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CHAPTER I
INTRODUCTION

L’objet de ce chapitre est de donner une présentation succinte des enjeux liés aux méthodes de
réduction de modeéles dans des contextes stochastiques qui ont été abordés au cours de cette
thése. La Section 1.1 présente une bréve introduction aux méthodes de réduction de modéles
les plus classiques utilisées dans des contextes déterministes. Les méthodes les plus classique-
ment utilisées pour accélérer des études paramétriques dans des contextes déterministes sont
présentées dans la Section 1.2. La Section 1.3 présente les principales techniques de réduction de
variance utilisées pour accélérer le calcul d’espérance par des méthodes de Monte-Carlo. Enfin,
la Section 1.4 présente les principales contributions de cette thése.

I.1 Introduction a la réduction de modéles

Cette section contient une bréve introduction aux enjeux de la réduction de modéle, suivie
d’une section illustrant la malédiction de la dimension sur quelques exemples de problémes
déterministes ou stochastiques. Ensuite, quelques méthodes classiques pour la réduction de
modeéle sont présentées.

I.1.1 Motivation

Dans de nombreux domaines industriels ou financiers, des modéles mathématiques sont utilisés
pour prédire les valeurs de certaines quantités caractérisant 1’état d’'un systéme d’intérét. Ces
modéles sont ensuite simulés numériquement pour obtenir des approximations de ces quantités
d’intérét. Ces modéles s’écrivent sous forme de systémes d’équations aux dérivées partielles, ou
d’équations différentielles stochastiques, et les quantités d’intérét du systéme considéré peuvent
souvent étre calculées explicitement en fonction de la solution du modéle. Plusieurs parameétres
interviennent souvent dans la définition du modéle mathématique. En conséquence, la solution
du modeéle dépend elle aussi de la valeur de ces paramétres.

Dans de nombreux contextes applicatifs, tels que la calibration de modéles, I'optimisation,
I’analyse de sensibilité ou la quantification d’incertitudes, il est nécessaire de calculer la solution
de ces modeéles pour un trés grand nombre de valeurs de ces parameétres, ce qui peut devenir
extrémement cotiteux en termes de temps de calcul si de telles méthodes de calcul sont effectuées
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avec des méthodes naives. L’objectif d’'une méthode de réduction de modéles est de proposer
un algorithme dans le but d’accélérer de maniére significative de telles études paramétriques.
Avant de présenter le principe général des méthodes de réduction de modéles, nous présen-
tons tout d’abord le probléme de la dimension ci-dessous, suivi par quelques exemples de mod-
éles paramétriques d’intérét dans le cadre de cette thése. Dans toute la suite, nous supposons
que le modéele mathématique dépend d’'un vecteur de parameétres noté u € P ou 'ensemble
P C R% (avec d, € N*) représente l'ensemble des valeurs possibles de ce vecteur. Nous
noterons également M ’ensemble des solutions des problémes (déterministes ou stochastiques)
paramétrés considéré et supposerons que M est un sous-ensemble d’un espace de Hilbert V.
L’ensemble des solutions M est explicité dans chacun des exemples donnés ci-dessous.
Le paragraphe suivant illustre le probléme de la dimension dans le cas d'une résolution standard.

1.1.2 Sur la malédiction de la dimension

En pratique, les techniques de résolution standard ne peuvent pas résoudre les modéles en grande
dimension ou faisant intervenir plusieurs parameétres [23|. Pour bien expliquer ce probléme,
prenons un domaine [0,1]%, avec d € N*, et une fonction f : [0,1]¢ — R de classe C™ pour
m € N*. Supposons qu’on veuille reconstruire f & partir de N, valeurs {f(z;)}1<i<n, ol
Ty, 2N, €10,1]¢ et N, € N*. Alors depuis [24] on a,

Proposition 1.1.1. Soit d € N*, pour f : [0,1]¢ — R une fonction de classe C™ avec m € N*
et la famille (z;)1<i<n, une discrétisation uniforme de [0,1]¢ avec un pas h.
Alors pour toute approzimation polynomiale P(f) de f on a,

1f = Pl ooy < Ch™,

avec C' > 0 une constante indépendante de h. Sachant que le nombre de points Ny, est de [’ordre
de h=4, alors lerreur d’approzimation en Nj, est:

1f = Pl gy < CN; ™

Ainsi, la vitesse de décroissance de I'erreur diminue en augmentant la dimension.
Il est méme prouvé dans [24] qu’il est impossible de trouver une reconstruction qui atteigne
un meilleur résultat.
Ceci peut étre expliqué en introduisant la largeur non linéaire (Nj-width). Soit L un espace
normé, ||-||z sa norme, et K C L. Considérons I’application continue E : K — R (encodage)
et R: RN — L (reconstruction). La distorsion de la paire (E, R) dans K est définie comme:

?lellgllf — REU)I -

Cette erreur représente la pire erreur sur toutes les fonctions f € K par le schéma d’encodage-
reconstruction. La largeur Nj-width de K est définie comme l'infinimum de la distorsion sur
toutes les pairs de I'application continue (E, R):

dn, (K)p == inf sup ||f — R(E()) -
{ E: K —RY continues JeK
R:RN» 5 [,

Le théoréme suivant montre que ce dy, (K)r, est équivalent a N, @ pour un L et K spécifiques.
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Theorem I1.1.2. /2] Soit dy, (K) e (jo1e) la largeur Ny-width de K dans L>([0,1]%) tel que
K est défini par,

K= {f S Cm([(), 1]d) | Va € Nd, |Oé| S m, ||3O‘f||Loo([07”d) S 1}

est la boule unité de C™([0,1]¢) dans une norme appropriée.
Alors il existe ¢, C' > 0 indépendants de d tel que pour tout N, € N*,

Ny ™ < di, (K) peo o) < CN; ™

Ainsi pour approximer une fonction f € C™([0,1]¢) tel que I'erreur soit plus petite quune
erreur fixée, nécessairement le nombre de noeuds N, du maillage varie exponentiellement en
fonction de d. Ce qui explique le cotit prohibitif des problémes en grande dimension en utilisant
les méthodes standards.

Dans ce qui suit nous présentons quelques problémes dont la résolution souffre de la malé-
diction de la dimension.

I[.1.3 Exemples de problémes paramétriques

Exemple 1: Probléme elliptique (Equation de diffusion) Un premier exemple de prob-
léme défini par un systéme d’équations aux dérivées partielles paramétrique déterministe est le
suivant.

Soit © un ouvert borné et régulier de R? pour d € N* et f une fonction de L?(2). Pour tout
e P, A" . Q — R est une fonction mesurable et telle qu’il existe a, f > 0 tels que

YueP, a< A" <[ presque partout sur €.

Grace au théoréme de Lax-Milgram, il est aisé de vérifier que, pour tout p € P, il existe une
unique solution u* € HJ(2) au probléme suivant:

—div [A*V,u*] = [ dans Q, (1)
ut =0 sur 0f2 '

La solution u* de ce systéme représente le champ de température a 1’équilibre d’un matériau oc-
cupant le domaine {2 en présence de sources de chaleur volumiques f. Le vecteur de paramétres u
peut intervenir par exemple dans la définition des propriétés de diffusion thermique du matériau
au sein du domaine (2.

Notons que (I.1) est équivalent a: trouver u* € V' solution de

a'(u*,v) =1lv), Yvey, (I.2)
ou V := Hj(Q), 1 :V — R est une forme linéaire continue définie par

l(v):/ﬂfv, Yv eV,

et tel que pour tout u € P, a* : V x V — R est forme bilinéaire coércive continue définie par

Yo,we 'V, a*(v,w) = / Vo - A*Vuw.
0
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L’ensemble des solutions de ce systéme d’équations aux dérivées partielles paramétriques
est alors défini comme

M = {u", ue P}

et est un sous-ensemble de P'espace de Hilbert V := H}(Q).

Notons par ailleurs que le calcul de la solution u* pour chaque valeur de 1 € P peut étre
extrémement coiiteux si le probléme (I.1) est résolu par une méthode d’éléments finis avec un
trés grand nombre de degrés de liberté.

Exemple 2: Dynamique de Langevin suramortie Citons ici un deuxiéme exemple motivé
par des applications en dynamique moléculaire. Considérons un systéme composé de N atomes
en dimension d € N*. Pour tout p € P, soit V# : R — R une fonction réguliére représentant
un potentiel d’interaction qui & une configuration du systéme moléculaire associe son énergie.
Plus précisément, si pour tout 1 < i < N, X; € R4 VH(X,, -+ Xy) représente I'énergie de
la molécule dans le cas ou 'atome i est situé a la position X; pour tout 1 < 7 < N. En
pratique, pour une molécule donnée, le potentiel d’interaction exact n’est pas connu et dans de
nombreux modéles celui-ci est donné comme une fonction dépendant de paramétres empiriques
1 € P dont les valeurs exactes pour un systéme moléculaire donné sont a déterminer.

Soit (£2, F,P) un espace de probabilités. Etant donné ce potentiel d’interaction V*, de nom-
breuses quantités macroscopiques d’intérét, appelées observables, pour ce systéme moléculaire
sont obtenues comme des moyennes statistiques des quantités d’intérét calculées a partir de
la solution X} € R4 de I’équation différentielle stochastique suivante, appelée équation de
Langevin suramortie:

AX! = —VVH(XH)dt + BdW,, (L.3)

ou B > 0 est propotionnel & la racine carrée de la température W; est un mouvement brownien
Nd-dimensionnel.

Un exemple d’observable d’intérét est le coefficient de diffusion, obtenu a partir du calcul
de la moyenne de la déviation quadratique des particules sur un temps 1" > 0 définie par

T X,lt _ Xﬂ 2
MSDT =T (HT—t)dt (1.4)
H 0 T

Remarquons que pour chaque valeur du paramétre p, calculer ce coefficient M SD?L nécesssite
d’échantillonner un grand nombre de trajectoires stochastiques pour estimer cette espérance.
Le calcul est clairement trés cotiteux, notamment quand le nombre de particules N dans le
systéme est importante.

L’ensemble des solutions de ce systéme d’équations différentielles stochastiques paramétriques
est alors défini comme

M = {Uu = (X#)OStSTu 1% S P}
et est un sous-ensemble de l'espace de Hilbert V := L2 (Q; L%([0, T); RN ))

Exemple 3: Equation de Black-Scholes Mentionnons enfin un dernier exemple de systéme
d’équations différentielles stochastiques paramétrique issu d’applications en finance: le modéle
de Black-Scholes qui est utilisé pour modéliser le pricing d’options. Soit (€2, F,P) un espace de
probabilité.
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Dans ce contexte, il est nécessaire de calculer I'espérance d’une variable aléatoire Z#, définie
pour tout p € P comme:

70 = gh(XE) / f4(s, X0)ds, (1.5)

on T" > 0, et on g* : R — R, f#*:]0,7] x R sont des fonctions dépendantes du vecteur
de parameétres p € P, et ou (X})o<i<r est solution de l'équation différentielle stochastique
paramétrique suivante:

¢ ¢
X} = x—i—/ b“(s,Xﬁ)dsnL/ ot (s, Xt)dWs, (1.6)
0 0

avec b : [0, T] x R - Ret o#:[0,T] x R = R.

Il est alors nécessaire de calibrer un tel modele c¢’est-a-dire de trouver la valeur du vecteur
de paramétres p qui permette de minimiser la différence entre les prix observés dans le marché
et les prix donnés par modeéle. Pour ce faire, il est nécessaire de disposer d’un code de calcul
numeérique qui permette de donner rapidement une approximation de la valeur de (X}")o<i<r
pour de nombreuses réalisations aléatoires et de nombreuses valeurs du vecteur de paramétres
nwePp.

Dans cet exemple, ’ensemble des solutions est alors défini comme

M= {u" = (X[")o<t<r, 1t € P}

et est un sous-ensemble de I'espace de Hilbert V := L2 (Q; L*([0, TY)).

I.1.4 Principe général d’'une méthode de réduction de modéles

L’objectif d’'une méthode de réduction de modéles est de permettre de calculer trés rapidement
des approximations des solutions des modéles paramétriques considérés u* € V' pour un grand
nombre de valeurs de vecteurs de parameétres pu € P.

La majorité des techniques de réduction de modéles sont constituées de deux étapes:

e Une premiere étape dite 'hors ligne’ dans laquelle le calcul de la solution exacte u, du
modele considéré est effectué pour un certain nombre (si possible petit) de valeurs du
vecteur de paramétres u € P bien choisie.

e Dans une deuxieme étape, dite 'en ligne’, un modéle approché, dit réduit, est construit
a partir du petit nombre de calculs exacts qui ont été effectués lors de la phase hors-
ligne. Ce modéle réduit, qui est beaucoup moins cotiteux pour n’importe quelle valeur
du vecteur de paramétres que le probléme initial, est ensuite utilisé pour calculer trés
rapidement des approximations de la solution w, pour un trés grand nombre de valeurs
du parameétre pu € P.

Il est & noter que la plupart des techniques de réduction de modéles ont été développées pour
accélérer le temps de calcul de probléme paramétriques déterministes.
Les contributions exposées dans cette thése ont pour objectif de proposer de nouvelles
méthodes pour la réduction de systémes d’équations différentielles stochastiques paramétriques.
Nous présentons tout d’abord ’état de I’art des principales méthodes de réduction de mod-
éles dans le cadre déterministe avant de détailler les contributions de cette thése.
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I.2 Principales méthodes de réduction de modéles pour des
problémes paramétriques déterministes

Quelques méthodes classiques de réduction de modéles utilisées dans des contextes déterministes
sont présentées dans cette section.

I[.2.1 Construction d’un espace réduit

Dans la plupart des technique de réduction de modéles, une premiére étape consiste a déterminer
un sous-espace linéaire X,, de V', de dimension finie n (si possible petite), appelé espace réduit,
de telle sorte que chaque élément u, € M soit bien approché en un certain sens par un élément
de X,,. Nous présentons ci-dessous les deux méthodes les plus classiquement utilisées dans des
contextes déterministes pour la construction de tels espaces réduits, a savoir la Décomposition
Orthogonale Propre et 'algorithme glouton classiquement utilisé dans la méthode des bases
réduites. Nous supposons dans le reste de ce chapitre d’introduction que (i) P est un sous-
ensemble borné de R? et (ii) M est un sous-ensemble compact de V.

De plus, dans la suite, pour tout sous-espace vectoriel W de dimension finie de V', nous
noterons Ily I'opérateur de projection orthogonale sur cet espace.

Décomposition Orthogonale Propre

Le but du théoréme ci-dessous est de définir une Décomposition Orthogonale Propre (POD)
d’une fonction U € L?(P; V). Dans la littérature, une telle décomposition est également appelée
décomposition de Karhunen-Loéve, ou décomposition en composantes principales.

Theorem 1.2.1. Soit U € L*(P;V). Alors, il existe une base orthonormale de V', notée (e;)ien-,
une base orthonormale de L*(P), notée (f;)ien+ €t une suite décroissante de réels non-négatifs,
notée (0;)ien+, tels que

pour presque tout p € P,  U(p,-) = Z oifilp)e;.

iEN*
De plus, pour tout n € N*, le sous-espace vectoriel X}fOD := Span{ey,--- ,e,} est solution du
probléeme de minimisation sutvant:
XFPob ¢ argmin / U (i, ) — Ty, U (e, ) |13 dpa. (L.7)
Vi, C Vsous-espace linéaire '
dimV,, = n

Enfin, Uidentité suivante est vérifiée:

1000 = Mgon U = 3 o2

i>n+1

Le théoréme 1.2.1 donne une premiére maniére de définir un espace réduit X 9P de dimen-
sion n pour approcher I’ensemble de solutions M. En effet, en définissant pour tout p € P,
U(p,+) :=uy, sila fonction U ainsi définie est bien un élément de L*(P; V), alors il est possible
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d’appliquer le Théoréme 1.2.1. L’espace réduit obtenu XFOP est alors optimal au sens de (I.7),
c’est-a-dire en un sens L? par rapport au paramétre j € P.

Le calcul de I'espace réduit XPOP peut étre néanmoins trés cotiteux en terme de temps de
calcul. En effet, (i) elle nécessite de connaitre les valeurs des solutions u, pour presque toutes
les valeurs de p € P (ii) en pratique, elle requiert la résolution d’un probléme aux valeurs
propres dont le cotit computationnel peut étre prohibitif.

Mise en oeuvre de la méthode, cas d’un espace de paramétres fini:

Soit V' un espace d’Hilbert muni de son produit scalaire < .,. >y: (V,;V) — R et de la
norme associée ||.||y.
Considérons P, la version discréte de cardinal fini p = |P,| de 'espace des paramétres P.
Soit la variéte M(P) :
M(P) ={u,,peP}CV

Et soit M(P,) une approximation de M(P):
M(Pp) = {up, p € Pyt CV

Notons que si P, est assez fin alors M(P,) est une bonne représentation de M(P).

Dans une premiére phase dite d’exploration on génére tous les u, pour p € P, et ensuite dans
une phase de compression, on ne garde que l'information essentielle.

La base POD, X797 de dimension n, est telle que,

1
XPOD ¢ argint \/}-? >l — Ty, ul? (1.8)

Vi, de dimension n ueP,

ou la premiére minimisation est effectuée sur tous les espaces vectoriels de dimension n de la
forme Span{u,,,--- ,u,,} sous espace de '’espace V,, = Span{u,, i € P,}. Notons qu’ici, pour

simplifier, on affaiblit la forme de (1.8) par rapport a (1.7) . Pour construire la base X9 on
va utiliser 'opérateur linéaire et symétrique C' : V, — V,, défini par:
1 p
C(”) = ]_DZ<U>UM>VUM7 Vo € Vp (1'9)
i=1

Considérons maintenant les valeurs propres (\;)1<i<p, ordonnées d’une maniére décroissante, et
les vecteurs propres associés (§;)1<i<p normalisés de C. On a ainsi:

. O-'L
<C(€i)7u,u4j>v = )\i<€i7u,uj>V7 1 S J S D, avec >\Z = ? (110)

La base orthogonale (&;)1<;<, est alors une base de p vecteurs qui génére V.

On peut alors tronquer cette base et prendre les n premiers vecteurs correspondants aux plus
hautes valeurs propres pour avoir X9 = Span{¢;,---,&,}. Cet espace X IO réalise alors le
minimum du probléme (1.8).

Proposition 1.2.2. Soit le projecteur P, de V dans X 9P par:

Pa(v) = Zn: <0,§G>v & (I.11)
i=1
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L’erreur de la projection P, si elle est appliquée sur tous les éléments de V,, s’écrit,

2 = i A (1.12)

i=n+1

1 p
- Z Huuz - PTL(uMz)
p =1

Cette estimation d’erreur est la seule qu’on a pour le moment pour la méthode POD, ainsi
I’absence d’estimateurs d’erreur rend cette technique moins avantagée.
L’algorithme suivant (1) présente en pratique la génération de I'espace X 9P = Span{&;,--- ,&,}.

Algorithm 1 Algorithme POD

Initialisation: Discrétiser P en échantillonnant p points p; et générer les fonctions w,,,, pour
1<i<p

Soit la matrice de corrélation C' € RP*P tel que:

1 o
Cij = = <y, uy, >v, 1<, <p
p

Résoudre le probléme des valeurs propres (\;)i1<i<, et vecteurs propres normalisés (V;)1<i<p
de C:
CU;= N0, 1<i<p

Ce qui est équivalent a (1.10).
Garder les n premiers vecteurs propres (V;);<;<, correspondants aux n plus grandes valeurs
propres pour construire I'espace X7OP = Span{¢,---,&,}. avec,

§i(r) = % jzi;(q}i)juﬂj (z), 1<i<n

ot (¥;); est la j-éme composante du vecteur propre ;.
Output: XPOP := Span{¢,, -+, &}

Dans le paragraphe suivant nous présentons la Décomposition en Valeurs Singuliéres (SVD)
d’une matrice et nous faisons le lien avec la POD.
Décomposition en valeurs singuliéres

Pour construire la base X,, quelques méthodes utilisent la décomposition en valeurs singuliéres
qu’on présente dans cette section.

Theorem 1.2.3. Pour toute matrice réelle M € R¥*P, il existe une matrice unitaire U € R¥*? et
une matrice unitaire V. € RP*P qinsi qu’une matrice diagonale 3 € R tel que ses coefficients
sont tous des réels positifs ou nuls pour lesquelles on a:

M=U%VT (1.13)



1.2. Principales méthodes de réduction de modéles pour des problémes
paramétriques déterministes 17

Notons que (1.13) se réécrit:

min(d,p)
M= > oV (1.14)
k=1
Avec (Uy, -+ ,Uy) les d vecteurs colonnes de la matrice U et (Vy,- -+, V,) les p vecteurs colonnes

de la matrice V. Cette décomposition n’est pas unique car si on pose U = UQ et V = YZ/Q avec
() une matrice de permutation alors on a

M =0QsQ"VT (1.15)

avec QX.QT une matrice diagonale, et U et V deux matrices unitaires.

Ainsi, imposer sur les coefficients de ¥ un ordre décroissant (ce qu’on supposera dans la suite)
détermine ¥ d’une facon unique. Ces coefficients sont appelés valeurs singuliéres de M.

Nous présentons maintenant quelques interprétations de cette décomposition.

Une représentation géométrique:

La décomposition en valeurs singuliéres a une trés belle interprétation géométrique, les
matrices unitaires U et V7 exercent une rotation sur les vecteurs dans 'espace R¢ et R? respec-
tivement, alors que la matrice diagonale ¥ effectue une homothétie des vecteurs dépendemment
de la valeur singuliére ce qui est résumé par la figure I.1.

M
—

VT

. Z
——

M= UV

Figure I.1: Représentation géométrique de la SVD dans le cas n=m=2, Wikipédia.

Une interprétation énergétique:

La décomposition en valeurs singuliéres donne aussi une interprétation énergétique, si M est
une matrice qui représente une image en deux dimensions alors la décomposition en SVD fera
que les premiéres colonnes de U associées aux plus grandes valeurs singuliéres contiendront le
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maximum d’énergie de I'information existante dans I'image initiale, d’ou d’un vecteur singulier
a un autre on peut évaluer le taux d’énergie ou de I'information contenue dans 1'un relativement
a l'autre. Ainsi on peut construire une approximation de 'image initiale en utilisant non plus
tous les vecteurs de U et de V mais ceux associés aux valeurs singuliéres les plus élevées. D’ott
la notion de la SVD tronquée.

Décomposition SVD tronquée:

Notons R, I’ensemble des matrices de R*? de rang r. La décomposition SVD tronquée de

rang r est le tenseur M, € R, défini par la somme des r premiers termes dans la décomposition
SVD:

M, =Y ok, (1.16)
k=1

Proposition 1.2.4. Soit M une matrice de R¥P?, alors la décomposition tronquée M, (1.16)
de rang r est une meilleure approximation de M parmi tous les tenseurs de R, en utilisant la
norme de Frobenius (ou la norme 2 des opérateurs) au sens ou:

min(m,n)
inf ||[M — N.||% = min |[M — N,||% = ||M — M,||% = 2 I.1
Vil IV = Nl = iy 1= N = IV Ml = 3 o7

avec (0;)1<i<min(dp) les valeurs singulicres de M obtenues par une SVD (1.2.3).

Nous pouvons maintenant discuter 'intérét de I'approximation SVD tronquée.
Depuis l'écriture M, = >, 03, UxV,I on remarque qu’il suffit de r +r x d + r x p réels pour
représenter M, tandis qu’il nous faut d x p valeurs pour connaitre M. Ainsi, si on assure

r(14+d+p) < d X p et une erreur ngidl’p ) o? inférieure a un certain seuil, on gagne en temps

de calcul et en stockage machine en utilisant la matrice M, au lieu de M. En plus de ce gain
la SVD est utilisée dans plusieurs contextes: on la trouve en traitement de signal, imagerie,
problémes inverses et elle est aussi utilisée pour définir la pseudo-inverse d’'une matrice.

Lien avec la POD:

Prenons I'exemple utilisé dans I’algorithme POD (1) ou on suppose que pour tout p € P,
w,, s'écrit w,(z) = SO0 (U, )ebr () avec {@}i<r<n, représente une famille orthonormée (pour
tout 1 < i,5 < Nj, on a (¢, ;)v = 0;;) et U, € RV alors le produit scalaire (u,,, u,,)v est
remplacé par le produit scalaire euclidien dans [?(R"*) suivant,

Np,
Z(Uui)k(qu)k
k=1
alors la matrice de corrélation C' s’écrit,
1
C=-UU,
p

avec U, € RNn*P Ja matrice qui a pour i-éme colonne le vecteur U,,. Ainsi les valeurs propres

de C' correspondent aux carrés des valeurs singulieres de \/%EUP.
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Algorithme glouton

Nous détaillons dans cette section une deuxiéme méthode pour obtenir un espace réduit de
dimension n, tel que chaque élément de ’ensemble solution M soit bien approché par un
élément de cet espace réduit.

Cette deuxiéme méthode repose sur l'utilisation d’un algorithme itératif, appelé algorithme
glouton, que nous présentons ci-dessous.

Algorithm 2 Algorithme Glouton
Initialisation : Soit u; € P tel que

M1 € argsup ”uuHV :
HEP

Soit X := Span{u,, } et n = 2.
Iteration n > 2: Soit u, € P tel que

My € arg sup

sup uy, — e uy,

\%

Soit X¢ := X¢ | + Span{u,, } = Span{u,,, -+ ,u,, } et n:=n+1.

Nous présentons également ici une deuxiéme classe plus large d’algorithmes gloutons, dépen-
dant d'un paramétre 0 < v < 1, appelée algorithme faiblement glouton. Notez qu'un algorithme
faiblement glouton tel que v = 1 est un algorithme glouton.

Algorithm 3 Algorithme Faiblement Glouton
Initialisation: Soit v €]0, 1], et soit u; € P tel que

2 2
e [l > % sup w5, -
HEP

Soit X" := Span{u,,} et n = 2.
Iteration n > 2: Soit u, € P tel que

Soit X¥G := X7 4 Span{u,, } = Span{u,,, - ,u,,} et n:=n+1.

2
> 7% sup
14 HEP

2

Upyy — HX};’_Gpuun Up — ng’_ﬂ” Up

L’épaisseur de Kolmogorov

Une question naturelle est de pouvoir quantifier la qualité de 'approximation des éléments de
M par des éléments de X& ou X“%7 pour une valeur de paramétre 0 < y < 1. Pour ce faire,
nous introduisons ici, pour tout n € N*, la n-éme épaisseur de Kolmogorov de ’ensemble M
définie comme suit:

d,(M) = inf sup ||, — Hy, uyllv
V,, C V sous-espace vectoriel weP
dimV,, = n
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La quantité d, (M) représente la meilleure erreur d’approximation qui puisse étre possi-
blement obtenue lorsque les éléments de M sont approchés par un sous-espace vectoriel de
dimension n de V.

