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Préambule

Cette thése se consacre & une analyse théorique puis numérique d’une certaine classe d’équations aux
dérivées partielles stochastiques (EDPS) : les lois de conservation scalaires avec viscosité et avec un
forcage aléatoire de type additif et bruit blanc en temps. Un exemple typique est I'’équation de Burgers
stochastique, motivée par la théorie de la turbulence. On s’intéresse particuliérement au comportement
en temps long des solutions de ces équations a travers une étude des mesures invariantes.

La partie théorique de la thése constitue le chapitre 2. Dans ce chapitre, on prouve l'existence
et I'unicité d’une solution au sens fort. Pour cela, des estimations sur les normes de Sobolev jusqu’a
I’ordre 2 sont établies. Dans la seconde partie du chapitre 2, on montre que la solution de 'EDPS
admet une unique mesure invariante.

On se propose dans le chapitre 3 d’approcher numériquement cette mesure invariante. A cette fin,
on introduit un schéma numérique dont la discrétisation spatiale est de type Volumes Finis et dont
la discrétisation temporelle est une méthode d’Euler & pas fractionnaire. Il est montré que ce type de
schéma respecte certaines propriétés fondamentales de 'EDPS telles que la dissipation d’énergie et la
contraction L'. Ces propriétés assurent I’existence et 'unicité d’une mesure invariante pour le schéma.
A P’aide d’un certain nombre d’estimations de régularité, on montre ensuite que cette mesure invariante
discréte converge, lorsque le pas de temps et le pas d’espace tendent vers zéro, vers I'unique mesure
invariante pour 'EDPS au sens de la distance de Wasserstein d’ordre 2.

Dans le chapitre 4, des expériences numériques sont effectuées sur 1’équation de Burgers pour
illustrer cette convergence ainsi que des propriétés a petites échelles spatiales relatives a la turbulence.

Un appendice est consacré a I'étude de la stationnarité des schémas numeériques introduits au
chapitre 3 dans le cas ol la viscosité est nulle et ot le domaine spatial est de dimension quelconque.



Preamble

This thesis is devoted to the theoretical and numerical analysis of a certain class of stochastic partial
differential equations (SPDEs), namely scalar conservation laws with viscosity and with a stochastic
forcing which is an additive white noise in time. A particular case of interest is the stochastic Burgers
equation, which is motivated by turbulence theory. We focus on the long time behaviour of the solutions
of these equations through a study of the invariant measures.

The theoretical part of the thesis constitutes the second chapter. In this chapter, we prove the
existence and uniqueness of a solution in a strong sense. To this end, estimates on Sobolev norms up
to the second order are established. In the second part of Chapter 2, we show that the solution of the
SPDE admits a unique invariant measure.

In the third chapter, we aim to approximate numerically this invariant measure. For this purpose,
we introduce a numerical scheme whose spatial discretisation is of the finite volume type and whose
temporal discretisation is a split-step backward Euler method. It is shown that this kind of scheme
preserves some fundamental properties of the SPDE such as energy dissipation and L!-contraction.
Those properties ensure the existence and uniqueness of an invariant measure for the numerical scheme.
Thanks to a few regularity estimates, we show that this discrete invariant measure converges, as the
space and time steps tend to zero, towards the unique invariant measure for the SPDE in the sense of
the second order Wasserstein distance.

In Chapter 4, numerical experiments are performed on the Burgers equation in order to illustrate
this convergence as well as some small-scale properties related to turbulence.

An appendix is devoted to the study of the stationarity of the numerical schemes introduced in
Chapter 3, in the case where the viscosity coefficient is zero and the spatial domain is of arbitrary
dimension.
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Chapter 1

Introduction

1.1 Viscous scalar conservation laws

Conservation laws are among the most fundamental principles describing a physical process. They state
that a particular measurable quantity of an isolated physical system does not evolve over time. This
quantity may be a mass, an energy, a momentum, an electric charge, etc... When the physical system
consists of a continuous material, this conservation principle is appropriately complemented with the
statement that the conserved quantity is also locally conserved: the amount of the quantity in a given
volume of space varies only by the amount flowing in or out of the volume through its boundaries.
In more general words, the quantity moves in space as a continuous flow. This assumption, called
the continuum hypothesis, constitutes the core of continuum mechanics [37|. The physical system may
also create and destroy some of the conserved quantity by itself. We say that it contains a source at
the time and place where the conserved quantity is created, and a sink where it is destroyed. The
conservation law still holds as long as the sources and the sinks compensate each other.

Let u(t,x) denote the density per unit volume of the conserved quantity at a time ¢ and at a point
x of the physical space. Similarly, let F(¢,x) denote the flux of the conserved quantity, and S(¢,x) the
generation of the conserved quantity per unit volume per unit time (it corresponds to a source when
S > 0 and a sink when S < 0). Let V be an arbitrary volume of space. The conservation law in the
volume V' has the expression

d

— [ udx = —/ F(t,x) - ndx+/ S(t,x)dx.
dt Jy ov v

Indeed, the left-hand side expresses the variation per unit time of the amount of the conserved quantity
inside V. As n denotes the outward unit normal to V', the first term of the right-hand side expresses
the amount of the conserved quantity flowing into V' through its boundary at time ¢, and the second
term expresses the amount of the conserved quantity generated inside V' at time ¢. Using Green’s
formula, we can rewrite this equation in the following way:

d

— udx——/ div(F(t,x))dx+/ S(t,x)dx.
dt Jy v v

Since this equation must hold for any volume of space V, the integrals may vanish and we shall write
Ou = —div(F(t,x)) + S(t,x). (1.1)

In most physical applications, the function F depends on ¢ and x through the density u. When it
depends on u up to the first-order space differential, i.e. when

F(t,x) = F(t,x,u(t,x), Vu(t,x)),
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then Equation (1.1) defines a partial differential equation that we may call a second-order scalar
conservation law.

In the present work, we will restrict ourselves to second-order scalar conservation laws where the
flux is homogeneous in time and space and takes the form:

F (t,x,u(t,x), Vu(t,x)) = A(u(t,x)) — vVu(t,x),

where A is a continuous function and v is a positive constant. Furthermore, the time interval considered
will always be [0, 4+00). Taking these assumptions into account, Equation (1.1) now writes

Ou = —div(A(u)) + vAu+ S(t,x), t>0, x€D, (1.2)

where D is the space domain. It could be either R?, a subdomain! of R?, or even the d-dimensional
torus T¢, where T := R/Z. Observe that the expression of the flux of the conserved quantity has been
split in two parts:

e The term —div(A (u)) accounts for the transport of the conserved quantity. Indeed, the equation
Oyu = —div(A(u)) which by differentiation can also be written dyu = —A’(u) - Vu, is a transport
equation where the solution u is transported with a velocity A’(u). As it relates to the non-
diffusive part of the transport, we call A the fluz function, and by extension, we call —div(A(u))
the flux term.

e The term vAu accounts for the spatial diffusion of the conserved quantity. Observe that when
A =0 and S = 0, Equation (1.2) is merely the heat equation. By analogy with the hydrody-
namical context, the term vAuwu is called the viscous term and the constant v is the wviscosity
coefficient.

In this regard, Equation (1.2) is often called a viscous scalar conservation law. A notable non-linear
viscous conservation law is the viscous Burgers equation, namely Equation (1.2) in dimension d = 1
and with the flux function A(u) = u?/2. Particular physical motivations behind this equation will be
discussed in Section 1.4.

In the recent years, a great interest has been brought to hyperbolic (or inviscid, or first-order) scalar
conservation laws, i.e. to equations of the type (1.2) with v = 0:

Ou = —div(A(u)) + S(t,x), t>0, xe€D. (1.3)

When A is non-linear, solutions of (1.3) usually develop shocks in finite time, even when the initial
condition ug is smooth. In general, formulating Equation (1.3) in the weak sense is not sufficient to
establish well-posedness as several weak solutions may co-exist after a shock has occured. The usual
approach thus consists in establishing a formulation of (1.3) that contains a criterion discriminating the
weak solution that has a proper physical meaning. In Kruzkov’s seminal paper [84], such a formulation
was introduced with the notion of entropic solution. Another notable formulation of (1.3) is the notion
of kinetic solution introduced by Lions, Perthame and Tadmor [89] as a generalisation of the entropic
one.

To establish a proper notion of solution for Equation (1.3), one usually first considers the solution
to Equation (1.2). Indeed, (1.2) is a second-order parabolic equation for which it is often possible
(depending on the choice of the different parameters) to find a unique solution in the classical sense [85].
In this regard, (1.2) is often presented as the parabolic approximation of (1.3). For instance, the entropic
(or the kinetic) solution of (1.3) is found by the so-called wvanishing viscosity method: it is sought as
the limit of the solutions of (1.2) as v tends to 0.

in which case Equation (1.2) is usually complemented with boundary conditions, e.g. the Dirichlet condition u;sp = 0.
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When the physical system described by the conservation law is subject to unpredictable external
disturbances, it can be relevant to consider the source term S to be random. According to the nature
of these disturbances, the term S may be chosen among a wide variety of random forcing terms. In this
respect, white noises are almost always successful candidates. Indeed, they express the chaotic nature
of the physical system at all scales of time and/or space and they offer mathematical convenience by
the use of familiar probabilistic tools provided by Gaussian processes. The noise is said to be

e white in time and in space when E[S(t,x)S(s,y)] = 0i—s0x—y;

e white in time and spatially correlated when E[S(t,x)S(s,y)] = di=sc(X,y), where ¢ is a function
on D? expressing the spatial correlations.

We will be interested in cases where the random source is written S(t,x) = ®(t, x, u(t,x))W(t),
where (W(t))s>0 is a cylindrical Brownian motion, which formally writes

W(t) =Y WH(t)ex, t=>0,
k>1

where (ex)g>1 is a complete orthonormal basis of a Hilbert space H and (W¥)g>; is a family of
independent real Brownian motions. The mapping ® is the noise operator. For any (t,x,u) € [0, +00) X
D xR, ®(t,x,u) is a linear form on H. When ® does not depend on u, the noise is said to be additive,
otherwise it is multiplicative.

With such a source term, (1.2) falls into the realm of infinite dimensional stochastic differential
equations.

1.2 Viscous scalar conservation laws with stochastic forcing

1.2.1 Well-posedness
Brief survey

Stochastic calculus is certainly the most appropriate framework to study Equation (1.2) forced with
a white noise. Starting from the 1960’s, efforts have been made to interpret evolutionary PDEs with
random noise as generalised stochastic differential equations (SDEs) where the state space is Hilbert or
Banach. Extensive results have been obtained since then and the essence of the theory is contained in
Da Prato and Zabczyk’s reference book [35] in the domain of evolutionary stochastic partial differential
equations (SPDEs). In [35], the notion of infinite dimensional Wiener process is introduced together
with the associated Ito integral. The Ité formula (the most important tool) is established for Hilbert-
valued stochastic processes. Furthermore, well-posedness results are given for linear and semi-linear
SPDEs.
In this framework, Equation (1.2) shall be expressed under the formulation

du = (—div(A(u)) + vAu) dt + ®(t, -, w)dW(t), t>0. (1.4)

The sought solution is a stochastic process (u(t)):>0 taking values in a functional state space E, where
E is a Hilbert or a Banach space. Observe that the mapping u +— —div(A(u)) + vAu constitutes the
drift of the (generalised) SDE. There are several possible definitions for the solution of Equation (1.4).
Let us mention the three main ones.

e The most basic one is the strong solution, that is, a solution (u(t))¢>o with an initial condition
u(0) = ug and which satisfies the strong formulation

t t
u(t) = ug + / (—div(A(u)) + vAu)ds +/ O(s,x,u)dW(s), t>0, almost surely,
0 0
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where the second term of the right-hand side is a Bochner integral and the third term is an
infinite dimensional Itd integral. Notice in particular that the solution v must have enough
spatial regularity for the Laplacian Au to have a classical meaning. Suitable state spaces for the
stochastic process (u(t))t>o are for instance the Sobolev space W P(D), with m > 2, p > 1, or
the space C™ (D), m > 2.

e A weaker definition of solution is given by the mild formulation
t t
u(t) = Spug — / Si—sdiv(A(u))ds +/ Si—s®(s,x,u)dW(s), t >0, almost surely,
0 0

where (St)¢>0 is the semigroup generated by the operator vA (i.e. the heat semigroup). It can
be observed that in this formulation, the Laplacian need not exist as the spatial diffusion acts
on each term of the dynamics through the semigroup (S¢)i>0. Therefore, a mild solution might
be defined on a larger class of state spaces than a strong solution, e.g. in W™P (D), m > 1.

e Finally, the weak formulation generally writes: for all ¢ € C2(D), for all t > 0, almost surely,

/Du(t,x)w(x)dX—/ o(x) dx+u// (5, %) Agp(x)dxds
//A $,x)) - Vo(x dxds+// (s,x,u(s,x))dxdW (s).

In the case where D has boundaries, the test function ¢ is usually needed to satisfy some Dirichlet
boundary conditions. Notice that the weak formulation asks no spatial regularity on u. The state
spaces for such solutions are often the spaces LP(D), p > 1.

A particular observation arising from the mild formulation is that it looks like a mollified ver-
sion of the hyperbolic counterpart. As in the deterministic case, weak, mild or strong solutions to
Equation (1.4) are used to approximate solutions of

du = —div(A(u))dt + ®(t,x,u)dW(t), t>0, x€ D, (1.5)

and the vanishing viscosity method is still a standard tool. Two main notions of solution are used in
practice to establish the well-posedness of (1.5). Those are the generalisations to the stochastic case
of the solutions in the entropic and kinetic sense. Let us give the formal definitions.

e To establish an entropic formulation of (1.5), one has first to define a set of entropy-entropy
flux functions. That is a family of couples (n,q) where 7 is a real convex function at least
twice differentiable, called entropy, and q is a continuously differentiable function from R to R¢
satisfying q'(v) = n'(v)A’(v), for all v € R, and which represents the flux of the entropy 7. An
entropic solution of (1.5) satisfies: for all entropy-entropy flux (7, q), and all non-negative test
functions ¢ € C?(D), for all ¢ > 0, almost surely,

0< [ ntuobneteiin— [ atutt et [ [ atulso) Totxixds
+/Ot (/D n'(u(s,x))q)(s,x,u(s,x))gpdx) / / 1B (s, x, u(s,x))|* 0" (u(s, x))pdxds.

e The kinetic formulation is expressed through the characteristic function f(x,,€) := 1y >e-
More precisely, u is said to be a kinetic solution of (1.5) if for all 7' > 0, there exists a random
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positive measure m on D x [0,7] x R, such that for all test functions ¢ € C2°(]0,7] x D x R),
the function f satisfies almost surely

T t
| e 0mtendr+ Goeo) + [ (70, A7 V(o
T
—— [ [ ettxuttx)a(x, utt. ) dxaw (e
0 D

T
/0 /D D (t, %, u(t, x))|? Dep(t, x, u(t, x))dzdt + m(dep).

where (-, -) denotes the L?(D x R) scalar product.

1
2

In Figure 1.1, we recorded, in the chronological order, a list of well-posedness results for scalar
conservation laws with stochastic forcing where we give some details on the setting. Some precautions
must however be taken while examining this table:

e In some works, the equation considered is more general than a scalar conservation law. In these
cases, the assumptions we mention in Figure 1.1 are those that remain after restricting the general
equation to the particular case of a scalar conservation law. For instance, in [67, 68, 69], a non-
linear deterministic source term is added in the equation; in [69, 73], the viscous term consists
of a uniformly elliptic diffusion operator instead of a Laplacian; in [73], the non-linear term is
defined in a more general way than the ordinary flux term; in [74, 39, 63|, a positive semi-definite
diffusion operator holds in place of the viscous term and thus, depending on the nature of this
operator, the equation may be of the first or of the second order (such equations are usually
called quasilinear degenerate parabolic-hyperbolic SPDEs).

e As much as it aims to be extensive, the list is still non-exhaustive.

e Only some particular assumptions are specified. For instance, we do not give details on the noise
coefficients. Furthermore, assumptions of polynomial growth on the flux usually concern the
derivatives of the flux function, we do not specify up to which order these derivatives are subject
to growth constraints.

e In the cited articles, the aspects of the results that may go beyond well-posedness are not men-
tioned (such aspects concern for instance the regularity of the solutions, the dependence on initial
conditions, the existence and uniqueness of an invariant measure, the Markov and /or Feller prop-
erties satisfied by the solution, etc...)

Another result of well-posedness

The work contained in [92]| (see the last line of Table 1.1) consitutes the second chapter of this
manuscript. In the first part of this chapter, we are concerned with the well-posedness of Equa-
tion (1.4) in the following setting: the domain D is the one-dimensional torus T and the noise is
additive and white in time. More precisely, given a cylindrical Brownian motion (W (t)):>¢ in a Hilbert
space H with the expression W (t) = >_,<; W¥(¢)ex, our noise operator ® is defined by the coefficients

gp(z) == ®(z)eg, xze€T, k>1.
In short, the equation becomes

du = (=0, A(u) + v0yu) dt + ngde(t), t>0, zeT. (1.6)
k>1

2depending on the chosen assumptions.



CHAPTER 1.

INTRODUCTION

Authors and . . . Notion of Space domain,
Flux Viscosity Noise . boundary
reference solution o s
conditions
Bertini, Space-time
Cancrini, Burgers’ v>0 WI;lite noise Mild R
Jona-Lasinio [9]
Da Prato, .
Debussche, Burgers’ v>0 sz.zce—tu.ne Mild .. [0,1]
Temam [34] white noise Dirichlet b.c.
Da Prato Multiplicative 0,1]
Gatarek [96] Burgers v>0 spa.we—tlrpe Mild Dirichlet b.c.
white noise
Da Prato, Zabczyk , Space-time . [0,1]
[36, Chapter 14] Burgers v>0 white noise Mild Dirichlet b.c.
Non-homogeneous, Multiplicative 0,1]
Gyongy [67] Locally Lipschitz, v>0 space-time Weak Dirichie ¢ bc
quadratic growth white noise e
Gvén Multiplicative
Nua}{ar tg?é g| Burgers’ v>0 space-time Weak R
white noise
Gyoney, Locally LlpS.ChltZ, White-in-time Smooth bpun(jed
Rovira [69)] polynomial v>0 noise Weak convex in R%,
' growth Dirichlet b.c.
E, Khanin, e
Mazel, Burgers’ v=20 Whl‘f;;ztlme Entropic T
Sinai [52]
, ) | Mild, weak, [0,1]
Dong, Xu [44] Burgers v>0 Lévy process strong? Dirichlet b.c.
Feng, Cc?, - Space-time .
Nualart [60] polynomial growth v=0 white noise Entropic R
Vallet, Lipschitz I Space-time Entrobic LIZSChlt.Z’ b?ﬁ@ded
Wittbold [100] continuous o white noise p omam o ’
Dirichlet b.c.
Chen, Ding 2 Multiplicative
s , _ i s . d
Karlsen [27] polynomial growth v=0 white " time Entropic R
noise
Boritchev Strongly convex, C°°, White-in-time
[15, Appendice A polynomial growth v>0 noise Strong T
Baugzet, . . Multiplicative
Vallet, cﬁiﬁ?ﬁﬁl(zs v=20 white-in-time Entropic R
Wittbold (7] noise
Hausenblas, A(u) =uP/p i . [0,1]
Giri [72] p € [2,+00) v>0 | Lévy process Mild Dirichlet b.c.
Hofmanova Lipschitz White-in-time d
[73] continuous v>0 noise Strong T
Multiplicative
. 1
HOﬁ[I;‘Z?Ova ol norriai owth v>0 white-in-time Kinetic Té
POty & noise
Debussche, C?, White-in-time L d
Vovelle [40] polynomial growth v=0 noise Kinetic T
Debussche, c? Multiplicative
Hofmanova, ol nomiai rowth v>0 white-in-time Kinetic T¢
Vovelle [39] Poy & noise
Lewis Multiplicative
! Burgers’ v>0 space-time Mild R
Nualart, [87] white noise
Gess Multiplicative
Hofmanox;é [63] Non-degenerate vr=0 white-in-time Kinetic T
‘ noise
C? v>0
Martel, c?, V>0 White-in-time Stron T
Reygner [92] polynomial growth noise &

Figure 1.1: Well-posedness results for scalar conservation laws
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For each k£ > 1, g is a continuous function from T to R such that fT gr(x)dz = 0. This condition
implies in particular that any solution of (1.6) satisfies % Jpu(t,z)dz = 0. Thus, we may restrict our
attention to solutions whose spatial average is zero. To this end, we will denote by W;"*(T) the space
of functions v € W™P(T) satisfying [; v(x)dz = 0, and we endow it with the norm || - lwmr(y =
105 - || Lo (). Incidentally, we will write Hg*(T) := Wy" 2(T). Note that the Poincaré inequality implies
that || - [|L2(r) < | - HH(%(T) <[ - ||H3(T) < ---. Given this setting, we assume that

Z ”gk’ﬁ{g(ﬂr) =: Do < +-o00.
k>1

Moreover, the function A is assumed to be of class C?, its first derivative A’ to have at most polynomial
growth, and its second derivative A” to be locally Lipschitz continuous. Under these assumptions, we
show the following

Theorem (Theorem 2.4). There ezists a unique HZ(T)-valued stochastic process (u(t))i>o satisfying
Equation (1.4) in the strong sense.

The proof follows a standard approach (used for instance in [34] or [36, Section 14.2]) but is
driven by regularity issues required for establishing a strong solution (such issues are also addressed for
instance in [15, Appendice A| or [73]). Let us formally explain the overall approach of the proof. As
the non-linear term is locally Lipschitz and thanks to the regularising properties of the heat semigroup,
it is possible to establish, via a fixed point argument applied for each trajectory, the existence and
uniqueness of a local-in-time mild solution (u(t))iejo.,] € C([0,7], Hj(T)) to (1.6), where 7 is an almost
surely positive stopping time. The mild formulation is best suited to apply the fixed point theorem,
but is actually sufficient even if we ultimately seek well-posedness in the strong sense, as the following
property holds:

Proposition (Proposition 2.12). Any mild solution to (1.6) (local or global in time) with a regular
enough initial condition is a strong solution.

To extend the local solution to a global solution, one usually needs a priori estimates that prevent
any blow-up in finite time. Since the non-linearity is not globally Lipschitz, such estimates are not
forthright. However, the viscosity endows Equation (1.6) with a decisive property for the stability of
the solution.

Proposition (Dissipativity). The drift function in the SPDE (1.6) satisfies:
<—8$A(v) + V@xxv,sz(T) = —VHU”%(%(T) S O, v E Hg(T)

This property is actually quite standard for semi-linear equations and the proof follows from simple
computations. To see its significance, let us apply the It6 formula to (1.6) with the squared L?-norm.
We get

2 2
dlulfaery = 2 (=0: Aw) + vOuou, u) paepy At + 2 (ghes ) poery AW () + D [lgnl72er) dt.
E>1 E>1
Taking the expectation and applying the dissipativity property, it appears that

d 2 2
ZE |[u(®)F2m)) < =20E [Jlu®llizyr) | + Do, (1.7)

meaning that the growth of the L2-norm of the solution is controlled. We should notice that, at this
point, we formally have the existence and uniqueness of an LZ(T)-valued weak solution to (1.6). Indeed,
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our local mild solution (u(t));ep,r) With values in Hj(T) is even more so a local weak solution with
values in L3(T). The L? estimate arising from the growth control (1.7) ensures that this weak local
solution does not blow-up and is actually global. However, such estimates do not give information on
the behaviour of the H}-norm, whose growth needs to be controlled in order to consider a global mild
solution. In this regard, the dissipativity property is not sufficient but it can be strengthened to the
following

Proposition (Generalised dissipativity). The drift function in the SPDE (1.6) satisfies for all positive
even number p:

dv(p —1) va/2’

2 <0, wve HZT).

(=0zA(v) + v0za0, Up_1>L2(’]I‘) = -

Hg(T)

When p = 2, this corresponds to the usual dissipativity property. This proposition is not plainly
stated in the content of Chapter 2 but appears covertly in the step 3 of the proof of Lemma 2.15. It
yields the a priori LP bounds given in the statement of Lemma 2.15, which eventually leads, using the
polynomial growth of A’ to have a control over the H}-norm, extending thereby the local solution to
a global one.

1.2.2 Invariant measure

After well-posedness, the most addressed topic regarding stochastic conservation laws is the existence
and uniqueness of an invariant measure.

Definition (Invariant measure). Let (X;)i>0 be a Markov process on a state space E. A probability
measure {1 on E is said to be an invariant measure of (X¢)i>o if

XON,u = Vt>0, XtNU

The analysis of invariant measures sheds light on the long time behaviour of solutions, the ergodic
properties, and the statistical properties that are inherent to the system and do not depend on the
initial conditions. More details on this last point will be discussed in Subsection 1.4. We mention here
some of the previous works done in this direction but we refer the reader to |93, 28| for more detailed
reviews on the subject.

Some of the works mentioned in Table 1.1 contain results regarding the invariant measure. For the
stochastic Burgers equation, existence is proved by Da Prato, Debussche and Temam in [34], by Dong
and Xu in [44], by Hausenblas and Giri in [72|. Existence and uniqueness are proved by Da Prato
and Gatarek in [96], by Da Prato and Zabczyk in [36, Chapter 14|, by E, Khanin, Mazel and Sinai
in [52]. For more general conservation laws, existence and uniqueness of an invariant measure have
been proved by Boritchev in [15, Chapter 4], by Debussche and Vovelle in [41] in a setting very close
to [40] but where the flux function satisfies a non-degeneracy condition. For stochastic anisotropic
parabolic-hyperbolic equations, existence and uniqueness of an invariant measure have been proved by
Chen and Pang in [28§].

An invariant measure for (1.6)

The second main result of the second chapter is

Theorem (Theorem 2.7). The strong solution (u(t))i>0 of Equation (1.6) admits a unique invariant
measure.

As for the well-posedness result presented in Subsection 1.2.1, the proof follows a standard approach
but has to deal with regularity concerns. The usual method to address existence of an invariant measure
is to use the Krylov-Bogoliubov theorem (see e.g. [36, Theorem 3.1.1]):
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Theorem (Krylov-Bogoliubov). A Feller process (Xt)i>0 on a Polish space E admits at least one
mwvariant measure if for some initial condition X, there exists an increasing sequence of positive
numbers (Ty,)n>1 tending to +o0o0 such that the family of probability measures {pg, :n > 1} defined by

1
HTH:FEB(E)I—>T/ P(XtGF)dtG[O,l]
n J0

(where B(E) denotes the Borel o-algebra on E) is tight.

The proof of the Krylov-Bogoliubov theorem is done in two steps. The first step is merely an
application of the Prokhorov theorem stating that the sequence (u7, ),>1 admits a limit p in the weak
sense. The second step consists in showing that the limit 4 is invariant for the process (X¢)i>0.

In our case, if we consider the strong solution (u(t)):>0 as an L3(T)-valued process, the conditions
of the Krylov-Bogoliubov theorem are easily satisfied as the viscosity induces regularity in space and
thus compactness. Indeed, from Equation (1.7), taking the average in time, we get

1
3 [ B [0l m] at < 5r® [luoliacn] + Do

It follows from the Markov inequality that for all € > 0,

1
/ [Ju(t HH1 (T) > 5) dt <e <2TE [HUOHLQ ] + Do)

Hence, since the space HE(T) is compactly embedded in LZ(T), the requirements of the Krylov-
Bogoliubov theorem are met. However, (u(t)):>o is not stricto sensu a Markov process on LZ(T)
but on H3(T). The weak limit of the sequence (7, )nen We obtain by this method do not qualify to
be an invariant measure as we do not know if it gives full weight to HZ(T). That is where higher
regularity estimates need to intervene and where the original proof of the Krylov-Bogoliubov theorem
needs to be adapted in order to conclude for the existence part of our proof (Lemma 2.23).

The proof of uniqueness relies on the following standard property for scalar conservation laws:

Proposition (L!-contraction, Proposition 2.21). Let (u(t))i>0 and (v(t))i>0 be two strong solutions
of Equation (1.6). Then, for all 0 < s <t, almost surely,

[u@) = vl 1 (r) < lluls) =o)Ly

That is to say, two solutions of (1.6) with possibly different initial conditions, but driven by the
same noise, get closer (or at least do not move away from each other) with respect to the L! distance.
Recall however that the dissipativity property induces that each of these solutions drifts towards the
center of the space LZ(T). This type of behaviour is the starting point for the following coupling
argument: the two solutions are attracted to the center of Lg(T) and thus, they get closer to one
another for the L? distance and even more so for the L! distance, and each time they get closer, they
stay closer as the L'-contraction prevents them to move apart. Applying this argument leads to the
reinforced

Proposition (L!-confluence, Equation (2.56)). Let (u(t))i>0 and (v(t))i>0 be two strong solutions of
Equation (1.6). Then, almost surely,

Jim Ju(t) — o(b)l| gz = 0.

Assuming that there exist two different invariant measures p; and po for (1.6), and choosing two
solutions (u(t))>0 and (v(t))¢>0 such that ug ~ p; and vg ~ p2, the above proposition yields promptly
that p1 = uo.
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Authors and Equation Space Time
reference q discretisation discretisation
R Semi-linear Galerkin Semi-implicit®
Bréhier [20] parabolic SPDE method Euler scheme
Bréhier, Semi-linear Spectral Galerkin Semi-implicit
Kopec [21] parabolic SPDE method Euler scheme
Chen, Hong, nig-il?rll I;Zil ;tc(l)qiltl')?isigcer Spectral Galerkin | Modified implicit
Wang [26] . & method Euler scheme
equation
Chen, Gan, Semi-linear Spectral Galerkin Exponential
Wang [29] parabolic SPDE method Euler scheme
Cui, Hong, Seml-hnea? parabpllc Spectral Galerkin Implicit
e SPDE with cubic
Sun [33] . . . method Euler scheme
polynomial non-linearity
Boyaval, Martel, | Stochastic viscous scalar Finite Volume Split-step
Reygner [19] conservation law method Euler scheme

Figure 1.2: Numerical approximation results for invariant measures of SPDEs

1.3 Numerical approximation

Most of the numerical schemes developed to approximate solutions of SPDEs in finite time are adapted
from the usual deterministic methods. For semi-linear SPDEs such as Equation (1.4), a common
approach is the finite element approximation and in particular the Spectral Galerkin method (see for
instance (90, 104, 4, 32, 3, 83]). This method is not suited for the inviscid equation (1.5). In this
hyperbolic case, the discontinuous Galerkin method may be considered [88], but the most common
approach is the finite volume method [5, 6, 47, 45]. A notable advantage of finite volumes is that they
are well suited for conservation laws in general, should they be parabolic or hyperbolic [57].

The numerical approximation results for the invariant measure of an SPDE are quite recent. In
Figure 1.2, we recorded, in the chronological order, a list of these results. As far as we are aware, the
list is exhaustive.

The last line of Figure 1.2 corresponds to the content of Chapter 3, which is devoted to the
approximation of the invariant measure of the solution of Equation (1.6) with a finite volume method for
the space discretisation and a split-step backward Euler method for the time discretisation. We should
point out that in all the other mentioned references of Figure 1.2, convergence rates are established for
the weak error of discretisation. In our case, the lack of such results is essentially due the non-globally
Lipschitz nature of the flux term, but we will get back to this point after introducing our numerical
scheme.

In order to discretise (1.6) with respect to the space variable, we first define the following regular

mesh on the torus:
il e Z/NZ
— 1,1 .
N 'N|’

Averaging in (1.6) over each cell of the mesh, we get

o ) oo (a (o)) - (o 55))

N

+uN <azu <t, &) _ 0y (t, Z_N1>> a+y N/N gu(2)dedWh (), i€ Z/NZ. (1.8)

k>1

3For semi-linear equations, the semi-implicit scheme is implicit with respect to the linear term and explicit with
respect to the non-linear term.
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Finite-volume schemes aim to approximate the dynamics of the average value of the solution over each
cell of the mesh. This leads to the introduction of a numerical flur function A(u,v) approximating the
flux of the conserved quantity at the interface between two adjacent cells. As regards the viscous term
in (1.8), we replace the space derivatives by their finite difference approximations. As for the noise
coefficients, we introduce the shorthand notation

ok = N/_Nl ge(@)dz, k>1, i€Z/NZ,
N

and we write o := (a’f, el a]’ﬁ,). In particular, o belongs to the space

RY :={u=(u1,...,uny) €RY sy + - +uy = 0}.

