N

N

PTiBKBb iBQM /2 H KQ/GHBDb iBQM _ La /dd
+ pBi Mib
sBMH2B w? M;

hQ +Bi2 i?Bb p2 " bBQM,

SBMH2B w? M;X PTiBKBb iBQM/2H KQ/GHBb iBQM _ La/60+QmMH2K2M
bmTa B2m 2 /6 “ib 2i KOiB2'b @ 1La J- kyRNX 6> Mi BbX LLh, KkyRN1L

> G A/, i2ZH@ykeRRdNYy
21iTb,ffT bi2HX "+?Bp2b@Qmp2 i2bX7 fi2H@ yke
am#KBii2/ QM R3 J v kyky

> G Bb KmHiB@/Bb+BTHBM v GOT24WB p2 Dmbp2 "i2 THm B/BbBIBTHBN
"+?Bp2 7Q i?72 /2TQbBi M/ /Bbb2KIBEBMBR MNQ@T™+B2® " H /BzmbBQM /2 /
2MiB}+ "2b2 "+?2 /Q+mK2Mib- r?2i?@+B2MMiB}2mM2b#/@ MBp2 m "2+?22 +?22- T
HBb?2/ Q° MQiX h?2 /IQ+mK2Mib MK VW+RK2Z2EF IQKHBbb2K2Mib /62Mb2B;M
i2 +?BM; M/ "2b2 "+? BMbiBimiBQWER BM?8 7M#M2I @b Qm (i~ M;2 b- /2b H
#Q /-Q 7 QK Tm#HB+ Q T ' Bp i2T2HRAB+B @2MT2BIpXib X


https://pastel.archives-ouvertes.fr/tel-02611790
https://hal.archives-ouvertes.fr

N°: 200 ENAMXXXX

2019-ENAMO060

Ecole doctorale n°432: 6 FLHQFHYVY GHV OpWLHUV G

Doctorat ParisTech

THESE

pour obtenir le grade de docteur délivré par

O 1 e FRa@oHale Supérieure d'Arts et Métiers
6 S p FL D GGEMeEnegrgétique

présentée et soutenue publiguement par

Xinlei ZHANG

le 16 Décembre 2019

Optimisation de la Modélisation RANS D'écoulements C avitants

Directeur de these : Olivier COUTIER-DELGOSHA
Co-encadrement de la thése : Thomas GOMEZ

Jury

Mme. Paola CINNELLA , Professeur, Arts et Métiers ParisTech Président

M. Pietro Marco CONGEDO, Professeur, INRIA Rapporteur
M. Jean-Camille CHASSAING, Professeur, Sorbonne Université Rapporteur
M. Marcello MELDI, Maitre de conférences, Examinateur
Ecole Nationale Supérieure de Mécanique et d'Aérotechnique (ENSMA)

M. Heng XIAQ, Professeur, Virginia Tech Examinateur
M. Thomas GOMEZ, Professeur, Université de Lille Examinateur

M. Olivier COUTIER -DELGOSHA, Professeur, Arts et Métiers ParisTech / Virginia Tech Examinateur

Arts et Métiers ParisTech - Campus de Lille
Laboratoire de Mécanique des Fluides de Lille - LMFL



Acknowledgements

First of all, | would express my heartfelt gratitude to my supervisors. | am extremely grateful
to Prof.Olivier Coutier-Delgosha for accepting and trusting me to work on this project. |
thank him for the persistent guidance and support during the past three years. His academic
enthusiasm and encouragement kept me constantly engaged with this work. At the same time, |
warmly thank my co-supervisor, Prof. Thomas Gomez, not only for his guidance on my research,
but also for his kindness and patience. Also, | would like to express my sincere appreciation
to Prof.Heng Xiao for advising my work. He shared his knowledge and research experience
without any hesitate, and | have bene ted profoundly from my association with him.

| sincerely thank Prof.Paola Cinnela, Prof.Pietro Marco Congedo, Prof.Jean-Camille Chas-
saing, and Prof.Marcello Meldi for joining my jury and providing me helpful suggestions for my
thesis and future works. | would like to give special thanks to Prof.Congedo and Prof.Chassaing
for being the reporters of this thesis.

I am also thankful for the other collaborators. | thank Mr.Carlos Michelen-Strofer for
fruitful discussions on our collaborated works and giving me a lot of tips about coding. Thanks
to Dr.llyass Khlifa for providing me experimental data of non-cavitating ows. Thanks to
Mr.Guangjian Zhang for providing me the X-ray experimental data of cavitating ows.

My appreciation extends to all colleagues at Arts et Metiers ParisTech and Virginia Tech
for bene cial discussions on this work and their help in my life, especially, Mr.Yuzhi Li, Mr.Lei
Shi, Mr.Ben Zhao, Mr.Zhongshu Ren, Mr.Yang Zeng, Dr.Jinlong Wu, Dr.Guangyao Wang,
Dr.Yaguang Heng, Mr.Alberto Baretter, Mr.Kunpeng Long.

At last, | would like to express my deepest gratitude to my parents for their supports and
sacri ces.






Table of Contents

List of Tables
List of Figures
1 Introduction

2 Review of Data Assimilation Methods

2.1 Introduction. . . . . . . . . . ..
2.2 Data assimilation problem statement . . . . . ... ... ......
2.3 \Variational data assimilation method . . . . .. ... ... .. ...
24 Kalman lter . . . . . .. . e
2.5 Ensemble-based data assimilation methods . . ... ... .. ..
251 Ensemble Kalman Iter . .. ... ... ...........
2.5.2 Ensemble randomized maximum likelihood . .. .. ...

2.5.3 Ensemble Kalman Iter with multiple data assimilation

2.6 Hybrid data assimilation methods . . .. ... ... ........
2.6.1 Hybridmethods ... .....................
2.6.2 Ensemble-based variational methods . . . . .. ... ...
2.6.3 lterative ensemble Kalman Iter . ... ... ........

2.7 Particle Itering . . . . . .. ... e

3 Optimization of RANS Simulation with EnVar Method

3.1 Introduction. . . . . . . . . . ...

3.2 Data assimilation framework . . . ... ... ... ... ... ..
3.2.1 Ensemble-based variational scheme . . . . . ... ... ..
3.2.2 Fitting criterion . . . . . ...

3.3 Numerical setup . . . . . . . . .
3.31 CFDsolver . ... ... . . . . e
3.3.2 Data assimilation implementation . . ... ... ......

Page

Vii



TABLE OF CONTENTS

3.4 Inlet velocity inference . . . . . . ... 35
341 WallTurb Bump . . . . . . . e 35
3.4.2 Venturi . . . ... 39

3.5 Modelcorrection . . . . . . . . . ... 42
3.5.1 Correctionink equation. . . .. ... ... ... .. .. .. .. ..., 43
3.5.2 Correctionin! equation. . . . . . ... ... 45
3.5.3 Correctioninkand! equation . . . ... ... ... ... ....... 48

3.6 Conclusion . . . . . ... e 51

4 Regularization of Ensemble Kalman Method 55

4.1 Introduction . . . . . . . .. e e 55
4.1.1 Adjoint- vs. ensemble-based inversion methods . . . .. ... ... ... 56
4.1.2 |lll-posedness and regularization of inverse problems. . . . . ... . ... 58
4.1.3 Related works and contributions of presentwork . . . .. ... ... .. 59

4.2 Methodology . . . . . . . . . . . e e 61
4.2.1 Equivalence between optimization and maximum a posteriori approaches 61
4.2.2 Derivation of the regularized ensemble Kalman method . . ... .. .. 62
4.2.3 Implementing regularization procedure for an iterative ensemble Kalman

method . . . . . . . . 64
4.2.4 Generality and possible extensions to other ensemble Kalman methods . 67

4.3 Results. . . . . . e 67
4.3.1 Parameter estimation . . ... ... ... o 68
4.3.2 Fieldinversion . . . . . . . . . . ... 73
4.3.3 RANS equationsclosure . . . . .. .. .. .. . .. .. 79

4.4 Conclusion . . . . . .. e 84

5 Iterative Ensemble Methods for UQ Problem 87

5.1 Introduction. . . . . . . . . . e 87
5.1.1 Bayesian uncertainty quanti cationforCFD . . ... .. .. ... ... 87
5.1.2 Ensemble-based data assimilation methods . . . . ... ... ... ... 89
5.1.3 Objective of the presentwork . . . . . ... ... ... ... ....... 90

5.2 Ensemble-based data assimilation methods . . . . ... ... ... ....... 90
5.2.1 Minimization problem . . . . . . ... ... . 91
522 ENKF . . . e 92
523 EnRML . . . . . . . e 93
524 EnKF-MDA . . . . . . e 93
525 Remarks. . . . . . . .. e 94

5.3 Scalarcase . .. . ... 96
5.3.1 Problemstatement . . . . . ... ... L 96



TABLE OF CONTENTS

5.3.2 Results . .. . . . . . e 97
54 RANS equation . . . . . . . . . . e 101
541 Problemstatement . . .. .. .. ... .. .. ... 101
5.4.2 Methodology . . . . . . . . . . . . . . e 102
543 Casedetails . .. ... ... . .. .. ... e 103
544 Results . . . . . . .. e e 104
5.5 Conclusion . . . ... e 106
Towards for Cavitation 109
6.1 Introduction. . . . . . . . . . . e e 109
6.2 Governing equations . . . . . ... e e e e e e 111
6.2.1 Turbulence models . . . . . .. . .. .. ... 112
6.2.2 Reboudcorrection . . ... ... ... .. ... e 114
6.2.3 Phasemodel ... .. ... .. .. .. ... ... 115
6.3 Numerical evaluation of current SST-based models . . . .. ... ... ..... 116
6.3.1 Numerical setup . . . . . . . . e 116
6.3.2 Comparisonresults . . . . .. ... .. .. ... 117
6.3.3 DisCuSSION . . . . . . . e 119
6.4 Modied Reboud correction . . . . .. .. ... ... . 123
6.5 \Validation . . . . . .. ... 126
6.6 Conclusion . . . . . . ... e 128
Conclusions and Perspectives 131
7.1 Conclusions . . . . . . . e 131
7.2 Perspectives . . . . . . . . 132

Comparison of optimization methods and test case in Venturi with EnVar

method 135
A.1 Comparison between BFGS and Newton-CG . . .. ... ... ......... 135
A.2 Test case of inlet velocity inference in Venturi . . . . ... ... ......... 136
Derivation of REnKF and sensitivity study of algorithmic parameters 139

B.1 Derivation of regularized ensemble Kalman method . . . . . .. ... ... ... 139
B.2 Sensitivity studies of algorithmic parameters in regularization . . . . . . . . .. 141
Derivation of EnKF and EnRML 143

C.1 Derivation of ENKF . . . . . . . . .. 143
C.2 Derivation of ENRML . . . . . . . . . . ... 144
List of publications 147



TABLE OF CONTENTS

Bibliography 149

Vi



List of Tables

Table Page
3.1 Data assimilation results for inlet velocity inference . . . . . . . ... ... ... .. 35
3.2 Summary of DA experiments for model correction inference . . . . ... ... ... 43
4.1 Summary of the constraints used in the parameter estimation problem. . . .. .. 70
4.2 Results of the baseline and regularized inference with di erent constraints. . . . . . 71
5.1 Schematic comparison of EnKF, EnRML and EnKF-MDA . . . . . ... ... ... 95
6.1 Summary of simulation results with di erent turbulence model with comparison to
the experiments . . . . . . . . . . . e 117
6.2 Summary of slope of cavitating mixing layer for four di erent ow condition with
comparison of experimental data and the results of tting formula. . . . . .. ... 125
B.1 Summary of inferred parameter! with dierent ¢, S, and d for the equality
constraint (Case C1) in the parameter estimation problem. The values in bold
indicate the reference. . . . . . . . . .. 141
B.2 Summary of inferred parameter! with dierent o, S, and d for the inequality

constraint (Case C2) in the parameter estimation problem. The values in bold
indicate the reference. . . . . . . . . . .. 142

Vii






List of Figures

Figure Page
1.1 Examples of cavitation e ects in hydraulic machinery. Adopted from [33] . . . .. 2
1.2 The dierent cavitation patterns. Adopted from [6, 17, 110] . . . .. .. .. .. .. 3
1.3 Road map ofthethesis . .. .. .. .. . . . . . . . ... . . 6
1.4 Exemples d'e ets de cavitation dans les machines hydrauliques. Extrait de [33] . . 10
1.5 Les dierents moctles de cavitation. Extrait de [6, 17, 110] . ... ... ... ... 11
1.6 Feuilederoutedelatrese . . .. ... .. .. 15
3.1 Schematic illustration of EnVar method . . . . . . .. .. ... ... ... .. ... 33
3.2 Meshof WallTurb Bump . . . . . . . . . . 36
3.3 Data assimilation results about the inferred inlet velocity and the prediction in Cs:

(a) (b) for the prior of parabolic velocity; (c) (d) for the prior of at velocity . .. 38
3.4 Data assimilation results of cost functionJ and Jop: (a)(b) for the prior of parabolic

inlet velocity; (c)(d) for the prior of atinletvelocity . . ... ........... 38
3.5 Velocity U eld with the rst guess of parabolic velocity for prior(a), posterior(b)

and DNS(C) . . . . . . . . e 39
3.6 Mesh of the Venturi-type section . . . . . . . . . . . . ... 40
3.7 Data assimilation results of velocity at inlet(a) and velocity at x = 0:0008n(b) .. 41
3.8 Data assimilation results of cost functionJ(a) and Jop(b) . . . . . . .. ... ... 41
3.9 \Velocity u eld for prior(a), posterior(b) and experiment(c) . ... ... .... .. 42
3.10 Variance (x) of (in TKE transport equation . . . . .. ... ... ........ 44
3.11 Data assimilation results of cost functiond(a) and Jop (B) . . . . . . . . . ... .. 45
3.12 Comparison in velocity u (a) and TKE (b) along pro les among prior, posterior and

eXPeriment . . . . . . . 46
3.13 Inferred cproles . . . . . . 47
3.14 variance (x) of in! transportequation . . ... ... ... ........... 47
3.15 data assimilation results in cost functionJ(a) and Jop (b) . . . . . . . . ... 47
3.16 Comparison in velocity u (a) and TKE (b) along pro les among prior, posterior and

eXPEeriment . . . . . . . 49
3.17 Inferred cproles . . . . . . 50



List of Figures

3.18 Data assimilation results of cost functiond(a) and Jop (B) . . . . . . . .. ... .. 50
3.19 Comparison in velocity u (a) and k (b) along pro les among prior, posterior and
eXPEerimeNnt . . . . . . . 51
3.20 Inferred ¢ prolesin kequation . .. ... ... .. ... .. .. ... ... ... 52
3.21 Inferred ¢ prolesin ! equation . . ... .. .. ... .. .. .. ... 52

3.22 Contour plots of velocity u ( rst column) and TKE (second column): (a)(b) prior;
(c)(d) posterior with correction in k transport equation; (e)(f) posterior with cor-
rection in ! transport equation; (g)(h) posterior with correction in both k and!
transport equation; ()(j) experiment . . . . . . . .. ... oo 53

4.1 Schematics of ensemble Kalman methods by using ensemble Kalman lItering (EnKF)
as example. The proposed regularization scheme consists of an additional correction
, de ned in Eq. (4.17), to the forecast statesx' before the Kalman correction. Such a
correction enforces constraints and is equivalent to penalty term kG[x]k3, in adjoint
methods as in Eq.(4.11). Our contribution that di erentiates the present method
to baseline ensemble Kalman methods is highlighted in red/grey box. The Kalman
correction in the regularized EnKF has the identical form as that in standard EnKF
except that it acts on the pre-corrected states»: . . . . .. ... ... ....... 65
4.2 Contour plot of the discrepancy J|! ]. The two groups of local minimums are indicated
with the red/gray cross \ +" (Group 1) and the red/gray circle (Group Il). . ... 70
4.3 Results of paramter estimation problem using the baseline and proposed regularized
methods with di erent constraints. For all methods three di erent prior means
(green/gray dots) are considered. (a) Baseline case; (b) Case C2: proposed method
with G[!' ] = hq[! ] where penalty function is indicated by the black straight line
; (c) Case C2: proposed method withG[! ] = [hin1[! ]]. The blue/gray region
indicates where the constraint is inactive; (d) Case C3: proposed method with
G[! 1= [hina[' 1+ [hin2[' ]]. The blue/gray region indicates where the constraint
is inactive. With the baseline method, di erent priors converge to the di erent local
minima. With the proposed regularized method all priors can converge to the true
local minimum (1;1), indicated as blue/gray triangle. . . . . .. ... ... ..., 72

4.4 First 5 KL modes in the di usion case scaled by their corresponding eigenvalues. . 75
4.5 Prior samples of di usivity (top) and corresponding output elds u (bottom)
for dierent number of modes. . . . ... ... ... .. ... . 76
4.6 Inferred di usivity by using the baseline methods (left column; panels a, b, and
d) and the proposed regularized methods  (right column; panels ¢ and e) for
dierent numberof modes. . . . ... ... ... L 77
4.7 Comparison of inferred KL coe cients for the di usion case by using the baseline
method and the regularized method with 20 modes. . . . . . ... . ... ... .. 78

X



List of Figures

4.8 Errors in the inferred di usivity in the diusion case for the baseline method
and the regularized methods as a function of number of modes used in the eld
representation. . . . . . . .. e

4.9 Contour plots of rst 8 modes from KL decomposition for the periodic hills case.
The modes are scaled by their corresponding eigenvalues. . . .. .. .. ... ...

4.10 Prior realizations of eddy viscosity ; and propagated streamwise velocityU; for

the periodic hills case. The locations of the observations are indicated by crosses ). 81

4.11 Inferred eddy viscosity eld and propagated streamwise velocity eld for the baseline
and regularized methods using 200 modes. . . . . . . . . .. ... ... ..o

4.12 Contour plots of the inferred (posterior) eddy viscosity ; with with the baseline
and regularized methods using 200 modes. . . . . . . . . . . . ... ... ...

4.13 Magnitudes of the inferred KL coe cients for the periodic hills case using the
baseline and regularized methods with 200 modes. . . . . .. .. ... ... .. ..

4.14 Error in the inferred eddy viscosity in the periodic hill case by using the baseline
and regularized methods as a function of the number of modes used in the eld
representation. Note that a logarithmic scale is used for the errors. . . . . . .. ..

5.1 Schematic of Bayesian uncertainty quanti cation. Bayesian approach can combine
the prior information (red dashed line) and the data to quantify the posterior
uncertainty (blue solid line) in the quantities of interest as well as the input.

5.2 Joint PDFs with 10°® samples in comparison of Bayes, EnKF, EnRML, and EnKF-
MDA for the scalarcase. . . . . . . . . . . . . .

5.3 Marginal PDFs for x with 108 samples in comparison of EnKF, EnRML, EnKF-
MDA, and Bayes for the scalarcase. . . . ... ... ... . ... ... .......

5.4 Joint PDFs with 10? samples in comparison of Bayes, EnKF, EnRML, and EnKF-
MDA for the scalarcase . . . . . . . . . . . . . .

5.5 Marginal PDFs for x with 102 samples in comparison of EnKF, EnRML, EnKF-
MDA, and Bayes for the scalarcase. . . . ... ... .. .. ... ... .......

5.6 Results of prior joint PDF with large (10 ¢) and small (10?) ensemble size for the
scalarcase . . . ... e

5.7 Comparison of analytic gradient and ensemble gradient. The light/pink shaded
region represents analytic gradient and the dark/blue shaded region represents
ensemble gradient. (a): 16 samples; (b): 1 samples . . . . . .. .. .. ... ...

5.8 Prior ensemble realization of velocity pro les at 8 locations, in comparison to DNS

84

88

98

99

and baseline. The location of observation is indicated with crosses(). . . .. ... 104

5.9 Data assimilation Results with EnKF, EnRML, and EnKF-MDA in comparison to

baseline and DNS for the turbulent ow in a periodic hill. . . . . . ... ... ... 105

Xi



List of Figures

5.10 The 95% credible intervals of the prior (light/pink shaded region) and posterior
(dark/blue shaded region) samples of velocity pro les for the turbulent ow in a

periodic hill . . . . . . . . 107
6.1 a cycle of cavitation behaviour . . ... ... ... ... ... . 114
6.2 Plot of the Reboud correction function . . . . . . ... ... ... .......... 115
6.3 Plot of barotropic state law for the mixture . . . . . ... ... ... ... ..... 116
6.4 The geometry of the Venturi-type section. The red, numbered line in the enlarged

window indicate the pro les for comparison. . . . . . .. ... ... ... ... .. 117
6.5 Time evolution of cavity shape with di erent turbulence models. The color indicate

the minimum void fraction in each cross section, from the Venturi throat. . . . . . 118
6.6 Shape of time-averaged cavity. . . . . . .. ... L 119
6.7 The contour plots of time-averaged turbulent kinetic energy with di erent turbulence

models compared to the experiments. . . . . .. ... ... ... ... ... ..., 120
6.8 Comparison in turbulent kinetic energy between the di erent turbulent models and

experiments with Reboud correction along proles. . . . . . .. .. ... ... ... 120
6.9 Time-averaged Reynolds shear stress with Reboud correction. . . . . ... .. ... 121
6.10 Comparison in Reynolds shear stress between the di erent turbulent models and

experiments with Reboud correction. . . . . . . . .. ... ... ... . 121
6.11 time-averaged Reynolds shear stress without Reboud correction. . . . .. .. ... 122
6.12 Comparison in Reynolds shear stress between the di erent turbulence models and

experiments without Reboud correction. . . . . . ... ... ... ... .. ..... 122
6.13 The schematic of two measured window for comparison . . . . ... ... ... .. 124
6.14 The comparison of the Reboud correction withn = 10 (red line), the Bradshaw

assumption with ¢ = 0:1 (blue line) and experimental data (grey dots) . . . .. .. 124
6.15 Fitting slope of the cavitating mixing layer . . . . . ... .. .. ... ....... 125

6.16 Experimental comparison at window 1. Red line: the Reboud correction withn = 10;

blue line: the Bradshaw assumption withc = 0:1; grey dots: experimental data; blue

dots: modi ed Reboud correction. . . . . ... ... 126
6.17 Experimental comparison at window 2: Red line: the Reboud correction withn = 10;

blue line: the Bradshaw assumption withc = 0:1; grey dots: experimental data; blue

dots: modi ed Reboud correction. . . . . . ... . ... . 127
6.18 Numerical comparison of the modi ed Reboud correction with experiment and

original Reboud correction in Reynolds shear stress. . . . . . ... ... ...... 127
6.19 Comparison in velocity and density with modi ed Reboud correction and original

Reboud correction. . . . . . . . . . . 128

7.1 The schematic diagram of data-driven modeling with data assimilation and machine
learning . . . . . . 133



List of Figures

Al

A.2

A3

evolution of cost function between BFGS and Newton-CG. left: with parabolic inlet

velocity; right: with atinletwvelocity . . . . . . ... ... .. ... .........
Results in inference of inlet velocity and prediction in C; :(a) (b) for prior parabolic

velocity; (c)(d) for prior atwvelocity . . . .. .. ... ... ... ... ... ...,
Data assimilation results to infer the inlet velocity in Venturi . . . . ... ... ..

135

Xiii






Chapter 1

Introduction

Hydrodynamic cavitation in liquid ows is partial vaporization observed when the liquid
experiences an abrupt pressure drop. This phenomenon a ects high-speed internal ows in
rotating machinery, external ows on fast marine vehicles, and, more generally, any hydraulic
system where the ow is submitted to local accelerations. Cavitation is obtained in various
application areas, such as propellers and appendices of high speed ships or submarines in ocean
engineering, pumps of nuclear plants and space rocket cryogenic engines, and hydraulic dams.
Major detrimental e ects of cavitation in these applications include a loss of e ciency and the
inception of instabilities, vibrations, noise, and erosion. Instabilities are mostly generated by
the adverse pressure gradient in the wake of cavitation, which induces large-scale secondary
ows and shedding of bubble clouds. The collapse of these bubbles generates a combination of
pressure waves and micro-jets that repeatedly impact the walls of the hydraulic device, which is
responsible for the noise and the erosion. On the other hand, cavitation can also have positive
e ects in diverse contexts. For instance, cavitation generated at the tip of underwater vehicles
is used to create a layer of gas between the walls and the liquid ow, which strongly reduces
the friction coe cient. It results in a signi cant drop of the drag that noticeably increases the
vehicle speed. Cavitation can also be used for lithotripsy via the shock pulse produced by the
collapse of cavitation bubble clusters. To bene t from this phenomenon through preventing
the negative e ects as well as triggering the positive ones, we have to gain insights into the
physical mechanisms and thus control the behavior of cavitation. Some examples of cavitation
e ects are shown in Fig. 1.1.

The experimental measurements and numerical simulations are common tools to investigate
cavitating ows. Experiments in multiphase ows with high void fraction, like cavitating ows,
are generally challenging: non-intrusive measurements based on optical imaging, like particle
image velocimetry (PIV), are made di cult by the opacity of the liquid/vapor mixture, and the
strong re ection of any incident light on the cavitation bubbles. Speci c techniques have to be
used, like the use of uorescent particles in PIV, or X-ray imaging instead of optical imaging.
The cost and the complexity of such experiments make numerical simulations very appealing as

1
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(a) Cavitating ow in a turbopump (b) Cavitating ow in a propeller

(c) Supercavity ow around a hydrofoil (d) Cavitation erosion in a gear pump

Figure 1.1: Examples of cavitation e ects in hydraulic machinery. Adopted from [33]

a complementary approach to investigate the physics of this phenomenon.

To numerically simulate the turbulent cavitating ow, the most common approach is to
couple the Reynolds averaged Navier{Stokes (RANS) method with cavitation or phase change
models. High- delity turbulence methods, such as large eddy simulation (LES) and direct
numerical simulation (DNS), have also been introduced into the cavitation simulation. They
generally provide more accurate results for a much higher computational cost. For instance,
Dittakavi et al. [ 36] conducted the LES in the Venturi nozzle by using the dynamic Smagorinsky
model and analyzed the e ects of cavitation on each term in the vorticity transport equation.
Huang et al. [69] performed the LES simulation with Wall-Adapting Local Eddy-viscosity
(WALE) model in the Clark Y hydrofoil and demonstrated the strong correlation between the
cavity and vorticity structure through the analysis of the vorticity transport equation. Ji et
al. [74, 76] adopted the WALE LES to investigate the interaction of turbulence and cavitation
in unsteady cavitation and showed that the cavitation could prompt the vortex production.
Gnanaskandan and Mahesh7] used the LES with a homogeneous mixture model and showed

2



the simulation results in void fraction could have a good agreement with experimental data.
Znidacc [ 157] proposed a fast, novel DNS algorithm to better investigate the cavitation{
turbulence interaction. Despite the development of these high- delity methods, they are sitill
not practical for many engineering applications, mainly due to the prohibitive computational
cost. Hence, the RANS method is still the primary tool for cavitation simulations.

Conversely, the current framework combining the RANS approach and homogeneous cavita-
tion modelling cannot, in general, accurately predict the di erent types of cavitating ows. The
unsteady cavitation patterns can be roughly divided into:

(a) attached/sheet cavitation : cavity forms on a wall due to a local ow acceleration, and
remains mostly steady, with possible uctuations and shedding at various scales. This
type of cavitation is shown in Fig. 1.2a.

(b) cloud cavitation :the main part of the cavitation periodically detaches from the wall,
forms large scale clouds of bubbles, and sheds downstream, where they collapse as soon
as the pressure re-increases. This is the most aggressive ow pattern regarding cavitation-
induced erosion, and also the one that will likely generate noise, vibrations, and pressure
uctuations. This cavitation pattern is presented in Fig. 1.2b.

(c) shear cavitation : the formed vapor structures are immediately detached from the wall,
and no attached cavity can be observed on the wall. This cavitation type is shown in
Fig. 1.2c.

(a) sheet cavitation (b) cloud cavitation (c) shear cavitation

Figure 1.2: The di erent cavitation patterns. Adopted from [6, 17, 110]

In some speci c cases like cloud cavitation, a fair general agreement with the experiments
can be obtained B2, 52], but local comparisons of the void fraction or velocity pro les usually
exhibit a poor agreement with the available experimental measurements1fg]. In addition, the
other con gurations of cavitating ows, such as attached cavitation or shear cavitation, are
usually not accurately predicted [6, 34].

The poor predictive performance of current methods can be due to many aspects.

() First, the RANS framework has inherent limitations due to the use of the Boussinesq
assumption, isotropic turbulence, etc. That will a ect the predictive performance for
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(ii)

the turbulent cavitating ows. Speci cally, cavitating ows are typically the separated
recirculating ow with adverse pressure gradient, while it is well known that the RANS
model cannot con dently predict this type of ow. Additionally, most of the RANS models
are validated only for simple ows. However, in the cavitating ows, the use of homogeneous
cavitation models results in large density gradients and high compressibility e ects, which
are usually not in the range of validity of these models. Besides, RANS models usually
overestimate the turbulent viscosity in many cavitating ow con gurations [ 27, 35, 155,
which leads to that the unsteady e ects, including uctuations at multiple scales, are also
complicated to handle by current RANS methods.

Second, most of the existing cavitation model uses a homogeneous approach where the
slip velocity between the two phases is neglected, the pressure is assumed to be the
same in the liquid and vapor, and surface tension and bubble/bubble interactions are
not considered. The commonly used models are based on the hypothetical state law
(barotropic model), the empirical methods (such as Merkle model 104, Kunz model [87)),

or deduced from single bubble dynamics (such as Schnerr-Sauer modé&Rf, Singhal
model [131]). Speci cally, the barotropic model describes the vaporization behavior based
on a pre-set pressure interval py. If the local pressure is higher than the vaporization

pressurepy, + % pv, the local density is considered as pure liquid. Oppositely, if the local

pressure is lower thanpy % pv, the local density is regarded as vapor. Between the
two pressure limits, a sinusoidal function usually is used to de ne the phase transition.
Di erent from the barotropic model, the empirical models and the bubble dynamics based

models estimate the mixture density by solving a void fraction transport equation as:

(1.1) %t+r (U)=m"+m ;

where is the void fraction, U is velocity, m* and m represent the vaporization
and condensation term, respectively. One advantage of these methods, compared to
the barotropic model, is that both the vaporization and condensation process can be
taken into account. The di erence between the empirical model and the model based on
bubble dynamics lies in the estimation for the vaporization and condensation process.
The empirical model is based on the di erence between local pressure and vaporization
pressure. Moreover, as for the Kunz and Merkle model, the empirical coe cients Cproq and
Cgest, are introduced to control the magnitude of the vaporization and condensation term,
respectively. While the bubble dynamics based models are deduced from the Rayleigh{
Plesset equation, which describes the behavior of a spherical bubble in a pressure eld.
Based on that, the vaporization and condensation terms in Eq. 1.1 are modeled by
assuming the bubbles in cavitating ows are spherical and have the same initial radius.
Generally, all these cavitation models are under several assumptions and problematic to
describe the behavior of natural cavitation bubble clusters accurately.
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(iii) Moreover, it has been demonstrated by numerous works that there exist strong interactions
between turbulence and cavitation. For instance, the cavitation can prompt the vortex
production [74], enlarge the turbulent boundary layer thickness [L27], and arise additional
dissipation [35]. Speci ¢ changes of the standard turbulence models to take into account
these interactions have to be applied but still need further investigations.

Conclusively, we have not yet fully understood the physics of both turbulence and cavitation,
not mentioning the interaction between cavitation and turbulence. To improve the prediction
from both sides of the turbulence model and the cavitation model is too ambitious so far.
On the other hand, the work of [57] showed that better turbulence models (LES) combined
with the same homogeneous cavitation models could provide predictive results in remarkably
good agreement with experimental data, which suggests that the RANS models need to
be primarily improved, more than the cavitation models. Hence, before we investigate the
cavitation{turbulence interaction, it is crucial to have a better turbulence model to take into
account large, fast changes of properties in terms of compressibility and viscosity, and the
uctuations at di erent scales in cavitating ows. Speci cally, the cavitating ow is usually
characterized by strong unsteadiness, the ow separation caused by adverse pressure gradient,
and large pressure/density gradient, while RANS methods perform poorly on the ow with these
characterizations. With the improvement to tackle these issues, the RANS model is possible
to recover the eld information of cavitating ows accurately. Therefore, this work intends
to focus on the optimization of RANS models, more speci cally 2-equations RANS models,
and improve the overall performance with the optimal RANS methods for non-cavitating and
cavitating ows.

To improve the accuracy of simulations for cavitating ows, the conventional approach
is to apply better RANS models proposed in the turbulence community and deduce novel
cavitation models embedding more physical insights into the mass transfer. Di erent works
have been conducted to improve the predictive performance of RANS models based on physical
knowledge. For instance, thek{ , k{! ,andk{! shear stress transport (SST) model were proposed
successively in the past decades and have been introduced in cavitation simulation®7, 84] In
recent years, the hybrid RANS/LES methods, for instance, detached eddy simulation (DES) and
scale-adaptive simulation (SAS) model, which resolve the ow based on local turbulence length
scale, are developed rapidly and used to predict unsteady cavitating ows34]. Nevertheless,
the development of the RANS model has been stagnant for the last two decades. There is still
no universal models that can make a satisfactory prediction at an a ordable computational
cost for di erent types of ows. It is mainly due to that the knowledge about turbulence is
still limited, and also the computational power is not feasible for the high- delity simulation of
ows in industrial applications, which both barrier us to further improve the prediction. Hence,
for speci ¢ ows, we often have to tune the dozens of turbulence models to achieve a balance
between the simulation accuracy and the computational cost, which is very laborious.
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In view of the fact that the development of the physical model has encountered the bottle-
neck, in the past few years, the data-driven methods, including data assimilation and machine
learning, draw more and more attention in the turbulence community. Data assimilation is
widely applied in diverse context (e.g., geoscience, weather forecasting, uid mechanics, etc.).
This method can integrate the low delity simulation with limited observations from experiments
or high- delity simulations, and thus used for di erent purposes, such as state estimation,
uncertainty quanti cation (UQ), and inference of empirical parameters or underlying source
terms in RANS models. Another data-driven method, machine learning, is getting highlighted
in the CFD eld in recent years. Di erent from data assimilation, this technique does not
need to embed the physical model and can build a functional mapping between the input
features and the quantities of interest, e.g., model discrepancy, with o ine training data. It
is very promising to augment the turbulence modeling and construct a predictive model for
the model-form discrepancy based on the underlying model information extracted with data
assimilation.

In this work, we explore to improve the RANS model from two di erent directions: inverse
modeling and empirical modeling. The road map of this work is shown in Fig. 1.3. The
inverse modeling aims to extract the underlying model information from the data, and thus
we can use this information to assist the RANS modelling. While the empirical modeling is to
gain additional physical insight from the data, and further, we can embed the new physical
understanding into the existing models to improve the prediction.

Figure 1.3: Road map of the thesis

As for the inverse modeling, we mainly focus on the data assimilation approach and
investigate the applicability of diverse DA methods into complex CFD problems with the
ultimate goal of improving the RANS models for cavitating ows. In concrete, with the data
assimilation method, we attempt to quantify the unknown model-form uncertainties associated
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with the Reynolds stress (i.e., underlying model corrections, and discrepancy in the Reynolds
stress or the eddy viscosity), based on the high- delity data. These latent elds are not
measurable straightforwardly from experiments, but they embed the main source of model-form
uncertainties we need to quantify.

To achieve the goal, we rst introduce a hybrid data assimilation method, namely ensemble-
based variational (EnVar) method, to improve the simulation in the convergent-divergent
channel, which is extensively used for the investigation of cavitating ows. We incorporate the
high delity data (the DNS results and PIV experimental data) with k{! SST turbulence model
to infer optimal boundary condition and underlying model corrections, thereby improving the
predictive performance in the non-cavitating ows.