1 u

Figure 1.2: Représentation géométrique de la variété M et de I'espace de dimension fini X¢.

Notons de plus,
G

o, (M) :=sup [lu, — Myeu,|v
neP
et
T @I (M) = sup [|uy, — T ywequ,|yv.
neP
Il est alors naturel de chercher & comparer les quantités o%(M) et o%%7(M) avec d,(M).
Notons tout d’abord qu’il est évident de remarquer que

Vn>1, oS(M)>d,(M) et ¥ (M) >d,(M).

- n -

Plusieurs travaux successifs [7, 4, 11] ont permis d’établir le théoréme suivant:

n—m

Theorem 1.2.5. [11] Pour tout n € N*, c“%7 (M) < v/2y™! min (d,,(M)) = . En partic-

0<m<n

oY (M) < V291, (M). (1.18)

Ce résultat montre que les espaces réduits obtenus a ’aide d’algorithmes gloutons ou faible-
ment gloutons ont alors des propriétés d’approximation quasi-optimales au sens de (I1.18).

Notons qu’en pratique, il est impossible d’implémenter ces algorithmes en parcourant en-
tierement l'espace des parameétres P lorsque celui-ci est de cardinal infini. En pratique, un
sous-ensemble P, C P de cardinal fini p, appelé training set doit étre introduit pour mettre
en oeuvre un tel algorithme glouton. L’objet du travail [10] consiste a analyser les propriétés
d’un algorithme glouton ot un training set est choisi de maniére aléatoire a chaque itération de
I’algorithme glouton.

ulier, pour tout n € N*,
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I1.2.2 Méthodes de réduction de problémes déterministes classiques:
bases réduites et POD-Galerkin

Nous présentons dans cette section comment les différentes méthodes de construction d’espaces
réduits présentées a la Section [.2.1 peuvent étre utilisées pour construire des modéles réduits
dans le cas d’équations elliptiques stationnaires ou de systémes d’équations différentielles ordi-
naires. Nous présentons enfin une troisieme méthode de réduction de systémes d’équations aux
dérivées partielles ordinaires, appelée méthode POD dynamique.

Méthodes des bases réduites pour la réduction d’équations aux dérivées partielles
stationnaires

Nous supposons ici que le probléeme paramétrique d’intérét est un probléme elliptique de la
forme suivante. Pour tout u € P, u* € V est défini comme 'unique solution dans V' du
probléme posé sous forme variationnelle

a*(utv) =1lv), Yvely,

oul:V — R est une forme linéaire continue et ou a* : V x V — R est une forme bilinéaire
continue et coercive.

La méthode des bases réduites consiste a construire un modéle réduit pour calculer efficace-
ment une approximation de la solution u* pour de nombreuses valeurs du parameétre y € P
dans la phase online. L’idée est d’utiliser une méthode d’approximation de Galerkin sur un
espace réduit X,, de dimension n obtenu a 'issue de la phase offline (par une méthode POD ou
par un algorithme glouton).

Pour tout u € P, une approximation u” € X,, de u* est alors définie comme 1'unique solution

du probléme variationnel:
at(ub,v,) = U(vy), Yo, € X,.

Un exemple utilisant ’algorithme Glouton:

Considérons a nouveau ’équation (I.2). Nous discrétisons l'espace V' par un espace V), de
dimension finie Nj, tel que Vj, C V. On cherche ainsi a approximer u, € V par “Z € Vy. Cet

espace Vj, peut étre construit en utilisant la méthode des éléments finis. On note {¢;}~" les
fonctions de la base d’éléments finis.
On cherche alors “Z € Vj, tel que:

a(uli, ") = 1(v"), VYo" €V, (I.19)

L’écriture matricielle de ce probléme (de dimension finie) nous donne:
Pour y € P trouver U' € R tel que:

hith _ 1h
At = (1.20)
avec (Al)i; = a,u(¢;, ¢:) et (Lh); = 1,(¢;). Ainsi 'approximation v, est donnée par

Np,

ub(@) = 3 (U)o, (1.21)

=1
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Remarquons ici qu’on doit calculer AZ pour tout u € P et résoudre le probléme (1.20) dans
RNk,

Le modéle réduit

Le but de la base réduite est alors de trouver une base X,, de dimension n tel que n < Ny, et de
sorte que dans la partie online on n’a pas a recalculer des matrices de taille N, X N, pour chaque
. On peut utiliser algorithme Glouton (2) pour générer I'espace X¢ = Span{¢y, ..., &, } telle
que:

Np
&= Bio (1.22)
i=1
avec B € RNv*" la matrice de passage de la base {¢;}2" vers la base {&}7_,. Le probléme
réduit est alors,
Trouver U fj’" € R" solution de
bryrbr _ 1br
AU =1L (1.23)
Avec A = BT Al'B et L7 = BT L},. Ainsi la solution u? € X,, du probléme réduit s’écrit:

n

qu(x) = Z(Uﬁ”)lfz(x) (I.24)

=1

Le probléme a résoudre est non plus sur RV mais sur R™.

Remarques:

e Cette remarque concerne le choix du training set P,. En utilisant la notion de e-covering
number, on peut montrer que, si 1’épaisseur de Kolmogorov de la variété des solutions
fines décroit en O(n™%), pour s positif, alors le cardinal de P, se comporte typiquement
comme exp(Ce /*) pour obtenir des erreurs online de I'ordre de €, pour un C positif.
Dans le travail [10], A. Cohen et al. montrent qu’on peut choisir un training set de
taille polynomiale en ¢~! (4 comparer au comportement en exp(Ce™'/*) ci-dessus) quitte
a accepter des résultats avec une erreur supérieure a € avec une faible probabilité.

e Dans l'algorithme glouton (2), nous avons besoin d’estimer I’erreur entre la solution exacte
et la solution approchée construite sur la base réduite, pour chaque valeur du parameétre
dans le training set. En pratique, ceci est bien stir prohibitif en terme de cotit calcul.
Dans le cas d’EDP paramétriques, il existe souvent des estimateurs d’erreur a posteriori,
qui permettent d’obtenir une approximation de la vraie erreur, & un cott calcul en O(n)
et non pas O(Ny). Il n’est plus alors nécessaire de calculer la solution du probléme fin
pour chaque élément du training set, mais uniquement pour les n fonctions de bases
choisies. Noter que grace a cette méthode, le cott calcul offline de I'algorithme glouton
est nettement moindre que le coiit calcul offline d’'une méthode POD (qui nécessite de
calculer 'ensemble des solutions de référence pour tous les éléments du training set). Plus
précisément, la méthode des bases réduites a un cott offline de I'ordre de O(nN?) (en
supposant que la résolution du probléme fin est en O(N7?)), alors que le cott offline de



1.2. Principales méthodes de réduction de modéles pour des problémes
paramétriques déterministes 23

la POD est en O(N,N7?), sans tenir compte du coit calcul de la SVD nécessaire pour
extraire la base réduite.

e Pour que 'algorithme de base réduite soit efficace en pratique, il faut que la dépendance
de la forme bilinéaire a et de la forme linéaire [ satisfassent une décomposition dite affine
de la forme suivante :

a(u,v, p) ZQ“ Ja;(u,v), Zﬁl

En effet, sous cette hypothése, on peut montrer que le calcul de 'estimateur a posteriori
dans la phase offline d’une part, et de la matrice a inverser dans la phase online d’autre
part peut se faire en une complexité indépendante de N;,. Par exemple, le cotit online pour
I’évaluation de la solution en une valeur du parameétre est de 'ordre de O(n®+n?N,+nN;).

Méthode POD-Galerkin pour la réduction de systémes d’équations différentielles
ordinaires

Soit T > 0 un temps final et d € N*. Pour tout p € P, soit F* : [0,T] x R? — R? une fonction
Lipschitz. Pour tout g € P et pour tout X' € R, on note X* : [O7T] — R? l'unique solution
du probléme de Cauchy-Lipschitz suivant:

{ Xnr(t) = Fr(t; X*(t)), Vtelo,T],

X0 (0) = X (1.25)

L’ensemble solution de cette équation différentielle ordinaire paramétrée est alors définie
comme

M= {X"t);peP, te0,T]} CV =R

Supposons qu’'un sous-espace vectoriel de petite dimension V,, C R? ait été construit de telle
sorte que chaque élément de M soit proche de sa projection orthogonale sur V,, (en utilisant par
exemple 'algorithme POD ou l'algorithme glouton présentés dans les sections précédentes), la
méthode POD-Galerkin consiste alors a construire un modele réduit pour approcher la solution
de (1.25) de la maniére suivante. Pour tout p € P, soit F¥ : [0,T] x V,, — V,, telle que

Vte[0,T],Y € V,, FALY):=1IIy, F(t,Y).

Alors, l'approximation X# : [0,7] — V, de la solution X* du systéme d’équations dif-
férentielles ordinaires (I.25) est alors définie comme 1'unique solution du probléme de Cauchy-
Lipschitz (de petite dimension)

{ XU(t) = Fu(t, XL(t)), vt € 0,77,
XF(0) =TIy, X§.

Un exemple utilisant la POD:

Considérons un exemple d’équations différentielle ordinaire paramétrée. Soit pour tout u € P,
la fonction f, : [0,7] x R — R. On est intéressé par la solution u : P x [0,7] — R de I’équation
suivante :
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Owu(p, t) = fu(t,u(p,t)), Vt>0,
L (£.26)

On discrétise P par un espace P, de cardinal fini et on utilise la forme matricielle suivante. Soit
U(t) € RP tel que U(t) = (Ui(t))a<i<p) avec Ui(t) = u(p;,t). La dynamique sur U(t) s’écrit:

d
ZU(H) = F(t.U®)), (1.27)

avec F € RP tel que (F); = fu,(t,u(p;,t)). Cette dynamique est ensuite discrétisée en temps
par un schéma d’Euler explicite par exemple. Considérons une discrétisation en temps de pas
At = NlT de sorte que t, = kAt avec 0 < k < Np. La résolution du systéme discret en temps

nous donne ainsi un vecteur U*¥ comme approximation de U (t):

Uk—l—l o Uk

At
U° =U(0),

= F(ts, U"), (1.28)

avec F un opérateur obtenu par un schéma de discrétisation temporel appliqué a F.

Pour construire la base POD on prend alors la matrice des snapshots M = (U, .- ,UNT) de
laquelle on extrait 'information essentielle. On applique la SVD sur la matrice M pour 1’écrire
M = USVT, avec U € RP*P, ¥ € RPNtV ¢ RN7*N1 - on prend les n premiers vecteurs
colonnes de U = (V1 ... [ VP) ot n € N*, pour construire la base X9P de la POD.

On cherche alors U, (t) comme approximation de U(t) par une projection de Galerkin sur la

base XFOP en écrivant U, (t) = Y27, ¢;(t)V7. On obtient,

% (Z cj<t>Vj> = F(t,U(t)) (1.29)

=1
En utilisant le fait que la famille {V*},<;<, est orthonormée, on projette sur V* pour obtenir:

d . . : .
Zalt) = (V") }"(t,;cj(t)vj), 1<i<n (1.30)
On obtient alors une dynamique sur R™ et non plus sur RP portée par n équations indépen-
dantes & n inconnus (¢;)1<i<n.

Remarques:

e Noter que la POD ne nécessite pas de disposer d'un estimateur a posteriori. Mais il est
difficile de choisir le nombre de paramétres p a utiliser a priori, pour avoir une erreur
d’approximation fixée. La méthode des bases réduites permet au contraire de s’affranchir
de cette difficulté, on arrétant ’enrichissement de la base réduite durant la phase offline
quand l'erreur souhaitée est atteinte.

e La méthode POD utilise une base fixe en temps. Comme nous allons maintenant ’expliquer
dans la section suivante, il peut étre utile en pratique d’utiliser une base réduite qui évolue
en temps pour obtenir de meilleurs résultats.
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I[.2.3 Meéthode POD dynamique pour la réduction de systémes d’équations
différentielles ordinaires

Nous présentons ici une troisiéme méthode de réduction de modeéles qui ne nécessite pas, con-
trairement aux deux méthodes précédentes, de construire au préalable un sous-espace vectoriel
de dimension faible permettant d’approcher de maniére satisfaisante I’ensemble des solutions
du probléme. Nous présentons ici le principe de la méthode dans le cas de la réduction d’un sys-
téme d’équations différentielles ordinaires paramétré de la forme (1.25) dans le cas o 'ensemble
des valeurs de parameétres P est un ensemble de cardinal fini noté p. Notons alors py,--- , i,
les éléments de P de telle sorte que P := {py,---,u,}. Pour tout ¢t € [0,77], notons égale-
ment X (t) € R¥? la matrice définie telle que sa ¢®™° colonne soit égale & X*(t) pour tout
1 < g < p. Notons également F : [0,7] x R¥>P — R la fonction définie telle que, pour tout
X = (X1, -+, X,) € R et pour tout 1 < g < p,

(F(t, X)), = Fr(t; Xy),

ou (F(t, X))q désigne la ¢®™° colonne de F(t, X).
Le probléme (1.25) se réécrit alors sous la forme du probléme matriciel suivant:

X(0) = X0 (1.31)

{ X(t) = F(t; X(t)), vt € [0,T,
ot Xo = (X§", -+, X}") € R¥xp,

La méthode présentée ici est une méthode d’approximation par rang faible appelée méthode
POD dynamique, introduite tout d’abord par Lubich et Koch [21]. Cette méthode a par la
suite été étendue & de nombreux autres types de problémes [20].

Le principe de la méthode est le suivant: pour une valeur de r € N* et pour tout ¢ € [0, 7],
on cherche a approcher la matrice X (¢) par un élément de la variété

R, ={X, € Rdxp? rg(X,) =r},

des matrices de R¥*? de rang r.
Il est connu (voir Section 1.2.1) que pour tout ¢ € [0,T], une meilleure approximation de
rang r de la matrice X (¢), solution du probléme de minimisation suivant

X, (t) € argmin | X (t) — X, ||, (1.32)

Xr€Ry

est obtenue en considérant une décomposition SVD tronquée de rang r de la matrice X (¢).

Pour tout t € [0,7T], il existe une matrice U(t) = (Uy(t), - ,Uys(t)) € R orthog-
onale, une matrice V(t) = (Vi(t),---,V,(t)) € RP*P orthogonale et une matrice S(t) :=
(Sij(t))1<i<a, 1<j<p € R¥*P diagonale & coefficients positifs ou nuls telles que

En supposant que r < min(p, d), une meilleure approximation de rang r de la matrice X (¢) est

alors donnée par L
X, () = U, (t)S, () V. ()7,
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ou U, (t) := (Ui(t), -+, Up(t)) € RUT, Vo (t) i= (Vi(t), -+, Vi(t)) € RP7 et S,(t) := (Sy(t)) <y <, €
RTXT.

Cependant, en pratique, calculer la décomposition SVD de la matrice X (t) nécessite (i) de
calculer la matrice X (t) compléte pour tout ¢ € [0, 7] et (ii) cotite trés cher d'un point de vue
computationnel lorsque p et d sont grands.

La méthode POD dynamique consiste a construire pour tout ¢ € [0,7] une approximation
Y (t) € R, de X(t) de la forme

Y(t) = U (0)S:()Vi(t)", (1.33)

avec U,(t) € R V,(t) € RP*" et S,(t) € R™*" obtenus comme les solutions d’un systéme
d’équations différentielles ordinaires couplées. Plus précisément, la méthode de la POD dy-
namique consiste & déterminer la dérivée par rapport au temps Y(t) comme approchant au
mieux la dérivée par rapport au temps X (t). De maniére idéale, on chercherait & déterminer
Y (t) comme solution du probléme de minimisation

Y (t) € argmin HZ - X(t)‘ : (1.34)

ZETy(t)Rr

ou pour tout Y € R, Ty'R, désigne 'espace tangent a la variété R, au point Y. La condition
initiale du modele réduit est par ailleurs fixée & Y (0) = X,.(0).

Bien stir, le probléme (I1.34) ne peut pas étre résolu en pratique, a moins de connaitre a
priori la solution du modeéle de départ X. Cependant, dans le cas o X est solution de (I1.31), il
se trouve que X (t) = F(t, X (t)). Par ailleurs, en supposant que le modéle réduit ainsi construit
Y (t) soit une bonne approximation de X (¢) pour tout ¢ € [0,7], on peut considérer la quantité
A(t) := F(t,Y(t)) comme une approximation de F(t, X (1)).

Au final, la méthode de la POD dynamique consiste & calculer numériquement pour tout
t € [0, 7] une approximation Y (t) € R, de X (¢) de telle sorte que Y (0) = X,(0) et

Y(t) € argmin ||Z — A(#)]). (1.35)

ZETy ) Rr

Résoudre (1.35) revient a écrire un systéme d’équations différentielles ordinaires couplées
pour décrire I’évolution des matrices U,, V,. et S, intervenant dans la décomposition (1.33) en
fonction du temps.

Caractérisation des espaces tangents

Toute matrice Y € R, peut s’écrire sous la forme (non unique),
Y =USVT, (1.36)

avec U € RV € RP*" deux matrices orthogonales et S € R"™ " non singuliére. Plus
précisément, les matrices U et V' vérifient

U'U=1, and V'V =1, (1.37)

avec I, la matrice identité dans R™™".
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Le fait que cette décomposition ne soit pas unique fait que caractériser de maniére simple
I'espace tangent Ty R, n’est pas évident. Dans [21], Lubich et Koch montrent la Proposition 1.2.6
ci-dessous. Pour tout m € N*, soit V,, , la variété de Stiefel des matrices orthogonales de R™*".
Pour tout U € V,,,, 'espace tangent a la variété V,,, au point U est donné par

TV, = {0U € R™7,0UTU + UTOU = 0} .
Le résultat de [21] est alors le suivant:

Proposition 1.2.6. Soit A(r) ’ensemble des matrices antisymétriques de R™". L’application
linéaire suivante:

R™" X To Vs X Tv'Vnr = Ty Ry X A(r) x A(r)
(1.38)
(08,0U,0V) — (QUSVT + UdSVT + USOVT,UToU, VTaV)

est un isomorphisme.

Le résultat suivant [21] est un corollaire de la Proposition 1.2.6 et permet de caractériser les
éléments de Ty'R, pour tout Y € R,.

Proposition 1.2.7. Soit Y € R, telle que Y = USVT avec U € Vy,, V € V,, et S € R™*"
inversible. Pour tout 0Y € TyR,, il existe OU € TyVy,, OV € TyV,, et 0S € R™" telles que

oY =oUSVT +UoSVT +USovT. (1.39)
Si de plus, on impose les contraintes d’orthogonalité suivantes:
UToU =0, et VIOV =0, (1.40)

alors les matrices 05, OU et OV sont déterminées d’une facon unique.

Systéme réduit pour la méthode POD dynamique

Soit Y € R, telle que Y = USVT avec U € V,,., V € V,, et S € R™". Notons Py = UU"
et Py = VV7T les projecteurs orthogonaux sur les colonnes de U et de V respectivement ainsi
que P = I; — Py et Py = I, — Py. Soit 9Y € TyR, s’écrivant sous la forme (1.39), ot les
conditions d’orthogonalité (1.40) sont imposées. Alors, il vient immédiatement

0S8 =UToYV,
oU = PFoYV S, (1.41)
oV = ProYTus-T.

Il existe donc un isomorphisme entre 1’espace

{(9S,0U,0V) € R™" x R¥>" x RP*" UToU = 0,VToV = 0}

et 'espace tangent Ty R,.
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Revenons a la méthode POD dynamique et au probléme de minimisation (1.35). En notant
pour tout ¢ € [0,T] A(t) := F(t,Y(t)), le probleme de minimisation (I.35) est équivalent au
probléme variationnel suivant: trouver Y (t) € Ty R, solution de:

<Y(t) — A, 8Y> =0, YOY € TyyR.. (1.42)

oll pour toute matrice A, B € R>?, (A, B) := Tr(ATB). En utilisant le résultat de la Proposi-
tion 1.2.7, on obtient le résultat suivant [21]:

Proposition 1.2.8. Pour tout Y (t) = U(t)S(t)V ()" € R,, S(t) € R™" non singuliére, U(t) €
Var et V(t) € V,r, alors Y (t) est solution de (1.35) (et de (1.42)) si et seulement si:

Y(t)=U®)SHOVH)" +U)SHV ()T +U@)SH)V (1) (1.43)

o 8() = U AWV (),
U(t) = Pl ADVOS(H), (L44)
V(t) = Py AU (H)S(0)

La méthode POD dynamique revient alors a résoudre le systéme d’équations différentielles
ordinaires (I.43)-(I1.44) pour construire un modele réduit Y'(Z)):cjo,7] de telle sorte que pour tout
t € 10,77, Y(t) soit une approximation de rang r de X (¢).

L’analyse de l'erreur entre X (¢) et Y(¢) dans [21] repose sur des estimées de la courbure de
la variété R,.

Remarquons que 'inverse de la matrice S(t) intervient dans les équations (1.44). Un mauvais
conditionnement de cette matrice engendre des problémes de stabilité.

Citons ici d’autres travaux en lien avec I'analyse de la méthode POD dynamique. Feppon
et Lermusiaux [15], ont plus étudié la dépendance de la solution de rang faible Y'(t) obtenue
par la dynamique orthogonale avec la courbure de R, au point Y (¢) en dérivant une approche
géométrique pour étudier le lien entre cette courbure et la plus petite valeur singuliére. Cette
approche utilise 'application de Weingarten et leur a permis d’améliorer les résultats de [21].

Musharbach et Nobile ont développé des analyses d’erreur de ’approximation dynamique de
rang faible pour des EDP paraboliques dépendantes d'un paramétre aléatoire, ou ils proposent
une formulation de la dynamique de rang faible avec une contrainte d’orthogonalité uniquement
sur la base spatiale et une contrainte d’espérance nulle sur les vecteurs aléatoires. Ils obtiennent
un résultat semblable au résultat de Koch et Lubich [20].

Le schéma Projector-Splitting

Pour résoudre les équations (I.44) il est nécessaire d’utiliser des schémas de discrétisation en
temps adaptés. Lubich et Oseledets proposent un schéma d’intégration numérique, basé sur une
méthode de splitting, développé dans [19] qui présente plusieurs propriétés que nous présentons
ici.

Le probléme (1.42) est équivalent & effectuer une projection orthogonale de la matrice A(t)
sur I'espace tangent Ty ()R, ce qui s’écrit

V() = Ty, (A(1),
{ Vo= (L.45)
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avec A(t) = F(t,Y(t)) et ou X,(0) est une meilleure approximation de rang r de X(0). Le
lemme suivant est prouvé dans [21].

Lemma 1.2.9. [21] Soit Y € R, telle que Y = USVT ou U €€ Vy,, V € V,, et S € R™".
Alors le projecteur orthogonal sur le plan tangent Ty R, au point Y est donné par, pour tout
7 € R&>p,

nr 2 =2Py — Py ZPy + Py Z. (1.46)

Le schéma Projector-Splitting utilisé se base sur les étapes de Lie-Trotter qui consistent a
résoudre séparément chaque projection du projecteur (1.46) dans un ordre précis. Soit At > 0
un pas de temps et pour tout n € N, on note Y" 'approximation numérique donnée par le
schéma de discrétisation en temps de la valeur Y'(¢,) ou ¢, := nAt.

Le schéma numérique Projector-Splitting est constitué de trois étapes pour calculer Y1
en fonction de Y™ que nous détaillons ci-dessous. Supponsons tout d’abord que Y, = U, S, V.1
avec U, € Vy,, V, €V, et 5, € R

e Etape 1: Soit
oYl == A, Py,

ot A, = F(t,,Ys) et soit V', := Y, + AtdY,}, ;. On calcule alors U, € Vg, et
Sy € R™" de telle sorte que

n

1 1 T

e Etape 2: Soit
oY== —Py, Al Py,

ot ALy i= Fltyy1,Yer) et soit V2 := YL + AtdY;2. On calcule alors S2 € R™" de telle
sorte que
YZi=U, 1SV
e Etape 3: Soit
oY =Py, A2

n

ou A% = F(t,,Y?) et soit Y, := Y2 + At@Ys‘H. On calcule alors V41 € V,, et
Spi1 € R™" de telle sorte que

— T
YnJrl = Un+1 Sn+1 Vn+1 .

Il est prouvé que ce schéma est d’ordre 1. Notons qu’il est possible d’utiliser des schémas
d’ordre plus élevé, comme ceux présentés dans [19].

I.3 Meéthodes de réduction de variance pour le calcul d’espérances

Le but du deuxiéme chapitre est d’utiliser les bases réduites pour construire une variable de
controle pour réduire la variance de l’estimateur. Nous présentons ici quelques méthodes de
réduction de variance pour le calcul d’espérances.
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1.3.1 Meéthode de Monte-Carlo

Soit Z un vecteur aléatoire de dimension d € N* et f : R¢ — R.
Il existe deux types de méthodes pour approcher numériquement la valeur de I'espérance
E[f(Z)]: les méthodes déterministes et les méthodes probabilistes.

Les méthodes déterministes nécessitent la connaissance explicite de la loi de Z. Dans le cas
ol Z est un processus aléatoire solution d’une Equation Différentielle Stochastique, elles néces-
sitent de résoudre une Equation aux Dérivées Partielles donnée par la formule de Feynman-Kac.
Ces méthodes déterministes sont limitées & des problémes en petite dimension.

Les méthodes probabilistes se basent sur la construction d’estimateurs aléatoires pour ap-
procher E [f(Z)]. Le plus utilisé d’entre eux est l'estimateur de Monte-Carlo:

Earlf] = 57 Y /(%) (L47)

ou M € N* et (Z;)1<i<m est une famille de vecteurs aléatoires indépendants et identiquement
distribués selon la loi de Z. Cet estimateur est sans biais et converge par la loi forte des grands
nombres vers E[f(Z)] en norme L' et presque siirement;:

E[Ex[f]-Ef (2] — 0 et Ex[f] = E[f(Z)]ps (1.48)

M—o0 M—o0

La loi faible des grands nombres assure également la convergence en norme L? de cet estimateur:

E [[Bx(f] - B2 = EL (1.49)

De plus, le théoréme central limite permet d’obtenir une estimation de la loi de l’erreur
d’approximation:

P |Eulf] - B2 <o | o [0 (150)

Ce qui donne pour a = 1.96 un intervalle de confiance de 95%.
La formule (I.50) nous assure que l'erreur statistique commise entre E [f(Z)] et son approxima-
tion par (1.47) est typiquement de 'ordre de

Var|f(Z)]
T

On peut diminuer cette erreur statistique soit en augmentant M, soit en diminuant la
variance Var [f(Z)]. Pour estimer la variance Var[f(Z)] en pratique on introduit aussi un
estimateur de cette quantité

Vary [f] = % Z 2(Z;) — (M Z f(Z:)?,
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qui converge par la loi forte des grands nombre vers Var [f(Z)]. En utilisant le théoréme de
Slutsky on montre que:

P | |Ex[f] —E[f(2)]| <a VMTMV]] o _a%, (L51)

Le principe d’une méthode de réduction de variance est de construire un estimateur sans biais
Ky de E[f(Z)] et telle que
Var[Ky] < Var[E(f)].