These operations result in the following stochastic differential equation

dU;(t) = =N (A (U;(t), Ui1(t)) — A(Ui—1(t), Us(t))) dt

+UN? (Ui (t) = 2Ui(t) + Ui 1 () dt + Y ofdWH(t), i€ Z/NZ, t>0, (1.9)
k>1

as a semi-discrete finite-volume approximation of (1.6) in the sense that U;(t) is meant to be an
approximation of the spatial average N [¥, u(t,z)dz. In order to be consistent with Equation (1.6),
N

the numerical flux function has to satisfy A(v,v) = A(v) for all v € R. Moreover, we make the
assumption of a monotone numerical flux, i.e. we assume that A is non-decreasing with respect to the
first variable and non-increasing with respect to the second.

Denoting by b = (by,...,by) the function defined from RY to RY by

bl(V) = —N (Z(’U?;, Ui+1) — Z(Uifl,’ui)) + VNQ(UiJrl — 2v; + Uifl), 1€ Z/NZ, VvV E Rév,
we can express (1.9) in the vectorised form

dU(t) =b(U))dt + > _oFaw* (), ¢>o. (1.10)
k>1

Let us now discretise (1.10) with respect to the time variable. For this, we introduce a time step
At > 0, and we write AWF := Wk(nAt) — W*((n — 1)At) for all k,n > 1. As it was already noticed
in [94], explicit numerical schemes for SDEs with non-globally Lipschitz continuous coefficients do not
preserve in general the large time stability, whereas implicit schemes are more robust. Therefore, since
our main focus in this thesis is to approximate invariant measures, we propose the following split-step
backward Euler method:
U, = Uy +4th (U, ),
k k
Upy1 = Un—i—% + Z‘T AW,y
E>1

(1.11)

The first result of Chapter 3 is the following

Theorem (Proposition 3.15, Proposition 3.23 and Theorem 3.5). Let Uy be an Rév—valued random
variable. Then,

(i) there exists a unique RY -valued stochastic process (U(t))i>o solution to (1.10) with initial con-
dition Uy;
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(ii) there exists a unique RY -valued Markov chain (Uy,)nen solution to (1.11) with initial condition
Uyg.

Furthermore,
(11i) (U(t))>0 admits a unique invariant measure vy ;
(v) (Up)nen admits a unique invariant measure vy At.

The proof of this theorem relies on properties analogous to the SPDE. In particular, the mono-
tonicity of the numerical flux ensures the following

Proposition (Lemma 3.13). For any u,v € RY, the function b satisfies

Z uibi(u) < —vN? Z (uiy1 —ui)?  (dissipativity) (1.12)
i€Z/NZ i€Z/NTZ

and

D sign(ui — vy) (bi(u) — bi(v)) < 0. (1.13)

i€Z/NT

The well-posedness of (1.10) is proved by use of Inequality (1.12) in a similar way as for the SPDE,
while (1.12) and (1.13) allow to prove respectively the existence and uniqueness of a solution (Uj)nen
to (1.11) and more than that, to prove respectively the existence and uniqueness of an invariant measure
for both the processes (U(t))i>0 and (Up)nen. In particular, thanks to (1.13), the L!-contraction has
been preserved by the dicretisation:

Proposition (Discrete L!-contraction, Proposition 3.17 and Lemma 3.24). Let (U(t))t>0 and (V(t))t>0
be two solutions of (1.10), with possibly different initial conditions, but perturbed by the same Wiener
process. Then, for all 0 < s <'t, almost surely

10@#) = V(@)ll, < 1U(s) = V(s)]]; -
Similarly, two solutions (Up)nen and (Vi )nen to (1.11) satisfy for all n € N, almost surely,
||Un+1 - Vn+1||1 < ||Un - Vn”l :

From the numerical scheme (1.11), we now reconstruct a piecewise constant approximation (uy (t))¢>0
to the solution (u(t)):>0 of (1.6) by setting

un(t,x) == Z Ui(t)].(ifl

i€Z/NZ

J(@). (1.14)

This way (un(t))t>0 is an L3(T)-valued process with an invariant probability measure puy on L3(T).
This measure yy is actually the embedding of vy in L3(T) via the reconstruction given by (1.14), and
in the same way, we can define the measure py a¢ on L3(T) as the pushforward of the measure UN,At
via the same reconstruction.

It is now possible to compare ziy at, 1y and g as all of these measures belong to the space P(L3(T))
of probability measures over L2(T). Note that P(L3(T)) (resp. P(RZ)) is naturally endowed with the
topology associated to the weak convergence. The subset of P(L3(T)) (resp. P(RY)) containing all
the measures with finite second order moment is denoted Pa(L2(T)) (resp. Pa(R))). We may endow
this subspace with the topology associated to the following metric:
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Invariant measure

U, > UN,At
At — 0
ut) Invariant measure . UN
N — 400
u(t) Invariant measure y 1L

Figure 1.3: Approximation of the invariant measure p

Definition (Wasserstein distance, Definition 3.6). Let (E,||-||g) be a normed vector space. Let o and
B be two probability measures on E with finite second order moment. The second order Wasserstein
distance between o and B is defined by

) 5 11/2
Wa (a, ) := inf E [HU—”HE} :
v~
Let us now state the second result of Chapter 3, and main result of this thesis:

Theorem (Convergence of invariant measures, Theorem 3.7). The following equality holds:

li lim W- =0.
Jim - lim W (UN,ALy )

As illustrated by Figure 1.3, a specific order for the discretisation leads to the proof of the above
theorem. In particular, we show that:

A) un converges towards p as N — +00;
B) for any integer N > 1, vy a+ (or sy at) converges towards vy (or puy) as At — 0.

The step A is the subject of Section 3.3 while the step B is addressed in Section 3.4. Each of these
steps is itself divided in two substeps as we will show that

A.1) the family (un)n>1 is relatively compact in Po(LE(T));

A.2) any subsequential * is invariant for the solution (u(t))s>o of (1.6), and thus p* = p;
B.1) the family (vy at)ar>o is relatively compact in Pz(Rév );
B.2)

any subsequential limit v}, (as At — 0) is invariant for the solution (U(¢))¢>0 of (1.10), and thus
VN = VN.

As the proofs of A.1 and A.2 are very much alike those of B.1 and B.2 respectively, let us give
only the intuition regarding the step A. The proof of relative compactness of the family (un)n>1
in Py(L3(T)) involves the Prokhorov theorem and the following uniform discrete H}(T) estimate
(Lemma 3.31):

D
E(N > (U —U) 32—5, U ~ vy.
i€Z/NZ
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Now, let y* be the limit in P2(L3(T)) of some subsequence (un,)jen. By virtue of the Skorokhod
representation theorem, we choose random variables u(0) ~ p* and uy;,(0) ~ py; such that uy;(0)
converges almost surely in L(Q)(']I') towards u(0) as j — +oo. Consequently, we can define on the same
probability space the processes (u(t))i>0 and (un;,(t))i>0 respectively as the solution of (1.6) with
initial condition u(0) and the reconstructed solution of (1.10) via (1.14) with initial condition uy;(0).
In this setting, we show the following finite time convergence result (Proposition 3.36):

¥ >0, limE e, () = w®)][ 7| =0 (1.15)
Since for all ¢ > 0, the law of uy;, (t) is pn;, it follows immediately that Wa(un;, L(u(t))) converges to
0 as j — 4oo. Thus, Wa(u*, L(u(t))) = 0 for all ¢ > 0, which means that p* is actually invariant for
the process (u(t))i>o0.

In establishing the finite time approximation (1.15), we had to deal with a non-Lipschitz flux term.
Our control of the strong error relied on moment estimates, which themselves relied on the assumption
of polynomial growth of the flux function. The approximation in time is treated in the same way. A
drawback of this approach is that no convergence rate of the discretisation error can be derived. A
possible way to establish orders of convergence of the invariant measure for the Ws-distance would be
to make the stronger assumption that A is globally Lipschitz and start from the convergence rates for
the strong error in finite time that would come up. One could also follow a more standard procedure,
and analyse the weak error, in particular when At — 0, with the techniques that were pioneered by
Talay [98, 99].

1.4 Application to turbulence

The rigorous understanding of the turbulence phenomenon is one of the most important open problems
in mathematical physics. Among the extensive research efforts that have been made in this field,
stochastic scalar conservation laws, and more specifically the stochastic Burgers equation, were found to
play some role. To explain how these SPDEs were thrown under the light of such physical motivations,
some context ought to be introduced.

The most common model for describing the motion of an incompressible viscous fluid flow is given
by the Navier-Stokes equations. Derived from the fundamental principles of physics that are the
continuum hypothesis (see the beginning of Section 1.1) and Newton’s second law, and from taking
into account the internal friction (i.e. the viscosity), this system of equations is given by:

{8tu+(u~V)u+Vp:uAu+f (1.16)

div(u) =0,

where the unkowns are the velocity field u(t,x) and the pressure p(t,x), x € R3 (see for instance [36]
for the complete derivation of the system). The parameters include the kinematic viscosity coefficient
v > 0 and the external forces f(¢,x) acting on the fluid. To study the general features of the flow
that do not depend on the time and space scales, one may non-dimensionalise (1.16). In this regard,
a most notable indicator of the behaviour of the flow is the dimensionless Reynolds number Re = %,
where U and L are respectively the typical velocity and length scales. When the Reynolds number is
low enough, the flow is characterised by an orderly and predictable motion. The fluid particles follow
smooth paths that do not cross each other. In this case, the flow is said to be laminar. Such a stable
behaviour contrasts drastically with high Reynolds number flows. Indeed, when Re is high enough
(usually around the order Re ~ 10% and beyond), the flow follows a quite unsteady motion. Vortices
of many sizes appear in a disorganised manner. In particular, fluctuations in the fluid occur at a wide

range of space and time scales. A flow displaying such a chaotic behaviour is said to be turbulent.
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Motivated by industrial and theoretical issues, hydrodynamic turbulence constitutes an active field
of research. Numerous works testing numerical simulations against experimental results have attested
the relevance of the Navier-Stokes model (for turbulent flows as much as for laminar ones).

Groundbreaking advances in the understanding of turbulence came forth in 1941 with the works
of Kolmogorov [81, 80, 79| (see also [61]). Using scaling arguments, Kolmogorov postulated that the
(seemingly chaotic) turbulent flows actually display some universal behaviour, i.e. they show particular
features that depend only on Re*. His framework relies on several circumstantial assumptions. In
particular, the velocity u(t,x) is assumed to be a random field whose space and time increments
are pairwise independent and invariant with respect to rotations and reflections in some domain (the
turbulence is said locally homogeneous and isotropic). Let us give some physical insight as regards
these universality predictions. The external forces applied on the flow supply an amount of kinetic
energy which is described by large space scales (of an order L). Due to the convection happening
within the fluid, the energy is transported to smaller and smaller scales, down to a scale [, under which
the energy is dissipated by the effect of viscosity. Between the energy scale L and the dissipation scale
[, the transfer of kinetic energy does not depend on the forcing nor on the viscosity. Thus, in this
interpretation of turbulence as an energy cascade, the emergence of universal properties in a particular
scale range seems conceivable. The universality prediction is asserted via quantitative estimates such
as the following:

where () denote the expectation of the underlying random variable, and where C,, is a universal
constant. When n = 2, (1.17) may be expressed in the Fourier space, which gives the following relation
for the space Fourier tranform u of u:

(u(t,x+r)—u(t,x)) r

[l

n n
> ~Cplrlls, I<]rlle< L, n>0, (1.17)

< > ||ﬁ(k)|y§> ~ETE Ll < k<l (1.18)

ke<||k|l2<k+1

which is the well-known Kolmogorov spectrum.

It should be noticed that (1.17), and thus (1.18), have been derived solely from scaling analysis and
physical arguments. In particular, they do not rely on the Navier-Stokes equations. By the way, their
mathematical status remains at the conjecture level. A rigorous analysis of the universal properties
of turbulence ought to be achieved through (1.16). For instance, one could consider the stochastic
process (u(t,x)):>0 solution to (1.16) with a random initial condition. In this perspective, one could
furthermore study the invariant measures for (1.16) and compute the energy spectrum of stationary
solutions. However, the well-posedness of (1.16) remains a notorious open problem and despite many
efforts to overcome it, there are only very limited partial results on this topic [59].

Nonetheless, the concept of energy cascade may be addressed via simpler models. In this per-
spective, if we bring Equation (1.16) to one space dimension, thereby dropping the pressure term and
incompressibility condition which do not have a meaning in 1D, it boils down to

O + u0pu = VOypu + f,

that is, the viscous Burgers equation. This equation was actually studied by J. M. Burgers as a toy
model for hydrodynamic turbulence [24]. Many works followed in this direction and some adjustments
were made to this initial equation, by considering for instance a random initial condition or a random
forcing. Indeed, the restriction from three to one space dimension induces the loss of the chaotic
behaviour in the model. The stochastic forcing allows to maintain a steady yet unpredictable supply
of energy in the system and thus to keep a cascade-like energy transfer.

4These properties constitute what is now called the K41 theory.
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More than that, what was originally meant to be a testing ground for the Navier-Stokes equations
(for theoretical as much as for numerical concerns) turned out to be a prototype for a wide range of
physical systems where the non-linear effects induce a non-trivial flux of energy across scales. Ap-
plications were found for instance in cosmology [105, 66, 101, 2|, vehicle traffic models [31], vortices
in superconductors [13]... The stochastic Burgers equation has also close ties with the KPZ equa-
tion [10, 65] and in this respect, happened to be an appropriate model for growing interfaces and
directed polymers [77, 17, 78|.

The mathematical questions raised by the randomly forced Burgers equation are the well-posedness,
the invariant measures and the regularity of solutions. These were discussed in Section 1.2. Questions of
a more physical nature concern the energy spectrum and the small-scale characteristics |25, 30, 76, 64]
as well as the asymptotic behaviour of probability distribution functions [53, 51, 55, 50]. For general
surveys, see [62, 8, 48, 49, 54].

Let us mention here an analogous result to the Kolmogorov spectrum (1.18) in the framework of
Equation (1.6):

Theorem (Boritchev, [15, Theorem 4.7.3]). Let p be the invariant measure for (1.6) where the fluz
function A is C* and strictly convex, and let u be a random variable with distribution p. Then the
Fourier transform 4 of u satisfies for some M > 0

E S ]| ~ B2

EM—1<n<kM

In particular, the Burgers energy spectrum has a decay rate of order —2. In Chapter 4, numerical
experiments are realised on Burgers’ equation with the finite volume scheme introduced in Section 1.3.
After testing the stationarity of the scheme and establishing empirical convergence rates in space and
in time, we compute some small-scale characteristics regarding turbulence. Notably, the slope of the
energy spectrum is plotted and the result of the above theorem is recovered numerically.



Chapter 2

Viscous scalar conservation law with
stochastic forcing: strong solution and
Invariant measure

Résumé. Ce chapitre correspond a la pré-publication [92], écrite en collaboration avec J. Reygner.
On s’intéresse aux lois de conservation scalaires avec de la viscosité et un bruit blanc en temps mais
spatialement correlé. Le domaine spatial considéré est de dimension 1 et périodique. La fonction de
flux est supposée localement lipschitzienne et & croissance polynomiale. Aucune hypothése de non-
dégénerescence n’est imposée au flur ou au bruit. Dans un premier temps, on prouve l’existence et
lunicité d’une solution globale au sens fort. Dans un second temps, on établit I’existence et 'unicité
d’une mesure invariante pour cette solution forte.

Abstract. This chapter corresponds to the preprint [92], written in collaboration with J. Reygner.
We are interested in viscous scalar conservation laws with a white-in-time but spatially correlated
stochastic forcing. The equation is assumed to be one-dimensional and periodic in the space variable,
and its flux function to be locally Lipschitz continuous and have at most polynomial growth. Neither
the flux nor the noise need to be non-degenerate. In a first part, we show the existence and uniqueness
of a global solution in a strong sense. In a second part, we establish the existence and uniqueness of
an invariant measure for this strong solution.

2.1 Introduction

2.1.1 Stochastic viscous scalar conservation law

We are interested in the existence, uniqueness, regularity and large time behaviour of solutions of the
following viscous scalar conservation law with additive and time-independent stochastic forcing

du = =0, A(u)dt + vOygudt + ngde(t), zeT, t>0, (2.1)

k>1

where (W¥(t));>0, k > 1, is a family of independent Brownian motions. Here, T denotes the one-
dimensional torus R/Z, meaning that the sought solution is periodic in space. The flux function A is
assumed to satisfy the following set of conditions.

Assumption 2.1 (on the flux function). The function A: R — R is C? on R, its first derivative has
at most polynomial growth:

30, >0, IpaeN, YweR, |AW)|<C(1+|vPa), (2.2)
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and its second derwative A" is locally Lipschitz continuous on R.

The parameter v > 0 is the viscosity coefficient. In order to present our assumptions on the family
of functions g : T — R, k > 1, which describe the spatial correlation of the stochastic forcing of (2.1),
we first introduce some notation. For any p € [1,+o0], we denote by LF(T) the subset of functions

v € LP(T) such that
/ vdz = 0.
T

The LP norm induced on LH(T) is denoted by || - l|z(T)- For any integer m > 0, we denote by Hg"(T)
the intersection of the Sobolev space H™(T) with L3(T). Equipped with the norm

1/2
ollsgecry = ( /T |a$v|2dx) ,

and the associated scalar product (-, -) Hy(T), it 18 @ separable Hilbert space. On the one-dimensional
torus, the Poincaré inequality implies that Hy*™(T) ¢ HJ*(T) and || - ey < - HH{)"“(T)' Actually,
the following stronger inequality holds: if v € H}(T), then v € LE°(T) and for all p € [1, +00),

[ollzzery < lvllzgecry < lollaem- (2.3)

The spaces HJ*(T), m > 0, generalise to the class of fractional Sobolev spaces H§(T), where s €
[0, +00), which will be defined in Section 2.2.1. We may now state:

Assumption 2.2 (on the noise functions). For all k > 1, g, € H3(T) and

Do:=)_ Hgk\ﬁ{m) < +00. (2.4)
E>1

Let (Q, F,P) be a probability space, equipped with a normal filtration (F;);>0 in the sense of [35,
Section 3.3|, on which (W*);>1 is a family of independent Brownian motions. Under Assumption 2.2,
the series Y, gxW* converges in L*(Q,C([0,T), HZ(T))), for any T > 0, towards an HZ(T)-valued
Wiener process (WQ(t))tE[O,T] with respect to the filtration (F;);>0, defined in the sense of [35, Sec-
tion 4.2], with the trace class covariance operator Q : HZ(T) — HZ(T) given by

Vu,v € HY(T),  (u,Qu) g2y = > (, Gk) pr2m) (s 90) 2 my - (2.5)
k>1

Thus, almost surely, ¢ +— W (t) is continuous in HZ(T) and for all u € HZ(T), the process ((W(t), ) g2 (1) )20
is a real-valued Wiener process with variance

E [(WQ(t), u>2§(m] = t;@k,uﬁ{gm. (2.6)

2.1.2 Main results and previous works

First, we are interested in the well-posedness in the strong sense of Equation (2.1). In particular, we
look for solutions that admit at least a second spatial derivative in order to give a classical meaning
to the viscous term, in the sense of the following definition:

Definition 2.3 (Strong solution to (2.1)). Let ug € H3(T). Under Assumptions 2.1 and 2.2, a strong
solution to Equation (2.1) with initial condition ug is an (Fi)i>0-adapted process (u(t))i>0 with values
in H3(T) such that, almost surely:
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1. the mapping t — u(t) is continuous from [0, +o0) to H3(T);

2. for allt > 0, the following equality holds:

u(t) = up + /0 (=0, A (u(s)) + vdppu(s)) ds + WR(t). (2.7)

In the above definition, the first condition ensures that the time integral in Equation (2.7) is a
well-defined Bochner integral in L3(T). For a careful introduction of the general concepts of random
variables and stochastic processes in Hilbert spaces, the reader is referred to the third and fourth
chapters of the reference book [35].

Our first result is the following:

Theorem 2.4 (Well-posedness). Let ug € HZ(T). Under Assumptions 2.1 and 2.2, there exists a
unique strong solution (u(t))i>0 to Equation (2.1) with initial condition ug. Moreover, the solution

depends continuously on initial data in the following sense: if (ugj))jzl 1S a sequence ong (T) satisfying

Y

lim Huo — uéj)‘
Jj—0o0

HA(T)

then, denoting by (u(j)(t))t207j21 the family of associated solutions, for any T > 0, we have almost
surely
i ) _
i s [0 =00 =0

Similar results have already been established: the case where the flux A is strictly convex is
treated in [15, Appendix A|, and the case where A is globally Lipschitz continuous is treated in [73].
Furthermore, the case of mild solutions (in LP spaces) has been looked at in [69]. Here, no global
Lipschitz continuity assumption nor restrictions on the convexity of the flux function are made. We
can also point out that the well-posedness of stochastically forced conservations laws in the inviscid case
(i.e. when v = 0) has been under a great deal of investigation in the recent years. In this "hyperbolic"
framework, the appearance of shocks prevents the solutions to be smooth enough to be considered in a
strong sense as in our present work. Therefore, the study of entropic solutions [60] or kinetic solutions
[40] to the SPDE have been the two main approaches, both of which rely on a vanishing viscosity
argument: the entropic or kinetic solution is sought as the limit of its viscous approximation as the
viscosity coefficient tends to 0.

Let Cy(HZ(T)) denote the set of continuous and bounded functions from HZ(T) to R. As a conse-
quence of Theorem 2.4, we can define a family of functionals (P;)t>0 on Cyp(HZ(T)) by writing

Pyp(ug) := By, [p(u(t))],  t20, wug € HF(T),

where the notation E,, indicates that the random variable u(t) is the solution to (2.1) at time ¢ starting
from the initial condition ug.

Corollary 2.5. Under Assumptions 2.1 and 2.2, the family (P;)i>0 is a Feller semigroup and the
process (u(t))i>o is a strong Markov process in H3(T) with semigroup (P;)¢>o-

Proof. The uniqueness of a strong solution and the fact that, for all £ > 0, the processes (WQ(t +
) — WR(t))s>0 and (W?(s))s>0 have the same distribution, ensure that (P;);>o is a semigroup, and
therefore that (u(t))t>0 is a Markov process. The Feller property is a straightforward consequence of
the result of continuous dependence on initial conditions given in Theorem 2.4, whereas it is a classical
result that the strong Markov property of (u(t))¢>o follows from the Feller property of (P;)i>0 (see for
instance the proof of [23, Theorem 16.21]). O
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Let B(HZ(T)) denote the Borel o-algebra of the metric space HZ(T), and P(HZ(T)) refer to the
set of Borel probability measures on Hg(']I‘). The Markov property allows us to extend the notion of
strong solution to (2.1) by considering not only a deterministic initial condition but any Fp-measurable
random variable uy on HZ(T). In this perspective, we define the dual semigroup (P}),~ of (P)i>0 by

Pra() := / Py, (u(t) € T)da(ug), t>0, aeP(HF(T)), T eB(H{T)).
HE(T)

In particular, P« is the law of u(t) when ug is distributed according to .

Definition 2.6 (Invariant measure). We say that a probability measure u € P(HZ(T)) is an invariant
measure for the semigroup (P)e>0 (or equivalently for the process (u(t));>q) if and only if

Vt >0, Plu=p.

Theorem 2.7 (Existence, uniqueness and estimates on the invariant measure). Under Assumptions

2.1 and 2.2, the process (u(t))i>0 solution to the SPDE (2.1) admits a unique invariant measure [i.

Besides, if u € HZ(T) is distributed according to p, then E[Hu”%p(m] < 400 and, for all p € [1,+00),
0

Ell[ulf5 o)) < +00.

A few similar results exist in the literature. Da Prato, Debussche and Temam [34] have studied
the viscous Burgers equation (which corresponds to the flux function A(u) = u?/2) perturbed by an
additive space-time white noise whereas Da Prato and Gatarek [96] studied the same equation but with
a multiplicative white noise. Both showed the well-posedness of the equation as well as the existence of
an invariant measure. These results are moreover put in a much detailed context in the two reference
books [35, 36]. Boritchev [14, 15, 16] showed the existence and uniqueness of an invariant measure
for the viscous generalised Burgers equation (which corresponds to the case of strictly convex flux
function) perturbed by a white-in-time and spatially correlated noise. E, Khanin, Mazel and Sinai [52]
showed the existence and uniqueness of an invariant measure for the inviscid Burgers equation with a
white-in-time and spatially correlated noise. Debussche and Vovelle [41] generalised this last result by
extending it to non-degenerate flux functions (roughly speaking, there is no non-negligible subset of R
on which A is linear). Besides, the fact that these results from [52, 41] also hold when v = 0 makes
them quite powerful: it shows indeed that the presence of a viscous term is not a necessary condition
for the solution to be stationary.

The stochastic Burgers equation is mainly studied as a one-dimensional model for turbulence. By
showing a stable behaviour at large times, this model manages, to some extent, to fit the predicitions
of Kolmogorov’s "K41" theory about the universal properties of a turbulent flow [81, 80]. Whether it
is modelled by the Burgers equation or a by more general process such as Equation (2.1), turbulence is
then described through the statistics of some particular small-scale quantities in the stationary state
[48, 49]. Sharp estimates were given by Boritchev for these small-scale quantities [15], which were
furthermore shown to be independent of the viscosity coefficient. One of the purposes of this chapter
is to lay the groundwork for the numerical analysis of Equation (2.1). In Chapter 3, we introduce a
finite-volume approximation of (2.1) which allows to approximate the invariant measure p. Generating
random variables with distribution u shall eventually lead us to compute said small-scale quantities
and analyse the development of turbulence in the model established by Equation (2.1).

2.1.3 Outline of the chapter

The proofs of Theorems 2.4 and 2.7 are respectively detailed in Sections 2.2 and 2.3.
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2.2 Well-posedness and regularity

This section is dedicated to the proof of Theorem 2.4. This proof is decomposed as follows. In
Subsection 2.2.1, we introduce a weaker formulation of Equation (2.1), the so-called mild formulation.
In Subsection 2.2.2; we show that Equation (2.1) is well-posed locally in time both in the mild and in
the strong sense. In Subsection 2.2.3, we give higher bounds for the Lebesgue and Sobolev norms of
this local solution. Eventually, these estimates allow us to extend the local solution to a global-in-time
solution, and thus to prove Theorem 2.4 in Subsection 2.2.4.

2.2.1 Mild formulation of (2.1)

In this subsection, we collect preliminary results which shall enable us to provide a mild formulation
of Equation (2.1), for which we prove the existence and uniqueness of a solution on a small interval.
The proofs of several results are postponed to Subsection 2.2.5.

Fractional Sobolev spaces

For all m’ > 1, let us define Ag,_1 = Aoy = —(27m’)?%, and egy_1(x) = V2sin(2rm/z), egp (z) =
V2 cos(2mm’x). The family (e,,)m>1 is a complete orthogonal basis of L2(T) such that, for all m > 1,
em is C*° on T and O p€; = Amen. With respect to this basis, we define the fractional Sobolev space
H§(T), for any s € [0,+00), as the space of functions v € L3(T) such that

1/2

ol g (ry == Z(_Am)s<v’€m>%g(qr) < 400. (2.8)

m>1

We take from [15, Appendice A| the following proposition and adapt it to our case of a flux function
satisfying Assumption 2.1:

Proposition 2.8. Under Assumption 2.1, for any s € [1,2], the mapping
v € HY(T) — 9, A(v) € Hy Y(T)

is bounded on bounded subsets of Hi(T). Moreover, when s =1 or s = 2, it is Lipschitz continuous on
bounded subsets of H(T).

The proof of Proposition 2.8 is postponed to Subsection 2.2.5.

By virtue of Proposition 2.8, for all m > 1, we denote by Cém) and C’ém) two finite constants such
that:

o for all v € H}(T) such that [[v]| ;1 (r) < m, [ AW)|| 2m) < C4™;

o for all vy, v € HY(T) such that [|vy | 71 m) VIlv2ll 3 my < 10, 1|00 A(v1) — 0 A(v2) | 2y < C§™ o —

vl 2 () -

Heat kernel

Let us denote by (S¢)i>0 the semigroup generated by the operator v0.,:

Spo =Y e v, em) aimem, v € LF(T), ¢>0, (2.9)

m>1

Some of its properties are gathered in the following proposition.
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Proposition 2.9 (Properties of the heat kernel). The semigroup (St)i>0 satisfies the following prop-
erties.

1. For any s > 0, for any v € H{(T), for any t > 0, Spv € HG(T) and [[Sw|[msr) < l[vllaym:
besides, the mapping t — Syv € HS(T) is continuous on [0, +00).

2. For all 0 < s1 < s9, there exists a constant Cy = Cy(s1,52) > 0 such that

Yo € H'(T), Vt>0,  |[Swllysz(r < Cyt 'z 1]l g1 -

3. For any s € [0,+00), T' > 0 and (v(t))ejo,r) € C([0,T7], H5(T)), the process (f(;t Se—rv(r)dr)iepo 1]
belongs to C([0,T], Hg+3/2(11")).

The proof of Proposition 2.9 is postponed to Subsection 2.2.5.

Stochastic convolution and mild formulation of (2.1)

Let (F¢)t>0 be a normal filtration on the probability space (€2, F,P) and (WQ(t))tZO be a @Q-Wiener
process in H, g (T) with respect to this filtration. Given that the orthonormal basis (€, )m>1 of the space
L% (T) satisfies Opgem = Amem, the family (€, /Am)m>1 is an orthonormal basis of Hg(T). We set

Won(t) = <WQ(t), e’”> Com>1, t>0,
A/ wz(m)

so that by (2.6), (W,,(t))i>0 is a real-valued Brownian motion with variance > k19 em/)\mﬁ{g(m.

Next, we write

¢
W () := / A=) qW . (s), m>1, t>0.
0
Proposition 2.10. Under Assumption 2.2, for all T > 0, the series

> @)

m>1""

converges in L?(Q, C([0,T], H3(T))), and its sum defines an (Fi)i>o-adapted, HZ(T)-valued process
(W(t))e>0 almost surely continuous.

The proof of Proposition 2.10 is postponed to Subsection 2.2.5. The process (W(t))>0 is called the

stochastic convolution associated to the Q-Wiener process (WQ (t))e>0-
In the sequel, we let 7 be a (F¢)i>0-stopping time, almost surely finite. We shall say that a process
(@(t))ejo,7 18 (Ft)e>0-adapted if for all ¢+ > 0, the random variable %(t)1;<~ is F;-measurable.

Definition 2.11 (Local mild solution). Let g be an Fo-measurable, H(T)-valued random variable.
Under Assumptions 2.1 and 2.2, a (local) mild solution to the SPDE

da(t) = —0, A@(t))dt + vdyea(t)dt + dW® (¢) (2.10)
on [0,7] is an Hy(T)-valued, (Fy)i>o-adapted process (u(t))sepor such that, almost surely:
1. the mapping t — u(t) € HY(T) is continuous on [0,7);
2. for allt € [0,7],
alt) = Sytio — /O 5y u0uA(u(s))ds + (8). (2.11)
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The combination of Propositions 2.8 and 2.9 ensures that all terms of the identity (2.11) are well-
defined.

We now clarify the relationship between the notions of mild and strong solutions.

