
NNT : 2017SACLG002

THÈSE DE DOCTORAT
de

L’UNIVERSITÉ PARIS-SACLAY

École doctorale de mathématiques Hadamard (EDMH, ED 574)

Établissement d’inscription : École nationale de la statistique et de l’administration
économique

Laboratoire d’accueil : CREST, Center for Research in Economics and Statistics, UMR 9194
CNRS

Spécialité de doctorat : Mathématiques appliquées

Vincent COTTET

Theoretical Study of some Statistical Procedures
Applied to Complex Data

Date de soutenance : 17 novembre 2017

Après avis des rapporteurs :
PETER GRÜNWALD (CWI et Leiden University)
ISMAËL CASTILLO (Université Paris 6)

Jury de soutenance :

PIERRE ALQUIER (ENSAE/CREST) Codirecteur de thèse

ISMAËL CASTILLO (Université Paris 6) Rapporteur

OLIVIER CATONI (CREST) Examinateur

NICOLAS CHOPIN (ENSAE/CREST) Codirecteur de thèse

ARNAUD GUYADER (Université Paris 6) Président

PETER GRÜNWALD (CWI et Leiden Université) Rapporteur





PhD Thesis in Mathematics

Theoretical Study of some
Statistical Procedures applied

to Complex Data

Vincent COTTET

CREST, ENSAE, Université Paris Saclay

Supervisors: Pierre ALQUIER and Nicolas CHOPIN
Professors of Statistics at ENSAE





Si c’était si facile, tout le monde le ferait
Qui tu serais pour réussir où tous les autres ont échoué
Oublie tes rêves prétentieux, redescends sur terre
Ou tu n’en reviendras jamais

– Si c’était si facile, Casseurs Flowters –





CHAPITRE 0. REMERCIEMENTS

Remerciements

Même si le mathématicien n’est qu’une machine à transformer du café en
théorème, il n’est pas si facile d’en devenir une et je n’aurais pu y arriver sans
l’aide et l’apport, primordial comme plus futile, de plusieurs personnes que je
voudrais remercier ici.

Je remercie Nicolas, mon directeur "historique" de thèse. Dès la 2e année de
l’ENSAE, il m’a encadré en stage. Le premier projet m’a permis de travailler
avec Simon avec qui il a été extrêmement intéressant de collaborer. Je n’y
connaissais rien, je leur suis reconnaissant de m’avoir aiguillé gentiment et
patiemment dans la recherche. Ensuite, Nicolas m’a toujours fait sentir qu’il
était à mes côtés tout en me laissant une entière liberté de manœuvre. Durant
ces 3 ans et même si nous n’avons pas toujours travaillé directement ensemble,
sa démarche scientifique, d’une rigueur et une honnêteté absolue, a été une
inspiration et, disons le franchement, un modèle.

Je voudrais remercier de manière égale Pierre. Il m’a tout d’abord accueilli
à Dublin puis encadré en mémoire de master. Nous avons ensuite travaillé à
l’ENSAE sur deux projets, alors qu’il avait déjà une autre thèse à encadrer.
J’ai sans doute beaucoup trop profité de sa porte toujours ouverte mais je ne
sais pas si cette thèse aurait abouti sans cela. Il m’a montré et enseigné le
travail de la recherche quasiment du début à la fin. Dans un style différent de
Nicolas mais complémentaire, ses qualités intellectuelles et humaines ont été
exemplaires.

Le laboratoire de statistiques du Crest m’a soutenu pendant les trois ans, me
permettant de travailler dans d’excellentes conditions. Mais je retiens surtout
les magnifiques personnes le composant : je me suis construit au fil des multiples
discussions sur des sujets innombrables. Je remercie Guillaume, qui a accepté de
collaborer avec nous, cela nous a entrainés vers des sommets insoupçonnés. Je
porte également une reconnaissance éternelle à Sacha, Arnak, Anna, Olivier,
Cristina et Marco. Je suis franchement fier d’avoir participé à cette équipe.
Du côté de l’administration, je remercie Arnaud, Pascale et Sophie qui font le
travail de l’ombre dans un environnement compliqué. En revanche, je ne suis
que moyennement fier d’être un des rares diplômés de l’université Paris-Saclay ;

v



Theoretical Study of some Statistical Procedures

tout ça est assez pathétique.
Mes collègues thésards m’ont également beaucoup aidé : cela rassure de

voir qu’on n’est pas tout seul dans cette galère... Et finalement, ce sont eux
les plus présents au labo ! Merci à James, Pierre, Edwin, Mehdi, Alexander,
Lionel, Gautier, Léna, The Tien, Mohamed et Charles.

Mathématiquement et officiellement, cette thèse n’a pas de valeur sans le
travail des rapporteurs et membres du jury. Je les remercie d’avoir accepté de
faire tout ce travail sans quoi la recherche ne pourrait tout simplement pas
exister. Un grand merci à Ismaël, Peter, Olivier et Arnaud.

Cette thèse a bénéficié du soutien de l’ENSAE : c’est une chance énorme
de pouvoir dégager autant de temps pour des travaux de recherche sur un
poste Insee. Je remercie donc Julien, Romain et Lionel, qui ont préservé ces
postes, ainsi que tous mes collègues de la direction des études qui ont supporté,
surtout eux, ma mauvaise humeur quasi quotidienne : en premier lieu mes col-
lègues de bureau Malika et Jérémy, mes amis économistes Vanda et Arthur
et nos précieuses gestionnaires des études Mathilde et Anne ainsi qu’Emma-
nuelle, Stéphanie, Dorothée Romain, Claude, Patrick et le service des stages.
Je remercie également tous les professeurs et chargés de TD avec qui j’ai pu
travailler pendant tout ce temps. Cela a été un plaisir de travailler avec eux et
m’a libéré le temps nécessaire pour ces travaux.

Si cette thèse est pour moi un accomplissement, je date le début au concours
administrateur qui a été un évènement important pour moi. Je remercie toutes
les personnes qui m’ont aidé à ce moment-là : Etienne, Corentin, Delphine,
Xavier, Bruno.

Tous mes amis ont à un moment ou l’autre participé, peut-être sans le
savoir, de près comme de loin, à ces travaux. Je souhaite remercier, entre autres :
Sylvain, JF, Estelle, Brize, Claire, Isabelle, Aurélie, Marine, Gauthier, Kais et
Paco.

Je veux enfin remercier ma famille pour avoir été là avant et pendant tout
ce temps. Ce travail personnel n’aurait pu voir le jour sans l’environnement de
stimulation intellectuelle permanent dans lequel j’ai baigné depuis tout petit
grâce à mes grands-parents, mes parents, mes frères et ma sœur. Un grand
merci à Julia pour ses corrections de Ceci est MA thèse, Bordel !. Je remercie
pour finir, en quantité infinie ×2, celle qui a toujours été à mes côtés dans cette
aventure au long cours et sans qui tout ce travail n’aurait pas vu le jour. Bon,
en fait pas mal de monde a participé à tout ça !

Enfin, je souhaite dédier cette thèse à mon grand-père Jean : même si je
pense qu’il est fier de ce travail, j’espère qu’il est encore plus fier de voir que
j’essaie tous les jours de suivre sa trace.

vi



CONTENTS

Contents

Remerciements v

1 Introduction (in French) 1
1.1 Mise en perspective . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Comment compléter une matrice ? . . . . . . . . . . . . . 3

1.2.1 Cadre général et complétion exacte . . . . . . . . . 3
1.2.2 Complétion en présence de bruit par moindres carrés 7
1.2.3 Quelques algorithmes . . . . . . . . . . . . . . . . 10
1.2.4 La complétion de matrice binaire . . . . . . . . . . 13

1.3 Le cadre Bayésien - Complétion par perte quadratique . . 16
1.3.1 Garanties théoriques d’un estimateur bayésien . . 19
1.3.2 Calcul de l’estimateur bayésien : MCMC . . . . . 20
1.3.3 Calcul de l’estimateur : Approximation variationnelle 21

1.4 Résumé (substantiel) des chapitres . . . . . . . . . . . . . 24
1.4.1 Chapitre 3: 1-bit Matrix Completion: PAC-Bayesian

Analysis of a Variational Approximation . . . . . . 24
1.4.2 Chapitre 4: Estimation bounds and sharp oracle

inequalities of regularized procedures with Lipschitz
loss functions . . . . . . . . . . . . . . . . . . . . . 26

1.4.3 Chapitre 5: Divide and Conquer in ABC: Expectation-
Propagation algorithms for likelihood-free inference 31

2 Introduction (in English) 39
2.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.2 How to complete a matrix ? . . . . . . . . . . . . . . . . . 41

2.2.1 Global Framework and exact completion . . . . . . 41
2.2.2 Completion with noise by least squares . . . . . . . 44
2.2.3 Some Algorithms . . . . . . . . . . . . . . . . . . . 47

vii



Theoretical Study of some Statistical Procedures

2.2.4 Binary matrix completion . . . . . . . . . . . . . . 51
2.3 Bayesian framework - completion by squared loss . . . . . 54

2.3.1 Theoretical guarantees of the Bayesian estimator. . 56
2.3.2 Computation of the Bayesian estimator : MCMC . 57
2.3.3 Computation of the estimator : variational approxi-

mation . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.4 Summary of the Chapters . . . . . . . . . . . . . . . . . . 61

2.4.1 Chapter 3 : 1-bit Matrix Completion : PAC-Bayesian
Analysis of a Variational Approximation . . . . . . 61

2.4.2 Chapter 4 : Estimation bounds and sharp oracle
inequalities of regularized procedures with Lipschitz
loss functions . . . . . . . . . . . . . . . . . . . . . 63

2.4.3 Chapter 5 :Divide and Conquer in ABC : Expectation-
Propagation algorithms for likelihood-free inference 68

3 1-bit Matrix Completion: PAC-Bayesian Analysis of a
Variational Approximation 75
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.2 Estimation Procedure . . . . . . . . . . . . . . . . . . . . 78

3.2.1 1-bit matrix completion as a classification problem 78
3.2.2 Pseudo-Bayesian estimation . . . . . . . . . . . . . 80
3.2.3 Variational Bayes approximations . . . . . . . . . . 81

3.3 PAC analysis of the variational approximation . . . . . . . 84
3.3.1 Empirical Bound . . . . . . . . . . . . . . . . . . . 84
3.3.2 Theoretical Bound . . . . . . . . . . . . . . . . . . 85

3.4 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
3.4.1 General Algorithm . . . . . . . . . . . . . . . . . . 87
3.4.2 Mean Field Optimization . . . . . . . . . . . . . . 88

3.5 Logistic Model . . . . . . . . . . . . . . . . . . . . . . . . 90
3.6 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . 92

3.6.1 Simulated Data: Small Matrices . . . . . . . . . . 93
3.6.2 Simulated Data: Large Matrices . . . . . . . . . . 95
3.6.3 Real Data set: MovieLens . . . . . . . . . . . . . . 96

3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
3.8 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.8.1 Proofs of Proposition 3.1 from Section 3.2 . . . . . 97
3.8.2 Proofs of the results in Subsection 3.3.1 . . . . . . 98
3.8.3 Proofs of the results in Subsection 3.3.2 . . . . . . 102
3.8.4 Detailed calculations for Subsection 3.5 . . . . . . 105

viii



CONTENTS

4 Estimation bounds and sharp oracle inequalities of regu-
larized procedures with Lipschitz loss functions 107
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.2 Theoretical Results . . . . . . . . . . . . . . . . . . . . . . 115

4.2.1 Applications of the main results: the strategy . . . 115
4.2.2 The Bernstein condition . . . . . . . . . . . . . . . 116
4.2.3 The complexity function r(·) . . . . . . . . . . . . 117
4.2.4 The sparsity parameter ρ∗ . . . . . . . . . . . . . . 118
4.2.5 Theorem in the subgaussian setting . . . . . . . . 119
4.2.6 Theorem in the bounded setting . . . . . . . . . . 122

4.3 Application to logistic LASSO and logistic SLOPE . . . . 124
4.3.1 Logistic LASSO . . . . . . . . . . . . . . . . . . . 125
4.3.2 Logistic Slope . . . . . . . . . . . . . . . . . . . . . 127

4.4 Application to matrix completion via S1-regularization . . 130
4.4.1 General result . . . . . . . . . . . . . . . . . . . . . 130
4.4.2 Algorithm and Simulation Outlines . . . . . . . . . 134
4.4.3 1-bit matrix completion . . . . . . . . . . . . . . . 136
4.4.4 Quantile loss and median matrix completion . . . 141

4.5 Kernel methods via the hinge loss and a RKHS-norm reg-
ularization . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4.6 A review of the Bernstein and margin conditions . . . . . 152
4.6.1 Logistic loss . . . . . . . . . . . . . . . . . . . . . . 153
4.6.2 Hinge loss . . . . . . . . . . . . . . . . . . . . . . . 154
4.6.3 Quantile loss . . . . . . . . . . . . . . . . . . . . . 156

4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
4.8 Proof of Theorem 4.2 and Theorem 4.3 . . . . . . . . . . . 157

4.8.1 More general statements: Theorems 4.14 and 4.13 157
4.8.2 Proofs of Theorems 4.14 and 4.13 . . . . . . . . . . 159

4.9 Proof of Theorem 4.8 . . . . . . . . . . . . . . . . . . . . . 166
4.10 Proof of Theorem 4.10 . . . . . . . . . . . . . . . . . . . . 167
4.11 Proofs of Section 4.6 . . . . . . . . . . . . . . . . . . . . . 169

4.11.1 Proof of Section 4.6.1 . . . . . . . . . . . . . . . . 169
4.11.2 Proof of Section 4.6.3 . . . . . . . . . . . . . . . . 171

4.12 Technical lemmas . . . . . . . . . . . . . . . . . . . . . . . 172

5 Divide and conquer in ABC: Expectation-Progagation al-
gorithms for likelihood-free inference 173
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 174
5.2 EP algorithms . . . . . . . . . . . . . . . . . . . . . . . . 176

5.2.1 General presentation . . . . . . . . . . . . . . . . . 176

ix



Theoretical Study of some Statistical Procedures

5.2.2 Properties of exponential families . . . . . . . . . 177
5.2.3 Site update . . . . . . . . . . . . . . . . . . . . . . 178
5.2.4 Gaussian sites . . . . . . . . . . . . . . . . . . . . . 179
5.2.5 Order of site updates: sequential EP, parallel EP,

and block-parallel EP . . . . . . . . . . . . . . . . 180
5.2.6 Other practical considerations . . . . . . . . . . . . 182
5.2.7 Theoretical properties of EP . . . . . . . . . . . . 183

5.3 Applying EP in ABC . . . . . . . . . . . . . . . . . . . . . 184
5.3.1 Principle . . . . . . . . . . . . . . . . . . . . . . . 184
5.3.2 Practical considerations . . . . . . . . . . . . . . . 185
5.3.3 Speeding up parallel EP-ABC in the IID case . . . 186

5.4 Application to spatial extremes . . . . . . . . . . . . . . . 187
5.4.1 Background . . . . . . . . . . . . . . . . . . . . . . 187
5.4.2 Summary statistics . . . . . . . . . . . . . . . . . . 189
5.4.3 Numerical results on real data . . . . . . . . . . . 190
5.4.4 EP Convergence . . . . . . . . . . . . . . . . . . . 191

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 192

x



CHAPITRE 1. INTRODUCTION (IN FRENCH)

Chapitre 1

Introduction (in French)

1.1 Mise en perspective

La science des données (souvent appelée Data Science) a connu des
grands changements récemment, que ce soit au niveau du volume des
données disponibles, mais aussi du coté des capacités de traitement. Un
exemple marquant est le premier séquençage du génome humain qui a
été conclu en 2003. Quinze ans plus tard, le coût a été divisé par 105 et
ne prend plus que quelques heures. En 2007, la société Netflix a organisé
une compétition dont la dotation pour le vainqueur était de un million
de dollars. Le but était, étant données des notes d’utilisateurs concer-
nant des films, de prédire les notes futures. On voit ici le renversement
opéré : auparavant, il était fréquent de devoir calculer un effet moyen.
Les nouvelles données permettent maintenant d’individualiser les prédic-
tions ; pour cela, il faut bien sûr développer de nouveaux outils adaptés.

Les conséquences sur les statistiques en tant que discipline scientifique
ont été nombreuses. La régularisation est apparue comme une méthode
intéressante pour traiter les modèles en grande dimension. Comparative-
ment à d’autres techniques, elle a montré son intérêt tant pratique avec
des algorithmes rapides que théorique où les performances sont proches de
l’optimal. C’est un champ de recherche actif comme on peut le voir avec
l’introduction de nouvelles régularisations telle que le SLOPE en 2015.
Le cadre de la grande dimension se révèle aussi impropre aux résultats
asymptotiques ; il faut alors développer de nouveaux résultats non asymp-
totiques qui requièrent eux-mêmes de nouvelles techniques de preuve.
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En parallèle, l’augmentation de la puissance de calcul disponible a
permis le développement de nouvelles méthodes d’inférence pour des mo-
dèles qu’il était impossible d’utiliser auparavant. Cela est particulière-
ment pour la statistique bayésienne car elle demande souvent l’usage de
méthodes numériques pour calculer des estimateurs approchés. Les mé-
thodes de MCMC (Markov Chain Monte Carlo), popularisées dans les
années 1990, ont d’abord permis de traiter de un grand nombre de mo-
dèles. Récemment, les méthodes ABC (Approximate Bayesian Computa-
tion) permettent d’aborder une classe encore plus large de modèles mais
cela se fait au prix d’une utilisation encore plus intense de simulations.

Cette thèse s’inscrit pleinement dans ce mouvement : les deux pre-
miers chapitres abordent l’étude d’estimateurs pénalisés et le modèle par-
ticulier de la complétion de matrice. Le problème est apparu récemment
et il s’applique particulièrement bien à des données individuelles. Nous
essayons alors de faire une analyse la plus large possible : un estimateur
est proposé, nous étudions théoriquement ses propriétés puis nous déve-
loppons un algorithme pour enfin le tester sur des jeux de données réels.
Le troisième chapitre propose une méthode approchée ABC dans le cadre
bayésien qui est parallélisable. Elle est appliquée sur plusieurs modèles et
montre son aptitude à être à la fois rapide et efficace.

Comme la complétion de matrice est abordée dans la majorité des
chapitres, quelques rappels de l’état de l’art sont faits dans la section
suivante avant de passer à la description des trois chapitres constituant
le cœur de la thèse.

Notations utilisées dans ce chapitre :

— ∀n ∈ N∗, [n] = {1, . . . , n}.
— Rm1×m2 sera la notation utilisée pour les matrices réelles de taille

(m1,m2).
— Pour une matrice M ∈ Rm1×m2 , M> est sa transposée.
— emi représente le i-ème vecteur de la base canonique de Rm, espace

assimilé à Rm×1. On note alors Ei,j = em1
i em2>

i .
— Mi,· représente la i-ème ligne de la matrice M et M·,j représente

sa j-ème colonne.
— σ(M)k représente la k-ème valeur singulière de M .
— Pour p ≥ 1, on note ‖M‖Sp = (

∑min(m1,m2)
k=1 σ(M)pk)1/p la norme

Schatten-p de la matrice M . La norme Schatten-2 est aussi nom-
mée norme de Frobenius.

— la norme d’opérateur de la matrice M est la plus grande valeur

2
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singulière de M . Elle est notée ‖M‖S∞ .
— pour une matrice M , on note ‖M‖∞ le maximum des valeurs

absolues des entrées de M .
— sign(x) = 1{x > 0} − 1{x < 0}.
— On pose m = min(m1,m2) et M = max(m1,m2).

1.2 Comment compléter une matrice ?

1.2.1 Cadre général et complétion exacte
La complétion de matrice est le problème consistant à deviner les

entrées d’une matrice qui n’est que partiellement observée. Pour être
précis, le problème n’a pas été traité dans la chronologie présentée ici,
mais il semble que les travaux de Nathan Srebro avec d’autres auteurs
soient pionniers (voir entre autres [Srebro et al., 2005] et [Srebro and
Shraibman, 2005]). Ils utilisent la perte charnière (ou hinge loss) qui sera
présentée plus tard.

Sans aucune hypothèse, deviner les entrées manquantes est impos-
sible. En revanche, si la matrice a une certaine structure particulière,
le problème peut devenir faisable sous certaines conditions. L’hypothèse
souvent retenue et que nous utiliserons ensuite est que la matrice est de
faible rang. Cette hypothèse est assez naturelle dans beaucoup d’applica-
tions : si les lignes représentent des caractéristiques d’individus empilés
en colonne, le faible rang est obtenu quand les caractéristiques sont liées
entre elles. Cette hypothèse est d’ailleurs à la base de l’analyse en com-
posante principale 1.

Le faible rang : une hypothèse naturelle.

On peut ici donner un exemple qui permet de bien visualiser le pro-
blème et l’hypothèse de faible rang. Les données sont les notes données
par des utilisateurs à des films qu’ils ont regardés. Il y a un très grand
nombre de films et également un très grand nombre d’utilisateurs mais
toutes les notes ne sont pas connues : on peut donc représenter ces don-
nées comme une matrice incomplète où les lignes sont les utilisateurs et
les colonnes les films, voir le tableau 1.1.

1. Les données sont alors observées entièrement et on cherche juste une représen-
tation de faible rang

3
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Le Pulp Rain OSS117 Le Toy
Parrain Fiction Man Dictateur Story

Anna 5 2 . 5 . .
Pierre . 5 . . . 5
Vincent 1 . 3 5 . .
Sophie . . . . 3 3
Jérémy . 3 . 5 . .
Nicolas 5 . . 1 5 .

Tableau 1.1 – Représentation de notes de film sous forme d’une matrice
incomplète

S’il était possible de prédire les notes, on pourrait alors recommander
les films aux différents utilisateurs. On voit ici que les données indivi-
duelles, maintenant facilement accessibles dans plusieurs cas, permettent
de faire des prévisions individualisés alors que pendant longtemps, on ne
pouvait souvent que s’intéresser à la moyenne.

Le faible rang de la matrice sous-jacente s’analyse ici comme la simi-
larité entre les colonnes : certains individus sont proches entre eux et seul
un petit nombre de profils type existe. Cela peut facilement se voir en
faisant une décomposition en valeur singulière (Singular Values Decom-
position) de la matrice. Toute matrice M de taille m1 ×m2 et de rang r
peut se décomposer en un produit UΣV > où :

— U est de taille m1 × r et les colonnes sont orthonormées ;
— Σ est une matrice diagonale et les r coefficients strictement positifs

(σ(M)k)1≤k≤r sont les valeurs singulières ;
— V est de taille m2 × r et les colonnes sont orthonormées.

Finalement, avec cette décomposition, on a :

M =
r∑

k=1
σ(M)kU·,k(V·,k)>.

La matrice M se décompose en une somme de r matrices de rang 1.
Chaque entrée s’écrit donc :

Mi,j = Ui,·ΣV >j,· =
r∑

k=1
σ(M)kUi,kVj,k.

Intuitivement, la note de l’individu j pour le film i est la somme de r
composantes seulement, pondérées par les valeurs singulières σ(M)k. La
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décomposition en valeurs singulières de la matriceM est lié aux diagona-
lisations de MM> et de M>M : ces deux matrices partagent les mêmes
valeurs propres ; les vecteurs propres de ces matrices sont respectivement
les matrices U et V . Ces opérations sont à la base de l’analyse en com-
posantes principales (ACP), qui peut donc être vue comme une SVD de
la matrice des observations. Enfin, la SVD présentée ici est réduite et
peut être augmentée avec des valeurs singulières nulles et des vecteurs
singuliers associés.

Conditions pour une complétion exacte.

Une question qui a intéressé la communauté consiste en l’étude des
conditions permettant la complétion exacte. Ici, M sera une matrice car-
rée de taille m (le cas le plus difficile) de rang r ; on note UΣV > sa
décomposition en valeurs singulières. Les entrées observées sont repré-
sentées par n couples à valeur dans [m]× [m] ; ils constituent l’ensemble
Ω. À partir de la décomposition en valeurs singulières, on voit que M a
2mr−r2 degrés de liberté : la matrice Σ a r entrées non nulles, les vecteurs
singuliers à gauche ont (m− 1) + · · ·+ (m− r) = mr− r(r+ 1)/2 degrés
de liberté et autant pour les vecteurs à droite. Si n < 2mr− r2, plusieurs
matrices peuvent correspondre et il n’y a pas unicité de la solution.

On voit alors que 2mr−r2 est la borne minimale. La question naturelle
qui apparaît est alors de savoir quel est la taille de l’échantillon qu’il faut
quand les entrées sont tirées au hasard car cela doit être supérieur à
la borne inférieure. Il est naturel de considérer en première approche le
tirage uniforme : chaque échantillon de taille n parmi les m2 entrées est
équiprobable.

Par ailleurs, il est facile de voir que certaines matrices sont plus dif-
ficiles à reconstruire que d’autres. Par exemple, une matrice ayant des 0
partout sauf à quelques endroits est très difficile à reconstruire car on ne
sait pas où les entrées non nulles se trouvent. Pour la matrice

M = em
1 em>

m =


0 0 0 · · · 0 1
0 0 0 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · 0 0

 , (1.1)

l’entrée en haut à droite doit se trouver dans l’échantillon observé sinon
elle est impossible à deviner. Si les observations proviennent d’un tirage
uniforme, la probabilité est de n/m2, ce qui est usuellement faible car n
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est petit devantm2. Les conditions portent alors sur les vecteurs singuliers
de M , qui ne doivent pas être trop piquées et dont les entrées doivent
être bien réparties. La matrice de l’exemple (1.1) a des vecteurs singuliers
avec un seul 1 et des 0 sinon, ce qui correspond au cas compliqué.

La relaxation du rang.

Ceci n’est pas du jargon militaire, mais a trait au programme de
reconstruction. Intuitivement, il y a un très grand nombre de matrices
correspondant aux entrées observées. Pour en trouver une de faible rang,
le programme naturel est alors :

minimiser rang(X)
sous la contrainte ∀(i, j) ∈ Ω, Xi,j = Mi,j

(1.2)

La difficulté principale de ce programme est que la fonction à mini-
miser dans (1.2) n’est pas convexe. Une idée fondamentale est alors de
remplacer le rang par la norme nucléaire. La norme nucléaire, aussi ap-
pelée norme Schatten-1 est la somme des valeurs singulières de la matrice
M :

‖M‖S1
=

r∑
k=1

σ(M)k.

Comme une norme est convexe, le programme suivant :

minimiser ‖X‖S1
sous la contrainte ∀(i, j) ∈ Ω, Xi,j = Mi,j

(1.3)

est alors beaucoup plus simple à traiter. C’est d’ailleurs un programme
d’optimisation SDP (Semidefinite Programing). À notre connaissance, ce
programme est proposé pour la première fois par Fazel et al. [2001]. La
norme nucléaire a été ensuite largement adoptée pour plusieurs problèmes
similaires.

Nous avons maintenant tous les ingrédients pour énoncer les théo-
rèmes principaux de la complétion exacte.

Théorème 1.1 (Théorème 1.2 de [Candès and Tao, 2010]). Soit M une
matrice de taille m1 × m2, de rang r observant la strong incoherence
property 2 de paramètre µ et notons M = max(m1,m2). Supposons qu’on

2. la définition précise de cette condition est dans l’article. Le but est d’éliminer
les cas pathologiques comme celui présenté en (1.1).
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observe n entrées tirées au hasard selon une loi uniforme. Il existe alors
une constante absolue C telle que si :

n ≥ Cµ2 M r(logM)6,

alors M est l’unique solution du programme (1.3) avec une probabilité
plus grande que 1−n−3. Autrement dit : avec grande probabilité, la mini-
misation de la norme nucléaire permet de retrouver la matrice d’origine.

Ce résultat est une amélioration d’un article précédent [Candès and
Recht, 2012] qui a un résultat où le nombre minimal d’observations est
de l’ordre de M1.2 r logM pour permettre de reconstruire avec grande
probabilité la matrice. C’est un résultat important et surprenant : à un
terme logarithmique, il suffit ainsi de l’ordre de M r entrées connues pour
reconstruire toute la matrice, ce qui est bien plus que faible que M2 si
le rang est petit. On est ainsi proche du nombre minimal d’entrées à
connaitre dans le meilleur des cas pour un tirage aléatoire uniforme des
entrées.

1.2.2 Complétion en présence de bruit par moindres car-
rés

Le problème posé précédemment est assez particulier car l’aléatoire
ne se trouvait que dans le tirage des entrées observées. La question de
la reconstruction exacte peut paraître excessif dans le sens où, pour de
nombreuses applications, il est suffisant d’avoir une prévision ayant une
marge d’erreur faible. Deuxièmement, l’observation sans bruit est peu
réaliste. Dans le cas bruité, on se trouve alors dans un cadre plus classique
pour le statisticien où il y a un paramètre à estimer. Dans la suite, la
matrice à reconstruire sera de taille m1 ×m2.

Modèle de régression Trace.

Nous introduisons ici le modèle de régression trace, qui a un cadre plus
général que la complétion de matrice. On munit l’ensemble des matrices
réelles de taille m1 ×m2 du produit scalaire canonique :

〈A,B〉 = Tr(A>B) = Tr(B>A).

La norme associée est la norme de Frobenius, qui est aussi la norme
Schatten-2 :

‖A‖S2
=
√

Tr(A>A) =
√∑

i,j

A2
i,j .

7
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Le cadre statistique est alors le suivant : pour i ∈ {1, . . . , n}, on
observe Yi ∈ R et Xi ∈ Rm1×m2 suivant le modèle :

Yi = 〈M?, Xi〉+ σεi,

où M? est le paramètre à estimer et (εi) une suite indépendante et iden-
tiquement distribuée de bruit centré et réduit.

La complétion de matrice est alors un cas particulier où les matrices
de design (Xi) sont des matrices masque : elles sont nulles partout sauf
en une entrée qui vaut 1 ; elles sont donc à valeur dans :

X =
{
em1>
j em2

k , (j, k) ∈ [m1]× [m2]
}
.

Dans ce cas, si l’entrée (k, l) est non nulle donc si Xi = Ek,l, on a pour
toute matrice M : 〈M,Xi〉 = Mk,l.

L’estimateur couramment proposé est, pour λ ∈ R, l’estimateur des
moindres carrés pénalisés :

M̂ = arg min
M∈C

{
1
n

n∑
i=1

(Yi − 〈M,Xi〉)2 + λ ‖M‖S1

}
, (1.4)

où C est un sous-ensemble, habituellement convexe, de Rm1×m2 .
Plusieurs travaux se sont intéressés aux propriétés théoriques de cette

estimateur en fonction de différentes conditions sur le bruit, le design et
la matrice M?. Après les travaux [Bach, 2008], [Candès and Plan, 2010],
[Keshavan et al., 2010], [Rohde and Tsybakov, 2011] et [Negahban and
Wainwright, 2012] (entre autres), nous citerons ici un résultat de [Klopp,
2014] qui traite un cadre assez général.

Résultat principal de [Klopp, 2014].

Deux conditions portent sur le tirage des entrées. Il faut que les entrées
ainsi que les lignes et les colonnes aient toutes une probabilité pas trop
petite d’être tirées : on peut s’écarter du tirage uniforme mais sans aller
vers des cas trop extrêmes. Les matrices Xi sont tirées indépendamment
et selon la même loi Π dans X . Si on note πj,k la probabilité que Xi soit
égale à Ej,k, le théorème principal a besoin de deux conditions :
Hypothèse 1.1. Il existe une constante L > 1 telle que :

maxj (
∑m2
k=1 πj,k)

maxk
(∑m1

j=1 πj,k

) } ≤ L/m .

8
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Hypothèse 1.2. Il existe une constante µ ≥ 1 telle que, pour toute
localisation (j, k) :

πj,k ≥ (µm1m2)−1.

Dans le cas d’un tirage uniforme, on a L = µ = 1. La dernière hypo-
thèse se rapporte au bruit.

Hypothèse 1.3. Il existe K > 0 tel que :

max
i∈{1,...,n}

E exp (|εi| /K) <∞.

Il est alors possible d’énoncer le théorème principal.

Théorème 1.2 (théorème 7 de [Klopp, 2014]). Soit (Xi) un tirage i.i.d.
de loi Π sur X satisfaisant les hypothèses 1.1 et 1.2. Soit M? une matrice
réelle telle que ‖M‖∞ ≤ a et que le bruit satisfasse l’hypothèse 1.3. On
prend :

λ = Cσ

√
L log(m1 +m2)

nm
,

où C est une constante connue. On considère l’estimateur M̂ satisfaisant
(1.4) où C = {M : ‖M‖∞ ≤ a}. Il existe alors une constante c′ dépendant
uniquement de (K,σ,a, µ, L) telle que :∥∥∥M̂ −M?

∥∥∥2

S2

m1m2
≤ c′max

{
rang(M?)M log(m1 +m2)

n
,

√
log(m1 +m2)

n

}
.

Le parallèle avec le Lasso est clair. La norme nucléaire remplace la
norme `1, et est d’ailleurs la norme `1 appliquée aux valeurs singulières.
La taille du paramètre est de l’ordre de rM et la borne supérieure est de
l’ordre de rM /n à des termes logarithmiques près. Nous verrons dans le
chapitre 4 qu’un cadre unifié existe, en suivant des idées de [Lecué and
Mendelson, 2015a,b].

Différents résultats de bornes inférieures établissent une vitesse mi-
nimax de l’ordre de rM /n. La borne supérieure donnée précédemment
est donc optimale à un facteur logarithmique près. La dépendance du
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résultat au terme de bruit peut-être éliminée en considérant un autre es-
timateur similaire au square-root Lasso, en prenant la racine carrée du
terme d’ajustement. Cet estimateur est étudié dans le même article. En
pratique, on utilise la validation croisée pour ajuster λ. Dans un modèle
légèrement différent, la même auteure arrive à enlever le log et obtient la
vitesse minimax, voir [Klopp, 2015].

L’article [Koltchinskii et al., 2011] traite un cadre plus général de
régression trace et pas seulement avec des matrices masque. L’estimateur
proposé est alors un peu différent et si le tirage est non-uniforme, il doit
être connu.

1.2.3 Quelques algorithmes
Il nous semble important d’aborder ici le problème du calcul des esti-

mateurs même si ce n’est pas au cœur des travaux qui suivent. La fonction
à minimiser en (1.4) est convexe, ce qui est intéressant, mais il reste des
questions importantes. Nous allons commencer par rappeler deux proprié-
tés importantes de la norme nucléaire. Le sous-différentiel de la norme
nucléaire (voir [Watson, 1992]) en M dont la SVD est UΣV > est :

∂ ‖·‖S1
(M) =

{
UV > +W, ‖W‖S∞ ≤ 1, U>W = 0,WV = 0

}
.

Quand la matrice M est de faible rang, le sous-différentiel de la norme
nucléaire est grand car il y a beaucoup de possibilités pour W . Une fonc-
tion qui revient souvent est la fonction de seuillage doux des valeurs
singulières. On la définit par :

Sλ(M) = UDV > où D = diag ({(max(0, σk(M)− λ)}1≤k≤r) .

Comme pour les vecteurs, on a alors le résultat entre l’opérateur proxi-
mal de la norme nucléaire et le seuillage doux des valeurs singulières Sλ.

Proposition 1.1. Soit M une matrice de Rm1×m2 . Alors :

arg min
X

{
1
2 ‖X −M‖

2
S2

+ λ ‖X‖S1

}
3 Sλ(M).

Démonstration, en suivant [Recht et al., 2010]. On pose la fonction h,
définie pour toute matrice X par h(X) = 1

2 ‖X −M‖
2
S2

+ λ ‖X‖S1
. La
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fonction h est strictement convexe car somme de deux fonctions stricte-
ment convexes, donc le minimum est unique. X0 est le minimiseur de h
si :

0 ∈ ∂h(X0) =
{
X0 −M + λD : D ∈ ∂ ‖·‖S1

(X0)
}
.

On va montrer que la relation précédente est vraie pour X0 = Sλ(M). On
note U0, V0 les vecteurs singuliers associés aux valeurs singulières de M
supérieures à λ et U1, V1 pour les valeurs inférieures, Σ0 et Σ1 désignant
les deux matrices diagonales correspondantes. On a alors :

X0 = Sλ(M) = U0(Σ0 − λI)V >0 .

On pose alors, pour que tout marche bien :

W0 = λ−1U1Σ1V
>
1 .

On voit que
∥∥λ−1U1Σ1V

>
1
∥∥
S∞
≤ 1 car les entrées de Σ1 sont bornées par

λ. En outre, U>0 W0 = W0V0 = 0 car les vecteurs de U1 sont orthogonaux
à ceux de U0 et pareillement pour V1 et V0. Finalement, U0V

>
0 +W0 est

dans ∂ ‖·‖S1
(M0).

Après avoir exhibé un astucieux élément du sous-différentiel de la
norme nucléaire en X0, on peut maintenant conclure car :

X0 −M + λ
(
U0V

>
0 +W0

)
= 0.

La proposition 1.1 traite finalement un cas proche de la complétion de
matrice, qui peut plutôt se voir comme un problème de débruitage : toutes
les entrées sont observées et on cherche une représentation de faible rang
qui colle aux données 3. Cet opérateur proximal est à la base de beaucoup
d’algorithmes traitant la complétion de matrice, le premier d’une longue
liste étant [Cai et al., 2010]. L’opérateur proximal Sλ est aussi utilisé
dans les algorithmes de type ADMM (Alternating Direction Method of
Multipliers), qui sont aussi populaires en complétion de matrice.

Nous en proposons un (algorithme 1.1) qui suit [Boyd et al., 2011] dans
la forme réduite. Le but est de calculer le minimiseur sans la contrainte :

M̂ = arg min
M∈Rm1×m2

{
1
n

n∑
i=1

(Yi − 〈M,Xi〉)2 + λ ‖M‖S1

}
,
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Algorithme 1.1 Algorithme ADMM pour la complétion de matrice
Initialisation ε,M0, N0, U0, t = 0.
Tant que

∥∥U t − U t−1
∥∥
S2
> ε, faire :

1. t← t+ 1

2. M t ← arg minM
{

1
n

∑n

i=1(Yi − 〈M,Xi〉)2 + ρ
2

∥∥M −N t−1 + U t−1
∥∥
S2

}
3. N t ← arg minN

{
λ ‖N‖S1

+ ρ
2

∥∥M t −N + U t−1
∥∥
S2

}
4. U t ← U t−1 +M t −N t

Retourner M t.

en séparant le problème en deux parties identifiées par deux matrices M
et N dans l’algorithme.

Dans cet algorithm, la mise à jour de M se fait entrée par entrée et
est peut coûteuse. En revanche, la mise à jour de N implique une SVD
en utilisant l’opérateur proximal. Le problème de ces algorithmes est que
le calcul de la SVD est très coûteux, de l’ordre de Mm2. Différentes
méthodes sont alors apparues pour contourner le problème.

La première, et la plus simple, est de calculer une SVD approchée : on
ne calcule par exactement les valeurs et les vecteurs singuliers, en s’auto-
risant une certaine marge ; il existe des méthodes stochastiques rapides.
Dans le même genre d’idées, certains algorithmes autorisent le calcul des
N plus grandes valeurs propres, N étant fixé avant l’exécution de l’al-
gorithme. Comme Sλ ne requiert que le calcul des valeurs singulières
supérieures à λ, on peut fixer N petit et l’augmenter progressivement si
la plus petite valeur singulière est plus grande que λ. Cette méthode est
assez difficile à calibrer mais les routines calculant les N plus grandes
valeurs singulières sont implémentées en FORTRAN.

Un problème bi-convexe associé.

Les méthodes de SVD approchées ne sont pas très satisfaisantes car
elles sont très difficiles à calibrer. De plus, le besoin de mémoire est très
important car des matrices de tailles m1 × m2 sont stockées : on ne
profite pas de l’approximation de faible rang. On peut alors utiliser une

3. L’ACP correspondrait alors à l’opérateur de seuillage dur pour le même pro-
blème.
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caractérisation de la norme nucléaire utilisant une factorisation :

∀M ∈ Rm1×m2 , ‖M‖S1
= 1

2 min
LR>=M
L∈Rm1×m

R∈Rm1×m

{
‖L‖2S2

+ ‖R‖2S2

}
.

En utilisant la SVD de M = UΣV > et en posant L0 = UΣ1/2, R0 =
V Σ1/2, on a immédiatement ‖X‖S1

= ‖L0‖2S2
+ ‖R0‖2S2

. Pour montrer
l’autre sens de l’inégalité, on peut utiliser la caractérisation Semidefinite
Programming de la norme nucléaire. Par une double minimisation, on a
alors que l’estimateur (1.4) est alors identique à L̂R̂> où :

(L̂, R̂) = arg min
L∈Rm1×m

R∈Rm1×m

{
1
n

n∑
i=1

(Yi −
〈
LR>, Xi

〉
)2 + λ

2

[
‖L‖2S2

+ ‖R‖2S2

]}
.

Ce programme est beaucoup plus sympathique car il n’implique que
des termes quadratiques, facilement différentiables. De plus, le problème
est convexe en L et convexe en R (d’où le terme de biconvexe). Mal-
heureusement, il n’est pas convexe en le couple. Cela veut dire qu’il y
a potentiellement des minimums locaux. Pourtant, en pratique, il a été
popularisé par [Mazumder et al., 2010] et une version parallélisable se
trouve dans [Recht and Ré, 2013]. L’article théorique [Burer and Mon-
teiro, 2003] montre que le problème n’est pas si mal posé et qu’en fait,
le problème non convexe n’aurait qu’une solution unique. C’est donc une
piste prometteuse pour développer des algorithmes rapides.

1.2.4 La complétion de matrice binaire
Après le problème de complétion de matrice, où était utilisée ma-

joritairement la perte quadratique, les statisticiens se sont intéressés à
d’autres problèmes proches. Par exemple, on peut se poser la question de
la prédiction quand les entrées sont binaires. Cela arrive fréquemment sur
diverses plateformes internet où l’utilisateur a le choix entre deux choix
comme j’aime et je n’aime pas. Ce cas, qu’on peut appeler la classifica-
tion par rapport au problème de régression étudié précedemment appelle
de nouveaux outils. On labellisera les entrées observées par {−1,+1}.

Une modélisation courante pour traiter le cas de classification est
de postuler un modèle de régression généralisée. L’interprétation de ce
modèle est facilitée avec l’incorporation d’une variable latente Y ?i . Celle-
ci peut s’interpréter, dans le cas des films, comme une mesure continue du
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goût d’un utilisateur pour un film. L’observation est alors +1 si ce goût
est supérieur à un seuil, normalisé à 0, et −1 sinon. Mathématiquement
cela s’exprime comme :

Y ?i = 〈M?, Xi〉+ Zi,

où Zi a pour fonction de répartition F symétrique. On a alors :

Yi = 1{Y ?i ≥ 0} − 1{Y ?i < 0}.

On peut alors directement calculer la loi de Yi :

Yi =
{

+1 avec probabilité P(Zi ≥ −〈M?, Xi〉) = F (〈M?, Xi〉)
−1 avec probabilité P(Zi < −〈M?, Xi〉) = F (−〈M?, Xi〉)

(1.5)
La log vraisemblance normalisée, qui sera utilisée comme terme d’ajus-

tement, est :

L(M) = 1
n

n∑
i=1

logF (Yi 〈M,Xi〉).

Les choix usuels pour les fonctions F sont :
— la fonction logistique, F (x) = (1 + exp(−x))−1

— la fonction de répartition d’une loi normale centrée réduite, habi-
tuellement notée Φ.

Ce modèle a été étudié par plusieurs auteurs. Le premier travail [Da-
venport et al., 2014] pose le modèle de régression binaire. Le tirage des
entrées est uniforme 4 et l’estimateur proposé est solution du programme
suivant :

maximiser L(M)
sous la constrainte ‖M‖S1

≤ α√sm1m2 et ‖M‖∞ ≤ α.
(1.6)

Ici, s n’est pas le rang mais un paramètre très fortement relié à la
norme nucléaire. On voit d’ailleurs qu’il est nécessaire de connaître s pour
calculer l’estimateur. Les résultats obtenus dans le papier ne concernent
alors pas la reconstruction de matrices de faible rang mais des matrices
ayant une norme nucléaire bornée. Les conditions portant sur F sont
techniques et portent sur la régularité de la fonction. Le résultat portant
sur la reconstruction de M? est alors le suivant.

4. Formellement, c’est un modèle différent, similaire dans l’esprit de celui dans
[Klopp, 2015].
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Théorème 1.3 (théorème 1 de [Davenport et al., 2014]). Supposons
que ‖M?‖S1

≤ α
√
sm1m2 et ‖M?‖∞ ≤ α. Considérons les observations

générées suivant le modèle (1.5) avec un échantillonnage uniforme. Soit
l’estimateur M̂ calculé d’après (1.6). Alors, si n ≥ (m1 +m2) log(m1m2),
avec grande probabilité, on a :

1
m1m2

∥∥∥M̂ −M?
∥∥∥2

S2
≤ C

√
s(m1 +m2)

n
,

où C est une constante dépendant de F et α.

De prime abord, la vitesses est en racine carrée, ce qui semble plu-
tôt mauvais. Cela vient du fait que la classe de matrices considérée (les
matrices dont la norme nucléaire est bornée) est plus large que la classe
des matrices de faible rang. Dans cette classe, la vitesse est optimale
(nous la retrouverons d’ailleurs dans le chapitre 4). Le problème ici est
qu’on ne retrouve pas la sparsité induite par la régularisation de la norme
nucléaire.

Ce travail est fait dans une série d’articles [Lafond et al., 2014] [Klopp
et al., 2015]. Le lien entre la norme nucléaire et le rang est alors fait
et la vitesse est la vitesse obtenue pour la reconstruction avec la perte
quadratique.

On rappelle ici le théorème principal, en omettant les conditions tech-
niques sur la régularité de la fonction F . L’estimateur est alors l’esti-
mateur où la log-vraisemblance remplace le terme d’ajustement quadra-
tique :

M̂ = arg min
‖M‖∞<a

{
1
n

n∑
i=1

logF (Yi 〈M,Xi〉) + λ ‖M‖S1

}
(1.7)

Théorème 1.4 (Corollaire 2 de Klopp et al. [2015]). Prenons des obser-
vations (Xi, Yi)1≤i≤n i.i.d issues du modèle (1.5) et où (Xi) est un tirage
de loi Π sur X satisfaisant les hypothèses 1.1 et 1.2. Soit M? une matrice
réelle telle que ‖M?‖∞ ≤ a. On prend :

λ = Cσ

√
log(m1 +m2)

mn
,

où C est une constante connue dépendant de L et F . On considère l’es-
timateur M̂ satisfaisant (1.7). Il existe alors une constante c′ dépendant
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uniquement de (F,a, µ, L) telle que :∥∥∥M̂ −M?
∥∥∥2

S2

m1m2
≤ c′max

{
rang(M?)M log(m1 +m2)

n
,

√
log(m1 +m2)

n

}
,

avec probabilité plus grande que 1− 3/(m1 +m2).

On retrouve alors la vitesse usuelle de l’ordre rang(M?)M log(m1 +
m2)/n. Les auteurs exhibent une borne inférieure de l’ordre rang(M?)M /n,
qui rencontre donc la borne supérieure du risque de l’estimateur à un fac-
teur logarithmique près.

Un autre point de vue sur la complétion de matrice binaire.

Si ce résultat sur la reconstruction de M? est optimal, il postule le
modèle de régression binaire. Plus important, la reconstruction de M?

est-elle le critère le plus intéressant ? Dans le cadre de la classification,
on peut supposer que le plus important est de contrôler la proportion
de mauvaise prédiction. Formellement, pour un tirage Xi, le risque en
prévision 0/1 pour une matrice M est alors :

R0/1(M) = P[sign(〈M,Xi〉) 6= Yi] = E[1{sign(〈M,Xi〉) 6= Yi}]. (1.8)

Une étude intéressante et complète pour différentes fonctions de pertes
se trouve dans [Zhang, 2004] : cet article fait le lien entre le risque des
fonctions utilisées en pratique, qui sont habituellement des substituts
convexes de la perte 0/1 et le risque 0/1. Cet article montre que, si
la classification est presque optimale avec la perte logistique, cela ne
se transfère à la perte 0/1 qu’ à la puissance 1/2. Il est donc naturel
d’étudier d’autres fonctions de perte qui permettraient alors d’atteindre
des performances optimales pour le risque 0/1. C’est l’objet des chapitres
3 et 4.

