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Introduction en frangais

1 Croissance, vieillissement et division cellulaire

La dynamique microscopique des populations de cellules est un phénoméne complexe
lors duquel de nombreux facteurs rentrent en jeu. L’étude de ces populations au niveau
des individus a permis la découverte et la compréhension de nombreux phénomeénes, tel
que le transfert de génes entre les espéces. De plus, de nombreuses techniques [BSJ04],
comme la fluorescence ou la cytométrie, permettent d’observer les populations de cellules
et de récupérer de nombreuses données. L’exploitation de ces données nécessite alors la
compréhension des biais liés a la procédure d’échantillonnage dans la population ainsi que
la modélisation de la dynamique des population de cellules au niveau microscopique. La
construction d’un tel modéle requiert la prise en compte de certaines caractéristiques qui
jouent un role clé dans les mécanismes cellulaires. Ces populations sont donc dites structurées
car le cycle de vie et la dynamique de chaque individu dépend de caractéristiques. Nous
donnons ici quelques exemples de dépendances entre les différents processus intervenant
dans la dynamique de populations de cellules.

Croissance et division cellulaire

Un des mécanismes majeur intervenant dans la dynamique des populations de cellules est
la division cellulaire. Il est associé & la croissance cellulaire. Les techniques modernes de
suivi de population de cellules a 1'aide de microfluides [WRP*10] permettent de suivre la
dynamique d’'un grand nombre de cellules et ainsi de récupérer une quantité importante de
données. Elles consistent & piéger les cellules dans des cavités de petite taille. Lorsque la
cellule se divise, la cellule fille se retrouve hors du creux. Elle est alors évacuée par le flux
d’une solution qui circule au-dessus des cavités. A I’aide de ces techniques microfluidiques,
Wang et al. [WRP*10] ont mis en évidence la stabilité du mécanisme de croissance pour
la bactérie E. coli. Une question se pose alors : comment les cellules contrélent-elles leur
taille et ’homéostasie, i.e. le maintien & une valeur bénéfique pour I'individu, de la taille 7
Différents modéles ont été proposés pour expliquer le controle de la taille par les bactéries :
le modeéle "timer" dans lequel la durée de vie de chaque individu est fixée ou encore le
modeéle "sizer" ou la taille & la division est fixée. Récemment, les travaux de Taheri-Araghi
et al. [TABS'15] ont permis de valider expérimentalement, pour les bactéries E. coli et
Bacillus subtilis, le modeéle "adder". Dans ce modéle, la taille de chaque individu augmente
d’une valeur fixée entre deux divisions. Par ailleurs, les modeéles "sizer" et "timer" ont été
invalidés par ces mémes expériences. Plus récemment, le modeéle "adder" a été validé pour
la levure Saccharomyces cerevisiae [SRA16].

Ces études ont mis en évidence un comportement moyen pour le mécanisme de croissance
de cellules mais aussi une certaine variabilité phénotypique au niveau individuel. Celle-ci
est en général bénéfique pour les populations de cellules puisqu’elle permet par exemple une
plus grande résistance aux perturbations extérieures. Pour un apergu des différents travaux
portant sur les causes de cette hétérogénéité, nous renvoyons le lecteur a [SA02] pour le cas
de Saccharomyces cerevisiae et [Ave06] pour un cadre plus général. En particulier, pour le
cas de la levure, les taux de croissances et les tailles des individus sont trés hétérogénes au
sein d’'une méme population. Les différences de tailles sont dues a la division asymétrique
de la levure (voir Figure 1.1) car les cellules filles sont plus petites que leur ancétre direct.

Vieillissement cellulaire

Un autre mécanisme largement étudié pour les populations de cellules est le vieillissement
cellulaire. Pour S. cerevisiae, ’age se compte habituellement en nombre de fois ou la cellule
s’est divisée. Dans une population de levures, la part la plus importante est constituée
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FIGURE 1.1 : Image issue de [SRA16]. A. Cycle de croissance et division de la levure S.
cerevisiae. B. Microcolonie de S. cerevisiae. Un marqueur fluorescent colore en rouge le
noyau des cellules et en vert ’anneau séparant le bourgeon de la cellule mére, indiquant
ainsi une division.

d’individus "jeunes", qui ne se sont jamais divisés. Ceci impacte la fitness de la population
car un certain nombre de caractéres physiologiques des cellules sont liés a ’age, comme la
taille ou la durée d’un cycle avant division. Kale et al. [KJ96] ont étudié la résistance de S.
cerevisiae & I'exposition aux UV en fonction de I'age des individus. Ils ont observés que
la résistance aux UV augmente dans un premier temps avec ’age, atteint son maximum
pour les cellules ayant subis 8 divisions puis décroit avec I'dge. Ainsi, cette augmentation
de la résistance n’est pas due a I’augmentation de la taille des cellules avec 1’age car les
cellules les plus agées sont les plus vulnérables & I'exposition aux UV. Elle peut par contre
s’expliquer par une régulation dépendante de I’dge de la production des protéines chargées
de réparer les dégats causés par les UV. La résistance aux stress extérieurs dépend donc de
I’age de la cellule. L’age est donc un facteur important a considérer lors de la modélisation
de populations de cellules. Pour plus de détails sur les différents changements au niveau
individuel dus au vieillissement cellulaire et leur role éventuel dans le vieillissement cellulaire,
nous renvoyons le lecteur a [DLJB14].

Les premiéres études sur le vieillissement cellulaire chez S. cerevisiae ont mis en évidence
un phénoméne de rajeunissement : le dernier bourgeon d’une cellule avant sa mort est
encore capable de se diviser [Joh66, Ml71]. De plus, les cellules filles issues des derniéres
divisions ont une durée de vie en terme de reproduction moins longue que les cellules issues
des premiers bourgeons. Ceci plaide pour l'existence de "facteurs de vieillissement" vérifiant
les conditions suivantes [HGOS| :

e ils s’accumulent avec I’age,

e ils sont répartis de maniére asymétrique a la division entre la cellule mére et la cellule

fille,

e leur absence ou leur réduction entraine une augmentation de la durée de vie de la
cellule,

e l'augmentation du nombre de facteurs de vieillissement entraine une diminution de la
durée de vie de la cellule.

L’ADN ribosomique extrachromosomique (ERC en anglais) satisfait ces conditions. Il est
I'un des candidats potentiels pour expliquer une partie du phénoméne de vieillissement chez
la levure. Les progrés récents dans la collecte de données, notamment grace aux techniques
microfuidiques [CCK17]|, laissent espérer de nouvelles avancées sur la compréhension du
viellissement cellulaire. En effet, le suivi individuel d’une cellule tout au long de sa vie
permet de récupérer des données sur la durée de vie des cellules, la dynamique du temps
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entre deux divisions, mais également sur la morphologie des cellules [LVH" 12, XZZ*12].
Les effets du vieillissement cellulaire et ses causes peuvent donc étre étudiés plus en détails.

Le vieillissement chez S. cerevisiae semble donc étre étroitement lié a la division
asymétrique des cellules. Ce phénoméne a également été observé pour une bactérie avec
division asymétrique par Ackermann et al. [ASJ03|. Pour la bactérie E. coli, la division est
symétrique, ce qui rend I’'étude expérimentale du vieillissement cellulaire chez cette bactérie
plus compliquée. Stewart et al. [SMPTO05] ont suivi la croissance de colonies de cellules par
fluorescence pendant neuf générations, récupérant ainsi les données physiologiques de chaque
cellule. Lors de la division cellulaire chez E. coli, la cellule se coupe en deux parties de tailles
égales. Ainsi, chaque cellule fille hérite d’un pole nouveau, correspondant au pole issu du
milieu de la cellule mére, et d’un pdle plus ou moins agé. En particulier, la cellule fille qui
hérite du poéle anciennement nouveau de la cellule mére serait moins agée que la cellule qui
hérite du péle qui existait déja plusieurs divisions auparavant. Les expériences de Stewart
et al. [SMPTO05] révelent que les cellules possédant le pole 4gé présentent notamment un
taux de croissance plus faible et une probabilité de mort plus importante que les cellules
héritant du pole nouveau. Les résultats de cette étude plaident en faveur de ’existence d’un
phénoméne de vieillissement cellulaire chez E. coli dii & une asymétrie fonctionnelle comme
la localisation dans les poles de la cellule de certains composants.

Ainsi, ’étude de modéles individus-centrés pour des populations de cellules est motivée
par de nombreuses questions. De plus, les nombreuses dépendances entre les différents
mécanismes inhérents & la dynamique des populations de cellules nécessitent une approche
mathématique rigoureuse du probléme.

2 Processus de branchement et populations structurées

Nous nous intéressons dans cette thése a la dynamique de population sans interactions
structurées par un trait. Nous présentons dans cette partie les outils mathématiques pour
la modélisation de telles dynamiques.

2.1 Processus de branchement

Les processus de branchements sont des modéles individus-centrés sans interactions basés
sur une description probabiliste de la vie des individus. Les domaines d’application de
ces processus sont variés : ils peuvent servir & modéliser les populations de végétaux
ou d’animaux mais aussi les populations de cellules ou la dynamique de polyméres. La
présentation qui suit est inspirée de [AN72].

Processus de Galton-Watson multitype

Historiquement, les premiers processus de branchement ont été introduits indépendamment
par Bienaymé en 1845 puis par Galton et Watson en 1873 pour étudier la "survie" des
patronymes nobles. Ces processus permettent donc d’aborder des questions d’extinction de
population mais également d’étudier la stabilisation de caractéristiques spécifiques dans
une population telles que la taille ou le taux de croissance.

Pour étudier la dynamique de populations structurées, on associe a chaque individu une
caractéristique, souvent appelée trait. Celle-ci peut par exemple correspondre & un alléle
d’un géne dont on veut étudier ’évolution dans la population ou a I’état d’un systéme de
régulation des génes dans le cas de I'étude de 'effet d’un switch moléculaire. Le processus
de Galton-Watson associé est appelé processus de branchement multitype. Le nombre de
descendants et la transmission du trait d’un individu dépendent alors de son trait.

10
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Soit p = 0. On note (e;,1 < i < p) la base canonique de R?.
Définition. Un processus de Galton-Watson p-multitype est une chaine de Markov
(Zn, = (Zna,..., Znyp),n=0)
a valeurs NP de noyau associé :
P(Z1 =j|Zo =€) =pi(§), jeN’, 1<i<p,

et vérifiant pour tout n € N :

D Zni
2REDIDN =
=1 k=0

0l (&, 1 <@ < p,k = 0) sont des variables aléatoires indépendantes & valeurs dans NP dont
la distribution est donnée par :

P (ki =) =pi§), Vk=0.

La i-iéme coordonnée de Z,,, notée Z,, ;, correspond au nombre d’individus a la génération

n de type ¢ dans la population. On désigne par Zq(j; le nombre de descendant de type j a la
génération n d’un individu de type 1.

Critére d’extinction. Pour les processus de Galton-Watson avec un seul type, 'extinc-
tion de la population survient si le nombre moyen de descendants par individu est inférieur
ou égal a 1. Pour une étude plus détaillée des probabilités d’extinction pour les processus
de Galton-Watson, nous renvoyons le lecteur a [AN72|, Section I.A.5. Dans le cas multitype,
le critére d’extinction dépend de la valeur propre maximale de la matrice M dont les
coeflicients :
M;; =E [Zm , 1<id,j<p,

correspondent au nombre moyen de descendants de type j & la génération 1 d’un individu
de type i. On suppose que le processus n’est pas dégénéré i.e. qu’il existe 1 < 4,5 < p
tels que M; ; # 1. D’aprés le théoréme de Perron-Frobenius [Ser02], si M est une matrice
strictement positive, elle admet une valeur propre maximale p > 0 associée & un vecteur
propre & droite strictement positif u et un vecteur propre a gauche v. On désigne par q le
vecteur dont la i-éme coordonnée correspond & la probabilité d’extinction d’un processus
de Galton-Watson multitype issu d’un individu de type i. On a alors le résultat suivant :

Théoréme. Avec les notations précédentes :
o Sip<1,q=1 etle processus s’éteint presque stirement.

e Sip>1,q<1 etq estl'unique solution dans RP de f(q) = q, ou f désigne la
fonction génératrice de Z.

La preuve de ce résultat figure dans [Har63], Section I1.7. sous '’hypothése plus générale
suivante : il existe un entier N > 0 tel que M? soit strictement positive. Le processus est
dit sous-critique lorsque p < 1, sur-critique si p > 1 et critique dans le cas ott p = 1.

11
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' |
FIGURE 2.1 : A gauche : Généalogie descendante d’une population avec générations chevau-
chantes. A droite : Généalogie descendante d’une population avec reproduction saisonniére.

Comportement asymptotique. Les premiers travaux portant sur ’étude du compor-
tement asymptotique des processus de Galton-Watson dans le cas sur-critique sont ceux de
Harris (1963), de Kesten et Stigum (1966) et d’Athreya (1970). Introduisons tout d’abord
la condition suivante :

E [ZY; log ZY;] < oo, pour tout 1 <7,5 <p (k)

On a alors le théoréme suivant, dt & Kesten et Stigum :

Théoréme. On suppose que le processus n’est pas dégénéré et que M est strictement
positive. Alors, sip>1, on a :

Z
lim == =vW, p.s.,
n—+oo P
ot W est une variable aléatoire positive. De plus, P (W > 0) > 0 < (%) et si (k) est vérifiée,
on a pour tout 1 <1< p :

o [ [W’ZO = ei] = Uy,
o IP(W = O‘Zo = ei) = q;,
avec e; le i-éme vecteur de base de RP.

La preuve initiale de ce théoréme est donnée dans [KS66|. Les proportions asymptotiques
des individus de chaque type dans la population sont donc déterministes, données par le
vecteur propre a gauche de M. En temps long, le seul aléa provient des fluctuations de la
taille totale de la population. Une autre preuve de ce théoréme a été proposée par Lyons,
Pemantle et Peres [LPP95| basé sur la notion d’arbre biaisé par la taille détaillée en Section
2.2.

Dans les cas critique ou sous-critique, des résultats de convergence du processus condi-
tionné a la non-extinction ont été prouvés par Joffe et Spitzer. Nous renvoyons le lecteur
aux Sections V.4 et V.5 de [ANT72] pour le détail des résultats.

Processus de Markov branchants en temps continu et dimension finie

Pour I'étude des dynamiques de populations au sein desquelles la reproduction n’est
pas saisonniére telles que les populations de cellules, le modéle de Galton-Watson décrit
précédemment n’est pas adéquat. Les processus de Markov branchants en temps continu
sont plus adaptés & la modélisation de populations dont le générations se chevauchent
(voir Figure 2.1). Les premiers travaux sur la dynamique des populations en temps continu
a 'aide de processus de branchement sont dus a Yule et portaient sur des processus de
naissance et mort. Nous nous intéressons dans cette section aux processus avec un nombre
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fini de types, pouvant modéliser par exemple un état phénotypique pour I’étude d’un switch
dans une population de cellules. La définition d’un processus de Markov branchant en temps
continu est analogue & la définition en temps discret.

Définition. Un processus de Markov branchant p-multitype en temps continu (Z(t),t = 0)
est un processus de Markov & valeurs dans NP vérifiant pour tout t,s = 0 :

Zj(s)
Z(t+s)=> > ZFO(),
j=1 k=1

o Z;(s) est le j-ieme coordonnée de Z(s) et (ZFU)(t),t = 0) sont des processus indépendants
conditionnellement a Z(s) de loi identique a celle de (Z(t),t = 0) issu d’un individu de type

VE

Les caractéristiques infinitésimales du processus de Markov branchant en temps continu
sont :

e les paramétres des lois exponentielles qui déterminent les durées de vie des individus
en fonction de leur type,

e les distributions p( = (pgi), e 1@) sur NP du nombre de descendants de chaque

type d’un individu de type ¢, pour 1 < i < p.

En fonction de ces caractéristiques, les équations de Kolmogorov décrivent la dynamique
infinitésimale du processus. Nous renvoyons le lecteur & [ANT2] Section V.7. pour le détail
de ces équations dans le cas d’un processus de Markov branchant p-multitype.

L’analogue de la matrice M dans le cas continu est la matrice (M(t),t = 0) dont les
coefficients sont donnés pour tout 1 < i,j < p par :

Miy(H) = E| 2 (1)) .

ol Z j@ (t) correspond au nombre de descendants de type j au temps ¢ dans une population

issu d’un individu de type 7. On suppose qu’il existe un temps tg > 0 tel que pour tout

1 <i,5 <p, M;;(tg) > 0. Alors, d’aprés le théoréme de Perron-Frobenius, il existe une
valeur propre maximale p(tg) > 0 pour M (tg). De plus, on a pour tout ¢,s >0 :

M(t+s)—M((t) M(@t)(M(s)—1) d

= M(t)—
S S s—0 ()ds

M(s)|s=o0-
Il existe donc une matrice A telle que pour tout ¢t > 0 :
M(t) = exp(At).

Alors, A et M(t) ont les mémes vecteurs propres et si on désigne par Aq,..., A\, les valeurs
propres complexes de A, les valeurs propres de M (t) sont données par exp(Ait), ..., exp(Apt).
La valeur propre A; de partie réelle maximale de A est réelle. Elle est I’'analogue de p dans
I’étude en temps discret et est appelée paramétre de Malthus. Elle correspond a la vitesse
exponentielle de croissance de la population. Les résultats de convergence du processus sont
alors similaires & ceux du temps discret. On a en particulier le théoréme suivant :

Théoréme. Si le processus Z est non dégénéré et s’il existe to = 0 tel que M; j(to) > 0
pour tout 1 < 1,5 < p, alors on a :

Z(t)e M —— vV p.s.

t—+00

13
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ot v est le vecteur propre a gauche (strictement positif) associé & la valeur propre Ay de A
et W est une vartable aléatoire positive. De plus, on a équivalence entre les propositions
sutvantes :

o il existe 1 <k < p tel que P(W > 0|Z(0) = ex) > 0,
e pour tout 1 <i,j < p, E[§ jlog& ;] < o, avec (&q1,...,&p) distribué selon p.

Le poids exponentiel correspond a la croissance de la population et les répartitions des
types a la limite sont & nouveau donnés un vecteur propre a gauche.

Processus adge-dépendants

Les processus age-dépendant ou processus de Bellman-Harris constituent une catégorie
particuliére des processus de branchement. Ils permettent de modéliser des populations ol
la durée de vie des individus n’est pas distribuée selon une loi exponentielle. Dans ce cas, le
processus qui compte le nombre d’individus en vie au temps ¢t n’est plus un processus de
Markov et les résultats des parties précédentes ne s’appliquent pas. Dans un souci de clarté,
nous nous limitons ici a la description des processus de Bellman-Harris avec un seul type.
Nous renvoyons le lecteur a [Har63] Section VI.28 pour une généralisation au cas multitype.
On désigne par (Z(t),t = 0) le nombre d’individus en vie dans la population au temps

t. Les durées de vie des individus sont des variables aléatoires indépendantes identique-
ment distribuées de fonction de répartition G. A sa mort, chaque individu est remplacé
par un nombre aléatoire de descendants tiré suivant la distribution (pg,k = 0). L’objet
mathématique au coeur de ’étude des processus age-dépendants est encore la fonction
génératrice :

a0

F(s,t) = > P(Z(t) = k)s".

k=0
Cette fonction vérifie un équation intégrale qui résume la dynamique du processus. En effet,
si on note Iy la durée de vie de 'individu initial on a pour tout ¢t = 0 et |s| <1 :

F(s,t) =E (sZ“)) — sP(ly>1t) +E <sz(t)1l0<t) .

De plus, si on note g la variable aléatoire correspondant au nombre de descendants du
premier individu, on obtient :

t

E <sz(t)110<t> - J E (3220:1 Zk<t*“>) dG (u),
0

oll Zj sont des processus de Bellman-Harris indépendants. Finalement, on a :

¢
F(s,t) =s(1—G(t)) + f h(F(s,t —u))dG(u),
0
ot h désigne la fonction génératrice associée a la loi de reproduction (pg, k = 0). De cette
équation, on déduit une équation de renouvellement pour le nombre moyen d’individu M (t)
dans la population au temps ¢ :

¢
M(t)=1-G(t) + mJ M(t — u)dG(u),
0
ou m = h/(1) est le nombre moyen de descendants d’un individu. Si on suppose de plus

que G n’est pas une distribution sur un réseau (voir Définition VI.17.1 dans [Har63]), le
comportement asymptotique de M est alors donné par le théoréme suivant :
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Théoréme. Supposons que m > 1. Soit o > 0 telle que :
0
mf e dG(t) = 1.
0

Alors,
m—1

M(t) ~
Q am? SSO te=*tdG(t)

at
, T

— 0.

En particulier, la croissance est exponentielle & vitesse a ol o est le paramétre de
Malthus. Une expression asymptotique du second moment peut également étre obtenue
[Har63].

Les résultats obtenus dans cette thése portent sur une généralisation des processus de
Bellmann-Harris au cas ot la durée de vie ne dépend pas seulement de I’age de 'individu
mais d’un trait évoluant suivant une certaine dynamique. Notons que dans ce cas, le
formalisme des fonctions génératrices n’est plus adapté au probléme. D’autre part, la
transmission du trait joue un réle crucial dans ’étude de ces processus. En particulier, le
phénoméne de renouvellement est propre au processus structuré en age, ceci car chaque
individu nait a ’age 0.

2.2 Epine et arbre biaisé par la taille

Les travaux de Harris, Kesten-Stigum et Athreya sur les processus de Galton-Watson
multitypes sur-critiques mentionnés dans la section précédente ont permis d’exhiber la
répartition des types dans la population en temps long a travers le vecteur propre a
gauche de la matrice de reproduction M. La compréhension des mécanismes qui produisent
cette répartition est cruciale pour répondre aux questions liées au vieillissement cellulaire
détaillées en Section 1.

Les arbres biaisés par la taille constituent une premiére étape dans la compréhension des
biais liés a I’échantillonnage. Ces objets ont été considérés par Kallenberg [Kal77], Chauvin
et Rouault [CR88| puis Chauvin, Rouault et Wakolbinger [CRW91]. Lyons, Pemantle et
Peres [LPP95] s’appuient sur les arbres biaisés par la taille pour proposer une nouvelle
preuve du théoréme de Kesten-Stigum. A chaque noeud de I’arbre, on associe un label grace
aux notations d’Ulam, Harris et Neveu. Soit

u=1Jmr,
neN
I’ensemble des labels. La racine de ’arbre est notée . Lorsqu’un individu u € U meurt,
ses K descendants ont pour labels ul,...,uK. Ces notations permettent en particulier de
conserver la généalogie d’un individu grace a son label.
On introduit un nouveau type d’arbre aléatoire : les arbres de Galton-Watson biaisés
par la taille. Pour cela, on définit la distribution biaisée par la taille (pg, k = 0) par :
~ k
_ ke

Pk )
m

= 0,

ot m est la moyenne de la loi de reproduction (pg, k = 0). Les grandes fratries sont ainsi
favorisées. On construit alors ’arbre de Galton-Watson biaisé par la taille de la maniére
suivante :

e on commence avec un individu vy,

e il a un nombre de descendants distribué suivant p,
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e on choisit 'un de ses descendants uniformément au hasard, disons v;.
e les sous-arbres issus des autres descendants sont des arbres de Galton-Watson,
e on répéte les mémes étapes avec v au lieu de vy.

La suite de labels (vg, k = 0) forme I’épine. Soit a un arbre de Galton-Watson de longueur
n et v un individu a la génération n dans a. On a :

P((A..€) = (@) = %P (A, = a). (1)

avec A, et /Tn les variables aléatoires correspondant respectivement & un arbre de Galton-
Watson a la génération n et & un arbre de Galton-Watson biaisé & la génération n et &
la variable aléatoire correspondant & I’épine, c’est-a-dire au choix d’une lignée distinguée.
Remarquons en particulier que la mesure ainsi définie sur les arbres de Galton-Watson
jusqu’a la génération n avec une lignée distinctive n’est pas une mesure de probabilité car sa
masse est de m™". On note Z,, le nombre d’individus a la génération n dans a. On a alors
I’égalité suivante permettant de relier la loi des arbres de Galton-Watson sous la mesure
biaisée & celle sous la mesure non-biaisée :

P (A =a) = %P(An —a). @)

™ est une martingale, il est naturel d’effectuer le changement de

Comme W, := Z,m~
mesure correspondant et de considérer la mesure associée au processus biaisé. A ’aide
de cette nouvelle mesure, Lyons, Peres et Pemantle [LPP95] et Lyons |[Lyo97| proposent
notamment une preuve alternative au théoréme de Kesten-Stigum.

Cette décomposition a l'aide de 1’épine s’étend aux processus de Galton-Watson multi-
types en considérant une loi de reproduction pondérée par le vecteur propre & gauche de la
matrice de reproduction [KLPP97, BK04, Ath00]. Le cas des processus age-dépendants a été
traité par Olofsson [Ol098, Olo09]. Des généralisations en temps continu ont été proposés par
exemple par Georgii et Baake [GB03] pour les processus branchants multitypes afin d’étudier
les caractéristiques ancestrales des individus "typiques" dans la population. Enfin, la notion
d’épine a été développée et utilisée pour ’étude de divers processus. Nous renvoyons le
lecteur aux travaux de Kyprianou [Kyp04] pour I’étude du comportement asymptotique et
de I'unicité des propagations d’onde de I’équation KPP. Pour les processus de fragmentation,
I'utilisation de I’épine, également appelée fragment marqué, a été dévelopée par Bertoin et
Rouault [BRO05| et par Harris, Knobloch et Kyprianou [HKK10].

Hardy et Harris [HH09| ont généralisé la construction de I’épine au cas de traits infini-
dimensionels, notamment pour ’étude du mouvement brownien branchant. Tout comme
Lyons, Pemantle et Peres [LPP95], ils considérent ’ensemble T des arbres de Galton-Watson
(en temps continu) avec une lignée distinctive, a savoir I’épine. La suite des labels des
individus formant 1’épine est notée £ et le label de I'individu correspondant & I’épine au
temps t est noté &. L’ensemble 7 est muni de la mesure de probabilité P canonique pour
le processus de Markov branchant (Z;,¢ > 0) dont les caractéristiques sont les suivantes :

e la dynamique de chaque individu dans la population est donnée par une copie
indépendante d'un processus de Markov (X, ¢ > 0) sur un espace mesurable X'. On
note X;* le trait de v a l'instant ¢.

e un individu w meurt au temps ¢ au taux B(X}") ou B : X — (0,00) est une fonction
mesurable. On note 3, le temps de mort de u.
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e lorsqu’un individu v meurt & la position z, il est remplacé par A, + 1 individus & cette
méme position, avec A4, une copie indépendante de A(z) et P(A(x) = k) = pi(x)
pour tout k£ > 0. On note m(z) = >}, kpk(z) la moyenne de A(z).

e les individus évoluent ensuite indépendamment les uns des autres.

Ce modele trés général est trés proche de celui considéré dans les Chapitres 1 et 2. 11
permet en particulier de modéliser des populations structurées spatialement. Notons que
dans ce modéle les individus ne peuvent pas mourir sans laisser de descendants et que le
branchement est local c’est-a-dire que les descendants naissent & I’endroit ot meurt leur
parent.

On définit plusieurs filtrations sur ’ensemble 7 des arbres marqués avec épine qui
permettent de séparer les différentes informations dont on dispose. Nous donnons ici une
définition informelle de ces filtrations et renvoyons le lecteur & [HH09| pour leur définition
rigoureuse.

e F; contient toutes les informations sur le processus de branchement jusqu’au temps ¢
mais ne connait rien de 1’épine,

° .7?15 est construite & partir de F; en ajoutant les informations sur ’épine : elle contient
donc toutes les informations sur le processus de branchement et sur I’épine jusqu’au
temps ¢,

e G, est la filtration qui correspond au mouvement de I’épine. Elle ne contient pas
d’information sur la lignée a laquelle I’épine correspond dans I'arbre.

Pour x € X', on définit P* la mesure de probabilité sur (%, Fu) telle que <7~', Foos (Ft)i=0 » P')

soit le modéle canonique pour le processus de branchement Z avec

];D =0 <LJ.}%>.
t=0

Comme précédemment, Hardy et Harris définissent une mesure de probabilité Py partir
de P” pour laquelle I’épine correspond a une lignée dans ’arbre. Pour toute fonction
Fi-mesurable f, on pose

f%fd]% - f% 2115 +1Aydpx’

ueVy VKU

avec

f= Z Julie,—uys

ueVy

ou V; désigne ’ensemble des individus en vie au temps t et pour tout u € V4, f, est un
fonction mesurable par rapport & F;. La différence par rapport aux travaux de Lyons et al.
[LPP95, Lyo97] est que cette mesure est une mesure de probabilité. Sous cette mesure, la
dynamique de I’épine entre les sauts suit le processus de Markov (X, ¢ > 0) et a la mort
du représentant de ’épine, 'un de ses descendants est choisi uniformément au hasard pour
le remplacer. Ils considérent ensuite un changement de mesure a l’aide d’une martingale. Il
permet de prendre en compte les biais présents dans l'arbre, dus notamment & la croissance
de la population, de la méme maniére que Lyons, Pemantle et Peres [LPP95| (voir (2)).
Une des nouveautés apportées par les travaux de Hardy et Harris est la généralisation de la
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martingale considérée pour le changement de mesure. Soit ((¢) une Gy-martingale qui ne
dépend que de I'épine et soit ((t) la martingale donnée par :

~ 1+ A ¢
_ | | B | l — 5 B(&s)m(€s)ds
¢ o Trm(Es,) L HrmEs e 0

Le changement de mesure correspondant a celui considéré dans le cas discret (2) est alors
donné dans le cas continu par :

Ainsi, P est une nouvelle mesure de probabilités sur <’7~', .7?00>. Le comportement de 1’épine

sous la mesure P est alors I’analogue du comportement de I’épine lors de la construction
d’un arbre de Galton-Watson biaisé par la taille en ce qui concerne la reproduction. Des biais
supplémentaires apparaissent a cause du chevauchement des générations et de la dynamique
des individus entre les sauts. Le premier produit dans ’expression de la martingale Z permet
d’introduire le biais par la taille et le second entraine une accélération du temps : les durées
de vie des individus le long de I’épine sont plus courtes car le taux de division B(-) est
remplacé par (14 m(-))B(-). Pour une description précise du comportement de 1'épine sous
P, nous renvoyons le lecteur a [HH09]. Les auteurs donnent également 1’analogue de la
décomposition en épine initialement prouvée dans [Lyo97| qui s’avére utile notamment pour
I’étude du comportement asymptotique de martingales additives.

Le cadre spectral est propice & I'utilisation des outils liés a ’épine car il permet d’exhiber
des martingales simples. Considérons un processus de Markov branchant oi la dynamique
des individus suit un processus de Markov (X;,t > 0) de générateur G, o le branchement est
binaire, local et a lieu au taux B. S’il existe une fonction ¢ et A € R tels que (G + B)¢ = Ao,
alors,

Wt = <¢7 Zt> e_At7

est une o(Z;,t > 0)-martingale. L’existence d’éléments propres permet donc notamment
de simplifier ’étude asymptotique du processus de branchement Z en considérant son
comportement contre une fonction propre. Pour plus de détails sur ces techniques, nous
renvoyons le lecteur aux travaux d’Englénder, Harris et Kyprianou [EHK10] ou de Cloez
[Clol7].

2.3 Représentation par des processus a valeurs mesures et équation de
croissance-fragmentation

Dans les modéles que nous considérons, chaque individu est caractérisé par un vecteur
de traits phénotypiques évoluant dans X ¢ R?. Le processus & valeurs mesures associé a
la population permet alors de suivre la dynamique de ’ensemble de la population tout
en considérant les dynamiques individuelles. On définit Mp(&X') I'ensemble des mesures
positives finies sur X et Mp(X) € Mp(X) le sous-ensemble des mesures ponctuelles sur
X

Mp(X) = {Zéxi,nzo,azl,...,xneX},

=1
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ol 0, représente la masse de Dirac au point . A I’aide de ce formalisme, nous représentons
la dynamique microscopique de la population par le processus Z défini par :

Zy= ). Oxp,

ueVy

ou V; représente la population au temps t et X le trait de l'individu v au temps ¢.

Les processus a valeurs mesures ont été largement utilisés pour I’étude de populations
structurées. Nous mentionnons ici le travail de Fournier et Méléard [FMO04] sur la dynamique
d’une population statique (par exemple des plantes) structurée spatialement avec de la
compétition. De nombreuses études de population structurées reposent sur les techniques
initiées dans [FM04], comme par exemple les travaux de Tran sur les processus structurés
en age [Tra06].

La représentation par processus a valeurs mesures permet de définir le processus de
branchement structuré comme 'unique solution d’une équation différentielle stochastique
(voir Chapitre 1, Théoréme 1.2.2). Considérons l’exemple d’une population structurée en
taille, au sein de laquelle les individus croissent exponentiellement & taux a > 0 et se
divisent & taux B en deux parties égales. Le processus a valeurs mesures associé (Z;,t = 0)
est solution de I’équation suivante :

$Zt, ) =20, ) + ft f " af (@) Z(da)ds -
JLM&Fww;kMWL(ﬁ(xm>—ﬂX@)Mu&muw% @)

pour toute fonction mesurable f: Ry — R et tout ¢ > 0, ou M (ds, du, df) est une mesure
ponctuelle de Poisson sur R, x U x R, d’intensité ds ® du ® df. La premiére intégrale
traduit la croissance exponentielle des individus entre les divisions. La deuxiéme intégrale
correspond aux divisions qui arrivent & taux B et lors desquelles un individu de trait x est
remplacé par 2 individus de trait /2. Ces équations décrivent la dynamique du processus
et permettent 'utilisation des outils du calcul stochastique. On peut ainsi calculer diverses
quantités associées a la population comme par exemple la variance du nombre d’individus
dans la population (voir Chapitre 2, Lemme 2.4.6).

Un objet crucial pour I’étude de la dynamique du trait d’'un individu typique détaillée
dans le Chapitre 1 est le semi-groupe du premier moment donnée pour tout s <t¢, x € X et
toute fonction mesurable f : X — R par :

Ry f(x [ZfX“ = ] (5)

ueVy

Il s’agit d’un semi-groupe non-conservatif. Dans le cas de 'exemple précédent, il vérifie
I’équation suivante :

Rt @) = 1@+ [ [ aas @ roptanir + [ [ (21 (5) - 1)) Rurtiorar,

pour toute fonction mesurable f: Ry — R et tout 0 < s < t. On peut définir le générateur
A associé au semi-groupe de premier moment et dont I'expression dans le cas de 'exemple
précédent est donnée par :

Af(@) = azf (@) + B(a) (2f (5) - f(@).
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Tout comme pour ’équation différentielle stochastique (3), on peut lire la dynamique des
individus sur le générateur : le premier terme correspond & la croissance exponentielle des
individus et le second correspond au mécanisme de division.

Pour I'étude asymptotique des processus de branchement effectuée dans le Chapitre 2,
I'utilisation des processus & valeurs mesures permet également de simplifier les résultats de
convergence car le processus ainsi que sa limite appartiennent a I’ensemble des mesures
ponctuelles.

Ces processus a valeurs mesures sont la version microscopique de modéles macroscopiques.
Ainsi, de nombreux travaux portent sur le lien entre les différentes échelles de modéles
[FMO04, BT11, Clo17|. Dans le cas des processus de branchement, la limite grande population
de ces processus est déterministe, donnée par le semi-groupe de premier moment défini
précédemment (5), ceci grace & la propriété de branchement. L’étude en grande population
des processus considérés dans cette thése se raméne donc a I’étude des équations croissance-
fragmentation associées.

Notons n(t, dzr) la distribution vérifiant pour tout fonction mesurable f: X — R :

<7’L(t, ')7 f> = RO,tf(x) =K [2 f(X#>] ; and n(O, dy) = nm<dy)'
ueVy

On consideére le cas ou n(t,-) est absolument continue par rapport a la mesure de Lebesgue,

ce qui est vérifié si la mesure initiale n™ est elle-méme & densité. La fonction n(t,x)

correspond & la densité d’individus de trait « dans la population & 'instant . En passant a

I'espérance dans ’équation différentielle stochastique (3), on obtient I’équation de croissance-

fragmentation suivante d’inconnue n :

omn(t,x) + adz(xn(t,x)) + B(x)n(t,x) = 4B(2z)n(t, 2x).

Plus généralement, on appelle équation de croissance-fragmentation une équation d’inconnue
n de la forme :

omn(t, ) + 0p(v(z)n(t, z)) + B(x)n(t, ) = J 1 B (£> n (t, g) P(dz)7 (©)

0 z z

avec conditions initiales v(0)n(t,0) = 0 pour tout ¢ > 0 et n(0,z) = n™(z) pour tout x > 0
et oll v représente le taux de croissance des individus, B le taux de division et p le noyau
de fragmentation.

Les équations de croissance-fragmentation apparaissent dans de nombreux domaines
comme l'étude de croissance de populations bactériennes mais aussi I’étude des polymeéres
ou encore le protocole de contrdle de transmission (ou TCP). Ces équations initialement
étudiées d'un point de vue déterministe et donc macroscopique correspondent aux limites en
grande population des processus de branchement. Les équations de croissance-fragmentation
ont fait I'objet de nombreux travaux [Per07|, portant notamment sur I’existence de solutions
et 'analyse du comportement asymptotique de ces solutions. L’analyse spectrale du semi-
groupe associé est la clé du probléme. En particulier, dans le cas d’un opérateur compact,
le théoréme de Krein-Rutmann assure ’existence d’une valeur propre associée a un vecteur
propre positif [Du06|. En 2016, Mischler et Scher [MS16] ont développé et utilisé cette théorie,
pour montrer la convergence exponentielle des solutions vers des profils asymptotiques pour
des taux de fragmentation dans une certaine classe.

L’étude asymptotique des solutions repose sur ’existence de solutions aux problémes
aux valeurs propres, direct et dual, associé & (6) d’inconnus (A, N, ¢) donnés par :

{ AN(z) + (v(@)N (@)’ + B@)N(z) = §2 B () N (£) 242,
N =0, § N(z)dz =1,

(7)
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et

{ X (z) — v(@)¥ () + Bz)w(x) = B(z) § ¥(z22)p(dz),
Y =0, SSO N(x)y(z)dr = 1.

On a alors I'équation de conservation suivante [MS16] :

0 0] ©0]
f n(t, z)Y(z)dr = e)‘tf Y(z)n®(z)d.
0 0

La premiére valeur propre X est le paramétre de Malthus, mentionnée précédemment dans
la Section 2.1. Elle correspond au taux de croissance exponentielle de la population. Nous
renvoyons le lecteur a [Olil7] pour une étude de 'impact de la variabilité des caractéristiques
individuelles dans une population sur le paramétre de Malthus. Asymptotiquement, les
solutions de I’équation (6) vérifient lorsque ¢ tend vers l'infini :

n(t,z) ~ eM{(n'™ ¢y N(z),

pour une certaine norme pondérée [MMPO5]. Ceci nous indique qu’en temps long, le profil
en taille de la population est donné par N et ne dépend pas de la condition initiale. Nous
retrouvons ce phénomeéne "d’oubli" de la condition initiale pour les modéles probabilistes
dans la Section 2.5.

L’existence de solutions aux problémes aux valeurs propres pour des équations de
croissance-fragmentation a été largement étudiée. Citons par exemple les travaux de Diek-
mann, Heijmans et Thieme [DHT84|, Perthame et Ryzhik [PRO5|, Michel [Mic06]. Perthame
et Ryzhik [PRO5| ont également montré la convergence a vitesse exponentielle de la solution
de I’équation de croissance-fragmentation vers le profil stationnaire dans le cas d’une division
binaire et d’une croissance linéaire. Pour des travaux portant sur la vitesse convergence
dans des cadres plus généraux, nous renvoyons le lecteur & [MMP05, BG17].

Récemment, Bouguet [Boul6|, Bertoin et Watson [BW17] ont étudié ces équations
de croissance-fragmentation en adoptant un point de vue probabiliste. Cette nouvelle
approche leur permet en particulier d’exhiber des estimées fines relatives au comportement
asymptotique des solutions des équations de croissance-fragmentation, & I'aide de critéres
de type Foster-Lyapunov (voir Section 2.5). Ces travaux sont ainsi en lien avec ’approche
par ergodicité des lignées ancestrales proposée dans le Chapitre 2.

2.4 Formule Many-to-One

L’une des formules clés apportées par I’épine est la formule Many-to-One. Elle permet de
résumer la dynamique de ’ensemble de la population grace a la dynamique de 1’épine. On
consideére le processus de Markov branchant (Z;, ¢ > 0) dont les caractéristiques sont les
suivantes :

e la dynamique de chaque individu dans la population est donnée par une copie
indépendante d’un processus de Markov (X, ¢ = 0) sur un espace mesurable X de
générateur infinitésimal G. On note X/ le trait de u & l'instant .

e un individu w meurt au temps ¢ au taux B(X}") ou B : X — (0,00) est une fonction
mesurable. On note 3, le temps de mort de w.

e lorsqu’un individu u de trait z meurt, il est remplacé par A, individus, avec A,
une copie indépendante de A(x) et P(A(z) = k) = pi(z) pour tout k£ > 0. On note
m(z) = Y=o kpr(z) la moyenne de A(z).
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e le trait & la naissance des k descendants d’un individu de trait z sont distribués selon
le noyau P*(z,dy). Pour 1 < i < k, on note PF(z,dy) = P (z, X! x dy x x*~)
la iéme marginale de P*.

e les individus évoluent ensuite indépendamment les uns des autres.

Ce processus, plus général que celui présenté dans la Section 2.2, est I'objet d’étude de
cette thése. A partir du semi-groupe de premier moment (Rs,;, s < t) introduit en (5) et
de son générateur associé, on obtient la formule Many-to-One classique, encore appelée
formule de Feynman-Kac [DM04] :

stf

E| Y f(X")|2Z =6 ] [f(i/t)eféB(Ys“m(Ys)—”dSm - x], (®)

ueVy

ou (Y, t = 0) est un processus de Markov de générateur infinitésimal donnée pour toute
fonction test f: X — R par :

k
Z (x)) PF(z,dy), zeX.

?v\*—‘

Af(x) = Gf(x) + B(x)m(x) Z
k=0

Le terme exponentiel dans le membre de droite de (8) correspond & la croissance de la
population. Le processus Y correspond au trait d’un individu "typique" dans la population.
Dans le cas d’un branchement local, i.e. Pk(:c,dy) = kd, pour tout k£ € N, on obtient
Af(z) = Gf(x). La dynamique de Y est donc identique a celle de X et correspond au
processus de 'épine introduit dans la Section 2.2. Hardy et Harris proposent dans [HH09]
une généralisation de cette formule qui prend en compte ’ensemble de la trajectoire des
individus dans le cas d’un branchement local. Bansaye et al. [BDMT11] étendent ces
résultats au cas d’'un branchement non-local & taux constant.

Pour répondre aux problématiques introduites en Section 1, une étape clé est la carac-
térisation de la dynamique du trait d’un individu échantillonné dans la population afin
d’appréhender les biais dus a 1’échantillonnage. Or le membre de droite dans I’équation (8)
correspond & la trajectoire d’un individu typique pénalisé par la taille de la population.
Cet objet n’est pas mathématiquement facile & appréhender ni & utiliser pour comprendre
et exhiber la dynamique du trait d’un individu typique dans la population. Une premiére
étape consiste a séparer la masse totale de la population de la dynamique du trait. Pour
f: X > Retxze X, on considére donc P'opérateur renormalisé suivant :

Rs,tf (:L')

m(x, s, t)’

Py f(x) = avec m(x,s,t) = Rs41(x) = E(#V;), pour tout 0 < s <t. (9)
Ainsi m(z, s,t) correspond a la masse totale de la population au temps ¢ issue au temps
s d’un individu de trait . La famille (Ps,t > s) est constituée d’opérateurs conservatifs
mais ils ne possédent pas la propriété de semi-groupe. Une deuxiéme étape consiste donc a
considérer I'opérateur suivant :

RT,S(fm('? S, t))

m(z,r,t)

PO f(z) =

, avec0<r<s<t.

On obtient alors une famille de semi-groupes (PT(Q, r < s < t) conservatifs, pour tout ¢ = 0,
et 7 < t. Dans le cas d’un processus de branchement en temps discret, cette idée a été
développée par Bansaye [Banl5|. Une renormalisation similaire a 'aide d’éléments propres
associés au générateur du semi-groupe de premier moment a également été proposée par
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Cloez |Clol7| pour une étude asymptotique du processus de branchement. On retrouve
également une renormalisation similaire dans les travaux de Del Moral et Villemonais
[DMV16]| pour I’étude des diffusions tuées.

