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Résumé

Dans cette these, nous nous intéressons a la réduction de modele pour les inéquations
variationnelles dépendant d’un parametre. Dans un premier temps, nous considérons
le cas ou le probleme est formulé par une méthode mixte ou la difficulté est que le
modele réduit doit satisfaire une condition de stabilité inf-sup. Pour ce faire, nous
avons établi un algorithme glouton, basé sur un résultat théorique, qui permet de
construire efficacement un modele réduit stable. Nous avons également développé une
méthode de construction de la base duale permettant de générer un cone de plus grande
ouverture. Dans le cas du frottement, des nouveaux résultats concernent I'imposition
des contraintes tangentielles dans le modele réduit par une méthode de collocation. Des
résultats numériques sont présentés pour le probleme de contact avec et sans frottement,
et une premiere intégration dans le code de calcul industriel code_aster a été réalisée
pour le cas sans frottement. Dans un deuxiéme temps, nous étudions la méthode des
bases réduites appliquée au probleme de contact formulé avec la méthode de Nitsche.
Cette méthode, purement primale, conduit a un modele réduit inefficace en raison de la
non-linéarité. Pour pallier ce probleme, nous proposons une procédure de réduction
de modele s’appuyant sur la méthode d’interpolation empirique. Des tests numériques
confirment la robustesse et 'efficacité de I'approche.

Mot-clés : Inéquations variationnelles, Réduction de modeles, Méthode des bases
réduites, Condition inf-sup, Probleme de contact, Frottement de Coulomb, Frottement
de Tresca, Méthode de Nitsche.

Abstract

In this thesis, we investigate model reduction for parameter-dependent variational
inequalities. First, we consider the case where the problem is formulated by a mixed
method, where the challenge is that the reduced model must satisfy an inf-sup stability
condition. For this purpose, we have devised a new greedy algorithm, based on a
theoretical result, which allows to efficiently build a stable reduced model. In addition,
we have also devised a method to construct the dual basis leading to a larger aperture. In
the case of friction, a new idea deals with the enforcement of the tangential constraints
in the reduced model by means of a collocation method. Numerical results are presented
for the problem of contact with and without friction. A first integration in the industrial
software code_aster has been achieved in the frictionless case. In a second step,
we study the reduced basis method applied to the contact problem formulated with
Nitsche’s method. This method, which is purely primal, leads to an inefficient reduced
model owing to the nonlinearity in the formulation. To overcome this problem, we
propose a model reduction procedure based on the empirical interpolation method.
Numerical tests confirm the robustness and efficiency of the approach.

Keywords: Variational Inequalities, Model reduction, Reduced Basis Method, Inf-sup
condition, Contact problem, Coulomb friction, Tresca friction, Nitsche’s method.
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CHAPITRE 1

INTRODUCTION

Dans ce chapitre, nous commencons par exposer le contexte ainsi que les enjeux
industriels des travaux présentés dans ce manuscrit. Puis, nous définissons les objectifs
de la these. Ensuite, nous rappelons le cadre général des inéquations variationnelles puis
nous présentons la réduction de modele d’une maniere générale et la méthode des bases
réduites en particulier. Pour finir, nous présentons le plan du manuscrit en décrivant
les contributions apportées dans chaque chapitre.

Sommaire

1.1 Contexte industriel . ... ... ... ... . 00000

1.2 Objectifs . . . . . . . 00t e
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1.3.2 Formulation duale . . . . ... ... ... ... L. 5

1.4 Réductiondemodeéle . ... ... ... ... .. 0. 6
1.4.1 Méthode des bases réduites . . . . . . ... ... ... ... 7
1.4.2  Construction des bases réduites . . . . . . .. ... ... ... 9

1.5 Organisation du manuscrit et contributions. . . .. .. .. 10
1.5.1 Inéquations variationnelles avec des contraintes linéaires . . . 10
1.5.2  Probléme de contact avec frottement en formulation mixte . . 11
1.5.3 Probleme de contact formulé par la méthode de Nitsche . . . 12
1.5.4 Développements informatiques . . . .. ... ... ... ... 13

1.1 Contexte industriel

La simulation numérique est aujourd’hui un outil incontournable dans le milieu industriel
notamment dans les industries de fabrication, de production et de maintenance. Une
composante essentielle de la simulation numérique est la modélisation numérique car
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elle permet d’établir les modeles utilisés avant d’en réaliser la simulation. De maniere
générale, les modeles sont souvent tres complexes et par conséquent leur simulation
nécessite de grosses ressources de calculs afin d’obtenir des résultats en des temps
raisonnables. A cette complexité s’ajoute le fait que les modeles dépendent trés souvent
de plusieurs parametres qui peuvent étre connus ou non. Dans certaines situations, il est
nécessaire de simuler ces modeles pour un grand nombre de valeurs du parametre. Par
exemple, dans le cadre de la maintenance, on souhaite connaitre I’état des installations
en temps réel. Dans ce cas, le temps est considéré comme un parametre (connu) du
modele. En outre, dans les études réalisées en ingénierie, il est tres fréquent de rencontrer
des problemes de calibration de données. Dans ce type d’études, on cherche a trouver
la valeur optimale des parametres de sorte que les résultats des simulations numériques
soient aussi proches que possible de résultats expérimentaux. Ce qui nécessite d’évaluer
le modele pour plusieurs valeurs des parametres.

Des lors, on voit que dans le contexte de modeles dépendant d'un parametre, le cofit
de calcul peut tres vite devenir prohibitif. Pour répondre a cette problématique, on
distingue globalement deux techniques :

o Calcul de Haute Performance : 1'idée est d’implémenter les modeles numé-
riques de maniere efficace notamment par 'utilisation du calcul parallele. Cette
technique présuppose que 'on dispose de grosses ressources de calculs (super-
calculateur) et donc nécessite un gros investissement financier. Ce qui n’est pas
toujours possible.

e Réduction de Modéle : I'idée est de réduire le cofit des calculs en remplagant le
modele initial dit de haute fidélité par un autre modele dit d’ordre réduit qui est
beaucoup moins cotiteux en temps de calcul. Afin d’obtenir le modele réduit, il est
nécessaire de passer par une phase d’apprentissage sur le modele de haute fidélité.
Une fois le modele réduit mis en place, sa simulation numérique ne nécessite pas
de disposer de grosses ressources de calculs.

Dans cette these, nous utilisons la technique de réduction de modele dans le cadre des
inéquations variationnelles dépendant de parametres. Ces inéquations sont présentes
dans plusieurs domaines tels que la mécanique, la finance et la biologie [66, 67, 82].
En particulier, on les retrouve dans de nombreux problemes industriels en mécanique
mettant en jeu des phénomenes de contact, de frottement, etc. Par exemple, ’étude
de I'étanchéité des assemblages a brides boulonnés est tres courant dans les industries
du pétrole, du gaz, de 'hydraulique et du nucléaire. Pour s’assurer de I’étanchéité des
assemblages boulonnés, on utilise le plus souvent des joints (cf. Figure 1.1). La problé-
matique étudiée dans ce contexte est la tenue de I’étanchéité en situation d’utilisation
normale et particuliere (par exemple haute pression interne). Dans ce but, on étudie le
probléme de contact au niveau de la bride (entre la zone en jaune et les zones en bleu
et en gris sur la figure) et au niveau des joints (entre les zones en rouge et en bleu, et
entre les zones en rouge et en gris). La modélisation du probléeme de contact conduit a
une inéquation variationnelle. Le chargement (pressions interne et externe), le niveau
de serrage des joints, les parametres matériaux, ou encore la géométrie jouent le role de
parametres du modele. Il est clair que pour réaliser une telle étude, il est nécessaire
d’évaluer le modele pour un grand nombre de configurations en tenant compte de la
complexité et de la précision nécessaire pour la modélisation au niveau des zones de
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FIGURE 1.1 — Assemblages a brides boulonnés.

contact. D’ou 'utilisation de la réduction de modele pour réaliser une telle étude en
temps raisonnable.

1.2 Objectifs

Dans le cadre de la réduction de modele, les objectifs de la these peuvent étre regroupés
principalement en trois points autour des inéquations variationnelles avec des contraintes
qui dépendent de parametres :

Contraintes linéaires : une méthode souvent utilisée pour la résolution d’in-
équations variationnelles est la formulation primale-duale (ou formulation mixte)
par le biais du Lagrangien. Notre objectif est de partir de travaux antérieurs sur
la réduction de modele pour les inéquations variationnelles [12, 55, 105] et de les
étendre au cas ou les contraintes dépendent du parametre tout en garantissant la
stabilité du modele réduit de maniere efficace. Puis, d’intégrer les développements
dans le logiciel de simulation numérique d’EDF code_aster pour une application
au probleme de contact sans frottement en hypothese de petites déformations.

Contraintes non-linéaires : dans le cas du probleme de contact en hypothese
de grandes déformations et dans le cas du frottement, en plus de dépendre d’un
ou plusieurs parametres, les contraintes de 'inéquation variationnelle sont non-
linéaires. L’objectif ici est de généraliser les travaux réalisés pour le cas linéaire
au cas non-linéaire en s’assurant toujours de la stabilité du modele réduit et de
I'efficacité des calculs.
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o Méthode purement primale : dans code_aster, toutes les formulations dis-
ponibles pour le probleme de contact sont sous la forme primale-duale, ce qui
justifie notre intérét pour l'utilisation de cette formulation. Ces dernieres années,
des formulations purement primales basées sur la méthode de Nitsche [85] ont
regu une attention croissante afin de formuler le probleme de contact avec ou
sans frottement en hypothese de petites et grandes déformations. Contrairement
aux méthodes sous forme primale-duale ou ’on introduit une nouvelle variable,
ces méthodes ne nécessitent d’introduire aucune inconnue supplémentaire. C’est
pourquoi elles sont plus simples a mettre en ceuvre dans le cadre de la réduction
de modele. En particulier, on ne rencontre pas de problémes de stabilité du modele
réduit contrairement aux formulations de type primale-duale.

1.3 Inéquations variationnelles

Les inéquations variationnelles se rencontrent dans de nombreux domaines de I'ingénierie.
Les fondements de la théorie ont été posés dans [41, 98] dans le cadre des problemes de
contact unilatéraux. Les bases de la théorie mathématique ont été obtenues grace aux
contributions apportées notamment dans [74, 100]. Elles seront ensuite développées au
fil des cinquante derniéres années grace a de nombreux travaux [16, 65, 73, 81, 101].
L’approximation des inéquations variationnelles a également fait ’'objet de nombreuses
études comme par exemple dans [49, 51, 52, 60, 64, 71, 80, 86]. Dans cette these, nous
nous intéressons particulierement aux inéquations variationnelles dites elliptiques [20].
Soit V un espace de Hilbert muni d’un produit scalaire (-,-)y induisant une norme
| - [ly, et soit K un sous-ensemble de V non vide, convexe, et fermé. On considere
a:V xV — R, une forme bilinéaire, continue et coercive, i.e.,

3C < oo, la(u, )] < Cllullyllollv, Yu,v eV,
Ja >0, a(v,v) > alv|3, YveV.

(1.1)

Soit f : V — R une forme linéaire continue sur V. On distingue deux types d’inéquations
variationnelles :

e premiere espece : Trouver u € K tel que

a(u,v —u) > f(v—u), YveKk. (1.2)

o deuxieme espéce : Trouver u € K tel que
a(u, v —u) +j(v) = ju) = flv—u), Yvek, (1.3)

ot j:V — R:=RU {400} est une fonctionnelle convexe, semi-continue inférieu-
rement et propre, ¢.e. |

Vi e [0,1], jltu+ (1 —1t)w) <tju)+(1—-2t)jw), Yu,ve,
Si (v,)

C K converge fortement vers v € IC, alors lim inf j(v,) > j(v),

neN n—-4o00

j non identiquement égale & + oo et j(v) > —oo Vv € V.
(1.4)
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1.3.1 Résultats d’existence

On a le résultat d’existence suivant sur les inéquations variationnelles :

Théoréme 1.3.1. Le probléme (1.3) admet une unique solution u € K. De plus, si la
forme bilinéaire a est symétrique, alors u est l'unique élément de K qui minimise la
fonctionnelle J : V — R définie par

1
J(v) := ia(v,v) +j(v) = f(v), Vve. (1.5)
En particulier,
dlu e K, u=argmin J(v). (1.6)
vek

Dans le cas d’une inéquation variationnelle de premiere espéce (j = 0), ce résultat
est connu sous le nom de théoreme de Stampacchia. Pour I'inéquation variationnelle de
seconde espece, une preuve est donnée dans [20, 51].

1.3.2 Formulation duale

Soit W un espace de Hilbert muni d’un produit scalaire (-, -)yy induisant une norme
|- Ihv et WT C W un cone convexe et non vide.

1.3.2.1 Contraintes linéaires

On considere b : V x W — R une forme bilinéaire continue et inf-sup stable par rapport
a la paire (V,WT), i.e.,

AM < oo, [b(v, )| < MlJv[lv][nllw,

1.7
46 > 0, infsupM>B. (17)
veVpew [|vllvllnllw

Soit g : W — R une forme linéaire continue continue sur V. On suppose que I’ensemble
admissible I s’écrit comme suit :

K:={veV|bw,mn) <gln) vnpe Wl (1.8)

Pour résoudre le probleme (1.2), on utilise une formulation mixte. On introduit le
Lagrangien £ : V x W — R défini par

L(v,n) = J)+blv,n) —gn), V(v,n) €V xWt. (1.9)

Un résultat classique montre que l'inéquation (1.3) est équivalente au probleme de
point-selle : Trouver (u,\) € V x W™ tel que

(u,A) = arginf sup L(v,n). (1.10)

veEY T]€W+

Théoréme 1.3.2. Le probléeme (1.10) admet une unique solution (u, \) € ¥V x W+ .
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La preuve de l'existence et de 'unicité de la solution est tres classique, voir [36, 51,
61, 65]. En écrivant les conditions d’optimalité du premier ordre associées a (1.10), on
obtient
. (1.11)

b(u,n—A) <gln—2A), ¥newr
En prenant n = 0 et n = 2\, on trouve b(u, \) = g(\). Par conséquent, (1.11) est
équivalent a

{a(u,v) +b(v,\) = f(v), Yo eV,

{a(u, v) +b(v, A) = f(v), YveV, (1.12)

b(u,n) < g(n), ¥neWwr.

1.3.2.2 Contraintes non-linéaires

On considere une forme b : V x ¥V x W — R continue, non-linéaire par rapport a sa
premiere variable et qui vérifie qu’il existe By > 0 tel que pour tout w € W,

inf sup bwivm) 5.

= 1.13
2 ol Tl (1.13)

Soit g : ¥V x W — R une forme continue et non-linéaire par rapport a sa premiere
variable. On suppose que ’ensemble admissible I s’écrit

K:={veV|bwvv,n) <glv;n) Vne W} (1.14)
Le Lagrangien £ :V x V x W1 — R associé au probleme (1.2) s’écrit comme suit :
L(w;v,n) = JW) +blw;v,n) — glw;n), Y(w,v,n) €V xVxW (1.15)
On considére le probleme de point-selle : Trouver (u, \) € ¥V x W tel que

(u, A) € arginf sup L(v;v,n). (1.16)

veY n€W+

Une possibilité pour résoudre ce probleme de maniere itérative est de linéariser le
Lagrangien en utilisant I'algorithme de Kacanov [45]. Concrétement, pour u® € ¥ donné,
on résout a l'itération k+1, k € N, le probléme suivant : Trouver (u**1 \fF1) € Y x W+
tel que

(" N = arg 11€1£ sup L(u";v,n). (1.17)
VeV newt

1.4 Reéduction de modele

La réduction de modele consiste a réduire le cotit de calcul de la simulation numérique
en utilisant des connaissances a priori sur le modele, soit par simplification du probleme
soit par la réduction de la complexité du probleme lorsque les parametres varient. Les
premieres méthodes de réduction de modele sont issues du domaine de la dynamique
des structures [37, 53, 79]. Ces derniéres années, elles se sont beaucoup développées
dans d’autres domaines tels que la mécanique des milieux continus [23, 91, 97]. Parmi
les différentes techniques de réduction de modele, nous nous intéressons aux méthodes
des bases réduites. L’idée générale repose sur 'organisation des calculs en une premiere
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phase dite hors-ligne (offline) ou des calculs coiiteux sont effectués en utilisant le
modele de haute fidélité sur un petit nombre de valeurs du parametre sélectionné dans
un ensemble d’entrainement. Les résultats de ces calculs sont ensuite utilisés pour
construire le modele dit réduit. Puis, dans une deuxieme phase dite en-ligne (online),
un grand nombre de nouvelles valeurs du parametre sont considérées. Pour ces nouvelles
valeurs, le modele réduit est utilisé a la place du modele de haute fidélité. On note
D C R™, m € N*, le domaine paramétrique et u le parametre. Dans le contexte des
inéquations variationnelles, nous considérons le probleme paramétrique suivant : Pour
tout p € D, trouver (u(p), \M(u)) € V x W tel que

{a(u; w(p),v) + (v, M) = f(pyv), Yve,
b(p; u(p),n) < g(p;n), Vne W,

comme probleme de haute fidélité. On notera que les formes bilinéaires a et b, ainsi que
les formes linéaires f et g, dépendent maintenant du parametre p. On suppose que les
espaces de haute fidélité V et W sont de dimension finie N et R respectivement avec

V= Span({gpn}ne{lw}), Wt .= Span <{¢ breqi: R}) (1.19)

(1.18)

ol Span (resp. Span™) désigne toute combinaison linéaire (resp. a coefficients positifs).
Les espaces V et W sont typiquement obtenus par discrétisation éléments finis [14, 15,
30, 38] d’espaces de Hilbert.

1.4.1 Méthode des bases réduites

La méthode des bases réduites est une méthode de réduction de modele ou ’on remplace
les espaces de haute fidélité (supposés étre de grande dimension) par des sous-espaces
de petite dimension obtenus en échantillonnant le modele de haute fidélité. Cette
approche a été développée depuis plusieurs décennies; on pourra citer les travaux
pionniers [87, 89], les travaux [76, 90] qui en ont précisé le cadre mathématique, [13]
pour des résultats de convergence, et [58, 92] pour deux monographies relativement
récentes sur le sujet.

Introduisons la notion de variété de solutions (en anglais, solution manifold) qui
désigne I’ensemble des solutions du probleme pour tout le domaine paramétrique.
On note par MP' (resp. M) la variété de solutions associée a la variable primale
(resp. duale), définies comme suit :

MPE ::{u(,u)7 Yu € D} cV, (1.20a)
M*:={\(n), VpeDfcWrcw. (1.20b)

L’objectif est alors de construire (sous-hypothese d’existence) un sous-espace primal
réduit Vy C V de dimension N < A et un sous-cone dual W3 C W7 de dimension
R <« R qui fournissent des approximations suffisamment précises des variétés de
solutions MP" et M respectivement. Le probleme réduit s’écrit alors : Pour tout
p € D, trouver (un(p), Ar(1)) € Vi x Wi tel que

{G(M;UN(M)W) + 0(p; v, Ar(p)) = f(;0), Vv € Vy,

b un(p),m) < g(psm), V€ Wy, (1.21)
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Soit {&ntneqiny C Vv et {x¢}reqiiry C W3 tels que :
Vi = Span({&}neiny ), Wil = Span® ({x: hreuny )- (1.22)

On note par Uy (i) = (Up(p))nepi:ny C RY (vesp. Ag(p) = (AR(p))reqiry C RY) les
coordonnées de uy(p) (resp. Ag(p)) dans la base {&, bneqiny (resp. {Xr}reqi:ny). En
supposant les contraintes linéaires, le probléme réduit (1.21) peut se réécrire : Pour
tout p € D, trouver (Un (1), Ar(p)) € RY x RE tel que

{AN(M)UN(M) + BN,R_(FN)AR(N) = Fn(p), (1.23)
By rUn (k) < Gr(p),
avec les matrices et les vecteurs
(AN (0)om = a(:60s&). Fy() 1= S 6), Vi, m € {L:N} o
(Byr(1))nr = b1 &, xr)s  GR(p) = g(p; xr), n € {L:N}, Vre {LLR}.

A ce stade, la méthode des bases réduites se résume a :
+ Phase offline : construire les bases réduites primale et duale {&,},eqi:ny €t

{X’V‘}TE{].:R}'

e Phase online : Pour tout parametre p € D,

1. calculer An(u), Fn(p), Bnr(p) et Gr(p)
2. résoudre le probleme (1.23).

On explicitera dans la Section 1.4.2 comment construire dans la phase offline les bases
réduites primale et duale. Dans la phase online, les matrices et vecteurs Ay (i), Fn (),
By r(p) et Gr(p) sont facilement calculables. En effet, en définissant les matrices

Z =& RN Q= [xa-xa| € REH, (1.25)
on obtient

An(p) = ZTA(w)Z,  Fy(p):=Z"F(u), (1.26a)
Byr(p) == Z"B(n)Q, Gr(p):=Q G(u), (1.26D)

ou A(n), F(u), B(p) et G(u) sont respectivement les représentants algébriques des
opérateurs a(p; -, -), f(u;-), b(p;-,-) et g(u;-) dans les espaces de haute fidélité V et W.

Il est crucial d’obtenir un probléme indépendant de la dimension du probléme de
haute fidélité afin d’obtenir une phase online peu cotiiteuse. Cette condition n’est pas
remplie avec le formalisme actuel conduisant & (1.26). Pour satisfaire cette condition,
on fait ’hypotheése que les opérateurs A(u), F(u), B(u) et G(u) admettent chacun une
décomposition (dite affine) de la forme suivante :

(1.27)

se{1:5°} se{1:59}
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ou pour tout z € {a, f,b, g}, P* € N*, o’ : D — R dépend uniquement du parametre et
pour tout s € N*, A% € RV*N_ Fs ¢ RV Bs € RVXR et * € R sont indépendants du
parametre. L’idée fondamentale se congoit plus clairement en explicitant les indices des
matrices et vecteurs. Par exemple, (1.29a) se réécrit

(AN()nm = D aG(W)(AN)nm, Vn,m € {1:N}, (1.28)
se{l:5a}

ol le membre de droite a permis de séparer la dépendance en u de la dépendance en
n, m. En remplacant dans (1.26), on obtient

Anv(p) = > al(p)Ay, Ay =2 A Z e RV (1.29a)
se{l:5}

Fx(p)= Y of(wFy, Fs:=Z7Z"F* RN, (1.29D)
se{1:5f}

Byr(p)= Y ol(u)Byg Biyg:=2'BQeRVE, (1.29¢)
se{1:5°}

Gr(p) = > WGy  Gp=Q'G°eRY (1.29d)
se{1:59}

Avec cette nouvelle formulation, la méthode des bases réduites est organisée comme
suit :

e Phase offline :

1. construire les bases réduites primale et duale {&, }neqi:ny €t {X; }reqi:ry-

2. calculer les matrices et vecteurs Ay, Fy, By r et G pour tout s.

e Phase online : Pour tout parametre p € D,

L. évaluer ag(u), of(n), () et ad(p).
2. évaluer An(p), Fn(p), By r(p) et Ggr(p) en utilisant (1.29).

3. résoudre le probleme (1.23).

Ainsi, grace a la décomposition affine, le calcul des matrices et vecteurs réduits Ay (u),
Fn(p), By gr(pt) et Gr(p) ne fait intervenir que les tailles réduites N et R. Ce qui
permet de réduire de maniere tres conséquente le colit des calculs de la phase online.
Dans le cas ou la décomposition affine n’est pas donnée a priori, il existe des techniques
permettant de construire une décomposition approchée. Par exemple, on peut citer la
méthode d’interpolation empirique (EIM) [10, 75].

1.4.2 Construction des bases réduites

La méthode des bases réduites repose sur I’hypothese que la variété de solutions peut
étre approchée par des sous-espaces de faible dimension. Ceci se formalisme en supposant
que 'épaisseur de Kolmogorov (en anglais, Kolmogorov n-width) décroit suffisamment
vite par rapport a la dimension du sous-espace [13]. On note dy(MP*) (resp. dg(M))
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I’épaisseur de Kolmogorov d’ordre N (resp. R) de la variété MP" (resp. M), Ces
quantités sont définies comme suit :

oy . B
dn(MP") : L Sup inf [lu(p) = vllv, (1.30a)
dr(M™™) := inf  sup inf+||)\(,u) —n|lw- (1.30b)

dim(W+)=R ;ep neW

En théorie, le meilleur sous-espace (resp. sous-cone) approchant MP" (resp. M) est
celui qui réalise le minimum de dy(MP) (resp. dg(M)). En pratique, il est souvent
tres difficile de calculer ce minimiseur. C’est pourquoi pour construire les espaces réduits
on utilise d’autres techniques qui permettent de générer les bases réduites. Dans le cas
ot on dispose d'un estimateur d’erreur a posteriori par exemple, il est possible d'utiliser
des algorithmes de type glouton [18] pour échantillonner la variété des solutions. Ces
algorithmes sont adaptés pour les deux types de base (primale et duale). Outre les
algorithmes glouton, il existe d’autres méthodes pour construire des bases réduites.
Par exemple, on peut citer entre autres la décomposition orthogonale aux valeurs
propres (POD) [54, 69] pour la base primale et I'algorithme glouton de projection
conique (CPG) [12] pour la base duale. Ces algorithmes sont brievement rappelés dans
I’appendice B.

1.5 Organisation du manuscrit et contributions

Apres ce chapitre introductif, le manuscrit de thése est principalement composé de trois
chapitres techniques (Chapitre 2 & 4). Dans le Chapitre 2, nous traitons la réduction
de modele pour les inéquations variationnelles dépendant d'un parametre avec des
contraintes linéaires dualisées par le biais du Lagrangien. Dans le Chapitre 3, nous
utilisons la méthodes des bases réduites pour la réduction du probleme de contact avec
frottement en formulation mixte. Dans le Chapitre 4, nous appliquons la méthodes des
bases réduites au probleme de contact avec et sans frottement formulé avec la méthode
de Nitsche.

1.5.1 Réduction de modele pour les inéquations variationnelles
avec des contraintes linéaires

La réduction de modele pour les inéquations variationnelles a déja fait I'objet de quelques
travaux [55, 50, 105]. Dans le Chapitre 2, nous nous intéressons au cas ot les contraintes
dépendent d’un parametre et sont formulées par I'introduction de multiplicateurs de
Lagrange (stratégie dite primale-duale). Dans ce contexte, 1'utilisation de la méthode
des bases réduites nécessite une base primale pour la variable primale et une base duale
pour la variable duale. Une premiere possibilité consiste a créer de maniere décorrélée
les deux bases. C’est par exemple le cas dans [8] ou les espaces primal et dual sont
échantillonnés par le biais de snapshots calculés en considérant des valeurs du parametre
choisies dans un ensemble d’entrainement, puis la POD est utilisée pour compresser
la base primale et la factorisation matricielle non négative (NMF) [72] pour la base
duale. Pour la compression de la base duale, des algorithmes de type glouton comme
CPG ou “Angle greedy” [55, 19] peuvent étre utilisés a la place de la NMF. On peut
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également mentionner la méthode d’hyper-réduction utilisée dans [40] pour le probléme
de contact. Cependant, indépendamment de la méthode de compression utilisée, si la
compression des bases primale et duale est faite de maniére décorrélée, on ne peut
garantir que l'opérateur associé aux contraintes satisfasse une condition de stabilité
inf-sup par rapport aux bases réduites primale et duale. Une stratégie visant a garantir
la stabilité inf-sup du modele en enrichissant la base primale en fonction de la base
duale par le biais de “supremizers” [9, 2] a été proposée dans [96, 46, 55, 95] dans
le cas ou les contraintes sont indépendantes du parametre. Dans cette situation, les
supremizers sont aussi indépendants du parametre de sorte que ’enrichissement peut
étre réalisé une fois pour toutes dans la phase offline. Cependant, dans le cas des
contraintes dépendantes du parametre, les supremizers héritent de cette dépendance
de sorte que ’enrichissement doit étre réalisé dans la phase online. Ce qui diminue
considérablement 'efficacité de la phase online.