1.3 Le cadre Bayésien - Complétion par perte
quadratique

On peut légitimement appeler le cadre de travail précédent fréquen-
tiste d’un point de vue statistique. Le cadre bayésien s’applique aussi à
ce problème mais on doit s’y attaquer légèrement différemment. Nous
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présentons ici le cadre appelé PAC-Bayésien plutôt que le cadre bayé-
sien habituel car c’est celui qui sera repris dans le chapitre 3. Les dif-
férences sont minimes et concernent plutôt la présentation du modèle.
Grossièrement, en notant θ le paramètre, l’estimation PAC-Bayésienne
se construit à partir d’une fonction de perte empirique (qui remplace la
log-vraisemblance), notée 5 r(θ), et une loi a priori sur θ, notée π(dθ). On
définit alors la loi pseudo a posteriori par :

ρ̂τ (dθ) = exp[−τr(θ)]∫
exp[−τr]dπ

π(dθ). (1.9)

Le nombre positif τ est appelé la température inverse et joue le rôle op-
posé à λ dans l’estimateur pénalisé (1.4). L’estimateur PAC-Bayésien est
alors calculé comme l’espérance par rapport à cette loi pseudo posterior :

θ̂τ =
∫
θρ̂τ (dθ).

Pour faire le parallèle avec les estimateurs proposés précédemment, la
loi a priori joue le rôle de régularisation en favorisant les paramètres là où
la loi est chargée. L’estimateur, plutôt qu’être ponctuel, est une moyenne
suivant la pseudo-loi a posteriori. La fonction de perte utilisée est, pour la
complétion de matrice usuelle, la fonction de perte quadratique : r(M) =
1/n

∑n
i=1(Yi − 〈Xi,M〉)2. Cela correspond à un bruit gaussien.

Une difficulté ici est de construire une loi a priori sur l’espace des
matrices qui favorise les matrices de faible rang. Pour cela et en suivant
les premiers articles bayésiens [Lim and Teh, 2007, Salakhutdinov and
Mnih, 2008], on utilise une factorisation en deux matrices. En effet, si
M est une matrice de rang inférieur à K ≤ m, il existe deux matrices
L ∈ Rm1×K et R ∈ Rm2×K telles que :

M = LR>.

Cette décomposition n’est pas unique. Si le rang r de M est stricte-
ment inférieur à K, les facteurs pourront avoir exactement r colonnes
non nulles. Inversement, les couples (L,R) permettent de générer n’im-
porte quelle matrice de rang inférieur à K. Le choix de K est à faire par
l’utilisateur en pratique, mais, pour la théorie, on peut prendre n’importe
quelle valeur et en particulier la plus générale qui est m. L’important est
que les résultats soient adaptatifs et qu’ils ne dépendent pas de K : c’est

5. la dépendance de r(θ) aux données est implicite ici.
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le cas des résultats suivants. Une grande valeur implique de stocker un
paramètre plus grand mais permet de reconstruire des matrices de rang
plus important. Dans la suite, on prend K = m même si en pratique, il
est usuel de prendre une valeur beaucoup plus petite.

Le faible rang sera, dans ce cadre, induit par la loi a priori qui doit
favoriser les colonnes entièrement nulles. Ces idées sont assez similaires
au Group-LASSO introduit par Yuan and Lin [2006] ; un modèle bayésien
est étudié dans [Kyung et al., 2010]. L’idée est alors de prendre une loi
a priori hiérarchique avec un paramètre additionnel γ = (γk)1≤k≤m. La
loi a priori sur les entrées de L et de R est une loi centrée en 0. La
dispersion, indexée par γk, va dépendre de la colonne : en effet, le but
est que la colonne entière soit nulle. Le modèle hiérarchique permet cette
souplesse en autorisant certaines colonnes à avoir une grande dispersion
et à d’autres d’avoir une très faible dispersion et donc en annulant presque
complètement la colonne en question. Formellement, voici la loi a priori
usuellement utilisée :

∀(i, k) ∈ [m1]× [m], Li,k|γk ∼
i.i.d
N (0, γk)

∀(j, k) ∈ [m2]× [m], Rj,k|γk ∼
i.i.d
N (0, γk)

∀k ∈ [m], γk ∼
i.i.d

πγ (1.10)

où πγ est une loi à valeur dans R+ qui sera précisée en temps utile.
Le modèle conjugué est obtenu en utilisant la loi inverse-gamma comme
habituellement pour la variance d’une loi normale.

Le paramètre finalement utilisé sera : θ = (L,R, γ) ∈ (Rm1×m) ×
(Rm2×m)× Rm. La matrice estimée sera alors :

M̂τ =
∫
LR>ρ̂τ (dθ).

On peut alors s’intéresser aux propriétés de cette matrice en la com-
parant à l’oracleM?. Ce sera une approche machine learning dans le sens
où on ne suppose pas un modèle statistique. Ensuite, nous étudierons le
problème du calcul de θ̂τ : en effet, la loi a posteriori n’a pas de for-
mule explicite, comme fréquemment en bayésien quand le modèle est un
peu complexe. On verra alors deux méthodes pour approcher l’estimateur
bayésien.
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1.3.1 Garanties théoriques d’un estimateur bayésien
The Tien Mai et Pierre Alquier ont étudié les propriétés de l’estima-

teur PAC-bayésien dans [Mai and Alquier, 2015]. Nous présentons ici leur
principal résultat. On fait l’hypothèse que les données ont été générées
suivant le modèle suivant :

Yi = 〈M?, Xi〉+ εi, (1.11)

où (εi)1≤i≤n est séquence i.i.d. de bruit centré et les (Xi)1≤i≤n sont i.i.d.
à valeur dans X suivant la loi Π. La connaissance de la distribution du
bruit n’est pas nécessaire ici. Le but est alors de contrôler l’écart entreM?

et M̂τ . Les auteurs pour cela regardent la norme de Frobenius pondérée :

R(M) = ‖M −M?‖2S2,Π =
∑
j,k

πj,k(M −M?)2
j,k = E[〈Xi,M −M?〉2].

On ne fait pas ici d’hypothèse sur le tirage des entrées observées c’est à
dire sur la loi Π. Si l’hypothèse 1.2 est vérifiée pour un certain µ ≥ 1,
donc si chaque entrée a une probabilité minorée d’être choisie, on a alors
l’inégalité reliant les deux normes :

‖M −M?‖2S2,Π ≥
1
µ

1
m1m2

‖M −M?‖2S2
.

Pour des raisons techniques, la loi a priori sur les entrées de L et de R
doit être bornée : les auteurs utilisent alors une loi très simple, uniformes
en fonction de l’activation ou non de la colonne (on fixe δ � κ) :

Li,k, Rj,k|γk ∼

{
U[−δ,δ] si γk = 1
U[−κ,κ] si γk = 0

La loi a priori sur le vecteur γ est elle aussi simple :

γ = (1, . . . , 1︸ ︷︷ ︸
k fois

, 0, . . . , 0︸ ︷︷ ︸
m−k fois

) avec probabilité β
k−1(1− β)
1− βm

.

On a enfin besoin d’une hypothèse sur le bruit, qui doit être sous-exponentiel
et qui est donc similaire à l’hypothèse nécessaire au théorème 1.2.

On peut maintenant énoncer le théorème en introduisant l’ensemble
M(k), sous-ensemble de matrices de rang au plus k (α est un réel positif) :

M(k) =
{
LR>, (L,R) ∈ Rm1×k × Rm2×k, (‖L‖∞ , ‖R‖∞) ≤ α/m

}
.
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Théorème 1.5 (Théorème 1 de [Mai and Alquier, 2015]). Supposons
qu’on observe (Xi, Yi)1≤i≤n suivant (1.11) et que l’hypothèse 1.3 soit sa-
tisfaite. Supposons que ‖M?‖∞ ≤ a. Prenons τ = n/2C, δ, κ étant aussi
fixés. Alors, pour tout ε ∈]0, 1[, dès que n > M, on a avec probabilité
supérieure à 1− ε :∥∥∥M̂τ −M?

∥∥∥
S2,Π

≤ min
k∈[m]

{
3 inf
M∈M(k)

‖M −M?‖S2,Π

+C2
(m1 +m2)k logm

n
+
C3 log 2

ε

n

}
,

où C,C2, C3 sont des constantes connues dépendant de L, β et du bruit.
Contrairement aux résultats fréquentistes, c’est une inégalité oracle

dans le sens où elle ne demande pas que la matrice M? soit de faible
rang. Ainsi, si la matrice est de plein rang mais peut être bien appro-
chée par une matrice de faible rang (typiquement le cas quand les valeurs
singulières décroissent rapidement), alors la vitesse de convergence est
la meilleure possible en faisant l’arbitrage entre biais et variance. Cette
vitesse est optimale à un logarithme près. De plus, les conditions sur le
tirage sont minimales et permettent facilement de faire les hypothèses
nécessaires pour une reconstruction suivant la norme de Frobenius. La
question du calcul de l’estimateur reste en revanche ouverte. La première
méthode expliquée plus loin, le MCMC, a été mise en œuvre dans l’ar-
ticle et cela fonctionne bien sur des simulations. En revanche, c’est une
méthode relativement lente pour un paramètre de grande taille. Nous
verrons alors une seconde méthode approchée plus rapide.

1.3.2 Calcul de l’estimateur bayésien : MCMC
La méthode la plus courante à l’heure actuelle pour calculer une valeur

approchée de l’estimateur bayésien est d’utiliser une méthode de MCMC
(Markov Chain Monte Carlo). L’idée est d’effectuer un grand nombre de
tirage suivant une chaîne de Markov dont la loi invariante est la loi a
posteriori. Si on note (θt)1≤t≤T l’échantillon de taille T tiré, l’estimateur
bayésien sera approché par :

θ̃T = 1
T

T∑
t=1

θt.

Si la chaîne construite a les bonnes propriétés, le théorème ergodique
permet d’affirmer que θ̃T tend vers θ̂τ quand T tend vers +∞. Le lecteur
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intéressé pourra se référer à [Robert and Casella, 2005] pour une longue
et complète introduction aux méthodes MCMC.

Parmi les nombreuses méthodes qui existent, le modèle de complétion
de matrice tel que présenté ici est assez facile à traiter car le bruit est
gaussien et la loi a priori sur les facteurs L et R aussi. Les lois condi-
tionnelles s’expriment donc facilement (en choisissant πγ judicieusement
également) et il est assez facile de construire un Gibbs Sampler (ou échan-
tillonneur de Gibbs en français) : cela est fait, avec quelques adaptations
mineures, dans l’article [Salakhutdinov and Mnih, 2008]. Le modèle est
appliqué aux données du prix Netflix et a de bonnes performances en pré-
dictions. Néanmoins, vu la taille des données et de la matrice à compléter
(donc le paramètre), cette méthode qui est très intensive en calcul, touche
ses limites. De plus, les garanties théoriques concernant la méthode d’ap-
proximation sont très complexes à obtenir. On présente donc maintenant
une méthode de calcul approchée qui est beaucoup plus rapide.

1.3.3 Calcul de l’estimateur : Approximation variation-
nelle

Il est courant en mathématiques, quand une quantité est difficile à
calculer, de chercher une approximation. Cette idée est à la base des ap-
proximations variationnelles bayésiennes (dénommées plus tard en VB)
où la loi a posteriori ρ̂τ est approchée par une fonction dont il est plus
facile de calculer l’espérance (pour une bonne entrée en matière, le lec-
teur est invité à se référer à [Bishop, 2006], chapitre 10 ; la méthode
est populaire au point d’avoir été présentée dans un tutorial à NIPS en
2016). Pour définir une approximation, il faut une mesure de dissimilarité
entre les objets et une famille d’approximation. Pour la dissimilarité, on
prendra ici la divergence de Kullback-Leibler bien que d’autres fonctions
soient possibles. Si µ est une mesure dominée par ν, on définit alors la
divergence de Kullback-Leibler K(µ, ν) par :

K(µ, ν) =
∫

log dµ
dν
dµ.

Étant donné une famille d’approximation F , on cherche alors :

ρ̃τ = arg min
ρ∈F

K(ρ, ρ̂τ ). (1.12)

L’estimateur approché (qui dépend donc de la famille choisie F) sera
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alors la moyenne par rapport à la loi approché :

θ̃τ =
∫
θρ̃τ (dθ).

La famille F doit être petite pour que le minimiseur soit facile à cal-
culer (et accessoirement l’espérance par rapport à cette mesure) mais en
même temps doit être suffisamment grande pour que l’approximation soit
de bonne qualité. L’intérêt d’une telle méthode est qu’elle est habituelle-
ment beaucoup plus rapide que les méthodes MCMC. Inversement, si la
précision de l’estimation par MCMC peut s’améliorer en augmentant la
taille de l’échantillon, l’approximation variationnelle dépend de la famille
F et il peut être difficile de l’améliorer tout en gardant un programme
faisable. Dans la suite, on ne traitera que le cas où les mesures ont une
densité par rapport à une mesure de référence.

Une première famille populaire dans la littérature est la famille des
lois indépendantes (cette méthodologie est appelée Mean Field dans la
littérature). On se donne un découpage de θ en blocs (θi)i∈[N ] et on pose
alors :

FMF =
{
q : q(θ) =

N∏
i=1

qi(θi)
}
.

Intuitivement, la distribution jointe ρ̂τ est approchée par une loi ayant des
composantes indépendantes. Le graphique 1.1 montre l’approximation
d’une loi normale bivariée (aux composantes volontairement corrélées)
par une loi normale dont les composantes sont indépendantes. De part la
forme factorisée des éléments de F , il vient alors que q̃ est un point fixe
satisfaisant :

∀i ∈ [N ], qi(θi) ∝ exp

∫ {−τr(θ) + log π(θ)}
∏
j 6=i

qj(θj)dθj

 .

Si la loi a priori est choisie de façon appropriée, les mesures qj sont alors
paramétriques et l’optimisation revient à chercher un point fixe sur un
paramètre de dimension finie.

Une autre possibilité est une famille paramétrique. On pose alors :
FP = {fm : m ∈M} ,

oùM est de dimension finie. Pour calculer pratiquement l’élément opti-
mal, on va utiliser l’identité suivante :

ρ̃τ = arg min
ρ∈F

K(ρ, ρ̂τ ) = arg min
ρ∈F

{∫
τr(θ)ρ(dθ) +K(ρ, π)

}
. (1.13)
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Graphique 1.1 – Exemple d’approximation variationnelle d’une loi nor-
male ayant un coefficient de corrélation de 0.85 par des composantes
indépendantes.

Le membre de droite de (1.13) peut être alors facile à calculer, ou alors
être lui-même borné par une quantité qui sera aisément optimisable. Le
lecteur est renvoyé à l’article [Alquier et al., 2016] pour une explication
détaillée. Cet article donne en plus une méthode pour calculer des bornes
sur le risque de l’estimateur obtenu. Des idées similaires seront utilisées
dans le chapitre 3.

Le modèle de complétion de matrice avec la perte quadratique a été
traité par cette méthode sous une approche de type mean-field par Lim
and Teh [2007]. Comme toutes les lois sont bien choisies, les calculs sont
explicites et l’algorithme est alors directement construit. Il s’avère qu’il
converge rapidement même pour un grand jeu de données. Le problème
ici est qu’on n’a pas de garanties de convergence de l’algorithme ni de
garanties sur l’estimateur obtenu : il est en effet différent de l’estimateur
bayésien classique. Dans le chapitre 3, nous développons un estimateur
variationnel pour la complétion de matrice binaire et nous obtenons ses
propriétés théoriques.
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1.4 Résumé (substantiel) des chapitres
1.4.1 Chapitre 3 : 1-bit Matrix Completion : PAC-Bayesian

Analysis of a Variational Approximation
Ce chapitre propose un estimateur pour la complétion de matrice

binaire (où les entrées observées sont dans {−1,+1}. Les travaux pré-
cédents à l’aide d’un modèle de régression généralisé de type Logit ne
sont pas complètement concluants car ils s’intéressent à la reconstruction
de la matrice de paramètre et non au risque en prédiction. Les observa-
tions étant n couples i.i.d (Xi, Yi) ∈ X × {−1,+1}, le but est de trouver
un estimateur dont le risque 0/1 s’approche du risque minimum, qui est
minimisé par MB (le prédicteur de Bayes) : MB

i,j = signE(Y |X = Ei,j).

Estimateur et résultats théoriques.

La première étape est la construction de l’estimateur. On commence
par définir grâce à la perte charnière (plus connue sous son appelation
anglo-saxonne de hinge loss), le risque empirique pour une matrice M ∈
Rm1×m2 :

∀M ∈ Rm1×m2 , rh(M) = 1
n

n∑
i=1

max(0, 1− Yi 〈M,Xi〉).

Nous utilisons la loi a priori définie par (1.10) comme loi favorisant
les matrices de faible rang avec l’ajout d’un paramètre. Le paramètre
final est donc θ = (L,R, γ). La loi pseudo a posteriori est alors définie
par (1.9). Comme il est extrêmement coûteux pour ce problème d’utiliser
une méthode MCMC pour approcher la loi, nous utilisons une approxi-
mation variationnelle similaire à (1.12) pour une famille paramétrique
FP finement choisie. La borne

∀fm ∈ FP ,
∫
τrh(θ)fm(dθ) +K(fm, π) = L(m)

n’est pas calculable explicitement en fonction des paramètres m car la
matrice M est factorisée. Nous utilisons ici une majoration de la borne

L(m) ≤ AV B(m)

qui a, elle, une forme explicite. La loi qui sera utilisée finalement est la
loi dont le paramètre minimise cette borne f

m̂
: m̂ = minm∈MAV B(m)
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et l’estimateur est défini par :

M̂ =
∫
LR>f

m̂
(dθ).

Nous pouvons travailler sur les propriétés théoriques de cet estima-
teur, dans l’esprit de l’article [Alquier et al., 2016]. Nous trouvons une
borne empirique, dans le sens où elle est calculable sur les données, et
une borne théorique. Celle-ci nécessite une hypothèse de marge, ce qui est
classique pour les problèmes de classification. Ces deux bornes portent
sur le risque de classification R0/1 définie par (1.8). On rappelle ici le
théorème 2, qui est la borne théorique. On note R = infM R0/1(M).

Théorème 1.6 (Théorème 2 du chapitre 3). Supposons que l’hypothèse
de marge soit satisfaite pour un C > 0. Alors, pour tout ε, s ∈]0, 1[, pour
λ = sn/C, on a l’inégalité suivante avec probabilité au moins 1− ε :∫
R0/1dfm̂ ≤ 2(1+3s)R+C

(
rang(MB)M(logn+ L(MB)) + log 1/ε

n

)
,

où L est une fonction déterministe et C est une constante dépendant des
constantes connues et de la loi a priori sur γ.

Par rapport aux résultats précédents comme celui du théorème 1.4,
ce résultat permet de comparer le risque 0/1 intégré de l’estimateur au
meilleur risque possible. La limite de ce résultat est que, théoriquement,
le facteur 2 ne montre pas la consistance de notre estimateur en toute
géénralité. Un cas particulier régulièrement étudié est le cas sans bruit.
Dans ce cas, l’estimateur est consistant et la vitesse est minimax à un
terme logarithmique près.

Utilisation en pratique.

La quantité AV B(m) n’est pas convexe en m car la matrice M est
factorisée en un produit LR>. Néanmoins, elle est biconvexe dans le sens
où elle est convexe en L et en R. Nous proposons alors un algorithme
d’optimisation coordonnées par coordonnées où, pour les coordonnées
où les minimums ne sont pas explicites, l’étape est remplacée par une
descente de sous-gradient.

Cela nous permet alors de tester l’estimateur sur des données simulées
dans un premier temps. Plusieurs scénarios sont testés : observations
suivant le modèle logistique ou non, matrice de Bayes de faible rang ou
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non. En sortant du modèle logistique, on voit que l’estimateur proposé
fait mieux que celui provenant de la régression généralisée. Par exemple,
sur le graphique 1.2, pour la reconstruction d’une matrice de rang 3,
les performances sont bien meilleures pour des valeurs médianes. Les
différents algorithmes sont enfin testés sur la base de données MovieLens
et montrent leurs capacités à être appliqués sur de grandes bases de
données.
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Graphique 1.2 – Risque 0/1 pour la reconstruction d’une matrice de rang
3 (taille 200 par 200) en fonction de l’ampleur du bruit switch (avec
probabilité p la valeur observée est l’opposé de la vraie valeur).

Approximation variationnelle pour le modèle logistique.

Ce chapitre est aussi l’occasion de développer l’approximation varia-
tionnelle pour le modèle logistique. Le modèle de complétion usuel avec
un bruit gaussien a vu son approximation variationnelle développée dans
[Lim and Teh, 2007]. Ici, il faut utiliser une double approximation. Nous
pouvons aussi proposer des lois a priori différentes pour γ. Les approxi-
mations variationnelles sont alors trouvées en utilisant la famille de loi
inverse gaussienne généralisée.

1.4.2 Chapitre 4 : Estimation bounds and sharp oracle in-
equalities of regularized procedures with Lipschitz
loss functions

Ce chapitre apporte un autre éclairage sur le problème de complétion
de matrice binaire, mais permet aussi de traiter d’autres problèmes. Il
s’intéresse en effet aux propriétés du minimiseur du risque empirique
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régularisé quand la fonction de perte utilisée est lipschitzienne. Si on
note `(f(x), y) la perte pour une prédiction par f en (x, y), cette propriété
s’exprime par :

∀(x, y),∀(f1, f2), |`(f1(x), y)− `(f2(x), y)| ≤ |f1(x)− f2(x)| .

Ce caractère lipschitzien s’applique par exemple aux fonctions de
perte suivantes :

— perte pour la régression quantile de paramètre τ ∈ (0, 1) : `(y′, y) =
τ max(0, y − y′) + (1− τ) max(0, y′ − y) pour y′, y ∈ R

— perte logistique : `(y′, y) = log(1 + exp(−yy′)) pour (y, y′) ∈
{−1,+1} × R

— perte charnière : `(y′, y) = max(0, 1−yy′) pour (y, y′) ∈ {−1,+1}×
R

On note (Xi, Yi)ni=1 les observations. En munissant l’espace des pré-
dicteurs F d’une norme, l’estimateur que l’on considèrera est :

f̂ = arg min
f∈F

{
1
n

n∑
i=1

`(f(xi), yi) + λ ‖f‖

}
.

Si le minimiseur du risque empirique régularisé a été beaucoup étudié
pour la perte des moindres carrés, les analyses sont plus réduites pour une
fonction de perte lipschitzienne. Pourtant, cette caractéristique est très
courante dans le cadre de la classification (pour yi ∈ {−1,+1}) avec les
fonctions de perte logistique et charnière. La régression quantile recouvre
la perte `1, qui est une version robuste des moindres carrés, mais permet
aussi de traiter n’importe quel quantile entre 0 et 1.

Résultats théoriques.

Les résultats théoriques sont développés dans deux cadres en fonction
des hypothèses à faire sur X et F : le cadre sous-gaussien et le cadre
borné. Comme les résultats sont généraux, ils dépendent de quantités
dépendant essentiellement de (F , ‖·‖). On note l’oracle f? et l’excès de
risque de f ∈ F par E(f) où :

f? = arg min
f∈F

E[`(f(X), Y )], E(f) = E[`(f(X), Y )]− E[`(f?(X), Y )].

Nous esquissons ici le résumé de la stratégie à adopter pour calculer
effectivement les bornes non asymptotiques. Les définitions formelles des
quantités se trouvent dans le chapitre.
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1. Trouver les paramètres de Bernstein (κ,A) associé à la perte ` et
la famille F .

2. Calculer la fonction de complexité

r(ρ) =
[
Aρcomp(B)√

n

]1/2κ
,

où comp(B) dépend du cadre (sous-gaussien ou borné) et de la
boule unité B = {f : ‖f‖ ≤ 1}.

3. Après le calcul du sous-différentiel de la norme ∂ ‖·‖ (f?), il faut ré-
soudre l’équation de sparsité. C’est à cet endroit que la parcimonie
de l’oracle peut jouer un rôle. ρ? est alors le rayon satisfaisant :

∆(ρ?) = 4ρ?/5.

4. On peut maintenant appliquer les théorèmes en fonction du cadre.
On alors, avec grande probabilité :∥∥∥f̂ − f?∥∥∥ ≤ ρ?, (E[f̂(X)− f?(X)]2)1/2 ≤ r(2ρ?),

E(f̂) ≤ C[r(2ρ?)]2κ.

Ces résultats sont obtenus sans hypothèse sur Y , ce qui montre la ro-
bustesse des fonctions de perte lipschitziennes. Nous pouvons alors appli-
quer ces résultats à deux cadres, la régression logistique et la complétion
de matrice, en calculant les quantités nécessaires. Dans le chapitre, un
autre exemple sur les RKHS est aussi développé.

Application à la régression logistique.

Les résultats connus de régression logistique pénalisée utilisent géné-
ralement la norme `1 sur les vecteurs. La norme SLOPE, introduite par
[Bogdan et al., 2015], permet d’atteindre une vitesse minimax pour la
régression aux moindres carrés pénalisés mais n’avait encore jamais été
étudiée avec la perte logistique. On la définit, pour t ∈ Rp par

‖t‖SLOPE =
p∑
j=1

√
log(ep/j)t(j),

où les t(j) sont un arrangement décroissant des (|tj |). Les observations
(Xi, Yi) sont à valeur dans {−1,+1} × Rp et l’estimateur considéré est
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alors :

t̂ = arg min
t∈Rp

{
1
n

n∑
i=1

log(1 + exp(−Yi 〈t,Xi〉) + c√
n
‖t‖SLOPE

}
.

Dans le cadre sous-gaussien, qu’on considère ici, comp(B) est de
l’ordre d’une constante. La constante de Bernstein κ vaut 1. Comme la
norme SLOPE a un grand sous-différentiel quand des coordonnées sont
nulles, la solution de l’équation de sparsité donne ρ? = c s√

n
log ep

s où s

est le nombre de coordonnées non nulles de t?. Finalement, avec grande
probabilité, on a :

Elogistic(t̂) ≤ cs log ep/s
n

Ce résultat améliore les résultats connus utilisant la norme `1 : l’excès
de risque était contrôlé par une borne de l’ordre s log p/n. Quand s est
plutôt grand, de l’ordre d’une fraction de p, le résultat obtenu avec la
norme SLOPE est meilleur. Par ailleurs, le même genre de résultats peut
être calculé pour la perte régression quantile.

Application à la complétion de matrice.

Cette partie illustre le cadre borné, et permet d’avoir des résultats
nouveaux pour la complétion de matrice. Les prédicteurs sont les matrices
M de taille m1 × m2 où les entrées sont bornées par a. Les variables
Xi sont à valeur dans X , l’ensemble des matrices masque. La norme de
régularisation utilisée est la norme nucléaire. Les résultats ici ne sont
écrits que pour κ = 1 soit la vitesse rapide, les résultats généraux sont
dans le chapitre. On considère alors l’estimateur suivant :

M̂ = arg min
M :‖M‖∞≤a

{
1
n

n∑
i=1

`(〈M,Xi〉 , Yi) + λ ‖M‖S1

}
. (1.14)

Le paramètre de complexité est :

r(ρ) = c

[
ρ

√
log(m1 +m2)

nm

]1/2

.

La norme nucléaire a un sous-différentiel grand quand la matrice est
de faible rang. Si la matrice oracle est de rang s, l’équation de sparsité
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est vérifiée par :

ρ? = csm1m2

(
log(m1 +m2)

nm

) 1
2

Finalement, avec grande probabilité, M̂ satisfaisant (1.14) est telle
que :

1
m1m2

∥∥∥M̂ −M?
∥∥∥2

S2
≤ csM log(m1 +m2)

n

E(M̂) ≤ csM log(m1 +m2)
n

Ce résultat est intéressant car il permet non seulement d’avoir un
résultat sur la reconstruction de M? tel que souvent recherché dans la
complétion de matrice, mais aussi de contrôler l’excès de risque. Il est
possible d’appliquer ce résultat à plusieurs fonctions de pertes.

Complétion de matrice binaire.

En complétion de matrice binaire (quand Yi est à valeur dans {−1,+1}),
on peut utiliser la perte logistique ou la perte charnière. Avec la perte
logistique, κ vaut 1 et on retrouve alors le résultat de [Klopp et al., 2015],
mais on obtient aussi une borne sur le risque logistique de M̂ . À l’aide
du résultat de [Zhang, 2004], le risque 0/1 de M̂ est alors majoré avec
grande probabilité par

√
sM log(m1 +m2)/n.

Il est alors utile de considérer la perte charnière. Le paramètre de
Bernstein vaut 1 en faisant l’hypothèse que M? n’a pas d’entrées trop
proches de 0. Avec cette hypothèse, l’estimateur (1.14) a comme pro-
priété qu’avec grande probabilité, l’excès de risque charnière est borné
par sM log(m1 + m2)/n. L’excès de risque 0/1 est alors contrôlé par la
même quantité et est bien meilleur que tous les résultats connus.

Le chapitre présente aussi des bornes inférieures ainsi qu’un ensemble
de simulations. Nous proposons un algorithme de type Alternating Di-
rection Method of Multipliers pour calculer M̂ qui est proche de l’algo-
rithme 1.1. Nous le testons sur les données de MovieLens. Les notebooks
se trouvent à l’adresse http ://sites.google.com/site/vincentcottet/code.

Complétion de matrice à l’aide de la perte régression quantile.

Cette fonction de perte est rarement utilisé en complétion de matrice
alors qu’elle peut avoir plusieurs utilités. Pour τ = 1/2, la fonction de
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perte correspond à la valeur absolue : c’est une fonction de perte qui est
beaucoup plus robuste aux valeurs aberrantes que la perte quadratique
(de la même façon que la médiane n’est pas impactée alors que la moyenne
l’est). Pour d’autres valeurs de τ , cela permet de contrôler des quantiles
de la même façon que les régressions quantiles.

Le paramètre de Bernstein κ vaut 1 dès que le bruit a une densité
par rapporte à la mesure de Lebesgue qui est bornée inférieurement sur
un domaine suffisament large (cela est facilement calculable pour des
lois telles que normale, Student et même Cauchy). Les résultats sont
alors immédiats en appliquant le théorème principal. Pour τ = 1/2, si le
bruit est centré, la matrice à reconstruire est la même que pour la perte
quadratique. La reconstruction en norme de Frobenius est immédiat et
la vitesse est la même que celle de [Klopp, 2014] ou de [Mai and Alquier,
2015] et est optimale à un terme logarithmique près. L’avantage est que
les hypothèses sur le bruit sont beaucoup plus larges (le bruit pour la
perte quadratique doit être sous-exponentiel).

Nous testons alors ce caractère robuste grâce à plusieurs scénarios.
L’un d’entre eux concerne la présence de points aberrants. Nous partons
d’une matrice de rang 3 de taille 200×200 et augmentons la proportion de
points aberrants. Les performance de l’estimateur utilisant les moindres
carrés se dégradent rapidement et pour une proportion supérieure à 10%,
la matrice estimée est nulle partout. Inversement, l’estimateur de la mé-
diane (τ = 1/2) voit ses performances baisser très légèrement au début
puis rester stable jusqu’à un niveau massif de points aberrants (30%).
Dans le même ordre d’idée, l’ampleur des points aberrants n’a que peu
d’impact sur l’estimateur de la médiane comme on peut le voir sur le
graphique 1.3.

1.4.3 Chapitre 5 : Divide and Conquer in ABC : Expectation-
Propagation algorithms for likelihood-free inference

Les deux chapitres précédents traitent des problèmes de grande di-
mension : le paramètre est très grand et on en cherche un modèle parci-
monieux qui colle aux données. Les méthodes ABC, Approximate Baye-
sian Computation, se sont développées grâce à la puissance informatique
maintenant disponible et permettent d’aborder des problèmes nouveaux.
Elles visent à faire de l’inférence bayésienne pour des modèles dont la
vraisemblance n’est pas explicite ou qui est trop coûteuse à calculer. Cela
provient souvent de la constante de normalisation de la vraisemblance,
qui dépend de θ, est inaccessible. Ces modèles apparaissent fréquemment
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Graphique 1.3 – Reconstruction en norme `1 d’une matrice de faible rang.
L’ampleur des 10 % des valeurs aberrantes augmente de 0 à 30.

en biologie, en neuroscience ou dans des modèles spatiaux. Tout ce qui est
requis pour l’algorithme ABC est de pouvoir simuler suivant le modèle :
l’évaluation de la vraisemblance n’est pas nécessaire.

Le chapitre présenté ici est une extension de [Barthelmé and Chopin,
2014]. Nous allons commencer par présenter la méthode ABC puis nous
expliquerons l’approximation EP pour aboutir à la description de l’algo-
rithme finalement proposé. Nous exposerons enfin l’exemple illustratif.

L’algorithme ABC.

L’algorithme ABC de base est très simple et paraît tout à fait natu-
rel. On se donne une loi a priori p(θ), une vraisemblance p(x|θ) et des
observations x? provenant de ce modèle. Il faut alors se fixer une distance
entre les données observées et simulées d(x?, x) et un seuil ε > 0. L’al-
gorithme est de répéter les étapes suivantes tant qu’on n’a pas assez de
valeurs acceptées :

1. tirer θ ∼ p(θ)
2. tirer des données suivant la vraisemblance x ∼ p(x|θ)
3. accepter θ si d(x?, x) ≤ ε.
Finalement, les valeurs acceptées constituent un échantillon de la loi :

pε(θ|x?) ∝ p(θ)
∫
p(x|θ)1{d(x,x?)≤ε}dx.

Une limitation importante de cette méthode est de devoir choisir une
distance d. S’il est possible de prendre d(x?, x) = ‖s(x?)− s(x)‖ où s

32



CHAPITRE 1. INTRODUCTION (IN FRENCH)

est une statistique exhaustive, alors l’approximation tendra vers la loi a
posteriori si ε tend vers 0. Si ce n’est pas le cas, l’approximation sera
double et il sera très difficile de la contrôler.

Diviser pour régner : découper le problème en blocs.

Pourtant, dans beaucoup de cas, les données forment naturellement
des blocs qui seront notés (xi)ki=1 ; chaque bloc peut être de taille diffé-
rente et on note x[k] = (x1, . . . , xk). La vraisemblance peut s’écrire de
manière séquentielle par bloc 6 :

p(x|θ) =
k∏
i=1

p(xi|x[i−1], θ).

S’il est possible de simuler xi suivant p(xi|x[i−1], θ), on peut alors décou-
per le problème en plusieurs blocs et approcher la loi :

pε(θ|x?) ∝ p(θ)
k∏
i=1

∫
p(xi|x?[i−1], θ)1{‖si(xi)−si(x?i )‖≤ε}dxi, (1.15)

où si est une statistique pour xi. L’algorithme EP-ABC propose de faire
une approximation de type EP de la loi pε(θ|x?).

Le premier cas où la vraisemblance apparaît naturellement de ma-
nière factorisée est quand les données sont i.i.d. ou i.i.d. par blocs. Par
exemple, si on mesure plusieurs années de suite un phénomène géogra-
phique comme dans l’application présentée plus loin, on pourra faire l’hy-
pothèse que les observations de chaque année sont indépendantes. Un
deuxième cas très fréquent se trouve quand les données sont une ou des
séries temporelles.

Expectation Propagation : une approximation bayésienne.

L’algorithme EP, Expectation Propagation, est assez similaire dans
l’esprit à l’approche VB : le but est de trouver une loi q dans une certaine
famille paramétriqueQ qui sera proche de la loi cible π. Il est utilisé quand
π se factorise en n facteurs :

π(θ) = 1
Zπ

k∏
i=0

li(θ).

6. Cette écriture est toujours correcte et ne requiert aucune hypothèse.
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L’idée est alors d’approximer chaque site li par un facteur qi et l’approxi-
mation finale sera

q(θ) =
k∏
i=0

qi(θ).

Afin de calculer cela, l’algorithme ressemble à une optimisation coordon-
nées par coordonnées en effectuant plusieurs passages sur les données
tant qu’on n’a pas convergé. La mise à jour du site i se fait par les étapes
suivantes :

1. calculer la cavity distribution q−i(θ) ∝
∏
j 6=i qj(θ). La loi hybride

sera hi ∝ q−i(θ)li(θ).
2. mettre à jour qi tel que

q ∈ arg min
f∈Q

K(hi, f). (1.16)

La dernière étape est cruciale et a une forme explicite si Q est une
famille exponentielle. Dans ce cas, cela revient à faire correspondre les mo-
ments entre hi et q. Le chapitre utilise des lois normales comme approxi-
mation ; l’étape principale (1.16) revient alors à calculer les moments :

µh = 1∫
hi(θ)dθ

∫
θhi(θ)dθ

Σh = 1∫
hi(θ)dθ

∫
θθ>hi(θ)dθ − µhµ>h

En pratique, les résultats sont plutôt bons et l’approximation se révèle
souvent être meilleure qu’une approximation VB. En effet, l’algorithme
EP conserve une covariance pleine pour le paramètre, et donc entre ses
coordonnées. À l’inverse, l’approximation VB de type mean-field ne va
pas conserver cette souplesse et va l’approcher par des coordonnées indé-
pendantes. Néanmoins, dans une approche de prédiction, il n’est parfois
pas nécessaire d’avoir cette information et donc l’approche VB peut se
révéler pertinente.

L’algorithme EP souffre pourtant d’un manque d’études théoriques.
Deux articles récents [Dehaene and Barthelmé, 2015b] et [Dehaene and
Barthelmé, 2015a] effectuent une avancée importante : le premier vise
à étudier la qualité de l’approximation d’un point fixe de l’algorithme.
Les auteurs montrent que la moyenne et la variance, dans un cas d’ap-
proximation gaussienne, sont proches de celles de la vraie loi. Le second
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s’intéresse à l’algorithme et montrent qu’il peut s’interpréter comme un
algorithme de Newton d’optimisation. Cela peut entraîner une certaine
instabilité des mises à jour et une difficulté à converger qui peut être
réparée en moyennant les mises à jour.

L’algorithme EP-ABC en pratique.

La loi cible définie en (1.15) est factorisée en k + 1 blocs (le premier
étant la loi a priori). Chaque site est :

li(θ) =
∫
p(xi|x?[i−1], θ)1{‖si(xi)−si(x?i )‖≤ε}dxi.

La faisabilité de l’approximation EP revient au calcul des moments des
lois hybrides. Pour cela, nous utilisons une approximation de type ABC,
qui est possible si la simulation de données suivant la densité p(xi|x?[i−1])
est faisable. L’algorithme complet se trouve dans le chapitre.

Les avantages de cet algorithme sont importants : à chaque étape des θ
sont tirés suivant les lois cavité qi qui sont normalement plus précises que
la loi a priori 7. Ensuite, la simulation de xi et l’acceptation de θ associé
se fait en fonction de ‖si(xi)− si(x?i )‖. Comme on réduit la dimension, la
probabilité d’accepter est plus grande, ou alors il est possible de réduire
la tolérance. Cela permet de ne pas souffrir du fléau de la dimension :
pour l’ABC, l’ajout de points entraîne habituellement une diminution
du taux d’acceptation et une détérioration de l’approximation 8. Avec
l’algorithme EP-ABC, le découpage en blocs entraîne la neutralité de
l’ajout de nouveaux points s’ils forment de nouveaux blocs.

Enfin, cet algorithme est facilement parallélisable, au prix d’une petite
adaptation. L’étape la plus coûteuse, qui est le calcul des moments, peut
se faire en parallèle grâce à la segmentation du problème en blocs. De
plus, le parallélisme lisse les mises à jour et stabilise l’algorithme.

Une application sur des extrêmes spatiaux.

Dans l’article [Barthelmé and Chopin, 2014] sont traités trois exemples :
n observations i.i.d. provenant d’une loi alpha-stable (distribution dont la
densité n’a pas de forme explicite), un modèle Lotka-Volterra de proie-
prédateurs et un modèle de temps de réactions à un stimulus où sont

7. Ce point est souvent amélioré dans des versions plus évoluées de l’algorithme
ABC.

8. Ici la dimension concerne le nombre de points et non la taille du paramètre.
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modélisés des séries temporelles évoluant conjointement. On voit dans
ces deux derniers exemples le caractère séquentiel qui apparaît naturel-
lement.

Dans le chapitre 5, nous proposons un exemple où cette fois-ci les don-
nées sont k blocs indépendants de n points qui sont interdépendants 9.
Ici, les observations sont des réalisations d’un processus spatial qui est
observé en différents points de l’espace notés (xi)ni=1. L’observation pour
l’année j au points xi est yj(xi) et on fait l’hypothèse que les observa-
tions sont indépendantes suivant les années. Le processus considéré ici est
un processus max-stable ; ces processus sont utilisés pour modéliser des
extremums. Le but ici est d’inférer la covariance du processus pour avoir
une idée de la dépendance entre les points. Pour plus de deux points la
vraisemblance n’est pas explicite. Il a été proposé une méthode de vrai-
semblance composite, qui est une méthode fréquentiste approchée. Cette
méthode est asymptotiquement valable mais nous ne nous trouvons pas
vraiment dans ce cadre ici.

La méthode ABC classique a été proposée pour ce modèle dans [Erhardt
and Smith, 2012]. Elle est non seulement extrêmement coûteuse car la gé-
nération de processus max-stable est très chère mais souffre aussi d’un
taux d’acceptation très faible. Néanmoins, cet article propose plusieurs
statistiques et est un bon point de départ pour appliquer notre méthode.

L’algorithme EP-ABC s’applique ici très bien étant donné le caractère
indépendant des blocs. Cela permet de les traiter indépendamment et
d’avoir une étape d’approximation en moins. Il est également possible ici
d’utiliser le recyclage des simulations, ce qui est un autre avantage de
cette méthode. Finalement, nous appliquons ce modèle sur des données
de précipitations maximales en Suisse. Le maximum est calculé entre juin
et août en 79 points entre 1962 et 2008. On choisit la fonction de variance
de type Whittle-Matérn paramétrée par deux réels (c, ν).

L’algorithme converge plutôt rapidement, généralement après 3 ou 4
passages sur les données. Le gain de temps est très important par rapport
au ABC classique. En testant plusieurs seuils ε, on voit sur le graphique
1.4 que la loi a posteriori est très corrélée suivant les deux paramètres.

9. le nombre de points observés peut varier d’un bloc à l’autre, ce qui n’est pas le
cas ici.
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Graphique 1.4 – Ellipses de crédibilité à 50% de la loi a posteriori pour
différentes valeurs de ε.
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Chapter 2

Introduction (in English)

2.1 Context
Data Science has widely changed over the past few years: the volume

of data has been drastically increasing and hardware performance keeps
improving. A remarkable example is the Human Genome Project, which
was completed in 2003 after years of work. Fifteen years later, it only
takes few hours and the cost has been greatly reduced. In 2007, the
company Netflix organized a competition with a prize of one million of
dollars. The goal was to predict future users’ ratings, using a set of
preexisting movie ratings. We can see in the Netflix example a reversal
in the trend: before, it was common to compute a mean effect. The new
data allows us to make individual predictions. In order to accomplish
this, we need to develop new tools.

There have been many consequences of this change on statistics as a
scientific discipline. Regularization has surfaced as an interesting method
to process high dimensional problems. In comparison to other techniques,
regularization has shown practical uses with fast algorithms as well as
theoretical uses in which performances are close to optimal. This is an
active research field as we can see with the recent introduction of a new
penalization called the SLOPE in 2015. The classic asymptotic results
do not fit the high dimensional setting; we need to develop new non
asymptotic tools that require of themselves new proof techniques.

At the same time, improvement of the available computational ca-
pacity allows for the development of new inference techniques for models
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that were impossible to use before. This is particularly true for Bayesian
statistics because they often require numerical methods to compute ap-
proximated estimates. The MCMC (Markov Chain Monte Carlo) meth-
ods, popularized in the 1990s, are now widely used and process many
models. More recently, the ABC (Approximate Bayesian Computation)
allows us to tackle a wider class of models, but at the cost of more inten-
sive computer usage.

This thesis fits into this movement: Chapters 3 and 4 study penalized
estimators and the particular model of matrix completion. This problem
arose quite recently and applies particularly well to individual data. We
then try to make a wider analysis: we propose an estimator, study its
theoretical properties and then test it on real datasets. Chapter 5 offers
an approximated ABC method in the Bayesian setting that is paralleliz-
able. This method is applied to a specific model, showing that it is both
quick and efficient.

Since we address it in many chapters, we will start in the next section
with some reminders on matrix completion, before describing the three
next chapters that are the core of the thesis.

Notations for this chapter

— ∀n ∈ N∗, [n] = {1, . . . , n}.
— Rm1×m2 represents the set of the real m1 ×m2 matrices.
— For M ∈ Rm1×m2 , M> is the transposed matrix.
— emi is the i-th vector of the Rm canonic basis, a space that is

assimilated to Rm×1. We write Ei,j = em1
i em2>

i .
— Mi,· is the i-th row of M and M·,j is its j-th column.
— σ(M)k represents the k-th singular value of M .
— For p ≥ 1, we write ‖M‖Sp = (

∑min(m1,m2)
k=1 σ(M)pk)1/p the p-th

Schatten norm of the matrix M . The 2-Schatten norm is also
called the Frobenius norm.

— The operator norm of M is the largest singular value of M . It is
written ‖M‖S∞ .

— for any M , we write ‖M‖∞ the maximum of the absolute entries
of M .

— ∀x ∈ R, sign(x) = 1{x > 0} − 1{x < 0}.
— We write m = min(m1,m2) and M = max(m1,m2).
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2.2 How to complete a matrix?
2.2.1 Global Framework and exact completion

Matrix completion is useful when one wants to guess missing entries
that can only be partially observed. To be exact, we will not be presenting
the original problem which was addressed by Nathan Srebro with other
coauthors (see [Srebro et al., 2005] and [Srebro and Shraibman, 2005]
among others).

Without any hypothesis, it is impossible to guess the missing entries.
Nevertheless, if the matrix has a particular structure, the problem be-
comes feasible under certain conditions. The very common hypothesis
is that the matrix has a low rank. This hypothesis is quite natural in
many real situations: if the rows represent user features, the low rank is
obtained when the features are linked and may be summed up by a few
components. This hypothesis is related to the PCA 1 (Principal Compo-
nent Analysis).

Low Rank: a natural hypothesis.

Let us develop an example that may help to visualize the problem
and the low rank hypothesis. The data are ratings given to movies by
users who watched them. There is a large number of movies as well as of
users, but not all of the ratings are known. We can then represent these
data as an incomplete matrix where the rows are users and the columns
are movies, see Table 2.1.

The Pulp Rain The Great Toy
Godfather Fiction Man OSS117 Dictator Story

Anna 5 2 . 5 . .
Pierre . 5 . . . 5
Vincent 1 . 3 5 . .
Sophie . . . . 3 3
Keefe . 1 . 1 . .
Nicolas 5 . . 1 5 .

Table 2.1 – Movie ratings as an incomplete matrix (names are fictional)

If it were possible to predict the missing entries, one could thus recom-

1. For PCA, the data are all observed and we only look at a small rank represen-
tation.
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mend movies to different users based on ratings. We see in this example
that individuals’ data, which are nowadays easily accessible, allow us to
make individualized predictions, whereas in the past we could only focus
on the average.

The low rank of the underlying matrix may be analyzed in this ex-
ample as the similarity among the columns: some users are very similar
and only a small number of profile types exist. We can clearly see this
by using the Singular Values Decomposition (SVD) of the matrix: any
m1×m2 matrix of rank-r can be factorized into a product UΣV > where:

— U and V are m1 × r and m2 × r matrices and the columns are
orthonormal;

— Σ is a diagonal matrix and the r positive coefficients are the sin-
gular values: (σ(M)k)1≤k≤r.

Finally, with this deconstruction, we get:

M =
r∑

k=1
σ(M)kU·,k(V·,k)>.

The matrix M is deconstructed into a sum of r rank 1 matrices. Every
entry may be written:

Mi,j = Ui,·ΣV >j,· =
r∑

k=1
σ(M)kUi,kVj,k.

Intuitively, the rating of user i on the j-th movie is the sum of only
r components, weighted by the singular values σ(M)k. The SVD of M
is linked to the eigenvalue deconstruction of MM> and M>M : they
both share the same eigenvalues; the eigenvectors of these matrices are
respectively the columns of U and V . These operations are the basis
of the PCA that can be seen as a SVD of the observations matrix. The
presented SVD is a reduced one and it is possible to complete the singular
vectors with null singular values.

Conditions for an exact completion.

A central question is the study of the conditions that allow for exact
completion. Here, M is a square matrix of size m and rank r; we write
UΣV > its SVD. The observed locations are denoted by n pairs of integers
with value in [m]×[m]: they are gathered in the set Ω. From the SVD, we
can see that the rank r matrix has exactly 2mr − r2 degrees of freedom:
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the matrix Σ has r non null entries, the singular vectors on the left have
(m − 1) + · · · + (m − r) = mr − r(r + 1)/2 degrees of freedom and so
on for the right singular vectors. If n < 2mr − r2, many matrices may
correspond to the observed entries and the solution is not unique among
the rank r matrices.

We can see that 2mr − r2 is a lower bound of the number of obser-
vations. A natural question thus arises: what is the minimal sample size
needed to identify exactly the matrix when entries are randomly selected,
and under which assumptions? In a first attempt, it is easier to deal with
a uniform sampling: every sample of size n have the same probability.