Although the EnVar method is robust and can improve the numerical predictions signi cantly,
two issues are observed in the inference results and have to be addressed before further applying
into cavitating ows: one is the ill-posedness of the eld inversion problem, and another one
is the uncertainty information loss. Concretely, when inferring the entire eld from limited
observation, it increases signi cantly the ill-posedness of the inverse problem where many
possible model parameters can result in a satisfactory result in the observation space. That
makes it very challenging to obtain good inferences with existing DA approaches. To this end,
concerning the ill-posedness of the eld inversion problem, we propose a novel ensemble-based
data assimilation technique, namely regularized ensemble Kalman lter, to constrain the analysis
step with auxiliary prior knowledge and thus provide more physical, accurate inference results.
Another issue about the uncertainty information loss is observed in both EnVar and ensemble
Kalman Iter. For the EnVar, the resampling around the updated posterior mean at each
iteration will only retain the sample mean and ignore the statistical information. While the
ensemble Kalman lter is typically adopted for the dynamic systems and will underestimate
the posterior uncertainty when used for the stationary systems due to data repeatedly use. To
this end, we investigate di erent widely used data assimilation techniques and evaluate their
performance as an e cient, approximate Bayesian UQ method for CFD applications.

Regarding the empirical modeling, we conduct the RANS simulation with the advanced
two-equation turbulence model k{! SST and SST-SAS) and compare the results with reliable
X-ray experimental measurements in the cavitating ows. Motivated by the results, we propose
a novel eddy viscosity modi cation to improve the prediction in Reynolds shear stress by further
considering the e ects of cavitation on the boundary layer.

The thesis includes rstly the literature review focusing on di erent data assimilation
methods and their applications since they are the main optimization methods used in this
work. In Chapter 3, a hybrid data assimilation method, namely ensemble-based variational
data assimilation method, is adopted for the Bayesian optimization of turbulent ow in the
convergent-divergent channel. In Chapter 4, a regularized ensemble Kalman method is proposed
to regularize the inference results with additional constraints on the inferred eld. In Chapter 5,
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the performance of di erent ensemble-based data assimilation methods is assessed and discussed
for uncertainty quanti cation problems in CFD applications. In Chapter 6, we evaluate the
performance of di erent RANS methods on the simulation of cavitating ows and propose a
modi cation to better consider the e ects of cavitation on the turbulence. Finally, we summarize

the conclusions and discuss the potentials and challenges in the applicability of data-driven
techniques for future investigations of cavitating ows.



Resune

La cavitation hydrodynamique dans lesecoulements liquides est une vaporisation partielle
obsenee lorsque le liquide subit une chute de pression brutale. Ce plenomnene a ecte les
ecoulements internesa grande vitesse dans les machines tournantes, lesecoulements externes
sur les appendices de bateaux et les sysemes de propulsion et, plus gereralement, tout syseme
hydraulique ai lecoulement est soumisa des acekrations locales. La cavitation est obtenue
dans divers domaines d'application, tels que les telices et les appendices de navires rapides ou de
sous-marins dans le domaine naval, les pompes de centrales nuckaires, les moteurs cryogeniques
dans le domaine spatial, ou encore les barrages hydrauliques. Les principaux e ets refastes
de la cavitation dans ces applications comprennent une perte d'e cacie et le ceclenchement
d'instabilies, de vibrations, de bruit et derosion. Les instabilies sont principalement engendees

par le gradient de pression defavorable dans le sillage de la cavitation, qui induit desecoulements
recirculantsa grandeechelle et le cetachement de nuages de bulles. L'implosion de ces bulles
engendre une combinaison d'ondes de pression et de micro-jets qui impactent de facon epetitive
les parois de l'objet qui induit la cavitation, provoquant notamment les probemes de bruit et
derosion. D'un autre cog, la cavitation peutegalement avoir des e ets positifs dans divers
contextes. Par exemple, la cavitation engendee volontairement au nez des \ehicules sous-marins
peut étre utili’e pour ceer une couche de gaz entre les parois et lecoulement liquide, ce qui
eduit fortement le coe cient de frottement. Il en esulte une baisse importante de la tra'ree,

ce qui augmente sensiblement la vitesse du \ehicule. La cavitation peutegalement étre utilise
pour la lithotripsie via I'onde de pression produite par le collapse des bulles de vapeur. Pour
limiter les e ets regatifs dans certains cas, tout en recherchant les e ets positifs dans d'autres,

il est recessaire de mieux comprendre les mecanismes physiques des instabilies de cavitation,
pour nalement les controler. Quelques exemples d'e ets de la cavitation sont pesents dans la
Fig. 1.4.

Les mesures experimentales et les simulations nurnreriques sont des outils courants pour
etudier lesecoulements cavitants. Les exgeriences dans lesecoulements multiphasiquesa fraction
de videelewee, comme lesecoulements cavitants, sont gereralement di ciles: les mesures non
intrusives bases sur l'imagerie optique, comme la \&locinetrie par Image de Particules (PIV),
sont rendues di ciles par lI'opacie du nelange liquide / vapeur et la forte e exion de toute
lumere incidente sur les bulles de cavitation. Des techniques speci ques doivent étre utiliees,
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(a) Ecoulement cavitant dans une turbopompe (b) Ecoulement cavitant dans une telice

(c) Ecoulement supercavitant autour d'un hy-(d) Erosion par cavitation dans une pompea en-
dropere grenages

Figure 1.4: Exemples d'e ets de cavitation dans les machines hydrauliques. Extrait de [33]

comme l'utilisation de particules uorescentes en PIV, ou l'imagerie par rayons X au lieu
de limagerie optique. Le colt et la complexie de telles experiences rendent les simulations
nuneriques tes attrayantes en tant qu'approche compementaire pouretudier les mecanismes
physiques.

Pour simuler numeriquement unecoulement cavitant turbulent, I'approche la plus courante
consistea coupler I'approche RANS (Reynolds Averaged Navier-stokes equations) avec des
mockles de cavitation ou de changement de phase. Des nethodes de turbulence haute cklig,
telles que la simulation des grandesechelles (LES) et la simulation nunerique directe (DNS),
ontegalementetk introduites dans la simulation de cavitation. Elles fournissent gereralement
des esultats plus pecis pour un cott de calcul beaucoup pluselee. Par exemple, Dittakavi et
al. [36] ont e ectle une LES dans un Venturi en utilisant le mocele dynamique de Smagorinsky,
et ils ont analy® les e ets de la cavitation sur chaque terme dans lequation de transport de
tourbillon. Huang et al. [69] ont e ectie la simulation LES avec le mocdele Wall-Adapting Local
Eddy-viscosity (WALE) sur I'hnydrofoil Clark Y et ont cemonte la forte corelation entre la
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structure de la cavie et celle des tourbillons, par I'analyse de lequation de transport de la
vorticie. Ji et al. [ 74, 76] ontegalement adope le modele WALE pouretudier l'interaction

de la turbulence et de la vapeur en egime de cavitation instationnaire, et ils ont monte que
la cavitation pouvait favoriser la production de vortex. Gnanaskandan et Mahesh $7] ont
utiliee I'approche LES avec un moctle de melange homogene et ont monte que les esultats de

simulation en termes de fraction volumique de vapeuretaient en bon accord avec les donrees
experimentales. Znidace [ 157] a propos un nouvel algorithme DNS rapide pour mieuxetudier
l'interaction cavitation-turbulence. Malge le ceveloppement de ces methodes haute ctlie, elles
ne sont toujours pas pratiques pour de nombreuses applications d'ingenierie, principalement
en raison du cot de calcul prohibitif. Par consequent, la methode RANS est toujours I'outil
principal pour les simulations de cavitation.

Inversement, le cadre actuel combinant I'approche RANS et la mocklisation homogene de la

cavitation ne peut pas, en cereral, pedire avec pecision les dierents egimes decoulements
cavitants. Les moctles de cavitation instationnaires peuvent &tre principalement diviges en:

(@)

(b)

(€)

cavitation attackee / stable : la cavie se forme sur une paroi en raison d'une acekration
locale de lecoulement et reste gereralement stable, avec des uctuations et des detachements
possiblesa dierentesechelles. Ce type de cavitation est illuste dans Fig. 1.5a.

cavitation avec nuages de bulles : la partie principale de la cavitation se detache
periodiquement de la paroi, formant des nuages de bulles a grande echelle qui sont
conveces en aval, ai ils implosent s que la pression augmentea nouveau. Il s'agit du
sclema decoulement le plus agressif en ce qui concerne lerosion induite par la cavitation,
etegalement celui qui gererera des niveauxelewes de bruit, de vibrations et de uctuations
de pression. Ce mockle de cavitation est pesene dans Fig. 1.5b.

cavitation de cisaillement : les structures de vapeur formees sont imnediatement
cetackees de la paroi, et aucune cavie attactee ne peut etre obsenee. Ce type de
cavitation est illuste dans Fig. 1.5c.

(a) cavitation attactee (b) cavitation par nuages de bulles (c) cavitation de cisaillement

Figure 1.5: Les dierents moctles de cavitation. Extrait de [6, 17, 110]

Dans certains cas speci ques comme la cavitation instable, un accord gereral correct avec les
experiences peut étre obtenu B2, 52|, mais les comparaisons locales de la fraction volumique de
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vapeur ou des pro Is de vitesse pesentent gereralement un mauvais accord avec les mesures
experimentales disponibles [L8]. De plus, les autres con gurations decoulements de cavitation,

telles que la cavitation attachee ou la cavitation de cisaillement, ne sont gereralement pas
pedites de fecon satisfaisante [6, 34].

Cette mauvaise performance des nmethodes actuelles peut étre duea de nombreux aspects.

() Premerement, le cadre RANS a des limites interentes en raison de l'utilisation de

(ii)

I'hypothese de Boussinesq et de la notion implicite de turbulence isotrope. Il s'ensuit des
di cules gereralesa pedire la structure desecoulements cavitants. Plus pecisment,

les ecoulements cavitants engendrent gereralement des ecoulements cetactes et des
recirculations lesa un gradient de pression defavorable en aval de la cavike, ce qui est
typiguement une con guration decoulement dans laquelle les moctles RANS ont monte
de fortes limitations. De plus, la plupart de ces moctles ne sont valices que pour des
ecoulements incompressibles simples. Cependant, dans la mocklisation de la cavitation,
I'utilisation de mocdeles homogenes entrane des gradients de densieelewes et de forts
e ets de compressibilie, qui ne sont gereralement pas dans la plage de validie de ces
mockles. En outre, les moceles RANS surestiment gereralement la viscosie turbulente
dans de nombreuses con gurations decoulements cavitantsd7, 35, 155, ce qui conduita
une mauvaise pediction des e ets instationnaires, aussi bien lesevolutions periodiquesa
grandeechelle que les uctuationsa plus haute fequence.

Deuxemement, la plupart des moctles de cavitation existants utilisent une approche
homogene ai la vitesse de glissement entre les deux phases est regligee, la pression est
suppose &tre la méme dans le liquide et la vapeur, et la tension de surface ainsi que les
interactions entre bulles ne sont pas prises en compte. Les moctles couramment utilies
sont baswes soit sur une loi detat pour le nelange (mocele barotrope), des nmethodes
empiriques de cetermination de termes sources de vapeur (telles que le mocdele Merkl&(4],
le mocele Kunz [87]), ou ceduites de la dynamique d'une seule bulle (comme le moctle
Schnerr{Sauer [L2§, mockle Singhal [131])). Plus peciement, le mockle barotrope cecrit
le pfenonrene de changement de phase sur un intervalle de pression pec ni py. Si
la pression locale est superieurea la pression de vaporisation py, + % pv, la densie
locale est consiccee comme liquide pur. A l'oppo<, si la pression locale est inkrieure
a pv % pv, la densie locale est consiceee comme de la vapeur. Entre ces deux limites
de pression, une fonction sinusodale est gereralement utilie pour c nir la transition de
phase. A la dierence du mockle barotrope, les moctles empiriques et les moceles bases
sur la dynamique des bulles estiment la densie du nelange en esolvant uneequation de
transport pour la fraction volumique de vapeur comme:

@

(1.2) @t+r (U)=m"+m ;
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al  est la fraction volumique de vapeur,U est la vitesse,m* et m repesentent
respectivement le terme source de vaporisation et de condensation. Un avantage de ces
nmethodes, par rapport au mockle barotrope, est que les processus de vaporisation et de
condensation peuvent étre pris en compte £paement, aveceventuellement un cecalage
entre les variations de pression et de densie. La dierence entre le mocele empirique et le
mockle base sur la dynamique des bulles eside dans la technique d'estimation du taux de
vaporisation et de condensation. Les modtles empiriques sont bass sur la dierence entre
la pression locale et la pression de vapeur saturante. Des coe cients (constantesyroq et
Cgest, Sont introduits pour contréler respectivement I'amplitude du terme de vaporisation

et de condensation. Les moctles bass sur la dynamique des bulles sont ceduits quanta
eux de lequation de Rayleigh-Plesset, qui decrit le comportement d'une bulle splerique
dans un champ de pression. Sur cette base, les termes de vaporisation et de condensation
dans Eqg. 1.2 sont moctliees en supposant que les bulles dans lesecoulements cavitants
sont spleriques et ont toutes le méme rayon initial. Gereralement, ces moceles incluent
des hypotreses fortes (bulles qui n'interagissent pas et ne se ceforment pas) pour pouvoir
étre appligiesa des nuages de bulles de vapeur.

(i) De plus, il aee cemonte par de nombreux travaux qu'il existe de fortes interactions
entre turbulence et cavitation. Par exemple, la cavitation peut provoquer la production de
vorticie [ 74], augmenter lepaisseur de la couche limite turbulente L27] et provoquer une
dissipation suppementaire [35]. Des modi cations sgeci ques des moctles de turbulence
standard pour prendre en compte ces interactions doivent étre appliqiees mais recessitent
encore des investigations suppkmentaires.

En conclusion, la physique de la turbulence et de la cavitation est loin d'@tre comprise
enterement, sans parler de l'interaction entre la cavitation et la turbulence. Aneliorer simul-
tarement I'e cacie du mockle de turbulence et du mockle de cavitation est jusqua pesent
trop ambitieux. D'un autre cok, les travaux de [ 57] ont monte que de meilleurs mockeles de
turbulence (LES) combires avec les mémes mockles de cavitation homogenes pouvaient fournir
des esultats pedictifs en tes bon accord avec les donrees exgerimentales, ce qui suggere que
les mockles RANS doivent étre principalement anelioes, plus que les mockles de cavitation
eux-mémes. Par conequent, avant detudier l'interaction cavitation-turbulence, il est crucial
d'avoir un meilleur moctle de turbulence, pouvant prendre en compte les changements impor-
tants et rapides de proprees en termes de compressibilie et de viscosig, et les uctuationsa
dierentesechelles desecoulements cavitants. Plus peciement, lesecoulements cavitants sont
gereralement carackeries par une forte instabilie, une sparation cause par un gradient de
pression cefavorable, et des variations rapides de densie et de pression, alors que les nethodes
RANS fonctionnent mal sdan ces conditions. Ce travail visea se concentrer sur |'optimisation
des moceles RANS, plus speci quement les moceles RANSa 2equations, eta aneliorer les
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performances globales par des nethodes d'assimilation de donrees en conditions non cavitantes
et cavitantes.

Pour aneliorer la pecision des simulations des ecoulements de cavitation, I'approche
conventionnelle consistea appliquer de meilleurs moctles RANS proposs dans la communauge
de la turbulence eta deduire de nouveaux moctles de cavitation inegrant davantage de
physique dans I'expression des termes de transfert de masse. Dierents travaux ontee meres
pour aneliorer les performances pedictives des modtles RANS bass sur les connaissances
physiques. Par exemple, les mocklek- , k-! et k-! shear stress transport (SST) ontek
appligLees successivement ces derneres cecennies aux simulations de cavitation. Recemment les
nmethodes hybrides RANS/LES, telles que Detached Eddy Simulation (DES) et Scale-Adaptive
Simulation (SAS), qui prennent en compte uneechelle des turbulence locale, se sont ceveloppee
rapidement et ontee appliguees auxecoulements instationnaires cavitants [ 34]. Neanmoins,
le ceveloppement du modtle RANS stagne depuis deux decennies. Il n‘existe toujours pas de
mockles universels capables de faire une pediction satisfaisantea un coat de calcul abordable
pour dierents types decoulements. Cela est principalement dd au fait que les connaissances
sur la turbulence sont encore limiees et que la puissance de calcul n'est pas ealisable pour la
simulation haute celie desecoulements dans les applications industrielles. Par consequent,
pour des ecoulements sgeci ques, il est souvent recessaire de tester dierents moctles de
turbulence et choisir nalement un compromis entre pecision de la simulation et le colt de
calcul, ce qui est tes laborieux.

Compte tenu du fait que le developpement des moctle physique a stagre au cours des
derneres anrees, les nethodes bases sur l'analyse de donrees, y compris lI'assimilation de
donrees et lI'apprentissage automatique, attirent de plus en plus l'attention dans la communaug
de la turbulence. L'assimilation de donrees est largement appligee dans divers contextes (par
exemple, geoscience, pevisions nmetorologiques, necanique des uides, etc.). Cette nmethode
peut inegrer la simulation basse cliea des observations limiees issues d'experiences ou de
simulations haute clie, et elle est utilisee pour la quanti cation de l'incertitude (UQ) et la
cetermination de paranetres empiriques ou de termes sources sous-jacents dans les mockles
RANS. Une autre nethode, l'apprentissage automatique, aemerge dans le domaine de la
CFD ces derneres anrees. Dierente de l'assimilation de donrees, cette technique n'a pas
besoin d'incorporer le mocele physique et peut ceer une correspondance fonctionnelle entre les
caraceristiques d'entee et les quanties d'inerét. Il semble tes prometteur de combiner les
deux approches, i.e.aneliorer la moctlisation de la turbulence et construire un mockele pedictif
sur la base des informations du mockle sous-jacent extraites avec I'assimilation des donrees.

Dans ce travail, nous explorons l'anelioration du moctle RANS par deux techniques
dierentes et compementaires : la moctlisation inverse d'une part, et une approche empirique
d'autre part. La feuille de route gererale de ce travail est pesenee sur la Fig. 1.6. La mocklisation
inverse visea extraire des informations suppementaires sur le mocelea partir de comparaisons
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entre calculs et mesures de etrence, et ainsia aneliorer la mocelisation RANS. La mocklisation
empirique quanta elle visea obtenir une meilleure compehension de la physique, pour l'inegrer
dans les moctles existants et aneliorer la pediction.

Figure 1.6: Feuille de route de la trese

En ce qui concerne la mocklisation inverse, nous nous concentrons principalement sur
I'approche d'assimilation de donrees (DA) etetudions I'applicabilie de diverses nmethodes DA
dans des probemes CFD complexes, dans le but nal d'aneliorer les mockles RANS pour les
ecoulements cavitants. Concetement, avec la methode d'assimilation de donrees, nous essayons
de quanti er les incertitudes du moctle assocees aux composantes du tenseur de Reynolds
(i.e.,les corrections du moctle et lesecarts dans le tenseur de Reynolds ou la viscosie turbulente),
sur la base de donrees haute clie . Ces champs ne sont pas mesurables directementa partir
d'experiences, mais ils inegrent la principale source d'incertitudes du mocele, que nous devons
guanti er.

Pour atteindre cet objectif, nous introduisons d'abord une nethode hybride d'assimilation
de donrees,a savoir la nethode variationnelle base sur I'ensemble (EnVar), pour aneliorer
la simulation dans le canal convergent-divergent, qui est largement utilisee pour letude des
ecoulements de cavitation. Nous incorporons les donrees haute ctlie (les esultats DNS et les
donrees experimentales PIV) avec le mocele de turbulence k{! SST pour ceduire la condition
aux limites optimale et les corrections du mockle sous-jacent, aneliorant ainsi les performances
pedictives dans lesecoulements sans cavitation. .

Bien que la nethode EnVar soit robuste et puisse aneliorer consicerablement les pedictions
nuneriques, deux probemes sont obsenes dans les esultats d'inerence et doivent étre esolus
avant de s'appliquer plus avant auxecoulements cavitants: d'une part le probkme d'inversion
de champ est mal pose, et d'autre part on observe une perte d'information sur l'incertitude.
Concetement, quand on inére un champ completa partir d'observations limiees, de nombreux
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paramnetres dierents du mocele peuvent aboutir a un esultat satisfaisant dans l'espace
d'observation. Il est donc tes di cile d'obtenir de bonnes inkrences avec les approches DA
existantes. Pour esoudre ce probeme, nous proposons une nouvelle technique d'assimilation de
donrees base sur une nethode d'ensemble,a savoir un ltre de Kalman d'ensemble egularis,
pour contraindre letape d'analyse avec des connaissances pealables auxiliaires et ainsi fournir
des esultats d'inerence plus physiques et plus pecis. . Un autre probeme concernant la perte
d'informations d'incertitude est obsenea la fois dans EnVar et dans le Itre de Kalman. Pour
I'EnVar, le eechantillonnage autour de la moyenne poserieure misea joura chague ieration

ne conservera que la moyenne de lechantillon et ignorera les informations statistiques. Alors
que le ltre de Kalman d'ensemble est gereralement adope pour les sysemes dynamiques et
sous-estimera l'incertitude poserieure lorsqu'il est utilie pour les sysemes stationnaires en
raison de l'utilisation epete des donrees. A cette n, nousetudions dans ce memoire dierentes
techniques d'assimilation de donrees largement utilies etevaluons leurs performances en tant
gque nethode bayesienne e cace pour les applications de CFD.

En ce qui concerne la mocklisation empirique, nous e ectuons la simulation RANS avec des
mockles de turbulencea deuxequations (k-! SST et SST-SAS) et comparons les esultats avec
des mesures exgerimentales par imagerie de rayons X ables dans lesecoulements de cavitation.
Sur la base de ces esultats, nous proposons une nouvelle modi cation de la viscosit turbulente
pour aneliorer la pediction de la contrainte de cisaillement de Reynolds en consicerant
davantage les e ets de la cavitation sur la couche limite.

La these comprend tout d'abord une revue bibliographique portant sur les dierentes
nethodes d'assimilation de donrees et leurs applications car ce sont les principales nethodes
d'optimisation utilies dans ce travail. Dans le chapitre 3, une nmethode hybride d'assimilation
de donrees,a savoir la methode d'assimilation d'ensemble de donrees variationnelles, est adopee
pour l'optimisation bayesienne de lecoulement turbulent dans un canal venturi convergent-
divergent. Dans le chapitre 4, une methode de Kalman egulariee est propose pour egulariser
les esultats d'inkrence avec des contraintes suppementaires sur le champ deduit. Dans le
chapitre 5, la performance de dierentes nethodes d'assimilation de donrees bases sur un
ensemble estevaliee et discute pour les probemes de quanti cation de l'incertitude dans les
applications CFD. Dans le chapitre 6, nousevaluons les performances de dierentes methodes
RANS sur la simulation desecoulements cavitants et proposons une modi cation pour mieux
prendre en compte les e ets de la cavitation sur la turbulence. En n, une synttese des travaux
clot ce nemoire, au les probemes subsistants et les champs d'applications des techniques
d'assimilation de donrees sont discues pour le cas particulier desecoulements cavitants.
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Chapter 2

Review of Data Assimilation
Methods

2.1 Introduction

Data assimilation (DA) is widely used in the eld of geoscience and meteorology to seek for the
optimal state estimate via combining the theoretic/physical model with sparse observations.
Also, it has been increasingly leveraged for the inference problem, for instance, to determine
the initial or boundary condition or nd out optimal system parameters with consideration of
available data. This technique can be applied for either dynamic or stationary systems, and in
this work, we focus on the stationary scenario. Numerous methods mainly based on Kalman
Iter and variational method have been developed. In this chapter, we give a brief review of
di erent data assimilation schemes mainly for the time-independent scenario, with emphasis on
the DA schemes adopted in the present work.

2.2 Data assimilation problem statement

The problem we intend to solve with DA can be brie y sorted by three di erent purposes.
First is the state estimation problem to estimate the state of the system by reducing the
mismatch between the model forecasting and the observation. The second is Bayesian uncertainty
guanti cation problems where the interest is not only to capture the most con dential value
(mode) but also estimate the posterior statistics of the state inputs as well as the model
outputs with given noised data. The nal one is the inference problem to infer the latent eld

or parameters of interest by incorporating the observation data. Before illustrating the DA
problem, two sources of information, i.e., the model and the observation, need to be further
explained. The model is the theoretical/physical description of the system but inaccurate to
some extent, for instance, the RANS model in CFD applications. The observation is thentuitive
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description via observations or measurements on the system. Conventionally, the model and
observation are both discretized in space, as we will do in this work.

In the discrete formulation, it is assumed that the state of the system, for instance, the uid
velocity , can be expressed ag 2 RM whereM is the dimension of the state after discretization.
The forward model is to propagate the state vector into the observation space, which can be
expressed as:

(2.1) 9= H[X];

whereH : RM I RP is generally the nonlinear model operator mapping the state space to
observation space. Note that the model hereby is the perfect model, and the model error is
not considered in this thesis. The noised observations can be represented as the observation
vector y, 2 RP and formulated as:

(2.2) Yo= HIX"]+ ;

where is the observation noise, accounting for the epistemic and aleatoric uncertainty in the
measurements as well as the de ciency of the observation operatox' is the reference trajectory
projecting to observation via the operator H. In most cases, the dimension of the state vector is
much higher than that of observation, i.e., M >> D . The information from data is insu cient

to fully describe the system, and DA is capable of utilizing these information to propagate from
observed to unobserved areas and estimate the state of the system by incorporating the model.
The theoretical foundation of DA is the Bayes' theorem as:

p(y j X)p(x) .

p(y)
where p(x) is the prior distribution, re ecting the knowledge before taking the new observation
into account, p(y j X) is the likelihood of data contlj_{tioned on the state x of the system, andp(y)
is the marginal distribution of the data, p(y) = p(yj X)p(X)dx. It can be simply illustrated
as the posterior distribution is proportional to the prior and the likelihood of data given the
system model. Note that the distribution p(y) is independent on the statex and can be regarded
as a normalization constant. To obtain the full distribution of posterior, it typically needs at
least millions of samples, which is not practical for most partial-di erential-equations-based
systems. To this end, in data assimilation, maximum a posteriori (MAP) estimate is used to
capture the peak of the posterior instead of the full posterior distribution, thus reducing the
amount of the sampling. Therefore, presuming that the prior and posterior are both Gaussian
distributed, the problem can be formulated as:

(2.3) p(xjy) =

(2.4) Pxjy)/ p)p(yjx) = e’

In the above formula, J is the cost function as:
1 1
(2.5) Jzékxa Xt k%+§ky H [®]K3;
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where P is the model error covariance,R is the observation error covariance k k/iz >A 1
and the superscripta and f stands for analysis and forecast, respectively. Therefore, the DA
problem is equivalent to nd the optimal state vector x to minimize the cost function and
reduce the mismatch with data in the observation space.

In the following sections, we give a brief review of di erent data assimilation techniques,
including the variational DA methods, ensemble-based DA methods, hybrid DA methods, and
the particle lIter.

2.3 Variational data assimilation method

The variational data assimilation method equates the maximum a posterior estimation as
the minimization of the cost function (2.5) under the Gaussian assumption on the prior and
likelihood function. To minimize the objective function J, the 3D variational data assimilation
method [24] adopts the gradient-based optimization technique. The gradient of the cost function
can be derived by di erentiating (2.5) with respect to the state x? as follows:

(2.6) rd=pP @ xH)+(HP) R Yy H pA);

where the H9x?] is the Jacobian of the observation operator. At the minimum, the gradient
should vanish as zero. Hence, we can obtain the optimal point from:

(2.7) P x)y= (HDP)R Yy H DA):

The value that minimizes the cost function corresponds to the mode of the posterior distribution.
For dynamic systems, the forecast model need to be embedded to propagate the system state in
time. Thus, the 3DVar can be extended to be 4DVar method (e.g.,$3, 136 158) by introducing
Lagrangian associated with the forecast model. The reader is referred t&/()] for further detalils.
Numerous works based on the variational method have been investigated in CFD applications.
For instance, Gronskis et al. p1] used variational methods to infer in ows and initial conditions
for DNS simulations. Foures et al. p1] proposed a DA framework based on the variational
formulation to reconstruct the mean velocity eld by nding the optimal forcing term. Mons et
al. [107] applied the variational DA method to reconstruct the ow around a cylinder in the
presence of coherent gust, through inferring the inlet and initial conditions. Symon et al. 134
reproduced the ow over an idealized airfoil by incorporating the PIV experimental data with
the variational method.

2.4 Kalman lter

The original Kalman Iter [ 78] can be derived from the Bayesian formulation under several
assumptions (i.e., the statistical error is Gaussian, both observational and dynamical models
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are linear). Accordingly, the dynamical and observational models can be rewritten as:

Xk = Mk 1% 1+ k;  k N (0;Qk)

Hx« + «; «k N (O;R«);

(2.8)

Yk

where Q is the dynamic model error covariance, the dynamic model error x and observation
error i are subjected to zero mean multivariate normal distribution N . The derivation is similar
to variational method through equating the MAP to the minimization of the cost function, and
the details are omitted for clarity. The Kalman lter can be divided into two steps: the forecast
step and analysis step. The forecast step is to propagate the current state and covariance matrix
to the next time as:

(2.9) X = M@ Pl = MPEME + Qe
The analysis step is to update the state and covariance through:
Kk = PRH™ (R+ HPLH) ?
(2.10) X=X+ Kelye  HX)
a=(1  K¢H)PL

Given the model operator (H, M), error covariance matrix (Q, R), and initial state mean Xg
and covariancePy, the Kalman lter can sequentially estimate the state by assimilating the
available data. The solution of the Kalman lter is also known as the Best Linear Unbiased
Estimator (BLUE) [4].

However, the Kalman Iter is not practical to be applied for large scale problems like uid
mechanics. Because it needs store and propagate in time the covarian® which presents a
daunting computational burden [50]. Hence, the reduced-order Kalman lter is proposed when
applying to CFD problems. For instance, Lee et al. PQ] derived a feedback controller for drag
reduction of turbulent channel ow. They applied a reduced model of the linearized Navier{
Stokes equations to reduce the dimension of the system. Meldi and PouX (( proposed the
reduced-order Kalman lIter based on the model reduction strategies to reduce the computational
cost. The framework has been further applied in di erent ow con gurations, including three-
dimension unsteady ows.

2.5 Ensemble-based data assimilation methods

Ensemble-based DA method is an approximate Bayesian method with the Monte Carlos
technique. The model error covariance is estimated with limited samples. This type of method
includes ensemble Kalman Iter or smoother and its variants. Here, we give a review of three
widely used ensemble-based DA methods, namely ensemble Kalman lter, ensemble randomized
maximum likelihood method, and ensemble Kalman Iter with multiple data assimilation.
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2.5.1 Ensemble Kalman lter

Among the ensemble-based DA methods, the most extensively used one is ensemble Kalman
Iter or smoother [ 48]. The di erence between ensemble Kalman Iter and smoother is that
ensemble Kalman Iter utilizes the data sequentially, while smoother consider the data at all
times simultaneously. This method is motivated by the Kalman Iter [ 140 which is derived from
Bayesian formulation for linear systems under Gaussian assumption. It was initially proposed
by Evensen 7] and further revised with an ensemble observation to avoid too low posterior
variance by Burger et al. [L5]. The method uses the Monte Carlo technique to prescribe the prior
statistics around the rst guess, and thus the error statistic is represented with an approximate
ensemble state instead of storing the full covariance matrix. The state matrix can be expressed
as:

(2.11) X =t gy ;

where M is the ensemble sizej is the iteration index, j is the sample index. Further, the model
error covarianceP; can be represented as:

1
M 1

(2.12) Pi= 00 NG XD

where Xif is the mean of the ensemble(if :
(2.13) X = x-f;- :

The update scheme for each ensemble sampig at the time i can be formulated as:

a _ J foy.
(2.14) X = X5t KQyig  HX);
whereK is the Kalman gain matrix K = P;H> (HP;H> + R) 1, H is the tangent linear observation
operator, and y;; is the ensemble observation through adding the perturbation subject to
Gaussian distribution with zero mean and covariance matrixR to the measurementy,. The
equation (2.14) can imply that the ensemble mean is updated in the similar form. It is shown
by Evensen [46] and Burger [15] that the analyzed covariance matri? can be derived as:

(2.15) P*=(1 KH)P';

which proves that the ensemble Kalman Iter is consistent with the Kalman lIter. Since the
covariance represented by the ensemble anomalies will be rank-de cient to substitute the full
rank true one, it usually has to introduce the localization [65, 68, 115 and in ation [ 3, 92, 106
technique to consider the spurious correlations between the elements of the state variable. A
body of work has explored to apply the EnKF into CFD problems for state estimate, inference as
well as inverse uncertainty quanti cation. For instance, Colburn et al. [23] leveraged the EnKF
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to estimate the turbulent channel ow at a low Reynolds number based on wall information.
Kato et al. [79] used the EnKF to determine the optimal empirical parameters in the Spalart{
Allmaras turbulence model. Xiao et al. [14§ applied the method to quantify and reduce the
model-form uncertainty associated with Reynolds stress.

2.5.2 Ensemble randomized maximum likelihood

The ensemble randomized maximum likelihood (EnRML) method was initially proposed by
Gu et al. [62] to address the data assimilation application with nonlinear system models. They
demonstrated the methods could have better results for nonlinear problems than the EnKF
approach. Essentially, the state variable in this DA scheme is updated iteratively to minimize
the cost function (2.5) via the Gauss{Newton method as:

(216) X?,] = le,j + (%ﬁ) 1%‘]’

where is the parameter to adjust the step length. The derived update formulation can be
expressed as follows:

>

(2.17) = xg; (@ ) Po(HD D7 (R+(HDX; ) PoH T D)
HIGT % H D100 xg);

where Py is the initial ensemble covariance which is not changed with iterations, andH9x] is

the sensitivity matrix which is computed from the ensemble realizations at every iteration by
solving:

(2.18) d=HPX] x:

In the above formula, di and x; are deviation realizations of the predicted data and the
deviation realizations of the state variables from the mean, respectively. The singular value
decomposition is usually needed to calculate the inverse of x; since it is not full rank. The
approximate sensitivity matrix is not accurate as the analytic gradient with adjoint code unless
the ensemble variability is small and the ensemble size is large.

For highly nonlinear systems, it is necessary to iteratively update the state vector in order
to have a satisfactory data match. Because the nonlinearity will increase the number of local
minimums, and thus it is inevitable to have a \many to one" mapping and accordingly increase
the ill-posedness of the problem. On the other hand, EnKF can be regarded as a full step
of Gauss{Newton analysis where the linearization is introduced to circumvent the adjoint
code j9, to the optimal point, which may change the solution of the nonlinear problem. The
EnRML method leverages the Gauss{Newton to iteratively update the state variables, thus
partly keeping the nonlinearity of the problem. Further, Chen and Oliver [20] describe the
batch-EnRML as the iterative ensemble smoother to assimilate the data at di erent times for
the highly nonlinear problem. This method has been applied extensively for history matching
problem [21, 111] but has not gained attention in the CFD community.
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2.5.3 Ensemble Kalman Iter with multiple data assimilation

EnKF can be regarded as the Gauss{Newton method, where the averaged sensitivity matrix
and a full step in the search direction are adapted. While a full Gauss{Newton step in the early
iterations may arise overcorrections on the state variables when the model output is far from
the data. From this point of view, Emerick et al. [44] proposed the ensemble smoother with
multiple data assimilation to alleviate the drawbacks by in ating the observation errors. They
demonstrated the outperformance of EnKF-MDA to EnKF for data match and uncertainty
quanti cation.

From the Bayesian formulation, it can be illustrated to represent a single EnKF step with
recursion of the likelihood as:

) Nyﬁda ) 1

(2.19) fxjy)/ f(x) fyjHX 1)
i=1
. . PN . . . .

The parameter ; is subjectto ;27 ; =1 where Npyqa is the total iteration number in one
data assimilation window. The model and observation error covariance is estimated the same
as in EnKF. Further, we can obtain the analysis scheme of EnNKF-MDA as:
(2.20) X = K+ P (HPH + R) Ld+ P Ty HY)
The choice ofNga Can be constant or a decreasing function which need some trials and errors.
Le et al. [89] proposed an adaptive ensemble smoother with multiple data assimilation to
adaptively choose the in ation factor.

2.6 Hybrid data assimilation methods

Variational DA methods and the ensemble-based DA methods are now both intensively used.
Ensemble-based DA methods aforementioned only perform the linear update in the search
direction. Hence, for the nonlinear scenario, the variational method with optimization techniques
can outperform to ensemble methods. On the other hand, variational methods need much extra
e ort for the adjoint code to calculate model derivation, while ensemble-based DA methods can
give an estimation of the model gradient with the ensemble realizations, thus circumventing
the need for the adjoint model. This motivates the occurrence of the hybrid data assimilation
method to combine the variational methods and the ensemble-based methods, thereby keeping
the merits from both. In this section, we give a brief introduction to three commonly used
hybrid methods.