Dans ce contexte, notre principale contribution est une stratégie permettant d’enri-
chir I'espace primal de fagon a garantir la condition de stabilité inf-sup par un espace
indépendant du parametre pouvant étre construit une fois pour toutes dans la phase
offline. De plus, une condition suffisante pour garantir la stabilité inf-sup du modele
réduit est fournie pour les valeurs du parametre dans 'espace d’entrainement. Une
deuxiéme contribution est une version modifiée de 'algorithme CPG appelée mCPG
(en anglais, modified CPG). Cette nouvelle version permet de construire un cone dual
avec une plus grande ouverture par rapport a l'algorithme CPG et par conséquent
d’obtenir de meilleures propriétés d’approximation de la base duale réduite. Enfin, nous
appliquons ces développements au probléeme de contact sans frottement. Les résultats
numériques obtenus sur le probleme des spheres de Hertz et d’'une membrane avec
obstacle confirment l'efficacité de 'approche proposée. Les travaux présentés dans le
Chapitre 2 ont fait 'objet d’une publication [84].

1.5.2 Meéthode des bases réduites pour le probleme de contact
avec frottement en formulation mixte

Le Chapitre 3 porte sur la réduction de modele pour le probleme de contact avec
frottement (Tresca ou Coulomb). La formulation mathématique du probléeme conduit
a une inéquation variationnelle de seconde espece. Comme dans le Chapitre 2, nous
nous intéressons au cas ou le probléeme est formulé par le biais d’une stratégie primale-
duale. La différence principale par rapport au probléme de contact sans frottement est
que dans le cas du frottement, la formulation mixte conduit a I'introduction de deux
multiplicateurs de Lagrange (au lieu d’'un) : un multiplicateur associé a la composante
normale des efforts de contact et un multiplicateur tangentiel associé a leur composante
tangentielle. Dans la littérature, la réduction de modele pour le probleme de contact
avec frottement n’est que trés peu étudiée. On peut citer quelques travaux existants
portant sur l'utilisation de la méthode de décomposition propre généralisée (PGD)
et de la méthode LATIN (en anglais, LArge Time INcrement) en mécanique des
structures [70, 48, 47]. A notre connaissance, il n’existe pas de travaux sur la méthode
des bases réduites appliqués au probleme de contact avec frottement.

Notre premiere contribution est ainsi d’étendre le champ d’application de la méthode
des bases réduites au probleme de contact avec frottement en formulation mixte.
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L’application de la méthode souléve principalement deux difficultés : la stabilité du
modele réduit et le caractére non-linéaire de la formulation duale des contraintes de
frottement. Pour traiter le premier point, nous utilisons la stratégie développée dans le
Chapitre 2 en stabilisant conjointement la base primale par rapport aux deux bases
duales (composantes normale et tangentielle). Pour le deuxiéme point, nous utilisons
une méthode de collocation afin de discrétiser les contraintes associées aux conditions
de frottement dans le probleme de haute fidélité. Pour le modele réduit, nous proposons
un algorithme permettant d’imposer les contraintes tangentielles en des points de
collocation choisis de maniere gloutonne dans 1’ensemble des points de collocations
utilisés pour le modele de haute fidélité. Comme l'illustre nos résultats numériques, ceci
permet de construire un modele réduit efficace en terme de calcul.

1.5.3 Meéthode des bases réduites pour le probléeme de contact
formulé par la méthode de Nitsche

Outre les méthodes mixtes, il existe d’autres méthodes purement primales, .e., qui ne
nécessitent pas 'introduction d’inconnues supplémentaires afin de traiter les inéquations
variationnelles en mécanique comme les problemes de contact avec et sans frottement.
L’avantage de ces méthodes est qu’elles conduisent a des probléemes d’optimisation
sans contraintes qu’on peut donc résoudre plus facilement. De plus, elles ne nécessitent
aucune condition de stabilité inf-sup. Cependant, elles ne permettent pas de garantir le
strict respect des conditions de contact et de frottement contrairement aux méthodes
mixtes. Comme exemple, on peut citer les méthodes de pénalisation [99]. Dans le
Chapitre 4, nous nous intéressons a une approche primale basée sur la méthode de
Nitsche [85]. Cette méthode a été originellement introduite pour la reformulation des
conditions de Dirichlet dans les problemes elliptiques. Ces derniéres années, la méthode
de Nitsche a regu beaucoup d’attention et a fait I’objet de plusieurs travaux dans le
cadre de la reformulation des conditions de contact et de frottement en mécanique.
On peut citer les travaux pionniers [27] qui ont permis une premiere extension de la
méthode au probleme de contact sans frottement dans le cadre de la méthode des
éléments finis ; [24] qui traite le probléme de contact avec frottement de Tresca ; [29] qui
en présente des versions symétrique et non symétrique ; [77] qui étend la méthode au
frottement de Coulomb et aux grandes déformations; [25] qui fournit une application
au cas d’'une discrétisation non conforme d’ordre élevé ; [28] qui fournit des résultats
d’existence pour le probleme de contact avec frottement de Coulomb dans le cadre
des formulations éléments finis statique et dynamique. La caractéristique principale
de la méthode de Nitsche est qu’elle est consistante contrairement aux méthodes de
pénalisation classiques. A notre connaissance, il n’existe aucun travail sur la réduction
de modele pour le probleme de contact avec ou sans frottement formulé avec la méthode
de Nitsche.

Notre premiere contribution est ainsi d’appliquer la méthode des bases réduites au
probleme de contact formulé par la méthode de Nitsche. La difficulté principale est que
la méthode des bases réduites classique conduit & un modele réduit inefficace a cause
du caracteére non-linéaire de la formulation de Nitsche (méme en petites déformations).
Pour pallier ce probleme, nous proposons de combiner la méthode des bases réduites
et la méthode d’interpolation empirique (EIM) brievement décrite ci-dessus. Nous
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effectuons également une comparaison des approches Nitsche et mixte en termes de
précision et d’efficacité.

1.5.4 Développements informatiques

Dans code_aster, toutes les méthodes de résolution du probleme de contact avec
frottement et sans frottement sont actuellement en formulation primale-duale. Avant
cette these, il n’existait aucune méthode de réduction de modele pour le probleme
de contact avec ou sans frottement. Plusieurs mois de la these ont été dédiés a la
prise en main de code_aster et a l'intégration de la méthode de réduction de modele
développée dans la thése d’Amina Benaceur [11] et appliquée au probléme de contact
sans frottement en grandes déformations. Ces premiers développements ont permis de
munir code_aster de sa premiere méthode de réduction de modele pour le probleme
de contact sans frottement. Ce travail a été réalisé aprés une appropriation et une
adaptation des développements de [12] en levant les différentes contraintes liées au
caractere industriel de code_aster.

Le développement informatique des méthodes introduites dans les Chapitres 2 et 3 a
également été réalisé dans une maquette python combinée avec la bibliotheque éléments
finis FreeFEM [56]. Ce choix a été fait dans 'optique d’avancer plus rapidement dans la
validation de ces méthodes tenant compte des contraintes présentes dans code_aster.
Une intégration de ces développements dans code_aster est en cours. En particulier,
la méthode d’enrichissement dite online est maintenant completement intégrée.

Dans code_aster, la méthode de Nitsche n’est pas encore disponible. Une im-
plémentation de la méthode est prévue dans la nouvelle architecture du code. Les
développements informatiques du Chapitre 4 portant sur la méthode de Nitsche pour
le contact sont donc réalisés en python avec 1'utilisation de la bibliotheque élément
finis getfem [93] qui est parfaitement adaptée a la méthode de Nitsche. Une partie
des développements sont issus du stage de Yoan Gorschka encadré par 'auteur du
manuscrit.
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CHAPTER 2

STABLE MODEL REDUCTION FOR LINEAR
VARIATIONAL INEQUALITIES WITH
PARAMETER-DEPENDENT CONSTRAINTS

Abstract

We consider model reduction for linear variational inequalities with parameter-dependent
constraints. We study the stability of the reduced problem in the context of a dual-
ized formulation of the constraints using Lagrange multipliers. Our main result is an
algorithm that guarantees inf-sup stability of the reduced problem. The algorithm
is computationally effective since it can be performed in the offline phase even for
parameter-dependent constraints. Moreover, we also propose a modification of the Cone
Projected Greedy algorithm so as to avoid ill-conditioning issues when manipulating
the reduced dual basis. Our results are illustrated numerically on the frictionless Hertz
contact problem between two half-disks with parameter-dependent radius and on the
membrane obstacle problem with parameter-dependent obstacle geometry.

The contents of this chapter have been published in [84].
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2.1 Introduction

Model reduction is a method for reducing computational costs by approximating a
high-fidelity (HF') parameter-dependent model that is computationally expensive by
another model that is much cheaper to solve; see [79, 90, 76, 102, 3, 21] and the more
recent textbooks [58, 92|. The principle is to organize the calculations in a first offline
phase which is a learning phase where expensive calculations are carried out on the
HF model for a small number of values of the parameter drawn from a training set.
The output of the offline phase is used to build the reduced-order model. Then, in
the online phase, a large number of new instances of the parameter are considered for
which the reduced model is solved instead of the HF model. Such studies are often
carried out, for example, in the context of model calibration, where the aim is to find
the optimal value for certain parameters so that the results of numerical simulations
are as close as possible to those of the experiments.

The work developed herein is concerned with model reduction for linear parameter-
dependent variational inequalities [55, 50, 105]. These inequalities are, for instance,
encountered in several problems in computational mechanics [67]. As example of
applications, we will study the frictionless Hertz contact problem [57, 103] and the
membrane obstacle problem [42, 43, 65, 78, 51]. We are particularly interested in
the case where the problem is formulated by introducing Lagrange multipliers. This
formulation leads to a so-called primal-dual strategy, whereby reduced bases are created
for both the primal and the dual variables.

A first possibility in the primal-dual context is to generate the reduced primal and
dual bases in a decorrelated manner. This is for instance the case in [8] where, after
sampling pairs of primal and dual solutions for parameter values taken from a training
set, the Proper Orthogonal Decomposition (POD) [22, 69] is used to compress the primal
basis and a Non-negative Matrix Factorization (NMF) [72] is used to compress the dual
basis. Let us also mention [40] where a hypereduction method for contact problems is
proposed. Instead of the NMF, one can also consider the Angle Greedy [55, 19] and the
Cone Projected Greedy (CPG) [12] algorithms for the compression of the dual basis.
However, whatever the compression technique, if the primal and dual reduced bases are
generated in a decorrelated way, the stability of the reduced problem is not guaranteed
a priori. Specifically, it cannot be guaranteed that the resulting reduced bases are such
that the operator associated with the constraint satisfies an inf-sup condition for the
reduced primal and dual spaces.

In order to satisfy this inf-sup condition, a strategy for constructing the reduced
primal basis according to the reduced dual basis has been proposed in [96, 46, 55, 95]
in various contexts. The idea is to complete the reduced primal basis with as many
functions as there are in the reduced dual basis, each of these functions being determined
by a maximization problem in order to control the corresponding element of the reduced
dual basis. These functions are often called supremizers; see, e.g., [9, 2]. In the
case where the constraints are parameter-independent (which is the case in the above
references), the completion of the reduced primal basis can be calculated only once in
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the offline phase. However, in the case where the constraints are parameter-dependent,
the supremizers become parameter-dependent so that the reduced primal space has to
be constructed during the online phase. This considerably reduces the efficiency of the
online phase. An example of this situation is the Hertz frictionless contact problem
between two spheres, even under the assumption of small deformations, when the radius
of one of the spheres depends on the parameter.

In this paper, we propose a strategy to approximate the parameter-dependent primal
space ensuring inf-sup stability by a parameter-independent space. This latter space can
thus be constructed only once in the offline phase. In addition, we establish a criterion
to be checked during the construction in the offline phase so as to guarantee uniform
inf-sup stability condition for the reduced problem (at least for all the parameters in
the training set). We notice that an algorithm to build supremizers in the context of
parameter-dependent constraints has also been devised in [32]; we discuss below the
differences between this contribution and the present one.

A second, distinct contribution of the present work is a modified version of the CPG
algorithm to build a cone with a wider aperture. The motivation is to achieve better
approximation properties compared to the ones provided by the plain CPG algorithm.
In our numerical experiments, this modification turned out to be instrumental in order
to avoid ill-conditioning issues when manipulating the reduced dual basis. Another
algorithm to enhance the aperture of a given cone has been recently devised in [7]; we
discuss below the differences between this contribution and the present one.

The rest of this paper is organized as follows. In Section 2.2, we introduce the
mathematical framework for parameter-dependent variational inequalities. Then, we
formulate the reduced model in the standard cases where the reduced primal basis is
decorrelated from the reduced dual basis or enriched by parameter-dependent suprem-
izers to be computed online. In Section 2.3, we present our main result, namely the
strategy to achieve stability by enriching the primal basis in the offline phase. In
Section 2.4, we describe the new version of the CPG algorithm to enhance the aperture
of the cone associated with the reduced dual basis. In Section 2.5, numerical results
illustrating the efficiency of our approach are reported for the frictionless Hertz contact
problem between two half-disks with parameter-dependent radius and the membrane
obstacle problem with parameter-dependent obstacle geometry. In future work, we
plan to extend our work to the case of nonlinear problems such as the contact problem
under large deformations and the contact problem with Coulomb friction.

2.2 Setting

2.2.1 High-fidelity model

Let V and W be two finite-dimensional high-fidelity (HF) subspaces typically resulting
from the finite element discretization of some Hilbert spaces. We denote by (-, )y
(resp. (-, -)y) the inner product equipping V (resp. W) and inducing the norm || - ||y
(resp. || - [[w). We denote by V' the dual space of V equipped with the duality product
{*;)y .y, and by || ][ the associated norm. Let W* C W be a positive cone containing
0. Let D € R™,m € N* := N\ {0}, be the parameter domain. We consider two
uniformly bounded bilinear forms a(y;-,-) : V x V — R and b(u;-,-) : V x W — R for
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all 4 € D, and two uniformly bounded linear forms f(u;-) : V — Rand g(p;+) : W — R
for all p € D. We assume that a(y;-,-) is symmetric and uniformly coercive for all
it € D. We consider the following well-posed constrained minimization problem: For
all p € D, find u(p) € V such that

1
u(p) = argmin a(p;v,v) = fu; ), (2.1)
veK(p)
where the admissible set is defined as
K(p):={veVv \ b(usv,m) < g(pim), Vne Wt} (2.2)

and is assumed to be non-empty for all u € D.
We denote the boundedness and inf-sup stability coefficients of the bilinear form
b(u; -, -) with respect to the high-fidelity pair (V, W+) as follows:

b(u;v,m) : b(p;v,m)
nr() i= sup sup—EUI gy n up USRI (g
new+ vev [[vllvllnlw newt wev [[oflvllnliw

By the above assumption on b(y; -, -), there exists a real number Cj such that cyp(p) <
Cp for all 4 € D, and we additionally assume that the HF pair (V, W*) is such that

360 >0, VYueD, Pur(p) = B> 0. (2.4)

One possibility to solve the optimization problem (2.1) is to use a dual formulation.
Let L(u;-,-) : V x Wt — R be the Lagrangian associated with (2.1) and defined as
follows: For all u € D,

L(p;v,m) = ;a(u;v,v) — flwv) +b(ps0,m) — g(psn), ¥ (v,n) €V x W (2.5)

Then, for all u € D, we can rewrite (2.1) as the following saddle-point problem: Find
(u(u), )\(u)) €V x W such that

(u(,u), )\(u)) = arg min max L(u;v,n). (2.6)
veEY neWwWt

Owing to the above assumptions (in particular (2.4) and the coercivity of a(y;-,-)), the
pair (u(,u), )\(u)) €V x WT is uniquely defined and can be found as the critical point
of the Lagrangian L£(u;-,-) by solving for all u € D,

{a(u; u(p),v) + b(p; v, A(p)) = fpsv), Vv e,

b u(p),n) < g(p;m), Vne W, 27)

2.2.2 Decorrelated model reduction

Let P € N* and consider a family {(u(s,), A(tp)) }peqr.py € VX W of solutions to (2.7)
which are computed by using a training subset Dirain := {itp }peq1:py C D of cardinality
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P. In practice, the sampling of the parameter domain can be driven by a posteriori
error estimates, as in [55, 5, 105]. Let us set

V= Span({u(,up)}pe{l;pﬁ cV, W+ = Span+<{/\(,up)}pe{1:p}> cwt, (2.8)

where, for an arbitrary family {0,}4cq1.0p € W with @ € N*, Span® denotes the
positive cone generated by setting

Span™ ({Hq}qe{le}) = { > agly, (a1, ,aq) € Rg} (2.9)
qe{1:Q}

Given a positive real number dpgp > 0, one can construct using POD an orthonormal
family of N € N* (N < P) elements of V,

{Un}ne{lzN} = POD({U(,U;D)}I)G{LP}; Vv 5PUD)7

such that
Vy = Span({vn}ne{lw}) cV, (2.10)
( 2, (- H‘éN)(U(up))II%)
p :
epgD(N) = S 6PDD7 (2]‘1>

N

( > ||U(Mp)||%)
pe{l:P}

where I1% denotes the projection onto a generic closed convex subset Z of the generic
Hilbert space H (I1% is the orthogonal projection if Z is a linear subspace) and 1"
denotes the identity operator in . Moreover, given a positive real number d¢pg > 0, one
can construct using the CPG algorithm a subset {X; }rcf1:r} of {A(jtp) }pef1:py composed
of R € N* (R < P) vectors of W,

{Xr}re{lzR} = CPG({)\(Mp)}pe{lzP}§ W, 5CPG)7

satisfying
WI—%_ = Spa’n+ ({XT}T‘G{lZR}) C W+, (212)
W _ W
ecpc(R) = pg{l%)é}|’(rlnax ||1_)I\‘EV§)()‘(MP))”W o o3
Jmax [[AGp)lw

For all y € D and N, R < P, we define

dec

: b(p; v,
Ng(t) == inf SUPM

| (2.14)
newi vevy [lvlvlinliw

where the superscript refers to the decorrelated construction of the reduced bases.
Since the primal reduced space Vi and the dual reduced cone W3 are constructed in a
decorrelated manner, one cannot guarantee that ﬁjd\,’f%(u) > 0 for all u € D, i.e., the
pair (Vy, W#) may not satisfy an inf-sup condition.
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2.2.3 Online enhancement of the reduced primal basis

A strategy for enriching the reduced primal basis in order to achieve inf-sup stability
has been proposed in [96, 46, 55, 95]. The idea is to complete the reduced primal basis
{vn }neq:ny With as many functions as there are in the reduced dual basis {x, }re{1:ry-
To this purpose, one proceeds as follows: For all x4 in D, one defines the operator
T(w) : WH — V such that

T(n) := J o Bur(n), (2.15)

where J : V' — V is the Riesz isomorphism between V' and V and where the operator
Bup(p) : Wt — V' is defined such that

(Bar (1) (1), v)y = bl v,m),  V(v,n) €V x WT. (2.16)

Then, for all u € D, the enriched reduced primal space V§'z(u) is defined as

VNr(p) = VN + Sp(p) €V, Sk(p) = Span<{T(M)Xr}re{1:R})- (2.17)

The superscript refers to the online construction of the enriched basis. The main
motivation for (2.17) is that it ensures that the bilinear form b(y;-,-) is uniformly

inf-sup stable with respect to the pair (Vﬁf‘R(u), Wg ), i.e., we have

: b(; v,
V€D, Bg(n) = inf  sup Do) s gy > fe>0. (218)
NEWE veVEha (n) [v[[vlnllw

Indeed, for all n € W}, we have

b T TR
Wl Ty ~ Ty

= 17 (Bur (1) (0)) v = 1Bur ()l = Bae ()l[nllw- - (2:19)

b .
sup (;v,m) >

vevgra(  Ivlly

In the case where the operator Byr is parameter-independent, the space V' is also
parameter-independent. This space can thus be constructed once and for all in the
offline phase. However, when the operator Byp(u) is parameter-dependent, the enriched
space Vy'z(1) shares the same feature, and thus has to be constructed in the online
phase, which is computationally inefficient. We overcome this problem in the next
section.

2.3 Computationally efficient, stable model reduc-
tion

In this section, the reduced subspaces Vy and W obtained respectively by (2.10) and
(2.12) are fixed. Our goal is to construct a parameter-independent subspace of V that
provides a sufficiently accurate approximation of Vy'%(u) for all 4 € D to preserve
inf-sup stability. The crucial advantage is that this parameter-independent subspace
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can be constructed once and for all in the offline phase. The idea is to approximate the
linear space

Spi= + Sglp), (2.20)

MGDtrain

by a subspace S¥9 C Sg, so that the bilinear form b(y; -, -) is inf-sup stable with respect
to the pair (Viy + S%4, W) for all it € Dyrasa. We will see in our numerical experiments
that it is possible to achieve this property by a proper subspace Sk¢ C Sp having a
much smaller dimension than Sg. To realize this strategy, we rely on the following
theoretical result which gives a sufficient condition on a subspace S of Si to guarantee
the above inf-sup stability.

Proposition 2.3.1 (Inf-sup stability). Let S be any finite-dimensional subspace of Sg.
For all p € D, we define

os(w) = sup ||V =T o)) lv = [(I” = T, 16) s ey (2.21)
e
vy <1

and the boundedness constant

b .
cs(p) :== sup sup M < ). (2.22)
newt veVa+sr(+s [0l lnlbw

For all p € D, if

Nr(K)
os(p) < — , 2.23
sty < =t (223)
then the following inf-sup condition holds:
it sup b(psv,m) > 3p) = Mr() —eswos(n) _ (2.24)

newi; vevy+s [[ollvlnlw 1+ og(p)

Proof. Let p € D and let n € W with ||n|ly = 1. The inf-sup stability of b(y; -, -)

with respect to the pair (Vﬁf}%(u), Wf{) (see (2.18)) implies that there exists v,, € Sg(1)
such that

b(p; vy m) = 1, Nr(E)loglly < 1. (2.25)

Letting u, := IIY,_, ¢(v,), the definition of og(u) implies that

US(M)
[og = wnlly = (1Y = TIY, 4 ) (0]l < essurgu) 11 = 1Y, 15) () [y = o (1)
VESR ,
B pWllvlly <t

(2.26)

On the one hand, we have

b( s wy, m) = b wpy — vy, m) + b(p; vy, M),
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and the definition (2.22) of cg(i) implies that

b1y = vy, m)| < es () g = vglivlinllw = es(i) [y = vylv-

Hence, recalling that b(p;v,,n) > 1 owing to (2.25), we have

(4t ty, 1) = b(p; Uy — vy, M) + b(p5 v, M)

cs(1)
> 1_CS(M)HU77_UT]HV >1—-— os(u),
N,R(M)
where the last bound follows from the inequality (2.26). On the other hand, we have
os(p) 1 1+ 0s(p)
luglly < llvg = uplly + lloglly < on (1) = om :
K ! K K 5N,R(M) N,R(:u) N,R(M)

We conclude that

by u, ) o PREn(n) (1_ cs(p) asm) B — es(wos(p)
)

> = > 0,
luglly 1+ 0s(p) Mg (H

14+ o)

where the last bound follows from the assumption (2.23). Since w, € Vy + 5, this
implies the inf-sup condition (2.24). O

Using the result of Prop. 2.3.1, we design in Algo. 1 a so-called Projected Greedy
Algorithm (PGA) that, given a training subset Diyain C D, the vector space Vi, and a
tolerance 6 > 0, returns a subspace S%¢ C Sg such that

sup  ogrea(p) < 0. (2.27)
HEDrrain "
Notice that since g, (1) = 0 for all u € D, it is possible to construct a subspace S5
of Sg satisfying (2.27). Our numerical results presented in Section 2.5 indicate that it
is reasonable to expect that S¥ has a (much) smaller dimension than Sg. In practice,
the space S%s¢ is constructed in a progressive way by means of a greedy algorithm. The
PGA algorithm involves the following two main steps at iteration n:

 seek the parameter p,, by solving an eigenvalue problem (line 2 and line 9).

o seek the supremizer Uﬂl € Sg(pn) by solving a linear system (line 5).

In conclusion, we define the enriched reduced primal space VﬁffR as follows:

Sy := PGA(Dirasn, Viv, dpar) C Sk C V), (2.28)
Vil =Vy +SptCV, (2.29)

where the tolerance dpgy > 0 is small enough so that (2.23) is satisfied for all y € Dyrain.
In practice, a simple choice is dpey < BoCp ' since B r(1) > Bo and cg(p) < Cy for all
(b € Dirain. The superscript in the notation V]@?R refers to the offline construction of
the enriched reduced primal basis. For all i € D, we define

b .
() = inf  sup blusv,m) (2.30)

vews vevin, Tl
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Algorithm 1 PGA: Projected Greedy Algorithm | PGA(Dirain, Vi, 9)

Require: Dy;,i, C D: training subset
Vy C V: reduced primal space
0 > 0: tolerance
Ensure: S: subspace of Sp

1: SQIZZ{O}
2: o € argmax ogo ()
MEDtrain
3n:=0
4: while ogn(p,) > ¢ do
1
5 upy € argmax [[(IY = I, 4 60)(0) v
vESR(tn)
llvlly <1

2 1
6 vl = (17 =T ) (00)

o2,
lvnfallv

g S"tl:= 5"+ Span{v,1}

9:  fpy1 € argmax ogn+(p)
NGDtrain
100 n=n+1

11: end while
12: return S := S"

Notice that we only guarantee that 5})\?}%(#) > 0 for all g € Dyrain. It is reasonable to
expect inf-sup stability for all ;4 € D if the training subset is sufficiently rich.
Let us now show that Algo. 1 necessarily terminates in a finite number of iterations.

Lemma 2.3.1 (Convergence of PGA algorithm). The sequence (maxueptm" Ogn (u)) .

is (non-strictly) decreasing. Moreover, there is ng < min(mp,,,, R,dim(V) — dim(Vy))
with mp,,,,, = #(Dirain) such that

max ogn(p) =0, Yn > ny. (2.31)
/LEDtrain

Proof. (1) Line 8 of Algo. 1 implies that S C S™™! for all n > 0. Hence, for all
M S Dtraina

max

Y -1V
vESR (1) | ( VN+S )@y,

LG ) LA, < max
( VN+S +1)<U)||V UES%(M) ||
which implies that

< .
Dax oge(p) < max ose(p)

This proves the first assertion.
(2) Let us now prove the second assertion. To this purpose, let us first prove by
induction that for all n > 0, if max,ep,,.,, s (1) > 0, then S™ C S"*! and

dim (Viy + S™™) = dim (Vy + S™) + 1. (2.32)
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Indeed, since p, € argmax,p . osn(1t), we have ogn(p,) = MaX,epy., o5 (1) > 0.

Hence, vfllll from line 5 satisfies
2 1
Ur(z—l)—l = (1Y - H%\/Jrsn)(v’sz—l)—l) # 0.

Thus, vgl is nonzero and orthogonal to the space Vy + S™. Since S"*1 := S" +
Span{v, 1}, this proves (2.32). We are now in a position to prove the second assertion.
We first observe that if there is ng > 0 such that max,ep,,,,, osn(p) = 0, then
MAaX e, Osn (i) = 0 for all n > ny. Moreover, since S” C S and dim(Sg) <
Mpyan R, we infer from (2.21) that max,ep,,., 0s»(¢) = 0 whenever n > mp,, R.
Finally, reasoning by induction and using (2.32) shows that dim (Vx+S5") = dim(Vy)+n
for all n > 0 such that max,ep,,.,, osn(1t) > 0. Since Viy + 5™ C V, we must have
n < dim(V) — dim(Vy). This completes the proof of (2.31). O

Remark 2.3.1 (Finite termination). Lemma 2.3.1 provides two upper bounds on the
maximum number of iterations of the PGA algorithm. The first upper bound, ng <
Mp,,.., I is, in particular, independent of the dimension of the HF space V.

Remark 2.3.2 (Comparison with [32]). The PGA algorithm is similar in spirit to the
Algorithms 2 and 3 proposed in [32] in the context of Petrov—Galerkin reduced basis
approximations of transport equations (the adaptation to saddle-point problems is
discussed in Section 7 therein). The overall organization of the reduced basis method
is, however, different. Indeed, in contrast to [32] where a double greedy algorithm is
proposed, we do not enrich here the reduced dual space in a greedy way and adapt
the reduced primal space to guarantee inf-sup stability at each iteration of the greedy
algorithm. Instead, we fix once and for all the reduced dual space (which can be obtained
as the output of a greedy algorithm, see Section 2.4), and then enrich the reduced
primal space following the strategy highlighted in Algo. 1. A computational comparison
of the performances of both algorithms is postponed to future work. Moreover, we
notice that Proposition 3.1 relates the inf-sup constant of the pair of reduced spaces to
some approximation property of the subspace Vy + S in V. This idea is similar to [32,
Prop. 3.7] which relates inf-sup stability to the notion of j-proximality.