Another consideration is that some particular matrices are more diffi-
cult to reconstruct than others. For example, a matrix with 0 everywhere
except in one position is almost impossible to be reconstructed except if
the non null entry is in the sample. For the following matrix:

M = em
1 em>

m =


0 0 0 · · · 0 1
0 0 0 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · 0 0

 , (2.1)

the upper right entry needs to be observed if one wants to reconstruct the
matrix, which happens with probability n/m2. Otherwise it is impossible
to guess the place and the value even if we know that M is rank 1. The
required assumptions concern the singular vectors of M : their entries
have to be spread out and not too uneven. In our last example, the
singular vectors of the matrix (2.1) are from the canonical basis so it is
the complex case.

The rank relaxation.

This is not actually military jargon, but instead involves the recon-
struction program. Intuitively, there are many matrices that correspond
to the observed values. In order to find one with a low rank, the seminal
program is thus:

minimize rank(X)
subject to ∀(i, j) ∈ Ω, Xi,j = Mi,j

(2.2)

The function to be optimized is not convex and is therefore problem-
atic. A fundamental idea at this stage is to replace the rank function by
a convex relaxation, which is for instance the nuclear norm. This norm,
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also known as the Schatten-1 norm, is a convex surrogate of the rank. It
is expressed for a matrix M as:

‖M‖S1
=

r∑
k=1

σ(M)k.

Due to the convexity of a norm, the following program:

minimize ‖X‖S1
subject to ∀(i, j) ∈ Ω, Xi,j = Mi,j

(2.3)

is much easier to solve. It may be seen as a program of the SDP class
(Semidefinite Programing). To our knowledge, this idea was proposed for
the first time by Fazel et al. [2001]. The nuclear norm was subsequently
used widely for many close problems. We now have at hand every ingre-
dients we need to state the main theorems for exact matrix completion.

Theorem 2.1 (Theorem 1.2 from [Candès and Tao, 2010]). Let M ∈
Rm1×m2 be a fixed matrix of rank r obeying the strong incoherence prop-
erty 2 with parameter µ. Suppose we observe n entries ofM with locations
sampled uniformly at random. Then there exists a positive numerical con-
stant C such that if:

n ≥ Cµ2 M r(logM)6,

M is the unique solution to (2.3) with probability at least 1 − n−3. In
other words: with high probability, nuclear norm minimization recovers
all the entries of M with no error.

This result improves a former article [Candès and Recht, 2012] where
the minimal amount of observed entries is of order M1.2 r logM to allow
a reconstruction with high probability. It is an important and surprising
result: up to a logarithm term, one only needs of order M r entries in
order to reconstruct the whole matrix, that may be much lower than
m1m2 if the rank is small. It almost reach the minimum number of
entries needed in the best case for a uniform random draw.

2.2.2 Completion with noise by least squares
The previously proposed problem is quite particular because the ran-

domness is only involved in the sampling. The question of an exact
2. The precise definition is in the article. The goal is to avoid pathological cases

as the one presented in (2.1).
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reconstruction may be seen as a little bit excessive in the sense that, in
many situations, it is sufficient to obtain a rather good idea and a stan-
dard error. Furthermore, the noiseless observation framework is not very
realistic. By the way, the noisy case is more suitable to the statistician
because there is a parameter to estimate. Note that in the noisy case, the
matrix corresponding to the observations is no longer of low rank so the
tools have to be adapted. In the following, we consider m1×m2 matrices.

The Trace regression.

We introduce here the Trace regression model, which encompasses
the matrix completion. Let 〈·〉 be the canonic scalar product over the
m1 ×m2 real matrices:

〈A,B〉 = Tr(A>B) = Tr(B>A).

The associated norm is the Frobenius norm, which is also the Schatten-2
norm:

‖A‖S2
=
√

Tr(A>A) =
√∑

i,j

A2
i,j .

The statistical framework is as follows: for i ∈ {1, . . . , n}, we observe
Yi ∈ R and Xi ∈ Rm1×m2 from the model:

Yi = 〈M?, Xi〉+ σεi,

where M? is the parameter to be estimated and (εi) is an independent
and identically distributed sequence of standard noise.

The matrix completion task is a particular case when the design ma-
trices (Xi) are mask matrices: there is a 1 at one location and it is null
otherwise. Hence they are elements of the set:

X =
{
em1>
j em2

k , (j, k) ∈ [m1]× [m2]
}
.

For a mask matrix where the entry at (k, l) is not null (if Xi = Ek,l), we
get that for any matrix M : 〈M,Xi〉 = Mk,l.

The common estimator is a penalized least squares estimator. For
λ ∈ R, it is defined by:

M̂ = arg min
M∈C

{
1
n

n∑
i=1

(Yi − 〈M,Xi〉)2 + λ ‖M‖S1

}
, (2.4)
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where C is a subset, usually convex, of Rm1×m2 .
Many works have studied the theoretical properties of this estimator

with different conditions on noise, design and underlying matrix M?.
After the works [Bach, 2008], [Candès and Plan, 2010], [Keshavan et al.,
2010], [Rohde and Tsybakov, 2011] and [Negahban and Wainwright, 2012]
(among others), we cite here a result from [Klopp, 2014], which deals with
a rather general framework.

Main result from [Klopp, 2014].

Two conditions involve the sampling of the locations. Every entry
and also the rows and the columns have to be sampled with a not too
small probability: the uniform sampling is not mandatory but we can
not process extreme sampling. The matrices Xi are i.i.d. drawn from a
distribution Π in X . If we write πj,k the probability of drawing Ej,k, the
conditions are as follows:

Assumption 2.1. There exists a constant L > 1 such that:

maxj (
∑m2
k=1 πj,k)

maxk
(∑m1

j=1 πj,k

) } ≤ L/m .
Assumption 2.2. There exists a constant µ ≥ 1 such that, for every
location (j, k):

πj,k ≥ (µm1m2)−1.

For a uniform sampling, we get L = µ = 1. The last assumption
involves the noise which has to be subexponential.

Assumption 2.3. There exists K > 0 such that:

max
i∈{1,...,n}

E exp (|εi| /K) <∞.

It is now possible to state the main theorem.

Theorem 2.2 (Theorem 7 from [Klopp, 2014]). Let (Xi) be i.i.d. with
distribution Π on X which satisfies Assumptions 2.1 and 2.2. Assume that
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‖M?‖∞ ≤ a and that Assumption 2.3 holds. Consider the regularization
parameter λ satisfying:

λ = Cσ

√
L log(m1 +m2)

nm
,

where C is a known constant. Let M̂ be defined in (2.4) where C =
{M : ‖M‖∞ ≤ a}. Then, there exists a numerical constant c′, that de-
pends only on (K,σ,a, µ, L) such that:∥∥∥M̂ −M?

∥∥∥2

S2

m1m2
≤ c′max

{
rank(M?)M log(m1 +m2)

n
,

√
log(m1 +m2)

n

}
.

The parallel to the LASSO estimator is clear. The nuclear norm
replaces the `1 norm, and is actually the `1 norm applied to the vector
of the singular values. The size of the parameter is of order rM and
the upper bound is of order rM /n up to log terms. We will see in
Chapter 4 that a unified framework exists, following ideas from [Lecué
and Mendelson, 2015a,b].

Different results of lower bounds state that the minimax rate is of
order rank(M?)M /n. The given upper bound is therefore optimal up
to a logarithm term. The dependence on the noise may be avoided by
considering a different estimator, which is very similar to the square-
root Lasso, by taking the square root of the adjustment term. This
estimator is also considered in the same article. In practice, the cross-
validation is used in order to tune λ. In a slightly different model, the
same author reaches to delete the logarithm term, see [Klopp, 2015], and
get the minimax rate.

The article [Koltchinskii et al., 2011] treats a more general framework
and not only the mask matrices for the design. The proposed estimator
is slightly different and the design has to be known even if it does not
have to be uniform.

2.2.3 Some Algorithms
It is important to us to explain some points about the computation of

the estimator even though it is not the core of the thesis. The function to
minimize in (2.4) is convex but some issues remain. Here, we must first
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recall two properties about the nuclear norm. The sub-differential of the
nuclear norm (see [Watson, 1992]) at M whose SVD is written UΣV > is:

∂ ‖·‖S1
(M) =

{
UV > +W, ‖W‖S∞ ≤ 1, U>W = 0,WV = 0

}
.

When the matrix M is low rank, the sub-differential of the nuclear norm
is wide because there are many possibilities for W . A function that is
very important is the soft-thresholding operator. We define it, for λ > 0
by:

Sλ(M) = UDV > where D = diag ({(max(0, σk(M)− λ)}1≤k≤r) .

Similarly to the vectors, we get a result involving the proximal oper-
ator of the nuclear norm and the soft-thresholding of the singular values
Sλ.

Proposition 2.1. Let M be a m1 ×m2 matrix. Therefore:

arg min
X

{
1
2 ‖X −M‖

2
S2

+ λ ‖X‖S1

}
3 Sλ(M).

Proof, following [Recht et al., 2010]. We set the function h defined for
any matrix X by h(X) = 1

2 ‖X −M‖
2
S2

+ λ ‖X‖S1
. The function h is

strictly convex as a sum of two strictly convex functions so the minimum
is unique. X0 minimizes h if:

0 ∈ ∂h(X0) =
{
X0 −M + λD : D ∈ ∂ ‖·‖S1

(X0)
}
.

We will show that the last equation holds for X0 = Sλ(M). We write
U0, V0 the singular vectors associated to singular values of M that are
greater than λ; U1, V1 for the singular values lower than λ; Σ0 and Σ1
are the two diagonal corresponding matrices. Hence we have:

X0 = Sλ(M) = U0(Σ0 − λI)V >0 .

In order to make it work, we set:

W0 = λ−1U1Σ1V
>
1 .

We see that
∥∥λ−1U1Σ1V

>
1
∥∥
S∞
≤ 1 because the entries of Σ1 are bound

by λ. Furthermore, U>0 W0 = W0V0 = 0 because the vectors of U1 are
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orthogonal to the U0 ones and similarly for V1 and V0. Finally, U0V
>
0 +W0

is in ∂ ‖·‖S1
(M0).

After picking up a relevant element of the sub-differential at X0, we
can conclude because:

X0 −M + λ
(
U0V

>
0 +W0

)
= 0.

Proposition 2.1 actually deals with a problem close to the matrix
completion issue. This may be seen as a denoising task where each en-
try is observed with noise and we seek a low rank representation 3. This
proximal operator is at the basis of many algorithms that perform ma-
trix completion, the first one of a long list being [Cai et al., 2010]. The
proximal operator Sλ is also used for ADMM-type algorithms (Alternat-
ing Direction Method of Multipliers), which are quite popular for matrix
completion.

We propose Algorithm 2.1, that follows the scaled form from [Boyd
et al., 2011]. The goal is to compute the minimizer without the constraint:

M̂ = arg min
M∈Rm1×m2

{
1
n

n∑
i=1

(Yi − 〈M,Xi〉)2 + λ ‖M‖S1

}
,

by splitting the problem into two parts that are identified in the algorithm
by M and N .

Algorithm 2.1 ADMM Algorithm for matrix completion
Initialization ε,M0, N0, U0, t = 0.
While

∥∥U t − U t−1
∥∥
S2
> ε, do:

1. t← t+ 1

2. M t ← arg minM
{

1
n

∑n

i=1(Yi − 〈M,Xi〉)2 + ρ
2

∥∥M −N t−1 + U t−1
∥∥
S2

}
3. N t ← arg minN

{
λ ‖N‖S1

+ ρ
2

∥∥M t −N + U t−1
∥∥
S2

}
4. U t ← U t−1 +M t −N t

Return M t.

In this algorithm, the update of M is entrywise so it is cheap. On
the other hand, the update of N needs a SVD by using the proximal

3. the PCA would be the equivalent to the hard-thresholding operator.
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operator. The bottleneck of these algorithms is the computation of the
SVD, which is very costly (of order m2 M). Other methods therefore
appeared in order to bypass this issue.

The first possibility is to compute an approximated SVD: the values
and vectors are not exactly computed and a small tolerance is allowed;
there exist stochastic methods for this. In the same spirit, some algo-
rithms only compute the N largest singular values and the associated
singular vectors, for a fixed N . As Sλ only requires the singular values
greater than λ, one can set a small value for N and increase it if the
last singular value is above the threshold. This method is quite difficult
to tune in practice but the routines to compute the N largest singular
values are implemented in FORTRAN and are therefore pretty fast.

An associated bi-convex problem.

The approximated SVD methods are not efficient enough for a very
large scale. A more important problem is that it does not really take into
account the low-rankness and the ability of a matrix to be summed up
by few components: it needs to store a m1 ×m2 matrix. Here, one can
use a factorization that comes from the expression of the nuclear norm:

∀M ∈ Rm1×m2 , ‖M‖S1
= 1

2 min
LR>=M
L∈Rm1×m

R∈Rm1×m

{
‖L‖2S2

+ ‖R‖2S2

}
.

By using the SVD of M = UΣV > and taking L0 = UΣ1/2, R0 =
V Σ1/2, we immediately get ‖X‖S1

= ‖L0‖2S2
+‖R0‖2S2

. To show the other
side of the inequality, the SDP characterization of the nuclear norm can
be used. By a double minimization, we get that the estimator (2.4) is
therefore equal to L̂R̂> where:

(L̂, R̂) = arg min
L∈Rm1×m

R∈Rm1×m

{
1
n

n∑
i=1

(Yi −
〈
LR>, Xi

〉
)2 + λ

2

[
‖L‖2S2

+ ‖R‖2S2

]}
.

(2.5)
This program is more appealing because it only involves quadratic

terms that are differentiable. The problem is convex in both L and R
separately, so it is called bi-convex. Unfortunately, it is not convex with
respect to the pair (L,R): it means that there are many local minima.
Nevertheless, it has been proposed by [Mazumder et al., 2010] and a
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distributed version may be found in [Recht and Ré, 2013]. The theoretical
work [Burer and Monteiro, 2003] shows that the problem (2.5) is not so
bad and the solution would be unique 4.

Furthermore, by taking an upper bound of the rank of the underlying
matrix, it is possible to decrease the storage requirement. This remark
will be developed in the Bayesian section because it uses a similar fac-
torization.

2.2.4 Binary matrix completion
After the problem of least squares matrix completion, statisticians

turned to other close problems. For instance, we may consider prediction
when the entries are binary. This happens often on Internet websites
where users can choose between two options, such as I like it and I don’t
like it. This problem, which we may call classification as opposed to
regression, needs new tools. We label the observed entries in {−1,+1}.

A common way to model a classification problem is to assume a gen-
eralized regression model. The interpretation of this model is made easier
by incorporating a latent variable for each observation Y ?i . It can be seen,
such as in the case of movie ratings, as a continuous measure of the taste
of that individual for a film. The observation is then +1 if it is above 0
and −1 otherwise. Mathematically, it is written as:

Y ?i = 〈M?, Xi〉+ Zi,

where Zi has a symmetric distribution F . We then observe:

Yi = 1{Y ?i ≥ 0} − 1{Y ?i < 0}.

The direct distribution of Yi is:

Yi =
{

+1 with probability P(Zi ≥ −〈M?, Xi〉) = F (〈M?, Xi〉)
−1 with probability P(Zi < −〈M?, Xi〉) = F (−〈M?, Xi〉)

(2.6)
The normalized log-likelihood, which will be used as the adjustment

term, is:

L(M) = 1
n

n∑
i=1

logF (Yi 〈M,Xi〉).

The usual choices for F are:
4. The uniqueness is not about (L,R) but about the product.
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— the logistic function, F (x) = (1 + exp(−x))−1

— the Gaussian cumulative distribution function, usually written Φ.
This model has been studied by many authors. The first work [Dav-

enport et al., 2014] states the binary regression model. The sampling is
uniform 5 and the proposed estimator is the solution of the program:

Maximize L(M)
subject to ‖M‖S1

≤ α√sm1m2 and ‖M‖∞ ≤ α.
(2.7)

The constant s is not the rank but a parameter related to the nuclear
norm. We see that the knowledge of s is needed in order to compute
the estimate. The theoretical results in this work do not involve low
rank matrices but low nuclear norm matrices. There are some technical
assumptions over F that involves the smoothness of the function. The
main result is the reconstruction of the matrix M? and is the following.

Theorem 2.3 (Theorem 1 from [Davenport et al., 2014]). Assume that
‖M?‖S1

≤ α
√
sm1m2 and ‖M?‖∞ ≤ α. Suppose that the observations

are generated as in (2.6) with a uniform sampling. Consider the estimator
M̂ from (2.7). Then, if n ≥ (m1 +m2) log(m1m2), with high probability:

1
m1m2

∥∥∥M̂ −M?
∥∥∥2

S2
≤ C

√
s(m1 +m2)

n
,

where C is an absolute constant that only depends on F and α.

At the first glance the rate is with a square root that does not look
very good. It comes from the considered class of matrices (the matrices
that have a bounded nuclear norm), which is wider than the low rank
matrices. In this class, the rate is almost optimal and we will see this
rate in Chapter 4. The most important problem in this result is that we
do not recover the sparsity induced by the nuclear norm regularization.

This work is done in a sequence of articles [Lafond et al., 2014, Klopp
et al., 2015]. There is a link made between the nuclear norm and the
rank, and the rate for reconstructing the matrix is similar to the one in
the regression problem by least squares.

We should recall here the main theorem without stating the technical
conditions about the smoothness of F . The estimator is the one where

5. Formally, it is a different sampling model, which is similar to the one in [Klopp,
2015].
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the log-likelihood substitutes the quadratic adjustment term:

M̂ = arg min
‖M‖∞<a

{
1
n

n∑
i=1

logF (Yi 〈M,Xi〉) + λ ‖M‖S1

}
(2.8)

Theorem 2.4 (Corollary 2 from Klopp et al. [2015]). Let (Xi, Yi)1≤i≤n
be an i.i.d. sample from (2.6) where (Xi) is drawn from the distribution
Π on X and satisfies Assumptions 2.1 and 2.2. Let M? be a real matrix
such that ‖M?‖∞ ≤ a. The regularization parameter λ is set:

λ = Cσ

√
log(m1 +m2)

mn
,

where C is a constant that depends on L and F . We consider the esti-
mator M̂ satisfying (2.8). Then, there exists an absolute constant c′ that
depends only on (F,a, µ, L) such that:∥∥∥M̂ −M?

∥∥∥2

S2

m1m2
≤ c′max

{
rank(M?)M log(m1 +m2)

n
,

√
log(m1 +m2)

n

}
.

with probability greater than 1− 3/(m1 +m2).

We recognize here the usual rate of order rank(M?)M log(m1+m2)/n.
The authors exhibit a lower bound of order rank(M?)M /n, that meets
the upper bound up to a logarithmic factor.

Another point of view of the 1-bit matrix completion.

If this result on the reconstruction ofM? is optimal, it assumes a gen-
eralized regression model. Moreover, is the reconstruction of the matrix
the most interesting criterion? In a classification task, we may suppose
that it is more important to control the misclassification rate in predic-
tion. Formally, for a draw Xi, the 0/1 prediction risk for any matrix M
is therefore:

R0/1(M) = P[sign(〈M,Xi〉) 6= Yi] = E[1{sign(〈M,Xi〉) 6= Yi}]. (2.9)

An interesting and complete study of many different loss functions
can be found in [Zhang, 2004]: this article makes the link between the
risk induced by loss functions used in practice, which are often the convex
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surrogate of the 0/1 loss, and the 0/1 risk. The article shows that the
upper bound for the logistic risk is transferred with a square root to the
0/1 risk. It is therefore not optimal to use it and leads to the study
of other loss functions. We can expect to get an optimal 0/1 risk of
classification; it is a large motivation for Chapters 3 and 4.

2.3 Bayesian framework - completion by squared
loss

We can call the previous approach frequentist. The Bayesian approach
is also suitable to the matrix completion issue but has to be adapted. The
framework that is presented here, because it will be used in Chapter 3,
is rather called PAC-Bayesian but the differences are small. Roughly, by
denoting θ the parameter, the PAC-Bayesian estimation uses an empirical
loss function written r(θ) that incorporates the data (the dependency to
the data is implicit) and a prior distribution written π(θ). We therefore
define the pseudo posterior distribution:

ρ̂τ (dθ) = exp[−τr(θ)]∫
exp[−τr]dπ

π(dθ). (2.10)

The positive number τ is called the inverse temperature and plays the
opposite role of λ in the penalized estimator (2.4). The PAC-Bayesian
estimator is then computed as the expectation with respect to the pseudo
posterior distribution:

θ̂τ =
∫
θρ̂τ (dθ).

Parallel to the previous estimators, the prior distribution is analog
to the regularization by favoring the places where it is charged. The
estimator is a mean rather than an isolated one. The loss function that
is usually used for the matrix completion is the square loss function:
r(M) = 1/n

∑n
i=1(Yi − 〈Xi,M〉)2. It corresponds to a Gaussian noise.

A difficulty that arises at this stage is to build a prior distribution
that favors low rank matrices. In order to do that and following the first
Bayesian articles [Lim and Teh, 2007, Salakhutdinov and Mnih, 2008], we
use the factorization into a product of two matrices. A matrixM of rank
K ≤ m can be indeed written by a product of two matrices L ∈ Rm1×K

and R ∈ Rm2×K such as:
M = LR>.
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This factorization is obviously not unique. If the rank r of M is
strictly lower than K, the factors may have exactly r non null columns.
On the opposite the pairs (L,R), with exactly K columns, may generate
any matrix with a rank lower than K. The choice of K has to be done by
the practitioner but, for theoretical results, we can take the most general
value that is m. The important fact is that the results do not depend on
the choice of K: they have to be rank adaptive and it is the case of the
next results. A large value involves the storage of larger parameters but
allows to reconstruct a matrix with a larger rank. In the following we
take K = m even though in practice it is common to take a lower value.

The low rank is, in this framework, induced by a prior distribution
that favors null columns. These ideas are quite similar to the Group
Lasso introduced by Yuan and Lin [2006]; a Bayesian model is studied in
[Kyung et al., 2010]. The basic idea is to use a hierarchic prior with an
additional parameter γ = (γk)1≤k≤m. The prior distribution over L,R
is a distribution centered around 0. The dispersion, indexed by γk, is
specific to the column; the aim of this construction is to shrink a whole
column to 0. The hierarchical model is flexible by allowing some columns
to have a large dispersion and some others a very low dispersion and
therefore almost collapse. Formally, the prior distribution is:

∀(i, k) ∈ [m1]× [m], Li,k|γk ∼
i.i.d
N (0, γk)

∀(j, k) ∈ [m2]× [m], Rj,k|γk ∼
i.i.d
N (0, γk)

∀k ∈ [m], γk ∼
i.i.d

πγ (2.11)

where πγ is a prior distribution on R+ that is clarified when needed. The
conjugate model is obtained by using a Inverse-Gamma distribution as
usual for the variance of a Gaussian distribution.

The parameter is eventually: θ = (L,R, γ) ∈ (Rm1×m) × (Rm2×m) ×
Rm. The estimated matrix is therefore:

M̂τ =
∫
LR>ρ̂τ (dθ). (2.12)

We may study the properties of this matrix by comparing its risk
to the one from the oracle M?. It is the machine learning approach
in the sense that we do not assume a statistical model. We also study
the problem of computing θ̂τ : the posterior distribution is not explicit,
as it often is in a quite complex model. We will see two methods to
approximate the estimate.
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2.3.1 Theoretical guarantees of the Bayesian estimator.
The Tien Mai and Pierre Alquier have studied the properties of the

PAC-Bayesian estimator in [Mai and Alquier, 2015].We present here their
main result. We assume that the observations are generated according
to the following model:

Yi = 〈M?, Xi〉+ εi, (2.13)

where (εi)1≤i≤n is an i.i.d. sequence of centered noise and (Xi)1≤i≤n are
i.i.d. taking value in X following the distribution Π. The knowledge of
the noise distribution is not required here. The goal is to control the gap
between M? and M̂τ . The authors look at the weighted Frobenius norm:

R(M) = ‖M −M?‖2S2,Π =
∑
j,k

πj,k(M −M?)2
j,k = E[〈Xi,M −M?〉2].

We do not need any assumption on the sampling distribution, denoted
by Π. If Assumption 2.2 is verified for any µ ≥ 1, so if every entry has
a positive probability to be drawn, we get the following inequality that
links the two norms:

‖M −M?‖2S2,Π ≥
1
µ

1
m1m2

‖M −M?‖2S2
.

For technical reasons, the prior distribution over the entries of L and
R has to be bounded: the authors then use a uniform distribution that
depends on the activation of the column (we set δ � κ):

Li,k, Rj,k|γk ∼

{
U[−δ,δ] si γk = 1
U[−κ,κ] si γk = 0

The prior distribution on the vector γ is also simple:

γ = (1, . . . , 1︸ ︷︷ ︸
k times

, 0, . . . , 0︸ ︷︷ ︸
m−k times

) with probability βk−1(1− β)
1− βm

.

We finally need an assumption about the noise, that has to be subexpo-
nential as in Theorem 2.2.

We can now state the main theorem by introducing the setM(k), a
subset of matrices whose rank is at most k (α is a positive number):

M(k) =
{
LR>, (L,R) ∈ Rm1×k × Rm2×k, (‖L‖∞ , ‖R‖∞) ≤ α/m

}
.
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Theorem 2.5 (Theorem 1 from [Mai and Alquier, 2015]). Assume that
the observations (Xi, Yi)1≤i≤n are generated from (2.13) and that As-
sumption 2.3 holds. Assume that ‖M?‖∞ ≤ a and take τ = n/2C,
δ, κ being fixed. The estimator M̂τ is defined in (2.12). Then, for any
ε ∈]0, 1[, as soon as n >M, with probability greater than 1− ε we get:∥∥∥M̂τ −M?

∥∥∥
S2,Π

≤ min
k∈[m]

{
3 inf
M∈M(k)

‖M −M?‖S2,Π

+C2
(m1 +m2)k logm

n
+
C3 log 2

ε

n

}
,

where C,C2, C3 are constants that only depend on L, β and the noise.

As opposed to the frequentist results, it is an oracle inequality in the
sens that it does not require M? to be low rank. If this matrix is full
rank but can be well approximated by a low rank matrix (for instance
when its singular values decrease quickly), the rate of convergence is
the best trade-off between bias and variance. This rate is optimal up
to a logarithm term. Moreover, the assumptions about the sampling
are minimal and it is easy to make the assumptions in order to bound
the Frobenius norm. The issue of the computation of the estimator is
still open. The first method explained later, called MCMC, has been
implemented in the aforementioned article and it works well on simulated
datasets that are not too large, say a 100×100 matrix but it is prohibitive
for very large matrices. We will see after that an approximated method
that is much faster.

2.3.2 Computation of the Bayesian estimator: MCMC
The most popular way to compute an approximation of the estimator

is to use MCMC, Markov Chain Monte Carlo. The idea is to draw a large
sample from a Markov chain whose invariant distribution is the posterior
distribution. If we write this sample of size T : (θt)1≤t≤T , the estimator
is approximated by:

θ̃T = 1
T

T∑
t=1

θt.

If the chain has the required properties, the ergodic theorem states
that θ̃T goes to θ̂τ when T goes to +∞. The interested reader is referred
to [Robert and Casella, 2005] for a long and complete introduction to the
MCMC methods.
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Among several methods, the matrix completion model as presented
here is quite easy to deal with because the likelihood corresponds to a
Gaussian noise and the prior distribution of L and R as well. It is easy
to derive the conditional distributions in closed form (by taking πγ in a
smart way) and a Gibbs sampler is then built. It is done, with slightly
modifications, in [Salakhutdinov and Mnih, 2008]. The model is applied
on Netflix prize data and performs well. Nevertheless, with regard to the
size of the data and the dimension of the matrix, this method is very
time consuming and is at its limit. Moreover, the theoretical guarantees
are very complex in order to prove the convergence of the chain.

2.3.3 Computation of the estimator: variational approx-
imation

It is very common in mathematics, for a function that is hard to com-
pute, to seek an approximation. This idea is on the basis of the so-called
variational Bayes approximation (denoted by VB) where the posterior
distribution ρ̂τ is fully approximated by a function whose moments are
easier to compute (for a good introduction, the reader may read [Bishop,
2006], chapter 10; the method is very popular and has been presented
in a NIPS tutorial in 2016). In order to define the approximation, we
need a dissimilarity measure and a function family. For the dissimilarity,
we use here the Kullback-Leibler divergence, even though other functions
suit. If µ is a measure that is absolutely continuous with respect to ν,
we define the Kullback-Leibler divergence K(µ, ν) by:

K(µ, ν) =
∫

log dµ
dν
dµ.

Given a function family F , we then seek:

ρ̃τ = arg min
ρ∈F

K(ρ, ρ̂τ ). (2.14)

The approximated estimator, that depends on the family F , is there-
fore the mean with respect to this distribution:

θ̃τ =
∫
θρ̃τ (dθ).

The family F has to be small for the ease of the computation of the
minimizer (and also the expectation) but the family has to be as large
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Figure 2.1 – Approximation of a bivariate normal distribution with 0.85
correlation by independent components.

as possible in order to give a good approximation. In the following, we
will only deal with the case where all the distributions are absolutely
continuous with respect to a reference measure.

A first popular class of families in the literature is the family of in-
dependent components (this class is usually called Mean Field). Given a
writing of the parameter in N blocks: (θi)i∈[N ], the family is:

FMF =
{
q : q(θ) =

N∏
i=1

qi(θi)
}
.

Intuitively, the joint distribution ρ̂τ is approximated by a distribution
that has independent components. Graph 2.1 shows the approximation
of a bivariate normal distribution (with correlated components) by two
independent Gaussian distributions. From the factorization, it comes
that q̃ is a fixed point satisfying:

∀i ∈ [N ], qi(θi) ∝ exp

∫ {−τr(θ) + log π(θ)}
∏
j 6=i

qj(θj)dθj

 .

If the prior distribution is appropriately chosen, the densities (qj) are
parametric and the optimization is equivalent to seek a fixed point in a
finite dimension parameter.

Another possibility is a parametric family. We write:

FP = {fm : m ∈M} ,

whereM has a finite dimension. In order to compute the optimal element
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in practice, we use the following identity:

ρ̃τ = arg min
ρ∈F

K(ρ, ρ̂τ ) = arg min
ρ∈F

{∫
τr(θ)ρ(dθ) +K(ρ, π)

}
. (2.15)

The right member of (2.15) may be easy to compute, or may be bounded
by a quantity that can be easily optimized. The reader is referred to
[Alquier et al., 2016] for wider explanations. This article also gives a way
to compute theoretical bounds of the risk of the estimator. Similar ideas
will be used in Chapter 3.

The matrix completion model with the quadratic loss has been treated
with this method with a Mean Field approach by Lim and Teh [2007]. As
all the distributions are well chosen, the calculus is direct and explicit and
the algorithm is therefore built. It converges quickly on a large dataset.
The problem at this stage is that we do not have any guarantees about the
convergence of the algorithm nor about the quality of the approximation:
it is not the true Bayesian estimator. In Chapter 3, we will develop a
variational estimator for binary matrix completion and we are able to
derive theoretical properties about the quality of the approximation.
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2.4 Summary of the Chapters
2.4.1 Chapter 3: 1-bit Matrix Completion: PAC-Bayesian

Analysis of a Variational Approximation
This chapter proposes an estimator for the binary matrix completion

issue, where the observed entries lie in {−1,+1}. The former works, that
use a generalized linear model, are not completely conclusive because
they focus on the reconstruction of the matrix parameter and not on
the prediction risk. The observations are n i.i.d. pairs (Xi, Yi) ∈ X ×
{−1,+1} and the aim is to find an estimator whose 0/1 risk is as close
as possible to the minimum risk. The minimum risk is achieved by MB ,
that is called the Bayes predictor and is defined by: MB

i,j = signE(Y |X =
Ei,j).

Estimator and theoretical results.

The first step is to construct the estimator. We start by defining the
empirical hinge risk:

∀M ∈ Rm1×m2 , rh(M) = 1
n

n∑
i=1

max(0, 1− Yi 〈M,Xi〉).

We use the prior distribution defined by (2.11) because it favors low
rank matrices with an extra parameter. The parameter is finally θ =
(L,R, γ). The pseudo posterior distribution is then defined in (2.10). It
is very time-consuming for this problem to use a MCMC method so we
propose a variational method in order to approximate the distribution.
This approximation is similar to the one in (2.14) for a specific parametric
family FP that is well chosen. The bound

∀fm ∈ FP ,
∫
τrh(θ)fm(dθ) +K(fm, π) = L(m)

is not tractable with respect to the parameters m because the matrix M
is factorized. We then use an upper bound:

L(m) ≤ AV B(m)

which is tractable. The distribution that is finally used is the distribution
whose parameter minimizes this bound:f

m̂
: m̂ = minm∈MAV B(m).
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The point estimate is thence defined by:

M̂ =
∫
LR>f

m̂
(dθ).

We first study the theoretical properties of this estimator in the sim-
ilar way of [Alquier et al., 2016]. We derive an empirical bound, in the
sense that it is possible to compute it with the data. We also derive a
theoretical bound; it needs a margin assumption, that is very common
in classification task. These two bounds control the risk R0/1 defined in
(2.9). We remind here Theorem 2, that is the theoretical bound. We
write R = infM R0/1(M).

Theorem 2.6 (Theorem 2 from Chapter 3). Assume that the margin
assumption holds for C > 0. Then, for any ε, s ∈]0, 1[, with λ = sn/C,
with probability greater than 1− ε we have:∫
R0/1dfm̂ ≤ 2(1+3s)R+C

(
rank(MB)M(logn+ L(MB)) + log 1/ε

n

)
,

where L is a deterministic function and C is a numerical constant that
depends on the prior distribution on γ.

In comparison to the previous results such as the one in Theorem 2.4,
this result allows to compare the integrated 0/1 risk of the estimator to
the best risk. In the noiseless case, the minimax rate of convergence is
achieved up to a logarithm term. In the presence of noise, the result is
quite limited because of the factor 2 that does not lead to the consistency
of the estimator.

In practice.

The quantity AV B(m) is not convex with respect to m because of the
factorization of M = LR>. Nonetheless, it is biconvex in the sense that
it is convex with respect to L and R. We then propose a coordinatewise
optimization algorithm where, for the coordinates that have no explicit
minimum, the step is replaced by a subgradient descent.

We can then test our estimator on simulated datasets in a first stage.
Several scenarii are challenged: observations from a logistic model or not,
a Bayes matrix that is low rank or not. For example, on Graph 2.2, we
aim at recovering a rank 3 matrix. The performances of our estimator
are better than the one from a GLM on medium level of noise. The
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algorithms are then tested on the MovieLens dataset and it shows that
our procedure suits large dataset.
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Figure 2.2 – 0/1 risk for the recovering of a rank 3 matrix (dimensions:
200× 200) as a function of the level of noise. It is the switch noise (with
probability p the observed value is the opposite to the true one).

Variational approximation for the logistic model.

In this chapter we also develop the variational approximation for the
logistic model. The classic matrix completion problem is treated with this
method in [Lim and Teh, 2007]. We need for the logistic model a double
approximation. We also derive the algorithms for different prior distri-
butions for γ. The variational approximations then use the Generalized
Inverse Gaussian family.

2.4.2 Chapter 4: Estimation bounds and sharp oracle in-
equalities of regularized procedures with Lipschitz
loss functions

This chapter keeps exploring the matrix completion issue, but use a
more general approach that allows to address other problems. It focuses
on the properties of the regularized empirical risk minimizer when the
loss function is Lipschitz. If we write `(f(x), y) the loss occurred for a
prediction by f at the point (x, y), this property is expressed by:

∀(x, y),∀(f1, f2), |`(f1(x), y)− `(f2(x), y)| ≤ |f1(x)− f2(x)| .

The Lipschitz property is verified for the following loss functions:

63



Theoretical Study of some Statistical Procedures

— loss for the quantile regression of order τ ∈ (0, 1) : `(y′, y) =
τ max(0, y − y′) + (1− τ) max(0, y′ − y) for any y′, y ∈ R

— logistic loss: `(y′, y) = log(1+exp(−yy′)) for any (y, y′) ∈ {−1,+1}×
R

— hinge loss: `(y′, y) = max(0, 1−yy′) for any (y, y′) ∈ {−1,+1}×R
Let (Xi, Yi)ni=1 denote the observations. The space of predictors is

written F and the norm over it is written ‖·‖. The estimator that will
be considered is thus defined by:

f̂ = arg min
f∈F

{
1
n

n∑
i=1

`(f(xi), yi) + λ ‖f‖

}
.

Although the regularized empirical risk minimizer has been well stud-
ied where the loss is the quadratic loss, there are less works about Lips-
chitz loss. Nevertheless, this property is very common in the classification
framework (for y ∈ {−1,+1}) with the logistic and hinge loss. The quan-
tile regression covers the `1 loss, that is a robust version of the quadratic
loss; it may also treat the recovering of any quantile between 0 and 1.

Theoretical results.

The theoretical results are developed under two different assumptions
that are made on X and F : the subgaussian case and the bounded case.
As these results are general, they depend on quantities that are computed
with (F , ‖·‖). We write the oracle f? and the excess risk of f ∈ F by
E(f) where:

f? = arg min
f∈F

E[`(f(X), Y )], E(f) = E[`(f(X), Y )]− E[`(f?(X), Y )].

We sketch here a summary of the strategy in order to effectively com-
pute the non asymptotic bounds. The formal definitions of the quantities
are in the chapter.

1. Compute the Bernstein parameter (κ,A) associated to the loss `
and the family F .

2. Compute the complexity function

r(ρ) =
[
Aρcomp(B)√

n

]1/2κ
,

where comp(B) depends on the framework (subgaussian or bounded)
and the unit ball B = {f : ‖f‖ ≤ 1}.
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3. After computing the subdifferential of the norm ∂ ‖·‖ (f?), we need
to solve the sparsity equation. The potential parsimony of the
oracle may help at this stage. ρ? is then the radius satisfying:

∆(ρ?) = 4ρ?/5.

4. We are now ready to state the theorems with respect to the frame-
work. With high probability, we have:∥∥∥f̂ − f?∥∥∥ ≤ ρ?, (E[f̂(X)− f?(X)]2)1/2 ≤ r(2ρ?),

E(f̂) ≤ C[r(2ρ?)]2κ.

These results are obtained without any assumptions over Y , which
shows the robustness of the Lipschitz loss functions. We may now apply
the theoretical results to two problems: the logistic regression and the
matrix completion. In the chapter, another example about RKHS is also
developed.

Application 1: the logistic regression.

The known results about penalized logistic regression usually use the
`1 norm on vectors. The SLOPE norm, introduced by [Bogdan et al.,
2015], leads to the minimax rate for the least square regression but has
not been used with the logistic loss. We define it, for any t ∈ Rp by

‖t‖SLOPE =
p∑
j=1

√
log(ep/j)t(j),

where the t(j)’s are a non increasing rearrangement of (|tj |). The ob-
servations (Xi, Yi) lie in {−1,+1} × Rp and the estimator is therefore
defined by:

t̂ = arg min
t∈Rp

{
1
n

n∑
i=1

log(1 + exp(−Yi 〈t,Xi〉) + c√
n
‖t‖SLOPE

}
.

In order to get the upper bound, we compute the quantities with re-
spect to the variables. In the subgaussian framework, comp(B) is of order
a constant. The Bernstein parameter κ is 1. As the subdifferential of the

65



Theoretical Study of some Statistical Procedures

SLOPE norm is wide when some coordinates are null, the sparsity equa-
tion gives ρ? = c s√

n
log ep

s where s is the number of non null coordinates
of t?. At the end, with high probability, we get:

Elogistic(t̂) ≤ cs log ep/s
n

This result upgrades the known results using the `1 norm. In this
case, the excess risk is controlled by a bound of order s log p/n. When s
is rather large, such that a fraction of p, the result with the SLOPE esti-
mator is better. A same analysis can be made for the quantile regression
loss (only the Bernstein parameter may change).

Application 2: matrix completion.

This part illustrates the bounded framework and leads to new results
about matrix completion. The predictors are the m1 ×m2 matrices M
whose entries are absolutely bounded by a. The variables Xi lie in X ,
the set of mask matrices. The regularization norm that will be used is
the nuclear norm. The results that are presented here are only written
for the Bernstein parameter κ = 1, that leads to fast rates. The general
results are in the chapter. Hence we consider the following estimator:

M̂ = arg min
M :‖M‖∞≤a

{
1
n

n∑
i=1

`(〈M,Xi〉 , Yi) + λ ‖M‖S1

}
. (2.16)

The complexity parameter is:

r(ρ) = c

[
ρ

√
log(m1 +m2)

nm

]1/2

.

The nuclear norm has a wide subdifferential when the matrix is low
rank. If the rank of M? is s, the sparsity equation is verified by:

ρ? = csm1m2

(
log(m1 +m2)

nm

) 1
2

Finally, with high probability, M̂ that satisfies (2.16) is such that:

1
m1m2

∥∥∥M̂ −M?
∥∥∥2

S2
≤ csM log(m1 +m2)

n
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E(M̂) ≤ csM log(m1 +m2)
n

This result is interesting in two ways: it bounds the reconstruction
of M? as it is often sought in matrix completion, but it also controls the
excess risk. It is then possible to apply to some precise Lipschitz loss
functions.

Binary matrix completion.

In binary matrix completion (when Yi lies in {−1,+1}), one may use
the logistic loss or the hinge loss. With the logistic loss, κ is 1 and we
then recover the results of [Klopp et al., 2015] for the reconstruction of
M?, but we also get a bound of the excess logistic risk of M̂ . With the
theorem from [Zhang, 2004], the 0/1 risk of M̂ is therefore upper bounded
with high probability by

√
sM log(m1 +m2)/n.

It is then worth considering the hinge loss. The Bernstein parameter
is 1 by assuming that M? has no entries too close to 0. With this as-
sumption, the estimator from (2.16) is such that, with high probability,
the excess hinge risk is upper bounded by sM log(m1 +m2)/n. The 0/1
excess risk is then bounded by the same quantity, which is better than
the previous known results.

The chapter also present lower bounds and a set of simulations. We
propose an algorithm in order to compute the estimator M̂ which is of
type Alternating Direction Method of Multipliers and is very similar to
Algorithm 2.1. We test it on the MovieLens data and the notebooks are
available online (http://sites.google.com/site/vincentcottet/code).

Matrix Completion using the quantile regression loss.

This loss function is rarely used in matrix completion although it can
be employed for different tasks. For τ = 1/2, the loss corresponds to the
absolute value: it is a much more robust loss function to outliers than the
quadratic loss. For other values of τ , it aims at recovering the quantiles
exactly in a similar way to the quantile regression.

The Bernstein parameter κ is 1 as soon as the noise has a density with
respect to the Lebesgue measure which is lower bounded in a enough
large interval (it is easily computable for the classic distributions such
as Gaussian, Student and even Cauchy). The results are then directly
derived by applying the main theorem in the bounded case. For τ = 1/2,
if the noise is centered, the target matrix is the same as the one for the

67



Theoretical Study of some Statistical Procedures

quadratic loss. The reconstruction under the Frobenius norm is direct
and the rate is the same as in [Klopp, 2014] or in [Mai and Alquier, 2015]
and is optimal up to a logarithm term. The main advantage is that the
assumptions on the noise are much wider (for the quadratic loss, the noise
has to be subexponential).

We then test the robustness property with several scenarii of simula-
tions. One of them involves outliers. We start with a rank 3 matrix of
size 200× 200 and 10% of the entries are corrupted by outliers. We then
increase the magnitude of the outliers. The performance of the estimator
from the quadratic loss is getting worse and worse and for a large mag-
nitude, the estimated matrix is everywhere null. Conversely, the median
estimator (τ = 1/2) keeps almost the same performance even for a large
magnitude of outliers, Figure 2.3. In the same spirit, the proportion of
the outliers has a very small impact on the performance of this estimator
(the details are in the chapter).
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Figure 2.3 – Reconstruction in `1 norm of a low rank matrix. The mag-
nitude of the outliers increases from 0 to 30.

2.4.3 Chapter 5: Divide and Conquer in ABC: Expectation-
Propagation algorithms for likelihood-free inference

The two former chapters deal with high dimensional problems: the
parameter is very large and we seek a parsimonious one that fits the
data. The ABCmethods, Approximate Bayesian Computation, have been
developed thanks to the massive increasing of the computer capabilities
and allow to tackle new problems. They aim at doing Bayesian inference
for models where the likelihood is either not explicit or too expensive
to compute. For these models, the parameter is very hard to estimate.
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All what we need for ABC is that we are able to simulate data from the
likelihood: the evaluation of it is not required. These models are common
in biology, neuroscience or for spatial models.

The chapter is an extension of [Barthelmé and Chopin, 2014]. We first
introduce the ABC algorithm and then present the EP approximation in
order to conclude with the EP-ABC algorithm. At the end the illustrative
example is exposed.

The ABC algorithm is very simple and seems very natural. We have
at hand a prior distribution p(θ), a likelihood p(x|θ) and observations x?
from the model. We need a distance between the observed and simulated
data d(x?, x) and a threshold ε > 0. The algorithm is then to repeat the
following steps until we get enough accepted values:

1. draw θ ∼ p(θ)
2. draw a sample of data x ∼ p(x|θ)
3. accept θ if d(x?, x) ≤ ε.
Eventually, the accepted values is a sample of the following distribu-

tion:
pε(θ|x?) ∝ p(θ)

∫
p(x|θ)1{d(x,x?)≤ε}dx.

An important limit of this method is the choice of the distance d.
If it is possible to take d(x?, x) = ‖s(x?)− s(x)‖ where s is a sufficient
statistic and ‖·‖ a norm, then the approximation will tend to the true
posterior distribution if ε tends to 0. If it is not the case, it is a double
approximation that is hard to control.

Divide and Conquer: split the problem in blocks.

Many times the data may be gathered in a natural way into blocks,
written (xi)ki=1; each block may be of different size. We write x[k] =
(x1, . . . , xk). The likelihood may be written sequentially by block 6:

p(x|θ) =
k∏
i=1

p(xi|x[i−1], θ).

If it is possible to draw xi from p(xi|x[i−1], θ), we can therefore split the
problem into blocks and approximate the distribution:

pε(θ|x?) ∝ p(θ)
k∏
i=1

∫
p(xi|x?[i−1], θ)1{‖si(xi)−si(x?i )‖≤ε}dxi, (2.17)

6. This writing is always correct and needs no assumption.
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where si is a statistic of xi. The EP-ABC algorithm aims at making an
EP-type approximation of the distribution pε(θ|x?).

The first case in which the likelihood is naturally split is when the data
are i.i.d. or i.i.d. by blocks. For example, if we observe several years of
a geographical process such the one presented later, we can assume that
the observations by year are mutually independent. A second case arises
when the data are time series.

Expectation Propagation: A Bayesian approximation.

The EP algorithm, Expectation Propagation, is quite similar to the VB
approach: the goal is to find a distribution q in a particular parametric
family Q that will be close to the target distribution π. It is used when
π is factorized into n factors such that:

π(θ) = 1
Zπ

k∏
i=0

li(θ).

The idea is then to approximate each site li by a factor qi and the final
approximation will be

q(θ) =
k∏
i=0

qi(θ).

To compute so, the algorithm looks like a coordinatewise optimization.
Each site is updated sequentially while other sites are kept fixed. The
update of the i-th site follows the steps:

1. Compute the cavity distribution q−i(θ) ∝
∏
j 6=i qj(θ). The hybrid

distribution is hi ∝ q−i(θ)li(θ).
2. Update qi such as

q ∈ arg min
f∈Q

K(hi, f). (2.18)

The last step is crucial and is explicit if Q is an exponential family.
In this case, the moments of hi and q has to be the same. The chapter
uses Gaussian distributions as approximation; the main step (2.18) is
translated into the computation of the moments:

µh = 1∫
hi(θ)dθ

∫
θhi(θ)dθ

Σh = 1∫
hi(θ)dθ

∫
θθ>hi(θ)dθ − µhµ>h
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In practice, the results are pretty good and the approximation seems
to be better than the one from VB. The EP algorithm indeed keeps a
full covariance for the parameter and thus between its coordinates. In
opposition, the mean-field VB approximation will not conserve this flexi-
bility and will approach it by independent components. Nonetheless, in a
prediction approach, it is sometimes not required to have the covariance
information and the VB approximation would be enough.

The EP algorithm suffers from a lack of theoretical works. Two recent
articles [Dehaene and Barthelmé, 2015b] and [Dehaene and Barthelmé,
2015a] partially fill the gap: the first one studies the quality of the fixed
point of the algorithm. The authors show that the mean and the variance
are close to the ones from the target distribution for a Gaussian approx-
imation. The second article focuses on the algorithm and shows that it
may be interpreted as a Newton algorithm of optimization. This fact im-
plies that the updates are not very stable and may face some difficulties
to converge. It may be fixed by averaging the updates.

The EP-ABC algorithm in practice.