2.6.1 Hybrid methods

From Bayes' formulation, the posterior is analyzed from prior explicitly. Hence, the posterior
results with data assimilation are very sensitive to the prior statistics. That is, the proper prior
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statistics is critical for the performance and robustness of the Bayesian analysis. However, to
characterize the prior statistics is signi cantly dicult [ 5]. To this end, Hamill and Snyder [64]
proposed to blend the model error covariance from the variational method and that one from
the ensemble-based DA method as:

(2.21) P= B+ )X'(x');

whereB is the error covariance as in variational DA method andX' is the matrix of the ensemble
anomalies. By changing the from O to 1, the covariance changed from the ow-dependent,
ensemble-based covariance to the original covariance used in variational DA scheme. By doing
so, the model covariance does not strictly depend on either of these two approaches, and the
sampling error in the ensemble-based statistics can be alleviated by the added variational
method. Zhang and Zhang 151] coupled the EnKF with 4DVar and demonstrated that this
hybrid method is more e ective than the EnKF and 4DVar on a Lorenz96 model.

2.6.2 Ensemble-based variational methods

The notable weakness of the variational method is the demand for the adjoint code, which needs
the tedious task for complex computational models. While the ensemble-based method can give
an estimation on the model derivative with the Monte Carlo samples, thereby circumventing
the adjoint code, but use the optimization method implicitly. The ensemble-based variational
method [94] is proposed to combine the variational data assimilation method with EnKF.
The prior statistics are estimated with the Monte Carlo sampling technique, and the adjoint
operator is estimated by the ensemble samples as the ensemble-based methods. Under several
mild assumptions, this method transforms the problem to be the optimal control problem
where the optimal control vector can be searched in the subspace with the explicit optimization
approach, such as Gauss{Newton or BFGS method. On the other hand, only the ensemble
mean is updated, and the distributions are re-estimated at each DA iteration, which can ease
the in uence from the improper prior and sample collapse.

In the EnVar scheme, the ensemble of state vector can be expressed as

(2.22) X=X+ E°;

where is the control vector. Eis the ensemble anomalies as:

(2.23) EO0=(X: X;Xo X;::i:Xw  X):

Further, the cost function J is formulated as:

%kx Xk,%+% kd yKka;

whered is the RANS realizations in observation space based on state vectet, y is the observation.

(2.24) J=

The di erence between RANS prediction in observed quantities and the observation, weighed
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by the ensemble covariancé® and observation error covarianceR, respectively.d can be realized
by the linearizations as in the following formulas:

(2.25) d= H[X]+ HO°

(2.26) HO=(H[Xy H [XEH[X2] H [X];::HXm] HO[X]):

Using P' ———<E®E® and substituting X with Eq. (2.22), the cost function in Eq. (2.24)

can be rewritten as a quadratic equation on control vector :
1 s 1 0 5
(2.27) J= é(M 1) + ékH [X]+ H YKg:

The gradient and Hessian ofJ can be derived as:

(228 (M D) HERHXIFHO )
@j— 0>p 1yao
(2.29) G =(M DI+ HR I

In order to minimize the cost function (2.27), one iteration of gradient (downhill) method is
performed with Eqg. (2.28) and Eg. (2.29). The obtained is used to update the state vector
according to Eq. (2.22).

2.6.3 lterative ensemble Kalman lIter

Sakov et al. [L26] proposed the iterative ensemble Kalman Iter to address the strongly nonlinear
system. They [L2] further extended the approach as the iterative ensemble Kalman smoother to
be comparable to 4DVar. To be simpli ed, the associated cost function for a stationary system
can be formulated as:

(230) J:% >+ ky H [X+ EO]kZ,

where is the control vector, ECis the ensemble anomaliesH is system model which map the
state to the observation space.

The minimization of the cost function can be performed in the subspace spanned by the
ensemble realizations with di erent optimization approaches, such as Gauss{Newton methodl[0],
Levenberg{Marquardt method [96], or the trust{region method [124]. Similar to EnVar, the
update scheme with Gauss{Newton method can be formulated as:

@i ‘@
@ @
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However, the implementation of estimating HE Y is di erent from the EnVar based on the
linear assumption. Sakov et al. advocate to use the nite-di erence estimate of the tangent
linear operate as follow:

1 1
(2.32) HO= & H X+"E® —H X+'E®1 ;

wherel =[1;1;:::;1] is the vector of M, and" 1 is the scaling factor orbundle variant.
The anomalies update is computed using an approximate Hessian of this cost function, using
the retrospective ensemble analysis as:

@ j 1=2
@

where U is the orthogonal matrix. IEnKS is well understandable at the theoretical level, and

(2.33) gG = Py g0 U;

its performance has been supported by many numerical evidence (Lorenz models0[ 11], 2D
turbulence [12] and 2D barotropic vorticity model [ 9]). It not only can keep the merits of 4DVar
for nonlinear problems and but also that of EnKF for the ow dependence of the error statistics.

2.7 Particle Itering

The above derived ensemble-based methods are all the approximate Bayesian methods based
on several mild assumptions (e.g., the linearization and the Gaussian distribution). As for the
exact Bayesian analysis, the big obstacle is the calculation of conditioned probability density,
at least for the high dimension cases. Moreover, within the approximate Bayesian method,
the Gaussian assumption is applied for the prior and likelihood function. That may lead to
wrong solutions when considering the strong nonlinearity and the non-Gaussian distribution in
many realistic systems. Hence, the direct approach, namely particle lter (PF) or the sequential
Monte Carlo, is proposed in the data assimilation community and worth attention for future
investigations.

In PF, the posterior distribution can be expressed as a weighted sum of delta{Dirac masses.
Each one is centered orx}.

X
(2.34) P(X J Yk 1) = P OSSO
n=1

wherex" refers to the n th particles (i.e.,ensemble samples)yy: is the sequence of the observation
from the far past to the current time K, yk: = Vk;V¥k 1;::::Yo. is the Dirac measure at the

(2.35) 10 =1



2.7. PARTICLE FILTERING

The analysis step in particle Iter is constructed from the Bayes theorem:
H H HEW >(\I n HEV n
(2.36) POK J Vi) 1 PO Yk 1)P(OYk I X)) = e 1PV ) X)) (X Xk):

n=1

Thus, the normalized importance weights can be expressed:

(2.37) A (TSR HE

The proportionality factor in the above formula needs to take into account the condition that
the normalized updated weights summing up to 1. By applying Chapman-Kolmogorov equation,
the analysis can be further simpli ed as:

Z
P(Xi+1 J V) = AXieP(X+1 § Xi)P(Xic | Yic:)
W Z
(2.38) = X P(k+1 J XM R (% XQ)
n=1
= FRPOr1 | XQ):
n=1

There are two approaches to implement the particle Itering. One is sequential importance
sampling (SIS) particle Iter or bootstrap PF [ 59] to obtain a delta-Dirac pdf from Eq. (2.38).
For each particle, we samplexy,, from the density p(xx+1jX;) by simply forecasting x; from ty
to tx+1 using the (possibly stochastic) model associated with the transition densityp(Xx+1 jXk),
which yields:

(2.39) P(Xk+1 | Yk:) X GOSN Y

n=1
The another one is sequential importance resampling PF which add the resampling step before
the forecast to avoid the sample degeneracy. That is, when the e ective particle number is less
than the threshold one, we need resampl&l particles from current statistic with consideration
of their importance weight to replace the origin particles. Then the equivalent weight! = 1=N
is put on these new particles which yields:

(2.40) P(Xk+1 Yk:) (Xk+1  XRs1)

n=1
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Chapter 3

Bayesian Optimisation of RANS
Simulation with Ensemble-based
Variational Method In
Convergent{Divergent Channel

3.1 Introduction

Despite signi cant development of Computational Fluid Dynamics (CFD) for several decades,
the high- delity resolution Direct Numerical Simulation (DNS) and Large Eddy Simulation
(LES) is still computationally intractable for most applications, especially with high Reynolds
numbers. Reynolds-Averaged Navier-Stokes (RANS) simulation will remain dominant for
industrial applications in the near future. However, it has been noted that RANS model cannot
make accurate predictions for the turbulent ows in the convergent-divergent channel where
there exist mean curvature and pressure gradient, due to the ambiguous boundary condition
and the inadequate turbulence model. On the other hand, experimental investigations have
to be faced with the challenges of the sparse measurements in the limited observable eld,
noise contamination and insu cient resolution for the small scale ow. To address these issues,
data assimilation (DA) approach widely used in the oceanography and geography gains the
spotlights over the past few years in the turbulence community. Based on Bayes theorem, data
assimilation can integrate the low- delity RANS calculation with the high- delity resolution
from LES/DNS or sparse experimental measurements to infer the unknown boundary condition
or underlying model information and thus optimize the RANS predictions.

Data assimilation can be sorted by variational data assimilation method, Ensemble Kalman
Filter (EnKF) method, and hybrid methods. All these methods leverage the Maximum a
Posteriori (MAP) estimation, while in the variational method, MAP is formulated as the
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minimization of the cost function through adjoint optimal least square techniques. A body
of works based on the variational method has demonstrated its inferential performance and
robustness to replicate the ow status. A. Gronskis et al. [61] established a data assimilation
framework based on the variational method incorporating with adjoint optimization method
to generate the in ows condition for DNS. Foures et al. p1] applied the variational method
to minimize the discrepancy between the time-averaged velocity elds of a DNS resolution
and an incompressible RANS simulation for the two-dimensional ow past a circular cylinder
at a Reynolds number ofRe = 150. S. Symon et al. [L34] applied the variational method to
reconstruct the ows with relatively high Reynolds number of 13500 around an idealized airfoil
by assimilating the mean velocity eld from time-averaged Particle Image Velocimetry (PIV)
measurements.

Also, the EnKF method where the state statistics are updated with an ensemble of realizations,
have been intensively applied to quantify and reduce the uncertainty in RANS simulation.
Colburn et al.[23] used EnKF to estimate the near-wall turbulent ow based on the wall
information from DNS resolution. Kato and Obayashi [79] applied EnKF to infer the optimal
parameters in the Spalart-Allmaras turbulence model for zero-pressure gradient at plate
boundary layer at Mach number of 0.2 and Reynolds number of 5 10°. They [80] also used
the Ensemble Transform Kalman Filter to integrate the CFD and experimental uid dynamics
(EFD) to replicate the transonic turbulent ows over RAE 2822 airfoil and ONERA M6 wing
through estimating the proper angle of attack, Mach number, and turbulent viscosity. Xiao et
al. [148 introduced uncertainty in Reynolds stress directly and adopted an iterative ensemble
Kalman method to reduce the model-form uncertainty in k- model for the ow over periodic
hills and the ow in a square duct by assimilating very sparse observations.

Despite both the variational data assimilation method and EnKF have demonstrated their
applicability for the Bayesian optimization of CFD problems, the intrusiveness of variational
method makes it di cult to implement, and the high sensitivity to the prior statistics for
EnKF causes the inference results prone to be inferior. Recently, a hybrid method, namely
ensemble-based variational method(EnVar), gains attention to solve the inverse problem for
CFD simulation with both robustness and non-intrusiveness. Mons et al. 107] rst explored
the applicability of this kind of data assimilation technique into unsteady ows with coherent
gust and assessed the robustness of variational data assimilation method, Ensemble Kalman
Smoother and EnVar method to reconstruct the ows around a cylinder. They demonstrated
that the ensemble-based variational method could be robust as the variational method and
circumvent the e orts on the adjoint model by estimating the prior statistics with ensemble
realizations. Meanwhile, the inferential performance can be very satisfactory and is not very
sensitive to prior and observation statistics comparing to ensemble Kalman smoother.

The current study investigates the applicability of the ensemble-based variational method
to optimize the RANS simulation from the perspective of inferring improved inlet boundary
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condition and underlying model corrections by incorporating with DNS resolution or sparse
experimental observation. The test cases from low dimension (D=20) to high dimension
(D=2400) of input parameters all demonstrated the merits of the proposed approach. It is
worth noting that the limited observation from the PIV experimental measurements is also
integrated with RANS simulation to recover the ow status.

The rest of this paper is structured as follows. The ensemble-based variational scheme is
presented in Section 3.2. The CFD code and the practical implementation of the data assimilation
framework are described in Section 3.3. The applications of this framework to infer inlet velocity
and model corrections are presented in Section 3.4 and Section 3.5, respectively. Section 3.6 is
dedicated to the conclusion and perspectives.

3.2 Data assimilation framework

3.2.1 Ensemble-based variational scheme

The ensemble-based variational method is a hybrid data assimilation approach that combines
the variational data assimilation method with EnKF. Compared to the variational method,
the formulation of EnVar uses a Monte Carlo ensemble to estimate the prior statistics thus
circumventing the e orts on the adjoint operator. This method equates MAP to the optimal
control problem where the optimal control vector is searched based on gradient-decent opti-
mization to update prior information. Meanwhile, the prior distributions are re-estimated at
each DA iteration thus counteracting the in uence from the improper prior, while in EnKF
scheme the Kalman gain matrix to update the prior distribution, is directly constructed from
the approximated prior statistics.

The state vector is the input parameters, representing the quantities to be inferred. For simpli -
cation, the vector is assumed to be Gaussian distributed. The mean of this normal distribution
corresponds to the initial guessed or prior state vector, and the vector can be expressed as

(3.1) = @4 g0,

where is the control vector with dimension of Nen. Nen is the ensemble sizeE° = ( @
®: @ (€)::::: (Nen) (©))
Regarding the observation, it is the reference data (e.g., friction/pressure coe cient, velocity
elds, and so on) from high- delity simulation or experiment that have a substantial in uence
on the inferred quantities. Random measurement noise in observation is assumed to be Gaussian
distributed with zero mean, uncorrelated, and are characterized by the relative standard

deviation . The observationy can be prescribed as
(3.2) y=h( ")+ ;

where h is the observation operator that maps the state space to observation space,” is
reference trajectory projecting to the observation and is the possible random measurement
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error.
Based on the Bayes theorem, to maximize the posterior is equivalent to minimize the cost
function J

1

. , 1
(3.3) p( iV)/ pCIply] )/ et J=2k  ©OkE i+ Skd kg s

whered is the RANS realizations in observation space based on state vector, y is the observation
from DNS solutions or the experimental measurementsk k3 ;= *P 'k k3 ,= "R 1.
As in (3.3), the cost function J is composed of two parts: the di erence between the prior
and its realizations, and the di erence between RANS prediction in observed quantities and
the observation, weighed by the model error covariancd® and observation error covariancer,
respectively. d can be realized by the linearizations as in the following formula:

(3.4) d=h( @)+ HO;
HO=(h( @) h( ©);h( @) h( ©);zzih( Men) @)

Using P' 24E%E® and substituting  with (3.1), the cost function in (3.3) can be

rewritten as a quadratic equation on control vector

1 1
(3.5) 3= S5(Nen 1) > 4 Skn( @)+ HO  yKd , -

The gradient and hessian ofJ can be derived straightforwardly as

(3.6 D (New 1)+ HER MO ©)+ KO y);
(3.7) g‘? =(Nen 11+ H®R HO:

In order to minimize the cost function (3.5), one iteration of Newton CG method is performed
with (3.6) and (3.7). The obtained is used to update the state vector according to (3.1).
This iterative process is continued until the converge criterion is reached. The procedure of the
ensemble-based variational method is shown in Figure 3.1 and the details can be summarized
as follows:

Step 1. Give a rst guessed or prior state vector (®, and prescribe the prior and
observation statistics respectively;

Step 2.Realize N, samples around the mean vector (9;

Step 3.Propagate each sample of state vector to observation space through solving RANS
equation;

Step 4. Analyze the control vector by minimizing cost function with (3.6) and (3.7);
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Figure 3.1: Schematic illustration of EnVar method

Step 5. Update the mean of state vector with the analyzed control vector based on
(3.1);

Step 6. Return to Step 2 and resample around the updated ensemble mean until the
tting criterion or maximum iteration is reached.

3.2.2 Fitting criterion

The goal of the data assimilation approach is to best t the numerical prediction with DNS
or experiments. Hence in order to evaluate the optimal performance, it is rst necessary to
calculate the ratio of cost function value before and after the data assimilation process in order
to assess the extent to which the cost function is reduced. The ratio of cost functiod can be
de ned as:

J
(3.8) ry = —end.
Jo

Moreover, the cost function is constituted of two parts as illustrated in the formula (3.5) and
thus reduction of the cost function may not directly re ect the decrease of the discrepancy
between the numerical prediction and the observation in the quantities of interest. Therefore,
the formula (3.9) is introduced to measure this distance:

39) Jan= 5ky (@2
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wherek k is Euclidean norm. In this work, the data assimilation process is terminated as
Job < 10 3. The ratio of the assimilated and initial Jop, is also introduced to evaluate the
e ciency of the optimization process

J
(3.10) [y, = —ku .
‘]Otb

3.3 Numerical setup

3.3.1 CFD solver

A 2D steady incompressible solver is used to perform the numerical simulations on two-equation
RANS turbulence model. The governing equations can be expressed as:

(3.11) div(Fc Fv)=S;
0 1 0 1
u \ 0 0
with FC=%>UZ+p uv Xandsz%pzsxx+ x2Sy + XyE{,
uv v Z2+p 2S,y+ xy 2Sy+ yy

where is density; u and v is stream-wise and wall-normal mean velocity;F. and F, denote
the convective and viscous ux densities; , S and represent molecule viscosity, mean strain
rate, and Reynolds stress respectivelyS is the source term.

The Reynolds stress term is modelled by Menter'sk ! SST model [L0Z. And the code uses
the HLPA (Hybrid Linear / Parabolic Approximation) non-oscillatory second-order scheme
for the convective term. The SIMPLE (Semi-implicit Method for Pressure-Linked Equations)
algorithm is applied to solve the coupled mass and momentum conservation equations, on
two-dimensional structured curvilinear-orthogonal meshes.

The non-slip condition is used on the wall. The rst grid for all cases in this paper is well placed
in the viscous layer and the wall function is not incorporated therefore to eliminate the e ects
of assumptive wall boundary condition.

3.3.2 Data assimilation implementation

Firstly, an initial guess of the input parameter is given as prior, and then N¢, samples are
constructed around the rst guess based on Gaussian process. To ensure the smoothness of
the obtained samples, a non-diagonal covariance matrix to describe the prior distribution is
prescribed as:

kXi Xj |(2

2
IS

(3.12) 5= (xi) (x))bPexp( )

where the variance (x) is constructed based on the discrepancy between the prediction
from initial RANS simulation and the observation in order to inform where large or small
perturbations are expected;b refers to the characteristic values, for inlet velocity reconstruction
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it is based on inlet bulk velocity while for model correction inference, it is taken as 1} is
constant correction length based on the height of the channel at inletx; refers to the position
of the ith control volume. With mean vector (® and covariance matrix ij » the Nen samples
around the rst guess could be realized.

The observation error is assumed to be the uncorrelated Gaussian distribution with zero mean.
For simpli cation, the covariance matrix R is constructed as a diagonal matrix based on the
observation error which is de ned as ~. The resolution in the observation space is mapped from
the state vector forwardly with CFD solver. The posterior is obtained by solving the Bayesian
optimization problem based on the ensemble-based variational scheme. For the optimization
method, Newton-CG is used to minimize the cost function.

3.4 Inlet velocity inference

The proper inlet velocity has critical implications for the performance of numerical prediction,
and many forward methods have been proposed to generate the in ow condition for DNS and
LES, such as the recycling-based method and synthetic turbulence generator$46, whereas
high computational e orts are required in these methods. In this section, the ensemble-based
variational method is explored to infer the inlet velocity pro le based on the limited quantities
from DNS resolution or experimental measurements. Two test cases are used to evaluate the
performance of the data assimilation scheme on the reconstruction of the inlet velocity pro le.
The rst one is turbulent ow in the WallTurb Bump where DNS dataset is available, and the
other one is non-cavitating ow in Venturi where the experimental X-ray measurements can be
considered as the reference data. A summary of data assimilation experiments for inlet velocity
inference is given in Table 3.1.

Geometry Prior dm( ) y Nen ry Mo
parabolic 0.0025 0.20

Bump inlet velocity at 30 G 30 4002 0.157

Venturi parabolic 20 u 20 27 104 2 10°

Table 3.1: Data assimilation results for inlet velocity inference

3.4.1 WallTurb Bump
3.4.1.1 Flow con guration

The turbulent ow in WallTurb Bump [ 97] is one canonical ow and widely used to verify the
performance of numerical methods §8|[85][73]. The Reynolds number for this ow is 12600.
The computational domain is 5:22<x < 7:34;0<y < 2. In order to simulate this ow, the
structured curvilinear-orthogonal mesh is generated with 125 cells in stream-wise direction and
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60 cells in the normal-to-wall direction. The y* of rst mesh adjacent to the wall is around 1.
The mesh of the WallTurb Bump is shown in Figure 3.2.

Figure 3.2: Mesh of WallTurb Bump

For the setup of data assimilation, the input parameters are the lower half of inlet velocity
with the dimension of 30, and the ensemble siz&l¢ is set to be consistent with the dimension
of input space. The variance eld is based on the discrepancy eld of the prior inlet velocity
and the DNS velocity with a multiplication of 10 3. The value of multiplication need some
trials and errors since large variance will increase the spatial extent of subspace where the
optimal solution is searched, and thus result in the instability of the optimization process, while
too small variance will make the process robust but very slow.

In order to infer the inlet velocity pro le for this case, the friction coe cient C; is regarded
as the observation in consideration of the strong correlation between the velocity and the
friction coe cient. The skin friction coe cient is de ned by:

_ w
AL

where , is the wall shear stress , = g—;jy=o and U,¢s is reference velocity, which is taken as
the dimensionless inlet bulk velocity 1. Since presumably the friction coe cient is not sensitive

to the inlet condition in the region with the bump where the ow encounters the strong pressure

gradient, the observation is con ned near the inlet region and exclude the part adjacent to the
inlet. Thus, the observation includes the friction coe cient on the bottom wall from x = 4.2

to 1:9, and the standard deviation of observation error is taken as 5 10 4.

The Newton-CG method is applied to minimize the cost function. As in this case the
ensemble size is quite small, the Hessian of the cost function can be explicitly expressed, and
the Newton-CG is more robust compared to the quasi-Newton method with approximated
Hessian matrix such as BFGS. The comparison of Newton CG and implicit BFGS method to
infer inlet velocity for the bump is presented in Appendix A.1.
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3.4.1.2 Physical constraints

Due to the non-uniqueness of the optimal solution, data assimilation process may result in
the inferred inlet velocity losing physical meaning, for instance too high velocity adjacent to
the wall and non-symmetric inlet velocity pro le for this case, which may also bring about the
divergence problem for CFD solver. Therefore, three constraints are given based on physical
knowledge. Firstly, the dimensionless velocity at the rst grid to the bottom wall is xed at

2 10 3 via interpolation from DNS resolution to avoid the steep velocity gradient near the
boundary and have a reasonablg* at the inlet. Secondly, the reconstructed inlet velocity pro le
may lead to the variation of ux and accordingly change the ow condition. Therefore, the ux
at the inlet is corrected after each data assimilation iteration, by multiplying the ratio of the
updated ux and reference ux to ensure the ux constant. Besides, in this case, the in ow
into the channel should be developed turbulent ow and presumably symmetric. On the other
hand, only the friction coe cient on the bottom wall is considered as the observation; hence
the inlet velocity near the top wall is not able to be recovered due to lack of information. Thus
only the bottom half pro le is taken as the input parameter, while another half is constructed
by symmetric projection.

3.4.1.3 Results

Two di erent rst guess is imposed as the prior inlet velocity: the parabolic and the at pro le.
The assimilated results of inlet velocity and observed friction coe cient are presented in Figure
3.3 with the comparison to the prior and DNS. The inferred inlet velocity pro les are both
quite close to the DNS data as shown in Figure 3.3(a)(c). Accordingly, the predictions in terms
of friction coe cient presented in Figure 3.3(b)(d) also have a good agreement with DNS data
in the observed region. Generally, both cases can obtain a good inference on inlet velocity and
improve the prediction on C; by assimilating the friction coe cient from DNS.

Figure 3.4 shows the evolution of cost function to the iteration number. For both cases, the
cost function is reduced signi cantly while with the prior of parabolic pro le the minimization is
more e cient and converged in the rst ve iterations. In concrete, the cost function J reduces
from 32386 to 80 in the case with parabolic prior, and the ratior;  0:0025, while for the prior
with at inlet pro le, the cost function J reduces from 57607 to 114 and;  0:002. The norm
of discrepancy between numerical prediction and reference with rst guessed parabolic inlet
velocity is reduced from 0.0155 to 0.0031 and;, 0:20 while the discrepancy for the case
with the at inlet velocity pro le can be reduced from 0.0191 to 0.0030 and rj,,  0:157.

The contour plots of the velocity U eld with rst guessed parabolic velocity are presented
in Figure 3.5. The visible improvements can be observed near the inlet and the favorable
pressure gradient region. However, in the adverse pressure gradient region, the prediction is
not improved with optimal inlet velocity, which is not surprising since it is a consensus that
RANS model cannot give good predictions with con dence when it encountered strong adverse
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Figure 3.3: Data assimilation results about the inferred inlet velocity and the prediction in Cs :
(a) (b) for the prior of parabolic velocity; (c) (d) for the prior of at velocity

Figure 3.4: Data assimilation results of cost functiond and Jqp: (a)(b) for the prior of parabolic
inlet velocity; (c)(d) for the prior of at inlet velocity

pressure gradient. A large-scale separation after the summit of the bump can be seen in RANS
calculation, whereas in the DNS solution the reattachment occurs in the downstream near
the starting point of separation and thus there is no noticeable separation. In other words,

the prediction of velocity U in the adverse pressure gradient region is insensitive to the inlet

velocity, and the poor prediction may be due to the RANS model inadequacy. This section

is mainly to explore the applicability of data assimilation to optimize inlet velocity, so the
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uncertainty in the model is not concerned.

(@)

(b)

(©

Figure 3.5: Velocity U eld with the rst guess of parabolic velocity for prior(a), posterior(b)
and DNS(c)

3.4.2 \enturi

The second case is for Venturi channel, which is extensively used in the investigations of
turbulent cavitating ows [ 30] [19]. The eld information near the throat is quite challenging to
be captured by current RANS model due to abrupt curvature change. In this work, the data
assimilation approach is applied to infer the proper inlet velocity in non-cavitating ow by
assimilating one velocity pro le from experimental data.

3.4.2.1 Flow condition

The experiments were conducted by | Khlifa et al. B2]. Through applying ultrafast X-Ray
imaging into the turbulent ows, the velocity was measured within a Venturi-type test section
with 18 convergence angle and 8divergence angle. The cross-section in the entry of the Venturi
is a rectangle of 1/m 4mm, and the height of the throat is 15:34mm. In the experiment,
the ux rate is 55:5L=min, representing the entry bulk velocity at 13:6m=s. Reynolds number
is 23 10°. The time-averaged velocity u is obtained by averaging all the instantaneous
stream-wise velocity processed from the high speed photography images. For the numerical
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setup, the structured mesh is generated with 200 grid in the stream-wise direction and 70 grids
in the normal to the wall direction. The y* of the rst grid near the wall is ranged from 1 to 3.
The mesh of the venturi-type section is shown in Figure 3.6.

Figure 3.6: Mesh of the Venturi-type section

However, since the measured area is in the adverse pressure gradient region where the
velocity eld is not sensitive to the inlet condition, the data assimilation experiment within
Venturi turned out to be a failure. The results are presented in Appendix A.2. In view of this,
we simpli ed the Venturi geometry as a divergent channel with the resolution domain starting
from the throat of the Venturi section. Thus the measured eld is quite close to the inlet, and
the ow status can be very sensitive to the inlet condition. The structured mesh is generated
with 131 cells in the x-wise direction and 70 cells in they-wise direction.

3.4.2.2 Data assimilation setup

In the Venturi-type section, the measured window is placed near the bottom wall and quite
small compared to the height of the channel. Therefore, only the inlet velocity pro le adjacent
to the bottom wall is considered as the input parameters, and the velocity in the other area is
xed at constant 1.1 to keep the ux consistent. The dimension of the input parameters is 20.
The velocity at the rst grid is also xed at2 10 ° to have a reasonabley™ .

As for the observation, the velocity eld can be captured by the PIV experimental measurements
while other turbulent quantities of interest on the wall such as skin friction coe cient are not
straightforward to measure. Hence, we regarded the velocity pro le atx = 0:0008n as the
observation which is quite close to the inlet boundary, thereby ensuring that the velocity at
this speci ¢ position can be a ected exibly by inlet condition. The ensemble size, in this case,
is set as 20. The variance (x) is constructed based on the discrepancy of the RANS simulation
and experimental velocity pro le at the observed position and the added multiplication is 10 °.
The standard deviation of observation is , =10 ©, which represents high con dence in the
experimental data since the observed position and the inlet is almost linearly correlated, and
thus the inverse problem is well posed for this case.
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3.4.2.3 Results

Figure 3.7 shows the assimilated and prior results for inlet velocity and the observed velocity
pro les. Figure 3.7(a) presents the evolution of inferred inlet velocity pro le every 5 iterations,
while Figure 3.7(b) presents the improved prediction on the velocity pro le at x = 0:0008n. It
can be seen that EnVar method can reconstruct the inlet velocity to t quite well with the
reference velocity pro le at the speci ¢ position near the inlet.

Figure 3.7: Data assimilation results of velocity at inlet(a) and velocity at x = 0:0008n(b)
Figure 3.8 shows that the evolution of cost function with respect to the iterations. The cost

function J is reduced signi cantly from 5:2 10 to 1:4 10° after 20 iterations with ratio r;
of 27 10 “andr;,, of2 10 °.

Figure 3.8: Data assimilation results of cost functionJ(a) and Jon(b)
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Figure 3.9 presents the contour plots of velocityu of prior, posterior and experiment.
Noticeable improvements can be seen in the observed position= 0:0008n comparing to the
prior. However, in the other areas, the ow status is entirely di erent, since substantially the
ows in Venturi cannot be represented with the divergent channel.

(a) (b)

(©

Figure 3.9: Velocity u eld for prior(a), posterior(b) and experiment(c)

3.5 Model correction

As illustrated in section 4.2, in Venturi-type section the measured eld is mainly in the adverse
pressure gradient region, where the velocity is insensitive to the inlet condition, and the RANS
method is incapable of making accurate prediction due to the convex curvature. Therefore,
in this section, the RANS model-form uncertainty is considered through the eld inversion
approach [L29. The conventional k and ! transport equation in k ! SST model is inadequate
especially in the presence of adverse pressure gradient. Thus, the underlying source term is
introduced in the k ! SST model by three di erent means depending on where the correction
terms are inserted (TKE equation or! equation). The sensitivity of these corrections concerning
the observation is analyzed, and accordingly, the correction elds are inferred through solving
the inverse problem with EnVar approach. The summary of DA experiments for model correction
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inference is presented in Table 3.2.

dim () y Nen rs Moo
¢ in k equation 1200 0.43 0.17
¢ in' ! equation 1200 TKEand u 50 0.25 0.13
cinkand! equation 2400 0.087 0.13

Table 3.2: Summary of DA experiments for model correction inference

3.5.1 Correction in  k equation
3.5.1.1 Data assimilation setup

In the TKE transport equation of the k ! SST model, the sum of turbulent-transport
term and pressure di usion term is represented through Boussinesq assumption in analogy to
molecular transport process 142 which probably result in poor prediction for complex ows.
The correction variable . is introduced in front of the production term in TKE transport
equation to account for the model uncertainty as:

Gk QN o o 2 02
@t @x @x @x
which is equivalent to introduce a source term (1 ) P in the TKE transport equation.
Thus with data assimilation, the ow status can be recovered through nding out the optimal
correction eld to have a good agreement with reference data.

Since the measurement region is only near the throat, in order to reduce the dimension of
input space and guarantee that the inferred correction and observation are locally correlated,
the range of input parameters are con ned in the area with extension to the observed region
instead of the whole computational domain. The correction variables are well imposed on the
mesh grids. The dimension of input parameters is 1200 with 40 points along thg-wise direction
and 30 points along they-wise direction.

As for the observation, four pro les on the velocity u and TKE are concerned. For each
pro le, there are 24 measurement points. Given that the numerical solution is imposed on
the mesh points while the experimental data is on a uniform Cartesian grid, to compare the
numerical resolution with the measurements, each experimental data is interpolated on the
numerical mesh points. Besides, since the initial discrepancy of velocity and TKE causes the
weight of the two observed quantities on the cost function to be di erent, TKE is normalized
by multiplying the ratio of the initial discrepancy between prediction and reference data in
velocity to that in TKE, thereby keeping them in the consistent range.

For the data assimilation setup, as it is not practical to draw all the samples for high
dimension case, we drew 50 samples with truncated Singular Value Decomposition(SVD) which
can capture more than 99 percent of the variance. The standard deviation of observation

(3.13)
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o is 10 1. It is noted that the large observation error represents the experimental instinct
uncertainty from both measurements and post-processin@Z]. Moreover, because the model
error is not considered in this work, it can be regarded as the whole process error including the
data error as well as the model error. Also, the strong non-linearity for this case will increase the
ill-posedness of the optimization problem, hence for the ensemble-based methods, the in ation
on the observation error covariance matrix is commonly adopted to regularize the problem. The
large observation error here can be regarded as the implicitly in ated one. The variance eld as
shown in Figure 3.10 is constructed through interpolation based on the discrepancy between
RANS results and very sparse experimental data in TKE where the added correction term has
a direct impact. And the multiplication of the variance is taken as 1 10 3. The rst guessed
input parameter is set as 1 in the domain of interest.

Figure 3.10: Variance (x) of . in TKE transport equation

3.5.1.2 Results

Figure 3.11 shows the reduction of cost function values with respect to iterations. It can be seen
that the data assimilation process is well converged and the cost function is reduced signi cantly
in the rst 20 iterations from 5 :1  10° to around 2:2  10° with the descending ratio of 0.43,
while Jgp is decreased with a ratio of around 0.17 at the end of optimization.

Figure 3.12 is the comparison of TKE and stream-wise velocityyu among the prior, posterior
and experimental data along pro les. The pro les of prior TKE are quite distant from the
reference pro les. The RANS model cannot capture the high TKE near the wall and throat
region. After the data assimilation process, a noticeable improvement can be seen comparing to
prior, and the prediction in TKE has a good agreement with experimental data especially at
the rst two positions as shown in Figure 3.12(b). However, from Figure 3.12(a) the prediction
on velocity u is not quite improved. The correction embedded in the TKE transport equation
may not have substantial e ects on the observed velocity, that is to say, the perturbations
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Figure 3.11: Data assimilation results of cost functiond (a) and Jgp, (b)

on the corrections can impact signi cantly on the prediction of TKE obviously, but have no
Su cient in uences on velocity u.

The contour plots of posterior TKE and velocity u with correction in the k transport
equation are shown in Figure 3.22(c)(d). The apparent improvement can be found in TKE,
and the region near the wall with high TKE can be recovered. However, for the velocity, no
apparent improvements can be seen, and the relatively low value in the region near the wall
cannot be captured even though with the correction in thek equation.

3.5.2 Correction in ! equation
3.5.2.1 Data assimilation setup

The speci c dissipation ! transport equation in k ! SST turbulence model is heavily modelled

with an ad-hoc form. The underlying source term in this equation is also probably responsible

for the poor predictive performance on the velocity and TKE. In this subsection the correction
¢ is introduced in ! transport equation as the following formula:

@+ t)@@f;hssst

(3.14) e.au)_  p 2, 9@
@t @x t @x

The range of input parameters and observations are the same in section 5.1 as well as the

ensemble size. The standard deviation of observation is also taken as 10 The variance (x)

is taken based on the discrepancy between RANS and experimental data on velocity since

the correction in ! transport equation can have strong correlations with velocity based on our

prior study. The multiplication on variance (x)is 1 10 3. The variance eld is shown in

Figure 3.14. The rst guessed input parameter is set as 1 in the inferred domain as well.
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(@)

(b)

Figure 3.12: Comparison in velocity u (a) and TKE (b) along pro les among prior, posterior
and experiment

3.5.2.2 Results

Figure 3.15 shows that the convergence curve of the cost function with correction in the
equation. It can be seen that the ratio of cost functionJ can reduce to 0.13 and fordgy it can
decline to 0.25. And after approximately 30 iterations, no visible improvement can be reached.