2.4 Modified CPG algorithm

In this section, we propose a modified version of the plain CPG algorithm (see Re-
mark 2.4.4 for a comparison with the algorithm from [7]). The goal is to promote the
generation of a cone having a larger aperture than the one built by the plain CPG
algorithm. Indeed, a problem that arises numerically when working with a positive
cone is to be able to generate a basis such that the corresponding Gram matrix is as
well-conditioned as possible. In practice, one has often to deal with bases composed of
vectors which are almost collinear. In this context, ill-conditioning issues can arise, in
particular when performing projections onto the cone. To overcome this difficulty, it is
not possible to perform an orthogonalization process (such as Gram—Schmidt) since
this would lead to a departure from the positive cone W+. Instead, one possibility is to
promote the aperture of the cone produced by the plain CPG algorithm.
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Specifically, we introduce the mCPG (modified CPG) algorithm (see Algo. 2) which,
given a set of @ € N* vectors {0, }qcq1.0; of W', and a positive real number §, produces
a set of R € N*(R < Q) vectors of W,

{VT}TE{liR} = mCPG({eq}qe{lQ}; W7 6))

satisfying
W4 = Span* ({VT}TG{LR}) c W, (2.33)
max [[(PY =10V, ) (8,)l|w
6mCPG<R> = qe{l.Q} i ~ (234)

max ||0
e [,

Algorithm 2 mCPG: modified CPG algorithm ‘mCPG({Qq}qe{le};W,é)

Require: {0,},c(1.01,@ € N* : set of vectors
W : Hilbert space
0 >0 : tolerance
Ensure: {v,},cqmp CWH R<Q

1 r:=0
2: [0 = @
3: K() = {0} C W+
4: eg:=1+9
5 q1 := argmax ||6,]|w
qe{1:Q}
6: while (e, > ) and (r < @) do
7ori=r4+1
8: I, =1_,U {qr}
9: T,:= argnmin 16, — Yllw
TeK,_1N(0g.—WT)
10: v = et

" 10g. =Tl
11: K, :=K, 1+ Spant{v,.}

(Y =TT ) (8)

12: Gr+1 ‘= argmax

qe{le}\]r He‘Zl“W
. 1OV =1R ) (Bg, 1) llw
W
14: end while
15: R:=r

16: return {v, bne(i:ry

Remark 2.4.1 (Cone aperture). For all n € N*, we have Span® ({9%}
Span™ ({Vn}

with T, € K,_1, we infer that 0, = |0, — T,

ne{l:r}) -
GllrfTT‘

). Indeed, reasoning by induction, since we have v, :=
GQT_TT

ne{lr}

X Vet T, € Span*({un}ne{l:r}).
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Remark 2.4.2 (Proper termination). In the mCPG algorithm, we observe that line 10
is only executed if v, # 0. Indeed, if v, = 0, then 6, = T, € K,_; and consequently

IV =I82 )0l
€r—1 =

1641 llw

the condition e,_; > ¢ is not satisfied.
Remark 2.4.3 (Comparison with CPG). The main difference between the CPG and
mCPG algorithms is that at each iteration » > 1, the CPG algorithm does not execute
line 9 and simply sets v, = Instead, the mCPG algorithm computes v, as

= 0 < ¢. This means that we do not continue the loop since

a member of W7 (in fact of Span+<{9q"}ne{1;r}))
experiments of Section 2.5 that the mCPG algorithm has the advantage of providing a
set of vectors whose Gram matrix is better conditioned compared to the one obtained
with the CPG algorithm. This property comes from the fact that at iteration r of
the mCPG algorithm, the element r of the basis is constructed by removing all the
information contained in the basis constructed at iteration r — 1. Figure 2.1 presents an
illustration of how the CPG and mCPG algorithms operate on the first two iterations.

. We will show in the numerical

KgFeC

.~ CP
Kq JCPG _ JmCPG
1 =14y

\

04, — 1o
VQA T2

/4
T

Figure 2.1 — Comparison of the first two iterations of the CPG and mCPG algorithms.

Remark 2.4.4 (Comparison with [7]). The algorithm proposed in [7] consists in construct-
ing from a given family of functions {1, },cf1:r} (Which can be obtained, for instance,
as the output of the CPG algorithm from an original family of functions {6,}4c1.01), a
new family of modified functions {7, },c(1.ry so that

Span+({vr}re{1:3}) C Span” (Wr}re{l:R})-

In other words, the approach proposed in [7] allows one to construct an enlarged cone
from a reduced cone which has to be given as an input, and which is spanned by the
same number of functions as the orginal reduced cone. In contrast, the mCPG algorithm
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proposed herein consists in constructing an enlarged cone directly from the original
family of functions {0,},cr1.01 as an output of a greedy algorithm, by enlarging the
current reduced cone at each step of the greedy algorithm. This has, in our opinion,
two advantages. First, it avoids ill-conditioning issues raised by the standard CPG
algorithm and which are then also encountered in the approach proposed in [7]. Second,
considering enlarged reduced cones at each iteration of a greedy algorithm yields a
tighter control on the accuracy of the results given by the corresponding reduced-order
model. Finally, we observe that our numerical experiments indicate that the accuracy
of the reduced-order approximation is better when using the mCPG algorithm than
the CPG algorithm. A more detailed computational comparison with the approach
from [7] is left to future work.

Finally, the following result states that Algo. 2 terminates in a finite number of
iterations.

Lemma 2.4.1 (Finite termination). The sequence (e, )1<r<q is (non-strictly) decreasing
and eg = 0.

Proof. Let 1 <r <@ — 1 and let us prove that e, <e,. First, we have K, C K, ;.
Hence,

H“W - HIV(VTH)(QQTH)“W < ||<|W - Hll/(\i-)(eqwz)HW

Cry1 =

104, llw = 10 Il
In addition, since
Y — 11 (6
Gry1 ‘= argmax H( KT)( q)HW7
g€{L:QN I 10, [l

we infer that

||(IW N H?r)(equ-z)HW < H(IW - H?r)(eqr-H)HW _

.

16, lIw 16, lIw

This proves that the sequence (e,)1<,<¢ is (non-strictly) decreasing. Finally, since

necessarily Span™ ({Gq}qe{leﬁ C Kg, we infer that eg = 0. This completes the
proof. O

2.5 Numerical results

In this section, we numerically illustrate our theoretical results on the membrane
obstacle problem and on the frictionless Hertz contact problem. In both examples,
we compare the computational performance of the different methods for building the
reduced primal space (decorrelated, online and offline) and the reduced dual basis
(CPG and mCPG). The HF computations use a combination of Freefem++ [56] and
Python, whereas the algorithms presented herein have been developed in Python using
the convex optimization package cvxopt [4].
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2.5.1 Membrane obstacle problem

In this section, we study the membrane obstacle problem. We consider a square,
elastic membrane 2 C R? of side A = 1m, located at some distance from an obstacle
represented by a circular sub-domain w(p) C Q of radius 7 := p; and centre ¢ := (2, pt3)
with

p=(p1, g2, p1s) € D= [0.16,0.24] x [~0.05,0.05] x [~0.05,0.05|(m). ~ (2.35)

For all ;1 € D, we assume that there is a smooth invertible geometric mapping h(u) :
Q := Q —» Q such that there is a reference domain @ C Q satisfying h(1)(@) = w(p).
We set hy(p) := h(p)|5. Moreover, the function ¢ : & — R prescribes the elevation of
the obstacle in the reference domain, and we set ¢ (u) := Yo hi(p)~t. We apply to
the membrane a vertical load £ : Q — R, with £ € L2(Q) and we set £(;1) :== £ o h(p) ™
The membrane is fixed on the boundary T" of Q (see Figure 2.2). Thus, we consider the
following model problem:

—Au={(p), inQ,

u > (), inw(p), (2.36)
u =0, on I

In what follows, we take ¢ so that ¢ (u)(z,y) := —1.25(%“2)2##“3)2 for all p € D and

all (z,y) € w(p), and £(z,y) = —1 for all (z,y) € Q. The coefficient —1.25 in front of the
obstacle function is chosen so that the constraints at the boundary of w(u) are inactive
in order to avoid oscillations of the Lagrange multiplier at the transition zone. The
training set is chosen as Dipain := {0.8+0.1i, 0<i< 4} X {—0.05—|—0.025i, 0<i< 4}2
(altogether 125 points) and the validation set Dya1iq is generated by choosing 64 elements
in D randomly with a uniform distribution.

We consider the HF subspace ¥ C HZ(Q;R) and the HF subcone W+ C L3(@;R,)
built using P; finite elements for the displacement and the Lagrange multiplier [39, 17].
Notice that the displacement and the Lagrange multiplier are now defined on the
reference domains Q and @ w, respectively. The reference mesh of Q is fitted to the
boundary of & and is composed of 3594 nodes with 467 nodes in &. Thus, we have
N = dim(V) = 3594 primal and R := dim(W) = 467 dual degrees of freedom. For
all u € D, the mesh of  fitted to the boundary of w(u) is built using the geometric
mapping h(u). We have verified that all the meshes maintain satisfactory regularity
properties by using the aspect ratio quality criterion from the Salome platform [94].
Figure 2.3 displays the maximum aspect ratio of the meshes for all g € Dyirain U Dyariq-

The variational formulation of (2.36) leads to a minimization problem of the
form (2.1) with the bilinear form @(s;-,-) : V x ¥V — R defined by

a(p;0,0) == | V(@oh(u)™) V(0oh(u)")dQ, (2.37)
and the linear form f (s -) V — R defined by

Flu: o) = /Q (To h(w)™) (30 h(n) ™) de2. (2.38)
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Figure 2.3 — Obstacle test case: Maximum aspect ratio for p € Dirain U Dyatia-

The admissible set l@(,u) associated with the obstacle condition is defined as follows:

Kip) = {0 €V | 0(w:9.0) < g ). Vij € W}, (2:39)

where
B(1: 9, 7) /W 30 hy(u)) (70 b)) dL, (2.40)
gl n) = /wm) (Vo ha(p)™)(7ohy(w)")dr. (2.40b)

Figure 2.4 displays the deformed configuration resulting from the HF displacement
field u(p) := @(p)oh(p)~* (left panel) and the Lagrange multiplier () == A(u) o h(p) ™!
(right panel) for p = (0.18,0.025, —0.025)(m). Figure 2.5 shows on its left (resp. right)
panel the projection error épgp (resp. €cpg and éycpe) defined in (2.11) (resp. (2.13) and
(2.34)) produced by the POD (resp. CPG and mCPG) algorithms as a function of
the number of vectors composing the reduced primal (resp. dual) bases. In all cases,
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14
12
10

[ 1

Figure 2.4 — Obstacle test case: HF solution for p = (0.18,0.025, —0.025). Left: u(u).
Right: A(u).

the projection errors decrease sufficiently fast so that the linear spaces generated by
the primal and dual snapshots can be approximated by small-dimensional subspaces.
We also notice that the projection error for the mCPG algorithm is smaller than that

10° —— POD 10° —— mCPG
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Figure 2.5 — Obstacle test case: projection errors for the POD, CPG and mCPG
algorithms. Left: POD. Right: CPG and mCPG.

for the CPG algorithm. This indicates that the cone constructed using the mCPG
algorithm yields more accurate approximations than the one obtained by means of the
CPG algorithm. To further compare the CPG and the mCPG algorithms, we introduce
for all » > 0, the quantity €,y (r) which measures the orthogonality of the vector ﬁTj\l,
constructed by either the CPG or the mCPG algorithm, with respect to the cone K.
This quantity is defined as

Corn(r) 1= | (1" = TLY ) (D) I35 < 1. (2.41)

Notice that by definition, the larger €4, (7) (i.e., close to 1), the closer 7,;; to being
orthogonal to the cone. It can be seen in Figure 2.6 that e&d (r) < em5¢(r) for all
r > 0, which illustrates that the basis constructed with the mCPG algorithm is of
better quality than the one constructed with the CPG algorithm.

Considering the three tolerance pairs (dpop = 1073, duepe = 1072), (dpop = 1074, Gpepe =
1073), and (dpgp = 1079, dpepe = 1072), we obtain respectively the following pairs for the
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Figure 2.6 — Obstacle test case: Comparison between €578 (r) and e"SEé ().

dimensions of the reduced bases: (N, R) = (19,50), (V, R) = (51,70), (N, R) = (89, 50).
With these choices, we cover the two possible settings, namely N < R where we are sure
that for all i € D, the bilinear form b(y; -, -) is not inf-sup stable (Aj'{;f‘j{(u) = 0) and
N > R where inf-sup stability cannot be asserted a priori. Our numerical results for the
pair (N, R) = (89,50) show that the plain construction of the reduced model does not

guarantee inf-sup stability in this case. Indeed, the value of the inf-sup constant Bj‘{ﬁ%(u)

for the pair (N, R) = (89,50) is almost zero (of the order of 1077) for all y € Dyayia-
Let us now consider the results obtained with the strategy proposed in Section 2.3.
For all u € D, we define

_ b(u: 5.7
Bg.(u) == inf  sup M, Vn € N. (2.42)
7ewit sevyage 1l5171%

Figures 2.7c, 2.7f and 2.7i, respectively, show the values of B?V%R(u) as a function of
f € Dyariq for the pairs (N, R) = (19,50), (N, R) = (51,70), (N, R) = (89,50). For
each pair, we consider the tight tolerance dpgy = 1073 as well as the loose tolerance
Opca = 0.5, 0.6, 0.95, respectively. These results illustrate the fact that the PGA
algorithm does indeed recover the expected stability property. Notice that the values of
it € Dya1iq have been sorted in increasing order with respect to the inf-sup constant

Aj‘vffR(p). The panels in column 1 (resp. 2) of Figure 2.7 report the values of G, (1)

(see (2.23)) (resp. 6r%in Bgn(,u)) as a function of n for the pairs (N, R) = (19,50),
=

(N, R) = (51,70) and (N, R) = (89,50) with dpgy = 1073. The results show that the
PGA algorithm converges and employs an effective greedy selection of supremizers in
order to recover inf-sup stability for the reduced model. Figure 2.8 shows a comparison
between the inf-sup constants Syp (), Aj‘{ﬁﬁ%(u), A]‘{}jR(u), and Bfi,f’fR(u) for each of the
reduced basis dimension pairs (N, R) = (19,50), (N, R) = (51,70) and (N, R) = (89, 50)
with respectively dpgs = 0.5, dpga = 0.6 and dpgy = 0.95. On the one hand, we see that
in all cases, in agreement with the theoretical results, BR,I}R(M) > Bj{,%(p) > Bj‘v‘fﬁ%(p)
and BF\?R(M) > BHF(/L) for all ;1 € Dya1i4. On the other hand, we notice that there is no
established order between B?V%R(u) and Byp(u).

Table 2.1 shows that the offline phase of the offline enrichment method is approx-
imately up to two times more expensive than the online enrichment method for the
three reduced basis dimension pairs (N, R) with dpgy = 1073, We see the opposite effect
concerning the cost of the online phase. This is explained on the one hand by the fact
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Figure 2.7 — Obstacle test case: PGA algorithm. Row 1: (N, R) = (19,50). Row 2:
(N,R) = (51,70). Row 3 (N, R) = (89,50). Column 1 and Column 2: dpgy = 1073.
Column 3: dpgy € {0.95,0.6,0.5,1073}.
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(a) (N, R) = (19, 50), 5PGA = (b) (N, R) = (51, 70), 5PGA = (C) (N, R) = (89, 50), 6PGA =
0.5. 0.6. 0.95.

Figure 2.8 — Obstacle test case: Inf-sup constant Sup(u), Aj‘{ﬁﬁ%(u), BR}TR(,UJ), and B}({ER(/A)
for 11 € Dyaria-

that in the case of the online enrichment strategy, the primal basis is reconstructed
for each calculation of the reduced model. On the other hand, it is also explained by
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the fact that in the present test case, the dimension of the primal basis is smaller in
the case of an offline enrichment strategy because the PGA algorithm converges in
at most R iterations. We notice that the larger R, the more advantageous the offline
strategy compared to the online strategy. It can also be seen that in the case of the
offline strategy, the cost of the online phase is practically the same for all the three
reduced basis dimension pairs, although the dimensions are different. This is explained
by the fact that, once the reduced model is constructed, the cost of solving the resulting
system varies quite moderately as a function of the dimension of the reduced bases.
Comparing the overall cost in computation time between the two enrichment strategies,
we conclude that the offline enrichment strategy is more advantageous than the online
enrichment strategy if more than 102, 83, 52 online calculations are required with the re-
duced model for the reduced basis dimension pairs (V, R) = (19,50), (N, R) = (51, 70),

(N, R) = (89,50), respectively. These numbers are called benefit threshold in Table 2.1.
(N, R) (19, 50) (51, 70) (89, 50)

Phase ——Method on off on off on off
Offline time(s) 1112 2296 1193 2395 1272 1884
Online time(s) 14 2.4 17 2.5 14 2.3

Benefit threshold 102 83 52

Table 2.1 — Obstacle test case: The cost in seconds of the offline and online phases of
the reduced model for the online (on) and offline (off) enrichment cases for the pairs
(N, R) = (19,50), (N, R) = (51,70) and (N, R) = (89,50) with dpgy = 1073.

2.5.2 Hertz contact between two half-disks

We consider two half-disks as shown in Figure 2.9. The first half-disk occupies a domain
Q; C R? of fixed radius R; = 1m, and the second a domain (1) C R? of parametric
radius Ry := p with

p €D = 0.7,1.3] (m). (2.43)
For reasons of symmetry, only quarter-disks are discretized. The initial gap between
the two disks is equal to 79 > 0. We impose a displacement of —d (resp. d) on
T7%F (vesp. T5°%) of Qy (resp. of Qa(p)), with d > 375. We set Q(p) 1= Q1 U Qa(p)
as well as E := 15Pa (resp. v := 0.35) for the Young modulus (resp. the Poisson
coefficient). For all p € D, we assume that there is a smooth invertible geometric
mapping h(p) : Q — Q(u ) defined on a reference domain € := Q; U Qy such that

{Ql,Qg} is a partition of Q, h(1)() = 1, h(1)(Q) = Qa(k) (notice that h(u g, is
parameter-independent). We denote by f‘i (resp. r 5) the potential contact manifold
located on 09 (resp. d€), and we set I'{ := h(u)(I'{) and I'§(p) := h(u)(I'5). The

training set is chosen as Dipain 1= {0.7 +0.0075:,0 < i < 80}(111) (altogether 81 points)
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Figure 2.9 — Hertz test case: Configuration.

and the validation set Dya1i4 is generated by choosing 30 elements in D randomly with
a uniform distribution.

We consider the HF subspace V ¢ H'(Q;R?) and the HF subcone W+ < L(I'$,R,)
built using P; finite elements for displacement and the LAC (Local Average Contact)
method [1] with Py finite elements for the Lagrange multiplier on a mesh composed
of 6130 nodes with 560 nodes on the potential contact manifold f‘f. Thus, we have
N = dim(V) = 12260 primal and R := dim(W) = 280 dual degrees of freedom. We
equip the space V with the norm || - ||5; defined as follows (we use boldface notation for

vector-valued fields):

I

I3ll5 := (I3l + EVl:) ", vo e V. 241

where { is a characteristic length of Q which is introduced for dimensional consistency.
The variational formulation of the contact problem leads to a minimization problem
of the form (2.1) subject to a so-called non-interpenetration condition which can be
written either under the small deformation assumption (linear) or under the large
deformation assumption (nonlinear). The bilinear form a(u;-,-) : V x V — R associated
with the equilibrium equation in Q(u) is defined by

a(p; w, v) = /ﬂ(#) o(e(@oh(p)™")) : (v 0 h(n)™") dQ(u), (2.45)

where the linearized strain tensor ¢(v) is given by

e(v) := ;(V’v + V’UT), (2.46)
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and the stress tensor o(e) is given by

Ev FE

0(8) = (1 T l/)(l — 2y)t’l“(€)|2 + m

g, (2.47)

with I, the identity matrix of order 2. The linear form f| () V — R associated with
the external load £(u) : Q(u) — R? applied to Q(u) is defined as

Flus®) = [ €u) - (9.0 how)™) ). (2.48)

We consider here the first situation where we make the assumption of small deformations
so that  deviates very little from its initial configuration. This allows us to assume
that the normal vector is constant on the whole contact manifold. We denote by
n :=e, = (0,1)" the outward normal vector in ff and by ¢ : fﬁf — fg the pairing
function. The non-interpenetration condition is written as follows:

o~

(@1 (0)(@) — Ta(p) 0 (@) €, < (B(T) ~ &) e, VEETT.  (249)

~

Thus, the admissible set K(u) becomes
K(p) = {5 €V | bw;9,7) < g 7), ¥ij € WH}, (2.50)
where

b .7) = [ (3:1(0)(@) - (1) 0 $)(@)) - eyi@) dz,  (251)

90s0) = 50) = | (@) - 7) - €,1(2) dz. (2.52)

Iy

The initial gap vy and the imposed displacement d are, respectively, set to 7o := 0.001m

and d := 0.09m. This latter value, which is less than 10% of the maximum value
between R; and Rs, allows us to remain within the validity of the small deformation
assumption.

Figure 2.10 displays the deformed configuration resulting from the HF displace-
ment field w(p) := @(p) o h(u)™! for u = 0.9m on its left panel and the Lagrange
multiplier A(p) := A(u) o k()™ as a function of the abscissa along T for u €
{0.7, 0.8,1.0,1.1, 1.3}(m) on its right panel. We notice that the non-interpenetration
condition is respected on the deformed configuration as expected. We can also notice
some small oscillations in the Lagrange multipliers. This is due to the fact that for the
evaluation of the contact contributions, a direct projection of the integration scheme
is used instead of a projection-intersection of the master cells onto the slave cells.
Figure 2.11 shows on its left (resp. right) panel the projection error épgp (resp. €cpg
and éycpe) defined in (2.11) (resp. (2.13) and (2.34)) produced by the POD (resp. CPG
and mCPG) algorithms as a function of the number of vectors composing the primal
(resp. dual) reduced bases. In all cases, the projection errors decrease sufficiently fast so
that the linear spaces generated by the primal and dual snapshots can be approximated
by small-dimensional subspaces. We also notice that the projection error for the mCPG
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Figure 2.10 — Hertz test case: HF solution. Left: w(u) for = 0.9m. Right: A(u) for
pe {0.7,08,1.0,1.1,1.3}(m).
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Figure 2.11 — Hertz test case: projection errors for the POD, CPG and mCPG algorithms.
Left: POD. Right: CPG and mCPG.
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Figure 2.12 — Hertz test case: Comparison between €& (r) and e"Sé(r).

algorithm is smaller than that for the CPG algorithm. This numerically indicates that
the cone constructed using the mCPG algorithm yields more accurate approximations
than the one obtained by means of the CPG algorithm.

As before, it can be seen in Figure 2.12 that €& (r) < é"f¢(r) for all r > 0, which
illustrates that the basis constructed with the mCPG algorithm is of better quality
than the one constructed with the CPG algorithm.

Considering the three tolerance pairs (dpgp = 1072, dncpe = 1072), (dpop = 1073, Sncpe =
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1073), and (dpgp = 1072, dpepe = 1072), we obtain respectively the following pairs for the
dimensions of the reduced bases: (N =46, R = 12), (N =46, R = 70), (N =3, R = 12).

With these choices, we cover the two possible settings, namely N < R where we are
2dec

sure that for all 1 € D, the bilinear form b(y; -, -) is not inf-sup stable ( Na() =0)
and N > R where inf-sup stability cannot be asserted a priori. Figure 2.13 shows the
coefficient 3% (1) as a function of y € Dyarza for the pair (N, R) = (46,12). Contrary

to the results obtained in the obstacle test case, the value of the inf-sup constant ﬂj‘{fﬁz(u)

is non-zero although it remains very small compared with Bgp(x) (which is of the order
of 8).

Inf-sup constant

H € Dvajid

Figure 2.13 — Hertz test case: Inf-sup constant Bj‘{;f‘j%(u) with (N, R) = (46, 12).

Let us now consider the results obtained with the strategy proposed in Section 2.3.
Figures 2.14c, 2.14f and 2.14i, respectively, show the values of B?V%R(u) as a function
of 1 € Dya11q for the pairs (N, R) = (3,12), (IV, R) = (46,70), (N, R) = (46, 12). For
each of the above pairs, we consider the tighter tolerance dpgy = 0.3 as well as the
looser tolerance dpgy = 0.5, 0.6, 0.4, respectively. These results illustrate the fact
that the PGA algorithm does indeed recover the expected stability property. The
panels in column 1 (resp. 2) of Figure 2.14, report the values of 65, (u,) (see (2.23))

(resp. en%in /B\S’\n(/'l’) (see (2.42))) as a function of n for the pairs (N, R) = (3,12),
1 train

(N, R) = (46,70), (N, R) = (46,12) with dpgy = 0.3. The results show that the PGA
algorithm converges and employs an effective greedy selection of supremizers in order
to recover inf-sup stability for the reduced model. Another interesting observation is
that the decrease of 55, (™) with respect to n is much slower than for the previous test
case.

Figure 2.15 shows a comparison between the inf-sup constants BHF(,U)a Aj‘lv'fﬁ_—{(u),

A?\?R(u), and B})Vf’fR(u) for each of reduced basis dimension pairs (N = 46, R = 12),
(N =46,R = 70), and (N = 3, R = 12) with respectively dpgy = 0.5, dpga = 0.6 and
Opar = O.il. On the one hand, we see that inAall cases, in agreement with the theoretical
results, B3 z(11) > B R(1) > BNG (1) and BRPR(1) > Bur(p) for all f1 € Dyaria. On the
other hand, we notice that there is no established order between Bf\,ffR(p) and Br (1)

Finally, Table 2.2 shows that the offline phase of the offline enrichment method
is up to two times more expensive than the online enrichment method for the three
reduced basis dimension pairs (N, R) with dpgy = 0.3. Overall, the same conclusions
can be reached as those related to the previous test case in Table 2.1.
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Figure 2.14 — Hertz test case: PGA algorithm. Row 1:
(N,R) = (46,70). Row 3 (N,R) = (46,12). Column 1

Column 3: 5PGA € {06, 05, 04, 03}

(N,R) = (3,12). Row 2:
and Column 2: dpga = 0.3.

(N, R) (3,12) (46,70) (46,12)
Phase Method on off on off on off
Offline time(s) 8490 18098 10889 19750 10874 18312
Online time(s) 75 18 162 20 78 19
Benefit threshold 169 62 126

Table 2.2 — Hertz test case: The cost in seconds of the offline and online phases of
the reduced model for the online (on) and offline (off) enrichment cases for the pairs
(N, R) = (3,12), (N, R) = (46,70) and (N, R) = (46,12) with dpgy = 0.3.
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CHAPTER 3

LMODEL REDUCTION FOR FRICTIONAL CONTACT
PROBLEMS IN MIXED FORMULATION

Abstract

In this work, we propose a new reduced-basis method to construct a reduced-order
model for parametric mechanical contact problems with friction. We consider a mixed
formulation of the problem, and reduced bases are constructed separately for the
displacement field, and the normal and tangential stress components. The main novelty
lies in the way the friction condition is imposed on the reduced-order model: we propose
here a greedy algorithm, which shares common features with cutting-plane algorithms,
in order to appropriately select a set of collocation nodes where the friction condition
is enforced in the reduced-order model. We provide numerical evidence of the efficiency
of the proposed algorithm on the Hertz contact problem between two half-disks with
Coulomb friction.
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3.1 Introduction

The aim of model reduction methods is to reduce the computational cost of the resolution
of models which depend on some parameters for a large number of values of these
parameters. Indeed, standard numerical approaches for the resolution of such models,
like finite elements for instance, lead to a high-fidelity (HF) approximation of the
parametric model of interest that is usually very expensive to compute. The objective
of reduced-order modelling is to build another, reduced, model that is much cheaper to
solve for any values of the parameters and, at the same time, yields approximations
of the original HF model with good accuracy; see [79, 90, 76, 102, 3, 21] and the
more recent textbooks [58, 92]. Such a task is usually performed by organizing the
calculations in a first offline phase which is a learning phase where expensive calculations
are carried out on the HF model for a small number of values of the parameter drawn
from a training set. The output of the offline phase is used to build the reduced-order
model. Then, in the online phase, a large number of new instances of the parameter
are considered for which the reduced model is solved instead of the HF model. The
obtained reduced-order model can then be used instead of the original HF model in any
context where intensive parametric studies are needed, thus saving substantial amounts
of computational time. This strategy can be useful for instance in design optimization,
inverse problems, and real-time control applications.

