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�A�o�X�j�V�X�R �.�2�b�+�`�B�T�i�B�Q�M �/�2 �H�� �K�û�i�?�Q�/�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�e

�A�o�X�j�V�X�k �_�û�b�m�H�i���i�b �M�m�K�û�`�B�[�m�2�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�3

�A�o�X�9�V�J�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �, �*���b �#�B�/�B�K�2�M�b�B�Q�M�M�2�H�X �X �X �X �X �X �X �X �X�3�k

�A�o



�A�o�X�9�V�X�R �ú�i�m�/�2 ���b�v�K�T�i�Q�i�B�[�m�2 �7�Q�`�K�2�H�H�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�k

�A�o�X�9�V�X�k �ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �#�B�/�B�K�2�M�b�B�Q�M�M�2�H�H�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�k

�A�o�X�9�V�X�j �J�Q�/���H�2 �/�2 �6�`���M�+�7�Q�`�i�@�"�Q�m�`�/�B�M �`�2�p�B�b�B�i�û�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�8

�*�Q�M�+�H�m�b�B�Q�M �2�i �T�2�`�b�T�2�+�i�B�p�2�b �3�3

�o





�*�?���T�B�i�`�2 �A

�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2

�R





�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �j

�L�Q�i���i�B�Q�M�b


 �m�M �Q�m�p�2�`�i �#�Q�`�M�û �/�2Rd; d = 2 ; 3�X

@
 �2�b�i �H�� �7�`�Q�M�i�B���`�2 �/�2
 �i�2�H�H�2 �[�m�2

@
 = � D [ � N :

uD �m�M�2 �+�Q�M�/�B�i�B�Q�M �/�2 �.�B�`�B�+�?�H�2�i �b�m�`� D �X

f �m�M�2 �7�Q�`�+�2 �/�2 �p�Q�H�m�K�2 ���T�T�H�B�[�m�û�2 �/���M�b
 �X

T �m�M�2 �7�Q�`�+�2 �b�m�`�7���+�B�[�m�2 ���T�T�H�B�[�m�û�2 �b�m�`� N �X

�; � 2 R �H�2�b �+�Q�2�{�+�B�2�M�i�b �/�2 �H�ö�û�H���b�i�B�+�B�i�û�X

A �m�M �i�2�M�b�2�m�` �/�ö�Q�`�/�`�24 �2�i �/�û�}�M�B �/���M�b �H�2 �+���b �B�b�Q�i�`�Q�T�2 �T���`

A i;j;k;l = �� ij � kl + � (� ik � il + � il � jk ) :

e �m�M �i�2�M�b�2�m�` �/�ö�Q�`�/�`�22 �/�B�i �i�2�M�b�2�m�` �/�2 �/�û�7�Q�`�K���i�B�Q�M�b �2�i �2�b�i �/�Q�M�M�û �T���`

e(u) =
1
2

�
r u + ( r u)t � :

� �2�b�i �m�M �i�2�M�b�2�m�` �/�ö�Q�`�/�`�22 �2�i �/�û�/�m�B�i �/�2 �H�� �H�Q�B �/�2 �>�Q�Q�F�2 �T���` �,

� = A : e; � ij = A ijkl ekl :

n �2�b�i �H�� �M�Q�`�K���H�2 �m�M�B�i�û �b�Q�`�i���M�i�2 �/�2@
 �X

M d
s �2�b�i �H�ö�2�M�b�2�K�#�H�2 �/�2�b �K���i�`�B�+�2�bd � d �b�v�K�û�i�`�B�[�m�2�b�X
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�*�2�i�i�2 �i�?���b�2 �T�Q�`�i�2 �b�m�` �H�ö�û�i�m�/�2 �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �2�i �/�2 �7�`���+�i�m�`�2 �2�M �û�H���b�i�B�+�B�i�û �H�B�M�û���B�`�2�X

�G�ö�Q�#�D�2�i �/�m �i�`���p���B�H �2�b�i �/�2 �`�û�b�Q�m�/�`�2 �/���M�b �/�B�z�û�`�2�M�i�b �+���b�- �m�M �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �H�Q�+���H�2 �¨ �i�`���p�2�`�b �m�M

�+���H�+�m�H �7�Q�`�K�2�H �2�i �/�2�b �b�B�K�m�H���i�B�Q�M�b �M�m�K�û�`�B�[�m�2�b �2�M �6�`�2�2�7�2�K�Y�Y�X

�P�M �K�Q�M�i�`�2 �[�m�ö�m�M �K�Q�/���H�2 �/�2 �7�`���+�i�m�`�2 �T�2�m�i ���i�`�2 ���T�T�`�Q�+�?�û �T���` �m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X �P�M �T�`�û�b�2�M�i�2

�/���M�b �+�2�i�i�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �/�2�b �`���T�T�2�H�b �b�m�` �[�m�2�H�[�m�2�b �M�Q�i�B�Q�M�b �/�2 �#���b�2 �2�i �m�M�2 �`�2�p�m�2 �b�m�` �/�2�b �i�`���p���m�t ���M�i�û�`�B�2�m�`�b�X

�A�X�R�V �6�Q�`�K�m�H���i�B�Q�M �2�M �û�H���b�i�B�+�B�i�û �H�B�M�û���B�`�2

�L�Q�m�b �b�m�B�p�Q�M�b �m�M�2 �7�Q�`�K�m�H���i�B�Q�M �/�2�b �T�`�Q�#�H���K�2�b �2�M �û�H���b�i�B�+�B�i�û �H�B�M�û���B�`�2 �B�b�Q�i�`�Q�T�2 �?�Q�K�Q�;���M�2 ���p�2�+ �>�S�S �U�>�v�@

�T�Q�i�?���b�2 �/�2 �T�2�i�B�i�2�b �T�2�`�i�m�`�#���i�B�Q�M�b�V �[�m�B �B�K�T�Q�b�2 �[�m�2 �H�� �+�Q�M�}�;�m�`���i�B�Q�M �/�û�7�Q�`�K�û�2 �`�û�b�m�H�i���M�i �/�m �+�Q�K�T�Q�`�i�2�K�2�M�i

�û�H���b�i�B�[�m�2 �2�b�i �T�`�Q�+�?�2 �/�2 �H�� �+�Q�M�}�;�m�`���i�B�Q�M �B�M�B�i�B���H�2 �/�2 �`�û�7�û�`�2�M�+�2�X

�G�ö�û�H���b�i�B�+�B�i�û �2�b�i �K�Q�/�û�H�B�b�û�2 �/���M�b �M�Q�i�`�2 �+���b �b�2�m�H�2�K�2�M�i �2�M �b�2 �#���b���M�i �b�m�` �H�2�b �2�z�2�i�b �K�û�+���M�B�[�m�2�b �/�?�2�b ���m�t

�+�Q�M�i�`���B�M�i�2�b ���T�T�H�B�[�m�û�2�b �2�M �û�p�B�i���M�i �H�� �+�Q�M�b�B�/�û�`���i�B�Q�M �/�2 �i�Q�m�i �2�z�2�i �i�?�2�`�K�B�[�m�2�X ���H�Q�`�b�- �H�� �i�?�û�Q�`�B�2 �/�2 �H�ö�û�H���b�@

�i�B�+�B�i�û �b�ö�B�M�i�û�`�2�b�b�2 �¨ �H�ö�û�i�m�/�2 �/�2�b �/�û�T�H���+�2�K�2�M�i�b�- �/�û�7�Q�`�K���i�B�Q�M�b �2�i �/�2�b �+�Q�M�i�`���B�M�i�2�b �/���M�b �m�M �b�Q�H�B�/�2 �b�Q�m�K�B�b �¨ �/�2�b

�7�Q�`�+�2�b �2�t�i�û�`�B�2�m�`�2�b�X

�G�2 �+�Q�K�T�Q�`�i�2�K�2�M�i �H�B�M�û���B�`�2 �û�H���b�i�B�[�m�2 �b�2 �/�û�/�m�B�i �B�M�i�m�B�i�B�p�2�K�2�M�i �/�m �+���b �K�m�H�i�B�/�B�K�2�M�b�B�Q�M�M�2�H �2�M �+�Q�M�b�B�/�û�`���M�i �m�M�2

�#���`�`�2 �/�2 �b�2�+�i�B�Q�M �+�Q�M�b�i���M�i�2S ���i�i���+�?�û�2 �¨ �m�M �#�Q�m�i �2�i �b�Q�m�K�B�b�2 �¨ �m�M�2 �7�Q�`�+�2F �b�m�` �H�2 �#�Q�`�/ �H�B�#�`�2�X

�G�� �+�Q�M�i�`���B�M�i�2 �2�b�i �M�Q�i�û�2� �2�i �2�b�i �/�û�}�M�B�2 �T���` �H�� �`�2�H���i�B�Q�M

� =
F
S

:

�.�2�m�t �+���b �b�2 �T�`�û�b�2�M�i�2�M�i �,

�� �G�� �i�`���+�i�B�Q�M �T�Q�m�`F:ns > 0�-

�� �G�� �+�Q�K�T�`�2�b�b�B�Q�M �T�Q�m�`F:ns < 0 ���p�2�+ns �H�� �M�Q�`�K���H�2 �¨ �H�� �b�m�`�7���+�2�X

���B�M�b�B�- �H�2�b �û�[�m���i�B�Q�M�b �H�Q�+���H�2�b �K�û�+���M�B�[�m�2�b �/�û�+�`�B�p���M�i �H�2 �+�Q�K�T�Q�`�i�2�K�2�M�i �û�H���b�i�B�[�m�2 �b�Q�M�i �/�Q�M�M�û�2�b �T���` �,
8
>>>>>>>><

>>>>>>>>:

� �.�B�p� = f �/���M�b
 ;

� (u):n = T �/���M�b� N ;

u = uD ; �b�m�`� D ;

� (u) = A : e

�U�A�X�R�V�X�R�V

�G�ö�û�M�2�`�;�B�2 �/�2 �/�û�7�Q�`�K���i�B�Q�M ���b�b�Q�+�B�û�2 ���m �T�`�Q�#�H���K�2 �/�ö�û�H���b�i�B�+�B�i�û �H�B�M�û���B�`�2 �B�b�Q�i�`�Q�T�2 �U�>�S�S�V �2�b�i �M�Q�i�û�2W �2�i �2�b�i

�/�û�}�M�B�2 �T���` �,

W =
1
2

�
� (�i� è)2 + 2 �e : e

�
:

�G�ö�2�t�B�b�i�2�M�+�2 �2�i �H�ö�m�M�B�+�B�i�û �/�2 �T�`�Q�#�H���K�2 �U�A�X�R�V�X�R�V �2�b�i ���b�b�m�`�û�2 �/�ö�m�M�2 �T���`�i �T���` �b�m�T�T�Q�b�2�` �[�m�2 �H�� �7�`�Q�M�i�B���`�2� D �/�Q�B�i

���i�`�2 �/�2 �K�2�b�m�`�2 �M�Q�M �M�m�H�H�2 �/���M�b@
 �X

�.�ö���m�i�`�2 �T���`�i�- �H�2 �T�`�Q�#�H���K�2 �2�b�i �#�B�2�M �T�Q�b�û �b�2 �#���b���M�i �b�m�` �H�2 �7���B�i �[�m�2 �H�� �/�2�M�b�B�i�û �/�ö�û�M�2�`�;�B�2W �2�b�i �/�û�}�M�B�2 �T�Q�b�B�i�B�p�2
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�`�û�b�m�H�i���M�i �/�2�b �B�M�û�;���H�B�i�û�b �b�m�` �H�2�b �+�Q�2�{�+�B�2�M�i�b �/�ö�û�H���b�i�B�+�B�i�û�- �H�2 �K�Q�/�m�H�2 �/�2 �u�Q�m�M�;E �2�i �H�2 �+�Q�2�{�+�B�2�M�i �/�2 �S�Q�B�b�b�Q�M

� �UE > 0; � 1
2 < � < 1

2 �V�X

�G�� �7�Q�`�K�2 �B�M�i�û�;�`���H�2 ���b�b�Q�+�B�û�2 ���m �T�`�Q�#�H���K�2 �U�A�X�R�V�X�R�V �2�b�i �/�Q�M�M�û�2 �T���` �,

Z



�e (u) : e(v) dx +

Z



f:v dx +

Z


 N

T:u dS; v 2 �>1
0(
) :

�1�M ���T�T�H�B�[�m���M�i �H�2 �G�2�K�K�2 �/�2 �G���t �J�B�H�;�`���K �2�M �K�Q�M�i�`���M�i �[�m�2 �H�� �7�Q�`�K�2 �#�B�H�B�M�û���B�`�2 ���b�b�Q�+�B�û�2 �2�b�i �+�Q�2�`�+�B�p�2 �U�G�2�K�K�2

�/�2 �E�Q�`�M�- �(�.�m�p���m�i�- �R�N�N�y�)�V�- �H�ö�2�t�B�b�i�2�M�+�2 �2�i �H�ö�m�M�B�+�B�i�û �/�2�b �b�Q�H�m�i�B�Q�M�b �/�2 �T�`�Q�#�H���K�2�A�X�R�V�X�R�b�Q�M�i �/�û�/�m�B�i�2�b�X

�P�M �b�2 �`�û�7���`�2 �¨ �(�6�`���M�Ï�Q�B�b�- �R�N�3�y�-�.�m�p���m�i�- �R�N�N�y�-�*�B���`�H�2�i�- �R�N�N�d�-�G�2�/�`�2�i�- �k�y�y�9�) �T�Q�m�` �H�ö�û�i�m�/�2 �/�2�b �M�Q�i�B�Q�M�b �/�2

�#���b�2 �/�m �T�`�Q�#�H���K�2 �/�ö�û�H���b�i�B�+�B�i�û�X

�G�� �b�2�+�i�B�Q�M �b�m�B�p���M�i�2 �2�b�i �m�M �#�`�2�7 �`���T�T�2�H �b�m�` �H�� �K�Q�/�û�H�B�b���i�B�Q�M �+�H���b�b�B�[�m�2 �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X

�A�X�k�V �J�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q

�G�2�b �T�`�2�K�B���`�2�b �7�Q�`�K�m�H���i�B�Q�M�b �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �û�i���B�2�M�i �B�M�+���T���#�H�2�b �/���M�b �T�H�m�b�B�2�m�`�b �+���b �/�2

�i�`���B�i�2�` �+�Q�`�`�2�+�i�2�K�2�M�i �H�2�b �+�Q�K�T���;�M�Q�M�b �B�M�û�p�B�i���#�H�2�b �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i �+�Q�K�K�2 �H�ö���/�Q�m�+�B�b�b�2�K�2�M�i�- �H�2 �/�m�`�+�B�b�@

�b�2�K�2�M�i �/�2�b �K���i�û�`�B���m�t�X

�U �o�Q�B�` �(�L�;�m�v�2�M�- �R�N�3�d�-�a�B�H�H�B�M�;�- �R�N�3�3�-�.�2 �"�Q�`�b�i�- �R�N�3�N�-�"�2�M���H�H���H ���M�/ �J���`�B�;�Q�- �k�y�y�d�)�V�X

�G�� �K�Q�/�û�H�B�b���i�B�Q�M �+�H���b�b�B�[�m�2 �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i �b�2 �#���b�2 �b�m�`

�� �G�� �/�û�}�M�B�i�B�Q�M �/�m �T���`���K���i�`�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X

�� �G�� �/�û�T�2�M�/���M�+�2 �/�2 �7���+�i�2�m�` �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���m�t �T�`�Q�T�`�B�û�i�û�b �K�û�+���M�B�[�m�2�b�X

�� �G�� �H�Q�B �/�ö�û�p�Q�H�m�i�B�Q�M �/�m �T���`���K���i�`�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X
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�/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �[�m�B �b�2 �b�B�i�m�2 �/���M�b �H�� �+�H���b�b�2 �/�2 �T�`�Q�#�H���K�2�b �U�a�>�J �, �a�m�`�p�2�B�H�H���M�+�2 �/�ö�1�i���i �/�2 �a�i�`�m�+�i�m�`�2�V

�/�Q�M�i �H�ö�Q�#�D�2�+�i�B�7 �2�b�i �/�2 �/�û�i�2�`�K�B�M�2�` �H�2 �K�Q�/�m�H�2 �/�2 �u�Q�m�M�; �/���M�b �H�2�b �x�Q�M�2�b �T�Q�i�2�M�i�B�2�H�H�2�K�2�M�i �2�M�/�Q�K�K���;�û�2�b �/�2 �H��

�b�i�`�m�+�i�m�`�2 ���}�M �/�2 �K�B�M�B�K�B�b�2�` �H�ö�û�+���`�i �2�M�i�`�2 �H�2�b �K�2�b�m�`�2�b �/�2 �/�û�7�Q�`�K���i�B�Q�M �2�i �H�� �b�Q�H�m�i�B�Q�M �M�m�K�û�`�B�[�m�2 �/�m �K�Q�/���H�2

�T�?�v�b�B�[�m�2 �U�o�Q�B�` �(�*�?���K�Q�B�M �2�i ���H�X�- �k�y�R�9�)�V�X

�*�B�i�Q�M�b ���m�b�b�B �H�� �i�?�û�Q�`�B�2 �/�m �+�Q�M�i�`�¬�H�2 �Q�T�i�B�K���H �b�B�K�B�H���B�`�2 �¨ �+�2�i�i�2 �+���i�û�;�Q�`�B�2 �/�2 �T�`�Q�#�H���K�2�b �[�m�B �b�2 �#���b�2 �b�m�` �H��

�K�B�M�B�K�B�b���i�B�Q�M �/�m �+�Q�?�i �/�2 �H�ö�2�M�b�2�K�#�H�2 �/�2�b �i�`���D�2�+�i�Q�B�`�2�b ���b�b�Q�+�B�û�2�b ���m �+�Q�M�i�`�¬�H�2�- �U�p�Q�B�` �(�h�`�2�H���i�- �k�y�y�8�)�V�X

�.���M�b �H�� �b�m�B�i�2 �/�2 �M�Q�i�`�2 �i�`���p���B�H�- �Q�M �b�ö�B�M�i�û�`�2�b�b�2 �¨ �H�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2 �Q�m �#�B�2�M �+�Q�M�+�2�T�i�B�Q�M �Q�T�i�B�K���H�2 �/�2

�b�i�`�m�+�i�m�`�2�b �/���M�b �H�2 �+���/�`�2 �/�2 �H�� �K�û�+���M�B�[�m�2 �/�2�b �b�Q�H�B�/�2�b �2�i �Q�M �b�2 �T�2�M�+�?�2 �2�b�b�2�M�i�B�2�H�H�2�K�2�M�i �b�m�` �(���H�H���B�`�2�- �k�y�y�d�)

�T�Q�m�` �/�û�+�`�B�`�2 �H�2 �T�`�Q�#�H���K�2 �i�v�T�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2�X

�1�M �;�û�M�û�`���H �m�M �T�`�Q�#�H���K�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2 �2�b�i �K�Q�/�û�H�B�b�û �b�Q�m�b �H�� �7�Q�`�K�2

�B�M�7

 2U ad

J (
)

�Q�MJ (
) �2�b�i �m�M�2 �7�Q�M�+�i�B�Q�M �+�Q�?�i �[�m�ö�Q�M �p�2�m�i �K�B�M�B�K�B�b�2�` �2�iUad �H�ö�2�M�b�2�K�#�H�2 �/�2 �7�Q�`�K�2�b ���/�K�B�b�b�B�#�H�2�b�X

�1�M �;�û�M�û�`���H �B�H �v �� �H�� �M�Q�M�@�2�t�B�b�i�2�M�+�2 �/�2 �7�Q�`�K�2�b �Q�T�i�B�K���H�2�b �/���M�b �H�� �T�H�m�T���`�i �/�2�b �T�`�Q�#�H���K�2�b �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2

�7�Q�`�K�2�X

�*�2�H�H�2�@�+�B �2�b�i �Q�#�i�2�M�m�2 �b�Q�m�b �/�2�b �+�Q�M�i�`���B�M�i�2�b �b�m�T�T�H�û�K�2�M�i���B�`�2�b �;�û�Q�K�û�i�`�B�[�m�2�b �U�(�*�?�2�M���B�b�- �R�N�d�8�)�V �Q�m �b�Q�m�b �/�2�b

�+�Q�M�/�B�i�B�Q�M�b �i�Q�T�Q�H�Q�;�B�[�m�2�b �U�(���p�2�`�€�F�- �R�N�N�j�-�*�?���K�#�Q�H�H�2�- �k�y�y�j�)�V�X ���H�H���B�`�2 �2�i ���H�X �b�2 �#���b�2�M�i �b�m�` �m�M �`�û�b�m�H�i���i �Q�#�i�2�M�m

�T���` �J�m�`���i �2�i �a�B�K�Q�M �/���M�b �(�J�m�`���i ���M�/ �a�B�K�Q�M�- �R�N�d�9�- �J�m�`���i ���M�/ �a�B�K�Q�M�- �R�N�d�e�) �[�m�B �+�Q�M�b�B�b�i�2 �¨ �`�2�b�i�`�2�B�M�/�`�2

�H�ö�2�M�b�2�K�#�H�2 �/�2�b �+�Q�M�}�;�m�`���i�B�Q�M�b ���/�K�B�b�b�B�#�H�2�b �¨ �/�2�b �2�M�b�2�K�#�H�2�b �Q�#�i�2�M�m�b �T���` ���T�T�H�B�+���i�B�Q�M �/�ö�m�M �/�B�z�û�Q�K�Q�`�T�?�B�b�K�2

�`�û�;�m�H�B�2�` ���m �/�Q�K���B�M�2 �B�M�B�i�B���H�X

�*�2 �[�m�B �T�2�`�K�2�i �m�M�2 �`�2�T�`�û�b�2�M�i���i�B�Q�M �T�H�m�b �b�B�K�T�H�2 �/�2�b �7�Q�`�K�2�b ���/�K�B�b�b�B�#�H�2�b �2�M �i�2�`�K�2 �/�2 �/�B�z�û�Q�K�Q�`�T�?�B�b�K�2�b�X

�ú�i���M�i �/�Q�M�M�û �m�M �/�Q�K���B�M�2 �/�2 �`�û�7�û�`�2�M�+�2
 0 �[�m�2 �H�ö�Q�M �b�m�T�T�Q�b�2 �m�M �Q�m�p�2�`�i �#�Q�`�M�û �`�û�;�m�H�B�2�` �/�2Rd �- �m�M�2 �7�Q�`�K�2

���/�K�B�b�b�B�#�H�2 �2�b�i
 = ( Id + � )(
 0) �/�û�}�M�B �T���`
 = f x + � (x); x 2 
 0)g �X �*�?���[�m�2 �7�Q�`�K�2 ���/�K�B�b�b�B�#�H�2 �2�b�i

�`�2�T�`�û�b�2�M�i�û�2 �/�Q�M�+ �T���` �m�M �+�?���K�T �/�2 �p�2�+�i�2�m�`�b� (x) �/�2Rd �/���M�bRd �X

�l�M�2 �M�Q�i�B�Q�M �/�2 �/�B�z�û�`�2�M�i�B���#�B�H�B�i�û �2�M
 0 �2�M �m�i�B�H�B�b���M�i �H�� �/�û�`�B�p���i�B�Q�M �T���` �`���T�T�Q�`�i �¨� �2�b�i �/�Q�M�M�û�2 �T���` �H�� �/�û�}�M�B�i�B�Q�M

�b�m�B�p���M�i�2 �, �a�BJ (
) �2�b�i �m�M�2 ���T�T�H�B�+���i�B�Q�M �/�2 �H�ö�2�M�b�2�K�#�H�2 �/�2�b �7�Q�`�K�2�b ���/�K�B�b�b�B�#�H�2�b �/���M�bR�-J �2�b�i �/�B�z�û�`�2�M�i�B���#�H�2

�T���` �`���T�T�Q�`�i ���m �/�Q�K���B�M�2 �2�M
 0 �b�B �H�� �7�Q�M�+�i�B�Q�M� 7! J (( Id + � )(
 0)) �2�b�i �/�B�z�û�`�2�M�i�B���#�H�2 �2�M0 �/���M�b �H�ö�2�b�T���+�2 �/�2

�"���M���+�?W 1;1 (Rd; Rd) �B�X�2 �,

J (( Id + � )(
 0)) = J (
 0) + L(� ) + o(� ); avec �H�B�K
� ! 0

o(� )
jj � jjW 1; 1

= 0 :

�P�M �� ���H�Q�`�bL = J 0(
 0):

�l�M�2 �K�û�i�?�Q�/�2 �H���`�;�2�K�2�M�i �m�i�B�H�B�b�û�2 �� �û�i�û �B�M�i�`�Q�/�m�B�i�2 �T���` �C�X �*�2�� �/���M�b �(�*�û���- �R�N�3�e�) ���T�T�2�H�û�2 �G���;�`���M�;�B�2�M �M�Q�i�û

L �Q�m �/�û�`�B�p���i�B�Q�M �`���T�B�/�2�X
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�1�H�H�2 �+�Q�M�b�B�b�i�2 �¨ �B�M�i�`�Q�/�m�B�`�2 �H�2 �G���;�`���M�;�B�2�M �+�Q�K�K�2 �H�� �b�Q�K�K�2 �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �2�i �H�� �7�Q�`�K�m�H���i�B�Q�M �p���`�B���i�B�Q�M�@

�M�2�H�H�2 �/�m �T�`�Q�#�H���K�2 �û�i�m�/�B�û�X �*�2�i�i�2 �K�û�i�?�Q�/�2 ���b�b�m�`�2 �/�Q�M�+ �[�m�2 �H�2 �+���H�+�m�H �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2@J
@
 �b�2 �`�û�/�m�B�i �¨

�H�ö�û�p���H�m���i�B�Q�M �/�m �G���;�`���M�;�B�2�M �T���` �`���T�T�Q�`�i �¨ �H�� �7�Q�`�K�2@L
@
 �X