Noter qu’il faut aussi prendre en compte le cotit de calcul de I'estimateur Ky; pour juger de son
efficacité par rapport a l'estimateur classique de Monte-Carlo.

Supposons par exemple que le cotit de calcul de la méthode Monte-Carlo est de C' x M avec
C' le cout de calcul de f(Z;) pour chaque i tel que 1 < i < M. Soit € lerreur statistique tel

que € = 4/ w, ainsi le cotit de calcul par la méthode Monte Carlo standard , Cgpm (Enm(f)),

pour obtenir une erreur statistique € est,

C x Var(f(2))
Csun(EM(f)) = €2 :
Le méme raisonnement pour 'estimateur Ky = ﬁ Zf\il Y; avec (Y;)1<i<m des variables aléa-
toires iid selon une loi donnée, en supposant C le cott de calcul d’un Y;, nous donne Cy x M
comme cotit de calcul de Ky et alors & erreur statistique fixée € on a le cotit de la méthode

Cy x Var(Y;)

5 .

Csim (KM) -

€

CVar((f(2))

Le rapport R = CyVar(Y7)

doit ainsi étre supérieur a 1 pour justifier 'efficacité de la méthode.

Les méthodes de réduction de variance ont pour objectif de proposer des estimateurs pour
le calcul de E[f(Z)] dont la variance est plus faible que celle de l'estimateur de Monte-Carlo, de
sorte a diminuer 'erreur statistique de I'approximation de ’espérance obtenue pour un nombre
d’échantillons de Monte-Carlo de Z fixé. Nous présentons ci-dessous les deux méthodes les plus
classiquement utilisées dans ce contexte, a savoir la méthode d’échantillonage préférentiel et la
méthode de la variable de controle.

1.3.2 Echantillonnage préférentiel

Ce type de méthode est principalement utilisé dans le calcul d’événements rares, en particulier
lorsque la fonction f est presque nulle sur un domaine D C R? tel la probabilité que Z € D
soit treés faible.

Supposons que la loi de Z soit caractérisée par une densité de probabilité v définie sur
R?. Une méthode d’échantillonage préférentiel consiste alors a introduire une nouvelle densité
q : R, que l'on sait facilement échantillonner, et de considérer la formule suivante:

BL(2) = [ femd: = | f<x>%q<x>dx. (152)
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La quantité E[f(Z)] est alors approchée par I'estimateur
M
- Xi) =
37 2T )

ot (X;)1<i<m sont M vecteurs aléatoires indépendants et identiquement distribués selon la
densité q.

L’inégalité de Cauchy-Schwartz montre que la densité optimale ¢ pour obtenir la meilleure
réduction de variance est donnée par gopt(z) = m| f(z)v(x)]. En général, on ne sait pas
échantillonner selon cette distribution optimale. Une bonne pratique est alors de prendre ¢ de
telle sorte a ce qu’elle favorise les régions ou | f(x)v(z)| prend des valeurs élevées.

1.3.3 Meéthode de la Variable de controle

Le principe d’une méthode de variable de controle est d’introduire une nouvelle variable aléatoire
Y de telle sorte que

e calculer I'espérance de Y d’une fagon trés rapide.

e réduire considérablement la variance de I'estimateur de Monte Carlo K, qu’on va utiliser
pour le calcul de la quantité d’intérét E[f(Z)] devant la variance de 'estimateur standard
de Monte Carlo E(f):

Var[Ky] < Var[E (f)].

Remarquons qu’on peut écrire E[f(Z)] de la fagon suivante:
Va € Ron a
E[f(Z2)] =E[f(Z) — aY] + oE[Y]. (1.53)

Soit {Y;}1<i<y une famille de variables aléatoires iid selon la loi de Y et aw € R. L’estimateur
Monte-Carlo, en supposant E[Y] connue, est alors:
| M
(@) = 37 Y (2) - a¥i) + aBlY]
qui a une variance:
1
i

Var(Ky) = 7 Var[f(Z)] — 2aCov(f(Z),Y) + o*Var(Y)],

en optimisant cette quantité Var(K ;) en «, on obtient,

. Cov(f(2),Y)
Var(Y)

et pour cette valeurs de o,

Var(Ky ) = %Var(f(Z)ﬂl - Vacr%//({\(/i)(’,}}z)z))

).
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Rappelons que dans 'espace L?(Q) des variables aléatoires & moyenne nulle muni du produit
scalaire Cov(.,.) et de la norme Var(.) on a l'inégalité de Cauchy Schwartz:

(-
(Cov(f(2),Y))* < Var(f(Z))Var(Y).

Donc égalité si et seulement si, f(Z) et Y sont colinéaires. La réduction de variance est donc
d’autant plus importante que Y et f(Z) sont corrélées. Dans la pratique on prend Y = ¢(Z)
avec g une fonction qui est égale a f dans les régions out Z a une forte probabilité de se trouver
et E [g(Z)] facilement calculable.

Cas de plusieurs variables de controdle

Soit gy, .., gs, s fonctions de R, Y; = (g1(Z;), .., 9s(Z;)) et a € R®. L’estimateur qu’on considére
est maintenant:

Ku(a) = = Z 1(Z) — (@Y — E[Y]).
La variance de cet estimateur sans biais est:
1
Var(K (o)) = % (Var[f(Z)] — QOCTEM + ozTZga) ,

avee (5g)i; = Cov(gi(Z), 9;(Z))1<ij<s €t (Brg)i = Cov(f(Z), 9:(Z2) h1<i<s-
Cette variance est ainsi minimisée pour a* = E;lE 7,9 €t on obtient donc:

Var(f(2))

Ainsi on remarque que plus on augmente le nombre des variables de controle g;(Z), en supposant
qu’elles soient linéairement indépendantes, et plus on gagne en réduction de variance mais
alors plus ¢a nous cotite cher. Quand s— oo on obtient une base de l'espace L7(R?) :=
{9 € LLRY), [pugdv =0}, et alors X7 S5, = Var(f(Z)) puisque X, = I et X Np, =
2221 Covi(f(2),9:(2)) = IF (D72, = Var(f(2)).

Var(Ky(a®)) = %Var[ £(2)] (1 _ M) |

1.4 Contributions de la thése

Le but de cette section est de présenter les deux principales contributions de la thése, qui font
I'objet des Chapitres 2 et 3 du manuscrit.

I.4.1 Reéduction de variance par les bases réduites

La premiére contribution de la thése, présentée dans le Chapitre 2, porte sur ’analyse mathé-
matique d’une méthode de réduction de variance proposée par Boyaval et Leliévre dans [6].

Nous rappelons succintement cette méthode ici, et ses objectifs, ainsi que les principaux
résultats obtenus dans le cadre de la thése.

Soit Z un vecteur aléatoire de dimension d € N* de loi donnée par une mesure de probabilité
v définie sur R?. On introduit I'espace V := L2(RY) défini par

L2(RY) := {g RY — R, / |g|2dy<+oo}
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Cet espace est un espace de Hilbert muni du produit scalaire,
(9) = [ s f@advta), ¥o.f € LR,
R

On note également || - || la norme associée.

Soit P un ensemble de valeurs de paramétres et pour tout u € P, soit f, € L2(R?). La
méthode introduite dans [6] est une méthode de réduction de variance, utilisant un paradigme
similaire & la méthode des bases réduites, de maniére a calculer de maniére efficace une approx-
imation numérique de

E [/

pour tout p € P. Plus précisément, la méthode va consister & construire une variable de
controle multiple f“ pour tout p € P comme une combinaison linéaire d’un petit nombre n de
fonctions f,,,- -, fu, ol les valeurs des parameétres 1, -, u, € P auront été sélectionné par
un algorithme glouton similaire & celui présenté dans la Section [.2.1.

Cependant, un algorithme glouton ou faiblement glouton exact ne peut pas étre implémenté
en pratique dans un tel contexte stochastique. En effet, pour tout f € L2(R%), la norme
de f ne peut pas étre calculée exactement, et il est nécessaire de faire appel & une méthode
d’échantillonage de Monte-Carlo pour pouvoir approcher cette quantité.

L’objet du Chapitre 2 est de présenter une analyse mathématique qui permette de prédire
a priori le nombre d’échantillons de Monte-Carlo devant étre utilisés & chaque itération de
I’algorithme glouton de maniére a pouvoir garantir que ce dernier aura les mémes propriétés
d’approximation qu’un algorithme faiblement glouton avec une grande probabilité. Pour obtenir
de telles estimées théoriques, nous utilisons en particulier des inégalités de concentration en dis-
tance de Wasserstein de la mesure empirique. Cependant, sur les exemples numériques que nous
avons considéré, ces estimées semblent trés pessimistes en comparaison de ce qui serait néces-
saire pour obtenir des accélérations des temps de calcul significatifs par la méthode de réduction
de variance considérée. Aussi, nous proposons également dans ce chapitre quelques méthodes
heuristiques, inspirées du résultat théorique obtenu, afin de choisir le nombre d’échantillons de
Monte-Carlo & utiliser a chaque itération de l’algorithme glouton.

[.4.2 Dynamique Orthogonale pour les équations différentielles stochas-
tiques

L’objectif du Chapitre 3 est d’étudier numériquement le comportement d’une méthode de POD
dynamique pour approcher les solutions d’Equations Différentielles Stochastiques paramétrées
par des approximations de rang faible. Nous étudions en particulier le comportement dun
schéma numérique de type Projector-Splitting, similaire & celui présenté dans la Section 1.2.3,
pour la réduction de ce type d’équations stochastiques. Soit (€2, F,P) un espace probabilisé,
pour tout u € P, (X{)o<t<r est solution de,

AX!" = b(t; X1 dt + o (t; XI) dW, (L54)

Ou (Wi)o<t<r est un mouvement brownien, et pour tout p € P, b* : [0,7] x R — R et
ot [0, T] x R — R,.

En premier lieu, nous proposons des schémas splitting d’ordre 1 pour le cas des EDS avec
bruit additif (o* constant). En deuxiéme lieu, nous utilisons ce schéma, dans le cadre bruit
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additif pour construire une variable de controle pour approximer 'espérance de la solution de
I'EDS a chaque instant, E[X}'] pour tout ¢ € [0,7], d’'une maniére rapide. En troisiéme lieu,
nous généralisons et proposons des schémas splitting dans le cadre d’un bruit multiplicatif. Ces
schémas sont étudiés sur un example d’EDS (le brownien géométrique) intégrant un terme de
McKean. Nous obtenons ainsi un gain en temps de résolution de 'ordre de 10 fois plus rapide
comparé a ce que donnerait une approximation de X; par le schéma d’Euler Maruyama (pour
le cas étudié). Ce gain peut étre augmenté ou diminué dépendemement, principalement, du
rang r utilisé.
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Abstract

The main focus of this chapter is to provide a mathematical study of the algorithm pro-
posed in [6] where the authors proposed a variance reduction technique for the computation
of parameter-dependent expectations using a reduced basis paradigm. We study the effect of
Monte-Carlo sampling on the theoretical properties of greedy algorithms. In particular, using
concentration inequalities for the empirical measure in Wasserstein distance proved in [16], we
provide sufficient conditions on the number of samples used for the computation of empirical
variances at each iteration of the greedy procedure to guarantee that the resulting method
algorithm is a weak greedy algorithm with high probability. These theoretical results are not
fully practical and we therefore propose a heuristic procedure to choose the number of Monte-
Carlo samples at each iteration, inspired from this theoretical study, which provides satisfactory
results on several numerical test cases.

II.1 Introduction

The aim of this chapter is to provide a mathematical study of the algorithm proposed in [6]
where the authors proposed a variance reduction technique for the computation of parameter-
dependent expectations using a reduced basis paradigm.

More precisely, the problematic we are considering here is the following: let us denote by
P C R™ a set of parameter values. In several applications, it is of significant interest to be able
to rapidly compute the expectation of a random variable of the form f,(Z) for a large numbers
of values of the parameter € P, where Z is a random vector and where for all € P, f, is
a real-valued function. In practice, such expectations may not be computable analytically and
are approximated using empirical means involving a large number of random samples of the
random vector Z. Variance reduction methods are commonly used in such contexts in order
to reduce the computational cost of approximating these expectations by means of standard
Monte-Carlo algorithms. Among these, control variates, which are chosen as approximations
of the random variable f,(Z) the expectation of which can be easily computed, can yield to
interesting gains in terms of computational cost, provided that the variance of the difference
between f,(Z) and its approximation is small. The construction of efficient control variates for
a given application is thus fundamental for the variance reduction technique to yield significant
computational gains.

In [6], the authors proposed a general algorithm in order to construct a control variate for
fu(Z) using a reduced basis paradim. More precisely, the approximation of f,,(Z) is constructed
as a linear combination of f,,(Z),---, f..(Z) for some small integer n € N* and well-chosen
values p1,- -+, up, € P of the parameters. The choice of n and of the values of the parameters
stems from an iterative procedure, called a greedy algorithm, which consists at iteration n € N
to compute

pn+1 € argmax inf Var[f,(Z) — Z,],
peP  Zn€Vn
where V,, := Span{f,,(Z), -+, fu.(Z)}. In the ideal (unpractical) case where variances can
be exactly computed, the procedure boils down to a standard greedy algorithm in a Hilbert
space [11]. Tt is now well-known [11] that such a greedy procedure provides a quasi-optimal set
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of parameters iy, - - - , i, in the sense that the error

sup inf Var[f,(Z) — Z,] = inf Var[f,., (Z)— Z,]

MGP Zn€Vn Zn€Vn

is comparable to the so-called Kolmogorov n-width of the set {f,(Z), x € P}, defined by

sup inf inf Var [f,(Z) — Z,].
neP W, vectorial subspace Zn€Wn
dimW, =n

In other words, the subspace V,, is a quasi-optimal subspace of dimension n for the approxima-
tion of random variables f,(Z) for ;1 € P in an L? norm sense.

However, in practice, variances cannot be computed exactly and have to be approximated
by empirical means involving a finite number of samples of the random vector Z, which may be
different from one iteration of the greedy algorithm to another. The main result of this chapter
is to give theoretical lower bounds on the number of samples which have to be taken at each
iteration of the greedy algorithm in order to guarantee that the resulting Monte-Carlo greedy
algorithm enjoys quasi-optimality properties close to those of an ideal greedy algorithm with
high probability.

The mathematical analysis of algorithms which combine randomness and greedy procedures
is a quite recent and active field of research among the model-order reduction community. Let
us mention here a few works in this direction in which different settings than the one we focus
on here are considered. In [10], the authors consider the effect of randomly sampling the set of
parameters in order to define random trial sets at each iteration of the greedy algorithm and
prove that the obtained procedure enjoys remarkable approximation properties which remain
very close to the approximation properties of a greedy algorithm where minimization problems
at each iteration are defined over the whole set of parameters. In [26, 25, 1, 2|, the authors
propose randomized residual-based error estimators for parametrized equations, with a view
to using them for the acceleration of greedy algorithms for reduced basis techniques. Let us
finally mention that significant research efforts are devoted by many different groups to the
improvement of randomized algorithms for Singular Value Decompositions [9], which plays a
fundamental role for model-order reduction.

The outline of the chapter is the following. In Section II.2, we motivate the interest of
greedy algorithms for the construction of control variates for variance reduction methods and
recall some results of [7, 4, 11] on the mathematical analysis of greedy algorithms in Hilbert
spaces. In Section I1.3, we present the Monte-Carlo greedy algorithm, which is the main focus
of this chapter, our main theoretical result and its proof. This theoretical result does not yield
a fully practical algorithm. To alleviate this difficulty, we propose in Section I1.4 a heuristic
algorithm, inspired from the theoretical result, which provides satisfactory results on several
test cases.
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II.2 Motivation: greedy algorithms for reduced bases and
variance reduction

I1.2.1 Motivation: reduced basis control variate

The aim of this section is to present the motivation of our work, which aims at constructing
control variates for reducing the variance of a Monte-Carlo estimator of the mean of parameter-
dependent functions of random vectors.

Let us begin by introducing some notation. Let d € N*, (Q, F,P) be a probability space
and Z a R%valued random vector with associated probability measure v. For all ¢ € N*, we
denote by

LI(RY) := {f ‘R? = R, /Rd |f(z)|? dv(x) < +oo} .

Let C(R%) denote the set of continuous real-valued functions defined on R?. Let p € N*, P C R?
be a set of parameter values, and for all ;1 € P, let f, be an element of C(R%) N L2(RY).

For all f,g € C(RY), any M € N* and any collection Z := (Z})1<p<n of random vectors of
R?, we define the empirical averages:

Eo(f) = - 0 F (Z0),
k=1

Covz(f,9) = Ez(fg9) — Ez([)Ez(9),
Varz(f) := Covy(f, f).

The aim of our work is to propose and analyse from a mathematical point of view a numerical
method in order to efficiently construct control variates to reduce the variance of a Monte-Carlo
estimator of E [f,(Z)] for all i € P using a Reduced Basis paradigm [17, 3, 22, 13|, which was
originally proposed in [6].

More precisely, let Mgnan, Mot € N* and assume that M.e > Mg,.n. Let Eref = (Z,gef)

—small

and Z = (Zgmal) \<k<nr,., D¢ two independent collections of iid random vectors distributed
according to the law of Z and independent of Z.

ISkSMref

Let us assume that we have selected N values of parameters (pi1, fia, ..., un) € PV for some
N € N* and assume that the empirical means (E_.(f,,))i1<i<y have been computed in an
offline phase.

In an online phase, for all 1 € P, we can build an approximation of E [f,(Z)], using a control
variate which reads as f,(Z) for some function f, : RY — R:

E [fu(2)] & Epret (f,,) + Egeman (fu — f,,) - (IL.1)

Remark I1.2.1. Let us point out that the statistical error between e (f,) and E[f,(Z)] is
close to

Var [f,(Z)]
Mref ’
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whereas the error between E_wman (fu— Tu) and E [(f, — TM)(Z)] is of the order of

Wr [(f~T.) (2]

M, small

The aim of the Monte-Carlo greedy algorithm studied in this chapter is to give an approximation
Var(f,(Z)]
M,

ref

of E[f.(Z)] with an error close to within a much smaller computational time than

the one required by the computation of E_rer(f,).

In the method studied here, the control variate function fu is constructed as follows:
N
fu= Z AL

=1

where M := (A'), ;. v € RY is a solution of the linear system

AN =V (I1.2)
where A := (Ajj),;;cn € RY*N and v = (b') .,y € RY are defined as follows: for all
1<i,j<N, o o

Aij = Covésmall(fui, fﬂj) and béL = COV7small(fu, fm) (H.?))

Equivalently, the vector M\* is a solution of the minimization problem

N
= argmin  Var eman < fu— Z A fm> )
i=1

)\:Z(/\i)lgigNERN

Let us point out that A\* is a random vector which can be written as a deterministic function
—small

of Z . In other words, A\* is measurable with respect to zm Remarking that E_ e (?H) =

SN E_vet(fy;), the computation of the approximation (IL.1) of E [f,(Z)] thus requires the
following steps:

o offline phase: Compute (E_w(f,,))i<i<y (N empirical means with M, samples),
(Esman(fy,))1<i<n (N empirical means with M.y samples) and the matrix A (N? em-
pirical covariances with Mgy, samples).

e online phase: For all u € P, compute b* (N empirical covariances with M,y samples)
and solve the linear system (I1.2) to obtain A*. Then, compute the approximation (II.1)

of E[f,(2)] as

E[f Z)\ E et (fu,) + Egeman (f,) ZA Eoman (f) (11.4)

which requires O(N) elementary operations and the computation of one empirical mean with
Mman samples.
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Naturally, the approximation of E [f,(Z)] given by (II.1) can be interesting from a computa-
tional point of view in terms of variance reduction only if Var [ f,(Z) — 7M(Z )] is much smaller
than Var [f,(Z)]. The following question thus naturally arises: how can the set of parameters
(1, f12, -, piv) € PN be chosen in the offline phase in order to ensure that Var [fM(Z) — ?H(Z)}
is as small as possible for any value of p € P?

Greedy algorithms stand as the state-of-the-art technique to construct such sets of snapshot
parameters, enjoy very nice mathematical properties and are the backbone of the method
proposed in [6] which we wish to analyze here. We present this family of algorithms and related
existing theoretical convergence results in the next section.

I1.2.2 Greedy algorithms for reduced basis

Let us recall here the results of [7, 4, 11| on the convergence rates of greedy algorithms for
reduced bases, adapted to our context. Let us define

Li,o(Rd) = {g € L2(RY), /Rdgdy = 0} }

It holds that Lio(Rd) is a Hilbert space, equipped with the scalar product (-,-) defined by

Va1, 92 € Lo o(RY),  {g1,92) = /d 9192 dv = Cov [91(2), g2(Z)] .
R

The associated norm is denoted by || - || and is given by

e L), o= ([ rar) =l

For all i € P, let us define
9 = fu — E[fu(2)] (IL.5)

and let us denote by
M = {g,, yi€ P} (IL6)

so that M C L?,}O(Rd). Let us assume that M is a compact subset of Lzﬁo(Rd). For all n € N*,
we introduce the Kolmogorov n-width of the set M in LiO(Rd), defined by

dp(M) = inf sup inf /Var[g,(Z) — g.(Z)]
Va C Lz,o(Rd) SubSpace7 peP 9n€Vn
dimV, =n
— inf sup inf |lg, — gall-
Vo C Li,o(Rd) subspace, H€EP InEVn "
dimV, =n

Let 0 < v < 1 and consider the following weak greedy algorithm with parameter ~.
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Weak-Greedy Algorithm
Initialization: Find p; € P such that

2 2
1gp|I” > 7* max||ga|” (IL7)
HEP

Set Vi := Span{g,, } and set n = 2.
Iteration n > 2: Find p, € P such that

n—1
Jun — Z )‘iguz‘
=1

Set V;, := Vi1 + Span{g,, } = Span{g,,, ", g, }-

2 2

inf , (IL.8)

> ~% max inf
(Mi)1<i<n—1€R"1

BREP (Ai)i<i<n—1€ER?L

n—1
Iu — Z )‘iguz‘
=1

For all n € N*, the error associated with the n-dimensional subspace V,, given by the weak
greedy algorithm is defined by

op(M) :=max  inf
HEP (Ni)1<i<n€R™

Gu — Z Aigm
=1

The following result is then a direct corollary of the results proved in [11, Corollary 3.3|.

n—m

n . In particular, for all

Theorem I1.2.2. For all n € N*, 0, (M) < V2771 Ognin (d(M))
<m<n
n € N*, g9, (M) < V2y7 1\ /d,(M).

This result indicates that the weak greedy algorithm provides a practical way to construct
a quasi-optimal sequence (V,)nen- of finite dimensional subspaces of L7 ,(R?).

Of course, the weak greedy algorithm introduced above cannot be implemented in practice
since it requires at the n'® iteration of the algorithm the computation of the exact variances of
9.(7Z) — Z?;ll NiGu,(Z) for pu, pa, -+, pt—1 € P and Ay, -+, A1 € R, which is out of reach in
our context. In practice, these quantities have to be approximated by Monte-Carlo estimators
involving a finite number of samples of the random vector Z. The resulting greedy algorithm
with Monte Carlo sampling is presented in Section II.3. The mathematical analysis of this
algorithm is the main purpose of the present chapter.

For the sake of simplicity, in the rest of the chapter, we assume that for all n € N*,

d,(M) > 0.

I1.3 Greedy algorithm with Monte-Carlo sampling

I1.3.1 Presentation of the algorithm

Let us begin by presenting the greedy algorithm with Monte Carlo sampling.

Let (M, )nen+ be a sequence of integers, which represents the number of samples used at
iteration n. For all n € N*, let Z" := (Z}")1<k<u, be a collection of random vectors such that
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(Z})n>1, 1<k<m;, are independent and identically distributed according to the law of Z, and

independent of Z. Let 7= (Em) and 7" = (7”)

1<m<n neN*’

For any random functions g1, go with values in L2 j(R?), we define

(1080) = Cov [0(2),0(2)[2°] and il = Vo [0(2)[ 2]

Let us make here an important remark. Since 7" is a collection of random vectors which
are all independent of Z, it holds that, for all f,g € L (R?), almost surely,

(s g) g = Cov | (2),9(2) [ | = Cov [£(2),9(2)] = (f..).
l9l1Z = Var |g(2) |2 | = Varlg(2)] = glI*

Hence, almost surely, (-,-)- 1 defines a scalar product on LZ?O(Rd), which is a Hilbert space

Z
when equipped with this scalar product, and || - ||;1:~ is the associated norm.

Iz

The greedy algorithm with Monte-Carlo sampling reads as follows:

MC-Greedy Algorithm

Initialization: Find 7i; € P such that, almost surely,

1 € argg;ax Var;i (g,) and gy, # 0. (I1.9)
I

Set V; := Span{gz, } and set n = 2.
Iteration n > 2: Find 7i,, € P such that, almost surely,

peP  (Ai)icicn_1€ERPTI

n—1
I, € argmax inf Var,n» <9u — Z )‘igui) and gn ¢ Voot (I1.10)
i=1

Set V" = V"_l + Span{gﬁn} = Span{gﬁla e agﬁn}~

Naturally, for all n € N*¥, the parameter 7, and thus the finite-dimensional space V,, are
7" measurable.

Let us first prove an auxiliary lemma.

Lemma I1.3.1. Almost surely, all the iterations of the MC-Greedy Algorithm are well-defined,
in the sense that, for all n € N*, there always exists at least one element 1, € P such that
(I11.9) (when n = 1) or (I1.10) (when n > 2) is satisfied.

Proof of Lemma 11.5.1. Let us first consider the initialization step corresponding to n = 1. Two
situations may a priori occur : either max Varz (g,) > 0 or max Var,i (g,) = 0. In the first
HEP neP

case, choosing fi; € argmax Var, (g,) is sufficient to guarantee that gz # 0. Indeed, since
HEP
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M C C(R?) (remember that f, is continuous for all x4 € P, and hence so is g,), the fact that
Var (gﬁl) > 0 necessarily implies that Var [gﬁl(Z ) )71:00] > 0 almost surely. Since 75 s

independent of Z and 7, is a 7" measurable random variable, this implies that almost surely
9m, 7 0.
In the second case, it then holds that Var_i (g,) = 0 for all 4 € P. Then, the assumption

di(M) > 0 implies that, almost surely, there exists at least one element f;; € P such that
9, # 0. In addition, 77; € argmax ,.p Var (g,,).