The aim of the present contribution is to investigate a new Reduced Basis (RB)
method for the resolution of parametric contact problems with friction (Tresca or
Coulomb) in computational mechanics [67]. We are particularly interested in the mixed
formulation [34, 59] where the constraints are taken into account through the use of
Lagrange multipliers. Model-order reduction methods for parametric contact problems
without friction, and in particular RB methods, has been a very active research area
in the past decade. More generally, several contributions have been concerned with
model reduction for linear parameter-dependent variational inequalities of the first
kind [55, 50, 105]. The mixed formulation leads to a so-called primal-dual strategy,
whereby reduced bases must be created for both the primal and the dual variables. In
the case of mechanical contact problems without friction, the primal variable is the
displacement field, whereas the dual variable is the normal component of the contact
stress. Various strategies can be adopted in order to build reduced spaces for the primal
and dual variables, including Proper Orthogonal Decomposition (POD) [8, 22, 69] for
the primal variable and Non-negative Matrix Factorization (NMF) [72] for the dual
variable. Let us also mention [40] where a hypereduction method for contact problems
is proposed. Instead of the NMF, one can also consider the Angle Greedy [55, 19] and
the Cone Projected Greedy (CPG) [12, 84] algorithms for the compression of the dual
basis.

Much fewer works have dealt with the reduction of contact problems in the presence
of friction and, more generally, of variational inequalities of the second kind. We are
only aware of reduced-order modelling methods for this type of problems using the
Progressive Generalized Decomposition (PGD) approach [83]. Here, we propose and
investigate a new RB method where reduced spaces have to be built for the displacement
field, the normal component of the contact stress and the tangential component of the
contact stress, the latter being the Lagrange multiplier associated with the friction
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condition in (Tresca or Coulomb) friction models. The construction of reduced spaces
for the displacement field and the normal component of the contact stress are done here
following the approach presented in [84]. In the case of friction, the construction of a
reduced-order model taking into account the friction constraints requires two additional
ingredients:

(i) the construction of a reduced space for the approximation of the tangential
component of the contact stress: this is done here by means of a classical POD
method;

(ii) the construction of a reduced set of collocation points on which the friction
constraints have to be enforced at the level of the reduced-order model.

It appears that the second item mentioned above is not a trivial task: indeed, for a
given reduced space in which the tangential stress components are computed, enforcing
friction constraints at the same number of collocation points than in the HF model
may lead to reduced tangential stresses that are computed to be zero, because of the
disproportion between the number of basis functions used to discretize the tangential
stresses, and the number of constraints imposed in the reduced model. One novel
contribution of our work is to propose a greedy algorithm, which shares similarities
with cutting-plane algorithms [63], for the selection of a relevant subset of collocation
points to be used in the reduced-order model, depending on the choice of the reduced
basis in which the tangential stress components are computed.

The outline of the paper is as follows. In Section 3.2, we present the HF model
used here for the resolution of mechanical contact problems with (Tresca or Coulomb)
friction. The RB method together with the Greedy Collocation Node Selection procedure
we propose is presented in Section 3.3. Finally, in Section 3.4, numerical results
illustrating the behaviour of the proposed algorithms are presented for the Hertz
contact problem [57, 103] between two half-disks.

3.2 High-fidelity model

In this section, we present the HF problem in mixed form and introduce an approximate
HF problem using collocation.

3.2.1 Mixed formulation in general form

For all i € D (the parametric domain), we consider an elastic body whose reference
configuration is the domain Q(u) C R, with d € {2,3}. The boundary I'(u) := 9Q(u)
is partitioned as T'(u) = I'P () UTN(u) UT(u). The body is clamped at the boundary
I'P(u), free of traction at the boundary I'V (), and I'°(u) denotes the potential contact
boundary with a given rigid support. The body in its reference configuration is located
at some distance from the rigid support. An external load £(p) : (1) — R? is applied
to the body. We denote by w(u) : Q(u) — R? the resulting displacement field, by n(u)
the unit outward normal on I'(z) and by 7(u) = [Tl(u) e Td_l(u)} € R™*(@=1) an

orthonormal basis of the hyperplane orthogonal to (i) in RZ. For simplicity, we just
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write n and T whenever there is no ambiguity. For a generic R%valued displacement
field v, the R™%valued linearized strain tensor (v) and the R¥*9-valued stress tensor
o(v) are given by

e(v) = ;(VU +VoT), o(v) = C=(v), (3.1)

with C the elastic coefficient tensor. At the boundary, we decompose the displacement
field, v, and the normal component of the stress tensor, o(v)n, in normal and tangential
components as follows:

V=v,n+ TV, (V)N =0p,(v)n+ 10, (V), (3.2)

with v, € R, v, € R¥! 0,,(v) € R and o,,(v) € R, We consider the following
problem: For all € D, find the displacement field w(u) : (i) — R? such that

—div(o(u(u) = (), n Q) (3.30)
w(p) =0, on I'P(u), (3.3b)
olu(p))n =0, on I'N(u), (3.3c)

together with the non-interpenetration and friction conditions on I'(x) which we now
detail. We denote by ¢(u) : I'*(u) — I'S the contact pairing function where I'¢ refers
to the potential contact zone on the rigid support. Under the assumption of small
deformations, the non-interpenetration condition is written using the normal from the
reference configuration and reads

un () () < d™(p)(x) == (p(u)(x) — @) -m(u)(®), Vo eT(u).  (34)

Notice that d™(u) > 0 by construction. The Signorini contact conditions on I'(u) are
then formulated as

unp) < (), Gun((p)) <0, an(alp0) (wn) = () = 0. (3.)

The formulation of the friction conditions on (1) depends on the friction law. In this
work, we consider the Coulomb friction law:

lur ()| < vrlomm(u(@))l, i ur (1) = 0,
ur (1) (3.6)

Onr(u(p)) = —V;|Jnn(u(,u))|m, otherwise,

where vx > 0 is a given nondimensional coefficient, taken to be constant for simplicity.
The Coulomb frictional contact problem consists in finding the displacement field
w(p) : Qu) — R? satisfying (3.3a)-(3.3b)-(3.3¢), (3.5) and (3.6).

Let V(u), W(u) and X (u) be three finite-dimensional high-fidelity (HF) spaces
typically resulting from the finite element discretization of Hilbert spaces and such that

V() € {v e HY(Q(u);RY) | v=0on T (u)}, (3.7a)
W(p) € L*(T°(n); R), (3.7b)
X (1) C LA(T¢(u); R, (3.7¢)
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and let W™ () C W(u) be the positive cone defined as

W™ () == {n™ € W) | 0" > 0} € LA(I(u);Ry). (3.8)

The bilinear form a(y;-,-) : V(u) x V(1) — R associated with the equilibrium
equation (3.3a) in Q(u) is defined as

a(p; uw,v) ::/ o(u) :e(v)dQ(u), (3.9)

Q(p)

and the linear form f(y;-) : V(1) — R associated with the external load £(yu) is defined
as

Flw) = [ () - vdp). (3.10)
Q(w)
The admissible set IC() is defined as

K(w) = {v € Vip) [ (o™ < g"(wn™). W €W} (311)

with the bilinear form b™(y;-,-) : V(1) x W(p) — R and the linear form ¢"™(u;-) :
W(u) — R such that

0" (13 0,m™) := (Vs 0" )re g0 (3.12a)
9" (™) = (d™ (1), 0" )re (), (3.12D)

where (-, -)re(,) denotes the inner product of L*(T'*(p); R) or L*(I'°(u); R%™!) depending
on the context. Notice that IC(u) is a non-empty convex set. Finally, the friction
functional F is defined as

F;w, ) := (=vr|own (W], [|vr]))re (). (3.13)

The classical weak formulation of frictional contact problems [34, 59] consists of
solving the following variational inequality: For all y € D, find u(u) € KC(u) such that

alp; w(p), v —ulp)) + Fpsu(p),v) — Flpsu(p), u(p)) = f(sv —u(p), Yo (6 K()u)-
3.14

To solve (3.14), we use a primal-dual formulation. We introduce the set of admissible
tangential stresses X7 (u;n™), for a given ™ € W™(u), defined as follows:

X7 (™) = {07 € X (1) | (07, p")rey — (0" 107 [)reqy <0, Vo™ € X(w)}. (3.15)

Notice that 87 € X7 (u; n™) weakly means that [|07] < 1™ a.e on I'°(pu).

Remark 3.2.1 (Notation). For the sake of clarity, we point out that the use of n
and 7 as superscripts is generic and refers to the connection with the normal and
tangential components of dual variables, whereas their use as subscripts corresponds to
the definition of normal and tangential components introduced in (3.2).
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According to [59], the Coulomb frictional problem (3.14) is equivalent to the following
mixed problem: Find (w(p), A" (@), A7(1)) € V(i) x W™(u) x X7 (p; vpA™ (1)) such
that

a(p; w(p);v) + 0" (s v, A" (1) + 07 (30, A7 (w) = f(pv), Vo € V(u),

0" (s u(p), n™ = A"(p)) < g”(u n"t = AN"(w), Vn" e W"(u),
O (s u(p),n” = AT(w) <0, V" € X7 (v A" (1)),
(3.16)
where the bilinear form b7 (u;-,-) : V() x X () — R is defined as
b7 (1;v,07) := (vr, 07 )req). (3.17)

Let us denote by I1¥ the orthogonal projection onto a generic closed convex subset
Z in the generic Hilbert space H (we drop the superscript whenever the context is
unambiguous). In practice, one solves (3.16) using a Uzawa-type algorithm for some
parameter p > 0. Given (Ag(u),kg(u)) € W™(u) x X7 (u;veAy(p)) and a pair of

tolerances (5”, 57) € Ry x Ry, the algorithm consists of solving the following sequence

of problems: For all k > 0, find (w1 (1), Aty (1), ABpa (1)) € V(1) x W(p) %
X7 (s vrAfy 1 (1)) such that

alp; w1 (p); 0) 4 0" (15 v, A (1)) +bT(u>v AT(M)) flv), Yo e V(u),
M (1) = TO00, O (1) = p(unsam(p) = d™(w))), (3.18)

T (1) = T oy T (1) = pukH,T(u)).

One iterates on £ until the following convergence criterion is reached:

() =) o g ) =N Wl e (59
||)\/<;+1(N)||W(u) ||>‘k+1( )Hx(u

Remark 3.2.2 (Tresca friction). The methodology presented in this work for the Coulomb
frictional contact problem applies also to the Tresca frictional contact problem for which
the friction law reads as

lonr (w(p))ll < 5, if ur (1) =0,

3.20
Onr(u(p)) = _urlp) otherwise, (3.20)
IR
and the friction functional reads as
Fp;0) = (s, [orl)reg, (3.21)
where || - || denotes the Euclidean norm in R¥! and s > 0 is a given threshold (units

in Pa). To derive the mixed formulation of the Tresca frictional contact problem, one
simply replaces the set of admissible tangential stresses X7 (u; vzA" (1)) by X7 (u; s)
n (3.16). The Uzawa algorithm (3.18)-(3.19) can still be used.
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3.2.2 Mixed formulation with collocation

Owing to the nonlinearity of the friction conditions (see (3.20)-(3.6)), the set of admis-
sible tangential stresses X7 (p;n™) is not a linear space (see (3.15)). We approximate
X7 (u;n™) by using a set

CH¥ (1) = {ex (1) }aeqrgyry < T() (3.22)

composed of S € N* collocation nodes. This leads to the approximate manifold
X Guw, (3 1") defined as follows:

X gue (1 1") = {07 € X (1) | 07 (o)l < 0"(es()), Vs € {155} (3.23)

Using this approximation in (3.18) (for simplicity, we keep the same notation as
in (3.18) although the problems (3.18) and (3.24) have in general different solutions),
we consider the following sequence of approximate problems: For all £ > 0, find

(w1 (1), Afyr (1), Afa (1)) € V(i) x W™ (1) X X Gur,y (13 vFAR L (1)) such that
a(p; Wi (1); ©) + 0" (s 0, AR (1)) + 07 (s 0, AL (1) = f(ps0), Vo € V(p),
P () = TN O (1) = pkan () — d™(1)), (3.24)
Aerr () = T g, o V(1) = P = (1),

until the convergence criterion (3.19) is reached. We denote the converged solu-
tion to the problem (3.24) as the triple (wey (1), A% (1), AL (1)) € V(u) x W™ (u) x

XZHF(M)(/M vrAe (14)-
3.2.3 Algebraic formulation

To introduce the algebraic formulation, we assume that for all u € D, the HF spaces
V(p), W(u) and X (u) are such that

V() = Span({@n(i) }nepniry), (3.25a)
W) = Span ({7 (1)} epurnry ). (3.25D)
X (1) := Span ({97 (1) bacqisiry ). (3.25¢)

Notice that the dimensions N RHF and ST of V(u), W(u) and X (u), respectively,
are parameter-independent. We discuss in Section 3.3.1 how to accomplish this property.
Assuming that

{0 (1)} reqrury CW™(p),  Vr € {LLRMY, (3.26)
the positive cone W"(u) becomes
W™ (1) := Span™ ({v7 (1)} reimiry ) (3.27)

where, for a generic family {0,}sc(1:0p € W™ (1) with Q € N*, Span™ ({Hq}qe{w})
denotes the positive cone generated by setting

Span+ ({Qq}qe{le}) = { Z ang, (0417 - ,aQ) € Rg} (3.28)

q€{1:Q}
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The property (3.26) is realized whenever the basis functions ¥ take positive values. In
what follows, we consider the P; finite element shape functions ¥ () so that (3.26)
indeed holds true. Furthermore, we use the same scalar-valued and R?!-valued finite
elements on the same mesh for the discretization of the Lagrange multipliers A™(x) and
A7 (), respectively. Hence, we have

ST = (d —1) x R, (3.29)

Finally, we use as collocation nodes the nodes associated with the discretization of
A" (), so that we have
S =R (3.30)

We adopt the following decompositions for the sequence of solutions to (3.24):

we() = > up(en(n),  Uk(p) = (u (1)) neqvery €RYY L (3.31a)
ne{l:NHF}

M) = 3 AU, AR(p) = OF(10)reqriry €RET, (3.31b)
re{1:RHF}

M) = > A eI(), Af(p) = A (1)weqsmy €RTT . (3.31¢)
se{1:SHF}

The algebraic formulation of the sequence of problems (3.24) then reads as follows: For
HF HF

all & > 0, find (Ugs (1), ATy (1), AT,y (1)) € RY™ 5 RE™ ¢ Xur ) (15 vr A, ()

such that

A(p) U1 (p) + BH(M)TAZLH(M) + BT(WTAZH(M) = F(p),
A () = Hegur (AR (1) = p(B™ (1)U () = G"(1)) (3.32)

AZH(M) = HX(;HF(N)(M;VFAQH(;L))(A}QH(M) — pB" (1)U 41 (1)),

where for all n,m € {LNHF} all r € {1RM} and all s € {1:S89F},

(A())mn = alp; n(1), m(),  Fn(p) = f(1; om(1)), (3.33a)
(B™ (1)) rm = 0" (113 o (1), 0y (), G (1) = g™ (s 7 (1), (3.33Db)
(BT (1)) sm == 07 (1 o (1), 7 (1)) (3.33c)

Moreover, using (3.29)-(3.30) the set

T n T HE T
XCHF(M)(/% VFAk+1(N)) {@ € R ™" < V]:AkJrl( ), Vre {13RHF}},
(3.34)

is the algebraic counterpart of the set Xgur () (1; vFAZ1 (1)) defined in (3.23). No-
tice that in (3.34), we used that {¢7(u)},eqirury and {97 () }seq1.sury are nodal
basis functions associated with the same set of nodes which are the collocation
nodes. The convergence criterion for (3.32) is still (3.19) using the reconstructed

functions. We denote the converged solution to the problem (3.32) as the triple
HF HF
(Uew (1), A2 (1), AL (1)) € RN X RET 5 X Zuww (1 7 AL, (1)
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3.3 Model reduction

In this section, we derive the RB method for the contact problem with friction.

3.3.1 Geometric mapping

We recall that the dimensions NP, RHF and SHF of the finite-dimensional spaces
V(un), W(u) and X (u) are parameter-independent. This is important since, in order to
compress the spaces generated by the snapshots, it is necessary that all the snapshots
live in the same space. For this purpose, since the geometry is parameter-dependent, we
use a parameter-independent reference domain Q). We assume that for all i € D, there
is a smooth invertible geometric mapping h(u) : Q — Q(p). We denote by [ =90 the
boundary of Q, and we assume that it can be partitioned as [ =TPUTNUT® in such
a way that, for all y € D,

[P = h (W) (TP (), TN = h ()TN (), TC=h (W) (1), (3.35)
with hg(p) == h(,u)lfD, hn(p) = h(M)@v and h.(p) == h(,u)‘fc. Then, the mesh of Q(u)

is generated by generating a mesh of Q matching the partition of the boundary I and
applying the mapping h(u) to the mesh of the reference domain Q. We use P, finite
elements for the primal space V(u) and scalar-valued or R *-valued P; finite elements
for the dual spaces W(u) and X (u), respectively. The collocation nodes C™¥ (p) :=

{es(1)}seqrsury C I(p) are generated from a set of nodes ¢ = {€}seqrsury C I
by setting c,(u) := h(p)(é) for all s € {1:SH} and all 4 € D. We recall that the
collocation nodes in C™F (1) are the ones associated with the finite element shape
functions ¥ (p).

3.3.2 Naive approach

The aim of this section is to present a naive reduced-order model relying on a plain RB
approach and to highlight the problems raised by such a formulation. These problems
will be circumvented in the next section, eventually leading to a computationally effective
reduced-order model. As we shall see, the major difficulty comes from the approach
used in order to implement the friction condition at the level of the reduced-order
model.

To build the RB, the starting point is to compute (in the offline phase) a family

n T HF HF HF
[(Ueitn), A (1), AT (1) bpegiomy © RY™ X REY xRS, (3.36)

of HF solutions to (3.32) by using a training subset Dirain := {itp}pefr.py C D of
cardinality P € N*. Using the Proper Orthogonal Decomposition (POD) [54, 69] based
on the inner product of H(€;RY) (resp. L2(I'°; R4"1)) and the geometric mapping h(u),
one can then construct an orthonormal family {Z,},eq1.vy C RV " (resp. {¥T}ecqisy C
RS™) of N € N* (resp. S € N*), N < P (resp. S < P), vectors. Let us denote by Vy
(resp. XZ) the reduced primal (resp. tangential dual) space generated by the family

{En}ne{l:N} (l"esp- {‘r;—}se{LS}); ?:.6.,
VN = Spa’n({an}ne{l:N}) C RNHF, Xg = Span({'r;}se{hg}) C RS

HF

(3.37)
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Moreover, using the modified Cone Projected Greedy (mCPG) algorithm [12, 84] based
on the inner product of Lz(fc; R) and the geometric mapping h(u), one can construct
a family {Y7}rcqir) C REHF of R € N* vectors with nonnegative components. Let us
denote by Wg the reduced dual cone generated by the family {Y7'},c1.ry, d.¢.,

Wp = Span™ ({T;’}}TG{LR}) C REHF. (3.38)

In general, the primal reduced space Vi needs to be enriched to ensure that the reduced
problem satisfies an inf-sup stability condition. We stabilize the RB problem using
the Projected Greedy Algorithm (PGA) algorithm introduced in [84]. Specifically, we
enrich the reduced primal space Viy according to the reduced dual space W5 x XZ by
computing suitable supremizers using the bilinear form b(yu;-,-) : V(u) x Y(u) — R
defined as

b(p; v,m) = b"(;0,0") + 0" (s v,m7), VYo e V), n:=0"n") € Y(u), (3.39)

with Y (1) :== W(u) x X(u). For simplicity, in what follows, we still refer to Viy as the
enriched reduced primal space.

In algebraic form, the RB formulation of the sequence of HF problems (3.32)
reads as follows: For all k& > 0, find (Un41(p), A%y (1), AT i1 (1) € RY x R x
X;cHF(#)(,u; vrA p1(p)) such that

AN (U1 (1) + B (1) N (1) + B (1) AG (1) = Fiv(n),
ARt (1) = Hgr (AR (1) = p(Bi y (1)U 1 (1) = G(1))), (3.40)

Ag,kﬂ(ﬂ) =1y (u;yngk+l(u))(Ag,k(N) - pBg,N(M)UN,kH(M))a

;CHF(M)
where
An(p) = ZTA(w)Z,  Fn(p) = Z"F(p), (3.41a)
By (1) = Q" B (1) Z, G(n) := Q" G™(), (3.41b)
Bin(p) = Q7' B (1)Z, (3.41¢)

with Z € RV*N Qn ¢ RR™ xR and Q7 € RS™ %S defined as

Z =2 By|, QUi=[TP-TE[, Q= |YT---7F, (3.42)
and
X T e (1A n (1) = {© € R | [(QTO)|| < vr(Q AR joss (1)), Vr € {LRMH.
(3.43)

Let us point out that, by construction, we have (Q"H)" > 0 for all r € {1:R"F} and
all H € RE. The convergence criterion for (3.40) is still (3.19) using reconstructed
functions (see Remark 3.3.1 for more details). Notice also that the friction condition is
imposed on the same collocation nodes as in the HF model, namely C"* ().

At this stage, the model reduction procedure basically consists of the following two
stages:
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— Offline stage

1. Select a training subset Diyain := {Mp}pe{]_:P} cD.

2. Compute the snapshots {Usy(ttp), Ag, (), AL, (4p) }pefr:ry C RV REHF X
RS™ by solving (3.32).
3. Compute the reduced spaces Vi, Wg and X7 by using POD and mCPG on

snapshots.

4. Stabilize the RB problem: enrich Viy by using the PGA.
— Online stage: For any p € D \ Dirain,

1. Compute Ay (i), Fn(p), Bi y(1), BE n(1t) and G (i) by using (3.41).
2. Loop on k£ > 0,

(a) Solve (3.40).
(b) Check convergence; if not, set k <— k + 1 and go back to (2a).

It is crucial to derive a reduced problem that is independent of the high-fidelity
dimensions N, RYF and SMF in order to obtain an inexpensive online stage. This
condition is not yet satisfied with the current formalism. There are indeed two issues: on
the one hand, the manipulation of large-dimensional arrays in (3.41), and on the other
hand the use of a HF set of collocation nodes in (3.43). We propose in Section 3.3.3 a
procedure to overcome these two issues in order to construct a computationally efficient
RB model.

Remark 3.3.1 (Reconstructed functions). Let us introduce the following reconstructed
functions:

En(p) = Y Enpi(n) €V(n), Vne{L:N}, (3.44a)
ie{LLNHF}

Xr(w) = > TPrMup) e W(p), Vre{l:R}, (3.44b)
ie{1:RHF}

XI() = D> YT (p) € X(p), Vse {15} (3.44c)
ie{1:SHF}

With this notation, solving the RB problem (3.40) in algebraic form leads to the
following reconstructed solutions:

uni(p) = Y. uip(Wéa(n) € V(). Uni(p) = (uh(1))nepny € RY, (3.45a)

ne{l:N}

Ba) = Y NERGOXIG) € WO, ARa(i) i= (Ngh()requmy €RE, (3.45D)
re{l:R}

)= Y NROXI () € X0, AT(n) = (AGH))errsy € RS, (3450)
se{1:S}

Notice that A% (1) € W™(p) and X, (1) € Xur ) (13 vEAR 1 (1))-
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3.3.3 Computationally efficient reduced-basis model

In this section, we describe the strategies to overcome the two obstacles mentioned above.
The first ingredient, detailed in Section 3.3.3.1, consists in introducing appropriate affine
decompositions of the parameter-dependent operators involved in the problem (3.40)
by using the Empirical Interpolation Method (EIM) [10, 75]. The second ingredient,
detailed in Section 3.3.3.2, consists in selecting an appropriate subset of collocation
nodes in C" (1) on which the friction condition is enforced. This subset is selected by
means of a greedy algorithm which is close in spirit to the cutting-plane algorithm [63].

3.3.3.1 Affine decompositions

To avoid the manipulation of large-dimensional arrays in (3.40), we need to separate
the dependence on p from the dependence on the indices in the arrays (matrices and
vectors). This operation is performed during the offline stage. To this purpose, using
the EIM, we obtain the following approximations (see (3.33) for the definition of the
left-hand sides):

Ap) = E%(p) == al(w)d;, A e RN () R, (3.46a)
je{1:Je}

B™(p) ~ E™(p) ::] Yo a™(uBr, B e RRTUNT o™y e R, (3.46Db)
je{1:Jnb}

B (p) ~ E™(p) = ] Y a(w)BI, BT eRTTVNT aT(u) eR, (3.46¢)
je{1:Jmb}

Fpu)~ Ef(p):= > a F; e RV ozf(,u) €R, (3.46d)
je{1:Jf}

GM(p) ~ E™(u):= > o (n)G?, GT eRRY, a(p) €R, (3.46¢)
je{L:Jno}

where the large-dimensional arrays A;, Bf', B}, I; and G are now independent of
the parameter u, whereas the functions a9, oz;‘b, a7l af and a}? only depend on .
To build the large-dimensional arrays A;, B}, BT, F; and G}, we use the training set
Derain (a different (possibly richer) training set can be used). We introduce the index
subscts (1.1t € QNT) ¢ (BT, (G ) gumy € (L)
{LNTTY, {(n] )}]6{1 gy C {LSHT} x {LNHFY, {m Vieqary € {LNT} and
{m} jeqiianay C {1 RHEY of cardinality J2, J™, J™ J/ and J™, respectively, corre-
sponding to the indices selected by the EIM for the approxnnatlon of A(p), B™(w),
B™ (), F(u) and G™(p). Then, the functions of, af’, o, af and o7 are such that,

for all y € Dirain,

(B (0)gmg = (AW@gmg. Vi € {17), (3.472)
(E™ (1)), nnbmnb = (BTL(M))n;’bm?b’ vj e {1:J"}, (3.47b)
(B™ ) o = (B V3 € (1T, (3.470

(B (1)) = (F(1),.1 vj e {17}, (3.47d)

(E™(0) s = (G ())e, ¥ € {1179, (347
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In the online phase, for every new value of the parameter p € D\ Diyain, these functions
are approximated by the functions a? , a™, o, o/, and a9, solving the following

on?’ on? aon’ on? on?
linear systems:

"ag () = T). T = ((A)wgms) oy € R (3.48a)
nb_nb __mb nb o n Jnb
ol (1) = T™ (), () = ((B™ (gt ) 1oy . (3.480)
Tb _ m1b Tb _ T JTb
Q) = T™(w). T™(w) = ((B™(1)agimrt)y. e , (3.48¢)
!
Qady) =T (). T/ (w) = ((F@)s) . ry €R” (3.484)
Qe () =T (), T"(p) = ((G" (1)) oy ERT™ (3.480)
where the vector-valued functions a2 , o™, a7t a£n7j, and ap? are such that
O (12) = (G 3(1))je 10y € R, (3.49a)
n n nb
Ovgn (12) 1= (g (1)) jeqrgmny € R™™, (3.49b)
T T b
g (1) = (g (1)) jequgmy € R™ (3.49¢)
!
ad (1) = (ada5(1))jeqiny € R‘] , (3.49d)
ogd (1) = (a5 (1))jeqrimay € R (3.49¢)

The parameter-independent interpolation matrices Q* € R7**/" Qnt e R/™*J™

Q™ e R7I™ Qf € RV and Q9 € R7™>™ are such that
(Q%)ij == (Aj)neme, Vi, j € {1:J"}, )

(Q™)ij = (B )ymoyupe, Vi, j € {1:J™}, )

(Q’% (B )n;bmgm Vi, j € {107}, (3.50¢)
)ij = ( )

)ij = ( )

Y

(@QF)ij = (F)), s Vi, j € {1:J7}, (3.50d

(Q™); G?) mn Vi, j € {1:J™}. (3.50e
By construction, these matrices are lower-triangular with unit diagonal. Consequently,
these matrices are invertible and their inverse can be easily computed once and for

all during the offline phase. Combining (3.41) with (3.46), we obtain the following
approximate decompositions:

An(p) = = Y ol (AN, Ay =2Z"A;Z e RN (351a)
je{1:Je}

Bg n(1) & ngN(M) = Z agrl:,j (N)BE,N,jv Bi ;= QRTB?Z € R, (3.51b)
je{1:Jmb}

Bg,N(N) ~ E?N(M) = Z O‘Zfi,j(ﬂ)Bg,N,ja BE,N,J' = QTTB;Z € RSXN, (3.51c)
je{1:J7b}

Fy(p) = = Y ali(u)Fny, Fy;=Z"F; eR"Y, (3.51d)
je{1:Jf}

Grp) ~ Ep(n):= Y alli(m)Ga,, n= QAT ERY, (35le)

je{tima)
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where the parameter-independent, small-dimensional arrays Ay ;, B v, BSn . Fivj
and GY% ; can be computed once and for all during the offline phase. Finally, using
the approximations from (3.51) in (3.40) (for simplicity, we keep the same notation
for the unknowns Uy py1(pt), AR gyi(p) and AG,,, (1)), we consider the following
sequence of problems: For all k > 0, find (U jq1(p), A% g1 (1), AGpi1 (1) € RV x

RE X X onr () (115 VFAF iy (1)) such that

a T T n T T T
BN (1) Un g (1) + ER?N(:“) A (1) + ES,bN(,u) AG (1) = EJ{f(/U?