Proposition 2.12 (Mild and strong solutions). Under the assumptions of Definition 2.11, let (u(t)):ec(o 7]
be a mild solution to (2.10) on [0,7]. If ug € H3(T), then:

1. for all t € [0,7), u(t) € HZ(T) and the mapping t — u(t) € H3(T) is continuous on [0,7];
2. for allt €[0,7],
¢
u(t) =up + / (—0.A (u(s)) + vOyeu(s))ds + WQ(t).
0
Conversely, any H(T)-valued, (Fy)i>o-adapted process (u(t))epq satisfying these two conditions al-
most surely is a mild solution to (2.10) on [0,7].

The proof of Proposition 2.12 is postponed to Subsection 2.2.5.

Existence and uniqueness of a mild solution on a small interval

For any integer o > 0, let us define

iy (W9) = . <010§m0+1)>2 Ainf {2 0 20,08V 4 (1) gy 2 1}

where we recall that the constant C4 is defined in Proposition 2.9, the constants C’ém) and C:,Em) are
defined after Proposition 2.8, and the constant C is defined in (2.2).

Notice that 77, (WQ) € (0,400), almost surely.
In the spirit of [34, 15|, we obtain the existence and uniqueness of a mild solution to (2.10) on the

"small" interval [0, 7, (WQ)] by a fixed-point argument.

Lemma 2.13 (Local existence and uniqueness). Let Gy and g be two Fo-measurable random variables
taking values respectively in H}(T) and N such that HEOHH&(T) < myg. Furthermore, let us set T :=

Tro (WQ) Then, under Assumptions 2.1 and 2.2, there is a unique mild solution (u(t))eo7 to (2.10)
on [0,7].

Proof. Let us introduce the random set
¥ = {(U(t))te[o,ﬂ eC ([0,?],[—[&(?1‘)) : Vt € [0,7], Hv(t)HH(}(T) <o + 1} .

Thanks to Propositions 2.9 and 2.10, we may define the random operator G : C([0,7], H}(T)) —
C([0,7], Hy(T)) by

(Go)(#) = Syt — /0 S sDuA(o(s))ds +W(),  te 0,7,

and notice that any v € C([0,7], H}(T)) satisfies Equation (2.11) if and only if Gv = v.
We first write, for some v € C([0,7], H}(T)) and for any ¢ € [0, 7],

t
IGO) (Ol 2 (my < HStUOHHg(T)Jr/O 15e—50: A(v($)) | g () A + 10| 13 ()- (2.12)
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On the one hand, by the first assertion of Proposition 2.9, ||Stﬂ0||Hg(Tr) < ||HOHH3 (1) < To; on the
other hand, we know thanks to the second assertion of Proposition 2.9 that

C
5000 A lmyen) < =IO AC D gy (2.13)

furthermore, thanks to Proposition 2.8, if v € %, then 9, A(v) is bounded in LZ(T) uniformly in time,
i.e. for all s € [0,7, |0 A(v(s))l| 2y < O™V Thus,

1(GO) )l my < 0+ 2C1CT IV + [@(0) | yary, £ € [0,7): (2.14)

By definition of 7, it follows that Gv € ¥ whenever v € X.
We now take (v1(t)):ejoqs (v2(t))ico7 € - Then, for any t € [0,7],

I(Gu)(0) = Co) Oy = | [ Sees @rd01(5) ~ 0 A(a(s)) s

Hg (™) (2.15)
t 04
< [ 2= 10:Aw(5) = D Alwa(9) 1305,

t—s
where we have used the same arguments as above. Using now the Lipschitz continuity result in
Proposition 2.8 and the definition of 7, we get for all ¢ € [0, 7],

1(Go1) () = (Gua) (1) g3y < 2C1C5™ DV up [loa(s) = v2()llmyen
se|0,

1
<5 sup |[loi(s) — va(s) |y )
s€[0,7]
meaning that G is a contraction mapping on ¥, which is complete. Then, by the Banach fixed-point
theorem, G' admits a unique fixed point (H(t))te[oﬂ in ¥. To show that this solution to Equation
(2.11) is unique among all the HS (T)-valued continuous processes, let us first notice that our choice of
T implies
YVt < 7, Hﬂ(t)HHé(T) <o + 1.

Assume that there is another solution (u(t)),cfo7 of (2.11) not belonging almost surely to ¥. Then we
have with positive probability

F <7, NE@ e = mo + 1.

This means that the double inequality |@(7) ||H3(T) <mo+1 < |u(7) ||H3(T) holds on some non-
negligible event. On this event, the fixed-point argument also holds in the set

5 o= {0)eetom ¥ € [0,7], Jo(t) L myry < 70+ 1}

which is formally a subset of 3. Thus, by uniqueness of the fixed point, we have g7 = w07 and
in particular @(7) = @ (7), which is absurd. As a consequence, ((t))iejo7 is the only Hj(T)-valued
process with continuous trajectories satisfying Equation (2.11) on [0,7].

Finally, let v = 0 and define the sequence of processes vl) & C([0,7], H}(T)), j > 1 by
v@) = GuU-D. Tt is clear from the definition of the operator G and from Proposition 2.10 that
each process (vV)(t)14<7)i>0 is (F¢)i>o-adapted. On the other hand, the Banach fixed-point theorem
asserts that almost surely, the sequence (v(j)(t))te[oﬂ converges to (u(t))iejo7 in C([0,7], Hy(T)). As
a consequence, for any t > 0, the sequence of F;-measurable random variables 1t§?v(j)(t) converges
almost surely to 1;<7u(t), which makes this limit also F;-measurable. Thus, the process (1;<7u(t))t>0
is (Ft)e>0-adapted. a
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2.2.2 Construction of a maximal solution to (2.1)

In this subsection, we use the notions introduced in Subsection 2.2.1 to prove the following existence
and uniqueness result for (2.1).

Lemma 2.14 (Existence and uniqueness result of a maximal solution to (2.1)). Under Assumptions
2.1 and 2.2, for any ug € Hy(T), there exists a pair (T*, (u(t))iejo,r+)) such that:

1. for any (Fi)i>o0-stopping time T' such that almost surely, T < 400 and T < T*, (u(t))ejo,r 5
the unique mild solution to (2.1) on [0,T];

2. almost surely, T* = +o00 or limsup,_, 7« ||u(t)HHé(T) = +o0.

The random time 7™ is called the explosion time and the process (u(t));c(o,r+) is called the mazimal
solution to (2.1).
Proof. Let up € HE(T). Let méo) = H‘UOHH(%(T)-l' By Lemma 2.13, Equation (2.1) possesses a unique

mild solution (u(t)),epo -7 on [0, 70)], where 700 = 7 ). We now define the filtration (ft(l))t>0 by
) mO -

J_"t(l): T(o)+t:{BEF:VSZO,BQ{T(O)—FZL/SS}efs}a

and recall that the process W) defined by WM () = WQ(r( 4+ ¢) — W9(t) is a Q-Wiener
process with respect to (ft(l))tzo Therefore, applying Lemma 2.13 again with this -Wiener process,
and initial condition u(()l) = (7)) and m(()l) = H]u(T(O))HHé(Tﬂ v m(()o), we obtain a mild solution
(u(l)(t))te[o sy of du = =0, A(u)dt + vOzzudt + dw@ W on [0,7(M)], where 7(M) = 7 ) (WL W), Tt is
) Mo
then easily checked that defining M = 70 4 7(1) and u(t + 7(9) = wM(¢) for any t € (0,7M], we
obtain a unique mild solution (u(t)),cp 1)) to Equation (2.1) on [0, 7M.
We now proceed by induction and set for all n > 1,

T0) =3 70,

=0
et o (o), ]
1) . (WQ (T(n) + ) - we (T(n)>) )

T :=supT™,
n>1

g

where at each iteration we use Lemma 2.13 to extend the process (u(t)) refo,rm)] to the unique mild

solution of Equation (2.1) on [0,7()]. Tt is then clear that (u(t))sefo,r+) satisfies the first assertion of
Lemma 2.14.
Since the sequence of integers (m(()n))nzo is nondecreasing, sup,,> m(()n)

(n)

< +o0 if and only if there

exists ng > 0 and m > 0 such that, for all n > ng, m;’ = m. Hence, we can write
oo

{T* < 400, sup m(()n) < —1—00} = U { ™ < 400,Vn > no,m(()n) = m}
nz0 70>0,m>0 {n=0

= U { i 7 < 4o00,Vn > no,m(()n) = m}
c U { i 7 (WO (T 1) =W (1) < +oo}.
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However, by the strong Markov property, for any m > 0, the random variables Tm(WQ(T(") +) -
We(T™)), n > 1, are independent and identically distributed, and by the definition of 7,,,(-), they
are almost surely positive. As a consequence, by Borel’s 0-1 law,

N Q (7 ) _we (7o o,
Vo, m > 0, P(n%ﬂfm(w (T +) W (T ))<+oo> 0

As the countable union of negligible events is still negligible, we get

P (T* < —&-oo,supmém < —i—oo) =0.
n>0

(n)

This implies that almost surely, if 7" < +oo then sup,,>(my~ = 400, so that limsup,,_, ., Hu(T("))HHé ™ =

400, which is the wanted result.

2.2.3 Estimates on the maximal solution

Let ug € H§(T). Let (T, (u(t))te[o,r+)) be the maximal solution to Equation (2.1) given by Lemma 2.14.
By Proposition 2.12, (u(t))iec[,7+) i a continuous HZ(T)-valued process. Besides, Lemma 2.14 allows
us to define, for any r > 0, the stopping time

T, = inf{t € [0.77) « [fu() 33 r) = r} (2.16)

which always satisfies T,, < T™*. In the sequel, we shall prove that lim, ., 1;- = 400, which shall imply
that T* = 400, almost surely.

Lemma 2.15. Under Assumptions 2.1 and 2.2, for any p € 2N* and for all t > 0, we have:

4v ATy 2 (»—1) AT,
o p/2 P pp—21)
L vE| [ [ (ou(s72)" dsts] < Juollyey + P50 | [T o)

(p) Cép)

Moreover, there exist two constants C

(2.17)
> 0 depending only on v, p and Dy such that

gl [ Hds| < (1 Py 9.18
; HU()H 5 +||UOHLPT) + Cg't. (2.18)

Proof. Let p € 2N*. We want to apply Ito’s formula on [0,¢ A T;] to the HZ(T)-valued process
(u(t))sefo,r+) with the function F : u HuHip(T). Since this process writes
0

u(t) = ug + /0 o(s)ds + W?(t)

with ¢(t) = =0, A(u(t)) + vdyu(t) € L3(T), the standard formulation of Ité’s formula in Hilbert
spaces [35, Theorem 4.32] requires at least F, to be continuous on L3(T), which is not the case for
p > 2 here. Hence, we shall proceed to approximate F}, with a sequence of smooth functions Fyy,,
M > 1, apply It6’s formula to the functions Fj;, and then take the limit M — +oo.

Step 1. Approximation of the L5(T)-norm. Let p be a C* function from R to Ry such that

1

Jg p(w)du = 1 and whose support is contained in the interval (—5, 5). For any M > 1, we set the

regularised Heaviside function s := 1(7oo Myl *P and its antiderivative
) 2

o iu€ERy — / Yy (v)dv € Ry
0
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We now define a truncated Lf(T)-norm by setting

L3(T) — Ry
FMJ, .
v — Jp & (v(x)P) de.
The first differential DF);;, and the second differential DQFMm have the following expressions: Vv, h €
Lj(T),
(DFy(0) W) s30m) = p [ B i (o)) da,

h(2)20(2)" 20, (v(2)7) da + p? / h()20(x)2 P~V (v(2)?) da.

(D2Fy1(0) - By ) gy = plp — 1) / [

T

Step 2. Ité’s formula. First, let us notice that the process (WX(t));>o can be seen as an
L3(T)-valued @Q'-Wiener process where the operator Q' : L3(T) — L3(T) has covariance

{u, Q) amy = Do u) 3 my o 0) 13
k>1

Indeed, Assumption 2.2 ensures that Q'(L3(T)) C HZ(T) and QT H2(T) = Q. We now have
0
Tr (D2FM7P(”>Q/) = Z<D2FM,p(”)9ka 9k>Lg(T)v
k>1

so that we can apply Itd’s formula [35, Theorem 4.32] for the real-valued process (FM,P(“(t)))te[o Ty
which leads to

Fary (u(t)) =Farp(ug) + /0 / (—0uA(u(s)) + vDagtu(s)) u(s)P By (u(s)?) dds
+ [ D (). W05 3

+3po= 1Y [ [ stutsr2ohtutoranas

k>1

#30?S [[tutsr e V6t oo

k>1

Since the L3(T)-norm of DFy,(u(s)) is bounded uniformly in time, the third term of the right-hand
side is a square integrable martingale [35, Theorem 4.27]. Thus, for ¢ > 0, integrating in time up to
t AT, and taking the expectation, we get

tAT)
E [Fyp (u(t ANT))] =Fup(ug) — pE [/0 AaxA(u(s))u(s)p_lqﬁlM (u(s)?) dxds] (2.19)
AT,
P=Lg! (u(s)P) dads )
a8 | [ [vou(eulsr e (ule) dsas (2:20)
tAT)
oo DE Y /0 [ ahuter=2enulyaads (2.21)
E>1
tAT)
—I—%pQE Z/o /Tg,%u(s)Q(p_l)qﬁ'](/[(u(s)p)dznds . (2.22)

k>1
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Step 3. Passing M — +o0o. We want now to pass to the limit M — +4o0o. Regarding the
left-hand side in the above equation, the family of functions ¢, is non-decreasing with respect to M,
so that the monotone convergence theorem yields

lim E[Farp (u(t AT))) [/ lim éar (u(t AT,)P )dx] :E[||u(m:rr)uggm}.

M—o0 M—o0

For the flux term, we have almost surely, for all s € [0,¢AT,] and for all M > 0, 9, A(u(s))u(s)P~ 1) (u(s)P) <

195 A(u(s))|[u(s)[P~". Furthermore, -
tAT),
sup |lu(s) / /|3 A(u(s))| dzds
s€[0,tAT]

[/MTT/ 10 A(u(s))] [u(s )|p_1dxds] <E

- AT
<rzE [/0 ”8xA(U(5))HLg(T) ds} (from (2.3) and (2.16))

- AT
< T%LTE [/0 Hu(s)HLg(T) ds] (from Proposition 2.8)

< L2t < +oc.

Thus, the dominated convergence theorem applies and yields

Jim pE [ /0 n /T D, A(u(s))u(s)P~ &, (u(s)?) dmds] R [ /0 n /T OZA(U(S))u(s)p_ldxds]

We now integrate by parts the viscous term:

pUE [ / o / Dpt(5)u(5)P L (u(s >p>dxds]

tA\T
= —pvE [/ / dpu(s) (0x (u(s )p_l) Oy (u(s)P) +u(s)P~10, (¢ (u(s)?))) dq:ds}
= [ [ [ 0uls)? (0= D26l w61 + pu(s 0ot (o)) s

and this last integrand is dominated uniformly in M by (9yu(s))? ((p — 1)u(s)P~2 + rpu(s)2P~1),
where k = supp |p|. Furthermore, thanks to (2.16), we have

1 o [ @) (0= 15+ w1 s

tAT
<E <<p—1> sup [u(s)[[2-2y +Ap sup[us >||L£1§§> /0 |u<s>||§,mds]

SE[0,EATY] SE[0,EATY]

< (( —1) —I-K,p’r’p 1)7"75<—|—oo

Thus, we get from the dominated convergence theorem,

tATy tATy
]\/}lm pE [/ /Vamu sP Ll (u(s)P )dxds} = —vp(p—1)E [/ / (Ozu( s)P~ 2da:ds].
—00

With similar computations, for the noise term, we have

tAT AT
hm p / /gku )P 2¢)M (u(s)P)dzds| =p(p— 1E Z/ /g u(s)P~ 2dzds ]| ,
E>1

k>1
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and
T 2 2(p—1)
I PV (u(s)P —0.
Jim B (3 / /T gu(s)X P~y (u(s)?)dads | =0

Letting M go to o0 in (2.19), (2.20), (2.21) and (2.22), we get

[nu(mT)H T)} ol pE[/“T’“ / 0, A(u(s))u (s)p—ldxds]

tAT tNT

k>l

It turns out that the flux term disappears:
/u(s)p_18xA(u(s))dx = / u(s)PLA (u(s))0pu(s)dr = / O (Ap(u(s)))dz =0, (2.24)
T T T

where A, is an antiderivative of v — vP~1A’(v). As regards the noise coefficients, we have

ng(x)Q < Z HQkH%gomr) < Z ||gk||§{é(’]r) < Dy,

k>1 k>1 E>1

thanks to (2.3) and (2.4). As a consequence, we get from (2.23) the inequality

tAT, . 2 1 tAT-
p- [ [ [ ()3 00u)” st < oy, + g0t - 006 [ luto) 2 0]

(2.25)
Rewriting the integrand in the left-hand side, we get
4V AT pp—1) AT
U U / ")) d‘”ds} < lluollzgmy + =5 — Do UO ()12 ] .
(2.26)

Since u(s) has a zero space average and is continuous in space (because it belongs to H}(T)), almost
surely the function u(s)p/ 2 vanishes somewhere on the torus. Thus, we can apply the Poincaré inequality
on the left-hand side which leads, after multiplying by p/(4v(p — 1)) on both sides, to the inequality

B[ [ I s] < gl + e [ [ o] @2

For p = 2, we get
AT,
r 1 Dot
E 2, nds| < — 2 —
[/0 HU(S)HL(?](T) 5] > QVHUOHL(%(’]T) + o0

and the claimed result for arbitrary p € 2N* follows by induction and from the inequalities ||uo||

p—2r
Lgoa—Zr(T) —
1+ \|u0||’£gm and E[t AT, < t. O

Remark 2.16. By Jensen’s inequality, the bound (2.18) also holds for any real number p > 2.

Lemma 2.17. Under Assumptions 2.1 and 2.2, there exist two constants C7,Cg > 0 depending only
on v, pa, C1 and Dg, such that for allt > 0 and all r > 0,

tATy
B [t A T ) + B | [ o) nyts] < Bl + €7 (14 ol ) + Cot
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Proof. We want to apply It&’s formula to the squared H{ (T)-norm of the process (u(t))yepo,r+)- As for
the proof of Lemma 2.15, we proceed by truncation of this function.
Step 1. Approximation of the H{(T)-norm. We set

G L3(T) — Ry
M v HZ%:l(_)‘m)<vaem>%g(T)

The first differential DG, and the second differential D?G ;s have the following expressions: Vh €
L3(T),
M

(DG (v), h) 20y = =2 Y A, €m) 200y (B €m) 12015

m=1

(D*Gar(v) - by h)paepy = =2 Z Am (. em>L2(T)

m=1

Step 2. It6’s formula. It6’s formula applied to G yields almost surely and for all r» > 0,

tAT. M
Gr(u(t ANT)) = Gp(ug) — 2/0 Z Am(u(s), em)Lg(T)(—axA(u(s)) + V0zpu(s), em) 2(1yds
m=1
tATy t/\Tr
_2/0 (DG (u(s)), AW2(s)) x _zz/ A (95, )3z s, (2:28)

We first check that the third term of the right-hand side is a square-integrable martingale:

B[ [ 16U gy 05] =4 fj: [ [ ) enliynsis]

- 2 it 2 - 2
<4(> A, |E [/0 Hu(s)HL%(T)ds] <4 DN tr < foo.
m=1

m=1

Thus, taking the expectation, the stochastic integral disappears and we get

E[Gum(u(t ANTy))] = Gu(up) + 2E

tNT, M
/0 Z )‘m<u(5)a€m>Lg(T) <axA(u(5))’€m>Lg(T)d5]

m=1

tAT. M t/\T'r
—2E /0 Z /\m<u(s),em>Lg(T)(yamu( s), em>L2(T ds| — Z/ gk,em)LQ(T)ds
m=1 k>1
(2.29)
On one hand, we can rewrite the viscous term as follows:
M
Z Am ), €m) LE(T )<Vax:cu(5)76m>Lg(T) = Z )‘m<u(5)’€m>Lg(’J1‘)<VU(5)’8mem>Lg(’J1‘)
m=1
M
= Z )‘m<u(3),em>L3(’ﬂ‘)<”“(5),Am€m>L3(’JI‘)
m=1
M
=v Z A2 (u(s), €m>%(2)(T)' (2.30)

m=1
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On the other hand, applying Young’s inequality on the flux term, we get

tAT, M
2 | [ 30 Mlu(s)s ) ny 0cACu(3)) ) 5,
m=1
AT, M ) ) tAT, M
< WE /0 lem@(s),emhg( / Z (0 A(u(s)), em)2apyds| - (2:31)
Injecting (2.30) and (2.31) into (2.29), we get the inequality
AT, M ) M )
EGum(ult AT:))] < Gu(uo)+ 5 E /0 Zl<aw‘4(“(8))’ em) 2y ds | ~EEAT] ; Zl Am(Ghs €m) 72 (7):

(2.32)
Step 3. Passing M — +o0o. From Proposition 2.8, for any r > 0, there is a constant L, such
that for all M > 1, we have

M
S (0 A(s)). em)ay < 19 A Fagry < Lelu(s) 2y < rLo-
m=1
Thus, we can use the dominated convergence theorem to let M go to infinity in (2.32) and we get
1 tA\Ty ) 9
E llu(t A T) I my| < ol oy + 5 F 102 ACu(5) 23yl | + EIEAT] S llgellZy oy (233)
) 0 o(T) o(T)

2u
k>1

Since from Assumption 2.1, A’ has polynomial growth, we can bound the second term of the
right-hand side: using (2.2) and (2.17) with p = 2 and p = 2p4 + 2, we get

e[ Iawomes] <= [ [ <awu<s>>2A’<u<s>>2dxds}

<ot [ [ [0ato)? 1+ uts >|2PA)dxds]

— 202 (]E [/OMTT lu() 2 ds} +E [/MTT/ QPAdxdsD

CF (12
<=L (Iluoi2 ) + DoElt AT

2 2pa+2 /t/\TT 9
DoE pa )
@t @pa+ D s TR e gy

Applying now Lemma 2.15, we get

E o 10 A(u(s))]? ds 012< 1+ [Juo| A T2 + Dot
0 X L2 =, 0 2PA+2( ) 0

+ DoCY (1 o 2 )) +CE).

ZpA(,I[,

Injecting this last bound in (2.33), we get the wanted result. O

Corollary 2.18 (Limit of T;). Under Assumptions 2.1 and 2.2, T, — +o0o almost surely, and thus
T* = +o00 almost surely.
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Proof. Let t > 0. Writing
P(T, < 1) (Hu(t/\T)HHl > r),

we get from Markov’s inequality,
1
B(T, <t) < E [||u(t A Tr)||§{6(m} .

We apply now Lemma 2.17 to get

1 2 2pA+2
Wﬂ<ﬂ<rommmm+&<HWwH%m” FOst) 0
Since t has been chosen arbitrarily, it follows that almost surely, T, tends to +0c0 as » — +o00. Then,
since T, < T%*, we have T* = +o00 almost surely. O

2.2.4 Proof of Theorem 2.4

Under Assumptions 2.1 and 2.2, let ug € H(T), and (T, (u(t))seo,r+)) be the maximal solution to
Equation (2.1) given by Lemma 2.14. By Corollary 2.18, T* = 400 almost surely. Therefore, (u(t)):>0
is the unique (global) mild solution to Equation (2.1), and by Proposition 2.12, it is also the unique
(global) strong solution to this equation. It remains to check that this solution depends continuously
on ugp.

Lemma 2.19 (Continuous dependence on initial conditions). If ( )J>1 is a sequence of HZ(T)
satisfying

=0,
(T)
then, denoting by (u(j)(t))t207j21 the family of associated solutions, for any T > 0, we have almost
surely

lim Huo — uo ‘
J—00

lim sup H =0.

J=00 ¢e(0,7] HHS(’]I‘)

Proof. Let us fix a time horizon T' > 0. Subtracting the mild formulations of (u(t)),>q and (u9) (1)) >0
given by Proposition 2.12 and taking the Hg (T)-norm, we get by the triangle inequality and Proposition

2.9, for all t € [0,T7,
/H&sx u(s) = A (u(s)) )|

HE(T) + /Ot tci 3 wA(u(s)) — 0, A (u(j)(s)ﬂ

Now, for any M > 0, we define the stopping times

Hu(t) - u(j)(t)‘

<[5 ()

HE (T) Hg(T)

<Joo-it)

ds. (2.34
mym 95 (234

Tar = inf {t >0 [lu(®)]l yar) > M} ) Y {t > 0 [u(8) | agry > M} Cen,

and we denote by Ly, according to Proposition 2.8, the Lipschitz constant of the mapping v € Hg (T) —
0:A(v) € HY(T) over the centered ball in H3(T) of radius M. For an arbitrarily fixed ¢ € [0, 7], the
inequality (2.34) implies

Hu (t ATy A T](\Z[.)> — ) (t ATy N 7‘](\}‘)) HH2 - < Huo —

t/\TA{/\TJ(\f) C L
+ /
0
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In the next step, we iterate this last inequality and apply the Fubini theorem on the double time
integral:

H (t/\TM A m) ut) (t/\TM A (j))’ H2(T)

< Huo - u(()j)HHQ(T) (1 + 2WC4LM>

t/\T]W/\T )
+C%13, / / Hu(r) - u(J)(r)‘ drds
Hg (T)
\/t/\TM/\TM s)(s—r) 0
< HUO—U[())’ ( +2\/704LM)
HE(T)
t/\TM/\T](\Z,) t/\T]M/\T](& 1 ]
+C313, / / ' ds Hu(r)—u(J)(r)’ oo dr
\/(t/\TM/\T](\ﬁ[)—s)(s—r) Ho(T)
However, by a change of variable, we have
t/\TM/\T( 7) 1 1 1
/ " ' dr = / 72dy =T.
‘ Vet —ne-s) T V1-y
Hence, Gronwall’s lemma yields the following control
H (t/\TM/\ (])> ( ) <t/\TM/\ (]))) S HUO—USJ)H <1+2\/TC4LM) eC§L247rt/\TM/\T1(V]1).
Hg(T) HE (T)

It follows from this inequality that liminf; .., T](\? > 7y AT. Indeed, assuming the opposite, we would
have (along a subsequence)

1)~ (58 = o~ g (20Tt 5

]%OO

which would imply

<t o9 ()]

j—00

< M.
(T)

= Jim [ (7 )
HZ(T) j—oo

Hence, necessarily, beyond a certain rank j, we have

Hu(t ATar) — uD (A TM)‘

1 272
< oo g (14 20T TS

HE (T)
Since the solutions of (2.7) do not explode, the stopping time 73, tends almost surely to +oo as M

tends to +00. As a consequence, there exists M7 > 0 such that T' < 7, almost surely, so that for all
t€[0,T],

4

< HUQ — UO

O ‘ ) C212, T
Hu(t) DO (1+2\/TC4LMT Cilii T
Hence the result. O

2.2.5 Proofs of preliminary results

In this subsection, we detail the proofs of the preliminary results from Subsection 2.2.1, namely Propo-
sitions 2.8, 2.9, 2.10 and 2.12.
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Proof of Proposition 2.8. We shall prove only the second claim when s = 2. For the first claim, we
refer the reader to [15, Lemma A.0.5]. The second claim with s = 1 is proved in the same way as the
case s = 2, but more easily.

Let M > 0 and let u,v € HZ(T) such that HuHHz < M and Hv||H2 < M. Note in particular

that using (2.3), all quantities |[u|zee (1), [|vl|Lge(T), H@ u”Lgo y |1 0x UHL8° are bounded from above
by M. We write

10:A(u) = 00 AW igeny = [ (00 (Grd ) = 0,04 ) do
= [ (@udl )+ @A (1) = 200 A (0) = (0,02 A(0)) o
<9 /T (Ouwt () — Do (v)) da + 2 /T (802 A" () — (0,0)° A" (1)) da
<4 /T (Drg)? (A (w) — A'(0))? da + 4 /T (Opatt — Opv)? A (v)2dz

4/(8$u)4 (A" (u) — A”(v))2 dz + 4/(8xu — 0,0)*(0pu + 05v)? A" (v)?dx
T T

2 2
< 4HuH12LIOQ(T) ess;up |A'(u) — A’(v)‘ + 4fju — UH%,OQ(T) [ 5]‘1;1])\/[ ‘A"

+4 </T(61u)4d:r) esssup | A" (u) — A" (v)|”

T
+ 4esssup |O,u + Opv]* sup ’A”’ZHU_”H%P(T)
T [~ M, M] ’

By Assumption 2.1, A’ and A” are locally Lipschitz continuous on R (and thus locally bounded).
Hence, there exist constants Cj; and Lj; such that

19 A(u) — 85 A() |32 (ry < 4M>Laslu = 0|70 (ry +4Chllu = ][z,
+ AM* Ly ||lu — vHLoo + 16Cy M*|u — UH

< (4MPLy 4 4Cwn + 4M4LM + 160y M*) ||u - v||Hg(T),

where we used (2.3) thrice in the last line. O

Proof of Proposition 2.9. The equations (2.8) and (2.9) yield the immediate estimate

1Svlzmy = D (= Am) e v, em)Tamy) < D (=Am)* (v, em) T my = l0lZgmy

m>1 m>1

which ensures that S;v € H§(T) and then implies the first assertion of Proposition 2.9 thanks to the
dominated convergence theorem.

The second assertion is proved in [15, 97, 34].

We now detail the proof of the third assertion, part of which can also be found in [15, Lemma
A.0.6]. Let s € [0,+00), T > 0 and (v(t))sejo,r) € C ([0, T], H5(T)). For any 0 < t; <ty < T, we have

t1 to
Sty —rv(r)dr — Sty—rv(r)dr
0 0

HE32(T)

t1
S/o Hstr’”v(r)_StQ”"U(T)HHS”/Z(T) dr+/

t1

to

1Sty —rv(r) ||H§+3/2(']1‘) dr. (2.35)
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Thanks to the second assertion of Proposition 2.9, we get a bound over the second term of the right-
hand side:

to to
/ HStz—rU(T)HHgH/?(T) dr < Cuy(ta — 7')73/4””(7')||H5(’ﬂ‘)d7’ < ACy(ta — t1)M* sup [v(r) [ s )

t1 t1 re[0,T]
(2.36)
as well as for the first term:
t1 t1
| 1Sumr0(0) = Sty )l vy = [ 1810 (0= St o) oy e
t1
< [ Cutt =)0 = S o) ey e 237
Using (2.8) and (2.9), we write for all » € [0, 7],
1/2
2
100 = S0 ey = | 3 (A’ (1= =) (w(r), emda
B 1/2
S Z>1(—)\m)5<v(r),em>%g(r]r)
= HU(T)HHg(T) < +00,
and thus, we can apply the dominated convergence theorem which yields
1/2

2
lim (|(1d = Sty )o(r) | s emy < | D (=Am)* lim (1—6'”\’"(1‘/2%1)) (W(r), em)Tam)

to—t1—0 ta—t1—0
2—t1 m>1 2—t1
=0.

