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Déroulement de la these

De tous temps les hommes se sont posé des questions. Certaines pouvant étre qualifiées
d’utiles, d’autres moins. Quand on s’engage dans la noble voie des mathématiques, on
reste généralement éloigné de la premiere catégorie. Je n’ai pas fait exception a cette
regle.

Aux origines de ces travaux figure une question a ’apparence simple.

"Vois-tu Hadrien, en une dimension et sous la condition de Spence-Mirlees, on
montre que le transport optimal conditionnel se concentre sur deux graphes. Je voudrais
que tu trouves une condition en dimension supérieure qui garantisse que le transport
se concentre sur d+ 1 points. On sent que c’est vrai car sous un modele optimal, on
est en marché complet."

Suite a cet entretien initial avec mon directeur de these, Nizar Touzi, le labeur
commenca. D’arrachages de cheveux en épluchage de bibliographies, j'explorai de
nombreuses pistes, toutes infructueuses. Les mois passerent mais le probleme restait
entier, résistant a toutes formes d’assaut. En dimension d = 2, un maudit quatrieme
point semblait toujours s’inviter et gacher la féte. Je rencontrai alors Tongseok Lim
lors d’une école d’été au Mans. Tongseok était un jeune doctorant, éleve de Nassif
Ghoussoub a la University of British Columbia. Il venait d’achever un papier qui
annoncait décrire la structure du transport optimal martingale multidimensionnel. Je
ressentis a sa lecture la crainte terrible connue de tout chercheur : avait-il réussi a
résoudre ce probléme avant moi, réduisant ainsi a néant mes efforts ? A la stressante
lecture de son papier je constatai qu’il avait prouvé le résultat dans le cas particulier
ol la mesure cible était atomique. Je réalisai que sa démonstration était tres spécifique
a ce cas particulier. Je redoublai alors d’efforts et crus plusieurs fois étre parvenu a
une preuve qui s’avérait toujours fausse.

Apres 6 mois de these, Nizar accepta d’acter ma défaite et de me donner un autre
probleme a étudier. Il s’agissait d’étendre un résultat qu’il avait prouvé a un horizon en
temps infini. J’étudiai ce probleme avec le peu de passion que suscite 'idée d’emprunter
les sentiers battus pour n’ajouter qu’une moindre pierre a I’édifice. Ainsi, une part de
mon esprit continuait de ruminer le transport. Un jour, face a la difficulté de prouver le
résultat de transport optimal martingale demandé par Nizar, je décidai de me simplifier
la vie en prouvant qu’il était faux. Ce fut alors explosif, la fécondité gigantesque de
cette nouvelle approche me submergea tant, que je trouvai un nouveau résultat chaque
semaine. Cependant, je les présentai si mal a Nizar qu’il ne comprit pas leur intérét. I

me proposa d’étudier un nouveau probleme.



Ainsi commenca ’étude qui allait mener aux Chapitres 2 et 3 de cette these : ’étude
de la dualité. Nizar me montra ce qui se passait en une dimension, il m’incombait
alors de I’étendre a la dimension supérieure. Je compris tres tot que pour comprendre
le phénomene de partitionnement de ’espace pour les plans de transport, il fallait
observer 'action de la différence des lois marginales sur les fonctions convexes. Cette
action avait un effet dual, d’une part sur les lieux d’accessibilité des noyaux des plans
de transport, d’autre part sur le contréle des fonctions duales. Bien que cette idée soit
la bonne, sa mise en ceuvre technique posait une myriade de problemes. C’est ainsi
qu’apres une année entiere, la taille surcritique de cette ccuvre m’obligea a la couper
en deux parties : une premiere traitant uniquement de la décomposition de I'espace et
la seconde traitant de la dualité.

C’est dans la rédaction de ce premier article que j’ai le plus travaillé avec Nizar.
Malgré ses nombreuses responsabilités a ce moment dans le laboratoire, il parvint a
me consacrer un temps certain. Au plus fort de la tempéte, j’allai jusqu’a le rejoindre
en Tunisie pour commencer la rédaction de I'article.

"Voila comment nous nous organiserons : nous travaillerons ensemble le matin
pendant que les enfants dorment et je m’occuperai de ma famille 'apres-midi."

Puis apres la rentrée, il m’accueillit dans I'atelier de sculpteur au fond de son jardin
de Malakoff plusieurs samedis matin pour finaliser le travail, loin de la sollicitation
incessante de ses responsabilités au laboratoire.

Ainsi le premier article fut écrit. Une premiere version fut mise en ligne en février
2017. Cette opération ne se fit pas sans inquiétude. Lors d’une conférence en janvier,
nous échangeames avec Jan Obloj. Jan était un grand expert en transport martingale,
professeur a l'université d’Oxford. Il affirmait que dans un travail conjoint avec
Pietro Siorpaes, un jeune assistant professeur italien a I'Imperial College, il démontrait
également l'existence des composantes irréductibles. Nous convinmes de mettre en ligne
nos travaux en méme temps en se citant mutuellement, belle pratique de gentlemen de
la recherche, traditionnelle dans le domaine des mathématiques financieres.

"Nous sommes si peu nombreux a travailler sur ces sujets, si on commence a se
facher avec quelques-uns, on perd alors la moitié de notre auditoire !"

Finalement, les travaux de nos collégues étaient a un stade beaucoup moins avancé
et il leur manquait quelques ingrédients cruciaux pour arriver a un résultat aussi abouti
que le notre. Mon travail était sauf.

Suite a cette premiere mise en ligne, je fus invité a présenter cette ceuvre au
séminaire de calcul stochastique de Vienne ot je commencai a travailler avec Mathias

Beiglbock, professeur a 'université technologique de Vienne et expert internationnal
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reconnu du transport optimal martingale. Je fus également invité au séminaire de
I’Ecole des Ponts ot je pus échanger avec Aurélien Alfonsi et Benjamin Jourdain.

Travailler sur ce projet avec Nizar m’a énormément appris, en particulier sur la
rédaction a adopter et la quantité d’information a inclure dans les démonstrations.
J’ai ainsi appris a structurer, qualité essentielle pour présenter des résultats a la
technicité retorse. Fort de cette expérience je m’attelais a deux nouveaux articles :
le Chapitre 3 qui concerne la dualité et le Chapitre 4 qui reprenait et nettoyait mes
travaux illisibles du début de these qui donnaient la structure des noyaux de transport
martingale optimaux. Cet ordre était naturel car le résultat de dualité s’appuyait sur
la décomposition en composantes irréductibles et le résultat de structure prenait sa
source dans la dualité.

En travaillant sur le résultat de structure, je fus amené a étudier des mathématiques
tres éloignées de mon domaine : la géometrie algébrique. Je pus apprendre les
rudiments de cet art avec des chercheurs du deuxiéme laboratoire de mathématiques de
Polytechnique, le Centre de Mathématiques Laurent Schwartz (CMLS), opportunément
situé a proximité. J’échangeai avec René Mboro, éleve de ma promotion spécialisé
en géometrie algébrique des corps finis. Il m’exposa patiemment les contre-intuitives
notions de géometrie algébrique, le théoreme de Bézout ainsi que les grandes références
classiques. Il m’orienta ensuite vers Erwan Brugallé, chargé de recherche a I’X en
géométrie algébrique réelle qui répondit aimablement a mes premieres interrogations. Il
posa également mes questions plus délicates a la communauté de la géométrie algébrique
réelle parisienne. J'échangeai également sur ce passionnant sujet avec Guillaume Cloitre,
alors doctorant a Villetaneuse, qui m’a initié a la beauté de la notion de schéma. Plus
tard Nguyen-Bac Dang du CMLS relut également mon papier et me poussa a rédiger
une preuve supplémentaire.

Deux années plus tard je les contactai suite a une erreur découverte par Benjamin
Jourdain dans le Chapitre 4 de ce manuscrit. L’erreur semblait superficielle mais
était en réalité profonde et portait sur des définitions de géométrie algébrique. Ils
surent alors m’apporter les outils nécessaires a la résolution de mon probleme et a la
formulation d’un résultat nouveau permettant de répondre franchement par la négative
a la question initiale de Nizar. En effet, pour presque toute fonction de cott réguliére,
on peut trouver des marginales qui donnent un transport optimal qui se décompose
sur d+ 2 points en dimension paire.

Revenons cependant en juin 2017. J’eus alors une discussion avec Nizar :

"Hadrien, tu as de beaux résultats dans ta these, mais ils se cantonnent a un sujet

tres précis, dit-il, il serait bien que tu abordes un autre sujet un peu plus appliqué."
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Je décidai alors de m’attaquer a la résolution numérique du probléme. Comment
aurais-je pu prétendre a un doctorat en mathématiques appliquées sans avoir fait
d’application ? Je commencai alors une étude de I’état de 'art en transport optimal
classique. Je profitai une nouvelle fois de la proximité du CMLS en allant y rencontrer
un des plus grands experts mondiaux du transport optimal : Yann Brénier. Il eut la
grande gentillesse de me faire un panorama assez exhaustif des méthodes existantes
en transport classique, me vantant en particulier I’'approche entropique. J’arrivai a la
premiere conclusion erronée que cette approche entropique ne pouvait fonctionner que
dans le cas du transport classique.

Xiaolu Tan, ancien doctorant de Nizar, aujourdhui assistant professeur a Dauphine,
avait travaillé dans sa theése sur des méthodes numériques appliquées au transport
optimal martingale en temps continu. Il me proposa un algorithme astucieux basé sur
une dualisation partielle du probleme. Je passai les semaines suivantes a coder cet
algorithme, travaillant comme un forcat pour dénicher les bugs et trouver des méthodes
d’optimisation numériques. Je passai ainsi 1’école des probabilités de Saint-Flour a
coder hors des cours, ne dormant que quelques heures chaque nuit. L’algorithme
semblait converger, mais sa lenteur était désespérante. Je décidai d’utiliser le calcul
parallele dont D'efficacité m’avait laissé d’agréables souvenirs lors de mon expérience en
banque. Je requs alors I’aide de Romain Poncet, doctorant du CMAP qui participait
a la méme conférence a Téhéran et me partagea son expérience du numérique et du
calcul parallele. Cet art nécessitait une part d’ingénierie : un ensemble de recettes qui
fonctionnent pour une raison qui peut étre inconnue. De retour a 1'X je pus bénéficier
de puissants calculateurs multi-coeurs pouvant éxécuter jusqu’a 16 taches en parallele.

Malgré ces ressources démultipliées, la résolution demeurait trop lente. Pour trouver
le meilleur algorithme a employer pour minimiser ma fonction convexe irréguliere, Eric
Moulines me conseilla d’aller poser la question a Marco Cuturi, expert de la résolution
numérique des problemes de transport optimaux. Son laboratoire venait justement
d’emménager avec 'ENSAE sur le plateau de Saclay a deux pas de Polytechnique. Sa
rencontre me donna du grain a moudre et me relanca sur la piste de 'approche en-
tropique, car le meilleur moyen pour optimiser une fonction irréguliere est de I’approcher
par une fonction réguliere, comme me confirma un échange avec Charles-Albert Lehalle,
professionnel habitué aux problemes pratiques. Je finis par réaliser que ’approche
entropique était applicable au cas martingale par une petite dose d’astuce. Elle s’avéra
méme d’une impressionnante efficacité. Elle permettait en effet cette régularisation
que je recherchais. Apres I'avoir confirmé expérimentalement, je poussai ’étude vers la

recherche de meilleurs algorithmes sous la forme d’algorithmes de Newton. Je recodai
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méme le package Python de ces algorithmes sous la recommandation de Bruno Levy
pour mieux en choisir et controler le paramétrage. Ainsi naquit le Chapitre 5 de cette
these.

Une nouvelle fois, j’eus la terrible surprise de constater, lorsqu’il m’invita a Oxford
pour discuter de mes projets théoriques, que Jan Obloj travaillait sur le méme sujet. Il
collaborait avec mon grand frere de these Gaoyue Guo, parti en postdoctorat a Oxford.
Fort heureusement je constatai qu’ils n’avaient guere exploré la direction entropique en
pratique. Je pus ainsi, en réarticulant mes résultats, obtenir que mon travail prolonge
le leur. Pour avoir de nouveaux résultats, je décidai de mettre au jour les vitesses
de convergence des schémas numériques. Je repérai alors un étrange phénomene sur
les simulations, l’erreur sur 'approximation entropique semblait beaucoup plus faible
que ce que la théorie habituelle prévoyait. Je décidai alors d’étudier théoriquement
ce phénomene et vis par une approche a la physicienne que la borne était universelle
. elle ne dépendait ni de la fonction de cofit, ni des lois marginales. La preuve de ce
résultat extrémement technique et le juste calibrage des hypotheses le concernant prit
beaucoup plus de temps que je ne le pensais initialement, la preuve rigoureuse n’est
pas encore terminée et nécéssite encore quelques précisions. Mais tout mathématicien
sait que le diable se cache dans ce genre de détails. Il peut nous maintenir en échec
sur des périodes souvent sous-estimées. La preuve de ce méme résultat, n’existant pas
dans la littérature pour le transport classique, aurait été beaucoup plus facile.

En conclusion cette these fut une expérience incroyablement enrichissante, aussi bien
du point de vue scientifique, qu’humain. L’affrontement avec la difficulté irréductible.
Le travail d’horloger qui doit sans cesse recréer et réorganiser son mécanisme. Ce
fut une aventure qui me permit d’aller au fond des choses et de mobiliser toutes mes
ressources tout en gérant les difficultés inhérentes a la frustration et a la lenteur. La
phrase la plus présente dans mon esprit durant ces trois années fut "il est a présent
temps d’en finir avec ce projet'. Mais demeurent toujours des erreurs dissimulées dans
des détails anodins. Si bien qu’a l'instant o un travail est effectivement achevé, le
soulagement en devient incomparable.

Naviguant de I'exaltation a la dépression profonde, le seul moyen d’affronter cette
maniaco-dépression endémique a été pour moi d’accueillir la contingence avec détache-
ment et constance, tout en continuant a chercher et a me battre. Comme scandait
Rudyard Kipling : "If you can meet with Triumph and Disaster, and treat those two

impostors just the same".
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Abstract

Nous étudions dans cette these divers aspects du transport optimal martingale en
dimension plus grande que 1, de la dualité a la structure locale, puis nous proposons
finalement des méthodes d’approximation numérique.

On prouve d’abord I'existence de composantes irréductibles intrinseques aux trans-
port martingale entre deux mesures données, ainsi que la canonicité de ces composantes.
Nous avons ensuite prouvé un résultat de dualité pour le transport optimal martingale
en dimension quelconque, la dualité points par points n’est plus vraie mais une forme
de dualité quasi-stire est démontrée. Cette dualité permet de démontrer la possibil-
ité de décomposer le transport optimal quasi-siir en une série de sous-problemes de
transports optimaux points par points sur chaque composante irréductible. On utilise
enfin cette dualité pour démontrer un principe de monotonie martingale, analogue au
célebre principe de monotonie du transport optimal classique. Nous étudions ensuite la
structure locale des transports optimaux, déduite de considérations différentielles. On
obtient ainsi une caractérisation de cette structure en utilisant des outils de géométrie
algébrique réelle. On en déduit la structure des transports optimaux martingales dans
le cas des cotits puissances de la norme euclidienne, ce qui permet de résoudre une
conjecture qui date de 2015. Finalement, nous avons comparé les méthodes numériques
existantes et proposé une nouvelle méthode qui s’avere plus efficace et permet de traiter
un probleme intrinseque de la contrainte martingale qu’est le défaut d’ordre convexe.

On donne également des techniques pour gérer en pratique les problémes numériques.

Mots clés. Transport optimal martingale, composantes irréductibles, dualité, structure

locale, numérique, non-arbitrage, finance robuste, modele, régularisation entropique.
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Chapter 1

Introduction

1.1 Motivation: la finance robuste

1.1.1 Meéthode classique de pricing

L’enjeu principal des mathématiques financieres du XXe siecle a été 1’évaluation du
prix de produits dérivés. Etant donné un payoff, i.e. un ensemble de flux financiers
déterminés par un contrat, ’enjeu est de déterminer la juste valeur de vente de ce
payoff. Bachelier [12] fut le premier & utiliser le mouvement Brownien pour modéliser
I’évolution des prix par un Mouvement Brownien, ce processus a 1’évolution incertaine
qui oscille tant tout au long de sa trajectoire qu’il n’est nulle part dérivable. Deux
tiers de siecle plus tard, Black, Scholes et Merton [34] apportaient une révolution qui
sera a l'origine des mathématiques financieres modernes. Ils découvrent qu’en faisant
I’hypothese que le cours d'une action suit la loi d’'un mouvement Brownien géométrique,
il est possible de trouver une stratégie de couverture dynamique : c’est a dire qu’en
achetant a chaque instant une quantité prescrite de sous-jacent, on parvient a obtenir
précisément le bon payoff a la maturité du produit. Ainsi on peut répliquer des options
d’achat (call) ou des options de vente (put) a partir d’'un portefeuille dynamique
constitué de cash et de sous-jacent. On obtient la célebre formule de Black-Scholes
qui donne le prix de I'option call en fonction de ses caractéristiques, son strike et
sa maturité, ainsi qu’en fonction de caractéristiques intrinseques a la dynamique de
marché : le taux d’intérét, la valeur actuelle du sous-jacent et sa volatilité.

Cette notion de prix est déduite de I’hypothese fondamentale de non-arbitrage. Il
s’agit d'une hypothese selon laquelle il n’est pas possible sur un marché de gagner de
I’argent a coup sir sans risque. Cette hypothese est justifiée par la présence sur le

marché d’arbitragistes professionnels dont le métier consiste a chercher ces arbitrages
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pour faire du profit. Leur action va donc faire naturellement disparaitre ces arbitrages
en influant sur les prix pour qu’ils se rapprochent d’un systeme de prix sans arbitrage.
Le corollaire de ce principe de non-arbitrage est que s’il existe une stratégie autofinancée
qui réplique le payoff d'un produit sans faille, alors le seul prix sans arbitrage possible
pour ce produit est la valeur initiale de ce portefeuille réplicateur. C’est par ce
raisonnement que la découverte par Black, Scholes et Merton [34] de cette stratégie de
couverture parfaite a conduit a une parfaite notion de prix.

Ainsi les mathématiques financieres ont connu un essor. Il a cependant rapidement
été constaté que le modele log-normal n’était pas satisfaisant car il ne couvrait pas
une série de phénomenes observés sur les cours de la bourse. Plus fondamentalement,
ses évolutions ne pouvaient étre réduites a un simple parametre de volatilité constante.
De nombreux modeles plus complexes ont été étudiés, permettant de capturer plus
efficacement les comportements des prix des actifs. On pourra citer le modele d’Ornstein-
Uhlenbeck [154] le modele de Heston [87], célebre pour sa formule quasi-fermée, les
modeles a volatilité locale [64] et & volatilité stochastique [81]. Tous ces modeles sont
basés sur des processus diffusifs, guidés par un mouvement Brownien. Ils ont le défaut
de ne pas prendre en compte l'instabilité locale des processus réels de prix [115]. Pour
parer a ce probleme fondamental, de nouveaux modeles ont été trouvés, on peut citer
en premier lieu les processus de Lévy [138], incluant des sauts imprévisibles dans les
cours, observés dans les cours réels lors d’événements macroéconomiques majeurs, ainsi
que parfois sans raison apparente, laissant lieu a des spéculations interprétatives a
posteriori pas les analystes financiers. Les modeles les plus a la mode actuellement
utilisent un processus continu mais plus erratique que le mouvement Brownien classique,
il s’agit du mouvement Brownien fractionnaire [116], dont le mouvement Brownien est
un cas particulier. Ce mouvement Brownien fractionnaire posseéde une caractéristique
appelée exposant de Hurst 0 < o < 1. Cet exposant exprime la "rugosité" de la
trajectoire du mouvement Brownien fractionnaire, exprimée par une relation du type
E “BFt — BFS|2} = (t —5)?*. Le mouvement Brownien classique correspond & a = %

Malgré 'amélioration de ces modeles et certains de leurs bons résultats, ils ne sont
jamais parfaits, car I’économie est rarement une science exacte et 'imprévisible est par
essence difficile a modéliser parfaitement. Pire, il est difficile de quantifier le "risque
de modele", c’est a dire la taille caractéristique de ’erreur que ’on fait en choisissant
un modele plutét qu’'un autre. Ce probleme est fondamentalement mal posé, car la
seule maniere existante de gérer I'imprévisible est la modélisation elle-méme. Ainsi

évaluer 'imprévisibilité liée au risque de modele consisterait a créer un super-modele
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englobant des modeles possibles, ayant chacun une probabilité associée. Ainsi on ne
résout pas le probleme car on se ramene toujours a un modele.

Une question fondamentale motivant les mathématiciens financiers, analystes quan-
titatifs et traders est la question du prix de vente et d’achat de ces produits. La
technique adoptée en pratique consiste a trouver un modele pour les prix des sous-
jacents, puis a estimer la juste valeur d’un produit a ’espérance mathématique sous
le modele choisi des flux financiers de son payoff. Pour choisir le bon modele il y a
deux criteres a vérifier. En premier lieu, par hypothese de non-arbitrage, le modele
doit donner son prix de marché a tout produit liquide, i.e. facilement disponible sur
le marché (ou de maniére équivalente si on peut parler de son prix, c¢’est-a-dire si la
différence entre son prix d’achat et son prix de vente sur le marché est négligeable).
Par exemple, dans le modele, le prix actuel d’une action doit étre égal a la valeur
initiale de 'action dans le modele. De maniere plus élaborée, si on suppose que le
taux d’intérét exponentiel est constant égal a r et que 'on fixe un actif de prix S; au
temps t, pour toute fonction mesurable bornée f, si on fixe deux temps ¢; < t2 dans le
futur, alors le payoff au temps to égal & h(Sy,)St, — h(Sh, )Sp, ") est autofinancé
en empruntant h(Sg )S, au temps t1 et en achetant h(t1) unités d’actif grace a cet
emprunt, puis en revendant ces actifs au prix h(Sy, ) S, au temps t2. Nous en déduisons
que les payoffs de la forme h(St,)(Ss, — Stler(trtl)), appelés hedges, ont un prix nul
sous tout modele sans arbitrage. On obtient donc un résultat classique: sous un modele
sans arbitrage, un hedge est gratuit. Ainsi par dualité, cela implique que sous un
modele sans arbitrage, un actif que 'on peut acheter sur le marché doit étre martingale
entre tous les temps d’achat possibles, si on le renormalise par le taux d’actualisation
engendré par le taux d’intérét. Pour simplifier ’analyse, nous supposerons dans toute
la suite que r = 0, ce qui simplifiera grandement la présentation. Le deuxieme critere
est que les parametres fixes du modele doivent évoluer peu dans le temps. Ce dernier
critére doit étre vérifié statistiquement mais n’est pas fiable.

Mais un probleme apparait, les "bons" modeles sont nombreux et deux modeles
différents donnent dans les faits deux prix différents. On raconte que certains praticiens
utilisent plusieurs modeles puis font une moyenne arithmétique des prix obtenus.
Plusieurs auteurs analysent le risque de modele en laissant des degrés de liberté aux
parametres, voir Denis et Martini [61], Soner, Touzi et Zhang [143], Nutz et Neufeld
[123] ou Possamai, Royer et Touzi [130]. Cependant il est possible d’aller beaucoup
plus loin, une approche intéressante pour comprendre ce risque de modele consisterait
a regarder quel spectre de prix on peut obtenir en parcourant I’ensemble des modeéles

admissibles sous I’hypothese de non arbitrage.
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1.1.2 Réplication et sur-réplication des payoffs

Le calcul des prix des actifs se base donc sur I'existence de stratégies de réplication
autofinancée. En pratique, les coiits de transactions et les légers retards entre observa-
tions des prix et décision de transaction font qu’il n’est pas possible de procéder au
hedging dynamique prescrit par la théorie de Black-Scholes ou par ses dérivés. Ainsi il
est en pratique difficile de parler de prix certain pour les produits dérivés, car ces prix
dépendent du modele employé. Pour certains produits liquides, le prix est déterminé
par le marché. Les acteurs estiment le risque qu’ils sont préts a prendre et la loi de
I'offre et de la demande se charge de fixer un prix. Une classe de produits liquides
classique est celle des produits "vanilles', qualificatif d’origine américaine désignant les
choses simples. Les produits financiers "vanilles" sont en pratique les produits dont le
payoff ne dépend que du cours d’un unique actif tres échangé, a une unique maturité
tres échangée sur les marchés.

L’approche aujourd’hui utilisée par les praticiens consiste a utiliser les produits
vanilles, faciles a acheter, et au prix connu, pour couvrir les risques des produits
"exotiques" (i.e. non vanille). La technique employée consiste a fixer un modele sans
arbitrage de calcul du prix, déterminer les sensibilités (i.e. dérivées partielles du prix)
du produit exotique par rapport aux différents facteurs observables, puis annuler la
sensibilité globale du portefeuille en achetant la bonne quantité de produit vanille pour
la compenser. Cette méthode est appelée [nom de la sensibilité]-hedging. L’exemple le
plus simple est le Delta-hedging. En pratique, on appelle Delta d’un portefeuille de
produits la dérivée partielle de la valeur du portefeuille P; par rapport au prix d'une
action Sy au temps t : A; = %' Ainsi pour annuler la sensibilité du portefeuille & une
variation du prix de l'action a ’ordre 1, il faudra vendre A; actions. Ainsi le nouveau
delta du portefeuille sera : (836_756“%) =A;—A;=0.

Une autre méthode utilisée en pratique consiste a couvrir les parties tres irrégulieres
des payoffs par une sur-couverture statique. Une couverture vise a répliquer un payoff
tandis qu'une sur-couverture vise a obtenir des flux financiers strictement supérieurs
aux flux du payoff. Par exemple dans le cas des options digitales au payoff tres irrégulier,
les praticiens utilisent % options d’achat de strike K —dK et vendent # options
d’achat de strike K. Rendre dK trop petit rendrait le hedging trop instable, la solution
consiste donc a ne pas rendre dK trop petit et a placer la différence avec 'option
digitale dans un portefeuille d’overhedge, qui contient une part négligeable mais surtout
strictement positive, donc ne posant aucun probléme car couverte par 0.

Il est possible de généraliser cette approche. On peut sur-couvrir son portefeuille

a l'aide de produits liquides, ainsi le choix du modele n’a aucune importance, car
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on couvre le payoff indépendamment des événements a venir. L’objectif est alors de

trouver la sur-couverture au prix le plus faible possible.

1.1.3 Dualité entre les approches

Ici, nous nous concentrerons sur la situation de marché suivante : le but est de
couvrir un produit dérivé structuré de maturité to sur d > 1 actifs risqués sous-
jacents, dont le payoff est donné par une fonction ¢: R% x RY — R calculée en
le prix des sous-jacents aux temps futurs t; et to. Ainsi, ce produit verse un flux
c((Stll,...,S,fll),(SI}Q,...,S%)) au temps to, ot Si est le prix de Pactif i au temps ¢.
On suppose également qu’on dispose d’un marché liquide sans arbitrage et sans
taux d’intérét ou peuvent étre achetés tous les sous-jacents, ainsi que tout produit
dérivé des sous-jacents dont le payoff ne dépend que d’une unique maturité. En
termes mathématiques, on peut acheter sur ce marché tout produit de la forme
@((Sgl,...,Sfl)), et tout produit de la forme w<(8}2,...,5§i2)>, ainsi que n’importe
quel hedge S0 oy (S}, ) (S, = Si,) = h(St,) - (Siy = Shy), 0t hi= (ha, ..., hg) et
Sy = (S},..., Sﬁ). Pour poser le probléeme simplement et faire le rapport aisément avec le
transport optimal, on introduit les vecteurs aléatoires X := .S, et Y :=S;,. On rappelle
que les hedges sont gratuits sous taux d’intérét nul, quant aux payoffs ¢(X) et ¥(Y),
leurs prix sont donnés par le marché. La fonction de prix qui a une fonction ¢ associe le
prix du payoff ¢(X) est une forme linéaire croissante telle que le prix de 1 est 1, elle peut
donc étre représentée par une mesure de probabilité. On appelle i cette probabilité et
v la probabilité associée au temps to. Ainsi si ¢, : R — R et h: R4 — R?, le prix
du payoff p(X) 4+ (Y)+h(X)- (Y — X) est plo] +r[]. On notera L!(1) 'ensemble
des fonction p—intégrables, LY(R? R?) I'ensemble des fonction R? —; R? boréliennes
et Dyy(c) == {(p,1,h) € L1 () x LY (v) x L%RY, RY) : p ®1p+h® > ¢} 'ensemble des
sur-couvertures du payoff ¢, o h® désigne h(X)- (Y — X).

Dans ces conditions, un modele probabiliste sur (X,Y") donnant les bons prix aux
produits liquides du marché est une mesure de probabilité P sur  := R? x R? telle que
la loi de X est donnée par u et la loi de Y est donnée par v. De plus, comme évoqué
précédemment, la gratuité des hedges est équivalente pour P a vérifier la contrainte
martingale, i.e. EF[Y|X]= X, yu—presque siirement. On notera M (u,v), 'ensemble
des modeles vérifiant ces contraintes.

On peut donc poser deux problémes qui s’avereront étre duaux. Premierement,
le probleme du modele donnant le prix le plus élevé au payoff ¢ tout en donnant les

bons prix aux produits liquides du marché, qui s’averera étre le probléeme de transport
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optimal martingale :

S,v(c):= sup EF[d. (1.1.1)
PeM(p,v)
Deuxiemement, on introduit le probleme de la sur-couverture la moins onéreuse, étant

également le probleme dual du probléeme de transport optimal martingale:

Liv(c) = (o h%relg)w © ulel +v[y)]. (1.1.2)

Beiglbock, Henry-Labordere et Penckner [18] ont prouvé qu’il y avait une relation de
dualité dans le cas d =1, entre le probleme du modele sans arbitrage qui donne le prix
le plus élevé et le probléme de la sur-couverture au prix le moins élevé. Ce supremum et
cet infimum sont égaux : S, ,(c) =1,,(c). Quitte a appliquer ce résultat a 'opposé du
payoff, on a également égalité entre la sous-couverture au prix le plus élevé et le modele
qui donne le prix le moins élevé. Ce résultat permet de comprendre la pertinence de la
valorisation par utilisation de modeles sans arbitrage, ces modeles donnant tous les
prix sans arbitrage possible, et le probleme dual donnant des arbitrages pour les prix
sortant de ces bornes.

Il est classique d’utiliser des relations de dualité pour lier problématiques de
modélisation et absence d’arbitrage. Dans le cas ot il existe une probabilité universelle
indiquant les événements impossibles en pratique, le célebre "théoreme fondamental de
la valorisation d’actif" dit que I’absence d’arbitrage est équivalent a I'existence d’un
modele martingale qui détermine les prix (voir Delbaen et Schachermayer [59], Féllmer
et Schied [70] ou El Karoui et Quenez [66] dans le cas d'un marché incomplet). Dans
le cas ou il n’existe pas une telle probabilité dominante en temps discret, Bouchard et
Nutz [35] ont apporté un résultat de dualité exploitant un type de limite universelle
compatible avec les probabilités. Cette procédure a été étendue au temps continu par
[31]. On citera également [40] qui donne un résultat similaire dans un cadre légérement
différent. Les autres exemples de travaux démontrant le méme type de dualité sont
nombreux, voir [1, 63, 69, 78, 95].

Ces bornes ont l'intérét pratique de montrer quel est le risque de modele associé a
un payoff. Ce probléeme de sur-couverture robuste avait été introduit par Hobson [94],
et donnait des solutions pour des exemples particuliers de produits dérivés exotiques
a I’aide de solutions correspondantes du probleme de plongement de Skorokhod, voir
[51, 92, 93], et I’étude [91]. On peut également citer des résultats analogues obtenus

dans le cas du temps continu pour des options asiatiques [50, 145], pour des options
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américaines [4, 60] ou méme pour des options sur le temps local [47], voir également [84,
98]. Beiglbock, Cox et Huessman [17] montrent méme que le probléme de plongement
de Skorokhod optimal peut étre vu comme un probleme de transport optimal et
que par nature, il optimise ’espérance d’un payoff, mettant ainsi en lien les travaux
précédemment évoqués.

Cette relation de dualité est l’analogue de la célebre relation de dualité de Kan-
torovitch [102], et le probleme de l'espérance maximale du payoff est un probleme
de transport optimal sous contrainte martingale. La relation de dualité s’obtient de
maniere similaire grace au théoreme de minimax [105].

Nous avons fait ici I'hypothese que le marché permettait d’acheter les payoffs de
la forme (S, ) de fagon liquide. Dans le cas d =1, on peut en pratique acheter des
options d’achat, ou call (de payoff (S, — K )4, ot on appelle K le prix d’exercice,
ou strike) et des options de vente, ou put (de payoff (K — S, )+, ou K est le strike)
sur le marché. Breeden et Litzenberger [37] prouvent que sous I'hypothése de non
arbitrage, et si le marché offre des calls ou puts liquides a tous strikes K > 0, alors il
existe une unique probabilité p représentant leur prix, et elle est obtenue en prenant
la dérivée seconde au sens des distributions des prix de call par rapport au strike :
= 0%Call(t1, K) = 0% Put(t1, K). Réciproquement, tout payoff régulier peut s’écrire
comme une intégrale de calls et de puts d’apres la formule de Carr-Madan [43], ainsi il
est raisonnable d’estimer pouvoir acheter n’importe quel payoff fonction de Sy, ou Si,.
En pratique les calls et puts sont liquides sur certaines grandes échéances de temps a
un nombre de prix d’exercice dépendant de la taille du marché de 'actif. On approxime
souvent ce nombre discret par un continuum.

Si on suppose a présent que d > 1, il faut supposer que l'on a acceés a un grand
nombre d’options basket de payoffs ()\15}11 +... +)\d5td1 — K)4, pour des strikes K et
des coefficients Aq,...,A\g > 0, qui somment a 1. On peut par une formule de type
Carr-Madan reconstituer une portion de la fonction génératrice exponentielle de S, et
en reconstituer la loi. En pratique, cette hypothese est peu réaliste, mais le probleme
reste intéressant. Il est plus naturel de ne pas supposer connaitre la copule entre les S°
(voir [114]) ou de résoudre un probléme hybride ol on connait les lois marginales des
actifs & un temps donné tout en ajoutant comme contraintes les espérances de quelques

payoffs basket.
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1.2 Transport optimal

1.2.1 Le probleme de Monge

Le transport optimal martingale est une variante récente du transport optimal tiré
de la finance robuste. Cependant le transport optimal classique possede des racines
beaucoup plus anciennes et une évolution qui en a fait un des sujets incontournables
des probabilités. Le transport optimal est apparu au XVIlIle siecle, posé initialement
par Gaspard Monge [121]. A la suite de la Révolution frangaise, le temps était a la
reconstruction et le probleme de transports optimal est apparu comme un probleme
concret lié aux travaux publics : comment déplacer des déblais vers les lieux de remblais
en parcourant le moins de distance possible ? Le probléme initial consistait a trouver
une fonction de transport 7" qui indique le lieu T'(z) ou envoyer une part de déblais

partis d'un point x. On peut I’écrire comme suit

inf / T(x) - . 1.2,

rant s [T @) — 2l plde) (1.2.3)
THpu=v

Plus d’'un siecle plus tard, Kantorovitch redécouvrit le probleme de transport

optimal en lui donnant une forme probabiliste [102]. On peut 'exprimer comme suit

: P

Peg%iu)E [c(X,Y)], (1.2.4)
ou P(u,v) est 'ensemble des couplages entre u et v, c’est a dire I'ensemble des
probabilités P € P(X x ) aux marginales prescrites Po X1 =y et PoY ! = v, avec
X la variable aléatoire fondamentale de projection sur X et Y la projection sur ).
11 fit plus tard le lien avec le probleme de Monge [100]. La différence entre les deux
problemes réside dans le fait qu’un grain de matiere n’a plus nécessairement une unique
destination, mais peut avoir une masse de destination. En devenant probabiliste,
I’ensemble d’optimisation acquiert une structure compacte pour la topologie faible qui
permet de montrer qu'un minimum existe dans le cas semi-continu inférieurement (voir
le chapitre 4 de [157]) ou alors en général, modulo une rectification de la fonction de
coiit [23]. Cette nouvelle version du probléme permet également de définir la distance
de Kantorovitch-Rubinstein [101, 99], ou distance de Wasserstein [155] entre deux
mesures de probabilité qui consiste en la solution du transport optimal avec ces deux
marginales, et avec la fonction de cotit | X — Y|P pour p > 1. Cette métrique est tres

naturelle et possede de bonnes propriétés : elle donne a ’ensemble des mesures de



1.2 Transport optimal 9

probabilité sur un espace polonais une structure d’espace polonais (voir Section 14 de
[62]).

1.2.2 Dualité de Kantorovitch et ses conséquences

Certains des résultats du transport optimal classique notables auront des extensions au
transport optimal martingale. Le premier est la célebre dualité de Kantorovitch, il s’agit
d’un résultat de dualité de type Kuhn-Tucker [108] en dimension infinie. Kantorovitch

[102] montre que le probleme suivant

sup pli] + ], (1.25)
pdp<c

est le dual du probleme 1.2.4 et possede la méme valeur. De plus ce probleme possede un
optimiseur si la fonction de cofit ¢ est continue. Le probleme dual du transport optimal
est un probleme d’optimisation sur le dual des mesures, c’est a dire des fonctions. Si
on limite le probleme a la dimension finie, les fonctions duales ont I'intérét d’étre de
dimension tres inférieure a la probabilité, ce qui présente des avantages de nombreux
points de vue.

Une de ses conséquences est la monotonie (voir [132]). On peut montrer qu'il existe
un ensemble I' qui caractérise 'optimalité des transports, i.e. un transport P € P(u,v)
est optimal pour le probleme 1.2.4 si et seulement si IP est concentré sur I'. L’ensemble
de contact entre la fonction de coflit a deux variables et la somme de fonctions duales
optimales d’une variable T := {c = p @} est un choix possible pour cet ensemble
monotone.

Sous certaines hypotheses de régularité sur ¢, on peut prouver que ¢ est localement
Lipschitz et donc dérivable presque partout (voir [68]). Ainsi raisonnons formellement,
soit A(X,Y) :=¢(X,Y)—p(X)—¢(Y). Nous avons vu que, les probabilités optimales
pour 1.2.4 sont concentrées sur I' := {A =0}, et par définition du dual, A > 0. Ainsi
A atteint son minimum sur I', ce qui donne une équation utile en utilisant la condition

d’optimalité du premier ordre. On obtient
Opc(x,y) =V(z), for (z,y)el. (1.2.6)

Dans le cas ou l'application y — J,c(x,y) est injective (comme c’est le cas pour
c:=|X —Y?), on remarque que ¥y est fixé quand x est fixé : y = 8mc(x,-)_1(V<p(x)>
pout tout x € X'. Ainsi les transports optimaux obtenus en ce cas sont déterministes,

voir [135]. Cela permet également de montrer qu'’il y a unicité en utilisant le fait que
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le probleme est linéaire et que toute combinaison convexe de transports optimaux est
encore optimale. Dans le cas particulier du cofit distance au carré, un célebre résultat
de Yann Brénier [39] montre que I'application de transport optimal 7" est le gradient
d’une fonction potentielle convexe.

Dans le cas du cotit distance qui était initialement présent pour le probleme de
Monge (1.2.3), I’équation (1.2.6) indique que les transports sont envoyés sur des droites.
Mais prouver l'existence d’'une fonction de transport solution du probleme (1.2.3)
rigoureusement est trés compliqué. Sudakov [147] a cru avoir résolu le probléme mais
il a pensé a tort que la mesure de Lebesgue se désintégrait de maniere réguliere sur les
lignes de transport. Ambrosio corrigea sa preuve plus tard [7]. Dans [10], est exhibé
un contre-exemple, inspiré d’un contre-exemple paradoxal de Davies [54], qui sera
important pour le transport optimal martingale. Il s’agit de I’exemple de I’ensemble
de Nikodym N, un ensemble presque partout égal a un cube tridimensionnel tel qu’'un
continuum de lignes deux a deux disjointes qui intersectent tout N, n’en intersectent
qu’'un point a la fois. Ainsi la mesure de Lebesgue sur le cube se désinteégre comme des
masses de Dirac sur les lignes du continuum. Le probleme (1.2.3) avait cependant été
résolu entre temps par Evans et Gangbo [67] sous de fortes hypotheses, par Trudinger
et Wang [152] et enfin par Cafarelli, Feldman et McCann [41]. Plus tard, [32] étudie
des propriétés d’extrémalité et d’unicité de ces transports et [33] étend ce résultat a
des espaces géodésiques.

La dualité a aussi des applications pour des cotits non réguliers. L’application du
théoreme du minimax qui donne la dualité requiert au moins que ¢ soit semi-continue
inférieurement. Cependant Kellerer [103] est parvenu a étendre ce résultat de dualité
a des fonctions seulement mesurables grace au puissant théoreme de capacitabilité
de Choquet [46] basé sur son extension des ensembles analytiques [45]. Cette dualité
permet d’obtenir un résultat tres difficile & prouver autrement : la structure des
ensembles boréliens polaires. Un ensemble N C X x ) est dit P(u,v)—polaire si
P[N] =0 pour tout P € P(u,v). Ainsi en appliquant la dualité de Kantorovitch-
Kellerer au coiit ¢ := —1y, on obtient le résultat suivant: soit N, 'ensemble des

ensembles p—négligeables et AV, I'ensemble des ensembles v—négligeables.

Theorem 1.2.1. Soit un ensemble borélien N C X x )Y, alors N est P(u,v)—polaire

st et seulement si

N C (N, xRHURYx N,), pour un certain couple (N,,N,) € Ny, x N,
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Un autre résultat notable que la dualité permet de démontrer est le fait que la
restriction d’un transport optimal est toujours optimale, cf Théoréeme 5.19 de [157].
Pour des monographes de référence sur le transport optimal, voir Villani [156, 157],
Ambrosio, Gigli et Savaré [9, 8] et Santambrosio [136].

1.2.3 Techniques de résolution numérique et applications

Pour résoudre le probleme numériquement il semble difficile de s’affranchir d’une
discrétisation des marginales. La facon naturelle de procéder est de remplacer p et v
par des sommes de masses de Dirac sur des grilles finies. On peut soit passer par une
grille réguliere, soit utiliser un tirage de Monte Carlo pour approximer les mesures p
et v, pour combattre la malédiction de la dimension en dimension plus grande que 2.
Les méthodes de résolution ont énormément évolué, se sont drastiquement améliorées
et sont encore un domaine de recherche tres actif étant donnée 1'utilité du transport
optimal dans divers domaines tels que ’analyse d’image par exemple.
Historiquement, ce probleme était naturellement résolu par des méthodes de pro-
grammation linéaire. On pourra citer la méthode hongroise [107], I'algorithme des
encheres, le simplexe [3], on évoquera également [76]. Cependant, les méthodes de
programmation linéaire ont un cotit polynomial, voir [141] et [144]. Plus tard, Ben-
hamou et Brénier [25] relancerent la course a la performance en découvrant une autre
méthode pour résoudre le probleme en le transformant en probléeme de programmation
dynamique avec une pénalisation finale sur la différence entre la loi finale du processus
et la mesure cible. Pour des cas particuliers, il est aussi possible de passer par 1’équation
de Monge-Ampere [80]. Dans le cas du cotit distance au carré, le potentiel convexe
de Brénier [39] u satisfait une équation provenant de I’équation de conservation des
masses par changement de variable. Quand en particulier les mesures de départ et
d’arrivée possedent une densité par rapport a la mesure de Lebesgue, on peut prouver

1
que u est solution de I’équation de Monge-Ampere det D?u = goaﬂﬂc(xj’;) VU ou f

est la densité de p et g est la densité de v. Cette équation satisfait un principe du
maximum, ce qui permet de la résoudre en pratique, voir [28] et [27]. D’autre travaux
comme [153] résolvent des équations de Monge-Ampére plus générales qui permettent
d’envisager de prouver que des problemes de transport optimal pour des cofits plus
généraux la satisfont. Nous nous devons également de mentionner Mérigot [118], qui
résout le probleme en utilisant une formulation semi-discrete (i.e. une des mesures est
approximée par une somme de mesures de masses de Dirac et ’autre par une mesure

a densité affine par morceaux par rapport a la mesure de Lebesgue). Lévy [111] a
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introduit une méthode de Newton utilisant la dérivée seconde qui permet de résoudre
le probleme semi-discret extrémement rapidement.

Ces solutions sont cependant limitées car soit elles ne permettent pas de résoudre
des problemes assez grands, soit elle ne permettent de résoudre que des cas particuliers
de cofits, bien que ceux-ci soient tres pertinents. C’est alors que Leonard [110] prouva
la Gamma-convergence d'un probleme de transport avec pénalisation entropique vers
le probléme original de transport optimal en marge d’un article traitant du probleme
de Schrodinger. La Gamma-convergence est la convergence adaptée dans le cas de
I’étude des limites des probléemes d’optimisation. Elle montre la convergence de la
valeur du probléme de transport optimal entropique vers la valeur du probleme (1.2.4),
et de plus toute suite d’optimiseurs convergente converge vers un optimiseur de (1.2.4).
Voir [42] et [48] pour des études plus précises et quantitatives de ces convergences
dans des cas particuliers. Il avait été observé par [106] que la formulation entropique
était particulierement utile en pratique pour résoudre des problemes numériquement,
étant donné que cela permettait d’employer le célebre algorithme de Sinkhorn [140)].
La puissance de cette technique a été redécouverte par Marco Cuturi [52], et largement
adoptée par la communauté, voir [142, 131, 151]. Le principe de cette méthode a déja été
adapté pour résoudre plusieurs variantes du transport optimal, tels que les barycentres
de Wasserstein [2] et le transport optimal multi-marginales [26], des problemes de
flots de gradient [128], le transport optimal déséquilibré [44], et le transport optimal
martingale en dimension 1 [77].

Le travail remarquable de Schmitzer [137], trés orienté vers le praticien, donne des
considérations tres pratiques et des astuces pour stabiliser et faire converger 1’algorithme
de Sinkhorn beaucoup plus vite que par une implémentation naive. Cuturi et Peyré [53]
ont utilisé une méthode de quasi-Newton pour résoudre le probleme de transport optimal.
Leur conclusion semble étre que I'algorithme de Sinkhorn reste plus efficace. Cependant,
[36] utilise une méthode de Newton inexacte (i.e. utilisant également l’expression de la
dérivée d’ordre 2) et parvient a surperformer ’algorithme de Sinkhorn. Il nous faut
également mentionner [6] qui introduit un "Greenkhorn algorithm" qui surperforme
I’algorithme de Sinkhorn d’apres leurs expériences numériques, et de la méme maniere
[150] introduit une version relachée de I’algorithme de Sinkhorn qui passe ’exposant

de convergence linéaire au carré, accélérant sensiblement sa convergence.
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1.3 Transport optimal martingale

1.3.1 Résultats de la littérature en une dimension

Le transport optimal martingale est une variante du transport optimal incluant une
contrainte martingale. Ce probleme a été introduit comme le dual d’un probléme de
couverture robuste d’un produit dérivé exotique en mathématiques financieres, voir
Beiglbock, Henry-Labordére et Penkner [18] en temps discret, et Galichon, Henry-
Labordere et Touzi [73] en temps continu. En temps discret, le probléme inclut une
temporalité et des contraintes martingales. On se place dans le cas X =) = R?
pour d > 1, la variable aléatoire Y est considérée comme postérieure a la variable
aléatoire X et on introduit une contrainte martingale en relation : EF[Y|X] = X. On
erit M(p,v) := {P € P(u,v) : EF[Y|X] = X}, 'ensemble des transports optimaux
martingales. Contrairement & 'ensemble P(u,v) qui avait la particularité de ne jamais
étre vide, contenant u® v, par exemple, I’ensemble M (11, ) peut étre vide, par exemple
si p =0, et v:=0, avec v # y. Il existe une caractérisation basée sur le théoreme de
Hahn-Banach de la vacuité ou non de M(p,v). On remarque que si f: R? — R est
convexe et P € M(u,v), alors

EF[f(V)|X] > f(EF[VIX]) = f(X), (1.3.7)
par I'inégalité de Jensen. En intégrant (1.3.7) par rapport a la mesure u, on obtient

vIf] > lf). (13.8)

Quand I’équation (1.3.8) est vérifiée pour toute fonction convexe f, on dit que p est
plus petite que v pour 'ordre convexe, nous venons donc de montrer que si M (u,v) est
non vide, alors u < v pour I'ordre convexe. Strassen [146] a prouvé qu’il s’agit d’une
équivalence. On saisit des & présent la forte intrication entre la structure de M (u,v) et
I'action de 'opérateur (v — p) sur les fonctions convexes. Nous exploiterons de nouveau
par la suite la fécondité de cette relation.

Qu’en est-il de la dualité ? [18] prouve une relation de dualité pour des fonctions
de couplage semi-continues supérieurement et ne montre pas qu’il existe un optimiseur
pour le probléeme dual. Beiglbock, Nutz et Touzi [22] montrent qu’en une dimension il
faut considérer des fonctions duales dominant M (u,v)—quasi-stirement (i.e. P—presque
stirement pour tout P € M(u,v)) la fonction de couplage ¢ plutot que uniformément.
Il faut également prendre garde au cas ot on a pf[p] + v[Y)] = —oco + 0o, auquel cas il

faut utiliser un modérateur convexe x et étendre la définition de u[p]+ v[1)] comme
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suit :
ple] +v[] = ple+x] + v — x]+ (v = p)x],

ou l'opérateur (v — ) est étendu de maniere spécifique pour les fonctions convexes.
Avec cette définition étendue, la dualité est obtenue en remplagant le probleme (1.1.2)

par le probleme

W= el (139
ot D, (c) = {(¢,¥,h) 1 0 &Y +1h% = ¢, M(p,v) —g.s.}.

[22] caractérise pour ce faire le fait qu’une propriété soit quasi-siire, ils présen-
tent un phénomene étonnant initialement découvert par [20], l'existence de com-
posantes irréductibles laissées stables par tous les transports martingales entre p et v.
Ces composantes sont des intervalles ouverts disjoints (I)g, en conséquence au plus
dénombrables. On a alors la propriété suivante : P[Y € clI|X € I;] = 1 pour tout
k. [22] prouve méme que ces composantes permettent de caractériser les ensembles
M, v)—polaires par le théoréeme suivant, qui peut étre vu comme une extension du
Théoreme 1.2.1. Soit Jj, = convsuppPy, ou Py := P, «g, pour P € M(p,v), dont le

choix n’influe pas la valeur de Jj.

Theorem 1.3.1. Soit N C R? Borel, alors N est M(u,v)—polaire si et seulement si

N C(NyxR)UR X N,)U (Updy x J,U{X =Y},
pour un certain couple (N, N,) € Ny x N,

Les Jj, sont des ensembles convexes compris au sens de I'inclusion entre [ et cl [y,
c’est a dire avec zéro, un ou deux points supplémentaires. Les auteurs montrent aussi
que le probléme se décompose en sous-problemes de transport optimal martingale sur
chaque composante.

Beiglbock, Nutz et Touzi donnent aussi d’utiles contre-exemples montrant que
méme dans des cas tres simples, soit la dualité n’était pas vérifiée pour des fonctions
non semi-continues supérieurement, soit il n’existait pas de dual ne nécessitant pas de
modérateur convexe qui minimise le probleme dual.

Nutz, Stebegg et Tan [124] ont généralisé le résultat précédent a un nombre fini de
temps. Beiglbock, Lim et Obloj [21] prouvent qu’en dimension 1, sous des hypotheses
de régularité sur la fonction de couplage ¢, on peut montrer qu’un résultat de dualité

uniforme est vraie, malgré la présence de composantes irréductibles.
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Il existe aussi des résultat de structure, Beiglbock et Juillet [20] introduisent le
"left-curtain" couplage martingale tel que les noyaux conditionnés en X sont toujours
concentrés sur deux points au plus, et [85] montrent que ce couplage particulier est
toujours solution si la dérivée partielle en x de la fonction de couplage c est strictement
convexe en y. Beiglbock et Juillet [20] prouvent également que dans le cas du cofit
distance, les noyaux conditionnels sont également concentrés sur deux points au plus.

Le probleme en temps continu, qui ne sera pas traité par cette these, a été introduit
par [73] et supplante 'outil habituellement utilisé, le plongement de Skorokhod qui
consiste a trouver un temps d’arrét 7 pour un mouvement Brownien (W3):>o de loi
initiale u, tel que le mouvement Brownien arrété W, possede la loi prescrite v. Ce
probleme a été introduit par Monroe [122] pour la loi initiale p = dg, puis généralisé a
w1 quelconque par Cox [49]. On trouve de nombreux exemples dans [90]. Par la suite
[19] établit une nouvelle fois cette relation entre plongement de Skorokhod et transport
optimal martingale dans le cas précis de ’étude du couplage "left curtain'. Une dualité
ainsi qu'une étroitesse sont démontrées dans le cas continu par [79], tandis que [13]

étend le résultat d’interpolation de Brénier au cas martingale. Voir aussi 'étude [126].

1.3.2 Résultats de la littérature en dimension supérieure

La propriété de dualité de [18] s’étend sans difficulté & la dimension supérieure méme
si ils ne 'écrivent pas. On peut obtenir le résultat a partir de Zaev [160] comme cas
particulier ou les contraintes linéaires sont la contrainte martingale. Des résultats
généraux de dualité, ou I'ensemble dual conserve une forme abstraite peuvent étre
trouvés dans [65] ou [14].

Lim [113] a été le premier a essayer de comprendre la structure des solutions en
dimension supérieure. Basé sur un probleme a symmétrie radiale, il considere un cas
particulier permettant de se ramener a la dimension 1. Ghoussoub, Kim et Lim [74]
sont les premiers a avoir apporté des résultats vraiment intrinseques a la dimension
supérieure. Ils prouvent I'existence de composantes sur lesquelles la dualité a lieu. Ils
utilisent ces composantes pour prouver un résultat de structure en dimensions 1 et 2 et
conjecturent que ce résultat reste vrai en dimension supérieure. Ce résultat de structure
stipule que dans le cas du probleme de maximisation du transport optimal pour le cotit
distance, les noyaux du transport optimal se concentrent sur I’enveloppe de Choquet
(i.e. les points extrémes de I'enveloppe convexe) de leur support. Les composantes
irréductibles de [74] présentent I'inconvénient de ne pas étre universelles, elles peuvent
dépendre du support choisi, de plus elles peuvent étre en quantité non dénombrable,

et donc des propriétés de mesurabilité sont nécessaires pour parvenir a décomposer
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correctement le probleme "composante par composante" et cette mesurabilité semble
difficile & démontrer dans le cadre de leur définition des composantes. Ils relevent une
difficulté qu’ils ne résolvent qu’en dimension 2 pour leur résultat de structure, il s’agit
du probleme causé par le fait que la décomposition des marginales sur les composantes
irréductibles peut ne pas étre diffuse, comme dans I’exemple de I’ensemble de Nikodym
[11].

Obloj et Siorpaes [127] définissent des composantes irréductibles intrinseques aux
fonctions convexes dont la minimalité n’est pas avérée.

Finalement, nous mentionnons [114] ot Lim traite un probleme légérement différent
ou chaque marginale 1—dimensionnelle est prescrite et la contrainte martingale est
imposée. Ce probleme est plus facile que le transport optimal martingale en dimension
supérieure mais semble plus adapté a la finance en cela qu’il peut étre peu réaliste de

supposer que l'on connait parfaitement la copule entre deux actifs a un temps donné.

1.3.3 Littérature pour la résolution numérique du transport

optimal martingale

Pierre Henry-Labordere résout le probleme de transport optimal martingale par de
simples méthodes de programmation linéaire [83]. Il utilise des payoffs a structure
particuliere, ce qui lui permet de réduire les contraintes sur les fonctions duales, et
donc lui permet de résoudre un probleme pour une grille de taille 10000 en moins d’une
minute. Tan et Touzi [148] résolvent une forme continue du transport optimal avec
une méthode proche de [25].

Alfonsi, Corbetta et Jourdain [5] utilisent également une version discrétisée des
marginales mais se heurtent au probleme de la nécessité que les marginales soient en
ordre convexe pour qu'un transport martingale existe et que le probleme linéaire n’ait
pas une solution infinie. Ils résolvent ce probléme en présentant des résultats d’existence
de marginales en ordre convexe qui approche pour des distances de Wassertstein la
mesure cible, et ils calculent ces marginales optimales.

Guo et Obloj [77] résolvent le probleme précédent en reladchant la contrainte mar-
tingale dans leur approximation. Ils proposent ensuite un algorithme d’optimisation
semi-duale implicite non-réguliere et un algorithme de projection entropique de Bregman
sans préciser leur efficacité respective.

On peut également mentionner Henry-Labordeére et Touzi [85] qui utilisent la

structure du transport martingale "left curtain" pour le déterminer numériquement.
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1.4 Nouveaux résultats en dimension supérieure

1.4.1 Composantes irréductibles

Dans le Chapitre 2, on démontre que I'on peut définir des composantes irréductibles
correspondant aux transports martingales. Il s’agit de l'article [58]. En dimension 1
([22]), les composantes sont "révélées" par les potentiels des marginales. Ces potentiels
sont définis par u,(z) := [ [y — z|n(dy) et la méme définition pour u,. Par Strassen
[146], les marginales sont en ordre convexe, on a donc u, < u,. La fonction u, —u,
est continue car Lipschitz. L'ensemble (u, —u,) 1 (R%) est donc un ouvert de R, et
peut donc classiquement étre décomposé de maniére unique en une union dénombrable
d’intervalles ouverts disjoints. On remarque que si u,(z) = w,(z) pour un certain
z € R, on est dans le cas d’égalité de I'inégalité de Jensen dans (1.3.7). Ainsi la
fonction y — |y — | est vue comme affine par tour les transports martingales. D’ou la
propriété de stabilité par les transports des composantes. En parallele, on remarque
que si (v — p)[xn] est borné avec (xp)n>1 une suite de fonctions convexes, x;, possede
des propriétés de compacité sur chaque composante irréductible. Ainsi sur chaque
composante irréductible, il est possible de trouver une limite pour les fonctions duales.
On a alors un optimiseur dual sur chaque composante. Il est cependant difficile
d’étendre cette technique a la dimension supérieure car les fonctions convexes extrémes
ont une structure beaucoup plus compliquée que les y — |y — x| de la dimension 1,
voir [97].

On a vu que pour le résultat de Strassen [146] ainsi que pour [22], I'action de
(v — ) sur les fonctions convexes permet de comprendre la structure de M(p,v). En
utilisant cette considération, on prouve dans le Chapitre 2 I'existence de composantes
irréductibles intrinsequement liées a (i, ), couple de probabilités dans I'ordre convexe.
Pour ceci ils définissent les fonctions convexes tangentes, qui sont les limites de fonctions
RY x R? — R, définies par 0 := f(Y) — f(X) —p(X)- (Y = X) >0, pour f:R? — R
convexe et p(r) € df (), tels que (v — u)[f] = EF[0] < 1, pour tout P € M(u,v). On
remarque que 0 est une fonction que 'on trouve naturellement dans l’espace dual
dans le cas du transport optimal. On appelle cet ensemble de limites 7 (u,v), et
pour 6 € T (p,v), on a EF[A] < 1. Ainsi P[Y € cldomf(X,-)] = 1, ol cl désigne la
fermeture d’un ensemble et domé est le domaine de 6, i.e. son lieu de finitude. Etant
donné que formellement, on a ridoméf(X,-) qui est convexe relativement ouvert si
on désigne par ri 'ouvert relatif d’'un ensemble, et que de plus, on peut montrer
que {ridomf(z,-) : + € R} est une partition de R?. Ainsi les ensembles ridomé(x, -)

pour z € R% sont des candidats naturels pour étre les composantes irréductibles. La



18 Introduction

stratégie consiste donc a résoudre un probleme de minimisation de la taille de ces
domaines. On obtient ainsi les composantes irréductibles. On définit GG, une fonction qui
mesure la taille d'un ensemble convexe, puis on minimise une quantité qui correspond
formellement a [pa G (dom@(x,~)) p(dz). La minimisation est possible grace a une
propriété de mesurabilité analytique des fonctions a valeur ensemblistes ridomé(X,-).
Cette mesurabilité permettra aussi de démontrer la possibilité de désintégrer les
problémes de transport composante par composante.

On a remarqué que les fonctions de T (i, ) pouvaient servir de parties de fonctions
duales. Ainsi on obtient de la compacité dans le probleme dual et on peut utiliser
le théoréme de capacitabilité de Choquet [46] de la méme maniere que dans [103] et
[22] pour montrer un théoreme de dualité général pour les fonctions mesurables. Ce
théoreme de dualité permet de montrer que ces composantes irréductibles sont les plus
petites possibles. En effet on peut montrer qu’il existe une probabilité dont le noyau
remplit toutes les composantes irréductibles. En termes mathématiques, si on note
I Tapplication qui & 2 € R? associe la composante irréductible le contenant I(x), il
existe P € M(u,v) tel que cl convsupp Py =cl] (X), u—presque stirement. Ce résultat
est montré de maniére non constructive en passant par la dualité. On regarde un
probléme de maximisation sur la surface recouverte par les transports martingales
PeM(p,v): [pa G(COHV suppIP)x),u(dx). Soit P € M (1, v) le maximiseur, on remarque
que N :={Y & cl convsuppPx} est un ensemble M(u,rv)—polaire. Ainsi en appliquant
le résultat de dualité & 1y, on obtient Uinclusion difficile cl convsuppPy D clf (X),
J—presque stirement.

On remarque via ce qui précede que 'on peut obtenir une caractérisation des

ensembles polaires de M(u,v) similaire au Théoreme 1.3.1.

1.4.2 Dualité

Le travail sur les composantes irréductibles et sur les ensembles polaires de [58] permet
de servir de base pour obtenir des résultats de dualité. Le Chapitre 3, présente un
résultat de dualité quasi-siire et quelques résultats corollaires, tels quune désintégration
du probleme de transport optimal sur les composantes irréductibles en sous-problemes
de transport optimal, ainsi qu'un théoreme de monotonie.

Le chapitre précédent use d’'un résultat de dualité imparfait, car les limites des
fonctions duales sont en partie des limites inférieures. Le lieu problématique est
la frontiere relative des composantes irréductibles. Dans [57] on utilise différentes
hypotheses pour dominer ces parties manquantes du lieu de la convergence. On fait

I'hypothese que les composantes sont de dimension 1 ou moins (maitrise de la frontiere



1.4 Nouveaux résultats en dimension supérieure 19

qui est constituée de deux points au maximum), sont de dimension d (elles sont alors en
quantité dénombrable) ou alors ne chargent pas leur frontiere. Une autre hypothese qui
permet d’obtenir la dualité est I'existence des limites médiales, impliquée par 1’axiome
du continu. Les limites médiales, inventées par Mokobodzkyi [120] (voir [119] et [149])
sont des objets qui généralisent les limites. Toute suite bornée inférieurement possede
une limite médiale, quand elle possede une limite, elle est alors égale a la limite médiale
et la limite médiale de fonctions universellement mesurables est encore universellement
mesurable (i.e. mesurable par rapport a toutes les mesures boréliennes).

Une fois que la convergence a lieu, une grande difficulté est de décomposer a nouveau
la limite comme somme d’une fonction de X, d’une fonction de Y et d’un hedge. Pour
obtenir ce résultat on montre qu’avoir la bonne forme est équivalent par dualité a un
principe de monotonie sur les fonctions limites. Pour obtenir ce résultat, une autre
étape consiste a obtenir des propriétés fines sur la structure des ensembles polaires.

Ce résultat de dualité permet d’obtenir que le transport optimal martingale se
décompose en sous-problemes de transport optimal martingales sur chaque composante
irréductible, et sur chaque composante, la dualité est uniforme. Ce théoreme possede
une version plus faible qui s’affranchit du besoin des hypotheses.

De la méme facon, la dualité permet d’obtenir un principe de monotonie, i.e. on
prouve qu’il existe un ensemble I' qui concentre tous les transports optimaux et qui est
monotone. Un résultat tres difficile et encore ouvert est 'implication inverse, le fait de
savoir si le fait d’étre concentré sur 'ensemble I implique 1'optimalité du transport
martingale.

Ce chapitre est également 'occasion de donner des exemples montrant qu’il ne
peut y avoir de régularité suffisante de la fonction de couplage ¢ pour permettre a
un optimiseur dual d’exister quel que soient les lois et v. On y trouve également
un exemple ou la restriction du probléeme a une composante irréductible n’est plus

irréductible apres son isolation des autres composantes.