Pour tout ¢ > 0, on peut associer au semi-groupe conservatif (Pr(fs),r < s <t)un
processus de Markov. Grace a la renormalisation effectuée précédemment, ce processus
correspond au trait d’un individu "typique" dans la population. Cette famille de semi-
groupes est indexée par le temps d’échantillonnage ¢ et est inhomogéne en temps a cause de la
dépendance du nombre total d’individus dans la population au temps ¢ en la condition initiale
et plus précisément de la dépendance en le trait du taux de division B. L’étude de ce semi-
groupe et du processus de Markov associé est cruciale pour la compréhension de la dynamique
des populations structurées considérées dans cette thése. L’objectif principal du Chapitre
1 est la caractérisation de ce processus, appelé processus auxiliaire, par son générateur
infinitésimal. Ceci nous permet d’exhiber les différents biais liés & 1’échantillonnage. Le
Chapitre 2 porte ensuite sur le comportement asymptotique du trait d’un individu typique
le long de ses lignées ancestrales. Les résultats de ce chapitre s’appuient sur des techniques
d’ergodicité pour les processus de Markov inhomogénes en temps appliquées au processus
auxiliaire et sur des calculs le long des généalogies.

Il existe des généralisations des formules Many-to-One qui permettent de caractériser
la loi du trait de plusieurs individus dans la population au temps t. Des telles formules
ont été proposées dans le cas d'un taux de division constant par Bansaye et al. [BDMT11],
dans le cas d’un branchement local avec un taux de division non constant par Harris et
Roberts [HR17| et dans un cadre plus général avec des outils spectraux par Cloez [Clo17].
Ces formules s’avérent notamment utiles pour I’étude des corrélations entre les individus.
Nous établissons dans le Chapitre 1 une formule Many-to-One pour les paires ainsi que
pour tout l'arbre.

2.5 Ergodicité et vitesse de convergence pour un processus de Markov

Pour étudier le comportement asymptotique de populations structurées, un outil clé est
la notion d’ergodicité. Celle-ci apparait notamment dans le Chapitre 3 pour 'estimation
statistique des parameétres d’'un modéle de population structurée ainsi que dans le Chapitre
2 pour montrer la convergence du processus décrivant la dynamique du trait d’un individu
typique dans la population. L’ergodicité d’un processus comprend plusieurs propriétés : la
convergence de ce processus, uniforme ou non en la condition initiale et éventuellement
& vitesse exponentielle. Nous présentons dans un premier temps un apergu des résultats
existants concernant ’ergodicité des chaines de Markov en temps discret.

Temps discret. On considére (X,,,n > 0) une chaine de Markov & valeurs dans un espace
X localement compact, séparable et métrisable de matrice de transition P. On désigne par
B(X) la tribu borélienne associée a X. La condition de Doeblin (Hypothése A ci-dessous)
est une hypotheése classique pour obtenir ’ergodicité de la chaine.

Hypothése A. [l existe une mesure de probabilité ¢ sur B(X), e <1, >0 et me N tels
que :

©(A) > e = inf P™(z,A) > 0.

zeX

Cette condition assure I'ergodicité uniforme et exponentielle des chaines de Markov
apériodiques.
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Théoréme (|MT09, Théoréme 16.0.2]). Si X est une chaine de Markov apériodique vérifiant
Uhypothése A, alors on a

n . —_—
sup [P(@, ) = 7| 7= 0,

et la convergence a lieu a vitesse exponentielle.

Ce résultat d’ergodicité est un résultat fort car il est uniforme en la condition initiale.
Dans le cadre du modéle de population structurée étudié au Chapitre 3, les hypothéses
considérées ne nous permettent pas de montrer la convergence uniforme en la condition
initiale de la chaine. D’autres hypothéses, moins contraignantes que la condition de Doeblin,
entrainent 'ergodicité (non-uniforme) de la chaine.

Hypothése B. Il existe une fonction V : X - Ry, ¢ <1 etd > 0 tels que :
PV (z) < cV(z) +d,
pour tout x € X.

Cette hypothése, appelée condition de drift ou de Foster-Lyapunov, assure que le
processus est ramené vers ’ensemble {x : V(z) < K} pour un certain K > 0 et permet le
controle de la durée des excursions en dehors de cet ensemble [MT09, Théoréme 11.3.4].

Hypothése C. I existe a € (0,1) et une mesure de probabilité v telles que :

inf P(x,-) = av(-),

xeC
avec C = {x : V(z) < R} et R > 2d(1 —¢)~! avec ¢,d définis dans I’hypothése B.

Cette hypothese est I’analogue localisé de la condition de Doeblin. Elle assure une certaine
uniformité du processus en la condition initiale. Ces deux hypothéses sont suffisantes pour
montrer ’ergodicité de la chaine de Markov.

Théoréme 1 (|[HM11, Théoréme 1.2|). Sous les Hypothéses B et C, la chaine de Markov
de transition P admet une unique mesure invariante w et il existe C > 0 et vy € (0, 1) tels
que :

[P f =mfl < Cy*If == fl,

pour toute fonction mesurable f : X — Ry telle que ||f| < o0, avec wf = { f(x)n(dz) et
|f] = supgex |f ()] (1 +V(2)) ™"

Nous utilisons notamment ce résultat d’ergodicité dans le Chapitre 3 pour I’estimation
des parameétres du modéle de population structurée. Pour une étude détaillée de ’ergodicité
pour des chaines de Markov en temps discret, nous renvoyons le lecteur a [MT09).

Temps continu. Les hypothéses & vérifier pour montrer ’ergodicité d’un processus de
Markov en temps continu sont similaires & celles du cas discret. Soit (X, ¢ = 0) un processus
de Markov a valeur dans un espace X localement compact, séparable et mesurable. Pour
tout z € X et A e B(X), on désigne par :

Pt(ZZI,A) = Px(Xt S A),

le semi-groupe du processus X. On note A le générateur infinitésimal de X et D(A) son
domaine.

L’existence de mesures invariantes pour un processus de Markov en temps continu est
lice a l'existence de mesures invariantes pour son analogue en temps discret [Hail0].
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Proposition. Soit P := Pr pour un certain T > 0. Alors, si w est une mesure invariante
pour P, la mesure T définie par :

T
#(4) = f Pr(A)dt,

est une mesure invariante pour le semi-groupe Pj.

Dans le cas des processus de Markov en temps continu, I’hypothése de type Foster-
Lyapunov s’énonce en terme de générateur.

Hypothése D. I existe une fonction mesurable V : X — [0,00) et ¢, K > 0 tels que :
AV (z) < —=cV(z)+ K, VreX.

11 existe diverses formulations équivalentes de cette hypothése. Nous renvoyons le lecteur
a [DMT95] pour plus de détails. L'équivalent de 'Hypothése C est parfois énoncée en terme
de petite set [MT93a, MT93b]|. Nous considérons également I’hypothése suivante :

Hypothése E. Pour tout t > 0, il existe ay € (0,1) et une mesure de probabilité vy sur X
tels que :
i f P ) " > *)s
el T = )
avec B(R,V) = {x € X : V(x) < R} pour un certain R > % avec ¢, K définis dans I’Hy-
potheése D.

Ces hypothéses assurent que le processus de Markov posséde la propriété "d’oubli" de
la condition initiale.

Théoréme 2. Sous les Hypothéses D et E, il existe C > 0 et ¢ > 0 tels que :
|Prp(z) — Pro(y)| < Ce™d(z, y),
pour toute fonction ¢ telle que ||¢| ., <1, ot d désigne une distance sur X.

Nous renvoyons le lecteur a [HailO] pour plus de détails sur le sujet ainsi que pour
des conditions assurant la convergence sous-géométrique du processus de Markov. Dans le
Chapitre 2, nous adaptons les Hypothéses D et E au cas inhomogéne en temps. On obtient
alors la condition d’oubli de la condition initiale pour le processus auxiliaire, ce qui nous
permet de montrer la convergence de la mesure empirique le long des lignées ancestrales.

3 Estimation statistique dans des populations structurées

Le nombre croissant de données sur les populations de cellules, grace notamment aux
techniques microfluidiques, ouvre la voie a I’estimation statistique. L’un des enjeux est la
compréhension du mécanisme de division cellulaire et plus particuliérement, la dépendance
du taux de division des cellules en certaines caractéristiques. Nous considérons ici plusieurs
modéles qui ont été étudiés afin de répondre a ces questions.
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3.1 Etude du vieillissement chez E. coli

Les premiers travaux de modélisation et d’étude statistiques portant sur ’étude de Stewart
et al. [SMPTO05] sont ceux de Guyon [Guy07|. Il modélise une population de cellules qui
présentent une division symétrique telles que la bactérie E. coli. a I'aide de chaines bifurcantes.
Le formalisme qu’il développe est notamment utilisé dans le Chapitre 3. Aprés une étude
générale du modéle individu-centré, notamment sur son comportement asymptotique, Guyon
propose un modéle auto-régressif spécifique pour I'étude du vieillissement chez E. coli. Soit
(Xpn,n = 0) une chaine de Markov vérifiant pour tout n >0 :

Xop = agXy, + Bo + e2n,
Xonty1 = oaXp+ B+ a1,

avec ag, a1 € (—1,1), Bo, 81 € R et ((e2n,€2n+1),n = 1) une suite des variable gaussiennes
bivariées centrées indépendantes et identiquement distribuées de matrice de covariance I'.
La suite (X,,,n = 0) correspond aux taux de croissance des individus dans la population,
2n et 2n + 1 désignent les cellules filles de parent n héritant respectivement du nouveau
pole (partie de membrane créee lors de la division précédente) et du pole agé (voir Section
1). Guyon propose alors de tester 1’égalité des couples de paramétres (g, fo) et (a1, 1)
a partir de 'estimation des paramétres par maximum de vraisemblance. Les résultats du
test statistique appliqué aux données de Stewart et al. [SMPTO05] indiquent une différence
significative entre les parameétres de transmission du taux de croissance pour les deux types
de cellules filles, mettant ainsi en lumiére une disymétrie dans la transmission du taux de
croissance chez E. coli. Ceci soutient donc la thése d'un phénomeéne de vieillissement pour
cette bactérie. Citons également les travaux de Delmas et Marsalle [DM10] généralisant
I’étude de Guyon au cas d’'une chaine de Markov bifurcante sur un arbre de Galton-Watson,
autorisant ainsi certaines cellules & mourir sans se diviser.

3.2 Estimation du taux de division

Outre l'existence d’un phénomeéne de vieillissement cellulaire chez E. coli, une des questions
que pose la dynamique des populations de cellules est le fonctionnement du mécanisme
de division cellulaire. De nombreuses études statistiques s’intéressent ainsi a 1’estimation
du taux de division. Le but est de comprendre quelles caractéristiques sont a 1’origine du
déclenchement de la division cellulaire. Nous renvoyons le lecteur aux travaux de Robert et
al. [RHK™14] pour une étude de la dépendance du taux de division en I’age ou en la taille
grace a I'estimation non-paramétrique du taux de division a partir des données de Stewart
et al. [SMPTO05] et Wang et al. [WRP*10]. Nous présentons maintenant les différentes
techniques statistiques qui ont été mises en ceuvre pour rendre possible de telles études.

Les premiers travaux portant sur la reconstruction du taux de division [PZ07, DPZ09|
reposent sur une approche déterministe du probléme. A 'aide des résultats de convergence
exponentielle des solutions des équations de croissance-fragmentation vers leur profil stable
(voir Section 2.3), les auteurs se rameénent a la résolution du probléme inverse suivant :
comment reconstruire le taux de division B, solution de I’équation (7) de la Section 2.3, a
partir du couple (A, N), ou A est le paramétre de Malthus et NV le profil asymptotique de la
population 7 Une des difficultés provient alors du fait que la valeur N, observée est bruitée
de telle sorte que

IN. - N <e.

Or sans hypothése de régularité sur la dérivée de N¢, le probléme de reconstruction de
B est mal posé. Une solution consiste alors a "régulariser" I’équation (7) en considérant
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un probléme approché bien posé et a contréler la différence en norme entre la solution au
probléme approché et la solution au probléme initial.

Une des limitations de cette approche est que 1’on suppose connues certaines propriétés
de N, notamment de régularités, qui semblent difficiles & vérifier a partir des données
expérimentales. Doumic et al. [DHRBR12] ont proposé une étude statistique du probléme
pour faire disparaitre cette limitation. Ainsi, ils proposent un estimateur & noyau N de N
& partir de mesures individuelles sur des cellules choisies au hasard dans la population a un
instant donné. Les techniques de [DPZ09| leur permettent de construire un estimateur de B
en utilisant N au lieu de N. qui converge au taux n~5/(2513) vers B, ou s est un coefficient
traduisant la régularité imposée a B.

Les modé¢les individu-centrés permettent d’obtenir une meilleure vitesse de convergence
grace la prise en compte de la structure des généalogies. Les travaux de Doumic et al.
[DHKR15] s’appuient ainsi sur une modélisation probabiliste de la population de cellules
pour construire un estimateur du taux de division. Plus précisément, ils considérent une
population structurée par la taille ot chaque individu u croit exponentiellement & un taux
Tu- On note &, la taille & la naissance de w. Ainsi, si &,(t) désigne la taille de u a l'instant ¢,
on a:

gu (t) = guemt .

Un individu de taille z se divise au taux B(z) et a la division, il est remplacé par deux
individus de taille /2. Le taux de croissance de chaque cellule fille est distribué de maniére
indépendante suivant le noyau p(v,-), ot v est le taux de croissance de la cellule mére. Un
objet clé dans I’étude du processus de Markov branchants est le noyau de transition associé
a la distribution du couple (&, 7,) donné par :

Cu S
Pp (( uf,Tuf) , (§U7Tu)) = B;Eigu)l{ﬁukﬁu—ﬂ} exp <_J B(2 )d3> ,O(Tu*’Tu)’

€,~/2 STu~

ol u~ désigne I'ancétre de u. Un estimateur du taux de division B est alors obtenu a l’aide
de la formule suivante :

vp(z/2)

(z) =
B(z E,, [#1{%_ <x, 5u>z/2}]

I

N8

ol vp désigne la mesure invariante associée au noyau Pp. Doumic et al. [DHKR15]
construisent ainsi un estimateur a noyau pour le taux de division et montrent la convergence
de cet estimateur en norme L2 & taux log(n)n_s/(25+1), ou s est un parameétre correspondant
a la régularité de B. Le taux de convergence est ainsi meilleur que celui de [DHRBR12|. Nous
renvoyons le lecteur aux travaux de Bitseki-Penda et al. [BPHO17| pour une amélioration
de la vitesse de convergence de 'estimateur du taux de division grace a des inégalités de
déviation de type Bernstein.

Dans les travaux cités précédemment, il est supposé que 'on dispose de données
généalogiques sur la population de cellules, c’est-a-dire que I'on dispose des caractéristiques
de tous les individus dans la population jusqu’a la génération n. Cependant, pour les
populations de cellules, les générations sont chevauchantes (voir Figure 2.1) et les individus
en vie a un instant 7" ne sont pas tous de la méme génération. Ainsi, si les données que
I’on considére sont composées des traits des individus qui ont vécu jusqu’a l'instant T,
les procédures d’estimation précédentes ne peuvent pas étre utilisées car les données sont
biaisées : les individus que se reproduisent moins vite sont moins représentés dans la
population arrétée au temps T que dans la population jusqu’a la génération n ou tous les
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individus sont recensés, peu importe la longueur de leur cycle de vie. Hoffmann et Olivier
[HO16| ont proposé un estimateur du taux de division dans le cas de telles données pour
un modéle structuré en age. Ils considérent un processus de Bellmann-Harris ot chaque
individu a une durée de vie distribuée suivant f(x)dz. A sa mort, un individu est remplacé
par un nombre aléatoire de descendants distribué suivant (pg, k = 2) ayant chacun un durée
de vie également distribuée suivant f(z)dx. Le taux de division B est alors obtenu grace a
la formule suivante :

W
1—§ f(y)dy

A partir de cette représentation et de la convergence de mesures empiriques, obtenues
par des techniques d’épine, ils proposent un estimateur & noyau pour B et prouvent la
convergence en probabilité de cet estimateur a vitesse exponentielle vers le taux de division.
L’une des spécificités du modéle en age est que les caractéristiques des cellules a la naissance
sont égales : au début de leur existence, les individus sont supposés étre d’age nul. Cette
propriété n’est plus vérifiée pour les modéles en taille, ce qui complique le probléme de
I’estimation des parameétres.

B(z) x = 0.

3.3 Estimation du noyau de fragmentation

Comme expliqué dans la Section 1, la maniére dont les cellules se divisent (par exemple en
bourgeonnant ou en se divisant en deux parties égales) joue un role clé dans le mécanisme
du vieillissement cellulaire. Ainsi, ’estimation statistique du noyau de fragmentation est un
objectif important pour la compréhension de ce phénoméne.

Hoang [Hoal5| a proposé un estimateur du noyau de fragmentation dans le cadre d’une
population structurée par la taille. Dans son modéle, chaque individu a un certain degré
de toxicité qui augmente linéairement avec le temps & taux a > 0. Cette modélisation du
vieillissement de la cellule par ’accumulation d’une toxicité est inspirée des travaux de
Stewart et al. [SMPTO05|. Les cellules se divisent & un taux constant et lorsqu’une cellule se
divise, sa toxicité a la division est répartie entre les deux cellules filles suivant la fraction
aléatoire I" € (0,1) de densité h. Hoang propose alors un estimateur adaptatif de h pour
lequel il prouve une inégalité oracle. Cet estimateur est construit & partir des données dans
la population sur [0,T]. Pour la construction d’un estimateur dans le cas d’un taux de
division non constant et de données composées des cellules en vie & un instant 7' donné,
nous renvoyons le lecteur a [Hoal6].

4 Résumé des résultats de la thése

Cette thése est constituée de trois chapitres. Les deux premiers chapitres sont consacrés a
I’étude probabiliste des processus de Markov structurés branchants. Le troisiéme chapitre
est consacré & 1’étude statistique de ces modéles.

On considére un processus de Markov branchant & valeurs mesures (Z;,t > 0) défini de
la maniére suivante :

e chaque individu u dans la population a un trait (X}, ¢ > 0) dont la dynamique suit
un processus de Markov & valeurs dans un espace mesurable X ¢ R? de générateur G
et de domaine associé D(G),

e l'individu v meurt au temps ¢ au taux B(X}'),
e 3 sa mort, un individu de trait x est remplacé par un nombre aléatoire de descendants

distribué selon (pg(z), k = 0),

28



Introduction en frangais

e le trait & la naissance du j-iéme descendant parmi k est distribué suivant Pj(k) (z,-),
pour tout 1 < j < k.

L’objet d’étude est alors le processus & valeurs mesures Z dont une représentation est
donnée par :

Zt = Z 5XZL>

ueVy

ou V; désigne 'ensemble des individus en vie au temps t. Dans le premier chapitre, on s’inté-
resse a la caractérisation du trait le long de sa lignée ancestrale d'un individu échantillonné
dans la population & un instant ¢. Nous exhibons ainsi les biais liés & 1’échantillonnage dans
le cas d'un taux de division dépendant du trait. Le Chapitre 2 porte sur le comportement
asymptotique de la mesure empirique associée au processus de branchement. Son étude
repose sur I'ergodicité du processus introduit dans le Chapitre 1. Enfin, le troisiéme chapitre
porte sur I’estimation des paramétres dans une population branchante structurée par une
diffusion. Il s’agit donc d’un cas particulier des modéles étudiés dans les deux premiers
chapitres.

4.1 Chapitre 1 : échantillonnage uniforme dans une population structu-
rée branchante

Ce chapitre est constitué de l'article "Uniform sampling in a structured branching popula-
tion" [Marl16|, accepté pour publication dans Bernoulli en juillet 2017.

Dans ce chapitre, on étudie ’échantillonnage d’individus dans une population structurée
branchante. La question qui nous intéresse est la suivante : si I’on choisit uniformément au
hasard un individu en vie dans la population a un instant donné ¢, que peut-on dire de ses
caractéristiques et de celles de ses ancétres le long de sa lignée ancestrale ?

Le premier résultat porte sur I'existence et 'unicité du processus de Markov structuré
branchant Z précédemment décrit. Les hypothéses sous lesquelles nous montrons ce résultat
sont relativement générales. En particulier, le taux de division n’est pas supposé borné
mais majoré par un polynéme afin d’assurer la non-explosion du processus en temps fini.
Le Théoréme 1.2.2 du Chapitre 1 assure que le processus a valeurs mesures Z est 'unique
solution forte d’une équation différentielle stochastique avec sauts.

Dans une deuxiéme partie, on étudie le processus auxiliaire associé au semi-groupe
(Pﬁ?,r < s < t) défini précédemment par (9). Le résultat principal porte sur la carac-
térisation du trait le long de sa lignée ancestrale d’un individu échantillonné dans la
population.

Théoréme (Théoréme 1.3.1). Sous des hypothéses assurant la non-explosion de la po-
pulation en temps fini, on a pour toute fonction mesurable positive F' sur [’ensemble des
processus cadlag (continus a droite et limités a gauche), pour tout t =0 et x € X,

E[Z F(X;L,sgt)] — m(z,0,0)E [F (Ys“),sgt)], (10)

ueVy

ot (Ys(t), s < t) est un processus de Markov inhomogéne de générateur (Agt), s < t) VEri-
fiant :

AD f(2) =610 f(z) + BO () L (f () — £ () PO (a dy).,
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660 0) = St @) ?x{s(i; G (m.15.)) (1)
BOw) = o) | P e,ay)
8 x m(zx,s,t) ’ ’
~1
PO (a, dy) = m(y. s, tym(z, dy) (L m(y,s,wm(m,dy)) ,
et :

k
m(z, A) =Y. pp(z) O PPz, 4),
j=1

k=0

désigne le nombre moyen de descendants d’un individu de trait x dont le trait est dans A.

On retrouve ici le fait que I'inhomogénéité en temps est due a la dépendance en le
trait du nombre moyen d’individus dans la population. De plus, les différents biais dus a
la croissance du nombre d’individus sont explicites. Tout d’abord, le processus auxiliaire
saute plus souvent que n’importe quel individu dans la population lorsqu’un saut lui permet
d’atteindre un trait plus efficace en terme de nombre de descendants. Cette augmentation du
taux de division a également été observée par exemple dans [CR88, LPP95, HH09, BDMT11].
De la méme maniére, la loi de reproduction favorise les traits & la naissance efficaces en
terme de nombre de descendants. Enfin, la dynamique du trait entre les divisions est
également biaisée & cause de la dépendance en le trait du taux de division et du caractére
stochastique de cette évolution. En effet, dans le cas d’'une dynamique déterministe pour
le trait, on a Qs(t)f(x) = G f(x). Nous montrons également d’autres formules Many-to-One
qui permettent la caractérisation du trait d’'un couple d’individus ou de I'ensemble des
individus qui ont vécu jusqu’a l'instant ¢. Ces formules s’avéreront notamment utiles pour
I’étude du comportement asymptotique de la mesure empirique dans le Chapitre 2.

Le processus auxiliaire est donc un candidat pour caractériser la loi du trait d’'un
individu échantillonné dans la population au temps ¢ le long de sa lignée ancestrale.
Cependant, ce processus prend en compte les biais liés & la croissance de la population.
Or ces biais n’apparaissent pas instantanément dans la population. C’est pourquoi la loi
du trait d’un individu échantillonné dans la population au temps t est caractérisée par le
processus auxiliaire uniquement pour des temps suffisamment grands. Nous montrons dans
le Chapitre 1 un résultat en grande population, ce qui nous permet de mimer le temps
long. On désigne par XU®" le trait d’un individu échantillonné uniformément dans le
population du temps ¢, de distribution initiale v. Si v, = >, | dx, avec X; des variables
aléatoires indépendantes et identiquement distribuées selon v, on montre la convergence en
loi suivante :

Théoréme (Théoréme 1.4.1). Sous des hypothéses assurant la non-explosion de la popula-

tion en temps fini, la suite <X[[é’(f])’l/",n > 0) converge en loi quand n — 400 dans l’espace
de Skorokhod vers Y[gi’]ﬂt ot
tv(d
ro(dz) m(z,0,t)v(dx)

~ {ym(y,0,0)u(dy)’
(t),me
t

est la loi initiale de Y[O

]
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Ainsi, le processus auxiliaire est le bon objet pour caractériser la loi d’un individu
échantillonné dans la population au temps ¢ issue d’'une grande population initiale.

Enfin, nous illustrons les résultats précédents par des exemples concrets de modéles de
populations de cellules. Dans le cas d’une adaptation du modéle structuré en taille étudié
dans [DHKRI15] ou chaque individu croit exponentiellement a un taux a > 0 et se divise a
un taux B(z) = x, le nombre moyen d’individus dans la population est donné par :

m(x,s,t) :1+§(e“(t78)—1), reR,,0<s <t
a

Ainsi, le générateur du processus auxiliaire est donné par :

A f(2) = azf'(2) + 2 <1 L z(eai_s> - 1>> (7(5) - @)
Dans ce cas, le seul biais est l'accélération du temps i.e. le taux de division est plus important
pour le processus auxiliaire que pour n’importe quel individu dans la population. Dans la
Section 1.4.2 du Chapitre 1, nous proposons une généralisation de cet exemple & une famille
plus générale de taux de division, éventuellement dépendant du temps. Nous détaillons aussi
le cas d’une population dont le trait croit linéairement ainsi que le cas de la prolifération
de parasites dans une population de cellules également étudié dans [BT11].

4.2 Chapitre 2 : loi des grands nombres pour des processus de Markov
branchants a I’aide de I’ergodicité des lignées ancestrales

Ce chapitre est composée d’une prépublication intitulée " A law of large numbers for
branching Markov processes by the ergodicity of ancestral lineages" [Marl7].

Cette partie porte sur le comportement en temps long de la mesure empirique associée
au processus de branchement Z donnée par :

1
ﬁt Z 5Xtuv

ueVy

ou N; désigne le cardinal de V;. Grace a ’étude des généalogies et a l'ergodicité du processus
auxiliaire Y le long de sa lignée ancestrale, on montre la convergence L2 de la mesure
empirique vers le distribution asymptotique de Y. Ainsi, la mesure aléatoire caractérisant le
trait d’un individu échantillonné dans la population est asymptotiquement déterministe et
est donnée par la distribution de Y. Notre approche repose sur 'utilisation du générateur
du processus auxiliaire exhibé dans le chapitre précédent.

Pour alléger les notations, on considére dans ce chapitre le cas particulier d’une division
binaire : un individu de trait x est remplacé a sa mort par deux individus dont les traits
sont distribués suivant le noyau de probabilité P(x,-). Les résultats de ce chapitre peuvent
facilement étre généralisés au cas d’un processus avec un nombre aléatoire de descendants.

L’étude du comportement asymptotique de la mesure empirique a déja été réalisée dans
de nombreux cas. Asmussen et Hering [AH76] ont montré la convergence de la mesure
empirique pour des processus de branchement généraux dans les cas discret et continu
grace & une hypothése de décomposition du semi-groupe du premier moment. Ils traitent en
particulier du cas des diffusions branchantes. Nous renvoyons le lecteur & [EHK10| pour une
généralisation de ces résultats sur les diffusions branchantes. Athreya et Kang ont montré
la convergence de la mesure empirique pour une processus de branchement en temps discret
dans les cas d’un espace de trait discret [AK98a| ou continu [AK98b]. Nous citons également
les travaux de Guyon [Guy07| sur les chaines de Markov bifurcantes et leur généralisation
au cas d'un arbre de Galton-Watson par Delmas et Marsalle [DM10]. Pour des résultats en
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environnement changeant, nous renvoyons le lecteur a [BH15, Ban15|. En temps continu et
espace de traits discret, Georgii et Baake [GB03| ont montré une loi des grands nombres
portant sur le type des individus le long d’une lignée ancestrale. Leurs résultats reposent
sur les techniques d’épines développées par Lyons et al. [LPP95] et détaillées en Section
2.2. Harris et Robert [HR14] utilisent la construction de I’épine de [HH09] pour montrer
la convergence de la mesure empirique dans le cas d’un processus de Markov branchant
avec branchement local. Pour des théorémes centraux limites, nous renvoyons le lecteur aux
travaux de Guyon |[Guy07] et Ren et al. [RSZ14].

L’une des techniques pour montrer la convergence de la mesure empirique repose sur
I’existence d’éléments propres pour le générateur infinitésimal du semi-groupe de premier
moment, [LPP95, GB03, EHK10]|. Une autre technique permet de s’affranchir du cadre
spectral. Elle consiste & considérer une approche de la question basée sur le processus
auxiliaire i.e. la caractérisation de la loi du trait d’un individu choisi uniformément dans
la population. Sous des hypothéses d’ergodicité du processus auxiliaire, on peut montrer
la convergence de la mesure empirique vers la distribution limite de ce processus. Cette
technique a été développée en temps discret notamment par Athreya et Kang [AK98b]
et Guyon |GuyO07], ainsi qu’en temps continu par Bansaye et al. [BDMT11] dans le cas
neutre et par Cloez [Clo17| dans le cas non-neutre en combinant les deux approches. Nous
montrons dans le Chapitre 2 la convergence de la mesure empirique grace a I'ergodicité du
processus auxiliaire dans le cas non-neutre en s’affranchissant du cadre spectral.

Comme vu précédemment, dans le cas d'un taux de division non constant, le processus
auxiliaire est inhomogéne en temps et ce méme si la dynamique du trait elle-méme est
homogéne en temps. Nous avons donc adapté le travail de Hairer et Mattingly [HM11] pour
montrer I'ergodicité d’un processus de Markov inhomogéne en temps.

Hypothése F. On suppose que :

1. il existe une fonction V : X — Ry et ¢,d > 0 tels que pour tout x € X, t = 0 et
s<t:
AV (z) < eV (2) + 4,

2. pour tout 0 < r < s, il existe as_r, € (0,1) et une mesure de probabilité v, s sur X tels
que pour toutt = s :

f P(t) '2877"7’8'
settb 1) s (T0) = as—rtps(-),

avec B(R,V) = {z € X : V() < R} pour un certain R > 2% avec ¢, d définis dans le
premaier point.

Cette hypothése rassemble les deux conditions classiques, détaillées dans la Section
2.5, qui permettent de montrer 1’ergodicité exponentielle d’un processus (voir Théoréme
1). La premiére est une condition de type Foster-Lyapunov et le seconde une condition de
minoration. Sous ces deux conditions, on montre un résultat d’oubli de la condition initiale
pour les trajectoires du processus auxiliaire.

Proposition (Proposition 2.3.1). Sous I’Hypothése F, il existe ¢ > 0 tel que pour tout
x,y € X, T > 0, pour toute fonction mesurable bornée F : D([0,T],X) — R et tout
0<r<t,

Py F () = PryrF(y)| < Ce™ ™ d(2, y) | F)l
ot d est une distance sur X, C est une constant positive et

PryrF(z) =E [F (Yt(j:: D s < T) |y, +T) = ;1:] . (11)
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Ces résultats permettent de controler la trajectoire du processus inhomogéne en temps
considéré sur un intervalle de taille T

Nous montrons un résultat de type loi des grands nombres grace au résultat d’ergodicité
du processus auxiliaire précédemment énoncé.

Théoréme (Proposition 2.3.3). Sous des hypothéses assurant la non-explosion de la popu-
lation en temps fini et sous I’Hypothése F, pour tout xg,x1 € X et T >0, on a :

<Zue%+T F (XZ‘JFS,S < T) _E,, [F (Y(HT),S < T)])

0,

Nt+T trs t——+00

ot la convergence a liew dans L2 avec pour mesure initiale &y, .

Ainsi, la dynamique du processus auxiliaire correspond asymptotiquement a la dyna-
mique du trait le long des lignées ancestrales d’un individu échantillonné.

Enfin, nous illustrons ce résultat par I’étude détaillée du cas d’une population structurée
en taille ot chaque individu croit exponentiellement & taux a > 0, se divise & taux
B(t,z) = zp(t) au temps ¢ si sa taille a I'instant ¢ est « et donne naissance a deux individus
de taille Oz et (1 —6)z, o 0 est distribué uniformément sur [e, 1 — €], pour un certain € > 0.
Ce modeéle est similaire a celui étudié dans [DHKR15] et dans les exemples du Chapitre 1.
Nous montrons dans ce cas ’ergodicité exponentielle des trajectoires du processus auxiliaire
ainsi que la convergence de la mesure empirique du processus de branchement.

4.3 Chapitre 3 : estimation statistique dans une population branchante
structurée par une diffusion

Ce chapitre est constitué d’un travail en collaboration avec Marc Hoffmann. Il est consacré
a lestimation des différents paramétres qui régissent la division cellulaire. Le processus de
branchement étudié est un cas particulier du processus Z décrit précédemment. On suppose
que la dynamique du trait suit une diffusion sur R :

d¢x(t) = r(qu(t))dt + U(¢z(t))tha be(o) =T€ R,

ou (Wy, t = 0) est un mouvement brownien standard. Chaque individu meurt a un taux
B(+) qui dépend de son trait et laisse une descendance formée de deux individus. Les traits
a la naissance des descendants d’un individu de trait x sont 6z et (1 — 0)x, ou 6 est une
variable aléatoire sur [0, 1] distribuée suivant un noyau s symétrique par rapport a 1/2.
Contrairement aux deux chapitres précédents, on s’intéresse ici a la chaine de Markov
formée des traits des individus & la naissance, adoptant ainsi un point de vue généalogique
plutét que chronologique.

On utilise les notations de Ulam-Harris-Neveu introduites en Section 2.2. On note
Gy, < U l'ensemble des individus qui composent la génération n et

Tn: LnJ Gna

m=0

I’ensemble des individus dans la population jusqu’a la génération n. Pour u € U, on note
u~ P'unique ancétre de u & la génération précédente. On s’intéresse alors au probléme de
I’estimation des différents paramétres du modéle a partir de données observées suivantes :

X" = (X,,ueT,),

ot X, désigne le trait & la naissance de 'individu u.
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L’obtention de telles observations semble réaliste d’un point de vue expérimental, & ['aide
notamment des techniques microfluidiques ou de fluorescence détaillées dans la Section 1.

La chaine de Markov (X,,u € U) est une chaine de Markov bifurcante [Guy07, DM10]
sur X de noyau de transition P : X - X x X. Le noyau P traduit la maniére dont le trait
se transmet aux deux descendants.

On considére le processus de 'individu étiqueté noté Y. On a pour tout m € N :

Ym = Y@el...ema

avec (ex, k = 0) indépendants et identiquement distribués suivant une loi de Bernoulli de
parameétre 1/2. Comme 1’évolution du temps est généalogique, la valeur de la chaine ainsi
construite au rang n correspond au choix uniforme d’un individu parmi les individus en vie
a la génération n. On note :

P1+ Po

5

le noyau de transition associé & Y, ou P; et Py sont les deux marginales du noyau de
transition P. Dans notre cas, on a Py = Py = O.

Comme détaillé précédemment dans la Section 3, l'estimation statistique dans des
modéles de population structurées porte exclusivement & notre connaissance sur des cas ot
la dynamique du trait des individus est déterministe. Dans le cas d’une diffusion branchante,
Hopfner et al. [HHLO2| ont proposé un estimateur & noyau du taux de mort B. Leur
approche utilise de maniére cruciale le fait que le trait des descendants & la naissance est
identique au trait de leur ancétre a sa mort ce qui n’est pas le cas dans notre modéle.

Sous des hypothéses de régularité, on montre que Q(x,dy) = Qp(z,dy) = qp(x,y)dy
avec

Q=

1

aB(z,y) = f

0

B (Q) o (Q>_2E {fﬂo e Yo B(%(S))ddetg(%)] ,i(z)%,
z z 0 z
ou L(¢;) désigne le temps local au temps ¢t en y de la semi-martingale (¢,(t),t = 0).
L’intégrale par rapport au temps local résulte du fait que la durée de vie des individus
dépend de la dynamique stochastique du trait. Ainsi, la probabilité de passer de x & y en
une génération dépend du temps moyen passé par la diffusion (¢, (¢),t = 0) dans U'intervalle
[y, +0). L'une des difficultés provient du fait que la densité du noyau de transition gp
dépend de la moyenne de I’ensemble de la trajectoire du trait (¢, (t),t = 0) et non de la
trajectoire & un instant donné ¢.

Estimation non-paramétrique. On s’intéresse dans un premier temps au comportement
asymptotique de la chaine Y. Sous des conditions appropriées sur les paramétres régissant
la dynamique du flot stochastique, on montre que les Hypothéses B et C de la Section 2.5
sont vérifiées par le noyau Q, entrainant ainsi I’ergodicité du processus.

Théoréme (Théoréme 3.2.2). Sous des hypothéses appropriées sur la dynamique du flot,
Q admet une mesure invariante v. De plus, il existe C > 0 et p € (0,1) tels que pour tout
rzeRetmeN :

Q™ () —v(p)l < Cp™ (1 +V(2)) e —v(©)y -
pour toute fonction mesurable p : R — R telle que

sup o(z)

— < 0,
zeR 1+ V(:E)

avec V(z) = 2.

34



Introduction en frangais

Ainsi 'ergodicité n’est pas uniforme mais dépend de la condition initiale. Nous verrons
ultérieurement que si le trait évolue sur un espace compact, on obtient 'ergodicité uniforme
du processus en vérifiant la condition de Doeblin A de la Section 2.5.

Ce résultat d’ergodicité nous permet d’étudier le comportement asymptotique de la
mesure empirique donnée par :

1

My () = T2

(X, Xu),

ueTy,

pour toute fonction test ¢ : X x X - R, ou T} = T,,\ {}. Elle converge lorsque n tend
vers U'infini vers v(Qv). L’estimation non-paramétrique de ¢ et v s’effectue a l'aide de
noyaux d’approximation.

Définition. On appelle noyau d’ordre k toute fonction G : X — R a support compact
satisfaisant SX 2'G(z)dx = 1oy pour tout I =0,... k.

Afin d’obtenir une bonne vitesse de convergence pour des estimateurs & noyau de v
et Q, il est nécessaire de controler la dépendance en v de la vitesse de convergence de la
mesure empirique. Plus précisément, si 'on considére un noyau Gy, := h=1G(-/h), ot h est
un paramétre de lissage, on a :

Gl €1, |Ghl3<h™!, |GhlZ < h 72

La vitesse de convergence de E, [/\/ln(Gh)z] doit avoir le bon ordre en h, & savoir A~ !, pour
obtenir une bonne vitesse de convergence pour les estimateurs & noyaux construits a partir
de Gp,. Nous renvoyons le lecteur a la preuve du Théoréme 3.3.3 dans le Chapitre 3 pour
plus de détails.

Pour toute fonction ¢ : X x X — R, on pose ¢*(z) = sup,ecy [¢¥(z,y)], Vu(y) =
Sup e [z, y)] et

601 = fm (i, y)ldady /\ L Guly)dy.

Pour toute mesure positive p sur X, on pose également :

], = fm ()l p(de)dy + ] 1.

Une analyse fine de la variance de la mesure empirique le long des généalogies nous permet
d’obtenir la vitesse de convergence désirée avec un controle sur ¢ de Pordre de |1[3.

Théoréme (Théoréme 3.2.3). Soit y une mesure de probabilité sur R telle que u(V?) < 0.
Soit ¢ : X x X — R une fonction bornée telle que . soit a support compact. Alors, sous
les hypothéses assurant l’ergodicité de la chaine Y et si p < %, on a pour tout n € N :

2 — *
B (Mn(9) = (Q0))"] < [Tl ™ (19 s + [0 %L + (L + 1(VA)2) [t
ot le symbole < signifie a une constante explicite pres dépendante de Q et du support de ..
Soit G un noyau d’ordre k. On considére le noyau Gp, ol h est un paramétre de lissage,

défini par G,(z) = h~'G(h~'z) pour tout x € X'. Pour tout x¢ € X, on a :

My (GL(- — x0)) LN Ghr(x — xo)v(z)dx.

n—+0o0 X

Un estimateur de v est donc donné par :

V(xg) = Mup(Gp(- — x0)). (12)
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De la méme maniére, si 'on considére G(}?ihQ (z,y) = hy'hy 'G(hy'2)G(hy'x), on a pour
tout xq,yo € X? :

P
M,, (G%)f,hg(' — %0, — yO)) [ Ghona (@ = 20,y = yo)a(, y)v (@)de.

On obtient donc 'estimateur suivant de la densité ¢ :

M, (G%%@(' — T, — yo))
My (Gr(-—x0)) v

n(20,Y0) = (13)
ol le dénominateur permet de corriger le poids v apparaissant a la limite et @ > 0 est un
seuil assurant la bonne définition de I'estimateur. Les estimateurs & noyau ainsi définis sont
consistants.

Théoréme (Théoréme 3.3.3). Soit a, f > 0. On considére Up(xo) défini en (12) par un

noyau d’ordre k > max(a, 8) et un parameétre de lissage h = |T,| =Y/ 3B+ et g, (z0,y0)

défini par (13) a laide du méme noyau et avec hy = |T, |50/ (@rB)@s(@f)+1) " p, —

|']1‘n|_5(a7/6’)/5(25(a75)+1) et w, — 0. Alors, sous des hypothéses assurant l’ergodicité de la

chaine Y, on a

1/2
< | T, | 7A/20+D),

(E[(ﬁn(wo) — I/(mo))Q])

et
~ 1/2 — —s(a s(a
(E[(Qn(anyO) - Q($07y0))2]) < wnl‘Tn| () (2s 7ﬁ)+1)7

avec s(a, B)~! = (a A B)1 + B7L. De plus, les majorations sont uniformes en Q pour Q
dans une certaine classe de régularité de Hélder dépendant de o et 3.

Estimation paramétrique du taux de division. On s’intéresse dans un second temps
a 'estimation paramétrique du taux de division B par maximum de vraisemblance. Ce pro-
bléme est complexe et nous avons donc besoin de considérer des hypothéses supplémentaires.
La principale difficulté provient du fait que le résultat obtenu précédemment sur la vitesse
de convergence de la mesure empirique s’applique dans le cas de fonctions 1 bornées. Or la
fonction ¢ (z,y) = log(q(z,y)) ne l'est pas forcément. Afin de contourner cette difficulté,
nous considérons le cas des processus de Markov branchants ol la dynamique du trait suit
une diffusion réfléchie sur le compact [0, L], pour un certain L > 0. La dynamique du trait
entre les divisions est alors donnée par 1’équation différentielle stochastique suivante :

{ dXy = r(Xy)dt + o(Xy)dWy + dby,
by = Sé (1Xs=0 + 1Xs=L) dls,

ot (W, t = 0) est un mouvement brownien standard et la deuxiéme équation traduit les
réflexions au bord du domaine. Dans ce cas, la densité de transition ¢ de la chaine Y est
légérement modifiée. Son support est notamment restreint a cause des réflexions.

Les preuves des résultats obtenus dans le cas d’une diffusion non-réfléchie s’adaptent
aisément au cas avec réflexion. La compacité du domaine nous permet de montrer ’ergodicité
uniforme du processus le long d’une lignée. De plus, la convergence de la mesure empirique
a vitesse T.! est toujours vérifice.

On suppose a présent que le taux de division B appartient & la classe suivante :

B={B:X - R,B(z) = By(¢,z),x € X,0 € O},
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ol z — By(¥, x) est connu au paramétre ¥ prés et © < Ri est un ensemble compact de
paramétres qui caractérisent le taux de division. On montre I'identifiabilité du modéle pour
une classe ordonnée de taux de division i.e. que 'on peut comparer tous les éléments de la
classe deux & deux (voir Définition 3.3.5 et Proposition 3.3.6).

Pour souligner la dépendance en ¢, on introduit un indice dans les notations précé-
demment définies. On suppose que I'on dispose d’observations (X,,u € T,) du processus
jusqu’a la génération n obtenues pour un certain noyau Py. On considére alors I'estimateur
du maximum de vraisemblance (EMV) donné par :

~ 1
¥, € argmax {’]I‘ Z log (v (Xu_aXu))} :
Ye® ™ weTy,

La dynamique choisie pour le trait nous permet de borner le noyau de transition et de
montrer la consistance de 'EMV.

Théoréme (Théoréme 3.3.7). Sous des hypothéses de régularité du tauz de division, 5,1
converge en probabilité vers ¥ lorsque n tend vers linfini.

Enfin, nous montrons la normalité asymptotique de l'estimateur. On définit ¥ (1) la
matrice d’information de Fisher dont les coefficients sont donnés pour tout 1 < 4,5 < d
par :

0. G909
T(9);; = v9 Q) <W> _

a5

Théoréme (Théoréme 3.3.9). Sous des hypothéses de régularité et si W(V) est inversible,
pour tout ¥ dans lintérieur de ©, on a :

T3/2 (00— 9) —> N (0,9(9)7")
en loi lorsque n tend vers infini, ou N (0, ‘11(19)*1) désigne la loi normale d-dimensionnelle
de moyenne 0 et de matrice de covariance l'inverse de la matrice de Fisher 1p(9).