Figure 3.16 presents the evolution of RANS prediction in observation space. With the
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Figure 3.13: Inferred . pro les

Figure 3.14: variance (x) of .in! transport equation

Figure 3.15: data assimilation results in cost functionJ (a) and Jqp, (b)
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correction in the ! transport equation, the stream-wise velocity u can be signi cantly improved
even though TKE becomes inferior. With the velocity approaching the experimental data,
the gradient of velocity near the wall is gradually reduced which results in the production
term in the TKE transport equation related to the velocity gradient decrease accordingly.
That is why it can be observed that the improvements in velocity u and TKE are mutually
impeded: Once the prediction on velocityu is improved, the velocity gradient near the wall
will become reduced, which results in the reduction of TKE and the further departure from
the experimental measurements. The contour plots of the posterior with correction in the!
equation are presented in Figure 3.22(e)(f). The velocity eld is well reconstructed comparing
to the experiments, especially in the upstream.

3.5.3 Correction in k and ! equation
3.5.3.1 Data assimilation setup

Because of the corrections in the TKE and special dissipation transport equation having
dominant e ects on the prediction of TKE and velocity u respectively, in this subsection the
correction terms are introduced simultaneously in TKE and! transport equation. The input
space has 2400 dimensions including correction variables in both TKE and dissipation transport
equation. Other parameters are uniform with the former subsections.

3.5.3.2 Results

Figure 3.18 shows that the results of the cost function with corrections in bothk and! equations.
It can be seen that the value of cost function reduces signi cantly within 45 iterations with
ratio ry of 0.087 andr;_, of 0.13. Compared with the previous cases, the e ciency of EnVar
method decrease as the dimension of input parameters is increased. Figure 3.19 presents the
evolution of the velocity u and TKE pro les by comparison with prior and experimental data.
The predictions in both u and TKE is improved; however, the improvements of the predictions
in the two observation are mutually restrained, which leads to that the further optimization of
the velocity would deteriorate the prediction on TKE.

From the contour plots in Figure 3.22(g)(h), the apparent improvement on the prediction
of velocity u and TKE can be seen comparing to prior. However, there is still a signi cant
departure from the experiments. The reason why the optimized results cannot get further close
to the reference data may be due to two aspects: rst the experimental data has its instinct
uncertainty including the measurement noise, insu ciency resolution and so on; secondly, it has
been noted that the primary source of uncertainties in the RANS model is from Reynolds stress.
The correction in the scalark and ! equation is still under the frame of linear eddy-viscosity
assumption; hence it can only concern the magnitude of Reynolds stress tensor but cannot
take the orientation of Reynolds stress into considerations. In other words, the impact of these
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@

(b)

Figure 3.16: Comparison in velocityu (a) and TKE (b) along pro les among prior, posterior
and experiment

corrections on the observations may be not su cient to represent the structural uncertainty in
the RANS model. To this end, this work can be extended to the framework in 148 to infer
the uncertainties directly in the Reynolds stress term. Moreover, the measured TKE may be
di cult to be replicated by the modeled TKE since the modeled TKE cannot be equivalent to
the "true" TKE in a real ow.

Figure 3.13 3.17 3.20 3.21 are the inferred model correction pro les at the corresponding
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Figure 3.17: Inferred . pro les

Figure 3.18: Data assimilation results of cost functionJ (a) and Jgp, (b)

position for each case. Generally, the production term in TKE and dissipation transport equation
are both increased by the introduced corrections. With the production term in k equation
increasing, the resolution on the TKE increase as well. Thus, the prediction ork in the near wall
region can be improved signi cantly comparing to the initially underestimated value. However
for the region away from the wall, the production term itself becomes trivial, and thus TKE
will reduce the sensitivity to the multiplicative correction of the production term; hence the
assimilated results are almost similar to prior, especially for the case with corrections in botrk
and! transport equation. Also, the resolution on! gets increased with the optimal correction
in the ! equation, which leads to that the modeled Reynolds stress tend to decrease, while the
velocity near the wall is reduced accordingly and get close to the experimental measurements.
Nevertheless, in the area far from the wall, the inferred correction is also increased but has
few e ects on velocity since the region is in the outer layer where the Reynolds stress is not
dominant.
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@

(b)

Figure 3.19: Comparison in velocityu (a) and k (b) along pro les among prior, posterior and
experiment

3.6 Conclusion

The ensemble-based variational method is presented to optimize RANS simulation by infer-
ring improved inlet velocity and underlying model corrections in k ! SST model. This

approach combines the variational data assimilation method and ensemble Kalman method
by transforming the MAP as the optimal control problem and meanwhile using the ensemble
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Figure 3.20: Inferred . proles in k equation

Figure 3.21: Inferred . prolesin ! equation

technique to estimate prior statistics so that it can sustain the advantages of both robustness
and intrusiveness.

Firstly, two representative ows in the convergent-divergent channel, the turbulent ow
in the WallTurb Bump where DNS resolution is available and non-cavitating ow in Venturi-
type section with the X-rays experimental observation, were tested with the proposed data
assimilation approach to infer the ambiguous inlet velocity pro le. With improved inlet velocity,
the eld of velocity u can be reconstructed in good agreement with reference data mainly
near the inlet region, while the velocity u in the APG region is not quite sensitive to the inlet
condition. Further, the underlying model corrections in k ! SST model were inferred for
the non-cavitating ow in Venturi. The sensitivity of the correction term in the k and the !
equation is analyzed respectively. The predictions in velocityu and TKE both can be improved
with corrections in the k and ! equation but still have large discrepancies comparing to the
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Figure 3.22: Contour plots of velocity u ( rst column) and TKE (second column): (a)(b) prior;
(c)(d) posterior with correction in k transpor?équation; (e)(f) posterior with correction in !
transport equation; (g)(h) posterior with correction in both k and ! transport equation; (i)(j)
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experiments which may be due to the insu ciency of the correction in the frame of Boussinesq
hypothesis. The robustness of ensemble-based variational method for the inverse problem in
complex turbulent ows is demonstrated.

In light of the limitation of the RANS model-form uncertainty under the frame of linear
eddy viscosity assumption, current work is being conducted to explore the applicability of this
data assimilation scheme to quantify and reduce uncertainties in Reynolds stress directly. Also,
the EnVar method used in this work is the standard incremental ensemble version, where the
background error covariance is estimated with low-rank linear approximation and independent
between consecutive data assimilation iterations. The ensemble update with consideration of
the associated error covariance update will be investigated in future workI5( Besides, the
method utilizes the limited ensemble realizations to estimate the sensitivity matrix which may
result in that the optimization process is prone to diverge especially for the high dimension
problem. Hence, the regularization technique will be explored to be introduced in this data
assimilation scheme to address this issue. Moreover, the machine learning technique will be
explored to extract the model knowledge based on the inferred source term eld which can be
expected to be used for industrial applications.[130]
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Chapter 4

Reqularization of Ensemble Kalman
Method for Inverse Problems

4.1 Introduction

Inverse problems are frequently encountered in computational physics applications such as
complex uid ows where physical elds need to be inferred. A classic example of inverse
problems is to estimate the stationary background ow velocity eld from the concentration of
passive scalars (e.g., pollutant or dye) that are advected by, and di using within, the uid [ 13].
The data that are available and used in such an inversion are often partial, noisy observations
of the concentration eld. The inverse problem is motivated by the fact that concentrations
are often easier to measure than velocities. The forward problem corresponding to the above-
mentioned inverse problem is computing the concentration eldz(x), where x denotes spatial
coordinates, by solving the steady-state advection{di usion equation

(4.1) urz r2z=0

with a given background velocity eld u(x), along with other auxiliary constraints such as
boundary conditions and physical properties (e.g., di usivity ) of the passive scalar. Hence, the
partial di erential equation (PDE)-based forward model above implies a functional mapping
M :u 7! z, or more concisely,z= M (u). Another example of solving inverse problems is the
data assimilation used for weather forecasting, where partial, time-dependent observations of
the atmosphere (e.g., wind speed, temperature, humidity) and numerical simulations are jointly
used to infer the full initial state of the system. Inverse problems are typically many times
more expensive to solve than the corresponding forward problems. This is not only due to the
limited amount of observation data compounded by the uncertainties therein, but also due to
the nonlinearity of the PDE-governed system and its high-dimensional state space that leads to
ill-posed inverse problems.
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The example of inferring background velocities can be posed as an optimization problem, i.e.,
nding a velocity eld u°P! that leads to a concentration eld best matching the observations
(z°PS) at the measured locations. That is,

(4.2) u%t =argminki® [M (u)] z°%k?,
u

where M (u) involves solving the PDE for the concentration, I is the observation operator
(e.g., extracting values at the observed locations from the concentration eld), andk k denotes
a norm in a Hilbert space (e.g.,L2 norm in Euclidean space or that weighted by the state
covariance). In a terminology consistent with that used in the data assimilation community,
the velocity eld to be inferred is referred to as the state (x), and the measured concentrations
called observations {). We further dene H ¥ M as a composition of the model operator
M and the observation operatort§. The inverse problem above can thus be written as:

(4.3) P =argmin J  with J(X)= kH[x] yk?,
X

where J (X) is the cost function to be minimized, which corresponds to the discrepancy between
the model outputs and the observations.

4.1.1 Adjoint- vs. ensemble-based inversion methods

In order to solve the optimization problem in the eld inversion, the gradient descent method or
one of its variants is often used, where the search of the optimal solution is guided by following
the local gradient @ J=gof the cost function J with respect to the control parameter x. Note
that x usually resides in the space of very high dimensions (corresponding to the number
of degrees of freedom of the discretized velocity eld in the above example, which can be
in the order of millions). A highly e cient way to compute such a derivative is the adjoint
method [56], where the derivative is obtained by solving an adjoint equation at a cost similar
to solving the PDEs in the forward model (referred to as primal equation). Adjoint methods
have been used for di erent uid mechanics problems. Dow and Wang 37] proposed an adjoint-
based Bayesian inversion method to quantify the structural uncertainty in Reynolds-averaged
Navier{Stokes simulations. Gronskis et al. p1] adopted the variational method to infer the

in ow and initial condition for a problem using direct numerical simulation (DNS) of the
Navier{Stokes equations. Papadimitriou and Papadimitriou [116 applied a Bayesian framework
coupled with a high-order adjoint approach to quantify the uncertainty in the parameters in the
Spalart{Allmaras turbulence model [133. Singh and Duraisamy [L29 proposed an approximate
Bayesian inference framework based on the adjoint method to infer the multiplicative correction
term in the Spalart{Allmaras model and the k{! model [14]]. Foures et al. 1] used the
adjoint-based variational method and Lagrange multipliers to reconstruct the full velocity eld
from coarse-grid particle image velocimetry (PIV) measurements of velocity magnitude from
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only part of the domain. They imposed the Reynolds-averaged Navier{Stokes equations as a
constraint in the minimization and used the Reynolds stress divergence as a control parameter.
Recently, Beneddine et al. J] further extended this technique to the reconstruction of the
unsteady behavior of a round jet at a Reynolds number ofRe = 3300 from the mean ow eld
and unsteady measurements at a single point. Meldi and Poux1[0( integrated the Kalman Iter
into the structure of a segregated CFD solver and imposed the zero-divergence condition for the
velocity eld. They further proposed model reduction strategies to reduce the computational
costs within the Kalman analysis. The framework has been used to reconstruct di erent ow
con gurations including three-dimensional unsteady ows [10Q with comprehensive sensitivity
analysis performed [99].

A major shortcoming of the adjoint method, however, is the e ort required to develop
the adjoint solver. For the discrete adjoint method, which is the most commonly used adjoint
method in computational uid dynamics (CFD) applications, this involves di erentiating each
operation (i.e., each line of code) in the primal solver $5, 109. This is a laborious process
and a daunting task for complex simulation codes such as CFD solvers. Taking CFD for
example, while some codes intended for design and optimization have been developed with
adjoint capability [e.g., 8, 38], many other popular solvers are not equipped with a native,
production-level adjoint capability. Most notably, the CFD code OpenFOAM [ 113 does not
have any native discrete adjoint solver capabilities. Although there have been e orts to build
one for OpenFOAM based on automatic di erentiation [135, it is not yet at a production level
at this time.

The limited availability of physical simulation codes with adjoint capability has prompted the
inverse modeling community to develop ensemble-based, derivative-free optimization methods.
The iterative ensemble Kalman method proposed by Iglesias et al.7[l] is among such attempts
for general inverse problems. In the data assimilation community, ensemble method<l{ 49
have been developed to complement or replace the traditional variational (adjoint) methods
(e.g., 3DVar, 4DVar) [25, 53]. In ensemble methods, the covariance estimated from the ensemble
is used in lieu of the derivatives to guide the optimization. A number of primal simulations
with di erent samples of the system states are run, which is in contrast to solving adjoint
equations along with the primal equations. A critical advantage of ensemble methods over
adjoint methods is that it is non-intrusive, i.e., the forward model (primal solver) does not need
to be changed, and adjoint solvers are not needed. Many works have used ensemble methods
for inverse problems in uid mechanics. For instance, Kato and Obayashi T9] leveraged the
ensemble Kalman lter to infer the value of empirical parameters in the Spalart{Allmaras
turbulence model and demonstrated the e ectiveness of ensemble Kalman methods for CFD
problems. Mons et al. L07] applied di erent ensemble-based methods including the ensemble
Kalman lter to infer the inlet and initial conditions for CFD simulations and thus reconstruct
the unsteady ow around a cylinder. Xiao et al. [148 used an iterative ensemble Kalman method
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to infer the Reynolds stress discrepancy eld and reconstruct the velocity eld accurately for
ows over periodic hills as well as ows in a square duct. However, compared to adjoint methods,
ensemble methods do not have the exibility to introduce regularization to tackle ill-posed
inverse problems. This shortcoming shall be examined in more detail below.

4.1.2 lll-posedness and regularization of inverse problems

We introduce the concept of ill-posedness by examining the operatoH in the optimization
formulation of the inverse problem as in Eq.(4.3). As described above, computing the cost (X)
associated with the statex involves

1. solving the forward model (e.g., Eq. (4.1) with the given velocity eld),
2. mapping the results to observation space (e.g., sampling at speci ¢ locations), and
3. comparing with the observationsy to nd the discrepancy.

While the advection{di usion equation happens to be linear, in many other problems (e.g.,
inferring the velocity eld from partial observations of itself) the model M is highly nonlinear.
Moreover, the operator i typically maps a high-dimensional state space, wheré (x) is in,
to a low-dimensional observation space, wherg is in. For example, the concentration eld
discretized with a mesh of millions of cells may be observed at only a few locations. Because of
these two factors,H typically results in a many-to-one mapping. In other words, many di erent
velocity elds lead to the same agreement with the observations and thus the same cost.
Consequently, the inverse problem formulated as the optimization in Eq.(4.3) does not have a
unique solution and is thus ill-posed.

To tackle the ill-posedness, inverse problems can be regularized by introducing an additional
term J, into the cost function J in Eq. (4.3), i.e.,

(4.4) J=KH[X yk*+ J.

The term J, serves to di erentiate among the states that previously led to identical costs.
Desired properties of the states that are commonly used for regularization include:

Spatial smoothness i.e., preferring smooth elds over non-smooth elds among the candidate
states [see, e.9.37, 114. The corresponding cost function in Eq.(4.3) becomesJ =
KH[X] yk®+ kr xk?, whereJ, = kr xk? is the regularization term and is an
algorithmic parameter corresponding to the strength of the regularization.

Prior mean values i.e., preferring candidate states closer to the prior mearxy over those
further away [see, e.g., 129]. The regularization i)y = kx  Xok?.
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Physical constraints  e.g., in the example above where the state is the background velocity,
this can be preferring velocity elds that satisfy the mass conservation (divergence-free
condition for incompressible ows) [66]. The regularization is thus J, = kr xk2. Similarly,
other physical constraints include positivity of turbulent kinetic energy or eddy viscosity
and realizability of Reynolds stresses [148].

There exist many more types of prior knowledge than those enumerated above. For example,
one could use regularization to favor (or penalize) speci ¢ wave numbers or pattern in the eld
to be inferred, or to favor smaller (or larger) values in certain regions. Essentially, regularization
utilizes prior knowledge on the state to be inferred to constrain the optimization process.
Consequently, the regularization terms to be introduced are inevitably problem-speci ¢ and
can have a wide range of forms in di erent applications.

Implementation of such regularization in optimization schemes is much more challenging
for ensemble methods than for adjoint methods. In the adjoint-based inversion, regularization
involves modifying the cost function with an additional term, which in turn may necessitate
modifying the adjoint solver. This is usually straightforward (albeit laborious) process. In
contrast, it has been far from clear how to implement a generic regularization in ensemble-based
inversion methods. So far, a general procedure to introduce prior knowledge-based regularization
to ensemble methods is still lacking. The di culty partly stems from the fact that ensemble
methods do not directly optimize a cost function. Rather, they use an analysis scheme to
optimize the cost function implicitly. Nevertheless, it is well known that the adjoint-based and
ensemble-based Bayesian inverse modeling methods are equivalent under some mild assumptions
(e.g., Gaussian priors on the states, normal distribution of observation uncertainties, linear
model) [49, 125. Speci cally, under these assumptions the maximum a posteriori (MAP)
estimate from the Bayesian approach is equivalent to the minimization problem in adjoint-based
methods. Therefore, one can naturally expect that the regularization methods reviewed above
for adjoint methods can be equally introduced into ensemble methods for inverse modeling.

4.1.3 Related works and contributions of present work

Enforcing constraints in ensemble-based methods has drawn increasing attention in the past
few years, and a body of works has focused on attempting to enforce constraints in ensemble
Kalman methods. Wang et al. [L3§ presented the projection method and the accept/reject
method to constrain the estimated state and parameters. To achieve this, the former method
projects the ensemble samples into the constrained space, and the latter method will reject
the ensemble update and resample the model and observation errors if the updated samples
violate the constraints. Prakash and Patwardhan [L19 proposed a constrained ensemble Kalman
method where the analysis step is formulated as solving a constrained optimization problem.
Similarly, Janje et al. [ 72] formulated the analysis scheme of the conventional ensemble Kalman
methods as a set of quadratic programming problems and applied physical constraints to ensure
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the mass conservation and non-negativity of the ensemble members. Recently, inspired by the
above works, Albers et al. P] provided a unifying framework to enforce equality and inequality
constraints in ensemble Kalman methods. In their framework, the updated samples produced
by the standard methods that violate the constraints are replaced by those obtained through
solving a constraint optimization problem. They demonstrated the equivalence between the
analysis scheme in ensemble Kalman methods and the minimization problem, as well as the
well-de niteness of the constrained optimization problem.

In an alternative approach, Wu et al. [144 proposed a method where after a standard
Kalman update the ensemble samples are reweighted based on the Gaussian statistical model
associated with the constraint term. However, as with particle Iter methods, this method is
potentially susceptible to sample degeneration$3, i.e., a few samples can have large weights and
dominate all other samples, reducing the e ective sample size. Moreover, it is not straightforward
to specify inequality constraints by using the Gaussian statistical model they adopted.

All the aforementioned methods introduce a post-processing step to enforce constraints after
the analysis step of the standard ensemble Kalman methods. They require either the adjoint
code to solve the constraint optimization problem or the reweighing of each sample. In our
work, we propose a method that integrates constraints into the analysis scheme and involves
only an algorithmic modi cation to the standard ensemble Kalman methods. This modi cation
leads to a derivative-free method that incorporates constraints in a mathematically equivalent
manner as the commonly used adjoint-based inversion methods, i.e., by implicit minimization
of a regularized cost function.

Speci cally, we propose a method to introduce general regularization terms (including but
not limited to the types reviewed above) into the ensemble Kalman methods. This is achieved by
deriving an analysis scheme starting from the modi ed cost function. The result is an analysis
scheme with minor modi cations to achieve the desired regularization. The derivation is valid
for ensemble Kalman methods in general, including the iterative ensemble Kalman method
in [71] and the ensemble Kalman Iter [47, 48]. Note that we aim to derive a scheme to impose
general constraints through modi cation of the analysis schemes. Applications to the specic
type of constraints (e.g., smoothness, prior mean) as discussed above will be illustrated in
further examples presented in a companion paper.

The rest of the paper is organized as follows. Section 4.2 presents the derivation of the
regularized ensemble Kalman method for optimization and its implementation. Modi cation
compared to its traditional counterpart is highlighted. Section 4.3 evaluates the proposed method
on three inverse modeling problems of increasing di culty levels ranging from optimization of a
nonlinear function of scalars to inferring the closure eld in the Reynolds-averaged Navier{Stokes
(RANS) equations. The RANS equation closure problem is of signi cant importance in uid
dynamics and engineering applications since the closure models are considered the main source
of uncertainty in the predictions. Finally, Section 4.4 concludes the paper.
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4.2 Methodology

The two main approaches for solving inverse problems, adjoint-based optimization approach
and maximum a posteriori (MAP) estimation based Bayesian approach, are equivalent under
mild assumptions, with ensemble Kalman methods being an example of the MAP approach.
The objective of this section is to bridge the gap between enforcing constraints (regularization)
for the two approaches. Speci cally, we show that a generic constraint introduced into the cost
function for the optimization approach can be equivalently implemented as modi cations to
the analysis scheme of the ensemble Kalman methods.

4.2.1 Equivalence between optimization and maximum a posteriori
approaches

The optimization approach for solving the inverse problem is presented above in Eq4.3). In
contrast, from the Bayesian perspective, solving the inverse problem amounts to nding the
probabilistic distribution P(x]jy) of the state x conditioned on observationy. Based on Bayes'
theorem, this is:

(4.5) P(xjy)/ PP (y]x),

where P (X) is the prior distribution before incorporating the observation data and P (y|j X) is
the likelihood indicating the probability of observing y given state x. For the likelihood, the
following relation is assumed betweerx and vy:

(4.6) y=H[X+ ,

where is a stochastic observation error. Estimating the full posterior distribution P (X j y)
(e.qg., by using Markov Chain Monte Carlo sampling) can be prohibitively expensive, as it
requires millions of evaluations of the forward model and often must resort to surrogate
models B9, 40, 42, 121]. Therefore, in practical applications, one often nds the state x that
maximizes the posterior, which is referred to as MAP estimation #3]. The derivation assumes
that both the prior and the observation noises are Gaussian processes [120], i.e.,

1 1
47) PX)= p——ex “x xYP x X /I exp kx XK. :
4.7 PX= R 2N dei(P) P 2( ) ( ) p 5 1
(4.8) P()= “17exp l-pt I exp kH [x] Yyk& . :

® (2 )P det(R) 2

wherex' is the prior mean, P and R are the covariance matrices of the statex and the observation
errors , respectively, and the normk k\ZN is de ned as kvk\zN = v>Wv for a vector v and weight
matrix W. The posterior is thus

(4.9) P(xjy)/ exp kx xk&. kH [ yk3 .
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Maximizing the posterior amounts to minimizing its negative logarithm, i.e.,
(4.10) x°Pt = arg )r(nin J owith J(X)=kx xXKk3 .+ kH[x] k3 1,

which is equivalent to the optimization approach in Eq. (4.3) with the prior based regularization
presented in Section 4.1.2.

More general regularization terms can be introduced into the cost function. These are
formulated as a norm of some di erentiable function G[x] that needs to be minimized. The cost
function is then

(4.11) J() = kx  Xk3 1+ KH[x] ykZ 1+ KG[XIKE,

where the parameter controls the strength of the regularization, and W is the weight matrix
de ning the norm to be minimized. For example, to promote spatial smoothness of the inferred
eld, the regularization term can be G[x] = r x with W proportional to the discretization of the
eld. In light of equivalence between the two approaches, we show that the analysis scheme in
ensemble Kalman methods can be derived from the optimization formulation of the inverse
problem. We will reproduce such derivations below and introduce the modi cation needed to
incorporate the constraint G[x] along the way.

4.2.2 Derivation of the regularized ensemble Kalman method

Here we present the derivation of the regularized ensemble Kalman method. Some algebra has
been omitted for brevity and ease of understanding, but the full derivations are given in B.1. In
ensemble Kalman methods, the prior in Eq.(4.7) and the likelihood in Egs. (4.6) and (4.8) are
represented as ensemblel’sqg and fy; g, respectively, wherej =1; ;M with M being the
number of samples in the ensemble. For each pair of ensemble membérand observationy;,
the analysis scheme aims to nd a posterior realizationxja that minimizes the cost function
J(x), i.e.,

(4.12) x@=argmin 3 with  J(x)= kg Xk3 .+ KkH[K] yjk; 1,
X

which is the ensemble-based representation of the optimization formulation in Eq(4.10). If
a regularization term is to be introduced to the cost function, the formulation in Eq. (4.12)
becomes:

(4.13) J(x)=kq  XkE i+ kH[] yiki o+ kG 1K,
This amounts to nding the xja that leads to @J=@ = 0. For Eq. (4.13) this becomes
(4.14) P X)+(HD) R YHT y)+ G WG = 0.
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Assuming the observation operatorH has only modest nonlinearity, one can introduce a
linearization around x{:

HPA H X1+ HIX10E X,
HDA H 9X],

where ® denotes derivative with respect to the state. Similarly, we introduce two assumptions
for the regularization term:

Gx1 G[x and Xl G A

Di erent from H[x], we assume a convergence condition fag[x] (i.e., the rst derivative term
is ignored) to simplify the derivation. Furthermore, we introduce the tangent linear operator
H for the observation operator H so that HJx] = H and H[x] = Hx. Equation (4.14) is then
simpli ed to:

(4.15) P X)+ H'RYHX vy +HO@ x)+ GIXI"WGX]=0.

After some algebra (details in B.1), this leads to the following analysis scheme:

(4.16) § =+ PH (R HPH) T HY) | PO+ HR (HP) * " we,
Kalman correction regularization term

where the argumentxjf for the function G and its derivative G° are omitted for brevity of

notation. This analysis scheme introduces two corrections to the prior realizations<jf. The rst,
Kalman correction, comes from the classical ensemble Kalman methods and corresponds to
the observation mist term kH[x] kﬁ in the cost function in Eq. (4.13), and the second
correction corresponds to the regularization term kG[x; ]k\ZN. Note that multiple regularization
terms can be added in Eq. 4.16, each with their own functionG, weight matrix W;, and
parameter ;.

The analysis scheme in Eq(4.16) can be further simpli ed to facilitate interpretation and
to gain insight into its relationship with that of classical Kalman update. First, we can expand
the term  P(I + H*R HP) ! in Eqg. (4.16) to

P+ PH (R+ HPH?) HP

by using the Woodbury formula [63] (see details in B.1). Following the convention in the data
assimilation literature, we write the Kalman gain matrix K = PH> (R+ HPH>) 1. Consequently,
the Kalman correction term and the regularization term become

(4.17) Ky Hx) and PG” WG+ KH PGT WG,
respectively. We further denote
(4.18) = PGTWG,
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with which the analysis scheme Eq. (4.16) then takes the following simpli ed form:
(4.19) X=X+ + Ky HO+ ),

or alternatively written as a two-step scheme:

X
I

f

(4.20b) X = + K(y;  HA).

Note that Eqg. (4.20b) has the same form as the analysis scheme of regular ensemble Kalman
methods, i.e.,x® = xjf + K(y; ijf). In other words, the regularized analysis scheme introduces a
pre-correction to the state vector x}-‘ to obtain xjf (see EQ.(4.20a)). This pre-correction is what
enforces the desired constraints. This is then followed by the Kalman correction (Eq(4.20b)) to
assimilate the observations. To enforce multiple constraints simultaneously, the regularization
term can be written as a sum as follows:

X

= pPGL WGy,
p

where the subscriptp denotes index of di erent constraints. A case with multiple regulariza-
tion terms is shown in Section 4.3.1. The proposed regularized ensemble Kalman method is
schematically illustrated in Fig. 4.1 by using ensemble Kalman Itering (EnKF) procedure as
an example, where our modi cation to the baseline EnKF is highlighted.

4.2.3 Implementing regularization procedure for an iterative ensemble
Kalman method

As presented above the regularized Kalman update is general for the numerous ensemble
Kalman methods, including the ensemble Kalman Iter and the ensemble Kalman smoother. In
the test cases in this paper, we use an iterative ensemble Kalman method to solve steady-state
inverse problems iteratively. The analysis step is modi ed to incorporate the regularized update
derived above. The analysis step is further modi ed here to overcome the e ects of sample
collapse on the regularization term and to avoid the dominance of the regularization term
during early iterations. The details of this regularized iterative ensemble Kalman method used
are presented below. The method described below di ers from the iterative ensemble Kalman
method for steady problems F1] only in the pre-correction step in the analysis. The proposed
method requires only a small algorithmic modi cation. The unmodi ed method is used as a
baseline for the test cases in Section 4.3.

Sample collapse is a common issue when using ensemble Kalman methodi8].[ Moreover,
for iterative methods on stationary systems, the observation data are used repeatedly, which
further exacerbates the sample collapse problem. This is partly addressed by perturbing the
observations (based on the observation error) at each iteration in addition to perturbing them

64



4.2. METHODOLOGY

Figure 4.1: Schematics of ensemble Kalman methods by using ensemble Kalman Itering (EnKF)
as example. The proposed regularization scheme consists of an additional correctionde ned
in Eq. (4.17), to the forecast statesx’ before the Kalman correction. Such a correction enforces
constraints and is equivalent to penalty term kG[x]k\ZN in adjoint methods as in Eq. (4.11). Our
contribution that di erentiates the present method to baseline ensemble Kalman methods is
highlighted in red/grey box. The Kalman correction in the regularized EnKF has the identical
form as that in standard EnKF except that it acts on the pre-corrected states x':

for each sample. Once the samples collapse, the covariance matfxapproaches zero, and the
regularization parameter has to be very large in order to keep the regularization e ective
(i.e., to keep it of a similar order of magnitude as the data discrepancy term. To overcome this
issue further, we recast the pre-correction term in Eq. 4.18 as follows:

(4.21) = PG” WG,

where kPkg is the Frobenius norm of matrix P. Compared to the original derivation, we have
written the algorithmic parameter as

(4.22) = kPKg.

Essentially, parameter is dynamically adjusted based onkPkg with  kept constant. In doing
so, only the \direction" of the covariance matrix P (i.e., information on the correlation of the
samples) is preserved, which overcomes the detrimental e ects of sample collapse on the added
constraint. This makes it more intuitive to choose the algorithmic constant
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During the rst few iterations of an iterative method, a large penalty parameter can lead to
the regularization term being dominant and consequently the observations being ignored. For
this reason, the parameter is further modeled using a ramp-up function as

. i S
(4.23) (1)=0:5 ¢ tanh a4 +1
where ¢ is the maximum value of and i denotes the iteration step. The parametersS and d
control the slope of the ramp-up curve and are chosen to be 5 and 2, respectively, for all test
cases in this paper.
In the iterative ensemble Kalman method, the forward modelM is not linearized, and an

iterative method is used to deal with this nonlinearity. Rather than linearizing
(4.24) H B M H;

only the observation operator is linearized, as§ A. Given the prior distribution of the state
vector P(x), observation valuesy and error covariance matrix R, and the constraint function G
with the weight matrix W and parameter , the following steps are taken:

1. (Sampling step)
Generate initial ensemble of state vectors, consisting oM samplesf xj(o) gJM:l, from the
prior distribution of the states.

2. (Prediction step)
For each sample, run the forward model to obtain the modeled observable elds.

3. (Analysis step)

i) Estimate the sample meanx(") and covarianceP(") as:

N
(4.25) =~ x0
M j
=1
. 1 o
(4.26) pl) = e 1x(')(x(l))>’

where X( denoteg, the matrix formed by stacking the mean-subtracted sample
vectors, i.e, X0 = & kD) od) x0)

i) Compute the Kalman gain matrix
(4.27) KO = pOhy> (R+ HPOH>) 1

iii) Generate an ensemble of observationf:yj(i)gj'\"zl from the joint normal distribution
N (y;R).
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iv) For each sample, constrain the statex with a pre-correction as:

(4.28a) 0= pOGEHK ) waxy;
(4.28b) Xj(') = xj("+ ,-('),

with the regularization parameter determined from Egs. (4.22) and (4.23).

v) For each sample, update the constrained statex:

(4.29) Xj(”l) = Xj(ih, K() y,-(i) ij(i)

4. Return to step 2 until the ensemble is statistically converged.

We emphasize that the procedure described above diers from the baseline ensemble
Kalman methods only in the additional pre-correction step in Eq. (4.28). That is, the proposed
regularization only requires such small algorithmic modi cation to existing ensemble Kalman
methods and is thus very straightforward to implement. The Python code for the proposed
method and the test case from Section 4.3.1 are provided in a publicly available GitHub
repository [154].

4.2.4 Generality and possible extensions to other ensemble Kalman
methods

In Section 4.2.3, we described how the proposed regularized Kalman update was implemented
for the speci c iterative method used in the test cases in this paper. However, we emphasize
that it can be implemented into other ensemble Kalman methods straightforwardly. As an
example take the ensemble Kalman Iter used in data assimilation. The elds inferred are the
initial conditions of the elds observed, and the forward model propagates these elds through
time. The observations occur at di erent times and are assimilated as they occur. Similar to
the method above the forward model is not linearized, but unlike the method above only a
single analysis is done at each time. Because of these di erences, the speci c implementation
for the two methods would obviously be di erent, but the modi cation to the analysis step will

be the same in all cases. Similarly, the speci ¢ methods for dealing with the problem of sample
collapse will vary from study to study, and the choice to model the parameter as described in
Section 4.2.3 is particular to this study.

4.3 Results

We use three di erent test cases to showcase the use and performance of the proposed regularized
ensemble Kalman method. First, we use it for the parameter estimation problem used by Wu
et al. [144)], which consists of a global minimization problem and for which the true solution
is known. Parameter estimation problems typically have more observations than inferred
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parameters, and the inferred parameters are discrete scalars. For the case tested, however, the
number of observations is of less than but of the same order of magnitude as the number of
inferred parameters, making it ill-posed. For this case we test a number of di erent constraints
and prior mean (initial guess) and show that the proposed regularized method is e ective in
removing the ill-posedness of the data assimilation problem, making a better inference on the
parameters. Parameter estimation problems in uid mechanics include, for instance, determining
the values of empirical parameters in speci ¢ turbulence models. Second, we test a eld inversion
problem: the one-dimensional di usion equation on a nite domain with boundary conditions.
The quantity to be inferred is a discretization of a continuous eld, which is fundamentally

di erent from the discrete scalars inferred in the rst case. In this case, the number of inferred
values is much larger than the number of observations. Finally, we test the proposed method
for a more complex and relevant eld inversion problem: the RANS closure problem. In this
case, we infer the eddy viscosity eld for a two-dimensional turbulent ow over periodic hills.
For all cases, we show the advantage of the proposed regularized method over the traditional
Kalman method in inferring the correct parameters or eld by overcoming the ill-posedness
intrinsic to inversion problems.

Both parameter estimation and eld inversion problems have applications in computational
uid dynamics (CFD). In the case of eld inversion, an important application is inferring
the correct Reynolds stress eld, and this is showcased in the third test case in this section.
In the case of parameter estimation, one important application is inferring the parameters
for the constructive turbulence models. Typically, many of these empirical parameters have
underlying constraints determined from their theoretical derivation or numerical tests. For
instance, Poroseva and Bezard118 recommend the relationship = y = 1:5 in the k{"
model [77] for aerodynamic simulations. Oliver and Moser 112 used a Bayesian approach to
guantify the uncertainty of model parameters and indicated that the parameter k and ¢,1 in
the Spalart{Allmaras model are linear. These are equality constraints. As an example of an
inequality constraint, it has been shown through numerical experiments by Ray et al. 127 that
the parameters in the k-" model have to satisfyC-, > C+1. The physical reason behind this
delineation is that the ratio C-,=C-; corresponds to the spreading rate of a free jet. A ratio of
C-»,=C1 < 1 would lead to a contracting jet, which is non-physical [L47]. Nevertheless, most
current works on ensemble-based parameter inferences neglect such underlying constraints,
partly because of the di culty in enforcing constraints in existing ensemble-based inversion
methods.

