1 + P2 (0) + P (6)).

Since P; and P» are polynomials such that Py (0) = P (0) = 0, we conclude as in the previous case.
We now check (5.3.2).

Let p € N*, and 6 € [-T,T]. The quantity H:U(H,xo) — 2P (G,xo)H is called the local trun-
cation error. It is well known that the explicit Euler has a local error of order 2 [13] [26]. However,
we exhibit the dependency with respect to the initial condition xg. Performing a second order

Taylor series expansion to the i-th coordinate of the solution z (6, z(), one has

z' (0,x0) =z + OV* (z0) + %sz (z(1,20)). V (z(1,20))

where 7 = af, for some « € [0, 1]. Then, the i-th coordinate of the local truncation error of the
explicit Euler method is given by
62 ,
E(9,z0) = EVVl (x (1,20)). V (z(1,20))]
Since VV is bounded, there exists a constant C' € R, independent of § and z¢, such that

(9,a0) < (1 + o (r.0)]) &
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Moreover, x (7, x¢) is the solution to the ODE (5.1.2) at time 7 € [T, T/, then there exists a
constant C' € R independent of § and x( such that

L+ [l (7, 20) || < C" (1 + ||lzol]) -

Hence,
B 92
e (9, 20) < CC'(1+ aoll) 5

and we easily get (5.3.2) using a convexity inequality.
To finish, we check (5.3.3).
Let p € N*, and 0 € [0,T]. Using (5.3.4) taking the expectation and denoting
Eop (0,20) =E {HazE (Wg,mo)H%} ,

we have that
N S AN A U 2(p—k—1) 2 k
Ezy (0.20) = 3 @( ! >2gz,k0+/ ol 250V )| ({0, V7 (w0))

where g, = E {Gﬂ“ﬂ and G is a normal random variable. The only term that seems to be

problematic in this sum, which corresponds to v/0, is obtained when [ = 0 and k = 1. However,

since go.1 = 0, we can conclude as in (5.3.1). [ |

5.3.2 Explicit Runge-Kutta methods

A general Runge-Kutta [13] [26] method of order r can be written as

D, (9) =V (:C() + 0 i ar Py (9))

=1

and ;
a0, 20) =20+ 0> bp®y (0).
k=1
A Runge-Kutta method is often represented by a partitioned table, known as a Butcher tableau,

of the form

(Z171 . al,r
a’ml a’r7r
| b by

in which the matrix (ax); <4, <, is called the Runge-Kutta matrix, while the (bg); <<, are known
as the weights. When the Runge-Kutta matrix (ag);<;; <, is zero-diagonal lower triangular,

the method is called explicit. Otherwise, the method is called implicit. Although the implicit
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methods are in general more stable than the explicit method, in the following, we only focus on
the explicit method. Indeed, implementing a numerical approximation XN Vin | using an implicit
Runge-Kutta method, induces that at each step, a system of algebraic equations has to be solved.
This increases the computational cost considerably and affects the efficiency of the multilevel

methods based on the Ninomiya-Victoir scheme.

Proposition 5.3.2 Assume that the vector field V is Lipschitz continuous. Then, for all r € N*,

all zero-diagonal lower triangular matriz (ax)i<y; <, € R" @ R" and all vector (bg);<j<, € R

such that ZT: b = 1, oK satisfies (H1) and (H3).
k=1

Proof : Letr € N*, (akl)1<k 1< e a zero-diagonal lower triangular matrix of R"®@R", (bk);<j<,
be a vector R" such that Z by =1, and let k € {2,...,r}. Since V is Lipschitz continuous, there

exists a constant C € R b WhICh only depends on V, such that for all 7 € R and all ¢ € R™
121 (7)]| = IV (zo)l| < C(L+[[zol]),

and

k-1

1@, (1) =V (z0) | < Clrl Y lamal |11 (7)]
=1
k—1

< Clrl Y lal (120 (1) = V (@o)ll + [V (o)) -
=1

By induction, we get a constant C’ € R* , which only depends on V" and a, such that

k—1
1@k (7) =V (zo)ll < C" Y Il (1 + lloll) (5.3.6)
=1

Writing

T
ot (7 20) = w0 + 7V (w0) + 7 Y by (P (1) = V (20))
k=2
and using (5.3.6), there exists a polynomial P with smallest exponent greater than 2 and positive

coefficients, which only depends on V', a and b, such that

< P (7)) (1 + [lzoll) -

T i bk (‘bk (7') -V ((130))
k=2

Now when 7 = 6 € [0,T] is deterministic, we easily get (#1) using the binomial expansion of
2
Ha:RKH " as in the proof of (5.3.1) from Proposition 5.3.1. When 7 = W, for some 6 € [0,T],