To pass to the limit to — ¢; — 0 in (2.35), we use the dominated convergence theorem once again:
injecting (2.36) and (2.37) into (2.35), we get

t1 to
t211t11n—>0 0 Stl_rv(r)dr_ 0 Stg—rU(T)dT H3+3/2(T)
t1
oN\=3/4 1 . : _+\1/4 —
< || Calta=r) ™t (0= S o)y 4+ sup o) ey, i, (2—t0)'t =0,
from which we derive the wanted result. O

Proof of Proposition 2.10. For any m > 1, the process (Wp,(t)):>0 is an Ornstein-Uhlenbeck process.
In particular, it is the solution of the stochastic differential equation:

t
B (t) = A / Tn(s)ds + Won(t), >0, (2.39)
0
As such, it satisfies the inequality

t
Wi () — V/\m/ Wi (s)ds < sup Wi,(s), te[0,T],
0 s€[0,T]
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where we fixed a time horizon T' > 0. Thus, for all ¢ € [0,T], we get

t t
% (e_”)‘mt/ wm(s)ds) = ¢ VAml <—u)\m/ wm(s)ds+wm(t)> <e Ml sup Wo(s),
0 0

s€[0,7

which leads, after integrating in time and dividing by e *m? on each side, to the inequality
t 1— VAmt _
/ Wy (s)ds < ————— sup Wi,(s), t €10,T]. (2.39)
0 —VAm s€[0,T7]

In a similar way, from the inequality

we deduce that

t 1_eu)\mt ¢ _
Wn(s)ds > — inf Wo(s), tel0,T). 2.40
[ ot = I e W), el (2.40)
Combining (2.39) and (2.40), we get
t 1 o
/wm(s)ds < sup |[Wi.(s)], t€0,7T).
0 —VAm s€[0,T]

Taking the supremum in time, the expectation and applying Doob’s inequality, recalling (2.6), we have

t 2 1
E /0 W (s)ds ] < WE

sup
t€[0,T7]

sup |Wm(t)|2] (2.41)

t€[0,T]
2
> (2.42)
HE(T)
2
Z <9k7 > . (2.43)
>1 HE(T)
We deduce from (2.38) that

/Ot Wi (s)ds

and therefore it follows from (2.41), (2.42), (2.43) that

2
sup Wy, (t 2] < 16TZ <gk, > < +00. (2.44)

t€[0,T] E>1 HZ(T)

sup W ()2 <2 [ (vAy)? sup
te[0,T] te[0,T]

2
+ sup !Wm(t)!2>,

te[0,7

E

As a consequence, for any M > 1, we have
Zwm € L2 (Q,C ([0, 7], HX(T))) -

By completeness of L(Q, C([0,T], H2(T))), to prove the statement, it suffices to show that the sequence
(M Wyem/Am) a1 is Cauchy in this space. That is,

M+N

> Ty

m=M

lim E | sup =0. (2.45)

M,N—o00 te[0,T]
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We prove this last equality using (2.44):

2

M+N M+N 1
E | sup Z @m(t)e—m =E [ sup Z Wi (¢
te(0,7] ||, =1 Am H2(T) te[0,T] s ]
M+N T
Z E [ Sup W (t )2
t€[0,T]

M+N e )
< 16T Z Z<gk, >H2(T).

m=M k>1

Recall that thanks to Assumption 2.2 combined with the fact that the family (ep/Am)m>1 is an
orthonormal basis of HZ(T),

> <gk7 ’“> = " el ry < +oo.

k>1m>1 k>1

Hence, (2.45) is proved. Moreover, (w(t))t>0 is (}})tzo—adapted as the limit of the sequence of (F3);-
adapted processes Zle WinCm [ Am.- O

Proof of Proposition 2.12. We first show that the assumption that uy € H3(T) ensures that t
u(t) is a continuous, HZ(T)-valued mapping. The proof consists in the two first iterations of the
bootstrap argument that was used in [15, Theorem A.0.7]: since the mild solution (u(t))c[o 7 belongs to
C([0,7], H}(T)) almost surely, then from Proposition 2.8, for all s € [0, 7], we have 0, A(u(s)) € L3(T).
As a consequence of the third assertion of Proposition 2.9, the mapping t +— fg Si—s0,A(u(s))ds is
continuous from [0, 7] to H 3/2 (T), and by the first assertion of Proposition 2.9 as well as Proposition
2.10, so are the mappings t + Siip and ¢ + w(t). Therefore, (2.11) shows that (T(t))co7 €
C([0,7], Hy'*(T)). Tterating this argument, we get ((t));co7 € C([0,7], H3(T)).

We now show that (u(t)),cp - satisfies the strong formulation of (2.10) on [0,7]. Along each
coordinate of the basis (e, )m>1, the mild formulation (2.11) writes for all ¢ € [0, 7]

1

t
(@(t), em) 3(ry = 7" (o, em) L3 (r) /0 70, A(a(5)), em) 13(myds + Wi (1),

VAmt

Multiplying on each side by e~ , we get the decomposition:

—v — — t —v. s — 1 t —V. S ITA/
(§ )\mt<u(t),€m>L(2)(T) = <Ug,6m>Lg(T) /0 e Am. <8IA(U,(S)),6m>Lg(T)dS+ )\/0 e Am dWm(S)

Then, the It6 formula yields

t t
_ _ _ _ 1 —
(W0 engery = {0 gn) + Ao [ {05) edignyds = [ (0A@E)) ) a5 + 3-Wonlt)
(2.46)

Since for all s € [0,], u(s) belongs to H3(T), it is possible to perform an integration by parts on the
viscous term in the following way:

t t t
V)\m/o <ﬂ(s),em>Lg(T)ds = V/O <ﬂ(s),8mem>L(2)(T)ds :V/O <8mﬁ(s),em>L(2)(T)ds.

Equation (2.46), after being injected with the above equality, multiplied by e,, and summed over m,
becomes the strong formulation of (2.10).
The converse statement follows from the same computations. O
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2.3 Invariant measure

This section is dedicated to the proof of Theorem 2.7. The existence of an invariant measure is proved
in Subsection 2.3.2 using the Krylov-Bogoliubov theorem, whereas the uniqueness is addressed through
a coupling argument relying on the L(I) (T)-contraction property established in Proposition 2.21.

The proof of existence of an invariant measure we provide in the next subsection relies plainly on the
presence of viscosity. Indeed, the viscous term provides the process u(t) with a dissipative — and thus a
more stable — behaviour. Still, it has to be borne in mind that when the flux term is nonlinear enough,
the presence of a viscous term is not a necessary condition for the stability of the underlying stochastic
process. On the physical side, in his theory of turbulent flows [81, 80|, Kolmogorov already predicted
this idea: the statistical distribution of scales of intermediate size in turbulence are not determined by
the viscosity coefficient. On the theoretical side, the same idea was validated theoretically by powerful
results on the invariant measure for the inviscid stochastic Burgers’ equation [52] and, quite a few
years later, for inviscid stochastic conservation laws with "non-degenerate" flux [41]. However, our
framework differs substantially from the inviscid case in the sense that our stability results are driven
by regularity issues which cannot be tackled without viscosity.

2.3.1 Preliminary results

By Definition 2.6, an invariant measure for Equation (2.1) is a Borel probability measure on HZ(T).
Our proofs of existence and uniqueness however involve estimates in various spaces, namely L(lj(’]l’),
L3(T) and H}(T). In particular, we shall manipulate and identify Borel probability measures on these
spaces. We first clarify the relation between the associated Borel o-fields thanks to the following result.
For any metric space F, we respectively denote by B(FE) and P(FE) the Borel o-field and the set of
Borel probability measures on E.

Lemma 2.20 (Borel probability measures on L{(T) and H{(T)). For all ¢ € [1,2] and s > 1,
B(H$(T)) = {BNH(T): B € B(L{(T))}. As a consequence:

(1) for any p € P(HS(T)), the mapping i(-) = p(- N HE(T)) defines a Borel probability measure on
L§(T);

(2) conversely, for any i € P(L(T)) which gives full weight to HF(T), there exists a unique p €
P(H(T)) such that p(B) = u(B N HE(T)) for any B € B(LE(T)).

Proof. Let g € [1,2] and s > 1. The set T defined by
T ={BNH{T):BeB(L{T))}.

is a o-field on H{(T), called the trace o-field of H(T) in B(L{(T)).

(1) We denote by I the injection H(T) — Li(T), so that 7 = {I"!(B) : B € B(L{(T))}. Since I
is continuous, and therefore Borel measurable, we have 7 C B(H{(T)). Thus, for any p € P(H§(T)),
the pushforward measure g defined by

fi(B) = pol \(B)=u(BAH{(T), BeB(LYT),

is a Borel probability measure on L{(T).

(2) Let us first notice that since H{(T) is separable, the Borel o-field B(H{(T)) is the smallest
o-field on H(T) containing all closed balls. Let A C H{(T) be such a ball. Since the Hj(T)-norm
is lower semi-continuous on L{(T), then A is closed in L{(T) as a level set of a lower semi-continuous
function, and thus A € B(L{(T)). It is then clear that A € T, which by the minimality property of
B(H3(T)) entails B(H§(T)) C T, and thus B(H§(T)) = T.
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Now let z be a Borel probability measure on L{(T) which gives full weight to H§(T), that is to
say such that there exists B € B(L{(T)) such that B C H§(T) and fi(B) = 1. Let us define the Borel
probability measure p on H§(T) by

W(BOH(T) = i(B), B eB(LYT)).

S

Notice that this definition is not ambiguous, because the identity 7 = B(H{(T)) ensures that any
element of B(H{(T)) writes under the form B N H{(T) for some B € B(Lq( )); besides, if By, By €
B(L{(T)) are such that By N H§(T) = By N H§(T), then (B1) = p(Bi N B) = [i(By N B) = ju(By)
because the identity By N H§(T) = By N Hi(T) implies that By N B = By N B. Finally, the fact that
any v € P(H§(T)) such that p(B) = v(B N HE(T)) for any B € B(L{(T)) needs to coincide with p
follows again from the identity B(Hj(T)) = T . O

To prove Theorem 2.7, we will need a standard property of scalar conservation laws, namely the
L(l] (T)-contraction. In the stochastic setting, we mention that a similar proof of the following proposi-
tion is done in [16, Theorem 6.1], but in the case where the flux function is C'°.

Proposition 2.21 (L}(T)-contraction). Under Assumptions 2.1 and 2.2, let (u(t))i>0 and (v(t))i>0 be
two strong solutions of (2.1) starting from different initial conditions ug and vo. Then, almost surely
and for every 0 < s <t, we have

[u(t) = o@lLyr) < luls) = o)l Lyer)

Proof. We define a continuous approximation of the sign function by setting for all n > 0,

57 u € [_77777]7
sign, (u) == q1, w>n,
_17 u S 7,

which gives rise to the following continuously differentiable approximation of the absolute value func-
tion:

v
v, ::/0 sign, (u)du, v E€R.

Let 0 < s <t. We have

/yu (@) dx—/\u o \nd:):—// o(r)], drdz (2.47)
_ /T / = (ulr) — o)) sign, (u(r) — v(r)drdz
= [ [ (At = Awr)) = 102 () = o) 2 (s ) — o(0))

(where we used the Fubini theorem and an integration by parts)
= / /T (A(u(r)) = A(v(r)) — v, (u(r) — v(r))) Oz (u(r) — v(r)) ?il'u(r)_v(r)'qudr
' 1
< [ [(A0) = AN ~ o) 1) il

We fix

M = sup [lu(r)llgge(my V sup [[o(r)llLgem
re(s,t] rE(s,t]
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and we denote by Ljs a Lipschitz constant of A over the interval [—~M, M]. Since (u(r)),e[s and
(v(r))refs,q belong to C([s,t], HF(T)) almost surely, then M is finite almost surely and for all r € [s, ]

[A(u(r)) = A(v(r)[0x (u(r) — v(r))’;1|u(r)—v(r)|<n < L |0 (u(r) = v(r))],

with .
/ /TLM 10, (u(r) — v(r))| dadr < +oo.

Thus, we get from the dominated convergence theorem:

tim [ [ (AGu(r) = () n(ur) - v<r>>}71|u(r>vm<ndxdr

n—0 Jg
1
/ /T%I_I)I[l) — A(v(r))) 0 (u(r) — v(r))ﬁlm(?q),v(?q)‘gndxdr =0. (2.48)
As for the left-hand side of (2.47), noticing that | - |, increases to | - | as 1 decreases, we have from the

monotone convergence theorem

lim / u(t) = o(®)l, do = Jult) = v(®)l ). Jim / Ju(s) — v(s)lyda = [[uls) — v(s)]|pa

n—0 T

Hence, (2.47) yields the wanted result. O

2.3.2 Existence

From the semigroup (P;);>o introduced in Subsection 2.1.2, we define its time-averaged semigroup
(RT)TZO by Ro = 1d, and for all T' > 0,

1 T
Rro(uo) = T/o Pip(uo)dt, ¢ € Co(HZ(T)), uo € HF(T),

1 T
Rya(T) = T/ Pra(T)dt,  acP(HE(T)), T cB(H3T)).
0
Following the first part of Lemma 2.20, for any o € P(HZ(T)) and T > 0, we denote by ﬁi}a the
Borel probability measure on L}(T) defined by Ria(-) = Ria(- N H3(T)).

Lemma 2.22. Under Assumptions 2.1 and 2.2, for any ug € H3(T), there exists an increasing sequence
T" "=%° 400 and a probability measure [i € P(LY(T)), such that the sequence of measures (R 0ug)n>1

converges weakly to fi in P(L(T)).

Proof. Let ug € HZ(T). From the inequality (2.17) with p = 2, we can pass to the limit r — +oo
(which we recall implies that T,, — 400 almost surely), and we get for all T > 0,

T
1 DyT
2 2 0
E [/0 ”U(t)‘Hg(qr)dt} < QVHUOHLg(T) + o

Applying now the Markov inequality when T" > 1, we have for all € > 0,

2 [ e (WO > ) ar < £ (ol + 20) 0.19)
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Setting
1

ko= {o € BT s ol <

we know from the compact embedding HE(T) CC L{(T) that the set K. is compact in L}(T). Thus,

rewriting (2.49) as

_ :
Ribug (E§MNK2) < o (Jluol2 ) + Do)

we deduce that the family of measures {ﬁ*T(SuO : T > 1} is tight in the space P(L}(T)). The result is
then a consequence of Prokhorov’s theorem [12, Theorem 5.1]. O

Lemma 2.23. Under the assumptions of Lemma 2.22, for allp > 1, if v is a random variable in L%)(T)
distributed according to [, then

E [”“”ism} <400 and E [”””?fgm] < +oc.

Besides, the probability measure u € P(HZ(T)) associated with i by the second part of Lemma 2.20 is
invariant for the semigroup (Py)¢>0.

Proof. We start to show that the measure g € P(L{(T)) gives full weight to HZ(T). Thanks to

Lemma 2.17, since T, — 400 almost surely, we have:
r—00

17 9 1 2Wpa+2 Cs
V>0, 1 [ B[] a5 < 7 (ol + 05 (14 Rl ) ) + S 250

Let (v5)n>1 be a sequence of HZ(T)-valued random variables such that v,, ~ R, by, and vy, converges
in distribution in L}(T) towards a random variable v ~ ji. From (2.50) and the definition of (Rr)r>o0,

we have
i supE [z | = limsup 2 [ Bug [Ju(o)]2e)] ds < &
m o [Ienligen | =tmouw g [ B ) igen | 40 <
Now, since || - H%{Q (T) is lower semi-continuous on L} (T), we get from Portemanteau’s theorem:
0
C
2 o 2 Cs
B {Iolfgen)] < HmnfE [lnnlfgen | <=

In particular, v € HZ(T) almost surely, and thus /i gives full weight to HZ(T).
We now show that for any p > 1, E[”UHZ[)}’(T)] < +00. Let p > 1. From Lemma 2.15, we have for
0

all T > 0,
cy’ (»)
3 [ B [ @5 < G (14 ) + 8

Once again, we use Portemanteau’s theorem and the lower semi-continuity, this time of || -

Ly(T):

Hig('ﬂ‘)’ on

. .1
E [”””iswﬂ < liminf 1 [””n”igmrJ - %L%fn/o B [”“( iy } ds < Gy,

and the wanted result follows.

To prove the invariance of the measure p with respect to (P;)i>0, we wish to apply the Krylov-
Bogoliubov theorem [36, Theorem 3.1.1]. However, (P;);>o is a Feller semigroup on the space H3(T)
(Corollary 2.5) whereas our tightness result (Lemma 2.22) holds in P(L}(T)). To overcome this incon-
venience, we use Lemma 2.20 and we place ourselves at the level of the embedded probability measures
in P(L§(T)), where we can adapt, thanks to Proposition 2.21, the proof of [36, Theorem 3.1.1].
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Let 1 € P(HZ(T)) be associated with i by the second part of Lemma 2.20, and let € Cy(L§(T)).
In particular, the restriction ¢ H2(T) is bounded and continuous on H2(T) and we can write

/ ed P} = / Prpdp. (2.51)
HE(T) HE(T)

It follows from the L}(T)-contraction property that the map P : H3(T) — R is continuous with
respect to the L(T)-norm. To prove this fact, let vg € HZ(T) and let (v(()j))jzl be a sequence of HZ(T)
such that ||v((]j) - U()HL(l)(T) — 0, j = +oo. Let (v(t))¢>0 and (v19)(t))4>0, j > 1, be the strong solutions
of (2.1) respectively with initial conditions vy and v(()j )
surely and for all £ > 0,

, J = 1. From Proposition 2.21, we get almost

=0.

lim va(t) - v(t)‘ .

j—0o0

Since ¢ is bounded and continuous with respect to the L}(T)-norm, we have

lim [Pig (1) = Pioleo)| < lim E [|o (+9(0)) = ov(t))]] =0.

J]—00

so that P is continuous with respect to the L{(T)-norm.
As a consequence, from Lemma 2.22, we have for all t > 0

/ Prpdp = / Prpdp
HE(T) L (T)

= lim Ptgodéi}n dug

= lim PtgdeTn dug

n—0o0 H2

Tn

:nll—?oloTZ/ /H2(T (de8+t5uOd$
Tn 4t

znh_)rgoj_‘n/ /H2(T (de 5u0d8

" Tn 4 1t
= lim / / ©d P} dy,ds + — / / ©d P} d,,ds — / / ed P d,,ds
n—oo \ T" H2(T) H2(T) ™ Jo Juz(m

= lim d R0y,
= lim ©d R Sug = / edji.
e JLg(m L§(T)

For any t > 0, P;u gives full weight to H3(T) and therefore, following the first part of Lemma 2.20,
we can define the associated Borel probability measure on L}(T) by Pfu = Pfu(- N H3(T)). From
Equation (2.51) and the above sequence of computations, it follows that for all ¢ > 0,

/ pdP} = / wdji,
LA(T) L3(T)

Given that ¢ has been chosen arbitrarily in Cy(L{(T)), this last equality says that Pfu = fi. The
second part of Lemma 2.20 now ensures that Py = p. Ul
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2.3.3 Uniqueness

The proof of the uniqueness part of Theorem 2.7 follows the ideas of the "small-noise" coupling ar-
gument from Dirr and Souganidis [43]. On one hand, due to the dissipative nature of the drift, two
solutions of (2.1) perturbed by the same noise and starting from different initial conditions are driven
to balls of L3(T) with small radius whenever this noise is small over sufficiently long time intervals.
On the other hand, the L(l] (T)-contraction property ensures that when these two solutions get close to
one another they stay close forever. Hence, each time the noise gets small enough, the two solutions
get closer and closer and eventually, they show the same asymptotical behaviour. This idea allows to
show that the law of two solutions have the same limit as the time goes to infinity. Therefore, starting
from two invariant measures leads to the equality of these measures. The same kind of argument was
used in [41] for the invariant measure of kinetic solutions of inviscid scalar conservation laws and in
[38] for the stochastic Navier-Stokes equations.

Let (u(t))>0 and (v(t));>0 be two solutions of (2.1) driven by the same Q-Wiener process (W@ (t))>0.
For all R > 0, we define the stopping time:

g = inf {t > 0 a2 g + (003 < R} .

Lemma 2.24. Under Assumptions 2.1 and 2.2, there exists R > 0 such that for any ug and vy in
HE(T), the stopping time Tr is finite almost surely.

Proof. We can use here, from the statement of Lemma 2.15, the inequality (2.17) with p = 2. In this
case, we get

tATR
w8 | [ (1) m, + 19060 g my) 5] < Huolin + el + 2D0Ble A 7
from which we deduce, by definition of the stopping time 7, that
2vRE[t A TR] < ||u0||i(2)(1.) + HU()H%(Q)(T) + 2DoE[t A TR].
Taking R > Dg/v yields

2 2
HUOHLg(T) + HUOHL%(T)

E = lim E <
= By B A S Ry T
from which we derive the wanted result. O

The following result asserts that when the coupled processes (u(t));>q and (v(t));, start from
deterministic initial conditions inside some ball of LZ(T), then they both attain in finite time any
neighbourhood of 0 with positive probability:

Lemma 2.25. Under Assumptions 2.1 and 2.2, for any M > 0 and any € > 0, there exist a time
t-ar > 0 and a value pe pr € (0,1) such that for all ug,vo € HZ(T) satisfying HUOH?LP(T) + Hvonl(T) <
M 0 0

P (JuaCte ) 232y + Nltenn) 230y < 2) = penr

Proof. Let ug, vo € H3(T) be such that luoll g2 (ry + lvoll gy < M, and let us define

for =~ o ()
oM =75, %8 \anr )
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To prove the lemma, we are going to compare the trajectories of (u(t)),>q and (v(t)),5q with the
trajectories of their noiseless counterparts (%(t)),~, and (7(t)),, defined by

{atu(t) = —0, A (u(t)) + vOsu(t) {&gv(t) = —0, A(V(t)) + vOyD(t)
H(O) = Uup @(0) = 9.

Recall that the viscosity yields energy dissipation:

d/, _ _ _
= (1O 3 + 17023y ) = =20 (150 gy + POy ) -
Applying (2.3) on the right-hand side, we get

d _ _ _
= (I Ear) + 19823y ) < =20 (100130, + 19(8) 123 )

and we can now apply Gronwall’s lemma:
O 23y + 170 3a0my < (Nolacey + Neoll2a ) €72 < M2,

With our choice of t. js, the above inequality means that as soon as t > . ps, we have Hﬂ(t)HQLQ(T) +
0

HU( )HL2 (T) < 5/4'
Furthermore, it is a consequence of Lemma 2.17 that (u(t)):>o satisfies

_ 2 2
IOy < ol + Cr (1+ ol )t 2.

Indeed, when all the noise coefficients g are equal to zero, the constant Cg in the statement of Lemma
2.17 can also be taken equal to zero. Since the same inequality also applies to (0(t)):>0, we have

@) ) + 17Oz < M +2C (14 MPa*1) = 5.

We focus now on the trajectories of the random processes (u(t));>q and (v(t)),>o. We introduce
the stopping time

%Mzmﬂnwwa%mvumml>@+ dm}

Following Proposition 2.12, we may use the expressions of (u(t)):>0 and (@(t)):>0 in the mild sense.
From these mild formulations, we write

lu(t) = ()] ) S/O 15— (A(u(s)) = A@)) 3y ds + [w@ g () (2.52)

where (w(t));>0 is the stochastic convolution associated with the Q-Wiener process (W?(t));>0. Ac-
cording to Proposition 2.8, we call Ly a local Lipschitz constant of the map z € H}(T) + 0, A(z) €

L3(T) over the ball {z € H}(T) : ”z”?f&(T) <1+ C’éM)} , and we place ourselves in the event

\@ 1 —C?12 ¢
sup ||U)(t)” 1 S 6 M ¢ where 5 M = e a4t 5,1W7
{tG[O,te,Ad Ho (™) : ) 2v/21 42, [te mMCaL
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where C4 has been defined at Proposition 2.8. Taking ¢t < Tasr A t. ar, applying the second part of
Proposition 2.9 and Proposition 2.8 to (2.52), we get

o) = 7O ngeny < | 2= 100(ACu()) = A zgemy ds +

t
CyLny _
< [ L ute) = 7o) g + b

Iterating this inequality and using the same arguments as in the proof of Lemma 2.19, we get for all
t < tE,M A 7A:M7

() = @Ol gy ry < 0enr (14 24/ tens AFwCaLar ) + CRL3m /Hu —(8) |z

Using now Gronwall’s lemma, we deduce

a7 ~ C212 7t \/g
Jue) =m0 gy < Ser (1+2y/ter ATurCaLag ) eHH <

Since the same arguments apply for the processes (v(t)),~, and (v(t));~o, and given Equation (2.3),
we have shown that for all t < 7ar Atz v,

la®) 122 p) + 00250y <2 (Hﬂ(t)llizm 15232y ) + 2 () = BBy + I0(E) = O30 )
=3 5+ 5

We shall prove now that the event 7p; < t. s is impossible. Indeed, assume for instance that

||l (?M)“H(}(T) > 144/ CSM), then we would have

-~ g ~
Ju )~ 7l < 2 and [ Gan) gy, < O,
and thus,
. 1 M M 1
YE > ) 70l 2 lu Gl ||u<TM>||H01(T)\z<2+ Cy >)— g =3,

which is false for too small values of ¢.
We just have proved that for M > 0 arbitrarily chosen and for all ug,vg € HZ(T) such that
||uoH2 )+ HU[)” )< M, we have

(Hu te )32y + l0(tean) 2 < )>P< sup Hw(t)HHamSéa,M)-
t€[0,te, ]

To conclude the proof, it remains to check that

pert =P < sup JJw(t )HH1 < 0 M) > 0. (2.53)
t€[0,te, ]

We can write {supcjo;. Hw(t)HH&(T) < demt = {(w(t))icpo. ) € B} where B is the closed ball
of C([0,t:m], H3(T)) with radius & ps. Since the process (w(t))tf0,t. 5, is the mild solution to the
stochastic heat equation (i.e. Equation (2.7) with initial condition w(0) = 0 and flux A = 0), we can
apply the support theorem from [95, Theorem 1.1 which implies P((w(t))sefor. ;) € B) > 0, so that
(2.53) is satisfied. O
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Lemma 2.26. Under Assumptions 2.1 and 2.2, any invariant measure i for the process (u(t))i>o
solution to (2.1) is unique.

Proof. Step 1. Almost sure confluence. We start by fixing € > 0 small to which we associate the
value t. g defined at Lemma 2.25, where R has been defined at Lemma 2.24. We define the increasing
stopping time sequence

Ty :=171p

Ty i=inf {t > Ty + b+ [ul®) 23y + 00 2 ) < R}

)

IN

Ty = inf {¢ > Ty + tep [u®)lZ ) + 1002 m)

Lemma 2.24 and the strong Markov property (Corollary 2.5) ensure that every T is finite almost
surely. We claim that

VIEN,  P(Yi=1.d u(Ts o ten) B + (T + ten) 2 > €) < (1= per)’.
(2.54)
Indeed, it is true for J = 1 thanks to the strong Markov property and Lemma 2.25:

IP>(u0,v0) (HU(TR + tz—:,R)”ng(T) + [lo(Tr + ts,R)H%(Q)('H‘) > 5)

= Eup0) [Praoo) (I10(7R + e ) amy + 100 + te ) 330 > 21 )|
= Eup0) [Brutrmyatrny (lCte ) acry + olte )2y > <)

S 1- pE,R:

and the general case follows by induction: assuming that inequality (2.54) is true for some J € N* we
have

P (u,00) (Vj =1+ 1 (T +te )72 + 10(T5 + tep)l 72y > 5)
= Eupo) [Pl (Vi = Toooos T+ 1 (T + te )l + 00T + te )3y > 1P, )|
125 > Plu(t,41),0(T s 41)) (Hu(tz-:,R)H%g(T) + o(te,r) I Z20m) > 5)

J
= Ewoo) | | T Lper st iz, +100rs 400
j=1 0

< (1 _pa,R)J X (1 _pa,R) = (1 _pa,R)J+1-

Taking the limit when J goes to infinity, we get

P (V) €N, [[ul(T) + tem)l2aem + [0(T5 + te ) 230 > <)

= Jim P (V5 = Loy T + o) By + [0(Ty + o) 2y > €)
< lim (1 —p.r)’ =0,
J—o0

and consequently,
2 2
P(3t20, Jul®)|2sm +lo®)25m <) =1 (2.55)
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Since ||u(t) — U(t)”ié('ﬂ‘) < lu(t) — U(t)H%g(T) < 2(||u(t)||%g(m + HU(t)H%%(T)) and since the value € > 0

has been chosen arbitrarily at the beginning of this proof, then Equality (2.55) means that almost
surely,
Ve>0, 3Jt>0, |u(t)— v(t)||%(1)(T) < 2e.

Recall however that Proposition 2.21 states that almost surely, the mapping ¢ — ||u(t) — U(t)HLé(T) is
non-decreasing. It follows that almost surely,

lim [lu(t) = v(t)ll Ly () = 0. (2.56)

t—o00

Step 2. Uniqueness. Let us now assume that there exist two invariant measures uq, uo for the
solution of (2.1), and let us take initial conditions ug and vy with distributions p; and po respectively.
For any test function ¢ : L(l)(']l‘) — R bounded and Lipschitz continuous, we have for all ¢t > 0,

[E [p(u0)] = E[¢(vo)]| = [E [¢(u(®))] - E[¢(v()]] < Efl¢(u(t)) — ¢(v())]]-

Since ¢ is Lipschitz continuous, from (2.56), we have almost surely

lim [¢(u(t)) — ¢(v(t))| = 0.

t—o00

Moreover, for any ¢ > 0, we have almost surely |¢(u(t)) — ¢(v(t))| < 2sup |¢|. Thus, we may apply the
dominated convergence theorem, which yields

[E [$(u0)] — E [$(w0)]| < Jim E[|6(u(t)) — $(o(t))]) =0,

so that E[¢(ug)] = E[¢(vo)], or in other words,

[, etm=[ ot (2.57)
HZ(T) HE(T)

According to Lemma 2.20, let /i1 and fiz be the probability measures on P(L}(T)) associated to i
and pg respectively. Equation (2.57) rewrites

/ odjiy = / odfia, Yo € Cy (LA(T)),
L(T) L(T)

so that 11 = o and thus, by Lemma 2.20, p1 = uso. O

Proof of Theorem 2.7. It follows from Lemmas 2.23 and 2.26.






Chapter 3

Finite-volume approximation of the
invariant measure of a viscous stochastic
scalar conservation law

Résumé. Ce chapitre correspond aux quatre premiéres sections de la pré-publication [19], écrite en
collaboration avec S. Boyaval et J. Reygner. On se propose d’établir une approximation numérique de
la mesure invariante de la solution de l’équation étudiée dans le chapitre 2, c’est-a-dire d’une loi de
conservation scalaire avec viscosité, uni-dimensionnelle et périodique en espace, et forcée aléatoirement
avec un bruit blanc en temps mais spatialement correlé. La fonction de flux est supposée localement
lipschitzienne et a croissance polynomiale. Le schéma numérique utilisé discrétise I’EDPS en espace
selon la méthode des volumes finis, et en temps selon une méthode d’Fuler a pas fractionné. En premier
lreu, pour la semi-discrétisation spatiale puis pour le schéma totalement discrétisé, on prouve l’existence
et l'unicité d’une solution puis d’une mesure invariante pour cette solution. Le résultat principal est
alors la convergence des mesures invariantes de ces approrimations, lorsque les pas de temps et d’espace
tendent vers zéro, vers l'unique mesure invariante de I’EDPS par rapport a la distance de Wasserstein
d’ordre deut.

Abstract. This chapter corresponds to the first four sections of the preprint [19], written in collab-
oration with S. Boyaval and J. Reygner. We aim to give a numerical approximation of the invariant
measure of the solution of the equation studied in Chapter 2, that is, a viscous scalar conservation
law, one-dimensional and periodic in the space variable, and stochastically forced with a white-in-time
but spatially correlated noise. The flux function is assumed to be locally Lipschitz and to have at
most polynomial growth. The numerical scheme we employ discretises the SPDE according to a finite
volume method in space, and a split-step backward Euler method in time. As a first result, we prove
the well-posedness as well as the existence and uniqueness of an invariant measure for both the spa-
tial semi-discretisation and the fully discrete scheme. Our main result is then the convergence of the
invariant measures of the discrete approximations, as the space and time steps go to zero, towards the
invariant measure of the SPDE, with respect to the second-order Wasserstein distance.

3.1 Introduction

3.1.1 Viscous scalar conservation law with random forcing

We consider the following viscous scalar conservation law with stochastic forcing

du = —0, A(u)dt + vOpudt + Y gpdW*(t), €T, t>0. (3.1)
E>1
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Periodic boundary conditions are assigned over the space variable x as T = R/Z denotes the
one-dimensional torus, and (W*);>1 is a family of independent real Brownian motions. The viscosity
coefficient v is assumed to be positive. In Chapter 2, we have shown the well-posedness in a strong sense
of Equation (3.1), as well as the existence and uniqueness of an invariant measure for its solution. These
results are recalled in Proposition 3.2 below. In this work, we aim to provide a numerical scheme, based
on the finite-volume method, that allows to approximate this invariant measure. In this perspective,
we place ourselves in the setting of Chapter 2 and recall our main notations and assumptions.