A%t (1) = T (AR (1) — p(ER N (1) Unia (1) — R (1)), (3.52)
AG i (p) = HX;cHFW(H;VngkH(H))(Ag,k(ﬂ) - PEE,I)N(N)UN,HI(M))-

The convergence criterion for (3.52) is still (3.19) using the reconstructed functions.
At this stage, the only remaining dependence of the problem (3.52) on the HF
dimensions results from the dependence of X;,CHF w (5 VAR gy 1 (1)) on S§F = RHF as

a consequence of using the set of HF collocation nodes C™*(11). We now address this
issue.

3.3.3.2 Selection of the collocation nodes

In order to overcome the dependence of the RB model on the cardinality of the HF
collocation nodes, we need to construct a subset of collocation nodes that has small
enough cardinality and at the same time is representative enough so that the tangential
constraints are accurately satisfied in the RB model. This operation is performed during
the offline stage.

Here, we propose to construct, in a progressive way, a subset of CHF(,LL) by means

of a greedy algorithm. Consistently with the approach from Section 3.3.1, this subset
' SHF . . .
is generated from a subset of C using the geometric mapping h(u). How to do this
is described below. At this stage, it suffices to know that the proposed algorithm
is iterative. Thus, at each iteration ¢ > 0, a subset of reference collocation nodes

C(q) C ¢ composed of S, collocation nodes {€, }jeq1.5,} is constructed, with the
notation j : {1:5,} — s; € {1:S}F}. Using the geometric mapping h(u), we then set

C(1.q) := h(1)(C(g)) €™ (). (3.53)

Let us first present the RB model with the reduced set of collocation nodes C(, q).
We define

Xy (11 VAR (1)) 1= {© € R | [(Q7O) || < vr(Q" Ay (1)), V5 € {1:5,3).
(3.54)

Notice that Xg o, . (14; +) is actually a superset of the set X7 CHF (1) (; +) defined in (3.43).

Using this superset in (3.52) leads to the following sequence of problems: For all k& > 0,
find (Ul(if,k:-fl (), A%,?c-f-l (),
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AGia(p) € RY xR x Xg,C(u,q)w; vrAR4 () such that

a n T T AT,
EN(M)U]qV,k+1(/vL)+ER?N( ) ARL(1) + S () Agi (1) :Ezj;(,u),
ATk (1) = T (AR (1) — p(ERly (1 )UNk-i-l( ) = ER (1)), (3.55)
Ak () = HXEC( o BT (1) ) (AGH (1) = PEEN (1)U gt (1)

The convergence criterion for (3.55) is still (3.19) using the reconstructed functions. We
denote the converged solution to the problem (3.55) as the triple (Uy; ., (1), AR5, (1),
AGe (1) € RY X RY X X7 (.0 (1 vrAR L, (1)) and the associated reconstructed solu-
tion (see Remark 3.3.1) as the triple (u} ., (1), Agt, (1), AGe (1)) € V(1) x W™ () x
Xg(,u,q) (M? V-F)\%,CV (,LL))

To construct the reduced subset of collocation nodes, we design a so-called Greedy
Collocation Nodes Selection (GCNS) algorithm that, given the training subset Dyyain C

_HF
D, the set of reference HF collocation nodes C , the primal reduced space Vy, the

dual reduced cone Wy, and the dual reduced space X, returns a subset C (q) C C
of S, reference collocation nodes such that the relative error

AT A c
mnax || cv( ) ch( ) r'e(p) (356)
#EDrrain ||ACV( ) I'e(p)

is as small as possible. Our numerical results presented in Section 3.4 indicate that

C(q) has indeed a smaller cardinality than ¢"" and that the tangential constraints
are satisfied for all the collocation nodes in C''*(u1) with a satisfactory tolerance. The
GCNS algorithm is described in Algorithm 3 and involves the following two main steps
at iteration g > 0:

» seek the parameter pi; € Dirain for which the constraints are most violated
by solving the problem (3.55) with the subset of collocation nodes C(u,q) :=

h()(C(g)) (line 4).

« seek the reference collocation nodes {€;},.5 o(y defining the collocation nodes of

C"(11,) at which the constraint is most Vlolated (line 5).
Notice that by construction, the error egeys(q) is such that egens(q) == H{l(i)n} ecens (7).
re0:q

In conclusion, for all i € D, we define the subset C(u, q) from C(q) using (3.53)
with
C(q) 1= GONS(Dirain, C , Viv, Wi, X75). (3.57)

Remark 3.3.2 (First step). In the first step of the GCNS algorithm, the problem (3.55)
is solved with no friction constraints since C (0) = (. This means that the tangential
efforts do not have to respect any a priori upper bound. Equivalently, one solves a
Tresca frictional contact problem by formally setting s = +o0.

Remark 3.3.3 (Stopping criterion). There is no guarantee that the GCNS algorithm will
reach a fixed tolerance. Therefore, the algorithm is run as long as egeys(gq) decreases
and then stops.
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Algorithm 3 GCNS: Greedy Collocation Node Selection
GCNS(Dtrainu av VN7 Wga XE)

Require: Diyqin C D : training subset

Vy C RV primal reduced space

W2 c RF™ . dual reduced cone

X7 c RS™ . dual reduced space

Ensure: 6&]) . subset of C
1 q:=0; C(0):=0; Q(0) :=10
2: while (¢ < 1) or (eeens(q) < ecans(¢ — 1)) do

3:  Solve (3.55) for all p € Dyyain using Viy, W7, and X%
g € argmax |[INGE ()| — vNRL ()]

5 O(g) = argmax  [(INGZ ()|l — vrARe (1g) ) (A1) (64))]

6:  eqans(q) :== max

1,9)°

1E€Derain Hpo (€M ()

se{1:SHF 1\ Q(q) +

AT, (1) -A5L (0)e )
B T n Wl

. Cg+1):=C(q) U{c},q
8 Qg+1):=09(q)UQ(q)

9: qg=q+1

10: end while
11: return C(q)

3.3.3.3 An efficient reduced-basis algorithm

Combining the affine decomposition (Section 3.3.3.1) and the GCNS algorithm (Sec-
tion 3.3.3.2), we obtain a computationally efficient RB procedure organized as follows:

— Offline stage

1.
2.

Select a training subset Dirain := {ftp}peqr:py C D.
Compute the HF snapshots {Uc(1tp), A% (1tp), AL, (1p) }pefipy C RV
REHF x RS™ by solving (3.32).

Compute the reduced spaces Vy, W5 and XZ by using POD and mCPG on
the snapshots.

Stabilize the RB problem: enrich Vy by using the PGA.

5. Compute the high-dimensional arrays A;, B}, Bf, F; and G by using the

EIM.

6. Invert the interpolation matrices Q¢, Q™, Q™°, Q7 and Q™ defined in (3.50).

7. Compute the small-dimensional arrays Ay ;, By v, By Finv; and G ;

by using (3.51).

Compute the reduced subset of collocation nodes C (q) by using the GCNS
algorithm.

— Online stage: For any p € D \ Dirain,
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1. Evaluate T%(u), T™(n), T7%(p), T7 (1) and T™(u) and compute o, (i),

on,j
art (w), azb (1), aly;(n) and afd;(u) by using (3.48).

2. Evaluate Ef (1), ERty (1), E5y (1), BX (1) and E (1) by using (3.51).
3. Loop on k£ > 0,

(a) Solve (3.55).
(b) Check convergence; if not, set k <— k + 1 and go back to (3a).

3.4 Numerical results

In this section, we present numerical results showcasing the accuracy and the robustness
of the proposed RB method to solve contact problem with friction.

3.4.1 Hertz contact between two half-disks

We consider the frictional Hertz contact problem between two half-disks as represented
in Figure 3.1. The upper half-disk occupies the deformable domain Q;(u) C R? of
parametric radius

Ry = p € D= 0.7,1.3|(m), (3.58)

and the lower half-disk the rigid domain 9y C R? of fixed radius R, := Im. The initial
gap between the two half-disks is equal to vy > 0. We impose a displacement of —d on
[ (1) of () with d > 7. The initial gap o and the imposed displacement d are,
respectively, set to v := 0.001lm and d := 0.09m. This latter value, which is less than
10% of the maximum value of R; allows us to remain within the validity of the small
deformation assumption. Since € is rigid and fixed, we only mesh the domain € (x) and
set Q(u) := Q1(u) to build the HF spaces. The material parameters are F := 15Pa for
the Young modulus and v := 0.35 for the Poisson coefficient. The friction coefficient vz
is set to vz := 0.2. The training set is chosen as Diyain := {0.7 +0.015,0 <1 < 60}(m)
(altogether 61 points), and the validation set Dya114 is generated by choosing 30 elements
in D randomly with a uniform distribution.

We consider the reference domain €, := 21(1) and introduce the geometric mapping
ha(p) : Q1 — Qi () defined as hy(p)(z) := pa, for all & € €y, with the origin located
at the center of Q;. We use a mesh composed of 704 nodes with 101 nodes on the
potential contact manifold ¢ which is the part of the half-circle of angle 6 € [—52, 3]
with respect to the horizontal axis. For all ;1 € D, we use P, finite elements for the
primal space V(1) and P; finite elements for the dual spaces W(u) and X (u). Thus,
we have N := 5350 primal and R™ = SHF := 101 dual degrees of freedom. We

equip the space V(u) with the norm || - ||y, defined as follows:

/\2 2
][ = (H’UH%%Q(;L)) + ¢ ||V’U||%2(Q(#))> , Vv eV(u), (3.59)

where the characteristic length 7 is the radius of Q; and is introduced for dimensional
consistency.
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Y% (1)

Y0

bot
FQ

Figure 3.1 — Hertz test case: Configuration.

Figure 3.2 displays the reference configuration of Q;(u) for = 0.7m (left panel)
and the deformed configuration resulting from the HF displacement field w(u) (right
panel). We can see that we use a symmetric mesh. This is important because it allows
us to guarantee the symmetry of the HF snapshots. Indeed, if the snapshots are not
symmetric, the resulting POD modes will not be either. Consequently, the reduced
model looses this symmetry property, leading to reduced solutions of poorer quality.
Moreover, we have discretized a complete half-disk instead of a quarter-disk only to
avoid difficulties when enforcing the symmetry condition at the lowest point of € (u).

Figure 3.2 — Hertz test case: Configurations for p = 0.7m. Left: reference; Right:
deformed.

Figure 3.3 displays the normal Lagrange multiplier A™(x) (Column 1), the tangential
Lagrange multiplier A7 () (Column 2) and the superposition of vz|A"(u)| and [|AT(u)]|
(Column 3) as a function of the abscissa along I'(u) for p = 0.7m (Row 1), p = 1m
(Row 2), and p = 1.3m (Row 3). We notice some slight oscillations on A" () around
the center of the contact boundary where the tangential displacement vanishes. For
the tangential Lagrange multiplier, no oscillations are observed. The subfigures in
Column 3 show that the Coulomb friction law is well satisfied for all parameters
p € {0.7,1.0, 13} (m).

Let us consider the POD and mCPG projection errors ey, (N), exope(R) and epgy (S)
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Figure 3.3 — Hertz test case: Lagrange multipliers. Row 1: px = 0.7m. Row 2:
p=1m. Row 3 p = 1.3m. Column 1: A"(u)(Pa). Column 2: A7(u)(Pa). Column 3:
vr|[A™(w)|(Pa) and [| A7 (u)]|(Pa).

defined as follows:

N|=

( > ||(IRNHF—HVN)<UCV<M>>||3W)

2 S Dtrain

epp(N) == : (3.60a)

2
( > ||Ucv<u>uavu)
MEDtrain

max || (Igane — Tyn ) (A2, (1)) fwn

A" MGDtrain
R) = 3.60b
Crrl 1) ] (3000
2 train
3
( EDZ H(lRSHF _ng)(AZv(N))HavAT)
T 1% train
epon(S) = T ; (3.60c)
( > ||sz(u>||3vv)
MEDtrain

where W*, W and WA" denote the Gram matrices associated with the inner product
of H'(Qy;RY), L2(T$;R) and L2(T$;R% 1), respectively. Figure 3.4 shows the POD
and mCPG projection errors e (N) (Column 1), eXepe(R) (Column 2) and ey (S)
(Column 3) for the displacement, the normal Lagrange multiplier and the tangential
Lagrange multiplier as a function of the number of vectors composing the reduced bases.
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In all cases, the projection errors decrease sufficiently fast so that the sets generated by
the primal and dual snapshots can be approximated by small-dimensional linear spaces.
We observe a fast decrease of the POD error epy,(N) for the first 20 modes before a
somewhat slower decrease takes over at error levels between 107° and 1077, For the
mCPG error ejepe(R), we globally observe a uniform decrease down to 107 followed
by a swifter decrease and some small oscillations toward the end. For the POD error
epop(:S), we observe an almost uniform decrease for the first 32 modes with error values
from 1 down to 107°, before observing a significant drop of the error at about S = 30

before a stagnation of the error between 10~% and 107°.

10° —— POD 10° —— mcPG 100 —— POD

Figure 3.4 — Hertz test case: Projection errors for the POD and mCPG algorithm for
tt € Dirain. Column 1: el (N). Column 2: epppe(R). Column 3: epgy(S).

To assess our RB procedure, we consider the tolerance triple (6%, 62ope, Oagp) =
(1075,1073,107%), leading to the dimensions N = 30, R = 20 and S = 20 for Vy, W2
and X7, respectively. Notice that the tolerances e and 63, are chosen to deliver
the same reduced dimensions (R = S) for the normal and tangential components of
the Lagrange multiplier. This choice was made only to stay in the spirit of the HF
model, where R"F = S"F With these reduced dimensions, we are in the case where
N < R+ S which means that, the bilinear form b(y; -, -) defined in (3.39) is not inf-sup
stable. To stabilize the RB model, we use the PGA algorithm introduced in [84] with

a tolerance dpgy := inf Bur(w) 0.072, so that the stability condition established
1EDxrain cur (1)

in [84, Prop 3.1] is fulfilled. Notice that fur(p) and cup(p) refer to the boundedness
and inf-sup stability coefficients of the bilinear form b(y; -, -) with respect to the HF pair
(V(u), Yy (,u)) Figure 3.5 shows the evolution of By,, the minimum over all parameter
values in Dy,.i, of the RB inf-sup constant as a function of the number of iterations
of the PGA algorithm. We notice that with the choice made above for dpg, the PGA
algorithm converges in R+ S iterations. For the first ten iterations, the inf-sup constant
remains equal to zero for all 4 € Dirain confirming the necessity to stabilize the RB
model. The dimension of the stabilized reduced primal space is equal to N = 70,
meaning that in total n = 40 (R + S) supremizers have been added to V.

For the EIM approximation, we fix a tolerance dgm := 1073 to bound the errors
resulting from (3.46). With this choice, we obtain J™ = J™ = 41. Notice that in the
present test case, we do not need to perform an EIM decomposition on the operators
A(p), F(u) and G™(p). Indeed, the stiffness matrix A(p) and the gap vector G™(u) are
already linearly dependent on p, whereas the vector F'(u) is null since we only use an
imposed displacement for the load. Figure 3.6 shows the EIM interpolation error for
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PGA iterations

Figure 3.5 — Hertz test case: Stabilization using the PGA algorithm.

the matrix B™(u) (Row 1) and the matrix B™(u) (Row 2), i.e., we plot

max || B™ (i) — Enb(ﬂ)HE‘”(ij)
nb nb peDy
egmu(J™) = n ) (3.61a)
max [ B™ (1) le== (i)

T R 02 oo (s
max |57 (1) = E7(1)lleig

b Tb
egm(J7) = - ; (3.61b)
max | B7 () e i
where for a generic matrix M e RV xR
| M || g 5y := max | M, (3.62)

(4,5) E{ LNHF } x {1.RHF}

and with D, either equal to Dirain Or to Dyariq. We consider two different training
sets to build the EIM approximation, the first with cardinality 61 and the second with
cardinality 150. Considering the first training set (the left column in Figure 3.6), we
observe that both errors decrease fast enough to allow accurate approximations even
if we observe a stagnation of the error at around 1072 after a few iterations. This
reflects the fact that the dependencies on p and on the indices of the matrices B™(u)
and BT (u) are particularly hard to separate. Moreover, we observe almost the same
behaviour for the error on both matrices. This can be explained by the fact that both
matrices exhibit the a similar py-dependence since the same finite element is used for
the normal and tangential components of the Lagrange multiplier. We also observe
that we obtain errors on the validation set that are close to, and slightly higher than,
those obtained on the training set. This confirms that the approximation obtained with
the EIM is of good quality globally over the whole parametric domain. Considering the
second training set to build the EIM approximation (the right column in Figure (3.6)),
we observe that for the first 60 iterations of the EIM, the errors on B™(u) and B7 ()
have a behaviour similar to the ones observed for the first training set. Afterwards,
theses errors further decrease down to 107°. As for the first training set, the errors
on the validation set are close to, and slightly higher than those on the training set.
Altogether, comparing the left and right columns in Figure (3.6), we can see that even



62 Chapter 3. Model reduction for frictional contact problems

if we take a training set at least twice as rich, we do not gain much in terms of accuracy
on the EIM approximation. This confirms the difficulty to separate the dependence on
p from the dependence on the indices of the matrices B™(u) and B7 ().

100 4 —— EIM-VALID 10° —— EIM-VALID
—— EIM-TRAIN —— EIM-TRAIN

10-14

error

10721

10734

0 10 20 30 40 50 60 0 20 40 60 80 100 120 140

(a) €EIM(an) |Dtrain| = 61. (b) eEIM(an> Dtrain| = 150.

100 4 —— EIM-VALID 10° —=— EIM-VALID
—— EIM-TRAIN —— EIM-TRAIN

10-14

error

10724

1073

0 10 20 30 40 50 60 0 20 40 60 80 100 120 140
Jb g

(c) eEtu(J™), |Derain| = 61. (d) eEpu(J™), |Deratn| = 150.

Figure 3.6 — Hertz test case: EIM (*°-error as a function of the rank J™ or J™° of
the approximation. Row 1: e, (J™). Row2: eZ%(J™). Column 1: |Dipasn| = 61
Column 2: |Dirain| = 150.

For the selection of the collocation nodes, the GCNS algorithm stops at ¢ = 20
iterations with an error egeys(q) := 0.39. At this iteration, the algorithm has selected 40
collocation nodes over the 101 used by the HF model. Note that in this case, the number
of selected nodes is the double of the iteration number. Indeed, owing to the symmetry,
at each iteration, the GCNS algorithm chooses at least 2 collocation nodes, and no
more than two nodes are selected at each iteration of the GCNS algorithm. Figure 3.7
shows the actual location of the reference collocation nodes selected on the reference
potential contact manifold f"{ For the sake of clarity, we only display the nodes on
the right quarter-disk. To quantify the satisfaction of the tangential constraints at the
iteration ¢ of the GCNS algorithm, we introduce the error measure

IASE N = vXEE )] e e (3.63)

coans(q) == max
Figure 3.8 shows the evolution of the errors egeys(q) (see Algo. 3) (left panel) and egays(q)
(right panel) as a function of the number of iterations of the GCNS algorithm. The
stopping criterion is not applied to observe the complete behaviour of the algorithm
over all the collocation nodes. Thus, the GCNS algorithm only stops when S, = S§'*".
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Figure 3.7 — Hertz test case: Selected collocation nodes.

We can see that the algorithm stops after 23 iterations. Specifically, at iteration 23, the
algorithm chooses all the remaining collocation nodes. This means that the same error
on the tangential constraints is reached at all the collocation nodes which have not yet
been chosen. Moreover, we observe a clear decrease of the error egeys(q), until iteration
20 and then an increase of the error. This is consistent with the algorithm stopping
at 20 iterations when using the stopping criterion on the error decrease. For the error
ents(q), we observe a slow decrease before suddenly dropping to 1075 at iteration 20,
and then the error continues dropping until it reaches almost zero (107'3) at iteration 23
when all the collocation nodes have been selected. Thus, we can see that the tangential
constraints are respected with a satisfactory accuracy. Figure 3.9 displays the RB

—— GCNS L —— GCNS

error
error

Figure 3.8 — Hertz test case: Selection of the collocation nodes. Left: egeys(q) defined
in Algo. 3; Right: egqs(q) defined in (3.63).

tangential Lagrange multiplier )\ggv(,u) superposed with the HF tangential Lagrange
multiplier A7 (1) as a function of the abscissa along I'*(u) for p = 0.7m (Column 1),
= 1m (Column 2), and p = 1.3m (Column 3). We notice on the one hand that the
effective contact area is exactly determined by the RB model, and on the other hand
that the approximation is globally of satisfactory quality.

Table 3.1 provides a comparison of the computational cost in seconds between the
HF model and the RB model. We can see that the RB model built with the proposed
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Figure 3.9 — Hertz test case: RB and HF tangential Lagrange multipliers. Column 1:
1= 0.7m. Column 2: p = 1m. Column 3: = 1.3m.

procedure is about 13 times faster than the HF model. Generally, this gap increases
very significantly with the number of degrees of freedom. This makes the proposed
procedure very relevant for high-dimensional test cases.

(N, R, S) (30, 20, 20)
HF time(s) 450
RB time(s) 35

Table 3.1 — Hertz test case: Comparison of the computational cost between the HF
model and the RB model.



CHAPTER 4

A REDUCED BASIS METHOD FOR CONTACT
PROBLEMS FORMULATED WITH NITSCHE'S METHOD

Abstract

We develop an efficient reduced basis method for the contact problem with friction
formulated with Nitsche’s method under the small deformation assumption. The key
idea ensuring the computational efficiency of the method is to treat the nonlinearity
resulting from the contact conditions by means of the Empirical Interpolation Method.
The proposed method is applied to the Hertz contact problem between two half-disks
with parameter-dependent radius. We also highlight the benefits of the present approach
with respect to the mixed (primal-dual) formulation.
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4.1 Introduction

The reduced basis method (RBM) is a model reduction method. The goal is to reduce
the complexity of a parametrized model problem in computational studies where the
parameters vary. The idea is to replace the high fidelity (HF') space supposed to be of
very large dimension by a small-dimensional subspace called reduced space by sampling
the HF model. This allows one to organize the calculations in two phases. The first
phase, called offline, is the construction phase of the reduced model. For this purpose,
one considers a sample of the parameter space (assumed to be sufficiently representative)
for which expensive calculations are performed by solving the HF problem for each
parameter of the sample. The results of these calculations are then used to construct a
small-dimensional subspace of the HF space, and the reduced model is built by replacing
the HF space by the reduced subspace. The second phase, called online, is a phase in
which a large number of new values of the parameter are considered, for which accurate
approximations of the HF solution are calculated by using the reduced model. The
online phase is where substantial computational gains are achieved.

In this work, we are interested in the application of the RBM to the contact problem
formulated with Nitsche’s method. The problem of mechanical contact [62, 104] with or
without friction is present in many structural problems encountered in several industrial
fields. The variational formulation of this problem leads to a variational inequality
of the first or second kind depending on whether there is friction or not [41, 35].
There are different approaches to solve these variational inequalities. We can mention
mixed (primal-dual) methods [44, 64, 6] where Lagrange multipliers are introduced to
enforce the contact and friction conditions. In this case, the problem to be solved is a
saddle-point problem where one seeks a primal unknown (the displacement) and a dual
unknown (the contact forces). One of the difficulties with these methods is that they
require the contact operator to satisfy an inf-sup condition. In the literature, there
is already some work on model reduction for the frictionless contact problem in the
framework of a mixed formulation. For example, [55] derives model reduction methods
in the general framework of variational inequalities including the unilateral contact
problem. In [8], a projection-based method is proposed to reduce the contact problem
under small deformations. In [40], an application of the hyper-reduction technique is
presented for the contact problem under small deformations. We also mention [12]
where a new dual basis construction is proposed for the RBM applied to the unilateral
contact problem under large deformations. Finally, the recent work [84] proposes a
stable and efficient model reduction method for the unilateral contact problem.

In contrast to the mixed formulation approach, there are other methods to ap-
proximate the mechanical contact problem which are purely primal, 7.e., they do not
require the introduction of additional unknowns. These methods have the advantage
of leading to unconstrained minimization problems (thus easier to solve) but do not
guarantee that the contact and friction conditions are strictly satisfied. One exam-
ple are penalty methods [99]. Here, we focus on another primal approach based on
Nitsche’s method [85]. This method was originally introduced for the reformulation of
Dirichlet boundary conditions and extended in [27] to the frictionless contact problem
in the framework of the finite element method. The main characteristic of Nitsche’s
method is that it is consistent, in contrast to classical penalty methods. In the last few
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years, many contributions have been made to this approach. For example, in [24], the
method is extended to the case of contact with Tresca’s friction; in [29], symmetric
and nonsymmetric variants are presented; in [77], an extension to Coulomb’s friction
and large deformations is discussed; in [25], a nonconforming high-order discretization
is considered; in [28], existence results for the contact problem with Coulomb friction
are given in the context of static and dynamic finite element formulations. A state of
the art on recent advances on Nitsche’s method can be found in [26]. To the best of
our knowledge, there is no previous work on model reduction for the contact problem
formulated with Nitsche’s method.

In this paper, we propose to fill this gap. The main challenge is that the classical
RBM leads to an inefficient reduced model owing to the nonlinearity of Nitsche’s
formulation (even with small deformations). To overcome this problem, we propose a
combination of the RBM with the Empirical Interpolation Method (EIM) [10, 75]. The
realization of this idea is by no means straightforward since one needs to consider at
the same time the parameter value and the iteration counter in the nonlinear iterative
solver. The second important point addressed in this work is the comparison of the
present approach with the inf-sup stable mixed formulation in terms of accuracy and
efficiency. The two key advantages offered by Nitsche’s method are the handling of
unconstrained minimization problems and a higher effectiveness of the RBM since it is
well-known that the dual basis is particularly hard to compress.

The rest of this paper is organized as follows. In Section 4.2, we briefly recall
the unilateral contact problem with friction and its variational formulation under the
assumption of small deformations. In Section 4.3, we derive the formulation of this
problem using Nitsche’s method in a form suitable to the RBM. In Section 4.4, we
present our main result, namely the procedure for building the reduced model with
Nitsche’s method using the RBM and the EIM. In Section 4.5, we provide numerical
results showcasing the efficiency and the robustness of the proposed procedure and
comparing it to the mixed formulation. We consider as test case the Hertz contact
problem between two half-disks with parameter-dependent radius.