Malgré sa normalité asymptotique, 'implémentation numérique de ’estimateur est un
probléme complexe que nous comptons aborder de maniére approfondie. Notons que nous
n’avons pas trouvé d’autre contraste pour l'estimation de x — B(z), en particulier, nous
ne sommes pour 'instant pas en mesure de I’estimer de maniére non-paramétrique.
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1 Growth, aging and cell division

The microscopic dynamic of cell populations is a complex phenomenon depending on many
factors. The study of these populations at an individual level led to the discovery of new
phenomena such as the horizontal gene transfer. Moreover, there is a large number of
techniques [BSJ04], such as fluorescence or cytometry, allowing to observe cell populations
and to gather a large amount of data. The analysis of those data relies on the understanding
of the bias appearing in the process of sampling and on the modeling of cell population
dynamics at an individual level. The construction of such a model requires to take into
account the characteristics that play a key role in the mechanisms of cell division. Such
cell populations are said to be structured populations because the life cycle of each cell
depends on individual characteristics. We now give some examples of dependencies between
the different processes that play a role in the dynamic of cell populations.

Growth and cell division

One of the most important mechanism in the dynamic of cell populations is cell division. It
is linked with the growth of the cell. Recent techniques for the monitoring of cell populations
using microfluidics [WRP*10] allow to follow the dynamic of a large number of cells and
to obtain a large amount of data. The cells are trapped in small cavities and when a
cell divides, the daughter cell is pushed outside the hole. Then, it is flushed out by the
constant flow of a solution over the holes. Using these microfluidics techniques, Wang et
al. [WRP*10] highlighted the stability of the growth mechanism for the bacteria E.coli. It
raises the following question: how do cells control their size and the homeostasie i.e. the
property of a system to remain at a beneficial value, of their size? Several models have
been suggested to explain this phenomenon: the "timer" model or the "sizer" model in
which respectively the lifetime or the size at division of each individual is fixed. Recently,
Taheri-Araghi et al. [TABS™15] fitted experimentally the "adder" model for the bacteria E.
coli and Bacillus subtilis. In this model, a fixed value is added to the size of each individual
between two divisions. Besides, the models "sizer" and "timer" did not fit the data of
[TABS™15|. Moreover, experimental validation of the "adder" model has also been done for
the yeast Saccharomyces cerevisiae [SRA16].

Those studies highlight an average behavior for the growth of cells. But there is also
a phenotypical variability at an individual level. It is in general beneficial for the cell
population because it increases the resistance of the population to external perturbations.
For an overview of the different works on the reasons for this heterogeneity, we refer
the reader to [SA02] for the case of Saccharomyces cerevisiae and to [Ave06]| for a more
general framework. In particular, for the case of the yeast, the growth rates and the sizes of
individuals are very heterogeneous among a population. The size differences are due to the
asymmetric division of the yeast, (see Figure 1) because the buds are smaller than their
mother cell.

Cellular aging

An other mechanism, which is widely studied for cell populations, is cellular aging. For S.
cerevisiae, the age usually corresponds to the number of times a cell divided. In a yeast
population, most individuals are young i.e. they have not divided yet. It has an impact
on the fitness of the cell population because some physiological characteristics are linked
with the age of the cell, such as its size or the duration of a cell cycle. Kale and Jazwinski
[KJ96] studied the correlation between the resistance of S. cerevisiae to UV exposition and
the age of the cells. They observed that UV resistance increases with age, is maximum for
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Figure 1.1: Picture from [SRA16]. A. Budding yeast cell cycle. B. Growing microcolonies of
S. cerevisiae. The red and green fluorescent markers correspond respectively to the nucleus
and to the bud neck ring which indicates cell division.

cells which divided 8 times and then, decreases with age. Therefore, the increase in UV
resistance is not due to the growth of the cells because older cells are more vulnerable to
UV exposition. However, it can be explained by an internal regulation, depending on the
age of the cell, for the production of proteins responsible for the reparation of damages
caused by UV exposition. Then, resistance to external stresses depends on the age of the
cell. Aging is therefore an important characteristic to consider for the modeling of cell
population dynamics.

The first studies on aging for S. cerevisiae revealed a rejuvenation phenomenon: the
last bud of a cell before its death is still capable of dividing [Joh66, Miil71]. Moreover, the
daughter cells coming from those last divisions have a smaller reproductive lifetime than
the cells coming from the first buds. It suggests the existence of "aging factors" satisfying
the following conditions [HGOS]:

e they accumulate with age,

e at division, they are asymmetrically distributed between the bud and the mother cell,
e their absence or diminution lead to an increase of the cell lifetime,

e their augmentation leads to a decrease of the cell lifetime.

The extrachromosomal rDNA circles (ERC) fulfill those conditions. Then, it is a potential
candidate for explaining a part of the phenomenon of aging for the yeast. For more details
on the different changes at an individual level due to aging and their eventual role in aging,
we refer the reader to [DLJB14|. Recent progresses in the collection of data, especially by
means of microfluidics [CCK17], augur well for the understanding of the aging mechanisms.
Indeed, by following a cell during its entire life, you can collect data on the lifetime of
individuals, on the dynamic of cells between two divisions but also on the morphology of
cells [LVHT12, XZZ%12]. The effects and causes of aging can therefore be studied in more
details.

Aging for S. cerevisiae seems to be closely related to the asymmetrical division of cells.
It has also been observed for a bacteria with asymmetrical division by Ackermann et al.
[ASJ03|. For the bacteria E. coli, division is symmetrical so that the experimental study of
cellular aging is more complicated. Stewart et al. [SMPTO05| followed the growth of cells
colonies using fluorescence for nine generations. They gathered the physiological data of
each cell. At division, the bacterium E. coli split in two equal parts. Each daughter cell
inherits a new pole, corresponding to the pole coming from the middle of the mother cell,
and an other older pole. In particular, the daughter cell which inherits the pole previously
new for the mother cell should be younger than the daughter cell which inherits the pole
that already existed some divisions before. The experiment of Stewart et al. [SMPTO05]
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revealed that cells which inherit the older pole have a smaller growth rate and a more
important death probability than cells which inherit the new pole. The results of this study
suggest that their is an aging phenomenon for the bacterium E. coli due to a functional
asymmetry such as the localization in the poles of the cell of important components.

Finally, the study of individual-based models for cell populations is motivated by
numerous questions. Moreover, the various dependencies between the different mechanisms
involved in the cell population dynamics require a rigorous mathematical approach of the
problem.

2 Branching processes and structured population

In this thesis, we are interested in the dynamic of structured populations without interactions.
In this section, we present some of the mathematical tools for the modeling of such dynamics.

2.1 Spine and size biased tree

The pioneering works of Harris, Kesten-Stigum and Athreya on multitype supercritical
Galton-Watson processes revealed the asymptotic repartition of types in the population
which is given by the left eigenvector of the reproduction matrix. The question of under-
standing the mechanisms leading to such a distribution is crucial to answer the problematic
linked with cellular aging detailed in Section 1.

The notion of size-biased tree is at the heart of this question of the understanding of
sampling bias. It has been considered by Kallenberg [Kal77|, Chauvin and Rouault [CR88|
then Chauvin, Rouault and Wakolbinger [CRW91|. Lyons, Pemantle and Peres [LPP95]
suggested a new proof of the Kesten-Stigum theorem based on size-biased trees. To each
node in the tree, we associate a label using the Ulam-Harris-Neveu notation. Let

U= U (N*)n7

neN
be the set of all possible labels. The first individual is denoted by ¢F. We an individual
u € U dies, its K descendants are labeled ul, ..., uK. Those notation allow in particular to

keep track of the genealogy of an individual through its label. We introduce a new type of
random trees: the size-biased Galton-Watson trees. We define the size-biased distribution
ﬁk:@, for k = 0,
m
where m is the mean of the reproduction law (pg, k > 0). This law favors big families with
many siblings. Then, we construct the size-biased Galton-Watson tree as follows:

e we start with a single individual vy,

it has a random number of descendants distributed according to P,

e we pick randomly one of these descendants, say v1,

the subtrees arising from the other descendants are standard Galton-Watson trees,
e we repeat the same steps by replacing vy with v;.

The sequence of labels (v, k = 0) constitutes the spine. Let ¢ be a Galton-Watson tree
of length n and v an individual belonging to the nth generation in t. We have:

P((A..€) = () = %}P’ (Ap = 1),
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with A,, and ﬁn the random variables corresponding respectively to a Galton-Watson tree
at generation n and to a size-biased Galton-Watson tree at generation n and £ the random
variable corresponding to the spine. Let us mention that, as defined, the measure on the
space of Galton-Watson trees until generation n with a distinguished line of descent is
not a probability measure because its total mass is equal to m~". Let Z,, be the number
of individuals in generation n in t. Then, we have the following result linking the law of
Galton-Watson trees with the size-biased reproduction law to the law of Galton-Watson
trees with the standard reproduction law:

~ Z,
P(Anzt) = SLP (A, = 1), (1)
As W, := Z,m™" is a martingale, it is natural to consider the associated changed measure,

which corresponds to the law of the size-biased process. Using this new measure, Lyons, Peres
and Pemantle [LPP95] and Lyons [Lyo97| give an alternative proof of the Kesten-Stigum
theorem.

This decomposition of the tree using the spine extends to multitype Galton-Watson
processes [KLPP97, BK04, Ath00] using the eigenelements of the reproduction matrix and
to age-dependant processes [01098, Olo09]. Generalizations to continuous time have been
done by Georgii and Baake |GB03| for multitype branching Markov processes for the study
of the ancestral types of typical individuals in the population. Finally, spine techniques
have been developed and used for the study of various other processes. We refer the reader
to the work of Kyprianou [Kyp04| for the study of the asymptotic behavior and of the
uniqueness of wave propagation for the KPP equation. For fragmentation processes, the
use of the spine, also refered to as tagged-fragment, has been developed by Bertoin et al.
[BRO5| and Harris et al. [HKK10].

Hardy and Harris [HH09| generalized the construction of the spine to the case of
infinite-dimensional traits, in particular for the study of the branching Brownian motion.
As Lyons, Pemantle and Peres [LPP95|, they consider the set T of Galton-Watson trees
(in continuous time) with a distinguish line of descent, although known as the spine. The
sequence of labels of the individuals constituting the spine is still denoted by & and the
label of the individual corresponding to the spine at time ¢ is denoted by &;. The set T is
equipped with the canonical probability measure P for the branching process (Z;,t = 0)
which characteristics are the following:

e the dynamic of each individual in the population is an independent copy of a Markov
process (X, t = 0) on a measurable space X', we denote by X}* the trait of u at time
t,

e an individual u dies at time ¢ at rate B(X}*) where B : X — (0,00) is a measurable
function,

e when an individual u dies at position x, it is replaced by A, + 1 individuals at the
same position, where A, is an independent copy of A(z) and P(A(x) = k) = pi(z)
for all £ > 0, we denote by m(x) = >~ kpx(x) the mean of A(z),

e then, the individuals evolve independently from each other following the same dynamic.

This very general model is similar to the one we study in this thesis. It allows in particular
to model spatially structured populations. Note that in this model an individual can note
die without leaving any descendant and that the branching mechanism is local, i.e. the
trait at birth of the descendants is the same as the trait at death of their parent. We now
define several filtrations on the set 7 of labeled trees that allow to separate the different
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available informations. We give here an informal description of those filtrations and we
refer the reader to [HHO09| for their rigorous definition.

e F; contains all the information on the branching process until time ¢ but do not know
anything about the spine.

e 7, is constructed from F; by adding the information on the spine: it contains all the
information on the branching process and the spine until time .

e G, is the filtration corresponding to the spine dynamic. It does not contain any
information on the lineage of the spine in the tree.

For x € X, we define P* the probability measure on (%, Fu) such that (%, Foos (Ft)i=0 > P')

is the canonical model for the branching process Z with
t=0

As before, Hardy and Harris define a probability measure P2 from P® for which the
spine corresponds a lineage in the tree. For every F;-measurable function f, let

J% fap = j% 2, Sl +1AU 4P,

ueVy VU

with

f= Z ful{gtzu}v

ueVi

where V; denote the set of all individual alive at time ¢ and for all u € V4, f, is a measurable
function with respect to F;. Contrary to the measure exhibited in the work of Lyons
et al. [LPP95, Lyo97|, this measure is a probability measure. Under this measure, the
spine moves as the Markov process (X;,t > 0) and at death, it is replaced by a uniformly
chosen individual among its descendants. We consider a change of measure by means of
a martingale. It allows to take into account the bias in the tree due to the growth of the
population, in the same way as Lyons, Pemantle and Peres [LPP95] (see (1)). One of the
novelty appearing in the work of Hardy and Harris is that one can choose any martingale
for the change of measure. Let ((¢) be a Gi-martingale depending only on the spine and let

~

¢(t) be the martingale given by:

~ 1+A4 ¢
_ u —§o B(&s)m(€s)ds
60 = T ey LL 0+ miese ()

The corresponding change of measure is given by:

dp
dP 7 ¢(0)
It is the analogous of (1) in continuous time. Thus, P is a new probability measure on
(7~', .7?00) The behavior of the spine under the measure P is identical to the behavior of

the spine previously described in discrete time zas far as the reproduction is concerned.
Supplementary bias appear because of the overlapping of generations and because of the
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stochastic dynamic of individuals between jumps. The first product in the expression of
the martingale 5 corresponds to the introduction of a size bias and the second product
corresponds to a time acceleration. Indeed, the lifetimes of individuals belonging to the
spine are shorter because the division rate B(+) is replaced by (1 + m(-))B(-). For a precise
description of the spine behavior under ]3, we refer the reader to [HHO09]. They also give the
analogous of the spine decomposition initially proved in [Lyo97] which is especially useful
for the asymptotic study of additive martingales.

The spectral framework is appropriate for the use of spine techniques because it allows
to exhibit simple martingales. Consider a branching Markov process where the dynamic
of individuals follows a Markov process (X;,t > 0) with generator G, with binary local
branching at rate B. If there exist a function ¢ and A € R so that (G + B)¢ = A¢, then,

Wt = <¢7 Zt> €_>\t7

is a 0(Z;,t = 0)-martingale. The existence of eigenelements simplifies the asymptotic study
of the branching process by considering the dynamic penalized by the eigenvector. For more
details on these techniques, we refer the reader to [EHK10, Clo17].

2.2 On the use of measure-valued processes and growth-fragmentation
equations

In the models considered in this thesis, each individual is characterized by a vector of
phenotypical traits belonging to X = R%. The use of measure-valued processes enables us to
follow the dynamic of the whole population but also individual dynamics. Let Mp(X) be
the set of all finite positive measures on X and Mp(X) € Mp(X) the subset of punctual
measure on X:

Mp(X) = {Zémi,n20,x1,...,xne/¥},
i=1

where 0, denotes the Dirac mass at point x. Using this formalism, we represent the
microscopic dynamic of the population by the process Z defined by:

Zy = Z dxp,

ueVy

where V; represents the population at time ¢ and X' represents the trait of u at time ¢.

Measure-valued processes have widely been used for the study of structured popula-
tions. We mention here the work of Fournier and Méléard [FMO04]| one the dynamic of a
spatially structured fixed population (plants, for example) with interactions. Many studies
of structured population are based on techniques initiated in [FMO04], such as the work of
Tran on age-structured processes [Tra06].

The use of measure-valued processes enables the definition of the structured branching
process as the unique solution of a stochastic differential equation (see Chapter 1, Theorem
1.2.2). Let us consider the example of a size-structured population where each individual
grows exponentially at rate a > 0 and divides at rate B in two equal parts. The associated
measure-valued process (Z;,t > 0) is then solution of the following equation:

(Zy, [) =20, [) + fo LOO axf' (v)Zs(dx)ds

! X u
+J f Liuev,, 0<B(Xu)} (2f < 5 ) - f(Xs)> M(ds,du,df),  (2)
0 UXR+
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for all measurable functionsf : Ry — R and all ¢ > 0, where M(ds, du, df) is a punctual
Poisson measure on Ry x U x R, with intensity ds® du® df. The first integral corresponds
to the exponential growth of individuals between divisions whereas the second integral
corresponds to division events happening at rate B during which an individual with trait = is
replaced by 2 individuals with trait 2/2. These equations describe the dynamic of the process
and enable the use of tools from stochastic calculus. Therefore, we can calculate various
quantities associated with the process such as the variance of the number of individuals in
the population (see Chapter 2, Lemma 2.4.6).

A key object for the analysis of the dynamic of the trait of a typical individual studied in
Chapter 1 is the first moment semi-group. It is given for all s < ¢, x € X and all measurable
functions f: X — R by:

Ry f(x IZth !Z—é] (3)

ueVy

This semi-group is non-conservative. In the case of the previous example of a size-structured
population, it solves the following equation:

Rt @) = 1@+ [ [ aas @ rostanar+ [ [ (21 (3) - 1)) Rurtiorar,

for all measurable functions f: Ry — R and all 0 < s < ¢t. We can define the generator
A associated with the first moment semi-group. In the case of the previous example, it is
given by:

Af(@) = azf () + B(a) (2f (5) = @)

As on the stochastic differential equation (2), we can read the dynamic of the individuals
on the generator: the first term corresponds to the exponential growth and the second term
to the mechanism of division.

Measure-valued processes are the microscopic version of macroscopic models. Thus, there
are many works on the link between the different scales of models [FM04, BT11, Clo17].
In the case of branching processes, the large population limit is deterministic, given by
the first-moment semi-group previously defined in (3). This result holds by means of the
branching property. Thus, the study in large population of the processes considered in this
thesis reduces to the study of the associated growth-fragmentation equation.

Let n(t,dx) be the distribution such that for all measurable functions f: X — R:

(n(t,-), f) = Rorf(x [ZfXUI, and n(0, dy) = n'(dy).

ueVy

We consider the case where n(t,dz) = n(t,z)dz, which holds in particular if the initial
measure ni" is absolutely continuous with respect to the Lebesgue measure. The function
n(t,z) corresponds to the density of individuals with trait x in the population at time
t. Taking the expectation in the stochastic differential equation (2), we get the following
growth-fragmentation equation, with unknown n:

om(t, z) + adz(axn(t, z)) + B(x)n(t,x) = 4B(2z)n(t, 2x).

More generally, a growth-fragmentation equation with unknown n is an equation of the
form:

om(t, z) + 0y (v(z)n(t, ) + B(z)n(t,z) = Jl B (E) n (t, 9 p(dz)7 (4)

0
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with initial conditions v(0)n(¢,0) = 0 for all t+ > 0 and n(0,z) = n'"(x) for all z > 0.
Thus, v corresponds to the growth rate of individuals, B to the division rate and p to the
fragmentation kernel.

Growth-fragmentation equations appear in various domains such as the study of growth
of bacterial population but also the study of polymers or the transmission control protocol
(TCP). These equations, first studied from a deterministic and macroscopic point of view,
are the large population limit of branching processes. Numerous works focus on growth-
fragmentation equations [Per07], especially on the existence of solutions and on the study
of the asymptotic behavior of these solutions. The spectral analysis of the associated
semi-group is the key of the problem. In 2016, Mischler and Scher [MS16] developed and
used this theory to prove the exponential convergence of solutions to their asymptotic
profile for a certain class of fragmentation rates.

The asymptotic study of solutions of growth-fragmentation equations relies on the
existence of solutions to the associated eigenvalue problems, direct and dual, with unknown
(A, N, ¢) given by:

[ AN+ (N @) + BN () = o B (2) N (2) 422, )
N >0, SSON(x)dx =1,

and

{ Mp(z) —v(x)Y (x) + B(x)y(z) = B(x) S(l) Y(zx)p(dz),
¢ =0, §i N(z)p(z)de = 1.

Then, we have the following conservation law [MS16]:

o0 o0
f n(t, x)Y(x)dr = e)‘tf Y(z)n"™ (z)dx.
0 0

The first eigenvalue A is the Malthus parameter. It corresponds to the exponential growth
rate of the population. We refer the reader to [Oli17] for a study on the impact of variability
of individual characteristics on the Malthus parameter. Asymptotically, the solutions of
equation (4) satisfy as ¢ tends to infinity:

n(t,z) ~ eM <nin, ¢> N(z),

for a weighted norm [MMPO5]. This indicates that the asymptotic size profile of the
population is given by N and do not depend on the initial condition. We will find again
this phenomenon of the process forgetting its initial condition for probabilistic models in
Section 2.4.

The existence of solutions to the eigenvalue problems associated with growth-fragmentation
equation has been widely studied. We mention the works of Diekmann et al. [DHTS84|,
Perthame and Ryzhik [PR05|, Michel [Mic06]. Perthame and Ryzhik [PRO05] also proved
the exponential convergence of the solutions to growth-fragmentation equations towards
the stationary profile in the case of a binary division and linear growth. We refer the reader
to [MMPO05, BG17| for works on the speed of convergence in more general frameworks.

Recently, Bouguet [Boul6|, Bertoin and Watson [BW17] studied growth-fragmentation
equations adopting a probabilistic point of view. By means of this new approach, they ex-
hibited precise estimates for the asymptotic behavior the solutions to growth-fragmentation
equations. Their works rely on Foster-Lyapunov criteria (see Section 2.4) and are therefore
linked with the approach followed in this thesis.
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2.3 Many-to-One formula

One of the key formulas provided by spine techniques is the so-called Many-to-One formula.
It resumes the dynamic of the whole population (many) by the dynamic of the spine
(one). We consider the branching Markov process (Z;,t = 0) which characteristics are the
following:

e the dynamic of each individual in the population is given by an independent copy
of a Markov process (X¢,t = 0) on a measurable space X with generator G, and we
recall that X} corresponds to the trait of v at time ¢.

e an individual u dies at time ¢ at rate B(X}*) where B : X — (0,00) is a measurable
function,

e when an individual v dies with trait z, it is replaced by A, individuals, with A, being
an independent copy of A(x), P(A(z) = k) = pi(z) for all £ > 0, and we denote by
m(x) = ;>0 kpr(x) the mean of A(z),

e the trait at birth of the k descendants of an individual with trait x are distributed
according to P*(x,dy) and for 1 < i < k, we denote by PF(z,dy) the ith marginal of
Pk,

e then, the individuals evolve independently from each other following the same dynamic.

This process is more general than the one previously described in Section 2.1. It is the
object of study of Chapters 1 and 2. From the first moment semi-group and its associated
generator, we obtain the classical Many-to-One formula, also known as Feynman-Kac
formula [DMO4]:

stf [Z f Xu }Z =4 ] [f(Y})eS(t)B(Ys)(m(ys)_l)dﬂys _ x], (6)
ueVy

where (Y;,t = 0) is a Markov process with infinitesimal generator given for all test functions
f: X —Rby:

k
Z (z)) PF(z,dy), forzeX.

w\»—t

Af(x) = Gf(x) + B(z)m(x) Z
k=0

The exponential term on the right-hand side of (6) corresponds to the growth of the
population. The process Y corresponds to the trait of a "typical" individual in the population.
In the case of a local branching, i.e. P*(z,dy) = k6, for all k € N, we have Af(z) = Gf(x).
The dynamic of Y is then the same as the dynamic of X and corresponds to the spine
process introduced in Section 2.1. Hardy and Harris give in [HH09| a generalization of this
formula which takes into account the whole dynamic of individuals in the case of a local
branching. Bansaye et al. [BDMT11]| extended these results to the case of a process with
non-local branching and constant division rate.

To answer the questions introduced in Section 1, a key step is the characterization of
the dynamic of a sampled individual in the population, in order to understand the bias
due to the sampling procedure. The right-hand side of equation (6) corresponds to the
trajectory of a typical individual penalized by the size of the population. This object is
not mathematically easy to understand or to use for the characterization of the dynamic
of a typical individual, which we aim at doing in this thesis. Then, a first step consists in
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separating the total mass of the population from the dynamic of the trait. We consider the
following normalized operator:

Poof(z) = Zeaf @) (7)

m(x,s,t)’
where
m(z,s,t) = Rs 1(x) = E(#V),

corresponds to the total mass of the population at time ¢ descended from an individual with
trait « at time s. The family (Ps¢,t > s) is composed of conservative operators without
the semi-group property. A second step consists in defining the following operator:

P f(z) =

Thus, we obtain a family (Pr(,?,r < s < t) of conservative semi-groups, for ¢t > 0, and r < ¢.
In the case of discrete branching processes, this idea has been developed by Bansaye [Ban15|.
A similar approach with the definition of a new family of semi-groups using eigenelement
of the first moment semi-group has been suggested by Cloez [Clo17| for the asymptotic
study of branching processes. Del Moral and Villemonais [DMV16] used also a similar
normalization for the study of killed diffusions.

For all ¢t > 0, we consider the time-inhomogeneous Markov process associated with the
conservative semi-group (Pr(fs),r < s < t). By means of the preceding normalization, this
process corresponds to the dynamic of the trait of a typical individual in the population.
This family of semi-groups is indexed by the sampling time ¢. The time inhomogeneity
comes from the dependence of the size of the population on the initial condition and
more precisely, from the dependence of the division rate B on the trait. The study of this
time-inhomogeneous process is the heart of this thesis. The main goal of Chapter 1 is the
characterization of this process, named auxiliary process, by its infinitesimal generator.
Thus, we exhibit the different bias due to the sampling procedure. In Chapter 2, we study
the asymptotic behavior of the trait of a typical individual along its ancestral lineage. The
results of this chapter rely on the ergodicity techniques for time-inhomogeneous Markov
processes applied to the auxiliary process and on computations along genealogies.

2.4 Ergodicity and speed of convergence for a Markov process

For the study of the asymptotic behavior of structured populations, ergodic techniques are
very useful. We apply them in Chapter 2, to prove the convergence of the process describing
the dynamic of the trait of a typical individual in the population and in Chapter 3 for the
statistical reconstruction of the parameters of a structured population. There are several
"degrees" of ergodicity for a process: the convergence can be uniform in the initial condition
or not, and the speed of convergence can be exponential. We first present some existing
results on the ergodicity of discrete time Markov chains.

Discrete time. Let (X,,n = 0) be a Markov chain with values in a locally compact,
separable metric space X with transition P. Let B(X) denote the Borel o-algebra of X.
Doeblin’s condition (Assumption A below) is a classical assumption to test to obtain the
ergodicity of the Markov chain.
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Assumption A. There exists a probability measure ¢ on B(X), e <1,0 >0 and me N
such that:

©(A) > e = inf P"(z,A) > 0.

zeX

Under this condition, if the Markov chain X is aperiodic, it is uniformly exponentially
ergodic.

Theorem ([MT09, Theorem 16.0.2|). If X is an aperiodic Markov chain satisfying As-
sumption A, we have:

n . —_—
sup [P(@, ) = 7| 7= 0,

and the convergence is exponentially fast.

This ergodic result is strong because it is uniform in the initial condition. For the
structured population model studied in Chapter 3, assumptions that we consider are not
sufficient for the proof of the uniform convergence. Under less demanding assumptions, we
have the (non-uniform) ergodicity of the chain.

Assumption B. There exists a function V : X - Ry, ¢ <1 and d > 0 such that:
PV (z) < cV(z) +d,
forallze X.

This assumption, known as drift condition or Foster-Lyapunov condition, ensures that
the process gets back to the set {z : V(z) < K} for some K > 0 and enables to control the
length of excursions outside this set [MT09, Theorem 11.3.4].

Assumption C. There exist a € (0,1) and a probability measure v such that:

inf P(z,-) = av(:),

xeC
with C = {x : V(z) < R} and R > 2d(1 — ¢)~! where ¢,d are defined in Assumption B.

This assumption is the local analogous of Doeblin’s condition. It ensures some kind of
uniform behavior in the initial condition for the process. Those two conditions are sufficient
to obtain the ergodicity of the chain.

Theorem 1 ([HM11, Theorem 1.2]). Under Assumptions B and C, the Markov chain with
transition P admits a unique invariant measure w and there exist C' > 0 and v € (0,1) such
that:

[P f =nfl < Cy*f ==fl,

for all measurable functionsf : X — Ry such that ||f| < o, where nf = § f(z)(dz) and
|/ = supgex |f (@) (1 + V().

For the detailed study of ergodicity for Markov chain in discrete time, we refer the
reader to [MT09].
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Continuous time. The conditions under which we can prove the ergodicity of a Markov
process in continuous time are similar to the one in discrete time. Let (X;,¢ = 0) be a
Markov process with values in a locally compact, separable metric space X. For all x € X
and A € B(X), we denote by:

Pi(z,A) := Pp(X; € A),

the semi-group of X. Let (A, D(A)) be the infinitesimal generator of X and its associated
domain.

The existence of invariant measure for a continuous-time Markov process is linked to
the existence of invariant measures for its analogous in discrete time [Hail0].

Proposition. Let P := Pr for some T > 0. Then, if w is an invariant measure for P, the
measure T defined by:

T
#(A) = ;L Pur(Adt,

s an invariant measure for the semi-group P;.

In the case of continuous-time Markov process, the Foster-Lyapunov condition concerns
the generator of X.

Assumption D. There exists a measurable function V : X — [0,00) and ¢, K > 0 such
that:

AV (z) < =cV(z) + K, VreX.

There exists several equivalent formulation of this hypothesis. We refer the reader to
[DMT95] for more details. The continuous-time equivalent of Assumption C uis usually
written in terms of petite sets. This approach is developed in [MT93a, MT93b|. Here, we
consider an other formalism.

Assumption E. For allt > 0, there exists ay € (0,1) and a probability measure vy on X
such that:

inf P 2 = .
xeé?R,V) W(z,) 2 awnl),

where B(R,V) = {z € X : V(z) < R} for some R > 25 where ¢, K are defined in Assump-
tion D.

Those conditions ensure that the Markov process "forget" its initial condition.

Theorem 2. Under Assumptions D and E, there exist C' > 0 and ¢ > 0 such that:
|Pip(x) — Prp(y)| < Ce™d(z,y),
for all functions ¢ such that |¢|, <1, where d is a distance on X.

We refer the reader to [Hail0| for more details on the subject and for conditions ensuring
the sub-geometric convergence of the Markov process. In Chapter 2, we adapt Assumptions
D and E to the case of time-inhomogeneous Markov processes. Therefore, we prove that
the auxiliary process "forget" its initial condition, enabling the proof of the convergence of
the empirical measure along ancestral lineages.
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3 Statistical estimation for structured populations

The growing amount of data on cell populations, by means of microfluidic techniques, paves
the way to statistical estimation. A major issue is the understanding of the mechanisms
of cell division and more specifically, of the dependence of the division rate to some
characteristics. We present here several models that have been considered to answer those
questions.

3.1 Studies on aging for E. Coli

The first work of modeling and statistical estimation focusing on the study of Stewart et al.
[SMPTO05] is the work of Guyon [Guy07|. He models a cell population with symmetrical
division such as the bacterium E. coli with bifurcating Markov chains. After a general
study of the individual-based model, especially on the asymptotic behavior of the empirical
measure, Guyon introduce a specific auto-regressive model for the study of aging of E. coli.
Let (Xy,,n = 0) be a Markov chain satisfying for all n > 0:

Xon, = Oé(]Xn + ﬁo + Eon,
Xopy1 = o Xy + B+ 41,

where ag, a1 € (—=1,1), S, 01 € R and ((e2n,€2n+1),n = 1) is a sequence of independent
and identically distributed gaussian bivariate centered random variables with covariance
matrix I'. The sequence (X,,,n = 0) corresponds to the growth rates of individuals in the
population, 2n and 2n + 1 correspond to the daughter cells of the individual n inheriting
respectively of the new pole and the old one (see Section 1). Guyon tests the couples of
parameters (o, o) and (aq, 1) for equality by means of the maximum likelihood estimation
of the parameters. The results of the statistical testing applied to the data of Stewart et al.
[SMPTO05] show a significant difference between the transmission parameters for the growth
rate for the two daughter cells. Thus, there is an asymmetry in the transmission of the
growth rate for the bacterium E. coli. This phenomenon indicates an aging phenomenon for
this bacterium. For a generalization of the work of Guyon to a bifurcating Markov chain on
a Galton-Watson tree, we refer the reader to [DM10].

3.2 Estimation of the division rate

Besides the existence of an aging phenomenon for E. Coli, a key question for the under-
standing of cell population dynamics is the functioning of the mechanism of cell division.
Thus, many statistical works focus on the estimation of the division rate. The goal is to
decide which characteristics trigger cell division. We refer the reader to the work of Robert
et al. [RHK 14| for the study of the dependence of the division rate on age or size by means
of nonparametric estimation of the division rate using the data of Stewart et al. [SMPT05]
and Wang et al. [WRPT10]. We now present different statistical techniques developed to
answer those questions.

The first works on the estimation of the division rate [PZ07, DPZ09| rely on a deter-
ministic approach of the question. Using the exponential convergence of the solutions of
growth-fragmentation equations to their stationary profile (see Section 2.2), the problem is
reduced to the resolution of the following inverse problem: how to reconstruct the division
rate B, solution of equation (5) of Section 2.2, from the couple (A, N), where \ is the
Malthus parameter and N the asymptotic profile of the population? One of the difficulties
comes from the fact that the observed value IV, is noisy so that

IN. — N| <.
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Without any regularity assumption on the derivative of N., the problem of reconstruction
of B is ill-posed. A solution consists in "regularizing" equation (5) and looking at an
well-posed approximate problem. Then, we need to control the norm difference between the
solution to the approximate problem and the solution to the initial problem.

A limitation of this approach is that some properties of N are supposed to be known,
such as regularity properties, and they seem hard to verify in practice from experimental
data. Doumic et al. [DHRBR12] developed a statistical study of the problem to tackle this
question. They gave a kernel estimator N of N from individual cell measurements randomly
picked in the population at a given time. By means of techniques from [DPZ09|, they
constructed an estimator of B using N instead of N, which converges at rate n=%/(25+3) to
B, where s is a regularity coefficient corresponding to the imposed regularity on B.

Using individual-based models, we can obtain a better speed of convergence for the
estimator by taking into account the structure of genealogies. In the work of Doumic et al.
[DHKRI15|, they construct an estimator of the division rate from a probabilistic model for
the cell population. More precisely, they consider a size-structured population where each
individual v grows exponentially at rate 7,. We denote by &, the size at birth of w. Then, if
&u(t) denotes the size u at time ¢, we have:

Eu(t) = Eue™.

An individual of size = divides at rate B(z) and at division, it is replaced by two individuals
with size 2/2. The growth rate of each daughter cell is distributed independently according
to the kernel p(v,-), where v is the growth rate of their ancestor. A key object for the
statistical study of the branching Markov process is the transition kernel associated with
the couple (&, 7.) given by:

3 S
Pp ((§u =) (§us Tu)) = B;S,éml{guggu_/g} exXp <_J B )d3> P (Tu=sTu)

€,~/2 STu~

where u~ corresponds to the ancestor of u. An estimator of the division rate B can be
constructed from the following formula:

vp(z/2)

x
VB | 7, {€,- <z, &u>a/2}

where vg denotes the invariante measure associated with the kernel Pg. Doumic et al.
[DHKR15| give an estimator for the division kernel and prove the L?-convergence of this
estimator at rate log(n)n_s/(25+1), where s is again a regularity parameter for B. The rate
of convergence is then better than the one obtained in [DHRBR12|. We refer the reader to
the work of Bitseki-Penda et al. [BPHO17| for an improvement of the speed of convergence
of the estimator by means of Bernstein like deviation inequalities.

In the aforementioned works, the data are assumed to be genealogical, meaning that
we have available the characteristics of all individuals in the population until the nth
generation. However, for cell populations, the generations overlap (see Figure 2.1 in the
French introduction) and all individuals alive at a given time T do not belong to the same
generation. Thus, if the considered data are composed of traits of all individuals in the tree
until time 7', the estimation procedures detailed above cannot be used because the data
are biased: individuals that reproduce slower are less represented in the population stopped
at time 7T than in the population at generation n where all individuals are inventoried,
whatever their lifetime. Hoffmann and Olivier [HO16] gave an estimator of the division rate
for such data in the case of an age-structured model. They considered a Bellmann-Harris
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process where each individual lives for a time distributed as f(z)dx. At death, an individual
is replaced by a random number of descendants distributed as (px, k = 2), each of them
also having a lifetime distributed as f(z)dz. The division rate B is then reconstructed from
the following formula:

f(x)
B(x) = = f(y)dy’ for z = 0.

From this representation and convergence results for empirical measures obtained by means
of spinal techniques, they gave a kernel estimator of B and prove the exponential convergence
in probability of this estimator towards the division rate. One of the specificities of the
age-structured model is that the characteristic of the individuals at birth are all equal. This
is not the case any more for size-structured models so that the estimation of parameters is
more complex for those models.

3.3 Estimation of the fragmentation kernel

As explained in Section 1, the way cells divide (by bugging or dividing in two equal parts)
plays a key role in the mechanism of cell aging. Then, the estimation of the fragmentation
kernel is also an important step in the understanding of this phenomenon.

Hoang [Hoal5| gave an estimator of the fragmentation kernel in the case of a size-
structured population. In his model, each individual has a certain degree of toxicity that
grows linearly with time at rate o > 0. This modeling of cellular aging by the accumulation
of toxicity is inspired from the work of Stewart et al. [SMPTO05|. Cells divide at a constant
rate and when a cell divides, its toxicity is distributed to its two daughter cells according
to the random fraction I" € (0,1) with probability density function h. Hoang gave an
adaptative estimator of h for which he proved an oracle inequality. The construction of this
estimator relies on data of the population on [0,7"]. For the construction of an estimator of
the fragmentation kernel in the case of a varying division rate and data of the population
at a given time T', we refer the reader to [Hoal6.

4 Overview of the thesis

This thesis consists of three chapters. The first two chapters are dedicated to the probabilistic
study of branching structured Markov processes. The third chapter consists of the statistical
study of these models.

We consider a measure-valued branching Markov process (Z;,t > 0) which characteristics
are the following:

e cach individual u in the population has a trait (X}*,¢ = 0) which dynamic follows a
Markov process with associated generator and domain (G, D(G)),

e u dies at time ¢ at rate B(X}),

e at death, an individual with trait x is replaced by a random number of descendants
distributed according to (pg(x),k = 0),

e the trait at birth of the jth descendant among k is distributed according to P](k) (z,-),
forall 1 <j <k.

The object of study is the measure-valued process Z represented by:

Zt = Z 6X,§L7

ueVi
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where V; corresponds to the individuals alive at time ¢. In the first chapter, we are interested
in the characterization of the trait along its ancestral lineage of a uniformly sampled
individual in the population at time ¢. We exhibit the bias due to the uniform sampling
in the case of a division rate depending on the trait. Chapter 2 focus on the asymptotic
behavior of the empirical measure associated with the branching process. This asymptotic
study relies on the ergodicity of the auxiliary process introduced in the first chapter. Finally,
in the third chapter, we are interested in the statistical estimation of the parameters of a
branching population structured by a diffusion. It is a particular case of the model studied
in the first two chapters.

4.1 Chapter 1: uniform sampling in a branching structured population

This chapter consists of the article "Uniform sampling in a structured branching population"
[Mar16|, accepted for publication in Bernoulli in July 2017.

In this chapter, we study the uniform sampling of individuals in a structured branching
population. The problematic is the following: if you pick uniformly at random an individual
in the population at time ¢, what are its characteristics and the characteristics of its
ancestors along its ancestral lineage?

The first result is the existence and uniqueness of the process Z previously described.
We prove this result under general assumptions. In particular, we do not assume that the
division rate is bounded by a constant but that it is bounded by a polynomial in order to
ensure the non-explosion of the population process in finite time. Theorem 1.2.2 of Chapter
1 ensures that the measure-valued process Z is the unique strong solution of a stochastic
differential equation with jumps.

Then, we study the penalized process associated with the semi-group (P,{ts), r<s<t)
previously defined in (7). The main result of this chapter consists of the characterization
by the infinitesimal generator of this process of the trait along its ancestral lineage of a
uniformly sampled individual in the population.

Theorem (Theorem 1.3.1). Under assumptions ensuring the non-explosion of the branching
process in finite time, for all measurable positive functions F on the space of cadlag processes
(right continuous with left limits), and for allt = 0 and x € X,

E[Z F(X;L,sét)] — m(z,0,t)E [F <Ys(t),s<t)], (8)

ueVy

where <Y;(t), § < t) is a time-inhomogeneous Markov process with generator ( S), s < t)

satisfying:
A 1) =60 @) + BO@) | () = 1 @) PO (),
with:
G f() = G (m(,s,t)f) (@) = f(z)G (m(,s,1)) ()
s m(z, s,t) ’

B (z) = B(x) L Mm(m,dy),

POz, dy) = m(y, 5, ym(z, dy) (L m(y, s, im(z, dy>)
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and:

k
m(z, A) = Y pe(z) Y PPz, 4),
k=0 Jj=1

corresponds to the mean number of descendants whose trait is in A of an individual with
trait © at death.

We see that the time-inhomogeneity of the auxiliary process comes from the dependence
of the mean number of individuals in the population on the trait. Moreover, the bias
corresponding to the growth of the population are explicit. This auxiliary process jumps
more often than any individual in the population, if jumping is beneficial in term of number
of descendants. This modification of the division rate also appears in [CR88, LPP95, HH09,
BDMT11]. The reproduction law is biased in the same way. Finally, the dynamic of the trait
between divisions is also biased because of the dependence of the division rate on the trait
and of the stochastic behavior of this dynamic. In particular, in the case of a deterministic
dynamic, we have Gl f(z) = Gf(xz). We also prove other Many-to-One formulas that give
the characterization, in terms of auxiliary process, of the trait of a couple of individuals
or of all individuals until time ¢. These formulas are especially useful for the study of the
asymptotic behavior of the empirical measure addressed in Chapter 2.

The auxiliary process is a natural candidate for the characterization of the law along its
ancestral lineage of a uniformly sampled individual in the population. However, this is a
penalized process which take into account the bias due to the growth of the population, and
these bias do not appear instantaneously at the beginning of the process in the population.
Then, the law of the trait of a uniformly sampled individual in the population at time ¢
is characterized by the auxiliary process only for large times. In Chapter 1, we consider
the trait of a uniformly sampled individual when the size of the initial population goes to
infinity in order to mimic the asymptotic behavior of the population. The long time behavior
is addressed in Chapter 2. Let XU®) be the trait of a uniformly sampled individual in
the population at time ¢ with initial distribution v. If v, = Z?:l 0x,, where the X;’s are
independent identically distributed as v, we prove the convergence in law of X UBvn a5 n
goes to infinity.

Theorem (Theorem 1.4.1). Under assumptions ensuring the non-explosion of the branching
process in finite time, the sequence (X[Uo(f])’y"

Skorokhod towards Y[E)tiim where

,n = 0) converges in law in the space of

m(x,0,t)v(dx)

) = T 0, o (dy)

3Tt
]

Then, the auxiliary process characterizes the law of a uniformly sampled individual in
the population, when the initial population goes to infinity.

Finally, we illustrate the preceding results by concret examples of models for cell
populations. We consider a simplification of the size-structured model studied in [DHKR15|
where each individual growth exponentially at rate a > 0 and dies at rate B(x) = x. The
mean number of individuals in the population is given by:

(t)
t

1s the initial law of Y[0

m(x,s,t) =1+ % (e“(t_s) - 1) ,
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for x € Ry, and 0 < s < t. The generator of the auxiliary process is then given by:

A0S = a0+ (1 e ) (£(5) 1)
In this example, the only bias is the time acceleration i.e. the division rate is higher than
the division rate of any individual in the population. In Section 1.4.2 of Chapter 1, we give
a generalization of this example to a more general family of division rates, possibly time-
dependent. We also detail the case of a size-structured population where each individual
grows lineary and the case of parasites proliferation also studied in [BT11].

4.2 Chapter 2: law of large numbers for branching Markov processes by
the ergodicity of ancestral lineages

This chapter consists of a preprint entitled " A law of large numbers for branching Markov
processes by the ergodicity of ancestral lineages" [Marl7].

This chapter addresses the question of the asymptotic behavior of the empirical measure
associated with the branching process Z given by:

where V; is the cardinality of V;. By means of the study of the genealogies and the ergodicity
of the auxiliary process Y along its ancestral lineage, we prove the L2 convergence of the
empirical measure towards the asymptotic distribution of Y. Then, the random measure
characterizing the trait of a uniformly sampled individual in the population is asymptotically
deterministic and corresponds to the limiting distribution of Y. Our approach is based on
the use of the infinitesimal generator of the auxiliary process given in the previous chapter.

To shorten notation, we consider in this chapter only the case of a binary division. Then,
when he died, an individual with trait x is replaced by two individuals which traits at
birth are given by the probability kernel P(x,-). The results of this chapter can easily be
extended to the case of a process with a random number of descendants.

The study of the asymptotic behavior of the empirical measure has already been
considered in numerous cases. Asmussen and Hering [AH76] proved the convergence of
the empirical measure for branching processes in discrete or continuous time by means of
an assumption ensuring a useful decomposition of first-moment semi-group. In particular,
they address the case of branching diffusions, also studied in [EHK10]. Athreya and Kang
proved the convergence of the empirical measure for a branching process in discrete time
with a discrete trait [AK98a| or continuous trait [AK98b|. We also mention the work of
Guyon [Guy07| on bifurcating Markov chains and the generalization of those results to
the case of a Galton-Watson tree by Delmas and Marsalle [DM10]. For results in random
environment, we refer the reader to [BH15, Ban15|. In continuous time and for a continuous
trait, Georgii and Baake |[GBO03| proved a law of large numbers on the type of individuals
along an ancestral lineage. Their results rely on spine techniques developped by Lyons et al.
[LPP95| and detailed in Section 2.1. Harris and Robert [HR14] use the spine construction
of [HHO9| to prove the convergence of the empirical measure in the case of a branching
Markov processes with local branching. For central limit theorems, we refer the reader to
[Guy07, RSZ14].