�.���M�b �H�� �T�H�m�T���`�i �/�2�b �T�`�Q�#�H���K�2�b �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �2�b�i �/�Q�M�M�û�2 �T���`

J 0(
 0)( � ) =
Z

@
 0

�:n d (
 0)dS;

�Q�Md(
 0) �2�b�i �m�M�2 �7�Q�M�+�i�B�Q�M �[�m�B �/�û�T�2�M�/ �/�2 �H�� �/�û�`�B�p�û�2�X �l�M�2 �b�m�B�i�2 �/�2 �7�Q�`�K�2�b �Q�T�i�B�K���H�2�b �2�b�i �+�?�2�`�+�?�û�2 �M�Q�i�û�2
 t

�p�û�`�B�}���M�i �H�� �T�`�Q�+�û�/�m�`�2 �/�ö�B�i�û�`���i�B�Q�M �b�m�B�p���M�i�2 �,


 t = ( Id + � t )(
 0);

���p�2�+� t = � td(
 0)n �Q�Mt > 0 �2�b�i �m�M �T���b �/�2 �/�2�b�+�2�M�i�2 ���/�û�[�m���i�X �Q�M ��

J (
 t ) < J (
 0) si d(
 0) 6= 0 et t assez petit:

�A�X�9�V�X�k ���T�T�H�B�+���i�B�Q�M �/�2 �H�� �K�û�i�?�Q�/�2 �;�û�Q�K�û�i�`�B�[�m�2

�G�� �x�Q�M�2 �b���B�M�2 �2�b�i �K�Q�/�û�H�B�b�û�2 �T���` �m�M �/�Q�K���B�M�2 �}�t�û
 �2�i �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �2�b�i �K���B�H�H�û�2 �2�i �`�2�T�`�û�b�2�M�i�û�2

�T���` �H�2 �/�Q�K���B�M�2
 �X �G�� �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �`�2�p�B�2�M�i �¨ �+�2 �[�m�2 �H�2 �/�Q�K���B�M�2
 �b�Q�B�i �+�Q�M�p�2�+�i�û�2

�H�2 �H�Q�M�; �/�ö�m�M �+�?���K�T� �X ���B�M�b�B �H�2 �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �/�2J �T���` �`���T�T�Q�`�i �¨
 �b�2 �`�2�7�Q�`�K�m�H�2 �2�M �m�M�2

�K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�iJ �T���` �`���T�T�Q�`�i �¨� �- �B�X�2 �, �_�û�b�Q�m�/�`�2 �H�2 �T�`�Q�#�H���K�2

< J 0(
) ; � >< 0:

���B�M�b�B�- �Q�M �b�m�T�T�Q�b�2 �H�ö�2�t�B�b�i�2�M�+�2 �/�ö�m�M �2�b�T���+�2 �/�2 �>�B�H�#�2�`�i �+�Q�M�i�2�M���M�i �H�2 �+�?���K�T� �i�2�H �[�m�2 �,

< J 0(
) ; �� ) > Y + < �; �� > Y = 0 ; �� 2 Y: �U�A�X�9�V�X�k�X�R�V

�G�2 �+�?�Q�B�t �/�2 �H�ö�2�b�T���+�2Y �2�b�i �/�ö�m�M�2 �;�`���M�/�2 �B�K�T�Q�`�i���M�+�2 �T�Q�m�` ���p�Q�B�` �m�M�2 �#�Q�M�M�2 �/�B�`�2�+�i�B�Q�M �/�2 �/�2�b�+�2�M�i�2 �/�m �;�`���@

�/�B�2�M�i�X �L�Q�i�Q�M�b �[�m�2 �H�ö�2�b�T���+�2H 1(
) �� �û�i�û �H�2 �#�Q�M �+���M�/�B�/���i �T�Q�m�` �H�2 �+�?�Q�B�t �/�2 �H�ö�2�b�T���+�2 �/�2 �>�B�H�#�2�`�i �/���M�b �H�2�b

�T�`�Q�#�H���K�2�b �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2�X �G�2 �T�Q�B�M�i �+�H�2�7 �/�2 �M�Q�i�`�2 �i�`���p���B�H �2�b�i �+�Q�K�K�2�M�i �p�� �@�i�@�Q�M �/�û�T�H���+�2�` �H�� �x�Q�M�2

�2�M�/�Q�K�K���;�û�2 �\

�G�2 �/�û�T�H���+�2�K�2�M�i �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �b�ö�2�z�2�+�i�m�2 �2�M �`�2�T�û�`���M�i �H�2�b �M�Q�2�m�/�b �b�m�` �H�2 �#�Q�`�/ �/�2 �H�� �x�Q�M�2

�2�M�/�Q�K�K���;�û�2�- �2�M�b�m�B�i�2 �Q�M �H�2�b �/�û�T�H���+�2 �b�m�B�p���M�i �H�2 �+�?���K�T �/�2 �+�Q�M�p�2�+�i�B�Q�M� �X ���B�M�b�B�- �m�M �M�Q�m�p�2���m �K���B�H�H���;�2 �b�2�`��

�+�Q�M�b�i�`�m�B�i �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �2�i �+�2�+�B �b�2 �`�û�T���i�2 ���m �+�Q�m�`�b �/�2�b �B�i�û�`���i�B�Q�M�b �/�2 �;�`���/�B�2�M�i�X �S�Q�m�` �`�û�+���T�B�i�m�H�2�`�-

�M�Q�i�`�2 ���H�;�Q�`�B�i�?�K�2 �b�2 �#���b�2 �b�m�` �/�2�m�t �#�Q�m�+�H�2�b �,



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�k

�6�B�;�m�`�2�A�X�9�V�X�k�X�R �� �J�Q�/�û�H�B�b���i�B�Q�M �/�2 �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �T���` �H�� �K�û�i�?�Q�/�2 �;�û�Q�K�û�i�`�B�[�m�2

�� �m�M�2 �#�Q�m�+�H�2 �2�t�i�û�`�B�2�m�`�2 �/�2 �i�2�K�T�b�- ���m �+�Q�m�`�b �/�2 �H���[�m�2�H�H�2 �Q�M �B�K�T�Q�b�2 �/�2�b �7�Q�`�+�2�b �b�m�` �H�� �x�Q�M�2 �b���B�M�2 �T�Q�m�`

�b�B�K�m�H�2�` �m�M �K�Q�/�2 �/�2 �7�`���+�i�m�`�2�X

�� �m�M�2 �#�Q�m�+�H�2 �B�M�i�2�`�M�2 �/�2 �;�`���/�B�2�M�i ���m �+�Q�m�`�b �/�2 �H���[�m�2�H�H�2 �H�� �7�Q�`�K�2 �û�p�Q�H�m�2 �b�2�H�Q�M �m�M �i�2�K�T�b �}�+�i�B�7 �[�m�B

�+�Q�`�`�2�b�T�Q�M�/ ���m �T���b �/�2 �/�2�b�+�2�M�i�2 �/�2 �;�`���/�B�2�M�i�X

�*�Q�M�+�H�m�b�B�Q�M �,

�*�2�i�i�2 �K�û�i�?�Q�/�2 �b�ö���p���`�2 �i�`���b �+�Q�?�i�2�m�b�2 �2�M �7���B�b���M�i �m�M �`�2�K���B�H�H���;�2 �¨ �+�?���[�m�2 �B�i�û�`���i�B�Q�M �/�2 �H�ö���H�;�Q�`�B�i�?�K�2 �2�M

�T���`�i�B�+�m�H�B�2�` �/���M�b �H�2 �+���b3d�X �l�M�2 ���T�T�H�B�+���i�B�Q�M �/�2 �H�� �K�û�i�?�Q�/�2 �;�û�Q�K�û�i�`�B�[�m�2 �T�Q�m�` �b�B�K�m�H�2�` �M�Q�i�`�2 �K�Q�/���H�2 �/�ö�2�M�@

�/�Q�K�K���;�2�K�2�M�i �2�b�i �/�Q�M�M�û�2 �T���` �H�� �}�;�m�`�2�A�X�9�V�X�k�X�R�Q�M �Q�M �Q�#�i�B�2�M�i �m�M�2 �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2

���v���M�i �/�2�m�t �#�`���M�+�?�2�b �b�v�K�û�i�`�B�[�m�2�b �H�Q�`�b�[�m�ö�2�H�H�2 �b�ö���T�T�`�Q�+�?�2 �/�m �#�Q�`�/ �b�m�T�û�`�B�2�m�` �/�m �/�Q�K���B�M�2�X �l�M�2 ���H�i�2�`�M���i�B�p�2

�T�Q�m�` �7���B�`�2 �û�p�Q�H�m�2�` �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �û�i���B�i �H�� �`�2�T�`�û�b�2�M�i���B�Q�M �B�K�T�H�B�+�B�i�2 �/�2 �H�� �7�Q�`�K�2 ���/�K�B�b�b�B�#�H�2 �¨ �H�ö���B�/�2

�/�ö�m�M�2 �7�Q�M�+�i�B�Q�M �H�2�p�2�H �b�2�i�X

�G�� �b�2�+�i�B�Q�M �b�m�B�p���M�i�2 �2�b�i �/�û�/�B�û�2 �¨ �T�`�û�b�2�M�i�2�` �[�m�2�H�[�m�2�b �M�Q�i�B�Q�M�b �/�2 �#���b�2 �/�2 �+�2�i�i�2 �i�?�û�Q�`�B�2�X

�A�X�9�V�X�j �J�û�i�?�Q�/�2 �H�2�p�2�H �b�2�i

�*�2�i�i�2 �K�û�i�?�Q�/�2 �� �û�i�û �B�M�i�`�Q�/�m�B�i�2 �T���` �P�b�?�2�` �2�i �a�2�i�?�B���M �/���M�b �(�P�b�?�2�` ���M�/ �a�2�i�?�B���M�- �R�N�3�3�-�a�2�i�?�B���M�- �R�N�N�N�)

���}�M �/�2 �/�û�+�`�B�`�2 �H�� �T�`�Q�T���;���i�B�Q�M �b�T���i�B���H�2 �/�ö�m�M �7�`�Q�M�i �Q�m �/�ö�m�M�2 �B�M�i�2�`�7���+�2 ���m �+�Q�m�`�b �/�m �i�2�K�T�b�X �G�2 �K�Q�m�p�2�K�2�M�i

�/�2 �H�ö�B�M�i�2�`�7���+�2 �2�b�i �b�m�T�T�Q�b�û �/���M�b �H�� �/�B�`�2�+�i�B�Q�M �M�Q�`�K���H�2 �2�i �� �û�i�û �M�û�;�H�B�;�û �/���M�b �H�2�b �/�B�`�2�+�i�B�Q�M�b �i���M�;�2�M�i�B�2�H�H�2�b�X



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�j

�G�� �T�Q�b�B�i�B�Q�M �B�M�B�i�B���H�2 �/�m �7�`�Q�M�i �2�b�i �m�M�2 �7�Q�M�+�i�B�Q�M �H�2�p�2�H �b�2�i �x�û�`�Q �/�ö�m�M�2 ���m�i�`�2 �7�Q�M�+�i�B�Q�M �¨ �T�H�m�b�B�2�m�`�b �p���`�B���#�H�2�b �2�i

�T�Q�m�` �/�û�`�B�p�2�` �m�M�2 �û�[�m���i�B�Q�M �/�m �K�Q�m�p�2�K�2�M�i �/�2 �+�2�i�i�2 �7�Q�M�+�i�B�Q�M �2�i �7���B�`�2 �+�Q�`�`�2�b�T�Q�M�/�`�2 �H�� �7�Q�M�+�i�B�Q�M �H�2�p�2�H �b�2�i

�x�û�`�Q ���p�2�+ �H�ö�û�p�Q�H�m�i�B�Q�M �/�2 �7�`�Q�M�i�- �H�� �/�û�7�Q�`�K���i�B�Q�M �/�m �7�`�Q�M�i �2�M �7�Q�M�+�i�B�Q�M �/�m �i�2�K�T�b �b�ö�2�z�2�+�i�m�2 �2�M �b�m�B�p���M�i �H�2�b

�T�Q�B�M�i�b �[�m�B �`�2�b�i�2�M�i �b�m�` �H�2 �#�Q�`�/ �/�2 �H�� �7�Q�`�K�2�- �+�2 �[�m�B �T�2�`�K�2�i �/�2 �/�û�/�m�B�`�2 �[�m�2

 (t; x (t)) = 0 : �U�A�X�9�V�X�j�X�R�V

�1�M �/�û�`�B�p���M�i �H�ö�û�[�m���i�B�Q�M�A�X�9�V�X�j�X�R�- �Q�M �Q�#�i�B�2�M�i

@	
@t

(x; t ) + V (x; t ):n j r  (x; t ) j= 0 ; �U�A�X�9�V�X�j�X�k�V

�Q�MV �2�b�i �H�� �p�B�i�2�b�b�2 �H�2�p�2�H �b�2�i�X �1�M �+�Q�M�b�B�/�û�`���M�i �2�M �Q�m�i�`�2 �H�ö�û�[�m���i�B�Q�M �/�2 �>���K�B�H�i�Q�M �C���+�Q�#�B �U�A�X�9�V�X�j�X�k�V�- �B�H �2�b�i

�M�û�+�2�b�b���B�`�2 �/�2 �+�?�2�`�+�?�2�` �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �/�2 �+�2�i�i�2 �û�[�m���i�B�Q�M�- �H�� �+�Q�M�p�2�`�;�2�M�+�2�- �H�ö�2�t�B�b�i�2�M�+�2�- �2�i�+

�G�� �+�Q�M�b�i�`�m�+�i�B�Q�M �/�ö�m�M �b�+�?�û�K�� �/�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2 �H�ö�û�[�m���i�B�Q�M �/�2 �>���K�B�H�i�Q�M �C���+�Q�#�B �2�b�i �/�?�2 �2�b�b�2�M�i�B�2�H�H�2�@

�K�2�M�i �/���M�b �(�P�b�?�2�` ���M�/ �a�2�i�?�B���M�- �R�N�3�3�-�P�b�?�2�` ���M�/ �a�?�m�- �R�N�N�R�-�a�2�i�?�B���M�- �R�N�N�N�)�X

�G�� �7�Q�`�K�2 �;�û�M�û�`���H�2 �/�2 �H�ö�û�[�m���i�B�Q�M �2�b�i �,

�U t + H (Ux ; Uy ) = 0 ; H �etant l 0hamiltonien:

�G�2 �+���b �m�M�B�/�B�K�2�M�b�B�Q�M�M�2�H �[�m�B �+�Q�`�`�2�b�T�Q�M�/ �¨ �+�2�i�i�2 �û�[�m���i�B�Q�M �b�ö�û�+�`�B�i �b�Q�m�b �H�� �7�Q�`�K�2

�U t + H (Ux ) = 0 :

�*�2�+�B �K���M�2 �¨ �H�ö�û�i�m�/�2 �/�ö�m�M�2 �û�[�m���i�B�Q�M �?�v�T�2�`�#�Q�H�B�[�m�2 �;�û�M�û�`���H�B�b�û�2 �/�2 �H�� �7�Q�`�K�2

ut + [ G(u)]x = 0 ;

�Q�MG �2�b�i �m�M�2 �7�Q�M�+�i�B�Q�M �~�m�t�X ���B�M�b�B�- �H�� �+�Q�M�b�i�`�m�+�i�B�Q�M �/�2�b �b�+�?�û�K���b �/�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2 �H�ö�û�[�m���i�B�Q�M �/�ö�>���K�B�H�i�Q�M

�C���+�Q�#�B �M�ö�2�b�i �[�m�ö�m�M�2 �/�û�/�m�+�i�B�Q�M �/�2�b ���T�T�`�Q�t�B�K���i�B�Q�M�b �M�m�K�û�`�B�[�m�2�b �/�2�b �û�[�m���i�B�Q�M�b �/�2�b �H�Q�B�b �/�2 �+�Q�M�b�2�`�p���i�B�Q�M

�?�v�T�2�`�#�Q�H�B�[�m�2�b�X �G�� �T�`�Q�T�`�B�û�i�û �/�2 �+�Q�M�b�2�`�p���i�B�Q�M �b�2 �i�`���/�m�B�i �T���` �H�� �/�û�}�M�B�i�B�Q�M �b�m�B�p���M�i�2 �,

�G�2 �b�+�?�û�K�� �p�û�`�B�}�2 �H�� �H�Q�B �/�2 �+�Q�M�b�2�`�p���i�B�Q�M �b�ö�B�H �2�t�B�b�i�2 �m�M�2 �7�Q�M�+�i�B�Q�M �M�m�K�û�`�B�[�m�2g(ui � 1; ui ) ���T�T�2�H�û�2 �U�~�m�t�V

�`�2�b�T�2�+�i�B�p�2�K�2�M�i �Ug(ui ; ui +1 )�V�- �[�m�B ���T�T�`�Q�+�?�2Gi � 1
2
�- �`�2�b�T�2�+�i�B�p�2�K�2�M�i �UGi + 1

2
�V�- �i�2�H�H�2 �[�m�2

un +1
i � un

i

� t
= �

Gi + 1
2

� Gi � 1
2

� x
:

�.�2�b �2�t�2�K�T�H�2�b �/�2�b �2�t�T�`�2�b�b�B�Q�M�b �/�2 �~�m�t �/�2 �G���t�@�6�`�B�2�/�`�B�+�?�b �2�i �1�M�;�[�m�B�b�i�@�P�b�?�2�` �b�Q�M�i �/�Q�M�M�û�b �`�2�b�T�2�+�i�B�p�2�K�2�M�i

�T���`

gEO (u1; u2) = G(u1) +
Z u 2

u 1

min (
dG
du

; 0)du;



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�9

�Q�MG �2�b�i �b�m�T�T�Q�b�û�2 �+�Q�M�p�2�t�2 �2�i

gF L (u1; u2) =
� � x
2� t

(u2 � u1) +
1
2

[G(u2) � G(u1)]:

�.���M�b �m�M �+���b �T���`�i�B�+�m�H�B�2�`�- �H�Q�`�b�[�m�2ut +[ u2]x = 0 �- �P�b�?�2�` �2�i �a�2�i�?�B���M �K�Q�M�i�`�2�M�i �/���M�b �(�P�b�?�2�` ���M�/ �a�2�i�?�B���M�- �R�N�3�3�-

�a�2�i�?�B���M�- �R�N�N�N�) �[�m�2

g(u1; u2) = max(u1; 0)2 + min (u2; 0)2:

�G�2 �b�+�?�û�K�� �+�Q�`�`�2�b�T�Q�M�/���M�i �2�b�i �/�Q�M�+

�U n +1
i = Un

i � � tg(
Un

i � Un
i � 1

� x
;

Un
i +1 � Un

i

� x
):

�l�M �b�+�?�û�K�� �/�ö�Q�`�/�`�2 �b�m�T�û�`�B�2�m�` �b�ö�û�+�`�B�i

Un +1
i;j = Un

i;j � � g
� Un

i;j � Un
i � 1;j

� x
;

Un
i +1 ;j � Un

i;j

� x
;

Un
i;j � Un

i;j � 1

� y
;

Un
i;j +1 � Un

i;j

� y

�

�*�2�+�B �T�2�`�K�2�i �/�2 �/�û�/�m�B�`�2 �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �/�2 �H�ö�û�[�m���i�B�Q�M �H�2�p�2�H �b�2�i�- �T�H�m�b �T�`�û�+�B�b�û�K�2�M�i�- �2�M �T�Q�b���M�iH (u) =
p

u2�-

�Q�M �Q�#�i�B�2�M�i �H�ö�û�[�m���i�B�Q�M �H�2�p�2�H �b�2�i

ut + [ u2]x = 0 :

�G�2 �b�+�?�û�K�� �T�`�Q�T�Q�b�û �/�Q�M�+ �2�b�i �/�2 �H�� �7�Q�`�K�2

g(u1; u2) = max(u1; 0)2 + min (u1; 0)2:

���B�M�b�B�-

 n +1
i =  n

i � � t [max(D � x
i ; 0)

2
+ min (D + x

i ; 0)
2
]

1
2 :

�G�� �p�2�`�b�B�Q�M �K�m�H�i�B�/�B�K�2�M�b�B�Q�M�M�2�H�H�2 �/�2 �+�2 �b�+�?�û�K�� �H�2�p�2�H �b�2�i �b�ö�û�+�`�B�i �,

gLS (u1; u2; v1; v2) = [ max(u1; 0)2 + min (u1; 0)2 + max(v1; 0)2 + min (v1; 0)2]
1
2 :

�L�Q�i���i�B�Q�M�b

�P�M �m�i�B�H�B�b�2 �H�2�b �M�Q�i���i�B�Q�M�b �b�i���M�/���`�/�b �2�M �/�B�z�û�`�2�M�+�2�b �}�M�B�2�b�X �G�2 �/�Q�K���B�M�2 �2�b�i �+�Q�M�b�B�/�û�`�û�2 �+�Q�K�K�2 �m�M�2 �;�`�B�H�H�2

�+�Q�M�b�i�B�i�m�û�2 �/�2 �H�ö���t�2 �/�2�b ���#�b�+�B�b�b�2�b �/�B�p�B�b�û �2�Mi �M�Q�2�m�/�b �2�i �H�ö���t�2 �/�2�b �Q�`�/�Q�M�M�û�2�b �/�B�p�B�b�û �2�Mj �M�Q�2�m�/�b�X n
ij �/�û�b�B�;�M�2

�H�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M ���m �T�Q�B�M�i(i; j ) �¨ �m�M �B�M�b�i���M�itn �X

D � x
ij =  i +1 ;j �  i;j :

D + x
ij =  i;j �  i � 1;j :

D � y
ij =  i;j +1 �  i;j :

D + y
ij =  i;j �  i;j � 1:

D � x + x
ij =  i +1 ;j � 2 i;j +  i � 1;j :

D � y+ y
ij =  i;j +1 � 2 i;j +  i;j � 1:

�U�A�X�9�V�X�j�X�j�V
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�G�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�ö�Q�`�/�`�21 �2�M �2�b�T���+�2 �b�Q�m�b �H�� �+�Q�M�/�B�i�B�Q�M �/�2 �+�Q�M�p�2�t�B�i�û �/�2 �H�ö�>���K�B�H�i�Q�M�B�2�MH �2�b�i �/�Q�M�M�û�2 �T���` �,

 n +1
ij =  n

ij � � t [�K���t(V n
i ; 0)r + + �K�B�M(V i

n ; 0)r � ]:

���p�2�+

r + =
q

�K���t(D � x
ij ; 0)

2
+ �K�B�M(D + x

ij ; 0)
2

+ �K���t(D � y
ij ; 0)

2
+ �K�B�M(D + y

ij ; 0)
2
;

r � =
q

�K���t(D + x
ij ; 0)

2
+ �K�B�M(D � x

ij ; 0)
2

+ �K���t(D + y
ij ; 0)

2
+ �K�B�M(D � y

ij ; 0)
2

�G�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�ö�Q�`�/�`�22 �2�M �2�b�T���+�2 �b�ö�û�+�`�B�i �,

 n +1
ij =  n

ij � � t [�K���t(V n
ij ; 0)r + + �K�B�M(V n

i ; 0)r � ]; �U�A�X�9�V�X�j�X�9�V

�Q�M

r + =
q

�K���t(A; 0)2 + �K�B�M(B; 0)2 + �K���t(C; 0)2 + �K�B�M(D; 0)2;

r � =
q

�K���t(B; 0)2 + �K�B�M(A; 0)2 + �K���t(D; 0)2 + �K�B�M(C; 0)2;

���p�2�+

A = D � x
ij +

� x
2

m(D � x � x
ij ; D + x � x

ij ); B = D + x
ij �

� x
2

m(D + x + x
ij ; D + x � x

ij );

�2�i

C = D � y
ij +

� y
2

m(D � y � y
ij ; D + y� y

ij ); D = D + y
ij �

� y
2

m(D + y+ y
ij ; D + y� y

ij ):

�G�� �7�Q�M�+�i�B�Q�Mm �2�b�i ���T�T�2�H�û�2 �ó�a�r�B�i�+�?�ô �2�i �2�b�i �/�û�}�M�B�2 �T���` �,

m(x; y) =

8
><

>:

x si j x j� y; y si j x j> y; (x:y � 0);

0 si xy < 0;

�*�2�b �b�+�?�û�K���b �Q�M�i �û�i�û �B�M�i�`�Q�/�m�B�i�b �/���M�b �(�>���`�i�2�M ���M�/ �P�b�?�2�`�- �R�N�3�d�)�X

�A�X�8�V �J�Q�/���H�2 �/�2 �7�`���+�i�m�`�2 �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q

�G�� �K�û�+���M�B�[�m�2 �/�2 �`�m�T�i�m�`�2 �b�ö�B�M�i�û�`�2�b�b�2 �¨ �H�ö�û�i�m�/�2 �/�2 �H�ö�û�p�Q�H�m�i�B�Q�M �/�ö�m�M�2 �}�b�b�m�`�2 �Q�m �T�H�m�b�B�2�m�`�b �}�b�b�m�`�2�b �/���M�b

�m�M �K�B�H�B�2�m �+�Q�M�i�B�M�m �2�M �7�Q�M�+�i�B�Q�M �/�m �+�?���`�;�2�K�2�M�i ���m�[�m�2�H �B�H �2�b�i �b�Q�m�K�B�b�X �G�� �i�?�û�Q�`�B�2 �T�`�B�M�+�B�T���H�2 �b�2 �+�Q�M�b���+�`���M�i �¨

�H�ö�û�i�m�/�2 �/�2 �+�2�b �T�`�Q�#�H���K�2�b �2�b�i �+�2�H�H�2 �/�2 �:�`�B�{�i�? �U�(�:�`�B�{�i�?�- �R�N�k�y�)�V�X

�*�2�i�i�2 �i�?�û�Q�`�B�2 �b�2 �#���b�2 �b�m�` �/�2�m�t �T�Q�B�M�i�b �2�b�b�2�M�i�B�2�H�b�- �/�ö�m�M�2 �T���`�i �H�ö���z�2�+�i���i�B�Q�M �/�ö�m�M�2 �û�M�2�`�;�B�2 �/�2 �b�m�`�7���+�2 ���m�t