The target distribution defined in (1.15) is factorized into k+1 blocks
(the first one being the prior distribution). Each site is:

li(θ) =
∫
p(xi|x?[i−1], θ)1{‖si(xi)−si(x?i )‖≤ε}dxi.

The algorithm is conceivable if it is possible to compute the moments
of the hybrid distributions. To do so, we use an ABC approximation, that
is itself possible if we can simulate from the density p(xi|x?[i−1]). The full
algorithm is given in the chapter.

What we propose has important advantages: at each step, some θs
are drawn from the cavity distributions qi that is usually more precise
than the prior distribution 7. Furthermore, the simulation of xi and the
associated acceptation of θ is a related to ‖si(xi)− si(x?i )‖. As the di-
mension is smaller, the acceptance probability is larger, or it is possible
to reduce the threshold. It avoids the curse of dimensionality: for ABC,
adding data leads to a lower acceptance rate and a deterioration of the
approximation quality 8. With the EP-ABC, the splitting into blocks
leads to a neutral addition of points if they are gathered in new blocks.

7. This point is often improved in advanced versions of ABC.
8. Here the dimensionality concerns the number of points, not the size of the pa-

rameter.
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Moreover, a distributed version is easily derived. The most expensive
step, that is the moment computation, may be done in a parallel way
thanks to the splitting. This algorithm smooths the updates and is more
stable.

An application to spatial extremes.

Three examples are treated in the seminal paper [Barthelmé and
Chopin, 2014]: n i.i.d. observations from an alpha-stable distribution
(distribution that has no explicit density), a Lotka-Volterra model (also
known as predator-prey model) and a model about reaction time where
time series are modeled jointly. In the last two examples, the sequential
form is natural.

In Chapter 5, we propose another example where the data are k
blocks of n points that are dependent into blocks 9. The observations are
the realizations of a spatial process observed in several locations written
(xi)ni=1. The observation for the j-th year at location xi is yj(xi) and
we assume that the observations across year are independent. The pro-
cess we consider here is a max-stable process; these process are used to
model extrema. The goal is to infer the covariance of the process in or-
der to get an idea of the dependence across location. For more than two
locations, the likelihood is not explicit. A composite likelihood method
has been proposed, that is an approximated frequentist method. It is
asymptotically valid but it is not the considered case here.

The classic ABC method has been proposed for this model in [Erhardt
and Smith, 2012]. It is very time-consuming because the simulation of
a max-stable process is very demanding, but also the acceptance rate is
very small. Nevertheless, this article offers many statistics and is a good
starting point.

The EP-ABC is a large help in this case because of the independence
between years. It allows to treat each block separately and we avoid an
extra approximation. It also allows to use the recycling of the simulations,
that is very helpful for expensive simulations. Finally, we apply this
model to rainfall maxima in Switzerland. The maximum is computed
every year from June to August between 1962 and 2008. We chose the
Whittle-Matern covariance function with two parameters (c, ν).

The algorithm converges quite quickly, generally after 3 or 4 passes
over the data. The time saving is huge in comparison to the classic

9. The number of points per block may vary but it is not the case here.
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Figure 2.4 – 50% credible ellipses of the Gaussian approximation of the
posterior distribution for different values of ε.

ABC. By testing different values of ε, we see on Graph 2.4 that the
distribution of the posterior distribution is very correlated between the
two parameters.
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Chapter 3

1-bit Matrix Completion:
PAC-Bayesian Analysis of a
Variational Approximation

With Pierre Alquier. To appear in Machine Learning Journal.

Abstract
We focus on the completion of a (possibly) low-rank matrix with bi-

nary entries, the so-called 1-bit matrix completion problem. Our ap-
proach relies on tools from machine learning theory: empirical risk mini-
mization and its convex relaxations. We propose an algorithm to compute
a variational approximation of the pseudo-posterior. Thanks to the con-
vex relaxation, the corresponding minimization problem is bi-convex, and
thus the method works well in practice. We study the performance of
this variational approximation through PAC-Bayesian learning bounds.
Contrary to previous works that focused on upper bounds on the estima-
tion error of M with various matrix norms, we are able to derive from
this analysis a PAC bound on the prediction error of our algorithm.

We focus essentially on convex relaxation through the hinge loss, for
which we present a complete analysis, a complete simulation study and
a test on the MovieLens data set. We also discuss a variational approxi-
mation to deal with the logistic loss.
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3.1 Introduction

Motivated by modern applications like recommendation systems and
collaborative filtering, video analysis or quantum statistics, the matrix
completion problem has been widely studied over the recent years. Re-
covering a matrix is, without any additional information, a impossible
task. However, under some assumptions on the structure of the matrix
to be recovered, it might become feasible, as shown by Candès and Tao
[2010] and Candès and Recht [2012] where the assumption is that the ma-
trix has a small rank. This assumption is natural in many applications.
For example, in recommendation systems, it is equivalent to the existence
of a small number of hidden features that explain the users preferences.
While [Candès and Tao, 2010] and [Candès and Recht, 2012] focused
on matrix completion without noise, many authors extended these tech-
niques to the case of noisy observations, see [Candès and Plan, 2010] and
[Chatterjee, 2015] among others. The main idea in [Candès and Plan,
2010] is to minimize the least squares criterion, penalized by the rank.
This penalization is then relaxed by the nuclear norm, which is the sum
of the singular values of the matrix at hand. An efficient algorithm is
described in [Recht and Ré, 2013].

All the aforementioned papers focused on real-valued matrices. How-
ever, in many applications, the matrix entries are binary, that is in the
set {0, 1}. For example, in collaborative filtering, we have often only ac-
cess to a binary choice: the (i, j) − th entry being 1 means that user i
is satisfied by object j while this entry being 0 means that he/she is not
satisfied by it. The problem of recovering a binary matrix from partial
observations is usually referred as 1-bit matrix completion. To deal with
binary observations requires specific estimation methods. Most works on
this problem usually assume a generalized linear model (GLM): the ob-
servations Yij for 1 ≤ i ≤ m1, 1 ≤ j ≤ m2, are Bernoulli distributed with
parameter f(Mij), where f is a link function which maps from R to [0, 1],
for example the logistic function f(x) = exp(x)/[1 + exp(x)], and M is
a m1 ×m2 real matrix, see [Cai and Zhou, 2013, Davenport et al., 2014,
Klopp et al., 2015]. In these works, the goal is to recover the matrix M
and a convergence rate is then derived. For example, [Klopp et al., 2015]
provides an estimate M̂ for which, under suitable assumptions and when
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the data are generated according to the true model with M = M0,

1
m1m2

‖M̂ −M0‖2F ≤ C max
(√

log(m1 +m2)
n

,

max(m1,m2)rank(M0) log(m1 +m2)
n

)
for some constant C that depends on the assumptions and the sampling
scheme, and where ‖.‖F stands for the Frobenius norm (we refer the
reader to Corollary 2 page 2955 in [Klopp et al., 2015] for the exact
statement). While this result ensures the consistency of M̂ when M0
is low-rank, it does not provide any guarantee on the probability of a
prediction error. Moreover, the results rely on the assumption that the
model (in particular the function f) is well specified. In practice, this
assumption is unrealistic, and it is important to provide generalization
error bounds that hold even in case of misspecification.

Here, we adopt a machine learning point of view: in machine learning,
dealing with binary output is called a classification problem, for which
methods are known that do not assume any model on the observations.
That is, instead of focusing on a parametric model for Yi,j , we will only
define a set of prediction matrices M and seek for the one that leads to
the best prediction error. Using the zero-one loss function, we could ac-
tually directly use Vapnik-Chervonenkis theory [Vapnik, 1998] to propose
a classifier M̂ risk would be controlled by a PAC inequality. However,
it is known that this approach usually is computationally intractable.
A popular approach is to replace the zero-one loss by a convex surro-
gate [Zhang, 2004], namely, the hinge loss. Our approach is as follows: we
propose a pseudo-Bayesian approach, where we define a pseudo-posterior
distribution on a set of matrices M . This pseudo-posterior distribution
does not have a simple form, however, thanks to a variational approxima-
tion, we manage to approximate it by a tractable distribution. Thanks to
the PAC-Bayesian theory [McAllester, 1998, Herbrich and Graepel, 2002,
Shawe-Taylor and Langford, 2003, Catoni, 2004, 2007, Seldin et al., 2012,
Dalalyan and Tsybakov, 2008], we are able to provide a PAC bound on
the prediction risk of this variational approximation. We then show that,
due to the convex relaxation of the zero-one loss, the computation of this
variational approximation is actually a bi-convex minimization problem.
As a consequence, efficient algorithms are available.

Other settings for 1-bit matrix completion have also been studied.
For example, in some real-life applications, only positive instances are
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available. This setting is studied in details in [Hsieh et al., 2015]. It
requires a different approach. Here, we stick to the classification approach
where positive and negative instances are observed. We refer the reader
to [Hsieh et al., 2015] and the references therein for the positive-only case.

The rest of the paper is as follows. In Section 3.2 we provide the
notations used in the paper, the definition of the pseudo-posterior and of
its variational approximation. In Section 3.3 we give the PAC analysis of
the variational approximation. This yields an empirical and a theoretical
upper bound on the prediction risk of our method. Section 3.4 provides
details on the implementation of our method. Note that in the aforemen-
tioned sections, the convex surrogate of the zero-one loss used is the hinge
loss. An extension to the logistic loss is briefly discussed in Section 3.5,
together with an algorithm to compute the variational approximation.
Finally, Section 3.6 is devoted to an empirical study and Section 3.6.3 to
an application to the MovieLens data set. The proof of the theorems of
Section 3.3 are provided in Section 3.8.

3.2 Estimation Procedure
For any integer m we define [m] = {1, . . . ,m}; for two real numbers

a and b we write max(a, b) = a ∨ b and min(a, b) = a ∧ b. We define,
for any integers m1 and m2 and any matrix M ∈ Rm1×m2 , ‖M‖max =
max(i,j)∈[m1]×[m2]Mij . Let R+ stand for the set of non-negative real
numbers, and R+∗ for the positive real numbers. For any real number a,
(a)+ is the positive part of a and is equal to max(0, a).

For a pair of matrices (A,B), we write `(A,B) = ‖A‖max ∨ ‖B‖max.
Finally, when an m1 × m2 matrix M has rank(M) = r then it can be
written as M = LRT where L is m1× r and R is m2× r. This decompo-
sition is obviously not unique; we put `(M) = inf(L,R) `(L,R) where the
infimum is taken over all such possible pairs (L,R) such that LR> = M .
In frequentist approaches like [Klopp et al., 2015], it is common that the
upper bound depends on the infinite norm of the entries. This quantity
is replaced in our analysis by `(M).

3.2.1 1-bit matrix completion as a classification problem
We formally describe the 1-bit matrix completion problem as a clas-

sification problem: we observe (Xk, Yk)k∈[n] that are n i.i.d pairs from a
distribution P. The Xk’s take values in X = [m1]×[m2] and the Yk’s take
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values in Y = {−1,+1}. Hence, the k-th observation of an entry of the
matrix is Yk and the corresponding position in the matrix is provided by
Xk = (ik, jk). In this setting, a predictor is a function [m1] × [m2] → R
and thus can be represented by a matrixM and for any X,MX is the en-
try ofM at location X. It is natural to useM in the following way: when
(X,Y ) ∼ P, M predicts Y by sign(MX). The ability of this predictor to
predict a new entry of the matrix is then assessed by the risk

R(M) = EP [1(YMX < 0)] ,

and its empirical counterpart is:

rn(M) = 1
n

n∑
k=1

1(YkMXk < 0) = 1
n

n∑
k=1

1(YkMik,jk < 0).

It is then possible to use the standard approach in classification the-
ory [Vapnik, 1998]. For example, the best possible classifier is the Bayes
classifier and it relies on the regression function:

η(x) = E(Y |X = x) or equivalently η(i, j) = E[Y |X = (i, j)],

and therefore we have an optimal matrix

MB
ij = sign[η(i, j)] = sign

{
E[Y |X = (i, j)]

}
.

We define R = infM R(M) = R(MB), and rn = rn(MB). Note that,
clearly, if two matricesM1 andM2 are such as, for every (i, j), sign(M1

ij) =
sign(M2

ij) then R(M1) = R(M2), and obviously,

∀M,∀(i, j) ∈ [m1]× [m2], sign(Mij) = MB
ij ⇒ rn(M) = rn.

While the risk R(M) has a clear interpretation, its empirical counterpart
rn(M) usually leads to intractable problems, as it is non-smooth and non-
convex. Hence, it is standard to replace the empirical risk by a convex
surrogate [Zhang, 2004]. In this paper, we will mainly deal with the hinge
loss, which leads to the following so-called hinge risk and hinge empirical
risk:

Rh(M) = EP [(1− YMX)+] ,

rhn(M) = 1
n

n∑
k=1

(1− YkMXk)+.
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The hinge loss was also used by Srebro et al. [2005] and in [Herbster et al.,
2016] in the 1-bit matrix completion problem, with a different approach
leading to different algorithms. Moreover, here, we provide an analysis
of the rate of convergence of our method, that is not provided in [Srebro
et al., 2005]. Note that our analysis can be extended to any Lipschitz
and convex surrogate, and indeed, we study also briefly the logistic loss
in Section 3.5. Still, we prefer to focus only on the hinge loss in the main
part of the paper, for its good algorithmic and theoretical properties,
c.f. [Zhang, 2004].

Contrary to many recent papers on matrix completion, our approach
leads to distribution-free bounds. The marginal distribution of X is not
an issue and we do not have to assume a uniform sampling scheme.
Following standard notations in matrix completion, we define Ω as the
set of indices of observed entries: Ω = {X1, . . . , Xn}. We will use in
the following the sub-sample of {1, . . . , n} for a specified line i: Ωi,· =
{l ∈ [n] : (i, jl) ∈ Ω} and the counterpart for a specified column j: Ω·,j =
{l ∈ [n] : (il, j) ∈ Ω}.

3.2.2 Pseudo-Bayesian estimation

The Bayesian framework has been used several times for matrix com-
pletion (see [Salakhutdinov and Mnih, 2008, Lim and Teh, 2007] and the
references therein). The PAC-Bayesian approach has been well used on
different models (see [Mai and Alquier, 2015] and Section 6 in [Seldin and
Tishby, 2010]). A common idea in all of these papers is to factorize the
matrix into two parts in order to define a prior on low-rank matrices. It
needs an additional parameter and a hierarchical model in order to be
rank-adaptive and we explain here the idea. Every matrix whose rank is
r can be factorized:

M = LR>, L ∈ Rm1×r, R ∈ Rm2×r.

As mentioned in the introduction, the Bayes matrixMB is expected to be
low-rank, or at least well approximated by a low-rank matrix. However,
in practice, we do not know what would be the rank of this matrix. So, we
actually write M = LR> with L ∈ Rm1×K , R ∈ Rm2×K for some large
enough K. Adaptation with respect to r ∈ [K] is obtained by shrinking
some columns of L and R to 0. In order to do so, we will scale parameters
γk for the columns of L and R, and let γ := (γ1, . . . , γK). We then define
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the following hierarchical probability distribution:

∀k ∈ [K], γk
iid∼ πγ , (3.1)

∀(i, j, k) ∈ [m1]× [m2]× [K], Li,k, Rj,k|γ
indep.∼ N (0, γk), (3.2)

and M = LR>, (3.3)

where the prior distribution on the variances πγ is yet to be specified.
It means that the entries of L and R are normally distributed but the
variance depends on the column index: a large γk leads to spread values
and a small γk leads to almost null entries of the column k. In most papers
πγ is chosen as an inverse-Gamma distribution because it is conjugate in
this model. This kind of hierarchical prior distribution is also very similar
to the Bayesian Lasso developed in [Park and Casella, 2008] and especially
of the form of the Bayesian Group Lasso developed in [Kyung et al., 2010]
in which the variance term is Gamma distributed. We will show that the
Gamma distribution is a possible alternative in matrix completion, both
for theoretical results and practical considerations. Thus all the results in
this paper are stated under the assumption that πγ is either the Gamma
or the inverse-Gamma distribution: πγ = Γ(α, β), or πγ = Γ−1(α, β).

Let θ denote the parameter θ = (L,R, γ) and π denote the prior
distribution defined in (3.1). Following the aforementioned papers in
PAC-Bayesian theory, we define the pseudo-posterior as follows:

ρ̂λ(dθ) = exp[−λrhn(LR>)]∫
exp[−λrhn]dπ

π(dθ)

where λ > 0 is a parameter to be fixed by the statistician. The calibration
of λ is discussed below. This distribution is close to a classic posterior
distribution but the likelihood has been replaced by the pseudo-likelihood
exp[−λrhn(LR>)] based on the hinge empirical risk.

3.2.3 Variational Bayes approximations
Unfortunately, the pseudo-posterior is intractable and MCMC meth-

ods may be too expensive because of the dimension of the parameter.
We decide to use a Variational Bayes approximation, that is to seek
an approximation of the pseudo-posterior by efficient optimization algo-
rithms [Bishop, 2006]. First, we fix a subset F of the set of all distri-
butions on the parameter space. The class F should be large enough to
contain a good enough approximation of ρ̂λ, but not too large, in order to
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keep optimization in F feasible. The VB approximation is then defined
by

arg min
ρ∈F
K(ρ, ρ̂λ), where K(ρ, ρ̂λ) =

∫
log
(

dρ
dρ̂λ

)
dρ

is the Kullback-Leibler divergence between ρ and ρ̂λ. When K(ρ, ρ̂λ)
is not available in closed form, it is usual to replace it by an upper
bound. Following the classical approach with matrix factorization pri-
ors, as in [Lim and Teh, 2007], we define here the class F as follows:

F =
{
ρ(dL,dR,dγ) =

K∏
k=1

[
m1∏
i=1

ϕ(Li,k;L0
i,k, v

L
i,k)dLi,k

m2∏
j=1

ϕ(Rj,k;R0
j,k, v

R
j,k)dRj,kργk(dγk)

]
,

L0 ∈ Rm1×K , R0 ∈ Rm2×K , vL ∈ Rm1×K
+ , vR ∈ Rm2×K

+

}
,

where ϕ(.;µ, v) is the density of the Gaussian distribution with pa-
rameters (µ, v) and ργk ranges over all possible probability distributions
for γk ∈ R+. The VB approximations are referred as parametric when
F is finite dimensional and as mean-field otherwise. Here we actually
use a mixed approach. Informally, under ρ ∈ F , all the coordinates are
independent and the variational distribution of the entries of L and R is
specified. The free variational parameters to be optimized are the means
and the variances. We will show below that the optimization with respect
to ργk is available in close form. Also, note that any probability distri-
bution ρ ∈ F is uniquely determined by L0, R0, vL, vR and ργ1 , . . . , ργK .
We could actually use the notation ρ = ρL0,R0,vL,vR,ργ1 ,...,ργK , but it
would be too cumbersome, so we will avoid it as much as possible. Con-
versely, once ρ is given in F , we can define L0 = Eρ[L], R0 = Eρ[R] and
so on.

It is well-known that the Kullback divergence can be decomposed as

K(ρ, ρ̂λ) = λ

∫
rhndρ+K(ρ, π) + log

∫
exp[−λrhn]dπ (3.4)

but the first term in the right-hand side is not tractable here. We then
use the Lipschitz property of the loss and derive an upper bound of the
Kullback divergence for any ρ ∈ F which is explicit in the parameters
of ρ. It is this quantity that we will optimize in the algorithm and we
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will see in the next section that this estimate enjoys good properties. We
remind the reader that all the proofs are postponed to Section 3.8.

Proposition 3.1. For any ρ = ρL0,R0,vL,vR,ργ1 ,...,ργk ∈ F ,∫
rhndρ+ 1

λ
K(ρ, π) ≤ rhn

(
Eρ[L]Eρ[R]>

)
+R(ρ, λ) (3.5)

where

R(ρ, λ) = 1
n

n∑
h=1

K∑
k=1

[√
vLih,k

2
π

√
vRjh,k

2
π

+ |R0
jh,k
|
√
vLih,k

2
π

+ |L0
ih,k
|
√
vRjh,k

2
π

]

+ 1
λ

1
2

K∑
k=1

Eρ
[

1
γk

]m1∑
i=1

(vLi,k + (L0
i,k)2) +

m2∑
j=1

(vRj,k + (R0
j,k)2)


−1

2

K∑
k=1

m1∑
i=1

log vLi,k +
m2∑
j=1

log vRj,k


+

K∑
k=1

[
K(ργk , πγ) + m1 +m2

2 (Eρ [log γk]− 1)
]}

.

Note that the explicit expression of our upper bound R(ρ, λ) is very
cumbersome to say the least. A few comments are in order. First, this
upper bound is explicit and can be computed easily. Hence, instead of
minimizing the Kullback divergence, this is this term that we minimize in
practice. Then, our theoretical analysis will show that the upper bound
is acceptable in the sense that its minimization will lead to a small gen-
eralization error. But it is actually possible to understand at first sight
why the minimization of rhn

(
Eρ[L]Eρ[R]>

)
+R(ρ, λ) works well. Indeed,

assume that a matrix M with rhn(M) = 0 satisfies rank(M) = r � K.
Then, it is possible to decompose M as a product M = L0(R0)> with
L0
i,k = R0

j,k = 0 when r < k ≤ K. So, the sum

1
2λ

K∑
k=1

Eρ
[

1
γk

]m1∑
i=1

(L0
i,k)2 +

m2∑
j=1

(R0
j,k)2


has actually only r(m1 + m2) = rank(M)(m1 + m2) non-null terms. To
minimize rhn

(
Eρ[L]Eρ[R]>

)
+R(ρ, λ) is thus related to penalized risk min-

imization with a penalty proportional to the rank, as in most frequentist
approaches [Klopp et al., 2015].
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The quantity rhn
(
Eρ[L]Eρ[R]>

)
+R(ρ, λ) will be referred as the Ap-

proximate Variational Bound (AVB) of ρ in the following. We are now
able to define our estimate.

Definition 3.1. For a fixed λ > 0 we put

AV B(ρ, λ) = rhn
(
Eρ[L]Eρ[R]>

)
+R(ρ, λ),

ρ̃λ = arg min
ρ∈F

AV B(ρ, λ). (3.6)

Also, when explicit notations involving L0, R0, vL, vR, ργ1 , . . . , ργk are nec-
essary we will use the notation

AV B(L0, R0, vL, vR, ργ1 , . . . , ργk , λ) = AV B(ρL0,R0,vL,vR,ργ1 ,...,ργk , λ).

In the next section, we study the theoretical properties of our esti-
mate. The main result is that the minimizer ρ̃λ of the AV B(ρ, λ) has
a small prediction risk for a well chosen λ. We also provide an algo-
rithm that computes ρ̃λ and show on simulations that it behaves well in
practice.

3.3 PAC analysis of the variational approxima-
tion

Paper [Alquier et al., 2016] proposes a general framework for analyz-
ing the prediction properties of VB approximations of pseudo-posteriors
based on PAC-Bayesian bounds. In this section, we apply this method
to derive a control of the out-of-sample prediction risk R for our approx-
imation ρ̃λ.

3.3.1 Empirical Bound
The first result is a so-called empirical bound: it provides an upper

bound on the prediction risk of the pseudo-posterior ρ̃λ that depends
only on the data and on quantities defined by the statistician.

Lemma 3.1. For any ε ∈ (0, 1), with probability at least 1 − ε on the
drawing of the sample, for any ρ ∈ F ,∫

Rdρ ≤ rhn
(
Eρ[L]Eρ[R]>

)
+R(ρ, λ) + λ

2n +
log 1

ε

λ
= AV B(ρ, λ) + λ

2n +
log 1

ε

λ
.
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This shows that our strategy to minimize AV B(ρ, λ) is indeed the
minimization of an empirical upper bound on the prediction risk, a stan-
dard approach in PAC-Bayesian theory. An immediate consequence of
Lemma 3.1 and of the definition of ρ̃λ is the following theorem.

Theorem 3.1. For any ε ∈ (0, 1), with probability at least 1 − ε on the
drawing of the sample,∫

Rdρ̃λ ≤ inf
ρ∈F

AV B(ρ, λ) + λ

2n +
log 1

ε

λ

Even though the bound in the right-hand side may be evaluated in
practice, and thus may provide a numerical guarantee on the out-of-
sample prediction risk, it is not very clear how it depends on the param-
eters. The following corollary of Theorem 3.1 will clarify things. It is
obtain by deriving upper bounds of AV B(ρ, λ) (once again, the proof is
provided explicitly in Section 3.8).

Corollary 3.1. Assume that λ ≤ n. For any ε ∈ (0, 1),with probability
at least 1− ε:∫

Rdρ̃λ ≤ inf
M

[
rhn (M) + Cπγ

rank(M)(m1 +m2)[logn+ `2(M)]
λ

]
+ λ

2n+
log 1

ε

λ

where the constant Cπγ is explicitly known, and depends only on the form
of prior πγ (Gamma, or Inverse-Gamma) and of its hyperparameters.

An exact value for Cπγ can be deduced from the proof. It is thus
clear that the algorithm performs a trade-off between the fit to the data,
through the term rhn(M), and the rank of M .

In addition to empirical bounds, it is necessary to provide so-called
theoretical bounds, that will prove that the risk of ρ̃λ will indeed converge
to the Bayes risk when the sample size grows. It is the goal of the next
subsection.

3.3.2 Theoretical Bound
For this type of theoretical analysis, it is common in classification to

make an additional assumption on P which leads to an easier task and
therefore to better rates of convergence. We propose a definition adapted
from [Mammen and Tsybakov, 1999].
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Definition 3.2. Mammen and Tsybakov margin assumption is satisfied
when there is a constant C such that, for any matrix M :

E
[(
1YMX≤0 − 1YMB

X
≤0

)2
]
≤ C[R(M)−R].

It is known that if there is a constant t > 0 such that P(0 < |η(X)| <
t) = 0 then the margin assumption is satisfied with some C that depends
on t. For example, in the noiseless case where Y = MB

X almost surely,
which corresponds to t = 1, then

E
[(
1YMX≤0 − 1YMB

X
≤0

)2
]

= E
[
1

2
YMX≤0

]
= E [1YMX≤0]

= R(M) = R(M)−R,

so the margin assumption is satisfied with C = 1.
We are now ready to state our theoretical bound. It makes a link

between the integrated risk of the estimator and the lowest possible risk,
which is reached by the Bayes classifier MB . In opposition to the empir-
ical bound, it involves non-observable quantities, depending on MB , in
the right-hand side.

Theorem 3.2. Assume that Mammen and Tsybakov assumption is sat-
isfied for a given constant C > 0. Then, for any ε ∈ (0, 1) and for
λ = sn/C, s ∈ (0, 1), with probability at least 1− 2ε,∫

Rdρ̃λ ≤ 2(1 + 3s)R

+ CC,s,πγ
(

rank(MB)(m1 +m2)[logn+ `2(MB)] + log
( 1
ε

)
n

)

where CC,s,πγ is known and depends only on the s, C and πγ .

Note the adaptive nature of this result, in the sense that the estimator
does not depend on rank(MB). Clearly, when rank(MB) is small, the
prediction error will be close to the Bayes error R even for small sample
size. This type of inequalitiy is often referred to as an ’oracle inequality’
in the sense that our estimator behaves as well as if we knew the rank of
MB through an oracle.
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Corollary 3.2. In the noiseless case Y = sign(MB
X ) a.s., for any ε > 0

and for λ = 2n, with probability at least 1− 2ε,∫
Rdρ̃λ ≤ C′πγ

[ rank(MB)(m1 +m2)[logn+ `2(MB)] + log 1
ε

n

]
(3.7)

where C′πγ = C1, 1
4 ,1,πγ .

Remark 1. Note that an empirical inequality comparable to Corollary 3.1
appears in [Srebro et al., 2005]. In both cases, the dependance of the
bounds with respect to n is 1/

√
n (take λ =

√
n in Corollary (3.1)). One

notable difference is that our bound also provides an explicit dependance
to the rank, which is not the case in [Srebro et al., 2005].

In addition to this, theoretical inequalities like Theorem (3.2) and
Corollary (3.2) are completely new results. They allow to compare the
out-of-sample error of our predictor to the optimal one. They show that
the rate is rank(MB)(m1 + m2)/n up to log terms. This can not be
improved as this rate is known to be minimax optimal [Alquier et al.,
2017].

Remark 2. Determining the tuning parameter λ is not an easy task in
practice: even though there are values that lead to the theoretical bounds,
it is more efficient in practice to use cross-validation. We used this tech-
nique in the empirical results section.

3.4 Algorithm
3.4.1 General Algorithm

The minimization problem (3.6) that defines our VB approximation
is not straightforward:

min
L0,R0,vL,vR,ργ1 ,...,ργk

AV B(L0, R0, vL, vR, ργ1 , . . . , ργk , λ).

When vL, vR and all the ργk ’s are fixed, this is actually the canonical
example of so-called biconvex problems: it is convex with respect to L0,
and with respect to R0, but not with respect to the pair (L0, R0). Such
problems are notoriously difficult. In this case, alternating blockwise
optimization seems to be an acceptable strategy. While there is no guar-
antee that the algorithm will not get stuck in a local minimum (or even
in a singular point that is actually not a minimum), it seems to give very
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good results in practice, and no efficient alternative is available. We refer
the reader to the discussion in Subsection 9.2 page 76 [Boyd et al., 2011]
for more details on this problem.

Our strategy is as follows. We update iteratively L0, R0, vL, vR, ργ1 , . . .
, ργk : for L0 and R0 we use a gradient step, while for vL, vR, ργ1 , . . . , ργk

an explicit minimization is available. The details for the mean-field opti-
mization (that is, w.r.t. ργ1 , . . . , ργk) are given in Subsection 3.4.2. See
Algorithm 3.1 for the general version of the algorithm.

Algorithm 3.1 Variational Approximation with Hinge Loss
Require: ε, (ηt)t∈N, L0

0, R
0
0, v

L
0 , v

R
0 , ρ

γ
0

t← 0
repeat

t← t+ 1
L0
t ← L0

t−1 − ηt ∂AV B∂L0 (L0
t−1, R

0
t−1, v

L
t−1, v

R
t−1, ρ

γ1
t−1, . . . , ρ

γK
t−1, λ)

R0
t ← R0

t−1 − ηt ∂AV B∂R0 (L0
t , R

0
t−1, v

L
t−1, v

R
t−1, ρ

γ1
t−1, . . . , ρ

γK
t−1, λ)

vLt ← argminvL AV B(L0
t , R

0
t , v

L, vRt−1, ρ
γ1
t−1, . . . , ρ

γK
t−1, λ)

vRt ← argminvR AV B(L0
t , R

0
t , v

L
t , v

R, ργ1
t−1, . . . , ρ

γK
t−1, λ)

(ργ1
t , . . . , ρ

γK
t )← argminργ1 ,...,ργK AV B(L0

t , R
0
t , v

L
t , v

R
t , ρ

γ1 , . . . , ργK , λ)
until ‖L0

t (R0
t )> − L0

t−1(R0
t−1)>‖2F ≤ ε

3.4.2 Mean Field Optimization
As the pseudo-likelihood does not involve the parameters (γ1, . . . , γK),

the variational distribution can be optimized in the same way as in [Lim
and Teh, 2007] where the noise is Gaussian. The general update formula
is:
ργk (γk) ∝ expEρ−γk (log π(L,R, γ))

∝ expEρ−γk (log[π(L|γ)π(R|γ)πγ(γ)])

∝ exp

{
m1∑
i=1

EρL [log π(Li,k|γk)] +
m2∑
j=1

EρR [log π(Rj,k|γk)] + log πγ (γk)

}

∝ exp

{
−m1 +m2

2 log γk −
1
γk

Eρ

[∑m1
i=1 L

2
i,k +

∑m2
j=1 R

2
j,k

2

]
+ log πγ (γk)

}
where ρ−γk stands for the marginal distribution of (γk′)k′ 6=k under ρ. The
solution then depends on πγ . In what follows we derive explicit formulas
for ργk according to the choice of πγ : we remind the reader that πγ could
be either a Gamma distribution, or an Inverse-Gamma distribution.
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Inverse-Gamma Prior

The conjugate prior for this part of the model is the inverse-Gamma
distribution. The prior of γk is πγ = Γ−1(α, β) and its density is:

πγ(γk;α, β) = βα

Γ(α)γ
−α−1
k exp

(
− β

γk

)
1R+(γk).

The moments we need to develop the algorithm and to compute the
empirical bound are:

Eπγ (log γk) = log β − ψ(α), and Eπγ (1/γk) = α

β
,

where ψ is the digamma function. Therefore, we get:

ργk (γk) ∝ exp

{
−
(
m1 +m2

2 + α+ 1
)

log γk

− 1
γk

(
Eρ

[∑m1
i=1 L

2
i,k +

∑m2
j=1 R

2
j,k

2

]
+ β

)}
,

so we can conclude that:

ργk = Γ−1

(
m1 +m2

2 + α,Eρ

[∑m1
i=1 L

2
i,k +

∑m2
j=1R

2
j,k

2

]
+ β

)
. (3.8)

Gamma Prior
Even though it seems that this fact was not used in prior works on

Bayesian matrix estimation, it is also possible to derive explicit formulas
when the prior πγ on γk’s is a Γ(α, β) distribution. In this case, ργk is
given by

ργk (γk) ∝ exp
{(

α−
m1 +m2

2
− 1
)

log γk − βγk −
1
γk

Eρ

[∑m1
i=1 L

2
i,k +

∑m2
j=1 R

2
j,k

2

]}
.

We remind the reader that the Generalized Inverse Gaussian distribution
is a three-parameter family of distributions over R+∗, writtenGIG(a, b, η).
Its density is given by:

f(x; a, b, η) = (a/b)η/2

2Kη(
√
ab)

xη−1 exp
(
−1

2(ax+ bx−1)
)
,

where Kλ is the modified Bessel function of second kind.
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The variational distribution ργk is in consequence GIG(ak, bk, ηk)
with:

ak = 2β, bk = Eρ

[∑m1
i=1 L

2
i,k +

∑m2
j=1R

2
j,k

2

]
, ηk = α− m1 +m2

2 .

The moment we need in order to compute the variational distribution of
L,R is:

Eργk
(

1
γk

)
= Kηk−1(

√
akbk)

Kηk(
√
akbk)

√
ak
bk
.

3.5 Logistic Model
As mentioned in [Zhang, 2004], the hinge loss is not the only possible

convex relaxation of the zero-one loss. The logistic loss logit(u) = log[1+
exp(−u)] can also be used (even though it might lead to a loss in the rate
of convergence of the risk the Bayes risk [Zhang, 2004]). This leads to
the definitions:

R`(M) = EP [logit(YMX)] ,

r`n(M) = 1
n

n∑
k=1

logit(YkMXk).

In this case, the pseudo-likelihood exp(−λr`n(M)), if λ = n, is exactly
equal to the likelihood of the logistic model:

Y |X =
{

1 with probability σ(MX)
−1 with probability 1− σ(MX)

where σ is the link function σ(x) = exp(x)
1+exp(x) . The likelihood is written

Λ(L,R) =
∏n
l=1 σ(Yl(LR>)Xl). The prior distribution is exactly the

same as in the previous sections and the object of interest is the posterior
distribution:

ρ̂l(dθ) = Λ(L,R)π(dθ)∫
Λ(L,R)π(dθ)

.

In order to deal with large matrices, it remains interesting to develop
a variational Bayes algorithm. However it is not as simple as in the
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quadratic loss model, see [Lim and Teh, 2007] in which the authors de-
velop a mean field approximation, because the logistic likelihood leads
to intractable update formulas. A common way to deal with this model
is to maximize another quantity which is very close to the one we are
interested in. The principle, coming from [Jaakkola and Jordan, 2000], is
well explained in [Bishop, 2006] and an extended example can be found
in [Latouche et al., 2015].

We consider the mean field approximation so the approximation is
sought among the distributions ρ that are factorized

ρ(dθ) =
m1∏
i=1

ρLi(dLi,·)
m2∏
j=1

ρRj (dRj,·)
K∏
k=1

ργk(dγk).

We have the following decomposition, for all distribution ρ:

log
∫

Λ(L,R)π(dθ) = L(ρ) +K(ρ, ρ̂l)

with L(ρ) =
∫

log
(

Λ(L,R)π(θ)
ρ(θ)

)
ρ(dθ).

Since the left-hand side (called log-evidence) is fixed, minimizing the
Kullback divergence w.r.t. ρ is the same as maximizing L(ρ). Unfortu-
nately, this quantity is intractable. But a lower bound, which corresponds
to a Gaussian approximation, is much more easier to optimize. We in-
troduce the additional parameter ξ = (ξl)l∈[n].

Proposition 3.2. For all ξ ∈ Rn and for all ρ,

L(ρ) ≥
∫

log H(θ, ξ)π(θ)
ρ(θ) ρ(dθ) := L(ρ, ξ)

where logH(θ, ξ) =
∑
l∈[n]

{
log σ(ξl) + Yl(LR>)Xl − ξl

2 − τ(ξl)
[
(LR>)2

Xl
− ξ2

l

]}
and τ(x) = 1/(2x)(σ(x)− 1/2).

Hence the estimator is (even though ξ is not the parameter of interest):

(ρ̃, ξ̃) = arg min
ρ∈F
L(ρ, ξ). (3.9)
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Bayes Algorithm
The lower bound L(ρ, ξ) is maximized with respect to ρ by the mean

field algorithm. A direct calculation shows that the optimal distribution
of each site (written with a star subscript) is given by:

∀i ∈ [m1], log ρLi,·? (Li,·) =
∫

log [H(θ, ξ)π(θ)] ρR(dR)ργ(dγ)
∏
i′ 6=i

ρ(dLi′,·) + const

∀j ∈ [m2], log ρRj,·? (Rj,·) =
∫

log [H(θ, ξ)π(θ)] ρL(dL)ργ(dγ)
∏
j′ 6=j

ρ(dRj′,·) + const

As logH(θ, ξ) is a quadratic form in (Li,·)i∈[m1] and (Rj,·)j∈[m2], the
variational distribution of each parameter is Gaussian and a direct cal-
culation gives:

ρ
Li,·
? = N

(
ML

i ,V
L
i

)
, ρ

Rj,·
? = N

(
MR

j ,V
R
j

)
where

ML
i =

1
2

∑
l∈Ωi,·

YlEρ
[
Rjl,·

]VLi , VLi =

2
∑
l∈Ωi,·

τ(ξl)Eρ[R>jl,·Rjl,·] + Eρ
[
diag

( 1
γ

)]−1

MR
j =

1
2

∑
l∈Ω·,j

YlEq
[
Lil,·

]VRj , VRj =

2
∑
l∈Ω·,j

τ(ξl)Eρ[L>il,·Lil,·] + Eρ
[
diag

( 1
γ

)]−1

The variational optimization for γ is exactly the same as in the Hinge
Loss setting (with both possible prior distributions Γ and Γ−1). The
optimization of the variational parameters is given by:

∀l ∈ [n], ξ̂l =
√
Eρ
[
(LR>)2

Xl

]
3.6 Empirical Results

In this section we compare our methods to the other 1-bit matrix
completion techniques on simulated and real datasets. It is worth not-
ing that the low rank decomposition does not involve the same matrix:
in our model, it affects the Bayesian classifier matrix; in logistic model,
it concerns the parameter matrix. The estimate from our algorithm is
M̂ = E

ρ̃λ
(L)E

ρ̃λ
(R)> and we focus on the zero-one loss in prediction.

We first test the performances on simulated matrices and then exper-
iment them on a real data set. We compare the four following mod-
els: (a) hinge loss with variational approximation (referred as HL), (b)
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Bayesian logistic model with variational approximation (referred as Lo-
gis.), (c) the frequentist logistic model from [Davenport et al., 2014] (re-
ferred as freq. Logis.) and (d) the frequentist least squares model from
[Mazumder et al., 2010] (referred as SI for SoftImpute). The former two
are tested with both Gamma and Inverse-Gamma prior distributions.
The hyperparameters are all tuned by cross validation. The parameter
of the frequentist methods is a regularization parameter that is also tuned
by cross-validation.

The choice of K in our methods is more difficult. A large K leads
to more parameters to be estimated. This considerably slows down our
algorithms. In the end, some (very large) values of K are not feasible
in practice. Still, what we observe is that the prior leads to an adaptive
estimator, in accordance with the theoretical results: whenK is taken too
large (but still small enough in order to keep the computations feasible),
the additional parameters are shrunk to zero. Having observed this fact,
we keep K = 10 in many simulations. Still, we added simulations with a
larger value, K = 50, in order to show that this shrinkage effect indeed
takes place.

From a theoretical perspective, the complexity of each step of Algo-
rithm 3.1 is of order (m1 + m2)K. Each step only involves very simple
calculations, no matrix operations. On the opposite, the methods that
use the nuclear norm are very time-consuming because the complexity of
the SVD is of order m1m2 min(m1,m2). It is possible to use approximate
SVD, but the method is more difficult to tune.

3.6.1 Simulated Data: Small Matrices
The goal is to assess the models with different scenarios of data genera-

tion. The general scheme of the simulations is as follows: the observations
come from a 200× 200 matrix and we pick randomly 20% of its entries.
We set K = 10 in our algorithms. The observations are generated as:

Yl = sign (Mil,jl + Zl)Bl, where M ∈ Rm×m, (Bl, Zl)l∈[n] are iid.

The noise term (B,Z) is such that R(M) = R and M has low rank
noted r in the followings. The predictions are directly compared to M .
Two types of matrices M are built: the type A corresponds to the fa-
vorable case to the hinge loss; the entries of M lie in {−1,+1} 1. The

1. The matrices are built by drawing r independent columns with only {−1, 1}.
The remaining columns are randomly equal to one of the first r columns multiplied
by a factor in {−1, 1}.
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type B corresponds to the a more difficult classification problem because
many entries of M are around 0: M is a product of two matrices with
r columns where the entries are iid N (0, 1). The noise term is specified
in Table 3.1. Note that the example A3 may also be seen as a switch
noise with probability e

1+e ≈ 0.73. The experiments are done one time
for each.

Table 3.1 – Type of Noise
Type Name B Z Y

1 No noise B = 1 a.s. Z = 0 a.s. Yl = sign(Mil,jl) a.s
2 Switch B ∼ 0.9δ1 + 0.1δ−1 Z = 0 a.s. Yl = sign(Mil,jl) w.p. 0.9
3 Logistic B = 1 a.s. Z ∼ Logistic Yl = 1 w.p. σ(Mil,jl)

Table 3.2 – Prediction Error on Simulated Observations - rank 3
Type Logis.-G Logis.-IG HL-G HL-IG freq. Logis. SI
A1 0.0% 0.0% 0.0% 0.0% 0.0% 0.0 %
A2 0.5% 0.9% 0.1% 0.0% 0.5% 0.4%
A3 16.0% 15.9% 8.5% 8.5% 17.3% 17.3 %
B1 4.1% 4.0% 5.3% 5.8% 5.1% 5.6 %
B2 10.1% 10.1% 10.8% 10.6% 10.7% 10.8 %
B3 16.0% 16.0% 22.1% 21.3% 19.8% 19.8 %

For rank 3 (see Table 3.2) and rank 5 matrices (see Table 3.3), the
results of the Bayesian algorithms are very similar for both prior distri-
butions and there is no evidence to favor a particular one. The results are
better for the hinge loss method on type A observations and the difference
of performance between models is very large for A3. On the opposite,
the performance of the logistic model is better when the observations are
generated from this model and when the parameter matrix is not sepa-
rable. In comparison with the results from the frequentist approach, the
variational approximation seems very good even though we have not at
all any theoretical properties. For rank 5 matrices, the performances are
worse but the meanings are the same as the rank 3 experiment.

The last simulation is a focus on the influence of the level of switch
noise. On A2 type on rank 3 (Table 3.2), we see that 10% of corrupted
entries is not enough to not almost perfectly recover the Bayesian classi-
fier matrix. We challenge the frequentist program as well. The results are
clear, see Figure 3.1: the hinge loss method is better almost everywhere.
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Table 3.3 – Prediction Error on Simulated Matrices - rank 5
Type Logis.-G Logis.-IG HL-G HL-IG freq. Logis. SI
A1 0.01% 0.01% 0.0% 0.0% 0.01% 0.0 %
A2 4.4% 3.1% 0.54% 0.55% 3.1% 2.8 %
A3 32.5% 33.1% 27,0% 26.7% 30.1% 30.0 %
B1 7.8% 7.8% 9.4% 10.4% 9.0% 9.6 %
B2 17.3% 17.3% 17.9% 18.1% 18.3% 18.4 %
B3 21.5% 21.4% 24.4% 22.9% 22.1% 22.2 %

Figure 3.1 – Results on Simulated A2 Matrices with different levels of
noise - rank 3
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For a noise up to 25%, which means that one fourth of observed entries
are corrupted, it is possible to get a very good predictor with less than
10% of misclassification error. It is getting worse when the level of noise
increases and the problem becomes almost impossible for noise greater
than 30%.

3.6.2 Simulated Data: Large Matrices
The second experiment involves larger matrices in order to assess the

efficiency of the Bayesian methods on large dataset. The observations
come now from a 2, 000×2, 000 matrix, 10% are observed randomly. The
base matrix has now rank 10. It is worth noting that the matrix to be
recovered is 100 times larger than in the first example. For the Bayesian
methods, we fix K = 50. On the other hand, the frequentist methods
need a singular value decomposition, which is very time consuming for
such a large matrix. Exactly the same observation generation procedure
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(Table 3.1) is used and six experiments are done (Table 3.4).
The results are in the line with the previous section: all the methods

give very similar results except for high level of switch noise (matrix A3).
The gap between the proposed methods and the logistic model is quite
large and the algorithms using hinge loss perform almost perfectly. On
the other hand, the hinge loss models perform well on logistic data and
it is worth noting that the Bayesian logistic models perform better for
logistic model with low level of noise (B1).

Table 3.4 – Prediction Error on Simulated Matrices - rank 10
Type Logis.-G Logis.-IG HL-G HL-IG freq. Logis. SI
A1 0 % 0 % 0 % 0 % 0 % 0 %
A2 0.1 % 0.3 % 0 % 0 % 0.1% 0.1 %
A3 9 .6 % 9.9 % 1.8 % 1.8 % 9.9% 9.9 %
B1 3.7 % 4.1 % 8.2 % 6.6 % 6.2% 7.4 %
B2 11 % 11 % 11.3% 10.6% 11.8% 12.0 %
B3 10.4 % 10.2 % 11.6% 11.3% 11.0% 11.2 %

3.6.3 Real Data set: MovieLens

The last experiment, presented in Table 3.5, involves the well known
MovieLens 2 data set. It has already been used by [Davenport et al.,
2014] and we follow them for the study. The ratings lie between 1 to 5
so we split them into binary data between good ratings (above the mean
which is 3.5) and bad ones. The low rank assumption is usual in this
case because it is expected that the taste of a particular user is related
to only few hidden parameters. The smallest data set contains 100,000
ratings from 943 users and 1682 movies so we use 95,000 of them as a
training set and the 5,000 remaining as the test set. The performances
are very similar between the frequentist logistic model from [Davenport
et al., 2014] and the hinge loss model. The performances seem slightly
worse for the Bayesian logistic model but it is hard to favor a particular
model at this stage (note that the difference between 0.28 and 0.27 is not
significant on 5000 observations).

2. Available at http://grouplens.org/datasets/movielens/100k/
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Table 3.5 – Misclassification rate on MovieLens 100k data set
Algorithm HL-IG HL-G Logis.-G Logis.-IG Freq. Logis.
misclassif. rate 0.28 0.29 0.32 0.32 0.27

3.7 Discussion
We undertake the 1-bit matrix completion problem with classification

tools and we are able to derive PAC-bounds on the risk and an efficient
algorithm to compute the estimator. The previous works only focused
on GLM models, which is not the right way to establish distribution
free risk bounds. This work relies on PAC-Bayesian framework and the
pseudo-posterior distribution is approximated by a variational algorithm.
In practice, it is able to deal with large matrices. We also derive a
variational approximation of the posterior distribution in the Bayesian
logistic model and it works very well in our examples.

The variational approximations look very promising in order to build
algorithm which are able to deal with large data and this framework may
be extended to more general models and other Machine Learning tools.
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3.8 Proofs
3.8.1 Proofs of Proposition 3.1 from Section 3.2
Proof of Proposition 3.1. Let ρ = ρL0,R0,vL,vR,ργ1 ,...,ργk be a distribution
from F . The first term in (3.4) is upper bounded by the Lipschitz prop-
erty of the hinge loss:∫

rhn(LR>)ρ(dL, dR, dγ) = 1
n

n∑
h=1

∫ (
1− YhLih,·R

>
jh,·
)

+
ρ(dL, dR, dγ)

≤ 1
n

n∑
h=1

((
1− YhL0

ih,·R
0>
jh,·
)

+
+
∫
|Lih,·R

>
jh,· − L

0
ih,·R

0>
jh,·|ρ(dL, dR)

)
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≤ rhn
(
L0R0>)+ 1

n

n∑
h=1

K∑
k=1

[√
vLih,k

2
π

√
vRjh,k

2
π

+ |R0
jh,k|

√
vLih,k

2
π

+ |L0
ih,k|

√
vRjh,k

2
π

]
.