4.2 Model problems

Let D C R™, m € N* := N\ {0}, be the parameter domain. For all u € D, we consider
an elastic body whose reference configuration is the domain Q(u) C R?, with d € {2, 3}.
The boundary T'(i) := 9Q(p) is partitioned as I'(u) = TP(u) UTN(u) UT(u). The
body is clamped at the boundary I'° (1), free of traction at the boundary I'N(u), and
['*(1) denotes the potential contact boundary with a given rigid support. We denote by
n(u) the unit outward normal on T'(x) and by 7(p) := [7'1 () - -Td_l(,u)} € R™(@=1 an

orthonormal basis of the hyperplane orthogonal to (i) in R%. For simplicity, we just
write n and 7 whenever there is no ambiguity. The body in its reference configuration
is located at some distance from a rigid support and we denote by g(u) € L*(T°(u); Ry)
the corresponding gap function. An external load £(p) : Q(u) — R? is applied to the
body, and we assume to be in the case of small deformations. For a generic R%-valued
displacement field v, the R¥?-valued linearized strain tensor £(v) and the R%*¢-valued
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stress tensor o(v) are given by
1
e(v) = 5(Vv +Vu'), o(v):=Ce(v), (4.1)

with C the elastic coefficient tensor. At the boundary, we decompose the displacement
field, v, and the normal component of the stress tensor, o(v)n, in normal and tangential
components as follows:

V=v,n+ TV, (V)N =0p(v)n+ 10, (V), (4.2)

with v, € R, v, € R, 0,,(v) €R and o,,(v) € R* L
The frictionless contact problem (also called Signorini problem) consists in finding
the displacement field w () : Q(u) — R? satisfying, for all u € D,

—div(o(u(u))) =£€(p), nQu),  (4.3a)
0, onIP(u), (4.3b)
ou(p))n =0, onI'(u), (4.3¢)
0, onI“(w), (4.3d)
0, on I'(u). )

(
In the case of contact problems with friction, the condition (4.3e) on I'*(x) has to
be replaced by a condition depending on the considered friction law [64, 77]:

- Tresca conditions:

lonr(w(p)ll < s, if ur (1) =0,

Onr(u(p)) = _urlp)_ otherwise, (4.4)
I
where || - || denotes the Euclidean norm in R¢™! and s > 0 is a given threshold,

taken to be constant for simplicity (units in Pa).
- Coulomb conditions:

lonr (w(p))|| < vrlown(w(p))l, if ur (1) =0,

= —VUr|Onn(U M otherwise (45)
JnT(“’(lu)>_ .7:‘ nn( (M))'HUT(M)”a th )

where vz > 0 is a given nondimensional coefficient, taken to be constant for
simplicity.

The model problem consisting of equations (4.3a)-(4.3b)-(4.3¢)-(4.3d) and (4.4) (resp. (4.5))
is called Tresca (resp. Coulomb) frictional contact problem.

We introduce the finite-dimensional space V() and the admissible set /(1) such
that

V() € {v e H'(Qu);R") | v=0o0nT(u)}, (4.6a)
K(p) = {v € V(1) | vn < glp) on T(p) . (4.6b)
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We notice that KC(p) is a non-empty convex set. The space V(p) is typically built using
finite elements on a fine mesh of Q(u). The bilinear form a(u;-,-) : V() x V(u) = R
associated with the equilibrium equation (4.3a) in Q(u) is defined as

ap;u,v) == / o(w) : £(v) dQ(u), (4.7)

Q(p)

and the linear form f(u;-) : V(u) — R associated with the external load £(u) as

flw) = [ () - vdp). (43)
Qp)
The weak formulation of the Signorini contact problem (4.3) consists of solving the
following variational inequality of the first kind: For all u € D, find w(u) € KC(u) such
that

a(p;u(p), v —u(p) = f(v—up), YoeK(n). (4.9)

For all 1 € D, Stampacchia’s theorem [100] ensures that there is a unique solution
to (4.9) which is also the unique solution to the following constrained minimization
problem: Find u(u) € KC(p) such that

w(p) = argmin J (1; ), (4.10)
veEK (1)

where the energy functional J(u;-) : V(1) — R is defined as follows:

I (w5 v) = ;a(u;v,v) = [ v). (4.11)

In the case of the Tresca or Coulomb frictional contact problem, we need to consider
the friction functional F defined as follows:

frc(u) —sljv|| dU(p), (Tresca friction),

4.12
Jrey —VFlomn (W) ||z || dT' (1), (Coulomb friction). (4.12)

F(p;w,v) = {

This leads to the following variational inequality: For all 4 € D, find w(u) € IC(1) such
that

a(p; w(p), v —u(p)) + F(psu(p), v) = F(pu(u), u(p) = fpo —u(p), Vo (6471C3()uu)

4.3 Nitsche’s method

The main idea in the original Nitsche method [85] is the enforcement of Dirichlet
boundary conditions by means of a consistent penalty method. As shown in [27, 29, 26],
it is possible to generalize this idea to frictional contact problems. The main advantage
of Nitsche’s method is that the problem to be solved is unconstrained. Hence, in
contrast to the mixed formulation, one does not need any additional unknowns such as
Lagrange multipliers. Moreover, a higher effectivity of the RBM is expected since it is
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well-known that the dual basis is particularly hard to compress. The price to be paid,
though, is that the constraint is not exactly enforced.

To derive Nitsche’s method, we are going to assume that all the considered functions
are smooth enough so that the associated normal stress tensor can be defined pointwise
at the boundary. Recall that, for all u € D, the HF finite-dimensional space V(1)
in (4.6a) results from the finite element discretization of the Hilbert space H*(Q(u); R?).
Hence, the above assumption is indeed met.

4.3.1 Frictionless case

Following [31], the starting observation is that the Signorini conditions (4.3d) can be
equivalently reformulated as follows:

Tnn(w(1)) = |Onn(w()) =¥ (un() = 9(10))] (4.14)

where [z] = min (z, O) denotes the negative part of a generic real number z and where

v > 0 is a user-defined parameter (taken to be constant for simplicity). In practice, the
parameter v should be chosen large enough (see Section 4.5 for further discussion).

For all u € D, one introduces the energy functional JN*"(y;-) : V(u) — R such
that

JNitsche(lu;,U) . , |Unn | dF( )
1 12/ ) (4.15)
47 S s

recalling that the energy functional J is defined in (4.11). Nitsche’s method consists
in finding w(u) € V(u) solution to the following unconstrained minimization problem:
Find u(p) € V(p) such that

w(p) = argmin JV(u; v). (4.16)
veEV (1)

The first-order optimality condition associated with (4.16) reads

1
@) o)+ [ Py u(p)] Pro(usv) dD(p) = f(usv), Yo € V(p),
(4.17)
with the bilinear form af (y;-,-) : V(u) X V(1) — R defined as
1
al (s w,v) = a(p; u,v) — /FC(M) aann(u)a,m('v) dl'(p), Yu,v e V(u), (4.18)
and the operators P2, (1;-), Plo(p;-) : V() — L*(I'°(p)) defined as
Py (150) i= 0nn(v) = y(vn — g(1)), (4.19)
Plo(1;v) = opn(v) — YUn. (4.19b)

With this notation, we can rewrite the energy functional J™"¢(y;-) as

P () = Tpio) = 5 [ lom(@PdrG) 45 [ Z[Pr (o)) o)

2 Jre(uy) v w Y (4.20)
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The problem (4.17) is nonlinear. To solve it, we use an iterative method. Given
uo(p) € V(i) and a tolerance d,, € Ry, we look, for all £ > 0, for the solution w1 ()
in the form wg 1 (p) = wgp(p) + dug(p). Ideally, we seek dui (i) € V(u) such that

{aﬁ(u; ug(p) + duy(p), v)

+ /pc( ) l{ng(ﬂmk(ﬂ) + Sur())| Pro(pv)dl () = f(u;v), Yo € V(p).

w Y
(4.21)
However, since the problem (4.21) is nonlinear, it is expensive to solve it directly.
Therefore, we approximate the solution du(p) by linearizing the problem. In order
to do this, we observe that P7' (1; ug (i) + dur (1)) = P (15 ue (i) + P (p; dur(p))

and approximate the term [Pv’fg(p; wr(p) + éuk(u))} ~ as follows:
P2ty (s () + Swn ()]~ (P2 (s )]+ H (=Pt (s (10)) P (s Sun ().
(4.22)

where H(-) denotes the Heaviside function. Using this approximation in (4.21) (for
simplicity, we keep the same notation for the unknown dwy(u)), we consider the following
sequence of problems: For all k£ > 0, find du,(u) € V(i) such that

ay (p; 0wg(p), v) + 03 (s wp(p); Sup(p), v) = —rf (s ue(p);v), Vo € V(p), (4.23)

where
1
s wsw,w) = [ H (P () Po(s w) ol o) dT (), (4.24)
Y (s w;v) = af (s w, v) + 05 (1 w;v) — f(;v), (4.24b)
(4.24c¢)
with .
07 (s w,v) = [ oy 5 [Pralis )] Py 0) dr ) (4.25)

We iterate on k until the following convergence criterion is reached:

a1 (pe) = wrp) by 5.

< (4.26)
[ wrr1 (1) v

In what follows, we denote by k(1) € N* the number of iterations required to
solve (4.23) for all 4 € D. We denote the converged solution to the sequence of
problems (4.23) as uc, (1) € V().

To introduce the algebraic formulation, we assume that for all 4 € D, the HF
(finite-dimensional) space V(u) is such that

V(1) = Span({@n(i) }neginy )- (4.27)

Notice that the dimension N of V(u) is parameter-independent. We illustrate in
Section 4.4.1 how to accomplish this property. Furthermore, we adopt the following
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decompositions for the sequence of solutions to (4.23):

wp(p) = Y up(wea(n), Ui(p) = (up (11))nepramry € RV (4.282)
ne{l:NHF}

Sur() = > Sup(p)en(n), AU() = (5uf (1)) nepamry € RV (4.28b)
ne{l.NHF}

The algebraic formulation of the sequence of problems (4.23) then reads as follows: For
all k> 0, find AU(p) € RV such that

A () AUR(p) + B (1, wi (1)) AUR (1) = —R7 (1, wi (1), (4.29)

where for all n,m € {LNHF}
(AT (1)) mn == a (13 n (1), (1)), (4.30a)
(BY (1, w () )mn = 05 (5 wi(12); 0 (1), om (1)), (4.30p)

(R (1, i (1)) ) = 72 (15w (1) o (1)) (4.30c)

The convergence criterion for (4.29) is still (4.26) using the reconstructed functions
(see (4.28)). We denote the converged solution to the sequence of problems (4.29) as
U, (1) € RN™. Furthermore, let us denote by O (u, w) (resp. F(u)) the algebraic
representation of the operator 62 (u; w;-) (resp. f(u;-)) such that for all m € {LNTF},

(OF (1, w))m = O (113 w; (1)), (F(p))m = f (115 om (1)) (4.31)

With this notation, we have the following decomposition:

R (p, ui(p) := AT (1) Ug(p) + OF (1, wi(p)) — F(p). (4.32)

4.3.2 Friction case
4.3.2.1 Tresca friction

Let us first consider the Tresca frictional contact problem. We use the following
reformulation of the friction conditions given in [26]:

(1) = [Tnr (i) = yuur ()] (4.33)

S
where, for a positive real number r, the notation

2] = {w if ] < (4.34)

r H%H , otherwise,

defines the projection of & € R%~! onto the ball centered at the origin and of radius 7.
Let us introduce the operator P (y;-) : V() = L*(T°(p); R*™!) such that

P (p;v) i= 0pr (V) — Y0, (4.35)
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We start from the energy functional J¥*"(u;-) : V(u) — R defined as

A A 1 1
JNltsche ,’U — JNltsche ,IU _ = - o_nT v er
7o (s v) (u5v) = 5 rcme (v)[|7 dI'(w)
b5 [ AP @IPare) 5 [ @) - [P )] P )
= — v - = — v) — v .
2Jrew 7 P79 Jregn 70 T s :

(4.36)
Nitsche’s method consists in solving to the following unconstrained minimization
problem: Find u(u) € V(i) such that

u(p) = argmin JF"(u; v). (4.37)
veV(n)

Let us consider the functional J : R¥~! — R defined as follows:
1 2
J(@) = 3|l — =) |” (4.38)

One easily verifies that this functional is Gateaux-differentiable and that its differential
is given by DJ(x) = x — {az} for all € R¥!. Therefore, using the same approach as
for the frictionless contact prsoblem, we obtain the following Nitsche’s formulation for
the Tresca frictional contact problem: Find w(u) € V(i) such that

@) o)+ [ (PR (s uu))] PRy ) dD(p)
G (4.39)

+ /C(u) ql/{P,ﬂ,u; U(N))}SP;(M; v)dl(n) = f(;v), Yo € V(p),

where the bilinear form a27(y;-,-) : V() x V(1) — R is defined as

. 1
ay” (s w,v) = a(p; u, v) —/

e ;a(u)n co(v)ndl(u). (4.40)

The linearization of the problem (4.39) leads to the following sequence of problems: For
all k>0, find duy (1) € V(i) such that

(s B (1), 0) + B g1 s (0); S (1), 0) =~ (s wg (); w), Vo € V()

(4.41)
with
27 (15 w; w, v) = b (s w; w, v) + b7 (1 w; u, v), (4.42a)
T (s w;v) = al” (usw, v) + 07 (g w, v) + 607 (s w, v) — f(usv), (4.42b)
where
1
i wiuw) = [ (6P (prw) - P (prw) | P () dU(u), (443a)

i |[P7 (s w)] P (5 0) dT (1), (4.43D)
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and G,(+), the differential of [} , is given by

Gs(x) = la—1, if [|lzf| < s, (4.44)
s ﬁ(u_l _ %)7 otherwise,

with l;_; the identity matrix of order d — 1. The convergence criterion for (4.41) is
still (4.26). We denote the converged solution to the sequence of problems (4.41) as
Uey (1) € V(1)-

The algebraic formulation of the sequence of problems (4.41) reads as follows: For
all k> 0, find AU(1) € RV such that

AT () AU () + BYT (b, w (1)) AU (1) = —RYT (1, wi (), (4.45)
where for all n,m € {LNHTF}
(AZT (1)) = a7 (11 0 (1), Pm(t)), (4.46a)
(BT (1 wie () )mn = 057 (s wi (1) on (1), m (1)), (4.46D)
(BT (pty i () )m i = 757 (1w (p1); om (1) (4.46¢)

The convergence criterion for (4.45) is still (4.26) using the reconstructed functions.
We denote the converged solution to the sequence of problems (4.45) as Ug, (1) € RV "
Furthermore, let us denote by BT (u, w) (resp. ©7(u, w)) the algebraic representation
of the operator b7 (u; w; -, -) (resp. 07 (u; w;-)) such that for all n,m € {LNAF}

(BT (1 W) )i = b5 (15 w5 00 (1), o))y (O (1, W) 1= 07 (13 w; o). (4.47)

With this notation, we have the following decompositions:

BY7 (u, ur(p)) := B (1, wr(p)) + B (1, ur(p), (4.48a)
RIT (i, () = AL (1)U () 4 OF (i1, up (1)) + OF (1, ur () — F(p).  (4.48b)

4.3.2.2 Coulomb friction

Let us now consider the Coulomb frictional contact problem. We use the following
reformulation of the friction conditions given in [28]:

- = [, — oy, . 4.49
Tur () = |Tnr () = yur ()] (4.49)
Using the reformulation of the Signorini contact conditions given in (4.14), (4.49) can
be rewritten as follows:

Tnr (W) = [onr (w(1) — Yur (1) (4.50)

s (psu(p)’

where for a generic displacement field v € V(u), we have introduced the Tresca-like
threshold

sC(pu;v) == y;‘ [P;fg(,u;v)}_‘. (4.51)
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Then, Nitsche’s formulation for the Coulomb frictional contact problem reads as follows:
Find w(p) € V(1) such that

(), v) + [ [P ()] P2 v) dU ()
re(u) 7y (4.52)

* /Fc( : [P utw) oy Py 0) A0 () = f(piv), Vo € V(p).

w) Y 5 (psu(

The problem (4.52) is nonlinear. A possible way to solve it would be to do as for the

Tresca problem by linearizing the problem. However, there is an additional difficulty due

to the fact that the term {PW" (1 u(u))} () depends on the displacement in two ways,
s (psu(p

and the dependency through the threshold in the projection operator is particularly
delicate. As an alternative, we propose to solve the Coulomb frictional contact problem
by directly using the iterative scheme (4.41) designed for the Tresca frictional contact
problem where, at iteration k, we use the Tresca-like threshold sy, := s°(u; ug(n)). The
proposed iterative algorithm to solve (4.52) then leads to the following sequence of
problems: For all £ > 0, find duy(p) € V(i) such that

al™ (s Swg (1), v) + U0 (g5 wp(p); Sur (), v) = =127 (p; up(p);v), Vo € V(n),

(4.53)
with
VI (s wiw, v) = b (u;w; w, v) + 0 (1 w;u,v), (4.54a)
T (s w;v) = alT (g w, v) + 07 (s w;sv) + 07 (pwsv) — f(sv),  (4.54b)
where
< 1 T T T
07 iwi e v) = [ (G (P (i) - P () ) P (i) dT (). (4550)
T° 1 T . T(,,.
o Grwiw) = [ C[PIw)] P w) T (). (1.55D)

The convergence criterion for (4.53) is still (4.26). We denote the converged solution
to the sequence of problems (4.53) as uc, (1) € V(p).
The algebraic formulation of the sequence of problems (4.53) reads as follows: For

all k>0, find AU,(1) € RV such that

AZT (1) AU (1) + By (1, wi (1) AUR (1) = —RE™ (1, w(11)), (4.56)

where for all n,m € {LNH}

(A3 (1)) mn = a7 (1 ©u(), (), (4.57a)
(B2 (s g (1)) = U7 (115w (12); 0n (1), o (1)), (4.57D)
(R (py wr (1)) = 757 (5w (11); 0 (1)) (4.57¢)

The convergence criterion for (4.56) is still (4.26) using the reconstructed functions.
We denote the converged solution to the sequence of problems (4.56) as Ugy (1) € RV
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Furthermore, let us denote by BT (u,w) (resp. ©7 (u,w)) the algebraic representation
of the form b7 (u; w; -, -) (vesp. 67 (u; w;-)) such that for all n,m € {1},

(BT (ks W) = b7 (1305 0n (1), (1)), (O (s w))n = 07 (115 w5 o (11)).-
(4.58)
With this notation, we have the following decompositions:

B (1, () == B (p, wi (1)) + B (, wi(p)), (4.592)
R (p, wr () == A7 () U () + O7 (p, wi(p1)) + O7 (i, wie(p)) — F(p).  (4.59b)

Remark 4.3.1 (Energy). The formulation (4.52) is directly obtained from the weak
formulation of equations (4.3a)-(4.3b)-(4.3¢)-(4.3d) and (4.5), and not from an energy
minimization as for the Tresca frictional contact problem.

One can also solve the Coulomb frictional contact problem using a fixed-point
method on the Tresca frictional contact problem. For this purpose, we introduce the
mapping @(u;-) : V() — V(p) defined for all v € V() by requiring that ¢(u;v)
solves (4.52) with the threshold s°(u;v). With this definition, one can see that the
solution to (4.52) is a fixed-point of the mapping ¢(; ). It is shown in [28, Thm 4.3]
that, under certain conditions, the mapping ¢(y; -) is contractive so that (4.52) admits
a solution according to the Banach fixed-point theorem. The fixed-point algorithm to
solve (4.52) then reads as follows: Given u’(x) € V(i) and a tolerance 0", for all n € N,
find w" (1) € V() solution to (4.39) with the Tresca-like threshold s,, := s¢(u; u"(1)).
We iterate on n until the following convergence criterion is reached:

lu™ () = w"(W)lviw e

< ;. (4.60)
[ () [y
Let us introduce the following notation:
VT (15 25wy w, v) i= b (p;w;w,v) + 00 (145 2 w;u,v), (4.61a)
T (s Zw; v) = alT (s w, v) 4 05 (0 w;v) + 07 (15 2 w; ) — f(pv), (4.61Db)
with
Tct 1 T T T
b7 (ks 2w u,v) = FC(NW<Gsc(u;z)(1D7 (s w)) - PJ (/L;U))Pfy (5 v) dl' (1), (4.62a)
nT . i Lo . (-
T i) = P (w)] PT () dE(p). (4.62b)
It is important to observe that there is an additional argument z in the forms
b;”d (5 -5+, +) and r;”“(,u; +5+5+). Since w"™!(p) solves (4.39) with the Tresca-like

threshold s,,, u"™!(p) is computed as the limit u (1) obtained by solving the follow-

ing sequence of problems: For all k > 0, find du} "' (1) € V(u) such that

{G?T(u; Sui ! (1), v) + 007 (s ™ () wp (); Sui ™ (), v) (463)
= =0 (s u" () up T () v), Yo € V(p).
We iterate on k until the following convergence criterion is reached:
n+1 n+1
”UkL (1) —up™t (1) Iy < 6. (4.64)

iy (1) vy
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Thus, we obtain a nested loop for the Coulomb frictional contact problem: the super-
script n refers to the fixed-point iteration for the Coulomb problem and the subscript
k refers to the iteration of the underlying Tresca problem. The nested loop structure
makes this second approach more expensive than the iterative scheme (4.53). A way
to see (4.53) is actually to consider the nested algorithm (4.63) and perform only one
iteration in the underlying Tresca frictional contact problem. Our numerical experi-
ments indicate that the nested-loop approach is actually more robust than the iterative
scheme (4.53).

4.4 Reduced-basis formulation

In this section, we derive the RBM. We describe the problem in detail for the frictionless
contact problem, and briefly highlight the (simple) adaptations needed to account for
friction.

4.4.1 Geometric mapping

We recall that the dimension NHF of the HF (finite-dimensional) space V(u) is
parameter-independent. This is important since, in order to compress the space
generated by the snapshots, it is necessary that all the snapshots live in the same space.
For this purpose, since the geometry is parameter-dependent, we use a parameter-
independent reference domain Q. We assume that for all i € D, there is a smooth
invertible geometric mapping h(u) : Q— Q(u). We denote by [ := 9Q the boundary
of Q and we assume that it can be partitioned as [ =TPUTNUT® in such a way that,
for all up € D,

~

[P = b (W (TP (), TN o= ) (TN(w), T= h () (T(w),  (4.65)

with hg(p) == h(u)|fD, hn(p) = h(,u)lfN and h.(p) == h(u)‘fc. Then, the mesh of Q(u)

is generated by generating a mesh of Q matching the partition of the boundary T and
applying the mapping h(u) to the mesh of the reference domain . The finite element
basis functions are generated from the reference basis functions by using a pullback.

4.4.2 Naive approach

The goal of this section is to present the naive reduced model resulting from the
application of a plain RBM to the contact problem formulated with Nitsche’s method and
highlight the problem of computational inefficiency raised by such a formulation. This
problem will be circumvented in the next section eventually leading to a computationally
effective RBM. The major difficulty comes from the nonlinearity of Nitsche’s formulation.

To build the reduced basis (RB), the starting point is to compute (in the offline
phase) a family {Ue, (1) }pei.py € RY """ of HF solutions to the frictionless contact
problem (4.29) by using a training subset Dirain := {itp}pefi:ry C D of cardinality
P € N*. Using the Proper Orthogonal Decomposition (POD) [54, 69] based on the
inner product of H 1(Q; R4) and the geometric mapping h(ju), one can then construct
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an orthonormal family {E, },cq1.vy C RY " of N e N* (N < P) vectors. Let us denote
by Vi the reduced space generated by the family {Z,},cq1:n}, i€,

Vi = Span({En}ne{lzN}) c RV, (4.66)

In algebraic form, the RB formulation of the sequence of HF problems (4.29) reads
as follows: For all k > 0, find AUy (1) € RY such that

AL N () AUN k(1) + BY 5 (p, ) AUN (1) = =R (1, k), (4.67)
where
AT (p) == Z A2 (n)Z € RV, (4.68a)
B;L,N(M?k) = ZTB’?(M?“N,]C(M))Z € RNXN, R’TyL,N(:U7k):: ZTRZ(/%UN,IC(H)) S RN,
(4.68D)

with Z := {El e EN] e RV"XN_ The convergence criterion for (4.67) is still (4.26)
using the reconstructed functions (see Remark 4.4.1 for more details).
At this stage, the RBM basically consists of the following two stages:

— Offline stage

1. Select a training subset Dirain 1= {fp }pef1:ry C D.

2. Compute the snapshots {Uecy(ftp) }pefi:py C RV by solving (4.29).
3. Compute the reduced space Vy by using POD on snapshots.

— Online stage: For any p € D \ Dirain,

1. Compute A% y(p) using (4.68a).
2. Loop on k > 0,

(a) Compute BY y (i, k) and RZ (u, k) using (4.68b).
(b) Solve (4.67).
(c) Check convergence; if not, set k <— k + 1 and go back to (2a).

It is crucial to derive a reduced problem that is independent of the high-fidelity dimension
NHUF in order to obtain an inexpensive online stage. This condition is not yet satisfied
with the current formalism. The main issue is the manipulation of large-dimensional
arrays in (4.67). We propose in Section 4.4.3 a procedure to overcome this issue in
order to construct a computationally efficient RBM.

Remark 4.4.1 (Reconstructed functions). Let us introduce the following reconstructed
functions:

&)= Y Enpi(p) €V(n), Vne{L:N}. (4.69)
e{1.NHF}
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With this notation, solving the RB problem (4.67) in algebraic form leads to the
following reconstructed solutions:

un k(1) = ne%:N} uy(0€(R) € V),  Ung(p) = (i (1)nepny € RY,
(4.70a)
Suni(p) = > Suly (1€ (n) € V(i), AUnu(p) = (8w, (10))nepiny € RY.
e (4.70D)

4.4.3 Computationally efficient approach

In this section, we describe the strategy to avoid the manipulation of large-dimensional
arrays in the problem (4.67). The idea consists in introducing appropriate affine
parametric decompositions of the parameter-dependent and “parameter/iteration”-
dependent operators involved in the problem by using the Empirical Interpolation
Method (EIM) [10, 75].

Specifically, our goal is to separate the dependence on p and k from the dependence
on the indices in the large-dimensional arrays A7 (11), BY (11, un (1)) and RY (p, wn x(1))-
This operation is performed during the offline stage. For this purpose, using the EIM,
we obtain the following approximations:

A~ ET(p) = Y o (wAT,, A e RVTMT o) eR,
e (4.71a)
B (pur(p)) = E™ (k) = Y o (uk)Br,, Br e RVTNT (k) €R,
e (4.71b)
O uk(p) = E™ (k) == 3 ol (uk)On,, ©7, e RV, ol (1 k) €R,
e (4.71¢)
F~ Elp= > ol(uF, F, e RN ofl(p) R, (471d)
se{1:57}

where the large-dimensional arrays A7 ., B, ©F . and Fj are now independent of the
parameter p and the iteration counter k, whereas the functions a” and af (resp., a®”
and a?") only depend on x (resp., (1, k)). We obtain the following approximation of

the residual:

RY (p,up () = E™ (u, k) := B (1)Ux(p) + E™ (u, k) — E* (). (4.72)

n
7,87

and &g;ain defined as follows:

To build the large-dimensional arrays A
training sets &%, £ &

train’ ~train’ ~train

B?,, ©F 5 and F; , we respectively use the

g‘g:ain - ggrain = Dtraim g‘fsain - gf:ain = {(M’ k) | 12 € Dtrainy k € {1kCV(M>}}
(4.73)
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Notice that a training set different (possibly richer) than Dirain can be used. We
introduce the index subsets {(n¢",m")},cq1. San} {(nY",mY") }seqsmy € {LNTF} x

{lnNHF} {m?" }se{l somy C {LNTF} and {m!} 1.5y C€ {LNHF} of cardinality S,
S 89" and S7 respectlvely, corresponding to the indices selected by the EIM for the

approximation of AZ, B, ©F and F. Then, the functions ™ ot o and of are
such that

v#’ € ggraln’ (Ean(ﬂ))ngnmg" = (A:(N))ng"mg"a Vs € {1:51171},
(4.74a)

V(i k) € Easns (B (1K) )ppmmim = (BY (1 wi (1) Vs € {1:5™},
(4.74b)

V(1. k) € Efras: (B (1, k))mgm = (O (11, wr(12))) g Vs € {1:57},
(4.74¢)

Vi € Efrasn, (BT (1))t = (F (1))t Vs € {1:57},
(4.74d)

and B (1), B (u, k), E®" (u, k) and E/(u1) defined in (4.71). Notice that we use the
HF solution wuy(p) instead of the RB solution wy k(1) to compute the functions a®”
and a?".