Using similar arguments and the fact that d,,(M) > 0 for all n € N*, it is easy to see that,
almost surely, all the iterations of the MC-Greedy algorithm are well-defined, in particular for
n > 2. O

Remark I1.3.2. We stress on the fact that the practical implementation of the MC-greedy
algorithm does not require the knowledge of the value of E[f,(Z)], even if g, = f, — E[f.(Z)]
for all u € P. Indeed, it holds that for all g € C(R?), all n € N* and all C' € R, Varz~ (g) =
Vargn (g + C). Thus, for all p € P, n € N* and X := (\;)1<jep,; € R"7,

n—1 n—1
Var_i (g,) = Varpi (f,)  and  Varge <9u — Z )‘igui) = Vary» (fu — Z )‘ifui) .
i=1 i=1

Thus, the MC-greedy algorithm naturally makes sense with a view to the construction of a
reduced basis control variate for variance reduction as explained in Section 11.2.1.

Remark 11.3.3. In practice, a discrete subset Py C P has to be introduced. The optimization
problems (11.9) and (11.10) have to be replaced respectively by

Ay € argmax Varp (g,)  and  gg, # 0,
Meptrial

and

n—1

Hn € a:eg;iilx (Ai)1§iglnnff1€Rnf1 Varzn (g“ B ; )\ig“i> and ., g_ﬁ Vit
The influence of the choice of the set Piia on the mathematical properties of the MC-greedy
algorithm is an important question which we do not address in our analysis for the sake of
simplicity. For related discussion, we refer the reader to the work [10], where the authors study
the mathematical properties of a greedy algorithm where the set Piia depends on the iteration n
of the greedy algorithm and is randomly chosen according to appropriate probability distributions
defined on the set of parameters P.

For all n € N*, we also define

n—1
~ . —1:00
Op-1(M) = max (/\i)lg;nn_flGRW1 Var | g,(Z) — ;)\igm(Z) Z 7, (IT.11)
n—1
Tt (M) = inf Var | g, (Z) =Y Ngn(2)| 2" (I1.12)
(Mi)1<i<n—1€R?1 Hn p Ha




I1.3. Greedy algorithm with Monte-Carlo sampling 45

Let us point out here that 7,,_;(M) is a random variable which is measurable with respect
to Z""" whereas i, and @,_1(M) are measurable with respect to zZ"

11.3.2 Main theoretical result

The aim of this section is to study the effect of Monte-Carlo sampling on the convergence of
such a greedy algorithm. We consider here the probability space (2, A(?lm), [P) the probabilty
space where A(?lm) denotes the set of events that are measurable with respect to Z . We
prove, under appropriate assumptions on the probability density v and on the set of functions
M = {g,,n € P}, that for all 0 < v < 1, there exist explicit conditions on the sequence
(M,)nen+ so that, with high probability, the MC-greedy algorithm is actually a weak greedy
algorithm with parameter v. More precisely, under this set of assumptions, we prove that, with
high probability, it holds that for all n € N*,

Tn-1(M) > 70,1 (M).
Let us now present the set of assumptions we make on v and on the set M = {g,, n € P}
for our main result to hold.
From now on, we make the following assumption on the probability distribution v.

Assumption (A): The probability law v is such that there exist & > 1 and § > 0 such
that

/eﬁﬂa dv(z) < 4o0.
R

Let us denote by £ the set of Lipschitz functions of R? and for all f € £, let us denote by
|| fl|z its Lipschitz constant. In the sequel, we denote by ¢ : R* — R’ the function defined by

I€2]l,$§1 + Ha]lﬁ>1 ifd= 1,
Ve eRY, ¢(k) =< (k/log(2+1/5)*) 1<t + K%Lz if d=2, (IT.13)
/ﬂd]l,qgl + /ﬂ?a]ln>1 if d Z 3.

A key ingredient in our analysis is the use of concentration inequalities in the Wasserstein-1
distance between a probability distribution and its empirical measure proved in [5, 16]. Let us
recall here a direct corollary of Theorem 2 of [16], which is the backbone of our analysis.

Corollary I1.3.4. Let us assume that v satisfies assumption (A). Then, there exist positive
constants ¢, C' depending only on v, d, o and 3, such that, for all M € N*, all Z := (Zy)1<k<m
1d random vectors distributed according to v and all k > 0, it holds that

P [ﬂ (7) > /ﬂ < Ce_CM¢(”),

where
Ti(Z)= _sw  [E/(2)] - Eg(/)].
feLillfllc<1

Remark I1.3.5. We would like to mention here that other concentration inequalities are stated
in Theorem 2 of [16] under different sets of assumptions than (A) on the probability law v.
In particular, weaker concentration inequalities may be obtained when v only has some finite
polynomial moments. Our analysis can then be easily adapted to these different settings but we
restrict ourselves here to a framework where v satisfies Assumption (A) for the sake of clarity.
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We finally make the following set of assumptions on M defined in (IL.6).
Assumption (B): The set M satisfies the four conditions:

B1) M is a compact subset of L2 (R?) and let K3 := sup,cp [|g,]| < o0;
M C L and K :=sup,ep ||gullc < +oo;

B3

(
(B2
( M C L®(RY) and K, := Sup,ep l|gullLe < +00;
(

)
)
)
B4) for all n € N*, d,(M) > 0.

Before presenting our main result, we need to introduce some additional notation. Using
Lemma I1.3.1, we can almost surely define the sequence (3, )nen+ as the orthonormal family
of L2 ,(R?) obtained by a Gram-Schmidt orthonormalization procedure (for || - [|;1:) from the
family (gz_ )nen+. More precisely, we define

9Im,

\/Var [gﬁl(Z) )ELOO] |

g1 =

Moreover, for all n > 2, et A= (X?) € R"! be a solution to the minimization problem
1<i<n—1
n—1 .
N e argmin Var | gz, (Z) — Z NGi(2)| 2
A=(Ai)1<i<n_1ER™T! i=1

Then it holds that

n—1 37N

7. = 9u, — Zi:l Ai Gi
n - n—1-~n_ —l:00 '
\/Var [gpn(Z)_Zizll)\igi(Z>‘Z ]

As a consequence, it always holds that V,, = Span { Gy ,gﬁn} = Span{g,, - ,g,}- More-

_ . —=ln
over, g, is Z = -measurable.

We are now in position to state our main result, the proof of which is postponed to Sec-
tion II.3.3.

Theorem I1.3.6. Let 0 < 6 < 1 and (3,)nen- C (0, )N be a sequence of numbers satisfying
Mpen (1 —0,) > 1 — 0. Let us assume that M satisfies assumption (B) and that v satisfies
assumption (A). Let C,c > 0 be the constants defined in Corollary II.3.4.

For all n € N*, let

K5 := max (KOO7||§1||L°°7"' ) ||§nHL°°) and KZ = max (Kﬁv ||§1H£7 ) H%Hﬂ) (1114)

Let us assume that there exists 0 < v < 1 such that for all n € N*, M, € N* is a ZVn

measurable random variable which satisfies almost surely the following condition:

On 1
> > n
vn>1, M, > 1n<0)c¢(

Rn—l) ’

(I1.15)
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where K,_1 is a deterministic function of 71:(%1), defined by

(1 =% Go(M)?

= ; I1.1
o SKoKp (IL.16)
and
. 1 (1=*)Tn-1(M)?
i (2(n—1)’ n(9K3+4) )
Yn > 2, Kpo1:= — . (I1.17)
6K LK}

Then, for all n € N*, it holds that

i [an_l(/\/t) > 15,1 (M) ‘71‘(”‘”] >1- 6, (IL.18)

As a consequence, denoting by G, the event G,,_1(M) > v5,-1(M) for all n € N*, it holds that

P [ N gn] >1—04. (I1.19)

neN*
Thus, it then holds that the MC-greedy algorithm is a weak greedy algorithm with parameter ~

and norm || - |10 with probability at least 1 — 9.
We state here a direct corollary of Theorem I1.3.6, the proof of which is given below.

Corollary I1.3.7. Under the assumptions of Theorem I1.3.6, with probability 1 — ¢, it holds
that for all n € N*,

n—m

Gn(M) < V27! min (dp(M)) " . (11.20)

1<m<n

In particular, with probability 1 — &, it holds that
Vn € N, Gop(M) < V27 1/d(M). (I1.21)

Proof. With probability 1 — §, the MC-greedy algorithm is a weak greedy algorithm with

parameter v and norm || - [| ;1. Thus, since for all n € N*, 7,, is a 7" measurable random
variable, if such an event is realized, using Theorem I1.2.2, it holds that for all n € N*

o —1 . leoo ":L’m
where for all n € N,
le*”(M) = inf sup inf \/Var [gM(Z) — 9u(2) ‘71:00}
V,, C L2(R?) subspace, neP In€¥n
= inf sup inf /Var|[g,(Z) — g.(Z)]
Vo C Li,o(Rd) subspace, HEP InEVn

= d,(M).

Hence, we obtain (I1.20), and (II.21) as a consequence. O
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Some remarks are in order here.

Remark I1.3.8. Note that, since the random variables K%', K}™' and 5,1 (M) are measur-
(n—1)

able with respect to Z" , Kn—1 1S also measurable with respect to

Remark 11.3.9. A natural question is then the following: can Theorem II1.3.6 be used (at least
in principle) to design a constructive strategy to choose a number of samples M,, so that the
MC-greedy algorithm can be guaranteed to be a weak greedy algorithm with parameter v? This
can indeed be done in principle using the following remark: for alln € N*, the quantity 7,,_1(M)
defined by (11.11) cannot be computed in practice since variances cannot be computed exactly
for any parameter p € P. However, almost surely, it holds that 7,,_1(M) defined by (11.12)
satisfies 7,1 (M) < 7,-1(M). Let us recall that T,_1(M) depends on 71:71, whereas 7,1 (M)
only depends on 77" Since ¢ is an increasing function, this implies that, if the sequence
(M), en- satisfies condition (11.15) where 6o(M) is replaced by 5o(M) in (11.16) and 7,,—1 (M)
is replaced by 7,_1(M) in (11.17), the assumptions of Theorem I1.53.6 are satisfied. Besides, it

is reasonable to expect in this case that G,_1(M) should provide a reasonable approximation of
On-1(M) since, from Theorem I11.3.6, G,,_1(M) > ~v7,_1(M) with high probability.

Unfortunately, we will see that such an approach is not viable in practice, because it leads
to much too large values of M, for small values of n for the MC-greedy algorithm to be inter-
esting with a view to the variance reduction method explained in Section 11.2.1. That s why in
Section I1.4, we will present numerical results with heuristic ways to choose values of (My)nen
which are not theoretically guaranteeed, but which nevertheless yield satisfactory numerical re-
sults in several test cases.

11.3.3 Proof of Theorem I1.3.6

The aim of this section is to prove Theorem I1.3.6. For all n € N*, we denote by G,, the event
(M) > 5, (M).

Let us begin by proving some intermediate results which will be used later. We first need
the following auxiliary lemma.

Lemma 11.3.10. Let n € N*. Then, almost surely,

—1l:00
B sup E[/2)Z"] ~Ex(n)|=  sw  [EU(Z)]-Ex ().
f Z " -measurable random function fesslifllc<t
such that || f|lz < 1 almost surely
Proof. On the one hand, it is obvious to check that
—1l:c0
swp [E[f(2)] — Bz (f)] < sup E[£(2)Z"] ~Ez(5)].

eL; <1 —1l:00 .
feLillflles f Z " -measurable random function

such that || f]|z < 1 almost surely

On the other hand, for any 7" _measurable random function f such that ||f]|; < 1 almost
surely, it holds that, almost surely, since 7" is independent of Z, E[f (Z)|71:oo] =E4[f(2)]
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where the index Z in [Ey indicates that the expectation is only taken with respect to Z, and
thus

E[1(2)Z] ~Ep ()| < s [EH(2)]-Ex ().
feLillfllc<1
Hence the result. O
We start by considering the case of the initialization of the MC-greedy algorithm.

Lemma I1.3.11. Let 0 <~ < 1. Then, it holds that almost surely,
P lVar [gﬁl(Z) )71:00] > 72 ma%(\/ar [gu(Z) ’EI:OOH >1— 0. (11.22)
pe

As a consequence, P[G1] > 1 — 6y and (I1.18) holds for n = 1.

Proof. Let ji; € P such that

50(M)? = max Var [gu Z) ‘71200} = Var [gﬁl(Z)EIm} :

neEP

Inequality (I1.22) holds provided that

1

P (Var [gm ] — Var [gﬁl(Z) ‘71:OOD > 630(./\/1)2] < dy,

with € := (1 —~?). Almost surely, since 7i, € argmax,,p Var,i(g,), it holds that

Var [gm \Zl >l — Var [gm ‘_1 OO]

= Var gm(Z)|?1 OO] Var,: (gp,) + Var (gz,) — Var (gz,) + Var (gz,) — Var [gﬁl(Z) ‘71100}

< Var gﬁl(Z)|71:

—1:00
] — Var,1 (gp,) + Var,: (gz,) — Var [gﬁl (Z) ‘Z }
—1l:00 —1c>o
= E[lgs (27| ~ By (o) + Bz (93" ~ E [0 (2) [7]
[ —1:00
~Elgn P17 + Ep (19, ) ~ Bz (9m,)" +E [0, (2)]2"]
—1l:00
< |E [l9m P2)1Z"] = B (195,2)| + 2K B (97) — E g5 (2)]
—1l:00 —1l:oc0
+ | 19 P()IZ"] = B (190, P)| + 2K [B (97) — B [, (2)12"] |
< 2K00KE
g |\ s |92, ° 97, 1* |\ i |95, |
E |98l (7)Z"°| B | 2l E|-—2n (2)Z"°| B | 2l
% (‘ {2}( 7, Pl o, )| T|F |ax. i, ) 7'\ oK _K,
9n, 9u, 7l i Y1 oo
_ —E|%(2)Z E. () g |L2)Z .
7 (Kz:) {Kﬁ( ) H+ d (Kﬁ) {KJ ) H)
It holds that for all u € P, |||g.)?|lz < 2K K. Indeed, for all 2,y € RY, we have

g, () = 9P W) = [(g9u(2) + 9. (¥)) (gu(2) — 9. (¥))| < 2K K|z — 9.

+
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Thus, almost surely, it holds that

Var [gﬁl(Z)]?LOO} — Var [gﬁ (Z) ’71:00} < 8K K, sup
1 reLfle<t

Then, using Lemma [1.3.10, we obtain that, almost surely,

Var [gﬁl(Z)|71m} — Var [gﬁl(Z) ‘71:()0] < 8K K, fE:HL}I\T . ‘E [f(2)] — E_. (f)‘ )

Thus, using Theorem I1.3.4, the assumption on M; and the definition of kg, we obtain that

P [ sup |]E[f(Z)] —E. (f)‘ > ko| < Ce o) < 4.

feLilflle<t

Hence the desired result. O

We now turn to the case of the n'* iteration of the algorithm, with n > 2, that we analyze
in the next two lemmas.

Lemma I1.3.12. Let n > 2. Let us denote by
Mnfl = MU {§17 e ?gnfl}' (1123)

Then, for all e > 0, it holds that, almost surely,

Y

Cov [g(Z)7 h(Z) ‘71:00] — Covy» (g, h)’ > €

g,heMn—1

IP’[ sup

where K~ and K™™' are defined by (I1.14).
Proof. For all g,h € M™ ! it holds that, almost surely,
‘Cov[ (2),h(Z) ‘7“"’] — Covn (g, h)’
< |E|9(@n(2) |2 | ~ Bz (gh)
K (’]E 9(z ’Z *] - Bz (g)) +|E [n(2) |2 ] — B (1))

< 2K KR ’E |:2](n;g—1lll(rz—1(z> ‘71:00} — Bz <—2Kn_glhKn_1>’
00 L

g —1:00 g h h
E Z )Z CEae [ | ‘Z Eon [ —")|).
+'[ﬂ¢*() ] z(m¢4)bﬁ LKzl } Z(w%*)b

For all g, h € M™! it holds that

<1 and H g
2

n—1

L

<1

H 2K<§L<>_1K£h1 L c
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This implies that, almost surely,

sup
g,heMn—1

E[/(2)[7"] Bz (7).

Cov [g(Z), h(Z) ’?lm} — Covyn (g, h)‘ <6KZTKRP! feLSﬁlfIﬂ .,
) L>

Using Lemma I1.3.10, this yields that, almost surely,

sup
g,heMn—1

Cov[9(2),1(2) [2' | = Covp (9. )] < ORIKET  sup  [EIS(2)] =B (1),

We finally obtain, using Corollary I1.3.4, that

P| sw_|Cov[s(2).h(2) ‘71:00} — Covzr (g,h)‘ > | 7Y
gJZGMn—l

<P — sup  |E[f(Z)] —Ez (f)| > .« le(n—l)_

T reciflest z 6K K7 |

<P — sup |E[f(Z)] —Ez (f)| > &€ ?1:(71_1)_

T reciflest z 6K K7 |

< oo ate).

Hence the result. -

Lemma I1.3.13. Let 0 <y <1 and n > 2. Then, it holds that almost surely

P [gﬂ?lz(n_lq >1- 6,

Proof. Since (g,,--- ,g,,) forms a basis of V,,_1, for all € P, there exists one unique minimizer
to

. —1l:00
min Var A4

(Ai)1<i<n_1ER™T!

w(2) = Y AT(2)

Let A" := (X?) € R"! be the unique minimizer of
1<i<n—1
n—1 L
N':= argmin Var 9n,(Z) — Z NG 2 (I1.24)
Ai=(Ai)1<i<n—1 i—1
As a consequence, it holds that
n—1 L
Tor(M) = Var | ga (2) = Y NGi(2)|Z ™
i=1

where 7,_1(M) is defined by (I1.12).
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Let j1,, € P such that

[, € argmax min Var
peP  (Ai)icicn_1€ER?T!

n—1
_ —1:00
9u(Z) =Y Na(2)| 27|,
i=1

so that

Op-1(M) = min Var

(Ai)1<i<n_1ER™T

where 7,,_1(M) is defined in (IL.11).

n—1
_ —1l:00
90.(2) =Y Ngi(2)| 27|
i=1

Let A" := (X?) € R™! the unique minimizer of
1<i<n—1
~ nil 1.
A" := argmin Var|gz,(Z)— Z NG Z 7, (I1.25)
A=(Ai)1<i<n—1 i—1
so that .
~ Tn— —1l:00
Op-1(M) = Var | gz,(Z2) = p Ng,(2)| Z
i=1
The event G, holds if and only if
n—1 n—1
~n__ —1:00 2 Tn— —1l:c0
Var | gz (2) =Y Ng/(2)| 27| > +*Var | g;,(2) = > _N'5,(2)| Z (I1.26)
i=1 =1
Let us begin by pointing out that, since
n—1 n—1
~ —1: ~n_ 100
Var | g, (2) = Y N'G(Z)| 27| = Var | gz (2) = > _NG(2)| 277,
i=1 =1
if the inequality
n—1 N L n—1 L
Var | gz, (2) =Y NG(2)| 27| = Var | g5, (2) = > _NaG(2)|Z"
i=1 1=1
n—1 . L
< (1 =7)Var | g,(2) = Y NG| Z (I1.27)
i=1

holds, then (I1.26) is necessarily statisfied. The rest of the proof consists in estimating the
probability that (I1.27) is realized.

To this aim, as a first step, we are going to prove an upper bound on

n—1

95,(2) =Y _N9:(2)

=1

l:00

Var | gz, (Z) — ngZ(Z) 7 — Var
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as a function of

D= sup , (11.28)

gthMn—l

Cov [g(Z), h(Z)| Zlm} — Covyn (g, h)

which is the quantity estimated in Lemma I1.3.12. More precisely, let us now prove that

n—1

n—1
97.(2) = ) _N9:(Z) 97, (Z) — ZX?@(Z)
=1 =1

K2+\/n—177 2 2
§n<$+(1_m_nn>4Jg>n (11.29)

—1l:00

Var 7| — Var Vi

It holds that for all 1 <i <n —1, from (II.24) and (II.25),
X! = Cov |95, (2),9.2) 2| and X} = Cov |45, (2),5.(2)17",
and it then holds that, almost surely,

mavx (|37 e, X" ) < max (llgz | lgg, ) < Ko, (11.30)

where || - ||z denotes the Euclidean norm of R"~1. Let now A" := (X?") e R"! be a
1<i<n—1

n—1
A argmin Var,n (gﬁn — Z /\,@i) ,
i=1

Ai=(Ai)1<i<n—1€R? 1

minimizer of

€ R ! be a minimizer of

n—1
. argmin Varyn <9Mn _ Z )\Z.g—]i)
i=1

Xi=(Ai)1<i<n—1€ER"TI

It then holds that for all 1 <i<n —1, A7 and X" are solution to the linear systems

n

A =3 and APAM" =",

e RO-Dx0D G (B) b= (b

: € R* ! are
1<i<n—1

where A" := (A’-?

U)lgi,jgn—l
defined as follows: for all 1 <7,7 <n —1,

) 1<i<n—1

Ay = Covz (3,,,) b7 = Covzr (95, 3,) and by = Covz (g5,,5i)
Then, it holds that, almost surely,

-n

o= A b =X

max ( >§77>

1<i<n—1 ’

i

which implies that

max (HZTLHZ% ||l_)n||€2> < Ky++vn—1n.
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Moreover, we have
n
max |Aij - 5,~j‘ <n,

1<i,j<n—1
which yields that for all £ € R*!,
(1= (n—=D)n)]lg]l7z <A™ < (1 + (n—1)n)|IE]I%.
Assume for now that n(n — 1) < 1, this implies that, for all £ € R™!,
1
AM)~1 < ) I1.31
I4%) el < Ty el (1L31)

Using (I1.31), we obtain that

—nn - Ky ++v/n—1n
max (N[l IV ) < =2 -

11.32
— 1—(n—1)n ( )
We then have,
n—1 N N n—1 L
Var | ga, (2) = > NG| Z 7| = Var | g5, (2) = Y _NG(2)|Z™
i=1 i=1
n—1 N L n—1 . L
= Var | gz, (Z) =Y NG(2)|Z 7| = Var | ga,(Z2) = > N"G(2)| Z
i=1 i=1
n—1 N L n—1 N
V| g (2) - S W05 2)| 2| - vary <g S A>




I1.3. Greedy algorithm with Monte-Carlo sampling 55

from the definition of X”, X"?”, A I, we obtain that

n—1

Var | gz, (Z) — ZX?_Z(Z) Vi Var Z) - S N'G.(2) oo
i=1 —
n—1 . el ~
< Var | ga, () = Z i"9.(2)| 27 | = Varg <gﬁn - N\ n§z>
i=1 —
n—1 .
+ Varyr ( ZA ﬁ) Var | g (2) — S Na(2)| 2|
i=1

—l1

= Var |3, (2)| 2" | = Varze (g5,) =23 X" (Cov [ 92,(2).5.(2)| 2" | = Covy (95,.7)

£ 3 R (Cov |9.2),5,(2)| 2| = Covz (5.,5,) )
ij=1
+ Varz (gs,) = Var | g, (2)| 2| =2 S (Covzr (95,.3.) — Cov [5.(2),5,(2)| 2"

i=1

+ "Zl N, (Covin (9:9;) — Cov [9 ‘_1 OO]) '
ij=1

Now, using the definition of M"~! given in (I1.23), we obtain that

n—1
97 (2) — ZXWZ) Z'
-1
<1+QZ|/\”"|+Z|/\””|/\”"|+1+2Z|/\| Z ||X;?|)

i,j=1 j=1

Var — Var | g

Cov [g(Z), (Z)] Z" ] — Covy» (g, h)‘ :

X sup
gyheMnfl

Since sup |Cov [g(Z), h(Z)| 71:00] — Covyn (g, h)‘ =1, we then have, almost surely,

g,heMn—l

n—1

95.(Z) = > _NT:(2)

=1

n—1 2 n—1 2
< (1 +> |A?’"|> + (1 +) N ) sup
=1 =1

i g,heEMp_1

n—1 n—1
<n <z+zw|2+zw) )
=1 =1

<n (24 IR+ 371 0

Var 71:00

Cov [9(2), h(Z)| 711‘”] — Covypn (g, h)
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Finally, using (I1.30) and (II.32), we obtain (I1.29), i.e.

On-1(M) —7,-1(M) <n (2 + (K1'2_"‘(n\/711;777) + K%) n.

Let us now evaluate the probability, conditioned to the knowledge of 71:00, that

n<2+(K2+\/n—177

1—(n—1)n

If n is chosen to be smaller that ﬁ, then it holds that

91 K2 +vn— 1’/]
1—(n—1)n
A sufficient condition for (II.33) to hold is then to ensure that n < e with

¢ == min ( N 72>82_1<M>)
o 2(n—1)’ n(9K3 +4) ’

) + K§> n< (1 =98, 1(M). (11.33)

2
> + K2 <24 (2K, 4+ 1)+ K2 <9K2 + 4.

Then, it holds that
P[G, 2| = P70 1(M)? 2 %5 1(M)?

71:OO:|

— PG, 1 (M)? — 50t (M)? < (1 — 4250t (M)? 7“”}
B 2
ZPn<%+CQ+‘n_M>%Jﬁ>n§u—fﬁ%me7m

I1—(n—1)p
7.

>Pm<e

Thus, using the definition of 1 given by (I1.28) and applying Lemma I1.3.12, we then obtain
that

P |:gn|21:(n—1):| > P |:T] <e 71:ooi|
—1:00 —1:(n—1)
=P| sup |Cov [g(Z),h(Z) ‘Z } — Covyn (g,h)‘ <e€lZ
g,heMn—1
2 1— 5%7
since
C«e—cMn¢(Hn—1) < 5717
with
: 1 (1?52 _ (M)
i (2(n—1)’ n(9K3+4) )
Rp—1 =

6K 1K ’
which yields the desired result. [
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We are now in position to end the proof of Theorem I1.3.6.

Proof of Theorem I1.3.6. Collecting Lemma I1.3.11 and Lemma I1.3.13, we obtain (II.18) for
all n € N*. Let us now prove (II.19).
Let us first prove by recursion that for all n € N*,

ﬂ o
k=1

Using Lemma I1.3.11, it holds that (II.34) is true for n = 1. Now we turn to the proof of the
recursion. Let n € N*. For any event Z, we denote by 1z the random variable which is equal
to 1 if Z is realized and 0 if not. Using the fact that (),_, Gy is measurable with respect to

Z"" it holds that

P > I, (1 — 6). (I1.34)

n+1

ﬂ o
k=1

P =E |1y Gk]

71:n:|i|
—1lin
Z } Iy, gk]

—1ln
AN AR

=E |E|L,.,In_,q,

~E|E[1g,,

=E|P gn+1

Now using Lemma I1.3.13, it holds that almost surely P [gm 7”1] > 1—0,41. Hence, it

holds that

n+1

N gk] > (1-6,41)E [Inp_ 6] = (1 — 0npn)P [ﬁ gk] .