The second part (KL-divergence) can be explicitly calculated. Let ρLi,k
denote the marginal distribution of Li,k under ρ. We define in the same
way ρRj,k . Also, πρLi,k|γk denote the distribution of Li,k given γk under
π, and we define in the same way πρRj,k|γk . Then we have

K(ρ, π) =
K∑
k=1

[
m1∑
i=1

Eργk
[
K(ρLi,k , πLi,k|γk )

]
+

m2∑
j=1

Eργk
[
K(ρRj,k , πRj,k|γk )

]
+K(ργk , πγk )

]

=
1
2

K∑
k=1

Eργk
[ 1
γk

]( m1∑
i=1

(vLi,k + (L0
i,k)2) +

m2∑
j=1

(vRj,k + (R0
j,k)2)

)

−
1
2

K∑
k=1

(
m1∑
i=1

log vLi,k +
m2∑
j=1

log vRj,k

)
+

K∑
k=1

[
K(ργk , πγk ) +

m1 +m2

2
(
Eργk [log γk]− 1

)]
=

1
2

K∑
k=1

[
m1∑
i=1

(
Eργk

[ 1
γk

]
(vLi,k + (L0

i,k)2) + Eργk [log γk]− log vLi,k − 1
)

+
m2∑
j=1

(
Eργk

[ 1
γk

]
(vRj,k + (R0

j,k)2) + Eργk [log γk]− log vRj,k − 1
)

+ 2K(ργk , πγk )

]
.

3.8.2 Proofs of the results in Subsection 3.3.1
Proof of Theorem 3.1. As the indicator function is uniformly bounded
by 1, we can use Lemma 5.1 in [Alquier et al., 2016]:∫

E exp{λ[R(LR>)− rn(LR>)]}dπ(R,L, γ)∫
E exp{λ[rn(LR>)−R(LR>)]}dπ(R,L, γ)

}
≤ exp

[
λ2

2n

]
.

So, the assumptions of Theorem 4.1 in [Alquier et al., 2016] are satisfied
and we obtain that, for any ε ∈ (0, 1), with probability at least 1− ε on
the drawing of the sample, for any ρ in F :∫

Rdρ ≤
∫
rndρ+ K(ρ, π)

λ
+ λ

2n +
log 1

ε

λ

≤
∫
rhndρ+ K(ρ, π)

λ
+ λ

2n +
log 1

ε

λ
(as rhn ≥ rn),
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≤ rhn
(
L0R0>)+R(ρ, λ) + λ

2n +
log 1

ε

λ
(thanks to Proposition 3.1).

We end the proof by minimizing the right-hand-side w.r.t ρ ∈ F .

In order to prove Corollary 3.1, we need a preliminary result. For
any m1 × m2 matrix M with rank r ∈ [K], we can write M = LRT

where L is m1×K, R is m2×K and, up to a reordering of the columns,
L·,r+1 = · · · = L·,K = 0 and R·,r+1 = · · · = R·,K = 0. We denote by
B(M) the set of such pairs of matrices (L,R) and

F(M) = {ρ ∈ F : (Eρ(L),Eρ(R)) ∈ B(M)} .

Lemma 3.2. There is a constant Cπγ that depends only on the choice of
the prior πγ such that for any λ ≤ n,

inf
ρ∈F(M)

R(ρ, λ) ≤ Cπγ
rank(M)(m1 +m2)(`(M)2 + logn)

λ
,

Cπγ is explicitly known and depends only on the choice of the prior πγ
(Gamma, or Inverse-Gamma) and of its parameters.

It is obvious that when we combine Lemma 3.2 with Theorem 3.1 we
obtain Corollary 3.1. It remains to prove the lemma.

Proof. Let M be fixed and for short let r denote rank(M). We remind
that, by definition:

R(ρ, λ) =
1
n

n∑
h=1

K∑
k=1

[√
vL
ih,k

2
π

√
vR
jh,k

2
π

+ |R0
jh,k
|

√
vL
ih,k

2
π

+ |L0
ih,k
|

√
vR
jh,k

2
π

]

+
1
λ

(
1
2

K∑
k=1

Eρ
[ 1
γk

]( m1∑
i=1

(vLi,k + (L0
i,k)2) +

m2∑
j=1

(vRj,k + (R0
j,k)2)

)

−
1
2

K∑
k=1

(
m1∑
i=1

log vLi,k +
m2∑
j=1

log vRj,k

)

+
K∑
k=1

[
K(ργk , πγ) +

m1 +m2

2
(Eρ [log γk]− 1)

])
.

We will now upper bound the infimum for a special choice for ρ =
ρL0,R0,vL,vR,ργ1 ,...,ργk with (L0, R0) ∈ B(M): for all pairs (i, k) and (j, k′)
vLi,k = vRj,k = v0 when k, k′ ≤ r vLi,k = vRj,k = v1 otherwise. The choice for
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v0 and v1 will be given below. For γ, we fix two distributions ρ0
γ and ρ1

γ

and fix ργk = ρ0
γ for k ≤ r and ργk = ρ1

γ otherwise. Then:

inf
ρ∈F(M)

R(ρ, λ) ≤ 2
π

((K − r)v1 + rv0) + 2r`(M)

√
2v0

π
+ 1
λ

(
rK(ρ0

γ , π
γ) + (K − r)K(ρ1

γ , π
γ)
)

+ m1 +m2

2λ

{
r

[
Eρ0

γ

[
1
γk

]
(v0 + `2(M)) + Eρ0

γ
log γk − log v0 − 1

]
︸ ︷︷ ︸

A1

+ (K − r)
[
Eρ1

γ

[
1
γk

]
v1 + Eρ0

γ
log γk − log v1 − 1

]
︸ ︷︷ ︸

A2

}
.

By actually choosing ρ0
γ = πγ |[1,1+δ] for some δ > 0 and ρ1

γ = πγ |[v1,v1+δ],
we obtain

A2 ≤ 1− 1 + log v
1 + δ

v1 ≤ δ

v1 ;

A1 ≤ v0 + l2 + δ − log v0.

At this stage, we can set the free parameters v0, v1 and δ in order to
reach the desired rate. The choices are: v1 = 1

n , v0 = 1
n2 , δ = r

Kn . We
finally have to upper bound rK(ρ0

γ , π
γ) + (K − r)K(ρ1

γ , π
γ). The upper

bound actually depends on the choice for πγ . We consider three cases:
the Gamma prior with α ≥ 1, with α < 1 and then the inverse-Gamma
prior.

Let us deal with the Γ−1(α, β) prior first:

rK(ρ0
γ , π

γ) + (K − r)K(ρ1
γ , π

γ)−K log 1
δ
−K log Γ(α)

βα

≤ r[(α+ 1) log(1 + δ) + β] + (K − r)[(α+ 1) log(v1 + δ) + β

v1
]

≤ r[(α+ 1)δ + β] + (K − r)
[
(α+ 1)(log v1 + δ

v1
) + β

v1

]
≤ r[(α+ 1) r

Kn
+ β] +K [(α+ 1)(− logn+ 1) + nβ]

Let’s turn to the Γ(α, β) distribution with α ≥ 1:

rK(ρ0
γ , π

γ) + (K − r)K(ρ1
γ , π

γ)−K log 1
δ
−K log Γ(α)

βα
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≤ r[β(1 + δ)] + (K − r)[−(α− 1) log v1 + β(v1 + δ)]

≤ r[β(1 + δ)] + (K − r)[(α− 1) log 1
v1

+ β(v1 + δ)]

≤ 2rβ +K[(α− 1) logn+ 2β
n

]

The last case is the Γ(α, β) distribution with 0 < α < 1:

rK(ρ0
γ , π

γ) + (K − r)K(ρ1
γ , π

γ)−K log 1
δ
−K log Γ(α)

βα

≤ r[−(α− 1) log(1 + δ) + β(1 + δ)] + (K − r)[−(α− 1) log(v1 + δ) + β(v1 + δ)]

≤ r[(1− α)δ + β(1 + δ)] + (K − r)[(1− α)(log v1 + δ

v1
) + β(v1 + δ)]

≤ 2rβ + r(1− α) r

Kn
+K[(1− α)(− logn+ 1) + 2β

n
]

In any case, as λ ≤ n, when α and β are constant, the leading
term is in r(m1+m2)(`2(M)+logn)

λ so we can upper bound the whole by
Cπγ r(m1+m2)(`2(M)+logn)

λ where Cπγ depends on α and β (and takes a
different form depending on the case: Gamma or inverse-Gamma).

Note actually that from the previous proof we can provide more ex-
plicit forms for the bound in the three cases. We did not include this in
the core of the paper, but we prove the following lemmas for the sake of
completeness.
Lemma 3.3. When πγ = Γ(α, β),

inf
ρ∈F(M)

R(ρ, λ) ≤
1
n

[
4
π
K +

√
8
π
r`(M)

]
+
r(m1 +m2)

2λ
[
3 + `2(M) + 2 logn

]
+
K

λ

[
log

Kn

r
+ log

Γ(α)
βα

+
r

K

[
(α+ 1)

r

Kn
+ β

]
+ [(α+ 1)(− logn+ 1) + nβ]

]
.

Lemma 3.4. When πγ = Γ−1(α, β) with α ≥ 1,

inf
ρ∈F(M)

R(ρ, λ) ≤
1
n

[
4
π
K +

√
8
π
r`(M)

]
+
r(m1 +m2)

2λ
[
3 + `2(M) + 2 logn

]
+
K

λ

[
log

Kn

r
+ log

Γ(α)
βα

+
2rβ
K

+
[

(α− 1) logn+
2β
n

]]
.

Lemma 3.5. When πγ = Γ−1(α, β) with 0 < α < 1,

inf
ρ∈F(M)

R(ρ, λ) ≤
1
n

[
4
π
K +

√
8
π
r`(M)

]
+
r(m1 +m2)

2λ
[
3 + `2(M) + 2 logn

]
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+
K

λ

[
log

Kn

r
+ log

Γ(α)
βα

+
2rβ
K

+ (1− α)
r2

K2n
+
[

(1− α)(− logn+ 1) +
2β
n

]]
.

3.8.3 Proofs of the results in Subsection 3.3.2
We first start with preliminary lemmas.

Lemma 3.6. For ε > 0, with probability at least 1 − ε and for every
s ∈ (0, 1),

rn ≤ (1 + s)R + 1
ns

log 1
ε

Proof. Let s ∈ (0, 1), then

E (exp[snrn]) =
n∏
h=1

E
(
exp

[
s1(YhMB

Xh
< 0)

])
=

n∏
h=1

E
(
exp

[
s1(YhMB

Xh
< 0) + 0

(
1− 1(YhMB

Xh
< 0)

)])
≤

n∏
h=1

((
1− E

[
1(YhMB

Xh
< 0)

])
+ esE

[
1(YhMB

Xh
< 0)

])
≤

n∏
h=1

(
(1−R) + esR

)
=

n∏
h=1

(
1 + R(es − 1)

)
≤

n∏
h=1

exp
(
R(es − 1)

)
= exp

(
nR(es − 1)

)
.

Therefore, for ε ∈ (0, 1):

E
[
exp

(
snrn − nR(es − 1)− log 1

ε

)]
≤ ε.

We use the fact that E[expU ] ≥ P(U > 0) (Markov’s inequality) for any
U so, with probability at least 1− ε:

rn ≤
es − 1
s

R +
log 1

ε

sn

On [0, 1], ex ≤ 1 + x+ x2, thus ending the proof.
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Lemma 3.7. Assume that Mammen and Tsybakov assumption is satisfied
for a certain constant C. Assume that λ < 2n/C. Then, for ε > 0, with
probability at least 1− ε:∫

Rdρ̃λ ≤ R + 1
1− Cλ/(2n)

{
inf
ρ∈F

[
rhn
(
L0R0>)+R(ρ, λ)

]
− rn + 1

λ
log
(

1
ε

)}
(3.10)

Proof. Assume that the Mammen and Tsybakov assumption is satisfied
for a certain constant C. The zero-one loss is bounded then, from Bern-
stein’s inequality (Theorem 10 page 37 in [Boucheron et al., 2013]) we
get: ∫

E exp{λ[R(LR>)−R]− λ[rn(LR>)− rn]}dπ(L,R, γ)

≤
∫

exp[Cλ2/(2n)[R(LR>)−R]]dπ(L,R, γ).

Apply Fubini’s theorem to the inequality:

E
∫

exp{(λ− Cλ2/(2n))[R(LR>)−R]− λ[rn(LR>)− rn]})π(dθ) ≤ 1

(we remind that θ = (L,R, γ) for short).

E exp
{

sup
ρ

∫
[λ[R(LR>)−R]− λ[rn(LR>)− rn]− Cλ2/(2n)[R(LR>)−R]]ρ(dθ)−K(ρ, π)

}
≤ 1.

Using Markov’s inequality,

P

(
sup
ρ

∫
[(λ− Cλ2/(2n))[R(LR>)−R]− λ[rn(LR>)− rn]]ρ(dθ)−K(ρ, π) + log ε > 0

)
≤ ε.

Then take the complementary of this event and we get that with proba-
bility at least 1− ε:

∀ρ, (λ− Cλ2/(2n))
∫

[R(LR>)−R]ρ(dθ) ≤ λ
∫

[rn(LR>)− rn]ρ(dθ) +K(ρ, π) + log
1
ε

Now, note that

(λ− Cλ2/(2n))
[∫

Rdρ−R
]
≤ λ
[∫

rndρ− rn

]
+K(ρ, π) + log

(1
ε

)
⇒ (λ− Cλ2/(2n))

[∫
Rdρ−R

]
≤ λ
[∫

rhndρ+
1
λ
K(ρ, π)

]
− λrn + log

(1
ε

)
⇒ (λ− Cλ2/(2n))

[∫
Rdρ−R

]
≤ λ
[
rhn
(
L0R0>

)
+R(ρ, λ)− rn +

1
λ

log
(1
ε

)]
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As it stands for all ρ then the right hand side can be minimized and the
minimizer over F is ρ̃λ. Thus we get, when λ < 2n/C,∫

Rdρ̃λ ≤ R +
1

1− Cλ/(2n)

{
inf
ρ∈F

[
rhn
(
L0R0>

)
+R(ρ, λ)

]
− rn +

1
λ

log
(1
ε

)}

We are now ready for the proofs.

Proof of Theorem 3.2. We apply Lemma 3.7 and, as we have F(MB) ⊂
F ,∫

Rdρ̃λ ≤ R +
1

1− Cλ/(2n)

{
inf

ρ∈F(M)

[
rhn
(
L0R0>

)
+R(ρ, λ)

]
− rn +

1
λ

log
(1
ε

)}
(3.11)

As by definition, all the entries ofMB are in {−1, 1}, rhn(MB) = 2rn and
then, by Lemma 3.2:∫

Rdρ̃λ ≤ R +
1

1− Cλ/(2n)

{
2rn + Cπγ

rank(MB)(m1 +m2)(`2(M) + logn)
λ

+
1
λ

log
(1
ε

)}
Then, we use Lemma 3.7 to get, with probability at least 1− 2ε,∫

Rdρ̃λ ≤ R +
1

1− Cλ/(2n)

{
2(1 + s)R +

1
ns

log
1
ε

+ Cπγ
rank(MB)(m1 +m2)(`2(M) + logn)

λ
+

1
λ

log
(1
ε

)}
To end up the proof, we have to take λ = 2cn

C with c ∈ (0, 1/2). We
thus have:

1
1− Cλ/(2n) = 1

1− c ≤ 1 + 2c,

this ends the proof by taking c = s/2.

Proof of Corollary 3.2. As we are in the noiseless case, the margin as-
sumption is satisfied with C = 1, and R = 0.
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3.8.4 Detailed calculations for Subsection 3.5
Proof of Proposition 3.2. From [Jaakkola and Jordan, 2000], we have the
following lower bound:

∀(x, ξ) ∈ R2

log σ(x) ≥ log σ(ξ) + x− ξ
2 − τ(ξ)(x2 − ξ2) where τ(ξ) = 1

2ξ

(
σ(ξ)− 1

2

)
The likelihood of one observation y ∈ {−1, 1} at point x is then lower

bounded:

∀ξ ∈ R, σ(yx) ≥ σ(ξ) exp
{
yx− ξ

2 − τ(ξ)(x2 − ξ2)
}

:= h(yx, ξ).

Therefore, the likelihood of the model is lower bounded:

∀ξ ∈ Rn, Λ(L,R) =
n∏
l=1

σ(Yl(LR>)Xl )

≥
n∏
l=1

σ(ξl) exp
{

(LR>)Xl − ξl
2

− τ(ξl)
[
(LR>)2

Xl
− ξ2

l

]}
:= H(θ, ξ).

It is now easy to optimize L(ρ, ξ) with respect to ξ elementwise,
which is the same as maximizing H(θ, ξ) elementwise and then each part
h(Yl(LR>)Xl , ξl):

ξ̂l = argmax
ξl

∫
logH(θ, ξ)ρ(dθ) = argmax

ξl
Eρ
[
log h(Yl(LR>)Xl , ξl)

]
= argmax

ξl

{
log σ(ξl)−

ξl
2 − τ(ξl)

(
Eρ
[
(LR>)2

Xl

]
− ξ2

ij

)}
The maximum is reached at the zero of the derivative and we can

conclude that:

ξ̂l
2

= Eρ
[
(LR>)2

Xl

]
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Chapter 4

Estimation bounds and
sharp oracle inequalities of
regularized procedures with
Lipschitz loss functions

With Pierre Alquier and Guillaume Lecué, submitted.

Abstract
We obtain estimation error rates and sharp oracle inequalities for

regularization procedures of the form

f̂ ∈ arg min
f∈F

(
1
N

N∑
i=1

`(f(Xi), Yi) + λ ‖f‖

)

when ‖·‖ is any norm, F is a convex class of functions and ` is a Lipschitz
loss function satisfying a Bernstein condition over F . We explore both
the bounded and subgaussian stochastic frameworks for the distribution
of the f(Xi)’s, with no assumption on the distribution of the Yi’s. The
general results rely on two main objects: a complexity function, and a
sparsity equation, that depend on the specific setting in hand (loss ` and
norm ‖·‖).
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As a proof of concept, we obtain minimax rates of convergence in
the following problems: 1) matrix completion with any Lipschitz loss
function, including the hinge and logistic loss for the so-called 1-bit matrix
completion instance of the problem, and quantile losses for the general
case, which enables to estimate any quantile on the entries of the matrix;
2) logistic LASSO and variants such as the logistic SLOPE; 3) kernel
methods, where the loss is the hinge loss, and the regularization function
is the RKHS norm.

4.1 Introduction
Many classification and prediction problems are solved in practice

by regularized empirical risk minimizers (RERM). The risk is measured
by a loss function and the quadratic loss function is the most popular
function for regression. It has been extensively studied (cf. [Lecué and
Mendelson, 2015b, Koltchinskii, 2011] among others). Still many other
loss functions are popular among practitioners and are indeed extremely
useful in specific situations.

First, let us mention the quantile loss in regression problems. The
0.5-quantile loss (also known as absolute or L1 loss) is known to provide
an indicator of conditional central tendency more robust to outliers than
the quadratic loss. An alternative to the absolute loss for robustification
is provided by the Huber loss. On the other hand, general quantile losses
are used to estimate conditional quantile functions and are extremely
useful to build confidence intervals and measures of risk, like Values at
Risk (VaR) in finance.

Let us now turn to classification problems. The natural loss in this
context, the so called 0/1 loss, leads very often to computationally in-
tractable estimators. Thus, it is usually replaced by a convex loss func-
tion, such as the hinge loss or the logistic loss. A thorough study of
convex loss functions in classification can be found in [Zhang, 2004].

All the aforementioned loss functions (quantile, Huber, hinge and lo-
gistic) share a common property: they are Lipschitz functions. This
motivates a general study of RERM with any Lipschitz loss. Note that
some examples were already studied in the literature: the ‖·‖1-penalty
with a quantile loss was studied in [Belloni and Chernozhukov, 2011] un-
der the name “quantile LASSO” while the same penalty with the logistic
loss was studied in [Van de Geer, 2008] under the name “logistic LASSO”
(cf. [van de Geer, 2016]). The ERM strategy with Lipschitz proxys of
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the 0/1 loss are studied in [Koltchinskii and Panchenko, 2002]. The loss
functions we will consider in the examples of this paper are reminded
below:

1. hinge loss: `(y′, y) = (1 − yy′)+ = max(0, 1 − yy′) for every
y ∈ {−1,+1}, y′ ∈ R,

2. logistic loss: `(y′, y) = log(1+exp(−yy′)) for every y ∈ {−1,+1},
y′ ∈ R;

3. quantile regression loss: for some parameter τ ∈ (0, 1), `(y′, y) =
ρτ (y − y′) for every y ∈ R, y′ ∈ R where ρτ (z) = z(τ − I(z ≤ 0))
for all z ∈ R.

The two main theoretical results of the paper, stated in Section 4.2,
are general in the sense that they do not rely on a specific loss func-
tion or a specific regularization norm. We develop two different settings
that handle different assumptions on the design. In the first one, we
assume that the family of predictors is subgaussian; in the second set-
ting we assume that the predictors are uniformly bounded, this setting is
well suited for classification tasks, including the 1-bit matrix completion
problem. The rates of convergence rely on quantities that measure the
complexity of the model and the size of the subdifferential of the norm.

To be more precise, the method works for any regularization function
as long as it is a norm. If this norm has some sparsity inducing power,
like the `1 or nuclear norms, thus the statistical bounds depend on the
underlying sparsity around the oracle because the subdifferential is large.
We refer these bounds as sparsity dependent bounds. If the norm does not
induce sparsity, it is still possible to derive bounds that are now depending
on the norm of the oracle because the subdifferential of the norm is very
large in 0. We call it norm dependent bounds (aka “complexity dependent
bounds” in [Lecué and Mendelson, 2015a]).

We study many applications that give new insights on diverse prob-
lems: the first one is a classification problem with logistic loss and LASSO
or SLOPE regularizations. We prove that the rate of the SLOPE esti-
mator is minimax in this framework. The second one is about matrix
completion. We derive new excess risk bounds for the 1-bit matrix com-
pletion issue with both logistic and hinge loss. We also study the quantile
loss for matrix completion and prove it reaches sharp bounds. We show
several examples in order to assess the general methods as well as simu-
lation studies. The last example involves the SVM and proves that “clas-
sic” regularization method with no special sparsity inducing power can
be analyzed in the same way as sparsity inducing regularization methods.
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A remarkable fact is that no assumption on the output Y is needed
(while most results for the quadratic loss rely on an assumption of the
tails of the distribution of Y ). Neither do we assume any statistical model
relating the “output variable” Y to the “input variable” X.

Mathematical background and notations. The observations are N i.i.d
pairs (Xi, Yi)Ni=1 where (Xi, Yi) ∈ X × Y are distributed according to P .
We consider the case where Y is a subset of R and let µ denote the
marginal distribution of Xi. Let L2 be the set of real valued functions
f defined on X such that Ef(X)2 < +∞ where the distribution of X
is µ. In this space, we define the L2-norm as ‖f‖L2

= (Ef(X)2)1/2 and
the L∞ norm such that ‖f‖L∞ = esssup(|f(X)|). We consider a set of
predictors F ⊆ E, where E is a subspace of L2 and ‖·‖ is a norm over
E (actually, in some situations we will simply have F = E, but in some
natural examples we will consider bounded set of predictors, in the sense
that supf∈F ‖f‖L∞ < ∞, which implies that F cannot be a subspace of
L2).

For every f ∈ F , the loss incurred when we predict f(x), while the true
output / label is actually y, is measured using a loss function `: `(f(x), y).
For short, we will also use the notation `f (x, y) = `(f(x), y) the loss
function associated with f . In this work, we focus on loss functions that
are nonnegative, and Lipschitz, in the following sense.

Assumption 4.1 (Lipschitz loss function). For every f1, f2 ∈ F , x ∈ X
and y ∈ R, we have∣∣`(f1(x), y)− `(f2(x), y)

∣∣ ≤ |f1(x)− f2(x)|.

Note that we chose a Lipschitz constant equal to one in Assump-
tion 4.1. This can always be achieved by a proper normalization of the
loss function. We define the oracle predictor as

f∗ ∈ arg min
f∈F

P`f where 1 P`f = E`f (X,Y )

1. Note that without any assumption on Y it might be that P`f = E`f (X,Y ) =∞
for any f ∈ F . Our results remain valid in this case, but it is no longer possible to use
the definition f∗ ∈ arg minf∈F P`f . A general definition is as follows: fix any f0 ∈ F .
Note that for any f ∈ F , E[`f (X,Y ) − `f0 (X,Y )]] ≤ E|(f − f0)(X)| < ∞ under the
assumptions on F that will be stated in Section 4.2. It is then possible to define f∗
as any minimizer of E[`f (X,Y )− `f0 (X,Y )]]. This definition obviously coincides with
the defintion f∗ ∈ arg minf∈F P`f when P`f is finite for some f ∈ F .

110



CHAPTER 4. ERM WITH LIPSCHITZ LOSS FUNCTIONS

and (X,Y ) is distributed like the (Xi, Yi)’s. The objective of machine
learning is to provide an estimator f̂ that predicts almost as well as f∗.
We usually formalize this notion by introducing the excess risk E(f) of
f ∈ F by

Lf = `f − `f∗ and E(f) = PLf .

Thus we consider the estimator of the form

f̂ ∈ arg min
f∈F

{PN`f + λ ‖f‖} (4.1)

where PN `f = (1/N)
∑N
i=1 `f (Xi, Yi) and λ is a regularization parameter

to be chosen. Such estimators are usually called Regularized Empirical
Risk Minimization procedure (RERM).

For the rest of the paper, we will use the following notations: let
rB and rS denote the radius r ball and sphere for the norm ‖·‖, i.e.
rB = {f ∈ E : ‖f‖ ≤ r} and rS = {f ∈ E : ‖f‖ = r}. For the L2-norm,
we write rBL2 = {f ∈ L2 : ‖f‖L2

≤ r} and rSL2 = {f ∈ L2 : ‖f‖L2
= r}

and so on for the other norms.
Even though our results are valid in the general setting introduced

above, we will develop the examples mainly in two directions that we will
refer to vector and matrix. The vector case involves X as a subset of Rp;
we then consider the class of linear predictors, i.e. E = {〈t, ·〉 , t ∈ Rp}.
In this case, we denote for q ∈ [1,+∞], the lq-norm in Rp as ‖·‖lq .
The matrix case is also referred as the trace regression model: X is a
random matrix in Rm×T and we consider the class of linear predictors
E = {〈M, ·〉 ,M ∈ Rm×T } where 〈A,B〉 = Trace(A>B) for any matrices
A,B in Rm×T . The norms we consider are then, for q ∈ [1,+∞[, the
Schatten-q-norm for a matrix: ∀M ∈ Rm×T , ‖M‖Sq = (

∑
σi(M)q)1/q

where σ1(M) ≥ σ2(M) ≥ · · · is the family of the singular values of M .
The Schatten-1 norm is also called trace norm or nuclear norm. The
Schatten-2 norm is also known as the Frobenius norm. The S∞ norm,
defined as ‖M‖S∞ = σ1(M) is known as the operator norm.

The notation C will be used to denote positive constants, that might
change from one instance to the other. For any real numbers a, b, we
write a . b when there exists a positive constant C such that a ≤ Cb.
When a . b and b . a, we write a ∼ b.

Proof of Concept. We now present briefly one of the outputs of our
global approach: an oracle inequality for the 1-bit matrix completion
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problem with hinge loss (we refer the reader to Section 4.4 for a de-
tailed exposition of this example). While the general matrix completion
problem has been extensively studied in the case of a quadratic loss,
see [Koltchinskii et al., 2011, Lecué and Mendelson, 2015b] and the ref-
erences therein, we believe that there is no satisfying solution to the
so-called 1-bit matrix completion problem, that is for binary observa-
tions Y = {−1,+1}. Indeed, the attempts in [Srebro et al., 2005, Cottet
and Alquier, 2016] to use the hinge loss did not lead to rank dependent
learning rates. On the other hand, [Lafond et al., 2014] studied RERM
procedure using a statistical modeling approach and the logistic loss.
While these authors prove optimal rates of convergence of their estima-
tor with respect to the Frobenius norm, the excess classification risk, is
not studied in their paper. However we believe that the essence of ma-
chine learning is to focus on this quantity – it is directly related to the
average number of errors in prediction.

From now on we assume that Y = {−1,+1} and we consider the ma-
trix framework. In matrix completion, we write the observed location as
a mask matrix X: it is an element of the canonical basis (E1,1, · · · , Em,T )
of Rm×T where for any (p, q) ∈ {1, . . . ,m}× {1, . . . , T} the entry of Ep,q
is 0 everywhere except for the (p, q)-th entry where it equals to 1. We
assume that there are constants 0 < c ≤ c̄ <∞ such that, for any (p, q),
c/(mT ) ≤ P(X = Ep,q) ≤ c̄/(mT ) (this extends the uniform sampling
distribution for which c = c̄ = 1). These assumptions are encompassed
in the following definition.

Assumption 4.2 (Matrix completion design). The sample size N is in
{min(m,T ), . . . ,max(m,T )2} and X takes value in the canonical basis
(E1,1, · · · , Em,T ) of Rm×T . There are positive constants c, c̄ such that
for any (p, q) ∈ {1, . . . ,m} × {1, . . . , T},

c/(mT ) ≤ P(X = Ep,q) ≤ c̄/(mT ).

A predictor can be seen, for this problem, as the natural inner product
with a realm×T matrix: f(X) = 〈M,X〉 = Tr(X>M). The class F that
we consider in Section 4.4 is the set of linear predictors where every entry
of the matrix is bounded: F = {〈·,M〉 : M ∈ bB∞} where bB∞ = {M =
(Mpq) : maxp,q |Mpq| ≤ b} for a specific b. This set is very common in ma-
trix completion studies. But it is especially natural in this setting: indeed,
the Bayes classifier, defined by M = arg minM∈Rm×T E (1− Y 〈X,M〉)+,
has entries in [−1, 1]. So, by taking b = 1 in the definition of F , we
ensure that the oracle M∗ = arg minM∈Rm×T E (1− Y 〈X,M〉)+ satisfies
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M∗ = M̄ , so there would be no point in taking b > 1. We will therefore
consider the following RERM (using the hinge loss)

M̂ ∈ arg min
M∈B∞

(
1
N

N∑
i=1

(1− Yi 〈Xi,M〉)+ + λ ‖M‖S1

)
(4.2)

where λ > 0 is some parameter to be chosen. We prove in Section 4.4
the following result.

Theorem 4.1. Assume that Assumption 4.2 holds and there is τ > 0
such that, for any (p, q) ∈ {1, . . . ,m} × {1, . . . , T},∣∣∣∣Mp,q −

1
2

∣∣∣∣ ≥ τ. (4.3)

There is a c0(c, c̄) > 0, that depends only on c and c̄, and that is formally
introduced in Section 4.4 below, such that if one chooses the regularization
parameter

λ = c0(c, c̄)

√
log(m+ T )
N min(m,T )

then, with probability at least

1−C exp
(
−Crank(M) max(m,T ) log(m+ T )

)
, (4.4)

the RERM estimator M̂ defined in (4.2) satisfies for every 1 ≤ p ≤ 2,

1
(mT )

1
p

∥∥∥M̂ −M∥∥∥
Sp
≤ Crank(M)

1
p

√
log(m+ T )

N

max(m,T )1− 1
p

min(m,T )
1
p−

1
2

and as a special case for p = 2,

1√
mT

∥∥∥M̂ −M∥∥∥
S2
≤ C

√
rank(M) max(m,T ) log(m+ T )

N
(4.5)

and its excess hinge risk is such that

Ehinge(M̂) =E(1− Y
〈
X, M̂

〉
)+ − E(1− Y

〈
X,M

〉
)+

≤ C rank(M) max(m,T ) log(m+ T )
N

where the notation C is used for constants that might change from one
instance to the other but depend only on c, c̄ and τ .
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The excess hinge risk bound from Theorem 4.1 is of special interest
as it can be related to the classic excess 0/1 risk. The excess 0/1 risk of a
procedure is really the quantity we want to control since it measures the
difference between the average number of mistakes of a procedure with
the best possible theoretical classification rule. Indeed, let us define the
0/1 risk of M by R0/1(M) = P[Y 6= sign(〈M,X〉)]. It is clear that M ∈
arg minM∈Rm×T R0/1(M). Then, it follows from Theorem 2.1 in [Zhang,
2004] that for some universal constant c > 0, for every M ∈ Rm×T ,

R0/1(M)− inf
M∈B∞

R0/1(M) ≤ cEhinge(M).

Therefore, the RERM from (4.2) for the choice of regularization param-
eter λ as in Theorem 4.1 satisfies with probability larger than in (4.4),

E0/1(M̂) = R0/1(M̂)− inf R0/1(M) ≤ C rank(M) max(m,T ) log(m+ T )
N

(4.6)
where C depends on c, c, c̄ and τ . This yields a bound on the average
of excess number of mistakes of M̂ . To our knowledge such a prediction
bound was not available in the literature on the 1-bit matrix completion
problem. Let us compare Theorem 4.1 to the main result in [Lafond
et al., 2014]. In [Lafond et al., 2014], the authors focus on the estimation
error ‖M̂ −M∗‖S2 , which seems less relevant for practical applications.
In order to connect such a result to the excess classification risk, one can
use the results in [Zhang, 2004] and in this case, the best bound that can
be derived is of the order of

√
rank(M∗) max(m,T )/N . Note that other

authors focused on the classification error: Srebro et al. [2005] proved an
excess error bound, but the bound does not depend on the rank of the
oracle. The rate rank(M∗) max(m,T )/N derived from Theorem 4.1 for
the 0/1-classification excess risk was only reached in [Cottet and Alquier,
2016], but in the very restrictive noiseless setting, which is equivalent to
infM R0/1(M) = 0.

We hope that this example convinced the reader of the practical inter-
est of the general study of f̂ in (4.1). The rest of the paper is organized
as follows. In Section 4.2 we introduce the concepts necessary to the
general study of (4.1): namely, a complexity parameter, and a sparsity
parameter. Thanks to these parameters, we define the assumptions nec-
essary to our general results: the Bernstein condition, which is classic in
learning theory to obtain fast rates [Lecué and Mendelson, 2015b], and
a stochastic assumption on F (subgaussian, or bounded). The general
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results themselves are eventually presented. The remaining sections are
devoted to applications of our results to different estimation methods:
the logistic LASSO and logistic SLOPE in Section 4.3, matrix comple-
tion in Section 4.4 and Support Vector Machines (SVM) in Section 4.5.
For matrix completion, the optimality of the rates for the logistic and the
hinge loss, that were not known, is also derived. In Section 4.6 we dis-
cuss the Bernstein condition for the three main loss functions of interest:
hinge, logistic and quantile.

4.2 Theoretical Results
4.2.1 Applications of the main results: the strategy

The two main theorems in Sections 4.2.5 and 4.2.6 below are general
in the sense that they allow the user to deal with any (nonnegative)
Lipschitz loss function and any norm for regularization, but they involve
quantities that depend on the loss and the norm. The aim of this Section
is first to provide the definition of these objects and some hints on their
interpretation, through examples. The theorems are then stated in both
settings. Basically, the assumptions for the theorems are of three types:

1. the so-called Bernstein condition, which is a quantification of the
identifiability condition. It basically tells how the excess risk
E(f) = PLf = P (`f − `f∗) is related to the L2 norm ‖f − f∗‖L2 .

2. a stochastic assumption on the distribution of the f(X)’s for f ∈
F . In this work, we consider both a subgaussian assumption and a
uniform boundedness assumption. Analysis of the two setups differ
only on the way the “statistical complexity of F” is measured (cf.
below the functions r(·) in Definition 4.8 and Definition 4.9).

3. finally, we introduce a sparsity parameter as in [Lecué and Mendel-
son, 2015b]. It reflects how the norm ‖ · ‖ used as a regularizer
can induce sparsity - for example, think of the “sparsity inducing
power” of the l1-norm used to construct the LASSO estimator.

Given a scenario, that is a loss function `, a random design X, a
convex class F and a regularization norm, statistical results (exact ora-
cle inequalities and estimation bounds w.r.t. the L2 and regularization
norms) for the associated regularized estimator together with the choice
of the regularization parameter follow from the derivation of the three
parameters (κ, r, ρ∗) as explained in the next box together with Theo-
rem 4.2 and Theorem 4.3.
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Application of the main results

1. find the Bernstein parameter κ ≥ 1 and A > 0 associ-
ated to the loss and the class F ;

2. compute the Complexity function

r(ρ) =
[
Aρcomp(B)√

N

]1/2κ

where comp(B) is defined either through the Gaus-
sian mean width w(B), in the subgaussian case, or the
Rademacher complexity Rad(B), in the bounded case;

3. Compute the sub-differential ∂ ‖·‖ (f∗) of ‖·‖ at the oracle
f∗ (or in the neighborhood f∗+(ρ/20)B for approximately
sparse oracles) and solve the sparsity equation “find ρ∗
such that ∆(ρ∗) ≥ 4ρ∗/5”.

4. Apply Theorem 4.2 in the subgaussian framework and The-
orem 4.3 in the bounded framework. In each case, with
large probability,∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ∗) and E(f̂) ≤ C [r(2ρ∗)]2κ .

For the sake of simplicity, we present the two settings in different
subsections with both the exact definition of the complexity function
and the theorem. As the sparsity equation is the same in both settings,
we define it before even though it involves the complexity function.

4.2.2 The Bernstein condition
The first assumption needed is called Bernstein assumption and is

very classic in order to deal with Lipschitz loss.

Assumption 4.3 (Bernstein condition). There exists κ ≥ 1 and A > 0
such that for every f ∈ F , ‖f − f∗‖2κL2

≤ APLf .

The most important parameter is κ and will be involved in the rate
of convergence. As usual fast rates will be derived when κ = 1. In many
situations, this assumption is satisfied and we present various cases in
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Section 4.6. In particular, we prove that it is satisfied with κ = 1 for the
logistic loss in both bounded and Gaussian framework, and we exhibit
explicit conditions to ensure that Assumption 4.3 holds for the hinge and
the quantile loss functions.

We call Assumption 4.3 a Bernstein condition following [Bartlett and
Mendelson, 2006] and that it is different from the margin assumption
from [Mammen and Tsybakov, 1999, Tsybakov, 2004]: in the so-called
margin assumption, the oracle f∗ in F is replaced by the minimizer f of
the risk function f → P`f over all measurable functions f , sometimes
called the Bayes rules. We refer the reader to Section 4.6 and to the
discussions in [Lecué and Mendelson, 2012] and Chapter 1.3 in [Lecué,
2011] for more details on the difference between the margin assumption
and the Bernstein condition.

Remark 3. The careful reader will actually realize that the proof of The-
orem 4.2 and Theorem 4.3 requires only a weaker version of this assump-
tion, that is: there exists κ ≥ 1 and A > 0 such that for every f ∈ C,
‖f − f∗‖2κL2

≤ APLf , where C is defined in terms of the complexity func-
tion r(·) and the sparsity parameter ρ∗ to be defined in the next subsec-
tions,

C :=
{
f ∈ F : ‖f − f∗‖L2

≥ r(2 ‖f − f∗‖) and ‖f − f∗‖ ≥ ρ∗
}
. (4.7)

Note that the set C appears to play a central role in the analysis of regular-
ization methods, cf. [Lecué and Mendelson, 2015b]. However, in all the
examples presented in this paper, we prove that the Bernstein condition
holds on the entire set F .

4.2.3 The complexity function r(·)
The complexity function r(·) is defined by

∀ρ > 0, r(ρ) =
[
Aρcomp(B)√

N

]1/2κ

where A is the constant in Assumption 4.3 and where comp(B) is a mea-
sure of the complexity of the unit ball B associated to the regularization
norm. Note that this complexity measure will depend on the stochastic
assumption of F . In the bounded setting, comp(B) = CRad(B) where C
is an absolute constant and Rad(B) is the Rademacher complexity of B
(whose definition will be reminded in Subsection 4.2.6). In the subgaus-
sian setting, comp(B) = CLw(B) where C is an absolute constant, L is
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the subgaussian parameter of the class F − F and w(B) is the Gaussian
mean-width of B (here again, exact definitions of L and w(B) will be
reminded in Subsection 4.2.5).

Note that sharper (localized) versions of r(·) are provided in Sec-
tion 4.8. However, as it is the simplest version that is used in most
examples, we only introduce this version for now.

4.2.4 The sparsity parameter ρ∗

The size of the sub-differential of the regularization function ‖·‖ in
a neighborhood of the oracle f∗ will play as well a central role in our
analysis. We recall now its definition: for every f ∈ F

∂ ‖·‖ (f) = {g ∈ E : ‖f + h‖ − ‖f‖ ≥ 〈g, h〉 for all h ∈ E} .

It is well-known that ∂ ‖·‖ (f) is a subset of the unit sphere of the dual
norm of ‖·‖ when f 6= 0. Note also that when f = 0, ∂ ‖·‖ (f) is the
entire unit dual ball, a fact we will also use in two situations, either when
the regularization norm has no “sparsity inducing power” – in particular,
when it is a smooth function as in the RKHS case treated in Section 4.5;
or when one wants extra norm dependent upper bounds (cf. [Lecué and
Mendelson, 2015a] for more details where these bounds are called com-
plexity dependent) in addition to sparsity dependent upper bounds. In
the latter, the statistical bounds that we get are the minimum between an
error rate that depends on the notion of sparsity naturally associated to
the regularization norm (when it exists) and an error rate that depends
on ‖f∗‖.

Definition 4.1 (From [Lecué and Mendelson, 2015b]). The sparsity
parameter is the function ∆(·) defined by

∆(ρ) = inf
h∈ρS∩r(2ρ)BL2

sup
g∈Γf∗ (ρ)

〈h, g〉

where Γf∗(ρ) =
⋃
f∈f∗+(ρ/20)B ∂ ‖·‖ (f).

Note that there is a slight difference with the definition of the sparsity
parameter from [Lecué and Mendelson, 2015b] where there ∆(ρ) is defined
taking the infimum over the sphere ρS intersected with a L2-ball of radius
r(ρ) whereas in Definition 4.1, ρS is intersected with a L2-ball of radius
r(2ρ). Up to absolute constants this has no effect on the behavior of ∆(ρ)
and the difference comes from technical detains in our analysis (a peeling
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argument that we use below whereas a direct homogeneity argument was
enough in [Lecué and Mendelson, 2015b]).

In the following, estimation rates with respect to the regularization
norm ‖·‖, the norm ‖·‖L2

as well as sharp oracle inequalities are given.
All the convergence rates depend on a single radius ρ∗ that satisfies the
sparsity equation as introduced in [Lecué and Mendelson, 2015b].
Definition 4.2. The radius ρ∗ is any solution of the sparsity equation:

∆(ρ∗) ≥ (4/5)ρ∗. (4.8)

Since ρ∗ is central in the results and drives the convergence rates,
finding a solution to the sparsity equation will play an important role in
all the examples that we worked out in the following. Roughly speaking, if
the regularization norm induces sparsity, a sparse element in f∗+(ρ/20)B
(that is an element f for which ∂ ‖·‖ (f) is almost extremal – that is
almost as large as the dual sphere) yields the existence of a small ρ∗. In
this case, ρ∗ satisfies the sparsity equation.

In addition, if one takes ρ = 20 ‖f∗‖ then 0 ∈ Γf∗(ρ) and since
∂ ‖·‖ (0) is the entire dual ball associate to ‖·‖, one has directly that
∆(ρ) = ρ and so ρ satisfies the sparsity Equation (4.8). We will use
this observation to obtain norm dependent upper bounds, i.e. rates of
convergence depending on ‖f∗‖ and that do not depend on any sparsity
parameter. Such a bound holds for any norm; in particular, for norms
with no sparsity inducing power as in Section 4.5.

4.2.5 Theorem in the subgaussian setting
First, we introduce the subgaussian framework (then we will turn to

the bounded case in the next section).
Definition 4.3 (Subgaussian class). We say that a class of functions F
is L-subgaussian (w.r.t. X) for some constant L ≥ 1 when for all f ∈ F
and all λ ≥ 1,

E exp
(
λ|f(X)|/ ‖f‖2L2

)
≤ exp

(
λ2L2) (4.9)

where ‖f‖L2
=
(
Ef(X)2)1/2.

We will use the following operations on sets: for any F ′ ⊂ E and
f ∈ E,

F ′ + f = {f ′ + f : f ′ ∈ F ′}, F ′ − F ′ = {f ′1 − f ′2 : f ′1, f ′2 ∈ F ′}
and dL2(F ′) = sup

(
‖f ′1 − f ′2‖L2

: f ′1, f ′2 ∈ F ′
)
.
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Assumption 4.4. The class F − F is L-subgaussian.

Note that there are many equivalent formulations of the subgaussian
property of a random variable based on ψ2-Orlicz norms, deviations in-
equalities, exponential moments, moments growth characterization, etc.
(cf., for instance Theorem 1.1.5 in [Chafaï et al., 2012]). The one we
should use later is as follows: there exists some absolute constant C such
that F − F is L-subgaussian if and only if for all f, g ∈ F and t ≥ 1,

P[|f(X)− g(X)| ≥ CtL ‖f − g‖L2
] ≤ 2 exp(−t2). (4.10)

There are several examples of subgaussian classes. For instance, when
F is a class of linear functionals F = {〈·, t〉 : t ∈ T} for T ⊂ Rp and X
is a random variable in Rp then F − F is L-subgaussian in the following
cases:

1. X is a Gaussian vector in Rp,
2. X = (xj)pj=1 has independent coordinates that are subgaussian,

that is, there are constants c0 > 0 and c1 > 0 such that ∀j,
∀t > c0,P[|xj | ≥ t(Ex2

j )1/2] ≤ 2 exp(−c1t2),
3. for 2 ≤ q < ∞, X is uniformly distributed over p1/qBlq (cf.

[Barthe et al., 2005]),
4. X = (xj)pj=1 is an unconditional vector (meaning that for every

signs (εj)j ∈ {−1,+1}p, (εjxj)pj=1 has the same distribution as
(xj)pj=1), Ex2

j ≥ c2 for some c > 0 and ‖X‖l∞ ≤ R almost surely
then one can choose L ≤ CR/c (cf. [Lecué and Mendelson, 2013]).

In the subgaussian framework, a natural way to measure the statistical
complexity of the problem is via Gaussian mean-width that we introduce
now.

Definition 4.4. Let H be a subset of L2 and denote by d the natural
metric in L2. Let (Gh)h∈H be the canonical centered Gaussian process
indexed by H (in particular, the covariance structure of (Gh)h∈H is given
by d:

(
E(Gh1 −Gh2)2)1/2 =

(
E(h1(X)− h2(X))2)1/2 for all h1, h2 ∈

H). The Gaussian mean-width of H (as a subset of L2) is

w(H) = E sup
h∈H

Gh.

We refer the reader to Section 12 in [Dudley, 2002] for the construc-
tion of Gaussian processes in L2. There are many natural situations
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where Gaussian mean-widths can be computed. To familiarize with
this quantity let us consider an example in the matrix framework. Let
H = {〈M, ·〉 : ‖M‖S1

≤ 1} be the class of linear functionals indexed by
the unit ball of the S1-norm and d be the distance associated with the
Frobenius norm (i.e. d(〈·,M1〉 , 〈·,M2〉) = d(M1,M2) = ‖M1 −M2‖S2

)
then

w(H) = w(BS1) = E sup
‖M‖S1

≤1
〈G,M〉 = E ‖G‖∗S1

= E ‖G‖S∞ ∼
√
m+ T

where G is a standard Gaussian matrix in Rm×T , ‖·‖∗S1
is the dual norm

of the nuclear norm which is the operator norm ‖·‖S∞ .
We are now in position to define the complexity parameter as an-

nounced previously.

Definition 4.5. The complexity parameter is the non-decreasing func-
tion r(·) defined for every ρ ≥ 0,

r(ρ) =
(
ACLw(B)ρ√

N

) 1
2κ

where κ,A are the Bernstein parameters from Assumption 4.3, L is the
subgaussian parameter from Assumption 4.4 and C > 0 is an absolute
constant (the exact value of C can be deduced from the proof of Propo-
sition 4.6). The Gaussian mean-width w(B) of B is computed with re-
spect to the the metric associated with the covariance structure of X, i.e.
d(f1, f2) = ‖f1 − f2‖L2

for every f1, f2 ∈ F .

After the computation of the Bernstein parameter κ, the complexity
function r(·) and the radius ρ∗, it is now possible to explicit our main
result in the sub-Gaussian framework.