Notations. For all p € [1,+00], we denote by LE(T) the set of functions f € LP(T) such that
Jp f(z)dz = 0. We write | - 22 (r) the LP-norm induced on LE(T) and (-, '>L§('J1‘) the L2-scalar product
induced on L3(T). In a similar manner, for any integer m > 0 and any p € [1, +00], we introduce the
Sobolev space Wy (T) := Lgy(T) N W™P(T) which we equip with the norm || - [|yym» gy = 195" L () -
Incidentally, we will denote by H{*(T) the space W" 2(T), which we recall is separable and Hilbert
when endowed with the norm || - || g () := || - ||W077L,2(T) and the associated scalar product (-, -) g (r).
We recall the following inequalities: for all 1 < p < ¢ < +o0,

lullzery < lullgery, Yu€ L§(T), (3.2)

and
1,1
lullzge oy < lullyaaggy,  Vu € W (T). (3.3

In the sequel, we denote by N the set of non-negative integers, and by N* the set of positive integers.

Assumption 3.1. The function A : R — R is of class C2, its first derivative has at most polynomial
growth:
3C4 >0, Fpa e N*, Vo eR, |A'(v)] < Ca (1 + |v|P4), (3.4)

and its second deriwative A" is locally Lipschitz continuous on R. Furthermore, for all k > 1, gi €
HE(T) and

Dy:=>_ \|gk||§{§(m < +o0. (3.5)
k>1

The assumptions (3.4) and (3.5) will be needed in the arguments contained in this chapter while
the local Lipschitz continuity of A” is only necessary for Proposition 3.2.

Let (2, F,P) be a probability space, equipped with a normal filtration (F;);>0 in the sense of [35,
Section 3.3], on which (W*) k>1 is a family of independent Brownian motions. Under Assumption 3.1,
the series Y, gxW* converges in L%(Q,C([0,T], HZ(T))), for any T > 0, towards an HZ(T)-valued
Wiener process (WQ(t))te[O’T] with respect to the filtration (F;);>0, defined in the sense of [35, Sec-
tion 4.2], with the trace class covariance operator @) defined by

0. {H&(T) — HY(T)
v D k1 gk<U79k>H§(’H‘)‘

Given a normed vector space E, B(E) denotes the Borel sets of E, P(E) denotes the set of Borel
probability measures over E, and for p € [1,400), P,(E) denotes the subset of P(E) of probability
measures with finite p-th order moment. The well-posedness of (3.1) as well as the existence and
uniqueness of an invariant measure for its solution is proved in Chapter 2 (Theorems 2.4 and 2.7):

Proposition 3.2. Let ug € Hg(']l‘). Under Assumption 3.1, there exists a unique strong solution
(u(t))e=0 to Equation (3.1) with initial condition ug. That is, an (Fi)i>o0-adapted process (u(t))i>o0
with values in HZ(T) such that, almost surely:

1. the mapping t — u(t) is continuous from [0, +o00) to H3(T);
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2. for all t > 0, the following equality holds:

u(t) = up + /0 (=0, A (u(s)) + vdppu(s)) ds + WR(t). (3.6)

Furthermore, the process (u(t))i>o admits a unique invariant measure pn € P(HZ(T)). Besides, if v is

a random variable with distribution p, then El||v < 400 and for all p € [1,+00), E[HUHIEP(T)] <
0

+00.

HHQ T)]

Let us precise that for any ¢ > 0, u(t) will always refer to an element of the space Hg(']l‘). The
scalar values taken by this function are denoted by (¢, x), for x € T.

3.1.2 Space discretisation

In order to discretise (3.1) with respect to the space variable, we first define a regular mesh 7 on the

torus: oy
i—1 i .
Averaging in (3.1) over each cell of T, we get
dN/JiVu(ta:)dm ——NAuti —AutE dt
= ’ - "N N

+VN<8U< N> 8u< ))dt+ZN/ gr()dedWh (), i€ Z/NZ. (3.7)

k>1

Finite-volume schemes aim to approximate the dynamics of the average value of the solution over each
cell of the mesh. This leads to the introduction of a numerical flur function A(u,v) approximating the
flux of the conserved quantity at the interface between two adjacent cells. As regards the viscous term
n (3.7), we replace the space derivatives by their finite difference approximations. As for the noise
coefficients, we introduce the shorthand notation

- N/N ge(x)dz, k>1, ieZ/NZ.
i—1
N

These operations result in the following stochastic differential equation

dU;(t) = =N (A (Ui(t), Ui (t)) — A(Ui-1(1), Ui(1))) dt

+UN? (Ui (t) — 2Ui(t) + Upa (8)) At + Y oFdWH(t), i€ Z/NZ, t>0, (3.8)
E>1

as a semi-discrete finite-volume approximation of (3.1) in the sense that U;(¢) is meant to be an
approximation of the spatial average N f i u(t,x)dz. We may interpret the noise term (i.e. the last

term in (3.8)) as a discrete version of the Q Wiener process (W@(t));>o introduced in Section 3.1.1.
Let us notice that the RV-valued stochastic process (W@ (t));>¢ whose components are defined by

wEN@) =Y "ofwh), iez/NZ, t>0,
k>1
is a Wiener process with the covariance

E[WEN WY (@) =1 otk
k>1
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which is finite as the Jensen inequality, Assumption 3.1 and (3.3) ensure that for all i € Z/NZ,

i 2 i
2 N N
kS _ 2 2
St =S [ awns| <N [T laliimdo < S lalin <D0 (39
k>1 E>1 N k>1 N k>1
Furthermore, each vector o* = (O’If e U]’i,) satisfies a discrete cancellation condition:

N
Zaf = N/ gr(x)dx = 0.
i=1 T

Thus, denoting
RY :={u=(u1,...,uy) €ERY g + - +uy =0},

we get that (WP (¢));>0 is an R{-valued process. We equip the space R} with the renormalised L?
norm || - ||, and scalar product (-,-): for any u,v € R} and any p € [1,+00),

1 & 1 &
||uH§ = NZ|UZ|})¢ <u,v> = NZUZU’L
i=1 =1

Furthermore, for any u € RYY, we set by convention ||u|) = 1. Besides, notice that for any 1 < p <
q < 400, we have
N
[ullp < [ullg, YueRy. (3.10)

The drift function in (3.8) is the function b defined on R}’ by the components
bi(v) == =N (A(vi,vig1) — A(vi—1,v;)) + VN (vig1 — 205 +v-1), i € Z/NZ.
These notations being set, we can write the SDE (3.8) in the vectorised form
dU(t) = b(U(t))dt + AWM (1), t>0. (3.11)

It appears that b takes values in Rév . As a consequence, Equation (3.11) is conservative in the following
sense: if Ug € RY, then for all t > 0, U(t) € RY.
We may now state our assumptions on the numerical flux:

Assumption 3.3. The function A belongs to C1(R? R), its first derivatives O1A and 02 A are locally
Lipschitz continuous on R?, and it satisfies the following properties:

(i) Consistency:
VueR, A(u,u) = A(u); (3.12)

(i) Monotonicity:

Vu,v € R, 01A(u,v) >0, 0A(u,v)<0; (3.13)

(11i) Polynomial growth:

05 >0, FpgeN, VuveR, [9A(uv) < Cx(l+ [ufPa), [8:A(u,v)| < C(1+ [olPa).
(3.14)

Note in particular that the flux function, and therefore the non-linearity of Equation (3.1), is not
subject to a global Lipschitz continuity assumption. Nevertheless, we will prove in Proposition 3.15
below that (3.11) is well-posed under Assumption 3.3.

Remark 3.4 (Engquist-Osher numerical flux). A notable class of numerical fluxes satisfying the mono-
tonicity and polynomial growth conditions (under Assumption 3.1) are the fluz-splitting schemes [57,
Example 5.2/, among which a commonly employed example is the Engquist-Osher flux [56] defined by

Tro(u,v) = W -3 / A/ (2)d.
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3.1.3 Space and time discretisation

The second stage in constructing a numerical scheme for (3.1) is the time discretisation of the SDE (3.11).
Considering a time step At > 0 and a positive integer n, we introduce the notation AWS’N =
WN(nAt) — WN((n — 1)At).

As it was already noticed in [94], explicit numerical schemes for SDEs with non-globally Lipschitz
continuous coefficients do not preserve in general the large time stability, whereas implicit schemes are
more robust. Therefore, since our main focus in this chapter is to approximate invariant measures, we
propose the following split-step stochastic backward Fuler method:

U, 1=U,+Atb(U,_ 1),
+2 < +2> (315)

Ui =U, 1 + AW

The well-posedness of the scheme, i.e. the existence and uniqueness of the value U, , 1 in the first
2

line of (3.15), is ensured by Proposition 3.23.

3.1.4 Main results

Our first focus is on the large-time behaviour of the processes (U(t));>0 and (U, )nen. In this context,
we state our first result:

Theorem 3.5. Under Assumptions 3.1 and 3.3, the following two statements hold:

(i) for any N > 1, the process (U(t))i>0 solution of the SDE (3.11) admits a unique invariant
measure vy € P(RY);

(i) for any N > 1 and any At > 0, the process (Uy)nen defined by (3.15) admits a unique invariant
measure vy ar € P(RY).

Moreover, for any N > 1 and any At > 0, the measures vy and vy At belong to Pg(RéV).

The proofs for these two statements are given separately in Section 3.2. The structure of the proof
is the same as for Theorem 2.7 where we derived the existence and uniqueness of an invariant measure
for the solution of (3.1) from two important properties: respectively the dissipativity of the solution
and an L'-contraction property. In Lemma 3.13 below, we show that both of these properties are
preserved at the discrete level. Therefore, we will address the existence part with a tightness argument
(the Krylov-Bogoliubov theorem) and the uniqueness with a coupling argument. To compare two
different probability measures, we will make use of the following metric:

Definition 3.6 (Wasserstein distance). Let (E, || -||g) be a normed vector space and let cv, B € Pa(E).
The second order Wasserstein distance between o and (8 is defined by

1/2
Wa(a, f) := inf (/E . l|lu — v”%dﬂ(u,v)) ,

mell(a,B)
where (v, B) is the set of probability measures on E x E with marginals o and B:
(o, B):={mr € Py (EXE):VBeB(E),n(Bx E)=a(B) and n(E x B) = 3(B)}.

The reader is referred to [102, Chapter 6] for further details on the Wasserstein distance, and in
particular for the proof that it actually defines a distance on P2(E). From now on, the space Pa(E)
will be endowed with the distance Wy: convergence of elements of Py(F) will always be meant in the
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sense of the Wasserstein distance. The only cases we will address in this chapter are E = L(T) and
E=RY.

As a first step to approximate numerically the measure u, we start to embed the measures vy and
vn At into P(LE(T)). For m = 0,1,2, let \115\7,”) : RY — H™(T) denote embedding functions in such
a way that for any u € RY, \Ilg\?)u, \Ifg\lf)u and \PS\Q,)u correspond respectively to piecewise constant,
piecewise affine, and piecewise quadratic interpolations of the vector u on the mesh 7. The functions
\IIE\T) will be precisely defined at the beginning of Section 3.3.

For m = 0, 1,2, we define the pushforward measures u%n) = UNo© (\IJ%H))*I, and u%?)m = UN,At ©

(\I/S\T,”))*l. In particular, the measures ,u%n) and ,u%n)m give full weight to HJ"(T). Sections 3.3 and 3.4

are devoted to the proof of our main result:

Theorem 3.7. Under Assumptions 3.1 and 3.3, we have for allm =0,1,2,

. (m) . 2
dm gy = pein Po(Ly(T)), (3.16)
and moreover, for any N > 1,
lim vyar=vy in Pa(RY). (3.17)
At—0

In short, we have the following approximation result for all m =0,1,2:

Jm lHmopy = pin Pa(Ly(T)).

Remark 3.8. In Theorem 5.7, u is seen as a probability measure of Po(L3(T)) giving full weight to
HZ(T), as opposed to Proposition 3.2 where yu was directly seen as a measure of the space Pa(HZ(T)).

Remark 3.9 (Ergodicity). As the invariant measure p of the process (u(t))i>o is unique from Proposi-
tion 3.2, it is ergodic. In particular, a consequence of Birkhoff’s ergodic theorem (see for instance [35,
Theorem 1.2.3]) is that for any ¢ € L' () and for u-almost every initial condition ug € HZ(T), almost
surely,
1

lim — [ o(u(s))ds =E[p(v)], where v~ pu.

t—oo t 0
By virtue of Theorem 3.5, this property also holds at the discrete level: the process (Up)nen satisfies
for any p € Ll(z/N,At) and for vy a¢-almost every initial condition Ug € ]Rév, almost surely,

lim — Z o(U;) =E[p(V)], where V ~ vy as.

Thanks to this property, it is possible to approrimate numerically expectations of functionals under the
mwvariant measure by averaging in time the simulated process. We used this method to perform the
numerical experiments presented in Chapter 4.

3.1.5 Review of literature

Many results are found concerning the numerical approximation in finite time of stochastic conservation
laws. A particular case of interest is the stochastic Burgers equation which corresponds to the case of
the flux function A(u) = u?/2. Finite difference schemes are presented in [1, 71] to approximate its
solution. When the viscosity coefficient is equal to zero, the SPDE falls into a different framework.
Convergence of finite-volume schemes in this hyperbolic case have been established both under the
kinetic [46, 47, 45| and the entropic formulations [5, 6].
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As regards the numerical approximation of the invariant measure of an SPDE, we may start by
mentioning [26] concerning the damped stochastic non-linear Schrédinger equation, where a spectral
Galerkin method is used for the space discretisation and a modified implicit Euler scheme for the
temporal discretisation. Several works of Bréhier are devoted to the numerical approximation of the
invariant measures of semi-linear SPDEs in Hilbert spaces perturbed with white noise |20, 21, 22],
where spectral Galerkin and semi-implicit Euler methods are used. Those results hold under a global
Lipschitz assumption on the nonlinearity. In the more recent works |29, 33|, non-Lipschitz nonlinearities
are considered, but they still need to satisfy a one-sided Lipschitz condition.

In the present work, our assumptions on the flux function do not imply that the non-linear term
is globally Lipschitz in L3(T) nor even one-sided Lipschitz. In particular, the case of the Burgers’
equation is covered. However, Equation (3.1) satisfies an L!-contraction property (Proposition 2.21)
which may be viewed as a one-sided Lipschitz condition in the Banach space Lé (T).

3.1.6 Outline of the chapter

The existence and uniqueness of an invariant measure for the solution of (3.11), i.e. the first part of
Theorem 3.5, is proved in Section 3.2.2, and for the split-step scheme (3.15), i.e. the second part of
Theorem 3.5, it is proved in Section 3.2.3.

The proof of Theorem 3.7 is also split in two separate parts. The convergence in space (3.16) is
proved in Section 3.3 and then, in Section 3.4, we prove the convergence with respect to the time step,
i.e. Equation (3.17).

We performed numerical experiments to test the stationarity and convergence results in the Burgers
case. The results of these experiments are exposed in the next chapter, where we furthermore illustrate
some properties regarding the turbulent behaviour of the process in its stationary regime.

3.2 Semi-discrete and split-step schemes: well-posedness and invari-
ant measure

Preliminary results are given in Subsection 3.2.1. In Subsection 3.2.2, we prove the well-posedness
of (3.11), and after establishing some properties for the solution, we prove the existence of an invariant
measure at Proposition 3.19. Then, Lemmas 3.21 and 3.22 lead to the proof of uniqueness of this
invariant measure, i.e. to the proof of the first assertion of Theorem 3.5.

3.2.1 Notations and properties

All the lemmas stated in this section will be proved in the appendix. We define the discrete differential
operators D%n) RN 5 RV, m=0,1,2, by

(o),

2

= Uy, (D%Pu) = N(uH_l — ui), (DS?U) = N2(ui+1 — 2u; + ui_l), 1€ Z/NZ

]

We will often make use, in this chapter, of the summation by parts identity
<D§\1[)u, Dg\lf)v> =— <D§\2,)u,v> , u,VvE Rév. (3.18)

These operators satisfy furthermore the following properties:

Lemma 3.10 (Discrete Poincaré inequality). Let u € R™. If there exist i_,i. € Z/NZ such that
ui_ <0< u;,, then for any m = 0,1, any p € [1,4+00),

P57, < [,
p p
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It should be noted that this discrete Poincaré inequality holds in particular for u € ]R(])V )
Several times in this chapter, we will establish estimates uniformly in N (resp. in At) over the

moment of the discrete Sobolev norm ]E[||D§\7,n)VH£] where V is an invariant measure for the semi-
discrete scheme (resp. the fully discrete scheme). Whenever this situation appears, we will denote by
C™P (resp. C'"") the uniform upper bound.

Lemma 3.11. For any u € R(])V and p € 2N*, we have
1) (e 1 4(p—1)
(DY () . D) > L

where uP~1 = (ufﬁl, R,

Lemma 3.12. Under Assumption 3.3, for any u € ]R]OV and any q € 2N*, we have

N
Zuf‘l (Alus; uirr) = Alui1,ui)) > 0.

i=1

For any » € R, we write sign(z) := 1,50 — 1.<o. By extension, for u € R}, sign(u) denotes the
vector of {—1,4+1}¥" defined by (sign(u)); = sign(u;).

The discretised drift b preserves some nice properties of Equation (3.1) that we will use repeatedly
throughout this chapter:

Lemma 3.13. Under Assumption 3.3, for all u,v € R(])V, the function b satisfies
(i) (sign(u— v),b(u) — b(v)) <0 (L'-contraction);
(ii) (u,b(u)) < —v|DVu||2 (dissipativity).

Remark 3.14. The dissipativity property actually holds for the family of E-fluzes [91], a larger family
than the class of monotone numerical flures. The monotonicity assumption (3.13) seems however
necessary as regards the L'-contraction property.

3.2.2 The semi-discrete scheme

Before addressing the invariant measure of the solution of (3.11), we first ensure the existence and
uniqueness of this solution:

Proposition 3.15. Let Ug be an ]Rév—valued, Fo-measurable random variable. Under Assumptions 3.1
and 3.3, the stochastic differential equation (3.11) admits a unique strong solution (U(t))i>0 taking
values in RY and with initial condition Uy.

Proof. Let ug € Rév . Since the function b is locally Lipschitz continuous, there exists a unique strong
solution (U(t))se[o,r+) to Equation (3.11) with initial condition ug defined up to an explosion time 7™,
i.e. a stopping time taking values in (0, +oc] such that almost surely, if 7% < 400, then

li =
Tim [T)]2 = +oc

(see for instance |75, Theorem 2.3, Lemma 2.1, Theorem 3.1]). In particular, if we define the stopping
times
rar = inf {t > 0 [U@)[3 > M}, (3.19)

then for all M > 0, we have 73y < T™* almost surely.
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From Dynkin’s formula applied to Equation (3.11), we get for all ¢ > 0,

B 10 ] = ol + 22| [ (00 (0 ds| + Ble A 7l 3 1

E>1
5 tATM
< [[uoll3 - 20E [/0

1 2 k
DU as| + Bl A ] 3 I I,
where the inequality comes from Lemma 3.13.(ii). As a consequence, using (3.9),

k>1

E U A man) 3] < luoll3 +¢Do.

From Markov’s inequality, we now derive

E [0 A )3 _lwlB Dy

M =TTM o
As the random variable 1.,,<; is almost surely non-decreasing as M increases, it admits an almost sure
limit as M — +oo. From the dominated convergence theorem, this limit is actually zero:

P(ry < 1) =P (JUEA )3 > M) <

E [ Jim 1TM<t] = lim P(ny <) =0.

As a consequence, almost surely, limp; oo Tas = +00, and then T* = 400 almost surely, meaning that
(U(%))¢>0 is a global solution of (3.11).

Now, if the initial condition of (U(t)):>0 is an Fyp-measurable random variable Uy distributed under
some probability measure o on Rév , then we have

P(T* = +00) = /]RN Py, (T* = +o0)da(ug) =1, (3.20)

where Py, is the conditional probability given the event U(0) = uy. O

We now turn to the proof of existence of an invariant measure. The following lemma, Proposi-
tion 3.17, and Corollary 3.18 are preliminary results.

Lemma 3.16 (Moment estimates on the semi-discrete approximation). Let p € 2N* and let Uy be an
Fo-measurable random variable such that E[||Ug||}] < +o00. Then, under Assumptions 3.1 and 5.3, the
strong solution (U(t))i>0 of (3.11) with initial condition Uy satisfies:

(i) For allt >0,
E [HU(t)Hﬂ + vpE [/Ot <D§\1[) (U(s)P1) 7D§\1/)U(5)> ds}

<E[JUole] + DY) [/ [Us) - st] (3.21)
where U( )P denotes the vector (Ui(s)P,...,Un(s)P) and when p = 2, we recall the convention
I 1525 = 1.

() (p) gm) 6(()17)’ 9§p)

(11) There exist six positive constants ¢y, ¢;
p such that we have

and Ggp) depending only on Dy, v and

Vvt >0, U U (s ypd] +60iPR [HUOHZ;} + 0Pt (3.22)
and
VT >0, sup E [HU( )HP} <+ PR [MUO\@} + P, (3.23)

te[0,7
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Proof. Let 1a; be the stopping time defined at (3.19). Applying Dynkin’s formula to Equation (3.11),
we get the following dynamics for the p-th order moment: for all ¢ > 0 and all M > 0,

B (100 A ralE] =5 [1001g) 48 | [ S vt A6 Vi) - AT 01, 05) ds]
i=1
tATN _ tATM N
+ vNpE [/0 <U(s)p_1,D§\2,)U(s)> ds] + p(];NUIE /0 ;U s)P2 ; (af)st . (3.29)

From (3.9), we have for all i =1,..., N

k>1
On the other hand, the second term of the right-hand side in (3.24) is non-positive thanks to Lemma 3.12.

Hence, using (3.18) in the viscous term, we get

E|ﬂKtArMH§}SHEMUdg}—VA@E[AHWW<D%)@J@Vng%hﬂg>d%
N p(p2 DS [/OMTM 1U(s) 1273 ds] . (3.25)

Letting M go to 400, applying the monotone convergence theorem on the right-hand side and Fatou’s
lemma on the left-hand side yields the first assertion of the lemma.
From the first assertion and Lemma 3.11, we have

4”(Jﬁ;,f”ﬂz[/jHU(s)lrﬁds}SE[|U0|IZ} Dople = 2) [/ IU(s r”ds] (3.26)

Noticing that || - Hg:g < 14 -5 by (3.26) and an induction argument, we can show that for all
p € 2N*, (3.22) holds. Now, from the first assertion once again and (3.22), we have for all p € 2N* and
all0<t<T

E[lu@p] <E|

wolz] + 220 =V [ " juiip o

r 1 D -1
<E[JUole] + 2PLY (g0 4 o2 [y 3] + 60 27)

2
< _”UU“”: # PG (o 0™ (148 [J0olg]) +08707)

o + PR [|Uollp] + T
Since the right-hand side does not depend on ¢, we get (3.23). O
Proposition 3.17 (L!-contraction). Under Assumptions 3.1 and 3.3, two strong solutions (U(t))t>0

and (V(t))i>0 of (3.11) (driven by the same Wiener process WN ) with possibly different initial
conditions satisfy almost surely:

U@ - V), < [UGs) - V(s)l,,  0<s<t.
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Proof. Since (U(t))i>0 and (V(t))r>0 are driven by the same Wiener process, then (U(t) — V(¢))i>0
is an absolutely continuous process:

In particular, we can write for all ¢ > 0,
% 10(t) = V(@)|l; = (sign (U(t) — V(1)) , b(U(t)) = b(V(?))) <0,

where the inequality comes from Lemma 3.13.(i), and the result follows by integrating in time. OJ
This last property ensures the following result which we state without a proof:

Corollary 3.18 (Feller property). Under Assumption 3.3, the strong solution (U(t))t>0 of Equa-
tion (3.11) satisfies the Feller property, i.e. for any continuous and bounded function ¢ : R(J)V — R and
any t > 0, the mapping

up € RY +— By, [p(U(t))] € R

is continuous and bounded, where Ey, is the conditional expectation given the event U(0) = ug.

Proposition 3.19 (Existence of an invariant measure for the semi-discrete scheme). Under Assump-
tions 3.1 and 3.3, the strong solution (U(t));>0 of (3.11) admits an invariant measure vy € P(RY).
Moreover, for all p € [1,400), there exists a constant C%P not depending on N such that if V is a
random variable with distribution vy, then

E[IVI3] < o,

Proof. Let (U(t))¢>0 be the solution of (3.11) with a deterministic initial condition ug € R). From
Lemma 3.16.(ii), we have for all ¢ > 0 and all p € 2N*,

1 [t 1 1
: / Buq [1UGs) 5] ds < 508 + 0 ljuoll3 + 0. (3.27)

Let us take p = 2. Applying the Markov inequality and taking the limit superior in ¢, we get for all

e >0,
1 [ 1
lim sup / Py, (HU(S)H% > ) ds < 59&2).
t—oo U Jo €

Since from Corollary 3.18, (U(t))s>0 is Feller, the existence of an invariant measure vy € P(RY') for
(U(%))¢>0 is now a consequence of the Krylov-Bogoliubov theorem [36, Corollary 3.1.2].

Let V be a random variable with distribution vx. We will derive now from Equation (3.27) that
V has finite moments. A computation of the same kind as the one below is found for instance in the
proof of |70, Proposition 4.24]. For any M > 0 and any p € 2N*,

) L B (1O A ] s
:/szt/ o [T A 1] dsdu (o)

< /Rév <1/0 . [HU( ] ds) A Mdvy ()

s/ <e<p>+9  lolly e§p>>AMdyN(uO).
RY t

E[IVI5 A M]
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Now, letting t — 400, we get from the dominated convergence theorem,

1
P < ; 2@ o )
E[HVHP/\M} _/Révtlglgo(teo + 03

p
”u;)Hp +9§p)> A Mdvy (ug) = eép) AM< ng),

and the result for p € 2N* follows by letting M — 400 and using the monotone convergence theorem.
This result extends readily to the general case p € [1,+00) by using for instance the Jensen inequality.

O

Corollary 3.20. Under Assumptions 3.1 and 3.3, let vy be an invariant measure for the solution
(U(t))e>0 of (3-11) and let 'V be a random variable with distribution vy. Then, for all p € 2N*, V
satisfies
E |:<D5\1[) (Vp—l) 7]:)5\17)‘7>:| S D0<p - 1)Co,p—2’
2v
where we set C%0 = 1.

Proof. Let (U(t))t>0 be a solution of (3.11) whose initial condition Uy has distribution vx. According
to Proposition 3.19, one has E[||[Ugll}] < +oc. Thus, one can apply Lemma 3.16.(i) which in the
stationary case, writes

VoE [<D§\}) (V1) ,D%)Vﬂ < Dop(p2_1)[[5 [||V||§:§} ;

and it remains to apply Proposition 3.19 to conclude. O

We now turn to the proof of uniqueness of the invariant measure vy. We will first need some
preliminary results:

Lemma 3.21. Let Assumptions 3.1 and 3.3 hold and let (U(t))i>0 and (V(t))t>0 be two strong solu-
tions of (3.11) driven by the same Wiener process. Then, for all M > 0 and all € > 0, there exists
te,m > 0 such that

PeM = Plugvo) (0tean)lly + [Vt <€) > 0.

= n
luollaVIIvollo <M

Proof. We recall that b : RYY — RY is locally Lipschitz continuous (for every norm over R}). Let
M >0 and ¢ > 0. Let us also fix the deterministic values ug, vo € RY satisfying ||uol|2 V [|[voll2 < M,
along with the following constants:

1 g2

t = —
RS W R T VoX
Lyrte == Lipschitz constant of b over the ball {u € R) :[lul, <M +e};

S 1= Ee—LM-‘-sts,M .

4

Let (U(t))e>0 and (V(¢))¢>0 denote two solutions of (3.11) with the initial conditions ug and vo. We
introduce the stopping times

FU . =inf{t>0: ||[U@t)|; > M +¢};
FVo=inf{t>0: V()| >M+e}.
Furthermore, we denote by (u(t))s>0 and (v(t)):>0 the noiseless counterparts of (U(t))¢>0 and (V(¢))>0:

d d
LU =b(u(®),  Zv()=b(v(t),
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with respective initial conditions ug and vg.
By the dissipativity property (Lemma 3.13.(ii)) and Lemma 3.10, we have

(I + IvOIZ) = 2 (), b () + (v(0), b (v(1)))

<2 (o]« oitvol,)
< —2 (I3 + IvI3)

so that Gronwall’s lemma yields the upper bound

5 2 2 2\ —
[u(@®)[3 + V()5 < (”110\\2 + HV0H2> o2Vt

meaning that for ¢ > ¢, ps, we have

82

@z +v)lls < 3

and consequently, by (3.10),

3

(@)l + V@)l < lla@)ll + Vel < 3

We now restrict ourselves to the situation where

w e { sup HWQ’N(t)H1 < 5€} .

te[o’te,M}

For any t < TYATY At ur, the four vectors U(t), V(t), u(t) and v(¢) stay in the ball {||-||; < M+e},
and thanks to the local Lipschitz continuity assumption on b we have

U() —u@®ll, + [IV(E) = vl = H/O (b (U(s)) = b (u(s))) ds + W (t)

1

+ /(b(V(s))—b(v(s)))ds—l—WQ’N(t)
0

1

</0 (IIb (U(s)) = b (u(s))ll, + b (V(s)) = b (v(s))ll) ds + 2 [WHN (@) |,

t
< Ly /0 (I1U(s) = u(s) ]y + [V(s) = v(s)]l,) ds + 26,
so by Gronwall’s lemma, we have

1O(®) = u(®)lly + V() = v(£)ll; < 20cet2+e! < 25ebarretert =

5 (3.28)

for every t € [0,7Y ATY A te pr]. But it appears that the case TUATY < te, v is impossible for small
values of €. Indeed, it would either imply ||[(U —u)(7V)||; < /2 or [|[(V — v)(7Y)||1 < &/2 which is
impossible because we have on the one hand

[OED, =M +e (o [V(EY)|, 2 M+e),
and on the other hand
[[u (7Y)

= e GOl < wolly < M (or [[v (7Yl < M)
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Therefore, Inequality (3.28) holds for all ¢ € [0, ¢z ps]. Thus,

||U(ts,M)H1+||V(ts,M)Hl < HU(ts,M) - u(ts,M)||1+”V(tE,M) - V(te,M)||1+||u(t6,M)||1+||V(t6,M)||1 <e,

and we have just shown that

{ sup  [WON ()], < 55} UGl + V)l <€}
tE[O,tsyM}
and therefore,

]P)(uo,vo) (||U(t€,M)H1 + HV(tE,M)Hl < 5) >P ( sup HWQJV(t)Hl < 55) .
t€[0>t6,lvf}

Notice that the right-hand side does not depend on ug nor vo. Furthermore, it is positive since W@
is an RN -valued Wiener process. Hence, taking the infimum over ug and v on the left-hand side yields
the wanted result. O

For two solutions (U(t));>0 and (V(t));>0 of (3.11) driven by the same Wiener process W@ we
define the following entrance time for all M > 0:

ma = inf {t > 01 UMD,V V()] < M} (3.29)

Lemma 3.22. Under Assumptions 3.1 and 3.3, there exists M > 0 such that for any deterministic
initial conditions ug, v € R(])V, v < +0o almost surely.

Proof. From It6’s formula, we have for all ¢ > 0,

1U(rar A2V (rar A )12 = Ul 2+ Vol 2+ /0 " b(U(s), U(s)) dst /0 M bV (), Vi(s)) ds

+ Z/OTMM <U(s) +V(3)7ak> AWk (s) + 2;/%“

k>1

(a H ds. (3.30)

The fifth term of the right-hand side is a martingale. Indeed, by the Cauchy-Schwarz inequality,
Inequality (3.9), and the bound (3.22), we have

E Z/OTMM‘<U(s)+v<s>,0’“>\2ds < sz"kHz EU;”U(SHV(S)”%S}

1 §2Do< V 1U(s ||2d5]+E[/ Iv ”2d8]>

<20y (202 + 0 (ol + Ivoll) + 2687%)

< +00.