One way of proving the convergence of the empirical measure relies on the existence of
eigenelements for the infinitesimal generator of the first moment semi-group [LPP95, GB03,
EHK10]. We use an other approach that does not require the use of a spectral framework. It
is based on the use of the auxiliary process defined in Chapter 1. Using the ergodic behavior
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of this penalized process, we prove the convergence of the empirical measure towards the
limiting distribution of the auxiliary process. This technique has already been developped
in discrete time by Athreya and Kang [AK98b| and Guyon [Guy07], and in continuous time
by Bansaye et al. [BDMT11] in the neutral case, by Cloez [Clol7] in a general framework
combining the two approaches. In Chapter 2, we prove the convergence of the empirical
measure by means of the ergodicity of the auxiliary process in a general framework without
the use of eigenelements.

As detailed in Chapter 1, in the case of a non-constant division rate, the auxiliary
process is time-inhomogeneous, even if the dynamic of the trait itself is time-homogeneous.
We adapt the work of Hairer and Mattingly [HM11] to the case of a time-inhomogeneous
Markov process to prove the ergodicity of the auxiliary process.

Assumption F. We assume that

1. there exists a function V : X — R,y and ¢, d > 0 such that for all x € X, t = 0 and
s <t
AV (z) < —cV(z) + d,

2. for all 0 <r < s, there exists as—p € (0,1) and a probability measure v, s on X such
that for all t = s:
inf P(t) '2877'7‘8'7
senth ) T (%) = as—rvrs()
with B(R,V) = {z € X : V(z) < R} for a given R > 22 with c,d defined in the first

point.

This assumption gathers the two classical conditions used to prove the ergodicity of
a process (see Section 2.4): a Foster-Lyapunov condition and the second a minorization
condition. Under these assumptions, we prove the ergodicity of the trajectory of the auxiliary
process.

Proposition (Proposition 2.3.1). Under Assumption F, there exists ¢ > 0 such that for
all x,y € X, T > 0, for all measurable bounded functions F : D([0,T],X) — R and all
0<r<t,

Py F() = Py F(y)| < Ce ™ d(2,y) | F)l,
where d is a distance on X, C is a positive constant and
PurF(e) =B |F (V" s <T) ) = a]. (9)

This result allows to control the entire trajectory of the time-inhomogeneous process on
an interval.

In the same spirit of [BDMT11] but with a non-constant division rate, we prove a law
of large numbers result by means of the previous proposition.

Theorem (Proposition 2.3.3). Under assumptions ensuring the non-explosion of the branch-
ing process in finite time and under assumption F, for all xg,x1 € X and T > 0, we have:

(ZUEW+T F (X#"s’ s T) — El’l [F (Y;(‘i::T)’ 5 S T)]>

Niyr

where the convergence holds in L? with initial measure 6y, .

o7



Introduction in English

Then, the dynamic of the auxiliary process corresponds asymptotically to the dynamic
of the trait along ancestral lineages of a uniformly sampled individual.

We illustrate this result with the detailed study of a size-structured population where
each individual grows exponentially at rate a > 0, divides at rate B(t,z) = zp(t) at time ¢
if its size at time ¢ is  and give birth to two individuals with sizes 6z and (1 — 0)x, where 6
is uniformly distributed on [e,1 — €], where € > 0. This model has already been studied in
[DHKR15| and in Chapter 1. We prove the exponential ergodicity of the trajectory of the
auxiliary process associated with this model and the convergence of the empirical measure
of the branching process.

4.3 Chapter 3: statistical estimation for branching Markov processes

This chapter consists of a work in collaboration with Marc Hoffmann. It is dedicated to the
statistical estimation of the different parameters that come into play in the dynamic of a
cell population. We study a particular case of the branching process Z previously described.
We assume that the dynamic of the trait of each individual follows a diffusion on R:

d¢x(t) = T(gbx(t))dt + U(¢z(t))tha ¢x(0) =TE€ R,

where (W, t = 0) is a standard Brownian motion. Each individual dies at rate B(-) depending
on its trait and is replaced by two individuals. The traits at birth of the descendants of an
individual with trait = are given by 6z and (1 — )z, where 6 is a random variable on [0, 1]
distributed according to a probability density x symmetrical with respect to 1/2. Contrary
to the two previous chapters, we consider here the Markov chain in discrete time given by
the trait at birth of individuals in the population. Hence, we adopt a genealogical point of
view rather than chronological.

We use again the Ulam-Harris-Neveu notation introduced in Section 2.1. We denote by
G,, € U the set of individuals belonging to the nth generation and by

the set of all individuals in the population until the nth generation. For all u € U, we denote
by u~ the parent of u. We are interested in the reconstruction of the different parameters
of the model from observed data given by

X" = (X, ueT,),

where X,, denotes the trait at birth of w.

From an experimental point of view, obtaining such data is realistic for example by
means of recent microfluidic techniques detailed in Section 1.

The Markov chain (X, u € U) is a bifurcating Markov chain [Guy07, DM10] on X" with
transition P : X — X x X. The transition P describes the transmission of the trait to the
two descendants.

We consider the process of the tagged-branch denoted by Y. It corresponds to the
uniform choice of a branch in the genealogical tree. More precisely, we have for all m € N:

Ym = YQel...ema

where (ex, k = 0) are independent Bernoulli random variables with parameter 1/2. As the
time dynamic is genealogical, the value of Y}, corresponds to the uniform choice of an
individual among the individuals in generation m. We denote by:

P11+ Po

Q=2,

o8
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the transition associated with the Markov chain Y, where P; and Ps are the marginals of
the transition P. Note that in our case, P; = Py = O.

As detailed in Section 3, the statistical estimation in structured population models
focus essentially on cases where the dynamic of the trait is deterministic. In the case of a
branching diffusion, Hopfner et al. [HHLO02| gave a kernel estimator of the death rate B.
Their approach relies on the fact that the trait at birth of the individuals is identical to the
trait at death of its ancestor, which is not the case in our model.

Under regularity assumptions, we prove that Q(z,dy) = Qp(x,dy) = qp(z,y)dy with

+ dz

a5(z,y) = LIB (%) o (%)72}3 UO " o $ Bols Ndsqp: (qu)] w(2)

where Ly(qu) denotes the local time at location y and time ¢ of the semi-martingale
(¢z(t),t = 0). The integral with respect to the local time results from the fact that the
lifetime of individuals depends on the stochastic dynamic of the trait. Therefore, the
probability to jump from z to y in one generation depends on the average time spent by
the diffusion (¢4 (t),t = 0) in the interval [y, +o0). In particular, one of the difficulties of
the model comes from the fact that the density ¢p depends one the average of the whole
trajectory of the trait (¢(t),t = 0) rather than on the trajectory at a given time ¢.

Nonparametric estimation. First, we focus on the asymptotic behavior of the Markov
chain Y. Under appropriate conditions on the dynamic of the diffusion, we prove that
Assumptions B and C of Section 2.4 are satisfied by the transition O, so that the Markov
chain Y is ergodic.

Theorem (Theorem 3.2.2). Under appropriate assumptions on the dynamic of the flow, Q
admits an invariant measure v. Moreover, there exists C > 0 and p € (0,1) such that for
all z € R and m e N:

Q™ p(x) —v(p)l < Cp™ (1 + V(z)) e —v(©)] -
for all measurable functions ¢ : R — R such that

sup p(z)

— < 0,
w€R1+V< )

with V(z) = 2.

Therefore, we do not prove the uniform ergodicity of Y but a weaker property that
depends on the initial condition. In the case of a reflected diffusion, the trait takes its values
in a compact and we prove the uniform ergodicity of the chain Y by checking Doeblin’s
condition A of Section 2.4.

Using this ergodicity result, we can study the asymptotic behavior of the empirical
measure given by:

M (

> w(X,

TL‘ UGT*

for all test functions ¢ : X x X — R, where T; = T,\ {}. It converges as n tends to
infinity towards v(Q). Our estimates for the density ¢ and the invariant measure v rely
on approximation kernels.

Definition. A function G : X — R is a kernel of order k if it is compactly supported and
satisfies § 2'G(z)dx = l1g—gy forl=0,...,k.
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For the convergence of kernel estimators of v and Q, we need to control the dependence
in v of the speed of convergence of the empirical measure. More precisely, if we consider
the kernel G}, := h~'G(-/h), where h is a bandwidth parameter, we have:

Ghli <1, |Gh3<h™h, G2 sh72

The speed of convergence of E,, [/\/ln(Gh)Q] must have the right order in A, namely h~!, to
obtain a good speed of convergence for the kernel estimators. We refer the reader to the
proof of Theorem 3.3.3 in Chapter 3 for more details.

For all functions ¢ : X x X — R, we set ¢* () = supyex [¥(,y)], ¥u(y) = sup,ex [¢(2,y)]

and
o= [l pldsay A | sup oty
XxX

For all probability measures p on X', we set:

], = jm ()| p(da)dy + 6] 1.

A sharp analysis of the variance of the empirical measure along genealogies allows us to
obtain the desired rate of convergence with a control on v of ordrer |1|3.

Theorem (Theorem 3.2.3). Let i be a probability measure on R such that u(V?) < oo. Let
P X x X — R be a bounded function such that 1. is compactly supparted. Then, under
assumptions ensuring the ergodicity of the Markov chain'Y and if p < 5, we have for all
n e N:

2 — *
Ep[(Ma() = v(Q)) ] < Tl ™ (16 uro + 1970 + (14 p(V)Y2) [ [2],),
where the symbol < means up to a constant depending only on Q and supp(v)).

For a given kernel GG, we consider the kernel GGj,, whith bandwidth parameter h, defined
by Gp(z) = h " 'G(h~'z) for x € X. For all 29 € X,

M (Gi(- = x0))

f Gh(z — zo)v(x)dx.
X

n—-+ao0

A kernel estimator for v is then given by:

U(xg) = Mu(Gp(- — x0)). (10)
In the same way, if we consider G%ﬁm (z,y) = hy 'hy'G(hy'2)G(hy tz), we have for all
To,y0 € X2
2 P 2
M, <G%h2(' — Zo, " — Z/O)) Pl N G2, (@ = x0,y — yo)q(z, y)v(z)dx.

An kernel estimator of the density ¢ is then given by:

R Mn <G(i>?12,h2(' — Zo, " — y(]))
qn(x(]:y()) = Mn(Gh( — xO)) v )

(11)

where the denominator balances the superfluous weight v in the numerator and @ > 0 is a
threshold ensuring the good definition of the quotient. These estimators are consistent.
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Theorem (Theorem 3.3.3). Let o, > 0. Specify v,(xo) defined in (10) by a kernel
of order k and a bandwidth parameter h = |T,|~YZ+Y) and §,(x0,v0) defined in (11)
by the same kernel and bandwidth parameters hy = |T,| 5@/ B)@s(@f)+1) = p, —
\']I‘n]*‘s(a’ﬁ)/ﬁ@s(a’ﬁ)“) and w, — 0. Then, under assumptions ensuring the ergodicity
of the Markov chain Y, we have

Y2 <, Res),

(B[ (9n(w0) — v(0))*])

and
I~ 1/2 - —S(&x Sl
(E[(qn(l’m%) - q($07y0))2]) < wnl‘Tn| (e.8)/(2s( ’ﬂ)+1)7

with s(a, B)~ = (a A B)~1 + B7L. Moreover, these bounds are uniform in Q for Q in a
given Hélder class depending on o and (3.

Parametric estimation of the division rate. In this part, we focus on the statistical
reconstruction of the division rate B by means of maximum likelihood estimation. This
question is complex and we need to consider extra assumptions. The main difficulty comes
from the fact that the previous result on the speed of convergence of the empirical measure
only apply to bounded functions . However the function ¢(z,y) = log(q(x,y)) is not
necessarily bounded. To circumvent this difficulty, we consider that case of branching
Markov processes with a trait dynamic following a reflected diffusion on a compact set
[0, L], for some L > 0. The dynamic of the trait is then given by the following stochastic
differential equation:

{ dX; = ’I"(Xt)dt + O'(Xt)th + db;,
b = Xé (Ix,—0 + 1x,-1) dls,

where (Wy,t = 0) is a standard Brownian motion. The second equation corresponds to the
reflections at the edge of the domain. The density function g of the Markov chain Y is
slightly modified. In particular, its support is limited because of the reflections.

The proofs of the results obtained in the case of a standard diffusion easily adapt to
the case with reflections. The compactness of the domain allow us to prove the uniform
ergodicity of the process Y and the empirical measure still converges at speed T;,!.

We now assume that the division rate belongs to the following parametric class of
functions:

B={B:X - R,B(z) = By(¥,x),xr e X,0 € O},

where x — By(¥,z) is known up to the parameter ¥ and © < R‘i is a compact set of
parameters characterizing the division rate. We prove the identifiability of the model for a
certain class of ordered division rates (see Definition 3.3.5 and Proposition 3.3.6).

In order to emphasize the dependence in 9 of the different quantities, we add subscripts
to previously introduced notation. We assume that we have observations (X, u € T,,) of the
process until generation n drawn according to a certain law Py. We consider the maximum
likelihood estimator (MLE) given by:

~ 1
Yy, € argmax {’]I‘ 2 log (gv (XU,XU))} .

YeO " 4eT,,

The dynamic that we chose for the trait allows us to bound the density of the transition
kernel and thus to prove the consistence of the MLE.
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~

Theorem (Theorem 3.3.7). Under regularity assumptions for the division rate, 9, converges
in probability towards ¥ when n tends to infinity.

Finally, we prove the asymptotic normality of the MLE. Let ¥(¢) be the Fisher
information at point ¢ € © as the d x d matrix with entries:

09,9900, qv >
@ ’

(0):; = v Q(0) (

for 1 <i,5 <d.

Theorem (Theorem 3.3.9). Under regularity assumptions and if ¥(49) is nonsingular, for
all 9 in the interior of ©, we have:

T2 (5n - 79) S N(0,9(0)7Y),
i law as n tends to infinity, where N(O,\P(ﬁ)_l) denote the d-dimensional Gaussian
distribution with mean 0 and covariance the inverse of the Fisher matriz 1 (9).

The numerical implementation of the maximimum likelihood estimator ﬁn is a challeng-
ing problem that we plan to address fully. Let us mention that for now, we did not find
an other constrat than the MLE for the estimation of z — B(z), in particular, we do not
know how to estimate it nonparametrically.
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Chapter 1

Uniform sampling in a structured
branching population

Abstract

We are interested in the dynamics of a structured branching population where the trait of
each individual moves according to a Markov process. The rate of division of each individual
is a function of its trait and when a branching event occurs, the trait of the descendants at
birth depends on the trait of the mother and on the number of descendants. In this chapter,
we explicitly describe the penalized Markov process, named auxiliary process, corresponding
to the dynamics of the trait along the spine by giving its associated infinitesimal generator.
We prove a Many-to-One formula and a Many-to-One formula for forks. Furthermore, we
prove that this auxiliary process characterizes exactly the process of the trait of a uniformly
sampled individual in the large population approximation. We detail three examples of
growth-fragmentation models: the linear growth model, the exponential growth model and

the parasite infection model..
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Chapter 1  Uniform sampling in a branching population

1.1 Introduction

The characterization of the sampling of individuals in a population is a key issue for
branching processes with several motivations in statistics and biology. We refer to the work
of Durrett [Dur78| and references therein for the study of the genealogy of a branching
Markov process and the study of the degree of relationship between k individuals chosen
randomly at time ¢ in the population. In particular, he analyzed the asymptotics of the
so-called reduced branching process N;(s) defined as the number of individuals alive
at time s which have offspring alive at time t. An approximation of this process by a
pure birth process is given in [O’C95|. The question of finding the coalescing time of
individuals in a Galton-Watson tree is addressed in [Zub76| and the coalescent structure
of continuous-time Galton-Watson trees is studied in [HJR17]. We refer to [Ath12, LP13]
for more results on this question and to [Honl1]| for results concerning the Bellman-Harris
branching process. The pedigree of a typical individual in a supercritical branching process
has also been investigated asymptotically for multi-type branching processes with a finite
number of types in [GB03|, with i.i.d life-times in [AAI11] and with an age-structure in
[NJ84|. The characterization of the sampling is the key to obtain asymptotic results on the
branching process [KLPP97, BDMT11, Clo17] and to infer the parameters of the model
[Guy07, DHKR15, HO16|.

In this chapter, we consider a continuous-time structured branching Markov process
where the trait of each individual moves according to a Markov process and influences
the branching events. The purpose of this chapter is to characterize the trait of a typical
individual uniformly sampled from the population at time ¢ and its associated ancestral
lineage. In particular, we exhibit the bias due to the structure of the population and to
the sampling. We also describe the traits of a uniformly sampled couple in the current
population. Therefore, we provide new applications in a non-neutral framework for cell
division (Section 1.2.2), even for models in a varying environment.

We now describe informally the process, while its rigorous construction and character-
ization as a cadlag measure-valued process under Assumptions A and B are detailed in
Section 1.2. We assume that individuals behave independently and that for each individual
u:

e its trait (X}");>0 evolves as an X-valued Markov process with infinitesimal generator
(G, D(G)), where X = (R,)? is a measurable space for some d = 1,

e it dies at time ¢ at rate B(X}'),

e at its death, an individual with trait x is replaced by k € N individuals with probability
pr(z) and m(x) = 4o kpr(z),

e the trait of the jth child among k is distributed as Pj(k) (z,-) forall 1 < j <k

We use the notion of spine, which is a distinguished line of descent in the branching
process, and Many-to-One formulas, which have been developed from the notion of size-
biased tree, considered by Kallenberg [Kal77|, Chauvin and Rouault [CR88|, Chauvin,
Rouault and Wakolbinger [CRW91| with a Palm measure approach and Lyons, Peres
and Pemantle [LPP95|. For general results on branching processes using these techniques,
including the spinal decomposition, we refer to [KLPP97, Ath00] for discrete-time models and
to [GB03, HH09, Clo17| for continuous-time branching processes. Non-locality at branching
has also been investigated using the spine for continuous-state branching processes in [KP16]
and for superdiffusions in [CRS17]|. These previous works ensure in particular that if we
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denote by V; the set of individuals alive at time ¢ and by N, its cardinal, we have the
well-known Many-to-One formula:

E[EfﬂWJ—EUO@£“mW%*Wﬂ, (1.1)

ueVy

where f is a non-negative measurable function and (Y})¢>0 follows the dynamics of a tagged-
particle i.e. the same dynamics of all the particles between jumps and at a jump, the unique
daughter particle is chosen uniformly at random among all the daughter particles. This
formula can be seen as a Feynman-Kac formula [DM04] with a weight on the right-hand side
relying on the whole ancestral lineage of current individuals which corresponds to the growth
of the population. In this case, under spectral assumptions, the asymptotic behavior of the
number of individuals has been well studied in [LPP95, KLPP97, Ath00, GB03, BK04].
We also refer to the work of Bansaye and al. [BDMT11] for law of large numbers theorems
using Many-to-One formulas.

On the right-hand side of (1.1) appears a Markov process with penalized (or rewarded)
trajectories which describes the dynamics of the trait of a typical individual. This corresponds
to a time-inhomogeneous Markov process Y ¥ indexed by ¢ > 0, for which we provide the
following formula for every non-negative measurable function F' on the space of cadlag
processes:

E[Z F(X;L,sgt)] — m(z,0,0)E [F (Ys“),sgt)], (1.2)

ueVy

where for r € X and 0 < s < ¢,
m(z,s,t) :=E [Nt’ZS = 53;] , (1.3)

and

Zy = Z dxs

ueVy

(t)

is the empirical measure of the process. We explicit the generator (As ) of this auxiliary
s<t

process: for all well-chosen functions f, x € X and s < t, we have:

~

A@ﬂm=gwﬂ@+§9uﬁlﬂm—f@»%%a@x

X
where
§y>f¢t>::g(wz(7at>f><gi&;{;i3470n<,s,w><x>
B = o) | e, ay)
s xr m(z,s,t) P
~1
ﬂ%%@0=m@@ﬂm@dw(Lm@dﬁm@dw> ,
and
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denotes the expected number of children with trait in the Borel set A of an individual of
trait x.

Moreover, we give some very simple and interesting examples where we can find the
expression of the generator of the auxiliary process: we detail three models for the dynamics
of a cell population (see Section 1.2.2).

The Many-to-One formula (1.2) splits the behavior of the entire population into a term
characterizing the growth of the population and a term characterizing the dynamics of
the trait. This separation in two terms is the key to the study of the ancestral trait of a
uniformly sampled individual. Indeed, we prove in Theorem 1.4.1, that the auxiliary process
describes the ancestral lineage of a sampled individual in a branching population at a fixed
time when the initial population is large. More precisely, if we denote by XV the trait of
a uniformly sampled individual from a population at time ¢ with initial distribution v and
if v, = > | 0x, where X; are i.i.d. random variables with law v, under some assumptions,
we prove the following convergence in law:

E.(Ny)v(dz)

, where m(dz) = TE, (N)(da)’ (1.4)

XU(t),un N Y(t L

)
[0,4] e L0

]
and Y7 denotes the auxiliary process with initial condition distributed as m;. This result
shows that the auxiliary process is the appropriate tool for the study of the trait along the
ancestral lineage of a sampling. We notice in particular that the dependence on the trait of
the average number of individuals in the population plays a crucial part in the creation of
a bias.

Finally, we refer the reader to Chapter 2 for results on the asymptotic behavior of the
process of a sampling. In particular, under some assumptions ensuring the ergodicity of
the auxiliary process, a law of large number for the empirical distribution of ancestral
trajectories is proven. The asymptotic behavior of the process of a sampling has already
been studied in [BDMT11] in the case of a constant division rate and in [Clo17] in a spectral
framework.

Outline. Section 1.2 is devoted to the rigorous construction of our process. In Section
1.2.1, we first describe in detail the model and in Theorem 1.2.2, we prove the existence
and uniqueness of the branching process. Then, in Section 1.2.2; we introduce our three
examples of cell division models: the size-structured model with linear or exponential growth
and the parasite infection model. In Section 1.3, we detail the properties of the Markov
process along the spine. In particular, in Theorem 1.3.1, we prove the Many-to-One formula
which describes the dynamics of a typical individual in the population. Finally, we give two
other Many-to-One formulas, one for the dynamics of the whole tree in Proposition 1.3.5
and an other one for the dynamics of a couple of traits in Proposition 1.3.6. Section 1.4
concerns the ancestral lineage of a uniform sampling at a fixed time in a large population.
More precisely, in Theorem 1.4.1, we prove the convergence (1.4). In Section 1.4.2, we give
explicitly the dynamics of the auxiliary process for our three examples of cell population
models. Finally, in Section 1.5, we give some useful comments on the model and some other
examples.

Notation. We use the classical Ulam-Harris-Neveu notation to identify each individual.

Let
u=|J o
neN
The first individual is labeled by . When an individual v € U dies, its K descendants are
labeled ul,...,uK. If u is an ancestor of v, we write u < v.
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1.2 Definition and existence of the structured branching pro-
cess

First, we introduce some useful notations and objects to characterize the branching process.
Henceforth, we work on a probability space denoted by (€2, F,P).

Dynamics of the trait. Let X =) x R, where Y c (R+)d is a measurable space for
some d > 1. It is the state space of the Markov process describing the trait of the individuals.
The second component, with values in R, is a time component. We assume that (A4, ¢ = 0)
is a strongly continuous contraction semi-group with associated infinitesimal generator
G : D(G) < Cp(X) — Cp(X), where Cp(X') denotes the space of continuous bounded functions
from & to R.

Then, according to Theorem 4.4.1 in [EK86], there is a unique solution to the martingale
problem associated with (G, D(G), denoted by (X¢,¢ = 0). It is an X'-valued cadlag strong
Markov process. For all 0 < s < ¢, x € X, we denote by ®(z,s,t) the corresponding
stochastic flow i.e. (®(z,s,t),t > s) is the unique solution of the martingale problem
associated with (G, D(G)) satisfying ®(z, s, s) = x. We have the following properties:

o forall feD(G),0<s<tandxeX:

t

F (@ (e, 5.8)) — f(2) - f Gf (B(x,s,r)) dr, (1.5)

S

is a 0(X¢,t > 0)-martingale where o(Xy,t > 0) is the natural filtration associated
with X.

e for each 0 < s <t, ®(-,s,t) is a measurable map from &' to X,
o foreach0<r<s<tandalzeX, &(®(x,rs),s,t)=P(z,rt), almost surely.
We refer the reader to [Kun97] for more properties on stochastic flows.

Remark 1.2.1. According to the Hille-Yoshida theorem (see [EK86, Theorem 1.2.6]), D(G)
is dense in Cp(X) for the topology of uniform convergence.

Division events. An individual with trait = dies at an instantaneous rate B(x), where
B is a continuous function from X to Ry. It is replaced by A,(x) children, where A, (z) is
a N-valued random variable with distribution (py (z),k = 0). For convenience, we assume
that p1(x) =0 for all x € X'. The trait at birth of the jth descendant among k is given by

the random variable Fj(k) (x,0), where (Fj(k)(', ), < kke N) is a family of measurable

functions from X x [0,1] to X and € is a uniform random variable on [0, 1]. For all k € N,
let P*) (z,-) be the probability measure on X* corresponding to the trait distribution at
birth of the k descendants of an individual with trait z. We denote by Pj(k) (x,-) the jth
marginal distribution of P*) for all k € N and j < k i.e. for all Borel sets A — X, we have
P (2, 4) = PB) (2, X771 x A x Xk79),

We denote by Mp(&X') the set of point measures on X'. Following Fournier and Méléard

[FMO04], we work in D (R4, Mp (X)), the state of cadlag measure-valued processes. For any
ZeD Ry, Mp (U x X)), we write Z;(du,dx) =Y S(u,x) (du, dz) and:

ueVy

Zy(dz) = ). 6xp(dz), t >0,

ueVy
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the marginal measure of Z;(du, dz) on X, where V; represents the set of individuals alive
at time t. We set Ny = #V;. Moreover, for any process Z € D (R4, Mp (U x X)), we define
recursively the associated sequence of jump times by

To(Z) = 0 and Tjs1(Z) = inf {t > Ty(Z), N, # NTk(Z)} ,

with the standard convention that inf {(J} = +oc0.

In order to ensure the non-explosion in finite time of such a process, we need to consider
two sets of hypotheses. The first one controls what happens regarding divisions (in term of
rate of division and of mass creation).

Assumption A. We consider the following assumptions:

1. There exist by,by = 0 and v = 1 such that for all x € X,

B(ZL‘) < b |l’|’y + bo.

2. For allt = 0, there exists £(t) € Ry, increasing in t, such that for all x = (y,t) € X,
keN and 6 € [0,1]:

k
Z Fi(k) (x,0) < x v L), componentwise.
i=1

3. There exists m = 0 such that for all x € X,

m(z) = Z kpi(z) < m.
k

4. For all x € X and s = 0, we have:

t

lim B(® (z,s,7))dr = +00, almost surely.
t—+w Jg

The first point controls the life-times of individuals via the division rate. In particular,
if v =0, B is bounded and the non-explosion in finite time of the number of individuals in
the previously defined process is obvious. In more general framework, we have to consider
the other point of Assumption A in order to prove the non-explosion in finite time. The
second point of Assumption A means that we consider a fragmentation process with a
possibility of mass creation at division when the mass is small enough. In particular, clones
are allowed in the case of bounded traits and bounded number of descendants and any finite
type branching structured process can be considered. The dependence in ¢ of the threshold
¢ allows us to consider models in a varying environment. The last point of Assumption A
ensures that each individual divides after a certain time.

We make a second assumption to control the behavior of traits between divisions.

Assumption B. There exist c1,ca = 0 such that for all x € X:

Ghy(z) < c1hy(x) + c2,

where ~y is defined in Assumption A and for z € (R4)?, hy(z) = |z|7 = (Z;’;l xi)w.

Assumptions A(1) and B are linked via the parameter v which controls the balance
between the growth of the population and the dynamics of the trait.
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1.2.1 Existence and uniqueness of the structured branching process

We now prove the strong existence and uniqueness of the structured branching process. Let
E =UxR; x[0,1] x[0,1] and M (ds, du, dz,dl,df) be a Poisson point measure on Ry x E
with intensity ds ® n(du) ® dz ® dl ® df, where n(du) denotes the counting measure on
U. Let ("), be a family of independent stochastic flows satisfying (1.5) describing the
individual-based dynamics. We assume that M and (®*),., are independent. We denote
by F; the filtration generated by the Poisson point measure M and the family of stochastic
flows (®%(x,s,t),ueU,x € X,s < t) up to time ¢.
For all x € X, there exists a function G(z,-) : [0,1] — N such that:

G(x,1) £ (pr(x), keN),

where [ is a uniform random variable on [0, 1]. This formalism will prove useful in the use
of Poisson point measure to describe the jumps in the measure-valued branching process.
For convenience, for all x € X and 6, uniform random variables on [0, 1], we write:

Fi(x,1,0) = @D (5 0).
We denote by
D(G) :={f : U x X — R such that f(u,-) € D(G) YueU}.
Forall 0 < s < t, f € D(G), € X and u € U, we consider the F;-martingale

(Msf”t“(m),t > 5) defined by:

M) o= f(u,t, ®%(x, 5,1)) — f(u, 5,)

S

— f (Gf(u,r, @ (x,s,7)) + O f(u,, ®“(x, 5,7))) dr. (1.6)

s

Theorem 1.2.2. Under Assumptions A(1-3) and B, there exists a strongly unique F;-
adapted cadlag process taking values in MpU x X) such that for all f € D(G) and t = 0:

t
(Zs, )= f(T,0,20) + L fu . (Gf(u,s,z) + 0sf (u,s,2)) Zs (du, dz) ds + M({t(a:)

: GXED
+L JEl{uevs, -<n(xn)] ; f (5, s (X2,1,0)) — f (u, 5, X))
M (ds, du, dz,dI, d9), (1.7)

where for all s =0 and t > s:

f _ _ fu u
M&t(x) - Z 15<Tk—1(z)<t Z MTk,l(Z),Tk(Z)At (XT;H(Z)> ’

k>1 uEVTk:71<Z>

15 a F¢-martingale.

The existence and uniqueness of such measure-valued process has first been studied by
Fournier and Méléard [FMO04]|. We also refer to [Tra06, BM15| for different extensions and
to [BT11] for the case of branching processes. Here, we obtain the non-explosion of the
branching process in finite time under quite general assumptions (no bounded branching
rate, random number of offspring, random transmission of the trait).
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The proof of this theorem is split into four lemmas. First, in Lemma 1.2.3, we prove
the existence of a Fi-adapted cadlag measure-valued process Z solution of (1.7) for all

€ [0,Tx(Z)) and all k € N. Then, in Lemma 1.2.4, we prove that ( gt,t > 0) is a
ft—martlngale. Next, in Lemma 1.2.5, we prove the uniqueness of the increasing sequence
(Tx(Z), k = 0) corresponding to the jump times of a solution Z to (1.7) and the uniqueness
of a Fi-adapted cadlag solution to (1.7) for t € [0, Tk (Z)) for all k € N. Finally, in Lemma
1.2.6, we prove that the sequence of jump times tends to infinity resulting in the existence
and uniqueness of the process on R, .

Lemma 1.2.3. There exists a Fy-adapted cadlag measure-valued process (Zt, > 0) €
Mp(U x X) which is solution of (1.7) for all f € D(G) and for all t € [0,Ti(Z)), k € N.

Proof. See Section 1.6.1 in the appendix. O

The existence of such processes has already been studied in [BT11] in the case of a
trait following a Feller diffusion. From Lemma 1.2.3, we deduce the existence of a cadlag
measure-valued process Z € Mp(X) solution of (1.7) which is given by the projection of
the solution Z € Mp(U x X) on the second coordinate.

Lemma 1.2.4. Let Z € Mp(U x X) be a solutwn of (1.7) whose construction is given in

the previous lemma. Let k € N. For all 0 < s <t < Typ(Z), x € X and f € D(G),
r)=>1 ol e (X5 2)
{s<Th_1(2)<t} Ty—1(2),Ti(Z) At Tx-1(2) )
k?l UEVTk 1

1s an Fi-martingale.

Proof. Let ke Nand 0 < s <t < Ty(Z). Let f € D(G) and = € X. Then, for all s <r < t,
we have:

E | Ml @) | - M, (@)

— fvu u
| k=1 weVr (2

“E| Y o<y 5 EME L oman (o) P 17| =0

k=1 UEVkal(Z)

because (Msji’tu@), t> 5) is a Fi-martingale. O

Next, we prove the uniqueness of the sequence of jump times (T(Z), k= 0) associated
with a solution Z € Mp(U x X) to (1.7) and the uniqueness of the solution on [0, Tx(Z2)),
for all ke N.

Lemma 1.2.5. The increasing sequence (Tj,(Z), k = 0) corresponding to the jump times
of a solution Z to (1.7) is strongly unique. Moreover, the strong uniqueness of a Fy-adapted
cadlag measure-valued solution to (1.7) holds, fort € [0,Tx(Z)) and for all k € N.

Proof. See Section 1.6.2 in the appendix. O
Lemma 1.2.6. Under Assumptions A(1-8) and B, the strongly unique sequence of jump

times of a solution Z to (1.7) tends to infinity as k tends to infinity, almost surely.
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Proof. Let T > 0. To shorten notation, we write T}, instead of T}(Z). We prove that
almost surely there is no accumulation of jumps on [0, T'] of the solution of (1.7) previously
constructed on [0, Ty[, for all k£ € N. Let k € N and (Zt, t < Tk) be the solution of (1.7) u
to the kth division time. Using equation (1.7) applied to the constant function equal to 1,
we have for all t < T A T"

Es, (Ne) = 1+ J Es, (2 B(XY) (m(X!) - 1>> ds

0 ueVs

t
<1 +mb1j Es, (Z |X“|7> ds+mbgf Es, (Ns) ds, (1.8)

ueV.

where the inequality comes from Assumption A(1) and A(3). Recalling that h,(z) =
(Zgl=1 xl)v, for z € (R1)?, we have using (1.7):

Es, [Z |X§L|7] - |x|uf Es, [Z Gh ( X“)] ds

ueVy ueVs
t
+ J f Es, B(X") . pu(XY) 2 ‘F(k ‘ — | xu ) | dods.
0 J[0,1] j=1
Next, using Assumption A(2) and B, we get that:

ueVy k=0
t

B | 31X | <l + f B | 3 (e |X0] + )
0

ueVy u€eVs

+ ng

2 B(Xg)f(s)l{lxgl”sé(s)}] ds.

ueVy

Finally, using Assumption A(1) and the fact that ¢ — £(¢) is increasing, we get:

Es, [Z X

ueVy

<z + e f: Es, [ Z yxgwl ds + (c2 + (b14(t) + b2) £(2)) Jot Es, [Ns] ds.

ueVy

Adding this inequality to (1.8) we obtain for all ¢t < T} A T

<1+ a7 + A(T) j t (de [N,] +Es, [Z |X§|7D ds
0

ueVy

Es, [Ni] + Es, [Z X

ueVy

where A(T) = c1 + co + bil(T)? + bol(T) + (by + ba)m. According to Grénwall Lemma, we
obtain for all t < T} A T

s, [Ne] + Es, [Z !Xi‘l”] < (14 ]z") 2Dt < oo,

ueVy

Finally, the average number of individuals in the population at time t is bounded for ¢
in compact sets and there is no explosion of the population in finite time. ]

Before moving to the next section , we introduce the first-moment semi-group (Rs;, t > s)
associated with the branching process: for all s > 0, ¢ > s and x € X, let

Rouf(x [2 £ (X ] (1.9)

ueVy
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Chapter 1  Uniform sampling in a branching population

where f is a measurable function. Applying equation (1.7) to f = 1, we obtain by taking
the expectation :

t
Rsi1(z) = m(x,s,t) =1 —i—f E

s

DT BXM)(m(XY) —1)|Zs = 6, | dr. (1.10)

ueVy

In particular, if B = b and m(x) = m for all z € X, we obtain m(z, s,t) = eb(m=1D{t=s),

1.2.2 Some growth-fragmentation models for cell population dynamics

In this section, we consider growth-fragmentation processes: at division, the trait of the
ancestor is shared between the children and the number of individuals in the population
increases. Moreover, we focus on models where the trait moves according to a diffusion
given by its associated generator of following form:

Gf(x) = r(x)f'(z) + o*(x) " (2),

where r and ¢ are measurable functions. This class covers several dynamics for the trait.
Here, we present three of them. In particular, we give an explicit formula for the average
number of individuals in the population at time ¢. We first give a useful equation concerning
models with such a dynamics. For all s > 0, ¢ > s and x € X, applying (1.7) to f(z) =«
and taking the expectation, we obtain:

t
R, Id(z) = = + J R yr(z)du, (1.11)

S

where (R +)i>s is defined in (1.9).

Linear growth model

We consider here a size-structured model. More precisely, the size of each cell grows linearly
at a rate a > 0 supposed to be identical for each cell and divisions occur at rate B(z) = ax,
a > 0. At fission, the cell splits into two daughter cells of size 5, when x denotes the size of
the mother at splitting. Deciding whether the cells’ growth follows a linear or an exponential
dynamics has fueled a large debate in the literature (see [Coo06] and references therein).
The linear growth model has been considered for example in [DMZ10] for the calibration of
a deterministic growth-fragmentation model from experimental data and in [Hoal5| for the
estimation of the division rate.

Using the previous notation, the process (X¢,t = 0) describing the size of a cell starting
from zq is given by:

X = xg + at,

and the associated generator is given for any function f e C'(R,) by:

Gf(x) =af'(2).
Then, the branching process (Z;,t > 0) is solution of the following equation, for any function

feC'(R,) and any z € X:

(Z, [) =20, [) + fo JR af'(x)Zs(dz)ds

t Xu_ )
+f0 LxR+ Huev, -, s<axe ) (2f (2) —f (Xs-)) M (ds, du, dz),
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where M is a Poisson point measure on Ry x U x Ry with intensity ds ® n(du) ® dz. The
first integral corresponds to the dynamics of the population between two divisions. The
integral with respect to the Poisson point measure represents to the jump part of the process
and the indicator function corresponds to the fact that an individual u jumps at time s if
it is in the population at time s~ and if the division rate at X is large enough. In this
case u, it is removed from the population and two descendants with trait X /2 appear.

The validity of Assumptions A and B is trivial for this model with v = 1. Let us compute
the average number of individuals in the population at time t. For all s <t and =z € R, we
have using (1.10):

m(z,s,t) =1+ ozftIE (Z XYz, = 51,) dr. (1.12)

s ueV;
Combining (1.11) and (1.12), we obtain:

t T
m(x,s,t) =1+ ozf <a: + aJ m(x, 8,T)d7'> dr,

S

and for all z € X and s = 0, m(x, s, -) is the solution of the following Cauchy problem with
unknown f:

{f”(t) = aaf(t),
fls) =1, f(s) = az.

with explicit solution given by:

m(x,s,t) = % <ea(t—s) 4 e—a(t—s)) + :;\/f <€E(t—s) B e_ﬁ(t_s)) ,

where @ = /aa. The population size is exponential in time as in the neutral case.

Exponential growth model in a varying environment

We assume here that the growth of the cells is exponential at rate a. This exponential
growth model has been studied in [DHKR15| in the case of a specific growth rate for each
individual in order to infer the division rate of the population. Here, we assume that the
division rate is a function of time, mimicking a varying environment. More precisely, we set
B(xz,t) = a(t)z, with « a positive function. The generator for the dynamics of the size is
given for any function f € C'(Ry) by:

Gf(x) = axf'(x).

We still assume that the branching is binary and that the size of the descendants at birth are
both 2/2 if x is the size of the mother at splitting. Then, the branching process (Z;,t = 0)
is solution of the following equation, for any function f € C'(R,) and any = € X’

t
(Zy, [y =20, ) + L fR az f'(z)Zs(dx)ds
’ Xw
+J;) quR+ 1{ueVS,, zga(s)X;i} (2f ( 9

where M is a Poisson point measure on Ry x U x Ry with intensity ds ® n(du) ® dz.
Moreover, we have using (1.11) with r(x) = ax:

E (Z Xz, = 536) = zel!=9),

ueVy

> - f (Xs“_)) M (ds, du, dz),
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AU

Figure 1.2.1: Descending genealogy from an individual with size 1 until time T = 50 of a
size-structured population. Each cell grows exponentially at rate 0.01 and divide at rate
B(z) = z. The scale refers to the length of the branches.

A
13.82

Combining this with equation (1.10), we obtain:

t
m(x,s,t) =1+ :cj a(r)e® ) dr.

s

In particular, if a(r) = « with « a positive constant, we obtain:
ox
m(z,s,t) =1+ — (ea(t_s) - 1) .
a

The growth is again exponentially fast in time. On Figure 1.2.1, we see a numerically simu-
lated example of such a size-structured population. The diameter of each circle corresponds
to the size of the individual at division and the length of the branch represents the lifetime
of each individual. In particular, we notice the link between the lifetime and the size of
each individual: the bigger the cell, the shorter its lifetime. We also observe that the sizes
of the cells at birth decrease as a function of time. This is due to the fact that the growth
is not fast enough to compensate for the divisions.

Parasite infection model

This model is a continuous version of Kimmel’s multilevel model for plasmids |[Kim97] which
has already been studied in the case of a constant or monotone division rate by Bansaye
and Tran in [BT11]. It models the proliferation of a parasite infection in a cell population.
More precisely, we assume here that the trait (X, ¢ > 0) is a Markov process describing
the quantity of parasites in each cell which evolves as a Feller diffusion process:

t t
X, =Xo+ J gXsds + J V202 X,dBs,
0 0

where (Bs)s>0 is standard Brownian motion and g,o > 0 are some fixed parameters. The
generator for the dynamics of the quantity of parasites is given for any function f € C?(R)
by:

Gf(z) = guf'(x) + oz f"(x).
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We assume here that a cell with a quantity = of parasites will potentially divide at a rate
B(z) = ax+f, a, f > 0 into two daughter cells with a quantity dx and (1 — )z of parasites
respectively, where § is a random variable with uniform distribution on [0, 1]. We need f to
be strictly positive so that even cells without any parasites divide after some time. The
branching process (Zy,t > 0) is then solution of the following equation, for any function
feC*R,) and any x € X:

t t
iy ) ={Zy, f)+ fo JR (gmf’(x) + O'QCITf//(LE)) Zs(dz)ds + j Z V202 Xuf (XE)dBY

0 ueVs

t
0X —6HXM) — f(X-
+J0 fuxR+><[0,1] 1{UEVS_’ ZgaX:_Jrﬁ} (f( S ) T f ((1 ) s ) f( s ))
M (ds, du, dz, dS),

where M is a Poisson point measure on R xU xR x [0, 1] with intensity ds®@n(du)®dz®do
and (BY,s = 0)yuey is a family of standard Brownian motions. In particular, the generator

corresponding to first moment semi-group is given for any function f € C?2(R) and z € X
by:

1
Fuutf (@) = gof'(2) + ®2 " (2) + oz + B) ( [ 1@+ ra-anas- f(fc)> |

Therefore, we notice that if (V, A) are eigenelements of Fi,s, we have FinV (0) = SV (0) so
that V(0) = 0 if A # 8 and we cannot apply usual techniques using eigenelements.

Let us compute the average number of individuals in the population after time t. We
have using (1.10):

t t

m(z,s,t) =1+ aj E [ Z X Zs = 535] dr —i—ﬁf m(zx, s, r)dr.
s ueVy s

Again, using (1.11), we obtain:

E[}]Xfw,:@]:x&“SX

ueVy

Then, combining the two previous equations, we get after differentiation:
om(zx, s, t) = azedt=5) 4 pm(zx,s,t),

and finally:

ar o
m(z,s,t) = ——eI(t=9) 4 (1 _ > ePt=9).
A g-8
if g # (3 and:
m(:E’ S,t) = (1 + Oé(t - 3)) :L'eﬁ(t_s),

if g = 8. In the three examples above, the mean number of individuals in the population is
an affine function of the trait of the initial individual. However, this is not the rule. For
example, Cloez developed in [Clo17](Corollary 6.1.) the case of a dynamics of the trait
following an Ornstein-Uhlenbeck process where the dependence in «x is not affine.

For other examples and comments, including a link with the integro-differential model,
we refer to Section 1.5.
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1.3 The trait of sampled individuals at a fixed time : Many-
to-One formulas

In order to characterize the trait of a uniformly sampled individual, the spinal approach
(|[CRS88|,|[LPPI5]), consists in following a "typical" individual in the population whose
behavior summarizes the behavior of the entire population. Biggins [Big77] used this
approach for the study of branching random walks extending Kingman results [Kin75|. The
spinal approach has then been extended to various frameworks ([HW96|,[KLPP97|,|[HH09)).
In particular, Georgii and Baake [GB03| used spine techniques in a spectral framework to
describe the asymptotic distribution of the trait of a uniformly sampled individual in the
population and its ancestral lineage in the case of a finite set of possible trait.