Theorem 4.2. Assume that Assumption 4.1, Assumption 4.3 and As-
sumption 4.4 hold and let C > 0 from the definition of r(·) in Definition
4.5. Let the regularization parameter λ be

λ = 5
8
CLw(B)√

N

and ρ∗ satisfying (4.8). Then, with probability larger than

1−C exp
(
−CN1/2κ(ρ∗w(B))(2κ−1)/κ

)
(4.11)
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we have∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥
L2
≤ r(2ρ∗) =

[
ACLw(B)2ρ∗√

N

]1/2κ

and E(f̂) ≤ r(2ρ∗)2κ

A
= CLw(B)2ρ∗√

N

where C denotes positive constants that might change from one instance
to the other and depend only on A, κ, L and C.

Remark 4 (Deviation parameter). Replacing w(B) by any upper bound
does not affect the validity of the result. As a special case, it is possible to
increase the confidence level of the bound by replacing w(B) by w(B)+x:
then, with probability at least

1−C exp
(
−CN1/2κ(ρ∗[w(B) + x])(2κ−1)/κ

)
we have in particular∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ∗) =

[
ACL[w(B) + x]2ρ∗√

N

]1/2κ

and E(f̂) ≤ r(2ρ∗)2κ

A
= CL[w(B) + x]2ρ∗√

N
.

Remark 5 (Norm and sparsity dependent error rates). Theorem 4.2
holds for any radius ρ∗ satisfying the sparsity equation (4.8). We have
noticed in Section 4.2.4 that ρ∗ = 20 ‖f∗‖ satisfies the sparsity equation
since in that case 0 ∈ Γf∗(ρ∗) and so ∆(ρ∗) = ρ∗. Therefore, one can
apply Theorem 4.2 to both ρ∗ = 20 ‖f∗‖ (this leads to norm dependent
upper bounds) and to the smallest ρ∗ satisfying the sparsity equation (4.8)
(this leads to sparsity dependent upper bounds) at the same time. Both
will lead to meaningful results (a typical example of such a combined result
is Theorem 9.2 from [Koltchinskii, 2011] or Theorem 4.4 below).

4.2.6 Theorem in the bounded setting
We now turn to the bounded framework; that is we assume that all

the functions in F are uniformly bounded in L∞. This assumption is
very different in nature than the subgaussian assumption which is in
fact a norm equivalence assumption (i.e. Definition 4.3 is equivalent to
‖f‖L2

≤ ‖f‖ψ2
≤ L ‖f‖L2

for all f ∈ F where ‖·‖ψ2
is the ψ2 Orlicz

norm, cf. [Rao and Ren, 1991]).
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Assumption 4.5 (Boundedness assumption). There exist a constant
b > 0 such that for all f ∈ F , ‖f‖L∞ ≤ b.

The main motivation to consider the bounded setup is for sampling
over the canonical basis of a finite dimensional space like Rm×T or Rp.
Note that this type of sampling is stricto sensu subgaussian, but with
a constant L depending on the dimensions m and T , which yields sub-
optimal rates. This is the reason why the results in the bounded setting
are more relevant in this situation. This is especially true for the 1-bit
matrix completion problem as introduced in Section 4.1. For this exam-
ple, the Xi’s are chosen randomly in the canonical basis (E1,1, · · · , Em,T )
of Rm×T . Moreover, in that example, the class F is the class of all linear
functionals indexed by bB∞: F = {〈·,M〉 : maxp,q |Mpq| ≤ b} and there-
fore the study of this problem falls naturally in the bounded framework
studied in this section.

Under the boundedness assumption, the natural way to measure the
"statistical complexity" cannot be anymore characterized by Gaussian
mean width. We therefore introduce another complexity parameter known
as Rademacher complexities. This complexity measure has been exten-
sively studied in the learning theory literature (cf., for instance, [Koltchin-
skii, 2006, 2011, Bartlett et al., 2005]).

Definition 4.6. Let H be a subset of L2. Let (εi)Ni=1 be N i.i.d. Rademacher
variables (i.e. P[εi = 1] = P[εi = −1] = 1/2) independent of the Xi’s.
The Rademacher complexity of H is

Rad(H) = E sup
f∈H

∣∣∣ 1√
N

N∑
i=1

εif(Xi)
∣∣∣.

Note that when (f(X))f∈H is a version of the isonormal process over
L2 (cf. Chapter 12 in [Dudley, 2002]) restricted to H then the Gaussian
mean-width and the Rademacher complexity coincide: w(H) = Rad(H).
But, in that case, H is not bounded in L∞ and, in general, the two
complexity measures are different.

There are many examples where Rademacher complexities have been
computed (cf. [Mendelson, 2004]). Like in the previous subgaussian set-
ting the statistical complexity is given by a function r(·) (we use the
same name in the two bounded and subgaussian setups because this r(·)
function plays exactly the same role in both scenarii even though it uses
different notion of complexity).
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Definition 4.7. The complexity parameter is the non-decreasing func-
tion r(·) defined for every ρ ≥ 0 by

r(ρ) =
(
CARad(B)ρ√

N

) 1
2κ

, where C = 1920
7 .

Theorem 4.3. Assume that Assumption 4.1, Assumption 4.3 and As-
sumption 4.5 hold. Let the regularization parameter λ be chosen as
λ = 720Rad(B)/7

√
N . Then, with probability larger than

1−C exp
(
−CN1/2κ(ρ∗Rad(B))(2κ−1)/κ

)
(4.12)

we have∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥
L2
≤ r(2ρ∗) =

[
CARad(B)2ρ∗√

N

]1/2κ

and E(f̂) ≤ r(2ρ∗)2κ

A
= CRad(B)2ρ∗√

N
,

where C denotes positive constants that might change from one instance
to the other and depend only on A, b, κ and r(·) is the function introduced
in Definition 4.7.

In the next Sections 4.3, 4.4 and 4.5 we compute r(ρ) either in the
subgaussian setup or in the bounded setup and solve the sparsity equation
in various examples, showing the versatility of the main strategy.

4.3 Application to logistic LASSO and logistic
SLOPE

The first example of application of the main results in Section 4.2
involves one very popular method developed during the last two decades
in binary classification which is the Logistic LASSO procedure (cf. [Mak,
1999, Meier et al., 2008, Tian et al., 2008, Garcia-Magariños et al., 2010,
Sabbe et al., 2013]).

We consider the vector framework, where (X1, Y1), . . . , (XN , YN ) are
N i.i.d. pairs with values in Rp × {−1, 1} distributed like (X,Y ). Both
bounded and subgaussian framework can be analyzed in this example.
For the sake of shortness and since an example in the bounded case is
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provided in the next section, only the subgaussian case is considered here
and we leave the bounded case to the interested reader. We therefore
shall apply Theorem 4.2 to get estimation and prediction bounds for the
well known logistic LASSO and the new logistic SLOPE.

In this section, we consider the class of linear functional indexed by
RBl2 for some radius R ≥ 1 and the logistic loss:

F = {〈·, t〉 : t ∈ RBl2} , `f (x, y) = log(1 + exp(−yf(x))).

As usual the oracle is denoted by f∗ = arg minf∈F E`f (X,Y ), we also
introduce t∗ such that f∗ = 〈·, t∗〉.

4.3.1 Logistic LASSO

The logistic loss function is Lipschitz with constant 1, so Assump-
tion 4.1 is satisfied. It follows from Proposition 4.2 in Section 4.6.1 that
Assumption 4.3 is satisfied when the design X is the standard Gaussian
variable in Rp and the considered class F . In that case, the Bernstein
parameter is κ = 1, and we have A = c0/R

3 for some absolute constant
c0 > 0 which can be deduced from the proof of Proposition 4.2. We
consider the l1 norm ‖〈·, t〉‖ = ‖t‖l1 for regularization. We will therefore
obtain statistical results for the RERM estimator f̂L =

〈
t̂L, ·

〉
that is

defined by

t̂L ∈ arg min
t∈RBl2

(
1
N

N∑
i=1

log (1 + exp(−Yi 〈Xi, t〉) + λ ‖t‖l1

)

where λ is a regularization parameter to be chosen according to Theo-
rem 4.2.

The two final ingredients needed to apply Theorem 4.2 are 1) the
computation of the Gaussian mean width of the unit ball Bl1 of the
regularization function ‖·‖l1 2) find a solution ρ∗ to the sparsity equa-
tion (4.8).

Let us first deal with the complexity parameter of the problem. If
one assumes that the design vector X is isotropic, i.e. E 〈X, t〉2 = ‖t‖2l2
for every t ∈ Rp then the metric naturally associated with X is the
canonical l2-distance in Rp. In that case, it is straightforward to check
that w(Bl1) ≤ c1

√
log p for some (known) absolute constant c1 > 0 and
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so we define, for all ρ ≥ 0,

r(ρ) = C
(
ρ

√
log p
N

)1/2

(4.13)

for the complexity parameter of the problem (from now and until the end
of Section 4.3, the constants C depends only on L, C, c0 and c1).

Now let us turn to a solution ρ∗ of the sparsity equation (4.8). First
note that when the design is isotropic the sparsity parameter is the func-
tion

∆(ρ) = inf
{

sup
g∈Γt∗ (ρ)

〈h, g〉 : h ∈ ρSl1 ∩ r(2ρ)Bl2

}

where Γt∗(ρ) = t∗ + (ρ/20)Bl1 .
A first solution to the sparsity equation is ρ∗ = 20 ‖t∗‖l1 because it

leads to 0 ∈ Γt∗(ρ∗). This solution is called norm dependent.
Another radius ρ∗ solution to the sparsity equation (4.8) is obtained

when t∗ is close to a sparse-vector, that is a vector with a small support.
We denote by ‖v‖0 := |supp(v)| the size of the support of v ∈ Rp. Now,
we recall a result from [Lecué and Mendelson, 2015b].

Lemma 4.1 (Lemma 4.2 in [Lecué and Mendelson, 2015b]). If there
exists some v ∈ t∗+ (ρ/20)Bl1 such that ‖v‖0 ≤ c0(ρ/r(ρ))2 then ∆(ρ) ≥
4ρ/5 where c0 is an absolute constant.

In particular, we get that ρ∗ ∼ s
√

(log p)/N is a solution to the
sparsity equation if there is a s-sparse vector which is (ρ∗/20)-close to t∗
in l1. This radius leads to the so-called sparsity dependent bounds.

After the derivation of the Bernstein parameter κ = 1, the complexity
w(B) and a solution ρ∗ to the sparsity equation, we are now in a position
to apply Theorem 4.2 to get statistical bounds for the Logistic LASSO.

Theorem 4.4. Assume that X is a standard Gaussian vector in Rp.
Let s ∈ {1, . . . , p}. Assume that there exists a s-sparse vector in t∗ +
Cs
√

(log p)/NBl1 . Then, with probability larger than 1−C exp (−Cs log p),
for every 1 ≤ q ≤ 2, the logistic LASSO estimator t̂L with regularization
parameter

λ = 5c1CL
8

√
log p
N
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satisfies

∥∥t̂L − t∗∥∥lq ≤ C min
(
s1/q

√
log p
N

, ‖t∗‖1/ql1

(
log p
N

) 1
2−

1
2q
)

and the excess logistic risk of t̂L is such that

Elogistic = R(t̂L)−R(t∗) ≤ C min
(
s log(p)
N

, ‖t∗‖l1

√
log(p)
N

)
.

Note that an estimation result for any lq-norm for 1 ≤ q ≤ 2 fol-
lows from results in l1 and l2 and the interpolation inequality ‖v‖lq ≤
‖v‖−1+2/q

l1
‖v‖2−2/q

l2
.

Estimation results for the logistic LASSO estimator in the general-
ized linear model have been obtained in [Van de Geer, 2008] under the
assumption that the basis functions and the oracle are bounded. This
assumption does not hold here since the basis functions – defined here
by ψk(·) = 〈ek, ·〉 where (ek)dk=1 is the canonical basis of Rp – are not
bounded when the design is X ∼ N (0, Id×p). Moreover, we do not make
the assumption that f∗ is bounded in L∞. Nevertheless, we recover the
same estimation result for the l2-loss and l1-loss as in [Van de Geer, 2008].
But we also provide a prediction result since an excess risk bound is also
given in Theorem 4.4.

Note that Theorem 4.4 recovers the classic rates of convergence for
the logistic LASSO estimator that have been obtained in the literature
so far. This rates is the minimax rate as long as log(p/s) behaves like
log p. This is indeed the case when s � p which is the classic setup in
high-dimensional statistics. But when s is proportional to p this rate is
not minimax since there is a logarithmic loss. To overcome this issue we
introduce a new estimator: the logistic SLOPE.

4.3.2 Logistic Slope
The construction of the logistic Slope is similar to the one of the

logistic LASSO except that the regularization norm used in this case is
the SLOPE norm (cf. [Su and Candès, 2016, Bogdan et al., 2015]): for
every t = (tj) ∈ Rp,

‖t‖SLOPE =
p∑
j=1

√
log(ep/j)t]j (4.14)
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where t]1 ≥ t]2 ≥ · · · ≥ 0 is the non-increasing rearrangement of the
absolute values of the coordinates of t and e is the base of the natural
logarithm. Using this estimator with a regularization parameter λ ∼
1/
√
N we recover the same result as for the Logistic LASSO case except

that one can get, in that case, the optimal minimax rate for any s ∈
{1, . . . , p}: √

s

N
log
(ep
s

)
.

Indeed, it follows from Lemma 5.3 in [Lecué and Mendelson, 2015b]
that the Gaussian mean width of the unit ball BSLOPE associated with
the SLOPE norm is of the order of a constant. The sparsity dependent
radius satisfies

ρ∗ ∼ s√
N

log
(ep
s

)
(4.15)

as long as there is a s-sparse vector in t∗ + (ρ∗/20)BSLOPE . The norm
dependent radius is as usual of order ‖t∗‖SLOPE . Then, the next result
follows from Theorem 4.2. It improves the best known bounds on the
logistic LASSO.

Theorem 4.5. Assume that X is a standard Gaussian vector in Rp.
Let s ∈ {1, . . . , p}. Assume that there exists a s-sparse vector in t∗ +
(ρ∗/20)BSLOPE for ρ∗ as in (4.15). Then, with probability larger than
1−C exp (−Cs log(p/s)), the logistic SLOPE estimator

t̂S ∈ arg min
t∈RBl2

(
1
N

N∑
i=1

log (1 + exp(−Yi 〈Xi, t〉) + C√
N
‖t‖SLOPE

)

satisfies

∥∥t̂S − t∗∥∥SLOPE ≤ C min
(

s√
N

log
(ep
s

)
, ‖t∗‖SLOPE

)
and ∥∥t̂S − t∗∥∥l2 ≤ C min

(√
s

N
log
(ep
s

)
,

√
‖t∗‖SLOPE√

N

)
and the excess logistic risk of t̂S is such that

Elogistic(t̂S) = R(t̂S)−R(t∗) ≤ C min
(
s log ep/s

N
, ‖t∗‖l1

√
log ep/s
N

)
.
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Let us comment on Theorem 4.5 together with the fact that we do
not make any assumption on the output Y all along this work. The-
orem 4.5 proves that there exists an estimator achieving the minimax
rate s log(ep/s)/N for the `2-estimation risk (to the square) with abso-
lutely no assumption on the output Y . In the case where a statistical
model Y = sign(〈X, t∗〉 + ξ) holds, where ξ is independent of X then
Theorem 4.5 shows that the RERM with logistic loss and SLOPE regu-
larization achieves the minimax rate s log(ep/s)/N under no assumption
on the noise ξ. In particular, ξ does not need to have any moment and,
for instance, the mimimax rate s log(ep/s)/N can still be achieved when
the noise has a Cauchy distribution. Moreover, this estimation rate holds
with exponentially large probability as if the noise had a Gaussian distri-
bution (cf. [Lecué and Mendelson, 2013]). This is a remarkable feature of
Lipschitz loss functions genuinely understood in Huber’s seminal paper
[Huber, 1964].

LASSO SLOPE
w(B)

√
log p 1

ρ∗
s√
N

√
log p s√

N
log ep

s

r(ρ∗) s

N
log p s

N
log ep

s

Table 4.1 – Comparison of the key quantities involved in our study for
the `1 (LASSO) and SLOPE norms

In Table 4.1, the different quantities playing an important role in our
analysis have been collected for the `1 and SLOPE norms: the Gaus-
sian mean width w(B) of the unit ball B of the regularization norm, a
radius ρ∗ satisfying the sparsity equation and finally the L2 estimation
rate of convergence r(ρ∗) summarizing the two quantities. As mentioned
in Figure 4.1, having a large sub-differential at sparse vectors and a small
Gaussian mean-width w(B) is a good way to construct “sparsity induc-
ing”regularization norms as it is, for instance the case of “atomic norms”
(cf. [Chandrasekaran et al., 2012]).
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t∗ t∗0 0

G G

∂ ‖·‖1 (t∗) ∂ ‖·‖SLOPE (t∗)

Figure 4.1 – Gaussian complexity and size of the sub-differential
for the `1 ans SLOPE norms: A “large” sub-differential at sparse
vectors and a small Gaussian mean width of the unit ball of the regular-
ization norm is better for sparse recovery. In this figure, G represents a
“typical” Gaussian vector used to compute the Gaussian mean width of
the unit regularization norm ball.

4.4 Application to matrix completion via S1-
regularization

The second example involves matrix completion and uses the bounded
setting from Section 4.2.6. The goal is to derive new results on two ways:
the 1-bit matrix completion problem where entries are binary, and the
quantile completion problem. The main theorems in this section yield
upper bounds on completion in Sp norms (1 ≤ p ≤ 2) and on various
excess risks. We also propose algorithms in order to compute efficiently
the RERM in the matrix completion issue but with non differentiable
loss and provide a simulation study. We first present a general theorem
and then turn to specific loss functions because they induce a discussion
about the Bernstein assumption and the κ parameter and lead to more
particular theorems.

4.4.1 General result
In this section, we consider the matrix completion problem. Con-

trary to the introduction, we do not immediately focus on the case
Y ∈ {−1,+1}. So for the moment, Y is a general real random vari-
able and ` is any Lipschitz loss. The class is F = {〈·,M〉 : M ∈ bB∞},
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where bB∞ = {M = (Mpq) : maxp,q |Mpq| ≤ b} and b > 0. As the de-
sign X takes its values in the canonical basis of Rm×T , the boundedness
assumption is satisfied. Apart from that, the notations and assumptions
are as in the introduction, that is, we assume that X satisfies Assump-
tion 4.2, with parameters (c, c̄), and the penalty is the nuclear norm.
Thus, the RERM is given by

M̂ ∈ arg min
M∈bB∞

(
1
N

N∑
i=1

`(〈Xi,M〉 , Yi) + λ ‖M‖S1

)
. (4.16)

Statistical properties of (4.16) will follow from Theorem 4.3 since one can
recast this problem in the setup of Section 4.2.6. The oracle matrix M∗
is defined by f∗ = 〈·,M∗〉, that is, M∗ = arg minM∈bB∞ E`(〈M,X〉 , Y ).

Let us also introduce the matrixM = arg minM∈Rm×T E`(〈M,X〉 , Y ).
Note that

〈
M, ·

〉
= f = arg minf measurable E`(f(X), Y ). Our general

results usually are on f∗ rather than on f as it is usually impossible to
provide rates on the estimation of f without stringent assumptions on Y
and F . However, as noted in the introduction, in 1-bit matrix completion
with the hinge loss, we haveM = M∗ without any extra assumption when
b = 1 (this is a favorable case). On the other hand, to get fast rates in
matrix completion with quantile loss requires that M = M∗ (which is a
stringent assumption in this setting).

Complexity function We first compute the complexity parameter r(·)
as introduced in Definition 4.7. To that end one just needs to compute
the global Rademacher complexity of the unit ball of the regularization
function which is BS1 = {A ∈ Rm×T : ‖A‖S1

≤ 1}:

Rad(BS1) = E sup
‖A‖S1

≤1

∣∣∣ 1√
N

N∑
i=1

εi 〈Xi, A〉
∣∣∣ = E

∥∥∥∥∥ 1√
N

N∑
i=1

εiXi

∥∥∥∥∥
S∞

≤ c0(c, c̄)

√
log(m+ T )
min(m,T )

(4.17)

where ‖·‖S∞ is the operator norm (i.e. the largest singular value), the
last inequality follows from Lemma 1 in [Koltchinskii et al., 2011] and
c0(c, c̄) > 0 is some constant that depends only on c and c̄.
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The complexity parameter r(·) is derived from Definition 4.7: for any
ρ ≥ 0,

r(ρ) =
[
CAρRad(BS1)√

N

] 1
2κ

= C
[
ρ

√
log(m+ T )
N min(m,T )

] 1
2κ

(4.18)

where from now the constants C depend only on c, c̄, b, A and κ.

Sparsity parameter The next important quantity is the sparsity param-
eter. Its expression in this particular case is, for any ρ > 0,

∆(ρ) = inf
{

sup
G∈ΓM∗ (ρ)

〈H,G〉 : H ∈ ρSS1 ∩ ((
√
mT/c)r(2ρ))BS2

}

where ΓM∗(ρ) is the union of all the sub-differential of ‖·‖S1
in a S1-ball

of radius ρ/20 centered in M∗. Note that the normalization factor
√
mT

in the localization (
√
mTr(2ρ))BS2 comes from the “non normalized

isotropic” property of X: c ‖M‖2S2
/(mT ) ≤ E 〈X,M〉2 ≤ c̄ ‖M‖2S2

/(mT )
for all M ∈ Rm×T . Now, we use a result from [Lecué and Mendelson,
2015b] to find a solution to the sparsity equation.

Lemma 4.2 (Lemma 4.4 in [Lecué and Mendelson, 2015b]). There exists
an absolute constant c1 > 0 for which the following holds. If there ex-
ists V ∈ M∗ + (ρ/20)BS1 such that rank(V ) ≤

(
c1ρ/(

√
mTr(ρ))

)2
then

∆(ρ) ≥ 4ρ/5.

It follows from Lemma 4.2 that the sparsity equation (4.8) is satis-
fied by ρ∗ when it exists V ∈ M∗ + (ρ∗/20)BS1 such that rank(V ) =
c1

(
ρ∗/(
√
mTr(ρ∗))

)2
. Note obviously that V can be M∗ itself, in this

case, ρ∗ can be taken such that rank(M∗) = c1

(
ρ∗/(
√
mTr(ρ∗))

)2
. How-

ever, when M∗ is not low-rank, it might still be that a low-rank approx-
imation V of M∗ is close enough to M∗ w.r.t. the S1-norm. As a conse-
quence, if for some s ∈ {1, . . . ,min(m,T )} there exists a matrix V with
rank at most s in M∗ + (ρ∗s/20)BS1 where

ρ∗s = C (smT )
κ

2κ−1

(
log(m+ T )
N min(m,T )

) 1
2(2κ−1)

. (4.19)
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then ρ∗s satisfies the sparsity equation.
Following the remark at the end of Subsection 4.2.4, another possible

choice is ρ∗ = 20‖M∗‖S1 in order to get norm dependent rates. In the end,
we choose ρ∗ = C min [ρ∗s, ‖M∗‖S1 ]. We are now in a position to apply
Theorem 4.3 to derive statistical properties for the RERM M̂ defined in
(4.16).

Theorem 4.6. Assume that Assumption 4.1, 4.2 and 4.3 hold. Consider
the estimator in (4.16) with regularization parameter

λ = c0(c, c̄)720
7

√
log(m+ T )
N min(m,T ) (4.20)

where c0(c, c̄) are the constants in Assumption 4.2. Let s ∈ {1, . . . ,min(m,T )}
and assume that there exists a matrix with rank at most s in M∗ +
(ρ∗s/20)BS1 . Then, with probability at least

1−C exp (−Cs(m+ T ) log(m+ T ))

we have∥∥M̂ −M∗∥∥
S1
≤ C min

{
(smT )

κ
2κ−1

( log(m+ T )
N min(m,T )

) 1
2(2κ−1)

, ‖M∗‖S1

}
,

1
√
mT

∥∥M̂ −M∗∥∥
S2
≤ C min

{(
s(m+ T ) log(m+ T )

N

) 1
2(2κ−1)

,

(
‖M∗‖S1

√
log(m+ T )
N min(m,T )

) 1
2κ
}

E(M̂) ≤ C min
{(

s(m+ T ) log(m+ T )
N

) κ
2κ−1

, ‖M∗‖S1

√
log(m+ T )
N min(m,T )

}
.

Note that the interpolation inequality also allows to get a bound for
the Sp norm, when 1 ≤ p ≤ 2:

1

(mT )
1
p

∥∥M̂ −M∗∥∥
Sp
≤ C min

{[(
s2(p−1)+κ(2−p)(m+ T )p−1

min(m,T )
2−p

2

) 1
p

√
log(m+ T )

N

] 1
2κ−1

,

‖M∗‖
p−1+κ(2−p)

pκ

S1

( log(m+ T )
N min(m,T )

) p−1
2κp
( 1
mT

) 2−p
p

}
.

Theorem 4.6 shows that the sparsity dependent error rate in the excess
risk bound is (for s = rank(M∗))(

rank(M∗)(m+ T ) log(m+ T )
N

) κ
2κ−1
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which is the classic excess risk bound under the margin assumption up to
a log factor (cf. [Audibert and Tsybakov, 2007]). As for the S2-estimation
error, when κ = 1, we recover the classic S2-estimation rate√

rank(M∗)(m+ T ) log(m+ T )
N

which is minimax in general (up to log terms, e.g. take the quadratic loss
when Y is bounded and compare to [Rohde and Tsybakov, 2011]).

4.4.2 Algorithm and Simulation Outlines
Since this part provides new methods and results on matrix comple-

tion, we propose an algorithm in order to compute efficiently the RERM
using the hinge loss and the quantile loss. This section explains the
structure of the algorithm that is used with specific loss functions in
next sections. Although many algorithms exist for the least squares ma-
trix completion, at our knowledge many of them treat only the exact
recovery such as in [Cai et al., 2010] and [Mazumder et al., 2010], or at
least they all deal with differentiable loss functions, see [Hsieh and Olsen,
2014]. On the other hand, the two losses that we mainly consider here
are non differentiable because they are piecewise linear (in the case of
hinge and 0, 5-quantile loss functions): new algorithms are hence needed.
It has been often noted that the RERM with respect to the hinge loss or
0.5-quantile loss can been solved by a semidefinite programming but the
cost is prohibitive for large matrices, say dimensions larger than 100. It
actually works for small matrices as we ran SDP solver in Python in very
small examples.

We propose here an alternating direction method of multiplier (ADMM)
algorithm. For a clear and self-contained introduction to this class of al-
gorithms, the reader is referred to [Boyd et al., 2011] and we do not
explain all the details here and we keep the same vocabulary. When the
optimization problem is a sum of two parts, the core idea is to split the
problem by introducing an extra variable. In our case, the two following
problems are equivalent:

minimize
M

{
1
N

N∑
i=1

`(〈Xi,M〉 , Yi) + λ ‖M‖S1

}
, minimize

M,L

{
1
N

N∑
i=1

`(〈Xi,M〉 , Yi) + λ ‖L‖S1

}
subject to M = L

Below, we use the scaled form and the m× T matrix U is then called
the scaled dual variable. Note that the S2 norm is also the Froebenius
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norm and is thus elementwise. We can now exhibit the augmented La-
grangian:

Lα(M,L,U) = 1
N

N∑
i=1

`(〈Xi,M〉 , Yi)+λ ‖L‖S1
+α

2 ‖M − L+ U‖2S2
−α2 ‖U‖

2
S2
,

where α is a positive constant, called the augmented Lagrange parameter.
The ADMM algorithm [Boyd et al., 2011] is then:

Mk+1 = argmin
M

(
1
N

N∑
i=1

`(〈Xi,M〉 , Yi) + α

2
∥∥M − Lk + Uk

∥∥2
S2

)
(4.21)

Lk+1 = argmin
L

(
λ ‖L‖S1

+ α

2
∥∥Mk+1 − L+ Uk

∥∥2
S2

)
(4.22)

Uk+1 = Uk +Mk+1 − Lk+1

The starting point (M0, L0, U0) uses one random matrix with inde-
pendent Gaussian entries for M0 and two zero matrices for L0 and U0.
Another choice of starting point is to use a previous estimator with a
larger λ. The stopping criterion is, as explained in [Boyd et al., 2011],∥∥Mk+1 −Mk

∥∥2
S2

+
∥∥Uk+1 − Uk

∥∥2
S2
≤ ε for a fixed threshold ε. It means

that it stops when both (Uk) and (Mk) start converging.

General considerations The second step (4.22) is independent of the
loss function. It is well-known that the solution of this problem is Sλ/α(Mk+1+
Uk) when Sa(M) is the soft-thresholding operator with magnitude a ap-
plied to the singular values of the matrix M . It is defined for a rank
r matrix M with SVD M = UΣV > where Σ = diag

(
(di)1≤i≤r

)
by

Sa(M) = USa(Σ)V > where Sa(Σ) = diag
(

(max(0, di − a))1≤i≤r

)
.

It requires the SVD of a m × T matrix at each iteration and is the
main bottleneck of this algorithm (the other main step (4.21) can be
performed elementwise since the Xi’s take their values in the canonical
basis of Rm×T ; so it needs only at most N operations). Two methods
may be used in order to speed up the algorithm: efficient algorithms for
computing the n largest singular values and the associate subspaces, such
as the well-known PROPACK routine in Fortran. It can be plugged in
order to solve (4.22) by computing the n largest and stop at this stage
if the lowest computed singular values is lower than the threshold. It is
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obviously more relevant when the target is expected to have a very small
rank. This method has been implemented in Python and works well in
practice even though the parameter n has to be tuned carefully. An
alternative method is to use approximate SVD such as in [Halko et al.,
2011].

Moreover, the first step (4.21) (which may be performed element-
wise) has a closed form solution for hinge and quantile loss: it is a soft-
thresholding applied to a specified quantity.

Simulated observations as well as real-world data (cf. the MovieLens
dataset 2) are considered in the examples below. Finally note that pa-
rameter λ is tuned by cross-validation.

4.4.3 1-bit matrix completion
In this subsection we assume that Y ∈ {−1,+1}, and we challenge

two loss functions: the logistic loss, and the hinge loss. It is worth noting
that the minimizer M = arg minM∈Rm×T E`(〈M,X〉 , Y ) is not the same
for both losses. For the hinge loss, it is known that it is the matrix
formed by the Bayes classifier. This matrix has entries bounded by 1 so
M∗ = M as soon as b = 1. In opposite to this case, the logistic loss leads
to a matrix M with entries formed by the odds ratio. It may even be
infinite when there is no noise.

Logistic loss. Let us start by assuming that ` is the logistic loss. Thanks
to Proposition 4.1 we know that κ = 1 for any b (A is also known,
A = 4 exp(2b)) and therefore next result follows from Theorem 4.6. Note
that we do not assume that M is in F and therefore our results provides
estimation and prediction bounds for the oracle M∗.

Theorem 4.7 (1-bit Matrix Completion with logistic loss). Assume that
Assumption 4.2 holds. Let s ∈ {1, . . . ,min(m,T )} and assume that there
exists a matrix with rank at most s in M∗ + (ρ∗s/20)BS1 where ρ∗s is
defined in (4.19). With probability at least

1−C exp (−Csmax(m,T ) log(m+ T ))

the estimator

M̂ ∈ arg min
M∈bB∞

(
1
N

N∑
i=1

log (1 + exp (−Yi 〈Xi,M〉)) + λ ‖M‖S1

)
(4.23)

2. available in http://grouplens.org/datasets/movielens/
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with λ as in Equation (4.20) satisfies

1
mT

∥∥M̂ −M∗∥∥
S1
≤ C min

{
s

√
log(m+ T )
N min(m,T )

,
‖M∗‖S1

mT

}
,

1
√
mT

∥∥M̂ −M∗∥∥
S2
≤ C min

{√
smax(m,T ) log(m+ T )

N
, ‖M∗‖

1
2
S1

( log(m+ T )
N min(m,T )

) 1
4

}

Elogistic(M̂) ≤ C min
{
smax(m,T ) log(m+ T )

N
, ‖M∗‖S1

√
log(m+ T )
N min(m,T )

}
.

Using an interpolation inequality, it is easy to derive estimation bound
in Sp for all 1 ≤ p ≤ 2 as in Theorem 4.6 so we do not reproduce it here.
Also, note that our bound on

∥∥∥M̂ −M∗∥∥∥
S2

is of the same order as the
one in [Lafond et al., 2014]. We actually now prove that this rate is
minimax-optimal (up to log terms).

Theorem 4.8 (Lower bound with logistic loss). For a given matrix M ∈
B∞, define P⊗NM as the probability distribution of the N -uplet (Xi, Yi)Ni=1
of i.i.d. pairs distributed like (X,Y ) such that X is uniformly distributed
on the canonical basis (Ep,q) of Rm×T and PM (Y = 1|X = Ep,q) =
exp(Mpq)/[1 + exp(Mpq)] for every (p, q) ∈ {1, . . . ,m} × {1, . . . , T}. Fix
s ∈ {1, . . . ,min(m,T )} and assume that N ≥ s(m + T ) log(2)/(8b2).
Then

inf
M̂

sup
M∗ ∈ bB∞

rank(M∗) ≤ s

P⊗NM∗

(
1√
mT

∥∥∥M̂ −M∗∥∥∥
S2
≥ c
√

(m+ T )s
N

)
≥ β

for some universal constants β, c > 0.

Also, as pointed out in the introduction, the quantity of interest is not
the logistic excess risk, but the classification excess risk: let us remind
that R0/1(M) = P[(Y 6= sign(〈M,X〉)] for all M ∈ Rm×T . Even if
we assume that M∗ = M , all that can be deduced from Theorem 2.1
in [Zhang, 2004] is that

E0/1(M̂) = R0/1(M̂)− inf
M∈Rm×T

R0/1(M)

≤ C
√
Elogistic(M̂) ≤ C

√
rank(M)(m+ T ) log(m+ T )

N
.

137



Theoretical Study of some Statistical Procedures

But this rate on the excess 0/1-risk may be much better under the margin
assumption [Mammen and Tsybakov, 1999, Tsybakov, 2004] (cf. Equa-
tion (4.36) below). This motivates the use of the hinge loss instead of
the logistic loss, for which the results in [Zhang, 2004] do not lead to a
loss of a square root in the rate.

Hinge loss. As explained above, the choice b = 1 ensures M = M∗

without additional assumption. Thanks to Proposition 4.3 we know that
as soon as infp,q |Mp,q − 1/2| ≥ τ for some τ > 0, the Bernstein assump-
tion is satisfied by the hinge loss with κ = 1 and A = 1/(2τ). This
assumption seems very mild in many situations and we derive the results
with it.

Theorem 4.9 (1-bit Matrix Completion with hinge loss). Assume that
Assumption 4.2 holds. Assume that infp,q |P (Y = 1|X = Ep,q)−1/2| ≥ τ
for some τ > 0. Let s ∈ {1, . . . ,min(m,T )} and assume that there exists
a matrix with rank at most s in M + (ρ∗s/20)BS1 where ρ∗s is defined in
(4.19). With probability at least

1−C exp (−Csmax(m,T ) log(m+ T ))

the estimator

M̂ ∈ arg min
M∈B∞

(
1
N

N∑
i=1

(1− Yi 〈Xi,M〉)+ + λ ‖M‖S1

)
(4.24)

with λ as in Equation (4.20) satisfies

1
mT

∥∥M̂ −M∥∥
S1
≤ C min

{
s

√
log(m+ T )
N min(m,T )

,

∥∥M∥∥
S1

mT

}
,

1
√
mT

∥∥M̂ −M∥∥
S2
≤ C min

{√
s(m+ T ) log(m+ T )

N
,
∥∥M∥∥ 1

2
S1

( log(m+ T )
N min(m,T )

) 1
4

}

Ehinge(M̂) ≤ C min
{
s(m+ T ) log(m+ T )

N
,
∥∥M∥∥

S1

√
log(m+ T )
N min(m,T )

}
.

In this case, [Zhang, 2004] implies that the excess risk bound for the
classification error (using the 0/1-loss) is the same as the one for the
hinge loss: it is therefore of the order of rank(M) max(m,T )/N .

Note that the rate rank(M) max(m,T )/N for the classification excess
error was only reached in [Cottet and Alquier, 2016] up to our knowl-
edge (using the PAC-Bayesian technique from [Catoni, 2004, 2007, Mai
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and Alquier, 2015, Alquier et al., 2016]), in the very restrictive noiseless
setting - that is, P (Y = 1|X = Ep,q) ∈ {0, 1} which is equivalent to
P (Y = sign(

〈
M,X

〉
) = 1. Here this rate is proved to hold in the general

case. Other works, including [Srebro et al., 2005], obtained only rates in
1/
√
N . Finally, we prove that this rate is the minimax rate in the next

result.

Theorem 4.10 (Lower bound with hinge loss). For a given matrix M ∈
B∞, let E⊗NM be the expectation w.r.t. the N -uplet (Xi, Yi)Ni=1 of i.i.d.
pairs distributed like (X,Y ) such that X is uniformly distributed on the
canonical basis (Ep,q) of Rm×T and PM (Y = 1|X = Ep,q) = Mpq for
every (p, q) ∈ {1, . . . ,m} × {1, . . . , T}. Fix s ∈ {1, . . . ,min(m,T )} and
assume that N ≥ smax(m,T ) log(2)/8. Then

inf
M̂

sup
M∗ ∈ B∞

rank(M∗) ≤ r

E⊗NM∗
(
Ehinge(M̂)

)
≥ csmax(m,T )

N

for some universal constants c > 0.

Theorem 4.10 provides a minimax lower bound in expectation whereas
Theorem 4.9 provides an excess risk bound with large deviation. The
two residual terms of the excess hinge risk from Theorem 4.10 and The-
orem 4.9 match up to the log(m+ T ) factor.

Simulation Study. As the hinge loss has not been often studied in the
matrix context, we provide many simulations in order to show the robust-
ness of our method and the opportunity of using the hinge loss rather than
the logistic loss. We follow the simulations ran in [Cottet and Alquier,
2016] and compare several methods. An estimator based on the logistic
model, studied in [Davenport et al., 2014], is also challenged 3.

A first set of simulations. The simulations are all based on a low-rank
200×200 matrixM? from which the data are generated and which is the
target for the predictions. M? is also a minimizer of R0/1 so the error
criterion that we will report for a matrix M is the difference of the pre-
dictions between M? and M , which is P[sign(〈M?, X〉) 6= sign(〈M,X〉)].

3. In the followings, the four estimators will be referred to Hinge for estimator
given in (4.24), Hinge Bayes and Logit Bayes for the two Bayesian estimators from
[Cottet and Alquier, 2016] with respectively hinge and logistic loss functions, and
Logit for the estimator from [Davenport et al., 2014]. The Bayesian estimators use
the Gammma prior distribution.
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The Xi’s correspond to 20% of the entries randomly picked so the mis-
classification rate is also 1/mT

∑
p,q I{sign(Mp,q) 6= sign(M?

p,q)}.
Two different scenarios are tested: the first one (called A), involves

a matrix M? with only entries in {−1,+1} so the Bayes classifier is low
rank and favors the hinge loss. The second test (called B) involves a
matrix M? = LR> where L,R have i.i.d. Gaussian entries and the rank
is the number of columns. In this case, the Bayes matrix contains the
signs of a low-rank matrix, but it is not itself low rank in general. We
also test the impact of the noise structure on the results:

1. (noiseless) Yi = sign(〈M?, Xi〉)
2. (logistic) Yi = sign(〈M?, Xi〉 + Zi), where Zi follows a logistic

distribution
3. (switch) Yi = εisign(〈M?, Xi〉) where εi = (1− p)δ1 + pδ−1

Finally, we run all the simulations on rank 3 and rank 5 matrices. λ is
tuned by cross validation. All the simulations are run one time.

Model A1 A2 (p = .1) A3 B1 B2 (p = .1) B3

Rank 3

Hinge 0 0 14.5 6.7 10.9 21.0
Logit 0 0.5 17.3 5.1 10.7 19.8
Hinge Bayes 0 0.1 8.5 5.3 10.8 22.1
Logit Bayes 0 0.5 16.0 4.1 10.1 16.0

Rank 5

Hinge 0 0.8 29.0 11.7 19.3 23.3
Logit 0 3.1 30.1 9.0 18.3 22.1
Hinge Bayes 0 0.5 27 9.4 17.9 24.4
Logit Bayes 0 4.4 32.5 7.8 17.3 21.5

Table 4.2 – Misclassification error rates on simulated matrices in various
cases. Model ∈ {A,B}{1, 2, 3} refers to scenario ∈ {A,B} and noise
structure ∈ {1, 2, 3}. For the noise-free Model = A0, the 0 column shows
the exact reconstruction property of all procedures.

The results are very similar among the methods, see Table 4.2. The
logistic loss performs better for matrices of type B and especially for
high level of noise in the logistic data generation as expected. For type
A matrices, the hinge loss performs slightly better. The Bayesian models
performs as good as the frequentist estimators even though the program
solved is not convex.

Impact of the noise level. The second experiment is a focus on the
switch noise and matrices that are well separated (as A2 in the previous
example). The noise lies between p = 0 and almost full noise (p = .4).
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The performance of the RERM with the hinge loss is slightly worse than
the Bayesian estimator with hinge loss but always better than the RERM
with the logistic loss, see Figure 4.4.3.
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Figure 4.2 – Misclassification error rates for a large range of switch noise
(noise structure number 3).

Real dataset. We finally run the hinge loss estimator on the MovieLens
dataset. The ratings, that lie in {1, 2, 3, 4, 5}, are split between good
ratings (4, 5) and bad ratings (others). The goal is therefore to predict
whether the user will like a movie or not. On a test set that contains
20% of the data, the misclassification rate in prediction are almost the
same for all the methods (Table 4.3).

Model Hinge Bayes Logit Hinge
misclassification rate .28 .27 .28

Table 4.3 – Misclassification Rate on MovieLens 100K dataset

4.4.4 Quantile loss and median matrix completion
The matrix completion problem with continuous entries has almost

always been tackled with a penalized least squares estimator [Candès and
Plan, 2010, Koltchinskii et al., 2011, Klopp, 2014, Lecué and Mendelson,
2015b, Mai and Alquier, 2015], but the use of other loss functions may be
very interesting in this case too. Our last result on matrix completion is
a result for the quantile loss ρτ for τ ∈ (0, 1). Let us recall that ρτ (u) =
u(τ − I(u ≤ 0)) for all u ∈ R and `M (x, y) = ρτ (y − 〈M,x〉). While the
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aforementionned references provided ways to estimate the conditional
mean of Y |X = Ep,q, here, we thus provide a way to estimate conditional
quantiles of order τ . When τ = 0.5, it actually estimates the conditional
median, which is known to be an indicator of central tendency that is
more robust than the mean in the presence of outliers. On the other
hand, for large and small τ ’s (for example the 0.05 and 0.95 quantiles),
this allows to build confidence intervals for Y |X = Ep,q. Confidence
bounds for the entries of matrices in matrix completion problems are
something new up to our knowledge.

The following result studies a particular case in which the Bernstein
Assumption is proved in Proposition 4.4. Following [van de Geer, 2016], it
assumes that the conditional distribution of Y given X is continuous and
that the density is not too small on the domain of interest – this ensures
that Bernstein’s condition is satisfied with κ = 1 and A depending on the
lower bound on the density, see Section 4.6 for more details. It can easily
be derived for a specific distribution such as Gaussian, Student and even
Cauchy. But we also have to assume that M ∈ bB∞, or in other words
M = M∗, which is a more stringent assumption: in practice, it meands
that we should know a priori an upper bound b on the quantiles to be
estimated.

Theorem 4.11 (Quantile matrix completion). Assume that Assump-
tion 4.2 holds. Let b > 0 and assume that M ∈ bB∞. Assume that for
any (p, q), Y |X = Ep,q has a density with respect to the Lebesgue mea-
sure, g, and that g(u) > 1/c for some constant c > 0 for any u such that
|u−M i,j | ≤ 2b. Let s ∈ {1, . . . ,min(m,T )} and assume that there exists
a matrix with rank at most s in M + (ρ∗s/20)BS1 where ρ∗s is defined in
(4.19). Then, with probability at least

1−C exp (−Csmax(m,T ) log(m+ T ))

the estimator

M̂ ∈ arg min
M∈bB∞

(
1
N

N∑
i=1

ρτ (Yi − 〈Xi,M〉) + λ ‖M‖S1

)
(4.25)

with λ = c0(c, c̄)
√

log(m+ T )/(N min(m,T )) satisfies

1
mT

∥∥M̂ −M∥∥
S1
≤ C min

{
s

√
log(m+ T )
N min(m,T )

,

∥∥M∥∥
S1

mT

}
,
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1
√
mT

∥∥M̂ −M∥∥
S2
≤ C min

{√
s(m+ T ) log(m+ T )

N
,
∥∥M∥∥ 1

2
S1

( log(m+ T )
N min(m,T )

) 1
4

}

Equantile(M̂) ≤ C min
{
s(m+ T ) log(m+ T )

N
,
∥∥M∥∥

S1

√
log(m+ T )
N min(m,T )

}
.

We obtain the same rate as for the penalized least squares estima-
tor that is

√
s(m+ T ) log(m+ T )/N (cf. [Rohde and Tsybakov, 2011,

Koltchinskii et al., 2011]).

Simulation study.

The goal of this part is to challenge the regularized least squares
estimator by the RERM with quantile loss. The quantile used here is
therefore the median. The main conclusion of our study is that median
based estimators are more robust to outliers and noise than mean based
estimators. We first test them on simulated datasets and then turn to
use a real dataset.

Simulated matrices. The observations come from a base matrix M?

which is a 200 × 200 low rank matrix. It is built by M? = LR> where
the entries of L,R are i.i.d. gaussian and L,R have 3 columns (and
therefore, the rank of M? is 3). The Xi’s correspond to 20% randomly
picked entries. The criterion that we retain is the l1 reconstruction of
M? that is: 1/mT

∑
p,q |M?

p,q −Mp,q|.
The observations are made according to this flexible model:

Yi = 〈M?, X〉+ zi + oζi.

zi is the noise, o is the magnitude of outliers and ζi is the outlier indicator
parametrized by the share p such that ζi = p/2δ−1 + (1 − p)δ0 + p/2δ1.
The different parameters for the different scenarios are summarized in
Table 4.4.

On the first experiment, p is fixed to 10% and the magnitude o in-
creases. As expected for least squares, the results are better for low
magnitude of outliers (it corresponds to the penalized maximum likeli-
hood estimator), see Figure 4.3. Quickly, the performance of the least
squares estimator is getting worse and when the outliers are large enough,
the best least squares predictor is a matrix with null entries. In opposite
to this estimator, the median of the distribution is almost not affected
by outliers and it is completely in line with the results: the performances
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are strictly the same for mid-range to high-range magnitude of outliers.
The robustness of the quantile reconstruction is totally independent to
the magnitude of the outliers.

zi o ζi
Figure 4.3 N (0, 1/4) o = 0..30 p = 0.1
Figure 4.4 N (0, 1/4) 10 p = 0..0.25
Figure 4.5 tα, α = 1..10 0 p = 0
tα: t-distribution with α degrees of freedom.

Table 4.4 – Parameters and distributions of the simulations

A second experiment involves fixed magnitude of outliers but the share
of them increases, see Figure 4.4. The median completion is, as expected,
more robust and the results deteriorate less than the ones from least
squares. When the outliers ratio is greater than 20%, the least squares
estimator completely fails while the median completion still works.

The third simulation involves non gaussian noise without outliers: we
use the t-distribution, that has heavy tails. In this challenge, a lower
degree of freedom involves heavier tails and the worst case is for Student
distribution with degree 1. We can see that the least squares is inadequate
for small degrees of freedom (1 to 2) and behaves better than the median
completion for larger degrees of freedom, see Figure 4.5.

Real dataset. The last experiment involves the MovieLens dataset. We
keep one fifth of the sample for test set to check the prediction accuracy.
Even though the least squares estimator remains very efficient in the
standard case, see Table 4.5, the results are quite similar for the MAE
criterion. In a second step, we add artificial outliers. In order to do that,
we change 20% of 5 ratings to 1 ratings. It can be seen as malicious users
that change ratings in order to distort the perception of some movies. As
expected, it depreciates the least squares estimator performance but the
median estimator returns almost as good performances as in the standard
case.
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Figure 4.3 – l1 reconstruction for different magnitude of outliers
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Figure 4.4 – l1 reconstruction for different percentage of outliers

0.50

0.75

1.00

1.25

1 2 5 10
Student DF

L1
 R

is
k

method
Least Squares

Median loss

Figure 4.5 – l1 reconstruction for student noise with various magnitude
degrees of freedom
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MSE MAE
Raw Data, LS 0.89 0.75
Raw Data, Median 0.93 0.75
Outliers, LS 1.04 0.84
Outliers, Median 0.96 0.78

Table 4.5 – Prediction power of Least Squares and Median Loss on Movie-
Lens 100K dataset

4.5 Kernel methods via the hinge loss and a
RKHS-norm regularization

In this section, we consider regularization methods in some general
Reproducing Kernel Hilbert Space (RKHS) (cf. [Cucker and Smale,
2002], Chapter 4 in [Steinwart and Christmann, 2008] or Chapter 3 of
[Vapnik, 1998] for general references on RKHS).