In the online phase, for every new value of the parameter pair (u, k) € D x N, the

functions a2, o™, " and of are approximated by functions Oé?\;ts, a%s, a%ts and ay
which solve the following linear systems:
a™ _a™ __ ra™ a™ e n n m ga™
QMo (W) =T (), T () = (AL ()ugmmem) Ly gomy R (4750)
npn 7 n n b
Qb aN (,LL, ) Tb (M7 k)? Tb (:uu k) = ((B'y (/‘L7’U’N,k(:u)))ngnm§">se{1:sbn} € RS )
(4.75b)
n gn n n n o™
Qo (k) =T (k). T (. k) = ((OF (1 s (1)) )y gomy ERS
(4.75¢)
f
Q' al () =T (p), T (1) = ((FW)nt) e risry €R™ (4.75d)
where the vector-valued functions a% , of, % and a{v are such that
o (1) = (0%, (1)) seqismy € RS (4.76a)
n n b™
o5 (1, k) = (05, (1))acqrusomy € RS (4.76b)
n n o
Of?v (“7 k) = (CY?V,S(/J’))SE{].ZSH”} eR’ ) (476C)
f
@{V(:u) = (aN,s(u’))se{l:Sf} € RS . (476d)

Notice that here, in the online phase, we use the RB solutions wy x(u). The parameter-

independent interpolation matrices Q" € RS" x5 QU e RS" x5 Q" ¢ RS" x5
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and Qf € RS %57 are such that

(Q™)is == (A7) o Vi, s € {1:9°"}, (4.77a)
(Q")is := (B, i’" Vi,s € {1:5""}, (4.77b)
(Q")is := (87 ) om Vi,s € {1:57"}, (4.77¢)
(Q1)is = (Fs) Vi, s € {1:57}. (4.77d)

By construction, these matrices are lower-triangular with unit diagonal. Consequently,
these matrices are invertible and their inverse can be easily computed once and for
all during the offline phase. Combining (4.68) with (4.71), we obtain the following
approximate decompositions:

A = By ()= > oA N, Ay, =2 A} Z RV,
86{1:5‘7‘"}
(4.78a)
B'TYL,N(/% k) ~ E?\?(/’Lv k) = Z Oé?\?,s(:ua k)Bjyl,N,m B?,N,s = ZTB}}},.SZ € RNXN;
se{1:50™}
(4.78b)
:,N(/”h k) ~ Eﬁ;(:u’ k) = Z a?\?s(:u’ k)G:ryl,N,w :ryl,N,s = ZT@:,S S RNa (478C)
se{1:59™}
Fy(p)~  EL(u):= > ol (1)Fu,s, Fn,:=Z"F,eRY, (4.78d)
se{1:5f}

which lead to an efficient offline/online decomposition since the parameter-independent
arrays AT o, By, OF v and Fy ; are small-dimensional and can be computed once
and for all during the offline phase. Finally, using the approximations from (4.78)
n (4.67) (for simplicity, we keep the same notation for the unknown AUy (1)), we
consider the following sequence of problems: For all (i1, k) € DxN, find AUy (1) € RY
such that

EY () AU (1) + EX (1, k) AUN (1) = —EY (1, k), (4.79)
where E% (u, k) is given by
By (1, k) := EY () Un (1) + B (1, k) — B (). (4.80)

The convergence criterion for (4.79) is still (4.26) using the reconstructed functions.
We denote the converged solution to the sequence of problems (4.79) as Uy o, (1) € R?
and the associated reconstructed solution as uy cv(1) € V(1.

To summarize, our RB procedure is organized as follows:

— Offline stage

1. Select a training subset Dyrain 1= {fp }pefi:ry C D.

2. Compute the HF snapshots {Ucy(jtp) }pef1:py C RV™ by solving (4.29).
3. Compute the reduced space Vy by using POD on the snapshots.
4

. Compute the high-dimensional arrays A7, O, and Fj by using the

EIM.

B,
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5. Invert the interpolation matrices Q%", Q"", Q%" and Q.

6. Compute the small-dimensional arrays A7y ., BTy, OF v and Fy s by
using (4.78).

— Online stage: For any p € D \ Dirain,

1. Evaluate 7" (1) and T/ (1) and compute a4 (1) and o (1) by using (4.75a)
and (4.75d).

2. Evaluate E% (1) and Ef () by using (4.78a) and (4.78d).
3. Loop on k > 0,

(a) Evaluate T°"(u, k) and T% (u, k) and compute ob; (i, k) and o (i, k)
by using (4.75b) and (4.75¢).

(b) Evaluate EY (u, k) and EY (11, k) by using (4.78b) and (4.78c).

(c) Solve (4.79).

(d) Check convergence; if not, set k <— k + 1 and go back to (3a).

For the contact problem with friction, the RB formulation is obtained in exactly
the same way. We simply replace the forms aZ (s -, ), 0% (p1; -5+, ) and r2(p; 5 +) by the
forms a7 (s1;-,-), 057 (5 -5+, -) and 727 (p; ;) for Tresca’s friction, and by the forms
alm (050, b;”'c(u; -;+,+) and r,’;"c(u; +;+) for Coulomb’s friction. Notice that for the
EIM approximation, additional affine parametric decompositions are performed on
the large-dimensional arrays BT (u, k) and ©7 (y, k) (vesp. BT (u, k) and ©7" (u, k)) for
Tresca’s friction (resp. Coulomb’s friction). We notice that for Coulomb’s friction, the
realization of the nested algorithm (4.63) within the framework of the RBM is delicate
since the affine parametric decomposition requires to separate the dependencies on
the triple (i, n, k). To overcome this difficulty, only converged solutions for the inner
iteration (index k) are considered when computing the EIM decompositions of the
tangent matrix and the residual.

4.5 Numerical results

We consider the Hertz contact problem between the two half-disks as represented
in Figure 4.1. The upper half-disk occupies the deformable domain ;(u) C R? of
parametric radius

Ry:=peD:=[07,13](m), (4.81)

and the lower half-disk the rigid domain €y C R? of fixed radius R, := 1m. The initial
gap between the two half-disks is equal to gy > 0. We impose a displacement of —d on
3% () of Q4 (p) with d > go. The initial gap go and the imposed displacement d are,
respectively, set to gy := 0.001m and d := 0.09m. This latter value, which is less than
10% of the maximum value of R; allows us to remain within the validity of the small
deformation assumption. Notice that since {25 is rigid and fixed, we only mesh the
domain Q;(p) and set Q(p) := Q1 (1) to build the HF space. The material parameters
are F := 15Pa for the Young modulus and v := 0.35 for the Poisson coefficient. The
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Figure 4.1 — Frictionless Hertz test case: Configuration.

training set is chosen as Dipain 1= {0.7—1— 0.00752,0 < i < 60}(m) (altogether 61 points),
and the validation set Dya1iq4 is generated by choosing 30 elements in D randomly with
a uniform distribution.

We consider the reference domain Q; := (1) and introduce the geometric mapping
ha (i) : Q1 — Q(p) defined as hy () () := pa, for all & € Qy, with the origin located at
the center of ;. We use a mesh composed of 1956 nodes with 633 nodes on the potential
contact manifold fi which is the part of the half circle fi of angle 0 € [—%, —%”] with
respect to the horizontal axis. For all u € D, we equip the space V(i) with the norm
| - llv(u defined as follows:

/\2 2
][ = (H’UH%%Q(;L)) + ¢ ||V’U||%2(Q(#))> , Vv eV(u), (4.82)

where the characteristic length 7 is the radius of Q; and is introduced for dimensional
consistency. The HF and RB computations use the python library of the finite element
software getfem [93].

4.5.1 Frictionless case

We first consider the frictionless Hertz contact problem.

4.5.1.1 Results using Nitsche’s method

For the discretization, we use P, Lagrange finite elements leading to NF := 14918
degrees of freedom. We choose v := 3> with v := 50p%4m¢ where h := 2.5mm refers to
the mesh size and pla™¢ = ﬁ}iy)Pa refers to the second Lamé parameter.

Figure 4.2 displays the de%ormed configurations resulting from the HF displacement
fields w(p) for g = 0.7m (left panel) and for ;= 1.3m (right panel). We can see that
we use a symmetric mesh. This is important because it guarantees the symmetry of
the HF snapshots. Indeed, if the snapshots are not symmetric, the resulting POD

modes will not be either. Consequently, the reduced model looses this symmetry
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property, leading to reduced solutions of poorer quality. Moreover, we have discretized
a complete half-disk instead of a quarter-disk to avoid some difficulties when enforcing
the symmetry condition at the lowest point of (;(x) in the case of the frictional contact
problems (see Section 4.5.2).

Figure 4.2 — Frictionless Hertz test case, Nitsche’s method: w(p). Left: p = 0.7m;
Right: p = 1.3m.

Figure 4.3 displays the superposition of the normal stress o,,(u(r)) and its Alart—
Curnier reformulation {P;fg(u; U(N))L (Row 1) and the gap on the deformed config-

uration wu, () — g(p) (Row 2) as a function of the abscissa along I'*(u) for p = 0.7m
(Column 1), g = 1m (Column 2), and g = 1.3m (Column 3). We see that the normal

Figure 4.3 — Frictionless Hertz test case; Nitsche’s method. Row 1: 0,,(u(p)) and
[P, (s w(p))] - Row 2 up(p) — g(p). Column 1: p = 0.7m. Column 2: g = 1.0m.
Column 3: g = 1.3m.

stress is of good quality (with almost no spurious oscillations) and matches very well
with its counterpart [P;fg (15 u(,u))} _ resulting from the Alart—Curnier reformulation.
We also see that the negativity condition on the gap wu,(u) — g(i) is satisfied on the
whole potential contact manifold I'°(xt). To have a better look at Signorini’s contact
conditions, we display in Table 4.1 the relative error on the Alart—Curnier reformulation
of Signorini’s contact conditions defined as follows:

e ounlaa) — [P ()
Aolw) = o)) ey

where the discrete £2(T'°(p))-norms are sampled at the mesh nodes located on T'¢(u). For
the three values of the parameter p € {0.7,1,1.3}(m), we consider three values of the

, (4.83)
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mesh size h, namely h = 5mm (coarse), h = 2.5mm (medium) and h = 1.25mm (fine).
We notice that the relative error e} (u) is smaller than 1.5% for the three parameters
values and for the three mesh sizes. Moreover, we see that the error decreases when
h decreases, thereby indicating the convergence of the approximation. More precisely,
we observe a convergence of order 1 for the approximation of o,,(w(p)) (with a slight
order reduction for the larger value of p). Thus, we can say that the Signorini contact
conditions are globally satisfied with a good accuracy although they are not strictly
enforced.

p(m) 0.7 1 1.3

h(mm) ) 2.5 1.25 ) 2.5 1.25 ) 2.5 1.25

ena(%) | 1 052 | 028 | 145 | 0.72 | 033 | 1.17 | 1.1 | 043

Table 4.1 — Frictionless Hertz test case, Nitsche’s method: Relative error e} (u) for
p e {0.7,1.0,1.3}(m) and the mesh sizes h € {5,2.5,1.25}(mm).

Let us consider the relative POD projection error defined as follows:

(= W =T ) el g )

pe{1:P}

(=, 10l

pe{l:P

epop(N) 1= (4.84)

N

where Ty, denotes the orthogonal projection onto Viy C RMV™ and W(s,) the Gram
matrix of the inner product associated with H'((s,); RY). We consider two different
training sets, the first with cardinality 61 and the second with cardinality 201. Figure 4.4
shows the relative projection error epgp(/V) produced by the POD algorithm as a function
of the number of vectors composing the reduced basis for both training sets. In all
cases, we notice that the projection error decreases sufficiently fast so that indeed the
linear spaces generated by the snapshots can be approximated by small-dimensional
subspaces. We also observe a fast decrease of the POD error for the first 15 modes
before a slower decrease occurs at error levels between 1075 and 1076 (resp. 107 and
1077) for the first (resp. second) training set.

D min ! ain introduced in (4.73)
are of cardinality 897. We fix a tolerance dgmy := 107° to bound the errors resulting
from (4.71). With this choice, we obtain S = 619 < N x NHF and S =
281 < N'HF . Notice that in the present test case, we do not need to perform an EIM
decomposition on A7 (y) since this matrix is already linearly dependent on y; moreover,
F (1) vanishes since we only use an imposed displacement for the load. Figure 4.5 shows
the relative EIM interpolation errors for the tangent matrix BY (u, ux(p)) (left panel)
and the residual vector © (s, ug (i) (right panel) as a function of the rank S*" or 5%,

For the EIM approximation, the training sets £2.. and &7
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—— |Dtrain] = 201
—#— |Dirain| = 61

10-1
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error
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Figure 4.4 — Frictionless Hertz test case, Nitsche’s method: Relative POD projection
error epop(V) as function of N, for |Diyain| = 61 and |Diyain| = 201.
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|| ||£ (i) (i,j)G{lan}}gJ;{X{LRHF}| ]| ( a)
o = v 4.86b
Wl i= _mass, Vil (4.86b)

and with D, either equal t0 Dirain O t0 Dyariq. Let us first consider the training set
Derain- We observe that both errors decrease fast enough to allow accurate approxima-
tions. For the tangent matrix B (u, uy (1)), we notice a quasi-uniform decrease of the
relative error €1, (S%", Dirain) With an acceleration at error levels between 1072 and
107°. For the residual vector ©7(u, ux(i)), we observe a fast decrease of the relative
error €97, (S%", Dirain) for ranks S between 1 and 40 yielding errors between 1 down to
1072, and then a significant drop of the error at about S?" = 40 before a slower decrease
occurs at error levels between 1072 and 107¢. Considering the validation set Dyaiiq,
we additionally plot the relative EIM approximation errors ehgc” (S%") and e (S9™)
defined as

max || BY (1, tev (1)) — B (11, K (1))l i)

QUev (gh® pEDya11a

ey (S7) 1= ; (4.87a)
ngl)%:id ” (lua U ([L)) HZ"O(ZJ

o v g ug)ade@"(u,ucv(u)) E (1, K (1)) || e )

cem (57) = . (4.87b)

max || O2 (1, tey (1))l e=(5)

#E€Dyalia
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These errors correspond to the relative EIM approximation error at convergence of
the iterative algorithm, i.e., when k = k*(uz). For the tangent matrix B (11, up(1)),
considering first el (S, Dyaria), We notice a quite modest decrease of the error for
ranks S” between 1 and 100 with errors values between 0.95 and 0.7, and then a
stagnation of the error at around 0.65. Considering eEIM (S, we observe instead a
rather uniform decrease of the error, with values quite close to those of €47, (5", Dirain),
before a stagnation occurs at a value of about 107, For the residual vector O (1, ux (1)),
considering first €7, (S?", Dya114), We observe a stagnation of the error for ranks S%"
between 1 and 80 with error values between 1 and 0.9, and then a slower decrease
at error levels between 0.8 and 5 - 1072 with some stagnation phases. Considering
ezIMCV(SG"), we instead observe a stagnation at about 0.5 for ranks S?" between 2 and
80, and then a slower decrease with error values between 0.3 down to 1072. We conclude
that the EIM approximation is not very accurate for p € Dya1i4 and small values of
k, whereas the accuracy becomes more satisfactory as k& — k(). Therefore, we
may expect some difficulties in achieving convergence in the iterative solvers applied
to reduced problems, but if convergence is indeed achieved, the accuracy should be
reasonable.

error

error
=
5}

—e— EIM-TRAIN i — Em-TrRAIN
| =< EM-VALID == EIM-VALID
—+— EIM-VALID,conv 10-% { —— EIM-VALID,cv

Figure 4.5 — Frictionless Hertz test case, Nitsche’s method: Relative EIM ap-
proximation errors as a function of the rank S or S of the approximation.
Left:  e22,(SY", Dirain), €2rg(S?", Dyaria) and eh” (SP); Right:  efry(S?", Dirain),
efu(S?", Dyar1a) and egIMCV(SBn)-

We denote by e% (i) (resp. eR*(u)) the relative RB approximation error on the
displacement (resp. normal stress) defined as

o () o Inter) = e )l

e (4.88a)
" ey (1) v
nn L | Onn (Uey (1)) — Unn(“MCv(N))”EQ(FC(u)) 4 88b
en' (1) = , (4.88b)
1T (e (1))l 2(reuy)
and introduce the relative error measures €y, ... and ey, . defined as
e = MAX (), €M = max el (n). (4.89)

EDvalld HGDvalld

Figure 4.6 displays ey ., (left panel) and e} .. (right panel) as a function of the
number of vectors composing the reduced basis. We only consider RB dimensions N
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larger than 10. Indeed, for smaller values, the iterative algorithm does not converge for
some values of the parameter p. This can be explained by the poor quality of the EIM
approximation of the tangent matrix B y(u, k) for small values of NV due to the fact
that the RB solution at the first iterations of the iterative algorithm on the reduced
model is quite far from the HF solution on which the training of the EIM is performed.
We also observe some convergence difficulties for values of the parameter ;s larger than
1.2m. For this reason, we consider a validation set Dya1i4 restricted to the interval
[0.7,1.18](m). In Figure 4.6, we superpose the plain RBM approximation error (without
any EIM) and the RBM-EIM approximation error. We observe that similar errors are
obtained for plain RBM and RBM-EIM. This confirms the good quality of the EIM
approximations at convergence as claimed above. With both approaches, we notice a
stagnation of the relative error at about 10~% from about 40 modes, in agreement with
the stagnation observed on the POD projection error.

—+— Plain RBM
—»— RBM-EIM

error
error

Figure 4.6 — Frictionless Hertz test case, Nitsche’s method: RBM approximation errors
for [Dyrasn| = 61. Left: eX ..; Right: e}

N,max*

4.5.1.2 Comparison with the mixed formulation

For the comparison, we consider the primal-dual formulation employed in [84] with Py
finite elements for displacement and P; finite elements for the Lagrange multiplier. With
this choice of the discretization, we can compare on a fair basis the HF displacements
obtained with the mixed formulation and with Nitsche’s method. We display in
Figure 4.7 the HF energy J (u;u(p)) (see (4.11)) for all p € Diyain. We notice that we
obtain (in the eyeball norm) the same values for the two methods for all ;1 € Dyyain.
Thus, although the constraints are not strictly imposed with Nitsche’s method, we
obtain a satisfactory accuracy for the quality of the solution in comparison with the
mixed formulation. We can also see that the energy decreases with the parameter
radius p of the half-disk Q(x). The complementary condition is not reported since it is
on the order of the machine precision (107N /m) as expected with the primal-dual
formulation since the constraints are exactly enforced.

In contrast to Nitsche’s method, in the mixed formulation, it is necessary to stabilize
the RBM in order to ensure inf-sup stability for the pair of primal/dual reduced
spaces. For this purpose, we use the Projected Greedy Algorithm (PGA) algorithm

from [84] with a tolerance dpgy := sup f:}fi((ﬁ)) = 0.047 so that the stability condition
1EDxrain
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Figure 4.7 — Frictionless Hertz test case: Comparison of the HF energy J(u; u(u))
between the mixed formulation and Nitsche’s method for all y € Dirain.

established from [84, Prop 3.1] is fulfilled. We denote by e% (1) (vesp. ey z(1)) the
primal (resp. dual) relative RB approximation error defined as follows:

et () = lw(p) — un (1)llv A () = A1) = Ar()lle2qre ) (4.90)
. () v ’ o A e re oy ’

and introduce the relative primal (resp. dual) error measure e z .. (resp. €x g nax)

defined as

61]([,R,max = maxi él](/,R(lu)ﬂ e?\V,R,max = max. e?\/’,R(M)‘ (491>
1E€Dya1ia 1EDya1ia

Figure 4.8 displays the quantity % p .. (T€SP. €N g max) 0D the left (resp. right) panel
as a function of the dimension of the reduced primal basis (after stabilization) for three
values of the dimension of the reduced dual basis R, namely R = 10, R = 30 and R = 40.
In addition, we plot the relative error e, .. (vesp. e},.,) in the left (resp. right) panel
in order to compare the displacement (resp. normal stress) error between the mixed
and Nitsche approaches. Considering the mixed approach, we notice a stagnation for
all errors after a certain number of primal modes N. For the primal error, there is a
clear decrease of the error as a function of the dimension of the dual basis R. However,
for the dual error, although the error decreases, we observe some oscillations for certain
values of the dimension of the primal basis N (compare the errors for R = 30 and
R = 40). This can be explained by the fact that the dual basis obtained with the
mCPG algorithm is not orthonormal (owing to the sign constraints on the Lagrange
multiplier, since an orthonormalization process cannot be performed). Moreover, the
higher the number of vectors in the dual basis, the more the orthogonality property
is lost, and this fact introduces noise in the reduced model. In terms of accuracy,
we observe that we have a better approximation for the primal variable (error of the
order of 107m) than for the dual variable (error of the order of 1072Pa) in the mixed
formulation. These results illustrate the fact that it is very difficult to reduce the dual
space, and therefore further motivate the use of purely primal methods like Nitsche’s
method in the RBM framework applied to contact problems. Finally, comparing the
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—— R=40 —— R= 40
—— Nitsche —r— Nitsche

error
error

Figure 4.8 — Frictionless Hertz test case, mixed method: RBM approximation errors.
Right: displacement errors ey p ... and e} ..; Left: normal stress errors ej\v’ Rmax and

enmn
N,max*

mixed and Nitsche formulations, we observe that the displacement error for the latter
is better than for the former for the three values of the dimension of the dual reduced
cone. Instead, comparing the error on the normal stress, we observe that the error for
the former is slightly better when R = 40, but the dimension of the primal reduced
space is much larger owing to the need to ensure inf-sup stability.

4.5.2 Friction case

Let us now consider the Tresca and Coulomb frictional Hertz contact problems. We
choose a threshold s = 0.1 for Tresca’s friction and a friction coefficient vz = 0.1
for Coulomb’s friction. The parameter v and the mesh size h are the same as for
the frictionless case (see Section 4.5.1.1). For Coulomb’s friction, we use the iterative
algorithm based on the double-nested loop.

Figure 4.9 displays the superposition of the tangential stress o, (u(u)) and its
Alart—Curnier reformulation [P7 (1; w(p))]s (vesp. [P (5 w(p))lse(uu(uy)) (Row 1) (resp.
(Row 2)) for Tresca’s (resp. Coulomb’s) friction as a function of the abscissa along
I'“(p) for p = 0.7m (Column 1), p = 1lm (Column 2), and g = 1.3m (Column 3).
For Tresca’s friction, we observe that the tangential stress matches very well with its
counterpart [P7 (u; u(p))]s resulting from the Alart-Curnier reformulation. However,
we observe some oscillations on o,,(u(p)) at the end of the effective contact zone
(contact/non-contact transition zone) and at the end of the potential contact zone. We
also notice that the tangential stress is not zero outside the effective contact zone, which
is consistent with a known (undesirable) feature of Tresca’s model, namely to predict
friction without contact. For Coulomb’s friction, we observe that the tangential stress
is of good quality (with almost no spurious oscillations) and matches very well with
its counterpart [P7 (1; w(i))]se(usu(u)) resulting from the Alart—Curnier reformulation.
To have a better look at the friction conditions, we display in Table 4.2 the relative
errors on the Alart—Curnier reformulation of the Tresca and Coulomb friction conditions
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Figure 4.9 — Frictional Hertz test case; Nitsche’s method. Row 1: o, (u(u)) and
[P (p;w(p))]s. Row 2 opr(u(p)) and [P7 (s w(i))]seuu(p)- Column 1: g = 0.7m.
Column 2: g = 1.0m. Column 3: p = 1.3m.

defined as follows:

g o) ~ [P (s >>] e )
ad (W) = Tomm (@) e | (492)
() = lonr (i) — [P (; w(pe ))]SC(M;U(u))Hé?(FC(u))_ (4.92b)

[ ()|l e2(re )

For the three values of the parameter p € {0.7,1,1.3}(m), we consider three values of
the mesh size h, namely A = 5mm (Coarse) h = 2.5mm (medium) and A = 1.25mm
(fine). We notice that the relative error iy’ (1) (resp. e€igC (1)) is smaller than 6%
(resp. 7%) for the three parameters values and for the three mesh sizes. Moreover,
we see that the errors decrease when h decreases, thereby indicating the convergence
of the approximation. More precisely, we observe a convergence of order % for the
approximation of o, (u(u)) for both Tresca’s and Coulomb’s friction. Notice that this
order is different from the one observed in the frictionless case (order 1). Thus, we can
say that the friction conditions are globally satisfied with a good accuracy as for the
Signorini contact conditions although they are not strictly enforced.

p(m) 0.7 1 1.3

h(m) d 2.5 1.25 ) 2.5 1.25 ) 2.5 1.25

eZ’é’ (%) | 5.49 3.33 2.36 5.5 3.35 2.33 5.76 3.4 2.37

eNGO(%) | 434 | 3.03 | 212 | 551 | 3.63 | 257 | 6.65 | 4.46 | 3.16

Table 4.2 — Frictional Hertz test case, Nitsche’s method: Relative errors eZE’T(,u) and
eNTO(p) for e {0.7,1.0,1.3}(m) and the mesh sizes h € {5,2.5,1.25}(mm).

Figure 4.10 shows the relative projection error epgp(N) produced by the POD
algorithm (see (4.84)) as a function of the number of vectors composing the reduced
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basis for Tresca’s (left panel) and Coulomb’s (right panel) friction. We see that similar
errors are obtained for the two friction models. In both cases, we notice that the
projection error decreases sufficiently fast so that indeed the linear spaces generated by
the snapshots can be approximated by small-dimensional subspaces. We also observe a
fast decrease of the POD error for the first 15 modes before a slower decrease occurs at
relative error levels between 107° and 107°.

10° § —— POD 10° 4 —— POD

error
=
15}
error
=
15)

107* § 10-5 4

Figure 4.10 — Frictional Hertz test case, Nitsche’s method: Relative POD projection
error epgp(V) as function of N, for |Diyain| = 61. Left: Tresca; Right: Coulomb.