�}�b�b�m�`�2�b �2�i �m�M �+�`�B�i���`�2 �[�m�B �b�m�T�T�Q�b�2 �[�m�ö�m�M�2 �}�b�b�m�`�2 �M�2 �T�2�m�i �b�2 �T�`�Q�T���;�2�` �[�m�2 �b�B �H�ö�û�M�2�`�;�B�2 �`�2�b�i�B�i�m�û�2 �T���` �H�2 �K�B�H�B�2�m

�/�ö�m�M ���+�+�`�Q�B�b�b�2�K�2�M�i �B�M�}�M�B�i�û�b�B�K���H �/�2 �H�� �}�b�b�m�`�2 �+�Q�K�T�2�M�b�2 �H�ö�û�M�2�`�;�B�2 �/�2 �b�m�`�7���+�2 �M�û�+�2�b�b���B�`�2 �¨ �b�� �+�`�û���i�B�Q�M�X �G��

�/�û�}�M�B�i�B�Q�M �/�m �+�`�B�i���`�2 �/�2 �:�`�B�{�i�? �2�b�i �/�û�+�`�B�i�2 �¨ �i�`���p�2�`�b �m�M �T���`���K���i�`�2G�- �[�m�B �� �7���B�i �H�ö�Q�#�D�2�i �/�2 �T�H�m�b�B�2�m�`�b �i�`���p���m�t



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�e

�U�p�Q�B�` �(�A�`�r�B�M�- �R�N�8�d�-�A�`�r�B�M�- �R�N�8�3�-�_�B�+�2�- �R�N�e�3�-�.�2�b�i�m�v�M�/�2�` ���M�/ �.�D���Q�m���- �R�N�3�R�)�V�X

�P�M �+�Q�M�b�B�/���`�2 �/�Q�M�+ �m�M �K�B�H�B�2�m �#�B�/�B�K�2�M�b�B�Q�M�M�2�H �2�M �b�m�T�T�Q�b���M�i �H�2 �i�`���D�2�i �/�2 �H�� �}�b�b�m�`�2 �+�Q�M�M�m �� �T�`�B�Q�`�B �2�i �2�M

���/�K�2�i�i���M�i �[�m�2 �H�ö�û�M�2�`�;�B�2 �M�Q�i�û�2J �2�b�i �/�û�`�B�p���#�H�2 �T���` �`���T�T�Q�`�i �¨ �m�M�2 �H�Q�M�;�m�2�m�` �M�Q�i�û�2l �X �G�2 �T�`�Q�#�H���K�2 �/�ö�û�p�Q�H�m�i�B�Q�M

�b�ö�û�+�`�B�i �c �h�`�Q�m�p�2�`t 7! l (t) �i�2�H �[�m�2 �,

l (0) = 0 ;
dl
dt

(t) � 0;
dJ
dl

(l (t); t) � k;
dJ
dl

(( l (t); t) + k)
dl
dt

= 0 :

�G�ö�B�M�+�Q�M�p�û�M�B�2�M�i �/�2 �+�2�i�i�2 �7�Q�`�K�m�H���i�B�Q�M �/�2 �:�`�B�{�i�? �2�b�i �H�� �/�û�}�M�B�i�B�Q�M �`�2�b�i�`�B�+�i�B�p�2 �/�2 �H�ö�2�M�b�2�K�#�H�2 ���/�K�B�b�b�B�#�H�2 �/�2�b

�}�b�b�m�`�2�b �2�i �`�û�p���H�2 �H�2�b �T�`�Q�#�H���K�2�b �b�m�B�p���M�i�b�-

�� �G�ö�2�t�B�b�i�2�M�+�2 �/�ö�m�M�2 �}�b�b�m�`�2 �B�M�B�i�B���H�2 �� �T�`�B�Q�`�B

�� �*�Q�M�M���B�b�b���M�+�2 �/�m �i�`���D�2�i �/�2 �}�b�b�m�`���i�B�Q�M �� �T�`�B�Q�`�B�X

�� �G�� �M�Q�M �T�`�B�b�2 �2�M �+�Q�K�T�i�2 �/�2�b �û�p�Q�H�m�i�B�Q�M�b �M�Q�M �`�û�;�m�H�B���`�2�b �/�2 �H�� �}�b�b�m�`�2 �2�i �H�� �T�`�Q�T���;���i�B�Q�M �#�`�m�i���H�2�X

�l�M�2 �M�Q�m�p�2�H�H�2 ���T�T�`�Q�+�?�2 �� �û�i�û �û�i���#�H�B�2 �T���` �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q �/���M�b �U�(�6�`���M�+�7�Q�`�i ���M�/ �J���`�B�;�Q�- �R�N�N�3�)�V �b�2

�/�û�#���`�`���b�b���M�i �/�2�b �?�v�T�Q�i�?���b�2�b �+�H���b�b�B�[�m�2�b �+�Q�M�b�B�/�û�`�û�2�b �T���` �:�`�B�{�i�?�X �1�H�H�2 �+�Q�M�b�B�b�i�2 �¨ �+�?�2�`�+�?�2�` �T���`�K�B �i�Q�m�i�2�b �H�2�b

�}�b�b�m�`�2�b �T�Q�b�b�B�#�H�2�b �+�2�H�H�2�b �[�m�B �+�Q�M�/�m�B�b�2�M�i �¨ �m�M �û�i���i �/�2 �K�Q�B�M�/�`�2 �û�M�2�`�;�B�2 �/�2 �H�� �b�i�`�m�+�i�m�`�2�X

���B�M�b�B�- �H�ö�û�M�2�`�;�B�2 ���b�b�Q�+�B�û�2 ���m �K�Q�/���H�2 �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q �2�b�i �/�û�}�M�B�2 �+�Q�K�K�2 �H�� �b�Q�K�K�2 �/�ö�m�M�2 �û�M�2�`�;�B�2 �û�H���b�i�B�[�m�2

�2�i �/�ö�m�M�2 �û�M�2�`�;�B�2 �}�b�b�m�`�û�2 �,

J totale (u; �) = J elas (u; �) + J f is (�) =
Z


 n�
W (e(u)) �/x + Gc�>d� 1; �U�A�X�8�V�X�R�V

�Q�MW (e) = � �i�(̀e)2 + �e:e �-Gc �2�b�i �H�2 �T���`���K���i�`�2 �/�2 �i�û�M���+�B�i�û �/�m �K���i�û�`�B���m�-e(u) �H�2 �i�2�M�b�2�m�` �b�v�K�û�i�`�B�b�û �/�m

�;�`���/�B�2�M�i �2�i �>d� 1 �2�b�i �H�� �K�2�b�m�`�2 �/�2 �>���m�b�/�Q�`�zd � 1 �/�B�K�2�M�b�B�Q�M�M�2�H�H�2�X

�1�M �+�Q�M�b�B�/�û�`���M�i �/�2�b �/�û�T�H���+�2�K�2�M�i�b �+�`�Q�B�b�b���M�i�b �H�B�M�û���B�`�2�b

U(t; x ) = tU (x);

�6�`���M�+�7�Q�`�i�@�J���`�B�;�Q �/�û�+�`�B�p�2�M�i �H�ö�û�p�Q�H�m�i�B�Q�M �[�m���b�B�@�b�i���i�B�[�m�2 �/�m �T�`�Q�#�H���K�2 �2�M �+�?�2�`�+�?���M�i �H�ö�û�i���i �¨ �H�ö�B�M�b�i���M�it i �+�Q�M�M���B�b�@

�b���M�i �H�ö�û�i���i �¨ �H�ö�B�M�b�i���M�it i � 1�- �H�� �b�Q�H�m�i�B�Q�M �/�m �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �b�m�B�p���M�i �,

�B�M�7
�

E totale (u; �) ; u 2 C(� ; t i ); � � � i � 1
	

�U�A�X�8�V�X�k�V

�Q�M

C(� ; t) = f u 2 H 1(
 n�); u(x) = tU (x) sur@
 g

�2�i

� � � i � 1

�2�b�i �m�M�2 �+�Q�M�/�B�i�B�Q�M �/�ö�B�`�`�û�p�2�`�b�B�#�B�H�B�i�û �b�m�` �H�� �}�b�b�m�`�2�X

���B�M�b�B�- �H�� �7�Q�`�K�m�H���i�B�Q�M �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�- �/�ö�m�M�2 �T���`�i �`�2�i�`�Q�m�p�2 �H�2�b �`�û�b�m�H�i���i�b �T�Q�b�i�m�H�û�b �T���` �:�`�B�{�i�?�- �+�B�i�Q�M�b

�H�ö�2�t�2�K�T�H�2 �`�2�i�`�Q�m�p���M�i �H�2 �+�`�B�i���`�2 �/�2 �T�`�Q�T���;���i�B�Q�M �/�2 �:�`�B�{�i�? �B�/�2�M�i�B�[�m�2 �/���M�b �H�2 �+���b �/�ö�m�M�2 �û�p�Q�H�m�i�B�Q�M �`�û�;�m�H�B���`�2



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�d

�2�i �`�û�m�b�b�B�i �¨ �i�`�Q�m�p�2�` �/�2�b �`�û�b�m�H�i���i�b �/�2 �T�`�Q�T���;���i�B�Q�M �[�m�B �b�ö���p���`�2�M�i �B�K�T�Q�b�b�B�#�H�2�b �T���` �H�� �H�Q�B �/�2 �:�`�B�{�i�? �/���M�b �H�2

�+���b �/�ö�m�M�2 �T�`�Q�T���;���i�B�Q�M �#�`�m�i���H�2 �/�2 �}�b�b�m�`�2�X

�*�2�T�2�M�/���M�i�- �+�2�i�i�2 �T�`�û�b�2�M�i���i�B�Q�M �T�Q�b�b���/�2 �/�2�b �/�û�7���m�i�b �[�m�B �7�Q�M�i �H�ö�Q�#�D�2�i �/�2 �T�H�m�b�B�2�m�`�b �û�i�m�/�2�b ���+�i�m�2�H�H�2�b �`�2�p�B�@

�b�B�i���M�i �+�2 �K�Q�/���H�2�X �1�M �2�z�2�i�- �+�2�i�i�2 �7�Q�`�K�m�H���i�B�Q�M �2�b�i �`�2�b�i�`�2�B�M�i�2 ���m�t �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b�X �� �T���`�i �Ï�� �B�H �v �� �H�2

�+���/�`�2 �[�m���b�B�@�b�i���i�B�[�m�2 �/�2 �H�� �7�Q�`�K�m�H���i�B�Q�M�- �H�� �K�B�M�B�K�B�b���i�B�Q�M �;�H�Q�#���H�2�- �H�� �7�Q�`�K�2 �/�2 �H�ö�û�M�2�`�;�B�2 �/�2 �b�m�`�7���+�2 �[�m�B �/�Q�B�i

���i�`�2 �`�2�p�B�b�B�i�û�2�- �H�2�b �+�`�B�i���`�2�b �T�?�v�b�B�[�m�2�b �+�Q�K�K�2 �H�2 �#�`���M�+�?�2�K�2�M�i �/�2 �H�� �}�b�b�m�`�2�- �H�� �7�2�`�K�2�i�m�`�2 �/�2�b �H���p�`�2�b �/�2 �H��

�}�b�b�m�`�2�-�X�X�X �*�Q�K�K�2 �`�û�T�Q�M�b�2 �¨ �+�2�b �[�m�2�b�i�B�Q�M�b�- �+�B�i�Q�M�b �[�m�2�H�[�m�2�b �2�t�i�2�M�b�B�Q�M�b �`�2�p�B�b�B�i���M�i �H�2 �T�`�Q�#�H���K�2 �/�2 �6�`���M�+�7�Q�`�i�@

�J���`�B�;�Q�X ���B�M�b�B�- �/�2�b �`�2�b�i�`�B�+�i�B�Q�M�b �b�m�` �H�ö�2�M�b�2�K�#�H�2 ���/�K�B�b�b�B�#�H�2 �/�2�b �}�b�b�m�`�2�b �Q�M�i �û�i�û �+�Q�M�b�B�/�û�`�û�2�b �U�p�Q�B�` �G�Q�`�2�M�i�x

�2�i ���H�X �/���M�b �(�G�Q�`�2�M�i�x �2�i ���H�X�- �k�y�y�y�)�V ���}�M �/�2 �b�B�K�T�H�B�}�2�` �H�2 �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q �2�M

�+�Q�M�b�B�/�û�`���M�i �m�M�2 �7���K�B�H�H�2�( l ) �/�û�T�2�M�/���M�i �/�2 �H�� �H�Q�M�;�m�2�m�` �/�2 �H�� �}�b�b�m�`�2 �+���`���+�i�û�`�B�b���M�i �H�ö�2�M�b�2�K�#�H�2 �/�2�b �}�b�b�m�`�2�b

���/�K�B�b�b�B�#�H�2�b �2�i �2�M �b�m�T�T�Q�b���M�iln � 1 = 0 �X �G�2 �T�`�Q�#�H���K�2 �/�B�b�+�`�û�i�B�b�û �Q�#�i�2�M�m �2�b�i �/�Q�M�M�û �T���`

(un ; ln ) = �K�B�M
l;u

J totale (u; �( l )) : �U�A�X�8�V�X�j�V

�.�ö���m�i�`�2 �T���`�i�- �m�M�2 �û�i�m�/�2 �� �û�i�û �B�M�B�i�B�û�2 �T���` �J�B�;�m�2�H �/���M�b �(�J�B�;�m�2�H �2�i ���H�X�- �k�y�y�e�) �i�2�M���M�i �+�Q�K�T�i�2 �/�m �+�?���M�;�2�K�2�M�i

�/�2 �H�� �7�Q�`�K�2 �/�2 �H�ö�û�M�2�`�;�B�2 �/�2 �b�m�`�7���+�2 �/�2 �:�`�B�{�i�? �2�M �H�� �`�2�K�T�H���Ï���M�i �T���` �m�M�2 �û�M�2�`�;�B�2 �/�2 �b�m�`�7���+�2 �/�m �i�v�T�2 �"���`�2�M�@

�#�H���i�i �Q�M �+�2�i�i�2 �/�2�M�b�B�i�û �/�ö�û�M�2�`�;�B�2 �M�2 �/�û�T�2�M�/ �T���b �/�ö�m�M�2 �7���Ï�Q�M �i�`�B�p�B���H�2 �/�m �b���m�i �/�2�b �/�û�T�H���+�2�K�2�M�i�b ���/�K�B�b�b�B�#�H�2�b�X

�1�M �Q�m�i�`�2�- �m�M�2 �û�i�m�/�2 �/�v�M���K�B�[�m�2 �� �û�i�û ���D�Q�m�i�û�2 �T���` �"�Q�m�`�/�B�M �2�i ���H�X �/���M�b

�(�"�Q�m�`�/�B�M �2�i ���H�X�- �k�y�R�R�) �Q�M �H�2�b �b�Q�H�m�i�B�Q�M�b �/�m �T�`�Q�#�H���K�2 �/�2 �6�`���M�+�7�Q�`�i �2�i �J���`�B�;�Q �[�m�B �Q�M�i �û�i�û �û�i���#�H�B�2�b �/���M�b �H�2

�+���/�`�2 �[�m���b�B�@�b�i���i�B�[�m�2 �b�Q�M�i �/�2�b �H�B�K�B�i�2�b �/�2�b �b�Q�H�m�i�B�Q�M�b �/�2 �+�2 �K���K�2 �T�`�Q�#�H���K�2 �û�i���#�H�B �/���M�b �m�M �+���/�`�2 �/�v�M���K�B�[�m�2

�b�Q�m�b �+�2�`�i���B�M�2�b �?�v�T�Q�i�?���b�2�b �U�o�Q�B�` �(�G���`�b�2�M �2�i ���H�X�- �k�y�R�y�)�V�X �.���M�b �H�� �K���K�2 �B�/�û�2 �/�2 �+�Q�M�b�B�/�û�`�2�` �m�M�2 �7�Q�`�K�m�H���i�B�Q�M

�/�v�M���K�B�[�m�2 �/�m �T�`�Q�#�H���K�2�- �Q�M �+�B�i�2 �H�2 �i�`���p���B�H �/�2 �"�2�`�/�B�M �U �o�Q�B�` �(�"�2�`�/�B�M�- �k�y�y�9�)�V �/���M�b �m�M �+���/�`�2 �T�`�Q�#���#�B�H�B�b�i�2�X

�.�2�b �+�Q�M�/�B�i�B�Q�M�b �T�H�m�b �T�?�v�b�B�[�m�2�b �Q�M�i �û�i�û �T�`�B�b�2 �2�M �+�Q�K�T�i�2 �/���M�b �H�ö�û�i�m�/�2 �/�m �K�Q�/���H�2 �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q

�/�2 �H�� �7�`���+�i�m�`�2 �/���M�b �(���K�Q�` �2�i ���H�X�- �k�y�y�N�) �Q�M �H�� �+�Q�M�/�B�i�B�Q�M �/�2 �M�Q�M �B�M�i�2�`�T�û�M�û�i�`���i�B�Q�M �/�2�b �H���p�`�2�b �/�2 �H�� �}�b�b�m�`�2 �2�b�i

���D�Q�m�i�û�2�X �.�2�b �`�û�b�m�H�i���i�b ���+�+�2�T�i���#�H�2�b �M�m�K�û�`�B�[�m�2�K�2�M�i �Q�M�i �û�i�û �û�i���#�H�B�b �K���B�b �K���M�[�m���M�i �/�ö�m�M�2 �û�i�m�/�2 �`�B�;�Q�m�`�2�m�b�2

�T���` �:���K�K���@�+�Q�M�p�2�`�;�2�M�+�2�X �.�ö���m�i�`�2�b �`�û�b�m�H�i���i�b �/���M�b �+�2 �+���/�`�2 �b�Q�M�i �i�`�Q�m�p�û�b �T���` �a�B�K�Q�M �/���M�b �(�_���+�+���- �k�y�R�9�) �Q�M

�Q�M �i�B�2�M�i �+�Q�K�T�i�2 �/�m �#�`���M�+�?�2�K�2�M�i �/�2 �H�� �}�b�b�m�`�2 �2�i �/�2 �H�� �/�B�b�i�B�M�+�i�B�Q�M �2�M�i�`�2 �H�2�b �+�Q�K�T�Q�`�i�2�K�2�M�i�b �/�2 �H�� �}�b�b�m�`�2

�2�M �i�`���+�i�B�Q�M �2�i �2�M �+�Q�K�T�`�2�b�b�B�Q�M�X

�G�2 �T�`�Q�#�H���K�2 �/�2 �6�`���M�+�7�Q�`�i �2�i �J���`�B�;�Q �+�Q�M�b�B�b�i�2 �2�M �H�� �K�B�M�B�K�B�b���i�B�Q�M �;�H�Q�#���H�2 �/�2 �H�ö�û�M�2�`�;�B�2 �i�Q�i���H�2 �T���` �`���T�@

�T�Q�`�i ���m�t �/�û�T�H���+�2�K�2�M�i�b ���/�K�B�b�b�B�#�H�2�b �2�i �}�b�b�m�`�2�b ���/�K�B�b�b�B�#�H�2�b�X �*�2 �T�`�Q�#�H���K�2 �2�b�i �+�H���b�b�û �+�Q�K�K�2 �m�M �T�`�Q�#�H���K�2

�¨ �/�B�b�+�Q�M�i�B�M�m�B�i�û �H�B�#�`�2 �/�Q�M�i �H�� �+���`���+�i�û�`�B�b�i�B�[�m�2 �2�b�i �/�ö���p�Q�B�` �/�2�b �B�M�+�Q�M�M�m�b(u; K ) �Q�MK �B�M�+�H�m�b �/���M�bRd �2�b�i �m�M



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�3

�7�2�`�K�û �/�2
 �- �/�Q�M�i �H�2 �T�`�Q�i�Q�i�v�T�2 �2�b�i

�K�B�M
�

G(u; K ); K � Rd; ferm �e; u 2 C1(
 nK )
	

; �U�A�X�8�V�X�9�V

���p�2�+

G(u; K ) =
Z


 nK
j r u j2 �/x +

Z


 nK
j u � g jp �/x + �>d� 1(
 \ K ); �U�A�X�8�V�X�8�V

�2�i

1 � p � + 1 ; g 2 L p(
) \ L 1 (
) :

�*�2 �i�v�T�2 �/�2 �T�`�Q�#�H���K�2�b �� �û�i�û �B�M�B�i�B���H�2�K�2�M�i �û�i�m�/�B�û �/���M�b �H�2 �+���/�`�2 �/�2 �b�2�;�K�2�M�i���i�B�Q�M �/�ö�B�K���;�2�b �p�B�� �H�2 �K�Q�/���H�2 �/�2

�J�m�K�7�Q�`�/�@�a�?���? �(�J�m�K�7�Q�`�/ ���M�/ �a�?���?�- �R�N�3�N�) �b�Q�m�H�B�;�M�û �T���` �H�� �K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2 �T�Q�m�` �U� �V �7�2�`�K�û �2�i

u 2 W 1;2(
 n�)
Z


 n�
j r u j2 + k�>d� 1(
 \ �) + k0

Z



j u � g j2 �/x; �U�A�X�8�V�X�e�V

�Q�Mu �2�b�i �H�ö�B�M�i�2�M�b�B�i�û �/�m �T�B�t�2�H �`�2�+�?�2�`�+�?�û�2 �2�ik; k0 �b�Q�M�i �/�2�b �T�Q�B�/�b�X

�S���` ���B�H�H�2�m�`�b�- �m�M �b�+�?�û�K�� �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M �T�`�Q�T�Q�b�û �T���` ���K�#�`�Q�b�B�Q�@�h�Q�`�i�Q�`�2�H�H�B �/���M�b

�(���K�#�`�Q�b�B�Q ���M�/ �h�Q�`�i�Q�`�2�H�H�B�- �R�N�N�y�) �� �û�i�û �+�Q�M�b�B�/�û�`�û �2�i �� �B�M�/�m�B�i �H�� �7�Q�`�K�m�H���i�B�Q�M �7���B�#�H�2 �/�Q�M�M�û�2 �T���`

�K�B�M
� Z



j r u j2 �/x + k�>d� 1(
 \ Su ) + k0

Z



j u � g j2 �/x; u 2 SBV (
)

	
; �U�A�X�8�V�X�d�V

�Q�MSBV (
) �2�b�i �H�ö�2�b�T���+�2 �/�2�b �7�Q�M�+�i�B�Q�M�b �b�T�û�+�B���H�2�b �¨ �p���`�B���i�B�Q�M �#�Q�`�M�û�2 �/�2
 �X

�o�Q�B�` �(���K�#�`�Q�b�B�Q ���M�/ �h�Q�`�i�Q�`�2�H�H�B�- �R�N�N�y�) �T�Q�m�` �m�M�2 �û�i�m�/�2 �/�2�b �T�`�Q�T�`�B�û�i�û�b �/�2 �+�2�i �2�b�T���+�2�X

�l�M�2 �û�i�m�/�2 �2�b�i �/�û�/�m�B�i�2 �/���M�b �(�*���`�`�B�2�`�Q ���M�/ �G�2���+�B�- �R�N�N�y�) �+�Q�M�b�B�/�û�`���M�i


 = R2; u = u(x; y)ez :

�G�2 �T�`�Q�#�H���K�2 �+�Q�M�b�B�b�i�2 �¨ �i�`�Q�m�p�2�`

�K�B�M
Z


 n�

1
2

j r u j2�/x + k�>1(
 nN1);

���p�2�+u 2 W 1;2(
 n�) ; u = U1 �b�m�@̀
 D �2�iN1 �H�2 �+�Q�K�T�H�û�K�2�M�i���B�`�2 �/�2@
 D �X

�l�M�2 �û�i�m�/�2 �/�ö�2�t�B�b�i�2�M�+�2 �� �û�i�û �B�M�b�T�B�`�û�2 �T���` �H�2 �K�Q�/���H�2 �/�ö���K�#�`�Q�b�B�Q�@�h�Q�`�i�Q�`�2�H�H�B �2�M �H�ö���/���T�i���M�i ���p�2�+ �H�ö���D�Q�m�i

�/�2 �+�Q�M�/�B�i�B�Q�M�b ���m�t �H�B�K�B�i�2�b �b�m�`u �U�p�Q�B�` �(�"�Q�m�`�/�B�M ���M�/ �*�?���K�#�Q�H�H�2�- �k�y�y�y�)�V �Q�M �H�Q�`�b�[�m�2(u; �) �2�b�i �b�Q�H�m�i�B�Q�M �/�m

�T�`�Q�#�H���K�2 �/�ö�Q�`�B�;�B�M�2 ���H�Q�`�bu �2�b�i �K�B�M�B�K�B�b�2�m�` �/�m �T�`�Q�#�H���K�2 �7���B�#�H�2�X

�1�M ���/�Q�T�i���M�i �H�� �7�Q�`�K�m�H���i�B�Q�M �7���B�#�H�2 �/�m �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �;�H�Q�#���H�2 �/�m �K�Q�/���H�2 �/�2 �6�`���M�+�7�Q�`�i�@

�J���`�B�;�Q�- �H�2 �+���H�+�m�H �M�m�K�û�`�B�[�m�2 �T���` �û�H�û�K�2�M�i�b �}�M�B�b �b�2�K�#�H�2 �B�K�T�Q�b�b�B�#�H�2 �+���` �Q�M �M�2 �+�Q�M�M���W�i �T���b �H�� �/�B�b�+�Q�M�i�B�M�m�B�i�û ��



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �R�N

�T�`�B�Q�`�B�X �G�ö�B�/�û�2 �2�b�i �/�ö�û�i���H�2�` �H�2 �b���m�i �T���` �H�ö�B�M�i�`�Q�/�m�+�i�B�Q�M �/�ö�m�M�2 �b�2�+�Q�M�/�2 �p���`�B���#�H�2�X �.���M�b �(�"�Q�m�`�/�B�M�- �R�N�N�3�)�- �"�Q�m�`�/�B�M