1.4.3 Structure locale

Dans le Chapitre 4 qui correspond a [56], on s’intéresse a la structure locale de chaque
noyau d’un transport optimal. On commence par démontrer un théoreme qui donne
la structure générale de ces noyaux sous certaines hypothéses techniques, il s’agit
d’intersections entre le gradient partiel en & du coiit ¢ et une fonction affine dépendante

de x. On peut utiliser la notation d’événements pour ces intersections :

S() = {avc(l'o,Y) = A(Y)}, (1.4.10)



20 Introduction

avec A:R% — R? affine.

La suite du chapitre consiste a expliciter les informations sur la structure des
ensembles (1.4.10) que l'on peut obtenir pour différentes fonctions de couplage ¢. On
montre en premier lieu un lien entre la géométrie algébrique réelle et la finitude des
transports optimaux conditionnels, ainsi que avec le nombre maximal de fonctions
de transport atteignables. En effet, si la fonction ¢ est suffisamment réguliere, son
gradient partiel d,c se comporte localement comme un vecteur de d polyndémes a d
variables, c’est donc également le cas de 0,c— A. Ainsi trouver les zéros de 0,c— A
est un exercice qui se rapproche localement de trouver les zéros communs dans R?
de d polyndomes de d variables, ce qui est le probleme fondamental de la géométrie
algébrique. On peut utiliser par exemple le théoreme de Bézout, ici exprimé en termes

formels :

Theorem 1.4.1 (Bézout). Soit d € N et (Py,...,Py), d polynomes "complets" dans
R[X71,...,Xq4]. Alors |{(P1,...,P3) =0} =deg(P1)...deg(Py), ou les racines sont comp-

tées avec multiplicité et incluent des racines "a ’infini’.

Voir [82]. Des précisions sur les notions de complétude, de racines a l'infini et de
multiplicité seront apportées par le Chapitre 4. On montre en particulier grace a ces
notions que pour "presque toute' fonction de cotit réguliere, si la premiere marginale
i possede une densité par rapport a la mesure de Lebesgue, alors le noyau de tout
transport optimal se concentre sur un ensemble discret et on peut toujours trouver
des lois marginales p et v qui sont absolument continues par rapport a la mesure de
Lebesgue qui donnent un transport optimal concentré sur d+ 2 graphes quand d est
pair.

On donne également des résultats sur la structure des supports (1.4.10) dans le cas
des cofits puissance de la norme Euclidienne. On montre ainsi que le nombre naturel de
graphes de transport atteints dans le cas de la norme distance, pour la maximisation
ou pour la minimisation est 2d, contrairement a la Conjecture 2 de [74]. On montre
également que le résultat de structure qui peut étre obtenu est beaucoup plus précis
que le résultat de [74] qui se contente de dire que le transport optimal conditionnel est

concentré sur la frontiere de Choquet de ’enveloppe convexe de son support.

1.4.4 Meéthodes numériques pour le transport optimal mar-
tingale

Enfin au-dela des considérations théoriques, les problemes de type transport optimal

sont des problemes qui ont vocation a étre résolus en pratique. Il était donc naturel
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d’explorer I'aspect numérique des choses. Le Chapitre 5 traite de ce sujet, il s’agit
de [55]. Tl compare et évalue la performance théorique de plusieurs algorithmes de
résolution existant et en propose un nouveau, beaucoup plus performant et résolvant
du méme coup le probleme de marginales qui perdent leur ordre convexe a la suite de
leur discrétisation, relevé par [5].

Les algorithmes existants sont, la programmation linéaire [83], Poptimisation duale
semi-implicitée introduite par [77], la projection itérative de Bregman, inspirée de [52]
et suggérée par [77]. On présente finalement un nouvel algorithme de Newton implicité,
qui peut étre vu comme une version régularisée de I'optimisation duale semi-implicitée
et qui surperforme les autres.

Un autre apport qui nous semble majeur est un théoreme sur la précision de
I’approximation entropique du transport optimal. La littérature fait généralement
mention d’une précision de 'ordre de la pénalisation entropique maximale, c’est a dire
a( In(N)— 1), ou N est la taille de la grille de discrétisation. Cependant, sous couvert
de faire des hypotheses de régularité difficilement vérifiables, on peut établir que le
saut de dualité est plus faible qu'une quantité tendant vers 5%, valeur qui possede
une surprenante universalité. Une remarque indique qu’un résultat identique peut
étre obtenu pour le transport classique. Malgré la difficulté a démontrer la régularité
nécessaire pour la preuve du résultat, on constate ce taux de convergence sur les
expériences numériques. Ainsi avec un travail substantiel, il est probablement possible
de I’établir de maniere rigoureuse en utilisant la régularité prodiguée par 1’équation de
Monge-Ampere.

Comme expliqué dans la Section 1.2.3, la résolution numérique est généralement
obtenue en ajoutant une pénalisation entropique, pondérée par un poids € > 0. Le

probléeme dual correspondant consiste a minimiser la fonction duale V. définie par

_go@@b—i—fz@—c
€

Velipy,h) = plel +vlul ¢ [ exp

dmy. (1.4.11)
XxY

La minimisation partielle en fonction de chacune des variables duales implique le

respect des variables primales. Dans le probléeme entropique primal, la mesure optimale
S dmg. La minimisation de V; en ¢ entraine le

4 o weY+h®—c
est donnée par dP := exp <—2E

fait que Po X~ = 41, la minimisation en v entraine PoY ~! = v et la minimisation en
h donne la contrainte martingale. L’algorithme de type projection de Bregman exploite
le fait que la minimisation partielle de Vz en ¢ et en 1) est explicite, et la minimisation
en h est semi-explicite. Ainsi il est naturel pour minimiser globalement cette fonction

d’optimiser alternativement en ¢, puis en v, puis en h et de recommencer. Notons que
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la minimisation en ¢ ne brise pas la martingalité, il est donc naturel de minimiser en h
puis en ¢, dans cet ordre.

Cette stratégie de minimisation par blocs n’exploite pas toute la régularité de
la fonction et la connaissance explicite de sa dérivée seconde. Ainsi on propose un
algorithme de Newton. Face a l'instabilité du terme exponentiel pouvant exploser
facilement pour de faibles valeurs de e, on utilise le fait que V() :=inf,, , Vo(, 9, h)
est également deux fois dérivable, de dérivées d’ordre 1 et 2 connues, mais avec la
stabilité apportée par la minimisation en (.

On présente également dans ce chapitre plusieurs astuces pratiques qui permettent
d’améliorer la stabilité, la vitesse de convergence, ainsi que la vitesse de calcul effective
de 'algorithme. Une de ces méthodes permet par la méme occasion de résoudre le
probléme de défaut d’ordre convexe entre u et v remarqué par [5]. 1l s’agit de 'idée
de minimiser V? :=V.+af, ol f estune fonction strictement convexe, sur-linéaire
et p—homogene, avec p > 1. On montre que si @« — 0, et si on note P, I'unique
optimiseur de V?, alors vq :=P,0Y ! converge vers v, plus grand que x dans lordre
convexe et minimisant f*(v; —v), ou f* est la conjuguée de Fenchel de f. Il suffit donc

. . 7N .
de minimiser V| avec ¢ =0 en faisant tendre o vers 0.



Chapter 2

Irreducible Convex Paving for
Decomposition of Martingale

Transport Plans

Martingale transport plans on the line are known from Beiglbock & Juillet [20] to
have an irreducible decomposition on a (at most) countable union of intervals. We
provide an extension of this decomposition for martingale transport plans in R% d > 1.
Our decomposition is a partition of R% consisting of a possibly uncountable family
of relatively open convex components, with the required measurability so that the
disintegration is well-defined. We justify the relevance of our decomposition by proving
the existence of a martingale transport plan filling these components. We also deduce
from this decomposition a characterization of the structure of polar sets with respect
to all martingale transport plans.

Key words. Martingale optimal transport, irreducible decomposition, polar sets.

2.1 Introduction

The problem of martingale optimal transport was introduced as the dual of the problem
of robust (model-free) superhedging of exotic derivatives in financial mathematics, see
Beiglbock, Henry-Labordere & Penkner [18] in discrete time, and Galichon, Henry-
Labordere & Touzi [73] in continuous-time. The robust superhedging problem was
introduced by Hobson [94], and was addressing specific examples of exotic derivatives by
means of corresponding solutions of the Skorokhod embedding problem, see [51, 92, 93],
and the survey [91].
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Given two probability measures j, v on R?, with finite first order moment, martingale
optimal transport differs from standard optimal transport in that the set of all coupling
probability measures P(u,v) on the product space is reduced to the subset M (pu,v)
restricted by the martingale condition. We recall from Strassen [146] that M (p,v) # ()
if and only if 4 < v in the convex order, i.e. u(f) <wv(f) for all convex functions f.
Notice that the inequality u(f) <v(f) is a direct consequence of the Jensen inequality,
the reverse implication follows from the Hahn-Banach theorem.

This paper focuses on the critical observation by Beiglbock & Juillet [20] that,
in the one-dimensional setting d = 1, any such martingale interpolating probability
measure P has a canonical decomposition P = 3"y~ Py, where Py, € M (g, 1) and gy, is
the restriction of i to the so-called irreducible components Iy, and vy, := [, I P(dz,-),
supported in Jg, k > 0, is independent of the choice of Py. Here, (I;)r>1 are open
intervals, Ip := R\ (Ug>11x), and Ji is an augmentation of I by the inclusion of either
one of the endpoints of [, depending on whether they are charged by the distribution
Pk. Remarkably, the irreducible components (Ij, Ji)r>0 are independent of the choice
of P € M(u,v). To understand this decomposition, notice that convex functions in one
dimension are generated by the family f,,(z) := |x — o], o € R. Then, in terms of
the potential functions U*(z) := pu( fu,), and U¥(zo) := v(fa,), zo € R, we have y < v
if and only if U¥ < U" and pu,v have same mean. Then, at any contact points xg, of
the potential functions, U*(x¢) = U (zp), we have equality in the underlying Jensen’s
equality, which means that the singularity zo of the underlying function f,, is not seen
by the measure. In other words, the point zg acts as a barrier for the mass transfer in
the sense that martingale transport maps do not cross the barrier xg. Such contact
points are precisely the endpoints of the intervals I, k£ > 1.

The decomposition into irreducible components plays a crucial role for the quasi-
sure formulation introduced by Beiglbock, Nutz, and Touzi [22], and represents an
important difference between martingale transport and standard transport. Indeed,
while the martingale transport problem is affected by the quasi-sure formulation, the
standard optimal transport problem is not changed. We also refer to Ekren & Soner
[65] for further functional analytic aspects of this duality.

Our objective in this paper is to extend the last decomposition to an arbitrary
d—dimensional setting, d > 1. The main difficulty is that convex functions do not
have anymore such a simple generating family. Therefore, all of our analysis is based
on the set of convex functions. A first extension of the last decomposition to the
multi-dimensional case was achieved by Ghoussoub, Kim & Lim [74]. Motivated by the
martingale monotonicity principle of Beiglbock & Juillet [20] (see also Zaev [160] for
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higher dimension and general linear constraints), their strategy is to find a monotone
set ' C R? x R?, where the robust superhedging holds with equality, as a support of
the optimal martingale transport in M(u,v). Denoting I'y := {y : (z,y) € '}, this
naturally induces the relation xRelz’ if 2 € riconv(T',/), which is then completed to
an equivalence relation ~. The corresponding equivalence classes define their notion of
irreducible components.

Our subsequent results differ from [74] from two perspectives. First, unlike [74],
our decomposition is universal in the sense that it is not relative to any particular
martingale measure in M (u,v) (see example 2.2.2). Second, our construction of the
irreducible convex paving allows to prove the required measurability property, thus
justifying completely the existence of a disintegration of martingale plans.

Finally, during the final stage of writing the present paper, we learned about the
parallel work by Jan Obt6j and Pietro Siorpaes [127]. Although the results are close,
our approach is different from theirs. We are grateful to them for pointing to us
the notions of "convex face" and "Wijsmann topology" and the relative references,
which allowed us to streamline our presentation. In an earlier version of this work we
used instead a topology that we called the compacted Hausdorff distance, defined as
the topology generated by the countable restrictions of the space to the closed balls
centered in the origin with integer radii; the two are in our case the same topologies,
as the Wijsman topology is locally equivalent to the Hausdorff topology in a locally
compact set. We also owe Jan and Pietro special thanks for their useful remarks and
comments on a first draft of this paper privately exchanged with them.

The paper is organized as follows. Section 3.3 contains the main results of the
paper, namely our decomposition into irreducible convex paving, and shows the identity
with the Beiglbock & Juillet [20] notion in the one-dimensional setting. Section 5.2
collects the main technical ingredients needed for the statement of our main results,
and gives the structure of polar sets. In particular, we introduce the new notions of
relative face and tangent convex functions, together with the required topology on
the set of such functions. The remaining sections contain the proofs of these results.

In particular, the measurability of our irreducible convex paving is proved in Section 2.7.

Notation We denote by R := RU{—00,00} the completed real line, and similarly
denote Ry :=R, U{oo}. We fix an integer d > 1. For z € R? and r > 0, we denote
B,.(z) the closed ball for the Euclidean distance, centered in z with radius r. We
denote for simplicity B, := B,(0). If z € X, and A C X, where (X,d) is a metric
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space, dist(z, A) := inf,c 4 d(z,a). In all this paper, R? is endowed with the Euclidean
distance.

If V is a topological affine space and A C V is a subset of V', intA is the interior
of A, cl A is the closure of A, aff A is the smallest affine subspace of V' containing A,
convA is the convex hull of A, dim(A) :=dim(affA), and riA is the relative interior of
A, which is the interior of A in the topology of aff A induced by the topology of V. We
also denote by 0A :=cl A\ riA the relative boundary of A, and by A4 the Lebesgue
measure of aff A.

The set K of all closed subsets of R? is a Polish space when endowed with the
Wijsman topology! (see Beer [16]). As RY is separable, it follows from a theorem of
Hess [86] that a function F': R? —; K is Borel measurable with respect to the Wijsman

topology if and only if its associated multifunction is Borel measurable, i.e.

F~(V):={zeR: F(z)nV #0} is Borel measurable
for all open subset V C R%,

The subset K C K of all the convex closed subsets of R? is closed in K for the Wijsman
topology, and therefore inherits its Polish structure. Clearly, K is isomorphic to
rik ;= {riK : K € K} (with reciprocal isomorphism cl). We shall identify these two
isomorphic sets in the rest of this text, when there is no possible confusion.

We denote © :=R? x R? and define the two canonical maps

X:(z,y)eQ—zeR? and Y :(z,9) € Q— yeRL
For ¢, : R* — R, and h: RY — R?, we denote
@Y =p(X)+y(Y), and A% :=h(X) (Y - X),

with the convention co — oo = 0.

For a Polish space X', we denote by B(X') the collection of Borel subsets of X', and
P(X) the set of all probability measures on (X B(X )) For P € P(X), we denote
by Np the collection of all P—null sets, suppP the smallest closed support of P, and
supplP := cl convsupplP the smallest convex closed support of P. For a measurable

function f: X — R, we denote dom f := {|f| < oo}, and we use again the convention

!The Wijsman topology on the collection of all closed subsets of a metric space (X,d) is the weak
topology generated by {dist(z,-):z € X}.
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o0 — oo = o0 to define its integral, and denote
P[f] := EP[f] = /deIP’ - /Xf(x)IP’(dx) for all PeP(X).

Let ) be another Polish space, and P € P(X x )). The corresponding conditional
kernel? P, is defined p—a.e. by:

P(dz,dy) = pu(dz) @ Py(dy), where p:=Po X!,

We denote by LY(X,)) the set of Borel measurable maps from X to ). We denote for
simplicity LO(&) := LO(&,R) and L9 (X) :=L%(X,R.). Let A be a o—algebra of X,
we denote by LA(X,)) the set of A—measurable maps from X to ). For a measure
m on X, we denote L1 (X ,m) :={f € LY(X) : m[|f]] < co}. We also denote simply
LY(m) :=LY(R,m) and LY (m) := L (Ry,m).

We denote by € the collection of all finite convex functions f : R — R. We denote
by Of(x) the corresponding subgradient at any point x € R?. We also introduce the
collection of all measurable selections in the subgradient, which is nonempty by Lemma
2.9.2

of = {p e LYRY,RY) : p(x) € Of(x) for all z € Rd}.

We finally denote f_ :=liminf, o fn, for any sequence (fn)n>1 of real numbers, or

of real-valued functions.

2.2 Main results

Throughout this paper, we consider two probability measures p and v on R? with
finite first order moment, and u < v in the convex order, i.e. v(f) > u(f) for all f € €.
Using the convention co — 0o = 0o, we may define (v — p)(f) € [0,00] for all f € €.

We denote by M (j,v) the collection of all probability measures on R? x R? with
marginals Po X ! = gy and PoY ! = v. Notice that M (u,v) # () by Strassen [146].

An M(u,v)—polar set is an element of mPGM(/,L,IJ)NP' A property is said to hold
M(p,v)—quasi surely (abbreviated as q.s.) if it holds on the complement of an
M(u,v)—polar set.

2The usual definition of a kernel requires that the map x + P, [B] is Borel measurable for all Borel
set B € B(Rd). In this paper, we only require this map to be analytically measurable.



28 Irreducible Convex Paving for Decomposition of Martingale Transport Plans

2.2.1 The irreducible convex paving

The next first result shows the existence of a maximum support martingale transport
plan, i.e. a martingale interpolating measure P whose disintegration P, has a maximum

convex hull of supports among all measures in M (p,v).

Theorem 2.2.1. There exists P € M(p,v) such that

for allP € M(u,v), suppPy C suppPy, 1L — a.s. (2.2.1)

Furthermore supp]IA”X s p—a.s. unique, and we may choose this kernel so that
(i) z+—> Supp P, is analytically measurable® R — K,
(ii) = € I(x) := risupp Py, for all x € R?, and {](x),x € ]Rd} is a partition of RZ.

This Theorem will be proved in Subsection 2.6.3. The (u—a.s. unique) set valued
map I(X) paves R? by its image by (ii) of Theorem 2.2.1. By (2.2.1), this paving is
stable by all P € M (u,v):

Yecdl(X), M(uv)—qs. (2.2.2)

Finally, the measurability of the map I in the Polish space K allows to see it as a
random variable, which allows to condition probabilistic events to X € I, even when
these components are all u—negligible when considered apart from the others. Under
the conditions of Theorem 2.2.1, we call such I(X) the irreducible convex paving
associated to (u,v).

Now we provide an important counterexample proving that for some (u,v) in

dimension larger than 1, particular couplings in M(u,r) may define different pavings.

Example 2.2.2. In R?, we introduce zg := (0,0), 1 := (1,0), yo := 20, y_1 := (0, —1),
y1 :=(0,1), and y2 := (2,0). Then we set u:= %((5950 +0z,) and v = %(4(53/0 +dy , +
8y, +20y,). We can show easily that M (u,v) is the nonempty convex hull of P; and
Py where

1
Py := é (45960,210 + 25«’131,342 + 5331,341 + 5531»34*1)

and 1
Py := g (2593071/0 + 533071/1 + 50607.7;—1 + 25:51,21/0 + 269917?/2)

3 Analytically measurable means measurable with respect to the smallest c—algebra containing
the analytic sets. All Borel sets are analytic and all analytic sets are universally measurable, i.e.
measurable with respect to all Borel measures (see Proposition 7.41 and Corollary 7.42.1 in [30]).
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Fig. 2.1 The extreme probabilities and associated irreducible paving.

(i) The Ghoussoub-Kim-Lim [7}] (GKL, hereafter) irreducible convex paving. Let
c1=1¢x—yy}, c2=1—c1=1;x,y)}, and notice that P; is the unique optimal martingale
transport plan for ¢;, © = 1,2. Then, it follows that the corresponding P;—irreducible

convex paving according to the definition of [74] are given by

Cp, (x0) = {zo}, Cp,(x1) =r1iconv{yi,y—1,y2},
and Cp, (xo) =riconv{yi,y_1}, Cp,(x1) =riconv{yo,y2}.

Figure 2.1 shows the extreme probabilities Py and Py, and their associated irreducible
convex pavings map Cp, and Cp,.

(ii) Our irreducible convex paving. The irreducible components are given by

I(xg) =riconv(y1,y—1) and I(x1)=riconv(yi,y—1,2).

To see this, we use the characterization of Proposition 2.2.4. Indeed, as M(u,v) =
conv(Py,Py), for any P € M(u,v), P P:= w, and suppP, C conv(supp]f”ﬁ for
x =xg,x1. Then I(x) = riconv(supp]P’m> for x = xg,21 (i.e. p-a.s.) by Proposition
2.2.4.

Remark 2.2.3. In the one dimensional case, a convex paving which is invariant with
respect to some P € M(u,v) is automatically invariant with respect to all P € M(p,v).

Given a particular coupling P € M(u,v), the finest convexr paving which is P—invariant
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roughly corresponds to the GKL convex paving constructed in [7/]. Then Example 2.2.2
shows that this does not hold any more in dimension greater than one.

Furthermore, in dimension one the "restriction” vy := [;P(dz,-) does not depend on
the choice of the coupling P € M(u,v). Once again Example 2.2.2 shows that it does
not hold in higher dimension. Conditions guaranteeing that this property still holds in

higher dimension will be investigated in [57].

2.2.2 Behavior on the boundary of the components

For a probability measure IP on a topological space, and a Borel subset A, P| 4 :=P[-N A]

denotes its restriction to A.

Proposition 2.2.4. We may choose Pe M(u,v) in Theorem 2.2.1 so that for all
P e M(u,v) and y € R?,
u[Px[{y}] > 0] < p[Px[{y}) > 0],
and supp (]P’X|31(X)) C Supp (@X\aI(X)) , L= a.s.
(i) The set-valued maps J(X):=I(X)U {y eR?: vy >0, and Px [{y}} > 0}, and
J(X):= I(X)UW@XL?[(X) are ji—a.s. independent of the choice of B, and Y € J(X),
M(,uvy)_Q'S'

(ii) We may chose the kernel I@’X so that the map J is convex valued, I C J C J C cll,
and both J and J are constant on I(z), for all x € R,

The proof is reported in Subsection 2.6.3.

2.2.3 Structure of polar sets

Here we state the structure of polar sets that will be made more precise by Theorem
2.3.18.

Theorem 2.2.5. A Borel set N € B(2) is M(u,v)—polar if and only if
NcC{XeN, u{YeN,ju{Y ¢ J(X)},

for some (Ny,N,) € Ny x N, and a set valued map J such that J C J C J, the map J
is constant on I(x) for all x € RY, I(X) C conv(J(X)\N'), p—a.s. for all N\, € N,,,
and Y € J(X), M(u,v)—q.s.
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2.2.4 The one-dimensional setting

In the one-dimensional case, the decomposition into irreducible components and the
structure of M(u,v)—polar sets were introduced in Beiglbock & Juillet [20] and
Beiglbock, Nutz & Touzi [22], respectively.

Let us see how the results of this paper reduce to the known concepts in the one
dimensional case. First, in the one-dimensional setting, I(x) consists of open intervals
(at most countable number) or single points. Following [20] Proposition 2.3, we denote
the full dimension components (Ij)g>1.

We also have J = J (see Proposition 2.2.6 below) therefore, Theorem 2.2.5 is
equivalent to Theorem 3.2 in [22]. Similar to (I;)g>1, we introduce the corresponding
sequence (J)g>1, as defined in [22]. Similar to [20], we denote by s, the restriction of
p to Iy, and vy := [,y Pldz,] is independent of the choice of P € M(u,v). We define
the Beiglbock & Juillet (BJ)-irreducible components

(]BJ JBJ) s Iy, J) if € I}, for some k> 1,

({e}Ax}) if o ¢ Uy
Proposition 2.2.6. Letd=1. Then I =1%7, and J=J=JB’, p—a.s.

Proof. By Proposition 2.2.4 (i)-(ii), we may find P € M(u,v) such that suppPx =
cl/(X), and W]@X‘a[()() = J(X), p—a.s. Notice that as J\ I(R) only consists of a
countable set of points, we have J = .J. By Theorem 3.2 in [22], we have Y € JB/(X),
M(p,v)—q.s. Therefore, Y € JB7(X), P—a.s. and we have J(X) c JB/(X), p—a.s.
On the other hand, let £ > 1. By the fact that u, —w, >0 on I}, together with the
fact that Ji \ Iy is constituted with atoms of v, for any N, € N,,, J C conv(Ji \ N,).

As 1 = v outside of the components,
JBI(X) C conv(JBY(X)\N,), p—as. (2.2.3)

Then by Theorem 3.2 in [22], as {Y ¢ J(X)} is polar, we may find N, € A, such that
JBI(X)\ N, € J(X), p—a.s. The convex hull of this inclusion, together with (2.2.3)
gives the remaining inclusion J27(X) c J(X), p—a.s.

The equality I(X) = I87(X), u—a.s. follows from the relative interior taken on the

previous equality. O
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2.3 Preliminaries

The proof of these results needs some preparation involving convex analysis tools.

2.3.1 Relative face of a set

For a subset A C R? and a € R?, we introduce the face of A relative to a (also denoted

a—relative face of A):
rf, A= {y cA:(a—e(y—a),y+e(y—a)) C A, for some € > O}. (2.3.1)
Figure 2.2 illustrates examples of relative faces of a square S, relative to some points.

rf,, S

x2 T2 » L2

T

- I3

I

I
X1 .’Eh‘.

I

I

:

l - T3

I

I

[}

rf,, S

Fig. 2.2 Examples of relative faces.

For later use, we list some properties whose proofs are reported in Section 2.9. *

Proposition 2.3.1. (i) For A, A’ C R, we have rf,(ANA") = 1f,(A) Nrf,(A'), and
rf, A C rf, A" whenever A C A'. Moreover, tf,A#0 iff a e tf A iff a € A.

(ii) For a conver A, rf,A=riA # 0 iff a € riA. Moreover, rf, A is convex relatively
open, A\ clrf, A is convex, and if xg € A\ clrfg A and yo € A, then [xo,yo) C A\ clrfA.
Furthermore, if a € A, then dim(rf,cl A) = dim(A) if and only if a € riA. In this case,
we have clrf,cl A=clriclA =clA=clrf, A.

2.3.2 Tangent Convex functions

Recall the notation (2.3.1), and denote for all §: Q — R:

dom,0 := rfyconvdomb(z,-).

4 1f, A is equal to the only relative interior of face of A containing a, where we extend the notion
of face to non-convex sets. A face F' of A is a nonempty subset of A such that for all [a,b] C A, with
(a,b)NF # (), we have [a,b] C F. It is discussed in Hiriart-Urruty-Lemaréchal [89] as an extension of
Proposition 2.3.7 that when A is convex, the relative interior of the faces of A form a partition of A,
see also Theorem 18.2 in Rockafellar [132].
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For 01,0 : Q0 — R, we say that 6 = 63, u®@pw, if
domX81 = dOInXgQ, and 91(X,-) = QQ(X, ) on domxel, M — a.s.

The crucial ingredient for our main result is the following.

Definition 2.3.2. A measurable function 0 :€Q — Ry is a tangent convex function if
0(x,-) is conver, and O(x,2) =0, for all v € RY.
We denote by © the set of tangent convex functions, and we define
0, = {6 cLYQR):0=0¢, u@pw,and 8 > 6, for some §' € @}.
In order to introduce our main example of such functions, let

T,f(z,y) = f(y) — f(x) —p®(x,y) >0, forall fec¢& andpcaif.
Then, T(¢) :={T,f: fe€pecdf} COCO,.

Example 2.3.3. The second inclusion is strict. Indeed, let d =1, and consider the
convex function [ :=001l(_og ). Then 0" := f(Y —X) € O. Nowlet 0 =0 +,/|Y — X]|.
Notice that since domy6# = domxf = {X}, we have §' =0, u@pw for any measure
p, and @ > 0'. Therefore § € ©,,. However, for all x € RY, O(x,-) is not conver, and
therefore 6 ¢ ©.

In higher dimension we may even have X € ridomé(X,-), and 0(X,-) is not convez.
Indeed, for d=2, let f: (y1,y2) — 00(1yjy; |1} + 1{|yo|>1}), 80 that 0:= f(Y — X) € ©.
Let xp := (1,0) and 6 := 6"+ Liy—Xtao)- Then, 0= 0, u@pw for any measure p, and
0 > 0. Therefore 0 € ©,. However, § ¢ © as 0(x,-) is not convez for all x € R%.

Proposition 2.3.4. (i) Let 6 € ©,,, then domx 8 =rf xdomé(X,-) C domf(X,-), p—a.s.
(ii) Let 01,605 € @l“ then domX(91 +92) = domxbt; Ndomxby, p—a.s.

(iii) ©, is a convex cone.

Proof. (i) It follows immediately from the fact that on domx®, we have that (X, )
is convex and finite, y—a.s. by definition of ©,. Then domx6 C rfxydomd(X,-). On
the other hand, as domf(X,-) C convdomé(X,-), the monotony of rf, gives the other
inclusion: rf xdomf(X,-) C domx#.

(ii) As 61,092 >0, dom(6; + 02) =domb; Ndom#y. Then, for x € R, convdom(6y(z,-)+
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02(z,-)) C convdomb (z,-) Nconvdomby(z,-). By Proposition 2.3.1 (i),
dom, (A +602) C dom,0; Ndom,fa, for all z e RY.

As for the reverse inclusion, notice that (i) implies that dom x 61 Ndom x 62 C dom#; (X, -)N
domby(X,-) = dom(91 (X,)+02(X, )) - Convdom<01(X, ) +62(X, )), p—a.s. Observe

that dom,#; Ndom,#> is convex, relatively open, and contains x. Then,

domx6i Ndomxfy = er<domX91ﬂdomX92)

- er<Convdom(91(X,-)+02(X,-)>>
= domx(0;+62) p—a.s.

(iii) Given (ii), this follows from direct verification. O

Definition 2.3.5. A sequence (0,)n>1 C LY(Q) converges u@pw to some 0 € LO(Q) if
domy (04 ) =domx6 and 0,(X,-) — 6(X,-), pointwise on domx0, p— a.s.

Notice that the y®@pw-limit is p®pw unique. In particular, if 8,, converges to 0,

URpw, it converges as well to 0.

Proposition 2.3.6. Let (0,),>1 C Oy, and : Q — R, such that 6, — 0, nRpw,
(i) domx# C liminf,,_, o domx6,, p—a.s.

(ii) If 0, = 0,,, p®@pw, and 0/, > 6, then 0, =2 0, p®pw;

(iii) B € O,

Proof. (i) Let x € R, such that 6,(z,-) converges on dom6 to (z,-). Let y € dom,#0,
let y' € dom,60 such that ¢/ =z —e(y — ), for some € > 0. As 6,(x,y) =2 0(z,y),
and 0, (z,y") — 0(z,y'), then for n large enough, both are finite, and y € dom,6,,.
y € liminf,,_,, dom,0,,, and dom,60 C liminf,, ., dom,#,. The inclusion is true for
p—a.e. x € R which gives the result.

(ii) By (i), we have domx6 C liminf, o domxt, = liminf, . domx@),, p—a.s. As
0y, <0, domxt ., C domx0,, Climinf, ,. domx0,, p—a.s. We denote N, € N, the
set on which 6,(X,-) does not converge to 6(X,-) on domy6(X,-). For z ¢ N, for
y € dom,0, O,,(x,y) =0 (x,y), for n large enough, and 0, (z,y) —2 0(z,y) <oo. Then
domxf =domy#' ., and 0/, (X,-) converges to (X,-), on domx6, u—a.s. We proved
that 6/, —2. 0, pepw.

(iii) has its proof reported in Subsection 2.8.2 due to its length and technicality. O
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The next result shows the relevance of this notion of convergence for our setting.

Proposition 2.3.7. Let (0,)n>1 C ©,. Then, we may find a sequence 0, € conv (O, k >
n), and O € ©, such that by, —> O, HRPW as n — oo.

The proof is reported in Subsection 2.8.2.

Definition 2.3.8. (i) A subset T C ©, is p®@pw-Fatou closed if 0., € T for all
(0n)n>1 C T converging p@pw (in particular, ©, is p@pw—Fatou closed by Proposition
2.3.6 (iii) ).

(ii) The p@pw—Fatou closure of a subset A C ©,, is the smallest p@pw— Fatou closed

set containing A:
A= ﬂ{T CO,: ACT, and T p®pw-Fatou closed}.
We next introduce for a > 0 the set &€, := {f eC:(v—p)(f) < a}, and

T (p,v) = U 7T, where T, ::’m, and T(Qla) = {Tpf cfEC,pE 3f}.

a>0

Proposition 2.3.9. 7A’(,u,y) 1S a conver cone.

Proof. We first prove that 72(;;, v) is a cone. We consider \,a > 0, as we have A€, =€),
and as convex combinations and inferior limit commute with the multiplication by A,
we have AT, = Taa- Then 7T (u,v) = cone(T1), and therefore it is a cone.

We next prove that 7., is convex for all a > 0, which induces the required convexity
of ?(u,v) by the non-decrease of the family {ﬁ,a >0} Fix0<A<1,a>0,00€ 7.,
and denote T (6p) := {9 €T N+ VEPIAS ’7;} In order to complete the proof, we
now verify that 7 (6y) D T(Ca) and is p@pw—Fatou closed, so that T(6y) = Tq.

To see that T (6y) is Fatou-closed, let (6,),>1 C T (6p), converging u®pw. By
definition of 7(6p), we have Mg+ (1—\)b,, € T, for all n. Then, Mg+ (1 — )0, —>
liminf, o0 Mg + (1 —N)8,,, u®pw, and therefore Ay + (1 —N)0, € 7., which shows
that 6, € T(Qo).

We finally verify that 7 (6y) D T(Qa). First, for 6y € T(Qfa), this inclusion follows

~

directly from the convexity of T(Ca), implying that 7 (6y) = 7, in this case. For gen-
eral 0y € 7, the last equality implies that T((’Ia> C T (6p), thus completing the proof. O

Notice that even though T(€,) C ©, the functions in 7 (u,v) may not be in © as
they may not be convex in y on (dom,0)¢ for some = € R? (see Example 2.3.3). The

following result shows that some convexity is still preserved.
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Proposition 2.3.10. For all 0 € 7A’(u,v), we may find N, € N, such that for x1,x9 ¢
Ny, y1,y2 € RY, and \ € [0,1] with 4 := Ay1 + (1 — \)y2 € domy, 0 Ndom,,0, we have:

M (z1,y1) + (1= N)0(21,y2) —0(21,y) = M(x2,y1)+ (1 —A)0(72,72)
—8(1‘2,@) > 0.

The proof of this claim is reported in Subsection 2.8.1. We observe that the

statement also holds true for a finite number of points v, ..., ys.>

2.3.3 Extended integral

We now introduce the extended (v — u)—integral:
voull] == inf{a >0:0¢ 72} for 6¢eT (u,v).

Proposition 2.3.11. (i) P[¢] < vOpu[f] < oo for all 6 € T (u,v) and P € M(u,v).

(i) vEU[T,f] = (v—w)lf] for  €CALY () and pe Oy .
(iii) v&u is homogeneous and convex.

Proof. (i) For a > vSpulf], set S*:= {F €0, :PF]<aforalPe ./\/l(,u,u)}. Notice
that S is p@pw—Fatou closed by Fatou’s lemma, and contains T(&,), as for f €
¢NLY(v) and p € 8f, P[T, f] = (v — p)[f] for all P € M(u,v). Then S* contains 7 as
well, which contains 6. Hence, 6 € S* and P[f] < a for all P € M(u,v). The required
result follows from the arbitrariness of a > vSu[6)].

(ii) Let P € M(u,v). For p € 0f, notice that T),f € T(&,) C 7, for some a = (v — p)[f],

and therefore (v — p)[f] > vOu[T,f]. Then, the result follows from the inequality

(v )] = BT, f] < vEp(T, . o
(iii) Similarly to the proof of Proposition 2.3.9, we have A7, = Ty, for all A\;a > 0.
Then with the definition of ¥©p we have easily the homogeneity.

To see that the convexity holds, let 0 < A< 1, and 6,0 € 72(#,1/) with a > vSulf],
a' > v&ulf'], for some a,a’ > 0. By homogeneity and convexity of 71, A0+ (1— )¢’ €
7A')\a+(1_>\)a/, so that vOu[M + (1 — X)) < Ma+ (1 —\)a'. The required convexity prop-
erty now follows from arbitrariness of a > vSu[f] and o’ > vould]. O

The following compacteness result plays a crucial role.

® This is not a direct consequence of Proposition 2.3.10, as the barycentre ¢ has to be in domg, 6N
domg, 6.
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Lemma 2.3.12. Let (6,)n>1 C T (11,v) be such that sup,>1 vOu(bn) < oo. Then we
can find a sequence 0, € conv(0y, k > n) such that

~

O €T(,v), Op— 0, p@pw, and vOu(ly) < 1%Tgiorcl)f”éﬂ(9n)'

Proof. By possibly passing to a subsequence, we may assume that lim, o (vSu)(0y)
exists. The boundedness of vOu(f,) ensures that this limit is finite. We next in-
troduce the sequence f,, of Proposition 2.3.7. Then 6, —> goo, 1 ®pw, and there-
fore 0, € T(11,v), because of the convergence 0, — 0, p@pw. As (vER)(0,) <
SUPg >, (¥Op) (05) by Proposition 2.3.11 (iii), we have that co > limy—a0 (vSp) (65) =
limy, 00 SUPg>,, (VER) () > limsup,, . (vou)(0,). Set 1 :=limsup,, ., vE&u(0y). For
€ >0, we consider ng € N such that supy>,, Vé,u(gk) <Il+e Then for k> ng,
0), € 7A]+26(,u,y), and therefore 0, = liminfz>p, 6, € 774_26(”,1/), implying yéu(@) <
I+2¢ — 1, as € — 0. Finally, liminf,, o0 (v81)(05) > vSu(0.). O

2.3.4 The dual irreducible convex paving
Our final ingredient is the following measurement of subsets K C R%:

1 2
€—§|x|

(2ﬂ_) % dim K

G(K) :=dim(K)+ gk (K) where gx(dz) := A (dz), (2.3.2)

Notice that 0 < G < d+1 and, for any convex subsets C; C Cs of Rd, we have
G(Cl) = G(Cg) iff riCy =r1iCy iff clCi; =clCy. (2.3.3)

For § € L9(Q), A € B(R?), we introduce the following map from R? to the set K of all

relatively open convex subsets of R%:
Kp a(z) :=rfyconv(domb(x,-) \ A) = domx (6 + 0colpay 4), (2.34)

for all 2 € R?. We recall that a function is universally measurable if it is measurable

with respect to every complete probability measure that measures all Borel subsets.

Lemma 2.3.13. For § € L9.(Q) and A € B(R?), we have:

(i) cl convdomd(X,-) : R — K, domy6 : R? — rik, and Ky a: R — 1iK are uni-
versally measurable;

(i) G : K — R is Borel measurable;
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(i) if Ae Ny, and 0 € T (u,v), then up to a modification on a p—null set, Ko a(RY) C
1iK is a partition of R with x € Ky a(x) for all x € RY.

The proof is reported in Subsections 2.4.2 for (iii), 2.7.1 for (ii), and 2.7.2 for (i).
The following property is a key-ingredient for our dual decomposition into irreducible

convex paving.

Proposition 2.3.14. For all (§,N,) € T(u,v) x N,,, we have the inclusion Y €
cl Ky n, (X), M(p,v)—g¢.s.

Proof. For an arbitrary P € M(u,v), we have by Proposition 2.3.11 that P[f] < oco.
Then, P [domﬁ\ (R? x Ny)} =1lie. PY € Dx|=1 where D, := conv(domf(z,-)\ N,).
By the martingale property of P, we deduce that

X = E¥[Ylyep,|X] = 1-A)Eg+AEp, p—as.

Where A :=Px[Y € Dx \ Ky, (X)), Ep :=EX[Y|Y € Dx\ Ky, (X)], Ex :=
EFX[Y|Y € cl Ky y,(X)], and Py is the conditional kernel to X of P. We have Ef €
clrfxDx C Dx and Ep € Dy \ clrf x Dx because of the convexity of Dy \ clrf x Dx
given by Proposition 2.3.1 (ii) (Dy is convex). The lemma also gives that if A # 0,
then E¥[Y|X]=AFEp+(1—A)Ex € Dx \cl Ky, (X). This implies that

{A#0} c {EF[Y|X] € Dx \clKyn, (X))} € {E[Y|X] ¢ Kon, (X))}
c {EF[Y|X]#X}.

Then P[A # 0] =0, and therefore P Y € Dx \ ¢l Koy, (X)| = 0. Since P[Y € Dx] =1,
this shows that P[Y" € cl Ky n, (X)] = 1. O

In view of Proposition 2.3.14 and Lemma 2.3.13 (iii), we introduce the following

optimization problem which will generate our irreducible convex paving decomposition:

inf G, (2:3.5)
(0,N)ET (u,v) XNy

The following result gives another possible definition for the irreducible paving.

Proposition 2.3.15. (i) We may find a p-a.s. unique universally measurable mini-
mizer K := K55, R% — K of (2.3.5), for some (8,N,) € T (p,v) x N ;

(ii) for all @ € T (p,v) and N, € N, we have K(X) C Ko n,(X), p-a.s;

(iii) we have the equality K(X) = 1(X), p—a.s.
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In item (i), the measurability of K is induced by Lemma 2.3.13 (i). Existence and
uniqueness, together with (ii), are proved in Subsection 2.4.1. finally, the proof of
(iii) is reported in Subsection 2.6.3, and is a consequence of Theorem 2.3.18 below.
Proposition 2.3.15 provides a characterization of the irreducible convex paving by

means of an optimality criterion on (7@(,11, V),N,,).

Remark 2.3.16. We illustrate how to get the components from optimization Problem
(2.3.5) in the case of Example 2.2.2. A T (u,v) function minimizing this problem (with
N,:=0eN,)is 6 :=liminf, oo Ty, fn, where fy, :=nf, p, :=np for some p € 9f, and

f(x) = dist(:p,aff(yl,y_l)) —I—dist(:zc,aff(yl,yg)) + dist (x,aff(yg,y_l)>.

One can easily check that p[f] =v[f] for any n > 1: f, f,, € €. These functions separate
C
I(wo), I(z1) and (I(z0)UI(1)) .
Notice that in this example, we may as well take 6 := 0, and N, :={y_1,v0,y1,%2}¢,

which minimizes the optimization problem as well.

2.3.5 Structure of polar sets

Let 6 € T (i, 1), we denote the set valued map Jy(X) := dom@(X,-)NJ(X), where J

is introduced in Proposition 2.2.4.

Remark 2.3.17. Let 6 € 72(#,1/), up to a modification on a p—null set, we have

Ye J@(X)7 ./\/l(,u,l/)—q.s, JCJyC j7

and Jy constant on I(z), for all z e R%

These claims are a consequence of Proposition 2.6.2 together with Lemma 2.6.6.

Our second main result shows the importance of these set-valued maps:

Theorem 2.3.18. A Borel set N € B(Q2) is M(u,v)—polar if and only if
NcCc{XeN, Ju{YeN,}U{Y & Jp(X)},

for some (N, N,)) € Ny x Ny, and 0 € T (u,v).

The proof is reported in Section 2.6.3. This Theorem is an extension of the one-
dimensional characterization of polar sets given by Theorem 3.2 in [22], indeed in
dimension one J = Jy = J by Proposition 2.2.6, together with the inclusion in Remark
2.3.17.
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We conclude this section by reporting a duality result which will be used for the
proof of Theorem 2.3.18. We emphasize that the primal objective of the accompanying
paper De March [57] is to push further this duality result so as to be suitable for the
robust superhedging problem in financial mathematics.

Let ¢: R4 x R — R, and consider the martingale optimal transport problem:

Suv(c) == sup P (2.3.6)
PeM(p,v)

Notice from Proposition 2.3.11 (i) that S, () < v&u(f) for all § € 7. We denote

by Dmgd(c) the collection of all (p,%,h,0) in LY (u) x LY (v) x LO(RY, R?) x T (u,v)
such that

Suy(0) =vSu(0), and &Y +h®+60 > ¢, on Y € aff Ky ry—) (X) }-

The last inequality is an instance of the so-called robust superhedging property. The
dual problem is defined by:

Iod(c) = (%Wﬁi)lé’f;) _ ple] + v[y] +vEu(0).
Notice that for any measurable function c¢: Q — R4, any P € M(u,v), and any
(.10, h,0) € DI2(c), we have Pld] < pulp] +v[] +PlO] < ulg] +v[t] + S (6), as a
consequence of the above robust superhedging inequality, together with the fact that
Y € affKg {0} (X), M(p,v)-q.s. by Proposition 2.3.14 This provides the weak
duality:

Suv(c) < T79%c). (2.3.7)

The following result states that the strong duality holds for upper semianalytic functions.
We recall that a function f:R? — R is upper semianalytic if {f > a} is an analytic set

for any a € R. In particular, a Borel function is upper semianalytic.

Theorem 2.3.19. Let c: Q — R be upper semianalytic. Then we have

(i) Spw(c) =5 (e);

(ii) If in addition S, (c) < oo, then existence holds for the dual problem IZf‘,id(c).

Remark 2.3.20. By allowing h to be infinite in some directions, orthogonal to
aff Ky {y—o0y (X), together with the convention oo — oo = oo, we may reformulate the

robust superhedging inequality in the dual set as o ®+h® +0 > ¢ pointwise.
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2.3.6 One-dimensional tangent convex functions

For an interval J C R, we denote €(K) the set of convex functions on K.

Proposition 2.3.21. Let d =1, then

~

T(p,v) = {Zl{Xelk}Tpkfk S € €(TL), pr €0k, (v — )] < 00}7
k k

M(p,v)—q.s. Furthermore, for all such 6 € 7A’(,u,V) and its corresponding (fy)k, we
have vSu(0) = 31 (v — p) [ fr)-

Proof. As all functions we consider are null on the diagonal, equality on Uil X Ji
implies M(u,v)—q.s. equality by Theorem 3.2 in [22]. Let £ be the set on the right
hand side.
Step 1: We first show C, for a > 0, we denote L, :={0 € L: > (vp — ux)|[fx] < a}.
Notice that £, contains T(€,) modulo M(p,v)—q.s. equality. We intend to prove that
Ly is p®@pw—Fatou closed, so as to conclude that T, C L, and therefore 7A’(u, v)C L
by the arbitrariness of a > 0.

Let 0n = >k Lixery Tpn fi € La converging p®@pw. By Proposition 2.3.6, 6, —
0 :=0., p®pw. For k > 1, let ), € I}, be such that 0,,(zy,-) — 0(zy,-) on dom,, 6, and
set fr:=0(zk,-). By Proposition 5.5 in [22], fj is convex on I, finite on Ji, and we may
find py € 0 f such that for x € Iy, 0(z,-) = Ty, fr(x,-). Hence, 0 =321 1 xer,1 Ty fr
and > (vk — pg)[fx] < a by Fatou’s Lemma, implying that 6 € £,, as required.
Step 2: To prove the reverse inclusion D, let 6 =37y 1ixcr, )Ty, fi € £. Let fi be a
convex function defined by ff := fi on Ji, = JyN{x € Jy : dist (z, J;) > €}, and f affine
on R\ Ji. Set ¢, := n=t fo= Sh—1 /i, and define the corresponding subgradient in
Ofn:

o=k +V(fo—fi") on Ji*, k>1, and p,:=Vf, on R\(Usz").

We have (v —p)[fn] = XF—q vk — p) [£57] < Sr (v — ) [ fx] < 0o. By definition, we
see that T, f,, converges to 6 pointwise on U (I;)? and to 0.(z,y) := liminf;_, 0(z,7)
on Ul x cl I}, where, using the convention co —oco =00, ¢ :=0—0, >0, and ' =0
on Uy (Iy)?. For k> 1, set Al := 0 (xy, 1), and AL := 0 (x4, 1)) where Ij, = (Iy,7,), and
we fix some zy, € I},. For positive € < %, and M > 0, consider the piecewise affine

function gZ’M with break points [, + € and r; — ¢, and:

gZ’M(lk) = M/\Ai, gZ’M(rk) =M AAY, gZ’M(lk+6) =0, and gZ’M(rk —¢€) =0.
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Notice that gZ’M is convex, and converges pointwise to g,jc\/[ = MM (l’“JFTT’“, ) on Jg,
as € — 0, with

(e — ) (g8 = v [{le}] (M AAL) + vlr) (M AAY)
< (e =) k) = e = ) [(fr)] < (v — o) [ ],

where (f;)« is the lower semi-continuous envelop of fi. Then by the dominated

convergence theorem, we may find positive eZ’M < % such that

n,M

(U — 1) (9;’“ ’M> < (vk — )] +27%/n.

n,n

Now let g, = > 1—; g,i’“, ’n, and pl, € dg,. Notice that Tp gn — 0’ pointwise on
Uk Ix, X Ji, furthermore, (v — ) (gn) < (Ve — i) [fr] +1/m < 3k (v — pg) [ fre] +1 < o0.

Then we have 0, := T}, fn + Ty gn converges to 6 pointwise on Uil X Ji, and
therefore M(p,v)—q.s. by Theorem 3.2 in [22]. Since (v — p)(fn + gn) is bounded, we
see that (0,)n>1 C T(&,) for some a > 0. Notice that 6, may fail to converge u®pw.
However, we may use Proposition 2.3.7 to get a sequence §n € conv(fy,k > n), and
O € ©, such that By, —> O, URpw as n — oo, and satisfies the same M (u,v)—q.s.
convergence properties than 6,. Then 0. € T (u1,v), and 0, = 0, M(u,v)—q.s. O

2.4 The irreducible convex paving

2.4.1 Existence and uniqueness

Proof of Proposition 2.3.15 (i) The measurability follows from Lemma 2.3.13. We
first prove the existence of a minimizer for the problem (2.3.5). Let m denote the
infimum in (2.3.5), and consider a minimizing sequence (6, N™)pen C T (1t,v) X N,
with pu[G(Kg, np)] < m+1/n. By possibly normalizing the functions 6,, we may
assume that vSu(6,) <1. Set

0 = Yn>127"0, and N, := Un>1 N € N,

Notice that 6 is well-defined as the pointwise limit of a sequence of the nonnegative
functions Oy := > on<N 2 "0, Since vou [GAN] <> p>127" < oo by convexity of vou,
On — 6, pointwise, and 6 € T (u,v) by Lemma 2.3.12, since any convex extraction
of (B,)n>1 still converges to 6. Since 0,1 ({oo}) € 67 ({o0}), it follows from the
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definition of N, that m+1/n > plG (K, nn)| > “[G(K@NV)L hence p|G(K5; 5 )] =m
as 0 € T(u,v), and N, € N,

(i) For an arbitrary (6,N,) € T (u,v) x N, we define 6 :=0+6 € T (u,v) and N, :=
]/V\VUN,,, so that K@NV C K@,N,,' By the non-negativity of 6 and 5, we have m <
M[G(Kéﬁu)] < H[G<K@ﬁy>] =m. Then G(Kéyj\-[y) = G(K@\,]\Afl,)’ p-a.s. By (2.3.3), we
see that, yu—a.s. Ké,]\_/l, = K@ﬁy and Ké,N,, = Kgﬁy = K. This shows that K C Ko N,
H-a.s. |

2.4.2 Partition of the space in convex components

This section is dedicated to the proof of Lemma 2.3.13 (iii), which is an immediate

consequence of Proposition 2.4.1 (ii).

Proposition 2.4.1. Let § € T (u,v), and A € B(RY). We may find N, € N, such that:
(i) for all x1,29 ¢ N, with Kg 4(x1) N Kg a(x2) # 0, we have Kg a(x1) = Ky _a(x2);
(ii) if Ae Ny, then x € Ky a(z) for x ¢ Ny, and up to a modification of Kg 4 on Ny,
Ky A(RY) is a partition of R such that x € Ky () for all x € RY.

Proof. (i) Let IV, be the y—null set given by Proposition 2.3.10 for 6. For x1,22 ¢ Ny,
we suppose that we may find y € Ky 4(x1) N Kp a(x2). Consider y € cl Ky a(x1). As
Ky a(x1) is open in its affine span, y' :=y+ 1 (y —y) € Kg a(x1) for 0 < e <1 small

enough. Then y =ey+ (1—¢€)y’, and by Proposition 2.3.10, we get
ef(z1,y) + (1 —€)0(z1,y') —0(21,9) = ef(22,y) + (1 — €)0(22,y") — O(x2,7)

By convexity of domg,0, Ky s(z;) C domg,0 C domb(z;,-). Then 6(z1,y), 0(x1,7),
0(z2,y'), and O(xe,y) are finite and

0(z1,y) < oo if and only if 6(z9,y) < oco.

Therefore cl Ky 4(21) Ndom6(x1,-) C domf(x2,-). We also have obviously the inclusion
cl Kg a(x2) Ndomf(x2,-) C domf(xz,-). Subtracting A, we get

(clKg,A(asl) Ndom#b(xy,-) \A) U (CIKQ’A(ZEQ) Ndomé(xa,-) \A) C domf(za,-) \ A.

Taking the convex hull and using the fact that the relative face of a set is included
in itself, we see that conv(Kg,A(:cl) UK&A(Z'Q)) C conv(dom@(xg, ) \A) Notice that,
as Ky a(x2) is defined as the zp—relative face of some set, either a9 € riKjy 4(x) or

Ky a(z) =0 by the properties of rf,,. The second case is excluded as we assumed
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that Ky a(z1) N Ky a(x2) # 0. Therefore, as Ky 4(x1) and Ky 4(z2) are convex sets
intersecting in relative interior points and o € iy 4(x2), it follows from Lemma 2.9.1
that x9 € riconv(KaA(xl) UKQ’A(.TQ)). Then by Proposition 2.3.1 (ii),

rfmconv<K97A(x1)UK97A(332)) = riconv(ngA(xl)UK@jA(xQD
= COHV(KQ,A(.Cﬁl)UK,g’A(a?Q)).

Then, we have conv(K@A(Il) UK97A(x2)) C rf@conv<dom9(x2,-) \A) = Ky a(x2), as
rf,, is increasing. Therefore Ky 4(x1) C Kg a(22) and by symmetry between 1 and
w2, Ko a(71) = Ko A(72).
(ii) We suppose that A € NV,,. First, notice that, as Ky 4(X) is defined as the X —relative
face of some set, either x € Ky 4(x) or Kg a(z) =0 for x € R? by the properties
of 1f,. Consider P € M(u,v). By Proposition 2.3.14, P[Y € clKp 4(X)] =1. As
supp(Px) C cl Kp 4(X), p-a.s., Ky 4(X) is non-empty, which implies that x € Ky 4(x).
Hence, {X € Ky 4(X)} holds outside the set NS = {supp(Px) ¢ cl Ky 4(X)} € N,,.
Then we just need to have this property to replace N, by N, U Ng eN,.

Finally, to get a partition of R%, we just need to redefine Kgaon N, If ve

U Kp a(z') then by definition of N, the set Ky 4(z') is independent of the choice of
«' &Ny
x' ¢ N, such that z € Ky 4(2'): indeed, if 2,25 ¢ N, satisfy z € Ky 4(2]) N Kp a(xh),

then in particular Ky 4(27) N Kp a(zh) is non-empty, and therefore Ky 4(x}) = Ky a(5)

by (i). We set Kg (x) := Kp a(z'). Otherwise, if e ¢ U Ky a(a'), we set Kg 4(x) :=
/&Ny,

{z} which is trivially convex and relatively open. With this definition, Ky 4 (RY) is a
partition of R O

2.5 Proof of the duality
For simplicity, we denote Val(€) := p[p] + v (] +vSu(f), for & = (p,1,h,0) € DIo(c).
2.5.1 Existence of a dual optimizer
Lemma 2.5.1. Let c,c, : Q — Ry, and &, € Dmgd(cn), n €N, be such that
cn — ¢, pointwise, and Val(&,) — S, (c) < 00 as n — oo.

Then there exists £ € Dmﬁd(c) such that Val(&,) — Val(§) as n — oc.
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Proof. Denote &, := (on,¥n, hn,0n), and observe that the convergence of Val(&,,)
implies that the sequence (,u(gpn), v(tn), V@u(ﬁn))n is bounded, by the non-negativity
of @n, ¥, and vSu(6,). We also recall the robust superhedging inequality

P BUn+ Ry +0, > ¢, on {Y €affKy 1y 0oy (X)}, n>1. (2.5.1)

Step 1. By Komlos Lemma together with Lemma 2.3.12, we may find a sequence
(nsUn,0n) € convi (g, vr, 0), k > n} such that

Pn —> =@, p—as., zzn — 1 ::@OO, v —a.s., and
é\n—>§::é0067\—(/1171/)7 H & PW.

Set p := 00 and ¥ := 0o on the corresponding non-convergence sets, and observe
that pfe] 4+ v[¢)] < co, by the Fatou Lemma, and therefore N, := {¢ = oo} € N,
and N, :={¢ = o0} € N,,. We denote by (?Ln,En) the same convex extractions from
{(hk,ck),k > n}, so that the sequence En = (@n,ﬁn,ﬁnﬁn) inherits from (2.5.1) the
robust superhedging property, as for 01,6 € 7A’(,u,l/), P1,109 € LL (RY), and 0 < A < 1,
we have aff Kyg, 1+ (1-x)0,, Drpr+ (11— =0} C At Ko, 1 o0} Naff Ky, fy—oc}:

gﬁn@&n—kgn—i—ﬁff > ¢, >0, pointwise on aff (2.5.2)

Step 2. Next, notice that [, := (?L%?)_ '= max (—B%,O) € O for all n € N. By the
convergence Proposition 2.3.7, we may find convex combinations Iy = Dksn ALl —
[:= ZOO? n®@pw. Updating the definition of ¢ by setting ¢ := 0o on the zero y—measure
set on which the last convergence does not hold on (0*doml)€, it follows from (2.5.2),
and the fact that afng’{w:OO} C liminf,, aﬁKﬁn,{zﬂn:oo}’ that
= loo < liminf 37 X (G @ dp+0) < @0+,
k>n
pointwise on {Y € aff K {w:m}(X)}.

where 6 := liminf, Y g>, /\ng eT(uv). As {p =00} € N, by possibly enlarging
N, we assume without loss of generality that {¢ = oo} C N,, we see that dom/ D
(N x Ng)NdomfN{Y € aff Ky, 1(X)}, and therefore

Ké7{’(/):oo} (X) C dOl’Ilel - doml/(X7 '>7 Hn-a.s. (253)
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Step 3. Let hn = Yon N, Then by = hy, + 1y = Spon Al (hZ)" defines a non-
negative sequence in ©. By Proposition 2.3.7, we may find a sequence En = E;‘? +
I, € conv(by, k > n) such that by, — b:=b.,, p®@pw, where b takes values in [0, 00].
bu(X,-) — b(X,-) pointwise on domyxb, p—a.s. Combining with (2.5.3), this shows
that

h®(X,) — (b—1)(X,-), pointwise on domxbN Ky {w:m}(X), [—a.s.

(b—1)(X,-) = liminf, h®(X, ), pointwise on Kj {w:oo}(X> (where [ is a limit of [,),
p—a.s. Clearly, on the last convergence set, (b—1)(X,-) > —oo on Kj {w:oo}(X)’ and
we now argue that (b—1)(X,-) < oo on Kj {w:oo}(X), therefore Kj {w:w}(X) C domxb,
so that we deduce from the structure of A2 that the last convergence holds also on

pointwise on Ké,{w:oo}(X)> [ —a.s.

Indeed, let x be an arbitrary point of the last convergence set, and consider an arbitrary
s K@{wzoo}(x). By the definition of Ky, .y, we have z € riKé’{w:OO}(a:), and we
may therefore find y' € Kp ¢,y (2) with 2 = py+ (1 —p)y’ for some p € (0,1). Then,
ph®(z,y) + (1 —p)h®(x,y’) = 0. Sending n — oo, by concavity of the liminf, this
provides p(b—1)(z,y)+ (1 —p)(b—1)(z,y") <0, so that (b—1)(x,y’) > —oc implies that
(b—1)(z,y) < 0.

Step 4. Notice that by dual reflexivity of finite dimensional vector spaces, (2.5.4) defines
a unique h(X) in the vector space affKé’{w:oo}(X) — X, such that (b—1)(X,-)=h®(X,")
on aff K b {h=c0} (X). At this point, we have proceeded to a finite number of convex
combinations which induce a final convex combination with coefficients (Af)p>p,>1.
Denote &, := dk>n j\flfk, and set 0 :=60.,. Then, applying this convex combination
to the robust superhedging inequality (2.5.1), we obtain by sending n — oo that
(@ +h®+0)(X, ) >c(X,-) on afng’{wzoo}(X), p—a.s. and @B Y +h®+60 =00 on
the complement p null-set. As @ is the liminf of a convex extraction of (6,,), we have
0> QAOO =0, and therefore aflt Ky (=0} C aﬁK§7{¢:w}. This shows that the limit point
€ := (p,1, h,0) satisfies the pointwise robust superhedging inequality

p@Y+0+h® >c, on {V €affKy (o (X)}. (2.5.5)
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Step 5. By Fatou’s Lemma and Lemma 2.3.12, we have
Ul + V[ + vEulf] < limint plpa] + vle) +vEul6,) = Su(0).  (256)

By (2.5.5), we have u[p]+v[¢] +P[0] > P[] for all P € M(u,v). Then, plp]+v[]+
S,.v[0] > S,.[c]. By Proposition 2.3.11 (i), we have S, [0] < vSulf], and therefore

Suwvle] < plel +v[Y]+8,,10] < ple]+v[Y] +vEulf] < 8. (c),

by (2.5.6). Then we have Val(§) = pulp] +v[Y]+vEuld] =S, (c) and S, [0] = vEu[6)],

so that & € DIo4(c). =

2.5.2 Duality result

We first prove the duality in the lattice USCy of bounded upper semicontinuous
fonctions Q — R. This is a classical result using the Hahn-Banach Theorem, the

proof is reported for completeness.
Lemma 2.5.2. Let f € USCy, then Sy, (f) =119 (f).

Proof. We have S, ,(f) < I:ng(f) by weak duality (4.1.5), let us now show the
converse inequality S, (f) > I;Zﬁd( f). By standard approximation technique, it suffices
to prove the result for bounded continuous f. We denote by Cl(Rd) the set of continuous
mappings R? — R with linear growth at infinity, and by Cj(R¢, R?) the set of continuous
bounded mappings R? —s R?. Define

D(f) = {(@.9,h) € CRY) x C(R?) x Cy(RRY) : g@h+h® > f},

and the associated L., (f) :=inf ; ; ) cp(py 1(#) +v(¢). By Theorem 2.1 in Zaev [160],

and Lemma 2.5.3 below, we have

Suv(f) = Luu(f) = inf  pu(@)+v() = I70(f),
(P::h)eD(f)

which provides the required result. O
Proof of Theorem 2.3.19 The existence of a dual optimizer follows from a direct

application of the compactness Lemma 2.5.1 to a minimizing sequence of robust

superhedging strategies.
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As for the extension of duality result of Lemma 2.5.2 to non-negative upper semi-
analytic functions, we shall use the capacitability theorem of Choquet, similar to [103]
and [22]. Let [0,00]® denote the set of all nonnegative functions Q — [0,00], and USA
the sublattice of upper semianalytic functions. Note that USC; is stable by infimum.

Q

Recall that a USCjy-capacity is a monotone map C : [0,00]** — [0, 00|, sequentially

Q

continuous upwards on [0,00]**, and sequentially continuous downwards on USC;. The

Choquet capacitability theorem states that a USCp—capacity C extends to USA, by:

C(f) = sup{C(g) : g € USCy and g < f} forall fe USA,.

In order to prove the required result, it suffices to verify that S, , and Ingd are
USCyp-capacities. As M(u,v) is weakly compact, it follows from similar argument as in
Prosposition 1.21, and Proposition 1.26 in Kellerer [103] that S, is a USCj-capacity.
We next verify that ImOd is a USCp-capacity. Indeed, the upwards continuity is inherited
from S, together Wlth the compactness lemma 2.5.1, and the downwards continuity
follows from the downwards continuity of S, , together with the duality result on USC,

of Lemma 2.5.2. O

Lemma 2.5.3. Let c:Q — Ry, and (¢,,h) € D(c). Then, we may find & € DmOd( )
such that Val(€) = p[@] +v[i].