In this section, we specify the generator of the process describing the trait along the
spine. The existence of our auxiliary process does not rely on the existence of spectral
elements for the mean operator of the branching process.

With a slight abuse of notation, for all v € V; and s < ¢, we denote by X the trait of
the unique ancestor living at time s of w.

1.3.1 The auxiliary process

Let us define
D(A) ={f e D(G) s.t. m(-,s,t)f € D(G) Vt =0, Vs < t}.

From now on, we assume that for all z € X', ¢t > 0 and s < t, m(z,s,t) # 0.
We now recall the operator and functions needed for the definition of the auxiliary
process, and introduce additional notations. For all f € D(A), z € X and s < t, we write:

égt)f(x) _ g (m(7 5, t)f) (xgz?xfs(‘xt;g (m(7 S, t)) (x> : (113)
BW(2) = B(z)A(z, s, t), (1.14)

D(t) _ A1 m(yv'S?t)
P (z,dy) = A (x’s’t)im(x,s t)m(x,dy), (1.15)

where:

Az, s,t) = L{ mm(x,dy).

In order to prove a Many-to-One formula, we need to consider the following assumption:

Assumption C. There exists a function C such that for all j <k, j,ke N and 0 < s < t,
we have:

m(yasat) (k)
sup supf —— P (x,dy) < C(t), Vi = 0.
zeX se[0,t] JX m(ﬂf,s,t) ! ( ) ( )

Assumption D. For allt = 0 we have:

- forallx e X, s — m(x,s,t) is differentiable on [0,t] and its derivative is continuous
on [0,4],

- forallze X, feD(A), s — G(m(-,s,t)f)(z) is continuous,
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- D(A) is dense in C(X) for the topology of uniform convergence.

The last point of this assumption allows us to extend our formulas to all measurable
functions with respect to the Skorokhod topology using a monotone class argument. More-
over, combining Lemma 1.3.4 and Remark 1.2.1, this assumption is in particular satisfied if
D(G) is stable by product.

Theorem 1.3.1. Under Assumptions A(1-3), B, C and D, for allt = 0, for all xg € X
and for all non-negative measurable functions F : D ([0,t], X) — R4 we have:

Es,,

S P (XY s < t)] = m(20,0,t)Eq, [F (Ys(t),s < t)] : (1.16)

ueVy

where (Ys(t), s < t) 1 a time-inhomogeneous Markov process whose law s characterized by

its associated infinitesimal generators (.Agt)) given for f € D(A) and x € X by:
s<t

AD f(2) =610 f(z) + BO () f (f () — f () PO (2, dy) . (1.17)

X

Formula (1.16) has a natural interpretation in terms of semi-groups. If f is a non-negative
measurable function, we set for any 0 <r < s <t and any z € X"

PO () = E[Yuey, f (X)) |2 = 0a] _ B [f (YS(t)) v — x] _ (1.18)

8 m(z,r,t)

In other words, <Pr(ts) is a conservative (non-homogeneous) semi-group and the

)

>r$s<t
auxiliary process Y is its time-inhomogeneous associated Markov process corresponding
to the right-hand side of (1.1). We can exhibit this process using a change of probability
measure. Indeed, by Feynman-Kac’s formula, we have

r,s

PO £(z) = m(x, v, ) E [eﬁB(Xu)(m(Xu)—l)dvm(XS, 5,0) f(Xo)| X, = x] :

where the Markov process (Xs,r < s < t) corresponds to dynamics of the tagged-particle
which infinitesimal generator M is given by

Mf(x) = Gf(x) + B(x)m(z) ),

k>0

kpk(x)l k — () P®) (2
m(x) k;f)((f(y) f(@)) P (x, dy).

Then, the change of probability measure given by the o(X;,! < s)-martingale

e B m(Xa)=Ddsyy (X 1)

MO .=

R , forr<s<t

m(z,r,t)

exhibits the probability measure corresponding to the auxiliary process.

Before proving Theorem 1.3.1, we give some links between our approach and previous
works on this subject. In the neutral case, i.e. B and (pg)gen constants, the auxiliary process
coincides with the one in [BDMT11] i.e. for all f € D(G) and = € X, the infinitesimal
generator of the auxiliary process is given by:

k
Af(@) = G (@) + Bm )., b (; 2, L () = (@) PV (o dy>> ,
J=1

k=0
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where D, = kpym ! denote the biased reproduction law. The dynamics of this auxiliary
process heavily depends on the comparison between m(x, s, t) and m(y, s,t), for z,y € X. It
emphasizes several bias due to growth of the population. First, the auxiliary process jumps
more than the original process, if jumping is beneficial in terms of number of descendants.
This phenomenon of time-acceleration also appears for examples in [CR88, LPP95, HH09).
Moreover, the reproduction law favors the creation of a large number of descendant as in
[BDMT11| and the non-neutrality favors individuals with an "efficient" trait at birth in
terms of number of descendants. Finally, a new bias appears on the dynamics of the trait
because of the combination of the random evolution of the trait and non-neutrality. Indeed,
if the dynamics of the trait is deterministic, we have G{" f(z) =Gf(x).

The auxiliary process has been guessed through a discretization of the model using
the expression of the auxiliary process in [Banl5|. However, the proof of Theorem 1.3.1
does not rely on a discretization argument but on the uniqueness of the solution to the
integro-differential equation (1.20). The proof is decomposed in four parts: first, in Lemma
1.3.2, we prove that the integro-differential equation (1.20) admits a unique solution which
corresponds to the semi-group of the auxiliary process defined in (1.18). Afterwards, in
Lemma 1.3.3, we prove that the infinitesimal generator of this auxiliary process verifies
(1.17). Then, we prove Theorem 1.3.1 for any function such that F\(z) = fi(x,) ... fu(zy,),
x € D([0,t], X), by induction on k € N. Finally, we extend the set of functions for which
(1.16) is satisfied using a monotone class argument.

Let ¢ = 0. We define the following family of semi-groups for f € D(A):

. Ar—s(m('v 7 t)f)(l‘)

(t)
Qst,rf( )_ m($,8,t) , s<r<t.
We also define:
~(t) _ g(m(75>t)f)($) ~|—f(m)é’sm($,s,t)
G f(x) = @5 0) : (1.19)

Lemma 1.3.2. Let t > 0. Under Assumptions A(1-3), B, C and D, for all o € X and
to < t, the family of probability measures (Pt((f?s(xo, ),to < s < t) is the unique solution of
the following equation with unknown (fu, s(xo,), to < s < t):

poe (a0 ) = (to,0) + [ [ (8004r0) + 001 ,2)) (oo, )

* L: L( [ f f(ry) B2 (x,dy) — B(x )f(r,x)] ity (o, dzx) dr,
(1.20)

for all functions f such that, f(s,-) € D(A) for all s =0 and s — f(s,z) is continuously
differentiable for all x € X .

Proof. Let t = 0 and let f be as in the statement of the lemma. The proof falls naturally

into two parts. We first prove that ( t(o )S(:ro, D, to < s < t) is a solution of (1.20). We show

that for all tg < s <t, zge X,

m(Q:Oa to, ) to, sf(t07 1'0) (<ZS) f(sv )m(’ 87t)>}Zto = 59&0) .
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Indeed, from (1.18), the left-hand side of the above equation is equal to:

m(%,to,t)Ptg,)sf(to,SUo) =E Z Z f (5, X9) | 21y = 0

veVs ueVy
u=v

=K Z f(S’X:)E&TO Z 1’fs ’Zto = 5m0

veV; ueVy
L u=v

=E Z f(s,Xg)]E<Z 1ZS=5X;L>]
ueVi

| veVs

=E Z f(SaX;})m(X;}asthZto = 510] :

| veVs

Then, applying (1.7) to the function f(s,-)m(:,s,t) and taking the expectation, we obtain:

E [Z f (s, X3)m (X7, 5,) | Zyy = 5xo] = m(wo, to, 1) f (to, 7o)

VeV,

+ f 8 f (G (F(r,ym(-r,1)) (@) + f(r,2)oum(z, r,t) + 00 f (ry 2)m(z, 1)) R (o, der)lr
to JX

S S (k)
+ LO JXB(w) (Z Pk(w);fx f(roy)ym(y,r,t) P (z,dy) — f (r,z) m(z,r, t))

k=0
Ry, r(xo,dz)dr. (1.21)

Finally, dividing by m(xo, to,t), we obtain that (Pt(ot)s
(1.20).

We now prove the uniqueness of a solution to (1.20). Without loss of generality, we
assume that tg = 0. This part of the proof is adapted from [BT11]. Let (v}, s <t) and
(7527t, 8 < t) be two solutions of equation (1.20). Let us recall that the total variation norm
is given for all measures v',7? on X with finite mass by:

(x0,°),t0 < s < t) is a solution of

1 2 1 2
Y= = sup v (o) =7 ()],
” brv $Cy (X R), 9], <1 | |

where C (X, R) denotes the set of continuous bounded functions from X to R. The idea is
to find a function which cancels the first integral in (1.20). Let zx € X, t > 0 and r < t. We
begin by computing the differential of <Q§t7)~ flx), s<r< t) with respect to s. First, s —
Ar_s(m(-,r,t)f)(z) is differentiable because z — m(z,r,t) f(z) € D(G) and according to the
backward equation, its derivative is s — G(A,_s(m(-,r,t)f))(x) = Ar—s(G(m(-, 7, 1) f))(z).
Furthermore, s — m(xz,s,t)~! is differentiable because s — m(x,s,t) is differentiable
according to the first point of Assumption D and because m(z, s,t) # 0 forall z € X, t >0
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and s < t. Then, we have for all s > 0 and r >

o asAr—s (m(~,"r’,t)f) (‘7}) o asm(‘rv‘S?t) m(-.r T
= m(w7s,t) m(m,s,t)2 A'r—s( ( ) 7t)f)( )

g (AT—S (m(-,r, t)f)) (‘T) . asm(.CE, Svt) AT—S (m<'7T7 t)f) (‘T)

m(z,s,t) m(z, s,t) m(z, s,t)

g (m(,mrt gfl x m(r. s
( ( (7 t)Q )()+as (”t)Q(t)f(x)).

m(x,s,t) m(x,s,t) "
Therefore, for all s <t, f € D(A), we have:

0sQ () = =GR (). (1.22)
Let f € D (A) be such that |f|, < 1. Let 7,(z) = inf {t > 0, X; ¢ B(z,n)} where B(z,n)

is the X’-ball of radius n and centered in . Let us define for all z € X', s <r <tandne N:

Eq [m(XrATn(a:)—sa rA Tn(x)7 t)f(Xr/\‘rn(:c)—s)]

m(x,s,t)

Q" f(w) =

We still have 85ng7)n’nf( ) = —g Q(t) (x). Moreover, for all s <r <t and all z € X, we
have:

< Ey [m(XT/\Tn($)—87T A Tn(m)at)]
m(z,s,t)
E, [m(XT‘/\Tn(:L‘)—S7 rA Tn(l'),t)]
m(XQ r/\Tn(x),t)‘Zs =5x],

rATn(x)?

E [19

T ATR(T)

where Q, = {T1(Z) > r}. Conditioning with respect to o (Xs, s <7 A 75,()) on the denom-
inator we obtain:

E; [m(XT‘/\Tn({L‘) sT A Tn(x)7t)]
B [exp (=550 BOG)d) m(XZ ) A (), D] XE = 2
E [m(Xy prn(@), 7 A (@), 1)| Xs = 7]

rBy(z)) E [m(XQ A Tn($),t)’XS® = a:]

rATh(2)?

< eBr@)  (1.23)

exp (—

where By, () = supyep(zn) B (9)-

Let T, = inf {s < t,7, (xo, B(zo,n)°) + 73, (x0, B(2zo,n)) > 0} where B(xg,n)¢ is the
complementary of the X-ball of radius n and centered in xy with the convention that
inf (5 = +00. Then, using that (7;',,5, s < t)7 for + = 1,2, are solutions of (1.20), we have for
all s <r <t

et (%0,), Q S/\Tn, = Q " fwo)
JSATn f [ JQW”J" y) P (x, dy)—B(x)Qit}’”f(x)] Vit (20, dz) du.
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Using (1.23), we get: we have:

t), 2 t),
’Yegl,\Tmt <$07 Qg/)\jr‘ln7rf> - p)/s/\Tn,t <.’E0, Q,(S/Z;H,T‘f>’

SATy - N
[ | @ [ e o B @) - 5@ s @] (L - 520 Gao. o
0 X X

SATy
[ B [ [ et D) e dy) @Lizznf(x)] (L, —42,) (w0, de) du
0 X X

m(z,u, t)

_ SATy
< (C(t)m + 1)e"Brineg) @B, (2) f |vae — ves
0

}TV du

— S
< (OO + 1) Prinso @B, () f S
0

v 4,

where 7(n, 20) = 2n + |xo| + £(s)"/7 and C(t) is defined in Assumption C. Then Grénwall’s

lemma implies that

'Y;ATn,t — VsQATn,t v 0. Taking the limit as n tends to +o0, we

obtain |y, — 7§7t‘|T\/ = 0 and the uniqueness of the solution to (1.20). O

Lemma 1.3.3. Let t = 0. Under Assumption D, the generator of the semi-group of the
auziliary process (PT(Q, r<s< t) defined in (1.18) is (Agt), s < t) defined on D(A).

For the proof of this Lemma, we need a preliminary result which proof is given in
Section 1.6.3 in the appendix.

Lemma 1.3.4. For allt >0 and s <t, m(-,s,t) € D(G).

We can now prove Lemma 1.3.3.
Proof. Let t = 0 and f € D(A). If we take the expectation of (1.7) and differentiate with
respect to t, we get that for all functions g such that, g(s,-) € D(A):

atRs,tg(xvs) = gg(x,s) + asg(x7 S) + B(x) (fxg(yas)m($’dy) - g($’8)> = Rg(x,s),

for all x € X and s < t, because t — E[(Z;, f)] is continuous whenever f is continuous.
Next, according to Assumption D, we have the following first order Taylor expansion: for
allz e X, r <t and h > 0,

(t) . RT,T‘Jrh(m('? r+ h'7 t)f)(l')
Pr,r-i—hf(x) - m(x, r, t)
o T R(m(,r,t)f)(x) aTm(xar) t)f($> 0
BT ) R T ) B

Then

AP f(z) = GO f(z) + B () [ W PO(z,dy) — B(z)f <x>] , or<t (1.24)
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However, taking f =1 in (1.21), which is possible according to Lemma 1.3.4, and differen-
tiating with respect to s yields:

E [ Z (g (m(v S’t)) (X;J) + agm(x, s, t)) |Zt0 = 5950]

u€eVs
:_E[ Xu <Zpk Xu ZJ myast )(X;‘,dy)—m(Xg,s,t)> ’Ztozémol'
k=0

Then, for s = tg we get :
osm(xz,to,t) = =G (m(-, to, 1)) (x) + B (x) m(x, to,t)

Z pr ( Z f m(y,to,t)P; ) (x,dy), (1.25)

k=0

for all g > 0. Combining (1.24), (1.25), we obtain formula (1.17) for the generator of the
auxiliary process. O

Proof of Theorem 1.3.1. We prove the result by induction on k € N for any separable

function F' = f1...fr with f; € D(A) for all i = 1...k. We consider the following
proposition denoted by Hp: for all 0 < s1 < s9 < ... < s < t, for all 9 € X and
fiooos fr e D(A):
E5xo [Z fl o (Xu)] =m(m0,0,t)IEx0 [fl (Y(t) fn( Sk )]
ueVy

First, H; holds by (1.18). Assuming that Hy_; is true for some k& > 1, we now prove
Hi- Let 0 < s1 <s9<...<sp<tand fi,..., fr be measurable non-negative functions
such that f; € D(A) for all 1 < i < k. We have using the Markov property:

ZOIZ (X)) (Xu)]

ueVy
:E5zo Z fl (X.;Ll ° fk 1 ( Sk— 1)E Z fk Sk 1
ueVs, 4 veV;
L | v=u
= E(Saco Z fl (X;Ll N fk 1 ( Sje— 1) E Z fk (Xsk) Zsk_l = 5ng1]
| ueVe, 4 LveVy

We can now use the result proved in the case £k = 1 and the last term on the right hand
side is equal to:

IE‘s%o Z fl (X;Ll ’ fk 1 < Sk— 1) m (Xsukfl’sk—l’ ) [fk (Y(t> Y(kzl = ng&]
ueVs, _,
—Es,, [Z Fr(x8) o fon (X ) B (v0) [y, = xu ]]
ueVy

= m(z0,0,t)Ey, [fl (Y(t ) fe1 < Sh— 1) [fk < )
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where the last equality is obtained using the induction hypothesis.

Finally, using Assumption D and a monotone-class argument, we extend the result to
all measurable functions with respect to the Skorokhod topology (see details in Appendix
1.6.4). O

We now develop two other Many-to-One formulas: one to characterize the trait of
the individuals over the whole tree and the other to characterize the trait of a couple of
individuals.

1.3.2 A Many-to-One formula for the whole tree

We denote by:
T= U VS = uv
s=0
the set of all individuals in the population. Let us recall that for u € T, a(u) and S(u) are
random variables representing respectively the time of birth and death of w.

Proposition 1.3.5. Under Assumptions A,B, C and D, for all xy € X and for any
non-negative measurable function F : D (R, X) x Ry — R4, we have:

Es

0

ueT 0

M F (ngﬁ(u)), B(u))] - f " (20,0, 5)Ear [F (qgfs), s> B (YS(S)>] ds. (1.26)

The left-hand side of (1.26) describes the dynamics of the trait of all individuals
that were in the population. The right-hand side is the equivalent in terms of auxiliary
process. Then, according to this result, the sum of the contributions of all individuals in
the population is equal to the average of the auxiliary process with respect to the mean
number of individuals in the population. The weight B in the right-hand side comes from
the density of the lifetimes. The terms might be infinite.

Proof. We follow [Clo17] (Lemma 3.8) and provide a proof for the whole trajectories. First,
we recall that for any v € 7 and any Borel set A < R,:

t

a(u)

P (B(u) e A ‘(Xg)szo,a(u)) = JAB (X} exp (— B(XY) ds) dt.

Then, for all non-negative measurable functions f : D(R;, X') — R, we have:
B(u)
Edzo l{ueT} J W) F (Xfé,s)> 5) B (Xg) ds

+00 T T

=Es,, ll{ueT} J (J F (X[% 5)7 S) B(XY) ds) B (X*)exp (—J B (XY dr) dT] .
o(u) \Yo(u) ’ a(w)

Next, using Fubini’s Theorem, we obtain that the right-hand side of the above equation is:

[ +00 +0o0 T
Es,, |Liucr) f B(XY) exp —L(U)B(Xﬂ)dr dr F(Xﬁ)’s),s)B(Xg)ds

a(u) S

+00 S
—Es,, | Ler) L(u) exp (— L(u) B(XY) dr) F (XEJO’S), s> B(XY) ds]

=Es,, :1{u€T}F <XE6,,B(U))7B(U)>]7 (1.27)
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where the first equality is comes from of Assumption A(4). But {a(u) < s < B(u),ue T} =
{u € Vs}, then:

Ljuer) L(u) F (X[QS), s> B(XY)ds| = Es,, [ L Luev) F <X[078), s) B(XY) ds] .
(1.28)

Es,,

Finally combining (1.27) and (1.28) we get:

By L;Tf( [0.5) )] ZE‘5 [Len F (X s 50 |
- Y Es, U Lev F (Xfo. 0 5) B(X2) ds]
ueld
M F <X[16,s), s> B (Xg)] ds

+00
= f E610
0 ueVy

[} 00 [ (181 5) B ()

0

where the last equality comes from the Many-to-One formula (1.16). O]

1.3.3 Many-to-One formulas for forks

In this section, we characterize the law of a couple of lineage coming from two individuals
alive at time ¢. For former results on the subject, we refer to [BDMT11] for such formulas
in the neutral case and to [HR17] for many-to-few-formulas on weighted k-fold sums over
particles in the case of local branching. We aim at characterizing the dynamics of the trait
of a couple of individual along the spine using our auxiliary process. Those formulas have
already proved useful to control the variance of estimators [HO16].

For any two functions f, g, defined respectively on two intervals I¢, I, for any [a,b) < I,
[c,d) < I, we define the concatenation [fiqp), g[c.a)] by

f(t) , if t € [a,b),
[fra.): 9pe.](t) = { gt+c—b) ,iftebb+ (d—c)).

Proposition 1.3.6. Under Assumptions A, B, C and D, for anyt > 0, g € X and for
any non-negative measurable function F : D([0,t], X)? — R :

Es,, | Y F(X[%’t], Xf’o,t]) _ Ltm(xo,o,s)E% [B (YS(S)>JS¢F (qgf;])]ds, (1.29)

u,veVy
UF#V

where for (z,,r < s) € D([0, s], X):

LF@ =Y Y )|

a#beN k>max(a,b) 0

1 m (Fék) (xs,6) ,3,t> m (Fb(k) (xs,0), s,t)

Hy,F (w F® (z,,0), F* (z,, 9)) 4o,
and for all s <t , (xs,s <t) e D([0,t],X) and y1,y2 € X:
H, F(x,y1,y2) = E [F< o, 8)7}/[(St’1i1]7 [ﬂf[o,s);ﬁ(;ijz]) | (12“)’1,1@“)’2) = (yhyz)] 7
2

and (Ys(t)’l, s <t), (Ys(t)’ , s <t) are two independent copies of (Y- (t), s <t).
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XY, r<s

FR(Xw,0) | FA(X®,0)

Figure 1.3.1: Forks.

According to this proposition, the sum of the contributions of each couple in the
population at time ¢ corresponds to an integral of a product of a count term and a term
characterizing the dynamics of the trait the couple. The integral is over all possible death
times s € [0,¢] for the most recent common ancestor w of w and v, where u # v € V;.
For example, in the case of Figure 1.3.1, if we pick the green star and the blue star,
the lineage of their most recent common ancestor w is coloured in red. For the count
term, m(xg, 0, s) corresponds to the choice w among the individuals in the population at
time s and m (Fék) (zs,0), s,t) m (Fb(k) (xs,0) ,s,t) corresponds to the choice of u and
v among the descendants of w. In the example, with our choice of w, there is only one
choice for v and two for v. Before s, the traits along the ancestral lineage of u and v are

identical. After the death of w, the dynamics of the trait of the ancestor of u and the
ancestor of v become independent conditionally to the trait of w at death. This explains the
term H, F (:U, £ (xs,0) ,Fb(k) (xs, 9)) above where z, (Ys(t)’l, s < t) and (Ys(tm, s < t)
describe the dynamics of the trait along the red, green and blue path respectively.

This formula is similar to the Many-to-Two formula proved in [HR17] but as in the
Many-to-One formula (1.16), the count terms are separated from the terms corresponding
to the dynamics of the trait of a "typical" individual contrary to the formula in [HR17].
This decomposition is useful for the study of the asymptotic behavior of the branching
process. We refer the reader to Chapter 2 for an example of use of this formula to prove a
law of large numbers.

Proof. Let t = 0 and zp € X. First we prove (1.29) for F(z,y) = fi(x)f2(y), where
fi : D([0,¢], X) — R, are non-negative measurable functions for i = 1,2. Let us denote
by A the left-hand side of (1.29). We explicit the most recent common ancestor w of two
individuals u, v living at time ¢ and we obtain:

A=Bs, [ 2 Y Y Lyssn Lummei wameviy 11 F (| X a0 X))
_weblal;éageNﬂl,ﬂgeT i=1,2

= Ey,, > LussepE| ] D f([ [0.8w))’ [W])‘fﬁ

way #was€T i=1,2 uw;eV
al,ageN uizwai

86



Chapter 1  Uniform sampling in a branching population

Then, applying successively the branching property and the Markov property, we have:

A=Es, | 2 Lpsswy [ B 2 i (| X80 st XEarar) ) X
vafeget |

=Es,, > Lessey [TE| X fi([f;XfJﬁi(w),t]mX%)

wal #waseT i=1,2 u V4
a1,a2eN Lu;=wa; d s xw
| o R 2=X5,5(w)) |

Next, using the Many-to-One formula (1.16) we obtain:
A= Eézo[ Y. Yeswy [ m (Xé”(ii H)

wai FwazeT i=1,2
B | ([0l ) oo = %50 )y ]

a1,a2eN
[0,8(w))

Expliciting the distribution of the trait at birth of wa and wb yields

A—Eszol > lesswy D Xﬁw) J [[m < w>’9>’5(w>’t)

wa #wazeT k}max(ahag) i=1,2

a1,a2EN
[ () i = (000, ]

Applying the Many-to-One formula over the whole tree (1.26) yields:

Elp) X% w(w)

a1#a26N k>max(a1,a2)

[ T (5 (1.0 5.0) [ (725

i=1,2

t
A :f m(zo, 0, s)
0

s v

y® — F(k) (y(S) 9)]|~
=0

d&] ds

- [ [5(70) st 2 (3]s

where f1 ® fa(z) = fi(x)fa(x). Finally, we obtain (1.29) using a monotone class argument.
O

Let us explicit a particular case of formula (1.29). We define:
1
-y Y pk(x)J 7 (EO @.0)) g (E (2.0)) db. (1.30)
a#b k>max(a,b) 0

Jo represents the average trait at birth of two uniformly chosen children from an individual
of type x. For simplicity of notation, we write Jo f(z) instead of Jo(f, f)(z). Let us recall
that:

PRF@) =E[f (v0) [¥ = =].
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. t 3 t
\

Figure 1.3.2: Trees and forks.

Corollary 1.3.7. Under Assumptions A,B, C and D, for any non-negative measurable
functions fi, g from X x RT to R and any xg € X we have for s < t:

Es, | 2 fi(X2) g0 (XD | = fm@o,o,r)Exo [fr@ g (V) B&Jam (1) (v,1)]
u,veV; s
UFAV

S
+f m(zo,0,7)Eag, [B®J2 (m(-,r,t)PétS)ft,m(-,r,t)PSS)gO (YT(T))] dr. (1.31)

0
The first integral corresponds to the couple of individuals alive at time ¢t whose most
recent common ancestor died after time s. It is the case for example on Figure 1.3.2 if you
pick two red stars on the tree on the left-hand side. The product m(zg, 0, 7)J2(m(-, 7, t)(y),
with y € X corresponds to the average number of such couple at time ¢ whose most recent
common ancestor died at time r with s < r < t. The second integral corresponds to couples
(u,v) € V; of individuals whose most recent common ancestor w died before s. It is the case
on Figure 1.3.2 if you pick one blue star and one green star on the tree on the right-hand
side. In this case, unlike in the previous one, the value of the trait of the individuals at
time s is not the same. The dynamics of the trait along the blue lineage or along the green
lineage are independent conditionally to the trait of their common ancestor at death. This
explains the terms Pr(ts) f+ and Pﬁ? g that appear in the second integral. As before, the
remaining terms depending on the average number of individuals in the population is a

count term.

1.4 Ancestral lineage of a uniform sampling at a fixed time
with a large initial population

The Many-to-One formula (1.16) gives us the law of the trait of a uniformly sampled
individual in an "average" population. But the characterization of the law of the trait of
a uniformly sampled individual in the effective population is more complex because the
number of individuals alive at time ¢ is stochastic and depends on the dynamics of the trait
of individuals. As the auxiliary process takes into account the bias in the population due to
the number of individuals, it characterizes the law of a uniformly sampled individual only
when the bias are in place i.e. when there is a certain amount of individuals. Indeed, the
dynamics of the first individual in the population is not biased. That is why we now look
at the ancestral lineage of a uniform sampling in a large population.
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1.4.1 Convergence of the sampling process on a fixed time interval

It only makes sense to speak of a uniformly sampled individual at time ¢ if the population
does not become extinct before time ¢. For all ¢ > 0, let ; = {N; > 0} denote the event of
survival of the population. Let v € Mp(&X') be such that:

P, () > 0. (1.32)
We set
v = Y. Ox,, (1.33)
i=1

where X; are i.i.d. random variables with distribution v. For ¢t = 0, we denote by U(t) the
random variable with uniform distribution on V; conditionally on §2; and by <X SU (t), s<t

the process describing the trait of a sampling along its ancestral lineage. If X is a stochastic
process, we denote by X" the process with initial distribution v € Mp(X). In particular,

for all t = 0, Y corresponds to the auxiliary process with Yo(t) ~v. For all 0 < s <t
m(v, s, t) =E(N¢|Zs = v),

denote the average number of individuals in the population after time ¢ starting from a

population distributed as v at time s.

Theorem 1.4.1. Under Assumptions A(1-3),B, C and D, for any t > 0, the sequence

(X[Iéf:])wn)n?() converges in law in D ([0,t], X) to }/[E)t,szrt where:

Wt(dx) =

Proof. Let t = 0. Let (X;)1<i<n be i.i.d random variables with distribution v and v, =
D1 0x,. Let F:D([0,¢],X) - Ry be a bounded measurable function. First, we notice
that:

Lym 1 i N (1.34)
n ! n 4 b

where Nt(l) are independent copies of N; with initial distribution dx,. According to the
law of large numbers, (1.34) converges almost surely as n tends to infinity to m(v,0,t) =
§ym(x,0,t)v(dx). Next, let Q(v,) = {N/™ > 0}. (Q(vn)),=o is a increasing sequence.
According to (1.32), there exists 0 < €(¢) < 1 such that:

P(Q(vn)) < (L —e(t)" — 0,

n—+0o0

so that:

10,0y — 0, almost surely.

n—+0o0

We have:

2F (555)] =2 | 3 F (Sia) | P00

ueV;m
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Chapter 1  Uniform sampling in a branching population

Let Vt(i),z’ = 1...n be independent identically distributed populations at time ¢t coming
from an individual with trait X; ~ v at 0. Then:

1
E 1{9%)}@ %} F<XE6,t]) =E | 1(9, un}Nyn Z; Z() (X%t) . (1.35)
uev =luel”

According to the strong law of large numbers,

135Y F (K)o B

i=1 ueV(Z

Z F (Xfflto] , almost surely.

ueVi

Taking the limit in (1.35) as n tends to infinity, we have by dominated convergence because
F' is bounded:

IE ) p—— [Z v (X%,t])] ().

because P (€(v,,)) — 1 as n tends to infinity. Finally, applying the Many-to-one formula
(1.16), we obtain:

Remark 1.4.2. If we start with n individuals with the same trait x, we obtain:

5|7 (i )] Be 7 () |

Therefore, the auxiliary process describes exactly the dynamics of the trait of a uniformly
sampled individual in the large population limit, if all the starting individuals have the same
trait. If the initial individuals have different traits at the beginning, the large population
approximation of a uniformly sampled individual is a linear combination of the auxiliary
process.

Remark 1.4.3. One can easily generalizes this results to a k-tuple of individuals uniformly
picked at time ¢. But if you start with a population of size n and you pick k individuals
uniformly at random at time ¢, when n tends to infinity, the probability that those k
individuals comes from the same initial individual is zero. Then, the trajectories of their traits
are independent and we get for example in the case k = 2, for any f,g: D ([0,¢],X) — R4
bounded measurable functions:

Uy (t),vn Usa(t),vn N (t),l (t),?
el (™) (o™ )|z B 7 (') o () |
where Uy (t), Ua(t) are independent random variables with uniform distribution on V; and

the processes (Ys(t)’l, 5§ < t) , (Ys(tm, § < t) are i.i.d. distributed as (Ys(t), 5§ < t) .

Remark 1.4.4. An other way of characterizing the trait of a uniformly sampled individual
via the auxiliary process is to look at the long time behavior of the process instead of
looking at the large population behavior. This is the subject of Chapter 2.
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1.4.2 The trait of a uniformly sampled individual for growth-fragmentation
models

The auxiliary process is a good way of getting simulated random variables corresponding
to the trait of a uniformly sampled individual with large initial population or to the trait
of a uniformly sampled individual for large times (see Chapter 2). Indeed, it is much more
quicker to simulate one trajectory of the auxiliary process rather than the dynamics of an
entire population. In this section, we detail the auxiliary process for our three examples
introduced in Section 1.2.2.

Linear growth model

For the linear growth model with binary division (Section 1.2.2), Assumption C is satisfied
for C = 1 and the large population limit of the ancestral process of a sampling grows
linearly between two jumps and jumps at time s at rate

1 + e2velt=s) >

1 —2,/% + e2Vel=9) (1 4 2,/9)

At a jump, there is a unique descendant with trait 3 if = is the trait of its parent at the
splitting time. In particular, the rate of division of the limiting process is bigger than the
rate of division in a cell line for the original process. It means that in the large population
limit, a typical individual has overcome more division than any individual.

BY(z) = ax (1 +

Exponential growth model in a varying environment

For the exponential growth model in a varying environment with binary division (Section
1.2.2), Assumption C is satisfied for C' = 1 and the associated auxiliary process grows
exponentially between two jumps and jumps at time s at rate

BO(z) = :
B (z) = (a(s)z + f) (1 LN xgia(r)e(aﬁxrs)dr) '

The rate of division of the limiting process is again bigger than the division rate of any
individual. At a jump, there is a unique descendant with trait § if = is the trait of its parent
at the splitting time.

This example is a good illustration of the fact that the large population limit of the
size of a uniformly sampled individual does not correspond to the size of a tagged cell, i.e.
the size along a lineage where at each division, you choose randomly one daughter cell. In
fact, as the division rate of the auxiliary process is larger than B, the number of divisions
along the lineage of a uniformly sampled individual is bigger than the number of divisions
along the lineage of tagged cell, resulting in a difference on the size of the individuals.
However, the distribution of the number of divisions along the lineage of a uniformly
sampled individual coincides with the one for the auxiliary process. On Figure 1.4.1, we
can see those distributions: the two first distributions, corresponding to the distribution
of the number of divisions along the lineage of a uniformly sampled individual and of the
auxiliary process, are centered on a bigger number of divisions than the third distribution
corresponding to a tagged cell.

91



Chapter 1  Uniform sampling in a branching population

0.5

Il Asample
I The auxiliary process

0.4 Il A tagged cell
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Number of divisions
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Figure 1.4.1: Distribution of the number of divisions in the lineage of a uniformly sampled
individual (black bars), of the auxiliary process (red bars) and of a tagged cell (blue bars).
For each case, we used 5000 realizations of each process until time ¢ = 50 with parameters
a = 0.1 and zg = 1. The distribution of the number of divisions almost coincides for the
auxiliary process and a sampled individual. However, the distribution of the number of
divisions for a tagged cell is different from the two previous ones. Indeed, it is more likely to
sample an individual whose ancestors divided many times, that is why, the distributions of
the number of divisions for the auxiliary process and for a uniformly sampled individual are
centered on bigger values than the distribution of the number of divisions for a tagged cell.

Parasite infection model

For this cell division model with parasite infection, Assumption C is satisfied for C' = 1
and the auxiliary process evolves as a Feller diffusion with infinitesimal generator:

ar (eg(t—S) - eﬁ(t—S))

o (eg(tfs) — eﬁ(t*‘s)) + (g — ﬁ)

FOf(x) = (ga: +20° eﬁ(t8)> F(a) + P (x),

so that the drift of the limit of the process of the ancestral trait of a sampling is bigger
than the original drift in the population. Then, the limiting process jumps at time s at rate

~ 1
BW(z) = (azx + B) (1 + — ) .
1+ P (e(g—ﬂ)(t—s) — 1)

Thus, the division rate of the limiting process is also bigger than the rate of division in a
cell line for the original process.
The trait of the newborn cell is distributed according to the following probability law:

2(g— B) +2ay (e(g_ﬁ)(t_s) —1) dy

= Lio<y<a} 2(g— B) + ax (e AE—) —1)

PO (z, dy)

In fact, because cells divide faster when they have more parasites inside them, it is a good
strategy, in order to have a lot of descendants in a long time scale, to choose to give a lot
of parasites to your daughter cell. Moreover, the evolution of the trait is biased: the drift in
the Feller diffusion is more important for the auxiliary process because a cell with more
parasites divides faster so that it produces more descendants.
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1.5 Further comments and examples

We can apply the results of this work to various models and we choose to detail in this
chapter only three of them based on biological and computational considerations. However,
we review in this section some other interesting models.

1.5.1 The age-structured population model

In this model, the quantity of interest is the age of each individual which grows linearly.
The life-time of each individual is a random variable with cumulative distribution function
G. Such models have been first introduced by Bellman and Harris in [BH52| and have
recently been studied in order to infer the division rate [HO16]. Let B : Ry — R be the
rate of division of each cell defined via:

G(t) = 1 — exp (- ﬂ B(s)d5> .

The branching process (Z;);>0 is solution of the following equation, for any function
feCYRy) and any z € X:

s 1) =(Zo, [ + L fR J'(2)Zs(da)ds

t
+ JO J;/[XR+XN 1{u€VS,, 0<B<X;‘7>} (kf (0) —f (XS_)) M(ds, du, dG,dk),

where M is a Poisson point measure on Ry xU xR x N with intensity ds®@n(du)®d0Qp(dk),
where p denotes the distribution of the number of descendants.

In order to get information on the average number of individuals in the population at
time ¢, we follow Harris in [Har63| (Chap. 6) and we obtain:

m(0,0,t) =1—G(t) + mJt m(0,0,t — u)dG(u),
0

where m is the average number of descendants at division. Using the life-time distribution
conditioned to be greater than x for the first individual we have:
m(0,0,¢+ ) —m §5m(0,0,t + z — u)dG(u)
1—-G(x) '
We cannot find an explicit solution to this renewal equation except in the case of an

exponentially distributed life-time but we know the asymptotic behavior of a solution (see
[Har63]). In particular, if G is non-lattice and m > 1, let o be the positive root of:

(1.36)

m(x,0,t) =

0 0]
mf e dG(t) = 1.
0

Then,
at
m(0,0,t) et c(a,m)nie™,
where
m—1
am? § te=*tdG(t)’

and n;j is explicitly given in [Har63] Theorem 17.1 and the rate of division of the auxiliary
process is given for large t by:

cla,m) =

e (1 - G(x))

BY ~ B :
s () 1—m e *udG(u)
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1.5.2 Multi-type branching process and switching

An example of phenomenon that we would like to understand using a model on a finite
state space is the phenotypic switching, i.e. the capacity to achieve multiple internal states
in response to a single set of external inputs. Examples of studies of switching can be found
in [OTL"04] or [LK10]. For an asymptotic characterization of the ancestral lineage of a
typical individual for models with a trait on a finite state space, we refer to [GB03]. We
assume here that an individual can be in state 0 or 1 which is constant during its lifetime.
An individual in state x = 0,1 divide at rate B(z) = b, and at division, it is replaced by
2 individuals. We denote by p the probability of switching at birth. We assume that this
probability does not depend on the trait. Therefore, the trait only affects the lifetime of
individuals. We obtain for the generator of the first moment semi-group for any function f
taking values in {0, 1} and any x € {0, 1}:

Fowiteh f () = B(x) (2f(2)(1 = p) + 2f(Z)p — f(z)),

where T = 1 — . Moreover we have:

Es,

> B(Xt“)] = (b1 — bo)Es, [Z Xg] + boEs, [IVy] .

ueVy ueVy

and after calculations, we obtain:

Es, [Z Xt“] — 2 4 (by(1 — 2p) — 2pby) f: Es, [ > Xg] ds + 2pby f: Es, [Ns]ds.

ueVy ueVy

Then if we write:

() = s, [Ni], w(t) = By, [ N Xf] V>0,

ueVy

O\ _ bo by — bo %
OtV 2pby  b1(1 — 2p) — 2pby v )’

For example, for p = 0.5, writing v = Z—(l’, we have:

we obtain:

e e 1
m(1l,s,t) =m(0,s,t) + [e bobi(t=s) _ ¢~ bobl(t_s)] 2\—ﬁ(l — ).

In particular, the transition kernel of the auxiliary process is given by:

x, 8, 1)0z(dy) + m(T, s, t)5z(dy)
m(z, s, t) + m(T,s,t)

PO (x, dy) = m

)

so that if v > 1, i.e. by > b1, the auxiliary process switches more from 1 to 0 at a jump
because m(0, s,t) > m(1,s,t).

1.5.3 Markovian jump processes for the dynamics of the trait

The dynamics of some characteristics of a cell are non-continuous and thus cannot be
described by a diffusion type process. For example, this is the case for the dynamics of
populations inside a cell such as plasmids or extra-chromosomal DNA. Then, an other
generalization of Kimmel’s multilevel model for plasmids [Kim97| is the following: we
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assume that the trait of each individual evolves as a birth and death process with birth
rate A > 0 and death rate p > 0. We assume here that A — > 0. The generator of the
process corresponding to the dynamics of the trait is then given for any measurable function
f:N—> R, and any = € N by:

Gf() = AMf (@ +1) = f(2)) + pu(f(x = 1) = f(2)).

We assume that a cell with = plasmids divides at a rate B(z) and that at division, the
plasmids are randomly allocated to one of the two daughter cell. The branching process
(Z¢)t=0 is solution of the following equation, for any measurable function f : N — R and
any r € X

(Zu, Iy = {Zo. ) + L jR S [Lpenxs) (FXE+1) — (X))

ueVs

+lpxp<osumxey (F(XE — 1) = f(X{))] Q" (ds, db)

t
o sz ) O O55) 0202 =7 () Mo,

where (Q"),, is @ family of Poisson point measure on Ry x Ry with intensity ds ® df and
M is a Poisson point measure on Ry x U x R x [0, 1] with intensity ds @ n(du) ® dz ® df.

For example, for the division rate B(x) = x, we obtain for the average number of
individuals in the population after a time :

x
aat:1+ (O\_H)t—l).
m(x,s,t) Y- e
In particular, the motion of the auxiliary process between jumps is given by the following
generator:
e(A—w)(t—s) _ 1
TN it (O 1

GV f (@) =A [1 )] (f(z+1) = f(2))

(O (t—s) _ 1
et A=tz (eOmi—s) — 1) (flz=1) = f(@)).

The birth rate of the plasmid population for the auxiliary process is bigger than A and the
death rate is smaller than p. This can be explained again by the fact that cells with a lot
of plasmids divides more so that they are more represented at sampling.

1.5.4 Link with the integro-differential model

The study of the average process associated with the measure-valued branching process Z
is interesting in the sense that it characterizes the macroscopic evolution of the population.
For a more detailed study of this link see for example [CCF16]. The following result is a
corollary of Theorem 1.2.2 of Section 1.2. We recall that for all s > 0,t > s and z € X,

Rs,tf(x) =E [2 f(Xtu)|Zs = 5:1:] )

ueVy

where f is a measurable function.
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Corollary 1.5.1. Let f € D (G), s =0 and xg € X. Under Assumptions A(1-3) and B, the
measure (Rst(7o,+)),s( i the unique solution to the following integro-differential equation:

t
R f(s,x0) = f(s,20) +J J (Gf(r,x) + Orf (r,z)) R r (0, dz)ds

t
JrL f)( [l;)pk ZJ f " y CL‘ dy) f(’l", I‘) Rs,r(mo,dx)ds,
(1.37)

where (Rs ), . is defined in (1.9).

t=s

One can prove this result taking the expectation in (1.7) and using the same arguments
as in the proof of Corollary 2.4 in [Clo17].
Let n(t,-) := Ro+(zo,-). Equation (1.37) can be rewritten as:

atn(ta $) = ng(ta J?) + 2]@20 Z?:l K](k) (Bpkn(tv )) - B(x)n(ta 33‘),
n(0,z)dx = 6z, (dx).

where QT is the adjoint operator of G and K](-k)

S f( 7 (x,dy) as in [Clo17].
For example in the case of the cell division model with exponential growth introduced
in Section 1.2.2, we obtain in a weak sense:

is the adjoint operator of f —

omn(t,z) + 0y (axn(t,z)) = 4B(2z)n(t, 2x) — B(x)n(t, x).

This is a classical growth-fragmentation equation as the one studied in [MS16] or [CCF16].
The solutions of the associated eigenvalue problem permit in particular to quantify the
asymptotic global growth rate of the population.

1.6 Appendix

1.6.1 Proof of Lemma 1.2.3

We give a recursive construction of the solution to (1.7). For all u € U, we denote the
birth time and the death time of u respectively by a(u) and S(u). Let g € X be given.

We construct a structured population Y* = (Zk, (XY, s=Tp(Z5), ue VTk(Zk))>’ where

ZF e D (Ry, Mp (U x X)) is such that Ty, = +00. We set () = 0, X2 = o, Vo = {@}
and Z) = 0(z,z9) for all £ > 0, so that:

Y0 = (207 <¢®($0707t)7t = O))

Let & > 1. We now construct Y**1. For all u e Vi, (z+) such that a(u) = T(Z%), we set
X = @“(Xg(u), a(u),t), for all t > a(u). For all u e Vi k), let:

Blu) = lnf{t>a JJR e M (s ) d [0,1],[0,1])>0}.