Unlike the previous examples, the regularization norm here, which is
the norm ‖·‖HK of a RKHS HK , is not associated with some "hidden"
concept of sparsity. In particular, RKHS norms have no singularity since
they are differentiable at any point except in 0. As a consequence the
sparsity parameter ∆(ρ) cannot be larger than 4ρ/5, i.e. ρ does not
satisfy the sparsity equation, unless the set Γf∗(ρ) contains 0 that is for
ρ ≥ 20 ‖f∗‖HK . Indeed, one key observation is that any norm is non
differentiable at 0 and that its subdifferential at 0 is somehow extremal:

∂ ‖·‖ (0) = B∗ := {f : ‖f‖∗ ≤ 1}, (4.26)

where ‖·‖∗ is the dual norm.
As a consequence, the rates obtained in this section do not depend on

some hidden sparsity parameter associated with the oracle f∗ but on the
RKHS norm at f∗, that is ‖f∗‖HK . The aim of this section is therefore to
show that our main results apply beyond “sparsity inducing regulariza-
tion methods” by showing that “classic” regularization method, inducing
smoothness for instance, may also be analyzed the same way and fall into
the scope of Theorem 4.2 and Theorem 4.3. This section also shows an
explicit expression for the Gaussian mean-width with localization as used
in Definition 4.8 (a sharper way to measure statistical complexity via a
local r(·) function provided below).
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Mathematical background In this setup, the data are stillN i.i.d. pairs
(Xi, Yi)Ni=1 where the Xi’s take their values in some set X and Yi ∈
{−1,+1}. A "similarity measure" is provided over the set X by means of
a kernel K : X ×X → R so that x1, x2 ∈ X are "similar" when K(x1, x2)
is small. One can think for instance of X the set of all DNA sequences
(that is finite words over the alphabet {A, T,C,G}) and K(w1, w2) is the
minimal number of changes like insertion, deletion and mutation needed
to transform word w1 ∈ X into word w2 ∈ X .

The core idea behind kernel methods is to transport the design data
Xi’s from X to a Hilbert space via the application x → K(x, ·) and
then construct statistical procedures based on the "transported" dataset
(K(Xi, ·), Yi)Ni=1. The advantage of doing so is that the space where the
K(Xi, ·)’s belong have much structure than the initial set X which may
have no algebraic structure at all. The first thing to set is to define
somehow the "smallest" Hilbert space containing all the functions x →
K(x, ·). We recall now one classic way of doing so that will be used later to
define the objects that need to be considered in order to construct RERM
in this setup and to obtain estimation rates for them via Theorem 4.2
and Theorem 4.3.

Recall that if K : X × X → R is a positive definite kernel such
that ‖K‖L2

<∞, then by Mercer’s theorem, there is an orthogonal basis
(φi)i∈N of L2 such that µ⊗µ-almost surely,K(x, x′) =

∑∞
i=1 λiφi(x)φi(x′)

where (λi)i∈N is the sequence of eigenvalues of the positive self-adjoint
integral operator TK (arranged in a non-increasing order) defined for
every f ∈ L2 and µ-almost every x ∈ X by

(TKf)(x) =
∫
K(x, x′)f(x′)dµ(x′).

In particular, for all i ∈ N, φi is an eigenvector of TK corresponding to
the eigenvalue λi; and (φi)i is an orthonormal system in L2.

The reproducing kernel Hilbert space HK is the set of all function
series

∑∞
i=1 aiK(xi, ·) converging in L2 endowed with the inner product〈∑

aiK(xi, ·),
∑

bjK(x′j , ·)
〉

=
∑
i,j

aibjK(xi, x′j)

where ai, bj ’s are any real numbers and the xi’s and x′j ’s are any points
in X .

Estimator. The RKHS HK is therefore a class of functions from X to R
that can be used as a learning model and the norm naturally associated
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to its Hilbert structure can be used as a regularization function. Given
a Lipschitz loss function `, the oracle is defined as

f∗ ∈ arg min
f∈HK

E`f (X,Y )

and it is believed that ‖f∗‖HK is small which justified the use of the
RERM with regularization function given by the RKHS norm ‖·‖HK :

f̂ ∈ arg min
f∈HK

(
1
N

N∑
i=1

`f (Xi, Yi) + λ ‖f‖HK

)

Statistical properties of this RERM may be obtained from Theo-
rem 4.2 in the subgaussian case and from Theorem 4.3 in the bounded
case. To that end, we only have to compute the Gaussian mean width
and/or the Rademacher complexities of BHK . In this example, we rather
compute the localized version of those quantities because it is possible to
derive explicit formula. They are obtained by intersecting the ball with
rE . In order not to induce any confusion, we still use the global ones in
estimation bounds.

Localized complexity parameter. The goal is to compute w(ρBHK∩rE)
and Rad(ρBHK ∩ rE) for all ρ, r > 0 where BHK = {f ∈ HK : ‖f‖HK ≤
1} is the unit ball of the RKHS and E = {f ∈ HK : Ef(X)2 ≤ 1} is
the ellipsoid associated with X. In the following, we embed the two sets
BHK and E in l2 = l2(N) so that we simply have to compute the Gaussian
mean width and the Rademacher complexities of the intersection of two
ellipsoids sharing the same coordinates structure.

The unit ball of HK can be constructed from the eigenvalue decom-
position of TK by considering the feature map Φ : X → l2 defined by
Φ(x) =

(√
λiφi(x)

)
i∈N and then the unit ball of HK is just

BHK =
{
fβ(·) = 〈β,Φ(·)〉 : ‖β‖l2 ≤ 1

}
.

One can use the feature map Φ to show that there is an isometry be-
tween the two Hilbert spaces HK and l2 endowed with the norm ‖β‖K =(∑

β2
i /λi

)1/2. The unit ball of l2 endowed with the norm ‖·‖K is an
ellipsoid denoted by EK .

Let us now determine the ellipsoid in l2 associated with the design X
obtained via this natural isomorphism β ∈ l2 → fβ(·) = 〈β,Φ(·)〉 ∈ HK
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between l2 and HK . Since (φi)i is an orthonormal system in L2, the
covariance operator of Φ(X) in l2 is simply the diagonal operator with
diagonal elements (λi)i. As a consequence the ellipsoid associated with
X is isomorphic to Ẽ = {β ∈ l2 : E 〈β,Φ(X)〉2 ≤ 1}; it has the same
coordinate structure as the canonical one in l2 endowed with ‖·‖K : Ẽ =
{β ∈ l2 :

∑
λiβ

2
i ≤ 1}. So that, we obtain

w(Kρ(f∗) ∩ rEf∗) = w(ρEK ∩ rẼ) ∼

∑
j

(ρ2λj) ∧ r2

1/2

(4.27)

where the last inequality follows from Proposition 2.2.1 in [Talagrand,
2005] (note that we defined the Gaussian mean widths in Definition (4.4)
depending on the covariance of X). We also get from Theorem 2.1 in
[Mendelson, 2004] that

Rad(Kρ(f∗) ∩ rEf∗) ∼

∑
j

(ρ2λj) ∧ r2

1/2

. (4.28)

Note that unlike the previous examples, we do not have to assume isotrop-
icity of the design. Indeed, in the RKHS case, the unit ball of the reg-
ularization function is isomorphic to the ellipsoid EK . Since E is also
an ellipsoid having the same coordinates structure as EK (cf. paragraph
above), for all ρ, r > 0, the intersection ρBHK ∩ rE is equivalent to
an ellipsoid, meaning that, it contains an ellipsoid and is contained in
a multiple of this ellipsoid. Therefore, the Gaussian mean width and
the Rademacher complexity of ρBHK ∩ rE has been computed without
assuming isotropicity (thanks to general results on the complexity of El-
lipsoids from Proposition 2.2.1 in [Talagrand, 2005] and Theorem 2.1 in
[Mendelson, 2004]).

It follows from (4.27) and (4.28) that the Gaussian mean width and
the Rademacher complexities are equal. Therefore, up to constant (L in
the subgaussian case and b in the bounded case), the two subgaussian and
bounded setups may be analyzed at the same time. Nevertheless, since
we will only consider in this setting the hinge loss and that the Bern-
stein condition (cf. Assumption 4.3) with respect to the hinge loss has
been studied in Proposition 4.3 only in the bounded case. We therefore
continue the analysis only for the bounded framework.

We are now able to identify the complexity parameter of the problem.
We actually do not use the localization in this and rather use only the
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global complexity parameter as defined in Definition 4.7: for all ρ > 0:

r(ρ) =

Cρ
(∑

j λj

)1/2

√
N


1

2κ

(4.29)

where κ ≥ 1 is the Bernstein parameter.

Results in the bounded setting Finally, let us discuss about the bound-
edness assumption. It is known (cf., for instance, Lemma 4.23 in [Stein-
wart and Christmann, 2008]) that if the kernel K is bounded then the
functions in the RKHS HK are bounded: for any f ∈ HK , ‖f‖L∞ ≤
‖K‖∞ ‖f‖HK where ‖K‖∞ := supx∈X

√
K(x, x). As a consequence, if

one restricts the search space of the RERM to a RKHS ball of radius R,
one has F := RBHK ⊂ ‖K‖∞BL∞ and therefore the boundedness as-
sumption is satisfied by F . However, note that a refinement of the proof
of Theorem 4.14 using a boundedness parameter b depending on the ra-
dius of the RKHS balls used while performing the peeling device yields
statistical properties for the RERM with no search space constraint. For
the sake of shortness, we do not provide this analysis here.

We are now in a position to provide estimation and prediction results
for the RERM

f̂ ∈ arg min
f∈RBHK

 1
N

N∑
i=1

(1− Yif(Xi))+ +
C
(∑

j λj

)1/2

√
N

‖f‖HK

 (4.30)

where the choice of the regularization parameter λ follows from Theo-
rem (4.3) and (4.28) (for r = +∞). Note that unlike the examples in
the previous sections, we do not have to find some radius ρ∗ satisfying
the sparsity equation (4.8) to apply Theorem 4.3 since we simply take
ρ∗ = 20 ‖f∗‖HK to insure that 0 ∈ Γf∗(ρ∗).

Theorem 4.12. Let X be some space, K : X × X → R be a bounded
kernel and denote by HK the associated RKHS. Denote by (λi)i the se-
quence of eigenvalues associated to HK in L2. Assume that the Bayes
rule f from (4.35) belongs to RBHK and that the margin assumption
(4.36) is satisfied for some κ ≥ 1.
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Then the RERM defined in (4.30) satisfies with probability larger than

1−C exp

−CN1/2κ

∥∥f∥∥HK
∑

j

λj

1/2


(2κ−1)/κ
 ,

that

∥∥∥f̂ − f∥∥∥
L2
≤ C


∥∥f∥∥HK (∑j λj

)1/2

√
N


1/2κ

and Ehinge(f̂) ≤ C

∥∥f∥∥HK (∑j λj

)1/2

√
N

where E(f̂) is the excess hinge risk of f̂ .

Note that classic procedures in the literature on RKHS are mostly
developed in the classification framework. They are usually based on
the hinge loss and the regularization function is the square of the RKHS
norm. For such procedures, oracle inequalities have been obtained in
Chapter 7 from [Steinwart and Christmann, 2008] under the margin as-
sumption (cf. [Tsybakov, 2004]). A result that is close to the one obtained
in Theorem 4.12 is Corollary 4.12 in [Mendelson and Neeman, 2010]. As-
suming that ‖Y ‖∞ ≤ C, X ⊂ Rd, ‖K‖∞ ≤ 1, that the eigenvalues of the
integral operator satisfies

λi ≤ ci−1/p (4.31)

for some 0 < p < 1 and that the eigenvectors (φi) are such that ‖φi‖∞ ≤
A for any i and some constant A then the RERM f̃ over the entire RKHS
space, w.r.t. the quadratic loss and for a regularization function of the
order of (up to logarithmic terms)

f 7→ ρ(‖f‖H) := max
(
‖f‖2p/(1+p)

H
N1/(1+p) ,

‖f‖2H
N

)
(4.32)

satisfies with large probability an oracle inequality like

E(Y − f̃(X))2 ≤ inf
r≥1

(
inf

‖f‖H≤r
E(Y − f(X))2 + Cρ(r)

)
.
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In particular, an error bound (up to log factors) follows from this result:
with high probability,

∥∥f̃ − f∗∥∥2
L2
≤ Cρ(‖f∗‖H) = C max

(
‖f∗‖2p/(1+p)

H
N1/(1+p) ,

‖f∗‖2H
N

)
. (4.33)

One may compare this result to the one from Theorem 4.12 under as-
sumption (4.31) even though the two procedures f̃ and f̂ use differ-
ent loss functions, regularization function and different search space.
If assumption (4.31) holds then

(∑
j λj

)1/2
≤ c and so, one can take

r(ρ) =
(
Ccρ/(θ

√
N)
)1/(2κ)

and λ = C
√
C/N . For such a choice of

regularization parameter, Theorem 4.12 provides an error bound of the
order of ∥∥f̃ − f∥∥2

L2(µ) ≤ C
[∥∥f∥∥HK C√

N

]1/κ

(4.34)

which is almost the same as the one obtained in (4.33) when κ = 1 and
p is close to 1. But our result is worse when κ > 1 and p is far from
1. This is the price that we pay by using the hinge loss – note that
the quadratic loss satisfies the Bernstein condition with κ = 1 – and
by fixing a regularization function which is the norm ‖·‖HK instead of
fitting the regularization function in a “complexity dependent way” as in
(4.32). In the last case, our procedure f̂ does not benefit from the “real
complexity” of the problem which is localized Rademacher complexities –
note that we used global Rademacher complexities to fit λ and construct
the complexity function r(·).

4.6 A review of the Bernstein and margin con-
ditions

In order to apply the main results from Theorem 4.2 and Theorem 4.3,
one has to check the Bernstein condition. This section is devoted to the
study of this condition for three loss functions: the hinge loss, the quantile
loss and the logistic loss. This condition has been extensively studied
in Learning theory (cf. [Bartlett et al., 2003, Zhang, 2004, Mendelson,
2008, Bartlett and Mendelson, 2006, Van de Geer, 2008, Elsener and
van de Geer, 2016]). We can identify mainly two approaches to study this
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condition: when the class F is convex and the loss function ` is “strongly
convex”, then the risk function inherits this property and automatically
satisfies the Bernstein condition (cf. [Bartlett et al., 2003]). On the other
hand, for loss functions like the hinge or quantile loss, that are affine by
parts, one has to use a different path. In such cases, one may go back
to a statistical framework and try to check the margin assumption. As a
consequence, in the latter case, the Bernstein condition is usually more
restrictive and requires strong assumptions on the distribution of the
observations.

4.6.1 Logistic loss
In this section, we study the Bernstein condition of the logistic loss

function which is defined for every f : X → R, x ∈ X , y ∈ {−1, 1} and
u ∈ R by

`f (x, y) = ˜̀(yf(x)) where ˜̀(u) = log(1 + exp(−u)).

Function ˜̀ is strongly convex on every compact interval in R. As it was
first observed in [Bartlett et al., 2003, 2006], one may use this property
to check the Bernstein condition for the loss function `. This approach
was extended to the bounded regression problem with respect to Lp loss
functions (1 < p < ∞) in [Mendelson, 2002] and to non convex classes
in [Mendelson, 2008].

In the bounded scenario, Bartlett et al. [2006] proved that the logis-
tic loss function satisfies the Bernstein condition for κ = 1. One may
therefore use that result to apply Theorem 4.3. The analysis is pretty
straightforward in the bounded case. It becomes more delicate in the
subgaussian scenario as considered in Theorem 4.2.

Proposition 4.1 ([Bartlett et al., 2003]). Let F be a convex class of
functions from X to R. Assume that for every f ∈ F , ‖f‖L∞ ≤ b. Then
the class F satisfies the Bernstein condition with Bernstein parameter
κ = 1 and constant A = 4 exp(2b).

This result solves the problem of the Bernstein condition with respect
to the logistic loss function over a convex class F of functions as long as
all functions in F are uniformly bounded by some constant b. We will
therefore use this result only in the bounded framework, for instance,
when F is a class of linear functional indexed by a bounded set of vectors
and when the design takes its values in the canonical basis.
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In the subgaussian framework, one may proceed as in [Van de Geer,
2008] and assume that a statistical model holds. In that case, the Bern-
stein condition is reduced to the study of the Margin assumption since,
in that case, the “Bayes rule” f (which is called the log-odds ratio in
the case of the logistic loss function) is assumed to belong to the class F
and so f∗ = f . The margin assumption with respect to the logistic loss
function has been studied in Example 1 from [Van de Geer, 2008] but
for a slightly different definition of the Margin assumption. Indeed, in
[Van de Geer, 2008] only functions f in a L∞ neighborhood of f needs
to satisfy the Margin assumption whereas in Assumption 4.3 it has to be
satisfied in the non-bounded set C.

From our perspective, we do not want to make no “statistical modeling
assumption”. In particular, we do not want to assume that f belongs to
F . We therefore have to prove the Bernstein condition when f̄ may
not belong to F . We used this result in Section 4.3 in order to obtain
statistical bounds for the Logistic LASSO and Logistic Slope procedures.
In those cases, F is a class of linear functionals. We now state that the
Bernstein condition is satisfied for a class of linear functional when X is
a standard Gaussian vector.

Proposition 4.2. Let F = {〈·, t〉 : t ∈ RBl2} be a class of linear func-
tionals indexed by RBl2 for some radius R ≥ 1. Let X be a standard
Gaussian vector in Rd and let Y be a {−1, 1} random variable. For ev-
ery f ∈ F , the excess logistic risk of f , denoted by PLf , satisfies

Elogistic(f) = PLf ≥
c0
R3 ‖f − f

∗‖2L2

where c0 is some absolute constant.

4.6.2 Hinge loss
Unlike the logistic loss function, both the hinge loss and the quantile

losses does not enjoy a strong convexity property. Therefore, one has to
turn to a different approach as the one used in the previous section to
check the Bernstein condition for those two loss functions.

For the hinge loss function, Bernstein condition is more stringent
and is connected to the margin condition in classification. So, let us
first introduce some notations specific to classification. In this setup,
one is given N labeled pairs (Xi, Yi), i = 1, . . . , N where Xi takes its
values in X and Yi is a label taking values in {−1,+1}. The aim is
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to predict the label Y associated with X from the data when (X,Y ) is
distributed like the (Xi, Yi)’s. The classic loss function considered in this
setup is the 0 − 1 loss function `f (x, y) = I(y 6= f(x)) defined for any
f : X → {−1,+1}. The 0− 1 loss function is not convex, this may result
in some computational issues when dealing with it. A classic approach
is to use a “ convex relaxation function” as a surrogate to the 0− 1 loss
function: note that this is a way to motivate the introduction of the hinge
loss `f (x, y) = max(1 − yf(x), 0). It is well known that the Bayes rules
minimizes both the standard 0 − 1 risk as well as the hinge risk: put
η(x) := E[Y |X = x] for all x ∈ X and define the Bayes rule as

f(x) = sgn(η(x)), (4.35)

then f minimizes f → P`f over all measurable functions from X to R
when `f is the hinge loss of f .

Let F be a class of functions from X to [−1, 1]. Assume that f ∈ F so
that f is an oracle in F and thus (using the notations from Section 4.2)
f∗ = f . In this situation, Margin assumption with respect to the hinge
loss (cf. [Tsybakov, 2004, Lecué, 2007]) restricted to the class F and
Bernstein condition (cf. Assumption 4.3) coincide. Therefore, Assump-
tion 4.3 holds when the Margin assumption w.r.t. the hinge loss holds.
According to Proposition 1 in [Lecué, 2007], the Margin assumption with
respect to the hinge loss is equivalent the Margin assumption with re-
spect to the 0 − 1 loss for a class F of functions with values in [−1, 1].
Then, according to Proposition 1 in [Tsybakov, 2004] and [Boucheron
et al., 2005] the margin assumption with respect to the 0 − 1 loss with
parameter κ is equivalent to{

P(|η(X)| ≤ t) ≤ ct
1

κ−1 ,∀0 ≤ t ≤ 1 when κ > 1
|η(X)| ≥ τ a.s. for some τ > 0 when κ = 1. (4.36)

As a consequence, one can state the following result on the Bernstein
condition for the hinge loss in the bounded case scenario.

Proposition 4.3 (Proposition 1, [Lecué, 2007]). Let F be a class of
functions from X to [−1, 1]. Define η(x) = E[Y |X = x] for all x ∈ X
and assume that the Bayes rule (4.35) belongs to F . If (4.36) is satisfied
for some κ ≥ 1 then Assumption 4.3 holds with parameter κ for the hinge
loss, and A depending on c, κ and τ (which is explicitly given in the
mentioned references). In the special case when κ = 1 then A = 1/(2τ).
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Note that up to a modification of the constant A, the same result
holds for functions with values in [−b, b] for b > 0, a fact we used in
Section 4.5.

4.6.3 Quantile loss
In this section, we study the Bernstein parameter of the quantile loss

in the bounded regression model, that is when for all f ∈ F, ‖f‖L∞ ≤ b
a.s.. Let τ ∈ (0, 1) and, for all x ∈ X , define f(x) as the quantile of order
τ of Y |X = x and assume that f̄ belongs to F , in that case, f = f∗ and
Bernstein condition and margin assumption are the same. Therefore one
may follow the study of the margin assumption for the quantile loss in
[Elsener and van de Geer, 2016] to obtain the following result.

Proposition 4.4 ([Elsener and van de Geer, 2016]). Assume that for any
x ∈ X , it is possible to define a density fx w.r.t the Lebesgue measure
for Y |X = x such that fx(u) ≥ 1/C for some C > 0 for all u ∈ R
with |u − f∗(x)| ≤ 2b. Then the quantile loss satisfies the Bernstein’s
assumption with κ = 1 and A = 2C over F .

4.7 Discussion
This paper covers many aspects of the regularized empirical risk es-

timator (RERM) with Lipschitz loss. This property is commonly shared
by many loss functions used in practice such as the hinge loss, the logistic
loss or the quantile regression loss. This work offers a general method
to derive estimation bounds as well as excess risk upper bounds. Two
main settings are covered: the subgaussian framework and the bounded
framework. The first one is illustrated by the classification problem with
logistic loss. In particular, minimax rates are achieved when using the
SLOPE regularization norm. The second framework is used to derive
new results on matrix completion and in kernel methods.

A possible extension of this work is to study other regularization
norms. In order to do that, one has to compute the complexity pa-
rameter in one of the settings and a solution of the sparsity equation.
The latter usually involves to understand the sub-differential of the regu-
larization norm and in particular its singularity points which are related
to the sparsity equation.
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4.8 Proof of Theorem 4.2 and Theorem 4.3
4.8.1 More general statements: Theorems 4.14 and 4.13

First, we state two theorems: Theorem 4.13 in the subgaussian set-
ting, and Theorem 4.14 in the bounded setting. These two theorems rely
on localized versions of the complexity function r(·) that will be defined
first. Note that the localized version of r(·) can always be upper bounded
by the simpler version used in the core of the paper. Thus, Theorem 4.2 is
a direct corollary of Theorem 4.13, and Theorem 4.3 is a direct corollary
of Theorem 4.14.

So let us start with a localized complexity parameters. The "statistical
size" of the family of "sub-models" (ρB)ρ>0 is now measured by local
Gaussian mean-widths in the subgaussian framework.

Definition 4.8. Let θ > 0. The complexity parameter is a non-
decreasing function r(·) such that for every ρ ≥ 0,

CLw (ρB ∩ r(ρ)BL2) ≤ θr(ρ)2κ
√
N

In the boundedness case, it is written as follows.

Definition 4.9. Let θ > 0. The complexity parameter is a non-
decreasing function r(·) such that for every ρ ≥ 0,

48Rad(ρB ∩ r(ρ)BL2) ≤ θr(ρ)2κ
√
N

where κ is the Bernstein parameter from Assumption 4.3.

To obtain the complexity functions from Definition 4.5 and 4.7, we
use the fact that w (ρB ∩ r(ρ)BL2) ≤ w(ρB) and Rad(ρB ∩ r(ρ)BL2) ≤
Rad(ρB): it indeed does not use the localization. We also set θ = 7/40A
in those definitions because it is the largest value allowed in the following
theorems.

Theorem 4.13. Assume that Assumption 4.1, Assumption 4.3 and As-
sumption 4.4 hold where r(·) is a function as in Definition 4.8 for some
θ such that 40Aθ ≤ 7 and assume that ρ → r(2ρ)/ρ is non-increasing.
Let the regularization parameter λ be chosen such that

10θr(2ρ)2κ

7ρ < λ <
r(2ρ)2κ

2Aρ , ∀ρ ≥ ρ∗ (4.37)
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where ρ∗ satisfies (4.8). Then, with probability larger than

1−
∞∑
j=0

∑
i∈Ij

exp
(
−θ

2N(2(i−1)∨0r(2jρ∗))4κ−2

4C2L2

)
(4.38)

where for all j ∈ N, Ij = {1} ∪ {i ∈ N∗ : 2i−1r(2jρ∗) ≤ 2jρ∗dL2(B)}, we
have∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ∗) and E(f̂) ≤ r(2ρ∗)2κ/A.

Proof of Theorem 4.2: Let r(·) be chosen as in (4.5). For this
choice, one can check that the regularization parameter used for the con-
struction of the RERM satisfies (4.37) with an adequate constant choice.
Moreover, for this choice of function r(·) it is straightforward to lower
bound the sum in the probability estimate in (4.38). The parameter λ is
chosen in the middle of the range.

The bounded case is in the same spirit.

Theorem 4.14. Assume that Assumption 4.1, Assumption 4.3 and As-
sumption 4.5 hold where r(·) is a function as in Definition 4.9 for some
θ such that 40Aθ ≤ 7 and assume that ρ → r(2ρ)/ρ is non-increasing.
Let the regularization parameter λ be chosen such that

10θr(2ρ)2κ

7ρ < λ <
r(2ρ)2κ

2Aρ , ∀ρ ≥ ρ∗ (4.39)

where ρ∗ satisfies (4.8). Then, with probability larger than

1− 2
∞∑
j=0

∑
i∈Ij

exp
(
−c0θ2N(2ir(2j+1ρ∗))4κ−2) (4.40)

where c0 = 1/max
(
48, 207θb2κ−1) and for all j ∈ N, Ij := {1} ∪ {i ∈

N∗ : 2i−1r(2jρ∗) ≤ min(2jρ∗dL2(B), b)}, we have∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥
L2
≤ r(2ρ∗) and E(f̂) ≤ r(2ρ∗)2κ/A.

The proof of Theorem 4.3 is identical to the one of Theorem 4.2 and
we do not reproduce it here.
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4.8.2 Proofs of Theorems 4.14 and 4.13
Proof of Theorem 4.13 and and Theorem 4.14 follow the same strategy.

They are split into two parts. First, we identify an event onto which
the statistical behavior of the regularized estimator f̂ can be controlled
using only deterministic arguments. Then, we prove that this event holds
with a probability at least as large as the one in (4.38) in the case of
Theorem 4.13 and as in (4.40) in the case of Theorem 4.14. We first
introduce this event which is common to the subgaussian and the bounded
setups:
Ω0 :=

{∣∣(P − PN )Lf
∣∣ ≤ θmax

(
r(2 max(‖f − f∗‖ , ρ∗))2κ, ‖f − f∗‖2κL2

)
: for all f ∈ F

}
where θ is a parameter appearing in the definition of r(·) in Definition 4.8
and Definition 4.9, κ ≥ 1 is the Bernstein parameter from Definition 4.3
and ρ∗ is a radius satisfying the sparsity Equation (4.8).

Proposition 4.5. Let λ be as in (4.37) (or equivalently as in (4.39))
and let ρ∗ satisfy (4.8), on the event Ω0, one has∥∥∥f̂ − f∗∥∥∥ ≤ ρ∗, ∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ∗) and E(f̂) ≤ θr(2ρ∗)2κ.

Proof. Denote ρ̂ =
∥∥∥f̂ − f∗∥∥∥. We first prove that ρ̂ < ρ∗. To

that end, we assume that the reverse inequality holds and show some
contradiction. Assume that ρ̂ ≥ ρ∗. Since ρ→ r(2ρ)/ρ is non-increasing
then by Lemma 4.4, ρ→ ∆(ρ)/ρ is non-decreasing and so we have

∆(ρ̂)
ρ̂
≥ ∆(ρ∗)

ρ∗
≥ 4

5 .

Now, we consider two cases: either
∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ̂) or

∥∥∥f̂ − f∗∥∥∥
L2
>

r(2ρ̂).
First assume that

∥∥∥f̂ − f∗∥∥∥
L2
≤ r(2ρ̂). Since ∆(ρ̂) ≥ 4ρ̂/5 and h =

f̂ − f∗ ∈ ρ̂S ∩ r(2ρ̂)BL2 , it follows from the definition of the sparsity
parameter ∆(ρ̂) that there exists some f ∈ F such that ‖f − f∗‖ ≤ ρ̂/20
and for which

‖f + h‖ − ‖f‖ ≥ 4ρ̂
5 .

It follows that∥∥∥f̂∥∥∥−‖f∗‖ = ‖f∗ + h‖−‖f∗‖ ≥ ‖f + h‖−‖f‖−2 ‖f − f∗‖ ≥ 4ρ̂
5 −

ρ̂

10 = 7ρ̂
10 .
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Let us now introduce the excess regularized loss: for all f ∈ F ,

Lλf = Lf + λ(‖f‖ − ‖f∗‖) = (`f + λ ‖f‖)− (`f∗ + λ ‖f∗‖) .

On the event Ω0, we have

PNLλf̂ = PNLf̂ + λ
(∥∥∥f̂∥∥∥− ‖f∗‖) ≥ (PN − P )Lf̂ + λ

(∥∥∥f̂∥∥∥− ‖f∗‖)
≥ −θmax

(
r(2ρ̂)2κ,

∥∥∥f̂ − f∗∥∥∥2κ

L2

)
+ 7λρ̂

10 = −θr(2ρ̂)2κ + 7λρ̂
10 > 0

because by definition of λ, 7λρ̂ > 10θr(2ρ̂)2κ. Therefore, PNLλf̂ > 0.
But, by construction, one has PNLλf̂ ≤ 0.

Then, assume that
∥∥∥f̂ − f∗∥∥∥

L2
> r(2ρ̂). In particular, f ∈ C where C

is the set introduced in 4.7 below Assumption 4.3. By definition of f̂ we
have PNLλf̂ ≤ 0 so it follows from Assumption 4.3 that

∥∥∥f̂ − f∗∥∥∥2κ

L2
≤ APLf̂ = A

[
(P − PN )Lf̂ + PNLλf̂ + λ

(
‖f∗‖ −

∥∥∥f̂∥∥∥)]
≤ Aθmax

(
r(2ρ̂)2κ,

∥∥∥f̂ − f∗∥∥∥2κ

L2

)
+Aλ

∥∥∥f̂ − f∗∥∥∥ = Aθ
∥∥∥f̂ − f∗∥∥∥2κ

L2
+Aλρ̂.

(4.41)

Hence, if Aθ ≤ 1/2 then

r(2ρ̂)2κ ≤
∥∥∥f̂ − f∗∥∥∥2κ

L2
≤ 2Aλρ̂.

But, by definition of λ one has r(2ρ̂)2κ > 2Aλρ̂.
Therefore, none of the two cases is possible when one assumes that

ρ̂ ≥ ρ∗ and so we necessarily have ρ̂ < ρ∗.
Now, assuming that

∥∥∥f̂ − f∗∥∥∥
L2

> r(2ρ∗) and following (4.41) step

by step also leads to a contradiction, so
∥∥∥f̂ − f∗∥∥∥

L2
≤ r(2ρ∗).

Next, we prove the result for the excess risk. One has

PNLλf̂ = PNLf̂ + λ
(∥∥∥f̂∥∥∥− ‖f∗‖) = (PN − P )Lf̂ + PLf̂ + λ

(∥∥∥f̂∥∥∥− ‖f∗‖)
≥ −θmax

(
r(2ρ∗)2κ,

∥∥∥f̂ − f∗∥∥∥2κ

L2

)
+ PLf̂ − λρ̂ ≥ −θr(2ρ

∗)2κ − λρ∗ + PLf̂
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≥ −
(
θ + 1

2A

)
r(2ρ∗)2κ + PLf̂ ≥

−r(2ρ∗)2κ

A
+ PLf̂ .

In particular, if PLf̂ > r(2ρ∗)2κ/A then PNLλf̂ > 0 which is not possible
by construction of f̂ so we necessarily have PLf̂ ≤ r(2ρ∗)2κ/A.

Proposition 4.5 shows that f̂ satisfies some estimation and prediction
properties on the event Ω0. Next, we prove that Ω0 holds with large
probability in both subgaussian and bounded frameworks. We start with
the subgaussian framework. To that end, we introduce several tools.

Recall that the ψ2-norm of a real valued random variable Z is defined
by

‖Z‖ψ2
= inf {c > 0 : Eψ2(|Z|/c) ≤ ψ2(1)}

where ψ2(u) = exp(u2) − 1 for all u ≥ 0. The space Lψ2 of all real
valued random variables with finite ψ2-norm is called the Orlicz space of
subgaussian variables. We refer the reader to [Rao and Ren, 1991, 2002]
for more details on Orlicz spaces.

We recall several facts on the ψ2-norm and subgaussian processes.
First, it follows from Theorem 1.1.5 from [Chafaï et al., 2012] that ‖Z‖ψ2

≤
max(K0,K1) if

E exp(λ|Z|) ≤ exp
(
λ2K2

1
)
, ∀λ ≥ 1/K0. (4.42)

It follows from Lemma 1.2.2 from [Chafaï et al., 2012] that, if Z is a
centered ψ2 random variable then, for all λ > 0,

E exp (λZ) ≤ exp
(
eλ2 ‖Z‖2ψ2

)
. (4.43)

Then, it follows from Theorem 1.2.1 from [Chafaï et al., 2012] that if
Z1, . . . , ZN are independent centered real valued random variables then∥∥∥∥∥

N∑
i=1

Zi

∥∥∥∥∥
ψ2

≤ 16
(

N∑
i=1
‖Zi‖2ψ2

)1/2

. (4.44)

Finally, let us turn to some properties of subgaussian processes. Let
(T, d) be a pseudo-metric space. Let (Xt)t∈T be a random process in
Lψ2 such that for all s, t ∈ T , ‖Xt −Xs‖ψ2

≤ d(s, t). It follows from
the comment below Theorem 11.2 p.300 in [Ledoux and Talagrand, 1991]
that for all measurable set A and all s, t ∈ T ,∫

A

|Xs −Xt|dP ≤ d(s, t)P(A)ψ−1
2

(
1

P(A)

)
.
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Therefore, it follows from equation (11.14) in [Ledoux and Talagrand,
1991] that for every u > 0,

P
(

sup
s,t∈T

|Xs −Xt| > c0(γ2 +Du)
)
≤ ψ2(u)−1 (4.45)

where D is the diameter of (T, d), c0 is an absolute constant and γ2 is the
majorizing measure integral γ(T, d;ψ2) (cf. Chapter 11 in [Ledoux and
Talagrand, 1991]). When T is a subset of L2 and d is the natural metric
of L2 it follows from the majorizing measure theorem that γ2 ≤ c1w(T )
(cf. Chapter 1 in [Talagrand, 2005]).

Lemma 4.3. Assume that Assumption 4.1 and Assumption 4.4 hold. Let
F ′ ⊂ F then for every u > 0, with probability at least 1− 2 exp(−u2)

sup
f,g∈F ′

|(P − PN )(Lf − Lg)| ≤
c0L√
N

(w(F ′) + udL2(F ′))

where d is the L2 metric and dL2(F ′) is the diameter of (F ′, d).

Proof. To prove Lemma 4.3, it is enough to show that ((P − PN )Lf )f∈F ′
has (L/

√
N)-subgaussian increments and then to apply (4.45) where γ2 ∼

w(F ′) in this case.
Let us prove that for some absolute constant c0: for all f, g ∈ F ′,

‖(P − PN )(Lf − Lg)‖ψ2
≤ c0(L/

√
N) ‖f − g‖L2

It follows from (4.44) that

∥∥(P − PN )(Lf − Lg)
∥∥
ψ2
≤ 16

(
N∑
i=1

∥∥(Lf − Lg)(Xi, Yi)− E(Lf − Lg)
∥∥2
ψ2

N2

)1/2

=
16
√
N

∥∥ζf,g∥∥
ψ2
.

where ζf,g = (Lf −Lg)(X,Y )−E(Lf −Lg).Therefore, it only remains to
show that ‖ζf,g‖ψ2

≤ c1L ‖f − g‖L2
.

It follows from (4.42), that the last inequality holds if one proves that
for all λ ≥ c1/(L ‖f − g‖L2

),

E exp (λ|ζf,g|) ≤ exp(c2λ2L2 ‖f − g‖2L2
) (4.46)

for some absolute constants c1 and c2. To that end, it is enough to prove
that, for some absolute constant c3 – depending only on c1 and c2 – and
all λ > 0,

E exp (λ|ζf,g|) ≤ 2 exp(c3λ2L2 ‖f − g‖2L2
).
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Note that if Z is a real valued random variable and ε is a Rademacher
variable independent of Z then E exp(|Z|) ≤ 2 exp(εZ). Hence, it fol-
lows from a symmetrization argument (cf. Lemma 6.3 in [Ledoux and
Talagrand, 1991]), (a simple version of) the contraction principle (cf.
Theorem 4.4 in [Ledoux and Talagrand, 1991]) and (4.43) that, for all
λ > 0,

E exp (λ|ζf,g|) ≤ 2E exp(λεζf,g) ≤ 2E exp (2λε(Lf − Lg)(X,Y ))

≤ 2E exp (2λε(f − g)(X)) ≤ 2E exp
(
c4λ

2L2 ‖f − g‖2ψ2

)
where ε is a Rademacher variable independent of (X,Y ) and where we
used in the last but one inequality that |Lf (X,Y )−Lg(X,Y )| ≤ |f(X)−
g(X)| a.s..

Proposition 4.6. We assume that Assumption 4.1, 4.4 and 4.3 hold.
Then the probability measure of Ω0 is at least as large as the one in
(4.38).

Proof. The proof is based on a peeling argument (cf. [van de Geer,
2000]) with respect to the two distances naturally associated with this
problem: the regularization norm ‖·‖ and the L2-norm ‖·‖L2

associated
with the design X. The peeling according to ‖·‖ is performed along the
radii ρj = 2jρ∗ for j ∈ N and the peeling according to ‖·‖L2

is performed
within the class {f ∈ F : ‖f − f∗‖ ≤ ρj} := f∗ + ρjB along the radii
2ir(ρj) for all i = 0, 1, 2, · · · up to a radius such that 2ir(ρj) becomes
larger than the radius of f∗ + ρjB in L2, that is for all i ∈ Ij .

We introduce the following partition of the class F . We first introduce
the "true model", i.e. the subset of F where we want to show that f̂
belongs to with high probability:

F0,0 =
{
f ∈ F : ‖f − f∗‖ ≤ ρ0 and ‖f − f∗‖L2

≤ r(ρ0)
}

(note that ρ0 = ρ∗). Then we peel the remaining set F\F0,0 according
to the two norms: for every i ∈ I0,

F0,i =
{
f ∈ F : ‖f − f∗‖ ≤ ρ0 and 2i−1r(ρ0) < ‖f − f∗‖L2

≤ 2ir(ρ0)
}
,

for all j ≥ 1 ,

Fj,0 =
{
f ∈ F : ρj−1 < ‖f − f∗‖ ≤ ρj and ‖f − f∗‖L2

≤ r(ρj)
}
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and for every integer i ∈ Ij ,

Fj,i =
{
f ∈ F : ρj−1 < ‖f − f∗‖ ≤ ρj and 2i−1r(ρj) < ‖f − f∗‖L2

≤ 2ir(ρj)
}
.

We also consider the sets F ∗j,i = ρjB ∩ (2ir(ρj))BL2 for all integers i and
j.

Let j and i ∈ Ij be two integers. It follows from Lemma 4.3 that for
any u > 0, with probability larger than 1− 2 exp(−u2),

sup
f∈Fj,i

|(P − PN )Lf | ≤ sup
f,g∈F∗

j,i
+f∗
|(P − PN )(Lf − Lg)| ≤

c0L√
N

(
w(F ∗j,i) + udL2(F ∗j,i)

)
(4.47)

where dL2(F ∗j,i) ≤ 2i+1r(ρj).
Note that for any ρ > 0, h : r → w(ρB∩rBL2)/r is non-increasing (cf.

Lemma 4.5 in the Appendix) and note that, by definition of r(ρ) (cf. Def-
inition 4.8), h(r(ρ)) ≤ θr(ρ)2κ−1

√
N/(CL). Since h(·) is non-increasing,

we have w(F ∗j,i)/(2ir(ρj)) ≤ h(2ir(ρj)) ≤ h(r(ρj)) ≤ θr(ρj)2κ−1
√
N/(CL)

and so w(F ∗j,i) ≤ θ2ir(ρj)2κ
√
N/(CL). Therefore, it follows from (4.47)

for u = θ
√
N(2(i−1)∨0r(ρj))2κ−1/(2CL), if C ≥ 4c0 then, with probabil-

ity at least

1− 2 exp
(
−θ2N(2(i−1)∨0r(ρj))4κ−2/(4C2L2)

)
, (4.48)

for every f ∈ Fj,i,

|(P−PN )Lf | ≤ θ(2(i−1)∨0r(ρj))2κ ≤ θmax
(
r(2 max(‖f − f∗‖ , ρ∗))2κ, ‖f − f∗‖2κL2

)
.

The result follows from a union bound.

Now we turn to the proof of Theorem 4.13 under the boundedness
assumption. The proof follows the same strategy as in the "subgaussian
case": we first use Proposition 4.5 and then show (under the boundedness
assumption) that event Ω0 holds with probability at least as large as the
one in (4.40).

Similar to Proposition 4.6, we prove the following result under the
boundedness assumption.

Proposition 4.7. We assume that Assumption 4.1, 4.5 and 4.3 hold.
Then the probability measure of Ω0 is at least as large as the one in
(4.40).
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Proof. Using the same notation as in the proof of Proposition 4.6, we
have for any integer j and i such that 2ir(ρj) ≤ b that by Talagrand’s
concentration inequality: for any x > 0, with probability larger than
1− 2e−x,

Zj,i ≤ 2EZj,i + σ(LFj,i)
√

8x
N

+
69
∥∥LFj,i∥∥∞ x

2N (4.49)

where

Zj,i = sup
f∈Fj,i

|(P−PN )Lf |, σ(LFj,i) = sup
f∈Fj,i

√
EL2

f and
∥∥LFj,i∥∥∞ = sup

f∈Fj,i
‖Lf‖∞ .

By the Lipschitz assumption, one has

σ(LFj,i) ≤ 2i+1r(ρj) and
∥∥LFj,i∥∥∞ ≤ 2b.

Therefore, it only remains to upper bound the expectation EZj,i. Let
ε1, . . . , εN be aN i.i.d. Rademacher variables independent of the (Xi, Yi)’s.
For all function f , we set

PN,εf = 1
N

N∑
i=1

εif(Xi)

It follows from a symmetrization and a contraction argument (cf. Chap-
ter 4 in [Ledoux and Talagrand, 1991]) that

EZj,i ≤ 4E sup
f∈Fj,i

|PN,ε(f−f∗)| ≤
4Rad(ρjB ∩ (2ir(ρj))BL2)√

N
≤ (θ/12)2ir(ρj)2κ.

Now, we take x = c2θ
2N(2i−1r(ρj))4κ−2 in (4.49) and note that

2ir(ρj) ≤ b and κ ≥ 1: with probability larger than

1− 2 exp(−c2θN(2ir(ρj))4κ−2), (4.50)

for any f ∈ Fj,i,

|(P − PN )Lf | ≤ θ2i−1r(ρj)2κ/3 + 2
√

8c2θ
(
2i−1r(ρj)

)2κ + 69c2θ2b(2i−1r(ρj))4κ−2

≤ θ
(

2(i−1)∨0r(ρj)
)2κ

[
1
3 + 2

√
8c2 + 69c2θb(2ir(ρj))2κ−2

]
≤ θ

(
2(i−1)∨0r(ρj)

)2κ
[

1
3 + 2

√
8c2 + 69c2θb2κ−1

]
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≤ θmax
(
r(2 max(‖f − f∗‖ , ρ∗))2κ, ‖f − f∗‖2κL2

)
if c2 is defined by

c2 = min
(

1
48 ,

1
207θb2κ−1

)
. (4.51)

We conclude with a union bound.

4.9 Proof of Theorem 4.8
For the sake of simplicity, assume that m ≥ T so max(m,T ) = m.

Fix r ∈ {1, . . . , T}. Fix x > 0 such that exp(x)/[1 + exp(x)] ≤ b, we
define the set of matrices

Cx =
{
A ∈ Rm×r : ∀(p, q), Ap,q ∈ {0, x}

}
and

Mx = {A ∈ R : A = (B| . . . |B|O), B ∈ Cx}

where the block B is repeated bT/rc times (this construction is taken
from [Koltchinskii et al., 2011]). Varshamov-Gilbert bound (Lemma 2.9
in [Tsybakov, 2009]) implies that there is a finite subsetM0

x ⊂Mx with
card(M0

x) ≥ 2rm/8 + 1 with 0 ∈M0
x, and for any distinct A,B ∈M0

x,

‖A−B‖2S2
≥ mrbT/rc

8 x2 ≥ mT

16 x2

and so
1
mT
‖A−B‖2S2

≥ x2

16 .

Then, for A ∈M0
x \ {0},

K(P0,PA) = n

mT

m∑
i=1

T∑
j=1

[
1
2 log

(
1 + exp(Mi,j)
2 exp(Mi,j)

)
+ 1

2 log
(

1 + exp(Mi,j)
2

)]

= n

mT

m∑
i=1

T∑
j=1

[
log
(

1 + exp(Mi,j)
2

)
− 1

2Mi,j

]

≤ n
[
log
(

1 + exp(x)
2

)
− 1

2x
]

≤ c(b)nx2
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where c(b) > 0 is a constant that depends only on b. So:

1
card(M0

x)− 1
∑

A∈M0
x

K(P0,PA) ≤ c(b)nx2 ≤ c(b) log(card(M0
x)− 1)

as soon as we choose

x ≤
√

log(card(M0
x)− 1)

n
≤
√
rm log(2)

8n

(note that the condition n ≥ rm log(2)/(8b2) implies that exp(x)/[1 +
exp(x)] ≤ b). Then, Theorem 2.5 in [Tsybakov, 2009] leads to the exis-
tence of β, c > 0 such that

inf
M̂

sup
A∈M0

x

PA
(

1
mT
‖M̂ −A‖2S2

≥ cmr
N

)
≥ β.

4.10 Proof of Theorem 4.10
For the sake of simplicity, assume that m ≥ T so max(m,T ) = m.

Fix r ∈ {2, . . . , T} and assume that rT ≤ N ≤ mT .
We recall that {Ep,q : 1 ≤ p ≤ m, 1 ≤ p ≤ T} is the canonical basis

of Rm×T . We consider the following “blocks of coordinates”: for every
1 ≤ k ≤ r − 1 and 1 ≤ l ≤ T ,

Bkl =
{
Ep,l : (k − 1)mT

N
+ 1 ≤ p < kmT

N
+ 1
}

(note that (r−1)mT/N+1 ≤ m when rT ≤ N ≤ mT ). We also introduce
the “blocks” of “remaining” coordinates:

B0 =
{
Ep,q : (r − 1)mT

N
+ 1 ≤ p, 1 ≤ q ≤ T

}
For every σ = (σkl) ∈ {0, 1}(r−1)×T , we denote by Pσ the probability

distribution of a pair (X,Y ) taking its values in Rm×T × {−1, 1} where
X is uniformly distributed over the basis {Ep,q : 1 ≤ p ≤ m, 1 ≤ p ≤ T}
and for every (p, q) ∈ {1, . . . ,m} × {1, . . . , T},

Pσ[Y = 1|X = Ep,q] =
{
σkl if Ep,q ∈ Bkl
1 otherwise.
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We also introduce ησ(Ep,q) = E[Y = 1|X = Ep,q] = 2Pσ[Y = 1|X =
Ep,q] − 1. It follows from [Zhang, 2004] that the Bayes rules minimizes
the Hinge risk, that is f∗σ ∈ arg minf Eσ(Y −f(X))+, where the minimum
runs over all measurable functions and Eσ denotes the expectation w.r.t.
(X,Y ) when (X,Y ) ∼ Pσ, is achieved by f∗σ = sgn(ησ(·)). Therefore,
f∗σ(·) = 〈M∗σ , ·〉 where for every (p, q) ∈ {1, . . . ,m} × {1, . . . , T},

(M∗σ)pq =
{

2σkl − 1 if Ep,q ∈ Bkl
1 otherwise. = ησ(Ep,q).