Thus, taking the expectation in (3.30), applying Lemma 3.13.(ii), Inequality (3.9), Lemma 3.10
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and (3.29), we get

E UG A8+ V(s A1)
TMAE TMAE 2
= l[uol3 + [Ivoll + 2E { /0 (b (U(s)), U(s)) + (b (V(s)) ,v<s>>>ds} +2E /0 kz ]|, as

2 2 A O ) 2 W 2
< Jluol2 + [|vol2 — 2vE HDN U(S)H2 n HDN U(S)H2 ds| + 2E [ras A 1] Do
0

Ty A\t
< ol + voll = 20 | [ (I0GB + IVEIB) as| + 22 A1 Do
< [[uoll3 + [Ivoll3 + 2 (Do — vM?) E [ras A 1]
So if we choose M > \/Dy/v, we get

[uoll3 + [[voll3
E ANt < ——F,
I A < M= Dy)
so that we can apply the monotone convergence theorem:
E[ry] = lim E[rpy A t] < 400,
t—o00
which concludes the proof. O

Proof of Theorem 3.5, Assertion (i). We start to fix € > 0 to which we associate the quantities
te i and pg pr defined at Lemma 3.21, where M has been defined at Lemma 3.22. Let (U(t));>0 and
(V(t))¢>0 start respectively from arbitrary deterministic initial conditions ug and v and be driven by
the same Wiener process. We define the increasing stopping time sequence

T =Ty

Ty :=inf {t > T +tep: [UDN VIVE), < M}
T3 :=inf{t > To+te - [UD[ VIVE), < M}

By the strong Markov property and Lemma 3.22, each term of this sequence is finite almost surely.
We claim that

VJeN,  P(Vj=1,....J, |UT+tem)ll, + V(T +tem)ll, >¢) < (1 —pemr)’.  (3.31)
Indeed, it is true for J = 1 thanks to the strong Markov property and Lemma 3.21:
P ([U(7ar + tean)lly + IV (rar + tenn)lly > €) = E [P ([U(rar + tean)lly + V(s + tepn)lly > el Fry )] < 1-pe,

and the general case follows by induction: assuming that Inequality (3.31) is true for some J € N*, we
have

( =1,...,J+ LU+ tem)lly + V(T + tem)l, > €)
[]P’ vj =1,....,J+1, |UTj+tem)lly + IV(Tj + te )|, > el Fry,s)]
H lHU Tj+te mr) H +||V(T +e, M || P (HU(TJ—H + ts,M)H1 + HV(TJ—H + ts,M)H1 > 6|]:TJ+1)

— De, M X ps,M) - (1 _pa,M)J+1'
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Letting J — 400, we get

P(Vj e N*,  U(T; +tean)ll, + V(T +tear)ll, > €)
= Jim P(Vj=1,....J, [[UT;+tpn)ly + V(T +ten)ly > <)

< lim (1 — p&M)J =0,
J—o00

and consequently,

PEt>0, U@L+ V(EIL<e) =1,

meaning that almost surely,
A >0, ||UEL)—V()|h <e.

Now recall that thanks to Proposition 3.17, ||U(t) — V(¢)]]1 is non-increasing in time almost surely.
Since ¢ has been chosen arbitrarily, the above inequality actually indicates that |U(¢) — V(¢)||1 con-
verges almost surely to 0 as ¢ — +o0o when the initial conditions are deterministic. However, this
almost sure consergence extends naturally to random and Fp-measurable initial conditions using the
same argument as for (3.20). Let ¢ : R(])V — R be a Lipschitz continuous and bounded test function,
with Lipschitz constant Lg. We have in particular, almost surely,

lim |¢(U(#)) = o(V(1))] < Ly lim [[U(t) = V()] = 0. (3.32)

t—o0

(1) (2)

To conclude the proof, assume that there exist two invariant measures vy’ and vy’ for the solution

(1) (2)
N

of (3.11), and take random initial conditions Uy and V| with distributions vy’ and vy’ respectively.

We have for all ¢t > 0,

[E[¢ (Uo)] = El¢ (Vo)]| = [E[¢ (U()] —E[p (V)] < Ello (UE) =& (V)]

Letting ¢ go to 400, by (3.32) and the dominated convergence theorem, we have
Elo (U)] ~E[p (Vo)]| < Jim E[|6(U(1) 6 (V(1))]] = 0.

As a consequence, Ug and Vg have the same distribution, meaning that 1/](\}) = 1/](3). O

3.2.3 Invariant measure for the split-step scheme

In this subsection, we aim to prove the existence and uniqueness of an invariant measure for the
discrete time process (U )pen defined by (3.15). The general argument is the same as the one used in
Subsection 3.2.2 for the semi-discrete case and the intermediary results are stated in the same order.
Therefore, the proofs which are not affected by the time discretisation are omitted.

As the time step At is meant to converge towards 0, we may consider that it will always lie in an
interval (0, Atyax| for some arbitrarily chosen Aty > 0.

The following preliminary result ensures that the scheme (3.15) is well-posed.

Proposition 3.23. Under Assumption 3.3, given At >0 and v € Rév, there exists a unique w € Rév
such that w = v + Atb(w).

Proof. Uniqueness. It is a straightforward consequence of Lemma 3.13.(i): if w; and wo are two
solutions, then

||W1 — W2H1 = <sign(w1 — W2),W]_ — W2>
= At(sign(w; — wa),b(w;) — b(wz)) <0.
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Existence. The mapping Id — Atb : R(])V — Rév is continuous. Furthermore, by Lemmas 3.13.(ii)
and 3.10, we have for all w € ]Rév,

Id —
(d—Ab)w).w) _\ o p (B(W). W)
w2 [w]|
2
o+
> [[wlz +vAt 2> (1+vAt)|wls.

w2

Thus, as a consequence of [42, Theorem 3.3|, Id — Atb is surjective in Rév and, for any v € Rév , there
exists w € R} such that w = v + Atb(w). O

Lemma 3.24 (L'-contraction). Let Assumptions 3.1 and 3.3 hold and let (Up)nen and (Vi)nen be
two solutions of (3.15) (driven by the same Wiener process W2N ). Then, almost surely and for any
n €N,

||Un+1 - Vn+1||1 < ||Un - Vn”l :

Proof. From Equations (3.15) and Lemma 3.13.(ii), we write

[Un1 = Vil = Uy =V

n—i—%
= <sign (Un+% —Vn+%) ;
= <sign (UWF* Vn+%) ,

+ At (sign (U, 11 = V,.1),b (U1 ) = b (V, 1))
< <sign <Un+% - V..
< ||Un_Vn”1' -

[

[
|

Remark 3.25. Note that the choice of the split-step backward Euler scheme is essential for the L'-
contraction property to hold. Indeed, consider for instance two processes (Up)nen and (Vi )pen built
via a explicit Euler method, that is,

U,i1 = U, + Atb (ﬁn) + AW

(and naturally, the same construction for (V,)nen), then the expansion of the L' distance gives
Hﬁn+1 - \~7n+1H1 = sign < (INJnH - \~fn+1) ,ﬂ'n - \~7n>+At <sign (ﬁnH — \~/'n+1> ,b (ﬂ'n) -b <iv/'n>> .
Thus, we would need to control the second term of the right-hand side in the above equation, which is
delicate given that b is not globally Lipschitz.

As for the semi-discrete scheme, Lemma 3.24 induce the following property:
Corollary 3.26. Under Assumptions 3.1 and 3.3, the solution (Uy)nen of (3.15) is a Feller process.

Proposition 3.27. Under Assumptions 3.1 and 3.3, for any time step At > 0, the process (Up)nen
solution of the split-step backward Euler method (3.15) admits an invariant measure vy a¢. Moreover,
if V is a random variable with distribution vy a¢, then

E [HDE@VHH < Dy (211/ + Atmax> —.c" (3.33)
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and
B |[piv,

2 Dg
< 3.34
2] - 2’ ( )

).

Proof. Let ug € R(])V be the deterministic initial condition of the process (U,)nen. Starting from the
first equation in (3.15), we have

where V% denotes the solution of V% =V + Atb(V

1
2

2
o3~ 800 (0,.3) | - 1.

by expanding the left-hand side, we derive the inequality

z < Ul +24t (b (U,11) U, s ).

2

HUn+%

Using the dissipativity inequality (Lemma 3.13.(ii)), we get

HUM% , < 1Un]13 — 204 HDN Uit (3.35)
Now, from the second equation in (3.15), we have
2 N N2
Uit |2 = HUH% L +2 <Un+%,AW§H> + HAWEL?H H2 . (3.36)
Injecting Inequality (3.35) into Equation (3.36), we get
1 2 N N2
1Uns1l3 = 0013 < 208t [DYU, o ||+ 2(U, 0 aWZ)) o+ awdY | 337)
By definition of W and from (3.9), we have
PN k)2
E [HAWW’FI HQ] =AY (0) < DoAt. (3.38)
i=1 k>1

On the other hand, the variables U, 1 and AW%F]\{ are independent, so that taking the expectation
2
in (3.37) yields

E (10,18 - £ [10.18] < -2vaee | [pPu,

:| + DyAt,

1
2
which is valid for any n € N, so that we can get a telescopic sum:

n—1

E | I1UA13] = Iluoly = Y- (E [1Ul3] - E [U1113])

=0

n—1 9
< —20AtY E {HDQ)U% J + nAtDy. (3.39)
=0
Hence,
n—1 9
2wAtY E [HD%)UH% 2] < |[uof3 + nAtDy. (3.40)
=0
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Besides,
s o] -5 [Jou |

2] +E [HDE&’AW%VHZ] , (3.41)

and

Now, from the definition of &*, the Jensen inequality and (3.5), we have

o0 x5 (3 [ o (o ) o))

i=1 k>1

<N2§:Z/j (gk: <$+]1,> —gk($)>2d$

i=1k>1""N

Yy /N ( / o amgk<y>dy>2 da

i=1 k>1

axn [N 1 [T 2
<N Z/_1 N/ > Ougi(y)>dyda
=17 N z k>1
< Do. (3.42)
Thus, we have
2
E [HD%)AW&N‘Q] < AtDy,. (3.43)
Injecting (3.43) into (3.41), and (3.41) into (3.40), we get
n—1
1 () H2 1 2, Do
— < —FQ — . .
. IZ;E [HDN Usia || < 5o luolly + 5.2 + AtDg (3.44)

Since HDS\P - |l2 defines a norm on RYY and since from Corollary 3.26, the process (U, )nen is Feller,

the result follows from Markov’s inequality and the Krylov-Bogoliubov theorem [36, Theorem 3.1.1].
Using the same arguments as for the end of the proof of Proposition 3.19, Inequalities (3.44)

and (3.40) yield respectively (3.33) and (3.34). O

We now proceed to the proof of uniqueness of the invariant measure vy a;.

Lemma 3.28 (Hitting any neighbourhood of 0 with positive probability). Let Assumptions 3.1 and 3.3
hold. Let (Up)nen and (Vy)nen be two solutions of (3.15) driven by the same Wiener process W .
For any € > 0 and any M > 0, there exists n. pr € N such that

Per = Plaovo) (1Uneoe [, + [Vl <2) > 0.

= inf
luoll2V[voll2<M
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Proof. First, let € > 0 and let us fix ug, vo € R} such that [[ugll2 < M and [[voll2 < M.
Let (up)nen and (vy)nen denote the noiseless counterparts of the processes (U, )nen and (V) pen,
1.e.

{unH =u, + Atb (u,+1) (3.45)

Vnt+l = Vi + Atb (vp41),

with initial conditions ug and vo. Then (u,,),en and (v, )nen are subject to non-perturbed dissipativity,
and consequently the sum of their energies decreases to 0 over time. Indeed, we have

lall3 + 1Valls = a1 = Atb (W) [l3 + [[Vasr — Atb (vag)ll3
= [[uns1ll3 + Va3 + (A1)? (IIb (Wns1)ll3 + b (Vn+1)||§) = 24t ((Wnt1, b (Wnt1)) + (Vis1, b (Vag1))

therefore, using successively Lemma 3.13.(ii) and Lemma 3.10,

lntl13 + Va3 = (aal3 + [valls) < 288 (i1, b (i) + (Vaia, b (Vas1)))

2 2
< —2Atv <HD§\1,)un+1H2 + HDg\l,)vnH‘L)
2 2
< —2Atv (Hun+1H2 + HVn+1H2>

so that )
2 2 2 2
lnsal} + Va1 < 775z (10l + vall3)

by induction, we get for all n € N,

1 n
2 2 2 2
[unlls + [[vally < <1+2Atu> (HUOHz + ”V0”2) .

It appears now that if we fix the value

o -1 1 g2
MeM T jog(1 1 2A0) P \1602 ) |
we get for all n > ne py,
€
lanlly +lvaly < lanlly +[lvalls < 5.

Now, we fix 6. := €/(4n. ) and we restrict ourselves to the event

{ sup HAWS’Nngég}. (3.46)

n=1,...,n¢ pm

Let (Up)nen and (Vy,)nen be two solutions of (3.15) with the deterministic initial conditions ug and
v respectively. With similar arguments as for the proof of Proposition 3.17, we get from (3.15), (3.45)
and Lemma 3.13.(ii), for all n € N,

10t = Wl + Vs = Vaally < ||y = v |+ |[Vipy = v || +2 AW
= <sign (Un+% — um_l) ,Up — un>
+ At <sign (Un_% — un+1> ,b (Un+%> -b (un+1)>
+ <sign (Vn+% — Vn+1> ,V, — vn>
+ At (sign (Vs = Vi) b (Vo1 ) = blvagn)) + 2| AW

< NUn = wally + Vo = vally + 2 [AWEY]
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On the event (3.46), we have for all n = 1,...,ncr,
1Un41 = tngally + Vi = vogally < 1Un = anlly + [V = vally + 26
In particular, by induction, we have
€
HUns,M - uns,MHl + ans,M - Vns,MH1 < 2”5,M55 = 5

Thus,

HUns,MH1 + ana,MH1 < HU’ﬂe,M - uns,MH1 + ans,M - Vne,MH1 + Huns,l\/l

-2 2 7

1 + HV"s,M Hl

We just have shown that

P o vo) <HUnE,M A [Vl < e) >P < sup AW, < 55> > 0.

n=1L1,....,ne, M

Since the event (3.46) does not depend on ug nor vg, we get the result. O

For two solutions (U, )pen and (Vy,)pen of (3.15) driven by the same Wiener process WY we
define the entrance time

Ny = inf {n eEN: HUn+1H2 \ HVn—HHQ < M}

The following lemma is the time-discrete version of Lemma 3.22. The proof is omitted as it is very
similar to its time-continuous counterpart.

Lemma 3.29 (Almost sure entrance in some ball). Under Assumptions 3.1 and 3.3, there exists M > 0
such that for any initial conditions ug, vo € RYY for the processes (Up)nen and (Vp)nen, nm < +00
almost surely.

Proof of Theorem 1, Assertion (ii). Given Lemmas 3.24, 3.28 and 3.29, the proof is done in
exactly the same way as for Assertion (i).
Finally, the fact that vy and vy a: belong to PQ(R(])V) come from Propositions 3.19 and 3.27

respectively (for vn a¢, we use in particular the fact that HDE&,) -||2 defines a norm on RY). O

3.3 Convergence of invariant measures: semi-discrete scheme towards
SPDE

The purpose of this section is to prove that WQ(/J,S(;TL),,LL) —» 0, N = +o0, m = 0, 1,2, which will be
the first part of the proof of Theorem 3.7. In Subsection 3.3.1, we provide a result ensuring that it is

sufficient that the convergence holds for only one m € {0, 1,2}, in which case it will hold for the three

of them. Then, we show that (ug\r,n))Nzl is relatively compact in P2(L3(T)), and in Subsection 3.3.2,

we present a procedure to identify any subsequential limit of (,ug\r,n)) N>1 as the invariant measure p
for the solution of (3.1), which leads to the proof the first assertion of Theorem 3.7. Subsection 3.3.3
contain the proofs of the lemmas from Subsections 3.3.1 and 3.3.2.
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3.3.1 Notations and preliminary results

For m = 0, 1,2, we define the interpolation operators ‘Ilg\rfn) : RY — W§"(T) by

N .
m 7
:E vz¢§v)(x_N>7 V:(Uh...,’[)N)GRéV,
i=1

where

so that @ﬁ)v, lllg\l,)v and \Ilg\%)v are the respectively piecewise constant, linear and quadratic inter-
polations of the values v; at the points i/N. In this regard, note that for v € RY, i € Z/NZ and
m =0,1,2, we have \Ilgffn)v(ﬁ) = v;.

We recall that these operators allowed to define the sequences of embedded invariant measures
u%n) =vyo (\Ilg:,n))_l, where NE\T) is here considered as an element of P(L2(T)).

We prove the following lemma in the appendix:

Lemma 3.30. The following properties hold:

(i) for v € RY, any p € [1,+00] and any m = 0,1,2,

[ gy = P51,
(ii) for any v € RY, , )
s = ey, = 352 [P0,
e (2) | 3 2
ety = 0]y, < o [0SV, + s [P8]

The proof of the following Lemma is given below in Subsection 3.3.3.

Lemma 3.31 (Discrete H} and HZ bounds). Let Assumptions 3.1 and 5.3 hold and let V be a random
vartable in R[J)V with distribution vy, then V satisfies

2v

D
MD VH} =0 _. oL2, (3.47)
Furthermore, there exists a positive constant C*? not depending on N such that,

EMD?VK]gCM. (3.48)
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The following result ensures in particular that the estimates obtained at Lemma 3.31 and Propo-
sition 3.19 remain true when passing to the limit N — +o0.

Lemma 3.32 (Relative compactness). Under Assumptions 3.1 and 3.3, the three families of probability
measures (u%n))]vzl, m = 0,1,2, are relatively compact in the space P2(LE(T)). Moreover, for any
m = 0,1,2 and for any subsequential limit p* € P2(LE(T)) of (,ug\r,n))Nzl, a random variable v ~ p*
satisfies

E[lolfym) <€ E|Ioligm] <€ and E|lvllyq] <% pellito).  (349)

Proof. Step 1. Relative compactness of (,ug\l,))NZl in P(L2(T)). Let V be an R)-valued random
variable with distribution vy. Then, \Ilg\pV has distribution ug\l,). Thanks to Lemmas 3.30 and 3.31,

we have
[ -] <o

Thus, Markov’s inequality implies

1
Ve > 0, < €> <eCh2,

HL(T)

The space H{(T) is compactly embedded in L2(T), so this last inequality means that the sequence
(ug\lf))NeN* is tight in the space P(LZ(T)). As a consequence of Prokhorov’s theorem [12, Theorem 5.1],
any subsequence of (ug\lf)) ~n>1 admits itself a weakly converging subsequence in P(L3(T)). In this
respect, let u* € P(L(T)) be a subsequential limit of (M%))Nzl and let (,ug\l,]?)jeN be the associated
subsequence.

Step 2. Relative compactness of (Mg\?))Nzl in Po(LZ(T)). Let v be a random variable with dis-
tribution ©*. On the one hand, the sequence of random variables (\I/S\l,])V) jeN converges in distribution

towards v. On the other hand, by Lemmas 3.30.(ii) and 3.31, we have

2 1,2
< 2 |[P8 V] < 53
LE(T) 3N 3N j—00

so that \Ilg\%) V- \I/%j)V converges in probability towards 0 as j — +00. As a consequence, by Slutsky’s

theorem [12, Theorem 3.9], the couple (¥ e )V \ll( )V e )V) converges in distribution towards (v, 0)
(0) 0)

V converges in dlstrlbutlon towards v, which means that p N, converges

N;

E [HWESJ)V ~ V|

as j — +o0. In particular, ¥,

weakly in P(L3(T)) towards u*. Moreover, ,u( ) has uniform moment bounds with respect to j thanks
0 (3.2), Lemma 3.30.(i) and Proposition 3.19;

[V

As a consequence, (,ug\(;j )jen satisfies a uniform integrability condition in the sense of [102, Definition

L?(T)] =E [H\I’%VHZS(TJ =K [Hvug] <C%, Wp>2. (3.50)

6.8.(iii)| and thus, is converging for the Wasserstein distance in Po(L3(T)) towards p*.
Step 3. Relative compactness of (,ug\lfj)_)jeN and (M%)jeN in P2(L3(T)). The sequences

(,ug\l,;)jeN and (M%)jeN also converge towards u* in Py(L3(T)) by Lemmas 3.30 and 3.31. Indeed, we

have oL
Wo (u%),ug\?» <E U ] <

< S (3.51)
3N
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and

Wy (Mg\z}’ug\?})? <E {HW%V - \I’SSZV‘ ;(T)]

A

E

i [PV ]+ 53z 05V,
20N} HDNJ'V )" 2N? PVl
302,2 01,2

< W + W (3.52)
J J

Step 4. Moment estimates. Finally, the estimates (3.49) follow from Portemanteau’s theorem:

since || - leqé T) is lower semi-continuous on the space LZ(T), we have
2 S Wy |I? 1,2
E |:HUHH3(’]I‘)} < hjn_liile {H‘I/va‘ H&(T)] <C7,
and the same argument applies for | - H12q2 T) and | - [, T) using respectively the sequences of random
0 0
. 2 0
variables (\Ilgvj),V)jeN and (\I/SVJ),V)]-GN. O

The three following lemmas will be useful for the proof of finite time convergence stated in the next
subsection, namely Proposition 3.36. The proofs are given in Subsection 3.3.3.

Lemma 3.33 (Discrete Wol’3 bound). Let Assumptions 3.1 and 3.3 hold and let V be an RY -valued
random variable distributed according to vy. Then, there exists a constant CY3 depending only on v,
pz and Dy such that

s Jov]f] <

Lemma 3.34 (Discrete H} bound in finite time). Let Assumptions 3.1 and 3.3 hold and let (U(t))t>0
be the solution of (3.11) with an initial condition Uy ~ vy. For every T > 0, there exists a constant
C’%ﬁ2 not depending on N such that

E

an [pwe]| <ci
te[0,T] 2

Lemma 3.35 (Moments on the solution of (3.1)). Under Assumption 3.1, for all p € [2,+00) and
T > 0, there are constants C’%p and C%’Q such that the solution (u(t))i>0 of (3.1) with initial condition
ug ~ w* satisfies for all t € [0,T]:

P < (0P 2 < ~1’2.
tes[%%]E [||u(t)||Lg(T)} <% and tes[%%]E [Hu(t)HHg(T)] <Cyp

3.3.2 Characterisation of the limit

In Lemma 3.32 we proved the existence of subsequential limits p* for the sequences of embedded
invariant measures (u%n)) ~>1. Our convergence argument now consists in identifying any such limit
p* with the unique invariant measure p of the solution (u(t)),~, of (3.1) (see Proposition 3.2). We
proved in Lemma 3.32 that u* gives full weight to HZ(T). As a consequence of this result, the
measure p* can be considered as an initial distribution for (u(t));>o. The weak convergence of the

subsequence ugl,j towards p* can be represented, by virtue of the Skorokhod theorem, by the almost

sure Lg (T)-convergence, on some particular probability space, of a sequence of random variables ué%
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towards ug, where uglg ~ ,u,g\lfj, Vi € N, and ug ~ p*. We may define on this probability space, up

to enlarging it, a Q-Wiener process (W%(t));>o defined as in Section 3.1.1, independent of ug and
u%, along with a normal filtration. In such a way, we may consider ug and uﬁlo) as initial conditions
for the solution of (3.1) and the embedded solutions of (3.11) respectively. More precisely, if we
denote by Ug = (Ui, ..,Un;0) the Révj—valued random variable such that U; o = u;o(i/N), and if
we define (U(t))¢>0 the solution of (3.11) starting at Uy, then we define the process (ug\l,j(t))tzo by
My — gy

uy, (t) = \I’NjU(t), for all ¢ > 0.

Given that (ug\lfj) (t))e>0 is a numerical approximation of (u(t))s>0, convergence at time 0 shall lead
to convergence at every finite time ¢:

Proposition 3.36. Under Assumptions 3.1 and 3.3, for every t > 0, we have

lim E [Huﬁj(t) - u(t)‘

Jj—o0

2
] 0
LE(T)

This result is proved in Section 3.3.3 below. Let us explain how this finite time result leads to the

convergence of (fon))Nzl towards p in Po(LE(T)).

Proof of Theorem 3.7: part 1/2. The measure MS\I,J) is invariant for the process (ug\lfj) (t))e>0-

For all t > 0, let uf € P(LZ(T)) denote the probability distribution of u(t). By Definition 3.6 and
Proposition 3.36, we have

Vt>0, lim W (uﬁ?,#,’;) — 0.
j—roo J
By continuity of the Wasserstein distance [102, Corollary 6.11] and Lemma 3.32, this leads to
V>0, Wa(p",puf)=0. (3.53)

From Lemma 2.20, there exists a unique probability measure in P(HZ(T)) coinciding with p* on the
Borel sets of H3(T) (for convenience, we still call this measure x*). The meaning of (3.53) is that this
measure p* € P(HZ(T)) is invariant for the process (u(t));>o. However, this process already has a
unique invariant measure p € P(HZ(T)), so that necessarily u* = u. As a consequence, p is the only
subsequential limit in Py(L3(T)) of the sequence (,ug\l,)) N>1, and since from Lemma 3.32, (ug\l,)) N>1 1S
relatively compact in Py(L3(T)), we just proved (3.16) (see for instance [12, Theorem 2.6]) in the case

m = 1. The cases m = 0 and m = 2 follow from the bounds (3.51) and (3.52). O

Remark 3.37. This last proof shows in particular that p* is invariant for (u(t))i>o0. Therefore it
provides a second proof for the existence part in Theorem 2.7.

3.3.3 Proofs

Proof of Lemma 3.31. Let us decompose the function b as the sum of by and bs, defined by
N L) = — N (Al 1o i1) — Al . 2._ 1?2
vv eRy, bi(v):=—N (A(vi,vit1) — A(vi—1,v;)) and b*:=vDy’. (3.54)

To prove the first inequality of the lemma, apply Corollary 3.20 with p = 2 and recall that we may
take C%0 = 1.

We focus now on the discrete Hj estimate. Let V ~ v and let (U(t))s>0 be the solution of (3.11)
with initial distribution vy. We may compute the dynamics of the discrete Hg-norm of (U(t))i>0 by
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using It6’s formula: for all ¢t > 0,
2 2 t
HDS&U@)H2 - HD%)UOH2 n 2/ <D§\1,)b(U(s)),D§\1,)U(s)> ds
0

+2/t<DS\1,)U(s),d<D5\1,)WQ’N> >+tZHD aH (3.55)

0

It appears that the third term of the right-hand side is a martingale since

Se [ (oo petfa] e[ oo, ) = [lofv]

k>1
< tDyCM? < 400, (3.56)

where we used the stationarity of (U(t))+>0, Inequality (3.42), and the first inequality from this lemma.
Thus, taking the expectation and expanding the drift term, we get

E [HD%)U(t)Hz] —E [HDE\I,)UOHE] +2/OtE [(DYU(s), DYb(U(s)) )] ds+t 3 HD%%’“H;
E>1

Since the process starts from its invariant measure, the left-hand side cancels with the first term of the
right-hand side. Besides, we may drop the time index. Using the decomposition b = b! + b?, we may
sum by parts both the viscous and the flux term, and after dividing by ¢, it remains

WE [HDE\?)VHE]:—H [(DPV, bl (v >]+ZHD(1) ’f <2,/E HD ,/ (12 (V) 3]+ D,

(3.57)
where we used in particular the Cauchy-Schwarz inequality. We can bound the term in the second
square root thanks to Assumption 3.3:

E||[p'(V)[ly] =E NZ (Vi Vier) = AVi1, )
Vz+1 V; o 2
=E NZ (/ A(V;, z)dz + O A(z, Vi)dz> (by (3.13))
Vi1
Vier N V; -
<2E NZ(ViH - Vi)/ AV, 2)2dz| + 2E NZ(Vi —Vi_1) O A(z, V;)2dz
=1 i i=1 Vi1

(by Jensen)
N

Vi
N3 (V= Vi) /V (1+ |z|pz>2dz] (by (3.14))

< 4021[-3

<802< NZV Vio1)?| +E Ni(%—‘fi_l)/j ]z\QPKdz]>
i=1 i-1

—sc2 (& [HD ”VM 2;+1E[<Dss> (v#5) DYV} )
A

| /\

8C% ( CO 21“) , (3.58)
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where we used Lemma 3.31 and Corollary 3.20 with p = 2p7 + 2 at the last line.
Injecting (3.58) into (3.57), we get

W [HDﬁ)UHz] <2/ [HDE\Q,)UHQ \/40/24130 (1 + C0%x) + Dy,

Applying Young’s inequality on the right-hand side, we get

WE [HD | } <E {HD( o ] +402D (1 +C%7) + Dy,

which rewrites

1

E [HDE@UHQ < 40%% (1+co2rx) 4 20

Since the right-hand side does not depend on N, we get the result. O

Proof of Lemma 3.33. From summations by parts and Holder’s inequality, we establish a discrete
Gagliardo-Nirenberg inequality in the following way (similar inequalities in the multi-dimensional case
are given for instance in |18, Lemma 6| or [11, Theorem 4]):

N
Z|Vz+1 vi[? Z( i1 — Vi)?Viga — Vi
=1
N
=-E > Vi((Vig1 = Vi)[Vigr = Vil = (Vi = Vi) |Vi = Via|)
=1
N
=—E | Vi((Vigr = 2Vi + Vi) [Vigr = Vil + (Vi = Vier) (IViga = Vil = [V = Viea)))
=1
N N
<SE Y VillVier = Vil[Vigr = 2V + Viea| | +E | D Vil[Vi = Viea|[Viga — 2V; + Vi
=1 =1
N 6 N 3 N %
2B | Vil E|D Vi —VilP| E | [Vier = 2Vi+ Vit
=1 =1 =1

Dividing on both sides by E[Y, |Vi4+1 — Vi|*]'/ and then passing to the power 3/2, we obtain
1 3
1 N 1
E > |Vigr — 2V + Vi ?