Proof. Let us consider (¢ ., i_z) D(c). Then @®vY+h® >¢>0, and therefore

U(y) = f(y) = sup — @(x) = h(z)- (y — ).
r€RI
Clearly, f is convex, and f(z) > —¢(x) by taking value z =y in the supremum. Hence
Y—f>0and ¢+ f >0, implying in particular that f is finite on R%. As ¢ and 1) have
linear growth at infinity, f is in L'(v) LY (1). We have f € &, for a = v[f] — pu[f] > 0.
Then we consider p € df and denote 0 :=T,f. 0 € T(@a) - 72(,u, v). Then denoting
0=+ f, =1 —f and h:=h+p, we have & := (¢,,h,0) € nggd(c) and

ple] +vv] = plel + v[e] + (v = w)[f] = ple] + ] + vSpulf] = Val(€).
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2.6 Polar sets and maximum support martingale

plan

2.6.1 Boundary of the dual paving

Consider the optimization problems:

inf  p|G(Ro,)], (26.1)
(0,NL)ET (u,v) XNy

with Ry y, := cl conv (dom@(X, YNOK(X)N N,f), and for y € R? we consider

inf ply € OK(X)Ndomd(X,-) N Ng]. (2.6.2)
(0,NL)ET (p,v) x Ny
These problems are well defined by the following measurability result, whose proof is

reported in Subsection 2.7.2.

Lemma 2.6.1. Let F : R® — K, v—measurable. Then we may find N, e N, such
that 1yepx)lx¢n, is Borel measurable, and if X € riF(X) convex, y—a.s., then
lyeor(x)lxgn, is Borel measurable as well.

By the same argument than that of the proof of existence and uniqueness in
Proposition 2.3.15, we see that the problem (2.6.1), (resp. (2.6.2) for y € R%) has an
optimizer (6%, N;¥) € T (u,v) x N, (resp. (05, Ny,) € T (1,v) X N,)). Furthermore, we
have that the map D := Ry« n, (resp. Dy(z) :={y} if y € 0K (z) Ndomb;(z,-) N Ny,
and ) otherwise, for z € R%) does not depend on the choice of (6*, N*), (resp. 0;) up
to a p—negligible modification.

We define K := DUK, and Ky(X) := dom8(X,-)NK(X) for 8 € T (u,v). Notice
that if y € R% is not an atom of v, we may chose N,y containing y, which means that
Problem (2.6.2) is non-trivial only if y is an atom of v. We denote atom(v), the (at

most countable) atoms of v, and define the mapping K := (Uyeatom(r) Dy) U K,

Proposition 2.6.2. Let 0 € ’f(u,y). Up to a modification on a p—null set, we have
(i) K is convex valued, moreover Y € K(X), and Y € Ko(X), M(u,v)—q.s.

(i) KcKCKyC K CclK,

(iii) K, Ky, and K are constant on K (z), for all z € R%,

Proof. (i) For z e RY, K(x) = D(z)UK (x). Let y1,y2 € K(z), A€ (0,1), and set

y:=y1+ (1 —=Nya. If y1,92 € IA(($), or y1,y2 € D(z), we get y € K(x) by convexity
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of K(z), or D(x). Now, up to switching the indices, we may assume that y; € K (),
and yo € D(x)\ K(2). As D(x)\ K(z) C 0K (z), y € K(z), as A > 0. Then y € K(x).
Hence, K is convex valued.

Since (dom@* (X,) \Nj) N ((cl K)\ ff) C Rg+ N, we have the inclusion (dom@* (X,)\
Nj) NclK C Rg« UK = K. Then, as Y € domf*(X,-)\ N, and Y € I K(X),
Y € K(X), M(u,v)—q.s.

Let 6 € T (i), then Y € domf(X,-), M(p,v)—q.s. Finally we get Y € domf(X,-)N

K(X) = Ko(X), M(p,v)=qs. N - .
( i) As Ry n,(X) C clconvOK(X) =clK(X), K C clK. By definition, Ky C K, and
K C K. For y € atom(v), and 6y € T (11,), by minimality,

Dy(X) C dombp(X,-)NOK(X), p—as. (2.6.3)

Applying (2.6.3) for 6y =6, we get D, C domf(X,-), and for 6y = 6%, D,,(X) C K(X),
p—a.s. Taking the countable union: K C Ky, u—a.s. (This is the only inclusion that
is not pointwise). Then we change K to K on this set to get this inclusion pointwise.
(iii) For p € '?(u,y), let Ny, € N, from Proposition 2.3.10. Let z € Ni,y€e 8[?(3:), and
y =2 e K (z). Then for any other 2/ € K ()N NE, $00(z,y) —Oo(z,y) = 300(2' ) +
$00(2',y) —Oo(2',y'), in particular, y € domf(x,-) if and only if y € domé(2’,-). Ap-
plying this result to ¢, 0%, and 6y for all y € atom(v), we get N, such that for any
reRY K, Ky, and K are constant on K (r)NN, - To get it pointwise, we redefine
these mappings to this constant value on K(x) NNy, or to K(z), if K(z)NN] = 0.

The previous properties are preserved. O

2.6.2 Structure of polar sets
Proposition 2.6.3. A Borel set N € B(Q2) is M(u,v)—polar if and only if for some
(Nu, Ny) €N x N, and 0 € T (p,v), we have

NcCc{XeN,Ju{Y e N, JU{Y & Kg(X)}.

Proof. One implication is trivial as Y € Ky(X), M(u,v)—q.s. for all € 7A'(/L,1/), by
Proposition 2.6.2. We only focus on the non-trivial implication. For an M (u,v)-polar

set N, we have S, ,(coly) =0, and it follows from the dual formulation of Theorem
2.3.19 that 0 = Val(§) for some & = (p,1,h,0) € Dmgd(oolN). Then,

@ <00, p—as., h<oo, v—as. and 0 €T (u,v),
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As h is finite valued, and ¢, 1) are non-negative functions, the superhedging inequality
@@ +0+h® >o00ly on {Y € aff Ky 10y (X)} implies that

1{90200} D 1{1/):00} + 1{(dom9)c} >1y on {Y € aHKg’{w:m}(X)}. (264)

By Proposition 2.3.15 (ii), we have K (X) C Ko {p—o0} (X), p—a.s. Then K(X)c
aff K (X) C affKp (=00} (X), which implies that

Kp(X) :=domf(X, )N K(X) C domf(X,-) Naff Ky fy—ooy (X), p—as. (2.6.5)

We denote N, := {p =00} U{Ky(X) ¢ domf(X,-) Naff Ky ry—oc} (X)} € Ny, and N, :=
{p =00} €N,. Then by (2.6.4), 1y =0o0n ({p =00} x {1 =00}°)N{Y € domf (X, )N
aff Kg {y—00y(X)}, and therefore by (2.6.5), N C{X € N,JU{Y € N, } U{Y & Ky(X)}.

O

2.6.3 The maximal support probability

In order to prove the existence of a maximum support martingale transport plan, we

introduce the maximization problem.

M:= sup p[G(suppPy)]. (2.6.6)
PeM(u,v)

where we rely on the following measurability result whose proof is reported in Subsection
2.7.2.

Lemma 2.6.4. For P € P(Q2), the map SuppPx is analytically measurable, and the
map SUpp (PX|81?(X)) is pi—measurable.

Now we prove a first Lemma about the existence of a maximal support probability.

Lemma 2.6.5. There exists P € M(u,v) such that for all P € M(u,v) we have the
inclusion suppPx C supp@x, U—a.s.

Proof. We proceed in two steps:
Step 1: We first prove existence for the problem (2.6.6). Let (P"),>1 C M(u,v) be a

maximizing sequence. Then the measure P := Son>127"P" € M(p,v), and satisfies

suppP% C suppPx for all n > 1. Consequently p|G(Eupp x PY )] < pl|G (supp]fD x)], and
therefore M = pu[G(SuppPx)].
Step 2: We next prove that suppPyxy C m@x, p-a.s. for all P € M(u,v). Indeed,
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the measure P := @76 M(p,v) saEisﬁes M > pu[G(suppPx)] > u|G(suppPyx)] = M,
implying that G(suppPx) = G(suppPx ), p—a.s. The required result now follows from
the inclusion :supp@> x C SuppPx. O

Proof of Proposition 2.3.15 (iii) Let P € M(u,v) from Lemma 2.6.5, if we de-
note S(X) :=suppPy, then we have supp(Px) C S(X), u—a.s. Then {Y ¢ S(X)} is
M(p,v)—polar. By Lemma 2.6.1, {Y ¢ S(X)}U{X ¢ N} is Borel for some N, € N,.
By Theorem 2.3.18, we see that {Y ¢ S(X)} C{Y ¢ S(X)JU{X ¢ N} C{X ¢
N, JU{Y e N,JU{Y ¢ Ky(X)}, and therefore

Y eS5(X)} > {XENJN{Y € Kp(X)\ NoJ,

for some N, € Ny, N, € N, and 6 € T (11,). The last inclusion implies that Kp(X)\
N, C S(X), p-a.s. However, by Proposition 2.3.15 (i), K (X) C conv(domQ(X, ~)\Ny),
p—a.s. Then, since S(X) is closed and convex, we see that ¢l K(X) C S(X).

To obtain the reverse inclusion, we recall from Proposition 2.3.15 (i) that {Y €
le(\(X)}, M(pu,v)—q.s. In particular P[Y € CIIA((X)] = 1, implying that S(X) C
K (X), pras. as cl K(X) is closed convex. Finally, recall that by definition I :=riS
and therefore K (X) = clI(X), p—a.s. O

Lemma 2.6.6. We may choose P € M(u,v) in Theorem 2.2.1 so that for all P €
M(p,v) and y € RY,

nPx[{y}] > 0] < p[Px[{y}] >0,
and suppPx|or(x) CSUPDPPx|or(x). H—a.s.

In this case the maps J(X) ::I(X)U{y eR?: vy >0 and Px [{y}} > 0}, and J(X) :=

I(X) Um@ﬂa](x) are unique p—a.s. Furthermore J(X)=K(X), J(X) = K(X),
and Jo(X) = Kp(X), p—a.s. for all 6 € T (p,v).

Proof. Step 1: By the same argument as in the proof of Lemma 2.6.5, we may find
P’ € M(p,v) such that

M = sup u[G(supp(IP’ = ))} 2.6.7
PeM () Xlokx) (26.7)

_ M[G(Sllpp (If"’x\az?m) )]
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We also have similarly that supp (PX‘QI?(X)> C supp (@/X’af((X))’ p-a.s. for all P e

M(p,v). Then we prove similarly that S’(X) := supp (I@)/be(()()) =D(X), p—a.s.,
where recall that D is the optimizer for (2.6.1). Indeed, by the previous step, we have
W(]P’be((x)) C §'(X), p—a.s. Then we have {Y ¢ S"(X)UK (X)} is M(p, v)—polar.
By Theorem 2.3.18, we see that {Y ¢ S"(X)UK(X)} C{X e N,JU{Y e N,JU{Y ¢
Kyo(X)UK(X)}, or equivalently

(Y e S (X)UK(X)} D {X¢N,Jn{Y eKy(X)\N,}, (2.6.8)

for some N, € Ny, N, € N, and 6 € T (). Similar to the previous analysis, we have
Kp(X)\ N, \ K(X) C §(X), p-a.s. Then, since S'(X) is closed and convex, we see
that D(X) C S'(X).

To obtain the reverse inclusion, we recall from Proposition 2.6.2 that {Y € K(X)},
M (p,v)—q.s. In particular P'[Y € K(X)UD(X)] = 1, implying that $'(X) ¢ D(X),
p-a.s. By Proposition 2.3.15 (iii), we have J(X) = (IUS)(X) = (KUD)(X) = K(X),
p—a.s.

Finally, M is optimal for both problems (2.6.6), and (2.6.7). By definition, the
equality Jg(X) = Ky(X), p—a.s. for 0 € T(u,v) immediately follows.
Step 2: Let y € atom(v), if y is an atom of 1 € P(RY) and 79 € P(R?), then y in an
atom of Ay; + (1 —MA)ve for all 0 < A < 1. By the same argument as in Step 1, we may
find PY € M(p,v) such that

My, =  sup M[]P)X {{y}ﬂclf(\(X)] > 0] (2.6.9)
PeM(u,v)

= u[@%’( [{y}ﬂcll?(X)} > O}.
We denote Sy(X) := suppP% | SR (0N () Recall that D, is the notation for the

optimizer of problem (2.6.2). We consider the set N := {Y ¢ (1K (X)\{y}) USy(X)}.
N is polar as Y € el K(X), q.s., and by definition of Sy. Then N C {X € N,}U{Y ¢
N, FU{Y ¢ Ky(X)}, or equivalently,

[V ¢ (R(X)\ {p})US,(X)} D {X ¢ NI {Y € Ko(X)\N,}, (2.6.10)

for some N, € N, N, € N, and 6 € T (11,v). Then D,(X) C Ko(X)\ N, C clK(X)\
{y}USy(X), p—a.s. Finally Dy(X) C Sy(X), p—a.s.



54 Irreducible Convex Paving for Decomposition of Martingale Transport Plans

On the other hand, S, C Dy, u—a.s., as if P%[{y}] > 0, we have 0(X,y) < oo, pi—a.s.
at the corresponding points. Hence, Dy(X) = Sy,(X), p—a.s. Now if we sum up the
countable optimizers for y € atom(v), with the previous optimizers, then the probability
P we get is an optimizer for (2.6.6), (2.6.7), and (2.6.9), for all y € R? (the optimum is
0 if it is not an atom of v). Furthermore, the p—a.e. equality of the maps S, and D,
for these countable y € atom(v) is preserved by this countable union, then together

with Proposition 2.3.15 (iii), we get J = K, u—a.s. O

As a preparation to prove the main Theorem 2.2.1, we need the following lemma,

which will be proved in Subsection 2.7.2.

Lemma 2.6.7. Let F: R — 1iK be a y—measurable function for some vy € P(R?),
such that © € F(z) for all x € R?, and {F(x): 2 € R%} is a partition of R%. Then
up to a modification on a y—null set, F' can be chosen in addition to be analytically

measurable.

Proof of Theorem 2.2.1 Existence holds by Lemma 2.6.5 above, (i) is a consequence of
Lemma 2.6.4, and (ii) directly stems from Lemma 2.3.13 (iii) together with Proposition
2.3.15 (iii). Now we need to deal with the measurability issue. Lemma 2.6.7 allows
to modify risuppPx to get (ii) while preserving its analytic measurability, we denote
I its modification. However, we need to modify Py to get the result. As W@X is
analytically measurable by Lemma 2.6.4, the set of modification N, := {W@ X #
clI(X)} € N, is analytically measurable. Then we may redefine Px on N 11, SO as to
preserve a kernel for P. By the same arguments than the proof of Lemma 2.3.13 (ii),
the measure-valued map rx := gr(x) is a kernel thanks to the analytic measurability of
I, recall the definition of gx given by (2.3.2). Furthermore, Supprx = I(X) pointwise
by definition. Then a suitable kernel modification from which the result follows is given
by

I/PB/X = l{XeNM}’fX + 1{X¢NM}I/P\)X'

Proof of Proposition 2.2.4 The existence and the uniqueness are given by Lemma
2.6.6 and the other properties follow from the identity between the J maps and the K
maps, also given by the Lemma, together with Proposition 2.6.2. O

Proof of Theorem 2.3.18 We simply apply Lemma 2.6.6 to replace Ky by Jy in
Proposition 2.6.3. O
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2.7 Measurability of the irreducible components

2.7.1 Measurability of G

Proof of Lemma 2.3.13 (ii) As R? is locally compact, the Wijsman topology is
locally equivalent to the Hausdorff topology®, i.e. as n — oo, K, — K for the Wijsman
topology if and only if K,, N By; — K N By for the Hausdorff topology, for all M > 0.

We first prove that K —— dimaff K is a lower semi-continuous map K — R. Let
(Kp)n>1 C K with dimension d,, < d’ < d converging to K. We consider A,, := aff K,,.
As A, is a sequence of affine spaces, it is homeomorphic to a d+ 1-uplet. Observe that
the convergence of K, allow us to chose this d+ 1-uplet to be bounded. Then up to
taking a subsequence, we may suppose that A, converges to an affine subspace A of
dimension less than d’. By continuity of the inclusion under the Wijsman topology,
K CAand dimK <dimA <d'.

We next prove that the mapping K — g (K) is continuous on {dim K = d'} for
0 < d’ <d, which implies the required measurability. Let (K,),>1 C K be a sequence
with constant dimension d’, converging to a d'—dimensional subset, K in K. Define
A, =aff K, and A:=aff K, A,, converges to A as for any accumulation set A’ of A,,, K C
A’ and dim A’ = dim A, implying that A’ = A. Now we consider the map ¢, : A, — A,
x> proja(x). Forall M > 0, it follows from the compactness of the closed ball By that
¢n, converges uniformly to identity as n — oo on Byy. Then, ¢, (Ky,)N By — KN By
as n — 00, and therefore A g[¢n(Ky, N Byr) \ K]+ Aa[ K\ én(Kp) N By) — 0. As the

Gaussian density is bounded, we also have

galon(Kn N Bar)] — ga[lK N Byl

We next compare g4[¢n (K, N Byr)| to gk, (KnNByr). As (¢) is a sequence of
linear functions that converges uniformly to identity, we may assume that ¢, is a
C!—diffeomorphism. Furthermore, its constant Jacobian J,, converges to 1 as n — co.
Then,

_|¢n($)|2/2 —|y|2/2J—1

e €

/KntM (27T)dl/2 Kn( 17) /QSn(KnﬂBM) (27T)d//2 A( y)
= Jo '9alon(Kn B)].

6The Haussdorff distance on the collection of all compact subsets of a compact metric space (X,d)
is defined by dp (K1, K2) = sup, ¢y [dist(x, K1) —dist(x, K2)|, for K1, K2 C X, compact subsets.
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As the Gaussian distribution function is 1-Lipschitz, we have

< Ak, [EKn N Bl on — 1d Ao,

e—|¢>n($)|2/2>\ ; “on
/KnﬂBM(Qﬂ-)d’/? K (dx) — g, (Kn N Bay)

where |- | is taken on K, N Bys. Now for arbitrary € > 0, by choosing M sufficiently
large so that gy [V \ By] < € for any d’—dimensional subspace V', we have

|95, [Kn] — 9k (K]l < |9k, [Kn 0 By — ga[K N Bag]| +2¢

S ‘gKn[KntM]_/ —|¢n(33)|2

Cexp [ ——2" | A, (d
o Co (T2 o e

+ |75 galén (K 0 Bar)] — galK N Bag]| + 2

< e,

for n sufficiently large, by the previously proved convergence. Hence Gy :=G dim— )
is continuous, implying that G : K —— Zg,zo | ( d,}(K )G (K) is Borel-measurable.
O

2.7.2 Further measurability of set-valued maps

This subsection is dedicated to the proof of Lemmas 2.3.13 (i), 2.6.1, and 2.6.4. In
preparation for the proofs, we start by giving some lemmas on measurability of set-
valued maps. Let A be a o—algebra of R In practice we will always consider either
the o—algebra of Borel sets, the o—algebra of analytically measurable sets, or the

o—algebra of universally measurable sets.
Lemma 2.7.1. Let (Fy,)n>1 C LA(Rd,IC), Then cl Up>1 Fy, and Ny>1Fy, are A—measurable.

Proof. The measurability of the union is a consequence of Propositions 2.3 and 2.6 in
Himmelberg [88]. The measurability of the intersection follows from the fact that R?
is o-compact, together with Corollary 4.2 in [88]. O

Lemma 2.7.2. Let F € LARYK). Then, clconvF, aff F, and clrfxclconvF are

A—measurable.

Proof. The measurability of clconvF is a direct application of Theorem 9.1 in [88].
We next verify that aff I’ is measurable. Since the values of F' are closed, we

deduce from Theorem 4.1 in Wagner [158], that we may find a measurable z — y(z),

such that y(z) € F(z) if F(x) # 0, for all x € RY. Then we may write aff F(z) =
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cl convel Ugeg (y(x) +q(F(x)— y(x))) for all z € R, The measurability follows from
Lemmas 2.7.1, together with the first step of the present proof.
We finally justify that clrf xyclconvF is measurable. We may assume that F' takes

convex values. By convexity, we may reduce the definition of rf, to a sequential form:

clrf, F(x)=cl Up>1 {y € Rd,yjt;(y—x) € F(z) and x—i(y—x) € F(:z:)}
= clUp>1 {y - Rd,y%—i(y—x) € F(a:)}ﬂ{y ERd,x—i(y—:E) € F(:)j)}]

( . F(x)>”(—(”+1>$—”F(x))]’

x
n+1 n+1

= clUp>1

so that the required measurability follows from Lemma 2.7.1. a

We denote by S the set of finite sequences of positive integers, and > the set of
infinite sequences of positive integers. Let s € S, and o € 3. We shall denote s < o

whenever s is a prefix of o.

Lemma 2.7.3. Let (Fy)ses be a family of universally measurable functions R —s K

with convex image. Then the mapping cl conv(Uaeg ﬂs<an> is universally measurable.

Proof. Let U the collection of universally measurable maps from R? to K with convex
image. For an arbitrary v € P(R?), and F : R? — K, we introduce the map

* . / / / /
VG*[F] := FCI?';‘EU’YG[FL where ~YG[F"] ::v[G(F (X))} for all F" eU.
Clearly, vG and yvG* are non-decreasing, and it follows from the dominated convergence
theorem that yG, and thus vG*, are upward continuous.
Step 1: In this step we follow closely the line of argument in the proof of Proposition
7.42 of Bertsekas and Shreve [30]. Set F' := clconv(Uaeg ﬂ5<UF5), and let (F,), a
minimizing sequence for yG*[F]. Notice that F' C F:=Np>1F, €U, by Lemma 2.7.1.
Then F is a minimizer of yG*[F].

For s,s' € S, we denote s < s if they have the same length |s| = |s'[, and s; < s for
1 <i<|s|]. For s€ S, let

R(s) :==cleconvUy<sUys g Ngrey For and  K(s) 1= cl convUg < ﬂ';;'lF /

/.
515008
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Notice that K (s) is universally measurable, by Lemmas 2.7.1 and 2.7.2, and
R(s) C K(s), clUg;>1 R(s1) = F, and cl Ug, >1 R(s1,...,55) = R(s1,...,5k_1).
By the upwards continuity of vG*, we may find for all € > 0 a sequence ¢¢ € ¥ s.t.
VGH[F] <AG*[R(05)]+2 7", and G*[R(gy_1)] <G [R(gy)]+27"

for all k£ > 1, with the notation ¢§ := (0%,...,0%). Recall that the minimizer F and
K(s) are in U for all s € S. We then define the sequence Kf := FNK(c%) €U, k> 1,
and we observe that

(Kf)is1 decrensing, F* = Mys1 K C F, @71)
and YG[K}] > yG*[F] — e = yG[F] -

by the fact that R(¢f) C Kj,. We shall prove in Step 2 that, for an arbitrary o > 0, we
may find € = e(a) < a such that (2.7.1) implies that

YG[E] > ér;flfyG[Kk] a>~G[F]—e—a. (2.7.2)

Now let o = avyy :=n 1

, €n := €(ay,), and notice that F := clconvU,>1 F* € U, with
F"CFCFCF,foralln>1. Then, it follows from (2.7.2) that yG[F] = yG[F], and
therefore ' = F' = F, y—a.s. In particular, F' is y—measurable, and we conclude that
F €U by the arbirariness of v € P(R?).
Step 2: It remains to prove that, for an arbitrary o > 0, we may find ¢ = ¢(a) < «
such that (2.7.1) implies (2.7.2). This is the point where we have to deviate from the
argument of [30] because yG is not downwards continuous, as the dimension can jump
down.

Set Ay, : {G(F( )) —dim F(X) < 1/n}, and notice that Ny>1 A4, = 0. Let ng > 1
such that y[Ay,] < %dL and set € := %nidL > 0. Then, it follows from (2.7.1) that

’V[i%fG(Kﬁ)—dimfso] < v{infG(KfL)_G( >§n61}
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where we used the Markov inequality and the monotone convergence theorem. Then:
Y [i%fG(Kfz) - G(Eeﬂ < 7 [1{infn G(Kf)—dim F<0} (i%fG(K;) - G<E€>>
TLing, G(KS)—dim F>0} (i%f G(K;) — G<F6))}

gl [(d + D s, Gk —dimF<0}

it o)) (M CUKE) ~G(F))

We finally note that inf, G(KS) — G(Ee) =0 on {inf, G(K) —dimF > 0}. Then
(2.7.2) follows by substituting the estimate in (2.7.3). 0

Proof of Lemma 2.3.13 (i) We consider the mappings 6 : Q — R, such that § =
Y- )‘klc,%xcg where n € N, the \; are non-negative numbers, and the C’%,C,% are
closed convex subsets of R%. We denote the collection of all these mappings F. Notice
that cl F for the pointwise limit topology contains all Lg(ﬂ). Then for any 0 € Lg(Q),
we may find a family (65)sex C F, such that 6 = inf,ex sup,, 0. For § € LY(Q), and
n >0, we denote Fy: x — cl convdomf(z,-), and Fy,, : & — cl convé(z,-)~1([0,n]).
Notice that Fy = cl Up>1 Fy ;. Notice as well that Fy,, is Borel measurable for 6 € F,
and n > 0, as it takes values in a finite set, from a finite number of measurable
sets. Let 6 € LY (), we consider the associated family (0s)sex; C F, such that =
infyexsup,., 0s. Notice that Fy,, = clconv(UUeg ﬂ3<gF987n) is universally measurable
by Lemma 2.7.3, thus implying the universal measurability of Fy = cl domf(X,-) by
Lemma 2.7.1.

In order to justify the measurability of domx6, we now define
F):=Fy and F} :=clconv(domf(X,-)Naffrfx Fy~1), k> 1.

Note that Fek =clUp>1 (clconv Usex Ns<oFo, n ﬂaffrfoHk_l). Then, as Fg is univer-
sally measurable, we deduce that (Fek)k>1 are universally measurable, by Lemmas
2.7.2 and 2.7.3.

As dom x 6 is convex and relatively open, the required measurability follows from

the claim:

F§ = cldomy®.
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To prove this identity, we start by observing that Ff(x) D cldom,#. Since the dimension

cannot decrease more than d times, we have affrf, Fi§(z) = aff F(z) and

Fg“(x) = Clconv(domé’(:r,-)ﬂaffrfoéj(xD
= clconv(dom@(x,-)ﬂaffrfog_l(xD = F(x).

ie. (Fgﬂ)k is constant for k > d. Consequently,

dimrf,conv(domé(z, ) Naffrf, F(z)) = dimFE§(z)
> dimconv(domé(z,-) Naffrf, F§(z)).

As dimconv(dom@(x, )N affrwag(x)) > dimrfxconv(domﬁ(x,-) N affrfoéi(m)), we
have equality of the dimension of conv (dom@(x, JNaff rfogd(xD with its rf,. Then
it follows from Proposition 2.3.1 (ii) that = € riconv(dom@(w, ) ﬂaffrfogd(x», and

therefore:

Fi(z) = clconv(dom@(x,-)ﬂaffrfogd(m))
= clri conv(dom@(x, JNaff rfogd(xD
= clrfxconv(dome(x,~)ﬂaﬂ:rfoed(x)) C cldom,6.

Hence Fj(x) = cldom,6.
Finally, Ky 4 = domy (6 4 colpa, 4) is universally measurable by the universal
measurability of domx. O

Proof of Lemma 2.6.1 We may find (F},),>1, Borel-measurable with finite image,
converging y—a.s. to F'. We denote N, € N,, the set on which this convergence does
not hold. For e >0, we denote Ff(X):={y€R?: dist(y,Fk(X)) < €}, so that

F(z) = ﬂizllinn_lgoréfFﬁ/i(:c), for all = ¢ N,.

Then, as 1ycp(x)lx¢n, =infi>1 liminf;, o0 1 1x¢n, . the Borel-measurability

veFR (Xx)
of this function follows from the Borel-measurability of each 1Ye FMi(x)”

Now we suppose that X € riF’'(X) convex, y—a.s. Up to redefining N, we may
suppose that this property holds on N, then 0F(z) = Np>1F () \ (az—l— a7 (F(x) —:17)),

for z ¢ Ny. We denote a := lycp(x)lxgn,. The result follows from the identity
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lyecorx)lxgn, =a—sup,>y a<X,X+nLH(Y—X)>. 0
Proof of Lemma 2.6.4 Let g :={K =conv(xy,...,2,) :n €N, (2)i<n C Q?}. Then
supplPy = cl Un>1 N{K € Kqg :suppP, N By C K} =clUn>1 ﬂKeICQFIJ(V(x),

where F¥ (z) := K if P,[ByN K] =P,[By], and F¥ (z) := R? otherwise. As for any
K € Kg and N > 1, the map Px[By N K| —Px[By] is analytically measurable, then
F[J{V is analytically measurable. The required measurability result follows from lemma
2.7.1.

Now, in order to get the measurability of Supp(Px|sr(x)), we have in the same way

spp(Pxlorx)) = ol Un>1Niexy Fie (),

where FiN(z) := K if P,[01(z) N By N K] =P, [0I(x) N By], and Fi¥ (x) := R other-
wise. As Px[0I(X)NByNK]=Px[lycorx)lx¢n,lyenynkl, p—a.s., where N, €
N, is taken from Lemma 2.6.1, Px[0I(X)N By NK] is p—measurable, as equal
p—a.s. to a Borel function. Then similarly, Px[0I(X)N By N K] —Px[0I(X)NBy] is
p—measurable, and therefore Supp(Px|sr(x)) is p—measurable. O

Proof of Lemma 2.6.7 By y—measurability of F', we may find a Borel function
Fp:R? —1iK such that F = Fg, y—a.s. Let a Borel N,, € A, such that F' = Fjg on
NJ. By the fact that rik is Polish, we may find a sequence (F},),>1 of Borel functions
with finite image converging pointwise towards Fg when n — oo. We will give an
explicit expression for F,, that will be useful later in the proof. Let (K )n,>1 C1ik a

dense sequence,

F,(z) := argmin dist(FB(x),K), (2.7.4)
Ke(Ky)i<n

Where dist is the distance on ri K that makes it Polish, and we chose the K with
the smallest index in case of equality:.

We fix n > 1, let K € Fj,(NY), the image of F), outside of N,, and Af := F! ({K})
We will modify the image of F,, so that it is the same for all 2’ € Fg(z) = F(z), for all
x € NSNAg. Then we consider the set Al = UzeNenag FB(2), we now prove that this
set in analytic. By Theorem 4.2 (b) in [158], GrFp :={Y € cl Fp(X)} is a Borel set. Let
A > 0, we define the affine deformation f) : Q — Q by f\(X,Y) := (X,X—l—)\(Y—X)).
By the fact that for k> 1, f;_; /,(GrFp) is Borel together with the fact that = € fp()
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for x ¢ N, we have

(Y € Fp(X)}N{X & Ny} =Us1fi-1/x(GrEFp) N{X ¢ N, }.

Therefore, {Y € Fp(X)}N{X & Ny} is Borel, and so is {Y € Fp(X)}N{X € NN Ak}.
Finally,
=Y ({Y € Fp(X)}n{X € NEnAg}),

therefore, A% is the projection of a Borel set, which is one of the definitions of an
analytic set (see Proposition 7.41 in [30]). Now we define a suitable modification of
F, by Fy(x) := K for all x € A, we do this redefinition for all K € Fp(NY). Notice
that thanks to the definition (2.7.4) and the fact that Fp(z) = Fp(2') if z,2’ ¢ N, and
2’ € Fp(x) = F(z), we have the inclusion A% C Ax UN,. Then the redefinitions of F},
only hold outside of N,, furthermore for different K1, Ky € F,(NY), Afe, N A%, =0 as
the value of F),(z) only depends on the value of Fp(z) by (2.7.4). Notice that

]\/v,/y = (UKGFH(N,?)AII()C = (ngéN,yFB(.CE))C C N’y, (275)

is analytically measurable, as the complement of an analytic set, and does not depend
on n. For x € N}, we define F},(v) := {x}. Notice that F}, is analytically measurable
as the modification of a Borel Function on analytically measurable sets.

Now we prove that F}, converges pointwise when n — oo. For z € N, F () is
constant equal to {z}, if z ¢ N, by (2.7.5) ¥ € Uy¢n, Fip(z), and therefore Fy (v) =
Fp(a") = F(2') for some x € NS, for all n > 1. Then as Fy,(2) converges to F'(z'), I} (z)
converges to F(z). Let F’ be the pointwise limit of F). the maps F), are analytically
measurable, and therefore, so does F’. For all n > 1, F| = F,, v—a.e. and therefore
F'=Fp=F, y—ae. Finally, F'(NY) = F(N5), and UF(NY) = (N,)°. By property
of F, F'(NY) is a partition of (N})¢ such that » € F'(x) for all # ¢ NJ. On N, this
property is trivial as F'(x) = {x} for all € N. O

2.8 Properties of tangent convex functions

2.8.1 x-invariance of the y-convexity

We first report a convex analysis lemma.
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Lemma 2.8.1. Let f :R? = R be convex finite on some convezx open subset U C RY.
We denote f.: R* — R the lower-semicontinuous envelop of f on U, then

fely) = li\r—‘%f(ex+(1 —e)y), forall (x,y) €U xclU.

Proof. f, is the lower semi-continuous envelop of f on U, i.e. the lower semi-continuous
envelop of f':= f +ocolye. Notice that f is convex R — RU{oo}. Then by Propo-
sition 1.2.5 in Chapter IV of [89], we get the result as f = f' on U. O

Proof of Proposition 2.3.10 The result is obvious in T(€;), as the affine part
depending on x vanishes. We may use N, = (). Now we denote 7 the set of mappings
in ©,, such that the result from the proposition holds. Then we have T(¢;) C 7.

We prove that T is p®@pw—Fatou closed. Let (6,,), be a sequence in T converging
p@pw to 0 € ©,,. Let n > 1, we denote N, the set in N, from the proposition applied
to 0, and let N B € N, corresponding to the p®pw convergence of 0, to . We denote
Ny = UpenVj; € Ny Let z1,22 ¢ Ny, and § € domy, #Ndomy,d. Let yi,y2 € domy, 0,
such that we have the convex combination ¢ = Ay1 + (1 — \)y2, and 0 < XA < 1. Then for
i=1,2, Op(x1,y;) — 0(x1,v;), and 0, (x1,y) — 0(x1,y), as n — oco. Using the fact
that 0, € T, for all n, we have

Ay = M (i,y1) + (1 — N0 (x4, y2) — Op(x4,y) > 0, and independent of ¢ = 1,2.
(2.8.1)
Taking the limit n — oo gives that 0. (z2,yi) < 0o, and y; € domf(z2,-). ¥ is interior
to domg, 6, then for any y € domg 0, y' ==y + (¥ —y) € dom,, 0 for 0 <e <1
small enough. Then y =ey+ (1 —¢€)y’. As we may chose any y € dom,, 6, we have
domg, 6 C domf,(z2,-). Then, we have

rf,,conv(dom,, § Udomy,0) C rmeConvdom(Qoo(arg, )) = domy,, 0. (2.8.2)

By Lemma 2.9.1, as domg, § Ndom,, 0 # 0, conv(dom,, #Udom,,d) = riconv(dom,, U
domg,0). In particular, conv(dom,, 0 Udomg,0) is relatively open and contains 2, and
therefore rf,,conv(dom,, 8 Udomg,0) = conv(dom,, # Udom,,0). Finally, by (2.8.2),
domg, 0 C dom,, 0. As there is a symmetry between z1, and x2, we have dom,, 0 =

domg,f. Then we may go to the limit in equation (2.8.1):

Aco i= M(xi, 1) + (1= A)0(zi, y2) — (i, 5) = 0, (2.8.3)
and independent of i = 1,2.
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Now, let y1,y2 € R, such that we have the convex combination 4 = Ay1 + (1 — Ay,
and 0 < XA < 1. we have three cases to study.

Case 1:y; ¢ cldomy, 6 for some ¢ = 1,2. Then, as the average y of the y; is in dom,, 6,
by Proposition 2.3.1 (ii), me may find i’ = 1,2 such that y; ¢ convdom@(x1,-), thus
implying that 6(x1,y;) = co. Then A(z1,y1) + (1 —N)0(z1,y2) —0(x1,y) =00 > 0. As
domg, 6 = dom,, 0, we may apply the same reasoning to xa, we get \0(x1,y1)+ (1 —
AN)0(z2,y2) —O0(x2,y) = 00 > 0. We get the result.

Case 2: y1,y2 € dom,, 0. This case is (2.8.3).

Case 3: y1,y2 € cldom,, 0. The problem arises here if some y; is in the boundary
ddomy, 6. Let x ¢ N, we denote the lower semi-continuous envelop of (z, -) in cldom,6,
by 0x(z,y) :==limeo0(z,ex + (1 —€)y'), for y € cldom,f, where the latest equality
follows from Lemma 2.8.1 together with that fact that 6(z,-) is convex on domg6. Let
y € cldomg, 8, for 1 >e>0, y° :=ex1+ (1 —€)y € domg, 6. By (2.8.1), (1—¢€)bp(x1,y) —
On(z1,y°) = (1 =€)y (x2,y) — On(x2,y¢). Taking the liminf, we have (1 —¢€)f(z1,y) —
O(z1,y°) = (1 —€)0(x2,y) — 0(x2,y¢). Now taking € \ 0, we have §(z1,y) —O«(21,y) =
0(z2,y) — O0«(x2,y). Then the jump of f(x,-) in y is independent of x = x; or x9. Now
for 1>€¢>0, by (2.8.3)

A0 (z1,y7) + (1= A)b(21,y5) — 0(21,9°) = A0(z2,y7) + (1 — A\)0(x2,y5) — 0(22,¥) > 0.
By going to the limit € \ 0, we get
AOs(z1,91) + (1= N0 (21, y2) — Os(21,9) = Ai(22,y1) + (1 = N)bi (22, y2) — O (22,5) = 0.

As the (nonnegative) jumps do not depend on x = z1 or x3, we finally get
A0 (z1,y1) + (L= M)0(x1,y2) — 0(21,9) = M (32, y1) + (1 = A)0(22,y2) — O(x2,7) = 0.

Finally, 7 is p®@pw—Fatou closed, and convex. 71 C T. As the result is clearly invariant
when the function is multiplied by a scalar, the Result is proved on 72(,u, v). O

2.8.2 Compactness

Proof of Proposition 2.3.7 We first prove the result for 6 = (6,,),>1 C ©. De-
note conv(d) := {§' € ON : 0!, € conv(fy,k >n),n € N}. Consider the minimization
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problem:

mo o= inf  u[G(domx@.)], (2.8.4)
6’econv()
where the measurability of G(domx@.,) follows from Lemma 2.3.13.
Step 1: We first prove the existence of a minimizer. Let (8’%)en € conv()N be a

minimizing sequence, and define the sequence 6 conv(f) by:
Op:=(1—2"")"17_ 27k0k > 1.

Then, dom(,.) C Nik>1 dom (0% ) by the non-negativity of ¢, and we have the inclusion
{én v oo} C {0;{“ aredles for some k > 1}. Consequently,
dom, s, C conv( My domf (x,7)) C Mys1domyd% for all z € RY.

=00

Since (0%)}, is a minimizing sequence, and 6 € conv(6), this implies that ;[G(domx 0. )] =
m.

Step 2: We next prove that we may find a sequence (y;);>1 C L2(R%,R?) such that

yi(X) € aff (domx 0, (2.8.5)
and  (y;(X))i>1 dense in affdomxf,., pu—a.s.

Indeed, it follows from Lemmas 2.3.13, and 2.7.2 that the map = — aff(domxéoo) is
universally measurable, and therefore Borel-measurable up to a modification on a
p—null set. Since its values are closed and nonempty, we deduce from the implication
(i1) = (iz) in Theorem 4.2 of the survey on measurable selection [158] the existence
of a sequence (y;)i>1 satisfying (2.8.5).

Step 3: Let m(dx,dy) := p(dx) ® Yi>0 2’i6{yi(x)}(dy). By the Komlos lemma (in the
form of Lemma Al.1 in [59], similar to the one used in the proof of Proposition
5.2 in [22]), we may find 6§ € conv(0) such that 6, — O € LO(Q), m—a.s. Clearly,
domggéOO - domxéoo, and therefore ,u[G(domXQNOO)} < M{G(domxgoo)}, for all z € R?.
This shows that

G(domxf..) = G(domx0l,.), p—aus. (2.8.6)
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so that 6 is also a solution of the minimization problem (2.8.4). Moreover, it follows
from (2.3.3) that

ri domxéoo =ri domXQAOO, and therefore aff domxéoo =aff domxgoo, [L—a.s.

Step 4: Notice that the values taken by 0+ are only fixed on an m—full measure set.
By the convexity of elements of © in the y—variable, dom 0, has a nonempty interior
in aff(domyf.,). Then as u—a.s., 6,(X,-) is convex, the following definition extends

O to Q:

O (2,y) := sup {a~y—|—b: (a,0) € RX R, a-yn(x) +b < Ooo(,yn(x)) for all n > 0}.

This extension coincides with fu, in (2,y,(x)) for p—a.e. x € R and all n > 1 such
that y,(x) ¢ ddom 0 for some k > 1 such that dom,0,, has a nonempty interior in
aff (domméoo). As for k large enough, ddom y 0y is Lebesgue negligible in aff (domméoo),
the remaining y, () are still dense in aff(dom,0.,). Then, for p—a.e. z € R%, 6, (z,-)
converges to B (1, -) on a dense subset of aff (dom,f,). We shall prove in Step 6 below
that

domfu (X,-) has nonempty interior in aff(domyf.), u—a.s. (2.8.7)

Then, by Theorem 2.9.3, we have the convergence gn(X, ) — goo(X, -), pointwise on
aff (domx0,.) \ ddombss (X, ), p—a.s. Since dom xfs = domyxf., and 6 converges to
fso o0 dom x s, p1—a.s., O converges to fs € O, URpPW.

Step 5: Finally for general (6,,)n,>1 C ©,,, we consider 6;,, equal to 6,, p®@pw, such that
0;, <0, for n > 1, from the definition of ©,,. Then we may find /\fl, coefficients such that
0 = S ksn A0 € conv(6') converges u@pw to fs € ©. We denote 6, := Skon AEOk €
conv(h), 0, = 971, pu@pw, and 6, > 971 By Proposition 2.3.6 (iii), 6 converges t0 Ouo,
pu®@pw. The Proposition is proved.

Step 6: In order to prove (2.8.7), suppose to the contrary that there is a set A such
that p[A] > 0 and domf(z,-) has an empty interior in aff(dom,f.,) for all z € A.
Then, by the density of the sequence (y,(z))n>1 stated in (2.8.5), we may find for all
x € A an index i(z) > 0 such that

U(r) = yi(z)(z) € ridomgf,, and O (x,7(z)) = cc. (2.8.8)

Moreover, since i(x) takes values in N, we may reduce to the case where i(x) is a

constant integer, by possibly shrinking the set A, thus guaranteeing that 7 is measurable.
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Define the measurable function on €:

O (x,y) = dist(y, L}), (2.8.9)
with L7 = {y eRY: 0, (z,y) < gn(:v,gj(a:))}

Since L is convex, and contains = for n sufficiently large by (2.8.8), we see that

60 is convex in y and 69 (z,y) < |z —y|, forall (z,y)e Q. (2.8.10)
In particular, this shows that 60 € ©. By Komlos Lemma, we may find

00 = Skon AROY € conv(6Y) such that 00—, m—as.

for some non-negative coefficients (A7, k > n),>1 with >p>, A} = 1. By convenient

extension of this limit, we may assume that égo € ©. We claim that
0%, >0 on H, := {h(z)- (y—g(z)) > 0}, for some h(z) € R%. (2.8.11)

We defer the proof of this claim to Step 7 below and we continue in view of the required

contradiction. By definition of #9 together with (2.8.10), we compute that

Oh(z,y) = > MO(r,y) > D A0k, 5(2) 1050y

k>n k>n
n ~ Qo(xuy)
k>n Y
é\g(ﬂf,y) . n ~

By (2.8.8) and (2.8.11), this shows that the sequence 6! € conv(f) satisfies
0 (z,.) — 00, on H,, forall zc A.

We finally consider the sequence 6! := %(5 +0Y) € conv(f). Clearly, doméio(X ;1) C
domf(X,-), and it follows from the last property of 6! that doméio(x,-) C HEN
domf(z,-) for all € A. Notice that j(z) lies on the boundary of the half space H,
and, by (2.8.8), j(x) € ridom,f.,. Then G(domxgio) < G(dom,f.,) for all z € A and,
since u[A] > 0, we deduce that u[G(domXéio)} < M{G(domxéoo)], contradicting the
optimality of 6, by (2.8.6), for the minimization problem (2.8.4).
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Step 7: It remains to justify (2.8.11). Since 6, (z,-) is convex, it follows from the

Hahn-Banach separation theorem that:

On(x,) > On(x,§(x)) on Hy = {y e RT: h"(x)-(y - §(x)) > 0},

for some h"(z) € R?, so that it follows from (2.8.9) that L? C (H?)¢, and

00(.y) > dist(y. (H)°) = [(y—5(x)) -1"(2)] "

~

Denote g, :=g, 5 the Gaussian kernel restricted to the affine span of dom;0,, and
By (z0) the corresponding ball with radius 7, centered at some point zo. By (2.8.8), we
may find 7* so that B := B,(j(z)) C ridom,f0, for all » <%, and

~ n +
L@y > [ [(y=3)-h"@)] g (w)dy

> i ce1)Tdy =: b
> Hélfngx/Br(o)(y e1)dy =: by >0,

where e; is an arbitrary unit vector of the affine span of domeAOO. Then we have the
inequality [ps 0° (,y) gz (y)dy > b, and since 60 has linear growth in y by (2.8.10), it
follows from the dominated convergence theorem that [pr égo(m,y) g(dy) > b, >0, and
therefore 6°_(z,y%) > 0 for some 3, € B.. From the arbitrariness of r € (0,r,), We

deduce (2.8.11) as a consequence of the convexity of 6°(z, ). O

Proof of Proposition 2.3.6 (iii) We need to prove the existence of some
¢ €© suchthat 0. =0, u®pw, and 0. >0 (2.8.12)
For simplicity, we denote 0 :=6,,. Let

F':=clconvdomf(X,-), FF:=cl conv(dom@(X,~) ﬂafferFk_l), k>2,
and F:=Up>1 (F™\clrfx F")Ucldomx6.

Fix some sequence €, \, 0, and denote 8, := liminfnﬁooe(X enX +(1— 5n)Y), and

0 = [oolygp(x) + Ly ecdomy o8 Lxgn,

where N, € N}, is chosen such that 1y rrx)lxgn, are Borel measurable for all %

from Lemma 2.6.1, and 6(z,-) (resp. 0,(x,-)) is convex finite on dom,0 (resp. domy6,,),
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for © ¢ N,,. Consequently, ¢’ is measurable. In the following steps, we verify that 6’
satisfies (2.8.12).

Step 1: We prove that 6’ € ©. Indeed, ' € LY (2), and ¢'(X, X) = 0. Now we prove that
0'(z,-) is convex for all z € R For z € N, 0/(x,-) =0. For x ¢ Ny, 0(z,-) is convex
finite on dom,#, then by the fact that dom,# is a convex relatively open set containing
x, it follows from Lemma 2.8.1 that 0,(z,-) = limn_>006’<m,sna7—|— (1—ep) ) is the lower
semi-continuous envelop of #(x,-) on cldom,f. We now prove the convexity of §'(x,-)
on all R%. We denote F(x):= F(x)\ cldom,f so that R% = F(z)¢U F(z) Ucldom,6.
Now, let 41,92 € R% and A € (0,1). If y; € F(2)¢, the convexity inequality is verified
as 0 (x,y1) = co. Moreover, #/(z,-) is constant on F(z), and convex on cldom,f. We

shall prove in Steps 4 and 5 below that
F(z) is convex, and rf, F(z) = dom,6. (2.8.13)

In view of Proposition 2.3.1 (ii), this implies that the sets F(x) and cldom,6 are
convex. Then we only need to consider the case when y; € F (x), and yy € cldomzf. By
Proposition 2.3.1 (i) again, we have [y1,y2) C F(z), and therefore Ay; +(1—\)ys € F(z),
and 0'(z, \y1 + (1 — X\)y2) = 0, which guarantees the convexity inequality.

Step 2: We next prove that =6, p®@pw. By the second claim in (2.8.13), it follows
that 0,(X,-) is convex finite on domx#, p—a.s. Then as a consequence of Proposition
2.3.4 (ii), we have domx 6’ = domx (coly¢p(x)) Ndomy (0:1lyccldomyo); #—a.s. The
first term in this intersection is rf x F'(X) = domx#. The second contains domx8, as it
is the domx of a function which is finite on domx#, which is convex relatively open,
containing X . Finally, we proved that dom y6 = dom x6’, p—a.s. Then #'(X,-) is equal
to 0.(X,-) on domx#6, and therefore, equal to 6(X,-), p—a.s. We proved that 6 =¢',
HEOPW.

Step 3: We finally prove that 6’ < 6 pointwise. We shall prove in Step 6 below that

domf(X,:) C F. (2.8.14)
Then, colygprx)lxg¢n, <0, and it remains to prove that

O(x,y) > O.(z,y) forall yecldom,d, = ¢ N,.
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To see this, let « ¢ N,. By definition of N, 0, (z,-) — 0(z,-) on dom, 6. Notice that

0(x,-) is convex on dom, 0@, and therefore as a consequence of Lemma 2.8.1,

O.(x,y) = li\rg)@(m,ew—l— (1— e)y), for all y € cldomg0.

Then y¢ := (1 —€)y +ex € dom, by, for € € (0,1], and n sufficiently large by (i) of this
Proposition, and therefore (1 —€)0,,(z,y) — On(x,ye) > (1 —€)0, (x,y) — 0, (x,y) > 0, for
0), € © such that 0/, = 6,,, u®pw, and 6, > 6,. Taking the liminf as n — oo, we get
(1—€)f(z,y) —0(x,ye) > 0, and finally 0(z,y) > limE\OG(x,ex+ (1— e)y) =0'(x,y), by
sending € \ 0.
Step 4: (First claim in (2.8.13)) Let zo € RY, let us prove that F(z¢) is convex. Indeed,
let x,y € F(zp), and 0 < A < 1. Since cldom,# is convex, and F"(z) \ clrfx F"(zg) is
convex by Proposition 2.3.1 (ii), we only examine the following non-obvious cases:

e Suppose = € ["(xg) \ clrfy, F™(xg), and y € FP(xg) \ clrf, FP(x), with n <
p. Then as FP(xg) \ clrfy, FP(xg) C clrfy, F™(xg), we have Az + (1 —N)y € F™(xp) \
clrf,, F"(zo) by Proposition 2.3.1 (ii).

e Suppose x € F"(xg) \ clrfy  F™(zp), and y € cldomg,d, then as cldomg,6 C
clrf,y, F™(xo), this case is handled similar to previous case.
Step 5: (Second claim in (2.8.13)). We have domx 6 C F(X), and therefore domx6 C
rf x F(X). Now we prove by induction on k > 1 that rf x F(X) C Up>p(F™\ clrf x F™)U
cldomx6. The inclusion is trivially true for kK = 1. Let k> 1, we suppose that
the inclusions holds for k, hence rf x F(X) C Up>p(F™ \ clrfx F") Ucldomyf. As
Unsi(F™\ clrf x F")Ucldomx# C F*. Applying rfy gives

HyF(X) C rfy [unzk (F"\ clrfx F*) U cldomxe}
= er{Fkﬂunzk(F”\clerF”)Ucldomxe}
= erFkﬂer{Unzk(F”\clerF")UcldomXG]
C clerFkﬂUnzk(F”\clerF")Ucldomxﬁ

C Upsit1(F"\clrfx F)Ucldomx#.

Then the result is proved for all k. In particular we apply it for £ =d+ 1. Recall from
the proof of Lemma 2.3.13 that for n > d+1, F" is stationary at the value cldomx#6.
Then Up>g1(F™\clrfx F™) =0, and rfx F(X) C rf xcldom x6 = domx6. The result

is proved.
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Step 6: We finally prove (2.8.14). Indeed, domf(X,-) C F! by definition. Then

domf(X,) C F'\aff F1 U (Up<p<arr (domb(X, ) Naffrfx FF=1) \ aff FF) U Fd+1
C FI\cF'u <Uk22 cl conv(domf(X, ) ﬂafferFk’l)\chk) U cldomx 6
= U1 F¥\ cl FFUcldomyf = F.

2.9 Some convex analysis results

As a preparation, we first report a result on the union of intersecting relative interiors
of convex subsets which was used in the proof of Proposition 2.4.1. We shall use the

following characterization of the relative interior of a convex subset K of R%:

ik = {:c eRY:z—e(x’ — ) € K for some € > 0, for all 2’ € K} (2.9.1)

= {x eR?: x e (2, 0], for some xg € riK, and z’ € K}. (2.9.2)
We start by proving the required properties of the notion of relative face.

Proof of Proposition 2.3.1 (i) The proofs of the first properties raise no difficulties
and are left as an exercise for the reader. We only prove that rf,A =rid # 0 iff
a € riA. We assume that rf,A =rid # (). The non-emptiness implies that a € A,
and therefore a € rf,A =riA. Now we suppose that a € riA. Then for = € riA,
[:v,a —e(x — a)} CriA C A, for some € > 0, and therefore riA C rf,A. On the other
hand, by (2.9.2), rid = {x € R?: x € (', 0], for some zq € 1i4, and 2’ € A}. Taking
xo :=a € riA, we have the remaining inclusion rf,; A C riA.
@ We now assume that A is convex.

Step 1: We first prove that rf, A is convex. Let z,y € rf, A and A € [0,1]. We consider

e > 0 such that (a—e(x—a),x+e(x—a)) C A and (a—e(y—a),y+e(y—a)) C A.

Then if we write z = Az + (1 — \)y, we have (a —€(z—a),z+€e(z— a)) C A by convexity
of A, because a,x,y € A.

Step 2: In order to prove that rf, A is relatively open, we consider x,y € rf, A, and

we verify that (m —ely—x),y+e(y— x)) C rf, A for some € > 0. Consider the two

alternatives:



72 Irreducible Convex Paving for Decomposition of Martingale Transport Plans

Case 1: If a,z,y are on a line. If a = x =y, then the required result is obvious.

Otherwise,
(a—e(m—a),x+e(m—a)) U (a—e(y—a),y—l—e(y—a)) Crf,A.

This union is open in the line and x and y are interior to it. We can find ¢ > 0 such
that (3:— e'(y—a:),y—l—e’(y—x)) C rf,A.

Case 2: If a,x,y are not on a line. Let ¢ > 0 be such that (a—2€(x—d),£~|—
2¢(x — a)) C A and (a —2e(y—a),y+2e(y— a)) C A. Then z+¢(x—a) € rf,A and
a—e(y—a) € rfgA. Then, if we take A 1= =5,
Ma—€e(y—a))+(1=N)(z+e(x—a))=1=N)(14+€)x— ey =z + Ae(z — ).

Then =+ Ae(z —y) € rf, A and symmetrically, y+ Ae(y — z) € rf,A by convexity of
rf,A. And still by convexity, we have that (a: —(y—x),y+€e(y— :c)) C rf,A, for

2
€ £ >0.

T 142
Step+5’: Now we prove that A\ clrf,A is convex, and that if xg € A\ clrf, A and
yo € A, then [zg,y0) C A\ clrf,A. We will prove these two results by an induction on
the dimension of the space d. First if d = 0 the results are trivial. Now we suppose
that the result is proved for any d’ < d, let us prove it for dimension d.
Case 1: a € riA. This case is trivial as rf,A =riA and A C clriA = clrf, A because
of the convexity of A. Finally A\ clrf,A =0 which makes it trivial.
Case 2: a ¢ riA. Then a € 0A and there exists a hyperplan support H to A in
a because of the convexity of A. We will write the equation of F, the corresponding
half-space containing A, E:c-z <b with ¢c € R and b€ R. As z € rf,A implies
that [a —e(x —a),z+€e(x —a)] C A for some € > 0, we have (a —e(x —a))-c < b and
(x+e€(x—a))-c <b. These equations are equivalent using that a € H and thus a-c=»5
to —e(x—a)-c<0and (14¢€)(x—a)-c¢<0. We finally have (x —a)-c=0and z € H.
We proved that rf, A C H.
Now using (i) together with the fact that rf,A C H and a € H affine, we have

rf (ANH) =rf,ANrf,H =rf,ANH =rf, A.

Then we can now have the induction hypothesis on AN H because dimH =d—1
and ANH C H is convex. Then we have AN H \ clrf, A which is convex and if z¢ €
ANH\clrf,(ANH), yo € ANH and if A € (0,1] then Azg+(1—N)yo € A\ clrf,(ANH).
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First A\ clrf,A=(A\H)U ((Aﬂ H) \clrfaA), let us show that this set is convex.
The two sets in the union are convex (A\H = AN(F\ H)), so we need to show
that a non trivial convex combination of elements coming from both sets is still in
the union. We consider z € A\ H, y € ANH \ clrf,A and A > 0, let us show that
zi= A+ (1=Nye (A\H)U(ANH \clrf,A). As z,y € A (clrf,A C A because A is
closed), z € A by convexity of A. We now prove z ¢ H,

zee=Ar-c+(1=Ny-c=Ax-c+(1—=AN)b<Ab+(1—N)b=0.

Then z is in the strict half space: z € E\ H. Finally z € A\ H and A\ clrf, A is convex.
Let us now prove the second part: we consider xg € A\ clrf, A, yo € clrf, A and A € (0,1]
and write zp := Az + (1 — A)yo.

Case 2.1: xg,y0 € H. We apply the induction hypothesis.

Case 2.2: xo,yo € A\ H. Impossible because rf,A C H and clrf,A C clH = H.
Yo € H.

Case 2.3: xg € A\ H and yp € H. Then by the same computation than in Step 1,

20 € A\H C A\ clrf A.

Step 4: Now we prove that if a € A, then dim(rfscl A) = dim(A) if and only if a € riA,
and that in this case, we have clrf,cl A =clricl A =cl A = clrf,A. We first assume
that a € riA. As by the convexity of A, riA =riclA, rf,cl A =ricl A, and therefore
clrfycl A =clA. Finally, taking the dimension, we have dim(clrf,cl A) = dim(A). In
this case we proved as well that clrf,cl A =clricl A =cl A = clrf, A, the last equality
coming from the fact that riA =rf, A as a € riA.

Now we assume that a ¢ riA. Then a € 0cl A, and rf,clA C dcl A. Taking the
dimension (in the local sense this time), and by the fact that dimdcl A =dimdA < dim A,
we have dim(clrf,cl A) < dim(A) (as clrf,cl A is convex, the two notions of dimension

coincide). O

Lemma 2.9.1. Let K{,K5 C R be convex with riK; NriKo # (. Then conv(riKj U
riKy) =riconv(K; U Ky).

Proof. We fix y € riK1 NriK>.

Let x € conv(riKj UriK>y), we may write z = Az + (1 — \)zg, with z; € riK;,
x9 €1iKy, and 0 < A < 1. If A is 0 or 1, we have trivially that x € riconv(K; N K»).
Let us now treat the case 0 < A < 1. Then for 2’ € conv(K;U K3), we may write
=N+ (1= N)ah, with 2] € Ky, 25 € Ko, and 0 < )N <1. We will use y as a center
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as it is in both the sets. For all the variables, we add a bar on it when we subtract vy,

for example z := x —y. The geometric problem is the same when translated with v,

T—e(@—7) = )\< 1—e<>)\\lzi*’1—il>>+(1—)\) (a‘:g—e<11__§g7;’2—:z2>>. (2.9.3)

!
However, as 71 and 7} are in K7 —y, as 0 is an interior point, e()‘yj’l —x1) e Ky —

for € small enough. Then as z; is interior to K1 —y as well, 1 — e()‘j/fll —r1) e K1 —
as well. By the same reasoning, r9 — e(%i’z —I9) € Ko —y. Finally, by (2.9.3), for €
small enough, z —e(z' — x) € conv(K; U K3). By (2.9.1), x € riconv(K; U K3).

Now let z € riconv(K; U K3). We use again y as an origin with the notation
T:=x—y. As T is interior, we may find € > 0 such that (1+¢€)z € conv(K; U K3). We
may write (14 ¢€)z = Az1+ (1 — \)Zg, with z; € K1 Y, Tg € Ko —y, and 0 < A < 1.
Then 7 = )\%Jrea_cl +(1— A)l}rexz By (2.9.2), 1+ Ty € 11K, and {72 €1iKy. T €
conv (ri(K1 —y)Uri(Ky — y)), and therefore x € conv(riK; UI‘IKQ). O

Now we use the measurable selection theory to establish the non-emptiness of df.
Lemma 2.9.2. For all f € €, we have Of # ().

Proof. By the fact that f is continuous, we may write 0f(x) = Np>1Fp(x) for all
r € RY with Fj,(z) .= {p € R?: f(y,) — f(x) > p- (yn — )} where (y,)n>1 C R? is
some fixed dense sequence. All F,, are measurable by the continuity of (z,p) —
f(yn) — f(x) —p- (yn — x) together with Theorem 6.4 in [88]. Therefore the mapping
x> 0f(x) is measurable by Lemma 2.7.1. Moreover, the fact that this mapping is
closed nonempty-valued is a well-known property of the subgradient of finite convex
functions in finite dimension. Then the result holds by Theorem 4.1 in [158]. 0

We conclude this section with the following result which has been used in our proof
of Proposition 2.3.7. We believe that this is a standard convex analysis result, but we

could not find precise references. For this reason, we report the proof for completeness.

Theorem 2.9.3. Let f,,f:R? = R be convezr functions with intdomf # 0. Then
fn — f pointwise on R\ ddomf if and only if f,, — f pointwise on some dense
subset A C R\ ddomf.

Proof. We prove the non-trivial implication "if'. We first prove the convergence on
intdomf. f, converges to f on a dense set. The reasoning will consist in proving

that the f,, are Lipschitz, it will give a uniform convergence and then a pointwise
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convergence. First we consider K C intdom f compact convex with nonempty interior.
We can find N € Nand z1,...xy € AN(intdomf\ K) such that K C intconv(zy,...,xn).
We use the pointwise convergence on A to get that for n large enough, f,(x) < M for
x € conv(zy,...,xn), M >0 (take M =maxj<i<n f(xr)+1). Then we will prove that
fn is bounded from below on K. We consider a € AN K and g := sup,cx | —a|. For
n large enough, f,(a) >m for any a € A (take for example m = f(a) —1). We write

01:= min(m,y)GKxaconv(xl,...,:EN) |$ _y|' Finally we write dg := SUDz yeconv(zy,...,zN) |:B - y|'

Now, for x € K, we consider the half line 2 + R, (a — z), it will cut dconv(zy,...,zx) in
one only point y € dconv(z1,...,xx). Then a € [x,y], and therefore a = }g z"x+ IZ zIy
By the convex inequalit, fu(a) < ["=2 £, (r)+ =2 £,(4). Then fu(e) > |22 01 1
||zj Z}m %M"" 62m Finally, if we write mg := 60M—1— 61m

sznzm(b on K.

This will prove that f, is -Lipschitz. We consider z € K and a unit direction
u€ ST and f € df,(x). For a unique A >0, y := 2+ \u € dconv(zy,...,xy). As u is
a unit vector, A = |y — x| > d1. By the convex inequality, f,(y) > fn(z)+ f} (z)- (y — ).
Then M —mg > do|f! -u| and finally |f-u| <& glmo as this bound does not depend

on u, |f}] < M50

M—m0
01

for any such subgradient. For n large enough, the f, are uniformly
Lipschitz on K, and so in f. The convergence is uniform on K, it is then pointwise on
K. As this is true for any such K, the convergence is pointwise on intdomf.

Now let us consider = € (cldomf)¢. The set conv(z,intdomf)\ domf has a nonempty
interior because dist(z,domf) >0 and intdomf # (). As A is dense, we can consider
a € ANconv(z,intdomf) \ domf. By definition of conv(z,intdomf), we can find
y € intdomf such that a = Ay + (1 —X)z. We have A < 1 because a ¢ domf. If A =0,
fn(z) = fula) —2 00. Otherwise, by the convexity inequality, fn(a) < Afu(y)+(1—
A)fn(x). Then, as fn(a) — o0, and fu(y) — f(y) < oo, we have fu(z) — o0. O






Chapter 3

Quasi-sure duality for
multi-dimensional martingale

optimal transport

Based on the multidimensional irreducible paving of De March & Touzi [58], we
provide a multi-dimensional version of the quasi sure duality for the martingale optimal
transport problem, thus extending the result of Beiglbock, Nutz & Touzi [22]. Similar
to [22], we also prove a disintegration result which states a natural decomposition of the
martingale optimal transport problem on the irreducible components, with pointwise
duality verified on each component. As another contribution, we extend the martingale
monotonicity principle to the present multi-dimensional setting. Our results hold in
dimensions 1, 2, and 3 provided that the target measure is dominated by the Lebesgue
measure. More generally, our results hold in any dimension under an assumption which
is implied by the Continuum Hypothesis. Finally, in contrast with the one-dimensional
setting of [21], we provide an example which illustrates that the smoothness of the
coupling function does not imply that pointwise duality holds for compactly supported

measures.