4.3.1 Parameter estimation

The rst test case is the parameter estimation problem used by Wu et al. L44]. The observable
quantities z 2 R? is a vector related to two parameters! (the state to be inferred) by the
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forward model F as foIon,vs:# " 4
l1+1)2 (1,+1)?
(4.30) ,- & - F[ = exp( (!1 )2 (!2 )2)
2 exp( (1 1) (t2 1))
I =[!1;! 2] is the parameter vector, andF is the forward model. The observation map is
given by

(4.31) y=Hz=HF][];

with H =[ 1.5; 1:0]. Given the observationy = 1:0005, the inverse problem consists of
inferring the parameters! °P' that minimize the discrepancy between the observationy and
model output F[! ] (after the latter being projected to the observation space). That is,

(4.32) J!1=ky HF[ ]k,
(4.33) | opt — arglmin J' 1.

A contour plot of J is shown in Figure 4.2. This case has two groups of local minima: (Group
I) the single point at ! = (1:0;1:0), and (Group Il) the circle of points de ned by

(4.34) (11+1)2+(12+1)%=log1:5:

Numerous local minima result in satisfactory agreement with the observation, which makes
the inference of the true parameter! challenging. Fundamentally, this results from insu cient
information from the observations, and the goal of the proposed regularized method is to
guide the inference to the true values of the parameters by incorporating additional sources
of information. Here the robustness of the method is tested by using di erent constraints and
three di erent prior means for the parameters, similar to Wu et al. [144].

4.3.1.1 Case details

The ensemble Kalman method is a Bayesian data assimilation framework and requires a prior
distribution for the parameters. A Gaussian process is used with mean ,, equal standard
deviation  =0;1 for both parameters, and zero covariance. Three di erent prior means are
tested:! , 2f( 1, 1);(0;0);(2;2)g. For the observation, the true value of the parameters is
taken to be! =(1:0;1:0), and the observation to bey = 1:0005 with standard deviation =
0:01. Three dierent sets of constraints are enforced: an equality constraint, an inequality
constraint, and multiple inequality constraints. Combined with the three prior distributions, a
total of nine constrained cases were tested in addition to three baseline cases with no constraints.

We consider three di erent sources of information on the quantity ! 1 + ! »: equal to 2,
greater than 1, and less than 3, with corresponding constraint equations:

(4.35) hegl! ]=11+12 2=0,
(4.36) him[']1= '1 !'2+1<0,
(4.37) hing[! ]=11+1, 3<0.
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Figure 4.2: Contour plot of the discrepancy JI ]. The two groups of local minimums are
indicated with the red/gray cross \+" (Group 1) and the red/gray circle (Group I1).

For inequalities of the form hi,[! ] < 0 a penalty function [hi,[! ]] of the form

0 forhip[! 1< 0O

(4.38) 1= el l= i formany o

is used. The derivative can be obtained from chain-rule fot,1[! ]:

(0; 0) for hin[! ]< O

(4.39) Gt 1= Thnl! 1= ( 20l T 20wl D) forhal] O

The three constraints used as regularization are summarized in Table 4.1. The last case
consists of multiple inequalities and serves as an illustration of combining multiple sources
of information into the framework. For the inequality constraints, the penalty function is
only active when the constraint is violated. The penalties in Table 4.1 are implemented as in
Eqg. (4.21), with covariance set to the identity matrix W = |. A regularization parameter of

o0 =0:1is used.

Table 4.1: Summary of the constraints used in the parameter estimation problem.

case constraint type penalty function

Cl equality G(! )= hegl! ]
C2 inequality G(')= [hinal' 1]
C3  multiple G(' )= [hinel! N+ [hin2[! 1]
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Table 4.2: Results of the baseline and regularized inference with di erent constraints.

method initial ! inferred ! HF ['] error (1) error (HF['])
truth/observation | (1:0; 1.0) 1:0005 | |

Baseline (2 2)|( 152 063) 1:0010 (252%163%) Q05%
(0;0) ( 155 1:30) 1:0108 (255%230%) 103%
(2;2) (0:94; 0:95)) 0:9947 (6% 5%) 0:58%
C1 ( 2, 2)| (1:06;0:93)) 0:9921 (6% 7%) 0:84%
(0;0) (1:06; 0:93) 0:9921 (6% 7%) 0:84%
(2;2) (1:02;0:98) 0:9997 (2% 2%) 0:08%
c2 ( 2 2 (2:07;1:03) 0:9946 (7% 3%) 0:59%
(0;0) (0:96; 0:98) 0:9986 (4% 2%) 0:19%
(2;2) (0:94; 0:96) 0:9956 (6% 4%) 0:49%
C3 ( 2 2 (1:03;0:94) 0:9961 (3% 6%) 0:44%
(0;0) (1:01;0:93) 0:9956 (1% 7%) 0:48%
(2;2) (0:95;0:94) 0:9947 (5% 6%) 0:58%

4.3.1.2 Results

As a baseline, the ensemble Kalman method is used without any regularization (constraints)
for each of the three prior distributions considered. The results are shown in Fig. 4.3a and
Table 4.2. It is noticeable that for di erent priors the inference will converge to a di erent
local minimum, with the priors with mean of (  2; 2) and (0; 0) converging to local minima
belonging to Group Il. Next, the proposed regularized method is tested using the equality
constraint (case C1). The results are shown in Fig. 4.3b and Table 4.2. Using the equality
constraint the inference converges around the truth for all three priors considered.

Similarly, the inequality constraint (case C2) is able to make the inference converge around
the truth for all three priors considered, completely avoiding the Group Il local minima. These
results are shown in Fig. 4.3c and Table 4.2. It should be noted that the penalty term in this
case is only active when the constraint is violated. This results in that while this constraint
can avoid inference dropping into the local minima in Group Il it cannot further enhance the
optimization result, as in the case with the equality constraint. Finally, the method is tested
with multiple inequality constraints (case C3) in order to showcase how to incorporate multiple
sources of information. Once again, the inference converges around the truth for all three priors
considered, and the results are shown in Fig. 4.3d and Table 4.2.

The errors in the inferred quantities are quanti ed based on the agreement with their
corresponding true values. The error on quantityq is de ned as:

kqtruth Cestimate k .

4.40 error =
( ) kQIruth k

The errors on the parameters! and the observed point are shown in Table 4.2. For all constraints
and prior means considered, the proposed regularized method can infer the parameters accurately,
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(a) Baseline (no constraint) (b) Regularized, Case C1

(c) Regularized, Case C2 (d) Regularized, Case C3

Figure 4.3: Results of paramter estimation problem using the baseline and proposed regularized
methods with di erent constraints. For all methods three di erent prior means (green/gray
dots) are considered. (a) Baseline case; (b) Case C2: proposed method wi[! ] = hy[! ] where
penalty function is indicated by the black straight line ; (c) Case C2: proposed method with
G[! 1= [hin1[! ]]. The blue/gray region indicates where the constraint is inactive; (d) Case C3:
proposed method withG[! 1= [hina[! 11+ [hin2[! JI. The blue/gray region indicates where
the constraint is inactive. With the baseline method, di erent priors converge to the di erent
local minima. With the proposed regularized method all priors can converge to the true local
minimum (1; 1), indicated as blue/gray triangle.
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comparable to the baseline case with prior mean of (2; 2). For the estimated observation
error, all cases, including the unregularized baseline, can give a satisfactory estimation in the
observation space.

It should be noted that the regularization parameter in the penalty term in the cost
function is in ated as in Eq. (4.23) to ensure the robustness of the analysis step. The hyper-
parameters in the ramp-up function may a ect the inference performance. Concretely, the
parameter ¢ has to be in ated su ciently to regularize the inference but not so much as to
ignore the observations. If the penalty term is too small is cannot drag the inference away from
the erroneous local minima. The hyper-parameters o, S, and d in Eq. (4.23) were chosen based
on a parameter study. The parameter study suggests that the equality constraint is robust with
a large range of parameters leading to correct inference. However, the inequality constraint
was found to be signi cantly more sensitive to these parameters. This is due to the nature
of such constraints and not caused by the intrinsic limitations of the proposed method. The
equality constraint embeds more information about the truth, which can further enforce the
inference to the expected point. In contrast, inequality constraints can only drag the inferred
parameters out of the region where the constraint is violated but cannot further inform the
inference process as the equality constraint does. Consequently, too large a penalty term may
result in over-correction and lead to inference divergence, while too small a penalty term may
not be su cient to force the parameters out of the constraint-violating region and away from
the undesired local minima. Detailed results of the parameter studies are presented in B.2.

4.3.2 Field inversion

The second test case is a eld inversion case, in which observations of a eld described by a partial
di erential equation (PDE) are used to infer a latent eld in the PDE. Speci cally, we infer the
di usivity eld in the one-dimensional di usion equation by observing the temperature at a
few locations. As is the case in general for eld inversion problems, the number of observations
is much smaller than the dimensions of the discretized domain. This increases the ill-posedness
of the problem and makes it challenging to infer the true latent eld. We apply the proposed
method to regularize the problem and demonstrate its ability to infer the correct eld by
incorporating additional knowledge into the inversion scheme.

The di usion equation is given by

(4.41) ddx [x]gl): = f[x]

where x is the one-dimensional spatial coordinateu is the quantity being di used which is
considered the output observable eld,f [x] is a source term in units ofu per time, and [x]
is the di usivity eld which is regarded as the latent eld to be inferred. Here we consider
the di usion of a non-dimensional quantity u (e.g., normalized by a reference value), but the
equation can be used for many di erent applications. For instance, it could be used for heat
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distribution along a rod, where u is temperature, f is distribution of heat sources, and is
thermal di usivity of the material. Another common application is pollutant concentration

in a uid, where u is concentration density, f is distribution of pollutant sources, and is
mass di usivity of the pollutant in that medium. We consider a domain of length Ly, a source
term f [x] = 100 sin(2 x=L ), and homogeneous boundary conditionsljx=p = Ujx=L, = 0. The
domain is discretized into 50 equal length cells, and the equation is discretized using the central
di erence scheme. The output eld u is observed at nine equally spaced locationg=Ly =
0:1;0:2; ;0:9, and the goal is then to infer the value of the discretized di usivity eld at each
of the 50 cells.

4.3.2.1 Case details

The values of the discretized di usivity eld are not independent, and some sort of spatial
correlation needs to be enforced. Furthermore, di usivity is a eld with physical meaning
and subject to the physical constraint that it must be non-negative. To ensure positivity,
the logarithm of di usivity log[ = o] is inferred, where g is a reference di usivity value. To
enforce spatial correlation and smoothness, the eldog[ = o] is assumed to be a sample of a
Gaussian procesdog[ = o] = GP(0; K) with correlation kernel K. Using Karhunen-Laeve (KL)
decomposition the eld can be written as

X p
(4.42) log[= ol= 'i i

i=1
where ; and ; are the eigenvalues and unit eigenvectors of the kerndd, and! ; are coe cients.
While n is theoretically equal to the discretization size, it is common to set it to a much
smaller value due to the rapid decrease of the magnitude of the eigenvalues. This also results in
dimensionality reduction, which can be bene cial in large 2- or 3-dimensional problems with
large discretization. The problem now consists of inferring the coe cients! ; rather than the
discretizedlog[ = o] or elds directly. We use the square exponential kernel with standard
deviation , and length scalel, which for two points x and x%is given by

kx  x%?

(4.43) K(x;x%= 2exp B

p

A standard deviation of , = 1:0 is used, and the length scale is chosen ds= 0:02Ly, a
relatively small value to allow for noisy inferred elds, making the problem arti cially more
di cult. The rst ve modes scaled by their respective eigenvalues are shown in Fig. 4.4. It can
be seen that higher modes correspond to higher frequencies and that the magnitudes of the
modes decrease slowly.

For the Bayesian inversion scheme, the prior distribution oflog[ = o] is considered to be
the Gaussian process described earlier with uniform meanp[x] = o. A total of 80 samples
are used, created using the KL decomposition in Eq(4.42) with random coe cients with
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Figure 4.4: First 5 KL modes in the di usion case scaled by their corresponding eigenvalues.

independent standard normal distributions, i.e.!; N (0;1). The truth is constructed using
the same decomposition in Eq.(4.42) with only the rst three modes, each with coe cient
equaltol,ie,!;=!,=13=1:0and!; =0for j> 3. The observations inu are obtained by

propagating this true di usivity eld through the di usion equation and using an observation
standard deviation of y =0:0001. Fig. 4.5 shows the prior samples for the di usivity eld as
well as the propagated output eld for di erent number of modes as will be discussed later.

The synthetic truth is constructed with only 3 modes, and the magnitude of the eigenvalues
of the kernel decreases slowly due to the small length scale used in the correlation kernel.
Because of these two facts, by setting the number of modes used in the representation of the
eld (Eqg. 4.42), we can control the dimension of the inference space and the level of ill-posedness
of the problem. Speci cally, if a large number of modes is used, many di erent di usivity elds
with increasingly di erent qualitative shapes can result in matching the observations in the
output space. We consider as an additional source of knowledge that the rst three modes are
the most important, and use REnKF to embed this information into the data assimilation
process. To embed this information, we use a penalty function of the form:

(4.44) G[l]="!;
with a weight matrix
(4.45) diag (0;0;0;1;:::;1);

where the lastn 3 modes are penalized. We use the ramp-up in Eq4.23) with ¢ = 10. With
this constraint, the rst three modes are not penalized while the value of the coe cients for any
other modes contributes to the cost function. It is noted that this is a soft constraint, which
still allows for higher modes if they contribute to improving the agreement with observations.
To test the performance of the proposed method, we perform the eld inversion with both
the baseline and regularized ensemble Kalman methods using di erent number of modes. Here
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the results with 3, 5, and 20 modes are presented. In this case, the regularized method with 3
modes is equivalent to the baseline and is not repeated. Fig. 4.5 shows the prior distributions
(samples) for the three test cases using an increasing number of modes. Note that with more
modes there are much higher oscillations in the di usivity elds in the prior, leading to samples
that look very noisy. Nonetheless, even with the high noise all cases have similar distributions in
the output eld. This clearly shows the ill-posedness of this eld inversion problem. Di usivity
elds that are qualitatively very di erent still result in very similar output elds, where the
observation is made. The traditional ensemble Kalman method has no way to prefer one of
these over the others as long as they match well with the observations in the output space.

(@ , 3 modes (b) , 5 modes (c) , 20 modes

(d) u, 3 modes (e) u, 5 modes (f) u, 20 modes

Figure 4.5: Prior samples of di usivity (top) and corresponding output elds u (bottom)
for di erent number of modes.

4.3.2.2 Results

The results of the inferred eld are shown in Figure 4.6. With di erent modes, both EnKF
and REnKF are able to give a satisfactory agreement in the observed eld, and these results are
omitted since they are visually indistinguishable. The di erence between the results from the

di erent methods lies in their ability to infer the correct latent di usivity eld. The baseline
method with only three modes results in the correct di usivity eld as expected, since this
problem is not ill-posed. However, when there is more freedom with the increased number of
modes and hence increased dimensionality of the space of possible latent elds, the baseline
method infers increasingly more qualitatively wrong di usivity elds while still matching the
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observations and true output eld. Incorporating the additional knowledge through the proposed
regularized method results in the correct di usivity eld being inferred even in the cases with a
large number of modes. This is clearly seen in Fig. 4.6.

(a) Baseline, 3 modes

(c) Baseline, 5 modes (d) Regularized, 5 modes

(e) Baseline, 20 modes (f) Regularized, 20 modes

Figure 4.6: Inferred di usivity by using the baseline methods (left column; panels a, b, and d)
and the proposed regularized methods  (right column; panels ¢ and e) for di erent number
of modes.

The inferred KL coe cients for the di erent methods are shown in Fig. 4.7 for the cases
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with 20 modes. It is noticeable that the baseline method uses all the available modes, while
the regularized method only uses the rst three modes as expected. Moreover, the inferred
coe cients with the regularized method have good agreement with the synthetic truth values.
The errors in the inferred di usivity for the di erent methods are shown in Fig. 4.8 as a function

of the number of modes used in the representation. It can be seen that with increasing number
of modes, the baseline method gives increasingly worse inference on the di usivity, while with
the regularized method the error remains relatively constant. The regularized method can
provide satisfactory inference regardless of the number of modes used in the representation.

Figure 4.7: Comparison of inferred KL coe cients for the di usion case by using the baseline
method and the regularized method with 20 modes.

Figure 4.8: Errors in the inferred di usivity in the di usion case for the baseline method and
the regularized methods as a function of number of modes used in the eld representation.
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4.3.3 RANS equations closure

As a nal case we test the proposed regularized method for a eld inversion problem of practical
interest in uid mechanics: closure of the Reynolds-averaged Navier{Stokes (RANS) equations.
The RANS equations describe the mean ow of uid accurately; however, they are unclosed.
The Reynolds stress term requires a turbulence model, and no universally good model exists.
In practice, this means that complex ows cannot be con dently predicted in regions with
separation or high pressure gradients. It is therefore of tremendous interest to infer the Reynolds
stress in regions where the ow is too complex to be captured by current turbulence models.
This can be achieved by incorporating sparse observations using inversion schemes such as the
ensemble Kalman methods. Here we consider the steady two-dimensional incompressible RANS
equations with linear eddy viscosity assumption. This means that a single scalar eld, the eddy
viscosity eld, needs to be inferred rather than the full Reynolds stress tensor eld. The RANS
eguations can then be written as

@y
4.4 — =
(4.46a) @x 0

@u_ @p, @ ou, @y
(4.46b) Uj @x @X+ @x t) @}(+ ax

using Einstein summation notation, wherei 2 1;2 denotes spatial direction,U is velocity, x
is spatial coordinate, p is a pseudo pressure term, is the uid viscosity, and  is the eddy
viscosity eld to be inferred.

For this test case, we use the canonical ow over periodic hills 14] which has been
extensively used for the investigation of numerical methods in CFD §0]. A single hill is modeled
with periodic boundary conditions. The domain is discretized with 50 cells in the stream-wise
direction x; and 30 cells in the wall-normal direction x,. The dimensionless wall distancey™ of
the rst cell is small enough to lie in the viscosity layer, and no wall model is used. All spatial
coordinates are normalized by hill heightH and all velocities by the bulk velocity U, at the
hill crest. The Reynolds number based orH and Uy, is 2800.

In this case, we use OpenFOAM, an open-source CFD platform based on nite volume
discretization, to simulate the incompressible, steady-state turbulent ows. The SIMPLE (Semi-
Implicit Method for Pressure Linked Equations) algorithm is used to solve the RANS equations.
The second-order spatial discretization schemes are applied to discretize the equations on an
unstructured mesh. The prior mean and synthetic truth are both created from RANS simulations
using the built-in simpleFOAM solver but with di erent turbulence models. The synthetic
truth is obtained using the k{" model [77] and the prior mean using the Spalart{Allmaras
model [133. To propagate eddy viscosity to the velocity eld, a modi ed solver was created
that uses a constant speci ed eddy viscosity eld rather than using a turbulence model. This
modi ed solver is the forward model which gives the output elds (velocities and pressure)
given an input eld (eddy viscosity).
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4.3.3.1 Case details

The latent eld to be inferred is the eddy viscosity eld . Like the di usivity eld in the
former case, the eddy viscosity is non-negative, and the same representation is used for it as
for in Eq. (4.42), inferring the logarithm of the eld and using KL decomposition. That
is, log[ = o] = GP(0;K), where  is a reference eddy viscosity value. Again the square
exponential covariance in Eq.(4.43) is used, with length scalel = 0:25H and variance 2 =1:0.
The rst eight modes of the decomposition are shown in Fig. 4.9. The lower modes represent
the larger scale characteristics of the constructed eld, while the higher modes have more
oscillations. For the prior we use the results from a RANS simulation with Spalart{Allmaras
turbulence model and a standard deviation of ; = 1:0. These results are projected into the
KL modes to get the prior coe cients !; and 100 samples are created. The prior distribution
of eddy viscosity and the propagated streamwise velocity are shown in Fig. 4.10. Note the
high oscillations in the prior eddy viscosity and the relatively smooth propagated streamwise
velocities, which highlights the ill-posedness of the problem. The results from a RANS simulation
with k-" turbulence model are taken as the truth which is used to create synthetic observations.
The observations consist of streamwise velocityJ; at 18 points, shown in Fig. 4.10b, with
observation error y = 0:001.

Il
(a) mode 1 (b) mode 2 (c) mode 3 (d) mode 4

(e) mode 5 (f) mode 6 (g) mode 7 (h) mode 8

Figure 4.9: Contour plots of rst 8 modes from KL decomposition for the periodic hills case.
The modes are scaled by their corresponding eigenvalues.

As a baseline, the inverse problem is solved using the traditional ensemble Kalman method.
As before, di erent number of modes are used to study cases which are progressively more
ill-posed. The results for all cases are summarized but we choose to highlight the results for the
case with 200 modes in more detail as a sample case. As can be seen from the prior samples in
Fig. 4.10a, the eddy viscosity eld can have a qualitatively very di erent shape from the truth
and still result in satisfactory results in the observation space. This problem can be exacerbated
in the inference where the inferred values of the coe cients! ; are not restrained unlike in the
prior where they are speci ed to sample from a standard normal distribution. This means that
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(a) eddy viscosity (b) streamwise velocity

Figure 4.10: Prior realizations of eddy viscosity ; and propagated streamwise velocityU; for
the periodic hills case. The locations of the observations are indicated by crosses ).

the inferred coe cients for higher modes can be very large. However, the modes from the KL
decomposition have intrinsic importance embedded in them, indicated by the magnitude of
their corresponding eigenvalues, and while this information is used in constructing the prior
samples, it is ignored in the inference step. We use this relative importance of the modes as
an additional source of information to create a regularization constraint. Among equally t
candidate solutions, we will prefer the simplest one, i.e., the one that uses the fewest modes (e.g.,
low pass lIter). We use this preference as the regularization and use the relative importance
of the modes to embed this preference into the inversion through the proposed method. To
achieve this, a penalty function

(4.47) G[l]="!

is used with covarianceW constructed from the inverse of the eigenvalues as

(4.48) diag i;:::; ! ;i

A value of ¢ =0:1is used for the ramp-up in Eq. (4.23).

4.3.3.2 Results

The case with 200 modes is used to show the performance of the proposed regularized method.
Pro les of the inferred eddy viscosity elds, as well as the propagated stream-wise velocity elds,
are shown in Fig. 4.11 using both the baseline and regularized methods. The baseline method is
able to improve the velocity pro les in most of the domain. The regularized method is similarly
able to improve the velocity eld in the entire domain. Although the baseline method improves
the predicted velocity, the inferred eddy viscosity eld is much farther from the true eld than

the prior. The inferred eddy viscosity eld in Fig. 4.11a have magnitudes many times larger
than the truth and exhibit much more oscillations. Embedding the additional information into
inversion using the regularized method can result in improved results. The inferred eld in
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Fig. 4.11b is still worse than the prior, but many of the problems in the inferred eld with
the baseline method have been signi cantly reduced. Speci cally, the inferred eld is smoother
and has smaller magnitudes. The entire inferred elds are shown in Fig. 4.12, which more
clearly shows the qualitative di erence between the true eld and the inferred elds using either
method. The eld inferred with the regularized method can be seen to reduce the magnitude
and number of the oscillations compared to the eld inferred with the baseline ensemble Kalman
method. To further improve the inferred eddy viscosity, more information such as smoothness
could be embedded as constraints in the regularized ensemble Kalman method.

(a) baseline, eddy viscosity (b) baseline, streamwise velocity

(c) regularized, eddy viscosity (d) regularized, streamwise velocity

Figure 4.11: Inferred eddy viscosity eld and propagated streamwise velocity eld for the
baseline and regularized methods using 200 modes.

The magnitudes of the inferred coe cients for both methods are shown in Fig. 4.13. The
baseline ensemble Kalman method uses the modes indiscriminately, and the KL coe cients for
the higher modes are still large. By contrast, the regularized method uses less of the higher
modes, successfully enforcing our preference. Furthermore, the trend of the decay of magnitudes
of the inferred coe cients is proportional to the eigenvalues as expected. This is due to the
speci ed weight matrix in Eq. (4.48) penalizing each mode by the reciprocal 2 ; of its respective
eigenvalue.

The error in the inferred eddy viscosity is calculated using Eq.(4.40). The errors for the
di erent methods are shown in Fig. 4.14 as a function of number of the modes used in the
representation. The inference with regularized method has a lower error for all cases tested. It
should be noted that this measure of error accounts for the entire eld not only observation
points. With too few modes, the error is large because the number of modes is insu cient to
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(a) prior mean (b) truth

(c) posterior mean, baseline method (d) Posterior mean, regularized method

Figure 4.12: Contour plots of the inferred (posterior) eddy viscosity ; with with the baseline
and regularized methods using 200 modes.

Figure 4.13: Magnitudes of the inferred KL coe cients for the periodic hills case using the
baseline and regularized methods with 200 modes.

represent the eld. Consequently, in order to t the observations well, the inversion scheme
drives the eld in the unobserved areas to depart signi cantly from the truth. However, the
error tends to atten out as the number of modes is increased.
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Figure 4.14: Error in the inferred eddy viscosity in the periodic hill case by using the baseline
and regularized methods as a function of the number of modes used in the eld representation.
Note that a logarithmic scale is used for the errors.

4.4 Conclusion

Inverse problems are common and important in many applications in computational physics.
They consist of inferring causal parameters in the model from observations of model output. The
parameters can be scalar model parameters or physical elds, and the observations are typically
sparse point observations of some, possibly di erent, physical elds. The most straightforward
way to solve such problems is minimizing a cost function that penalizes the discrepancy of the
inferred results with the observations. This cost function is minimized using gradient-based
methods with the gradients computed from the adjoint of the model. However, many physical
models used in practice do not have the readily available adjoint capability, and development of
these capability requires signi cant e ort. This has prompted the development of ensemble-based
models, such as the ensemble Kalman methods, which are widely used in practice. Ensemble
methods use the sample covariance rather than the gradient to guide the optimization. The
ensemble Kalman methods implicitly solve the same minimization problem and both ensemble-
and gradient-based methods are equivalent under mild assumptions.

A problem with inverse problems is that they are generally ill-posed, with many possible
solutions of the parameters leading to satisfactory results in the observation space. This is
typically solved by regularizing the problem by adding some additional constraint to the
cost function. For instance, smoothness can be enforced by penalizing the magnitude of the
gradient of the eld. When directly optimizing the cost function with adjoint methods, this is
straightforward to implement; however, it is not straightforward to implement such constraints
in ensemble-based methods. Here we propose a regularized ensemble Kalman update capable of
embedding such additional knowledge into ensemble Kalman methods. Additional constraints
are added into the Bayesian formulation, and a derivative-free updating scheme is derived from
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an optimization perspective. This e ectively bridges the gap between the ability to regularize the
problem in both classes of methods and allows for general constraints to be enforced implicitly
in the data assimilation problem.

Here we presented three di erent cases of increasing complexity, including inferring scalar
parameters as well as one- and two-dimensional elds. For the nal test case we used the method
to infer the closure eld in the Reynolds-averaged Navier{Stokes equations, a case of signi cant
practical importance in computational uid dynamics. Compared to using a traditional ensemble
Kalman method, the proposed method performs just as well in the observation space, but by
incorporating additional knowledge as regularization, the inference in the parameter space is
greatly improved. The results demonstrate that the proposed method correctly embeds the
additional constraints.
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Chapter 5

Evaluation of Iterative Ensemble
Methods for Quantifying
Uncertainties in Steady Flows with
Limited Ensemble Sizes

5.1 Introduction

5.1.1 Bayesian uncertainty quanti cation for CFD

In computational uid dynamics (CFD) applications, Reynolds averaged Navier{Stokes (RANS)
method still is the workhorse to inform the important decision-making during engineering
design processes. However, RANS models cannot provide accurate results for many cases in the
presence of complex turbulent ows. That necessitates quantifying uncertainties in the numerical
simulations so that we could obtain additional con dence/statistics information on the simulated
results [143. The conventional approach to quantify uncertainties is to forwardly propagate the
presumed uncertainty of system inputs through the system model to the quantity of interests
(Qols). There have been numerous works37, 54, 108 and methods b7, 83, 98] developed
on it. Nowadays, as the discovery of underlying information in the RANS model becomes an
increasingly active topic in the CFD community, the Bayesian approach has been drawing more
and more attention. With this method, we can backwardly quantify and reduce the uncertainty
of Qols as well as the system inputs (e.g., model parameters or underlying terms) through
accounting for the available data from high delity simulations or experiments [148 153. The
procedure is illustrated in the schematic in Fig. 5.1.

Numerous works have been conducted to apply Bayesian uncertainty quanti cation (UQ)
approaches into diverse applications, including RANS simulations. The pioneering work of
Kennedy and O'Hagan B1] presented a Bayesian calibration technique to quantify di erent
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Figure 5.1: Schematic of Bayesian uncertainty quanti cation. Bayesian approach can combine
the prior information (red dashed line) and the data to quantify the posterior uncertainty (blue
solid line) in the quantities of interest as well as the input.

types of uncertainties for complex models. Cheung et al.Z2] applied the Bayesian calibration
framework for the Spalart{Allmaras turbulence model to calibrate the model parameters by
incorporating experimental measurements. They evaluated their approach on the boundary
layer ows to reduce computational costs and pointed out the necessity to develop tractable UQ
approaches for computationally expensive cases. Oliver and Moset 12 further extended their
work by introducing the stochastic representations for uncertainties in eddy viscosity turbulence
models. The uncertainty representations based on the multiplicative error in mean velocity
and the additive error in Reynolds shear stress are developed and applied into the channel
ows. Edeling et al. [40] proposed a Bayesian-model-scenario-averaging (BMSA) method to
estimate the k{ turbulence model error for a class of boundary layer ows with di erent
pressure gradient. More recently, Edeling et al. 43] leveraged Maximum a Posteriori (MAP)
estimate to reduce the computational cost and thus make their BMSA approach applicable for
complex ows.

The aforementioned works mainly focus on the simple ow cases where uncertainty propaga-
tion through CFD solver is computationally inexpensive. Hence, the Markov chain Monte Carlo
(MCMC) which typically requires samples of at least O(10°) O (10°) is feasible. However, it
will be computationally intractable to deal with the complex ow cases of engineering interests.
In order to reduce the computational cost, the conventional approach is to apply surrogate
models, for instance, the polynomial chaos methods4fl, 95, 157 to replace the CFD code.
Nevertheless, such approach is not feasible for high dimension problems due to the curse
of dimensionality. Ensemble technique has been proposed and discussed extensively for UQ
problem in the data assimilation (DA) community. It can reduce signi cantly sample size to
0(10%) and provide a satisfactory estimation of posterior uncertainty with limited samples.
Therefore, the ensemble methods can potentially play a role as an approximate Bayesian UQ
approach for the computationally expensive ow cases. The ensemble-based data assimilation
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methods will be further discussed below.

5.1.2 Ensemble-based data assimilation methods

Ensemble-based DA becomes increasingly popular and has been applied to diverse contexts
including uid mechanics, weather forecasting, geoscience, and so on, due to its non-intrusiveness
and robustness. Among the ensemble-based DA methods, the most extensively used one is
ensemble Kalman Iter (EnKF) [ 48]. For the CFD applications, EnKF has been leveraged
to estimate uncertain parameters and model discrepancy in the RANS closure problem. For
instance, Kato and Obayashi [f9] explored the applicability of the EnKF method to estimate

the uncertainty of empirical parameters in the Spalart{Allmaras RANS model. However, due to
the strong nonlinearity of the RANS problem, we need to iteratively assimilate data even for the
stationary scenario, thus enhancing the performance. To this end, Iglasias et al7[] proposed

an iterative form of the standard EnKF as a derivative-free regularized optimization method for
inverse problems. In their framework, the analysis step of EnKF iterates with the arti cial time

for stationary systems based on the state augmentation. Xiao et al.J48 applied this iterative
EnKF to quantify and reduce the RANS model-form uncertainty within the Reynolds stress.
They demonstrated that the posterior mean with EnKF could have remarkably good agreement
with benchmark data. The readers are referred to the recent review of Xiao and Cinnellali47]

for recent progress in model-form uncertainty quanti cation in RANS simulations.

For highly nonlinear systems, the ill-posedness of the problem is signi cantly increased. To
search for the optimal point, EnKF takes full gradient descent step where the linearization
assumption is leveraged for simpli cation [49]. That possibly changes the original nonlinear
problem and leads to wrong solutions. Moreover, iterative form of EnKF for UQ problems has
not been fully analyzed. On the other hand, several iterative ensemble methods have been
proposed and discussed for UQ of nonlinear systems in the data assimilation community, but
they haven't been applied into CFD applications. For instance, Gu and Oliver [62] proposed
the ensemble randomized maximum likelihood (EnRML) method to iterate the analysis step
with Gauss{Newton algorithm. They applied this method in both static and dynamic problems,
demonstrating the outperformance of the EnRML method than EnKF, especially for nonlinear
problems. Chen and Oliver P(Q] treated the EnRML method as an iterative ensemble smoother
and tested it on the history match problem. Similarly, Emerick and Reynolds [44] proposed
the ensemble Kalman lIter with multiple data assimilation (EnKF-MDA) and demonstrated it
can provide better data match than EnKF with comparable computational cost. This method
performs Bayesian analysis with recursion of the likelihood through in ating the observation
error.

The ensemble-based DA methods mentioned above can be deduced similarly by solving the
minimization problem under several assumptions (e.g., the Gaussian distribution, linearization,
and ensemble gradient representation)49]. Nevertheless, these assumptions may result in a
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departure of the estimated posterior distribution from the Bayes'. Recently, several authors
investigated why ensemble methods were not able to estimate uncertainties accurately. For
instance, Oliver and Chen [L1]] reviewed the progress of MCMC, EnKF, and EnRML on
the history matching problem. They summarized that the EnRML method could provide the
probability distribution in better agreement with MCMC at a low computational cost, compared

to the EnKF method. Ernst et al. [ 45] analyzed the EnKF method for nonlinear stationary
systems. They demonstrated EnKF can provide the statistical information as uncertainty
indicator but is not suitable for rigorous Bayesian inference. Recently, Evensendp)] derived
and analyzed di erent ensemble methods from the view of model gradient representations, and
compared the analytic gradient and the ensemble representative gradient based on several scalar
cases. He concluded that none of these methods could provide the exact posterior probability
density function (PDF) for highly nonlinear models, but they can serve as the uncertainty
estimator at least for weakly nonlinear cases. Besides, a su ciently large number of samples
is used to obtain accurate statistical estimation in his work, and the performance of these
methods with limited ensemble sizes is not fully analyzed. These iterative ensemble methods
are useful for estimating uncertainties in Qols in industrial CFD applications, and they warrant
further investigations.

5.1.3 Objective of the present work

In this work, we present the derivations of three di erent ensemble-based data assimilation
methods (EnKF, EnRML, and EnKF-MDA) from the optimization perspective, and compare
their performances in quantifying uncertainties for RANS simulations with limited ensemble
sizes. Moreover, the e ect of limited ensemble sizes on the performance of each ensemble method
is evaluated in a scalar case by comparison with Bayesian distribution from MCMC.

The rest of the paper is structured as follows. In Section 5.2, we give the brief derivation of
the three most commonly used ensemble-based DA methods (EnKF, EnRML, and EnKF-MDA).
A scalar case is presented in Section 5.3 to discuss the performance of each method with di erent
ensemble sizes. In Section 5.4, a CFD case is tested to identify the most suitable approach to
quantify the uncertainty in the RANS model. Section 5.5 concludes the paper.

5.2 Ensemble-based data assimilation methods

Here we summarize the brief derivation of the three di erent ensemble-based DA methods,
namely EnKF, EnRML, and EnKF-MDA from the optimization perspective. For the clarity
and without loss of generality, we assume a multi-variate state-space model with multiple
observations.
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5.2.1 Minimization problem

Consider that the system model can be expressed as:
(5.1) §=HIx;

where H is the model function mapping the state to observation spaceRN | RP, x is the
state vector or input parameter x 2 RN, and ¢ is the model prediction in the observation
space$ 2 RP. We give an initial guess on the PDF of statep(x) as the prior knowledge based
on Gaussian assumption. Given the datay = d+ whered is the observation and is the noise,
the Bayesian UQ approach can nd the posterior uncertainty conditioned by the observation.
The Bayes' theorem can be formulated as:

(5.2) p(xjy) I p(x)p(y j H [X]):

It is illustrated that the posterior distribution p(xj y) is proportional to the multiplication
of the prior distribution p(x) and likelihood function p(yj H[X]) of data y conditioned by the
model H[X].