Let T = inf {5(u), uE VTk(Zk)}. Let (T, Ug41,0%+1, Lk+1, Ax+1) be the unique quintuplet
of random variables such that M ({T}, {Uks1}, {Ok+1}, {Lrs1}, {Aks1}) = 1. Let:

VT = VT_\ {Uk‘+1} U {Uk?-‘rllv ey Uk-‘rlG(Uk-‘rla T) Lk-‘rl)} )
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and foralli=1,...,G (XTUHI,LkJrl), we set a(Ugy14) = T and:
U, i U,
Xt = B (X7 Dy, A )
We set
ZF = ZE for all t € [0, Tx(Z%)],
ZFT = YT buxpy, forall t e [T(Z9), T,
UEVTk(Zk)
ZF+ = Z 5(u,X§;)7 forallt > T.
uEVT

Finally, we set Y*+1 = (Zk+1 (XY s> T,u e Vr)) so that Ty (ZF1) = T.
Let Z be the measure-valued branching process on R satisfying for all k¥ € N and all
t = 0: - B
Zy 1oz = 21
Therefore, T},(Z) = Ty(Z*) for all k € N. To shorten notation, we write T}, instead of Ty (Z)
until the end of the proof.
Let f € D(G). We now prove by induction the following property:

Hp : {Vt € [T), Tit1), {Z, f) is a solution to (1.7).}

First, Ho is obviously true. Assume that Hy_; is true. Let ¢ € [Tk, Ty+1). We recall that Uy,
denotes the individual who dies at time T}. We denote by:

Via = Vn, MUk}, Vio = {ue Vija(u) = Ty},

the set of all individuals born strictly before T} except U and the descendants of Uy,
respectively. We have:

Moft, X = > flut, Xf)+ > f(ut, X1,
ueVy ueVi 1 ueVi 2
and
flut, X)) = f(u,t,®" (X7, 1, Th—1,t)) -

As none of the individuals in Vi, \ {Ux} divides on [T}_1,t], we obtain using (1.6):
t
f st X0 = f (T, X4, +f (G (u, 5, X2) + O f (u, 5, X2))ds
Tk-1
f7
+ Myt (X%k_l) .
Then, we split both the integral term and the martingale in two terms to separate the

behavior of the population before T}, and after T,. We add and subtract the contribution
corresponding to Uy to get a sum over all individuals alive at time Tj_1:

Y fwnxp= Y U <gf<u,s,xs>+asf<u,s,xz>>ds+M$,;$(Xﬁ)]

u€Vi 1 ueVr, MU}y W Tk

_f<Uk,Tk_,XTU:>+ DS (u,Tk,l,Xﬁl)

ue VTk, 1

T
+ f (gf(U, S, X;L) + 0sf (Uu S, X;J)) ds + M%:ith (X%kA) ]
Tt
(1.38)
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Using the induction hypothesis, we have:

ot (U,Tk—hXﬁ_l) = f(u,0, )

uEVTk_ 1

. JTH J (Gf(u,s,7) + Osf (u, 5,2)) Zs (dudz) ds + M 7, (x0)
0 UxX
T, G(X¥,1)
+jo JEl{ueVS,zéB(X;L)} Z f U, S, F 37 ,9))—f(u,s,X;L_)
M (ds,du,dz,dl,df). (1.39)
Moreover, for all s € [Ty_1,T[, Vs = Vr,_,, so that we have:

2 JTkl (Gf(u,s,Xd) + 0sf (u, s, X)) ds—f 2 (Gf(u,s, X))+ 0sf (u,s,XY))ds.

ueVT Th—1 ueVs

(1.40)
Finally, we obtain combining (1.38), (1.39) and (1.40):

Z fu,t, X)) = f(,0,20) + JOTk fuxx (Gf(u,s,z) + 0sf (u,s,2)) Zs (dudx) ds

ueVi,1
+ M({kal(mo) + Z M%:ith (X%C,l)
uEVTk 1
Ty, G(X¥,1)
8 R TR Z 5, Fi (X0, 1,6)) = f (w5, X2)

M (ds, du,dz,dl,df)

t
_f (Uk,Tk,Xg:>+ > U (Gf(u, 5, XY) + 0sf (u, s, X)) ds + ML, (X;ﬁk)].
ueVr, |\{Ux}
(1.41)

Next, using again (1.6), we have:

t
D Fut, X = ), [f(u,Tk,X%m L (Gf(u, 5, X2) + 0sf (u,5, X2)) ds + M, (X%k)]-

ueVy 2 ueVy,2
(1.42)
Moreover, by definition of V; o:
G(X¥1)
D Fu, T, X3,) = J f Luev_, cen(x) Z flu, s, Fi (X%, 1,0))M(ds, du, dz, dl, d).

ueVy 2

(1.43)
Adding the martingale terms of (1.41) and (1.42), we obtain:
f /5 /s
MO’kal (:EO) + Z MTl:ilaTk (X’%k71> + Z MT;:il,t (X%k,1>
uEVTk 1 UEVkal\{Uk}
T > ML (X$) = M 7, (z0)- (1.44)

ueVr, Ja(u)=Ty,

Finally, we obtain the result combining (1.42),(1.43) and (1.44).
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1.6.2 Proof of Lemma 1.2.5

Let Z(M) and Z( be two solutions of (1.7) associated with the previously defined family
of flows and Poisson point measure. For all k£ € N, we write T,gz) =T(Z9), i =1,2. We

assume that Z(()l) = 252) = J,, for some x € X. We have Tél) = Té2) = 0. We prove by
induction on k € N the following proposition:

Hy: T, =1 and ve e [T, 1)), Ve D©G), (ZM, 1) =22, p).

First, Ho is true because:

t
T 7O _ {t >0, L fR (< (o2 w0y M ds. (2} d2.[0.1].[0.1]) > 0}
+

and for all ¢ € [0,T1), Zt(l) = Zt@) = 032 (z,0,)- Let us assume that Hjy_y is true. We first

prove the second point of Hy. By (1.7), we have for i = 1,2:
G =8 H+ I+ 1
k k—1
where

o)
L = J J (Gf(u,s,x) + s f (u,s,2)) ZV (du, dq:)ds—i-Mf()T(l)(x)
Uxx

k
T G(Xgh) -
IQ_J\ f 1 (i) u, () ( f u, s, F Xu,l,e f(u,s,Xu,’z>>
T}g1_)1 E {uEVS_, zéB(XS_ )} ; ( ( s )) s

M (ds,du, dz,dl,d6) .

As the jump integral I» depends only on the process strictly before T,gl)
using the induction hypothesis, that <Z:(Fl()1), = <Z:(r2<)1>’f> The evolution of the trait for

k k

, we obtain,

te [r 1)) AT

an~Ty +1> only depends on the family of flows given at the beginning and

which are the same for both solutions. Hence, it remains to prove that T,gl) T,ii)l And it

is the case because this jump time only depend on the state of the population at T ), on

the flows and on the Poisson point measure M. Finally, for all ¢t € [T(l) Tk( +)1> we have:
.5 =22, p. ) )
Moreover, the measure-valued process is entirely characterized by {<Zt, . fe D(g)}

according to Remark 1.2.1. Therefore, there is a unique cadlag measure-valued strong
solution to (1.7) up to the kth jump time for all £ € N.

1.6.3 Proof of Lemma 1.3.4

Let r,s <t and x € X. We consider the event €2, = {no division before r}. Then:

% (E(m(Xr, s,t)‘Xo =1z) —m(x, s,t)) = A(x,r,s,t) + B(xz,r,s,t) + C(x, 1, 8,t),
where
Az, r,s,t) = % (m(Xr,5,1)|Xo = ) — E(< Zp,m(-, s,8) f > 10,20 = 04))
Bla,r,s5,1) = TE(< Zem(-5,0) > (1o, 1) |2 = 5,),
Clz,r,5,t) = % (E(< Zp,m(-,5,t) > |Zo = 65) —m(z, s,1)) .
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Chapter 1  Uniform sampling in a branching population

First,
1
A(ﬂf, r,s, t) = 7Ez (m(Xr, S, t)lﬂc) .
r v

Conditioning with respect to o(X,,u < r — s) we obtain:

A(z,r,s,t) = %Ex <m(Xr,s,t) (1 — e S B(Xu) d“)) — m(z,s,t)B(x).

r—0

Next, we have:
1
B(xz,r,s,t) = —=E(< Zy,m(:, 5,t) > Lgc|Zo = 62).
/ra I

Then, let us denote 77 the random variable corresponding to the lifetime of the first
individual. We have using the Markov property and the branching property:

1
B(z,r,s,t) = - E (2 m(X}, s, t) 11 <|Zo = (53;)

ueVy

1 @
- E(l S e (x7)

k=0
Z f ( XU, s, 8)| X4 = Fj(k)(X%,H)> PV (X2, d9)| 2o = 595) .
ueVy

Next, exhibiting the distribution of 77 we obtain:

B(z,r,s,t) = - JTIE (B (x2) o N0 B(XP)a o (X2)

" Jo k>0

Zf ( XU, 5, 1) XY = Fj(k)(XU@,G)> PM(XZ,d0)| 2, = @C) :
ueVy

Finally:

r—0

k
B(z,r,s,t) — — B(x Z Z Jl (F(k x,0),s t) P(k)(ac o).
k=0 J=1

For the last term we have:

C(z,r,s,t) = = (E(< Zp,m(-,5,t) > |Zo = 62) — m(w,s5,1))

(E <Z m(X}, s,t)|Zo = 595) - m(:c,s,t))
ueV,

1
= E ZE Z 1|Z0=5X;t |Z0=5x —m(x,s,t)

ueV, ueVi_g

Sl= 3=

= (s, 4+ 7) = m(e, 5,1)) — ~dam(z, 1)

r7r—

Finally,

exists and m(-, s,t) € D(G).
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Chapter 1  Uniform sampling in a branching population

1.6.4 Details of the proof of Theorem 1.3.1

We detail here the use of the monotone-class theorem in the proof of Theorem 1.3.1.
Using Remark 1.2.1, (1.16) is satisfied for any function of the form F = 1p,...1p,,
where B; are Borel sets, for i = 1...n, for all n € N. Let us define:

H={F:D([0,t], X¥) > R; bounded and measurable such that (1.16) is satisfied for F'},

and:
n

I= {ﬂ{xeD([O,t],X), x(s;) € Bi},neN, s1,...,8, € Ry, By,..., B, Borel Sets}.
=1

First, I is a m-system and o(I) = D where D is the Borel o-field associated with the
skorokhod topology on D([0,¢], X) ([Bill3] Theorem 12.5). Then, applying the monotone-
class theorem ([Wil91], Theorem 3.14.), we obtain that H contains all measurable functions
with respect to the Skorokhod topology.
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Chapter 2

A law of large numbers for branching
Markov processes by the ergodicity
of ancestral lineages

Abstract

We are interested in the dynamics of a structured branching population where the trait of
each individual moves according to a Markov process. The rate of division of each individual
is a function of its trait and when a branching event occurs, the trait of a descendant at
birth depends on the trait of the mother. We prove a law of large numbers for the empirical
distribution of ancestral trajectories. It ensures that the empirical measure converges to
the mean value of the spine which is a time-inhomogeneous Markov process describing the
trait of a typical individual along its ancestral lineage. Our approach relies on ergodicity
arguments for this time-inhomogeneous Markov process. We apply this technique on the
example of a size-structured population with exponential growth in varying environment.
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Chapter 2 A law of large numbers for branching Markov processes

2.1 Introduction

We are interested in the asymptotic behavior of a continuous-time structured branching
Markov process. Each individual in the population is characterized by a trait which follows
a Markovian dynamics and which influences the branching events. This trait may describe
the position of an individual, its size, the number of parasites inside a cell, etc. The purpose
of this chapter is to prove a law of large number i.e. the convergence of the empirical
measure to a deterministic limit.

The law of large numbers has already been proved in many different cases. For the
convergence in discrete time of the proportions of individuals with a certain type in the
population, we refer to [AK98a, AK98b| with respectively a discrete or continuous set of
types. The generalisation of the law of large numbers to general branching Markov processes
has been obtained by Asmussen and Hering in [AH76| in both discrete and continuous
time. Their proof relies on a specific decomposition of the first moment semi-group which
apply to the case of branching diffusions. In the context of cellular aging, Guyon [Guy07|
proved the convergence of the empirical measure for bifurcating Markov chains using the
ergodicity of the spine. A generalization of those results to binary Galton-Watson processes
can be found in [DM10]. For results in varying environment, we mention [BH15, Banl5|. In
continuous-time, we refer to [GBO03| for asymptotic results in the case of a finite number of
types, to [HR14| for a strong law of large numbers in the case of local branching and to
|[RSZ14] for central limit theorems. The specific case of branching diffusions, popularized by
Asmussen and Hering [AH76|, is adressed in [EHK10]. We also mention [EW06, Eng09] for
the study of the case of superdiffusions. For nonlocal branching results in continuous-time,
we refer to [BT11]| for the study of the proportion of infected cells in a population, to
[BDMT11] for the case of a general Markov branching process with a constant division rate
and to [Clo17| for the convergence of an empirical measure in the general case. Some of
those results relies on spectral theory. Here, we will follow an other approach which requires
no use of eigenelements as in [BDMT11] or [Guy07|. In particular, it can be applied to
time-inhomogeneous dynamics.

The question of the asymptotic behavior of structured branching processes appears in
many different situations and in particular in the modeling of cell population dynamics. In
this context, the law of large numbers is a key result for the construction of an estimating
procedure for the parameters of the model. We refer to [HO16| for the estimation of the
division rate in the case of an age-structured population.

In this chapter, we prove the convergence of the empirical measure for a class of
general branching Markov processes, using spinal techniques. More precisely, we use the
characterization of the trait along a typical ancestral lineage introduced in Chapter 1. We
adapt the techniques of [HM11]| and we prove that under classical conditions [MT09|, the
semi-group of the auxiliary process, which is a time-inhomogeneous Markov process, is
ergodic. Using this property, we prove a law of large numbers for the empirical distribution
of ancestral trajectories. We also apply this technique to an example in varying environment
where the law of large numbers result holds.

We describe briefly the branching process (Z;,t = 0) and we refer to Chapter 1 for its
rigorous construction. We assume that individuals behave independently and that for each
individual u in the population:

e its trait (X}, ¢t > 0) follows a Markov process on X with infinitesimal generator and
domain (G, D(G)),

e it dies at time ¢ at rate B(t, X}*) and is replaced by 2 individuals,

e the trait of the two children are both distributed according to P(z,-).
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Chapter 2 A law of large numbers for branching Markov processes

We focus on the empirical measure which describes the current state of the population:

1
EZéXZJ, tZO,

ueVy

where V; denotes the set of individuals alive at time ¢ and V; its cardinal. A crucial quantity
for the study of this probability measure is the first moment semi-group applied to the
constant function equal to 1:

m(z,s,t) :=E [Nt’ZS = (535] i

It is the mean number of individuals in the population at time ¢ starting at time s with a
single individual with trait z € X. In fact, the behavior of the empirical measure is linked
with the behavior of a uniformly chosen individual in the population and the mean number
of individuals in the population. More precisely, we have the following result, referred to as
a Many-to-One formula (Theorem 1.3.1): for all non-negative measurable functions F' on
the space of cadlag processes, for all 0 < s <t and 29 € X,

Es,,

M P (X s < t)] — m(z0,0,t)Eq, [F (Yj;t),s < t)] : (2.1)

ueVy

where (Ys(t), s < t) is a time-inhomogeneous Markov process, called the auxiliary process,

(®)

whose infinitesimal generators (As ,8 < t) are given for all suitable functions f and z € X
by:

g(m(7 37t)f)(x) — f(x)g(m(7 S,t))(.%’)

m(z, s,t)

+280.2) [ (1)~ 1) 282D (e, ay). (2.2)

X m(m,s,t)

AP f(a) =

It corresponds to the trait of a typical individual in the population (see Chapter 1). The
auxiliary process and its asymptotic behavior are the keys to obtain the main result of
this chapter which is the following law of large numbers for the empirical distribution of
ancestral trajectories:

0, in Lo (d4,),

Niyr brs t—>+00

(ZuthJrT F(Xis<T) E, [F (Y(t+T)’ 5 < T)D
for all zg,z; € X and T > 0, where the Ly(d,,)-convergence is the Ly-convergence with
initial measure 0z, .

This result ensures that the behavior of the whole population becomes deterministic
asymptotically and that this behavior is given by the limit behavior of the auxiliary process.
This weak law of large numbers gives information on the ancestral lineages in the population.
To establish this result, we prove in particular that under the classical drift and minorization
conditions [MT09] adapted to the time-inhomogeneous case, the auxiliary process is ergodic
in the sense that there exists ¢ > 0 such that for all x,y € X, T' > 0, for all bounded
measurable functions F' : ([0, 7], X) — R and all 0 < r < ¢, we have:

|PrerF(2) = PrrF(y)| < Cem 0 d(,y) |F
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Chapter 2 A law of large numbers for branching Markov processes

where d is a distance on X, C' is a positive constant and
Py rF(z) :=E [F (Yt(jj D s< T) v+ = :c] . (2.3)

We also apply our method to study a size-structured population with a division rate that
depends both on the trait and the time. Spectral techniques fall apart in this case because
of the time dependence of the division rate whereas our method works. We prove the law
of large for the distribution of ancestral trajectories in this special case. In particular, we
exhibit a Lyapunov function for the time-inhomogeneous auxiliary process associated with
this population dynamics and we establish the minorization condition.

Outline In Section 2.2, we detail the structured branching process and the assumptions
considered for its existence and uniqueness. Then, in Section 2.3, we study the asymptotic
behavior of the empirical measure: first, in Section 2.3.1, we give our result on the ergodicity
of the auxiliary process, then, in Section 2.3.2, we state the law of large numbers for the
empirical distribution of ancestral trajectories for the structured branching process. Section
2.3.3 is dedicated to the proofs. Finally, in Section 2.4, we apply the techniques developed
in the previous sections to study the asymptotic behavior of a size-structured population in
a fluctuating environment.

Notation. We use the classical Ulam-Harris-Neveu notation to identify each individual.

Let
u=|J{o,1".
neN

The first individual is labeled by J. When an individual u € U dies, its descendants are
labeled by w0, ul. If u is an ancestor of v, we write u < v. With a slight abuse of notation,
for all u € V; and s < ¢, we denote by X the trait of the unique ancestor living at time s
of u.

We also introduce the following notation for the time-inhomogeneous auxiliary process:
for all measurable functions f, we set

5 (7 (7)) =21 () =)

forallze X, 0 <s <t

2.2 The structured branching process

First, we introduce some useful notations and objects to characterize the branching process.
Henceforth, we work on a probability space denoted by ({2, F,P).

Dynamics of the trait. Let X ¢ (R.)? be a measurable space for some d > 1. It
is the state space of the Markov process describing the trait of the individuals. Let G :
D(G) < Cp(X) — Cp(X) be the infinitesimal generator associated with a strongly continuous
contraction semi-group where C(X') denotes the continuous bounded functions on X'. Then,
(X, t = 0) is the unique X-valued cadlag strong Markov process solution of the martingale
problem associated with (G, D(G)) (Theorems 4.4.1 and 4.4.2 in [EK86]). We denote by
(X{,t = 0) the corresponding process starting from z € X.
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Chapter 2 A law of large numbers for branching Markov processes

Division events. An individual with trait x at time ¢ dies at an instantaneous rate
B(t,x), where B is a continuous function from R4 x X’ to R. It is replaced by two children.
Their trait at birth are distributed according to the probability measure P(x,-) on X2. The
probability measures corresponding to the marginal distributions are supposed to be equal.
By a slight abuse of notation, we will also denote them by P.

Remark 2.2.1. For the sake of clarity, we consider only binary division but the model can
easily be extended to a random number of descendants as in Chapter 1. The choice of equal
marginal distribution for the traits at birth simplifies calculation but is not mandatory.

In order to ensure the non-explosion in finite time of such a process, we need to consider
the following hypotheses.

Assumption A. We suppose that:

1. there exist by, by : Ry — R% continuous and v = 1 such that for all (t,z) e Ry x X,

B(t,x) < bi(t) [z|” + ba(t),

2. forallxe X:

t

lim B(s, XY)ds = +0, almost surely,
t—+00 0

3. forallxe X:
J (y1 + y2)P(x,dy1dys) < x, componentwise,
XQ

4. there exist c1,co = 0 such that for all x € X:

Ghy(z) < c1hy(z) + c2,

where v is defined in the first item and for v € (R})4, hy(x) = |z|7 = (Z;Ll xi)fy.

Under Assumption A, we have the strong existence and uniqueness of the structured
branching process Z in the state of cadlag measure-valued processes, where for all ¢ > 0:

Zy= ) Oxu, t=0.

ueVy

We refer to Theorem 1.2.2 for more details and to [FMO04] for the study of cadlag measure-
valued processes.

For the existence of the auxiliary process Y(!) with infinitesimal generators given by
(2.2), we need to consider additional assumptions on the mean number of individuals in the
population at a given time. Let us define

D(A) ={f € D(G) s.t. m(-,s,t)f € D(G) Vt =0, Vs < t},
the domain of the infinitesimal generator of the auxiliary process.
Assumption B. We suppose that for allt = 0:

- for allz e X, s — m(z,s,t) € C([0,1]),

- forallze X, feD(A), s — G(m(-,s,t)f)(z) is continuous.
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Chapter 2 A law of large numbers for branching Markov processes

This assumption allows us to derive the expression of the generator of the auxiliary
process (Lemma 1.3.3). It is in particular satisfied in the example developed in Section 2.4
and in the examples of Chapter 1.

Assumption C. For allt > 0:

m(y,s,t
sup Supf Mp(w,dy) <+,
zeX s<t JX m(x737t>
This assumption tells us that we control uniformly in = the benefit or the penalty of a
division. In the general case, the control of the ratio m(y, s,t)(m(z,s,t)) ! seems difficult
to obtain. We refer to Chapter 1 or to Section 2.4 for examples where this assumption is
satisfied.

2.3 Asymptotic behaviour of the structured branching pro-
cess

The purpose of this section is to prove the law of large numbers result. We show that
asymptotically, the behavior of the whole population corresponds to the mean behavior
of the auxiliary process introduced in Chapter 1. The ergodicity of this process is the key
for the proof of the law of large numbers. We notice that the ergodicity of the auxiliary
process is also required for the proof of the convergence of the empirical measure in
|Guy07, BDMT11, Clo17].

In Subsection 2.3.1, we prove the ergodicity of the auxiliary process. Then, in Subsection
2.3.2, we state the main theorem of this chapter which is the convergence in Lo-norm of
the difference between the empirical measure and the mean value of the auxiliary process
towards zero as time goes to infinity.

2.3.1 Ergodicity of the auxiliary process

For all ¢ = 0, we denote by (Pr(g,r <s < t) the semi-group of the auxiliary process defined

in (2.2) by its infinitesimal generators. Then, for all z € X, r < s <t,and f: X —> R, we
have:

PO f(@) =E|f (Y0) 7,0 = z|.

The next assumption gather two classical hypothesis to obtain the ergodicity of a process
(see [MT09]). We adapt them to the time-inhomogeneous case.

Assumption D. We suppose that:

1. there exists a function V : X — Ry and ¢, d > 0 such that for allx € X, t = 0 and
s <t
ADV (2) < —cV(z) + d,

2. for all 0 <r < s, there exists as—p € (0,1) and a probability measure v, s on X such
that for all t = s:

inf P(t) ‘>sfrrs'v
verld ) s (@) = srps(t)

with B(R,V) = {zx € X : V(2) < R} for some R > 2 where c,d are defined in the
first point.
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Adapting directly [HM11|, we prove that the semi-group of the auxiliary process is a
contraction operator for a well-chosen norm. For all 8 > 0, we define the following metric
on X:

0 rT=y

ds(@,y) = {2 +08V(z)+BV(y) x#y.

We can now state the result on the ergodic behavior of the trajectories of auxiliary process.

Proposition 2.3.1. Let T > 0. Under Assumptions A-D, there exists ¢ > 0 and 8 > 0
such that for all x,y € X, for all bounded measurable functions F : D([0,T],X) — R and
all 0 < r <t, we have:

|PrirF(2) = Py F(y)| < Ce | Fl, dg(x, ). (2.4)
where C' > 0 is a positive constant.

In the case of a division rate independent of time, the auxiliary process is still time-
inhomogeneous but we obtain the convergence of the trajectories of the auxiliary process.

Proposition 2.3.2. Let T' > 0. Assume that B(t,x) = B(zx) for allt = 0 and z € X.
Then, under Assumptions A-D, there exists a probability measure II on the Borel o-field
of D([0,T],X) endowed with the Skorokhod distance such that for all bounded measurable
functions F : D ([0,T],X) —> R and for all x € X:

|PosrrF(x) —T(F)| < Ce | F|, <2 + 28V (z) + ﬁi) )

This convergence is different from classical ergodicity results because (Pétt) ,t = 0) is not
a semi-group.

2.3.2 A law of large numbers

Before stating the law of large numbers, we need to consider a final set of assumptions. For

z,y€ X and s > 0, let
m(x,0,s)m(y,s,t)

@s(z,y) = sup (2.5)

t=s m(m,O,t)

It quantifies the benefit, in term of number of individuals at time ¢, of "changing" the trait
of the entire population at time s by the trait y. For all x € X, we define:

c(x) = lim inf—lOg(m(:U’ 0,))

t—00 t ’

(2.6)
which corresponds to the growth rate of the total population. In particular, if the division
rate is constant B = b, we have that ¢(x) = b(m — 1). Moreover, in our case, c¢(x) > 0 for
allzx e X.

Using the same notations as in Chapter 1, we set for all measurable functions f : X — R
and for all z € X:

Jf(x) =2 Lf(yo) £ () Pz, dyodyn). (2.7)

It represents the trait at birth of the descendants of an individual.
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Assumption E. There exists ay, D1 = 0 such that oy < c(z) for all x € X and for all
t>0:

E[B(6Y9) T (Ve ) (V)] < Drent,
where V is defined in Assumption D.

This is a technical assumption. In particular, if ¢;, B,V are upper bounded by polyno-
mials and if we can control the moments of the measure m, the first point of Assumption E
amounts to bound the moments of the auxiliary process. We refer the reader to Lemma
2.4.5 in the last section of this chapter for the verification of this hypothesis in an example.

We first state a slightly less strong result than the law of large numbers.

Theorem 2.3.3. Let T > 0. Under Assumptions A-E, we have for all bounded measurable
functions F : D([0,T],X) — R, for all zg,z1 € X:

2

3 F(Xtgs<T)—PurF ()| | 0 (2.8)

E
> m(zg,0,t +T) t—aw0

zQ
ueViyr

Moreover, the rate of convergence is lower-bounded by:

u(t) = exp (min (c, W) t) :

where € is defined below in (2.15).

As in [Guy07, BDMT11], we could generalize this result to unbounded functions F'
satisfying specific conditions such as Pé’tt) F < e for some b < ¢(x). The rate of convergence
of the empirical measure depends both on the growth rate of the population and on the
rate that governs the exponential ergodicity for the auxiliary process. The same type of rate
of convergence appeared in [HO16|, Theorem 3, in the case of an age structured population.

In order to derive the law of large number from the previous result, we need to control
the variance of the number of individuals in the population.

Assumption F. For all x € X,

E ( Ni )2 <
su —_—— .
tZE) e m(ac, Oa t)

The meaning of this assumption is that the number of individuals at time ¢ in the
population is of the same order as the expected number of individuals in the population at
time t. We can now state the law of large numbers.

Corollary 2.3.4. Let T > 0. Under Assumptions A-F, for all bounded measurable functions
F:D([0,T],X) — R, for all zg,x1 € X, we have:

Zuem F (X, s<T)
Nisr

- PO,t,TF(xl) m’ 0, n Lg(dxo).

Remark 2.3.5. It is possible to extend this convergence to population processes allowing
death events i.e. if pg # 0. In this case, one should check that ¢(z) defined in (2.6) is strictly
positive in order to use the same proof for the convergence and the convergence is only
valid on the survival event {N; > 0}.
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Remark 2.3.6. We are not able to give the rate of convergence in this case because we
did not prove the convergence of (Nym(z,t)~!,t > 0), for x € X.

In the case of a division rate that does not depend on time, even if the auxiliary process
is still time-inhomogeneous, we have its convergence when the time goes to infinity. We
obtain the following result.

Corollary 2.3.7. Let T > 0. Under Assumptions A-F, if B(t,z) = B(x) for allt = 0 and
x € X, there exists a probability measure I1 on the Borel o-field of D ([0,T], X) endowed
with the Skorokhod distance such that:

Yuecviy F (X s <T)
Nt+T t—400

II(F), in La(0g,)-

Therefore, the empirical measure of ancestral trajectories converges toward the limit of
the auxiliary process.

2.3.3 Proofs

We first give a useful inequality. Combining the first point of Assumption D and Dynkin’s
formula applied to z +— eV (z) where ¢, V are defined in Assumption D, we have:

POV (z)

T8

eIV () + g (1 - e—c(s—”) : (2.9)

A

We will use this inequality in the two following subsections.

Proof of Proposition 2.3.1
This is adapted from [HM11|. We consider the semi-norm on measurable functions from X

into R defined by:

Iflls = sup
TH#Y

We also introduce the following weighted norm:

171 = sup - S

Step 1. Let0<r<s<tand f: X — R be a bounded measurable function. First, we
prove that for all A > 0, there exists aa € (0,1) and Sa > 0 such that for all » > 0 and all
t=r+ A:

1Y, Afllsa < @all fllss- (2.10)

Let 8 > 0 that will be specified later. Fix R > 2¢ and f : X — R such that [|f[|s < 1.
Using Lemma 2.1 in [HM11], we can assume without loss of generality that | f]; < 1. To
obtain (2.10), it is sufficient to prove that for all z,y € X, there exists aa € (0,1) and
Ba > 0 such that:

t ¢ _
Pl ad(@) = B AT ()| < Oadsy (2.0).
If x = y, the claim is true. Let x # y € X. We assume first that x and y are such that:

V(z)+V(y) = R.
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Then, we have:

Pr(,?JrAf( ) P’fT“FAf( ) <2+5PTT+AV( )+’8PT(T+AV( )

because [ f| 5 < 1. Next, using (2.9) we obtain:

rrJrAf( ) rr+Af( )‘ <2+ /BeicA (V(l’) + V(y)) + 2,3% (1 — eiCA)

<24 BeD (V) + V() + 2/5%(1/(:5) V) (1 - e D).

Let 7% = e + 24 (1 — e=2). We have 4 < 1. Then:

Pr(ytr)_s-Af( ) P(t)+Af ‘ < 2 + BPYA(V('%

) + )
< <2+7A5(V(x y))
S\ 24 8(V(2) + V(y))

V(y)
V(

) (24 BV () + BV (y))

< Yads(z,y), (2.11)
where 8 0
2+ PRy
1 A
=2 A o
AT T978R T

Assume now that x and y are such that:
V(z)+V(y) <R.
Let us consider the following linear operator:

s _ L om0 aa
rr+A T

We have:

Y. af@) = P st )] = = aa) P, s f () = P AT )]

According to the second point of Assumption D, PT(T af(x) = 0forall f > 0 and
x € B(R,V). Then:

rr+Af( ) P(t)JrAf( )‘g(l—a@( Tr+Af( ) P(t)JrAf( ))
V(@) < T P AV (@), we get:

P af(@) = PO Afw)] <20 =an) + 8 (P, V(@) + P, AV ()

<> (1 —an+ A (1 ecA)) + BeA(V(z) + V(y)),

Next, using that Hfﬂﬂ 1 and that PT(T)JFA

where the second inequality comes from (2.9). Let aQ € (0, 2 aa). Then, if we fix 3 =
Ba i=cd ! ozA, we have:

P af@) = PO AfW)| <2(1—as +al) + Bae™ (V@) + V(y))
< VAdga (2, y), (2.12)
where
7= v (1- (s — o).
Finally,lcombining (2.11) and (2.12) and noticing that v > 73, yields the result with
AA = TA-
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Step 2. We now prove (2.4). Conditioning with respect to o (Yu(HT), r<u< t) and
using the Markov property, we obtain:

PryrF(x) — PoyrF(y) = f PryrF(2) <P§§+T)(x,dz)— PY Dy dz)) (2.13)
X

For all z € X, we set g(2) = P+ 7F(2). Let A > 0 and let I(r,t) € N,&,+ > 0 be such that
t—r=1Urt)A+e; and g4 < A. Using (2.10), we have:

P£3+T)g(x) t+T ’ _

t+T t+T) (t+T) p(t+T)
7"7’+A r+A 19(z) — P, r+APr+A tg(y)’

(t+T)
<@adgy (z,9) 1P gl

< @a)'"" dg(z,y) |9, -

where 8 = c¢d~!. Finally, we obtain:

PE D g(z) — PUD ()| < Ce ™ dg(,y) |9l , (2.14)

7,
where C :=1 + % and

¢:= suplog(@, ) At (2.15)
A>0

In particular, ¢ < ¢ because @a > e~ 2. Finally, combining (2.13) and (2.14), and using
that HPtfg FH < | F| .., we get the result.
0

Proof of Proposition 2.3.2
Let F: D ([0,T],X) — R be a bounded measurable function. We have for all ¢,r > 0:

Poerr(a) . [1 (070 0 2 7)]| - . [ (W57 < 1) e
Using the Markov property, we have:

PorrF f Pryirr F(y) B (2, dy).

Since B does not depend on time, we have m(y,r,t +r + 1) = m(y,0,t + T). Then, using
the Many-to-One formula (2.1) and the Markov property, we get:

E [Zue\/HT F (X#+s’ 5 < T) |Z0 = 5y] P(H_T_,_T)

PotirrF(z) = Lc m(y, 0.t +T) 0,r (z, dy)
= L PogrF(y) Py, (@, dy).
Next,
| Pot4rmF(x) — Poy7F (2 f |Pos 7 F(y) — Poy 1 F(x )|Pt+T+T( ,dy).

Then, according to (2.4), there exist ¢ > 0, 5 > 0 and a constant C' > 0 such that:

|Po,t+r7F(x) = PogrF(2)] < Ce™ | F| L (2+ BV (y) + BV (2) P, (2, dy)

<Ce | F|, (2 + 26V () + /a’ccl) ,

r,{—+00

where the last inequality comes from (2.9). Finally, (Py;7F(x),t > 0) has a limit as
t — 400 and this limit is independent of x by (2.4).
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Proof of Theorem 2.3.3, Corollary 2.3.4 and Corollary 2.3.7

Let F: D([0,T],X) — R4 be a bounded measurable function. For all z € D([0,¢ + T, X),
x1 € X, we define the following function:

drr(z1, (5,8 <t +T)) = F (2445, 8 <T) — PoyrF(x1).

Proof of Theorem 2.3.3. We have:

2

drr(xr, (Xg, s <t+T))
E =At,T)+ B@t,T
Oxo Z (mo,Ot+T) & T)+B@T),
ueViyr
where
A(t,T) = m(z0,0,t + T)*Es,, Z b1 (21, <t+T))?%],
| ueViyT
B(t,T) = m(xo,0,t + T) *Es,, D1 ber(an, (XY s <t +T))gpr(ry, (X!, s <t+T))
_u;éUth+T

For the first term, we have:

A(t,T) < dem @)D | )2 Pl
[00]

For the second term, using the Many-to-One formula for forks (Proposition 1.3.6), we have:

t+T
m(xo,0,t + T)?’B(t,T) = f

o mlr0,0,)Bey | B (V) Jugerour ) (VO < s) | s,

where for z € D([0, s], X):

Jsirrdrr(T1,7) () = 2[ m (yo, s,t + T)E | ¢ <361, <Y}(HT)77" <t+ T)) Y1) = yo]
XQ

m(y1,s,t+T)E [qﬁtj (a:l, <}~/;(t+T) r<t+ T>> ‘YS(HT) = yl] P(xs, dyodyy),
where:

ifr<s
Y+T) ! ;
Y(t+T) fs<r<t+T.

We split the integral into two parts:
B(t7T) =11 + I,
where:
t+T
I = m(x,0,t + T)_QJ m(zg, 0, s)Eyz, [B (YS(S)> Jsirrde (21, ") (Yr(s),r < s)] ds,
t
t
Iy = m(xo,0,t + T)_QJ m(zg, 0, s)Eyz, [B (YS(S)> JIsirroe (21, ) (Y;(S),T < s)] ds.
0
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For the first integral, we have:
t+T
B<tFE [ mieo,0.9) By [B (V) Jpu (an.) (Y2)] ds
¢
t+T
<4 \F@OJ e~c@0)s D18
t

Dy e(cu—c(mo))t 0

c(xg) — g t—too

2
<4|F[%

where the second inequality comes from Assumption E. Therefore, we only have to deal
with the remaining integral Is. First, we notice that forany 0 < s <tand 0 <r < T,

o (t+T t+T
AR Al

Therefore, we get:
et (:gl, (}Zﬂ”T),r <t+ T)) = bur (xb (Y,S“T%r <t+ T)) .

Next, Assumption E yields:
t

Ir < f m(zg,0,s)!
0

x Ba [B (V) 7 (#slao, B (@rr (21, (D <4 7)) D =) (YS(S))] ds.

Moreover, for any y € X and s < t, we have:

E (¢t,T (-'L‘l, (YT(HT), r<t+ T))

According to Proposition 2.3.1, there exists ¢ > 0, 8 > 0 and C' > 0 such that:

Pt(’i:_%:)FHoo J:X dﬂ(ya xQ)P(Sf;T) (551, dl’g)

YS(HT) _ y) = Py 17F(y) — Por 1 F(x1).

|Ps,t,TF(y) — PO,t,TF($1)| < C’e—E(t—s)

Finally:
—a(t—s d
|Psi7F(y) — PoyrF(21)] < Ce 89| F| <2 + BV (y) + BV (x1) + 5c> .
Then we have:

t
L <C|F|% J 2= (0.0, 5)~1
0

x Eq, [B (Y;S)) J (%(xo, ) (2 + BV () + BV (21) + 5‘5)) (YS(S))] ds.

Next, using Assumption E we obtain:

t
L <C|F| (2 + B+ BV (1) + /325) f ¢=20(t=5) (o —c(z0))s g
0

where C' > 0 denotes a positive constant which can vary from line to line. Then:

t
IQ <C HFH?O e_QCtj e(al—c(aco)+25)sds
0

2
< C HF”OO 6_2Et (e(al—C(CEo)-‘rzE)t _ 1)
ap —c(xg) + 2¢

2
<C HF”oo (e(al—c(zo))t _ e—QEt)
ap — c(xg) + 2¢

<C HFHgo e~ min(QE,c(mO)—cxl)t'
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Finally, we obtain:
A(t,T) + B(t,T) < C||[F||%, e~ min(eczo)—on)t
where C'is a constant depending on g, 8,V (x1), ¢, d, ¢(xg), a1, R. O
We now prove Corollary 2.3.4.

Proof of Corollary 2.53.4. Let T > 0, ¢ > 0, zyp € X and let F : D([0,T],X) — R be a
bounded measurable function. Let § > 0. We have:

2
E ZueVH.T b1, 1 (21, (Xg, s <t+ 1))
o Neyr

2
Ger (21, (XS, s<t+T N,
< 0°Es, Zeviir 91 s ) +4|FAPs, [—— <67,
0 m(zg,0,t +T) o\ m(zo,0,t+T)

According to Paley-Zygmund inequality and Assumption F, we have:

-1

N, 2
<5 <1 (1—61)2 I o S
Ps,, (Nt <67 'm(w0,0,t+T)) <1—(1-90 )Ezszo[(m(xo,o,tJrT))
(1_5—1)2
P Gk 2.16
9(z0) 0

where g : X — Ry is such that for all zp € X, Es, [NZ rm(z0,0,t+T)72] < g(zo).
Finally, we can fix ¢ such that, combining (2.16) and Theorem 2.3.3, for ¢ large enough, we
have:

2
E ZueVH.T b1, 1 (21, (Xg, s <t+1T))
o Neyr s<

Corollary 2.3.7 is a direct consequence of Corollary 2.3.2 and 2.3.4.

2.4 Asymptotic behavior of a time-inhomogeneous dynamics:
application of ergodicity techniques

In the study of population dynamics, time-inhomogeneity typically appears in fluctuating
environment. This effect can be modeled by a division rate that changes over time. In this
section, we show how our method via the ergodicity of the auxiliary process applies to such
models.

We consider a size-structured cell population in a fluctuating environment: each cell
grows exponentially at rate a > 0 and division occurs at time ¢ at rate B(t,x) = zp(t), if ©
is the size of the cell at time ¢. We assume that ¢ : Ry — R is continuous and that there
exist ¢1, w2 > 0 such that for all t € R,:

1 < p(t) < p2.

This choice of a polynomial dependence in the size for the division rate B is classical in the
study of growth-fragmentation [MS16]. The originality comes from the function ¢ which
model a changing environment.
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At division, the cell splits into two daughter cells of size Oz and (1 — 0)z, with 0 ~
U ([e,1 —¢]) for some 0 < € < 3 and = the size of the cell at division. Then, the process
that we consider is a Piecewise Deterministic Markov Process (PDMP) with jump rate B
and transition density function P given by:

1
Py - { 57

ifex <y <(1-—e)x,
otherwise.

Let us first make some comments on the choice of the model. The function ¢ is lower
bounded to ensure that each cell effectively divides after some time. The upper bound is
convenient for the calculations. An interesting example is B(t,z) = x(a + fsin(t)), with
a — > 0 for the modeling of the growth of a cell population in a periodic environment.
Finally, we consider a uniform law on [e,1 — ¢] for the kernel at division but the next
lemmas can easily be extend to a more general kernel.

Following the same calculations as in Section 1.2.2, we have:

t
m(x,s,t) =1+ xf o(r)e® " dr, Vo e R,.

S
Moreover, in this case, the infinitesimal generator of the auxiliary process is given by:
(1—e)x

AV (@) = aaf (@) + 200ls) [ ()~ ) TESD L (2an

for all f: R, — R continuously differentiable, s,t € Ry such that s <t and x € Ry. Then,
the division rate of the auxiliary process is given by:

m(3,s,t)

BW(z) =2
s (x) w(S)m(x’Sj),

and the transition kernel for the trait at birth is given by:

m(y,s,t)

J210 — p® —
s (@, dy) s (2, y)dy (1l —2e)m(3,s,t

) La<y<(1—e)a}dy-

Finally, we set:
¢
o(5,t) = | elryer .

We have the following result on the asymptotic behavior of the measure-valued branching
process:

Theorem 2.4.1. Let T' > 0. For all bounded measurable functions F' : D([0,T],X) — R,
for all xg,z1 € X, we have:

F(Xt,s<T
Zueviey T (Ktyers < T) _E,, [F (Y(”T),s < T)] 0, in La(ds).  (2.18)

Nivr ts t—s+o0

The proof of Theorem 2.4.1 is detailed in several lemmas. First, in Lemma 2.4.2, we
exhibit a Lyapunov function and a probability measure which ensure that Assumption D
is satisfied. Next, in Lemma 2.4.3, we prove that the moments of the auxiliary process
are bounded. Finally, in Lemmas 2.4.5 and 2.4.6, we prove that Assumptions E and F are
satisfied.

Let V(z) = 1 + 2 for z e R%.
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Lemma 2.4.2. We have the following:

1. There exists d(e) > 0 such that for all 0 < s <t and x € RY we have:
ADV (z) < —aV (2) + d(e).

2. For all R > 2d(e)a™?, for all v < s < t, there exists as_, > 0 such that for all Borel
set A of R, :

inf P (1/3@) € A|}/r(t) = m) = as—TVr,S(A)‘
2€B(R,V)

Proof. We first prove that V is a Lyapunov function. Let us compute Agt)Vl(:n) where
Vi(xz) = x. We have for z € R;:

2 (1-e)z 1+ yo(s,t)
(t) _ _ YRS
AVi(@) = ax + 1-— 2590(8) Lx (y—2) 1+ zp(s,t) ay

= az — p(s)a? + 290(8)(52 —e+1)a” <1 B 1+:cl<b(st)> '

Then, we obtain

3a?
01(1 + 2 — 2e2)°

1
ADVi(z) < a <1 - %go(r)(l +2e — 252)aj> r < —ax +

Next, let Va(z) = 1. We have:

(1—e)z
(®) __a 2 f 1 1) 1+yd(s,t)
A V3 (@) x + 1— 25@(8) ox <y ) 1+ :Uqb(s,t)dy'

Using that for all z > 0 and y € [ex, (1 — &)z, 1 + yo(s,t) < 1+ z¢(s,t), we get:
AL Va(2) < == + 20(s)C(e),

where C(e) = 252 [log (1:2£) — (1 — 2¢)]. Noticing that C(e) > 0 because € > 3 yields:

AV, (2) < —aVa(z) + 202C(). (2.19)
Finally:
AV (z) < —aV(z) + d(e),

where

3a?

d(e) = 2020(0) + 55—

Next, we prove the minorization condition. Let us specify the shape of the subset B(R, V)
of R, that we will consider. For all R > 2d(¢)a™!, we have:

B(R,V)={zxeR;, V(z) < R} = {z1(R) <z < z2(R)}, (2.20)
where:
z1(R) = }22}%24’ z9(R) = R+ VR —4 ”2]%24
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Now, we prove the second point. Let R > 2d(¢)a~!, z € B(R,V) and let A be a Borel set.