Key words. Martingale optimal transport, duality, disintegration, monotonicity

principle.
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3.1 Introduction

The problem of martingale optimal transport was introduced as the dual of the problem
of robust (model-free) superhedging of exotic derivatives in financial mathematics, see
Beiglbock, Henry-Labordeére & Penkner [18] in discrete time, and Galichon, Henry-
Labordere & Touzi [73] in continuous-time. This robust superhedging problem was
introduced by Hobson [94], and was addressing specific examples of exotic derivatives by
means of corresponding solutions of the Skorokhod embedding problem, see [51, 92, 93],
and the survey [91].

Given two probability measures p,v on R?, with finite first order moment, mar-
tingale optimal transport differs from standard optimal transport in that the set of
all interpolating probability measures P(u,v) on the product space is reduced to the
subset M (p,v) restricted by the martingale condition. We recall from Strassen [146]
that M(u,v) # 0 if and only if 4 < v in the convex order, i.e. u(f) <v(f) for all
convex functions f. Notice that the inequality u(f) < v(f) is a direct consequence of
the Jensen inequality, the reverse implication follows from the Hahn-Banach theorem.

This paper focuses on proving that quasi-sure duality holds in higher dimension,
thus extending the results by Beiglbock, Nutz and Touzi [22] who prove that quasi-sure
duality holds by identifying the polar sets. The structure of these polar sets is given
by the critical observation by Beiglbock & Juillet [20] that, in the one-dimensional
setting d = 1, any such martingale interpolating probability measure P has a canonical
decomposition P = Y ;>0 P, where P, € M(u,v) and iy, is the restriction of p to
the so-called irreducible components Iy, and vy := [, I P(dx,-), supported in J for
k >0, is independent of the choice of P € M(pu,v). Here, (I})r>1 are open intervals,
In:=R\ (Ug>11k), and Ji is an augmentation of I, by the inclusion of either one of
the endpoints of I, depending on whether they are charged by the distribution Py.

In [22], this irreducible decomposition gives a form of compactness of the convex
functions on each components, and plays a crucial role for the quasi-sure formulation,
and represents an important difference between martingale transport and standard
transport. Indeed, while the martingale transport problem is affected by the quasi-sure
formulation, the standard optimal transport problem is not changed. We also refer to
Ekren & Soner [65] for further functional analytic aspects of this duality.

Our objective in this paper is to extend the quasi-sure duality, find a disintegration
on the components, and a monotonicity principle for an arbitrary d—dimensional
setting, d > 1. The main difficulty is that convex functions may lose information when

converging. A first attempt to find such duality results was achieved by Ghoussoub,
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Kim & Lim [74]. Their strategy consists in finding the largest sets on which pointwise
monotonicity holds, and prove that it implies a pointwise existence of dual optimisers.

The paper is organized as follows. Section 3.2 collects the main technical ingredients
needed for the definition of the relaxed dual problem in view of the statement of our
main results. Section 3.3 contains the main results of the paper, namely the duality
for the relaxed dual problem, the disintegration of the problem in the irreducible
components identified in [58], and a monotonicity principle. In all the cases there
are some claims that hold without any need of assumption, and a second part using
Assumption 3.2.6 defined in the beginning of the section. Section 3.4 shows the identity
with the Beiglbock, Nutz & Touzi [20] duality theorems in the one-dimensional setting,
and provides non-intuitive examples, in particular Example 3.4.1 showing that there
is no hope of having pointwise duality. The remaining sections contain the proofs of
these results. In particular, Section 5.6 contains the proofs of the main results, and
Section 3.6 checks the situations in which Assumption 3.2.6 holds.

Notation We denote by R the completed real line RU{—o00,00}, and similarly denote
R, :=R;U{oco}. We fix an integer d > 1. If x € X, and A C X, where (X,d) is a
metric space, dist(z,A) := inf,c 4 d(z,a). In all this paper, R? is endowed with the
Euclidean distance.

If V is a topological affine space and A C V is a subset of V', intA is the interior
of A, cl A is the closure of A, aff A is the smallest affine subspace of V' containing A,
convA is the convex hull of A, dim(A) :=dim(affA), and riA is the relative interior of
A, which is the interior of A in the topology of aff A induced by the topology of V. We
also denote by 0A :=cl A\ riA the relative boundary of A. If A is an affine subspace
of R%, we denote by proj 4 the orthogonal projection on A, and VA is the vector space
associated to A (i.e. A—a for a € A, independent of the choice of a). We finally denote
Aff(V,R) the collection of affine maps from V' to R.

The set K of all closed subsets of R? is a Polish space when endowed with the
Wijsman topology! (see Beer [16]). As RY is separable, it follows from a theorem of
Hess [86] that a function F': R? — K is Borel measurable with respect to the Wijsman
topology if and only if

F~(V):={zeR*: F(z)NV #0} is Borel for each open subset V C R%.

!The Wijsman topology on the collection of all closed subsets of a metric space (X,d) is the weak
topology generated by {dist(z,-):z € X}.
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The subset K C K of all the convex closed subsets of R? is closed in C for the Wijsman
topology, and therefore inherits its Polish structure. Clearly, K is isomorphic to
rik ;= {riK : K € K} (with reciprocal isomorphism cl). We shall identify these two
isomorphic sets in the rest of this text, when there is no possible confusion.

We denote © :=R? x R? and define the two canonical maps

X:(z,y)eQ—zeR? and Y :(z,9) € Q— yeRL
For ¢, : R — R, and h: R — RY, we denote
PV = p(X)+(Y), and h® = h(X)- (¥ - X),

with the convention co — oo = co. Finally, for A C ©, and = € RY, we denote A, :=
{yeRe: (z,y) € A}, and AS := {y e R?: (2,y) ¢ A}.

For a Polish space X', we denote by B(X) the collection of Borel subsets of X, and
P(X) the set of all probability measures on (X B(X )) For P € P(X), we denote
by Np the collection of all P—null sets, suppP the smallest closed support of P, and
supplP := clconvsuppP the smallest convex closed support of P. For a measurable
function f: X — R, we use again the convention oo — oo = oo to define its integral,

and we denote
P[f] := EP[f] = /de]P’ — /Xf(x)IP’(d:L*) for all P e P(X).

Let Y be another Polish space, and P € P(X x )). The corresponding conditional
kernel P, is defined by:

P(dz,dy) = p(dz) @ Py (dy), where j:=Po X 1.

We denote by LO(X ,Y) the set of Borel measurable maps from X to ). We denote
for simplicity L°(X) := L%(&,R) and LY (&) :=L(X,R;). For a measure m on X,
we denote LY(X,m) = {f € LY(X) : m][|f|] < 0o}. We also denote simply L!(m) :=
LY(R,m) and LY (m) ==L (Ry,m).

We denote by € the collection of all finite convex functions f : R —s R. We denote
by df(x) the corresponding subgradient at any point 2 € RY. We also introduce the
collection of all measurable selections in the subgradient, which is nonempty (see e.g.
Lemma 9.2 in [58]),

of = {p e LORY,RY) : p(x) € 9f () for all = € R?}.
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Let f:RY— R, feono(x) :=sup{g(z) such that g : R — R is convex and g < f}
denotes the lower convex envelop of f. We also denote f_ :=liminf, o fp, for any
sequence (fy)n>1 of real number, or of real-valued functions.

Let I :R%+— K be the irreducible components mapping defined in [58], which is
the y—a.s. unique mapping such that for some P € M(u,v), riconvsuppPx = I(X) D
riconvsuppPx, p—a.s. for all P € M(u,v).

3.2 The relaxed dual problem

3.2.1 Preliminaries

Throughout this paper, we consider two probability measures x and v on R% with finite
first order moment, and p < v in the convex order, i.e. v(f) > p(f) for all f € €. Using
the convention oo — oo = 0o, we may then define (v —p)(f) € [0,00] for all f € €.

We denote by M (j,v) the collection of all probability measures on R? x R? with
marginals Po X ! =y and PoY ! = v. Notice that M (u,v) # () by Strassen [146].

An M(p,v)—polar set is an element of N, , := ﬂPEM(u,V)NP' A property is said
to hold M (u,v)—quasi surely (abbreviated as q.s.) if it holds on the complement of
an M(u,v)—polar set.

For a derivative contract defined by a non-negative cost function ¢: R x R — R,

the martingale optimal transport problem is defined by:

Suv(c) = sup Pc]. (3.2.1)
PeM(u,v)

The corresponding robust superhedging problem is

Liv(c) = o Wgrelgw(c)u(w)JrV(w), (3.2.2)
where
Duwnlc) = {(e.v,h) €L (1) x L () x LO(u,RY) : p@v+h® >c}.  (3.2.3)

The following inequality is immediate:

S,0(c) < L (0). (3.2.4)
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This inequality is the so-called weak duality. For upper semi-continuous cost function,
Beiglbock, Henry-Labordere, and Penckner [18] proved that there is no duality gap,
ie. S,u(c)=1I,.,(c). See also Zaev [160]. The objective of this paper is to establish a
similar duality result for general measurable positive cost functions, thus extending
the findings of Beiglbock, Nutz, and Touzi [22].

For a probability P € P(Q), we say that P’ € P(f) is a competitor to P if Po X ~! =
PoX 1 PoY™ ' =PoY~! and P[Y|X]=P[Y|X]. Let f:Q — R, we say that a
set A C Q) is f—martingale monotone if for all probability P having a finite support in
A, and for all competitor P’ to P, we have P[f] > P'[f].

3.2.2 Tangent convex functions

Definition 3.2.1. Let 0:Q — Ry be a universally measurable function, and a Borel
set N € Ny, with {X =Y} C N¢. We say that 0 is a N—tangent convex function if
(i) O(xz,z) =0, and O(z,-) is partially convex iny on NE;

(ii) N¢ is 6—martingale monotone;

(iii) for all P with finite support in N¢, and any competitor P’ to P such that suppP’ N N
is a singleton, we have P'[N] = 0;

(iv) A:={X &€ N,}n{Y € I(X)} C N€, and 140 is finite Borel measurable, for some
Ny, eN,.

We denote by ©,,,, the collection of all functions 6 which are N—tangent convex
for some N as above. Clearly, ©,,, D {T,f: f €& pecdf}, where

T,f(z,y) == f(y)— f(z) —p®(x,y), for all f:RY—R, and p: R — R%.

Indeed, for f € €, and p€ 0f, T, f is convex in the second variable, thus satisfying
(i) with N =0. For all Py with finite support in N¢= Q, and P’ competitor to
Py, Bolf(X)] = PLF(X)], Bolf(¥)] = PLF(YV)], and Pop(X) - (¥ — X)] = Pofp(X) -
(Po[Y]X]—X)] =P [p(X)- (Y — X)], and therefore Py[T, f] = P'[T, f].

Definition 3.2.2. We say that a sequence (0n)n>1 C O, generates some 0 € O,
(and we denote 6, ~ 0) if

O <0, and P[] <limsupP[f,], for all P € P(Q).

n—o0

Notice that some sequences in O, may generate infinitely many elements of ©,, .

For example, for any nonzero 6 € ©,,,,, the sequence (0,,)nen := (0,6,0,0,...) generates
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any ¢’ € ©,, which is smaller than §. In particular 6,, ~» 26, as n goes to infinity, for

all 0 <x <1, which are uncountably many.

Definition 3.2.3. (i) A subset T C ©,,, is semi-closed if 0 € T for all (Op)n>1 CT
generating 6 (in particular, ©,,, is semi-closed).

(ii) The semi-closure of a subset A C ©,,, is the smallest semi-closed set containing A:
A= ﬂ{’T COup: ACT, and T semz’—closed}.
We next introduce for a > 0 the set €, := {f eC:(v—p)(f) < a}, and

7~'(/L,V) = U T, where T, := {Tpf:feeja,peaf}_

a>0

Remark 3.2.4. Notice that even though the construction of ’T(u,u) is very similar
to the construction of T (u,v) in [58], these objects may be different, see Lemma 3.5.4

below.
Proposition 3.2.5. 7~'(,LL,V) s a conver cone.

Proof. The proof is similar to the proof of Proposition 2.9 in [58], using the fact that
for 0,0,,,0x € ©,,,, the generation 6, ~ 0 implies the generation 8, +6 ~ 0 +6.
O

3.2.3 Structure of polar sets

The main results of this paper require the following assumption.

Assumption 3.2.6. (i) For all (6p)n>1 C 71, we may find 0 € Ty such that 6, ~ 0.
(ii) I(X) e CUDUR, pu—a.s. for some subsets C,D,R C K with C well ordered,
dim(D) € {0,1}, and Ugrer|[K x (KN K')] € Ny

The condition Ugzx/er [K X (cl K Nel K’ )} € N, means that the probabilities in
M(u,v) do not charge the intersections between frontiers of elements in R, see Figure
3.1.

We provide in Section 3.3.4 some simple sufficient conditions for the last assumption
to hold true. In particular, Assumption 3.2.6 holds true in dimensions d = 1,2, in
dimension 3 with v dominated by the Lebesgue measure, and in arbitrary dimension

under the continuum hypothesis.
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P e M(p,v)

P, [cll(z2) N cll(x3)] = 0

Fig. 3.1 No communication between frontiers of elements in R.

Recall that by Theorem 3.7 in [58], a Borel set N € B(Q) is M (u,v)—polar if and
only if

NC{X e N,JU{Y e NJU{Y ¢ Jy(X)}, for some (N, N,,,0) € Ny x Ny, x T (1, 43,2.5)

with Jp := dom@(X,-)N.J, for some I C J C clI, characterized p—a.s. by suppP xjor(x) C
J(X)\I(X) =suppPx pr(x), p—a.s., for some P € M(u,v), for all P € M(u,v). The
definition of T (u,v) C LY () is reported to Subsection 3.5.2. By Remark 3.5 in [58],
Jg is constant on I(x) for all x € R%. Then the random variable .Jy is I —measurable.

Notice as well that by this remark we have
IcJcJycJcdl, p—as.

Where J is characterized in Proposition 2.4 in [58]. These sets Jy are very important
for characterising the polar sets. However they are not satisfactory as they may not
be convex. We extend the notion in next proposition. Let A C €2, we say that A is
martingale monotone if for all finitely supported P € P(f2), and all competitor P’ to P,
P[A] =1 if and only if P’[A] = 1. Notice that A is martingale monotone if and only if

A is 1 ge—martingale monotone.

Proposition 3.2.7. Under Assumption 3.2.6, for any N—tangent convex 0 € 72(,u, v),
we may find 0 < 60" € T (p,v) and (NI,N2) € Ny x Ny, such that for all (N9, NJ) C
(Nu,Ny) € Ny x Ny, the maps I, J, and J from [58] may be chosen so that J(X) :=
conv(dom#’(X,-)\ N,) Naff I(X) satisfies, up to a modification on Ny,:
(i) J(X) = conV(J(X)\Nl,), and on Ny, we have J(X) C domf(X,-);
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(i) NC N :={X e N,JU{Y e N} U{Y ¢ J(X)} € Ny and N'® is martingale
monotone;

(iii) the set-valued map J°(x) = Uy jop\n, L (@)U (J(2)\ Ny) U{z} satisfies J C J° C
J C J, furthermore J and J° are constant on I(x), for all x € R,

The proof of Proposition 3.2.7 is reported in Subsection 3.5.4. We denote by 7 (u,v)
(resp. J°(p,v)) the set of these modified set-valued mappings J (resp. J°> from
Proposition 3.2.7.

Remark 3.2.8. Let J € J(u,v), N, € Ny, and J° € J°(u,v) from Proposition 3.2.7.
The following holds for J € {J,J°, J\ N,}. Let z,z’ € R%,

(i) Y € J(X), M(pu,v)—q.s.;

(i) J(z)NJ (') = aff (J(z) N J (') N T (x);

(iti) J(2)NJ (') = conv (J(z) N T (')

(iv) if I(z)NJ(z) #0, then J(z') C J(z).

Remark 3.2.8 will be justified in Subsection 3.5.4. We next introduce a subset of

polar sets which play an important role.

Definition 3.2.9. We say that N € N, , is canonical if N ={X € N,}U{Y € N, }U
{Y ¢ J(X)}, for some (Ny,Ny,J) € Ny x N, x T (u,v) from Proposition 3.2.7 for
some 0 €T (u,v).

Theorem 3.2.10. Under Assumption 3.2.6, an analytic set N C 2 is M(u,v)—polar

if and only if it is contained in a canonical M(u,v)—polar set.
The proof of Theorem 3.2.10 is reported in Subsection 3.5.4.

Remark 3.2.11. For a fized x € R?, even though J(x) is convex for J € J(u,v),
it may not be Borel anymore, unlike Jy(x) when 6 € T(u,v). The same holds for
Jo(x), with J° € J°(u,v) or for a canonical polar sets, they may not be Borel but
only universally measurable (i.e. P—measurable? for all P € P(Q)). Similar to Jy for
0 €T (uv), the invariance of J € J(u,v) and J° € J°(u,v) on I(z) for each x € RY

proves that J is I—measurable.

3.2.4 Weakly convex functions

We see from [22] 4.2 that the integral of the dual functions needs to be compensated

by a convex (concave in [22]) moderator to deal with the case u[p]+ v[¢)] = —o0 + 0.

2A set A is said to be P—measurable if P[(AUB)\ (AN B)] =0 for some Borel set B C (2.
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However, they need to define a new concave moderator for each irreducible component
before summing them up on the countable components. In higher dimension, as the
components may not be countable there may be measurability issues arising. We need
to store all these convex moderators in one single moderator which is convex on each

component, but that may not be globally convex (see Example 3.2.14).

Definition 3.2.12. A function f:R? — R is said to be M(p,v)-convex or weakly

convez if there exists a tangent convex function 0 € 7~'(,u,V) such that

T,f =0, on{Y €J°(X),X ¢ N,}, forsomep:R?—R%
and (N, J°) € Ny x T°(u,v).

Under these conditions, we write that § ~ T, f. Notice that by Remark 3.2.8,
Y € J°(X), M(u,v)—q.s., whence § ~ T, f implies that 6 =T, f, M(u,v)—q.s. We
denote by €, , the collection of all M(u,v)-convex functions. Similarly to convex

functions, we introduce a convenient notion of subgradient:
omvf = {p RY— RY T,f~0¢ %([L,V)},

which is by definition non-empty. A key ingredient for all the results of this paper is

that the sets ©,, and €, , turn out to be in one-to-one relationship.

Proposition 3.2.13. Under Assumption 3.2.6,
;7:(1“’”) ={0~T,f, for some f€€,,, andpec " f}.

The proof of this proposition is reported in Subsection 3.5.6.

Example 3.2.14. [M(u,v)—conver function in dimension one] Let ju:= 1(5_1 +
01), and v(dy) == %(1[,2,2] (y)dy + 6—2(dy) + 260(dy) +52(dy)). For these measures,
one can easily check that the irreducible components from [20], [22], and [58] are
given by I(—1) = (—=2,0), and I(1) = (0,2), and the associated J mapping is given by
J(—1) = [-2,0], and J(1) =[0,2]. By Evample 3.2.17 in this paper, f R — R is

M(p,v)—convez if it is convex on each irreducible components. See Figure 3.2.

The next result shows that the weakly convex functions are convex on each irre-
ducible component. Let n:=puol~', and recall that any J € J(u,v) is I —measurable
by Remark 3.2.11.
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x= 2 1 0 S~ 2

Fig. 3.2 Example of a M (u,v)—convex function.

Proposition 3.2.15. Let f €€, , and pc 0"V f. Then f is conver on J°, and
projyat e (0)(X) € Af| 7o (X), p—a.s. Furthermore, we may find f € €., and p€ OV f
such that f = f, i+ v—a.s., p=projyagse(p), p—a.s., and f is convex on J with
DE 0f\1, n-a.s. for some J € J(p,v).

The proof of this proposition is reported in Subsection 3.5.6.

3.2.5 Extended integrals

The following integral is clearly well-defined:
(v—p)[f] =P[Tpf] forall Pec M(u,v), f€€nL(v),pcdf. (3.2.6)

Similar to Beiglbock, Nutz & Touzi [22], we need to introduce a convenient extension
of this integral. For f € €, ,, define:

voulf] = inf{a >0:Tyf~0¢€ 7o, for some p € 8“”’f} (3.2.7)

voulf] :=Suu(Tpf), for ped"f, (3.2.8)

where the last value is not impacted by the choice of p € 0" f, whenever vSu[f] < oo.
Indeed, if p1,pe € 0" f such that P[T),, f] < co and P[T,, f] < oo, then T}, f — T\, f =
(p2 —p1)® € LY(P), and it follows from the Fubini theorem that P[T,, f — Tp,f] =

P[(p2 —p1)®] = P[P[(p2 — p1)®| X]] = 0.
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We also abuse notation and define for € T (j1,v), vSu[f] := inf {a >0:0¢€ 72}

Proposition 3.2.16. For f €€, , and 0 € 7’(/1,1/), we have

(i) vBpulf] > voulf] > 0, and vEu[O) > S,.,(0) > 0;

(i) if f € ENLL(W), then vBuLf] = vaplf) = vBUIT,f] = (v—w)lf], for all p € OF;
(iii) vou and vSU are homogeneous and conver.

Proof. The proof is similar to the proof of Proposition 2.11 in [58]. O

We can prove the next simple characterization of T (i, v), C(u,v) and ’7‘(#, v) in the
one-dimensional setting. In dimension 1, by Beiglbock, Nutz & Touzi [22], there are
only countably many irreducible components of full dimension. The other components
are points. Then we can write these components I for k € N like in [22] Proposition
2.3. We also have uniqueness of the J(z) from Theorem 3.7 in [58], that is equivalent in
dimension 1 to Theorem 3.2. We denote them J;, as well. We also take another notation
from the paper, u; and vy the restrictions of p and v to Iy and Ji, and (v — ug)
extending their Definition 4.2 to non integrable convex functions, which corresponds

to the operator v&pu in this paper.

Example 3.2.17. Ifd=1,
Cuy = {f RY5R: f1g, ts convex for all k},
T(u,v) = {9 = ZlXGIkTpkfk . fr. convex finite on Jy, pp € O fp,
k

and Y (v — ) (fi) < OO},

k
and

voulfl = veulfl=> (vk—m)(fi5), foral fe&,,.
2

This characterization follows from the same argument than the proof of Proposition
3.11 in [58].

3.2.6 Problem formulation

Definition 3.2.18. Let ¢,90 : R — R and f € Cuu. We say that f is a convex
moderator for (p,1) if

o+ feLli(n), v—feli(v), and vopulf]:=voulf]=veulf] <.
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We denote by L(u,v) the collection of triplets (¢,1,h) such that (¢, has some conver
moderator f with h+p € LO(RY,R?) for some p € 0"V f.

We now introduce the objective function of the robust superhedging problem for a

pair (¢,v) € L(p,v) with convex moderator f:

pleleviy] = plo+ fl+viy— fl+voulf]. (3.2.9)

We observe immediately that this definition does not depend on the choice of the

convex moderator. Indeed, if f1, fo are two convex moderators for (p,v), it follows

that fi — fo € L' (1) NL'(v), and consequently pov[fi] = pov(fa] + (v — p)[f1 — f2] by
Proposition 3.2.16. This implies that

ple+ fil +vl = fil +voulfil = wple+ fol +v[v — fo] +voulfa].

For a cost function ¢: R% x R — R, the relaxed robust superhedging problem is

1% (¢) = inf dvy], 3.2.10
o (€) i (C)MM [¥] (3.2.10)

where

DP,(c) = {(%@/JJL) € IE«(M,I/) L o@Y+hE >, M(p,v) —q.s.}. (3.2.11)

Remark 3.2.19. This dual problem depends on the primal variables M(u,v). However
this issue is solved by the fact that Theorem 3.7 in [58] gives an intrinsic description
of the polar sets. See also Theorem 3.2.10.

We also introduce the pointwise version of the robust superhedging problem:

I’ (c) = inf ®vy], 3.2.12
HACE N E 3212

where
DY (e) = {(e.v,h) €L(nv): p@Y+h® >c}. (3.2.13)
The following inequalities extending the classical weak duality (4.1.5) are immediate,

Sp(c) ST, (c) <TI%(c). (3.2.14)
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3.3 Main results

Remark 3.3.1. All the results in this section are given for ¢ > 0. The extension to
the case ¢ > o ® o +hi with (o, v, ho) € LY (1) x LY (v) x LY (u,RY), is immediate
by applying all results to ¢ — pg B 1Yy — h8§ > 0.

3.3.1 Duality and attainability

We recall that an upper semianalytic function is a function f:R?% — R such that
{f > a} is an analytic set for any a € R. In particular, a Borel function is upper

semianalytic.

Theorem 3.3.2. Let c: Q — Ry be upper semianalytic. Then, under Assumption
3.2.6, we have

(1) SMW(C) = I/qjl/<c);

(ii) If in addition S, ,(c) < oo, then existence holds for the quasi-sure dual problem

17, (c).
This Theorem will be proved in Subsection 3.5.3.

Remark 3.3.3. For an upper-semicontinuous coupling function ¢, we observe that the
duality result S, ,,(c) =I{%,(c) = I}, (c) holds true, together with the existence of an
optimal martingale interpolating measure for the martingale optimal transport problem
S,.v(c), without any need to Assumptions 3.2.6. This is an immediate extension of the
result of Beiglbock, Henry-Labordere & Penckner [18], see also Zaev [160]. However,
dual optimizers may not exist in general, see the counterexamples in Beiglbock, Henry-
Labordere & Penckner and in Beiglbock, Nutz & Touzi [22]. Observe that in the
one-dimensional case, Beiglbock, Lim & Obidj [21] proved that pointwise duality, and
integrability hold for C? cost functions together with compactly supported y, and v.

We show in Example 3.4.1 below that this result does not extend to higher dimension.

Remark 3.3.4. An existence result for the robust superhedging problem was proved
by Ghoussoub, Kim & Lim [74]. We emphasize that their existence result requires
strong regularity conditions on the coupling function ¢ and duality, and is specific to
each component of the decomposition in irreducible convex pavings, see Subsection
3.3.2 below. In particular, their construction does not allow for a global existence result
because of non-trivial measurability issues. Our existence result in Theorem 3.3.2 (ii)
by-passes these technical problems, provides global existence of a dual optimizer, and

does not require any regularity of the cost function c.
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3.3.2 Decomposition on the irreducible convex paving

The measurability of the map [ stated in Theorem 2.1 (i) in [58], induces a de-
composition of any function on the irreducible paving by conditioning on I. We
shall denote 7 := polI~!, and set u; the law of X, conditionally to I. Then for
any measurable f:R? — R, non-negative or y—integrable, we have [ga f(z)u(dz) =
iy U £ )i dr) ().

Similar to the one-dimensional context of Beiglbock, Nutz & Touzi [22], it turns
out that the martingale transport problem reduces to componentwise irreducible
martingale transport problems for which the quasi-sure formulation and the pointwise
one are equivalent. For P € M(yu,v), we shall denote v :=Po(Y|X € I)~! and
P;=Po((X,Y)|X ).

Theorem 3.3.5. Let ¢: Q — Ry be upper semianalytic with S, ,(c) < co. Then we

have:

S,.(c)= sup S rp(c)n(di). 3.3.1

i) PeM(u,v) /1 (R) ”l’yi() () ( )
Furthermore, we may find functions (p,h) € LO(R?) x LOY(R? R%), and (VK) kermay C
LY (RY) with Urx)(Y) €LY(Q), and domyp; = Jy, n—a.s. for some 0 € T (p,v), such
that

(i) c<e:=o(X) +9vx)(Y)+h%, and S, (c) = SW,(E).

(ii) If the supremum (3.3.1) has an optimizer P* € M(u,v), then we may chose
(%h, (@DK)K) so that (¢,¢r,h) € Diw (clrxgy), and

]P)*
IVr
(iii) If Assumption 3.2.6 holds, we may find J € J(u,v), and (¢',¢',0') € DE,(c)
optimizer for 19°,(c) such that ¢ < @' ®¢' + 0%, on {Y € J(X)}.
(iv) Under the conditions of (ii) and (iii), we may find (@', 4’ h') € DZU’V?* (c|1x.), such

th‘at S‘u[’y}P* (C> = II’LI [(10/]@”?* [w/L 77 —a.s.
Theorem 3.3.5 will be proved in Subsection 3.5.5

Remark 3.3.6. Notice that (/LI,I/IIP*) may not be irreducible. See Example 3.4.2. This

is an tmportant departure from the one-dimensional case.

Remark 3.3.7. Ezistence holds for the maximization problem (3.3.1) (and therefore
(7i) in Theorem 3.3.5 holds) under any of the following assumptions:
(i) vy := 1} is independent of P € M(p,v) (see Remark 3.3.12 for some sufficient

conditions);
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(ii) There exists a primal optimizer for the problem S, ,(c).

3.3.3 Martingale monotonicity principle

As a consequence of the last duality result, we now provide the martingale version of
the monotonicity principle which extends the corresponding result in standard optimal
transport theory, see Theorem 5.10 in Villani [157]. The following monotonicity
principle states that the optimality of a martingale measure reduces to a property of
the corresponding support.

The one-dimensional martingale monotonicity principle was introduced by Beiglb6ck
& Juillet [20], see also Zaev [160], and Beiglbock, Nutz & Touzi [22].

Theorem 3.3.8. Let ¢: Q2 — Ry be upper semianalytic with S,, ,(c) < oo.
(i) Then we may find a Borel set T' C Q such that:

(a) Any solution P of S, (c), is concentrated on T';

(b) we may find 6 € T (u,v) and (U'k) kermray such that I' = Ugcppa)l'ic with
'y C IxJy, I't is c-martingale monotone, and for any optimizer P* of S, ,(c), we
have that any optimizer P € M(MI,VH[D*) of SMLV?* (c), is concentrated on T'y.
(i) if Assumption 3.2.6 holds, we may find a universally measurable T' C N€, for some

canonical N € N, satisfying (a) and (b), such that I" is c-martingale monotone.

Proof. Let functions (p,h) € LO(RY) x LO(R? R?%) and functions (VK)kermay C
L3 (R?) with Yrx)(Y) € L9 (©2) from Theorem 3.3.5. Recall that pointwise we have
¢ < o(X)+px)(Y) +h%. We set I' := {c = o(X) +1ppx)(Y) + 2% < oo}

(i) If P* is optimal for the primal problem then,

00 > P*[c] = P*[p(X) + ¢y x) (V) +h®] =Spu(c) and P*p(X) +¢px)(Y)+h% —c] =0

As o(X) +91x)(Y)+h® —c >0, and the expectation of ¢ is finite, and therefore
P*[c < o0] =1, it follows that P* is concentrated on T'.

(i) Let @ € T (y1,) such that Jy = dom)r(x) from Theorem 3.3.5. For K € I(RY),
let T :=TNK xR? Then we have T'j(,) C I(x) x Jy(z) for all € R, T,y is
c-martingale monotone because of the pointwise duality on each component, and
['=U,cral'1(y) by definition because I(RY) is a partition of RY.

If Assumption 3.2.6 holds, we consider (¢',9',h") € D%, (c) from the second part
of Theorem 3.3.5. Let a canonical N € N, be such that ¢ = ¢’ @'+ h'® on N
I':=N°n{c=¢ @y +h®}. Similarly, (i) and (ii) hold.
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(iii) By definition of ©,,,, for Py with finite support, supported on I' C N¢, and P’
competitor to Py. As N is canonical, it is martingale monotone by definition. Then
P'[N¢] =1, and therefore P'[c] < P'[p’ &' + 1] =Pl¢’ &'+ ¥ = Py[c].

Finally, by definition we have I' C N€. O

Remark 3.3.9. Let (p,9,h) € DI, (c) be a minimizer of 1f;5;(c). Assume that Plp®
Y+ h®] does not depend on the choice of P € M(u,v) (e.g. if (¢,) € LY (u) x Li(v),
or if d=1). Then we may chose I' such that a measure P € M(u,v) is optimal for
S,v(c) if and only if it is concentrated on I'. Indeed, with the notations from the
previous proof, if P € M(u,v) is concentrated on T, Plp @+ h® —c] =0 and as
Pl @Y+ h®] = ulpl@v[y] because of the invariance,

P(c) =Plp®+h%] = I, (c) = Spuu(c).

3.3.4 On Assumption 3.2.6

Proposition 3.3.10. Assumption 3.2.6 holds true under either one of the following
conditions:

(1) Y ¢ 0I(X), M(u,v)-q.s5. or equivalently ol ' =vol 1.

(ii) dimI(X) € {0,1,d}, p—a.s.

(iii) v is dominated by the Lebesque measure and dimI(X) € {0,1,d—1,d}, p—a.s.
(iv) I(X) € CUDUR, pu—a.s. for some subsets C,D,R C K with C countable, diim(D) C
{0, 1}, and Uger K X OK € NHJ/'

Furthermore, (iv) is implied by either one of (i), (ii), and (iii).

This proposition is proved in Subsection 3.6.1.

Remark 3.3.11. Assumption 3.2.6 holds in dimension 1 by Proposition 3.3.10. Theo-
rem 3.3.2 is equivalent to [22] Theorem 7.4 and the monotonicity principle Theorem
3.3.8 is equivalent to [22] Corollary 7.8.

Remark 3.3.12. Notice that under either one of (i) or (iii) of Proposition 3.3.10, or
in dimension one, the disintegration vy :=Po (Y |X € I)~! is independent of the choice
of P € M(u,v). See Subsection 3.6.1 for a justification of this claim.

Remark 3.3.13. Proposition 3.3.10 may be applied in particular in the trivial case in
which there is a unique irreducible component. We state here that any pair of measures
v € P(RY) in convex order may be approximated by pairs of measures that have a

unique irreducible component, and therefore satisfy Assumption 3.2.6. We may then
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use a stability result like in Guo & Obldj [77] to use the approxzimation (e, ve) of (u,v)
i practice.

Let i/ <V in convex order with (u/',v') irreducible, and suppr C riconvsuppr/'.
Then (pe,ve) := l%re(p—l—e//,y—i-ey’) is irreducible for all € > 0. Indeed by Proposition
3.4 in [58], we may find P € M(u/, 1) such that convsuppPy = riconvsuppr/, /' —a.s.
Then, 1%_6(1?—1—5@) € M(pe,ve) for all P € M(u,v), and riconvsuppr’ C I(X) on a
set charged by pe, which proves that I = riconvsuppr’ D suppv, preventing other
components from appearing on the boundary. Thus (e, ve) is irreducible.

Convenient measures to consider are for example ' :=dy or p/ :=N(0,1), and
V' :=N(0,2). For finitely supported p and v we may consider y, ...,y € R? for some
Oyt Hoyy g s

n ; W= 0yj+..+yn -

n

k > 1 such that suppv C intconv(y,...,yx), V' =

Proposition 3.3.14. Assumption 3.2.6 holds if we assume existence of medial limits

and Aziom of choice for R.
We prove this Proposition in Subsection 3.6.2.

Remark 3.3.15. Notice that existence of medial limits and Aziom of choice for R
is implied by Martin’s axiom and Aziom of choice for R, which is implied by the
continuum hypothesis. Furthermore, all these axiom groups are undecidable under
either the Theory ZF nor the Theory ZFC. See Subsection 3.6.2.

3.3.5 Measurability and regularity of the dual functions

In the main theorem, only ¢ @1 + h® has some measurability. However, we may get

some measurability on the separated dual optimizers.

Proposition 3.3.16. For all (¢,,h) € L(u,v),

(i) (.0, projuagr(h)) € LO(I) x LO(I) x LO(I, Vaff);

(i) under any one of the conditions of Proposition 3.3.10, we may find (¢',1)',h') €
L(u,v) such that o ®h+h® =@ ®Y' + 1'%, q.s. and (¢4, h') € L0 (Rd>2 x L0 (Rd,Rd).
Furthermore, the canonical set from Theorem 3.2.10, and the set T from Theorem
3.3.8 may be chosen to be Borel measurable, and {Y € J(X)} (resp. {Y € J°(X)}) for
J e J(u,v) (resp. J° € T°(u,v)) may be chosen to be analytically measurable.

The proof of this proposition is reported to Subsection 3.5.6. We may as well
prove some regularity of the dual functions, provided that the cost function has some

appropriate regularity. This Lemma is very close to Theorem 2.3 (1) in [74].



3.4 Examples 95

Lemma 3.3.17. Let c: Q — Ry be upper semi-analytic. We assume that x— c(x,y)
is locally Lipschitz in x, uniformly iny, and that S, (c) =S, (¢ Y +h®) < oo, with
0 :RI— RU{oo}, ¥ : RY— RU{oc0}, and h: R4 — R such that ¢ < o @1+ h®,
pointwise. Then, we may find (¢',1') = (o,h), p—a.e. such that c < ' G+ h'® <
0®Y+h®, ¢ is locally Lipschitz, and W' is locally bounded on riconvdoma).

The proof of Lemma 3.3.17 is reported in Subsection 3.5.7.

3.4 Examples

3.4.1 Pointwise duality failing in higher dimension

In the one-dimensional case, Beiglbock, Lim & Obtéj [21] proved that pointwise duality,
and integrability hold for C? cost functions together with compactly supported p, and
v. We believe that integrability may hold in higher dimension, and strong monotonicity
holds. However the following example shows that dual attainability does not hold with

such generality for a dimension higher than 2.

Example 3.4.1. Let y__ :=(—1,—-1), y—4 :=(—1,1), y4— := (1,-1), y+4 := (1,1),

Yo— = (Oa _1)7 Yo+ = (071)7 Yoo ‘= (070)7 Y+0 = (170)7 C:= COHV(y——ay—+7y+—ay++),
rrm (0) 2 m (L) 3= () om Uy + Koy Yy, and v 1 Vol

We can prove that for these marginals, the irreducible components are given by

I(ﬂfl) = riconv(yfﬂy—Jr;yOmeO—% I<x2) = riCOHV(ZUO+,y++>y+O>y00),

and I(x3) = riconv (Yoo, y+0, Y+ Yo—),

and M(u,v) is a singleton {P}, with
1
P(dL dy) = 1 (25$1 (dx)lyel(m) + 6172 (dx)lyel(xg) + 5363 (dx)lyel(:cg)) ® VOl(dy)'

Now we define a cost function c such that c(xl, ) is 0 on clI(z1), c(xg, ) is 0 on clI(z2),
and c(xg, ) is 0 on cll(z3). However we also require c(x2,y4+—) = 1. We may have
these conditions satisfied with ¢ >0, and C*°. Let (¢,1,h) be pointwise dual optimizers,
then o ®v +h® =c, P—a.s. then v is affine on each irreducible components: (y) =
c(xi,y) —o(x;) — h(z1) - (y —x;) = —p(x;) — h(z1) - (y — x;), Lebesque-a.e. on I(x;), for
i=1,2,3. By the last equality, we deduce that o(x;) = —(x;), and h(z;) = —=Vi(x;).
Now by the superhedging inequality, ¥ (y) —(x;) — V(i) - (y — x3) > e(x4,y) > 0.

Therefore ¢ is a.e. equal to a convex function, piecewise affine on the components.
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However a convez function that is affine on I(x1), I(x2), and I(x3) is affine on
clI(zg)UclI(xg) (it follows from the verification at the angles between the regions
where 1 has nonzero curvature). Then c(x2,y) < Y(y) —(x2) — Vip(z2) =0 for a.e.
y€cll(xg) Ccll(za)Ucll(x3). This is the required contradiction as c¢(x2,y+—) =1 and
c is continuous, and therefore nonzero on a non-negligible neighborhood of (x2,y+—).

Notice that in this example, i is not dominated by the Lebesgue measure for
stmplicity, however this example also holds when 0, is replaced by #1&(%) Vol for

€ >0 small enough.

3.4.2 Disintegration on an irreducible component is not irre-
ducible

Example 3.4.2. Let x¢ := (_170)) Iy = (%7 %)7 T-1:= (%7 _%)7 1= (Oa 1)7 Y2 = (270);

Y—1:=—Y1, Yy—2:= —Yy2, and yo := 0. Let the probabilities

1 1 1
M= g((sxo + 0z +0z4), and v:= 6(521—2 + 0y, +5y0)+1(5y1 +0y_y)-
We can prove that for these marginals, the irreducible components are given by

I(xg) =riconv(y_2,y1,y-1), and I(x1)=1(x_1) =riconv(y2,y1,y-1),

indeed, M(p,v) = conv(Py,Pq), with

1 1 1 3 1

Py:= 65(%71/—2) + 65(330,?40) + Ed(xl,w) + Tﬁé(xl’yl) + 16

1 3 1
+ E(S(l’flvw) + T66($—17y—1) + E(S(fﬂ—l,yl)’

i

331:?!—1)

and

1 1 1 1 1 !
P2 = 20oy-2) t 150wow) T 50w0w-1) 0w T 301a0) T 301a)

1 1 1
t 50y T 50 1w0) T 30w 1)

(See Figure 3.3). Let ¢ be smooth, equal to 1 in the neighborhood of (xg,y1) and 0 at
a distance higher than % from this point, Po is the only optimizer for the martingale

optimal transport problem S, ,(c). However, jif(y,) = %(%1 +6y_,), and I/I[Pél) =
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%(692 + 0y + 6y, +9y_,), and the associated irreducible components are

“1(11)7”%1)@1) riconv(yo,y1,¥2), an u1(11)7V?fm1)<x 1) = riconv(yo,y—1,Y2),

1

and therefore, the couple (/.I/I(xl),V-I[ED(Q )) obtained from the disintegration of the optimal
probability Po in the irreducible component I(x1) = Iy can be reduced again in two

irreducible sub-components.

Y1

Fig. 3.3 Disintegration on an irreducible component is not irreducible.

3.4.3 Coupling by elliptic diffusion
Assumption 3.2.6 holds when v is obtained from an Elliptic diffusion from pu.

Remark 3.4.3. Notice that (iii) in Proposition 3.3.10 holds if v is the law of X; :=
Xo +f§ osdWs, where Xg ~ u, W a d—dimensional Brownian motion independent of
Xo, T is a positive bounded stopping time, and (o¢)i>0 is a bounded cadlag process with
values in My(R) adapted to the W—filtration with og invertible. We observe that the

strict positivity of the stopping time is essential, see Example 3.4.4.
We justify Remark 3.4.3 in Subsection 3.6.1.

Example 3.4.4. Let C :=[—1,1] x [0,2] x [-1,1], F:={0} x [-1,1] x [-1,1], x¢ :=
(0,0,0), z1 :=(0,1,0) p:= %(5330 + %(5;,;1, a F—Brownian motion W, and X a random
variable Fo—measurable with Xo ~ . Consider the bounded stopping time 7 := 1A
inf{t >0: W, € 9C}, and v, the law of Xo+W,. We have u < v in convex order, as
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the law P of (X,Y") := (Xo, Xo+W>) is clearly a martingale coupling. However, observe
that p:=P[X =x1,Y € C] > 0, and that by symmetry P[Y|X =z1,Y € C] =xg. Let vc
be the law of Y, conditioned on {X =x1,Y € C}. Then P’ := ]P’—l—p((dmo —0x1) Que —
(02 —01) ®5m0) is also in M(u,v). We may prove that the irreducible components are
riC, and riF', and therefore (iii) of Proposition 3.3.10 does not hold. This proves the
importance of the strict positivity of the stopping time T in Remark 3.4.53. In dimension
4, we may find an example in which (v) of Proposition 3.3.10 does not hold either, by
replacing F' by a continuum of translated F in the fourth variable, thus introducing an
orthogonal curvature in the lower face of C' to avoid the copies of F' to communicate
with each other.

3.5 Proof of the main results

3.5.1 Moderated duality

Let ¢ > 0, we define the moderated dual set of ¢ by

D) ={ (@hi0) € LL(n) x LL () x LR, RY x T(1.0):

c<p®Y+h®4+0, on{Y € afferconvdom(Q—l—l/z)}}.

We then define for (,1,h,0) € DI'%4(c), Val(@,,h,0) := ul@] + v[{)] +vSv[6], and

mod (. ._ N
the moderated dual problem If'0¢(c) := mfgeDmgd(c) Val(§).

Theorem 3.5.1. Let c: Q — Ry be upper semianalytic. Then, under Assumption
3.2.6, we haveN

(1) Spw(c) =170 c);

(iﬁ/[f in addition S, (c) < 0o, then existence holds for the moderated dual problem
1704 c).

This Theorem will be proved in Subsection 3.5.3.

3.5.2 Definitions

We first need to recall some concepts from [58]. For a subset A C R? and a € RY, we

introduce the face of A relative to a (also denoted a—relative face of A): rf, A := {y €
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A:(a—e(y—a),y+e(y—a)) C A, for some € > 0}. Now denote for all 6 : Q — R:
dom,0 := rfyconvdomb(z,-).
For 61,05 : Q0 — R, we say that 0 = 0y, u@pw, if
domy#; =domx6s, and 61(X,-)=602(X, ) on domyxby, p—a.s.

The main ingredient for our extension is the following.

Definition 3.5.2. A measurable function 0 : € — Ry is a tangent convex function if
0(x,-) is conver, and O(x,x) =0, for all v € RY.
We denote by © the set of tangent convex functions, and we define
0, = {(9 cLYQR):0=0¢, u@pw,and 8 > 6, for some §' € @}.
Definition 3.5.3. A sequence (6;,),>1 C LY(Q) converges p@pw to some 6 € LO(Q) if
domy (0 ) =domx6 and 0,(X,-) — 0(X,-), pointwise on domx0, p— a.s.

(i) A subset T C ©,, is p@pw-Fatou closed if 0, € T for all (0,)n>1 CT converging
HEPW.
(i) The p@pw—Fatou closure of a subset A C ©,, is the smallest p@pw—Fatou closed

set containing A:
A= ﬂ{’T CO,: ACT, and T p®pw-Fatou closed}.
Recall the definition for a > 0, of the set €, := {f eC:(v—p)(f) < a}, we introduce

’f(,u,u) = 7., where 7, ::m, and T(Qa) = {Tpf cfe€y,pe af}.

a>0

Similar to v8py for T (i1,v), we now introduce the extended (v — ) —integral:

voulb) ::inf{a,ZO:@G’ﬁ} for 6T (uv).
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3.5.3 Duality result

As a preparation for the proof of Theorem 3.5.1, we prove the following Lemma.

Lemma 3.5.4. Let 6 € T (u,v), under Assumption 3.2.6, we may find 0 € T (u,v) such

that 0> 0 and vSul] < vSuld).
Proof. Let a > 0, we consider T the collection of 0 e ©, such that we may find
0 € T, with § > 6. First we have easily T(€,) C T, as T(€,) C T,. Now we consider
(gn)nzl C T converging u®pw to QAOO. For each n > 1, we may find 6,, € 7, such that
0, >0, and vould,) < a. Now we may use Assumption 3.2.6, we may find 6 € 7. such
that 6,, ~ 6 by the fact that To = aTi. By the generation properties, 6 > 0., > éoo,
which implies that 8., € 7. T is p@pw—Fatou closed, and therefore T, C 7.

Now let § € ’7'(/1,1/), with [ := I/é,u[é\]. By what we did above, for all n > 1, we may
find 6, € 7~]+1/n such that 6 < 6,,. We use again Assumption 3.2.6 to get 6, ~> 0, by
properties of generation, § > 6, > 0. By construction, v8u[f] < [ = vSu[d]. O

Proof of Theorem 3.5.1 By Theorem 3.8 in [58], we may find (@,&,B,g) € L}‘_([L) X
LY (v) x LOY(RY R?) x T (11,v) such that ¢ < e +h®+6 on {Y € aff rf yconvdom(A(X,-
)}, furthermore, S, (¢) = u[@] + v[] +vSulf] and S,.,(9) = vEu[f] < co. By lemma
3.5.4, we may find 6 € T (y,v) such that 6 < 0 and vSu[d] < vEu[d).

We have that ¢ < @Y +h®+0 < p@Y+h®+6 on {Y € affrf yconvdom(A(X,-) +
)} which is included in {Y € aff rf y convdom(A(X,-) +)}.

As 0 <0, we have S, (0) > SW,(HA) = v&ul0) > vSpul0). From Proposition 3.2.16 (i),
we get that S, ,(0) =vould] = v&uf] < co. As 0> 0, we have (3,9, h,0) € Dmgd(c).
Finally, as Val(@,v, h,0) = ul@] + v (] +vEulf] = plg] + ] + vEulf] = S, (c), the
result is proved. O

Proof of Theorem 3.3.2 By Theorem 3.5.1, we may find (@,1,h,0) € DZ?EEZ(C)
such that u[@] +v[Y] +vEulf] =S, (c). As Assumption 3.2.6 holds, by Proposition
3.2.13, we get f €€, , and p € 0""f such that T, f =0, q.s. Therefore, by definition
we have vOpu[f] < vOu[f]. Then we denote p:=@ — f, 1 : =1+ f, and h:=h—p.
As @Y+ h® =@ +h®+0>¢ qs., (as Y € afferconvdom(g(X,~) +1), q.s.)
Suu(Tpf) = vould] > vu[f]. As voulf] := Sy, (Tyf) < vSu[f] by Proposition
3.2.16 (i), we have vou[f] :=voulf] = vEulf], and therefore f is a M(u,v)—convex
moderator for (y,1), and as plp+ fl+ p[ — fl+voulfl =S, (c), the duality result,
and attainment are proved. O

~—
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3.5.4 Structure of polar sets

Proof of Proposition 3.2.7 Step 1: Let a Borel N € NV, , such that 6 is a N—tangent
convex function. Then ¢:=ooly is Borel measurable and non-negative. Notice that
S,(c) =0. By Theorem 3.5.1, we may find (¢1,¢1,h1,61) € D/’Z,‘jd(c) such that
plor] + v[wn] + v6pulbr] = Suu(c) = 0. Then by the pointwise inequality ooly <
01 @Y1 +h{ +601 on {Y € affrf xconv D(X)}, with D(X) := dom(91(X, ) +@/}1), (the
convention is 0 x oo = 0).

By Subsection 6.1 in [58], we may find N;, € N,, N, € N,,, and 6 € T(u,v) such
that I(X) C D(X), rf xconv(domé(X,-)\ N,) = I(X), and domf(X,-)\ N, C J(X), on
N, By Lemma 3.5.4 we may find 6<6eT(uv). Uptoadding 1y, to ¢1, 1y, to
1, and @ to 01, we may assume that 1NL < ¢1, 1n, <1, and 6 < 0;. We get that

N C {p1(X)=o00}U{1(Y) =00} U{Y ¢ domb; (X, )} U{Y ¢ affrf xyconv D(X)}
= {gpl(X):oo}U{Y¢D(X)ﬂaffrfxconvD(X)}
= {p1(X) =o0}U{Y ¢ D(X)Naff I(X)}.

We have
N Cdom (6 +¢1@¢1) . andN € {X € N,JU{Y € NJU{Y ¢ J(X)} (35.1)

Notice that as plp1] +v[] =0, {¢1 = o0} € N, and {¢y = oo} € N,. We also
have vOu[fi] < co. We may replace 1 by 00ly, —no, 91 by 001y —, and 61 by
00lp,—c0 € T (11,v), where the fact that 00lg,—0 € T (11, stems from the fact that
%91 ~ 00lg, =00 € %(M,l/), proving as well that

vou[ooly, =] = 0. (3.5.2)

Thanks to these modifications, ¢1, ¥1, and #; only take the values 0 or co.

Step 2: Now let a Borel set N; € /\/W, be such that 6; is a N;—tangent convex function.
Then similar to what was done for N, we may find (g2, 19,602) € LY (1) x LL () x T (1, v)
such that

C
Ny C d0m<92+g0269¢2).
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Iterating this process for all k > 2, we define (N, o, ¥, 0;) for all £ > 1. Now let

Poo = Dk ELL (1), Yoo = Ypz1tn €LL(v), and 0 =0+ 0 € T(p,v) > 9.
K>1 k=1

Let NB = (dompy )¢, and N := (domtps)¢. Notice that ufpec] = v[theo] = 0, and
therefore, (N7, N))) € Ny x Ny, We now fix (N2, N)) C (N, N,)) € Ny x N, and
denote ¢ :=o0ly,, and ¢ :=ocoly,,.

Recall that J(X) := convdom(&’(X, ) —Hﬂ) Naff1(X) = conv Do (X) Naff Do (X)),
where we denote Do (X) :=dom (0’(X, ) —Hﬂ) By Proposition 2.1 (ii) in [58], conv Do () \
rfconv Do (2) is convex for 2 € RY. Therefore, we may find u(x) € (affrf,conv Dy (2) —
z)* such that y € conv Do (2) \ 1f zconv Do (2) implies that w(z) - (y —z) > 0 by the
Hahn-Banach theorem, so that

J(X) = Doo(X) Naffrf xconv Do (X) = dom (6 + 0ou®) (X, ) + 1),
with the convention co — 0o = co. Finally,

N = {XeN,}U{Y eN,}JU{Y ¢ J(X)}
= dom(p @ +oou+0)°
D Ug>1 N U (domby)UN (3.5.3)
O N.
We proved the inclusion from (ii).
Step 3: Now we prove that N’ is martingale monotone, which is the end of (ii). Let P
with finite support such that P[N’?] =1, and P" a competitor to P. Let k£ > 1, we have
P[N{] =1 by (3.5.3), therefore, as 0 is a Ni—tangent convex function, I’ [0;] < P[6y],
therefore, as by (3.5.3) we have that P[domf;] = 1, we also have that P'[dom6y]| = 1.
As this holds for all £ > 1, and for N and the N—tangent convex function €, we have
P'[dom#’] = 1. Now as P[domy x domt)] = 1, we clearly have P'[domy x domy)] = 1.
Recall that by construction, dom (9’ +o® w) = (OO].@IZOO +o® w>_1(0), therefore,
Ploolg—oo + 0@ W] = P'[oolg—se + D] = 0. Let n > 1, Ploolg—oo +nu® + @] =
P'loolyg—oe +nu® + @9 =0. As u® is negative only where the rest of the function
is infinite, colg—s, +nu® + @1 >0 for all n > 1. Then by monotone convergence
theorem, P'[colg—s + 00u® + ¢ B Y] = Ploolyg—g + 0ou® + @ @ 1] = 0. Therefore,
P'[N'] =0, proving that N’¢ is martingale monotone.
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Step 4: Now we prove that J(X) = conv(J(X) \ N,,) C dom#(X,-), which is the first
part of (i).
dom ( (6 +0ou®)(X,) + 1) C J(X) Ndomibe, C J(X).

Passing to the convex hull, we get J(X) = conV(J(X) ﬂdomz/}) = conv(J(X) \ N,,) as
Ny = {t) = oc}.

Step 5: Now we prove that J(X) C domf'(X,-) C domé(X,-), which is the second
part of (i). Let z € R? and y € J(x). Then y = ¥; \jy;, convex combination, with
(yi) C domf'(z,-)Ndomap. Let P:= 325 Nid(g ) +0(y)- Let k> 1, PINFU{X =Y} =1,
P[0] < oo, and therefore, as P’ := 3; Aid(y.4,) + 0(zy) 13 @ competitor to P, P'[0y] <
P[0x] < 00, and y € domby(x,-). J(x) C dombg(x,-) for all k> 1, J(X) C domb'(X,-)
on Nj.

Step 6: Now we prove that up to choosing well I, and up to a modification of J on
a p—null set, I C J C J Ccll, and J is constant on I(z), for all x € R?, which is the
part concerning J of the end of (iii).

We have that {I(z),z € R%} is a partition of R, I € J C clI, and J is constant
on I(x) for all z. By looking at the proof of Theorem 2.1 in [58], we may enlarge the
p—null set le € N, such that I ={X} on (Ux’¢Nl{ [(:C’))C. We do so by requiring that
N, C Ni. Now we prove that J is constant on I(X), p—a.s. Let x1,29 € dompy, and
y € dom (0o +0oul ) (x1,+) Ndomib, then y—e(y —x9) € I(x2) for € > 0 small enough,
as wy € ril (z2) =il (71), and y € cl I(z1), as J(X) C J(X) C clI(X) by (3.5.1). Then
we may find z1 = 3; A\jy; + Ay, convex combination, with (y;) C dom(f +ooul)(x1,)N
domtpo, and A > 0. Then let P:= 37 Aid(5, y) + A0(z 4) +0(2y,20)- For all k > 1, notice
that PINU{X =Y} =1, as x2 € (Nf)4,. Notice furthermore that P[f] < oo, and that
P=3, Aib(z0.y;) T A(29,) +0(a1,20) 18 @ competitor to P. Then as 0y, is a Ny—tangent
convex function, P'[0;] < P[] < oo, and therefore, as A > 0, Oy(x2,y) < co. We proved
that

dom (fs + 0oul ) (21, -) Ndomipe, C domby (w2, ).

Therefore, dom (0 +ooul.)(z1,) Ndomips, C domby(w2,-). As the other ingredi-
ents of J do not depend on z, and as we can exchange x1, and x2 in the previous

reasoning,
dom (fs + 0oul ) (21, -) Ndomibe, = dom (e + coul ) (12, ) Ndomys.

Taking the convex hull, we get J(x1) = J(z2).
Step 7: Now we prove that thanks to the modification of I and J, we have that J°
is constant on all I(x), for € R? and that .J C J° C .J, which is the remaining part
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of (iii). By its definition, we see that the dependence of J° in z stems from a direct
dependence in J(x). The map J is constant on each I(x), 2 € RY, whence the same
property for J°. Now for I(x) ¢ I(Ny), all these maps are equal to {z}, whence the
inclusions and the constance.

Now we claim that for x,2” € R? such that 2’ € J(x), we have J(z') C J(x). This
claim will be justified in (iii) of the proof of Remark 3.2.8 above. Now if 2/ € J(z) \ N, C
J(z), we have as a consequence that J(x') C J(z), and therefore I(z') C J(z). We
proved that J° C J.

Finally by Proposition 2.4 in [58], we may find P € My, ) such that J(X)\ I(X) C
{y:Px[{y}]}, on N,. Then J C J° on Ny Otherwise, these maps are again equal to
{X}, whence the result. O

Proof of Remark 3.2.8 (i) Recall that, with the notations from Proposition 3.2.7,
J(X) := conv(dom@’(X,-) \ N,) N J(X). ¢ € T(u,v), then S,,(f) < oo and Y €
domf’(X,-), M(u,v)—q.s. Recall that Y € J(X), and Y ¢ N,, M(p,v)—q.s. All
these ingredients prove that Y € J(X), q.s. and Y € J(X)\ N,, q.s. The result for J°

is a consequence of the inclusion
J\N, CJ°CJ. (3.5.4)

(i) Let z,2’ € RY, we prove that J(z)NJ(2) = aff(J(a:) N J(:v’)) NJ(x). The direct
inclusion is trivial, let us prove the indirect inclusion. We first assume that xz,2’ € N -
We claim that

J(x)NJ(2") = conv(J(x) N (2') \ N}). (3.5.5)

This claim will be proved in (iii). If J(z)NJ(2’) =0, the assertion is trivial, we assume
now that this intersection is non-empty. Let yi,...,yx € J(z)NJ(2")\ N}, with k > 1,
spanning aff(J(x) NJ(z") \NL) Let y € aff(J(x) N J(x’)) NJ(z), and y' = £ ¥, y5. We
have y' € riconv(yy,...,yx) and y € aff conv(yi, ..., yx), therefore, for £ > 0 small enough,
ey+(1—¢)y ericonv(yi,...,yx) C J(z)NJ(2") C J(2) = conv(J(x’) \N,,) by (i). Then,
for £ small enough, ey+ (1 —¢)y’ =3_; My}, convex combination, with (y;); C J(z') \ Ny.
Then P = %sd(x,y) + i(l —&) 30z, yi) + 530 Nid (2, yh) is concentrated on N6, and by
(iv) we have that its competitor P’ = %55(35/@) + o (1—2) X 0(2 yi) + 5 i Nid(,y)) i
also concentrated on N’¢. Therefore y € J(z'), and as y € J(z), we proved the reverse
inclusion: J(z)NJ(z') = aff(J(x) N J(x’)) NJ(x).
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Now if z,2" € Upngn, I(2"), we may find 21,22 € N such that J(z) = J(z1), and
J(z") = J(x2), whence the result from what precedes. Finally if z or 2’ is not in
Ugrgn, [(2"), Tf it is @, then I(z) = J(x) = {=}, and if x € J(2'), then the result is
{z} = {x}, else it is @ = 0. If it is 2/, then if 2/ € J(z), the result is {2’} = {2},
otherwise, it is again () = (). In all the cases, the result holds.

Finally we extend this result to J°. Notice that by (3.5.5) together with (3.5.4),

we have aff(J(x) N J(x')) = aff(Jo(x) N Jo(x')). Now consider the equation that we
previously proved J(z)NJ(z") = aff(J(x) N J(z')) NJ(x), subtracting Ny, \Upngn, I(z")
and replacing aff(J(m) N J(x’)), we get JO(z)NJ°(2') = aff(Jo(m) N Jo(x’)> NJ°(x).
(iii) Let y € J(z)NJ(2"). By (i), conv(J(x)\Nl,> = J(z), and the same holds for
#'. Then we may find yi,...,y; € J(z)\ N, and y1,...,y. € J(2') \ N, with >; \y; =
> Nyl =y, where the (\;) and (X)) are non-zero coefficients such that the sums are
convex combinations. Now notice that P:= 3 LN 0 (x y )t 3 ZZ )\1(5 1yl 18 supported
in N'¢. By (iv), its competitor P’ := 222)\ (i) T 3 D )\15 (x4} 18 also supported
on N'¢. Therefore, yi,...,yr, Y1, ...y € J(x)NJ(x )\N We proved that J(z)N
J(z") C conV(J (x)NJ(2")\ Nl’,), and therefore as the other inclusion is easy, we have
J(z)nJ(z") = COIIV(J(J?) NJ(z")\ N[,) The extension of this result for J° is again a
consequence of the inclusion (3.5.4).
(iv) Now we assume additionally that I(z') N J(x) # 0, let us prove that then J(z') C
J(x). 2" ¢ Upngn, [(2"), then J (') = {z'} and the result is trivial. If 2 ¢ Ungy, I(z"),
then the result is similarly trivial. By constance of J and I on I(z) for all z, we
may assume now that x,2’ € N;. Then let y € I(2)NJ(z) C COHV(J({E/) \NV) N
conv(J(x)\Ny>. Let ¢ € J(2/)\ Ny, for € > 0 small enough, y—c(y' —y) € I(v/)
by the fact that I(y') is open in affJ(z’). Then y—e(y' —y) = 3; Niys, and y =
> Ayl convex combinations where ( )i € J(2')\ Ny, and (y;); € J(2')\ N,. Then
P.= %1;5(961/ /) +1 3 1+€ 2iNiO(z )t 3 ZZ)\ 6 o, /) is concentrated on N’¢ and by (iv),
so does its competitor P := %145-55( ) +1 5 1+6 i Ai0(a ) 3 LS Aid( (x)- Then in
particular, ¢’ € J(z). Finally, J(z') \N,, C J(x), passing to the convex hull, we get
that J(2) C J(x).

Finally, if I(z")NJ°(x) # 0, then I(z')NJ(z) # 0, and J(z') C J(x). Subtracting
Ny \Ugngn, I(2") on both sides, we get J°(2") C J°(x). 0

Proof of Theorem 3.2.10 Let (N,,N,) € Ny xN,, and J € J(u,v). The "if" part
holds as Y € J(X), X ¢ Ny, and Y ¢ N, gs.

Now, consider an analytic set N € A, ,. Then ¢:= coly is upper semi-analytic
non-negative. Notice that S, ,(c) =0. By Theorem 3.5.1, we may find (¢,1,h,0) €
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D/@‘j&(c) such that p[p]+v[Y]+v6uld] =S, (c) = 0. Then by the pointwise inequality
ooly <Ry +h®+0, on {Y € affrf yconv D(X)}, with D(X) = dom(G(X, ) —Hb),
we get that

N C {p(X) =00} U{y(Y)=00}U{Y ¢ domf(X, )} U{Y & affrf xyconv D(X)}
= {p(X) =0} U{t(Y) = 00} U{Y ¢ domd(X,-) Naffrf xconv D(X)},

Let J € J(u,v) from Proposition 3.2.7 for 0, and N, := dom¢© € N,,. We have
J(X) C affrf xconv D(X) and J(X) C J(X) C dom#(X,-), u—a.s. Therefore, we have

N C Ny:={XeN,Ju{yeN}u{y¢JX)}

for some N, € N, and N, C N,, € N,,. By Proposition 3.2.7 (i) and (iv), Ny may be

chosen canonical up to enlarging V. a

3.5.5 Decomposition in irreducible martingale optimal trans-

ports
In order to prove theorem 3.3.5, we first need to establish the following lemma.