The recursion is thus proved, together with (I1.34), which implies (II.19).

P

If (,,cn Gn is realised, it then holds that the MC-greedy algorithm is a weak greedy algorithm

with parameter v and norm || - [| ;1.0 = 4/ Var [-ﬁlm].

I1.4 Numerical results

The aim of this section is to compare several procedures to choose the value of the sequence
(M) nen+ in the MC-greedy algorithm presented in Section I1.3.1.

I1.4.1 Three numerical procedures

As mentioned in Remark I1.3.9, it is possible to design a constructive way to define a sequence
of numbers of samples (M,,),en+ which satisfies assumptions of Theorem I1.3.6, and thus which
guarantees that the corresponding MC-greedy algorithm is a weak-greedy algorithm with high
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probability. Unfortunately, it appears that such a procedure cannot be used in practice to
design a variance reduction method since the values of the sequence (M, ),en+ increases too
sharply. The objective of this section is to propose a heuristic procedure to choose a sequence
(M,,)nen+ for an MC-greedy algorithm. This heuristic procedure appears to yield a reduced basis
approximation 7“ of f, which provides very satisfactory results in terms of variance reduction,
at least on the different test cases presented below.

We use here the same notation as in Section II1.2.1 and consider M, € N* such that
Mot > 1. The idea of this heuristic method is the following: assume that the sequence
(M,)nen+ can be chosen so that for all n € N*| the inequality

n—1
_ inf Var» - > \Ng;
(M)1<i<n—1€ERP1 Z (gﬂ ZZI g ) |

w(2) - Y A7)

inf Var 71:“3

(M)1<i<n—1€R?!

a(2) - Y A3(2)

<(1-79% inf Var Ve

(Mi)1<i<n—1€R"1

(11.35)

holds for all u € P. Then, it can easily be checked that such an MC-greedy algorithm is a weak
greedy algorithm with parameter . Of course, such an algorithm could not be of any use for

n—1
variance reduction since it would imply the computation of inf Var | g,(Z) — Z \ig;(Z)
i=1

(Mi)1<i<n—1€RP1

n—1
(or an approximation of this quantity of the form inf Var et <9u — Z Ai?i) with

(Mi)i<i<n—1€RPI -
i=1

—ref . .. . . .
7 = (leef) L<penpret @ collection of iid random variables with the same law as Z and indepen-

dent of Z) for all u € P.

The idea of the heuristic procedure is then to check if the inequality (I1.35) holds, only for
the value = Ti,,. If the inequality holds, the value of M,,,; is chosen to be equal to M, for the
next iteration. Otherwise, the value of M,, is increased and the n'® iteration of the MC-greedy
algorithm is performed again.

This heuristic procedure leads to the Heuristic MC-greedy algorithm (or HMC-greedy al-
gorithm), see Algorithm 4. Notice that we introduce here Pi, a finite subset of P, which is
classically called the trial set of parameters in reduced basis methods.

For the sake of comparison, we introduce two other algorithms, which cannot be implemented
in practice, but which will allow us to compare the performance of the HMC-greedy algorithm
with ideal procedures. The first method, called SHMC-greedy algorithm and also presented
in Algorithm 4 as a variant, consists in designing the sequence (M, ),en+ in order to ensure
that the inequality (I1.35) is satisfied for all ;1 € Pyia (and not only for 7,). The second one
consists in performing an ideal MC-greedy algorithm, called herefater IMC-greedy algorithm,
see Algorithm 5, where all the variances and expectations are evaluated using M. number of
samples of the random variable Z at each iteration of the MC-greedy algorithm.

Let us comment on the termination criterion

Var?ref (fu;s_)f) - Var?ref <fu(5){1 — f (S)H)

n— Hp—1

Mref Mn—l

71:00
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)

introduced in line 11 of the (S)HMC-greedy algorithm. Recall that, for u = u( _fl, the expecta-

n

tion E [ fu(S>H (Z )] is approximated after n — 1 iterations of the greedy algorithm by the control
n—1

variate formula (see (II1.1))

EZYCf(fMiS,)f) + Ejn—l (fﬂibsjf - 7#;@?) . (1136)

This criterion ensures that the iterative scheme ends when the statistical error associated with
the second term in (II1.36) becomes smaller than the statistical error of the first term (see
Remark I1.2.1).

I1.4.2 Definitions of quantities of interest

For each of the test cases presented below, we plot different quantities of interest which we
define here.

For all n € N*, we denote by uf, .- uf (respectively pi™, .-+ pSH and pl .- ul) the
set of parameter values selected after n iterations of the HMC-greedy (respectively SHMC-

greedy and IMC-greedy) algorithm. We also denote by Vf := Span {QM{I, e 7%#}7 ViH =
Span {g,uiS‘H, e ,gugH} and Vfl = Span {gu{, e 79%}'
For all 4 € P and n € N*, we define for the three algorithms presented in Section 11.4.1,

n—1
On(p) := inf Var_ e (gu - Z )\Z@) (I1.37)

(Mi)1<i<n—1€R"1 —
=1

and
On := sup O,(p). (I1.38)
Meptrial

In what follows, we denote by 02 (1) and 6 (respectively by 057 (u), 057, 0% (u) and 61) the
quantities defined by (I1.37) and (I1.38) obtained with the HMC-greedy (respectively the SHMC-
greedy and IMC-greedy) algorithm. Note that, by definition of the IMC-greedy algorithm,
0, = 05, (p17,)-

A second quantity of interest for the HMC-greedy and the SHMC-greedy algorithms is given,
for all n € N* and p € P, by

n—1
Bn(p) == inf Varyn <9u — Z )\Z@) . (I1.39)

(Mi)1<i<n—1€R™1

and

Neptrial

In the sequel, we denote by B (respectively by 55) the quantity defined by (I1.40) obtained
with the HMC-greedy (respectively the SHMC-greedy) algorithm.

Let us point out that when Py, = P and when M, = oo, it holds that 6, = 7,_1(M)
and 60,,(z,) = 0,-1(M) where 7,,_1(M) and 7,_1(M) are defined respectively in (II.11) and
(I1.12).
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Algorithm 4 (S)HMC-greedy algorithm

input :v>0,e>0, M1 € N* Py, trial set of parameters (finite subset of P), M,er € N* (high fidelity sampling number, which
has a vocation to satisfy Myer > Mj.

output: N € N* size of the reduced basis, u(IS)H,uéS>H, e ,ug\f)H € Pirial, (]Eiref (fM(S)H)>

1<n<N’

1 Let 27 .= (Z,rff)1 <h< Mo be a collection of M, iid random variables with the same law as Z and independent of Z.
2 Set R' =1.

3 while R >1—-~2 do
4 Let 71 = (Z1L be a collection of M iid random variables with the same law as Z and independent of Z and me.

k)1<k<M,;
5 Compute ,ugs)H € argmax Var71 (fu)-
_ HE Ptrial
6 Compute fu(S)H =0.
1
7 C te Ere .
ompute E_ f(fMES)H)
/ ot (uth)? -8 (ufh)?
e HMC case: Set 0 (ufl) = Var_ et <f#{-1> and BH (uf) = Var (fufl) Set R = 193 1051(#{{1)2 L ‘
e SHMC case: Set 077 (u) = | [Var_rer (fu) and BYH (n) = Varzi (fu) for all u € Peial-  Set R! =
[05H ()2 =7 H (1)?]
SUPLEPerial 05H (1)2 :
8 if R! > 1 —~2 then
‘ Set by := 1.1 and M; = |—b1M1 + 11.
end
end f sy —Egres <f (S)H)
123 2

9 Compute g! = . Set n =2 and M, = M;.

9§S)H(H§S)H>

Varrof (?M(S)H> Varrof (fM(S)H _7“(S)H>
< d

. n—1 n—1 n—1
10 while Moo < §—
11 Set R™ = 1.
12 while R* > 1—-+? do
13 Let Z" := (Z,’Cl)1<k<M be a collection of My, iid random variables with the same law as Z and independent of Z and
Zref -
’ n—1
14 Compute ;L;S)H € argmax min . Varzn | fu — Z AiG;
PEPirial (Mi)1<i<n—1ER™ =1
15 Compute (X?)lgign—l = argmin(>xi)1gign_1€JR”’1 \/V&I‘Eref (fung)H - Z?;ll Ai?i)-
— e
16 Compute fuﬁ,S)H =317 NG
) n—1
e HMC case: Compute Gf(uf) = min Var?ref f (sym — Z Aig; | = \/Varéref (f g — f (S)H) and
(Ai)lgifn—leR"71 Hn =1 Hn Hn
n—1
OH (uH)2 — gH (12
BH LY = min Varzn | f, o — Xig; |- Set R" = |1 L
n—1
e SHMC case: For all u € Pipial, compute GSH(,LL) = min Varfref fu— Z Aig; | and B;?H(u) =
(Ni)i1<i<n—1€R"1 =
n—1
O ()2 — B (w)?
min Vargn | fu — Xig; |. Set R™ = sup 2 o
Xi)i1<i<n—1€RMTE z < ; ‘ HEPrial O5H ()2
17 if R > 1 —~2 then
s(0 T WD)
Compute 7y, := W, bn := max(1.1,7,) and set M, = [by My + 1].
n K
end
end
—1xNn— -
o fuomn =305 NG fom —f on 1E
t - e n o n n re .
18 ompute g, 9£LS>H(M£LS>H) 9£LS>H(M51S)H) an Z f(quIS)H)
19 Set My4+1 = Mn, andn=n+ 1.

end
Set N =n, My = M,.
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Algorithm 5 IMC-greedy algorithm

input : e > 0, Pyia trial set of parameters (finite subset of P), M € N* (high fidelity
sampling number).

output: N € N* size of the reduced basis, u!, ;- , uh € Pirial, (E7ref(f%))

1<n<N’

1 Let me = (Z};ef)1 <h<Mous be a collection of M, iid random variables with the same law as Z
and independent of Z.

2 Compute ! € argmax Var_rer (fu).
HEPtrial

3 Set 0] (1) := Var e (fu{) and compute E_. (fu{>'
f
4 Setn:2,Mn:M1,§1:¢
varzref ('f#{>

5 while 6! (4l ;) >edo

n

n—1
Compute p! € argmax min Var et ( fu— Z )\i@)
i=1

LEPial (Ni)1<i<n—1€ER?T!

Compute 01 (ul) = ming,), o, ernt \/Varéref (f% — Z;:ll Aigi)

n—1
Compute (X?)lgign_l = argmin  Var_wr | fr — Z \iJ;
(Mi)1<i<n—1€R"1 i—1
n—13"_
= Dim1 Ni U
Compute g, = Jut = i1 Ai and E_wee(fyr). Set n =n+ 1.

07 (1)

end
Set N = n.
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We finally wish to evaluate the error made on the approximation of E[f,(Z)] obtained by
using the variance reduction method based on these MC-greedy algorithm. More precisely, this
approximation is computed as

n—1 n—1
Z )‘?’MEZI'ef(fﬂi) + EZ" (fu - Z A?7Mfﬂi>
i=1

i=1
where

n—1
()\?#)lgignfl = argmin  Vary» (fu — Z )\ifm>

(Ai)1<i<n—1ER™TT

and i, is equal to uf, p?* or u! depending on the chosen algorithm (remember formula (I1.1)).
This quantity has to be compared with the approximation obtained with a standard Monte-
Carlo with M, samples, i.e. E_rer (f,). To this aim, for all n € N* and p € P, we define

|E7ref (fu) - [Z?;ll A?MEZfef(fm) + EZ" (fu - Z?;l A?Mfm)] | ‘
Bt (fu)]

In what follows, we denote by ef(u) (respectively e>(u)) the quantity defined by (I1.41)
obtained by the HMC-greedy (respectively the SHMC-greedy) algorithm.

en(p) = (I1.41)

I1.4.3 Explicit one-dimensional functions

We consider in this section two sets of one-dimensional explicit functions. The motivation for
considering these two simple test cases is that the decays of the Kolmogorov n-widths of the
associated sets M are known.

First test case

Let f: R — R be the function defined such that

2z if 0<x<0.5,
1 if 05<z<1.5,
4—2z if 15<zx<2,

0 otherwise.

VreR, f(z):= (11.42)

Let P = [0, 3] be the set of parameter values. We consider in this first test case the family of
functions (f,)ep such that f,(x) = f(x — ) for all 4 in P and € R. Let Z be a real-valued
random variable with probability measure v = (0, 5). In this case, it is known [12] that there
exists a constant ¢ > 0 such that d,(M) > en=1/2 for all n € N*.

In this example, M; = 10, M,os = 10°, v = 0.9 and the trial set Py is chosen to be a set
of 300 random parameter values which were uniformly sampled in P.

Figure II.1 illustrates the evolution of the values of M,, as a function of n for the HMC and
SHMC algorithms.
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! ! ! ! !
1 5 10 15 20 25 30
n

Figure II.1: Evolution of M, as a function of n for the HMC and SHMC-greedy algorithms in
test case 1.
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Figure 11.2: Evolution of 8 (u1), 057 (u5H), 611 651 as a function of n in test case 1.

Figure II.2 illustrates the fact that at each iteration n € N*, for the (S)HMC-algorithm, the

value of the selected parameter M%S)H is relevant since we observe numerically that §(5)H (,u%S)H)

is very close to guIH _ SUDP Py 97(15)H<u). In addition, we observe that the resulting reduced

(S . . : . .
spaces VﬁL H have very good approximability properties with respect to the set M, in the sense

that the values of 8" and 025)}1(#7(15)1{) are very close to 61, which is computed with the
reference IMC algorithm.
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Figure I1.3: Evolution of 37, S 91 951 (I as a function of n in test case 1.

Figure I1.3 illustrates the fact that the value of the number of samples M,, chosen at each
iteration n € N* enables to compute empirical variances that are close to exact variances since
the values of 857 are very close to the 8”7 for the (S)HMC-algorithm.

10%F

B
A i b0 — e

y - -4
e 2

— B ) A ) ]
H Hooyl]
= Bl) — 06 1]

——0b(n) 050 ()]
—— 05 ) == 5" |
— ) == B2 3
—— () —= 05 () [1

—— 0 (1) =03 (w) |

104 687y 0P |
20 M oW 3
)
5 |
10 3.5 4

Figure 11.4: 02 (), 051 (1), B2 (1), 85 (1) as a function of u for n = 0,5, 10,20, 30 on Pies =
[0,4].

In Figure I1.4, the values of oL H(p) and quS)H(,u) are plotted as a function of u € Py =
[0, 4] for different values of n (n = 0,5, 10, 20, 30).
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Figure IL5: e (1) and 5™ (1) as a function of p for n = 0,5, 10,20, 30 on Pys = [0, 4].

In comparison, in Figure I1.5, the relative error e,(IS)H(,u) is plotted as a function of u for
n = 0,5, 10,20, 30. In particular, we observe that this error remains lower than 1% as soon as
n > 10 on P. Naturally, this error is larger for pu € Pes \ P-

1012
1010 *

| | | .
%108 i g‘ll"tlﬂ "'l EREL IRl E
=
10° E

10 |

102 \ \ \ \ \ I I 3
0 0.5 1 1.5 2 2.5 3 3.5 4

Figure I1.6: My;c(p) as a function of pu € Pregy = [0, 4].

Finally, to illustrate the gain of our proposed method in terms of variance reduction, we plot
on Figure I1.6 the value of the number of random Monte-Carlo samples My (1) that would
have been necessary to compute an approximation of the mean of f,(Z) with a standard Monte-
Carlo method with the same level of accuracy than the one given by the HMC-algorithm after
n = 30 iterations. In this case, let us point out that M, = 349. More precisely, we compute
Mye(p) by the follwoing formula:

. Vaz.‘[‘?ref (fu) X Mn
Varyn (fu - Z?:l )\I’beﬁi) '

Figure I1.6 illustrates that, for all 4 € P, the classical Monte Carlo method would have required
a number of samples Myc() in the range 10° < Mo (p) < 10'? in order to obtain the same

Mye(p) (11.43)
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level of statistical error. Thus, we see that the HMC-algorithm significantly improves the
efficiency of the computation of the expectation of f,(Z) with respect to a standard Monte-
Carlo algorithm.

Second test case

In this example, we consider a second family of one-dimensional functions where P = [0, 1] is
the set of parameter values. More precisely, we consider the family of functions (f,).ep such
that, for all p in P:

Vr+01 if xel0,y
Ve e [0,1], fu(z):=1q1 L1 . A (11.44)
8 U H 0w = (0 01) 2t (- 0.0)7 i € [u, 1]

Let us point out that for all € P, f, is a C! function on [0, 1]. In this case, it is known [14]
that there exists a constant ¢ > 0 such that d,,(M) < en=2 for all n € N*.

Let Z be a random variable with probability measure v = U(0, 1).

In this example, M; = 10, M, = 105, v = 0.9 and the trial set P, is chosen to be a
set of 300 random parameter values which were uniformly sampled in P. In this test case, we
osbserve a similar behaviour of the (S)HMC-algorithm as in the first test case.

Figure II.11 illustrates the computational gain brought by the HMC algorithm after n = 70
iterations (so that M, = 3109) with respect to the classical Monte Carlo method. Indeed, the
quantity Myc(p) defined in (I1.43) is observed to vary in this case between 10'? and 10'®.

10 | a
1037 W
.,0—0//_"' +MH
n
1021 M|
10° a
100 | | | | |

1 20 30 40 50 60 70
n

Figure I1.7: Evolution of M,, as a function of n for the HMC and SHMC-greedy algorithms.
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Figure I1.8: Evolution of 07 (u), 055 (u5H), 6 951 as a function of n in test case 2.
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Figure 11.9: Evolution of 32, g5 g 95H (I a5 a function of n in test case 2.
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Figure 11.10: 02 (p), 05 (1), BH (1), BSH (1) as a function of p for N = 0,10, 20,40 on Py =
[0,1].
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Figure I1.11: My;c(p) as a function of p € Presy = [0, 1].
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Figure I11.12: e (u) and ed” (i) as a function of p for n = 0,10, 20,40 on Py = [0, 1].

1I.4.4 Two-dimensional heat equation

Let Z; and Z5 be two independent real-valued random varibales with probability laws respec-
tively 4(0.5,2) and N(0,1)) and let Z = (7, Z,). Let D = (0,2)%, P :=[0,10]. The trial set
Pirial 18 constructed by selecting 50 random values uniformly distributed in P.

For all 4 € P and z := (z1, 22) € (0,5,2) x R, we introduce

D - R2x2
D= Dii’ (@, y)
x, — z
() 0 Di(ny)

where
V(z,y) € D, D (z,y) = 13+usin(2rx/21)+0.529  and D57 (z,y) = 13+usin(2my/z1)+0.52s.

We introduce a conform triangular mesh 7 of the domain D as represented on the left-hand
side plot of Figure I1.13 and denote by

Vii={ueC(D), ulpeP,VT €T, ulpp=0},
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the standard IP; finite element space associated to this mesh.
For p1 € P and z € (0.5,2) x R, we define u}”* € V}, the unique solution to

a,. (U, v) =b(v), Yv €V, (I1.45)
where
Yo,w € Hy(D), a,.= / Vv - D**Vw, b(v) = / rv,
D D
and where r € L?*(D) is defined by

r(z,y) =exp(—(z - 1)* = (y = 1)*), V(z,y) € D.
The function u}”* is thus the standard PP finite element approximation of the unique solution
ut* € H} (D) to

ut* =0 on 0D. (IL.46)

Let T1 € T be the triangle colored in red in the left-hand side plot of Figure 11.13. For all
p € P and z € (0,5,2) x R, we define by

{ —div (D**Vu*) =7, in D,

1 Hyz
Uy, -

fu(2)

o |T1| Ty

151

0.5

0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
X X X

Figure I1.13: Left: mesh 7 (the triangle T; is highlighted in red color); Center: )" for =9
and z = (1,0); Right: u}”* for p =9 and z = (1.777,0.2062).

In this example, M, = 105, M; = 800 and ~v = 0.9. Figure I1.14 illustrates the evolution
of the values of M,, as a function of n for the HMC and SHMC algorithms.
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Figure 11.14: Evolution of M,, as a function of n for the HMC and SHMC-greedy algorithms in
test case 3.

It is to be noted here, from Figure I11.15 and Figure I1.16 that the quantities 62, 05# and
6! are very close: the quality of approximation of the reduced spaces VZ or V5 is very close
to the quality of approximation of the reduced space V! given by an ideal greedy algorithm.
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Figure I11.15: Evolution of 02 (), 05 (151, 02 95" as a function of n in test case 3.
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Figure I1.17: My (1) as a function of p € Py = [0, 12].

Figure I1.17 shows the value of My,c(u) given by (I1.43), knowing that M, = 12800 after
n = 7 iterations of the HMC algorithm. We observe that in this case 10'* < Mye(p) < 10%,
which shows the huge computational gain brought by the HMC algorithm with respect to a
standard Monte-Carlo method in this test case.
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Figure 11.18: 02 (1), 058 (), 0L (1), B2 (), 85 (1) as a function of u for n = 5 in test case 3.
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Abstract

In this work we aim to decompose a stochastic process solution of a parameteric stochastic
differential equation using a dynamical low rank approximation.
We look for a decomposition with two kinds of dynamical modes. The first modes operate on
the parameter space, while the second ones operate on the stochastic space. For this, we adapt
for the parametric SDE problems an explicit scheme developed by Lubich and Oseledets ([19])
used for the ODE cases. Indeed, in the later case, the method shows high numerical robustness
as producing quasi optimal low rank approximation compared to the best approximation in the
Frobenuis norm.
The method is applied to a matrix X (¢) € R4 solution to a parametric stochastic differential
equation at each time t € [0, 7] and leads to a significant gain in memory and in computational
time.
We propose splitting schemes for additive and multiplicative stochastic differential equation,
and we use this scheme (in the additive case) to construct a control variate in order to calculate
very efficently the quantities of interest. An example on an SDE non linear in the sense of
McKean illustrates the efficency of the method.

I1I.1 Introduction

The aim of this work is to study a low-rank approximation technique for the approximation
of parametric Stochastic Differential Equations, namely the so-called dynamical low-rank ap-
proximation method which was introduced for the approximation of the solution of Ordinary
Differential Equations in [21]. The principle of the method is the following: let (X/');>o be the
solution of a Stochastic Differential Equation depending on a parameter u € P C RP for some
p € N*. The dynamical low-rank method then consists in approximating X}, for all £ > 0 and
all p € P, under the following form:

k=1
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where r € N* and for all 1 <k <r, (Y/¥);>0 is a parameter-independent stochastic process and
br : Ry x P — R is a deterministic function.

The processes (Ytk)tzo and functions b, are obtained as solutions of a coupled time-dependent
system, which is solved numerically by means of a projector-splitting scheme, similar to the
scheme proposed by Oseledets and Lubich in [19]. The aim of this chapter is to provide some
numerical studies of the behaviour of such splitting schemes for the low-rank approximation of
the solutions of parametric Stochastic Differential Equations.

The outline of the chapter is the following. In Section I11.2, we recall some well-known results
about the Dynamical Orthogonal method for the reduction of systems of Ordinary Differential
equations. In Section III.3, we present the various splitting schemes we propose in order to
compute dynamical low-rank approximations of parametric Stochastic Differential Equations
with additive noise. In Section II1.4 we illustrate the numerical behaviour of these different
schemes on the case of an Overdamped Langevin process. In Section II1.5 we generelize the
scheme to the case of an SDE with multiplicative noise and we apply them on a non linear SDE
in the sense of McKean. In Section II1.6 we use the projector splitting algorithm to construct
an algorithm that gives a control variate in order to caculate fast some quantities of interest.

II1.2 Dynamical low-rank method for Ordinary Differential
Equations

I11.2.1 Parametric Ordinary Differential Equations

Let us briefly recall the principle of the dynamical low-rank approximation method, for the
approximation of parametric Ordinary Differential Equations. Let P C R™ denote a set of
parameter values for some m € N* and consider the solution of the following parametric Cauchy-
Lipschitz problem. For all 1 € P and all X} € R%, let (X}');>o be the unique solution of

LXI = Fr(t; X))
dt<*t y <3t )
{ Sl X } (IIL.1)

where for all 4 € P, F* : R, x R? is a Lispchitz function.

Let us assume here that the set of parameter values P is a finite set of cardinality p € N*.
Let us denote by p1, - , i, the elements of P. For all ¢ € (0,77, let us denote by X () € R¥*P
the matrix defined such that its ¢® column is equal to X*4(t) for all 1 < ¢ < p. Let us also
denote by F : [0,T] x R™P — R¥? the function defined by: for all X = (X, --,X,,) € R¥*P
and for all 1 < ¢ < p,

(F(t, X)), = Fra(t: X,),

where (F(t, X)), is the ¢ column of F(t, X).
Problem (III.1) can then be rewritten equivalently under the following form:

{ X(t) = F(t; X (t)), vt € [0, 7], (111.2)

X(0) = Xo,

where Xy = (X}, -+, X}") € R¥*P.
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II1.2.2 Principle of the Dynamical Orthogonal method

The principle of the dynamical low-rank approximation method introduced in [21] is the fol-
lowing: for a given value of r € N* and for all ¢ € [0, 7], the matrix X (¢) is approximated by
an element of the low-rank manifold of matrices of R¥? of rank r:

R, = {X, e R rg(X,) =r},.

It is well-known that for all ¢ € [0,7], a best rank-r approximation of the matrix X (),
solution of the following minimisation problem:

X, (t) € argmin | X (£) — X, ||, (IIL.3)

Xr€Ry

can be obtained as a truncated rank-r Singular Value Decomposition of the matrix X (¢).
For all ¢ € [0,T], there exists a unitary matrix U(t) = (Uy(t),--- ,Uy(t)) € R™¢ a unitary
matrix V() = (Vi(t), -, V,(t)) € RP”P and a diagonal matrix S(t) := (S45(t))<jcq 1<j<p €

R¥>P with non-negative coefficients such that

Assuming that < min(p, d), one best rank-r approximation of the matrix X (¢) is then given
by
X, (t) = U, (t)§r<t)vr (t)T

where U,(t) = (Uy(t), - ,U.(t)) € R>" V,.(t) .= (Vi(t),---,Vi(t)) € RP*" et S,.(t) =
(Si-(t))lgi’jgr e R™".