2p
we first perform the binomial expansion of HxRK H . Then, since the smallest exponent of the
polynomial P is greQater than 2 the only term that seems to be problematic in the binomial
expansion of Ha:RKH Pis

Wi [lzol[*P~Y (20, V (x0)) -

Taking its expectation, this term vanishes and (#3) is then satisfied.
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To implement the multilevel methods based on the Ninomiya-Victoir scheme, we present a
second and fifth order Runge-Kutta method. To approximate (5.1.2) when V = ¢, we give the
following Butcher tableau [13] of a second order Runge-Kutta method

0
10
1/2 1/2

in other words, an approximation of order 2 of (5.1.2), denoted by 2752, is defined by

2BE2(0,20) = o + gao (o) + gao (:vo + 00 (mo)) .

Proposition 5.3.3 Assume that the vector field o° € C? (R",R") with bounded first order
derivatives and with polynomially growing second order derivatives. Then xf5? satisfies (Hz)

with mo = 2.

This method is also called Heun’s method and its well known that it has a local error of order 3.

However, we exhibit the dependency with respect to the initial condition x.

Proof : Let 6 € [0,T] and x9 € R™. On the one hand, performing a third order Taylor series

expansion to the i-th coordinate of the solution x (6, x), one has

4 . . 92 )
x' (0, 20) = xé%—@oﬂo(xo)%—4§f§£:é&koﬂ0(xo)ak0(xg)
k=1
‘93 SLS 2 :0 10 kO
+€;;8%01 (@ (7,20)) 0 (x (T, 20)) 0 (2 (7, 70))
03 n n

+ E Z Z 8wk0'i0 (.1‘ (7_7 xO)) axlo_k() (.CE (T> $0)) ol (:B (7—? xO))
k=11=1
where 7 = af, for some « € [0,1]. On the other hand, performing a second order Taylor series

expansion to the i-th coordinate of 2752 (9, x¢), one gets

: : : 92 M :
eBE20(9, 10) = xf) + 00 (20) + 5 Z &gkazo (z0) o™ (20)
k=1

* 4 Z Z 8§k$lai0 () o (z0) o0 (w0),

o 0, m0) — 22 (0,20)| < 33|02, 0 (7, 20)) o (7 0)) 0 (o . 20)|
k=11=1
93 n n
5 22 |00,0" (2 (,20) Do (z (7,20)) " (2 (7, 20))|
k=11=1
3 n n
O3 D820 (€) 0% (20) 0™ (a)|
k=11=1



Discretization of the ODESs involved in the Ninomiya-Victoir scheme

Since ¢ has bounded first order derivatives and polynomially growing second order derivatives,

one can easily get (Hs). [ |

We now present a fifth order Runge-Kutta method, to approximate (5.1.2) when V = o7 for
j €{1,...,d}. The Butcher tableau [13] of a fifth order Runge-Kutta method, denoted by xf%>

is given by

0

1/4 0

1/8  1/8 0

0 0 1/2 0

3/16 —6/16 6/16  9/16 0
~3/7 8)7  6/T —12)7 8/T 0
7/90 0 32/90 12/90 32/90 7/90

Proposition 5.3.4 Assume that the vector field o7 € C° (R™,R™) with bounded first and with
polynomially growing derivatives up to the order 5. Then xTK5 satisfies (H,) with m = 5.

It is well known that this Runge-Kutta method has a local error of order 6. However, to obtain
the dependency with respect to the initial condition as in Proposition 5.3.3, one has to apply
a sixth and fifth order Taylor series expansion to the solution x and the Runge-Kutta method
253 respectively, so that both expansion coincide up to the order 6. Then, the local truncation
error is a sum involving o/ and its derivatives up to the order 5 and its is easy to conclude thanks

to the regularity assumptions on o7,
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