Lemma 3.5.5. Let 0 € T (u,v) and P € M(u,v), we may find ¢ € T (u,v) such that
0 <0, vould] <vould), and Jr(ra) v Spi[0n(di) < vSulf].  Furthermore under
Assumption 3.2.6, we may find f € €, andp € 0" f such that 0 <T,f, q.s., vOu[f] <
voulb), and [yrayv; Spil fln(di) < vSulb).

Proof. Let a > 0, we consider 7 the collection of 0c O, such that we may find ¢’ € Ta
with 0’ > 60, vEul0] < a, and Jrmay vE Su;10'In(di) < a. First we have easily T(&,) C T,
s T(€a) © Tow and gy vF Ot n(di) = o) (F — ) 0n(di) = (v — )[9), for
9" € T(€,). Now we consider (6,,),>1 C T converging u®pw to 8. For each n > 1,
we may find 6, € T, such that 6, > 6, voulh,) < a, and J1(ray v S [0n)n(di) < a.
By the Komlés Lemma on I — v¥Su;[0,] under the probability n together with
Lemma 2.12 in [58], we may find convex combination coefficients (A}})1<n<) such that
Iy )\ZVI[Pé[L[ [0)] converges n—a.s. and 6], := Y72, A0y converges u@pw to 6’ := 0.,
as n —» 0o, and moreover vE&u[0'] < a. As ¢/, is a convex extraction of f,,, we have ¢/ :=
6", > ... Moreover, by convexity of vF Sy, we have 50, ANPF Spup[0] > V5 Spurll],

and therefore

o0 o0
liminf > AF S ur[0i] = limsup > NS ur[0y] > limsup vy Spurl6),] > vi Spurlf']
n—00 n— n—r00

k=n k=n
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n—a.s. Integrating this inequality with respect to n, and using Fatou’s Lemma, we get

~

P10 n(di) < a.
.y 7 S0 () <

Then @OO € T. Hence, T is u®@pw—Fatou closed, and therefore ToCT.

Now let 6 € 7A’(u,1/), with [ := Vé/ﬁ[é\]. By the previous step, for all n > 1, we
may find 0], € 77“/” with [ ga) VP Ei[0)1n(di) < 1+1/n such that 6 < @, Similar
to the proof of Lemma 3.5.4, we get ' € T (u,v) such that § < @', vOu[f'] <1, and
J1(ray vi Ou;[0'|n(di) < 1, thus proving the result.

We prove the second part of the Lemma similarly, using Assumption 3.2.6 instead
of Lemma 2.12 in [58]. 0

For the proof of next result, we need the following lemma:

Lemma 3.5.6. Let 0 € T (u,v), mx = u[X|I(X)], and fx(-):=0(mx,-). Then we
may find a p—unique measurable p(X) € affI(X) — X such that for some N, € N,

0= fx(Y)— fx(X)=p(X)- (Y = X), on{Y €affdomx8}N{X & N,}. (3.5.6)

Proof. We consider N, € N, from Proposition 2.10 in [58], so that for z1,z2 ¢ Ny,
y1,y2 € R? and X € [0,1] with 7 := Ayy + (1 — Ny € dom,,§ Ndom,, 0, we have:

M(z1,y1) + (1= N)0(21,92) — O(21,7) = M (22,91) + (1 = N)0(22,y2) — O(22,7) >(B.5.7)

By possibly enlarging N,,, we may suppose in addition that (z) C dom,#0 for all z € N -
For x € Nj and y € dom, 0, we define Hy(y) := fo(y) — fu(x) —0(z,y). By (3.5.7), Hy
is affine on aff dom,0 Ndomé(z,-). Indeed let y; € aff dom,0 Ndomf(z,-), yo € dom,0,
and 0 <A <1, then y:= Ay; + (1 — A)y2 € dom,6 and

Hy(y) = 0(ma,y) —0(my,x) —0(2,9)
= M(mg,y1) + (1= A)0(mg,y2) — A0(x,y1) — (1 = A\)0(z,y2) — 0(my, v)
= AHy(y1)+ (1= A)Hz(y2)

We notice as well that Hy(z) =0. Then we may find a unique p(z) € aff[(z) —z so
that for y € dom,0, Hy(y) =p(x)- (y —z). p(X) is measurable and unique on Ny, and
therefore u—a.e. unique. For y € aff dom,0 Ndomé(z,-), it gives the desired equality
(3.5.6). Now for y € aff dom,0Ndomb(z,-)¢, let 0 < A <1 such that y:= Az +(1—-N)y €

domz6. By (3.5.7), M(z,z) + (1= N)0(z,y) —0(z,y) = Afa(z) + (1= A) faly) — f2(),
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and therefore 0(z,y) is finite if and only if f,(y) is finite. This proves that (3.5.6) holds
for y € aff dom,0. a

Proof of Theorem 3.3.5 For P € M(u,v), Iy € I(R?%), we have by definition of the

supremuin,

IEDIO [C] S S]P:IOOXfl’PIOOyfl (C) = S“IO’VIIPO (C),

where we denote by Py a conditional disintegration of P with respect to the random
variable I. Now we consider a minimizer for the dual problem (@, v, h,0) € D;f;gd(c) and
0 € T (1, v) such that 6 < 0, vEu[0'] < vEu[d], and Jr(ray Vi S0 n(di) < vSulf] from
Lemma 3.5.5. Recall the notation my := p[X|I(X)] =P[Y|I(X)], by the martingale
property, and let fx(Y):=6'(mx,Y). From Lemma 3.5.6, we have ¢/(X,Y) = fx (V) —
fx(X) =px(X)- (Y = X), with px € 0fx(X), M(u,v)—q.s. Then let v :=¢— fx,
r(X) = (V) + fx(Y), h:=h—px.

prl @)+ vy [W] + v Surll'] > prlelevy [v] > L) =8, k).
Integrating with respect to n, we get:

) = [ e+ ) Sl (i) > |

I(RY)
= /](Rd) Sui,uf)(C)n(di) > P[]
Taking the supremum over IP:

I ¢) > sup

o (€) 2 (e)n(di) =  sup

L . S, e(en(di)>8,,.(c
PeM(u,v) I(R9) Nu]ip PeM () I(RY) Wiy ]zp’( )77( ) m ( )

Then all the inequalities are equalities by the duality Theorem 3.8 in [58].
We consider P* such that P*[c] =S, ,(c) = Imgd(c) gives us that there is an optimizer.

. mod .
Sy @) < [ T (e

Sunle) = Pl = [, Pildn(di) < |

I(R4)

< % P P A g '<m0d.
S /I(Rd)m[soH% [ +v; OuildIn(di) < T (c)

Then all these inequalities are equalities by duality.

The second part is proved similarly, using the second part of Lemma 3.5.5. O
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3.5.6 Properties of the weakly convex functions

The proof of Proposition 3.2.13 is very technical and requires several lemmas as a

preparation.

Lemma 3.5.7. Let N, € N, we may find N, C N, € N, and a Borel mapping
ik 5 K +— mg such that myxy € I(X)\ N, on {X ¢ N, }.

Proof. We may approximate N,; from inside by a countable non-decreasing sequence
of compacts (Kp)n>1: Up>1K, C N, and wulUp>1K5) = 1. Let NZL = (Up>1Kp) €N,
For n € N, the mapping I, : z — x+ (1 —1/n) (cl[(x) — a:) N K,, is measurable with
closed values. Then we deduce from Theorem 4.1 of the survey on measurable selection
[158] that we may find a measurable selection m™ : R? —s R? such that m™(z) € I,(x)
for all z € R%. Define

m/(z) :=m"®)(z) where n(z):=inf{n>1:1I,(z)#0}, zeR?

and m® := 0. Then for all z ¢ N, we have the inclusion () # {z} N N/? C I(z) N N,5 =
Un>11n(z), so that n(r) < oo and m/'(x) € I(x)\ N),. However, we want to find a
map from K to R Consider again the map my := E*[X|I]. Notice that m; € I by
the convexity of I, and that it is constant on I(x), for all x € R?. Then the map

my :=m'(my) satisfies the requirements of the lemma. a

We fix a N—tangent convex function 6 € 7 (u,v). Let N :={X € NB} u{Y ¢
N,}U{Y ¢ J(X)} € N, a canonical polar set such that (N°)¢ C N¢Ndomé from
Proposition 3.2.7. Consider the map m given by Lemma 3.5.7 for NS, let Ny 3 N, D NS
such that myx) € I(X)\ N, on {X ¢ N,}. By Proposition 3.2.7 together with
the fact that N, D Nﬁ, we may chose the map I so that N':={X € N,}U{Y ¢
N,yU{Y ¢ J(X)} € Ny, a canonical polar set such that N C N°Ndomf. For
K € I(RY) :={I(x): x € R} we denote fx :=0(mg,-).

Lemma 3.5.8. We may find J° € J°(n,v) such that {Y € J°(X),X ¢ N,} C N°n
domd, convJ®=J = COHV(J\NV), and CODV(JO(ZE) ﬂJo(x’)> =J(x)NnJ(z") = COHV(J(I) N
J(x’)\N,,) for all z,2" € RY.

Proof. The map defined by J°(z) := Uye s\, [ (2') U J(2) \ N, is in T°(u,v).
By Proposition 3.2.7, J° C J, therefore J° C J = conv(J \ N,) C convdomf(X,-) =
domd(X,-) on Ny, whence the inclusion {Y € J°(X), X ¢ N, } C dom6.

Now we prove that {Y € J°(X),X ¢ N,} C N° Recall that N' ={Y € J(X)\
Ny, X ¢ N,} CN¢ Let o ¢ Ny, and 2’ € J(x)\ Ny, then I(z') C NS Let y € I(z') C
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N5, by Proposition 3.2.7, y € J(z)NJ(2') = conv(J(ac) N J(x’)\Nl,). Then we may find
Y1, Yk € J(x)NJ(x')\ N, such that y = >°; \iyi, convex combination. We also have
y € NS, then P:= %Zi Aid () T %533/’3/, and P/ := %Zi Aid (gt i) %&;,y are competitors
such that the only point in their support that may not be in N¢ is (z,y), then by
Definition 3.2.1 (iii), (z,y) € N°. We proved that {Y € J°(X),X ¢ N,} C N°.
The other properties are direct consequences of Remark 3.2.8. a
Let J° € J°(p,v) and N, € N, from Lemma 3.5.8.

Lemma 3.5.9. We have 0 =T5;f(X) on{Y € J°(X),X & N} for somep € LY(R?, RY),
and J° € J°(p,v).

Proof. Let a; := f1(z) — fr(z)(z) —0(x,). We claim that a, is affine on J°(x), for all
x ¢ Ny, i.e. we may find a measurable map p on N ,, such that, by the above definition
of a, together with the fact that a,(x) =0,

0= frox)(Y) = frox)(X) =p(X)- (Y = X), on{Y €J(X),X &Ny}

Now we prove the claim. Let x ¢ N, and y,y1,...,yx, € J°(2), for some k € N, such

that y = >; \jyi, convex combination. Now consider
._ I
Pi= Zd(mz(x)7yi) +0py, and P:= Zd(ﬂhyi) + (Sml(x)’y'
1 1

Notice that P, and I’ are competitors with finite supports, concentrated on N€, by the
fact that mp() & Ny, together with Lemma 3.5.8, and the fact that J° is constant on
I(x) by Proposition 3.2.7. Therefore

Z)\i9<m1(z)ayi) +0(z,y) = Z)\ﬁ(%yi) +0(my),y), (3.5.8)

from Definition 3.2.1 (ii). Then the proof that a, is affine is similar to the proof of
Lemma 3.5.6.
Let p(x) be a vector in VaffI(x) representing this linear form. By the fact that a,

is linear and finite on J°(z), we have the identity

9(]),y) = fI(ac)(y) _fI(w)<‘T> —ﬁ([ﬁ) ’ (y_x>7 for all (l’,y) < {Y € JO<X)7X ¢ 1\@}59)

O
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Recall that we want to find f:RY — R, and p: R? — R such that § = T, f
on {Y € J°(X),X ¢ N,}. A good candidate for f would be f7, in view of (3.5.9).
However f defined this way could mismatch at the interface between two components.
We now focus on the interface between components. Let K, K’ € I (Rd), we denote
interf(K, K') := J°(mg)NJ°(mg) if mg, mgr ¢ N, and () otherwise.

Lemma 3.5.10. Let (Ax)gepma) C Aff(RY R) be such that
Ar(y) = Ag(y) = fro(y) = fx(y), for all y € interf(K, K'), and K, K' € I[@S)L0)

Then f(y) := fx(y)+ Ax(y) does not depend of the choice of K such thaty € J°(mg),
and if we set p(y) == p(y) + VAyy), we have

0=T,f, on {YeJ(X),X¢&N,}

Proof. Let K,K’€ I(R?) such that y € J°(mg)NJ°(mg:) = interf(K, K'). Then
fr(y)+Ax(y) — (fK/(y) —|—AK/(y)) =0 by (3.5.10). The first point is proved.

Then Ty, f = Thyva,(f1+ A1) = Tpfr + Tya, Ar = T;f1, where the last equality
comes from the fact the Ay is affine in y. Then Lemma 3.5.9 concludes the proof. O

We now use Assumption 3.2.6 (ii) to prove the existence of a family (Ax ) g satisfying
the conditions of Lemma 3.5.10. Let C C K, D C K, and R C K from Assumption
3.2.6 such that I(X) €e CUDUR, p—a.s. with C well ordered, dim(D) C {0,1}, and
Uk zirer [ K X (LK Nl K')| € Ny,

Lemma 3.5.11. We assume Assumption 3.2.6, and the existence of (T[I((/)K,K’GCUR C
AfF(R? R) such that
() TE +TE +TE, =0, for all K,K',K" € CUR;
(ii) ngl(y) = fx(y) — fx(y), for all y € interf(K,K'), K,K' € CUR.
Then we may find (AK)KGI(Rd) satisfying the conditions of Lemma 3.5.10.

Proof. We define Ax by for K € CUR. If this set is non-empty, we fix Ko € CUR.
Let K € C, we set Ag := —TII((O.

Now for K € D, K has at most two end-points, let z € J°(my) be an end-point of
K. If z € J°(m) for some K’ € CUR, then we set Ag(x):= Agi(x)+ fxr(z) — fr ().
If x € J°(my) for some K’ € D, then we set Ag(x) := —fx(z). Otherwise, we set
Ak (x):=0, and set Ag to be the only affine function on K that has the right values
at the endpoints, and has a derivative orthogonal to K, which exists as K is at most

one-dimensional.
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We define Ay = 0 for all the remaining K € I(R?).

Now we check that (Agx)x satisfies the right conditions at the interfaces. Let
K,K' € I(R?%) such that interf(K, K’) # (. If K € D, or K' € D, the value at endpoints
has been adapted to get the desired value. Now we treat the remaining case, we
assume that K, K’ € CUR. We have A — Ay = —ngo +T[l§0/. Property (i) applied
to (K, K, K) implies that T = 0, and therefore, (i) applied to (Ko, K, K) gives that
T[I((0 = T[I((O. Finally, (i) applied to (K, Ky, K') gives that A — Agr = T[I((/. Finally, by
(iii), we get that Ax — Axr = fr(y) — fi (y) for all y € interf (K, K). O

Lemma 3.5.12. Let K, K' € I(R%), we have that fx: — fx is affine finite on interf (K, K').

Proof. First, by the fact that interf(K, K') C domf(m,-)Ndomb(mg,-), a:= fxr —

[k is finite on interf (K, K’). Now we prove that this map is affine, let y1, ..., yx, ¥1, ..., Yjs €
interf (K, K') such that y = >"; \iyi = >_; Miyl, convex combinations. Then P:= % 22 N0 (e i) T
3 /\gé(mK“yg), and P/ := 13, Ai(m ) T 3 )\gé(mK’yg) are competitors that are con-
centrated on {Y € J°(X),X ¢ N,} C N by Lemma 3.5.8. Therefore, by Definition

3.2.1 (i) we have >>; Nl (mg,yi) + i NoO(mger,yh) = S N (mer,yi) + X N (mge, ys),
which gives

Z)\ia(’yz‘) = Z Aa(y;).
7 (2
Similar to the proof of Lemma 3.5.6, we have that a is affine on interf(K, K'). O
Let K, K’ € I(RY), by the preceding lemma fx+ — fx is affine finite on interf (K, K”).
If this set is not empty, let the unique a? € Vaffinterf(K, K') and b? € R such that
Fio(y) — frc(y) = as -y +0K' . for y e interf(K, K').

We denote HI[((/ DY — a? -y—l—b? € Aff(R? R). If interf(K, K') = 0, we set Hf((/ =0.

Lemma 3.5.13. We may find (TIIg/)KK’eCuR C AF(RY,R) satisfying (i), and (i1)
from Lemma 3.5.11 if and only if we may find (Hﬁ? )k, K'ecur C AfF(RYR) such that
Fﬁ =0 on interf(K, K') for all K, K' € CUR, and for all triplet (K;)i—1 23 € (CUR)?

such that with the convention K4 = K1, we have

YO Hg M+ HET =0 (3.5.11)
i=1

Proof. We start with the necessary condition, let (ngl) k.xecur C Aff(RY,R) sat-
isfying (i), and (i7) from Lemma 3.5.11. Then for K,K' € CUR, we introduce
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Fﬁ = T[I((/ - H{g/. By (ii), together with the definition of H[I((/, we have H? =0 on
interf (K, K'). Now let a finite (K, K’, K") C CUR, by (ii) we have

/ K’ no K" —K / 7
HE +Hy +HE +Hp + HE + Hypw =TE +TE +7E, =0.

Now we prove the sufficiency. Let (Hﬁ )k.xrecuor C Aff(RYR) such that F? =0
on interf (K, K') for all K, K’ € CUR, and for all finite set F C CUR, and all triplet
(Ki)i=123 € (CUR)? such that we have 33, H[I((:H —i—ﬁ%“ =0.

Then for K, K’ € CUR, let TI[((/ = HII((I —|—F§ . The property (ii) of (T[I((/) follows
from the fact that T{gl = H{gl —|—F[I§ = Hfg/ = fx' — [k on interf(K, K').

Property (i) is a direct consequence of (3.5.11) with (K, K',K"”) € (CUR)3. O

Lemma 3.5.14. Let F C I(Ny) finite, we may find (H§ Vk.xrer C AF(RER) such
that H? =0 on interf(K,K') for all K,K' € F, and for all triplet (K;)i=123 € F3

such that with the convention Ky = K1, we have 3, H[I((ZH —i—ﬁﬁ“ =0.

Proof. Let p € F?, we denote H, := HP?, interf(p) := interf(p1,p2), and the linear

map g, : A € AF(RY R) — Aparintert(p) € Aff(aff interf(p),R). Let the linear map

2
g1 (Ap)per2 € AFRELR) — (gp(Ap))pep ¢ [ Aff(affinterf(p),R),
peEF?2

and if we denote t; j := (t;,t;) € F2 for t € F3 and 4,5 € {1,2,3}, let the other linear

map
2 3
fi(Ap)yere € AMERER)T — (A, + Ay +At371)t€ s EARRIR)F
Notice that the result may be written in terms of f and g as

F((Hp)perz) € f(kerg). (3.5.12)

We prove this statement by using the monotonicity principle (ii) of Definition 3.2.1.
Let the canonical basis (ej)1<j<q of R?, and eg:= 0 so that (ej)o<j<d is an affine
basis of R?, and the scalar product on AH(Rd,R)fg defined by <(At)t€;3, (A;)t€;3> =
Yiers o<j<d At(ej)At(ej). As the dimensions are finite, (3.5.12) is equivalent with the

inclusion f(kerg)™ C {f((Hp)pefz) }L.



114 Quasi-sure duality for multi-dimensional martingale optimal transport

1
Let (At)ers € f(kerg)t, we now prove that (As)crs € {f((Hp)pe}-z)} , i.e. that

(Aders f((Hphperz)) = X Adles) (Huyo(e))+ Higy(ej) + Heg,y (e5))
teF3,0<5<d

= 0.

Let p€ F2, P, := PrOjagtinterf(p): and 0 < j < d. By the fact that Py(e;) € aff interf(p) =
aff(J(mpl) NJ(mp,) \NV) by Remark 3.2.8, we may find (v; jp)i<i<d+1 C J(myp,) N
J(mpy) \ Ny, and (N jp)1<i<dr1 C R such that Pp(e;) = S9N\ pwi j.p, affine combi-
nation, and Zfill Aijp = 1. Then with these ingredients we may give the expression of

Hp(e;) as a function of values of :

d+1 d+1
Hy(e) =Y NigpHpWijp) = D Nijpl0(mpy,yijp) —0(mp,,vijp)]
1=1 =1
= L],

where L% = Z?;Lll i jp [6(mp27yi7jﬁp) — (5(mp1 ayi,j,p):| is a signed measure with finite support
in {Y € J(X)\ Ny, X ¢ N,}. We now study the marginals of LJ: we have obviously
from its definition that L]J;[Y —=y] =0 for all y € R, For the X-marginals, L%[X =
My, = —LI[X =mp, | = SN jp=1, and LI[X = 2] =0 for all other z € RY. Finally
we look at its conditional barycenter:

d+1

L]];[Y‘X = Mypy| = —L%[Y‘X =myp, ] =3 Nijpliip=Pplej)- (3.5.13)
i=1

Now let t € F3, we denote L] := L]+ L] +L] . We still have L][Y = y] = 0 for all

t1,2 ta3 t3,1°
y € R? by linearity. Now
LIX =] = L [X =]+ Ly, [X =]+ L, [X =t
= —ly=t + Liy=t; — Ltg=t; + Liy=t; — Lig=t; + Le5=1,
= 0.

Similar, LJ[X = to] = LI[X = t3] =0, and L{[X = 2] = 0 for all 2 € RY.

Notice that ((Ar)iers, f((Hp)perz)) = LIO], with L =Sz o< j<q Ar(e;) L. By
linearity, we have that

LX=x]=L[Y =2]=0, forall zeR% (3.5.14)
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Furthermore, L is supported on {Y € J(X)\ N,,X ¢ N,} C N° like each L}. We
claim that L[Y|X] =0, this claim will be justified at the end of this proof. Then
we consider the Jordan decomposition L = Ly — L_ with L4 the positive part of L
and L_ its negative part. By the fact that L[R? = 0, we have the decomposition
L=C(Py—P_), for C =L, [RY=—L_[RY>0. Then P, and P_ are two finitely
supported probabilities concentrated on N¢. By the fact that L[ X|= L[Y]|= L[Y|X]| =0,
P, and P_ are furthermore competitors, then by Definition 3.2.1 (ii), P, [0] =P_|d],
and therefore <(At)te]:3,f((Hp)pe]:2)> = L[0] = 0, which concludes the proof.

It remains to prove the claim that L[Y|X] = 0. Recall that (A¢),crs € f(kerg)=t.
Let K € F and p € F? such that p; = K, and u € RY, the map &, : 7 +— u- (x—Pp(x)>
is in kerg,. For all the other p' € F2, we set &y =0 € kergy. Then (§p),er2 € kerg,

and therefore <(At)t€]:3,f((§p)p€fz)> =0, we have

0 = > Auey) > 1p1=K“'(€J’_PP(6J)>

teF3,0<5<d p=t1.2,12.3,t31
= U- Z At(ej) Z 1p1:K(€j_Pp(6j)>-
teF3,0<5<d p=t12,t2 3,31

As this holds for all u € RY we have Yters o<j<d At(€) Xp=t o tas.t51 Lpi=K (ej —

Pp(ej)) =0. Similarly, we have 3=,c 73 0<j<a At(€5) Xp=t) o,t2.5.t51 Lpo=K (ej —Pp(ej)) =
0. Combining these two equations, and using (3.5.13) together with the definition of L

we get
LY|X=mg] = Yoo Adey) Y. (py=x —15=k)Pple))
teF3,0<5<d p=t12,t2.3,t31
= Z At(ej) Z (1p2:K - 1p1:K)€j
teF3,0<5<d p=t1,2,t2,3,t3,1

= L[X = mK]ej = O,

by (3.5.14) together with the definition of L. We conclude that LY |X =mg]| =0, the

claim is proved. a

Lemma 3.5.15. Under Assumption 3.2.6, we may find (Fflg Vk.xrecur C Aff(RYR)
such that Fﬁ =0 oninterf(K,K") for all K, K' € CUR, and for all triplet (K;)i=123 €
(CUR)? such that with the convention K4 = K1, we have 2?21 H]Ig:“ +H§z+1 =0.

Proof. We use the well-order of C from Assumption 3.2.6 to extend the result of
Lemma 3.5.14 to the possibly infinite number of components. By the fact that C is well

ordered, we have that C? is also well ordered (we may use for example the lexicographic
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order based on the well-order of C). We shall argue by transfinite induction on C2. For
(K,K') € C?, we denote C(K,K') := {(K1,K2) €C?: (K1,K2) < (K,K")}. Finally we fix
||, a euclidean norm on the finite dimensional space Aff(R%,R), and for (K, K') € C?,
we define an order relation < g/ on Aff (Rd,R)C(K’K/) which is the lexicographical
order induced by (C(K,K’),<), and by the order on affine function (Aff(R% R), =),
defined by A < A" if ||A|| < ||A’||. Our induction hypothesis is:

H(K,K') : we may find a unique (H%)(Kl,Kg) cc(k) such that:

(i) for all finite 7 C CUR, we may find (Hy?)k, k,er C AF(RYR) such that
ﬁfgf =0 on interf(K7, Ks) for all K1, Ko € F, such that for all triplet (K;) € F3 we
have >3 4 HII((ZH + ﬁg“ =0, and finally such that Hﬁﬁj = ﬁflgf for all (K1, K>) €
F2NC(K,K");

(ii) for all (K", K") < (K,K"), (ng)KLKﬁC(Ku,KW) is the minimal vector satisfy-
ing (i) of H(K",K"), for the order =g gm.

Similar to the ordinals, we consider C? as the upper bound of all the elements it
contains, which gives a meaning to H(C?). The transfinite induction works similarly to
a classical structural induction: let (Ko, K};) € C? be the smallest element of C, then
the fact that H (K, K{)) holds, together with the fact that for all (K, K’) € C, we have
that H(K", K"") holding for all (K", K"") < (K, K') implies that H (K, K’) holds, then
the transfinite induction principle implies that H(C?) holds.

The initialization is a direct consequence of Lemma 3.5.14 as C(Ky, Kj) = 0. Now
let (K,K’) € C, we assume that H(K', K") holds for all (K" K") < (K,K"). Let
(K1,K1) < (KQ,KQ) < (K,K'). As H(Kl,Kl) and H(Ks, K5) hold, we may find
unique (HK{( )K" Kec(Ky K> and (HK/ )K’,K”GC(K%Kg) satisfying the conditions of

"

the induction hypothesis. The restriction (H é{( K’ K"eC(Ky,K}) satisfies the conditions
of H(K1, K1) by H(K2,K}), and by the fact that for the lexicographic order, if a word is

minimal then all its prefixes are minimal as well for the sub-lexicographic orders. There-
. . —1,K" —2,K"
fore, by uniqueness in H(K1,K}), (Hg )K',K”eC(Kl,K’) (Hy )K’,K”GC(KLK{)-

For all (K", K") < (K,K') which are not predecessors of (K,K’) (i.e. such that

l/

K! ) € C? with (K” K™Y < (Ki, K!.,) < (K, K")), let Hir be
the (K', K")—th affine function of (HK1>K1,K2€C(Kmt,K,§nt) satisfying H(Kint, K1),
which is unique by the preceding reasoning. If (K, K’) has no predecessor, then

H:=(H [,g, Vi kmee(k ity solves H(K, K'). Now we treat the case in which we may

we may find (K,

find a predecessor (Kpred, K, 0q) € C? to (K, K'). In this case this predecessor is unique

pred

because C? is well ordered. Then we consider H := (HKl)Kl,ngC( Kprea K/

) from
pred

H(Kpred7K/

pred) Now we need to complete H by defining H 5 :ed
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For all finite 7 C CUR, we define the affine subset Ar C Aff(RY,R) of all H €
Aff(R? R) such that <HK1)K1 ngC(K K satisfies (i) of H(K, K'), with ﬁgf = Hﬁj

if (Ki,K2) < (Kprea, Kyeq) and HKP’“ed. By H(Kpred; Kppeq) (i) applied to FU
{(Kpreds pred)} we have that Ar is non-empty for all /. Then the intersection
taken on finite sets A := Nr-curAr is also non-empty as we intersect finite dimen-

sional always non- empty affine spaces that have the property Ar, NAr, = Ar,uz,-

Then if we chose H Kp "t e A, H(Kpred, orea) Will be verified, except for the minimality.
To have the mlnlmahty, we chose the minimal H € A for the norm || - ||, which is unique
as A is affine and the norm is Euclidean. This uniqueness, together with the uniqueness
from the induction hypothesis gives the uniqueness for H(Kpreq, K ;T cq) by properties

of the lexicographic order. We proved H(Kpred, K pred), and therefore H(C?) holds.

Finally, we need to include R in the indices of H. Let the unique (ﬁﬁ? ) (K, Kyec?
from H(C?). Let K € R, K’ € C. Similar to the step in the induction (Kpred,K;red) to

(K, K'), we may find a unique F? which satisfies the right relations and is minimal for
the norm || - ||. As we may do it independently for all (K, K”) e RxC by the property
of R in Assumption 3.2.6. For K € C and K’ € R, we set HK = —HK/ Flnally for
K,K'eR, if C =1, then we set HK =0, else we set HK = HKO HKO for some
Ko € C. We may prove thanks to H(C?) that this definition does not depend on the

choice of K € C, and that H defined this way on (CUR)? satisfies the right conditions.
O

Proof of Proposition 3.2.13 The inclusion D is obvious from the definition of 0" f.
We now prove the reverse inclusion by using Assumption 3.2.6. Then by Lemma 3.5.15,
we may find (HK ) K~y K'ccur C AfF(RY R) such that for all finite set 7 C CUR, and
all permutation o € Sx such that K ~; o(K) for all K € F, we have ZKG}-H?{(K) +
F%K) = 0. Then, by Lemma 3.5.13, we may find (TII({,)KJ(IGI(Rd):KNK/ C Aff(R? R)
satisfying (i), (i7), and (i4i) from Lemma 3.5.11. Then we may apply Lemma 3.5.11:
we may find (Ax ) g—(z) pert C AfF(RY,R) such that Ag(y) — Agr(y) = fxr(y) — fx(y)
for all y € interf(K, K’), and for all K, K’ € I(R%). Finally, by Lemma 3.5.10, f(y) :=
fx(y)+ Ak (y) does not depend of the choice of K such that y € J°(mg), and if we
set p(y) :==p(y) + VA, we have

0=T,f, on {X¢N,Jn{YeJ(X)}

Therefore, 0 ~ T, f, whence f € C,,,, and we proved the reverse inclusion. a
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Now, we prove the convexity of the functions in €, , on each components.

Proof of Proposition 3.2.15 Let p € 0" f, and 6 € T (u,v) such that Tpf =0 on
{Y € J°(X),X ¢ N,} for a N—tangent convex function 6 € T (11,v), N, € N,,, and
J°(p,v). By proposition 3.2.7, we may chose N, and J° such that {Y € J°(X), X ¢
N,} CdomfNN€. For all z ¢ Ny, and y € J°(x), f(y) = f(z)+p(z) (y—2)+0(z,y),
which is clearly convex in y for x fixed. The function f is convex on J°, n—a.s.

For all x € Nj and y € J°(z), we have f(y) — f(z) — projyag-(p)(x) - (y —x) =
£(4)— F(x) — plz) - (y—2) = Bz, ) > 0. Then by definition, projyag - ()(z) € D] (z)
for all z ¢ N,.

For z € Ny, we define f= (f Lo (2))conv on J(z) = conv(Jo(m)), where the equality
comes from Proposition 3.2.7 (i) together with the fact that J\ N, C J°. We also
define f:= f on NeengJ°(7)¢ € NyNNy = Nty These definitions are not interfering
as if 2’ € J(x) then J(z') C J(z) by Remark 3.2.8. Therefore, the convex envelops
(f1y0(z))conw and (f1 yo (7)) conw coincide on J(z").

Then the map p(X)- (Y —X) = f(Y)— f(X)—0(X,Y) is Borel measurable on

I(z) x I(z) for all x € Nj. Let x ¢ N, dy :=dim (), and (yi)lgigdx—i-l € I(x), affine

basis of aff I(z). Therefore, projyag(s) (p(x')) =M1 <p(w') : (yi —yde)) Lcicg] with
A2

M = (yl- — yd”+1>1<z‘<d$’ where everything is expressed in the basis (y; — Yd,+1)1<i<d,
is Borel measurable on I(z). Then as it is a subgradient of fi;(,) on I(x) by the fact
that 0(z,y) = f(y) — f(%) — Projvagr(z) (p(x)) (y—x) >0 for all z,y € I(x), we have
the result.

Finally, notice that T5f = T,f =6 on {Y € J°(X),X ¢ N,}, which proves that
fec,, and pe oy, O

Proof of Proposition 3.3.16 (i) Let (¢,4,h) € L(y,v), and let f be its q.s.-convex
moderator, and p € 0" f. By Proposition 3.2.15, f is convex and finite on I, and
Projyagr(p) € 0f;r, n—a.s. Then ¢ = (¢ — f) + f is Borel measurable on I, ¢ =
(p+ f)— f is Borel measurable on I, and projy.g;(h) = projyag.s(h+p) — projvags(p)
is Borel measurable on I, n—a.s.

(ii) If one of the conditions in Proposition 3.3.10 holds, then condition (iv) holds by
Proposition 3.3.10. Then the transfinite induction from the proof of Proposition 3.2.13
becomes a countable induction, thus preserving the measurability. The process of

subtracting lines for the one dimensional components is also measurable. a
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3.5.7 Consequences of the regularity of the cost in x

Proof of Lemma 3.3.17 We have for all 2,y € RY, o(z) +(y) +h(x) - (y—x) > c(z,y).
Then ¢(x) > ¢ (x) :== —( — c(,"))conv(x). For all x € RY, fo := (¢ — c(2,-)) conw 18
convex and finite on D := riconvdome, let —h/: R — R? be a measurable selection
in its subgradient on D (then in aff D — zq for some zg € D). Then for all y € R?,

—'(x) = h'(z) - (y—2) < fuly) == (¥ —c(2,-))conv(y) < Y(y) —c(z,y).

Then ¢ < ¢’ @1+ 1'®, and therefore, P[p’ @1+ h'®] > P[c] is well defined. Subtracting
Pl @ +h®] < oo, we get

e’ — ] =P(¢' —)(X) + (' — h)®] > Ple] = Pl @+ h%).

Finally, taking the supremum over P, we get pu[¢’ —¢] > S, ,(¢) =S (p @Y +h%) =0.
As ¢’ —p <0, this shows that ¢’ = ¢, u—a.e. Now

faly) = —inf{i i (W) — e, i) imi =y, and r > 1} (3.5.15)
=1 =1

For r > 1, and y=Y7_1 \ivi, T +—> > i1 Ai (w(yz) — c(x,yi)) is locally Lipschitz. By
taking the infimum, we get that for x € D, f,(y) is uniformly Lipschitz in z. Fur-
thermore, f, is convex on the relative interior of its domain D, and therefore locally
Lipschitz on it. We claim that for the convex function f,, the Lipschitz constant on a
compact K C D is bounded by ==K f”"(s_minK Iz where § = inf (, e r < i [ —yl, for any
compact K’ C D such that K CriK’ (cf proof of Theorem 9.3 in [58]). Then if we fix
K and K’ the Lipschitz constant of f, is dominated on K as & — (max’ fz, ming fz)

is Locally Lipschitz. Then for K C D compact, we may find L, and L', Lipschitz

constants for both variables. Finally, for 1,29 € B,

o' (1) = @' (w2)| < | fay (1) = fy (22) | 4 | fary (22) = fop (w2)| < (L+ L) |21 — 2.

In the proof of Theorem 9.3 in [58], the bound max f xé_mmK Ir is in fact a bound for

the subgradients of f,. As —h' is a subgradient of f, in z, its component in aff D — xq

(for some zg € D) is bounded in K.
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3.6 Verification of Assumptions 3.2.6

3.6.1 Marginals for which the assumption holds
In preparation to prove Proposition 3.3.10, we first need to prove two lemmas.

Lemma 3.6.1. Assume that there exists Q € P(Q2) such that
(On)n>1 C Ti, converges M(u,v) — q.s. whenever (0,)n>1, converges Q — a.s.(3.6.1)

Then for all (0y)n>1 C 71, we may find 0 € Ty such that 6, ~ 0.

Proof. Let Q € P(Q) satisfying (3.6.1). Let Q' := JQ+ $u(dz) ® X5 2754, () (dy),
where (fn)n>1 C LO(R?,RY) is chosen such that {f,(z):n > 1} C affI(x) is dense in
affI(x) for all 2 € RY (see Step 2 in the proof of Proposition 2.7 in [58]). Then by Komlés
lemma, we may find 6, € conv(fg, k > n) such that HAn converges Q' —a.s. Therefore, §n
converges q.s. to §:=0.. As 0, € conv (0, k > n), we have the inequality 0. >0..
We also have by Fatow’s lemma P[0] < liminf,, ;o0 P[f,] < limsup,,_,, P[f,], for all
P € P(2). Finally we need to prove that § € ©,,. For n>1, let N, € N, be the
set from Definition 3.2.1 for 6, and let N4 € N/hv be the set where HAn does not
converge. We set N := Up>1 N, UNeyg € Ny As 6,(X,X) =0 for all n>1, we
have obviously {X =Y} C N§,,, and {X =Y} C N°. By convexity of 0,(z,-), the
p(dx) @3 2,>127"0 4, (2) (dy) —convergence implies pointwise convergence of 6(.X,-) on
I(X), p—a.s. as in the case of p@pw—convergence. Then 6(z,-) is convex on NS by
passing to the limit, I(X) C N§, p—a.s. By Lemma 6.1 in [58], we may chose N, € N,
so that if N, 3 N}, D Ny, then {Y € I(X)}N{X € N7} is a Borel set, and therefore,
the function 1iyer(x)jn{xense}foo is Borel and Definition 3.2.1 (iv) holds. )
For P with finite support on N¢ and P’ competitor to P, P[f] = lim,,_,co P[],
and P'[0] < liminf, . P'[0,] by Fatou’s Lemma. As for all n > 1, P[f,] > P'[0,],
we get the inequality P[0] > P'[f]. Furthermore, if we suppose to the contrary that
{w} :=suppP’ NN is a singleton, w ¢ N, for all n > 1 by Definition 3.2.1 (iii). Then
for all n > 1, P[0,] = P'[0,,], and P'[w]0(w) = P[0] — P[0, 10 (3] Then as the term
on the right of this equality converges, 6, (w) converges as well, and w € N¢. We got
the contradiction, (iii) of Definition 3.2.1 holds. O

Lemma 3.6.2. Assume that v is dominated by the Lebesque measure. Then'Y ¢ 0I(X)
whenever dim I(X) >d—1, M(p,v)—q.s.

Proof. First the components of dimension d are at most countable, and their boundary

is Lebesgue negligible as they are convex. Then, if we enumerate the countable
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d—dimensional components (I;)x>1, we have Y ¢ Up>10I), v—a.s. and therefore
M(p,v)—q.s.

Now we deal with the (d —1)—dimensional components. [ is a Borel map, and
therefore by Lusin theorem (see Theorem 1.14 in [68]), for all € > 0, we may find
K. C{dim[(X)=d—1} with p[K,] > p[dim (X ) =d—1]—¢, on which I is continuous.
We may also assume that K is compact. Then for all x € K¢ such that dim[(z) =
d—1, I(z) contains a closed d —1—dimensional ball B, := I(x)N B, (z) for some
ry > 0. As I is continuous on K., we may find €, > 0 such that for 2’ € B, (z),
By C projug(z) (I (« )), and such that the angle between the normals of I(x) and I(z')
is smaller than n:= /4 < 7/2. We denote [, the line from z, normal to I(x). The
balls Be, (z) cover K¢, then by the compactness of K., we may consider z1, ...,z € K,
for k> 1 such that K, C Uf’le%_ (x;). Let 1 <i <k, by Lemma C.1. in [74], we may
find a bi-Lipschitz flattening map F : Upea,I(2) — RY = aff(x;) x I, where 4; :=
B, (i) Nly,;, such that for all 2’ € A; and all (v,w) € I(2'), F(v,w) = (v,2’). Notice
that for all 2’ € B, (z;), I(2')NA; #0. Then for all 2" € A;, F(I(x’)) C affI'(z;) x {«'}.
Now, let A be the Lebesgue measure. By the Fubini theorem, )\[F(Um/eAi al(x’))] =
Ji, Lrea, Ao [F(@I(x’))]dx’. By the facts that F' is bi-Lipschitz, 9I(z') is Lebesgue-
negligible in aff/(z’), and A,/ is a d — 1—dimensional Lebesgue measure, we have
Ay [F(@I(az’))} =0, 1,7¢4,d2’—a.c. Therefore, A[F(Ux’eAi 8[(33’))} =0, and as F is
bi-Lipschitz, A[Uea,01(2’)] = 0. Then summing up on all the 1 <i <k and by the
fact that v is dominated by the Lebesgue measure, we get v[U,ck. 0I(x)] =0, so that
for all P € M(u,v), we have

PlY € 0I(X),dim[(X)=d—1] <P[X ¢ K., dim[(X) =d—1]+P[Y € Upeg.0I(z)] <e.
As this holds for all € > 0 and for all P € M(u,v), the lemma is proved. O

Proof of Proposition 3.3.10 Let us first prove the equivalence from (i). First for
Pe M(p,v). AsY € I(X), P-a.s., we have [(X) =1I(Y), P—a.s., and therefore, for all
Ae B(K),

vol A =PI(Y)€ Al=PI(X) € Al = u[I(X) e Al = pol A]

Conversely, suppose that ol =1 =vol~1. We will prove by backward induction on
0<k<d+1that Y € I(X), M(u,v)-q.s., conditionally to dim /(X ) > k. For k=d+1
this is trivial because the dimension is lower than d. Now for £ € N we suppose that

the property is true for &’ > k. Then conditionally to dimI(z) =k, we have that
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Y €cll(X), q.s. Then for P e M(u,v),
Pldim [(Y)=k]=P[Y € I(X) and dimI(X) =k|+P[Y € 0I(X) and dimI(X) > k]

By the induction hypothesis, P[Y € 0I(X) and dim/(X) > k] = 0. (i) gives that
Pldim [(Y) = k] =P[dim I (X) = k]. Then

PldimI(X) =k]=P[Y € I(X) and dimI(X) = k],

implying that P—a.s., dim[(X) =k = Y € I(X). As holds true for all P € M(u,v),
combined with the induction hypothesis, we proved the result at rank k. By induction,
Y € I(X), gq.s. The equivalence is proved.

It remains to show that (iv) is implied by all the other conditions. If (i) holds,
Ugeral () x 0I(x) € Ny, then (iv) holds with C =D =0, and R := I(R?). If (ii) holds,
as I(R%) is a partition of R?, there can be at most countably many components with
full dimension. Therefore (iv) holds with C := I({dim/ = d}), and D := {dim ] < 1}.

Now we suppose (iii), by Lemma 3.6.2, Y ¢ 0/(X) if dim I (X) =d—1, M(pu,v)—q.s.
Then we just set D :={dim/ <1}, C:={dimI =d}, and R :={dim/ =d—1}. Now
we prove the claim.

We suppose that (iv) holds. The second part of the proposition follows from
the fact that a countable set can be well ordered. Now let us deal with the first
part. According to Lemma 3.6.1, we just need to find a probability measure Q that
implies the quasi-sure convergence of functions in 7;. This is possible thanks to the
convexity of these functions in the second variable: the interior of the components
can be dealt with u(dz) ®3,>127"d5, (»)(dy), where (fy)n>1 C LO(R?¢ R%) is chosen
such that {f, () :n > 1} C affI(x) is dense in affI(x) for all € R? (see the proof of
Lemma 3.6.1).

For the boundaries, the measure p® v will deal with the countable components
of C. Indeed, let K € C such that n[K] > 0. Let (6,), C 71, converging u(dz)®
>n>127"0,(2)(dy) + p®v—a.s. to some function §. We already have that 0, (z, ) —
0(z,-) on K for all z € N;NK, for some N, € N, by the previous step. For all n > 1, let
N, € N,,,, be such that 6, is a N,,—tangent convex function. By (3.2.5) and by possibly
enlarging the p—null set N, we may assume that we may find (N,,0) € N, x T (1,v)
such that Njx NSN{Y € Jo(X)} C N°:= (Up>1N,)¢, and that N x {Y € I(X)} C N°.
Then for z,2" € NN K, z9 € K, and y € Jp(z) \ (K UN,), let the probability measures

4P .= (51;7% + 595’34 +28, 0, and 4P = 51:’,300 + 5az’,y + 259c,y’

'y
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with 3 := 3(y+0). Let n > 1, notice that P and P’ are competitors and concentrated

on N,, then by #,—martingale monotonicity of N,, we have
On(z,20) + O (2, ) + 20, (2", 9) = 0, (2", 20) + On (2, y) + 20, (2, 9/).
We re-order the terms
On(,y) — 205 (2,y) + On(,20) = On (2, y) — 200 (2", ") +On (2", 20). (3.6.2)

Then 0,,(v,y) — 205 (,y") +0n(z,70) does not depend on the choice of ¥ € KNNY. As
we assumed that 0, converges u(dr) ®32,>127 "0y, () (dy) + p®v—a.s. by possibly
enlarging N, without loss of generality, we may assume that for all x € N, 0,(z,")
converges pointwise to # on I(x), and 6, (z,Y") converges v—a.s. Let 2’ € NiNK, up to
enlarging N,,, we may assume that 6,,(2’,y) converges to 6(z’,y) for all y € NS. Then if
z,y € (KNNJ) X Ny, and z € K, identity (3.6.2) implies that 6,,(z,y) converges, as all
the other terms have a limit, and 6(z,y’) and 6(z2',y') are finite. Now for P € M (u,v),
P[(KNNJ) x N =n[K]. Then 6, converges P—a.s. on K x R¢. This holds for all
K eC, and P e M(u,v).

For the 1-dimensional components of D, if we call a(x) and b(x) their (measurably
selected) endpoints, the measure pu(dzr)® M will fit. Finally, in the case of the
components in R, for all probability P € M(u,v), P, does not send mass to 0K for
p—a.e. r € K € R by assumption. We take

n Oa(z) + ()
Q(dz, dy) = p(dx) 3 2770, (@)(dy) + pld)v(dy) + p(dr) === (dy).

n>1

the convergence of 6,,, Q—a.s. implies its convergence M (u,r)—q.s. Assumption 3.2.6
holds. O

Proof of Remark 3.3.12 The fact the I/IIP) is independent of P € M(u,v) for d=11is
proved by Beiglbock & Juillet [20].

Now we assume that (i) in Proposition 3.3.10 holds. If Y € I(X), M(u,v)—q.s.,
then by symmetry as {I(x): 2 € R?} is a partition of R?, we have X € I(Y), v—a.s.
Then similar to uy, vy := V}P :=Po(Y|X € I)~! does not depend on the choice of
Pe M(u,v).

Now in the case of (iii) in Proposition 3.3.10, let vy :=voI~1. On {dimI(X) >
d—1}, Y ¢ 0I(X), q.s. by Lemma 3.6.2, so that for all P € M(u,v), v§ =v; on
{dimI(X)>d—1}. Now on {dim I(X) =0}, iy = v/} is also independent of P. Finally,
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on {dimI(X) =1}, by the fact that there is not mass coming from higher dimensional
components, we have v} = vi + A (I)dq(r) + A2(1)dy(p), where Ai(1),A2(I) >0, and
a(I),b(I) are measurable selections of the boundary of I. Then puy —vy = A1)+ A2(1),
and pr[X]—vi[Y] = (I)a(l)+ X2(1)b(I). Therefore, \; and Ay depend only on puy

and vy, therefore, I/}P does not depend on the choice of PP. O

Proof of Remark 3.4.3 We consider 7 the stopping time, and write QQ the probability
measure associated with the diffusion. We claim that the components suppPx, C I(Xp),
p—a.s. have dimension d, p-a.s, where P € M(p,v) is the joint law of (Xo,X;). Then
(iii) of Proposition 3.3.10 holds, which proves the remark.

Now we prove the claim. Let p > 0. For z € R%, we consider 7, the stopping time
7 conditional to Xog =z, and of, which is o; conditional to Xo =z. Now we fix x € R,
As g has rank d, ||of|| := inf},—1 |[u'of| > 0, a.s. Then we may find o > 0 such that
Q[llegll < a] < p. Similarly, we consider § > 0 small enough so that

Qlr <d] <p. (3.6.3)

Finally, by the fact that of is right-continuous in 0, a.s, we may lower d > 0 so that
Q [suptg(; loF —of|? > 5} < p for some [ > 0 that we will fix later. Now we use these
ingredients to prove that (X;) "spreads out in all directions" for ¢ close to 0. Let u € R
with |u| =1 and A > 0,

Qlu- oWy > Aav/3] > QoW1 > X —p >~ 2p, (3.6.4)

with v =u-of/|u-of]|, for A small enough, independent of & and §. Now recall that
Q [suptg(; loF —of|? > 5} < p. As a consequence, the stopping time 7 = inf{t > 0:
lof — o |? > B} satisfies

QF <] <p. (3.6.5)
Now, stopping X;, we get, conditionally to X = z: EQ[( [T (0% — 0&)dW;)2] < 63 by 1to

isometry, and therefore, by the Markov inequality, QQ H ‘MT (of —a§ th‘ > a0 5/ 2}

a‘é‘;@ 5- Then if we chose = p# (not depending on ¢), we finally get that

ONT
Q|| [ ot - apjam

> a6 /2| <p. (3.6.6)
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Therefore Q[(Xiar — ) -1 > alV/0/2|X = z] is greater than

1)
Q |ogWinr-u > a/s, and ‘/0 (of —op)dW| < oz/\\/g/Q, and 7>, and 7 > 0| X ==z

1
> Qlu-ogWs > )\04\/5] —3p> 5 —5p,

by (3.6.3), (3.6.4), (3.6.5), and (3.6.6). Then by setting p = {5, for all u of norm 1, we
get

Q[(Xenr — ) - u > ag|Xo = 7] > po, (3.6.7)

with ag := oz)\\/<_5/2 >0, and pg := 1—12 > 0.

We use (3.6.7) to prove that SuppP, is d dimensional. Indeed, we suppose for
contradiction that suppP, C H, where H is a hyperplane. H contains 0, as it contains
suppP,. Let u be a unit normal vector to H, by (3.6.7), we have Q[(X¢rr — ) -u >
ap|X =] > po. Then by the martingale property (the volatility is bounded) combined
with the boundedness of 7, we have EQ [ X+ | Finr] = Xenr. Therefore, P [Y -u > ap/2] =
Q[X;-u > ap/2|X = x] > 0, which contradicts the inclusion of the support of P, in H.

O

3.6.2 Medial limits

Medial limits, introduced by Mokobodzki [120] (see also Meyer [119]), are powerful
instruments. It is an operator from the set of real bounded sequences [*° to R satisfying

the following properties:

Definition 3.6.3. A linear operator m :[°° — R is a medial limit if

(i) m is nonnegative: if u>0 then m(u) > 0.

(i) m is dnvariant by translation: if T is the translation operator (T : (up)n — (Un+1)n)
then m(Tu) =m(u).

(iii) m((1),) = 1.

(iv) m is universally measurable on the unit ball [0,1]N.

(v) m is measure linear: for any sequence of Borel-measurable functions fy :[0,1] —[0,1],

if we write f:=m((fn)n) (defined pointwise), then for any Borel measure \ on [0,1], f

/fdA:/m(fn)d)\:m(/fndA>.

is A-measurable and
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We can extend any medial limit m to RY by setting m(u) := supyeym((un A N)y).
It keeps the same properties, except (v) which becomes a kind of Fatou’s Lemma:
for any sequence of Borel-measurable functions f,, : [0,1] — Ry, then for any Borel
measure A on [0, 1],

/ m(f)dr < m< / fndA>. (3.6.8)

The existence of medial limits is implied by Martin’s axiom. Notice that Martin’s
axiom is implied by the continuum hypothesis (See Chapter I of Volume 5 of [72]).
Kurt Godel [75] provides 6 paradoxes implied by the continuum hypothesis, Martin’s
axiom implies only 3 of these paradoxes. All these axioms are undecidable either under
ZF and under ZFC, indeed Paul Larson [109] proved that if ZFC is consistent, then
ZFC+"there exists no medial limits" is also consistent (Corollary 3.3 in [109]). See

[149] for a complete survey.

Proof of Proposition 3.3.14 Axiom of choice on R implies that R can be well-
ordered, which proves that Assumption 3.2.6 (ii) holds. Now let us prove the first part.
For (0,,)n>1 C 71, we denote 6 := m(6,). The Proposition is proved if we show that
Op, ~ 6. 0 =m(6,) > 0, by linearity of a medial limit together with Definition 3.6.3
(i) and (ii). Let P € P(Q), P[A] < m(P[,]) < limsup,,_,~, P[f,] by (3.6.8). Finally the
linearity combined with Definition 3.6.3 (i) give that § € ©,,,, as it is a property of
comparison of linear combinations of values of 0,  is a ()—tangent convex function.
Finally, we prove that we may have (iv) in Definition 3.2.1. Up to assuming that
we applied the Komlés Lemma to (6,,)n>1 (which only reduces the superior limits
and increase the inferior limits, thus preserving the previous properties) under the
probability p(dr) ® 3,>127"04, () (dy), where (fn)n>1 C LY(R?4 RY) is chosen such
that {fn(z):n > 1} C affI(z) is dense in affI(z) for all z € R? as in the proof of
Lemma 3.6.1, we may assume without loss of generality that (6,,) converges pointwise
on {X € N/tn{Y € I(X)}. Then let N} € N, be from Definition 3.2.1 (iv) for 0,.
Let N, =Up>1NJUN,,. Let A:={X € N}n{Y € I(X)}, 140 is Borel measurable as
the pointwise limit of Borel measurable functions 1 46,,, as the medial limit coincides

with the real limit when convergence holds. a



Chapter 4

Local structure of
multi-dimensional martingale

optimal transport

This paper analyzes the support of the conditional distribution of optimal martingale
transport couplings between marginals in R? for arbitrary dimension d > 1. In the
context of a distance cost in dimension larger than 2, previous results established by
Ghoussoub, Kim & Lim [74] show that this conditional distribution is concentrated on
its own Choquet boundary. Moreover, when the target measure is atomic, they prove
that the support of this distribution is concentrated on d+ 1 points, and conjecture
that this result is valid for arbitrary target measure.

We provide a structure result of the support of the conditional distribution for
general Lipschitz costs. Using tools from algebraic geometry, we provide sufficient
conditions for finiteness of this conditional support, together with (optimal) lower
bounds on the maximal cardinality for a given cost function. More results are obtained
for specific examples of cost functions based on distance functions. In particular, we
show that the above conjecture of Ghoussoub, Kim & Lim is not valid beyond the

context of atomic target distributions.

Key words. Martingale optimal transport, local structure, differential structure,

support.
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4.1 Introduction

The problem of martingale optimal transport was introduced as the dual of the problem
of robust (model-free) superhedging of exotic derivatives in financial mathematics, see
Beiglbock, Henry-Labordeére & Penkner [18] in discrete time, and Galichon, Henry-
Labordere & Touzi [73] in continuous-time. Previously the robust superhedging
problem was introduced by Hobson [94], and was addressing specific examples of exotic
derivatives by means of corresponding solutions of the Skorokhod embedding problem,
see [51, 92, 93], and the survey [91].

Our interest in the present paper is on the multi-dimensional martingale optimal
transport. Given two probability measures p, on R?, with finite first order moment,
martingale optimal transport differs from standard optimal transport in that the set
of all interpolating probability measures P(u,v) on the product space is reduced to
the subset M(u,v) restricted by the martingale condition. We recall from Strassen
[146] that M(p,v) # 0 if and only if g < v in the convex order, i.e. u(f) <wv(f) for all
convex functions f. Notice that the inequality p(f) <w(f) is a direct consequence of
the Jensen inequality, the reverse implication follows from the Hahn-Banach theorem.

This paper focuses on showing the differential structure of the support of optimal
probabilities for the martingale optimal transport Problem. In the case of optimal
transport, a classical result by Riischendorf [134] states that if the map y — ¢ (20,7)
is injective, then the optimal transport is unique and supported on a graph, i.e. we may
find T: X — Y such that P*[Y = T(X)] =1 for all optimal coupling P* € P(u,v). The
corresponding result in the context of the one-dimensional martingale transport problem
was obtained by Beiglbock-Juillet [20], and further extended by Henry-Labordere &
Touzi [85]. Namely, under the so-called martingale Spence-Mirrlees condition, ¢,
strictly convex in g, the left-curtain transport plan is optimal and concentrated on two
graphs, i.e. we may find Ty, T, : X — Y such that P*[Y € {Ty(X),T,(X)}] =1 for
all optimal coupling P* € M(u,v). In this case we get similarly the uniqueness by a
convexity argument.

An important issue in optimal transport is the existence and the characterization
of optimal transport maps. Under the so-called twist condition (also called Spence-
Mirrlees condition in the economics litterature) it was proved that the optimal transport
is supported on one graph. In the context of martingale optimal transport on the line,
Beiglbock & Juillet introduced the left-monotone martingale interpolating measure
as a remarkable transport plan supported on two graphs, and prove its optimality for
some classes of cost functions. Ghoussoub, Kim & Lim conjectured that in higher

dimensional Martingale Optimal Transport for distance cost, the optimal plans will
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be supported on d+ 1 graphs. We prove here that there is no hope of extending this
property beyond the case of atomic measure. This is obtained using the reciprocal
property of the structure theorem of this paper, which serves as a counterexample
generator. We further prove that for "almost all" smooth cost function, the optimal
coupling are always concentrated on a finite number of graphs, and we may always find
densities p and v that are dominated by the Lebesgue measure such that the optimal
coupling is concentrated on d+ 2 maps for d even.

A first such study in higher dimension was performed by Lim [113] under radial
symmetry that allows in fact to reduce the problem to one-dimension. A more "higher-
dimensional specific' approach was achieved by Ghoussoub, Kim & Lim [74]. Their
main structure result is that for the Euclidean distance cost, the supports of optimal
kernels will be concentrated on their own Choquet boundary (i.e. the extreme points
of the closure of their convex hull).

Our subsequent results differ from [74] from two perspectives. First, we prove that
with the same techniques we can easily prove much more precise results on the local
structure of the optimal Kernel, in particular, we prove that they are concentrated
on 2d (possibly degenerate) graphs, which is much more precise than a concentration
on the Choquet boundary. Our main structure result states that the optimal kernels
are supported on the intersection of the graph of the partial gradient c;(zo,-) with
the graph of an affine function A,, € Aff;. Second, we prove a reciprocal property,
i.e. that for any subset of such graph intersection {c;(zo,Y) = A(Y)} for A € Aff;, we
may find marginals such that this set is an optimizer for these marginals. Thanks to
this reciprocal property we prove that Conjecture 2 in [74] that we mentioned above is
wrong. They prove this conjecture in the particular case in which the second marginal
v is atomic, however in view of our results it only works in this particular case, as we
produce counterexamples in which p and v are dominated by the Lebesgue measure.
Indeed, we prove that the support of the conditional kernel is characterized by an
algebraic structure independent from the support of v, then when this support is
atomic, very particular phenomena happen. Thus the intuition suggests that finding
this kind of solution for an atomic approximation of a non-atomic v is not a stable
approach, as in the limit there are generally 2d points in the kernel.

The paper is organized as follows. Section 4.2 gives the main results: Subsection
4.2.1 states the Assumption and the main structure theorem, Subsection 4.2.2 applies
this theorem to show the relation between finiteness of the conditional support and the
algebraic geometry of its derivatives, Subsection 4.2.3 gives the maximal cardinality

that is universally reachable for the support up to choosing carefully the marginals,
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and finally Subsection 4.2.4 shows how the structure theorem applied to classical costs
like powers of the Euclidean distance allows to give precise descriptions and properties
of the conditional supports of optimal plans. Finally Section 4.3 contains all the
proofs to the results in the previous sections, and Section 5.7 provides some numerical

experiments.

Notation We fix an integer d > 1. For = € R, we denote sg(x) := 1,50 — 1z<p. If
f:R — R we denote by fix(f) the set of fixed points of f. A function f:R? — R?
is said to be super-linear if lim, % = 00. Let a function f:R? — R and
zo € R we say that f is super-differentiable (resp. sub-differentiable) at zq if we may
find p € R? such that f(x) — f(z0) < p-(z—20) +o(z —x0) (resp. >) when z — xq,
in this condition, we say that p belongs to the super-gradient 9% f(zo) (resp. sub-
gradient 0~ f(xg)) of f at xg. This local notion extends the classical global notion of
super-differential (resp. sub) for concave (resp. convex) functions.

For z € R, r >0, and V an affine subspace of dimension d’ containing x, we denote
Sy (x,r) the dimV — 1 dimensional sphere in the affine space V for the Euclidean
distance, centered in x with radius r. We denote by Aff; the set of Affine maps
from R? to itself. Let A € Aff;, notice that its derivative VA is constant over RY, we
abuse notation and denote VA for the matrix representation of this derivative. Let
M € M4(R), a real matrix of size d, we denote det M the determinant of M, kerM is
the kernel of M, ImM is the image of this matrix, and Sp(M) is the set of all complex
eigenvalues of M. We also denote Com(M) the comatrix of M: for 1 <i,j <d,
Com(M); j = (=1)""/ det M/, where M"J is the matrix of size d —1 obtained by

removing the i line and the %" row of M. Recall the useful comatrix formula:

Com(M)'M = MCom(M)" = (det M) 1,. (4.1.1)

As a consequence, whenever M is invertible, M ! = T etl 77 Com(M ). Throughout

this paper, R? is endowed with the Euclidean structure, the Euclidean norm of = € R?
1

will be denoted |z|, the p—norm of = will be denoted |z|, := (Zle |xi|p)5. We denote
(€i)1<i<a the canonical basis of R?. Let B C E with E a vector space, we denote
B*:= B\ {0}, and | B| the possibly infinite cardinal of B. If V' is a topological affine
space and B C V is a subset of V| intB is the interior of B, cl B is the closure of B,
aff B is the smallest affine subspace of V' containing B, convB is the convex hull of B,
dim(B) :=dim(aff B), and riB is the relative interior of B, which is the interior of B in
the topology of aff B induced by the topology of V. We also denote by 0B :=cl B\ riB
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the relative boundary of B, and if V' is endowed with a euclidean structure, we denote
by projp(x) the orthogonal projection of z € V on aff B. A set B is said to be discrete
if it consists of isolated points.

We denote © :=R% x R? and define the two canonical maps
X:(z,y)eQ—2zeR? and Y :(2,9) € Q— yeRL
For ¢,¢: R — R, and h: R — R?, we denote
p®1Y = p(X)+¢(Y), and h®:=h(X) (Y -X),

with the convention co — oo = oco.

For a Polish space X', we denote by P(X') the set of all probability measures on
(X,B(X)). For P € P(X), we denote by suppP the smallest closed support of P. Let
Y be another Polish space, and P € P(X x )). The corresponding conditional kernel
P, is defined by:

P(dz,dy) = p(dz)P,(dy), where pp:=PoX 1.

Let n >0 and a field K (R or C in this paper), we denote K, [X] the collection
of all polynomials on K of degree at most n. The set C"*™[X] is the collection of
homogeneous polynomials of C[X]. Similarly for k > 1, we define K, [X71,..., X4] the
collection of multivariate polynomials on K of degree at most n. We denote the
monomial X := X{"..X$% and |a| = a1+ ... + a4 for all integer vector o € N¢. For
two polynomial P and @, we denote ged (P, Q) their greatest common divider. Finally,
we denote P4 := ((Cd+1)* /C* the projective plan of degree d.

The martingale optimal transport problem Throughout this paper, we consider
two probability measures p and v on R? with finite first order moment, and < v in
the convex order, i.e. v(f) > u(f) for all integrable convex f. We denote by M (u,v)
the collection of all probability measures on R? x R? with marginals Po X~ = ; and
PoY ! =wv. Notice that M(u,v) # () by Strassen [146].