�� �K�Q�M�i�`�û �[�m�2

E(u; v) =

8
><

>:

R

 j r u j2 �/x + �>1(Su ); v = 1 �T�X�T �/���M�b


+ 1 �b�B�M�Q�M
�U�A�X�8�V�X�3�V

�2�b�i �H��� �H�B�K�B�i�2 �/���M�b(L 2; (R � [0; 1]) �/�2

Ec(u; v) =

8
><

>:

R

 (v2 + K c)j r u j2 + cj r v j2 + (1 � v)2

4c �/x; v = 1 �T�X�T �/���M�b
 ; u = U1 �B�M
 b

+ 1 �b�B�M�Q�M
�U�A�X�8�V�X�N�V

�Q�M
 b �2�b�i �m�M �/�Q�K���B�M�2 �+�Q�M�i�2�M���M�i �+�Q�K�T���+�i�2�K�2�M�i �H�2 �/�Q�K���B�M�2
 �2�i �H�� �/�Q�M�M�û�2U1�X �G�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �b�2 �7���B�i

�B�M�i�m�B�i�B�p�2�K�2�M�i �2�M �T�`�Q�D�2�i���M�i �i�Q�m�b �H�2�b �i�2�`�K�2�b �b�m�` �m�M �2�b�T���+�2 �/�2 �/�B�K�2�M�b�B�Q�M �}�M�B�2 �b�m�` �H�2�b �T���`�i�B�i�B�Q�M�b �/�2
 �2�M

�b�B�K�T�H�2�t�2�b�X

�l�M�2 ���m�i�`�2 �K�û�i�?�Q�/�2 �+�Q�M�b�B�/�û�`�û�2 �û�i���B�i �/�2 �T�`�Q�+�û�/�2�` �/�B�`�2�+�i�2�K�2�M�i �¨ �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �/�2E(u; v) �Q�ME(u; v)

�2�b�i �H��� �@�H�B�K�B�i�2 �/�2

Eh (u; T ) =

8
><

>:

P
T 2 � h

j T \ 
 j 1
hT

f (hT j r u j2); v = 1 �T�X�T �/���M�b


+ 1 �b�B�M�Q�M;
�U�A�X�8�V�X�R�y�V

�Q�M� h �2�b�i �m�M�2 �i�`�B���M�;�m�H���`�B�b���i�B�Q�M �/�2
 �2�iT �m�M �i�`�B���M�;�H�2 ���T�T���`�i�2�M���M�i �¨� h �X �G�ö�û�i�m�/�2 �� �û�i�û �û�i�2�M�/�m�2 ���m �+���b

�;�û�M�û�`���H �/�2 �H�ö�û�H���b�i�B�+�B�i�û �Q�M �H�2 �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M �2�b�i �/�Q�M�M�û �T���`

�K�B�M
Z


 n�

1
2

Ae(u) : e(u) + k�>d� 1(� nN1); u 2 W 1;2(
 n�) ; u = U1 sur @
 :

�G�ö�B�/�û�2 �2�b�i �/�2 �T�`�Q�+�û�/�2�` �¨ �m�M�2 �7�Q�`�K�m�H���i�B�Q�M �/���M�b �H�ö�2�b�T���+�2SBV (
) �T���` ���M���H�Q�;�B�2 ���m �+���b ���M�i�B�@�T�H���M�X �*�2�+�B

�B�K�T�H�B�[�m�2 �H�� �7�Q�`�K�m�H���i�B�Q�M �7���B�#�H�2

�K�B�M
Z




1
2

Ae(u) : e(u) + k�>d� 1(Ju ); u 2 SBV (
 b); u = U1 sur 
 bn
 :

�J���B�b �H�2 �T�`�Q�#�H���K�2 �/�2 �K�Q�M�i�`�2�` �H�ö�û�[�m�B�p���H�2�M�+�2 �2�M�i�`�2 �H�� �7�Q�`�K�m�H���i�B�Q�M �/�ö�Q�`�B�;�B�M�2 �2�i �H�� �7�Q�`�K�m�H���i�B�Q�M �7���B�#�H�2 �M�ö�2�b�i �T���b

�2�M�+�Q�`�2 �+�Q�K�T�H�2�i�X �1�M �Q�m�i�`�2�- �H�� �7�Q�`�K�m�H���i�B�Q�M �2�MSBV (
) �M�ö�2�b�i �T���b �b�m�{�b���M�i�2 �+���` �H�ö�B�M�û�;���H�B�i�û �/�2 �E�Q�`�M �m�i�B�H�B�b�û�2

�T�Q�m�` �K�Q�M�i�`�2�` �H�ö�2�t�B�b�i�2�M�+�2 �2�b�i �2�M �/�û�7���m�i �/���M�b �H�ö�2�b�T���+�2BV �U�H�ö�2�b�T���+�2 �/�2�b �7�Q�M�+�i�B�Q�M�b �¨ �p���`�B���i�B�Q�M �#�Q�`�M�û�2�V�X

�A�X�e�V �J�Q�/���H�2 �/�2 �6�`���M�+�7�Q�`�i�@�"�Q�m�`�/�B�M

�G�ö�B�/�û�2 �2�b�i �/�ö�B�M�i�`�Q�/�m�B�`�2 �H�ö�2�b�T���+�2SBD (
) �H�ö�2�b�T���+�2 �/�2�b �7�Q�M�+�i�B�Q�M�bL 1(
 ; Rd) �/�Q�M�i �H�2 �;�`���/�B�2�M�i �b�v�K�û�i�`�B�b�û

�2�b�i �m�M�2 �K�2�b�m�`�2�X �*�2�+�B �2�b�i �H�ö�Q�#�D�2�i �/�2 �i�`���p���m�t �/�2 �"�Q�m�`�/�B�M �/���M�b �(�"�Q�m�`�/�B�M�- �k�y�y�d�) �Q�M �B�H �b�2 �T�`�Q�T�Q�b�2 �/�2 �/�û�+�`�B�`�2 �m�M�2

�B�K�T�H�û�K�2�M�i���i�B�Q�M �M�m�K�û�`�B�[�m�2 �/�m �K�Q�/���H�2 �p���`�B���i�B�Q�M�M�2�H �/�2 �7�`���+�i�m�`�2 �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�X �G�� �/�B�z�û�`�2�M�+�2 ���p�2�+



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �k�y

�û�i���M�i �/�ö�m�i�B�H�B�b�2�` �H�2�b �7�Q�`�+�2�b �p�Q�H�m�K�B�[�m�2�b ���m �H�B�2�m �/�2 �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b�X �ú�i���M�i �/���M�b �H�2 �+���/�`�2 �[�m���b�B�@�b�i���i�B�[�m�2�-

�m�M�2 �b�m�B�i�2 �/�2 �T���b �/�2 �i�2�K�T�b

0; t (0) ; :::; t (n ) = T

�2�b�i �+�Q�M�b�B�/�û�`�û�2 �2�i �¨ �+�?���[�m�2 �i�2�K�T�bt (n ) �- �m�M�2 �7�Q�`�+�2f (n ) �2�b�i ���T�T�H�B�[�m�û�2 �b�m�`
 D �b�Q�m�b �H�� �7�Q�`�K�2

f (t; x ) = tf (x):

�1�M �/�û�}�M�B�b�b���M�i �H�ö�2�M�b�2�K�#�H�2

K (n ) =
�

u 2 SBD ( �
) ; u(x) = 0 dans 
 D ; Ju � �
 F ; jj u jj1 � M
	

;

�Q�M
 �m�M �Q�m�p�2�`�i �#�Q�`�M�û �/�2 �7�`�Q�M�i�B���`�2 �H�B�T�b�+�?�B�i�x�B�2�M�M�2 �-


 = 
 D [ 
 F

�2�iM �m�M�2 �+�Q�M�b�i���M�i�2 �T�m�`�2�K�2�M�i �i�2�+�?�M�B�[�m�2�X

�G�ö�2�M�b�2�K�#�H�2 �/�2�b �b���m�i�b �2�b�i �/�û�}�M�B �T���`

� (n )
u = [ 0� s� n Ju (s);

���p�2�+

� (s)
u � � (n )

u ; 8s � n:

�G�ö�û�M�2�`�;�B�2 �i�Q�i���H�2 �2�b�i �/�Q�M�M�û�2 �T���` �H�� �b�Q�K�K�2 �/�ö�m�M�2 �û�M�2�`�;�B�2 �û�H���b�i�B�[�m�2E el �2�i �m�M�2 �û�M�2�`�;�B�2 �}�b�b�m�`�û�2E f is �Q�M

E els (u(n ) ) =
1
2

Z


 F

AF e(u) : e(u) �/x +
1
2

Z


 D

AD e(u) : e(u) � 2f:u �/x;

E f is (u(n ) ) = 
 �>d� 1(�( un ) );

�2�iH d� 1 �2�b�i �H�� �K�2�b�m�`�2 �/�2 �>���m�b�/�Q�`�zd � 1 �/�B�K�2�M�b�B�Q�M�M�2�H�H�2 �2�i
 �2�b�i �H�ö�û�T���B�b�b�2�m�` �/�2 �H�� �7�`���+�i�m�`�2 �/�2 �K���i�û�`�B���m�X

���B�M�b�B �H�2 �K�Q�/���H�2 �2�b�i �/�Q�M�M�û �T���`

�B�M�7
u2 K

E totale (u): �U�A�X�e�V�X�R�V

�G�� �K�û�i�?�Q�/�2 �T�`�Q�T�Q�b�û�2 �2�b�i �m�M�2 �K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�ö�û�[�m���i�B�Q�M �U�A�X�e�V�X�R�V �T���`� �+�Q�M�p�2�`�;�2�M�+�2 �2�M �T�Q�b���M�i

� � = o(� ); � � = o(� );

E totale
� (u; v) = E el

� (u; v) + E f is
� (u; v)

=
1
2

Z


 F

(v2 + � � )AF e(u) : e(u) +
1
2

Z


 D

AD e(u) : e(u) � 2f:u �/x

+ 

Z




(1 � v)2

4�
+ � j r v j2 �/x;

�U�A�X�e�V�X�k�V

K (n )
� =

�
x 2 �
 ; v(n ) � �

	
(irr �eversiblit �e):



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �k�R

���B�M�b�B�- �¨ �+�?���[�m�2 �B�M�b�i���M�i�- �Q�M �+�?�2�`�+�?�2(u(n )
� ; v(n )

� ) �b�Q�H�m�i�B�Q�M �/�m �T�`�Q�#�H���K�2

�B�M�7
u2 K ( n ) ; v =0 sur K ( n )

�

E totale
� (u; v): �U�A�X�e�V�X�j�V

�G�� �+�Q�M�p�2�`�;�2�M�+�2 �/�2�b �K�B�M�B�K�B�b�2�m�`�b �/�2E � ���T�T�`�Q�+�?�2 �H�2�b �K�B�M�B�K�B�b�2�m�`�b �/�2E �X �2�b�i �/�m�2 �¨ �m�M ���`�;�m�K�2�M�i �/�2 �+�Q�K�T���@

�+�B�i�û �B�M�i�`�Q�/�m�B�i �T���` �.���H �J���b�Q �U�(�.���H �J���b�Q�- �R�N�N�j�)�V�X

�"�Q�m�`�/�B�M �m�i�B�H�B�b�2 �H�ö�B�/�û�2 �B�M�i�`�Q�/�m�B�i�2 �T���` ���K�#�`�Q�b�B�Q �[�m�B �+�Q�M�b�B�b�i�2 �¨ �b�m�T�T�Q�b�2�` �[�m�2 �b�BF�;h �2�b�i �H�� �`�2�b�i�`�B�+�i�B�Q�M �/�2

F� �b�m�` �m�M �2�b�T���+�2 �/�ö�û�H�û�K�2�M�i�b �}�M�B�b �H�B�M�û���B�`�2�- ���H�Q�`�bF�;h � � converge vers F�X �G�� �`�2�H���i�B�Q�M �2�M�i�`�2 �H�� �i���B�H�H�2 �/�2

�/�B�b�+�`�û�i�B�b���i�B�Q�Mh �2�i �H�2 �T���`���K���i�`�2 �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M �T�Q�b�2 �m�M�2 �/�B�{�+�m�H�i�û�- �U�p�Q�B�` �(�"�2�H�H�2�i�i�B�M�B ���M�/ �*�Q�b�B���- �R�N�N�9�)�V�X

�S�Q�m�` �û�p�B�i�2�` �+�2�b �T�`�Q�#�H���K�2�b�- �"�Q�m�`�/�B�M �b�m�T�T�Q�b�2 �[�m�2 �H�2 �K���B�H�H���;�2 �2�b�i �m�M�B�7�Q�`�K�2 �2�i �b�m�{�b���K�K�2�M�i �}�M�X �.���M�b �H�2

�T�`�Q�#�H���K�2 �B�M�7E � (u; v) �B�M�i�2�`�p�B�2�M�i �m�M�2 �7�Q�M�+�i�B�Q�M�M�2�H�H�2 �M�Q�M �+�Q�M�p�2�t�2�X ���B�M�b�B �H�� �K�B�M�B�K�B�b���i�B�Q�M �2�b�i �i�`���B�i�û�2 �b�û�T���`�û�@

�K�2�M�i �b�m�` �H�2�b �p���`�B���#�H�2�bu �2�iv�- �+�2 �[�m�B �B�K�T�H�B�[�m�2 �m�M ���H�;�Q�`�B�i�?�K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M ���H�i�2�`�M�û�2 �2�Mu �2�iv �U�p�Q�B�`

�(�"�Q�m�`�/�B�M�- �k�y�y�d�)�V�X �A�H �2�b�i �T�`�Q�m�p�û �[�m�2 �H�ö���H�;�Q�`�B�i�?�K�2 �+�Q�M�p�2�`�;�2 �p�2�`�b �m�M �K�B�M�B�K�m�K �;�H�Q�#���H �b�B �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �H��

�}�b�b�m�`�2 �2�b�i �`�û�;�m�H�B���`�2�X

�.���M�b �H�2 �+���b �+�Q�M�i�`���B�`�2�- �H�ö���H�;�Q�`�B�i�?�K�2 �+�Q�M�p�2�`�;�2 �p�2�`�b �m�M �T�Q�B�M�i �+�`�B�i�B�[�m�2 �/�2E � �[�m�B �T�2�m�i ���i�`�2 �m�M �K�B�M�B�K�m�K �;�H�Q�#���H�-

�K�B�M�B�K�m�K �H�Q�+���H �Q�m �m�M �T�Q�B�M�i �b�2�H�H�2�X ���}�M �/�ö�û�p�B�i�2�` �H�� �+�Q�M�p�2�`�;�2�M�+�2 �p�2�`�b �m�M �T�Q�B�M�i �b�2�H�H�2�- �"�Q�m�`�/�B�M �B�M�i�`�Q�/�m�B�i �m�M

���H�;�Q�`�B�i�?�K�2 �/�B�i �ö�#���+�F�i���+�F�B�M�;�ö �2�M �i�2�K�T�b�- �b�2 �#���b���M�i �b�m�` �m�M�2 �+�Q�M�/�B�i�B�Q�M �/�ö�Q�T�i�B�K���H�B�i�û �/�2 �H�ö�û�p�Q�H�m�i�B�Q�M �/�2 �H�� �}�b�b�m�`�2

�2�M �7�Q�M�+�i�B�Q�M �/�m �i�2�K�T�b�- �b�Bu( r ) ; u(p) �b�Q�M�i �/�2�b �K�B�M�B�K�� �;�H�Q�#���m�t �/�2E �¨ �H�ö�B�M�b�i���M�it ( r ) �2�it (p) ���H�Q�`�b

E totale
� (u( r ) ; v( r ) ) �

t ( r )

t (p)

2

E el
� (u(p) ; v(p) ) + E f is

� (v(p) ); 80 � r � p: �U�A�X�e�V�X�9�V

�A�X�d�V �_�û�;�m�H���`�B�b���i�B�Q�M �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i

�G�ö���M���H�v�b�2 �T���` �û�H�û�K�2�M�i�b �}�M�B�b �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �B�K�T�H�B�[�m�2 �m�M�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2

�/�B�b�b�B�T�û�2 �/���M�b �m�M �2�M�/�`�Q�B�i �/�2 �H�� �b�i�`�m�+�i�m�`�2 �2�i �H�� �+�Q�M�b�2�`�p���i�B�Q�M �/�2 �H�ö�û�H���b�i�B�+�B�i�û �/���M�b �H�2 �`�2�b�i�2 �/�2 �H�� �b�i�`�m�+�i�m�`�2�X

�*�2 �T�?�û�M�Q�K���M�2 �2�b�i �/�B�i �m�M �T�?�û�M�Q�K���M�2 �/�2 �H�Q�+���H�B�b���i�B�Q�M �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/���M�b �m�M�2 �#���M�/�2 �/�2 �b�i�`�m�+�i�m�`�2

�/�û�T�2�M�/���M�i �/�2 �H�� �i���B�H�H�2 �/�2 �H�ö�û�H�û�K�2�M�i �}�M�B �2�i �b�Q�M �Q�`�B�2�M�i���i�B�Q�M�X �l�M �2�t�2�K�T�H�2 �R�. �/�ö�m�M�2 �#���`�`�2 �û�H���b�i�B�[�m�2 �� �û�i�û �û�i�m�/�B�û

�/�û�+�`�B�p���M�i �+�2 �T�?�û�M�Q�K���M�2 �/�2 �H�Q�+���H�B�b���i�B�Q�M �/���M�b �(�S�B�D���m�/�B�2�`�@�*���#�Q�i ���M�/ �"���ˆ���M�i�- �R�N�3�d�)�X �1�M �Q�m�i�`�2�- �m�M �2�t�2�K�T�H�2

�k�. �/�ö�m�M�2 �T�H���[�m�2 �i�`�Q�m�û�2 �� �û�i�û �B�M�i�`�Q�/�m�B�i �/���M�b �(�6�Q�`�2�b�i ���M�/ �G�Q�`�2�M�i�x�- �k�y�y�9�) �2�t�T�H�B�[�m���M�i �H�� �/�û�T�2�M�/���M�+�2 �/�2 �H��

�T�`�Q�T���;���i�B�Q�M �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i �T���` �`���T�T�Q�`�i �¨ �H�ö�Q�`�B�2�M�i���i�B�Q�M �/�m �K���B�H�H���;�2�X

�G�� �`�û�b�Q�H�m�i�B�Q�M �/�2 �+�2�b �T�?�û�M�Q�K���M�2�b �� �û�i�û �2�z�2�+�i�m�û�2 �/���M�b �H�� �i�?�û�Q�`�B�2 �M�Q�M �H�Q�+���H�2 �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X

�*�2�i�i�2 �i�?�û�Q�`�B�2 �+�Q�M�b�B�b�i�2 �¨ �`�2�K�T�H���Ï�2�` �/�2�b �;�`���M�/�2�m�`�b �H�Q�+���H�2�b �T���` �/�2�b �;�`���M�/�2�m�`�b �M�Q�M �H�Q�+���H�2�b �p�B�� �/�2�b �Q�T�û�`���i�2�m�`�b

�/�2 �`�û�;�m�H���`�B�b���i�B�Q�M�X

�*�2�b �;�`���M�/�2�m�`�b �/�û�b�B�;�M�2�M�i �H�2�b �p���`�B���#�H�2�b �/�ö�û�i���i �/�m �K�Q�/���H�2�- �H�2 �i���m�t �/�2 �`�2�b�i�B�i�m�i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2�-�X�X�X

�1�M �2�z�2�i�- �H�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �M�Q�M �H�Q�+���m�t �`�û�b�m�H�i���M�i �/�2 �H�� �`�û�;�m�H���`�B�b���i�B�Q�M �/�2�b �p���`�B���#�H�2�b �/�ö�û�i���i

�b�2 �/�B�p�B�b�2�M�i �2�M �/�2�m�t �+���i�û�;�Q�`�B�2�b �, �G�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�m �i�v�T�2 �B�M�i�û�;�`���m�t �Q�M �H�2�b �p���`�B���#�H�2�b �/�ö�û�i���i



�A�M�i�`�Q�/�m�+�i�B�Q�M �;�û�M�û�`���H�2 �k�k

�M�Q�M �H�Q�+���H�2�b �b�Q�M�i �Q�#�i�2�M�m�2�b �+�Q�K�K�2 �m�M�2 �K�Q�v�2�M�M�2 �/�2�b �p���`�B���#�H�2�b �/�ö�û�i���i �H�Q�+���H�2�b �b�i���M�/���`�/�b�X

�*�B�i�Q�M�b �H�2�b �i�`���p���m�t �/�2 �_�Q�/�`�B�;�m�2�x �/���M�b �(�_�Q�/�`�B�;�m�2�x�@�6�2�`�`���M �2�i ���H�X�- �k�y�y�8�) �b�ö�B�M�i�û�`�2�b�b���M�i ���m�t �/�û�T�H���+�2�K�2�M�i�b

�+�Q�K�K�2 �p���`�B���#�H�2�b �/�ö�û�i���i �2�i �H�2�b �i�`���p���m�t �/�2 �:�Q�/���`�/ �/���M�b �(�:�Q�/���`�/�- �k�y�y�8�) �+�Q�M�b�B�/�û�`���M�i �H�2�b �/�û�7�Q�`�K���i�B�Q�M�b �+�Q�K�K�2

�/�2�b �p���`�B���#�H�2�b �/�ö�û�i���i�X

�G�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�m �i�v�T�2 �;�`���/�B�2�M�i �+�Q�M�b�B�/���`�2�M�i �/�2�b �/�û�`�B�p�û�2�b �/�ö�Q�`�/�`�2 �b�m�T�û�`�B�2�m�` �U�2�M �;�û�@

�M�û�`���H �/�ö�Q�`�/�`�22�V ���D�Q�m�i�û�2�b �¨ �H�ö�û�[�m���i�B�Q�M ���m�t �/�û�`�B�p�û�2�b �T���`�i�B�2�H�H�2�b �[�m�B �/�û�+�`�B�i �H�ö�û�p�Q�H�m�i�B�Q�M �/�2�b �/�û�T�H���+�2�K�2�M�i�b �M�Q�M

�H�Q�+���m�t�X

�.�2�b �2�t�2�K�T�H�2�b �M�m�K�û�`�B�[�m�2�b �b�Q�M�i �B�H�H�m�b�i�`�û�b �/���M�b �(�_�Q�/�`�B�;�m�2�x�@�6�2�`�`���M �2�i ���H�X�- �k�y�y�8�) �b�2�`�p���M�i �¨ �K�Q�M�i�`�2�` �H�ö�B�M�i�û�`���i �/�2

�+�2 �i�v�T�2 �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M �b�m�` �H�� �+�Q�`�`�2�+�i�B�Q�M �/�2�b �T�`�Q�#�H���K�2�b ���b�b�Q�+�B�û�b ���m�t �2�z�2�i�b �H�Q�+���m�t �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�@

�K���;�2�K�2�M�i �M�Q�M �`�û�;�m�H���`�B�b�û�b ���B�M�b�B �[�m�2 �H�� �7���+�B�H�B�i�û �[�m�2 �T�Q�`�i�2�M�i �+�2�b �K�Q�/���H�2�b ���m�t �i�`���B�i�2�K�2�M�i�b �M�m�K�û�`�B�[�m�2�b�X �G��

�`�û�;�m�H���`�B�b���i�B�Q�M �/�m �i���m�t �/�2 �`�2�b�i�B�i�m�i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �b�2 �7���B�i �2�M �+�Q�M�b�B�/�û�`���M�i �m�M�2 �K�Q�v�2�M�M�2

�b�T���i�B���H�2 �T���` �`���T�T�Q�`�i �¨ �H�� �i���B�H�H�2 �+���`���+�i�û�`�B�b�i�B�[�m�2 �/�m �K���i�û�`�B���m�-

�U�p�Q�B�` �(�S�B�D���m�/�B�2�`�@�*���#�Q�i ���M�/ �"���ˆ���M�i�- �R�N�3�d�)�V�X

�.�ö���m�i�`�2�b �i�`���p���m�t �Q�M�i �û�i�û �û�i���#�H�B�b ���m�b�b�B �/���M�b �H�2 �+���/�`�2 �/�2 �H�� �`�û�;�m�H���`�B�b���i�B�Q�M �/�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���@
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���m�i�`�2�K�2�M�i �/�B�i�-X � (x; t ) �+�Q�`�`�2�b�T�Q�M�/ �¨ �H�� �T�Q�b�B�i�B�Q�M �/�ö�m�M �T�Q�B�M�i �K���i�û�`�B�2�H �H�Q�+���H�B�b�û ���m �T�Q�B�M�ix ���m �i�2�K�T�b

t = 0 �i�`���M�b�T�Q�`�i�û �H�2 �H�Q�M�; �/�m �+�?���K�T� �T�2�M�/���M�i �m�M �i�2�K�T�bt�X
8
><

>:

X (x; 0) = x �T�Q�m�` �i�Q�m�ix 2 
 ;

@X�
@t (x; t ) = � (X (x; t )) �T�Q�m�` �i�Q�m�i(x; t ) 2 
 � [0; + 1 [:

�P�M �/�B�i �[�m�2J �2�b�i �/�û�`�B�p���#�H�2 �T���` �`���T�T�Q�`�i �¨! �b�ö�B�H �2�t�B�b�i�2 �m�M�2 �7�Q�`�K�2 �H�B�M�û���B�`�2 �+�Q�M�i�B�M�m�2L �/�û�T�2�M�/���M�i

�m�M�B�[�m�2�K�2�M�i �/�2! �i�2�H�H�2 �[�m�2 �T�Q�m�` �i�Q�m�i �+�?���K�T �p�2�+�i�Q�`�B�2�H �G�B�T�b�+�?�B�i�x�B�2�M� �- �Q�M ���B�i