Let n € N be such that
1—e\"'  2(R)
. 2.21
(=) -2 (221)

Let 0 < r < s < t. Considering the case where the auxiliary process jumped exactly n times
between r and s, we have:

Prg,l;) (z,A) = E [I{Ys(t)eA}1{7’<71<5}1{71<72<5} . 1{7n71<7n<8}1{7n+125}|Yr(t) - z} ,

where 7; denotes the time of the ith jump of the auxiliary process, i = 1,...,n. Let us
denote by ]{gt) the filtration generated by the auxiliary process (Ys(t), s < t) up to time s.

Conditioning with respect to ]-"T(f) and using the strong Markov property and the fact that
between two jumps, the growth of the auxiliary process is exponential at rate a, we get:

Pr(,ts) (x,A) = E[l{r<ﬂ<s} J:] ( )Ell{Ys(t)eA}1{71<72<5} .. 1{7n71<7'n<s}1{7-n+1>s}|Y7.(1t) - y1]

r,7 \T

x P (xea(ﬁ_r)d/l) dy, [Y,) = 5'3]

where for all r < s <tand x € X, J, s(z) = [sxea(‘g_”); (1- 5)9:6‘1(5_7’)]. Introducing the
probability density of the first division time 771 yields

s t
Pr(fs) (.CI}, A) = J g7("t) (J:‘, tl) fj ( )Ell{hSTgss} s 1{7'n_1<7'n<s}1{7'n+128}1{Ys(t)€A}|Y;f(1) = yl]
it (T

T

x ﬁt(f) <$ea(t1_r)7y1) dyla

where for all r < s <t and z € X,

gV (z,s) = égt) (:Ue“(s”')) exp (— JS éqst) (xe“(“#)) du) :

T

Using the same argument iteratively, we get

_ (s A(t) ea(u—tn) n
P <x,A>>j (@, 1) f 0O nts)... f 0D (g, ta)e Vo B (wnen =100
E() F1 En_1

n—1
H(t P
X 1{yn6a(s—tn)€A} H Pt(z‘21 (yiea(tZJrl tZ)vdyi-i-l) dtn X ... X dtl?
=0

where yg = x and tg = r and E; = [t;, s] x Jy,4,,, (i), for i = 0,...,n — 1. Next, since

S(t - .
z > BY )(x) is increasing, we have:

ﬁ exp <— Jtiﬂ B® (yiea(“_ti)) du) > exp (— Js B® (me“(“_r)> du)
i=0 ti

T

> 6—2@2a’1x2(R)(ea(S*T')—l)7
where t,11 = s. Noticing that:

~ A~ 2e
BY(z) > pw > =
s (1‘) TP, £ (:’L',y> .Z'(l _2€)a
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yields

Pr(,ts) (z, A) >Orsj J J l{y ea(sftn)eA}dyn dtn | dyn—1dtn—1 ... dydty,
tn—1 Jtnfl,tn(y”ﬂfl) "

where &, o= Ey X ... x E,_5 and

- x2(R) a(s—r) 2¢1¢€ "
Crys = exp <_2(’02 a (e B 1) 1—2¢

Applying the substitution z = y,,e®~) | we get:

PY) (z, A) 2Cp I (x, A),

r,s

where:

1
]T(g) (l’, A) i f (1 _ e_a(S_tnfl)) (J l{zeA}dz> dyp_1dtn,_1 ... dyi1dt.
a gn72 Jtnfl,s(ynfl)

Let 0 < 61 < 1 < d2 be such that

51 n-t g
5 > (2.22)

We prove the following proposition by induction for n > 1: there exists C' > 0 depending
on g, n, d1, 62 and a such that

n S (1—e)raeals=7)
I,gg) (x,A) = C (1 — e_a(s_r)> w”_lf 1,cadz.

(Sg_lsnace“(sfr)

The verification for n = 1 is straightforward. We assume now that the proposition is satisfied
for n — 1, for some n € N. Then, there exists C' > 0 such that

(z,A) J f tlnsl (y1, A)dy1dty
Ity ()

],

Switching the integrals and using that y; > eze®®1 ") we get:

n—1 01" 2(1—g)n—1yjeals—t1)
1—6 a(s—t1)> f I{ZEA}dZdyldtl.

t1 5;*25n71y16a(s—t1)

S n—1
Iﬁg) (l’, A) = CJ (1 — e_a(s_t1)> $n—2€a(n—2)(t1—r) (Il + IQ + 13) dtl,

where
53_2(1—6)5”_116“(3_”)
z
I = J 1 cndz (e_“(s_tl) - 5:cea(t1_T)>
53_26"373“(5*7") {ze4} 53_2&5”_1 ’
SP 2 (1—e)" Lewer(s—T)
I, = 1eaydz(1 — 2 ) et

6572 (1—€)en—1lgeals—r)

6;1—2(1_8)713;6(1(577')

I3 = 1oemdz (1 —e)zed®—r) — Ze_a(s_tl)) .
3 61]_2(1—5)”‘7161’6‘1(57T) { EA} <( ) 5?_2(1 — 5)7’1—1
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Next, using that doe < (1 —¢) and 0;(1 — ) > ¢, we obtain,

a(ti—r)

JéSQ(l—s)snlxe“(S”

I = 1(eaydz(62 — 1)ewe )
on " lengeals—r)
S (1—e)raeals—r)

Is > f 1eaydz(1 —01)(1 — e)zer=T),
(5?72(178)”’_15160‘(3_7‘)

Therefore, gathering the three integrals, we get

5n—1(1_6)nx6a(sfr)
I(n) A >0 (1= —a(s—r) "o 7 1 d
7,8 (ma )/ e € {zeA}OZ

5g_16”we“(sfr)

where the constant C' varies from line to line and the proposition holds at stage n. Finally,
we have

PO (z,A) = as_,vr4(A),

7,5

where

oy =C (1 _ e*fl(H))n 21 (R)" e =) (5771 (1 — &)™z (R) — 60 ' a2 (R)) Chs

)

1 Jé?l(l—a)"xea(sr)

) S T ey ()~ 8 ) Jy e
and
SN — )"y (R) — 05 T (R) > 0
according to (2.21) and (2.22). O

Next, we check that the first point of Assumption E is satisfied. We first prove that the
moments of the auxiliary process are bounded. For all pe N*, 0 < s < ¢ and z > 0, we

denote by:
p
190G, s) = B, [ (V)]
Lemma 2.4.3. For all pe N*| J{—1} and x = 0, we have:

supsup £, [(YS(QY] < +00.

t=0 s<t

Remark 2.4.4. The moments that we need to control in order to check Assumption E
depend on the function V. The shape of the Lyapunov function V(z) = = + 2! was
convenient for the proof of the second point of Lemma 2.4.2. Indeed, the proof relies on the
fact that B(R, V) is lower bounded by a positive real number. This is the case because of
the term 2! in V. Because of this term, we need to control the first harmonic moment of

the auxiliary process.

Proof. Let p € N* be a positive integer. We have using (2.17) and Dynkin’s formula:

70,s) =a +ap |40, r)ir
0

s (1—)v,¥ ry 1+
» (v yo(r,1) dr
vo e ot [ (- (o)) g |
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By differentiation with respect to s of the last equality we have:

(- () e

(1_5)Y5<t)

O f{ (@, s) = apf(z, 5) + 2K, [@(S)J

)
Next, we notice that for ex <y < (1 — €)z, we have:

m(y,s,t) - 1+ exo(s,t)
m(z,s,t) ~ 14+ x¢(s,t) c

Then

" ® (l—E)YS(t) @) » dy
P _
asfp (:E’ S) < apfp (‘/L‘a 5) + 2¢E, SO(S) J;_Ys(t) (y (}/s ) ) 1—2¢

< apf (. 5) = Cle) ) (a,9)

1_5)p+1_5p+1

where C(e) := 21 (1 S o1 ) Moreover, C(g) > 0 because ¢ < 1. Ap-

plying Jensen inequality, we have flgﬁl(s) > f]gt)(s)lﬂ/ P. Finally, we obtain the following
differential inequality:

2t w,5) <F (f0(x,5)) .

where F(x) = apz — C(g)z™/P for all > 0. We notice that there exists zo > 0 such that
F >0on (0,z9) and F < 0 on (xg, +00). Then, any solution to the equation y’ = F(y) is
bounded by y(0) v ¢ and so is f;t) (x,-).

Next, we prove that the first harmonic moment of the auxiliary process is bounded. Let
us recall that Va(z) = 1/x. Let x € X and 0 < s < t. According to Kolmogorov’s forward
equation, we have:

0Py IVa() = Py ADVa ().
Using (2.19) we get:
85P(§2V2(x) < —aPéQVg(ﬂs) + 220 (e).

Finally, using Gronwall’s inequality, we obtain:

FVa() < (i - 2‘”@“”) oy 20206)

Lemma 2.4.5. For all x = 0, we have:

sup E, [B (t,Yt(t)) J (Vey(, ) (Yt(t))] < +o.

t=0

Proof. First, we have for all x € R, and all s,t € Ry with s < ¢

L+ Zr(79) = 1) S m(,5,8) < 1+ 2o 1),
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Then, for all z,y € X, we obtain:

m(x,0,t)m(y,t,r) - (1 + %9026“'*) (1 + %(’DQea(r—t))

x,y) = su <
wt( y) TZIt) m(‘T’O>T) r=t 1+ %901 (ear - 1)
(1 5w2) (14 Gpn)
21 Al

Next, for all 6§ € (0,1), we have:

o1 (2,0y) o (2, (1 — 0)y) < (¢e(2,y))? < A1(2)A2(y)

where
Ai(z) = (f A1)_2(1+3 )2 As(y) = (1+9 )2
1 a801 a802 » 20y asf’z .
Moreover, for § € [e,1—¢] and for all z € X, V(0z2)V ((1—0)x) < (ex)"2+ 2% +2e7L. Then:

1—¢ de

TV @) <2 [ VOV (1= 0) o (0.60) 1 (1= 0)) 0

6
< ((ey) 2+ 9% +2e71) Ay (2) Aa(y) < Ai(x) Z Crle)y* 2,
k=0
where for all k =0...6 Ci(e) are constants depending on z, a, e, p2. Then, we get:
6 k—1
E, | B (t,Y,") ] (V) (¥0)] < 241(@) Y] Crlo)E, {(Yt(t)) } <o,
k=0

according to Lemma 2.4.3. 0
Last, we verify that Assumption F is satisfied.

Lemma 2.4.6. For allt =0, x € X, we have:

E N; 2 - a® + oz (a + 2po1) + tp%xQ
oo | \mzon0.0)) | < .

x0,0,t) (min(a, gow))z

Proof. According to It6 formula, we have for all z € X and t > 0:
¢
Es, [N?] =1+ l’f ©o(s)e? (2Es, [Ns] + 1) ds.
0
After some calculations, we obtain:

2at

Es, [N2] < ©

2 (a2 + o (a + 2¢ox) + 90%1:2)

Moreover, we have:

2 2
m(z,0,t)? = 2 (e_at + E(,01(1 - e_“t)) > 2t (min (1, 2901)) ,
a

and the result follows. O
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Chapter 3

Statistical estimation in a randomly
structured branching population

Abstract

We consider a binary branching process structured by a stochastic trait that evolves
according to a diffusion process that triggers the branching events, in the spirit of Kimmel’s
model of cell division with parasite infection. Based on the observation of the trait at
birth of the first n generations of the process, we construct nonparametric estimator of the
transition of the associated bifurcating chain and study the parametric estimation of the
branching rate. In the limit n — 00, we obtain asymptotic efficiency in the parametric case
and minimax optimality in the nonparametric case.
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Chapter 3 Estimation in a randomly structured branching population

3.1 Introduction

3.1.1 DMotivation

The statistics of branching Markov processes has been in constant progress over the last
decade, in particular thanks to a thorough study of structured populations, with a strong
input from evolutionary or cell division modelling in mathematical biology (see for instance
the textbooks [M16, Per07] and the references therein). Several models have been considered,
with data processed either in discrete or continuous time, and an accompanying statistical
inference program has progressively emerged, in which one addresses the problem of the
identification and uncertainty quantification of critical parameters like branching rates,
modeled as functions of biological traits like age, size and so on.

In many cases, this approach is linked to certain piecewise deterministic Markov models
or bifurcating Markov chains (BMC) in discrete time. These models are well understood
from a probabilist point of view (in discrete time Guyon |Guy07]|, Bitseki-Penda et al.
[BPDG14, BPEBG17|, in continuous time Bansaye and Méléard [BM15|, Bansaye et al.
[BDMT11] or more recently Marguet [Marl6| for a general approach). Moreover, a fairly
complete picture of their statistical structure has been established over the last few years
in the group of Doumic and collaborators [BPHO17, DHRBR12, DHKR15, HO16]|, see also
Bitseki-Penda and Olivier [BPO17]|, de Saporta et al. [{SGPM12, dSGPM14|, Azais et al.
[ADGP14]| or recently Bitseki-Penda and Roche [BPR17]. In these models, the traits of a
population between branching events like cell division evolve through time according to
a dynamical system. The next logical step is to replace this deterministic evolution by a
random flow, that allows one to account for traits like that may have their own random
evolution according to exogeneous input. A paradigmatic example is given by Kimmel’s
model (see Kimmel [Kim97] and Bansaye [Ban08]) where the trait is given by a density of
parasites within a cell that evolve according to a diffusion process. The statistical analysis
of such models is the topic of the present chapter.

We consider a population model with binary division triggered by a trait x € X where
X < R is an open (possibly unbounded) interval. The trait ¢, (¢) of each individual evolves
according to

d¢x(t) = T(‘bz(t))dt + U(¢x(t))tha ¢:Jc(0) =z (3'1)

where r,0 : X — X are regular functions and (W});> is a standard Brownian motion. Each
individual with trait z at time ¢ dies according to a division rate = — B(x). (An individual
with trait ¢,(t) at time ¢ dies with probability B(¢,(t))dt during the interval [¢, ¢+ dt]). At
division, a particle is replaced by two new individuals with trait at birth given respectively
by Oz and (1 — #)x where 6 is drawn according to k(z)dz for some symmetric probability
density function k(z) on [0, 1].
The model is described by the traits of the population, formally given as a Markov
process
X = (X1(t), Xa(t),...), t=0 (3.2)

with values in >, X*, where the X;(t) denote the (ordered) traits of the living particles
at time t. Its distribution is entirely determined by an initial condition at ¢ = 0 and by the
parameters (1,0, B, k).
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Chapter 3 Estimation in a randomly structured branching population

Xy

00 01 10 11

Figure 3.1.1: Example of a trajectory and its associated genealogy.

3.1.2 Statistical setting by reduction to a bifurcating Markov chain
model

We assume we have data at branching events (i.e. at cell division) and we wish to make
inference on the parameters of the model. Using the Ulam-Harris-Neveu notation, for m > 0,
let G, = {0,1}™ (with Go = {J}) and introduce the infinite genealogical tree

T = UGm.

meN

For u € Gy, set |u| = m and define the concatenation u0 = (u,0) € G,,41 and ul = (u,1) €
Gm+1. Forn =0, let T,, = |, _, Gy, denote the genealogical tree up to the n-th generation.
We denote by X, the trait at birth of an individual w € T. From the branching events, we
assume that we observe

X" = (Xu)ueTna

so that we have 2"*! — 1 random variables with value in X'. Asymptotics are taken as n
grows to infinity. An example of trajectory is represented on Figure 3.1.1 with the associated
genealogy.

There are several objects of interest that we may try to infer from the data X"™. First,
one may notice that the Markov structure of X in (3.2) turns (X,,u € T) into a bifurcating
Markov chain according to the terminology introduced by Delmas and Guyon |Guy07]. A
bifurcating Markov chain is specified by 1) a measurable state space, here X (endowed
with its Borel sigma-field) with a Markov kernel P from X to X x X and 2) a filtered
probability space (Q, F o (Fm)m=0, IF’). Following Guyon, [Guy07]|, Definition 2, we have the

Definition 3.1.1. A bifurcating Markov chain (BMC) is a family (Xy)uer of random

variables with value in X such that X, is F,-measurable for every u € T and

E[ [] u(Xu: Xuo, Xur) | Fon] = || Ptul(Xu) (3.3)

ueGm ueGm,

for every m = 0 and any family of (bounded) measurable functions (¢y)uec,,, where
PY(x) = S V(@ y1,y2) Pz, dyrdys) denotes the action of P on 1.

The distribution of (X)yer is thus entirely determined by P and an initial distribution
for X . A key role for understanding the asymptotic behavior of the bifurcating Markov
chain is the so-called tagged-branch chain, that consists in picking a lineage at random in
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the population (Xy)yer: it is a Markov chain with value in X defined by Yy = X and for
m > 1:

Ym = X@el...em7
where (€,,)m=>1 is a sequence of independent Bernoulli random variables with parameter
1/2, independent of (X,,)yer, with transition

Q= (P +P2)/2 (34)

obtained from the marginal transitions of P:

P (w, dy) — f

P(x,dydys) and Ps(z,dy) :J P(z, dy1dy).
y2eX

y1€X

Guyon proves in [Guy07] that if (Y;,)ms0 is ergodic with invariant measure v(dz) on X,
then a convergence of the type
1
T

> (Xu, Xuo, Xur) — L Pi(x)v(dz) (3.5)

ueT,

holds as n — oo for appropriate test functions g, almost surely and appended with
appropriate central limit theorems (Theorem 19 in [Guy07]).

3.1.3 Main results

In this context, there are several quantities that can be inferred from the data X,, as n grows
and that are important in order to understand the dynamics of (X, )uer. Under suitable
assumptions on the stochastic flow (3.1), the transition Q admits an invariant measure v
and we have fast convergence of the tagged-chain (Y;;,);,m>1 to equilibrium. This enables us
to construct in a first part nonparametric estimators of v and Q with an optimal rate of
convergence. Notice that since the fragmentation kernel x(z) that distributes the trait of
the parent between its two children is symmetric, we have P; = Py = Q. This reveals the
structure of the underlying BMC.

However, estimators of ¥ and Q@ do not give us any insight about the parameters
(r,o, B, k) of the model. In a second part, we investigate the inference of the division rate
x — B(z) as a function of the trait x € X when the other parameters r,o and k(z) are
known. This seemingly stringent assumption is necessary given the observation scheme X".
If extraneous data were available, estimators of the parameters r, o and « could be obtained
in a relatively straightforward manner:

i) As soon as a discretisation of the values of the flow are available, standard techniques
about inference in ergodic diffusions can be applied to recover & + 7(x) and x — o(z)?,

see for instance [Hof99, Kut04].

ii) The fact that an individual u distributed its traits to its offspring in a conservative
way enables one to recover the fraction 6, distributed among the children. Indeed the
individual u born at b, with lifespan at d,, — b, has trait ¢x,(d, — by) at its time of
death. It follows that its children have trait at birth given by

XuO = 9u¢Xu (du - bu)a Xul = (1 - 9u)¢Xu (du - bu)a

where the 6, are drawn independently from the distribution x(x)dz and therefore, the

Xu . . L
< 2= 1% identifies 6,,. In turn, the estimation of z — k(z) reduces to
ﬂl u

relationship

a standard density estimation problem from data (6y,)yer,, , see for instance [Hoal5|.
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The identification and estimation of the branching rate z — B(x) from data X" is more
delicate and is the topic of the second part of this chapter. Under minimal regularity assump-
tions developed in Section 3.2 below, it is not difficult to obtain an explicit representation
of the transition Q(z,dy) = Qp(x,dy) = qp(x,y)dy that reads

1 0 "
i) = [ " B0 28] [ e breOmar o)e 6o

where LY(¢,) denotes the local time at ¢ in y of the semimartingale (¢, (¢))¢>0. Assuming
(r,0, k) known (or identified by extraneous observation schemes) we study the estimation of
x — B(z) when B belongs to a parametric class of functions {By, v € ©} for some regular
subset of the Euclidean space R?. Under a certain ordering property (Definition 3.3.5 in
Section 3.3.2 below) that ensures the identifiability of the model and suitable standard
regularity properties, we realize a standard maximum likelihood estimation of B thanks to
(3.6) by maximising the contrast

0 [ ] a9(Xu-, Xu), 9€6,

*
ueTy,

(with T} = T,\Go) and we prove that it achieves asymptotic efficiency and discuss its
practical implementation. It is noteworthy that for the parametric estimation of B, there
is no straightforward contrast minimization procedure (at least we could not find any)
whereas qp(z,y) is explicit. The fairly intricate dependence of B in the representation (3.6)
makes however the whole scheme relatively delicate, both mathematically and numerically.

Clearly, other observation schemes are relevant in the context of cell division modelling.
For instance, one could consider a (large) time 7' > 0 and observe the branching process
X defined in (3.2) for every t € [0,T']. This entails the possibility to extract the times (73,)
at which branching events occur, like e.g. in [HO16]. However, the continuous time setting
is drastically different and introduce the additional difficulty of bias sampling, an issue we
avoid in the present context. Alternatively, one could consider the augmented statistical
experiment where one observes (Xy, Ty, )yet, , but the underlying mathematical structure is
presumably not simpler. Our results show in particular that for the parametric estimation
of the branching rate B, although the times at which branching event occur are statistically
informative, their observation is not necessary to obtain optimal rates of convergence as
soon as (r, 0, k) are known.

3.1.4 Organization of the chapter

Section 3.2.1 is devoted to the construction of the stochastic model, our assumptions and
the accompanying statistical experiments. In particular, we have a nice structure enough
so that explicit representations of P and Q are available (Proposition 3.2.1). We give a
first result on the geometric ergodicity of the model via an explicit Lyapunov function
in Theorem 3.2.2 and derive in Theorem 3.2.3 a rate of convergence for the variance of
empirical measures of the data X" = (X,,)yer, against test functions ¢(X,) or ¥(X,-, X4)
with a sharp control in terms of adequate norms for ¢, that do not follow from the
standard application of the geometric ergodicity of Theorem 3.2.2. This is crucial for the
subsequent applications to the nonparametric estimation of @ and its invariant measure v
that are given in Theorem 3.3.3 of Section 3.3.1. Section 3.3.2 is devoted to the parametric
estimation of the branching rate, where an asymptotically efficient result is proved for a
maximum likelihood estimator in Theorem 3.3.9. It is based on a relatively sharp study of
the transition Q, thanks to local time properties of the stochastic flow that triggers the
branching events.
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3.2 A cell division model structured by a stochastic flow

The proofs are postponed to Section 3.4 and an Appendix Section 3.5 contains useful
auxiliary results.

3.2.1 Assumptions and well-posedness of the stochastic model
Dynamics of the traits

Remember that X € R is an open, possibly unbounded interval. The flow is specified by
r,o: X — X which are measurable and that satisfy the following assumption:

Assumption 1. For some ri,01,09 > 0, we have |r(z)| < ri(1+ |z|) and o1 < o(x) < 09,
for every x € X. Moreover, for some ro > 0, we have sgn(z)r(x) < 0 for |x| = ro (with

sgn () = 10y — Liz<o})-

Under Assumption 1, there is a unique strong solution to (3.1) (for instance [Dks03],
Theorem 5.2.1.). We denote by (®;(t),t > 0) the unique solution to (3.1) with initial
condition = € X. In particular, (®,(¢),t > 0) is a strong Markov process and is ergodic (cf.
[Kut04], Theorem 1.16.). Note that when X" is bounded, the drift condition sgn(x)r(z) < 0
for large enough x can be dropped.

Division events.

An individual with trait = dies at an instantaneous rate x — B(x), where B : X — [0, )
satisfies the following condition:

Assumption 2. The function x — B(z) is continuous. Moreover, for some by, by > 0 and
v =0, we have by < B(x) < by |z|” 4 by for every x € X.

Under Assumptions 1 and 2, the process X in (3.2) is well defined and the size of the
population does note explode in finite time almost-surely, see for instance Marguet [Mar16|.
Note that the lower bounds for ¢ and B are not needed for the well-posedness of X but
rather for later statistical purposes.

Fragmentation of the trait at division

Finally, we make an additional set of assumptions on the fragmentation distribution x(z)dz
that ensures in particular the non-degeneracy of the process.

Assumption 3. We have
k(z) = k(1 — 2) for almost every z € [0,1],
supp(k) < [e,1 — ] for some 0 <& < 1/2,
inf efc1-c) K(2) = 0.

The symmetry condition of Assumption 3 on the fragmentation distribution x(z)dz
ensures that the law of the trait at birth is identical for both children. The other parts of
Assumption 3 are slightly technical and may presumably be relaxed.
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Representations of P and Q

Under Assumptions 1, 2 and 3, we obtain closed-form formulas for the transition P defined
via (3.3) and the mean or marginal transition Q of the BMC (X)yeT, see (3.4) that also
gives the transition probability of the discrete Markov chain with value in X corresponding
to the trait at birth along an ancestral lineage. These representations are crucial for the
subsequent analysis of the variance of the estimators of P and of the invariant measure v.

Proposition 3.2.1. Work under Assumptions 1, 2 and 3. For every x,y,y1,y2 € X, we

have
P(x,dyrdy2) = p(x,y1,y2)dyrdy2 and Q(x,dy) = q(z,y)dy,
with
o0
p(z,y1,y2) = £(yy/ (1 +42)) B(y1 +y2)o(y1 + yQ)QE[J e %o B(%(s))dsdl/?ﬁw(%)]
Y1 + Y2 0
(3.7)
and . -
R\Z _ _(t s z
e e 7 e | R R OS] A

where LY (¢,) denotes the local time at t in y of the semimartingale (¢x(t))i=0-
Note that by Assumption 3, we have p(z,y1,y2) = p(x,y2,y1) for every z,y1,y2 € X
and also §,, p(z,y1,y)dyr = 4 p(z,y,y2)dy2 = q(z,y) for every z,y € X.
3.2.2 Convergence of empirical measures
Convergence of Q to equilibrium

Assumptions 1,2 and 3 imply a drift condition for the Lyapunov function V(z) = 22 on X
and a minorization condition over a small set so that in turn Q is geometrically ergodic.

Let Q = Q(ry,bi, 04, 2i,7,€,0,1 = 1,2) be the class of all transitions Q = Q(r, 0, B, k)
defined over X that satisfy Assumptions 1,2 and 3 with appropriate constants. An invariant
probability measure for Q is a probability ¥ on X such that vQ = v, where vQ(dy) =
$pex v(dz)Q(z, dy). Define

Q' (2. dy) = | Qo d2)Q" (zdy) with Q. dy) = 8a(dy)
for the r-th iteration of Q. For ¢ : X — R, we set

o)
el =sup T

and write v(p) = §, ¢(x)v(dz) when no confusion is possible.

Theorem 3.2.2 (Convergence to equilibrium). Work under Assumptions 1, 2 and 3. Then
any Q € Q admits an invariant probability distribution v. Moreover, for V(z) = x?, there
exist C = C(Q) > 0 and p = p(Q) € (0,1) such that for every m > 1, the bound

Q™0 —v(p)|, < Cp™e —v(v)|,
holds as soon as ||y < 00, supgeg C(Q) < 0 and supgeg p(Q) < 1.

In particular, we have [Q™p(x) — v(p)| < Cp™(1 + V(2))|¢ — v(¢)|w for every x € X.
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Control of empirical variances

Theorem 3.2.2 is the key ingredient in order to control the rate of convergence of empirical
means of the form

Mo(®) = —— 3 9(X,-, X,) (3.9)

[T
nhueTs

that converge to vQ(%) for any reasonable test function ¢ : X x X - R. (If p: X - R we
set My, (p) = |Tp|™? 2uet, P(Xu) = v(p) and we have a formal correspondence between
the two expressions by writing ¥ (z,y) = ¢(y) as a function of the second variable.) In order
to derive nonparametric estimators of v and Q@ by means of kernel functions 1 that shall
depend on n, we need sharp estimates in terms of .

We shall restrict our study to transitions @ € Q for which the geometric rate of
convergence to equilibrium p = p(Q) given in Theorem 3.2.2 satisfies p(Q) < 1/2. Let
Q12 = Q denote the set of such transitions.

We need some notation. We denote by | - |; the usual L'-norm w.r.t. the Lebesgue
measure on X' x X. For a function ¢ = X x X — R we set ¢*(x) = sup,cy [¢(z,y)| and

Vu(y) = supgey ¥ (z,y)| and define

6] a1 = fm (e, y)ldady /\ L Guly)dy.

Note in particular that when ¥(x,y) = ¢(y) is a function of y only, we may have that
[Uu]1 = {4 [o(y)|dy is finite while ¢ is not integrable on X’ x X as a function of two variables.
For a positive measure p on X, let also

], = fm 1z, 9)|o(da)dy + ] 1.

We write P, for the law of (X,,)uer with initial distribution u for X . Remember that
V(x) = 2% from Theorem 3.2.2.

Theorem 3.2.3. Work under Assumptions 1, 2 and 3. Let u be a probability measure on
X such that p(V?) < 0. Let ) : X x X — R a bounded function such that 1, is compactly
supported. The following estimate holds true:

E.[(Mn(®) = v(Q0))°] < ITul (|02 |utw + [0 0] + (1 + p(VAY2) b1 [0],),

where the symbol < means up to an explicitly computable constant that depends on Q and
on supp(x) only. Moreover, the estimate is uniform in Q € Q5.

Several remarks are in order: 1) We have a sharp order in terms of the test functions
1, that behave no worse than § 2 2 under minimal regularity on v which is satisfied, see
Lemma 3.4.5 below (and of course u, although this restriction could easily be relaxed). This
behaviour is the one expected for instance in the IID case and is crucial for the subsequent
statistical application of Theorem 3.3.3 where the functions v will be kernel depending
on n. 2) Theorem 3.2.3 can be derived with other more competitive tools in the uniform
geometric ergodic case, see e.g. [BPHO17, BPR17|, a case we do not recover here since X
is not necessarily bounded. 3) Theorem 3.2.3 has an analog in [DHKR15] for piecewise
deterministic growth-fragmentation models, but our proof is somewhat simpler here and
sharper (we do not pay the superfluous logarithmic term in [DHKR15]).
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3.3 Statistical estimation

3.3.1 Nonparametric estimation of Q and v

Under Assumptions 1, 2 and 3, any Q(z,dy) = q(z,y)dy admits an invariant probabil-
ity measure v(dr) = v(x)dz, the regularity of v(x) being inherited from that of Q via

v(z) = SX q(z,x)v(dz).

Fix (29, y0) € X x X. We are interested in constructing estimators of ¢(zg, yo) and v(zo)
from the observation X" when both functions satisfy some Hdélder regularity properties in
the vicinity of (xo,yo). To that end, we need approximating kernels.

Definition 3.3.1. A function G : X — R is a kernel of order k if it is compactly supported
and satisfies §,, 2'G(z)dx = gy for £=0,... k.

The construction and numerical tractability of approximating kernels is documented
in numerous textbooks, see for instance Tsybakov [Tsy04|. For bandwidth parameters
h,hi,he > 0, we set

Gu(y) =h™'G(h'y)

and

G2, (2,y) = hy 'hy 'G(hy 'a)G (1 1Y)

and obtain approximations of v(yg) and ¢(zo, yo) by setting

Gr*v(yo) = L Gr(y — yo)v(y)dy

and

Gh * q(w0,Y0) = L B G2, (& — 0,y — yo)v(2)q(w, y)dwdy.

The convergence of M, (¢) to v(p) suggests to pick ¢ = Gp(- — x¢) that converges to
Gp, * v(zp) and use it as a proxy of v(xg). We obtain the estimator

O (w0) = My (Gh(- — 9)),

specified by the choice of h > 0 and the kernel G. Likewise, an estimator of ¢(zg,yo) is
obtained by considering the quotient estimator with numerator ¢» = G, »,(- — o, — ¥o)
that converges to G, x v(x9)q(xo,yo) and denominator 7y, »(zg) in order to balance the
superfluous weight v(z) in the numerator. We obtain the estimator

Mn(G%@ﬁhQ( — 0, — Yo))
My, (Gh(- — xo)) v w

an(%ayo) =

specified by the choice of h, hi,hy > 0, a threshold @ > 0 and the kernel G. In order to
quantify the kernel approximation, we introduce anisotropic Hélder classes. For o > 0, we
write a = || + {a} with |a] an integer and 0 < {a} < 1.

Definition 3.3.2. Let o, 8 > 0 and V,, and V(yo) be bounded neighborhoods of xo and yq.

i) The function ¢ : Vy, — R belongs to the Holder class H*(xg) if

oD (y) — oD ()| < Cly — 2! for every z,y € Vi, . (3.10)
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ii) The function 1 : Vyy x Vy, — R belongs to the anisotropic Holder class HB (z0,0) if

z = 1z, y0) € H*(z0) and y — (wo,y) € H (y0)
hold simultaneously.

We obtain a semi-norm on H®(z9) by setting |@lya(z) = suPgey,  [¢(x)|+calp), where
ca(p) is the smallest constant for which (3.10) holds. Likewise, we equip H®? (0, o) with

the semi-norm "lph.ta,ﬂ(xoyyo) = |9(-, Y0) e (z0) + ¥ (20, ‘)|7—L5(y0)- The space HP (g, o) is
appended with (semi) Holder balls

HOP (20, 50)(R) = {01 X x X > R, [Ylpap(a9.40) < B}, R>0.
We are ready to state our convergence result over transitions Q that belong to

QU2 (R) = Quja 0 M (a0,40) (R), R >0,
with a slight abuse of notation.

Theorem 3.3.3. Work under Assumptions 1,2, 3. Assume that the initial distribution p is
absolutely continuous w.r.t. the Lebesque measure with a locally bounded density function
and satisfies 1(V?) < o0.

Let o, B> 0. Specify Dn(yo) by a kernel of order k > max{a, 8}, h = |T,|"YZ3+1) and
Gn(0, yo) with the same kernel, hy = |11*n|—S(a,ﬁ)/(wﬁ)(%(aﬁ)ﬂ), hy = |Tn‘—8(aﬁ)/ﬂ(28(aﬁ)+1)
and wy, — 0. Then, for every R > 0

sup (E[(ﬁn(yo) — I/(yo))Q])l/2 < |']rn’f/3/(2ﬁ+1)

QeQy ) (R)
and p1o
sup  (E[(qn(z0,90) — a(z0,90))7]) "~ < @ T, | ~5(@A)/(@s(e.B)+1)
QeQy; (R)
hold true, where s(a,3)™" = (a A B)' + B~ is the effective anisotropic smoothness

associated with (o, B).

Several remarks are in order: 1) We obtain an optimal result in the minimax sense
for estimating v(yg) and in the case § = « for estimating q(zg, yo). This stems from the
fact that the representation v(z) = {, v(y)q(y,z)dy henceforth ¢ € H*# implies that
v € HP. In turn, the numerator of §,(xo,%0) is based on the estimation of the function
v(x)q(z,y) € H¥ PP, 2) In the estimation of ¢(zo,yo), we have a superfluous term ;! in
the error that can be taken arbitrarily small, and that comes from the denominator of the
estimator. It can be removed, however at a significant technical cost. Alternatively, one can

get rid of it by weakening the error loss: it is not difficult to prove
~ 1 _
(E[(@n(z0,v0) — a(z0,%0))"]) P < [T, [~5(@B)/Cs@BD) for every 0 < p < 2,

and the result of course also holds in probability. 3) The assumption that p is absolutely
continuous can also be removed. 4) Finally, a slightly annoying fact is that the estimators
Un (o) and Gy, (o, yo) require the knowledge of (v, 8) to be tuned optimally, and this is not
reasonable in practice. It is possible to tune our estimators in practice by cross-validation in
the same spirit as in [HO16|, but an adaptive estimation theory still needs to be established.
This lies beyond the scope of the chapter, and requires concentration inequalities, a result
we do not have here, due to the fact that the model is not uniformly geometrically ergodic
(otherwise, we could apply the same strategy as in [BPHO17, BPR17]).
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3.3.2 Parametric estimation of the division rate

In order to conduct inference on the division rate x — B(x), we need more stringent
assumptions on the model so that we can apply the results of Theorem 3.2.3. The main
difficulty lies in the fact that we need to apply Theorem 3.2.3 to test functions of the form
Y(x,y) = logq(z,y) when applied to the loglikelihood of the data, and that these functions
are possibly unbounded.

A stochastic trait model as a diffusion on a compact with reflection at the
boundary

We circumvent this difficulty by assuming that the trait ¢, (¢) of each individual evolves in
a bounded interval with reflections at the boundary and with no loss of generality, we take
X =0, L] for some L > 0. The dynamics of the traits now follows

Ay (t) = (b (t))dt + o (2 (t)) AW, + dl, (3.11)

where the solution (€)= to ¢, = S(t) (l{sto} + 1{XS=L}) dls accounts for the reflection
at the boundary and (W});>¢ is a standard Brownian motion. Under Assumption 1 (that
reduces here to the boundedness of r, o and the ellipticity of o) there exists a unique strong
solution to (3.11), see for instance Theorem 4.1. in [Tan79].

A slight modification of Proposition (3.2.1) gives the following explicit formulas for the
transitions P and Q. Remember that by Assumption 3, we have supp(x) < [e,1 —¢]. Define

_ L
D={0<y<el, <y <iFppu{el<p <(-oL, sZy <y < 5H)

Then the explicit formula for p(z,y;,y2) given in (3.7) remains unchanged provided
(x,y1,y2) € X x D and it vanishes outside of X x D. For ¢(z,y), the formula (3.8) now
becomes

1 0 "
q(x,y)zj “(Z)B(y/z)a(y/z)*%@ UO eSoB@z(S))deL;@//Z(gsx)] dz, (3.12)

y/L *

for (z,y) € X x {0 <y < (1 —¢)L} and 0 otherwise.

Adapting the proof of Theorem 3.2.2 to the case of a diffusion living on a compact
interval (formally replacing [—w,w] by [0, L] in the proof of Proposition 3.4.2 below) one
easily checks that Theorem 3.2.2 remains valid in this setting (applying for instance Theorem
4.3.16 in [CMRO5]). In turn, Theorem 3.2.3 also holds true in the case of a reflected diffusion.
For parametric estimation, the control on the variance of M,, () is less demanding and we
will simply need the following

Corollary 3.3.4. Work under Assumptions 1,2, 8 in the case of a reflected diffusion on
[0, L] for the evolution of the trait (¢, (t), t = 0). Let ¢ : X x X — R. Then, for any
probability measure p, we have

sup B, [(Mn () —v(1))?] S [Tl sup o(z,)*.
QeQy /2 Y
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Maximum likelihood estimation

From now on, we fix a triplet (g, 09, ko) and we let the division rate z — B(z) belong to a
parametric class

B={B:X —>R,B(z) = By(¥,z),z € X, € O},

where x — By(x,9) is known up to the parameter ¥ € ©, and © = R? for some d > 1 is a
compact subset of the Euclidean space. In this setting, the model is entirely characterized by
¥ which is our parameter of interest. A first minimal stability requirement of the parametric
model is the following

Assumption 4. We have Q(B) = {Q = Q(r0, 00, B, k), B € B} = Q5.

A second minimal requirement is the identifiability of the class B, namely the fact that
the map
B — Q(T(Ja 0o, Ba /{0)
from B to Q is injective. This is satisfied in particular if B satisfies a certain orderliness
property.
Definition 3.3.5. A class B of functions from X — [0,0) is orderly if ¢1,p2 € B implies
either @1(x) < pa(x) for every x € X or po(x) < ¢1(x) for every x € X.

Proposition 3.3.6. Let B be orderly in the sense of Definition 3.3.5 and Q(B) < Q for
some (rg, 00, ko). Then B — Q(rg, 09, B, ko) is injective.

We further stress the dependence on ¥ by introducing a subscript in the notation
whenever relevant. We formally obtain a statistical experiment

" = {Pj,0 e 0}

by letting Pj denote the law of X" = (X, u € T,) under Py with initial condition X
distributed according to vy on the product space X ITn| endowed with its Borel sigma-field.
The experiment £ is dominated by the Lebesgue measure on X/™| and we obtain a
likelihood function by setting

Ln(9,(XuyueTn)) = || (X, Xu), (3.13)

*
ueTy,

where X - denotes the trait of the parent of u. Taking any maximizer of (3.13) we obtain
a maximum likelihood estimator

5,1 € argmax L, (19, X”)
YeO

provided a maximizer exists.

Convergence results and asymptotic efficiency

We first have an existence and consistency result of 15,1 under the following non-degeneracy
assumption that strengthens Assumption 2.

Assumption 5. The function By : © x X — [0,0) is continuous and for some positive
b3, b4, we have

0<b3 < i,gnf 30(19,58) < sup Bo(ﬁ, $) < by
"L 19,:13

Moreover, the class B = {Bg(l?, ), 0 € @} s orderly in the sense of Definition 3.3.5.
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Theorem 3.3.7. Work under Assumptions 1, 3, 4 and 5. Then, for every ¢ € O, 7’9\,1
converges to ¥ in probability as n — 0.

Our next result gives an explicit rate of convergence and asymptotic normality for 5,1
We need further regularity assumptions.

Assumption 6. The set © has non empty interior and, for every x € X the map ¥ —
By(9,x) is three times continuously differentiable. Moreover, for every 1 <i,j,k < d:

sup |0y, Bo(V, z)| 4+ sup |8129“9jBo(19, x)| + sup |81?§”9j19k30(19, x)| < o0.
x €T x

) ) )

Introduce the Fisher information W(1)) at point ¥ € © as the d x d-matrix with entries:

09,99 09,9 09,99 (z,y) 09, qv(x,y)
W(9);; = vyQy (2110000 :f : )
D)ig =wo 19( 3 ) Xxx q9(z,y)?

vy(x)qe(z,y)dzdy,

for 1 <i,j <d.
Assumption 7. For every ¥ in the interior of ©, the matriz V(9) is nonsingular.

Although standard in regular parametric estimation, Assumption 7 is not obviously
satisfied even if we have the explicit formula (3.12), for gy(x, y), due to its relatively intricate
form. We can however easily show that it is satisfied in the special case of a trait evolving
as a reflected diffusion with constant drift. More general parametrizations are presumably
possible, adapting the proof delayed until Appendix 3.5.2.

Proposition 3.3.8. Assume d = 1, By(¥,z) = ¥ for every x € X, with © = [¥1,92] <
(0,0), 7(x) =71 <0 and o(x) = 09 > 0 for every x € X. Let r(z) = (1 — 2¢)~! for every
z € [e,1 —¢]. There exists an explicit open interval T < (0,1/2) such that Assumption 7 is
satisfied as soon as € € T.

We are ready to state our final result on asymptotic normality of 1%

Theorem 3.3.9. Work under Assumptions 1, 3, 4, 5, 6 and 7. For every 9 in the interior
of ©, we have

T2 (W —0) — N (0,9(9) ")

in distribution as n — o0, where N'(0,¥(9)~1) denote the d-dimensional Gaussian distribu-
tion with mean 0 and covariance the inverse of the Fisher matriz ¥(19).

Several remarks are in order: 1) Although asymptotically optimal, the practical imple-
mentation of 1/9\71 is a challenging question that we plan to address in a systematic way. 2) As
for classical estimation in diffusion processes (see e.g. [DCFZ86, GCJ93|), the assumptions of
Theorem 3.3.9, especially Assumption 7 are standard. However, the fact that they hold true
in the simple case of Proposition 3.3.8 and a glance at the proof is an indication that they
are certainly true in wider generality. 3) We could not find another contrast estimator than
the MLE, and in particular, we do not know how to estimate x — B(x) nonparametrically.
One formal possibility is to let d = d,, — o0 as n — o0, and we could certainly obtain an
optimal result provided ||¥(9)~!|| < d,, in operator norm. Such a result necessarily depends
on the regularity of parametrization ¥ — By(?, ) via the parametrization ¥ — 0y,qy. Such
a study seems out of reach with the tools developed here.
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3.4 Proofs

3.4.1 Proof of Proposition 3.2.1

We first prove (3.8). By the occupation times formula, a change of variable and Fubini’s
theorem, for any bounded ¢ : X — R and x € X, we have

Qp(x) = E[p(Xy)| X~ = 2]

IE[ L 1 K(2) f:) 0 (262(1)) B(6x(t)) e %o B<¢w<s>>d8dmz]

E[Jl (2) fR o(y)B(y/2) LOO o S0 B(6x(s))ds dLi’/z(cbx)dydz]

0o o(y/z)

= [ o) [ D psziotrz)2a] [ e any gz

I

where (L{(¢z))t=0 is the local time of ¢, at y € X. Since supp(x) < [g,1 — €], the above
integrals are well defined and (3.8) is established. We turn to (3.7). By (3.3), for any
bounded 7 : X3 — R and x € X, we have

1

Po(z) - EH

0

0
1 LB/ o (7 o ]
_ 1—2 o B(¢z(s))ds y1/
_JRJO vleo 5 yl)a(y1/z)2E[L ‘ dLy (%)] z dzdy,

k(y1/(y1 +2)) B (y1 + yo) F — 1§t B(gu(s))ds g7 1+
_ E 0 2 (s dey1 Y2 "
| 0 AT ) S g | P )]

6 [ (026200, (1= () B0 POVt

where we set yo = I%yl in order to obtain the last line. The integral is taken over the
domain

D= {(y1.y2) € R?*, =y1 <o < =21} < supp((y1,2) — k(21 + 22))

therefore the above integral is well defined and the representation (3.7) is proved.