An M(u,v)—polar set is an element of mpeM(Myy)NP. A property is said to hold
M(u,v)—quasi surely (abbreviated as q.s.) if it holds on the complement of an
M(u,v)—polar set.
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For a derivative contract defined by a non-negative cost function ¢: R x R — R,

the martingale optimal transport problem is defined by:

Suv(c) == sup P[d. (4.1.2)
PeM(p,v)

The corresponding robust superhedging problem is

Liv(c) = o w,h§2§3u,y<6)“(¢)+”w>’ (4.1.3)
where
Duule) = {(p,¥,h) L} () x L'(») x L' (,RY) : @y +h® >} (4.1.4)

The following inequality is immediate:

This inequality is the so-called weak duality. For upper semi-continuous cost, Beiglbock,
Henry-Labordere, and Penckner [18], and Zaev [160] proved that strong duality holds,
ie. S,,(c)=1,,(c). For any Borel cost function, De March [57] extended the quasi
sure duality result to the multi-dimensional context, and proved the existence of a dual

minimizer.

4.2 Main results

4.2.1 Main structure theorem

An important question in optimal transport theory is the structure of the support of the
conditional distribution of optimal transport plans. Theorem 4.2.2 below gives a partial
structure to this question. As a preparation we introduce a technical assumption.
We denote K the collection of closed convex subsets of R%, which is a Polish space
when endowed with the Wijsman topology (see Beer [16]). De March & Touzi [58]
proved that we may find a Borel mapping I : R? — K such that {I(z):2 € R%} is a
partition of R? Y € clI(X), M(u,v)—a.s. and clI(X) =cl convsuppPy, p—a.s. for
some P € M(u,v). As the map I is Borel, I(X) is a random variable, let 7 := po I~}
be the push forward of u by I. It was proved in [57] that the optimal transport
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disintegrates on all the "components" I(X). The following conditions are needed

throughout this paper.

Assumption 4.2.1. (i) ¢: Q+—— R is upper semi-analytic, p < v in convex order in
P(RY), ¢ > a®B+~% for some (a,3,7) € LY (p) x LY (v) x LY(RY, RY), and S, (c) < oo.
(ii) The cost c is locally Lipschitz and sub-differentiable in the first variable x € I,
uniformly in the second variable y € clI, n—a.s.

(iii) The conditional probability jiy := o <X|I)71 is dominated by the Lebesque measure

on I, n—a.s.

The statements (i) and (ii) of Assumption 4.2.1 are verified for example if ¢
is differentiable and if p and v are compactly supported. On another hand, the
statement (iii) is much more tricky. It is well known that Sudakov [147] thought
that he had solved the Monge optimal transport problem by using the (wrong) fact
that the disintegration of the Lebesgue measure on a partition of convex sets would
be dominated by the Lebesgue measure on each of these convex sets. However, [10],
provides a counterexample inspired from another paradoxal counterexample by Davies
[54]. This Nikodym set N is equal to the tridimensional cube up to a Lebesgue
negligible set. Furthermore it is designed so that a continuum of mutually disjoint lines
which intersect all IV in one singleton each. Thus the Lebesgue measure on the cube
disintegrates on this continuum of lines into Dirac measures on each lines.

Statement (iii) is implied for example by the domination of p by the Lebesgue
measure together with the fact that dim /(X)) € {0,d —1,d}, p—a.s. (see Lemma C.1
of [74] implying that the Lebesgue measure disintegrates in measures dominated by
Lebesgue on the d — 1—dimensional components), in particular together with the fact
that d < 2, or together with the fact that v is the law of X, := Xg+ fg osdWy, where
Xo ~ p, W a d—dimensional Brownian motion independent of Xy, 7 is a positive
bounded stopping time, and (o¢)¢>0 is a bounded cadlag process with values in My(R)
adapted to the W —filtration with o¢ invertible. See the proof of Remark 4.3 in [57].

Theorem 4.2.2. (i) Under Assumption 4.2.1 we may find (Az),cpe C Affg such that
for all P* € M(p,v) optimal for (4.1.2),

z € riconvsuppP%, and suppP: C {co(z,Y) = A (Y)} for p—a.e. z € RY.

(ii) Conversely, let a compact Sy C {cp(w0,Y) = A(Y)} for some o € RY and A € Affy,
be such that xq € intconv Sy, ¢ is C20NCHL in the neighborhood of {zo} x Sp, and
Cey(S0) — VA C GL4(R), then Sy has a finite cardinal k > d+1 and we may find
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po,vo € P(RY) with C! densities such that

k

P*(dw,dy) := po(dw) Y X)o7, () (dy)
=1

is the unique solution to (4.1.2), with (T;)1<i<) C C'(supp o, RY) such that Sy =
{Ti(z0) }1<i<k, and (Xi)1<i<k C C(supp po).

Remark 4.2.3. We have VA, (x) = V(x) — h(z) in Theorem 4.2.2 from its proof.
Under the stronger assumption that @ and h are C1, we can get this result much easier.
As for (z,y) € RY,

p(x) +¢(y) +hx)-(y—z) —c(z,y) 20,

with equality for (x,y) € I'. When yq is fized, xog such that (zg,yo) € I' is a critical point
of = (x) +¥(yo) + h(x) - (Yo — x) — c(z,90). Then we get cx(0,y0) = Vh(zo)(yo —
x0) + V(xo) — h(xo) by the first order condition.

We see that we have in this case Agy(y) := Vh(xo)(y — o) + V(xg) — h(xo), and
Ty C {ca(w0,Y) = Azy (Y)}, for p—a.e. z9 € R%.

Remark 4.2.4. Even though the set So:= {cy(z0,Y) = A(Y)} for zo € R% and A € Aff,
may contain more than d+1 points, it is completely determined by d+ 1 affine indepen-
dent points y1,...,yqr1 € So, as the equations cy(xo,y;) = A(y;) determine completely
the affine map A.

Proof of Theorem 4.2.2 (i) By Theorem 3.5 (i) in [57], (and using the nota-
tion therein), the quasi-sure robust super-hedging problem may be decomposed
in pointwise robust super-hedging separate problems attached to each components,
and we may find functions (p,h) € LY(R%) x LO(R? R%), and (Vi) kermay C L9 (R9)
with ¢ x)(Y) € L9 (), and domvy = Jp, n—a.s. for some 0 € T (u,v), such that
¢ < (X)) +¥rx)(Y) +h®, and Sy, (c) =S (@(X) +ro0)(Y)+ h®>- Then applying
the theorem to ¢ := o(X) + 1y x)(Y) +h®, Suu(c) =Sy (cp(X) +Yrx)(Y) +h®) =
SUPPe M (u,) SM,V? ((p(X) +rx)(Y) + h®>. Then if P € M(pu,v) is optimal for S,, ,(c),
then P;lc =@y +h®] =1, n—a.s. By Lemma 3.17 in [57] the regularity of c in
Assumption 4.2.1 (ii) guarantees that we may chose ¢ to be locally Lipschitz on I, and
h locally bounded on I. In view of Assumption 4.2.1 (iii), ¢ is differentiable py—a.e. by
the Rademacher Theorem. Then after possibly restricting to an irreducible component,

we may suppose that we have the following duality: for any z,y € R%,

o(x)+v(y)+h(r) (y—z)—clz,y) > 0O, (4.2.6)
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with equality if and only if (z,y) € I':= {@® Y +h® = ¢ < 0o}, concentrating all optimal
coupling for S, ,.(c).

Let ¢ € riconvdom® such that ¢ is differentiable in zg. Let y1, ...,y € I'y, such
that Zf;l Aiyi = o, convex combination. We complete (y1,...,yx) in a barycentric basis
(Y1y -y Yks Ykt 1, .-, y1) Of riconvdom). Let x € riconvdom in the neighborhood of g,
and let (M) such that z = !4 My;, convex combination. We apply (4.2.6), both in
the equality and in the inequality case:

l l
2)+ D N (yi) = Y Nie(m,yi), l(xo) + Xy Nb(yi) + h(zo) - (x — 20) = Yoy Nie(wo, i)
1=1

=1

By subtracting these equations, we get

o) = p(x0) = hwo) - (x —0) > zx( c(w,yi) — c(z0,4:))-

As ¢ is Lipschitz in x, and A, — )\; when 2 — x¢, we get:

||Mw

(Ve (o) = h(wo)) - (x = o)+ o(w — o) ( oz, i) — c(z0,4i) ).

Then, = — SF ; N\ie(x,y;) is super-differentiable at g, and V(o) — h(xg) belongs
to its super-gradient. As x — c(x,y) is sub-differentiable by Assumption 4.2.1 (ii), it
implies that = —— c(z,y;) is differentiable at g for all ¢ such that \; > 0, and therefore

k
Vo(xg) —h(zg) = Z Xicz(T0,Yi)- (4.2.7)
i=1
Now we want to prove that we may find A, € Aff; such that A, (y) = cz(x,y) for all
yely.

Let 49,...,y9, € T'y, generating affT';, and such that z € riconv(yY,...,99,), let y €
[y, Az is defined in a unique way if VA =0 on (affl’y, —JEO)L by its values on
(1Y,...,4%). Now we prove that A,(y) = cu(z0,y). As y € aff(y?,...,42), we may find
(i) so that 31 uy? =y, and ;1 p; = 1. For & > 0 small enough, 29 —e(y —x0) €
riconv(y,...,4,). Then zg—e(y —z0) = Sim1 Ay; with A? > 0. We take the convex
combination: zg = %ﬁ(xo —e(y—x0))+ 1fr8y, and g =Y;—1 (ﬁra)\? + l—fraul)y? We

suppose that ¢ is small enough so that A7 := 17— LY+ T5z#i > 0. Then applying (4.2.7)
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for (y;) = (1Y) and (\;) = (A9),

l

[
Vel(ro) — hlze) = 3 Aoea(wo.i) = 3~ Aical(zo, i) +

( )
CJ,’ :L‘()?y N

By subtracting, we get c,(zo,y) = Ay, (1% Zl-zl()\f — %ﬁ)\l)yz) = Ay, (y). Now doing
this for all z € R? so that ¢ is differentiable in z, by domination of z; by Lebesgue,
this holds for uy—a.e. © € R%, n—a.s. and therefore y—a.s.

(ii) Now we prove the converse statement. Let Sy C {A(Y') = cz(w0,Y)} be a closed
bounded subset of Q for some zg € R%, and A € Aff; such that zy € intconv Sy, ¢ is
0290 CHL in the neighborhood of Sp, and ¢4y (Sp) — VA C GLyg(R). First, we show
that Sp is finite. Indeed, we suppose to the contrary that |Sy| = oo, we can find a
sequence (Yn)n>1 C So with distinct elements. As S is closed bounded, and therefore
compact, we may extract a subsequence (y,(,)) converging to y; € So. We have
(20, Yp(n)) = AYp(n)), and cz(wo,y1) = A(yr). We subtract and get cx(z0,Ypmn)) —
cz(20, Y1) = VA(Yp(n) — ui) = 0, and using Taylor-Young around y;, czy (20, Y1) (Yp(n) —
Y1) +0(|Ypm) = uil) = VA(Ypm) —y1) = 0. As yy(n) # y; for n large enough , we may
write 1, = Y

" Yoy —uil”
a subsequence (uy,)), converging to a unit vector u. As we have cuy(20, y1)uy(n) +

As u,, stands in the unit sphere which is compact, we can extract

o(1) = VAuy,) =0, we may pass to the limit n — oo, and get:
(cay(wo,y1) = VA)u=0.

As u# 0, we get the contradiction: cgy(z0,y) — VA & GL4(R).

Now, we denote So = {y; }1<i<i Where k:=|Sp|. For r > 0 small enough, the balls
E((a:o,yi),r> are disjoint, czy(-) — VA C GL4(R) on these balls by continuity of the
determinant, and ¢ is C*? N CL! on these balls. Now we define appropriate dual
functions. Let M > 0 large enough so that on the balls, (M —1)I;— (VA+VA!) — ¢y
is positive semidefinite.

We set h(X) := VA(X —z0) — A(zo), and (X)) := $M|X —x0|>. Now for 1 <i <k,
cx(0,yi) — VA~ (y; — 20) = Veo(x0) — h(w0), (7,y) — cx(2,y) — VA- (y—2) is CL, and
its partial derivative with respect to y, ¢z, — VA is invertible on the balls. Then by
the implicit functions Theorem, we may find a mapping 7; € Cl(Rd,Rd) such that for
z € R% in the neighborhood of zy,

Cx ([L’,TZ(Z/U)) —VA. (TZ(I) - x) =Vp(z)—h(x). (4.2.8)
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Its gradient at zg is given by VT;(zg) = (cxy(:co,yi) — VA>_1 (MId —(VA+ VA —
cm(xo,yl-)) This matrix is invertible, and therefore by the local inversion theorem
T; is a C'—diffeomorphism in the neighborhood of zq. We shrink the radius r of the
balls so that each Tj is a diffeomorphism on B := X (B((xg,yi),r)) (independent of 7).

Let B;:=Ty(B), for y € B, let ¥(y) :=e(T;  (v).y) —¢(T; ' (1) = h(T7 ') - (v -
Tl-_l(y)). These definitions are not interfering, as we supposed that the balls B; are
not overlapping.

Let I':={(z,T;(z)): x € B,1 <i < k}. By definition of ¢, c=p®¢+h® on I'. Now
let (z,y) € B x By, for some i. (zo,y) €, for some zg € B. Let F:= p®¢+h® —c, we
prove now that F'(x,y) > 0, with equality if and only if x = x¢ (i.e. (z,y) €T'). F(xg,y) =
0, and Fy(wg,y) =0 by (4.2.8). However, Fp;(X,Y) = MI;— (VA+VA!) — . (X,Y)

which is positive definite on B x B;, and therefore we get

Fla.y) = Foy) —Feoy) = [ Falzy)-di= [ (Fu(z0) - Foloo.w) -d=

z0 xo
= /x Zdw-Fm(w,y)-dz > 0.
o Jxo

Where the last inequality follows from the fact that F}, is positive definite and dw
and dz are two vectors collinear with (z —xg). It also proves that F(z,y) =0 if and
only if (z,y) €I

Now, we define C' mappings \; : B — (0,1] such that ¢ ; \;(2)T}(z) = 2. We
may do this because we assumed that = € intconv Sy, and therefore, by continuity, up
to reducing B again, = € intconv{Ty(z),..., Tj(x)} for all x € B. Finally let uo € P(RY)
such that supp pp = B with C* density f (take for example a well chosen wavelet). Now
for 1 <i <k, we define vy on B; by vp(dy) = \; (T-_l(y))f(Ti_l(y)) ’det VT; (T‘l(y)) ‘_1

(3
Then P*(dz,dy) == po(dz) @ SF, Ai(w)d7;,(2)(dy) is supported on T, is in M(po,1p).
As ¢, and v are continuous, and therefore bounded, and as pg and vy are compactly
supported, P*[c] = po[p] + 1o[¢], and therefore P* is an optimizer for S, ., (¢).
Now we prove that this is the only optimizer. Let P be an optimizer for S, ., (c).
Then P[I'] = 1, and therefore P(dz,dy) = po(dz) @ 5, Yi(2)d7;(2) (dy), for some map-
pings y;. Let 1 <i <k, as for y € B;, there is only one 2 := T, ' (y) € B such that (z,y) €

. Then we may apply the Jacobian formula: vy(dy) =; (T-_l (y)) f(TZ-_1 (y)) ‘det VT; (T_1 (y)) ‘

2

As this density in also equal to vy(dy) = \; (T-*l(y)>f<T[1(y)) ’det VT, (T‘l(y)) ‘717

(3
and as f(Tl_l(y)) ‘det VT; (Tﬁl(y)) ‘_1 > 0, we deduce that \; (Tﬁl(Y)) = (Tﬁl(Y)),
vp—a.s. and \; =y, ppo—a.s. and therefore P = P*. O

-1
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The statement (i) of Theorem 4.2.2 is well known, it is already used in [85] (to
establish Theorem 5.1), [20] (see Theorem 7.1), and [74] (for Theorem 5.5). However,
the converse implication (ii) is new and we will show in the next subsections how it gives
crucial information about the structure of martingale optimal transport for classical
cost functions. This converse implication will serve as a counterexample generator,
similar to counterexample 7.3.2 in [20], which could have been found by an immediate
application of the converse implication (ii) in Theorem 4.2.2.

Beiglbock & Juillet [20] and Henry-Labordere & Touzi [85] solved the problem in
dimension 1 for the distance cost or for costs satisfying the "Spence-Mirless condition"
(i.e. %5;20 > 0), in these particular cases, the support of the optimal probabilities is
contained in two points in y for z fixed. See also Beiglbock, Henry-Labordere & Touzi
[19]. Some more precise results have been provided by Ghoussoub, Kim, and Lim [74]:
they show that for the distance cost, the image can be contained in its own Choquet
boundary, and in the case of minimization, they show that in some particular cases
the image consists of d+ 1 points, which provides uniqueness. They conjecture that
this remains true in general. The subsequent theorem will allow us to prove that this
conjecture is wrong, and that the properties of the image can be found much more

precisely.

4.2.2 Algebraic geometric finiteness criterion
Completeness at infinity of multivariate polynomial families

Algebraic geometry is the study of algebraic varieties, which are the sets of zeros of
families of multivariate polynomials. When the cost ¢ is smooth, the set {c;(z9,Y) =
A(Y)} for o € R? and A € Aff, behaves locally as an algebraic variety. This statement
is illustrated by Proposition 4.2.12 and Theorem 4.2.18.

Let k,d € Nand (P, ..., P;) be k polynomials in R[ X7, ..., X4]. We denote (P, ..., P;_1)
the ideal generated by (P, ..., Pi—1) in R[X1,..., X4] with the convention (()) = {0}, and
Phom denotes the sum of the terms of P which have degree deg(P):

IFP(X)= Y anX® then P""(X):= > a,X“
|or| <deg P |a|=deg P
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Definition 4.2.5. Let k,d € N and (P,...,P:) be k multivariate polynomials in
R[X1,...,X4]. We say that the family (Py,..., Py) is complete at infinity if

QP ¢ (phom  Phomy - for all Q ¢ (PP, P for 1 <i<k.!

Remark 4.2.6. This notion actually means that the intersection of the zeros of the
polynomials P; in the points at infinity in the projective space has dimension d—k—1
(with the convention that all negative dimensions correspond to (), or equivalently
by the correspondance from Corollary 1.4 of [82], that P™, ... é“’m is a reqular
sequence of R[ X7, ..., X4|, see page 184 of [82]. See Proposition 4.3.3 to understand why
Ppom éwm may be seen as the projections of Py,..., Py at infinity. The algebraic
geometers rather say that the algebraic varieties defined by the polynomials intersect
completely at infinity. The ordering of the polynomials in Definition 4.2.5 does not
matter. Notice that Py,...,P; is a reqular sequence if Plhom,..., C?"m is a reqular
sequence, therefore the completeness at infinity of (P;)1<i<k implies that the intersection

of the zeros of the polynomials in the points in the projective space has dimension d—k.

Remark 4.2.7. Notice that in Definition 4.2.5, we restrict to R[ X7y, ..., Xg], whereas
the algebraic geometry results that we will use apply with the same definition where
we need to replace R[X1,...,Xy4| by C[X1,...,X4]. However, the families (P;) that we
will consider here stem from Taylor series of smooth cost functions. Therefore we
only consider (P;) C R[X7,...,X4], and we notice that in this case, Definition 4.2.5 is
equivalent with R[ X7, ..., X4] or with C[X1,...,Xy|, up to projecting on the real or on
the imaginary part of the equations.

Example 4.2.8. If d € N* and k € (N*)? Then (Xfl,...,ng) is complete. Indeed, let
1<i<d (XM XFY—(xPBp 4+ 4 XFP P Pl €R[X),.., Xy}, No-
tice that for this family of polynomials, P € <Xf1,...,XZ-ki_11) is equivalent to 01 P(X; =
0,...X;1=0,X;,...,Xq) =0 for all | € N¢ such that lj <kj for j <i, andlj =0 for
j>1. Let Q € R[Xy,...,Xq4| such that QXZ-ki € <Xf1,...,XfSl>, then for all such | €
N<, we have Ox1(QXF) (X1 =0,.., X1 =0,X;,..., Xg) = XF050Q(X1 =0,... X;_1 =
0,Xi,...,Xq) =0, and therefore 051 Q(X1=0,...,X;—1=0,X,,..., Xq) =0, implying that

k ki_
Qe (xh . xkn,

The notion is also invariant by linear change of variables. For example, (X3 + XY +
3,Y3 — X2 4 X) is complete at infinity because the homogeneous polynomial family
(X3,Y3) is complete at infinity by Example 4.2.8 above.

In algebraic terms this means that Pih"m is not a divider of zero in the quotient ring
R[X1, ..., Xal /(PO ..., PR).
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Example 4.2.9. Let d € N and (Py, Py) be 2 homogeneous polynomials in R[ X1, ..., Xg] \
R, then (P1,P) is complete at infinity if and only if ged(Py, P2) = 1. Indeed, if
ged(Py, Py) =11 # 1, then Py/I1 ¢ (Pr) but Py/11P, = P P2/11 € (Py), and therefore
(P1, P) is not complete at infinity. Conversely, if (P1,P2) is non complete at infinity,
we may find P',Q € R[X7,...,Xy] such that Q ¢ (Py) and QP = P P'. We assume for
contradiction that gcd(Pr, P2) =1, then Py is a divider of Q, and Q) € (Py), whence the

contradiction.

Let k,d € N and (P,..., P;) be k homogeneous polynomials in R[ X, X1, ..., X4],
we define the set of common zeros of (Py,...,P): Z(Py,...,P;) = {z € P?: Py(x) =
0, forall 1 <i <k}. An element x € R? is a single common root of Pi,..., P, if
x € Z(Py,...,P), and the vectors VP;(x) are linearly independent in R,

Remark 4.2.10. Let k € (N*)4. It is well known by algebraic geometers that we may
find a polynomial equation system T € R{(XZ}J')1§i§d,je(N*)d:|j|§kJ such that for all
(P, Pa) € Ty R, [X1, o0, Xa] with P = ¢ yeyisfj<i, 00 X1 X0, we have the

equivalence
T((ai’j)1§i§d’j€(N*)d:|j|§ki> #0 <= (P1,...,Py) is complete at infinity.

We provide a proof of this statement in Subsection 4.3.1. Furthermore, not all mul-
tivariate polynomials families (Py,...,Py) € szzl Ri, [X1,...,X4] are solution of T as
shows Example 4.2.8. As a consequence T is non-zero and we have that almost all
(in the sense of the Lebesque measure) homogeneous polynomial family is complete at

infinity.

Criteria for finite support of conditional optimal martingale transport

We start with the one dimensional case. We emphasize that the sufficient condition ()

below corresponds to a local version of [85].

Theorem 4.2.11. Let d=1 and let So = {cy(x0,Y) = A(Y)}, for some A € aff(R,R),
such that xg € riconvSy, and c: Q+— R.

(i) If y — ca(wo,y) is strictly convex or strictly concave for some xo € R, then |Sy| < 2.
(i) If for all yo € R, we can find k(yog) > 2 such that y — cz(z0,y0) is k(yo) times
differentiable in yo and cxyk(y())(xo,yo) # 0, then Sy is discrete. If furthermore cx(zo,")

is super-linear in y, then Sy is finite.

Proof. (i) The intersection of a strictly convex or concave curve with a line is two

points or one if they intersect.
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(ii) We suppose that Sp is not discrete. Then we have (y,) € S} a sequence of distinct

clements converging to yo € R. In yo, f:y > cz(x0,y) is k times differentiable for some
k>2and f)(yy) = Cpyh (T0,90) # 0. We have f(yn) = A(yn). Passing to the limit

Yn — yo; we get f(yo) = A(yo). Now we subtract and get f(yn) — f(vo) = VA(yn —v0)-
We finally apply Taylor-Young around yg to get

k_r(i) :
(f'(yo) = VA (yn —yo) + > / Z.(,y()) (yn—10)" +0(lyn —y0/") =0
=2 v

This is impossible for y, close enough to yg, as one of the terms of the expansion
at least is nonzero. If furthermore ¢, (xp,-) is superlinear in y, Sp is bounded, and
therefore finite. O

Our next result is a weaker version of Theorem 4.2.11 (i) in higher dimension.

Proposition 4.2.12. Let g € R? such that for y € RY, ci(20,y) = z;i:l Pi(y)u;, with
for 1<i<d, P, e R[Yq,..,Yy] and (ui)1<i<a a basis of RY. We suppose that the P;
have degrees deg(P;) > 2 and are complete at infinity. Then if So = {cz(x0,Y)=A(Y)}
for some o € R, and A € Aff;, we have

|So| < deg(Py)...deg(Py).

The proof of this proposition is reported in Subsection 4.3.1.

Remark 4.2.13. This bound is optimal as we see with the example: P; = (Y; —1)(Y; —
2)...(Y; = k), for 1 <i<d. Then {1,2,...k1} X ... x{1,....kq} = {cz(x0,Y) = A(Y)}.
(For A=0) And this set has cardinal ky...kq = deg(Py)...deg(Py;). But this bound is
not always reached when we fix the polynomials as we can see in the example d =1 and
P =X* we can add any affine function to it, it will never have more than 2 real zeros

even if its degree is 4.
The following example illustrates this theorem in dimension 2.

Example 4.2.14. Let d =2 and c: (z,y) € R?2 x R? —— 21 (y? +2y3) + 12(2y% + 3).
Then ci(z,y) = (y2 +2y3)e1 + (2% +y3)ea for all (x,y), where (e1,e2) is the canonical
basis of R?. Let A € Affy, A= Aje;+ Ages. The equation c(wo,y) = A(y) can be
written

yi+2y5 = Ai(er)yr + Ai(e2)y2 + A1(0)
2yt +y3 = As(e1)yr + Aa(e2)y2 + A2(0).

These equations are equations of ellipses C1 of azes ratio \/2 oriented along e1, and

Co of axes ratio /2 oriented along es. Then we see visualy on Figure 4.1 that in
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the nondegenerate case, C1 and Co are determined by three affine independent points
y1,y2,y3 € {cx(x0,Y) = A(Y)}, and that a fourth point y' naturally appears in the
intersection of the ellipses.

€1

Fig. 4.1 Solution of c,(wg,Y) = A(Y) for c(z,y) = 21(y3 +2y3) +22(2y3 +13).

Now we give a general result. If £ > 1, we denote

c%yk(xo,yo)[Yk] = > gkl c(z0,y0)Yj,---Yj,, (4.2.9)

IZ?y j 7"'7y i
1<jigisd
the homogeneous multivariate polynomial of degree k associated to the Taylor term of
the expansion of the map ¢, (o, ) around yo for 1 <i <d.

We now provide e the extension of Theorem 4.2.11 (ii) to higher dimension.

Theorem 4.2.15. Let 29 € R? and Sy = {ci(20,Y) = A(Y)} for some A € Affy. As-
sume that for all yo € R and any 1 <i <d, cz,(wo,") s k; > 2 times differentiable
at the point yo and that (c%yki (:)so,yo)[Yki])KKd is a complete at infinity family of
R[Y1,...,Yy], then Sy consists of isolated points. If furthermore cy(xo,-) is super-linear
in y, then Sy is finite.

The proof of this theorem is reported in Subsection 4.3.1.

4.2.3 Largest support of conditional optimal martingale trans-

port plan

The previous section provides a bound on the cardinal of the set Sy in the polynomial
case, which could be converted to a local result for a sufficiently smooth function, as it
behaves locally like a multivariate polynomial. However, with the converse statement

(ii) of the structure Theorem 4.2.2, we may also bound this cardinality from below.
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Let ¢ be a C12 cost function, and zg € R?, we denote

Ne(zp) == sup ‘ZﬂlQ(HC(xo)%—P)’, where H(z9) := (C%yz(xo,xo)[Yz])

PERy[Y1,....Y,)d lsi<d

where we denote by ZE(Q1,...,Qq) the set of real (finite) single common zeros of the
multivariate polynomials Q1,...,Qq € R[Y1,..., Yy].

Definition 4.2.16. We say that ¢ is second order complete at infinity at xo € R if ¢
is differentiable at x = xo and twice differentiable at y = xo, and H.(xo) is a complete
at infinity family of Ra[Y1,...,Yy].

Remark 4.2.17. Recall that by Remark 4.2.10, this property holds for almost all
cost function. We highlight here that this consideration should be taken with caution,
indeed cost functions of importance which are c:= f(|X =Y|) with f smooth fail to be
second order complete at infinity, even in the case of ¢ smooth at (xg,x0), as the sets
{ce(20,Y) = A(Y)} for A € Affy may be infinite and contradict Theorem 4.2.15, as

they may contain balls, see Theorem 4.2.20 below.

Theorem 4.2.18. Let ¢: Q — R be second order complete at infinity and C*0nCH2
in the neighborhood of (xg,x¢) for some xy € R?. Then, we may find po, vy € P(Rd)
with C1 densities, and a unique P* € M(pug,v) such that

Suowe(c) =P*[c] and |suppP%|= Ne(z0), p— a.s.

The proof of this result is reported in subsection 4.3.2. Theorem 4.2.18 shows the
importance of the determination of the numbers N,(zp). We know by Remark 4.2.13
that for some cost ¢: Q2 — R, the upper bound is reached: N.(zg) = 2%, We conjecture
that this bound is reached for all cost which is second order complete at infinity at
xo. An important question is whether there exists a criterion on cost functions to
have the differential intersection limited to d+ 1 points, similarly to the Spence-Mirless
condition in one dimension. It has been conjectured in [74] in the case of minimization
for the distance cost. Theorem 4.2.22 together with (ii) of Theorem 4.2.2 proves that
this conjecture is wrong. Now we prove that even for much more general second order

complete at infinity cost functions, there is no hope to find such a criterion for d even.

Theorem 4.2.19. Let zg € R%, and ¢ be second order complete at infinity and C? at
(x0,20), then
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The proof of Theorem 4.2.19 is reported in Subsection 4.3.2.

4.2.4 Support of optimal plans for classical costs
Euclidean distance based cost functions

Theorem 4.2.2 shows the importance of sets Sy = {cz(x0,Y) = A(Y)} for zg € riconv S,
and A € Aff;. We can characterize them precisely when ¢: (z,y) € R x RY— f(|z—y|)
for some f € C'(R4,R). In view of Remark 4.2.4, the following result gives the structure
of Sp as a function of d+ 1 known points in this set. Let g :¢>0— —f/(¢)/t, notice
that

cz(z,y) = g(ly—z[)(y—z), on {X#VY}.

Furthermore, c(z,y) is differentiable in x =y if and only if f/(0) =0, in this
case cx(z,z) =0. We fix Sp:={cz(x0,Y) = A(Y)}, for some zy € intconv Sy, and
A € Aff;. The next theorem gives Sy as a function of A and xg. For a ¢ Sp(VA),
let y(a) := zo+ (alg — VA) ' A(z). For a € Sp(VA), if the limit exists, we write
ly(a)| < oo and denote y(a) := limy_qy(t).

Theorem 4.2.20. Let Sy := {cz(x0,Y) = A(Y)} for xg € riconvSy, and A € Aff,.
Then

So = Ut,p)easSt U {Y(t) 1t € fix(go |Y—$0|)},

where SY = Sy, (pt, \/ 0% — bt —360]2), with Vi :==y(t) +ker(tly — VA), pt := projy,(xo),
and A= {(t.p) : € Sp(VA), [y(t)| < 00, 9(p) =1, and p> |py —ol}.

(i) The elements in the spheres S{% for all p from Theorem 4.2.20 will be said to
be 2d;, degenerate points, where d;, := dim V},. This convention corresponds to the
degree 2dy, of their associated root ty of the extended polynomial x(t) := det(tl; —
VA2g=1t)? —|Com(tl;— VA)A(0)]?). Notice that in the case dy, = 1, the sphere
Stpo is a 0—dimensional sphere, which consists in 2d;, = 2 points.

(ii) We say that y(to) € Sp is double for tp € R if min, {g<|y(t) - x0|) — t} =0 (attained
at tg) where the minimum is taken in the neighborhood of ¢y. Notice that then in the

smooth case, tg is a double root of x.

Corollary 4.2.21. Sy contains at least 2d possibly degenerate points counted with
multiplicity.
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The proofs of Theorem 4.2.20 and Corollary 4.2.21 are reported in Subsection 4.3.4.

Powers of Euclidean distance cost

In this section we provide calculations in the case where f is a power function. The

particular cases p = 0,2 are trivial, for other values, we have the following theorems.

Theorem 4.2.22. Let ¢:=|X =Y |P. Let Sp:={cz(x0,Y) = A(Y)}, for some xg €
intconv Sy, and A € Aff;. Then if p <1, Sy contains 2d possibly degenerate points
counted with multiplicity, and if 1 <p < 2— % orp>2+ %, So contains 2d+ 1 possibly

degenerate points counted with multiplicity.
The proof of this theorem is reported in Subsection 4.3.4.

Remark 4.2.23. In both cases, for almost all choice of yo,...,yq € R% as the first
elements of Sy, determining the Affine mapping A, we have d; =0 for all i, and
Cay(20,50) — VA C GLq(RY). Then for —oo <p <1, and p# 0, |So| = 2d, and for
l<p< 2—% orp> 2+%, |So| =2d+ 1. Therefore, by (ii) of Theorem 4.2.2, we may
find p,v € P(R?) with C' densities such that the associated optimizer P € M(u,v) of the
MOT problem (4.1.2) satisfies |[suppPx| =2d, p—a.s. if p<1, and |suppPx|=2d+1,
p—a.s. if p>1.

Remark 4.2.24. Based on numerical experiments, we conjecture that the result of
Theorem 4.2.22 still holds for 2 —% <p<2+ %, and p # 2. See Section 5.7.

Remark 4.2.25. Assumption 4.2.1 implies that c is subdifferentiable. Then we can
deal with cost functions ¢:= —| X = Y|P with 0 <p <1 only by evacuating the problem
on {X =Y} If0<p<1, it was proved by Lim [113] that in this case the value
{X =Y} is preferentially chosen by the problem: Theorem 4.2 in [113] states that
the mass pAv stays put (i.e. this common mass of p and v is concentrated on
the diagonal {X =Y} by the optimal coupling) and the optimization reduces to a
minimization with the marginals p—puAv and v—puAv. Therefore, ¢ is differentiable
on all the points concerned by this other optimization, and the supports are given by
suppP, C {co(z,Y) = AL (Y)YU{z}, for p—a.e. x € R?. Then the supports are exactly

given by the ones from the maximisation case with eventually adding the diagonal.

Notice that Remark 4.2.25 together with (ii) of Theorem 4.2.2 and Theorem 4.2.22
prove that Conjecture 2 in [74] is wrong, and explains the counterexample found by
Lim [114], Example 2.9.
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One and infinity norm cost

For e € &' :={~1,1}%, we denote O} :=[T1<;<45i(0,00) the quadrant corresponding
to the sign vector e. Similarly, for € € £ := {+e;}1<i<4, we denote QX := {y € R?:
e-y>|y—(e-y)eloo} the quadrant corresponding to the signed basis vector e.

Proposition 4.2.26. Let c:=|X =Y, withp € {1,00}, and Sp :={cz(x0,Y) =A(Y)}
for some xg € riconv Sy, and A € Affy, with r :=rankVA. Then, we may find 2 <k <
1)12" + 121, €1,...,6, €EP, and y1,..., Yk € R? such that

So = ULy (20 + Q2) 1 (i + ker V A).

In particular, Sy is concentrated on the boundary of its convex hull.

This Proposition will be proved in Subsection 4.3.3. The case r = d is of particular

interest.

Remark 4.2.27. Notice that the gradient of c is locally constant where it exists (i.e. if
is differentiable at (xo,yo), then c is differentiable at (x,y) and Ve(x,y) = Ve(zo,yo) for
(z,y) in the neighborhood of (xo,y0)). Then if r =d, czy(x0,5%) —VA=—-VAecGL4(R),
So is finite and |Sy| < 1p:12d+ 1,—c2d. The bound is sharp (consider for example
A:=uxg+1;). Therefore, by (ii) of Theorem 4.2.2, we may find p,v € P(R?) with C*
densities such that the associated optimizer P € M(u,v) of the MOT problem (4.1.2)
satisfies |suppPx| = 1p:12d+ 1,—002d, p—a.s.

Concentration on the Choquet boundary

Recall that a set Sy is included in its own Choquet boundary if So C Ext (cl conv(50)>,
i.e. any point of Sy is extreme in clconv(Sp). A result showed in [74] is that the image
of the optimal transport is concentrated in its own Choquet boundary for distance
cost. We prove that this is a consequence of (i) of the structure Theorem 4.2.2, and we

generalize this observation to some other cases.

Proposition 4.2.28. Let ¢: Q — R be a cost function, A € Affy, So C {cx(x0,Y) =
A(Y)}, and xg € riconvSy. Sy is concentrated in its own Choquet boundary in the
following cases:

(i) the map y — cx(x0,y) - u is strictly convex for some u € R%;

(ii) ¢: (z,y) — |x —ylp, with 1 < p < oo;

(iii) ¢: (z,y) —> |z —y|P, with —oco <p <1;
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-2
(iv) ¢ (z,y) — |z —y|P, with1 <p<2—2 orp>2+32, andp(minyego ]y—w()])p is

a double root of the polynomial det(VA — X14)% — |p|ﬁXﬁ |Com(VA—X1)tA(0)%,

Furthermore, if ¢ : (z,y) — |z —y|P, with 1 <p < 2—% orp>2+ %, and Sy is not
concentrated on its own Choquet boundary, then we may find a unique yo € So such that
Yo — @o| = minyes, |y — xo|, and So\{yo} is concentrated on its own Choquet boundary.

The proof of this proposition is reported in Subsection 4.3.5.

Remark 4.2.29. If p=1 or p= 00, there are counterexamples to Proposition 4.2.28

(ii), as Sy may contain a non-trivial face of itself , see Proposition /.2.26.

4.3 Proofs of the main results

4.3.1 Proof of the support cardinality bounds

We first introduce some notions of Algebraic geometry. Recall P% := (Cd+1)* /C*, the
d—dimensional projective space which complements the space with points at infinity.
Recall that there is an isomorphism P? ~ C4UP?~!, where P! are the "points at
infinity". Then we may consider the points for which zg =0 as "at infinity" because
the surjection of P% in C? is given by (zo,21,...,24) — (x1/%0,...,24/T0) so that when
xg = 0, we formally divide by zero and then consider that the point is sent to infinity.

The isomorphism P? ~ C4UPY! follows from the easy decomposition:

P = {(zg,....2q) € CT 20 #£ 01 /CHU{(0,21,...,24), (21, ..., zq) € CT\ {0} }/C*
= {(1,m1/x0,...,xd/xo),(xo,...,xd)ECd+1,xo7éO}
V{(0,21,....70), (21,....7q) € (C?) } /T
~ clu(c?)’/cr mclupd

The points in the projective space P4 in the equivalence class of {xg =0} are called

points at infinity.
Definition 4.3.1. The map

) dea(P)—
P= S aX"espProi= Y gxnxde®-nl
n€NC |n|<deg(P) neN9 |n|<deg(P)

defines an isomorphism between C[X1,...,X4] and C'™[Xo, X1, ..., X4]. Let (Pi,..., P;)
be k > 1 polynomials in R[ X7, ..., X4], we define the set of common projective zeros of
(Pr,.... Py) by ZPo)(Py,...,Py) == Z(P"™™ ..., PI").
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This allows us to define the zeros of a nonhomogeneous polynomial in the projective
space.

We finally report the following well-known result which will be needed for the proofs
of Proposition 4.2.12 and Theorem 4.2.19.

Theorem 4.3.2 (Bezout). Let d € N and Py,...,P; € R[Xy,...,X4] be complete at
infinity. Then |ZPTI(Py, ..., Py)| = deg(P)...deg(Py), where the roots are counted with
multiplicity.

Proof. By Corollary 7.8 of Hartshorne [82] extended to P and d curves, we have

3 i(ZP00(Py),.., 2P0 (Py), V) = deg(Py)...deg(Pgf4.3.10)
Velrr (mej(Pl,--~7Pd))

where i(mej(Pl), o, ZPTOI(Py), V) is the multiplicity of the intersection of ZP"%7 (P),...,
and ZP™°J(P,) along V, and Irr (mej (P, ..., Pd)) is the collection of irreducible com-
ponents of ZP"% (P, ..., P;). By Remark 4.2.6, ZP"%/ (P, ..., P;) has dimension d —d =0
by the fact that (P, ..., P;) is complete at infinity. Therefore, its irreducible components

(in the algebraic sense) are singletons, and (4.3.10) proves the result. O

Notice that we have the identity P"*™ = PP (Xy=0). Then P"™ may be inter-
preted as the restriction to infinity of PP"% and we deduce the following characterization
of completeness at infinity that justifies the name we gave to this notion. We believe
that this is a standard algebraic geometry result, but we could not find precise references.
For this reason, we report the proof for completeness. For P, ..., P; € R[X7,..., X, we
denote Z(Py,...,Py) :== {x € C¢: Pi(2) = ... = Py(z) = 0} the set of their common

afline zeros.

Proposition 4.3.3. Let P,...,P; € R[Xy,..., Xy4|, Then the following assertions are
equivalent:

(i) (Pi,...,Py) is complete at infinity;

(ii) ZProI(Py,..., Py) contains no points at infinity;

(iii) Za(Ppom, ..., Phom) = {0}.

Proof. We first prove (iii) = (ii), let x € P4 at infinity, i.e. such that zg = 0. Then
by definition of the projective space, ' := (1,...,24) # 0, and by (iii) we have that
Phom (/) £ 0 for some i. Notice that P (2') = PP (), and therefore PP (2) # 0
and z ¢ ZPrI(Py, ..., Py).
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Now we prove (i) = (7). By definition of completeness at infinity, we have
that (P{™ ..., PH™) is complete at infinity by the fact that (P, ..., Py) is complete at
infinity. By Theorem 4.3.2, (P*™, ..., (éwm) has exactly deg P{°""...deg Pcflwm common
projective roots counted with multiplicity. However, by their homogeneity property,
(1,0,...,0) is a projective root of order deg P{wm...dengom, therefore it is the only
common projective root of these multivariate polynomials, in particular 0 is their only
affine common root.

Finally we prove that (ii) = (7). In order to prove this implication, we as-
sume to the contrary that (i) does not hold. Then by Remark 4.2.6, we have that
the dimension of this projective variety is higher than d — (d —1) = 1. Then we

may find some z € Z(P™, ..., é‘fﬁ”) which is different from z = (1,0,...,0), as if z
was the only zero, the dimension of Z(P}™, ..., é‘fT) would be 0. Now we consider

o= (0,21,...,zq) € PL As z =0, 2’ is at infinity and P (z) = Phom(z) = PP (y/).
Therefore, 2’/ € Z(P{", ..., P"), contradicting (ii) by the fact that 2’ is at infinity. O

Proof of Remark 4.2.10 Let & := {z € P : 29 = 0} the subset of points of P? at
infinity, and Y := Hy, x ... X Hy,, with H, the set of homogeneous polynomials of
degree n for n € N. The set X is a projective variety as the set of zeros of the polyno-
mial Xy, and the set ) is a quasi-projective variety as it is an affine space. The set
A:={(p,P1,...Py) € X xY: Pi(p) =... = Pi(p) =0} is a set of zeros of polynomials in
X x Y (also called closed set for the Zariski topology by algebraic geometers). Notice
that the set of non-complete at infinity polynomials in R[X7,..., X| is exactly the
projection of A on ) by Proposition 4.3.3, and therefore this set is characterized by
a polynomial equation system on the coefficients of the P; by Theorem 1.11 in [139],
which states that the projection of closed sets for the Zariski topology in X x ) stays
closed for the Zariski topology of V. O

Proof of Proposition 4.2.12 For 1 <i <d, let A; :=u;- A € aff(R%,R). If for each
1 <4 <d we project this equation onto Vect(u;) along Vect(u;,j # 1), we get:

Thanks to the completeness at infinity of (F;), the P; which are defined for 1 <i < d by

Pi(Zo, Z1, ..y Zg) i= PP (21, .., Zg) + V A ZE 1 + A;(0) 26
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are also complete at infinity as for all i, we have P*™ = Pho™ By Bezout Theorem
4.3.2 there are deg(P))...deg(P;) common projective roots to these polynomial. These
roots may be complex, infinite, or multiple, therefore the set Sy which is the set of these
common roots that are finite and real has its cardinal bounded by deg(P;)...deg(Py). O

Proof of Theorem 4.2.15 We suppose that Sp is not discrete. Then we have (y,,) € S}
a sequence of distinct elements converging to yo € R?. We denote Pi(Y1,....Yy) =
Cp. i (0, 90) [Y¥] for 1 <4 <d. We know that (P;)1<;<q is a complete at infinity family
of R[Y1,...,Yy]. We have f(yn) := cz(x0,yn) = A(yn). Passing to the limit y, — yo, we
get f(yo) = A(yo). Now subtracting the terms, we get f(yn) — f(yo) = VA(yn — o),
and applying Taylor-Young around yg, we get

B B %), B ok
(Vo) =VA) - (yn—y0)+ > F [(¥n —y0)"]+ P(yn —y0) +o(|yn — yo|™) &.8.11)

1=2

With P = (P,..., P;). By Proposition 4.2.12, the Taylor multivariate polynomial
is locally nonzero around yy as it has a finite number of zeros on R%. This is in
contradiction with (4.3.11) for y,, close enough to yp.

If furthermore ¢ is super-linear in the y variable at xg, T" is bounded, and therefore
finite. O

4.3.2 Lower bound for a smooth cost function

As a preparation for the proof of Theorem 4.2.19, we need to prove the following

lemma.

Lemma 4.3.4. Let (P, ..., P;) be a complete at infinity family in Ra[X1,...,Xg4|. Then
the multivariate polynomial det(V Py, ...,V Py) is non-zero.

Proof. We suppose to the contrary that det(V P) =0, where we denote P = (P, ..., Py).
We claim that we may find 39 € R?, and a map v : R — S;(0) which is C* in the
neighborhood of yy and such that u(y) € ker(VP(y)) for y in this neighborhood.
Then we solve the differential equation y/(t) = u(y(t)) with initial condition y(0) = yo.
As a consequence of the regularity of u in the neighborhood of 1y, by the Cauchy-
Lipschitz theorem, this dynamic system has a unique solution for ¢ in a neighborhood
[—¢,e] of 0, where £ > 0. However, we notice that P(y(t)) is constant in ¢, indeed,
% =V P(y(t))u(y(t)) = 0. Since |y/(¢)| = 1, this solution is non constant, then
P — P(yp) has an infinity of roots: y(|—¢,e]). However, as P is non-constant, P — P(yo)
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is also complete at infinity, which is in contradiction with the fact that it has an infinity
of zeros by the Bezout Theorem 4.3.2.

It remains to prove the existence of yo € R%, and a map u: RY — R?, € in the
neighborhood of 7, such that u(y) € ker(VP(yp)) for y in this neighborhood. For
all 7 < d, we consider the determinants of submatrices of VP which have size 7. Let
r > 0 the biggest such 7 so that at least one of these determinants is not the zero
polynomial. By the fact that det(VP) =0, and that the polynomials are non-constant
by completeness at infinity, we have 0 <r < d—1. We fix one of these non-zero
polynomial determinants. Let 2o € R? such that this determinant is non-zero at yo. As
this determinant is continuous in g, it is non-zero in the neighbourhood of 3. Therefore,
V P has exacly rank r in the neighbourhood of yg. Now we show that this consideration
allows to find a continuous map y — u(y), such that u(y) is a unit vector in ker(VP).
Notice that ker(VP) = Im(VP)+. We consider r columns of VP! that are used for
the non-zero determinant. We apply the Gramm-Schmidt orthogonalisation algorithm
on them. We get u1(y), ..., u,(y), an orthonormal basis of Im(V P(y)?), defined and C*
in the neighbourhood of yy. Then let ug € ker(VP(yp)), a unit vector. The map

g — iy (uo, ui(y))ui(y)
) = oy T3 (a0 1 () )]

is well defined, C*, and in Im(V P(y)!)* = ker(VP(y)) in the neighourhood of yo, and

therefore satisfies the conditions of the claim. O

Proof of Theorem 4.2.19

Step 1: Let P; = (X1,..., Xa)Ca,uy(20,20) (X1, ..., Xa). Let y1,...,y411 € RY, affine
independent. We may find A € Aff; such that A(y;) = P(y;) for all i, where we
denote P := (P;)1<i<q- Now we prove that V(P(y;) — A) may be made invertible at
points y, at the neighborhood of y;. Recall that A is a function of the d+ 1 vectors y;:
A=A(y1,..-,y4+1).- Then we look for an explicit expression of VA(y1,...,yq+1) (denoted
V A for simplicity) as a function of the y;. Let Y = Mat(y; —yq+1,1=1,...,d), the matrix
with columns y; — y441, using the equality VAy; + A(0) = P(y;), we get the identity
VAY = M, where we denote M := Mat(P(y;) — P(y4+1),t = 1,...,d). Then we get the
result VA= MY ~! (Y is invertible as the y; are affine independent). Then having
V P(yq+1) — VA invertible is equivalent to having VP(yg41)Y — M invertible. Notice
that VP(ygp1)Y — M = —Mat(P(y;),i=1,...,d), where P = P — P(y4.1) — VP(yqs1)-
(Y —3441), and that the multivariate polynomials P; are complete at infinity, as they

only differ from the P; by degree one polynomials. Consider the multivariate polynomial
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D = det(VP). Let 1 <i<d, by Lemma 4.3.4 we may find g, in the neighborhood of
y; such that D(y!) # 0, and therefore VP(y!) is invertible. Thanks to this invertibility,
we may perturb the y/ to make M’ := Mat(P(y.),i =1,...,d) invertible. As Sp(M’) is
finite, for A > 0 small enough, M’ + Al is invertible. For 1 <7 <d, we may find y/ in
the neighborhood of g} so that P(y!) = P(y.) + Ae; +0(\), thanks to the invertibility of
VP(y!). Then for A small enough, (P(y/),i=1,...,d) = M’ + X+ o()) is invertible.
We were able, by perturbing the y; for i # d+ 1 to make V(P(y), ;) — A) invertible.
By continuity, this invertibility property will still hold if we perturb again sufficiently
slightly the ;. Then we redo the same process, replacing ¢, ; by another y;. We
suppose that the perturbation is sufficiently small so that all the invertibilities hold
in spite of the successive perturbations of the y;. Finally, we found ¥}, ...,y 41 affine
independent so that P(y}) = A(y}) and VP(y,) — VA is invertible for all 1 <i <d+1.
Step 2: Then Ne(zg) > d+1 because i,...,y;,, are d+ 1 single real roots of P+ A =
H.(x9) + A, and A € Aff;, which may be identified to Ry[Y1,...,Yy]%. As the P; — A; are
real multivariate polynomials, all non-real zeros have to be coupled with their complex
conjugate. Recall that by Theorem 4.3.2, there are exactly 2¢ zeros to this system.
There are no zeros at infinity by Proposition 4.3.3, and there is an even number of
non-real zeros by the invariance by conjugation observation. Then there must be an
even number of real roots. As the gy} are simple roots by invertibility of the derivative
of P— A at these points, there must be an even number of real roots, counted with
multiplicity. If d is even, d+1 is odd, which proves the existence of a possibly multiple
d+2—th zero yo, distinct from the y;. We assume, up to renumbering, that yj, ...,y are
affine independent, and we perturb again y, ...,3}; to make yg a single zero. We need
to check that ¢, ; is still a single zero of P — A. Indeed, the map (4, ...,45,,) — A if
locally a diffeomorphism around (yi,...,y4+1), then by the implicit functions Theorem,
we may write ¥, ; = F(y,...,y;,A) = F(y’l,...,yél,A(y{),...,yél)), where F' is a local
smooth function. Then y/, 41 remains a single zero if the perturbation of yo,...,yg is
small enough. The result is proved, if d is even we may find d+ 2 single zeros to P — A.

The reverse inequality is a simple application of Proposition 4.2.12. O

As a preparation for the proof of Theorem 4.2.18, we introduce the two following

lemmas:

Lemma 4.3.5. Let Q1,...,Qq, d complete at infinity multivariate polynomials of degree
2 and x € R, Then, for all Py, ..., Py multivariate polynomials of degree 1, we may find
Py, ..., Py, multivariate polynomials of degree 1 such that | Z4(Q1 + P, ...,Qd+ﬁd)| >
1Z4(Q1+ P, ...,Qq+ Py)| and x € intconv Z4(Q1 +Pp,...,Qa+ Py).



4.3 Proofs of the main results 153

Proof. Let Pi,..., P; multivariate polynomials of degree 1. We claim that we may find
Ry, ...,Rq of degree 1 so that Z%(Q1+ Ry, ...,Qq+ Ry) has full dimension and contains
ZH(Q1+ Py, ...,Qq+ Py). Then we may find 2’ € intconv Z(Q1 + Ry, ...,Qq+ Ry), and
by the fact that all Q; have degree 2, we may find Py, ..., P; of degree 1 such that
(Q+ P)(X +a' —z) = Q+ P. Finally, as the change of variables X + ' —z does not
change the number of roots of )+ P nor their multiplicity, and by the fact that
x € intconv Zg (Q1 + Pi,...,Qq+ P;) by translation, P, ...P; solves the problem.

Now we prove the claim. We prove by induction that we may add dimensions
to Z4(Q1+ R1,...,Qq+ Ry) by changing the R;. First by Theorem 4.2.19, we may
assume that Z]%{(Ql + Ry, ...,Qq+ Ry) is non-empty. Up to making a distance-preserving
linear change of variables, we may assume that Z4(Q1,...,Q4) C {X4 =0} and that
0€ Z(Q1,...,Qq). We look for D € R[X1,...,X4]% in the form D = Xgv for some
v e R so that Q+ D leaves Z4(Q1,...,Qq) unchanged. In order to include some
y € {Xyq#0}, we set D:=—Q(y)/ysXq. The constraint that we have now is to fix
y is that V(Q+ D)(y') € GLg(R) for all / € Z4(Q1,...,Q4) and for y' =y. Notice
that all these constraints have the form det (V(de - Q(y)Xd)(y’)) #0if y # vy, and
det (V(de — Q(y)Xd)(y)) # 0 for the case y' =y, therefore in all the cases this is
a polynomial equation in y. We claim that each of these equations on y have a
solution. Then as there is a finite number of such equations, the set of solutions
is a dense open set, in particular it is non-empty and we may find y € R% so that
{yyUZ4(Q) C Z(Q+ D) and dim Z% (Q + D) > dim Z4(Q). By induction, we may
reach full dimension for dim Z%(Q + D), and the problem is solved.

Finally, we prove the claim that the solution set to det (V(de —Q(y) X)) (v )) #0
is non-empty.

Case 1: ¢/ € Z%&(Q) Then, up to applying a translation change of variables, we may
assume that ¢’ = 0. Then by the fact that @) has degree 2, the equation that we would
like to satisfy is

det (1aV QW) ~ (VQO)y + 5 D*Q0)[4?])eh ) #0.
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We make it more tractable by making operations on the columns:

det (¥ Q(0) ~ (VQ(O)y + 3 D*QO)15?]) )

d d
det (yd > VQi(0)e; (Z VQ:(0)y: + 50*Q(0) [yﬂ) eé)
i=1 =1
d—1 1
= det (yd Z VQ; (0)65 - 2D2Q(0)[y2]62> )
=1

where we have subtracted the 7" column multiplied by y; /94 to the d*® column for
all 1 <i<d—1. Now we prove that this multivariate polynomial is non-zero. We
assume for contradiction that it is zero. Then for all y € { X4 # 0}, D?Q(0)[y?] € H :=
Vect(VQ;(0),1 <i<d—1), which is d — 1—dimensional by the fact that VQ € GL4(R)
by simplicity of the root 0. By continuousness, we have in fact that D?Q(0)[y?] € H
for all y € RY. Therefore, for all 31,72 € R?, we have the equality D2Q(0)[y1,y2] =
5 (D2Q(0)[(?/1 +12)%] = D*Q(0)[y1,51] — DQQ(O)[ZUQ,Z/Q]) € H. Then we may find u €
]Rd non-zero such that ¢ ; u; D?Q;(0) = 0. Then (Q}™, ..., Q™) is d — 1 —dimensional
and ZP™7(Q1,...,Q4) is at least 1—dimensional, then it intersects the variety of points
at infinity, which is a contradiction by Proposition 4.3.3 together with the fact that
(Q1,...,Qq) is a complete at infinity family.

Case 2: ¢/ = y. Then the equation that we would like to satisfy is

det (1aV Q) ~ (VQWO)y +3D°Q(0)42))eh) £0,

which may be expanded thanks to the fact that () has degree 2:

det (a (VQ(O)+ D2Q(0)y) — (VRO + 3 D*Q0)[4?])el ) #0.

Similar than in the previous case, by the same operations on the columns we get:
1
det (s (VQ(O) + D*Q(0)y) - (VQO)y + 3 D*QO)[y) e
d
1
= det (ydz (VQZ + DQQZ( ) €; — (Z VQZ yz + 2D2Qi(0)yyi) efl)
=1

d—1
- det( Z(VQz +D2Qi(0)y)e§+;DQQ(O)[yz]eZ),
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Now we assume for contradiction that this polynomial in y is zero. Then for all
y € {X, # 0} small enough so that VQ(0) + D?Q(0)y € GL4(R), D*Q(0)[y*] € H, :=
Vect(VQ;(0) + D2Q;(0)y,1 <i <d—1). Notice that up to multiplying y by A >0,
we have that A\>?D?Q(0)[y?] € H),, and therefore D?Q(0)[y?] € H),. By passing to
the limit A — 0, we have D?Q(0)[y?] € Hp thanks to the fact that VQ € GLy(R).

Therefore we obtain a contradiction similar to case 1. O

Lemma 4.3.6. Let M >0, we may find R(M) such that for all F: R — R¢ and
xo € R? such that on By-1(xg), F is C? and we have that VE and D?F is bounded
by M, and det VF > M~ we have that F is a Cl—diffeomorphism on Br (o).

Proof. The determinant is a polynomial application, therefore it is Lipschitz when
restricted to the compact of matrices bounded by M. Let L(M) be its Lipschitz
constant. Then on the neighbourhood Bp( M)(mo), we have that det VF' is bigger
than %Mﬁl, with Ro(M) = min (Mfl,m). We claim that F' is injective on
Bpg,(m)(xo) with Ri(M) := min (M‘l,m>, where C(M) is a bound for the
comatrices of matrices dominated by M. Then by the global inversion theorem, F'is a
C!—diffeomorphism on Br(zo) with R(M) = min (RO(M),Rl(M)>.

Now we prove the claim that F' is injective on Bg (ar)(70). Let x,y € Bg, (ar)(20),

Fly)— F(z) = /O U E(tr+ (1 ) (y — o)t
- VF(x)(y—x)—i—/ol /OtDQF(sx+(1—s)y)[(y—x)Q]dsdt

= VF(z) (y — 24 VF(z)™? /01(1 —5)D?F(sz+ (1 —s)y)[(y —x)Q]ds> :
Then we assume that F(y) = F(z). Then

y—al - |VF<a:>—1 [ - 9D2F(sat (1= )y —)ls

M
< [[VF(x) 1H3|y—fﬂ!2
< C(M)M?*|y—=z|? (4.3.12)

where the last estimate comes from the comatrix formula (5.1.2). Then by the fact
that Rl(M) S m,
The injectivity is proved. a

we have |y —z| < W(M)’ and therefore z =y by (4.3.12).
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Proof of Theorem 4.2.18 By Taylor expansion of ¢, in y in the neighborhood of z,
we get for h € R? and € > 0 small enough that

co (0,20 +h) = cz(0,70) + ay(T0,70)eh + Q(ch) +e* Ro(h),

where, recalling the notation (4.2.9), Q;(Y) := Jca,yy(20,70)[Y?] and the remainder

R-(h) = /0 ‘- (Cayy (@0, 20+ th) — cayy (o, 20) ) (1) dt.

Notice that VR.(h) =3 [3 (1—t) (cxyy(xo, xo+eth) — cpyy(2o, xo)) [h]dt. By Proposition
4.2.12, we see that N.(z) is finite by second order completeness at infinity of ¢ at
(zo,70). We consider from the definition of N.(xg) an affine map A € Aff; such that
the d—tuple of multivariate polynomials of degree one A(X7,..., X ) satisfies

Zk(Qi+ A(X1,... Xg)i: 1<i<d)| =n = Ne(o).

By Theorem By Lemma 4.3.5, let P = (P, ..., P;), d multivariate polynomials of degree
1 such that |Z}(Q1 +Pp,....Qq+Py)|>nand 0 e int conv Zg (Q1 +P,....Qi+Py).

Let Ac(y) := —e2P(0) — eV P(y —x0) + cz(20,20) + Cay (20, 20) (y — o), we have that
cz(20,20+eh) = A-(zvo+¢ch) and cgy (0,20 +h) € GL4(R) if and only if Q(h) + P(h)+
R.(h) =0 and (VQ+VP)(h)+VR:(h) € GLy4(R).

Now let A1, ..., hy, € R% the n elements of ZH(Q1 + P, .., Qd+l5d). By continuousness
of czyy in the neighborhood of (g, 2¢), up to restricting to a compact neighborhood, ¢y,
is uniformly continuous on this neighborhood. For € > 0 small enough, each xg+¢h; in
in the interior of this neighborhood. Therefore, by uniform continuousness R, and V R,
converges uniformly to 0 when ¢ — 0. Let 1 <7 <n, we have (Q+ P+ R¢)(hi) = Rz(h;),
and V(Q + P)(h;) € GL4(R) by the fact that h; is a single root of @+ P, and therefore
V(Q+ P+ R:)(h;) € GL4(R) for e small enough. Therefore we may apply Lemma 5.6.1
around h;: Q@+ P+ R is a diffeomorphism in a neighborhood of h; depending only
on the lower bounds of det V(Q + P+ R.)(h;) and of the bounds for V(Q + P+ R;)
and D?(Q + P+ R.), which may then work for all € small enough. Then for ¢ small
enough, we may find A in this neighborhood of h; such that (Q+ P+ Re)(h§) = 0.
Furthermore, by the fact that V(Q+ P+ R:)(h;) — V(Q + P)(h;) when ¢ — 0,
|hs —hy| <2|V(Q+ P)~L(h;)|||Re(hi)|, and therefore hs — h; when ¢ — 0. Then for
e small enough, the h{ are distinct, 0 € riconv(y5,1 <i<n), Q(h$)+ P(hi)+ R-(h5) =0,
and (VQ+ VP)(h§)+VR.(h5) € GL4(R).
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Now the theorem is just an application of (ii) of Theorem 4.2.2 to Sp := {zg+¢ch§,i=
1,...,n}. O

4.3.3 Characterization for the p-distance

Fot p>1 and z € RY, we have c(-,y) differentiable on (RY)* with

1 T
co(@,y) = ﬁZIxz yr
|l‘—yp =1 ’ yZ’

For p=1 and p = oo, it takes a simpler form.

d
If p=1, c(-,y) is differentiable on ] ;(R\ {y:}) and ¢, (z,y) = > e
(3

:1|J31 y| €i-

If p =00, c(-,y) is differentiable on {z" € R? |2} —y;| > [ —y;],j # i, for some 1 <
g yz .

o=yl 1

Proof of Proposition 4.2.26 We start with the case p =1. We suppose with-

i < dj, let i := argmax; < ;<4(|7; —y;]), we have c;(z,y) =

out loss of generality that z9 = 0. Recall that c(-,y) is differentiable on (R*)? and
c(0,y) =L 1‘ rrei. Then the equation that we get is A(y) =% 1 sg(y;)e;. Let
E={>x%, sg(yl)el cye€ Sy} Ceec{-1,1}%. We have E C ImA, which is an affine
space of dimension r. Then there are r coordinates i1, ...,7, that can be chosen arbitrar-
ily in ImA, and the other coordinates are affine functions of the previous one. We denote
I:=(i1,...,i,) and T := (1,...,d) \ 1. Thus, card(ImAN{—1,1}7) < card({—1,1}!) = 2".
As 0 €riSp, r > 1. Now for all € € F, let y. € Sp such that ¢;(0,y:) = . Then if
Y=y +yo € QF with yo € kerVA, we have A(y) = c.(0,y), and therefore y € Sp,
proving the first part of the result.