With the assumption of Gaussian distribution for prior p(x) and likelihood p(y j H[X]), we
can express the Bayes' formula as follows:

(5.3) p(xjy) ! p(Xp(YyjiHX)/ e 7;

In the formula above, J is the cost function written as:

(5.4) J=2 8 X TP K 4 S(HI] YR YHICT y);

whereP is the model error covariance R is the observation error covariance, and the superscripa
and f represent the \analysis" and \forecast", respectively. For nonlinear systems, the iterative
form of data assimilation scheme is needed to enhance the optimization performance. We can
write the cost function for each ensemble realization in an iterative form as:

1 [ f 1 >
(5.5) J=3 XX - Xt HDE] vy R HDGT vy
wherei is the iteration number and j stands for the sample index. To obtain the true error
covariance is quite di cult for most realistic cases. The ensemble-based DA methods apply
the Monte Carlo technique to draw limited samples. With these samples, we can construct the
ensemble representations for the model error covariande and the observation error covarianceR
as:

(5.6) VI

R= i,

(Xi X)X Xi)7;
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where X = fx gJM:l. Note that the estimated error covariance matrix are both symmetric.
Further, the maximum a posteriori (MAP) analysis can be applied to estimate the posterior
distribution. That is, to maximum the posterior is equivalent to minimize the cost function J.
Given that, we can derive the three di erent data assimilation methods, namely EnKF, EnRML,
and EnKF-MDA, from the perspective of minimizing the cost function with di erent gradient
descent techniques.

5.2.2 EnKF

From the cost function (5.5), we can derive the gradient as:

@J f

== Ptod x + HDGI TRIHPE]
1)

At the minimum of the cost function, the gradient should vanish. The formulation of EnKF

can be derived by setting the gradient of cost function (5.7) to be zero as:

(5.7)

(5.8) PY o X = HP RHK] vy

where only the terms Ho[xf‘]) and H[xf‘] are unknown. The assumption of linearization is
introduced to have an estimation on the two unknown terms as:

(5.9a) HX H [xjf]+ HO[xJT] X xjf :

(5.9b) HDE H 91+ HOB T @ X

where second derivative in Eq.(5.9b) can be neglected. The model gradienH9x’] can be
solved with the adjoint code, but that need much extra e orts for complex systems. With
ensemble technique, the model in observation space is randomized around the mean valdégx ].
After expanding H[x] around the ensemble mearH [X] [49], we can representH [xjf] with the
model function gradient as:

(5.10a) HX] H X1+ HIX] % X

We introduce the tangent linear model H[x] = Hx, and thus the gradient representation can be
expressed add. Accordingly, the update step of EnKF can be derived and formulated as:
1
(5.11) X =X + PIH R+ HPH Yy, HX
Note that in EnKF the model linear operator H usually is not needed to be calculated directly
through reformulating PjH> and HP;H> as:
1

(5.122) PH = 52 X Xi HIX] H [X] 7

1
M 1

Further details of the derivation are presented in C.1.

(5.120) HPiH” HIX] H XD HIXD H X
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5.2.3 EnRML

The ensemble randomized maximum likelihood method§2] is to update the initial guessed
state vector iteratively with Gauss{Newton algorithm. The cost function can be written as:

(13)  J= 206 %) Pot(ky e+ 5(HBGT %) R M(HIgD y);

where Xg is the initial guess, Pq is the initially estimated model error covariance before the
data assimilation process. The gradient and Hessian of the cost functio(5.13) can be derived
similarly as in EnKF:

(5.14a) g? =Pyt (xi  Xo1)* HIxi PR *(HDxi1 );
(5.14b) g:l =Pyt + Hxj PR *HYx; I:

Instead of reaching to zero-gradient minimum directly as in EnKF, the prior xg is iteratively

updated based on Gauss{Newton method as:
!

1
(5.15) @ = @) Q).

i ] f f
@Xi i @i;j

where s the step length parameter. The Gauss{Newton approach can reduce the step length
and ease the in uence of the linearization assumption during the analysis step. With the
gradient (5.14a) and the Hessian(5.14b) of the cost function we can obtain the analysis scheme

for the EnRML method as follows:
(5.16) = ot )%y PoHDGT R+ HIX T PoH D ]
H[X];j] yp H O[Xif;j] X{;j Xg;j

In the EnNRML method, the model error covariance P remains as the initial one and does not
change with the iteration number. As a result, the sensitivity matrix H9X] has to be evaluated
at each iteration through:

(5.17) HIXil  HIX] H X1 X X *°

The singular value decomposition (SVD) is usually used to estimate the inverse of the non-full
rank matrix. The details of the derivation can be found in C.2.
5.2.4 EnKF-MDA

From the derivation above, EnKF can be regarded as the Gauss{Newton update but uses full
step in the search direction at every iteration. That may lead to overcorrection on the state
vector, particularly for the nonlinear problem. This de ciency can be alleviated through the
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in ation of the observation error covariance. Motivated by this de ciency, EnKF-MDA [ 44] is
proposed to assimilate data with an in ated observation error covariance. From the Bayesian
perspective, the likelihood function in EnKF-MDA is in a recursive form as:

] NYﬁda ) 1
(5.18) pP(xjy)/ p(x) plyiHIX 1]) 15
i=1
P
where iN:Tda il =1, Nmga is the total data assimilation iteration number, and can be chosen
simply as Nihga. The cost function J can be expressed as:
(5.19)

_1 f 1 f 1
JOG)= 5 X X Pt Xy +5 d

T MG CR AP Ty H DG

The gradient of the cost function can be formulated as:

@I
@(aIJ =Pt % +HDPGT (R d+
1)

p

(5.20) i ] H [Xﬁj ] .

Similar to the derivation of EnKF method, we set the gradient of cost function to zero. Further,
with linearization assumption (5.9) and ensemble gradient representatiorn(5.10), we have the
update scheme as:

1
(521) @ = + PHDGT HIGIPHDG P + R d+ P 5y H BT
By introducing the tangent linear operator H, we can obtain the analysis step of EnKF-MDA
as:

1
(5.22) X =X, + PH HPH + R~ d+ P HX;;

Given the prior distribution of Qols to be inferred and ensemble observations with error
covariance matrix R, the implementation steps for the three data assimilation methods are

summarized as presented in Table 5.1.

5.2.5 Remarks

From the derivations above, we apply the iterative form, linearization assumption, and ensemble
gradient representation to obtain the derivative-free analysis scheme. Here, we give some
discussions on the e ects of each issue.

1. Iterative form is necessary to obtain satisfactory inference results for the inverse problem
of nonlinear systems. However, the iterative EnKF takes the posterior distribution as
the prior for the next iteration and uses the same observation at every analysis step for
stationary systems. This may result in that the samples collapse in early iteration steps
and lead to the underestimation of uncertainty. Moreover, the model error covariance for
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EnKF

[ EnKF-MDA

EnRML

a. sampling step:
generate initial ensem

ble state vectors xo; g,

a. sampling step:

1. generate initial ensemble state
vectors f Xo; gj'\"=l :

2. estimate the mean Xg and
model error covariancePq of the en-
semble.

b. prediction step:

i) Propagate from current state i

1 to next

iteration level i based on forward model{(> 0).

f
X

=F [Xia l;j]

ii) Estimate the ensemble meanX{ and model
error covarianceP; of the current iteration.

b. prediction step:
i) Propagate from current state
i 1 to next iteration level i based
on forward model(i > 0).
X{;j = FI¢ l:j]
ii) Estimate the ensemble model
gradient by (5.17).

c. analysis step

update the state vec-
tor by (5.11) and re-
turn to step b until the
convergence criteria are
reached.

c. analysis step

update the state vec-
tor by (5.22) and re-
turn to step b until the
convergence criteria are
reached.

c. analysis step

update the state vector by (5.16) and
return to step b until the conver-
gence criteria are reached.

Table 5.1: Schematic comparison of EnKF, EnRML and EnKF-MDA

next iteration become quite small, and the rst term in Eq. (5.5) prescribing the prior
distribution will dominate the cost function. That means the data assimilation analysis
does not take e ects and the update only depends on the prior afterward. By contrast,
the EnRML method and EnKF-MDA iterate the update step through Gauss{Newtion
algorithm and likelihood recursion, respectively, which can avoid the data overuse and
samples collapsing.

. Linearization assumption is introduced in our derivation for simpli cation. However, for
strongly nonlinear systems, the linear assumptions may signi cantly a ect the optimal
solution and lead to the wrong inference results. EnKF takes a full update step to the
optimal point, while the EnRML method and EnKF-MDA split one EnKF step by several
small steps through Gauss{Newton method and likelihood recursion, respectively. From
this point of view, the EnRML method and EnKF-MDA can alleviate the in uence
of linearization assumption and partly preserve the nonlinear property. Therefore, the
EnRML method and EnKF-MDA are more suitable for the uncertainty quanti cation of
stationary nonlinear systems than EnKF.

. Another assumption, ensemble gradient representation, is leveraged in the ensemble-based
DA methods as presented in our derivations. That is, the model gradient is approximated
by ensemble realizations rather than derivative analytically to the state vector. This may
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arise the propagated posterior distribution to be not accurate compared to the exact
Bayesian distribution [49]. However, unlike the linearization assumption, the impacts
of which can be eased through other optimization approaches, the e ects of ensemble
gradient representation are inevitable within the ensemble-based DA framework unless
the adjoint method is applied to calculate the analytic gradient.

Besides, the parameter and Nqa concerning the length of update step are introduced in the
EnRML method and EnKF-MDA, respectively. They can be constant or adaptive based on the
convergence judgment. Speci cally, if the discrepancy in observation space is larger than that
in the last iteration, we can reduce the step length by decreasing the step length parameter
or increasing in ation parameter Nnqga. Oppositely, if the discrepancy gets reduced, we can
increase the in EnRML or reduce the Npyga in ENKF-MDA to speed up the convergence.

5.3 Scalar case

First we test the three ensemble-based Bayesian UQ approaches derived in Section 5.2 on a
simple case used by Evenser§]. In his work, the e ects of the model gradient representation
are investigated mainly under the su cient large sample size. Here, we focus on the e ects
of limited ensemble sizes and the performance of the ensemble methods with a small sample
size. In this case, the computing time for the forward model is negligible. Hence, we can obtain
Bayesian posterior from MCMC and ensemble methods with a large sample size for comparison.

5.3.1 Problem statement

The forward model is de ned as:
(5.23) g=1+sin( xX)+ q;

where x is the state variable, § is the model output in observation space, andq is the added
model error for better visualization g N (0;0:03%). The goal is to quantify and reduce the
uncertainty of x and § with Bayesian approaches.

The Bayesian UQ approaches need the statistical information on the prior state and the
observation. We assume that the state variablex and data y both obey to the Gaussian
distribution as x N (0;0:1%), y N (1;0:1%). Besides, we set the step length parameter in
the EnRML method as 0:5 and the in ation parameter Npqa in ENKF-MDA as 30 to obtain
convergence results. The performance of the ensemble-based DA methods is assessed with
two di erent ensemble size of 16 and 1%, and the e ects of limited ensemble sizes on the
propagated uncertainties are investigated. The probability density in this case is estimated
from the samples through kernel density estimation (KDE) using the Gaussian kernel.

From the derivation in Section 5.2, it has been noted that two assumptions (linearization
and ensemble gradient representation) are introduced to obtain the derivative-free analysis step.
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The model gradient can be represented by the analytic gradient or estimated by the ensemble
samples. Although the analytic model gradient can give more accurate results compared to the
ensemble gradient representation49], it is not practical for complex models and beyond the
scope of this work. Here, we focus on the ensemble gradient and also investigate the e ects of
ensemble sizes on the ensemble gradient.

5.3.2 Results

We rst evaluate the performance of each ensemble-based DA method with large ensemble
sizeM =10°. The joint and marginal PDFs in comparison of di erent ensemble methods can
be seen in Fig. 5.2 and Fig. 5.3, respectively. The Bayesian benchmark is obtained based on
the Markov chain Monte Carlo (MCMC) approach using the DREAM package [137]. From the
results, it can be seen that all the three ensemble-based DA methods can capture the posterior
mean. However, it is noticeable that the iterative EnKF method leads to overcon dence in
the mean value and signi cantly underestimates the posterior variance compared to the exact
Bayesian distribution from MCMC. In contrary, both the EnRML method and EnKF-MDA

can provide an estimation on the posterior distribution in good agreement with the benchmark
data. It is not surprising, since the iterative EnKF repeat using same data, while the EnRML
method and EnKF-MDA can avoid data overuse by introducing the Gauss{Newton method or
the observation error in ation, as we remarked in Section 5.2. In conclude, with large ensemble
size, the EnNRML method and EnKF-MDA can perform comparably to the MCMC, while EnKF
signi cantly underestimate the posterior uncertainty due to data repeatedly used.

Further, we explore the e ects of small ensemble size on this case and evaluate which
method can outperform others with limited samples. Because for many realistic cases, the
propagation with large ensemble size is computationally prohibitive, and ensemble methods
typically can use less than 18 samples to describe the statistical information. Hence, we set
the ensemble size to be 1) and other set-ups are consistent with the previous. The joint
PDFs results with di erent ensemble-based DA methods are shown in Fig. 5.4. It can be
seen that with the limited ensemble size, the iterative EnKF method is similar as with the
large ensemble size. Speci cally, all samples converge to the observations, and the posterior
distribution has a low variance. By contrast, the EnRML method and EnKF-MDA not only
can capture the posterior mean value but also provide the statistical information to indicate
the uncertainty with ensemble realizations. For better visualization, the marginal PDFs in
comparison of the three ensemble-based DA methods with ZGsamples are shown in Fig. 5.5.
We can see that the EnRML method and EnKF-MDA give satisfactory estimations on the
uncertainty, while the mode value with EnKF is approximately three times higher than that
with MCMC. Generally, with limited ensemble size, EnKF performs similarly as with large
ensemble size, which underestimate the posterior variance. The performance of EnRML and
EnKF-MDA is still satisfactory but inferior to with large ensemble size.
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(a) Bayes (b) EnKF

(c) EnRML (d) EnKF-MDA

Figure 5.2: Joint PDFs with 10° samples in comparison of Bayes, EnKF, EnRML, and
EnKF-MDA for the scalar case.

Figure 5.3: Marginal PDFs for x with 108 samples in comparison of EnKF, EnRML, EnKF-
MDA, and Bayes for the scalar case.
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(a) Bayes (b) EnKF

(c) EnRML (d) EnKF-MDA

Figure 5.4: Joint PDFs with 10? samples in comparison of Bayes, EnKF, EnRML, and
EnKF-MDA for the scalar case

Figure 5.5: Marginal PDFs for x with 102 samples in comparison of EnKF, EnRML, EnKF-
MDA, and Bayes for the scalar case.
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Not surprisingly, the estimation of uncertainty with limited ensemble size slightly deviates
from the Bayes'. It is probably caused by that the limited samples are inadequate to describe
the statistical information and may also increase the error in estimating the model gradient,
especially for the nonlinear model. To illustrate this point, we present the plots of prior joint
PDF with the large and small ensemble size, as shown in Fig. 5.6. It is obvious that the
small ensemble size is not su cient to describe the prior distribution. Moreover, we give the
model gradient estimated by ensemble samples in comparison with the analytic gradient. The
analytic gradient of this model is cos x, and the ensemble gradient can be represented by
sin(_X)_sin(_X) Ideally, if the mean of samples orx is estimated as zero sinca obey to zero-mean

X X
Gaussian distribution, we can have

. sin( X
lim (%)
x' 0

=cos( X):

Based on this formula, we can see that the samples close to the sample mean are approximately
equal to the analytic one. Given that the model gradient is not subject to the Gaussian
distribution, we use the cosine kernel to obtain the probability density, as shown in Fig. 5.7. It

is noticeable that the di erence between the analytic gradient and ensemble gradient can be
eased with large ensemble size. The discontinuity in the case with 206samples is mainly due
to that the limited ensemble realizations are insu cient to prescribe the in nite distribution.

The limited ensemble size can remarkably reduce the computational cost but arise additional
errors in the statistical description and the model gradient estimation. To ensure the error in
an acceptable range, the choice of the ensemble size need numerical tests. For highly nonlinear
system, the reduction of errors in model gradient estimation will not bene t from large ensemble
size unless the analytic gradient is adopted.

(a) with 10 ® samples (b) with 10 2 samples

Figure 5.6: Results of prior joint PDF with large (108) and small (10?) ensemble size for the
scalar case
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(a) with 10 ® samples (b) with 10 2 samples

Figure 5.7: Comparison of analytic gradient and ensemble gradient. The light/pink shaded region
represents analytic gradient and the dark/blue shaded region represents ensemble gradient. (a):
10° samples; (b): 16 samples

5.4 RANS equation

CFD is of signi cant importance for many engineering applications. Considering the computa-
tional cost, the RANS model is still the essential tool to characterize the turbulence behavior
in CFD simulations. However, the unknown term \Reynolds stress" in RANS equations is
commonly solved with di erent closure models under Boussinesq assumption, which will intro-
duce the model uncertainty and reduce the con dence on the predictive performance. In this
section, we apply the three ensemble-based data assimilation methods (EnKF, EnRML, and
EnKF-MDA) on the RANS problem and evaluate their performance to quantify and reduce the
uncertainty of the predicted velocity by incorporating the DNS data.

5.4.1 Problem statement

The RANS equations can be expressed as:

ey _
(5.24a) Y=o

0
(5.24b) @V, @uy)_ epr, 1 @u @]

@t  @x @x Re@x@x @x'

where U; P is the dimensionless mean velocity and pressure, aride is the Reynolds number. In
the momentum equation (5.24b), = qi ijo is the Reynolds stress which is the main uncertain
source in RANS simulations. The Reynolds stress from RANS simulation coupling with the
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linear eddy{viscosity model is regarded as the baseline. Then we can introduce the discrepancy
term representing the uncertainty into the baseline as:

(5.25) = RANS 4

Further, we can quantify the uncertainty in the predicted velocity with the three ensemble-based
DA methods by reducing the discrepancy in Reynolds stress with observation data.

5.4.2 Methodology

The data assimilation framework to quantify and reduce the model-form uncertainty in Reynolds
stress was proposed by Xiao et.all4§. Here, we give a brief introduction on this methodology.

Before the data assimilation process, we represent the Reynolds stress baselingNS
with three discrepancy variablesk, , and through eigendecomposition and coordinate
conversion [L48. The variable k represents the magnitude of Reynolds stress, and and
represent the shape of the Reynolds stress. Further, the additive uncertaintiesk, , and
are injected into these projected variables as:

(5.26a) logk(x) = log kFANS (x) +  K(x);
(5.26b) (x)= FANS()+  (x);
(5.26¢) (x)= FANSO)+  (x):

The logarithm on k is to ensure the non-negativity.

The dimension of the variablelogk(x), (x), and (x) is consistent with the mesh grid. To
infer the entire eld with very sparse observation increases the ill-posedness of the problem
dramatically. Hence, it is necessary to reduce the dimension of the state space. In this case, we
leverage the Karhunen|Laeve (K{L) expansion with truncated orthogonal modes to represent
the eld for each quantity to be inferred. The discrepancy variables ¥, ,and are constructed
by the random eld subject to zero-mean Gaussian proces§& P(0; K). The kernel function K is
formulated as:

. x x92.
(5.27) Kx;x9= (x) (x9exp( )

In the formula above, (x) is the variance eld to indicate the region where large discE;aBancy is
expected.| is the characteristic length. The K{L mode can be formulated as: i(x)= ""i(x),

where” and " are the eigenvalues and eigenvectors of the kern#l, respectively. The discrepancy
variables can be constructed from the deterministic K{L modes (x) and random variable! as
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follows:
X

(5.28a) “y= s
i=1

(5.28b) =" 1 i0;
i=1

(5.28c) (x) = Feoi(x):

i=1
The prior ! is given as zero-mean, uni-variance Gaussian random numbers. With and K{L
modes (x), we can reconstruct the eld of each discrepancy quantity and recover the random
eld of Reynolds stress tensor.

Based on the Reynolds stress representation and dimension reduction presented above, the
ensemble-based data assimilation can be performed to quantify and reduce the uncertainty
in velocity. The procedure of the RANS model-form uncertainty quanti cation framework is
summarized as below:

1. Preprocessing step:
(1) Perform RANS simulation to obtain RANS as the baseline.
(2) Project RANS onto the eld of k, , and
(3) Conduct K{L expansion to generate the K{L basis sets or modesf ;(x)gT,, wherem
is the number of truncated modes.
(4) Generate the initial value of ! with a zero-mean uni-variance normal distribution.

2. Data assimilation step:

(a) Recover the discrepancy variables of X, , and  with coecient ! and basis
sets (x).
(b) Reconstruct the ensemble realizations on through mapping (k; ; )! and solve

the RANS equation to obtain the velocity eld given each realization of

(c) Perform the Bayesian analysis with data assimilation technique to reduce the uncer-
tainty of velocity by incorporating DNS data.

(d) Return to step (a) till the convergence criteria or maximum iteration number is
reached.

5.4.3 Case details

The test case is turbulent ow over the periodic hill where DNS data [14] is regarded as the
benchmark. The Reynolds number is 2800. The periodic boundary condition is imposed on
the inlet, and the non-slip boundary condition is applied on the wall. A structured mesh
is constructed with 50 cells in the stream-wise direction and 30 cells in the normal to wall
direction. The number of modes fork, , and is set to 8. The ensemble size is 60. The length
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scale is set as constant 1 for simpli cation. The relative observation error is set as:Q. We
take 18 observations into account to quantify and reduce the uncertainty in velocity. The
simulation results with the Launder{Sharma RANS model are regarded as the baseline. The
step parameter in the EnRML method is chosen as 05 and the in ation parameter Npga in
EnKF-MDA is set as 30 to obtain the convergence results based on our calibration study. For
this case, the MCMC sampling is impractical to verify the estimated posterior uncertainty due
to the high dimensionality of the state space and the high costs of numerical simulation.

5.4.4 Results

Through solving RANS equations given the randomized Reynolds stresses, we can obtain the
prior uncertainty in the propagated velocity. The plots of the prior velocity are shown in
Fig. 5.8, and the location of observation is marked. It can be seen that the space spanned by
the ensemble realizations can indicate the statistical information. Also, the sample mean can
have a good t with RANS results. That is reasonable since the random eld is constructed by
perturbing the baseline from RANS simulation.

Figure 5.8: Prior ensemble realization of velocity pro les at 8 locations, in comparison to DNS
and baseline. The location of observation is indicated with crosses().

Further, we perform DA analysis with EnKF, the EnRML method, and EnKF-MDA to
quantify uncertainties in the velocity eld by incorporating the observations at the specic
locations. The data assimilation results with di erent DA schemes are presented in Fig. 5.9. It
is noticeable that with EnKF the posterior mean can t well with DNS results. However, all
samples converge to the mean value, and the variance of the posterior becomes very low. By
contrast, the EnRML method and EnKF-MDA can give an estimation of the uncertainty, and
the mean value also has a good t with DNS data. Based on our derivation and evaluation in
the former sections, that is probably due to that EnKF repeatedly uses the same DNS data
by full Gauss{Newton steps, while the EnRML method and EnKF-MDA can be regarded to
perform one EnKF step via several small analysis steps.
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(a) EnKF

(b) EnRML

(c) EnKF-MDA

Figure 5.9: Data assimilation Results with EnKF, EnRML, and EnKF-MDA in comparison to
baseline and DNS for the turbulent ow in a periodic hill.
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Here we present the comparison of 95% credible interval between the prior and posterior
in comparison of the three data assimilation methods. The results are shown in Fig. 5.10.
It is noticeable that the posterior uncertainty with EnKF is underestimated and too much
con dence is placed in the mean value. With the EnNRML method and EnKF-MDA, we can have
an estimation on the uncertainty indicated by samples. Besides, the uncertainty in the upper
channel estimated by the EnRML method and EnKF-MDA is similar to the prior. That is
reasonable since the variance in this region is low [148 and no observation is informed as well.
Hence, the posterior should not change much from the prior distribution. Additionally, from the
e ciency of each data assimilation technique, the EnRML method can converge in 8 iterations,
while EnKF-MDA needs at least 30 iterations to converge in the in ation parameter Nmga.
From the overall performance, the iterative EnKF loss the statistical information due to data
overuse, while the other two methods can provide reasonable uncertainty information. Besides,
EnRML can outperform to EnKF-MDA in the convergence speed for this CFD problem.

5.5 Conclusion

This paper evaluates the performance of three widely used iterative ensemble-based data
assimilation methods (EnKF, EnRML, and EnKF-MDA) for UQ problems. We summarize the
derivations of these ensemble methods from an optimization viewpoint. The iterative EnKF
method performs several full Gauss{Newton steps during which same data is repeatedly used
for the stationary scenario. The EnRML method and EnKF-MDA can iteratively approach to
the optimal point with Gauss{Newton method or likelihood recursion, avoiding the data overuse
and alleviating the e ects of linearization approximation simultaneously. From the numerical
investigation for a scalar case, we investigate the e ects of limited ensemble sizes. The results
show that the EnRML method and EnKF-MDA can provide a satisfactory estimation on the
posterior uncertainty with limited ensemble size but inferior to that with large ensemble size.
Because the limited ensemble size is not su cient to describe the statistical information and
also increase the error in the estimation of model gradient. Based on the comparison results
for both scalar case and CFD case, the posterior mean with all the three methods can have a
good agreement with benchmark data. However, the iterative form of EnKF discussed here
which use same data repeatedly for steady problem can prompt the data t but underestimate
the posterior uncertainty. Other two methods, EnNRML and EnKF-MDA, are capable of giving

an estimation of posterior uncertainty. Based on our comparison study, the EnRML method
is recommended since it can converge fast and provide the statistical information even in
complicated CFD cases. The applicability of these ensemble methods for parameter estimation
in CFD applications will be investigated in future studies.
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(a) EnKF

(b) EnRML

(c) EnKF-MDA

Figure 5.10: The 95% credible intervals of the prior (light/pink shaded region) and posterior
(dark/blue shaded region) samples of velocity pro les for the turbulent ow in a periodic hill
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Chapter 6

Towards for Cavitation

In this chapter, we focus on empirical improvements of the RANS model based on experimental
measurements, without the use of data assimilation. It is an other way to achieve the model
improvement through analyzing in details the discrepancy between numerical simulations and
experiments. Although this approach mostly depends on the researchertuition , rather than

a theoretical framework, we believe it's worth going in that direction in parallel, and eventually
see which method of empirical modelling and data-driven modelling could provide the most
e cient improvements.

6.1 Introduction

Cavitation is the phenomenon of liquid vaporization due to changes of local pressure. It consists in
the formation of small vapor bubbles in areas of pressure drop: these bubbles expand and interact
until breakup as they reach a zone of higher pressure. Turbulent cavitating ows commonly
exist in many engineering applications involving high-speed ows, like rotating machinery
(such as propellers and pumps), injectors, and high speed vehicle motion. In such ows, the
formed cavity has underlying interactions with the turbulent ows, and di erent investigations
have demonstrated the signi cant e ects of cavitation on turbulent ows. Speci cally, the
cavitation can prompt the vortex production [ 75] and arise additional dissipation due to the
compressibility e ects [35]. Therefore, it is pivotal to gain insights on the cavitation{turbulence
interaction, to improve the current turbulence model used in CFD, and eventually provide
predictive modellings that would enable, for example, to test the e ects of ow control to
mitigate the e ects of cavitation.

The mix of cavitation bubbles leads to an opaque ow which is very challenging to be
measured by current experimental techniques. Hence, the numerical simulations are still the
primary tool to investigate the cavitation. To simulate the cavitating ow, the widely used
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approach is rst to regard the cavitation region as the homogeneous mixture as:
(6.1) =1 )t v

where is the mixture density, is the void fraction, | and  is the density of liquid and
vapor, respectively. Under this assumption, we can solve the Navier{Stokes equation coupling
with a single phase model/cavitation model where the slip between the two phases is neglected.
Di erent cavitation models have been proposed to control the mass transfer or phase change.
They can be categorized by the barotropic model and the void fraction transport model based
on the pressure di erence or bubble dynamics. Nevertheless, these cavitation models are all
obtained by empirical approaches or under ideal hypotheses. For instance, the barotropic model
is rstly proposed in [ 149 based on the barotropic state law where the mixture density depends
only on the local pressure. Numerous works have been done with this model. Coutier-Delgosha et
al. used this model into di erent con gurations, such as Venturi [ 26], hydrofoil [91], inducer [2§],
and centrifugal pump [29]. Frikha et al. [52] investigated the in uence of di erent cavitation
model including the barotropic model for the simulation of cloud cavitation in a hydrofoil. The
another type of cavitation model is achieved by the void fraction transport equation as:

(6.2) %t+r(u)= ;

where is the source term, which is usually divided into two terms m* and m , representing
vaporization and condensation process, respectively. The pioneering work to govern the phase
change with transport equation is in [86]. Afterwards, di erent cavitation models, such as Kunz
model, Merkle model, Singhal model Schnerr{Sauer model, etc. are developed to better describe
the mass transfer process and widely used for diverse applications. Speci cally, in the Kunz
model [87] and Merkle model [L04], the source terms are based on the di erence between local
pressure and vapor pressure. Moreover, they utilise the empirical coe cientSCproq and Cgest t0
control the amplitudes of evaporation or condensation of models. The di erence between the
two models is that the condensation in Merkle model is only activated when the local pressure is
larger than the vaporisation pressure. Besides, the cavitation models, e.g., Singhal model3]]
and Schnerr{Sauer model 128, are proposed where the source terms in Eq.(6.2) is deduced
from the Rayleigh{Plesset equation which describes the dynamics of a single spherical bubble.
As for the turbulence simulation, the high- delity methods, such as large eddy simulation
(LES) and direct numerical simulation (DNS), are conducted [69, 74, 157 but still computa-
tionally prohibitive for the cavitating ows. Hence, the commonly used method is still Reynolds
averaged Navier{Stokes (RANS) models coupling with the cavitation model. It is well known
that in RANS equations, the unknown Reynolds stress, has to be modelled under di erent
assumptions. After decades' developments, diverse RANS models have been proposed to address
this issue. The linear eddy viscosity model therein is the most used one due to its numerical
stability, which includes k{ , k{! [141], and k{! SST [10Z. Recently, the hybrid RANS/LES
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model is developed to solve RANS equations based on local turbulent length scales, such as de-
tached eddy simulation (DES) model [L32 and the scale-adaptive simulation (SAS) model 101].
Moreover, it has been observed that in the presence of cavitation, the resolved eddy viscosity
with current RANS methods will be overestimated and damp the re-entrant jet, which leads to
that the unsteady cavitation shedding cannot be simulated. To this end, Reboud et al. 31, 123
proposed an arti cial modi cation (called hereafter the Reboud correction) on the eddy viscosity
for unsteady cavitation. It can dramatically reduce the e ective viscosity in the mixture and
thus capture the shedding behaviours, but there is still no quantitative validation due to lack of
experimental measurements on the turbulent quantities over the past two decades. The RANS
methods coupling with Reboud correction have been investigated extensively for cavitation
simulations. For instance, Coutier-Delgosha et al. 27] compared the standard and modi ed k{
RNG model, and k{! model with and without compressibility e ects. They demonstrated that
the Reboud correction could signi cantly improve the numerical simulation results and the
compressibility e ects have to be taken into account. Decaix and Goncalves34] provided the
comparison of a class of RANS simulation based ok{| transport equation model, including the
standard k{l, k{l SST andk{l SAS model. They suggested that the SAS model with Reboud
correction could have a good agreement with experiments. However, in the above work, only one
component of the bubble velocities is considered in these comparisons; hence the comparison
with the velocity of the homogeneous mixture is questionable. Moreover, they mainly focus on
the time-averaged velocity and void fraction. The statistical turbulent quantities in cavitating
ows, such as the turbulent kinetic energy and Reynolds shear stress, are not well analyzed due
to the di culty of experimental measurements on these quantities in cavitating regime. It is
well known that the Reynolds stress is the main uncertain source in RANS simulations. Hence,
to understand the discrepancy between RANS simulation and experimental measurements, it is
necessary to compare and analyze RANS model-form uncertainty associated with Reynolds
stress.

The recent development of fast X-ray imaging in experiments §2] provides a set of reliable
data for cavitating ows, including turbulent kinetic energy and Reynolds shear stress. That
makes it possible to gain some insights of the cavitation/turbulence interactions and further
improve current RANS models. This chapter will dedicate to compare the performance of
di erent RANS models on the cavitating ows and investigate the e ects of the Reboud
correction. As a result, we propose a modi ed Reboud correction and validate its performance
based on experimental data and numerical tests.

6.2 Governing equations

To simulate cavitating ows, we assume that the two phases of liquid and vapor are strongly
coupled and the slip in the phases interface is neglected. Based on that, the two-phase ow is
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governed by one group of RANS equations as:

@u, , @u_ @P  Gu G
(6.3) @ '@x @x @x@x @
@ + @ =0:
@t @x '
The mixture density as de ned in (6.1) is resolved with the cavitation model associated
with local pressure. The Reynolds stress ?’ujo in the momentum equation is estimated by
turbulence model. The turbulence models and cavitation model used in the present work will

be presented in the following subsections.

6.2.1 Turbulence models

Diverse turbulence models have been proposed over decades. Here, we mainly focus on two
advanced turbulence models, namelk{! SST and SST{SAS. In this subsection, we give a
brief introduction on these models.

6.2.1.1 k{! SST model

The k{! SST is proposed by Menter 102 which combine thek{ model andk{! model. In
the sub-layer of the boundary layer, the model adopts thek{! model, while in the free shear
layer away from the wall, it transforms to the k{ model. Thus, this blend method can keep the
respective merits of the two models where they perform the best. Moreover, the model leverages
the Bradshaw assumption to ensure that the Reynolds shear stress varies as the turbulent
kinetic energy, which can avoid the overestimations of the Reynolds shear stress in the adverse
pressure gradient regions. The eddy viscosity is constructed by:

a k
max (a;!; SF 2)

(6.4) t=

The transport equation for k and ! is formulated as follows:

(6.5a)

@G-lb(t)+@((<;jk)='°k K+ 20, kuk =

X @x @x

(6.5b)

@), au_ ', ., @ , o 2 @k@!,

at + @x kPk ! +@}( + t)@¥ +2(1 F) I @x@x
where

2n D I# 23

(6.6a) F, =tanh 4 max 2!;;5)2? S
(6.6b) Pc=min g;‘jno k!



6.2. GOVERNING EQUATIONS

The limiter 10 k! on the turbulent kinetic energy (TKE) production is recommended by
Menter [103]. The blend function F; is de ned as:

8( n I #) 9
_ : Y/
< P 500 4,k -

(6.7) F1 =tanh : min max V' V2 ' CDuy2 ; ;
where
1 @k@! 10
6.8 CDyw =max 2 ———;10
( ) kw !2! @X@X

The parameters in the model are blended from thek{! model andk{ as:
(6.9) = 1R+ 21 Fa);

where 1 stands for the constant with subscript 1 while » is the constant with subscript 2.
The constants in the model are given as:

§; 2=0:44; 1= §; 2=0:44; 1= 43; > =0:0828;
(6.10) 99 9 0
= 1—00; k1=0:85; ko=1; 11=0:5; 12=0:856

[N
1

6.2.1.2 Scale-adaptive simulation model

The scale-adaptive simulation (SAS) model is proposed by Menter and EgoroviP1. They
introduced the von Karman length-scale into the turbulent scale equation. Thus, the SAS
model can dynamically self-adjust to resolve the turbulent structure with unsteady Reynolds
averaged Navier{Stokes equations based on the von Karman length scale. The approach can
provide a LES-like behavior in the detached ow regions as DES model, but without explicit
grid dependence in the RANS regime. The formulation of the eddy viscosity and the transport
equations are same as th&{! SST model, except that a term Qsas is added in right hand of
the special dissipation! transport equation (6.5b). The Qsas is de ned as:

" #
(6.11) Qsas= max ,S? L ¢ 2 1 0@! 1 0ekek ,

C ZTmax == - =0 F0
Lk M Zexex kexex

In the formula above, L is the modelled length scale and the.,k is the von{Karman length
scale which is de ned as:

p_—

(6.12a) L= k= c™ I
s
(6.12b) Lk = éu—o?
00 _ @Ui @Ui
(6.12c) u% = of OF
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The model constants are given as:
(6.13) C=2; =0:8; 2 =3:51 =2=3;

The added SAS term can be considered as a source term in tHe equation. It can detect the
regions of the instabilities based on the local turbulent length scale and adjust the turbulent
dissipation to reduce the turbulent viscosity.