J (e� (! )) = J (! ) + L(� ) + o(k� kW 1; 1 ( ! )N ):

�P�M ���T�T�2�H�H�2 �;�`���/�B�2�M�i �Q�m �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �/�2J �H�ö���T�T�H�B�+���i�B�Q�M �H�B�M�û���B�`�2L �[�m�2 �H�ö�Q�M �M�Q�i�2dJ(! )�X

�.���M�b �(���H�H���B�`�2 �2�i ���H�X�- �k�y�R�R�)�- ���H�H���B�`�2 �2�i ���H�X �K�Q�M�i�`�2�M�i �[�m�2 �b�Q�m�b �+�2�`�i���B�M�2�b �?�v�T�Q�i�?���b�2�b �/�2 �`�û�;�m�H���`�B�i�û�- �H��

�7�Q�M�+�i�B�Q�MJ " ���/�K�2�i �m�M�2 �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2�X �S�H�m�b �T�`�û�+�B�b�û�K�2�M�i�- �H�� �7�Q�`�K�m�H�2 �b�m�B�p���M�i�2 �� �û�i�û �û�i���#�H�B�2 �/���M�b �H�2

�*�Q�`�Q�H�H���B�`�2 �j�X�R �(���H�H���B�`�2 �2�i ���H�X�- �k�y�R�R�)�X

hdJ "
i (! ); � i =

Z

�
` "

i (! )� � n ds �U�A�A�X�R�V�X�R�V

�T�Q�m�` �i�Q�m�i �+�?���K�T� �i�2�H �[�m�2� � n = 0 �b�m�`
 �- �Q�M� �2�b�i �H�ö�B�M�i�2�`�7���+�2 �2�M�i�`�2 �x�Q�M�2�b �2�M�/�Q�K�K���;�û�2 �2�i �b���B�M�2 �2�i

` "
i =

�
h

+
1
2

(� nn [enn ] � e� � � [� � � ] + 2 � �n � [e�n ]) : �U�A�A�X�R�V�X�k�V



�J�Q�i�B�p���i�B�Q�M�b �k�3

�G�ö�2�t�T�`�2�b�b�B�Q�M �/�2` "
i (! ) �/�û�T�2�M�/ �/�m �i�2�M�b�2�m�` �/�2�b �+�Q�M�i�`���B�M�i�2�b� (u) �2�i �/�m �i�2�M�b�2�m�` �K�û�i�`�B�[�m�2 �H�B�M�û���`�B�b�ûe(u)

�U�b�B�K�T�H�2�K�2�M�i �M�Q�i�û�b� �2�ie �/���M�b �H�� �7�Q�`�K�m�H�2 �T�`�û�+�û�/�2�M�i�2�V ���p�2�+u = u"
i (! )�X �P�M �`���T�T�2�H�H�2 �[�m�2

� (u) = Ae(u):

�S���` ���B�H�H�2�m�`�b�-n �`�2�T�`�û�b�2�M�i�2 �H�� �M�Q�`�K���H�2 �2�t�i�û�`�B�2�m�`�2 ���m�t �/�Q�K���B�M�2�b! �2�i
 �X �G�2�b �B�M�/�B�+�2�bn �2�i� �/���M�b �H�� �7�Q�`�K�m�H�2

�T�`�û�+�û�/�2�M�i�2 �B�M�/�B�[�m�2�M�i �[�m�ö�Q�M �+�Q�M�b�B�/���`�2 �H�� �`�2�b�i�`�B�+�i�B�Q�M �/�2�b �i�2�M�b�2�m�`�b �+�Q�`�`�2�b�T�Q�M�/���M�i�b ���m�t �+�Q�K�T�Q�b���M�i�2�b �M�Q�`�K���H�2�b

�Q�m �i���M�;�2�M�i�B�2�H�H�2�b�X �1�M�}�M�- �m�M�2 �2�t�T�`�2�b�b�B�Q�M �2�M�i�`�2 �+�`�Q�+�?�2�i �/�2 �i�v�T�2[a] �2�b�i �¨ �B�M�i�2�`�T�`�û�i�2�` �+�Q�K�K�2 �H�2�b �b���m�i�b �/�ö�m�M�2

�[�m���M�i�B�i�ûa �¨ �H�ö�B�M�i�2�`�7���+�2� �-

[a](x) = a� (x) � a+ (x);

�Q�Ma� (x) = �H�B�Ks! 0� a(x + sn): �P�M �7�2�`�� �T�H�m�i�¬�i �m�b���;�2 �T���` �H�� �b�m�B�i�2 �/�ö�m�M�2 �2�t�T�`�2�b�b�B�Q�M �û�[�m�B�p���H�2�M�i�2 �/�2`

`h
i (! ) = [ Eh

i (! )];

�Q�M

Eh
i (! ) :=

�
h

+
1
2

(� nn enn � e� � � � � � + 2 � �n � e�n ) :

�A�A�X�k�V �.�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �G���;�`���M�;�B�2�M�M�2

�G�ö�m�i�B�H�B�b���i�B�Q�M �/�2 �+�2�i�i�2 �/�2�`�M�B���`�2 �b�Q�m�H���p�2 �2�M �2�z�2�i �[�m�2�H�[�m�2�b �/�B�{�+�m�H�i�û�b�X �h�Q�m�i �/�ö���#�Q�`�/�- �2�H�H�2 �2�b�i �#���b�û�2 �b�m�`

�H�ö�2�t�T�`�2�b�b�B�Q�M �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �U�A�A�X�R�V�X�R�V �/�2 �H�� �7�Q�M�+�i�B�Q�MJ "
i �m�M�B�[�m�2�K�2�M�i �p���H�B�/�2 �b�Q�m�b �+�2�`�i���B�M�2�b �?�v�T�Q�i�?���b�2�b

�/�2 �`�û�;�m�H���`�B�i�û�X

�S���` ���B�H�H�2�m�`�b�- �H�ö�2�t�T�`�2�b�b�B�Q�M �/�2 �H�� �/�û�`�B�p�û�2 �2�m�H�û�`�B�2�M�M�2 �M�û�+�2�b�b�B�i�2 �H�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �.�B�`���+ �2�i �/�2�b

�b���m�i�b �b�m�` �H�ö�B�M�i�2�`�7���+�2 ���B�M�b�B �[�m�2 �/�2�b �i�`���+�2�b �/�2�b �i�2�M�b�2�m�`�b �/�2�b �+�Q�M�i�`���B�M�i�2�b �2�i �/�ö�û�H���b�i�B�+�B�i�û�- �U�o�Q�B�`�A�A�A�X�9�V�X�9�V�X

�J���K�2 �b�B �2�H�H�2 �`�2�b�i�2 �m�i�B�H�B�b�û�2 �/�2 �K���M�B���`�2 �2�M�+�Q�`�2 �K���`�;�B�M���H�2 �/���M�b �H�2�b ���T�T�H�B�+���i�B�Q�M�b�- �B�H �2�b�i �/�û�b�Q�`�K���B�b �`�2�@

�+�Q�M�M�m �[�m�ö�m�M�2 ���T�T�`�Q�t�B�K���i�B�Q�M �ô�p�Q�H�m�K�B�[�m�2�ô �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �T�`�û�b�2�M�i�2 �m�M �+�2�`�i���B�M �M�Q�K�#�`�2 �/�ö���p���M�i���;�2�b

�T���` �`���T�T�Q�`�i �¨ �H�ö���T�T�`�Q�t�B�K���i�B�Q�M �T�H�m�b �+�H���b�b�B�[�m�2 �/�2 �b�Q�M �2�t�T�`�2�b�b�B�Q�M �ô�b�m�`�7���+�B�[�m�2�ô �U�p�Q�B�` �(�>�B�T�i�K���B�` �2�i ���H�X�- �k�y�R�j�-

�G���m�`���B�M ���M�/ �a�i�m�`�K�- �k�y�R�8�)�V�X

�L�Q�m�b �m�i�B�H�B�b�2�`�Q�M�b �T�H�m�i�¬�i �H�2�b �[�m���H�B�}�+���i�B�7�b �/�2 �/�û�`�B�p�û�2�b �G���;�`���M�;�B�2�M�M�2 �T�Q�m�` �/�û�b�B�;�M�2�` �H�ö�2�t�T�`�2�b�b�B�Q�M �p�Q�H�m�K�B�[�m�2

�2�i �/�2 �/�û�`�B�p�û�2 �1�m�H�û�`�B�2�M�M�2 �T�Q�m�` �H�ö�2�t�T�`�2�b�b�B�Q�M �b�m�`�7���+�B�[�m�2�X �h�Q�m�i �/�ö���#�Q�`�/�- �H�ö�2�t�T�`�2�b�b�B�Q�M �G���;�`���M�;�B�2�M�M�2 �/�2 �H��

�/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �M�2 �M�û�+�2�b�b�B�i�2 ���m�+�m�M�2 �?�v�T�Q�i�?���b�2 �/�2 �`�û�;�m�H���`�B�i�û�X �S���` ���B�H�H�2�m�`�b�- �m�M�2 �7�Q�B�b �/�B�b�+�`�û�i�B�b�û�2 �2�H�H�2 �Q�z�`�2

�m�M�2 ���T�T�`�Q�t�B�K���i�B�Q�M �T�H�m�b �T�`�û�+�B�b�2 �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2�X

�.���M�b �H�2 �+���b �T���`�i�B�+�m�H�B�2�` �[�m�B �M�Q�m�b �B�M�i�û�`�2�b�b�2 �B�+�B�- �H�ö�m�i�B�H�B�b���i�B�Q�M �/�2 �H�ö�2�t�T�`�2�b�b�B�Q�M �G���;�`���M�;�B�2�M�M�2 �T�`�û�b�2�M�i�2 �2�M

�Q�m�i�`�2 �H�ö���p���M�i���;�2 �/�2 �M�2 �T���b �M�û�+�2�b�b�B�i�2�` �H�2�b ���T�T�`�Q�t�B�K���i�B�Q�M�b �+�Q�K�T�H�2�t�2�b �/�2 �H�� �K���b�b�2 �/�2 �.�B�`���+ �b�m�` �H�ö�B�M�i�2�`�7���+�2 �Q�m

�/�2�b �b���m�i�b �¨ �H�ö�B�M�i�2�`�7���+�2�- �[�m�B �7�Q�M�i �¨ �H�2�m�` �i�Q�m�` ���T�T�2�H �¨ �/�2�b �T���`���K���i�`�2�b �[�m�ö�B�H �T�2�m�i �b�ö���p�û�`�2�` �/�B�{�+�B�H�2 �¨ �/�û�i�2�`�K�B�M�2�`

�/�ö�m�M �T�Q�B�M�i �/�2 �p�m�2 �T�`���i�B�[�m�2�X �G�ö�m�b���;�2 �/�ö�m�M�2 �2�t�T�`�2�b�b�B�Q�M �G���;�`���M�;�B�2�M�M�2 �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �� �/�Q�M�+ �m�M



�J�Q�i�B�p���i�B�Q�M�b �k�N

�B�M�i�û�`���i �i�?�û�Q�`�B�[�m�2 �U���m�+�m�M�2 �?�v�T�Q�i�?���b�2 �/�2 �`�û�;�m�H���`�B�i�û�- �+�Q�M�p�2�`�;�2�M�+�2 �/�2 �H�ö���T�T�`�Q�t�B�K���i�B�Q�M�V �2�i �T�`���i�B�[�m�2 �U�2�H�H�2 �M�2

�M�û�+�2�b�b�B�i�2 �T���b �H�ö�B�M�i�`�Q�/�m�+�i�B�Q�M �/�ö���T�T�`�Q�t�B�K���i�B�Q�M �b�m�T�T�H�û�K�2�M�i���B�`�2 �T�Q�i�2�M�i�B�2�H�H�2�K�2�M�i �b�Q�m�`�+�2 �/�2 �M�Q�m�p�2�H�H�2�b �2�`�`�2�m�`�b�V�X

�S�`�Q�T�Q�b�B�i�B�Q�M �A�A�X�k�V�X�R�a�Q�B�i� 2 W 1;1 (
) N �m�M �+�?���K�T �/�2 �p�2�+�i�2�m�`�b �b�m�`
 �i�2�H �[�m�2� � n = 0 �b�m�@̀
 �2�i

r gi � � = 0 �b�m�`� D �X �G�� �7�Q�M�+�i�B�Q�MJ "
i ���/�K�2�i �m�M�2 �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2DJ "

i �- �/�û�}�M�B�2 �T���`

hDJ "
i (! ); � i =

1
2

Z



A " (! )e(u) :

�
(r � � )e(u) � r ur � � r � T r uT �

dx +
Z

!
� " r � � dx;

�Q�Mu = u"
i (! ) �2�b�i �H�2 �/�û�T�H���+�2�K�2�M�i �/�2 �H�� �b�i�`�m�+�i�m� �̀2�X

�.���M�b �H�2 �+���b �`�û�;�m�H�B�2�`�-dJ "
i = DJ "

i �X �G�2�b �/�û�`�B�p�û�2�b �1�m�H�û�`�B�2�M�M�2 �2�i �G���;�`���M�;�B�2�M�M�2 �+�Q�[�M�+�B�/�2�M�i�X �G�� �T�`�2�m�p�2 �/�2

�H�� �T�`�Q�T�Q�b�B�i�B�Q�M�A�A�X�k�V�X�R�2�b�i ���b�b�2�x �û�H�û�K�2�M�i���B�`�2�X �1�H�H�2 �+�Q�M�b�B�b�i�2 �2�b�b�2�M�i�B�2�H�H�2�K�2�M�i �¨ �2�z�2�+�i�m�2�` �m�M �+�?���M�;�2�K�2�M�i �/�2

�p���`�B���#�H�2 ���}�M �/�ö�2�t�T�`�B�K�2�`J "
i (e� (! )) �b�m�` �H�2 �/�Q�K���B�M�2 �M�Q�M �T�2�`�i�m�`�#�û! �X �G�ö�2�t�T�`�2�b�b�B�Q�M �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2

�û�i���M�i �T�2�m �T�`�û�b�2�M�i�2 �/���M�b �H�� �H�B�i�i�û�`���i�m�`�2�- �M�Q�m�b �M�Q�m�b �T�`�Q�T�Q�b�Q�M�b �K���H�;�`�û �i�Q�m�i �/�2 �H�� �/�û�i���B�H�H�2�`�X

�S�`�2�m�p�2�a�Q�B�i! �m�M �b�Q�m�b �/�Q�K���B�M�2 �/�2
 �`�2�T�`�û�b�2�M�i���M�i �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �2�i� �m�M �+�?���K�T �/�2 �p�2�+�i�2�m�`�b

�p�û�`�B�}���M�i �H�2�b �?�v�T�Q�i�?���b�2�b �/�2 �H�� �T�`�Q�T�Q�b�B�i�B�Q�M�X �*�Q�K�K�2� � n = 0 �b�m�@̀
 �2�i� = 0 �b�m�@̀� D �- �H�� �7�Q�M�+�i�B�Q�Me� �/�û�}�M�B�i

�m�M �/�B�z�û�Q�K�Q�`�T�?�B�b�K�2 �/�2
 �/���M�b
 �X �a�� �`�2�b�i�`�B�+�i�B�Q�M �¨� D �- �T���`�i�B�2 �/�m �#�Q�`�/ �H�2 �H�Q�M�; �/�2 �H���[�m�2�H�H�2 �/�2�b �+�Q�M�/�B�i�B�Q�M�b

���m�t �H�B�K�B�i�2�b �/�2 �i�v�T�2 �.�B�`�B�+�?�H�2�i �b�Q�M�i ���T�T�H�B�[�m�û�2�b�- �2�b�i �û�;���H�2�K�2�M�i �m�M �/�B�z�û�Q�K�Q�`�T�?�B�b�K�2�X �a�Q�B�iu �m�M �û�H�û�K�2�M�i �/�2

H 1(
) �X �P�M �T�Q�b�2u� = u � e� � �X �P�M ��

j " (u� ; e� (! )) =
1
2

Z



A " (e� (! ))e(u� ) : e(u� ) dX +

Z

e� ( ! )
� " dX:

�P�M �p�� �2�z�2�+�i�m�2�` �H�2 �+�?���M�;�2�K�2�M�i �/�2 �p���`�B���#�H�2X = e� (x) �/���M�b �H�2�b �B�M�i�û�;�`���H�2�b �T�`�û�+�û�/�2�M�i�2�b�X �L�Q�i�Q�M�b �i�Q�m�i �/�ö���#�Q�`�/

�[�m�2 �T�Q�m�`X = e� (x)�- �Q�M ��

r X u� = r x u(r X e� � ):

�.�2 �T�H�m�b�- �+�Q�K�K�2e� � � e� = �A�/�- �Q�M ��

r X e� � r x e� = �A�/

�2�i

r X e� � = ( r x e� ) � 1:

���B�M�b�B�-

e(u� )(X ) =
1
2

�
r x u(r x e� ) � 1 + ( r x e� ) � T r x uT �

:



�J�Q�i�B�p���i�B�Q�M�b �j�y

�S���` �+�?���M�;�2�K�2�M�i �/�2 �p���`�B���#�H�2 �/���M�b �H�ö�2�t�T�`�2�b�b�B�Q�M �/�2j " �- �Q�M �Q�#�i�B�2�M�i �/�Q�M�+

j " (u� ; e� (! )) =

1
2

Z

!
A " (! )

�
1
2

�
r x u(r x e� ) � 1 + ( r x e� ) � T r x uT �

�
:

�
1
2

�
r x u(r x e� ) � 1 + ( r x e� ) � T r x uT �

�
j �/�2�ir x e� j dx

+
Z

!
� " j �/�2�ir x e� j dx:

�S���` ���B�H�H�2�m�`�b�- �Q�M ��

r e� = �A�/+ r � + o(kr � k1 ):

�P�M �2�M �/�û�/�m�B�i �[�m�2

j " (u� ; e� (! )) =

1
2

Z

!
A " (! )

�
1
2

�
r u(�A�/�r � ) + ( �A�/�r � T )r uT �

�
:

�
1
2

�
r u(�A�/�r � ) + ( �A�/�r � T )r uT �

�
(1 + r � � ) dx

+
Z

!
� " (1 + r � � ) dx + o(kr � k1 );

�T�m�B�b �2�M �/�û�p�2�H�Q�T�T���M�i �+�2�i�i�2 �2�t�T�`�2�b�b�B�Q�M �[�m�2

j " (u� ; e� (! )) =
1
2

Z



A " (! )e(u) : e(u) dx +

Z

!
� " dx

+
1
2

Z

!
A " (! )

�
1
2

�
r u + r uT �

�
:

�
(r � � )e(u) � r ur � � r � T r uT �

dx

+
Z

!
� " r � � dx + o(kr � k1 );

�b�Q�B�i �2�M�+�Q�`�2

j " (u� ; e� (! )) = j " (u; ! ) +
1
2

Z

!
A " (! )e(u) :

�
(r � � )e(u) � r ur � � r � T r uT �

dx

+
Z

!
� " r � � dx + o(kr � k1 ):

�P�M ���T�T�H�B�[�m�2 �+�2�i�i�2 �û�;���H�B�i�û �¨

u� = u"
i (e� (! ))

�2�i

u = U"
i (� ) := u"

i (e� (! )) � e� (! ):

�A�H �2�b�i �`�2�H���i�B�p�2�K�2�M�i ���B�b�û �/�ö�û�i���#�H�B�` �[�m�2 �H�� �7�Q�M�+�i�B�Q�M� 7! U"
i (� ) �2�b�i �/�û�`�B�p���#�H�2 �T�Q�m�` �H�ö�2�M�b�2�K�#�H�2 �/�2�b �+�?���K�T�b

W 1;1 (! )N �p�û�`�B�}���M�i �H�2�b �?�v�T�Q�i�?���b�2�b �/���M�bH 1(
) N �X �A�H �2�t�B�b�i�2 �/�Q�M�+ �m�M�2 ���T�T�H�B�+���i�B�Q�M �H�B�M�û���B�`�2(U"
i )0�- ���T�T�2�H�û�2

�/�û�`�B�p�û�2 �G���;�`���M�;�B�2�M�M�2 �/�2u�- �i�2�H�H�2 �[�m�2

U"
i (� ) = u"

i (! ) + h(U"
i )0; � i + o(kr � k1 ):



�J�Q�i�B�p���i�B�Q�M�b �j�R

�6�B�;�m�`�2�A�A�X�j�V�X�R�X�R �� �o���`�B���i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2 �i�Q�i���H�2 �T���` �`���T�T�Q�`�i ���m�t �+�?���`�;�2�K�2�M�i�b ���T�T�H�B�[�m�û�b �T�Q�m�` �/�B�z�û�`�2�M�i�b

�M�Q�K�#�`�2�b �/�ö�B�i�û�`���i�B�Q�M�b�X

�A�H �2�M �/�û�+�Q�m�H�2 �[�m�2

J "
i (e� (! )) = j " (u"

i (e� (! )) ; e� (! )) = j " (u"
i (! ); ! ) +

�
@j"

@u
(u"

i (! ); ! ); h(U"
i )0; � i

�

+
1
2

Z

!
A " (! )e(u"

i (! )) :
�
(r � � )e(u"

i (! )) � r u"
i (! )r � � r � T (r u"

i (! ))T �

+
Z

!
� " r � � dx + o(kr � k1 ):

�1�M�}�M�- �/�ö���T�`���b �H�� �+�Q�M�/�B�i�B�Q�Mr gi � � = 0 �b�m�@̀� D �- �Q�M ��h(U"
i )0; � i (x) = 0 �T�Q�m�` �i�Q�m�ix 2 � D �X �.�ö���T�`���b �H��

�7�Q�`�K�m�H���i�B�Q�M �p���`�B���i�B�Q�M�M�2�H�H�2 �p�û�`�B�}�û�2 �T���`u"
i (! )�- �H�2 �b�2�+�Q�M�/ �i�2�`�K�2 �/�2 �H�ö�2�t�T�`�2�b�b�B�Q�M �T�`�û�+�û�/�2�M�i�2 �b�ö���M�M�m�H�2 �2�i

J "
i (e� (! )) = j " (u"

i (e� (! )) ; e� (! )) = j " (u"
i (! ); ! )

+
1
2

Z

!
A " (! )e(u"

i (! )) :
�
(r � � )e(u"

i (! )) � r u"
i (! )r � � r � T (r u"

i (! ))T �

+
Z

!
� " r � � dx + o(kr � k1 ):2

2

�A�A�X�j�V ���T�T�H�B�+���i�B�Q�M�b �M�m�K�û�`�B�[�m�2�b

�A�A�X�j�V�X�R �J�Q�/���H�2 �/�2 �7�`���+�i�m�`�2 �K�Q�/�2 �A�A

�P�M �+�Q�M�b�B�/���`�2 �H�2�b �K���K�2�b �T���`���K���i�`�2�b �M�m�K�û�`�B�[�m�2�b �m�i�B�H�B�b�û�b �T���` ���H�H���B�`�2 �2�i ���H�X �/���M�b �H�� �b�2�+�i�B�Q�M �e�X�j �/�2

�(���H�H���B�`�2 �2�i ���H�X�- �k�y�R�R�)�X



�J�Q�i�B�p���i�B�Q�M�b �j�k

�U���V �1�i���i �B�M�B�i�B���H �U�#�V �1�i���i �}�M���H

�6�B�;�m�`�2�A�A�X�j�V�X�R�X�k �� ���b�T�2�+�i �/�2 �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �}�b�b�m�`�2

�G�� �x�Q�M�2 �b���B�M�2 �2�b�i �b�m�T�T�Q�b�û�2E 0 = 103 �2�i �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �2�b�i �b�m�T�T�Q�b�û�2E = 10 � 3�X

�G�2�b �+�?���`�;�2�K�2�M�i�b ���T�T�H�B�[�m�û�b �b�Q�M�i �/�2�b �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b �?�Q�`�B�x�Q�M�i���H�2�K�2�M�i �b�m�` �H�� �7�`�Q�M�i�B���`�2 �/�2 �H�� �#�Q�B�i�2

�+�`�Q�B�b�b���M�i�b �/���M�b �m�M �B�M�i�2�`�p���H�H�2 �/�Q�M�M�û �/�2 �i�2�K�T�b�X

�P�M �m�i�B�H�B�b�2 �H�ö�2�b�T���+�2P1 �T�Q�m�` �+���H�+�m�H�2�` �H�2 �/�û�T�H���+�2�K�2�M�i �/�B�z�û�`�2�K�K�2�M�i �¨ ���@�C�@�o �[�m�B �m�i�B�H�B�b�2�M�i �H�ö�2�b�T���+�2Q1

�T�Q�m�` �+���H�+�m�H�2�` �H�2 �/�û�T�H���+�2�K�2�M�i�X

�G�� �}�;�m�`�2�A�A�X�j�V�X�R�X�R�K�Q�M�i�`�2 �H�� �p���`�B���i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2 �i�Q�i���H�2 �T���` �`���T�T�Q�`�i ���m�t �+�?���`�;�2�K�2�M�i�b ���T�T�H�B�[�m�û�b �2�i �H��

�}�;�m�`�2�A�A�X�j�V�X�R�X�k�/�û�+�`�B�i �H�ö���b�T�2�+�i �/�2 �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �7�`���+�i�m�`�2�X

�A�A�X�j�V�X�k �J�Q�/���H�2 �/�2 �"�B�i�i�2�M�+�Q�m�`�i

�*�2�i�i�2 �2�t�T�û�`�B�2�M�+�2 �� �û�i�û �T�`�Q�T�Q�b�û�2 �/���M�b �(�"�B�i�i�2�M�+�Q�m�`�i �2�i ���H�X�- �R�N�N�e�) �Q�M �Q�M �� �2�t�i�`���B�i �H�2�b �p���H�2�m�`�b �M�m�K�û�`�B�[�m�2�b�X

�1�H�H�2 �� �û�i�û �`�2�T�`�Q�/�m�B�i�2 �/���M�b �(�"�Q�`�/���b ���M�/ �J�Q�`���M�- �k�y�y�e�-���`�2�B���b �2�i ���H�X�- �k�y�y�N�) �X