The Dynamical Orthogonal method was developed by Lubich and Koch [21] in order to
compute a low-rank approximation of large systems of ordinary differential equations. It consists
in computing at each time ¢ > 0 an approximation Y (t) € R, to the matrix X (t) € R¥?
such that the a priori knowledge of the solution X (¢) is not necessary. Dynamical orthogonal
equations are derived as follows: an approximation Y (t) € R, is computed such that for all
t>0 )

V(1) € argminer, . 12 — F(t: Y (0]l )
Y(0) = X,(0),

where for all Y € R,, Ty'R, denotes the tangent space to the manifold R, at point Y € R,,
and where | - || denotes the Frobenius norm.

If Y(¢) solves (III.4), it holds that for all t > 0, since Y (t) € R,, there exists a unitary
matrix U, € R¥", a unitary matrix V; € RP*" and a non-singular matrix S, € R™*" such that

Y (t) =USV]!. (I11.5)
More precisely, the following relationships hold for the matrices U; and V;:
U'Uy =1, and V'V, =1, (I11.6)

Naturally, the decomposition (II1.5) is not unique, which is an issue in order to compute Y ()
in practice.
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Denoting by Vax, (respectively V,x.) the Stiefel manifold of unitary matrices of size d x r
(respectively p x r), it holds that:

VU € Vixr, ToVaxr = {0U € R, 9UTU + UTOU = 0} .
For all Y € R, which can be written under the form (II1.5) i.e Y = USV/, it then holds that

TyRy = {0Y =0USVT + UOSVT + USOV", 0U € TyVaxr, OV € TyVpur, 0S € R}
(IIL.7)
It then holds that for all 0Y € Ty'R,, the matrices S, OU and 0V are uniquely determined if
the following additional orthogonality condition is required:

UTOU =0 and V7TOV =0. (I11.8)

The low-rank approximation Y (¢) is then defined as the solution of the following dynamical
system on the space R,

Y(t) =11 vorF (HY (1)),
{ Y(0) = Xi(O), (111.9)

where for all Y € R,, Il z, denotes the orthogonal projector on the tangent space Ty'R, at
the point Y.

I11.2.3 Theoretical results on the Dynamical Orthogonal method for
Ordinary Differential Equations

In this section, we recall some theoretical results on the analysis of the dynamical orthogonal
method for the reduction of ODE problems.
The following result holds on X (¢) solution of (II1.2) and Y () solution of (IIL.9).

Theorem II1.2.1. /21] Let us assume that for allt > 0 there exists a best rank-r approzimation
X, (t) of X(t) in R, such that the mapping t — X,.(t) is continuously differentiable on [0,T].
Let p > 0. For allt € [0,T], let \.(X(t)) denote the r'" singular value of X (t) and let us
assume that

vVt e [0, 7], X(X(t))>p>0.
Let us also assume that there exists pn > 0 such that for all t € [0,T],
X(t H < p.
|||, <

Lastly, let us assume that

1X,(8) = X ()] < 1—16,0 Ve 0,T). (IIT.10)

Then, it holds that
t
vt e [0,7], V() - Xo()]r < 266”/() [ X5 (s) = X ()| ds,

with = Sup~t.

Note that this result was later improved by Feppon and Lermusiaux in [15].
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I11.2.4 Numerical schemes for the resolution of the Dynamical Or-
thogonal system

The aim of this section is to present two numerical schemes for the resolution of the Dynamical
Orthogonal system (I11.9).

SVD scheme

We first consider a numerical scheme proposed in [15], which requires the computation of an
SVD at each time step (and thus is quite costly from a computational point of view).

Let At > 0, t, := nAt for all n € N and let us denote by Y™ the numerical approximation
of Y(t,) given by the numerical scheme.
The numerical SVD scheme proposed in [15] consists in computing, for all n € N,

(I11.11)

Y= Mg, (Y7 + AEF(1,, Y™)),
{ Y/(0) = X,(0) = Tlg, X (0),

where, for all M € R?¥*? Tlz, M denotes one best rank-r approximation of the matrix M, which
is typically obtained by a truncated SVD decomposition of the matrix M.
Then, the following result holds.

Theorem I11.2.2. [15] Let T > 0 and N € N*. Let At := sz and for all 0 < n < N,
let t, = nAt. Let (Y")o<n<n be the sequence obtained by the discretized system (II1.11) and
assume that F is Lipschitz continuous. Then, (Y™)o<n<n uniformly converges to the dynamical
orthogonal solution (Y (t))icor) of (I11.9) in the following sense:

sup Y™ = Y ()|l — 0. (IIL.12)

T At—0
0<n< A7

Splitting scheme

As mentioned above, the SVD scheme is quite expensive from a computational point of view.
This is the reason why a (cheaper) splitting scheme has been introduced in [19] in order to solve
(IT1.9). We present this splitting scheme in this section. The main objective of this chapter is
to study from a numerical point of view the behaviour of this splitting scheme (and variants)
for the resolution of Dynamical Orthogonal equations for the approximation of the solutions of
parametric SDEs.

For any Y € R,, there exists U € V., V € V,, and S € R™" such that Y = USVT.
Hence, using the explicit characterization of Ty R, given in (II1.7), it holds that the orthogonal
projector Il %, onto the tangent space to R, at Y has the following expression:

VZ e R™P . pp 2 =2VVE —UUTZVVT +UUT Z.
Introducing the orthogonal projector Py := UUT and Py := VV7T, we thus obtain that

VZ e R™? Mpr Z=2ZPy — PyZPy + PyZ.
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The splitting scheme introduced in [19] for the resolution of (II1.9) is a three-step scheme.
For all n € N*, Y"1 is computed from Y™ as follows: assume that Y™ := U"S™(V™")T for some

U™ € Va,, V™ €V, and S" € R™,
1) Y :=Y" + AtF(t,Y")Pyn; compute Y := ULSH(V™)T with U™ € V,, and S} €
R™": to do so, compute a QR decomposition of the matrix Y"V";
2) Yo' =Y — AtPynii F(t,Y7") Pya; compute Y := U™TLS2(V™)T with ST € R™"; actually,
Sg - (Un+l)TY2nvn;
3) Y™ = Y + AtPynni F(t,Yy); compute Y = Untigntl(ynthOT with yrtt € ),
and S"*t! € R™"; to do so, compute a QR decomposition of the matrix (U"1)Ty "1,

It is proved in [19] that this splitting scheme is of order 1 for the approximation of the
Dynamical Orthogonal equations for the reduction of an ODE system of the form (II11.2).

The following result gives an upper bound for the dynamical orthogonal approximation
error when the matrix X (t) is solution of problem of the type (II1.2).

Theorem II1.2.3. [18] Let X (t) be the solution of the problem (II1.2) on the interval [0,T],
assume that there exist B >0, L > 0 and € > 0, such that for allY € R™>? gnd Y € R™*P we
have,

o |[FLY)=F&V)|lr < LY = Y]|p et || FtY)|lr < B
e The non-tangential part of F(t,Y) is e-small,
(I = Ty M) F(t,Y)|lr <€
forallY e R, and 0 <t < T,
e The error in the intial value is d-small,

Y7 = X(0)llr <0

Let Y™ be the rank r approzimation of X(t,) at t, = n x At obtained after n steps of the
Projector-Splitting with step size At. Then the approzimation error satisfies, for all n such that
t, <T:

Y™ — X (t,)||r < coe + 1At + 26 (II1.13)

Where cy, c1 et co are constants that only depend on B, L and T

Remarks:

e This result proves that the Projector-Splitting is a first order scheme, note that one can
use a higher order scheme, which is done in [19].

e Theorem (II1.2.3) shows that the approximation error is bounded by a term independantly
from the singular values of X(t), this shows that the Projector-Splitting integrator is
insensible to the low singular values. Hence an over-ranking approximation does not
affect the error.

e The approximation error of the projector splitting is proportional to the magnitude of
the non-tangential part of F(¢,Y(¢)) at each time ¢.
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II1.3 Splitting schemes for the resolution of Dynamical Or-
thogonal equations for parametric stochastic differen-
tial equations with additive noise

The aim of this chapter is to study from a numerical point of view the behaviour of an adap-
tation of the splitting scheme described above and an adaptative variant for the resolution of
Dynamical Orthogonal Equations for parametric Stochastic Differential Equations.

Let us first introduce some notation. Let (€2, F,[P) be a probability space. Let us consider the
parametric stochastic differential equation of the following form: for all u € P, find (X}")o<i<r
solution to

dX! = b (t; X}') dt + o (t; X}') dW, (I11.14)

where (W;)o<i<r is a Brownian motion, and for all 4 € P, b* : [0,7] x R — R and o* :
[0,7] x R — R, are smooth functions. Let us assume that for all i € P, there exists a unique
strong solution to (III.14).

Assuming now that we wish to build a reduced-order model for the approximation of the
solution of (I11.14) for values of parameters p belonging to a finite subset Py C P of
cardinality p € N*. Let us denote by p, -, pu, the elements of Piain. Then, denoting by
Xpo= (X[, X/") for all 0 <t < T, we have,

dX, = B(t, X;) dt + S(t, X,) dW, (I1.15)

where for all X := (Xy,---,X,) e RPand all t € [0,T], B(t, X) := (B;(t,X))1<i<p € R? and
X(t, X) == (Zi(t, X))1<i<p € R? are defined such that

V1 <1< D, Bz(t,X) = bﬂz(t)X@) and Ez@,X) = O'M(t,Xi).

Equation (III.15) is supplemented with the initial condition X,—y = X for some p-dimensional
random vector Xj.

The aim of a dynamical orthogonal method will be to compute an approximation of X,
under the form

Xy~ Y=Y URSH V(1)
k,l=1
where for all 1 < k,1 < r, V¥ :[0,T] — RP and S*' : [0,T] — R are deterministic functions
and where (U)o<;<r are real-valued stochastic processes.

Before presenting the splitting scheme, for the computation of a low-rank approximation to
(X+t)o<t<r, let us first recall the classical Euler-Maruyama scheme for the time discretization of
(II1.15). Let At > 0 and for all n € N, t,, := At. Let (G,)nen be a sequence of independent
identically distributed random variables with normal law. The FEuler-Maruyama scheme then
consists in computing, for all n € N,

XM = X" AtB(t, X") + VAL (L, X", (II1.16)

Let us now present different variants of splitting schemes to compute a low-rank approxi-
mation (Y;)o<:<r of the stochastic process (X¢)o<i<r-
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We first restrict our presentation to the case where for all ¢t € [0, 7] and all X € R?,
Y(t,X)=0o(1,1,---, )T

for some constant o > 0. In the sequel, we denote by ¥ := o(1,1,--- ,1)T. In other words, we

first restrict our presentation here to the case of an additive noise, i.e. when X(¢, X) = X for
all t € [0,7] and X € RP.

I11.3.1 A splitting scheme without projection

First, let us consider a so called splitting scheme without projection which has a full rank. Then,
a natural extension of the splitting scheme used for ODEs would read as follows. Let At > 0
and for all n € N, t,, := At. Let (G,)nen be a sequence of independent identically distributed
random variables with normal law. Then, for all n € N, compute

1) Y =YY"+ AtB(t,,Y") + VALEGy;
2) Yo' =Y — AtB(t,, Y") — VAISG,;
3) Y =Y+ AtB(t,,Y) + VAIEG,.

It can be checked that this splitting scheme is consistent up to order 1 in At with the Euler-
Maruyama discretization scheme. This is the reason why we consider a rank-truncated version
of this scheme in the case of an additive noise in Section I11.3.2 below.

Remark II1.3.1. Note that a naive extension of this splitting scheme too a multiplicative noise
is not consistent with an Fuler-Maruyama scheme. Indeed, consider the following splitting
scheme: for alln € N,

1) Y =YY"+ B(t,, YAt + X(t,, Y )VALG,
2) Y3 =Y{" = B(ta, YAt — S(t,, Y)VAIG,
3) Yoi1 = Y + B(t,, YAt + S(t,, Y2)VALG,
It then holds that
S(tn, YY) = B(tn, Y) + VAV xS(t, Y S(t,, Y,
+ At (VXE(Y”)Z)(Y”) + %<(v§(2(w, tn), St Y")) S (tn, Y”)Gi) + o(At)
B(ty,Y7) = B(tn,Y™) + VAtV x B(t,, Y")2(t,, Y™)G,,

1
+ At (VXB(tn, Y™ B(t,, Y™) + §<V§(B(tn, Y™), S (tn, Y™)) 2 (tn, Y”)Gi) + o(At)

This implies that
Y3 =YY"+ VAL[E(t,, Y")G, — X(t,, Y™)G,)

+ At [B(tn, Y™) = B(t,, Y") = VxE(t,, Y")S(t,, Y™)G2] + o(At)
=Y" — AtV xS (tn, Y)E(t,, Y)G? + o(At).
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We then obtain

N(tn, Vo) = S(tn, Y™) + AtV xo(t,, Y™")?*S(t,, Y™)G? + o(At),
B(t,,Y3) = B(ty, Y") + AtV x(t,, Y )V E(t,, Y)E(t,, Y)GZ + o(At).

As a consequence, it holds that

Y = Y 4 VAL [S(t,, YG] + At [~V xS(t, Y S, YGZ + B(t,, Y™)] + o(At).
(II1.17)
Since the term —VxX(t,, Y™")X(t,, Y™")G? may not be zero in general, we clearly see from
(II1.17) that the splitting scheme written above cannot be consistent of order 1 with an Fuler-
Maruyama scheme. This is however the case when % is a constant function. One way to fix
this issue would be to consider, for instance, the following corrected splitting scheme:

1) Y =YY"+ [B(t,,Y") + VxX(t,, Y)S(t,, Y)G?] At + 3(t,, Y)VALG,
2) Y2n = Yln - [B(tm Yln) + VXE(tm Yln)E(tm Y1n>G31] At — Z(tm Yln) VALG,
3) Y =Y+ [B(t,, Y3') + VxX(tn, Y3 )35 (te, Y3 )G At + X(t,, Y )V ALG,,.

The study of such corrected consistent splitting schemes together with rank truncation for a
dynamaical low-rank approrimation of the solution of parametric SDEs will be discussed in section
I11.5, and we restrict our presentation for the moment to the case of a additive noise.

I11.3.2 A fixed-rank splitting scheme

In this section, we present the rank-truncated splitting scheme we implemented in our numerical
tests. The objective is actually to get an ensemble of realizations of the solution in order to be
able to run a Monte Carlo method to get empirical averages.
We assume that d random realizations of the noise are considered. More precisely, let
(G7)1<j<dnen be a family of independent and identically distributed normal random variables.
Let us introduce a few notation. For all 1 < j < d, we denote by (7;1)”61\] the approximation
of the random process X; obtained via an Euler-Maruyama scheme (I11.16) with G,, = GY for
all n € N. More precisely, for all n € N and all 1 < j < d,
X =X 4 AtB(t,, X)) + VAISG, (I11.18)

J

and for all n € N, we denote by X := (7?, e ,YZ)T € RIxp,

For all X = (X, - , Xa) € R¥>P we denote by B(t, X) := (B(t, X1),- -+, B(t, X4)) € R¥>P,
In addition, we denote by G, := (GL,--- /G9) € R%. Then, (II1.18) can be rewritten in the
more compact form

N

X' =X"+ AtB(t,, X°) + VALG, @ 3. (I11.19)
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For all 1 < 5 < d, we denote by (YSP Jnen the approximation of the random process X;

obtained via a full rank splitting see section (II1.3.1) with G,, = G7 for all n € N. Denoting
by v <7fp’n e ,?ff’”) € R?*P the full rank splitting scheme can be rewritten in the

Y

compact form:

D) YV =Y L AtB(t,,Y") + VAIG, ® 5
SPmn —SPn

=V AtB(t, YT — VARG, @ 3

3) YU S v 4 AB(, Y ) + VALG, ® 3.

2) Y,

Let now r € N* such that » < min(p, d). We denote by Vfo’n the approximation of v
given by the rank-r truncated dynamical orthogonal splitting scheme that we now introduce.
Assuming that Y?O’n =U'S"(VHT with U" € R, V" € R?”" and §" € R™", we obtain
—DO,n+1
Y

as defined in algorithm (6).

Algorithm 6 Projector Splitting algorithm
Input: Let r e N*, T'> 0, At >0and N € N* s.t N = %. Let us be given at the step n =0,

the approximation Y o0 75 (VY.
Output: (YDO n)ogngN
While 0 <n < N —1 do,
e 1) YDon = Vf)o’ + [AtB(tn, yPo "+ VALG, ® E] Pyn;  compute Vfo’n =
TSV with T € Vg, and S € R
o 2) YDon Y?O’n + Pnt1 [ AtB(t,, DO ") - VALG, ®Z} 7n; compute Y =
UnHS;L(Vn) with S € R™";
e 3) yPonmtt ?QDO’n + Pt [At?(tn,?zDO’n) +VALG, ® Z} compute YDO e
TSNV with V' eV, and $7 e R
n=mn+ 1.

I11.3.3 An adaptive-rank splitting scheme

We introduce in this section a variant of Algorithm (6) where the value of the rank-truncation
r is allowed to evolve with respect to time. This rank-adaptative splitting scheme is analogous
to the scheme proposed by Ceruti, Kush and Lubich in [§].

—ADO o —SPn . .
Let ¢ > 0. We denote by Y. PO the approximation of Y fin given by the adaptive truncated

dynamical orthogonal splitting scheme with an error tolerance (. Assuming that YADon =

U S (V ) with U € Vdrn, V S Vpr and S € R™*™ for some 7, € N*, Y?DOnJrl S

computed as defined in algorithm (7).
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As seen from theorem (II1.2.3), an over-ranking approximation by the Projector-Splitting
method does not affect the approximation error, but in the case where the matrix X (¢) has an
increasing rank over the time, the approximation with fixed rank will lose its accuracy. This
problem is solved using an adaptative rank to the splitting approximation as shown by Ceruti,
Kush and Lubich in [8]. The autors present an algorithm, Adaptative-Splitting, that allows
rank adaptation through iterations. It is also proved that this algorithm presents the same
properties as the Projector-Splitting. Hence, we adapt this for the SDE (see algorithm (7)).

Algorithm 7 Adaptive Projector Splitting algorithm
Input: Let r e N*, T'> 0, At >0and N € N*s.t N =

DO,0

At Let the tolerance ¢ > 0. Let us be
. . . A
given at the step n = 0, the approximation Y and ro = r.

Output: (V?Do’n)ognsN and r, for 0 <n < N.

While 0 <n < N — 1 do,

e 1) YADon = Y?Don [AtB(tn,Y?Don)—i—\/m ®E] Pgn; compute YADon —

U,S,(V"T with U, € V., and S, € R™*™; compute U1 € Vg2r, obtained from a
—nmn TN —-— ~\NT _p
QR decomposition of the matrix (U;S;,U ") € R¥?; define M := (Uf) U € R¥nxm,

—ADO,n —ADO,n —ADO,n Omn

e 2) Y, =Y, + Py [AtB(tn, Y, )+ VALG, ® E}; compute YA =

U"Sy (V)" with Vi € V., and Sy € R™*™; compute Vi e Vp.2r,, Obtained from a QR
—n TN =7 = T—n

decomposition of the matrix (V3 (55)7, V") € RP*?™: define N := <V2”> V' € R¥nxrn,

- - S NT[ —  —aDOn -
o 3) Let 57 := MS"(N)” and let 57 := S”+<U1”> [AtB(tn, v 0 4 VALG, @ z] Vr e

2rn, X2ry .
]R n n)

e 4) Compute a rank r,,i-truncated SVD decomposition of S? of the form PS”H(Q)T

+1
with P € Vorm rnsts Qe Vory rnga and S§"T e Rret1xmtt . The rank Tni1 i chosen so that
Tn41 = T and

1Sy — PSS @713 < ¢,

for some error tolerance ¢ > 0. Then, compute T = ﬁ{’? € Virpir V= ‘72”@ €
—ADO,n+1 lgnt1 [—n+l
Vpns, and Yo Om — grtiget (v * )

n=n+1and r, =7r,11.

The Adaptative-Splitting for the SDE reads as follow, for each iteration n, given V?Do’n at

time ¢,, we look for YADO "+ solution of algorithm (7) at the time step t,,,1 = ¢, +At. The first
sub-step of this algorlthm is the same as the Projector-Splitting algorithm (6), we just look for
Ul € R?™ as an extension of U € R%™ hence we obtain a new vector space of dimension
2r,, as a subspace of R?, this is done also for the deterministic modes in step 2, we look for a

new vector space of dimension 2r, as a subspace of RP. Then we assume that the evolution
—ADOn+1

from the point ?C " to oY, is done on these vector spaces. Thus we look for S” as the
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Galerkin projection of the point U's" (V”) on these spaces, which is described by the substep

3. Then we make an SVD truncation with rank r,; to Sy where 7,11 is defined by a chosen
condition. Finally we update the modes by coming back on the vector space of U™ and V™.

I11.4 Numerical tests for the additive noise

We present in this section some numerical results obtained with the splitting schemes presented
in the previous section in order to compute a dynamical low-rank approximation of the solution
of a parametrized stochastic differential equation.

I11.4.1 Overdamped Langevin process and initialization

For our numerical experiments, we chose to compute a dynamical low-rank approximation for
a parametrized overdamped langevin process, which reads as the solution of

dX!' = —VVH(XP)dt + /25~ 1dW, (I11.20)

where for all i in the set of parameter values P, V# : R — R is a smooth parametrized potential
function, and where 8 > 0. The overdamped Langevin dynamics is often used in molecular
dynamics simulations in order to compute statistical averages of observables of interest related
to some molecular systems.

In our numerical experiments, the set of parameter values P is chosen to be P := [0.1,1] x
[0.5,5] and we consider V# to be given as the so-called double-well potential defined as

2
N 2
Ve € R, Vu = (a,b) € P, Vi (x) :za((E) —1) .

For a given value py, po € N*, the train parameter set Pi,ai, is chosen as the cartesian product
of two sets {aq,--- ,ap, } x {b1,--- , by, }, where (a;)1<i<p, (respectively (b;)1<i<p,) are uniformly
distributed in [0.1, 1] (respectively [0.5,5]). As a consequence, the cardinality p of Piain is equal
to p == pip2.

I11.4.2 Initialization step

The DO scheme is initialized in the following way. A full Euler-Maruyama scheme (I11.19) is
computed during a time ty > 0 so that ty = ngAt from an initial condition

70 = 0.
) ) e . =DO,
Given r € N, the DO low-rank scheme is then initialized by choosing yrom - 77:0 where 7?:0
is a rank-r truncated SVD decomposition of X .
The different splitting algorithms detailed in the previous section are then run from the
starting time tg up to a final time T'= N At for some N € N*,
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I11.4.3 Low-rank approximation of the solution of the full-rank split-
ting scheme

In this section, numerical parameters are chosen as follows: p; = 25, ps = 20 (so that p = 500),
d=2800,8=1,At=1e—3,t, =3 and T = 10.
The aim of this section is to illustrate the low-rank approximability properties of the solution

(7? O’n)OSnSN, where 7 = min(p,d) computed by a maximal-rank splitting scheme. For all

1 <4 <7 =500, we denote by A" the i singular value of the matrix ?5 9™ We then define
forall 1 <i<T,
A= min A and A" := max Al
0<n<N 0<n<N
Forall 1 <r <7 =500 and 0 < n < N, we denote by YfVD’n a rank-r truncated SVD
.- —DO,n
decomposition of Y- " and by

en(r) == H?fo’n — VfVD’n )
F
We also introduce the quantities,
emin(r) := oglzignjv en(r)  and epax(r) = OISI%%V en(r).

In Figure II1.1 are plotted \™ and A\*** as a function of ¢ on the left-hand side, it presents
the decrease of the singular values between ¢y and 7. On the right-hand side, are plotted e, (r)
and enax(r) as a function of r. We remark from both figures that a low rank solution of the
problem (II1.20) may exist as we have a decrease of the singular values at each time step with
a best error that is at least between 10~2 and 107% starting from the rank r = 50.

Amin and Amx Log1o(emax(r)) and Logio(€min(r))
I o L —=- emaxn)
N . \ —== emn(n
N - ! = \
. ST = \
~~ 3
\\ S g -3 \
N . o < \
- N \\ é \
52 4 N R S‘_ —41 \
S TTTEe e ee~ I~ S ‘\
= -6 ~~:\\\ \_é \
¥ ¢ -5 \
\ E \ K
_g ] 1 I 1 \\
! N ! N
1o | R
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i Rank r

Figure II1.1: Left: A" and A\ as a function of 7. Right: enyin(7) and enax(r) as a function of
T.

I11.4.4 Splitting scheme for the DO method

The aim of this section is to illustrate the approximability properties of the DO method, used
in conjunction with the splitting scheme described in the preceding sections.
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Here, the numerical parameters are identical to those of the preceding section. For alln € N
and 1 < r <7 =500, we define by

—DOn
-Y

T T

F

On the left-hand side of Figure I11.2 are plotted the quantities e, (r) for r = 50 (red curve)
and r = 150 (blue curve) and ¢,(r) for r = 50 (magenta curve) and r = 150 (black curve) as a
function of the time ¢,,.

On the right-hand side of Figure I11.2, we plot a realisation of the trajectory of the stochastic
process X/ for p = (1.58,1.33) computed with an Euler-Maruyama scheme (blue curve) and
its approximation computed by a DO splitting scheme with rank » = 50. We remark in this

plot that the transition of the stochastic process from one well to another of the double-well
potential is well-recovered by the DO approximation.

Dynamical low rank errors Example of particule s trajectory by two methods

2.0

__________ Y20.n
-7 - 50
- o 1.5 n
DTt
_zZlo-mTTT -
=3 o=277 e 1.0
==5%" 7
-
ol 0.5
—44 <
4 e <
s <> 0.0
/ Qo
I/ B.I:’?

-0g10(en(50)), Logi0(€n(50)), Logio(en(150)), Logio(€n(150)

10

—1.0 1

—1.51

—2.01

Time t,

Figure I11.2: Left: e,(50), €,(150), €,(50) and €,(150) as a function of ¢,. Right: Particular
realisation of the stochastic process for p = (1.58,1.33) computed with the Euler-Maruyama
scheme (blue curve) or the DO approximation with r = 50 (red curve).

Let us define
€max(T) == Jmax, en(r).
In Figure II1.3, are plotted the quantities €yax(r) and epa.x(r) as a function of r. The result goes
along with what we obtained in Figure II1.2, we have the same order of decrease of the error
between the projector splitting approximation and the SVD approximation for rank r less than
ro = 70. Then when r is higher than rq we remark that the projector splitting method error
remains constant and we lose the match with the best approximation error. This is observed
for many test cases, we present only one of them.
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Dynamical low rank and SVD errors

Emax(r)
24 Y === emax(r

Logi0(Emax(r)), Logio(€max(r))
L

Figure I11.3: €yax(r) and ep.x(r) as a function of r.