6.2.2 Reboud correction

Cavitating ows are usually highly unstable with uctuations at various scales. The unsteady
cavitation typically have periodic behaviours with four di erent stages in each cycle, as shown
in Fig. 6.4. The cavitation rst expands along the wall and form the cloud cavitation. Then
the downstream cavity detaches from the wall and is driven by the main stream to the wake,
eventually breaking up in the zone of high pressure.

Figure 6.1: a cycle of cavitation behaviour

Cloud cavitation is characterized by a primary large scale instability based on the periodical
shedding of the rear part of the cavity. However, the conventional RANS models cannot capture
the shedding behaviour, because the eddy viscosity in the cavitation region is overestimated and
that will block the re-entrant jet which is main factor to arise the bubble separation. In order
to capture the shedding behaviour, Reboud et al. 123 imposed an arti cial modi cation f( )
on the original eddy viscosity as a multiplicative correction. The modi cation can reduce
dramatically the eddy viscosity in the cavitation regime based on the vaporization extent. The
formulation can be expressed as:

(6.14) fO)= v+@ H"Cr

The plot of f ( ) is shown in Fig. 6.2. When the void fraction is equal to zero,f ( ) equals the
liquid density, as in the original model. Oppositely, when the void fraction decreases down
to 1, f ( ) will be the vapor density. For intermediate values of void fraction, the function
reduces signi cantly the original modelled eddy viscosity once there occurs the cavitation.
Di erent investigations have been carried out and demonstrate the success of this modi cation
for di erent geometries [31, 75, 155. With this modi cation, the periodical behavior can be
correctly reproduced, usually with the right frequency.
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Figure 6.2: Plot of the Reboud correction function

6.2.3 Phase model

Regarding the phase model, we take the homogeneous assumption to treat the cavitation region
as a mixture. Further, we apply the barotropic state law to describe the phase change due to
its robustness. However, the barotropic model has some drawbacks. For instance, it is assumed
that the cavitation phenomenon is isothermal, and thermodynamic e ects are neglected. On the
other hand, the barotropic law relates the pressure to the void fraction directly, and the void
fraction varies immediately with change of pressure, which is not physical since the time of phase
change is not took into account. Despite the limitations of barotropic model, a systematical good
agreement between the barotropic model and transport equation based model is obtainedb?)
Hence, basically there is no major improvement in using the transport equation model.

In the barotropic state model, the Tait equation and the perfect gas law are utilized for the
pure liquid and vapor, respectively, to estimate the relationship between the pressure and the
density. The formulations are shown as:

(6.15)

where Prgf and e is the reference pressure and densityyo =3 108, In the mixture interval,

the state law is characterized with a sinusoidal transition. The maximum slope is de ned by
1=A2. where Anin = @P=@ The plots are shown in Fig. 6.3 with two di erent Apmi, .

min
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Figure 6.3: Plot of barotropic state law for the mixture

6.3 Numerical evaluation of current SST-based models

6.3.1 Numerical setup

The numerical simulations are conducted in an home-made two-dimensional CFD code, which is
developed and validated over decades3[L, 32, 58]. In the code, the second-order implicit scheme
is used for temporal discretization, and the nite volume method is applied for the spatial
discretization. The second-order scheme will locally switch to the rst order in the region in
presence of large pressure gradient to prevent the numerical oscillations. The oscillation-free
second-order HLPA scheme15€ is leveraged to estimate the convection term, and the central
di erencing scheme is adopted for the di usion term. The SIMPLE algorithm [117] is used to
solve the coupling of pressure and velocity.

The Venturi geometry is commonly used for the investigation of cavitation phenomenon.
Khlifa et al. [82] conducted the particle image velocimetry (PIV) experiments in a small
Venturi-type section through applying the ultra-fast X-rays imaging. The Venturi channel has
a convergent angle of 18 degree and a divergent angle of 8 degree as presented in Fig. 6.4. The
inlet section is a rectangular with 177mm  4mm. The height of the throat is 15:34mm. The
ux of the ow condition is 35 :09L/min . The inlet velocity can be obtained as 86m/s. The
cavitation number is de ned based on outlet pressure as:

— Pout I:)ref

1 2
2 Uref

(6.16)

In this case, the cavitation number is 115 and the Reynolds number is 19 10°. The cavity
length is estimated around 1Gnm and the shedding frequency is around 218z. The 2D RANS
equations coupling with barotropic model are resolved to predict the cavitating ow. Since the
ow eld is observed from one side in the experiment, the processed results can be regarded
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as the plane-averaged resolution. For the numerical setup, the mesh in the computational
domain has 260 cells in the stream-wise direction and 117 cells in the normal to wall direction.
The uniform velocity is imposed at the computational domain inlet, and the static pressure is
imposed at the outlet. Along the solid boundary, wall function is applied and they plus in the
rst mesh adjacent to the wall is range from 15 to 20. Based on previous worksZ7, 35|, the
mesh is adequate to simulate cavitation in such Venturi type section. The arti cial parameter n

in the Reboud correction is taken as 20 to have shedding frequency in good agreement with
experiments.

Figure 6.4: The geometry of the Venturi-type section. The red, numbered line in the enlarged
window indicate the pro les for comparison.

6.3.2 Comparison results

In this subsection, attention is focused on the comparison between the turbulent quantities
derived from the x-ray imaging experiments and the numerical predictions obtained with the
aforementioned turbulence models. The cavitation number is slightly adjusted down to 112

(against 1:15 in the experiments) to obtain the shedding frequency and cavity length in good
agreement with the experimental data. The results are summarized in Table 6.1.

turbulence model cavitation number cavity length (mm) shedding frequency (Hz)

k{! SST 112 10 230
SST{SAS 112 10 222
exp 115 10 210

Table 6.1: Summary of simulation results with di erent turbulence model with comparison to
the experiments
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The plots of the time evolution of cavity shape are presented as in Fig. 6.5. We can see
that both the RANS models arise the periodic shedding. Besides, for both th&{! SST and
SST{SAS, there is a small area of sheet cavity attached on the wall near the throat, and the
cavity is expanded based on that.

(a) k{! SST (b) SST{SAS

Figure 6.5: Time evolution of cavity shape with di erent turbulence models. The color indicate
the minimum void fraction in each cross section, from the Venturi throat.

Fig. 6.6 represents the time-averaged composition of the cavitation area, i.e., the mixture
density, obtained with the two turbulence models and compared to the experiments. It can
be seen that the shape of the cavity is not well predicted. The position of detached cavity
is very upstream relative to the numerical simulation. The lowest density in the simulation
reaches to below 30Kg/m 3, while experimental observation capture the minimum density
at around 60(]<g/m3. The separated cavity in the numerical prediction is reattached in the
downstream and the total attached part is longer than the experimental measurements.

The contour plots of turbulent kinetic energy with comparison to experiments are presented
in Fig. 6.7. Both the k{! SST and SST{SAS method can capture the high turbulent kinetic
energy areas. However, at the downstream, the value is overestimated near the wall. The
comparison along pro les is shown in Fig. 6.8. At the rst position, the turbulent kinetic energy
can have a good t with the experiments. As for the downstream, the TKE from the numerical
simulation decrease slowly, while from the experiment it is signi cantly decreased, which leads
to the large discrepancy between the numerical simulation and experiments.

The results in Reynolds shear stress are shown in Fig. 6.9. It is noticeable that both the
turbulence models give a very low Reynolds shear stress compared to the experiments. Fig. 6.10
presents the comparison results in the Reynolds shear stress along pro les. With Reboud
correction, we can have a good estimation in Reynolds shear stress in the downstream near
the wall region, which can reduce the damping of re-entrant jet ow and induce the shedding
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(a) k{! SST (b) SST{SAS

(c) experiment

Figure 6.6: Shape of time-averaged cavity.

behaviours. However, it may reduce the Reynolds shear stress in the region away from the wall
which leads to a large departure from the experiments.

To investigate the e ects of Reboud correction, we recalculate the Reynolds shear stress
without the Reboud correction. The results are shown in Fig. 6.11. It can be seen that without
Reboud correction, both models can capture the region near the wall where exist high Reynolds
shear stress. The comparison with experiments along pro les is shown in Fig. 6.12. At the
rst position, a good agreement with experiments can be observed. While approaching to the
downstream, there will be a large discrepancy in the region near the wall, probably due to the
discrepancy in TKE as shown in Fig. 6.8.

6.3.3 Discussion

The numerical results show thatk{! shear stress transport based methods cannot simulate
accurately the Reynolds shear stress which is the main uncertainty source in the RANS model.
As for the reasons, it can be due to many aspects. First, Reynolds shear stress is directly related
to TKE. In the rst position, the TKE is well estimated, and it is possible to have a good
prediction in Reynolds shear stress without Reboud correction, compared to experimental data.
However, after position 2, the TKE are not correctly predicted. Speci cally, TKE is signi cantly
higher than that from experiment near the wall, which maybe responsible for the too large
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(@) k{! SST (b) SST{SAS

(c) experiment

Figure 6.7: The contour plots of time-averaged turbulent kinetic energy with di erent turbulence
models compared to the experiments.

Figure 6.8: Comparison in turbulent kinetic energy between the di erent turbulent models and
experiments with Reboud correction along pro les.
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(a) k{! SST (b) SST{SAS

(c) experiment

Figure 6.9: Time-averaged Reynolds shear stress with Reboud correction.

Figure 6.10: Comparison in Reynolds shear stress between the di erent turbulent models and
experiments with Reboud correction.
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(@) k{! SST (b) SST{SAS

(c) experiment

Figure 6.11: time-averaged Reynolds shear stress without Reboud correction.

Figure 6.12: Comparison in Reynolds shear stress between the di erent turbulence models and
experiments without Reboud correction.
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Reynolds shear stress near the wall in Fig 6.12. The Reboud correction can reduce the Reynolds
shear stress in the whole cavity region and lead to a good agreement with experiments near the
wall. But in the region away from the wall where there exists large Reynolds shear stress, the
Reboud correction deteriorates the prediction.

On the other hand, cavitation can enlarge the turbulent boundary layer thickness and result
in the reduction of the TKE as well as Reynolds shear stress, since the cavity damps the main
stream velocity. However, this cannot be well captured by the present turbulence models, as
shown in the above numerical simulations. Moreover, Reboud correction reduces the Reynolds
shear stress signi cantly in the entire cavitation occurring region. Nevertheless, depending only
on the mixture density may lead to wrong correction, as the cavity shape is not accurately
simulated in many cases (Fig. 6.6). It can capture the low Reynolds shear stress near the wall
but will deteriorate results in the phase interface regime where high shear stress is expected
from the experimental observation. To this end, a better modi cation is possible to be achieved
based on enforcing the estimation of boundary layer thickness instead of only depending on the
simulated mixture density.

6.4 Modi ed Reboud correction

In k{! shear stress transport based model, the eddy viscosity in the boundary layer is modi ed
based on Bradshaw assumption. That is, the ratio of Reynolds shear stress and TKE is constant
as:

ud0
T
wherec is 0:31 for the incompressible turbulent ows. However, for the turbulent cavitating ow,

(6.17) C;

the ratio has to be reduced from the experimental observation]]. In the work of [34], a reduced
constant ¢ is adopted to improve the simulation and compared to the Reboud correction. They
use the constant 03 for the non-cavitating regime, while in the two-phase areas the constant
is reduced to Q1 or 0:2. It is demonstrated that with the reduced ratio c, it can also capture the
periodic behaviours as with Reboud correction and give a comparable prediction on velocity.
With our experimental measurements, we calculate the ratio of the Reynolds shear stress and
TKE, and compare to the Bradshaw assumption and the Reboud correction at two di erent
measured windows as shown in Fig. 6.13. The rst window is range fronx =0 to x = 0:0013,
the second window is range fromx = 0:0013 tox = 0:0026.

The comparison results for the two windows are shown in Fig. 6.14. It is obvious that both
the Reboud correction and the Bradshaw assumption withc = 0:1 have large discrepancy with
experimental measurements.

Although the Reboud correction can have better agreement with the experiments and
reduce the eddy viscosity thus to alleviate the blockage of the re-entrant jet, the numerical
investigations in Section 6.3 indicate that the Reboud correction can reduce the eddy viscosity
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Figure 6.13: The schematic of two measured window for comparison

(a) window 1 (b) window 2

Figure 6.14: The comparison of the Reboud correction withn = 10 (red line), the Bradshaw
assumption with ¢ = 0:1 (blue line) and experimental data (grey dots)

near the wall thus arise the shedding behaviours, but in the areas away from the wall, it will

worsen the prediction. The reason is most likely due to that the phase model and the RANS
model cannot predict accurately the cavity shape. Also, the e ects of slip velocity in the phases
interface are not considered in current models. In the experiments, we can see that the turbulent
kinetic energy and Reynolds shear stress is high in the interface of the mixture and pure liquid.
That may be caused by the slip velocity at the phase interface which increase the turbulent
kinetic energy production and Reynolds shear stress as well.

In light of the fact that the cavity shape may be not simulated accurately, it is problematic to
reduce the eddy viscosity only depending on the mixture density. Also, the constant exponent
in the Reboud correction (6.14) reduces the turbulent viscosity to same extent as long as
they have same void fraction, which leads to the current correction cannot cover most of the
experimental data. Moreover, the Bradshaw assumption is deduced in the boundary layer, while
the Reboud correction does not consider the e ects of boundary layer. It has been noted that the
cavitation will enlarge the boundary layer. Accordingly, we analyze four available experimental
measurements with di erent ow conditions. Herein two ows have similar cavitation number
but di erent Reynolds number, and three ows have similar Reynolds number while di erent
cavitation number. We estimate the thickness of cavitating mixing layer based onu = 0:9uUmax

124



6.4. MODIFIED REBOUD CORRECTION

and t the slope as shown in Fig. 6.15.

(@ Re=1:9 10°, =1:15 (b) Re=1:9 10°, =1:25

(c) Re=2:6 10°, =1:15 (d) Re=3:0 10°, =1:15

Figure 6.15: Fitting slope of the cavitating mixing layer

case Re cavity length (mm) slope (exp) slope (Eq. (6.18))
1 [19 10° 1.15 10 0.42 0.40
2 |19 100 1.25 5 0.36 0.36
3 |26 10° 1.15 6 0.39 0.37
4 |30 10 1.15 7 0.38 0.36

Table 6.2: Summary of slope of cavitating mixing layer for four di erent ow condition with
comparison of experimental data and the results of tting formula.

Based on the experimental data, we give a boundary layer estimate as:
52
Re 15
where x; is the distance to the cavitation inception point. With this formula, the estimated
slope of cavitating mixing layer can have a good agreement with experiment as shown in Table 6.2.
With the estimated boundary layer thickness, we proposed a modi ed eddy viscosity model to
trigger the eddy viscosity reduction within the boundary layer. The empirical parameter n in

the Reboud correction is modi ed as in the formula:

n 1tanhC( y)+n;l;

(6.18)

Xi,;

(6.19) N =

where C is the hyper-parameter and taken as 1000n is the original parameter in the Reboud
correction, andy is the distance to the wall.
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6.5 Validation

To validate the new eddy viscosity model, we rst compare the proposed modi cation with
experimental data in the ratio of Reynolds shear stress and TKE at the two separated measured
windows. By using the experimental data, we can calculate the ratio of the time-averaged
Reynolds shear stress and TKE directly. Regarding the original and modi ed Reboud correction,
the ratio is calculated with 0:3f ( ). For the conventional Bradshaw assumption, it adoptsc
with a reduced ¢ = 0:1. The comparison results at the rst window and second window are
shown in Fig. 6.16 and Fig. 6.17, respectively. It is noticeable that the proposed modi cation
can have a better agreement with experimental measurements compared to the original Reboud
correction.

(@ Re=1:9 10°, =1:15 (b) Re=1:9 10°, =1:25

(c) Re=2:6 10°, =1:15 (d Re=3:0 10°, =1:15

Figure 6.16: Experimental comparison at window 1. Red line: the Reboud correction with
n = 10; blue line: the Bradshaw assumption with ¢ = 0:1; grey dots: experimental data; blue
dots: modi ed Reboud correction.

Further, to validate the modi cation, we apply the new eddy viscosity correction into the
four numerical test cases in Table 6.2. The simulation results in the Reynolds shear stress
are presented in Fig. 6.18. It can be seen that for all the cases the results can remarkably t
well with experimental data in  u%° compared to the original one. The new modi cation can
improve signi cantly the prediction in Reynolds shear stress, and also capture the unsteady
shedding behaviours.

However, although the Reynolds shear stress can be captured with the modi ed eddy
viscosity model, the resolved velocity and mixture density is not improved. We chose the case 1
as example since in this case we can have the similar Strouhal humber as in the measurement.
The results are presented in Fig. 6.19. It may be due to many aspects. First, this work are based
on 2D simulations, but cavitating ow, especially cloud cavitation, is typical 3D phenomenon. It
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(@ Re=1:9 10°, =1:15 (b) Re=1:9 1C°, =1:25

(c) Re=2:6 10°, =1:15 (d) Re=3:0 10°, =1:15

Figure 6.17: Experimental comparison at window 2: Red line: the Reboud correction with
n = 10; blue line: the Bradshaw assumption with c = 0:1; grey dots: experimental data; blue
dots: modi ed Reboud correction.

(@ Re=1:9 10°, =1:15 (b) Re=1:9 10°, =1:25

(c) Re=2:6 10°, =1:15 (d) Re=3:0 10°, =1:15

Figure 6.18: Numerical comparison of the modi ed Reboud correction with experiment and
original Reboud correction in Reynolds shear stress.
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(a) velocity (b) density

Figure 6.19: Comparison in velocity and density with modi ed Reboud correction and original
Reboud correction.

has been demonstrated that the 3D simulation with LES model and same cavitation model can
perform remarkably well for cloud cavitation [57], and the 3D simulation is essential to capture
the cavitation{vortex interaction [ 74] and provide accurate shape of shedding cavitation1[39.
Also, the present cavitation model is not su ciently accurate to model the phase changes, which
may result in the underestimation of density near the wall. Speci cally, in the experiment, the
cavity in the downstream (i.e., position 3 and position 4) is detached from the wall, and the
liquid occupy the regime below the cavity. While in the simulation, the cavitation detachment at
the near downstream is not captured. Moreover, the RANS equation is coupled with cavitation
model in terms of the mixture density. From the RANS equation, the too low mixture density
near the wall will overestimate the e ects of the adverse pressure gradient near the wall.
That may be responsible for the signi cant reverse velocity in the numerical simulation. The
discrepancy in pressure term may be dominant in the RANS model, and the improvement
in Reynolds stress is negligible. Further investigation need be conducted to consider both
the RANS model and cavitation model. At last, it may be due to the ill-conditioned RANS
equations. [L45 That is, the small errors in the Reynolds stress can lead to large discrepancy
in the velocity.

6.6 Conclusion

In this work, we investigate numerically the e ects of cavitation on the turbulent quantities,
i.e., turbulent kinetic energy and Reynolds shear stress, by comparing with the reliable X-ray
experimental data. The numerical results with k{! SST and SST-SAS model indicate that
Reboud correction can improve the results near the wall. While it approaches to the area
away from wall, the Reboud correction will deteriorate the prediction. This is possibly due
to the inaccurate predicted cavity shape, which leads to that the Reboud correction reduce
the Reynolds stress dramatically in all the cavity region. Moreover,k{! SST based models

128



6.6. CONCLUSION

adopt the Bradshaw assumption in the boundary layer, while cavity can enlarge the boundary
layer and this e ect is not considered in the current model. To this end, we give an empirical
estimation on the boundary layer thickness in cavitating ows. Based on that, we proposed a
model to adjust the empirical exponentn in the Reboud correction. That is, to active the eddy
viscosity correction, it has to be within not only the cavity but also the estimated boundary
layer. The validations with experimental data and numerical test both show that the modi ed
model can have a good agreement with experimental data in the Reynolds shear stress.

However, the velocity and density with the modi ed eddy viscosity model is not improved.
That may be due to the inaccurate mixture density by cavitation model. In future investigations,
further validations will be conducted with latest X-ray experimental data. Also, the data-driven
approach, such as data assimilation, will be applied to reduce the data mismatch by inferring
optimal model corrections in both turbulence model and cavitation model from experimental
data.
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Chapter 7

Conclusions and Perspectives

7.1 Conclusions

Cavitating ows are multiphase ow typically with adverse pressure gradient, large density
gradient, ow separation and recirculation. While it is well known that the current RANS
models cannot handle the ow with these characteristics. That will signi cantly a ect the
predictive performance of RANS methods for cavitation simulations. To this end, the present
work intends to optimize the RANS models to better predict the ow with separation and
adverse pressure gradient, and ultimately improve the prediction for cavitating ows.

The data assimilation technique has been widely used for state estimation, inverse problem,
and so on. In this work, we explore to adopt this approach to optimize the RANS modelling.
We rst give a brief review of the existing data assimilation techniques with emphasis on
the used methods in this work. In Section 3, a hybrid data assimilation method, namely the
ensemble-based variational method, is applied to CFD simulation in the convergent-divergent
channel with the attempt of introducing the DA method into cavitating ows. The prediction
results are improved through inferring optimal inlet velocity and underlying model corrections.
However, the inferred elds of model corrections are not accurate and physical, i.e., with large
departure from the original value and high oscillation, due to the ill-posedness of the inverse
problem. Moreover, the EnVar method only concerns the posterior mean, and the uncertainty
of the inferred value cannot be quanti ed. To address these issues, in the following two sections,
the ill-posedness and uncertainty quanti cation with ensemble-based DA methods are further
investigated. In Section 4, we propose a novel data assimilation method with regularization
for the eld inversion problem. It is derived based on the conventional ensemble Kalman lter
(EnKF) method, and we test this novel method in three cases which cannot be tackled by
the conventional method. The results show the remarkable improvement for the inference
results and demonstrate the outperformance of the proposed method comparing to the standard
EnKF. In Section 5, three ensemble-based data assimilation methods, namely ensemble Kalman
Iter, ensemble randomized maximal likelihood, and ensemble Kalman lter{multiple data
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assimilation, are evaluated for the uncertainty quanti cation problem from an optimization
viewpoint. These methods are applied to quantify the uncertainty of quantities of interest
(i.e., velocity) through perturbing the Reynolds stress. The simulation results suggest that
the EnRML method performs best to quantify the uncertainty due to its high e ciency and
satisfactory performance.

In the aforementioned sections, we investigate the applicability of the data assimilation
technique mainly for the non-cavitating turbulent ows. In Section 6, for the cavitating ow,
we conduct the numerical investigation with di erent existing turbulence models, including k{!
SST and SST{SAS, with the comparison of the experimental data. Based on the simulation
results and experimental measurements, we propose a modi cation on the empirical parameter
in the Reboud correction. The results show that the modi ed correction can take into account
the e ects of compressibility on the boundary layer and provide accurate results in the Reynolds
shear stress, compared to experimental data.

7.2 Perspectives

Cavitation is a very complicated phenomenon, where conventional physical modeling is chal-
lenging to capture the dynamic behaviors accurately. Data-driven approach based on data
assimilation and machine learning, is promising to make a way to extract the underlying model
information directly from experimental measurements, and thus gain physical insights into
the cavitation process. For future investigations, we envision that the data-driven approaches,
including data assimilation and machine learning, can be introduced into cavitation problems
to assist the modeling of both turbulence and cavitation. Generally, we can use the data
assimilation method to extract the model information from data, e.qg., to infer the latent eld
concerning the Reynolds stress. Further, the machine learning technique can be utilized to
construct predictive models for the inferred quantities of interest to augment the turbulence
modeling. The schematic diagram can be illustrated as in Fig. 7.1.

The current studies discussed the issue of ill-posedness and uncertainty quanti cation we
encountered when applying the DA technigue into the reconstruction of the steady non-cavitating
ows. The proposed regularised ensemble Kalman method can well remove the ill-posedness
of the inverse problem, and the ensemble randomized maximum likelihood (EnRML) method
and ensemble Kalman Iter with multiple data assimilation (EnKF-MDA) are suggested for
the UQ in CFD applications. To further improve the data assimilation scheme, it is feasible to
deduce the regularized EnRML method or EnKF-MDA, thus to address the ill-posedness and
uncertainty quanti cation simultaneously in the near future.

On the other hand, the present work about the data assimilation mainly focuses on the
steady case. As the cavitation is a typical dynamic problem, the applicability of data assimilation
for cavitation problems warrants further investigations. First, uncertainty sources in cavitation
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Figure 7.1: The schematic diagram of data-driven modeling with data assimilation and machine
learning

simulations have at least two aspects: one is the Reynolds stress in the RANS model, and
another one is the mass transfer source term in the cavitation model. The Reynolds stress
discrepancy can be decomposed into several scalar elds to represent the magnitude, shape,
and orientation of the stress tensor, as in Section 5. Also, it can be represented under the linear
eddy viscosity assumption. Speci cally, we can quantify the uncertainty in the eddy viscosity
as in Section 4 or infer the auxiliary model source terms in the constitutive transport equation
as in Section 3. Besides, considering the computational cost, we can start from 2D simulation
to investigate the applicability of data-driven method into the cavitating ow. Even though the

2D simulations have some limitations to capture the cavitation behavior, it is still meaningful

to produce a better model for the 2D scenario which can provide satisfactory predictions at a
low computational cost.

Moreover, we can determine the optimal empirical model parameters in current turbulence
models. As for the mass transfer source term in the cavitation model, we can also use data
assimilation to infer the optimal model parameters in the cavitation models based on the
experimental data in void fraction and velocity. On the other hand, with the reliable high-
delity X-ray transient experimental data, we can obtain phase-averaged data and directly
construct the mass transfer source term based on the void fraction transport equation. Once the
uncertainty term is inferred through the data assimilation or constructed from the experimental
data, machine learning can be leveraged to build a mapping from the di erent ow conditions to
the inferred model uncertain terms, which can also contain the information about the dynamics.
The input feature for machine learning can include the Reynolds number, cavitation number,
turbulence kinetic energy, Reynolds stress, vorticity, mean strain rate, void fraction gradient,
and so on. In addition, the selection of these input feature is critical to obtain an e cient
machine learning framework, and unsupervised learning can be leveraged to optimize the feature
selections. [16, 105]
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CHAPTER 7. CONCLUSIONS AND PERSPECTIVES

Aside from the data-driven modeling for the cavitating ow, it is also worthy of future
investigations to gain further physical insights into cavitation-turbulence interaction. In Section 6,
we consider the e ects of the cavitation on the boundary layer and make speci ¢ modi cation on
the current RANS model to improve the prediction on the Reynolds shear stress. However, the
results in velocity and void fraction are not greatly improved, most likely due to the inaccurate
prediction on void fraction. Hence, given that the strong correlation between turbulence and
cavitation, it is necessary rst to apply other advanced cavitation model to have a good prediction
on the cavity shape, and then improve cavitation and turbulence model simultaneously in the
future investigations.
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Appendix A

Comparison of optimization
methods and test case Iin Venturi
with EnVar method

A.1 Comparison between BFGS and Newton-CG

In the framework of ensemble-based variational method as presented in Chapter 3, the per-
formance of the minimization method BFGS and Newton-CG is compared in the case of inlet
velocity inference for Bump geometry. Figure A.1 presents the evolution of cost functionJ to
the iteration with di erent prior inlet velocity (parabolic or at velocity pro le). Even though

both methods can result in a similar reduction in cost function after 16 iterations for the case
with parabolic inlet velocity, Newton CG is faster and more robust compared to BFGS. And
for the case with at one, the BFGS method cannot reach similar results as Newton-CG within
30 iterations.

Figure A.1: evolution of cost function between BFGS and Newton-CG. left: with parabolic inlet
velocity; right: with at inlet velocity
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APPENDIX A. COMPARISON OF OPTIMIZATION METHODS AND TEST CASE IN
VENTURI WITH ENVAR METHOD

Figure A.2 presents the inference of the inlet velocity and the predictions inC; accordingly.
Comparing to the results with Newton CG presented in Chapter 3, it is apparent that the
eventually inferred velocity with Newton CG has a better agreement with DNS especially in
the case with the at velocity.

Figure A.2: Results in inference of inlet velocity and prediction in C; :(a) (b) for prior parabolic
velocity; (c)(d) for prior at velocity

A.2 Test case of inlet velocity inference in Venturi

We conducted a test case to infer inlet velocity in Venturi-type section. The input parameters
are the inlet velocity at the rst 30 grids adjacent to the bottom wall. The prior is given as the
parabolic curve. The results are shown in Figure A.3.

It can be seen that the cost function cannot be further reduced after three iterations and
the inferred velocity get almost stagnant, which concludes that the velocity at the region near
the throat of Venturi is not sensitive to the inlet velocity especially to the velocity near the
wall.
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Figure A.3: Data assimilation results to infer the inlet velocity in Venturi






Appendix B

Derivation of REnKF and sensitivity
study of algorithmic parameters

B.1 Derivation of regularized ensemble Kalman method

The detailed derivation of the regularized ensemble Kalman method is presented here. The cost
function with regularization term can be formulated as:

B.1) IKI=( )P ¢ ) +(HDE y) R YHET v+ (G WG

The gradient of the cost function can be derived as:

@I

(B.2) &

=P ¢ )+ (HDED R Y(HIFT yi)+ (GI¥])” WG]
To minimize the cost function, we set the gradient (B.2) to be zero, and have:
(B.3) P X)+(HDA) R YHXT y)+ (GIX)”WGX]1=0
The unknown terms H [xf‘] and Ho[xf‘] are estimated via linearization as:

(B.4a) HDA H X1+ HIXIeE X);
(B.4b) HDE H 91

respectively. With the linearization assumption, we can reformulate the equation (B.3) as:

B5a) P IO¢ )= (HIGDTR MHI+ HIGIOT %) ) (GID7 WG]

Similarly, we introduce linearization to the constraint term as:
(B.6) Gx] G X and GIXT G P

139



APPENDIX B. DERIVATION OF RENKF AND SENSITIVITY STUDY OF
ALGORITHMIC PARAMETERS

Note that we consider a convergence condition foG[xj""] for simpli cation. Furthermore, we
introduce the tangent linear operator H so that H[x] = Hx and H9x] = H. Thus (B.5a) can be
formulated and rearranged as:

(B.7a) P '0¢ X))+ H'RIMH{+H X) y)+ (G)WGK]=0

(B.7b) x=x +P(l + H'R 'HP) '"H’R (yj HX) P( +H R 'HP) * (G)”WG;
where the argumentxjf of function G and its derivative G°are omitted for brevity of notation.
Consider the following equation:

(B.8) H> (1 + R *HPH?) = (1 + H”R HP)H”:

Based on that, taking the left multiplication (| + H>R HP) ! and right multiplication
(I + R HPH) ! for both sides, we can obtain:

(B.9) (I + R 'HP) 'H> = H> (I + R 'HPH")

By substituting (1 + H*R HP) H> in (B.7b) with H> (I + R *HPH>) ! based on Eq.(B.9),
we can derive:

(B.10a) x=x+P( +HRMHP) R Yy HX) P +HRHP) ! (G)WG

(B.10b) =x +PH (I + R 'HPH) 'R Y(y; HX) P(I+HR 'HP) ! (G)>WG
(B.10c) = x + PH (R+ HPH”) (y; Hx) P(I+HR 'HP) ! (GY” WG

Finally, expand (1 + H* R HP) !in the last term of Eq.(B.10c) with the Woodbury formula [ 63]
as:

(B.11) (I+HR™MP) *=1 H (R+ HPH) HP:

By substituting Eq. (B.11) into Eqg. (B.10c), we have:
(B.12)

xt= x + PH (R+ HPH) (y; HX) PG"WG+ PH” (R+ HPH) HP G” WG
Furthermore, combine the second and last term in the right hand side of Eq(B.12), and we
can deduce the regularized analysis scheme as:

(B.13) x =X + PH (R+ HPH?) Yy; HX + HPGTWG) PG”WG

By further denoting Kalman gain K and the correction by the following:
(B.14) K= PH (R+ HPH>) 1;

(B.15) = PG WG

the nal analysis scheme for the regularized ensemble Kalman method reads:
(B.16) =X+ + Ky H+ )
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B.2. SENSITIVITY STUDIES OF ALGORITHMIC PARAMETERS IN REGULARIZATION

B.2 Sensitivity studies of algorithmic parameters in
regularization

As implemented in Chapter 4 the regularization parameter has three hyper-paramters: o, S,
and d. We take ¢ =0:1,S =5, and d = 2 as reference and investigate the e ects of di er-
ent o, S, and d, respectively. The inferred parameters with di erent tunable parameters ( o,
S, and d) for an equality constraint are shown in Table B.1. It can be seen that with an equality
constraint, the proposed method is robust, and there is a large range of hyper-parameters that
result in good inference.

Table B.1: Summary of inferred parameter! with dierent ¢, S, and d for the equality
constraint (Case C1) in the parameter estimation problem. The values in bold indicate the
reference.

parameter value | prior ( 2; 2) prior (0;0) prior (2;2)
0 0:01 | (0:86;1:07) (0:81;1:14) (0:93 1:04)
0:1 (1:06; 0:93) (1:06;0:93) (1.02 0:98)

0:5 (0:94; 1:05) (0:94;1:05) (0:98; 1:00)

1.0 (1:05; 0:94) (0:94;1.06) (1.02,0:98)

S 1 (0:92;,1.08) (2:07,0:92) (0:98;1.02)
5 (1:06; 0:93) (1:06;0:93) (1:02 0:98)

20 (1:09; 0:90) (2:07,0:92) (1.04;0:94)

50 (0:86;1:13) (0:91;1:08) (1:05;0:94)

d 01 (1:08;0:91) (1:07,0:92) (1:01;0:98)
2 (1:06; 0:93) (1:.06;0:93) (1.020:98)

10 (1:09; 0:90) (2:08,0:91) (1:00;0:98)

50 (1:10;0:89) (0:91;1.08) (1.02,0:98)

However, with inequality constraints the method is not as robust as with equality constraints.
The results are shown in Table B.2. With an inequality constraint, the method is more sensitive
to these hyper-parameters. If the inequality constraint overcorrects the inferred parameters and
then turns o, this can lead to the inference diverging.
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Table B.2: Summary of inferred parameter!

reference.

with di erent

0, S, and d for the inequality
constraint (Case C2) in the parameter estimation problem. The values in bold indicate the

parameter value | prior ( 2; 2) prior (0;0) prior (2;2)
0 0:01 | (0:07;0:07) (0:91;0:96) (0:95;0:96)
0:1 (1:07;1:03) (0:96;0:98) (0:94;0:96)
0:5 (0:83;0:98) (1:07,0:94) (0:94;0:94)

1.0 Diverge Diverge Diverge
S 1 Diverge (1:07;0:92) (0:95;0:96)
5 (2:07; 1:03) (0:96;0:98) (0:94;0:96)
20 (0:31,0:31) (0:87,1.07) (0:95;0:93)
50 (0:29;0:29) (1:00,0:96) (0:95; 0:96)
d 0:1 (0:19;0:19) Diverge (0:94; 0:95)
2 (1:07;1:03) (0:96;0:98) (0:94;0:96)
10 Diverge (0:99,0:93) (0:97;0:95)
50 (1:01,0:87) (0:96; 1.04) (0:96;0:94)




Appendix C

Derivation of EnKF and EnRML

C.1 Derivation of EnKF

The cost function and its gradient for the iterative EnKF are formulated as:

1 1
(C.1a) I=3 X2 xf;j Pt xif;j + 5 HPET y "R IHPET vy
@J
a
1)

(C.1b) =Pt +HDETR T HPE]

We approximate the unknown terms H[x3] and H9Yx?] in Eq. (C.1b) with the linear assumption
as:

(C.23) H[Xf‘] H [xjf]+ Ho[xj""] xj"" X

(C.2b) HOE H X1+ HOX D @ X

where the second derivation can be neglected. Further, we set the gradient of the cost function
to be zero and substitute with Eq. (C.2) as:

(C.3) Ptod x; = H DGR HXG I+ HDGT G x5y,

We expand H[x] around the ensemble mean as:
(C.4a) HIX] H X+ HIX] X X

Afterwards, we assume thatH[x] = Hx, where H is the tangent linear operator. The model
function gradient H9x" ] can be estimated directly with the linear operator H based on Eq. C.4.
Hence, Eg. (C.3) can be formulated and rearranged as:

(C.5a) Ptsd X = HWRDHGHHCE X)) v s

1
(C.5b) B =X, +P I+ HRMHP HRy  HX,
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APPENDIX C. DERIVATION OF ENKF AND ENRML

SetQ = R 'HP; and we have:

(C.6a) H 1+QH = 1+HQ H;
1

(C.6b) |+ H'Q H =H |+QH

Now back to Eq. (C.5b), substituting (1 + H>R HP;) 'H> with H> (1 + R HP,H>) ! based

on Eq. (C.6b), we can derive:
1
(C.7a) X =x; +PH 1 +R™MPH "Ry HX

] i

1
(C.7b) X =X, + PH R+ HPH™ © y  HX

Eqg. (C.7b) is the iterative formulation for the analysis step of the EnKF method.