�P�M �+�Q�M�b�B�/���`�2 �H�ö�û�[�m���i�B�Q�M �/�2 �>���K�B�H�i�Q�M �C���+�Q�#�B �b�m�B�p���M�i�2 �T�Q�m�` �/�û�+�`�B�`�2 �H�ö�û�p�Q�H�m�i�B�Q�M �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2�X

@ 
@t

+ �: r  = 0 : �U�A�A�X�j�V�X�k�X�R�V

�G�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �/�2�A�A�X�j�V�X�k�X�R�2�b�i �/�Q�M�M�û �T���` �H�2 �b�+�?�û�K�� �b�m�B�p���M�i �,

 k
ij =  k

ij � � tH LLF (p� ; p+ ; q� ; q+ ); �U�A�A�X�j�V�X�k�X�k�V

�Q�MH LLF �2�b�i �B�M�i�`�Q�/�m�B�i �/���M�b �(�\�) �2�i �2�b�i �/�û�}�M�B �T���`

H LLF (p� ; p+ ; q� ; q+ ) = H (
p� + p+

2
;

q� + q+

2
) �

1
2

(p+ � p� )� x �
1
2

(q+ � q� )� y ; �U�A�A�X�j�V�X�k�X�j�V



�J�Q�i�B�p���i�B�Q�M�b �j�j

�6�B�;�m�`�2�A�A�X�j�V�X�k�X�R �� �J�Q�/���H�2 �/�2 �"�B�i�i�2�M�+�Q�m�`�i �T�Q�m�` �/�2�m�t �B�M�B�i�B���H�B�b���i�B�Q�M�b

���p�2�+� x = j � x j; � y = j � y j; � = ( � x ; � y ) �2�ip� ; p+ ; q� ; q+ �b�Q�M�i �/�û�}�M�B�2�b �T���`

p� = D �
x  ij =

 ij �  i � 1;j

� x

p+ = D +
x  ij =

 i +1 ;j �  i;j

� x

q� = D �
y  ij =

 i j �  i;j � 1

� y

q+ = D �
y  ij =

 i;j +1 �  i;j

� y
:

�_�û�b�m�H�i���i�b �M�m�K�û�`�B�[�m�2�b �T�Q�m�` �H�2 �K�Q�/���H�2 �/�2 �"�B�i�i�2�M�+�Q�m�`�i

�G�2 �K�Q�/�m�H�2 �/�2 �u�Q�m�M�; �2�b�i3000�2�i �H�2 �+�Q�2�{�+�B�2�M�i �/�2 �S�Q�B�b�b�Q�M �2�b�i0:3�X

�G�� �T�?���b�2 �2�M�/�Q�K�K���;�û�2 �� �m�M �K�Q�/�m�H�2 �/�2 �u�Q�m�M�; �û�;���H �¨3:10� 3 �2�i �2�H�H�2 �T�Q�b�b���/�2 �H�2 �K���K�2 �+�Q�2�{�+�B�2�M�i �/�2 �S�Q�B�b�b�Q�M

�X

�G�ö�û�M�2�`�;�B�2 �/�2 �:�`�B�{�i�? �2�b�i� = 0 :0014�X

�G�� �}�;�m�`�2�A�A�X�j�V�X�k�X�R�K�Q�M�i�`�2 �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �K�Q�/���H�2 �/�2 �"�B�i�i�2�M�+�Q�m�`�i �T�Q�m�` �/�2�m�t �B�M�B�i�B���H�B�b���i�B�Q�M�b �/�2 �H��

�}�b�b�m�`�2�X

���B�M�b�B�- �+�2 �+�?���T�B�i�`�2 �T�`�û�b�2�M�i�2 �m�M�2 �K�Q�i�B�p���i�B�Q�M �T�Q�m�` ���T�T�H�B�[�m�2�` �m�M�2 ���T�T�`�Q�+�?�2 �H���;�`���M�;�B�2�M�M�2 �T�Q�m�` �2�t�T�`�B�K�2�`

�H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �/���M�b �H�2 �`�2�b�i�2 �/�m �i�`���p���B�H�X



�*�?���T�B�i�`�2 �A�A�A

�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m

�K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2

�6�`���M�+�7�Q�`�i�@�J���`�B�;�Q

�j�9





�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�j�e

�A�A�A�X�R�V �A�M�i�`�Q�/�m�+�i�B�Q�M

�.���M�b �+�2 �+�?���T�B�i�`�2 �Q�M �T�`�Q�T�Q�b�2 �m�M ���H�;�Q�`�B�i�?�K�2 �T�2�`�K�2�i�i���M�i �/�2 �b�B�K�m�H�2�` �H�� �T�`�Q�T���;���i�B�Q�M �/�ö�m�M�2 �7�`���+�i�m�`�2

�/���M�b �m�M �b�Q�H�B�/�2 �û�H���b�i�B�[�m�2�X �G�� �/�û�K���`�+�?�2 �2�K�T�H�Q�v�û�2 �b�ö�B�M�b�T�B�`�2 �7�Q�`�i�2�K�2�M�i �/�2�b �i�`���p���m�t �/�ö���H�H���B�`�2�- �C�Q�m�p�2 �2�i �o���M

�:�Q�2�i�?�2�K �(���H�H���B�`�2 �2�i ���H�X�- �k�y�y�N�- ���H�H���B�`�2 �2�i ���H�X�- �k�y�R�R�) �Q�M �m�M �K�Q�/���H�2 �/�2 �7�`���+�i�m�`�2 �2�b�i �Q�#�i�2�M�m �+�Q�K�K�2 �H�B�K�B�i�2

�/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X �l�M �+�2�`�i���B�M �M�Q�K�#�`�2 �/�ö���K�û�H�B�Q�`���i�B�Q�M�b �b�Q�M�i �T�`�Q�T�Q�b�û�2�b�X �G�ö�B�M�M�Q�p���i�B�Q�M �H�� �T�H�m�b

�B�K�T�Q�`�i���M�i�2 �+�Q�M�b�B�b�i�2 �2�M �H�� �T�`�B�b�2 �2�M �+�Q�K�T�i�2 �2�t�T�H�B�+�B�i�2 �/�ö�m�M�2 �+�Q�M�i�`���B�M�i�2 �/�ö�û�T���B�b�b�2�m�` �K�B�M�B�K���H�2 �B�K�T�Q�b�û�2 �¨ �H��

�x�Q�M�2 �2�M�/�Q�K�K���;�û�2�X �P�M �B�M�i�`�Q�/�m�B�i �û�;���H�2�K�2�M�i �H�� �M�Q�i�B�Q�M �/�ö�B�`�`�û�p�2�`�b�B�#�B�H�B�i�û �7�Q�`�i�2 �2�i �Q�M �B�H�H�m�b�i�`�2 �T���` �m�M �2�t�2�K�T�H�2

�M�m�K�û�`�B�[�m�2 �2�M �[�m�Q�B �2�H�H�2 �M�Q�m�b �b�2�K�#�H�2 �M�û�+�2�b�b���B�`�2 ���}�M �[�m�2 �H�2 �K�Q�/���H�2 �`�2�b�i�2 �+�Q�?�û�`�2�M�i �/�ö�m�M �T�Q�B�M�i �/�2 �p�m�2 �T�?�v�b�B�[�m�2�X

�1�M�}�M�- �Q�M �b�B�K�T�H�B�}�2 �H�2 �+���H�+�m�H �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �2�M �2�K�T�H�Q�v���M�i �m�M�2 ���T�T�`�Q�+�?�2 �G���;�`���M�;�B�2�M�M�2�- �+�Q�M�M�m�2 �T���`

���B�H�H�2�m�`�b �T�Q�m�` ���i�`�2 �M�m�K�û�`�B�[�m�2�K�2�M�i �T�H�m�b �T�`�û�+�B�b�2�X

�A�A�A�X�k�V �1�M�/�Q�K�K���;�2�K�2�M�i �2�i �6�`���+�i�m�`�2

�.���M�b �+�2�i�i�2 �b�2�+�i�B�Q�M�- �M�Q�m�b �T�`�û�b�2�M�i�Q�M�b �/�2�m�t �K�Q�/�û�H�B�b���i�B�Q�M�b �T�Q�m�` �/�2�b �b�Q�H�B�/�2�b �û�H���b�i�B�[�m�2�b �T�Q�m�p���M�i ���i�`�2 �b�m�@

�D�2�i �b�Q�B�i �¨ �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i�- �b�Q�B�i �¨ �H�� �7�Q�`�K���i�B�Q�M �/�2 �7�`���+�i�m�`�2�X �L�Q�m�b ���/�Q�T�i�Q�M�b �B�+�B �H�2 �T�Q�B�M�i �/�2 �p�m�2 �/�2

�6�`���M�+�7�Q�`�i �2�i ���H�X �(�6�`���M�+�7�Q�`�i ���M�/ �J���`�B�;�Q�- �R�N�N�j�- �6�`���M�+�7�Q�`�i ���M�/ �J���`�B�;�Q�- �R�N�N�3�- �6�`���M�+�7�Q�`�i ���M�/ �J���`�B�;�Q�- �R�N�N�N�-

�6�`���M�+�7�Q�`�i ���M�/ �:���`�`�Q�M�B�- �k�y�y�e�)�X �P�M �H�B�K�B�i�2 �M�Q�i�`�2 �û�i�m�/�2 ���m �+���b �[�m���b�B �b�i���i�B�[�m�2�X �.�2 �T�H�m�b�- �M�Q�m�b �M�Q�m�b �T�H���+�2�`�Q�M�b

�/���M�b �H�2 �+���/�`�2 �/�2 �H�ö�û�H���b�i�B�+�B�i�û �H�B�M�û���B�`�2 �2�i �M�Q�m�b �M�Q�m�b �T�`�Q�T�Q�b�Q�M�b �/�ö�û�i�m�/�B�2�` �H�2 �+���b �M�Q�M �H�B�M�û���B�`�2�X

�A�A�A�X�k�V�X�R �l�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i

�l�M �b�Q�H�B�/�2 �û�H���b�i�B�[�m�2�- �b�Q�m�K�B�b �¨ �/�B�p�2�`�b�2�b �+�Q�M�i�`���B�M�i�2�b�- �2�b�i �b�m�D�2�i �¨ �m�M�2 �K�Q�/�B�}�+���i�B�Q�M �/�2 �b�� �b�i�`�m�+�i�m�`�2 �[�m�B

���z�2�+�i�2 �b�Q�M �+�Q�K�T�Q�`�i�2�K�2�M�i�X �A�H �7���i�B�;�m�2 �2�i �/�B�p�2�`�b �/�û�7���m�i�b �T�2�m�p�2�M�i �v ���T�T���`���W�i�`�2 �i�2�H�b �/�2�b �K�B�+�`�Q�@�}�b�b�m�`�2�b �Q�m

�K�B�+�`�Q�@�i�`�Q�m�b�X �G�ö�2�M�/�Q�K�K���;�2�K�2�M�i �[�m�ö�B�H �b�m�#�B�i �2�b�i �B�`�`�û�p�2�`�b�B�#�H�2�X ���}�M �/�2 �/�û�+�`�B�`�2 �/�2 �i�2�H�b �T�?�û�M�Q�K���M�2�b�- �H�ö���T�T�`�Q�+�?�2

�+�H���b�b�B�[�m�2 �+�Q�M�b�B�b�i�2 �¨ �B�M�i�`�Q�/�m�B�`�2 �m�M�2 �p���`�B���#�H�2 �B�M�i�2�`�M�2� (x; t ) �U�/�û�T�2�M�/���M�i �/�m �T�Q�B�M�ix �+�Q�M�b�B�/�û�`�û �/���M�b �H�2 �b�Q�H�B�/�2

�2�i �/�m �i�2�K�T�bt�V �`�2�~�û�i���M�i �H�ö�û�i���i �/�m �b�Q�H�B�/�2 �¨ �H�ö�û�+�?�2�H�H�2 �K�B�+�`�Q�b�+�Q�T�B�[�m�2�X �G�� �H�Q�B �/�2 �>�Q�Q�F�2A(x; t ) �/�m �b�Q�H�B�/�2 �û�i�m�/�B�û

�2�b�i �b�m�T�T�Q�b�û�2 �/�û�T�2�M�/�`�2 �m�M�B�[�m�2�K�2�M�i �/�2 �+�2�i�i�2 �p���`�B���#�H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i

A(x; t ) = Â(� (x; t ))

�"���b�û �b�m�` �+�2 �T�`�B�M�+�B�T�2�- �H�2�b �K�Q�/���H�2�b �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �b�2 �/�B�b�i�B�M�;�m�2�M�i �T���` �H�2 �+�?�Q�B�t �/�2 �H�� �p���`�B���#�H�2 �B�M�i�2�`�M�2� �-

�H�� �/�û�T�2�M�/���M�+�2 �/�2 �H�� �H�Q�B �/�2 �>�Q�Q�F�2 �2�M �7�Q�M�+�i�B�Q�M �/�2 �+�2�H�H�2�@�+�B �2�i �m�M�2 �H�Q�B �/�ö�û�p�Q�H�m�i�B�Q�M �/�2� �X �L�Q�m�b �T�`�Q�T�Q�b�Q�M�b �B�+�B �/�2

�b�m�B�p�`�2 �H�ö���T�T�`�Q�+�?�2 �/�2 �6�`���M�+�7�Q�`�i �2�i �J���`�B�;�Q �(�6�`���M�+�7�Q�`�i ���M�/ �J���`�B�;�Q�- �R�N�N�j�)�- �[�m�B �� �H�ö���p���M�i���;�2 �/�2 �M�2 �`�2�T�Q�b�2�` �[�m�2

�b�m�` �m�M �M�Q�K�#�`�2 �i�`���b �`�2�b�i�`�2�B�M�i �/�ö�?�v�T�Q�i�?���b�2�b�X �h�Q�m�i �/�ö���#�Q�`�/�- �H�� �p���`�B���#�H�2 �B�M�i�2�`�M�2 �M�2 �T�2�m�i �T�`�2�M�/�`�2 �[�m�2 �/�2�m�t

�û�i���i�b0 �Q�m1�X �G�2 �+���b� = 0 �+�Q�`�`�2�b�T�Q�M�/���M�i ���m �b�Q�H�B�/�2 �b���B�M �2�i� = 1 ���m �b�Q�H�B�/�2 �2�M�/�Q�K�K���;�û�X �G�� �H�Q�B �/�2 �>�Q�Q�F�2



�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�j�d

A �2�b�i ���H�Q�`�b �/�2 �H�� �7�Q�`�K�2

A = (1 � � )A0 + �A 1;

�Q�MA0 �2�b�i �H�� �i�2�M�b�2�m�` �/�2 �`�B�;�B�/�B�i�û �/�m �b�Q�H�B�/�2 �b���B�M �2�iA1 �/�m �b�Q�H�B�/�2 �2�M�/�Q�K�K���;�û�X �P�M �b�m�T�T�Q�b�2 �T���` ���B�H�H�2�m�`�b �[�m�2

A0 � A1 � 0;

�2�M �i���M�i �[�m�2 �7�Q�`�K�2�b �[�m���/�`���i�B�[�m�2�b ���;�B�b�b���M�i �b�m�` �H�2�b �K���i�`�B�+�2�b �b�v�K�û�i�`�B�[�m�2�b�X �G�2 �T�Q�B�M�i �7�Q�M�/���K�2�M�i���H �/�2 �H�2�m�`

���T�T�`�Q�+�?�2 �2�b�i �/�2 �M�2 �T���b �#���b�2�` �H�� �H�Q�B �/�ö�û�p�Q�H�m�i�B�Q�M �/�2 �H�� �p���`�B���#�H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �b�m�` �m�M�2 �H�Q�B �T�?�û�M�Q�K�û�M�Q�@

�H�Q�;�B�[�m�2 �K���B�b �b�m�` �m�M �b�B�K�T�H�2 �T�`�B�M�+�B�T�2 �p���`�B���i�B�Q�M�M�2�H�X �L�Q�i�Q�M�b
 �H�2 �/�Q�K���B�M�2 �/�2 �`�û�7�û�`�2�M�+�2 �/�m �b�Q�H�B�/�2 �û�H���b�i�B�[�m�2 �2�i

u �b�Q�M �/�û�T�H���+�2�K�2�M�i�X �G�ö�û�M�2�`�;�B�2 �û�H���b�i�B�[�m�2 �/�m �b�v�b�i���K�2 �2�b�i �/�Q�M�M�û�2 �T���`

j e(u; � ) =
1
2

Z



Â(� )e(u) : e(u) dx;

�Q�Me(u) �2�b�i �H�2 �i�2�M�b�2�m�` �K�û�i�`�B�[�m�2 �H�B�M�û���`�B�b�û�-

e(u) =
r u + r uT

2
:

�G�ö�û�M�2�`�;�B�2 �/�2 �i�v�T�2 �:�`�B�{�i�? �/�B�b�b�B�T�û�2 �T���` �H�� �7�Q�`�K���i�B�Q�M �/�2 �x�Q�M�2�b �2�M�/�Q�K�K���;�û�2�b �2�b�i �b�m�T�T�Q�b�û�2 �T�`�Q�T�Q�`�i�B�Q�M�M�2�H�H�2

�¨ �b�Q�M �p�Q�H�m�K�2

j � (� ) = �
Z



� dx; �U�A�A�A�X�k�V�X�R�X�R�V

�Q�M� �2�b�i �m�M �`�û�2�H �T�Q�b�B�i�B�7�X �1�M �H�ö���#�b�2�M�+�2 �/�2 �7�Q�`�+�2�b �2�t�i�û�`�B�2�m�`�2�b�- �H�ö�û�M�2�`�;�B�2 �i�Q�i���H�2 �/�m �b�v�b�i���K�2 �2�b�i �H�� �b�Q�K�K�2 �/�2

�+�2�b �/�2�m�t �+�Q�M�i�`�B�#�m�i�B�Q�M�b

j (u; � ) = j e(u; � ) + j � (� ):

�6�`���M�+�7�Q�`�i �2�i �J���`�B�;�Q �b�m�T�T�Q�b�2�M�i �[�m�2�- �¨ �+�?���[�m�2 �B�M�b�i���M�i�- �H�ö�û�i���i �/�m �b�v�b�i���K�2 �K�B�M�B�K�B�b�2 �+�2�i�i�2 �û�M�2�`�;�B�2�X �G�2 �+���`���+�i���`�2

�B�`�`�û�p�2�`�b�B�#�H�2 �/�2 �H�ö�2�M�/�Q�K�K���;�2�K�2�M�i�- �2�b�i �T�`�B�b �2�M �+�Q�K�T�i�2 �2�M �B�M�+�H�m���M�i �m�M�2 �+�Q�M�i�`���B�M�i�2 �/�2 �+�`�Q�B�b�b���M�+�2 �2�M �7�Q�M�+�i�B�Q�M

�/�m �i�2�K�T�b �/�2 �H�� �p���`�B���#�H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i�X �a�B �H�2 �/�û�T�H���+�2�K�2�M�i �/�2 �H�� �b�i�`�m�+�i�m�`�2 �2�b�i �T�`�2�b�+�`�B�i �b�m�` �m�M�2 �T���`�i�B�2

�/�m �#�Q�`�/� D �/�m �/�Q�K���B�M�2

u(t; x ) = g(t; x ) �T�Q�m�`(x; t ) 2 � D � [0; T];

�H�2 �/�û�T�H���+�2�K�2�M�iu(t; x ) �2�i �H�� �p���`�B���#�H�2 �B�M�i�2�`�M�2� �b�Q�M�i �b�Q�H�m�i�B�Q�M�b �/�m �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M

�K�B�M

u(t) 2 H 1(
) N ; � 2 L 1 (
; f 0; 1g)

u(t; x ) = g(t; x ) �T�Q�m�` �i�Q�m�ix 2 � D

� (t; x ) � � (s; x) �T�Q�m�` �i�Q�m�i(x; s) 2 
 � [0; t]

j (u; � ):

�a���M�b ���m�+�m�M�2 ���m�i�`�2 �+�Q�M�/�B�i�B�Q�M �b�m�T�T�H�û�K�2�M�i���B�`�2�- �B�H �2�b�i �T�Q�b�b�B�#�H�2 �/�2 �+�Q�M�b�i�`�m�B�`�2 �m�M �;�`���M�/ �M�Q�K�#�`�2 �/�2 �b�Q�H�m�i�B�Q�M�b �M�Q�M

�T�?�v�b�B�[�m�2�b�X �.���M�b �H�2 �+���bg = 0 �- �M�ö�B�K�T�Q�`�i�2 �[�m�2�H�H�2 �7�Q�M�+�i�B�Q�M� �+�`�Q�B�b�b���M�i�2 �T���` �`���T�T�Q�`�i ���m �i�2�K�T�b �b�2�`�� �b�Q�H�m�i�B�Q�M



�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�j�3

���p�2�+u(t) = 0 �X ���}�M �/�ö�û�H�B�K�B�M�2�` �/�2 �i�2�H�H�2�b �b�Q�H�m�i�B�Q�M�b�- �B�H �2�b�i �M�û�+�2�b�b���B�`�2 �/�ö���D�Q�m�i�2�` �m�M�2 �+�Q�M�/�B�i�B�Q�M �/�ö�û�[�m�B�H�B�#�`�2

�û�M�2�`�;�û�i�B�[�m�2 �U�p�Q�B�` �h�?�û�Q�`���K�2 �8�X�8 �(�"�Q�m�`�/�B�M �2�i ���H�X�- �k�y�y�3�)�V�-

j (� (t); u(t)) � j (� (0); u(0)) =
Z t

0

Z

� D

A(t)e(u(t))n � _g(t) ds dt:

�*�2�i�i�2 �/�2�`�M�B���`�2 �û�[�m���i�B�Q�M �i�`���/�m�B�i �H�2 �7���B�i �[�m�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �M�2 �T�2�m�i �+�`�Q�W�i�`�2 �[�m�2 �[�m���M�/ �H�2 �i���m�t �/�2

�`�2�b�i�B�i�m�i�B�Q�M �2�b�i �+�`�B�i�B�[�m�2�X �1�H�H�2 �b�ö���p���`�2 �B�M�m�i�B�H�2 �/���b �H�Q�`�b �[�m�2 �H�2 �T�`�Q�#�H���K�2 �2�b�i �/�B�b�+�`�û�i�B�b�û �2�M �i�2�K�T�b�- �+���b ���m�[�m�2�H

�M�Q�m�b �M�Q�m�b �H�B�K�B�i�2�`�Q�M�b �T���` �H�� �b�m�B�i�2�X

�a�Q�B�i �m�M�2 �7���K�B�H�H�2 �}�M�B�2 �2�i �b�i�`�B�+�i�2�K�2�M�i �+�`�Q�B�b�b���M�i�2 �/�ö�B�M�b�i���M�i�b(t i ) i 2f 0;N g ���p�2�+t0 = 0 �2�itN = T�-

0 = t0 < t 1 < � � � < t i � � � � < t N = T:

�P�M �b�m�T�T�Q�b�2 �[�m�2 �H�2 �/�û�T�H���+�2�K�2�M�i �B�K�T�Q�b�û �b�m�`� D �2�b�i �+�Q�M�b�i���M�i �b�m�` �+�?���[�m�2 �B�M�i�2�`�p���H�H�2(t i � 1; t i )�X �.���M�b �+�2�b

�+�Q�M�/�B�i�B�Q�M�b�- �H�ö�û�i���i �/�m �b�v�b�i���K�2 �2�b�i �+�Q�M�b�i���M�i �b�m�` �+�?���[�m�2 �B�M�i�2�`�p���H�H�2 �2�i �b�Q�H�m�i�B�Q�M �/�2

�K�B�M

ui 2 H 1(
) N ; � i 2 L 1 (
; f 0; 1g)

ui (x) = gi (x) �T�Q�m�` �i�Q�m�ix 2 � D

� i (x) � � i � 1(x) �T�Q�m�` �i�Q�m�ix 2 


j (ui ; � i ); �UPi �V

�Q�M �H�2�b �p���`�B���#�H�2�b �B�M�/�2�t�û�2�b �T���`i �+�Q�`�`�2�b�T�Q�M�/�2�M�i �¨ �H�2�m�`�b �p���H�2�m�`�b �b�m�`(t i � 1; t i )�X �A�H �2�b�i �#�B�2�M �+�Q�M�M�m �[�m�2 �+�2
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�/�ö���B�H�H�2�m�`�b �H�2 �+�?�Q�B�t �/�2 �+�2 �T���`���K���i�`�2 �T�2�i�B�i �b���M�b �T�`�û�+�B�b�2�` �b�� �/�û�T�2�M�/���M�+�2 �p�B�b �¨ �p�B�b �/�2h�X



�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�9�d

�A�A�A�X�e�V �*�Q�M�i�`���B�M�i�2 �/�ö�û�T���B�b�b�2�m�` �K�B�M�B�K���H�2

�A�A�A�X�e�V�X�R �J�Q�i�B�p���i�B�Q�M

�G�ö���H�;�Q�`�B�i�?�K�2�A�A�A�X�R�M�ö�B�K�T�Q�b�2 �2�t�T�H�B�+�B�i�2�K�2�M�i ���m�+�m�M�2 �û�T���B�b�b�2�m�` �K�B�M�B�K���H�2 �¨ �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2�X �*�2�+�B

�B�M�/�m�B�i �/�2 �T�Q�i�2�M�i�B�2�H�b �+�Q�K�T�Q�`�i�2�K�2�M�i �B�M�/�û�b�B�`���#�H�2�b�X �G�ö���H�;�Q�`�B�i�?�K�2 �� �M�Q�i���K�K�2�M�i �i�2�M�/���M�+�2 �¨ �b�2 �;�2�H�2�` �/���M�b