1=1

S 23/2E

N
E > [Vip —Vi]?
i—1

N
K
=1

Multiplying on both sides by N2, we derive the inequality
3 1/4 273/4
= [PV < 2vam [ivi] e oV
and we conclude thanks to Proposition 3.19 and Lemma 3.31:

e [HD%)V‘E] <2v2 (00,6)1/4 (02,2)3/4 —. 013 0
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Proof of Lemma 3.34. Let Uy ~ vy. Using the decomposition b = b! + b? introduced at (3.54),
we may expand Equation (3.55):

HD%)U(t)Hz - HDg\l;)U()Hz-FQ /Ot <D§$>b1(U(s)),D§§)U(s)>ds+2y /Ot <DS\1,)D§3)U(3),D§\1,)U(3)> ds

+ z/ot (DYU(s),d (DYWEN) (s)) +1 HDg)akHz. (3.59)

We shall address the second term of the right-hand side by applying (3.18) and Young’s inequality:

2 / t (DWb(U(s)), DYU(s) ) ds = 2 / t (b'(U(s)), DPU(s)) ds
0 0
< ;V/OtHbl(U(s))H;ds—i—Qu/otHDE\%)U(S)szs. (3.60)

As for the viscous term in (3.59), Equation (3.18) leads to

o /t (DYDPU(s), DYU(s) ) ds = —2v /t HDg\Q,)U(s)Hst. (3.61)
0 0 2

Thus, injecting (3.61) and (3.60) into (3.59) and using the bound (3.42) results in:

t t
HD%)U(t)HQ < HDE@UOHQ + 1/ b1 (U(s))]||2 ds + 2/ (DYU(s),d (D%)WQ*N> (s)) + D,
2 2 2v 0 0
(3.62)
Taking the supremum in time and the expectation over the second term of the right-hand side, by
stationarity of (U(¢))¢>0, we get the bound

tg[%%,]g,,/ b'(U ))Hst]§2yE [/0 b (U ))Hgd]

L OTE (b U] ds = & [[lo! o) 2]

Applying now inequality (3.58), we get

2C2TD,
[ sup / Hb1 ))H;ds] < A720 (1 —1—00’2’7). (3.63)
telo,T] 2V v

We now turn our attention to the third term of the right-hand side in (3.62). Recall that by (3.56),
the process ( fot <D%)U(s), d (D%)WQ’N ) (s)))t>0 is a martingale. Therefore, applying successively the
Jensen and the Doob inequalities, the It6 isometry, the Cauchy-Schwarz inequality and Lemma 3.31,
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we get
1/2
E Jup /Ot <D§$)U(s),d(D§§)WQvN) (s)>'] <E e, /Ot <D§§)U(s),d(D§$)WQvN> (s)> 2]
<oE| /0 ' (DYU(s),d (DYWEN) (s)) 2] "

1/2

— 9E Z/ D s),DVo k>2ds

k>1

1/2
2

2

911/2
o [foguf] (x|t

k>1
2T
< 2/TC12Dy = Do/ == (3.64)
14

Now, taking the supremum in time and the expectation in (3.62) and injecting (3.47), (3.63)
and (3.64), we end up with

2 202TD oT
sup DS\I,)U(t) <Cch? 4 B (1+ CO’QPX) + Do\/ — + T'Dy.
2 V2 v

t€[0,T]

E

Since the right-hand side of the above inequality does not depend on N, the result follows. O

Proof of Lemma 3.35. Let p € 2N* and let us repeat the proof of Lemma 2.15 up to (2.23). When
the initial condition ug is random and has distribution p*, this equation writes

B [lutt A Ty = B [luollge] & [ [ [ o >><>p1dxds}

—up(p— [/MTT/au s)P- ded] ZE[/MTT/ yp=2 da:ds],

k>1

for all ¢ € [0,7] and r > 0, where T, is a stopping time converging almost surely towards +oo as
r — 400 (by Corollary 2.18). Using (2.24), the non-positivity of the third term of the right-hand side,
and bounding the g;’s by their supremum, we get the inequality

9 [7AVAS
ol B [ ol 0]

k>1

E [Hu (t A TT)H@S(T)} <E [HUOHLP(T }

Using now Lemma 3.32, (3.3), (3.5), and Inequality (2.18), we get
pp—1 —2 _9
E [llu(t ATy | < €%+ (2)130 <c§” ) ( +E {Huouﬂ ) )D +CF )t) ,

where the constants Cép 2 and Cﬁ(p _2), defined in Chapter 2, depend only on v, p and Dy. Using once
again Lemma 3.32, letting » — 400 and bouding ¢ by T', we obtain

—1 _ 7 ~
limsup E [Hu(t/\T E, ] <% 4 p(p2)D0 (Cép D1+ COP2) 4 Cf 2)T) = OO,

r—00
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Applying Fatou’s lemma on the left-hand side, we get

E|u(®)ly | < CO7,

and since the right-hand side does not depend on ¢, we get the first wanted inequality in the case
p € 2N*. The general case p € [2,400) then follows from the Jensen inequality.

To prove the second inequality, we start from Lemma 2.17 which, when wug is random, gives the
estimate

B [Ju(e A ) Egm] < E (ol + Cr (14 |l %%, |) + G
from which we deduce, by applying Fatou’s lemma on the left-hand side and Lemma 3.32 on the

right-hand side:

EWMW%WJscm+cmyuﬁmﬁﬂ+@T:¢gz 0

We now turn to the proof of the main lemma in this section:

Proof of Proposition 3.36. In all this proof, for notational convenience, the subsequence (Ug\g)jeN
will be denoted by (ug\l,))Nzl.

Step 0. Decomposition of the error. Let us fix a time horizon T' > 0. We introduce the
stopping time

Tm,N = inf {t >0 flu®lgrer) v Hug\lf)(t)HHl(T) > M} ,
0

and we split the expectation in two parts: for all ¢ € [0, T,

EHJWQ—u@( H<” ]2 li<r +EHM%w—u@f Lor |-
N L2 (T) Lg(’]l‘) STM,N N L%(T) M,N
(3.65)
We will address the first term of the RHS in the steps 1 to 6, and the second one in the step 7.
We have
E {[uld ) - ‘2 1oes <E‘@m@MNAo—uuMNAwV (3.66)
7 TG B A ’ 3m)’

and we will use this localization argument to take benefit from the local Lipschitz continuity of the
non-linear term which, by use of the Gronwall lemma, will lead us to show that for any fixed M > 0,

2

1t§TJVI,N:| N—)oo; 0.

EU@?@—U@‘

L§(T)
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Applying 1t6’s formula [35, Theorem 4.32] and taking the expectation, we have

E [Hug\l,)(TMyN At) —u(Tarn A t)’ i%(T)]
—F [H ¥/ —u(0) i%(T)]
_9E [ / e / (s (5,2) — us. )
(2)V zﬂmwnuml@xmm>%W}—&)—@A@%@wﬁ)@%}

9 [ /0 e /T () (5. 2) — (s, 2)) (8,4 () (5.2)) — B ACu(s, ) dxds}
/OTMWM/T (ug\lf)(s,x) — u(s,az))

N .
<N2 S” (Uisi(s) = 2Ui(s) + Ui-1(s)) 6 (a; - sz> — Opgul(s, a:)) dxds]

i=1

+) E /TMNM/ <Zak¢5N ( —'> —gk(x)>2dxds

k>1
= I+ I (8) + I (1) + I (t) + I3 (1),

+ 2VE

where the local martingale term vanished thanks to the localisation. From Step 1 to Step 5, we will
get an upper bound over each of the terms IlN, l=1,...,5. More precisely, for all [ = 1,2,4,5, we will
show that there exists a sequence (E{V )nen of non-negative real numbers not depending on ¢ such that
limpy o0 sfv = 0 and such that the following inequalities are satisfied for all N € N and all ¢ € [0,T7:

v <ey, (3.67)
Nt <E [/TM’NM Hu(l)(s) — u(s)‘ ’ ds] + el (3.68)
IN(t) < —2E [ / e [ ) — uts)| ds] LN (3.69)
() <. (3.70)

In the case [ = 3, we will show that there exists a constant v3; > 0 not depending on N nor ¢ such
that

Tm, NNt
INV(t) < 2uE [/
0

Step 1. The initial condition. By the construction of the sequence (u%)) ~N>1 in Section 3.3.2,
we have almost surely

(1) 2 Tm, NNt 2
‘uN (s) — U(S)HHl(T) ds] +mE [/0 L2 ds} .
0 0

— (3.71)

Jim[[u)(0) = u(0)

Moreover, Proposition 3.19 and Lemma 3.32 ensure the uniform bound with respect to N over the
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following fourth order moment:

E [HW(O) ~ (o) !

J =S [Hu%)(m‘ iamr)

<8 [P O, .| + 58 [luolym] oy 62)

< 16C%*  (by Proposition 3.19 and Lemma 3.32), (3.72)

e | + 82 [lu@ltyn)

and the convergence of I}V towards 0 follows (see for instance [12, Theorem 3.5]). Thus, since I{¥ does
not depend on ¢, we may take eIV := I}V,
Step 2. The flux-numerical flux approximation. Using Young’s inequality, we have

By <e[ [ e -, o
. 2
+E |:/OTAqu /T <§:N (A(Ui(s),Uizr(s)) — A(Ui-1(s), Us(s))) 5\1,) (x - Zif) — 0, A (ug\l,)(sw))) dxds] )
i1

(3.73)

We focus on the second term of the right-hand side which we can rewrite by

/oTMWAt i /il ( (N (A(Ui-1(5),Ui(s)) = A(Ui-a(s), Ui—1(s))) — 9. A <u§\lf)(8’ x>>> v (x - Z_N1>

=1 N

2

E

N2
+ (N (A (Ui(s), Uip1(s)) = A(Ui-1(s), Ui(s))) — 0:A (ug)(sjw))) e <5’3 - ]if> > dedS] ;

which we control by the following upper bound
Tm, NNt N ﬁ - _ (1) 2
2R /O S [ (N (AU (6. U9)) = AW2(5),Uia () = 02 (u (513 )

1=1""N
_ _ 1) 2
+ (N (A(Ui(5), Uis1(s)) — A(Ui=1(s),Ui(s))) — 0,4 <uN (s,x))) dads|.
By definition of u%), we have for all s > 0 and all z € (F, %], 8$u§\1,)(s, x) = N(Ui(s) —Ui—1(s)). Let

us now focus on the second term of the above integrand and observe that by symmetry, the left one
may be treated in exactly the same way. We have thanks to (3.12):

— — , (1) 2
N (AUA(s), Ui ()) = AUima (), Ui(s))) = N(Ui(s) = Uima(s) A’ () (s.)))

= (N (A(Ui(5), Ui (s)) — A

/N

A(Ui—1(s), Ui(s)))

~ N(Ui(s) — Ui_1(s)) (alz (ugp(s, z),uld (s, :1:)) + 9 A (u§§>(s, 2),uld (s, :c))) )2

(s 2
<2 (N / i (alz(z,Ui(s)) — 94 (ug¢><s,m>,ug><s,x>)) dz)

U;—1(s)

Uit1(s) :
+2N? ( /U o agA(Ui(s),z)dz(Ui(S)Ui1(3))82A(us\lf)(svx)7u§\lf)(s’x))> -
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In the following computations, we will get upper bounds on the terms

=1

Igl (N/[;]i(S) (81Z(2,UZ-(3)) 81A< (1)(3,95)

2
" ,ug\l,)(s,x)»dz) dzds| ,
1(s

2

(1)(3,33)) > dxds] .

— (Ui(s) = Uia(5)) 024 (u) (s, 2), uly

We first look at the term 12V ().

The function ;A is uniformly continuous on [—M, M]2.
particular,

In

Ve > 0,30 > 0,max (jw — zl, [y — 2]) < dure, max {Jwl, 2], [yl [2[} <M = |01A(w

Furthermore, for every s < 7p7 v, by Lemma 3.30 and (3.3), we have sup,_; _ n |Ui(s)| = ||u§\1,)(s) lzge(m) <

||u§\1,)(s)HH&(T) < M. Let C’éM) be a local bound of 31 A and 92 A over the square [—M, M.
Let € > 0. We have

)= A(r,2) < .

I3 (t)
TM,NAE N % Ui(s B ,
) /0 / 1 (N/U A(z,Ui(s)) — 1A (u%)(s,x),ug\lf)(é‘,x» )d21|Ui(s)Ui1(s)|<6M,g) dxds]
L =1 N
[ At N % Us(s ,
+E / / N Z U( )) alA( (1)(S,$)7u§\1[)(s,x))> dZ1|Ui(S)_Ui71(S)|>6]w’E dxds
0 =1 Zji\rl U;_1 8)
[ NNt N + Ui (s 2
S ]E / Z/ N/ Ele'U S) Uz—l(s)‘S(;]\LE dde
0 i1 le U

T, NNt N
+E /

(
£

2
(&) _TT. 1/2
/ 20§M)dz 1Vits) ?;2‘1 O dras
Ui- 1 5M,€

(

4(08]”))2 ‘ N
<&’E /NZ]U 1(s)?ds| + 5/ E (N |Ui(s) = Ui (5)|3] ds
M,e 0 i—1
(M)) 2
- o] Eff o
4 (CgM))Q T3
<eret? + Bare (by Lemmas 3.31 and 3.33).

Since ¢ was chosen arbitrarily, it follows that e, := SUPye(0,7] I, () satisfies limy o £); = 0.
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As for the term I3%,(¢) we have

TMm, N/t N £ Ui+1(8) o o
/ Z/N N2 / <82A(Ui(s),z) — 0 A (ug\lf)(s x), ug\lf)(s x))) dz
0 1;1 U1(S)

i=1

Ié\;(t) =E

2
+ (Uiz1(8) — 2Ui(s) + Ui—1(s)) 92 A (ug\l,)(s, x), uﬁ\l,)(s, x)) ) dxds]

At N ¥ Uiyi(s) _ _ ?
< 2E {/ Z/N N? </ : ((’32A(Ui(5),z) — A (ug\l,)(s,x),ug\l,)(s,xg) dz) d:z:ds]
0 — i—1

i=1Y "N i(s)

+2E

/TMNM 3 / N2(Uss(s) = 2U3(s) + Vi1 ()04 (u “(s,x%u%)(&@fdxdsl
0

=1
=: 10 1 (t) + I35 5(t)

Now, the term I, ;(t) can be treated the same way as IV (t). In particular, )y | := SUPyeo,7] Y, ()

satisfies limy 00 €05 1 = 0. As for I3, 5(t), we have

L35(t) < (CéM))z [/TM NMNZ Uir1(s) — 2Ui(s) +Ui_1(s))2d8]

<2 (ch>)2 /0 'E [N i(mﬂ(s) — 2Uy(s) + Ui_l(s))Ql ds

i=1
_ (n)? 1 @7 ||
=2(c")" | Joiuil
CQ 2
<2 <CéM)) T— (by Lemma 3.31)
At last, the sum of all these error terms amounts to an error term &b satisfying the requirements of

Step 0, so that the inequality (3.73) reduces to (3.68).
Step 3. The flux term. Integrating by parts and applying Young’s inequality, we get

(1) = 2E [ / e / 0, (u(5,2) — u(s, 1) (A (u(s5,2)) — Alu(s, ) dxds]
< WE [/TM NM/ 0, (s, 2) — yu(s, ) dxds]

[/TMNM/ 5,2)) = A(U(Safﬂ)))deds} .

Denoting by Ljs a local Lipschitz constant of A over the interval [—M, M], we get

TM,NN\E ) 1.2 M, NN
Npy < gy M / W (g
I3 (t) < 2vE [/0 HuN (s) u(s)‘ ) ds| + 5y E ; HuN (s) u(s)‘

and we set therefore vp, := L3,/(2v).
Step 4. The viscous term. We shall compare the term

JN(s) = /T (ug\lf)(s ) (ZN Uit1(s) — 2U;i(s) + Ui_l(s))qﬁg\lf) (x - ]i[) — 6mu(s,x)> dz,

2
ds} ,
L3()
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with
IN(s) = — /(Oxug\l,)(s,x) — dpu(s,z))?dx < 0.
T

Expanding the product in the definition of JV, we first write
TV(s) = () + J3' () + J5' () + J3' (s),

where
N .
A= [0 SN W) = 20000) + Uia(o0ofy o= )
IN(s) = — /T oD (s, 2)Dupu(s, 2)da
N
5 )=~ [ uls 93N Uiia(6) = 20406) + Uica 3oy <x N) d,
TN (s) = /T (s, 2)Du(s, z)da;
likewise,
IN(s) = T (s) + J3  (s) + J3' (5) + J1 (s),
where

JN(s) = — / 6xu§\1[)(s,x)8zug\l,)(s,x)dx,

IV (s /3UN (s, z)0zu(s, z)dz,
/8 u(s, z)0 )(s,x)da;,
IV (s /6 u(s, x)0zu(s, x)dz.

Integration by parts shows that J3¥(s) = J2 (s) and JJ¥ (s) = J4 (s). We now focus on the computation
of JN(s) — JN(s) and JY (s) — J(s).
Using the definition of ug\l,), we get

T~ T ) = 3 NoUieas) — 20ids) + Uor ()0l ) [0 (o= 5 ) o (- ) a0

i,k=1

al 1 1 1 k
+ ikzﬂ Ui(s)Ug(s) /11‘ qubgv) (:1: — N) &qus\,) <£L' — N) dz.

Direct computation yields

2 if k=1,

) i\ k A
dN T dN T de =<4y fk=ix1,
T .

0 otherwise,

and
2N if k=1,

k
/&M”( —Z> 0p Y <:L‘—N>d:n: LN ifk=it1,

0 otherwise.
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As a consequence,

N
I (6) = TN (8) = S0 N Wi (o)~ 20(5) + Uica o)
=1
N
+) "Uils) (—-NU;—1(s) + 2NUi(s) — NUjs1(s))
i=1
N
%Z(Uﬂ_l(S) - QUZ‘(S) + Ui_l(s))2 = 6% HDE\%)U(S)HQ .

2

GLNUFI(S) +3lNU( )+ 6§VU1+1( )>

i=1
By Lemma 3.31, we deduce that
2,2
< .
| < 5w

B[] s) = 7 (s)
In order to compute J(s) — JN(s), we first rewrite

/8usa:8u()( x)dx

As a consequence,

() = T (s) = - ﬁ:N(Ui+1(S) ~ 2Ui(s) + Uia(5)) <N/T“(S"T) v <‘”” - N> de < N)>

_ ZN Ui (s) — 2Ui(s) + UH(S))/T <u(s,$) —u <5, ]ZV>> O <$ - le> dz
- - gj N W) = 200) + Vo) [ [ oruton sy (= )

Using the rough bound
/ Datu(s, y)dyoy (90 - Z) da
TJZL N
N
i+1

() = (s (<2ZN!U1+1<>—2Ui<s>+Ui_1<s>r | oeats.la.

N

we write .

i+1
<2 " d
< [, Oeuls y)ldy,

N

whence
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By the Cauchy-Schwarz inequality,

E [‘ng(s) - %N(S)H < 2NJ E

By Jensen’s inequality and Lemma 3.35,

N i1 2
B Z( I |6xu<s,y>\dy> <

=1 N

,_.

it

E [ﬁ; </N |Opu(s y)dy>2].

(2

N
> |Uita(s) = 2Ui(s) + Ui-a(
i=1

46,1,2
E [llu(s) 130y | < =2

NG
< V- T

B[] (s) = 3 (s)]| -

Coming back to the expression of I} (t), we have

T, NNt
IN(t) < 20K {/ JN(s)ds]
0

Tm NN t
< WE [/ | jN(s)ds] —1—21// EHJ{V( — TN ds—|—21/ EHJ TN (s )H ds
0 0

0
T™M,N/\E 2,2 8Tv 02’20 )
< _WE [/ TC**y n \/ T
0 N
T, NAE
=: —2VE [/
0

(1) 2
’uN () _U(S)HH(}(T) ds] T
Step 5. The noise term. We have

) =E / "y (ZJ%N (0= 5) - anle >>2dxds]

= -

As a conclusion,

2
ug\lf)(s) — U(S)HHl(T) ds] + .
0

k>1
‘ 2
<t (Z ofply < Z> - gk(fﬂ)) dz.
Tr>1
Using the fact that (;5% (z—54) + qb(l) (x— %) =1, forall z € [(i —1)/N,i/N], we get

1 <t2/ Z( A=) 8 (= 1)+ (o) o (o 2))

and by periodicity of the indexes, we can say that

Nt <2t2[12< /N y)dy — gi(x )>2¢S\})<x—]@>2dx

4 i 9 . )
" 1 1
= Qtzﬁl > (N [1 (gr(y) — gk(ﬂU))dy) o (x _ N> da
=1 N k>1 ~
N 4 kA
= N 9k(y) = gx(x))*dydz  (since ¢(1) < 1 and by Jensen
- . Q
N i i
N[N Do 2Dy _2TDy
SthZ[l/zl ﬁdydxzwg N2 =:¢c5.
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Step 6. Conclusion for the “bounded” event. Summing all the IiN terms, we get for all
te[0,7T)

2

TM, NNt 2
E [HUS@(TM,NM) —U(TMJV/\t)’ ] (14~ E [/ Hu%)(s) —u(s)HLQ(T) ds] el el 4l el
0 0

L3(T)

We set eV :=elV + &l + el +elY. By (3.66), we have

([0 - o) 1] < 0 [ & [l - )

Thus, Gronwall’s lemma applies and gives

2 2

1<, ds+ &V
L3(T) s< IVI,N:| +

L§(T)

2

E |:Hu§\1f) (t) - u(t)‘ 1t§TM,N

Step 7. Conclusion of the proof. We want now to take care of the second term of the right-
hand side in (3.65). Using in particular the Cauchy-Schwarz inequality, Proposition 3.19, the Markov
inequality, Lemma 3.35 and Lemma 3.34, we have

] < NI+t
L3(T)

2

E [Hugm - u(t)} e
—E [Hug\l,)(t) - u(t)‘

<E [H@;’w —u(t)‘

1t>TM,N:|

2
1
L3(T) T supaciog u(s)Hémvsupse[o,ﬂHu%)@)HH;(TfM]
4 o 1/2
Pl sup |u Vo sup ||u >M
L%(T):| SG[OI,)H ” ( )HHI s€l0 p H N )HH&(T)
s A 1/2
<8 (E [HUN (t)HLg(T)} +E [H“(t)”L%(T)D
1/2
. M>>
H(T)

><(P<sup ||u<s>HH01<m>M> <sup\ )|
s€[0,4] s€[0,]

< VB (e ) <P<sup )y >M)+ E[sup o),

s€0,t] s€[0,t]

o)

Furthermore, as (u(t));>o is continuous from [0, +00) to Hg(T) (see Proposition 3.2), the random
variable sup,co 4 [lu(s)| i (r) 1s finite almost surely. As a consequence,

1/2
~ 1/2
<8 (0074 + 0%4) (]P’ ( sup [w(s) gz ry > M) + MCT’ >

s€0,t]

lim limsupE [HUN (t) —u(t )HL2 1t>7-MN} =0.

M—=00 Noo

Combining this inequality with the conclusion of the step 6 yields the wanted result. O
3.4 Convergence of invariant measures: split-step scheme towards
semi-discrete scheme

In this section, we aim to prove the second part of Theorem 3.7, namely Equation (3.17). The structure
of the proof is the same as for the first part of Theorem 3.7. In Subsection 3.4.1, we show that the
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family of probability measures {vy a; : At € (0, Atmax]} is tight in P(RYY) and then relatively compact
in P2(RY). In Subsection 3.4.2, in a similar manner as in Subsection 3.3.2 for the semi-discrete case,
we identify each subsequential limit of the family {vy a¢ : At € (0, Atmax]}, when At — 0, as the
invariant measure of the process (U, )nen, which leads to the final part of the proof of Theorem 3.7.
Subsection 3.4.3 contain the proofs of the lemmas stated in Subsections 3.4.1 and 3.4.2.

3.4.1 Tightness, relative compactness and some estimates

Lemma 3.38 (Tightness). Under Assumptions 3.1 and 3.3, for any N > 1, the family of probability
measures {vy at : At € (0, Atmax]} is tight in the space P(RY).

Proof. We established at Proposition 3.27 that a random variable V ~ vy A, satisfies the discrete H&
estimate:

2]
o[ o] <o
Since ||D§\1,) -||2 defines a norm on RY', the result follows from the Markov inequality. O

Lemma 3.39 (Fourth-order moment). Under Assumptions 3.1 and 3.3, there exists a constant ">
0, depending only on Dy, v and Atmax, such that for any time step At € (0, Atmax] and any random

variable V.~ vy a¢, we have
0,4

4 =

E[IvIi] <
Corollary 3.40 (Relative compactness). Let N > 1. Under Assumptions 3.1 and 3.3, the family
{vnae s At € (0, Atmax]} is relatively compact in Pg(]RéV).

Proof. By virtue of the Prokhorov theorem [12, Theorem 5.1] and Lemma 3.38, any sequence extracted
from {vnar @ At € (0, Atmax]} admits a weakly converging subsequence in P(RY). Let v* be a
subsequential weak limit and let (vx a¢;)jen be a sequence weakly converging towards v*. Let (V);jen
be a sequence of ]Rév -valued random variables such that V; ~ vy, At;- By virtue of the Portemanteau
theorem, since || - || is continuous (and thus lower semi-continuous) on R, we have

E[IVIi] < timintE v, 5] <,
j—00

so that v* admits a fourth-order moment and thus belongs to P4(RJ). Moreover, it follows also
from Lemma 3.38 that the sequence (v, At; )jen satisfies a uniform integrability condition in the sense
of [102, Definition 6.8], and the result is now a consequence of [102, Theorem 6.9]. O

Lemma 3.41 (Finite time bound). Let Assumptions 3.1 and 3.3 hold, let T > 0 be a time horizon
and let (Uy,)nen be a solution of (3.15) with an initial condition Uy ~ vy ar. There exists a constant

6%2 depending only on Do, T, v and Atmax, such that for any time step At € (0, Atmax], we have

—0,2
E| sup |Ul3| <Cy.
nzO,l,...,L%J

3.4.2 Characterisation of the limit

As in Subsection 3.3.2 for the semi-discrete scheme, we want to use a result of convergence in finite
time of the numerical scheme (3.15) in order to identify each subsequential limit of the family {vy as :
At € (0, Atmax]}, when At — 0, as the invariant measure vy for the solution of Equation (3.11). By
virtue of Corollary 3.40, let v* € Po(RY) and let (At;);en be a sequence of time steps decreasing to
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zero such that Wa(vy a¢;, V™) converges to zero as j — +o0o. By virtue of the Skorokhod representation

theorem, let (U(()j )) jeN be a sequence of R(])V -valued random variables converging almost surely to Uy
such that ‘

Ugj) ~VNaAt;, VjEN and Uy ~ v*.
As we described in Subsection 3.3.2, up to an extension of the probability space, these random variables
may be considered as initial conditions for the equations (3.11) and (3.15) (driven by the same Wiener

process).
Lemma 3.42 (Finite time convergence). Let Assumptions 3.1 and 3.3 hold. Let (U(t))i>0 be the
solution of (3.11) with initial condition Ug and for all j € N, let (U,(f))neN be the solution of (3.15)

(J)

with initial condition U For any j € N, we define the piecewise constant approzimation (ﬁ(j)(t))tzo

of Uy by U(j)( t) = uY z'ft € [nAtj, (n+ 1)At;). Then, for all T > 0,
2
lim sup E [HU U(t)H ] =0.
J—00 40, T 2

Proof of Theorem 3.7: Part 2/2. The arguments are identical to the proof of the first part. O

3.4.3 Proofs

Proof of Lemma 3.39. Let (Up)peny = (Uin,...,Unn)nen be a solution of (3.15) with a de-
terministic initial condition ug. By convexity of the function v + v*, for any a, € R, we have
(a — B)* > a* — 4a3B. In particular, for any i € Z/NZ, taking o = Ui7n+% and 8 = Atbl-(Un+%), we
have
4 _ ) 4 3 )
Ul = (Uinss — Ath; (Un+%)) > U =407, At (U, ).

Hence, expanding the drift function and summing over ¢, we get

4
104132 Uy

" (z(Um+1,UZ+1n+ )—Z(U i1 Ui ))
YWIN; <Ui+%,D§3)Un+%> .

We know thanks to Lemma 3.12 that the second term of the right-hand side is non-negative. Summing
by parts the third term, we get

4
1013 = [0,

1 1)
(D{u2,,.pYU, ).

From Lemma 3.11, we get
4

Ul > HUn+1 (3.74)

2llg’
On the other hand, let us look at the second step of the scheme (3.15). By the Constructlon of
the split-step scheme, the random variables Uint 1 and AWZ n’ 41 are independent. Since AWEN o

i,m+1
N(07At2k21(0 )?) and Zk>1( k)2 < Dy (by (3. 9)), we write

B (100 12] =& | [0y + AW ]
:E: U, } Z 2 (awgh)’ +E[HAWMH ]
gE: U, 4] + 6Dy ALE [HUn+1 z] + 3D2AP (3.75)
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Combining Inequalities (3.74) and (3.75), we get

2 4
E [||Un\|jﬂ >E [||Un+1||j] — 6DoALE [HUMl 2] _ 3D2A#2 + 3vALE [HUml J
from which we get a telescopic sum:
n—1 4 n—1
3uAtY E [HUH; 4] < [luolt - [HU I ] —|—6D0AtZE {HUH ] + 3nD2A.
=0
Thus,
2Dy 2 D(%At
ZFMW+]_%N|ﬂﬁ- ZEWMQ} == (3.76)
Recall that from Lemma 3.10 and Equation (3.40), we have
n—1 n—1
1 2l _1 1) 2] _ |lwoll3 | Do
w2t [HUH; 2] < LE [HDN Uiy 2] < oonni T 3 (3.77)

Injecting (3.77) into (3.76), we get

1
— E||U
n Z [H l+3
1=0
Using now the same arguments as for the end of the proof of Proposition 3.19, letting V ~ vy a¢, we

get
4 2 2
E [Hvl ] < D6 Doat_ Dy < +At>
2114 v v v

To conclude, we use Inequality (3.75) once again:

2D0 HuOH2 DQ DgAt
luollz + =77 <2ynAt+ =

1
_3At

E [Hvujﬂ <E {Hvl

2
< <% (1 + At) SDoAL 3D2AL?
14 1%

1 1
§ D(% < + 3Atmax> < + Atmax) .
14 14

Proof of Lemma 3.41. Let us repeat the proof of Proposition 3.27 up to Equation (3.37). For all
n=20,1,..., LAtJ we write

] + 6DyALE [HVI

] + 3D3AL?

O

n—1
1Ual13 = 1005 + > (1004113 - 1U113)
=0

n—1
2
2 1
< [Uoll3 - 2vat Y [DFU,, |
=0

n—1
Q?
< z+17AWz+1 >+ Z HAWZ—H H
=0

The viscous term may be removed from the inequality. Taking the supremum in time and the expec-
tation, we get

[T/Atj 1
E|  sw U3 <E[[Uo3]+2E| s E HAW

n=0,1 n=0,1,. {Al

Q,N
<Ul+1 AWlJrl > I+1 H

e At =0

(3.78)
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First, by Lemma 3.10 and Proposition 3.27, we have
2 _
E [[0alE] < £ |[p{ 0| <

Noticing that the process ( (Ul +1 AWZ 1 >)n21 is a martingale, we get by applying successively
Jensen’s and Doob’s inequahtles to the second term of the right-hand side,

n—1 - 2 1/2
N b
E ) <Ul+%7 AW > <E Z <Ul+§7AWiQ+1 >
n= 0,1, ,LAl =0 n= 0,1, ,LAE =0
\T/At) 1 21/
<2E|| Y (U, awgy)
1=0

From (3.15), we may observe that each increment AWl +1 is independent of the family (U, 1 AW N)
Therefore, letting V ~ vy a¢ and letting V1 be the random variable satisfying Vi =V —|— b(V;),

2 2 2
have

n—1 |T/At)—1 1/2
B, Z<Uz+évﬁwﬁiv> <E| Y (U awEY)[
n=0,1,..., 1=0 1=0

1/2

<23 5o e Jawes]]

<2/mar (| IV,
< Doﬁ (by Lemma 3.10 and (3.34)).

])1/2 (by (3.35))

Injecting this bound into (3.78), we get

_ 5T
E| sup U2 <CT7°+2Dgy/ = + TDy. O
14

neo.1..| £

Proof of Lemma 3.42. Step 0. Decomposition of the error in two events. Let T > 0.
We start by introducing the exit time of some ball for the time-continuous and the time-discretised
processes:

P = inf {t >0 [UR)2V Hﬁ(j)(t)Hz > M} .