3.4.2 Proof of Theorem 3.2.2

The proof goes along a classical path: we establish a drift and a minorisation condition in
Proposition 3.4.1 and 3.4.2 below, and then apply for instance Theorem 1.2. in [HM11], see
also the references therein.

Proposition 3.4.1 (Drift condition). Let V(x) = 2. Work under Assumptions 1,2 and
3. There ezist explicitly computable 0 < v1 = v1(e) < 1 and vy = va(e,r1,72,01,02,b1) > 0
such that

QV(z) < viV(z) + va.

Proposition 3.4.2 (Minorisation condition). Work under Assumption 1, 2 and 3. For
large enough w > 0, there exists a € (0,1) and a probability measure p on X such that

inf Q(x,A) = au(A)

{,|z[<w}

for every Borel set A c X.
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Proof of Proposition 3.4.1. Fix x € X and let m(k) = (1) 2k(2)dz. By Ito formula, we

obtain the decomposition

oV (z) = Jl K(2) fc E[zQQSz(t)QB(QSz(t))e_ 56 B<¢w<8>)d5]dtdz — m(k)(I + I + 111 + 1V),

0o s
where
=24’ JOOIE[B(QS (t))e™ o B@elNes gy,
I—2f fqzsx (u))du B (62(1)) = o PO=D g,
117 = f U o (60() duB(qsx(t))e‘%BW&”“]dt,
v = QJ J o ()0 (0 (u)) AW, B (¢ (t ))e—SSBWS))dS]dt.

First, note that SSO B(¢y(t))e™ fo B(#=(s)ds gy — 1, therefore I = 22 by Fubini’s theorem. We
turn to I7. By Fubini’s theorem again:

o0]

II—QIEJ b (u)r (¢ (u ))(f B((bz(t))e_SSB(%(S))dsdt)du]

u

- 2E f ¢x(u)7'(¢g;(u))ef 5o B(¢z(s))dsdu]

0
= -2 — § B(da(s))ds g =
_QJRzr(z)a(z) E[L e § st(%)]dZ

by the occupation times formula. By Assumption 1 we have zr(z) < 0 for |z| = ra, therefore:

I1<2 JTQ zr(z)a(z)—2E”OO

—7rg 0

Q0
< 2rpra(l+ r1)al_2f E[f e o B(d’w(s))deLf(qﬁx)]dz
0

—7ro

0
< 2rpr2(1 + T1)012f e P(— by < Gu(t) < r2)dt < 2rira(1+ 7)oy 2by
0

e S0 B(dals >>d5dLZ(¢z)]dz

T2

using successively Assumption 1, 2 and the occupation times formula. For the term 111, we
have

111 = f " B[ (6. () foo B (6, (1)) o PO | gy

0 u

Q0
- J E [a(%(u))‘ze—sg B(%(s))ds] du
0

by Fubini again and this last quantity is less than o3 Sgo e~titdt = ngl_l by Assumption 1
and 2. Similarly for the term IV, we have

00 o0

v = 21[-3”0 o (6 (1)) J

u

- QE[jOO (¢ (u))e™ (¢x(5))d5dW:|

0

B(6, (1)) e Be=Dd graw, |
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and this last quantity vanishes. Putting the estimates for I, II, II] and IV together, we
conclude

oV (z) < m(k)x® + m(k)(2rira(1 + 1)o7 % + o3)by L.

Since supp(k) < [, 1 — €], we have m(x) < (1 —¢)? < 1 and this completes the proof with
vy = m(k) and vg = m(k)(2r1ra(1 +r1)oy? + 03)b .
O

Proof of Proposition 3.4.2. Step 1). Let x € [—w,w] and A < X be a Borel set. Applying

Assumption 3, introducing the event W(¢,(t)) = {2w < ¢, (t) < 2w+/(1 —¢)/e)}, applying
Fubini’s theorem and a change of variable, we successively obtain

1 0 "
Q(z, A) = f r(2) f E| 1o (90 B(9a(t)) 0 P@lD |t

0 0

1 © — 0 B(8x(s)) ds
>b1f0 w(z) L E| (o, o) stuteare” 2 %\ Jdd

” ~§ Bloa(nds [P -1

= jR l{yEA}f(xa y)dya

with f(z,9) = b1 5o E[Lye, ) Lip<on e 0 POk (/0 (1)) ()] dt.

Step 2). We now prove that f is bounded below independently of z. By Assumption 3 and
the definition of W(¢,(t)), we have

© t
f(x’y)>6blL E| 1o ) Leoutusti-appum e 0 5O D0, (1) |ar
_ b
" 2w /(1 —e)/e Howy/ei=2)

(1 5)}h(l’,y)7

with h(z,y) = SSO [1W(¢ e~ foB )ds]dt Let A = (1 4+ /(1 —¢)/e)w denote the
mid-point of the interval [2w, 2w (1 —¢)/e]. Let also T)j = inf {t > 0, ¢.(t) = y} denote
the exit time of the interval (inf X', y) by (¢x(t))i=0. It follows that

0
A

o TR $)ds
_L B Do ergye » 0 ))d]dt

0
A S S (s Xz S
:L E 1W(¢z(t+T, e — 502 B(¢(s))ds o~ § B(¢a(s+7%))d ]dt

0
>J;] E71W(¢x(t+T£))€_Tz(b2A’Y+b1 _So ((bz 8+T£))ds]dt

by Assumption 2 and because ¢,(s) < A for every s < TX. Applying the strong Markov
property, we further obtain

0
h(z,y) = fo E[1w(¢A(t))€_Tﬁ(bQA”bl)e_Sg B(¢A(S))ds]dt (3.14)
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since ¢, (TX) = A for z < w < A. Introduce next

T = inf{t > 0, ¢a(t) ¢ [2w,2wy/(1 — &) /e]},

i.e. the exit time of [2w, 2w~/ (1 — €)/e] by (¢a(t))i=0. By (3.14) and Assumption 2 again,
it follows that

TA
hz.y) > E| L . Lyv(pa (e TR0ATH e obalo (o Hbn)dsy

A
SE Tw 1 ~T% (b2 A7 +b1) ,—vst
ZE), weame e Tt

using that ¢, (t) < 2w+/(1 —¢)/e for t < T} and where v3 = ba(2w+/(1 — €)/e)7 +by. Since

A > —w, the event {TX < Tx"} holds almost-surely for every x € [—w, w] and therefore

A
TW

6—T£”<b2m+b1>e—t”3dt] > vy E[e T A7+ E[ — TR, (3.15)

h(z,y) = E[f

0
by the independence of TVAV and T\*. Furthermore, for every a,z € X with + < a, we have
P(T* <) = lim M’

=0 5(u) — 5(a)

where

s(z) = f exp(—2 f r(2)o(2)"2dz)dy,

nf X nf X
is the scale function associated to (¢4 (t))¢>0. By the classical Feller classification of scalar
diffusions (see e.g. Revuz and Yor [RY99]), we have the equivalence P (777 < o0) = 0 if only
if Sinf v 8(x)dx = 0 but that latter property contradicts Assumption 1. Therefore, there
exist wi, 61 > 0 such that P(TA\" < w1) > 6;. It follows that

E[e—TA*’“’(bzA”Hbl)] > E[e—wl(bzA”’H?l)l —w1(b2A7+b1) (3.16)

{Tgwﬁ’wl}] 2 (516
and since TVAV > 0 almost surely, there exists do > 0, independent of x, such that
E[1— e TW%] > 5y, (3.17)
Back to (3.15), putting together (3.16) and (3.17), we obtain
h(.CU, y) = Ug’_l(sleiwl(bQAWerl)(SQ

and eventually

0b10102 —wy (ba A7V +b1)
f(z,y) = mevgl{zw\/s(life)@@w(lfs)}e

Step 3). Define the probability measure p(dy) = f(y)dy on X by

1
fly) = 2w(1 —e— el 6)) 1{2w\/s(1—5)<y<2w(1—5)}’

and let @ = (1 —e — /(1 — 5))%6—%(@A7+b1). We may assume that 0 < o < 1

(the lower bound remains valid if we replace § by §' < § for instance) and we thus have
established
Qz, A) = au(A),

for an arbitrary Borel set A — X. The proof of Proposition 3.4.2 is complete. O
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3.4.3 Proof of Theorem 3.2.3
Preparations

We first state a useful estimate on the local time of LY(¢,) as t — oo. Its proof is delayed
until Appendix 3.5.1.

Lemma 3.4.3. Work under Assumption 1. For every compact KK < X and for every t = 0,
we have

sup E[LY (¢.)] <1+ t72,
zeX ,yekl

up to a constant that only depends on ri, r9 and oy. In particular, for every ¢ > 0, the
function

y — J “supE[L{ (¢)] dt

zeX

1s well-defined and locally bounded, uniformly over Q.

Lemma 3.4.3 enables us to obtain estimates on the action of P and Q on functions
1 X x X - R with nice behaviours that will prove essential for obtaining Theorem 3.2.3.
We set

= L Y(z,y)q(z, y)dy, P @¢)(z) = J Y@, y1)Y(z, y2)p(T, Y1, y2)dy1dys,

XxX
where p(x,y1,y2) and ¢(z,y) are given in Proposition 3.2.1.

Lemma 3.4.4. Work under Assumptions 1, 2 and 3. Let 1 : X x X — R be bounded and
such that ¥, has compact support. There exists a constant Csupp(y,) depending on supp(?«)
(and Q) such that

100(@)] < Compp(en) L (i, )\dy (3.18)

and
P ®)(0)] < Couppony? () L oz, )\dy.

Note in particular that (3.18) implies in turn the estimate
‘QQI/)(ll)‘ < Czupp(qj)*)|w|1 A Csupp(dl*)| J;Y ¢*(y)|dy $ |¢|/\1‘
Proof. By Assumption 2, we have
1 0 .
100@) = | [ #(a) [ B0 202 0) B (al0))e 5 20t
0 0
1 0
< f k(z) J E[|v(z, 2¢2(1))| (b2 |0 (t)|” + bl)efblt]dtdz
0 0

< [ wte) [ B[t 2.0 2t +0) [

ble’blsds] dtdz.
0 0 t

140



Chapter 3 Estimation in a randomly structured branching population

Next, by Fubini’s theorem and the occupation times formula, we derive

1 00 S
Q@) < | n(a) [ e | Elw(e 20 0) alos 07 + b)itdsdz

0 0

1 0
<[ x| et wa(x,zy)\(bzryw + b1)o(y) 2E[LY(6,)]dydsd:

0 0

1 o0
_ f (22! f ble-blsj o, ) | (Baly /=] + b)o (/=) 2ELLY () ]dydsdz
0 R

0

< Csupp(1)+) j]R{ W)("E, y)|dy7

and (3.18) is proved with
o0
Csupp(s) = sup bi(b2ly/z|" + bl)U(y/2)221J e ME[LY (¢,)]ds.
yesupp (Y« ),2€X ,z€[e,1—¢] 0

This last quantity is finite by Lemma 3.4.3. For the second estimate, we have

1 0e] t
PO @U@ < | 5C) [ Bl 20u0) (e, (1= ), 0)| B@ ) 20O i
< \Qw(a:)!sgp ¢ (z,y))|

and we conclude by applying (3.18). O

Completion of proof of Theorem 3.2.3

Without loss of generality, we may assume that v(Q) = 0, the general case being obtained
by considering the function ¢ (x,y) — v(Q). Of course, the compact support property is
lost by adding a constant and one has to be careful when revisiting the estimates of Step 1)
to Step 4) below. They exhibit additional error terms that all have the right order using
Lemma 3.4.4 and the fact that P1 = O1 = 1.

Step 1). We start with a standard preliminary decomposition, see for instance |[BPDG14,
BPEBG17|, expanding the sum in u € T}. We have

n

E[M ()] = [T 2 ( Y D) w( Xy, X))

m=1ueG,,

<mi( 3 (E]( 3 venex))")’

ueGm

by triangle inequality. Thus Theorem 3.2.3 amounts to control

Eu (Y 0(Xu, X))’] = In + Ihim,

ueGm
with

Ly, = Eu[ Z w(Xuvau)Q]v

UG,

IIm = Eu[ Z w(XufaXu)l/}(Xv*’Xv)]'

u,WEG 1, ,u#v
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Step 2). The control of the term I,,, is straightforward: by Lemma 3.4.4 we have

L = 2/14(Q1/}2) < 2Csupp(w*) J;Y X¢(x7y)2ﬂ(dx)dy for m =1,
L = 2"(QM %) < 2™( ppn) 1021 A Csupp(un)[¥2h) for m =2,

therefore I,,, < 2™[4)?|, holds for every m > 1. In the case v(Qq) # 0, we replace [)?|, by
|1/]2|,u+1/-

Step 3). We further decompose the main term I1,, = I11,, + IV,,, having

Iy =By > (X, Xuw0)t (Xuw, Xu1)],

wEGm71

v, = Eu[ Z Z w(XUvXui)w(vaij)]'

u,VEGm —1,u##v 1,j=0,1

The control of I11,, is straightforward:
I, =B,[ Y, P@¢)(Xy)] =2""'u(Q™ Py @v)).

weGmfl

In the same way as for the term I,,,, by Lemma 3.4.4, one readily checks that [I1],,| <

2m e .

Step 4). We now turn to the main term I'V,,. Writing here u A v for the most common recent
ancestor of u and v, conditioning w.r.t. Fj, ,.|+1 and using the conditional independence of
(Xu, Xu;) and (Xy, Xyj) given Fjy, ,y41 thanks to the BMC property (3.3), we successively
obtain

IVm = EH [ Z Z ]E/L ['QZJ(Xu, Xui)@zj(Xva ij)|]:\u/\fu\+1] ]

" u,vEG,—1,u#v 1,7=0,1

= Eu _ Z Z Eu [¢(Xua Xui){]:\ux\le] Eu W(Xv, ij)|ﬂuAv|+1] ]

" u,weGy, —1,u#v 1,j=0,1

w _ Z 2 E;L [Qw(Xu)‘ﬂu/\M-i-l] EM [Qw(XvMJ:\UAle] :|

" u,vEG,—1,u#v 1,7=0,1

:41@”[ 3 Q\u|—|uw|¢(Xu*)Q|u|—|uAv\¢(Xv*)]’

UWEGm—1,u#v

where u* (respectively v*) is the descendant of u A v which is an ancestor of u (respectively
v). Conditioning further w.r.t. Fj, ., We obtain

v, — 4Eu[ Z P(Q\u|—|uw|¢ ® Qlulfluwlw) (qu)]

U,WEG —1,u#v

=4 2 M(Q\uAv\’p(QM*WAvIw@ Q|u|f\um;\w))

UWEG —1,u#v
m—1

=4 > p(QmP(Qy @ Q')),
=1 u,veGy_1,|Jurv|=m—I-1

obtaining the last term by rearranging the sum wu,v € G,,_1 that expands over indices
|u| = |uAv] = m—1—|uAv| that vary from 1 to m — 1. Notice also that for l = 1,...,m—1,

{u#veGu_1,|lunvl=m—1-1} = |Gp__1] X 2l x 9l=1,
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Chapter 3 Estimation in a randomly structured branching population

where |G,,_;_1| is the number of common ancestors, 2! is the number of choices for u (the
first descendant in generation m — 1 of the ancestor from generation m — [ — 1) and 2/~ is
the number choices of v (the second descendant, satisfying u A v € G,,,—1). We finally obtain

m—1

[V =4 ) 2mH72u(Qm171p(Qly @ Q).

=1

By Lemma 3.4.4 and Theorem 3.2.2 one easily obtains the following estimates:
1 (Q™ P (Q ® QY)) | < [vuh[p|ar for 1=1,
and for [ > 2:
(@ P(Qw Q)| £ [y A PPV u(QMTIP(L+ V)@ (14 V).
In the case v(Q) # 0, we replace |¢|r1 by [¢|,. We claim that
p(Qm P+ V)® L+ V) S 1+ pu(V?) (3.19)
and postpone the proof of (3.19) to Step 6 below. It follows that for any ¢ > 1:

0
[1Vinl S 27 [ulaltblan + 27 5 2°([01%0 A PV (1 4+ u(V?)))

=1
V4 0
<2 i fpla + 27 (J02 22 + B (1 + p(V?) Y 27(20)%)
=1 I=0+1

< 2" fafiplan + 27 inf (02,2 + [ (1 + (V)27

<27 (1 + u(V)) [ula 9] a1

Step 5). Putting together the estimates obtained for I,,, in Step 2, I11,, in Step 3 and IV},
in Step 5, and recalling 11, = 11, + IV, we eventually derive:

Eu[( Y 0(Xy-, Xu)*] € 2 (102 + [0l + (14 p(V) ) [l ] 1)

ueGy,

In the case v(Qy) # 0, we replace |12, by [¢?|,+, and || 1 by ||, as follows from Step
2 and 4. Taking square root, summing in 1 < m < n, taking square again and normalizing
by |T%|~2? we obtain Theorem 3.2.3.

Step 6). It remains to establish (3.19). We only sketch the argument which is similar to the
proof of Proposition 3.4.1. First, one easily obtains

P(A+V)®1+V)) S1+QV(z)+ QV3i(x),
and it follows that

pQ@m TP+ V)@ (1 + V) S 1+ p(Q V) + (@ 'V?)
ST+ p(V)+ (@ 'V?)

by Proposition 3.4.1. Applying It6’s formula and using Assumptions 1 and 2 on can check
that

QV3(x) S1+V(2)* + QV(z) S 1+ V(x)?

by Proposition 3.4.1 again. We obtain (3.19) by integrating w.r.t. u.
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3.4.4 Proof of Theorem 3.3.3

Preparations
We first establish local estimates on the invariant density v.

Lemma 3.4.5. Work under Assumptions 1, 2 and 3. Let Q € Q and let v be the associated
invariant density of Theorem 8.2.2. Let xg € X. There exist positive constants ¢; = ¢;(xg, Q)
and a bounded neighborhood Vg, with non-empty interior such that

0<ec < inf v(z)< sup v(z) < co.
TE€Va 2€Vs,

Moreover, 0 < infgeq c1(w0, Q) < supgeqg c2(z0, Q) < 0.

Proof. Let V,, = [a,b] € X be a bounded neighborhood of zy and
Vi, = [a/(1 =€) A a/e, ble v b/(1—¢)].

By Proposition 3.2.1, using Assumptions 1, 2 and 3, for every x € V,,, we successively
obtain

v(r) = L v(y)q(y, z)dy

= L{ v(y) Jl H(Z'Z)B(x/z)cr(x/z)_Q]E[ JOOO e o B(%(S))ddef/Z(qﬁy)]dzdy

0

o0
< (alal" + b)e 0y [ oty sup B[ | e Lo,y
X xevgo 0

0 ¢]
= (bola|” + by)e~ o7 2p, J V(y)f e sup E[L{ (¢y)]dtdy.
X 0 xevgo

By Lemma 3.4.3, we have sup,c.y, E[LF (¢y) | < 1+ t¥? uniformly over Q and the first
part of the lemma easily follows. For the second part of the lemma, we have

a0
v(z) = 61022j v(y) inf E[J eb2 5o |¢y(s)|7ds_b1tde(¢y)]dy
X IEEV%O 0

T
ZblUZ_QJ[ - X’/(Z/) inf E[L e~ CMHPONLT ()1 fgup, |¢y(t)\<M}]dy

zeVi,

= b10523(b2MW+b1)TL N v(y) 1‘151‘1}; E[L%((by)l{supt@" ‘¢y(t)|<M}]dy
p— s N IO

for arbitrary constants M, N,T > 0. Since E[L%((by)l{supt@ ‘¢y(t)|<M}] 1 E[L§.(¢y)] uni-
formly in (z,y) € Vi, x [-N,N] as M grows, pick M large enough so that for every
ye[—N,N] n X, we have

inf E[L7(6y) 1 super l6,01<0y] = 3 _inf E[LF(6y)]-

zeVs, eV,

Next, we use the fact that Assumption 1 implies that the law of the random variable ¢, (t)
admits a density p;(y,z) w.r.t. the Lebesgue measure and that this density is bounded
away from zero on compact sets in (y,x), see for instance [DCFZ86, GCJ93|. In turn
E[L%.(¢y)] = S(:)F pe(y,x)dt = 7r > 0 for some 77 depending also on M and N and we infer

o) > Py e AT [ v(y)dy
[-N,N]~X

and we obtain the result by taking N sufficiently large. The proof is complete. O
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Completion of proof of Theorem 3.3.3
Step 1). Write ﬁn(yo) —v(yo) = I + II, with

Z Gn( Xy —yo) — v(QGL(- —w0)) and II = Gp*v(yo) — v(yo)-

| n‘ ueT,

We plan to apply Theorem 3.2.3 to I with ¢(z,y) = ¢(y) = Gr(y — yo). By Lemma 3.4.5,
v is locally bounded and we easily check that

0% s < L Gy — yo)?ldy = h™! L Gly)2dy < h~\.

"], < sup [Ga ()] L Gy — yo)ldy < B,
Y
and
2
wellélon = ([ 160 - wldy)” <1
X

Therefore, by Theorem 3.2.3, we have E,[I?] < |T,|"'h~! and this term is of order
\’]I‘ |*25/ 28+1) from the choice of h. For the term I1, Lemma 3.4.5 and the representation

= §v( x)dy show that v € HP(yo) as soon as ¢ € H*? (¢, yo). Then, by classical
kernel apprommatlon (see e.g. the textbook by Tsybakov [Tsy04]) we have that 112 < h?°
since the order k of the kernel G satisfies k > 3, and thus I1? the same order as I? from
the choice of h.

Step 2). For the estimation of g(xq,yo), write

In(x0,y0) — q(x0,y0) = I + 11,

with
. M, (G2, (- =m0, - = y0)) — v(0)a(zo, yo)
Mn(Gh(- - .I'o)) V TWn ’
and
77— 4@0,50) (¥(z0) = Mn(Gi(- = 20)) v )

Mn (Gh( - i‘o)) V Wn
We have |I| < IIT + 1V, with
1T = @, (M (GF2, (- = 20, - — 90)) — GF2,, * v(@0)q (w0, 90|

and
IV = @t |GR2,.  v(x0)q(x0, y0) — v(wo)a(xo, yo)|.

We plan to apply Theorem 3.2.3 to bound 11 with ¢(z,y) = Gp, hy(x — 0,y — yo). Using
Lemma 3.4.5 and the fact that u is absolutely continuous, we have |¢],4, < [[1. It readily
follows that

102 a0 < |Gy (- — 20)?[1|Ghy (- — 90)?[1 € hiho

[V |y S |Ghy (- = 20) sup |Ghy (¥ — ¥0)|Ghy (- — 20) Gy (- — o) |1
Yy

= |Ghy (- — 20)?15p |Ghy (¥ — Y0)||Gho (- — y0) 1 < By Ao,
Yy
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and

[Wulilvh < sup |Gy (& — 20)||Ghy (- = y0) [F1Ghy (- — 20) |1 < by

We conclude
B, [I117] < ;2| Ta| " hi by

and this term has order w; 2|T, | 25(@f)/@s(@f)+1) from the choice of hy and ho. By
kernel approximation and the fact that G has order k& > max{«, §}, noting that (z,y) —
w(z)q(z,y) € HO PP we have

1TV| < B8P 4+ BE < o [T, | (@8 (2s(euB) +1)
from the choice of hq, hso.

We turn to the term 1. We plan to use

(v@0) = M (Gl = 20)) v =) 5 (vlo0) = Ma(Gal —a0))* + 1y 0y,

Pick n large enough so that 0 < w,, < 7(x9) = % inf geq zev,, ¥(2), a choice which is possible
by Lemma 3.4.5. Since {M,,(G(- — x0)) < wn} < {Mn(Gr(- — 20)) — v(zo) < —7(z0)},

we further infer

n(- = 20)))°] + Bu(|v(20) = M (Ga(- = 20))| > (a0))
20) — My (G(- — 20)))?].

Applying Step 1) of the proof, we derive

E,u, [IIQ] < w;? ’Tn|—2,3/(25+1)

S5
<

3
Q

and this term has negligible order. The proof of Theorem 3.3.3 is complete.

3.4.5 Proof of Proposition 3.3.6

Let s(z) = {; exp ( 2 Sy T(z dz) and m(z) = W Consider the infinitesimal genera-
tor £ assoaated to the dlffusmn process (3.11), written in its divergence form
1 d/ 1 d
L = D(L
1@ = s w G @/ ®): FeP®),

with domain D(L) densely defined on twice continuously differentiable functions f satisfying
the boundary condition f/(0) = f'(L) = 0. By Ité formula and Fubini’s theorem, for
f € D(L), we have

[ sty =~ [ o] [ 7 Gout0) e et

= fl k(z) f2(x)dz + Jl /i(Z)E[ J:O Lf,(¢z(t)) e SéB(¢z(8))d8dt]dz,

0 0
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where we set f.(z) = f(zx) for z € [e,1 — €] since supp(k) < [e,1 — €] by Assumption 3.
ue™ ! |r(v)]
Pick f(z) = {5 exp (2671 (e 2k

o(v)? dvs(u)*ldu) dy, and note that

exp (2 fzx&l ’T(v”dv) f'(zx).

0 o(v)?

It follows that for z > ¢ and every x € X, we have

z zs(x)f"(zx) — &'(2) f'(2)
m(z) s*(z)
2f'(zx) [2z8(x) 2
~ m(x)s(x)2 (es(z:p)e
Now let By, By : X — [0,00) be two functions in an orderly class B according to
Definition 3.3.5 and write ¢p, and gp, for the associated transition densities. With no loss
of generality, we may (and will) assume that B;(z) < Ba(x) for every = € X'. Assume that
gB, = qB,. Since supp(k) < [e,1 — ¢], we have

f'(zz) =

es(zx)

Lf.(z)=

zxe \r(v)| z r(v)
S 0<U> dv 2SO G(U>2 ) > 0

L FW) (g3, (z,y) — qB, (2, 1)) dy

1—¢ o] " t
:f ,Q(Z)E[j gfz(%(t))(e—&) Bi(¢z(s))ds _ o=, Bz(m(s))ds)]dtdz =0.
0

£

Our choice of f and the property B; < Bs implies that the integrand is non-negative. It

follows that
/{(z) (e_ S(t) Bi(¢g(s))ds _ e~ Sé Bg(gf)x(s))ds) _0

dzdt®P-a.s. Picking z such that x(z) > 0, we obtain Sé Bi(¢y(s))ds = S(t) Bs(¢.(s))ds P-a.s.
for every t > 0 by continuity of the integrand in ¢. By the occupation times formula, it follows
that { (31 (y) —Bg(y))L%’(qsz)dy = 0, almost-surely, and by the ordering property, By (y) =
Bs(y) for every y such that LY (¢,) > 0, i.e. for y € [infocs<t ¢2(5), Supgcsc; ¢2(s)] = X as
t — 0. The proof of Proposition 3.3.6 is complete.

3.4.6 Proof of Theorem 3.3.7

Preparation for the proof

We first establish uniform bounds for gg(z,y). Remember that in the reflected case, we
have X = [0, L] and supp(k) < [e,1 — €] under Assumption 3.

Lemma 3.4.6. Work under Assumptions 1, 8 and 5. For sufficiently small n > 0, we have:

0< inf  gp(z,y) < sup  gy(z,y) <0
reX,ye X, €0 z,yeX 9O

where X, = [0, (1 —¢)L —n].
Proof. The proof is close to that of Lemma 3.4.5. Let x € & and y € A&;. We have

1—¢ 0
inf gy(z,y) = b30’2_2 f H(Z)E[f e_b“tde/Z(qu)]dz
VeO £ 0

vyL=1 %

1—¢ 0
> by by f ”(Z)f e MIR[ LY (¢,.)]dtdz
0

evyL=1 *

a0
> (1— 5)16302_264ZJ e~ inf E[LY(¢,)]dt

0 z,yeX
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According to [Cat92|, Section 5, proof of Lemma 5.37, the law of ¢,(t) is absolutely
continuous with density with y — pi(x,y) that can be taken continuous and that satisfies
inf, yex pe(z,y) > 0 for every ¢t > 0. Therefore

t
inf B[LYG.)] = inf, | pu(ep)ds > 7> 0

and the result follows. The upper bound readily follows from

2 [17° K(2) I
sup qg(x,y) < bgoy J —~2dz sup E[j e~ 3tdL%(¢$)]
¥eO € z T,yeX 0

Q0
<& 'byoy? sup E[J e L} (2]
z,yeX 0

0
= ¢ 'byoy by SHPJ eibgtE[Lty(%)]dt
z,yeX JO

which is finite by Lemma 3.4.3. O

Completion of proof of Theorem 3.3.7

This proof is classical (see for instance van der Vaart [vdV98| Theorem 5.14). We nevertheless
give it for self-containedness. For a € O, let

M(a, 9) =f

vy (dx) J log qu(z, y) gy (z, y)dy.
X X

First, a — M(a,?¥) has a unique maximum at a = 9, as stems from the inequality
log(z) < 2(y/z — 1) for x > 0. Indeed

M(a, ) — M(9,9) = L{ vy (dx) L{ log Z;Ei’ Z; qo(z,y)dy

< f vo(do)( f 2/ g, g a0 (@ y)dy — 2)
X X
< —J Vﬁ(dx)f (\/qa(x,y) - \/Qﬁ(fv,y))Qdy <0.
X X

Next, writing my(x,y) = supgeylogga(z,y), we prove that for every a # 9 € O, there
exists a neighborhood U, of a such that:

v (Qumy,) < vy(Quloggy) = M(9,9). (3.20)

Pick a decreasing sequence of open balls (Uy(a))¢=1 around a with vanishing diameters.
For every z,y € X we have my,(q)(z,y) | logqa(x,y) by continuity of a — logq.(z,y)
thanks to the continuity of By according to Assumption 5. By Lemma 3.4.6, we also have
Vg(ngu) < oo for any U < O therefore

vy (Qomyy(a)) | vo(Qo10g ga) = M(a, ) < M(9,9)

by monotone convergence with equality only if a = 9, and this proves the existence of U,
such that (3.20) holds. We are now ready to prove the consistency result. For n’ > 0, the
compact ball

Cy(9) = fa e ©,]a— 0] = 1)
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can be covered by finitely many open neighbourhoods Uy, , . . .Uy, with a; € C,y(¥) and such
that (3.20) holds for every U,,. For n > 0, let

mz(]) (:L‘, y) = SUE log qa (:E» y)l{qa(m,y)Zn} :
ac

Abbreviating L, (a, (Xy)uer, ) by Ln(a), it follows that

TA™! sup log La(a) < max [T5™" 3 my (X, Xu)

<i<
aeC,y (9) lsi<p ueTy,

— max Vﬂ(gﬁmu‘li) < M(9,9) (3.21)

1<i<p

in probability as n — oo and letting 7 — 0, as stems from Corollary 3.3.4 and the fact that
SUP, yex, My, (2, Y) < 00 by Lemma 3.4.6. Finally, if J,, € C;y(9), then, by definition of J,
we have

IT5 ™" sup log Ln(a) = |T5| " log Ln(9y) = [T log Ln(9) > M(9,9) — €n,
aECn/(ﬁ)

where €, — 0 in probability, as follows from Corollary 3.3.4. We conclude the proof by
noticing that

{0, €Cp(0)} c {|TA[™H sup Ln(a) = M(9,9) — e}
aeCn/(ﬂ)

and the fact that the probability of this last event converges to 0 by (3.21) as n — .
3.4.7 Proof of Theorem 3.3.9

Preparation for the proof

We start by proving some useful estimates on the gradient and Hessian of log qy. Let
Flg = V§10gQ§ = (5191 logq§,...,579d 10gq19), Fg’i = 5792. logq19, 1 < ) < d.

Lemma 3.4.7. Work under Assumptions 1, 8, 5 and 6. For every 1 <i,j < d and n > 0,
we have

sup Ty,i(x,y)| < o0, sup |09T 9 (2, y)4,5] < o0, sup H@%I‘g(:c,y)H < o
reX ,ye X, €0 reX ,ye X, ¥eO reX ,ye X, ,¥e0
where |-| corresponds to the operator norm for the Hessian 03Ty(x,y).

Proof. According to Lemma 3.4.6, since

619%9(377 y)

Po(@y) = q9(v,y)

componentwise, it suffices to show [0y,qy(x,y)| < 1 in order to establish the first bound.
We have:

l1—e Q0 .
onaote.) = [ o Boto.y/oty/z) B[ [ e B0y o) ]a:
evyL—1
l1—¢ 0 " t
[ Byt [ [ e [, pow, ou(s)ds Lt (6,)]
evylL—1 0 0
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By Assumption 1, 5 and 6 we readily obtain

109,49 (x,y)| SJ

[

l1—¢ 0 "
E”O (1 + 1) Jo o 0x(Ndryl® (6. |1(2)d

By Assumption 6 and integration by part, we have

]E[J;) (1 + t)ef Sf) Bo(ﬁ,d)z(s))deLi//Z(qu)] < E[J;) (1 + t)e*bStdLiJ/z (¢x)]

-] "= (1 + ) B (6.t
0

This last term is bounded by Lemma 3.4.3 and [0y,q9(z,y)| < 1 follows. We turn to the
second bound: clearly, for 1 <4,j <d
05,0,49(, y)av(2,y) — 09,99 (2, y) 09, qv (2, y)
q9(z,y)?
and thanks to Lemma 3.4.6 and the first bound, we only need to show \6129“9]_ @(z,y) <1

in order to obtain the second bound. Define

5 9) = Loy () sz expl= [ Bl ,(5))ds)

ooly(x,vy)ij =

We have

1 00
C3.0,99(. ) = L 3., Bo(0,y/2)E| JO wi(y, 2, 0)dLY" (6) |dz

+ Jol By (9, y/z)E[ LOO wi(y, z,7) J: 09, Bo (Y, ¢z (s))ds Lt 819j By(9, ¢.(s))ds dLi//Z (62) ]dz

1 0 .
R R R R

(4,)=(4.3)

[ Botor2E] [ entysz0) [, Bo0,oule)san (00) |

and we proceed in the same way as for the first estimate, using repeatedly Assumption 1, 5
and 6. The proof of the third bound is analogous. O

Completion of proof of Theorem 3.3.9

This proof is classical (see for instance van der Vaart [vdV98| Theorem 5.41). We nevertheless
give it for self-containedness. By definition of 4,, and a Taylor expansion around ¢}, we have

0= > Tj (X, Xu)

ueTy

= (rﬂ(xuf,xu) 1+ 00T9 (X, X)W — 9) + (D — 975 (X, Xo) (D — 19)),

ueTy

for some 571 on the segment line between 9 and ﬁn Rearranging the sum and introducing

the normalization |T*|"/2, we derive

(Tal™" D) GoTo(Xym, Xu) +[THI ™ D) (9 = DTG50 (Xom, X)) TRV (D — 0)
ueT} ueTy,

(3.22)
= — T3 72 ) Tg(Xum,s Xu)-

*
ueTy,
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We plan to apply the central limit theorem for bifurcating Markov chain proved by Guyon,
see [Guy07| Corollary 24 on the right-hand side. By Lemma 3.4.6 and 3.4.7 we have that
Quy(I'y 'y ;) and Qy(I'y T’y ;9 x'y,) are bounded functions on X' for all 1 <4, j,k,l < d.
Moreover, we have vy(QyI'y ;) = 0. Therefore

T 72 DT Ty(X,, Xu) — N (0, 0(9)) (3.23)

ueTy

in distribution as n — o0, where ¥(9) is the Fisher information matrix defined after
Assumption 6. Next, since dyl'y is bounded by Lemma 3.4.7, we have

T3 > 0lp (X, Xu) — () (3.24)

*
ueTy,

in probability as n — oo. Moreover, by Lemma 3.4.7, we have: sup,, ,c v yco H&gf@@, Y) H < o
and since @n — ¢ converges to 0 by Theorem 3.3.7, it follows that

ITH 7 D) (90 — 97030 (X, Xu) =0 (3.25)

*
ueTy,

in probability as n — oo tends to infinity. Combining (3.23), (3.24) and (3.25) in (3.22) we
finally obtain R
W(O)|T3| "2 (W = 0) — N (0, ¥ (D))

in distribution as n — . We conclude thanks to the invertibility of (1)) granted by
Assumption 7.

3.5 Appendix

3.5.1 Proof of Lemma 3.4.3

Step 1). Fix 6 > 0 and let K5 = {y € X,inf,cx |y — 2| < §} denote the d-enlargement of K.
For x € X, let
Tp = inf{t = 0, ¢, (t) € Ks}, inf & = o0,

and
¢supK5((t—Tx)+) if a:>supIC5
oo (t) = 1 alt) it @ek;
¢ian5((t—Tx)+) if x<ianC5.

For every y € K, we have LY (¢,) = LY(¢X), and by It6-Tanaka’s formula, it follows that

LY (¢s) = LY(Q?) = |¢ho(t) — y| — 197 (0) — y| — f sgn (¢h?(s) — y)dol (s).

0

Assume first that 2 > sup Ks. Observing that LY(¢,) = 0 on {r, > t}, and that d¢/s(s)
vanishes on [0, 7,) on {7, < t}, we readily have

L (a) = |6X5 () — y| — [supKs — o] — f sgn (683 (s) — y)dgka (s)

Te At

(t=Ta)+
= ‘Qbsup/Ca ((t - Tw)+) - y‘ - ’SUP Ks — y| - JO Sgn(¢supK5 (5> - y)d¢suplC5(3)-
(3.26)
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We plan to bound each term separately.

Step 2). By Ito’s formula, (¢psupics(t) — y)? = (sup Ks — y)? + I + I1, with
t
I = JO (2(¢sup/C5 (3) - y)r(gbsuplﬁ; (3)) + U(d)supng (S))Z)d57

11 =2 [ (Guupis(5) = 0) (s () V.

0
First,
I< 201_2J (z — y)r(2) Li ($sup ks )dz + tos
R
by the occupation times formula and Assumption 1. Introduce |y|,, = |y| v r2, where

ro is defined in Assumption 1. Since z —y > 0 and r(z) < 0 for z > |y|.,, we have
Sr; (z —y)r(2)Li(¢y)dz < 0. Similarly S:g'” (z —y)r(2)Li(¢g)dz < 0. It follows that
T2

Y] g
f (2 — y)r(2) L ($a)d= < f (2 — y)r() L ($a)dz
R

_ly‘rQ

[y] g
<n j 2 — yl(1 + |2]) L5 (60)dz

_|y|r2
<1yl — 9) (L + lylea) fR L (60)d2
< ri(Jylr, — ) (1 + |ylr)t,

therefore
I<207%r1(|ylr, — y)(1 + |ylrs)t + 05t = tr(y)

say. Since E[IT] = 0, we derive by Cauchy-Schwarz’s inequality

E|¢supics (t) — y|] </ (supKs — )% + tu(y). (3.27)

Step 3). We are ready to control each term of (3.26). We have
E[[sup s ((F = 72)+) — ]

(t=72)+ (t=7z)+
<\suplC5 _y’ +E[L ‘r((bsuplCa(S))‘dS] +EUL U((bsuplC(s(S))dWsH

<|supKs —y| + rlE[L (1+ \(bsup;cé(s)])ds] + E[sup (Ju J(¢supK5(8))dWs)2]1/2

u<t 0

¢
<|supKs —y| + rt + rlE[J |¢)Supig5(s)\ds] + V209t
0

¢
<|supKCs —y| + mit + 71 f v/ (sup K5)2 + s5(0)ds + v/209t
0
<S1+132
where we successively applied Assumption 1, Doob’s inequality and (3.27). In the same way

(t_Tz)Jr
’ - J;) Sgn(¢suplC5 (3) - y) dd)suplC(; (5>’

t U
<n f (1+ [ Gaupics (5)])ds + sup | jo sen(Geupcs (5) — 1) (Bouprcy (5)) ATV .

0 u<t
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Taking expectation and using the foregoing arguments, this last quantity is also of order
1+ 32 and Lemma 3.4.3 is proved for z > sup Ks.

Step 4). If © < inf K5, we apply the same arguments, replacing |sup ICs| by |inf ICs| with
obvious changes. Likewise if € K5 we may replace |sup Ks| by max{| sup Ks|, | inf fCs|}.
3.5.2 Proof of Proposition 3.3.8
Remember that
2
09q9\? f J (Pvqo(z,y))
() = vyl Quyl — = vy(dx ——d
) 19( 79(q19>> xﬂ( )x Gy
If Ac X is a Borel set with Leb(.A) > 0, we have
o) = | 1alu)aoleryvada)dy = inf an(e.9) Leb(A) > 0
x X Z

since infy yex gy(x,y) > 0 by Lemma 3.4.6. By continuity of y — 0ygy(x,y) on [0, L], it
suffices then to show the existence x,y € X’ such that dyqy(z,y) > 0. For z,y € X, we have

ot = [ o] [ oo tany o, a:

vyL 1z 0

Jl o)1 k(y/u)o [fw(lﬂt)e_ﬂtdL?(¢x)]?

0

d
E[J (y/dlr( ))(1 — ﬁt)e‘ﬁtl{y(ls)—1<¢>z(t)<ys—1}¢é)]

1 * —uJt
= 1_2€J;) (1*1%) E[l{y(l £) 1<y (t)<ye— l}d) ()]dt

by the change of variable u = yz~!, the occupation times formula, and the specific form of
k. For t = 0, define

Ay~ E[1 wl=[ e
z,y 1 z pPt\L, 2)—,
t {y(1—e)~'<ga(t)< }¢ (t) y(1l—e)-1 t 5
for which a closed-form formula is known, see for instance [Lin05]|, Section 4.1, given by
27.1627”1:1: L e—aln) t/2
pt($,2’) Zm e Z )9(77’7 Z)a
with
g(n,x) = WL—ncos (xWL—n) + 71 sin (a:%) , and a(n) = r? + 7*n?/L%
It follows that

21 e2® 1—¢ 2 _ & e~a(n)t/2
Ai(x,y) = Ty ] log ( . ) +7e i Zl Wg(n,a:)f(n,y)
n=
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with Z(n,y) = Szy’?l_s),l enig(n,z)%,

and therefore

1 0

1—2e 0

1 9 © 0 9 e—a(n)t/Q
_ = —riz _ ot~
=1-9:1¢ E (J (1—Jt)e dt)g(n, z)Z(n,y)

n=1

_ 1 Jye ria—) i g(n,x)g(n, z) dz
(1—2¢)L Jyq—g)1 (¥ +a(n)/2)? z°

0o (x,y) = (1 —9t)e " Az, y)dt

Let = € [0, L] be such that g(n,z) # 0 for every n > 1. Since = — g(n,z) is continuous
n [0, L], there exists 0 < &, < 3 such that g(n,z)g(n,z) > 0 for all z € J(en,2) =
[2en2,2(1 — €,)x]. Let N > 0 be such that for all z € J(e1,):

B (o, = ‘ oo g(n,x)g(n,2)|  g(1,2)9(1,2)
! ' (W +a(n)/2)?1 7 (9 +a(1)/2)

which exists because by normal convergence of the above series. Then, for every z €
J(max{e,,1 <n < N}, z) we have

© N
Zzl 7;1 n, ) )) + Ry(z,2) > W — |Rn(z,2)] > 0.

Finally, for ¢ > max{e,,1 < n < N}, picking y = 2¢(1 — &)z yields [y(1 — &)1, ye!] =
J(e,x) € J(max{e,,1 <n < N} x) so that dyqg(x,y) > 0.
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Résumé : Cette thése porte sur I'étude probabiliste et
statistique de populations sans interactions structurées
par un trait. Elle est motivée par la compréhension des
mécanismes de division et de vieillissement cellulaire.
On modélise la dynamique de ces populations a ’aide
d’un processus de Markov branchant a valeurs mesures.
Chaque individu dans la population est caractérisé par
un trait (I’age, la taille, etc...) dont la dynamique au
cours du temps suit un processus de Markov. Ce trait
détermine le cycle de vie de chaque individu : sa durée
de vie, son nombre de descendants et le trait a la nais-
sance de ses descendants. Dans un premier temps, on
s’'intéresse & la question de I’échantillonnage uniforme
dans la population. Nous décrivons le processus pénalisé,
appelé processus auxiliaire, qui correspond au trait d’'un
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acterized by a trait (age, size, etc...) which moves ac-
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until a given generation. We give kernel estimators for
the transition density and the invariant measure of the
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lineage. Moreover, in the case of a reflected diffusion on
a compact set, we use maximum likelihood estimation
to reconstruct the division rate. We prove consistency
and asymptotic normality for this estimator.
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