Now we prove that Sy C dconvSy. Let us suppose to the contrary that y €
riconv.SoNSy. Let yq,...,yn € Sp such that y = >"1 | A\jy;, convex combination. Then
c(0,1) = S Xice(0,45). As |ez(0,9)] = S0 Milex(0,:)| = Vd, we are in a case of
equality in Cauchy-Schwartz inequality. € := ¢;(0,y),cx(0,91),...,¢z(0,y,) are all non-
negative multiples of the same unit vector, and therefore all equal as they have the
same norm. Then y,y1,...,yn € QL, and ¥, 91, ..., yn € ye +ker VA. As we may apply the
same to any 1y’ € y. +ker VA, these vectors cannot be written as convex combinations
of elements of Sy that do not belong to y. +ker VA. Therefore, (y. +ker VA)NSy =
(ye +ker VA)N Qélj is a face of conv.Sy. As we assumed that y € riconv Sy, we have
(ye +ker VA)N QL =riconv Sy, by the fact that riconv Sy and (y. +kerVA)N Q! are
faces of conv Sy (which constitute a partition of conv Sy, see Hiriart-Urruty-Lemaréchal
[89]) both containing y. This is impossible as 0 € riconv Sy and 0 ¢ Q!. Whence the

required contradiction.
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The proof of the case p = oo is similar to the proof of Proposition 4.2.26, replacing
by card({—1,1}(e;)1<i<q) = 2d instead of 2¢, and by |¢,(0,y)| = 1 instead of vd. O

4.3.4 Characterization for the Euclidean p-distance cost

By the fact that intconv Sy contains xg, we may find y1,...,y4+1 € So that are affine
independent. Then we may find unique barycenter coefficients ()\;); such that xg =

Z?ill Aiyi. For some yq,...,yq11 € So. For all a € R, we define

d+1 a+1 oy \ )
y'(a):=G(a) ) %yi, with G(a) = (Z _Z ) , and a; := g(|y; —(@o$)13)
-1 a—ag i—1 4

where {b1,...,b,} :=={a1,...,aq11} with r <d+1 and b; < ... <b,, and d; := ’{j taj =
bi}

Proposition 4.3.7. We have y'(a) =y(a) for alla ¢ Sp(VA). In particular the map 'y’

(a—a1)...(a—agqy1) _
det(aly—VA)

3 where y1 < ... < Yyp—1 are eigenvalues of VA. Finally if we have xg €

— 1, the multiplicity of each b; for all 7.

is independent of the choice of y1,...,yq11 € So. Furthermore, G(a) =

(a—b1)...(a—by)
(a—v1)...(a—vr—1
intconv(yi,...,yq+1), then we have by <y <ba < ... <7vyp—1 < by.

Proof. We suppose that xo =0 for simplicity. Let a ¢ Sp(VA), y(a) is the unique

vector such that
(alg—VA)y(a) = A(0) (4.3.14)

We now find the barycentric coordinates of y(a). For any i, A(y;) = a;y; with a; :=
g(lyil). As (y;); is a barycentric basis, we may find unique (\;(a)); C R such that
y(a) =3, Ni(a)y;, and 1 =3"; A\i(a). Then we apply A and get A(y(a)) =>; Ai(a)A(y:),
so that ay(a) = ¥; A\i(a)a;y;. Subtracting the previous equality on y(a), we get
0=>;\i(a)(a—a;)y;. As (yi)i is a barycentric basis, it is a family or rank d. Then, by
the fact that %4 \jy; = 0, we have (Ai)1<i<a+1 and (Ni(a)(a—a;i))1<i<d+1 are in the
same 1—dimensional kernel of the matrix (yi,...,y4+1). Then we may find G(a) such
that A\;(a)(a—a;) = G(a)\;. Now we assume that a is not part of the a;, then we have
Ni(a) = Gla) 2L, and Gla) = (S 20) 7 Finally

a—a;’ 1=1 q—a;

il ) 1) -1
Y(a):y’(a):G(a);a_aiyi with G(a):(;a_a) . (4.3.15)
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Now we prove that G(a) = (aagtl()é}d(igljf 1) We first assume that aj < ... < gy

and that zg € intconv(yy,...,yqs1) (i.e. A,...; Age1 > 0). Then G(a)~! has d+1 single
-1

poles ay,...,a44+1, such that limg,, G(a)~! =400, and limg|q, G(a)™ = —oo for all 4.
Therefore, G(v;)~! = 0 for some a; < v; < a;j11 for all i < d. Then ~; is a pole of G,
and |y’(a)| goes to infinity when a — ~;, as the coefficient in the affine basis (y;); go to
+00. Therefore, v; is an eigenvalue of VA, as there are d such eigenvalues, we have
obtained all of them. Finally, by the fact that the rational fraction f has degree 1,
as the set of its roots is restricted to the d+ 1 numbers a;. Furthermore the v; are d

poles, and a~1G(a) — (Zfill A\i)~1 =1, when a — oo, we deduce the rational fraction

_ (X—=a1)...(X—agq1)  (X—a1)...(X—ags1)
G(X)= (X_}yl)...(X—dyZ)l = dettde—Vfﬁ_l :

Now if we chose other affine independent (y;)1<j<q+1 (this time not necessary with

xo € conv(y;, 1 <i<d+1)), let the associated barycenter coordinates Ay, ..., A\gy1 € R,
we suppose that the (a;); are still distinct, the poles of y’(a) are still the d distinct
eigenvalues of VA that are determined by the +; such that lim,_., |y(a)|, independent
of the choice of (y;); because y'(a) = (aly— VA) T A(0) is independent of this choice.
However, the numerator of the fraction can be determined in the same way than it is
determined in the previous case.

Now we want to generalize this result to Aq,...,A\q11 € R, and any (a;);. If we stay
in the open set in which (y;); is an affine basis of R?, the mapping (y;,a;); — A
is continuous, and so is the mapping (y;); — (A\;);. Therefore, as (y;,a;,Ai)i —

Zg:o X/\_iai is continuous as well, the identity remains true for all a;,y; such that (y;);
is an affine basis and \; > 0.

Let us now focus on the multiple a;s. We consider 1 <17 <r such that d; > 0. By
passing to the limit n — oo with some distinct a' converging to a; for all 1 <i <d,
d; eigen values of VA at least will be trapped between the a;s, as af' <7 ; <ajy; <
o <Yip < ajyy becomes at the limit a; = 741 = a;41 = ... = Vi1 = a1 Now we
prove that no other eigenvalue is equal to a;. Indeed, rewriting (4.3.15) that equation
become

r / r )\2

V) =¥ =63 A w60 - (3

i—1 @ Vi i=1

a—bi

~1
) . (4.3.16)

dq+1 dr+1
with Aj := g, —p, Aj. And G(a) = (X_bgetl&};(_xvj)r iy By a similar reasoning than

when the (a;); are distinct, we may find by <y < bg < ... < Y—1 < by, eigenvalues
of VA. Then, as degdet(XI;—VA)=d, and (X —b)"...(X —b,)% is a divider to
det(XI;—VA), we have det(X Iy —VA) = (X —71)..(X —9_1)(X =by) D (X —b.)%.

O
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Remark 4.3.8. Notice that in Proposition 4.5.7, the eigenvalues of VA are given by
the v;, and by each b; such that d; > 0, which has multiplicity d;, in particular, these
coefficients (up to their numbering) do not depend on the choice of y1,...,Yd+1-

Proof of Theorem 4.2.20 We suppose again that o = 0 for simplicity. We know
that if y € So, ¢2(0,yv) = g(Jy|)y = A(y). We denote a := g(|y|) and get,

(alg—VA)y=A(0) (4.3.17)

Let a € fix(go|y — zo|), then (aly—VA)y(a) = A(0), and A(y(a)) =ay(a) =
g(|y(a)|)y(a) =y (O,y(a)), and therefore y(a) € Sy. Conversely, if y € Sy and a :=
g(]y|) is not an eigenvalue of VA, y = (al;—V A) L A(0) = y(a), and finally ¢(|y(a)|) = a,
hence a € fix(go |y — zg|).

Now let ¢ € Sp(VA) such that |y(t)| < co. Let y € S{, we have (tI;—VA)y =
(tI;—VA)(y—y(t)+ A(0) = A(0), by passing to the limit a — ¢ in the equation
(aly—VA)y(a) = A(0). Finally, as |y|*> = \/p? — |p,g|22 +|pt|> = p? by Pythagoras theo-
rem, A(y) = c;(0,y), and therefore y € Sy. Conversely, if y € Sy with g(|y|) =1, then

we have y —y(t) € ker(tl;— VA), and |y —p| = \/p? — |p¢|* by Pythagoras theorem:
by definition y € SY. O

Proof of Corollary 4.2.21 We use the notations from Proposition 4.3.7 and assume
that zg € intconv(y1,...,yq+1). By Theorem 4.2.20, Sy contains 23°7_; d; degenerate
points. Furthermore, for all 1 <i <7 —1, limy_, |y(t) — x| = oo, therefore, as b;11
is a root of g(\y(t) — a:0|) —t between 7; and 7,11, there is another root b, possibly
multiple equal to b;, by continuity of g. Finally we have 2> d; +r+ (r—2) =2d

elements in Sy at least, with possible degeneracy. O

Proof of Theorem 4.2.22 We assume again that xo = 0 for simplicity. We suppose
again that x¢g = 0 for simplicity. By identity (5.1.2), if we multiply (4.3.14) by the
comatrix, we get det(Ay—VA)y = Com(\l;—VA)'A(0). Now taking the square norm,
we get: det(Ay— VA)2[p|72Z A7 2 — [Com(Ay— VA A(0)|2 = 0. The polynomial with
real exponents x := det(H — X 1;)% — \p|ﬁ)\% |Com(X1;—VA)A(0)]? is continuous
in (y;)i, then similar to the proof of Theorem 4.2.20, we can pass to the limit from
sequences of y' converging to y; for all ¢ such that for all n > 1, the vectors y;* have

distinct norms. It follows that b; is a d;-eigenvalue of VA, and a (2d; — 1)-root of .
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By Theorem 4.2.20, we have
S = Sv, (pi B2 = Inl?2) © {ea(0.Y) = AV}

With the radius /b2 — |p;|2 > 0 as there are more than one elements in the sphere. We
have a single sphere as the function g is monotonic, and therefore injective.

Now we prove that if —oo < p <1, then the polynomial with real exponents
X(X) = det (XTI — VA2 — |p| =7 X 77 |Com(X I — VAAQ)?  (4.3.18)

has exactly 2d positive roots, counted with multiplicity. By Corollary 4.2.21, it has
at least 2d roots, counted with multiplicity. Now we prove that there are at most 2d
roots.

By Theorem 4.2.20, the roots of det(X I;— V A) all have the same sign (same than p).
Consequently, the coefficients of det(XI;— V A) are alternated or all have the same sign.
The same happens for det(X 1;—V A)2. Now we use the Descartes rule? for polynomials
with non integer exponents in order to dominated the number of roots of x. Recall that
x =det(X1;—VA)? -~ ]pP%PXﬁip |Com(X1;—VA)YA0)]?2. We saw that the coeffi-
cients from the part det(X I; — V.A)? are alternated or all of the same sign. The exponent
sequences from det(XI;— VA)?, and from |p| 5 X7 |Com(X 1y —VA)A0)? have
both integer differences between two exponents from the same sequence. Then the expo-
nents of ]p]%X% |Com(X I;—V A)tA(0)|? are located between the ones of det(X I; —
V A)? in the exponent sequence of x, i.e. the sequence of y consists in one exponent from
det(X1;—VA)?, then one exponent from |p|%X% |Com(X1y—VA)A(0)|%, and so
on. By the fact that deg(det(X1;—VA)?) = 2d and deg(|Com(X1;—VA)A(0)|?) =
2d—2,and 0 < % < 2. Then x(X) has at most 2d alternations in its coefficients, and
therefore it has at most 2d positive roots according to the Descartes rule.

Now, assume that 1 <p < 2—% or p > 2+%, then

X(X) == det (XTI — VA — |p|= 7 X 77 |Com(X Iy — VAIAQO)?  (4.3.19)

has exactly 2d+ 1 positive roots counted with multiplicity.
Let us first prove that the polynomial has less than 2d 4 1 roots. Similar to
above, the coefficients of det(XI;—VA) are alternated. And the same happens

2The Descartes rule states that for a polynomial with possibly non integer real coefficients, the
number of positive roots is dominated by the number of alternations of signs of its coefficients ordered
by their associated exponents, see [96].



162 Local structure of multi-dimensional martingale optimal transport

for det(XI;— VA)2 Using the Descartes rule for polynomials with non integer
coefficients, by the fact that the coefficients of |p|ﬁX%|Com(X]d—VA)tA(O)|2
are located between the ones of det(X1I;— VA)?, except strictly less than 3, and as
deg(det(XId —VA)?) =2d, it follows that deg(|Com (X I;—VA)*A(0)|?) = 2d —2 and
—3 <55, <5. Then X(X) has at most 2d + 2 alternations in its coefficients by the
same reasomng than the case p < 1. Furthermore, the sign of the coefficients in front of
the extreme monomials are opposed (because y is a difference of positive polynomials)
then the maximum number of positive roots is odd, and therefore it has at most 2d + 1
positive roots according to Descartes rule.

By Corollary 4.2.21, we have 2d elements in S, more precisely, which range between
b1 and b,. Furthermore, between 0 and b; we can find some a € D:
Case 1: We assume that p > 2. Then x(X) — —oo when X — 0 as we have that
—\p[ﬁX% |Com(XI;—VA)A(0)|? becomes dominant.
Case 2: We assume that p < 2. Then x(X) — —oo when X — +o00 as we have that
—|p|ﬁX% [!Com(X 1y~ VA)A(0)|? becomes dominant.

Therefore there is one more real root, on the side where the polynomial goes to —oo
as there is already one. Finally y has 2d+ 1 roots at least and less than 2d+ 1 roots, it
follows that it has exactly 2d+ 1 roots. We proved the second part of the theorem. O

4.3.5 Concentration on the Choquet boundary for the p-distance

k
Proof of Proposition 4.2.28 (i) Let yo,y1,...,yx € So such that yo = > A\;y;, convex
- i=1

combination. Then as c;(zg,v;) - u = ‘uA(y; — x9), we have Zle iy (20,y5) - u =
ut A(yo — x0) = cz(20,y0) - u. As y+> cz(x0,y) - u is strictly convex, this imposes that
Ai =1 and y; = yg for some ¢. Finally, yg is extreme in Sy, Sy is concentrated in its
own Choquet boundary.

(ii) We know that for any y € Sy we have c(xo,y) = A(y). As the situation is invariant
in xg, we will assume xy = 0 for notations simplicity. We consider 1 < ¢ < 400 such
that %+% = 1. For any y € (R%)*,

1
Yi P
cx(0,9)]q = b 1Z| yilP 7 | |p T p—1 (Z‘yz [ D ) =—7lylp =1,

|y2‘
q

as we know that y # 0 because c is superdifferentiable. Then for any y € Sy, we have

k
|Hy +v|; =1. We now assume that yo = Z Aiy; is a strict convex combination with
=
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(yi)o<i<k € SFT

k

= (X% (4w)

1=1

I = |A(ZJO)‘q

<Z)\]Ayz \q—Z)\ =1

q

We are in a case of equality for the triangular inequality for the norm |-|,. We know
then that all the A\;A(y;) and A(yp) are positively multiples. As we know that all their

d
g-norm is \; # 0 and 1, therefore A(yp) = ... = A(yx) and " |1p_1 S (yo)i P (yogz:‘ei =
Olp

—mT Z!(yk) P~ 1 §:|ei. Notice that for y € RY, we have —— Z!yz\p L, =

lylp
d

f(y/lylp), where f:y+— ‘Zl\yi\p_lé—hei is bijective R* — R for p > 1. Then we
1=

Iyl

have |ny°‘p =..= |ny’“|p. It means that they all belong to the same semi straight line
originated in 0. As we supposed that yg is not extreme, 0 can be included in the convex
combination as we must have 1 <i <k such that |yg| > |yo|. Then increasing the
corresponding \; while decreasing all the others, 0 can be included. As 0 € riconv .Sy,
Too R+
As 0 € riconv Sy, then Sy = {0} and yo = 0, which is the required contradiction because

we can then put any element of Sy in the convex combination and Sy C {0} + 2

we supposed that yg is not extreme in Sp.
@ We use the notations from Theorem 4.2.22. We suppose again without loss of

generality that zo = 0. Let d := dim Sy, for any yi,...,y4+1 € So with full dimension

d
d, we may find unique barycentric coordinates (\;)1<j<g+1 such that > A\jy; =0. Let
o =0
y € Sp such that ply|P~2 = g(|y|) ¢ Sp(VA). By Proposition 4.3.7, 3 can be expressed

as

dtl . d+l . -1
=G(X 'y with X) = : .
y=G0 L ™ with G0 = | X5~

- of the
same sign. As we supposed that the (a;); is an increasing sequence, there must be a
0 <ip<d—1such that \; <0if i <igand A>0if i >ig+1 (or \; >0 if 1 <ig and
A <0 if i > 49+ 1 but we will only treat the first case as this one can be dealt with

with X = p|y|P=2 > 0. To have y € conv(Sp) we then need to have all the

similarly). Then the idea consists in proving that y defined by (4.3.18) has no zero in

Jaig, @ig+1]-

First let us prove that G has no pole on Ja;,, aj +1[. G~*

can hit 0 at most d times
(It is a polynomial of degree d divided by another polynomial). It hits 0 in any Ja;,a;+1]

for i # 19, as the limits on the bounds are +0co and —oo. This provides d — 1 zeros. If
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there where a zero in |a;,,ai,+1[, it would be double, as the infinity limits at a% and
a;,+1 have the same sign. Which would be a contradiction.

Finally, as the poles of GG are the eigenvalues of VA and do not depend on the
choice of y1,...,y411, we know that there are exactly two roots of x between two poles.
As a;, and a;,4+1 are two zeros surrounded by two consecutive poles, there are not other
zeros between these two poles. x has no zero on |a;,, @iy+1]-

If X =a;, or X =a;y+1, then it is a zero of a;, — X, and all the elements in the
convex combination have same size than y. By the fact that we are in the case of
equality in the Cauchy-Schwartz inequality, this proves that the combination only
contains one element. Hence, y € Sy has to be extreme in Sp.

Now if y corresponds to an eigenvalue of VA, let b:= g(|y|). We suppose that
Y= Zgill 1iy;, convex combination with y1,...,y411 € So, affine basis. Recall that all
y(a) for a ¢ Sp(VA) can be written y(a) = G(a) X} ai’al yi=G(a)Y iy ai;bi yl where
N = Ya;=b; Aj» and Y= Ya=b; ;\\—Zyj. Let 4o such that b;, = b, let {y], ...,y&io} ={y €
{y1, - yae1} :9([Y]) = biy}. v € aff(yi,...,yélio), therefore pu; =0 if a; #b. As S; is a
sphere, it is concentrated on its own Choquet boundary, and therefore the convex

combination y = Zg:ll Wiy is trivial, y = y; for some ¢ and u; = 1.
(iv) In the first case, if plyo|P~2 is a double root of x defined by (4.3.19), then if
p<2 —% or p>2+ %, x has 2d+1 roots and at most 2d distinct roots set around the
poles of G in the same way than in the case p <1 in the proof of (iii).

The same happens when we remove the smallest element yg of Sp. Similarly So\ {yo}
is concentrated on its own Choquet boundary.

Now we prove that Sy is not concentrated on its own Choquet boundary. If p|yo|P~—2
is a single root of x, we select 41,...,y5, 1 € So such that 0 is in their convex hull. By

Proposition 4.3.7, if y € Sp and X := ply|P~2, then

drl ). drl ). -
y:G(X)izle_aiyi with G(X) = izle_ai . (4.3.20)

Case 1: We assume that 4} = yo. Then we apply (4.3.20) to X := p|y[P~2 the second
smallest zero of x which is strictly smaller than the first pole by Theorem 4.2.22 (which
also means that G(X) > 0): y:= G(X) 24 )fX y; € Sp, or written otherwise:

1=0¢q,— X
MG(X) aloN
N = G(X 2: o
X —ag 0 CX) L iy

1=2
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G has its first zero at ag which is smaller than its first pole which is between a; and as
strictly, so that G(X) > 0. This gives the result, rewriting the barycenter equation, we

get:
N (X —a9)  G(X)
yo_gko(X—ai)yH Ao

Y

Therefore, yo € conv(So \ {vo}).
Case 2: Now we assume that y{, # yj0. We write the barycenter equation for X = plyo[P~2,

we get:
4 \G(X) VIR
= ! ith X) = .
Yo Z: X—CZZ' Yi wit G( ) EX_GZ
i=0 =0
Then for any ¢, )‘)i(ci(ii) > (0 as all the Xii a; have the same sign. Therefore yg €
conv(Sp \ {vo})- O

4.4 Numerical experiment

In the particular example ¢(X,Y) = |X — Y|P, the computations are easy as the
important unknown parameter A = p|y|[P~? is one-dimensional. We coded a solver
that generates random yi,...,y44+1 € R? and determines the missing Yd+2, -, Yk, With
k=2dif p<1, and k=2d+1 if p > 1 such that {yi,...,yx} = {c(0,Y) = A(Y)} for
some A € Aff;, see Theorem 4.2.22. (As we chose randomly these vectors, we are in
a non-degenerate case with probability 1). Theorem 4.2.28 only covers the case in
which p <2 — % or p>2+ %, however the numerical experiment seems to show that
the result of this theorem still holds for all 2 # p > 1. Figures 4.2, 4.3, 4.4, 4.5, and
4.6 show configurations (Sp, on the left) for p =1.9 and p = 2.1 in which the result
of the theorem holds, and the graphs of ﬁ log (%) compared to log (y(—p)\p_2)) as
functions of log(A) (on the right). The intersections are in bijection with the points
in Sp because of the non-degeneracy by Theorem 4.2.20 with the change of variable
t = —pAP~2. The color of the points need to be interpreted as follows: d+ 1 blue points
are chosen at random so that 0 belongs to their convex hull. Then the new d points
given by Theorem 4.2.20 are colored in red. Finally the point corresponding to the
first intersection of the curves on the right is colored in yellow because this special
intersection differentiates the case p <1 and the case p > 1. We begin with Figures 4.2

and 4.3, in two dimensions.
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Fig. 4.3 Sy for d =2 and p = 2.1.

Now Figures 4.4 and 4.5, in three dimensions.

Fig. 4.4 Sy for d=3 and p=1.9.
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Fig. 4.5 Sy for d =3 and p=2.1.

Finally, Figure 4.6 shows two experiments in which |Sy| contains exactly 17 elements
for d = 8.

Fig. 4.6 Sy for d =8, p=1.9 on the left and p = 2.1 on the right.






Chapter 5

Entropic approximation for
multi-dimensional martingale

optimal transport

We study the existing algorithms that solve the multidimensional martingale optimal
transport. Then we provide a new algorithm based on entropic regularization and
Newton’s method. Then we provide theoretical convergence rate results and we
check that this algorithm performs better through numerical experiments. We also
give a simple way to deal with the absence of convex ordering among the marginals.

Furthermore, we provide a new universal bound on the error linked to entropy.

Key words. Martingale optimal transport, entropic approximation, numerics, Newton.

5.1 Introduction

The problem of martingale optimal transport was introduced as the dual of the problem
of robust (model-free) superhedging of exotic derivatives in financial mathematics, see
Beiglbock, Henry-Labordere & Penkner [18] in discrete time, and Galichon, Henry-
Labordere & Touzi [73] in continuous-time. This robust superhedging problem was
introduced by Hobson [94], and was addressing specific examples of exotic derivatives by
means of corresponding solutions of the Skorokhod embedding problem, see [51, 92, 93],
and the survey [91].

Given two probability measures p,v on R%, with finite first order moment, mar-

tingale optimal transport differs from standard optimal transport in that the set of
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all interpolating probability measures P(u,v) on the product space is reduced to the
subset M (p,v) restricted by the martingale condition. We recall from Strassen [146]
that M(p,v) # 0 if and only if ;4 < v in the convex order, i.e. u(f) <wv(f) for all
convex functions f. Notice that the inequality p(f) <w(f) is a direct consequence of
the Jensen inequality, the reverse implication follows from the Hahn-Banach theorem.

This paper focuses on giving numerical aspects of martingale optimal transport
for finite marginals. Henry-Labordeére [83] used dual linear programming techniques
to solve this problem, chosing well the cost functions so that the dual constraints
were much easier to check. Alfonsi, Corbetta & Jourdain noticed the difficulty, when
going to higher dimension to get a discrete approximation of continuous marginals in
convex order, that are still in convex order in higher dimension. So they mainly solve
this problem, and then do several optimal transport resolutions with primal linear
programming. Guo & Obl1éj [77] provide convergence results in the one dimensional
setting of the discrete problem converges to the continuous problem, and they provide
a Bregman projection scheme for solving the martingale optimal transport problem
in the one dimensional setting. We also mention Tan & Touzi [148] who used a
dynamic programming approach to solve a continuous-time version of martingale
optimal transport.

The idea of using Bregman projection comes from classical optimal transport.
Christian Leonard [110] was the first to have the idea of introducing an entropic
penalization in an optimal transport problem. The entropic penalization makes this
problem smooth and strictly convex and gives a Gibbs structure to the optimal
probability, which has an explicit formula as a function of the dual optimizer. The
unanimous adoption of entropic methods for solving optimal transport problems came
from Marco Cuturi [52] who noticed that finding the dual solution of the entropic
problem was equivalent to finding two diagonal matrices that made a full matrix
bistochastic, therefore allowing to use the celebrated Sinkhorn algorithm.

Historically in classical optimal transport, the practitioners used linear programming
algorithm to solve it, such as the Hungarian method [107], the auction algorithm [29],
the network simplex [3], we may also mention [76]. However, this method was so
costly that only small problems could be treated because of the polynomial cost
of linear programming algorithms. Later, Benhamou & Brenier [25] found another
way of solving numerically the optimal transport problem by making it a dynamic
programming problem with a final penalization on the mismatch of the final marginal
of the dynamic process with the target marginal. For particular cases, it was also

possible to use the Monge-Ampere equation. In the case of the square distance cost,
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Brenier [39] proved that the optimal coupling is concentrated on a deterministic map,
which was the gradient of a "potential" convex function u. When furthermore the
marginals have densities with respect to the Lebesgue measure, we may prove that u
= w, where f is the

density of 1 and g is the density of v. This equation satisfies a maximum principle,

is a solution of the Monge-Ampere equation det D?u

allowing to solve it in practice, see [28] and [27]. We also mention a smart strategy by
Merigot [118], using semi-discrete transport. Levy [111] introduced a Newton method
to solve the semi-discrete problem very fast.

For the entropic resolution, Leonard [110] proved that the value of the entropic
penalized optimal transport converged to the one of the unpenalized problem, while the
optimal transports converged as well to a solution of the optimal transport. See [42]
and [48] for more precise studies of this convergence in particular cases. It have been
observed by [106] that the entropic formulation was particularly useful for numerical
resolution, as it allowed to use the celebrated Sinkhorn algorithm [140]. The power of
this technique has been rediscovered by [52], and widely adopted by the community,
see [142], [131], or [151]. This method has already been adapted to different transport
problems, such as Wasserstein barycenters [2] and multi-marginal transport problems
26], gradient flows problems [128], unbalanced transport [44], and one dimensional
martingale optimal transport [77].

The remarkable work by Schmitzer [137] gives very practical considerations and
tricks on how to actually make the Bregman projection algorithm converge fast and
stay stable in practice. Cuturi & Peyre [53] used a quasi-Newton method to solve
the smooth entropic optimal transport. Their conclusion seems that the Sinkhorn
algorithm is still more effective. However, [36] use an inexact Newton method (i.e.
including the use of the second derivative) and manage to beat the performance of the
Sinkhorn algorithm. We also mention [6] which introduces a "Greenkhorn algorithm'
that outperforms the Sinkhorn algorithm according to their experiment, and similarly
[150] introduces an overrelaxed version of the Sinkhorn algorithm that squares the
linear convergence coefficient, and accelerates the algorithm.

Our subsequent work differs from Guo & Obldj as we explain how to deal with
higher dimension, give a more effective algorithm for martingale optimal transport by
inexact Newton method. We also provide a speed of convergence for the Bregman
projection algorithm, and explains how to deal with the lack of convex ordering of the
marginals. Finally the universal bound that we give for the error linked to the entropy
term is much sharper than the previous state-of-the-art. This bound may be extended

to classical optimal transport for which it does not seem to be in the literature either.
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In this paper we introduce several existing algorithms for solving martingale opti-
mal transport such as linear programming, non-smooth semi-dual optimization, and
Bregman projections. We introduce the smooth Newton algorithms, and the Newton
semi-implied algorithm. Then we give some theoretical results on the speed of conver-
gence of these algorithms, together with solutions to stabilize them and make them
work in practice, like the preconditioning for the Newton method, or how to deal with
marginals that are not in convex order. We provide new convergence rates for the
entropic approximation of the martingale optimal transport, that are much better than
the existing ones. The known result is an error of the order &?(ln(N ) — 1), where N is
the size of the discretized grid, while we prove that we can get a result of order 5%,
where d is the dimension of the space of the problem (1 or 2 in this paper). These
rates rely on very strong hypotheses that may be hard to check in practice. However
we see on the numerical example that they are well verified in practice.

The paper is organized as follows. Section 5.2 gives the problem to solve, Section
5.3 give the different algorithms that we will compare. In Section 5.4, we provide
practical solutions to some usual problems, Section 5.5 provides theoretical convergence
rates for the algorithms, Section 5.6 gathers the proofs of the theoretical results, and

finally Section 5.7 contains numerical results.
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Notation We fix an integer d > 1.

In all this paper, R% is endowed with the Euclidean structure, the Euclidean norm
of 2 € R? will be denoted |z|. Let A C R? we denote |A| the Lebesgue volume of A.
The map ¢4 is the map equal to 0 on A, and oo otherwise. If V' is a topological affine
space and A C V is a subset of V, intA is the interior of A, cl A is the closure of A,
aff A is the smallest affine subspace of V' containing A, convA is the convex hull of
A, and dim(A) := dim(affA). Let (us)e>0, (ve)e>0 C V. We denote that u. = o(v;) if

|ue

limg_g luel _ 0 We further denote ue K ve. A classical property of of+) is that

vl ™

ue = e +0(ve) if and only if wue = v+ o(ue). (5.1.1)

Let 2o € RY, and r > 0, we denote zoom® : 2 — xq +rz, By(xo) is the closed
ball centered in xg with radius r, and we only write B, when the center is 0.
Let f:RY — R, we denote ||f|lc := Sup,cga f(7) its infinite norm, and [|f||Z :=
supep, f(2) its infinite norm when restricted to the ball Bg, for > 0. Let a,b € R,
we denote a ®b:= ab’ = (a;bj)1<i j<d, the only matrix in My(R) such that for all
z €R? we have (a®b)z = (b-x)a. Let 1 <k <d+1 and uy,...,u;, € R, we denote
detag(ur,...,ug) =

det ((ej - (u; _uk))lgi,jgkz—1> ’, where (e)1<j<k—1 is an orthonor-
mal basis of Vect<u1 — Uy ey U] — UL ) -

Let M € M4(R), a real matrix of size d, we denote det M the determinant of M. We
also denote Com (M) the comatrix of M: for 1 <i,j <d, Com(M); j = (—1)"" det M*J,
where M™ is the matrix of size d— 1 obtained by removing the i line and the ;"

row of M. Recall the useful comatrix formula:

Com(M)'M = MCom(M)* = (det M) 1. (5.1.2)

s - 11 t
As a consequence, whenever M is invertible, M ™" = =-Com(M)".

We denote © :=R? x R? and define the two canonical maps
X:(z,y)eQ—zeR? and Y:(z,y) e Q— yecRL
For ¢,¢: R — R, and h: R — R?, we denote
@Y :=p(X)+9(Y), and h¥:=h(X) (Y —X),

with the convention co — oo = oo.
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For a Polish space X', we denote by P(X') the set of all probability measures on
(X,B(X)). Let ) be another Polish space, and P € P(X x )). The corresponding
conditional kernel P, is defined by:

P(dz,dy) =Po XL (dz)P,(dy).

We also use this notation for finite measures. For a measure m on X, we denote
LY (X, m) = {f € L%X) : m][|f|] < 0o}. We also denote simply L!(m) := LY(R,m).

5.2 Preliminaries

Throughout this paper, we consider two probability measures x and v on R? with finite
first order moment, and 1 < v in the convex order, i.e. v(f) > u(f) for all integrable
convex f. We denote by M (u,v) the collection of all probability measures on R¢ x R?
with marginals Po X! =y and PoY ! = v. Notice that M (u,v) # () by Strassen
[146].

For a derivative contract defined by a non-negative coupling function ¢ : R? x R4 —

R, the martingale optimal transport problem is defined by:

Suv(c) == sup P
PeM(p,v)

The corresponding robust superhedging problem is

1., = inf + ,
pv(€) o Mﬁrelpw(c)u(@ (1)
where
L 1 1 1 dy . (2]
Duu(e) = {(¢,0,h) €L} (1) x L' () x L' (1, RY) - @1 +h® > c}.

The following inequality is immediate:

Spw(€) <Lyu(c).

This inequality is the so-called weak duality. For upper semi-continuous coupling, we
get from Beiglbock, Henry-Labordere, and Penckner [18], and Zaev [160] that there is
strong duality, i.e. S, ,(c) =1, ,(c). For any Borel coupling function bounded from
below, Beiglbock, Nutz & Touzi [22] in dimension 1, and De March [57] in higher
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dimension proved that duality holds for a quasi-sure formulation of dual problem and
proved dual attainability thanks to the structure of martingale transports evidenced in
[58].

Along all this paper, we assume that p and v are discrete, i.e. we may find finite
X and Y so that p =3, cx pz0z, and v = 3 cyvydy, so that all the coordinates of
i and v are positive. Similarly, duality clearly holds thanks to the finiteness of the
support, and the dual problem becomes discretized as well: for (¢,v,h) € D, ,(c), we
can denote ¢, 1, and h as vectors (9())sex, (9(y))yeys and (hi(x))pex 1<i<a

To solve the martingale transport problem in practice, it seems necessary to
discretize the problem. Guo & Obl4j [77] prove that the martingale optimal transport
problem with continuous pu, v, and c is a limit of this kind of discrete problem in
dimension one under reasonable assumptions. This paper does not focus on proving
the convergence of the discretized problem towards the continuous problem, we focus

on how to solve the discretized problem.

5.3 Algorithms

5.3.1 Primal and dual simplex algorithm
Primal

The natural strategy to solve this problem will be to use linear programming techniques
such as simplex algorithm. One major problem with this approach is that the set
M(p,v) may be empty, because in practice, the discretization of the marginals may
break the convex ordering between then, thus making the set M(u,v) empty by Strassen
theorem. This problem was relieved by Guo & Obtéj [77], and by Alfonsi, Corbetta
& Jourdain [5]. In [77], they deal with the problem by replacing the convex ordering
constraint by an approximate convex ordering constraint which is more resilient to
perturbating the marginals. In [5], they go beyond and gives several algorithms to find
measures v/ (resp. u') that are in convex order with u (resp. with v) and satisfy some
optimality criteria such as minimality of v — v/ (resp. u— ') in terms of p—Wasserstein

distance. We also give in Subsubsection 5.4.3 a technique to avoid this issue.

Dual

One huge weakness of the Primal algorithm is that the size of the problem is |X||)],
which is the size of X x ), the support of the probabilities we consider. When |X| and

|| are big, it becomes a problem for memory storage. We notice that the number of
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constraints is (d+ 1)|X |+ |Y|, which is much smaller, because the dual functions ¢,
and h are respectively in RY and in (R%)?¥, and the dual function ¢ lies in RY. This is
why in practice it makes sense to solve the Kuhn & Tucker dual problem instead of the
primal one. We will see considerations on the speed of convergence in Subsubsection
5.5.4.

5.3.2 Semi-dual non-smooth convex optimization approach

It is well known from classical transport that solving directly the linear programming
problem is too costly (see [125]) consequently, some alternative techniques have been
developed like the Benamou-Brenier [25] approach, which inspired Tan & Touzi [148]
for the continuous time optimal transport problem. The idea consists in solving a
Hamilton-Jacobi-Bellman problem with a penalization on the distance between the
final marginal and v. Then an extension of this idea to our two-steps MOT problem
gives the following resolution algorithm, suggested by Guo and Obléj [77]. We denote
M(p) ={PecP(Q):PoX =y, and P[Y|X] =X, p—a.s.}, and get

Suv(c) = sup  P[c]
PeM(u,v)

= inf  sup Ple—¢]+vy
YEL (V) PEM (1) | vyl

=t (e, ) = Deone(X)) 0]

B welﬂ?lf(u)v(¢)
where V (¢) := p[(c(X, ) = ¥)cone(X)] +v[)] is a convex function in the variable
v. Then the problem becomes a simple convex optimization problem. It seems
appropritate in these conditions to solve the problem with using a classical gradient
descent algorithm. It is proved in [148] that V has an explicit gradient. To give the
explicit form of this gradient, we first need to introduce a notion of contact set. Let
[:Yr—=R, as Y is finite, feone(®) = inf <y amine 9(x) = sup{>; Nif (i) : y1,--,Yay1 €
VAL A1 > 0: 3 \iy; = x}. By finiteness of ), this supremum is a maximum. We
denote argconc () := argmax{>>; \i f (¥i) 1 Y1, -, Yar1 €V, A5 s a1 2 0035 Ny = 2}
Then the subgradient of V' at ¢ is given by

V() = { Dty Nil@)dy, oy — v (y(m),)\(x)) € argeonc,(, )y (), for all x € X}
rekX i
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Notice that this set is a singleton for a.e. ¢ € L1())), as V is a convex function in finite
dimensions. Then with high probability, on each gradient step, the function V' will be

differentiable on this point. In practice there is always uniqueness after the first step.

5.3.3 Entropic algorithms
The entropic problem in optimal transport

In practice, this problem is added some regularity by the addition of an entropic
penalization (see Leonard [110], Cuturi [52]). Let ¢ > 0,

$5,(0) = sup Pl —<H(Plmo),
PeP(u,v)

where H(P|mg) := [q (ln (%) - 1) dd—nimo(dw). The measure mg is the "reference

measure’, we assume that it may be decomposed as mg :=m?* @ m?Y such that p is
dominated by m* € M(R%), and v is dominated by m? € M(R?). For this text we

chose mg := 3 (4, y)cxxy (zy)- By the finiteness of the supports of y and v, we know

that P is absolutely continuous with respect to mg. Denote p:= ddTIE)O’ and abuse notation

writting p € P(u,v). Then H(P|mo) := (4 )exxy (Inp(z,y) — 1) p(z,y). This problem

can be written with Lagrange multipliers,

sup  Plej = (Flmo) = inf sup Ple—p@y|—ecH(Plmg)+ + vy
PEP(1.0) g (Blmo) () €L (1) XL () PeP (1) e—p&y] (Plmo) + ple] +v[¢)]

which leads to an explicit Gibbs form for the optimal kernel p. Then as the supports
(_ so(w)ﬂ/)(y)—C(w,y))
£ 7

are finite we easily get the shape of the optimizer p(z,y) = exp

and the associated dual problem becomes

I (c):= inf +v[Y]+e) ex <—
pal€)i= S LN R U ; P

o)+ (y) — C(x,y)> .

9

One important property that we need is the I'—convergence. We say that F.
['—converges to F' when ¢ — 0 if for all sequence &,, — 0, we have
(i) For all sequences x,, — x, we have F'(x) > limsup,, F¢,, (z).
(ii) There exists a sequence x,, — x such that F'(z) < liminf, F., (x,).

The I'—convergence implies that min F,, — F', when n — oo, and that if z,, is a
minimizer of F), for all n > 1, and if z,, — z, then z is a minimizer of F'. Leonard
[110] proved this I'—convergence of the penalized problem to the optimal transport

problem.



178 Entropic approximation for multi-dimensional martingale optimal transport

The Bregman iterations algorithm

Coupled with the Sinkhorn algorithm [140] introduced by Marco Cuturi for optimal
transport [52], this method allows an exponentially fast approximated resolution. Notice
that the operator Vi(¢,1) := pulp] + v[Y] +e3X, , exp (—“D(m)’%(g)_c(m’y)) is smooth
convex. The Euler-Lagrange equations 0,V =0 (resp. 9,Vz = 0) are exactly equivalent

to the marginal relations Po X 1 = i (resp. PoY ~! =v). It was noticed in [52] that

these partial optimizations can be obtained in closed form:

o(z) = cln <1Zexp (_w(y) —C(w,y)>) |

and

By iterating these partial optimization, we obtain the so-called Sinkhorn algorithm
(see [140]) that is equivalent to a block optimization of the smooth function V; which
dual is called Bregman projection [38], and converges exponentially fast, see Knight
[104].

The entropic approach for the one period martingale optimal transport

problem

As observed by Guo & Obléj [77] in dimension 1, the Sinkhorn algorithm can be
extended to the martingale optimal transport problem. With exactly the same compu-

tations, we get

SL,(c) == sup Pl —eH(Pmy)
PeM(u,v)

=I = inf
v (©) (b )eL! (W) XL () X LOR) e+ vly)

(_ () +¥(y) +h®(@,y) - C(x,y)) |

€

+e> exp
m?y

First notice that the I'—convergence still holds in this easy finite case.

Proposition 5.3.1. Let F.: P € M(pu,v) — Plc]—eH (P|mg). Fore >0, F¢ is strictly

concave upper semi-continuous. Furthermore, F. I'—converges to Fy when € — 0.
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Proof. This I'—convergence is easy by finiteness as the entropy is bounded by
In(|X||Y|) — 1 when P is a probability measure. O

We denote A := ¢ @1+ h® — ¢, the convex function to minimize becomes

Vel h) o= ] & vi] € 3 exp (—A“’)) |

T,y €

Then the Sinkhorn algorithm is complemented by another step so as to account for the

martingale relation:

o(r) = eln( Zexp( oy )-(y=u) =z, y)>)7 (5.3.3)

) = (L Py (Sl <;—x>—c<x,y>>>7
Vy 5 €
o (‘A(?y)) |

Notice that the martingale step is not closed form and is only implied. However, it
may be computed almost as fast as ¢, and 1, thanks to the Newton algorithm applied
to each smooth strongly convex function F} of d variables given, for each x € X with

its derivatives by
Fo(h) = £Zexp<—A<i’y)>, (5.3.4)
Yy
VFy(h) = —ZeXp<—A<i’y)>(y—x),
Yy

€

1 Az,
) = txeo(- S0 g0
Y
Notice that the optimization of Fy, and F;, are independent for z1 # x».

Truncated Newton method

For these problems, it may make sense to use a Newton method, as the problems are
smooth, and the Newton method converges very fast. For very highly dimensional
problems (here (d+1)|X|+)Y|), the inversion of the hessian is too much costly. Then
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it is in general preferred to use quasi-Newton. Instead of computing the Newton
step D?V"1VV,, we use a conjugate gradient algorithm to find by iterations a vector
p € Dy y such that \DQVEp— VV,| is small enough, generally in practice this quantity
is chosen to be smaller than min (%, \/\VVED.

The conjugate gradient algorithm approximates the solution of the equation Az =0
by solving it "direction by direction" along the most important direction, until a

stopping criterion is reached. The exact algorithm may be found in [159].

Implied truncated Newton method

Some instabilities may appear from Newton steps as any term of the form exp(X/e)
can easily explode when ¢ is very small and X > 0. The dimension may also make the
conjugate gradient from the quasi-Newton algorithm slow. A good way to avoid this
problem and exploit the near-closed formula for the optimal ¢ and A when 1 is fixed,
or optimal ¥ when ¢ and h are fixed.

Instead of applying the truncated method to Vi (p,v,h), we apply the truncated
Newton method to Vi (¢)) := ming, j, Vz(¢,10,h). It is elementary that with these defini-

tions we have

Jnf Ve(p,v,h) = irf‘l(?ﬂ)-

Doing this variable implicitation is easy by the fact that we have a closed formula
for ¢ and a quasi-closed formula for h. It brings the great advantage of having the
first marginal and the martingale relationship verified, this fact will be exploited in
Subsubsection 5.4.3.

Now we give a general framework that allows to use variables implicitation. The
following framework should be used with F'=V_, x =1, and y = (p, h). Proposition
5.3.2 below provides the appropriate convexity result together with the closed formulas
for the two first derivatives of V. that are necessary to apply the truncated Newton
algorithm. Let A and B finite dimensional spaces and F': A x B — R, we say that F’
is a—convex if

A1

AF(w1) + (1= N F(w) = F(dwr + (1= Nwz) > R Gt

2 |w1_w2|27

for all wy,wa € Ax B, and 0 < XA < 1. The case o = 0 corresponds to the standard

notion of convexity.

Proposition 5.3.2. Let F': Ax B — R be a a—conver function. Then the map
o infyep F(z,y) is a—convex. Furthermore, if a >0 and F is C2, then y(z) :=
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argmin, F'(x,y) is unique and we have

Vy(z) = —8§F_18§l,F<x,y(x)),
VE(z) = GIF(:B,y(x)),
D*F(x) = (02F—02,FOLF 02, F) (z,y(x)).

The proof of Proposition 5.3.2 is reported in Subsection 5.6.1.

Remark 5.3.3. The matriz 8%yF8§F_10§xF is symmetric positive definite, there-
fore the curvature of the function F is reduced by the implicitation process, making

heuristically the minimization easier. This fact is also observed in practice.

This method shall be used for the optimization of V., but also for the optimization
of F, that gives the martingale step, see (5.3.4). Indeed the value of ¢(z) does not

change the martingale optimality of F,,. We provide these important formulas.

€

The map V. and its derivatives: Let ) € RY, we denote (@fb’ Bw) = argming, , V(0,9 h),
that are unique and may be found in quasi-closed form from (5.3.3). Now we give the

formula for V. and its derivatives. We directly get from Proposition 5.3.2 that

Vo) = Ve(5.0.h5),

VV(0) = OyVe(@5w.h5),

D*V. = (ad,v 0, JVe(02Ve) 102 Ve — Z%h (07 V- )18,31_@‘/5) (@a,w,ﬁa)-

The last additive decomposition of J(,, 42 V! stems from the fact that Dp,h)2 Ve (@fp, W, ﬁi)
is diagonal. Indeed, V% is a sum of functions of (p(z),h(x)) for x € X, and the crossed
derivative Oy () n(z)Ve = 2y (Y — x)exp( Ale ’y)) cancels at (gﬁfp(x),hfp(x)) by the mar-
tingale property 1nduced by the optimality in h(x). The same holds for ahi(x)’hj(x)\/g
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for i # j. We denote AE = @¢+( >® — ¢, and we have
- . AG(,y)
Vo) = @] +vly +€ZeXp< d’)
- AE (z,y

Vi) = (uy—zexp( )

D 1dmg<zexp< A%x,y)))

T

—¢1 Zm: (Z exp (—W))

Y

( ( A@(m)) ( Amx,yz)))
Xlexp|———|exp| ——
€ < ey
Y1,Y2

—1

X ((y1 —I);exp <—W> (y2 —x);exp <_W> ) '
y1,y2€Y

Notice that for the conjugate gradient algorithm, we only need to be able to compute the
product (DQV ) pfor pe RY. Then if the RAM is not sufficient to store the whole matrix

-1

A
D2V, it may be convenient to only store Dy, := diag (Zw exp (— w(m’y))>, D;l =

g

e -1 € -1
diag (Zy exp <—W>) , and Dgil = diag (Zy(yi —xi)2exp( A“/’(E))> for
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all 1 <4 <d. Then we compute (DQXN/E) p in the following way:

The map F, and its derivatives:

Fy(h)

b = (D)
A€ (x,y)
pp = (ZeXp )py) :
reX
_AL(@y)
ph; —x;) exp Py ,
y reX
p, = (D; e,
Phe = (Dp')pn,
A%(z,y)
o = ( ex ( )<p:;>x> |
yey
A% (z,y)
Ph, ( — exp( v )(pZi)m> :
yey

(DVe)p = & (pw —Pp— Zpﬁi

p(z)eR

In this paragraph we fix 9 € RY and e > 0.
Recall the map F, from (5.3.4). This map may be seen as a function of (gp(a:),h(x))
Then we set

= min ,uxgo —|—5Zexp<

(fv)+¢+h-(y—x)—0(rr,y))_

£

The optimizer is given by (5.3.3), hence by the closed formula

() = argmin iy p(x) + Fy(p(),h) = ln

p(z)ER

(ulx Zy: exp <_

A direct application of Proposition 5.3.2 gives

y)>,

. _ Ap(z,
(pfg)lgRﬂm‘Ph(x) +€ZeXp< -
_Zy xexp( Ah(x y)>’

_Ah(l’,y

))_

€

—1
T

(

> (y—z)exp

Y

g

<_

Ah(I,

y>>>2®>7

3

w(y)+h-(y—x)—0(x,y)>) |
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where we denote Ay (z,y) = @p(x) +(y) +h-(y— ) —c(x,y), and v*® = u@wu for
u € RY.

5.4 Solutions to practical problems

5.4.1 Preventing numerical explosion of the exponentials

As we want to make € go to 0, all the terms like exp (E) tend to explode numerically.
Here are the different risks that we have to deal with, and how we deal with them.
First the Newton algorithm is very local, and nothing guarantees that after one
iteration, the value function will not explode. From our practical experience, the
algorithm tends to explode for € < 1073, Notice that the numerical experiment
given by [36] does not go beyond 1073, we may imagine that this is because they
do not use the variable implicitation technique. Furthermore, we notice from our
numerical experimenting that this variable implicitation, additionaly to the stabilizing
the numerical scheme, makes the convergence of the Newton algorithm much faster.
Moreover, impliciting in ¢ and h is much more effective than impliciting in ¢, even
though we have to do the implicitation in & which is much more costly than the
implicitation in .
For the computation of the implicitations (5.3.3), the computation of the formula
o(r) =¢ln (M% >y €Xp (_w(y)—i—h(:r)(g—x)—c(m,y))) should be done as follows to prevent
Y(y)+h(z)-(y—z)—c(z.y) }, and

€

numerical explosion. First we compute M, := maxycy {—

then the computation that we do effectively is

o(z) — M,+eln (Zexp <_¢(y)+h(x)-(y—x)—0(x,y) _Mx>> _ clngB,4.5)
y

€

In (5.4.5), the exponential arguments are always smaller than 1, and one of them
is equal to 1, then any explosion makes the exponential be totally negligible when
compared to exp(0) = 1, this computation rule makes it very stable. Notice also the
separation of In u, that allows to treat the case when the value of u, is extremely low
(like for exemple when you discretise a Gaussian measure on a grid) even if in this case,
it may be smarter to just remove the value from the grid.

Notice that the variable implicitation should also be used during each partial
optimisation in h(x) for x € X, as this Newton algorithm is highly susceptible to
explode as well. The implicitation simply consists in minimizing in ¢(z) the maps F

from (5.3.4), and has a closed form.
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Another thing to take care of about A is the initial value taken for the next partial
optimization of V; in h. On a first hand, chosing the last value for h helps diminishing
the number of steps for the optimization. Also, when ¢ is very small, even with the
implicitation, the Newton optimization may get hard if the initial value is too far from

the optimum.

5.4.2 Customization of the Newton method
Preconditioning

The conjugate gradient algorithm used to compute the search direction for the Newton

VK(A)—1

algorithm has a convergence rate given by |z, —x*|4 <2 (\/K(_A)-i-l>k |zo — 2| 4, where
1}, is the k—th iterate, 2* is the solution of the problem, |z|4 := 2'Ax is the Euclidean
norm associated to the scalar product A, and x(A) := ||A||||A~!|| is the conditioning of
A. This conditioning is the fundamental parameter for this convergence speed. When
¢ is getting small, the conditioning raises. We also observe on the numerics that is
happens when the marginals have a thin tail (e.g. Gaussian distributions). The simplest
way of dealing with this conditioning problem consists in applying a "preconditioning"
algorithm. We find a matrix P that is easy to invert (for example a diagonal matrix)
and we use the fact that solving Az = b is equivalent with solving P! APz’ = Pb, where
z' := P~ 1z. We use the most classical and simple preconditioning which consists in
taking P := diag(A)_l. See [159] for the precise algorithm.

Line search

An important advantage of the Bregman projection algorithm over the primitive
Newton algorithm is that V% is a Lyapunov function as the steps only consist of block
minimizations of this function, whereas the Newton step may get very wrong and lose
the optimal region if we are not close enough to the minimum. However in practice,
some ingredients need to be added to the Newton step. Indeed, once the direction
of search is decided by the conjugate gradient algorithm, in practice it is necessary
to make a line search algorithm, i.e. to find a point on the line on which the value
function V; is strictly smaller, and so does the directional gradient absolute value
|VVZ-p|, where p is the descent direction. This "descent" condition is called the Wolfe
condition. A very good line search algorithm that is commonly used in practice is
detailed in [159].
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Remark 5.4.1. Notice that if a value is rejected by the line search, it is important to
throw away the value of h given by this wrong point, and to come back to the last value

of h corresponding to a point that was not rejected by the line search.

5.4.3 Penalization
The penalized problem

The dual solution may not be unique, which may lead to numerical unstabilities. As
an example we may add any constant to ¢ while subtracting it to ¢ without changing
the value of V. A straightforward solution is to add a penalization to the minimization

problem. I.e. we have the new problem

iz, Ve(y) +af (i) (5.4.6)
where f is a strictly convex superlinear function, so that there is a unique minimum
by the fact that the gradient of V. is a difference of probabilities, which proves that
this convex function is Lipschitz, whence the strict convexity and super-linearity of
Vo(¥)+af(1). In practice we take f(¢) := %Zyey ay(y)?, for some a € RY, so that
VW) =Yyeyay(y)ey, where (ey)yey is the canonical basis, and D f(¢) = diag(a)
have these easy closed expressions. In practice we take a = (1), a = v, a = v?, or
a = v /1y, where g is a fixed estimate of ¢ from the last step of e—scaling (see

Subsection 5.4.4).

Marginals not in convex order

Problem 5.4.6 allows to solve the problem of mismatch in the convex ordering thanks to
the following theorem that allows for probability measures p, v not in convex order to
find another probability measure 7 in convex order with p that satisfies some optimality

criterion, for example in terms of distance from v.

Theorem 5.4.2. Let (u,v) € P(X) x P(Y) not in convex order. Let vy :=PyoY 1
where Py, is the optimal probability for Problem (5.4.6), where f is a super-linear,
differentiable, strictly convex, and p—homogeneous function RY — R for some p > 1.
Then vq — v when ao — 0, for some v; = 1 satisfying

Frm—v)=min f*(7—v).
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The proof of Theorem 5.4.2 is reported in Subsection 5.6.2. Notice that for

f@):= %Zyey ayb(y)?, we have f*(y) = %Zyey a;lv(y)z, whence the idea of taking

a:u2.

Conjugate gradient improvement and stabilization

Adding a penalization also allows to accelerate the conjugate gradient algorithm, indeed
it reduces the conditioning of the Hessian matrix by Kkilling the small eigenvalues, and
therefore accelerates the conjugate gradient algorithm’s convergence. It also stabilizes
this algorithm, indeed when ¢ is small we observe that without penalization, the
numerical error may cause instabilities by returning a non positive definite Hessian.
Adding the positive definite Hessian of the penalization function bypasses this instability.

5.4.4 Epsilon scaling

For all entropic algorithms, we observe that when ¢ is small, the algorithm may be
very slow to find the region of optimality. For the Bregman projection, the formula for
the speed of convergence in Subsection 5.5.4 suggests to have a strategy of e—scaling:
i.e. we solve the problem for ¢ = 1, so that the function to optimize is very smooth.
Then solve the problem for €’ < e, with the previous optimum as an initial point. We
continue this algorithm until we reach the desired value for . In practice we divide

by 2 at each step.

5.4.5 Grid size adaptation

It may be a huge loss of time to run the algorithm on full resolution since the beginning
of e—scaling. To prevent this waste of time, Schmitzer [137] suggests to raise the size
of the grid at the same time than shrinking €. In practice we give to each new point of
the grid for ¢, ¢, and h the value of the closest point in the previous grid. We use
heuristic criteria to decide when to doble the size of the grid, avoiding for example to
doble is when ¢ is too small as is seriously challenges the stability of the resolution

scheme.

5.4.6 Kernel truncation

While € shrinks to 0, we observe that the optimal transport tends to concentrate on
graphs, as suggested in [56]. Because of the exponential, the value of the optimal

probability far enough to these graphs tends to become completely negligible. For



188 Entropic approximation for multi-dimensional martingale optimal transport

this reason, Schmitzer [137] suggests to truncate the grid in order to do much less
calculation. In dimensions higher than 1, the gain in term of number of operation may
quickly reach a factor 100 for small . In practice we removed the points in the grid
when their probability were smaller than 10~ 7y, (resp. 107 71,) for all x € X (resp.
for all y € V).

5.4.7 Computing the concave hull of functions

We were not able to find algorithms that compute the concave hull of a function in the
literature, so we provide here the one we used. Let f:)Y — R.

In dimension 1 the algorithm is linear in |Y|, we use the McCallum & Avis [117]
algorithm to find the points of the convex hull of the upper graph of f in a linear time
and then we go through these points until we find the two consecutive points y;,y2 € Y
around the convex hull such that y; <z <yo. Then feone() = L2=5 f(y1) + ==L f(y2).

T Y2yt Yy2—y1
In higher dimension we use Algorithm 1 in order to compute the convex hull of

a function. We do not know if a better algorithm exists, but this one should be the
fastest when the active points of the convex hull are already close to the maximum, this
will be useful to compute (¢(x,-) —¢)cone(x) from Theorem 5.5.5 below, so as the field
'gradient” of the result that allows to find the right h. We believe that the complexity
of this algorithm is quadradic in the (not so improbable) worst case of a concave
function, O(nln(n)) on average for a 'random" function, and linear when the guess
of the gradient is good. These assesments are formal and based on the observation
of numerics, we do not prove anything about Algorithm 1, not even the fact that it
cannot go on infinite loops. We provide it for the reader who would like to reproduce

the numerical experiments without having to search for an algorithm by himself.

5.5 Convergence rates

5.5.1 Discretization error

Proposition 5.5.1. Let p < v in convex order in P(R?) having a dual optimizer
(p,0,h) € Dyy(c) such that ¢ is Ly,—Lipschitz, and 1) is Ly— Lipschitz. Then for all
p' =2V in convex order in P(RY) having a dual optimizer (¢',9',h) € D, (c) such
that @' is Ly —Lipschitz, and 1) is Ly — Lipschitz, we have

‘SM,V(C) — SM/W/(C)’ < max (L@ Lg,/) W (p', i) + max (Lw,Lw/) Wi (v, v)
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Algorithm 1 Concave hull of f.

1: procedure CONCAVEHULL(f, x, grid, gradientGuess)

2 if gradientGuess is None then

3 grad < vector of zeros with the same size than z
4 gridF < f(grid)

5: else
6

7

8

9

grad < gradientGuess
gridF « f(grid) — grad- grid
y < argmaxgridF'
: support < [y
10: gridF <« gridF — gridF [y

11: while True do

12: if x € aff support then

13: bary < barycentric coefficients of x in the basis support

14: if bary are all > 0 then

15: value < sum (bary X f(support))

16: return {'value' : value; "support' : support;
"barycentric coefficients' : bary; "gradient" : grad}

17: else

18: i < argmin bary

19: remove entry ¢ in support

20: remove entry ¢ in bary

21: else

22: projx <— orthogonal projection of z on aff support

23: p=x—projx

24: scalar < p- (grid —x)

25: if scalar are all <0 then

26: Fail with error "x not in the convex hull of grid."

27 y < argmax{gridF/scalar such that scalar >0}

28: add y to support

29: a < —gridF[y]/scalar]y]

30: gridF < gridF +a X scalar

31: grad < grad—a X p
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The proof of Proposition 5.5.1 is reported in Subsection 5.6.3.

Remark 5.5.2. Guo & Obldj [77] provide a very similar result in Proposition 2.2. It
is however very different as they need to introduce an approximately martingale optimal
transport problem, and our result makes hypotheses on the Lipschitz property of the dual
optimizers, which are unknown, and even their existence in unknown. In dimension 1,
thanks to the work by Beiglbock, Lim € Obldj [21], we may prove the existence of these
Lipschitz dual, thanks to some reqularity assumptions on c. In higher dimension, there
are ongoing investigations about the existence of similar results. However, by Example
4.1 in [57], it will be necessary to make assumptions on p,v as well, as the smoothness
of ¢ cannot quarantee the existence of a dual optimizer. Proposition 5.5.1 is entitled to
be a proposition of practical use, we may formally assume that the partial dual functions
that we get converge to the continuous dual and assume that their Lipschitz constant

converges to the Lipschitz constant of the limit.

We refer to Subsection 2.2 in [77] for a study of the discrete W) —approximation
of the continuous marginals. In dimensions higher than 3, it is necessary to use a
Monte-Carlo type approximation of y and v to avoid the curse of dimensionality
linked to a grid type approximation. However, Proposition 5.5.1 is not well-adapted
to estimate the error, as we know from [71] that the Wasserstein distance between a
measure and its Monte-Carlo estimate is of order n@ . Next proposition deals with this
issue. For two sequences (uy)n>p and (vx)n>0, we denote uy ~ vy when N — 0o

if un /vy converges to 1 in probability, when N — oo.

Proposition 5.5.3. Let p < v in convex order in P(R?) having a dual optimizer
(@, 9,h) €Dy y(c), and pn and vy, independent Monte-Carlo estimates of p1 and v
with N and M samples. If furthermore p'y < v} is in convex order in P(R?) having a

dual optimizer (o, v, h') € DNE\/v M(c) such that when N, M — oo, we have

(1) (unv — el = (uv —wlen], 1) (v —v)[¥] = (v —v)[Yum],
(ifl) (v —pin)le] = (uv —pi)len], (V) (var —vi) [ = (v = vig) [
Then we have

Y

S,00(0) — Sy (0)] < a\/ Votulel | VAUl 4 — il | + |(oar — vho) ]

with probability converging to 1 —2 [>°exp (—x2/2) dx, when N,M — oo.

The proof of Proposition 5.5.3 is reported in Subsection 5.6.3.
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Remark 5.5.4. In Proposition 5.5.3, we introduce iy, because the Monte-Carlo
approximation will not conserve the conver order for un,vy in general. Then we
obtain (i, vy from "convex ordering processes” such as the one suggested in Subsection

5.4.3, or the one suggested in [5]. In both cases, the quantity ‘(,uN —//N)[QON]‘ + ‘(VM —

u}w)[?ﬁM]‘ may be computed exactly numerically.

5.5.2 Entropy error

In this subsection, m. is a generic finite measure and no assumptions are made on .

and rg.

Theorem 5.5.5. Let ji. =< v, in convex order in P(R?) with dual optimizer (@2, 1., he) €
Dy, . (c) to the e—entropic dual problem with reference measure me, such that we may
find v,n,3 >0, sets (DX, DY).~o C B(RY), and parameters (az, Ac)eso C (0,00), such
that if we denote r; := 5%_", mf =meo X1 and As =@ +h® —c, fore>0
small enough we have:

(i) dﬁ; () <e™7, pe—a.e., me[Q <e™7, and A < 71 for all ¢ > 0.

(ii) For me—a.e. (z,y) € R?x R%, we have (me)y [Ba.(y)] > €7, and for (mg)s—a.e.
y' € Ba.(y), we have |Ac(z,y) — Ac(z,y)| < yeln(e™1).

(i) pee {(D?)c] < 1/In(e7Y) and for all x € DX we may find k& € N, SE € (B, )",
and X5 € [O,I]k; with detag(SS) > AL, min\e > AZ!) and Zfil A .SE . =ux, convex

.II’L QZZ

combination.

(iv) On B, (S5), Ac(x,-) is C?, AZM Iy < 92A(x,-) < Aclg, and for all y,y' € B,.(S5),
we have |8§Ag(x,y) - 8§A5(x,y )| <e.

(v) For x € DX and y ¢ B,.(S%), we have that Ac(z,y) > /edist(y, S5).

(Vi) Ve [(Dy)c} < m and for all yo € DY, R,L>1, and f:R* — R such that

|R ts L— Lipschitz, we have

/BRf(y)

1]

d(mg)z 0 zoom?\’% dy

‘ < [R+L]755 f( )

(me)e[Brz(wo)]  |Brl !BRI
Then if we denote P, := 6_%7715, we have
. Ms[@s] +Vs[ws] _Pe[c] o d -
;1_% 5 =5 where @, := (c(X, ) —ng)conc(X)_

The proof of Theorem 5.5.5 is reported to Subsection 5.6.4.
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Corollary 5.5.6. Under the assumptions of 5.5.5, we have that Ps[c] > S, ,(c) — Ge +
o(e), when e — 0.