Then, we decompose the approximation error according to whether or not the discrete and continuous
processes stay in the ball of radius M: for all ¢ € [0, 71,

E [HUU)@) _ U(t)Hj] —F [HU@ (1) — U(t)H2 1t<pﬂ +E [HU“) (t) — U(t)Hz 1,%)4 . (3.79)

=0,...,1-
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Step 1. Decomposition of the error for the bounded trajectories. For any ¢t € [0,7] and
()
any j € N, let ny a7 := VA&};{ J From (3.15) and (3.11), we write

—() ) ) 4 i ) (1At
oY (t/\pﬂg) —U(Mpﬂ;) ~uf -us+ Y (agb (Uli2> /A b(U(s))ds
1=0 tj

. . t/\Pqu)
+ (t AP — n[t,MJ]Atj) b (U(]) 1) - / b (U(s))ds. (3.80)

neand) 2 [t.0,5] A

From this dynamics, we can decompose then again the first term of the right-hand side in (3.79) in
three terms:

[0 - v 1,.5] <[00 (1202) -0 (11 2) )

<5 ]

ng, a5~ 1 ( )
+2E > (Atb( l+>—

2

(I+1)At;
/ b(U(s))ds)

=0
() 2
. tApPNr
* (t A '0(]) " Mj]Atj) b (U(]) . 1> - / b (U(s))ds
Y N, M, T3 At
[t,M,5]=Y 2
@ 1 ll?
=28 |||V~ Yol (3.81)
_ o )
¢, M,j) ) » " . .
J
H Z Atj <b <Ul+%> - b(Ul )> - (t . Par = n[t7M7j]) <b <U"[t,M,j]+§> —b (U”][t,M,j]>)
L =0 ,
(3.82)
(|| 7m0, 1 (+1)A ) t/\pg\? " 2
AN j B
L /mj "(b (U9 - b(us)) ds + /n . (b(Us),,,) —b(U(s) ds 2
(3.83)

Step 2. Bound over the term (3.83). Let Ljs be a Lipschitz constant of b over the ball
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{|| - I3 € M}. From Jensen’s inequality, we have

w3 / T b (U) - bute)) as + / Mpg‘]}m (b (UR,) ~B(UG)) ds

1=0 IAt; nye,M,5) At

tnp$)
b(Ul(j)> _b(U(s))szs+/n Hb( tMJ]) —bus)|[ as

(t,M,518;

meani Tl 1) At

<ATE | ) /

= Jiag

(e~ 1A : 2 g

< ATI%E / v —U(S)H d8+/ HU H
. 2 ) [t,M,5]
1At e, 515t

[ tApﬁSP

ariye | o o
2

= 4TL / [HU U(.S)H2 15<p%)] ds.

Step 3. Decomposition of the term (3.82). Let Cj; be a supremum of ||b||3 over the ball
{ll - I3 < M}. Using the Jensen inequality and the locally Lipschitz continuity of b, we write

N, a5~ 1 2

AE ZZ; At; (b <U§fé) - b(Ul(”)) (t AP = npary) <b <Uff[37M’j] +;) -b (Uﬁii,M,ﬂD
- 2
e, M 5] 2
<ATIALE| Ul(i)f ~-uV ]
1=0 2
¢, M, j] , 2
= ATALLE [ S b <Ul(f+>1> ]
1=0 2/ 112

< AT (T + Atj) A L3 C,

where at the last line, we have used the fact that for any [ = 0,...,np a5, by (3.35), we have
10,113 < U3 < M.

Step 4. Conclusion for the bounded event. Summing the estimates obtained from Step 1 to
Step 3, we get

IE[HU(j)(t)—U(t)H 1 (])] <9E [Hugﬂ_uom

2 t<pyy
2
+4TL/ [HU )H21s<p§g)}ds

+ AT (T + Atj) A2 L3, Cr.

By construction, the random variable ||Uj b) —Up|2 tends to 0 almost surely as j — +o00. Furthermore,
it has a fourth order moment uniform in j thanks to Lemma 3.39 and the Portemanteau theorem:

2 Joi - ool < ot | sz o

< 80" + 8liminf E [HUgﬁHj < 160

J—00
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Thus, IE[HUéﬁ — Upl|3] tends to 0 as j — +o0. Now, by Grénwall’s lemma, we have

E {HU@')(t) ~uo)|. 1t<p%2] < <2E [HUéj) - UOHj AT (T + Aty) AE L%CM> 7L,

As a consequence,
TD ey _ 2 _
lim sup E |||U(¢t)—U@)|| 1, | =0. (3.84)

J=0 te(0,T] 2 <Py

Step 5. The exiting trajectories. We want to bound the second term of the RHS in (3.79)
uniformly in j. Observing that

{of <t} = sw [UEIBY sw [TV(s H =My
SG[O,t] SGOt 2

we get from the Cauchy-Schwarz inequality, Lemma 3.39 and Lemma 3.16.(ii):
iy 2 L 1/2 1/2
B[00 - v 1. | <2[[0%0 - vol,] F( w0 weRy s [000]) >
2 P> s€[0,t] s€[0,t] 2

1/2
> M) |

As for the second term, we have thanks to the Markov inequality and Lemma 3.41,

1/2
(c + 4 Do 4 (4>T) P( sup |U(s)|2V sup HU” ‘
s€[0,T] s€[0,77]

(s 2
P sup HU(] ’ V sup [|U(s )HgZM <P| sup HU(J)(S)H >M|+P| sup HU(s)H%ZM
s€[0,T] 5€[0,T) 5€[0,T) 2 s€[0,T)
<lg T[] +p Us)|2 > M
< B [ s [09)| ]+ ( sup UGB >
s€[0,T] s€[0,T]
02
< I sup |[UB)|2>M | — 0.
M (SE[QT] H 2 M—o0
As a consequence,
. () 2
lim 1 EHU t—UtHl o =0 3.85
i Tsup sup [ (1) =U®)|, L0 (3.85)

Step 6. Conclusion. In the end, from (3.79) and (3.84), we have for every M > 0,

Y 2 _ 2
limsup sup E [HU(])(t) —U(t)H } <limsup sup E [HU(])(t) —U(t)H 1 (j)<t:| .
j—oo  te[0,T] 2 j—so0  t€[0,T] 2 PM=

Thus, letting M — 400 and applying (3.85) yields the wanted result. O
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3.A Proofs

Proof of Lemma 3.10. Let m = 0. Let p € [1,4+00) and let u € RY be as in the statement. We
have

D S

u1<0
1 p p

S P Y

u; >0 ui<0

N 1 N

S ZlujﬂfujlpﬂLNZNP_IZWJ‘H*WP

;>0 —1 u; <0 j=1

N

G~ = o]

where we used the Jensen inequality passing from the third to the fourth line. We just have proved
the wanted inequality when m = 0 but the case m = 1 is proved in the same way. OJ

Proof of Lemma 3.11. For u € Rév and p € 2N*, we have

(DY), D{u) = N3 (wh] = ™) (i — w)

N Uj41 9
—Np-1)> (w1 — w) / 2P~2d2

=1 t

=N(p-1) i (Uit1 — u;) /Jum <|Z|P/271)2dz

i=1 i
N Uil 2
> N(p-1) Z (/ ]z\p/21dz> (by Jensen’s inequality)
N
_ p - 1) it d p/2
Y ([ & (o)
N

2
D=L 5™ (sign () a2 — sign (o) fus”?)

i=1

2

We can now apply Lemma 3.10 to the vector (sign (us) |u;|P/ )X, and eventually, we obtain

N

3 4(p—1 . 2 _4p-1

(R0 > DS () = D,
i=1

Proof of Lemma 3.12. Let u € R} and ¢ € 2N*. Summing by parts and using (3.12) and (3.13),
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we have
N o o N B
Zugil (A(ul7 ui+1) - A(uifla Uz)) = Z (U ) A(’LLZ, ui+1)
=1 i=1

||
Mz

Uu uz-i—l)d

>0
X[
L

/u ())dz =0,

where A, denotes a function defined on R such that A} (z) = A2V (a=1), O
Proof of Lemma 3.13. (i) Let u,v € RY. From the definition of b, we write

@
I
—

q—1
7
7,+1 .

Mz

- >,z1/(q*1>) dz

-

Il

—_
A

Mz

:

1

.
Il

Mz

=1

N
(sign(u —v),b(u) — b(v)) = — Z sign(u; — v;) (A(ug, wir1) — Aui-1,wi) — A(vi, vig1) + A(vier, v;i)
i=1
N
+ Z/NZ Sign(ui — vi)(uiﬂ — 2u; + Ui—1 — Vi1 + 205 — Ui—l)-
i=1

By periodicity, both terms of the right-hand side can be summed by parts, which leads to

(sign(u —v),b(u) Z sign(u;y1 — vi41) — sign(u; — v;)) (Z(ui, uiy1) — A(vg, vi+1))
i=1 N
—vN Y (sign(ui1 — vig1) — sign(ui — 07)) (i1 — vig1) = (ui = v;)) .
i=1

Observe that since the function sign : R — R is non-decreasing, each term of the second sum is
non-negative. As for the first sum, it follows from the monotonicity property of A that each term is
non-positive. Let us address for instance the case where u; 11 > v;11 and u; < v;. Then, on the one
hand, we have sign(u;4+1 — vi+1) — sign(u; — v;) = 2. On the other hand, we have

Z(Ui, Uip1) — Z(”iv”z#l) = (Z(Uz’, Uiy1) — Z(Ui,viﬂ)) + (Z(uiavi+l) - Z(Ui, Ui+1))
Uj41 _ Vi .
= / D A(ug, z)dz — / 01 A(z,vi41)dz <0.

Vit+1

The case where u; 11 < ;41 and u; > v; is treated symmetrically.
(ii) Let u € RY. We have

N
(u, Z A(ui, uip1) — A(ui—1,u)) + vN Z wi(Uir1 — 2u; + ui—1).
=1 =1

Lemma 3.12 with ¢ = 2 shows that the first term of the above decomposition is non-positive. Summing
by parts the second term yields the result. O
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Proof of Lemma 3.30. (i) The wanted equality follows from standard computations.
(ii) Let us start with the first inequality. We have

iamr) - /T (i vl (x - Z_Nl) L 4@+ ﬁ:“iN <Z+N1 - 95) 1, m(@)

H\Ifg\lf)v — \I’E\?)V‘

As for the second inequality, we have

2
H\IIE\Q,)V — \IJE\O,)V‘

—Z/

L§(T)

<’UH_1 (Ne —i)(Nx — (i — 1)) —vj(Nx — (1 — 1))(Nx — (1 + 1))

2
—|—%vi,1(]\7x —i)(Nz — (i +1)) — w) da

AE o 1 , o 1 | O\
:Z _ §vi+1(Nx—z) —i—§vi+1(Nx—z)—vi(Nx—z) +§vi,1(Nx—z) —gvi,l(Nx—z)

=1 N
N i :
N 1 1 ]
< 3Z;/i1v1 <<2Ui+1 —v; + 2vi_1> (Nz — z)2> dz
1=
N i 9
N 1 1 _
+3Z/i ) ((21)1‘_:,_1—21)1') (Nx—z)) dz
=1 N
N 1 1
+3Zﬁ . <<2vi—2vi1> (N:c—i)) dzx
=1 N
=1 Z(viﬂ —2u; + ’Uil)2/ ) (Nz —i)*dx + 3 Z(’UiJrl - vi)2/ (N —i)?dx
i=1 N i=1 e
_ 3 p® 2
- 20N* H H ToNe 2N2 HD H ‘ -



Chapter 4

Numerical experiments

Résumé. Ce chapitre correspond a la section 5 de [19]. On présente des tests numériques illustrant
les théorémes 3.5 et 3.7 dans le cas de l’équation de Burgers. La stationnarité du schéma totalement
discrétisé est observée via un calcul de la moyenne ergodique. Des bornes supérieures sur les taux
de convergence en temps et en espace, pour l’approximation en distance de Wasserstein de la mesure
mwvariante, sont calculées empiriquement. Enfin, des simulations du spectre d’énergie et du facteur
d’aplatissement (flatness) de la solution stationnaire sont comparées & des résultats théoriques relatifs
a la théorie de la turbulence.

Abstract. This chapter corresponds to the fifth section of [19]. We provide numerical experiments
to illustrate Theorems 3.5 and 3.7 in the case of the Burgers equation. The stationarity of the fully
discrete scheme is observed through the computation of the ergodic mean. Upper bounds on the
convergence rates in space and in time, for the approximation of the invariant measure with respect to
the Wasserstein distance, are derived empirically. Finally, numerical simulations of the energy spectrum
and of the flatness of the stationary solution are compared to theoretical results in turbulence theory.

All the experiments in this section are performed on the Burgers equation, i.e. the flux function is
set to be A(u) = u?/2. Moreover, we will also fix the following set of parameters: v = 107>, ug = 0,
gix(z) = cos(2mkx) for k = 1,...,4 and g = 0 for £ > 5. The implicit equation in (3.15) is solved
numerically by use of the Newton-Raphson method.

4.1 Stationarity

We seek here to give a numerical illustration of the stationarity of the Markov chain (Uflv ’At)neN defined

by (3.15) (in all this section, the number of cells and the time step will always appear as a superscript

in the solutions). As already mentioned in Remark 3.9, by virtue of Birkhoff’s ergodic theorem, for any

test function ¢ : R(J)V — R such that ¢ € Ll(uNAt) and any random variable V ~ vy a4, the process
N,At .

(U7 )nen shall satisfy

n—1

e (UVA) 25 Blp(V)].

n—o0

Y, =

S|

1=

In Figure 4.1, we record the values of the sequence (Y},)n>1 up to the iteration @ = 104, with the
following set of parameters: At = 1073, N = 512, ¢ = cos(| - [|l2). In particular, the time interval
considered here is the interval [0, 10].

The stationary state seems to be reached approximately at time t = 3.
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Figure 4.1: Ergodic mean of the process (80 <U7]1V’At>> N
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4.2 Convergence in space

In the following experiment, we aim to retrieve numerically the convergence result of Theorem 3.7 as
N tends to infinity and for a fixed time step. Instead of computing directly the Wasserstein distance,
we compute the strong L? error with respect to a reference solution computed with N,of = 2'1. More
precisely, we record in Figure 4.2 the values of

1/2

1 n—1 1 Nyef 2
N7At Nrcf,At
— , —U; 4.1
= E:O Nt Z (U[Nrefjgfll)-‘—i-l,n Uin ) (4.1)
n=

as N takes values in {23,2%, ...,2'0} For @ sufficiently large, the discrete processes aim to be close
to their stationary state and thus, the value (4.1) is meant to be an upper bound of the Wasserstein
error approximation of the invariant measure pu:

R AL A 2\ 1/2 o ) , 12
n nzzo Nret ; <UW§$'”1“’" Vi ) ~E {HUN (RAt) = u (mA) L%(TJ
> W, (£ (o) (10)) , £ (u (721)))

~ W (ME\?),M) :

Here, the other parameters are set to: At =103, 7 = 10%.

The result shows that the convergence in space happens at an order of at least 1/2.



4.3. CONVERGENCE IN TIME 107

Slope 1/2

101 4

L™2 Error

T
101 102 103
N (Number of cells)

Figure 4.2: Strong error convergence at a large time with respect to N

4.3 Convergence in time

We apply the same procedure to study the convergence with respect to the time step At. A reference
solution is computed for the time step Aty = 271, and for a number @ = 10 x 2! of iterations, we
compute the following L? error
1/2
2)
)
2

1 n—1
— N’At — NvAtref
m Z HULnAtrefAt*H Un

n=0

which is supposed to be an upper bound of the Wasserstein distance error between the respective

57 1/2
|
> Wy (£ (URAL o) £ (025))

~ Ws (Un At UN) -

invariant measures for (3.11) and for (3.15):

) 1/2
- N,At N,Ate
2) ~E [HUL”AtrefAtlJ U

1 & N,At
— ) _ NvAtref
(Tl, Z HULnAtrefAt*H Un
n=1

This error is evaluated when At takes values in {274,275, ... 2719} and for N = 256.
A rate of convergence of 1/2 also stems from this experiment.

4.4 Burgulence estimates

Endowed with the Burgers flux function, Equation (3.1) may be interpreted as a one-dimensional and
simplified version of the Navier-Stokes system, and as such, it is considered a toy model for turbulence
(the so-called burgulence, see for instance [15, Chapter 1] or [48, 49] in this prospect). According to the
turbulence theory dating back to Kolmogorov, universal properties emerge as a turbulent dynamical
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Figure 4.3: Strong error convergence at a large time with respect to At

system approaches its stationary state. Here, we will try to recover numerically two of these properties
which, in a framework close to Equation (3.1), have been proved rigorously in Boritchev’s work [15].
The first one concerns the decay rate of the energy spectrum. Let u be an L%(T)—valued random
variable whose distribution is the invariant measure p of the process associated to (3.1), and let iy
denote, for any k > 1, the k-th Fourier coefficient of u:

Qg ::/u(x)e_%rkxdx.
T

Here, we call energy spectrum the function E defined for all k > 1 by E(k) := E[|iy|?]. This function
satisfies a specific decay rate [15, Theorem 4.7.3] up to some averaging around the neighbour coefficients
of k. For any k > 1 and any M > 1, we set Sy s := [M~'k, Mk] NN which defines a set of neighbours
of k. We now state the result contained in [15, Theorem 4.7.3|:

Proposition 4.1. There exists an interval I C [0,1], called the inertial range, such that

1
—— Y BG)~k? kel
Skl ()
JESk,m

Here, z ~ y means that there exists a constant C' > 0 such that C~!y < 2 < Cy. The inertial
range I is defined with more details in [15, Section 4.6]. To give a physical interpretation of this
interval, it corresponds to the range of scales in which the energy of the system is transported from
large scales to smaller ones. If we write I = [a, (], the inertial range is positioned between the energy
range [B,1] containing the large scales, which in our case are generated by the stochastic forcing, and
the dissipation range [0, a] containing the small scales dissipated by the viscous term. In particular, «
depends linearly on v.

The second universal property of interest concerns the flatness, that is the function F' defined by

_ E [[;u(z +1) — u(z)[*dz]
E [fT |u(z+1) — u(a:)\zdaj]27

leT,

F(l):
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where wu is a random variable with distribution p. The flatness aims to be an indicator of the spatial
intermittency in the turbulent system described by (3.1). A decay rate for F' in the inertial range is

provided in 15, Corollary 4.6.9|:
Proposition 4.2. Let I be the inertial range from Proposition 4.1. Then,
Fiy~17Y, lel

From (3.15), we computed the numerical approximations of the energy spectrum and the flat-
ness. These computations are plotted in Figure 4.4. More precisely, we used the following respective

approximations:

n—1
1 N A2 N
Bk~ =) U,fft‘ , k:1,...,[2L

N,At

1 —n-11 N N,At

F ~ A
1 vn-1 1 N NAt _ 77N,At
n ano N Zui=1

Ui—l—j,n i,n
A NLAE . . N,At . . ,
Here, U;; """ is the discrete Fourier transform of U, =", which we computed using an FFT algorithm
from the Python library numpy.fft (v1.17). In both experiments, we have taken N = 256, At = 1073,

and 7 = 10000.
The result of Proposition 4.1 seems recovered as the slope of the energy spectrum tends to behave

like =2 in some sub-interval of [0,1]. As regards the flatness, for intermediate scales, a decay rate
varying from the order —3/2 to the order —1 is observed.

‘ 4

j € Z/NZ.
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Appendix A

Invariant measures for the numerical
schemes 1n the inviscid multi-dimensional
case

Résumé. On se propose dans cette partie d’étudier la stationnarité des schémas semi-discret et com-
pletement discret introduits au chapitre 3 lorsque la viscosité est nulle. 1l s’agit de généraliser le résultat
du théoréme 3.5 au cas non-visqueuz. Dans la premiére section, on expose comment les schémas a flux
strictement monotone ont un caractére diffusif exploitable pour assurer l’existence et 'umicité d’une
mesure invariante. Dans la seconde section, ce résultat est généralisé a un domaine spatial périodique
de dimension quelconque.

Abstract. In this part, we study the stationarity of the semi and fully discrete schemes introduced
in Chapter 3 when the viscosity coefficient is equal to zero. We aim to generalise Theorem 3.5 to the
inviscid case. In the first section, we expose how strongly monotone schemes have a diffusive nature
that can be exploited to ensure the existence and uniqueness of an invariant measure. In the second
section, this result is generalised to a periodic spatial domain of arbitrary dimension.

A.1 A remark on strongly monotone numerical fluxes

Let us place ourselves in the setting of Chapter 3 and let us complement Assumption 3.3 with the fact
that the numerical flux A is strongly monotone, that is, there exist A > 0 and a numerical flux function
A satisfying Assumption 3.3 such that

A(u,v) = A(u,v) + AMu — v), Yu,v € R. (A.1)

This notion was used for instance in [82, Definition 5|. We may notice that it is possible to construct
a strongly monotone numerical flux from any numerical flux function satisfying Assumption 3.3 just
by adding a term A(u — v). In particular, there is no restriction on the class of flux functions A
that are covered here. We consider here the function b used to establish the semi and fully discrete
approximations, respectively (3.11) and (3.15), to Equation (2.1) with such a numerical flux. Recall
that this function is defined from R} to RY by its components

bi(v) = —N (Z(vi,viﬂ) —Z(vi_l,vi)) + VNz(vi_H — 2v; + ’Ui_l), S Z/NZ, VvV E Rév.

Using (A.1), we may write

bl(V) =—-N (A(’UZ', UiJrl) — A(vi,l,vi)) + N()\ + I/N)(’Ui+1 — 2v; + ’Ul',l), 1€ Z/NZ
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Observe that the numerical scheme we obtain here is the one we would get with the numerical flux g,
but with some additional amount of viscosity (actually, with the new viscosity coefficient V—i—%). In this
respect, strongly monotone numerical fluxes provide a good example of schemes inducing numerical
diffusion.

In this context, if we take v = 0, the function b still satisfies the L!-contraction property (Lemma 3.13.(i)),
whereas the dissipativity property also holds but with a dependence on N which is not of the same
order as Lemma 3.13.(ii) as we have

(v,b(v)) < —% HD%)VH ,  veR).

2
2
As a consequence, all the qualitative properties of the processes (U(t))i>0 and (Uy)nen obtained in
Chapter 3 hold, and we have notably

Proposition A.1. With a numerical flux of the form (A.1) and a viscosity coefficient v > 0, the
respective solutions (U(t))e>0 and (Up)nen to (3.11) and (3.15) both admit a unique invariant measure
m P(Rév), denoted respectively v and vy At.

However, in the quantitative estimates, all of the upper bounds that relied on the viscosity have
been multiplied by N. For instance, Inequality (3.47) has been replaced by

2 ND
= [[odv] < 5

VNVNa

from which we cannot derive directly the tightness of the family (un)n>1, which is the first step of
our proof of convergence with respect to V.

A.2 Inviscid and multi-dimensional version of Theorem 3.5

The purpose of this section is to generalise, in the inviscid case, Proposition A.1 to the case where the
space variable is multi-dimensional. That is, we prove uniqueness and existence of invariant measures
for semi-discrete and fully discrete numerical schemes that aim to approximate conservation laws of

the form
du = —div (A(u))dt + Y gpdW"(t), t>0, xeT (A.2)
k>1

where
e A c C?(R,RY);
o forall k> 1, g € C(T%) and

/ gk (x)dx = 0;
Td

o (WF) k>1 is a family of independent real Brownian motions.

We consider a mesh 7 on T? constructed as in [47|, i.e. T is a finite family of disjoint open
connected sets which form a partition of T¢ up to a negligible set. For all distinct K,L € T, the
intersection of closures K N L is assumed to be contained in a hyperplane. For all K € T,

N(K)={LeT:L#KKNL#0}

defines the set of neighbours of K.

To discretise the flux in Equation (A.2), we will not use an single function A as in the one-
dimensional case, but a family of functions (Ax_ L) keT,Len’(k), Where each function Az : R? - R
represents the flux of the conserved quantity at the interface K N L.
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Definition A.2 (Monotone family of numerical fluxes). A family of continuous functions (ﬁ K—L)KeT,LeN(K)
from R? to R is said to be a monotone family of numerical fluxes if for all K € T and all L € N(K),
it satisfies the following conditions :

e monotonicity: for all v € R, AVK%L(-,U) 18 mon-decreasing and for all u € R, AVK%L(U,-) is
NON-1NCreasing;

e consistency: _ o
Yu € R, AK_>L(’LL,U) = ‘KﬂL|A(u)-nK,L,

where |K N L| denotes the (d — 1)-dimensional Hausdorff measure of K N L and nk,p, is the
outward unit normal to K on K N L;

e symmetry: _ _
Yu,v € R, Argn(u,v) = —Aps (v, u).

In this section, our family (Ax 1) keT Len(k) is assumed to be monotone and, as in Section A.1
for the numerical flux A, we make furthermore the following

Assumption A.3 (Strong monotonicity). There exist A > 0 and a monotone family of numerical
fluves (Ax 1) keT Len (k) such that for all K € T and all L € N(K),

Vu,v € R, Agp(u,v) = Agp(u,v) + AMu — v).

In order to dicretise the noise coefficients, we define for any K € 7 and any k > 1,

1
UIf( = m/ng(X)an

where | K| is the Lebesgue measure of K. We can now define our semi-discrete approximation of (A.2)
as the following SDE:

1

K]

Setting N := #T, Equation (A.3) turns out to be an SDE on the state space

RY = {u:(uK)KeTERN: Z |K\uK:O}.

KeT

dUg (t) = > Ak (UL), Uk () | dt+ > ofdWh(t), t>0, KeT. (A.3)

LeN(K) k>1

Its drift function b : Rév — Rév is defined by the components

1
bi (u) := & Z Apsk(up,uk), KeT.

LeN(K)
Denoting o* := (0k.) ke for all k > 1, the vectorised form of (A.3) writes

dU(t) =b(Ut))dt + > oFaw*(), ¢>o. (A.4)
k>1

We now introduce the split-step time discretisation of (A.4) in exactly the same way as in Chapter 3.
Given a time step At > 0, and using the notation AWF = W*(nAt) — Wk((n — 1)At), we write

U1 = U+ At (U, 1),

A.

k>1
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Let us now endow the space Rév with the renormalised LP norms and L? scalar product: for all
u = (ug)rxer and v = (vg ) ke in RY, we define

1/p
[ullp == (Z | K| IUKIP> ,  pElo0)

KeT

(u,v) = Z |K |ukvk.

KeT

In this setting, we have

Proposition A.4. Under Assumption A.3, for allu,v € ]Rév, we have

(sign(u —v),b(u) —b(v)) <0, (A.6)
and
(b(u),u) < =AY (ug — ux)?, (A7)
K~L

where Yy, means the sum over each pair of neighbouring cells K and L.
Before proceeding to the proof of Proposition A.4, we will first establish a preliminary result:

Lemma A.5. For anyu € Rév, we have

UK
Z / A k(z,2)dz = 0.
K~LYUL

Proof. First of all, we have thanks to the Green formula:

VzeR, VKeT, > ALLg(z,2)=0 (A.8)
LeN(K)

(see [103, Equation (22)]).

Let m € R? such that for all neighbouring cells K and L of T, we have ng r-m # 0. Since the
union of all the orthogonal hyperplanes of the normal units ng ; cannot cover R?, existence of such a
vector m is forthright.

For every cell K € T, we split its family of neighbours A/(K) in the two subsets

Jx ={LeN(K):ngr -m>0} and Jg:=N(K)\ Jgk.

Splitting the sum in (A.8), we have by symmetry of the numerical fluxes: for all K € T and all z € R,

Z AVL_)K(Z,Z) = Z AVK%L(Z,Z). (A.9)

LeJk LeJg

Let 11k denote an antiderivative of z — AVL_>K(Z, z). Integrating in (A.9) up to ux and summing

over K € T, we get
Z Z Yok (uk) = Z Z Vi (ug). (A.10)

KeT LeJg KeT LeJg
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Observe by the way that each of the double sums in (A.10) amounts to a sum over exactly all the
interfaces. Let us now rewrite the left-hand side in (A.10):

SN wrskluk)= > Yrok(ux)

KeT LeJi K~L 0
ng r-m>

= > Uror(ur)

K~L
nL,K-m>O

= > vror(ur)

K~L
nK,L~m<O

= Z Z Y r(ur).

KeT LeJg,

Replacing this last term back in (A.10), we obtain

SN Ykorlu) = >0 > vkorluk).

KeT LeJg, KeT LeJg,
Thus,
Y Wron(uk) = ¥rL(ur)) =0,
KeT LeJg,
that is,
> (ko rn(uk) — ror(ur)) =0,
K~L
whence
Z A (z,2)dz = 0. O
K~L

Proof of Proposition A.4 Notice first that for a mapping a : 72 — R, we have

Z Z aKL = Z (ar,L +ar ), (A.11)

KeT LeEN(K K~L

(see for instance [103, Equation (31)]). Let us start by proving (A.6). From (A.11) and the symmetry
property of the numerical fluxes, we have

> |Klsign(ur — vx) (b () — b (v))

KeT
=Y Y sign(ux —vk) (Apsk(up, uk) — Aok (v, vK))
KeT LeN(K)

= Z (sign(ug — vg) —sign(ur, — vr)) (A (ur,ur) — A~k (v, vK)) -
K~L

By monotonicity of Af ., each term of this sum is non-positive (see the proof of Lemma 3.13).



APPENDIX A. INVARIANT MEASURES FOR THE NUMERICAL SCHEMES IN THE INVISCID
116 MULTI-DIMENSIONAL CASE

Let us now prove (A.7). Using Assumption A.3, we write

u) = Y |K|bg (wug

KeT

:Z Z Ak (up, ug)ug

KeT LeN(K)

Z Z AL—)KUL7UKUK+)\Z Z up — UK )u

KeT LeN(K KeT LeEN(K)
=: 51 + 5.

Let us show that S; < 0.

1= (Apsclur, ur)ur + Apepurcur)ur ) (by (A11)
K~L

= Z Arx(up,ug)(ug —ur)  (by symmetry)

K~L
UK UK
= Z Ak (up,ug)dz — Z A(z,z)dz (by Lemma (A.5))
K~LYYL K~ Y UL
uK ~
= Z / (AL—>K(UL7UK) - A(Z,Z)> dz
K~L UL

<0 (by monotonicity).

To finish the proof, we will show that So = =AY ./ (ur — uk)?.

So = A Z Z (up, — ug)ug
KeT LeN(K)
=A Z U, — UK uK—l—(uK—uL)uL) (by (All))
K~L
=A Z (ur, —ug)(ug —ur)
K~L

= -\ Z(uquK)Q. O

K~L

As in the one-dimensional case, the existence and uniqueness of a solution (U(t)):>0 to (A.4) is
ensured by (A.7), while the existence and uniqueness of a solution (U, ),en to (A.4) is ensured by (A.7)
and (A.6) respectively. Furthermore, the uniqueness of an invariant measure is proved exactly the same
way as the one-dimensional case by the use of the L!-contraction property for the processes (U(t)):>0
and (U, )nen, which follows itself from (A.6). The existence is not as straightforward though. Indeed,
Inequality (A.7) leads, in the semi-discrete case, to an estimate of the form

1 (T

i),
In order for the Krylov-Bogoliubov theorem to apply, one needs the level sets of the mapping u €
RY +— A e (U — ur)? to be compact, which is actually the case as we have

/\Z (Ug(t) — Ur(t)?| dt < C.

Lemma A.6 (Coercivity of the discrete gradient). For every u € RY, we have

1
Z (upg —up)? > —— 7 ax lug|>.

- N -
K~L
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Proof. First of all, the result is obvious when u = 0. We shall therefore consider the case u # 0. Let
Kmax be a cell of T such that |uk,,. | = maxger |ur|. Without loss of generality, we assume that
ug,,,, > 0. Since u € R}, there exists K_ € 7T such that ux_ < 0. Now, let (K1,...,K;) € T' be
such that:

o [ <N;

e K1 =K and K; = Kpax;

o K; e N(K;q1), forallie{1,...,1—1};
o K;# Kj, for all i # j.

In other words, (K1,...,K)) is a simple path of length [ between K_ and Kpax. Since there are no
repeating cells in this path, we have

-1

Z (uk —ur)? > (uk,,, —uxk,)
KL '

2

@
Il
—

1
-1
1

-1 2
(Z (UK¢+1 — UKJ) (by Cauchy-Schwarz)

i=1

>

(ur, — uk, )’

N -1

=

= N — 1 (uKmax - 'LLK_)2
1

>
=N

2
: 0
1Rl

We can now state:
Theorem A.7. Under Assumption A.3, the following two statements hold:

(i) for any N > 1, the process (U(t))t>0 solution of the SDE (A.4}) admits a unique invariant
measure vy € P(RY);

(ii) for any N > 1 and any At > 0, the process (Uy)nen defined by (A.5) admits a unique invariant
measure UN At € P(RY).
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