Let us first discuss Tresca’s friction for which the training sets £, €0" . and &7

train’ “~train traln
are of cardinality 898. For the EIM approximation, we fix a tolerance dgry := 107°
With this choice, we obtain S*" = 630 < N1 x NHF 9" — 291 <« NHUF and
S%" = 3 <« NHF. For the same reason as for the frictionless case, we do not need to
perform an EIM decomposition on A%7(u) and on F'(u). Figure 4.11 shows the relative
EIM interpolation errors for the tangent matrix BI7(u, ur (1)) (left panel) and the
residual vector ©(u, ug (1)) (right panel) as a function of the rank S*" or $%*, i.e.,
we plot ey, (5", Dy) defined in (4.85b) and

max ~ max ||BI7(u,u — BV (1, )|l eoe 15
(TSI D) i MEPe KUY () 1537 wela) Bl (4.93)
EIM 9 * L Bn‘r 00 (75 ! '
max max By (s () e i)

with D, either equal to Dipain Or to Dyariq. For the validation set Dya1i4, we additionally
plot the relative EIM approximation errors
max | BT (u, wev (1)) — B (py K7 (1)) |leoo i)

bnT Ccv pnT o MEDvalld
CE1M’ ( ) =

7 (4.94)
max || B2 (p, tey (1)) [l e (i)

1EDyalia
and ebr¥(S%") defined in (4.87b). Notice that for Tresca friction, we perform the EIM
on the tangent matrix B2 (u; uy (1)) instead of performing it separately on the tangent
matrices B (u1; ug (1)) and BT (u; ug(p)). We see that the result is close to the one
obtained for the frictionless case because the contribution of BT (u;ux(p)) is negligible.
Indeed, as can be seen in Figure 4.9 (Row 1), the Alart—Curnier reformulation of the
tangential stress is equal to +s almost everywhere (except at 3 nodes) which results in
the nullity of G,(P] (11; ug(pt))) almost everywhere. For the same reason, the dependence
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of the residual vector ©F (11, ug(p)) on (i, k) is almost of rank one and therefore its
EIM approximation is very simple (S‘9 = 3); hence, its relative EIM approximation
error is not reported. Altogether, the behaviour of the residual vector ©F (11, ux (i)
remains similar to that observed in the frictionless case.
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Figure 4.11 — Tresca frictional Hertz test case, Nitsche’s method: Relative EIM
approximation errors as a function of the rank S*" or S%" of the approximation.
Left: egﬁ(Sbm Dtram) eg{;{(Sbm,Dmhd) and ebn ' (SY"7); Right: €7y (S, Dirain),
6E1M<S , Dya114) and eEI (59")

. 9 . . . . . b bT 9’"«
Let@ us now discuss Coulomb’s friction for which the training sets £, .1, Ecrains Cirain
and &

wrain are of cardinality 407. With the above choice for the tolerance dgmy, we
obtain S¥" = 126 <« NHF x NHF G0 — 4 <« NHF x NHF 60" — 914 <« NHF and
S =191 <« NHF. Figure 4.12 shows the relative EIM interpolation error for the
tangent matrix B (11, ug(p)) (Column 1), the residual vector ©F (11, ug(j1)) (Column 2)
and the residual vector ©7 (u, uy (1)) (Column 3) as a function of the rank S, 5 or
SO i.e., we plot €87, (S, Dy) defined in (4.85a), el (S?", Di) defined in (4.85b) and

max  max O (1, u E7 (11, k) [le=(s
0 (59, ) = €Dy ke{l:k (u H (M b)) = (1K)l v (4.95)
EIM - T ’ '
max ke{rlnk%3< 107 (4, wr (1)) || e= ()

with D, either equal to Dirain or to Dyariq. For the validation set Dyaii4, we addi-
tionally plot the relative EIM approximation errors eap” (") (see (4.87a)), emm (S")
(see (4.87b)) and ebp” (S97) defined as

max |[|O7 (1, wey (1) — B (11, k¥ (1)) e 5)
gIMCV(SHT) _ p€Dyaria . (496)

ax 197 (1, ey (12)) [ 6= ()

For Coulomb’s friction, we perform the EIM separately on the tangent matrices
B2 (5w (i) and BT (p1; ug(p2)). For the tangent matrix BT (u; ug(p)), the EIM approx-
1mat10n leads to a rather low-rank decomposition (S = 4) and therefore the EIM
approximation errors are not reported. For the tangent matrix BZ (u; uy(u)) (left panel),
we do not report in Figure 4.12 the last value of the relative error el (S*", Dirain)
(corresponding to S = 126) since it is of the order of the machine precision (1071°).
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We observe that the relative error €%, (S, Dirain) decreases fast enough to allow ac-
curate approximations. We actually notice a rather modest decrease for ranks S*"
between 1 and 106 with errors values between 1 and 0.5, and then a significant drop
at about S = 106. Instead, the relative errors elp,(S*", Dyar1q) and eppe” (SP") ex-
hibit a similar behaviour characterized by two phases of stagnation. For the residual
vector ©7 (, ug (1)) (central panel), we observe that the relative error efy, (S, Derain)
decreases fast enough to allow accurate approximations. We observe a rather uniform
decrease with values from 1 down to 107%. Instead, the relative errors efr,(S?", Dya11q)
and egzﬁCV(Sen) are almost similar with a slow decrease for S" between 1 and 56, and
then a stagnation occurs at a value of about 1072. Finally, for the residual vector

O (p, uwr (1)) (right panel), the relative errors egpy(S%", Dirain), €gm(S? , Dyar1a) and

egIMCV(S ") exhibit almost the same behaviour as the one of the errors for the residual

vector ©F (1, ug (1))

Figure 4.12 — Coulomb frictional Hertz test case, Nitsche’s method: Relative EIM
approximation errors as a function of the ranks S*", S or S?". Left: €%,,(S*", Dirain),
el (SY" Dyaria) and eh¥(SY).  Center:  €%5(S?", Dirain), €lou(S?", Dyaria) and
gIMCV(Sen) Right: eggM(Sm,Dmin) €EIM(50T Dyaria) and egl (SGT)

We denote by eR7(u) the relative RB approximation error on the tangential stress

defined as
|00 (Uey (1) — T (Wner (1)) |2 (e ()

e () = : (4.97)

" 10707 (e (1))l (v ()

and introduce the relative error measure ey .. defined as
€N max = Max e’ (u). (4.98)

1EDya1id

Figure 4.13 displays for Tresca’s friction the relative errors e} .. (left panel) and
€N max (right panel) as a function of the number of vectors composing the reduced basis.
As for the frictionless case, we only consider RB dimensions N larger than 10 and
the validation set Dya1iq is restricted to the interval [0.7,1.18](m). In Figure 4.13, we
superpose the plain RBM approximation error (without any EIM) and the RBM-EIM
approximation error. As for the frictionless case, we observe that similar errors are
obtained for plain RBM and RBM-EIM. This again confirms the satisfactory quality of
the EIM approximations at convergence.
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Figure 4.13 — Tresca frictional Hertz test case, Nitsche’s method: RBM approximation

errors for |Dyrasn| = 61. Left: e .; Right: e}7 ...
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CHAPTER b

CONCLUSIONS AND PERSPECTIVES

In this thesis, we have investigated several aspects of the application of the Reduced Basis
Method (RBM) to variational inequalities in order to obtain robust and computationally
efficient reduced models. The work has been carried out along three axes.

Firstly, we have addressed the problem of inf-sup stability of the reduced model in
the framework of a primal-dual formulation and parameter-dependent constraints. The
target model problem is here the frictionless contact problem. An greedy algorithm
to guarantee inf-sup stability of the reduced model by enriching the primal basis
according to the dual basis during the offline stage has been developed for this purpose.
Furthermore, the difficulty of suitably compressing the dual basis due to the conical
constraints on the Lagrange multiplier has been addressed by developing an algorithm
generating a cone of larger aperture and thereby leading to a compressed dual basis
with a better condition number. The robustness and efficiency of the methodology
have been numerically confirmed on representative test cases. The contents of this
chapter have been published in [84]. An extension to nonlinear variational inequalities
is highlighted in Appendix A in the context of the frictionless contact problem with
large deformations as an example of application.

Secondly, an effective method for reducing the contact problem with friction (Tresca
or Coulomb) in the primal-dual formulation has been proposed. The tangential stress
constraint has been treated by a collocation method. A greedy algorithm for the
selection of collocation nodes for the reduced model has been developed to create an
efficient reduced model. The stability of the latter is achieved by the use of the PGA
algorithm developed in Chapter 2, here accounting at the same time for the normal
and tangential dual bases. The stability and efficiency of the reduced model have been
numerically illustrated.

Thirdly, an effective method for reducing the contact problem with and without
friction formulated with Nitsche’s method has been introduced. The inefficiency of the
application of the classical RBM due to the nonlinearity of Nitsche’s formulation was
overcome by means of the Empirical Interpolation Method (EIM) [10, 75]. A comparison
in terms of accuracy and efficiency of the Nitsche and primal-dual approaches for
frictionless contact indicates the benefits of the former.

The present work can be pursued in several directions. Firstly, in terms of applica-

97
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tions, it would be very interesting to use the methods developed so far for the following
challenging and industrially relevant problems:

o Friction in large deformations: Although an extension to large deformations is
given in the appendix for the problem of contact without friction, either in primal-
dual formulation or with Nitsche’s method, the problem of contact with friction
has been treated only in the context of small deformations. Furthermore, an issue
that could arise when using a primal-dual formulation is that the dimension of the
reduced primal space obtained with the present approach in order to guarantee
inf-sup stability becomes quite large. Indeed, an additional loop is needed to
solve for the nonlinearity, and the collection of needed supremizers will depend
not only on the parameter but also on the iteration number.

 Hydromechanical coupling: Within the ERMES department of EDF R&D,
there is also an interest in seepage conditions for hydromechanical problems [88].
As for the contact problem, the weak formulation leads to a variational inequality
with hybrid constraints on the pressure and the flow. This would open another
field of application for the methods proposed in this Thesis.

o Industrial test cases: Although already tested on Taylor test cases and Hertz
spheres in 3D with code_aster, an application to industrial study cases will
highlight the bottlenecks in terms of efficiency for such problems. In practice, the
use of High-Performance Computing (HPC) for snapshot generation can already
help to considerably reduce the cost of the offline phase.

« Beyond mechanics: The generality of the ideas devised in Chapter 2 as well as
the theoretical foundations behind it indicate that the methods proposed therein
can be applied in the more general framework of variational inequalities, opening
the door to applications, e.g. in finance or biology [82, 66].

Secondly, in terms of mathematical analysis and software development, the following
points can be explored:

» A posteriori error estimator: The way the training space is generated (sam-
pling using uniform laws) may not be optimal, especially if the number of pa-
rameters becomes large. An alternative would be to design an a posteriori error
estimator and use it to build the reduced spaces in an optimal way by generating
the snapshots in a greedy manner. One idea would be to extend the method
proposed in [105] to the case of a non-invertible operator.

» Precision/stability balance: If an a posteriori error estimator is available, the
generation of the reduced bases and the stabilization procedure can be deployed
together. A unique algorithm that directly creates primal and dual bases satisfying
an inf-sup stability condition could be implemented. The idea would be to use the
estimator to check the accuracy (of both bases) and the stability condition given
in Proposition 2.3.1 as a “stability estimator”. Concretely, one would iteratively
generate (in a greedy way) the primal and dual bases by testing at each iteration
if the inf-sup stability condition is satisfied. If this is the case, one continues the
generation of the bases; otherwise, one enriches the primal basis until the criteria
on stability is satisfied.
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o Active-set strategy: The current methods in code_aster for solving the contact
problem are based on an active-set strategy [68, 33]. With this type of approach,
contact status (active/inactive) is part of the unknowns in the problem. However,
it can be very difficult to reduce the contact problem in this context. Indeed,
considering a new parameter that encodes status but is not taken into account
in the training phase is not a viable approach since, the reduced model may
not converge to the correct solution or may even diverge. A solution could be a
data-driven approach where one would combine the reduced basis method with a
learning algorithm dedicated to contact status using snapshots or experimental
data (if available) as training data.
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APPENDIX A

EXTENSION TO NONLINEAR VARIATIONAL
INEQUALITIES

This appendix proposes an extension of the stabilization method presented in Chapter 2
for linear variational inequalities to the case of nonlinear variational inequalities.

A.1 Model problem

Let V and W be two finite-dimensional high-fidelity (HF') spaces typically resulting from
the finite element discretization of some Hilbert spaces. We denote by (-, <)y (resp. (-, -)w)
the inner product equipping V (resp. W) and inducing the norm || - ||y (resp. || - [lw)-
We denote by V' the dual space of V equipped with the duality product (-, )y .y, and
by || - ||, the associated norm. Let W* C W be a positive convex cone containing 0.
Let D C R™,m € N* := N\ {0}, be the parameter domain. We consider a uniformly
bounded, symmetric and coercive bilinear form a(y;-,-) : V X V — R and a uniformly
bounded linear form f(u;-):V — R for all p € D. Let b(u; -5+, ) : VxVxW — R and
g(p; ;) : V x W — R be two uniformly bounded nonlinear forms for all u € D. We
assume that, for all € D, b(p;-;-,-) is linear with respect to its last two arguments
and that g(u;-;-) is linear with respect to its last argument. We consider the following
constrained minimization problem: For all u € D, find u(u) € V such that

1

u(p) € argmin —a(p;v,v) — f(p;v), (A.1)
vek(p) 2
where the admissible set is defined as
K(p)={veV | buvvn <glpomn), newt}, (A2)

and is assumed to be non-empty for all u € D.
We denote by cyr(p) the boundedness coefficient b(u;-; -, ) defined as follows:

b(p;v;v,
cur(p) :== sup Supu. (A.3)
newt vev [[vllvlnllw
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By the above assumption on b(y; ; -, -), there exists a real number Cy such that cyp(p) <
Cy for all € D. We additionally assume that the HF pair (V, W) ensures that there
exists 3, > 0 such that

- b(p; w; v, )
V€D, ;= inf inf sup ———-
L Bur (1) weV new+ U@F;) lvllvInllw

> 5. (A.4)

One possibility to solve the optimization problem (A.1) is to use a primal-dual
formulation. Let £(y; -+, ) : V xV x Wt — R be the Lagrangian associated with (A.1)
and defined as follows: For all 4 € D,

1

L(p;w;v,m) = 5@(% v,v) = f(p;v) 4+ b(p; w;v,m) — g w;n). (A.5)

Then, for all 4 € D, we can rewrite (A.1) as the following saddle-point problem: Find
(u(p), A(p)) € ¥V x WT such that

(u(p), A(p)) € arg min max £(u; v;v,m). (A.6)

The problem (A.6) being nonlinear, we solve it using the so-called Kacanov algorithm [45].
Concretely, for all u € D, given (ug(p), /\g(u)) € VxWT, the linearized problem consists

of solving at each iteration k£ € N the following problem: find (ugi1(p), Aer1(p)) €
V x W7 such that

(urr1(p), Aera(p) = argmin max £, k; v, 1) == L(u; wk(p); v, n), (A7)

veEY n€W+

until the following convergence criterion is reached:

[ Arga () — A ()l
[ A (1) [l

i1 () — () ly
i ()]ly

<4, and <y, (AS)

for a pair of tolerances (d,,0,) € Ry x Ry. Notice that under the above assumptions (in
particular (A.4) and the coercivity of a(y; -, -)), the pair (ug1(p), Mes1(p)) € VX W is
uniquely defined for all £ € N and can be found as the critical point of the Lagrangian

L(p, k;-,-) by solving

a(:“ﬂ ukJrl(/’L)?U) + ZN)(/JH ka v, )\k+1(:u)) = f(:u’7 U)a YONS Vu (A 9)
b(/’% kﬁkﬂ(ﬂ)ﬂ?) Sg(uv kan)a VU € W+7
with
bk v,m) = b(psug(p)iv,m),  G(i ki) = g(psup(p)in) V(v,m) €V x W
(A.10)

The convergence criterion for (A.9) is still (A.8). We denote the converged solution to
the problem (A.9) as the pair (ucy (1), Aev(pt)) € V x WT.

In what follows, we denote by k() € N the number of iterations required to
solve (A.9) for any p € D. We assume that the Kacanov algorithm converges sufficiently
well so that £°(u) is uniformly bounded in p, i.e.,

dK eN, k%(u) <K, VYueD.
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A.2 Stable reduced basis method

Let P € N* and let us consider a family {(uey(ftp), Aev(ttp)) }peqipy €V x W of Hf
solutions to (A.9) which are computed by using a training subset Dyyain 1= {ftp }pef1:ry C
D of cardinality P. In practice, the sampling of the parameter domain can be driven
by a posteriori error estimates, as in [55, 5, 105]. Let us set

V= Span({ucv(:up)}PE{lzP}) cV, W= Span+ ({/\cv(ﬂp)}pe{lzp}) cwt.
(A.11)

(Recalling that Span™ denotes the positive cone generated by the family of snapshots.)
Notice that the space V and the cone W are built using snapshots obtained at
convergence of the Kacanov algorithm.

Given a positive real number 4,, > 0, one can construct using POD [54, 69] an
orthonormal family of N € N* (N < P) elements of V,

{Un}ne{lzN} = POD({“CV(MP)}pG{lZP}; V7 5P0D)7
such that

Vv, = Span({vn}ne{lzN}) cV, (A.12)

N

€{1:P}
ePOD(N) = ’ 1 <9

( > HUCV(,UMH%)
pe{1l:P}

where I1% denotes the projection onto a generic closed convex subset Z of the generic
Hilbert space H (I1%# is the orthogonal projection if Z is a linear subspace) and 1
denotes the identity operator in H. Moreover, given a positive real number ¢_,, > 0,

one can construct using the mCPG algorithm [12, 84] a family {x,},cf1.ry of R € N*
(R < P) vectors of W,

( > ||(|V—H5N)(ucv(up))ll?;>

(A.13)

Dt breqiny = mCPG(Der () hpegrery; Wi G ),

satisfying
W .= Span™ ({XT}TG{LR}) cwt, (A.14)
max | (" — 7 ) (Aey (1) [l
c{1:P} w,
emCPG(R) = L max ||A FL(’M )H S 5mCPG' (A'15>
peflpy VAPV

For all p € D and all £ € N, we define

B3 (u, k) == inf supw

, (A.16)
newi vevy [l0llvInllw
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where the superscript refers to the decorrelated construction of the reduced bases.
Recalling that b(u, k; -, -) is defined in (A.10) for all k& € {0:k¥ ()}, we conventionally
set by, ks -, ) == b(p; tey(p); -, ) for all k > k(). Since the primal reduced space Vy
and the dual reduced cone W are constructed in a decorrelated manner, we cannot
guarantee that Bgﬁ; (u, k) > 0 for all (u, k) € D x N.

A strategy for enriching the reduced primal basis in order to achieve inf-sup stability
has been initially proposed in Chapter 2 for linear variational inequalities with parameter-
dependent constraints. Here, we can apply the same strategy at each step of the
Kacanov’s algorithm. To this purpose, we proceed as follows: For all 4 € D and all
k € N, we define the operator T*(u) : W+ — V such that

() = J o Bl (1), (A.17)

where J : V' — V is the Riesz isomorphism between V' and V and where the operator
Bla(p) : W — V' is defined such that

(Biip (1) (1), 0}y = b, kiv,m),  W(v,m) €V x W, (A.18)

Then, for all € D and all k € N, we define the enriched reduced primal space V" (1, k)
as follows :

Vie(p, k) ==V + Sr(u, k) €V, Sg(p, k) .= Span({T*(u)x, breqrry).  (A19)

The superscript refers to the online construction of the enriched basis. Proceeding as in
Chapter 2, one readily sees that the bilinear form b(yu, k; -, -) is uniformly inf-sup stable
with respect to the pair (Vg (u, k), Wg), i.e., we have

Vi k) €D XN, G0 (u k)= nf  sup bR

> Bur(p, k) > B, > 0.
77EWIJ{r vGVIS,f‘R(u) ||U||V||77||W ’

(A.20)

Notice that in addition to depending on the parameter, the enriched space Vs (1, k)
also depends on the iteration counter. Thus, this space has to be reconstructed at
each iteration of the Kacanov algorithm in the online phase, which is computationally
inefficient.

To overcome this problem, we adapt the ideas of Chapter 2. The goal is to construct
a “parameter /iteration”-independent subspace of V that provides a sufficiently accurate
approximation of V{'p(u, k) for all (u, k) € D x N to preserve inf-sup stability. The
crucial advantage is that this “parameter/iteration”-independent subspace can be
constructed once and for all in the offline phase. The idea is to approximate the linear
space Sk defined as

Sk = +D Sr(u, k), (A.21)
ke (0o (i)
by a subspace S%4 C Sg, so that the bilinear form B(u, k;-,-) is inf-sup stable with

respect to the pair (Vy + S%4 W) for all g € Dirain and all k € {1,--+ k(1) }.

To this purpose, given a tolerance ¢,,, > 0 small enough, we can construct a proper

subspace S¥9 C Sg using the Projected Greedy Algorithm (PGA) from Chapter 2,
20 = PGA(Deratn, Viv, 0y ) C Sr C V. (A.22)



APPENDIX B

METHODS AND ALGORITHMS

This appendix is dedicated to a brief presentation of some methods and algorithms used
in this thesis. For simplicity, the presentation is given in the context of an algebraic
formulation.

B.1 Proper Orthogonal Decomposition

In this section, we present the Proper Orthogonal Decomposition (POD) [54, 69]
method which is used for vector space compression. Let V be a finite-dimensional
(high-fidelity) subspace of dimension N € N* (typically resulting from the finite
element discretization of a Hilbert space) such that

Y = Span({@n}ne{lwnp}). (B.1)

We denote by (-, -)y the inner product equipping V and inducing the norm || - [|y.. Let us
consider a family {u,}peqi.py of P € N* (P < NUF) elements of V (typically snapshots
computed on a training subset of the parametric domain) and let us set

V= Span({up}pe{ltpﬁ c V. (B.2)

Given a positive real number dpgp > 0, the aim of the POD is to construct an orthonormal
family of N € N* (N < P) elements of V,

{gn}ne{lzN} = POD({up}pE{I:P}; V, 5P0D)7 (B3>
such that
Vi = Span({&}nepny) €V, (B.4a)
(s 10 =) w1
€p0D(N> = peil:P) T S 51:0]:), (B4b)

2
(= lwl?)
pe{1:P}
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where 1% denotes the projection onto a generic closed convex subset Z of the generic
Hilbert space H (I1% is the orthogonal projection if Z is a linear subspace) and 1%
denotes the identity operator in H. For the algebraic formulation of the POD, we adopt
the following decomposition:

n n HF
Up = Z Up ©On, Up = (Up )ne{lz./\/HF} € RN . (B5)
ne{LNHF}
Let us set
V= Span({U,},ecpmy) C RV (B.6)

The algebraic counterpart of (B.3) is that given the family {U,},e1..y € RY " the
POD constructs an orthonormal family of N € N* elements of V',

{En}ne{I:N} = POD({Up}pG{I:P}; V> 5P0D)7 (B7)
such that
Vy = Span({En}ne{lzN}) cV, (B.8a)
%
(5 e =y )W)IR)
ePOD(N) = pe{l:P) T S 5POD7 (B8b)
2
(= IwIk)
pe{1l:P}

where Ily, ~denotes the orthogonal projection onto Viy C RV™ and V e RV'HNT
denotes the Gram matrix associated with the inner product (-, -)y.

Let us now describe the procedure for the construction of Vy. Let us set S :=
{Ul e Up} e RV P and M := STVS € RP*P. Since M is symmetric and positive-
definite, computing its eigendecomposition, one obtains an orthonormal family of
eigenvectors {W, },eq1.py C R and a family of associated eigenvalues {6, }neq1:p3 C Ry
Then, for all n € {1:P}, one defines the vectors E,, as

1

The family of vectors {E, }ncq1:py C V thus defined is orthonormal. Indeed, for all
p,q € {1:P}, one has

—
=)
e

S¥,cV. (B.9)

(11

1 0 1, ifp=
Ve —W;Mqlq:\/;WT@ :{ PTG (B.10)

q_q/epeq \/g p A 0, otherwise.

Assuming that the eigenvalues are sorted so that 6; > --- > 0p, the dimension N is
obtained as

N :=min{p € {1:P} | epop(p) < dpop}- (B.11)
Finally, for all n € {1:N}, the basis functions &, are defined as follows:
L= S Elp, eV (B.12)

me{1L:NHF}
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B.2 Cone Projected Greedy

In this section, we present the Cone Projected Greedy (CPG) [12] algorithm which
is used for positive cone compression. Let W be a finite-dimensional (high-fidelity)
subspace of dimension RYF (typically resulting from the finite element discretization of
a Hilbert space) such that

W = Span({t,}eqriry ). (B.13)

We denote by (-, -)yy the inner product equipping W and inducing the norm || - ||,y. Let
WT C W be the positive cone defined as

Wt = Span® ({t:}eqrary ), (B.14)

where, for an arbitrary family {6,},c1.0y € W' with @ € N*, Span™ ({Gq}qe{w})
denotes the positive cone generated by setting

Span* ({eq}qE{l:Q}) = { Z agly, (a1, ,aq) € Rg} (B.15)
qe{1:Q}

Let us consider a family {\,},eq1.py of P € N* (P < RUF) elements of W™ (typically
snapshots computed on a training subset of the parametric domain) and let us set

Wt .= Span* ({)\p}pe{lzp}) cwt. (B.16)

Given a positive real number dcpg > 0, the aim of the CPG algorithm is to select a
subset {v, }reqi:ry Of {Ap}peqi:py composed of R € N* (R < P) vectors of W,

{UT}TG{LR} = CPG({)\p}pG{LP}; W, 6CPG) <B17)
satisfying
Wy = Span™ ({UT}TE{LR}) cWT, (B.18a)
max (I =TV (A) b
ech(R) = petl-Py " S 5CPG~ (B18b)

)
Jmax [[Apflw

For the algebraic formulation of the CPG algorithm, we adopt the following decomposi-
tion:

M= S Ay, A, i=(AD)cpmnry €RE (B.19)
re{l:RHF} ‘
Let us set
W .= Span* <{Ap}pe{1:P}> C RZEHF- (B.20)

The algebraic counterpart of (B.17) is that given the family {A,},cq1.py C RfHF, the
CPG algorithm selects a subset { X, },c(1:ry of {Ap}peqi:py composed of R € N* (R < P)
vectors of W,

(X }reqiny = CPG({A, }peqipy; W, Gcec) (B.21)
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satisfying
Wi = Span® ({X,},equmy) CRE, (B.22a)
max || (I — I ) (Ap)llw
ech(R) = pe{l:P} t § 5CPGa (B22b)

A
max | Apllw

where W € RR"*R™ denotes the Gram matrix associated with the inner product
<.7 ‘>W-

Let us now describe the procedure for the construction of W . The idea is to order
the vectors A, depending on their relevance to represent the entire family {Ap}yc(i:p}.
First, one chooses the vector X'y € {A,},cq1:py such that

Y, := argmax |[A,]lw. (B.23)
Ap€{Ap}peiiry

Afterwards, at the iteration r» > 2, one defines the positive cone
W= Span+({Tk}ke{1:r_1})
and selects the new vector using the following criterion:

Y, € argmax||(lgur — Iy ) (Ap)|lw (B.24)
p{1:P} "

One iterates until the following stopping criterion is fulfilled:
(e = Ty ) ()

A
Jmax [| A lw

max ||
pe{l:P}

< depe; (B.25)

and, the dimension R is set as the final iteration number. Finally, for all » € {1:R},
the basis functions v, are defined as follows:

vei= Y X, e WL (B.26)
se{1:RHF}

B.3 Empirical Interpolation Method

In this section, we present the Empirical Interpolation Method (EIM) [10, 75] which
is used for the so-called affine parametric decomposition of parameter-dependent ap-
plications. Originally, the EIM was introduced to approximate a continuous bivariate
function. Here, we present the method in the context of the affine decomposition of a
large-dimensional parameter-dependent matrix (typically resulting from the algebraic
representation of a high-fidelity, parameter-dependent operator). The objective is to
separate in a progressive way the dependency on the parameter from the dependency on
the indices of the matrix. Let D C R™, m € N*, be the parameter domain. We consider
a matrix A(u) € RVIEXRIT for all 1 € D. Given a positive real number dgry > 0, the
EIM approximates the matrix A(u) by a matrix E%(u) such that

Ap) = E%p) == Y ()4, Ay e RVYTRY at(un) e R, JU €N, (B.27)

J
je{1:ge}
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satisfying
Dpax [A(p) — E(11) lese i)
e(JY) = e <4 B.28
6EIM< ) ugzl)%xl HA(//J)HZOO(ZJ) =~ VEIM» ( )

. . HF HF
where for a generic matrix K € RV xR

max
(n,m)e{LNHF} x {1.:RHF}

The order (rank) of the approximation J is the number of iterations performed by the
EIM when the stopping criterion is satisfied. The functions af : D — R only depend
on p. The large-dimensional parameter-independent matrices A; are obtained from the
family of matrices {A(1)},eDyains Where Dirain C D is a training subset of relatively
small cardinality.

Let us now described the procedure for the construction of the interpolation operator
E®. Let us denote by E7 the interpolation operator constructed at iteration j > 0 of

the EIM with the convention E¢ := 0 € RV *R™ " At iteration j > 1, one first selects
the parameter (t; € Dirain such that

1y € argmax [|A() — B2 (1)l (- (B.30)

1% S Dtrain

Once the parameter p; is selected, one seeks the pair of indices (n;,m;) € {LNHF} x
{1:RHF} such that

(nj,m;) € argmax [(A(ks) = E7_1 (1) )rim |- (B.31)
(n,m)e{LNHF} x {1:RHF}

One then checks whether or not the stopping criterion egy,(7) < dgm is satisfied, where
the interpolation error eg,,(j) is defined as

ol (]) — |<A(M]) - E]q—l(uj))mjnj|
i (A1) i | '

If this criterion is not satisfied, one enriches the interpolation basis with the matrix

Ao Aw) = Bpa() e
T (A() = B (1)) mym,g 7

and computes an additional row of the interpolation matrix Q¢ € R7*/ by setting

(B.32)

(B.33)

(Q(;)JZ = (Az>m]n37 Vi € {1]} <B34)
Afterwards, the new interpolation matrix EY is defined as
Ef(p) ==Y of(p)Ai, Vi € Dirain, (B.35)
ie{1:5}
where the interpolation coefficients af solve the linear system
Qs (e = ((ADmin) ) ER HE Dorain (B30)

The construction of the EIM approximation described above satisfies two properties:

1. The matrices {A;}icq1,;3 are linearly independent.

2. The interpolation matrices ()5 are lower-triangular with unit diagonal and therefore
invertible.
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