Proof. We fix h(z) € 0(c(x,-) —¥s)conc(z) for all z € X, then
((C(Xa ) - ¢E)canC(X)a¢€a h) € Dus,ue (c),

and therefore . [(C(X, ) —wg)conc(X)] +ve[te] > 1, 0. (€) > Sy, ve(¢) > Pelc]. Theorem
5.5.5 concludes the proof. O

Figure 5.1 gives numerical examples of the convergence of the duality gap when
¢ converges to 0. In these graphs, the blue curve gives the ratio of the dominator of
the duality gap e |:(C<X, )= wg) (X)} + ve[the]| — P<[c] with respect to e. It is meant

conc

to be compared to the green flat curve which is its theoretical limit % according to
Theorem 5.5.5. Finally the orange curve provides the ratio of the weaker dominator
T [sup (C(X, ) — @DE)] + ve[te] — P[] of the duality gap with respect to €. The interest
of this last weaker dominator is that it avoids computing the concave envelop which
may be a complicated issue, while having a reasonable comparable performance in
practice than the concave hull dominator as showed by the graphs and by Remark
5.5.13 below.

Figure 5.1a provides these curves for the one-dimensional cost function ¢ := XY?2,
p uniform on [—1,1], and v = |Y|*?u. The grid size adaptation method is used and
the size of the grid goes from 10 when € = 1 to 10000 when € = 107°. Figure 5.1b
provides these curves for the two-dimensional cost function c: (z,y) € R? x R? —
x1(y? +2y3) +22(2y% +93), p uniform on [—1,1)2, and v = (|Y1|*° + |Y2|!*%) . The grid
size adaptation method is used again and the size of the grid goes from 10 x 10 when
e=1to 160 x 160 when ¢ = 10~*.

Remark 5.5.7. The hypotheses of reqularity are impossible to check at the current
state of the art. One element that could argue in this direction is the fact that the
limit of Az when € — 0, that we shall denote Ay, should satisfy the Monge-Ampere
equation det (8§A0) = f, similar to classical transport [153] that may provide some
regularity, but less than the one needed to satisfy (i) of Theorem 5.5.5, see Chapter 5
of [80]. It also justifies, in the case where f >0, that 8§A6 € GLy(R).

Remark 5.5.8. Assumption (vi) on the local convergence of the reference measures is
justified is we take a reqular grid for Y that becomes fine fast enough. If the grid does
not become fine fast enough, then the local decrease of A. — A (x) — VA (x)- (Y —x)



5.5 Convergence rates 193

is exponential because of the shape of the kernel. We observe on the experiments
that in this case the duality gap becomes indeed smaller, however as a downside, the
convergence of the scheme becomes much less effective because the marginal error stays
high (see Proposition 5.5.1). See Figure 5.1b.

Remark 5.5.9. Assumption (ii) from the theorem seems to hold in one dimension,
but it seems to be wrong in two dimensions, as shown in the example of Figure 5.4.
However, we may still find a formula similar to (5.5.7) below. Therefore, we may
reasonably assume that the error is still of order €, as confirmed in a the numerical

examples by Figure 5.10.

Remark 5.5.10. In the case when X is obtained from Monte-Carlo methods, (vi) is
verified with a constant that depends on the point, and is probabilistic. the exponent «

may be taken taken equal to &, see [71].

Remark 5.5.11. Despite the difficulty to check the assumptions, this result is inspired
and satisfied by observation on the numerics, we have tried with several cost functions,
differentiable or not, and the result seems to be always satisfied, probably with the help
of its universality. See figure 5.1.
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(a) Dimension 1. (b) Dimension 2.

Fig. 5.1 Duality gap for the supremum, and the concave hull dual approximation vs €.

Remark 5.5.12. An easier version of Theorem 5.5.5 could be obtained by the same

strategy for classical optimal transport under the twist condition cy(x,-) injective,
replacing (c(X,-)—1:)  (X) by sup (e(X,-) = vx).

Remark 5.5.13. By similar reasoning, we may prove that even for martingale optimal
(X) by sup (C(X, ) —¢E> would still give a good

conc

transport, replacing (c(X, )= 1&5)

conc
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result (see 5.1). We may formally estimate the new limit of w: for all yi (x)
that are not the optimizer (say y5(x)), the weight added to % is Af(x)(Aa(x,yf(x)) -
Ag(aj,yg(x))). By using the tools of the proof of Theorem 5.5.5, we get the formal
formula, if we denote \; for the limit of X;(X), and y; for the limit of y;(x), we have

pe | sup{e(X, ) = e }(X)] + v[the] = Pe[e] = ae, (5.5.7)

. dm¥ (yi ) Ao det (9220 (z,y0)
with o = %—F Jra >isoNiln (dmy Eyo% /\j detgaj%Az(m,y?))) dp. Then we could reasonably

make the assumption the the second term in o does not explode, and then the limit is
still of the order of €, as we may see on the numerical experiments of Figure 5.1. This

result also generalises to optimal transport when there are several transport maps.

5.5.3 Penalization error

Proposition 5.5.14. Let (u,v) € P(X) x P(Y) in conver order. Let vy :=PaoY 1
where Py is the optimal probability for the entropic dual implied problem with an
additional penalization of , where f is a super-linear, strictly convez, and differentiable
function RY —s R. Then let 1y be the only optimizer for the entropic dual implied

problem with minimal f (1), we have

Vg —V

— Vf(¥o), when a—0.

The proof of Proposition 5.5.14 is reported to Subsection 5.6.5.

5.5.4 Convergence rates of the algorithms
Convergence rate for the simplex algorithm

Precise results on the convergence rate of the simplex algorithm is an open problem.
Roos [133] gave an example in which the convergence takes an exponential time in
the number of parameters. However the simplex algorithm is much more efficient
in practice, Smale [141] proved that in average, the number of necessary steps in
polynomial in the number of entries, and Spielman & Teng [144] refined this analysis
by including the number of constraints in the polynomial.

However, none of these papers provide the real time of convergence of this algorithm.
Schmitzer [137] reports that this algorithm is not very useful in practice as it only

allows to solve a discretized problem with no more than hundreds of points.
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Convergence rate for the semi-dual algorithm

We notice that any subgradient of this function is a difference of probabilities, and
then the gradient is bounded. Furthermore the function V' is a supremum of a finite
number of affine functions, and therefore it does not have a smooth second derivative.
In this condition the best theoretical way to optimize this function is by a gradient
descent with a step size of order O(1/+/n) at the n—th step, see Ben-Tal & Nemirovski
[24]. Then by Theorem 5.3.1 of [24], the rate of convergence is O(1/4/n) as well, which
is quite slow. Furthermore, the time of computation of one step needs to compute
one convex hull which has the average complexity O(|)Y|In(|Y])) for each z € X, and
O(]Y]) in dimension 1, see Subsection 5.4.7. However, we give in Subsection 5.4.7)
an algorithm that computes the concave hull in a linear time if the relying points
of the concave hull do not change too much. Then let us be optimistic and assume
that the computation of one concave hull is on average O(]Y)|), then we have that the
complexity is O(|X||Y|) operations for each step. Although this algorithm is highly
parallelizable, its complexity imposes to the grid to be very coarse. Indeed, to get a
precision of 1072, we need an order of 10* operations. We shall see that the entropic
algorithms are much more performing for this low precision.

Notice that even though the best theoretical algorithm is the last gradient descent,
Lewis & Overton [112] showed that in most case, quasi-Newton methods converge faster,
even when the convex function is non-smooth, however they find a particular case in
which quasi-Newton fails at being better. The L-BFGS method is a quasi-Newton
method that is adapted to high-dimensions problems. The Hessian (even though it does
not exist) is approximated by a low-dimensional estimate, and the classical Newton
step method is applied. See [159] for the exact algorithm. We see on simulations that
this algorithm is indeed much more efficient.

Even if the quasi-Newton algorithm gives better results, the smooth entropic

algorithms are much more effective in practice.

Convergence rate for the Sinkhorn algorithm

In practice, if we want to observe the transport maps from [56] to have a good precision
on the estimation of the support of the optimal transport, we need to set € = 10™%.
The rate of convergence of the Sinkhorn algorithm is given by x2" after n iterations

for some 0 < k < 1, see [104]. This result is extended by [77] to the one-dimensional
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_ Vo1

martingale Sinkhorn algorithm. However, we have k := NS and

0 := max

($17y1)7(1’27y2)69

exp <C($1ayl) +c(x2,y2) — c(w2,y1) — C($1,y2)> 7
19

in the case of classical transport. Then 6 is of the order of exp(K(c)/e) for some map
K(c) bounded from below. For ¢ = 107, this 6 is so big that 2 is so close to 1 that
k%", with n the number of iterations will remain approximately equal to 1.

We also see in practice for the martingale Sinkhorn algorithm that the rate of
convergence is not exponential for small values of ¢, see Figure 5.2 in the numerical
experiment part, as the graph is logarithmic in the error, an exponential convergence
rate would be characterized by a straight line. However we observe that for the
Bregman projection algorithm we do not have a straight line during the first part of
the iteration for the one-dimensional case, and it never happens in the two-dimensional
case.

In this regime of £ small, another convergence theory looks to have a better fit with
this algorithm. The Sinkhorn algorithm may be interpreted as a block coordinates
descent for the optimization of the map Vz(p,1). We optimize alternatively in ¢, and
in ¢. We know from Beck & Tetruashvili [15] that this optimization problem has a
speed of convergence given by %@’0)2’ where R(xp) is a quantity that is of the order
of |xg — z*| in practice, where x* is the closest optimizer of V; and L is the Lipschitz
constant of the gradient. This speed is more comparable to the convergence observed
in practice. More precisely, L is of the order of 1/¢. This formula shows that in order
to minimize the problem for a very small €, we first need to make R(zg) small to
compensate L. This can be done by minimizing the problem for larger . In practice,
we divide € by 2 until we reach a sufficiently small €. Then we make the grid finer as ¢
becomes small, and exploit the sparsity in the problem that appears when e gets small.
See Schmitzer [137].

We may apply the same theory for the martingale V; and its block optimization in
(p,h) and in ¢. Let Dy y = {(p,0,h) € RY x RY x (R)Y} = REFDIYHVI and for
x:=(p,¥,h) € Dxy, let A(z) := (@Y +h%)xxy.
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Po®Po+hE —c
Theorem 5.5.15. Let 9 = (o,%0,ho) € Dx,y such that (e~ c sums
XxY

to 1, and for n >0, let the nt" iteration of the martingale Sinkhorn algorithm:
Tnt1/2 = (‘Pna¢n+1 = arglininvs(ﬁbn? E hn)a hn) )
Tn+1 = (9071-1—1 = arg;nin‘/ﬁ('vd)n-i-la ')777Z)7L+1ahn+1 = arginin%('a¢n+1a )) .

Furthermore let Py € M(p,v) and let X* be the minimizing affine space of Vo and let

V' be its minimum, then we have

N R(x)%e!
Vi) vz < PR (5.58)
. 21| _pag\" §
Vo(an) —VE < ( ¥, e°> (Ve(wo) — V), (5.5.9)
B
, . )\26 Dizq) W\ 3
and dist(z,,X") < |X| (Vg(xn) V)
-1 _ . A(z)|b
where [ :=(2In(2) —1 ~2,6, A :i=|X|! inf su 1A (: L for
§:=(2ln(2) 1) S I RO i R
1,2,
Ve(z0)—P
D(wo) = A max(L, ||V = X|oo) Ef5Hr0ld=,

(]PO)min = mlnmeXxyPO[{x}]y Hy X”oo =SUDPgey—x ‘y _x’oo;

SUDV ()< Ve () dist(2, X*)l
5N D(=g) %\ 2
|)2(€‘ EV ((‘g (IZO[)] " )

e(Zo olc
2)\ ‘X|(P0)m1n
supy>q dist (2, X)

and we may choose R(xg) among R(xg):=

The proof of Theorem 5.5.15 is reported in Subsection 5.6.6.

Remark 5.5.16. By the same arguments, we may prove a similar theorem for the

N
1+ 15t
case of optimal transport with A1 = min (1 B;"), and Ao = Il)g,')
Remark 5.5.17. The theoretical rate of convergence given by Theorem 5.5.15 becomes
pretty bad when € — 0. We observe it in practise when we apply this algorithm with
a small € and a starting point xqg = 0. This emphasizes the need of using the epsilon
scaling trick, of Subsection 5.4.4.



198 Entropic approximation for multi-dimensional martingale optimal transport

Remark 5.5.18. Depending on the experiment, in some cases we observe a linear
convergence like (5.5.8) (see Figure 5.2a), however in other cases, we observe a conver-
gence speed that looks more like (5.5.9) (see Figure 5.2b). However, the convergence
rates that we provide here are generic, if we wanted to have convergence rates that look
more like the one observed, we would need to look for the asymptotic convergence rates

like it was suggested by Peyré in [129] for the case of classical transport.

Remark 5.5.19. The positive probability Po € M(u,v) is necessary. We know from [58]
that for some (possibly elementary) p < v in convez order, we way find (xg,yp) € X X Y
such that P[{(zo,y0)}| =0 for all P € M(p,v) even thought p[{zo}] >0 and v[{yo}] >0
(see Exzample 2.2 in [58]). Therefore, in this situation there is no optimal x* € Dyyy,

as this would mean that A(z*) g,y = 00.

Convergence rate for the Newton algorithm

When the current point gets close enough from the optimum, the convergence rate
of the Newton algorithm is quadratic if the hessian is Lipschitz, i.e. |z —x*| and
|VVZ(z)| both converge quadratically to 0, see Theorem 3.5 in [159]. The truncated
Newton is a bit slower, but still has a superlinear convergence rate, see Theorem 7.2 in
[159].

Convergence rate for the implied Newton algorithm

The important parameter for Newton algorithm is the Lipschitz constant of the Hessian
of the objective function. However in the case of variable implicitation, the presence
of (‘9§F ~1in the Hessian, and the addition of the variation of y(z) in the Lipschitz
analysis may kill the Lipschitz property of the Hessian of F'. The following proposition

solves this problem.

Proposition 5.5.20. Let (Z,)n>0 the Newton iterations applied to F starting from
To:=x0 € X. Now let (xn)n>0 the sequence defined by recurrence by xq := g, then for
alln>0, yp :=y(xy), and let (x,y) be the result of a Newton step from (zn,yn), and
we Set Tpyl :=T.

Then (Zn)n>0 = (Tn)n>0-

The proof of Proposition 5.5.20 is reported to Subsection 5.6.7. This proposition
implies that the theoretical convergence of the Newton algorithm on F' can be extended
to the Newton algorithm applied to F, indeed the partial minimization in y only

decreases the distance from the current point to the minimum around the minimum.
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In practice we observe that the convergence for this implied algorithm is much faster

and much more stable than the non-implied Newton algorithm.

5.6 Proofs of the results

5.6.1 Minimized convex function

Proof of Proposition 5.3.2 Let x1,22 € A, y1,y2 € B, and 0 < A < 1. We have

AF(21,91) + (1= N F(2,50) > F(Manm)+ (1= V) (@2,1))
A1=N)

+OZT|(JC1,?J1) — (22 —y2)|?
> F(a1+(1—N)x9) +04/\<12_)\)|x1 — 292,
By minimizing over y; and y2, we get
ANE(x1,y1) + (1= N EF(x2,2) > F(Azy + (1= N)aa) +oz)\(12_>\)|x1 — 9%,

which establishes the a—convexity of F.

Now if we further assume that a > 0 and F is C?, y — F(z,y) is a—convex, and
therefore strictly convex and super-linear. Hence, there is a unique minimizer y(x).
Using the first order derivative condition of this optimum, we have 0, F (a:,y(x)) =0.
By the fact that 8§F is positive definite (bigger than a/d by a—convexity), we may
apply the local inversion theorem, which proves that y(z) is C! in the neighborhood of
x. We also obtain stF(x,y(x)) +8§F(m,y(:c))Vy(:c) =0, which gives the following
expression of Vy:

Vy(z) = —8§F_18§xF(:v,y(x)).

Now we may compute the derivatives of F. By definition, we have F(z) = F (3:, y(a:)),
then just differentiating this expression, we get
VF(z) = afF(x,y(x)) —l—(?yF(:c,y(a:))Vy(x)
= 8$F(:L‘,y(l’)>,
where the second equality comes from the fact that d,F (x,y(x)) =0 because y(z) is a

minimizer. Finally we get the Hessian by deriving again this expression and injecting
the value of Vy(z). O
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5.6.2 Limit marginal

Proof of Theorem 5.4.2 Let o > 0, we are considering the following minimization

problem:
nfV(0)+af(¥) = inf plel+vlv]+e [ dmo+af(v)
(& @s;h
= inf sup Ple—v]—ecH(P|mo)+ Y]+ af(y) (5.6.10)
¥ PEM ()
= sup infP[c] —cH(P|lmg)+ (v —PoY N[+ af(¥)
PEM(p) ¥
= sup Pl —eH(Pjmg) — (af)*(PoY 1 —v)
PeM ()
= sup IP[C]—6H(P|m0)—a_P%lf*(]P’oY_l—u), (5.6.11)
PeM(u)

where the first equality comes from a mutualisation of the infima, the second comes
from a partial dualisation of the infimum in ¢, h in a supremum over P € M(u), we
obtain the third equality by applying the minimax theorem and reordering the terms,
the fourth equality the definition of the Fenchel-Legendre transform, and the fifth
and final equality is just a consequence of the transformation of a multiplyer of a
p—homogeneous function by the Fenchel-Legendre conjugate. Let (ay,)n,>1 converging
to 0. As Y is finite, the set P()) is compact. Then we may assume up to extracting a
subsequence that v, converges to some limit v;. The first order optimality equation for
all y € Y gives that v —va, +anV (1), where 1, is the unique optimizer of V. +a.f.
By the p—homogeneity of f, the gradient V f is (p — 1)—homogeneous. Then we have
the convergence ), := Qbil 2 = VY —v). As we have by (5.6.10)

Qp

inf\N/E(w) +anf() =inf sup Ple—v]—eH(P|mo)+v[]+ anf()
¥ ¥ PeM(p)

1
By dividing this equation by a4~ ", we have that 1; is the minimizer of the strictly
convex function suppe () P[—%] +v[¢] + f(), it is therefore unique. Then v; is
unique as well. By (5.6.10), P,, tends to minimize f*(PoY ~!—v), by the fact that

v = limg_0Pqy oY_l, which concludes the proof. O

5.6.3 Discretization error

Proof of Proposition 5.5.1 We have that (¢,%,h) is a dual optimizer for (u,v).
Then p&u+h® > c, and if P € M, /), then P[e] < 1/[] + /(6] < plig] + (] +
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LoWi(p ) + Ly Wi (v, v). If we take the supremum in P, we get that

Sy(e) < plel+v0)+ LW (i ) + LW ()
= Iu’l,(c)—i—LSOWl(//,u) —|—LwW1(y',1/)
= Su,V(C)+L<pW1(M/7M) +LwW1(V/7V)-

As the reasoning may be symmetrical in ((,u, v),(u' v )), we get the result. O

Proof of Proposition 5.5.3 Similar to the proof of Proposition 5.5.1, we have that

(€) =Suw(e) < (uy — el + War —v)[¥],

! /
HNs>Yag

and
Spw(€) =Sy, (€) < (n— i) lon] + (v —vag) [

MN?

The first inequality gives

S () =Spuu(c) < (un — )] + (var =) [0+ (W — )] + (Vi —var) [

/ !
KoY

The two first terms are independent and their sum (py — p)[p] + (var —v)[¢)] is equiva-
lent in law to \/ Val}(}[“o] + Vaﬁ\}m./\/' (0,1) when N, M go to infinity. Then doing the same

work on the symmetric inequality and using the Assumptions (i) to (iv), we get the

result. O

5.6.4 Entropy error

Lemma 5.6.1. Letr,a >0, F:RY— R? and zg € R? such that ||(VF) ™ (z0)|| < a7,
and on By (z0), we have that F is Ct, that VF is invertible, and that |VE —V F (x0)|| <
a/2. Then F is a C'—diffeomorphism on B,(xo).

Proof. We claim that F' is injective on B, (xq), we also have that VF is invertible on
this set. Then by the global inversion theorem, F is a C!—diffeomorphism on B, ().
Now we prove the claim that F' is injective on B, (xg). Let x,y € B, (xg),

Fly)— F(z) = /O U E(tr+ (1= ) (y— o)t
— VF(z)(y—z) +/01 VE(tz+(1—1)y) — VF(2)] (y — x)dt

= VF(z) (y — 24+ VF(z)™? /01 [VF(tx+ (1 —t)y) — VF(z)](y— a:)dt) :



202 Entropic approximation for multi-dimensional martingale optimal transport

Then we assume that F(y) = F(x), and we suppose for contradiction that x # y.
Therefore by the fact that VF' is invertible, we have

1
ly—x| = ‘VF(J?)_l/O [VF(tx+ (1 —t)y) — VF(xg)+VF(x9)— VF(x)](y—z)dt
1.0
< V(@) 28y
< |y _'I’7
Then we get the contradiction |y — z| < |y — z|. The injectivity is proved. 0

In order to prove Lemma 5.6.3, we first need the following technical lemma.

Lemma 5.6.2. Let an integer d > 1, k <d, r >0, and (yi)1<i<i+1, k+1 differen-
tiable maps B, — R such that |Vy;| < A, |yi| < A and detag(y1,...,yp) > A~ Let

(wi)k+1<i<d an orthonormal basis of ((yZ(O) —ka(O))lSiSk)L, (€i)1<i<a be the or-
thonormal basis obtained from ((yZ _yk+1)1§i§da(ui)k+1§i§d) from the Gram-Schmidt
process, p the orthogonal projection of 0 on aff(y1,...,yk11), and (N\i)1<i<k+1 the unique
coefficients such that p = Zfill Aiyi, barycentric combination. Then the maps e;, \;,
and p are differentiable on B, and we may find C,q > 0, only depending on d such
that if r < C~YA™9, then we have that |Ve;| < CA4, |Vp| < CAY, |VN| < CAY, and
Vdetag(y1,...,yx11) < C AL

Proof. The determinant is a polynomial expression of the coefficients, therefore if
these coefficients are bounded by A. Then we may find Cget, gget > 0 (only depending
on d) such that |Vdet| < CgepAddet.

Let (vi)1<i<d = ((yZ _yk+1)1§i§d>(ui)k+1§i§d)- Notice that for all 7, we have
|Vu;| < 2A, and by the fact that

et (41(0), - 9141(0) = |det (1(0) = yps1(0). . y(0) = Y1 0). w1, - )
> A

we have that |det(vy,...,v4)| > 2A~" on B, for r < CgeiA_‘Idet%A_l.
Recall that e; := ;. By the fact that |v1]...|vg| > |det(vy,...,vq)|, we have that

[v1]

lug| > A~% Then we may find C7,q; > 0 such that Ve; < C1A%. Now for 1 <i <k,
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we have that e; := Ui jilCUi)e . Notice that
vifzjd(ej-v

i)e;

det (vl,...,vi_l,vi—Z(ej-vi)ej,viﬂ,...,vd)‘ = |det (v1,..e, Vim1,Vi, Vit 1, .-, Vq) |
7<i
> A7

and therefore we have that |v; —>;;(e; -vi)ej’ > A=, Therefore, by induction, we
may find Cy,¢q; such that |Ve;| < C; A%,

Now notice that p =y + Zle i+ (0—ygy1)e;. Then we may find Cp,qp > 0 such
that |Vp| < CoA®.

Finally let A := (A1,..., \p11), M/ := [ei (yj —ykﬂ)}

1...1
' ' , M . [ ] ,
1<i<k,1<j<k+1 M
1
P—Yk+1
that M1 = det(M)"1Com(M)! (see (5.1.2)), therefore we may find C’,¢' > 0 such
that | M1 < C'A7 and |[V(M~1)| < C’A?. Then we may find C”,¢" > 0 such that
V| < C" A7 for all i.
Finally, by the fact that

and P =

]. We have that M\ = P, and therefore A = M ~'P. Recall

%%t(yh s Ukt1) = | det (Y1 — Ykt 1, s Uk — Ykt 1, €kt1, - €d)

we may find C" ¢"" such that detag(y1,...,ypr1) < ompd”

The lemma is proved for
C :=max(Cy,...,Cq,C",C" C" 2C4et), and for q :=max(qo,...,qq,q,q",q", qaet +1).

O

Lemma 5.6.3. Let A,r.e,0,h,H >0 and F : R? — R such that we may find k € N
and S € (By)* such that for all y € S, we have on B,(y) that F is C2, A7, <
D?F < Aly, and |D*F — D?F(y)| <e. Furthermore, det,gS > A~1, VF(S) = {0},
and ‘Zle /\iSz" < H, convex combination with min\ > A~L. Furthermore, assume
that F(S) C [—h,h], and F > ddist(Y,S) on B,(S)¢. Then we may find C,q >0 such
that if 5,7 > CAYH, e,H < C~YA™Y9, and h <rH, then we have that (O,FCOM(O)> =
Zle i (gi,F(gi)), convexr combination with |y; — S;| < CAYH for all i.

Proof.
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Step 1: For all 4, the map y — VF(y) is a C!—diffeomorphism on B,(y;) by Lemma
5.6.1. Then we define the map z;(a) := VF~1(a) which is defined on B, ,-1. No-
tice that its gradient is given by Vz(a) := D?F~!(a). Now we define the map
®: R — R? as follows: ®;(a) == a- (zi(a) - zk+1(a)) - (F(zl(a)) - F(zk+1(a))>,
for 1 <i <k, and ®;(a) :=e;j(a)-p(a) for k+1 <i <d, where p(a) is the orthogo-
nal projection of 0 on aff(zl(a), ...,zk(a)>, and (€k+1(a>, ...,ed(a)) is the orthonormal
basis of (auff(zl(a),...,zk(a)>)L defined as the Gram-Schmidt basis obtained from
(z1(a) — zgpa1(a),...,zix(a) — zpaq(a), ugy1, ..., uq), where (ugy1,...,uq) is a fixed basis of
(210) = 2 41(0), oy 24(0) — 2511 (0))

Step 2: Now we prove that the convex hull (F ) me(()) is determined by the equation
®(a) =0 for a small enough. Let |a| <rA~! such that ®(a) = 0. Then a(zi(a) -

zk+1(a)) - (F(zl(a)) - F(zk+1(a))> =0, and therefore let b := F(zl(a)) —azi(a) =
= F(zk(a)) —azg(a). Then the map y — ay+0b is tangent to F at all z;. Fur-
thermore, p(a) is orthogonal to (aff (zl(a), ...,zk(a)))L, implying that p(a) = 0. Then
0 € aff (zl(a), s zk(a)). By Lemma 5.6.2, we may find C1,q; > 0 (only depending on d)
such that |V detag (21, ..., z1,)| < C1A%. Therefore, if a < 3A72C7 A%, we have that
| detag (21, .., 21,)| > A™! and we may find (\)1<j<pr1 such that p(a) = X5 Nz (a),
and \; > %Ail by Lemma 5.6.2 together with the fact that min A > A~!. Now we prove
that F'> aY +0. This holds on each B, (zz(a)) by convexity of F' on these balls, together
with the fact that aY +b is tangent to F'. Now out of these balls, F' > ddist(Y,.S) by as-
sumption. Furthermore, |z;(a) — 2;(0)| < Alal, and ‘VF(zz(a))‘ < A2?|a|, while similar,
we have ‘F(zz(a))‘ < h+3A3|al?. Notice that as it is tangent, a¥ +b= VF(zi(a)) (Y—
zi(a)) + F(zl-(a)) = VF(zi(a)) (Y — Si) + VF(zi(a)) (Si — zi(a)) + F(zl-(a)), for all 1.
Then,

laY +b] < ‘VF(zi(a))‘ Y —Si| + ‘VF(zi(a)) (Si — zi(a)) +F(zi(a))‘

IN

3
Alal[¥ =i+ 5 A%al? + b
Therefore, if 6 > A%|a|+ ($4%|al?+ ) r~!, then F > ddist(Y, $) > aY +b. This holds in
particular if » > h/H, implying that A2|a|+ (%Ag|a|2 +h) r~1 < A2%|a| + %A?’|a|27“*1 +

hH/h < A%|a|+ 3 A3|a| + H. Finally, the following domination is sufficient:

52A2|a|+;’A3ya|+H. (5.6.12)
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Step 3: Now we prove that ® may be locally inverted. If 1 <i <k, we have V®;(a) =

zi(a) — zk41(a). If k+1<i<d, we have V®;(a) = Vp(a)e;(a) + Ve;(a)p(a). We may

rewrite the previous expression by introducing the locally smooth maps \j(a) such

that pla) =: Z’? Aj(a)zj(a), convex combination. Then Vp(a) = Zle Nj(a)Vzj(a)+
1V)\ (a)zj(a). Notice that by the relationship Zé‘?:l Aj(a) =1, we have that
1V)\ (a) = 0, therefore Z] 1VAi(a)zj(a) = Z§:1 Vj(a) (zj(a) _Zk+1<a)) and
1V)\ (a)( i(a

zjzl Aj(@)D?FY(z(a) Jei(a).

Step 4: Now we provide a bound for Ve;(a)p(a). We have the control |p(a)| < [p(0)|+

supp, |Vplr < H+ CyA%q for a € B, by Lemma 5.6.2 for some Cy,q2 > 0. Therefore

by Lemma 5.6.2, we may find C3,q3 > 0 so that if H < C’3_1A_Q3, we have the control

|Vei(a)| < C3A%, whence the inequality

) — zp+1(a ))eZ =0 as zj — 241 L e;. Finally, we have Vp(a)e;(a) =

|Vei(a)p(a)| < C3A%(H + C2A%a). (5.6.13)

Step 5: Now we provide a lower bound to det V®. Notice that V& = Py + P’ with
Py:=(zi—2zky1:1<k,De; :i>k+1), and P := (Vejp:i>k+1), where D :=
Zkzl )\jDQFfl(zj). Let Mpggis := Mat(z; — 211 :1 < k,e;:i>k+1), then POMI)_a}m

I .
may be written as a block matrix as follows: PyM b_aiz = {%‘T] , with Dpggis :=
aS1S

(ef!Dej)ks1<ij<a- Then det(PoM,,L,.) = det(Dpasis) > AR det(Mpyygis) = det (2 —
Zpr1:1<k)>A" 1 and therefore det Py > A~(d=k+1) Then by Lemma 5.6.2, as k lines
of Py are dominated by 2A and d — k are dominated by A, we have det V®(a) > Oy LA~
ifa, H< C4_1A*q4, and a < r for some Cy,qq > 0.

Step 6: Finally |®] < A+ A =2A. In order to apply Lemma 5.6.1, we need to control
IV®(a) — VO(d)| for a,d’ € By. For i <k, |V®;(a)—Vd;(d)] = |D2F<zi(a))_1 -
DZF(zk+1(a’))_1| <2A%. Fori>k+1,

V®i(a) - VOi(d)] = |v(p<a>-ez-<a>) V(p(d)-ei(a))]
[Vp(a)ei(a) = Vp(a')eila)| +|Vei(a)p(a) - Vei(a')p(a)
[Vp(a)ei(a) = Vp(aei(d') | +2(H + CoA®(jal + |a']) ) CrA™.

IN A
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We consider the first term:

[Vp(a)ei(a) = Vp(a')ei(d)| <

k
ZlAj<a’>(DQF—1<zj<a>> —D?F—1<zj<a’>>)|
=

k

Y- (M) = Ai(a)) DPF 7 (25(a)

j=1
< A’e+C1AM|a—d/|A,

+

and therefore we may find Cjs, g5 > 0 such that if |a|,e < 05_1/1*%, then we have
that |V®(a) — V&(d')| < %|detVCI>(O)|_1HC’om(VCD(O))tH = ||V®(0)||. Then we may
apply Lemma 5.6.1: & is a C!'—diffeomorphism on B,, we may find Cg,¢s > 0 such
that Cg 1 A~% < |V®| < CgA%. By assumption, we have |®(0)| < dH. Furthermore,
B, ot a-ag (®(0)) C ®(B,). Therefore, if H <rCy'd~' A%, then we may find ag € B,
such that ®(ag) =0. We have

jaol = [@71(0) = @7 (2(0))] < CoA®|@(0)] < Cod A® H.
By Step 2, z1(ag), ..., zk(ag) have the required property. Moreover,
|2i(a0) — Si| = |zi(ao) — 2i(0)| < Ced AT H.

Finally, (5.6.12) is satisfied if § > C7 A% H, with C7 := Cs+ 3, and g7 := max(3, ).
The lemma is proved for C':= max(3,C1,...,C7,Csd) and ¢ := max(3,q1,...,q7,q6+1). O

Proof of Theorem 5.5.5
Step 1: We claim that we may find C'; > 0 such that for € small enough, we have
A. > —Cieln(e™1), m.—a.e. Indeed, by the fact that (., v-,h.) is an optimum, we

have that e_%mg is a probability distribution. Therefore, e~ ¢ (m¢)x/ dﬁ;} is a
probability measure, pe—a.s. Then by (i), m.—a.s., we have that
> _As(x,w( \x (dy)/ dpte S W/ _As<x,y>we1n<s‘1>< 1 (dy)
e < (m £ e e m
= JBa.v) e)x\ay dmgf = Baw (V) e)x\ay

_Ac(Xy)
> 3% e

Hence A:(X,Y) > —3yeln(e™1), me.—a.s. The claim is proved for € small enough.
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Step 2: We claim that we may find Co > 0 such that [x_>cyeine1) Age_%dmg <g,
and fAEZCbeln(s_l)e_%d?ﬂf < 1. Indeed, let Co > 0. By (i), we have

/ Age_%dmg < me [Q]Cbeln(e_l)e@ < C’Qeln(s_l)ecﬁv.
Ac>Coeln(e1)

Ac .
Similar, we have that [, >cpein(e-1)€” ¢ dme < C9e“2%7. Therefore, up to choosing

(5 large enough, the claim holds.
Step 3: Let Aci= Ac— (A:(X,)) (X)) =V(A:(X,)) (X)- (Y = X). We claim

that [, 4 px Age_%dmg < ¢. Indeed by (iii) we have that p.[DX] < 1/In(e~!), there-

fore we have

/ AceFdm, < / C! 1(*1)e*£d +/ Ae~Fdm
a:¢DgY c€ e > x%DgY 2cInle me A>Coeln(e—1) e €
Ae
< Cornle el DXV [, ST dme

< e

Finally, by the martingale property of e_%dmg, we have

/x@g&eadms - /xsmgf (Ag_(Ag(X"Dcom(X)

—V(A(X,))(X)-(Y - X))eAesde

conv

Ae
_ /m o (AE — (Aa(x, .))m(X))e—sde
Ag _
- /as%DX Ace™ = dme+ p[DX]Cren(e ™)
< e

Step 4: Let 2 ¢ DY we denote SE = {s1,...,5;}, where k := kS. We claim that for all
S" = (sh,...,s}.) € R such that s} € B,_(s;) for all i, and 3. \is, =2’ € B,_(x) we have
for € > 0 small enough that S" € (Baa,)¥, |detag S| > 2AZL, min g > $A-L

Indeed, S N.(s, +x—a') = x, with s, +x—2' € By (s;). By Lemma 5.6.2, we
may find C3,q3 such that |\, —\;| < C3ABr., |detag S’ — detag S| < C3ABr,, and
|si| < Az +712. Now by the fact that ro < AZ9, the claim is proved.
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Step 5: We claim that up to shrinking DX we may assume that for z ¢ DgY , we have

ue (1) > 7+ Indeed, g [Cgf < 5’“’1} < 7 m[RY). Therefore,

dm&

¥, <] <o mdRY = mfo] e /e
m

Therefore we may shrink DX by removing { d“ = > E’H—l} from it.

Step 6: We claim that for £ > 0 small enough, we may find unique y; € B,_(s;) such
that VA(z,y;) = 0 for all i, Br_(y;) C By_(s;), with 7. := £2~7, where 0 <7 < 7, and

finally A(z,y) > /2 dist (y, (y1, ...,yk)) for y ¢ UK, B (y;). Indeed Ac(z,-) is strictly
convex on B,_(s;) for all i. Furthermore, let

-1
1 _Ag(w,y) dug
Lo — = dm?
TN /Busi)ye e <dm§ > ’

-1
Ag(x ) . Ag
y) dm < d‘i’i}) . By the martingale property of e = m,, we

-1
Ag(z,y) d/,bg
\imi = —/ = dmY ;
Z ‘ (UiBre (s c (dmf)

therefore by Step 5,

with \; == IB..

have

(si) €

-1
_Ac(zy) dp
= B y d €
|/<uf_1Bra<si>>cy€ ) (de>

15

1
—e 2dist(y,Sz),,Y -1
/(U%BTE )V m? (dy)e

k
ZS\Zm —
i=1

_1 € T
lyle= 2dist:55) 1Y (gy)e =71

/(Ui-“_lBrs(si))i|y|zzA5

1 .
—l—/ Ae—c 2dist(y,82) 0, Y (gL
(Uf:1Brs(Si))c,\y\<2Ag 6( y)
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Observe that as y; < A., we have dist(y,S5) > |y| — A.. Furthermore, if A. > 2, and
ly| > 2A., we have |y| < elv/=4<. Then we have

_1
(e 2—1)<|y|—Ae)mg;< dy)e!

k
Z E\Zml — X
1=1

/(ULBT-E (s1))" ly|>2A-

_1
+/ c 2A —& 2re, Y d 8_7_1
(UE_ Bro(si)) ", lyl<2Ae e€ mz (dy)
_(8_%_1)A5 d 1 -n d 1
< e mgj[R e 4 24.67¢ mg)[R e~
0 (5.6.14)

Similar, we have ; \; = 14 o(¢), with uniform convergence of o(¢) in . By Step 4,
we have that \; > %Agl for € > 0 small enough, as ¢ < r.. Therefore, we may find y €
B, (s;) such that A.(z,y) < &'~ 2, as otherwise, similar to (5.6.14), we would have \; <
e. Notice that for y in the boundary of B,_(s;), by (v), we have A.(x,y) > 5%7“5 =l >
1=, then as A.(z,-) is strictly convex on B,_(s;), we may find a unique minimizer
yi € Br_(s;). Now let [ := dis‘c(yi,{?BrE (si)), we have that A.(x,y;)+ %Agﬂ > el=n,

1 n g

Then by the inequality Ag(z,y;) < 51_3, we have that [ > /2A-1e272y/1—¢
let 0 <7 < 3, we have | < 277 for ¢ > 0 small enough. Finally, let y ¢ US| B (1), we

. Now,

treat two cases. Case 1: y € By_(y;) \ Br. (y;) for some . Then by (iv) we have A, (x,y) >
Ac(w,ys) + 3AT12 > —Creln(e™Y) + VEre > 3vEly — il > $vEdist(y, (yr, ., uk) ), for
€ > 0 small enough.

Case 2: y ¢ By_(y;) for all i. Then let 1 <i <k, we have |y — s;| <re, and recall that
[yi—sil <re. Then |y—y;| < |y—si|+7re < 2|y —yil, and therefore dist(y, (y1,...,yx)) <
2dist(y, S5). By (v) we have A (z,y) > /edist(y,S5) > %\/Edist(y,(yl,...,yk)), for
¢ > 0 small enough.

The claim is proved. Now, up to changing 1 to 7, the properties (i) to (vi) are still
satisfied, and the properties of (iv) and (v) also hold if we replace SS by (y1,...,yx).
Step 7: Let DXV .= {x € DX : B,_(y)\ DY =0, for some y € Sfc} We claim that
we have pi. [DEX_’y} < 1/In(e71). Indeed, for z € D, and for all y € SZ, we have
(P.)z[Br.(y)] > AZ! by Step 6. Therefore, if for some such y, we have that B,_(y) C
(D2)¢, then AZ! < (P.)4[Br.(y)] < (P:):[(DY)¢]. Then, if we integrate along s on

DXV together with (vi) we get that
AT e [DETYI S PY ¢ DY) = v (DY) < AZH/In(e™h).

The claim is proved. Now up to shrinking Df , we may assume that Dg( N D? =Y =,
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’leQR\BR‘
S
(vi) may be applied to y; (even if y; ¢ DY), up to replacing (me)a[Bryz(yi)] by
(mg)m[BQR\/g(yg)]ﬂd for some y. € By_(y;). Indeed, by Step 7 we may find y; € B,_(y;) N
Dg. Let f have such property. Now let f defined by f = f on B, and fly) =

( — %) f(%) Let L, R > 1 such that f is L—Lipschitz, then f is L—Lipschitz.

Step 8: We claim that up to raising ~, if < %85 and R > r./\/e, then

Therefore, We have fBgR f(y) (me)2[Bar(W))]  [Bar] < [QR—l—L]Vgﬁ fBQR f<y)|BdTyR|

from (vi). Now, as R > 1./ /e, we have that Bg z(y;) C Byp,z(y;). Then

/
~ |:d(mg)ggozoom?j}g dy

<pR+Ie [ )l -

d(me)g o zoomf"@ dy
ﬂﬁﬂ”[o%»wm@m‘ﬂBm\

* * R R *
As we may find y* € B/ such that f(y*) = || flo, we have f(y) = || flloo (1= LIy —y*]),
and fBRf(y)“E‘;TyRI > |B1|L~%. Therefore, as |Bog| = 2% Bg|, we have

dy
| BR|

/ W) d(mg)xozoomfk dy
e’ | (me)a[Ber(WD)]/27  |Br|

| < ([2R+L]755+lBll‘lLdfﬁ)/BRf(y)

dy

< [R+ LS /BRf(?”\BR!' (5.6.15)

From now we replace v by v :=2y+2.
Step 9: As a preparation for this step, we observe that (i) to (vi) are preserved if we
replace 77 by any 0 <7’ <n. Then, up to lowering 1, we may assume without loss of

generality that n < /. Therefore
B—ny>0. (5.6.16)

We claim that 35, B, () (De(m,y) = Ac(,yi)) (Pe)o(dy) = %5+0(5), where the con-
vergence of o(¢) is uniform in x. Indeed, consider

= Ac(y)\ y o dite
A= /B Ta(yi)exp<— =8 ) m¥(dy) 255 () (5.6.17)

A, (z,z00om”_(y
= d’us(:v)l/B exp ( ( \/g< ))) myozoom?{%(dy).

dm? —n €
g
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We want to compare \; to

z,zoom”! !
oo e [ exp(_ﬂsb ﬁ@/)))dy(mghwzrg(yi)]/z%

T dmX - 5 | B.—n|

Ag (m,zoomi’}é(y))

€

Notice that the map F':y —

may be differentiated in

B OyAe (x,zoomyi (y))

Ve
F—
\Y NG )
which is bounded by A.e~", by the fact that VF(0) = 0 and D?F < A.I; by (iv).
A (m,zoomf}g(y))

5_77

|4l
is Ac.e~"—Lipschitz. We may apply (5.6.15) to f, with R =1r./+/z, as for y € Baog \ Bg,

we have

€

Then, we observe that the map f:y — exp (— ) satisfies that —L

Aﬁ(ajui) — — 1
Fy)| <e o oAl < | pp2Re e < il

Y

for € > 0 small enough, and get that

/ (me) g ozoomi’}g(dy) dy . due
|)\z _/\7,‘ < /B€_17 f(y) [ (m€)$[B2TE (y;)]/2d - |B5*77| ‘(ms)x[BZTa (yz)]/zdde <I> 1
< )] [ ) m B G2 e )
= (A + 1), (5.6.18)

Similar, we claim that the map g, defined by

A, (z,zoom”!
gy — (Ag (m,zoomi’/ig(y)) — A (%yz’)) exp ( ( - \@(?/))) 7

satisfies that gs — 1s e 1 A.e"—Lipschitz. Now, we want to compare

9

o0

. du _
o Ui € 1
D; = /B ~ 9(y)d(me )y 0zoom - (dy) - (),

e "N
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with
(ma)x[BQTE(yi)]/zd d'uE (l’)
|Bg77| dm®

D= / 9(y)dy
e "N
Hence similar, by (5.6.15), we have

d(me)z o Zoomi’}g(dy) dy

- B m d dlua -1
|D; — Dj| /_ 9(y) (mg)x[B%E(yé)]/Qd 1B ‘( e)z[Bar. (y )]/2 ( )
< A )] [ gl me)a B )2 g ()
= (6—1A5+1)755 mpL. (5.6.19)

"1 /94 Ac| @,y
Now we denote K := (melelBare )l/2" due (z)"Lexp (—(my>> , so that

Bl s

x,zoom”_(y)) — Ac(,y;
:Ki/ exp ( ( Ve ) E( Z) dy.
B._, 5
We now compare X, with \/ := Kj [pa e_agAE(’”’yi)yzdy. By the formula of the
Gaussian integral, we have \/ = K;v/ 2Hd\/det DA (a:,yi). Similar to (5.6.14), the

part of the integral out of B.—y is uniformly negligible in front of e. We assume that

e > 0 is small enough so that this integral is uniformly smaller than . By (iv), we
have that

<8§AE (x,yi> —5”) (y—yi)? < A, (:L’ zoomi’}(y)) — A (x,yl>
< (8§Aa (x,yz) +5n) (y—vi)*.

Therefore, we have

KT fdet [02 A () — 1] — = < X, < Ki/2TT"det [02Ac (,) —e01y] +2.

By the fact that ey < €1y < AZ1; < 92A, (xy) we may find Cy,qs4 > 0 such that
I\, = N/ < CLABEN]. (5.6.20)

Similar, we get that the integral of ¢ may be approximated by the integral of

g(y) = 58§A5 (x,yi)yQ exp (_ajAs (xayi)y2) .
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Let D! := K [ga g(y)dy. Similar than the previous computation, up to raising Cy and

q4, we have
|D; — DY| < C4 A% DY, (5.6.21)

Now we compute the value of Dj. By change of variables z = |/02A. (x,yi)y, where

VA applied to a symmetrical positive definite matrix denotes the only symmetrical

positive definite square root of the matrix A, we get that D} = €Ki‘2i\/ det 92A (a:,yi).

We observe that from (5.6.16) and (i), together with (5.6.18), (5.6.19), (5.6.20),
and (5.6.21), we have for all ¢ that \; = X, +0(X)), A; = X/ +0(X\/), D; = D +o(D)),
and D, = D! +o(D/). Finally, using (5.1.1) and the fact that we can sum up positive

o(+), we get
ka k
S [ (Belay) = Aelwy) (B)aldy) = YD,
i=1 e (Yi) i=1
k k
= ZD§/+0(ZD§+D§/)
i=1 i=1
k d k
= ZsKiZ\/det(?;As(x,yi)—i-o > D;
i=1 i=1

d k k
= Iy o[y,
=1 =1

d k k
- re(Eneanon)

1=1 i=1

=1

d k
= 554—0 e+> D;
d
= 85—1-0(8),

where all the o(-) are uniform in z, thanks to all the controls established in this step.
The claim is proved.

Step 10: We claim that for € > 0 small enough, we have

dist(z,aff (y1, .., ye) ) < C5AB 3T 4 Cg AT 2+ 4 ¢ (5.6.22)
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. -1
Indeed, let z; := \;! IB,. iy Ve~ me) m? (dy) (Cl‘fn“g() , where recall that
) / _De(zy) Y (dy) djte -
;= e = m .
R O =2
_Ae(zy) d -1 .
We have that = = [paye™ — ¢ dy “5 , by the martingale property of
R

e*%mg. Similar to (5.6.14), we have ‘Zizl )\izi—m‘ < e. Similar, we also have

SF A\ = 1+o0(e). Therefore, dist (m,aff(zl, ,zk)) < . Now let

—1
bl [ e B G ( e )
. >\'IL Brs(yi) |B’f’s| dm&)‘( 7
where recall that A} = [ (e~ s dy ™ )| ][31?'5 i)l ( dcfff ) . We claim that we may
find universal C5, g5 > 0, such that |\;j(z; —vi) — N (2] —vi)| < e3 8-y, Indeed,

if u is a unit vector, we have

A (x zoomf’[(y)) —As(x,y5)
€

hiy— vEly-ulexp | -

We claim that i H

real satisfying 2y8 = e 45 , furthermore the function is small enough on Bog(yi) \ Br(v:)
so that we may apply (5.6.15):

ise A, (1 + ‘2/;?) —Lipschitz, where yg > 0 is the unique positive
0

me )z 0 zoom”"_(dy) d
o) || Kil Bl

Me x[BZTs(yé)VQd - |Bs*77|

< lAE<1+“§f> e%+@—W[AEKi, (5.6.23)
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"
Al < AY2,

where [ := fﬁg|yu|ei|y|2dy, as recall that by Step 97 K’L - \/ﬁd det 92 A (:L' y.) -
y e (T,Y;

Now we consider again a unit vector u, and

€ _Be(@y)—Ae(x.y)
(i —wi) u = \){,_ (-wy—(y-uw)-)e : dyK;
i 7B
g (92 N7 2
< \){,_ 5 (y-u) e~ ey =1y gy,
7 e~ "
1 e N
K' —1 -1
< B 1) (Do) oLy AL Ty )
1

1
< CGA26€2+777

for some Cg,qs > 0, independent of x and u, as 8§A€(x,y¢) > ANy > ey, and
N> 1AL Then |z —y;| < C6A266%+77.

Finally, with (5.6.18) and (5.6.20), up to raising C5,Cs,¢5,q6, we get the estimate
|zi —yi] < C’5Ag55%+5_777 + C’6Agﬁ‘5%+’7. We finally get the desired estimate from the
fact that dist(x,aff(yl, ,yk))

Step 11: We now claim that

/BTE (yi)ﬁe@,-)d(ﬁ”a)m = /B o (Ac(w,) = Aol mi) )d(Po)w +o(e),  (5.6.24)

where the convergence speed of o(¢) is independent of the choice of x and 4. Indeed,
by (5.6.22) and the fact that

n
2

|Ac(z,y;)] < max(Cy,Co)eln(e™h) < el72 < r.H.,

with H, := ezt3min(m5-m) for ¢ small enough. Furthermore, by (5.6.22), we have
that for € > 0 small enough, dist (x,aff(yl, ...,yk)) < H.. Then, we may apply Lemma
5.6.3: we may find C7,q7 > 0 such that we have A.(z,y) = A (z,y) — Ac(z,yi) —
VAAz,yi) - (y—1i), with |y; —ys| < CrATH, < C’7Ag75%, as by Step 6, we have that
for y ¢ US| B, (i), we have A (z,y) > §\/cdist (y, (y1, ...,yk)), where /2> C7 A% H,,
and 7. > C7 AT H, as well. Notice that therefore, we have 0 < A (z, ;) — Ac(z,y) <
$AC2A2TH? < e, and similar, we have |VA.(z,5;) - (y; — 7i)| < A.C2A2TH2 < e.
Finally, [p_(y,) VA(2,5i) - (y — yi)d(Pe)z = VA(z,5i) - fBTE(yi)(y —yi)d(Pe)z. We
have from the computations in Step 10 that ’fBrg (yi)(y—yi)d(IP’g)x) < OgAg3€%7 and
VA, 9i) - [, () (Y — ¥i)d(Pe)z| < 0307/123*2%%[{5 < g, whence the result.



216 Entropic approximation for multi-dimensional martingale optimal transport

Step 12: Now using Step 3 and Step 9, integrating against p., with the uniform error
estimate (5.6.24), together with controls that are independent of x, similar to (5.6.14),
to deal with (UleBTE (yl-))C, we get

/ A.dP. — /D
d

= €5 +o(e).

)

e =17 Bre (i) (Ac(z,y) — Ac(z,yi)) (Pe) 2 (dy) pe (dz) + 0(e)

Finally, notice that

AE = Ao (Aa (X’ '))conv
= Ye—c— (w8 N C<X’ .>>com}
= @5+¢5_0_v<¢6_C(X7’>> (X)- (Y = X).

conv

(X)=V(Ac(X,) (X)) (Y =X)

conv

(X) = V(e —e(X.)) (X)-(Y - X)

conv

Therefore we have P.[A.] = p:[¢:] + ve[tc] — P-[c]. Whence the result of the theorem.
O

5.6.5 Asymptotic penalization error

Proof of Proposition 5.5.14 As y <. v, V. is convex with a finite global minimum.
Then the minimum of V. +af converges to a minimum of V.. More precisely, let 1,
be the only global minimizer of V. + af, then 1), is also the minimizer of the map

é (‘75 - ‘75(2#0)) + f, which I'—converges to ¢ + f, whose unique global

{eVe) V0 }
minimizer is ¢)g. Therefore ¢, — 19 when o« — 0. Now the first order condition gives

that >~ =V f(¢o) — V f(¢0), when a — 0, by convexity and differentiability of
f, guaranteeing that ¢ — V f(1)) is continuous. O

5.6.6 Convergence of the martingale Sinkhorn algorithm

Proof of Theorem 5.5.15 This result stems from an indirect application of Theorem

5.2 in [15]. By a direct application of this theorem we get that

Ve(ag) — Vi < 2min(Ly,L2) R (z) (5.6.25)

n—1 )

n—1
and that Vi(ey) = Ve < (1— gmefigyy) (Velwo) = V2), (5.6.26)
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with R(20) := SUPy, (2)<vz () dist(z, X™), L1 (resp. L) is the Lipschitz constant of the
y—gradient (resp. (p,h)—gradient) of V., and o is the strong convexity parameter of

Vz. Furthermore, the strong convexity gives that

[N

2
dist(zg, X™) < \/>(V5(a:k) —V)e. (5.6.27)
o
However the gradient V% is locally but not globally Lipschitz, nor V. strongly convex.
Therefore we need to refine the theorem by looking carefully at where these constants
are used in its proof.
Step 1: The constant L; is used for Lemma 5.1 in [15]. We need for all £ > 0 to have

Ve(wg) = Ve(@pgr2) 2 i\vvg(xk)ﬁ We may start from x1, this way all the zj are

Alzg)g, g
such that (e™ £ )icx jey is a probability distribution. Then |6i‘/€(xk)| <e ! Let

-1 |u‘00

u € RY, then |8i‘/;(cpk,¢k+u,hk)| <e ‘'e e . We want to find C,L > 0 such that
Vo(zk) = Vel g — COyVe(xy), hyy) > 57|10y Ve(zy)|, then L may be use to replace Ly
in the final step of the proof of Lemma 5.1 in [15]. Recall that [0y Vz(2g)|c0 < 1, as it

is the difference of two probability vectors. We have

Ve(ak) = Ve (ko — COValar) )
= —0yVe(xy) - <—03¢V5($k)>

1
—02/0 (1 —t)aw%(mk)taivs(wkﬂ/}k —tcawvs(xk),hk)%%(xk)dt

1 c
< C|0y Ve (ap) 2 —02|ast(l’k)|2/o e (1—t)e's dt

ec—1-¢

= C|8¢V5(5Ek)|2 — C2|8¢V5(:Ek)|26_1TE
=2

= (o< (ef-1-9)) et

Deriving with respect to C' gives the equation C' = e1In(2). We get
Ve(a) = Ve (ors e — COpV(an), b)) > €(2Im(2) — 1) |0y Ve () 12

-1
Therefore we may use L :=¢~! (4 In(2) — 2)
Step 2: The constant o is used to get the result from (3.21) in [15]. Then we just need
the inequality

Vely) > Ve(a) + VVi(a) - (y =) + 5 ly—al, (5.6.28)
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to hold for some y € X* and x = xj, for all £ > 0. Now we give a lower bound for o.
Notice that V2 = plo] +v[Y] +eX e yeyerp (—g> oA, y. Then for zg,u € Dy y, we
have

W D*Vo(zo)u = et > eap (—) 0 Ay y(0)Agy(u)?
reX ,yey €

A(2)]oo

> 5_1693]9 <—|
€

)

Then, by definition of Ay, we may find u such that A(u) = A(@), and

X A(r)]oo | |~
ut D?V. (z0)u > uear:p <_|(ac)|> bl (5.6.29)
Aog €

Now, we claim that |A(z)|e < D(z9). Then let z* € X* and consider (5.6.29) for
u=1z*—x. Then we have that z+u € X*, and therefore, we may take y =z +u for
(5.6.28), and therefore use

o= Ljiexp <—D(:O)> : (5.6.30)

in this equation.

Step 3: Now we prove our claim that |A(z)]c < D(x0). Indeed
V(o) > Ve(w) = plo] + v[Y] +& = Po[o @ ¢ + h¥] + e = Po[A(w)] + Po[c] +e.
Therefore we have Py[A(z)] < Vz(zg) — Po[c] — ¢, and finally
(Bo)minl (@)1 < Vi (o) — Pol] —<. (5.6.31)

Then |A(2)|oo < D(z¢) stems from the definition of A;.

Step 4: Now we provide the bound on R(xg). From the proof of Theorem 5.2 in [15],
what is needed to make the proof work is R(xq) = supyqdist(zy, X*), which is smaller
than supy, (;)<v. (z,) dist(z, X*). Furthermore, from (5.6.27) together with (5.6.30), we

. . D(zg)
get that the supremum supyqdist(zg, X'*) is also smaller than f‘%e o (Vg(aso) -

1
VE*)Q. Finally, from (5.6.31) together with the definition of A1, we may find that
7,3k € Dy y such that A(wg) = A(Fy), 7 € X%, [ < M EERETl=E anq |7, <

Ve —Pole]— 7 Sk P~ ok Ve —Po[c]—
Ay Yl Told e Then [, — 7] < (7 — 7|1 < 20 EAHEAA= by the fact that || <
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|- |1. Finally, as * + z, — T, € X', we have dist(xg, X'™*) < 2)\1%. Therefore
the same bound holds for supjdist(zg, X™).

Step 5: Finally, as we focus on the L optimization phase, we may replace n—1 by n
in the convergence formula (5.6.25) and (5.6.26), see the proof of Theorem 5.2 in [15].

The result is proved. 4

5.6.7 Implied Newton equivalence

Proof of Proposition 5.5.20 We apply the Newton step in the algorithm to (m, y(x))
we are looking for p such that D? Fp =V F. First VF(x, y(x)) = 8xF(x, y(x)) =VE(z),
then if we decompose p = p, ®p, € X @Y, the equation becomes

@%pr + agpry = VE(z), and 8§$pr + 8§pr =0.
The solution to this equation system is given by p, = —8§F *1851,17 Dz, and
(02Fp, — 02, FOTF 02, F)p, = VF(x) (5.6.32)

The conclusion follows from the fact that (5.6.32) is the step for the Newton algorithm
applied to F. The Newton step on y does not matter, as y will be immediately thrown

away and replaced by y(z). O

5.7 Numerical experiment

5.7.1 An hybrid algorithm

The steps of the Newton algorithm are theoretically very performing if the current point
is close enough to the optimum. What is really time-consuming is the computation of
the descent direction with the conjugate gradient algorithm. The idea of preferring the
Newton method to the Bregman projection method in the case of martingale optimal
transport comes from the fact that, unlike in the case of classical transport, projecting
on the martingale constraint is more costly than projecting on the marginal constraints,
as we use a Newton algorithm instead of a closed formula. From the experiment,
we would say that in dimension 1 it takes 7 times more time, and 20 times more in
dimension 2. The implied Newton algorithm performs this projection only for the

Newton step, whereas it is not necessary for the conjugate gradient algorithm.
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We Notice that the Bregman projection algorithm is more effective at the beginning,
to find the optimal region, and then it converges slower. In contrast, the Newton
algorithm is slow at the beginning when it is searching the neighborhood of the optimum,
but when its finds this neighborhood, the convergence gets very fast. Then it makes
sense to apply an hybrid algorithm that starts with Bregman projections, and concludes
with the Newton method. We call this dual-method algorithm the hybrid algorithm.
We see on the simulations that it generally out-performs the two other algorithms.

Figure 5.2 compares the evolution of the gradient error in dimension 1 and 2 of
the longest step of the three algorithms in terms of computation time. What we call
here the gradient error is the norm 1 of the gradient of the function V. that we are
minimizing, and which is also equal to the difference between the target measure v and
the current measure. In the case of Newton algorithms, the penalization gradient is
also included, then we use a coefficient in front of this penalization so that it does not
interfere too much with the equation between the current and the target measure. We
use the e—scaling technique. For each value of ¢, we iterate the minimization algorithm
until the error is smaller than 1072, Then at the final iteration we lower the target
error to the one we want.

The green line corresponds to the Bregman projections algorithm. The orange line
corresponds to the implied truncated Newton algorithm. All the techniques evocated
in Section 5.4 are applied. We use the diagonal of the Hessian to precondition the
conjugate gradient algorithm. The coefficient in front of the quadratic penalization,
which is normalized by ©2, is set to 1072. Finally the blue line corresponds to the
"hybrid algorithm", which consists in doing some Bregman projection steps before
switching to the implied truncated Newton algorithm. The moment of switching is
chosen by very empirical criteria: we do it after having the initial error divided by 2 or
after 100 iteration, or if the initial error is divided by 1.1 if the initial error is smaller
than 0.1.

Figure 5.2a gives the computation times of these three entropic algorithms, for a
grid size going from 10 to 2500 while € goes from 1 to 104, with the cost function
¢:=XY? puniform on [—1,1], and v := %[V |"Pu, where K := (|Y|"5u)[R]. By [85]
the optimal coupling that we get is the "left curtain' coupling studied in [20]. We show
the curves for the value of € that takes the largest amount of time, the one for which
the time of computation is the most important for e = 4.2 x 10~4.

We conduct the same experiment on a two dimensional problem. The difference
of efficiency between the algorithms should be even bigger, as the computing of the

optimal h becomes more costly, as the optimization of a convex function of two variables.
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Let d=2, c: (z,y) € R2 x R? — 1 (y? + 293) + 22(2y3 +3), p uniform on [—1,1]%,
and v = 4 (|Y1|1® +|Ya|15)p where K := ((]Y1|1‘5+ |Y2|1'5),u) [R2]. We start with a
10 x 10 grid and scale it to a 160 x 160 one while ¢ scales from 1 to 1074, Figure 5.2b
gives the computation times of the three entropic algorithms. Once again we show the
curves for the value of ¢ that takes the largest amount of time, the one for which the

time of computation is the most important for ¢ = 7.4 x 1073,

10 4

10714

1072 4

—— hybrid, eps = 0.0004242275355865759 —— hybrid, eps = 0.00740409424676
Newton-CG, eps = 0.0004242275355865759 Newton-CG, eps = 0.00740409424676
1073 4 —— sinkhorn, eps = 0.0004242275355865759 —— sinkhorn, eps = 0.00740409424676
T T T T T T T T T T T
0 2000 4000 6000 8000 0 5000 10000 15000 20000 25000
(a) Dimension 1. (b) Dimension 2.

Fig. 5.2 Log plot of the size of the gradient VS time for the Bregman projection
algorithm, the Newton algorithm, and the Hybrid algorithm.

5.7.2 Results for some simple cost functions

Examples in one dimension

(a) c= XY?2. (b) c=|X-Y]. (c) ¢ =sin(8XY).

Fig. 5.3 Optimal coupling for different costs in dimension one.

Figure 5.3 give the solution for three different costs for ¢ = 107 with g := (u1 +
pi2)/2 and v := (v1 +12)/2 with muy uniform on [—1,1], 11 = +|Y|'%y with K =
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(V"5 u1)[R], o is the law of exp(N(—307,07)) — 1 with o1 = 0.1, and vy is the law
of exp(/\/'(—%ag,cr%)) —1 with o9 = 0.2. The scale indicates the mass in each point of
the grid, the mass of the entropic approximation of the optimal coupling is the yellow
zone. Notice that in all the cases the optimal coupling is supported on at most two
maps. We saw this in all our experiment, we conjecture that for almost all u,v this is
the case.

Figure 5.3a shows well the left curtain coupling from [20] and [85]. Figure 5.3b
shows the optimal coupling for the distance cost. This coupling has been studied by
Hobson & Neuberger [93]. They predict that this coupling is concentrated on two
graphs. Finally, Figure 5.3c shows how we may find solutions for any kind of cost

function.

Example in two dimensions

EEENR

(a) —(0.45,0.65) (0.3,-0.66) (c) X =(0.2,0.44) (0.13,0.16)

Fig. 5.4 Optlmal couphng conditioned to several Values of X.

In dimension 2, it has been proved in [56] that for the cost function c: (z,y) € R? x
R? > 1 (y? +2y3) +22(2y3 +y3), the kernel of optimal probabilities are concentrated
on the intersection of two ellipses with fixed characteristics, except for their position
and their scale. Figure 5.4 is meant to test this theoretical result. We do an entropic
approximation with a grid 160 x 160, and ¢ = 107*. Then we selected 4 points
x1 := (—0.45,-0.65), x2 := (0.3,—0.66), z3 := (0.2,0.44), and z4 := (0.13,0.16) and
draw the kernels of the approximated optimal transport P* conditioned to X = x; for
i=1,2,3,4. We see on this figure that for i = 1,2,3,4, P*(-| X = z;) is concentrated on
exactly ¢ points, showing that all the numbers between 1 and 4 are reached. It seems

that no trivial result can be proved on the number of maps that we may reach.
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