C.2 Derivation of EnRML

To derive the analysis scheme of ensemble randomized maximal likelihood method, we start
from the gradient and Hessian of the cost function as:

J
(C.8a) o= Poti o)+ b TR HHDg ] y);
(C.8b) @;] = Pot+ Hx; PR *Hx; 1
@i;l'
In the EnNRML method, the state vector x is updated with Gauss{Newton method as:
|
1
@J @J
C.9 X = X :
(€9 A

Through directly introducing the gradient and Hessian formulation into Eq. (C.9), we can have:
(C.10)

1
f f f f f f f .
X =% Pot+ HYx; PR *HYx; ] Pot(4j  Xo)* HDG TR MHDG T v)

1
| + PoHo[x{;j 'R 1Ho[xif;j] x}:j x{);j + POHO[XLJ- PR 1 H[xf;j] Vi

By expanding the last term, we obtain:
1
X =x. | + POHO[XEJ- 'R 1Ho[xif;j] X' x{);j

(C.11) ne !

1
|+ PoHX PR M1 PoHI PR HIX, T

We can further derive from (C.11) via Woodbury formula as follows:

1
(C.12) Xﬁ. =% ! I:)OHO[Xif;j PR+ Ho[xif;j ]POHO[Xif;j r HO[X{;J' ] Xif;j Xg;j

1
f f f f
I+ PoHD; PR HYx; 1 PoHPG PR P Hxg 1
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After expanding the second term at right hand and rearranging, we can have:
(C.13)

@ =+ K+ PoHIX P R+ HIE PHIX, 7 HIK ] X,
|+ PoHBG TR MG T PHDG PR T HBG T
SetQ = PgHYx]”, and we deduce:
(C.14a) QR ! R+HIYXQ = 1+ QR HYX Q;
(C.14b) | + QR HY 'QR 1= Q R+ HIxQ *:

Finally, by substituting Eq. (C.14b) into Eqg. (C.13), we can obtain the analysis step for the
EnRML method as:

(C.15)
f

fq,0 1 f fqof f
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Appendix D

List of publications

This chapter presents a list of journal publications and participations in international confer-
ences related to the work presented in this thesis.
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Xinlei Zhang, Thomas Gomez, and Olivier Coutier-Delgosha. Bayesian optimisation
of RANS simulation with ensemble-based variational method in convergent-divergent
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Xinlei Zhang, Carlos Miclelen-Stmefer, Heng Xiao. Regularization of Ensemble Kalman
Method for Inverse Problem. submitted, 2019. (arXiv:1910.01292)

Xinlei Zhang, Heng Xiao, Thomas Gomez, Olivier Coutier-Delgosha, Evaluation of
Iterative Ensemble Method for Quantifying Uncertainties in Steady Flow with Limited
Ensemble Sizes. submitted, 2019.
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14-16, 2018.

147






Bibliography

[1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

9]

[10]

V. Aeschlimann, S. Barre, and H. Djeridi , Velocity eld analysis in an experimental

cavitating mixing layer, Physics of Fluids, 23 (2011), p. 055105.

D. J. Albers, P.-A. Blancquart, M. E. Levine, E. E. Seylabi, and A. M.

Stuart , Ensemble Kalman methods with constraintsinverse Problems, (2019).

J. L. Anderson , An adaptive covariance in ation error correction algorithm for ensemble

lters , Tellus A: Dynamic Meteorology and Oceanography, 59 (2007), pp. 210{224.

. Asch, M. Bocquet, and M. Nodet , Data assimilation: methods, algorithms, and

applications, vol. 11, SIAM, 2016.

. N. Bannister , A review of forecast error covariance statistics in atmospheric

variational data assimilation. |: Characteristics and measurements of forecast er-
ror covariances, Quarterly Journal of the Royal Meteorological Society, 134 (2008),
pp. 1951{1970.

. Barre, J. Rolland, G. Boitel, E. Goncalves, and R. F. Patella , Experiments

and modeling of cavitating ows in venturi: attached sheet cavitation European Journal
of Mechanics-B/Fluids, 28 (2009), pp. 444{464.

. Beneddine, R. Yegavian, D. Sipp, and B. Leclaire , Unsteady ow dynamics

reconstruction from mean ow and point sensors: An experimental study Journal of
Fluid Mechanics, 824 (2017), pp. 174{201.

. T. Biedron, J.-R. Carlson, J. M. Derlaga, P. A. Gnoffo, D. P. Hammond,

W. T. Jones, B. Kleb, E. M. Lee-Rausch, E. J. Nielsen, M. A. Park, et al. ,
FUN3D Manual: 13.5, (2019).

. Bocquet , Localization and the iterative ensemble Kalman smootherQuarterly

Journal of the Royal Meteorological Society, 142 (2016), pp. 1075{1089.

. Bocquet and P. Sakov , Combining in ation-free and iterative ensemble Kalman

Iters for strongly nonlinear systems, Nonlinear Processes in Geophysics, 19 (2012),
pp. 383{399.

149



BIBLIOGRAPHY

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

—, Joint state and parameter estimation with an iterative ensemble Kalman smoother
Nonlinear Processes in Geophysics, 20 (2013), pp. 803{818.

—, An iterative ensemble Kalman smoother Quarterly Journal of the Royal Meteoro-
logical Society, 140 (2014), pp. 1521{1535.

J. Borggaard, N. E. Glatt-Holtz, and J. A. Krometis , A Bayesian approach to
estimating background ows from a passive scalgrarXiv preprint arXiv:1808.01084,
(2018).

M. Breuer, N. Peller, C. Rapp, and M. Manhart , Flow over periodic hills{
numerical and experimental study in a wide range of Reynolds number€omputers &
Fluids, 38 (2009), pp. 433{457.

G. Burgers, P. Jan van Leeuwen, and G. Evensen , Analysis scheme in the ensemble
Kalman lter , Monthly weather review, 126 (1998), pp. 1719{1724.

D. Cai, C. Zhang, and X. He , Unsupervised feature selection for multi-cluster data
in Proceedings of the 16th ACM SIGKDD international conference on Knowledge
discovery and data mining, ACM, 2010, pp. 333{342.

M. Callenaere, J.-P. Franc, J.-M. Michel, and M. Riondet , The cavitation
instability induced by the development of a re-entrant jetJournal of Fluid Mechanics,
444 (2001), pp. 223{256.

B. Charri ere, J. Decaix, and E. Goncalv es, A comparative study of cavitation
models in a Venturi ow, European Journal of Mechanics-B/Fluids, 49 (2015), pp. 287{
297.

B. Charri ere and E. Goncalves , Numerical investigation of periodic cavitation
shedding in a Venturi, International Journal of Heat and Fluid Flow, 64 (2017),
pp. 41{54.

Y. Chen and D. S. Oliver , Ensemble randomized maximum likelihood method as an
iterative ensemble smootherMathematical Geosciences, 44 (2012), pp. 1{26.

Y. Chen, D. S. Oliver, et al. , History matching of the Norne full- eld model with
an iterative ensemble smootherSPE Reservoir Evaluation & Engineering, 17 (2014),
pp. 244{256.

S. H. Cheung, T. A. Oliver, E. E. Prudencio, S. Prudhomme, and R. D. Moser ,
Bayesian uncertainty analysis with applications to turbulence modelingReliability
Engineering & System Safety, 96 (2011), pp. 1137{1149.

150



BIBLIOGRAPHY

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

C. Colburn, J. Cessna, and T. Bewley , State estimation in wall-bounded ow
systems. Part 3. the ensemble Kalman Iter Journal of Fluid Mechanics, 682 (2011),
pp. 289{303.

P. Courtier, E. Andersson, W. Heckley, D. Vasiljevic, M. Hamrud,
A. Hollingsworth, F. Rabier, M. Fisher, and J. Pailleux , The ECMWF im-
plementation of three-dimensional variational assimilation (3D-Var). I: Formulation ,
Quarterly Journal of the Royal Meteorological Society, 124 (1998), pp. 1783{1807.

P. Courtier, J.-N. Th epaut, and A. Hollingsworth , A strategy for operational
implementation of 4D-Var, using an incremental approach Quarterly Journal of the
Royal Meteorological Society, 120 (1994), pp. 1367{1387.

O. Coutier-Delgosha, R. Fortes-Patella, and J. Reboud , Simulation of un-
steady cavitation with a two-equation turbulence model including compressibility e ects
Journal of Turbulence, 3 (2002), pp. 58{65.

O. Coutier-Delgosha, R. Fortes-Patella, and J.-L. Reboud , Evaluation of
the turbulence model in uence on the numerical simulations of unsteady cavitation
Journal of Fluids Engineering, 125 (2003), pp. 38{45.

O. Coutier-Delgosha, R. Fortes-Patella, J.-L. Reboud, N. Hakimi, and
C. Hirsch , Numerical simulation of cavitating ow in 2D and 3D inducer geometries,
International Journal for Numerical Methods in Fluids, 48 (2005), pp. 135{167.

O. Coutier-Delgosha, R. Fortes-Patella, J.-L. Reboud, M. Hofmann, and
B. Stoffel , Experimental and numerical studies in a centrifugal pump with two-
dimensional curved blades in cavitating condition Journal of Fluids Engineering, 125
(2003), pp. 970{978.

O. Coutier-Delgosha, J. Reboud, and Y. Delannoy , Numerical simulation of the
unsteady behaviour of cavitating ows International journal for numerical methods in
uids, 42 (2003), pp. 527{548.

—, Numerical simulation of the unsteady behaviour of cavitating ows International
journal for numerical methods in uids, 42 (2003), pp. 527{548.

O. Coutier-Delgosha, B. Stutz, A. Vabre, and S. Legoupil , Analysis of cavi-
tating ow structure by experimental and numerical investigations Journal of Fluid
Mechanics, 578 (2007), pp. 171{222.

L. d'Agostino and M. V. Salvetti , Fluid dynamics of cavitation and cavitating
turbopumps Springer Science & Business Media, 2008.

151



BIBLIOGRAPHY

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

J. Decaix and E. Goncalves , Time-dependent simulation of cavitating ow with k{l
turbulence models International Journal for Numerical Methods in Fluids, 68 (2012),
pp. 1053{1072.

—, Compressible e ects modeling in turbulent cavitating ows European Journal of
Mechanics-B/Fluids, 39 (2013), pp. 11{31.

N. Dittakavi, A. Chunekar, and S. Frankel , Large eddy simulation of turbulent-
cavitation interactions in a Venturi nozzle, Journal of Fluids Engineering, 132 (2010),
p. 121301.

E. Dow and Q. Wang , Quanti cation of structural uncertainties in the k{! turbulence
model, in 52nd AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and
Materials Conference 19th AIAA/ASME/AHS Adaptive Structures Conference 13t,
2011, p. 1762.

T. D. Economon, F. Palacios, S. R. Copeland, T. W. Lukaczyk, and J. J.
Alonso , SU2: An open-source suite for multiphysics simulation and designAlAA
Journal, 54 (2015), pp. 828{846.

W. Edeling, P. Cinnella, and R. P. Dwight , Predictive RANS simulations via
Bayesian model-scenario averagingJournal of Computational Physics, 275 (2014),
pp. 65{91.

W. Edeling, P. Cinnella, R. P. Dwight, and H. Bijl , Bayesian estimates of
parameter variability in the k{" turbulence mode] Journal of Computational Physics,
258 (2014), pp. 73{94.

W. Edeling, R. P. Dwight, and P. Cinnella , Simplex-stochastic collocation method
with improved scalability, Journal of Computational Physics, 310 (2016), pp. 301{328.

W. N. Edeling, G. laccarino, and P. Cinnella , Data-free and data-driven RANS
predictions with quanti ed uncertainty , Flow, Turbulence and Combustion, 100 (2018),
pp. 593{616.

W. N. Edeling, M. Schmelzer, R. P. Dwight, and P. Cinnella , Bayesian predic-
tions of Reynolds-averaged Navier{Stokes uncertainties using maximum a posteriori
estimates AIAA Journal, 56 (2018), pp. 2018{2029.

A. A. Emerick and A. C. Reynolds , Ensemble smoother with multiple data assimila-
tion, Computers & Geosciences, 55 (2013), pp. 3{15.

O. G. Ernst, B. Sprungk, and H.-J. Starkloff , Analysis of the ensemble and
polynomial chaos Kalman lters in Bayesian inverse problems SIAM/ASA Journal
on Uncertainty Quanti cation, 3 (2015), pp. 823{851.

152



BIBLIOGRAPHY

[46] G. Evensen , Sequential data assimilation with a nonlinear quasi-geostrophic model using
Monte Carlo methods to forecast error statistics Journal of Geophysical Research:
Oceans, 99 (1994), pp. 10143{10162.

[47] ——, The ensemble Kalman lter: Theoretical formulation and practical implementation,
Ocean dynamics, 53 (2003), pp. 343{367.

[48] ——, Data assimilation: the ensemble Kalman Iter, Springer Science & Business Media,
2009.
[49] ——, Analysis of iterative ensemble smoothers for solving inverse problemSomputational

Geosciences, 22 (2018), pp. 885{908.

[50] B. F. Farrell and P. J. loannou , State estimation using a reduced-order Kalman
Iter , Journal of the Atmospheric Sciences, 58 (2001), pp. 3666{3680.

[51] D. P. Foures, N. Dovetta, D. Sipp, and P. J. Schmid , A data-assimilation method
for Reynolds-averaged Navier{Stokes-driven mean ow reconstructionJournal of Fluid
Mechanics, 759 (2014), pp. 404{431.

[52] S. Frikha, O. Coutier-Delgosha, and J. A. Astolfi , In uence of the cavitation
model on the simulation of cloud cavitation on 2D foil section International Journal
of Rotating Machinery, 2008 (2008).

[53] P. Gauthier, M. Tanguay, S. Laroche, S. Pellerin, and J. Morneau , Extension
of 3DVAR to 4DVAR: Implementation of 4ADVAR at the meteorological service of
Canada Monthly weather review, 135 (2007), pp. 2339{2354.

[54] A. Gel, R. Garg, C. Tong, M. Shahnam, and C. Guenther , Applying uncertainty
guanti cation to multiphase ow computational uid dynamics , Powder technology,
242 (2013), pp. 27{39.

[55] M. B. Giles, M. C. Duta, J.-D. M-uacute, and N. A. Pierce , Algorithm develop-
ments for discrete adjoint methods AIAA Journal, 41 (2003), pp. 198{205.

[56] M. B. Giles and N. A. Pierce , An introduction to the adjoint approach to design,
Flow, Turbulence and Combustion, 65 (2000), pp. 393{415.

[57] A. Gnanaskandan and K. Mahesh , A numerical method to simulate turbulent cavi-
tating ows, International Journal of Multiphase Flow, 70 (2015), pp. 22{34.

[58] E. Goncalves, M. Champagnac, and R. Fortes Patella , Comparison of numerical
solvers for cavitating ows, International Journal of Computational Fluid Dynamics,
24 (2010), pp. 201{216.

153



BIBLIOGRAPHY

[59] N. J. Gordon, D. J. Salmond, and A. F. Smith , Novel approach to nonlinear/non-

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

Gaussian Bayesian state estimationin IEE proceedings F (radar and signal processing),
vol. 140, IET, 1993, pp. 107{113.

. S. Gritskevich, A. V. Garbaruk, J. Sch etze, and F. R. Menter , Development

of DDES and IDDES formulations for the k{! shear stress transport model Flow,
Turbulence and Combustion, 88 (2012), pp. 431{449.

. Gronskis, D. Heitz, and E. M emin, Inow and initial conditions for direct

numerical simulation based on adjoint data assimilation Journal of Computational
Physics, 242 (2013), pp. 480{497.

Y. Gu, D. S. Oliver, et al. , An iterative ensemble Kalman lIter for multiphase uid

ow data assimilation, Spe Journal, 12 (2007), pp. 438{446.

W. W. Hager , Updating the inverse of a matrix SIAM Review, 31 (1989), pp. 221{239.

T. M. Hamill and C. Snyder , A hybrid ensemble Kalman Iter{3D variational analysis

scheme Monthly Weather Review, 128 (2000), pp. 2905{2919.

T. M. Hamill, J. S. Whitaker, and C. Snyder , Distance-dependent Itering of

background error covariance estimates in an ensemble Kalman lterMonthly Weather
Review, 129 (2001), pp. 2776{2790.

Y. He and D. Xiu , Numerical strategy for model correction using physical constraints

Journal of Computational Physics, 313 (2016), pp. 617{634.

S. Hosder, R. Walters, and R. Perez , A non-intrusive polynomial chaos method for

uncertainty propagation in cfd simulations, in 44th AIAA aerospace sciences meeting
and exhibit, 2006, p. 891.

P. L. Houtekamer and H. L. Mitchell , A sequential ensemble Kalman Iter for

atmospheric data assimilation Monthly Weather Review, 129 (2001), pp. 123{137.

B. Huang, Y. Zhao, and G. Wang , Large eddy simulation of turbulent vortex-cavitation

interactions in transient sheet/cloud cavitating ows, Computers & Fluids, 92 (2014),
pp. 113{124.

X.-Y. Huang, Q. Xiao, D. M. Barker, X. Zhang, J. Michalakes, W. Huang,

T. Henderson, J. Bray, Y. Chen, Z. Ma, et al. , Four-dimensional variational
data assimilation for WRF: Formulation and preliminary results , Monthly Weather
Review, 137 (2009), pp. 299{314.

M. A. Iglesias, K. J. Law, and A. M. Stuart , Ensemble Kalman methods for inverse

problems Inverse Problems, 29 (2013), p. 045001.

154



BIBLIOGRAPHY

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

(8]

(81]

[82]

[83]

. Janji ¢, D. McLaughlin, S. E. Cohn, and M. Verlaan , Conservation of mass

and preservation of positivity with ensemble-type Kalman Iter algorithms Monthly
Weather Review, 142 (2014), pp. 755{773.

. Jesus, J. L. Azevedo, and J.-P. Laval , Large eddy simulations and RANS

computations of adverse pressure gradient owsin 51st AIAA Aerospace Sciences
Meeting including the New Horizons Forum and Aerospace Exposition, 2013, p. 267.

. Ji, X. Luo, R. E. Arndt, X. Peng, and Y. Wu , Large eddy simulation and

theoretical investigations of the transient cavitating vortical ow structure around a
NACAG66 hydrofoil, International Journal of Multiphase Flow, 68 (2015), pp. 121{134.

. Ji, X. Luo, R. E. Arndt, and Y. Wu , Numerical simulation of three dimensional

cavitation shedding dynamics with special emphasis on cavitation{vortex interaction
Ocean Engineering, 87 (2014), pp. 64{77.

. Ji, X.-w. Luo, X.-x. Peng, and Y.-l. Wu , Three-dimensional large eddy simulation

and vorticity analysis of unsteady cavitating ow around a twisted hydrofoil Journal
of Hydrodynamics, 25 (2013), pp. 510{519.

. Jones and B. E. Launder , The prediction of laminarization with a two-equation

model of turbulence International Journal of Heat and Mass Transfer, 15 (1972),
pp. 301{314.

. E. Kalman , A new approach to linear ltering and prediction problems, Journal of

basic Engineering, 82 (1960), pp. 35{45.

. Kato and S. Obayashi , Approach for uncertainty of turbulence modeling based on

data assimilation technique Computers & Fluids, 85 (2013), pp. 2{7.

. Kato, A. Yoshizawa, G. Ueno, and S. Obayashi , A data assimilation methodology

for reconstructing turbulent ows around aircraft , Journal of Computational Physics,
283 (2015), pp. 559{581.

. C. Kennedy and A. O'Hagan , Bayesian calibration of computer models Journal of

the Royal Statistical Society: Series B (Statistical Methodology), 63 (2001), pp. 425{
464.

I. Khlifa, A. Vabre, M. Ho cevar, K. Fezzaa, S. Fuzier, O. Roussette, and

O. Coutier-Delgosha , Fast X-ray imaging of cavitating ows, Experiments in
Fluids, 58 (2017), p. 157.

O. Knio and O. Le Maitre , Uncertainty propagation in CFD using polynomial chaos

decomposition Fluid dynamics research, 38 (2006), p. 616.

155



BIBLIOGRAPHY

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

P. Koukouvinis, H. Naseri, and M. Gavaises , Performance of turbulence and
cavitation models in prediction of incipient and developed cavitation International
Journal of Engine Research, 18 (2017), pp. 333{350.

L. Kuban, J.-P. Laval, W. Elsner, A. Tyliszczak, and M. Marquillie , Les
modeling of converging-diverging turbulent channel ow Journal of Turbulence, (2012),
p. N11.

A. Kubota, H. Kato, and H. Yamaguchi , A new modelling of cavitating ows:
a numerical study of unsteady cavitation on a hydrofoil section Journal of uid
Mechanics, 240 (1992), pp. 59{96.

R. F. Kunz, D. A. Boger, D. R. Stinebring, T. S. Chyczewski, J. W. Lindau,
H. J. Gibeling, S. Venkateswaran, and T. Govindan , A preconditioned Navier{
Stokes method for two-phase ows with application to cavitation prediction Computers
& Fluids, 29 (2000), pp. 849{875.

J.-P. Laval, C. Braud, G. Fournier, and M. Stanislas , Large-eddy simulations
of control of a separated ow over a 2D bump by means of pulsed jetdournal of
Turbulence, (2010), p. N52.

D. H. Le, A. A. Emerick, A. C. Reynolds, et al. , An adaptive ensemble smoother
with multiple data assimilation for assisted history matching Spe Journal, 21 (2016),
pp. 2{195.

K. H. Lee, L. Cortelezzi, J. Kim, and J. Speyer , Application of reduced-order
controller to turbulent ows for drag reduction, Physics of Fluids, 13 (2001), pp. 1321{
1330.

J.-B. Leroux, O. Coutier-Delgosha, and J. A. Astolfi , A joint experimental
and numerical study of mechanisms associated to instability of partial cavitation on
two-dimensional hydrofoil, Physics of uids, 17 (2005), p. 052101.

H. Li, E. Kalnay, and T. Miyoshi , Simultaneous estimation of covariance in ation and
observation errors within an ensemble Kalman Iter, Quarterly Journal of the Royal
Meteorological Society: A journal of the atmospheric sciences, applied meteorology
and physical oceanography, 135 (2009), pp. 523{533.

T. Li, S. Sun, T. P. Sattar, and J. M. Corchado , Fight sample degeneracy and
impoverishment in particle lters: A review of intelligent approaches, Expert Systems
With Applications, 41 (2014), pp. 3944{3954.

156



BIBLIOGRAPHY

[94]

[95]

[96]

[97]

(98]

[99]

C. Liu, Q. Xiao, and B. Wang , An ensemble-based four-dimensional variational data
assimilation scheme. Part I: Technical formulation and preliminary test, Monthly
Weather Review, 136 (2008), pp. 3363{3373.

X. Ma and N. Zabaras , An adaptive hierarchical sparse grid collocation algorithm for
the solution of stochastic di erential equations, Journal of Computational Physics, 228
(2009), pp. 3084{3113.

J. Mandel, E. Bergou, S. G wrol, S. Gratton, and I. Kasanick y, Hybrid Levenberg{
Marquardt and weak-constraint ensemble Kalman smoother methodNonlinear Pro-
cesses in Geophysics, 23 (2016), pp. 59{73.

M. Marquillie, J.-P. Laval, and R. Dolganov , Direct numerical simulation of a
separated channel ow with a smooth pro le Journal of Turbulence, (2008), p. N1.

L. Mathelin, M. Y. Hussaini, T. A. Zang, and F. Bataille , Uncertainty propagation
for a turbulent, compressible nozzle ow using stochastic method#\IAA journal, 42
(2004), pp. 1669{1676.

M. Meldi , Augmented prediction of turbulent ows via sequential estimators Flow,
Turbulence and Combustion, 101 (2018), pp. 389{412.

[100] M. Meldi and A. Poux , A reduced order model based on Kalman ltering for sequential

data assimilation of turbulent ows, Journal of Computational Physics, 347 (2017),
pp. 207{234.

[101] F. Menter and Y. Egorov , The scale-adaptive simulation method for unsteady tur-

bulent ow predictions. Part 1: theory and model description, Flow, Turbulence and
Combustion, 85 (2010), pp. 113{138.

[102] F. R. Menter , Two-equation eddy-viscosity turbulence models for engineering applica-

tions, AIAA journal, 32 (1994), pp. 1598{1605.

[103] F. R. Menter, M. Kuntz, and R. Langtry , Ten years of industrial experience with

the SST turbulence model Turbulence, heat and mass transfer, 4 (2003), pp. 625{632.

[104] C. L. Merkle , Computational modelling of the dynamics of sheet cavitationin Proc. of

the 3rd Int. Symp. on Cavitation, Grenoble, France, 1998, 1998.

[105] P. Mitra, C. Murthy, and S. K. Pal , Unsupervised feature selection using feature

similarity , IEEE transactions on pattern analysis and machine intelligence, 24 (2002),
pp. 301{312.

157



BIBLIOGRAPHY

[106] T.

[107] V.

[108] H.

[109] E.

[110] T.

[111] D.

[112] T.

Miyoshi , The Gaussian approach to adaptive covariance in ation and its implemen-
tation with the local ensemble transform Kalman Iter, Monthly Weather Review, 139
(2011), pp. 1519{1535.

Mons, J.-C. Chassaing, T. Gomez, and P. Sagaut , Reconstruction of unsteady
viscous ows using data assimilation schemesJournal of Computational Physics, 316
(2016), pp. 255{280.

N. Najm , Uncertainty quanti cation and polynomial chaos techniques in computational
uid dynamics, Annual review of uid mechanics, 41 (2009), pp. 35{52.

J. Nielsen, B. Diskin, and N. K. Yamaleev , Discrete adjoint-based design
optimization of unsteady turbulent ows on dynamic unstructured grids AIAA Journal,
48 (2010), pp. 1195{1206.

O'hern , An experimental investigation of turbulent shear ow cavitation, Journal of
uid mechanics, 215 (1990), pp. 365{391.

S. Oliver and Y. Chen , Recent progress on reservoir history matching: a review
Computational Geosciences, 15 (2011), pp. 185{221.

A. Oliver and R. D. Moser , Bayesian uncertainty quanti cation applied to RANS
turbulence models Journal of Physics: Conference Series, 318 (2011), p. 042032.

[113] OpenCFD , OpenFOAM User Guide, 2018.
See alsahttp://www.opencfd.co.uk/openfoam

[114] S.

[115] E.

[116] D.

[117] S.

[118] S.

Osher, M. Burger, D. Goldfarb, J. Xu, and W. Yin , An iterative regularization
method for total variation-based image restoration Multiscale Modeling & Simulation,
4 (2005), pp. 460{489.

Ott, B. R. Hunt, I. Szunyogh, A. V. Zimin, E. J. Kostelich, M. Corazza,

E. Kalnay, D. Patil, and J. A. Yorke , A local ensemble Kalman Iter for
atmospheric data assimilation Tellus A: Dynamic Meteorology and Oceanography, 56
(2004), pp. 415{428.

I. Papadimitriou and C. Papadimitriou , Bayesian uncertainty quanti cation
of turbulence models based on high-order adjoinComputers & Fluids, 120 (2015),
pp. 82{97.

Patankar , Numerical heat transfer and uid ow , CRC press, 2018.

Poroseva and H. B ezard , On ability of standard k{ model to simulate aerodynamic
turbulent ows, CFD J, 9 (2001), pp. 464{470.

158



BIBLIOGRAPHY

[119] J. Prakash, S. C. Patwardhan, and S. L. Shah , Constrained state estimation
using the ensemble Kalman Iter in 2008 American Control Conference, IEEE, 2008,
pp. 3542{3547.

[120] C. E. Rasmussen , Gaussian processes in machine learningn Summer School on Machine
Learning, Springer, 2003, pp. 63{71.

[121] J. Ray, S. Lefantzi, S. Arunajatesan, and L. Dechant , Bayesian parameter
estimation of a k{" model for accurate jet-in-cross ow simulations, AIAA Journal, 54
(2016), pp. 2432{2448.

[122] ——, Learning an eddy viscosity model using shrinkage and Bayesian calibration: A jet-
in-cross ow case study, ASCE-ASME Journal of Risk and Uncertainty in Engineering
Systems, Part B: Mechanical Engineering, 4 (2018), p. 011001.

[123] J.-L. Reboud, B. Stutz, and O. Coutier-Delgosha , Two phase ow structure of cav-
itation: experiment and modeling of unsteady e ects in 3rd International Symposium
on Cavitation CAV, vol. 26, 1998.

[124] E. D. N. Ruiz and A. Sandu , A derivative-free trust region framework for variational
data assimilation, Journal of Computational and Applied Mathematics, 293 (2016),
pp. 164{179.

[125] P. Sakov, G. Evensen, and L. Bertino , Asynchronous data assimilation with the
EnKF, Tellus A: Dynamic Meteorology and Oceanography, 62 (2010), pp. 24{29.

[126] P. Sakov, D. S. Oliver, and L. Bertino , An iterative EnKF for strongly nonlinear
systems Monthly Weather Review, 140 (2012), pp. 1988{2004.

[127] C. Sarraf, Y. Ait Bouziad, H. Djeridi, M. Farhat, F. Deniset, and J.-Y.
Billard , E ect of cavitation on the structure of the boundary layer in the wake of a
partial cavity, tech. rep., 2006.

[128] J. Sauer and G. H. Schnerr , Unsteady cavitating ow|a new cavitation model based
on a modi ed front capturing method and bubble dynamicsin Proceedings of 2000
ASME Fluid Engineering Summer Conference, vol. 251, 2000, pp. 1073{1079.

[129] A. P. Singh and K. Duraisamy , Using eld inversion to quantify functional errors in
turbulence closures Physics of Fluids, 28 (2016), p. 045110.

[130] A. P. Singh, S. Medida, and K. Duraisamy , Machine-learning-augmented predictive
modeling of turbulent separated ows over airfoils AIAA Journal, (2017), pp. 2215{
2227.

159



BIBLIOGRAPHY

[131] A.

[132] P.

[133] P.

[134] S.

[135] M.

[136] Y.

[137] J.

[138] D.

[139] Y.

[140] G.
[141] D.

[142] D.

[143] F.

[144] J.

K. Singhal, M. M. Athavale, H. Li, and Y. Jiang , Mathematical basis and
validation of the full cavitation model, Journal of uids engineering, 124 (2002),
pp. 617{624.

R. Spalart , Detached-eddy simulation Annual review of uid mechanics, 41 (2009),
pp. 181{202.

R. Spalart and S. R. Allmaras , A one-equation turbulence model for aerodynamic
ows., AIAA Paper, (1992), pp. 1992{439.

Symon, N. Dovetta, B. J. McKeon, D. Sipp, and P. J. Schmid , Data assimi-
lation of mean velocity from 2D PIV measurements of ow over an idealized airfoil
Experiments in uids, 58 (2017), p. 61.

Towara and U. Naumann , A discrete adjoint model for OpenFOAM, Procedia
Computer Science, 18 (2013), pp. 429{438.

Tr emolet , Incremental 4D-Var convergence study Tellus A: Dynamic Meteorology
and Oceanography, 59 (2007), pp. 706{718.

A. Vrugt , Markov chain Monte Carlo simulation using the DREAM software package:
Theory, concepts, and MATLAB implementation, Environmental Modelling & Software,
75 (2016), pp. 273{316.

Wang, Y. Chen, and X. Cai , State and parameter estimation of hydrologic models
using the constrained ensemble Kalman Iter Water Resources Research, 45 (2009).

Wang, C. Huang, X. Fang, X. Yu, X. Wu, and T. Du , Cloud cavitating ow over

a submerged axisymmetric projectile and comparison between two-dimensional RANS
and three-dimensional large-eddy simulation methodsJournal of Fluids Engineering,
138 (2016), p. 061102.

Welch, G. Bishop, et al. , An introduction to the Kalman Iter , (1995).
C. Wilcox , Turbulence Maodeling for CFD, DCW Industries, 3 ed., 2006.

C. Wilcox et al.  , Turbulence modeling for CFD, vol. 2, DCW industries La Canada,
CA, 1998.

D. Witherden and A. Jameson , Future directions in computational uid dynamics ,
in 23rd AIAA Computational Fluid Dynamics Conference, 2017, p. 3791.

Wu, J.-X. Wang, and S. C. Shadden , Adding constraints to Bayesian inverse
problems in Proceedings of the AAAI Conference on Arti cial Intelligence, vol. 33,
2019, pp. 1666{1673.

160



BIBLIOGRAPHY

[145] J. Wu, H. Xiao, R. Sun, and Q. Wang , Reynolds-averaged Navier{Stokes equations
with explicit data-driven Reynolds stress closure can be ill-conditionedJournal of
Fluid Mechanics, 869 (2019), pp. 553{586.

[146] X. Wu , In ow turbulence generation methods Annual Review of Fluid Mechanics, 49
(2017), pp. 23{49.

[147] H. Xiao and P. Cinnella , Quanti cation of model uncertainty in RANS simulations:
a review, Progress in Aerospace Sciences, (2019).

[148] H. Xiao, J.-L. Wu, J.-X. Wang, R. Sun, and C. Roy , Quantifying and reducing
model-form uncertainties in Reynolds-averaged Navier{Stokes simulations: A data-
driven, physics-informed Bayesian approachJournal of Computational Physics, 324
(2016), pp. 115{136.

[149] J. Y. Delannoy , Two phase ow approach in unsteady cavitation modellingin Proceed-
ings of the Spring Meeting of the Fluids Engineering Division, 1990.

[150] Y. Yang, C. Robinson, D. Heitz, and E. M emin, Enhanced ensemble-based 4DVar
scheme for data assimilation Computers & Fluids, 115 (2015), pp. 201{210.

[151] F. Zhang, M. Zhang, and J. A. Hansen , Coupling ensemble Kalman Iter with
four-dimensional variational data assimilation, Advances in Atmospheric Sciences, 26
(2009), pp. 1{8.

[152] J. Zhang and S. Fu , An e cient Bayesian uncertainty quanti cation approach with
application to k-! - transition modeling, Computers & Fluids, 161 (2018), pp. 211{224.

[153] X. Zhang, T. Gomez, and O. Coutier-Delgosha , Bayesian optimisation of RANS
simulation with ensemble-based variational method in convergent-divergent channel
Journal of Turbulence, (2019), pp. 1{26.

[154] X. Zhang, C. Michel en-Str efer, H. Xiao, and O. Coutier-Delgosha , Code and
examples for regualized EnKF
https://github.com/XinleiZhang/REnKF_parameter_estimation

[155] L. Zhou and Z. Wang , Numerical simulation of cavitation around a hydrofoil and
evaluation of a RNG -" model Journal of Fluids Engineering, 130 (2008), p. 011302.

[156] J. Zhu , A low-di usive and oscillation-free convection scheme Communications in applied
numerical methods, 7 (1991), pp. 225{232.

[157] A. Znidar cic and O. Coutier-Delgosha , New algorithm for fast DNS simulations
of cavitating ows using homogeneous mixture approach2016.

161



BIBLIOGRAPHY

[158] D. Zupanski , A general weak constraint applicable to operational 4DVAR data assimilation
systems Monthly Weather Review, 125 (1997), pp. 2274{2292.

162






	List of Tables
	List of Figures