We also consider here the behaviour of the error in another norm, which we refer hereafter
as the trajectorial error, defined by

BRI

- 0<n<N
7=1

And

d
2 ;pzz[sup
1 j=1

i 0<n<N

( DO n) - (?fVD,n> ) 2]
iJ iJ
In Figure II1.4, we plot n(r) as a function of r when N € N is chosen so that 3 < ¢, < 5.

We remark that the L*° in time error between trajectories of the full and reduced-order model
are quite small, which is a very good feature of the method.

Trajctorial errors by the svd and dynamical low rank methods

_1 4
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Figure I11.4: Evolution of the trajectorial error n(r) as a function of the rank r.

111.4.5 Influence of the time step

In Figure II1.5, are plotted six curves corresponding to log;, €max () as a function of r, for dif-
ferent values of the time step At, namely At = 1072, At = 2.1073, At = 4.107%, At = 2.107%,
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At =4.107° and At = 107°.

We numerically observe that, the smaller the time step At, the more accurate is the reduced-
order model with respect to the full-order model.

Dynamical Low rank error for different time steps

Emax, dt=1072
—1.5 A1 Emax, dt=2.10"3
Emax, dt=4.10"4
Emax, dt=2.10"4
—2.01 Emax, dt=4.10"5
\L? Emax, dt=10"5
3
§ 2.5
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- ~~:>::_‘\\\\
—————————————— SmemTTN
—3.51 = N N
R S
~/
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Rank r

Figure II1.5: Evolution of log;, €max(7) as a function the rank r for different time step At.

I11.4.6 Comparison between different schemes

In this section, we compare different time integrators for the resolution of the DO equations,
namely the splitting and adaptive splitting schemes. To this aim, we plot the errors produced
by the different schemes, with respect to the solution (Yn) v 8iven by the standard Euler-
Maruyama scheme. For all 0 < n < N, we thus denote by

0<n<

DOn

. " and K,

KSVP(r) = X =X, <P HX

ADO HX —ADOn

F F

where X . denotes a rank-r truncated SVD decomposition of X .

Error for different methods Example of particule s trajectory by three methods
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Figure II1.6: Left: log,y 5"V P(50), log;o 29 (50), log,, k4P9(1e — 3), log, k4P9(1e — 4) as a

function of ¢,. Right: Comparison of some stochastic trajectories for p = (1.15,2.02) as a

—DO,n —ADOmn
function of time: X , Yo, and Y s
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In figure II1.6, are plotted four curves. The green curve represents the error obtained with
—ADO . : . . .
Y. s " this approximation have shown a conserved rank ro = ry = 50 during the simula-

tion, while the blue curve represents the error obtained with ?114@138” that have shown a rank

evolving from ry = 50 to ry = 194. The black curve represents the error obtained with the
best approximation with rank r» = 50, X ., and the red curve represents the error obtained
with the dynamical orthogonal scheme using a rank r = 50, Y;O’n. We observe that the error
between X and any of the two DO solutions is quite small. First, we remark that we have
quite the same order of approximation between the best approximation of rank r, Y:, and the
dynamical orthogonal approximation of rank r along the interval [ty, 7], thus the dynamical
orthogonal approximation is comparable to the best approximation for X . Second, obviously
the adaptive method shows better approximation as the rank r increases, but remark when the
adaptive method does not increase the rank r then Y?Do’n = ?fo for all 0 < n < N, which
implies coherence between methods.

The right plot on Figure I11.6 gives an example of a trajectories obtained by either the Euler-
Maruyama scheme X ', the Projector-Splitting V?O’n or the Adaptive-Projector-Splitting ??Do’n.
We can observe the good matching between methods especially the ability to catch the transi-
tion of the particule from a well to another.

T

Comparaison of the stochastic and deterministic modes of different schemes

Let us assume that for all » € N* and { > 0, we have

—DO, T  —ADO, T
v no_ UPO,nSPO,n (VTDo,n) 7 Yc n_ UCADO,nS?DO,n <VCADO,n>

and .
~" _ 77SVDmn @SVDn SVD,n
Xr - Ur Sr (V;" ) ’

where the matrices UPOn §POn 1/ DOn (vegpectively U? DO’",S? DO’”,VZ‘DO’") are obtained with
the projector splitting (respectively the adaptive projector splitting) algorithm and US"P" ¢
Vir, S5VPn € R™" and VSVP" € ), are obtained via a truncated SVD-decomposition of X .

In the numerical results highlighted below, the projector splitting algorithm was run with

r = 50 and the adaptive projector splitting with ¢ = le™*.
In Figure I11.8, we plot values of (Vg) veney AS function of the time ¢,, for different methods
for some 1 < i < p, corresponding to a parameter value p; = (1.25,1.8) and for different values
of 5 = 1,5,10,20. The higher the value of j the smaller the associated singular value in the
SVD decomposition of the matrix X . We thus plot the evolution of the parametric modes of
the DO decomposition for the particular value of the parameter u; = (1.25,1.8).

We also plot in Figure II1.7 values of (U{;)O <<y 88 a function of the time ¢, for different
methods for some 1 < i < d, and for different values of j = 1,5,10,20. The higher the value
of j the smaller the associated singular value in the SVD decomposition of the matrix X . We
thus plot the evolution of one particular random realisation of the stochastic modes of the DO
decomposition.

We observe that these modes are very close to one another for small values of 7 and differ
when j gets larger.
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II1.5 Generalization to multiplicative noise and to McKean
nonlinearity

IT11.5.1 An SDE with multiplicative noise

In this part we present 4 schemes to solve the problem (III1.14) in the multiplicative noise case.
We prove that these schemes are consistent with the initial EDS at the order 1. We first prove
numerically that these schemes converge to the Euler Maruyama scheme in the full rank case,
and then we compare their efficiencies a function of the rank r. The numerical tests are done
on the following overdamped Langevin equation,

AX! = —VVH(XE)dt + /281X AW, (II1.21)

We use the same notations as in (II1.18), then, (II1.21) can be rewritten using the Hadamard
product ®,

X' =X+ AtB(ty, X)) + VAIG,ES (te, X), (111.22)
such that,

=23 X"eR*”  and G, =G,®L" € R*, where L=(1,---,1) € RP.

The algorithm (8) below is the Splitting full rank scheme with the correction term C(t,,Y")
such that C(t,,Y") = 287" @(@@G ) as proven in (I11.17). This scheme is of order one
compared to the Euler Maruyama scheme (II1.22). We introduce this scheme only because it
does not include the depends on r and thus there no projection to do. Hence there is no gain
to use this scheme (in term of speedup) we only take it for reference as it is obvious that it
converges at the order one to Euler Mauryama scheme. We denote by v € R¥*P the solution
obtained via the algorithm (8) as the approximation of the random process X for all n € N.

Algorithm 8 Splitting without projection

Input: Let T > 0, At > 0and N € N* st N = L. Let us be given at the step n = 0, the

At
. . =SP0
approximation Y .

Output: (?Sp’n)ogngN.
While 0 <n < N —1 do:

SP, —SPn

o 1) compute Y, "= V" + At [F(tnis oy +5(tn,?sp’”)} + VAG, B (t,, Y
compute pr’n = U”“@’f(V”)T with T e Vi, and S] € R

);

o 2) YSPn YSPn — At [E(tn,Yl ") 4 Clty, YSPn)} — At5n®i(tn,7fp’n); compute
v =TS (VYT with Sy € R

—SPn+1 —SPn

. = + At | B(t,, + C(t,, + t_n®_ tn, Y5 ): compute
3)Y =Y 4 At B(te, Y5 Cltn, V53| + VAIG, @5 (tn, Yy
—SPn+1 F7n+l-gnt+l =nt+l\p

v g S Y with V' €V, and 81 € R
n=n-+1.
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The algorithm (9) that we propose for each rank r is an implicit scheme for both the drift
term and the multiplicative noise term, but we introduce the correction term C(t,,Y") only in
the second equation.

Let r € N* such that » < min(p, d). We denote by ?DO " the approximation of v given
by the rank-r truncated dynamical orthogonal splitting algorithm (9) defined below. For each
iteration n given YDO" = U"S"(V") with U™ € Vir, Vroe V,r and Sn e R™" we obtain
Y PO+l by the algorithm (9).

Algorithm 9 Splitting DO using implicit scheme for the drift and the noise

Input: Let r e N*, T >0, At >0 and N € N* st N = %. Let us be given at the step n = 0,
the approximation YO0 — 7050V 0T,

Output: (V,207)oc, <.

While 0 <n < N —1 do:

e 1) compute Y;"9" := yPOn 4 [Atﬁ(tn,ﬁpo’") + \/A@@i(tn,ﬁmn)] P;.; compute
Yo = gt Sn(vmT with U™ € Yy, and S7 € R™;

¢ 2) Y, O = VPO Py [ At |B [ (tn, Y;POM) 4+ Ct,, VP ")] — VALG, B (t,, }711’0’”)] Py
compute Y;"" = U1 S2(V")T with Sy € R™";

e 3) YPOntl — yPOm o p. ., [Atﬁ(tn,f@[)o’n) + \/A@@i(tn,?;”’")]; compute
Yo+l = el gntl (el with Y+l € W, and S™H € R
n=mn-+1.

The algorithm (10) is an implicit scheme for the drift term and explicit scheme for the

multiplicative noise term, hence we do not introduce any corrective term.
—DO . . —SPn . :
We denote by Y, " the approximation of Y~ " given by the rank-r truncated dynamical or-
FTINFN T

thogonal splitting algorithm (10) defined below. For each iteration n given V?O’n =Us(vHT
with U" € Vir, V" e V,,r and 5" € R™", we obtain Y, DOt by the algorithm (10).
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Algorithm 10 Splitting DO using implicit scheme for the drift and explicit scheme for the
noise

Input: Let r e N*, T'> 0, At >0 and N € N* s.t N = %. Let us be given at the step n =0,
the approximation 77],.3 20 7’5" (VO)T.

Output (YDO n)OSnSN'
While 0 <n <N —1 do:

e 1) compute YDO’n = 7?0 [AtB(tn, YDO Y+ VALG n®2( n YDO n)] Pyr; compute

YO =TSNV with T € Vy, and ) € R

o 2) YDO" YlDO’n + Pgnt [ AtB(tn,YDO " - \/Ath@)E( n,YDO n)} Pyn; compute

Y, 0" =TS (VT with S € R

e 3) yromt Vé)om + Pgni [At?(tn,vg)o’n) + \/At5n®i(tn,7fo’n)]; compute

—DO,n+1 —n+1l—=n+1 —’n—i—l

Yy O =TS YT with V' €V, and § e R

r

n=n+1.

The algorithm (11) that we propose is an implicit scheme for the drift term and explicit
scheme for the multiplicative noise term that we add only in the first equation.

We denote by f/D O the approximation of yorn given by the rank-r truncated dynamical or-
thogonal splitting algorithm (11) defined below. For each iteration n given yPon — g (V)T
with U™ € Vg, V* € V,, and S € R™", we obtain Y,?"+1 by the algorithm (11).

Algorithm 11 Splitting DO using implicit scheme for the drift and explicit scheme for the
noise term added only in the first step

Input: Let r e N*, T'> 0, At >0 and N € N* s.t N = %. Let us be given at the step n =0,
the approximation ¥,P00 = [7050(V0)T

Output: (?;DO’”)O@SN

While 0 <n < N —1 do:

e 1) compute ¥;"9" := Y;POn 4 [Atﬁ(tn,fﬁpo’") + \/A@@i(tn,ﬁm")] Py.,.; compute
VPO — gL Sn(vm)T with U € Vy, and 87 € R™;

¢ 2) Y, =y Py [—Atﬁ(tn, YlDO’”)} Py.,.; compute Y, = U153V with
5 eroer,
. 3) VDOn+1 _ YQDO,n + P [Atﬁ(tn,fffo’")}; compute f/TDO,nH _ Un+1gn+1(f/n+1)T

with V71 € Y, and §71 € R™".
n=n+ 1.
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I1I1.5.2 Numerical experiments on the multiplicative noise case

We are interested in this part in comparing the algorithms (8), (9), (10) and (11). We first
study the convergence, in the full rank case (7 = min{p, d}), as we decrease the time step At.

We take At = 1072, At = 1073, At = 10~% and At = 1075. We sample the parameter set by

=100 and we take d — 100 number of Brownian motion realizations. The errors kER EDO(r),

50( ) and #P9(r) given by the algorithms (8), (9), (10) and (11) respectively are deﬁned by,

—SPn —DO,n

—HX _y and

~DO _ HX YDOn

RO(r) = || X" -,

/%5)0(7”) = HYH — Y/TDO’”

In Figure I11.9, we take r = 7, we observe the convergence to the solution of the SDE (II1.21)
as the time step At goes to zero. Which is the required result.

Dynamical Orthogonal error for different schemes, full rank case

pAmanF N A s — wdt=10
] /_M— 297, dt = 1072
Pk SO RN A AN — 7, dt =107
FEO(P), dt = 1072
KER, dt =103
R29(n), dt = 1073
R2A(r), dt= 1073
KOO(P), dt = 1073
K, dt=10"*
=== B9, dt=10"%
——- BT, dt=10"%
=== K29, dt = 107*
KA, gt =107
----- R29(n), dt = 107
----- R29T), dt = 107
----- RE9(n), dt = 107

i), KS9(T)
b

 RE
|
I

KR RDAT

Figure II1.9: Convergence results for algorithms (8), (9), (10) and (11) in the full rank case as
we decrease the time step At.

Let us introduce the errors #”9(r), ®P°(r) and #P°(r) given by the algorithms (9), (10)
and (11) for a rank 7:

~DO( N\ _ DO —DO(,\ _ —DO ~DO( N _ ~.DO
K77 (r) = ez R, (r), " 9(r)= Jnaz ®, (r) and A"V (r)= Jnaz, Ry (1).

In Figure I11.10 we study the convergence of the algorithms (9), (10) and (11) as we increase
the rank r for different time steps. We take r € [1;2;3;10; 30; 50; 60; 70; 80; 90; 95; 100] and for

the time step At = 1072, At =103, At = 107% and At = 107°.
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We remark that the algorithms (10) and (11) converge faster for each rank r than the
algorithm (9) which shows a very slow convergence as we increase r. In addition, algorithms
(10) and (11) are les expensive as they integrate less terms, the algorithm (11) is the cheapest
one.

Supremum Dynamical Orthogonal error for different schemes

KPO(r), dt=1072
_1.5 kDo(r)' dt: 10_3 ..................
RDO(I'), Adt=10"% e,
—~ —2.0 .
S KPO(r), dt =103
E’% 25 KO(r), dt=10"2 N\ "
< KPO(r), dt=10"3
o
R —3.0 KPO(r), dt=10"*
< KPO(r), dt=10"°
zgx -3.5 KPO(r). dt =102 Rl i Lz
—40 KPO(r), dt =103
KPO(r), dt =10"*
-4.5 KPO(r), dt =105
0 20 40 60 80 100
Rank r

Figure I11.10: Convergence of algorithms (9), (10) and (11) for different rank r at different time
steps.

I11.5.3 An example with a McKean nonlinearity

We study in this part numerically the low rank solution of the following SDE, the exponential
Brownian X/ for each o € P, that contains a McKean nonlinearity:

dX{ = X7 dt + E[X7]dt + o X7 dW,
I11.23
\ Kokt (1H1:23)
Notice that we can derive an explicit formula of its expectation E[X7]:
t0.2 t t
E[X7] = X§ —I—/ 7E[X;’]ds —|—/ E[X?]ds —l—E[/ XZdW] (I11.24)
0 0 0
The last term is equal to zero and hence we obtain,
o2
dE[X]] = <? + 1) E[X/] (I11.25)
So that,
2
E[X7] = X{ exp ((% + 1)t) , foralltel0,T]. (I11.26)

The parameter o varies in a random set of cardinality p. Let (X )o<n<y be the Euler
Maruyama approximation solution of (II1.23) in its matricial form.

We propose here 4 different algorithms (12), (13), (14) and (15). The algorithm (13) is sim-
ilar to the algorithm (10) where we evaluate the expectantion only once in the first equation.
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Then, the algoorithm (15) is similar to the algorithm (11), where we evaluate the expectantion
only once and where we integrate it only in the first equation.

—DO,n —DO, n) DO,n

Let be E(t,,Y
H=(1,---,1) € R" and E4[(Y

) € R%? such that E(t,,Y
yro ™)] € R? and (Edl[(Y

H® Ede?
PON)) = Eal(Y

J

)], where
Do’n)j] such that,

d;

< - n ]— < - n
By, [(V"0™),] = — S @79, 0<n<N and 1<j<p. (IT1.27)
L=t
Let S(t,, Y ")) € RU# such that (S(t,, Y "))i; = 05 x (YO0
Let YPOn, YDO’n, YDPOn and YPOm the dynamical orthogonal solutions given by the following

algorithms (12), (14), (13) and (15) respectively.

Algorithm 12 Splitting DO with McKean nonlinearity using implicit scheme for the drift and
the McKean term and explicit scheme for the noise term

Input: Let r e N*, T'> 0, At >0and N € N* s.t N = %. Let us be given at the step n =0,
the approximation YP00 = [7050(V0)T

Output: (ﬁDO’")ogngN-

While 0 <n < N —1 do:

e 1) compute Ey,[(V;?9")] defined by (II1.27) on Y29,
PO = Y PORL AL Bty VPO) + Eta, V2O + VAIGES (b, V,20M)| Pyo; com-
pute Y79 = Ut 8n(V™T with U € Vy, and S € R
. 2) compute Edl[(YDO )] deﬁned by (HI 27) on YDO "
compute Y;79" = U1 82(V™)T with Sy € R™";
e 3) compute Ey,[(Y;"?™)] defined by (II1.27) on ¥,
yROmHL — YPOM 4 Py | A [B(tn, V2O 4+ Et, YQDO’”)} + VALG, B (b, VPO

compute Y PO+ — [yt gntl (o T with Yo+l ¢ Y and S7H e R
n=mn+ 1.
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Algorithm 13 Splitting DO with McKean nonlinearity using implicit scheme for the drift and
the McKean term, used once, and explicit scheme for the noise term

Input: Let r e N*, T'> 0, At >0 and N € N* s.t N = %. Let us be given at the step n = 0,
the approximation YDO 0 — [JOSO(VOT,

Output: (¥,20")<,cy.

While 0 <n < N —1 do:

e 1) compute Eq,[(YP9)] defined by (IIL.27) on YO,
PO = YPOm4 | AL Bty YPO) + Bt YPO)| 4+ VAIG, S (b, YPOM)| Py com-
pute Y70 = Ut S (V)T with U™ € V,, and S? € R™";

e 2) VO = YO 4 Py, [—AtF(tn,}uleO’") — \/At5n®§(tn,1v/[)o’")} Py.; compute
Y, O = UnHLSy(VT with Sy € R7;

e 3) YDOnt1 _ yPOn Ponia [At?(tn,fffo’") —i—\/AtEn@f(tn,}u/DO’")]; compute
YDO n+l _ Un+lsn+1(vn+1) with VnJrl = Vp,r and §n+1 c R,
n=mn-++1.

Algorithm 14 Splitting DO with McKean nonlinearity using implicit scheme for the drift and
the McKean term and explicit scheme for the noise term used once

Input: Let r e N*, T"> 0, At >0 and N € N* s.t N = %. Let us be given at the step n =0,

the approximation Y, poo UOEO(VO)T.

Output (YDO n)OSnSN'
While 0 <n < N —1 do:

e 1) compute Edl[(Y "™)] defined by (II1.27) on Y;POn,
compute Y1 pon . YDO " [At [B(tn, P ")+ E(ty, YDO n)] + VALG, @3 (t,, Y

compute 7?0’ =TS VT with T e Vi, and S| € R

DO,
)| Py

e 2) compute Edl[(YD ")] defined by (II1.27) on YDO"

?2DO,n = ?1D0,n + P—n+1 [_At [B<t”’ YDon

—n+lzn w—n

U S,(VHT with S, € R™";

)+ E(t, YDO’n)” Pgn; compute 7§O’n =

Don)] defined by (II1.27) on YDO "

—DO,n

e 3) compute E; [(Y

yrortt — yhon an+1 [At [B(tn,Y )+E(tn,Y§O’”)H; compute V-0 =

TSV with V' e V,rand & € RYT
n=n+ 1.
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Algorithm 15 Splitting DO with McKean nonlinearity using implicit scheme for the drift and
the McKean term, used once, and explicit scheme for the noise term used once

Input: Let r e N*, T'> 0, At >0 and N € N* s.t N = %. Let us be given at the step n =0,
the approximation Y290 = [7°50(V0)T"

Output: (V,"*")ocp<n.

While 0 <n <N —1 do:

o 1) compute Ey [(Y;”%")] defined by (II1.27) on ¥,P",

r

compute 1,70 i= VPO | AL [ B(ly, YPO") + By, V2O | 4+ VAIG, B (L, Y2O)| P
compute Y70 = 1 S0 (V™T with U™ € V,, and S € R™";

°« 2) VO =y L P [—At?(tn, }N/lDO’")} Py; compute V79" = U182(V™)T with
5 e
o 3) YPOn+ — %DO’" + P [At?(zﬁn,fszo’n)}; compute Y PO+l — gyntl gntl(ynt)T

with V™1 €V, and S"+! € R™".
n=n-++1.

IT1.5.4 Numerical experiments on the McKean nonlinear case

Let us introduce the errors:

kP (r) = HY" —on’n o kPE(r) = HYn — yPOon .
ORI O R b i

In Figure I11.11, we take a step size At = 1073, the parameter set is sampled between o = 0.5
and o = 1 with cardinality p = 100 and the number of samples is d; = 10*. The rank 7 is set
to r = 5. We remark that we have almost the same order of error for the four schemes with a
better approximation for the algorithms (13) and (15) with, additionally, a smaller cost than
for algorithms (12) and (14) .
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Dynamical Orthogonal error by different schemes
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Figure II1.11: Dynamical Orthogonal error using algorihtms (12), (14), (15) and (13) on the
exponential Brownian case.

Let us introduce the errors x%(r), kP (r), kP(r) and k“F(r) given by the algorithms (12),
(14), (15) and (13) for a rank r:
DE CE

c _ C D _ D DE _ CE _
K7(r) = mag K, (r), £7(r) = mag £, (r), £75() = maz £,~(r) and £75(r) = maz £=(r).

In Figure II1.12 we study the convergence of the algorithms (12), (14), (15) and (13) as we
increase the rank r for different time steps. We take r € [1;2; 3; 10; 30; 50; 60; 70; 80; 90; 95; 100]
and for the time step At = 1072, At = 1073, At = 10~* and At = 1075.

We remark that the algorithms (12), (13), (14) and (15) converge quite in the same order

for each rank r. Adding the fact that the algorithm (15) is the cheapest one as we calculate
the multiplicative noise and the McKean term only once.

KE(r), dt=10"2
KE(r), dt=10"2
KE(r), dt=10"%
K[, dt=10""
K7E(r), dt =107

Supremum DynamiczT

‘or different schemes
— = KR dt=10" ]
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=

3

CT .

% —=- k%), dt=10"*
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T 1 — K7}, dt=10"2

=]

% —= K%(r), dt=10"3

§' = ——— K%(r), dt=10"*

= KO(r), dt =107

i I
= KOE(R), dt=10"2 _ _ . _._._.
g
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Y]
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0 20 40 £0 B0 100
Rank r

Figure I11.12: Convergence of algorithms (12), (14), (15) and (13) for different rank r at different
time steps.
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Let X;, be the continuous solution of (II1.23), at time t,, in its matricial form and let us
consider the errors,

wpogry = B PPN o Bl ~ Eal(5797))
’ E[(X,);] ’ ! E[(X:,);]
qun(r) _ ]E[(ytn%] B Edz [(YfrDo’n)j] A]C'E,n<7,) _ E[(ytn)J] B Edz[(Y/rDO’n)j]

E[(X4,);] ’ E[(X¢,);]

In Figure II1.13 are plotted four curves, representing the relative error on the expectations
between the estimators Eg, [(Vfo’n)], Eq, [(Y,PO)], Eq,[(V;PO)] and Eq [(Y;?9™)] compared to

the exact expectation E[(X,,)]. Note that these curves correspond to the worst error among
all the parameters o, which is obtained for o = 1.92. We remark a maximal error that reaches
12 percent for all the errors. Of course we can reduce this statistical error by increasing the

Monte Carlo sampling d;.

Expectance relative error for different schemes
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Figure I11.13: Relative error expectation bewteen the estimators Eg, [(Y.P9™)35], Eq [(Y;2O)ss],
Edl[(vDO’n)gg] and Eq [(YPO")3] and the exact expectation at each time t,, for the worst

T T

obtained case (0 = 1.92).

II1.6 Dynamical Orthogonal approximation for control vari-
ate variance reduction on the additive noise

Several experiments have been done on randomly sampling the parameter space using the same
Brownian realizations and inversely sampling different Brownian realizations using the same
parameter space. From these results that we present in the annex (IV) we can remark, that the
projector splitting dissociates the effect of the realizations and the parameters on the model.
We have seen that if we keep the same set of parameters with changing the realizations, then we
keep the same deterministic modes, and if we change the set of parameters with using the same
realizations then we obtain the same stochastic modes. We have also seen that the rank dosen’t
effect the dynamical error as we increase the number of realizations d from a given number of
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realizations dy (dy ~ 800 in Figure IV.4) with a fixed set of parameters. These results motivate
us to develop a method that calculates the expectation with a faster way.

We illustrate in this section how the DO approximation introduced in the preceding section
can be used as a control variate in order to quickly compute expectations of quantities depend-
ing on the solution of the parametric SDE of interest. For the sake of illustration, we choose
here to develop a variance reduction method for the computation of E [Xt‘; } for u € P.