�+�2�`�i���B�M�2�b �b�B�i�m���i�B�Q�M�b ���p���M�i �+�Q�M�p�2�`�;�2�M�+�2 �H�Q�`�b�[�m�2 �/�2�b �b�i�`�m�+�i�m�`�2�b �/�Q�M�i �H�ö�û�T���B�b�b�2�m�` �2�b�i �/�2 �H�� �i���B�H�H�2 �/�ö�m�M�2 �K���B�H�H�2

���T�T���`���B�b�b�2�M�i�X �G�� �K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�ö�û�M�2�`�;�B�2 �/�2 �/�B�b�b�B�T���i�B�Q�M �7���p�Q�`�B�b�2 �H�� �+�Q�M�i�`���+�i�B�Q�M �/�2�b �x�Q�M�2�b �7�`���+�i�m�`�û�2�b

�b���M�b ���z�2�+�i�2�` �Q�m�i�`�2 �K�2�b�m�`�2 �H�� �+�Q�M�i�`�B�#�m�i�B�Q�M �/�m �i�2�`�K�2 �/�ö�û�M�2�`�;�B�2 �û�H���b�i�B�[�m�2 ���m �+�Q�?�i �;�H�Q�#���H�X �*�2�i�i�2 �i�2�M�/���M�+�2 �b�2

�T�Q�m�`�b�m�B�i �D�m�b�[�m�ö�¨ �+�2 �[�m�2 �H�ö�û�T���B�b�b�2�m�` �/�2 �H�� �x�Q�M�2 �/�û�H�B�K�B�i�û�2 �T���` �H�� �H�B�;�M�2 �/�2 �M�B�p�2���m �/�2�p�B�2�M�M�2 �B�M�7�û�`�B�2�m�`�2 �¨ �H�� �i���B�H�H�2

�/�ö�m�M�2 �K���B�H�H�2�X �P�M ���b�b�B�b�i�2 ���H�Q�`�b �¨ �m�M�2 �#�`�m�b�[�m�2 ���m�;�K�2�M�i���i�B�Q�M �/�m �+�Q�?�i �;�H�Q�#���H�- �+�2 �[�m�B �+�Q�M�/�m�B�i �¨ �H�ö�B�K�T�Q�b�b�B�#�B�H�B�i�û

�/�2 �/�û�i�2�`�K�B�M�2�` �m�M �T���b �/�2 �/�2�b�+�2�M�i�2� s �U�ú�i���T�2 �A�A�X�k�X�# �/�2 �H�ö���H�;�Q�`�B�i�?�K�2�A�A�A�X�k�V�X �G�2 �T���b �2�b�i ���H�Q�`�b �+�?�Q�B�b�B �M�m�H �2�i

�H�ö���H�;�Q�`�B�i�?�K�2 �b�Q�`�i �/�2 �H�� �#�Q�m�+�H�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �B�M�i�2�`�M�2 �b���M�b ���p�Q�B�` ���i�i�2�B�M�i �H�ö�Q�T�i�B�K�m�K�X �P�M �b�ö���i�i�2�M�/ �û�;���H�2�K�2�M�i

�¨ �m�M�2 �/�û�T�2�M�/���M�+�2 �/�m �T�`�Q�+�2�b�b�m�b �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �T���` �`���T�T�Q�`�i ���m �K���B�H�H���;�2�- �[�m�B �b�2 �i�`���/�m�B�i �T���` �H�ö�Q�#�i�2�M�i�B�Q�M �/�2

�K�B�M�B�K�� �H�Q�+���m�t ���`�i�B�}�+�B�2�H�b �B�M�/�m�B�i�b �T���` �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M�X

�.���M�b �H�2 �+���/�`�2 �/�2�b �K�û�i�?�Q�/�2�b �/�ö�?�Q�K�Q�;�û�M�û�B�b���i�B�Q�M �2�i �a�A�J�S�- �H�ö���D�Q�m�i �/�2 �+�Q�M�i�`���B�M�i�2�b �/�2 �i���B�H�H�2 �+���`���+�i�û�`�B�b�i�B�[�m�2

�K�B�M�B�K���H�2 �b�m�` �H�� �b�i�`�m�+�i�m�`�2 �Q�T�i�B�K�B�b�û�2 �b�ö���p���`�2 �b�Q�m�p�2�M�i �M�û�+�2�b�b���B�`�2 ���}�M �/�2 �T���H�H�B�2�` �H�2 �T�?�û�M�Q�K���M�2 �/�ö�û�+�?�B�[�m�B�2�`�X

�.���M�b �+�2�i�i�2 �Q�T�i�B�[�m�2�- �/�2�b �i�2�+�?�M�B�[�m�2�b �/�2 �}�H�i�`���;�2 �/�m �;�`���/�B�2�M�i �U �(�a�B�;�K�m�M�/ ���M�/ �S�2�i�2�`�b�b�Q�M�- �R�N�N�3�)�-
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�B�M�7y2 @! jy � xj �b�Bx /2 !

� �B�M�7y2 @! jy � xj �b�Bx 2 !:
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d�K�B�M
! = �B�M�7

x 2S !

� d! (x): �U�A�A�A�X�e�V�X�k�X�R�V
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X ! (x; 0) = x �T�Q�m�` �i�Q�m�ix 2 RN

_X ! (x; t ) = n(X ! (x; t )) �T�Q�m�` �i�Q�m�ix 2 RN �2�it 2 (�1 ; 1 );
�U�A�A�A�X�e�V�X�j�X�R�V
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B (x; � /2) :
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�`�2�+�i���M�;�m�H���B�`�2 �2�b�i �`�2�T�`�û�b�2�M�i�û �2�M �H�B�;�M�2�b �#�`�B�b�û�2�b �U�#�H�2�m�2�b�V �i���M�/�B�b �[�m�2 �H�2�b �i�`���D�2�+�i�Q�B�`�2�b �/�2�b �T�Q�B�M�i�b �/�m �#�Q�`�/ �b�Q�M�i



�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�8�R

�6�B�;�m�`�2�A�A�A�X�e�V�X�j�X�j �� �*�Q�M�b�i�`�m�+�i�B�Q�M �/�2T � (! )�X �� �;���m�+�?�2�- �H�ö�Q�m�p�2�`�i �B�M�B�i�B���H �2�i �b�Q�M �#�Q�`�/ �+�Q�M�i�`���+�i�û@� ! �X �� �/�`�Q�B�i�2
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�H�ö�B�K���;�2 �T���`T � �M�ö���T�T���`�i�B�2�M�i �T���b �¨ �H�ö�2�M�b�2�K�#�H�2 ���/�K�B�b�b�B�#�H�2�X �.�2 �T�H�m�b�- �H�ö���T�T�H�B�+���i�B�Q�M �M�2 �p�û�`�B�}�2 �T���bT � � T � = T � �X

�*�2�T�2�M�/���M�i�- �m�M �Q�m�p�2�`�i! �2�b�i �/�ö�û�T���B�b�b�2�m�` �K�B�M�B�K���H�2� �b�B �2�i �b�2�m�H�2�K�2�M�i �b�B �+�ö�2�b�i �m�M �T�Q�B�M�i �}�t�2 �/�2T � �- �+�ö�2�b�i �¨
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�A�A�A�X�e�V�X�9 ���T�T�`�Q�t�B�K���i�B�Q�M �/�2 �H�ö���T�T�H�B�+���i�B�Q�MT � �X
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�H�� �M�Q�`�K���H�2n �M�ö�2�b�i �T���b �m�M �+�?���K�T �H�B�T�b�+�?�B�i�x�B�2�M�X �S�Q�m�` �v �T���H�H�B�2�`�- �Q�M �`�û�;�m�H���`�B�b�2 �H�� �M�Q�`�K���H�2 �2�M �/�û�i�2�`�K�B�M���M�i

n� 1 2 H 1(
) N �- �b�Q�H�m�i�B�Q�M �/�m �T�`�Q�#�H���K�2 �p���`�B���i�B�Q�M�M�2�H �-

� 1hN
Z



e(n� 1 )e(m) dx +

Z



n� 1 � m =

Z



n � m dx; �T�Q�m�` �i�Q�m�im 2 H 1(
) N : �U�A�A�A�X�e�V�X�9�X�R�V

�.�2 �T�H�m�b�- �Q�M �`�2 �M�Q�`�K���H�B�b�2n� 1 �2�M �T�Q�b���M�i

n� = (1 + � 3)n� 1 / �K���t(jn� 1 j; � 2); �U�A�A�A�X�e�V�X�9�X�k�V



�ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �`�2�p�B�b�B�i�û�2 �/�m �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i �/�2 �6�`���M�+�7�Q�`�i�@�J���`�B�;�Q�8�k

�Q�M� 2 R3
+ �b�Q�M�i �/�2�b �T�2�i�B�i�b �T���`���K���i�`�2�b �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M�X �G�2�b �i�`���D�2�+�i�Q�B�`�2�b �`�û�;�m�H���`�B�b�û�2�b �b�Q�M�i �/�Q�M�+ �b�Q�H�m�i�B�Q�M

�/�2 �H�ö�û�[�m���i�B�Q�M �/�B�z�û�`�2�M�i�B�2�H�H�2 �Q�`�/�B�M���B�`�2
8
><

>:

X �
! (x; 0) = x �T�Q�m�` �i�Q�m�ix 2 RN

_X �
! (x; t ) = n� (X �

! (x; t )) �T�Q�m�` �i�Q�m�ix 2 RN �2�it 2 [0; + 1 [:
�U�A�A�A�X�e�V�X�9�X�j�V

�G�� �+�Q�M�i�`���+�i�B�Q�M �`�û�;�m�H���`�B�b�û�2 �/�m �#�Q�`�/ �2�b�i �Q�#�i�2�M�m�2 �2�M �b�m�#�b�i�B�i�m���M�in �T��� ǹ� �/���M�b �b�� �/�û�}�M�B�i�B�Q�M�X �P�M �T�Q�b�2 �/�Q�M�+

@�
� ! = X �

! (@!;� � /2) :

�P�M �û�T���B�b�b�B�i �¨ �M�Q�m�p�2���m@�
� ! �/�ö�m�M�2 �û�T���B�b�b�2�m�`� /2 �2�M �T�Q�b���M�i

@�
�; + ! =

[

x 2 @�
� !

B (x; � /2) :

�1�M�}�M�- �H�ö���T�T�H�B�+���i�B�Q�MT � �`�û�;�m�H���`�B�b�û �2�b�i �/�û�}�M�B�2 �T���`

T �
� (! ) = ! [ @�

�; + !:

���H�;�Q�`�B�i�?�K�2 �/�2 �ô�T�`�Q�D�2�+�i�B�Q�M�ô�X�G�2 �+���H�+�m�H �/�2 �H�ö�B�K���;�2 �/�ö�m�M �Q�m�p�2�`�i �/�Q�M�M�û �T���` �m�M�2 �7�Q�M�+�i�B�Q�M �H�B�;�M�2 �/�2 �M�B�p�2���m

 �/�û�}�M�B �b�m�`
 �b�2 �/�û�+�Q�K�T�Q�b�2 �2�M �+�B�M�[ �û�i���T�2�b�X

�R�X�.�û�i�2�`�K�B�M���i�B�Q�M �/�2 + �- �B�M�i�2�`�T�Q�H���i�B�Q�M �/�2 �b�m�` �m�M �p�Q�B�b�B�M���;�2
 + �/�2
 �X


 + := f x 2 RN �i�2�H �[�m�2 �/�B�b�i(
 ; x) � 10hg:

�k�X�.�û�i�2�`�K�B�M���i�B�Q�M �/�ö�m�M �p�Q�B�b�B�M���;�2! + �/�2!

! + := f x 2 
 + �i�2�H �[�m�2 + (x) < 4� + hg:

�j�X�*���H�+�m�H �/�2n� �- �b�Q�H�m�i�B�Q�M �/�2 �U�A�A�A�X�e�V�X�9�X�R�@�A�A�A�X�e�V�X�9�X�k�V�X �G�� �7�Q�`�K�m�H���i�B�Q�M �p���`�B���i�B�Q�M�M�2�H�H�2 �2�b�i �`�û�b�Q�H�m�2 �b�m�`! + �U�2�i

�M�Q�M
 �V �i���M�/�B�b �[�m�2 �H�� �M�Q�`�K���H�2 �2�b�i ���T�T�`�Q�+�?�û�2 �T���`

n+ :=
r  +

�K���t(jr  + j; � 2)
:

�9�X�.�û�i�2�`�K�B�M���i�B�Q�M �/�ö�m�M�2 ���T�T�`�Q�t�B�K���i�B�Q�M �/�2X (�; � � /2) 2 V N
h �U�Q�MVh �2�b�i �H�ö�2�b�T���+�2 �/�2�b �û�H�û�K�2�M�i�b �}�M�B�b �/�2

�G���;�`���M�;�2 �/�2 �/�2�;�`�û �k�V�- �T���` �H�� �K�û�i�?�Q�/�2 �/�2�b �+���`���+�i�û�`�B�b�i�B�[�m�2�b�X

�8�X�J�B�b�2 �¨ �D�Q�m�` �/�2 

T �
� ( )(x) = �K�B�M( (x); �B�M�7fj X (y; � � /2) � xj � � /2 ���p�2�+ (y) = 0 g) :

���T�T�H�B�+���i�B�Q�M�b �M�m�K�û�`�B�[�m�2�b�X

�L�Q�m�b �B�H�H�m�b�i�`�Q�M�b �K���B�M�i�2�M���M�i �H�ö���+�i�B�Q�M �/�2 �H�ö���T�T�H�B�+���i�B�Q�MT �
� �b�m�` �[�m�2�H�[�m�2�b �2�t�2�K�T�H�2�b�X

�P�M �+�Q�M�b�B�/���`�2 �/���M�b �i�Q�m�i�2�b �H�2�b ���T�T�H�B�+���i�B�Q�M�b �T�`�Q�T�Q�b�û�2�b �m�M �`�2�+�i���M�;�H�2 �/�Q�M�i �b�2�m�H�2 �H�ö�û�T���B�b�b�2�m�` �p���`�B�2 �/�ö�m�M �+���b

�¨ �H�ö���m�i�`�2�X �G�ö�û�T���B�b�b�2�m�` �K�B�M�B�K���H�2� �B�K�T�Q�b�û�2 �2�b�i �+�?�Q�B�b�B�2 �û�;���H�2 �¨3H /2 �- �Q�MH �2�b�i �H�� �i���B�H�H�2 �/�m �K���B�H�H���;�2 �b�i�`�m�+�i�m�`�û

�m�i�B�H�B�b�û�X �1�M�}�M�- �H�2�b �T���`���K���i�`�2�b �+�?�Q�B�b�B�b �b�Q�M�i� 1 = � 2 = 0 :1 �2�i� 3 = 0 :2�X
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�6�B�;�m�`�2�A�A�A�X�e�V�X�9�X�R �� ���T�T�H�B�+���i�B�Q�M �/�2T �
� �¨ �m�M �Q�m�p�2�`�i �/�ö�û�T���B�b�b�2�m�`4�

�6�B�;�m�`�2�A�A�A�X�e�V�X�9�X�k �� ���T�T�H�B�+���i�B�Q�M �/�2T �
� �¨ �m�M �Q�m�p�2�`�i �/�ö�û�T���B�b�b�2�m�`�

�6�B�;�m�`�2�A�A�A�X�e�V�X�9�X�j �� ���T�T�H�B�+���i�B�Q�M �/�2T �
� �¨ �m�M �Q�m�p�2�`�i �/�ö�û�T���B�b�b�2�m�`� /2
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�1�M �H�B�2�m �2�i �T�H���+�2 �/�2�b �T�`�Q�#�H���K�2�b �UP "
i �V�- �M�Q�m�b �M�Q�m�b �T�`�Q�T�Q�b�Q�M�b �/�ö���/�D�Q�B�M�/�`�2 �H�� �+�Q�M�i�`���B�M�i�2 �/�ö�û�T���B�b�b�2�m�` �K�B�M�B�@

�K���H�2 �T�Q�m�` �H���[�m�2�H�H�2 �B�H �M�Q�m�b �b�2�K�#�H�2 �[�m�2 �H�� �+�Q�M�p�2�`�;�2�M�+�2 �/�m �K�Q�/���H�2 �2�M�/�Q�K�K���;�û �p�2�`�b �H�2 �K�Q�/���H�2 �/�2 �7�`���+�i�m�`�2

�T�m�B�b�b�2 ���i�`�2 �D�m�b�i�B�}�û�2�X �L�Q�m�b �M�Q�i�Q�M�b �UQ"
i �V �H�2 �T�`�Q�#�H���K�2 �/�2 �K�B�M�B�K�B�b���i�B�Q�M

�K�B�M

u"
i 2 H 1(
) N ; ! "

i � 


u"
i (x) = gi (x) �T�Q�m�` �i�Q�m�ix 2 � D

! "
i � ! "

i � 1

T � (! "
i ) = ! "

i

j " (u"
i ; ! "

i ): �UQ"
i �V

�G�� �p�2�`�b�B�Q�M �/�B�b�+�`�û�i�B�b�û�2 �/�2 �+�2 �T�`�Q�#�H���K�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �+�Q�M�b�B�b�i�2 �¨ �`�û�b�Q�m�/�`�2 �H�2�b �T�`�Q�#�H���K�2�b

�K�B�M

u";h
i 2 Uh ;  ";h

i 2 X H

u";h
i (x) = gi (x) �T�Q�m�` �i�Q�m�ix 2 � D

! ";h
i � ! ";h

i � 1

T �
� (! ";h

i ) = ! ";h
i

j " (u";h
i ; ! ";h

i ); �UQ";h
i �V

�Q�M! "; 
i �2�b�i �H�2 �/�Q�K���B�M�2 �2�M�/�Q�K�K���;�û �+�Q�`�`�2�b�T�Q�M�/���M�i �¨ �H�� �H�B�;�M�2 �/�2 �M�B�p�2���m ";h

i �X �_�2�K���`�[�m�Q�M�b �[�m�2 �+�2�b �T�`�Q�#�H���K�2�b

�/�û�T�2�M�/�2�M�i �i�Q�m�b �/�2�m�t �/�m �+�?�Q�B�t �/�2 �H�ö�û�T���B�b�b�2�m�` �K�B�M�B�K���H�2 �B�K�T�Q�b�û�2� �2�i�- �T�Q�m�` �H�� �p�2�`�b�B�Q�M �/�B�b�+�`�û�i�B�b�û�2�- �/�2 �H��
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�/�2 �H�� �i���B�H�H�2h �/�m �K���B�H�H���;�2 �2�K�T�H�Q�v�û �T�Q�m�` �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M �/�m �/�û�T�H���+�2�K�2�M�i�V ���B�M�b�B �[�m�2 �/�2�b �T���`���K���i�`�2�b�

�/�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2T � �X �L�Q�m�b �M�2 �7���B�b�Q�M�b �T���b ���T�T���`���W�i�`�2 �H�� �/�û�T�2�M�/���M�+�2 �2�M �+�2�b �p���`�B���#�H�2�b �/���M�b �H�2�b �M�Q�i���i�B�Q�M�b

�m�i�B�H�B�b�û�2�b �T�Q�m�` �/�û�b�B�;�M�2�` �H�2�b �T�`�Q�#�H���K�2�b �UQ"
i �V �2�i �UQ";h

i �V ���}�M �/�2 �M�2 �T���b �H�2�b ���H�Q�m�`�/�B�` �B�M�m�i�B�H�2�K�2�M�i�X

�A�A�A�X�d�V �l�M ���H�;�Q�`�B�i�?�K�2 �/�2 �i�v�T�2 �;�`���/�B�2�M�i �T�`�Q�D�2�i�û
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�p�2�`�b�B�Q�M �/�2 �H�ö���H�;�Q�`�B�i�?�K�2 ���}�M �/�2 �`�û�b�Q�m�/�`�2 �H�2 �T�`�Q�#�H���K�2 �UQ";h
i �V�X �L�Q�m�b �`���T�T�2�H�Q�M�b �[�m�2 �H�2�b �T�`�B�M�+�B�T���H�2�b �/�B�z�û�`�2�M�+�2�b

�/�2 �H�� �p�2�`�b�B�Q�M �[�m�2 �M�Q�m�b �T�`�Q�T�Q�b�Q�M�b �T���` �`���T�T�Q�`�i �¨ �+�2�H�H�2 �/�ö���H�H���B�`�2 �2�i ���H�X �T�Q�`�i�2�M�i �b�m�` �, �H�ö�m�i�B�H�B�b���i�B�Q�M �/�ö�m�M�2

�2�t�T�`�2�b�b�B�Q�M �G���;�`���M�;�B�2�M�M�2D h J " �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 ���B�M�b�B �[�m�2 �H�ö�B�M�i�`�Q�/�m�+�i�B�Q�M �/�ö�m�M�2 �+�Q�M�/�B�i�B�Q�M �2�t�T�H�B�+�B�i�2
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�+�?�Q�B�b�B�b�b�Q�M�b �H�2 �T���`���K���i�`�2 �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M �2�M �7�Q�M�+�i�B�Q�M �/�2 �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M ���B�M�b�B �[�m�2 �H�2 �+�`�B�i���`�2 �/�ö���`�`���i�-

�/�û�i���B�H�b �B�K�T�Q�`�i���M�i�b �[�m�B �M�2 �b�Q�M�i �T���b ���#�Q�`�/�û�b �/���M�b �H�ö���`�i�B�+�H�2 �/�ö���H�H���B�`�2 �2�i ���H�X
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 n� �`�2�T�`�û�b�2�M�i�û�2 �T���` �H�2 �i�2�M�b�2�m�` �/�ö�û�H���b�i�B�+�B�i�ûA
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� �

�Ae (u� ) : e(u� )�/s +
Z

� �
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1
2

[u]:�
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�A�o�X�k�V�X�j �G�B�K�B�i�2 ���b�v�K�T�i�Q�i�B�[�m�2 �7�Q�`�K�2�H�H�2 �,

�P�M �+�Q�M�b�B�/���`�2 �m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �Q�M �H�2 �+�Q�K�T�Q�`�i�2�K�2�M�i �/�2 �H�ö�2�M�@

�/�Q�K�K���;�2�K�2�M�i ���m �p�Q�B�b�B�M���;�2 �/�2 �H�ö�Q�`�B�;�B�M�2 �� �T�2�`�K�2�i �¨ �H�� �7�Q�M�+�i�B�Q�M �/�2 �/�û�T�H���+�2�K�2�M�iu� �/�2 �M�ö���p�Q�B�` �[�m�ö�m�M �b�2�m�H

�b���m�i ���p�2�+ �,

�H�B�K
x ! 0+

u� (x) � �H�B�K
x ! 0�

u� (x) = [ u� ](0):

���B�M�b�B�- �Q�M �b�m�T�T�Q�b�2 �[�m�2 �H�� �7�Q�M�+�i�B�Q�Mu� �2�b�i �`�û�;�m�H�B���`�2 �?�Q�`�b �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2
 n! � �2�i �2�b�i �/�û�}�M�B�2 �T���` �,

u� (x) =

8
><

>:

u0(x) si x 2 
 n! � ;

v( x
�� ) si x 2 ! � ;

�U�A�o�X�k�V�X�j�X�R�V

���p�2�+u0 �m�M�2 �7�Q�M�+�i�B�Q�M �`�û�;�m�H�B���`�2 �/���M�b �H�� �x�Q�M�2 �b���B�M�2�-v �m�M�2 �7�Q�M�+�i�B�Q�M ���{�M�2 �2�i �+�Q�M�b�i�`�m�B�i�2 �i�2�H�H�2 �[�m�2 �b�� �T�2�M�i�2

�+�Q�[�M�+�B�/�2 ���p�2�+ �H�2 �b���m�i �/�2u0�X ���B�M�b�B�-

u� (�
��
2

) = v(�
1
2

); u� (
��
2

) = v(
1
2

)

v(
1
2

) � v(�
1
2

) = [ u0](0):
�U�A�o�X�k�V�X�j�X�k�V

�P�M �b�2 �T�`�Q�T�Q�b�2 �/�2 �+���H�+�m�H�2�` �H�� �H�B�K�B�i�2 �7�Q�`�K�2�H�H�2 ���b�v�K�T�i�Q�i�B�[�m�2 �/�2 �H�ö�û�M�2�`�;�B�2 �i�Q�i���H�2J � �H�Q�`�b�[�m�2� �i�2�M�/ �p�2�`�b0 �2�i

�Q�M �H�� �K�B�M�B�K�B�b�2 �T���` �`���T�T�Q�`�i �¨� �2�i �H�2 �;�`���/�B�2�M�i �/�2 �/�û�T�H���+�2�K�2�M�i�X �*�2�+�B �2�b�i �H�ö�Q�#�D�2�i �/�m �H�2�K�K�2 �b�m�B�p���M�i�X

�G�2�K�K�2 �A�o�X�k�V�X�j�R�X�G�� �H�B�K�B�i�2 ���b�v�K�T�i�Q�i�B�[�m�2 �7�Q�`�K�2�H�H�2 �/�2J � �H�Q�`�b�[�m�2� �i�2�M�/ �p�2�`�b0 �2�b�i �/�Q�M�M�û�2 �T���` �,

�H�B�K
� ! 0

J � (u� ; ! � ) =
1
2

a
�

[u0]2(0) +
1
2

Z


 nf 0g
au0

0
2 + ��: �U�A�o�X�k�V�X�j�X�j�V

�k�X�G�� �K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�� �H�B�K�B�i�2 �/�2J � �T���` � �̀��T�T�Q�`�i �¨� �2�iu0
0 �b�Q�m�b �H�� �+�Q�M�i� �̀��B�M�i�2Lu 0

0 + [ u0] = ud �2�b�i

�/�Q�M�M�û�2 �T���`

�K�B�M
�;u 0

0 ;Lu 0
0 +[ u 0 ]= u d

J (u0; � ) = �L +
p

2a�

�
�
�
�
�
ud � L

r
2�
a

sgn[u0]