In particular, M∗σ has a rank at most equal to r.
Let σ = (σp,q), σ′ = (σ′pq) be in {0, 1}(r−1)T . We denote by ρ(σ, σ′)

the Hamming distance between σ and σ′ (i.e. the number of times the
coordinates of σ and σ′ are different). We denote by H(Pσ,Pσ′) the
Hellinger distance between the probability measures Pσ and Pσ′ . We
have

H(Pσ,Pσ′) =
∫ (√

dPσ −
√
dPσ′

)2
= 2ρ(σ, σ′)

N
.

Then, if ρ(σ, σ′) = 1, it follows that (cf. Section 2.4 in [Tsybakov, 2009]),

H2(P⊗Nσ ,P⊗N
σ′ ) = 2

(
1−
(

1−
H2(Pσ ,Pσ′ )

2

)N)
= 2
(

1−
(

1−
1
N

)N)
≤ 2(1−e−2) := α.

Now, it follows from Theorem 2.12 in [Tsybakov, 2009], that

inf
σ̂

max
σ∈{0,1}(r−1)T

E⊗Nσ ‖σ̂ − σ‖l1 ≥
(r − 1)T

8

(
1−

√
α(1− α/4)

)
(4.52)

where the infimum inf σ̂ runs over all measurable functions σ̂ of the data
(Xi, Yi)Ni=1 with values in R (note that Theorem 2.12 in [Tsybakov, 2009]
is stated for functions σ̂ taking values in {0, 1}(r−1)T but its is straight-
forward to extend this result to any σ̂ valued in R) and E⊗Nσ denotes the
expectation w.r.t. those data distributed according to P⊗Nσ .

Now, we lower bound the excess risk of any estimator. Let f̂ be an
estimator with values in R. Using a truncation argument it is not hard
to see that one can restrict the values of f̂ to [−1, 1]. In that case, We
have

Ehinge(f̂) = E
[
|2ησ(X)− 1||f̂(X)− f∗σ(X)|

]
= E|f̂(X)− f∗σ(X)|

=
∑
p,q

|f̂(Ep,q)− f∗σ(Ep,q)|P[X = Ep,q]
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≥
∑
kl

1
mT

∑
Ep,q∈Bkl

|f̂(Ep,q)− (2σpq − 1)| ≥ 2
N

∑
kl

|σ̂kl − σpq|

where σ̂kl is the mean of {(f̂(Ep,q) + 1)/2 : Ep,q ∈ Bkl}. Then we obtain,

inf̂
f

sup
σ∈{0,1}(r−1)T

E⊗Nσ Ehinge(f̂) ≥ 2
N

inf
σ̂

max
σ∈{0,1}(r−1)T

E⊗Nσ ‖σ̂ − σ‖l1

and, using (4.52), we get

inf̂
f

sup
σ∈{0,1}(r−1)T

E⊗Nσ Ehinge(f̂) ≥ c0
rT

N

for c0 =
(

1−
√
α(1− α/4)

)
/4.

4.11 Proofs of Section 4.6
4.11.1 Proof of Section 4.6.1

The proof of Proposition 4.1 may be found in several papers (cf., for
instance, [Bartlett et al., 2003]). Let us recall this argument since we will
be using it at a starting point to prove the Bernstein condition in the
subgaussian case.

Proof of Proposition 4.1: The logistic risk of a function f :
X → R can be written as P`f = E[g(X, f(X))] where for all x, a ∈ R,
g(x, a) := ((1 + η(x))/2) log (1 + e−a) + ((1− η(x))/2) log (1 + ea) and
η(x) = E[Y |X = x] is the conditional expectation of Y given X = x.

Since f∗ minimizes f → P`f over the convex class F , one has by the
first order condition that for every f ∈ F , E∂2g(X, f∗(X))(f −f∗)(X) ≥
0. Therefore, it follows from a second order Taylor expansion that the
excess logistic loss of every f ∈ F is such that

Elogistic(f) = PLf ≥ E
[
(f(X)− f∗(X))2

∫ 1

0
(1− u)δ(f∗(X) + u(f − f∗)(X))du

]
(4.53)

where δ(u) = ∂2
2g(x, u) = eu/(1 + eu)2 for every u ∈ R.

Since |f∗(X)|, |f(X)| ≤ b a.s. then for every u ∈ [0, 1], |f∗(X) +
u(f − f∗)(X)| ≤ 2b, a.s. and since δ(v) ≥ δ(2b) ≥ exp(−2b)/4 for every
|v| ≤ 2b, it follows from (4.53) that PLf ≥ δ(2b) ‖f − f∗‖2L2

.
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Proof of Proposition 4.2: Let t∗ ∈ RBl2 be such that f∗ = 〈·, t∗〉,
where f∗ is an oracle in F = {〈·, t〉 : t ∈ RBl2} w.r.t. the logistic loss
risk. Let f = 〈·, t〉 ∈ F for some t ∈ RBl2 . It follows from (4.53) that
the excess logistic risk of f satisfies

PLf ≥
∫ 1

0
E
[
〈X, t∗ − t〉2 δ (〈X, t∗ + u(t− t∗)〉)

]
du.

The result will follow if one proves that for every t0, t ∈ Rd,

E
[
〈X, t〉2 δ (〈X, t0〉)

]
≥

min
(
π, π2

(
‖t0‖2

√
2π + ‖t0‖22

)−1
)

√
2π + ‖t0‖22 + (π − 1) ‖t0‖2

‖t‖22
8
√

2π
.

(4.54)
Let us now prove (4.54). We write t = t⊥0 + λt0 where t⊥0 is a vector

orthogonal to t0 and λ ∈ R. Since
〈
X, t⊥0

〉
and 〈X, t0〉 are independent

random variables, we have

E
[
〈X, t〉2 δ (〈X, t0〉)

]
= E

[〈
X, t⊥0

〉2]E [δ (〈X, t0〉)] + λ2E
[
〈X, t0〉2 δ (〈X, t0〉)

]
,

=
∥∥t⊥0 ∥∥2

2 Eδ(‖t0‖2 g) + λ2 ‖t0‖22 Eg
2δ(‖t0‖2 g)

where g ∼ N (0, 1) is standard Gaussian variable and we recall that δ(v) =
ev/(1 + ev)2 for all v ∈ R. Now, it remains to lower bound Eδ(σg) and
Eg2δ(σg) for every σ > 0.

Since δ(v) ≥ exp(−|v|)/4 for all v ∈ R, one has for all σ > 0,

Eδ(σg) ≥ E exp(−σ|g|)/4 = exp(σ2/2)P[g ≥ σ]/2

and

Eg2δ(σg) ≥ Eg2 exp(−σ|g|)/4 = (1/2) exp(σ2/2)
[
(1 + σ2)P[g ≥ σ]− σ exp(−σ2/2)√

2π

]
.

Therefore, for σ = ‖t0‖2,

E
[
〈X, t〉2 δ (〈X, t0〉)

]
≥ exp(σ2/2)P[g ≥ σ]

∥∥t⊥0 ∥∥2
2

+ 2λ2 ‖t0‖22 exp(σ2/2)
[(

1 + σ2)P[g ≥ σ]− σ exp(−σ2/2)√
2π

]
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and since ‖t‖22 =
∥∥t⊥0 ∥∥2

2 + λ2 ‖t0‖22, one has,

E
[
〈X, t〉2 δ (〈X, t0〉)

]
≥
‖t‖22√

2π
min

{(
1− Φ(σ)
φ(σ)

)
, (1 + σ2)

(
1− Φ(σ)
φ(σ)

)
− σ

}
(4.55)

where φ and Φ denote the standard Gaussian density and distribution
functions, respectively.

We lower bound the right-hand side of (4.55) using estimates on the
Mills ratio (1−Φ)/φ that follows from Equation (10) in [Dümbgen, 2010]:
for every σ > 0,

1− Φ(σ)
φ(σ) >

π√
2π + σ2 + (π − 1)σ

.

4.11.2 Proof of Section 4.6.3
Proof of Proposition 4.4: We globally follow a proof of [Elsener

and van de Geer, 2016]. We have
PLf = E[ρτ (Y − f(X))− ρτ (Y − f∗(X))] = E

{
E[ρτ (Y − f(X))− ρτ (Y − f∗(X))|X]

}
.

For all x ∈ X , denote by Fx the c.d.f. associated with fx. We have

E[ρτ (Y − f(X))|X = x] = (τ − 1)
∫
y<f(x)

(y − f(x))Fx(dy) + τ

∫
y≥f(x)

(y − f(x))Fx(dy)

=
∫
y≥f(x)

(y − f(x))Fx(dy) + (τ − 1)
∫
R

(y − f(x))Fx(dy)

=
∫
y≥f(x)

(1− Fx(y))dy + (τ − 1)
(∫

R
yFx(dy)− f(x)

)
= g(x, f(x)) + (τ − 1)

∫
R
yFx(dy)

where g(x, a) =
∫
y≥a(1−Fx(y))dy+(1−τ)a. Note that ∂2g(x, f∗(x)) = 0

(can be checked by calculations but also obvious from the definition). So

E[ρτ (Y − f(X))− ρτ (Y − f∗(X))|X = x] = g(x, f(x))− g(x, f∗(x)) =
∫ f(x)

f∗(x)
(f(x)− u)∂2

2g(x, u)du

=
∫ f(x)

f∗(x)
(f(x)− u)fx(u)du ≥

1
C

∫ f(x)

f∗(x)
(f(x)− u)du =

(f(x)− f∗(x))2

2C2 .

It follows that

Equantile(f) = PLf ≥ E
{

(f(X)− f∗(X))2

2C

}
= 1

2C ‖f − f
∗‖2L2

.
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4.12 Technical lemmas
Lemma 4.4. If ρ → r(2ρ)/ρ is non-increasing then ρ → ∆(ρ)/ρ is
non-decreasing.

Proof. We have for all ρ > 0

∆(ρ)
ρ

= inf
H∈S∩(r(2ρ)/ρ)BL2

sup
G∈∂‖·‖(M∗)

〈H,G〉 .

The result follows since ρ→ S ∩ (r(2ρ)/ρ)BL2 is non-increasing.

Lemma 4.5. Let ρ > 0. The function h : r > 0 → w(ρB ∩ rBL2)/r is
non-increasing.

Proof. Let r1 ≥ r2. By convexity of B and BL2 , we have

(ρB ∩ r1BL2)/r1 = (ρ/r1)B ∩BL2 ⊂ (ρ/r2)B ∩BL2 = (ρB ∩ r2BL2)/r2.
(4.56)
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Chapter 5

Divide and conquer in
ABC:
Expectation-Progagation
algorithms for
likelihood-free inference

Joint work with Simon Barthelmé and Nicolas Chopin. To be pub-
lished in Handbook of Approximate Bayesian Computation.

Abstract
ABC algorithms are notoriously expensive in computing time, as they

require simulating many complete artificial datasets from the model. We
advocate in this paper a “divide and conquer” approach to ABC, where
we split the likelihood into n factors, and combine in some way n ‘local’
ABC approximations of each factor. This has two advantages: (a) such
an approach is typically much faster than standard ABC; and (b) it makes
it possible to use local summary statistics (i.e. summary statistics that
depend only on the data-points that correspond to a single factor), rather
than global summary statistics (that depend on the complete dataset).
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This greatly alleviates the bias introduced by summary statistics, and
even removes it entirely in situations where local summary statistics are
simply the identity function.

We focus on EP (Expectation-Propagation), a convenient and power-
ful way to combine n local approximations into a global approximation.
Compared to the EP-ABC approach of Barthelmé and Chopin [2014], we
present two variations; one based on the parallel EP algorithm of Cseke
and Heskes [2011], which has the advantage of being implementable on a
parallel architecture; and one version which bridges the gap between stan-
dard EP and parallel EP. We illustrate our approach with an expensive
application of ABC, namely inference on spatial extremes.

5.1 Introduction
A standard ABC algorithm samples in some way from the pseudo-

posterior:

pstd
ε (θ|y∗) ∝ p(θ)

∫
p(y|θ)I{‖s(y)−s(y?)‖≤ε} dy (5.1)

where p(y|θ) denotes the likelihood of data y ∈ Y given parameter
θ ∈ Θ, y∗ is the actual data, s is some function of the data called a
‘summary statistic’, and ε > 0. As discussed elsewhere in this book,
there are various ways to sample from (5.1), e.g. rejection, MCMC [Mar-
joram et al., 2003], SMC [Sisson et al., 2007, Beaumont et al., 2009,
Del Moral et al., 2012], etc., but they all require simulating a large
number of complete datasets yj from the likelihood p(y|θ), for differ-
ent values of θ. This is typically the bottleneck of the computation.
Another drawback of standard ABC is the dependence on s: as ε → 0,
pstd
ε (θ|y∗) → p(θ|s(y?)) 6= p(θ|y?), the true posterior distribution, and

there is no easy way to choose s such that p(θ|s(y?)) ≈ p(θ|y?).
In this paper, we assume that the data may be decomposed into n

“chunks”, y = (y1, . . . , yn), and that the likelihood may be factorised
accordingly:

p(y|θ) =
n∏
i=1

fi(yi|θ)

in such a way that it is possible to sample pseudo-data yi from each factor
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fi(yi|θ). The objective is to approximate the pseudo-posterior:

pε(θ|y?) ∝ p(θ)
n∏
i=1

{∫
fi(yi|θ)I{‖si(yi)−si(y?i )‖≤ε} dyi

}
where si is a “local” summary statistic, which depends only on yi. We
expect the bias introduced by the n local summary statistics si to be
much smaller than the bias introduced by the global summary statistic
s. In fact, there are practical cases where we may take si(yi) = yi,
removing this bias entirely.

Note that we do not restrict to models such that the chunks yi are in-
dependent. In other words, we allow each factor fi to implicitly depends
on other data-points. For instance, we could have a Markov model, with
fi(yi|θ) = p(yi|yi−1,θ), or even a model with a more complicated depen-
dence structure, say fi(yi|θ) = p(yi|y1:i−1,θ). The main requirement,
however, is that we are able to sample from each factor fi(yi|θ). For
instance, in the Markov case, this means we are able to sample from the
model realisations of variable yi, conditional on yi−1 = y?i−1 and θ.

Alternatively, in cases where the likelihood does not admit a simple
factorisation, one may replace it by some factorisable pseudo-likelihood;
e.g. a marginal composite likelihood:

pMCL(y|θ) =
n∏
i=1

p(yi|θ)

where p(yi|θ) is the marginal density of variable yi. Then one would take
fi(yi|θ) = p(yi|θ) (assuming we are able to simulate from the marginal
distribution of yi). Conditional distributions may be used as well; see
Varin et al. [2011] for a review of composite likelihoods. Of course, replac-
ing the likelihood by some factorisable pseudo-likelihood adds an extra
level of approximation, and one must determine in practice whether the
computational benefits are worth the extra cost. Estimation based on
composite likelihoods is generally consistent, but their use in a Bayesian
setting results in posterior distributions that are overconfident (the vari-
ance is too small, as dependent data are effectively treated as independent
observations).

Many authors have taken advantage of factorisations to speed up
ABC. ABC strategies for hidden Markov models are discussed in Dean
et al. [2014] and Yıldırım et al. [2014]; see the review of [Jasra, 2015].
White et al. [2015] describe a method based on averages of pseudo-
posteriors, which in the Gaussian case reduces to just doing one pass
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of parallel EP. Ruli et al. [2015] use composite likelihoods to define low-
dimensional summary statistics.

We focus on Expectation Propagation (EP, Minka, 2001), a widely
successful algorithm for variational inference. In Barthelmé and Chopin
[2014], we showed how to adapt EP to a likelihood-free setting. Here
we extend this work with a focus on a parallel variant of EP [Cseke and
Heskes, 2011] that enables massive parallelisation of ABC inference. For
textbook descriptions of EP, see e.g. Section 10.7 of [Bishop, 2006] or
Section 13.8 of [Gelman et al., 2014].

The chapter is organised as follows. Section 5.2 gives a general presen-
tation of both sequential and parallel EP algorithms. Section 5.3 explains
how to adapt these EP algorithms to ABC contexts. It discusses in par-
ticular some ways to speed up EP-ABC. Section 5.4 discusses how to
apply EP-ABC to spatial extreme models. Section 5.5 concludes.

We use the following notations throughout: bold symbols refer to
vectors or matrices, e.g. θ, λ, Σ. For data-points, we use (bold) y to
denote complete datasets, and yi to denote data "chunks", although we do
not necessarily assume the yi’s to be scalars. The letter p typically refers
to probability densities relative to the model: p(θ) is the prior, p(y1|θ) is
the likelihood of the first data chunk, and so on. The transpose of matrix
A is denoted At.

5.2 EP algorithms
5.2.1 General presentation

Consider a posterior distribution π(θ) that may be decomposed into
(n+ 1) factors:

π(θ) ∝
n∏
i=0

li(θ)

where, say, l0(θ) is the prior, and l1, . . . , ln are n contributions to the
likelihood. Expectation-Progagation [EP, Minka, 2001] approximates π
by a similar decomposition

q(θ) ∝
n∏
i=0

qi(θ)

where each ‘site’ qi is updated in turn, conditional on the other factors,
in a spirit close to a coordinate-descent algorithm.
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To simplify this rather general framework, one often assumes that the
qi belong to some exponential family of distributions Q [Seeger, 2005]:

qi(θ) = exp
{
λtit (θ)− φ (λi)

}
where λi ∈ Rd is the natural parameter, t (θ) is some function Θ→ Rd,
and φ is known variously as the log-partition function or the cumulant
function: φ(λ) = log

[∫
exp {λtt (θ)} dθ

]
. Working with exponential

families is convenient for a number of reasons. In particular, the global
approximation q is automatically in the same family, and with parameter
λ =

∑n
i=0 λi:

q(θ) ∝ exp


(

n∑
i=0

λi

)t
t(θ)

 .

The next section gives additional properties of exponential families
upon which EP relies. Then Section 5.2.3 explains how to perform a site
update, that is, how to update λi, conditional on the λj , j 6= i, so as,
informally, to make q progressively closer and closer to π.

5.2.2 Properties of exponential families
Let KL(π||q) be the Kullback-Leibler divergence of q from π:

KL(π||q) =
∫
π(θ) log π(θ)

q(θ) dθ.

For a generic member qλ(θ) = exp {λtt(θ)− φ(λ)} of our exponential
family Q, we have:

d

dλ
KL(π||qλ) = d

dλ
φ (λ)−

∫
π(θ)t(θ) dθ (5.2)

where the derivative of the partition function may be obtained as:

d

dλ
φ (λ) =

∫
t(θ) exp

{
λtt (θ)− φ(λ)

}
dθ = Eλ {t(θ)} . (5.3)

Let η = η(λ) = Eλ {t(θ)}; η is called the moment parameter, and
there is a one-to-one correspondence between λ and η; abusing notations,
if η = η(λ) then λ = λ(η). One may interpret (5.2) as follows: finding
the qλ closest to π (in the Kullback-Leibler sense) amounts to perform
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moment matching, that is, to set λ such that the expectation of t(θ)
under π and under qλ match.

To make this discussion more concrete, consider the Gaussian case:

qλ(θ) ∝ exp
{
−1

2θ
tQθ + rtθ

}
, λ =

(
r,−1

2Q
)
, t(θ) =

(
θ,θθt

)
and the moment parameter is η = (µ,Σ + µµt), with Σ = Q−1, µ =
Q−1r. (More precisely, θtQθ = trace(Qθθt) = vect(Q)tvect(θθt), so
the second component of λ (respectively t(θ)) should be −(1/2)vect(Q)
(resp. vect(θθ′)). But, for notational convenience, our derivations will
be in terms of matrices Q and θθ′, rather than their vectorised versions.)

In the Gaussian case, minimising KL(π||qλ) amounts to take λ such
that the corresponding moment parameter (µ,Σ + µµt) is such that µ =
Eπ[θ], Σ = Varπ[θ]. We will focus on the Gaussian case in this paper
(i.e. EP computes iteratively a Gaussian approximation of π), but we
go on with the more general description of EP in terms of exponential
families, as this allows for more compact notations, and also because we
believe that other approximations could be useful in the ABC context.

5.2.3 Site update
We now explain how to perform a site update for site i, that is, how

to update given λi, assuming (λj)j 6=i is fixed. Consider the ‘hybrid’
distribution:

h(θ) ∝ q(θ) li(θ)
qi(θ) = li(θ)

∏
j 6=i

qj(θ)

= li(θ) exp


∑
j 6=i

λj

t

t(θ)

 ;

that is, h is obtained by replacing site qi by the true factor li in the global
approximation q. The hybrid can be viewed as a “pseudo-posterior”
distribution, formed of the product of a “pseudo-prior” qi and a sin-
gle likelihood site li. The update of site i is performed by minimising
KL(h||q) with respect to λi (again, assuming the other λj , j 6= i, are
fixed). Informally, this may be interpreted as a local projection (in the
Kullback-Leibler sense) of π to Q.

Given the properties of exponential families laid out in the previous
section, one sees that this site update amounts to setting λi so that
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λ =
∑
j λj matches Eh[t(θ)], the expectation of t(θ) with respect to

the hybrid distribution. In addition, one may express the update of
λi as a function of the current values of λi and λ, using the fact that∑
j 6=i λj = λ− λi, as done below in Algorithm 5.1.

Algorithm 5.1 Generic site update in EP
Function SiteUpdate(i, li,λi,λ):
1. Compute

λnew := λ (Eh[t(θ)]) , λnew
i := λnew − λ+ λi

where η → λ(η) is the function that maps the moment parameters to the
natural parameters (for the considered exponential family, see previous section)
and

Eh [t(θ)] =
∫
t(θ)li(θ) exp

{
(λ− λi)t t(θ)

}
dθ∫

li(θ) exp
{

(λ− λi)t t(θ)
}
dθ

. (5.4)

2. Return λnew
i , and optionally λnew (as determined by syntax, i.e. either

λnew
i ← SiteUpdate(i, li,λi,λ), or (λnew

i ,λnew)← SiteUpdate(i, li,λi,λ)).

In practice, the feasibility of EP for a given posterior is essentially
determined by the difficulty to evaluate, or approximate, the integral
(5.4). Note the simple interpretation of this quantity: this is the poste-
rior expectation of t(θ), for pseudo-prior q−i, and pseudo-likelihood the
likelihood factor li(θ). (In the EP literature, the pseudo-prior q−i is often
called the cavity distribution, and the pseudo-posterior ∝ q−i(θ)li(θ) the
tilted or hybrid distribution.)

5.2.4 Gaussian sites
In this paper, we will focus on Gaussian approximations; that is Q is

the set of Gaussian densities

qλ(θ) ∝ exp
{
−1

2θ
tQθ + rtθ

}
, λ =

(
r,−1

2Q
)

and EP computes iteratively a Gaussian approximation of π, obtained
as a product of Gaussian factors. For this particular family, simple cal-
culations show that the site updates take the form given by Algorithm
5.2.

In words, one must compute the expectation and variance of the
pseudo-posterior obtained by multiplying the Gaussian pseudo-prior q−i,
and likelihood li.
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Algorithm 5.2 EP Site update (Gaussian case)
Function SiteUpdate(i, li, (ri,Qi) , (r,Q)):

1. Compute

Zh =
∫
q−i(θ)li(θ) dθ

µh = 1
Zh

∫
θq−i(θ)li(θ) dθ

Σh = 1
Zh

∫
θθtq−i(θ)li(θ) dθ − µhµth

where q−i(θ) is the Gaussian density

q−i(θ) ∝ exp
{
−1

2θ
t (Q−Qi)θ + (r − ri)t θ

}
.

2. Return (rnew
i ,Qnew

i ), and optionally (rnew,Qnew) (according to
syntax as in Algorithm 5.1), where

(Qnew, rnew) =
(
Σ−1
h ,Σ−1

h µh
)
,

(Qnew
i , rnew

i ) = (Qi +Qnew −Q, ri + rnew − r) .

5.2.5 Order of site updates: sequential EP, parallel EP,
and block-parallel EP

We now discuss in which order the site updates may be performed; i.e.
should site updates be performed sequentially, or in parallel, or something
in between.

The initial version of EP, as described in Minka [2001], was purely
sequential (and will therefore be referred to as “sequential EP” from
now on): one updates λ0 given the current values of λ1, . . . ,λn, then one
updates λ1 given λ0 (as modified in the previous update) and λ2, . . . ,λn,
and so on; see Algorithm 5.3. Since the function SiteUpdate (i, li,λi,λ)
computes the updated version of both λi and λ =

∑n
j=0 λj , λ changes

at each call of SiteUpdate.
Algorithm 5.3 is typically run until λ =

∑n
i=0 λi stabilises in some

sense.
The main drawback of sequential EP is that, given its sequential na-
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Algorithm 5.3 Sequential EP
Require: initial values for λ0, . . . ,λn
λ←

∑n
i=0 λi

repeat
for i = 0 to n do

(λi,λ)← SiteUpdate (i, li,λi,λ)
end for

until convergence
return λ

ture, it is not easily amenable to parallel computation. Cseke and Heskes
[2011] proposed a parallel EP algorithm, where all sites are updated in
parallel, independently of each other. This is equivalent to update the
sum λ =

∑n
i=0 λi only after all the sites have been updated; see Algo-

rithm 5.4.

Algorithm 5.4 Parallel EP
Require: initial values for λ0, . . . ,λn
λ←

∑n
i=0 λi

repeat
for i = 0 to n do (parallel)
λi ← SiteUpdate (i, li,λi,λ)

end for
λ←

∑n
i=0 λi

until convergence
return λ

Parallel EP is “embarrassingly parallel”, since its inner loop performs
(n + 1) independent operations. A drawback of parallel EP is that its
convergence is typically slower (i.e. requires more complete passes over
all the sites) than sequential EP. Indeed, during the first pass, all the
sites are provided with the same initial global approximation λ, whereas
in sequential EP, the first site updates allow to refine progressively λ,
which makes the following updates easier.

We now propose a simple hybrid of these two EP algorithms, which we
call block-parallel EP. We assume we have ncore cores (single processing
units) at our disposal. For each block of ncore successive sites, we update
these ncore sites in parallel, and then update the global approximation λ
after these ncore updates; see Algorithm 5.5.
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Algorithm 5.5 Block-parallel EP
Require: initial values for λ0, . . . ,λn
λ←

∑n
i=0 λi

repeat
for k = 1 to d(n+ 1)/ncoree do

for i = (k − 1)ncore to (kncore − 1) ∧ n do (parallel)
λi ← SiteUpdate (i, li,λi,λ)

end for
λ←

∑n
i=0 λi

end for
until convergence
return λ

Quite clearly, block-parallel EP generalises both sequential EP (take
ncore = 1) and parallel EP (take ncore = n + 1). This generalisation is
useful in any situation where the actual number of cores ncore available in
a given architecture is such that ncore � (n+ 1). In this way, we achieve
essentially the same speed-up as Parallel EP in terms of parallelisation
(since only ncore cores are available anyway), but we also progress faster
thanks to the sequential nature of the successive block updates. We
shall discuss more specifically in the next section the advantage of block-
parallel EP over standard parallel EP in an ABC context.

5.2.6 Other practical considerations
Often, the prior, which was identified with l0 in our factorisation,

already belongs to the approximating parametric family: p(θ) = qλ0(θ).
In that case, one may fix beforehand q0(θ) = l0(θ) = p(θ), and update
only λ1, . . . ,λn in the course of the algorithm, while keeping λ0 fixed to
the value given by the prior.

EP also provides at no extra cost an approximation of the normalising
constant of π: Z =

∫
θ

∏n
i=0 li(θ) dθ. When π is a posterior, this can be

used to approximate the marginal likelihood (evidence) of the model. See
e.g. Barthelmé and Chopin [2014] for more details.

In certain cases, EP updates are “too fast”, in the sense that the
update of difficult sites may lead to e.g. degenerate precision matrices
(in the Gaussian case). One well known method to slow down EP is to
perform fractional updates [Minka, 2004]; that is, informally, update only
a fraction α ∈ (0, 1] of the site parameters; see Algorithm 5.6.
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Algorithm 5.6 Generic site update in EP (fractional version, requires
α ∈ (0, 1])
Function SiteUpdate(i, li,λi,λ):
1. Compute

λnew := αλ (Eh[t(θ)]) + (1− α)λ, λnew
i := λi + α {λ (Eh[t(θ)])− λ}

with Eh[t(θ)] defined in (5.3), see Step 1 of 5.1.
2. As Step 2 of Algorithm 5.1.

In practice, reducing α is often the first thing to try when EP either
diverges or fails because of non-invertible matrices (in the Gaussian case).
Of course, the price to pay is that with a lower α, EP may require more
iterations to converge.

5.2.7 Theoretical properties of EP
EP is known to work well in practice, sometimes surprisingly so, but it

has proved quite resilient to theoretical study. In Barthelmé and Chopin
[2014] we could give no guarantees whatsoever, but since then the situa-
tion has improved. The most important question concerns the quality of
the approximations produced by EP. Under relatively strong conditions
Dehaene and Barthelmé [2015a] were able to show that Gaussian EP is
asymptotically exact in the large-data limit. This means that if the pos-
terior tends to a Gaussian (which usually happens in identifiable models),
then EP will recover the exact posterior. Dehaene and Barthelmé [2015b]
show further that EP recovers the mean of the posterior with an error
that vanishes in O(n−2), where n is the number of data-points. The error
is up to an order of magnitude lower than what one can expect from the
canonical Gaussian approximation, which uses the mode of the posterior
as an approximation to the mean.

However, in order to have an EP approximation, one needs to find
one in the first place. The various flavours of EP (including the ones
described here) are all relatively complex fixed-point iterations and their
convergence is hard to study. Dehaene and Barthelmé [2015a] show that
parallel EP converges in the large-data limit to a Newton iteration, and
inherits the potential instabilities in Newton’s method. Just like New-
ton’s method, non-convergence in EP can be fixed by slowing down the
iterations, as described above.
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The general picture is that EP should work very well if the hybrids are
well-behaved (log-concave, roughly). Like any Gaussian approximation it
can be arbitrarily poor when used on multi-modal posterior distributions,
unless the modes are all equivalent.

Note finally that the results above apply to variants of EP where hy-
brid distributions are tractable (meaning their moments can be computed
exactly). In ABC applications that is not the case, and we will incur ad-
ditional Monte Carlo error. As we will explain, part of the trick in using
EP in ABC settings is finding ways of minimising that additional source
of errors.

5.3 Applying EP in ABC
5.3.1 Principle

Recall that our objective is to approximate the ABC posterior

pε(θ|y?) ∝ p(θ)
n∏
i=1

{∫
fi(yi|θ)I{‖si(yi)−si(y?i )‖≤ε} dyi

}
for a certain factorisation of the likelihood, and for a certain collection of
local summary statistics si. This immediately suggests using EP on the
following collection of sites

li(θ) =
∫
fi(yi|θ)I{‖si(yi)−si(y?i )‖≤ε} dyi

for i = 1, . . . , n. For convenience, we focus on the Gaussian case (i.e. the
li’s will be approximated by Gaussian factors qi), and assume that the
prior p(θ) itself is already Gaussian, and does not need to be approxi-
mated.

From Algorithm 5.2, we see that, in this Gaussian case, it is possible
to perform a site update provided that we are able to compute the mean
and variance of a pseudo-posterior, corresponding to a Gaussian prior
q−i, and likelihood li.

Algorithm 5.7 describes a simple rejection algorithm that may be used
to perform the site update. Using this particular algorithm inside sequen-
tial EP leads to the EP-ABC algorithm derived in Barthelmé and Chopin
[2014]. We stress however that one may generally use any ABC approach
to perform such a site update. The main point is that this local ABC
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problem is much simpler than ABC for the complete likelihood for two
reasons. First, the pseudo-prior q−i is typically much more informative
than the true prior p(θ), because q−i approximates the posterior of all
the data minus yi. Thus, we are much less likely to sample values of
θ with low likelihood. Second, even for a fixed θ, the probability that
‖si(yi)− si(y?i )‖ ≤ ε is typically much larger than ‖s(y)− s(y?)‖ ≤ ε, as
si is generally of lower dimension than s.

Algorithm 5.7 Local ABC algorithm to perform site update
Function SiteUpdate(i, fi, (ri,Qi) , (r,Q)):

1. Simulate θ(1), . . . , θ(M) ∼ N(µ−i,Σ−i) where Σ−1
−i = Q − Qi, µ−i =

Σ−i (r − ri).
2. For each m = 1, . . .M , simulate y(m)

i ∼ fi(·|θ(m)).
3. Compute

Macc =
M∑
m=1

I
{∥∥∥si(y(m)

i )− si(y?i )
∥∥∥ ≤ ε}

µ̂h = 1
Macc

M∑
m=1

θ(m)I
{∥∥∥si(y(m)

i )− si(y?i )
∥∥∥ ≤ ε}

Σ̂h = 1
Macc

M∑
m=1

θ(m) [θ(m)]t I{∥∥∥si(y(m)
i )− si(y?i )

∥∥∥ ≤ ε}− µ̂hµ̂th
4. Return (rnew

i ,Qnew
i ), and optionally (rnew,Qnew) (according to syntax

as in Algorithm 5.1), where

(Qnew, rnew) =
(
Σ̂−1
h , Σ̂−1

h µ̂h
)
,

(Qnew
i , rnew

i ) = (Qi +Qnew −Q, ri + rnew − r) .

5.3.2 Practical considerations
We have observed that in many problems the acceptance rate of Al-

gorithm 5.7 may vary significantly across sites, so, instead of fixing M ,
the number of simulated pairs (θ(m), y

(m)
i ), to a given value, we recom-

mend to sample until the number of accepted pairs (i.e. the number of
(θ(m), y

(m)
i ) such that

∥∥∥si(y(m)
i )− si(y(m)

i )
∥∥∥ ≤ ε) equals a certain thresh-
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old M0.
Another simple way to improve EP-ABC is to generate the θ(m) using

quasi-Monte Carlo for distribution N(µ−i,Σ−i), we take θm = µ−i +
LΦ−1(um), where Φ−1 is the Rosenblatt transformation (multivariate
quantile function) of the unit normal distribution of dimension dim(θ),
LLt = Σ−i is the Cholesky decomposition of Σ−i, and the u(m) is a
low-discrepancy sequence, such as the Halton sequence; see e.g. Chap.
5 in Lemieux [2009] for more background on low-discrepancy sequences
and quasi-Monte Carlo.

Regarding ε, our practical experience is that finding a reasonable value
through trial and error is typically much easier with EP-ABC than with
standard ABC. This is because the yi’s are typically of much lower dimen-
sion than the complete data-set y. However, one more elaborate recipe
to calibrate ε is to run EP-ABC with a first value of ε, then set ε to the
minimal value such that the proportion of simulated yi at each site such
that ‖si(yi) − si(y?i )‖ ≤ ε is above, say, 5%. Then one may start over
with this new value of ε.

Another direction suggested by Mark Beaumont in a personal com-
munication is to correct the estimated precision matrices for bias, using
formula (4) from Paz and Sánchez [2015].

5.3.3 Speeding up parallel EP-ABC in the IID case
This section considers the IID case, i.e. the model assumes that the

yi are IID (independent and identically distributed), given θ: then

p(y|θ) =
n∏
i=1

f1(yi|θ)

where f1 denotes the common density of the yi. In this particular case,
each of the n local ABC posteriors, as described by Algorithm 5.7, will
use pseudo-data from the same distribution (given θ). This suggests
recycling these simulations across sites.

Barthelmé and Chopin [2014] proposed a recycling strategy based
on sequential importance sampling. Here, we present an even simpler
scheme that may be implemented when Parallel EP is used. At the start
of iteration t of Parallel EP, we sample θ(1), . . . ,θ(M) ∼ N(µ,Σ), the
current global approximation of the posterior. For each θm, we sample
y(m) ∼ f1(y|θm). Then, for each site i, we can compute the first two
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moments of the hybrid distribution by simply doing an importance sam-
pling step, from N(µ,Σ) to N(µ−i,Σ−i), which is obtained by dividing
the density of N(µ,Σ) by factor qi. Specifically, the weight function is:

|Q−i| exp
{
− 1

2θ
tQ−iθ + rt−iθ

}
|Q| exp

{
− 1

2θ
tQθ + rtθ

} = |Q−Qi|
|Q|

exp
{

1
2θ

tQiθ − rri θ
}

since Q = Qi + Q−i, r = ri + r−i. Note that further savings can
be obtained by retaining the samples for several iterations, regenerating
only when the global approximation has changed too much relative to
the values used for sampling. In our implementation we monitor the
drift by computing the Effective Sample Size of importance sampling
from N(µ,Σ) (the distribution of the current samples) for the new global
approximation N(µ′,Σ′).

We summarise the so-obtained algorithm as Algorithm 5.8. Clearly,
recycling allows us for a massive speed-up when the number n of sites is
large, as we re-use the same set of simulated pairs (θ(m), y(m)) for all the
n sites. In turns, this allows us to take a larger value for M , the number
of simulations, which leads to more stable results.

We have advocated Parallel EP in Section 5.2 as a way to parallelise
the computations over the n sites. Given the particular structure of
Algorithm 5.8, we see that it is also easy to parallelise the simulation
of the M pairs (θ(m), y(m)) that is performed at the start of each EP
iteration; this part is usually the bottleneck of the computation. In fact,
we also observe that Algorithm 5.8 performs slightly better than the
recycling version of EP-ABC (as described in Barthelmé and Chopin
2014) even on a non-parallel architecture.

5.4 Application to spatial extremes
We now turn our attention to likelihood-free inference for spatial ex-

tremes, following Erhardt and Smith [2012], see also Prangle [2014].

5.4.1 Background
The data y consist of n IID observations yi, typically observed over

time, where yi ∈ Rd represents some maximal measure (e.g. rainfall)
collected at d locations xj (e.g. in R2). The standard modelling approach
for extremes is to assign to yi a max-stable distribution (i.e. a distribution
stable by maximisation, in the same way that Gaussians are stable by
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Algorithm 5.8 Parallel EP-ABC with recycling (IID case)
Require: M (number of samples), initial values for (ri,Qi)i=0,...,n (note (r0,Q0)
stays constant during the course of the algorithm, as we have assumed a Gaussian
prior with natural parameter (r0,Q0))
repeat

Q←
∑n

i=0Qi, r ←
∑n

i=0 ri, Σ← Q−1, µ← Σr
for m = 1, . . . ,M do

θ(m) ∼ N(µ,Σ)
y(m) ∼ f1(y|θ(m))

end for
for i = 1, . . . , n do

for m = 1, . . . ,M do
w(m) ← |Q−Qi|

|Q| exp
{

1
2 (θ(m))tQiθ(m) − rtiθ

(m)
}
I
{∥∥∥si(y(m)

i )− si(y?i )
∥∥∥ ≤ ε}

end for
Ẑ ←M−1

∑M

m=1 w
(m)

µ̂← (MẐ)−1 ×
∑M

m=1 w
(m)θ(m)

Σ̂← (MẐ)−1 ×
∑M

m=1 w
(m)θ(m)

[
θ(m)

]t
− µ̂µ̂t

ri ← Σ̂−1µ̂− r−i
Qi ← Σ̂−1 −Q−i

end for
until Stopping rule (e.g. changes in (r,Q) have become small)

addition). In the spatial case, the vector yi is composed of d observations
of a max-stable process x → Y (x) at the d locations xj . A general
approach to defining max-stable processes is [Schlather, 2002]:

Y (x) = max
k
{sk max (0, Zk(x))} (5.5)

where (sk)∞k=1 is the realisation of a Poisson process over R+ with inten-
sity Λ(ds) = µ−1s−2ds (if we view the Poisson process as producing a
random set of “spikes” on the positive real line, then s1 is the location
of the first spike, s2 the second, etc.), (Zk)∞k=1 is a countable collec-
tion of IID realisations of a zero-mean, unit-variance stationary Gaussian
process, with correlation function ρ(h) = Corr(Zk(x), Zk(x′)) for x, x′
such that ‖x − x′‖ = h, and µ = E [max (0, Zk(x))]. Note that Y (x)
is marginally distributed according to a unit Fréchet distribution, with
CDF F (y) = exp(−1/y).

As in Erhardt and Smith [2012], we will consider the following para-
metric Whittle-Matérn correlation function

ρθ(h) = 21−ν

Γ(ν)

(
h

c

)ν
Kν(h

c
), c, ν > 0
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where Kν is the modified Bessel function of the third kind. We take
θ = (log ν, log c) so that Θ = R2. (We will return to this logarithmic
parametrisation later.)

The main issue with spatial extremes is that, unless d ≤ 2, the like-
lihood p(y|θ) is intractable. One approach to estimate θ is pairwise
marginal composite likelihood [Padoan et al., 2010]. Alternatively, (5.5)
suggests a simple way to simulate from p(y|θ), at least approximately
(e.g. by truncating the domain of the Poisson process to [0, Smax]). This
motivates likelihood-free inference [Erhardt and Smith, 2012].

5.4.2 Summary statistics
One issue however with likelihood-free inference for this class of mod-

els is the choice of summary statistics: Erhardt and Smith [2012] compare
several choices, and find that the one that performs best is some summary
of the clustering of the d(d− 1)(d− 2)/6 triplet-wise coefficients

n∑n
i=1 {max(yi(xj), yi(xk), yi(xl))}−1 , 1 ≤ j < k < l ≤ d.

But computing these coefficients require O(d3) operations, and may
actually be more expensive than simulating the data itself: Prangle [2014]
observes in a particular experiment than the cost of computing these
coefficients is already more that twice the cost of simulating data for
d = 20. As a result, the overall approach of Erhardt and Smith [2012]
may take several days to run on a single-core computer.

In contrast, EP-ABC allows us to define local summary statistics,
si(yi), that depend only on one data-point yi. We simply take si(yi) to be
the (2-dimensional) OLS (ordinary least squares) estimate of regression

log |F (yi(xj))− F (yi(xk))| = a+ b log ‖xj − xk‖+ εjk, 1 ≤ j < k ≤ d

where F is the unit Fréchet CDF. The madogram function

h→ E [|Y (x)− Y (x′)|] , for ‖x− x′‖ = h,

or its empirical version, is a common summary of spatial dependencies
(for extremes). Here, we take the F−madogram, i.e. Y (x) is replaced by
F (Y (x)) ∼ U [0, 1], because Y (x) is Fréchet and thus E [|Y (x)|] = +∞.
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Figure 5.1 – 50% credible ellipses of the Gaussian approximation of the
posterior computed by EP-ABC, for different values of ε, and rainfall
dataset.

5.4.3 Numerical results on real data
We now apply EP-ABC to the rainfall dataset of the SpatialExtremes R

package (available at http://spatialextremes.r-forge.r-project.
org/), which records maximum daily rainfall amounts over the years
1962–2008 occurring during June–August at 79 sites in Switzerland. We
ran sequential EP with recycling and quasi-Monte Carlo (see discussion
in Section 5.3.2). Figure 5.1 plots the EP-ABC posterior for ε = 0.2,
0.05 and 0.02. A N(0, 1) prior was used for both components of θ =
(log ν, log c).

Each run took about 3 hours on our desktop computer, and generated
about 105 data-points (i.e. realisations yi ∈ Rd, where d is the number of
stations). As a point of comparison, we ran Erhardt and Smith [2012]’s
R package for a week on the same computer, which led to the generation
of 5 × 104 complete datasets (i.e. ≈ 4 × 106 data-points). However, the
ABC posterior approximation obtained from the 100 generated datasets
that were closest to the data, relative to their summary statistics, was
not significantly different from the prior.

Finally, we discuss the strong posterior correlations between the two
parameters that are apparent in Figure 5.1. Figure 5.2 plots a heat map
of functions (ν, c) →

∫
|ρν,c − ρν0,c0 | and (log ν, log c) →

∫
|ρν,c − ρν0,c0 |,
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Figure 5.2 – Heat map of functions (ν, c) →
∫
|ρν,c − ρν0,c0 | and

(log ν, log c)→
∫
|ρν,c − ρν0,c0 |, for (ν0, c0) = (8, 4).

for (ν0, c0) = (8, 4). The model appears to be nearly non-identifiable,
as values of (ν, c) that are far away may produce correlation functions
that are nearly indistinguishable. In addition, the parametrisation θ =
(log ν, log c) has the advantage of giving an approximately Gaussian shape
to contours, which is clearly helpful in our case given that EP-ABC gen-
erates a Gaussian approximation. Still, it is interesting to note that
EP-ABC performs well on such a nearly non-identifiable problem.

5.4.4 EP Convergence

Finally, we compare the convergence (relative to the number of iter-
ations) of the standard version, and the block-parallel version (described
in Section 5.2.5) of EP-ABC, on the rainfall dataset discussed above.
Figure 5.3 plots the evolution of the posterior mean of both parameters
ν (left panel) and c (right panel), relative to the number of site updates,
for 3 runs of both versions, and for ε = 0.05.

We took ncore = 10 (i.e. blocks of 10 sites are updated in parallel),
although both algorithms were run on a single core. We see that both
algorithms essentially converge at the same rate. Thus, if implemented
on a 10-core machine, the block-parallel version should offer essentially a
×10 speed-up.
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Figure 5.3 – Posterior mean of log ν (left panel) and log c (right panel) as
a function of the number of passes (one pass equals n = 47 site updates),
for 3 runs of the sequential version (solid grey line), and block-parallel
version (ncore = 10, dashed black line) of EP-ABC, applied to rainfall
dataset (ε = 0.05).

5.5 Conclusion
Compared to standard ABC, the main drawback of EP-ABC is that it

introduces an extra level of approximation, because of its EP component.
On the other hand, EP-ABC strongly reduces, or sometimes removes
entirely, the bias introduced by summary statistics, as it makes possible to
use n local summaries, instead of just one for the complete dataset. In our
experience (see e.g. the examples in Barthelmé and Chopin [2014]), this
bias reduction more than compensates the bias introduced by EP. But the
main advantage of EP-ABC is that it is much faster than standard ABC.
Speed-ups of more than 100 are common, as evidenced by our spatial
extremes example.

We have developed a Matlab package, available at https://sites.
google.com/site/simonbarthelme/software, that implements EP-ABC
for several models, including spatial extremes. The current version of the
package includes the parallel version described in this paper.

An interesting direction for future work is to integrate current de-
velopments on model emulators into EP-ABC. Model emulators are ML
algorithms that seek to learn a tractable approximation of the likelihood
surface from samples [Wilkinson, 2014]. A variant directly learns an ap-
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proximation of the posterior distribution, as in Gutmann and Corander
[2015]. Heess et al. [2013] introduce a more direct way of using emulation
in an EP context. Their approach is to consider each site as a mapping
between the parameters of the pseudo-prior and the mean and covariance
of the hybrid, and to learn the parameters of that mapping. In complex
but low-dimensional models typical of ABC applications this viewpoint
could be very useful and deserves to be further explored.
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Résumé : La partie principale de cette thèse s’intéresse à développer les aspects
théoriques et algorithmiques pour trois procédures statistiques distinctes. Le premier
problème abordé est la complétion de matrices binaires. Nous proposons un estima-
teur basé sur une approximation variationnelle pseudo-bayésienne en utilisant une
fonction de perte différente de celles utilisées auparavant. Nous pouvons calculer
des bornes non asymptotiques sur le risque intégré. L’estimateur proposé est beau-
coup plus rapide à calculer qu’une estimation de type MCMC et nous montrons sur
des exemples qu’il est efficace en pratique. Le deuxième problème abordé est l’étude
des propriétés théoriques du minimiseur du risque empirique pénalisé pour des fonc-
tions de perte lipschitziennes. Nous pouvons ensuite appliquer les résultats principaux
sur la régression logistique avec la pénalisation SLOPE ainsi que sur la complétion
de matrice. Le troisième chapitre développe une approximation de type Expectation-
Propagation quand la vraisemblance n’est pas explicite. On utilise alors l’approxima-
tion ABC dans un second temps. Cette procédure peut s’appliquer à beaucoup de
modèles et est beaucoup plus précise et rapide. Elle est appliquée à titre d’exemple
sur un modèle d’extrêmes spatiaux.
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Abstract :
The main part of this thesis aims at studying the theoretical and algorithmic aspects of
three distinct statistical procedures. The first problem is the binary matrix completion.
We propose an estimator based on a variational approximation of a pseudo-Bayesian
estimator. We use a different loss function of the ones used in the literature. We are
able to compute non asymptotic risk bounds. It is much faster to compute the esti-
mator than a MCMC method and we show on examples that it is efficient in practice.
In a second part we study the theoretical properties of the regularized empirical risk
minimizer for Lipschitz loss functions. We are therefore able to apply it on the logistic
regression with the SLOPE regularization and on the matrix completion as well. The
third chapter develops an Expectation-Propagation approximation when the likelihood
is not explicit. We then use an ABC approximation in a second stage. This procedure
may be applied to many models and is more precise and faster than the classic ABC
approximation. It is used in a spatial extremes model.