The idea of constructing the reduced estimator is based on two steps. First, in an offline
phase, we compute a DO approximation of the parametric SDE for p € P = {pu,...,pp}
with a projector splitting method with rank r using only a small number of realizations of
the stochastic noise d = d,, the aim of this first simulation is to find the best deterministic
modes by increasing at each time the sampling number p of the parameter set. We thus
obtain, for all 0 < n < N, a dynamical orthogonal model VTDOS’N = [UPOsngDOsn (V;DOS’”)T,
with UPOs" €V, ., SPOsm ¢ R™" and V,P9*" € V),,. The obtained deterministic modes
(VTDOS’”)O <n<n are then used in turn in order to compute new random realizations with d = d,
of the DO reduced-order model for any random realizations of the stochastic noise, the aim
of this simulation is to construct the high fidelty stochastic modes. For a given family of
independent identically distributed random variables (G,,)o<n<n, the DO reduced-order model
on the deterministic modes Yo7 of the solution of the Euler-Maruyama scheme X is then
computed as an element belonging to the linear space spanned by the columns of VP9%" as
follows:

yredoppmntl [Y/redoff’” + ALB(t,, Y™%r0m) 4 V/AIG, @ $| VPO ([ P0snt )T

This first reduced-order model on the deterministic modes (Ydessm = PO S (VM) .

with UPO" € Yy ., S* € R™" and V* € V,, is then used to fix the stochastic modes of the
control variate that we construct in the online phase.
Indeed, in the online phase, for any given new set of parameters, we construct the reduced-
order model on the stochastic modes Y*don™ of the solution of the Euler-Maruyama scheme
X" (given by the new set of parameters) as an element belonging to the vector space spanned
by the stochastic columns of TP as follows:

Y/redon,n—i—l _ UPOl,n-i—l(UTDOl,n—&—l)T ?redon,n + AtB<tna S}redon,n) + \/Ktén QY.
This approximation Y'der is taken as a control variate in order to reduce the variance of a
Monte-Carlo estimator for the computation of the desired expectation.

We now present the different algorithms that we use to extract the deterministic modes and the
stochastic modes that we use in the algorithm (20) destinated to construct the control variate.

I11.6.1 Algorithms with fixed Deterministic modes

We present two splitting reduced algorithms that aim to extract the stochastic modes. As the
projector splitting scheme follows a specific order to compute the factors, we have to consider
the transpose matrix YrednT — (Y”ed’")T to run the reduced algorithm that we present in the
following.
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First fixed deterministic modes algorithm

Let be, for all n € N*, i+l = VPOsntl then, the reduced splitting algorithm on the determin-
istic modes reads as follow,

1) compute V7T .— p. ., |:}~/red,n,T n [ AEB (1, Vredn Ty 4 /AHG, @ E)T] Pgn]; —
pute YT = yrtl Gnrm)T with V7t € V,, and S? € R™

2) Yyl = Poy [fﬂred’"’T — Py [AtET(tn,f/{Ed’”’T) +VALHG, ® E)T] Pﬁn]; compute
Yy et = vt ST with Sy € R

3) YredntiT — po [f/;ed’"’T + Py [AtFT(tn, v ety L V/AHG, ® E)TH ; compute Y17 —
VL Gl (T with U € V,, and ST € R

Which is resumed to one step:

1) }N/’red,n—i—l,T = P‘~/n+1 ?TEdJLT + PV’VL+1 [At(§T<tn’ ?T@dﬂl,T) - ET

Ponir |ALB (£, Y74y + VALG, ® E)T} ;

(10 T4 1)) P +

In terms of factors this would lead to find at each iteration n, Untl g Vi, and Sntl g Rrxr
solution of algorithm (16).

Algorithm 16 First fixed deterministic modes algorithm, additive noise

Input: Let "> 0, At >0 and N € N* s.t N = %. Let us be given at the step n = 0, the
approximation yredn and Vn = VPOsn for all 0 < n < N.

Output: (Y7%") ., o n.

While 0 <n < N —1 do:

o 1) (SPTHT(UH)T = (Vrtl)TyrednT o (n+)T [At(ET(tm yreint) — B
(f/nﬂ)T AtET(tn, }7’27"“’”3) +VALHG, ® Z)T] ; compute

f/red,n#»l — 0n+lgn+1(‘~/n+1)T.

n=n-+1.

Second fixed deterministic modes algorithm

The second fixed deterministic modes algorithm for stochastic modes is based on neglecting the
following term in the first algorithm,

—T ~ -7 Crred,n
PVn+l At(B (tn’Yred,n,T) - B (tnayvl & 7T)) PU"'H

Hence we propose the following second algorithm (17) on the deterministic modes.
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Algorithm 17 Second fixed deterministic modes algorithm, additive noise

Input: Let "> 0, At >0 and N € N* s.t N = Alt. Let us be given at the step n = 0, the
approximation yredn and Vn = VPOsn for all 0 < n < N.
Output: (Yred,n)OSnSN'

While 0 <n < N —1 do:

) (Svn-‘rl)T(Un-l-l)T _ (f/nﬂ)TYred,n,T + (f/nH)T AtET(tmyred,n,T)+ /_At(an@)E)T ;

compute
?red,n—‘rl _ Un—i—l S«n—‘rl (Vn—l—l)T

n=n+1.

Note that in this way, we obtain a gain of 40 percent of the computational time compared
to the Projector Splitting algorithm (6) with rank r for the first algorithm (16), and 60 percent
of the computational time for the second algorithm (17), (this gain is calculated on our specific
model).

Next we adapt both algorithms presented above for generating new deterministic modes of
a new set of parameters by using fixed stochastic modes.

I11.6.2 Algorithms with fixed Stochastic modes

The idea of constructing the reduced estimator for generating deterministic modes is based on
two steps. First, we compute a DO approximation of the parametric SDE for u € Puyain =
{ma, ..., pip, }, of cardinality p;, with a projector splitting method with rank r using only a
number of realizations of the stochastic noise d. For all 0 < n < N, we thus obtain the DO

T
. . DOy, ,n DOy, ,n ~DOy, .0 DOy, ,n . DO, n DO, ,n
approximation Y, = U778, (VT K ) , with U7 € Vg, Sr 77 € R and
DOy, ,n . . DOp, ,n . .
Vi € V,,. The obtained stochastic modes ( U, are then used in turn in order
0<n<N

to compute the DO reduced-order model for any set of parameters Py, of cardinal p.. For
a given family of independent identically distributed random variables (G,,)o<n<n, & reduced-
order model Y4 of the solution of the Euler-Maruyama scheme X is then computed as an
element belonging to the vector space spanned by the columns of Uy Or™ as follows:

)N/red,n+1 _ UTDOpt ,n+1(UTDOpt,n+1)T |:}'}red,n + AtB(tn, i/red,n) 4 A /Atan ® E:| .

First fixed stochastic modes algorithm

DOy, ,n+1

Let be, for all n € N*, U+t = [, then,

1) compute Y™ := Py, [f”’ed’” + [Atﬁ(tn, yredn) 4 /At(G, @ E)] Pf/"] : compute Y, " =
Urtsr (VT with U™ € Yy, and S} € R™".

2) V5 = Ppuus [T = Fposr [AGB(ta, V7" + VEUG, © )] Py compute 14" =
U1 So(vmT with S7 € R™™;
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3) yredntl — P [Y/{ed*" + Ppan [Atg(tn, 1727"6(1’") + \/Kt(an ® E)” : compute }i”edmﬂ =
[ G (P with 77 € V), and S+ € R
Which is resumed to one step:
1) Yredntl — Pinia yredn 4 Pt [At(E(zﬁn, yredn) — Blt,, }N/lred’n))} Pyny +
Pyuis |AB(t, 3°") + VAIG, @ 3)|;

In terms of factors this would lead, at each iteration n to find V"*! € V,, and S+ € R™"
solution of algorithm (18).

Algorithm 18 First fixed stochastic modes algorithm, additive noise

Input: Let T > 0, At > 0 and N € N*s.t N = Alt. Let us be given at the step n = 0, the
approximation yredn and U+ = UP% ™" for all 0 < n < N.
Output: (Y"%")o,<n.

While 0 <n <N —1 do:

o 1) (§n+1)(f/n+1)T _ ([jn+1)Tf/red,n 4 (U‘n-{-l)T |:At<§(tn7}~/red,n) _ E(tn’}}{ed,n)) n
(U™ |ALB(ty, Y;*") + VAHG, @ E)] ; compute

i}red,n—‘rl _ Un—i—lgn—&-l(f/n—&-l)T.

n=n+1.

Second fixed stochastic modes algorithm
The second algorithm is based also on neglecting,
(TN [ At(B(t,, V) — E(tn,fqed’"))] , forall 0<n<AN.

Thus the second algorithm for determinstic modes is defined in algorithm (19).

Algorithm 19 Second fixed stochastic modes algorithm, additive noise

Input: Let 7 > 0, At > 0 and N € N* s.t N = L. Let us be given at the step n = 0, the

At
R, N D
approximation Y7 and U+ = U """ for all 0 < n < N.

Output: (f/red,n>0§n§N_
While 0 <n < N —1 do:

° 1) (Sn+1)(Vn+1)T — (Un-‘rl)T}A/‘red,n,T_i_ (Z’]‘n-‘rl)T At§<tn7?7‘ed,n> + /At(@n(gz) : com-

pute
)A/red,n—&—l _ Un—l—lSvn—&—l(Vn—‘—l)T'

n=n++1.

Now we are able to present the algorithm for constructing the control variate from the
dynamical orthogonal approximation.
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I11.6.3 Algorithm DO as control variate

Algorithm 20 Dynamical Orthogonal approximation as Control Variate
Offline phase: Let P, the training set of cardinality p;, let ds be a small realizations of the
Brownian motion, let  be the chosen rank and € a threeshold.

e 1) Fix the sampling number p; for the parameter set: Compute the Projector Splitting
algorithm (6) on 73?;7’;1 c RIs¥Pe a9

—DOs,n nOn /TN

and keep the stochastic modes (U")o<n<n-

e 2) Let a new set of parameters P;. Compute the algorithm Projector Splitting (18) or

(19) with fixed stochastic modes on Y(;;(;I” vt Yg;cjf;n respectively) using the previous
stochastic modes U™ as

~

}N/redpt,n _ UnSredm(Vred,n)T or Yredpt,n _ UnSmd’n(VOr?jc’n)T-

Offr off Offr
If the dynamical orthogonal error e/ ‘-!(r) < e ( €h2(r) < e, respectively defined in

(II1.29)) then keep p; and the deterministic modes (VOT;CJIJ")OSHS ~- Else increase p; and
repeat (1) and (2).

e 3) High fidelity resolution for stochastic modes: let us consider a large number d; of
realizations of the Brownian motion. Compute the algorithm Projector Splitting (16) or
~ eddl n ~ Teddl n

(17) with fixed deterministic modes on YOTf fr € RéxPe (Y, tir € R%*Pt respectively)

. . . d
using the previous deterministic modes V555" as,

~ reddl n

d,n\T oredg,m dn\T
Yorre = UosrSorr(Vors" ) ov Yosp =Uos S0 (Voys™) -
Keep the stochastic modes (Ugf)o<n<n-
Online phase: let be P, a set of parameters of cardinality p..

e 4) Compute the algorithm projector splitting (18) or (19) with fixed stochastic modes
on Yorfffe’n € Rédxpe (Ygzdﬁ" € R%*Pe respectively) using the previous stochastic modes
Ubysr as,

Vour " = UgpSou (Ve or Yo" = Uy p85,(VE,)"

In the next section we present some numerical results on each step of the Offline phase.
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1I1.6.4 Some Results on the offline phase
a-Results for generating new parametric modes

In this part we take p; = 900, and d = 1000, we run the simulations in the interval [3.2,4] with

a time step At = 0.001 and we approximate the solution with a rank r = 30 and 7 = min(d, p;).

Let be 73?;’;” the solution given in step (1) and 73?37? the solution given by algorithm (6), let

7redp, ,n

be ?Or?jfj;’n the solution given in step (2) by the algorithm (18) and Y, the solution given

by algorithm (6) on the new parameter set, let be }Aforjefjf’ ™ the solution given in step (2) by the

algorithm (19), let be Y/O[}%T’,n the solution given in step (1) with the new parameter set and
lv/'ODf?c}’” the solution given by the algorithm (6) with the new parameter set. Then let be the

following dynamical errors in the step (1) and (2),

—DOs,n —DOs,n

—_ ~ DOS7 V] DOS,
€npe(T) = HYOfff — Yo P Enpe (1) 1= HYOff,Fn . YOff,rn » (II1.28)
and
d,1 - ||x7POp;n ~-redp, ,n d,2 . ||x7DPOp; ~redp, ,n
i) = |Vor" =Yoo ety = |[Vors" = voim| (I11.29)

a-1-Frobenius Errors between different schemes

In Figure I11.14, we plot the error €,,,(30) obtained in the offline phase in step (1), with the
set of parameters Py.q;n, (in green), and we plot the error e;fgf(ZSO) obtained in the offline phase,
step (2), on a new Pyqin with a caridnal p, (in red) and the error €,°:2(30) (in black) with d
trajectories, we add the error €, ,,(30) obtained on the new set of parameters (in blue). Remark
that, on the left where we have used p; = 200, we have quite the same order between different
methods, this shows that the sampling number p; is enough good to obtain good deterministic
modes. While in the right plot where we have used p; = 50 the sampling number p; is not

enough high to obtain good deterministic modes.

Projector Splitting Reduced for new Parameter Set Projector Splitting Reduced for new Parameter Set

|
=
5

L

|
g
=}

______
_________

|
g
o
L
|
=
w
\
\
\

|
N
n

!
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Figure I11.14: Reduced Dynamical orthogonal error for a new set of parameters with fixed
realizations, using p; = 200 in the left and p, = 50 in the right.
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a-2-Effect of increasing the cardinal of the parameter training set, p;, on the deter-
ministic modes given by the reduced model

Here we change the cardinal of the training set p; = 500, p, = 1000 and p, = 2000, and we
look at the effect on the deterministic modes given by the reduced model (18) on a new set of
parameters P of cardinality p. taken at each time equal to p;. We remark, in Figure II1.15,
that more we sample the training set and better is the approximation. Let be

@Det,red,l M) = ||V7 Vred,n
7) = ||Vii = Vorisll
n T ffar
F
First 5 deterministic reduced modes for different training set First 10 deterministic reduced modes for different training set
...................................... 1.0 . ST e e
,_;;_'_..’;«_._ PV NS =l
15 :
-1.2
o e ——— §
E -201 s ©Fet e 1(10) with p, = 500
& - M —.- @getred.1(10) with p, = 1000
Lo Ut o d< '
S e S Q 1.6 -=- ©petred1(10) with p, = 2000
E‘ -2.5 g\ e
_____
- pet.red. 1(5) with p, = 500 -1.81 N e PN
230 e 2°4:1¢3.1(5) with pe = 1000 AR /
:’ ——- ©getred1(5) with p, = 2000 B BV WAN)
33 34 35 36 37 38 39 40 33 34 35 36 37 38 39 40
Time t, Time t,

First 30 deterministic reduced modes for different training set

PN S

e ap AT S
«/\,‘-%mv*"f“‘ A,

----- ©fet.red. 1(30) with p, = 500
¢ —1219 —-- ©Retred-1(30) with p; = 1000
——- ©Retred-1(30) with p; = 2000

\\\\\\\\\\\\\

Figure I11.15: First five, ten and thirty deterministic modes using different number of samples
of the parametric training set.

b-Results for generating new stochastic modes
b-1-Frobenius errors between different schemes

In this part we take p = 500, d, = 800 and d; = 8000, we run the simulations in the interval
[3.5,5] with a time step At = 0.001 and we approximate the solution with a rank r = 50
and recall 7 = min(d, p). In Figure III1.16, we plot the Frobenius error obtained with d = dj
trajectories using the approximation 73?;; given by the algorithm (6) and the approximation

X7 057 . . . . .
Ygfﬂ: (in green) and we plot the Frobenius errors obtained in the offline phase, step (3),

. . . DOy, . . . > redg, .
with d = d;, between the approximations Ygf},: using algorithm (6) (in red), Yg;ﬁj«n using

algorithm (16) (in black) and }A/Orjf]lcdﬁ,n using algorithm (17) (in blue) with d = d; trajectories.
Remark that we have quite the same order between different methods with an enhancement of
the computational time that we discuss in the last part.

—DO;,n —DO;,n

—DOgs,n —DOs,n
€nd (1) 1= HYOff,F - YOff,r

P €nd, (1) = HYOff,F _YOff,r

F
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and

n,d; orfr Offr

1 —DO;,n ~ redq, ,n
Ered, (7“) = HY L ypredd e OffF Offr

Ted’Q(T') — H?DOZ,TL B }A/'reddl,n

F F

DO errors on Offline and Online phases

=== £n,q4,(50)
=== £,4(50)
- z;?ﬂ;’(so)

£r9%(50)

Logao(efed ), Logio(ef%?), Logio(€n, ), LOGro(En,a,)
i

3.6 3.8 4.0 4.2 4.4 4.6 4.8 5.0
Time t,

Figure I11.16: Dynamical reduced order errors for both algorithms in step (3) of algorithm (20).

b-2-Effect of increasing the number of realizations d; on the stochastic modes

Here we change the cardinality of the realizations set d, = 500, dy = 1000 and d, = 2000,
and we look at the effect on the stochastic modes given by the reduced model on a new set
of realizations of cardinality d; = 500, d; = 1000 and d; = 2000 respectively. We remark, in
Figure I11.17, the same effect as for deterministic modes, that more we sample the realization
set and better is the approximation between the stochastic modes. Let be

ot (5) = ||Un - U3,

Sto,red,2 (A\ .__ 3
p O, " (r) = HUﬁ—Ugff,:f

F
First 5 stochastic reduced modes for different realizations set First 10 stochastic reduced modes for different realizations set
. R
—0.50 e -0.2
-0.754 =0.34
o) g
§ ooy 7 7 574, 1(10) with d; = 500
% 1254 S 051 ; \ -- ©ftred.1(10) with ds = 1000
S : Q | Ly === 65t 1(10) with ds = 2000
& ]
S -1.50 8 -0.6- ’,' \ S
- Vo mmeee
el Sto, red, 1 - (bt
175 o5 (5) with ds =500 o] A ,/ ! /
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N , - o/
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33 34 35 36 37 38 39 40 33 34 35 36 37 38 39 40
Time t, Time t,
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g’ " 1
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1
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Figure II1.17: First five, ten and thirty stochastic modes, by the first fixed deterministic modes
algorithm (16), using different number of sample of the realization set.
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These results motivate us to use the Monte Carlo estimators on the approximations given
by the Control Variate algorithm (20) to approximate the expectation E[(X);] for 0 <n <
N and 1 <5 <p.

II1.6.5 Some results on the online phase
1-Frobenius errors in the offline and online phases

Here we take d; = 10%, d, = 500, p; = 200 and p. = 200 with a time step At = 1073. Let be,

}752?7{’6’" (}A/(;deﬁn respectively) the solution given in step (4) using a new set of parameters Py

of cardinality p., and let 7? e the solution given by the projector splitting algorithm (6) on

7Dtest-
Let us denote by,

red,Of f . ||57POun crreda ,n redy,0On . ||57POpe:n rredpe,n
€nd (r) = YOff,? —roffr g €n.pe (r) == ||Y5 - YOn,r »

reds,Of f . ||57POun orredd;n reds,On . ||57POpe:n rredpe,n
€n.d, (T) T YOff,? — LOffr F €n.pe (T) T Y? - YOn,r P

In Figure II1.18 are plotted 4 curves where the error €, ,,(30) represents the dynamical error
in step (1), the error €,,,(30) represents the dynamical error in step (2) using the reduced
algorithm (18), the error e:jl’of 7(30) represents the dynamical error in step (3) using the reduced
algorithm (16) and finally the error €,°>“"(30) represents the dynamical error in step (4) using
the reduced algorithm (18). We remark that we have almost the same order between different
steps showing that the algorithm works well.

DO as control variate, Offline and Online errors DO as control variate, Offline and Online errors
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Figure II1.18: Offline and Ounline errors for the DO as control variate algorithm (20). On the
left, using the first reduced algorithm at each step and on the right using the second reduced
algorithm at each step.

2-Relative error on the expectation between different schemes

Here we evaluate the relative error between estimators (II1.31) and (II1.32) compared to the
standard estimator of Monte Carlo,

d
N 1 ~n

L
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We use a number of parameter sample p = 500 and a number of realization d; = 8.10*. Let
the approximations, X = given by (IIL.16), onl’n by algorithm (6), }752(7[5"" by algorithm (20)
using first reduced algorithms in each step and }Aforzdf " by algorithm (20) using second reduced
algorithms in each step. Recall that here we use for each method different brownian realizations.

Let the following Monte-Carlo estimators,

d;

Te n 1 e n .
Ba[(Vgs il = 5 3 (V57 Mig 0Sn<Nand 1<j<p, (L31)
i=1
and,
dy
C-re n ]- "rre n .
Eq [(Yoie™),] = a S (Vo™ 0<n< N and 1<j<p, (111.32)
=1

that we use to approximate the expectation Eq[(X);] for 0<n < N and 1< j <p.
Let be,

wpoqry < EalCEU = BalTO) s ) a0~ Bl "))
! Eq [(X7);] 7 ’ Eq,[(X");] ’
and
AT = Eq [(X");] = Ea[(Yonze™),]

Eq[(X7);]

In Figure I11.19 we plot the relative error for a given parameter 7 = 310 that coincides with
1= (0.7,1.3). Note that we have obtained statistically the same Figure for all the parameters
with a maximum of error that reaches 0.8 per cent. This result prove numerically that the
estimators (I11.31) and (II1.32) are as good as the standard estimator (II1.30).

Relative error on the expectation by different methods
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Figure I11.19: Relative error (in percent) AR9(50), A5io! (50) and A%?(50).

In the next part we enhance this result by showing the low computational time needed for
these methods compared to the standard one.
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3-Computational time between different schemes

In the Figure I11.20 we plot the computational time needed to simulate different methods
on the time [3.5,3.7], using a fixed number of realizations d = 8.10* and varying only the
number of parameters p from p = 500 to p = 25.10% using the following points for p =
[0,5.10%;103%; 5.10%; 10%; 1,5.10%; 2.10%; 2, 5.10%]. Remark that the logarithmic plot of the compu-
tational time shows that the methods projector splitting and both reduced methods start to be
benefit for all variants from a number of parameters p around p = 3000 compared to the Euler
Maruyama scheme. The growth is exponential and we see that we can reach an improvement of
the computational time, in the online phase, by a factor of 20 between the approximation given
by the Control Variate algorithm (20) using the second reduced schemes and the approximation
given by the Euler Maruyama scheme.

Computational time for different methods function of p
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Figure I11.20: Computational time for methods: Control Variate by the online phase in al-
gorithm (20) using first algorithms, Control Variate by the online phase (20) using second
algorithms, Projector Splitting by algorithm (6) and Euler Maruyama algorithm (II1.16) as
function of the number of parameters p and with fixed number of realizations d = 8.10%.



CHAPTER IV
ANNEXES

Effect of random sampling on the projector splitting method

In this part, we study the variability of the projector splitting method with respect to the
realizations of the stochastic noise and to the parameter sampling. We consider a time interval
[3.2,4] with p = 900 and d = 10? and with a time step At = 0.001. The projector-splittig
method is run with » = 30. Let the dynamical orthogonal solution written as,

T
DO k,n DO,kn DO kn DO,k
Yso = 530 V30 )

= Va0
for each k test case. We want to compare the effect of changing the set of parameters on
the stochastic modes and inversely the effect of changing the realizations on the deterministic
modes. Let be ©5*!(#) and ©P<k!(f) the Frobenius errors between the first # stochastic

modes (deterministic modes respectively) of the test k£ and the test [,

r r

Stoklia\ . |l77DOKR DO\ln
O51ok(7) = ULt — U

Detkl/ay . ||1,DOkn DO.ln
G | e

F F

Where UY*"™ € R%" is the matrice of the first # stochastic modes and V""" € RP is the
matrice of the first 7 deterministic modes.

In Figure IV.1 we plot the Frobenius error between different stochastic modes given by
three simulations where we only have changed the set of parameters and we have kept the set
of realizations the same for the three. We obtain a good matching for the first modes, and we
loose this matching as we compare more modes. In Figure IV.2 we plot five stochastic modes
obtained by changing at each time the set of parameters. In Figure IV.3 we plot the Frobenius
error between deterministic modes obtained using different realizations and with the same set
of parameters. We obtain a very good matching between all modes that stays under 10~ for
all the deterministic modes.

112



113

Influence of new Parameters sampling on stochastic modes
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Figure IV.1: Frobenius error between stochastic modes obtained using different set of parame-
ters.
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Figure IV.2: Stochastic Modes 1,4, 6 and 30 for different set of parameters
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Influence of new Brownian sampling on deterministic modes
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Figure IV.3: Frobenius error between deterministic modes obtained using different brownian
sampling.

In Figure IV.4 are 7 curves, corresponding to 7 random realizations, where the minimal
rank 7, so that €y.(r.) < e with e = 1072 being a prescribed error tolerance, is plotted as a
function of d the number of random realisations of the stochastic noise.

Remark that for a threshold e = 1072, the minimal rank 7. seems reach a value between
r =70 and r = 100 for high values of the number of random realizations d.

Evolution of r for different couples (p(fixed),d) and e = 1072
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Figure 1V.4: Evolution of r for different realizations with fixed parameters and with a fixed
threshold e = 1072.



CHAPTER V
CONCLUSIONS AND PERSPECTIVES

In this thesis we have worked on two different subjects. First we have developed a theoretical
analysis of a numerical method used to construct a control variate using reduced basis. The
reduced basis is constructed via a Greedy algorithm where the norm is evaluated using a Monte
Carlo estimator (Monte Carlo Greedy algorithm). We prove using concentration inequalities
and under some conditions on the sampling number M,, at each iteration n € N*, that with high
probability, the Monte Carlo Greedy algorithm is a weak Greedy algorithm. Unfortunately, the
theoretical obtained result could not be implemented as the lower bound on the sampling num-
ber is huge at each iteration n which implies a big increment on M,,. To escape this problem
we developed a heuristic algorithm based on weakening the lower bound and replacing it by
a condition inspired from the theoretical results. We apply this algorithm on three test cases.
The obtained numerical results show a very good matching, in the offline phase, between sev-
eral theoretical and numerical indicators as the decay of the distance between the constructed
reduced basis and the manifold. In the online phase we show that for a fixed statistical error
we need a sampling number M = 10° for the standard Monte Carlo estimator while we have
needed only M = 349 for the Monte Carlo estimator on the control variate (result deduced from
the first test case). A possible perspective would be to adapt the algorithm and the numerical
analysis to the sampling by Markov Chains (Markov Chain Monte Carlo).

Second, we have developed different schemes to efficiently approximate the solution of a para-
metric stochastic differential equation in the additive and multiplicative noise case. The dif-
ferent schemes are inspired from the splitting method developed for parametrized differential
equations. We check that these schemes are strongly consistent with order one with an Euler
Maruyama discretization. We use these schemes to build a control variate to efficiently compute
the expectation of (observables of) the parametric process, at each time step. The numerical
results, on the additive case, show a reduction of the computational time up to 15 times com-
pared to the computational time needed for the standard Monte Carlo estimator for the same
sampling number under a relative error of about 1 per cent. Finally, various schemes are pro-
posed to extend the previous results to a parametric stochastic differential equation including
a McKean non-linear term. We again observe a significant gain of the computational time. For
future work, let us mention that it would be interesting to extend the numerical analysis results
which have been obtained in the literature for ODE to our setting of SDE.
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