�
�
�
�
�
; �U�A�o�X�k�V�X�j�X�9�V

�Q�Msgn(x) �/�û�b�B�;�M�2 �H�2 �b�B�;�M�2 �/�2x 2 R�X

�S�`�2�m�p�2�P�M ��

�H�B�K
� ! 0

J � (u� ; ! � ) = �H�B�K
� ! 0

J 1
� (u� ; ! � ) + �H�B�K

� ! 0
J 2

� (u� ; ! � ) + �H�B�K
� ! 0

J 3
� (u� ; ! � ) �U�A�o�X�k�V�X�j�X�8�V



�ú�i�m�/�2 �/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �d�9

�Q�M

J 1
� (u� ; ! � ) =

1
2

Z

! �

�a j u0
� j2 �/x;

J 2
� (u� ; ! � ) =

1
2

Z


 n! �

aj u0
� j2�/x;

J 3
� (u� ; ! � =

�
�

j ! � j :

�U�A�o�X�k�V�X�j�X�e�V

�P�M ��

�H�B�K
� ! 0

J 1
� (u� ; ! � ) = �H�B�K

� ! 0

1
2

Z

! �

�a j u0
� j2 �/x:

�P�M �2�z�2�+�i�m�2 �H�2 �+�?���M�;�2�K�2�M�i �/�2 �p���`�B���#�H�2�b �b�m�B�p���M�i �,

y =
x
��

:

���B�M�b�B�- �Q�M �Q�#�i�B�2�M�i �[�m�2

�H�B�K
� ! 0

1
2

Z

! �

�a j u0
� j2 �/x

= �H�B�K
� ! 0

1
2

Z 1
2

� 1
2

�a
� 2� 2 v0(y)2 �/y

=
a

2�
[u](0)2:

�U�A�o�X�k�V�X�j�X�d�V

�.�2 �T�H�m�b�-

�H�B�K
� ! 0

J 2
� (u� ; ! � ) = �H�B�K

� ! 0

1
2

Z


 n! �

aj u0
� j2�/x

=
1
2

Z

!
aj u0

0(x)) j2 �/x

=
1
2

Z


 nf 0g
u0

0
2 �/x

=
1
2

au0
0

2L

�U�A�o�X�k�V�X�j�X�3�V

�6�B�M���H�2�K�2�M�i�- �Q�M ��

�H�B�K
� ! 0

J 3
� (u� ; ! � ) = �H�B�K

� ! 0

�
�

j ! � j

�H�B�K
� ! 0

���
��

= ��:

�.�ö�Q�M �H�ö�û�;���H�B�i�û �U�A�o�X�k�V�X�j�X�j�V�X

�a�Q�B�i

J (u0; � ) =
1
2

a
�

[u0]2(0) +
1
2

Z


 nf 0g
au0

0
2 + ��: �U�A�o�X�k�V�X�j�X�N�V

�P�M �T�`�Q�+���/�2 �¨ �m�M�2 �K�B�M�B�K�B�b���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M�M�2�H�H�2 �U�A�o�X�k�V�X�j�X�N�V �T���` �`���T�T�Q�`�i �¨� �B�M�/�m�B�b���M�i �/�2�m�t �p���H�2�m�`�b

� 1min = �
p

a2� j [u](0) j et � 2min =
p

a2� j [u](0) j :



�ú�i�m�/�2 �/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �d�8

�P�M �+�Q�M�b�B�/���`�2 �H�� �p���H�2�m�`� 2min �T�Q�m�` �H�� �b�m�B�i�2 �/�2 �M�Q�i�`�2 �i�`���p���B�H�X ���B�M�b�B�- �2�M �`�2�K�T�H���Ï���M�i �H�ö�û�[�m���i�B�Q�M �U�A�o�X�k�V�X�j�X�N�V

�T���` �H�� �p���H�2�m�` �K�B�M�B�K���H�2 �/�2� �- �Q�M �Q�#�i�B�2�M�i �[�m�2

J (u0) =
L
2

au0
0

2 +
p

2a� j [u](0) j : �U�A�o�X�k�V�X�j�X�R�y�V

�P�M �K�B�M�B�K�B�b�2 �2�M�b�m�B�i�2 �H�� �7�Q�M�+�i�B�Q�M�M�2�H�H�2 �U�A�o�X�k�V�X�j�X�R�y�V �T���` �`���T�T�Q�`�i ���m �;�`���/�B�2�M�i �/�2 �/�û�T�H���+�2�K�2�M�iu0
0�- �2�M �i�2�M���M�i

�+�Q�K�T�i�2 �/�2�b �+�Q�M�/�B�i�B�Q�M�b ���m�t �H�B�K�B�i�2�b �/�2 �H�� �7�Q�M�+�i�B�Q�Mu0 �2�i �/�2 �H�� �+�Q�M�i�`���B�M�i�2 �/�Q�M�M�û�2 �T���`

F (u0
0; [u](0)) = ud � Lu 0

0 � [u0](0) = 0 : �U�A�o�X�k�V�X�j�X�R�R�V

�*�2�+�B �B�K�T�H�B�[�m�2 �[�m�2

8
><

>:

@J
@u00

+ %@F
@u00

= 0

@J
@[u](0) + % @F

@[u](0) = 0 :
�U�A�o�X�k�V�X�j�X�R�k�V

�P�M �Q�#�i�B�2�M�i �[�m�2 8
><

>:

Lu 0
0a � %L= 0

p
2a�sgn [u0](0) � %= 0 :

�U�A�o�X�k�V�X�j�X�R�j�V

���B�M�b�B�- �Q�M �/�û�/�m�B�i �[�m�2

%=
p

2a� j [u0](0) j

u0
0 =

r
2�
a

sgn[u0](0)

[u0](0) = ud � L

r
2�
a

sgn[u0](0):

�U�A�o�X�k�V�X�j�X�R�9�V

�S���` �+�Q�M�b�û�[�m�2�M�i�- �Q�M �Q�#�i�B�2�M�i �H�ö�û�;���H�B�i�û �U�A�o�X�k�V�X�j�X�9�V2 �X

�_�2�K���`�[�m�2�a�B
�
ud � L

r
2�
a

sgn[u0](0)
�

> 0;

�/�2 �T�H�m�b�- �b�B

sgn[u0] = 1 ;

�H�� �7�Q�M�+�i�B�Q�M�M�2�H�H�2 �H�B�K�B�i�2 �K�B�M�B�K�B�b�û�2 �Q�#�i�2�M�m�2 �2�b�i �û�;���H�2 �¨

J =
p

2a�u d + �L � 2L�sgn [u0]

=
p

2a�u d � �L:

�P�M �`�2�i�`�Q�m�p�2 ���B�M�b�B �H�ö�û�[�m���i�B�Q�M �U�A�o�X�k�V�X�k�X�R�y�V �+�Q�`�`�2�b�T�Q�M�/���M�i ���m �/�2�m�t�B���K�2 �`�û�;�B�K�2 �/�2 �T�`�Q�T���;���i�B�Q�M �H�Q�`�b�[�m�2� = 0 �X

�A�o�X�j�V �ú�i�m�/�2 �M�m�K�û�`�B�[�m�2 �m�M�B�/�B�K�2�M�b�B�Q�M�M�2�H�H�2

�*�2�i�i�2 �û�i�m�/�2 �+�Q�M�b�B�b�i�2 �¨ ���T�T�`�Q�+�?�2�` �H�ö�B�M�i�2�`�p���H�H�2
 �[�m�B �`�2�T�`�û�b�2�M�i�2 �m�M�2 �#���`�`�2 �/�2 �H�Q�M�;�m�2�m�`L �2�i �/�2 �?���m�i�2�m�`

Haut �i�2�H �[�m�2Haut << L �X ���B�M�b�B �Q�M �b�m�T�T�Q�b�2 �[�m�2 �H�2 �/�Q�K���B�M�2 �/�2 �+���H�+�m�H �2�b�i �m�M �`�2�+�i���M�;�H�2 �/�2 �G���`�;�2�m�`L �i�`���b



�ú�i�m�/�2 �/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �d�e

�;�`���M�/�2 �+�Q�K�T���`�û�2 �¨ �b�Q�M �?���m�i�2�m�`Haut �X �*�2�i�i�2 �û�i�m�/�2 �+�Q�M�b�B�b�i�2 �¨ �K�Q�M�i�`�2�` �[�m�2 �+�2 �K�Q�/���H�2 �2�b�i �+���T���#�H�2 �/�ö�m�M�2

�T���`�i �/�2 �b�B�K�m�H�2�` �H�� �T�`�Q�T���;���i�B�Q�M �/�ö�m�M�2 �}�b�b�m�`�2 �2�M �+�Q�?�û�`�2�M�+�2 ���p�2�+ �H�2�b �`�û�b�m�H�i���i�b �i�?�û�Q�`�B�[�m�2�b �7�Q�`�K�2�H�b�X

�.�ö���m�i�`�2 �T���`�i�- �Q�M �K�Q�M�i�`�2 �[�m�2 �+�2 �K�Q�/���H�2 �2�b�i �b�i���#�H�2 �T���` �`���{�M�2�K�2�M�i �/�2 �K���B�H�H���;�2 �2�i �T���` �p���`�B���i�B�Q�M �/�m �M�Q�K�#�`�2

�/�2�b �B�i�û�`���i�B�Q�M�b �/�m �;�`���/�B�2�M�i�X

�A�o�X�j�V�X�R �.�2�b�+�`�B�T�i�B�Q�M �/�2 �H�� �K�û�i�?�Q�/�2

�*�ö�2�b�i �m�M �+�Q�m�T�H���;�2 �2�M�i�`�2 �H�� �K�û�i�?�Q�/�2 �/�m �;�`���/�B�2�M�i �2�i �H�� �K�û�i�?�Q�/�2 �H�2�p�2�H �b�2�i�X

�G�2 �#�m�i �/�2 �+�2�i�i�2 �K�û�i�?�Q�/�2 �2�b�i �/�2 �7���B�`�2 �m�M�2 �K�B�M�B�K�B�b���i�B�Q�M �H�Q�+���H�2 �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �/�û�}�M�B�2 �T���` �H�ö�û�[�m���i�B�Q�M

�U�A�o�X�k�V�X�k�X�j�V�X

�*�2�i�i�2 �K�û�i�?�Q�/�2 �2�b�i �`�û�+���T�B�i�m�H�û�2 �/���M�b �/�2�m�t �#�Q�m�+�H�2�b �,

�� �l�M�2 �#�Q�m�+�H�2 �2�t�i�2�`�M�2 �[�m�B �+�Q�M�b�B�b�i�2 �¨ �+�Q�M�b�B�/�û�`�2�` �m�M�2 �b�m�B�i�2 �+�`�Q�B�b�b���M�i�2 �/�2 �T���b �/�2 �i�2�K�T�b �/�2 �/�B�b�+�`�û�i�B�b���i�B�Q�M

t i ; i � 0�- �Q�M �¨ �+�?���[�m�2 �B�M�b�i���M�it i �M�Q�m�b ���T�T�H�B�[�m�Q�M�b �m�M �/�û�T�H���+�2�K�2�M�i �B�K�T�Q�b�û�X

�� �l�M�2 �#�Q�m�+�H�2 �B�M�i�2�`�M�2 �/�2�b �B�i�û�`���i�B�Q�M�b �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �#�Q�m�+�H�û�2 �¨ �+�?���[�m�2 �T���b �/�2 �i�2�K�T�bt i �X

�P�M �/�û�}�M�B�i �H�� �7�Q�M�+�i�B�Q�M �/���M�b
 �p�û�`�B�}���M�i �,
8
><

>:

 (x) < 0 , x 2 !;

 (x) > 0 , x 2 
 n�!:
�U�A�o�X�j�V�X�R�X�R�V

�G�� �p�B�i�2�b�b�2V �p�û�`�B�}�2 �,

< V i ; Wi > X + < J 0(
) ; Wi > 0; 8Wi 2 H 1(
) ; �U�A�o�X�j�V�X�R�X�k�V

�Q�M

< V i ; Wi > X =
Z

�
Vi Wi dS:

�G�ö�B�M�i�û�;�`���i�B�Q�M �b�m�`� �b�2 �7���B�i �T���` �H�ö���T�T�`�Q�t�B�K���i�B�Q�M �/�2 ���H�H���B�`�2�- �C�Q�m�p�2 �2�i �h�Q���/�2�` �/���M�b �(���H�H���B�`�2 �2�i ���H�X�- �k�y�y�9�)�X

���B�M�b�B�-
Z



(� m r Vi r (Wi ) + Vi Wi )dx+ < J 0(! ); Wi > = 0 ; �U�A�o�X�j�V�X�R�X�j�V

�Q�M� m �2�b�i �m�M �T���`���K���i�`�2 �/�2 �`�û�;�m�H���`�B�b���i�B�Q�M �/�2 �H�� �p�B�i�2�b�b�2�-� �2�b�i �m�M�2 ���T�T�`�Q�t�B�K���i�B�Q�M �`�û�;�m�H���`�B�b�û�2 �/�2 �H�� �7�Q�M�+�i�B�Q�M

�/�2 �.�B�`���+ �/�û�}�M�B�2 �T���`

� =
1
2

j r s� ( ) j ; s� (x) =
 

p
 2(x) + � m

2
:

�G�� �M�Q�`�K���H�2N �2�b�i �/�û�}�M�B�2 �T���`

N =
r  

j r  j
:



�ú�i�m�/�2 �/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �d�d

�P�M �b�m�T�T�Q�b�2 �/�2 �T�H�m�b �[�m�2 �H�� �M�Q�`�K���H�2 �2�b�i �`�û�;�m�H���`�B�b�û�2

< N; M > =
Z



(� m r N r (M ) + NM )dx �

Z



(
(r  M )
2 j r  j

) �/x; 8N; M 2 H 1(
)

���}�M �/�ö�û�p�B�i�2�` �H�2�b �b�B�M�;�m�H���`�B�i�û�b ���m �#�Q�`�/ �/�2 �H�� �p�B�i�2�b�b�2�X

�G�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2
 �û�p�Q�H�m�2 ���p�2�+ �m�M�2 �p�B�i�2�b�b�2 �M�Q�`�K���H�2V �2�i �b�Q�M �û�p�Q�H�m�i�B�Q�M �2�b�i �/�û�+�`�B�i�2 �T���` �H�ö�û�[�m���i�B�Q�M

�/�ö�>���K�B�H�i�Q�M �C���+�Q�#�B �b�m�` �,
d 
dt

+ V j r  j= 0 : �U�A�o�X�j�V�X�R�X�9�V

�P�M �+�Q�M�b�B�/���`�2 �H�2 �b�+�?�û�K�� �m�T�r�B�M�/ �/�ö�Q�`�/�`�22 �/�û�+�`�B�i �T���` �a�2�i�?�B���M �/���M�b �(�a�2�i�?�B���M�- �R�N�N�N�)�X

���B�M�b�B�- �H�� �#�Q�m�+�H�2 �B�M�i�2�`�M�2 �+�Q�M�b�B�b�i�2 �¨ �,

�� �H�ö�B�M�B�i�B���H�B�b���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �H�2�p�2�H �b�2�i 0 �+�Q�K�K�2 �H�� �/�B�b�i���M�+�2 �b�B�;�M�û�2 �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2
 i �X

�� �� �+�?���[�m�2 �B�i�û�`���i�B�Q�M�- �T�Q�m�`k � 0 �,

�� �*���H�+�m�H�2�` �H�� �b�Q�H�m�i�B�Q�Muk �/�m �T�`�Q�#�H���K�2 �/�ö�û�H���b�i�B�+�B�i�û�-

�� �Q�#�i�2�M���M�i �H�� �7�Q�M�+�i�B�Q�M k+1 �¨ �T���`�i�B�` �/�2 k �2�M �`�û�b�Q�H�p���M�i �H�ö�û�[�m���i�B�Q�M �U�A�o�X�j�V�X�R�X�9�V�-

�� ���T�T�H�B�[�m�2�` �H�� �+�Q�M�/�B�i�B�Q�M �/�ö�B�`�`�û�p�2�`�b�B�#�B�H�B�i�û �2�M �`�2�K�T�H���Ï���M�i k+1 �T���` �K���t( k ;  0) �Q�M 0 �+�Q�`�`�2�b�T�Q�M�/

�¨ �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �/���M�b �H�ö�B�i�û�`���i�B�Q�M �T�`�û�+�û�/�2�M�i�2 �/�2 �H�� �#�Q�m�+�H�2 �2�t�i�2�`�M�2 �/�2�b �p���`�B���i�B�Q�M�b �/�2 �i�2�K�T�b

�/�2 �/�B�b�+�`�û�i�B�b���i�B�Q�M�X

���B�M�b�B�- �¨ �+�?���[�m�2 �B�M�b�i���M�it i �- �H�� �K�B�M�B�K�B�b���i�B�Q�M �/�2J i �2�b�i �/�Q�M�M�û�2 �T���` �H�� �K�û�i�?�Q�/�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �/�2 �7�Q�`�K�2�X

�P�M �b�m�T�T�Q�b�2 ���B�M�b�B �[�m�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2 �û�p�Q�H�m�2 �T�2�M�/���M�i �H�2 �i�2�K�T�b�X �P�M �H�� �M�Q�i�2 �T���`! t �2�i �2�H�H�2 �2�b�i

�H�ö�B�K���;�2 �/�2 �H�� �}�b�b�m�`�2 �B�M�B�i�B���H�2! �T���` �H�2 �/�B�z�û�Q�K�Q�`�T�?�B�b�K�2X �UX : R � 
 ! R2�V

X (t; x ) = Id + t �

�Q�M �H�ö���T�T�H�B�+���i�B�Q�MX �p�û�`�B�}�2 �H�ö�û�[�m���i�B�Q�M �/�B�z�û�`�2�M�i�B�2�H�H�2 �b�m�B�p���M�i�2 �,

8
><

>:

dX
dt (t; x ) = � (X (t; x )) 8 (t; x ) 2 R � 


X (t = 0 ; x) = x
�U�A�o�X�j�V�X�R�X�8�V

�.�Q�M�+�- �T�Q�m�` �i�Q�m�i �`�û�2�Ht�- �b�Q�B�i! t = X (t; x )( ! )�- �H�2 �i�`���M�b�T�Q�`�i�û �/�2! �T���` �H�2 �+�?���K�T� �[�m�B �2�b�i �b�m�T�T�Q�b�û �M�m�H

�b�m�@̀
 �X

�P�M �b�ö�B�M�i�û�`�2�b�b�2 ���m �T�`�Q�#�H���K�2 �/�ö�Q�T�i�B�K�B�b���i�B�Q�M �b�m�B�p���M�i �, �h�`�Q�m�p�2�`t �[�m�B �K�B�M�B�K�B�b�2J (! t ) = j (! t ; ut )�- �Q�M

ut 2 Vt �/�û�}�M�B �T���`

ut 2 Vt = f v 2 H 1(! t )
2
; v = 0 dans � D

t g;
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�i�2�H �[�m�2
Z



� ! t

�
2�e (ut )e(v) + � �.�B�p(ut ) �.�B�p(v)

�
�/y = 0 :

�S�Q�m�` �K�B�M�B�K�B�b�2�`J �- �Q�M �+���H�+�m�H�2 �H�2 �K�B�M�B�K�B�b�2�m�` �/�2J (
) �X

�P�M �T�Q�b�2j (t) = J (
) �X

�a�BJ �2�b�i �/�B�z�û�`�2�M�i�B���#�H�2 �2�Mt = 0 �- �Q�M �T�Q�b�2

< J 0(
) ; t > = < j 0(0); t > :

�G�2�K�K�2 �A�o�X�j�V�X�R�G�ö�2�t�T� �̀2�b�b�B�Q�M �/�2 �H�� �/�û�`�B�p�û�2 �/�2 �7�Q�`�K�2 �2�b�i �/�Q�M�M�û�2 �T���` �,

J 0(U; � ) =
� Z



� !

�
� �

�
r Ur � + r � t r U t � e(U) � � �i�`

�
r Ur � + r � t r U t � �i� è(U)

�
�/x

+
�
�e (U):e(U) + � (�.�B�p(U))2(�.�B�p(� )

�
�/x

+
�
�

Z



(�.�B�p(� )) �/x

�U�A�o�X�j�V�X�R�X�e�V

�Q�M

� ! =
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�� �T���`�i�B�` �/�2ud
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�

�D�m�b�[�m�ö�¨ �i�`���p�2�`�b�2�` �H�2 �/�Q�K���B�M�2 �2�i ���i�i�2�B�M�/�`�2 �m�M�2 �p���H�2�m�`u+
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�+�Q�M�7�Q�`�K�2 ���p�2�+ �H�2�b �`�û�b�m�H�i���i�b �/�2 �H�� �b�2�+�i�B�Q�M�A�o�X�k�V�X�k�X

�G�� �}�;�m�`�2�A�o�X�j�V�X�k�X�9�K�Q�M�i�`�2 �[�m�2 �H�� �p���`�B���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �2�b�i �b�i���#�H�2 �T���` �`���{�M�2�K�2�M�i �/�m �K���B�H�H���;�2 �2�i

�+�?���M�;�2�K�2�M�i �/�m �M�Q�K�#�`�2 �/�2�b �B�i�û�`���i�B�Q�M�b �/�2 �H�� �#�Q�m�+�H�2 �/�2 �;�`���/�B�2�M�i�X

�P�M �`�2�i�`�Q�m�p�2 �H�2 �+�`�B�i���`�2 �/�2 �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M�M�2�H�H�2J �H�Q�`�b�[�m�2 �H�2 �T���`���K���i�`�2� �2�b�i �}�t�û �2�M �Q�#�i�2�M���M�i

�/�2�m�t �+�Q�m�`�#�2�b �B�/�2�M�i�B�[�m�2�b �c �M�m�K�û�`�B�[�m�2 �2�i �i�?�û�Q�`�B�[�m�2 �7�Q�`�K�2�H�H�2�- �/���M�b �H�� �}�;�m�`�2�A�o�X�j�V�X�k�X�k�X �G�� �}�;�m�`�2�A�o�X�j�V�X�k�X�8

�K�Q�M�i�`�2 �H�� �+�Q�M�p�2�`�;�2�M�+�2 �H�Q�`�b�[�m�2 �H�2 �T���`���K���i�`�2� �i�2�M�/ �p�2�`�b0 �p�2�`�b �H�2 �K�Q�/���H�2 �H�B�K�B�i�2 �7�Q�`�K�2�H�X �S�Q�m�`� � 0:05�- �H�2�b
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�U���V �ú�i���i �B�M�B�i�B���H �U�#�V �_�û�/�m�+�i�B�Q�M

�U�+�V �.�B�b�T���`�B�i�B�Q�M �U�/�V �1�M�/�Q�K�K���;�2�K�2�M�i �i�Q�i���H

�6�B�;�m�`�2�A�o�X�j�V�X�k�X�R �� ���b�T�2�+�i �/�2 �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �x�Q�M�2 �2�M�/�Q�K�K���;�û�2

�6�B�;�m�`�2�A�o�X�j�V�X�k�X�k �� �*�Q�K�T���`���B�b�Q�M �/�2 �H�� �p���`�B���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �T���` �`���T�T�Q�`�i ���m�t �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b

�Q�#�i�2�M�m�2 �T���` �H�ö�û�i�m�/�2 �M�m�K�û�`�B�[�m�2 �2�i �H�ö�û�i�m�/�2 �i�?�û�Q�`�B�[�m�2 �7�Q�`�K�2�H�H�2 �¨� �}�t�û



�ú�i�m�/�2 �/�ö�m�M �K�Q�/���H�2 �/�ö�2�M�/�Q�K�K���;�2�K�2�M�i ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �3�y

�6�B�;�m�`�2�A�o�X�j�V�X�k�X�j �� �o���`�B���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �T���` �`���T�T�Q�`�i ���m�t �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b �T�Q�m�` �/�2�m�t

�K���B�H�H���;�2�b �/�B�z�û�`�2�M�i�b �Udn = 81; 181�V

�6�B�;�m�`�2�A�o�X�j�V�X�k�X�9 �� �o���`�B���i�B�Q�M �/�2 �H�� �7�Q�M�+�i�B�Q�M �+�Q�?�i �T���` �`���T�T�Q�`�i ���m�t �/�û�T�H���+�2�K�2�M�i�b �B�K�T�Q�b�û�b �2�M100�-400

�B�i�û�`���i�B�Q�M�b �/�2 �;�`���/�B�2�M�i
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�G�2 �K�Q�/���H�2 �/�2 �7�`���+�i�m�`�2 ���p�2�+ �T�û�M���H�B�b���i�B�Q�M �/�2 �b���m�i �2�b�i �+���T���#�H�2 �/�2 �T�`�û�/�B�`�2 �H�� �T�`�Q�T���;���i�B�Q�M �/�2 �H�� �x�Q�M�2

�2�M�/�Q�K�K���;�û�2 ���p�2�+ �/�2�b �p���`�B���i�B�Q�M�b �b�i���#�H�2�b �2�i �+�Q�?�û�`�2�M�i�2�b ���p�2�+ �H�2 �+���H�+�m�H �i�?�û�Q�`�B�[�m�2 �7�Q�`�K�2�H�X

�1�M �+�?�Q�B�b�B�b�b���M�i �H�2 �T���`���K���i�`�2 �/�2 �:�`�B�{�i�? �+�Q�K�K�2 �7�Q�M�+�i�B�Q�M �/�m �T���`���K���i�`�2� �H�2 �K�Q�/���H�2 �Q�#�i�2�M�m �T�Q�b�b���/�2 �m�M�2

�7���B�#�H�2 �/�û�T�2�M�/���M�+�2 �T���` �`���T�T�Q�`�i ���m �K���B�H�H���;�2 �m�i�B�H�B�b�û �/���M�b �H�� �/�B�b�+�`�û�i�B�b���i�B�Q�M�X

�P�M �b�2 �T�`�Q�T�Q�b�2 �/�2 �;�û�M�û�`���H�B�b�2�` �+�2�b �`�û�b�m�H�i���i�b �/���M�b �H�2 �+���b �#�B�/�B�K�2�M�b�B�Q�M�M�2�H�X
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